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AntÐ Prolìgou

Sto shmeÐo autì ja  jela na euqarist sw ìlouc ìsouc me bo jhsan gia

thn olokl rwsh thc ergasÐac aut c. Pr¸ta apì ìlouc to d�skalo mou, Kajh-

ght  Iw�nnh Ajanasìpoulo. H kajod ghsh, h sumpar�stash kai oi sumboulèc

tou stic kajhmerinèc mac suzht seic  tan oi basikoÐ par�gontec thc olokl -

rwshc thc diatrib c. O Kajhght c Iw�nnhc Ajanasìpouloc mou prìteine to

jèma thc diatrib c kai ektìc twn �llwn di�base epanhleimmèna to arqikì qei-

rìgrafo kai sunèbale apofasistik� sth diamìrfwsh tou telikoÔ keimènou me

upodeÐxeic, diorj¸seic kai belti¸seic stic apodeÐxeic twn jewrhm�twn.

Jèlw epÐshc na euqarist sw touc Anaplhrwtèc Kajhghtèc Ge¸rgio

Kosi¸rh kai 'Alkh Tersènob pou apotèlesan ta �lla duo mèlh thc trime-

loÔc sumbouleutik c epitrop c h opoÐa kai parakoloujoÔse thc exèlixh thc

diatrib c, kaj¸c kai touc Kajhghtèc Nikìlao Alik�ko, Iw�nnh Strat  kai

touc Anaplhrwtèc Kajhghtèc Eust�jio FÐlippa kai Aqillèa TertÐka oi opoÐoi

summeteÐqan sthn eptamel  exetastik  epitrop , di�basan th diatrib  kai oi

parathr seic touc tìso prin ìso kai kat� th di�rkeia thc parousÐashc up rxan

kajoristikèc.

IdiaÐtera euqarist¸ ton Kajhght  Luis Caffarelli o opoÐoc, kat� th

di�rkeia thc paramon c mou sto Panepist mio tou Tèxac sto 'Wstin, �kouse to

sÔnolo sqedìn thc diatrib c stic ebdomadiaÐec sunant seic mac. Jèlw epÐshc
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na euqarist sw thn Kajhg tria Souz�nna PapadopoÔlou gia tic sumboulèc

thc kaj' ìlh th di�rkeia twn metaptuqiak¸n mou spoud¸n. H ereunhtik  mou

ergasÐa uposthrÐqthke oikonomik� kat� kairoÔc apì ta Tm mata Majhmatik¸n

kai Efarmosmènwn Majhmatik¸n tou PanepisthmÐou Kr thc, to InstitoÔto

Upologistik¸n Majhmatik¸n tou ITE, to 'Idruma Kratik¸n Upotrofi¸n kai

to UpourgeÐo Ejnik c PaideÐac kai Jrhskeum�twn diamèsou tou progr�mmatoc

(EPEAEK) <<Hr�kleitoc: UpotrofÐec 'Ereunac me proteraiìthta sth Basik 

'Ereuna>>. Proc ta idrÔmata aut� ekfr�zw tic euqaristÐec mou.

Tèloc jèlw na euqarist sw touc goneÐc mou gia th suneq  ulik  kai

hjik  sumpar�stas  touc kai th sÔntrofo mou MarÐa gia thn amèristh st rixh

kai enj�rrunsh thc ìla aut� ta qrìnia.

Hr�kleio, 9/5/2006

Emmanou l Mhl�khc
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Kef�laio 1

Eisagwg 

Sta probl mata metabol c f�sewc enìc ulikoÔ melet�tai mia diadika-

sÐa, gia par�deigma h di�qush thc jermìthtac, se èna mèso h opoÐa sunodeÔetai

apì th dhmiourgÐa enìc met¸pou diamèsou tou opoÐou pragmatopoieÐtai h met�-

bash apì th mÐa f�sh sthn �llh. H pr¸th ergasÐa sth perioq  ofeÐletai stouc

Lamé kai Clapeyron [LC], oi opoÐoi kai èjesan to er¸thma tou prosdiorismoÔ

tou p�qouc thc epif�neiac pou dhmiourgeÐtai apì thn yÔxh enìc ugroÔ pou

katalamb�nei to hmiepÐpedo x > 0 k�tw apì thn epÐdrash stajer c jermokra-

sÐac sto x = 0. PerÐ ta tèlh tou 19ou ai¸na o austriakìc fusikì-majhmatikìc

Joseph Stefan prìteine me tic ergasÐec tou [S1]-[S4] èna montèlo pou ja exh-

goÔse to fainìmeno thc t xhc tou p�gou, prosdiorÐzontac to mhqanismì me ton

opoÐo gÐnetai h met�bash apì thn perioq  thc stere�c kat�stashc sthn antÐ-

stoiqh thc ugr c kai antÐstrofa. To montèlo autì ètuqe thc prosoq c twn

ereunht¸n idiaÐtera kat� to deÔtero misì tou teleutaÐou ai¸na kai lìgw thc

èreunac tou Stefan p re to ìnoma tou, gnwstì stic mèrec mac wc to prìblhma

tou Stefan.

H majhmatik  jemelÐwsh tou probl matoc kai ta ìpoia majhmatik�

apotelèsmata gia thn kÐnhsh kai th gewmetrik  morf  twn met¸pwn   eleujè-
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rwn sunìrwn den èqoun mìno jewrhtikì endiafèron lìgw twn ekleptusmènwn

sÔgqronwn mejìdwn all� apoteloÔn antikeÐmeno melèthc kai �llwn episth-

m¸n lìgw thc amesìtht�c touc me tic efarmogèc. Sugkekrimèna to prìblhma

autì apoteleÐtai apì th lÔsh thc exÐswshc thc jermìthtac se dÔo qwrÐa pou

perièqoun thn ugr  kai th stere� kat�stash antÐstoiqa, lamb�nontac upìyh

mia sunj kh isorropÐac sthn epif�neia thc metabol c thc f�shc. H sunj kh

aut , epakìloujo thc lanj�nousac jermìthtac, upodhl¸nei ìti h taqÔthta thc

epif�neiac ja prèpei na eÐnai an�logh me to �lma thc parag¸gou thc jermo-

krasÐac. Topik� h klasik  lÔsh sto prìblhma tou Stefan mporeÐ na perigrafeÐ

wc ex c:

JewroÔme to monadiaÐo kÔlindro D1 = B1 × (−1, 1) o opoÐoc qwrÐzetai

se dÔo qwrÐa Ω kai D1 \Ω apì thn epif�neia F = (∂Ω)∩D1. Sta Ω kai D1 \Ω

jewroÔme tic sunart seic u1 ≥ 0 kai u2 ≤ 0 antÐstoiqa me{
∆u1 −Dtu1 = 0 στo Ω

∆u2 −Dtu2 = 0 στo D1 \ Ω.

Oi sunart seic u1 kai u2 eÐnai C1 mèqri kai to sÔnoro F kai u1 = u2 = 0 sto

F. Epiplèon gia th taqÔthta thc epif�neiac F isqÔei

[uν ] :=
(ui)t

(ui)ν

= (u1ν − u2ν).

Mia asjen c morf  tou probl matoc (blèpe [CE], [LSU]) prokÔptei an,

∆u ∈ β(u)t

ìpou β(u) = u+ − u− + signu. Sth perÐptwsh aut  èqoume u1 = u+ sto

Ω = {u > 0}, u2 = −u− sto Ωc = {u ≤ 0}.
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Se probl mata tètoiou eÐdouc ta basik� erwt mata èqoun na k�noun

me thn omalìthta thc lÔshc all� kai thn omalìthta thc epif�neiac metabol c

f�shc dhlad  tou eleujèrou sunìrou. Sth monodi�stath perÐptwsh ta pr¸ta

apotelèsmata aforoÔsan topik  Ôparxh kai monadikìthta genikeumènwn lÔse-

wn ([O], [K]) en¸ argìtera o Rubinstein ([R]) apèdeixe thn Ôparxh thc lÔshc

gia analutikì eleÔjero sÔnoro. Sth sunèqeia oi J. Cannon, A. Fasano, D.

Henry, C. Hill, D. Kotlow, A. Meirmanov, M. Primicerio (blèpe [CF], [CH],

[CHK], [CP], [M] kai tic anaforèc touc) olokl rwsan th melèth thc mono-

di�stathc perÐptwshc apodeiknÔontac thn olik  Ôparxh kai th monadikìthta

thc lÔshc, th suneq  kai monìtonh ex�rthsh tou eleujèrou sunìrou apì ta

dedomèna kaj¸c kai thn asumptwtik  sumperifor� tou eleujèrou sunìrou gia

t→ +∞.

Gia n > 1 kai sth perÐptwsh tou monofasikoÔ probl matoc tou Stefan,

o Duvaut ([D]) apèdeixe ìti to prìblhma metasqhmatÐzetai se mia anÐswsh

metabol¸n. Sth sunèqeia kai me b�sh th parat rhsh aut  mporeÐ na apo-

deiqjeÐ h Lipschitz omalìthta tou eleujèrou sunìrou (blèpe [FK]). Tèloc oi

Kinderlehrer, Nirenberg kai Hanzawa ([KN], [H]) apèdeixan, qrhsimopoi¸ntac

diaforetikèc mejìdouc, thn Ôparxh klasik c lÔshc gia to monofasikì prìblh-

ma.

Parìlo pou ta probl mata metabol c f�sewc ulik¸n apasqoloÔsan

touc ereunhtèc gia p�nw apì èna ai¸na, apant seic gia th leiìthta tou me-

t¸pou se difasik� probl mata me n > 1 dìjhkan mìlic prìsfata sta mèsa

thc dekaetÐac tou 1990 apì touc Iw�nnh Ajanasìpoulou, Luis Caffarelli kai
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Sandro Salsa se mia seir� apì ergasÐec [ACS1], [ACS2], [ACS3]. Oi sug-

grafeÐc apodeiknÔoun ìti lÔseic me thn ènnoia tou ix¸douc se mia genikìterh

kl�sh problhm�twn eleujèrou sunìrou eÐnai Lipshcitz suneqeÐc kat� m koc

tou eleujèrou sunìrou kai ìti ta eleÔjera sÔnora eÐnai C1. H omalìthta tou

met¸pou ja d¸sei sth sunèqeia ìti lÔseic me thn ènnoia tou ix¸douc eÐnai kla-

sikèc lÔseic sto prìblhma eleujèrou sunìrou. Stic ergasÐec autèc eis�gontai

kainoÔrgiec mèjodoi pou bohjoÔn ousiastik� sthn katanìhsh tou probl matoc

tou Stefan apì thn �llh ìmwc katadeiknÔoun th duskolÐa sthn antimet¸pish

kai sthn apìdeixh isqur¸n apotelesm�twn sta probl mata metabol c f�sewc

ulik¸n.

Sth paroÔsa didaktorik  diatrib  prwtarqikìc skopìc eÐnai h genÐkeu-

sh twn apotelesm�twn twn [ACS1], [ACS2] se probl mata anomoiogen¸n u-

lik¸n gia genikèc sunj kec tÔpou Stefan. Aut� en gènei emperièqoun pl rwc

mh grammikèc diaforikèc exis¸seic merik¸n parag¸gwn me sunj kec �lmatoc

twn parag¸gwn sto eleÔjero sÔnoro. Sugkekrimèna jewroÔme sto monadiaÐo

kÔlindro D1 = B1 × (−1, 1) to prìblhma eleujèrou sunìrou
F (D2v+)−Dtv

+ = 0 στo Ω+ := D1 ∩ {v > 0}
F (D2v−)−Dtv

− = 0 στo Ω− := D1 ∩ {v ≤ 0}o

Vν = G((x, t), ν, v+
ν , v

−
ν ) στo Ft = ∂Ω+ ∩ {t},

ìpou h F : S ⊆ Rn×n → R eÐnai mia pl rwc mh grammik  sun�rthsh, orismènh

sto q¸ro S twn n×n summetrik¸n pin�kwn, omogen c bajmoÔ 1, F (0) = 0, koÐ-

lh kai omoiìmorfa elleiptik . Merik� paradeÐgmata mh grammik¸n telest¸n
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thc parap�nw morf c prokÔptoun apì thn exÐswsh tou Bellman:

F (D2u) := inf
α∈A

(Lαu− fα) = 0,

gia to bèltisto kìstoc se probl mata stoqastikoÔ elègqou kaj¸c epÐshc kai

apì touc telestèc tou Pucci M+, M+ ìpwc autoÐ orÐzontai sto epìmeno kef�-

laio. Gia thn G upojètoume ìti eÐnai Lipschitz, aÔxousa wc proc v+
ν , fjÐnousa

wc proc v−ν kai G → +∞ ìtan v+
ν − v−ν → +∞. Tètoiou eÐdouc probl mata

emfanÐzontai sth metallourgÐa, sth dhmiourgÐa kram�twn-èxupnwn ulik¸n kai

genik� se peript¸seic difasik¸n problhm�twn ìpou h diadikasÐa metabol c

thc f�shc eÐnai plèon mh grammik . Sto prìblhma autì, lìgw tou topikoÔ

qarakt ra tou, ja prospaj soume na prosdiorÐsoume th sumperifor� thc lÔ-

shc kont� sto eleÔjero sÔnoro, thn omalìthta thc lÔshc epÐ kai pèran tou

eleujèrou sunìrou, th gewmetrik  morf  kai leiìthta tou eleujèrou sunìrou.

Ta kÔria apotelèsmata thc ergasÐac aut c diatup¸nontai sta Jewr -

mata 2.4 kai 2.5 tou KefalaÐou 2 parak�tw. H diatrib  qwrÐzetai se duo mèrh.

Sto pr¸to mèroc ja asqolhjoÔme me thn omalìthta thc lÔshc se pl rwc

mh grammik� probl mata me genikèc sunj kec sto eleÔjero sÔnoro en¸ sto

deÔtero mèroc apodeiknÔoume th leiìthta tou eleujèrou sunìrou. Parak�tw

perigr�foume sÔntoma tic apodeÐxeic twn basik¸n jewrhm�twn.

Gia thn apìdeixh thc Lipschitz sunèqeiac thc lÔshc qrei�zetai na apo-

deÐxoume sugkekrimènec idiìthtec gia tic F -lÔseic (dhlad  mh arnhtikèc lÔseic

thc exÐswshc) se qwrÐa me Lipschitz sÔnora. Tètoiou eÐdouc apotelèsmata eÐ-

nai anex�rthta apì to prìblhma tou eleujèrou sunìrou kai èqoun prokalèsei
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to endiafèron arket¸n ereunht¸n ta teleutaÐa qrìnia (gia grammikèc para-

bolikèc exis¸seic deÐte M. Safonov, Y. Yuan, [Sf], [SY] k.a.). Sugkekrimèna

apodeiknÔoume ìti:

• F -lÔseic se Lipschitz qwrÐa ikanopoioÔn mia anisìthta Harnack pÐsw

sto qrìno (Backward Harnack).

• To phlÐko u1/u2 duo F -lÔsewn eÐnai Cα.

• H F -lÔsh eÐnai monìtonh se èna olìklhro k¸no dieujÔnsewn pou eisèr-

qontai sto Lipschitz qwrÐo.

• To ∇u gia thn F -lÔsh u, eÐnai thc t�xhc u/d, ìpou d eÐnai h elleiptik 

apìstash apì to Lipschitz sÔnoro.

Apì tic ektim seic autèc prokÔptei ìti oi sunart seic w+ := u + u1+ε kai

w− := u − u1+ε eÐnai F -upolÔsh kai F -uperlÔsh sthn antÐstoiqh elleiptik 

exÐswsh sto uperepÐpedo {t = 0} kont� sto eleÔjero sÔnoro. Oi idiìthtec

autèc gia tic w+ kai w− se sunduasmì me thn asumptwtik  sumperifor� thc

lÔshc kont� sto eleÔjero sÔnoro (kef�laio 5) ja mac d¸soun th Lipschitz

omalìthta kat� m koc tou eleujèrou sunìrou qrhsimopoi¸ntac ton tÔpo mo-

notonÐac twn Alt, Caffarelli kai Friedman gia ufarmonikèc sunart seic, diìti

h w+ eÐnai ousiastik� ufarmonik  me thn ènnoia tou ix¸douc. Apì ton trìpo

pou orÐzetai to prìblhma eleujèrou sunìrou, h Lipschitz omalìthta eÐnai to

bèltisto apotèlesma gia th lÔsh.
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Sto deÔtero mèroc exet�zoume thn omalìthta tou eleujèrou sunìrou.

'Opwc faÐnetai apì to antipar�deigma sto [ACS2] gia to difasikì prìblhma tou

Stefan, genik� den mporoÔme na perimènoume omalì eleÔjero sÔnoro. Gia to

lìgo autì periorizìmaste se mia kl�sh problhm�twn, gia ta opoÐa mporoÔme

na apodeÐxoume thn C1 omalìthta. H sunj kh mh ekfulismoÔ pou upojètoume

mac exasfalÐzei ousiastik� ìti oi duo roèc jermìthtac den exafanÐzontai tau-

tìqrona sto eleÔjero sÔnoro. Sthn perÐptwsh aut  mporoÔme na apodeÐxoume

ìti Lipschitz eleÔjera sÔnora eÐnai sthn ousÐa C1 graf mata sto q¸ro kai to

qrìno. Apì thn �llh ìmwc melet¸ntac to parap�nw antipar�deigma blèpoume

ìti h epituqÐa thc peraitèrw omalìthtac tou eleujèrou sunìrou exart�tai apì

thn Lipschitz stajer� tou. Dhlad  an h stajer� eÐnai arket� mikr  tìte sthn

pragmatikìthta briskìmaste sthn mh ekfulizìmenh perÐptwsh kai �ra h para-

p�nw omalìthta isqÔei. SkopeÔoume na melet soume thn kat�stash aut  se

mellontik  ergasÐa [M3]. Sth mh ekfulizìmenh perÐptwsh t¸ra, parathroÔme

ta ex c:

• Oi epif�neiec st�jmhc thc u eÐnai uperepÐpeda k�jeta sto monadiaÐo di�-

nusma e, an Dνu ≥ 0 gia k�je ν tètoia ¸ste α(ν, e) ≤ π/2.

• Apì thn �llh an mporoÔme na apodeÐxoume mìno ìti Dνu ≥ 0 gia k�je ν

sto k¸no Γ(e, θ) := {ν : α(ν, e) ≤ θ < π/2}, tìte oi epif�neiec st�jmhc

eÐnai Lipschitz.

• 'Otan lème ìti h u eÐnai monìtonh gia k�je ν ∈ Γ(e, θ) ousiastik� enno-
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oÔme ìti gia k�je mikrì ε isqÔei

u(x) ≥ sup
y∈Bεsinθ(x)

u(y − εe).

• Opìte an u(x) ≥ supBε(x) u(y−εe) tìte oi epif�neiec st�jmhc thc u eÐnai

uperepÐpeda.

SÔmfwna me tic parap�nw parathr seic, h apìdeixh thc omalìthtac ja

prokÔyei an kataskeu�soume mia akoloujÐa duadik¸n kulÐndrwn ìpou h u gÐ-

netai monìtonh se mia akoloujÐa k¸nwn me �noigma θk ìlo kai pio kont� sto

π/2. Pr�gmati, an sugkrÐnoume th lÔsh u me tic v := supy∈Bεsinθ(x) u(y − εe)

sta sÔnola aut�, mporoÔme na deÐxoume ìti h u mènei p�nw apì th v ìtan h

gwnÐa plhsi�zei to π/2 (  antÐstoiqa h aktÐna thc mp�lac plhsi�zei to ε). To

shmantikìtero Ðswc prìblhma, sto opoÐo ofeÐletai kai h duskolÐa sthn antime-

t¸pish twn problhm�twn eleujèrou sunìrou me sunj kec tÔpou Stefan, eÐnai

to gegonìc ìti h exÐswsh èqei parabolikèc idiìthtec omoiojesÐac (scaling),

dhlad  an h u eÐnai F -lÔsh tìte kai h uk(x, t) := u(kx, k2t) ja eÐnai F -lÔsh,

antÐjeta h sunj kh tou eleujèrou sunìrou eÐnai uperbolikoÔ tÔpou dhlad  k

wc proc x kai k wc proc t. Gia to lìgo autì prin efarmìsoume epanalhpti-

k� tic ektim seic ja prèpei na l�boume upìyin kai ta duo eÐdh omoiojesÐac,

oloklhr¸nontac thn apìdeixh se trÐa b mata. Sto pr¸to b ma se qwrÐa me

parabolik  omoiojesÐa kai makri� apì to eleÔjero sÔnoro, apodeiknÔoume ì-

ti o k¸noc monotonÐac thc lÔshc megal¸nei (dhlad  h u brÐsketai p�nw apì

th v) qrhsimopoi¸ntac mia anisìthta tÔpou Harnack. Sto deÔtero b ma ja
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prèpei na deÐxoume ìti oi prohgoÔmenec ektim seic (p�nta makri� apì to eleÔ-

jero sÔnoro) isqÔoun kai se qwrÐa me uperbolikoÔ tÔpou omoiojesÐa. Tèloc

metafèroume tic eswterikèc ektim seic sto eleÔjero sÔnoro (kef�laio 10)

qrhsimopoi¸ntac mia oikogèneia upolÔsewn kai mia isqur  topologik  mèjodo

ìpwc stic ergasÐec [C1], [ACS2].

Sta parart mata dÐnoume mia leptomer  apìdeixh tou tÔpou monotonÐ-

ac gia thn perÐptwsh mac, k�poiec basikèc idiìthtec mh grammik¸n exis¸sewn

kaj¸c kai èna aplì par�deigma kataskeu c miac pl rwc mh gramik c exÐsw-

shc. Ta apotelèsmata thc paroÔsac didaktorik c diatrib c emfanÐzontai sthn

ergasÐa [M1].
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Kef�laio 2

OrismoÐ kai KÔria Apotelèsmata

Sto kef�laio autì ja d¸soume touc basikoÔc orismoÔc kai ja dia-

tup¸soume ta kÔria apotelèsmata thc diatrib c sta Jewr mata 2.4 kai 2.5

parak�tw.

Orismìc 2.1. Ja lème ìti h sun�rthsh F (M,P, u, x, t) eÐnai omoiìmorfa el-

leiptik  an up�rqoun jetikèc stajerèc λ,Λ tètoiec ¸ste

λ||N || ≤ F (M +N,P, u, x, t)− F (M,P, u, x, t) ≤ Λ||N ||

ìpou o pÐnakac N eÐnai jetik� orismènoc kai ||N || = sup|x|=1 |Nx|.

Apì ton orismì thc elleiptikìthtac gia mia sun�rthsh F eÔkola pro-

kÔptei h akìloujh isodunamÐa.

L mma 2.1. Ta akìlouja eÐnai isodÔnama gia thn F (M):

(a) H F eÐnai omoiìmorfa elleiptik .

(b) Gia k�je M,N isqÔei:

F (M +N) ≤ F (M) + Λ||N+|| − λ||N−||.

Ja orÐsoume t¸ra tic lÔseic me thn ènnoia tou ix¸douc se mia mh gram-

mik  exÐswsh. Pr¸ta ìmwc ac doÔme ton tupikì orismì gia tic perib�llousec

miac fragmènhc sun�rthshc.
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Orismìc 2.2. 'Estw u mia fragmènh sun�rthsh se èna qwrÐo Ω kai v suneq c.

Ja onom�zoume �nw hmisuneq  perib�llousa thc u th sun�rthsh

u∗ = inf
v
{v : v ≥ u}.

OmoÐwc orÐzoume th k�tw hmisuneq  perib�llousa thc u,

u∗ = sup
v
{v : v ≤ u}.

Orismìc 2.3. JewroÔme thn exÐswsh

ut − F (D2u,Du, u, x, t) = 0. (2.1)

H fragmènh sun�rthsh u ja lègetai lÔsh thc (2.1) me thn ènnoia tou ix¸douc

an ikanopoioÔntai oi parak�tw sunj kec:

a) An ∀ϕ ∈ C2, ∀ε > 0 t.w.

ϕt − F (D2ϕ,Dϕ, ϕ, x, t) ≥ ε > 0

h u∗ − ϕ den lamb�nei topikì mègisto 0.

b) An ∀ϕ ∈ C2, ∀ε > 0 t.w.

ϕt − F (D2ϕ,Dϕ, ϕ, x, t) ≤ −ε < 0

h u∗ − ϕ den lamb�nei topikì el�qisto 0.

'Ena �meso sumpèrasma tou parap�nw orismoÔ eÐnai to akìloujo L m-

ma.
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L mma 2.2. 'Estw u eÐnai upolÔsh thc (2.1) kai ϕ ∈ C2 tètoia ¸ste{
u ≤ ϕ

u(x0, t0) = ϕ(x0, t0).
(2.2)

Tìte

ϕt − F (D2ϕ,Dϕ, ϕ, x0, t0) ≤ 0. (2.3)

Apìdeixh. 'Estw ìti den isqÔei, tìte

ϕt − F (D2ϕ,Dϕ, ϕ, x0, t0) ≥ ε > 0,

�ra se mia perioq  tou (x0, t0) h sun�rthsh ϕ1 = ϕ + δ(|x − x0|2 − t + t0)

ikanopoieÐ

ϕ1
t − F (D2ϕ1, Dϕ1, ϕ1, x, t) ≥ ε/2 > 0

gia δ arket� mikrì. Profan¸c h u − ϕ1 lamb�nei eswterikì mègisto, �topo

apì ton Orismì 2.3. �

Pìrisma 2.3. An gia k�je ϕ ∈ C2 h (2.2) sunep�getai thn (2.3) tìte h u

eÐnai upolÔsh thc (2.1).

Gia èna summetrikì pÐnaka M orÐzoume touc telestèc tou Pucci wc

ex c:

M−(M,λ,Λ) = λ(
∑
ei>0

ei) + Λ(
∑
ei<0

ei)

M+(M,λ,Λ) = Λ(
∑
ei>0

ei) + λ(
∑
ei<0

ei)

ìpou ei eÐnai oi idiotimèc tou pÐnakaM . Gia tic di�forec idiìthtec twn M−,M+

pou ja qrhsimopoi soume sta epìmena kef�laia parapèmpoume ton anagn¸sth
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sto Par�rthma Bþ. OrÐzoume t¸ra thn kl�sh ìlwn twn asjen¸n (me thn èn-

noia tou ix¸douc) lÔsewn se ìlec tic parabolikèc exis¸seic se nondivergence

morf :

Orismìc 2.4. 'Estw f suneq c sto Ω kai λ,Λ jetikèc stajerèc. Ja sumbo-

lÐzoume me :

(a) S(λ,Λ, f) thn kl�sh twn suneq¸n sunart sewn u sto Ω gia tic opoÐec,

M+(D2u, λ,Λ)− ut ≥ f

(b) S(λ,Λ, f) thn kl�sh twn suneq¸n sunart sewn u pou ikanopoioÔn

M−(D2u, λ,Λ)− ut ≤ f

(g) S(λ,Λ, f) = S(λ,Λ, f) ∩ S(λ,Λ, f),

ìpou oi anisìthtec isqÔoun me thn ènnoia tou OrismoÔ 2.3.

'Estw xn = f(x′, t), x′ ∈ Rn−1 eÐnai mia Lipschitz sun�rthsh me Lipschitz

stajer� L kai Ω to qwrÐo dexi� thc f , Ω = {xn > f(x′, t)}. Gia k�je

(ξ, τ) = (ξ′, ξn, τ) ∈ {xn > f(x′, t)}, r > 0 kai b = max(4L, 1) orÐzoume

ta akìlouja sÔnola :

Qr(ξ, τ) := {(x, t) ∈ Rn+1 : |x′ − ξ′| < r, |xn − ξn| < br, |t− τ | < r2},

Kr(ξ, τ) := {(x, t) ∈ Rn+1 : |x′ − ξ′| < t, |xn − ξn| < br, |t− τ | < r}

kai ta shmeÐa:

Ar(ξ, τ) := (ξ′, ξn + br, τ),
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Ar(ξ, τ) := (ξ′, ξn + br, τ +
3

2
r2),

Ar(ξ, τ) := (ξ′, ξn + br, τ − 3

2
r2).

Tèloc ja sumbolÐzoume me ∂p to parabolikì sÔnoro, M := supu kai me

dx,t := inf{dist((x, t), (y, t)) : yn = f(y′, t)}

thn elleiptik  apìstash apì to Lipschitz sÔnoro. DÐnoume t¸ra ton orismì

twn F -lÔsewn se qwrÐa me Lipschitz sÔnoro.

Orismìc 2.5. 'Estw Ω eÐnai to qwrÐo dexi� tou Lipschitz graf matoc f ,

dhlad  Ω = {xn > f(x′, t)} kai èstw D eÐnai h tom  enìc kÔbou Q di�stashc

(n+ 1) me to Ω. Ja onom�zoume F -lÔsh mia mh arnhtik  lÔsh thc exÐswshc

F (D2u)− ut = 0 στo D ⊂ Rn+1

h opoÐa mhdenÐzetai topik� sto (∂Ω) ∩Q.

H sun�rthsh F : S ⊆ Rn×n → R eÐnai mia pl rwc mh grammik  sun�r-

thsh, orismènh sto q¸ro S twn n×n summetrik¸n pin�kwn, omogen c bajmoÔ

1, F (0) = 0, koÐlh kai omoiìmorfa elleiptik . Sth sunèqeia orÐzoume th lÔ-

sh sto prìblhma eleujèrou sunìrou. Tupik� h sun�rthsh aut  ja eÐnai mia

F -lÔsh dexi� kai arister� tou Lipschitz graf matoc, en¸ p�nw sto eleÔjero

sÔnoro ikanopoieÐtai h sunj kh tÔpou Stefan (Sq ma 2.1).

Orismìc 2.6. 'Estw v mia suneq c sun�rthsh sto D1 := B1(0)× (−1, 1). Ja

lème ìti h v eÐnai upolÔsh (uperlÔsh) sto prìblhma eleujèrou sunìrou an,
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Sq ma 2.1: LÔsh sto prìblhma Eleujèrou Sunìrou

(i) F (D2v+)− v+
t ≥ 0 (≤) στo Ω+ := D1 ∩ {v > 0}

(ii) F (D2v−)− v−t ≤ 0 (≥) στo Ω− := D1 ∩ {v ≤ 0}o

(iii) v ∈ C1(Ω̄+) ∩ C1(Ω̄−)

(iv) Gia k�je (x, t) ∈ ∂Ω+ ∩D1, ∇xv
+(x, t) 6= 0, kai

Vν ≥ −G((x, t), ν, v+
ν , v

−
ν ) (≤)

ìpou oi (i) kai (ii) ikanopoioÔntai me thn ènnoia tou OrismoÔ 2.3 kai Vν eÐnai

h taqÔthta thc epif�neiac Ft := ∂Ω+ ∩ {t} sthn kateÔjunsh ν := ∇xv+

|∇xv+| .

16



Sq ma 2.2: LÔsh me thn ènnoia tou ix¸douc

Ja lème ìti h v eÐnai lÔsh sto prìblhma tou eleujèrou sunìrou an eÐnai

sugqrìnwc upolÔsh kai uperlÔsh. Ston parap�nw orismì h sunj kh (iv)

mporeÐ na antikatastajeÐ me
v+

t

v+
ν

≤ G((x, t), ν, v+
ν , v

−
ν ) (≥).

Ja upojètoume ìti h sun�rthsh G eÐnai suneq c wc proc ìlec tic metablhtèc

thc, aÔxousa wc proc v+
ν , fjÐnousa wc proc v−ν kai G→ +∞ ìtan v+

ν − v−ν →

+∞. Sth sunèqeia ja orÐsoume tic lÔseic me thn ènnoia tou ix¸douc sto

prìblhma eleujèrou sunìrou.

Orismìc 2.7. Upojètoume ìti h u eÐnai suneq c sto D1, tìte h u ja onom�-

zetai upolÔsh (uperlÔsh) me thn ènnoia tou ix¸douc sto prìblhma eleujèrou
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sunìrou an, gia k�je upokÔlindro Q tou D1 kai gia k�je uperlÔsh (upolÔsh)

me thn ènnoia tou OrismoÔ 2.6 v sto Q isqÔei u ≤ v (u ≥ v) sto sÔnoro ∂pQ,

tìte ja isqÔei u ≤ v (u ≥ v) kai sto Q.

Pollèc forèc tic lÔseic me thn ènnoia tou ix¸douc sto prìblhma eleu-

jèrou sunìrou ja tic onom�zoume apl� lÔseic me thn ènnoia tou ix¸douc qwrÐc

autì na prokaleÐ sÔgqush me ton antÐstoiqo orismì twn Crandall kai Lions.

Parak�tw diatup¸noume ta basik� apotelèsmata thc didaktorik c diatrib c.

Je¸rhma 2.4. 'Estw u mia lÔsh me thn ènnoia tou ix¸douc sto prìblh-

ma eleujèrou sunìrou sto qwrÐo B1(0) × (−1, 1) kai èstw ìti to ∂Ω+ eÐnai

Lipschitz se mia qwriak  kateÔjunsh ν me Lipschitz stajer� L. Upojètoume

ìti u(A3/4(0, 0)) = m > 0 kai ìti h arq  twn axìnwn an kei sto eleÔjero

sÔnoro. Tìte h u eÐnai Lipschitz suneq c kat� m koc tou eleujèrou sunìrou.

Je¸rhma 2.5. 'Estw u mia lÔsh me thn ènnoia tou ix¸douc gia to prìblhma

eleujèrou sunìrou sto qwrÐo Q2 = B2×(−2, 2), thc opoÐac to eleÔjero sÔnoro

F perièqei thn arq  (0, 0) kai dÐnetai apì to gr�fhma miac Lipschitz sun�rth-

shc xn = f(x′, t) me Lipschitz stajer� L. Upojètoume ìti u(en,−3
2
) = 1 ìpou

en eÐnai to monadiaÐo di�nusma sthn xn kateÔjunsh kai epiplèon

(i) H G(ν, a, b) eÐnai mia Lipschitz sun�rthsh wc proc ìlec tic metablhtèc thc

me Lipschitz stajer� LG, kai gia k�poio jetikì arijmì γ,

DaG ≥ γ και DbG ≤ −γ.

(ii)(Sunj kh mh-ekfulismoÔ) Up�rqei k0 > 0 tètoio ¸ste, an (x0, t0) ∈ F eÐnai
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omalì shmeÐo apì ta dexi�   apì ta arister�, tìte gia k�je mikrì r,

−
∫

Br(x0)

u+ ≥ k0r.

Tìte sto qwrÐo Q1 to eleÔjero sÔnoro eÐnai èna C1 gr�fhma sto q¸ro kai to

qrìno. Epiplèon gia k�je η > 0, up�rqei jetik  stajer�

C = C(n, L, LG,M, λ,Λ, γ, k0, η)

tètoia ¸ste

|∇x′f(x′, t)−∇x′f(y′, t)| ≤ C(−log|x′ − y′|)−3/2+η

|Dtf(x′, t)−Dtf(x′, s)| ≤ C(−log|t− s|)−1/2+η

gia k�je (x, t), (y, s) ∈ F ìpou M = supQ2
u.
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Kef�laio 3

Mh arnhtikèc lÔseic se Lipschitz qwrÐa

Sthn par�grafo aut  ja melet soume orismènec idiìthtec mh arnhtik¸n

lÔsewn thc exÐswshc

F (D2u)− ut = 0. (3.1)

JewroÔme ìti h F eÐnai omal , koÐlh, omogen c bajmoÔ èna, omoiì-

morfa elleiptik  me stajerèc elleiptikìthtac λ,Λ kai F (0) = 0. Parak�tw

apodeiknÔoume to basikì Je¸rhma thc paragr�fou, mia sunoriak  Backward

Harnack, h opoÐa mporeÐ na efarmosteÐ se k�je jetik , ektìc apì èna sÔnolo

mètrou mhdèn, lÔsh thc (3.1). To je¸rhma autì genikeÔei ta antÐstoiqa apote-

lèsmata twn M. Safonov, Y. Yuan (blèpe [Sf], [SY]) gia grammikèc exis¸seic.

Je¸rhma 3.1. 'Estw u mia F -lÔsh sto Q1 ∩ Ω kai u(A3/4(0, 0)) = m > 0.

Tìte up�rqei stajer� C = C(n, L, λ,Λ,M,m), tètoia ¸ste

u(x, t+ ρ2) ≤ Cu(x, t− ρ2)

gia k�je (x, t) ∈ Q1/2 ∩ Ω kai gia k�je ρ : 0 < ρ ≤ dx,t

b
.

Apìdeixh. OrÐzoume

Lu ≡ αij(x, t)uxixj
(x, t)− ut(x, t)
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ìpou

αij(x, t) :=

∫ 1

0

∂F

∂Rij

(sD2u)ds.

ParathroÔme ìti an h u eÐnai F -lÔsh sto Q1 ∩ Ω tìte epÐshc Lu = 0 sto

Q1 ∩ Ω kai o telest c L èqei tic Ðdiec stajerèc elleiptikìthtac λ kai Λ me

thn F . ProseggÐzoume ton telest  L me omaloÔc parabolikoÔc telestèc Lε

me tic Ðdiec stajerèc elliptikìthtac kai èstw uε h klasik  lÔsh thc Lεu = 0

me ta Ðdia sunoriak� dedomèna ìpwc h u. Tìte up�rqei omoiìmorfo ìrio thc

uε, èstw u0, to opoÐo eÐnai Ln+1-lÔsh me thn ènnoia tou ix¸douc thc Lu = 0

me tic Ðdiec sunoriakèc timèc ìpwc h u (blèpe [CKLS], [CKS]), epomènwc apì

th monadikìthta thc lÔshc ja prèpei u0 = u.

SumbolÐzoume me w(x,t) to Lε-jermikì mètro sto Q1 ∩ Ω upologismèno

sto shmeÐo (x, t). OrÐzoume B := {t = −1}∩Q1∩Ω kai gia k�je (x, t) ∈ Q1/2∩

Ω epilègoume (ξ, τ) ∈ Q1/2 ∩ ∂Ω kai r > 0 tètoio ¸ste (x, t) = Ar(ξ, τ) = Ar.

Tìte

uε(Ar) =

∫
Σ

uεdwAr +

∫
B

uεdwAr =: u1(Ar) + u2(Ar). (3.2)

Ek kataskeu c h u2 eÐnai mhdèn sthn par�pleurh epif�neia tou Q1 ∩Ω. Opìte

apì to Je¸rhma 3.7 tou [FSY] èqoume

u2(Ar) ≤ Cu2(Ar)

ìpou C = C(n, λ,Λ, L). 'Estw t¸ra γ := Σ ∩ {−1 < t < −9/16} apì thn

idiìthta D (Doubling Property) tou L-jermikoÔ mètrou (blèpe [SY]) èqoume

w(x,t)(Σ) ≤ Cw(x,t)(γ)
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Sq ma 3.1: Backward Harnack

�ra

u1(x, t) =

∫
Σ

uεdw(x,t) ≤Mw(x,t)(Σ) ≤ C(n, λ,Λ, L)Mw(x,t)(γ).

Apì thn �llh meri�

uε(Ar) =

∫
Σ

uεdwAr +

∫
B

uεdwAr ≥
∫

γ

uεdwAr +

∫
B

uεdwAr . (3.3)

Epeid  to w(x,t)(γ) eÐnai mhdèn sthn par�pleurh epif�neia tou Q1 ∩ Ω ektìc

apo to γ, qrhsimopoi¸ntac xan� to Je¸rhma 3.7 apì to �rjro [FSY] èqoume

wAr(γ) ≤ C(n, λ,Λ, L)wAr(γ)

�ra ∫
γ

uεdwAr ≥ mC(n, λ,Λ, L)wAr(γ).
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Apì tic sqèseic (3.2) kai (3.3) prokÔptei

uε(Ar) ≤ C(n, λ,Λ, L,m,M)uε(Ar)

kai epeid  epilèxame to r ∼ dx,t h apìdeixh oloklhr¸jhke. �

L mma 3.2. 'Estw u1, u2 ìpwc h u sto Je¸rhma 3.1, A1/2(0, 0) = A1/2 kai

epiplèon u1 − σu2 ≥ 0 sto Q1 ∩ Ω gia k�poio σ ≥ 0. Tìte up�rqei stajer�

c = c(n, L,Mi,mi, λ,Λ) tètoia ¸ste

1

c

u1(A1/2)− σu2(A1/2)

u2(A1/2)
≤ u1(x, t)− σu2(x, t)

u2(x, t)
≤ c

u1(A1/2)− σu2(A1/2)

u2(A1/2)

gia k�je (x, t) ∈ Q1/2 ∩ Ω.

Apìdeixh. JewroÔme th sun�rthsh

w = C
u1 − σu2

u1(A1/2)− σu2(A1/2)
− u2

u2(A1/2)

sto Q1∩Ω ìpou th stajer� C ja thn epilèxoume parak�tw. An gr�youme thn

w sth morf 

w = αu1 − (ασ + β)u2

ìpou α, β jetikèc stajerèc, tìte

Lw ≡ wt −
∫ 1

0

Fij(sD
2(αu1) + (1− s)D2(ασ + β)u2)ds · wxixj

= α(u1)t − (ασ + β)(u2)t − [F (D2(αu1)− F (D2(ασ + β)u2)]

= 0.
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'Opwc sthn apìdeixh tou Jewr matoc 3.1 jewroÔme tic w1, w2 oi opoÐec eÐnai

lÔseic twn problhm�twn Dirichlet, Lεwi = 0 sto Q1∩Ω, gia i = 1, 2, me w1 =

u1−σu2

u1(A1/2)−σu2(A1/2)
sto ∂p(Q1 ∩ Ω) kai w2 = u2

u2(A1/2)
sto ∂p(Q1 ∩ Ω) antÐstoiqa.

An efarmìsoume to Je¸rhma 4.3 tou [FSY] ja prokÔyei

Cw1 ≥ w2 στo Q1/2 ∩ Ω,

me C = C(n, L, λ,Λ,m1,m2,M1,M2). Epilègoume aut  th stajer� C ston

orismì thc sun�rthshc w opìte ja èqoume

w = Cw1 − w2 ≥ 0 στo Q1/2 ∩ Ω.

H deÔterh anisìthta prokÔptei me an�logo trìpo. �

'Ena �meso sumpèrasma thc prohgoÔmenhc anisìthtac eÐnai Cα sunèqeia tou

phlÐkou duo lÔsewn u1 kai u2.

Pìrisma 3.3. JewroÔme tic u1, u2 ìpwc sto Pìrisma 3.2 tìte h u1/u2 eÐnai

Cα sto Q1/2 ∩ Ω gia k�poio 0 < α < 1 ìpou to α kai h Cα nìrma exart¸ntai

apì ta n, L,mi,Mi, λ,Λ gia i = 1, 2.

Apìdeixh. ArkeÐ na deÐxoume ìti

αk − βk := sup
Q

2−k∩Ω

u1

u2

− inf
Q

2−k∩Ω

u1

u2

≤ γδk

gia k�poio δ ∈ (0, 1), γ > 0 kai k�je k,   epagwgik� arkeÐ

αk+1 − βk+1 ≤ δ(αk − βk).
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'Estw ìti isqÔei h sqèsh gia k kai qwrÐc bl�bh thc genikìthtac ac upojèsoume

ìti
u1(A1/2k)

u2(A1/2k)
≥ 1

2
(αk + βk).

Tìte qrhsimopoi¸ntac to L mma 3.2 èqoume

u1 − βku2

u2

≥ C
(u1 − βku2)(A1/2k)

u2(A1/2k)
≥ C(

αk + βk

2
− βk)

�ra
u1

u2

− βk ≥
C

2
(αk − βk)

  isodÔnama

βk+1 − βk ≥
C

2
(αk − βk).

Epiplèon h αk eÐnai fjÐnousa opìte

αk+1 − βk+1 ≤ αk − (βk +
C

2
(αk − βk)) = (1− C

2
)(αk − βk)

ìpou to C eÐnai arket� mikrì kai èqoume to zhtoÔmeno gia

δ = 1− C/2 > 0.

�
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Kef�laio 4

MonotonÐa sto k¸no

Qrhsimopoi¸ntac to Je¸rhma 3.1 mporoÔme na apodeÐxoume ìti h F -

lÔsh eÐnai monìtonh se èna olìklhro k¸no dieujÔnsewn pou eisèrqontai sto

Lipschitz qwrÐo. Sugqrìnwc me th monotonÐa sto k¸no ja ektim soume to

∇u se sqèsh me to phlÐko u/d, ìpou d eÐnai h elleiptik  apìstash apì to

Lipschitz sÔnoro. Oi ektim seic autèc ousiastik� upodhl¸noun ìti h u(·, t)

eÐnai <<sqedìn>> F -lÔsh thc antÐstoiqhc elleiptik c exÐswshc gia k�je uperepÐ-

pedo t = t0.

L mma 4.1. 'Estw u ìpwc sto Je¸rhma 3.1. An Denu ≥ 0 sto Q1/2 ∩Ω tìte

up�rqei stajer� C = C(n, L, λ,Λ,m,M) tètoia ¸ste

1

C

u(x, t)

dx,t

≤ Denu(x, t) ≤ C
u(x, t)

dx,t

gia k�je (x, t) ∈ Q1/2 ∩ Ω.

Apìdeixh. 'Estw u lÔsh thc exÐswshc F (D2u)−ut = 0. An grammiko-

poi soume kat� ta gnwst�, tìte sthn ousÐa h u lÔnei mia parabolik  exÐswsh

me metablhtoÔc suntelestèc

αij(x, t)uxixj
− ut = 0
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gia (x, t) ∈ Q1 ∩ Ω ìpou

αij(x, t) =

∫ 1

0

Fij(sD
2u)ds.

'Estw (x, t) ∈ Q1/2 ∩ Ω kai epilègoume r > 0, (ξ, τ) ∈ Q1/2 ∩ ∂Ω tètoia ¸ste

(x, t) = Ar(ξ, τ).

T¸ra

u(Ar(ξ, τ)− u(ξ + δen, τ −
3

2
r2) =

∫ br

δ

Denu(ξ + sen, τ −
3

2
r2)ds

kai apì to Pìrisma 4 thc [Sf] èqoume

sup
Us

u ≤ (
2s

r
)α sup

Ur

u (4.1)

gia k�je s ∈ (0, r] ìpou α > 0 stajer� kai

Us = [Bs(ξ)× (τ − s2, τ + s2)] ∩ (Q1/2 ∩ Ω).

Profan¸c Ār 6∈ Ur �ra apì thn anisìthta Harnack

sup
Us

u ≤ Cu(Ār(ξ, τ))

omoÐwc

u(ξ + δen, τ −
3

2
r2) ≤ Cu(x, t)

gia k�je (x, t) ∈ Us, �ra

u(ξ + δen, τ −
3

2
r2) ≤ C(

δ

r
)αu(Ār(ξ, τ)). (4.2)
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Apì thn [WL1] an u, v eÐnai lÔseic tìte u− v ∈ S(λ,Λ) �ra

u(x+ hen, t)− u(x, t)

h
∈ S(λ,Λ)

kai lìgw thc kleistìthtac tou S prokÔptei Denu ∈ S. T¸ra∫ br

δ

Denu(ξ + sen, τ −
3

2
r2)ds = (br − δ)Denu(ξ + ωen, τ −

3

2
r2)

≤ brDenu(ξ + ωen, τ −
3

2
r2)

gia ω ∈ (δ, br). Epeid  Denu ∈ S kai Denu ≥ 0 apì Harnack èqoume

Denu(ξ + ωen, τ −
3

2
r2) ≤ CDenu(Ar(ξ, τ)).

Apì thn �llh qrhsimopoi¸ntac to Je¸rhma 3.1

u(ξ + δen, τ −
3

2
r2) ≤ C(

δ

r
)αu(Ār(ξ, τ)) ≤

≤ C(
δ

r
)αu(Ar(ξ, τ)) ≤ C(

δ

r
)αu(Ar(ξ, τ))

�ra

u(Ar(ξ, τ))− u(ξ + δen, τ −
3

2
r2) ≥ u(Ar(ξ, τ))− (

δ

r
)αu(Ar(ξ, τ)) ≥

≥ u(Ār(ξ, τ))− (
δ

r
)αu(Ar(ξ, τ)) ≥ u(Ar(ξ, τ))− (

δ

r
)αu(Ar(ξ, τ))

opìte gia δ arket� mikrì

1

2
u(Ar(ξ, τ)) ≤ CrDenu(Ar(ξ, τ)). (4.3)

Qrhsimopoi¸ntac xan� thn anisìthta Harnack gia ω ∈ (br/2, br)

CrDenu(Ar(ξ, τ)) ≤ rDenu(ξ + ωen, τ +
3

2
r2)
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kai ∫ br

br
2

Denu(ξ + sen, τ +
3

2
r2)ds =

br

2
Denu(ξ + ωen, τ +

3

2
r2)

�ra apì to Je¸rhma 3.1∫ br

br
2

Denu(ξ + sen, τ +
3

2
r2)ds = u(ξ + bren, τ +

3

2
r2)− u(ξ +

br

2
en, τ +

3

2
r2) ≤

≤ u(ξ+bren, τ +
3

2
r2) ≤ Cu(ξ+bren, τ −

3

2
r2) ≤ u(ξ+bren, τ) = Cu(Ar(ξ, τ))

dhlad 

rDenu(Ar(ξ, τ)) ≤ Cu(Ar(ξ, τ)). (4.4)

Epeid  r ∼ dx,t apì tic (4.3), (4.4) prokÔptei to zhtoÔmeno. �

L mma 4.2. 'Estw u ìpwc sto Je¸rhma 3.1. Tìte sto Qδ ∩ Ω gia k�poio

δ = δ(n, L, λ,Λ, m
M

) isqÔei Denu ≥ 0.

Apìdeixh. 'Estw u1(x, t) = u(x, t) kai u2(x, t) = Cv(x, t) ìpou v eÐnai

h monadik  lÔsh tou probl matoc
F (D2v)− vt = 0, Q1 ∩ Ω

v = 1, ∂p(Q1 ∩ Ω)

v = 0, Q1 ∩ ∂Ω

Epilègoume to C ètsi ¸ste u1(A1/2(0, 0)) = u2(A1/2(0, 0)), opìte apì to L mma

3.2 gia σ = 0 èqoume
1

C
≤ u1(x, t)

u2(x, t)
≤ C

me (x, t) ∈ Q1/2∩Ω. SugkrÐnontac thn u2 me tic en-metaforèc èqoume Denu2 >

0 sto Q1 ∩ Ω. Epeid  u1

u2
∈ Cα apì to Pìrisma 3.3 èqoume gia (x, t), (x̄, t̄) ∈
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Q1/2 ∩ Ω, ∣∣∣∣u1(x, t)

u2(x, t)
− u1(x̄, t̄)

u2(x̄, t̄)

∣∣∣∣ ≤ C(|x− x̄|+ |t− t̄|1/2)α.

'Estw d h apìstash tou (x, t) apì to eleÔjero sÔnoro kai x̄ = x + hen,

h ∈ (0, d
2
). Jètoume K := u1(x̄,t)

u2(x̄,t)
opìte

|u1(x, t)−Ku2(x, t)| ≤ u2(x, t)h
α.

T¸ra

u1(x, t)− u1(x̄, t)−K[u2(x, t)− u2(x̄, t)] = u1(x, t)− u1(x̄, t)−

−u1(x̄, t)

u2(x̄, t)
[u2(x, t)− u2(x̄, t)] = u1(x, t)−Ku2(x, t)

�ra

|[u1(x̄, t)− u1(x, t)]−K[u2(x̄, t)− u2(x, t)]| ≤ Cu2(x, t)h
α (4.5)

kai apì to L mma 4.1

u2(x̄, t)− u2(x, t) =

∫ h

0

Denu2(x+ sen, t)ds = hDenu2(x+ ωen, t)

≥ C
h

d
u2(x+ ωen, t) ≥ C

h

d
u2(x, t)

gia k�poio t < t. An t¸ra 1
C
eÐnai h stajer� apì to Pìrisma 3.3 tìte

u1(x̄, t)−u1(x, t)−
1

C
[u2(x̄, t)−u2(x, t)] ≥ u1(x̄, t)−u1(x, t)−K[u2(x̄, t)−u2(x, t)]

≥ −Cu2(x, t)h
α ≥ −Cu2(x, t)h

α ≥ −C d

h1−α
[u2(x̄, t)− u2(x, t)].

'Estw C1 = 1
C
kai d arket� mikrì ètsi ¸ste dα2 ≤ C1

2C
, tìte

u1(x̄, t)− u1(x, t) ≥ (C1 − C
d

h1−α
)[u2(x̄, t)− u2(x, t)] ≥

C1

2
[u2(x̄, t)− u2(x, t)]
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≥ C
h

d
u2(x, t) ≥ C

h

d
u1(x, t) ≥ C

h

d
u1(x, t).

Qrhsimopoi¸ntac tic C1,α ektim seic [WL1], [WL2] èqoume

|Du1(x+ ηen, t)−Du1(x, t)| ≤
C

d1+α
sup

Q d
2
(x,t)

|u1||η|α

gia k�je η ∈ [0, h] kai h = d1+α < d
16
, opìte apì to Je¸rhma 3.1 kai thn

anisìthta Harnack

|Du1(x+ ηen, t)−Du1(x, t)| ≤ C
hα

d1+α
u1(x, t) ≤ C

hα−1

dα
[u1(x̄, t)− u1(x, t)].

Opìte

u1(x̄, t)−u1(x, t) =

∫ h

0

Denu(x+ηen, t)dη ≤
∫ h

0

|Denu(x+ηen, t)−Denu1(x, t)|dη

+hDenu1(x, t).

Epilègontac to d ètsi ¸ste dα2
< 1

2C
prokÔptei me h = d1+α

hDenu1(x, t) ≥ (1− Chα

dα
)[u1(x̄, t)− u1(x, t)] ≥ 0,

dhlad 

Denu1(x, t) ≥ 0.

�

L mma 4.3. 'Estw u ìpwc sto Je¸rhma 3.1. Tìte gia k�je kateÔjunsh µ =

αen + βen+1 me α2 + β2 = 1, 0 < tan−1(β
α
) < 1

2
cot−1(L) gia arket� mikrì

δ = δ(n, L, λ,Λ,m,M, ||∇u||L2) isqÔei

Dµu(x, t) ≥ 0

gia (x, t) ∈ Qδ ∩ Ω.
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Apìdeixh. 'Estw µ̄ = ᾱen + β̄en+1 me ᾱ2 + β̄2 = 1, 0 < tan−1( β̄
ᾱ
) <

1
2
cot−1(L). Gia 0 < h < h0, h0 mikrì jètoume

w−
h (p) :=

[
u(p+ hµ̄)− u(p)

h

]−
gia k�je p ∈ Q1−h0 ∩ Ω. H w−

h eÐnai mh arnhtik  kai upolÔsh thc exÐswshc

F (D2w) − wt = 0 sto Q1−h0 ∩ Ω. Pr�gmati, epeid  h F eÐnai koÐlh tìte

F (D2(·)) = infα∈A Lα(·) kai me u1 = u(p+ hµ̄), u2 = u(p) lÔseic èqoume

Lα(u1 − u2) = Lαu1 − Lαu2 ≤ Lαu1 − F (D2u2) = Lαu1

gia k�je α �ra

F (D2(u1 − u2)) ≤ F (D2u1) = 0

dhlad  h u1 − u2 eÐnai uperlÔsh me thn ènnoia tou ix¸douc. Apì to Pìrisma

2.7 [CC] prokÔptei ìti h [u1−u2]
− ja eÐnai upolÔsh. JewroÔme thn sun�rthsh

vh wc th lÔsh tou probl matoc{
F (D2vh)− (vh)t = 0, Q∗ ∩ Ω

vh = w−
h , ∂p(Q

∗ ∩ Ω)

ìpou Q∗ ⊂ Q1−h0 tètoio ¸ste ∇u ∈ L2(∂pQ∗). Apì arq  megÐstou profan¸c

w−
h (p) ≤ vh(p)

gia k�je p ∈ Q∗∩Ω. EpekteÐnoume th w−
h me mhdèn sto Q1−h0 \Ω (w−

h = 0 sto

Q1−h0 ∩ ∂Ω) kai jewroÔme t¸ra th sun�rthsh zh wc th lÔsh tou probl matoc{
∆zh − (zh)t = 0, Q∗

zh = w−
h , ∂p(Q

∗)
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ParathreÐste ìti apì ton orismì thc vh

0 = F (D2vh)− (vh)t ≤ ∆vh − (vh)t

dhlad  eÐnai upojermik  me thn ènnoia tou ix¸douc. Xan� h arq  megÐstou ja

d¸sei

w−
h (p) ≤ vh(p) ≤ zh(p) (4.6)

gia k�je p ∈ Q∗ ∩ Ω. Koit¸ntac t¸ra ton orismì thc zh kai tic L2 ektim seic

gia to ∇u mporoÔme na gr�youme

zh(p) =

∫
∂pQ∗

w−
h (q)dωp ≤ ||w−

h ||L2(∂pQ∗) · ||
dωp

dHn
||L2(∂pQ∗)

≤ c||(Dµ̄u)
−||L2(∂pQ∗) · ||

dωp

dHn
||L2(∂pQ∗).

Efarmìzoume to Pìrisma 3.2 me σ = 0 gia tic vh, u opìte

vh(p)

u(p)
≤ C

vh(A1/2)

u(A1/2)

kai apì thn (4.6)

w−
h (p) ≤ c

zh(A1/2)

u(A1/2)
u(p).

An af soume to h −→ 0 èqoume th zhtoÔmenh ektÐmhsh gia th par�gwgo

(Dµ̄u)
−(x, t) ≤ Cu(x, t)

  alli¸c

Dµ̄u(x, t) ≥ −Cu(x, t)

gia k�je (x, t) ∈ Q1/2 ∩ Ω.
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An µ = αen + βen+1 ìpou α =
√

1 + ᾱ \
√

2 kai β =
√

2(1 + ᾱ) apì to

L mma 4.1 èqoume

Dµu(x, t) = Denu(x, t) +Dµ̄u(x, t) ≥ (
c

dx,t

− C)u(x, t)

kai me dx,t arket� mikrì h apìdeixh oloklhr¸netai. �

Parat rhsh. Ta L mmata 4.1 kai 4.2 isqÔoun akìma kai an antikatast sou-

me thn en kateÔjunsh me opoiad pote qwriak  kateÔjunsh me gwnÐa apì to en

mikrìterh apì cot−1(L). Sth sunèqeia qrhsimopoi¸ntac to L mma 4.3 prokÔ-

ptei ènac olìklhroc k¸noc Γ(en, θ̄) := {µ ∈ Rn+1 : |µ| = 1, en · µ < cosθ̄} me

θ̄ = 1
2
cot−1(L) ìpou h lÔsh u eÐnai monìtonh. ApodeÐxame dhlad  to parak�tw

Je¸rhma MonotonÐac.

Je¸rhma 4.4. 'Estw u ìpwc sto L mma 4.3, tìte gia k�je µ ∈ Γ(en, θ̄) ìpou

θ̄ = 1
2
cot−1(L), isqÔei

Dµu(x, t) ≥ 0

gia (x, t) ∈ Qδ ∩ Ω me δ = δ(n, L, λ,Λ, m
M
, ||∇u||L2) arket� mikrì.

H Ôparxh tou k¸nou monotonÐac sto q¸ro kai to qrìno upodhl¸nei

èlegqo tou ut wc proc to ∇xu kai èlegqo tou ∇xu wc proc th kat� kateÔjunsh

par�gwgo Denu. Apì to L mma 4.1 prokÔptei

Pìrisma 4.5. 'Estw u ìpwc sto Je¸rhma 3.1, tìte up�rqoun stajerèc Ci =

Ci(n, L, λ,Λ,m,M), i = 1, 2 tètoiec ¸ste

C1
u(x, t)

dx,t

≤ |∇u(x, t)| ≤ C2
u(x, t)

dx,t

gia k�je (x, t) ∈ K1 ∩ Ω.
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'Opwc eÐdame kai sthn eisagwg , basikì rìlo sthn apìdeixh thc omalì-

thtac thc lÔshc èqoun oi sunart seic w+ := u+u1+ε kai w− := u−u1+ε gia tic

opoÐec ja qrhsimopoi soume ton tÔpo monotonÐac twn Alt, Caffarelli kai Fried-

man. Parak�tw apodeiknÔoume ìti oi sunart seic autèc lÔnoun thn antÐstoiqh

elleiptik  exÐswsh se qwrÐa kont� sto eleÔjero sÔnoro kai t stajerì.

L mma 4.6. 'Estw h u ikanopoieÐ to Je¸rhma 3.1. Tìte up�rqoun ε > 0,

δ > 0 pou exart¸ntai apo ta n, L, λ,Λ ètsi ¸ste oi

w+ := u+ u1+ε, w− := u− u1+ε

eÐnai upolÔsh kai uperlÔsh antÐstoiqa thc exÐswshc

F (D2w) = 0

sto Qδ ∩ Ω ∩ {t = 0}.

Apìdeixh. Jèloume na deÐxoume F (D2w+) ≥ 0. H F eÐnai koÐlh �ra

mporoÔme na gr�youme

F (D2w+) = inf
α∈A

Lαw+

ìpou Lα eÐnai omoiìmorfa elleiptikoÐ grammikoÐ telestèc me stajeroÔc su-

ntelestèc kai tic Ðdiec stajerèc elleiptikìthtac λ,Λ me thn F . 'Estw loipìn

α ∈ A tìte

Lαw+ = Lαu+ Lαu
1+ε = [1 + (1 + ε)uε]Lαu+ (1 + ε)εuε−1

n∑
i,j=1

βα
ijuxi

uxj

≥ [1 + (1 + ε)uε]Lαu+ (1 + ε)εuε−1λ|∇xu|2
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≥ [1 + (1 + ε)uε]F (D2u) + (1 + ε)εuε−1λ|∇xu|2

= [1 + (1 + ε)uε]ut + (1 + ε)εuε−1λ|∇xu|2

gia k�poio ε > 0 pou ja epilegeÐ parak�tw. Apì to Pìrisma 4.5 èqou-

me |∇xu(x, 0)| ≤ C u(x,0)
dx

kai |ut(x, 0)| ≤ C u(x,0)
dx

ìpou dx = dx,0 kai C =

C(n, L, λ,Λ). T¸ra apì thn anisìthta Harnack kai ton k¸no monotonÐac gia

N = N(n, L, λ,Λ) arket� meg�lo ja èqoume

u(x, 0) ≥ C0u(Ar(0, 0))dN
x

me C0 = C0(n, L, λ,Λ), �ra

Lαw+ ≥ −[1 + (1 + ε)uε]c
u(x, 0)

dx

+ (1 + ε)εuε−1c
u2

d2
x

≥ [−C̄ + C
uε

dx

]
u

dx

≥ [−C̄ + C
dεN

dx

]
u

dx

≥ 0

an epilèxoume ε < 1
N

kai dx arket� mikrì èqoume to zhtoÔmeno. Me parìmoio

trìpo mporoÔme na apodeÐxoume ìti kai h w− eÐnai uperlÔsh thc exÐswshc.

Pr�gmati èstw α ∈ A,

Lαw− = Lαu− Lαu
1+ε = [1− (1 + ε)uε]Lαu− (1 + ε)εuε−1

n∑
i,j=1

βα
ijuxi

uxj

≤ [1− (1 + ε)uε]Lαu− (1 + ε)εuε−1λ|∇xu|2

�ra

F (D2w−) ≤ [1− (1 + ε)uε]F (D2u)− (1 + ε)εuε−1λ|∇xu|2

= [1− (1 + ε)uε]ut − (1 + ε)εuε−1λ|∇xu|2

≤ [1− (1 + ε)uε]c
u

d
− (1 + ε)εuε−1c

u2

d2

37



≤ [C − (1 + ε)C
uε

d
]
u

d

≤ [C − (1 + ε)C
dεN

d
]
u

d
≤ 0

an epilèxoume ε < 1
N

kai d arket� mikrì. �
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Kef�laio 5

Asumptwtik  sumperifor� thc lÔshc

Sto kef�laio autì ja melet soume th sumperifor� thc lÔshc kont�

sto eleÔjero sÔnoro. O suntelest c tou grammikoÔ ìrou sto an�ptugma thc

lÔshc ja mac bohj sei na apodeÐxoume thn omalìthta thc lÔshc sto epìmeno

kef�laio. Sth melèth thc asumptwtik c sumperifor�c ja qrhsimopoi soume

to gegonìc ìti to sÔnoro (eleÔjero sÔnoro) sto opoÐo h lÔsh mhdenÐzetai

eÐnai Lipschitz sto q¸ro kai to qrìno. Apì thn �llh ìmwc eÐnai dunatìn na

apodeÐxoume parìmoio je¸rhma se genikìtera qwrÐa, me ta opoÐa skopeÔoume

na asqolhjoÔme se mellontik  ergasÐa [M3].

L mma 5.1. 'Estw u lÔsh sto K1 ∩ Ω kai monìtonh se k�je dieÔjunsh µ ∈

Γ(en, θ) me cot(2θ) > L. An up�rqei n- di�stath mp�la B ⊂ K1 ∩Ω ∩ {t = 0}

(antÐstoiqa B ⊂ K1 ∩Ωc ∩ {t = 0}) tètoia ¸ste B̄ ∩ ∂Ω = {(0, 0)} tìte kont�

sthn arq  sto K1 ∩ Ω

u(x, 0) = α(x, ν)+ + o(|x|)

gia α ∈ (0,∞] (antÐstoiqa α ∈ [0,∞)) ìpou me α = ∞ ennooÔme ìti h u

aux�netai grhgorìtera apì k�je grammik  sun�rthsh kai me ν sumbolÐzoume to

eswterikì (antÐstoiqa exwterikì), sth dieÔjunsh thc aktÐnac thc B, di�nusma

sto (0, 0).
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Sq ma 5.1: H epilog  thc mp�lac B

Apìdeixh. 'Estw w+, w− ìpwc orÐsthkan sto L mma 4.6. Epeid 

u1+ε = o(u) arkeÐ na deÐxoume ìti

w−(x, 0) = α(x, ν)+ + o(|x|)

(w+(x, 0) = α(x, ν)+ + o(|x|)).

Ac exet�soume pr¸ta th perÐptwsh B ⊂ Ω∩ {t = 0}. 'Estw r h aktÐna thc B.

QwrÐc bl�bh thc genikìthtac ac upojèsoume ν = en. JewroÔme th sun�rthsh

ϕ(x) = xn +
1

2aλ
x2

n −
1

2(n− 1)aΛ

n−1∑
i=1

x2
i ,
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ìpou a = r
2(n−1)

. Ek kataskeu c h ϕ eÐnai upolÔsh diìti

F (D2ϕ) = inf
β∈A

Lβϕ

kai gia k�je β ∈ A èqoume

Lβϕ :=
n∑

i,j=1

βijϕxixj
=

n∑
i=1

βiiϕxixi
= βnn

1

aλ
−

n−1∑
i=1

βii
1

(n− 1)aΛ
≥ 0

�ra kai

F (D2ϕ) ≥ 0.

EpÐshc an δ > 0 arket� mikrì isqÔei

Bδ(0) ∩ {ϕ(x) > 0} ⊂ Bδ(0) ∩B.

Pr�gmati, ac upojèsoume ìti o kÔkloc B eÐnai x2
1+..+x

2
n−1+(xn−r)2 =

r2 tìte apì Taylor èqoume

xn ∼
1

r

n−1∑
i=1

x2
i .

T¸ra

ϕ(x) > xn+
1

2a

x2
n

βnn

− 1

2(n− 1)a

n−1∑
i=1

1

βii

x2
i ≥ xn+

1

2a

x2
n

βnn

− 1

2(n− 1)a

1

βkk

n−1∑
i=1

x2
i .

EpÐshc me

xn +
1

2a

x2
n

βnn

− 1

2(n− 1)a

1

βkk

n−1∑
i=1

x2
i = 0

èqoume

xn = −aβnn +

√√√√(aβnn)2 +
βnn

(n− 1)βkk

n−1∑
i=1

x2
i ∼

1

(n− 1)aβkk

n−1∑
i=1

x2
i .
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Apì th prohgoÔmenh epilog  tou a prokÔptei ìti h teleutaÐa parabol  periè-

qetai sth tom  thc B me to Bδ(0), �ra

Bδ(0) ∩ {ϕ(x) > 0} ⊂ Bδ(0) ∩B.

ArkeÐ loipìn na deÐxoume th zhtoÔmenh sqèsh sto

Bδ(0) ∩ {ϕ(x) > 0}.

Apì to Je¸rhma sÔgkrishc epeid  h w− eÐnai uperlÔsh kai h ϕ eÐnai upolÔsh,

to sÔnolo {m : w−(x, 0) ≥ mϕ(x)} eÐnai mh kenì. 'Estw

αk := sup{m : w−(x, 0) ≥ mϕ(x),∀x ∈ B δ

2k
(0) ∩ {ϕ > 0}}

epeid 

{m : w− ≥ mϕ,∀x ∈ B δ

2k
(0) ∩B} ⊆ {m : w− ≥ mϕ,∀x ∈ B δ

2k+1
(0) ∩B}

h αk eÐnai aÔxousa kai jètoume

α := supαk = lim
k−→∞

αk.

An α = ∞, tìte telei¸same.

An α <∞, tìte epeid  α := supαk èqoume

w−(x, 0) ≥ α(x, ν) + o(|x|)

sto Br(0) ∩ {ϕ(x) > 0}.
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'Estw ìti up�rqei akoloujÐa shmeÐwn xk me xk → 0 tètoia ¸ste

w−(xk, 0)− α(xk, ν) ≥ η|xk|

gia η > 0. QwrÐc bl�bh thc genikìthtac ac p�roume |xk| = δ/2k kai k ≥ k0,

gia k0 arket� meg�lo pou ja epilèxoume parak�tw.

'Estw h h armonik  sun�rthsh sto Bδ/2k0 (0) ∩ Ω tètoia ¸ste h = w+

sto ∂(Bδ/2k0 (0) ∩ Ω). Tìte

F (D2h) = inf
α∈A

Lα ≤ ∆h = 0

�ra h h eÐnai uperlÔsh me thn ènnoia tou ix¸douc. 'Omwc èqoume deÐxei ìti h

w+ eÐnai upolÔsh, �ra apì to Je¸rhma 5.3 tou [CC] prokÔptei

w+ − h ∈ S(
λ

n
,Λ),

opìte to gegonìc ìti h = w+ sto sÔnoro ja d¸sei

w+(x, 0) ≤ h(x)

gia x ∈ B δ

2k0

(0) ∩ Ω. EpÐshc apì thn kataskeu  twn sunart sewn w+ kai w−
èqoume

w+ = u+ u1+ε ≥ u− u1+ε = w−,

�ra

h(x) ≥ w+(x, 0) ≥ w−(x, 0)

gia k�je x ∈ B δ

2k0

(0) ∩ Ω, opìte kai

h(xk)− α(xk, ν) ≥ η|xk|
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h(xk)− αk(xk, ν) ≥ η|xk|.

T¸ra apì thn anisìthtaHarnack se èna stajeropoihmèno komm�ti tou ∂B δ

2k
(0)

ja èqoume

h(x)− αk(x, ν) ≥ C(h(xk)− α(xk, ν)) ≥ Cη|xk|,

diìti h h(x) − αk(x, ν) eÐnai armonik  kai jetik  apì ton orismì twn αk. O

tÔpoc tou Poisson ja d¸sei

H(x) = h(x)− αk(x, ν) =

∫
∂(B δ

2k
(0)∩{ϕ>0})

H(y)dω =

∫
Σ

Hdω +

∫
Σ′
Hdω

≥
∫

Σ

Hdω + ω(Σ′)o(|x|) ≥ Cη|xk|ω(Σ) + o(|x|)

ìpou Σ to komm�ti tou ∂B δ

2k
(0) pou proèkuye gia na efarmìsoume thn anisì-

thta Harnack. Katal goume loipìn ìti

h(x)− αk(x, ν) ≥ η̄(x, ν) + o(|x|)

gia η̄ > 0. Epilègoume to k0 arket� meg�lo ètsi ¸ste gia k ≥ k0 na èqoume

w+(x, 0) ≤ (1 + c−k)w−(x, 0)

gia k�je x ∈ B δ

2k
(0) ∩ Ω kai apì thn arq  megÐstou mporoÔme, gia k ≥ k0, na

gr�youme

h(x) ≤ (1 + c−k)w−(x)

gia x ∈ B δ

2k
(0) ∩ {ϕ > 0}, opìte

w−(x, 0) ≥
(
αk + η̄

1 + c−k

)
(x, ν) + o(|x|)
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sto B δ

2k
(0) ∩ {ϕ > 0}, �topo apì ton orismì twn αk gia meg�lo k.

An t¸ra B ⊂ Ωc ∩ {t = 0} kai r h aktÐna thc B, epilègoume δ arket�

mikrì kai orÐzoume

ψ(x) := (x, ν)− r

2a
(x, ν)2 +

1

2(n− 1)a

n−1∑
i=1

(x, µi)
2

ìpou µ1, ...µ(n−1), ν eÐnai ta orjokanonik� dianÔsmata tou sust matoc sunte-

tagmènwn, ν eÐnai to exwterikì aktinikì di�nusma sthn arq  twn axìnwn. H

sun�rthsh ψ eÐnai armonik  �ra kai uperlÔsh me thn ènnoia tou ix¸douc. OrÐ-

zoume

αk := inf{m : w̃+(x, 0) ≤ mψ(x),∀x ∈ B δ

2k
(0) ∩ {ψ > 0}}

ìpou

w̃+(x, 0) =

{
w+(x, 0), x ∈ Ω ∩Bδ(0)

0, x 6∈ Ω ∩Bδ(0)

H apìdeixh oloklhr¸netai ìpwc prin. �

L mma 5.2. 'Estw u lÔsh sto K1 ∩ Ω kai monìtonh se k�je dieÔjunsh µ ∈

Γ(en, θ) me cot(2θ) > L. An up�rqei (n + 1)- di�stath mp�la B(n+1) ⊂ Ω

(antÐstoiqa B(n+1) ⊂ Ωc) tètoia ¸ste Bn+1 ∩ ∂Ω = {(0, 0)} tìte kont� sthn

arq  kai gia t ≤ 0,

u(x, t) ≥ (βt+ α(x, ν))+ + o(d(x, t))

(αντ. u(x, t) ≤ (βt+ α(x, ν))+ + o(d(x, t)))

gia k�poio β ∈ R kai α ∈ (0,+∞] (ant. α ∈ [0,+∞)), ìpou me ν sumbolÐzoume

to eswterikì (ant. exwterikì) di�nusma sth dieÔjunsh thc aktÐnac thc B(n+1)∩

{t = 0} sto (0, 0), kai d(x, t) =
√
|x|2 + t2.
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Apìdeixh. 'Estw pr¸ta B(n+1) ⊂ Ω kai qwrÐc bl�bh thc genikìthtac

νx = en. OrÐzoume th sun�rthsh

ψ(x, t) := αxn + βt+
β

2λ
x2

n − c1(t
2 +

t|x|2

λn
)− c2(

|x′|2

Λ4n
− x2

n

λ
)

ìpou α ìpwc sto L mma 5.1 kai qwrÐc bl�bh β ≥ 0. Oi stajerèc c1 >> 0,

c2 > 0 epilègontai ètsi ¸ste h uperepif�neia ψ(x, t) = 0 na ef�ptetai sthn

B(n+1) sto (0, 0) kai to sÔnolo {ψ(x, t) > 0} na eÐnai uposÔnolo thc B(n+1) se

mia geitoni� tou (0, 0), ac poÔme B(n+1)
ε (0, 0). EÔkola mporoÔme na deÐxoume

ìti gia (x, t) ∈ {ψ(x, t) > 0} ∩B(n+1)
ε (0, 0),

F (D2ψ(x, t))− ψt(x, t) ≥ 0

diìti h F eÐnai koÐlh. To L mma ja prokÔyei an kont� sto (0, 0) gia t ≤ 0

deÐxoume ìti

u(x, t) ≥ ψ(x, t) + o(d(x, t))

me (x, t) ∈ {ψ(x, t) > 0} ∩ B(n+1)
ε (0, 0). ArkeÐ na deÐxoume ìti gia k�je δ > 0

mikrì kai gia h > 0 epÐshc mikrì, kont� sthn arq  (0, 0),

u(x, t) ≥ ψδ(x, t) + o(d(x, t))

sto sÔnolo

Dh,δ :=

{
ψδ(x, t) > 0

}
∩

{
|xn| <

√
h,−h ≤ t ≤ 0

}
ìpou h sun�rthsh ψδ orÐzetai wc ex c

ψδ(x, t) := ψ(x, t)− δ(xn +
β

2αΛ
x2

n +
β

α
t).
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Sq ma 5.2: H epilog  thc sun�rthshc ψδ

ParathreÐste ìti afoÔ h F eÐnai koÐlh kai �ra mporeÐ na grafeÐ wc infimum

omoiìmorfa elleiptik¸n grammik¸n telest¸n me stajeroÔc suntelestèc, h ψδ

me ton trìpo pou orÐsthke eÐnai upolÔsh, dhlad  F (D2ψδ)− (ψδ)t ≥ 0. 'Estw

t¸ra δ1 > 0 me δ1 < δ.

1) Sto ∂Dh,δ1 ∩ {ψδ1(x, t) = 0} èqoume

u(x, t)− ψδ1(x, t) = u(x, t) ≥ 0.

2) Sto ∂Dh,δ1 ∩ {xn =
√
h} kai sto ∂Dh,δ1 ∩ {(x,−h) : xn > (cotθ̄)h} apì ton

k¸no monotonÐac kai to prohgoÔmeno L mma ja prokÔyei

u(x′, xn, t)−ψδ1(x, t) ≥ u(x′, xn− (cotθ)h, 0)−ψδ1(x, t) ≥ −ch+ o(|x|) + o(h)

gia 0 < θ < θ̄.

3) Tèloc sto ∂Dh,δ1 ∩ {(x,−h) : xn ≤ (cotθ̄)h} isqÔei

u(x, t)− ψδ1(x, t) ≥ −ch+ o(d(x, t))
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diìti u ∼ o(d(x, t)) kai ψδ1 = −ch+ o(h).

'Estw t¸ra g(x, t) eÐnai lÔsh tou probl matoc
gt(x, t)−M−(D2g(x, t)) = 0, (x, t) ∈ Dh,δ1

g(x, t) = −c̄h, (x, t) ∈ ∂Dh,δ1 \ {ψδ1(x, t) = 0}
g(x, t) = 0, αλλoύ.

An epilèxoume to c̄ arket� meg�lo apì arq  megÐstou ja èqoume

u(x, t)− ψδ1(x, t) ≥ g(x, t)

gia (x, t) ∈ Dh,δ1 . Pr�gmati H = u − ψδ1 ∈ S̄ �ra M−(D2H) − Ht ≤ 0,

opìte kai H − g ∈ S̄. An t¸ra c̄ eÐnai arket� meg�lo sto sÔnoro ja èqoume

H − g ≥ −ch+ o(d(x, t)) + c̄h ≥ 0.

Apì eswterikèc ektim seic èqoume |∇xg(x, t)| ≤ c√
h
sup|g| = c

√
h sto

Dh/2,δ1 dhlad  kai g(x, t) ≥ −c
√
hxn sto Dh/2,δ1 �ra

u(x, t)− ψδ1(x, t) ≥ −c
√
hxn + o(d(x, t))

stoDh/2,δ1 . Epilègontac to h ètsi ¸ste c
√
h < δ−δ1 ja prokÔyei to zhtoÔmeno

u(x, t) ≥ ψ(x, t) + o(d(x, t))

sto Dh/2,δ1 .

Sth deÔterh perÐptwsh ìpou B(n+1) ⊂ Ωc, jètoume ψ̃(x, t) = −ψ(−x, t)

kai parathroÔme ìti kont� sto (0, 0) isqÔei ìti {ψ̃ < 0} ⊂ B(n+1).

EpekteÐnoume thn u me mhdèn sto ∂Ω kai ergazìmaste ìpwc parap�nw, opìte

deÐqnoume kont� sto (0, 0) gia t ≤ 0 ìti

u(x, t) ≤ ψ̃(x, t) + o(d(x, t))
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sto {ψ̃ > 0}. �

To prohgoÔmeno l mma mporeÐ na apodeiqjeÐ kont� sthn arq  kai gia t > 0.
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Kef�laio 6

Omalìthta thc LÔshc

Sto kef�laio autì ja apodeÐxoume to Je¸rhma 2.4. ArkeÐ na deÐxoume

ìti to |∇u+| eÐnai fragmèno (tropopoi¸ntac el�qista thn apìdeixh, mporoÔme

na deÐxoume to Ðdio kai gia to |∇u−|). H basik  idèa thc apìdeixhc eÐnai h

kataskeÔh miac upolÔshc sto prìblhma tou eleujèrou sunìrou sÔmfwna me

ton Orismì 2.6, thc opoÐac to eleÔjero sÔnoro èqei taqÔthta ìso meg�lh

jèloume (sth perÐptwsh pou to |∇u+| den eÐnai fragmèno) kai h opoÐa brÐsketai

gn sia k�tw apì th lÔsh me thn ènnoia tou ix¸douc. Apì thn �llh ìmwc to

eleÔjero sÔnoro thc u eÐnai Lipschitz dhlad  èqei peperasmènh taqÔthta opìte

ta graf mata thc lÔshc kai thc upolÔshc ja prèpei na tèmnontai.

Sto tèloc thc paragr�fou qrhsimopoi¸ntac thn idèa sthn apìdeixh thc

omalìthtac thc lÔshc, ja exet�soume to (asumptwtikì) trìpo me ton opoÐo

ikanopoieÐtai h sunj kh p�nw sto eleÔjero sÔnoro (  eidikìtera h sunj kh

tou Stefan) gia thn lÔsh sto prìblhma tou eleujèrou sunìrou me thn ènnoia

tou ix¸douc.

Apìdeixh tou Jewr matoc 2.4. 'Estw to shmeÐo (x0, t0) ∈ Ω+ brÐsketai

se apìstash d apì to eleÔjero sÔnoro ìpou

d <
1

2
dist ((x0, t0), ∂pD1)
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kai arket� mikrì ètsi ¸ste to Je¸rhma monotonÐac thc lÔshc kai to L mma

5.1 na mporoÔn na efarmostoÔn. 'Estw t¸ra ìti h (n + 1)-di�stath mp�la

Bn+1
d (x0, t0) akoump�ei to eleÔjero sÔnoro sthn arq  twn axìnwn kai h :=

dist((x0, 0), (0, 0)). ParathroÔme ìti up�rqei stajer� c pou exart�tai apì

thn Lipscitz stajer� tou ∂Ω+ tètoia ¸ste cd ≤ h ≤ d. Ac jèsoume t¸ra

u(x0, 0) = Mh kai koit¸ntac to L mma 4.6 blèpoume ìti oi w+ kai w− eÐnai

upolÔsh kai uperlÔsh antÐstoiqa. Epeid  h w+ eÐnai ufarmonik  me thn ènnoia

tou ix¸douc gia t = 0 èqoume

w+(x0, 0) ≤ −
∫

Bh/4(x0)

w+.

An p�roume to k arket� meg�lo kai to h akìma mikrìtero (an qreiasteÐ), gia

t = 0 ja èqoume

Mh ≤ u(x0, 0) ≤ w+(x0, 0) ≤ −
∫

Bh/4(x0)

w+ ≤ (1 + c−k)−
∫

Bh/4(x0)

w−

≤ C inf
Bh/4(x0)

w−(x).

H teleutaÐa anisìthta mporeÐ na apodeiqjeÐ wc ex c: èstw x1 to shmeÐo sto

opoÐo lamb�netai to infBh/4(x0)w−(x), tìte

w−(x1, 0) ≥ −
∫

Br(x1)

w− ≥ −
∫

BR(x1)

w− =
1

wnRn

∫
BR(x1)

w− ≥
1

wnRn

∫
Bh/4(x0)

w−

=
2n

wnhn

∫
Bh/4(x0)

w− =
2n

wnhn

∫
Bh/4(x0)

w−.

LÔnoume t¸ra to prìblhma
F (D2H) = 0, Bh(x0) \Bh/4(x0)

H = 0, ∂Bh(x0)

H = CMh, ∂Bh/4(x0)
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opìte apì arq  megÐstou, epeid  h H eÐnai lÔsh, h w− eÐnai uperlÔsh kai

H − w− ≤ 0 sto sÔnoro, ja èqoume

w−(x) ≥ H(x)

gia k�je x ∈ Bh(x0) \Bh/4(x0).

Epilègoume t¸ra èna sÔsthma suntetagmènwn tètoio ¸ste x0 = |x0|en

kai jewroÔme to sÔnolo

R := {x ∈ Rn : |xi| ≤ ξh, i = 1, .., n− 1, |xn| ≤ h/8}

ìpou ξ eÐnai stajer�, pou exart�tai apì th Lipschitz stajer� tou eleujèrou

sunìrou, epilegmènh ¸ste

(x1, ..., xn−1,
h

8
) ∈ Bh(x0)

kai

(x1, ..., xn−1,−
h

8
) ∈ {u < 0}

ìtan |xi| ≤ ξh gia i = 1, ..., n− 1. ParathroÔme ìti R ⊂ Bh/2(0) gia ξ mikrì,

opìte oloklhr¸nontac thn w+ kat� m koc gramm¸n par�llhlwn sto en apì

to eleÔjero sÔnoro, mèqri th pleur� (x1, ..., xn−1, h/8) tou R, ja èqoume

w+(x1, ..., xn−1,
h

8
) =

∫
l

(w+)xndxn.

Profan¸c to m koc k�je tètoiac gramm c ja eÐnai an�logo tou h. Apì ta

parap�nw∫
l

(w+)xndxn = w+(x1, ..., xn−1,
h

8
) ≥ w−(x1, ..., xn−1,

h

8
) ≥ CMh.
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Oloklhr¸noume t¸ra wc proc tic upìloipec suntetagmènec x1, ..., xn−1 kai apì

thn anisìthta Hölder ja prokÔyei

C2M2|R| ≤
∫

R

|∇(w+)+|2dx

  isodÔnama

C1M
2 ≤ −

∫
Bh/2

|∇(w+)+|2dx. (6.1)

EpÐshc, apì thn asumptwtik  sumperifor� thc lÔshc kont� sthn arq  èqoume

w+(x, 0) = −αx+
n + o(|x|))

gia x ∈ Bh/2(0) kai α > 0, �ra

C2α
2 ≤ −

∫
Bh/2

|∇(w+)−|2dx. (6.2)

Efarmìzontac to Pìrisma Aþ.3 (Monotonicity Formula) apì to Par�rthma Aþ

oi (6.1), (6.2) ja d¸soun

M2α2 ≤ C,

dhlad , an to M eÐnai meg�lo tìte to α ja prèpei na eÐnai mikrì.

'Estw t¸ra Bρ ⊂ {u > 0} eÐnai efaptìmenh thc Bh(x0) sthn arq .

Epilègoume ρ < h/8 kai δ > 0 arket� mikrì tètoio ¸ste u > 1
2
Mx+

n sto

Bδ(0) ∩ Bρ kai u > −1
2
α−x

−
n sto Bδ(0) \ Bρ, ìpou α− = α �n α > 0 kai α−

arket� mikr  jetik  stajer� se k�je �llh perÐptwsh.

JewroÔme th sun�rthsh

ψ(x, t) :=
1

3
Mx+

n + β+t+
1

2λ
β+x

2
n − c1(t

2 +
1

Λn
t|x|2)− c2(

1

4nΛ
|x′|2 − 1

λ
x2

n)
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ìpou β+, c1, c2 stajerèc pou ja epilegoÔn parak�tw. EÔkola apodeiknÔetai

ìti h sun�rthsh ψ ikanopoieÐ

F (D2ψ)− ψt > 0 (6.3)

kont� sto (0, 0). Epilègoume ta c1, c2 > 0 ètsi ¸ste {ψ > 0} ∩ Bδ(0) ⊂ Bρ

kai to β+ ètsi ¸ste

M

10
G((0, 0), en,

1

3
M,

3

2
α−) < β+ <

M

3
G((0, 0), en,

1

3
M,

3

2
α−) (6.4)

me M polÔ meg�lo. OrÐzoume th sun�rthsh

φ(x, t) := ψ+(x, t)− 9

2M
α−ψ

−(x, t)

kai ja deÐxoume ìti an δ, t0 > 0 eÐnai arket� mikr� tìte h φ eÐnai upolÔsh sto

prìblhma eleujèrou sunìrou sto Bδ(0)× (0, t0) sÔmfwna me ton Orismì 2.6.

Pr�gmati ek kataskeu c

φ =

{
ψ, ψ ≥ 0

9
2M
α−ψ, ψ < 0

�ra lìgw thc (6.3) ta (i), (ii), (iii) tou OrismoÔ 2.6 ikanopoioÔntai kai arkeÐ

na deÐxoume to (iv). 'Estw (x, t) ∈ {φ = 0} kai ν eÐnai to monadiaÐo di�nusma

sthn uperepif�neia aut  sto shmeÐo (x, t) me kateÔjunsh sto eswterikì thc

mp�lac Bρ. Apì sunèqeia to φ+
t (x,t)

φ+
ν (x,t)

eÐnai kont� sto φ+
t (0,0)

φ+
ν (0,0)

= 3β+

M
. Epeid  h G

eÐnai suneq c wc proc ìlec tic metablhtèc h epilog  (6.4) tou β+ ja d¸sei

φ+
t (x, t)

φ+
ν (x, t)

−G((x, t), ν, φ+
ν , φ

−
ν ) =

φ+
t

φ+
ν

− 3
β+

M
+ 3

β+

M
−G+G(0)−G(0) < η
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gia k�je η > 0, �ra

φ+
t (x, t)

φ+
ν (x, t)

≤ G((x, t), ν, φ+
ν , φ

−
ν )

upì thn proupìjesh ìti δ, t0 > 0 eÐnai arket� mikr�.

PaÐrnontac ta δ, t0 > 0 akìma mikrìtera, an qreiasteÐ, èqoume u > φ

sto ∂Bδ(0) × [0, t0] kai sto Bδ(0) × {0}. 'Ara, epeid  h u eÐnai lÔsh me thn

ènnoia tou ix¸douc sÔmfwna me ton Orismì 2.7, u > φ sto Bδ(0)× (0, t0).

Apì thn �llh , an toM eÐnai arket� meg�lo tìte to φ+
t (0,0)

φ+
xn (0,0)

eÐnai arket�

meg�lo kai epeid  to eleÔjero sÔnoro thc u eÐnai Lipschitz ja prèpei oi u kai

φ na tèmnontai k�pou sto Bδ(0) × (0, t0) �topo. To M loipìn elègqetai apì

mia stajer� pou exart�tai apì thn Lipschitz stajer� tou eleujèrou sunìrou,

�ra

u(x, t) ≤ Cdx,t.

�

To epìmeno apotèlesma mac kajorÐzei ton trìpo me ton opoÐo ikano-

poieÐtai h sunj kh tou eleujèrou sunìrou apì th lÔsh me thn ènnoia tou

ix¸douc.

Je¸rhma 6.1. 'Estw u mia lÔsh me thn ènnoia tou ix¸douc sto prìblhma

tou eleujèrou sunìrou sto monadiaÐo kÔlindro B1(0) × (−1, 1) me Lipschitz

eleÔjero sÔnoro kai (0, 0) ∈ F. Upojètoume ìti kont� sto (0, 0) kai gia t ≤ 0

isqÔei

u(x, t) ≥ (α+(x, ν) + β+t)
+ − (α−(x, ν) + β−t)

− + o(d(x, t)) (6.5)
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me α+ > 0, a− ≥ 0, d(x, t) =
√
|x|2 + t2 kai h isìthta isqueÐ gia t = 0. Tìte

β+

α+

≥ G((0, 0), ν, α+, α−) (6.6)

ìpou ν eÐnai to eswterikì qwriakì di�nusma wc proc to F sto shmeÐo (0, 0).

Apìdeixh. Gia aplìthta èstw ν = en kai U eÐnai mia perioq  thc arq c

sthn opoÐa h sqèsh (6.5) ikanopoieÐtai. Profan¸c an h u(x, t) eÐnai Lipschitz

lÔsh me thn ènnoia tou ix¸douc tìte ja eÐnai lÔsh kai h uk(x, t) := 1
k
u(kx, kt),

gia k�je k > 0.

'Estw ìti h (6.6) den isqÔei, tìte ja up�rqei η > 0 tètoio ¸ste

β+

α+

≤ G((0, 0), ν, α+, α−)− η.

OrÐzoume to sÔnolo

R = {(x, t) : |x′| < a, |xn| < b,−t0 < t ≤ 0}

me a, b, t0 > 0 arket� mikr� gia na èqoume R ⊂ Uk := 1
k
U . JewroÔme t¸ra th

sun�rthsh

ψ(x, t) := α+xn + β+t− Ct2 +
x2

n

λ
− |x′|2

2(n− 1)Λ

ìpou α+ = α+ − ε, β+ = β+ + ε, gia ε > 0 pou ja epilèxoume parak�tw

kai C > 0 tètoio ¸ste to sÔnolo {ψ = 0} na eÐnai austhr� kurtì wc proc

th metablht  xn. Akolouj¸ntac thn apìdeixh tou Jewr matoc 2.4, den eÐnai

dÔskolo na deÐxoume ìti gia k kai R arket� mikr�, h sun�rthsh

ϕ(x, t) = ψ+(x, t)− α+

α−
ψ−(x, t)
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eÐnai upolÔsh sto prìblhma tou eleujèrou sunìrou sto R. An epilèxoume to

k akìma mikrìtero ja prokÔyei to �topo qrhsimopoi¸ntac th sqèsh (6.5) kai

ton orismì twn lÔsewn me thn ènnoia tou ix¸douc. �

Me parìmoio trìpo apodeiknÔetai to antÐstoiqo gia to arnhtikì mèroc:

Je¸rhma 6.2. 'Estw u mia lÔsh me thn ènnoia tou ix¸douc sto prìblhma

tou eleujèrou sunìrou sto monadiaÐo kÔlindro B1(0) × (−1, 1) me Lipschitz

eleÔjero sÔnoro kai (0, 0) ∈ F. Upojètoume ìti kont� sto (0, 0) kai gia t ≤ 0

isqÔei

u(x, t) ≤ (α+(x, ν) + β+t)
+ − (α−(x, ν) + β−t)

− + o(d(x, t)) (6.7)

me α+ ≥ 0, a− > 0, d(x, t) =
√
|x|2 + t2 kai h isìthta isqueÐ gia t = 0. Tìte

β−
α−

≤ G((0, 0), ν, α+, α−) (6.8)

ìpou ν eÐnai to exwterikì qwriakì di�nusma wc proc to F sto shmeÐo (0, 0).
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Kef�laio 7

H arq  tou Harnack

Sth par�grafo aut , kaj¸c kai stic epìmenec, upojètoume ìti h u

eÐnai lÔsh me thn ènnoia tou ix¸douc sto prìblhma eleujèrou sunìrou sto

B1(0) × (−1, 1), h opoÐa eÐnai monìtonh se èna k¸no dieujÔnsewn kai h arq 

(0, 0) an kei sto eleÔjero sÔnoro. EpÐshc upojètoume ìti o suntelest c tou

ut sthn exÐswsh eÐnai arket� mikrìc kai ìti B1/4(
3
4
en) × (−1, 1) ⊂ {u > 0},

B1/4(−3
4
en) × (−1, 1) ⊂ {u < 0}. 'Opwc ja doÔme kai parak�tw autì den

apoteleÐ ousiastikì periorismì diìti mporoÔme na xekin soume apì mia mikr 

perioq  enìc shmeÐou sto eleÔjero sÔnoro kai na efarmìsoume mia omoioje-

sÐa (scaling) thc morf c u(λx, λt)/λ kai sth sunèqeia, an qreiasteÐ, mia thc

morf c u(x, λt).

Skopìc thc paragr�fou aut c ja eÐnai na apodeÐxoume ìti an h lÔsh

mac u eÐnai monìtonh se èna k¸no dieujÔnsewn Γ (dhlad  Dνu ≥ 0 gia k�je

di�nusma ν ∈ Γ) se èna parabolikì qwrÐo, tìte ja eÐnai monìtonh se èna

megalÔtero k¸no se k�je mikrìtero qwrÐo. To L mma pou akoloujeÐ apoteleÐ

ousiastikì ergaleÐo gia thn apìdeixh twn apotelesm�twn thc ergasÐac aut c

kai h apìdeixh tou mporeÐ na brejeÐ sthn ergasÐa [C1]. Ja sumbolÐzoume me

α(e1, e2) th gwnÐa metaxÔ twn dianusm�twn e1, e2 kai me Γ(e, θ) ton kuklikì
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k¸no me �xona sthn e- dieÔjunsh kai �noigma θ (profan¸c ìtan lème ìti ν ∈

Γ(e, θ) ennooÔme α(ν, e) ≤ θ).

L mma 7.1. 'Estw 0 < θ∗ < θ < π
2
, δ := π

2
− θ kai

Γ(e, θ) ⊂ Γ(ν,
π

2
).

Gia τ ∈ Γ(e, θ
2
), èstw

E(τ) =
π

2
− (α(τ, ν) +

θ

2
),

kai gia h arket� mikrì orÐzoume

ρ(τ) := |τ |sin(
θ

2
+ hE(τ))

kai

Sh :=
⋃

τ∈Γ(e,θ/2)

Bρ(τ)(τ).

Tìte up�rqei gwnÐa θ̄ kai di�nusma ē ètsi ¸ste

Γ(e, θ) ⊂ Γ(ē, θ̄) ⊂ Sh

kai
δ̄

δ
≤ b(θ∗, h) < 1

ìpou δ̄ = π
2
− θ̄.

To epìmeno L mma apoteleÐ thn arq  Harnack, me th bo jeia thc

opoÐac ja mporèsoume na apodeÐxoume ìti o k¸noc dÔnatai na megal¸sei. 'Opwc

ìmwc ja doÔme autì den ja eÐnai arketì diìti h aÔxhsh aut  isqÔei se mia

60



parabolik  perioq  kai emeÐc qreiazìmaste qwrÐa pou paramènoun amet�blhta

k�tw apì uperbolik  klim�kwsh (scaling). H upìjesh vε ≤ u2 apl� shmaÐnei

ìti h u2 eÐnai monìtonh se k�poio k¸no dieujÔnsewn.

L mma 7.2. 'Estw u1 ≤ u2 duo lÔseic me thn ènnoia tou ix¸douc se èna

prìblhma eleujèrou sunìrou sto Q1 pou eÐnai monìtona aÔxousec gia k�je

τ ∈ Γ(ν, θ), ν ∈ Rn+1. 'Estw ìti gia k�je ε > 0 mikrì

vε(x, t) := sup
(y,s)∈Bn+1

ε (x,t)

u1(y, s) ≤ u2(x, t)

me

u2(p)− vε(p) ≥ σεu2(p)

gia p = (3
4
en,−1

4
) kai

B1/4(
3

4
en)× (−1, 1) ⊂ Ω+

1 := {u1 > 0} ∩Q1.

Tìte up�rqoun stajerèc C kai h tètoiec ¸ste gia (x, t) ∈ B1/8(
3
4
en) × (0, 1

4
)

ja isqÔei

u2(x, t)− v(1+hσ)ε(x, t) ≥ Cσεu2(p).

Apìdeixh. Gia k�je monadiaÐo di�nusma ν̄ jewroÔme

w(x, t) + z(x, t) = u2(x, t)− u1((x, t) + εν̄(1 + σh))

ìpou

w(x, t) := u2(x, t)−u1((x, t)+εν̄), z(x, t) := u1((x, t)+εν̄)−u1((x, t)+εν̄(1+σh)).
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T¸ra (x, t)+εν̄ ∈ Bn+1
ε diìti to ν̄ eÐnai monadiaÐo �ra apì thn upìjesh w(x, t) ≥

0. EpÐshc w(x, t) ∈ S(λ,Λ) diìti u1, u2 eÐnai lÔseic, ìpou S(λ,Λ) eÐnai h

kl�sh twn lÔsewn ìlwn twn omoiìmorfa elleiptik¸n exis¸sewn pou orÐsame se

prohgoÔmeno kef�laio. Apì thn anisìthta Harnack gia (x, t) ∈ B1/8(
3
4
en) ×

(0, 1
4
) èqoume

w(x, t) ≥ Cw(p) = C(u2(p)− u1(p+ εν̄))

≥ C(u2(p)− vε(p))

≥ Cσεu2(p) .

Apì to Je¸rhma monotonÐac kai epeid  u1 ≤ u2 gia (x, t) ∈ B1/8(
3
4
en)× (0, 1

4
)

prokÔptei

|∇ui(x, t)| ≤ ui(x, t) ≤ Cu2(p)

�ra

z(x, t) = u1((x, t) + εν̄)− u1((x, t) + εν̄(1 + σh))

≥ Chσεu2(p)

gia h arket� mikrì, �ra

w(x, t) + z(x, t) ≥ Cσεu2(p) + Chσεu2(p) ≥ C̄σεu2(p).

�

H parap�nw arq  Harnack isqÔei kai sth perÐptwsh pou to supremum lam-

b�netai p�nw apì n-di�statec mp�lec. Sugkekrimèna,
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Pìrisma 7.3. 'Estw u1 ≤ u2 ìpwc sto L mma 7.2. Upojètoume ìti gia ε > 0

mikrì

sup
y∈Bε(x)

u1(y, t) ≤ u2(x, t)

gia (x, t) ∈ Q1,

u2(
3

4
en,−

1

4
)− sup

y∈Bε(
3
4
en)

u1(y,−
1

4
) ≥ σεu2(

3

4
en,−

1

4
)

kai

B1/4(
3

4
en)× (−1, 1) ⊂ Ω+

1 := {u1 > 0} ∩Q1.

Tìte up�rqoun stajerèc C > 0 kai h > 0 tètoiec ¸ste sto B1/8(
3
4
en) × (0, 1

4
)

ja isqÔei

u2(x, t)− sup
B(1+hσ)ε(x)

u1(y, t) ≥ Cσεu2(
3

4
en,−

1

4
).

Ja efarmìsoume t¸ra to parap�nw Pìrisma sto jetikì mèroc thc lÔ-

shc sth perÐptwsh pou èqoume ν = en. SumbolÐzoume me Γx(en, θ) to tm -

ma tou k¸nou Γ(en, θ) pou brÐsketai sto q¸ro kai u1(x, t) = u(x − τ, t) me

τ ∈ Γx(en, θ/2) na eÐnai mikrì kai ε = |τ |sin(θ/2).

L mma 7.4. Up�rqoun stajerèc C = C(n, λ,Λ, θ) kai h = h(n, λ,Λ, θ) tètoiec

¸ste

sup
B(1+hσ)ε(x)

u1(y, t) ≤ u(x, t)− Cσεu(
3

4
en,−

1

4
)

gia k�je (x, t) ∈ B1/8(
3
4
en)× (0, 1

4
).

Apìdeixh. Gia y ∈ Bε(
3
4
en) epeid  u1(x, t) = u(x− τ, t) èqoume

u1(y,−
1

4
) = u(y − τ,−1

4
) = u(

3

4
en − τ̄ ,−1

4
)
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Sq ma 7.1: AÔxhsh tou k¸nou monotonÐac

gia τ̄ = 3
4
en − y + τ kai apì Taylor

u(
3

4
en − τ̄ ,−1

4
) = u(

3

4
en,−

1

4
)−Dτ̄u(x

∗,−1

4
)|τ̄ |.

T¸ra Dτ̄u ∈ S(λ,Λ) kai Dτ̄u ≥ 0 sto Ω+ diìti α(τ, τ̄) < θ
2
kai e-

farmìzetai to Je¸rhma monotonÐac (h u eÐnai aÔxousa se k�je dieÔjunsh pou

eisèrqetai sto qwrÐo Ω+), opìte h anisìthta Harnack ja d¸sei

inf
y∈B|τ |+ε(

3
4
en)
Dτ̄u(y,−

1

4
) ≥ CDτ̄u(

3

4
en,−

1

4
) = C|∇u(3

4
en,−

1

4
)||τ̄ |cosα(ν̄, τ̄)

64



gia ν̄ = ∇xu(
3
4
en,−1

4
). Epeid  t¸ra |τ̄ | > 1

2
|τ | kai α(ν̄, τ̄) ≤ α(ν̄, τ) + 1

2
θ apì

to Je¸rhma monotonÐac

inf
y∈B|τ |+ε(

3
4
en)
Dτ̄u(y,−

1

4
) ≥ Cu(

3

4
en,−

1

4
)|τ |cos(α(ν̄, τ) +

1

2
θ)

= Cu(
3

4
en,−

1

4
)|τ |sin(

π

2
− (α(ν̄, τ) +

1

2
θ))

opìte gia y ∈ Bε(
3
4
en) me ε = |τ |sin θ

2
< |τ |,

u1(y,−
1

4
) ≤ u(

3

4
en,−

1

4
)− Cu(

3

4
en,−

1

4
)|τ |sin(

π

2
− (α(ν̄, τ) +

1

2
θ))

≤ u(
3

4
en,−

1

4
)[1− C|τ |sin(

π

2
− α(ν̄, τ)− 1

2
θ)]

≤ u(
3

4
en,−

1

4
)[1− C|τ |(π

2
− α(ν̄, τ)− 1

2
θ)]

≤ u(
3

4
en,−

1

4
)[1− Cε(

π

2
− α(ν̄, τ)− 1

2
θ)]

=: u(
3

4
en,−

1

4
)[1− σε] .

An t¸ra efarmìsoume to Pìrisma 7.3 ja èqoume to zhtoÔmeno. �

Apì to L mma 7.4 kai to gewmetrikì L mma 7.1 (gia ν = ν̄ kai E(τ) =

σ) prokÔptei ìti h lÔsh u eÐnai monìtonh se èna megalÔtero k¸no Γx(e
+, θ̄) ⊃

Γx(en, θ) ìpou
π
2
− θ̄

π
2
− θ

= b0 < 1.

Sth perÐptwsh pou briskìmaste sthn arnhtik  pleur� thc lÔshc mporoÔn na

apodeiqjoÔn an�loga ta L mmata 7.2, 7.4 kai to Pìrisma 7.3 qwrÐc ousiastik 

tropopoÐhsh stic apodeÐxeic touc.
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Kef�laio 8

AÔxhsh tou k¸nou monotonÐac sto q¸ro-qrìno

'Opwc eÐdame prin, o k¸noc monotonÐac mporeÐ na megal¸sei se èna

parabolikì qwrÐo makri� apì to eleÔjero sÔnoro. ParathroÔme ìmwc ìti an

afairèsoume èna tm ma tou k¸nou Γx(ν, θ̄) ja mporoÔme p�nta na èqoume thn

aÔxhsh aut  se èna uperbolikì qwrÐo.

Sugkekrimèna gia k�je monadiaÐo di�nusma τ̄ ∈ Γx(ν, θ̄) h sqèsh Dτ̄u ≥

0 eÐnai isodÔnamh me thn Dτu ≥ (β/α)Denu ìpou τ̄ = ατ − βen gia τ ∈

Γx(en, θ), |τ | = 1 me 1 ≤ α ≤ sin(2θ̄ − θ)/sinθ, β ≥ 0. ParathreÐste ìti an oi

k¸noi akoump�ne tìte α = 1, β = 0. Opìte an afairèsoume èna mikrì tm ma

tou Γx(en, θ) kat� m koc thc eujeÐac epaf c ja èqoume

β

α
≥ cδ

ìpou to c exart�tai apì to mègejoc tou tm matoc pou apokìphke kai δ = π
2
−θ

eÐnai h sumplhrwmatik  gwnÐa sto q¸ro. Opìte h anisìthta

Dτu ≥ cδDenu

isqÔei sto B1/8(±3
4
en) × (0, 1

2
). Ja deÐxoume ìti aut  diadÐdetai sto qrìno

se èna di�sthma t�xhc δ/µ ìpou µ eÐnai h sumplhrwmatik  gwnÐa sto qrìno,
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dhlad  µ = π
2
− θt ìpou θt eÐnai to �noigma tou tm matoc tou k¸nou pou

brÐsketai sto (en, et) epÐpedo.

Na shmei¸soume ed¸ ìti parìlo pou xekin�me me kuklikì k¸no dhlad 

µ = δ sthn epanalhptik  mèjodo pou ja efarmìsoume h gwnÐa sto q¸ro

phgaÐnei sto mhdèn polÔ grhgorìtera apì ìti h antÐstoiqh gwnÐa sto qrìno

kai �ra ja prèpei na upojèsoume δ ≤ µ. H di�dosh sto qrìno gÐnetai sto

epìmeno L mma.

L mma 8.1. 'Estw u eÐnai lÔsh tou ix¸douc enìc probl matoc eleujèrou su-

nìrou sto Q1. 'Estw δ kai µ oi sumplhrwmatikèc gwnÐec sto q¸ro kai to qrìno

antÐstoiqa me 0 < δ ≤ µ < π
2
. An gia τ ∈ Γx(en, θ),

Dτu(x, t) ≥ cδDenu(x, t)

gia k�je (x, t) ∈ (B1/8(−3
4
en) ∪ B1/8(

3
4
en))× (0, 1

4
), tìte up�rqoun stajerèc c̄

kai C tètoiec ¸ste

Dτu(x, t) ≥ c̄δDenu(x, t)

gia k�je (x, t) ∈ (B1/8(−3
4
en) ∪B1/8(

3
4
en))× (−Cδ/µ,Cδ/µ).

Apìdeixh. 'Estw γ = aen + bet me a2 + b2 = 1 kai et = (0, ..., 0, 1)

eÐnai k�jeto ston �xona summetrÐac tou k¸nou monotonÐac. SÔmfwna me ta

ìsa eÐdame prin mporoÔme na poÔme ìti

|Dγu(x, t)| ≤ CµDenu(x, t)
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gia k�je (x, t) ìpou h par�gwgoc up�rqei. Epeid  h F eÐnai koÐlh apì C1,1

ektim seic gia mh grammikèc parabolikèc exis¸seic èqoume

|D2u|L∞(Q′) ≤ C|u|L∞(Q)

dhlad 

|Dγτu(x, t)| ≤ C|u(x, t)| (8.1)

gia k�je (x, t) omoiìmorfa makri� apì to parabolikì sÔnoro kai to eleÔjero

sÔnoro. Qrhsimopoi¸ntac to Je¸rhma monotonÐac kai thn sqèsh (8.1) ja

prokÔyei

|Dγτu(x, t)| ≤ CµDenu(x, t) (8.2)

lìgw kai tou tm matoc tou k¸nou pou afairèsame.

'Estw p = (x, 0) me x ∈ B1/8(±3
4
en), tìte gia 0 < |k̄| < |k| apì to

an�ptugma Taylor èqoume

Dτu(p+ kγ) = Dτu(p) + kDγτu(p+ k̄γ) ≥ cδDenu(p) + kDγτu(p+ k̄γ)

kai lìgw tou jewr matoc monotonÐac

Dτu(p+ kγ) ≥ cδu(p) + kDγτu(p+ k̄γ).

Ac exet�soume t¸ra tic di�forec peript¸seic gia to prìshmo tou k.

PerÐptwsh 1: 'Estw k > 0, tìte apì thn ektÐmhsh gia th deÔterh par�gwgo

èqoume

kDγτu(p+ k̄γ) ≥ −kCµDenu(p+ k̄γ).
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Apì thn anisìthta Harnack gia thn Denu prokÔptei ìti:

−Denu(p+ k̄γ) ≥ −CDenu(p+ kγ),

�ra, k = |k|

Dτu(p+ kγ) ≥ cδu(p)− |k|CµDenu(p+ kγ).

H sun�rthsh u ikanopoieÐ thn backward Harnack �ra apì to Je¸rhma 3.1 gia

ρ = dx,0/b0, b0 = max{4L, 1}, dhlad  gia ρ = 3/4b0 kai t = ρ2, èqoume:

u(x, 2ρ2) ≤ Cu(x, 0) = Cu(p).

Epilègoume to k arket� mikrì ¸ste k < 2ρ2, gia na brÐsketai to shmeÐo p̄ <<pio

p�nw>> apì to p+ kγ. Apì thn anisìthta Harnack gia th u ja èqoume

u(p+ kγ) ≤ u(p̄)

�ra telik�,

Dτu(p+ kγ) ≥ cδu(p)− |k|CµDenu(p+ kγ) ≥ Cδu(p̄)− |k|CµDenu(p+ kγ)

≥ cδu(p+ kγ)− |k|CµDenu(p+ kγ) ≥ (cδ − |k|Cµ)Denu(p+ kγ).

Epilègoume to k pio mikrì an qrei�zetai, ¸ste |k| < cδ/2Cµ, �ra :

Dτu(p+ kγ) ≥ cδDenu(p+ kγ).

PerÐptwsh 2: Ac upojèsoume ìti k < 0. Tìte ìpwc sthn 1h perÐptwsh apì

thn ektÐmhsh gia th deÔterh par�gwgo èqoume:

kDγτu(p+ k̄γ) ≥ kCµDenu(p+ k̄γ).
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'Ara

kDτu(p+kγ) ≥ cδDenu(p)+kCµDenu(p+k̄γ) ≥ cδDenu(p+kγ)−|k|CµDenu(p)

≥ cδDenu(p+ kγ)− |k|Cµu(p).

Epilègoume to k arket� mikrì ètsi ¸ste |k| < 2ρ2 := 9/8b0, tìte to shmeÐo

p+kγ brÐsketai <<p�nw>> apì to p̄ := (x,−2ρ2) �ra apì thn backward Harnack

u(p) ≤ Cu(x,−2ρ2) =: Cu(p̄)

kai apì Harnack gia th u èqoume u(p̄) ≤ Cu(p+ kγ) �ra

u(p) ≤ Cu(p+ kγ).

Apì tic parap�nw anisìthtec

Dτu(p+kγ) ≥ cδDenu(p+kγ)−|k|Cµu(p+kγ) ≥ CδDenu(p+kγ)−|k|CµDenu(p+kγ)

≥ (cδ − |k|Cµ)Denu(p+ kγ) ≥ cδDenu(p+ kγ)

epilègontac to k pio mikrì an qrei�zetai.

Se k�je perÐptwsh loipìn isqÔei h anisìthta

Dτu(q) ≤ cδDenu(q) (8.3)

ìpou to q = p + kγ. Apì thn epilog  tou k prokÔptei ìti h (8.3) ja isqÔei

toul�qiston se èna sÔnolo thc morf c B1/8(±3
4
en)× (−Cδ/µ,Cδ/µ). �
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Sq ma 8.1: O k¸noc sto (en, et)-epÐpedo

To sÔnolo twn dieujÔnsewn tou L mmatoc 8.1, twn dieujÔnsewn tou k¸nou

Γx(θ, en) kai oi grammikoÐ sunduasmoÐ touc, perièqoun èna k¸no Γx(θ̄, ν) ìpou

h u eÐnai monìtonh kai
π
2
− θ̄

π
2
− θ

< 1− c(θ, n)δ.

An prospaj soume na belti¸soume ton k¸no kai sto qrìno efarmìzo-

ntac thn prohgoÔmenh mèjodo, blèpoume ìti aut  apotugq�nei. Gia to lìgo

autì ja proqwr soume me diaforetikì trìpo. 'Estw en eÐnai h probol  sto

q¸ro tou �xona tou k¸nou monotonÐac, tou opoÐou h sumplhrwmatik  gwnÐa

eÐnai µ = π
2
− θt dhlad  up�rqoun A,B ∈ R me A < B tètoia ¸ste B −A = µ

kai

A ≤ − Dtu
+(x, t)

Denu
+(x, t)

≤ B
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kai antÐstoiqa

A ≤ − Dtu
−(x, t)

Denu
−(x, t)

≤ B

gia k�je (x, t) pou den an kei sto eleÔjero sÔnoro kai sqedìn pantoÔ sto

eleÔjero sÔnoro. An upojèsoume t¸ra ìti h sumplhrwmatik  gwnÐa sto q¸ro

δ ikanopoieÐ th sqèsh δ < δ/µ << µ mporoÔme na apodeÐxoume to parak�tw

L mma pou apoteleÐ mia shmeiak  ektÐmhsh sto eswterikì tou Denu wc proc

δ/µ.

L mma 8.2. 'Estw u eÐnai lÔsh tou probl matoc eleujèrou sunìrou me thn

ènnoia tou ix¸douc. Tìte

u(x, t) = u(±3

4
en, 0) + α±(xn ∓

3

4
) + α±O(δ/µ)

gia k�je (x, t) ∈ B1/8(±3
4
en) × (−Cδ/µ,Cδ/µ) ìpou α± := Dnu(±3

4
en, 0) kai

Dn = Den .

Apìdeixh. 'Estw Dj = Dej
, Dij = Deiej

tìte gia k�je x ∈ B1/8(
3
4
en)

apì Taylor

u(x, t) = u(
3

4
en, t) +Dnu(

3

4
en, t)(xn−

3

4
) +

n−1∑
i=1

Diu(
3

4
en, t)xi +R(u, x) (8.4)

ìpou

R(u, x) =

∫ 1

0

∫ s

0

n∑
i,j=1

Diju((1− r)
3

4
en + rx, t)(x− 3

4
)i(x−

3

4
)jdrds.

Ja ektim soume k�je ìro apì thn (8.4) qwrist�.
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Gia ton pr¸to ìro parathreÐste ìti mporoÔme na gr�youme

u(
3

4
en, t) = u(

3

4
en, 0) +

∫ t

0

Dtu(
3

4
en, s)ds

kai apì ton k¸no monotonÐac |Dtu| ≤ CDnu, opìte qrhsimopoi¸ntac to Je¸-

rhma monotonÐac èqoume gia |t| < Cδ/µ

u(
3

4
en, t) = u(

3

4
en, 0) +Dnu(

3

4
en, 0)O(

δ

µ
). (8.5)

Gia to deÔtero ìro,

Dnu(
3

4
en, t) = Dnu(

3

4
en, 0) +

∫ t

0

Dntu(
3

4
en, s)ds

opìte apì eswterikèc ektim seic (blèpe [WL2]) kai to Je¸rhma monotonÐac

èqoume

|Dntu(
3

4
en, t)| ≤ CDnu(

3

4
en, 0),

�ra gia |t| < Cδ/µ

Dnu(
3

4
en, t) = Dnu(

3

4
en, 0) +Dnu(

3

4
en, 0)O(

δ

µ
). (8.6)

Gia ton trÐto ìro epeid  gia i = 1, ...n− 1, |Diu| ≤ cδDnu ja isqÔei

Diu(
3

4
en, t) = Dnu(

3

4
en, 0)O(δ). (8.7)

me |t| < Cδ/µ.

Tèloc gia ton tètarto ìro, an to shmeÐo p brÐsketai makri� apì to

eleÔjero sÔnoro, apì to Je¸rhma monotonÐac tic eswterikèc ektim seic kai th

sqèsh |Diu(p)| ≤ cδDnu(p) gia i = 1, ...n− 1 ja èqoume

|Diju(p)| ≤ cδDnu(p)
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me i = 1, ...n − 1, j = 1, ..., n. H u lÔnei thn exÐswsh σF (D2u) = ut   an

grammikopoi soume thn

ut(x, t)− σaij(x, t)uxixj
(x, t) = 0

ìpou to σ ja prokÔyei apì thn efarmog  thc epanalhptik c mejìdou kai ìpwc

eÐdame kai sthn arq  tou KefalaÐou 7 mporoÔme na upojèsoume qwrÐc bl�bh

thc genikìthtac ìti eÐnai polÔ meg�loc arijmìc, èstw 1
σ
<< δ. Opìte

|Dnnu(p)| ≤
1

|ann|
[cδDnu(p) + CδµDnu(p)] ≤ CδDnu(p) ≤ CδDnu(

3

4
en, 0)

ìpou qrhsimopoi same to Je¸rhma monotonÐac kai thn Backward Harnack.

'Eqoume loipìn kai thn ektÐmhsh gia ton tètarto ìro

|Diju(p)| ≤ CδDnu(
3

4
en, 0) (8.8)

gia i, j = 1, ..., n. Apì tic sqèseic (8.5), (8.6), (8.7), (8.8) prokÔptei to zhtoÔ-

meno gia to jetikì mèroc. Me parìmoio trìpo apodeiknÔetai to antÐstoiqo gia

to arnhtikì mèroc. �

Sto epìmeno L mma ja prospaj soume na ektim soume to mègejoc tou

sunìlou ìpou h par�gwgoc Dnu
+ eÐnai kont� sto α+.

L mma 8.3. 'Estw Ft to eleÔjero sÔnoro thc lÔshc u sto qrìno t. Tìte gia

k�je |t| < Cδ/µ,

−
∫

B1/8(0)∩Ft

|Dnu
±(x, t)− α±|2dS ≤ α2

±O(δ/µ)

ìpou α± := Dnu
±(±3

4
, 0).
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Apìdeixh. Ja deÐxoume to zhtoÔmeno gia thn u+.

B ma 1o. Ja deÐxoume ìti∣∣∣∣ −∫
B1/8(0)∩Ft

(Dnu
+ − α+)dS

∣∣∣∣≤ α+O(δ/µ).

'Estw D := {(x′, xn) ∈ Rn−1 ×R : |x′| < 1
8
, |xn| < 3

4
} ∩ {u > 0}. H sun�rthsh

w+ := u + cu1+ε eÐnai upolÔsh sto D kai c < δ gia k�poio ε > 0 (deÐte to

L mma 4.6). Tìte sqedìn gia k�je |t| < Cδ/µ ìpou up�rqei h par�gwgoc,

0 ≤
∫

D

F (D2w+(x, t))dx =

∫
D

inf
α∈A

Lαw+(x, t)dx ≤
∫

D

∆w+(x, t)dx

≤
∫

∂D

Dνw+(x, t)dS

�ra

0 ≤
∫

Ft∩D

Dνw+dS +

∫
S

Dνw+dS +

∫
T

Dνw+dS

ìpou S := {|x′| = 1
8
, |xn| < 3

4
} ∩ {u > 0}, T := {|x′| < 1

8
, |xn| = 3

4
} ∩ {u > 0},

dhlad  ∫
Ft∩D

Dνint
w+dS ≤

∫
S

Dνw+dS +

∫
T

Dνw+dS.

T¸ra epeid  w+ = u + cu1+ε, |Diw+| ≤ |Diu|(1 + cδ), |Diu| ≤ cδDnu gia

i = 1, ..., n − 1 kai Dνint
u+ ≥ Dnu

+ (diìti sthn k�jeth kateÔjunsh h aÔxhsh

eÐnai megalÔterh) prokÔptei∫
Ft∩D

Dnu
+dS ≤ cδ

∫
S

Dnu
+dS +

∫
T

|Dnu
+|(1 + cδ)dS

≤ cδ

∫
∂S∩{xn=3/4}

u+dS +

∫
T

|Dnu
+|(1 + cδ)dS
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lìgw tou Jewr matoc monotonÐac. Apì to L mma 8.2 sto T , |Dnu
+|(1+cδ) ≤

α+(1 +O(δ/µ)), �ra∫
Ft∩D

Dnu
+dS ≤ cδ

∫
∂S∩{xn=3/4}

u+dS + α+(1 +O(δ/µ))|T |

= cδ

∫
∂S∩{xn=3/4}

u+dS + α+(1 +O(δ/µ))|T |+ α+|Ft ∩D| − α+|Ft ∩D|

dhlad ∫
Ft∩D

(Dnu
+ − α+)dS ≤ cδ

∫
∂S∩{xn=3/4}

u+dS + α+(|T | − |Ft ∩D|).

Apì to L mma 8.2 kai epeid  |T | − |Ft ∩D| = O(δ),

−
∫

Ft∩D

(Dnu
+ − α+)dS ≤ α+O(δ/µ).

Me ton Ðdio trìpo, h w− := u − cu1+ε eÐnai uperlÔsh opìte h w̄ := −w− eÐnai

upolÔsh, dhlad 

0 ≤
∫

∂D

Dνw̄dS

kai ∫
Ft∩D

Dnw−dS ≥
∫

S

Dνw−dS +

∫
T

Dνw−dS

≥ −cδ
∫

S

Dnu
+dS −

∫
T

Dnu
+(1 + cδ)dS

≥ −α+O(δ/µ)− α+(1 +O(δ/µ))|T |

opìte

−
∫

Ft∩D

(Dnu
+ − α+)dS ≥ −α+O(δ/µ).

B ma 2o. Ja deÐxoume t¸ra∣∣∣∣ −∫
B1/10(0)∩Ft

[(Dnu
+)2 − α2

+]dS

∣∣∣∣≤ α2
+O(δ/µ).
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Gia k�je 0 ≤ r ≤ 1/8, orÐzoume to sÔnolo

Dr := {(x′, xn) ∈ Rn−1 × R : |x′| < r, |xn| <
3

4
} ∩ {u > 0}

kai ta antÐstoiqa sÔnora,

Sr := {|x′| = r, |xn| <
3

4
} ∩ {u > 0}, Tr := {|x′| < r, xn =

3

4
} ∩ {u > 0}.

'Opwc akrib¸c kai sto pr¸to b ma epeid  h w+ eÐnai upolÔsh, eÐnai kai ufar-

monik  me thn ènnoia tou ix¸douc �ra ∆w+ ≥ 0 kai Dnw+ ≥ 0 lìgw tou k¸nou

monotonÐac. Opìte sqedìn gia k�je |t| < Cδ/µ,∫
Dr

∇(Dnw+)∇w+dx ≤
∫

Dr

(∇(Dnw+)∇w+ +Dnw+∆w+)dx

=

∫
∂Dr

Dnw+Dνw+dS

dhlad ∫
Ft∩Dr

Dnu
+Dνint

u+dS +
1

2

∫
Dr

Dn(|∇w+|2)dx︸ ︷︷ ︸
M

≤
∫

Sr

Dnw+Dνw+dS

+

∫
Tr

(Dnw+)2dS.

Oloklhr¸noume ton ìro (M) wc proc xn kai epeid  Dνint
u+ ≥ Dnu

+ prokÔptei

1

2

∫
Ft∩Dr

(Dnu
+)2dS ≤

∫
Sr

Dnw+Dνw+dS +
1

2

∫
Tr

(Dnw+)2dS.

T¸ra epeid  |Diu| ≤ cδDnu gia i = 1, ..., n−1 ja isqÔei kai |Diw+| ≤ cδDnw+

gia i = 1, ..., n− 1, �ra∫
Ft∩Dr

(Dnu
+)2dS ≤ cδ

∫
Sr

(Dnw+)2dS +

∫
Tr

(Dnw+)2dS. (8.9)
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Oloklhr¸noume th sqèsh (8.9) apì 1
10

èwc R ≤ 1
8
tìte∫ R

1/10

∫
Ft∩Dr

(Dnu
+)2dSdr ≤ cδ

∫ R

1/10

∫
Sr

(Dnw+)2dSdr +

∫ R

1/10

∫
Tr

(Dnw+)2dSdr

isodÔnama

(R− 1

10
)

∫
Ft∩D1/10

(Dnu
+)2dS ≤ (R− 1

10
)

∫
TR

(Dnw+)2dS+cδ

∫ R

1/10

∫
Sr

|∇w+|2dSdr︸ ︷︷ ︸
N

.

Oloklhr¸noume kat� mèrh ton ìro (N) kai epeid  h w+ eÐnai ufarmonik  me

thn ènnoia tou ix¸douc prokÔptei∫
Ft∩D1/10

(Dnu
+)2dS ≤

∫
TR

(Dnw+)2dS

+
cδ

R− 1
10

{ ∫
SR

w+Dνw+dS +

∫
S1/10

w+Dνw+dS +

∫
TR−T1/10

w+Dnw+dS

}
.

'Omwc |Diw+| ≤ |Diu|(1 + cδ) gia i = 1, ..., n kai |Dju| ≤ cδDnu gia =

1, ..., n− 1 �ra,∫
Ft∩D1/10

(Dnu
+)2dS ≤ cδ2(1 + cδ)

R− 1
10

{ ∫
SR

1

2
Dn(u2)dS +

∫
S1/10

1

2
Dn(u2)dS

}

+
cδ(1 + cδ)

R− 1
10

∫
TR−T1/10

uDnudS +

∫
TR

(Dnu)
2dS.

Oloklhr¸noume touc duo pr¸touc ìrouc sto dexÐ mèloc wc proc xn kai apì

to Je¸rhma monotonÐac∫
Ft∩D1/10

(Dnu
+)2dS ≤ Cδ2

R− 1
10

{ ∫
∂SR∩{xn=3/4}

(Dnu)
2dS+

∫
∂S1/10∩{xn=3/4}

(Dnu)
2dS

}

+
cδ

R− 1
10

∫
TR−T1/10

(Dnu)
2dS +

∫
TR

(Dnu)
2dS.
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An prosjafairèsoume ton ìro pou leÐpei kai qrhsimopoi soume to L mma 8.2

ja prokÔyei

−
∫

Ft∩D1/10

[(Dnu
+)2−α2

+]dS ≤ α2
+

[
Cδ2

R− 1
10

+

(
cδ

R 1
10

+1+O(δ/µ)

)
|TR−T1/10|

]
apì ìpou, an epilèxoume R− 1

10
∼ δ, èqoume to zhtoÔmeno

−
∫

Ft∩D1/10

[(Dnu
+)2 − α2

+]dS ≤ α2
+O(δ/µ).

Me ìmoio trìpo, qrhsimopoi¸ntac thn uperlÔsh w− kai thn upolÔsh w̄ = −w−,

h apìdeixh oloklhr¸netai. �

Ja deÐxoume t¸ra ìti, an meÐnoume makri� apì to eleÔjero sÔnoro, o

k¸noc monotonÐac aux�netai sto qrìno.

L mma 8.4. An G(α+, α−, en) ≥ −b := −1
2
A + B (  G(α+, α−, en) ≤ −b),

tìte up�rqoun stajerèc c, c̄ > 0 tètoiec ¸ste an h gwnÐa δ eÐnai arket� mikr 

me δ ≤ cµ3,

−Dtu

Dnu
≤ B − cµ,

(
−Dtu

Dnu
≥ A+ cµ

)
gia (x, t) ∈ (B1/8(

3
4
en) ∪B1/8(−3

4
en))× (−Cδ/µ,Cδ/µ).

Apìdeixh. H u eÐnai lÔsh thc exÐswshc ut − F (D2u) = 0 sto Ω+ =

{B1× (−1, 1)}∩ {u > 0} kai Ω− = {B1× (−1, 1)}∩ {u < 0}. Gia k�je shmeÐo

(x, t) ∈ B1/8(
3
4
en)× (−Cδ/µ,Cδ/µ) jewroÔme to sÔnolo Rt := Ω+ ∩ (t− 1, t)

kai ω(x,t) to mètro pou prokÔptei apì thn exÐswsh upologismèno sto (x, t).

Epeid  h F eÐnai koÐlh o telest c tupik�, brÐsketai <<kont�>> se èna telest  me
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stajeroÔc suntelestèc. P�nw sto eleÔjero sÔnoro, sqedìn pantoÔ wc proc

to epifaneiakì mètro, isqÔei

Dtu
+

Dnu+
=
Dtu

+

Dνu+
(1 +O(δ)) = (1 +O(δ))G(ν,Dνu

+, Dνu
−)

diìti Dνu
+ = Dnu

+(1+O(δ)) kai |Diu
+| ≤ cδDnu

+ gia i = 1, ..., n− 1. 'Estw

Σt := {p ∈ Ft ∩Rt : Dnu
±(p) = α±(1 +O(δ1/3))}.

Apì to prohgoÔmeno l mma gia k�je t ∈ (−Cδ/µ,Cδ/µ) prokÔptei |Σt| ≥
1
2
|Ft ∩Rt|. Pr�gmati,∫

Σt

(Dnu)
2dx = α2

±(1 +O(δ1/3))|Σt| =
∫

Ft

(Dnu)
2dx−

∫
P

(Dnu)
2dx

≥ α2
±(1−O(δ/µ))|Ft| −

∫
P

(Dnu)
2dx.

Opìte an p ∈ P tìte

Dnu(p) ≤ α±(1− Cδ1/3) ή Dnu(p) ≥ α±(1 + Cδ1/3)

dhlad  ∫
Σt

(Dnu)
2dx ≥ α2

±(1−O(δ/µ))|Ft| − |P |(α2
± − Cδ1/3)

isodÔnama

(1 + Cδ1/3)|Σt| ≥ (1− Cδ/µ)|Ft| − (1− Cδ1/3)|P |

 

Cδ1/3|Σt| ≥ Cδ|Ft| − C
δ

µ
|P |
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diìti |Ft| = |Σt|+ |P |. Me δ mikrì h parap�nw sqèsh dÐnei

|Σt| ≥ C|P | − C
δ2/3

µ
|Ft| ≥ C|P |,

opìte

|Ft| = |Σt|+ |P | ≤ C|Σt|.

An gurÐsoume t¸ra pÐsw sthn exÐswsh blèpoume ìti to antÐstoiqo mètro pou

orÐsame sto Ft ∩ Rt eÐnai A∞ b�roc wc proc to epifaneiakì mètro diìti h F

eÐnai koÐlh �ra efarmìzontai ta apotelèsmata thc ergasÐac [N], dhlad 

ω(x,t)(Σt) ≥ c. (8.10)

Apì thn �llh sto Σt èqoume

G(ν,Dνu
+, Dνu

−) = G(en, α+, α−) +O(δ1/3) ≥ −b+O(δ1/3)

≥ −B + cµ+O(δ1/3) ≥ −B + Cµ

gia δ mikrì. 'Estw v1, v2 lÔseic twn problhm�twn

(∗)

{
F (D2v1)−Dtv1 = 0 στo Rt

v1 = uxn στo ∂pRt

(∗∗)

{
F (D2v2)−Dtv2 = 0 στo Rt

v2 = ut στo ∂pRt

kai epeid  F = infα∈A Lα èqoume (deÐte thn apìdeixh tou l mmatoc 4.3),

ut +Buxn ≥ v2 +Bv1 =

∫
∂pRt

(v2 +Bv1)dω
(x,t) =

∫
∂pRt

(Dtu+BDnu)dω
(x,t)

=

∫
Ft∩Rt

(Dtu+BDnu)dω
(x,t) ≥

∫
Σt

Dnu(
Dtu

Dnu
+B)dω(x,t)

= α±(1 +O(δ1/3))[(1 +O(δ))G+B]ω(Σt)
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≥ α±(1 +O(δ1/3))[(1 +O(δ))(−B + Cµ) +B]c

≥ α±C̄µ.

Tèloc epeid  δ/µ << µ kai Dnu = α+(1 + O(δ/µ)) sto B1/8(
3
4
en)× (t− 1, t)

prokÔptei ìti

(Dtu+BDnu)(x, t) ≥ CµDnu

gia (x, t) ∈ B1/8(
3
4
en)× (−Cδ/µ,Cδ/µ). An antÐ tou Ω+ qrhsimopoi soume to

Ω− èqoume to zhtoÔmeno kai gia (x, t) ∈ B1/8(−3
4
en)× (−Cδ/µ,Cδ/µ). �
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Kef�laio 9

SuneqeÐc oikogèneiec upolÔsewn

Sth par�grafo aut  ja kataskeu�soume mia oikogèneia upolÔsewn,

arqÐzontac apì mia dosmènh lÔsh. Oi upolÔseic autèc ja mac bohj soun na

metafèroume sto eleÔjero sÔnoro, tic eswterikèc aux seic pou apodeÐxame

prin. Autì ja gÐnei qrhsimopoi¸ntac thn topologik  mèjodo pou parousi�sth-

ke apì ton Caffarelli sthn ergasÐa [C1], thn opoÐa ja prèpei na tropopoi soume

kat�llhla lìgw thc mh grammikìthtac thc exÐswshc.

L mma 9.1. Upojètoume ìti h u eÐnai mia lÔsh me thn ènnoia tou ix¸douc sto

prìblhma eleujèrou sunìrou sto qwrÐo D ⊂ Rn+1 kai monìtona aÔxousa se

k�je dieÔjunsh σ ∈ Γ(θ0, en). 'Estw ϕ eÐnai mia C2 sun�rthsh tètoia ¸ste

1 ≤ ϕ ≤ 2 kai ikanopoieÐ

Dtϕ ≥ 0, M−(D2ϕ)− c1Dtϕ− C
|∇xϕ|2

ϕ
− c2|∇xϕ| ≥ 0

se èna qwrÐo D′ ⊂ D me dist(D,D′) ≥ d > 0, gia jetikèc stajerèc c1, c2, C > 1

pou exart¸ntai apì n, θ0, d, λ,Λ kai M− eÐnai o telest c tou Pucci pou orÐsame

prin   isodÔnama M−(A) = infBtrace(BA) me tic idiotimèc tou B an�mesa stic

stajerèc λ,Λ. Tìte h

v(x, t) := sup
Bϕ(x,t)(x,t)

u(y, s)
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eÐnai F -upolÔsh sto {v > 0} ∩D′ kai sto {v < 0} ∩D′.

Apìdeixh. 'Estw v(0, 0) > 0, jèloume na deÐxoume ìti

F (D2v(0, 0))− vt(0, 0) ≥ 0.

Epeid  h F eÐnai koÐlh mporoÔme na gr�youme

F (D2v) = inf
α∈A

Lαv

ìpou Lαv eÐnai omoiìmorfa elleiptikìc telest c me stajeroÔc suntelestèc kai

tic Ðdiec stajerèc elleiptikìthtac λ , Λ me thn F . Ac sumbolÐsoume Lαv =

αα
ijvxixj

. ArkeÐ na deÐxoume ìti gia k�je α ∈ A,

Lαv(0, 0)− vt(0, 0) ≥ 0.

ParathreÐste ìti epeid  h u eÐnai lÔsh thc F (D2u)− ut = 0, tìte ja eÐnai kai

upolÔsh thc antÐstoiqhc me stajeroÔc suntelestèc gia k�je α ∈ A dhlad ,

Lαu− ut ≥ 0. (9.1)

'Estw A o stajerìc pÐnakac me stoiqeÐa ta [αα
ij], tìte o A eÐnai summetrikìc

kai jetik� orismènoc, �ra mporeÐ na oristeÐ o A1/2. 'Estw

ũ(x, t) = u(A1/2x, t),

ṽ(x, t) = v(A1/2x, t),

ψ(x, t) = ϕ(A1/2x, t).
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H ũ eÐnai upolÔsh thc exÐswshc thc jermìthtac sto {ũ > 0} lìgw thc (9.1)

kai h ψ, apì ton trìpo pou orÐsthke, ikanopoieÐ

∆ψ − c1Dtψ − C̃
|∇xψ|2

ψ
− c̃2|∇xψ| ≥ 0 (9.2)

diìti

Lαϕ ≥ M−(D2ϕ) ≥ c1Dtϕ+ C
|∇xϕ|2

ϕ
+ c2|∇xϕ|

gia k�je α ∈ A, ìpou C̃ = λC, c̃2 = λc2. Apì thn �llh parathroÔme ìti epeid 

v(x, t) = sup
Bϕ(x,t)(x,t)

u(y, s)

tìte

v(x, t) = sup
|ν|=1

u((x, t) + ϕ(x, t)ν)

me ν = (νx, νt), �ra

ṽ(x, t) = v(A1/2x, t) = sup
|ν|=1

u((A1/2x, t) + ϕ(A1/2x, t)ν̄)

= sup
|ν̄|=1

u(A1/2x+ A1/2νxψ(x, t), t+ ψ(x, t)νt)

= sup
|ν̄|=1

ũ((x, t) + ψ(x, t)ν)

ìpou ν̄ = (A1/2νx, νt). ArkeÐ na apodeÐxoume ìti h ṽ eÐnai upolÔsh thc exÐswshc

thc jermìthtac, dhlad  ìti h par�stash

T = lim inf
r↓0

{
2(n+ 2)

r2
−
∫

Br(ξ)

[ṽ(x, t)−ṽ(ξ, τ)]dx
}
− lim sup

h→0

1

h
[ṽ(ξ, τ+h)−ṽ(ξ, τ)]

(9.3)

eÐnai mh arnhtik  gia k�je (ξ, τ) ∈ D′. Gia aplìthta upojèsoume ìti (ξ, τ) = 0.

Epilègoume sÔsthma suntetagmènwn ètsi ¸ste,

ṽ(0, 0) = ũ(ψ(0, 0)ν̄)
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ìpou ν̄ = ε
|A1/2en|

en + δen+1 me |A1/2νx, νt| =
√
ε2 + δ2 = 1, ε > 0 kai

∇xψ(0, 0) = α(cosθ)e1 − α(sinθ)e2 + βen

< Aξ, ξ >= a(ξ2
n + b̃1ξ1ξn + b̃2ξ2ξn +

n−1∑
i≤j=1

cijξiξj) (9.4)

ìpou ξ ∈ Rn, α, β, θ, a, b̃1, b̃2, cij eÐnai stajerèc. Apì ton orismì thc ṽ èqoume

ṽ(x, 0) ≥ ũ(y(x), ψ(0, 0)δ), µε y(x) := x+
√
ψ2(x, 0)− ψ2(0, 0)δ2

νx

|A1/2νx|

ìpou

νx := en +
l1x1 + l2xn

ε2ψ(0, 0)
e1 +

γ

εψ(0, 0)

n−1∑
i=2

xiei

diìti

(y(x), ψ(0, 0)δ) = (x, 0) + (
√
ψ2(x, 0)− ψ2(0, 0)δ2

νx

|A1/2νx|
, ψ(0, 0)δ)

= (x, 0) + ψ(x, 0) (

√
1− ψ2(0, 0)δ2

ψ2(x, 0)

νx

|A1/2νx|
,
ψ(0, 0)δ

ψ(x, 0)
)︸ ︷︷ ︸

ν

= (x, 0) + ψ(x, 0)ν

kai∣∣∣∣ (A1/2

√
1− ψ2(0, 0)δ2

ψ2(x, 0)

νx

|A1/2νx|
,
ψ(0, 0)δ

ψ(x, 0)
)

∣∣∣∣=
√

1− ψ2(0, 0)δ2

ψ2(x, 0)
+
ψ2(0, 0)δ2

ψ2(x, 0)
= 1.

Ta l1, l2, γ ja ta epilèxoume argìtera. T¸ra apì to an�ptugma Taylor

√
ψ2(x, 0)− ψ2(0, 0)δ2 = εψ(0, 0) +

1

ε
[αcosθe1 − αsinθe2 + βen] · x

+
1

2ε

n∑
i,j=1

ψxixj
(0, 0)xixj +

1

2εψ(0, 0)

n∑
i,j=1

ψxi
(0, 0)ψxj

(0, 0)xixj
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− 1

2ε3ψ(0, 0)

n∑
i,j=1

ψxi
(0, 0)ψxj

(0, 0)xixj +O(|x|3).

EpÐshc
νx

|νx|
=

1√
a
[en +

l1x1 + l2xn

ε2ψ(0, 0)
e1 +

γ

εψ(0, 0)

n−1∑
i=2

xiei]·

·[1− b̃1
2ε2ψ(0, 0)

l(x)− γb̃2
2εψ(0, 0)

x2 +
1

ψ(0, 0)
Q(x, x) +O(|x|3)]

ìpou l(x) = l1x1 + l2xn kai

Q(x, x) =
b̃1 − c11

2ε4
l(x)2 − b̃21

4ε4
(l21x

2
1 + l22x

2
n)− b̃22γ

2

4ε2
x2

2+

+
γ

2ε3
[b̃1b̃2x2 −

n−1∑
i=1

c1ixi]l(x) +
γ2

2ε2
(b̃2x

2
2 −

n−1∑
i≤j=1

cijxixj).

O ìroc pr¸thc t�xhc tou y(x) ja eÐnai

y∗(x)− ε√
aψ(0, 0)en

= x+
1

ε
√
a
[αcosθx1 − αsinθx2 + βxn]en+

+[− b̃1
2ε
√
a
l(x)− γb̃2

2
√
a
x2]en +

1

ε
√
a
l(x)e1 +

γ√
a

n−1∑
i=2

xiei.

Epilègontac θ kai γ ètsi ¸ste

αsinθ = −εγ
2
b̃2 (9.5)

èqoume

y∗(x)− ε√
aψ(0, 0)en

= M · x

ìpou

M =


1 + l1

ε
√

a
0 0 . . . 0 l2

ε
√

a

0 1 + γ 0 . . . 0 0
... ... ... . . . ... ...
0 0 0 . . . 1 + γ 0

1
ε
√

a
(αcosθ − b̃1l1

2
) 0 0 . . . 0 1 + 1

ε
√

a
(β − b̃1l2

2
)


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An t¸ra epilèxoume

l1 = β − b̃1l2
2
, −l2 = αcosθ − b̃1l1

2
(9.6)

kai

(1 + γ)2 = (1 +
l1
ε
√
a
)2 +

l22
ε2a

(9.7)

ja èqoume M = 0   M = (1 + γ)M ′ ìpou M ′ eÐnai orjog¸nioc pÐnakac. Apì

thn (9.6) eÔkola prokÔptei

l1 = 2
b̃1αcosθ + 2β

4b̃21
, l2 = 2

−2αcosθ + b̃1β

4 + b̃21
(9.8)

apì ìpou gia kat�llhlo θ èqoume

γ =

√
1 +

4

a

[(b1cosθ + b2sinθ)αcosθ + 2β]
√
a+ α2cos2θ + β2

4 + (b1cosθ + b2sinθ)2
− 1 (9.9)

ìpou (
b̃1
b̃2

)
=

(
cosθ sinθ
−sinθ cosθ

) (
b1
b2

)
.

ArkeÐ t¸ra na broÔme θ ∈ [−π, π] ètsi ¸ste na isqÔei h (9.5) kai to γ na

orÐzetai apì thn (9.9). An

L(θ) := αsinθ, R(θ) := −εγ
2

(−b1sinθ + b2cosθ)

h (9.5) gr�fetai

L(θ) = R(θ),

'Estw θ1 = cot−1( b1
b2

) gia b2 6= 0 kai θ1 = 0 gia b2 = 0. Tìte R(θ1) =

R(θ1 − π) = 0 kai epeid  L(θ1 − π) = −L(θ1) ja up�rqei lÔsh thc (9.9) sto

di�sthma [θ1 − π, θ1].
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O ìroc deÔterhc t�xhc tou y(x) ja eÐnai

B = y(x)− y∗(x)−O(|x|3) =
1√
a

[
1

2

n∑
i,j=1

hxixj
(0)xixj +

ε

ψ(0, 0)
Q(x, x)−

− 1

2ε3ψ(0, 0)
(cosθb1 + sinθb2)(l1x1 + l2xn)(αcosθx1 − αsinθx2 + βxn)

]
en

+
1√
a

[
l1x1 + l2x2

ε2ψ(0, 0)
e1 +

γ

εψ(0, 0)

n−1∑
i=2

xiei

]{
1

ε
[αcosθx1 − αsinθx2 + βxn−

−1

2
(cosθb1 + sinθb2)(l1x1 + l2xn)]− γ

2
(cosθb2 − sinθb1)x2

}
ìpou

hxixj
(0) =

(
(ψxi

ψxj
+ ψψxixj

)ε2ψ2 − ψ2ψxi
ψxj

ε3ψ3

)
(0, 0)

=
1

ε
ψxixj

(0, 0)− δ2

ε3ψ(0, 0)
ψxi

(0, 0)ψxj
(0, 0)

opìte
n∑

i,j=1

hxixj
(0)xixj =

1

ε

n∑
i,j=1

ψxixj
(0, 0)xixj−

δ2

ε3ψ(0, 0)
(αcosθx1−αsinθx2+βxn)2.

Apì ta parap�nw lìgw thc strof c ja prokÔyei

lim
r↓0

{
n

ωnrn+2

∫
Br(0)

[ũ(y∗(x), ψ(0, 0)δ)−ũ(ψ(0, 0)ν̄)]dx

}
=

(1 + γ)2

2(n+ 2)
∆ũ(ψ(0, 0)ν̄)

To ∇ũ(ψ(0, 0)ν̄) ja eÐnai k�jeto sthn epif�neia

S = {ν = (νx, νt) : |(A1/2νx, νt)| = ψ(0, 0)}

sto shmeÐo ψ(0, 0)ν̄, �ra

∇ũ(ψ(0, 0)ν̄) = |∇ũ(ψ(0, 0)ν̄)|η, óπoυ η =
∇(< Ax, x > +t2)

|∇(< Ax, x > +t2)|

∣∣∣∣
x=en,t=δ

.
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Apì th sunj kh elleiptikìthtac kai thn (9.4) èqoume

λ ≤ a ≤ Λ, λ ≤ acii ≤ Λ, |acij| ≤ 2Λ, |abi| ≤ 2Λ

�ra oi (9.8), (9.9) dÐnoun

|l1|, |l2|, |γ| ≤ C(λ,Λ)
√
α2 + β2.

O ìroc deÔterhc t�xhc pou eÐdame prin ja eÐnai

B =
1

2
√
a
[

n∑
i,j=1

(Dijψ)xixj]en −
δ2

2ε3ψ(0, 0)
√
a
(αcosθx1 − αsinθx2 + βxn)2en

− 1

ψ(0, 0)
√
a

n∑
i=1

Qi(x, x)ei

kai apì tic prohgoÔmenec ektim seic prokÔptei

Qi(x, x) ≤ C(λ,Λ, n, ε)(α2 + β2)|x|2.

EpÐshc

Q̃n(x, x) :=
δ2

2ε3ψ(0, 0)
√
a
(αcosθx1 − αsinθx2 + βxn)2 +

1

ψ(0, 0)
√
a
Qn(x, x)

�ra

Q̃n(x, x) ≤ C(λ,Λ, n, ε)(α2 + β2)|x|2.

T¸ra η · en = 2a
|∇(<Ax,x>+t2)|

∣∣∣∣
(x,t)=(en,δ)

≥ c(n,Λ, ε) =: k > 0 kai èstw

σi :=< η, ei > gia i = 1, .., n, opìte |σi| ≤ 1 kai σn ≥ k. T¸ra

ũ(y(x), ψ(0, 0)δ)− ũ(y∗(x), ψ(0, 0)δ) = ∇ũ(ψ(0, 0)ν̄) =

=
1√
a
|∇ũ(ψ(0, 0)ν̄)|

[
1

2ε
σn

n∑
i,j=1

ψxixj
(0, 0)xixj −

1

ψ(0, 0)

n−1∑
i=1

Qi(x, x)σi−
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− 1

ψ(0, 0)
Q̃n(x, x)σn +O(|x|3)

]
≥ 1√

a
|∇ũ(ψ(0, 0)ν̄)|

[
1

2ε
σn

n∑
i,j=1

ψxixj
(0, 0)xixj −

C(λ,Λ, n, ε)

ψ(0, 0)
(α2 + β2)|x|2

]
+O(|x|3).

Opìte

lim
r↓0

1

r2
−
∫

Br(0)

[ũ(y(x), ψ(0, 0)δ)− ũ(y∗(x), ψ(0, 0)δ)]dx ≥

≥ 1√
a
|∇ũ(ψ(0, 0)ν̄)|

[
1

2ε
σn∆ψ(0, 0)− C

ψ(0, 0)
(α2 + β2)|x|2

]
≥ k

2ε(n+ 2)
√
a
|∇ũ(ψ(0, 0)ν̄)|

[
∆ψ(0, 0)− C

|∇xψ(0, 0)|2

ψ(0, 0)

]
dhlad 

lim inf
r↓0

{
2(n+ 2)

r2
−
∫

Br(0)

[ṽ(x, 0)− x̃(0, 0)]dx

}
≥

lim
r↓0

2(n+ 2)

r2
−
∫

Br(0)

[ũ(y(x), ψ(0, 0)δ)− ũ(y∗(x), ψ(0, 0)ν̄)]dx =

= lim
r↓0

2(n+ 2)

r2
−
∫

Br(0)

[ũ(y(x), ψ(0, 0)δ)− ũ(y∗(x), ψ(0, 0)δ)]dx+

+ lim
r↓0

2(n+ 2)

r2
−
∫

Br(0)

[ũ(y∗(x), ψ(0, 0)δ)− ũ(y∗(x), ψ(0, 0)ν̄)]dx ≥

≥ k

ε
√
a
|∇ũ(ψ(0, 0)ν̄)|

[
∆ψ(0, 0)− C

|∇xψ(0, 0)|2

ψ(0, 0)

]
+(1 + γ)2∆ũ(ψ(0, 0)ν̄).

Tèloc eÔkola apodeiknÔetai, qrhsimopoi¸ntac ton orismì thc ṽ, ìti o deÔteroc

ìroc sthn (9.3) fr�ssetai apì p�nw apì

|∇xũ(ψ(0, 0)ν̄)| ε

|A1/2en|
ψt(0, 0) + ut(ψ(0, 0)ν̄)

[
1 + δψt(0, 0)

]
.
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Epeid  t¸ra h ũ eÐnai upolÔsh thc exÐswshc thc jermìthtac, h èkfrash (9.3)

ja eÐnai

T ≥ k

ε
√
a
|∇ũ|

[
∆ψ − C

|∇xψ|2

ψ

]
+ũt

[
(1 + γ)2 − 1− δψt

]
− ε
λ
|∇xũ|ψt.

Epeid  h ũ eÐnai monìtonh sto k¸no èqoume |ũt| ≤ cotθ0|∇xũ| kai ε ≥ sinθ0 ≥

|A1/2en|sinθ0 opìte h parap�nw èkfrash ja eÐnai

≥ k

ε
√
a
|∇ũ|

[
∆ψ − C

|∇xψ|2

ψ
− ε2

√
a

kλ
ψt

]
+ũt

[
2l1
ε
√
a

+
l21 + l22
ε2a

]
−ũtδψt

≥ k

ε
√
a
|∇ũ|

[
∆ψ − C

|∇xψ|2

ψ
− ε2

√
a

kλ
ψt −

√
aεcotθ0

k
δψt

]
−

−cotθ0|∇ũ|
[

2C(λ,Λ)

ε
√
a

|∇ψ|+ C(λ,Λ)

ε2a
|∇ψ|2

]
≥

≥ k

ε
√
a
|∇ũ|

[
∆ψ − C

|∇xψ|2

ψ
− c1ψt − c2|∇ψ|

]
≥ 0

diìti 1 ≤ ψ ≤ 2. �

L mma 9.2. 'Estw u eÐnai lÔsh me thn ènnoia tou ix¸douc sto prìblhma

eleujèrou sunìrou sto Q2 kai

v(x, t) := sup
Bϕ(x,t)(x,t)

u(y, s)

me ϕ ìpwc sto prohgoÔmeno l mma kai |∇ϕ| < 1. An (x0, t0) ∈ ∂{v > 0}∩Q3/2,

(y0, s0) ∈ F kai (y0, s0) ∈ ∂Bϕ(x0,t0)(x0, t0) tìte

(i) To ∂{v > 0} èqei mia efaptìmenh mp�la sto shmeÐo (x0, t0) apì ta

dexi� (dhlad  up�rqei B(n+1) ⊂ {v > 0}) tètoia ¸ste B
(n+1) ∩ ∂{v > 0} =

{(x0, t0)}.
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(ii) An to ∂{u > 0} eÐnai gr�fhma miac Lipschitz sun�rthshc kai to

|∇ϕ| eÐnai arket� mikrì (exartìmeno apì th Lipschitz stajer� tou ∂{v > 0}),

to sÔnolo ∂{v > 0} eÐnai sthn ousÐa gr�fhma miac Lipschitz sun�rthshc me

stajer�

L′ ≤ L+ C|∇ϕ|.

(iii) An kont� sto shmeÐo (y0, s0), sto s0-epÐpedo, h u èqei to asumptw-

tikì an�ptugma

u(y, s0) = α+ < y − y0, ν >
+ −α− < y − y0, ν >

− +o(|y − y0|)

ìpou ν = (y0−x0)/|y0−x0|, tìte kont� sto shmeÐo (x0, t0) sto t0-epÐpedo isqÔei

v(x, t0) ≥ α+ < x−x0, ν+
ϕ(x0, t0)

|y0 − x0|
∇xϕ >

+ −α− < x−x0, ν+
ϕ(x0, t0)

|y0 − x0|
∇xϕ >

−

+o(|x− x0|).

Apìdeixh. Gia tic apodeÐxeic twn (i) kai (ii) parapèmpoume ton ana-

gn¸sth sthn apìdeixh tou L mmatoc 10 tou [C1]. Gia to (iii) me x kont� sto

x0 jewroÔme y = x + νϕ(x) ìpou ϕ(x) :=
√
ϕ2(x, t0)− (s0 − t0)2. T¸ra ek

kataskeu c

v(x, t0) ≥ u(y, s0)

kai apì to an�ptugma Taylor

ϕ(x)− ϕ(x0) = x− x0 +
ϕ(x0, t0)

|y0 − x0|
∇xϕ(x0, t0) + o(|x− x0|)

opìte apì thn asumptwtik  sumperifor� thc lÔshc

v+(x, t0) ≥ α+ < x− x0, ν +
ϕ(x0, t0)

|y0 − x0|
∇xϕ >

+ +o(|x− x0|)
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kai

v−(x, t0) ≤ α− < x− x0, ν +
ϕ(x0, t0)

|y0 − x0|
∇xϕ >

− +o(|x− x0|).

�
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Kef�laio 10

Metafor� sto EleÔjero SÔnoro

Sto kef�laio autì ja deÐxoume ton trìpo me ton opoÐo h aÔxhsh tou

k¸nou monotonÐac mporeÐ na metaferjeÐ sto eleÔjero sÔnoro. Ja kataskeu�-

soume mia oikogèneia sunart sewn φη me par�metro η ∈ [0, 1] h opoÐa ikano-

poieÐ tic upojèseic tou L mmatoc 9.1. Sth sunèqeia mia sun�rthsh thc morf c

vεφη (orismènh wc supremum ìpwc prin) ja metafèrei tic ektim seic apì ku-

lÐndrouc makru� apì to eleÔjero sÔnoro se qwrÐa sto eleÔjero sÔnoro kaj¸c

to η ja paÐrnei timèc apì to 0 èwc to 1.

L mma 10.1. 'Estw 0 < m0 ≤ T kai C arket� meg�lo. Tìte up�rqoun

C̄, k, h0 > 0 pou exart¸ntai apì ta m0 kai C, tètoia ¸ste, gia k�je h ∈

(0, h0) up�rqei oikogèneia sunart sewn φη ∈ C2, 0 ≤ η ≤ 1, pou orÐzetai sto

D := [B1 \ {B̄1/8(
3
4
en) ∪ B̄1/8(−3

4
en)}]× (−T, T ) tètoia ¸ste

(i) 1 ≤ φη ≤ 1 + ηh sto D,

(ii) M−(D2φη)− c1Dtφη − C |∇xφη |2
φη

− c2|∇xφη| ≥ 0 sto D,

(iii) φη ≡ 1 èxw apì to B8/9 × (−7
8
T, T )

(iv) φη ≥ 1 + kηh, gia (x, t) ∈ B1/2 × (−T
2
, T

2
)

(v) |∇φη| ≤ C̄ηh kai Dtφη ≥ 0 sto D,

97



dedomènou ìti oi stajerèc c1, c2 eÐnai arket� mikrèc.

Apìdeixh. Ja kataskeu�soume sunart seic ψη ∈ C2 mh arnhtikèc

sto D tètoiec ¸ste

M+(D2ψη)− c1Dtψη + c2|∇xψη| ≤ 0 στo D

kai

a) −aηh ≤ ψη sto D,

b) ψη ≡ 0 èxw apì to B9/10 × (−7
8
T, T ),

g) ψη ≤ −bkηh sto B̄1/2 × [−T
2
, T

2
],

d) |∇ψη| ≤ C̃ηh kai Dtψη ≤ 0 sto D

ìpou h eÐnai mikrì kai b < a, C̃ eÐnai stajerèc pou ja epilèxoume parak�tw.

JewroÔme th sun�rthsh

f(x, t) := − 1

(|x|2 + T − t)M

sto qwrÐo Q := Q1 \Q1/8 ìpou Qr := Br(0)× (−T, T ). EÔkola prokÔptei ìti

h f ikanopoieÐ sto Q

Lαf − c1Dtf + c2|∇xf | ≤ 0

gia k�je α ∈ A me M arket� meg�lo kai

|∇f | ≤ C.

'Estw t¸ra

f1(x, t) := −max

{
(|x−3

4
en|2+T−t)−M− max

B9/10×(− 7
8
T,T )

|x−3

4
en|2+T−t)−M , 0

}
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tìte profan¸c f1 ≡ 0 èxw apì to B9/10 × (−7
8
T, T ) kai

Lαf1 − c1Dtf1 + c2|∇xf1| ≤ 0

gia k�je α ∈ A kai gia M arket� meg�lo. To epìmeno b ma eÐnai na broÔme

omal  (sugkekrimèna C2) sun�rthsh me tic Ðdiec idiìthtec. JewroÔme thn

f2 = −γf 4
1 , ìpou to γ > 0 to epilègoume ètsi ¸ste

−αηh ≤ f2 ≤ −bKηhχB1/9×[−T/2,T/2].

Apì ton orismì thc h f2 ∈ C2 kai epeid  f1 ≤ 0 ja èqoume

Lαf2 − c1Dtf2 + c2|∇xf2| ≤ −4γf 3
1

{
Lαf1 − c1Dtf1 − c2|∇xf1|

}
≤ −4γf 3

1

{
−c1|∇xf1| − c2|∇xf1|

}
≤ 0

gia (x, t) ∈ [B1 \B̄1/8(
3
4
en)]×(−T, T ). Apì ton orismì thc h f2 ikanopoieÐ ìlec

tic apaitoÔmenec idiìthtec. Ergazìmaste akrib¸c me ton Ðdio trìpo jewr¸ntac

mia sun�rthsh f̄2 sto qwrÐo [B1 \ B̄1/8(−3
4
en)] × (−T, T ) kai telik� orÐzoume

thn

ψη := f2 + f̄2.

Gia thn kataskeu  twn φη jewroÔme

φη = (ψη + 1)
1

K−C

ìpou K ≤ C ja epileqjeÐ argìtera. Tìte

M−(D2φη) ≥
1

K − C
(ψη+1)

1−2K+2C
K−C

{
(ψη+1)M+(D2ψη)+

1−K + C

K − C
c(n)λ|∇ψη|2

}
.
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Dhlad 

M−(D2φη)− c1Dtφη − C
|∇xφη|2

φη

− c2|∇xφη| ≥

≥ |∇ψη|2

(K − C)2

{
(1−K + C)c(n)λ− C

}
(ψη + 1)

1−2K+2C
K−C ≥ 0

an dialèxoume to K ètsi ¸ste (1 −K + C)c(n)λ ≥ C. T¸ra dialègoume tic

stajerèc a, b, C̃ ètsi ¸ste

1− bkηh ≤ (1+ kηh)K−C , 1− aηh ≤ (1+ ηh)K−C , C̃(C−K) < 21+C−KC̄.

�

L mma 10.2. 'Estw u1 ≤ u2 duo lÔseic me thn ènnoia tou ix¸douc tou probl -

matoc eleujèrou sunìrou sto Q2 me to eleÔjero sÔnoro thc u2, èstw F (u2),

na eÐnai èna Lipschitz gr�fhma pou pern� apì thn arq . Upojètoume epiplèon

ìti

vε(x, t) := sup
B

(n+1)
ε (x,t)

u1 ≤ u2(x, t)

gia (x, t) ∈ B1 × (−T, T ) kai gia k�poio h mikrì,

u2(x, t)− v(1+hσ)ε(x, t) ≥ Cσεu2(
3

4
en, 0)

gia k�je (x, t) ∈ B1/8(
3
4
en)× (−T, T ) ⊂ {u2 > 0},

u2(x, t)− v(1+hσ)ε(x, t) ≥ −Cσεu2(−
3

4
en, 0)

gia k�je (x, t) ∈ B1/8(−3
4
en)× (−T, T ) ⊂ {u2 < 0}. Tìte an ε > 0 kai h > 0

eÐnai arket� mikr�, ja up�rqei c me 0 < c < 1 tètoio ¸ste

v(1+chσ)ε(x, t) ≤ u2(x, t)

gia (x, t) ∈ B1/2 × (−1
2
T, 1

2
T ).
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Sq ma 10.1: Metafor� sto eleÔjero sÔnoro

Apìdeixh. Ja kataskeu�soume mia suneq  oikogèneia upolÔsewn vη tètoia

¸ste

v(1+chσ)ε(x, t) ≤ v1(x, t)

gia (x, t) ∈ B1/2 × (−1
2
T, 1

2
T ) kai vη ≤ u2 me 0 ≤ η ≤ 1. JewroÔme

vη(x, t) := vη(x, t) + Cσεw(x, t)

ìpou

vη(x, t) := sup
B

(n+1)
εϕση (x,t)

u1(y, s),

101



h w eÐnai suneq c sto

D :=

[
B 9

10
(0) \ {B 1

8
(
3

4
en) ∪B 1

8
(−3

4
en)}

]
×

(
− 9

10
T,

9

10
T

)
kai ikanopoieÐ:

F (D2w)−Dtw = 0 στo D ∩ {u2 > 0},
F (D2w)−Dtw = 0 στo D ∩ {u2 < 0},
w = 0 στo D ∩ {u2 = 0},
w = u2(

3
4
en, 0) στo ∂B1/8(

3
4
en)× (− 9

10
T, 9

10
T ),

w = −u2(−3
4
en, 0) στo ∂B1/8(−3

4
en)× (− 9

10
T, 9

10
T ),

w = 0 στo ∂pD \ {∂(B1/8(
3
4
en) ∪B1/8(−3

4
en))× (− 9

10
T, 9

10
T )}.

Ja deÐxoume ìti to sÔnolo twn η gia ta opoÐa isqÔei h sqèsh vη ≤ u2

eÐnai anoiktì kai kleistì. Sth sunèqeia epeid  to sÔnolo ja perièqei thn tim 

η = 0 ja prokÔyei ìti isqÔei gia k�je η to opoÐo kai ja oloklhr¸sei thn

apìdeixh tou l mmatoc. To gegonìc ìti v0 ≤ u2 prokÔptei apì tic upojèseic

kai thn arq  megÐstou. Pr�gmati:

v0 = v0 + Cσεw = sup
B

(n+1)
εϕ0

(x,t)

u1 + Cσεw = sup
B

(n+1)
ε (x,t)

u1 + Cσεw.

• Sto ∂pD \ {∂(B1/8(
3
4
en) ∪B1/8(−3

4
en))× (− 9

10
T, 9

10
T )}:

v0 = sup
B

(n+1)
ε (x,t)

u1 + 0 ≤ u2.

• Sto ∂B1/8(
3
4
en)× (− 9

10
T, 9

10
T ):

v0 = v0 + Cσεu2(
3

4
en, 0) ≤ v(1+hσ)ε + Cσεu2(

3

4
en, 0) ≤ u2
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• Sto ∂B1/8(−3
4
en)× (− 9

10
T, 9

10
T ) omoÐwc:

v0 = v0 − Cσεu2(−
3

4
en, 0) ≤ v(1+hσ)ε − Cσεu2(−

3

4
en, 0) ≤ u2.

EpÐshc apì to L mma 9.1 h vη eÐnai upolÔsh. EÔkola apodeiknÔetai, lìgw thc

sunèqeiac thc oikogèneiac twn upolÔsewn ìti to sÔnolo twn η eÐnai kleistì.

Ja deÐxoume ìti eÐnai kai anoiktì. Gia to skopì autì ac upojèsoume ìti gia

k�poio η0 ∈ [0, 1] isqÔei vη0 ≤ u2. ArkeÐ na deÐxoume ìti to D ∩ {vη0 > 0}

perièqetai sumpag¸c sto D ∩ {u2 > 0}. 'Estw ìti den isqÔei, tìte ja up�rqei

shmeÐo (x0, t0) tètoio ¸ste

(x0, t0) ∈ F(vη0) ∩ F(u2) ∩D

kai apì to L mma 9.2 gÔrw apì to shmeÐo autì ja isqÔei

vη0(x, t0) ≥ α∗+ < x− x0, ν
∗ >+ −α∗− < x− x0, ν

∗ >− +o(|x− x0|)

ìpou α∗+ = α
(1)
+ |τ ∗|, α∗− = α

(1)
− |τ ∗|, ν∗ = τ∗

|τ∗| gia

τ ∗ := ν(1) +
ε2ϕση0(x0, t0)

|y0 − x0|
∇xϕση0(x0, t0), ν(1) :=

y0 − x0

|y0 − x0|

kai
s0 − t0
|y0 − x0|

=:
β

(1)
+

α
(1)
+

≤ G(ν(1), α
(1)
+ , α

(1)
− ).

Apì thn asumptwtik  èkfrash thc lÔshc u2 ja èqoume

u2(x, t0) = α
(2)
+ < x− x0, ν

(2) >+ −α(2)
− < x− x0, ν

(2) >− +o(|x− x0|)

ìpou ν(2) = ν∗ kai

G(ν(2), α
(2)
+ , α

(2)
− ) ≤ β

(2)
+

α
(2)
+

:=

(
s0 − t0
|y0 − x0|

+
ε2ϕση0(x0, t0)

|y0 − x0|
Dtϕση0(x0, t0)

)
|τ ∗|−1.
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Epeid  to eleÔjero sÔnoro F(u2) eÐnai Lipschitz apì to L mma 3.2 èqoume

w ≥ Cu2 sto {u2 > 0} kai w ≥ −Cu2 sto {u2 < 0} makri� apì to parabolikì

sÔnoro. Opìte kont� sto x0, p�nw sto uperepÐpedo t = t0 ja èqoume:

vη0(x, t0) ≥ α+ < x− x0, ν
∗ >+ −α− < x− x0, ν

∗ >− +o(|x− x0|)

ìpou α+ = α∗+ + Cσεα
(2)
+ kai α− = α∗− − Cσεα

(2)
− . EpÐshc ek kataskeu c

G(ν(2), α
(2)
+ , α

(2)
− ) ≤ β

(2)
+

α
(2)
+

≤
(
β

(1)
+

α
(1)
+

+ Cσεh

)
(1 + Cσεh)

≤ G(ν(1), α
(1)
+ , α

(1)
− ) + Cσεh.

Epeid  t¸ra

α
(1)
+ ≤ α+ − Cσεα

(2)
+ + Cσεh, α

(1)
− ≥ α− + Cσεα

(2)
− − Cσεh

kai apì tic upojèseic gia th sun�rthsh G

∂G

∂α+

> c∗ > 0,
∂G

∂α−
< −c∗

prokÔptei

G(ν(1), α
(1)
+ , α

(1)
− ) < G(ν(1), α+ − Cσεα

(2)
+ + Cσεh, α− + Cσεα

(2)
− − Cσεh).

Apì to Je¸rhma Mèshc Tim c gia k�je metablht  thc sun�rthshc G kaj¸c

kai th Lipschitz sunèqeia thc èqoume

G(ν(1), α
(1)
+ , α

(1)
− ) < G(ν(2), α+, α−)+C|ν(2)−ν(1)|−c∗Cσε(α(2)

+ +α
(2)
− )+Cσεh.

EpÐshc h upìjesh gia ton mh ekfulismì dÐnei

α
(2)
+ + α

(2)
− ≥ m > 0
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kai me |ν(2) − ν(1)| ≤ Cσεh èqoume

G(ν(1), α
(1)
+ , α

(1)
− ) < G(ν(2), α+, α−)− (c∗m− h)Cσε.

Opìte an epilèxoume h < c∗m ja èqoume

G(ν(2), α
(2)
+ , α

(2)
− ) < G(ν(2), α+, α−).

Apì thn �llh u2− vη0 ≥ 0 kai eÐnai uperlÔsh sto {vη0 > 0}, dhlad  α(2)
− ≤ α−

kai α(2)
+ > α+. 'Omwc hG eÐnai gn sia monìtonh (aÔxousa wc proc v+

ν , fjÐnousa

wc proc v−ν ) kai �ra

G(ν(2), α
(2)
+ , α

(2)
− ) > G(ν(2), α+, α−) > G(ν(2), α

(2)
+ , α

(2)
− )

�topo. �
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Kef�laio 11

Omalìthta tou Eleujèrou Sunìrou

Qrhsimopoi¸ntac tic prohgoÔmenec ektim seic apodeiknÔoume thn oma-

lìthta tou eleujèrou sunìrou. H apìdeixh thc leiìthtac sto q¸ro (Je¸rhma

11.2) prokÔptei efarmìzontac epanalhptik� to epìmeno L mma. To sÔmbolo

Γ(ν, θx, θt) ekfr�zei ènan elleiptikì k¸no me �xona ν kai �noigma θx, sto q¸ro

kai θt, sto qrìno. Wstìso sthn perÐptwsh tou q¸rou kai tou qrìnou prèpei

na eÐmaste perissìtero prosektikoÐ.

L mma 11.1. 'Estw u h lÔsh me thn ènnoia tou ix¸douc sto probl ma e-

leÔjerou sunìrou sto Q1 = B1 × (−1, 1) pou eÐnai monìtona aÔxousa se k�-

je dieÔjunsh τ ∈ Γ(en, θ, θ
t), gia k�poio 0 < θ0 ≤ θt < θ < π/2. Tìte

up�rqoun stajerèc (jetikèc) c, c̄ kai monadiaÐo di�nusma ν1 tètoia ¸ste sto

B1/2 × (−1, 1), h sun�rthsh u1(x, t) = u(x, c̄δ2t) eÐnai aÔxousa wc proc k�je

kateÔjunsh τ ∈ Γ(ν1, θ1, θ1
t), me θ1 ≥ θ + cδ3, θ1

t ≥ θ0.

Apìdeixh. Apì th Harnack, ja up�rqei monadiaÐo di�nusma ν kai b < 1

tètoia ¸ste gia θ∗ := π/2− b(π/2− θ) h u monìtona aÔxousa se k�je qwriak 

dieÔjunsh τx ∈ Γx(ν, θ
∗) ⊃ Γx(en, θ) gia k�je (x, t) ∈ B1/8 × (−1/10,−1/10).

JewroÔme tic dieujÔnseic τx ∈ Γx(en, θ) − ℵ ìpou ℵ eÐnai èna uposÔnolo tou

∂Γx(en, θ) ∩ Γx(ν, θ
∗). Tìte apì to L mma 8.1 ja up�rqoun jetikèc stajerèc
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C, c pou exart¸ntai mìno apì to komm�ti ℵ pou diagr�yame, tètoiec ¸ste:

Dτxu(x, t) ≥ cδDenu(x, t)

gia k�je (x, t) ∈ B1/8(±3
4
en)× (−Cδ/µ,Cδ/µ) ìpou µ = 1

2
π− θ0. Epilègoume

stajer� c1 << 1 kai c∗ = (C/µ)c1. An t¸ra efarmìsoume mia omoiojesÐa

wc proc to qrìno t�xhc c∗δ2, dhlad  jewr soume thn sun�rthsh u1(x, t) :=

u(x, c∗δ2t), tìte sthn exÐswsh h par�gwgoc wc proc ton qrìno kaj¸c kai h

sunj kh sto eleÔjero sÔnoro ja pollaplasiasteÐ me ton par�gonta 1
c∗δ2 , to

sÔnolo B1 × (−Cδ/µ,−Cδ/µ) apeikonÐzetai sto sÔnolo B1 × (−1/c1δ, 1/c1δ)

kai o k¸noc Γ(en, θ, θ
t) metasqhmatÐzetai se èna elleiptikì k¸no o opoÐoc

profan¸c perièqei ton k¸no Γ(en, θ).

Gia k�je kateÔjunsh ρ ∈ Γ(en, θ) sto q¸ro kai ton qrìno, dhlad 

ρ = λ1σ + λ2et ìpou σ eÐnai èna monadiaÐo di�nusma sto Γx(en, θ) − ℵ kai

λ2
1 + λ2

2 = 1 isqÔei:

Dρu1(x, t) ≥ cδDenu1(x, t) (11.1)

gia k�je (x, t) ∈ B1/8(±3
4
en)×(−1/c1δ, 1/c1δ), dedomènou ìtiDtu1 ≤ c∗δ2Denu1.

JewroÔme t¸ra èna di�nusma τ ∈ Γ(en,
1
2
θ) thc morf c τ = ηρ me 0 < η << 1

kai èna shmeÐo (x0, t0) ∈ B1/8(±3
4
en)× (−1/c1δ, 1/c1δ). Tìte gia k�je (y, s) ∈

B
(n+1)
ε (x0, t0) me ε = |τ |sin1

2
θ isqÔei:

u1(y, s) := u1((y, s)− τ) = u1((x0, t0)− τ) = u1(x0, t0)−Dτu1(x
∗, t∗)|τ |

ìpou τ = τ + (x0 − y, t0 − s). Qrhsimopoi¸ntac to gegonìc ìti h Denu eÐnai
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thc t�xhc tou u/dx,t kai thn sqèsh (11.1) èqoume:

vε(x0, t0) := sup
B

(n+1)
ε (x0,t0)

u1(y, s) ≤ u1((x0, t0)− cεδu1((x0, t0).

Apì to L mma 10.2 up�rqei h > 0 kai stajer� C > 0 tètoia ¸ste

v(1+hδ)ε(x, t) ≤ u1(x, t)− Cεδu1(x0, t0)

gia k�je (x, t) sth parabolik  geitoni� tou (x0, t0). Apì thn �llh meri� ìmwc

gia

(x0, t0) ∈ B1/8(±
3

4
en)× (− 1

c1δ
,

1

c1δ
)

èqoume u1(x0, t0) ∼ u1(
3
4
en, 0) kai u1(x0, t0) ∼ u1(−3

4
en, 0) antÐstoiqa, opìte

v(1+hδ)ε(x, t) ≤ u1(x, t)− Cεδu1(
3

4
en, 0)

gia k�je (x, t) ∈ B1/8(
3
4
en)× (− 1

c1δ
, 1

c1δ
) kai

v(1+hδ)ε(x, t) ≤ u1(x, t)− Cεδu1(−
3

4
en, 0)

gia k�je (x, t) ∈ B1/8(−3
4
en)×(− 1

c1δ
, 1

c1δ
) antÐstoiqa. Epeid  ìmwc oi sunart -

seic u1(x, t) kai u1(x, t) := u1((x, t)− τ) eÐnai lÔseic me thn ènnoia tou ix¸douc

sto sÔnolo B1 × (−1/c1δ, 1/c1δ) kai ikanopoioÔn tic upojèseic tou L mmatoc

10.2∗ prokÔptei ìti

v(1+chδ3)ε(x, t) ≤ u1(x, t) (11.2)

gia (x, t) ∈ B1/2 × (−1/2c1δ, 1/2c1δ) ìpou c > 0 eÐnai mikr  stajer�.

∗ParathreÐste ìti gia na efarmìsoume to L mma 10.2 ja prèpei o suntelest c tou ut

sthn exÐswsh na eÐnai mikrìc, all� ìpwc eÐdame kai sto L mma 8.2 mporoÔme na upojèsoume
ìti eÐnai ìso mikrìc jèloume.
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H anisìthta (11.2) upodeiknÔei ìti h sun�rthsh u1 eÐnai aÔxousa kat�

m koc opoiasd pote dieÔjunshc thc morf c τ + (1 + chδ3)εν ìpou ν ∈ IRn+1,

|ν| = 1. EÔkola prokÔptei ìti h kurt  perib�llousa aut c thc oikogèneiac

dieujÔnsewn kai tou k¸nou Γ(en, θ) perièqei èna kainoÔrgio k¸no Γ(ν1, θ1, θ
t
1)

me θt
1 ≥ θ0 kai

θ1 − θ ≥ cδ3.

�

Efarmìzontac to prohgoÔmeno L mma epanalhptik�, apodeiknÔoume

thn C1 omalìthta tou eleujèrou sunìrou se t-epÐpeda par�llhla ston IRn.

Je¸rhma 11.2. 'Estw u mia lÔsh me thn ènnoia tou ix¸douc sto Q1 = B1 ×

(−1, 1). Tìte gia k�je qrìno t, to Ft := F ×{t} eÐnai mia C1 epif�neia.

Apìdeixh. 'Estw u1(x, t) = u(x, c∗δ2
0t), ìpou δ0 = δ, c∗ epilègontai

ìpwc sto L mma 11.1. Apì ton orismì thc h u1 eÐnai aÔxousa kat� m koc

opoiasd pote kateÔjunshc pou perièqetai ston k¸no Γ(ν1, θ1, θ
t
1) me θt

1 ≥ θ0

kai δ1 = π
2
− θ1 ≤ δ0 − cδ3

0 sto B1/2 × (−1, 1). Upojètoume t¸ra ìti oi

uk = uk(x, t) gia k ≥ 1 ikanopoioÔn tic upojèseic tou L mmatoc 11.1 ston

k¸no Γ(νk, θk, θ
t
k) me θt

k ≥ θ0 gia (x, t) ∈ B1/2 × (−1, 1). Tìte jewr¸ntac:

uk+1(x, t) = uk(2
−rkx, c∗2−rkδ2

kt) · 2rk

ìpou δk = π
2
− θk kai rk èqei epileqjeÐ ètsi ¸ste 2−rk < c∗δ2

k. Apì to L mma

11.1 h uk+1 eÐnai monìtonh ston k¸no Γ(νk+1, θk+1, θ
t
k+1) me θt

k+1 ≥ θ0 kai

δk+1 ≤ δk − cδ3
k
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gia (x, t) ∈ B1/2 × (−1, 1), apì ìpou prokÔptei ìti

lim
k→+∞

δk = 0,

dhlad  to eleÔjero sÔnoro Ft := F ×{t} eÐnai mia C1 epif�neia sto q¸ro. �

To gegonìc ìti h gwnÐa sto q¸ro mporeÐ na gÐnei ìso mikr  jèloume,

mac epitrèpei na qrhsimopoi soume ta apotelèsmata tou KefalaÐou 8. H e-

kleptusmènh isorropÐa metaxÔ thc gwnÐac tou k¸nou sto q¸ro kai thc gwnÐac

sto qrìno ja mac d¸sei èna mètro suneqeÐac wc proc ton qrìno kaj¸c kai èna

beltiwmèno wc proc to q¸ro. 'Opwc eÐdame sto Kef�laio 8 an xekin soume me

mia gwnÐa ston qrìno, èstw µ, autì shmaÐnei ìti h lÔsh u ja eÐnai aÔxousa

kat� m koc twn dieujÔnsewn et +Ben kai −et −Aen. Gia na beltiwjeÐ (mega-

l¸sei) o k¸noc sto qrìno ja prèpei na mikrÔnoume to B   na megal¸soume

to A. Autì ja eÐnai to perieqìmeno tou epìmenou l mmatoc.

L mma 11.3. 'Estw u mia lÔsh me thn ènnoia tou ix¸douc tou probl ma-

toc eleujèrou sunìrou sto qwrÐo B1 × (−1, 1) h opoÐa eÐnai aÔxousa se k�je

dieÔjunsh tou k¸nou (sto q¸ro)

Γx(en, θ), για 0 < θ0 ≤ θ <
π

2
.

Epiplèon up�rqoun stajerèc c1 > 0 kai A, B tètoiec ¸ste h u eÐnai aÔxousa

kat� m koc twn dieujÔnsewn et +Ben kai −et − Aen me

0 < B − A ≤ c1µ.

Tìte gia δ := π
2
− θ << µ3 up�rqoun stajerèc c1, c2, c kai A1, B2 pou

exart¸ntai mìno apì ta n kai θ0 kai qwriakì di�nusma ν1 tètoia ¸ste gia
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(x, t) ∈ B1/2 × (−cδ/2µ, cδ/2µ):

(a) H u eÐnai aÔxousa se k�je dieÔjunsh τ ∈ Γx(ν1, θ1) me

π

2
− θ1 := δ1 ≤ δ − c1

δ2

µ
.

(b) H u eÐnai aÔxousa kat� m koc twn dieujÔnsewn et + B1ν1 kai −et − A1ν1

me

0 < B1 − A1 ≤ c1µ1

ìpou µ1 ≤ µ− c2δ.

Apìdeixh. JewroÔme thn sun�rthsh w(x, t) := u(x, δt/µ) opìte sthn

exÐswsh o suntelest c thc parag¸gou wc proc t kaj¸c epÐshc kai h sqè-

sh sto eleÔjero sÔnoro ja pollaplasiasteÐ me µ/δ. EpÐshc ta qwrÐa B1 ×

(−1, 1) kai B1/8(±3
4
en) × (−cµ/δ, cµ/δ) apeikonÐzontai sta B1 × (−µ/δ, µ/δ)

kai B1/8(±3
4
en) × (−c, c) antÐstoiqa. Apì ton orismì thc h w eÐnai aÔxousa

kat� m koc twn dieujÔnsewn et +Ben kai −et − Aen me 0 < B − A ≤ c1δ.

JewroÔme ta dianÔsmata τ ∈ Γx(en, θ − δ) me |τ | << δ kai èstw ε =

|τ | sin δ. Tìte gia th sun�rthsh w1(x, t) := w(x− τ, t) ja isqÔei

sup
Bε(x)

w1(y, t) ≤ w(x, t)

gia k�je (x, t) ∈ B1−ε × (−µ
δ
, µ

δ
) lìgw thc monotonÐac. Akolouj¸ntac t¸ra

th mèjodo pou eÐdame sthn apìdeixh tou PorÐsmatoc 7.3 kai tou L mmatoc 8.1

(afair¸ntac èna komm�ti tou arqikoÔ k¸nou) prokÔptei ìti gia k�je monadiaÐo

di�nusma σ sto k¸no pou apèmeine kai gia (x, t) ∈ B1/8(±3
4
en) × (−c, c) ja
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isqÔei:

Dσw ≥ cδDnw. (11.3)

H anisìthta (11.3) epekteÐnetai se dieujÔnseic pou èqoun t-suntetagmènh t�xhc

δ. Pr�gmati, èstw σ èna monadiaÐo di�nusma gia to opoÐo isqÔei h (11.3), tìte

gia λ1 + λ2 = 1 kai epeid 

|Dtw| ≤ C∗ δ

µ
Denw

ja èqoume†

λ1Dσw + λ2Dtw ≥ (cλ1δ − C∗λ2
δ

µ
)Denw ≥ CδDenw

diìti |λ2| ≤ δ kai δ
µ
<< 1. 'Estw t¸ra ρ èna monadiaÐo di�nusma sto IRn+1 kai

gia τ = τ + ερ sto B1/8(±3
4
en)× (−c, c) ja èqoume

w((x, t)− τ)− w(x, t) = −Dτw(x̃, t̃) ≤ −cδεDenw(x, t) ≤ −cδεw±(±3

4
en, 0)

diìti Dτw ∈ S(λ, λ−1), |τ | ≥ cε kai efarmìzetai to Pìrisma 4.5. Opìte gia

(x, t) ∈ B1/8(±3
4
en)× (−c, c) prokÔptei

vε(x, t) := sup
B

(n+1)
ε (x,t)

w1(y, s) ≤ w(x, t)− cεδw±(±3

4
en, 0).

Opìte ìpwc sthn apìdeixh tou L mmatoc 7.2, gia h arket� mikrì kai gia (x, t) ∈

B1/8(±3
4
en)× (−c, c) prokÔptei

v(1+hδ)ε(x, t) ≤ w(x, t)− cεδw±(±3

4
en, 0).

†jumhjeÐte ìti δ < δ
µ << µ.
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Epomènwc h w ikanopoieÐ tic proüpojèseic tou L mmatoc 10.2 me T = c kai

h = hδ/µ. Katal goume loipìn ìti

v
(1+ch δ2

µ
)ε
(x, t) ≤ w(x, t) (11.4)

gia mikrì c kai (x, t) ∈ B1/2 × (−1
2
c, 1

2
c).

H anisìthta (11.4) upodhl¸nei ìti h sun�rthsh w eÐnai aÔxousa kat�

m koc twn dieujÔnsewn thc morf c

τ = τ +
(
1 + ch

δ2

µ

)
ερ, (11.5)

sto qwrÐo B1/2×(−1
2
c, 1

2
c). H kurt  perib�llousa tou arqikoÔ k¸nou Γ1

x(en, θ)

kai to sÔnolo twn dieujÔnsewn (11.5) perièqoun èna kainoÔrgio k¸no sto q¸ro

Γx(ν1, θ1) ètsi ¸ste

θ1 − θ = c∗h
δ2

µ
,

opìte k�nontac rescaling pÐsw sto qrìno oloklhr¸noume thn apìdeixh tou (a)

gia c1 = c∗h.

(b) O kainoÔrgioc �xonac ν1 sto q¸ro metatopÐzetai‡ se mia kainoÔrgia

qwriak  dieÔjunsh h opoÐa eÐnai k�jeth sto en. Epeid  t¸ra to δ eÐnai polÔ

mikrìtero apì to µ3 ikanopoioÔntai oi proüpojèseic tou L mmatoc 8.4 dhlad 

ja isqÔei

Dtw +
δ

µ
BDnw ≥ cδDnw (11.6)

  antÐstoiqa

−Dtw −
δ

µ
ADnw ≥ cδDnw. (11.7)

‡H metatìpish ìpwc eÐdame eÐnai thc t�xhc δ.
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èstw t¸ra ρ, ρ1 ta monadiaÐa dianÔsmata stic dieujÔnseic et + δ
µ
Ben kai et +

δ
µ
Bν1. An t¸ra e1 eÐnai opoiod pote qwriakì di�nusma k�jeto sto en kai

λ2
1 + λ2

2 = 1 ja isqÔei

λ1Dρ1
w + λ2De1w ≥

(
cδ − c

δ2

µ
B − c1δ

2
)
Dnw ≥ C̃δDν1w

sto qwrÐo B1/8(±3
4
)× (−c, c), diìti |λ2| ≤ 2δ kai

Dρ1
w ≥ cDρw − c

δ2

µ
BDnw.

'Estw t¸ra ρ∗ h dieÔjunsh pou brÐsketai k�tw (wc proc to qrìno) apì thn

ρ1, h opoÐa sqhmatÐzei gwnÐa δ me to ρ1 kai brÐsketai sto (et, ν1)-epÐpedo. Gia

k�je mikrì di�nusma τ sthn dieÔjunsh tou ρ∗ epilègoume ε = |τ | sin δ kai

w1(x, t) = w((x, t)− τ). Tìte profan¸c

vε(x, t) ≤ w(x, t)

gia (x, t) ∈ B1−ε × (−µ
δ

+ ε, µ
δ
− ε), dhlad  telik�

v
(1+ch δ2

µ
)ε
(x, t) ≤ w(x, t) (11.8)

gia (x, t) ∈ B1/8 × (−1
2
c, 1

2
c). H anisìthta (11.8) ja mac d¸sei th monotonÐa

thc sun�rthshc w kat� m koc twn dieujÔnsewn

et +
( δ
µ
B − c∗h

δ2

µ

)
ν1.

Efarmìzontac thn omoiojesÐa pÐsw sto qrìno, h sun�rthsh u ja eÐnai aÔxousa

kat� m koc thc dieÔjunshc

et + (B − c∗hδ)ν1,
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pou mac dÐnei thn apìdeixh tou (b) gia

B1 = B − c∗hδ, A1 = A

kai

B1 − A1 = B − A− c∗hδ ≤ c1(µ− c2δ).

�

Efarmìzontac epanalhptik� to L mma 11.3 ja apodeÐxoume to basikì

je¸rhma thc diatrib c, pou mac dÐnei kai thn omalìthta tou eleujèrou sunìrou:

Apìdeixh tou Jewr matoc 2.5. H sun�rthsh uλ := u(λx, λt)/λ ikanopoieÐ

tic proupojèseic tou L mmatoc 11.3, opìte an efarmìsoume epanalhptik� to

L mma autì gia th sun�rthsh

(uλ)k(x, t) = uλ(2
−kx, 2−kt) · 2k

me k ≥ 1 ja prokÔyei mia akoloujÐa k¸nwn Γx(νk, θk) me �xona νk kai �noigma

θk kai akoloujÐec stajer¸n {Ak}, {Bk}, {δk}, {µk} tètoiec ¸ste an (x, t) ∈

B2−k ×
(
− cδk

2kmk
, cδk

2kmk

)
, tìte :

(a) H uλ(x, t) eÐnai aÔxousa se k�je qwriak  dieÔjunsh pou an kei ston k¸no

Γx(νk, θk).

(b) H uλ(x, t) eÐnai aÔxousa kat� m koc twn dieujÔnsewn et +Bkνk kai −et −

Akνk, ìpou

0 ≤ Bk − Ak ≤ c1µk.

(g) Oi akoloujÐec {δk} kai {µk} ikanopoioÔn tic anadromikèc sqèseic

δk+1 ≤ δk − c1
δ2
k

µk

,
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µk+1 ≤ µk − c2δk

me δk := π
2
− θk kai δk << µ3

k. Apì tic prohgoÔmenec anadromikèc sqèseic

mporoÔme eÔkola na katal xoume ìti

δk ∼
c1(η)

k3/2−η
, µk ∼

c2(η)

k1/2−η

gia k�je mikrì jetikì η. �
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Par�rthma Aþ

O TÔpoc MonotonÐac

Sto par�rthma autì dÐnoume ton tÔpo monotonÐac twn Alt, Caffarelli

kai Friedman gia armonikèc sunart seic.

Je¸rhma Aþ.1. 'Estw w mia sun�rthsh ston C0(BR(x0) ∩ H1,2(BR(x0)),

w(x0) = 0 kai h w eÐnai armonik  sto BR(x0) \ {w = 0}. 'Estw

φ(r) =
1

r4

∫
Br(0)

ρ2−n|∇(w)+|2dx
∫

Br(0)

ρ2−n|∇(w)−|2dx

ìpou ρ = |x− x0|. Tìte φ(r) eÐnai aÔxousa kai φ(r) <∞.

Apìdeixh. 'Estw qwrÐc bl�bh

φ(r) =
1

r4

∫
Br(0)

ρ2−n|∇w+|2dx
∫

Br(0)

ρ2−n|∇w−|2dx

ìpou ρ = |x|. Ja deÐxoume ìti h φ eÐnai fragmènh kai aÔxousa gia r ∈ (0, R).

Pr�gmati, èstw minSr w < 0 < maxSr w ìpou Sr = ∂Br(0). SumbolÐzoume me

vm touc omalopoihtèc thc w+. Tìte

∆v2
m = 2|∇vm|2 + 2vm∆vm ≥ 2|∇vm|2

sqedìn pantoÔ sto Br(0), �ra

2

∫
Br\Bδ

|∇vm|2ρ2−n ≤
∫

Br\Bδ

∆v2
mρ

2−n =

∫
∂(Br\Bδ)

ρ2−n∂v
2
m

∂ν
−

∫
∂(Br\Bδ)

v2
m

∂ρ2−n

∂ν
=
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= r2−n

∫
Sr

(v2
m)r + (n− 2)r1−n

∫
Sr

v2
m − (δ2−n

∫
Sδ

(v2
m)r + (n− 2)δ1−n

∫
Sδ

v2
m︸ ︷︷ ︸

Iδ

).

Epeid  to |Dvm| eÐnai fragmèno èqoume gia δ −→ 0

|Iδ| ≤ δ2−n

∫
Sδ

|(v2
m)r|+ (n− 2)δ1−n

∫
Sδ

v2
m −→ (n− 2)|S1|v2

m(0).

Opìte

2

∫
Br\Bδ

|∇vm|2ρ2−n ≤ r2−n

∫
Sr

(v2
m)r + (n− 2)r1−n

∫
Sr

v2
m.

Oloklhr¸noume t¸ra wc proc r me r0 < r < r0 +η kai diairoÔme me to η opìte

ìtan af soume to m −→ +∞ ja èqoume

2

η

∫ r0+η

r0

∫
Br\Bδ

|∇w+|2ρ2−ndr ≤ 2

η

∫ r0+η

r0

r2−n

∫
Sr

w+w+
r dr+

+
n− 2

η

∫ r0+η

r0

r1−n

∫
Sr

(w+)2dr.

�ra gia η −→ 0 ja èqoume gia sqedìn ìla ta r0

2

∫
Br0\Bδ

|∇w+|2ρ2−n ≤ 2r2−n
0

∫
Sr0

w+w+
r + (n− 2)r1−n

0

∫
Sr0

(w+)2

dhlad  sqedìn gia k�je r ja èqoume

2

∫
Br

|∇w+|2ρ2−n ≤ 2r2−n

∫
Sr

w+w+
r + (n− 2)r1−n

∫
Sr

(w+)2.

Me ton Ðdio trìpo apodeiknÔoume thn parap�nw anisìthta kai gia thn w−,

opìte φ(r) < +∞. Epeid  t¸ra h apeikìnish r →
∫

Sr
|∇w+|2ρ2−n an kei ston

L1(0, R) isqÔei

d

dr

∫
Br

|∇w+|2ρ2−n =

∫
Sr

|∇w+|2r2−n σ.π.
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paragwgÐzontac loipìn prokÔptei

φ′(r) = − 4

r5

∫
Br

|∇w+|2ρ2−n ·
∫

Br

|∇w−|2ρ2−n +
1

r4

∫
Sr

|∇w+|2r2−n·

·
∫

Br

|∇w−|2ρ2−n +
1

r4

∫
Sr

|∇w+|2r2−n ·
∫

Br

|∇w−|2ρ2−n.

Jèloume na deÐxoume ìti φ′(r) ≥ 0 σ. π. sto (0, R). Lìgw thc omoiojesÐac

mporoÔme na upojèsoume ìti r = 1. 'Estw ∇θv to gradient thc v p�nw sto

S1. SumbolÐzoume me Γ1 to forèa thc w+ sto S1 kai me Γ2 to forèa thc w−

sto S1. Apì upìjesh èqoume meas(Γi) 6= 0 gia i = 1, 2 kai jewroÔme tic

stajerèc
1

αi

= inf
H1,2

0

∫
Γi
|∇θv|2∫
Γi
v2

.

Gia k�je 0 < βi < 1 ja isqÔei∫
S1

[(w+
r )2 + β1|∇θw

+|2] ≥ 2β1

{∫
S1

(w+
r )2 ·

∫
S1

|∇θw
+|2

}1/2

≥ 2
β1√
α1

{∫
S1

(w+
r )2 ·

∫
S1

(w+)2

}1/2

≥ 2β1√
α1

∫
S1

|w+w+
r |.

EpÐshc apì ton orismì tou α1 gia β1 < 1 èqoume

(1− β2
1)

∫
S1

|∇θw
+|2 ≥ 1− β2

1

α1

∫
S1

(w+)2.

Epilègoume to β1 ètsi ¸ste

1− β2
1

α1

= (n− 2)
β1√
α1

(Aþ.1)

opìte ∫
S1

|∇w+|2 =

∫
S1

[(w+
r )2 + |∇θw

+|2] ≥ 2β1√
α1

∫
S1

|w+w+
r |
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+(1− β2
1)

∫
S1

|∇θw
+|2 ≥ 2β1√

α1

∫
S1

|w+w+
r |+

(1− β2
1)

α1

∫
S1

(w+)2.

Oi Ðdiec sqèseic isqÔoun kai gia thn w− opìte apì thn èkfrash gia thn φ′(r)

prokÔptei ìti φ ↗ an
β1√
α1

+
β2√
α2

≥ 2.

LÔnoume th sqèsh (A.1) wc proc βi �ra

βi√
αi

=
1

2

{√
(n− 2)2 +

4

αi

− (n− 2)

}
.

OrÐzoume t¸ra to γi wc th jetik  lÔsh thc exÐswshc

γi(γi + n− 2) =
1

αi

opìte

γ1 =
β1√
α1

, γ2 =
β2√
α2

.

H sunolosun�rthsh γ1 wc sun�rthsh tou Γ1 èqei melethjeÐ apì ton Sperner

kai touc Friedland, Hayman sthn ergasÐa (blèpe [Sp], [FH]). Pio sugkekri-

mèna sthn [Sp] apodeiknÔetai ìti γ1(E) ≥ γ1(E
∗) ìpou E, E∗ ⊂ S1 dedomènou

ìti to E∗ eÐnai hmisfaÐrio pou èqei to Ðdio (n− 1) - Hausdorff mètro me to E,

en¸ apì thn [FH] prokÔptei ìti γ1(E) ≥ ψ(s) ìpou s = meas(E)
meas(S1)

kai ψ(s) eÐnai

kurt  kai fjÐnousa

ψ(s) =

{
1
2
log 1

4s
+ 3

2
, s < 1

4

2(1− s), 1
4
< s < 1

Jètontac si = meas(Γi)
meas(S1)

èqoume

γ1 + γ2 ≥ ψ(s1) + ψ(s2) ≥ 2ψ(
s1 + s2

2
) ≥ 2ψ(

1

2
) = 2
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Sq ma Aþ.1: O TÔpoc MonotonÐac

apì ìpou prokÔptei to zhtoÔmeno. �

Apì to prohgoÔmeno je¸rhma prokÔptei to antÐstoiqo an�logo gia u-

farmonikèc sunart seic.

Pìrisma Aþ.2. 'Estw u1, u2 mh arnhtikèc, suneqeÐc, ufarmonikèc sto B1(0)

tètoiec ¸ste u1(0) = u2(0) = 0 kai u1 · u2 = 0 sto B1(0) tìte h sun�rthsh

φ(r) =
1

r4

∫
Br(0)

|∇u1|2ρdρdσ ·
∫

Br(0)

|∇u2|2ρdρdσ

eÐnai aÔxousa sun�rthsh tou r. Epiplèon an jèsoume w = u1 + u2, gia r ≤ 1/2

ja èqoume

φ(r) ≤ c(n)||w||4L∞(B1).
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'Opwc faÐnetai apì to prohgoÔmeno pìrisma h apìdeixh tou tÔpou thc

monotonÐac sthrÐzetai sth grammik  morf  tou telest . An kai mporoÔme na

apodeÐxoume to antÐstoiqo je¸rhma gia exis¸seic se divergence-morf , den

isqÔei to Ðdio se pl rwc mh grammikèc exis¸seic pou ìpwc eÐdame brÐskontai pio

kont� se exis¸seic me nondivergence-morf . Sthn pragmatikìthta up�rqoun

paradeÐgmata gia ta opoÐa h sun�rthsh φ den eÐnai oÔte aÔxousa oÔte kai

fragmènh. Apì thn �llh ìmwc an èqoume mia koÐlh sun�rthsh F tìte h φ

mporeÐ na mhn eÐnai aÔxousa all� eÐnai fragmènh. Autì eÐnai to perièqomeno

tou epìmenou porÐsmatoc.

Pìrisma Aþ.3. 'Estw w me w(0) = 0 kai w+ = max{w, 0} tètoia ¸ste

F (D2w+) ≥ 0 kai F (D2w−) ≥ 0 sto B1(0). Tìte gia k�je r ≤ R kai k�je

n-di�stath mp�la Br(0) h sun�rthsh

φ(r) =
1

r4

∫
Br/2(0)

|∇w+|2ρ2−ndx ·
∫

Br/2(0)

|∇w−|2ρ2−ndx

eÐnai fragmènh.

Apìdeixh. Epeid  F (D2v) = infα∈ALαv ja èqoume Lαw
+ ≥ 0 kai

Lαw
− ≥ 0 gia k�je α ∈ A. 'Estw wα(x) = w(A

1/2
α x) ìpou Aα = [αα

ij]. Tìte

∆w+
α = Lαw

+ ≥ 0 kai ∆w−
α = Lαw

− ≥ 0 �ra

φα(r) ≤ C

R4
||w+

α ||2L∞(B2R)||w−
α ||2L∞(B2R)

gia k�je r ≤ R/2,   isodÔnama

1

r4

∫
Ar

|A1/2
α ∇w+|2|A1/2

α ρ|2−ndet(A1/2
α )dx

∫
Ar

|A1/2
α ∇w−|2|A1/2

α ρ|2−ndet(A1/2
α )dx
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≤ C

R4
||w+

α ||2L∞(A2R)||w−
α ||2L∞(A2R)

gia k�je r ≤ R ìpou Ar := {x : |A1/2
α x| = r}. Apì thn �llh mporoÔme na

broÔme mia apìluth stajer� C tètoia ¸ste

Br/C ⊂ Ar ⊂ BCr

kai o pÐnakac Aα èqei tic Ðdiec stajerèc elleiptikìthtac, λ,Λ me thn F �ra gia

k�je α ∈ A, ja prèpei na èqoume

1

r4

∫
Br/2

|∇w+|2ρ2−ndx

∫
Br/2

|∇w−|2ρ2−ndx ≤ C

R4
||w+||2L∞(B4R)||w−||2L∞(B4R)

gia k�je r ≤ R. �
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Par�rthma Bþ

Mh Grammikèc Exis¸seic

Tèloc sto par�rthma autì ja d¸soume k�poiec basikèc idiìthtec twn

pl rwc mh grammik¸n exis¸sewn.

L mma Bþ.1. 'Estw Fm, F omalèc sunart seic omoiìmorfa elleiptikèc me tic

Ðdiec stajerèc elleiptikìthtac λ,Λ kai um lÔsh thc exÐswshc

umt − Fm(D2um, x, t) = 0 στo Q1.

An um → u omoiìmorfa kai Fm → F ìtan m → +∞ tìte h u eÐnai lÔsh thc

exÐswshc

ut − F (D2u, x, t) = 0 στo Q1.

Apìdeixh. Ja deÐxoume ìti h u eÐnai upolÔsh. Me parìmoio trìpo

prokÔptei ìti eÐnai kai uperlÔsh. 'Estw ìti den eÐnai tìte ∃(x0, t0) ∈ Q1, ε > 0,

δ > 0, r > 0 kai ϕ ∈ C2 t.w

ϕt − F (D2ϕ, x, t) ≥ ε

kai (u − ϕ)(x0, t0) = 0, u − ϕ < −δ sto ∂pQr, Qr ⊂ Q1. 'Estw ϕm ∈

C2(Qr) ∩ C(Qr) tètoia ¸ste ||ϕm||L∞(Qr) → 0, m→∞ kai

ϕt + ϕmt − Fm(D2(ϕ+ ϕm), x, t) ≥ ε
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gia meg�la m. Ja katal xoume se �topo. JewroÔme th sun�rthsh wm =

um − (ϕ + ϕm). EÐnai fanerì ìti ∀ε1 ∃m0 ∈ N : ∀m > m0 |wm(x0, t0)| ≤ ε1.

EpÐshc sto sÔnoro èqoume um−ϕ−ϕm → u−ϕ opìte wm < − δ
2
. Epilègontac

kat�llhla to ε1 parathroÔme ìti h wm eÐnai megalÔterh sto (x0, t0) apì tic

timèc sto sÔnoro gia meg�lo m, opìte lìgw sunèqeiac ja lamb�nei mègisto

se eswterikì shmeÐo. 'Atopo diìti oi um eÐnai upolÔseic. Gia thn kataskeu 

twn sunart sewn ϕm parathroÔme ìti

ϕt + ϕmt − Fm(D2(ϕ+ ϕm), x, t) = ϕt + ϕmt − Fm(D2ϕ+D2ϕm, x, t) ≥

≥ ϕt + ϕmt − Fm(D2ϕ, x, t)−M+(D2ϕm,
λ

n
,Λ) =

= ϕt + ϕmt − Fm(D2ϕ, x, t)−M+(D2ϕm) + F (D2ϕ)− F (D2ϕ) ≥

≥ ε+ ϕmt −M+(D2ϕm)− (Fm − F )(D2ϕ).

'Estw fm = Fm − F opìte arkeÐ na kataskeu�soume tic ϕm ètsi ¸ste

ϕmt −M+(D2ϕm) ≥ fm.

�

An h lÔsh mia grammik c parabolik c exÐswshc mhdenÐzetai se èna

komm�ti tou parabolikoÔ sunìrou kai h k�tw b�sh ikanopoieÐ thn parak�tw

Lipschitz sunj kh (me stajerèc r0,m) : gia k�je y ∈ ∂D up�rqei orjokano-

nikì sÔsthma me kèntro to y kai suntetagmènec x = (x′, xn) ètsi ¸ste

D ∩Br0(y) = {x ∈ Rn : x′ ∈ Rn−1, xn > φ(x′), |x| < r0}

ìpou ||∇φ||L∞ ≤ m, tìte isqÔei to parak�tw je¸rhma sÔgkrishc h apìdeixh

tou opoÐou up�rqei sto [S] (blèpe epÐshc [FSY], [SY]).
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Je¸rhma Bþ.2. 'Estw u, v jetikèc lÔseic thc grammik c parabolik c exÐsw-

shc Lu = 0 sto qwrÐo Q = D × (0,∞) oi opoÐec mhdenÐzontai sto (∂xQ) ∩

C(K+2)r,2r(Y ), ìpou Y = (y, s) ∈ Q, ∂xQ = ∂D × (0,∞), CR,r(Y ) = BR(y) ×

(s− r2, s+ r2), K ≥ 1, s ≥ 5r2, 0 < r < r0/4. Tìte

sup
QKr,r(Y )

v

u
≤ N(n,m, λ,Λ)

v(Xr)

u(Xr)
.

Apì ton orismì twn telest¸n tou Pucci eÔkola prokÔptoun ta para-

k�tw L mmata.

L mma Bþ.3. Gia M,N ∈ S, ìpou S eÐnai o q¸roc twn pragmatik¸n n × n

summetrik¸n pin�kwn, isqÔei:

(a) M−(M) ≤ M+(M).

(b) M−(M) = −M+(−M).

(g) M±(αM) = αM±(M), gia α > 0.

(d) M+(M) + M−(N) ≤ M+(M +N) ≤ M+(M) + M+(N).

(e) M−(M) + M−(N) ≤ M−(M +N) ≤ M−(M) + M+(N).

(st) An N ≥ 0 tìte λ||N || ≤ M−(N) ≤ M+(N) ≤ nΛ||N ||.

L mma Bþ.4. Oi telestèc tou Pucci, M+ kai M− eÐnai omoiìmorfa elliptikoÐ.

Mia apl  kataskeu  enìc pl rwc mh grammikoÔ telest .

'Estw ìti briskìmaste sto kèntro x0 enìc dwmatÐou kai ekteloÔme to para-

k�tw peÐrama. 'Eqoume duo nomÐsmata, èna se k�je qèri. 'Otan sto dexÐ qèri

èrjei kor¸na k�noume èna b ma (m kouc 1) proc ta p�nw en¸ an èrjoun gr�m-

mata k�noume èna b ma k�tw. AntÐstoiqa to nìmisma sto aristerì qèri mac
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kajorÐzei ta b mata dexi� kai arister�. Skopìc mac ja eÐnai na ft�soume sth

pìrta tou dwmatÐou. Opìte

u(x0) =
1

4

∑
u(xi) ⇒ 0 =

1

4

∑
[u(xi)− u(x0)] ⇒

0 =
1

4

∑
[u(xright) + u(xleft)− 2u(x0)] + [u(xup) + u(xdown)− 2u(x0)]

kai an per�soume sto ìrio ja èqoume

0 = ∆u = uxx + uyy

dhlad  
∆u = 0

u = 0 (x, y) ∈ W
u = 1 (x, y) ∈ D.

ìpou an (x, y) ∈ W briskìmaste sto toÐqo tou dwmatÐou en¸ an (x, y) ∈ D

briskìmaste sthn pìrta. H u(x0) eÐnai ousiastik� to armonikì mètro ωx0 thc

pìrtac. 'Estw t¸ra ìti all�zoume thn mèjodo mac kai prin apì k�je gÔrisma

tou nomÐsmatoc epitrèpetai na epilègoume touc �xonec pou ja kinhjoÔme (ìqi

anagkastik� p�nw-k�tw, dexi�-arister�) all� kai to m koc tou b matoc l me

l ∈ [1, α]. Tìte o tuqaÐoc perÐpatoc antistoiqeÐ sth lÔsh thc exÐswshc

αij(x)Diju = 0

me I ≤ αij ≤ αI. To zhtoÔmeno eÐnai na broÔme thn kalÔterh strathgik .

'Estw mia sun�rthsh u, upologÐzoume ton pÐnaka D2u kai èstw λi oi idiotimèc

me ei, i = 1, 2 ta antÐstoiqa idiodianÔsmata. Isqurizìmaste ìti to prìblhma
αλmax + λmin = 0

u = 0 (x, y) ∈ W
u = 1 (x, y) ∈ D.
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ja mac d¸sei thn bèltisth strathgik . Pr�gmati h u ja eÐnai uperlÔsh se

k�je epilog  twn αij me I ≤ αij ≤ αI:

αijDiju ≤ 0

diìti mporoÔme na gr�youme thn exÐswsh sto sÔsthma suntetagmènwn pou

dÐnetai apì ta e1, e2 �ra ta αij metasqhmatÐzontai sta βij me I ≤ βij ≤ αI kai

o pÐnakac (Hessian) ja gÐnei [
λmax 0

0 λmin

]
opìte

β11λmax + β22λmin ≤ 0

to opoÐo kai apodeiknÔei ìti h arqik  epilog  u eÐnai kalÔterh apì opoiad pote

�llh. Tèloc

αλmax + λmin = αuxx + 1 · uyy

�ra eÐnai kai apodekt .
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H Didaktorik  Diatrib  daktulograf jhke apì ton suggrafèa qrhsimopoi¸-

ntac to sÔsthma stoiqeiojesÐac LATEX.†

†to LATEX eÐnai èna sÔsthma stoiqeiojesÐac pou dhmiourg jhke apì ton Leslie Lamport
san mia eidik  èkdosh tou progr�mmatoc TEX tou Donald Knuth.
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