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EISAGWGH

Se m�a kleist� Riemann epif�neia S g�nouc g � �� antistoiqo�me touc
ak�loujouc q�rouc dom�n thc S �

�Ton Quasifuchsian q�ro thc S� to q�ro twn quasi�Fuchsian dom�n thc
S kai

�Ton Teichm�uller q�ro thc S� ton q�ro twn conformal dom�n p�nw sthn
S�

Auto� oi q�roi �qoun plo�sia analutik� kai gewmetrik� qarakthristik��
kai skop�c mac e�nai na melet�soume thn metax� touc s�ndesh


O Quasifuchsian q�roc QF �S�� mpore� na emfuteute� fusiologik� se �na
migadik� arijmhtik� q�ro kai e�nai migadik� pollapl�thta �B��


O Teichm�uller q�roc mpore� na emfuteute� se �na migadik� q�ro Banach
kai kat� aut�n ton tr�po g�netai migadik� pollapl�thta �B��
 Aut� h polla�
pl�thta sumbol�zetai me Teich�S�� kai mpore� na jewrhje� san m�a migadik�
upopollapl�thta tou QF �S��

Ap� thn �llh meri�� o q�roc Teichm�uller e�nai kat� fusiologik� tr�po

m�a pragmatik� analutik� pollapl�thta �Kr�� pou sumbol�zetai me eF �S��
h opo�a e�nai is�morfh me m�a pragmatik� analutik� upopollapl�thta tou
QF �S��

E�nai gnwst� �ti o Teich�S� e�nai m�a K�ahlerian pollapl�thta� �pou h

K�ahlerian metrik� tou ep�getai ap� thn Weil�Petersson morf� kai o eF �S�
e�nai m�a pragmatik� sumplektik� pollapl�thta �W	���


Se to�th th diatrib��
a� Apodeikn�oume �ti o QF �S� e�nai m�a migadik� sumplektik� pollapl��

thta� kataskeu�zontac m�a migadik� sumplektik� dom� h opo�a e�nai fusiolo�
gik� up� to pr�sma thc uperbolik�c gewmetr�ac kai mpore� na eidwje� san thn
migadopo�hsh thc pragmatik�c sumplektik�c dom�c tou q�rou Teichm�uller


b� Or�zoume m�a n�a migadik� dom� ston QF �S�� wc proc thn opo�a� oeF �S� e�nai m�a migadik� upopollapl�thta tou QF �S��
g� Or�zoume thn Weil�Petersson hermitian morf� ston QF �S�� Apodeik�

n�oume �ti oi d�o migadik�c dom�c tou QF �S�� maz� me thn metrik� pou ep�gei
hWeil�Petersson morf�� anadeikn�oun m�a Hyperk�ahlerian dom� ston QF �S�
h opo�a enopoie� �lec tic parap�nw dom�c kai eis�gei m�a n�a prooptik� gia
th mel�th touc


�



� EISAGWGH

Prohgo�mena Apotel�smata

Stajeropoio�me m�a kleist� �dhlad� sumpag� kai qwr�c s�noro� epif��
neia Riemann S g�nouc g � �� kai taut�zoume thn jemeli�dh om�da thc ���S�
me thn Fuchsian om�da � pou dra sto U � fz � C � Imz � 	g� to �nw uper�
bolik� hmiep�pedo� kai e�nai t�toia �ste S � U��� Sumbol�zoume me S thn
epif�neia me ton ant�jeto prosanatolism�


Teichm�uller q�roc� O Teichm�uller q�roc thc epif�neiac S� e�nai to
s�nolo twn marked Riemann epifanei�n 
X�� �pou h X e�nai m�a Riemann
epif�neia omoiomorfik� me thn S m�sw en�c omoiomorfismo� pou diathre� ton
prosanatolism�� kai �na marking sthn on X e�nai m�a epilog� isomorfismo�
metax� twn jemeliwd�n om�dwn � thc S kai �

X
thc X�

O q�roc Teichm�uller emfan�zetai kat� peplegm�no tr�po se ergas�ec twn
Klein kai Poincar�e
 Oi Fricke
 Fenchel kai Nielsen �tan ap� touc pr�touc
pou mel�thsan thn pragmatik� analutik� dom� tou
 Pragmatik�c analutik�c
suntetagm�nec d�nontai topik� ap� ta uperbolik� m�kh li � i � �� ���� �g � �
k�poiwn sugkekrim�nwn apl�n kleist�n gewdaisiak�n thc S� Kat� aut�n ton
tr�po� o q�roc Teichm�uller g�netai m�a pragmatik� �g� � pollapl�thta pou

sumbol�zetai me eF �S�� �W	�

Sth dekaet�a tou ���� oi L� Ahlfors kai L� Bers an�ptuxan thn jewr�a twn
quasiconformal apeikon�sewn� pou apode�qjhke �na isqur� ergale�o gia thn
mel�th tou q�rou Teichm�uller�

Migadik� dom� gia ton q�ro aut�n or�sthke pr�ta ap� ton O� Teichm�ul�
ler
 all� to�th h dom� den �tan h �swst��


O Ahlfors �rise m�a migadik� dom� gia ton q�ro Teichm�uller kai l�go
arg�tera o L� Bers �deixe �ti to�th h dom� e�nai fusiologik�
 O q�roc
Teichm�uller mpore� na emfuteute� fusiologik� se �na anoikt� s�nolo en�c
�g � � migadiko� q�rou Banach�kai klhronome� �tsi thn dom� miac �g � �
migadik�c pollapl�thtac Banach �B��
 To�th h pollapl�thta sumbol�zetai
me Teich�S��

H om�da twn amfiolomorfi�n tou Teich�S� e�nai diakrit� �R�� kai kale�tai
h modular om�da Mod�S�� To�th h om�da taut�zei d�o shme�a 
X�� 
Y � tou
Teich�S� �tan up�rqei mia conformal apeik�nish ap� thn X sthn Y�

M�a fusiologik� hermitian morf� gia ton Teich�S� eis�qjhke arqik�
ap� touc Weil kai Petersson� H morf� aut� ep�getai ap� �na hermitian
gin�meno to opo�o� gia k�je shme�o 
X�� X � U��

X
� or�zetai ston migadik�

q�ro Banach twn tetragwnik�n diaforik�n Q��
X
�U�� Aut�c e�nai o q�roc

twn oloklhr�simwn ol�morfwn sunart�sewn � pou or�zontai sto U kai pou
ikanopoio�n thn sunj�kh ����z������z��� � ��z� gia �la ta � � �X kai gia
�la ta z � U� Gia k�je t�toiec �� � to Weil�Petersson �W�P� hermitian



PROHGO�UMENA APOTEL�ESMATA �

gin�meno h
WP

d�netai wc ex�c�

h
WP

��� �� �

Z
X

���

O Q��
X
�U� mpore� na tautiste� me ton ol�morfo sunefapt�meno q�ro tou

Teich�S� sto 
X�� O Ahlfors ap�deixe �ti h Riemanian metrik� g
WP

pou
ep�getai ap� to h

WP
e�nai K�ahlerian� To 	���� o H� Royden ap�deixe �ti

h om�da twn isometri�n e�nai h Mod�S� �R�� kai to 	���� o Scott Wolpert
ap�deixe �ti h g

WP
e�nai mh pl�rhc� �bl
 �W�� kai thn eke� anafor��


H pragmatik� morf� �
WP

pou ep�getai ap� thn K�ahlerian metrik� sto

Teich�S�� e�nai m�a pragmatik� sumplektik� morf� gia to eF �S�� kai sunep�c
h � eF �S�� �

WP
� e�nai m�a sumplektik� pollapl�thta


Kat� th dekaet�a tou 	���� o S�Wolpert mel�thse ektetam�na thn W�P
sumplektik� gewmetr�a tou q�rou Teichm�uller� O Wolpert peri�graye thn
sumplektik� morf� �

WP
m�sw pragmatik�n analutik�n suntetagm�nwn li �

kai Fenchel�Nielsen �F�N� � twist dianusmatik�n ped�wn �W	���
 �Ena twist
dianusmatik� ped�o t� prosarthm�no se m�a apl� kleist� gewdaisiak� 	 thc
S� e�nai ex orismo� o apeirost�c genn�torac m�ac monoparametrik�c om�dac
amfidiafor�sewn tou q�rou Teichm�uller� �pou m�a t�toia amfidiaf�rish pro�
k�ptei ap� thn ak�loujh param�rfwsh thc S � K�boume thn S kat� m�koc
thc 	� str�foume to �na m�roc thc epif�neiac kat� gwn�a 
� kai �stera kol�
l�me ta d�o komm�tia gia na p�roume m�a n�a Riemann epif�neia
 To�th h
param�rfwsh e�nai gnwst� wc h F�N � twist param�rfwsh thc S� O t�poc
tou Wolpert gia thn �

WP
e�nai

�
WP

�t� � t� � �
X

p����

cos��	� ��p

�pou ta t� � t� e�nai ta twist dian�smata pou antistoiqo�n stic 	� � kai ��	� ��
e�nai h gwn�a twn gewdaisiak�n 	� ��

O q�roc Teichm�uller eF �S� epid�qetai olik�c �F�N� pragmatik�c analuti�
k�c suntetagm�nec li � �i � i � �� ���� �g��� �pou oi li e�nai sunart�seic uperbo�
liko� m�kouc pou antistoiqo�n stic �g�� apl�c kleist�c gewdaisiak�c �i pou
apotelo�n m�a maximal diam�rish thc S� kai oi �i e�nai oi ant�stoiqec twist
sunart�seic
 S�mfwna me to �W��� to�tec oi suntetagm�nec e�nai kanonok�c

gia thn sumplektik� pollapl�thta � eF �S�� �
WP

� �

�WP �

�g��X
i��

dli � d�i �

Quasifuchsian q�roc� M�a quasi�Fuchsian param�rfwsh thc � � ���S�
e�nai �nac omomorfism�c 
 thc � ent�c thc PSL��� C � o opo�oc prok�ptei ap�
suzug�a me m�a quasiconformal apeik�nish tou migadiko� epip�dou C � Oi ei�
k�nec 
��� twn quasi�Fuchsian paramorf�sewn e�nai quasi�Fuchsian om�dec

E�n G e�nai m�a t�toia om�da� t�te to oriak� thc s�nolo e�nai m�a kamp�lh



� EISAGWGH

Jordan kai h dr�sh thc e�nai gn�sia asuneq�c sto sumpl�rwmaD
G
� D��D�

aut�c thc kamp�lhc sto C � H dr�sh thc G p�nw sta D� �D� ep�gei d�o Rie�
mann epif�neiec X � D��G kai Y � D��G� oi opo�ec e�nai omoiomorfik�c
me �nan omoiomorfism� pou antistr�fei ton prosanatolism�
 H G dra ep�shc
stno �nw hmiq�ro U� � kai to phl�ko �U� �D

G
��G e�nai m�a 
�pollapl�thta

� quasi�Fuchsian pollapl�thta�� amfidiaforik� me thn S � 
	� ���

O Quasifuchsian q�roc QF �S� thc S� einai to phl�ko tou sun�lou twn
quasi�Fuchsian paramorf�sen di� thn dr�sh thc PSL��� C � me eswteriko�c
automorfismo�c
 Mpore� ep�shc na eidwje� wc to s�nolo twn marked quasi�
Fuchsian pollaplot�twn 
M �� �pou �na marking p�nw sthn M e�nai m�a epi�
log� isomorfismo� metax� thc � kai thc ���M��

O QF �S� �qei m�a fusiologk� migadik� dom� wc q�roc anaparast�sewn
ent�c m�ac migadik�c om�dac Lie� Topologik� e�nai m�a mp�lla di�stashc
��g � ��� kai o L� Bers ap�deixe �ti e�nai m�a �g � � migadik� pollapl�thta
�B��


�Estw 

� �na shme�o tou QF �S�� me 
��� � G� Upenjum�zoume �ti d�o
epif�neiec Riemann X�Y antistoiqo�n sthn G� Sto shme�o 

� antistoiqo�me
to ze�goc twnmarked Riemann epifanei�n �
X�� 
Y �� � Teich�S��Teich�S��

To�th h antistoiq�a e�na �na proc �na kai ep� kai sumbat� me tic migadik�c
dom�c� H apeik�nish

� � QF �S�� Teich�S� � Teich�S�

pou st�lnei to 

� sto �
X�� 
Y �� e�nai amfiol�morfh

Migadik�c upopollapl�thtec thc morf�cB

Y
�S� � ����Teich�S��f
Y �g�

kai BX �S� � ����f
X�g � Teich�S��� e�nai amfiol�morfec me ta Teich�S�
kai Teich�S� ant�stoiqa
 Aut�c oi upopollapl�thtec kalo�ntai Bers tom�c
tou QF �S��

�Ena �llo upos�nolo tou Quasifuchsian q�rou me eidik� endiaf�ron� e��
nai o Fuchsian q�roc F �S� thc S� O F �S� peri�qei shme�a 

�� gia ta opo�a
h 
��� e�nai Fuchsian� kai sunep�c oi ant�stoiqec Riemann epif�neiec X�Y
ikanopoio�n th sunj�kh� Y � X� E�nai mia pragmatik� analutik� �g � �
upopollapl�thta tou QF �S�� kai mpore� na tautiste� me pragmatik� analu�

tik� tr�po me ton q�ro Teichm�uller eF �S���Bl
 �Kr��
 Sumbol�zoume me I
T

ton sqed�n migadik� telest� pou dra ston efapt�meno q�ro tou Teich�S��

Dra ep�shc p�nw ston efapt�meno q�ro tou eF �S�� kai kat� aut�n ton tr�po
o eF �S� mpore� na jewrhje� wc m�a sqed�n migadik� pollapl�thta
 Ap� thn

ta�tish tou F �S� me ton eF �S�� mporo�me na d�soume ston F �S� th dom� mia�
c sqed�n migadik�c pollapl�thtac� all� h fusiologik� emf�teus� thc ston
QF �S� den e�nai ol�morfh




�EKJESH TWN APOTELESM�ATWN �

O Q
 Kourouni�thc �rise ol�morfec suntetagm�nec gia ton QF �S� �K��

Aut�c oi suntetagm�nec d�nontai topik� se k�je shme�o ap� ta migadik� m��
kh �i � i � �� ���� �g � � sugkekrim�nwn gewdaisiak�n thc ant�stoiqhc quasi�
Fuchsian pollapl�thtac
 E�n to shme�o e�nai Fuchsian
 t�te oi suntetagm��
nec e�nai pragmatik�c kai �sec me tic pragmatik�c analutik�c suntetagm�nec

tou Teichm�uller q�rou eF �S�

O Kourouni�thc �rise ep�shc ta dianusmatik� ped�a k�myhc ston Quasi�

fuchsian q�ro
 Se k�je apl� kleist� kamp�lh 	 thc S� up�rqei prosarthm�no
�na ol�morfo dianusmatik� ped�o T� � to opo�o ex� orismo� e�nai o apeiro�
st�c genn�torac m�ac 	�migadik�c parametrik�c om�dac amfiolomorfi�n tou
QF �S�� �pou mia t�toia amfiolomorf�a or�zetai se k�je shme�o 

�� ap� thn
k�myh thc ant�stoiqhc 
�pollapl�thtac kat� m�koc thc gewdaisiak�c 
�	��
P�nw sthn efapt�menh upod�smh tou Fuchsian q�rou� to pragmatik� m�roc
tou T� e�nai apl�c to twist ped�o t� �

M�a euristik� eik�na� H apeik�nish �� tou Bers mac d�nei thn para�
k�tw euristik� eik�na gia ton QF �S� kai tic upopollapl�tht�c tou�

K�poia mpore� na fantaste� ton Quasifuchsian q�ro san �na anoikt�
sunektik� upos�noloA tou migadiko� q�rou C �g�� � T�te mpore� na sqedi�sei
tic tom�c tou Bers B

S
�S� kai B

S
�S� san d�o �g � � migadiko�c �xonec m�sa

sto A oi opo�oi t�mnontai sto shme�o �mhd�n�� pou e�nai to ����
S� � 
S���
Gia eukol�a mpore� na upoj�sei �ti auto� oi �xonec t�mnontai k�jeta sto ��
all� afo� den up�rqei k�poia metrik�� h l�xh �k�jeta� e�nai proc to par�n
qwr�c n�hma
 Se aut� thn eik�na o Fuchsian q�roc F �S� e�nai to tm�ma
thc �g � � pragmatik�c diagwn�ou tou C �g�� pou peri�qetai sto A� Mpore�
ep�shc na jewr�sei to A san �na upos�nolo tou C �g�� � all� to teleuta�o me
prosarthm�nec tic treic kouat�rniec migadik�c dom�c I� J�K �pou I� � J� �
K� � IJK � �id� E�n o I antistoiqe� sth fusiologik� migadik� dom�� t�te
h diag�nioc e�nai m�a pragmatik� upopollapl�thta tou �A� I� all� kai m�a
migadik� upopollapl�thta tou �A� J��

�Ustera ap� �la aut�� ta ak�louja erwt�mata mpore� na �rjoun sto nou
thc�

a� Poia e�nai h kat�llhlh metrik� me thn opo�a pr�pei na efodiaste� o
QF �S�� �tsi �ste oi tom�c tou Bers na e�nai k�jetec sto ��

b� Poia e�nai h kat�llhlh migadik� dom�� an�logh thc J � �tsi �ste o
F �S� na e�na migadik� upopollapl�thta tou QF �S� wc proc aut� th dom��

H ergas�a mac apant� kur�wc s� aut� ta erwt�mata


�Ekjesh Twn Apotelesm�twn

To pr�to m�roc thc ergasiac mac e�nai afierwm�no sth mel�th thc mi�
gadik�c sumplektik�c gewmetr�ac tou QF �S� h opo�a anadeikn�etai ap� thn
uperbolik� gewmwtr�a twn quasi�Fuchsian pollaplot�twn
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Migadik�c sumplektik�c pollapl�thtec� M�a migadik� pollapl��
thta M migadik�c di�stashc �n kale�tai migadik� sumplektik�� e�n up�rqei
m�a mh ekfulism�nh� kleist�� ��� 	��ol�morfh morf� � orism�nh panto� p��
nw sthn M�

H pr�th kai h de�terh metabol� tou migadiko� m�kouc miac gewdaisiak�c
up� thn k�myh epid�qetai gewmetrik�c perigraf�c �K
�
 Qrhsimopoio�me to��
th thn perigraf� gia na or�soume mia ol�morfh ��� 	� morf� gia ton QF �S��
Apodeikn�oume to parak�tw �Je�rhma 

	

�

JEWRHMA
 Up�rqei m�a mh ekfulism�nh kleist� ol�morfh ��� 	� morf�
� orism�nh pantou sto QF �S� me thn opo�a o QF �S� g�netai migadik� su�
mplektik� pollapl�thta� H morf� � d�netai se k�je shme�o 

� � QF �S�
ap� ton t�po�

�
�����

�T� � T� � �
X

p����

cosh��
�	�� 
����p

�pou ta T� � T� e�nai dian�smata k�myhc pou antistoiqo�n se apl�c kleist�c
gewdaisiak�c 	� � thc S� kai ��
�	�� 
���� e�nai h migadik� ap�stash twn
gewdaisiak	n 
�	�� 
����

H morf� � mpore� na jewrhje� san thn migadopo�hsh thc Weil�Petersson

pragmatik�c sumplektik�c morf�c tou eF �S��
O Quasifuchsian q�roc QF �S� epid�qetai olik�n migadik�n �migadik�n

F�N� suntetagm�nwn �i � �i � i � �� ���� �g � �� �K��� �pou oi �i e�nai sunar�
t�seic migadiko� m�kouc pou antistoiqo�n stic gewdaisiak�c thc diam�rishc
thc S kai oi �i e�nai oi ant�stoiqec sunart�seic k�myhc
 Apodeikn�oume to
parak�tw �Je�rhma 

	
	��

JEWRHMA
 H �kfrash thc � se olik�c migadik�c F�N suntetagm�nec
e�nai

� �

�g��X
i��

d���i � d
��i�

Hyperk�ahlerian pollapl�thtec� Mia �n�di�stath Riemannian pol�
lapl�thta �M� g� kale�tai Hyperk�ahlerian e�n up�rqoun d�o migadiko� tele�
st�c I� J orism�noi p�nw sthn M t�toioi �ste IJ � JI � 	 kai h g e�nai
K�ahler metrik� wc proc I kai J 
 Shmei�noume �ti h �parxh t�toiwn I� J
ep�gei thn �parxh en�c tr�tou telest� K� o opo�oc e�nai ep�shc t�toioc �ste
h �M�K� g� na e�nai K�ahlerian pollapl�thta


Mia Hyperk�ahlerian pollapl�thta e�nai aut�mata mia migadik� sumple�
ktik� pollapl�thta�



�EKJESH TWN APOTELESM�ATWN ��

Kat� pr�to l�go e�nai sumplektik� kai wc proc tic treic sumplektik�c
morf�c �� �� � �� pou ep�gontai ap� touc telest�c I� J�K ant�stoiqa
 Jew�
r�ntac thn M san m�a I�migadik� pollapl�thta� t�te h I �ol�morfh ��� 	��
morf�

� � �� � i��

or�zei mia migadik� sumplektik� dom� gia thn �M� I��
H isq�c tou antistr�fou e�nai gnwst� gia thn per�ptwsh pou h M e�nai

sumpag�c


�Eqontac or�sei �dh mia migadik� sumplektik� dom� gia ton QF �S� e�nai
fusiologik� na rwt�soume an up�rqei mia Hyperk�ahlerian dom�� ap� thn
opo�a na prok�ptei aut� h migadik� sumplektik� dom�
 Af�tou h morf�
mac � e�nai ousiastik� h migadopo�hsh thc W�P sumplektik�c dom�c �

WP
�

odhgo�maste sthn W�P gewmetr�a� thn opo�a melet�me sto de�tero m�roc
thc ergas�ac mac


Pr�ta� kai kat� analog�a me ton q�ro Teichm�uller
 or�zoume toW�P her�
mitian gin�meno se k�je shme�o 

� touQF �S��O ol�morfoc sunefapt�menoc
q�roc tou QF �S� sto 

� e�nai o migadik�c Banach q�roc twn tetragwnik�n
diaforik�nQ�G�� G � 
���� Aut�c e�nai o q�roc twn oloklhr�simwn ol�mr�
fwn sunart�sewn � pou or�zontai sto D

G
� to qwr�o asun�qeiac thc G� kai

pou ikanopoio�n th sunj�kh ��g�z���g��z��� � ��z� gia �la ta g � G kai gia
�la ta z � D

G
� Gia k�je t�toia �� � to W�P hermitian gin�meno h

WP
d�netai

ap�

hQ��� �� �

Z
X�Y

���

Ap� to gin�meno� pa�rnoume thn W�P Riemannian metrik� gQ pou or�zetai
ston Quasifuchsian q�ro
 To ak�loujo apot�lesm� mac exasfal�zei thn
W�P K�ahlerian dom� tou Quasifuchsian q�rou� �Je�rhma 

�
��

JEWRHMA
 
Estw � h amfiol�morfh apeik�nish tou Bers ap� to QF �S�

ep� tou bT �S�� Isq�ei h ak�loujh sq�sh�

gQ � ����g
bT

To ze�goc �QF �S�� gQ� e�nai m�a K�ahlerian pollapl�thta� H metrk� e�nai mh
pl�rhc kai h om�da twn amfiol�morfwn isometri	n einai h modular om�da
Mod

Q
�S��

O I
Q
e�nai o sqed�n migadik�c telest�c ston efapt�meno q�ro touQF �S��

ap� ton opo�o prok�ptei h sun�jhc migadik� dom�
 H om�daMod
Q
�S� e�nai h

�diakrit�� upoom�da twn amfiolomorfi�n tou QF �S� pou e�nai is�morfh me
to kartesian� gin�meno om�dwn Mod�S� �Mod�S��



�
 EISAGWGH

Kataskeu�zoume �na n�o sqed�n migadik� telest� J
Q
ston efapt�meno

q�ro tou QF �S�� me tic parak�tw idi�thtec�
a� O J

Q
skew�metat�jetai me ton I

Q
kai

b� o periorism�c tou sthn efapt�menh upod�smh tou F �S� e�nai apl�c o
sqed�n migadik�c telest�c I

T
tou q�rou Teichm�uller�

De�qnoume �peita �ti oi sqed�n migadiko� telest�c J
Q
�K

Q
� I

Q
J
Q
e�nai

migadiko� kai par�llhloi wc proc thn gQ� Kat� aut�n ton tr�po pa�rnoume to
k�rio apot�lesm� mac� �Jewr�mata 

�
� kai

�
��

JEWRHMA
 O q	roc QF �S� me tic migadik�c dom�c I
Q
� J

Q
� kai thn Weil�

Petersson riemannian metrik� gQ e�nai m�a Hyperk�ahlerian pollapl�thta� O
q	roc Teichm�uller F �S� e�nai migadik� upopollapl�thta tou �QF �S�� J

Q
��

Ap� to parap�nw je�rhm� c prok�ptoun apotel�smata pou aforo�n
thn sumplektik� gewmetr�a tou Quasifuchsian q�rou
 Sumbol�zoume me
�Q� �Q

�
� �Q

�
tic treic K�ahlerian pragmatik�c sumplektik�c morf�c pou anti�

stoiqo�n stouc I
Q
� J

Q
�K

Q
� To ak�loujo je�rhma perigr�fei thn sumplekti�

k� sumperifor� tou q�rou Teichm�uller m�sa ston QF �S� � �Je�rhma 

�
��

JEWRHMA
 i� O q	roc Teichm�uller wc to s�nolo F �S� e�nai� M�a La�
grangian upopollapl�thta tou QF �S� wc proc tic �Q kai �Q

�
� kai m�a su�

mplektik� upopollapl�thta tou QF �S� wc proc thn �Q
�
�

ii� Oi tom�c tou Bers e�nai sumplektik�c upopollapl�thtec tou QF �S�
wc proc thn �Q kai Lagrangian upopollapl�thtec tou QF �S� wc proc tic
�Q
�
kai �Q

�
�

H migadik� sumplektik� morf� pou ep�gei h Hyperk�ahlerian dom� tou
QF �S� e�nai h

�Q � �Q
�
� i�Q

�

e�nai fusiologik� to er�thma gia th sq�sh twn �Q kai �� Apodeikn�oume�
�Je�rhma 



	�

JEWRHMA
 H migadik� sumplektik� dom� �Q pou ep�getai ap� thn gQ

e�nai �sh me ���

Sq�lio� O Quasifuchsian q�roc e�nai �na anoikt� upos�nolo tou q��
rou V �S�� pou e�nai to phl�ko tou q�rou twn an�gwgwn anaparast�sewn
thc ���S� sthn PSL��� C � di� thn dr�sh thc PSL��� C � me eswteriko�c au�
tomorfismo�c
 E�nai gnwst� oti q�roi thc morf�c Homirr����S�� G�� ��
�pou h G e�nai m�a hmi�apl� om�da Lie me �na anallo�wto gin�meno sthn Lie
�lgebr� touc� e�nai sumplektiko� an h G e�nai pragmatik� kai migadiko� su�
mplektiko� an h G e�nai migadik�� ap� m�a kataskeu� tou W�Goldman 
G	���

Qrhsimopoi�ntac �diec mej�douc me aut�c tou Goldman
 o N� Hitchin ap��
deixe �ti sthn per�ptwsh pou h G e�nai migadik�� oi q�roi auto� d�qontai mia



�EKJESH TWN APOTELESM�ATWN ��

Hyperk�ahlerian dom� �H�
 Oi kataskeu�c kai oi apode�xeic mac akoloujo�n
�nan entel�c diaforetik� dr�mo
 Bas�zontai sth jewr�a twn quasiconforma�
l apeikon�sewn kai thc uperbolik�c gewmetr�ac� kai �tsi apokal�ptoun thn
analutik� kai thn gewmetrik� prooptik� tou antikeim�nou


H ergas�a aut� qwr�zetai se kef�laia


To Kef�laio I e�nai eisagwgik� kai upodiaire�tai se treic paragr�fouc

Sthn par�grafo 	
	 k�noume m�a s�ntomh anafor� stouc M�obius meta�

sqhmatismo�c kai stic Kleinian om�dec
 Mia mikr� suz�thsh per� quasicon�
formal apeikon�sewn lamb�nei q�ra sthn 	
�
	 kai to je�rhma �parxhc twn
Ahlfors�Bers diatup�netai sthn 	
�
�


Sthn par�grafo 	
�� asqolo�maste me Riemann epif�neiec kai th s�nde�
s� touc me tic quasiconformal apeikon�seic �upopar�grafoi 	


	 kai 	


��

Sthn 	



 perigr�foume to Je�rhma Taut�gqronhc Omoiomorfopo�hshc tou
Bers�

To Kef�laio II diaire�tai se d�o paragr�fouc

Sthn par�grafo �
	 k�noume m�a mia anask�phsh thc Teichm�uller jew�

r�ac

Sthn upopar�grafo �
	
	 d�noume tic perigraf�c tou q�rou Teichm�uller

tic opo�ec qrhsimopoio�me sto up�loipo thc ergas�ac mac
 Stic upoparagr��
fouc �
	
� kai �
	

 g�netai m�a sqetik� ekten�c suz�thsh per� thc migadik�c
dom�c kai thc K�ahlerian dom�c pou prok�ptei ap� to W�P hermitian gin��
meno
 Sthn �
	
�� diatup�noume orism�na ap� ta apotel�smata pou aforo�n
sthn F�N pragmatik� analutik� perigraf� kai sth sumplektik� gewmetr�a
tou q�rou Teichm�uller�

Sthn par�grafo �
� eis�getai oQuasifuchsian q�rocQF �S�� H upopar��
grafoc �
�
	 anaskope� j�mata thc jewr�ac genik�n q�rwn paramorf�sewn
Kleinian om�dwn� ta opo�a qrhsimopoio�me sthn perait�rw suz�ths� mac

Sth �
�
� perioriz�maste ston Quasifuchsian q�ro� perigr�fontac analuti�
k� ton ol�morfo efapt�meno kai sunefapt�meno q�ro se k�je shme�o kai
kur�wc thn id�a gia to p�c eis�getai o J

Q
� Stic �
�

��
�
� epanalamb�noume

s�ntoma tic �nnoiec tou migadiko� m�kouc� thc migadik�c ap�stashc kai thc
k�myhc ston Quasifuchsian q�ro
 Sth �
�
� asqolo�maste me thn ol�morfh
f�sh twn dianusmatik�n ped�wn k�myhc


H k�ria ergas�a mac ke�tai sto Kef�laio III� to opo�o diaire�tai se treic
paragr�fouc


Sthn par�grafo 

	 kataskeu�zoume thn migadik� sumplektik� morf� �
ston QF �S�� Ap� thn kataskeu� prok�ptei �nac t�poc du�ismo� o opo�oc peri�
gr�fei thn Hamiltonian f�sh twn dianusmatik�n ped�wn k�myhc
 Sthn 

	

�
qrhsimopoi�ntac �na epiqe�rhma analutik�c sun�qishc apodeikn�oume �ti oi
migadik�c F�N suntetagm�nec e�nai kanonok�c gia thn migadik� sumplektik�
pollapl�thta �QF �S�����



�� EISAGWGH

Thn par�grafo 

� asqolo�maste me thn W�P gewmetr�a tou QF �S��
Sthn 

�
	 or�zoume thn W�P metrik� ston QF �S� kai apodikn�oume �ti e�nai
K�ahlerian
 Ed� ep�shc perigr�foume thn pragmatik� sumplektik� dom� pou
ep�gei h metrik� kai o telest�c I

Q
�

H 

�
� per�qei thn ap�deixh tou k�riou jewr�matoc se tr�a b�mata�
Sto pr�to b�ma or�zoume touc sqed�n migadiko�c telest�c J

Q
�K

Q
pou

droun ston efapt�meno q�ro k�je shme�ou

Sto de�tero b�ma� apodeikn�oume �ti oi telest�c auto� e�nai sqed�n her�

mitian� H W�P metrik� param�nei anallo�wth ap� th dr�sh touc

Sto tr�to b�ma apodeikn�oume �ti o JQ ��ra kai o KQ � e�nai oloklh�

r�simoc
 Sumpera�noume �ti o QF �S� e�nai migadik� pollapl�thta wc proc
kai tic d�o dom�c pou or�zoun oi J

Q
�K

Q
kai epipl�on �ti oi telest�c auto�

e�nai par�llhloi wc proc thn metrik�
 Oi sun�peiec tou k�riou jewr�matoc
akoloujo�n euj�c am�swc


T�loc� sthn 


 apodeikn�oume �ti h migadik� sumplektik� dom� � e�nai
�ntwc aut� pou prok�ptei ap� thn Hyperk�ahlerian W�P metrik�


Epijum� na euqarist�sw ton kajhght� k
 Qr�sto Kourouni�th gia thn
ep�bleyh aut�c thc ergas�ac


Di�foroi �njrwpoi me st�rixan hjik� kat� ta qr�nia proetoimas�ac aut�c
thc diatrib�c
 Ap� aut� th j�sh touc euqarist� �louc


H ergas�a aut� afier�netai stic guna�kec sth zw� mou




KEF�ALAIO 	

OMADES KLEIN KAI EPIFANEIES RIEMANN

	�	� OMADES KLEIN

Gia touc orismo�c kai ta apotel�smata pou parousi�zontai stic 	
	 kai
	
� akoloujo�me ta �B	� kai �B��


	�	�	� Metasqhmatismo�M�obius� �EnacM�obius metasqhmatism�c g

e�nai �nac s�mmorfoc automorfism�c thc sfa�rac tou Riemann bC � C �f�g�
Mpore� na parastaje� san thn migadik� sun�rthsh

g�z� �
az � b

cz � d
� ad� bc � �� a� b� c� d � C

Sumbol�zoume me SL��� C � thn om�da pou apotele�tai ap� � � � migadiko�c
p�nakec �

a b
c d

�
me or�zousa �� To s�nolo twn M�obius metasqhmatism�n e�nai m�a om�da
isomorfik� me thn PSL��� C � � SL��� C ��fI��Ig� �pou I e�nai o tautoti�
k�c p�nakac
 H upoom�da thc pou apotele�tai ap� metasqhmatismo�c g me
a� b� c� d � R sumbol�zetai me PSL���R��

Oi M�obius metasqhmatismo� pou e�nai diaforetiko� ap� ton tautotik��
mporo�n na qwristo�n stic ex�c kathgor�ec�

a� Paraboliko�� Auto� pou e�nai suzuge�c me ton g�z� � z � �
b� Elleiptiko�� Auto� pou e�nai suzuge�c me ton g�z� � �z� j � j� � kai
g� Loxodromiko�� Auto� pou e�nai suzuge�c me ton g�z� � �z� j � j�� ��

�Enac loxodromik�c metasqhmatism�c kale�tai uperbolik�c an � � 	�

Sumbol�zoume me U to �nw hmiep�pedo tou Poincar�e�

U � fz � x� iy � C � y � 	g�

K�je stoiqe�o thc PSL���R� apeikon�zei to U ston eaut� tou
 To U g�ne�
tai �na mont�lo gia thn uperbolik� gewmetr�a tou epip�dou �tan efodiaste�
me to stoiqe�o m�kouc

ds� �
j dz j�

y�

��
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kai sunep�c h PSL���R� mpore� na eidwje� t�so san thn om�da �lwn tw�
n s�mmorfwn apeikon�sewn tou U ston eaut� tou� �so kai san thn om�da
twn mh�Eukle�diwn kin�sewn tou epip�dou �h om�da isometri�n thc Riemann
pollapl�thtac �U� ds���


K�ti par�moio isq�ei gia thn PSL��� C �� Sumbol�zoume me U� ton �nw
hmiq�ro� U� � f�z� t� � C � R�g� �Otan efodiaste� me to stoiqe�o m�kouc

ds� �
j dz j� �dt�

t�

g�netai �na mont�lo gia ton mh�Eukle�dio 
�q�ro
 Taut�zoume to �z� t� � U
�

me to kouat�rnio z� tj � x� iy� tj�	k� T�te k�je stoiqe�o g �

�
a b
c d

�
thc PSL��� C � dra p�nw sto U

� s�mfwna me ton kan�na

g�z � tj� � 
a�z � tj� � b�
c�z � tj� � d����

H PSL��� C � e�nai h om�da twn isometri�n thc �U� � ds���

	�	�
� Om�dec Klein kai Fuchs� �Estw X �nac topologik�c q�roc
kai G m�a om�da omoiomorfism�n pou dra p�nw ston X� H dr�sh thc G
kale�tai gn�sia asuneq�c e�n gia k�je sumpag�c upos�nolo K tou X h
sq�sh g�K� 	K �� 
 isq�ei m�no gia peperasm�no pl�joc stoiqe�wn g � G�

M�a om�da Klein G e�nai m�a diakrit� upoom�da thc PSL��� C � pou dra

gn�sia asuneq	c p�nw se k�poio upos�nolo thc bC �
Apodeikn�etai �ti k�je diakrit� upoom�da G thc PSL��� C � dra p�nta

gn�sia asuneq�c p�nw sto U� � kai to phl�ko U��G e�nai m�a ��pollapl�thta

Par� to�to� h diakrit�thta thc G den e�nai ikan� gia thn gn�sia asuneq� dr��

sh thc p�nw se �na upos�nolo thc bC � �Enac isod�namoc me ton prohgo�meno
orism� miac om�dac Klein e�nai o ak�loujoc�

M�a om�da Klein G e�nai m�a diakrit� upoom�da thc PSL��� C � thc opo�ac

to oriak� s�nolo � � ��G� den e�nai �lh h bC �
To oriak� s�nolo e�nai to s�nolo twn shme�wn suss�reushc twn troqi�n


�Ena stajer� shme�o en�c M�obius metasqhmatismo� e�nai �na shme�o z � bC
pou ikanopoie� thn sq�sh g�z� � z� Apodeikn�etai �ti

a� E�n o g e�nai parabolik�c t�te �qei �na stajer� shme�o

b� E�n o g e�nai elleiptik�c t�te �qei �peira stajer� shme�a sto cR�
g� E�n o g e�nai loxodromik�c t�te �qei d�o stajer� shme�a sto cR� kai
d� E�n o g e�nai uperbolik�c t�te �qei d�o pragmatik� stajer� shme�a


D�noume t�ra �nan isod�namo me ton parap�nw orism� tou oriako� su�
n�lou miac om�dac Klein G�



��
� QUASICONFORMAL APEIKONISEIS ��

To oriak� s�nolo � m�ac Kleinian om�dac G e�nai h kleist�thta tou
sun�lou twn stajer	n shme�wn twn mh elleiptik	n stoiqe�wn thc G�

To qwr�o asun�qeiac � � ��G� e�nai to sumpl�rwma tou � sto bC � E�nai
anoikt� kai pukn� sto bC kai e�nai to megal�tero upos�nolo tou bC p�nw sto
opo�o h dr�sh thc G e�nai gn�sia asuneq�c
 Oi sunektik�c sunist�sec tou �
kalo�ntai sunist	sec tou �� M�a Kleinian om�da kale�tai stoiqei	dhc e�n
to oriak� thc s�nolo e�nai peperasm�no
 Den ja asqolhjo�me me t�toiec
om�dec
 Sto up�loipo thc ergas�ac mac oi anafer�menec om�dec Klein ja
e�nai mh stoiqei�deic


M�a Fuchsian om�da � e�nai m�a Kleinian om�da thc opo�ac �la ta loxo�
dromik� stoiqe�a e�nai uperbolik��

H dr�sh thc af�nei anallo�wto �na d�sko � �na hmiep�pedo
 Me suzug�a
sthn PSL��� C � mporo�me p�nta na upoj�toume �ti m�a Fuchsian om�da af�nei
anallo�wto to �nw hmiep�pedo U� Kat� aut�n to tr�po to oriak� thc s�nolo
mpore� na e�nai

i� h epektetam�nh pragmatik� euje�a bR � R � f�����g kai t�te h G
kale�tai pr	tou e�douc� �

ii� �na poujen� pukn� upos�nolo thc bR kai t�te h G kale�tai deut�rou
e�douc


Oi Fuchsian om�dec e�nai to aplo�stero par�deigma Kleinian om�dwn

H ep�menh apl� per�ptwsh Kleinian om�dwn e�nai aut� twn quasi�Fuchsian
om�dwn� tic opo�ec ja or�soume sthn 	
�




	�
� QUASICONFORMAL APEIKONISEIS

Diaisjhtik�� m�a quasiconformal apeik�nish tou migadiko� epip�dou e�nai
m�a apeik�nish pou sto efapt�meno ep�pedo metaf�rei apeirosto�c gewmetri�
ko�c k�klouc se apeirost�c elle�yeic� twn opo�wn o l�goc twn hmiax�nwn
e�nai olik� fragm�noc ap� m�a stajer�
 Gia ton akrib� orism� pou d�noume
sthn 	
�
	� akoloujo�me to �E	�


	�
�	� Quasiconformal apeikon�seic tou epip�dou� �Estw D kai
D� qwr�a tou migadiko� epip�dou C kai w � D � D� �nac omoiomorfism�c
pou diathre� ton prosanatolism�
 Gia k�je z � D jewro�me touc arijmo�c

L�z� r� � maxfj w���� w�z� j� j � � z j� rg

l�z� r� � minfj w���� w�z� j� j � � z j� rg



�� �� OMADES KLEIN KAI EPIFANEIES RIEMANN

kai

H�z� � lim sup
r��

L�z� r�

l�z� r�

L�me �ti h w e�nai quasiconformal �qc sto ex�c� e�n h H e�nai m�a fragm��
nh sun�rthsh sto D� H qc apeik�nish w e�nai K� quasiconformal �K� qc��
up�rqei �nac peperasm�noc arijm�c K t�toioc �ste H�z� � K gia sqed�n
�la ta z tou D�

Ac upoj�soume t�ra �ti h w � D � D� e�nai m�a C� amfidiaf�rish pou
diathre� ton prosanatolism�
 Oi migadik�c merik�c par�gwgoi wz �

�w
�z kai

wz �
�w
�z dinontai apo touc t�pouc

wz �
�

�

�
�w

�x
� i

�w

�y

�

wz �
�

�

�
�w

�x
� i

�w

�y

�
Afo� h w diathre� ton prosanatolism�� h Iakwbian� Jw �j wz j

� � j wz j
�

e�nai austhr� jetik� kai mporo�me na el�gxoume �ti isx�oun ta parak�tw�

L�z� r� � r�j wz�z� j � j wz�z� j� � o�r��

l�z� r� � r�j wz�z� j � j wz�z� j� � o�r��

H�z� �
j wz�z� j � j wz�z� j

j wz�z� j � j wz�z� j
�

Sumpera�noume oti h w e�naiK� qc e�n kai m�no e�n� gia k�je z sto D isq�ei
h ak�loujh sq�sh�

j wz�z� j�
K � �

K � �
j wz�z� j � ���

H sx�sh aut� apotele� �na krit�rio gia na el�gqoume an m�a apeik�nish
e�naI quasiconformal kai epekte�netai kai sthn genik�terh per�ptwsh


M�a sun�rthsh w �qei distributional parag�gouc wz� wz sto D e�n oi
sunart�seic wz� wz an�koun sto L�

loc
�D� kai ikanopoio�n th sq�shZ Z

��wz � w�z�dxdy �

Z Z
��wz � w�z�dxdy � 	

gia k�je le�a sun�rthsh � me sumpag�c st�rigma sto D� O orism�c thc qc
apeik�nishc apodeikn�etai isod�namoc me ton parak�tw�
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Enac omoiomorfism�c w � D � D� pou diathre� ton prosanatolism� e�nai
K� qc e�n h w �qei distributional parag	gouc sto D pou ikanopoio�n thn
��� sxed�n panto��

D�noume merik�c idi�thtec twn qc apeikon�sewn
 E�n h w � D � D� e�nai
K� qc sto D t�te�

i� H w e�nai diafor�simh sxed�n panto�

ii� j wz�z� j� 	 sxed�n panto�

iii� m�w�E�� �

R R
E Jwdxdy gia k�je Lebesgue metr�simo s�nolo E 


D�
iv� E�n K � � t�te h w e�nai conformal

v� H w�� � D� � D e�nai K� qc

vi� E�n h u � D� � D�� e�nai K �� qc� t�te h u � w e�nai KK �� qc


	�
�
� Beltrami exis�seic� To je�rhma twn Ahlfors�Bers� �Estw
w � D � D� m�a qc apeik�nish
 T�te sto D l�nei thn ex�swsh Beltrami

wz � �wz

�pou � � ��z� e�nai m�a metr�simh sun�rthsh tou D �h migadik� diastol� thc
w� pou an�kei sthn anoikt� mp�lla tou L��D�� To s�nolo aut� kale�tai to
s�nolo twn Beltrami diaforik	n tou D� kai sumbol�zetai me Belt�D�� E�n
d�netai �na Beltrami diaforik� �� t�te up�rqei m�a qc apeik�nish tou D pou
l�nei thn ex�swsh Beltrami� Isq�ei to ak�loujo je�rhma pou ofe�letai stouc
L� Ahlfors kai L� Bers� �AB�

JEWRHMA
 
Estw � � Belt�C � �na diaforik� Beltrami� Up�rqei m�a
kanonikopoihm�nh �krat� stajer� ta 	� �� l�sh w� � C � C thc ex�swshc
Beltrami wz � �wz h opo�a e�nai qc sto C � H l�sh epekte�netai sth sfa�ra
tou Riemann jewr	ntac w���� � �� To�th h l�sh e�nai monadik� me thn
�nnoia �ti k�je �llh qc l�sh e�nai thc morf�c A � w� �pou A e�nai �nac
M�obius metasqhmatism�c�

An to � exart�tai ol�morfa wc stoiqe�o tou migadiko� Banach q	rou
L��C � ap� migadik�c param�trouc
 t�te to �dio isq�ei kai gia thn w� � Gia
arket� mikr� � kai gia k�je z �qoume

w���z� � z � �w�
���z� � o���� �� 	

H o��� e�nai omoi�morfa sta sumpag� tou C kai

w�
���z� �
�w���z�

��
j���� �

�

�

Z Z
C

����R�z� ��dxdy

�pou

R�z� �� �
z�z � ��

��� � ���� � z�
�
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Shme�wsh� Sto ex�c oi kanonikopoihm�nec l�seic ja jewro�ntai p�nw
sth sfa�ra tou Riemann


E�n t�ra � � Belt�D� �pou to D e�nai �na ypoqwr�o tou C � t�te jew�
ro�me to Belt�D� wc to s�nolo twn stoiqe�wn tou Belt�C � pou e�nai mhd�n
�xw ap� to D� T�te h w� e�nai h qc apeik�nish tou C h opo�a e�nai conformal
ekt�c tou D�

�Estw D � U to �nw hmiep�pedo� kai � � Belt�U�� Sto � antistoiqe� m�a
monadik� qc apeik�nish tou U ston eaut� tou pou stajeropoie� ta 	� ����
Aut� prok�ptei wc ex�c� �Estw e� � Belt�C � pou or�zetai wc ex�c�

e��z� � �
��z�

��z�
z � U

z � L

H en l�gw apeik�nish e�nai h f� � we� �tan h teleuta�a �qei perioriste� sto
U�

Ta Beltrami diaforik� pou ikanopoio�n thn sunj�kh

��z� � ��z�

gia k�je z � C l�gontai summetrik� kai o q�roc touc sumbol�zetai me
Belt

S
�C ��

	�
��� Beltrami diaforik� kai om�dec Klein� Gia ta ak�louja pa�
rap�mpoume sto �E	�


�Estw G m�a Kleinian om�da me qwr�o asun�qeiac � kai oriak� s�nolo
�� �Estw ep�shc w� m�a qc apeik�nish tou epektetam�nou epip�dou
 H om�da

G� � w� �G � �w���� � fw� � g � �w����� g � Gg

e�nai m�a om�da omoiomorfism�n pou dr� gn�sia asuneq�c p�nw sto w�����
H G� e�nai Kleinian e�n e�nai m�a om�da conformal apeikon�sewn
 Dhlad��
e�n h w� � g � �w���� e�nai conformal gia k�je g � G� Qrei�zetai �nac apl�c
upologism�c gia na do�me �ti aut� e�nai isod�namo me th sq�sh

��g�z��g��z��g��z� � ��z�

gia k�je g � G�

O q	roc twn G�anallo�wtwn migadik	n diaforik	n L��G�e�nai o miga�
dik�c q	roc Banach pou apotele�tai ap� metr�simec migadik�c ousiastik�
fragm�nec sunart�seic ��z� orism�nec sto C me st�rigma sto �� kai pou
ikanopoio�n ton n�mo metasqhmatismo�

��g�z��g��z��g��z� � ��z�

gia k�je g � G kai gia k�je z � C � H anoikt� mp�lla

f� � L��G� � k� k�� �g
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me thn supremum n�rma e�nai o q	roc twn diaforik	n Beltrami thc G kai
sumbol�zetai me Belt�G��

Gia k�je �na Beltrami diaforik� � � Belt�G� h om�da G� e�nai p�li Klei�
nian kai s�mfwna me to je�rhma twn Ahlfors�Bers ta stoiqe�a thc exart�ntai
kat� ol�morfo tr�po ap� thn par�metro ��

Oi om�dec G� kalo�ntai quasiconformal paramorf	seic thc G�

Ac upoj�soume t�ra �ti h � e�nai m�a Fuchsian om�da kai ac sumbol�sou�
me me Belt���U��ant
 Belt���� to s�nolo twn Beltrami diaforik�n thc �tan
h � jewre�tai na dra p�nw sto U �ant
 p�nw st C �R�
 Sumbol�zoume ep�shc
me Belt

S
��� to upos�nolo tou Belt��� pou apotele�tai apo summetrik� Bel�

trami diaforik�
 An � � Belt���U�� t�te jewro�me thn f� �pwc sthn 	
�
�

H om�da �� � f� � � � �f���� e�nai m�a Fuchsian om�da pou dra p�nw sto
U� Shmei�noume �ti aut� h om�da e�nai h �dia me thn �e� � we� � � � �we�����
h �e� �mwc jewre�tai na dra p�nw sto migadik� ep�pedo


Oi Fuchsian om�dec pou prok�ptoun kat� aut�n to tr�po l�gontai Fuhsian
� pragmatik�c paramorf	seic thc �� Afo� to e� exart�tai kat� pragmatik�
analutik� tr�po ap� to �� to �dio isq�ei kai gia ta stoiqe�a thc �e��

Quasi�Fuchsian om�dec� Xekin�ntac ap� m�a Fuchsian om�da �� kai
gia opoiod�pote � � Belt���� h Kleinian om�da �� kale�tai quasi�Fuchsian

E�nai Fuchsian an kai m�no an � � Belt

S
���� Kataskeu�zontac m�a quasi�

Fuchsian om�da kat� aut�n to tr�po� odhgo�maste e�kola sthn ap�deixh
tou Jewr�matoc Taut�gqronhc Omoiomorfopo�hshc tou Bers
 �bl
 	




parak�tw�
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Se aut� thn par�grafo k�noume m�a anask�phsh se j�mata pou aforo�n
se Riemann epif�neiec kai ta opo�a e�nai qr�sima gia thn perait�rw suz�thsh

Parap�mpoume kur�wc sto �E�� kai sto bibl�o tou O� Lehto �L�� kef
 � kai �


	���	� Riemann epif�neiec kai diaforik�� �Estw S m�a prosanato�
lism�nh le�a epif�neia ston R� � Gia k�je t�toia epif�neia to stoiqe�o m�kouc
e�nai thc morf�c

ds� � Edx� � �Fdxdy �Gdy�

�pou E�G�F e�nai ta jemeli�dh pos� tou Gauss ekfrasm�na m�sw twn su�
ntetagm�nwn sunart�sewn thc antistr�fou thc topik�c param�trou f �
�f� � f� � f�� kai EG�F

� � 	� Qrhsimopoi�ntac ton migadik� sumbolism�dz �
dx�idy� dz � dx�idy mporo�me p�ntote na gr�youme thn parap�nw �kfrash
sthn migadik� morf�

ds � ��z� j dz � ��z�dz j � ����
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Ed� h � e�nai m�a jetik� sun�rthsh kai h � e�nai m�a migadik� sun�rthsh me
j��z�j � ��

D�o t�toiec metrik�c ds� � ds� thc S kalo�ntai conformally isod�name
an e�nai an�logec se k�je shme�o thc S� to opo�o shma�nei �ti h tautotik�
apeik�nish thc S e�nai conformal wc proc aut�c tic metrik�c
 M�a conformal
dom� p�nw sthn S e�nai m�a conformal kl�sh isodunam�ac metrik�n


M�a Riemann epif�neia e�nai m�a prosanatolism�nh le�a epif�neia S e�
fodiasm�nh me m�a conformal kl�sh isodunam�ac metrik	n�

O orism�c aut�c e�nai isod�namoc me ton ak�loujo�

M�a Riemann epif�neia S e�nai m�a ��di�stath migadik� pollapl�thta�

Pr�gmati� e�n h S e�nai prosanatolism�nh kai �qei m�a dosm�nh conformal
dom�� t�te oi conformal apeikon�seic ap� anoikt� s�nola thc S sto migadik�
Eukle�dio ep�pedo pou diathro�n ton prosanatolism�� apotelo�n �na miga�
dik� �tlanta gia thn S� Ant�strofa� k�je sunektik� monodi�stath migadik�
pollapl�thta �xei �na fusiologik� prosanatolism�� kai m�a Riemannian me�
trik� pou e�nai t�toia �ste oi migadik�c sunart�seic suntetagm�nwn thc S
e�nai conformal apeikon�seic ent�c tou C �

�Estw S m�a Riemann epif�neia me migadik� �tlanta �dhlad� conformal
dom�� fUi � zig� Upoj�toume �ti h f � S � C e�nai m�a ol�morfh sun�rth�
sh kai �ti oi topik�c par�metroi zi � zj �qoun epikalupt�mena ped�a orismo�

Gr�fontac fi � f � z��

i
� fj � f � z��

j
kai jewr�ntac tic zi � zj san migadik�c

metablht�c� t�te diafor�zontac th sq�sh fi�zi� � fj �zj � �qoume

f �
i
dzi � f �

j
dzj

Aut� h sq�sh or�zei topik� to �anallo�wto� diaforik� thc f� Genik�tera


Ena �m�n� diaforik� p�nw se m�aRiemann epif�neia S e�nai m�a sullog�
� ap� sunart�seic �i � Ui � C pou ikanopoio�n thn

�i�
dzi
dzj

�m�
dzi
dzj

�n � �j

sto Ui 	 Uj 


E�nai faner� �ti ta �m�n� diaforik� e�nai migadiko� tanust�c thc S� Ta
spoudai�tera e�dh diaforik�n e�nai�

To s�nolo twn Beltrami diaforik	n Belt�S� e�nai to s�nolo pou apo�
tele�tai ap� Lebesgue metr�sima ���� �� diaforik� � thc S pou ikanopoio�n
thn k � k

�
� ��
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To s�nolo twn tetragwnik	n diaforik	n Q�S� pou apotele�tai ap� ta
ol�morfa ��� 	� diaforik� thc S�

Shmei�noume �ti ta Beltrami diaforik� mporo�n na oloklhrwjo�n wc
proc to Lebesgue m�tro� h ap�luth tim� en�c tetragwniko� diaforiko� e�nai
�na ��� �� diaforik� kai to tanustik� gin�meno en�c Beltrami diaforiko� me
�na tetragwnik� diaforik� e�nai �na ��� �� diaforik�� dhlad� �na stoiqe�o
embado� gia thn S�

	���
� Riemann epif�neiac kai qc apeikon�seic� D�noume ton ori�
sm� thc quasiconformal apeik�nishc metax� Riemann epifanei�n
�L� sel
	��



Enac omoiomorfism�c f � S� � S� d�o Riemann epifanei	n kale�taiK�
qc an gia opoiesd�pote topik�c param�trouc zi en�c �tlanta thc Si � i � �� ��
h apeik�nish z� � f � z

��
�

e�nai K� qc sto s�nolo sto opo�o or�zetai� H
apeik�nish f e�nai qc e�n e�nai K� qc gia k�poio peperasm�no K � ��

Kalo�me d�oRiemann epif�neiec S� � S� quasiconformally isod�namec e�n
up�rxei m�a qc apeik�nish f � S� � S� � M�a t�toia apeik�nish kajor�zei �na
stoiqe�o � � Belt�S��� An � � 	 t�te f e�nai conformal �dhlad� ol�morfh�
kai oi S� � S� kalo�ntai conformally isod�namec�

Riemann epif�neiec kai Fuchsian om�dec� Omoiomorfopo�hsh�
To ak�loujo je�rhma pou ofe�letai ston Ahlfors kathgoriopoie� tic Rieman�
n epif�neiec
 Einai epi�shc gnwst� wc to Je�rhma Apeik�nishc tou Riemann
gia Riemann epif�neiec
 Parap�mpoume gia m�a elafr�c parallagm�nh mor�
f� tou sto �L� sel
	�
�	��


JEWRHMA� �Ahlfors� 
Estw S m�a Riemann epif�neia� T�te e�nai con�

formally isod�namh me m�a ap� tic parak�tw� i� C ii� C �f	g iii� bC iv� C �L
�pou L e�nai �na lattice kai v� U�� �pou � e�nai m�a Fuchsian om�da�

To parap�nw je�rhma apant� sto pr�blhma thc omoiomorfopo�hshcRie�
mann epifanei�n� dhlad� thc param�trhshc touc ap� monotimec ol�morfec
� mer�morfec sunart�seic


D�noume parak�tw orism�na basik� apotel�smata thc jewr�ac
 Oi apo�
de�xeic touc mporo�n na brejo�n sto �L� sel
 	���	�	


An�ywsh qc apeikon�sewn� Oi qc apeikon�seic kai ta Beltrami dia�
forik� epifanei�n Riemann
 mporo�n na anuywjo�n se qc apeikon�seic kai
diaforik� twn antistoiqwn epifanei�n kai om�dwn k�luyhc



Estw S� � S� Riemann epif�neiec kai f � S� � S� m�a qc apeik�nish�

Upoj�toume �ti h �bS� �i�� e�nai h kajolik� epif�neia k�luyhc thc Si � i �
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�� �� kai h �i e�nai h om�da k�luyhc thc bS p�nw ap� thn Si ��H epif�neia
k�luyhc pr�pei na e�nai h �dia kai gia tic d�o Si afo� e�nai quasiconformally

isod�namec�� K�je an�ywsh bf � bS � bS thc f e�nai qc�

E�n Si � U��i � i � �� �� kai h f � S� � S� e�nai qc
 t�te to ant�stoiqo
� � Belt�S�� mpore� na anuywje� se �na stoiqe�io tou Belt��� �U�� to opo�o
sumbol�zoume p�li me ��

�Uparxh� 
Estw S � U�� m�a Riemann epif�neia kai � � Belt�S��
T�te up�rqei m�a qc apeik�nish f thc S ep� miac �llhc Riemann epif�neiac
me migadik� diastol� �
 h opo�a kajor�zetai monadik� wc proc conformal
apeikon�seic�

Q�rin thc perait�rw suz�thshc� skiagrafo�me thn ap�deixh� Doj�ntoc
� � Belt�S� mporo�me na to jewr�soume san �na stoiqe�o � � Belt���U��
�Opwc sthn 	
�

 prok�ptei m�a qc apeik�nish f� � U � U h opo�a e�nai
monadik� up� thn ennoia tou jewr�matoc �parxhc twn Ahlfors�Bers� H om�da
�� � f� � � � �f���� e�nai Fuchsian kai h S� � U��� e�nai m�a Riemann
epif�neia
 �H S� e�nai h epif�neia S me conformal dom� thn prok�ptousa
ap� to ��
 E�n oi pr � U � S� pr� � U � S� e�nai oi kanonik�c probol�c� t�te
h f or�zetai ap� th sq�sh

f � pr � pr� � f��

H monadik�thta thc f �petai ap� thn monadik�thta thc f��

Conformal dom�c kai Beltrami diaforik�� Mia shmantik� sun�peia
tou jewr�matoc �parxhc e�nai �ti to Belt�S� br�sketai se �na proc �na anti�
stoiq�a me to s�nolo twn conformal dom�n p�nw sthn Riemann epif�neia S�
Pr�gmati� �na stoiqe�o tou Belt�S� or�zetai ap� thn morf� thc metrik�c ����

Antistr�fwc� doj�ntoc en�c stoiqe�ou � tou Belt�S�� t�te ap� to je�rhma
�parxhc� pa�rnoume mia conformal dom� gia thn S�

Isomorf�ec om�dwn pou prok�ptoun ap� qc apeikon�seic� O�
motop�a� Ta ak�louja apotel�smata pa�zoun shmantik� r�lo sth jewr�a
q�rwn Teichm�uller�


Estw S � U�� kai S� � U��� d�o Riemann epif�neiec kai fi � S � S��

i � �� �� d�o qc apeikon�seic� 
Estw bf� m�a an�ywsh thc f� � T�te oi f� kai f�
ep�goun ton �dio isomorfism� metax� twn � kai �� e�n up�rqei m�a an�ywshbf� thc f� h opo�a iso�tai me thn bf� p�nw sto oriak� s�nolo thc ��


Estw S � U�� m�a Riemann epif�neia kai f � S � S m�a conformal
apeik�nish omotopik� me thn tautotik�� T�te h f e�nai h tautotik� apeik�nish�
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M�qri ed�� �la ta proanaferj�nta apotel�smata isq�oun gia opoiesd��
pote Riemann epif�neiec
 Se �ti akolouje�� ja asqolo�maste m�no me klei�
st�c �dhlad� sumpage�c kai qwr�c s�noro� Riemann epif�neiec
 M�a kleist�
Riemann epif�neia g�nouc g � �� e�nai thc morf�c U�� �pou h � e�nai m�a
Fuchsian om�da pr�tou e�douc pou peri�qei m�no uperbolik� stoiqe�a


K�je d�o kleist�c Riemann epif�neiec toi �diou g�nouc e�nai quasicon�
formally isod�namec�


Estw S � U�� kai S� � U��� d�o kleist�c Riemann epif�neiec g�nouc
g � � kai fi � S � S�� i � �� �� d�o qc apeikon�seic� T�te h f� e�nai omotopik�

me thn f� e�n up�rqoun qc anuy	seic bf� kai bf� pou taut�zontai p�nw sto �U�

�Enac opoiosd�pote omoiomorfism�c d�o Riemann epifanei�n pou diath�
re� ton prosanatolism� den e�nai kat� an�gkh omotopik�c me m�a qc apeik�nish

�Omwc sthn per�ptwsh twn kleist�n epifanei�n �qoume to ak�loujo je�rhma
pou ofe�letai ston Teichm�uller�


Estw S � U�� kai S� � U��� d�o kleist�c Riemann epif�neiec tou �diou
g�nouc g � �� T�te k�je kl�sh omotop�ac omoiomorfism	n pou diathro�n ton
prosanatolism� thc S ep� thc S� peri�qei m�a qc apeik�nish�

	����� Taut�gqronh omoiomorfopo�hsh� �Estw S� � S� kleist�c Rie�
mann epif�neiec g�nouc g � �� L�gw tou jewr�matoc omoiomorfopo�hshc
mporo�me na dial�xoume m�a Fuchsian om�da �� �tsi �ste U��� � S� � h a�
n�klash thc S� � �Epetai t�te �ti� S� � L��� � �pou L � fz � x� iy� y � 	g
e�nai to k�tw hmiep�pedo
 Dial�goume m�a �llh Fuchsian om�da �� � �tsi �ste
S� � U��� � �Estw f � S� � S� m�a qc apeik�nish
 T�te h f mpore� na anuyw�
je� se m�a qc apeik�nish tou U ston eaut� tou
 Gia apl�thta kai sto ex�c ja
sumbol�zoume tic anuy�seic p�li me f� Jewro�me th sun�rthsh � � fz�fz
sto U� kai to stoiqe�o �� tou Belt��� �U� pou or�zetai ap� tic sq�seic� �

� � �
sto U kai �� � 	 allo�
 T�te h G � ��

�

�
e�nai quasi�Fuchsian
 E�nai t�ra

faner� �ti isq�oun ta parak�tw�

f�
�

�U��G � S� � f�
�

�L��G � S�

kai oi S� � S� e�nai omoiomorfik�c m�sw en�c omoiomorfismo� pou diathre�
ton prosanatolism�
 L�me t�te �ti h quasi�Fuchsian om�da G anaparist��
nei tic Riemann epif�neiec S� � S� � isod�nama� tic Fuchsian om�dec �� ��� �
Parap�mpoume sto �B
� gia perait�rw leptom�reiec
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TEICHM�ULLER KAI QUASIFUCHSIAN QWROI


�	� TEICHM�ULLER QWROS

Stajeropoio�me sto ex�c m�a kleist�Riemann epif�neia S � U�� g�nouc
g � ��


�	�	� Orismo� tou q�rou Teichm�uller�

O Teichm�uller q�roc m�ac Riemann epif�neiac� �W	� Jewro�me
tri�dec thc morf�c �S�� 
f �� S� �pou 
f � e�nai h kl�sh omotop�ac thc qua�
siconformal apeik�nishc f thc epif�neiac S sthn S�� Or�zoume m�a sq�sh
isodunam�ac ston q�ro aut�n twn tri�dwn wc ex�c�

��S� � 
f� �� S� � �S� � 
f� �� S� e�n up�rqei m�a conformal apeik�nish thc S�

sthn S�omotopik� me thn f� � f
��
�
�

M�a kl�sh isodunam�ac 
X� � 
�X� 
f �� S�� e�nai m�a marked Riemann
epif�neia � kai o q�roc Teichm�uller Teich�S� e�nai to s�nolo twn marked
Riemann epifanei�n
 H kl�sh isodunam�ac tou stoiqe�ou �S� 
id�� S� kale�tai
h arq� tou Teich�S� kai ja sumbol�zetai me 
id��

O Teichm�uller q�roc miac Fuchsian om�dac� �W	� Jewro�me tri��
dec thc morf�c ���� 
��� �pou h �� e�nai m�a Fuchsian om�da pou dra p�nw
sto U kai o 
 � �� �� e�nai �nac isomorfism�c Fuchsian om�dwn pou diathre�
ton prosanatolism�
 Or�zoume m�a sq�sh isodunam�ac ston q�ro aut�n twn
tri�dwn wc ex�c�

���� � 
� ��� � ��� � 
� ��� e�n up�rqei �nac pragmatik�c M�obius metasqh�
matism�c A t�toioc 	ste A��A

�� � �� � 
� � AdA � 
� �

H kl�sh isodunam�ac 
��� � 
���� 
���� e�nai m�a marked Fuchsian om�da�
kai o q�roc Teichm�uller Teich���U�� e�nai to s�nolo twn marked Fuchsian
om�dwn
 H arq� 
id� ed�� e�nai h kl�sh isodunam�ac thc tri�dac ��� id����

Isomorfism�c
 �B�� je�rhmaVII
 E�n S � U�� t�te oi q	roi Teich�S�
kai Teich���U� e�nai kanonik� isomorfiko��


�
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Teichm�uller q�roi kai Beltrami diaforik�� �Estw L����U� o q	�
roc twn ��anallo�wtwn diaforik�n
 kaiBelt���U� to s�nolo twn ��annalo�wtwn
Beltrami diaforik�n


�Estw � � Belt���U�� Jewro�me tic exis�seic Beltrami

wz �

�
�wz

	
z � U

z � L
���

fz �

�
�fz

��z�fz

z � U

z � L
���

Sumbol�zoume me w�� f�� tic monadik�c kanonikopoihm�nec quasiconformal
l�seic twn �	� kai ��� ant�stoiqa


Ap� touc parap�nw orismo�c mporo�me e�kola na do�me �ti�

	
 O Teich���U� e�nai o q�roc twn kl�sewn isodunami�n quasiconformal
apeikon�sewn f � U � U pou e�nai t�toiec �ste h f � � � f�� � �� na e�nai
p�li m�a Fuchsian om�da� kai �pou d�o t�toiec qc apeikon�seic f� � f�tou U

e�nai isod�namec e�n taut�zomntai p�nw ston pragmatik� �xona
 �Eqoume dei
sthn 	
�

 �ti m�a t�toia apeik�nish ep�gei �nan isomorfism� 


f
� � � ���

E�n h f e�nai o periorism�c sto U miac f�� l�shc thc ���� t�te h �� e�nai
p�nta Fuchsian
 Se k�je kl�sh isodunam�ac 
f � antistoiqo�me to shme�o

��� � 
���� 


f
���� � Teich���U�� K�je tri�da ���� 
��� e�nai isod�namh me

m�a thc morf�c ���� 

f
����

�
 O q�roc Teich���U� e�nai o q�roc kl�sewn isodunam�ac Beltrami
diaforik�n
 Upoj�toume �ti oi f� � f� e�nao oi periorismo� sto U thc f�� kai
f�� l�sewn thc ��� ant�stoiqa
 Bl�poume �ti h sq�sh isodunam�ac metax�
apeikon�sewn kajor�zei m�a sq�sh isodunam�ac metax� Beltrami diaforik�n�
�� � �� an kai m�no an f�� � f�� � �Ara mia kl�sh isodunam�ac 
�� anapari�
st�nei ep�shc �na shme�o tou Teich���U��



 Se k�je 
��� antistoiqo�me to shme�o 
S�� � 
�S�� 
id�� S�� tou Teich�S��
K�je tri�da �X� 
f �� S� e�nai isod�namh me m�a thc morf�c �S�� 
id�� S�� Su�
nep�c o Teich�S� e�nai o q�roc twn kl�sewn isodunam�ac 
S���


�	�
� Migadik� dom�� O q�roc Teichm�uller thc S e�nai m�a migadik�
pollapl�thta migadik�c di�stashc �g � �� Sta ep�mena ja perigr�youme th
migadik� tou dom�
 Ja ergaz�maste me to q�ro T ���U� kai parap�mpoume
sto �W�� gia �ti akolouje�





��� TEICHM�ULLER QWROS 
�

Jewro�me ton dianusmatik� q�ro Q���U� twn ��anallo�wtwn oloklh�
r	simwn tetragwnik	n diaforik	n� �Ena stoiqe�o � � Q���U� e�nai m�a ol��
morfh sun�rthsh ��z� p�nw sto U pou ikanopoie� ton n�mo metasqhmatismo��

����z������z��� � ��z�

gia �la ta � � � kai gia �la ta z � U �pwc ep�shc kai th sunj�khZ
S

j � j��

K�je stoiqe�o tou Q���U� or�zei �na ��� 	� diaforik� thc S�
Doj�ntwn � � L����U� kai � � Q���U� h fusiologik� ze�xh

��� �� �

Z
S

��

e�nai kal� orism�nh af�tou to gin�meno �� e�nai m�a � �anallo�wth morf�
embado�
 �Estw

Q���U�� � N���U�

o mhdenik�c q�roc thc ze�xhc
 Oi du��iko� dianusmatiko� q�roi R���U� �
L����U��N���U� kai Q���U� �qoun migadik� di�stash �g � ��

Migadik� dom�� Jewro�me thn apeik�nishb� � Belt���U� � Teich���U�

pou st�lnei k�je � � Belt���U� sthn marked Fuchsian om�da 
f���f����� �

Teich���U�� �pou f� e�nai l�sh thc ���� H b� e�nai ep� kai or�zoume migadik�

dom� p�nw sto Teich���U� apait�ntac ap� thn b� na e�nai ol�morfh


GEGONOS �
	
	
 Gia � � L����U� h sq�sh b��
���
��� � 	 e�nai isod�namh

me thn ��� �� � 	 gia k�je � � Q���U�� O pur�nac thc apeik�nishc diaforiko�
sthn arq� e�nai o q	roc N���U��

GEGONOS �
	
�
 O ol�morfoc efapt�menoc �ant� sunefapt�menoc� q	�
roc sthn arq�
 antistoiqe� ston R���U� �ant� Q���U���

O sqed�n migadik�c telest�c I
T
orism�noc p�nw ston ol�morfo efapt��

meno q�ro sthn arq�� prok�ptei ap� ton pollaplasiasm� me i ston R���U��
K�je coset antistoiqe� se �na stoiqe�o tou upoq�rou L�c ���U� tou L

����U�
pou peri�qei kanonik� diaforik�� dhlad� diaforik� thc morf�c

�Imz���� � � Q���U��

Up�rqei �nac fusiologik�c telest�c probol�c

P � L����U� � L�c ���U�
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pou d�netai ap� thn

P 
���z� �
���Imz��

�

Z Z
U

����

�� � z��
dxdy� z � U�

O telest�c probol�c d�nei ton ant�strofo tou isomorfismo�

L�c ���U� � R���U��

Sunep�c o L�c ���U� d�dei �na �llo mont�lo gia ton ol�morfo efapt��
meno q�ro sthn arq�


Topik�c migadik�c suntetagm�nec mporo�n na perigrafo�n se m�a perioq�
thc arx�c wc ex�c� �W
� Dial�goume

�� � ���� ��g�� � L����U�

twn opo�wn ta N���U� cosets apotelo�n m�a b�sh tou ol�morfou efapt�me�
nou q�rou sthn arq�
 Doj�ntoc � � Belt���U� or�zoume thn apeik�nishfa� � Belt���U� � Belt����U�

o�twc �ste na ikanopoie� thn sq�sh

f
fa�	�
 � f� � �f����

gia k�je � � Belt���U�� Analutik�

fa���� � �
� � �

�� ��

f�z

f�z

�
� �f�����

Aut� h apeik�nish e�nai m�a �na proc �na amfiol�morf�a �me thn �nnoia twn
Frech�et parag�gwn� tou Belt���U� ep� tou Belt����U�� H epag�menh apei�
k�nish

a� � Teich���U� � Teich����U�

pou or�zetai ap� thn

a��
��� � 
fa�����
st�lnei to 
�� � Teich���U� sthn arq� tou Teich����U�� Dial�goume mia pe�
rioq� V tou mhden�c sto C �g�� arket� mikr� o�twc �ste e�n t � �t� � ���� t�g��� �
V t�te to

��t� �

�g��X
j��

tj�j

ikanopoie� thn k��t� k�� �� Jewro�me thn �na proc �na kai ep� migadik�
grammik� apeik�nish

L� � L����U� � L�����U�
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pou d�netai ap� ton t�po

L���� �

�
�

�� j � j�
f�z

f�z

�
� �f�����

�Shmei�noume �ti L���� � �
�t
fa��� � t�� jt��bl
 �A	��
 H suntetagm�nh

apeik�nish e� � V � Teich���U�

d�netai t�te ap� ton t�po e��t� � 
��	t
�� Ta ol�motfa efapt�mena dian�smata
perigr�fontai m�sw authc thc apeik�nishc ap� ton t�po

�

�tj���
jt � L�	t
��j�modN���	t
�U� � R���	t
�U��

Anaf�roume ed� to ak�loujo �L� sel
 �		�

GEGONOS �
	


 Quasiconformally isod�namecRiemann epif�neiec �qou�
n amfiol�morfouc Teichm�uller q	rouc�

Xan� h migadik� dom�� An kai apait�same ap� thn apeik�nish pro�

bol�c b� na e�nai ol�morfh� h migadik� dom� pou prok�ptei p�nw ston q�ro
Teichm�uller e�nai fusiologik�
 To�to mpore� na eidwje� m�sa ap� thn emf��
teush tou Bers �B��� thn opo�a perigr�foume parak�tw


E�dame �ti d�o Beltrami diaforik� �� � e�nai isod�nama an kai m�no an

f� � f� p�nw ston epektetam�no pragmatik� �xona bR 

To ak�loujo ofe�letai ston Bers�

GEGONOS �
	
�
 f� � f�p�nw ston bR an kai m�no an w� � w� sto L

�pou oi teleuta�ec sunart�seic e�ani l�seic thc ����

O q�roc Teichm�uller mpore� na tautiste� me kanonik� tr�po me �na frag�
m�no qwr�o tou migadiko� dianusmatiko� q�rou B���L�twn ��anallo�wtw
fragm�nwn tetragwnik	n diaforik	n� �Ena stoiqe�o � � B���L� e�nai m�a
fragm�nh ol�morfh sun�rthsh ��z� sto L� dhlad�

k � k�� supf
��z�

y�
� z � Lg ��

kai ikanopoie� to n�mo metasqhmatismo�

����z������z��� � ��z�

gia �la ta � � � kai gia �la ta z � L� �Estw �� h schwarzian par�gwgoc
thc conformal apeik�nishc w� sto L �
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�� �

�
�w����

�w���

��
�
�

�

�
�w����

�w���

��
JEWRHMA �AHLFORS�WEILL�BERS��
a� H �� e�nai �na stoiqe�o tou B���L� kai isq�ei �ti

k �� k�� ��

b� H apeik�nish

B � Belt���U� � B���L�

pou or�zetai ap� thn sq�sh B��� � �� e�nai m�a anoikt� kai ol�morfh a�
peik�nish Banach q	rwn kai �qei m�a ol�morfh section ��p�nw sth mp�lla
B�	� �� tou B���L� � An � � B�	� �� t�te to ����� pou or�zetai ap� thn
������z� � ��y���z�� z � U e�nai �na stoiqe�o tou Belt���U��

Gia thn ap�deixh parap�mpoume sto �L� sel
 ���
 H apeik�nish B ep�gei
m�a apeik�nish

�
B
� Teich���U� � B���L�

�pou h �
B
e�nai �na proc �na ap� to �
	
�� kai o Teich���U� e�nai se m�a fu�

siologik� �na proc �na antistoiq�a me to s�nolo twn conformal apeikon�sewn
w�� O Teich���U� taut�zetai me to upos�nolo

f��� � � Belt���U�g�

tou B���L�� H migadik� dom� pou prok�ptei kat� aut� ton tr�po� apodeikn��
etai �ti sump�ptei me aut�n pou or�same sthn prohgo�menh par�grafo
 Gia
periss�terec leptom�reiec parap�mpoume sto �L�� sel
 �����		


Modular om�da� H modular om�daMod�S� �Mod���U� e�nai h om�da
�lwn twn qc apeikon�sewn h tou U t�toiwn �ste h � � � h�� � � gia k�je
� � � modulo thn om�da aut�n twn apeikon�sewn pou ikanopoio�n thn sq�sh
h �� �h�� � � gia �la � � �� Up�rqei �nac omomorfism�c thc om�dac aut�c
m�sa sthn om�da twn amfiolomorfi�n tou q�rou Teichm�uller� an h h e�nai
�nac antipr�swpoc en�c coset� t�te aut� apeikon�zetai sthn amfiolomorf�a
�
h
� �pou

�
h
�
f��� � 
f� � h���

gia k�je 
f��� H modular om�da apodeikn�etai �ti e�nai to s�nolo aut�n twn
amfiolomorfi�n
 �R�

Pragmatik�c efapt�menoc q�roc� Sta ep�mena� ja d�soume m�a
perigraf� tou pragmatiko� efapt�menou q�rou� kai thc dr�shc tou sqed�n
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migadiko� telest� I
T
p�nw s� aut�n
 H perigraf� e�nai m�sw tou q�rou twn

summetrik�n diaforik�n L�
S
����

O L�
S
��� e�nai is�morfoc me ton L����U� �tan o teleuta�oc jewrhje�

san pragmatik�c dianusmatik�c q�roc

O isomorfism�c L����U� � L�

S
��� d�netai ap� thn

�� e� �

�
��z�

��z�
z � U

z � L

Shmei�noume �ti m�sw auto� tou isomorfismo� to s�nolo Belt���U�
apeikon�zetai sto Belt

S
���� Or�zoume �na migadik� telest� sto L�

S
��� wc

ex�c� Gia e� summetrik�� o telest�c I
S
d�netai ap�

�I
S
�e����z� � �

ie��z�
�ie��z� z � U

z � L

E�kola bl�poume �ti an � � L����U�� t�te

� �
�

�
�e�� iI

S
�e����

T�ra e�n � � L����U� e�nai �nac antipr�swpoc tou ol�morfou efapt��
menou dian�smatoc �

�z	�
 � kai
�

�x	�
e�nai to ant�stoiqo pragmatik� di�nusma�

t�te h parap�nw sq�sh mpore� na eidwje� san ton isomorfism� thc �lgebrac
Lie twn apeirost�n automorfism�n tou telest� I

T
me thn �lgebra Lie twn

ol�morfwn dianusmatik�n ped�wn
� dhlad�

�

�z���
�

�

�

�
�

�x���
� iI

T

�

�x���

�
�

O migadik�c telest�c oriz�menoc kat� aut�n ton tr�po� diaf�rei kat�
pr�shmo ap� aut�n pou �qei oriste� sto �G�
 Eke�� h migadik� dom� tou q�rou
Teichm�uller perigr�fetai m�sw tou Hilbert metasqhmatismo�



�	��� Weil�Petersson gewmetr�a� Gia �ti akolouje� parap�mpoume
sto �W�� kai tic eke� anafor�c
 O q�roc Teichm�uller �qei m�a fusiologik�
hermitian dom�
 Gia �� � � Q���U� or�zoume

h���� �� �

Z
S

��

To opo�o e�nai to Weil�Petersson hermitian gin�meno ston sunefapt�meno
q�ro sthn arq�
 H antistoiqh perigraf� gia ton ol�morfo efapt�meno q�ro
prok�ptei ap� to gegon�c �ti KerP � N���U� � Pr�gmatiZ

S

�� �

Z
S

P 
���



�� 
� TEICHM�ULLER KAI QUASIFUCHSIAN QWROI

gia �la ta � � L����U� kai � � Q���U�
 To Weil�Petersson hermitian
gin�meno ston ol�morfo efapt�meno q�ro L�c ���U� sthn arq� d�netai t�te
apl� ap� thn

h��� �� �

Z
S

���

H hermitian morf� ston ol�morfo efapt�meno q�ro sthn arq� tou Teich���U�
d�netai ap� thn

h

�
�

�z���
�

�

�z���

�
�

Z
S

P 
��P 
���

kai h epag�menh riemannian metrik� ston pragmatik� efapt�meno q�ro sthn
arq� e�nai apl� h

g

�
�

�x���
�

�

�x���

�
� �Ref

Z
S

P 
��P 
��g�

H metrik� e�naiK�ahlerian� me arnhtik� ol�morfh tmhmatik� kampul�thta�
mh pl�rhc kai h om�da twn amfiol�morfwn isometri�n thc e�nai h Mod�S�

H pragmatik� �sumplektik��W�P morf� �

WP
pou prok�ptei ap� thn metrik�

d�netai ap� thn

�WP
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H W�P hermitian morf� mpore� na oriste� panto� kat� ton ak�loujo
tr�po� An 
��� � � Belt���U�� e�nai �na shme�o tou Teich���U�� t�te mpore�
na jewrhje� san thn arq� tou q�rou Teich��� �U�� H apeik�nish

a� � Teich���U� � Teich��� �U�

e�nai amfiol�morfh kai apeikon�zei to 
�� � Teich���U� sthn arq� 
id
�
�

tou Teich��� �U�� �Eqontac or�sei to W�P gin�meno h� ston efapt�meno
q�ro sthn arq� tou Teich��� �U�� �qoume to gin�meno h sto shme�o 
�� �
Teich���U�� Analutik�� gia �� � � L����U��
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�	��� Pragmatik� analutik� dom� kai sumplektik� gewmetr�a
tou q�rou Teichm�uller� Se aut� th par�grafo paraj�toume merik� gnw�
st� apotel�smata per� thn pragmatik� analutik� kai thn sumplektik� dom�
tou q�rou Teichm�uller





��� TEICHM�ULLER QWROS ��

San pragmatik� analutik� pollapl�thta o q�roc Teichm�uller ja sum�
bol�zetai p�li me Teich�S��

Gia tic �nnoiec tou gewdaisiako� m�kouc kai twn twist sunart�sewn� �so
kai gia ton akrib� orism� tou Fenchel�Nielsen dianusmatiko� ped�ou
 parap��
mpoume sta �W	���
 Ta jewr�mata �
	
�
 kai �
	
� exasfal�zoun pragmatik�
analutik�c suntetagm�nec gia ton q�ro Teichm�uller
 Sto je�rhma �
	
� peri�
gr�fetai m�a topik� b�sh gia ton pragmatik� efapt�meno q�ro
 M�a pl�rhc
perigraf� thc W�P sumplektik�c morf�c d�netai sto je�rhma �
	
�


JEWRHMA �
	
�
 �W	�� Doje�shc miac diam�rishc thc epif�neiac S ap�
�g � � apl�c kleist�c gewdaisiak�c �i� up�rqoun sunart�seic gewdaisiako�
m�kouc l�i � Teich�S� � R kai twist sunart�seic �i � Teich�S� � R i �
�� ���� �g � � oi opo�ec apotelo�n �na olik� s�sthma pragmatik� analutik	n
suntetagm�nwn gia ton Teich�S�� �Fenchel�Nielsen suntetagm�nec tou q	rou
Teichm�uller��

JEWRHMA �
	
�
 �W	�� Doje�shc miac diam�rishc thc epif�neiac S ap�
�g� � apl�c kleist�c gewdaisiak�c �i� t�te gia k�je 

� � Teich�S� up�rqei
m�a perioq� V �

�� kai �g�� apl�c kleist�c kamp�lec 	i me h �i		j � 
 e�n
i �� j t�toiec 	ste oi sunart�seic gewdaisiako� m�kouc l�i � l�i i � �� ���� �g��
apotelo�n �na topik� s�sthma suntetagm�nwn tou Teich�S��

JEWRHMA �
	
� �W	�� 
Estw �i� 	i �pwc sto je	rhma ������ Ta twi�
st dianusmatik� ped�a t�i � t�i apotelo�n m�a topik� b�sh tou pragmatiko�
efapt�menou q	rou tou Teich�S��

JEWRHMA �
	
�
 �W����� H pragmatik� morf� �
WP

pou prok�ptei ap�
thn W�P metrik� d�nei sto Teich�S� dom� sumplektik�c pollapl�thtac� H
morf� �

WP
ikanopoie� ta parak�tw�

i� ��
WP

�
�����

�t� � t� � �
P

p���� cos 
�
�	�� 
����p

�pou t� � t� e�nai ta twist dian�smata pou antistoiqo�n stic gewdaisia�
k�c 	� � thc S� kai 
�
�	�� 
����p e�nai h gwn�a metax� twn gewdaisiak	n

�	�� 
��� sto U�

ii� To twist ped�o t� e�nai hamiltonian gia th sun�rthsh gewdaisiako�
m�kouc l� � dhlad�

�
WP

�t� � �� � �dl�

iii� H �kfrash thc �WP se olik�c Fenchel�Nielsen suntetagm�nec e�nai
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�g��X
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� QUASIFUCHSIAN QWROS


�
�	� Q�roi param�rfwshc Kleinian om�dwn kai to je�rhma
tou Bers� �Estw G m�a peperasm�na parag�menh Kleinian om�da me qw�
r�o asun�qeiac � kai oriak� s�nolo �� To phl�ko ��G e�nai m�a migadik�
pollapl�thta� m�a x�nh �nwsh Riemann epifanei�n
 �A	�

Jewro�me ton q�ro twn G�anallo�wtwn diaforik�n L��G� kai th mo�
nadia�a tou mp�lla Belt�G�� �Estw � � Belt�G�� Me w� sumbol�zoume thn
monadik� kanonikopoihm�nh l�sh thc ex�swshc Beltrami

wz � �wz ���

�Opwc �qoume dei sthn 	
�

� h sun�rthsh w� ep�gei �na quasiconformal iso�
morfism� thcG se m�a �llhKleinian om�da� dhlad� 
w � G� w�G�w�����Kalo�me
d�o t�toiouc isomorfismo�c 
w� � 
w� isod�namouc� e�n up�rqei �na stoiqe�o
A thc PSL��� C � t�toio �ste 
w� � AdA � 
w� � H isodunam�a twn isomorfi�
sm�n e�nai h �dia me thn isodunam�a twn diaforik�n Beltrami� �pou d�o t�toia
diaforik� �� � e�nai isod�nama an w� � w� sto ��

ORISMOS
 To s�nolo twn kl�sewn isodunam�ac

Def�G� � Homqc�G� PSL��� C ��� �

e�nai o q	roc param�rfwshc thc G� �Kr�


O q�roc param�rfwshc Def�G� d�qetai m�a fusiologik� migadik� dom�

Jewro�me thn ak�loujh apeik�nish

� � Belt�G�� Def�G�

pou st�lnei k�je � � Belt�G� sthn kl�sh tou 
�� � 
w�� � Def�G�� H
apeik�nish � e�nai ep�� kai ol�morfh afo� ap� to je�rhma twn Ahlfors�Bers
�qoume �ti an to � � Belt�G� exart�tai ol�morfa ap� migadik�c param��
trouc� t�te to �dio isq�ei kai gia thn w��

Je�rhma tou Bers� To ak�loujo je�rhma� tropopoihm�no ed� gia
touc skopo�c mac� ofe�letai ston L� Bers �B��� �Kr��

JEWRHMA �
�
	
 
Estw G m�a peperasm�na parag�menh Kleinian om�da
me qwr�o asun�qeiac � to opo�o apotele�tai ap� apl� sunektik�c sunist	sec�
T�te o Def�G� e�nai m�a sunektik� migadik� pollapl�thta
 amfiol�morfh me
�na kartesian� gin�meno q	rwn Teichm�uller�
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Sumbol�zoume me Q�G� to dianusmatik� q�ro twn G�anallo�wtwn te�
tragwnik	n diaforik	n� �Ena stoiqe�o � � Q�G� e�nai mia ol�morfh sun�rthc
��z� tou � pou ikanopoie� th sq�sh

��g�z��g��z��� � ��z�

gia �la ta g � G kai z � � kai e�nai t�toia �ste

Z
	�G

j � j��

M�a fusiologik� ze�xh mpore� na oriste� wc ex�c� Doj�ntwn � � L��G� kai
� � Q�G� t�te

��� �� �

Z
	�G

��

Sumbol�zoume me N�G� 
 L��G� ton mhdenik� q�ro thc ze�xhc
 Oi
q�roi R�G� � L��G��N�G� kai Q�G� e�nai peperasm�nhc di�stashc kai
du�iko� wc proc th ze�xh
 �A	� Epipl�on �qoume to ak�loujo� �B��

GEGONOS �
�
�
 
Estw � � Belt�G� � Def�G� h kanonik� apeik�nish
� � 
�� kai � � L��G�� T�te ��

���
��� � 	 an kai m�no an ��� �� � 	 gia k�je

� � Q�G�� Kat� sun�peia
 o ol�morfoc efapt�menoc �ant� sunefapt�menoc�
q	roc sthn arq� tou Def�G� mpore� na tautiste� me ton R�G� �ant� Q�G���

Mporo�me t�ra na akolouj�soume thn �dia diadikas�a �pwc kai sth�
n per�ptwsh tou q�rou Teichm�uller gia na perifr�youme topik�c migadik�c
suntetagm�nec se mia perioq� thc arq�c� �Estw d � dim

C
�R�G��� Dial��

goume p�li �� � ���� �d � L��G� twn opo�wn ta N�G� cosets apotelo�n m�a
b�sh tou ol�morfou efapt�menou q�rou sthn arq�
 Dod�ntoc opoioud�pote
� � Belt�G� or�zoume thn apeik�nish

fa� � Belt�G�� Belt�G��

ap� th sq�sh

w
fa�	�
 � w� � �w����

�pou G� � w� � G � �w����� w� e�nai h kanonikopoihm�nh l�sh thc ���� kai
� � Belt�G�� H fa� d�netai ap�

fa���� � �
� � �

�� ��

w�
z

w�
z

�
� �w�����

To�th h apeik�nish e�nai �na proc �na amfiol�morfh tou Belt�G� ep� tou
Belt�G��� H epag�menh apeik�nish
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a� � Def�G�� Def�G��

or�zetai ap� thn

a��
��� � 
fa�����
kai apeikon�zei to 
�� � Def�G� sthn arq� tou Def�G���

Dial�goume m�a perioq� V tou mhden�c sto C d arket� mikr� o�twc �ste
e�n t � �t� � ���� td� � V t�te to

��t� �
dX

j��

tj�j

ikanopoie� thn k��t� k�� �� Jewro�me thn migadik� grammik� �na proc �na
kai ep� apeik�nish

L� � L��G�� L��G��

pou d�netai ap�

L���� �

�
�

�� j � j�
w�
z

w�
z

�
� �w�����

H suntetagmenik� apeik�nish e� � V � Def�G� e�nai t�te h e��t� � 
��t��� Ta
suntetagmenik� ol�morfa efapt�mena dian�smata e�nai ta

�

�tj���
jt � L�	t
��j�modN�G�	t
� � R�G�	t
��

GEGONOS �
�


 �B�� Quasiconformally isod�namec Kleinian om�dec
�qoun amfiol�morfouc q	rouc paramorf	sewn�


�
�
� Quasifuchsian q�roc� �Estw � m�a Fuchsian om�da
 Diath�
ro�me tic upoj�seic mac gia thn �� dhlad� �ti e�nai pepersm�na parag�menh�
kai tautism�nh me th jemeli�dh om�da miac kleist�c epif�neiac Riemann S
g�nouc g � �� Jewroume thn � na dra p�nw sto U � L�

ORISMOS� O q	roc QF �S� twn quasi�Fuchsian dom	n thc S �o Quasi�
fuchsian q	roc sto ex�c� e�nai apl� o Def����

Jewroume �na � � Belt��� kai thn w�� thn monadik� kanonikopoihm�nh
l�sh thc ���� �Estw o


w � �� ��

me �� � w���w����� na e�nai o epag�menoc omomorfism�c om�dwn
 Upen�
jum�zoume �ti h �� e�nai quasi�Fuchsian� ��tan to � e�nai summetrik� t�te




�
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h �� e�nai Fuchsian� kai ep�shc �ti an ta �
U
� w��U�� �

L
� w��L� e�nai

oi x�nec anallo�wtec sunist�sec tou qwr�ou asun�qei�c thc� t�te ta phl�ka
�
U
�����

L
��� e�nai Riemann epif�neiec pou e�nai omoiomorfik�c m�sw en�c

omoiomorfismo� pou antistr�fei ton prosanatolism�


To je�rhma �
�
	 tou Bers diatup�netai sthn per�ptwsh tou QF �S� �pwc
parak�tw�

JEWRHMA �
�
�
 O QF �S� e�nai m�a sunektik� migadik� pollapl�thta
migadik�c di�stashc �g � �� Up�rqei m�a amfiolomorf�a

� � QF �S�� Teich�S� � Teich�S��

Mporo�me na perigr�youme thn � wc ex�c� �akoloujo�me to �Kr�� Jew�
ro�me thn

�
 � L
����� L����U� � L����L�

pou apeikon�zei k�je stoiqe�o � � L���� sto ze�goc ��
U
� �jU� �L� �jL� �

L����U� � L����L��
H apeik�nish � e�nai h epag�menh ap� thn �
 �tan h teleuta�a periori�

ste� sthn anoikt� monadia�a mp�lla kai apeikon�zei to 
�� sto �
�
U
�� 
�

L
�� �

Teich�S� � Teich�S�


SHMEIWSH �
�
�
 O Quasifuchsian q�roc mpore� na eidwje� kai me ton
ak�loujo tr�po� �M� �Estw U� o uperbolik�c �nw hmiq�roc
 E�n � e�nai to
qwr�o asun�qeiac thc G t�te h uperbolik� 
�pollapl�thta M � �U� ����G
e�nai amfidiaforomorfik� me thn S � 
	� ��� Kalo�me thn M quasi�Fuchsian
pollapl�thta� H M �qei m�a uperbolik� dom� sto eswterik� thc kai m�a
probolik� dom� sto s�noro
 Sunep�c k�je shme�o tou QF �S� prosdior��
zei �na ze�goc probolik�n epifanei�n twn opo�wn h �nwsh e�nai to s�noro
thc M� To ze�goc twn upoke�menwn conformal dom�n p�nw s� aut�c tic epi�
f�neiec sumbol�zetai me �
�cM �� 
�cM �� kai e�nai �na stoiqe�o tou ginom�nou
Teich�S� � Teich�S�� O q�roc QF �S� e�nai o q�roc twn marked quasi�
Fuchsian pollaplot�twn� M�a kl�sh 
M � thc M e�nai m�a epilog� isomor�
fismo� metax� thc jemeli�douc om�dac thc ���M� kai thc � � ���S�� Mi�
l�ntac m� auto�c touc �rouc� h apeik�nish � tou Bers st�lnei to 
M � sto
�
�cM �� 
�cM ���

SQOLIO �
�
�
 �Tom�c tou Bers� O q�roc Teich�S� �ant
 Teich�S��
e�nai migadik� is�morfoc me thn migadik� upopollapl�thta tou QF �S� thc
opo�ac ta shme�a e�nai oi marked pollapl�thtec 
M � �pou �cM � S �ant
 h
migadik� upopollapl�thta tou QF �S� thc opo�ac ta shme�a e�nai oi marked
pollapl�thtec 
M � �pou �cM � S��
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O q�roc Teichm�uller wc o q�roc twn Fuchsian paramorf�sewn e�nai m�a
pragmatik� analutik� upopollapl�thta tou QF �S� � �Estw � h an�lixh

��z� � z� z � C �

Ep�gei m�a an�lixh � tou Belt���� �� � �� � � kai akolo�jwc m�a an�lixh e�
tou QF �S� e��
w��� � 
������

O Teichm�uller q�roc mpore� na tautiste� pragmatik� analutik� me to
s�nolo twn stajer�n shme�wn aut�c thc an�lixhc
 �K�M�
 To s�nolo aut�
e�nai to upos�nolo F �S� twn Fuchsian paramorf�sewn tou QF �S� �

F �S� � Homqc��� PSL���R��� �

�� me �rouc thc parap�nw shme�wshc

F �S� � f
M � � QF �S� � �cM � �cMg�

Modular om�da� H modular om�daMod
Q
�S�� Mod

Q
��� e�nai h om�da

�lwn twn quasiconformal omoiomorfism�n h tou migadiko� epip�dou� pou e�nai
t�toioi �ste h � � � h�� � � gia �la ta � � � modulo thn om�da aut�n twn
omoiomorfism�n pou ikanopoio�n thn sq�sh h�� �h�� � � gia �la ta � � ��
�Opwc kai sthn per�ptwsh tou q�rou Teichm�uller
 uparqei �nac omomrfism�c
aut�c thc om�dac sthn om�da twn amfiolomorfi�n tou QF �S� wc ex�c� an o
h e�nai �nac antipr�swpoc en�c coset� t�te to coset aut� apeikon�zetai sthn
amfiolomorf�a �

h
� �pou

�
h
�
w��� � 
w� � h���

gia k�je 
w�� � QF �S��

Ol�morfoc efapt�menoc kai sunefapt�menoc q�roc sthn ar�
q�� O ol�morfoc efapt�menoc �ant
 sunefapt�menoc� q�roc sthn ar�
q� tou QF �S� taut�zetai s�mfwna me th suz�ths� mac sthn �
�
	 me ton
R��� � L�����N��� �ant
 ton Q����
 H enallaktik� perigraf� tou o�
l�morfou efapt�menou q�rou e�nai aut� tou q�rou L�c ��� twn kanonik�n
diaforik�n
 �Ena stoiqe�o � � L���� e�nai kanonik� an e�nai thc morf�c
� � �Imz���� � � Q���� Mporo�me e�kola na pistopoi�soume thn isq� thc
parak�tw�

PROTASH �
�
�
 � � L�c ��� an kai m�no an �
U
� L�c ���U�� �L �

L�c ���L��

O telest�c probol�c P
C
� L���� � L�c ��� d�detai me ton profan�

tr�po�

P
C

���z� �

�
P
U

�
U
��z�

P
L

�
L
��z�

z � U

z � L
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�pou �
U
� �jU� �L� �jLkai oi PU� PL e�nai oi telest�c probol�c L

����U� �
L�c ���U�� L

����L� � L�c ���L� ant�stoiqa


Pragmatik�c efapt�menoc q�roc sthn arq�� Qreiaz�maste to
parak�tw proparaskeuastik� l�mma�

LHMMA �
�
�
 Up�rqei �nac isomorfism�c�

L���� � L�
S
����R iL�

S
��� � L�

S
���� C

Arqik� ac parathr�soume �ti to euj� �jroisma �qei n�hma af�tou o
L�
S
��� e�nai �nac pragmatik�c dianusmatik�c q�roc
 Or�zoume �na telest�

summetrikopo�hshc S � L���� � L�
S
��� pou st�lnei k�je � � L���� sto

S��� � L�
S
��� �pou

S����z� �
��z� � ��z�

�

gia k�je z � C � Tetrimm�na el�gqoume �ti S
���L�
S
�
�

� id� kai S� � S�

�pou to teleuta�o upodhl�nei �ti o S e�nai �nac telest�c probol�c
 Ak�mh�
o S e�nai �na proc �na kai ep� �tan perioriste� sta s�nola L����U� kai
L����L�ant�stoqa
 T�ra e�n � � L���� gr�foume

� � S��� � iS��i��

kai o zhto�menoc isomorfism�c or�zetai ap� thn parap�nw sq�sh


�Estw � �nac antipr�swpoc tou ol�morfou efapt�menou dian�smatoc
�

�z	�
kai sumbol�zoume me I ton pollaplasiasm� me i sto L�c ��� pou or��

zei ton migadik� telest� IQ ston ol�morfo efapt�meno q�ro sthn arq� tou
QF �S�� H sq�sh � � S����iS��i�� ep�gei �ti gia k�je efapt�menh die�jun�
dh �

�x	�
pou antistoiqe� sto
�

�z	�
 ston upoke�meno efapt�meno q�ro� up�rqei

�na ze�goc �
�

�x�S����
�

�

�x�S��i���

�
Fuchsian efapt�menwn dieuj�nsewn sthn arq�
 Mporo�me na gr�youme

�

�x���
�

�

�x�S����
� I

Q

�

�x�S��i���
�

Up� to pr�sma thc apeik�nishc �� h sq�sh �


��� � ��

U
� �
L
� ep�gei thn

��

�
�

�z���

�
�

�
�

�z��
U
�
�

�

�z��
L
�

�
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�pou ta

�

�z��
U
�
�

�

�z��
L
�

e�nai ol�morfa efapt�mena dian�smata sthn arq� twn Teich�S�� T eich�S�
antisto�qwc
 �Estw

�

�x��
U
�
�

�

�x��
L
�

ta ant�stoiqa pragmatik� efapt�mena dian�smata
 Afo� h � e�nai ol�morfh�
�qoume

��

�
�

�x���

�
� ��

�
�

�x�S����
�

�

�x�S��i���

�
�

�
�

�x��
U
�
�

�

�x��
L
�

�
�

Sthn par�grafo �
	
	 e�dame �ti o migadik�c telest�c I
T
tou Teichm�uller

q�rou ep�getai ap� ton migadik� telest� I
S
tou L�

S
���� Par� to�to� o I

S

den iso�tai me ton I sthn migadopo�hsh� an � � S��� � iS��i�� � L����
t�te

I
S
����z� � I

S
�S�����z� � iI

S
�S��i����z� �

�
i��z�
�i��z�

z � U

z � L

en� I��� � i� panto� sto C � Aut� anakl� to gegon�c �ti o q�roc Teich�
m�uller� �tan jewrhje� wc o q�roc twn pragmatik�n paramorf�sewn� e�nai
mia pragmatik� upopollapl�thta tou QF �S� �bl
 Shm
 �
�
��


Ap� thn �llh� e�nai e�kolo na do�me �ti o IS e�nai �soc me thn migadik�
dom� tou L����U� �tan perioriste� sto L����U�� kai e�nai �soc me ton suzu�
g� migadik� telest� tou L����L� �tan perioriste� sto L����L�� Mporo�me
e�kola na el�gxoume �ti o I

S
metat�jetai me ton I ston L�����

Jewro�me ton telest� I
S
pou or�zetai gia k�je � � L���� ap� thn sq�sh

I
S
����z� � I

S
�S�����z� � iI

S
�S��i����z�

kai ton opo�o ja sumbol�zoume sto ex�c me J� Bl�poume �ti o J skew �
metat�jetai me ton I �

IJ � JI � 	�

H analutik� morf� tou J e�nai h

J����z� �

�
i��z�

�i��z�

z � U

z � L
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O skop�c mac e�nai na de�xoume �ti ap� ton J prok�ptei �nac migadik�c
telest�c J

Q
p�nw ston QF �S�� gia ton opo�o o QF �S� e�nai m�a migadik� pol�

lapl�thta
 Ja asqolhjo�me me aut� sto Kef�laio III
 Proc to par�n str��
foume th suz�thsh mac proc touc q�rouc paramorf�sewn quasi�Fuchsian
om�dwn


Q�roc param�rfwshc miac quasi�Fuchsian om�dac� Upoj�toume
�ti h G e�nai m�a peperasm�na parag�menh quasi�Fuchsian om�da kai � �
�
U
� �

L
e�nai to qwr�o asun�qei�c thc
 Up�rqoun conformal Riemannian

apeikon�seic

� � U � �
U
� � � L � �

L

pou e�nai t�toiec �ste oi om�dec

�
U
� ����� �G � �� �

L
� ����� �G � �

na e�nai Fuchsian om�dec pou droun sta U kai L ant�stoiqa
 Diatup�noume
to je�rhma tou Bers gia thn per�ptwsh miac quasi�Fuchsian om�dac�

JEWRHMA �
�
�
 
Estw G m�a peperasm�na parag�menh quasi�Fuchsian
om�da� O Def�G� e�nai m�a sunektik� migadik� pollapl�thta� Up�rqei m�a
amfiolomorf�a

�
G
� Def�G�� Teich��

U
�U� � Teich��

L
�L�

Jewro�me thn �
G
� L��G�� L���

U
�U� � L���

L
�L� pou st�lnei k�je

� � L��G� sto ��
U
� �

L
� � L���

U
�U� � L���

L
�L� �pou

�
U
�z� � �� � ���z�

���z�

���z�
� z � U�

�
L
�z� � �� � ���z�

���z�

���z�
� z � L�

H �
G
e�nai �na proc �na kai ep� kai apeikon�zei to Belt�G� sto Belt��

U
�U� �

Belt��
L
�L�� H �

G
or�zetai �tsi �ste apeikon�zei k�je 
�� sto �
�

U
�� 
�

L
���

O ol�morfoc efapt�menoc �ant
 sunefapt�menoc� q�roc sthn arq� tou
Def�G� e�nai o q�roc R�G� �ant
 Q�G��
 O ol�morfoc efapt�menoc q��
roc perigr�fetai enallaktik� ap� ton q�ro L�c �G� twn kanonik�n Beltrami
diaforik�n tou �� �Ena stoiqe�o � � L��G� kale�tai kanonik� an e�nai thc
morf�c � � ��

	
����� � � Q�G�� �pou �

	
e�nai h uperbolik� metrik� tou ��

Mporo�me na epalhje�soume e�kola thn ak�loujh�

PROTASH �
�
	�
 � � L�c �G� an kai m�no an ta �
U
� �
L
e�nai stoiqe�a twn

L�c ��U�U�� L
�
c ��

L
�L� ant�stoiqa
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O telest�c probol�c P
	
� L��G�� L�c �G� e�nai o

P
	
� ��

G
��� � �P

U
� P

L
� � �

G

�pou P
U
� P
L
e�nai oi telest�c probol�c twn L�c ��U�U�� L

�
c ��

L
�L� ant�stoiqa�

Ap�deixh� Afo� h �
G
e�nai m�a �na proc �na kai ep� apeik�nish tou L�c �G�

sto L�c ��
U
�U� � L�c ��L�L�� o P

	
e�nai kal� orism�noc
 Ep�shc� afo� e�nai

P �
U
� P

U
kai P �

L
� P

L
� prok�ptei �ti P �

	
� P

	
� �

Efapt�menoi q�roi tou QF �S� se k�je shme�o� �Estw � � Belt���
kai 
�� � QF �S�� Wc sun�jwc sumbol�zoume me w� thn monadik� kanoniko�
poihm�nh l�sh thc �
�
 H om�da �� � w� � � � �w���� e�nai quasi�Fuchsian


H apeik�nish

a� � QF �S�� Def����

�bl
 par
 �
�
	� e�nai amfiol�morfh
 �Eqoume �ti
i� o ol�morfoc efapt�menoc q�roc sthn arq� tou Def���� e�nai o

L�c ���� � � ea����L�c ����

kai
ii� o ol�morfoc sunefapt�menoc q�roc sthn arq� e�nai o

Q���� � ��a�������Q�����

Sunep�c e�n � � L���� t�te�
�

�z���

�
�����

� P
	�

L����� � �a�

�
���
��id

�
��

�
�

�z�L�����

�
��id

�
��

�pou to 
id
�
� e�nai h arq� tou Def�����

�Estw � � S��� � iS��i�� � L����� T�te�
�

�x���

�
�����

� �a�
�
���
��id

�
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�
�

�x�L��S�����
�

�

�x�L��S��i����

�
��id

�
��


�
��� Migadik� ap�stash kai migadik� m�koc� Gewmetrik�c pa�
r�metroi gia to QF �S�� �pontai m�sw thc �nnoiac thc migadik�c ap�stashc
�bl
 �K
��� an oi 	� � e�nai d�o gewdaisiak�c ston �nw hmiq�ro U� � kai �
e�nai h koin� touc k�jetoc� t�te migadik� ap�stash metax� twn 	 kai � e�nai
� � d � i�� �pou d e�nai h uperbolik� ap�stash metax� twn 	 kai �� kai
�e�nai h diedrik� gwn�a metax� tou epip�dou pou peri�qei tic 	 kai � kai tou
epip�dou pou peri�qei tic � kai �� E�n o h e�nai m�a mh parabolik� isometr�a
tou U� � kai 	 e�nai m�a gewdaisiak� k�jeth ston �xona thc h� t�te h migadik�
metat�pish thc h e�nai h migadik� ap�stash twn 	 kai h�	�� An h 	 e�nai m�a
apl� kleist� gwedaisiak� thc S� kai h e�nai �na stoiqe�o tou ���S� � � pou
antistoiqe� sthn 	� t�te to migadik� m�koc thc 	 sto shme�o 

� � QF �S��
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pou sumbol�zetai me ���

��� e�nai apl� h migadik� metat�pish tou 
�h�� Gia
k�je t�toia 	� h sun�rthsh migadiko� m�kouc

�� � QF �S�� C

pou or�zetai kat� aut�n to tr�po e�nai m�a ol�morfh sun�rthsh tou QF �S��
Shmei�noume �ti

�� � l� � i��

�pou l�e�nai h sun�rthsh gewdaisiako� m�kouc kai �� e�nai m�a sun�rthsh
gwn�ac pou prok�ptei ap� to fantastik� m�roc thc migadik�c metat�pishc



�
��� K�myh ston Quasifuchsian q�ro� Sta �K	�
� o Q
 Kourou�
ni�thc �rise �nan ol�morfo metasqhmatism� tou QF �S� pou kale�tai pa�
ram�rfwsh k�myhc� kai o opo�oc e�nai h gen�keush sto QF �S� t�so thc
Fenchel�Nielsen �so kai thc quakebending param�rfwshc �E�M�� pou or��
zontai ston q�ro Teichm�uller
 H kataskeu� tou Kourouni�th perigr�fetai
analutik� sto �K	�
 Ed� ja d�soume m�a s�ntomh per�lhyh thc kataskeu�c
aut�c
 �Estw �ti h 	 e�nai m�a apl� kleist� gewdaisiak� thc S� Gia k�je


� � QF �S� kai t se mia perioq� tou � sto C � pa�rnoume mia n�a quasi�
Fuchsian dom� B��t� 
� wc ex�c� upoj�toume gia apl�thta �ti 

� � F �S��
dhlad� h 
��� � �� e�nai Fuchsian� kai �ti h e	 e�nai h gewdaisiak� tou �nw
hmiepip�dou U pou antistoiqe� sthn 	� �Olec oi eik�nec ���e	� ke�ntai sto
U 
 U

� � J�loume na apeikon�soume k�je sunist�sa tou U � ���e	� isometri�
k� se �na ep�pedo didi�stato komm�ti tou U� � me tr�po �ste k�je sunist�sa
na metakine�tai wc proc tic geitonik�c thc kat� migadik� ap�stash t� E�n to
t e�nai arket� mikr�� t�te mporoume na kataskeu�soume �nan quasiconformal
omoiomorfism� w � U� � U

� � o opo�oc k�nei akrib�c aut�� kai o opo�oc or�zei
m�a quasi�Fuchsian dom� B��t� 
� � �� PSL��� C � �k�myh tou 
 wc proc 	�
kai apeikon�zei k�je � sto w � 
��� � w��� Gia thn mh�Fuchsian per�ptwsh�
shmei�noume m�no �ti �lec oi anagka�ec plhrofor�ec kwdikopoio�ntai ap�
thn seir� twn �krwn shme�wn twn gewdaisiak�n p�nw sto oriak� s�nolo thc
ant�stoiqhc quasi�Fuchsian om�dac
 Epipl�on� kai k�tw ap� proupoj�seic
diakrit�thtac� h B��t� 
� or�zei m�a topik� ol�morfh ro� tou QF �S��


�
��� Metabol�c twn migadik�n sunart�sewn twn gewdaisia�
k�n� Prosarthm�no sthn k�myh wc proc 	 br�sketai �na ol�morfo dianu�
smatik� ped�o �bl
 pr�tash �
�
	� parak�tw�

T��

�� �
d

dt
�	��B��t� 
��

pou kale�tai dianusmatik� ped�o k�myhc �prosarthm�no sthn 	�
 Ta dianu�
smatik� ped�a k�myhc sqet�zontai me tic sunart�seic migadiko� m�kouc me
taut�thtec oi opo�ec e�nai oi genike�seic ston QF �S� an�logwn tautot�twn
pou ofe�lontai ston S� Wolpert
 �W	���

�Estw 	 m�a apl� kleist� gewdaisiak� thc S kai �� h sun�rthsh migadi�
ko� m�kouc thc
 Upoj�toume �ti h � e�nai m�a �llh apl� kleist� gewdaisiak�
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thc S� H pr�th metabol� T
�
�� thc �� up� thn k�myh wc proc � e�nai

T
�
�� �

d

dt
�	�����B�

�t� 
���

An h � e�nai m�a �llh apl� kleist� gewdaisiak� thc S� t�te h de�trh
metabol� T�T���thc �� up� thn k�myh wc proc � kai � e�nai

T�T��� �
��

�s�t
�	� 	���� �B�

�t� B� �s� 
����

Oi metabol�c tou migadiko� m�kouc �qoun tic ak�loujec gewmetrik�c
anaparast�seic� �K
�

T
�
�� �

X
p����

cosh ��
���� 
�	��p

T�T��� �

�
�

� sinh �
���

f
X

p����

X
q����

sinh��
�	�� 
����p sinh��
�	�� 
����q cosh�
�

�
�� � ��p� q�g�

�
�

� sinh �
���

X
p����

X
r����

fsinh��
�	�� 
����p sinh��
���� 
����r cosh�
�

�
�� � ��p� r�g�

Oi ak�loujec taut�thtec pou ofe�lontai ston Q
 Kourouni�th �K
�� e�nai
aut�c pou ja kajodhg�soun thn kataskeu� thc migadik�c sumplektik�c dom�c
tou QF �S� pou ja g�nei sto ep�meno kef�laio�

�� T��� � T
�
�� � 	

�� T�T��� � T
�
T��� � T�T��� � 	


�
��� Migadik�c suntetagm�nec� Ta ep�mena jewr�mata exasfal��
zoun migadik�c suntetagm�nec gia to QF �S�� �K��

Doje�shc miac diam�rishc thc epif�neiac S ap� �g � � apl�c kleist�c
gewdaisiak�c �i� up�rqoun sunart�seic migadiko� m�kouc ��i � QF �S� � C

kai sunart�seic k�myhc �i � QF �S�� C i � �� ���� �g � � pou apotelo�n �na
olik� s�sthma ol�morfwn suntetagm�nwn gia ton QF �S���olik�c migadik�c
F�N suntetagm�nec�


JEWRHMA �
�
		
 Doje�shc miac diam�rishc thc epif�neiac S ap� �g �
� apl�c kleist�c gewdaisiak�c �i� t�te gia k�je 

� � QF �S� up�rqei m�a
perioq� V �

�� kai �g � � apl�c kleist�c kamp�lec 	i me �i 	 	j � 
 e�n
i �� j t�toiec 	ste oi sunart�seic migadiko� m�kouc ��i � ��i i � �� ���� �g � �
na apotelo�n �na topik� s�sthma suntetagm�nwn gia to QF �S��
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�
��� Ol�morfh f�sh twn dianusmatik�n ped�wn k�myhc� H
ak�loujh br�sketai sto �K�� �Prop
 

	���

PROTASH �
�
	

 
Estw 	 m�a apl� kleist� gewdaisiak� thc S� To T�
einai �na ol�morfo dianusmatik� ped�o tou QF �S��

Afo� to T� e�nai ol�morfo� mpore� na grafe� wc

T� �
�

�
�F� � iI

Q
F��

�pou to F� e�nai �na pragmatik� dianusmatik� ped�o kai o IQ e�inai o migadik�c
telest�c ston efapt�meno q�ro tou QF �S��

PROTASH �
�
	�
 
Estw 	� � apl�c kleist�c gewdaisiak�c thc S kai T�
to ant�stoiqo ol�morfo dianusmatik� ped�o k�myhc tou QF �S�� T�te ston
efapt�meno q	ro tou F �S� �qoume

F� l� � t�l� � �I
Q
F��l� � 	

�pou to t� e�nai to twist dianusmatik� ped�o pou antistoiqe� sthn 	 kai l
�
h

sun�rthsh gewdaisiako� m�kouc thc ��

Ap�deixh� Met� ap� stoiqei�deic upologismo�c �qoume

T��� �
�

�
�F� � iI

Q
F���l� � i�

�
� �

�

�
�F� l� � �I

Q
F���� � �

i

�
�F��� � �I

Q
F��l� �

Ap� thn �llh

T��� �
X

p����

cosh��
�	�� 
����p �

X
p����

cosh d�
�	�� 
����p cos��
�	�� 
����p � i
X

p����

sinhd�
�	�� 
����p sin��
�	�� 
����p

Exis�nontac pragmatik� kai fantastik� m�rh kai efarm�zontac tic sunj�kec
Cauchy�Riemann prok�ptei�

F� l� � �I
Q
F���� �

X
p����

cosh d�
�	�� 
����p cos��
�	�� 
����p

F��� � ��I
Q
F��l� �

X
p����

sinhd�
�	�� 
����p sin��
�	�� 
����p

Sta Fuchsian shme�a �qoume �ti d�
�	�� 
���� � 	 afo� 
�	�� 
��� e�nai te�
mn�menec gewdaisiak�c sto U� � kai sunep�c

F� l� � t�l� �
X

p����

cos��
�	�� 
����p
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kai

�I
Q
F��l� � 	�

�

PORISMA �
�
	�
 
Otan perioriste� sthn efapt�menh upod�smh tou F �S��
to F� e�nai to twist dianusmatik� ped�o t� �



KEF�ALAIO 


DIAFORIKH GEWMETRIA TOU
QUASIFUCHSIAN QWROU

��	� MIGADIKH SUMPLEKTIKH GEWMETRIA

Se to�th th par�grafo ja perigr�youme analutik� thn kataskeu� mia�
c migadik�c sumplektik�c morf�c gia ton QF �S�� Ja suzht�soume pr�ta
orism�na genik� zht�mata pou aforo�n se migadik�c sumplektik�c polla�
pl�thtec


��	�	� Migadik�c sumplektik�c pollapl�thtec�
ORISMOS 

	
	
 �Estw M m�a �n migadik� pollapl�thta
 L�me �ti h

M e�nai migadik� sumplektik� pollapl�thta e�n �qei m�a migadik� sumple�
ktik� dom�� dhlad� e�n up�rqei m�a mh ekfulism�nh� kleist� ��� 	��morf� �
orism�nh panto� sth M�

E�nai apl� na el�gxoume �ti m�a migadik� sumplektik� pollapl�thta e�nai
ep�shc m�a pragmatik� sumplektik� pollapl�thta� An � e�nai h migadik�
sumplektik� morf� thc M� t�te � � �� i� kai oi ��� e�nai mh ekfulism�nec
pragmatik�c kleist�c ��morf�c pou or�zoun sumplektik�c dom�c sthn M�

Paraj�toume orismo�c kai idi�thtec pou isq�oun gia migadik�c sumple�
ktik�c pollapl�thtec
 H ap�de�xeic twn teleutaiwn e�nai an�logec me aut�c
sthn pragmatik� per�ptwsh kai mporo�n na brejo�n sto �L�M�


	
 H ol�morfh morf� � or�zei �nan isomorfism� metax� thc ol�morfhc
efapt�menhc kai sunefapt�menhc d�smhc tou M� Gia k�je p � M kai k�je
ol�morfo di�nusma Z � T 	���


�p�
�M�� o isomorfism�c perigr�fetai ap� thn

ol�morfh ��morf� ��Z� �pou

��Z�
�p�

� �
�p�
�Z� ��

�
 �Estw f m�a ol�morfh sun�rthsh tou M� To ol�morfo dianusmatik�
ped�o HC

f
pou ikanopoie� thn

��HC

f
���� � ��HC

f
��� � �d�f��� � ��f�

gia k�je ol�morfo dianusmatik� ped�o � tou M� ja kale�tai to migadik�
Hamiltonian thc f� �Me d� sumbol�zoume ton ol�morfo diaforik� telest�

��
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tou M� E�n d e�nai o sun�jhc diaforik�c telest�c� t�te d � d� � d�� �pou d��

e�nai o antiol�morfoc telest�c tou M �




 E�n �t e�nai h topik� ol�morfh ro� tou HC

f
� t�te gia arket� mikr� t

�qoume

��
t
� � ��

�
 E�n LZ e�nai h Lie par�gwgoc wc proc to ol�morfo dianusmatik�
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o p�nakac B e�nai �nac mh mhdenik�c ��g � ��� ��g � �� migadik�c p�nakc me
stoiqe�a T�i��j � 	� kai o p�nakac A e�anai �nac diag�nioc l ��g������g���
p�nakac me stoiqe�a
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� � QF �S�
ap� ton t�po�

�
�����

�T� � T� � �
X

p����

cosh��
�	�� 
����p

�pou ta T� � T� e�nai dian�smata k�myhc pou antistoiqo�n se apl�c kleist��
c gewdaisiak�c 	� � thc S� kai ��
�	�� 
����e�nai h migadik� ap�stash twn
gewdaisiak	n 
�	�� 
����

Ap�deixh� H ap�deixh ja doje� se b�mata�

BHMA �� Topik�c orism�c thc morf�c�
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��	��� �Ekfrash thc � se olik�c migadik�c F�N suntetagm�nec�
Se aut� th par�grafo ja apode�xoume to an�logo me to je�rhma �
	
�iii�
tou Wolpert
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To prohgo�meno je�rhma mac d�nei plhrofor�ec pou aforo�n sth su�
mplektik� sumperifor� tou Teich�S� m�sa ston QF �S�� �Estw �M��� m�a
sumplektik� pollapl�thta di�stashc �n� H upopollapl�thta N di�stashc
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sta shme�a tou F �S�� Oi ol�morfec sunart�seic

�ij � �ij ����
� ���� ���g��

� �� � ���� ��g�� �

ikanopoio�n tic pro�upoj�seic tou l�mmatoc 

	
�� kai �ra e�nai tautotik�
mhd�n ston QF �S�� To je�rhm� mac apode�qthke
 �

SHMEIWSH 

	
	�
 Oi sunart�seic migadiko� m�kouc ��i e�nai pl�rwc

orism�nec ap� tic gewdaisiak�c �i thc diam�rishc thc epif�neiac S� All� gia
na or�soume tic sunart�seic k�myhc �i � qreiaz�maste m�a epilog� diam�rishc
thc S�Katal�goume sto �ti ta d��i kai ta migadik�Hamiltonian dianusmatik�
ped�a �

�	�i
exart�ntai ap� thn epilog� thc diam�rishc
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��
�	� K�ahlerian gewmetr�a� �Estw G m�a pepersm�na parag�menh
quasi�Fuchsian om�da
 Sumbol�zoume wc sun�jwc me � � �

U
� �

L
to qwr�o

asun�qei�c thc kai �stw �
U
��
L
oi Fuchsian om�dec pou prok�ptoun ap� tic

conformal Riemann apeikon�seic

� � U � �
U
� � � L � �

L
�
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H uperbolik� metrik� �
	
tou � or�zetai �tsi �st

�
	
j�
U
� �

	
U

�
	
j�
L
� �

	
L

�pou oi uperbolik�c metrik�c sta �
U
��

L
e�nai orism�nec ap� tic sq�seic

�
	
U

� �������
U
�
	
L

� �������
L

me �
U
� �
L
tic sun�jeic uperbolik�c metrik�c sto �nw kai k�tw hmiep�pedo

ant�stoiqa

Doj�ntwn � � L��G� kai � � Q�G� jewro�me th ze�xh

��� ��
Def�G�

�

Z
��G

�� �

Z
�
U
�G
�� j�

U
��� j�

U
� �

Z
�
L
�G
�� j�

L
��� j�

L
��

Ap� to dexi� sk�loc thc ex�swshc prok�ptei �ti h ze�xh e�nai kal� orism�nh

Oi peperasm�nhc di�stashc q�roi R�G� � L�c �G� kai Q�G� e�nai du�iko� wc
proc th ze�xh


�Estw � � L��G� kai � � Q�G�� Jewro�me to ze�goc ��
U
� �
L
� � �

G
���

kai ep�shc ta �
U
�z� � �� � ���z�����z��� kai �

L
�z� � �� � ���z�����z����

Parathro�me �ti me allag� twn metablht�n pa�rnoume

��� ��
Def�G�

�

Z
U�


U

�
U
�
U
�

Z
L�


L

�
L
�
L
� ��

U
� �
U
�
Teich�


U
�
� ��

L
� �
L
�
Teich�


L
�
�

Weil�Petersson hermitian gin�meno kai metrik� tou QF �S��
Xekin�me or�zontac to gin�meno ston ol�morfo efapt�meno kai sunefa�

pt�meno q�ro sthn arq� tou Def�G��
�Estw �� � � L�c �G� kai �� � � Q�G�� To Weil�Petersson hermitian

gin�meno or�zetai ap� thn

hDef	G
��� �� �

Z
��G

��

kai to ant�stoiqo gin�meno ston sunefapt�meno q�ro ap� thn

h�Def	G
��� �� �

Z
��G

��

Sumbol�zoume me bT �G� to kartesian� gin�meno Teich��
U
�U��Teich��

L
�L�

kai me

h
bT 	G
 � hT 	
U
 � hT 	
L


to hermitian ginomeno� �pou ta hT 	
U
� hT 	
L
 e�nai ta Weil�Petersson hermi�
tian gin�mena stouc L�c ��U�U�� L

�
c ��

L
�L� ant�stoiqa
 �Estw h

�G � L�c �G�� L�c ��
U
�U� � L�c ��L�L�
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periorism�nh sta kanonik� diaforik�� kai ��
G

thn du�ik� apeik�nish ap� to
Q��

U
�U� �Q��

L
�L� ep� tou Q�G��

hDef	G
 � ��
G
�h
bT 	G
�

Gia �� � � L�c �G� �qoume

hDef	G
��� �� �

Z
��G

�� �

�

Z
�	
U
��G

�� j�
U
��� j�

U
� �

Z
�	
L
��G

�� j�
L
��� j�

L
��

All�zontac tic metablht�c� katal�goume�Z
U�


U

�
U
�
U
�

Z
L�


L

�
L
�
L
� h

bT 	G
��
G
���� �

G
���� � ��

G
�h
bT 	G
���� ���

Met� ap� aut�n thn proparaskeuastik� suz�thsh e�maste �toimoi na
or�soume thn Weil�Petersson hermitian morf� ston QF �S�� �Estw �� � �
L����� 
�� tuq�n shme�o tou QF �S�� kai � �

�z	�
 ������ � �
�

�z	�
 ������ ta ant�stoiqa

ol�morfa dian�smata sto 
���

H Weil�Petersson hermitian morf� tou QF �S� or�zetai wc ex�c�

HQ
�����

�
�

�z���
�

�

�z���

�
� hDef	
�
�P

	�

L���� P

	�

L����

�

Z
���
�

P
	�

L���P

	�

L����

H Weil�Petersson Riemannian metrik� pou ep�getai ap� thnHQ	S
 einai�

gQ
�����

�
�

�x���
�

�

�x���
� � �RefHQ

�����
�

�

�z���
�

�

�z���
g � �Ref

Z
���
�

P
	�

L���P

	�

L���g�

To ak�loujo je�rhma d�nei thn sq�sh twn Weil�Petersson gewmetri�n

tou QF �S� kai tou bT �S� � Teich�S��Teich�S�� to teleuta�o me thn metrik�

gin�meno g
bT � gT 	S
 � gT 	S
�

JEWRHMA 

�
�
 
Estw � h amfiol�morfh apeik�nish tou Bers ap� to

QF �S� ep� tou bT �S�� Isq�ei h ak�loujh sq�sh�

gQ � ����g
bT

To ze�goc �QF �S�� gQ� e�nai m�a K�ahlerian pollapl�thta� H metrik� e�nai
mh pl�rhc kai h om�da twn amfiol�morfwn isometri	n e�nai h modular om�da
Mod

Q
�S��
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Qreiaz�maste pr�ta �na l�mma�

LHMMA 

�


 
Estw 
�� � QF �S�� ���� � ��
U
� �
L
��

T�te isq�ei �ti�

�L�U� L�L� � �


� �


�
� L��

Ap�deixh� �Estw � � L���� kai �� � U � ��
U
� �� � L � ��

L
oi kanoni�

kopoihm�nec conformal apeikon�seic
 T�te

��

�
� L����� �

�
�L�� � ����z�

������z�

������z�
� �L�� � ����z�

������z�

������z�

�
�

T�ra�

�L�� � ����z�
������z�

������z�
�

���w���� � ����z��

�� j ���w���� � ����z�� j�
w�
z

fw�
�w��������z��

������z�

������z�
�

�pou h w� e�nai h monadik� kanonikopoihm�nh l�sh thc ��� pou antistoiqe�
sto �� �Estw f �Uh monadik� kanonikopoihm�nh l�sh thc ��� pou antistoiqe�
sto �

U
� T�te oi f �U kai ������ � w� e�nai �sec sto U � Parathro�me �ti

oi kanonikopoihm�nec sunart�seic f �U kai w� pou or�zetai �tsi �ste w� �

�������w� sto U kai w� � f �Usto L e�nai �sec� afo� l�noun thn �dia ex�swsh
Beltrami sto migadik� ep�pedo
 �Ara sto U �qoume

�w���� � �� � �f �U���

Sunak�louja�

�L�� � ����z�
������z�

������z�
�

���f �U����z��

�� j �
U
��f �U����z�� j�

f �U
z

f
�
U

z

��f �U����z�� � �L�U�
U
��z��

kai me ton �dio tr�po pa�rnoume ep�shc �ti

�L�� � ����z�
������z�

������z�
�

���f �L����z��

�� j ���f �L����z�� j�
f �L
z

f
�
L

z

��f �L����z�� � �L�L�
L
��z��

Ap�deixh tou jewr�matoc 

�
�
 H epag�menh metrik� gin�meno stonbT �S� e�nai K�ahlerian kai afo� h � e�nai amfiol�morfh� to �dio e�nai kai h

����g
bT � Qrei�zetai m�no na de�xoume thn isq� thc is�thtac twn metrik�n


�Estw � � Belt���� 
�� � QF �S�� �


��� � ��

U
� �
L
� kai � � L����� �
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��
U
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L
�� �Eqoume �ti

��

�
�
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�
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U
�
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U
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Gia �� � � L����
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H metrik� gQ e�nai mh pl�rhc l�gw thc mh plhr�thtac thc g
bT � Afo� h

om�da twn Weil�Petersson isometri�n ston Teich�S� �ant
 Teich�S�� e�nai

h Mod�S� �ant
 Mod�S�� kai h g
bT e�nai m�a Riemannian metrik� gin�me�

no� prok�ptei �ti h om�da twn amfiol�morfwn isometri�n tou bT �S� e�nai h
Mod�S� �Mod�S�� Ja epibebai�soume thn isomorf�a aut�c thc om�dac me
thn ModQ�S��

�Estw h �nac quasiconformal automorfism�c tou migadiko� epip�dou kai
�
h
�ModQ�S� pou dra p�nw ston QF �S� wc ex�c� Gia k�je 
w�� � QF �S�

�
h
�
w��� � �
w� � h����

Or�zoume m�a amfiol�morfh apeik�nish f�
h
tou Teich�S� � Teich�S� ston

eaut� tou ap� th sq�sh f�
h
� � � �

h
����

O zhto�menoc isomorfism�c e�nai o R �ModQ�S��Mod�S��Mod�S� �pou

R��
h
� �f�

h
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Faner�� gia k�je �
h
� to f�

h
�Mod�S��Mod�S� kai o R e�nai �nac omomor�

fism�c om�dwn
 Ep�shc o R e�nai �na proc �na�

kerR � f�
h
� f�

h
� � � �

h
���� � idg � fidg

T�loc� o R e�nai ep�� An e� � Mod�S� �Mod�S� t�te to � � ��� � e� �
� e�nai �na stoiqe�o thc Mod

Q
�S� kai R��� � e�� Sunep�c� h om�da twn

amfiol�morfwn isometri�n tou Q�S� e�nai h Mod
Q
�S�� �

Weil�Petersson sumplektik� gewmetr�a
 Gia thn pragmatik� su�
mplektik� morf� �Q pou ep�getai ap� thn gQ �qoume
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Oi apeikon�seic
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e�nai oi kanonik�c ol�morfec probol�c kai oi �T 	S

WP

� �T 	S

WP

e�nai oi pragmati�
k�c sumplektik�c morf�c pou ep�gontai ap� tic Weil�Petersson metrik�c stic
pollapl�thtec Teich�S�� T eich�S� ant�stoiqa


Gia perait�rw qr�sh apodeikn�oume to ep�meno

LHMMA 
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Ap�deixh� Upenjum�zoume �ti k�je � � L���� mpore� na frafe� wc
� � S��� � iS��i��� �Etsi
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kai prok�ptei to zhto�meno
 �

��
�
� Hyperk�ahlerian gewmetr�a� Parap�mpoume sto �Be�� kef
 	��
gia ton orism� twn Hyperk�ahlerian pollaplot�twn kai gia ta genik�tera
apotel�smata pou parat�jentai parak�tw


M�a �n�di�stath Riemannian pollapl�thta �M� g� kale�tai Hyperk�ahle�
rian an kai m�no an up�rqoun d�o migadik�c dom�c I kai J orism�nec sthn
M t�toiec �ste�

a�IJ � JI � 	
b� H g e�nai K�ahler metrik� wc proc I kai J 
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Am�swc fa�netai �ti h K � IJ e�nai m�a migadik� dom� kai h g e�nai
ep�shc K�ahler gia thn K� Genik�tera� doj�ntoc �x� y� z� � R

� t�toio �ste
x� � y� � z� � � t�te h xI � yJ � zK e�nai m�a migadik� dom� tou M
par�llhlh wc proc g
 Dial�goume m�a ap� aut�c tic dom�c �ac po�me thn I�
kai jewro�me to M wc I�migadik� pollapl�thta
 �Ena shmantik� gegon�c
pou afor� stic Hyperk�ahlerian pollapl�thtec e�nai �ti o Ricci tanust�c
kampul�tht�c touc e�nai mhd�n


�Eqoume ep�shc �ti

M�a Hyperk�ahlerian pollapl�thta e�nai migadik� sumplektik� pollapl��
thta�

Pr�gmati� h migadik� ��morf� � pou or�zetai ap� thn

��X�Y � � g�JX� Y � � ig�KX�Y �

e�nai mh ekfulism�nh� par�llhlh wc proc g kai I�ol�morfh


To ant�strofo alhje�ei sthn per�ptwsh �pou h M e�nai m�a sumpag�c
pollapl�thta� all� den e�nai gnwst� an isq�ei to �dio sthn genik�terh pe�
r�ptwsh
 Parade�gmata gia thn mh sumpag� per�potwsh �qoun doje� metax�
�llwn ap� touc Calabi
 Hitchin 
C���H�


Se to�th thn upopar�grafo ja apode�xoume to

JEWRHMA 

�
�
 O q	roc QF �S� me tic migadik�c dom�c I
Q
� J

Q
kai thn

Weil�Petersson Riemannian metrik� gQ e�nai m�a Hyperk�ahlerian pollapl��
thta�

Ap�deixh� H ap�deixh ja doje� se b�mata
 Afo� �dh �qoume de�xei �ti
h pollapl�thta �QF �S�� gQ� I

Q
� e�nai K�ahlerian
 apom�nei na de�xoume ta

ak�louja�

�Up�rqoun migadiko� telest�c J
Q
�K

Q
sto QF �S�� pou skew metat�jentai

me ton I
Q
�

�To�toi oi telest�c e�nai par�llhloi wc proc thn gQ�

BHMA �� Sqed�n migadiko� telest�c�

�Eqoume de� sthn �
�
� �ti up�rqei �nac fusiologik� orism�noc migadik�c
telest�c J ston L���� pou skew antimetat�jetai me ton standard migadik�
telest� I� Upenjum�zoume �ti e�nai

J����z� �

�
i��z�

�i��z�

z � U

z � L
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gia k�je � � L����� Ja or�soume sqed�n migadik�c dom�c J
Q
�K

Q
panto�

ston QF �S� t�toiouc �ste h Riemannian metrik� gQ pou ep�getai ap� to
Weil�Petersson gin�meno param�nei anallo�wth ap� th dr�sh touc
 Epike�
ntr�noume thn prosoq� mac ston J

Q
� �Estw � � L���� kai 
�� tuq�n shme�o

tou QF �S�� �Estw�
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to prosarthm�no pragmatik�� ol�morfo kai antiol�morfo efapt�meno di�nu�
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BHMA �� Sqed�n hermitian dom��
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BHMA �� Oloklhrwsim�thta kai K�ahlerian dom��

Ap� to je�rhma twn Newlander�Nirenberg
 m�a sqed�n migadik� dom�
J m�ac pollapl�thtac M e�nai migadik� kai sunep�c h M e�nai J�migadik�
pollapl�thta ann o telest�c J e�nai oloklhr�simoc� dhlad� isod�nama� o
J den �qei str�yh
 E�n h pollapl�thta e�nai sqed�n hermitian
 �stw r h
Riemannian sunoq� thc
 H sunoq� l�getai sqed�n migadik� an rXJ � 	
gia k�je dianusmatik� ped�o X thc M� E�n sumba�nei aut�� t�te h M e�nai
J�migadik� K�ahlerian pollapl�thta
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S� aut� th par�grafo ja apode�xoume �ti h migadik� sumpektik� dom�
tou QF �S� pou kataskeu�same sthn 

	� e�nai aut� pou prok�ptei ap� thn
W�P Hyperk�ahlerian metrik�
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�
� kai to je�rhma 

	
�� �qoume �ti oi ol��
morfec morf�c �Q� �� taut�zontai sthn efapt�menh upod�smh tou F �S�� Me
�lla l�gia� an ekfr�soume thn ol�morfh morf� �Q��� se olik�c migadik�c
suntetagm�nec ��i � l�i � �i � �i � �� � �i � i � �� ���� �g � � kai jewr�soume
touc ol�morfouc suntelest�c F
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Afo� �l�i � �i� � �	���� � R gia k�je i � �� ���� n� �W��� efarm�zoume
to l�mma 

	
� gia na p�roume F

��
� 	� Sunep�c oi �Q kai �� taut�zontai

panto� ston QF �S�� �

�Estw �M��� m�a migadik� sumplektik� pollapl�thta kaiN m�a migadik�
upopollapl�thta thc M� Kalo�me thn N migadik� sumplektik� an o perio�
rism�c thc � sthn ol�morfh efapt�menh upod�smh thc N d�nei m�a migadik�
sumplektik� dom� sthn N� Kalo�me thn N complex Lagrangian an h � e�nai
mhd�n panto� sthn ol�morfh efapt�menh upod�smh thc N�

JEWRHMA 
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