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Eiooaywyn

o Drinfeld modules epgaviotnxay otn BiBAoypapio yior TeodTn gopd 1o 1974 xdtw and to bvoua elliptic
modules. YAuepa, mpoc tuy tou BpaBeupévou pe FIELDS dnuoupyol toug, gépouy to dvoua tou. And
TOTE PUEYPL CHUEPX EYOUV XATAXTNOEL XEVTEXS PORO 0T Vewplol aptiucdy TNE TEMEPACUEVNG YUPOXTNPLGTIXNAS XAl
edxotepa o1 Vewplat TWV CLUGTWY CUVIPTACENY, 0T Vewpldt TWV EAAELTTIXOY XOUTOAWY X0l TV CAYEBPOY
e Swalpeon. Adwote éva and to tehevtalor FIELDS MEDALS mou d60nxay avixel otny TepLoy.
Me K 9o cupfohilovye 10 6OU GUVUPTACENY U avAYWY NS Xl YEWUETPIXE GUVEXTIXHC XaTOANG C urép
0 F;. 'Eotw oo plo 9éon tou K xow A 0 SoxtOMOC Ty oxepaitY WS TPOS TO AMEpo GUVURTACEWY Tou K.
‘Eotww G, 1o npocletind group scheme mdvew and éva K —scheme S xou v: A — K opouop@louoc Soxtuliwy.
‘Eva. K —Drinfeld module tagewe 7 € N eivon évag un tetpiuuévoc evdouopplouoc

p: A— Ends(G,) ; a— ¢,

uE %(pa = 7(a) 6mouv 1o T dnhdvel Tov Frobenius evdouopglopd xou r tov Bodud tou yevvonotol ototyeiou tng
ELXOVIC.

H évvoia twv Drinfeld modules td&ewc éva ftay yvwoty otov Carlitz and tn Sexoetior tou 30. Ta modules
Tou ooV awToL Tallouy oNUAVTIXG PONO GTNY Vewplot XAACEWY COUSTWY TPOGPEROVTIC Ul XUTUATHEVAGTLIXN
TEOGEYYLON QUTHC.

eSS

H napoloa epyacia ywplletor oe S0o aveZdptnta pépn. 1o mp®To pépoc Lhomoeitor n opdda PSL(r, ¢?)
wc oudda tou Galois regular xaAOupatoc Tou Pi‘q, v ged(r, %) = 2 xou éywe oe cuvepyaoia pe Tov
Gunther CORNELISSEN.! Y10 8eltepo uépoc unoroyilovtor or modular awtopopgiopol Twv Drinfeld modular
xaumOov X (n).

—ee———

0 %€Vt Véua ToL avTioTEdPou TeofBhiuatoc Tng Yewploc tou Galois efvon 1 ebpeo, yior Soouévo obua
T k xou ouddo G, evéc TETEPUOUEVOL, YEWUETPXE GUVEXTIXOU Xohbupatoc C tne TeoBoluic eudelag P ue
oudda Galois tnv G.

T k = C avalutinée xou totoloyixéc pédodor (RIEMMAN EXISTENCE THEOREM) 8(VOUV XOTOOXEVAOTIXES
Nooewg. T xdde tomxd ooua k yédodot and v rigid 1 tny formal yewpetpio anavtody Yetixd oto tpdBAnua
(18)).

Avtdétog, yia okxd (global) oduota mohd Myo mpdyparta elvor yvwotd. H aduvaulio auth ogeiheton xatd
%x0pto A6Yo oty eEMMTH YVOoT TV WBLOTATOY Twy aprduntixdy Yeyeliwddy opddwy (arithmetic fundamentral
groups). XIny TEPINTOON TOU GOUATOC TwV etV dptduody Eyel avartuydel wio momhio uedodwy (rigidity
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method, Hurwitz spaces), péow twv onolwy uhonotiinxay eWldixéc xatnyoplec ouddwy (onopadxés, emtAbolles
xTA., 8ec [25] xou [16]).

Axépa hyotepa elvar Yvwotd otn mepintwon e Vetirc yopoxtneotxhc. o nenepaopéva oouato Xt
Yior OUSdES UE TAEN TPWTN WS TPOC T Y AUPAXTNELOTLXN, Yiot Tic ontoleg cuUBaiver vor yvwpllouue 6tL LhoTtoloOV T
urép 0 @, 1 u€Vodoc Tng avaywyhc oTn VTN YURUXTNELOTIXT YENOLHOTOLELTAL Yol TNV AUom ToU TPOBARUNTOC
— opxel BéBaor To oprdunTind povtéro va elvorn apxetd xokd (W ewers, Beckmann). ¥tnv modular nepintwon,
oty meplntwon dnhady mou 1N yopoxtneloTixr dtawpel TNV TEEN TN ouddac, 0 ABHYANKAR avéEMTUZE Xota-
oxeLaoTXéS LeVOdOLC Yol AYOoTéS oUddes, duoTLYWS OUWS, Tar avtioTorya xohdupata dev opilovtor ndvta
TEVe ATd TEETU CWUITOL.

Yy nopoloa gpyacio tapovctdleton pia anddelln tou Yewpruatog

FEotw q pla 6vvaun tov npdtov p. I'a kdle Levyog apifudv (s, d) pe s nepieed, vndpyer pia F o -reqular Galois
enéxraon e opdda Galois Tnv PSL(2s,q%).

Abya Aoéyia mévew oty npolotoplar tou {nthuatoc: Eotw K = F(T'). Eivar yvwotd otL n yewxs ypouuxh
ouddo GL(m, ") (xou & fortiori n npoBohixr tne exdoyr) vionoteiton we oudda tou Galois unép to K, oot
elvow 1 ewdva e Galois avanopdotaong pp twv p-torsion onuelwy evéc generic Drinfeld module té€ewe 7,
we p avdywyo Boduol n oto Fy[T] ([7]). O Abhyankar xou o1 cuvepydteg Tou édeiay To (Blo anotéeoyo ye
ototyetddn epyahelo ([2],[1]). And v dan pepld, o K.-Y. SHIH éyel anodeiler tny vhonoinon (ud cuviixec)
Twv opddwyv PSL(2, p) we ouddwy tou Galois urép to Q xdvovtac ypron tne Yewploc twv modular xoumndiewy
Ol AVATOPLOTAOVTAS TNV amdALTn oudda Tou Galois Ge ouddo UETACYNUATIOU®Y ONUEWY TETEPAGUEVNE TAEEWS
xatdAnAng elelntixhc xopunoine. (To npdBinua, otn yevixdtntd tou, Aodnxe apybdtepa amd toug MALLE xou
MATZAT pe yphon rigid uedodwv [25]).

H npocéyyion mou e3¢ axolovdeitor elvon €vag cuvduaoude Twv d0o mopandve Teyvixwy. Meletdton uio
twisted exdoy1 tou moduli space wwv Drinfeld modules té&ewe 2s pe xatdhinin level structure. Ta onueio
Stapopornoinone and tny Yewpio tou SHIH evroniCovtat xuplwe ota axdhovda: (o) yiveton ypron ToAuddoTaTemy
varieties xou étot npofAfpota «prrétTnTagy twv moduli ydpwy yivovtar duoxohbtepa xou () dev undpyet Weil
pairing otn xatnyoplo twv Drinfeld modules.

Apywd yeretdrtar to moduli scheme twv Drinfeld modules td&ewe 2s pe plo full flag vroouddwy twv
T —pntdyv onuelwy. Alveton axplBnc meptypapy| autod Tou aviixewwévou. Eotw L 1o odyo twv otadepdv tne
det(p),, 6T0U p, eivar 1 Tpoavapepduewn avandpdotaon. Opilovue Y2° we to tnhixo tne Y@* (T) x k L pe tny
Gal(L/K) x (w), 6mou o w efvor pio involution tonou Atkin-Lehner. H 8pdon tne w oto Y2 neprypdpeton
Aemtouepde. Tt cuvéyeta defyvetor 6Tt To obua GuVAPTAGEWY Tou Y2? elvor pnth, anodexviovtac bt uia naive
ouunayornolnon tou elvor Brauer-Severi. ¥to debtepo uépoc, opiletan i Galois avanapdotaon yio xdie K —
onté onueio Tou Y25, Tehd, yia xdde tétolo onueio xou yia xatddhhnho p € Fy[T] undpyet pio avarapdotaon

p: Gal(K /K) —s PSL(2s, F[T])/p,

ue Ty tpolndUecn OTL EVag GUYXEXPWEVOC YopoxThpoc elvan TETELUUEVOS. T TohOYILOVUE TOV YopoxThpa auTOV
Yenowonolwviog To wedge yivouevo otny xatnyoplo Twv t-motives.

__.)@L..__

ZTO devtepo uépog unohoyilovton ot modular avtopopgiopol twyv Drinfeld modular xauntiwy Xi(n). Edo
ue Y1 (n) ovpPoriloupe tov rigid avahutixd y@po mov avToTtolyel 0Tov (YEWUETPIXG) YWpo ToEvounong
(moduli space) twv Drinfeld modules ye I'y (n)-level structure xou pe X1(n) téoo tv avakutixs suunoyonoinoy
Tou 600 xou TNV TEOBOAXT] XAUTOAT TOU AVTIGTOLYE! OE AUTOV.

Ou xaunties X1 (n) éyouv xevipwmd pbho otn Yewpla xwdixwy, oo

® 1 XoTUOoXELT] eNiNESWY UOVTEAWY elvon GYETIXE EUXOAT) Xau
e £youv ToAd K -pntd omnueto.

'Etot to gp@tnua yio To Tota elvor 1 opddor v modular avtopop@ioudy (Snhadt Ty avtopoppoudy e Y1 (n)
TOL EMEXTEVOVTOL O AUTOUOPPLOULOUS TNS TpofBolixiic XouTOANC) elvon EDAOYO Xl OUGLAOTIXO.
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H mpocéyyion oto npoBinua eivor avdAoyn Tng xhacixnc, HE TNV €vvola OTL YiveTal gio cLUGTUATIXG AvaAuoT
Tévew ot dpdon e TpoPohiic opddac oto «dve Drinfeld nueninedoy @ = Pi \ Py . Ilo cuyxexpéva,
amodexvieToL To YedpnuoL:

H opdda twv modular avtopoppioudsy tns X1(n) eivai wdpopen mpog:

1. Tnv opdda (A/n)* /¥y % (Z/27Z), av ¢ > 3

2. Mia enéxtaon tng (A/n)*/Fy pe v (Z/2Z)", av g = 2 ka1 o(n) > 2, drnov to n ouvpfolile tov apiud
TV S1aPoPETIKGY TPOTWY OIAPETWY TOU N

3. Tnvoudda (Z/27)"™, av q = 2 ka1 p(n) = 1, érov to n ovpPorilel tov apidud twv Siapopetikdy TpdTwY
dapetddy tovn karn =11 2.

‘Eoww ¢ dOvaun npdtou, A = Fy[T] o novwvuuixéde Sauxtohog ploag yetofintic T xa K = F (T') o
avtioTolyo oopa xhaoudtwy. Yto K opiletor n petpwed |a/b] = ¢®8a7de8b H mifowon tou K oe oyéon pe
NV PETEWX aUTH elvar To owpa Twy oepoy Laurent Koo = F,((1/T)). Eow C 1 nhipwon tne ahyelewxrc
xiewototnTac ou K. To C egodiacyévo pe tny p—odixf) Tonoloyla €yel SloapopeTinée and 1o CWUI TWY
(xhaox@v) uyodixdoy aprduoy C Wibtnree. T ntopdderyua oo Cauchy un undevixée axolouvdies elvon tehnd
otodepée, 10 C we Tomoloyxde Yoeog elvor toudevd cuurayhc, N enéxtacn ocwudtwy C/K elvou dnepn oe
avtdotolyy pe v enéxtaon C/R n onola elvon menepaopévn xan pdhioto delxtn 300, oL axépaior OAOUOPYES
ouvapthoel (entire functions) oto C 8ev elvar xat’avdyxn otadepés. Mdhioto 10 6UVORO TV plldy TwV 1 elvor
%ev6 1 oymuotiler éva A—lattice A — tétoec ouvaptroei elvar F-ypouuixéc xan A-neplodixéc xou amavtdvtan
ot oyxetue Bifhoypapio w¢ exdeTinée.

Yy xhaownt| teplntwon €yel yivel apxeTri SOUAELS avapopxd Ue TO TPOBATUN UTOAOYLGUOU TOU XOVOVLXO-
mounTh congruence vroopddwy e SL(2,Z) otnv PSL(2, R). Q¢ nopdderyua avagpépouue tny epyaota [3] oty
omolo unohoyiletar o xavovixonortic e xhaowhc Lo(N) xow tnv [24] 6mov uroloy(leton o xavovixononthe
e 1 (N). e én agopd tic Drinfeld modular xaundiec, o A. SCHWEIZER 670 [29] urohoyilet tnv oudda tev
modular autopopgiouny tne modular Xo(n) yio xdde n.

To npdAnua ebpeonc uedddou xaviic va Soulédel yio xdlde congruence UTOOUASA TUPAUUEVEL — TOGO GTNV
xhaour 660 xan otny Drinfeld modular nepintwon — péypet otiyunc avandvnro.

‘W

o Aela va eLyaploTHoW Tov emBAénovTa xadnynTth x. T'dvvny ANTONIAAH Yy Ty Bordeio mou you
@ TPOCYEPE O OAN TNV BLAEXELD TV PETATTUYLoXWY oToLdY uou. Erione Yo Alela vo evyapotiow tov
ouvepydtn wou x. Gunther CORNELISSEN yio tnv moAUTn Borfdeta Tou oty ohoxhipwon Tng UEAETNE oyETixd.
ue tnv vhornoinorn Twy opddwv PSL ndvw ano 1o F,. Euvyaplotd entone to Tdpupa Kpatixdv YTrotpopddv tou
omnolou uHpa LTdTEOYOC.

Evyapiotd uwidtepo touc yovelc you Tdvvn xouw Erévn xan tic adehgée pou Xopd, Adnvd xou Fewpylio
yior TV N X0 OIXoVoULXT) TOUC CUUTHEAOTACT) XATd TNV didpxela Twv onoudwy pou. Télog VYo fleha va
ELYAPIGTACK TOUC PihouC uou AploTeldn xou Anuriten yio Ty ) TOUC GUUTAEAGTACT.

Pédupvo 15 Iavouapiou 2003

Mopivar Teimohitdinn
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EAAEITITIKEY KAMIITAEY

Kpiveton oxémpo va nopatedoldv oplouol xon Yewpruata and tn Yewpior 1wV EANNEITTIXGY XOUTOAWY OGOTE VoL
yiver cagnic n oyéon avuctovyloc petad e Vewpiag avthc xan tng Yewploc twv Drinfeld modules. Ytic
uépec pac €xel yivel goavepd OTL ta epyaheia mou Tpooépel 1 Vewplor Twv Drinfeld modules efvan o «uotxdy
epyadelor e Vet yopaxtnptotixic. Oswplec mou 0 DRINFELD ovéntuée e@apudotnxay TNV GUVEYELD
OTIC EAMELTTIXEC XOUTOAEC —OTWC Yiar Topdderyua 1 Yepehiwon tne évvolag tne level structure mou vwpltepa
napousiale TpoBAiuata oTig (veg mou Ty «téuvouvy. Ilo cuyyexpwéva, av ue Y (N) ouvuBolicouue to moduli
scheme twv eEMETTIXOY xopTOAWY Tévw and to Q ue N —level structure, téte awté opilel éva moduli scheme
v and 1o Z[1/N], ahhé pévo uetd tov Drinfeld to scheme pnépece vo oplotel xou nédvw ané to Z (TovAdyloto
yioL <UeYSho Ny).

1.1 Opgopol

‘Eotw wi,ws 300 pn-undevixol uryodixol aptduol pe 7 = wi fwa un mparypotind. Xwple BAABN e yevixdtntog
unotétoupe 6t T avixer oto v nuenitedo H. To Sxtuwté (lattice)

A = Zwi + Zws

elvon Z-ehetdepo tdEews 2 xon to mnAixo C/A déyeton tn Sour| empdverag Riemann yévoug 1, n omolo yéow
oL VYewphuortog Unapéng tou RIEMMAN (RIEMMAN EXISTENCE THEOREM, Y| 0hhiS ovolUTIXH GAGA)([16],
§11.3) avtiotoryel oe pla un Widopen, avdywyn tpofolixh xaundin yévoug 1 (nonsingular, irreducible curve
of genus 1), Snhad¥ oe plor edetttind xounOn. !

OpizMox 1.1.1. Eow k odpa. Mia eAarnuikn kauniAn vrnép to k elvar pla yewpetpicd ovvektikn, un
10160ppn TpofoAikny kaumvAn yévous 1, uali pe éva k-pntd onjueio.

AZiler va onuewwdel 6Tl oL Un-13LOPoPYES, YEWUETEIXE GUVEXTXES XOUOAES YEVOUS éva uTEp To K elvan
EMETTIXEC TEVK amd ULdl TETEPAUOUEVT] ENEXTACT TOU.

Kdée edhermtin xounOhn Ey, Séyetan tn Sour| afehiovic ouddag. Eotw L odua ye L O k. Me E(L) Yo
ouuBohilovue o Ovoho Twv L-pnty onueiwy e E, Snhad 1o 6Ovoho twv poppiopoy Spec(L) — E. 'Ectw
N guoxdc aprdpdc. H oudda Galois Gal(L¥9 /L) Spo otor N-onuela tenepaouévne t6€nc e B xon opile ulo
avarapdotaon Gal(L¥Y /L) —s E(L), é6mou LY 1 ahyefpixh 9fxn tou L.

OpizMoOx 1.1.2. Eow A daktidiog. Ocwpolue to olvolo twr mpdtwy 10ewddy tov A — ovpPolixd
Spec(A). XYto Spec(A) Bdlovue pia dourj ovvaptrioewr: ya kdde P € Spec(A) opilovue to pitpo (stalk)
Twr ovvaptioewr tou P ws to daxtilio Ap. Mia Bdon klewotdy ouvddwv touv Spec(A) arotedolv ta odvola
V() := {Q: Q € Spec(A),Q D I} pe I 1dedddes tov A. Xe wdOe avorytd U C Spec(A) avtiotoryolue to
«oUvodo ouvaptHoewyy

OSpeC(A)(U) = invlimpeUAp.

INa mapdoerypa, av o A efvar axépaia mepioxn, t6te Ogpec(a)(U) := NpevAp. To aidrvodo Spec(A), pall e
doun ovvaptrjoewy, ovoudletal apwiké scheme.

[o éva o yevind oploud tng évvolag tou scheme, xoddg xon SLdPopwY EVVOLDY TOU ATALTOOVTOL GE AUTOV
(m.y separable pre-scheme) dec [20] xeq. 2.

LQc¢ tomohoyixde xdpoc (xweic avodutixd Sopr) 1o C/A eivou todwoppo npoc to (R/Z)2.
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Ouuilouye 6t évag ouvaptnthc (functor) and ula xotnyopia A oe pia xatnyopio B elvar xdde amewxdvion
and ty A oty B nou oéfeton Tic Soués, dnhadn xdlde anewxdvion mou oe xdde avtixeluevo (object) (o€ xdle
HoppLoud avtixeévwy e A) avtiotouyel éva avixeiuevo e B (oppoud avTieévey e B), étol wote,
0 TAVTOTXOC PopPLoUdS var ametxoviletar 0Tov TawToTXd Xoi 1 olviean dVo (omowvdNtote) poppoudy tne A
vor ameoviletar oTny oOVIEST) TV EXOVWY TWV HOPYLEUOV.

OpizMox 1.1.3. Eoww A, B daktihior Feuixnis yapaxtnpionukng kar v: A — B opopopgiouds. ‘Eva
scheme M pall pe éva guoké peraoynuatiopd ¥y and éva ovvaptnen (functor) F otov ouvvaptney twy
onpeiwy Moty tov M Oa Aéyetar coarse moduli scheme y1a ov functor F av

e 1 anakérion Yspe(k): F(Spec(K)) — M(K) = Mor(Spec(K), M) efvar ovvolofewtnrikds 10opopgr-
ou6S

e yia kde dAdo scheme M' kai puoikd petaoynuatiopd ¥ : F — Mor | undpyer povadicds popgioids
w: M — M’ éror dote o enayduevos puoikds petaoxnuatiopnds I: Morays — Moryy va ikavoroel
oxéon Yy =11o Wy,

Aépe 6t o functor F elvar avarapaotdoyios (representable) and to M, av wxUour ta napandve kar emimAéor o
U efvar wopopprouds yetalld tov F kar tov functor twv onueiwr tov M.

Tumxd mapdderypa un avoarapactdoiouv moduli scheme etvor To moduli scheme M twv xaumiiwy yYévouc
g > 2 (UTdpEYOLY XUUTVAES UE U1 TETPUHEVOUS QUTOUOPPLOUOVS). Xtar Topoxdtey Yor CUVAVTACOUUE Tapadely-
ot avamopaotdotpemy xat un moduli schemes. O avoyvdotng Yo Beet to BiBAio [19] ol xatotomotind.

1.2 Modular xopundAeg

1.2.1 H xoprdln Yy(N)

‘Eotw N guowde apidude xou By, Bl elewntxéc xouniies. Eotw L oduo ye L D k o C < ER(L),C" <
E} (L) xwauxéc urnoouddec t¢éng N. Evag woopopgioude and to (E,C) oto (E',C") elvan évag 16opop@louods
eMetnuxodv xaurtodov E — E' nou arewxovilet ty C oty C'.

Or opropol autol unopody vo enextadody Pe QUOIXS TEOTO GTNY XATNYOPIA TWY EANELTTIXOY XUUTOADY TEVG
and varieties 7| schemes.

OpizMoOx 1.2.1. Eotww S éva k— scheme. Opilovpe Ey n(S) ws to odvodo twr kAdoewr 1w0opoppias twy
Levydv (E,C), érov E elvar pia eAantikny kaumodn vrép to S ka1 C' uia kukhikrj vroopdda tns E tdéews N.
O contravariant functor

| k —schemes xhdoewe wwopoppioc Leuydv
Yo(N): { S } - { (E,C) vrnép to S

opiter éva coarse moduli tpdPAnua. Me Yo(N) Oa oupfolilovue to coarse moduli scheme mov avtiotowel otov

Vo(N).

1o [23] neprypdpoviar to moduli schemes twv eMEmTindY xounO WY Pe xde BUVATH NETTOUERELX.

1.2.2 H xopndin Y(N)

‘Eotww N detnde axépaoc, (n € C uia tpwtapynhy N— pilo tne HovaBoc xou k TENELO OOUA YopoXTNELOTXAC
p >0, ue p [N xu E — Spec(k) eMerntined xoumOAn. Tldve and tny ohyeBeudd xeiotétnra k49 tou k, to
oOvoho Twv N-torsion onueiwv tne eAetttixAc xaunoing B (k) N, oynuarile: plo ouddo té€ewe N2 toduopen
npoc v Z/N x Z/N.

‘Eotw K ooya ye K D k. Mia N—level structure opiouévn mévw and to K yior Ty eAAELTTIN X mOAn F
anotehelton amod

e uio Z /N-Bdorn N-torsion onueiwv E(K)y C K e E,
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e ¢va Z module tooyopploud
in:E(K)y — (Z/N)?

o %ol éva Lloopoplopd (Yvewotéd we Weil pairing)
en : /\ZE(K)N — <CN>
ue (v plo mpwtopya N-pilo tne povadac.

Avo Lebyn (Ej,in),t = 1,2 elvon 1o6uop@a, oy UTEEYEL LOOHOPPLOUOS ENELTTINWY XUUTUAWY T : By — Eb

wote to axohovdo didypouuo vou etvor avTideTadeTind
Ey(k)n

Ei (k)N
(Z/N)?

[ xdde k— scheme S, pe En(S) Vo oupforilouvpe 10 GOVOAO TwV *AJCEWY toOUOP@loe Twy LELYUPLOY
(E,in), 6mou E eivar plor ehhetmtixdy xaunOin unép to S xou iy plor N —level stucture e E. O contravariant
functor

™

| k —schemes xhdoelc Loooppiog Leuymy
Y(N): { S } - { (E,in) unép 10 S

opiler éva moduli npdBAnua to onolo eivon avanopaotdowo (representable) and éva k— scheme Y (N) (v
N > 3).




KE®AAAIO AEYTEPO

DRINFELD MODULES

To xepdharo autd anotelel pla pixer| eloaywyh 6T Baoxég Evvoleg Tou Yo cLVAVTACOLPE Topondtw. Kopleg
Tnyéc e avapopdc authc elvar to BiBAio tou GEKELER «Drinfeld Modular Curvesy [12], to BiBAio tou
Goss «The Arithmetic of Function Fieldsy [13], o. dixhé€eic tou ouvedplou «Drinfeld modules, Drinfeld
modular schemes and applicationsy [11] xadde eniong xon to epeuvnTind dpdpo tou GEKELER [10]. Télog ula
wavorolnTy eloaywyr oty alyypovn Yhwooa tng AhyeBpwhic lewyuetploc anotelel o xhaoixd Biiio tou
HARTSHORNE «Algebraic Geometry» [20].

2.1 Opiopol

ITpocdetixd (additive) group schemes

‘Eotww B avtigetadetindg doaxtOMog tenepaopévng yopoxtnplotixhc p. To npocdetiné (additive) group scheme
urép t0 B, 10 onolo onuewdvetar ye Go g | G, yia ouvtoplo, elvon €€ optopol to agvixd scheme Spec(B[T])
pall e évar «vouo ToANATAXGLIGHOVY

G, x G, — G,

o omolog endyeton and tov B— opoyopploud
B[T] — B[T|®g B[T], Tr—To1+1xT.
To oudétepo ctoyeio tou G, xou 1 avuotpogn oto G, endyovtar avticTolya and TOUC EVEOUOPPIOUOUS
fe : B[T] — BI[T], T+— el yioe=0xue=-—1.

Kdéde popyiopde 8 : Go,p — G p endyeton and éva evdopoppiopd b : B[T] — BT, o onolog pe t oepd
Tou xadoptletan and v ewdva b(T') tou T. O yopglopde b elvon évag group-scheme evdopoppioude, av xou
uévo av

T ®1+10T)=bTa1)+b(1aT).

Ynuetwon 1. Tw B dmepo Soxtoho End G, = {1, bim': n € N,b; € B}. O SoxtOAoc Ty eV30U0pOLoUdY
Endp(G,), eivon pn-avtipetadetinée (Va € L, 7oa = aP o 1) xon napdyeton and tov Frobenious evSopoppioud

7T:B— B ; z+—xP.
Devixdrepa pe 78 Yo cupBorilovyue Tov opopoppioud T — z?' . Avovtac €ugaorn atov Yevvorolo SaxtOho B
yedgpouue Endp(G,) = B{r}.
Av B = L ooya tote oe xdie evdopoppoud f = f(r) € L{T} avtiotoLyel €vo toAudvupo otny petofBAnti

X (ouuBohixd to f(X)) 1o onolo mpoxintel and to f(T) ue avtixatdotaon tou ¢ pe XP' yia k& i.

OrpizMoOx 2.1.1. Eow A,B daxtihinn Jetikris yapaktnpiotkns kar v: A — B opopoppiouds. H A-
xapaxtnpiotikn tov B efval €€ opiopod o nuprrag tov y. Aéue 6t o B elvar yevikng yapaktnplotikig 1j ot n
XAPAKTNPIOTIKI} TOU €lval 00, av 0 7y €lval HovouopPioLss.
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Drinfeld modules xou wcoyévieg
OpizMoOx 2.1.2. Eva Drinfeld module vrép to B tdéews r € N eivar évag povopoppionés daxtulior
¢: A— Endp(G,) ; n+— ¢n
TéT010§ HoTE, Ya kde n € A
1. deg ¢y =1 - degn, ka1
2. Z(¢n) =7(n) drov & ovupolita tn Sagpdpion ws mpos T.
Méow tou ¢ t0 TpocleTid group scheme G, g yivetor scheme and A modules.

OpizMoOx 2.1.3. Foww ¢ xar ¢ Drinfeld modules vrnép to L. ‘Evag yoppoudc u : ¢ — b elvar éva
u € Endp(G,) téroio dote yia da ta n € A to akdlovdo didypappa elvar avtipetadetikd:

Ga - Ga
¢nl = l"pn
G, ——— G,.

Mn zerpiupévor poppropol vndpyovy puévo peta&d Drinfeld modules idias tdéews rkar ovopudlovtal .ooyévieg.

OpizMoOx 2.1.4. Eow X pia Aecla, yeopetpicd ovvektikr), npopolikr) kaunvdn vrép o F,. EmAéyovue
éva kA€otd (aAdd gyt arapattnta F,—pntd) onueio tng X —rto onolo ka1 Ja oupPorilovue pe co. O daxtiliog
A:=T(X\ {oo},Ox) = Npex\ocOp ovoudlerar darxtidios tov Drinfeld (b to Op dev efvar mapd to piTpo
ouvaptrioewy —stack— touv P).

Hopdderyuor 2.1.1. Av X = ]P’%;‘q — 0 Tpofohxds ywpoc urép to Fy xou 0o to (obvnldeg) endmetpo onueio téte
A=F,[T].

XuuPorioudc 1. Me Y (1)(L) ocvuBohilovye 10 6UVORO TwY ¥Adoewy wopoppioc twv Drinfeld modules td&ewc
r utép To L.

Hopdderyuo 2.1.2. 'Eotww A = Fy[T] énwc 6to nopdderypa 2.1.1, xou é0tw K = Fy(T') 10 0®po XAaoUTov.
To va oploel xaveic éva Drinfeld module ¢ unép 1o K 1 mdvew and uio enéxtacn L touv K, eivon 1ood0vopo Ue
70 VoL 0ploet 10 TpooVeTNd ToAuOVLUO ¢ =T + 17 + - - + ¢,77 € L{7T} 610ou ¢, # 0 xou r = rank(¢). Eva
Carlitz module eivor évor Drinfeld module td€ews évar, dnhady tne wopphic ¢ =T+ at, a € K. Avo Drinfeld
modules ¢ xau ¢’ elvor 10bpoppa Thvw amd Y ahyeBpueh xheiotétnTe L8 Tou L av xor uévo av umdipye
u € LY\ 0 tét010 dote ¢! = u? ~ly; yio 6ha T i > 1. Apa to Y7 (1)(LM8) uropet va neprypapel (Yo > 1)
w¢ éva avolyth, Tuxvéd subscheme tou (1 — 1)—3idoTatou TEoPolixol ybpou pe Bl (weighted) utép To L8,

2.2 Ynuelo tenepacpévng TaEne

‘Eva finite flat group scheme G ndvew oo évar scheme S eivon évag popplopde m: G — S pall ye toug e
ToUug pop@LoUolS Tpdiene, wote 1 m vo elvon finite, flat, xou udhiota, Tomxd, Tdvew and xdde avolytéd apixd
Spec(A) C S to 7! (Spec(A)) = [1;_, Spec(B), ue Spec(B) —» Spec(A) finite xou flat, yio r € N.

OpiE=MoOx 2.2.1. Eotwwa € A ka1 ¢ éva Drinfeld module vrép to L. Me ¢[a] ovpforilovue to subscheme twy
a—torsion onueiwr tov Gy, 1, epodiacuévo pe tnr erayduevn A—module doun. Evor yia kdle L—dA\yefpa M
d(M)a] = {z € M: ¢o(x) =0}.

Iho yervikd, yia a <1 A 10eddes, Uétovpe
¢a = ﬂ ba
aca

yia omowdnmote (kar dy1 arapaitnta kipio) 10eddes a tov A. To ¢, eivar éva finite flat group scheme PaOuov
rank(¢) - deg(a). H dourj tov ¢la] Oa neprypagpel avalvtikdtepa ota napakdto.
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Ocwpia KAdoewy Twpdtwy — Mid %xaTAOKEVLASTIXY TEOCEYYION

To onueia nenepaopévng 1é&€ne twv Drinfeld modules td€ewe évar otny Yetinr yopoxtnelotind €xouy Wi6TnTeS
avdhoyec ye Tic pilec tne yovadoc. Ot n—ootéc pilec tne pwovddoc (p f n) avorowody tny eZiowon z” —1 =0
xow oynpatilovy évar Z—module, éotw to M. H dpdon tou Z oto M opiletor we €€hc: ( € M,n € 7Z,

n k(= (" Av ye K(n) ouvuPohicoupe 1o owua didonaone (splitting field) tou nohvwviuov z” —1 = 0, n
enéxtoon K (n)/K eivon Galois pe opdda Galois wodpoppn npoc tny (Z/n)*. H avtiotowyia elvon oyeddy mhipne:

OEePHMA 2.2.1 ([7],[5]). Eotw ¢ éva Drinfeld module vrép to L tdéewrs r > 1.
1. Ay chars(L) = oo tdte

(@) to ¢q elvar reduced (6nA. ywpis undevodvvaua otoiyeia) yia kde 16edddes a tov A,

(B) ¢la](LP) = P[a](L*8) xar
(y) #la](L¥8) =: p[a] ~ (A/a)" wg A-modules.

2. Av p = chara(L) eivar mazimal 1d0eédes pe ged(a, p,) téte pla](L¥8) ~ (A/a).

H améhutn oudda Galois Gi, tou L Spa 010 ¢la](L5P) péow A—ypouuixdy auToLop@lopoy. Tuvenng xdde
Drinfeld module endyet ploe Galois avanapdotoaon ota torsion onueia tou.
Ta napandve cuvoilovton ota Yewpruata wy Carlitz xou Hayes ([21]):

OEQPHMA 2.2.2. Eoww A o molvoruvuikds daxtihiog Fy[T] pe odua klaoudrwr to K. Eotw p: A —
K{r} ©o Carlitz module py = T + 7. T'a kd0c un tetpippévo 1deiddes a <1 A éotw K(a) := K(p[a](K™9)) n
enéxtaon tov K mov yevviérar and ta a-torsion onpeia tov.

1. n K(a)/K eivar aBehiavrj enéktaon tov Galois je opdda Galois wdpopen mpos tnv (A/a)*. Eotw oy 0
avtopop@roids mov avniotoryel atny kAdon tov b mod a. Tére Vx € pla](K¥8), oy (x) = pp(z).

2. Av toa =" elvar primary e p mpdto 16eiddes tote n enéxraon K (a)/K eivar mAripws dakdadilluern
oto P Kkar adiaxAdowtn o€ oA TS dAAeS tenepaoéves Uéoerg.

S
3. Av toa = Hai efvar ywipevo mpdtwr avd 600 106ewddr a; tou A, ta odpata K(a;) elvar ypappurd

i=1

dagopetikd (linearly disjoint) ka1 K = ®K(ai).
i=1

4. Eotw Ky(a) to odua twv otalepdy aroweiwr tng Fy™ < (A/a)*. Téte to oo avalletar mArjpws otny
enéxtaon Ky (a)/K kai iaxiadilerar mAripws otnr K (a)/ K (a).

5. Eotw p = (1) mpdto 16eddes kal mpidto ws mpos to a. Kdtw and tny tavtion Gal(K (a)/K) = (A/a)* o
Frobenius otoryeio Frob, eivai foo pe tnr residue class tov m mod a.

To 13ecddn tov A (o€ oyéon e Ty Swupetdtnta) oynuatilovy éva avtiotpopo clotnua (inverse system).
Me K(o0) oupfolilouye to odue mov mopdyeton méve and to K and ta onuela mencpacuévne tédEng tou
p =T+7. Henéxtoon K(00)/ K eivar Galois pe opddo tnv Gal(K (00)/K) = invlimy (A/a)*, n onolo tautileton
oyedbév mavtod pe v menepaocpévn xAdon twwy idele tov K. To K(oo) elvar n maximal offehiov| enéxtaon
tou K 1 onola udhiota Siondhadiletan Auepa oto 0o. To mapandvew VYedpnua ivor to avdAoyo tou xhaolxol
Yewprjpatoc Twv KRONECKER-WEBER oty yopoxtnpotx p. H Yewplo twv Drinfeld modules npocgépet pia
HATAGKELAC T TPOGEYYLON TN Vewplal YAJCEWY GwUdT®Y, éToL Ta onuelo tencpacuévne té&ne tou Carlitz
module nailouv pdho avdhoyo ye tic pryodixéc pilec tne povddoc.
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2.2.1 H Yewpio Ttov Weierstraf

Yo topaxdte Yo teptopiotolue o Dedekind Soxtuiioug tou Drinfeld tng popghc Fy[T'].
Eicdyoupe toug cuufoliouoic:

F,
A

K

Q

Fpm To ooy yapoxTneloTixAC p UE g oTotyela
F,[T] O Saxtviog Twv Tolunviuwy utép to Fy

F,(T) To cdpa TnAxwy tou A.
To 0o = 7 opilet TV p-aduxt| eExTIUNOoN Voo
HE Voo (7:) = 1

F,(()) H mMpwon tov K o€ oyéon Ue Ty Uso-
‘Eotww O = {z € Koo|ws(g) > 0},
Woo EMEXTACT) TOU Voo, ONAXDT
Koo = {52, 00 (2)]as € F,,
i €Zxoui>m}
eve 10 O = {X1op i - ()| € Fy,i > 0}

=
3

H m\fpworn tne aiyeBpurc xhewotdénroc tou K.
To C elvar enloneg ahyeBpixd xheloTo,
xou 0 Badude eméxtaons [C: K] = oo.

C\ K, To Drinfeld dvw nuieninedo.

Opri=MOx 2.2.2. Ewa lattice A tdéews r tov C (1§ yia ovvropta éva r-lattice) elvar éva memepaouéva ma-
payduevo (ka1 dpa mpofolikd, yati ta terepaouéva napaydueva modules ndvw and Dedekind Saxtuliovs efvai
rpoPolikd), brakpitd (kdOe un keviy opaipa tov C éxer menepaouévn tour] pe to A — otnr kKAaoikrj tepittwon
n 1616Tnta avey wnydlea ané tov opiopud: €ddd anarceirar) A-submodule A tov C mpoPoliknis tdéews r. AgoU to
A efvar memepaouéva napaydpevo kai mpofolikd, yia kdle mpdto 10e€cddes p tov A to Ay ndvew and tov Ay, elvar
eAetlepo. Adyw «ovrvektikdTnragy tov daxtudiov A, n rank tov a, Ay eivar avepEdptnTn arné to p — o apriuds
avtds ovoudletar «mpopolikr) tdén touv As.

H exdstixr cuvdptnom tov A

Ye xdie lattice A avtiotoyolue pla ohouopen cuvdptnor ue pilec ota onueia Tou A

er: C— C,

1 onota 0pileTol W TO YWOUEVO

er(z) ==z H (1—;).

0#XEA

Eivor oocépanor, A—meplodua xou Fy—ypouuiny|. Ta xdde un undevixd| pila a € A Yewpolue 1o didrypoppa

0 A C C 0
e
eA v
0 A C C 0

Ou ypapuéc etvor axpiBeic. To apotepd xau 10 xddeto pecaio Béroc dndvouy norhamhactacud ye a. Amo-
SetevieTon 1 UTapEn evéc TPocIET0) TOAWYOUOL ¢ —mou efaptdrton and To a xou A— (GOTE TO TUPAUTEVE
Sidrypoppar va ebvon avtigetadetind. Moot yio x&de a,b € A, g2 o it = ¢)£ ogh = gb. Yuvoilovtag

1. o2 e C{r},
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2. deg, (61) = r - deg(a),

3. n avtiotolyio a = ¢L opilel éva opopopploud Soxtuliny, o omolog ue T oelpd Tou opilet évar Drinfeld
module téZewc 7.

4. ‘O)a 1o Drinfeld modules unép to C npoxdntouy Ue autédy Tov TpéTOo (dNAady avtiotoryoly o lattices).

To napandvew cuvodilovian otny npdtacn 3.1 tou mpwtou dedpou tou Drinfeld ([7]).

OEQPHMA 2.2.3. e KdOc Drinfeld module td&ews r vrnép to C mpoxUnter and kdmoio r-lattice A tov
C.

e Avo Drinfeld modules ¢*, ¢*" etvar 106uopga, av kar pévo av, vndpyer 0 # ¢ € C térow dove A' = c-A.
Ynuelwon 1. Ac yuploouye oto mapdderypa ye i pilec e wovadac. H xhaowr exdetind) cuvdptnon exp :
C — C: z —> €* elvar empopplogdc opddwy ye muphva o A 1= 2miZ — éva Z—lattice td&ewe évo — T
un undevixd atotyeia Tou onolou avtioTololy 6TiC pileg GhwY TwY e€lowoewy Tng wopehc " —1 = 0.
Enueiwon 2. (Erkeimuxée xaunvies). Kdde ehetntinn xoumdin nédvew and toug pyadixols avtiotolyel (xortd
TPOCEYYLON WopopPLouoD) oe éva Z-lattice A tédewe 2. 'Eotw pa 1 ouvdptnon Weierstrall tov A. H pa elvon
ohopopen ato C, A-meptodin| xou undevixt| mévew oo A.

2.2.2 To Drinfeld dvw nuieninedo

Mropolue va Teptypdoupe to Yweo twv C-pridv onueiwy Y7 (1)(C) tou Y7 (1) wg tov ¥kpo TV xatd 1po-
ceyylon woouoppiac r-lattices, dnhadr we éva yevixeupévo dvew nueninedo modulo tn dpdon yrac aprduntxrc
ouddac.

H yevixy nepintwon

Eotw r > 1 xa é¢otw PU~Y(C) to 6lvoro twv C-pntdv onueiny tou mpofolxod (1 — 1)-ybpou ]P’(Cr_l) e
Q=P H(C)\ | JH(C)
6mou o H Srtpéyel ta Koo-pntd unepenineda tou ]P’(Cr_l). ‘Eva onpelo w = (w1 : ... w,) avixet oo Drinfeld

dve nuieninedo QO av xou Uévo av dev UTdpYEL UNFTETPWUEYN oyéon Y a;w; = 0 e ouvtereoTéc a; € Koo
To Pr=1(C) xow Q" Séyovion tn Sour rigid avohutixdy xdpwy. Mopolue é10L va WhoUUE Yior ONOUOpQES
cuvopTioel oto (1.
‘Eoww A neployn) xuplwy 8ewddv o doxtihiog tou Drinfeld. Téte xdle lattice A té€ewe r tou C eivon
ehetepo A—module eheddepo maporyduevo and r otouyelo, A = (wi,...,w,). Eivor edxoho va Somiotdoet
xavele 6Tt to A elvon dtaprtd av xaw wévo av w = (wy t -+t wy) € Q7.

Apdon aprIpnTIX®y ORASWY GTO Ave MULETINESO

Ocewpolye TV Tpopavh dpdon e aprduntixic opddoc I'(1) := GL(r, A) oto Q7. Avo onuela w xou w’ tou Q7
opilouv buota lattices (xou ¢ ex tovTtou Wduoppa Drinfeld modules) av elvor ouluyh xdtw amd tn dpdon g
['(1). Buvenwe, madpvoupe uio xavovixy oouoppio

1)\ Q" ~ Y (1)(C)

and Tov nhxoyoeo I'(1) \ 27 oto obvolo wwv xhdoewy wopoppioc Y7 (1)(C).

H nepintwon r =2

T 7 = 2 o supPoriZovpe pe Q to Drinfeld dve nueninedo Q2 <o onolo elvar o PH(C) \ PH(K) = C\ K. !
H oudda I'(1) := GL(2,A) dpat 070 Q Y€ow YPUUUXDY UETOCY NUATIOUMY

ab ) az +b
Z)=——7.
cd cz+d
ITo Drinfeld dve nuerninedo avtiotoiyel 6T0 xhaoixd dve xou xdtw wyadud nueninedo: C— R = HT [ JH ™ xo byt 610 HT,
onwe Yo mepipeve xavelc.
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Modular poppéc cto (2

Mo modular popgy| Bdeouc k yia v I' elvon plo oAduopyrn cuvdptnon f: @ — C n omola wavorolel Tic
oLV xec

o £(228) = (ex + )F 1) e (1) € D oxa

o f(z) ppdooetan ot éva udyweo {z € O :infrex |z — x| > 1} Tou .

oo |

‘Eotww M}, o C-Siavucyatindg ywpeo twv modular forms yio tn I' Bdpouc k. ot k& > 1 to ddpoloua

1
Ek(Z) = Z m

(0,0)#(a,b)EAx A

oLyXAlveL xou pdhoto opiler plo oelpd, Ty oepd tou Eisenstein Bdpouc k. T k = 0 mod (¢ — 1) n oewpd
tou Eisenstein eivou pio modular gopgr. Avd 300 ot Siavuouatixol ywpor My, elvon ypouuixd aveZdptntot (Snh.
M M ={0},VEk #1). ©étouue

M(T) := @ M.

k>0

Anodewxvieton 6t o M(T') napdryeton and tig alyefBexd aveldptnteg Eisenstein oeipéc Ey_1 xou Epz_q. Eivan
ETMOUEVLC EVag TOMWYLULIXGC SaxtONog oe 800 petofintéc unép to C.

2.3 Drinfeld modules névew andé schemes

[ vor oplotel to moduli schemes twv Drinfeld modules ndve ond oduato (Snhady) o yweos ta&ivoéunons
Toug) elvor avaryxaio n Yewenon Drinfeld modules ndvw anéd schemes. 'Evo invertible sheaf F ndvew and éva
scheme S elvar éva sheaf cuvaptioewy, Gote yo xdVe agvixd avoryté U = Spec(B) C S, to module F(U)
névw and 1o B va elvor 1odpoppo tpog to B—module B. Aivouye tov opoud:

OpizMoOx 2.3.1. Eoww A = F[T], K = Fy(T). Eotw S éva K— scheme ka1 L éva invertible sheaf ndvw
a6 to S. O functor
E : {Schemes/S} — Abelian Groups

0 opilduevos aré tmr E(S') = T'(S", Os: ®o,, L) opilet éva avupetaletiné group scheme vrép to S', térow
dote, yia kdOe apuwiké avoytd U C S to Ey (avagopikd pe tnv Zariski toroloyia) elvai 106puoppo tpos to G, .

Me v: A — T'(S") cuuBoiilouyue Tov QUGS OUOUOPPLOUG.
OpizMoOx 2.3.2. Eva Drinfeld module td&ews r vnép to S anoteletrar and
1. éva invertible sheaf L tov Os— pali pe éva functor E := E; 6tws napardrvo,

2. éva evbopopproud daxtiliwy
¢p:A —  Ends_groups(E)
m

a = ¢qi= Zai(a)ri
=0
brov T+ L —s LOP' ay(a) € LEO-P) ag(a) = v(a) kat am(a) elvar pla generating section tov L
(6nkadn pla rovdevd unbdenilduevn global section) kar m = r - deg(a).

2.3.1 Level structure

O Drinfeld ovo [7] etohyaye tnv évvola tne level structure oe Drinfeld A— modules. Eotw ¢ éva Drinfeld
module xar n € A éva pn tetpppévo Weddec tou ¢. To @[n] eivor A submodule scheme ker ¢, C G,— 10
subscheme twv n onuelwy tenepaouérng tdéng Tou ¢.

IIrPoTAxH 2.3.1. Eotw r n tdén evés Drinfeld module ¢ vrép to L. Tore:
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1. ¢[n] elvar éva memepaouévo group scheme tdéews #(A/nA)" vnép to L ka

2. av to n €lval mpddto w§ mPos TN xapaktnpiotikny tov L téte to ¢[n] elvar éva ededepo A/nA module
tdéews .

OpPizMOx 2.3.3. Mia n-level structure oe éva Drinfeld module ¢ unép to L €fvar évag poppiopds
l:(A/n)" — G, (Spec(L)) := Mor(Spec(L), G, )

ané A-module schemes tétoiog wote oto Gy

>l € (A/nA)" = g[d]
(meprddrtag oTous avtiotoryous H1alpétes) va tkavonolelta 1) tapandve wotnta.

IIio cuyxexpwéva, éotw ¢ éva Drinfeld module yevuic yapaxmplotinic téewe r. Mia n-level structure
unép to L onualvel 6t

e 10 ¢ opileton UTép T0 L
e o pilec Tou P (X) oynuatilovyv éva A—module kai elvar cTowyela Tou L
o undpyet évag A—module wopoppiopds (A/nA)" — ¢[n].

Ynueiwon 3. 'Eotw (¢,4) xon (1,7) d0o Drinfeld modules unép to L pe n-level structure Soopévn and o i xon
J- Av (1), xou (¢, ]) elvon 1obpoppa, TéTE UTSPYEL U € L Této0 OG0T 1 = ugu™" xon 10 oxdhovdo Sudypoper

vau glvar avTie TdeTLxd.
()"
b 1 n

w

E3HS

2.4 Moduli schemes

2.4.1 To Moduli scheme Y7 (1)
Oewpolue tov functor:

(1) { K — schemes } { x\dooEl looyopplag } -

S Drinfeld modules tdZewe r unép to S

O functor Sev eivan avanopaotdowoc (representable) ond xdmoto S-scheme M”(1) (undpyouv un TETELUUEVOL
autouoppiopol Drinfeld modules ndve and ahyeBpxd xheiotd A—ovuata). O Y7 (1) opllel éva coarse moduli
npéPBAnue. To (apvixd) scheme mou avtiotouyel oe autd cuuBohileton ye Y (1).

2.4.2 To moduli scheme Y"(n)

‘Eotw n un tetpipévo mohuokvupo xat Y (n) o functor

K — schemes x\doelg Loopopplag and
Y'(n): { S } — Drinfeld modules tdZewe r unép 10 S
epodioopéva ue ula n-level structure

OEQPHMA 2.4.1 (DRINFELD [7]). YroO¢éroupe dn to n daipeftar aré touddyiotov 600 dapopetinols
mpdtovg. Toéte o Y"(n) elvar avarapaotdoyios and éva Aeio aguwiké A-scheme Y7 (n), oyetiknis didotaons

(r—1).
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Ynueiwon 4. Ta TONGYLUO TOU IXAVOTIOLOLY TNV TORATAVG analtnor yopoxtneilovion otny oyetixy BBAoypa-

plo e admissible. To mopandve Yedpnua yevixeletor xon yio un admissible (xon un tetpyupévar) ToAUGVUPL.
; , , , 1 r , ,

Kot oe autry v nepintwon undpyet évar A[+]-scheme Y (n) mou avanapiotd tov functor. Ytny napoboa epya-

ota Yo meploptotodue oe Drinfeld modules nou opilovton mdve and K-dhyefpec. Etot, 1o avtictolyo scheme

«opiletony mdvw amd 1o K xon xatd cuvéneta tpoBAruata oyeTxd ye tny level structure dev eugaviovton.

Kpivouue oxémuo vo nopadécovue plo amodeln oto mapandvew Yewpnuo. H anddelln mou napovoidlovue
ogetheton ev wépn otov Marius Van Der Put xau Bploxeton oto [31].

Yo mapodtew dhol ol SaxtOhol Tou Yewpolue uTo¥étouue 6Tt efvon SaxtOMoL T Noether. e aguixd
schemes névw and tétotouc daxtOiouc oL évotec Twv invertible sheaf, trivial line bundle xow group scheme
tawtiCovton, ye TNy évola 6Tt To x&Ee Evar amd auTd avTioTotyel Ye povadind Tpomo ota utdhoima. 1o cuyxe-
xpéva, To teTpyuévo line bundle Spec(R[X]) avtiototyel oto structure sheaf Ogpec(r) ©OU UE TN OELRE TOL
avtiotoyel oto additive group scheme G, r = Spec(R[X]).

‘Eoww c1, ..., ¢ alyelpuxd aveldptnrec yetaBAntéc unép to Fy, xou

d
n= Z G,iTi
i=0
évol un tetpuévo moludvupo tov A = F([T]. Oewpolpe tov doxtOlo

B = K[Cl, L 707"70;17 {ma}]aE(A/n)”

o omolog yYevwiéton unép Tov A and T ¢1, ..., Cp et (creyt = 1) xon o T4, @ € (A/n)7. O oyéoelc uetalld
TV YEVNTOpwY Va Tpoodoptotoly mapaxdtw. Opilouue éva Drinfeld module td&ewe r unép o B we e€nic:

p:A—B:Tr—T+erm4-+cr”
Ot oyéoeic petal v Yevwntopwy elvar ol e€rg:
1. Zoy + Ty = Tatar XU Trg = ATq YL X30E o, € (A/n)". xau A € F, o kg =0
2. Tra = ¢r(Ta) = T + 128 + - + ;28 yia x&de un undevixé otowyeio o € (A/n)"

3. To mohudvuuo ¢n(X) 1= E:io anpj oot UE T0 arg || (X — z4)-
aEA/n

=

. Awhéyouye éva ototyelo ag € (A/n)" ye ap # 0 xou n- g = 0 xou Yétouvpe 24, = L.

To napomdve opilouy éva Drinfeld module (¢, 7) unép o Spec(B) téfewc T, ye n-level structure Socuévn ané
70 povopop@lop6 i: (A/nA)" — B: a s x, xou line bundle 1o structure sheaf tou Spec(B).

Ou deifouye 6Tt T0 ¢ epOdlacUéVo Pe TV TapaTdve Soud avtitpoowrelel tov functor YV (n). Botw R
Tuy6y Saxtohoc ye K C R e@odlaouévoc e

o éva tetpiuuévo line bundle £ unép to Spec(R)
B". éva Drinfeld module ¢: A — End(L) td&ewe r

Y. éva opouopploud and A-modules i: A — L(Spec(R)) dote o tuphvac tou ¢ vo tawtiletor pe tov Cartier
divisor ToU 3, ¢c(a/m)- E(div(a)).

H section i(a) wavornowel v oyéon ¢(n)i(a) = 0. Ané to yépoc ¥’ xou enewdf) to mohudvupo ¢(n)(X) =
On(X) elvar Saywplowo (1 Staxplvovsd tou elvar Shvoun tou n), 1 section i(a) Sev éyer pilec. Xwplc BASSN
e Yevwdtnag, unopolue vo utodécouue 6t i(a) = 1. Tuvende, unopolye Pe Hovadixd TpoTo Vo THUTICouYE
70 line bundle £ pe to structure sheaf R @ote i(a) = 1. Enoyévwe o opopoppiopds ¢: A — End(L) Siveton
and éva opopopPLoud e Hopehc ¢ A — R{t}: ¢pr+— T +di7 + -+ d,7", pe d; € R.

Aol 6ha o i(ar) elvon otouyelor Tou Saxtuliov R, 1 cuvixn v Utopel vo YetaoynuaTioTel 6Ty cuVIxN:
Tor TohUGOVUUA P (X)) xan d[] (X — i(a)), yia xdmota xatddinin avtioteéduun otadepd d € R towtiovon.
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Opilovpe tov K-opoupoppiopd h: B — R 6mov h(z,) = i(a) xou h(c;) = d; vy xdde o € (A/n)"
xou ¢ = 1,...,7. O h elvor xohd opiopévog, Aoyw twv 1-4 xon of-y" mopoamdvw. Elvow cagéc 6Tt uéow tou
h petopépetan 1 level structure Sour| Tou «universaly avtixeévoy ¢ oto ¢ xau udhiota, o h tpoodiopileton
povadixd amd TNV ToEATEvVL WOTNTA.

Tuvenog, 1o Spec(B) avamapiotd tov functor V" (n) unép to K. Aciope dnhady| to mapoxdte Yedpnuo

OEQPHMA 2.4.2 ([7], [28],[31]). Eoww n éva un undeviké 1deddes tov A. Téte, o functor M"(n)
avumpoowrevetal and éva agwiké K— scheme Y (n).

H 3pdom tne GL(r, A/n)

H nenepoaoyévn ouddo G(n) := GL(r, A/n) Spa oto V" (n) petadétovtac tic level structures. Méow tou functor,
7 dpdom awth mepvdet xou oto scheme Y7 (n). To Y7 (1) elvon to nniixo touv Y (n) pe v G(n) (o omoio dev
eZoptdrar and Vv emhoyt tou n). ‘Eyel udhiota Ty o, 61t Toukdytoto tor L-pntd onuela, yior ohyeBpixd
xhelotd A-oduota L avtiotolyoldy ue tpémo éva mpog éva, entl xou cuvaptnotaxd (functorially) oto V" (1)(L).

Ta Drinfeld modules t8Zewc 2 tovopgolvior amd v agvixh eudela Y2 (1) = Al. Tpdypatt éotw A =
F,[T], K 7o obpa mniixwy tov A xou v 1 A — K doouévoc opopoppiopdc. Eotw ¢ : A — K{7} éva
Drinfeld module té¢€ewe 2 unép 1o K. O opopop@iopds ¢ xodopiletar and tny tun ¢ touv 1 :

or =v(T)+ et + 7>

émou ¢; € K xou ¢, € K*. Avtiotpoga, xdde emthoy?| {c1,c2}, pe c2 € K*, opllet éva Drinfeld module tdZewg
2. Avo Drinfeld module ¢ xo ¢' elvan toduoppo av xou uévo av undpyet éva ototyeio a € K* dote

- pi—1
Vi=1,2, cia =c;.
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KE®AAAIO TPITO

O WEIL MOP®ITMOX

3.1 H opilovoa ev6¢ Drinfeld module

To xepdhoto autd Sev arotehel npotdTURy epyacio. To Weil pairing otny xatnyopia twv Drinfeld modules eiye avogepdel and
Tov (810 tov Drinfeld ot éva 1diwtixd Tou Yedupa mpoc tov Gross: avagépetar de xot 670 Bif3Aio «The arithmetic of function fieldsy
[14] emyporporTind, xow GUTA 1 AVOPOES WAC YPOUUNAS NTOY 1 LOVODIXH avapopd YVWoTth ot eudc. 201000, YLo MOC, N XOTUOXEVR
Tou eiye Waitepn onuacio, ool evdiapepduactay yvia Ty Galois Spdorn oe Drinfeld modules td€ewe r xou mwe auth TeEpvVde!
oe Drinfeld modules téd&ewc 1. Avayxoaocthxape hotndy vo Eavaoanodeilovye Ty Omapdn Touv. Ltny x00pco oV dNUOcLEVCE®Y
»woTt6o0, tponyhinxe o Gert-Jan van der Heiden, o orolog Sovkebovtac aveldptnta and epde, nopovsioce tny epyacio tou «Weil

Pairing for Drinfeld Modules» (preprint) [15]. Ztnv nopoloa epyacio xpivetar oxdmipo vo topatedel n dixd wog npoccéyyion.

‘Eotww n éva, un-tetpipévo, Wewdeg tou A xou C' to Carlitz module Cr = T+ 7 unép 1o L. Oa cuuBoiiloupe
we L(n) to owpo mou yevviéton unép to L and ¢ pilec tou nohuwviuou Cy(X), Snhadh tou Tohuwyduou Tou
avtiotoyel o7o Carlitz module. Oa cupfohilovye pe KT C L(n) tnv maximal af3ehiav| enéxtaon tov K otny
omolo To 0o avahbeTon TApwe xou pe Ly (n) C L(n) tnv maximal afelov| enéxtoon tou L otny onola 10 00
avarhbeTon TAOC.

OEQPHMA 3.1.1. [21] To moduli scheme twv Drinfeld modules tdéews 1 —twv opillduevwr ndvew and
K-odpara— etvai to
Y!(n) = Spec(K 4 (n)).

Oéloupe va oplooupe évav dominant popgioué W, : Y7 (n) — Y'(n) o omoloc 9o otéhver Drinfeld
modules td€ews r pe n-level structure oe Drinfeld modules td€ewc 1 ue n-level structure. Xtnv xatnyopio
twv Drinfeld modules o popgioudéc W, da nailer poho avdhoyo pe exeivo tng «Weil Pairingy otny xatnyopio
TV EMNAEITTIXOV XaOAwY e level structure. To Tt evvoolyue Yo yiver avTiAnmto oTIC ENOUEVES TUPAY PAPOUC.
Mia evdiapépovoa egappoyn elvan 0 Tpoodloploudc Tou oouatoc opoiod tou moduli scheme Y7 (n).

3.1.1 T —motives

Ty mopdypapo auth yenotwonotolue ta cUPBols xot Toug oplopolc tou xep. 5 tou [13]. Eotww A =
F,[T],¢: A — L{r} éva Drinfeld module tdZewc r xou ¢ = a,7" + - + a1 7 + T7°. H un avupetodetn
L-dvyeBpo M := L{7} yivetou plo A—dhyeBpo péow am := mo ¢, yiota € A xou m € M. Mropolue va Sobue
0 M o wo B = L ®p, A—d\yeBpa U€ow ToL 0UopopOLoU0L SaxTUALDY

1®0¢

B M .

ITio ouyxexpiéva, To M yiveton yia B—dhyefpa péow tou (k®@a)-m = k-(mog,) xau m(k®a) = kP -(mod,),
v xdde m € M, a € A xau k € L. ¥nuetdvoupe 61t o B elvor mohuwvuuinde doxtohog ulog yetoBAntic unép
w0 L, B=L[Y] 6movY = 1®T. Eivor yvwoté 6t 10 M elvar éva ededllepo module tédewe r vrép to B
ue Bdon {1,7,72,..., 7771} Tuverde, n «full exterior power» tou M, oupB. g A", M elvor éva eheddepo
module t¢€ewc éva e Bdon {LATA - - AT 1}
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SuuBorioude 2. Oétoupe ™ =T A AT m > 0xow N =g A" M.
OpiZouye dpdom tou T 610 N g axoroiwg
T-(my A---Amy):=7(my) A--- AT(my).

H Spdion avth elvar A-yoopixs ohhd oyt xou B-ypolgixy.

3.1.2 H xataoxevy] tng optfovoag evéc Drinfeld module.

O oxomnde e mapaypdpou autic elvar N xataoxevy e opllovcoc 1 ahhde tne full exterior power evog
Drinfeld Module té€ewc 7. H optlovoa Va eivor éva Drinfeld module td€ewe 1. Tt var v xotoloxeLdcouye,
Vo npénet va Solue o N o pro skew! L—dhyefpo moporydpevn and éva Frobenius evSouoppiopd (Sec 1o Mupa
35 TOPOXAITE).

AHMMA 3.1.1. Yto B o r— Frobenius evdopoppronuds 1" wobtar pe oo + 047 + -+ + 0,171, drov
o0=0a,'®@T —a,'T®1lkaro;=—a,a;®1 yai=1,...,r—1.
Ansdeln. (10)T -1 =7%r=¢r=T®1°+a; @174+ - +a®1-7". Qa

AHMMA 3.1.2. pu=(=1)""Log - u°.
Anddeln. p=TNA - AT" =TA-- -/\Z:;Ol it = 1A Ao’ = (=1)""Log 0N AT = (1) Logep®. 3

AHMMA 3.1.3. (1T)-p" =TFP" @1-p° + (=1)""'a?" @1 - pmt!

Anddeiln.
(1®T) _'um :Tm(bT/\__‘/\Tm-ﬁ-r—l
= (TP" ™ + a‘fmrm"'l A A W e NP
=TP" @10+ (=1)"a?" @ 1. "t
0
AHMMA 3.1.4. Ava € A tére o (1®a) - u° etvar ypappxdés cvvdvaouds twv u°, ..., uttt unée to L dmov
d = deg(a).
Anédeiln. Apxel vo amodeifoupe to Mypa yio 1 @ T - u° Vm. Twem = 1,
AT)- W’ =¢rA--- ATt
=Te1-p’+(-1)""ta, @1 p.
lNam =2,
1T W’ =01aT)- 1T u°)

=12D)T 21 -’ +(-1)"""a ®1-p)

= T2 10 4 (1) Tag+ (<1) e, (—1)" Taku? + TP)

=T + (1) an(T + TP+ a, P,

Yrodétoupe 6Tt (1@ T™) - u = Agp® + Aypp+ -+ + App™ omou A; € L. Tére,
AT™) W =01eT)(1eT™- u°)
=(1@T)- (Aop® + Arp+ -+ App™)
=A1T )+ 40T p)+-+ A, 1T u™)
0

Lun-avtigetadetixng
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Ynueiwon 5. Elvow tdpa mpogavég 6t unopodue va yeddoupe xdie ototyeio Tou N oy TOAUGYLUO TOU [t UTER
o L.

Méver vau opiooupe plo aptotept| p—dpdon oto N.

Opi=MoOsx 3.1.1. To L{u} etvar pia L-dAyefpa mapaydpevn vinép to L and ta {p™,m =0,1,...} pe moAda-
TAaolaoué op1oUévo wG:

o yipd =t xar
° puk = kFp
Elpaote tdpa étopor va anodel&ouye to
AHMMA 3.1.5. To N eivar pia skew L—dAyefpa tapaydyern ané o .

Andden. Kdade orotyelo tTou N uropet va ypagtel otn wopph B - u’ émov B = 3. ki ® a; € B.
I SET TN S ETHI TS

A6 to Mupa (3.1.4), Vi o (1 ® a;) - u° eivar tohudvupo we tpog to i, ..., 8@ uréo o L. Auth
anodetvieL T0 YEYOVOC 6,1 xde oTolyelo Tou N unopel va Yewpniel we €var ToAudvLUO WS TEo¢ [t LTER To L.
Téhog, onuewdvoupe 6t - (K ® 1) = (kP @ 1) - p. a

Efyoote tdpa oe 9€an va Swooupe tov opiopd tne opilovoac evog Drinfeld Module:

OpizMoOx 3.1.2. Eow ¢ kat p 6nwg tapandvo. H optllovoa A"¢ tov ¢ elvar éva Drinfeld module tdéews
éva
N'¢: A— L{u}

doouévo and

A — Lor, A — N L{r} = L{u}

a — 1®a — 1®a-pu°
AkpiBéotepa,

T—T-p°+c.(—=1)"p
Treviuuiloupe 6t pe Y7 (1) ovuBorilovpe to moduli scheme twv Drinfeld modules td&ewe éva, to onola

optlovton mévw and ooduata L ye L D K. Kielvouye tny moapdypapo anodetxviovtag thy Uopén evoc Lop@tolol
W :Y7"(1) — Y7 (1) onoioc petagéper Drinfeld modules tdZewc r otic opilovcec tovc. Ac onuewwdel 6t 1
évvola e level structure dev €yer axdpa ypnowonomndel. Autéd Yo yiver otny enduevn mapdypagpo. ‘Eyouue
70N amodeiel v axdlouvidn

ITPoTAxH 3.1.1. Yrdpyer évag poppiopos

W:Y"(1) — Y1) ; ¢ A¢. (3.1)

3.2 Xnuela nenepacuévng td&ng xou t-motives.

O opropol —xadde %o oL cuuBolopol— Tne TapaypdpoL auThe tepEyovtor oto [13], §5.6, oel. 151-156.
[Ipoxewévou vo anodelovye Ty Umopén evoc dominant Yop@LopoL

Wy : Y (n) — Y(n)

o Tpémet va etadyouue oto poppoud (3.1) tn level structure. ‘Eotw (¢, 1) éva L—pntéd onueio tou Y7 (n) 6mou
i:(A/mA)" — ¢[n] elvon évac A/nA woopopgiopde (Snh. elvan ulo n-level structure). To module ¢ Yo npénet vor
anexovileton uéow tov Wy, ato A" ¢. O poppiopde W, Yo npénel va puetapépet Ty n—level structure —and tny
xatnyopia twv Drinfeld modules té€ewe r— oe yio n—level structure otnv xatnyopia twv Drinfeld modules
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wEewe éva. Apxel emouévme va detyVel 6t 0 enary®pevoc opopoppiopds ATt AT((A/nA)") — AT(P[n]) elvan
puowde, dnhadh va dewytel 6Tt ta AT(P[n]) xon (A7P)[n] elvon, ue xavovind 1p6T0, LOOULOPYAL.

‘Eow M, N, T, p xow ¢ 6nwe noapandve. Ano e3¢ xow 6o e€hc Yo utovétoupe 6Tt o owpa L elvon télelo
oTn ouvéyeta Yo dpoue Tov Teptoploud autd. H npocéyyion auth yivetow yio teyvixols Aoyous. Treviuuilovye
6Tl UE P[n] onuELdVOLPE TO GOVOAO TwV N oNuelwY TeETepaouévne TEEng Tou ¢, dnhady| Tic pilec Tou tpocdeTinol
TOALVOHOU ¢y (X). Oftouye

(M/aM)" :=={m € M/aM | Tm —m € nM}.
To Yedpnua tou Lang yio tv GL(7) pog Aéer 61t
(M/aM)" ®p, L = M/nM

w¢ dtavuopatixol yopeol xow B modules (3ec [13, népiopa 5.6.4,0eh. 152]). (‘Ouotol opioyol xar cuunepdouata
toyouy xau vt 1o (N/nN)* xou to N/uN.)

OEQPHMA 3.2.1. X A—module to ¢[n] elvar kavovikd 10dpoppo tpos to
Homa ((M/nM)", Homp, (A/nA,F})).

Anddein. Elvou cuvduaouds tou Yewphipotog 5.6.6 xou tne npdtaons 5.6.3 (xou tne onuelnons xdtw amd authy)
Tou [13]. |

AHMMA 3.2.1. ¢ B—modules ta \" % Kai % elval 100popya.

Anodeiln. Oewpolye Ty axpiBr) oxohovdia twyv B modules:

M

0 —nM — M — — — 0.

nM

Agol to pM eivor flat, 1 acohovdia
M
0— (nM) g M®" 1 — M®" — OB M® =t — 0

etvou oeplBhc xot we ex To0Tou, agol (nM) @ M®" 1 = n(M®"), 2 éyoupe

M Mo
@ MOl = .
nM ©B nM®r

4 7 z ®r 4 7, 4
Ané v AN pepLd HMM = % ®p M xo I%W = % ®p M. Auté amodetxvier Ty lodtnTa

M Mer

(n_M)®r — n(M®r)_ (32)

'Ectw T 1o submodule tou M®" rou topdyeton amd tar otowyelo Tne wop@hc

...®m®...®m®...

xou éo0tw 7' to B submodule tou (%)‘8” TIOL TOPAYETOL AN GTOLYELOL TNE HOPPHC

e @mAnM)®@ - @m+nM)®@--- .
To 7" xou (T + n(M®7))/nM®" avtictoyoly T0 éva 670 dMo péow tne (3.2). 'Etol, agold N = M®"/T,
€YOUUE OTL
i B M®r/T _ M®r/T B M®T
nN - a(M®T/T)  (aM® +T)/T aM® +T
_ o MEmMe) ()" /\ (M
 (n(MEY+ T /m(Me) T TN M

T g X ye nX =0 ¢evar B/nBRp X = X
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AHMMA 3.2.2. Eow X,Y 000 A modules pe nX =nY = 0. Ioydovr ta akérovda:

1. X ka1 Y elvar A 10duoppa av kar uévo av etvar A/nA wdpuopga.

2. Homy (X,Y) xar Homy /ua (X, Y) efvar wdpoppa A/nA modules.
Anédeiln. Snueidvoupe amhd 6t X @4 A/nAd = X = X, |
ITrpoTA=H 3.2.1. Ioyvea du ta (Ap)[n] = A(P[n]) eivar wdpoppa ws A/nA-modules.

Anédeln. ©étovue X = (M/nM)™ xau Y = Homp, (A/nA,F,). To F,— module Y pnopel va Yewpniel we
éva. A module péow (a- f)(z) := fla-z) o xdde a € A, f €Y xou z € A/nA. ? Snuedvouye 6T 1o X,V
undevilovton améd to n. Q¢ ex TovToL, EPupudlovtag to Muua 3.2.2, arnd o IIép. 5.6.4 tou [13] ceh.152, X xou
(A/nA)" elvon A wobuoppo —ag onueidoovye We K @ (A/nA)" — X autdv tov loopoppioud. LNUEWdYOUUE UE
K" TOV ETAYOUEVO LGOUORPLOUO:

k™ : Homa (X,Y) — Homa ((A/nA)")Y), fr— ko f.
To axdhovda elvar A/nA oopopgiopol ané A/nA modules:

Homy ((A/nA)",Y) = Homa /na ((A/nA),Y) =

P Homa jua (A/nA,Y) =Y

i=1

Tdpa, tepvidvtag otic full exterior powers malpvouyue éva logoppioud o onoiog e&aptdton Hovdyo and To K :

i /T\HOHIA/nA(X,Y) — /T\Yr

Me v ouufohilouye tov puowd A/nA-icopoppoud v: \"Y" — Y xou ue

v* : Homy /qa (A/nA, /\Yr),

Etou

A(¢n]) = A\ Homa/na(X,Y) =5 A\ Y" —5 Homy na(A/n4,Y) —
Hom4(A/nA,Y) — Homy (N/nN,Y) = (A¢)[n]
a
XuuPorioudc 3. 'Eotw A @ ¢ — ¢ iooyévera unép to L. 'Eotw My (avt. My) to B—module L{7}. H icoyévewa

A endyel évar B—opouoppioud
A My — Mg,m = mo .

3FEotw & = {w1,...,2q} wla Fp Bdon tou A/nA. Eotw £ = {x1*,...,24*} n duixyg Homp_ (A/nA,Fp) . YuuBohilouvue pe
K TOV 160U0p@ioud x; —— xF. Me & Yo cupforifovpe o oToiyeio Tov A/mA xau ue ¥ to avticToia otoiyxela Tou Suixol xhpou
(Héow g avtioToiyione mou opiletor and to k). To cbvoho Homp (A/nA,Fp) viveton éva A module uéow

(a-27)(y) = 2"(a - 2),Vy € A/nA.

Kdde otoiyeio a € A opile éva Fp eviopopgpioud tou A/nA. Snuetdvovye pe go = (a;j) tov mivaxa mou aviiotoyel oo a (oe
oyéon mdvta pe to £). Opilovpe pd (véa) A—dpdomn (x) oto A/nA:

axz=r""a-z").
Snuetdvoupe 6t Va,b € A, gagy = gpga. Botw z € A/nA, © =3, Niz;. Téte, z* = 3, Az} xa (axx) = s~ a - z*). AN
a-x* =a-y,; N = > Aa-x xou we ex t00T0V, Yiot xde j, a - *(x5) = D, Nixl(axj) = D0, Nix) (gaxj) = Do, Aiagj. Autd
anodewevier 6t a x T = gl - =, 6mou ta g oupBorilouv Tov avdoTEopo Tivaxa TOL ga. 2¢ ex ToUTOL, Yewpolpeva we A modules,
o Homp, (A/nA, Fp) xon (A/nA,*) eivor 106poppa.
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[Tepvévrag otic 7 exterior powers, taflpvouue B—ouopop@lonolc

/\)\:/T\Mw —);\M¢,

xou plor Llooyéveta
AN AP — NP

OEQPHMA 3.2.2. Yrdpyer évag poppropos
Wh : Y"(n) — Y(n)

Anodeiln. 'Eotw ¢ éva Drinfeld module td€ewe r oplopévo mdve and éva ooy L D K, ye plo n—level
structure Soouévn and to

a:(A/mA)" — ¢[n].
‘Eotww A¢ 1 optlouca tou ¢. Eivow npogavéc étL o toopoppiopde elvon Gal(K3P /K )—avollolwtog. And v

npbtaon 3.2.1 éyouue 6L (AP)[n] ~ A(¢[n]). llepvévtog otic exterior powers, naipvouye Tov emYuUnTé LOPPIoUH
(tnv level structure)

Na: Afnz= \(A/nA)" — A"(¢[n]) = (Ag)[n].

3.2.1 To ocopa opiopod) twyv Moduli schemes

[ éva mpidto p éotw K (p) to owpo mou meptéyel o K xou tar p onuela nenepoouévne téine tou Carlitz
module Cr =T + 7. Ou onpewdvouye e K1 (p) tn maximal ofehovi enéxtaon tou K, Ty TEpLEXOUEVT OTO
K(p), otnv onolo 10 00 avalbeton tAfpws. Eotw K4 1 maximal ofehiovi enéxtaon tou K otny onola 10 00
avohbeton TAews. To moduli scheme twv Drinfeld modules td€ewe éva ye p level structure n onola opileton
névw and K —odpata eivon to Ky (dec GOss [13] xor HAYES [21]).

Ané 1o Jedpnua 3.2.2, yiop mpidto tou A undpyet évac dominant yopgpioude, o Weil poppiouog, wote yio
xdde mpdhto Wewdeg p tou A = Fp[T'] va éyouvye

Wy : Y7 (p) — V' (p).
Hofpvovtac v Suixr tov W, (Snh. mepvévac otic global sections) éyouue éva yovouopproud Soxtuhiny

LY (p), Oyi(p)) — (Y7 (), Oyr(p))-
Enedh T(Y!(p), Oy1(p)) = K4 (p) (dec 3.1.1), malpvouye to axbroudo

OEQPHMA 3.2.3. To odua opopot g Y (p) mepiéyer to oddua K4 (p).

3.2.2 Apdon opilovohrv

‘Eotw M™(a) o contravariant functor and tnv xotnyopic twv K — cwudtwy oTny xotnyopio wyv GUVONDY
M™(a) : (K — odpata) — (oOvora), L — M™(a)(L) émov M™(a)(L) onuetdvel T0 6OVORO TwY XAACEWY
wopopplog twv Drinfeld modules td€ewe m twv oplldpevwy unép 1o L ue a—level structure.

H opdda GL(r, A/n)/F; oo 610 M”(n) xon 1y ouddo GL(1,n) /F} Spa oo M (n). Ectw g € GL(r, A/n)/Fr.
Oewpolue to oaxdrovdo Sdypopua

M (n) —= M’ (n) (6,7) —— (¢,i)
W.\l lw.\ W.,I lw.‘
M () 222 M () (A, Ai) —L (6, Ad det g)

To nopandve Sidypapuo elvon avtpetodetixd. 'Etol éyovue to axdiovdo
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OEQPHMA 3.2.4. H oudda GL(r, A/n)/F; dpa oto K4 (n) dnws n opilovoa.




KE®AAAIO TETAPTO

H YAOIIOIHTZH THY PSL

Eotw p tpotoc tou A xou r = 25 dptioc ye ged(s, ¢? — 1) = 1. 'Eotw Y7 (p) to moduli scheme twv Drinfeld
modules té&ewc 7, ye p-level structure. H oudda GL(r, A/p)/Fy dpa otov Y7 (p). To mniixo tne Spdong
elvor t0 Y"(1) —7o moduli scheme twv Drinfeld modules té&ew¢ r. To obdua optoyod e Y7 (p) neptéyet to
K. (p). H oudda GL(r, A/p)/Fy Spa 010 K4 (p) 6nwe n opillovoa. Q¢ ex toUTOUL, 1] UTOOUSES TV TLVAXWY
e GL(r, A/p)/Fy ue opilovoa oto Fj Spa otov Y7 (1) x Spec(K 4 (p)) tetpupévar.

4.1 To moduli scheme Y{ (n)

4.1.1 H xartaoxevy tov Y] (n)

‘Eotww L oopa mou nepéyet to K, ¢ éva Drinfeld module yevixAc yopoxtneiotixic tééews r mou opileton ndve
and to L xou n éva un TeTptdévo tohukvupo tou A. ZuuBolilovye ye L' to odpa didonaong tou Sty wpelolou
TOANUWYOLOU ¢y (X).

OrizMoOx 4.1.1.
a’. H Borel vrooudda B(n) tov GL(2,n) efvai n vrooudda twv dve tpiywvikdy mvdkoy.
B Avo A—oopopgiopoli,i' : (A/n)" — ¢[n] ovoudlovzar Borel woodbvapol av vrdpyel éva otoieio g € B(n)
pnei = gi'.
Y. Mia full flag vroopuddwr tov @[n] eivar pia axolovliia vrooudodwr tou ¢[n],
Cr <Cy < <Op = ¢
tétoa, dote n Cy kar 01 Ciy1 [C; yiai =1,--+ 1 — 1 va elvai 10duoppes pe to A/nA.

6" Mia Borel flag vroouddwr ¢[n] etvar pia flag vroouddwr tov ¢n] pall pe pia Borel wodvvauia i :
(A/nA)" — ¢[n]

¢ Eva L—onté onuelo (¢, {C1 < Cs <--- < Cp = ¢[n]}) anoteAefrar and

(a’) éva Drinfeld module td&ews r opildpuevo vrép to L,

(B’) pia Borel flag vroopddwr Cy < Cy < --- < C wov ¢[n] vnép L', pe Cs < L ka1 CY = C;,Vi kar
g € Gal(K®P/L).

Enueiwon 6. Méow tne 3, unopolue va tawticovue tny oudda Galois tne L' /L ye pla utooudda tne B(n) .
Ocewpolye tov contravariant functor M{(n) and tnv xatnyopla twy enextdoewy tou K otnv xatnyoplo twy

GUVOAWY
M{m) - (L: L D K) — (X0voha), L +—— Mg(n)(Spec(L))

o onoloc ot éva owpa L ye L D K avuoctowyel tic xAdoel toouopploc twv Suddwy (¢, flag).

‘Eotw B o daxtihog yio tov onolo to scheme Spec(B) avamrapiotd tov functor V" (n). H opddo GL(r, A/n)/F;
dpa otov B. 'Eotw D 0 SuxtOAog Twv avaANoLdTwY Tou B xdtw and T 3pdor Tne opddoc autrc. LNy Topaxdt
npbtaon Selyvoupe 6t functor Vi (n) avoanapiototo aodevis (coarsly) and to scheme Spec(D).
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ITroTAxH 4.1.1. To Yy(n) := Spec(C) elvar to coarse moduli scheme tov Mg(n).

Andédeln. Eotw (¢, flag) Sudda unép to L, xau éotw L' 10 ooy didonacnc tou ToAumvipou ¢y (X). ‘Eotw
o Spec(L') — Spec(L) o xoavovixde popglopds. Emextelvoviog tic otadepés to ¢ yiveton Drinfeld module
unép 1o L. 'Eotw

i:(A/mA)" = ¢[n]

évac A—toopopglopde unép to L. O autopopylopde autde avtiotoyel oe pio n-level structure tou ¢ unép
w0 L'— éotw (¢,1) n avtiotoyn dudda. Aol to moduli scheme Y™ (n) eivou fine, to napandvew Lebyog
avtiotoy el pe povadixd tpdémo oe éva yoppiopd &' 1 Spec(L’) — Y7 (n). H exdva tou £ avuotoyel oe
évo. maximal 1deddec tou B éotw 10 M. Agol 1 enéxtaon Soaxtulwy B/C elvon axépara, 1 mpoBolr tou
M otov C, ¢otww P, Va elvor évo maximal decddec. Opilovpe we &: Spec(B/P) — Spec(B) o puoxd
wopgloué. Elvar mpogovic 1 OropZn twv poppiouwy Spec(L') — Spec(B/9B) xou Spec(L) — Spec(C/B) xou
Spec(L') — Spec(C/PB). Yrootnpilovpe bt umdpyet évac popproude Spec(L) — Y (n) o onolog xdvel to
axohoudo didypouor oV TLETHIETLXO:

57

T

Spec(L') —= Spec(B/F) —= V" (n)

! P

Spec(L) > Spec(C /%) —— ¥ ()

H opdda avtopoppiouwy G tne L'/ Lepgputedeton otny Borel opdda B(n): éotw g € G, té1€ 0 Yoppioude

Spec(L)" -+ Spec(L)’ LN Y7 (n) avtoteryel oe éva maximal 18eddec M’ tou B. TuuBohilovye pe g tov
(novadind) avtopopgiond tou B tou otélver o M oto M. O popprouds &' nopayovionoeitar péow tou & xou
tou p: Spec(B/PB) — Spec(M), dmouv P eivan n etxdva tou M péow tou m. To odua C /P elvar vdowpa Tou
B/ xou ydhiota otadeponoteiton and tov autoopploud g, yia xdde g € G. 'Etol to odpo C /P elvon vndbowua
tou L, ané 6mou xou o popglouds Spec(L) — Spec(C/P) — Y7 (n). TuyPorilovye pe v tov Yop@iond
Spec(L) — Y (n).

Trootnpllovye 6Tt o v elvar aveZdptnroc and Ty emhoy?| Tou i. Hpdypatt, éotw i ulo dhkn n-level structu-
re 1 onola oéBeton Ty Borel structure touv ¢[n] dnh. i’ = gi v éva g € B(n). Eotw x': Spec(L') — Y7 (n)
xau V' Spec(L) — Y (n) ot avtiotoiyol popgiopol. Eivow gavepd 6t ' o g = & xau dpo v’ = v.

T duddec (¢, flag) mdve and ahyeBpixd xhewotd owpata k D K o functor M{(n) elvor évog 1oopoplopdc:
apxel va detydel ot vy xdle ahyePBpixd xhewotéd odua k D K 1o k pntd onueio tou Y (n) (ue ddho Aoytar o
Yy (n)(k)) avtiotoryoly ye tpémo povadixd oe Drinfeld modules mou optlovron mdve and to k —pall ue ulo
(doouévn) Borel flag structure.

‘Eoww v : Spec(k) — Y (n) poppioude. Oa detZouue bt undpyel ulo dudda (¢, flag) mou avtimpocwnelel
0 v. Agol o k elvor ompa, 1 exéva Tou UéyioTou eMdous elvon €var YewueTpwd onuelo & € Y7 (n) ue
quot(z) = k. Kdde onuelo tne vac tou & (o€ oyéon ue 1o popproud ) elvor enione yewuetpixd k-pntéd onueio
oL Y7 (n). Eotw y € Y (n) éva and avtd. O opouoppiopde

Oyor (n),x —)Oyr (n),y

ENMAYEL TOV OUOUOPPIOUS
OYOT(n),x/PzHOY"(n),y/Py

0 onolog Ue TN OELpd TOL ENAYEL TOV HopPoud (Sec Ty doxnon 2.7 otn oeh. 80 tou [20])
a:k—Y"(n)

(ed 10 O oupPoriler to structure sheaf evdd to P, oupPoliler to maximal 3etddec tou O, mou avtioTouyel
oe at6). 'Eotw (¢,i,) évo Drinfeld module mou avtiotowyel otov a. Ké&de dhho onueio z otny bva tou
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elvon B(n)-ouluyéc tou y, dnh. urdpyet éva g € B(n) pe g(y) = z. Eotw (¢,i},) n dudda tou avtiototyel oto
z. H B(n) dpa 610 Y (n) petadétovrac anhae ty level structure (ool xou n GL(r, A/n)/Fy Spa étor xou
B(n) < GL(r, A/n)/F}). 'Etol, ¢ = ¢ xou iy = gil,. Elvor gavepd 6t 1 flag n opilouevn and v v endryeton
and v level structure i, «<moduloy B(n) O

4.1.2 Boowxég 8iétnteg

‘Eotww L oopa tou neptéyet 1o K. Eotww n xow m mpodta petadd toug 13emddn tov A e d = deg(m) xow r = 2s
dpTioug.

AHMMA 4.1.1.

a’. Y (nm) =Y"(n) x Y"(m)

B. YT () x Y (m) — Y7 (1) elvar évag normal poppiouds (ue tny évvowa tns Jewplag tov Galois).

Anédeiln. 1. Botw f:Y"(nm) — Y"(n) x Y"(m) o poppiouds o optlduevoc péow tou fiber product
Ty anexovicewy: YT (nm) — Y"(n) xou Y (nm) — Y (m). Opilovpe plo anexdvion g: Y (n) x

Y"(m) — Y7 (nm) oc e€hc: ‘Eva otoyeio a € Y (n) x Y7 (m) avuotouyel oe éva yovadixé Drinfeld
module ¢ ye v évvota Tou axdhovdou avTieTETINOD Loy PAUTOC:

Y7(n) x Y7 (m)
Y7(n) = Y7(m)
\Y 1)1,/

"(

‘Etot, n exdéva 10U a Péow e Ty elvor (¢, in) xou PEOK TS T VAL (P, 4m), YLO XATEAANAES T xou M
level structures. Ago0 ta n,m elvor medTa PETAEY TOUC, OL iy XU iy 0pllouv P€ow g

Inm : (A/nm)" — (A/nA)" x (A/mA)"
évol A—o0ouop@iopd inm 1 (A/nmA)" — P[nm].
Etvou topa cagée, 6t nom =1 xu mon = 1.
2. TIpogavae, apol t6oo o popgiopds Y (n) — Y7 (1) boo xar o Y (m) — Y7 (1) elvon normal (3ec [6,

xeg. 3]).
0

4.1.3 To moduli scheme Y (7).

‘Eotw z évo. L—pnté onuelo tov Y (T). Eow (¢, {C1 < --- < Cpr = ¢[n]}) n avtictoyn dudde tou avtiototyel
oto z. Ouullovpe 61t 0 C5 < L o 10 Cf = C; v bha Tt i xon g € Gal(K®P/L). Emeidy| oL cuvteheotés
0L @1 avixouv L xou eneldn ol nenepacuéves ouddac C; elvor Galois-avolholwtes xou o doxtAbAog L{T} elvon
nepLoyf} xLplev eSOV we tpoc ta 3eiid Tou WeddN, undpyouv Vi, da;, b; € L ye

(ZST = ((117' + bl) s ((ITT + br),
xaw udhota ot pilec tou (a;7 + b;) - -+ (apT + by) oynuatilovy éva A module wwduopyo poc to C;.

ITrpoTAsH 4.1.2. To Y (T) €ivar éva pnté scheme.
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Anddeiln. Eotww ¢ éva Drinfeld module opiléuevo unép to L pe yio full flag unoouddwy tou ¢[T]. Mropolue
voL YedpoUUE TO ¢ S EVa YIVOUEVO
¢T = (0,17' + b1) e (a,«_lT + br_1)(ar7' + br),
(é)TE,OU ai, by € L*. Aol ol pilec tou a, XP + b, X avixouy oto L, undpyet éva otoyelo dg € L ye dg_l ==
€TOuNE

Up = ﬁ Ol u; 1 = bj_qu; YLt =2,...,T
_ _ Gi—1, p—1 -
Xp=1 xau Xjg=g3—uy, yvai=2...,r

Ynueidvouue OTL Uy = Td~'. Tére,

a1T+b1)---(ar,1T+bT 1 (a,rr+b )
) --(ar,17'+br 1) ,,.((lrb 1T+1) =
) '(ar_1T+br 1) ) (dgT-{-d ):
) --(ar,17+br,1)ur(7+ 1)d¢ =
) (@1 UBT + b, ) (T + 1)dy =
a7+ b1) s (ar_1u£7' + ’u,r_l)(T + 1)d¢ =
)
)
)

a7+ by) U 1(%1},5_17——# 1)(r+1)dy =
Cl17'+b1 "((J,r 2u 1T+b —oUpr_— 1)(X7-_1T+1)(7'+ 1)d¢ =
a7+ b1 - (ar gur 1T + Up— 2)(Xr,17' + 1)(7’ + ].)d¢ =

((117' + bl)ul(XzT + ].) T (XT,Q + 1)(XT,1T + ].)(T + ].)d¢ =
(alTpd;pT +Td ) (Xor+ 1) (Xpo1 T+ 1)(7 + 1)dy ~
dy(arTPd;Pr + Td™)(Xor +1) -+ (X217 + 1) (7 + 1)dypdy, ' ~
(@1 TPdy T+ T)(Xor+ 1) (X7 + D) (7 +1) =
(Xt +T)--- (X, + (7 +1).
Eoww wbpa (1, {C) < - < CF = IT]}) plo Budder 106yaopgn mpoc v (6, {C1 < -+~ < Cp = GITT}). Téze
umdipyeL u € L* ye
o u 1) — ¢ elvan évag Loopopgioudc otny xatnyopio twv Drinfeld modules
o O[T — [T xor uC; = CY.
Tote
ér =u " pru =u" (a7 + b1) -+ (a7 + bp)u =
™ (a1 + b)) uw (aor + bo)u u - - uw T (@ + by )u =
(aruP 1 +b1) - (apu? 7 4+ b,).

O¢rouye dy = dyu, dnhady, dffl = “P;I“T xou

r

U":s_; O vi_lzbl 104 YO o Tt =2,...,71
_ _ wlai WP , .
Y,=1 xu Y, 1= - z+1 Yo O Tt = 2,.. ., T
Tote, uv; =u; xaw X; =Y, yiodbha e =1,...,7. |

4.2 O Fricke avtopopyiopodg

‘Eotw (p) évac mpmto decddec tou A ye d := degp dptio xou 1 = 2s € N guowd apipd. Eotw =
(0, {C1 <+ <Cs <Cs41 <+ < Cp = @[T]}) éva L—pnt6 onueio tov Yy (T') xow A mohuddvuuo e pilec ta
otouyeta e Cs. Elvon ebxoho va Sevytel 6L undpyel évar Drinfeld module ) wcoyevéc we npoc t0 ¢ ue mupriva
e pilec tou A, Snhadh

Aip— 1,

woyévela Ye tuphiva to Cs.
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OpizMoOx 4.2.1. To 1 avapépetar ws «mnAikoy tov ¢ je tny Cs.

Opri=MoOx 4.2.2. Opilovue pia involution w oto Yi (T') ws akodotdws: Eotw x € Y (T)(L) éva L— pntd
onueio to omoio avumpoowreetar and tn dvdda (¢, {Cy < -+ < Cp = P[T]}). Me w(z) Ja oupfolilovue to
onueio Tov avunpoownevetal and tn dudda

W, {C1 <--- < Cp=9[T]})
émou
1. ©o ¢ eivar éva Drinfeld module-tnAixo tov ¢ e tnr C;
2. C1 = XCs41),-..,CL = XC}) ka1
3. 0l =A"1C),...,00 = X"(Cy)

kai A duikn woyéveia A. H involution avtr) Oa ovoudletar Fricke involution.

4.2.1 To twisted scheme Y

YuuBorioudc 4. Eotw K, = K(\/p) xou o 0 un tetpypévos autopoppionds e K /K. TuyBoiilovye ye Z 1o
nniixo tou Y (T') xdtw and tn dpdon tng Fricke involution w, Snhadh Z = Y (T') /w.

Opri=MOx 4.2.3. To scheme Y elvar to twist tov Yy (n) o€ oxéon pe to Ky, pe dAda Adya to 'Y eivar to
ko tov Y (T') x K, pe tnr (ow).

YJ(T) x K.
Yy (T) Y 7 x K.
v
A4

ITpoTASH 4.2.1. H Fricke involution w dpa oto Yy (T') ws évag pntds petaoxynuatiopnds o onoios opiletar
urép o K.

Andédeln. H Fricke involution Spa oto Y (T') pe tov axdhoudo tpémo:

(Xit+T) - (Xs7+ 1) X1 +1) - (7+1) —
Xsp17+ 1) (r+ )(Xqr+T) - (X7 + 1)

O¢toupe 2t = X, d, € K. (To toviopéva oOuBola, toviCouv tny e€éMin tne dadacioc.) YTrép to
K*®P 1w Sdwaondton oto oxdrhovda Bripartar

st1T + 1) (d7PTPT +d;7'T) (X1 d; erlT Lr+ 1) (X 1d P + 1) (dP1 + dy) =
dsTPX, 17 + 17 T)- - - (dPTPAT 7 + 1) - (Xo1doP 7 + 1)(dB7 + dy) ~
do(ds TP Xy 17+ 1d7IT) -+ (doPTPAT 1 + 1) -+ (X ooy d PP + 1)(dBT + dg)dSt =
(dPTPX 17 +T) - (d 7Ty + 1) (Xydg 7T 1) o (X d, 7oy + 1) (r 4 1) =
(X' Xgqr+T) - (X, TP r + D)X T e+ 1) (XX T+ 1) (T + 1)

(Xsp7+ 1) - (Xpr+ D+ H(Xar+ 1) - (X7 4+ 1) =

(Xsp7+ 1) - (Xpr+ D+ H(Xq7+T) - - (dp Ir+1)=

(Xsp1m+ 1) (r+ D)(Xa7+T) - (X517 + 1)d; H(dPT + ds) ~

(Xop17+ 1) (Xpoimr+ D) (r+ D)(Xa7 +T) - (Xsm1d P+ dJ V) (d2T + dy) =
(Xop1m+ 1) (Xpor+ D)(r+ D)(Xar + 1) - d Y (X1 di P 4+ 1) (dBT + ds) =
(Xsp1m+ 1) - (Xpoam + 1) (7 + 1)(Xad 7P + Td; 1) -+ (X_1dl P+ 1) (d2T + dy) ~
(Xsp1m+ 1) - (Xpoam + 1) (7 + )TN (X d, P T A + 1) - - (Xady PP + 1) (dBT + dy) =
(X

(
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Q¢ ex To0T0UL N W Bpat 6TO oua TAIxo K (X1, ..., X,_1) tov Y (T) ue tov axdrovdo tpdTo

Tst+1 TP Tile X5 X1

(Xla"'7X87XS+17"'7XT‘—1) — ( Xs [ Xs ’ Xs ’Xs,‘”, Xs

).

a

To Yy (T') tavtiletan ye éva avorytd aguixd subscheme tou Spec(K)[ Xy, .., X;—1]. Ewodyouye pio axdua
peTaBANT X, xan Yewpolue Ty eugiTevo

Yo(T) = Pty (Xq,., X)) w [ X5 X5 10
AHMMA 4.2.1. H Fricke involution enexteivetar o€ 6Ao to Ydpo P%_l_

An6deiln. OewpolUe TNV AmEXOVION,

(X1 Xos -5 Xy X1 Xoqo -3 X = (TP X1, ,TP'X Xoy -, Xo1, Xg]

H aneoxdvion auth elvon mpdryportt uia involution:

(X1 Xos- -5 Xy X5 Xggo, -5 X
[TPXo1,--- TP X, T1X, Xo, -, Xy 1, X =
[TPT Xy, TP X, T TP X, TP Xy yg, -, TP X, TP7IX,] =
(X1 Xo; -5 Xy X1 Xggo, -5 X0

a

OpizMoOx 4.2.4. Eva scheme X vnép to K owdotaong m ovoudletar Brauer-Severi av efvar mpofoAikd,
yewpetikd ovvektiké kar av vrdpyer nemepaocpévn enékraon F tov K dote to scheme X Xg L va eilvar
wdpoppo mpos to Py, To odua L ovopdletar odua didonaons tov X.

AHMMA 4.2.2. To scheme Y (€5 opioud 4.2.3) elvar unirational, niadn to quot(Y') eivar pntd.

An6deiln. Botw P = P! xau X = P¥ 1o mnhixo tou P xdtw and t dpdon e w. Eotw L = K(,/p) xu
o o un tetpyuévoc autopoppioude L/ K. To scheme P x g L eivan wobuoppo tpoc 10 P! O autopoppioude
0 eNeXTEVETAL OE €VaL AUTOPOPPLOUG ToU P X i L. Awotnpolue xou yia tny enéxtaon tov (o ouuBoious. To
scheme (P x g L)% eivor Brauer-Severi pe odua Sidonaorne 1o L. Eotww YV = (cw)\(P xx L).

O deffoupe 6Tt to scheme Y efvor yewpetpxd ouvextixd (Snh. quot(Y)NK*P = K). Hpdyuartt, quot(Y)N

K C quot(Y) xg L) N K5P = L. Qc ex to0T0U

quot(Y) N K% = quot(Y)NL = L(X,,--- X,_1)"“ NL =K.

‘Eva (r — 1)-didotato Brauer-Severi K —-scheme pe éva touldyioto K-pntéd onueio eivon 10bpoppo pe tov
TpoBohxd ybheo PR (Sec [22, mpbtact 4.8,0eh. 26]). Ou eivar howtdy to scheme Y pntd av éyet éva K-pntd
(xan dpor yewpetpixd) onuetlo. Oo detZouvpe apyixd tny Orapén evéc K — pntol onueiov tou P e un tetpilévn
opdda Staxhddwonge (yia tn Yewplo Siohaddoewy og yevixolc Saxtuiioug Sec [4]). ‘Eotww

1
B:=K[Xy, -, X0 1, —],
[ 1 ’ 1 Xs]
(r =2s) xau A= B". To maximal dec>3ec
m:(le"'7X3717XS+17“'7X7“717XS_]-)

elvon avahholwto xdtw and ) dpdon e w. ‘Eotww m o nepropiopde tou M oto A. Q¢ ex t00t0U 1 OUd-
Sa avdhvone Gz(M/m) = (w). And [4], n enéxtaoy enéxtoon onudtoy (B/IMM)/(A/m) eivon xovovixs xou
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Gz/Gr = Aut(B/M/A/M) . M elvan oo K —pntéd onueio agod B/M = K. Q¢ ex todtou, m elvan évor K —pntd
onueio xaw Gr = (w).
‘Eoww C n axéparo 9xn tov B oto L(Xy,--- ,X,—1) = quot(P xx L) xoun

N = (le"' 7X571;Xs+1,"‘Xr71,Xs — ]_)C

To maximal 3eddec N Bploxeton ndvw and to M xou elvar avariolwTo xdtw and 1 dpdorn TS o, w xoL TNC
ow. 'Eotw Gy xou G 1 oudda avdluone xou 1 oudda Stoxhddwone tou N/m oty enéxtaon quot(P Xk
L)/ quot(PY). Téte, C/M =L, A/m = K xou (L : K) = 2 Q¢ ex to0touv G, /G et 18N 2 xon |G| = 4 xon
Gl =2,

‘Eoww thpa G (avtiot. G%) n oudda daxhddwong (avtiot. 1 ouddo avdluong) tou N oy enéxtoon
Soxtuliwy C/D 6mov D = C N quot(P x g L)7™. Eivar npogavée 6t G = (ow).

Trdpyouy 80o duvatdtnree yia v G - 1 G = 1 4 G = (ow). T va xatohAEoVE o€ dtono LToVEToupE
6t G = (ow). 'Eotww ¢ € C évag yevhtopoc tou L vnép 1o K. Xwplc BAISN e yevixdmtog, unopodue v
vrodécoupe 6Tt 10 2 € K. Téte, o(c) = —c xou ow(c) —c = o(c) —c = —c — ¢ = —2¢ € N, dromo, 0ol To
—2c elvon avtiotpédpo tou C. Tuvende G = 1 xou étol [(C/M) : D/n)] = 2 xou D /n = K. Autd anodeixviel
67t 70 n elvon éva K — pnté onuelo tou Y.

To (r—1)-8dotato K —scheme Y eivor Brauer-Severi pe éva K —pnté onuelo. Q¢ ex to0tou elvon toduoppo
npoc to Pt

u

Ouuilouvye o6tL éva scheme X umép to K elvon rational Sudotaone n, av undpyouv birational pop@iopol
f: X —» Pl xawg: P ——+ X pe fog xou go f ot tavtotixol yopgiouol exel mou opilovtar. ‘Etol amodewxvietan

n

ITrpoTAxH 4.2.2. ToY elvai éva pnté scheme.

4.3 Mia Bondntixn xataoxevn

‘Eow r = 2s évog dptiog aptdude ye s tepittd. ‘Eotw (p) npdto 1deddeg tou A e ged(p,T) =1, L :=
K(\/p) xou 0 o pn tetpppévoc autouoppiopédc tou L/ K. Eotw ¢ éva Drinfeld module tédZewe r unép o
L. 'BEotww ¢r = Y a;7'. Me ¢° oupfBoriloupe to Drinfeld module, to oplépevo and v T — > afTti.
Treviuuilovpe yia n € A, 1o ¢[n] cuuBohiler ta n— torsion onuelo Tov ¢. Me My (avt. Mye) ovuBorilovue
0 B—module L{7} -t0 oyetlbyevo ye 10 ¢ (avt. ye 0 ¢7).

Tréveon 1. Troldétouue oL LUTdpPyEL LooYEVELL A @ p — @7 UE

[a—y

- ker(A) < B[T]

[\

. ker(A\) <L

w

. #ker(\) = s xou
4. MN[T]) = ker \°.

AHMMA 4.3.1. Eotw v : ¢ — ¢y 100yéveia vrép to L, pe nvprjva ker(v) < L. Tdte, kdOe dAAn 1w0o0yéveaa
W p1r —> Po e ker(v) = ker(u) eflvar aprotepd noAdanAdoto tov v pe pia povdda tov L.

Anddeiln. ‘Apyeco, and 1o Oewpnua 1.4.1 otn oehida 9 xou Hpdtaon 1.6.2 otn oelida 13 tou [13]. 0

AHMMA 4.3.2. Eow X : ¢ — ¢7 100yéraa, nov ikavonoiel Tis tapandrw vrodéoes «1-4y. Eotw A n duikn
woyévela tov X. Tote A7 =u - X ya kardAdndo u € Fy.

Anddeiln. H A7 elvon mpdrypott plo wooyéveta and 10 ¢7 oto ¢ T xdde a € A, Apy = ¢\ xou dpa,
A797 = P A7. Ou delfovpe 6T A7 xau A éxouv Tov (3o nuphva. ‘Eotw © € ker \7. Anéd v unddeon (4),
urdieyeL y € @[T ue A(y) = z. Téte A(z) = AN(y) = ¢r(y) = 0, Snhadh € ker A. Aol to deg A = deg A7,
xou améd to Mupa 4.3.1, undpyel évaeu € L ye A7 = u.
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Arouéver vo Serydel 6niu € Ff.Va e A, A7 093 = u- (Ao ¢7) = u- (¢q 0 \) xot amb v AN uepid,
0 @7 = ¢q (uS\) Apat, U+ (pg © 5\) = g A7 U UPq = Pau Yo Ohot a € A, dnhadh N w elvon pio tooyEéveta Tou
¢. BEoww ¢r = Y, a;7". Toe, >, wP' i = > aiTt, xou dpa, Yo Gho To @ ue a; # 0, uP =l = 1, dnhad? To
u elvon éva ototyeio touv (Fpr) NL = Fp. a

‘Eotww ¢,p o A 6nwe napandvew. O neploplonds ou A ¢ — ¢7 ato P[p], endryet éva A/p—1oouop@ioud.
olp] — &7 [p].
O nopandve Loopoppiouds, ETEYEL EVay Loopop@Lous oToug avtioTolyous TeoBoiixole (Slavuopatixols) Yhpous
Proj ¢[p] — Proj ¢7[p].

Ac onuewwdel ot xdde AN wovévewr @ ¢ —> @7 mou wavornolel tic unodécec (1) — (4), diver tov Bo
woopopopyoud Proj ¢[p] — Proj ¢7[p].
‘Eow G (avtiot. Gg) n oudda Galois Gal(K*°? /L) (avt. Gal(K®?/L)). H oudda G, Spa 6t0 chvoho
Twv p—torsion onueiwy Tou @. Auth 1 Spdon endyEL TNV AVITAEACTACT
pr : G, — Proj ¢[p].

XOL TNV
pr: Gr — PGL(Proj glp]).

Opi=MoOx 4.3.1. Opilovue pia dpdon s Gi oto Proj ¢[p] ws axoloting: Eotw g € Gk ka1 x € Pp).
Tore,

e av g € Gy, tote ¢ := g(x) elvar n eikdva tov = péow tns g;
e av g € Gg \ G, tdte g(z) € ¢7[p]. Optlovpe z9 := A~1(g(x))
Snuetwon 7. T xéde y € Proj ¢7[p], A(y) = A1 (y).

AHMMA 4.3.3. Me ug napandvw vroléoeis kat opiojols oe 10xU, o pr, unopel va enextalel o€ éva opopop-
poué pr : Gxg — PGL(Proj ¢[p]).

Anédean. Eotw g € Gg \ G xau h € Gp. Téte A = X, (A7) = A" xou M = XA = A~! otov Proj ¢[T].
Eotw g1, 92 € Gk . Awoxplvouye Tic TEQLITWOELS:

* Av g1, 92 € G 167€ Pk (9192) = Pk (91)PK (92)-
e Av g € G aMN\& g2 € G \ G, T01€, 9192 € G \ GL. "Apa,

pr(g192)(x) = pr(91)(pr(ge)(z) <=

A Hgi(g2(2) = a(AHge) =

A Hgi(g2(2) = X 'g1(g2(x)))

Pr(9:00)@) = prclg)on(o)@) =
A g2 () = A H(g2(91(2)))
® Av g1,92 € G t6t€ 9192 € G- ‘Apa,

pr(g192)(z) = pr(g1)pk(g2)(®) —
nig2(x) = A Ha(A(g2(2) =
AMgrg2(z)) = g1 (A" (g2(2))) —
AMgrg2(z)) = 91 (A (g2(2))) —
AMgrg2(z)) = A(g192()))
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Ynueiwon 8. Eow g € G \ GL o éotw [pr(g)] n x\don tou jr(g) oto PGL(Proj ¢[p]). Eoww z,y €

[Ar(9)]. Téte 10 xNdopa SZEZ elvon teTpdywvo (to r elvan dpTiog). Mnropolue €tol va oplooupe To cOUBORO

Tou Jacobi tng xhdong [px (9)]. IIo ouyxexpluéva,

(=)~ ()

AHMMA 4.3.4. Eoww ¢ éva Drinfeld module, mov ikavoroiel tig vnodéoes (1)-(4) tne oehidog 36. Téte

weona, () - (30

6mou u 1 otadepd Tou Ajuuortog 4.3.2

Anédeiln. Eotw L8 nohyeBouh xhetotétnia tou L. O un tetpyuuévoc autopoppiopée o tou L) K enexteiveton
oe éva autopoppoué Tou L8 /K- Yo cupBoilouye enione e o tov autopopeiond autéy. Mropolue va Solue
o ¢ xou @7 (emexteivovtac Tic otaepéc) we Drinfeld modules unép to L218.
Eow B = A®p, L{r} xu M = L¥8{r}. H woyéveior X endyer évav B = A ®p, L*P{r} module
OUOUOPYLOUO
A M¢o — M¢
m > mo}

xou évar A-module opopopgpoud

A (Mye [pMga)T  —  (Mg/pMy)T
m — mo A\

Foww) = 1,20 = T...,0s = 751, m5q1 = 5\,:63_,_2 =71), ...z, = 7°"I\. To oGvoro {Z1,...,2,} yeEVVdEL
0 M urép 0 B xou to M urép o B. To module ¢7[p] wc A-module, efvor toduoppo mpoc to (A/p)" (dec
v anédelln tou noplopartoc 5.6.4, otny oeiida 152 tou [13]). Eotww {y1,...,¥y,} éva A—cOvolo yevvntopwmy
touv (M/pM)™ = (A/p)". Téte, {y1,...,yr} elvon évo B— cOvoho yewwntépwyv tou My /pMy. Mropolue v
vrodéoouye 6Tt {y1, ..., Yy } ebvon piot A/p Bdon tou Mye [pMye. ' 'Eotwo a = (ai;),aij € B xow 8 = (bij),bij € A
Tivaxeg Tou xavoTololy TiC

A1) ] A1) yi
A I I N R
A(zr) i Ayr) yr
Eotw P o wivoxac ye ototyeta anéd to B mou petaoynuatiler ) Bdon {y;} oty {;}. Téte, =P~ L. a-P

(0 X etvor B-ogopopgiopée xan €10t o nivoncac P uetaoynuoatiZer tn Bdon {A(y:)} oty {\(x:)}.) Eivor ebxoho
vor det xavelc

0 e 0 uwu®l .- 0
o= 0 0 0 u®l
T l1leT 0 0 0
0 e 1lwT 0 - 0
AouBdvovtag Tov mopamdve UTOAOYLoRS LTOYNY xaIOS xot To YEYOVOS 6Tl 1) 0 Teplopllduevn oto L Spa un-
teTplpéva, ouvdyouue 1 opilovca det o —modulo teTpdywvo — toolTon TEOC — _T“T (apod to s elvou
Teprttoc aprdude (ged(2s, g — 1) = 2). a

TAné to Yedpnua Tou Lang yio tnv GL(r), (Mye /pMye )™ ®F, L = Myo /[pMye. To cbvoro Yevwntépwv {y1,...,yr} unope
va enextadel oc wloo Fp— Bdon {y1,--.,yn},n = dimg, (Mo /pMge)™. 'Botw m € Mgo /pMgo. Téte, undpyer ki € L ue
m = Y yiki. A& Vi = r +1,...,n, m; eivan évac A—ypapuxde ouvduacude tou mi,...,m,. Apa, to m eivar évoc

Yoopwixoe ocuvduaouds TV Y1, ..., Yy VTép T0 B.
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Ané ta mopandve dev elvon axduo cagéc 6Tl o u dev e€aptdton and Ty emAoyr tou ¢. To enduevo Aiuua
Eexadopiler to tomio.

AHMMA 4.3.5. To u tov Anjjupatog 4.3.2 dev ekaptdrar and tnv emAoyr) tov .

Anédeln. Eoww (¢, flag) éva L—pntéd onueio tou Y (T') x L nov avtiotowyel oe éva K —pntéd onueio tou Y.
To ¢ ndvw and 1o owua L' = L(a;) ypdpetonr »¢

or = (a7 +T)(asr + 1)+ (a,7 + 1).

H opifouca g woyévelag A: ¢ — ¢7 mou emdryeton otar My, Mys umoloyiotnxe oto TEONYOLUEVO AAUUL
xon ebvon fon mpog —uT™®. Axdua, elvon qovepd 6t 10 u € Fy elvon pla onth ouvdptnon twv ai,as,...,a.
A)NdZovtag o ¢, davoy vor ahAEEOLUE Xalt U —OTOCO Tol THAVE U1, . . . , Uy, 0pilouy pia finite stratification
oto Y. Eotww Y; to subscheme to opiléuevo and to u;+ t6te agol xdde Y; elvor xhewotd (ot xadopileton
and pio ahyeBpuxh oyéon) xou 1 évwon Toug oynuatilel éva amollTtws avdywyo scheme unép to K (10 V), Y
€youde ot avdyxn 6T xdmowo Y; Yo elvar o Y. 'Etol, m =1 xou to u elvar govadixd. a

To Yewpnpa avaywyiowotntag tov Hilbert
‘Eow F ooua, Th, ..., T, X1,..., X, vrepfotixée, ahyefpind aveldptnteg petofintéc unép o F. Eotw
fl(X>T)7 Tt ;fm(X>T)

TOANUMYLPA OC TPOC X1, ..., Xy UE ouvtetaypévec oto F(T). Trodétouye oxduo 6t elvar avdywyo oto do-
xtoho F(T)[X].

XuuPorioudc 5. Eotww g € K[T] éva un pndevixd nohuwvupo. TuyBorilovue ue Hp(fi,. .., fm;g) T0 00voho
TV r—8dwv a = (ay,...,a,) € K" pe gla) # 0 xou fi(a, X),..., fm(a, X) opilovton xou elvor avdywya oto
F[X]. Ta obvola autd ovopdlovton otroda tou Hilbert.

Ynueiwon 9. To Hy, elvon muxvd utocbvola tou K7 w¢ mpoc xdde p—adudr Tonoloyia Tou K.

To ooua F ovoudleton owua tou Hilbert av 6ho tor Hilbert unocOvold tou elvon un xevd. Ta global cduarta
elvo yvwotd 6t elvon owuata tou Hilbert (dec Yedpnua B, otn oehida 218 tou [25]).

'‘Eotw X — k popgioudc pe X avdywyo scheme didotaong m ndvew and to global coua k. To Yedpnua
avarywytootntac tou Hilbert pog e€acgaiilel 6t dnetpeg iveg tou pop@lopod X — k Tapaévouy avaywyes.

Eqgapuoéloupe to dempnua avaywytowbtnrag tou Hilbert otny axdéroudn nepintwon: Eotw Y7 (p)xY " (T) —
Y n xdhudn mou meprypdipeton otic maparypdpous 4 & 5. Ta Y7 (p) xon Y elvon apivind, avdywyo xon nenepaoué-
vou toUnou (finite type) ndvw and 1o K. Eotw KLY (p)) xou L(Y) ta odyata cuvapticeny tous. Eyouue det
o K(Y) = K(X1,...,X,—1). Eotw H 10 60voho v (r —1)=&3wv (a1, ..., a;—1) € K"~! tou aviiotolyoly
oe onueia Tou Hilbert tne enéxtaonc K(Yo(T') x Y (p))/K(Y). Apol 10 Y eivor éva pntéd scheme, 1o Y (K)
efvou Tuxv6 uTochvoho Tou KL,

Oa det€oupe 61t to HNY (K) ebvor éva dmetpo unochvoro tou K™ 1. Eotw 6t 1o HNY (K) elvor tenepa-
ouévo. Eotw Z 10 ouumhfpwus tou Y (K) oto A ' (K) = K™, To Z eivor xheiotéd unochvoro didotaone
< r —2. To obvoro Y (K) éwvou umosOvoho Tou GLUYOROL TV oNuélwy Ty (1 — 1)-ddwv (a1, as, ..., ar—1) Ye
a; # 0,Yi. MropoUue va ypdouue o H = H'UH; U---UH,_ ye H' = HNY(K) xou H; t0 untocdvolo
ue a; = 0. Av 1o H' o unodécouye nenepaopévo, téte, enedr) dim H; < r — 2, Vi, Yo éyouvye dim H < r — 2
—dtono agol to H elvon tuxvo. ‘Eyouue enouévwe Seilel to enduevo

AHMMA 4.3.6. To otrvoro Y (K) eivar drepo. Mdhiota, drepa onueia tov dev daxdadilovtar kar dev
avadvovtar oto kdAvupa Yo(T) x Y(p) — Y.

AHMMA 4.3.7. Ia xdOe d > 1, vndpyer avdywyo nodvdvupo p Paluot d térow dote to odupfolo (%) va
1woUtar tpos to boouévo € € {£1}.

Anodeiln. Eq@oupuolovtac Tov vOUO TETPAUYWVIXNC AVTIOTROQTC OTO GOUTA CUVOPTHOEWY, opxel vo del€ouue

6t 10 (&) madpver ) Sodeioa Tuh €. AN to TeTpaywvid cOuBolo elvan € av xon p6vo av o otadepbc bpog

Tou p tooltan Tpog € oto Fi/Fy 2. Apa, apxel va Bpedel éva avdywyo tohumvupo p Baduol d urép 1o K mtou

0 otaepd TOL 6poC —E0Tw — va efvor (%) = e. AM\G awtd Sev elvor opd To Yewpnuo twv Hansen-Mullen

(dec [17, oel. 642]). 0
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4.3.1 To xupiwg Yedpnua

OEePHMA 4.3.1. Eotww r dptiog guoikds, ¢ = p? pe ged(r,q — 1) = 2. H anAij oudda PSL(r,p?) etvar
vlomomoiun ws opdda tov Galois vrép to K.

—uT
p
ue to moploua 4.3.6 undpyouv drepar K-pntd onueia Tou Y mou avtiotoryoly oe un Stochadillopeva L-pntd

onueta tov Yy (T') x L to omoiar dev avahbovton odd xou dev Stonchadilovton otny Y (T) x Y (p). Eotw y éva
and autd. ‘Eotw & to (povadixd) onueio € Yo(T') x L nov PBploxeton mdvw and to y. e autd avtiotouyel éva
L—pnt6 Cebyoc (¢, {C1 < --- < Cs < Csy1 < ---Cr}) tou Y (T) x L. 1o Lebyog autd avuiotoryel plo Suddo
(¢, flag), 6mou ¢ eivon éva Drinfleld module opioyévo ndvew and 1o L xou flag etvon pia full flag Gal(KeP /L)
avodolwTewy LToouddwy e G[T]. Axdua, apod N opddo avdhuone Gz(x/y) eivon n (cw), to ¢ %o ¢ elvou
looyYevH: UTdpyet dnAadt| toovévelo A 1 ¢ — ¢7. Eivou edxoho va deller xavelc 6ti 1 woovévelor A ixavornotel
Tic unodéoec 1-4 tne oehidac 36. Hpdyuatt, ypdgoupue ¢r = ab ye a,b € L{r}. Téte, Cs = kerb. Agol 10
(¢, flag) eivon éva onueio touv Y (T) x L Yo eivar ker A = kerb = C5 < L xou kerd < kerab = ¢[T]. T
v unddeon 4: Oa deiZouvye 6Tt kera = ker 7. Hpdrypatt, agol (¢, flag) —> (7, flag”) = (9%, flag™) Ya
elvow ker b7 = kera. Axduo enedr) deg, a = deg, b7 Vo undpyer u € L # 0 tétoi0 dote ua = b7. Eotw tdpa
x € P[T]. Téte 0 = ¢r(z) = ab(x) xou étor 0 = uab(x) = b7b(x) = A7 \(z), dnhadr| & € ker A7.

'Eotw Lg 10 66U SLdoTaonC TOU TOAWVIUOU Tou avTloTolyel 6T0 ¢y mévw and to L. Tote, and unddeon,
n enéxtaon Ly /L elvar Galois. Ou Seifoupe oty cuvéyela 6Tt xan 1 enéxtoon Ly /K elvor Galois. Ipdyport,
agol ged(T, p) = 1 ot poppiopol

Anddeiln. Awhéyouue €va TpddTo TOAUOYLUO P WoTE cUUBoAo — ( ) = 1 obugpwva e 1o 4.3.7. Loupwva

A:glp] — ¢7[p] xon A:¢7[p] — @[]

elvor woouoppiopol. ‘Eotw a éva (onoodrnote) p-torsion onuelo tou ¢. To onuelo A(a) eivon évo p-torsion
onuelo Tou @7 Kkar £V TONUWYLULIXOS cuVBLaGUOC Tou a LEp To L. Autd amodexviel 6t 10 Ly C L.
Xonotgonowbvtac Ty A avtl tng A BAérouye 6t Ly C Lgo. "Apat, Ly = Lyo xou Ly/K etvon Galois.

'Botww G 1 opdda Galois tou Ly/K. Oewpolye Tov OUOPOpQLous

pk : Gk — Proj ¢[p].

—ul) _ 1

. .
‘Etot 1 optlouoa det g elvon tetpdywvo oto Soxtiho A/p xou cuvends pla r-80vopn —opot ged(r, ¢ — 1) = 2.
Apa, 0 TORATAVW LOPPLOUOS, ENAYEL EVOLY ETLLOPPLOUS

‘Eyoupe et (8ec to Mupa 4.3.4) 61 Vg € Gk 1 opilovoa det g modulo tetpdywvo toobtan Tpog — (

a: Gg — PSL(r,q).

'Eotw U o muphivag tou a7 Lg/K elvou eméxtaon tou Galois ue oudda Galois .oéuopen npoc tnv PSL(r,¢). 4
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Ke®AAAIO TIEMIITO

MODULAR AYTOMOP®IESMOI

5.1 Apdomn opddwy cto 2

‘Eoww ¢ dovaun npodtou, A = F [T o molvwvugxde doxtdhog pio yetafintic T xow K = F (T') o
avtiotoryo obua Thixey. Opillovue oto K tnv extiunon |f(T)/g(T)| = gt (M =dee (1) H mifpwon tou K
o< Tpog TNy extiunon auth eivon to oops Koo = Fo((1/T)). 'Eotw C n thipwon te alyeBpixic ¥ AetotéTnTog
100 Koo xou Q@ = P4\ Pl 7o Drinfeld dve nueninedo. To Q Séyeton w0 Sour evée rigid avakutixol
xopou urép 10 C (dec [7]). H oudda GL(2, Ko) Spot 670  YE TN LOPQH YRUUUIXDY UETAOYNUATIOUWY: oV
g= (g g) € GL(2, K») xou z € Q, t61e

az+b

cz+d’

Mo aprduntxd vnoopddo I' tne GL(2, A) pe 0dnyd n, eivon pla congruence unooudda tne GL(2,A), 6nA., ulo
umooudda tne GL(2,A), n onola tepLéyel Tov TLPTVAL TOL OUOUOPPLEUOD

GL(2,A) — GL(2,A/n)
Y1l XMoo TOAVGVLKO 1t Tou A.
Hopoadelypota tétoiwy uToouddwy (tou Vo cUVAVTACOUUE TaPOXATL) Elvor:
To(n) ={g€ GL(2,4); g=(24),c=0 mod n}

Fi(n)={9e€GL(2,4); g= (%Y%), c=0modn xou a =1mod n} xau

I(n)={geGL(2,4); g=(2}),c=0modnxwa=d=1modn}.
[ xdde aprduntind vrooudda I' tne GL(2, 4), o mnAixo Y(I) := ['\Q déyeton tn Sour rigid avolutixold
xopeou (deg [8, mbplopa 3.2.7,0ek. 49]). Iopiotdvouue ue X (I') v xovovinr| (Aela) oupmaryonoinon tou Y (I)
(dec [8, mpdtaon 3.2.17,0ek. 55]). Méow tne GAGA, n X (T') avtiotouyel oe plo mpofolund, Aelor xon avdywyn
xoumOn C(T'). BupPolilovye pe Npgr (2, k.. ) (I') tov xavovixornounth e I' oty PGL(2, K). H opdda

M(T) := (NPGL(Q,KOO)(F) ) K:o) /T - K5,

unopel vo eldwiel we unooudda tne opddac autopopglopdy e C(I') xou ovopdleton 1 «oudda twv modular
auwtouoppiopwvy tne X (T).

Yty xhoowh] Teplntworn nA., oty TEpMTwon Twy EANEITTIXOV XaUTOAwY, €xel Yiver ToAl Soukeld oe 6T
apopd 6TO TEOBANUA UTONOYLOUOL TOu XavovixorotnTy, congruence utoouddwyv tne SL(2,Z). T napddelyya,
ota Gpdpa [3] xon [24], unoloyilovton oL xavovixorotntée twv xhaoxdy 'o(N) xou I'y (N) otnv PSL(2,R) a-
vuotolyws. Ltny tepintwon wwy Drinfeld modules, oty epyaocia tou A. SCHWEIZER (8e¢ [29]), unoloyileton
AETTOUERMS 1) opdda Twy modular awtopopprouwy tne Drinfeld modular xouniing X (Co(n)).

Ané €86 xan ot0 €€hig, N xopumiAn X (T'1(n)), Yo dSnhddvetan yio cuvtopio we X1 (n).



et St i thind et

5.1.1 I8otnteg tne xoundAng X (n)
To vévoc

Y10 dpdpo tou E. Gekeker [10], uetafd dAwy, vrohoy{leton xau 10 yévog tng xauniin Xi(n) s 1o onolo divetou
and T oyéon

B o(n) di —1
9(Xime) =1+ =y (5(") —(g+1) (q_2+H (d +1- qdegpl>>>

i=1

6TOV
n n

n=JTef om) =W [ —q5P)) wow e(n) = ¢ [T(1 + ¢~ 48P

i=1 i=1

Eoxoha Bréret xavele, 6t g(Xi(n)g) = 0, onA., Xi(n)g ~ P, av deg(n) < 2.

To copa opiopod

H xounOhn Xi(n)g oplletar unép 1o K (dec [10]), dnhadh undpyer plar YEOUETEIXE GUVEXTIXH XOUTUAY, TNV
omota Yo cuuBorilovye entong ue Xi(n), ol dote Xi(n) x g C = Xi(n)q

T OUATL LEPOROPPLY CLUVAETHOEWY Xt ENExTAcel Tou Galois

‘Eotww K(n) to ooua mou yevvdtat, unép to ovua K oand to ta n-tortion onuelo tou Carlitz module. Me
K1 (n) Yo oupPBohilovue to péyioto umdowpa tov K(n), oto onolo 1 Véon oo adpavel. Xtor [9] xou [10]
€yer Serydel 6t T Ky (n) xou K elvor ta oopato oplopgol v xounviov X (n)c xow Xi(n)c, aviotolyec.
‘Eoww F(n ) T0 u)\ysﬁpmo opo ouvapthoewy e X (n) xou Fi(n) to ahyefpixd ooua cuvopthoewy tne Xq(n).
‘Eotw B(n {( b) € GL(2,A/n)/F;: a,d € F;} xou j n avadholwtog todvéunone twv Drinfeld modules:

J: GL(Q,A)\Q — C (dec [8, §3 xou mépiopa 3.3.10 ceh 63]). To mopoxdtw Sidypopue delyver Tic oyéoeic
EYUAELGUOU TV TOPUNEVE CWHUATWY, xodde xou Tic opddec Galois mou eugaviovtar (dec [30, §1.3]):

F(n)
‘ B(n)
® F1 (Il)

GL(2,A/n)/Fq* | / \

(A/W\ /

5.1.2 Ewaywyn

‘Onwe Yo gavel amd T Topaxdte, Yo vo utoloyicouue Tov xavovixoronth tne ['1(n) oty PGL(2, K ),
apxel vo utoloyloouue Tov xavovwornonth e KX - T'i(n) oty GL(2, Ky) (dec Mupa 5.2.1, pépoc 3).
Y10 Muya 5.2.3 anoduxveieton 6Tt o xavovixononthc tne ouddac KX - T'i(n) otnv GL(2, K) elvon 1 oudda
K -Ngr(2,k)(K*-T'1 (n)) evé> oto mépiopa 5.2.1 Setyvetar 6t N2, k) (K* T1(n)) = K*-Ngp2,x)(Fg -Ti(n)).

5.2 O xavovixonowmnthc tne KX - ['1(n) oty GL(2, K)

Ty mopdypapo auth utohoyilovpe tov xavovixoronth tne K% - T'i(n) oty GL(2, K ). Onwe Yo pavel
OTOL TTHPAXATE, O UTONOYLOUOC aUTOC Elvan 0UCLAOTIXGS Xou EMTAEov amhorotel To TedBinua (Sec Mupa 5.2.2,
uépoc 2).
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YuuBoriouds 6. 'Ectew B Saxtohog pe A C B xon A yio vroouddo tne GL(2, B). T'wo amhdtnra oto suyBoliousd
Vo ypdpouue Np(A) avti yioa Nar(2,8)(A). To xévtpo tne GL(2, B) Yo dnhdveton we (B*).

Ouuilouye 61t to Fy elvar 1o oodua twv otadtepmy tou TAfipous o@patos Koo = Fy((1/T)) xon n opddo F
elvou 1 ouddar Twv ovTioTEEYwy ototyeiwy Tou Saxtuhiov A = F4[T]. 'Etol éyouue to axdloutto Mo

AHMMA 5.2.1. Ia kdOe odpa L pe K C L C K 10xUouvr ta akélovla:
1. Av g € Ni(L*-T1(n)) tére g 'T'1(n)g C F; - T1(n).
2. Av g€ NL(L* - T (n)) tére g~ 'T'1(n)g C (=1) - T} (n).
3. NL(L* -Ty(n))/L* - Ty(n) = Npgr(e,r)(T1(n))/Ti(n), émov Ti(n) efvar n tpoforj tng Ty(n) otny PGL(2, L).

Anédeiln. 1. 'Eotw v € I'1(n) xou g € N (L* - Ty (n)). Téte, undpyouy k € L* xou ' € Ty (n) ye g~ 1yg =
k- v'. Ondte (nadpvovroc opilovoec) k? = det ' (det y) ™" drhadh, To & elvor ohyeBpind vnép To Fy xon
dpar aviixer oto Fy* N L.

2. Eotw v € T (n) xou g € N,(L*-T}(n)). Tére, undpyouy k € L* xou v € T (n) ue g~tyg = k-7'. Onde
k? =detv'(dety)™' =1 dnhadA, To K = £1.

3. Apxel va mapatnpricovyue 6T M oudda N (L* - Ty(n)) (avt. nopdda L* - Ty(n)) elvor n avtiotpopn enxdva
e Nparz,n)(Ti(n)) (avt. e Ti(n)) uéow tou empoppiopo’ GL(2, L) — PGL(2, L).
a

AHMMA 5.2.2. Ioydour ta axélovia:
1. N(T'(n)) = Ni(K* - T'(n))
2. Ng(K*-T1(n)) C Ng(T(n))

Arédeiln. 1. Ebvor npogavéc 6Tt N (Ti(n)) C N (K* - T (n)). Avtiotpdpwe, éotw g € N (K* - Tq(n)).
Mmnopoiue, yweic BAdBN e yevixdtntag, vo urodécoupe 6Tt dha T oToLyela Tou g avixouy otov A xan
UdALoTaL, TO 13EMdEC oL ToEdyouy va elvar To A.

‘Eotw v € I (n). Téte undpyouv ' € T (n) xou k € {£1} (dec Mppa 5.2.1) dote vg = k- g7 . Tpdpouue
Y=(24),9=(2%) xu~ = (kL) Oewpolue tnv éxgpacn vg = k- gy modulon: (;¥) (24) =

me(25) (§1) . Av n yapocmplotixd p = 2, téte Sev éyoupe tinota va Selfoupe. YTrodétoupe hotméy 6t
p> 3. Av Kk = 1 161 T8 TpoxUnTeL dueoa 6L g € N (T (n)). Av k = —1, éyouue
a+cy=—a,b+dy=—-b—al,c=—-c,d=—-d—cl modn (5.1)

oL onolec odnyolv ot drtomo,! apol elxoha BAéner xavelc 6L T6TE, To N Bonpel Gho oL oTotyela Tou g.
’ — -1 — A /
Etol, k =1 xow g tyg=~" € ' (n).

2. Boww g = (9Y) € Ng(K* -T1(n)). [ t0 g umodétoupe 6Tt xan mopomdve, Snhadh 6t g € Mat(2, A)
(a,b,e,dy = A. Oa delfoupe 6t 10 g € Ng(K*,T(n)). Eotw v = (2 ¥) € '\ (n). Trdpyouv ' =
(FI)yeTi(n) xu k € Fy (dec Myuya 5.2.1) dote vg = £ - gy'. 'Etol tpoxintouvy ot nopoxdte oyéoels
modulo n :

a+cy =ka,b+dy = k(al +bn),c = ke,d = k(cl + dn) (5.2)

To Intoduevo eivon va deydel 61t n =1 mod n. Trodétouye, yior var xatohnEovyue oe dtomo, 6t n £ 1
mod n. Téte to n — 1 elvor povdda otov A/n. Ouwc 1 = det(g71vg) = k?dety’ € A xou dety' = n
mod n. 'Etot k # 1 xou emopévec 1o £ — 1 elvan govdda otov doxtilo A/n. ‘Ouwe té1e oL oyéoec g
e€lowore (5.2) odnyoly ot dtono. * Luvende n =1 mod n.

|

T ,
ZEXIVA ATTO TO €

Y=g ,
ZEXIVA ATTO TO €
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Ané 7o mponyolueva Muparo, BAEnouue 6Tt vl var peheThoouue Tov xavovixoronth tne [1(n) oty
PGL(2, L) apxel va pehethioouvue tov xavovixononti tne L* - T'y(n) oty GL(2,L). T onowadrinote oprd-
untier, oudda I' pe odnyd n, 1o enduevo Mupa cuvdéer tov xavovixoronth e K* - T oty GL(2, K) pe tov
xavovixonont e L* - T otnv GL(2, L) anotehel 8¢, plo aodev) yevixevon tou Mupatog [29, Jedpnua 1,
a)], yioe Ghec Tic apriuntixéc ouddes Tou TOTOU owWTOL.

AHMMA 5.2.3. Eotww L/K eréxtaon oopdrwr pe L C Ko ka1 T' apiOuntixii oudda pe 06nydé n. Tdrte,
NL(L*-T)=L" - Ng(K*-T).

Anédein. Mpogovae L* - N (K* - T) C Ni(L* - T). Avtotpbgnc, éotw g = (2Y) nivoxac N (L* - T).
Mopanpotye apyxd 6Tt ot wivoxee © == (§ 1) xou y := (L9) avixouy oe xdde oprduntixnh ouddo e odnyé
-1 nde  nd> _nc?

zg xou g~ 'yg mpéner vo avhxouy ot F,* - T (Bec Mupa 5.2.1), o Jotg> dotg detg

n. Agol T g

nab  na? nb>
det g’ detg?’ detg

XalL T

elvon otouyelor tov A. Enlong (det g = ad — cb):

2 2
a® _dec _ _ab  _c& _ _ac
L. detg detg detg detg — detg €K
2 2 _ ca cd 2 cb — cb c K xou
* detg — detgdetg det g det g det g

db(ad—bc) _  db
3. Toewy —deg €K
Av tdpa ¢ # 0, 6t 0 mivoxag Fctg g € Ng(K*-T). Ave =0, tote d # 0 xou opolwe, o wivaxac
d 'QENK(K*-F). d

det g

IMoPIZMA 5.2.1. Nape,k)(K*-Ti(n) = K* - Ngp2,4)(Fg - Ti(n)).

5.2.1 O xavovixornomthc tne N (I (n))

[ amhonoinon twy mpdiewy (dec AMupo 5.2.1), ahhd xau enedr Ya ypelootel ota mopoxdte, apyixd utohoyi-
Zoupe tov xavovxononti Nk (I (n)) tne T (n) otnv GL(2, K).

AHMMA 5.2.4. Ta ovoiyeia g € Nk (T (n)) propodv va ypapodv —katd mpooéyyion roAlamdaciaopo? je
rivaxa k- Ids, k € K*— otn popen g = (‘; 3) étor dote ta a,b,e,d € A ka1 {a,b,c,dy = A. H opilovoa q tov
g 1j efvar povdda tov A (ka1 dpa g € Na(Ty(n))) 1y

1. q]a,d, ged(q,b) =1, ged(a,n) = (d,n) = q ka1 n | ¢ efre
2. ad =0,a,d € (n) = (c) kar b eivar povdda tov A.

Avniotpbpans, ta otoyela k- (¢4) pek € K* xai a,b,c,d € A mov ikavorowlr tis taparndvw oxloes, efval
ororyeta tov N (T (n)).

Anédeln. Eow ¢ € Ng (T (n)). Apod 10 odua tniixwy tou A elvar to K xar o A elvon neployf xuplov
WBewddV, udpyer K € K wote o nivaxac k- g’ =: (‘; g) € Ng(Ti(n)) xu a,b,c,d € A, (a,b,c,d) = A.
'Ectw q n opilovoa tou g := k- g'. Av 10 q elvon povdda t6te g € Na(T)(n)). Av to q Sev elvor povdda
Tou A, TétE Tpoywedpe we e&hc: Ou mivoxec = (§1), ¥y = (§1), xu z = (L 9), avixouv otnv T (n).
Ered g € Na(Ti(n)), éneton 6t xor oL nivaxec g~ 'wg, g 'yg, g7 29 € T} (n). Troroylovye to orouyela
TWY TWVEXWY aUTWY xat Aopfdvovtag vnddy Tov optowd e ouddac I (n) xatahfiyouue oto cuutépaoua 6T
UTdPYOLY LTdPYOLY a;,b; € A,i =1,2,3 tétol Hote

(1) cd = nqay (4) ab = qby
(2) d* = qas (5) a® = qbs
(3) c? = nqas (6) nb? = qbs
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Av b = 0 t6te ouvdudlovtac Tic (2),(3), (5) xar tov tOno e opilovoag, éyovue 6Tt d = aas, azby = 1 xau
> = a’azazn, dtono.? Etor b # 0. Avdhoya Selyvouue (yenowonowwvroc tic (2), (4), (5) o tov t0no e
opilovcac) 6Tt To ¢ Bev propet enione vo elvon undév. 4

‘Eotw a = 0. Ané v (3) (xou tov tino tne opllovouc) éyoupe 6t —c = nbag. Iloahanhaoidlovtac Tic (3) xou
(6) xatd péin madpvouue asbs = 1. ‘Etor and v (3) éyoupe d* = bazasn. Apa (a,b,c,d) C (b) drono: extodc
gdv 1o b eivor povdda. EOxoha Bhénet xavelc tote, 61t 0 (¢) = (n) = (q) xou (ue yphon e (1)) d =0 mod n.

T Moyoug ouppetplag, av tohpa utodéoovue 6Tt d = 0 téte unopolue va delovye 6t b € Ff, (c) = q = (n)
xo @ =0 mod n.®

Ly neplntwon xotd v onolo loyler ad = 0 €youye anodelZel Ty (2).

A6 e3¢ xow oto €€, uno¥étouue dTL Gha Tar oTowyelo Tou g elvon N undevixd. O amodelfovye Tar axd-
houda:

(1) g | n.  Anb tc (2),(3) xau (5) Brénovye 6Tt xdde mptdtoc dronpétne tou q Stowpel ta a,d xou c. Ao
v (6) BAémovye 6T To q Sionpel To nb?. Av p elvan tpdTog Bronpétne Tou q téTE dev propel ged(p,n) = 1, yiol
téte p | b xon dedopévou bt Sroupel T a, ¢, d xatohhyoupe ot dtorno. ‘Etou ged(q,b) =1 xou q | n.

(2) n|c.  Horamhaowdlovroc tic (2) xou (3) xotd wéhn xon vddvovtac Ty (1) oto tetpdywvo & Brénoupe
6t ng’azas = n’g’af, OnA., azaz = nay xou n | azaz. O delfovpe 6t ged({, az) = 1. Av ged(§, az) # 1, éotw
p €vag TpWTog dlonpéTng Tou:

9> = (ad — be)* = a®d® + b*c® — 2ab - cd =

= q2b202 + b2nqa3 — 2q2nb1a1,

xou droupddvtoc pe g2, madpvouue 1 = boas + bzﬁag — 2nbyay. To p droupel o T,1, az. ‘Apat, amd tnv mapoamdve

e€lowon, o p Ya droupel xou 7o 1, droro. ‘Etol ¢ | as. Tote, amd v (3) Brérovye 6t t0 n? | 2, onA., n | c.

(3) q] a Anbd v (4) Brénovpe 6Tt q Sionpel 0 ab xou and to mpornyoluevo pépoc ged(b,q) = 1, étot
70 q donpel xau 1o a.

(4) {q, ﬁ) = A, 'Eow q 10 ywopevo twy TpdTtenv dionpetdv tou q. And v (2) Brérnovue 6t ' | d. ‘E-
youue del€et 6t t0 q | a, n | c. Trdpyouv xatddhnha a,v,d € A dote a = qa, ¢ = ny xau d = q'd. Tére,
q=ad—bc=qq'ad —nby, ézor 1 = q'ad — gb'y. Apa, 1 = ged(q’, g) = ged(q, g).

(5) g | d Anbd my nepintwon (4) mpoxOTTEL 6TL 0 PEYIOTOC XOWAS DUPETNG TOL ¥ oL TOU ¢ elvar €val.
Tapar (am6 Ty (1)) agot A 3 £ = 1 Béronpe 6n 4 € A.

(6) (a,n) = (d,n) = (q). 'Eyouvpe 7dn deilet 61t q | a,n,d. 'Eotw 0 o yéyiotoc xowoc Soupétne tou a
xaon Tou . To q Sionpel o 6. Agod to n donpel t0 ¢ xon 1o 6 danpel o n, Yo wpénet to § va Sionpel to ¢. Ao
v oyéon q = ad — be BAémouvye 61t to O Banpel to q. Ouolwe delyvouye ot (d,n) = (q).

3Téte a | a,c,d xou dpa T0 a eivon povddo. AMG (a) = (d) xout dpa xan n opilovoa q = ad eivar Lovada.

daaby = 1,d = aaz,a = db2,b = aa2b1,q = ad.

5(3) = ¢ = —nbcg = —nbcazg = ¢ = —nbaz. (4) = ab = —bcbi = a = —bbi. Apa 10 b doupel T a,b,c,d dromo’
extéc xou av 1o b elvor povdda. TTolhamhacidlovtoc tic (3), (6) xatd wéhn éxovue azbs = 1. 'Etot (¢) = (n) = (q). Axdpa
(4) = ab = —bcby = a = —cb1 € (n).

6(2) - (3) = (cd)? = nq%azas, (1) = (cd)? = n?qg%a?. Etot ng?aza3z = n%q%a? = azaz = na?.
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Ly mepintwon mou dha tar ototyela Tou g elvon Sidpopa undevéde amodelZope 6t toylel i (1) tou Muua-
t0c. Avtiotpdguc, av utodécouue OTL toyVeL 1 (2), Tote 0 g Yo éyer xat avdyxn ™ wopph g = (U ,%) h

nmn
(Mmm) bnov w elvar povdda tou A €tol g € N (T (n)).

Mpdryportt, av b glvow o tuydy h = (ﬁ}X 1+1::W) elM(n),ue X,Y,Z, W € A, t6te:

-1 1-Ymw™'npW
(37’2}“) h(O n ) = ( T;Z_l];+ " 1+me*_1n+Xn) € Fll(n)

1+Wn+Z
(Yw n mn * ) E Fll (n)

(mn w)—lh(mn w
n 0 n 0 e Wmn? 4+ Xmw a2 —Zm2w n? 1+ Xn—Zmn

N
I

Téhog, xhelvovtag, Yo Selouue 6T oL Tivaxes TNg Yopghc g = (‘g g) ue a,b,c,d,a,v,6,9 € A,abed # 0,9 =
det g,a = qa,c = ny,d = g xau ged(n, d) = ged(n, a) = q, ged(n, ¢) = n, xavovixonooby v I (n). Oétouvpe
(4 82) := g~ 'hg. Anodeevieton 1 Omopln xotdAANhwy otodepy I, 0,3 € A ue

oy = (Q0tnz) bz, oy BAAM) s b nerm T4
q q q q q
d(Yd+b(Xn+1)) b(Zbn+d(Wn+1))
as = —

q q

1 X Z Y 1 w
gy = (LAFNY) anZ Y a0 WDy

q q q q
1 X Z Y 1 w

a4:(—%+%)b+(—%+W)d:—b’yg-l-éa—l—wa:1+n~;,

a

7

YuuBoioude 7. Anbd dw xar oto €€hc, évac ivaxag «tonmou Ay Va elvar xdde mivoxac e wopehc (9 ,%) A
(MY uew € Fy,m € A xou évac nivaxac «tomou By Yo elvar xdde nivaxoac g = (g g) omou t a,b,c,d
IXOVOTIOLOUY TG OYECELS TOU TRMOTOU oXEAOLS Tou Muuotog 5.2.4. Enlong, xdlde @opd mou avapepduaocte oe
éva mivaxar g = (2 4) € N (T (n)) «x0mou By, Yot Yewpolye Ty Omapin -ywelc xaubor ETTAEOY ovapopd- TV
aVTlOTOY WV EAANVXGY YROUUUATOVY @, Y, d xot Tou YoTUixol yedupatoc q = det g, to onola Yo utodétovye bt
wavoTololy Tic oyéoelc a = qa, ¢ = ny,d = qd, xou ged(g,b) = 1, ged(a,n) = (d,n) = g.

5.2.2 H dop¥ tne I'1(n)

Me W da supBohiZoupe tny urooudda tne 'y (n) 1 onolo arotehelton and Toug tivaxes Tne pop@hc (§
w ebvar povddo tov A = F([T] n W elvar xuxhixn xou nenepaopévn.

0 émou

AHMMA 5.2.5. I'i(n) =T (n) x W.
Andédeiln. Hoapatnpodue 61t 1 napoxdtw oxorovdia eivor split, agod F,* = W.

1—T)(n) —Ti(n) XS F,* — 1.

a

Ynueiwon 10. H 18&n tne ntolamhactaotiaic ouddac (A/nA)*, ue n € A elvar, wc Yvwotdv lon npoc p(n) =
g5 T, (1 — g~ 99800 (ec [30, §1.1)).

AHMMA 5.2.6. Eotwn € A éva un tetpyipévo movddvupo. Tore, p(n) =1 av ka1 pévo av ¢ = 2 kai to n
efvar ywipevo (tpdtwr) nodvwriuwy Baluol éva.

Arddaln. Eow n =[], pe. Tére,

(,0(11) = qdeg(n) Hp|n(1 _ q—deg(p)) — Hp\n(qdeg(p)dp — qdeg(p)dp—deg(p))- ,APO(, (p(n) = 1 av xo p.(,)VO av,
Vp, gleeP)ds _ gdes(p)dp—deg(v) — 1 "Erou, Vp,d, = 1,deg(p = 1) xou g = 2. |
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(2c ouvénelo ToL APPATOS 5.2.5 €YOUUE TO TAUPAUXAT®

IToPISMA 5.2.2. Av g =2 tdte I'1(n) =T (n) kat av p(n) =1 tére To(n) =Ty (n) =T (n).

Anddeln. Eotwg=(F 1)eTi(n). Téredetg=1xuk =1 modn, m =0 mod n. Axbua, 1 = kn—Im =
n mod n, 6nA., g € T (n). O

5.2.3 O xavovixornomnthc tne Fy -T'1(n) oty GL(2, A)
AHMMA 5.2.7. O kavovikomomnig Fy - Ty (n) oty GL(2, A) eivai n oudda Ty (n).

Anddeiln. Eivaw mpogavéc 6t n Io(n) xavovixomoel my FJ,Ti(n). 7 Avuiotpdgwe, éotw g = (24) éva

otouyelo Tou xavovixoromnth tne Fy - (n) oty GL(2, A). Eotw q 1 opillovoa tou. Eotw z := (§1) € T'1(n).
2

Agol g tzg = (lj';d/qq :C{;}q) € F;-Ti(n), 9o npéner to ¢ = 0 mod n xor 10 1 + cd/q v elvon povédo

modulo n. Eote Aowmév w € Ff tétoio dote w = 1+ed/q mod n. Opwc q = ad—be xou étor g% = ad(ad—2bc)

mod n, dnhad?| T a, d elvar avtioteédruo atotyelo tou doxtuhiov A/n. Avw =1 mod n, t6te ¢cd/q =0 mod n

xou étot Yo elvar ¢ =0 mod n. Av tdpa w Z 1 mod n,z té1€ ¢ + ¢?d/q = we mod n xon étor (1 —w)e =0

mod n, dnhady| xou oe auTh TNV TEpintwon ¢ =0 mod n. a

O xavovixoroumnths g I'1(n) oty GL(2, K)

Eotw n € A éva un tetpLppévo nohudvopo xou n = []7 p?" 1) TOPAYOVTOTOMNGY) TOU GE YWOUEVO AVAYWYWY
TohOVOHeY. Tio xdde i, 9étouye q; = p¥. Av n > 2 téte yio x&de i undpyouy un undevixd a;, b; € A ue

qiai — b = 1. (5.3)
i
Yy nepintwon auth, yio xdie ¢ Vétouye
gos = (" §1) 54)
SrapopeTind (q1 = n) Yétouue
gn:=(20) (5.5)

ITpoTAsH 5.2.1. O kavovikoromntnig tns K* -Ty(n) otnr GL(2, K) efvar

§) s av g > 2 ka1 to n efvar bvvaun mpdTov i
e fqn av q = 2 ka1 p(n) > 2, 6nov ta gq; €lvar énws mapandvw. Axdua, yia da ta
iy gq2 € (K" - To(n)) xar

K*'<'gUI1a---7gtln>mK*'<F0(n)> :K*'<g§1""7ggn>'

3. K*-Ton)-((O3), arg=2,0on) =1l kain=T,T+ 14
(K* 'FO(n)a(g(l))a(T(TT+1) 71")>7 quZQaQO(n) =1 Kalll:T(T+1).

Arédeiln. Eotw g € N (K*-T1(n)). Tote and o Mupa 5.2.2, g € N (T (n)) xon étot, undpyet k € K* tétoo
OOTE T0 go := k - g vo xavorotel Tic utodéoec Tou Muuatoc 5.2.4. Av det gg € A* t6tE go € Na(F -T1(n))
xou €Tot amd To Mupa 5.2.7, go € To(n). Av det go  A* t6te go = (2,2 ), 90 = (" §) pew e Ff,m e A ¥

nmn

Jgo = (ﬂi qbd) ve a = aq,b,c = yn,d = §q xou q 6mc To Mupa 5.2.4.

Av 10 go el «t0mou Ay, t6TE T0 Ywduevo go (O) € K* - Ty(n): ® étor 1 unooudda ou yevviéton amd

o K* v Ty(n) xou touc «tdnou Ay mivaxec etvar n K* - To(n) -n onola xavovixonotel tnv K* - T'y(n), agol o

"Eotww g = (2Y) € To(n) xuw h = (% ¥)'1(n). Téte, g~ thg = ((1) %) mod n.

SAv go= () w0re g0 (98) = (2 0) =nw b (Lha O) € K7 -Ti(n)

mn mn? n wmn w
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ivocag (98) ™y xavovixoroet ? (Sec enfong to Mupa 5.2.7).
Av 7o go elvor «tOnoL By pe det g = n, 1612 g (08) € K* - Tg(n). 1°

(1) ¢ > 3. Ou deifoupe 6Tt xavévoe mivaxac go «TOTOL By 8ev avixel 6ToV xavovixomownth - exTOS Xat
av (det g) = (n) (3ec mapamdvw). Eotw g == (%) € Ti(n) pe w' povddo tou A xau w’ # 1. Trodéroupe
6L umdipyet go = (¢4) «t0mou By pe detgo = q,(n) # (q) xou g5 'g'g0 € K* - I'1(n). Tore, xat ovdryxn

- , . . . 7 1+b 5 (1-w') *
90 9'90 € Fy -T1(n) (dec Mpua 5.2.1). Kdvovrtac npdEeic, maipvouue g, 19'go = wetw! —1) 1‘“1(1111’))
q

7
Ou tpénel enopévee, N tapdotaon 1 — %d(l—w’) € F; modn. Eow u € Fy dote 1— %(1 —w') =u mod n.
Tote 1 —u=2d(l —w') modn. Avu # 1, 70 1 —u glvon povdda otov A/n xou étot elvon xou to d- dromno,
agol ged(d, n) = q. Av 1o u = 1 téte xat avdyxn 1 +b§(1 —w') =w' mod n xou dpa bﬁ(l —w')=-(1-w')
mod n. Agot ged(b,n) =1 xou w' # 1 Y efvon to xhdopa ¢ ebvon avtioTpéduuo otov A/n- dromo yiotl tote
g =n (ged(e,n) =n). Etot, obugpwva pe to Mupora 5.2.4 xon 5.2.7, Ng (K* - T1(n)) = K*-To(n) - ((93)).

1o napaxdtey vrodétoupe 6Tt ¢ = 2. Topgwva pe to tépwoua 5.2.2, I'i(n) = i (n). Eotww go, gy d00 wi-
voxee «tomouv By. Av (det go) = (det gj) = (q) tdte eivon ebxoho var det xavelc 6t %gog[’) € To(n).tt Av
(det go) # (det g{) téte apxel va Yewphoouue pévo v mepintwon nou ged(det go, det gy) = 1 Swét 1€ 0
nvoae gogy ebvon enione «tomou By. Etot

Ni(K*-Tin) = K*-Ton) - (gaqys--->Gqn) v n >2
Ni(K*-Tyn)) = K* - Ton) avn = 1.

Yuveyllovtac étovue G = K* - (gq,,---,9q:). Elvow mpogavéc 6t yioa xdde @ # j,gfll_ € q; - To(n) xou
gqngjgcTilgchl € Io(n). 12 'Eto
GN(K"-To(m) =K (ai,....g3,)-

‘Etou éyet deyydel n (2).
(3) @ =2 xon p(n) = 1. Ta povadixd rorvdvupa n € Fy[T] yia ta onola toylel o(n) = 1 etvor o T, T + 1 xon
T(T +1). Aaxplvouye TiC TEQLTTWOELS:

(1) H mepintwon n = T. Oétouye gr := (1 75 ) xou go :=(4). Téte grgo =T - (751 1) . Apa

N (K* - Ti(m)) = K* - Toln) - go).
(2) H nepintwon n =T + 1. ©¢toue gri1 = (757 74, ) % go = (731 5) - Téte grgo = (T +1) - ', 6mov
g = (T{-l %) € [p(n) xou étot

Nic(K*-Ty(n)) = K* - To(n) - (g0)-
(3) H nepintwon n = T(T + 1). Oétouvpe gr := (T(TTH) T)s 911 = (T(TTJr-‘rll) T-li-l) x gn = (95). Tote
919741 = Gn. AxOUQ

Ni (K™ -Ty(n)) = K* - To(n) - {go)-

9%g=(2%)eTli(n). Tére a=1 mod n,c =0 mod n,d € F; mod n xou (2(1))71

10, _ (an b 01y _ ( bn an) _ b« *

g = ('yn 6n) :>g(n 0) - (6n2 ’Y“) =n: (Sn 'y) €EK -Fo(n)

bz bw+a

11 _ (g b I _ (zq y S LY R aqrtbzy v

Avigo= ('rn 5L1) xoun g = (21 g ) w67 9095 = (7qz%+6qZ% Squwyy L

b; & 4aq; bijtazb;

12 _ [ a;q; b; ’ 1. .2 _ L i 9 Di 04 , AP S q; —b; ;o . B ,

Av gq; = ( i qz) tote oo -9y, = ( n(l+a) b2 ta; - Axopa, qi g4, = ( 2% @ , Onhady) elvou €vac mivaxac «tdmou

i

@595
n

By. Av topa gq; = ( g;) ue i # j, téHte 0 mivoxoc ﬁq]_gqigqj (9 -g;l.l)(qj -g;jl) elvar yvopevo d0o mvdxwv «tdnov By pe

{oec opllovoes xou dpa avixet oty [o(n).
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OEQPHMA 5.2.1. H oudda twv modular avtopopproudy tng I'y (n)\Q eivar wdpopen mpos:
1. Tny opdda (A/n)* /¥y % (Z)27Z), av ¢ > 3
2. Mia enéktaon tns (A/n)*/F; pe v (Z/2Z)", av g = 2 ka1 p(n) > 2, érov to n oupfolile tov aprdud
TV S1aPoPETIKDY TPOTWY DAIPETHY TOU N
3. Tnv oudda (Z [27)", av q = 2 ka1 p(n) = 1, drov to n oupfoliler tov apidud twv diapopetikdy TpdTwY
draipetdr tovn karn =1 1j 2.
Anddeiln. Ye xdde meplntwon 1 ouddo KX - To(n)/KZ% - Ti(n) elvon xavovixh vrnoouddo tne Nk (K% -
I'y(n)/KZ% -T'i(n). Opilouye tov opopoppiopd
KX, -To(n)/K%, -Ti(n) — (A/n)*/F5- (25) K5 -Ti(n) — d,

o onolog elvor oTNV TEaypaTIXOTHTA €vog autogopglopos: 1. Av m € A ye ged(m,n) = 1, téte, undpyouv

a,b € Aye am+nn = 1+ étot 0 nivoxac g := (4" ¥) € Tg(n) xou amewxovileton 610 m. 2. Eotw (2 Y) € To(n)

ue (¢9) Kz -Ti(n) — d-F; = F;. Téte, agod Fy 3 u = ad — be Yo éyovye v mod n = ad mod n xou
enedf d € Fy undpyer v € Fy pe v mod n =d mod n xau étot o nhvoxac v=! (2 4) € Ty (n).

(1) H repintwon g > 3. And v npdtaon 5.2.1,
Nicoo (K2, - Ti(n)) = K2, - To(n) - ((R5))-
H nopaxdte axorovdio

K5 -To(m) | Neey (K5 -Tu(w) KL -Ti(n) - ((26)

1— —
K;o].—‘l(l’l) K;OI‘l(n) K;of‘l(n)

elvon oxpiBric xou split cpod

L[2L~ K, - Ti(m)((3 0))/ K2, - T1i(n) S Nkee, (K5 - Ti(n) /K2, Ti(n).

(2) H mepintwon ¢ = 2 xau p(n) > 2. Eotw n = [[} qi xou g4 6nec oty npdtaon 5.2.1. Avn =1
ToTE ToL TPy HATOL £YOLY OTIWE GTNY TEONYOUUEVY Tepintwon. "Ectw ooy dttn > 2. And v mpdtaon 5.2.1,

NKOO (K:o ) Fl(n)) = K;o : FO(n) ’ <ngI1)' . '7gl7|n>

pidei .
K% -To(m) - (gq,,- --
K%, -To(n)

Iu)  (7,/22)"

Ané v mopoxdte axohoudio

K* -To(n) ./\/Kw (T1(n)) NKOO (T1(n))

1 (o8]

— —
K;o].—‘l(l’l) K;o].—‘l(l’l) K;oro(ll)

— 1,

PTAvVOLUE 6TO emYuUNTO AMOTEAEGUAL.

N, (T1(n))

L (4/nd)’ [Py — =

— (2/)22)" — 0.

(3) H nepintwon ¢ = 2 xon p(n) = 1. Yy neplntwon auth (A/n)* = Fy. 'Etol, and v npéaon (5.2.1)

Nio (K2 -Ti(n) 7
ke T 2z

)n

omoun =1%2. |
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