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Ja  jela na euqarist sw merikoÔc apì ekeÐnouc pou me bo jhsan sthn
poreÐa gia thn olokl rwsh thc didaktorik c mou diatrib c. P�nw apì ìlouc
ja  jela na euqarist sw ton ”D�skalo” mou k. A. Qatzhd mo gia thn polÔ-
timh bo jeia pou mou prosèfere se ereunhtikì epÐpedo all� kurÐwc gia tic
polÔtimec sumboulèc tou pou apotèlesan all� kai ja apoteloÔn odhgì sthn
poreÐa mou . Sthn sunèqeia ja  jela na euqarist sw ta upìloipa mèlh thc
trimeloÔc sumbouleutik c epitrop c k. Emm. B�balh kai k. Q. Makrid�kh.
EpÐshc ta mèlh thc eptameloÔc exetastik c epitrop c k. B. Dougal  k. J.
Papajeod¸rou, k. H. QoÔsth, k. D. NoÔtso, k. G. Zour�rh kai bèbaia ìla
ta mèlh twn Tmhm�twn Majhmatik¸n kai Efarmosmènwn Majhmatik¸n tou
PanepisthmÐou Kr thc pou up rxan kat� kairoÔc kajhghtèc mou se proptuqi-
akì kai metaptuqiakì epÐpedo.

Ja  jela na euqarist sw to 'Idruma Kratik¸n upotrofi¸n pou me st ri-
xe oikonomik� kaj�olh thn di�rkeia twn spoud¸n mou gia thn ekpìnhsh thc
didaktorik c mou diatrib c.

Tèloc ja  jela na euqarist sw thn sÔzugo mou Kokkin�kh Iak¸ba kaj¸c
kai thn Oikogèneia mou gia thn upomon  pou èdeixan kai thn hjik  st rixh pou
mou prosèferan ìla aut� ta qrìnia.

M. Lapid�khc
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Kef�laio 1

Eisagwg 

Skopìc thc paroÔsac diatrib c eÐnai h epÐlush enìc algebrikoÔ grammikoÔ
sust matoc thc morf c

Ax = b, A ∈ Cn×n, det(A) 6= 0, b ∈ Cn\{0}. (1.0.1)

Sthn exèlixh thc diatrib c, kai apì k�poio shmeÐo kai met�, o pÐnakac A
ja jewreÐtai pragmatikìc, summetrikìc kai jetik� orismènoc, to de di�nusma
b pragmatikì. H epÐlush enìc tètoiou sust matoc ja proèljei mèsw thc
Mejìdou Suzug¸n KlÐsewn kai pio sugkekrimèna mèsw thc Prorrujmismènhc
Mejìdou Suzug¸n KlÐsewn. IdiaÐtera, ap¸teroc skopìc thc paroÔsac er-
gasÐac eÐnai h eisagwg −prìtash enìc nèou prorrujmist  o opoÐoc basÐzetai
stic Peplegmènec Epanalhptikèc Mejìdouc Enallassìmenwn DieujÔnsewn
(Alternating Direction Implicit (ADI) Iterative Methods).

Sth sunèqeia parousi�zoume perigrafik� ta basik� stoiqeÐa k�je kefalaÐou
thc diatrib c.

Sto DeÔtero Kef�laio parousi�zontai kai perigr�fontai basik� stoiqeÐa
Grammik c 'Algebrac kaj¸c kai stoiqeÐa An�lushc Pin�kwn, ta opoÐa ja
qrhsimopoioÔntai suneq¸c sta epìmena kef�laia kai h anafor� s' aut� krÐne-
tai aparaÐthth.

Sto TrÐto Kef�laio parousi�zontai dÔo sq mata diakritopoÐhshc mèsw
Peperasmènwn Diafor¸n thc ExÐswshc Poisson se orjog¸nio qwrÐo me Dirich-
let sunoriakèc sunj kec. Ta sq mata pou parousi�zontai eÐnai to klasikì
sq ma twn 5−shmeÐwn me t�xh akrÐbeiac O(h2) kai kurÐwc èna sq ma 9−shmeÐ-
wn me t�xh akrÐbeiac O(h4) se omoiìmorfo diamerismì me to Ðdio b ma se k�je
dieÔjunsh.
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Sto Tètarto Kef�laio parousi�zontai kai analÔontai, wc èna ikanopoi-
htikì bajmì, oi basikèc Peplegmènec Epanalhptikèc Mejìdoi Enallassìmenwn
DieujÔnsewn (ADI), kaj¸c kai arketèc paralagèc aut¸n. M�lista sta ereun-
htik� apotelèsmata, pou parousi�zontai, qrhsimopoieÐtai mÐa parallag  enìc
epanalhptikoÔ sq matoc pou prot�jhke arqik� apì touc Guittet [27] kai
Hadjidimos [28]. 'Emfash dÐnetai stic Mejìdouc me Stajerèc Paramètrouc
Epit�qunshc gia tic opoÐec up�rqoun shmantik� prohgoÔmena apotelèsma-
ta. Sto tèloc tou KefalaÐou parousi�zetai èna genikeumèno sq ma Parek-
ballìmenwn (Extrapolated) (E)ADI Epanalhptik¸n Mejìdwn h leptomer c
melèth twn opoÐwn suneqÐzetai kai sta epìmena kef�laia thc diatrib c.

Sto Pèmpto Kef�laio parousi�zontai afenìc basik� stoiqeÐa, pou afo-
roÔn sta sf�lmata thc Mejìdou Suzug¸n KlÐsewn, kai afetèrou h Pror-
rujmismènh Mèjodoc Suzug¸n KlÐsewn, parousi�zontac en suntomÐa touc
basikoÔc Prorrujmistèc pou qrhsimopoioÔntai sth mèjodo aut .

Sto 'Ekto Kef�laio thc diatrib c parousi�zontai ta prwtìtupa apotelès-
mata thc diatrib c pou aforoÔn stouc BèltistoÔc EADI Prorrujmistèc gi-
a th Mèjodo twn Suzug¸n KlÐsewn. Eidikìtera, sto Pèmpto Kef�laio
parousi�zontai apotelèsmata pou aforoÔn sth monoparametrik  perÐptwsh
thc paramètrou epit�qunshc, miac parallag c tou sq matoc tou Guittet,
brÐskontac analutik� tic bèltistec paramètrouc stic peript¸seic twn sqh-
m�twn diakritopoÐhshc twn 5− kai twn 9−shmeÐwn. Shmei¸netai ìti ta apotelès-
mata gia to sq ma twn 9−shmeÐwn dÐnontai gia pr¸th for�. Sto 'Ekto Ke-
f�laio parousi�zontai analutik� apotelèsmata tou diparametrikoÔ analìgou,
s' ì,ti afor� tic paramètrouc epit�qunshc, tou sq matoc tou Guittet. Oi ana-
lutikèc ekfr�seic gia tic bèltistec timèc twn paramètrwn stic peript¸seic twn
diakritopoi sewn twn 5− kai 9−shmeÐwn parousi�zontai ed¸ gia pr¸th for�.
Ja prèpei akìmh na tonisteÐ ìti ta prwtìtupa apotelèsmata tou parìntoc
kefalaÐou, pou aforoÔn stic bèltistec paramètrouc epit�qunshc kai parek-
bol c, eÐnai prwtìtupa ìqi mìno s' ì,ti afor� ton EADI Prorrujmist  thc
Mejìdou Suzug¸n KlÐsewn all� kai tic EADI Epanalhptikèc Mejìdouc
autèc kajeautèc.

Sto 'Ebdomo Kef�laio parousi�zetai mia seir� Arijmhtik¸n Paradeigm�-
twn ta apotelèsmata twn opoÐwn epalhjeÔoun ta antÐstoiqa jewrhtik�. KurÐ-
wc, ìmwc, apodeiknÔoun peiramatik� ìti o prorrujmist c pou èqei eisaqjeÐ
eÐnai kalÔteroc apì polloÔc apì touc mèqri s mera klasikoÔc prorrujmistèc.
Epiplèon, apodeiknÔoun ìti h proteinìmenh Prorrujmismènh Mèjodoc ADI-
CG eÐnai sugkrÐsimh me tic plèon gnwstèc kai dhmofileÐc mejìdouc pou qrhsi-
mopoioÔntai, ìpwc eÐnai oi FFT, Cyclic Reduction kai bèbaia oi Mèjodoi Multi-
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grid.
Sto 'Ogdoo kef�laio gÐnetai mia pr¸th prosp�jeia eÔreshc kai efarmog -

c Bèltistou EADI Prorrujmist  gia th Mèjodo twn Suzug¸n KlÐsewn,
ìtan h diakritopoÐhsh tou elleiptikoÔ diaforikoÔ telest  pragmatopoieÐtai
me mejìdouc Collocation kai dÐnontai bèltistec analutikèc ekfr�seic gia tic
di�forec emplekìmenec paramètrouc kaj¸c ki èna pl joc arijmhtik¸n pa-
radeigm�twn proc epibebaÐwsh thc anaptuqjeÐsac jewrÐac.

Tèloc, parousi�zontai mia seir� apì qr sima sumper�smata pou prokÔp-
toun apì thn anaptuqjeÐsa jewrÐa ìpwc epÐshc kai apì ta arijmhtik� paradeÐg-
mata pou dÐnontai. Epiplèon diatup¸nontai prot�seic gia peraitèrw melèth kai
èreuna tìso se jewrhtikì epÐpedo ìso kai se epÐpedo arijmhtik¸n upologis-
m¸n.
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Kef�laio 2

StoiqeÐa Grammik c 'Algebrac

2.1 BasikoÐ orismoÐ
Sto kef�laio autì ja parousi�soume mÐa seir� apì basik� stoiqeÐa Grammik c
'Algebrac, ta opoÐa ja qrhsimopoihjoÔn sta epìmena kef�laia thc diatrib c.

Arqik� ja xekin soume me basikoÔc orismoÔc twn EukleÐdeiwn norm¸n di-
anusm�twn kai pin�kwn.

Orismìc 2.1.1. : 'Estw xT = (x1, x2, . . . , xn) di�nusma tou grammikoÔ di-
anusmatikoÔ q¸rou Cn. Tìte

‖x‖2 = (x, x)
1
2 =

(
n∑

i=1

|xi|2
) 1

2

. (2.1.1)

Orismìc 2.1.2. : E�n A ∈ Cn×n me idiotimèc λi, i = 1, 2, . . . , n, tìte fas-
matik  aktÐna tou pÐnaka A kaleÐtai h posìthta

ρ(A) = max
i=1,2,...,n

|λi| . (2.1.2)

'Eqontac ton orismì thc fasmatik c aktÐnac pÐnaka, dÐnoume ton orismì thc
fusik c nìrmac pÐnaka, pou ep�getai apì thn antÐstoiqh EukleÐdeia dianus-
matik  nìrma.

Orismìc 2.1.3. : E�n A ∈ Cn×n tìte

‖A‖2 = ρ
1
2 (AHA), (2.1.3)

ìpou AH eÐnai o suzug c an�strofoc tou pÐnaka A kai ρ(·) sumbolÐzei th
fasmatik  aktÐna tou pÐnaka.
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Ja prèpei na shmei¸soume ed¸ ìti se arket� klasik� suggr�mmata o para-
p�nw orismìc thc “EukleÐdeiac” nìrmac enìc pÐnaka A dÐnetai ¸c isodÔnamoc
orismìc pou par�getai apì ton klasikì orismì thc nìrmac enìc pÐnaka dhlad ,

‖A‖2 := sup
x∈Cn\{0}

‖Ax‖2

‖x‖2

≡ sup
x∈Cn, ||x||2=1

‖Ax‖2 ≡ max
x∈Cn, ||x||2=1

‖Ax‖2.

Parajètoume sth sunèqeia merikoÔc basikoÔc orismoÔc kai prot�seic, pou
sqetÐzontai me qarakthristikèc idiot tec pin�kwn, oi opoÐec èqoun sqèsh me
th morf   /kai ta stoiqeÐa enìc pÐnaka A ∈ Cn×n.

Orismìc 2.1.4. : 'Enac pÐnakac A ∈ Cn×n eÐnai Ermitianìc e�n kai mìno e�n
AH = A.

Prìtash 2.1.1. : E�n o pÐnakac A ∈ Cn×n eÐnai Ermitianìc tìte

‖A‖2 = ρ(A). (2.1.4)

Genikìtera, e�n gm(x) eÐnai èna pragmatikì polu¸numo bajmoÔ m tìte

‖gm(A)‖2 = ρ(gm(A)). (2.1.5)

Sthn perÐptwsh ìpou o pÐnakac A eÐnai Ermitianìc tìte èqoume dÔo shman-
tikèc sqèseic gia th mègisth kai thn el�qisth idiotim  tou pÐnaka A:

λmax = max
v∈Cn\{0}

(v, Av)

(v, v)
=

(ṽ, Aṽ)

(ṽ, ṽ)

λmin = min
v∈Cn\{0}

(v, Av)

(v, v)
=

(v̄, Av̄)

(v̄, v̄)
, (2.1.6)

ìpou ṽ, v̄ eÐnai ta idiodianÔsmata pou antistoiqoÔn sth mègisth kai sthn el�qisth
idiotim  tou pÐnaka A.

Sth sunèqeia ja d¸soume èna orismì thc jetik c orishmìthtac enìc Er-
mitianoÔ pÐnaka.

Orismìc 2.1.5. : 'Enac Ermitianìc pÐnakac A ∈ Cn×n eÐnai jetik� orismènoc
e�n ikanopoieÐtai h sqèsh

(v, Av) > 0, ∀v ∈ Cn\{0}. (2.1.7)

(ShmeÐwsh: Sth sunèqeia ìtan anaferìmaste se “jetik� orismèno” pÐnaka ja
jewroÔme ìti o upìyh pÐnakac eÐnai Ermitianìc)
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'Eqontac d¸sei ton orismì enìc ErmitianoÔ kai jetik� orismènou pÐnaka A
ja orÐsoume thn tetragwnik  rÐza tou.

Je¸rhma 2.1.2. : E�n o pÐnakac A ∈ Cn×n eÐnai jetik� orismènoc tìte
up�rqei monadikìc jetik� orismènoc pÐnakac B ∈ Cn×n tètoioc ¸ste

B2 = A. (2.1.8)

O pÐnakac B qarakthrÐzetai wc h tetragwnik  rÐza tou pÐnaka A kai sum-
bolÐzetai me A

1
2 .

Sth sunèqeia dÐnoume ton orismì thc A−nìrmac enìc dianÔsmatoc.

Orismìc 2.1.6. : 'Estw A ∈ Cn×n, Ermitianìc kai jetik� orismènoc. Tìte,
gia k�je x ∈ Cn h sun�rthsh

‖x‖
A

1
2

= (Ax, x)
1
2 , (2.1.9)

orÐzei mia dianusmatik  nìrma h opoÐa kaleÐtai A−nìrma.

Sthn sunèqeia ja d¸soume ton orismì thc A−probol c enìc dianÔsmatoc
u p�nw se èna di�nusma w.

Orismìc 2.1.7. : 'Estw u, w ∈ Cn kai A ∈ Cn×n. OrÐzoume thn “A−pro-
bol ” tou dianÔsmatoc u p�nw sto di�nusma w wc to di�nusma û pou dÐnetai
apì thn parak�tw sqèsh

û =
(u,Aw)

(w, Aw)
w. (2.1.10)

'Eqontac d¸sei ton parap�nw orismì kai gnwrÐzontac ton klasikì orismì
thc kajetìthtac dÔo dianusm�twn, mporoÔme na orÐsoume thn “A−kajetìthta”.
Ja lème loipìn ìti dÔo dianÔsmata u,w ∈ Cn eÐnai A−k�jeta e�n ikanopoieÐtai
h sqèsh

(u,Aw) = 0.

Parak�tw ja parousi�soume mÐa ikan  kai anagkaÐa sunj kh gia th sÔgk-
lish mÐac akoloujÐac pin�kwn thc morf c A,A2, A3, . . . , An, me A ∈ Cn×n, sto
mhdenikì pÐnaka O.

Je¸rhma 2.1.3. : E�n A ∈ Cn×n, tìte o pÐnakac autìc sugklÐnei (sto
mhdenikì pÐnaka) e�n kai mìno e�n ρ(A) < 1.
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Se pollèc peript¸seic diakritopoÐhshc o pÐnakac twn suntelest¸n twn
agn¸stwn pou katal goume eÐnai L−pÐnakac. Sugkekrimèna:

Orismìc 2.1.8. : 'Enac pÐnakac A ∈ Rn×n eÐnai L−pÐnakac e�n ikanopoioÔn-
tai oi sqèseic

αi,i > 0, i = 1, 2, 3, . . . n, (2.1.11)

kai
αi,j ≤ 0, i 6= j, i, j = 1, 2, 3, . . . n. (2.1.12)

Mia eidik  perÐptwsh L−pÐnaka eÐnai o pÐnakac Stieltjes o opoÐoc orÐzetai
wc ex c:

Orismìc 2.1.9. : 'Enac pÐnakac A ∈ Rn×n kaleÐtai pÐnakac Stieltjes e�n
eÐnai jetik� orismènoc kai ikanopoieÐ thn idiìthta sth (2.1.12).

'Enan isodÔnamo orismì tou pÐnaka Stieltjes, me th bo jeia duo akìma id-
iot twn tou pÐnaka A, ja d¸soume parak�tw. Xekin�me me ton orismì tou
Asjen¸c Diag¸nia Upèrterou pÐnaka A.

Orismìc 2.1.10. : 'Enac pÐnakac A ∈ Cn×n eÐnai Asjen¸c Diag¸nia Up-
èrteroc e�n

|αi,i| ≥
n∑

j=1,j 6=i

|ai,j| , i = 1, 2, 3, . . . , n, (2.1.13)

kai gia mia toul�qiston tim  tou i isqÔei ìti

|αi,i| >
n∑

j=1,j 6=i

|ai,j| . (2.1.14)

Mia deÔterh shmantik  idiìthta eÐnai aut  tou na eÐnai ènac pÐnakac A ∈
Cn×n “mh anag¸gimoc” (irreducible).

Orismìc 2.1.11. : 'Enac pÐnakac A ∈ Cn×n eÐnai mh anag¸gimoc e�n den
up�rqei pÐnakac met�jeshc P tètoioc ¸ste P−1AP na èqei th morf 

PAP T =

(
F O
G H

)
, (2.1.15)

ìpou F kai H eÐnai tetragwnikoÐ pÐnakec.
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'Opwc anafèrame kai prohgoumènwc ja d¸soume mÐa ikan  sunj kh ¸ste
na eÐnai ènac pÐnakac A ∈ Rn×n pÐnakac Stieltjes.

Je¸rhma 2.1.4. : E�n èqoume ènan L−pÐnaka o opoÐoc eÐnai summetrikìc,
irreducible kai eÐnai kai asjen¸c diag¸nia upèrteroc tìte, o pÐnakac autìc eÐnai
ènac pÐnakac Stieltjes.

Tèloc ja d¸soume k�poiec polÔ shmantikèc idiìthtec miac kathgorÐac
pin�kwn pou ikanopoipoioÔn th metajetik  idiìthta, dhlad  tetragwnikoÔc pÐ-
nakec gia touc opoÐouc isqÔei ìti

A1A2 = A2A1. (2.1.16)

DÔo polÔ shmantik� jewr mata pou sqetÐzontai me touc “antimetajèsimouc”
pÐnakec eÐnai ta ex c:

Je¸rhma 2.1.5. : 'Estw ìti oi dÔo pÐnakec A1, A2 ∈ Cn×n eÐnai ErmitianoÐ.
Tìte up�rqei orjokanonik  b�sh idiodianusm�twn ξi, i = 1, 2, . . . , n, me thn
idiìthta ìti A1ξi = λiξi kai A2ξi = µiξi gia i = 1, 2, . . . , n, e�n kai mìno e�n
A1A2 = A2A1.

Je¸rhma 2.1.6. : 'Estw dÔo ErmitianoÐ pÐnakec A1, A2 ∈ Cn×n. Tìte
up�rqei ènac n × n pÐnakac U gia ton opoÐo isqÔei ìti oi pÐnakec UA1U

T kai
UA2U

T eÐnai kai oi dÔo diag¸nioi pÐnakec e�n kai mìno e�n A1A2 = A2A1.

To shmantikìtato sumpèrasma apì ta dÔo parap�nw jewr mata eÐnai ìti
sthn perÐptwsh pin�kwn pou ikanopoioÔn th metajetik  idiìthta mporoÔme
na broÔme orjokanonik  (e�n eÐnai kai ErmitianoÐ) b�sh twn Ðdiwn ididianus-
m�twn me bèbaia ìqi kai upoqrewtik� tic Ðdiec idiotimèc. Ta dÔo parap�nw
sumper�smata ja apotelèsoun kai th b�sh gia th melèth twn mejìdwn pou ja
parousi�soume sta epìmena kef�laia.

Ja anaferjoÔme tèloc se mia �llh kathgorÐa idiot twn pou aforoÔn stic
pr�xeic metaxÔ dianusm�twn kai pin�kwn, kai pio sugkekrimèna sthn pr�xh tou
tanustikoÔ ginomènou pin�kwn   alli¸c ginomènou Kronecker.

Orismìc 2.1.12. : To tanustikì ginìmeno enìc pÐnaka A ∈ Cm×n kai enìc
pÐnaka B ∈ Cp×q sumbolÐzetai me A⊗B ∈ Cmp×nq kai orÐzetai apì ton “mplok”
pÐnaka

A⊗B =




α11B . . . α1nB
... . . . ...

αm1 . . . αmnB


 (2.1.17)
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Me b�sh ton parap�nw orismì dÐnoume mia seir� apì orismoÔc kai idiìthtec
gia to tanustikì ginìmeno pin�kwn.

Orismìc 2.1.13. : 'Estw A ∈ Cm×n tìte to tanustikì ginìmeno A⊗k orÐze-
tai wc

A⊗k = A⊗ A⊗(k−1), k = 2, 3, . . . , me A⊗1 = A. (2.1.18)

Ja aparijm soume mia seir� apì basikèc idiìthtec tou tanustikoÔ ginomè-
nou.

(aA)⊗B = A⊗ (aB), ∀a ∈ C, A ∈ Cm×n, B ∈ Cp×q (2.1.19)
(A⊗B)H = AH ⊗BH , A ∈ Cm×n, B ∈ Cp×q (2.1.20)

(A⊗B)⊗ C = A⊗ (B ⊗ C), A ∈ Cm×n, B ∈ Cp×q, C ∈ Cr×s(2.1.21)
(A + B)⊗ C = A⊗ C + B ⊗ C, A, B ∈ Cm×n, C ∈ Cp×q (2.1.22)
A⊗ (B + C) = A⊗B + A⊗ C, A ∈ Cm×n, B, C ∈ Cp×q (2.1.23)

Sth sunèqeia ja d¸soume duo idiìthtec twn tanustik¸n ginomènwn mèsw
twn parak�tw lhmm�twn.

L mma 2.1.7. : 'Estw A ∈ Cm×n, B ∈ Cp×q, C ∈ Cn×r, D ∈ Cq×s tìte

(A⊗B)(C ⊗D) = AC ⊗BD (2.1.24)

L mma 2.1.8. : E�n A ∈ Cm×m kai B ∈ Cn×n eÐnai antistrèyimoi pÐnakec,
tìte o pÐnakac A ⊗ B eÐnai epÐshc antistrèyimoc kai isqÔei ìti (A ⊗ B)−1 =
A−1 ⊗B−1

L mma 2.1.9. : E�n A ∈ Cm×m kai B ∈ Cn×n eÐnai jetik� orismènoi pÐnakec
tìte kai o A⊗B eÐnai jetik� orismènoc.

Tèloc ja d¸soume mèsw enìc jewr matoc th sqèsh twn idiotim¸n kai
twn idiodianusm�twn duo tetragwnik¸n pin�kwn A, B me tic idiotimèc kai ta
idiodianÔsmata tou pÐnaka A⊗B.

Je¸rhma 2.1.10. : 'Estw A ∈ Cm×n kai B ∈ Cn×n. E�n λ ∈ σ(A)
kai x ∈ Cm to antÐstoiqo idiodi�nusma, kai e�n µ ∈ σ(B) kai y ∈ Cn to
antÐstoiqo idiodi�nusma, tìte λµ ∈ σ(A⊗B) kai x⊗y ∈ Cmn eÐnai to antÐstoiqo
idiodi�nusma tou A⊗B. Epiplèon èqoume ìti σ(A⊗B) = σ(B ⊗ A).
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ShmeÐwsh: Sto parap�nw je¸rhma kaj¸c kai sth sunèqeia, me to sÔmbolo
σ(X), X ∈ Cn×n, ja ennooÔme to sÔnolo twn idiotim¸n (f�sma twn idiotim¸n)
tou pÐnaka X, me thn ènnoia ìti

σ(X) := {λ1, λ2, . . . , λk},

ìpou λi, i = 1, 2, . . . , k, oi diaforetikèc idiotimèc tou X qwrÐc tic pollaplìtht-
ec touc.

Oi apodeÐxeic ìlwn twn parap�nw Jewrhm�twn, Lhmm�twn, Porism�twn
kai Prot�sewn mporoÔn na brejoÔn sta klasik� suggr�mmata twn Varga [55],
Young [64] kaj¸c kai sto dÐtomo sÔggramma twn Horn kai Jonson [37], [38].
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Kef�laio 3

Diakrit� Sq mata
Peperasmènwn Diafor¸n

3.1 ExÐswsh Poisson, DiakritopoÐhsh 5− kai
9−ShmeÐwn.

ArqÐzoume to parìn kef�laio thc diatrib c me th diakritopoÐhsh thc exÐswshc
Poisson, me Dirichlet sunoriakèc sunj kec, se orjog¸nia genik� qwrÐa. Gia
to skopì autì jewroÔme thn exÐswsh Poisson stic p−diast�seic:

−∆u = −
p∑

i=1

∂2u

∂x2
i

= f(x), x ∈ Ω, (3.1.1)

me sunoriakèc sunj kec thc morf c

u = g(x), x ∈ ∂Ω, (3.1.2)

ìpou x = (x1, x2, . . . , xp).
Sto parìn kef�laio ja epikentrwjoÔme sth diakritopoÐhsh thc exÐswshc

Poisson me qr sh sqhm�twn peperasmènwn diafor¸n deÔterhc kai tètarthc
t�xhc akrÐbeiac. Th diakritopoÐhsh aut  ja thn efarmìsoume arqik� sth-
n perÐptwsh twn dÔo diast�sewn, qrhsimopoi¸ntac diakritopoÐhsh tou di-
aforikoÔ telest  ∆u sta 5−shmeÐa kai sth sunèqeia diakritopoÐhsh tou Ðdiou
telest  sta 9−shmeÐa, ìpwc aut� parousi�zontai sta parak�tw plègmata (bl.
Sq mata 3.1(a), (b), antÐstoiqa).
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Sq ma 3.1: Diakrit� Plègmata (Stencils) 5− kai 9−shmeÐwn.

ArqÐzoume thn an�lus  mac periorizìmenoi sth deÔterhc t�xhc ExÐswsh
morf c Poisson orismènhc sthn perioq  tou epipèdou, pou perigr�fetai apì
to orjog¸nio qwrÐo

Ω :=
{
(x1, x2) ∈ R2|0 < x1 < c, 0 < x2 < d

}
,

kai h opoÐa dÐnetai apì thn

−a(x1, x2)ux1x1(x1, x2)−b(x1, x2)ux2x2(x1, x2) = f(x1, x2), f(x1, x2) ∈ C2(Ω),
(3.1.3)

ìpou u eÐnai h �gnwsth suneq¸c diaforÐsimh sun�rthsh sto qwrÐo Ω, me gn-
wst  èkfrash u(x1, x2) = g(x1, x2) sto sÔnoro ∂Ω. Oi sunart seic a :=
a(x1, x2) kai b := b(x1, x2) eÐnai suneqeÐc jetikèc sunart seic. Stic peript¸-
seic pou ja exet�soume, jewroÔme ìti oi sunart seic a, b eÐnai jetikèc sta-
jerèc kai ìti c = d = 1, gia thn aplopoÐhsh twn ekfr�sewn pou ja prokÔyoun.
Gia th diakritopoÐhsh thc parap�nw diaforik c exÐswshc jewroÔme èna omoiì-
morfo diamerismì thc kleistìthtac Ω me b ma diakritopoÐhshc h1 kai h2 sthn
x1− kai x2− dieÔjunsh antÐstoiqa. Opìte, to diakritì an�logo thc (3.1.3)
dÐnetai apì thn exÐswsh

√
a

b

h2

h1

(−ui−1,j + 2uij − ui+1,j) +

√
b

a

h1

h2

(−ui,j−1 + 2uij − ui,j+1)

− θ [4uij − 2(ui−1,j + ui+1,j + ui,j−1 + ui,j+1) (3.1.4)

+ ui−1,j−1 + ui+1,j−1 + ui−1,j+1 + ui+1,j+1] =
h1h2√

ab
(fij + φij),
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ìpou oi par�metroi θ kai φ dÐnontai apì tic parak�tw ekfr�seic

(θ, φ) =

{
(0, 0),

(θ∗, φ∗) =
(

1
12

(
√

a
b

h2

h1
+

√
b
a

h1

h2
), 1

12
(ah2

1fx1x1 + bh2
2fx2x2)

)
.

(3.1.5)
To parap�nw diakritì sq ma apoteleÐ mÐa omadopoihmènh èkfrash tou k-

lasikoÔ sq matoc twn 5−shmeÐwn kai enìc sq matoc 9−shmeÐwn. Eidikìte-
ra, sthn perÐptwsh ìpou θ = 0 lamb�noume to sq ma diakritopoÐhshc twn
5−shmeÐwn t�xhc akrÐbeiac O(h2), ìtan h1 = h2 = h. Sthn perÐptwsh ìpou
θ = θ∗ èqoume èna sq ma diakritopoÐhshc 9−shmeÐwn t�xhc akrÐbeiac O(h4),
ìtan h1 = h2 = h (bl. [48]   [14]).

Gia to sq ma twn 9−shmeÐwn ja  tan skìpimo na d¸soume merikèc epiplèon
epexhg seic. Arqik� èna tètoio sq ma parousi�sthke kai melet jhke apì
touc Kantorovich kai Krylov [41] oi opoÐoi apèdeixan ìti sthn perÐptwsh ìpou
h1 = h2 = h, h t�xh akrÐbeiac tou sq matoc gia thn exÐswsh Poisson eÐnai
O(h4), en¸ gia thn exÐswsh Laplace h t�xh eÐnai O(h6). Oi apodeÐxeic kai
stic dÔo peript¸seic gÐnontai me thn qr sh anaptugm�twn Taylor stic dÔo
metablhtèc (bl. [41]).

Sth sunèqeia ja parousi�soume me perissìterec leptomèreiec to sq ma
twn 9−shmeÐwn sthn perÐptwsh ìpou jewroÔme omoiìmorfo diamerismì kai
stic dÔo dieujÔnseic x1 kai x2, all� me diaforetikì b ma diakritopoÐhshc se
k�je dieÔjunsh.

Ac doÔme, loipìn, to sq ma twn 9−shmeÐwn efarmosmèno sthn exÐswsh
morf c Poisson stic dÔo diast�seic (bl. 3.1.3). Ekfr�zoume thn exÐswsh
aut  me th bo jeia twn telest¸n L1, L2 wc ex c

−(a(x1, x2)L1 + b(x1, x2)L2)u(x1, x2) = f(x1, x2),

L1 = ∂2

∂x2
1
, L2 = ∂2

∂x2
2
.

(3.1.6)

'Opwc anafèrame prohgoumènwc periorizìmaste sthn perÐptwsh ìpou a(x1, x2),
b(x1, x2) eÐnai jetikèc stajerèc, oi opoÐec ja paraleifjoÔn sth sunèqeia, gia
thn aplopoÐhsh twn upologism¸n, kai ja eisaqjoÔn stic telikèc ekfr�seic.
O antÐstoiqoc diakritìc telest c ekfr�zetai apì th sqèsh

Λu = −(Λ1 + Λ2)u, (3.1.7)

me Λ1, Λ2 ta diakrit� an�loga twn L1 kai L2. Me qr sh anaptugm�twn Taylor
dÔo metablht¸n èqoume gia ton telest  tou sf�lmatoc

Eu = Λu−∆u =
h2

1

12
L2

1u +
h2

2

12
L2

2u +O(h4), (3.1.8)
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ìpou h4 = max{h4
1, h

4
2}. Efarmìzontac diadoqik� touc telestèc L1, L2 sthn

exÐswsh (3.1.6) lamb�noume tic parak�tw ekfr�seic

−L2
1u = L1f + L1L2u, −L2

2u = L2f + L2L1u, (3.1.9)

me touc telestèc L1, L2 na antimetatÐjentai. Epomènwc mporoÔme na an-
tikatast soume ton telest  L2L1 me ton L1L2 kai ètsi h (3.1.8) lamb�nei
th morf 

Λu = −∆u +
h2

1

12
L1f +

h2
2

12
L2f +

h2
1 + h2

2

12
L1L2u +O(h4). (3.1.10)

Antikajist¸ntac apì thn arqik  exÐswsh Poisson thn −∆u = f kai to di-
aforikì telest  ÃL1L2 me èna diakritì an�logo thc morf c Λ1Λ2 lamb�noume
to diakritì an�logo thc exÐswshc Poisson t�xhc O(h4). O diakritìc telest c
mporeÐ na ekfrasteÐ me efarmog  enìc diakritoÔ plègmatoc 9−shmeÐwn ìpwc
autì faÐnetai sto sq ma 3.1(b). 'Etsi h èkfrash gia to diakritì telest  eÐnai
h ex c

Λ1Λ2u = Λ1

[
u(x1, x2 − h2)− 2u(x1, x2) + u(x1, x2 + h2)

h2
2

]

=
1

h2
1h

2
2

{
u(x1 − h1, x2 − h2)− 2u(x1, x2 − h2)

+ u(x1 + h1, x2 − h2) + 4u(x1, x2)

− 2u(x1 − h1, x2) + u(x1 − h1, x2 + h2)− 2u(x1, x2 + h2)

− 2u(x1 + h1, x2) + u(x1 + h1, x2 + h2)
}

(3.1.11)

H èkfrash
u(x1, x2 − h2)− 2u(x1, x2) + u(x1, x2 + h2)

h2
2

antistoiqeÐ sth deÔterh t�xhc prosèggish thc merik c parag¸gou thc ux2x2 .
Genikìtera, jewr¸ntac tic kentrikèc diaforèc deÔterhc t�xhc èqoume ìti

Λv = vxx =
−v(x + h) + 2v(x)− v(x− h)

h2
= v′′(ξ), ξ = x + θh, |θ| ≤ 1.

(3.1.12)
Jewr¸ntac ìti h v(x) èqei suneq  deÔterh par�gwgo sto di�sthma [x−h, x+h]
prokÔptei ìti

Λv = vxx = v′′(x) +
h2

12
v(4)(ξ∗), ξ∗ = x + θ∗h, |θ∗| ≤ 1. (3.1.13)
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Sthn perÐptwsh twn dÔo metablht¸n jewr¸ntac ìti h mÐa, p.q. h x1, paramènei
stajer , èqoume thn èkfrash

Λ2u = L2u(x1, x2) +
h2

2

12

∂4u

∂x4
2

(x1, ξ2), ξ2 = x2 + θ2h, |θ2| ≤ 1. (3.1.14)

Sthn perÐptwsh tou telest  Λ1Λ2u lamb�noume mÐa an�logh èkfrash

Λ1Λ2u(x1, x2) = Λ1L2u(x1, x2) +
h2

2

12
Λ1

∂4u

∂x4
2

(x1, ξ2), ξ2 = x2 + θ2h, |θ2| ≤ 1.

(3.1.15)
Efarmìzontac t¸ra thn (3.1.13) me v = L2u kai x = x1 ston pr¸to ìro
èqoume ìti

Λ1L2u(x1, x2) = L1L2u(x1, x2) +
h2

1

12

∂4u

∂x4
1

(ξ1, x2), ξ∗1 = x1 + θ∗1h1, |θ∗1| ≤ 1.

(3.1.16)
Me ìmoio trìpo efarmìzontac thn parap�nw diadikasÐa kai gia to deÔtero
ìro, sÔmfwna me th sqèsh (3.1.12), brÐskoume ìti

h2
2

12
Λ1

∂4u

∂x4
2

(x1, ξ2) =
h2

2

12

∂6u

∂x2
1∂x4

2

(ξ1, ξ2), ξ1 = x1 + θ1h, |θ1| ≤ 1, (3.1.17)

me to sf�lma gia ton telest  Λ1Λ2 − L1L2 na èqei t�xh akrÐbeiac

(Λ1Λ2 − L1L2)u = O(h2
1) +O(h2

2) = O(h2) (3.1.18)

Antikajist¸ntac sth sqèsh (3.1.10) thn èkfrash tou Λ1Λ2 sth jèsh thc
L1L2 kai gnwrÐzontac ìti −∆u = f paÐrnoume th sqèsh

Λu =

(
f +

h2
1

12
L1f +

h2
2

12
L2f

)
+

h2
1 + h2

2

12
Λ1Λ2u +O(h4). (3.1.19)

Sth sunèqeia, orÐzontac

Λ′u = Λu +
h2

1 + h2
2

12
Λ1Λ2u, φ = −

(
f +

h2
1

12
L1f +

h2
2

12
L2f

)
, (3.1.20)

o telest c Λ′ gia to plègma twn 9−shmeÐwn gr�fetai telik� sthn parak�tw
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morf , ìpou eis�gontai kai oi stajerèc a kai b

5

3

(
a

h2
1

+
b

h2
2

)
u =

1

6

(
5a

h2
1

− b

h2
2

)
(u(x1 + h1, x2) + u(x1 − h1, x2))

+
1

6

(
5b

h2
2

− a

h2
1

)
(u(x1, x2 + h2) + u(x1, x2 − h2))

+
1

12

(
a

h2
1

+
b

h2
2

)
(u(x1 + h1, x2 + h2) + u(x1 + h1, x2 − h2)

+ u(x1 − h1, x2 − h2) + u(x1 − h1, x2 + h2)) + φ. (3.1.21)

Ja prèpei epÐshc na tonÐsoume ìti sthn perÐptwsh twn 9−shmeÐwn o diakritìc
telest c (3.1.21) eÐnai jetik� orismènoc e�n ikanopoieÐtai h sunj kh

1

5
≤ bh2

1

ah2
2

≤ 5 (3.1.22)

(bl. [48]). H apìdeixh thc parap�nw sunj khc eÐnai sqetik� apl  afoÔ arkeÐ
oi ìroi entìc twn parenjèsewn tou sq matoc (3.1.21) na eÐnai jetikoÐ. Autì
sumbaÐnei sthn perÐptwsh pou ikanopoieÐtai h en lìgw sunj kh. Shmei¸noume
ed¸ ìti sthn perÐptwsh tou diakritoÔ sq matoc twn 5−shmeÐwn èqoume ìti o
diakritìc telest c eÐnai gia k�je epilog  twn h1, h2 jetik� orismènoc.

Gr�fontac to diakritì sq ma (3.1.21) se morf  sust matoc, o pÐnakac twn
suntelest¸n A ja lamb�nei th morf 

A =

√
a

b

h2

h1

(In2 ⊗ Tn1) +

√
b

a

h1

h2

(Tn2 ⊗ In1)− θ(Tn2 ⊗ Tn1) (3.1.23)

  isodÔnama

A =
√

a
b

h2

h1
(In2 ⊗ Tn1) +

√
b
a

h1

h2
(Tn2 ⊗ In1)

−θ
[√

a
b

h2

h1
(In2 ⊗ Tn1) ·

√
b
a

h1

h2
(Tn2 ⊗ In1)

]
,

(3.1.24)

ìpou n1 (≥ 2) kai n2 (≥ 2) eÐnai oi arijmoÐ pou ekfr�zoun to pl joc twn
eswterik¸n kìmbwn tou diakritoÔ plègmatoc, en¸ oi pÐnakec Tn1 ∈ Rn1×n1 kai
Tn2 ∈ Rn2×n2 eÐnai thc morf c tridiag(−1, 2,−1). To sÔmbolo ⊗ eÐnai autì
tou tanustikoÔ ginomènou dÔo pin�kwn (bl. Halmos [36]   Horn kai Jonhson
[38]). H pr¸th èkfrash tou pÐnaka suntelest¸n (3.1.23) proèrqetai �mesa
apì to diakritì sq ma (3.1.21) en¸ h deÔterh apoteleÐ mia isodÔnamh morf  thc
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pr¸thc perissìtero praktik  gia th melèth pou ja akolouj sei. Jètontac
sth sunèqeia

A1 :=

√
a

b

h2

h1

(In2 ⊗ Tn1) kai A2 :=

√
b

a

h1

h2

(Tn2 ⊗ In1),

h (6.1.25) gÐnetai
A = A1 + A2 − θA1A2. (3.1.25)

Me aploÔc upologismoÔc mporoÔme na deÐxoume ìti oi pÐnakec A1 kai A2 an-
timetatÐjentai (bl. [36]). H sunj kh aut  apoteleÐ kai to basikìtero ergaleÐo
gia th melèth twn mejìdwn epÐlushc twn susthm�twn me pÐnaka suntelest¸n
ton pÐnaka A tou parìntoc kefalaÐou all� kai touc pÐnakec A1 kai A2.
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Kef�laio 4

Peplegmènec Epanalhptikèc
Mèjodoi Enallassìmenwn
DieujÔnsewn (ADI)

4.1 Klasik� Sq mata Peplegmènwn Epa-
nalhptik¸n Mejìdwn Enallac sìme-
nwn DieujÔnsewn (ADI)

Sto kef�laio autì ja asqolhjoÔme me thn parousÐash twn Peplegmènwn
Epanalhptik¸n Mejìdwn Enallassìmenwn DieujÔnsewn (Alternating Direc-
tion Implicit Methods) gnwstèc me to arktikìlexo ADI.

Oi mèjodoi ADI emfanÐsthkan arqik� se mia ergasÐa twn Peaceman kai
Rachford to 1955 (bl. [45]) oi opoÐec parousÐasan mia nèa epanalhptik  mè-
jodo (par�gwgo thc mejìdou twn Crank-Nickolson) gia th lÔsh Parabo-
lik¸n kai Elleiptik¸n problhm�twn Merik¸n Diaforik¸n Exis¸sewn. Sthn
perÐptwsh twn elleiptik¸n exis¸sewn kai pio sugkekrimèna sthn perÐptwsh
thc exÐswshc Poisson, me diakritopoÐhsh 5−shmeÐwn, h mèjodoc thn opoÐa oi
Peaceman kai Rachford prìteinan, sthrÐzetai sth di�spash tou pÐnaka A tou
sust matoc

Ax = b, A ∈ Rn1n2×n1n2 , b ∈ Rn1n2 , (4.1.1)

sth morf 
A = A1 + A2 (4.1.2)
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ìpou A1 :=
√

a
b

h2

h1
(In2 ⊗ Tn1) kai A2 :=

√
b
a

h1

h2
(Tn2 ⊗ In1) me n1 (≥ 2) kai

n2 (≥ 2) na eÐnai to pl joc twn eswterik¸n kìmbwn tou diakritoÔ plègmatoc
stic dÔo dieujÔnseic, en¸ oi pÐnakec Tn1 ∈ Rn1×n1 kai Tn2 ∈ Rn2×n2 eÐnai
tridiag¸nioi thc morf c tridiag(−1, 2,−1).

To epanalhtikì sq ma twn Peaceman-Rachford, pou antistoiqeÐ sthn para-
p�nw di�spash, eÐnai to ex c

(rm+1I + A1)u
(m+ 1

2
) = (rm+1I − A2)u

(m) + b,

(rm+1I + A2)u
(m+1) = (rm+1I − A1)u

(m+ 1
2
) + b, (4.1.3)

ìpou rm+1 eÐnai jetikèc par�metroi, h kat�llhlh epilog  twn opoÐwn mporeÐ
na aux sei th mèsh asumptwtik  taqÔthta sÔgklishc thc mejìdou. Me thn
p�rodo tou qrìnou parousi�sthkan arketèc parallagèc thc arqik c mejìdou
twn Peaceman-Rachford. Pr¸ta, to 1956, oi Douglas kai Rachford (bl. [20])
prìteinan mÐa parallag  thc arqik c mejìdou ìpou me antikat�stash tou ìrou
A1u

(m+ 1
2
) apì thn pr¸th exÐswsh thc sqèshc (4.1.3) sth deÔterh paÐrnoume

to sq ma

(rm+1I + A1)u
(m+ 1

2
) = (rm+1I − A2)u

(m) + b,

(rm+1I + A2)u
(m+1) = A2u

(m) + rm+1u
(m+ 1

2
). (4.1.4)

Qarakthristikì tou sq matoc (4.1.4) eÐnai ìti h deÔterh exÐswsh den exart�tai
apì ton pÐnaka A1, o opoÐoc ousiastik� ekfr�zei th diakrit  morf  thc exÐsw-
shc Poisson sth x−dieÔjunsh, gegonìc pou k�nei th mèjodì mac perissìtero
euèlikth se ì,ti afor� ton parallhlismì.

MÐa genÐkeush tou parap�nw sq matoc eÐnai h ex c

(rm+1I + A1)u
(m+ 1

2
) = (rm+1I − A2)u

(m) + b, (4.1.5)
(rm+1I + A2)u

(m+1) = (A2 − (1− ω)rm+1I)u(m) + (2− ω)rm+1u
(m+ 1

2
),

ìpou ω eÐnai mÐa stajer  par�metroc h kat�llhlh epilog  thc opoÐac mporeÐ na
epitaqÔnei th sÔgklish thc mejìdou. Sthn perÐptwsh ìpou ω = 0 èqoume to
sq ma twn Peaceman-Rachford kai gia ω = 1 èqoume to sq ma twn Douglas-
Rachford. E�n ekfr�soume thn parap�nw mèjodo sth morf  mÐac klasik c
epanalhptik c mejìdou, ìpwc faÐnetai parak�tw

u(m+1) = Trm+1(ω)u(m) + c(rm+1, ω), (4.1.6)
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ìpou

Trm+1(ω) = (A2 + rm+1I)−1(A1 + rm+1I)−1 ×[
A1A2 + (ω − 1)rm+1(A1 + A2) + r2

m+1I
]
,

c(rm+1, ω) = (2− ω)rm+1(A2 + rm+1I)−1(A1 + rm+1I)−1b, (4.1.7)

parathroÔme ìti o epanalhptikìc pÐnakac thc mejìdou sqetÐzetai �mesa me ton
epanalhptikì pÐnaka thc mejìdou twn Peaceman-Rachford Trm+1 kai dÐnetai
apì thn èkfrash

Trm+1(ω) =
1

2
(ωI + (2− ω)Trm+1 . (4.1.8)

Thn parap�nw morf  ja mporoÔsame na th jewr soume wc mÐa parekballìmenh
(extrapolated) mèjodo twn Peaceman-Rachford me par�metro parekbol c 2−
ω. H (4.1.8) mac dÐnei mÐa sqèsh metaxÔ tou f�smatoc twn idiotim¸n tou pÐnaka
Trm+1(ω) kai tou f�smatoc idiotim¸n tou pÐnaka Trm+1 , kai kat' epèktash enìc
fr�gmatoc thc fasmatik c aktÐnac tou Trm+1(ω)

ρ(Trm+1(ω)) ≤ 1

2
(ωI + (2− ω)ρ(Trm+1)), 0 ≤ ω ≤ 2. (4.1.9)

Mia deÔterh shmantik  parallag  tou basikoÔ sq matoc twn Peaceman-
Rachford ègine apì touc Wachspress kai Habetler to 1960 (bl. [63]). O
monadiaÐoc pÐnakac pou qrhsimopoi jhke sta prohgoÔmena epanalhptik� sq -
mata mporeÐ na antikatastajeÐ me k�poio jetikì pragmatikì diag¸nio pÐnaka
F, ìpote to sq ma (4.1.3) lamb�nei t¸ra th morf 

(rm+1F + A1)u
(m+ 1

2
) = (rm+1F − A2)u

(m) + b,

(rm+1F + A2)u
(m+1) = (rm+1F − A1)u

(m+ 1
2
) + b. (4.1.10)

Jètontac F
1
2 u = v to sq ma (4.1.10) gÐnetai

(rm+1I + Ã1)v
(m+ 1

2
) = (rm+1I − Ã2)v

(m) + b̃,

(rm+1I + Ã2)v
(m+1) = (rm+1I − Ã1)v

(m+ 1
2
) + b̃, (4.1.11)

ìpou
Ã1 = F− 1

2 A1F
− 1

2 , Ã2 = F− 1
2 A2F

− 1
2 , b̃ = F− 1

2 b.

H morf  (4.1.10) eÐnai genikìterh thc mejìdou twn Peaceman-Rachford
all� me èna shmantikì meionèkthma to opoÐo parousi�zetai sthn epilog  tou
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pÐnaka F , o opoÐoc prèpei na eÐnai tètoioc ¸ste oi pÐnakec Ã1 kai Ã2 na an-
timetatÐjentai. Oi Wachspress kai Habetler apèdeixan ìti gia to prìblhma
montèlo thc exÐswshc Poisson me Dirichlet sunoriakèc sunj kec sto monadi-
aÐo tetr�gwno kai sthn perÐptwsh akìma pou den èqoume Ðsa b mata diakri-
topoÐhshc se k�je dieÔjunsh mporoÔme na broÔme pÐnaka F o opoÐoc na mhn
proxeneÐ prìblhma antimet�jeshc twn pin�kwn Ã1 kai Ã2. Genikìtera ìmwc
mporeÐ na apodeiqteÐ ìti kai sthn perÐptwsh twn genikìterwn orjog¸niwn
qwrÐwn, akìmh kai qwrÐc na eÐnai orjog¸nia, h sunj kh antimet�jeshc twn
pin�kwn Ã1 kai Ã2 mporeÐ na ikanopoieÐtai me kat�llhlh epilog  tou pÐnaka F.
Oi Wachspress kai Habetler prìteinan th qr sh tou pÐnaka F me thn prooptik 
ìti autìc ja mporoÔse na  tan ènac pÐnakac rujmist c (conditioning matrix)
twn A1 kai A2.

4.2 An�lush Basik¸n Sqhm�twn me Sta-
jerèc Paramètrouc Epit�qunshc

4.2.1 Eisagwg 
JewroÔme to basikì epanalhptikì sq ma twn Peaceman-Rachford (4.1.3) me
thn proôpìjesh ìti sthn jèsh twn metablht¸n paramètrwn rm+1, pou emfa-
nÐzontai an� epan�lhyh, jewroÔme tic stajerèc paramètrouc r1 kai r2. 'Etsi
to sq ma (4.1.3) lamb�nei thn morf 

(r1I + A1)u
(m+ 1

2
) = (r1I − A2)u

(m) + b,

(r2I + A2)u
(m+1) = (r2I − A1)u

(m+ 1
2
) + b. (4.2.1)

To antÐstoiqo epanalhptikì sq ma na èqei th genik  morf 

u(m+1) = Tr1,r2u
(m) + c, (4.2.2)

ìpou epanalhptikìc pÐnakac eÐnai o

Tr1,r2 = (A2 + r2I)−1(A1 − r2I)(A1 + r1I)−1(A2 − r2I)
= I − (r1 + r2)(A2 + r2I)−1(A1 + r1I)−1A

(4.2.3)

kai to di�nusma c èqei thn morf 

cr1,r2 = (r1 + r2)(A2 + r2I)−1(A1 + r1I)−1b (4.2.4)
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MporeÐ na apodeiqteÐ ìti sthn perÐptwsh ìpou oi stajerèc r1 kai r2 eÐnai
jetikoÐ arijmoÐ kai oi pÐnakec A1 kai A2 jetik� orismènoi pragmatikoÐ pÐnakec
tìte h fasmatik  aktÐna ρ(Tr1,r2) < 1. Epomènwc h epanalhptik  mèjodoc
sugklÐnei (bl. Young [64]).

4.2.2 Epilog  Paramètrwn Epit�qunshc
Sthn paroÔsa par�grafo ja melet soume di�forec peript¸seic epilog c sta-
jer¸n paramètrwn epit�qunshc thc mejìdou twn Peaceman-Rachford. Ja
prèpei na shmei¸soume ed¸ ìti h epilog  twn paramètrwn ja gÐnei ètsi ¸ste
na èqoume “kal ” sÔgklish kai ìqi p�ntote “bèltisth” thn opoÐa ja parousi�-
soume se epìmenec paragr�fouc.

Ja xekin soume me thn parousÐash thc diadikasÐac eÔreshc twn paramè-
trwn upojètontac arqik� ìti oi idiotimèc λ1 kai λ2 twn pin�kwn A1 kai A2,
antÐstoiqa, an koun sta diast mata α1 ≤ λ1 ≤ β1 kai α2 ≤ λ2 ≤ β2. Tìte h
fasmatik  aktÐna tou epanalhptikoÔ pÐnaka ja èqei th morf 

ρ(Tr1,r2) = ρ[(A2 + r2I)Tr1,r2(A2 + r2I)−1]

≤
∥∥(A1 − r2I)(A1 + r1I)−1

∥∥ ∥∥(A2 − r1I)(A2 + r2I)−1
∥∥

= max
α1≤λ1≤β1

∣∣∣∣
λ1 − r2

λ1 + r1

∣∣∣∣ max
α2≤λ2≤β2

∣∣∣∣
λ2 − r1

λ2 + r2

∣∣∣∣

= max
α1 ≤ λ1 ≤ β1
α2 ≤ λ2 ≤ β2

∣∣∣∣
(λ1 − r2)

(λ1 + r1)

(λ2 − r1)

(λ2 + r2)

∣∣∣∣ . (4.2.5)

Oi par�metroi r1 kai r2 epilègontai ètsi ¸ste na elaqistopoieÐtai h sun�rthsh

f(α1, α2β1β2; r1, r2) = max
α1 ≤ λ1 ≤ β1
α2 ≤ λ2 ≤ β2

∣∣∣∣
(λ1 − r2)

(λ1 + r1)
· (λ2 − r1)

(λ2 + r2)

∣∣∣∣ . (4.2.6)

Katal goume loipìn se èna minmax prìblhma h epÐlush tou opoÐou en gènei
parousi�zei arketèc duskolÐec. Gia to parap�nw prìblhma pou èqoume na
lÔsoume, ja jewr soume k�poiouc periorismoÔc, se ì,ti afor� ta diast mata
orismoÔ twn idiotim¸n λ1 kai λ2 kaj¸c epÐshc kai sth sÔmptwsh   ìqi twn
paramètrwn (monoparametrikì   diparametrikì sq ma, antÐstoiqa).

Sth sunèqeia ja diakrÐnoume tic di�forec peript¸seic pou antistoiqoÔn
stic parap�nw jewr seic.
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1. PerÐptwsh 1h : r = r1 = r2 kai Ðdio di�sthma orismoÔ gia tic idiotimèc
twn pin�kwn A1 kai A2 (α ≤ λ1, λ2 ≤ β).
S' aut n thn perÐptwsh h tim  tou r pou epilÔei to prìblhma (4.2.6)
eÐnai

r∗ =
√

αβ, (4.2.7)

en¸ to bèltisto fr�gma gia thn fasmatik  aktÐna dÐnetai apì thn èk-
frash

f(α, β; r) =

(√
β −√α√
β +

√
α

)2

(4.2.8)

2. PerÐptwsh 2h : r = r1 = r2 kai diaforetik� diast mata orismoÔ gia tic
idiotimèc twn A1 kai A2.

S' aut n thn perÐptwsh upojètoume epiplèon ìti ikanopoieÐtai h sunj kh

α1β1 ≤ α2β2, (4.2.9)

opìte h tim  tou r h opoÐa epilÔei to prìblhma (4.2.6) eÐnai

r∗ =

{ √
α1β1 e�n α1 ≥ α2   α1 ≤ α2 kai α1β2 ≥ α2β1,√
α2β2 e�n β1 ≥ β2   β1 ≤ β2 kai α1β2 ≤ α2β1.

(4.2.10)

Sthn perÐptwsh aut  h fasmatik  aktÐna dÐnetai apì tic ekfr�seic

f(α1, α2, β1, β2; r
∗) =

(
r∗ − α1

r∗ + α1

) (
β2 − r∗

β2 + r∗

)
(4.2.11)

=





(√
β1−√α1√
β1+

√
α1

)(
β2−

√
α1β1

β2+
√

α1β1

)
e�n r∗ =

√
α1β1,

−
(√

β2−√α2√
β2+

√
α2

)(
α1−

√
α1β1

α1+
√

α1β1

)
e�n r∗ =

√
α2β2.

Ja prèpei epiplèon na tonÐsoume ìti

f(α1, α2, β1, β2; r
∗) ≤ f(α1, α2, β1, β2; r), (4.2.12)

me gn sia anisìthta na lamb�netai sthn perÐptwsh ìpou ikanopoioÔntai
oi sunj kec

α1 ≤ α2, β1 ≤ β2, α1β2 = α2β1. (4.2.13)

Tìte apodeiknÔetai ìti h anisìthta (4.2.12) gÐnetai gn sia, ektìc bèbaia
apì thn perÐptwsh ìpou r =

√
α1β2   r =

√
α2β1, gia thn opoÐa èqoume

isìthta.
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3. PerÐptwsh 3h : Diaforetik� r1 kai r2 kai diaforetik� diast mata gia tic
idiotimèc twn pin�kwn A1 kai A2.

Aut  h perÐptwsh eÐnai h genikìterh sthn kathgorÐa twn st�simwn
epanalhptik¸n sqhm�twn (dhlad , sqhm�twn me stajerèc epanalhptikèc
paramètrouc). H idèa thc eÔreshc twn bèltistwn paramètrwn r1 kai
r2 sthrÐzetai se mia teqnik  tou W.B. Jordan gia thn epÐlush mÐac
perÐptwshc probl matoc Zolotareff [65], pou gia pr¸th for� emfanÐze-
tai sthn an�lush FÐltrwn EpikoinwnÐac kai eidikìtera sthn an�lush
tou fÐltrou Gauer. Parousi�sthke to 1963 se mÐa ergasÐa tou Wach-
spress [58]. Sthn ergasÐa aut  o Jordan lÔnei to prìblhma sth genik 
perÐptwsh twn epanalhptik¸n paramètrwn rm+1. Apì thn teqnik  aut 
mporoÔme na qrhsimopoi soume ton arqikì metasqhmatismì ètsi ¸ste
kai ta duo diast mata orismoÔ twn idiotim¸n twn dÔo pin�kwn A1 kai
A2 na metasqhmatÐzontai se èna koinì di�sthma kai gia ta dÔo sÔnola
idiotim¸n.
Gia to skopì autì, èstw α1 ≤ λ1 ≤ β1 kai α2 ≤ λ2 ≤ β2 ta diast -
mata twn idiotim¸n twn pin�kwn A1 kai A2, antÐstoiqa. JewroÔme touc
metasqhmatismoÔc

λ1 =
p + qµ1

1 + sµ1

, λ2 =
p̃ + q̃µ2

1 + s̃µ2

, (4.2.14)

ìpou µ1 kai µ2 eÐnai nèec metablhtèc pou antistoiqoÔn stic idiotimec λ1

kai λ2, antÐstoiqa. O prosdiorismìc twn paramètrwn p, q, s kai p̃, q̃, s̃
gÐnetai me tètoion trìpo ¸ste na ikanopoieÐtai h sunj kh

(
λ1 − r2

λ1 + r1

)(
λ2 − r1

λ2 + r2

)
=

(
µ1 − r̃2

µ1 + r̃1

)(
µ2 − r̃1

µ2 + r̃2

)
, (4.2.15)

ìpou r̃1 kai r̃2 jewroÔntai oi nèec par�metroi epit�qunshc met� thn e-
farmog  twn metasqhmatism¸n. Epiplèon ja prèpei na oi par�metroi µ1

kai µ2 na brÐskontai se èna orisjhsìmeno kleistì di�sthma, p.q.

(0 <) γ ≤ µ1, µ2 ≤ δ. (4.2.16)

Me th bo jeia twn metasqhmatism¸n kai tic sunj kec (4.2.15) kai (4.2.16)
èqoume ìti

λ1 − r2

λ1 + r1

=

(
q − sr2

q + sr1

) µ1 −
(

r2−p
q−r2s

)

µ1 +
(

r1+p
q+r1s

) , (4.2.17)
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λ2 − r1

λ2 + r2

=

(
q̃ − s̃r1

q̃ + s̃r2

) µ2 −
(

r1−p̃
q̃−r1s̃

)

µ2 +
(

r1+p̃
q̃+r2s̃

) . (4.2.18)

Apì tic parap�nw sunj kec paÐrnoume ìti

p̃ = −p, q̃ = q, s̃ = −s (4.2.19)

kai ètsi apì th sqèsh (4.2.14) lamb�noume tic parak�tw ekfr�seic twn
idiotim¸n

λ1 =
p− qµ1

1 + sµ1

, λ2 =
−p + qµ2

1− sµ2

. (4.2.20)

Gia ton upologismì twn paramètrwn p, q, s, γ, δ apaitoÔme ìti e�n λi = αi

tìte µi = γ, kai e�n λi = βi tìte µi = δ, gia i = 1, 2. Oi ekfr�seic gia
ta fr�gmata twn idiotim¸n dÐnontai apì tic sqèseic

α1 =
p + qγ

1 + sγ
, β1 =

p + qδ

1 + sδ
,

α2 =
−p + qγ

1− sγ
, β2 =

−p + qδ

1− sδ
. (4.2.21)

EpilÔontac tic parap�nw exis¸seic lamb�noume tic ekfr�seic gia ta
s, q, p, oi opoÐec eÐnai

s =
(β2 − α2)− (β1 − α1)

(β1 + β2)δ − (α1 + α2)γ
, (4.2.22)

q =
(β1 + β2) + (β1 − β2)δs

2δ
, (4.2.23)

p =
(β1 − β2) + (β1 + β2)δs

2
, (4.2.24)

opìte oi antÐstoiqec ekfr�seic gia tic idiotimèc λ1 kai λ2 all� kai gia
tic paramètrouc r1 kai r2 dÐnontai apì tic sqèseic

λ1 =
p + (δq)µ1

δ

1 + (δs)µ1

δ

, λ2 =
−p + (δq)µ2

δ

1− (δs)µ2

δ

, (4.2.25)

r1 =
−p + (δq) r̃1

δ

1− (δs) r̃1

δ

, r2 =
p + (δq) r̃2

δ

1 + (δs) r̃2

δ

. (4.2.26)

26



Me qr sh aploÔ ApeirostikoÔ LogismoÔ mporoÔme na broÔme ìti oi
bèltistec par�metroi r̃1, r̃2 gia to minmax prìblhma dÐnontai apì tic
klasikèc ekfr�seic

r̃1 = r̃2 =
√

γδ. (4.2.27)
Epomènwc oi bèltistec arqikèc par�metroi gia to prìblhma eÐnai oi pa-
rak�tw

r1 =
−p + (δq)

√
c

1− (δs)
√

c
, r2 =

p + (δq)
√

c

1 + (δs)
√

c
, (4.2.28)

en¸ h bèltisth fasmatik  aktÐna dÐnetai apì thn èkfrash

f(α1, α2, β1, β2, r1, r2) =

(
1−√c

1 +
√

c

)2

, (4.2.29)

ìpou

c =
1

1 + ξ +
√

2ξ + ξ2
, ξ = 2

(β2 − α2)(β1 − α1)

(α1 + α2)(β1 + β2)
. (4.2.30)

Parat rhsh 4.2.1. : Ja prèpei kai p�li na tonÐsoume ìti oi bèltistec autèc
timèc twn paramètrwn aforoÔn sthn epÐlush tou minmax probl matoc (4.2.6)
kai eÐnai oi bèltistec timèc tou fr�gmatoc thc fasmatik c aktÐnac tou epanalh-
ptikoÔ pÐnaka kai ìqi thc fasmatik c aktÐnac, tic opoÐec ja prosdiorÐsoume
se epìmeno kef�laio.

4.3 An�lush Basik¸n Sqhm�twn me Me-
tablhtèc Paramètrouc Epit�qunshc

4.3.1 Eisagwg 
Sthn par�grafo aut  ja asqolhjoÔme me thn parousÐash kai th melèth tou
sq matoc twn Peaceman-Rachford

(rm+1I + A1)u
(m+ 1

2
) = (rm+1I − A2)u

(m) + b,

(rm+1I + A2)u
(m+1) = (rm+1I − A1)u

(m+ 1
2
) + b, (4.3.1)

sth genik  perÐptwsh ìpou oi par�metroi rm+1 metab�llontai apì epan�lhyh
se epan�lhyh. Oi pr¸tec prosp�jeiec gia thn eÔresh tètoiwn paramètrwn ègi-
nan apì touc Peaceman kai Rachford [45], to Wachspress [56] kai ton Douglas
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[18]. Stic treic autèc prosp�jeiec brèjhkan “kalèc” par�metroi epit�qun-
shc all� ìqi oi bèltistec. To 1962 oi Wachspress [57] kai Gastinel [24],
ergazìmenoi anex�rthta, èdwsan tic bèltistec paramètrouc sthn eidik  perÐ-
ptwsh ìpou autèc epanalamb�nontan kuklik� an� m−epanal yeic me m = 2n.
Sthn perÐptwsh tou genikoÔ m, ìpwc  dh anafèrjhke, oi bèltistec par�metroi
dìjhkan apì ton W.B. Jordan kai parousi�sthkan se ergasÐa tou Wachs-
press to 1963 [58]. Sth sunèqeia aut c thc paragr�fou ja parousi�soume
th diadikasÐa eÔreshc aut¸n twn paramètrwn kai gia tic dÔo peript¸seic pou
anafèrjhkan prohgoumènwc.

ArqÐzoume gr�fontac to epanalhptikì sq ma (4.3.1) sth morf  miac kla-
sik c epanalhptik c mejìdou. Sugkekrimèna,

u(m+1) = Trm+1u
(m) + crm+1 , (4.3.2)

ìpou
Trm+1 = (A2 + rm+1I)−1(rm+1I − A1)(A1 + rm+1I)−1(rm+1I − A2),
crm+1 = (A2 + rm+1I)−1 ((rm+1I − A1)(A1 + rm+1I)−1 + I) b.

(4.3.3)
'Estw e(m) = u(m) − u to sf�lma sthn m−epan�lhyh thc mejìdou twn
Peaceman-Rachford. Tìte e(m+1) = Trm+1e

(m) kai, genikìtera, to sf�lma
e(m) met� apì m epanal yeic ja dÐnetai apì thn sqèsh

e(m) =
m∏

i=1

Tri
e(0), m > 1, (4.3.4)

ìpou e(0) to arqikì sf�lma thc mejìdou kai

Rm :=
m∏

i=1

Tri
= Trm · Trm−1 · . . . · Tr1 . (4.3.5)

Ja prèpei na tonÐsoume ed¸ ìti gia na proqwr soume sth melèth thc mejìdou
ìloi oi pÐnakec pou emfanÐzontai ja prèpei na antimetatÐjentai. H apaÐthsh
aut  ikanopoieÐtai se ìlec tic peript¸seic twn problhm�twn pou exet�zontai
parak�tw. 'Eqontac upìyh ta proanaferjènta kai orÐzontac me λ1 kai λ2 tic
idiotimèc twn pin�kwn A1 kai A2, antÐstoiqa, gnwrÐzoume ìti up�rqei pl rec
sÔsthma koin¸n idiodianusm�twn kai gia touc duo pÐnakec gegonìc pou mac
epitrèpei na upologÐsoume tic idiotimèc tou epanalhptikoÔ pÐnaka Trm apì thn
èkfrash

λ =
m∏

i=1

(ri − λ1)(ri − λ2)

(ri + λ1)(ri + λ2)
(4.3.6)
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kai thn antÐstoiqh fasmatik  aktÐna apì th

ρ(Rm) = max
λ1,λ2

∣∣∣∣∣
m∏

i=1

(ri − λ1)(ri − λ2)

(ri + λ1)(ri + λ2)

∣∣∣∣∣ . (4.3.7)

Upojètoume ìti oi idiotimèc λ1 kai λ2 brÐskontai sta diast mata α1 ≤ λ1 ≤ β1

kai α2 ≤ λ2 ≤ β2, antÐstoiqa. Skopìc mac sthn perÐptwsh aut , ìpwc kai
sthn perÐptwsh tou probl matoc twn stajer¸n paramètrwn, eÐnai h epÐlush
tou minmax probl matoc

min
rm

ρ(Rm). (4.3.8)

H perÐptwsh pou ja parousi�soume kai, pou sun jwc exet�zetai, eÐnai aut 
ìpou oi idiotimèc λ1 kai λ2 twn pin�kwn A1 kai A2, antÐstoiqa, brÐskontai sto
Ðdio di�sthma D (�llwste kai thn perÐptwsh twn diaforetik¸n diasthm�twn
orismoÔ mporoÔme na thn anag�goume s' aut  me th qr sh twn proanaferjèn-
twn metasqhmatism¸n), ìpou

D := {α = min(α1, α2) ≤ λ1, λ2 ≤ max(β1, β2) = β} . (4.3.9)

Tìte to minmax prìblhma pou èqoume na epilÔsoume eÐnai to akìloujo

min
ri, i=1,...,m

max
λ1,λ2∈D

∣∣∣∣∣
m∏

i=1

(ri − λ1)(ri − λ2)

(ri + λ1)(ri + λ2)

∣∣∣∣∣ . (4.3.10)

Epeid  isqÔei ìti

max
λ1,λ2∈D

∣∣∣∣∣
m∏

i=1

(ri − λ1)(ri − λ2)

(ri + λ1)(ri + λ2)

∣∣∣∣∣ ≤
{

max
λ∈D

∣∣∣∣∣
m∏

i=1

(ri − λ)

(ri + λ)

∣∣∣∣∣

}2

,

to minmax prìblhma (4.3.10), pou èqoume na epilÔsoume, an�getai se minmax
prìblhma miac sun�rthshc pou apoteleÐ fr�gma aut c pou eÐqame. 'Etsi to
prìblhm� mac metatrèpetai sto akìloujo

min
rm

max
α≤λ≤β

∣∣∣∣∣
m∏

i=1

ri − λ

ri + λ

∣∣∣∣∣ . (4.3.11)

Jètontac

Qm(λ, p) =
m∏

i=1

ri − λ

ri + λ
, (4.3.12)
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ìpou p ∈ Rm, p = (r1, r2, . . . , rm), kai orÐzontac

H(p) = max
λ∈[α,β]

|Qm(λ, p)| (4.3.13)

parathroÔme ìti ρ(Rm) ≤ H2(p).
Gia na epilÔsoume to prìblhma (4.3.11) ja qrhsimopoi soume trÐa basik�

jewr mata thc JewrÐac ProseggÐsewn (bl. Achieser [2]).

Je¸rhma 4.3.1. (Enallassìmmenh Idiìthta “de La Vallée Poussin”): E�n
h sun�rthsh Qm(λ, p), orizìmenh sthn (4.3.12), lamb�nei tic timèc γ1,−γ2, γ3,
−γ4, . . . , (−1)m+1γm, me γi > 0, i = 1, . . . ,m, gia gnhsÐwc aÔxousa akoloujÐa
tim¸n tou λ ∈ D, kai e�n h Q eÐnai suneq c sto D, tìte

H ≡ min
p

H(p) = min
p

max
λ∈D

|Qm(λ, p)| (4.3.14)

eÐnai k�tw fragmènh apì th mikrìterh tim  twn γi, i = 1, . . . ,m.

Je¸rhma 4.3.2. : 'Estw duo arqik� polu¸numa Pm(λ) kai Pm(−λ) bajmoÔ
m. Gia k�je jetik  tim  twn λi kai k�je t ≤ m, orÐzoume thn sun�rthsh

φ(λ) = λ

t−1∏
i=1

(λi − λ)(λi + λ), (4.3.15)

tìte mporeÐ na brejeÐ polu¸numo Ps(λ) bajmoÔ s tètoio ¸ste

φ(λ) ≡ Ps(λ)Pm(−λ)− Ps(−λ)Pm(λ). (4.3.16)

To trÐto je¸rhma apodÐdetai ston Chebyshev kai eÐnai to akìloujo

Je¸rhma 4.3.3. : H sun�rthsh Qm(λ, p) h opoÐa èqei “el�qisth apìklish
apì to mhdèn” sto di�sthma D := [α, β] lamb�nei to apìluto mègistì thc H,
m + 1 forèc sto D me enallassìmena prìshma.

4.3.2 Prosdiorismìc Bèltistwn Paramètrwn Sq -
matoc Peaceman-Rachford

'Opwc èqoume  dh anafèrei mèqri to 1962 eÐqan brejeÐ kalèc par�metroi epi-
t�qunshc gia ta sq mata twn ADI mejìdwn. Oi Wachspress [57] kai Gastinel
[24], èdwsan bèltistec paramètrouc sthn eidik  perÐptwsh m = 2n. O W.B.
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Jordan [57] èdwse bèltistec paramètrouc gia k�je tim  tou fusikoÔ m. Para-
k�tw ja parousi�soume autèc tic dÔo ergasÐec kai kurÐwc th deÔterh h opoÐa
parousi�zei exairetikì endiafèron e�n skefteÐ kaneÐc ìti h lÔsh  tan gnwst 
apì to 1877 apì mia ergasÐa tou Zolotareff [65] thn opoÐa qrhsimopoÐhsan
arqik� o Gauer to 1933 gia thn kataskeu  enìc fÐltrou diktÔwn epikoinwnÐac
kai sthn sunèqeia o Jordan gia thn eÔresh twn bèltistwn paramètrwn sto
ADI sq ma twn Peaceman-Rachford to 1963. Ja prèpei ed¸ na tonÐsoume ìti
den eÐnai tuqaÐo ìti h lÔsh tou Jordan dìjhke ousiastik� oqt¸ qrìnia met�
thn pr¸th emf�nish tou sq matoc twn Peaceman-Rachford to 1955 kai autì
giatÐ, ìpwc ja doÔme h lÔsh tou Jordan sthrÐzetai sth qr sh twn Elleiptik¸n
Sunart sewn tou Jacobi oi opoÐec den eÐnai idiaÐtera gnwstèc sto eurÔ koinì.

4.3.3 Bèltistec Par�metroi gia m = 2n

H basik  idèa gia thn eÔresh twn bèltistwn paramètrwn sthrÐzetai sto para-
k�tw l mma

L mma 4.3.4. : E�n pi ∈ p (p eÐnai h akoloujÐa twn bèltistwn paramètrwn)
tìte αβ

pi
∈ p.

MÐa epÐshc idiìthta tou minmax probl matoc eÐnai ìti h sun�rthsh Qm(λ, p)
èqei thn idiìthta Qm(λ, p) = Qm(σλ, σp), kai epomènwc to di�sthma [α, β]
kanonikopoieÐtai sto di�sthma [α

β
, 1]. E�n loipìn oi par�metroi gi' autì to

di�sthma eÐnai pi, tìte oi par�metroi gia to [α, β] eÐnai βpi. JewroÔme t¸ra to
ginìmeno twn ìrwn

[
pi − λ

pi + λ

] [
αβ
pi
− λ

αβ
pi

+ λ

]
=

αβ + λ2 −
(
pi + αβ

pi

)
λ

αβ + λ2 +
(
pi + αβ

pi

)
λ

. (4.3.17)

Diair¸ntac ton arijmht  kai ton paronomast  tou dexioÔ mèlouc me 2λ lam-
b�noume thn isodÔnamh me tic parap�nw èkfrash

[ αβ
λ

+λ

2

]
−

[
αβ
pi

+pi

2

]

[ αβ
λ

+λ

2

]
+

[
αβ
pi

+pi

2

] . (4.3.18)
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OrÐzontac t¸ra

λ(1) ≡
(

αβ
λ

+ λ
)

2
,

p
(1)
i ≡

(
αβ
pi

+ pi

)

2
, i = 1, 2, . . . ,

m

2
, (4.3.19)

parathroÔme ìti gia λ ∈ [α, β] èqoume λ(1) ∈ [√
αβ, α+β

2

]
. Opìte e�n oi

bèltistec par�metroi mporoÔn na upologistoÔn gia to prìblhma Qm
2
(λ(1), p(1)),

tìte mporoÔme na broÔme tic bèltistec paramètrouc gia to arqikì prìblhma
apì tic exis¸seic (4.3.19).

Sthn perÐptwsh loipìn ìpou to m eÐnai �rtio tìte to f�sma twn idiotim¸n
mporeÐ na diqotomhjeÐ ètsi ¸ste h t�xh tou probl matoc na upobib�zetai s-
to m

2
. Akolouj¸ntac aut n thn teqnik  katafèrnoume telik� na lÔsoume to

prìblhma sthn perÐptwsh tou m = 1 gia to opoÐo up�rqoun analutikèc ek-
fr�seic. Sth sunèqeia, me th bo jeia tÔpwn, ìpwc oi (4.3.19), katafèrnoume
na broÔme tic bèltistec paramètrouc gia to arqikì prìblhma pou den eÐnai
tÐpota perissìtero apì thn tetragwnik  rÐza twn �krwn tou diast matoc pou
ja prokÔyei met� n diadoqikèc diqotom seic. Gia thn analutik  perigraf  thc
diadiakasÐac o anagn¸sthc parapèmpetai stic ergasÐec twn Wachspress [57]
kai Gastinel [24].

4.3.4 Bèltistec Par�metroi gia Genikì m

H basik  idèa thc eÔreshc twn bèltistwn paramètrwn sthn perÐptwsh ìpou
to m eÐnai ènac opoisd pote fusikìc arijmìc sthrÐzetai sthn ergasÐa tou
Zolotareff [65] tou 1877 all� kai sto W.B. Jordan [58], o opoÐoc qrhsi-
mopoi¸ntac th lÔsh tou Zolotareff upolìgise tic bèltistec paramètrouc twn
ADI mejìdwn gia to sq ma twn Peaceman-Rachford. Ta ergaleÐa pou qrhsi-
mopoi jhkan  tan h “enallaktik  idiìthta tou Chebyshev” (bl. Achieser [2])
kai oi basikèc arqèc twn Elleiptik¸n Sunart sewn tou Jacobi (bl. Abramo-
witz-Stegun [1]). Sthn sunèqeia ja parousi�soume thn teqnik  tou W.B.
Jordan sthn epÐlush tou (4.3.10) pou prokÔptei apì to sq ma twn Peaceman-
Rachford.

'Estw ìti oi idiotimèc twn pin�kwn A1 kai A2 an koun sta diast mata α1 ≤
λ1 ≤ β1 kai α2 ≤ λ2 ≤ β2, antÐstoiqa. JewroÔme touc metasqhmatismoÔc

λ1 =
µ1 − h

f − gµ1

, λ2 =
µ2 + h

f + gµ2

, (4.3.20)
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ìpou oi stajerèc f, g, h ja prosdioristoÔn me tètoio trìpo ¸ste ta diast mata
twn fasm�twn twn idiotim¸n k�je pÐnaka na metasqhmatistoÔn se èna koinì
di�sthma me nèec metablhtèc α ≤ µ1, µ2 ≤ β. Tìte to arqikì prìblhma gÐnetai

Qm =
m∏

i=1

(
µ1 − r̃iA2

µ1 + r̃iA1

)(
µ2 − r̃iA1

µ2 + r̃iA2

)
, (4.3.21)

ìpou
r̃iA2 =

friA2 + h

1 + griA2

, r̃iA1 =
friA1 − h

1− griA1

. (4.3.22)

'Opwc anafèrame kai prohgoumènwc h epilog  twn paramètrwn f, g, h ja gÐnei
me tètoion trìpo ¸ste an λi = αi kai λi = βi, tìte µi = k′ kai µi = 1, gia
i = 1, 2, antÐstoiqa. Gia na epiteuqjeÐ autì ja prèpei na epilèxoume to k′ wc
th rÐza tic exÐswshc

k′2 − 2(1 + ξ)k′ + 1 = 0, (4.3.23)

ìpou
ξ =

2(β1 − α1)(β2 − α2)

(α1 + α2)(β1 + β2)
. (4.3.24)

AfoÔ to ξ > 0 tìte oi rÐzec tou parap�nw triwnÔmou deutèrou bajmoÔ ja eÐnai
pragmatikèc kai jetikèc. JewroÔme ìti k′ eÐnai h mikrìterh ex aut¸n opìte

k′ =
1

1 + ξ +
√

ξ(ξ + 2)
, 0 < k′ < 1. (4.3.25)

'Etsi oi suntelestèc f, g, h twn metasqhmatism¸n isoÔntai, antÐstoiqa, me

f =
2 + g(β1 − β2)

β1 + β2

, (4.3.26)

g = 2
k′(β1 + β2)− (α1 + α2)

(α1 + α2)(β1 − β2) + k′(β1 + β2)(α2 − α1)
, (4.3.27)

h =
k′(α2 − al1 + 2α1α2g)

α1 + α2

. (4.3.28)

'Eqontac t¸ra tic metablhtèc µ1, µ2 na an koun sto Ðdio di�sthma, ta sÔnola
twn paramètrwn r̃iA1 kai r̃iA2 pou epilÔoun to minmax prìblhma mporoÔn na
jewrhjoÔn ìti tautÐzontai kai ìti oi par�metroi

r̃iA1 = r̃iA2 = ri, i = 1, . . . , m. (4.3.29)
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'Etsi h sun�rthsh Qm gr�fetai wc ex c

Qm = Pm(µ1)Pm(µ2), ìpou Pm(µ1) =
m∏

i=1

µ1 − ri

µ1 + ri

(4.3.30)

Gia thn eÔresh twn paramètrwn µi, i = 1, . . .m, k�noume qr sh twn
basik¸n Elleiptik¸n Sunart sewn tou Jacobi, jètontac µ1 = dn(Kz) kai
èqontac modK =

√
1− k′2, kai thn par�metro τ = ik′

K
, h sqèsh (4.3.30)

metasqhmatÐzetai se

P (z) =
m∏

i=1

dn(Kz)− ri

dn(Kz) + ri

. (4.3.31)

JewroÔme th sun�rthsh

P ′(z) =
dn(mK1z)−√

k′1
dn(mK1z) +

√
k′1

, me modK1, kai par�metro τ1 = mτ,

(4.3.32)
pou èqei tic parak�tw idiìthtec

1. H mègisth tim  thc eÐnai P ′
max(z) =

1−
√

k′1
1+
√

k′1
, ìtan z = 0.

2. H el�qisth tim  thc eÐnai P ′
min = −P ′

max, ìtan z = 1
m

.

3. 'Eqei pragmatik  perÐodo 2
m
.

4. H sun�rthsh P ′ ikanopoieÐ th minmax sunj kh tou Chebyshev.

5. 'Eqei fantastik  perÐodo 4τ1
m

= 4τ .

6. P ′(τ) = 1.

E�n loipìn oi sunart seic P kai P ′ eÐnai Ðsec tìte to prìblhma ja èqei lu-
jeÐ. Apì to je¸rhma ìmwc tou Liouville (bl. Achieser [2]), dÔo sunart -
seic diafèroun kat� stajerì par�gonta, kai �ra mporoÔn na katastoÔn Ðsec
me kanonikopoÐhsh, e�n oi pìloi kai oi rÐzec touc sumpÐptoun. Oi rÐzec thc
sun�rthshc P ′ eÐnai z = 2i−1

2m
en¸ oi pìloi thc eÐnai z = 2τ + 2i−1

2m
. Gia na

tautÐzontai autèc me tic rÐzec kai touc pìlouc thc sun�rthshc R ja prèpei na
epilegoÔn oi par�metroi ri ètsi ¸ste

ri = dn

(
(2i− 1)K

2m

)
, modk =

√
1− k′2. (4.3.33)
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'Etsi apì touc prohgoÔmenouc metasqhmatismoÔc èqoume ìti oi par�metroi tou
arqikoÔ probl matoc dÐnontai apì tic ekfr�seic

riA1 =
ri − h

f − gri

, riA2 =
ri + h

f + gri

, i = 1, . . . m, (4.3.34)

kai �ra h fasmatik  aktÐna tou epanalhptikoÔ pÐnaka ja isoÔtai me

ρ(Tm) =

(
1−√

k′1
1−√

k′1

)2

. (4.3.35)

Shmei¸netai oi parap�nw ekfr�seic gia tic bèltistec paramètrouc all� kai
kat' epèktash gia th fasmatik  aktÐna tou epanalhptikoÔ pÐnaka mporoÔn na
dojoÔn me ekfr�seic pou sqetÐzontai me tic Sunart seic J ta tou Jacobi.

4.4 Parekballìmenec Peplegmènec Mèjo-
doi Enallassìmenwn DieujÔnsewn (E-

xtrapolated(E)ADI)

4.4.1 Eisagwg 
Sthn par�grafo aut  ja parousi�soume tic Parekballìmenec (Extrapolated)
Mejìdouc Peplegmènwn Enallassìmenwn DieujÔnsewn   alli¸c, suntomo-
grafik�, EADI. Oi mèjodoi autèc eis qjhsan sqedìn tautìqrona kai anex�rth-
ta apì touc Guittet [27] kai Hadjidimos [28] to 1967. Oi EADI mèjodoi
apoteloÔn èna sunduasmì twn ADI mejìdwn pou parousi�same sthn prohgoÔ-
menh par�grafo kai thc teqnik c thc parekbol c (extrapolation). H basik 
idèa xekÐnhse apì to sq ma twn Douglas-Rachford gia thn epÐlush thc exÐsw-
shc Poisson me Dirichlet sunoriakèc sunj kec genikeumèno stic p−diast�seic
orismènhc ston p−di�stato uperkÔbo me to Ðdio b ma diakritopoÐhshc se k�je
dieÔjunsh kai me mia mikr  epiplèon tropopoÐhsh

(I + rA1)u
(m+ 1

q
) = (I + r(A1 − A))u(m) + rb

(I + rAi)u
(m+ i+1

q
) = rAiu

(m) + u(m+ i
q
), i = 1, 2, . . . , q − 1. (4.4.1)

Ja prèpei na tonÐsoume ed¸ ìti sto sq ma (4.4.1) h par�metroc epit�qunshc r
antistoiqeÐ sto 1

r
tou arqikoÔ sq matoc twn Douglas-Rachford. O epanalhp-
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tikìc pÐnakac tou sq matoc autoÔ èqei th morf 

TDR = I − (1)rA

q∏
i=1

(I + rAi)
−1. (4.4.2)

'Ena epÐshc endiafèron sq ma to opoÐo eis gage o Douglas kai to opoÐo
apoteleÐ mÐa parallag  tou sq matoc (4.4.1) parousi�zetai parak�tw

(I + rA1)u
m+ 1

q = (I + r(A1 − 2A))um + 2rb

(I + rAi)u
m+ 1

q = rAiu
m + um+ 1

q , i = 2, 3, . . . , q, (4.4.3)

me epanalhptikì pÐnaka

TDR = I − (2)rA

q∏
i=1

(I + rAi)
−1. (4.4.4)

ParathroÔme ìti ta dÔo aut� sq mata ousiastik� diafèroun sth tim  mÐac
stajer�c ìpou sto pr¸to aut  èqei thn tim  1 en¸ sto deÔtero thn tim  2.
GenikeÔontac thn parap�nw èkfrash gia ton epanalhptikì pÐnaka lamb�noume
thn èkfrash

T = I − ωrA

q∏
i=1

(I + rAi)
−1. (4.4.5)

Me b�sh thn parap�nw èkfrash o Guittet èdwse èna epanalhptikì sq ma pou
apoteleÐ mÐa parallag  tou sq matoc twn Douglas-Rachford (4.1.4) kai tou
sq matoc tou Douglas (4.4.1), sto opoÐo parousi�zetai h deÔterh exÐswsh
apallagmènh apì thn prohgoÔmenh prosèggish. To genikì sq ma tou Guittet
èqei thn parak�tw morf 

(I + rA1)u
(m+ 1

q
) =

(
q∏

i=1

(I + rAi)− ωrA

)
u(m) + ωrb

(I + rAi)u
(m+ i+1

q
) = u(m+ i

q
), i = 1, 2, . . . , q − 1, (4.4.6)

me epanalhptikì pÐnaka

Tω = I − ωrA

q∏
i=1

(I + rAi)
−1, (4.4.7)
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  se mÐa isodÔnamh morf 

Tω = I − ωA

q∏
i=1

(I + rAi)
−1, (4.4.8)

ìpou h par�metroc ω isoÔtai me to ωr thc prohgoÔmenhc èkfrashc (4.4.9). H
parap�nw morf  tou pÐnaka den ekfr�zei tÐpota �llo apì ton epanalhptikì
pÐnaka thc Extrapolation ADI mejìdou me to basikì epanalhptikì pÐnaka na
dÐnetai apì thn èkfrash

T = A

q∏
i=1

(I + rAi)
−1. (4.4.9)

OrÐzoume wc σ(Ai) to f�sma idiotim¸n λi twn pin�kwn Ai, i = 1, . . . , q, kai
α ≤ λi ≤ β, i = 1, . . . , q, na antistoiqoÔn stic idiotimèc twn pin�kwn Ai.
'Eqontac upìyh ìti A =

∑q
i=1 Ai, en¸ oi pÐnakec Ai antimetatÐjentai, mporoÔme

na jewr soume to Ðdio sÔsthma idiodianusm�twn gia ìlouc touc emplekìmenouc
pÐnakec me tic idiotimèc tou pÐnaka Tω na dÐnontai apì thn èkfrash

λ(Tω) = 1− ω

∑q
i=1 λi∏q

i=1(1 + rλi)
. (4.4.10)

4.4.2 EÔresh Bèltistwn Paramètrwn
H basik  idèa sthn opoÐa sthrÐzetai h diadikasÐa pou ja akolouj soume gia
thn eÔresh twn bèltistwn paramètrwn ja eÐnai parìmoia me aut n pou akolou-
j same kai prohgoumènwc. Gia to skopì autì jewroÔme th diakrit  sun�rthsh

fi(λ1, λ2, . . . , λq) =

∑q
i=1 λi∏q

i=1(1 + rλi)
, (4.4.11)

ìpou λi, i = 1, 2, . . . , q, eÐnai oi idiotimèc twn pin�kwn Ai, i = 1, 2, . . . , q.
Oi pÐnakec autoÐ eÐnai summetrikoÐ kai jetik� orismènoi ki ètsi oi idiotimèc
λi, i = 1, 2, . . . , q, eÐnai pragmatikoÐ jetikoÐ arijmoÐ. OrÐzoume to suneqèc
an�logo thc sun�rthshc (4.4.11) me thn

f := f(x1, x2, . . . , xq) =

∑q
i=1 xi∏q

i=1(1 + rxi)
, (4.4.12)
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ìpou xi ∈ [α, β], i = 1, 2, . . . , q. 'Eqoume ìti

inf
xi ∈ [α, β]

i = 1, 2, . . . , q

(1− ωf) ≤ (1− ωfi) ≤ sup
xi ∈ [α, β]

i = 1, 2, . . . , q

(1− ωf) (4.4.13)

ki epomènwc lamb�noume th sqèsh

ρ(T ) ≤ sup
xi ∈ [α, β]

i = 1, 2, . . . , q

|1− ωf | (4.4.14)

UpologÐzontac th merik  par�gwgo thc sun�rthshc f wc proc th metablht 
xi èqoume ìti o arijmht c tou lìgou

1

f

∂f

∂xi

=
1−∑q

j=1,j 6=i xj

(1 + rxi)
∑q

i=1 xi

(4.4.15)

eÐnai anex�rthtoc apì th metablht  xi wc proc thn opoÐa paragwgÐsame thn
f. To apotèlesma autì èqei wc sunèpeia ìti ta akrìtata thc f lamb�nontai
sta �kra tou diast matoc orismoÔ [a β], afoÔ h f eÐnai monìtonh wc proc
xi, i = 1, 2, . . . , q. Epomènwc ta akrìtata thc sun�rthshc f ja dÐnontai apì
th diakrit  sun�rthsh

g(p) =
pαr + (q − p)βr

(1 + αr)p(1 + βr)q−p
, p ∈ {0, 1, 2, . . . , q}. (4.4.16)

Sunep¸c h mègisth kai h el�qisth tim  thc sun�rthshc f tautÐzontai me th
mègisth kai thn el�qisth tim  thc sun�rthshc g. 'Eqoume loipìn tic sqèseic

sup
xi ∈ [α, β]

i = 1, 2, . . . , q

f = sup
xi ∈ {α, β}

i = 1, 2, . . . , q

f = sup
p∈{0,1,...,q}

g(p) = G (4.4.17)

inf
xi ∈ [α, β]

i = 1, 2, . . . , q

f = inf
xi ∈ {α, β}

i = 1, 2, . . . , q

f = inf
p∈{0,1,...,q}

g(p) = g, (4.4.18)

ìpou G kai g antistoiqoÔn sth mègisth kai sthn el�qisth tim  thc g(p) kai
kat' epèktash thc f. Me qr sh basik¸n stoiqeÐwn ApeirostikoÔ LogismoÔ
mporoÔme na apodeÐxoume ìti h sun�rthsh g(p) lamb�nei thn el�qisth tim  ìtan
p = q   ìtan p = 0. EpÐshc apì thn jewrÐa thc extrapolation teqnik c h tim 
gia to ω pou elaqistopoieÐ thn èkfrash thc fasmatik c aktÐnac lamb�netai
apì thn èkfrash

ω∗ =
2

g + G
, (4.4.19)
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kai gia th fasmatik  aktÐna èqoume ìti isqÔei h anisìthta

ρ(T ) ≤ {|1− ωg| , |1− ωG|}. (4.4.20)

Basik  mac epidÐwxh eÐnai na brejoÔn oi emplekìmenec par�metroi ¸ste na
elaqistopoihjeÐ h èkfrash sto dexiì mèloc thc anisìthtac (4.4.20). Antika-
jist¸ntac loipìn to ω = ω∗ sth (4.4.20) èqoume th sqèsh

ρ(T ) ≤ 1− g
G

1 + g
G

. (4.4.21)

Gia thn elaqistopoÐhsh aut c thc posìthtac ja prèpei na megistopoi soume
to lìgo g

G
wc proc r. Met� apì k�poiec, ìqi kai tìso aplèc, pr�xeic brÐskoume

ìti to bèltisto r = r∗ èqei thn tim 

r∗ =
β

1
q − α

1
q

α
1
q β − αβ

1
q

. (4.4.22)

H bèltisth tim  gia to ω eÐnai tìte

ω∗ =
2(1− ν)q

ν
q−p−1

q (qν
p
q + pν + q − p)(1− ν

q−1
q )q−1(1− ν

1
q )

, (4.4.23)

en¸ h bèltisth fasmatik  aktÐna èqei thn tim 

ρ∗ =

1−
(

qν
p
q

pν
+ q − p

)

1−
(

qν
p
q

pν
+ q − p

) . (4.4.24)

Shmei¸netai ìti se k�je mÐa apì tic parap�nw sqèseic èqei tejeÐ ν = α
β
.

Met� apì thn ergasÐa tou Guittet, h opoÐa anafèretai se statikì monopa-
rametrikì (miac paramètrou epit�qunshc) epanalhptikì sq ma, dhmosieÔthkan
mia seir� apì ergasÐec stic opoÐec brèjhkan bèltistec timèc gia tic paramètrouc
epit�qunshc stic peript¸seic twn diparametrik¸n sqhm�twn, basismènwn sto
EADI sq ma tou Guittet, stic peript¸seic problhm�twn montèlwn me diakri-
topoÐhsh peperasmènwn diafor¸n se plègma twn 5−shmeÐwn. Se epìmenec
paragr�fouc ja parousi�soume thn eÔresh twn bèltistwn paramètrwn sth
genikìterh perÐptwsh twn 9− shmeÐwn gia thn perÐptwsh enìc monoparametri-
koÔ sq matoc basismènou sto sq ma tou Guittet all� kai enìc diparametrikoÔ
an�logou sq matoc.
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Kef�laio 5

Prorrujmismènh Mèjodoc
Suzug¸n KlÐsewn(PCG)

5.1 Mèjodoc Suzug¸n KlÐsewn
Sthn perÐptwsh kat� thn opoÐa o pÐnakac pou prokÔptei apì th diakritopoÐhsh
tou arqikoÔ probl matoc eÐnai Ermitianìc kai jetik� orismènoc tìte h epanalh-
ptik  mèjodoc pou qrhsimopoieÐtai sun jwc gia thn epÐlush tou sust matoc
Ax = b eÐnai h mèjodoc twn Suzug¸n KlÐsewn gnwst  wc Conjugate Gradient
(CG). H mèjodoc aut  an kei sthn kathgorÐa twn mejìdwn elaqistopoÐhshc
kai apoteleÐ beltÐwsh thc Apl c Epanalhptik c Mejìdou, dhlad  twn gnw-
st¸n mac mejìdwn, ìpwc h mèjodoc Jacobi, h mèjodoc Gauss-Seidel (GS) kai
h SOR, kaj¸c kai genÐkeush thc mejìdou thc Apìtomhc Kajìdou (bl. [26]).

GenikeÔontac loipìn th mèjodo thc Apìtomhc Kajìdou, qrhsimopoioÔme
mÐa nèa akoloujÐa diadoqik¸n proseggÐsewn thc lÔshc

xk+1 = xk + αkpk, (5.1.1)

ìpou ta dianÔsmata pk eÐnai, katarq�c, genik� tuqaÐec dieujÔnseic. To sf�lma,
sthn perÐptwsh aut , dÐnetai apì th sqèsh

ek+1 = ek − αkpk.

O suntelest c αk epilègetai ètsi ¸ste to ek+1 na eÐnai A−orjog¸nio sto pk.
Sthn perÐptwsh ìpou to sÔsthma eÐnai Ermitianì kai jetik� orismèno, tìte

autì pou k�noume eÐnai h apaloif  thc A−probol c tou sf�lmatoc se mÐa
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dieÔjunsh A−orjog¸nia sthn prohgoÔmenh. Dhlad , sth dieÔjunsh

pk = rk − (rk, Apk−1)

(pk−1, Apk−1)
pk−1.

S' aut n thn perÐptwsh, èqoume ìti

(ek+1, Apk) = (ek+1, Apk−1) = 0,

kai �ra h “A−nìrma” tou sf�lmatoc elaqistopoieÐtai sto q¸ro

ek + span{rk, pk−1}.

H mèjodoc, pou efarmìzei ta ektejènta, kaleÐtai Mèjodoc “Suzug¸n KlÐsewn”
(Conjugate Gradient (CG) ) kai h ulopoÐhs  thc parousi�zetai sthn Green-
baum (bl. [26]).

Je¸rhma 5.1.1. : 'Estw ìti o A eÐnai Ermitianìc kai jetik� orismènoc. H
mèjodoc thc CG par�gei thn akrib  lÔsh tou arqikoÔ sust matoc se n, to
polÔ, epanal yeic. To sf�lma, to upìloipo kai ta dianÔsmata�dieÔjunshc,
pou prokÔptoun kat� thn efarmog  thc mejìdou, eÐnai kal� orismèna kai
ikanopoioÔn tic sqèseic:

(ek+1, Apj) = (pk+1, Apj) = (rk+1, rj) = 0 ∀j ≤ k ≤ n− 1.

EpÐshc, apì ìla ta dianÔsmata pou an koun sto q¸ro

e0 + span{Ae0, . . . , A
k+1e0},

to ek+1 èqei thn el�qisth A−nìrma.

Gia to sf�lma thc mejìdou twn Suzug¸n KlÐsewn parajètoume to para-
k�tw je¸rhma

Je¸rhma 5.1.2. : 'Estw ìti ek eÐnai to sf�lma sthn k epan�lhyh thc
mejìdou CG efarmosmènhc se Ermitianì kai jetik� orismèno sÔsthma. Tìte

‖ek‖A

‖e0‖A

≤ 2

[(√
κ− 1√
κ + 1

)k

+

(√
κ + 1√
κ− 1

)k
]−1

≤ 2

(√
κ− 1√
κ + 1

)k

, (5.1.2)

ìpou κ = λmax

λmin
eÐnai o deÐkthc kat�stashc tou pÐnaka A.
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E�n, epiplèon, gnwrÐzoume ìti, p.q., h mègisth idiotim  eÐnai “makri�” apì
tic upìloipec, kai pio sugkekrimèna

λ1 ≤ . . . ≤ λn−1 ¿ λn,

tìte, sthn perÐptwsh aut  isqÔei to parak�tw je¸rhma gia to sf�lma
Je¸rhma 5.1.3. : 'Estw ìti ek eÐnai to sf�lma sthn k epan�lhyh thc
mejìdou CG efarmosmènhc se Ermitianì kai jetik� orismèno sÔsthma. E�n,
epiplèon, oi idiotimèc tou pÐnaka A eÐnai diatetagmènec

λ1 ≤ . . . ≤ λn−l ¿ λn−l+1 ≤ . . . ≤ λn,

dhlad , oi n− l pr¸tec apèqoun arket� apì tic upìloipec, tìte

‖ek‖A

‖e0‖A

≤ 2

(√
κn−l − 1√
κn−l + 1

)k−l

, κn−l =
λn−l

λ1

.

Parat rhsh 5.1.1. : Apì th sqèsh 5.1.2 parathroÔme ìti to h A−nìrma tou
sf�lmatoc thc mejìdou twn Suzug¸n KlÐsewn fr�ssete apì ènan ìro pou
eÐnai aÔxousa sun�rthsh tou deÐkth kat�stashc. Epomènwc, gia na elaqisto-
poi soume to fr�gma autì ja prèpei kat� k�poion trìpo, na elaqistopoi -
soume to deÐkth kat�stashc tou pÐnaka-suntelest  tou sust matìc mac. Gn-
wrÐzoume, bèbaia, ìti sthn perÐptwsh ìpou o pÐnakac A eÐnai Ermitianìc kai
jetik� orismènoc o deÐkthc kat�stashc dÐnetai apì thn èkfrash κ = λmax

λmin
.

'Etsi ja prèpei na elaqistopoi soume to lìgo thc mègisthc proc thn el�qisth
idiotim  tou pÐnaka�suntelest  tou sust matoc. 'Opwc diapist¸noume ki apì
ta fr�gmata pou brèjhkan ja prèpei na prospajoÔme na periorÐzoume to eÔroc
thc diaspor�c twn idiotim¸n ètsi ¸ste oi perissìterec ex aut¸n na sugken-
tr¸nontai se èna di�sthma kai mìno. Oi upìloipec, el�qistec se pl joc,
idiotimèc ja prèpei na brÐskontai ektìc tou proanaferjèntoc diast matoc kai
tìte de ja ephre�zoun sobar� thn taqÔthta sÔgklishc thc mejìdou.

H kalÔterh teqnik  gia thn pragmatopoÐhsh twn ìswn epishm�njhkan sthn
parap�nw parat rhsh eÐnai h qr sh enìc prorrujmist  (preconditioner) gia
thn mèjodo twn Suzug¸n KlÐsewn.

5.2 Prorrujmismènh Mèjodoc Suzug¸n
KlÐsewn (PCG)

H qr sh prorrujmist  gia tic di�forec epanalhptikèc mejìdouc mporeÐ k�poioc
na pei ìti eÐnai to �lfa kai to wmèga gia th beltÐwsh thc taqÔthtac sÔgklishc
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twn mejìdwn aut¸n. H an�gkh gia th qr sh tou prorrujmist  proèrqetai,
ìpwc eÐdame kai sthn prohgoÔmenh par�grafo, apì to gegonìc ìti h taqÔthta
sÔgklishc thc epanalhptik c mejìdou, kai eidikìtera thc mejìdou Suzug¸n
KlÐsewn (CG), exart�tai apì tic idiìthtec tou f�smatoc twn idiotim¸n kai kat'
epèktash apì th fasmatik  aktÐna efìson anaferìmaste sthn asumptwtik 
sumperifor� twn mejìdwn. Ja  tan, loipìn, epijumhtì na jewroÔsame èna
metasqhmatismì tou arqikoÔ sust matoc,

Ax = b, A ∈ Cn×n, b ∈ Cn (5.2.1)

se èna isodÔnamì tou se ì,ti afor� th lÔsh all� me kalÔterec idiìthtec tou
f�smatoc tou nèou pÐnaka suntelest¸n. To metasqhmatismèno sÔsthma ja
èqei th morf 

M−1Ax = M−1b, A, M ∈ Cn×n, b ∈ Cn. (5.2.2)

H epilog  enìc prorrujmist  basÐzetai sthn idèa ìti o pÐnakac M ja apoteleÐ
mÐa prosèggish tou arqikoÔ pÐnaka A. H epilog  tou M wc ton pÐnaka A den
eÐnai sÐgoura h kalÔterh epilog  afoÔ h eÔresh tou M−1 ja stoÐqize apì thn
�poyh tou kìstouc se pr�xeic an� epan�lhyh, perissìtero apì ì,ti h epÐlush
tou arqikoÔ sust matoc me, p.q., Apaloif  Gauss. Lìgw tou auxhmènou
kìstouc thc eÔreshc tou M−1 odhgoÔmaste loipìn sthn epilog  tou pÐnaka M
ètsi ¸ste autìc na eÐnai antistrèyimoc me ton ex c periorismì. 'Ena sÔsthma
thc morf c

Mx = c (5.2.3)

na lÔnetai me polÔ mikrìtero kìstoc se sqèsh me autì pou èqei èna sÔsthma
me pÐnaka suntelest¸n A.

Sthn perÐptwsh ìpou o arqikìc pÐnakac eÐnai Ermitianìc kai jetik� oris-
mènoc, o prorrujmist c pou sun jwc qrhsimopoioÔme parousi�zei tic Ðdiec me
autèc pou proanafèrjhkan idiìthtec. Epiplèon stic peript¸seic twn mejìdwn,
ìpwc h CG, qrhsimopoioÔme, wc epÐ to pleÐston kai “dexiì” kai “aristerì”
prorrujmist , opìte to prorrujmismèno sÔsthma èqei thn morf 

M1AM−1
2 y = M−1

1 b, y = M2x, A,M1, M2 ∈ Cn×n, b ∈ Cn. (5.2.4)

Sthn perÐptwsh ìpou o pÐnak�c mac eÐnai Ermitianìc, tìte o prorrujmist c
pÐnakac M mporeÐ na orjokanonikopoihjeÐ me apotèlesma na ikanopoieÐtai h
sqèsh M−1 = MH . Epomènwc kai o prorrujmismènoc pÐnakac MH

1 AMH
2 eÐnai
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me th seir� tou Ermitianìc kai jetik� orismènoc. Sthn epanalhptik  diadikasÐ-
a me th mèjodo twn Suzug¸n KlÐsewn (CG) to epiplèon ousiastik� kìstoc
eÐnai h epÐlush enìc sust matoc me pÐnaka suntelest¸n agn¸stwn ton pror-
rujmist  pÐnaka M. Ed¸ prèpei na tonisteÐ ìti, apì pr¸thc ìyewc, to gegonìc
ìti èna sÔsthma Mx = c ja lÔnetai se k�je epan�lhyh dÐnei epiplèon kìs-
toc gia thn epanalhptik  mèjodo. Sthn pragmatikìthta autì den isqÔei giatÐ
de qrei�zetai se k�je epan�lhyh na paragontopoioÔme ton pÐnaka M , afoÔ
paramènei o Ðdioc se k�je epanalhptikì b ma. 'Etsi h paragontopoÐhsh gÐne-
tai mìno sthn arq  ki autì pou epanalamb�netai an� b ma eÐnai oi proc ta
pÐsw antikatast�seic me diaforetik� dexi� mèlh k�je for�. Oi pr�xeic autèc
den èqoun polÔ kìstoc kai ta ofèlh pou èqoume ousiastik� elaqistopoioÔn
to epiplèon kìstoc. Sth sunèqeia ja d¸soume mÐa seir� apì basikoÔc pror-
rujmistèc gia th mèjodo Suzug¸n KlÐsewn.

5.2.1 Prorrujmist c Jacobi

EÐnai o aploÔsteroc ìlwn ton prorrujmist¸n afoÔ epilègoume to M na eÐ-
nai o diag¸nioc pÐnakac me stoiqeÐa ta diag¸nia stoiqeÐa tou pÐnaka A. Sth-
n perÐptwsh ìpou o pÐnakac A eÐnai Ermitianìc kai jetik� orismènoc mpo-
roÔme na paragontopoi soume twn diag¸nio pÐnaka tou prorrujmist  Jaco-

bi se M = M
1
2 M

1
2 , me ton pÐnaka M

1
2 , na eÐnai h kaloÔmenh “tetragwnik 

rÐza” tou pÐnaka M. M' autìn ton trìpo mporoÔme sth mèjodo twn Suzug¸n
KlÐsewn (CG) na qrhsimopoi soume dexiì kai aristerì prorrujmist . To
kìstoc me th qr sh tou prorrujmist  aux�netai el�qista all� kai ta ofèlh
apì thn qrhsimopoÐhsh autoÔ tou prorrujmist , an up�rqoun, eÐnai epÐshc
el�qistec. Belti¸nontac ton parap�nw prorrujmist  eis�goume th morf  tou
“mplok” (block) prorrujmist  Jacobi. H basik  idèa eÐnai h di�spash tou
pÐnaka A se “mplok” upopÐnakec. EÐnai profanèc, loipìn, ìti h di�spash aut 
den eÐnai monadik . Ta basik� krit ria pou kajorÐzoun th di�spash aut 
eÐnai h fÔsh tou probl matoc, ìpwc se probl mata Merik¸n Diaforik¸n
Exis¸sewn, ìpou h fÔsh twn problhm�twn problèpei èna sugkekrimèno di-
aqwrismì kat� grammèc, sthn perÐptwsh twn didi�statwn (2D) kai se epÐpeda
sthn perÐptwsh twn tridi�statwn (3D) problhm�twn. EpÐshc, h mèjodoc al-
l� kai h teqnik  (par�llhlh epexergasÐa), pou epilègoume gia thn epÐlush
tou probl matoc, pollèc forèc mac epib�lloun èna sugkekrimèno diaqwrismì.
Tèloc, sthn perÐptwsh twn mejìdwn, ìpwc h CG, ja prèpei h epilog  tou
prorrujmist  na eÐnai tètoia ¸ste to isodÔnamo prorrujmismèno sÔsthma na
exakoloujeÐ na èqei pÐnaka suntelest¸n Ermitianì kai jetik� orismèno, ¸ste
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na mporeÐ na efarmosteÐ h mèjodoc CG kai sto prorrujmismèno sÔsthma. O
“mplok” Jacobi prorrujmist c èqei ki autìc mikrì kìstoc kai en gènei dÐnei
kalÔtera apotelèsmata se sqèsh me ton aplì prorrujmist  Jacobi.

5.2.2 Prorrujmist c SSOR

'Enac �lloc prorrujmist c pou lìgw thc dom c tou qrhsimopoieÐtai eurÔtata
eÐnai o SSOR Prorrujmist c. O prorrujmist c autìc proèrqetai apì ton
arqikì pÐnaka A mèsw tou diaqwrismoÔ A = D − L − LT . O prorrujmist c
pÐnakac pou prokÔptei apì th di�spash aut  eÐnai

M = (D − L)D−1(D − L)T , (5.2.5)

  sth morf 

M(ω) =
1

2− ω

(
1

ω
D − L

)(
1

ω
D

)−1 (
1

ω
D − L

)T

. (5.2.6)

Bèbaia, èdw ja prèpei na tonÐsoume ìti par� to gegonìc ìti o prorrujmist c
gia th qrhsimopoihjhsìmenh bèltisth tim  tou ω (ωopt) mporeÐ jewrhtik� na
d¸sei polÔ kal� apotelèsmata κ(M−1

ωopt
A) = O(

√
κ(A)). 'Omwc to kìstoc gia

thn eÔresh tou ωopt eÐnai apagoreutikì sth qr sh enìc tètoiou prorrujmist ,
gi' autì kai qrhsimopoieÐtai h tim  ω = 1.

5.2.3 Prorrujmistèc AteloÔc ParagontopoÐhshc
MÐa apì tic pio gnwstèc all� kai eureÐac qr shc kathgorÐec prorrujmist¸n
eÐnai aut  pou basÐzetai sthn idèa thc teqnik c thc AteloÔc ParagontopoÐh-
shc (Incomplete Factorization) tou pÐnaka A. H teqnik  aut  èqei san basik 
idèa thn prosp�jeia na brejeÐ mia kal  prosèggish gia touc par�gontec L
kai U sthn LU paragontopoÐhsh tou pÐnaka A (= LU). Autì pou prospa-
joÔme na epitÔqoume eÐnai kat� thn apaloif  tou Gauss ston pÐnaka A, na
qrhsimopoioÔntai mh mhdenik� stoiqeÐa stouc proseggistikoÔc par�gontec L
kai U mìno stic jèseic ìpou o pÐnakac A èqei mh mhdenik� stoiqeÐa. Aut  h
kathgorÐa thc Incomplete Factorization teqnik c qarakthrÐzetai wc ILU(0)
kai eÐnai h pio diadedomènh. Se �llec peript¸seic eÐnai dunatìn na epitrèpon-
tai kai �lla mh mhdenik� stoiqeÐa stouc proseggistikoÔc paragontec. Gia
par�deigma se èna   dÔo stoiqeÐa summetrik� stic uper- kai upo-diagwnÐouc
se sqèsh me ta mh mhdenik� stoiqeÐa tou arqikoÔ pÐnaka, opìte tic mejìdouc
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autèc tic qarakthrÐzoume wc ILU(1) kai ILU(2), antÐstoiqa. Me thn teqnik 
aut  par�goume mÐa prosèggish twn pin�kwn L kai U thc klasik c apaloif c
Gauss. Sthn perÐptwsh ìpou o pÐnakac A eÐnai Ermitianìc kai jetik� oris-
mènoc tìte antÐ gia thn ILU qrhsimopoioÔme Incomplete Cholesky (IC), mÐa
teqnik  pou brÐskei mia prosèggish gia ton pÐnaka L kai kat� sunèpeia kai tou
ginomènou LLT thc paragontopoÐhshc Cholesky. H diadikasÐa me thn opoÐa
mporoÔme na epilÔsoume to sÔsthma Mx = c, pou emfanÐzetai ston algìri-
jmo thc CG, mporeÐ na eÐnai h klasik  me proc ta mproc kai proc ta pÐsw
antikatast�seic me pÐnakec suntelest¸n touc L kai LT , antÐstoiqa. EpÐshc
mÐa �llh je¸rhsh tou pÐnaka M se M = (D − L)D−1(D − LT ) ja èdine to
ex c sÔsthma isodÔnamwn susthm�twn

(D − L)z = c, (D − LT )x = Dz. (5.2.7)

Kai ta dÔo aut� sust mata eÐnai eÔkolo na lujoÔn me th diadikasÐa thc proc
ta mproc kai proc ta pÐsw antikatast�shc, antÐstoiqa. Perissìtera se ì,ti
afor� thn Ôparxh all� kai thn teqnik  thc ILU-IC paragontopoÐhshc up�r-
qoun se di�fora biblÐa anafor�c, ìpwc, p.q., sto biblÐo thc Greenbaum [26]
all� kai stic ergasÐec twn Meijerink kai van der Vorst [43].
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Kef�laio 6

Bèltistoi EADI
Prorrujmistèc Mejìdou
Suzug¸n KlÐsewn

6.1 Bèltistoi MonoparametrikoÐ EADI Pror-
rujmistèc

6.1.1 Eisagwg 
Sto prohgoÔmeno kef�laio melet same th mèjodo Suzug¸n KlÐsewn kai mi-
a seir� apì touc klasikoÔc prorrujmistèc thc mejìdou aut c. Sto parìn
kef�laio ja parousi�soume mÐa nèa kathgorÐa prorrujmist¸n thc mejìdou
Suzug¸n KlÐsewn (CG).

Sth di�rkeia twn teleutaÐwn qrìnwn mia seir� apì ergasÐec èrqontai na
epanafèroun tic ADI mejìdouc aut  thn for� wc prorrujmistèc twn mejìd-
wn tÔpou CG all� kai wc “omalopoihtèc” twn multigrid mejìdwn (bl., [50],
[23], [51], [31], [52], [61], [62], [54], [32], [9], [10], [11], k.t.l.). Oi parap�-
nw anaforèc st�jhkan h afethrÐa thc prosp�jei�c mac efarmog c twn EA-
DI mejìdwn wc prorrujmist¸n gia tic mejìdouc tÔpou Suzug¸n KlÐsewn.
Arqik�, ja deÐxoume ìti, se ì,ti afor� to prìblhma montèlo thc exÐswshc
Poisson me Dirichlet sunoriakèc sunj kec sto monadiaÐo tetr�gwno me omoiì-
morfh diakritopoÐhsh tou telest  me peperasmènec diaforèc 5−shmeÐwn kai
Ðdio b ma diakritopoÐhshc, èqoume ìti to prorrujmismèno sÔsthma, me pror-
rujmist  autìn tou bèltistou EADI sq matoc. To teleutaÐo sÔsthma èqei
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aisjht� mikrìtero deÐkth kat�stashc se sqèsh me autìn antÐstoiqwn susth-
m�twn me klasikoÔc prorrujmistèc, ìpwc ton aplì Jacobi kai ton “mplok”
Jacobi. EpÐshc ja prèpei na tonÐsoume ìti o deÐkthc kat�stashc me bèltisto
EADI prorrujmist  eÐnai kalÔteroc kai apì ton SSOR prorrujmist . Sth
sunèqeia, gia thn eÔresh tou EADI prorrujmist  sthn perÐptwsh thc di-
akritopoi shc 9−shmeÐwn, qrei�sthke na brejoÔn oi bèltistec paramètroi kai
epomènwc to antÐstoiqo bèltisto EADI sq ma.

6.1.2 SÔgkrish Deikt¸n Kat�stashc CG kai PCG
Mejìdwn

ArqÐzoume me th sÔgkrish twn deikt¸n kat�stashc thc mejìdou CG me touc
klasikoÔc prorrujmistèc Jacobi, “mplok” Jacobi kai SSOR all� kai me thn
CG mèjodo, ìpou qrhsimopoioÔme to “bèltisto” EADI prorrujmist .

Gia to skopì autì jewroÔme thn exÐswsh Poisson stic dÔo diast�seic me
Dirichlet sunoriakèc sunj kec sto monadiaÐo tetr�gwno me tetr�gwno plègma
b matoc h = 1

n+1
. DiakritopoioÔme to suneq  telest  me to diakritì sq ma

twn 5−shmeÐwn se k�je eswterikì kìmbo tou plègmatoc kai katal goume se
èna n2 × n2 pragmatikì summetrikì kai jetik� orismèno sÔsthma

Ax = c. (6.1.1)

Sthn (6.1.1) o pÐnakac A èqei th morf 

A = In ⊗ T + T ⊗ In, (6.1.2)

ìpou ⊗ sumbolÐzei to tanustikì ginìmeno dÔo pin�kwn (bl. Halmos [36]), T =
tridiag(−1, 2,−1) ∈ Rn×n, kai In eÐnai o monadiaÐoc pÐnakac t�xhc n. Sthn
perÐptwsh aut  kai lìgw thc idiìthtac tou pÐnaka A na eÐnai summetrikìc kai
jetik� orismènoc h kat�llhlh mèjodoc gia thn epÐlush tou sust matoc (6.1.1)
eÐnai h mèjodoc Suzug¸n KlÐsewn (CG).

EÐnai gnwstì apì prohgoÔmeno kef�laio ìti h A−nìrma tou sf�lmatoc
sthn k−epan�lhyh se sqèsh me thn A−nìrma tou arqikoÔ sf�lmatoc ikano-
poioÔn th sqèsh ∥∥e(k)

∥∥
A
≤ 1

Tk

(
κ(A)+1
κ(A)−1

) ∥∥e(0)
∥∥

A
, (6.1.3)

ìpou Tk(·) eÐnai to polu¸numo tou Chebyshev bajmoÔ k kai κ(A) sumbolÐzei
to deÐkth kat�stashc tou pÐnaka A, pou antistoiqeÐ sth fasmatik  nìrma.
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Antikajist¸ntac thn èkfrash gia to polu¸numo Chebyshev lamb�noume th
sqèsh

‖ek‖A

‖e0‖A

≤ 2

[(√
κ− 1√
κ + 1

)k

+

(√
κ + 1√
κ− 1

)k
]−1

≤ 2

(√
κ− 1√
κ + 1

)k

. (6.1.4)

Sto prohgoÔmeno kef�laio eÐdame ta jewr mata sta opoÐa anafèrontai oi
parap�nw sqèseic en¸ oi antÐstoiqec apodeÐxeic brÐskontai sto biblÐo anafor�c
thc Greenbaum [26]. AfoÔ o A eÐnai pragmatikìc summetrikìc kai jetik� oris-
mènoc tìte o deÐkthc kat�stashc dÐnetai apì th sqèsh

κ(A) =
λmax(A)

λmin(A)
, (6.1.5)

ìpou λmax kai λmin eÐnai h mègisth kai h el�qisth idiotim  tou pÐnaka A. Sthn
perÐptwsh tou probl matoc montèlou pou emeÐc exet�zoume oi idiotimèc tou
pÐnaka A dÐnontai apì thc ekfr�seic

λi = 4 sin2

(
iπ

2(n + 1)

)
+ 4 sin2

(
jπ

2(n + 1)

)
, i, j = 1, 2, . . . , n. (6.1.6)

'Etsi, h mègisth kai h el�qisth idiotimèc dÐnontai apì tic ekfr�seic λmax =

8 cos2
(

π
2(n+1)

)
kai λmin = 8 sin2

(
π

2(n+1)

)
. Epomènwc, apì thn (6.1.5), èqoume

ìti

κ(A) =
8 cos2

(
π

2(n+1)

)

8 sin2
(

π
2(n+1)

) = cot2

(
π

2(n + 1)

)
. (6.1.7)

Gia na belti¸soume thn taqÔthta sÔgklishc thc mejìdou twn Suzug¸n
KlÐsewn, gia to diakritì prìblhma thc exÐswshc Poisson me Dirichlet sunori-
akèc sunj kec, k�noume qr sh prorrujmist  pÐnaka sto arqikì sÔsthma. O
prorrujmist c pÐnakac pou ja qrhsimopoi soume ja prèpei na eÐnai ki autìc
pragmatikìc summetrikìc kai jetik� orismènoc. 'Etsi jewroÔme pÐnaka M ,
pragmatikì summetrikì kai jetik� orismèno, gegonìc pou mac epitrèpei na
orÐsoume th (jetik ) tetragwnik  tou rÐza M

1
2 , pou ja èqei akrib¸c tic Ðdiec

idiìthtec me ton M. O pÐnakac M
1
2 qrhsimopoieÐtai wc dexiìc kai aristerìc

prorrujmist c gia to arqikì sÔsthma to opoÐo ja p�rei telik� thn isodÔnamh
morf 

Ãx̃ = b̃, (6.1.8)
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ìpou Ã = M− 1
2 AM− 1

2 , x̃ = M
1
2 x kai b̃ = M− 1

2 b. O pÐnakac Ã eÐnai profan¸c
pragmatikìc summetrikìc kai jetik� orismènoc, epomènwc mporoÔme sto nèo
sÔsthma na efarmìsoume th mèjodo Suzug¸n KlÐsewn. H mình diafor� ston
algìrijmì thc, se sqèsh me autìn thc apl c CG tou arqikoÔ sust matoc, ja
ègkeitai sthn epÐlush enìc epiplèon grammikoÔ sust matoc me pÐnaka sunte-
lest¸n ton pÐnaka M. H poluplokìthta thc epÐlushc enìc tètoiou sust matoc
eÐnai aisjht� mikrìterh apì aut n tou arqikoÔ.

ParathroÔme t¸ra ìti oi pÐnakec M− 1
2 AM− 1

2 kai M−1A eÐnai ìmoioi kai
epomènwc èqoun to Ðdio f�sma idiotim¸n. 'Etsi o nèoc deÐkthc kat�stashc tou
prorrujmismènou sust matoc èqei th morf 

κ(Ã) =
λmax(M

−1A)

λmin(M−1A)
. (6.1.9)

Apì th sqèsh (6.1.9) parathroÔme ìti gia na mporèsoume na exet�soume thn
taqÔthta sÔgklishc tou prorrujmismènou sust matoc eÐnai an�gkh na up-
ologÐsoume th mègisth kai thn el�qisth idiotim  tou pÐnaka M−1A. Genik�,
autì to prìblhma den eÐnai eÔkolo stic perissìterec peript¸seic, ki autì èqei
wc apotèlesma na katafeÔgoume sthn eÔresh fragm�twn twn akraÐwn idio-
tim¸n. Sthn perÐptwsh ìmwc tou probl matoc pou melet�me eÐmaste se jèsh
na k�noume autìn ton upologismì.

Sthn perÐptwsh tou shmeiakoÔ prorrujmist  Jacobi mporoÔme me profan 
trìpo na apodeÐxoume ìti

κ(Ã) = κ(A) (6.1.10)
miac kai o pÐnakac M = cI kai epomènwc o deÐkthc kat�stashc paramènei
analloÐwtoc. AntÐjeta, sthn perÐptwsh tou “mplok” prorrujmist  Jacobi
apodeiknÔoume ì,ti akoloujeÐ. JewroÔme wc pÐnaka M , ton pÐnaka M = D,
ìpou D o “mplok” diag¸nioc pÐnakac me stoiqeÐa ta kentrik� “mplokc” tou
pÐnaka A. 'Etsi gia ton pÐnaka M èqoume ìti

M = M1 = In ⊗ tridiag(−1, 4,−1) = In ⊗ (2In + T ). (6.1.11)

Gia thn prorrujmismènh mèjodo Suzug¸n KlÐsewn (CG) me prorrujmist  ton
“mplok” Jacobi (Block Jacobi-CG) pÐnaka ergazìmate wc ex c. Oi idiotimèc
tou M−1

1 A dÐnontai apì tic ekfr�seic

λk,l(M
−1
1 A) =

2 sin2
(

kπ
2(n+1)

)
+ 2 sin2

(
lπ

2(n+1)

)

1 + 2 sin2
(

lπ
2(n+1)

) , k, l = 1, . . . , n. (6.1.12)
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Epomènwc oi akraÐec idiotimèc eÐnai oi

λmax(M
−1
1 A) =

2

1 + 2 sin2
(

π
2(n+1)

) kai λmin(M
−1
1 A) =

4 sin2
(

π
2(n+1)

)

1 + 2 sin2
(

π
2(n+1)

) .

(6.1.13)
Sunep¸c, o deÐkthc kat�stashc tou prorrujmismènou sust matoc èqei thn
parak�tw morf 

κ(Ã) =
λmax(M

−1
1 A)

λmin(M
−1
1 A)

=
1

2 sin2
(

π
2(n+1)

) . (6.1.14)

Parat rhsh 6.1.1. : ParathroÔme ìti asumptwtik�, o deÐkthc kat�stashc thc
Block Jacobi-CG eÐnai o misìc se sqèsh me autìn thc apl c mejìdou CG.

Sthn perÐptwsh ìpou o prorrujmist c pou qrhsimopoioÔme eÐnai o SSOR
prorrujmist c mporeÐ na apodeiqteÐ (bl. Axelsson-Barker [4]) ìti

κ(Ã) =
√

κ(A) = cot

(
π

2(n + 1)

)
. (6.1.15)

Exet�zontac t¸ra kai thn perÐptwsh twn prorrujmist¸n, kai sugkekrimèna
autìn twn Peaceman-Rachford twn bèltistwn ADI mejìdwn, èqoume ìti o
pÐnakac prorrujmist c M èqei th morf 

M = M2 = (rIn⊗In +In⊗T )(rIn⊗In +T ⊗In) = (rIn +T )⊗ (rIn +T ),
(6.1.16)

me r = 2 sin
(

π
n+1

)
(bl. [55], [64]). Oi akraÐec idiotimèc tou M−1

2 A dÐnontai
apì tic ekfr�seic

λmax(M
−1
2 A) =

1

4 sin
(

π
2(n+1)

)
cos

(
π

2(n+1)

)(
sin

(
π

2(n+1)

)
+ cos

(
π

2(n+1)

))2 ,

(6.1.17)
λmin(M

−1
2 A) =

1

2
(
sin

(
π

2(n+1)

)
+ cos

(
π

2(n+1)

))2 . (6.1.18)

'Etsi

κ(Ã) =
λmax(M

−1
2 A)

λmin(M
−1
2 A)

=
1

2 sin
(

π
2(n+1)

)
cos

(
π

2(n+1)

) . (6.1.19)
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Parat rhsh 6.1.2. : ParathroÔme loipìn ìti asumptwtik�, apì ìlouc touc
klasikoÔc prorrujmistèc pou qrhsimopoioÔntai gia th mèjodo Suzug¸n KlÐ-
sewn o ADI prorrujmist c dÐnei deÐkth kat�stashc tou grammikoÔ sust -
matoc kat� mia t�xh mikrìtero apì autìn thc prorrujmismènhc shmeiak c Ja-
cobi, thc prorrujmismènhc “mplok” Jacobi kai bèbaia apì autìn thc mejìdou
Suzug¸n KlÐsewn qwrÐc prorrÔjmish. Akìmh èqei ton misì deÐkth kat�s-
tashc se sqèsh me autìn thc prorrujmismènhc SSOR. Tèloc, mporoÔme na
parathr soume ìti sthn perÐptwsh pou qrhsimopoioÔme thn teqnik  thc parek-
bol c (extrapolation) gia touc prorrujmistèc o deÐkthc kat�stashc paramènei
amet�blhtoc se sqèsh me autìn qwrÐc parekbol .

6.1.3 Bèltistoi MonoparametrikoÐ EADI Prorru-
jmistèc

ArqÐzoume me thn exÐswsh Poisson se orjog¸nio qwrÐo

Ω :=
{
(x, y) ∈ R2|0 < x < c, 0 < y < d

}

−a(x, y)uxx(x, y)− b(x, y)uyy(x, y) = f(x, y), f ∈ C2 (6.1.20)

me Dirichlet sunoriakèc sunj kec sto sÔnoro ∂Ω tou Ω, u(x, y) = γ(x, y).
JewroÔme ìti oi sunart seic a := a(x, y) kai b := b(x, y) eÐnai suneqeÐc,
jetikèc kai k�tw fragmènec. Sthn perÐptwsh pou ja melet soume ja tic jew-
r soume apl� jetikèc stajerèc. Sth sunèqeia epijètoume èna omoiìmorfo
diakritì plègma sto Ω := Ω ∪ ∂Ω, me b ma diakritopoÐhshc h1 kai h2 sth
x− kai sthn y− dieÔjunsh, antÐstoiqa. Gia thn aplopoÐhsh twn upologism¸n
ja jewroÔme efex c ìti c = d = 1. Se k�je eswterikì kìmbo tou plèg-
matoc h exÐswsh (6.1.20) proseggÐzetai, ìpwc  dh èqoume deÐ se prohgoÔmeno
kef�laio, apì to sq ma diafor¸n

√
a

b

h2

h1

(−ui−1,j + 2uij − ui+1,j) +

√
b

a

h1

h2

(−ui,j−1 + 2uij − ui,j+1)

− θ [4uij − 2(ui−1,j + ui+1,j + ui,j−1 + ui,j+1) (6.1.21)

+ ui−1,j−1 + ui+1,j−1 + ui−1,j+1 + ui+1,j+1] =
h1h2√

ab
(fij + φij),
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ìpou oi par�metroi θ kai φ lamb�noun tic timèc

(θ, φ) =

{
(0, 0),

(θ∗, φ∗) =
(

1
12

(
√

a
b

h2

h1
+

√
b
a

h1

h2
), 1

12
(ah2

1fxx + bh2
2fyy)

)
.

(6.1.22)
Ja shmei¸soume gia �llh mÐa for� ìti e�n θ = 0, (6.1.21), tìte èqoume to
sq ma twn 5−shmeÐwn, en¸ e�n θ = θ∗, tìte èqoume èna sq ma 9−shmeÐwn.
EpÐshc ja prèpei na tonÐsoume ìti ìpwc anafèrame se prohgoÔmeno kef�laio
o diakritìc telest c twn 9−shmeÐwn eÐnai jetik� orismènoc an kai mìnon an
ikanopoioÔntai oi parak�tw sunj kec

1

5
≤ bh2

1

ah2
2

≤ 5 (6.1.23)

(bl. [48]). O pÐnakac suntelest¸n A pou antistoiqeÐ sto grammikì sÔsthma
pou proèrqetai apì th sqèsh (6.1.21) mporeÐ na grafteÐ sthn morf 

A =

√
a

b

h2

h1

(In2 ⊗ Tn1) +

√
b

a

h1

h2

(Tn2 ⊗ In1)− θ(Tn2 ⊗ Tn1) (6.1.24)

  isodÔnama sth morf 

A =
√

a
b

h2

h1
(In2 ⊗ Tn1) +

√
b
a

h1

h2
(Tn2 ⊗ In1)

−θ
[√

a
b

h2

h1
(In2 ⊗ Tn1) ·

√
b
a

h1

h2
(Tn2 ⊗ In1)

]
,

(6.1.25)

ìpou n1 (≥ 2) kai n2 (≥ 2) eÐnai o arijmìc twn eswterik¸n kìmbwn tou plèg-
matoc se k�je dieÔjunsh. Oi pÐnakec Tn1 ∈ Rn1×n1 kai Tn2 ∈ Rn2×n2 eÐ-
nai summetrikoÐ kai jetik� orismènoi thc morf c tridiag(−1, 2,−1). Jètontac
A1 :=

√
a
b

h2

h1
(In2⊗Tn1) kai A2 :=

√
b
a

h1

h2
(Tn2⊗In1), h sqèsh (6.1.25) lamb�nei

th morf 
A = A1 + A2 − θA1A2. (6.1.26)

Ektel¸ntac aplèc pr�xeic me b�sh tic idiìthtec twn tanustik¸n ginìmenwn di-
apist¸noume ìti oi pÐnakec A1 kai A2 antimetatÐjentai (bl. [36]). To gegonìc
autì ja mac bohj sei polÔ sthn metèpeita melèth twn mejìdwn, pou ja qrhsi-
mopoihjoÔn, gia thn lÔsh tou sust matoc Ax = c.

Ja prèpei kai p�li sto shmeÐo autì na tonÐsoume ìti basik  mac epidÐwxh
eÐnai na lÔsoume èna grammikì sÔsthma me pÐnaka suntelest¸n agn¸stwn
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ton pÐnaka (6.1.26), qrhsimopoi¸ntac thn Prorrujmismènh mèjodo Suzug¸n
KlÐsewn me prorrujmist  ton pÐnaka thc EADI mejìdou ìpwc aut  orÐsthke
apì ton Guittet [27]. Sthn poreÐa ìmwc aut c thc melèthc, ìpwc eÐdame se
prohgoÔmeno kef�laio, katal goume sth melèth kai thn eÔresh twn bèltistwn
tim¸n twn paramètrwn epit�qunshc tou EADI sq matoc, kaj¸c epÐshc kai
sthn eÔresh thc bèltisthc paramètrou parekbol c. To genikì sq ma gia tic
p−diast�seic pou prìteine o Guittet eÐnai to parak�tw

(I + rA1)u
(m+ 1

p
) = [

1∏
i=p

(I + rAi)− ωrA]u(m) + ωrb,

(I + rAj)u
(m+ j

p
) = u(m+ j−1

p
), j = 2, . . . , p, (6.1.27)

ìpou A =
∑p

i=1 Ai. Sth sunèqeia ja qrhsimopoi soume mia parallag  tou
parap�nw sq matoc sthn perÐptwsh twn dÔo diast�sewn me stajer  par�metro
epit�qunshc to opoÐo ja èqei thn parak�tw morf 

(I + rA1)u
(m+ 1

2
) = [(I + rA2)(I + rA1)− ωA]u(m) + ωb, (6.1.28)

(I + rA2)u
(m+1) = u(m+ 1

2
).

S' aut  th morf  A = A1 + A2− θA1A2 ki akìmh to ginìmeno ωr tou (6.1.27)
èqei antikatastajeÐ apì ω sthn (6.1.28). KajÐstatai fanerì ìti o EADI
prorrujmist c ja dÐnetai apì thn èkfrash

M =
1

ω
(I + rA2)(I + rA1). (6.1.29)

To epanalhptikì sq ma, pou proèrqetai apì thn (6.1.28), me apaloif  tou
endi�mesou dianÔsmatoc u(m+ 1

2
) eÐnai to parak�tw

u(m+1) = TEADIu
(m) + cEADI , (6.1.30)

ìpou

TEADI = I−ω(I+rA1)
−1(I+rA2)

−1A, cEADI = (I+rA1)
−1(I+rA2)

−1ωb.
(6.1.31)

Oi par�metroi r, ω ∈ R+ upologÐzontai ètsi ¸ste na epitaqÔnoun th sÔgk-
lish. Gia ton upologismì touc me ton kalÔtero dunatì trìpo (bèltisto) ja
axiopoi soume tic idiotimèc twn pin�kwn Ai, i = 1, 2. 'Estw ìti oi idiotimèc
autèc an koun sto sÔnolo

S := {λ1, λ2 ∈ R+|α1 ≤ λ1 ≤ β1, α2 ≤ λ2 ≤ β2} ,
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ìpou αi, βi ∈ R+, i = 1, 2. To gegonìc ìti oi pÐnakec A1 kai A2 eÐnai sum-
metrikoÐ, jetik� orismènoi kai antimetatÐjentai, mac epitrèpei na èqoume èna
pl rec sÔsthma orjokanonik¸n idiodianusm�twn to opoÐo mporeÐ na eÐnai koinì
kai gia touc dÔo pÐnakec. 'Eqontac autì upìyh mporoÔme na broÔme ìti oi idi-
otimèc tou epanalhptikoÔ pÐnaka TEADI dÐnontai apì tic ekfr�seic

λTEADI
= 1− ω

λ1 + λ2 − θλ1λ2

(1 + rλ1)(1 + rλ2)
. (6.1.32)

OrÐzontac sth sunèqeia to dexiì mèloc wc sun�rthsh twn λi, i = 1, 2, èqoume
ìti

f ≡ f(λ1, λ2) :=
λ1 + λ2 − θλ1λ2

(1 + rλ1)(1 + rλ2)
. (6.1.33)

Lìgw tou gegonìtoc ìti o pÐnakac A eÐnai jetik� orismènoc èqoume ìti o
arijmht c thc sun�rthshc eÐnai jetikìc. To Ðdio bèbaia isqÔei kai gia ton
paronomast  afoÔ tìso oi idiotimèc λ1 kai λ2 ìso kai h par�metroc r eÐnai
jetikèc. 'Etsi oi idiotimèc tou EADI ikanopoioÔn tic parak�tw anisìthtec

inf
λ1,λ2∈S

(1− ωf) ≤ λTEADI
≤ sup

λ1,λ2∈S
(1− ωf).

H fasmatik  aktÐna tou pÐnaka TEADI ikanopoieÐ me th seir� thc thn parak�tw
anisìthta

ρ(TEADI) ≤ sup
λ1,λ2∈S

|1− ωf | . (6.1.34)

Gia ton upologismì tou supλ1,λ2∈S |1− ωf | qrei�zetai na upologÐsoume th
mègisth kai thn el�qisth tim  thc sun�rthshc f. JewroÔme, loipìn, touc
sumbolismoÔc

G := max
λ1,λ2∈S

f kai g := min
λ1,λ2∈S

f. (6.1.35)

Gia ton upìlogismì aut¸n twn tim¸n ja qrhsimopoi soume èna je¸rhma tou
ApeirostikoÔ LogismoÔ sÔmfwna me to opoÐo e�n to prìshmo thc posìthtac
∂f
∂λi

, i = 1, 2, eÐnai anex�rthto apì th metablht  λi, tìte oi akraÐec timèc thc
f ja lamb�nontai sta �kra tou pedÐou orismoÔ touc. Ja prèpei na jumhjoÔme
ìti parìmoia to Ðdio je¸rhma qrhsimopoi jhke kai sthn perÐptwsh thc melèthc
tou sq matoc tou Guittet. Sth dik  mac perÐptwsh èqoume to prìshmo thc
èkfrashc

∂f

∂λi

=
λj

(
( 1

λj
− θ)− r

)

(1 + rλi)2(1 + rλj)
, i 6= j = 1, 2, (6.1.36)

55



eÐnai anex�rthto apì thn tim  thc metablht c λi. 'Etsi h mègisth tim  G kai
h el�qisth tim  g lamb�nontai stic korufèc tou orjogwnÐou S. 'Epomènwc
oi akraÐec timèc thc eÐnai k�poiec èk twn f(α1, α2), f(α1, β2), f(β1, α2) kai
f(β1, β2).
Parat rhsh 6.1.3. : Sto shmeÐo autì ja prospaj soume na sundèsoume tic
bèltistec EADI mejìdouc (6.1.28) me autèc twn antÐstoiqwn bèltistwn Pror-
rujmist¸n thc mejìdou twn Suzug¸n KlÐsewn me ton prorrujmist  pÐnaka
na dÐnetai apì thn èkfrash (6.1.29). Gia thn EADI mèjodo oi bèltistec timèc
twn paramètrwn r, ω, tic opoÐec sumbolÐzoume me r∗, ω∗ (bl. [27]), mporoÔn
na brejoÔn me thn elaqistopoÐhsh tou lìgou G

g
, ìpou G∗ kai g∗ na eÐnai oi

antÐstoiqec bèltistec timèc twn G kai g, antÐstoiqa, ètsi ¸ste o bèltistoc
(mikrìteroc) lìgoc na dÐnetai apì thn èkfrash

G∗

g∗
= min

r∈(0,∞)

G

g
. (6.1.37)

S' aut n thn perÐptwsh h bèltisth tim  thc paramètrou ω ja dÐnetai apì thn

ω∗ =
2

G∗ + g∗
. (6.1.38)

Gia thn antÐstoiqh Prorrujmismènh mèjodo Suzug¸n KlÐsewn, ìpwc èqoume
 dh anafèrei, h par�metroc parekbol c (extrapolation) den ephre�zei th sÔgk-
lish sthn prorrÔjmish kai h bèltisth mèjodoc ja eÐnai aut  gia thn opoÐa o
lìgoc κ(M−1A) = λmax(M−1A)

λmin(M−1A)
ja èqei thn el�qisth tim . Bèbaia, autì sum-

baÐnei ìtan o lìgoc G
g

elaqistopoieÐtai.
'Ola ta parap�nw sunoyÐzontai sto parak�tw je¸rhma.

Je¸rhma 6.1.1. SÔmfwna me touc mèqri t¸ra sumbolismoÔc pou èqoume
eisag�gei kai tic upojèseic pou èqoume jewr sei, o bèltistoc (mikrìteroc) deÐk-
thc kat�stashc, me b�sh ton EADI Prorrujmist  (I + rA2)(I + rA1), gia
th mèjodo twn Suzug¸n KlÐsewn lamb�netai gia thn tim  thc paramètrou
epit�qunshc r = r∗, h opoÐa beltistopoieÐ to antÐstoiqo EADI prìblhma sthn
(6.1.37). 'Etsi o bèltistoc deÐkthc kat�stashc dÐnetai apì thn èkfrash

κ∗ =
G∗

g∗
. (6.1.39)
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'Opwc anafèrjhke kai prohgoumènwc eÐnai aparaÐthth h eÔresh twn ko-
ruf¸n tou S stic opoÐec lamb�nontai oi timèc G kai g thc sun�rthshc f. Apì
th sqèsh (6.1.36) èqoume ìti to prìshmo thc parag¸gou thc sun�rthshc f
exart�tai apì thn par�metro r, h opoÐa orÐzetai se diast mata thc morf c
[ 1
βi
− θ, 1

αi
− θ]. i = 1, 2, Aut , me th seir� thc, exart�tai apì th di�taxh twn

�krwn twn diasthm�twn [α1, β1] kai [α2, β2]. JewroÔme loipìn tic parak�tw
treic diat�xeic

A : α2 < α1 < β2 < β1,
B : α2 < α1 < β1 < β2,
C : α2 < β2 < α1 < β1.

(6.1.40)

Parat rhsh 6.1.4. : Ja prèpei ed¸ na tonisteÐ ìti up�rqoun kai �llec treic
akìmh diat�xeic oi opoÐec lamb�nontai apì tic treic prohgoÔmenec me antimet�-
jesh twn deikt¸n 1 kai 2. Sunep¸c ì,ti prokÔyei apì thn an�lush pou ja
akolouj sei me b�sh tic parap�nw diat�xeic ja mporeÐ amèswc na anafer-
jeÐ kai stic treic paraleifjeÐsec. EpÐshc, se perÐptwsh ìpou k�poia gn sia
anisìthta katasteÐ isìthta tìte thn teleutaÐa mporoÔme na th jewr soume
wc oriak  perÐptwsh aut c thc gn siac anisìthtac.

Gia na aplopoi soume thn an�lus  mac parametrikopoioÔme tic pleurèc tou
S, ìpwc faÐnetai stic sqèseic (6.1.41) kai ìpwc parousi�zetai sto Sq ma 6.1





l1(t) = (α1, α2 + t(β2 − α2)), t ∈ [0, 1],
l2(t) = (α1 + t(β1 − α1), β2), t ∈ [0, 1],
l3(t) = (β1, α2 + t(β2 − α2)), t ∈ [0, 1],
l4(t) = (α1 + t(β1 − α1), α2), t ∈ [0, 1].

(6.1.41)

á1
â1

á2

â2

l
1

l
2

l
3

l
4

á1
â1

á2

â2

l
1

l
2

l
3

l
4

Sq ma 6.1: MonotonÐa thc f kat� m koc twn pleur¸n tou orjogwnÐou S se
dÔo sugkekrimènec peript¸seic.

Gia na aplopoi soume akìmh perissìtero thn an�lus  mac ja jewr soume
ìti 1

β1
, 1

β2
> θ ètsi ¸ste 0 < 1

βi
− θ < 1

αi
− θ, i = 1, 2. Shmei¸netai ìti
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gia θ = 0 oi anisìthtec autèc ikanopoioÔntai. Sthn perÐptwsh ìmwc, kat� thn
opoÐa θ = θ∗, to θ∗ mporeÐ na mhn eÐnai to k�tw fr�gma tou 1

βi
kai tou 1

αi
. Oi

peript¸seic autèc pou eÐnai dunatìn na prokÔyoun ja exetastoÔn argìtera.
Sth sunèqeia, lamb�nontac merikèc parag¸gouc thc f kat� m koc twn

pleur¸n li(t), i = 1, . . . , 4, tou S wc proc t, gia par�deigma h par�gwgoc gia
thn pleur� l1 dÐnetai apì thn èkfrash

df(l1(t))

dt
= ∇f · dl1(t)

dt
=

∂f(l1(t))

∂λ2

(β2−α2) =
λ1

(
( 1

λ1
− θ)− r

)

(1 + rλ2)2(1 + rλ1)
(β2−α2).

(6.1.42)
Apì thn parap�nw èkfrash blèpoume ìti h paragwgìc eÐnai jetik  e�n r <

1
λ1−θ

. Me ìmoio trìpo brÐskoume tic parag¸gouc thc f kat� m koc twn tri¸n
�llwn pleur¸n. BrÐskoume loipìn th monotonÐa thc f(li)(t) : [0, 1] → R, i =
1, . . . , 4, thc opoÐac to prìshmo twn parag¸gwn parousi�zoume ston PÐnaka
6.1.

r 1
α1

− θ

df(l1)
dt

+ −
r 1

β2
− θ

df(l2)
dt

+ −

r 1
β1

− θ

df(l3)
dt

+ −
r 1

α2
− θ

df(l4)
dt

+ −
PÐnakac 6.1: Prìshma parag¸gwn kat� m koc twn pleur¸n tou OrjogwnÐou
S.

Sth sunèqeia me th bo jeia tou parap�nw pÐnaka ja d¸soume se k�je
di�sthma orismoÔ tou r, ìpwc aut� prokÔptoun apì thn di�taxh twn akrot�twn
thc f kat� m koc twn pleur¸n tou orjogwnÐou, th monotonÐa thc sun�rthshc
f . Gia par�deigma: Sthn pr¸th apì tic peript¸seic di�taxhc twn �krwn twn
diasthm�twn èqoume: 1) Sto aristerì sq ma tou 6.1 ta bèlh kat� m koc
k�je pleur�c tou orjogwnÐou S deÐqnoun ìti h sun�rthsh f aux�nei kaj¸c
to t aux�nei apì to 0 sto 1. H pr¸th aut  perÐptwsh lamb�netai ìtan r ∈(
0, 1

β1
− θ

]
. 'Etsi h mègisth tim  thc f dÐnetai apì thn G = f(β1, β2) kai

h el�qisth apì thn g = f(α1, α2). 2) Sto dexiì sq ma tou 6.1 ta bèlh
deÐqnoun pìte h f aux�nei kai pìte elattoÔtai kat� m koc twn pleur¸n tou S.
H eikìna aut  lamb�netai ìtan r ∈

[
1
β2
− θ, 1

α1
− θ

]
. Sthn perÐptwsh aut  h
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mègisth tim  thc f dÐnetai apì thn èkfrash G = max {f(α1, β2), f(β1, α2)} kai
h el�qisth apì thn g = min {f(α1, α2), f(β1, β2)}. H anaferjeÐsa diadikasÐa
epanalamb�netai se k�je di�sthma orismoÔ tou r me th je¸rhsh tou pros mou
twn antÐstoiqwn merik¸n parag¸gwn tou PÐnaka 6.1 kai tou Sq matoc 6.1.
Ergazìmenoi me parìmoio trìpo kai stic peript¸seic twn dÔo �llwn diat�xewn
(6.1.40) katal goume se apotelèsmata ta opoÐa parousi�zoume stouc pÐnakec
6.2, 6.3, 6.4, ìpou h G kai h g upologÐzontai kai gia tic treic peript¸seic
di�taxhc, A, B, C, antÐstoiqa, kaj¸c to r aux�nei sto (0, +∞).

r 0 1
β1

− θ 1
β2

− θ 1
α1

− θ 1
α2

− θ +∞
G f(β1, β2) f(β1, α2) max{f(α1, β2), f(β1, α2)} f(β1, α2) f(α1, α2)
g f(α1, α2) f(α1, α2) min{f(α1, α2), f(β1, β2)} f(β1, β2) f(β1, β2)

PÐnakac 6.2: PerÐptwsh A (α2 < α1 < β2 < β1): Mègisth G kai el�qisth g
tim  thc f

r 0 1
β2

− θ 1
β1

− θ 1
α1

− θ 1
α2

− θ +∞
G f(β1, β2) f(α1, β2) max{f(α1, β2), f(β1, α2)} f(β1, α2) f(α1, α2)
g f(α1, α2) f(α1, α2) min{f(α1, α2), f(β1, β2)} f(β1, β2) f(β1, β2)

PÐnakac 6.3: PerÐptwsh B (α2 < α1 < β1 < β2): Mègisth G kai el�qisth g
tim  thc f

r 0 1
β1
− θ 1

α1
− θ 1

β2
− θ 1

α2
− θ +∞

G f(β1, β2) f(β1, α2) f(β1, α2) f(β1, α2) f(α1, α2)
g f(α1, α2) f(α1, α2) f(α1, β2) f(β1, β2) f(β1, β2)

PÐnakac 6.4: PerÐptwsh C (α2 < β2 < α1 < β1): Mègisth G kai el�qisth g
tim  thc f

Me th bo jeia twn parap�nw apotelesm�twn ja parousi�soume sthn epìme-
nh par�grafo th diadikasÐa gia thn eÔresh twn bèltistwn paramètrwn epit�qun-
shc r kai parekbol c ω.
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6.1.4 Bèltisth Par�metroc Epit�qunshc
Sthn par�grafo aut  ja parousi�soume th diadikasÐa eÔreshc twn bèltistwn
paramètrwn epit�qunshc r stic treic peript¸seic di�taxhc (6.1.40). Se ì,ti
afor� thn par�metro parekbol c ω aut  upologÐzetai amèswc apì th sqèsh
(6.1.38). Kat� thn an�lus  mac ja qrhsimopoi soume to sÔmbolo “ ∼ ” kai
ja gr�foume

E1 ∼ E2 (6.1.43)

gia na upodhl¸noume ìti oi ekfr�seic   posìthtec E1 kai E2 èqoun to Ðdio
prìshmo.

PerÐptwsh A (α2 < α1 < β2 < β1)

JewroÔme to lìgo G
g
, gia tic timèc tou r se k�je èna apì ta pènte diast mata

tou PÐnaka 6.2 kai brÐskoume th sumperifor� tou, jewr¸ntac tic antÐstoiqec
parag¸gouc wc proc r. Gia par�deigma, èstw ìti r ∈

(
0, 1

β1
− θ

]
. Tìte ja

èqoume

G

g
=

f(β1, β2)

f(α1, α2)
=

(β1 + β2 − θβ1β2) (1 + α1r)(1 + α2r)

(α1 + α2 − θα1α2) (1 + β1r)(1 + β2r)
.

Lamb�nontac par�gwgo sthn parap�nw èkfrash kai gnwrÐzotac to prìshmo
tou paronomast , thc èkfrashc pou ja prokÔyei, kai to gegonìc ìti o lìgoc
β1+β2−θβ1β2

α1+α2−θα1α2
eÐnai jetikìc epikentrwnìmaste sto prìshmo tou arijmht  thc

èkfrashc thc parag¸gou. 'Eqoume loipìn ìti

d
(

G
g

)

dr ∼ (2r1r2 + (α1 + α2))((1 + β1r)(1 + β2r))
−(2rβ1β2 + (β1 + β2))((1 + α1r)(1 + α2r))

∼ 2rα1α2(1 + β1r)(1 + β2r)− 2rβ1β2(1 + α1r)(1 + α2r)
+(α1 + α2)(1 + β1r)(1 + β2r)
−(β1 + β2)(1 + α1r)(1 + α2r)

∼ 2r2(β1 + β2)α1α2 − r2(α1 + α2)β1β2 + 2rα1α2

−2rβ1β2 + (α1 + α2)− (β1 + β2)
∼ −[α1β1(β2 − α2) + α2β2(β1 − α1)]r2 − (β1β2 − α1α2)r

−[(β1 − α1) + (β2 − α2)] < 0,

(6.1.44)

afoÔ ìloi oi suntelestèc tou parap�nw triwnÔmou eÐnai arnhtikoÐ kai to r
jetikì. 'Etsi sumperaÐnoume ìti o lìgoc G

g
eÐnai fjÐnousa sun�rthsh tou
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r sto di�sthma
(
0, 1

β1
− θ

]
. Jewr¸ntac t¸ra ìti to r an kei sto di�sthma[

1
β1
− θ, 1

β2
− θ

]
, èqoume ìti

G
g = f(β1,α2)

f(α1,α2)
= (β1+α2−θβ1α2)(1+α1r)(1+α2r)

(α1+α2−θα1α2)(1+β1r)(1+α2r)

= (β1+α2−θβ1α2)(1+α1r)
(α1+α2−θα1α2)(1+β1r)

,

'Omoia me prin paragwgÐzontac wc proc r to lìgo G
g
èqoume thn isodÔnamh

èkfrash gia thn par�gwgo, opìte prokÔptei ìti

d
(

G
g

)

dr
∼ α1 − β1 < 0.

Autì isqÔei giatÐ o pÐnakac A1 + A2 − θA1A2 eÐnai jetik� orismènoc kai ta
β1, α1 kai β2, α2 eÐnai idiotimèc twn A1 kai A2, antÐstoiqa. SumperaÐnoume,
loipìn, ìti o lìgoc gia ton opoÐo endiaferìmaste eÐnai fjÐnousa sun�rthsh
tou r sto en lìgw di�sthma. Sto trÐto, sth seir�, di�sthma tou r, dhlad  sto[

1
β2
− θ, 1

α1
− θ

]
, parathroÔme ìti h monìtonh sumperifor� tou lìgou G

g
eÐnai

anex�rthth apì to poia apì tic duo posìthtec, tou megÐstou eÐnai h megalÔterh
kai aut  exart�tai mìnon apì poia apì tic dÔo posìthtec tou elaqÐstou eÐnai
h mikrìterh. Apì aut n thn parat rhsh, èqoume ìti ìpoia ek twn f(α1, β2)
kai f(β1, α2) jewrhjeÐ wc h mègisth kai e�n h el�qisth eÐnai h f(α1, α2), tìte
apodeiknÔetai ìti gia touc lìgouc

G

g
=

f(α1, β2)

f(α1, α2)
=

(α1 + β2 − θα1β2)

(α1 + α2 − θα1α2)

(1 + rα2)

(1 + rβ2)
,

G

g
=

f(β1, α2)

f(α1, α2)
=

(β1 + α2 − θβ1α2)

(α1 + α2 − θα1α2)

(1 + rα1)

(1 + rβ1)

èqoume tic ekfr�seic gia to prìshmo thc parag¸gou se k�je mÐa apì tic
peript¸seic pou anafèrjhkan prin

d
(

G
g

)

dr
∼ α1 − β1 < 0  

d
(

G
g

)

dr
∼ α2 − β2 < 0
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gia thn pr¸th kai thn deÔterh perÐptwsh, antÐstoiqa. To gegonìc autì mac up-
odeiknÔei ìti se k�je mÐa perÐptwsh o lìgoc apoteleÐ fjÐnousa sun�rthsh tou
r. Ex�llou, e�n to el�qisto dÐnetai apì thn f(β1, β2), mporeÐ na apodeiqteÐ, me
ìmoio trìpo, ìti o lìgoc G

g
eÐnai aÔxousa sun�rthsh tou r. EÐnai aparaÐthto,

loipìn, na brejeÐ poia apì tic dÔo posìthtec f(β1, β2) kai f(α1, α2) antistoiqeÐ
sthn el�qisth tim  gia thn f. Gia to skopì autì jewroÔme th diafor�

q(r) = f(β1, β2)− f(α1, α2) = β1+β2−θβ1β2

(1+rβ1)(1+rβ2) − α1+α2−θα1α2
(1+rα1)(1+rα2) ∼

(β1 + β2 − θβ1β2)(1 + rα1)(1 + rα2)
− (α1 + α2 − θα1α2)(1 + rβ1)(1 + rβ2) ∼

(β1 + β2 − θβ1β2)(1 + (α1 + α2)r + α1α2r
2)

− (α1 + α2 − θα1α2)(1 + (β1 + β2)r + β1β2r
2) ∼

− β2α2(β1 − α1) + β1α1(β2 − α2)r2

− θ[β2α2(β1 − α1) + β1α1(β2 − α2)]r
+ [(1− θα1)(β2 − α2) + (1− θβ2)(β1 − α1)].

(6.1.45)

ParathroÔme ìti sto tri¸numo tou dexioÔ mèlouc o pr¸toc suntelest c eÐnai
arnhtikìc en¸ o teleutaÐoc eÐnai jetikìc. Sunep¸c mìno mÐa apì tic rÐzec tou
triwnÔmou eÐnai jetik , thn opoÐa kai sumbolÐzoume me rAB. Gia na epibebai¸-
soume ìti h rAB brÐsketai sto sugkekrimèno di�sthma shmei¸noume ìti lìgw
thc sunèqeiac h el�qisth tim  g ja dÐnetai sta arister� tou diast matoc apì
thn posìthta f(α1, α2) kai o lìgoc G

g
ja fjÐnei en¸ sta dexi� autoÔ apì

thn posìthta f(β1, β2) kai o antÐstoiqoc lìgoc ja aux�nei. San apotèlesma
thc parap�nw parat rhshc èqoume ìti to shmeÐo sto opoÐo o lìgoc G

g
èqei

olikì el�qisto antistoiqeÐ s' autì ìpou parousi�zetai kai to bèltisto. Gi-
a na to epibebaiwjeÐ to sumpèrasm� mac kai s' autì to shmeÐo mporoÔme na
elègxoume kai na diapist¸soume ìti ìso to r aux�nei sta dÔo �lla diast ma-
ta,

[
1

α1
− θ, 1

α2
− θ

]
kai

[
1

α2
− θ, +∞

)
, tìte kai o lìgoc G

g
aux�nei ki autìc

gn sia monìtona.
'Estw ìti oi suntelestèc tou triwnÔmou sthn (6.2.26) sumbolÐzontai me

γAB = −[β2α2(β1 − α1) + β1α1(β2 − α2)],
δAB = − θ[β2α2(β1 − α1) + β1α1(β2 − α2)],
εAB = (1− θα1)(β2 − α2) + (1− θβ2)(β1 − α1),

antÐstoiqa. Tìte h bèltisth tim  tou r, dhlad  h r∗ = rAB, ja dÐnetai apì thn
èkfrash

r∗ = rAB =
−δAB − (δ2

AB − 4γABεAB)
1
2

2γAB

. (6.1.46)
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PerÐptwsh B (α2 < α1 < β1 < β2)

S' aut n thn perÐptwsh h diadikasÐa pou ja akolouj soume eÐnai akrib¸c h
Ðdia kai ja odhg sei sta Ðdia akrib¸c apotelèsmata. 'Etsi to bèltisto r kai
sthn paroÔsa perÐptwsh eÐnai autì pou dÐnetai apì thn èkfrash r∗ = rAB

sthn (6.1.46).

PerÐptwsh C (α2 < β2 < α1 < β1)

EÐnai eÔkolo na elègxoume ìti o lìgoc G
g

wc sun�rthsh tou r eÐnai gnhsÐwc
fjÐnousa sta pr¸ta dÔo diast mata kai gnhsÐwc aÔxousa sta dÔo teleutaÐa.
Ja doÔme sthn sunèqeia analutikìtera pwc proèkuye to parap�nw sumpèras-
ma. JewroÔme touc lìgouc G

g
se k�je èna apì ta diast mata tou PÐnaka

6.4.
'Eqoume loipìn touc lìgouc:

G

g
=

f(β1, β2)

f(α1, α2)
,

G

g
=

f(β1, α2)

f(α1, α2)
,

G

g
=

f(β1, α2)

f(β1, β2)
,

G

g
=

f(α1, α2)

f(β1, β2)
.

Gia k�je èna apì touc parap�nw lìgouc lamb�noume tic parag¸gouc wc
proc r to prìshmo twn opoÐwn dÐnetai parak�tw. Gia ton pr¸to kai ton tètarto
lìgo gnwrÐzoume  dh to prìshmo thc parag¸gou apì prohgoÔmenh an�lush.
Gia touc dÔo mesaÐouc èqoume tic ekfr�seic:

d
(

G
g

)

dr
=

β1 + α2 − θβ1α2

α1 + α2 − θα1α2

d

dt

(
1 + rα1

1 + rβ1

)
∼ α1 − β1 < 0,

d
(

G
g

)

dr
=

β1 + α2 − θβ1α2

β1 + β2 − θβ1β2

d

dt

(
1 + rβ2

1 + rα2

)
∼ β2 − α2 > 0.

'Etsi, h melèth mac periorÐzetai sto mesaÐo di�sthma
[

1
α1
− θ, 1

β2
− θ

]
.

Dhlad  sth melèth tou lìgou

G

g
=

f(β1, α2)

f(α1, β2)
.
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Jewr¸ntac sth sunèqeia thn par�gwgo tou parap�nw lìgou wc proc r, s'
autì to di�sthma, èqoume th sqèsh

p(r) =
d
(

G
g

)

dr = d
dt

(
f(β1,α2)
f(α1,β2)

)

∼ [(α1 + β2) + 2rα1β2](1 + r(β1 + α2) + r2β1α2)−
[(β1 + α2) + 2rβ1α2](1 + r(α1 + β2) + r2α1β2)

∼ (α1 + β2) + 2rα1β2 + r2α1β2(β1 + α2)− (β1 + α2)−
2rβ1α2 − r2β1α2(α1 + β2)

∼ [β1α1(β2 − α2)− β2α2(β1 − α1)]r2+
2(α1β2 − β1α2)r + (β2 − α2)− (β1 − α1).

(6.1.47)

Lamb�nontac th diakrÐnousa D tou triwnÔmou tou dexioÔ mèlouc thc (6.1.47)
mporoÔme na broÔme ìti

D = 4(β1 − β2)(α1 − α2)(β1 − α1)(β2 − α2) > 0. (6.1.48)

To gegonìc ìti h diakrÐnousa eÐnai jetik  mac odhgeÐ sto sumpèrasma ìti
h (6.1.47) èqei dÔo pragmatikèc �nisec rÐzec. 'Estw ìti sumbolÐzoume touc
suntelestèc tou triwnÔmou me γC , δC , εC , antÐstoiqa. Dhlad ,

γC = β1α1(β2−α2)−β2α2(β1−α1), 2δC = 2(α1β2−α2β1), εC = (β2−α2)−(β1−α1).
(6.1.49)

Ektìc apì th jèsh twn dÔo aut¸n riz¸n tou triwnÔmou sthn (6.1.47) ja
qreiastoÔme epÐshc tic timèc tou lìgou G

g
sta �kra tou

[
1

α1
− θ, 1

β2
− θ

]
. M-

poroÔme na broÔme, met� apì k�poiouc upologismoÔc, ìti

G
g

(
1

α1
− θ

)
− G

g

(
1
β2
− θ

)
=

(1+( 1
a1
−θ)α1)(1+( 1

a1
−θ)β2)

(1+( 1
a1
−θ)β1)(1+( 1

a1
−θ)α2)

− (1+( 1
β2
−θ)α1)(1+( 1

β2
−θ)β2)

(1+( 1
β2
−θ)β1)(1+( 1

β2
−θ)α2)

∼ (2− θα1)(1 + β2

α1
− θβ2)(1 + β1

β2
− θβ1)(1 + α2

β2
− θα2)−

(2− θβ2)(1 + β1

α1
− θβ1)(1 + α1

β2
− θα1)(1 + α2

α1
− θα2)

∼ α1(2− θα1)(α1 + β2 − θβ2α1)(β1 + β2 − θβ1β2)(β2 + α2 − θα2β2)
−β2(2− θβ2)(α1 + β1 − θα1β1)(β2 + α1 − θα1β2)(α1 + α2 − θα1α2)
∼ −2δC + θγC = (β1 − α1)α2(2− θβ2)− (β2 − α2)α1(2− θβ1).

(6.1.50)
Jewr¸ntac ìti δC < 0 èqoume isodÔnama ìti β2

β1
< α2

α1
(< 1). Apì to teleutaÐo

mporoÔme eÔkola na p�roume ìti β2−α2

β1−α1
< β2

β1
< 1, apì to opoÐo èqoume ìti

β2−α2 < β1−α1   ìti εC < 0. Sth sunèqeia exet�zoume dÔo upopeript¸seic
pou exart¸ntai apì to prìshmo tou γC .
UpoperÐptwsh C1 : γC > 0. Efìson εC

γC
< 0, oi dÔo rÐzec tou triwnÔmou sthn
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(6.1.47) ja prèpei na èqoun diaforetikì prìshmo. H jetik  apì autèc ja eÐnai
h

rC =
−δC + (δ2

C − γCεC)
1
2

γC

. (6.1.51)

ParathroÔme ìti exaitÐac tou gegonìtoc ìti −2δC +θγC > 0, apì thn (6.1.50),
èqoume ìti G

g

(
1

α1
− θ

)
> G

g

(
1
β2
− θ

)
. To teleutaÐo sunep�getai ìti den eÐnai

dunatìn na èqoume rC < 1
α1
−θ, efìson tìte o lìgoc G

g
ja aux�nei sto di�sth-

ma
[

1
α1
− θ, 1

β2
− θ

]
pr�gma to opoÐo eÐnai �topo. E�n rC ∈

(
1

α1
− θ, 1

β2
− θ

)

tìte ì lìgoc G
g

eÐnai gn sia fjÐnousa sun�rthsh sto di�sthma
[

1
α1
− θ, rC

]

kai gn sia aÔxousa sto di�sthma
[
rC , 1

β2
− θ

]
. Sunep¸c r∗ = rC . E�n

rC > 1
β2
− θ, tìte kaj¸c to p(rC) fjÐnei sto di�sthma

(
1

α1
− θ, 1

β2
− θ

)
,

èqoume ìti r∗ = 1
β2
− θ.

UpoperÐptwsh C2 : γC < 0. S' aut n thn perÐptwsh kai oi treic suntelestèc
sth sqèsh (6.1.47) eÐnai arnhtikoÐ me apotèlesma kai to p(r) na eÐnai epÐshc
arnhtikì, gegonìc to opoÐo sunep�getai ìti r∗ = 1

β2
− θ.

Parat rhsh 6.1.5. Ja prèpei na tonÐsoume ed¸ ìti h perÐptwsh δC < 0
den eÐnai dunatìn na up�rqei sth diakritopoÐhsh twn 9−shmeÐwn. Autì
dikaiologeÐtai wc ex c. E�n k�ti tètoio sunèbaine, tìte apì to gegonìc ìti
δC < 0 ja eÐqame isodÔnama α1β2 < α2β1. Jètontac 4

√
a
b

h2

h1
sin2 π

2(n1+1)
,

4
√

a
b

h2

h1
cos2 π

2(n1+1)
, 4

√
b
a

h1

h2
sin2 π

2(n2+1)
, 4

√
b
a

h1

h2
cos2 π

2(n2+1)
gia α1, β1, α2, β2,

antÐstoiqa, apì thn parap�nw anisìthta ja èqoume ìti tan π
2(n1+1)

< tan π
2(n2+1)

,
apì thn opoÐa sunep�getai ìti n2 < n1. Apì th sunj kh di�taxhc ìmwc èqoume
ìti β2 < α1. K�nontac tic Ðdiec antikatast�seic lamb�noume

cos2 π

2(n2 + 1)
<

a

b

h2
2

h2
1

sin2 π

2(n1 + 1)
. (6.1.52)

H mikrìterh tim  tou aristeroÔ mèlouc, lamb�netai gia n2 = 2 kai h megalÔter-
h tim  tou dexioÔ mèlouc gia a

b

h2
2

h2
1

= 5. Autì proèrqetai apì ton periorismì
thc Ôparxhc jetik� orismènou pÐnaka A (6.1.23) kai apì to n1 = 3. All� tìte
to aristerì mèloc gÐnetai 3

4
kai to dexiì mèloc 5 · 2−√2

4
to opoÐo mac dÐnei,

isodÔnama, ìti 50 < 49, to opoÐo eÐnai �topo.
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Sth sunèqeia exet�zoume thn perÐptwsh ìpou δC > 0. Apì th sunj kh
aut  èqoume ìti

β2 − α2

β1 − α1

>
β2

β1

>
α2

α1

>
β2α2

β1α1

, (6.1.53)

ìpou h teleutaÐa dexi� anisìthta proèrqetai apì to gegonìc ìti oi dÔo lìgoi
sto mèson eÐnai gn sia mikrìteroi tou 1. H gn sia anisìthta metaxÔ twn dÔo
akraÐwn lìgwn stic sqèseic (6.1.53) dÐnei ìti γC > 0. 'Etsi, ja prèpei na
melethjoÔn p�li dÔo peript¸seic .
UpoperÐptwsh C3 : εC > 0. Efìson kai oi treic suntelestec γC , δC , εC eÐnai
jetikoÐ tìte kai to p(r) eÐnai epÐshc jetikì, epomènwc r∗ = 1

α1
− θ.

UpoperÐptwsh C4 : εC < 0. Sthn perÐptwsh aut  èqoume na diakrÐnoume up-
opeript¸seic an�loga me th jèsh tou rC se sqèsh me ta �kra twn diasthm�twn
pou jewr same. Shmei¸noume ìti h jetik  rÐza tou triwnÔmou p(r) = 0, rC ,
aut  th for� ja prèpei na ikanopoieÐ thn rC < 1

α1
− θ kai �ra to p(r) ja

eÐnai epÐshc jetikì. Sunep¸c, r∗ = 1
α1
− θ. E�n to rC ∈

(
1

α1
− θ, 1

β2
− θ

)
tìte

ja èqoume ìti r∗ = rC , en¸ sthn perÐptwsh ìpou rC > 1
β2
− θ èqoume ìti

r∗ = 1
β2
− θ.

Parat rhsh 6.1.6. Shmei¸noume ìti gia to sq ma twn 9−shmeÐwn, h perÐptwsh
gia thn opoÐa δC > 0 den mporeÐ na sumbeÐ ektìc apì thn perÐptwsh ìpou
n1 = 2 kai n2 ≥ 3. Gia na apodeÐxoume ton isqurismì autìn ergazìmaste
me ton Ðdio trìpo pou ergast kame sthn Parat rhsh 6.1.5 gia thn perÐptwsh
ìpou  tan δC < 0. S' aut n thn perÐptwsh èqoume n2 > n1. Jewr¸ntac
xan� th sunj kh di�taxhc, pou anafèretai sthn perÐptwsh ìpou β2 < α1,
oloklhr¸noume thn apìdeixh me th sqèsh (6.1.52). H megalÔterh tim  tou
dexioÔ mèlouc lamb�netai gia a

b

h2
2

h2
1

= 5 kai gia n1 = 2 en¸ h el�qisth tou
aristeroÔ mèlouc gia n2 = 3. Gi' autèc tic timèc èqoume ìti 2+

√
2

4
< 5 · 1

4
 √

2 < 3, to opoÐo alhjeÔei. 'Etsi h β2 < α1 eÐnai epÐshc alhj c gia k�je
n2 ≥ 3 dÐnontac n1 = 2. Gia n1 = 3 kai n2 = 4 h sunj kh, (6.1.23) gia to

jetik� orismèno tou pÐnaka A, dÐnei ìti cos2 π
10

< 5 · sin2 π
8
 

(√
10+2

√
5

4

)2

<

5 ·
(√

5−1
4

)2

 , isodÔnama, 720 < 400, to opoÐo den isqÔei.

'Ola ta parap�nw apotelèsmata sunoyÐzontai sto epìmeno je¸rhma.
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Je¸rhma 6.1.2. Me touc mèqri t¸ra sumbolismoÔc kai tic upojèseic, h
bèltisth par�metroc epit�qunshc r = r∗ kai stic treic Peript¸seic A, B,
C, thc sqèshc (6.1.40), sÔmfwna me to Je¸rhma 6.1.1, brÐskontai me thn
elaqistopoÐhsh tou lìgou G

g
, ìpou oi ekfr�seic gia ta G kai g dÐnontai p�nta

apì tic mesaÐec ekfr�seic twn Pin�kwn 6.2, 6.3, 6.4, antÐstoiqa. Oi akribeÐc
timèc tou r∗ se k�je perÐptwsh dÐnontai analutik� ston PÐnaka 6.5.

PerÐptwsh r∗

A rAB
1

B rAB

γC
2 > 0 rC

3 ∈ ( 1
α1
− θ, 1

β2
− θ) rC

δC
2 < 0 rC ∈ [ 1

β2
− θ, +∞) 1

β2
− θ

γC < 0 1
β2
− θ

C εC
2 > 0 1

α1
− θ

δC > 0 rC ∈ (0, 1
α1
− θ] 1

α1
− θ

εC < 0 rC ∈ ( 1
α1
− θ, 1

β2
− θ) rC

rC ∈ [ 1
β2
− θ, +∞) 1

β2
− θ

PÐnakac 6.5: Bèltisth Par�metroc Epit�qunshc r∗(
1rAB dÐnetai apì thn (6.1.46). 2Oi suntelestèc γC , δC , εC dÐnontai sthn (6.1.49).

3rC dÐnetai apì thn (6.1.51).)

6.1.5 'Allec Dunatèc Peript¸seic
Sthn prohgoÔmenh par�grafo exet�same thn perÐptwsh ìpou θ = 0 kai ekeÐnh
gia thn opoÐa θ = θ∗ < 1

βi
, i = 1, 2. 'Opwc ja doÔme �llec dunatèc peript¸seic

pou mporoÔn na up�rxoun eÐnai mìnon oi dÔo epìmenec: 1
βi

< θ∗ < 1
βj

, i 6=
j = 1, 2. Arqik�, mporoÔme na elègxoume ìti den eÐnai dunatìn na èqoume
1
αi

< θ∗, i = 1   2. E�n sunèbaine k�ti tètoio tìte, gia i = 1, antikajistoÔme
thn tim  tou θ∗ apì th sqèsh (6.2.3) kai th mikrìterh idiotim  tou A1, pou
eÐnai h α1 =

√
a
b

h2

h1
sin2

(
π

2(n1+1)

)
, sth sqèsh (6.1.25). Ja èqoume isodÔnama

ìti 1
3

(
ah2

2

bh2
1

+ 1
)

sin2
(

π
2(n1+1)

)
> 1. 'Omwc, oi megalÔterec timèc gia ah2

2

bh2
1

kai

sin2
(

π
2(n1+1)

)
eÐnai h 5 kai h 1

4
, antÐstoiqa. H pr¸th prokÔptei apì to gegonìc

ìti o pÐnakac A, tou sq matoc twn 9−shmeÐwn, eÐnai jetik� orismènoc, dhlad 
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apì th sunj kh (6.1.23), kai h deÔterh lamb�netai gia n1 = 2. 'Etsi èqoume
ìti 1

3
(5 + 1)1

4
> 1 to opoÐo eÐnai �topo. H deÔterh perÐptwsh prokÔptei, e�n

1
βi

< θ∗, i = 1, 2. Tìte èqoume ìti gia i = 1, 1 < 1
3

(
ah2

2

bh2
1

+ 1
)

cos2
(

π
2(n1+1)

)

kai gia i = 2, 1 < 1
3

(
bh2

1

ah2
2

+ 1
)

cos2
(

π
2(n2+1)

)
. LÔnontac thn pr¸th wc proc

ah2
2

bh2
1
kai th deÔterh wc proc bh2

1

ah2
2
ja èqoume ìti

ah2
2

bh2
1

>
3

cos2
(

π
2(n1+1)

) − 1 kai
bh2

1

ah2
2

>
3

cos2
(

π
2(n2+1)

) − 1,

antÐstoiqa. Efìson ta dexi� mèlh twn dÔo parap�nw anisot twn brÐskontai
sto di�sthma (2, 3], ta arister� touc mèlh ja eÐnai toul�qiston megalÔtera
apì 2. 'Omwc e�n k�poio apì aut� an kei sto di�sthma (2, 5], to �llo ja
an kei sto di�sthma [1

5
, 1

2
). 'Etsi de ja ikanopoioÔn thn antÐstoiqh anisìthta.

Apì tic dÔo dunatèc peript¸seic ja exet�soume sunoptik� aut  gia thn
opoÐa 1

β1
< θ∗ < 1

β2
, pou antistoiqeÐ se mÐa ek twn dÔo peript¸sewn di�taxhc A

  C twn sqèsewn (6.1.40). 'Estw ìti jewroÔme thn perÐptwsh A. Profan¸c,
o PÐnakac 6.1 t¸ra all�zei exaitÐac tou periorismoÔ tou β1, afoÔ df(l3)

dt
< 0

∀ r ∈ (0,∞). ExaitÐac aut c thc allag c, o PÐnakac 6.2 periorÐzetai ètsi
¸ste to aristerì tou tm ma na mhn up�rqei pia. 'Ola ta �lla apotelèsmata
sta upìloipa tèssera diast mata tou PÐnaka 6.2 paramènoun ta Ðdia ìpwc
aut� parousi�zontai ston PÐnaka 6.6.

r 0 1
β2
− θ 1

α1
− θ 1

α2
− θ +∞

G f(β1, α2) max{f(α1, β2), f(β1, α2)} f(β1, α2) f(α1, α2)
g f(α1, α2) min{f(α1, α2), f(β1, β2)} f(β1, β2) f(β1, β2)

PÐnakac 6.6: PerÐptwsh A (α2 < α1 < β2 < β1): Mègisth G kai El�qisth g
tim  thc f

SunoyÐzoume ta ìsa exet�same parap�nw sto epìmeno je¸rhma:

Je¸rhma 6.1.3. Me touc mèqri t¸ra sumbolismoÔc kai upojèseic, kaj¸c
kai tic epiplèon upojèseic ìti 1

β1
< θ∗ gia thn PerÐptwsh A (antÐstoiqa gia

thn PerÐptwsh C) na isqÔoun, tìte, oi timèc G kai g dÐnontai apì ton PÐnaka
6.2 qwrÐc to aristerì tou tm ma gia to r, apì ton PÐnaka 6.6 (antÐstoiqa apì
ton PÐnaka 6.4 qwrÐc to aristerì tou di�sthma). Oi akribeÐc timèc tou r∗ se
k�je perÐptwsh dÐnontai p�li apì autèc tou PÐnaka 6.5.
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6.2 Bèltistoi DiparametrikoÐ EADI Pror-
rujmistèc

6.2.1 Eisagwg 
Sthn prohgoÔmenh par�grafo parousi�same kai melet same thn oikogèneia
twn monoparametrik¸n ADI Prorrujmist¸n gia thn mèjodo twn Suzug¸n K-
lÐsewn(CG). Sthn par�grafo aut  ja melet soume thn perÐptwsh twn sta-
jer¸n diparametrik¸n ADI Prorrujmist¸n. Me autìn ton trìpo perimènoume
ìti oi ADI prorrujmistèc na katastoÔn perissìtero apotelesmatikoÐ.

Ja upenjum soume ìti sthn perÐptwsh pou èqoume èna grammikì sÔsthma
Au = c, me A ∈ Cn,n Ermitianì kai jetik� orismèno, kai c ∈ Cn, h mè-
jodoc twn Suzug¸n KlÐsewn eÐnai h plèon kat�llhlh gia thn epÐlus  tou.
Parìla aut� e�n o deÐkthc kat�stashc tou pÐnaka A, o opoÐoc ekfr�zetai
apì th sqèsh κ(A) = λmax(A)

λmin(A)
, me λmax(A) kai λmin(A) na eÐnai h mègisth

kai h el�qisth idiotim  tou pÐnaka A, eÐnai meg�loc tìte qrhsimopoioÔme è-
nan kat�llhlo prorrujmist  M, me M ∈ Cn,n Ermitianì kai jetik� orismèno,
tètoion ¸ste κ(M−1A) = λmax(M−1A)

λmin(M−1A)
¿ κ(A) (bl. [26]).

Sthn an�lus  pou ja akolouj sei, jewroÔme kai p�li thn exÐswsh Poisson

−auxx(x, y)− buyy(x, y) = f(x, y), f ∈ C2 (6.2.1)

orismènh sto orjog¸nio Ω := {(x, y) ∈ R2|0 < x < l1, 0 < y < l2}, ìpou h
u(x, y) eÐnai mÐa suneq¸c diaforÐsimh sun�rthsh me Dirichlet sunoriakèc sun-
j kec u(x, y) = g(x, y) sto ∂Ω, kai a kai b eÐnai jetikèc stajerèc. Jewr¸ntac
èna omoiìmorfo diamerismì b matoc h1 kai h2 sth x− kai y−dieÔjunsh, an-
tÐstoiqa, sto Ω := Ω∪ ∂Ω proseggÐzoume thn exÐswsh (6.2.1) se k�je kìmbo
tou plègmatoc apì to sq ma twn diafor¸n

√
a

b

h2

h1

(−ui−1,j + 2uij − ui+1,j) +

√
b

a

h1

h2

(−ui,j−1 + 2uij − ui,j+1)

− θ [4uij − 2(ui−1,j + ui+1,j + ui,j−1 + ui,j+1) (6.2.2)

+ ui−1,j−1 + ui+1,j−1 + ui−1,j−1 + ui+1,j+1] =
h1h2√

ab
(fij + φij).

(Shm.: EÐnai fusikì na jewr soume ìti sin(πhi) < cos(πhi), i = 1, 2, afoÔ
prèpei na èqoume upìyh mac ìti hi → 0, i = 1, 2.) Oi par�metroi θ kai φ sth
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sqèsh (6.2.2) lamb�noun tic timèc

(θ, φ) =

{
(0, 0),

(θ∗, φ∗) =
(

1
12

(
√

a
b

h2

h1
+

√
b
a

h1

h2
), 1

12
(ah2

1fxx + bh2
2fyy)

)
,

(6.2.3)

ìpou h (6.2.2), gia θ = 0, dÐnei to sq ma diafor¸n twn 5−shmeÐwn kai gia
θ = θ∗ to sq ma diafor¸n twn 9−shmeÐwn. Gia �llh mÐa for� ja prèpei na
tonÐsoume ìti o diakritìc telest c sto sq ma twn 9−shmeÐwn eÐnai jetik�
orismènoc e�n

1

5
≤ bh2

1

ah2
2

≤ 5 (6.2.4)

(bl. [48]), kai ètsi θ∗ ∈ [1
6
, 1

2
√

5
]. Uiojet¸ntac mÐa fusik  di�taxh twn kìmbwn

gramm  proc gramm  apì k�tw proc ta p�nw ki apì arister� proc ta dexi�, ar-
qÐzontac apì thn k�tw arister  gwnÐa, to grammikì sÔsthma pou lamb�noume
eÐnai thc morf c

Au = c, (6.2.5)
ìpou, apì th genik  èkfrash (6.2.2), o pÐnakac A mporeÐ na grafteÐ wc ex c:

A =
√

a

b

h2

h1
(In2 ⊗ Tn1) +

√
b

a

h1

h2
(Tn2 ⊗ In1)− θ

[√
a

b

h2

h1
(In2 ⊗ Tn1) ·

√
b

a

h1

h2
(Tn2 ⊗ In1)

]
.

(6.2.6)

Sthn (6.2.6) n1 kai n2 eÐnai to pl joc twn eswterik¸n kìmbwn sthn x−
kai y−dieÔjunsh, antÐstoiqa, Tn1 ∈ Rn1×n1 kai Tn2 ∈ Rn2×n2 eÐnai thc morf c
tridiag(−1, 2,−1) kai ètsi prokÔptei ìti eÐnai summetrikoÐ kai jetik� orismènoi.
Jètontac

A1 :=

√
a

b

h2

h1

(In2 ⊗ Tn1) kai A2 :=

√
b

a

h1

h2

(Tn2 ⊗ In1), (6.2.7)

sth sqèsh (6.2.6) èqoume ìti

A = A1 + A2 − θA1A2. (6.2.8)

TonÐzetai ìti lìgw tou pragmatikoÔ, summetrikoÔ kai jetik� orismènou twn
pin�kwn Tn1 kai Tn2 kaj¸c kai twn idiot twn tou tanustikoÔ ginomènou, ja
eÐnai kai oi A1 kai A2, pragmatikoÐ summetrikoÐ kai jetik� orismènoi. Epiplèon,
me aploÔc upologismoÔc apodeiknÔetai ìti oi A1 kai A2 antimetatÐjentai (bl.
[36]).
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6.2.2 Diparametrikì EADI Sq ma
Parall�ssontac kat� ti to sq ma tou Guittet lamb�noume th Diparametrik 
EADI mèjodo thn opoÐa kai ja melet soume s' aut n thn par�grafo. Ei-
dikìtera, to proanaferjèn diparametrikì sq ma eÐnai thc morf c:

(I + r1A1)u
(m+ 1

2
) = [(I + r2A2)(I + r1A1)− ωA]u(m) + ωc, (6.2.9)

(I + r2A2)u
(m+1) = u(m+ 1

2
),

ìpou oi pÐnakec A,A1, A2 dÐnontai apì tic sqèseic (6.2.8) kai (6.2.7), r1, r2 > 0
eÐnai oi par�metroi epit�qunshc kai ω eÐnai h par�metroc parekbol c. ApaleÐ-
fontac to di�nusma u(m+ 1

2
) apì tic sqèseic (6.2.9) lamb�noume to epìmeno

epanalhptikì sq ma.

u(m+1) = TEADIu
(m) + cEADI , (6.2.10)

ìpou

TEADI = I−ω(I+r1A1)−1(I+r2A2)−1A, cEADI = (I+r1A1)−1(I+r2A2)−1ωc.
(6.2.11)

Jewr¸ntac sth sunèqeia ìti oi idiotimèc λi twn pin�kwn Ai, i = 1, 2, an -
koun sto orjog¸nio

S := {λ1, λ2 ∈ R+|α1 ≤ λ1 ≤ β1, α2 ≤ λ2 ≤ β2} ,

ìpou αi, βi ∈ R+, i = 1, 2, tìte exaitÐac tou gegonìtoc ìti oi pÐnakec A1 kai
A2 antimetatÐjentai kai �ra mporoÔn na èqoun koinì sÔsthma idiodianusm�twn,
oi idiotimèc tou TEADI dÐnontai apì tic ekfr�seic

λTEADI
= 1− ω

λ1 + λ2 − θλ1λ2

(1 + r1λ1)(1 + r2λ2)
. (6.2.12)

OrÐzontac to kl�sma thc sqèshc (6.2.12) me f wc sun�rthsh twn λ1 kai λ2,
èqoume

f ≡ f(λ1, λ2) :=
λ1 + λ2 − θλ1λ2

(1 + r1λ1)(1 + r2λ2)
. (6.2.13)

Shmei¸noume ed¸ ìti lìgw tou jetik� orismènou pÐnaka A sth sqèsh (6.2.4) o
arijmht c thc f eÐnai jetikìc. Apì tic sqèseic (6.2.12) kai (6.2.13) lamb�noume

ρ(TEADI) ≤ sup
λ1,λ2∈S

|1− ωf | . (6.2.14)
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Gia na upologÐsoume th mègisth kai thn el�qisth tim  thc f , tic opoÐec sum-
bolÐzoume me

G := max
λ1,λ2∈S

f kai g := min
λ1,λ2∈S

f, (6.2.15)

brÐskoume thn ∂f
∂λi

, i = 1, 2, apì thn opoÐa lamb�noume thn

∂f

∂λi

=
λj

(
( 1

λj
− θ)− ri

)

(1 + riλi)2(1 + rjλj)
, i 6= j = 1, 2. (6.2.16)

ParathroÔme, loipìn, ìti o arijmht c twn parap�nw ekfr�sewn eÐnai anex�rth-
toc apì th metablht  λi wc proc thn opoÐa paragwgÐzoume. 'Etsi, h mègisth
G kai h el�qisth g tim  thc sun�rthshc f lamb�nontai stic korufèc tou or-
jogwnÐou S. 'Ara oi timèc autèc prèpei na brÐskontai metaxÔ twn f(α1, α2),
f(α1, β2), f(β1, α2) kai f(β1, β2), akrib¸c an�loga me thn monoparametrik 
perÐptwsh pou melet same sthn prohgoÔmenh par�grafo.

EÐnai profanèc ìti gia th epÐlush tou sust matoc (6.2.5) me qr sh twn
EADI mejìdwn (6.2.9), qrhsimopoioÔme ton prorrujmist 

M =
1

ω
(I + r2A2)(I + r1A1). (6.2.17)

Gi' autìn to lìgo oi bèltistec timèc gia tic paramètrouc r1, r2, ω, tic opoÐec
sumbolÐzoume me r∗1, r∗2, ω∗ (bl. [27]) mporoÔn na brejoÔn elaqistopoi¸ntac
to lìgo G

g
. 'Estw ìti G∗ kai g∗ eÐnai oi antÐstoiqec bèltistec timèc gia tic G

kai g. Tìte,
G∗

g∗
= min

r1,r2∈(0,∞)

G

g
. (6.2.18)

S' aut n thn perÐptwsh h bèltisth tim  gia to ω ja dÐnetai apì th

ω∗ =
2

G∗ + g∗
. (6.2.19)

Gia ton antÐstoiqo Prorrujmist  thc mejìdou twn Suzug¸n KlÐsewn, o bèl-
tistoc ja eÐnai autìc gia ton opoÐo κ(M−1A) = λmax(M−1A)

λmin(M−1A)
elaqistopoieÐtai.

Parìla aut�, h par�metroc qal�rwshc ω aplopoieÐtai kai den ephre�zei ton
Prorrujmist  thc mejìdou twn Suzug¸n KlÐsewn, to opoÐo sumbaÐnei ìtan
o lìgoc G

g
elaqistopoieÐtai. 'Etsi h lÔsh tou bèltistou EADI probl matoc

ja dÐnei epÐshc kai th lÔsh gia to bèltistou Prorrujmist  thc mejìdou twn
Suzug¸n KlÐsewn. Eidikìtera èqoume apodeÐxei ìti:
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Je¸rhma 6.2.1. Me b�sh touc mèqri t¸ra sumbolismoÔc kai tic upojè-
seic, o bèltistoc (mikrìteroc) deÐkthc kat�stashc gia to diakritì prìblhma
Poisson (6.2.5), qrhsimopoi¸ntac ton ADI Prorrujmist  (6.2.17) gia th mè-
jodo twn Suzug¸n KlÐsewn, brÐsketai apì tic bèltistec timèc twn paramètrwn
epit�qunshc r1 = r∗1 kai r2 = r∗2, oi opoÐec beltistopoioÔn to antÐstoiqo EADI
prìblhma (6.2.18). Sunep¸c o bèltistoc deÐkthc kat�stashc dÐnetai apì thn
èkfrash

κ∗(M−1A) =
G∗

g∗
. (6.2.20)

6.2.3 Prosdiorismìc twn Ekfr�sewn G kai g

Gia thn aplopoÐhsh thc an�lushc, jewroÔme ìti oi lìgoi 1
β1

, 1
β2

> θ ètsi ¸ste

0 <
1

βi

− θ <
1

αi

− θ, i = 1, 2. (6.2.21)

Profan¸c, h arister  anisìthta (6.2.21) ikanopoieÐtai gia θ = 0 en¸ den
isqÔei gia k�je tim  tou θ = θ∗. Oi peript¸seic pou mporeÐ na prokÔyoun
ìtan h proanaferjeÐsa sqèsh (6.2.21) den ikanopoieÐtai ja exetastoÔn sthn
Par�grafo 6.2.5. 'Estw ìti Vα1α2 , Vβ1α2 , Vβ1β2 , Vα1β2 eÐnai oi tèsseric korufèc
tou orjogwnÐou S. AfoÔ oi akraÐec timèc thc sun�rthshc f lamb�nontai stic
korufèc tou S, gia na broÔme tic timèc autèc, paragwgÐzoume thn f kat�
m koc k�je pleur�c. Se aut  thn diparametrik  perÐptwsh ìpwc kai sthn
monoparametrik  perÐptwsh h parametrikopoÐhsh twn pleur¸n tou orjogwnÐou
dÐnetai apì tic ekfr�seic (6.1.41) kai oi ekfr�seic twn sÔnjetwn parag¸gwn
dÐnontai parak�tw

df(li(t))

dt
= ∇f · dli(t)

dt
=

λi

(
( 1

λi
− θ)− rj

)

(1 + rjλj)2(1 + riλi)
(βj − αj), i, j = 1, 2, i 6= j

(6.2.22)
Apì tic parap�nw ekfr�seic parathroÔme ìti to prìshmo thc parag¸gou

exart�tai apì thn èkfrash tou arijmht  ( 1
λi
−θ)−rj, i, j = 1, 2 i 6= j. 'Eqoume

loipìn ìti se aut  thn perÐptwsh oi par�gwgoi se k�je perÐptwsh eÐnai jetikèc
ìtan to rj < 1

λi
−θ. Se k�je perÐptwsh analutik� ta prìshma twn antÐstoiqwn

merik¸n parag¸gwn emfanÐzontai ston PÐnaka 6.7.

'Etsi gia par�deigma, sthn perÐptwsh ri ∈
(
0, 1

βj
− θ

]
, i 6= j = 1, 2,

brÐsketai eÔkola apì ton PÐnaka 6.7 ìti h f aux�nei kat� m koc twn pleur¸n
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r1
1

β2
− θ

∂f(
−→

Vα1β2
Vβ1β2

)

∂r1
+ −

r2
1

α1
− θ

∂f(
−→

Vα1α2Vα1β2
)

∂r2
+ −

r1
1

α2
− θ

∂f(
−→

Vα1α2Vβ1α2
)

∂r1
+ −

r2
1

β1
− θ

∂f(
−→

Vβ1α2
Vβ1β2

)

∂r2
+ −

PÐnakac 6.7: Ta prìshma twn ∂f
∂ri

, i = 1, 2, kat� m koc twn pleur¸n tou
orjogwnÐou S.

−→
Vα1α2Vβ1α2 kai

−→
Vβ1α2Vβ1β2 ìpwc kai twn

−→
Vα1α2Vα1β2 kai

−→
Vα1β2Vβ1β2 . San apotè-

lesma èqoume ìti G = f(β1, β2) kai g = f(α1, α2). Autì faÐnetai sto k�tw
arister� qwrÐo tou pr¸tou tetarthmorÐou tou epipèdou twn r1, r2 tou PÐnaka
6.8. Me ton Ðdio akrib¸c trìpo exet�zontai kai ìlec oi �llec okt¸ peript¸seic
qrhsimopoi¸ntac to prìshmo twn merik¸n parag¸gwn apì ton PÐnaka 6.7. To
telikì apotèlesma parousi�zetai ston PÐnaka 6.8.

r2

+∞ G = f(β1, α2) G = f(β1, α2) G = f(α1, α2)
g = f(α1, β2) g = f(β1, β2) g = f(β1, β2)

A B
1

α1
− θ

G = f(β1, α2) G = max {f(α1, β2), f(β1, α2)} G = f(α1, β2)
g = f(α1, α2) g = min {f(α1, α2), f(β1, β2)} g = f(β1, β2)

D C
1
β1
− θ

G = f(β1, β2) G = f(α1, β2) G = f(α1, β2)
g = f(α1, α2) g = f(α1, α2) g = f(β1, α2)

0 1
β2
− θ 1

α2
− θ +∞ r1

PÐnakac 6.8: To Mègisto kai to El�qisto thc f se k�je qwrÐo tou pr¸tou tetarth-
morÐou tou epipèdou twn r1, r2.
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H mình perÐptwsh pou qrei�zetai peraitèrw diereÔnhsh eÐnai aut  ìpou ta
(r1, r2) an koun sto qwrÐo

(r1, r2) ∈ ABCD :=

[
1

β2

− θ,
1

α2

− θ

]
×

[
1

β1

− θ,
1

α1

− θ

]
, (6.2.23)

thn opoÐa ja melet soume argìtera.
Ac exet�soume t¸ra pwc sumperifèretai o lìgoc G

g
ìtan briskìmaste se

k�poio apì ta okt¸ keli� pou orÐzontai ston PÐnaka 6.8, kinoÔmenoi se k�je mÐa
apì tic r1−   r2−dieujÔnseic diathr¸ntac thn �llh stajer . Gia par�deigma,
èstw ìti jewroÔme to kelÐ

r1 ∈
(

0,
1

β2

− θ

]
, r2 ∈

[
1

α1

− θ, ∞
)

.

Tìte ja èqoume

G

g
=

f(β1, α2)

f(α1, β2)
=

(β1 + α2 − θβ1α2) (1 + α1r1)(1 + β2r2)

(α1 + β2 − θα1β2) (1 + β1r1)(1 + α2r2)
.

Lìgw tou jetikoÔ pros mou twn stajer¸n pr¸twn paragìntwn stouc ìrouc
tou kl�smatoc, lamb�nontac merikèc parag¸gouc pr¸ta se sqèsh me to r1 kai
èpeita se sqèsh me to r2 kai ekmetalleuìmenoi to sumbolismì pou eisag�game
sth (6.1.43) èqoume ìti

∂
(

G
g

)

∂r1

∼ d

dr1

(
1 + α1r1

1 + β1r1

)
∼ α1 − β1 < 0,

∂
(

G
g

)

∂r2

∼ d

dr2

(
1 + β2r2

1 + α2r2

)
∼ β2 − α2 > 0.

To pr¸to apotèlesma mac deÐqnei ìti jewr¸ntac stajerì to r2, o lìgoc G
g

apoteleÐ fjÐnousa sun�rthsh tou r1. 'Ara elaqistopoieÐtai ìtan to r1 l�bei
th mègisth dunat  tim  tou, to opoÐo sumbaÐnei ìtan r1 = 1

β2
− θ. Apì thn

�llh meri� to deÔtero apotèlesma mac deÐqnei ìti o jewroÔmenoc lìgoc eÐnai
aÔxousa sun�rthsh tou r2, me apotèlesma na elaqistopoieÐtai gia r2 = 1

α1
−θ.

'Opwc kajÐstatai fanerì o sugkekrimènoc lìgoc, gia ìla ta zeÔgh (r1, r2)
tou jewrhjèntoc qwrÐou, elaqistopoieÐtai gia to zeÔgoc twn sunistws¸n thc
k�tw dexi� gwnÐac tou qwrÐou, h opoÐa eÐnai apoteleÐ thn koruf  A tou qwrÐou
ABCD thc sqèshc (6.2.23).

75



Parìmoia melèth se k�je èna apì ta �lla trÐa akraÐa qwrÐa (�nw dexi�,
k�tw dexi� kai k�tw arister�), pou orÐzontai ston PÐnaka 6.8, odhgeÐ sto
sumpèrasma ìti to el�qisto tou lìgou G

g
lamb�nei q¸ra sta shmeÐa B, C, D,

antÐstoiqa. Gia ta tèssera qwrÐa pou moir�zontai koinì sÔnoro me to ABCD
ta telik� sumper�smata eÐnai k�pwc diaforetik�. Gia par�deigma, èstw ìti
jewroÔme to qwrÐo

r1 ∈
[

1

β2

− θ,
1

α2

− θ

]
, r2 ∈

[
1

α1

− θ, ∞
)

.

Lamb�nontac merikèc parag¸gouc tou lìgou

G

g
=

f(β1, α2)

f(β1, β2)
=

(β1 + α2 − θβ1α2) (1 + β2r2)

(β1 + β2 − θβ1β2) (1 + α2r2)
,

wc proc to r2 mìno, afoÔ o lìgoc pou mac endiafèrei, eÐnai anex�rthtoc apì
to r1, èqoume ìti

∂
(

G
g

)

∂r2

∼ d

dr2

(
1 + β2r2

1 + α2r2

)
∼ β2 − α2 > 0.

'Ara o jewroÔmenoc lìgoc G
g
apoteleÐ aÔxousa sun�rthsh tou r2 kai epomènwc

to el�qistì tou lamb�netai gia r2 = 1
α1
− θ, to opoÐo parousi�zetai sto

eujÔgrammo tm ma AB. Me ton Ðdio trìpo ergazìmenoi mporoÔme na broÔme ìti
h el�qisth tim  tou lìgou, se k�je èna apì ta trÐa �lla qwrÐa pou sunoreÔoun
me to orjog¸nio ABCD, lamb�netai stic pleurèc BC, CD, DA tou kentrikoÔ
autoÔ qwrÐou (orjogwnÐou), antÐstoiqa.

Sunep¸c to telikì sumpèrasma pou ex�getai eÐnai ìti to olikì el�qisto
tou lìgou G

g
lamb�netai se k�poio shmeÐo tou orjogwnÐou ABCD. Ja prèpei,

loipìn, na brejeÐ katarq�c poia apì tic dÔo ekfr�seic se k�je èna apì ta
�gkistra, pou emfanÐzontai sto orjog¸nio ABCD tou PÐnaka 6.8, dÐnoun tic
timèc gia tic G kai g. Gia to skopì autì jewroÔme tic diaforèc

Q(r1, r2) = f(α1, β2)− f(β1, α2) kai q(r1, r2) = f(β1, β2)− f(α1, α2),
(6.2.24)

opìte kai ja prospaj soume na broÔme to prìshmo kajemi�c.
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ArqÐzoume me thn èkfrash

Q(r1, r2) =
α1 + β2 − θα1β2

(1 + α1r1)(1 + β2r2)
− β1 + α2 − θβ1α2

(1 + β1r1)(1 + α2r2)
∼ (α1 + β2 − θα1β2)(1 + β1r1)(1 + α2r2)
− (β1 + α2 − θβ1α2)(1 + α1r1)(1 + β2r2)
∼ [(α1 + β2)− θα1β2 + (α1 + β2)α2r2 − θα1α2β2r2

+ (α1 + β2)β1r1 − θr1β1α1β2 + (α1 + β2)β1α2r1r2]
− [(β1 + α2)− θβ1α2 + (β1 + α2)β2r2 − θβ2β1α2r2

+ (β1 + α2)α1r1 − θα1β1α2r1 + (β1 + α2)α1β2r1r2]
∼ r1r2[β2α2(β1 − α1)− β1α1(β2 − α2)]
+ (r1 − r2)[β1(β2 − α2) + α2(β1 − α1)]
− θr1β1α1(β2 − α2) + θr2β2α2(β1 − α1)
− θβ1(β2 − α2) + θβ2(β1 − α1) + (β2 − α2)− (β1 − α1).(6.2.25)

Jewr¸ntac ìti o suntelest c tou ginomènou r1r2 eÐnai diaforetikìc tou mh-
denìc, h sun�rthsh thc sqèshc (6.2.25) parist�nei gewmetrik� èna monìqwno
uperboloeidèc me kampÔlec st�jmhc uperbolèc.

Shm.: E�n o suntelest c tou ginomènou r1r2 eÐnai mhdèn, pou sumbaÐnei e�n
β2α2(β1 − α1) = β1α1(β2 − α2),   ìtan 1

α1
− 1

β1
= 1

α2
− 1

β2
, èqoume isodÔnama

ìti
cot(πh1)

cot(πh2)

sin(πh2)

sin(πh1)
=

a2h4
2

b2h4
1

,

ìpwc, gia par�deigma, sthn perÐptwsh ìpou α2 = α1 kai β2 = β1. Tìte to
uperboloeidèc gÐnetai epÐpedo kai oi kampÔlec st�jmhc eÐnai eujeÐec grammèc.
Diaforetik�, tÐpota den all�zei sthn an�lush pou ja akolouj sei. 'Etsi,
apì ed¸ kai pèra ìtan qrhsimopoioÔme thn èkfrash “uperbol ” ja sumperil-
amb�noume kai thn perÐptwsh thc eujeÐac gramm c.

Sth sunèqeia exet�zoume to prìshmo thc sun�rthshc Q(r1, r2) se k�je
koruf  tou orjogwnÐou ABCD. Sthn koruf  A èqoume ìti

Q

(
1
β2
− θ,

1
α1

− θ

)

=
α1 + β2 − θα1β2(

1 +
(

1
β2
− θ

)
α1

)(
1 +

(
1

α1
− θ

)
β2

) − β1 + α2 − θβ1α2(
1 +

(
1
β2
− θ

)
β1

)(
1 +

(
1

α1
− θ

)
α2

)

= α1β2
α1 + β2 − θα1β2

(α1 + β2 − θα1β2)2
− α1β2

β1 + α2 − θβ1α2

(β1 + β2 − θβ1β2)(α1 + α2 − θα2α1)
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∼ (β1 + β2 − θβ1β2)(α1 + α2 − θα2α1)− (α1 + β2 − θα1β2)(β1 + α2 − θβ1α2)

∼ −(β1 − α1)(β2 − α2) < 0,

autì kai diìti oi paronomastèc eÐnai jetikoÐ apì to jetik� orismèno twn
pin�kwn A1 kai A2. Sthn koruf  B èqoume ìti

Q

(
1
α2

− θ,
1
α1

− θ

)

=
α1 + β2 − θα1β2(

1 +
(

1
α2
− θ

)
α1

)(
1 +

(
1

α1
− θ

)
β2

)− β1 + α2 − θβ1α2(
1 +

(
1

α2
− θ

)
β1

)(
1 +

(
1

α1
− θ

)
α2

)

∼ α1α2
α1 + β2 − θα1β2

(α1 + β2 − θα1β2)(α1 + α2 − θα1α2)
−α1α2

β1 + α2 − θβ1α2

(β1 + α2 − θβ1α2)(α1 + α2 − θα1α2)

= 0.

Sthn koruf  C èqoume ìti

Q

(
1
α2

− θ,
1
β1
− θ

)

=
α1 + β2 − θα1β2(

1 +
(

1
α2
− θ

)
α1

)(
1 +

(
1
β1
− θ

)
β2

) − β1 + α2 − θβ1α2(
1 +

(
1

α2
− θ

)
β1

)(
1 +

(
1
β1
− θ

)
α2

)

∼ α1 + β2 − θα1β2

(α1 + α2 − θα1α2)(β1 + β2 − θβ1β2)
− 1

β1 + α2 − θβ1α2

∼ (α1 + β2 − θα1β2)(β1 + α2 − θβ1α2)− (α1 + α2 − θα1α2)(β1 + β2 − θβ1β2)

∼ (β1 − α1)(β2 − α2) > 0.

Tèloc, sthn koruf  D h tim  thc sun�rthshc eÐnai

Q

(
1
β2
− θ,

1
β1
− θ

)
=

α1 + β2 − θα1β2(
1 +

(
1
β2
− θ

)
α1

) (
1 +

(
1
β1
− θ

)
β2

) − β1 + α2 − θβ1α2(
1 +

(
1
β2
− θ

)
β1

)(
1 +

(
1
β1
− θ

)
α2

)

= β1β2

(
1

β1 + β2 − θβ1β2
− 1

β1 + β2 − θβ2β1

)
= 0.

Basizìmenoi sta prohgoÔmena apotelèsmata, èqontac dhlad  ìti h sun�r-
thsh Q(r1, r2) èqei arnhtik  tim  sthn koruf  A mhdenik  tim  stic korufèc
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B kai D kai tèloc jetik  sthn koruf  C, sun�getai ìti h sun�rthsh Q(r1, r2)
eÐnai arnhtik  arister� tou tm matoc thc uperbol c DB, mhdenÐzetai p�nw s'
autì kai eÐnai jetik  dexi� tou, ìpwc faÐnetai sto Sq ma 6.2. Autì apl�
shmaÐnei ìti apì tic dÔo ekfr�seic gia thn G twn opoÐwn h diafor� eÐnai h
Q(r1, r2) sth sqèsh (6.2.24), h pr¸th èkfrash, f(α1, β2), dÐnei th mègisth
tim  gia thn f arister� tou DB, h f(α2, β1) dÐnei to antÐstoiqo mègisto dexi�
tou DB, en¸ p�nw sto DB oi duo ekfr�seic tautÐzontai.

A(-) B(0)

C(+)D(0)

_

+

Sq ma 6.2: Prìshma thc Q(r1, r2) sto ABCD.

Gia na broÔme to el�qisto thc f sto ABCD ergazìmaste me ton Ðdio
akrib¸c trìpo qrhsimopoi¸ntac t¸ra th diafor� q(r1, r2), pou orÐzetai sth
sqèsh (6.2.24). S' aut  thn perÐptwsh èqoume ìti
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q(r1, r2) =
β1 + β2 − θβ1β2

(1 + r1β1)(1 + r2β2)
− α1 + α2 − θα1α2

(1 + r1α1)(1 + r2α2)
∼ (β1 + β2 − θβ1β2)(1 + r1α1)(1 + r2α2)
− (α1 + α2 − θα1α2)(1 + r1α1)(1 + r2α2)
= [(β1 + β2)− θβ1β2 + r2α2(β1 + β2)
− θr2α2β1β2 + (β1 + β2)r1α1

− θr1α1β1β2 + (β1 + β2)r1r2α1α2]
− [(α1 + α2)− θα1α2

+ r1β1(β1 + β2) + r2β2(β1 + β2)
− θr1β1α1α2 − θr2β2α1α2 + (β1 + β2)r1r2β1β2]
∼ −r1r2[β2α2(β1 − α1) + β1α1(β2 − α2)]
+ (r1 − r2)[α1(β2 − α2)− α2(β1 − α1)]
− θr1β1α1(β2 − α2)− θr2β2α2(β1 − α1)
− θα1(β2 − α2)− θβ2(β1 − α1) + (β2 − α2) + (β1 − α1)(6.2.26)

EÐnai eÔkolo na diapist¸soume ìti to dexiì mèloc parist�nei gewmetrik�
p�nta èna monìqwno uperboloeidèc me tic kampÔlec st�jmhc tou na eÐnai p�nta
uperbolèc afoÔ o suntelest c tou ginomènou r1r2 eÐnai arnhtikìc. Exet�zoume
to prìshmo thc sun�rthshc q(r1, r2), ìpwc autì ègine prin me thn Q(r1, r2),
stic korufèc tou orjogwnÐou ABCD. 'Eqoume loipìn tic akìloujec ekfr�-
seic. Gia thn koruf  A h tim  thc sun�rthshc g eÐnai:

small

q

(
1

β2

− θ,
1

α1

− θ

)
=

β1 + β2 − θβ1β2

(1 +
(

1
β2
− θ

)
β1)(1 +

(
1

α1
− θ

)
β2)

− α1 + α2 − θα1α2

(1 +
(

1
β2
− θ

)
α1)(1 +

(
1

α1
− θ

)
α2)

= α1β2

(
1

α1 + β2 − θα1β2

− 1

α1 + β2 − θα1β2

)
= 0

80



'Epeita ja broÔme diadoqik� kai tic timèc thc sun�rthshc kai stic upìloipec
korufèc B, C, D.

q

(
1
α2

− θ,
1
α1

− θ

)
=

β1 + β2 − θβ1β2

(1 +
(

1
α2
− θ

)
β1)(1 +

(
1

α1
− θ

)
β2)

− α1 + α2 − θα1α2

(1 +
(

1
α2
− θ

)
α1)(1 +

(
1

α1
− θ

)
α2)

∼ (β1 + β2 − θβ1β2)(α1 + α2 − θα1α2)− (α2 + β1 − θα2β1)(α1 + β2 − θα1β2)

= [(β1 + β2)(α1 + α2)− θβ1β2(α1 + α2)− θα1α2(β1 + β2)]

−[(α2 + β1)(α1 + β2)− θα1β2(α2 + β1)− θα2β1(α1 + β2)

= −(β2 − α2)(β1 − β2) < 0

q

(
1
α2

− θ,
1
β1
− θ

)

=
β1 + β2 − θβ1β2

(1 +
(

1
α2
− θ

)
β1)(1 +

(
1
β1
− θ

)
β2)

− α1 + α2 − θα1α2

(1 +
(

1
α2
− θ

)
α1)(1 +

(
1
β1
− θ

)
α2)

∼
(

1
α2 + β1 − θα2β1

− 1
α2 + β1 − θα2β1

)
= 0

q

(
1
β2
− θ,

1
β1
− θ

)

=
β1 + β2 − θβ1β2

(1 +
(

1
β2
− θ

)
β1)(1 +

(
1
β1
− θ

)
β2)

− α1 + α2 − θα1α2

(1 +
(

1
β2
− θ

)
α1)(1 +

(
1
β1
− θ

)
α2)

∼ 1
β1 + β2 − θβ1β2

− α1 + α2 − θα1α2

(α1 + β2 − θα1β2)(β1 + α2 − θα2β1)

∼ (α1 + β2 − θα1β2)(β1 + α2 − θα2β1)− (α1 + α2 − θα1α2)(β1 + β2 − θβ1β2) > 0.

H teleutaÐa èkfrash eÐnai h antÐjeth thc èkfrashc pou afor� sthn koruf 
B epomènwc èqei kai antÐjeto prìshmo.

Ta parap�nw apotelèsmata sunoyÐzontai ston akìloujo pÐnaka
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



q(r1, r2) = 0 sthn koruf  A,
q(r1, r2) < 0 sthn koruf  B,
q(r1, r2) = 0 sthn koruf  C,
q(r1, r2) > 0 sthn koruf  D.

'Etsi, h sun�rthsh q(r1, r2) eÐnai arnhtik  sta dexi� tou tm matoc thc
uperbol c AC, mhdenÐzetai p�nw s' aut n kai eÐnai jetik  sta arister� aut c
(bl. Sq ma 6.3).

A(0) B(-)

D(+) C(0)

+

_

Sq ma 6.3: Prìshma thc q(r1, r2) sto ABCD.

E�n sugkrÐnoume ta apotelèsmata pou paÐrnoume apì ta prìshma twn dÔo
sunart sewn Q(r1, r2) kai q(r1, r2), mporoÔme na diapist¸soume ìti to or-
jog¸nio ABCD qwrÐzetai apì ta tm mata twn dÔo uperbol¸n se tèssera mè-
rh, sta opoÐa parousi�zontai diaforetik� zeÔgh apì prìshma, kai wc ek toÔtou
diaforetikèc ekfr�seic gia th mègisth kai thn el�qisth tim  thc sun�rthshc f.
Ta prìshma twn duo sunart sewn se kajèna apì touc tèsseric tomeÐc stouc
opoÐouc qwrÐzetai to orjog¸nio ABCD, parousi�zontai sto Sq ma 6.4.

Basizìmenoi sta prìshma twn sunart sewn Q kai q, pou orÐzontai stic
sqèseic (6.2.24), se k�je ènan apì touc tèsseric tomeÐc tou ABCD èqoume
ta epìmena apotelèsmata, jewr¸ntac th mègisth kai thn el�qisth tim  twn G
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A B

D C

q(-)

Q(+)

Q(+)

q(+)

q(-)

Q(-)

q(+)

Q(-)
O

Sq ma 6.4: Ta prìshma twn Q(r1, r2) kai q(r1, r2) sto orjog¸nio ABCD.

kai g, antÐstoiqa:

Tomèac(OAB) : G = f(β1, α2), g = f(β1, β2),
Tomèac(OBC) : G = f(α1, β2), g = f(β1, β2),
Tomèac(OCD) : G = f(α1, β2), g = f(α1, α2),
Tomèac(ODA) : G = f(β1, α2), g = f(α1, α2).

(6.2.27)

6.2.4 Bèltistec Par�metroi thc EADI Mejìdou
'Eqontac breÐ tic ekfr�seic gia tic sunart seic G kai g stouc tèsseric tomeÐc
tou ABCD stic sqèseic (6.2.27) epistrèfoume sto basikì mac, skopì ìp-
wc perigr�fhke sthn prohgoÔmenh par�grafo, dhlad  h elaqistopoÐhsh tou
lìgou G

g
se k�je tomèa qwrist�.

'Estw ìti jewroÔme ton tomèa OAB, ìpwc autìc faÐnetai sto Sq ma 6.4.
JewroÔme to lìgo G

g
pou èqei thn èkfrash

G

g
=

f(β1, α2)

f(β1, β2)
=

(β1 + α2 − θβ1α2)

(β1 + β2 − θα1α2)
· (1 + β1r1)

(1 + β1r1)
· (1 + β2r2)

(1 + α2r2)
.

Efìson to deÔtero kl�sma sthn parap�nw èkfrash eÐnai Ðso me 1, o zhtoÔ-
menoc lìgoc exart�tai mìno apì to r2. 'Etsi, paÐrnontac th merik  par�gwgo
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wc proc autì brÐskoume ìti
∂(G

g )
∂r2

∼ β2−α2 > 0. O lìgoc, loipìn, G
g
eÐnai aÔx-

ousa sun�rthsh tou r2 kai paÐrnei thn el�qisth tim , efìson eÐnai anex�rthtoc
apì to r1, sto “qamhlìtero” shmeÐo tou tomèa OAB, pou eÐnai to shmeÐo O.

Jewr¸ntac t¸ra ton tomèa OCD paÐrnoume to lìgo

G

g
=

f(α1, β2)

f(α1, α2)
=

(α1 + β2 − θα1β2)

(α1 + α2 − θα1α2)
· (1 + α1r1)

(1 + α1r1)
· (1 + α2r2)

(1 + β2r2)
.

H perÐptwsh aut  eÐnai antÐstoiqh me thn prohgoÔmenh. Ki ed¸ èqoume ìti
∂(G

g )
∂r2

∼ α2 − β2 < 0. To sumpèrasma eÐnai ìti o lìgoc G
g

eÐnai fjÐnousa
sun�rthsh wc proc r2 ki epìmenwc h el�qisth tim  tou lamb�netai sto “yhlì-
tero” shmeÐo tou tomèa OCD, pou eÐnai kai p�li to O.

SugkrÐnontac to teleutaÐo apotèlesma me to prohgoÔmeno èqoume ìti to o-
likì el�qisto (bèltisto) tou lìgou lamb�netai sto shmeÐo O. 'Etsi h bèltisth
lÔsh tou probl matìc mac dÐnetai apì tic suntetagmènec (r∗1, r∗2) tou O. Apì
to teleutaÐo mporoÔme eÔkola na broÔme to bèltisto ω, to (ω∗), kai to
bèltisto deÐkth kat�stashc κ∗(M−1A), pou dÐnontai apì tic sqèseic (6.1.38)
kai (6.1.39), antÐstoiqa.

Shm.: Shmei¸noume ìti e�n qrhsimopoi soume touc �llouc dÔo tomeÐc s-
touc opoÐouc qwrÐzetai to orjog¸nio lamb�noume akrib¸c to Ðdio apotèlesma.

Fusik� gia na broÔme tic suntetagmènec tou shmeÐou O prèpei na lÔsoume
to sÔsthma twn dÔo exis¸sewn Q(r1, r2) = 0 kai q(r1, r2) = 0. Lamb�non-
tac tic dÔo sunart seic apì tic sqèseic (6.2.25) kai (6.2.26) katal goume na
èqoume proc epÐlush to parak�tw sÔsthma

[β2α2(β1 − α1)− β1α1(β2 − α2)]r1r2 + [β1(β2 − α2) + α2(β1 − α1)](r1 − r2)
−θβ1α1(β2 − α2)r1 + θβ2α2(β1 − α1)r2

−θβ1(β2 − α2) + θβ2(β1 − α1) + (β2 − α2)− (β1 − α1) = 0,

−[β2α2(β1 − α1) + β1α1(β2 − α2)]r1r2 + [α1(β2 − α2)− α2(β1 − α1)](r1 − r2)
−θβ1α1(β2 − α2)r1 − θβ2α2(β1 − α1)r2

−θα1(β2 − α2)− θβ2(β1 − α1) + (β2 − α2) + (β1 − α1) = 0. (6.2.28)

AjroÐzontac kai afair¸ntac kat� mèlh tic dÔo exis¸seic lamb�noume to isodÔ-
namo sÔsthma

−β1α1r1r2 +
1

2
(α1 + β1)(r1 − r2)− θβ1α1r1 − θ

2
(α1 + β1) + 1 = 0,

β2α2r1r2 +
1

2
(α2 + β2)(r1 − r2) + θβ2α2r2 +

θ

2
(α2 + β2)− 1 = 0.(6.2.29)
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Pollaplasi�zontac thn pr¸th me α2β2 kai th deÔterh me α1β1, prosjètontac
tic exis¸seic pou prokÔptoun kai lÔnontac wc proc r1 − r2 lamb�noume th
sqèsh

r1−r2 =
2(β1α1 − β2α2) + θ [β2α2(α1 + β1)− β1α1(α2 + β2)]

β2α2(α1 + β1) + β1α1(α2 + β2)− 2θβ1α1β2α2

=: H(θ) ≡ H.

(6.2.30)
Antikajist¸ntac thn tim  tou r1 = r2 + H(θ) sth deÔterh sqèsh (6.2.29) kai
lÔnontac thn exÐswsh deutèrou bajmoÔ pou prokÔptei wc proc r2 èqoume

r2 =
−β2α2(H + θ)± [β2

2α
2
2(H + θ)2 − 2β2α2[(α2 + β2)(H + θ)− 2]]

1
2

2β2α2

.

(6.2.31)
Sth sunèqeia antikajist¸ntac sth sqèsh r1 = r2 + H èqoume ìti

r1 =
β2α2(H − θ)± [β2

2α
2
2(H + θ)2 − 2β2α2[(α2 + β2)(H + θ)− 2]]

1
2

2β2α2

.

(6.2.32)
Shmei¸noume ìti gia thn an�lush pou ègine ta duo tm mata uperbol¸n pou
jewr same prèpei na èqoun to mìno shmeÐo tom c touc O austhr� mèsa sto
orjog¸nio ABCD. Shmei¸noume epÐshc ìti oi ekfr�seic stic sqèseic (6.2.32)
kai (6.2.31), pou dÐnoun ta zeÔgh (r1, r2) pou lÔnoun to prìblhma, prèpei na
èqoun to Ðdio prìshmo mèsa stic tetragwnikèc rÐzec. JewroÔme, wstìso, ìti
e�n p�roume ta el�qista twn tetragwnik¸n riz¸n èqoume

r1 + r2 =
−β2α2θ − [β2

2α
2
2(H + θ)2 − 2β2α2[(α2 + β2)(H + θ)− 2]]

1
2

β2α2

< 0,

to opoÐo eÐnai adÔnato. 'Etsi oi bèltistec timèc gia ta r1 kai r2 dÐnontai telik�
apì tic epìmenec ekfr�seic

r∗1 = 1
2

{
(H − θ) +

[
(H + θ)2 − 2

β2α2
[(α2 + β2)(H + θ)− 2]

] 1
2

}
,

r∗2 = 1
2

{
−(H + θ) +

[
(H + θ)2 − 2

β2α2
[(α2 + β2)(H + θ)− 2]

] 1
2

}
.

(6.2.33)
Sunep¸c, èqoume apodeÐxei ìti:

85



Je¸rhma 6.2.2. Me b�sh touc mèqri t¸ra sumbolismoÔc kai tic upojèseic,
oi bèltistec timèc twn paramètrwn epit�qunshc r1 = r∗1 kai r2 = r∗2 thc di-
akrit c exÐswshc Poisson (6.2.5), qrhsimopoi¸ntac touc ADI Prorrujmistèc
(6.2.17), dÐnontai apì tic ekfr�seic (6.2.33), ìpou H dÐnetai apì th sqèsh
(6.2.30). Oi bèltistec timèc gia thn par�metro qal�rwshc ω∗ kai tou deÐkth
kat�stashc κ∗(M−1A), dÐnontai apì tic ekfr�seic (6.2.19) kai (6.2.20), antÐs-
toiqa. Oi timèc autèc brÐskontai afoÔ èqoume  dh brei tic timèc twn G∗ kai
g∗, qrhsimopoi¸ntac k�poia apì tic dÔo ekfr�seic tou PÐnaka 6.8.

6.2.5 'Allec Dunatèc Peript¸seic
Sthn prohgoÔmenh par�grafo h perÐptwsh θ = θ∗ < 1

βi
, i = 1, 2, exet�sthke

kai antimetwpÐsthke epituq¸c. H perÐptwsh pou exet�sthke kalÔptei epÐshc
kai thn perÐptwsh twn 5−shmeÐwn, ìtan θ = 0 kaj¸c epÐshc kai tic peript¸seic
θ = θ∗ ∈ [1

6
, 1

2
√

5
]. Parìla aut� ìpwc mporoÔme na anaferjoÔme sthn ergasÐa

[?], pou eÔkola mporoÔme na elègxoume sthn perÐptwsh mac, ìti oi epiplèon
dunatèc peript¸seic eÐnai autèc stic opoÐec mÐa apì tic dÔo anisìthtec θ =
θ∗ > 1

βi
, i = 1, 2, isqÔei.

Ja exet�soume polÔ sunoptik� mÐa apì tic dÔo dunatèc peript¸seic. 'Estw
aut  gia thn opoÐa isqÔei 1

β2
< θ∗ < 1

β1
. Ta sumper�smata gia thn �llh

dunat  perÐptwsh prokÔptoun me an�logo trìpo kai gi' autì paraleÐpontai.
Profan¸c, se aut n thn perÐptwsh o PÐnakac 6.7 ja all�xei exaitÐac tou

periorismoÔ tou β2, opìte ja isqÔei ìti ∂f(
−→

Vα1β2
Vβ1β2

)

∂r1
< 0 gia k�je r1 ∈

(0,∞). Lìgw aut c thc allag c, o PÐnakac 6.8 periorÐzetai sto tm ma tou
arqikoÔ ektìc twn tri¸n arister¸n qwrÐwn ta opoÐa t¸ra den up�rqoun. Ta
anaferjènta parap�nw parousi�zontai ston epìmeno PÐnaka 6.9, ìpou ìla ta
sumper�smata sta upìloipa keli� tou PÐnaka 6.8 paramènoun amet�blhta.

Gia na broÔme to mègisto kai to el�qisto thc sun�rthshc f sto antÐstoiqo,
me thn prohgoÔmenh genik  perÐptwsh, kentrikì orjog¸nio A′BCD′ ergazì-
maste me ton Ðdio akrib¸c trìpo pou ergast kame stic prohgoÔmenec para-
gr�fouc. 'Etsi, upologÐzoume tic ekfr�seic Q(r1, r2) = f(α1, β2)− f(β1, α2)
kai q(r1, r2) = f(β1, β2) − f(α1, α2) sth sqèsh (6.2.24) kai brÐskoume ta
prìshma kai tic timèc stic korufèc A′, B, C, D′. Oi suntetagmènec twn ko-
ruf¸n tou orjogwnÐou A′BCD′ eÐnai A′

(
0, 1

α1
− θ∗

)
, D′

(
0, 1

β1
− θ∗

)
, en¸

autèc twn dÔo �llwn koruf¸n paramènoun amet�blhtec. 'Etsi, sunoyÐzoume
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r2

+∞ G = f(β1, α2) G = f(α1, α2)
g = f(β1, β2) g = f(β1, β2)

A′ B
1

α1
− θ∗

G = max{f(α1, β2), f(α2, β1)} G = f(α1, β2)
g = min{f(α1, α2), f(β1, β2)} g = f(β1, β2)

D′ C
1
β1
− θ∗

G = f(α1, β2) G = f(α1, β2)
g = f(α1, α2) g = f(β1, α2)

0 1
α2
− θ∗ +∞ r1

PÐnakac 6.9: Mègisto kai el�qisto thc f se k�je qwrÐo tou pr¸tou tetarthmorÐou
tou epipèdou twn r1, r2.

me ta epìmena sumper�smata:




Q(r1, r2) < 0 sthn koruf  A′,
Q(r1, r2) = 0 sthn koruf  B,
Q(r1, r2) > 0 sthn koruf  C,
Q(r1, r2) > 0 sthn koruf  D′,

(6.2.34)

kai 



q(r1, r2) < 0 sthn koruf  A′,
q(r1, r2) < 0 sthn koruf  B,
q(r1, r2) = 0 sthn koruf  C,
q(r1, r2) > 0 sthn koruf  D′.

(6.2.35)

Ja prèpei na shmei¸soume ìti oi mìnec diaforèc apì tic basikèc peript¸seic
pou exet�same stic prohgoÔmenec paragr�fouc ègkeintai sta prìshma thc
sun�rthshc Q(r1, r2) stic korufèc D′ to opoÐo gÐnetai arnhtikì antÐ gia 0,
ìpwc  tan sthn D, kai s' autì thc sun�rthshc q(r1, r2) sthn koruf  A′, to
opoÐo gÐnetai arnhtikì antÐ na eÐnai 0, ìpwc  tan sthn A (bl. Sq mata 6.5 kai
6.6, antÐstoiqa).
Autì apl� shmaÐnei ìti ta dÔo tm mata twn uperbol¸n Q(r1, r2) = 0 kai
q(r1, r2) = 0 ja èqoun èna shmeÐo tom c h kajemi� me thn pleur� A′D′
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A’(-) B(0)

D’(+) C(+)

J

_

+

Sq ma 6.5: Prìshmo thc Q(r1, r2) sto ABCD.

tou orjogwnÐou A′BCD′. 'Estw ìti to shmeÐo autì eÐnai to J , me sun-
tetagmènec (r1, r2) = (0, r2J), gia thn Q(r1, r2), kai K, me suntetagmènec
(r1, r2) = (0, r2J), gia thn q(r1, r2). Ta shmeÐa aut� emfaÐnontai sta Sq -
mata 6.5 kai 6.6.

Apomènei na deÐxoume ìti oi ta dÔo tm mata twn uperbol¸n tèmnontai se
shmeÐo O, to opoÐo, ìpwc kai prin, exakoloujeÐ na brÐsketai sto eswterikì
tou orjogwnÐou sto opoÐa anaferìmaste. Eidikìtera, èqoume isqÔousa thn
prak�tw prìtash.

Je¸rhma 6.2.3. Me b�sh touc mèqri t¸ra sumbolismoÔc kai tic upojèseic
kai thn epiplèon upìjesh ìti 1

β2
− θ∗ < 0, oi dÔo uperbolèc pou orÐzontai apì

apì tic sunart seic Q(r1, r2) = 0 kai q(r1, r2) = 0, pou orÐzontai stic sqèseic
(6.2.25) kai (6.2.26), tèmnontai sto shmeÐo O, to opoÐo brÐsketai austhr� entìc
tou orjogwnÐou A′BCD′, ìpwc autì emfaÐnetai sto Sq ma 6.7.

Apìdeixh: ArqÐzoume apì tic basikèc peript¸seic twn prohgoÔmenwn
paragr�fwn 6.2.3, oi opoÐec  tan 1

βi
− θ∗ > 0, i = 1, 2, kai to shmeÐo O

briskìtan austhr� sto eswterikì tou orjogwnÐou ABCD, ìpwc faÐnetai sto
Sq ma 6.4. 'Estw t¸ra ìti h posìthta 1

β2
− θ∗ elatt¸netai suneq¸c phgaÐ-

nontac apì tic jetikèc timèc sto mhdèn kai sth sunèqeia stic arnhtikèc. Sthn
arq  exet�zoume thn perÐptwsh thc mhdenik c tim c, h opoÐa lamb�netai sthn
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A’ B

D’ C

K _

+

Sq ma 6.6: Prìshmo tou q(r1, r2) sto ABCD.

perÐptwsh ìpou 1
β2

= θ∗ kai ABCD ≡ A′BCD′. 'Estw r2J kai r2K ìti eÐnai oi
timèc tou r2 gia r1 = 0 = 1

β2
− θ∗ twn shmeÐwn J kai K, antÐstoiqa. Jètontac

kai stic dÔo exis¸seic thc sqèshc (6.2.28), r1 = 0 kai θ = θ∗ = 1
β2

kai lÔnon-
tac thn pr¸th exÐswsh wc proc r2 = r2J kai th deÔterh wc proc r2 = r2K ,
lamb�noume

r2J =
β2 − β1

β1β2

, r2K =
β2 − β1

α1β2

kai r2J−r2K =
(β2 − β1)(α1 − β1)

α1β1β2

< 0,

(6.2.36)
efìson α1 < β1 < β2. To apotèlesma autì apl� shmaÐnei ìti to O brÐsketai
kai s' aut  thn perÐptwsh sto eswterikì tou A′BCD′.
Ac jewr soume t¸ra ìti h posìthta 1

β2
− θ∗ elatt¸netai sunèqwc apì th mh-

denik  tim . ApaitoÔme kat� th suneq  el�ttws  thc proc to shmeÐo tom c O
na brÐsketai p�nta proc ta dexi� thc pleur�c A′D′ tou orjogwnÐou A′BCD′.
E�n gia tic arnhtikèc timèc thc parap�nw posìthtac to O briskìtan sta aris-
ter� thc A′D′ tìte ja up rqe mÐa tim  thc posìthtac aut c tètoia ¸ste to O
na èqei mhdenik  tetmhmènh. S' aut n thn perÐptwsh, profan¸c, r∗1 = 0. Tìte,
apì th sqèsh (6.2.30) ja èqoume ìti −r∗2 = H =: H0, ètsi H0 < 0. Ex�llou,
apì thn pr¸th èkfrash twn sqèsewn (6.2.33), gia r∗1 = 0, met� apì k�poiouc
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A’ B

D’ C

E

K

J

Q(-)

q(-)

O
Q(-)

q(+)

Q(+)

q(+)

Q(+)

q(-)

Sq ma 6.7: Prìshmo twn Q(r1, r2) kai q(r1, r2) sto ABCD.

upologismoÔc, kai lÔnontac wc proc H = H0, èqoume ìti

H0 =
2− (α2 + β2)θ

∗

α2 + β2 − 2θ∗α2β2

. (6.2.37)

Parathr¸ntac ìti h el�qisth tim  tou arijmht  thc sqèshc (6.2.37) lamb�netai
gia th mègisth tim  thc èkfrashc (α2 + β2)θ

∗, h opoÐa eÐnai Ðsh me

max

{
4

√
b

a

h2

h1

1

12

(√
b

a

h2

h1

+

√
a

b

h1

h2

)}
= 4

√
5

1

12

(√
5 +

1√
5

)
= 2,

èqoume ìti o arijmht c eÐnai p�nta mh arnhtikìc. An jewr soume ton para-
nomast  thc sqèshc (6.2.37), autìc gr�fetai sth morf 

4

√
b

a

h2

h1

{
1− 2

√
b

a

h2

h1

sin2(πh2) θ∗
}

.

O deÔtero ìroc stic agkÔlec thc parap�nw èkfrashc èqei p�nw fr�gma Ðso
me

2
√

5

(√
2

2

)2
1

12

(√
5 +

1√
5

)
=

1

2
,
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k�nontac ton paronomast  na eÐnai p�nta jetikìc. Ta teleutaÐa dÔo apotelès-
mata orÐzoun ta prìshma twn ìrwn tou kl�smatoc sth sqèsh (6.2.37), apì
ta opoÐa prokÔptei ìti to H0 den mporeÐ na eÐnai arnhtikì. Autì apodeiknÔei
thn apaÐthsh mac kai sunep�getai thn apìdeixh tou jewr matoc. 2

To Je¸rhma 6.2.3, pou mìlic apodeÐqthke, èqei wc epiplèon sunèpeia kai
to akìloujo je¸rhma.

Je¸rhma 6.2.4. Me b�sh touc mèqri t¸ra sumbolismoÔc kai tic upojèseic
kai thn epiplèon upìjesh ìti h anisìthta 1

β1
< θ∗ (antÐstoiqa, 1

β2
< θ∗)

ikanopoieÐtai, tìte, oi timèc twn G kai g dÐnontai apì ton PÐnaka 6.8 qwrÐc
ta trÐa aristerìtera keli� tou gia r1, ìpwc parousi�zontai ston PÐnaka 6.9
(antÐstoiqa, ston PÐnaka 6.8 qwrÐc ta trÐa teleutaÐa keli� gia r2). Parìla
aut�, oi bèltistec timèc twn r∗1 kai r∗2, ìpwc kai gia ìlec oi �llec par�metroi,
pou emplèkontai, dÐnontai apì touc Ðdiouc akrib¸c tÔpouc kai ekfr�seic ìpwc
sto Je¸rhma 6.2.2.
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Kef�laio 7

Arijmhtik� ParadeÐgmata

7.1 Eisagwg 
Sthn par�grafo aut  ja parousi�soume mÐa seir� apì arijmhtik� paradeÐg-
mata pou epalhjeÔoun ta jewrhtik� apotelèsmata pou  dh parousi�same se
prohgoÔmena kef�laia. Sta arijmhtik� peir�mata pou ektelèsame sugkrÐ-
noume thn Prorrujmismènh Mèjodo Suzug¸n KlÐsewn, me prorrujmist  ton
(E)ADI Prorrujmist , M = (I + rA2)(I + rA1) gia th monoparametrik  kai
ton M = (I + r2A2)(I + r1A1) gia th diparametrik  perÐptwsh, me thn apl 
mèjodo Suzug¸n KlÐsewn all� kurÐwc me thn prorrujmismènh CG mèjodo
qrhsimopoi¸ntac prorrujmistèc touc Line-Jacobi, Block-Jacobi, ILU(0) ka-
j¸c kai me mejìdouc pou jewroÔntai oi katallhlìterec (dhmofilèsterec) gia
thn epÐlush tètoiwn problhm�twn ìpwc eÐnai oi Cyclic Reduction, FTT-Cyclic
Reduction kai fusik� oi Multigrid mèjodoi. Se k�je perÐptwsh apì tic para-
p�nw, ta apotelèsmata  tan upèr thc ADI-CG   toul�qiston  tan sugkrÐsima
me aut� k�poiwn apì tic mejìdouc autèc. Ja prèpei ed¸ na shmei¸soume ìti
oi sugkrÐseic, pou anafèroume kai ja parousi�soume parak�tw, èginan metaxÔ
enìc dikoÔ mac progr�mmatoc kai programm�twn ta opoÐa pro ljan apì ètoima
pakèta logismik¸n programm�twn.

Arqik� ja parousi�soume arijmhtik� paradeÐgmata pou aforoÔn sthn perÐ-
ptwsh twn monoparametrik¸n ADI gia diakrit� plègmata pou proèrqontai apì
thn diakritopoÐhsh twn 5− kai 9−shmeÐwn. Sth sunèqeia ja epektajoÔme se
paradeÐgmata kai ja parousi�soume arijmhtik� apotelèsmata sthn perÐptwsh
twn diparametrik¸n ADI kai gia tic dÔo peript¸seic diakritopoÐhshc pou
anafèrame parap�nw me èmfash s' aut  twn 9−shmeÐwn h opoÐa parousi�zei
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kai to megalÔtero endiafèron.

7.2 Arijmhtik� ParadeÐgmata - Monopa-
rametrik  PerÐptwsh

Parousi�zoume parak�tw mÐa seir� apì arijmhtik� paradeÐgmata pou aforoÔn
sto prìblhma thc didi�stathc exÐswshc Poisson sto anoiqtì tetr�gwno (0, 1)×
(0, 1) me Dirichlet sunoriakèc sunj kec. To dexiì mèloc f(x, y) thc exÐsw-
shc kaj¸c kai h èkfrash gia thn sunoriak  sunj kh γ(x, y), se k�je di-
aforik  exÐswsh prokÔptoun ìtan apait soume na èqoume mÐa prokajorismènh
èkfrash gia thn pragmatik  lÔsh. Se k�je par�deigma pou epexergast kame
ta apotelèsmata  tan lÐgo-polÔ ta Ðdia gi' autì kai parak�tw ja parousi�-
soume mìno thn perÐptwsh ìpou h pragmatik  lÔsh dÐnetai apì thn èkfrash:

u(x, y) = exp(x + y) sin
(πx

2

)
sin

(πy

2

)
. (7.2.1)

JewroÔme èna omoiìmorfo diamerismì me b ma diakritopoÐhshc h = 1
n+1

, n =

5×2l, l = 0, . . . , 5. Ta grammik� sust mata pou par�gontai kai stic dÔo perip-
t¸seic diakritopoÐhshc tou telest  me plègma twn 5− kai twn 9−shmeÐwn
lÔnontai qrhsimopoi¸ntac thn Mèjodo twn Suzug¸n KlÐsewn (CG), me pror-
rujmist  ton “mplok” (Block) Jacobi kai me to Bèltisto (E)ADI Prorru-
jmist . Gia thn prorrujmismènh mèjodo Suzug¸n KlÐsewn me (E)ADI Pror-
rujmist  (ADI-CG) kai gia tic dÔo peript¸seic diakritopoÐhshc qrhsimopoioÔ-
me ta parak�tw dedomèna:

a = b = 1, n1 = n2 = n, h1 = h2 = h = 1
n+1

,

α1 = α2 = α = 4 sin2( π
2(n+1)

), β1 = β2 = β = 4 cos2( π
2(n+1)

).
(7.2.2)

Gia tic dÔo peript¸seic twn 5− kai twn 9−shmeÐwn, anaferìmaste stic perip-
t¸seic A   B twn diat�xewn pou anaferj kame sthn jewrÐa (bl. (6.1.40) ).
'Etsi,

θ = 0, r∗ =
1√
αβ

1, ω∗ =
2√
αβ

(7.2.3)

1Οι εκφράσεις για το βέλτιστο r∗ των εκφράσεων (4.1.3) και (6.1.28) είναι η μία αν-
τίστροφη της άλλης. Το γεγονός αυτό εξηγεί την διαφορά μεταξύ των εκφράσεων του r που
χρησιμοποιείται στο Προρρυθμιστή M2 της (6.1.16) και σ΄ αυτόν που δίνεται εδώ.
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kai
θ = θ∗ = 1

6
, r∗ =

√
(1− 1

12
α)(1− 1

12
β)− 1

12

√
αβ

√
αβ

,

ω∗ =
2
√

(1− 1
12

α)(1− 1
12

β)√
αβ

,

(7.2.4)

antÐstoiqa. Na shmei¸soume ed¸ ìti oi sqèseic (7.2.3) kai (7.2.4) eÐnai eidikèc
peript¸seic twn genikìterwn ekfr�sewn

r∗ =

√(
1− 1

2
θα

) (
1− 1

2
θβ

)− 1
2
θ
√

αβ
√

αβ
, ω∗ =

2
√(

1− 1
2
θα

) (
1− 1

2
θβ

)
√

αβ
,

(7.2.5)
gia θ = 0 kai θ = 1

6
, antÐstoiqa. Sthn ulopoÐhsh twn algorÐjmwn qrhsi-

mopoi same FORTRAN 77 me arijmhtik  dipl c akrÐbeiac, en¸ to krit rio
stamat matoc kai gia tic dÔo peript¸seic twn 5− kai twn 9−shmeÐwn eÐnai:

||e(k)||A
||e(0)||A ≡ (r(k), e(k))

1
2
2

(r(0), e(0))
1
2
2

< 10−10 kai
||e(k)||Ã
||e(0)||Ã

≡ (z(k), e(k))
1
2
2

(z(0), e(0))
1
2
2

< 10−10.

Stic ekfr�seic aut¸n twn krithrÐwn h sun�rthsh u eÐnai h akrib c lÔsh
tou grammikoÔ sust matoc, u(k), e(k) = u − u(k), kai r(k) = b − Au(k) eÐ-
nai h proseggistik  lÔsh, to di�nusma tou sf�lmatoc kai to di�nusma tou
upoloÐpou sthn k epan�lhyh thc antÐstoiqhc mejìdou, antÐstoiqa, h z(k)

eÐnai h lÔsh tou sust matoc tou Mz(k) = r(k), ìpou M eÐnai o prorru-
jmist c pou qrhsimopoioÔme. EpÐshc orÐzoume Ã = M− 1

2 AM− 1
2 na eÐnai o

prorrujmismènoc pÐnakac. To pr¸to krit rio anafèretai sth mèjodo twn
Suzug¸n KlÐsewn CG kai to deÔtero sthn Prorrujmismènh Mèjodo Suzug¸n
KlÐsewn PCG. Gia arqikì di�nusma thc prosèggishc thc lÔshc jewroÔme to
u(0) = [1 1 . . . 1]T ∈ Rn2 .

Ta arijmhtik� apotelèsmata pou par�gontai se k�je mÐa apì tic èxi perip-
t¸seic parousi�zontai stouc PÐnakec 7.1 kai 7.2 gia ta 5− kai ta 9−shmeÐa,
antÐstoiqa. Se ìlec tic peript¸seic ta antÐstoiqa krit ria stamat matoc
ikanopoi jhkan. Se k�je PÐnaka ìpou parousi�zetai mÐa epanalhptik  mèjo-
doc up�rqoun treic st lec apì tic opoÐec h pr¸th parousi�zei tic epanal yeic
pou qrei�zetai h epanalhptik  mèjodoc gia na ikanopoi sei to krit rio sta-
mat matoc (iter), h deÔterh st lh parousi�zei to qrìno se deuterìlepta
pou qrei�zetai mèqri thn sÔgklish CPU time (cpu time) kai h teleutaÐa

parousi�zei to sqetikì apìluto sf�lma ||u−u(iter)||∞
||u||∞ . u eÐnai to di�nusma thc
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pragmatik c lÔshc me n2 sunist¸sec u(ih, jh), i, j = 1, . . . , n, thc sun�rthshc
u(x, y) stouc eswterikoÔc kìmbouc tou plègmatoc, h opoÐa ikanopoieÐ thn
exÐswsh Poisson.

Arqik�, apì ton PÐnaka 7.1 mporoÔme na diapist¸soume ìti h t�xh sÔgk-
lishc O(h2), pou epijumoÔme, lamb�netai se k�je mÐa apì tic peript¸seic pou
parousi�zontai. Ja prèpei na shmei¸soume ìti gia n ≥ 20 to sqetikì apì-
luto sf�lma gÐnetai kalÔtero kaj¸c to n aux�nei, kai eÐnai to Ðdio se k�je
mÐa apì tic treic peript¸seic twn mejìdwn pou exet�zontai. ParathroÔme apì
ta apotelèsmata tou pÐnaka ìti h mèjodoc ADI-CG qrei�zetai polÔ ligìtero
CPU time apì ì,ti oi �llec dÔo par� to ìti lÔnoume dÔo tridiag¸nia sust mata
se k�je epan�lhyh thc mejìdou twn Suzug¸n KlÐsewn. Ja prèpei ed¸ bèbaia
na tonÐsoume ìti ousiastik� qrei�zetai mìno mÐa paragontopoÐhsh twn pin�kwn
pou qrhsimopoioÔntai sta sust mata en¸ sth sunèqeia se k�je epan�lhyh ek-
teloÔme mìno proc ta pÐsw antikatast�seic. H mèjodoc “mplok” Jacobi CG
faÐnetai ìti gia meg�la n eÐnai tìso gr gorh ìso kai h apl  CG gegonìc
pou prèpei na ofeÐletai sto kìstoc thc epÐlushc tou epiplèon tridiag¸niou
sust matoc se k�je epan�lhyh thc CG. Shmei¸noume ìti h “mplok” Jacobi
CG èqei deÐkth kat�stashc to misì apì autìn thc apl c CG, gegonìc pou
exhgeÐ ta apotelèsmata pou lamb�noume.

Gia ton PÐnaka 7.2 èqoume na k�noume parìmoia sqìlia. Ja prèpei ìmwc na
tonÐsoume ìti par� to gegonìc ìti sthn perÐptwsh twn 9−shmeÐwn to kìstoc
jewrhtik� ja èprepe na  tan megalÔtero, sthn pragmatikìthta de sumbaÐnei
k�ti tètoio afoÔ kai o qrìnoc pou apaiteÐtai eÐnai ousiastik� o Ðdioc me autìn
twn 5−shmeÐwn. MÐa apl  ex ghsh pou ja mporoÔse na d¸sei k�poioc eÐ-
nai ìti kai sthn perÐptwsh twn 9−shmeÐwn to kìstoc se qrìno parousi�ze-
tai sto shmeÐo thc epÐlushc twn dÔo susthm�twn se k�je epan�lhyh thc
mejìdou twn Suzug¸n KlÐsewn. 'Opwc anafèrame kai prohgoumènwc to kìs-
toc autì den èqei ousiastik  epib�runsh sthn pragmatikìthta afoÔ mÐa for�
paragontopoioÔme touc pÐnakec kai se k�je epan�lhyh lÔnoume apl� trigwnik�
sust mata me el�qisto kìstoc pr�xewn.

Oi sunart seic kai oi uporoutÐnec pou qrhsimopoi jhkan, ektìc aut¸n thc
ADI-CG, eÐnai apì to pakèto ètoimwn programm�twn NSPCG (bl. [44] kai
epÐshc [12]). Ta peir�mata pou èginan gia k�je diakritì plègma deÐqnoun ìti
h ADI-CG eÐnai taqÔterh se sqèsh me k�je mÐa apì tic ètoimec sun�rt seic
tou pakètou NSPCG, ìpwc h (Incomplete Cholesky (IC) kai oi parall�gec
aut c). Kat� sunèpeia, gia to sq ma twn 9−shmeÐwn sugkrÐname thn ADI-CG
me thn Block Modified IC -CG (MBIC-CG), h opoÐa  tan kai h grhgorìterh
apì tic upìloipec mejìdouc tou pakètou. EpÐshc th sugkrÐname me tic, kat�
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iter cpu_time error iter cpu_time error iter cpu_time error

n=5 13 0 1,64071951E-03 20 0 1,64071951E-03 9 0 1,64071951E-03

n=10 49 0,01 4,15572589E-04 40 0 4,15572589E-04 27 0 4,15572589E-04

n=20 88 0,0100144 1,04130152E-04 75 0,010014 1,04130152E-04 36 0,010014 1,04130152E-04

n=40 162 0,06 2,60300717E-05 145 0,08 2,60300717E-05 52 0,04 2,60300717E-05

n=80 316 0,5 6,50587117E-06 256 0,58 6,50587159E-06 71 0,21 6,50587126E-06

n=160 593 4,306 1,62678010E-06 477 4,917 1,62678432E-06 93 1,2 1,62678269E-06

CG (5-points) Block Jacobi CG   (5-points) 

case 3 

ADI CG   (5-points)

2
sin

2
sin),(

yx
eyxu

yx

PÐnakac 7.1: ParousÐash twn Tri¸n sqhm�twn 5−shmeÐwn

iter cpu_time error iter cpu_time error iter cpu_time error

n=5 14 0 8,28416617E-06 19 0 8,28416617E-06 13 0 8,28416617E-06

n=10 32 0 6,08503099E-07 31 0 6,08518509E-07 25 0 6,08503202E-07

n=20 60 0,01 4,13791887E-08 64 0,01 4,13848789E-08 29 0,01 4,13974005E-08

n=40 116 0,06 3,02718541E-09 120 0,09 3,01911486E-09 41 0,04 3,00112607E-09

n=80 231 0,45 1,19675917E-09 233 0,59 1,19903849E-09 55 0,19 1,18727336E-09

n=160 455 4,1 1,03637452E-09 446 5,48789 1,04157338E-09 77 1,192 1,04104154E-09

case 3 

ADI CG (9-points) Block Jacobi CG (9-points) CG (9-points)

2
sin

2
sin),(

yx
eyxu

yx

PÐnakac 7.2: ParousÐash twn Tri¸n sqhm�twn 9−shmeÐwn

genik  omologÐa, kalÔterec mejìdouc gia to prìblhm� mac kai eidikìtera me:
1) Th Fast Fourier Transform (FFT9) me Block Cyclic Reduction (BCR) twn
Houstis kai Papatheodorou [39], oi opoÐoi qrhsimopoÐhsan diakritopoÐhsh twn
9−shmeÐwn gia to diaforikì telest  kai diakritopoÐhsh twn 5−shmeÐwn gia
to dexiì mèloc thc exÐswshc Poisson (bl. (2.1) sto [39]). 2) Thn BCR apì
to ètoimo pakèto programm�twn FISHPACK
(www.cisl.ucar.edu/css/software/fishpack) twn Swarztrauber kai Sweet [53].
kai 3) Th mèjodo Multigrid (MG)(MUDPACK) tou Adams [3]
(www.cisl.ucar.edu/css/software/mudpack).

Ektelèsame mÐa seir� apì arijmhtik� paradeÐgmata k�tw apì tic proôpo-
jèseic pou anafèrame sthn arq  aut c thc paragr�fou. Epiplèon jewr same
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ìti to pl joc twn eswterik¸n kìmbwn sth mÐa dieÔjunsh eÐnai dipl�sio apì
autì sthn �llh. Epomènwc èqoume ìti n2 = 2n1 (h1 = 1

n1+1
kai h2 = 1

n2+1
).

Me thn epilog  aut  tou pl jouc twn eswterik¸n kìmbwn qrhsimopoi same
tic bèltistec paramètrouc pou orÐzontai gia thn PerÐptwsh B thc di�taxhc twn
akraÐwn idiotim¸n. Sth sunèqeia Ja parousiastoÔn ta arijmhtik� apotelès-
mata sthn perÐptwsh ìpou h pragmatik  lÔsh eÐnai h

u(x, y) = (x + y) sin
(πx

2

)
sin

(πy

2

)
. (7.2.6)

S' aut  thn perÐptwsh ìla ta progr�mmata eÐnai grammèna se apl  akrÐbeia
kai se FORTRAN 77 ètsi ¸ste h sÔgkrish me tic upìloipec mejìdouc FFT9
[39], BCR [53] kai MG [3], oi opoÐec eÐnai grammènec epÐshc se apl  akrÐbeia,
na eÐnai dÐkaih. EpÐshc qrhsimopoi same diamèrish me kìmbouc thc morf c
n1 × n2 = 2k × 2l, ètsi ¸ste na eÐmaste sumbatoÐ me autoÔc twn ètoimwn
programm�twn FFT9 kai MG. 'Ola ta sq mata diakritopoÐhshc pou qrhsi-
mopoi same eÐnai t�xhc akrÐbeiac O(h4). Gia tic epanalhptikèc mejìdouc
jewr same wc arqik  prosèggish to mhdenikì di�nusma. Gia lìgouc sÔgkri-
shc, trèxame ta progr�mmata FFT9 kai BCR kai upologÐsame thn posìthta

maxi=1,...,n1, j=1,...,n2

∣∣∣∣
u
(approx)

i,j −ui,j

ui,j

∣∣∣∣ ¸ste na mporèsoume na broÔme thn akrÐbeia

gia th lÔsh. H ontìthta u(approx) eÐnai to di�nusma thc proseggistik c lÔ-
shc thn opoÐa p rame. Sth sunèqeia, gia tic MBIC-CG kai ADI-CG mejìdouc

qrhsimopoi same èna krit rio stamat matoc thc morf c ‖r(k)‖
2

‖c‖2 < tol, ìpou
h posìthta tol prosarmìsthke ètsi ¸ste na èqoume to Ðdio sqetikì apìluto
sf�lma gia k�je mÐa apì tic mejìdouc FFT9 kai BCR. To krit rio stamat -
matoc gia thn MG eÐnai to prìtupo pou sun jwc qrhsimopoieÐtai. Sugkekrimè-

na, ‖u(k)−u(k−1)‖
2

‖u(k)‖
2

< ε.
Apì ton PÐnaka 7.4 kai to Sq ma 7.6, ìpou parousi�zetai o qrìnoc se

sqèsh me to pl joc twn eswterik¸n kìmbwn tou plègmatoc, èqoume ìti gia ta
megèjh 8×16, 16×32, 32×64, 64×128, h mèjodoc ADI-CG eÐnai kalÔterh  
sugkrÐsimh me ìlec tic upìloipec se sqèsh p�nta me to qrìno kai ta sf�lmata.
Gia thn perÐptwsh tou plègmatoc 64× 128 den eÐnai kalÔterh apì thn FFT9,
h opoÐa, ìmwc, èqei ligìtero kal� sf�lmata me èna lìgo thc t�xhc tou 10 se
sqèsh me aut� thc ADI-CG. Ta Ðdia akrib¸c isqÔoun kai sthn perÐptwsh twn
mejìdwn BCR kai MBIC-CG. Gia th MG èqoume na poÔme ìti eÐnai kalÔterh
kai apì tic treic prohgoÔmenec. Gia to plègma 128 × 256 h FFT9 faÐnetai
na eÐnai kalÔterh se sqèsh me tic upìloipec se ì,ti afor� to qrìno. Parì-
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la aut� h BCR eÐnai h “qeirìterh” apì ìlec se sqèsh me ta sf�lmata en¸
h MG eÐnai h kalÔterh apì ìlec tic �llec FFT9, MBIC-CG kai ADI-CG.
To ìti h mèjodoc aut  eÐnai kalÔterh ofeÐletai se mÐa diadikasÐa, aut  twn
“Diaforik¸n Diorj¸sewn (difference corrections)”, pou qrhsimopoieÐtai sto
antÐstoiqo pakèto programm�twn kai parousi�zetai sto [3].

n1 × n2 8× 16 16× 32 32× 64 64× 128 128× 256

time error time error time error time error time error
FFT9 0 4.3E-5 0 1.96E-4 0.01 9.6E-4 0.02 1.5E-2 0.08 6.7E-2
BCR 0 2.09E-4 0 1.87E-4 0.03 6.2E-3 0.13 9.95E-3 0.23 5.2E-1
MG 0 2.2E-3 0 2.98E-4 0.04 4.8E-5 0.14 7.2E-6 0.22 1.9E-6

MBIC-CG 0.01 1.1E-4 0.04 1.2E-4 0.11 4.4E-4 0.31 2.3E-3 0.86 1.8E-2
ADI-CG 0 1.4E-4 0 1.5E-4 0.02 2.01E-4 0.10 2.5E-3 0.64 2.3E-2

PÐnakac 7.3: Sq ma DiakritopoÐhshc 9−ShmeÐwn

0
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MBIC-CG

ADI-CG

Sq ma 7.1: Sq ma DiakritopoÐhshc 9−ShmeÐwn
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7.3 Arijmhtik� ParadeÐgmata - Diparame-
trik  PerÐptwsh

Ja jewr soume treic didi�statec exis¸seic Poisson me akribeÐc lÔseic

u(x, y) = sin
(πx

2

)
sin

(πy

2

)
, u(x, y) = exp(x + y),

u(x, y) = exp(x + y) sin
(πx

2

)
sin

(πy

2

)
(7.3.1)

sto anoiqtì tetr�gwno Ω = (0, 1) × (0, 1) me Dirichlet sunoriakèc sun-
j kec pou orÐzontai apì tic akribeÐc lÔseic (7.3.1). JewroÔme ton omoiì-
morfo diamerismì me b mata diakritopoÐhshc stic dÔo kateujÔnseic na eÐnai
hi = 1

ni+1
, i = 1, 2, ìpou n1 = 40, 80, 160 kai n2 = n1

2
, ìpwc epÐshc kai anti-

strìfwc. Dhlad , n1 = 20, 40, 80 kai n2 = 2n1, sto qwrÐo Ω. H parap�nw
diakritopoÐhsh qrhsimopoi jhke kai stic dÔo peript¸seic diakritoÔ plègmatoc
pou exet�zoume dhlad  autì twn 5−shmeÐwn (θ = 0) kai autì twn 9−shmeÐwn
(θ = θ∗), pou qrhsimopoioÔntai gia thn prosèggish thc exÐswshc Poisson
stouc eswterikoÔc kìmbouc. Ta sust mata pou prokÔptoun apì tic parap�-
nw diakritopoi seic lÔnontai me tic epìmenec mejìdouc: Conjugate Gradient
(CG), Cholesky (C), Optimal (E)ADI-CG, Incomplete Cholesky (IC)-CG,
Block (B) IC-CG, Modified (M) IC-CG and Modified Block (MB) IC-CG.
H gl¸ssa programmatismoÔ pou qrhsimopoi jhke eÐnai p�li h FORTRAN
77. Se ìla ta upoprogr�mmata kai tic sunart seic qrhsimopoi jhke dipl 
akrÐbeia. To krit rio stamat matoc gia tic èxi epanalhptikèc mejìdouc eÐnai
to parak�tw:

||e(k)||A
||e(0)||A ≡ (r(k), e(k))

1
2
2

(r(0), e(0))
1
2
2

< 10−10 kai
||e(k)||M−1A

||e(0)||M−1A

≡ (z(k), e(k))
1
2
2

(z(0), e(0))
1
2
2

< 10−10.

(7.3.2)
Sthn (7.3.2), to pr¸to krit rio anafèretai sthn CG kai to deÔtero stic up-
ìloipec pènte prorrujmismènec mejìdouc. EpÐshc orÐzoume ¸c, u(k), e(k) =
u − u(k), kai r(k) = c − Au(k) thn akrib  lÔsh to sf�lma sthn k epan�l-
hyh thc lÔshc kai to upìloipo sthn k epan�lhyh antÐstoiqa. H z(k) eÐnai h
lÔsh tou sust matoc Mz(k) = r(k), ìpou M eÐnai o prorrujmist c pou qrhsi-
mopoi jhke, se k�je mÐa perÐptwsh. H arqik  prosèggish thc akrib c lÔshc
u(0) p�rjhke se k�je perÐptwsh na eÐnai [1 1 . . . 1]T ∈ Rn1,...n2 .

Ta arijmhtik� apotelèsmata pou p rame se k�je mÐa apì tic ept� perip-
t¸seic gia to Ðdio par�deigma kai me thn Ðdia diamèrish eÐqan thn Ðdia perÐpou

99



sumperifor�. 'Etsi, epilèxame mìno to trÐto par�deigma thc (7.3.1) to opoÐo
kai parousi�zetai sta Sq mata 7.2, 7.3, 7.4 kai 7.5. Apì ìlec tic mejìdouc,
h mèjodoc thc ParagontopoÐhshc Cholesky  tan h qeirìterh, apì thn �poyh
tou qrìnou all� kai twn sfalm�twn sthn perÐptwsh pukn c diamèrishc. Ta s-
f�lmata gi' aut n thn perÐptwsh eÐnai ikanopoihtik� mìno gia mikrèc timèc twn
n1 kai n2 all� kai s' autèc tic peript¸seic o qrìnoc pou qrei�zetai gia na lu-
jeÐ to prìblhma (7.3.1) eÐnai toul�qiston 5 forèc megalÔteroc apì autìn thc
ligìtero kal c epanalhptik c mejìdou. Bèbaia k�ti tètoio eÐnai anamenìmeno
afoÔ h mèjodoc eÐnai �mesh kai den eÐnai h katallhlìterh gia arai� sust -
mata, ìpwc aut� pou prokÔptoun apì thn diakritopoÐhsh tou sugkekrimènou
diaforikoÔ telest . Lìgw tou gegonìtoc autoÔ den èqoume sumperil�bei th
mèjodo aut  se kanèna apì ta parak�tw sq mata. Ta apotelèsmata gia ìlec
tic epanalhptikèc mèjodouc gia to trÐto par�deigma kai gia th diakritopoÐhsh
twn 5−shmeÐwn parousi�zetai sta Sq mata 7.2 kai 7.3 en¸ gia thn diakri-
topoÐhsh twn 9−shmeÐwn sta Sq mata 7.4 kai 7.5.

Arqik�, apì ta Sq mata 7.2 kai 7.3, sthn perÐptwsh twn 5−shmeÐwn faÐne-
tai ìti h mèjodoc ADI-CG eÐnai kalÔterh apì thn CG kai apì thn IC-CG kai
qeirìterh apì tic �llec treic mejìdouc. Parìla aut�, ta sqetik� sf�lmata

pou paÐrnoume apì tic ekfr�seic ||u(iter)−u||∞
||u||∞ , ìpou u eÐnai to di�nusma thc

akriboÔc lÔshc thc sun�rthshc u(x, y), me n1 × n2 timèc u(i1h1, i2h2), il =

1, . . . nl, l = 1, 2, stouc eswterikoÔc kìmbouc kai u(iter) h proseggistik  lÔsh
met� thn ikanopoÐhsh tou krithrÐou stamat matoc. Ta apìluta sf�lmata pou
lamb�noume (||u(iter) − u||∞) eÐnai lÐgo polÔ ta Ðdia kai eÐnai thc t�xhc tou
10−4 gia “mikr�” ni, i = 1, 2, kai thc t�xhc 10−6 gia tic megalÔterec timèc
aut¸n.

Apì ta Sq mata 7.4 kai 7.5, dhlad  thc perÐptwshc twn 9−shmeÐwn, faÐne-
tai ìti h mèjodoc ADI-CG eÐnai sugkrÐsimh kai m�llon kalÔterh apì ìlec tic
mejìdouc me tic opoÐec k�name sÔgkrish. Ta apìluta sf�lmata eÐnai perÐpou
ta Ðdia se k�je perÐptwsh kai eÐnai thc t�xhc tou 10−8 gia “mikrèc” timèc twn
ni, i = 1, 2, kai thc t�xhc tou 10−9 gia tic megalÔterec.

Oi uporoutÐnec kai oi sunart seic pou qrhsimopoi jhkan p�rjhkan ìlec
apì to to pakèto ètoimwn sunart sewn NSPCG (bl. [44] kai [12]), en¸ to
prìgramma thc mejìdou ADI-CG eÐnai grammèno apì em�c. EpÐshc ja prèpei
na shmei¸soume ìti gia k�je diamèrish h mèjodoc ADI-CG eÐnai taqÔterh apì
k�je �llh mèjodo tou pakètou NSPCG, ìpwc diapist¸jhke apì ta peir�mata
pou èginan. H perissìtero sugkrÐsimh mèjodoc eÐnai h MBIC-CG kai eÐnai
aut  pou parousi�zoume sta epìmena sq mata.
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'Eqontac sugkrÐnei ton ADI prorrujmist  me touc prorrujmistèc IC, BIC
kai tic parallagèc touc suneqÐzoume th sÔgkrish me mia seir� apì �mesec kai
epanalhptikèc mejìdouc gia th diakritopoÐhsh twn 9−shmeÐwn. Oi 'Amesec
Mèjodoi pou qrhsimopoi same eÐnai: 1) H Fast Fourier Transform (FFT9) me
Block Cyclic Reduction (BCR) twn Houstis kai Papatheodorou [39]. Aut  h
mèjodoc qrhsimopoieÐ diakritopoÐhsh 9−shmeÐwn gia to diaforikì telest  kai
diakritopoÐhsh 5−shmeÐwn gia to dexiì mèloc thc exÐswshc Poisson (bl. (2.1)
thc [39]). kai 2) H BCR apì to pakèto FISHPACK
(www.cisl.ucar.edu/css/software/fishpack) twn Swarztrauber kai Sweet [53].
Wc Epanalhptik  Mèjodo qrhsimopoioÔme thn CG wc ton basikì epilut 
(solver) me prorrujmist  thn MBIC. Th mèjodo aut  thn p rame apì to pakè-
to NSPCG [44] ìpwc kai prin. Tèloc sugkrÐname th mèjodo ADI-CG me mÐa
mèjodo Multigrid (MG) (MUDPACK program) tou Adams [3]
(www.cisl.ucar.edu/css/software/mudpack).

'Opwc kai sthn perÐptwsh thc mÐac paramètrou ìlec oi sunart seic pou
qrhsimopoi jhkan eÐnai grammènec se FORTRAN 77 apl c akrÐbeiac gia
kajar� lìgouc dÐkaihc sÔgkrishc. EpÐshc JewroÔme plègmata thc morf -
c n1 × n2 = 2k × 2l, kai p�li giatÐ ta ètoima pakèta pou qrhsimopoi same
erg�zontai me plègmata tètoiac morf c. K�je sq ma diakritopoÐhshc sta
parap�nw progr�mmata eÐnai t�xhc, jewrhtik� toul�qisto, O(h4). Gia tic
epanalhptikèc mejìdouc p rame wc arqik  prosèggish to mhdenikì di�nusma.
Arqik�, kai s' aut n thn perÐptwsh trèxame tic �mesec mejìdouc FFT9 kai
BCR ètsi ¸ste oi ekfr�seic

max
i=1,...n1, j=1,...,n2

∣∣∣∣∣
u

(approx)
i,j − ui,j

ui,j

∣∣∣∣∣ (7.3.3)

qrhsimopoi jhkan gia na brejeÐ h akrÐbeia thc mejìdou. Stic parap�nw ek-
fr�seic to u(approx) eÐnai wc gnwstì to di�nusma thc prosèggishc thc lÔshc,
en¸ to u ekfr�zei thn akrib  lÔsh. 'Epeita, gia tic mejìdouc MBIC-CG kai
ADI-CG qrhsimopoi same èna krit rio thc morf c

∥∥r(k)
∥∥

2

‖c‖2

< tol, (7.3.4)

ìpou to tol sthn (7.3.4) epilèqthke ètsi ¸ste na mporèsoume na l�boume to
Ðdio sqetikì apìluto sf�lma me autì thc èkfrashc (7.3.3) gia tic FFT9 kai
BCR. Na shmei¸soume ed¸ ìti sto pakèto NSPCG to krit rio stamat matoc
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sthn (7.3.4) eÐnai anex�rthto apì ton prorrujmist  pou qrhsimopoi same. 'Wc
krit rio stamat matoc gia th mèjodo MG qrhsimopoi same to klasikì krit ri-

o, ‖u(k)−u(k−1)‖
2

‖u(k)‖
2

< ε, ìpou u(k) eÐnai h prosèggish sthn k epan�lhyh thc
lÔshc.

Apì ton PÐnaka 7.4   apì to Sq ma 7.6 mporoÔme na diapist¸soume ìti gia
mikrèc diamerÐseic (8×16, 16×32, 32×64) h mèjodoc ADI-CG eÐnai sugkrÐsimh
me thn FFT9, kai kalÔterh apì thn BCR tou FISHPACK kai thn MG tou
MUDPACK. Gia th diamèrish 64×128 gÐnetai sugkrÐsimh me tic BCR kai MG
all� ìqi kalÔterh apì thn FFT9. Parìla aut�, ja prèpei na tonÐsoume ìti,
e�n jewr soume thn akrÐbeia twn sfalm�twn h mèjodoc, FFT9 eÐnai h ligìtero
kal  me lìgo thc t�xhc tou 10 se sqèsh me aut� twn upoloÐpwn, ADI-CG,
BCR kai MBIC-CG en¸ h MG eÐnai kalÔterh me lìgo thc t�xhc tou 103. MÐa
ex ghsh gi' aut n thn sumperifor� eÐnai h qr sh k�poiwn teqnik¸n beltÐwshc
thc lÔshc. Gia th diamèrish 128 × 256, h FFT9 eÐnai kalÔterh se sqèsh me
to qrìno. Parìla aut�, apì ton PÐnaka 7.4, h BCR eÐnai h ligìtero kal , se
ì,ti afor� ta sf�lmata, apì ìlec tic �llec, en¸ h mèjodoc MG eÐnai kai p�li
h kalÔterh me lìgo thc t�xhc tou 103 se sqèsh me tic �llec mejìdouc.

n1 × n2 8× 16 16× 32 32× 64 64× 128 128× 256

time error time error time error time error time error
FFT9 0 1.9E-5 0 4.9E-5 0.01 1.1E-4 0.02 1.01E-3 0.09 2.0E-3
BCR 0 3.9E-5 0.01 3.8E-5 0.04 7.7E-4 0.12 7.5E-4 0.26 1.7E-2
MG 0 7.4E-5 0 9.8E-6 0.02 6.7E-7 0.06 3.5E-7 0.26 5.6E-7

MBIC-CG 0.01 5.41E-5 0.02 3.72E-5 0.12 6.34E-5 0.31 2.2E-4 0.94 6.3E-4
ADI-CG 0 7.55E-5 0 3.48E-5 0.01 9.39E-5 0.09 4.7E-4 0.54 7.9E-4

PÐnakac 7.4: Sq ma DiakritopoÐhshc 9−shmeÐwn
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Kef�laio 8

Bèltistoi EADI
Prorrujmistèc Mejìdou
Suzug¸n KlÐsewn Kubik c
Spline Collocation

8.1 Eisagwg 

8.1.1 Kubikèc Splines

Sta prohgoÔmena kef�laia h Elleiptik  Merik  Diaforik  ExÐswsh proseg-
gÐsthke me th mèjodo twn Peperasmènwn Diafor¸n. Sto parìn h prosèggis 
thc ja pragmatopoihjeÐ me th mèjodo thc “Collocation”. Sth sunèqeia peri-
gr�fetai mÐa apì tic “Collocation” mejìdouc pou ja qrhsimopoihjeÐ.

Pio sugkekrimèna, basikìc stìqoc aut c thc paragr�fou eÐnai na brejeÐ
mÐa akoloujÐa apì sunart seic φi, i = 0, . . . , n, oi opoÐec ja proseggÐzoun me
ton pio kat�llhlo trìpo dosmènh sun�rthsh f sth morf 

f(t) = c0φ0(t) + c1φ1(t) + . . . φn(t), (8.1.1)

ìpou ci, i = 0, . . . , n, stajerèc, pou ikanopoioÔn èna sunduasmì sunjhk¸n
parembol c kai omalìthtac. Oi sunart seic φi, i = 0, . . . n, jewreÐtai ìti
eÐnai grammik¸c anex�rthtec se èna di�sthma [α, β] kai eÐnai tètoiec ¸ste na
par�goun ènan (n+1)−di�stato upìqwro tou sunìlou twn suneq¸n sunart -
sewn sto kleistì di�sthma [α, β] (C[α, β]). Basikì par�deigma tètoiwn sunar-
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t sewn b�shc eÐnai oi kaloÔmenec B−Splines (bl. de Boor [16]), pou ja
parousi�soume kai ja qrhsimopoi soume sth sunèqeia.

JewroÔme to q¸ro S3(∆) wc to q¸ro ìlwn twn sunart sewn s(t) ∈
C2[α, β] pou orÐzontai na eÐnai kubik� polu¸numa se k�je upodi�sthma thc
morf c [ti, ti+1], i = 0, . . . , n− 1, tou [α, β] kai èstw ìti ∆ eÐnai h antÐstoiqh
diamèrish tou [α, β] me kìmbouc ta shmeÐa ti, i = 0, . . . , n. Ek tou orismoÔ
tou q¸rou S3(∆), mporoÔme na parathr soume ìti eÐnai grammikìc kai efì-
son apoteleÐtai apì to sÔnolo ìlwn twn kubik¸n poluwnÔmwn èqei �peirh
di�stash. MporeÐ ìmwc na apodeiqteÐ ìti k�tw apì orismènec sunj kec h
sun�rthsh s(t) ∈ S3(∆) mporeÐ na eÐnai monadik . MÐa tètoia perÐptwsh
monadik c sun�rthshc s(t) mporeÐ na brejeÐ e�n jèsoume touc parak�tw peri-
orismoÔc

s′(t0) = f ′(t0),

s(ti) = f(ti), i = 0, . . . , n, (8.1.2)
s′(tn) = f ′(tn).

MporoÔme epÐshc na apodeÐxoume ìti to prìblhma thc parembol c me kubikèc
Splines mporeÐ na lujeÐ monadik� jewr¸ntac epÐshc, pèra apì to ìti h en lìgw
spline an kei sto q¸ro S3(∆) kai ikanopoieÐ tic sunj kec thc sqèshc (8.1.2),
ikanopoieÐ kai tic sunj kec

s(j)(ti) = f (j)(ti), i = 1, . . . , n− 1, j = 0, 1, 2 (8.1.3)

(bl. Ahlberg, Nilson kai Walsh [5]). Sthn perÐptwsh ìpou j = 2 tìte anafer-
ìmaste stic legìmenec “fusikèc” kubikèc Splines. Gia èna genikìtero orismì
thc sun�rthshc s(t) jewroÔme epiplèon dÔo kìmbouc pèra apì k�je �kro thc
diamèrishc ∆. Oi kìmboi oi opoÐoi ja prostejoÔn eÐnai oi t−2 < t−1 (< t0)
apì thn arister  pleur� thc diamèrishc kai oi kìmboi (tn <) tn+1 < tn+2 apì
th dexi� pleur�. Oi kìmboi autoÐ eÐnai kajar� bohjhtikoÐ kai oi timèc thc
sun�rthshc s(t) s' autoÔc kajorÐzontai apì thn arq . Me b�sh ìla ta para-
p�nw orÐzoume tic sunart seic Bi(t) na èqoun th morf 

Bi(t) =
1
h3





(t− ti−2)3 an t ∈ [ti−2, ti−1],
h3 + 3h2(t− ti−1) + 3h(t− ti−1)2 − 3(t− ti−1)3 an t ∈ [ti−1, ti],
h3 + 3h2(ti+1 − t) + 3h(ti+1 − t)2 − 3(ti+1 − t)3 an t ∈ [ti, ti+1],
(ti+2 − t)3 an t ∈ [ti+1, ti+2],
0 alloÔ.

(8.1.4)
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EÐnai polÔ eÔkolo loipìn na brei kaneÐc ìti oi timèc twn sunart sewn Bi(tj)
dÐnontai apì tic parak�tw ekfr�seic

Bi(tj) =





4 an j = i,
1 an j = i− 1   j = i + 1,
0 an j = i− 2   j = i + 2,

(8.1.5)

kai Bi(t) ≡ 0 gia k�je t < tj−2   t > tj+2. Sto parak�tw sq ma parousi�-
zoume mÐa tètoia sun�rthsh.

Sq ma 8.1: Grafik  Par�stash B-Spline Sunart sewn

ParathroÔme, loipìn, ìti oi sunart seic Bi(t), i = −2, . . . , n+2, eÐnai sunar-
t seic me forèa to di�sthma [tj−2, tj+2]. EpÐshc, apì ton tÔpo twn parap�-
nw sunart sewn parathroÔme ìti an koun sto q¸ro S3(∆) kai eÐnai gram-
mik¸c anex�rthtec. MporeÐ loipìn na apodeiqteÐ ìti oi parap�nw sunart seic
apoteloÔn b�sh tou q¸rou twn kubik¸n Splines.

8.2 Kubik  Spline Collocation - Diakrito-
poÐhsh

Sthn paroÔsa par�grafo ja parousi�soume mÐa polÔ dunamik  mèjodo diakri-
topoÐhshc gia thn epÐlush Elleiptik¸n Merik¸n Diaforik¸n Exis¸sewn. H
mèjodoc aut  kaleÐtai Collocation mèjodoc. Ja xekin soume parousi�zontac
th genik  idèa thc mejìdou aut c. Sth sunèqeia ja epikentrwjoÔme sth-
n perÐptwsh thc Collocation mejìdou me sunart seic b�shc kubikèc Splines,
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parousi�zontac arqik� th mèjodo sthn perÐptwsh twn Sun jwn Diaforik¸n
Exis¸sewn kai sth sunèqeia sthn perÐptwsh twn Merik¸n Diaforik¸n Ex-
is¸sewn, h opoÐa parousi�zei kai to megalÔtero endiafèron.

8.2.1 Basik  Idèa twn Collocation Mejìdwn
H basik  idèa twn Collocation mejìdwn sthrÐzetai sthn parembol  thc �gnw-
sthc sun�rthshc tou aristeroÔ mèlouc thc diaforik c exÐswshc me th bo jeia
enìc sunduasmoÔ twn eikìnwn twn sunart sewn b�shc mèsw tou diaforikoÔ
telest  thc grammik c diaforik c exÐswshc. H parap�nw paradoq  eÐnai di-
aforetik  apì aut n thc perÐptwshc �llwn teqnik¸n (p.q. Peperasmènwn
StoiqeÐwn), ìpou sunduasmoÐ twn sunart sewn thc b�shc paremb�lloun th
sun�rthsh lÔshc thc diaforik c exÐswshc pou èqoume na epilÔsoume. H para-
p�nw idèa ìtan mporeÐ na efarmosteÐ apoteleÐ èna polÔ isqurì mèso diakri-
topoÐhshc to opoÐo ektìc twn �llwn eÐnai kai eÔkola ulopoi simo se sqèsh
me �llec teqnikèc diakritopoÐhshc.

'Estw Q ènac grammikìc upìqwroc tou q¸rou L2(D), dhlad  tou q¸rou
twn tetragwnik� oloklhr¸simwn sunart sewn me pedÐo orismoÔ to qwrÐo D to
opoÐo mporeÐ na eÐnai ènac upìqwroc thc pragmatik c eujeÐac   ènac upìqwroc
tou epipèdou. JewroÔme epÐshc to grammikì telest  L me pedÐo orismoÔ to
Q kai eikìna sto Ðdio sÔnolo Q. JewroÔme ton (n + 1)−di�stato upìqwro
tou Q, ton Xn+1 = span{φ0, φ2, . . . , φn}, pou par�getai apì tic grammik¸c
anex�rthtec sunart seic φi, i = 0, . . . , n. Jewr¸ntac ìti mac dÐnetai h gram-
mik  exÐswsh

Lx = y, (8.2.1)

ìpou y eÐnai mÐa sun�rthsh tou Q, proseggÐzoume th sun�rthsh x me th mèjodo
Collocation me th sun�rthsh

xn+1(t) =
n∑

i=0

aiφi(t) (8.2.2)

ston upìqwro Xn+1, lÔnontac to grammikì sÔsthma pou prokÔptei apì thn
efarmog  tou telest  L sthn proseggistik  lÔsh xn+1. PaÐrnoume, loipìn,
to parak�tw grammikì sÔsthma

Lxn+1(tj) =
n∑

i=0

aiLφi(tj), j = 0, . . . , n, (8.2.3)
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ìpou tj, j = 0, . . . , n, apoteloÔn diakritoÔc kìmbouc sto qwrÐo D. Lème,
loipìn, ìti h sun�rthsh xn+1 collocates th sun�rthsh y sta shmeÐa t0, t1, . . . ,
tn. Apì thn parap�nw diadikasÐa prokÔptoun merik� polÔ shmantik� erwt -
mata,ta opoÐa kai ja mac apasqol soun sth sunèqeia. Ja prèpei na sta-
joÔme idiaÐtera sthn kat�llhlh epilog  thc b�shc twn sunart sewn pou ja
qrhsimopoihjoÔn. Ta krit ria miac epilog c ja prèpei na eÐnai tètoia ¸ste:
Oi sun�rthseic thc b�shc pou ja epilegoÔn na èqoun arket  omalìthta ¸-
ste na mporoÔme na efarmìsoume s' autèc to diaforikì telest . Epiplèon,
h kataskeu  tètoiwn b�sewn na eÐnai eÔkolh kai, genikìtera, eÔkola epek-
t�simh stic perissìterec diast�seic. TeleutaÐo, all� sugqrìnwc kai polÔ
shmantikì, eÐnai ìti oi sunart seic b�shc apaiteÐtai na èqoun ìso to dunatìn
mikrìtero forèa. To na èqoun oi sunart seic b�seic mikrì forèa èqei �mesh
sunèpeia sthn puknìthta tou pÐnaka tou grammikoÔ sust matoc pou par�getai
kat� th mèjodo thc Collocation. Mikrìc forèac èqei wc sunèpeia o pÐnakac
tou grammikoÔ sust matoc na eÐnai araiìc kai epomènwc ja eÐnai dunatìn na
prosfèrontai perissìterec epilogèc gia tic mejìdouc epÐlushc. K�ti polÔ
shmantikì pou prèpei na prosèxei k�poioc sthn epilog  twn b�sewn eÐnai autèc
na eÐnai summetrikèc kai jetik� orismènec, se sqèsh p�ntote me to sÔsthma
pou prokÔptei apì thn efarmog  s' autèc tou DiaforikoÔ Telest .

'Eqontac upìyh touc parap�nw periorismoÔc mia epilog  gia th b�sh thc
Collocation mejìdou eÐnai oi B−Splines ton orismì twn opoÐwn eÐdame sthn
prohgoÔmenh par�grafo. O forèac twn sunart sewn Bi(t) perièqei 5 kìmbouc
thc diakritopoÐhshc apì touc opoÐouc stouc dÔo akraÐouc h tim  twn sunart -
sewn Bi(t) eÐnai Ðsh me 0. ExaitÐac autoÔ to grammikì sÔsthma pou prokÔptei
kat� thn Collocation mèjodo eÐnai èna summetrikì kai jetik� orismèno tridi-
ag¸nio sÔsthma. Autì to gegonìc mazÐ me to ìti oi sunart seic autèc eÐnai
eÔkola kataskeu�simec mac epitrèpei na èqoume mia kat�llhlh b�sh gia th
mèjodo thc Collocation.

'Ena epÐshc shmantikì pleonèkthma pou ja prèpei na èqei h b�sh, pou ja
epilèxoume, ìpwc anafèrame kai prohgoumènwc, eÐnai h eÔkolh epektasimìtht�
thc stic perissìterec diast�seic. H epilog  twn B−Splines wc b�shc gia thn
Collocation mèjodo parousi�zei ki autì to pleonèkthma. Ja prospaj soume
sth sunèqeia na parousi�soume mÐa epèktash thc mejìdou thc Collocation
sthn perÐptwsh twn Merik¸n Diaforik¸n Exis¸sewn kai pio sugkekrimèna
sto prìblhma thc exÐswshc Poisson me Dirichlet sunoriakèc sunj kec.
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8.3 Kubik  Spline Collocation - Diakrito-
poÐhsh gia MDE

ArqÐzontac, diakritopoioÔme omoiìmorfa k�je di�sthma tou Ω =
∏⊗[ai, bi],

i = 1, 2, kai orÐzoume thn parak�tw diakritopoÐhsh

∆i =

{
til = a + lhi, l = −1, . . . , ni + 1, hi =

bi − ai

ni

}
.

S' aut n thn perÐptwsh o omoiìmorfoc diamerismìc tou qwrÐou Ω eÐnai ∆ =
∆1⊗∆2. SumbolÐzoume me S3,∆i

= P3,∆i
∩C2([ai, bi]) to q¸ro twn monodi�s-

tatwn splines pou orÐzontai apì th diamèrish ∆i twn diasthm�twn [ai, bi].
Ta stoiqeÐa thc b�shc tou didi�statou q¸rou twn splines S3,∆ par�gontai
paÐrnontac ta tanustik� ginìmena twn stoiqeÐwn thc b�shc Bi

l tou monodi�sta-
tou q¸rou twn splines S3,∆i

. H teqnik  thc diakritopoÐhshc me kubikèc splines
dÐnei thn prosèggish sto qwrÐo ∆ wc u∆ := u ∈ S3,∆i

u(x) =

n1∑
i=−1

n2∑
j=−1

UijB
1
i (x1)B

2
j (x2),

ìpou x = (x1, x2) eÐnai èna shmeÐo tou ∆ kai Uij eÐnai oi �gnwstoi suntelestèc
thc kubik c spline collocation diakritopoÐhshc. Gia na prosdiorÐsoume autoÔc
touc suntelestèc apaitoÔme apì thn sun�rthsh u na ikanopoieÐ th Merik 
Diaforik  ExÐswsh se ìla ta shmeÐa tou ∆ kai tic sunoriakèc sunj kec se
ìla ta shmeÐa tou sunìrou ∆ ∩ ∂Ω :

−Lu(xi, yj) = fxi,yj
, (xi, yj) ∈ Ω

−Lu(xi, yj) = fxi,yj
, (xi, yj) ∈ ∂Ω

D2
xD

2
yu = D2

yf, (xi, yj) ∈ Ωc, (8.3.1)

ìpou ∂Ω kai Ωc sumbolÐzoun ta sunoriak� shmeÐa kai ta shmeÐa stic tèsseric
korufèc tou orjog¸niou qwrÐou Ω, antÐstoiqa. Me tic ekfr�seic D2

xu, D2
yu

sumbolÐzoume th deÔterh merik  par�gwgo thc u wc proc x kai y, antÐstoiqa.
EÐnai gnwstì apì thn jewrÐa thc parembol c me splines ìti h lÔsh u thc

Diaforik c ExÐswshc ikanopoieÐ tic collocation exis¸seic me t�xh akrÐbeiac
O(h2). Gia na mporèsoume na èqoume th bèltisth prosèggish me splines t�xhc
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O(h4) mporoÔme na qrhsimopoi soume mÐa diat�raxh tou basikoÔ telest  L,
thn opoÐa sumbolÐzoume me L′, h opoÐa èqei to epìmeno plègma diakritopoÐhshc:



β
12

D2
yS(xi, yj+1)

α
12

D2
xS(xi−1, yj) 10

[
α
12

D2
xS(xi, yj) + β

12
D2

yS(xi, yj)
]

α
12

D2
yS(xi+1, yj)

β
12

D2
yS(xi, yj−1)




(8.3.2)
(Gia perissìterec leptomèriec bl. [40].)

Qrhsimopoi¸ntac ton orismì twn B−splines kai to plègma (8.3.2) oi esw-
terikèc exis¸seic, dhlad  oi anaferìmenec stouc eswterikoÔc kìmbouc, thc
collocation mejìdou mporoÔn na parastajoÔn sth morf  sust matoc, ìpwc
faÐnetai parak�tw

−AU = F. (8.3.3)

Qrhsimopoi¸ntac mÐa di�spash gia ton pÐnaka A wc �jroisma dÔo pin�kwn A1

kai A2, ìpwc h parak�tw

−(A1 + A2)U = F, A1, A2 ∈ R(n1−1)(n2−1)×(n1−1)(n2−1), (8.3.4)

ìpou gia thn exÐswsh Poisson me Dirichlet sunoriakèc sunj kec oi ekfr�seic
gia touc pÐnakec A1 kai A2 dÐnontai me morf  tanustik¸n ginomènwn kai èqoun
tic parak�tw morfèc. Gia to sq ma t�xhc O(h2) oi pÐnakec A1 kai A2 dÐnontai
apì tic ekfr�seic

A1 =
1

6h2
1

T n2−1
4 ⊗ T n1−1

−2 , A2 =
1

6h2
2

T n2−1
−2 ⊗ T n1−1

4 ,

ìpou me Tα sumbolÐzoume ton tridiag¸nio pÐnaka tridiag(1, α, 1). Sthn perÐ-
ptwsh tou sq matoc O(h4) oi pÐnakec A1 kai A2 dÐnontai apì parìmoiec ek-
fr�seic

A1 =
1

72h2
1

T n2−1
4 ⊗ T n1−1

10 T n1−1
−2 , A2 =

1

72h2
2

T n2−1
10 T n2−1

−2 ⊗ T n1−1
4 ,

me T4 = 6I +T−2 kai T10 = 12I +T−2, ìpou I o monadiaÐoc pÐnakac kat�llhlhc
di�stashc. 'Etsi gia touc pÐnakec A1, A2 èqoume tic ekfr�seic:

A1 = − 1

6h2
1

(6In2−1 − T n2−1
−2 )⊗ T n1−1

−2

A2 = − 1

6h2
2

T n2−1
−2 ⊗ (6In1−1 − T n1−1

−2 )
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gia to sq ma t�xhc O(h2) kai

A1 =
1

72h2
1

(6In2−1 + T n2−1
−2 )⊗ [

(12In1−1 + T n1−1
−2 )T n1−1

−2

]

A2 =
1

72h2
2

[
(12In2−1 + T n2−1

−2 )T n2−1
−2

]⊗ (6In1−1 + T n1−1
−2 )

gia to sq ma t�xhc O(h4). Sth sunèqeia kai prokeimènou na aplousteÔsoume
tic pr�xeic mac orÐzoume touc pÐnakec

L1 = 6In1−1 − T n1−1
2 , L2 = 6In2−1 − T n2−1

2 ,
M1 = 1

6h2
2
T n1−1

2 , M2 = 1
6h2

1
T n2−1

2 .

gia to sq ma t�xhc O(h2) kai

L1 = 6In1−1 − T n1−1
2 , L2 = 6In2−1 − T n2−1

2 ,
M1 = 1

72h2
2
(12In1−1 − T n1−1

2 )T n1−1
2 , M2 = 1

72h2
1
(12In2−1 − T n2−1

2 )T n2−1
2 .

gia to sq ma t�xhc O(h4), ìpou “eidik�” ed¸ T2 =tridiag(−1, 2,−1). Me b�sh
touc parap�nw sumbolismoÔc èpetai ìti A1 = −L2 ⊗M2 kai A2 = −L1 ⊗M1

kai �ra o pÐnakac A gr�fetai wc

A = −(L2 ⊗M1 + M2 ⊗ L1). (8.3.5)

Efex c ja perioristoÔme sth melèth tou sq matoc t�xhc O(h4) ìpwc
epÐshc kai sto gegonìc ìti o pÐnakac A pou ja diaqeiristoÔme sth sunèqeia
ja eÐnai o antÐjetoc tou pÐnaka A pou èqoume parap�nw. O basikìc lìgoc gia
k�ti tètoio eÐnai h jetik  orishmìthta pou apaiteÐtai gia th qr sh thc mejìdou
twn Suzug¸n KlÐsewn. Arqik� ja exet�soume to ti sumbaÐnei me to sÔnoro
tou qwrÐou Ω all� kai me ta shmeÐa twn koruf¸n tou, ta opoÐa parousi�zoun
idiaÐtero endiafèron. Ja xekin soume me ta gwniak� shmeÐa thc diamèrishc.
Apì thn teleutaÐa èkfrash thc sqèshc (8.3.1), ekfr�zontac th sun�rthsh u
mèsw twn sunart sewn b�shc Bi(t), i = 0, 1, . . . , n, h èkfrash D2

xD
2
yu = D2

xf
lamb�nei th morf  twn parak�tw tess�rwn algebik¸n exis¸sewn

U0,0 =
h2

1h
2
2

36
D2

xf0,0, U0,n2 =
h2

1h
2
2

36
D2

xf0,n2 ,

Un1,0 =
h2

1h
2
2

36
D2

xfn1,0, Un1,n2 =
h2

1h
2
2

36
D2

xfn1,n2 . (8.3.6)
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GnwrÐzontac tic timèc twn U0,0, U0,n2 , Un1,0 kai Un1,n2 , apì tic parap�nw ex-
is¸seic, kai orÐzontac ton (k − 1) × (k − 1) pÐnaka Qk =tridiag(1, 4, 1), oi
ekfr�seic twn Collocation exis¸sewn sto sÔnoro tou qwrÐou Ω lamb�noun th
morf  susthm�twn, ìpwc aut� parousi�zontai parak�tw

Qn2v
(1)
0 = w

(1)
0 , Qn2v

(1)
n1

= w(1)
n1

Qn1v
(2)
0 = w

(2)
0 , Qn1v

(2)
n2

= w(2)
n2

, (8.3.7)

ìpou

v
(1)
0 = [U0,1, U0,2, . . . , U0,n2−2, U0,n2−1]

T

v
(2)
0 = [U1,0, U2,0, . . . , Un1−2,0, Un1−1,0]

T

v(1)
n1

= [Un1,1, Un1,2, . . . , Un1,n2−2, Un1,n2−1]
T

v(2)
n2

= [U1,n2 , U2,n2 , . . . , Un1−2,n2 , Un1−1,n2 ]
T (8.3.8)

en¸ ta antÐstoiqa dexi� mèlh èqoun tic morfèc

w
(1)
0 = [h2

1f0,1 − U0,0, h
2
1f0,2, . . . , h

2
1f0,n2−2, h

2
1f0,n2−1 − U0,n2 ]

w
(2)
0 = [h2

2f1,0 − U0,0, h
2
2f2,0, . . . , h

2
2fn1−2,0, h

2
2fn1−1,0 − Un1,0]

w(1)
n1

= [h2
1fn1,1 − Un1,0, h

2
1fn1,2, . . . , h

2
1fn1,n2−2, h

2
1fn1,n2−1 − Un1,n2 ]

w(2)
n2

= [h2
2f1,n2 − U0,n2 , h

2
2f2,n2 , . . . , h

2
2fn1−2,n2 , h

2
2fn1−1,n2 − Un1,n2 ].(8.3.9)

UpologÐzontac, apì ta parap�nw sust mata, tic timèc thc sun�rthshc
sto sÔnoro tou Ω qrhsimopoioÔme autèc gia th lÔsh tou sust matoc twn
eswterik¸n exis¸sewn. To sÔsthma twn eswterik¸n exis¸sewn apoteleÐtai
apì èna block 5-diag¸nio pÐnaka ìpou k�je èna apì ta trÐa eswterik� blocks
eÐnai me th seir� tou 5-diag¸nioc pÐnakac en¸ ta dÔo akraÐa blocks eÐnai tridi-
ag¸nia. O pÐnakac pou prokÔptei gia touc eswterikoÔc kìmbouc thc Colloca-
tion mejìdou eÐnai summetrikìc kai jetik� orismènoc k�ti pou eÐnai profanèc
apì tic ekfr�seic twn L1, L2, M1,M2 all� kai tic ekfr�seic twn antÐstoiqwn
idiotim¸n apì tic opoÐec apodeiknÔetai ìti o pÐnakac A eÐnai jetik� orismènoc.

Sthn epìmenh par�grafo ja proteÐnoume mÐa parallag  thc ADI-CG me-
jìdou, pou èqoume melet sei se prohgoÔmena kef�laia, gia thn epÐlush tou
sust matoc twn eswterik¸n exis¸sewn me thn proôpìjesh ìti èqoume  dh
brei tic timèc thc sun�rthshc lÔshc sto sÔnoro tou qwrÐou apì th lÔsh twn
parap�nw susthm�twn.
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8.4 Diparametrikì EADI Sq ma gia tic Ku-
bikèc Spline Collocation Exis¸seic

Sthn par�grafo aut  ja prospaj soume na sundèsoume th bèltisth ADI-
CG mèjodo wc basikì epilut  gia to sÔsthma twn eswterik¸n kìmbwn pou
prokÔptei apì th diakritopoÐhsh tou diaforikoÔ telest  me mejìdouc kubik¸n
spline collocation, ìpwc autèc parousi�sthkan analutik� sthn prohgoÔmenh
par�grafo.

UpenjumÐzoume ìti e�n èqoume èna grammikì sÔsthma thc morf c Au = c,
me A ∈ Cn,n Ermitianì kai jetik� orismèno kai c ∈ Cn, h mèjodoc twn Suzug¸n
KlÐsewn (CG) eÐnai h katallhlìterh gia thn epÐlush tou sust matoc. Bè-
baia, ìpwc èqoume tonÐsei arketèc forèc se prohgoÔmena kef�laia, h CG
eÐnai mÐa kal  mèjodoc all� sqedìn p�nta qrei�zetai prorrÔjmish ¸ste na
katasteÐ kalÔterh. Sta prohgoÔmena kef�laia thc diatrib c proteÐname kai
parousi�same analutik� ènan polÔ kalì prorrujmist  gia th mèjodo aut .

Gia thn epÐlush tou sust matoc (8.3.3) proteÐnoume to sq ma twn Guittet
[27] kai Hadjidimos [28], me mia mikr  parallag , h idèa thc opoÐac sthrÐzetai
se mia parallag  tou sq matoc twn Peaceman-Rachford [20], pou prot�jhke
apì ton Dyksen [22] kai to opoÐo parousi�zetai parak�tw

[(L1 + r1M1)⊗M2]U (m+ 1
2 ) = [M1 ⊗ (L2 + r2M2)(L1 + r1M1)⊗M2 − ωA] Um + ωb

[M1 ⊗ (L2 + r2M2)] Um+1 = U (m+ 1
2 ). (8.4.1)

Pollaplasi�zontac to arqikì sÔsthma (8.3.3) epÐ M1⊗M2 apì ta arister�,
lamb�noume ton epìmeno epanalhptikì pÐnaka gia to sq ma (8.4.1), o opoÐoc
èqei thn akìloujh morf .

I−ωT̃ = I−ω(M1⊗M2)[M
−1
1 (M−1

1 L1+r1I1)
−1M−1

1 L1⊗(M−1
2 L2+r2I2)

−1M−1
2

+
(
(M−1

1 L1 + r1I1)
−1M−1

1

)⊗ (
(M−1

2 (M−1
2 L2 + r2I2)

−1M−1
2 L2)

)
]

Genikìc mac skopìc eÐnai na beltistopoi soume to deÐkth kat�stashc tou
arqikoÔ probl matoc pou èqoume na epilÔsoume. 'Opwc gnwrÐzoume k�ti tètoio
mporeÐ na sumbeÐ qrhsimopoi¸ntac ènan kalì prorrujmist , sthn perÐptws 
mac summetrikì kai jetik� orismèno, ètsi ¸ste na mporèsoume na elaqistopoi -
soume to deÐkth kat�stashc pou eÐnai kai h metablht  ex�rthshc tou sf�l-
matoc thc mejìdou twn Suzug¸n KlÐsewn pou qrhsimopoioÔme se k�je tètoia
perÐptwsh. Th zhtoÔmenh elaqistopoÐhsh thn epitugq�noume elaqistopoi¸n-
tac to deÐkth kat�stashc tou parap�nw pÐnaka T̃ pou ousiastik� eÐnai o pÐ-
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nakac pou prokÔptei met� thn prorrÔjmish tou arqikoÔ sust matoc. Sth-
n perÐptwsh twn summetrik¸n kai jetik� orismènwn pin�kwn èqoume ¸c an-
tikeimenikì skopì thn elaqistopoÐhsh tou lìgou λmax

λmin
, o opoÐoc ekfr�zei

thn elaqistopoÐhsh tou deÐkth kat�stashc tou prorrujmismènou sust matoc,
brÐskontac thn kat�llhlh epilog  twn paramètrwn epit�qunshc r1, r2. K�non-
tac qr sh thc antimetajetik c idiìthtac twn pin�kwn L1, L2,M1,M2 s' aut n
thn perÐptwsh o pÐnakac T̃ èqei th morf 

T̃ = (M−1
1 L1 + r1I1)M

−1
1 L1 ⊗ (M−1

2 L2 + r2I2)
−1

+(M−1
1 L1 + r1I1)

−1 ⊗ (M−1
2 L2 + r2I2)

−1M−1
2 L2). (8.4.2)

Ja prèpei ed¸ na tonÐsoume gia �llh mÐa for� ìti o pÐnakac T̃ eÐnai o
pÐnakac tou arqikoÔ sust matoc A prorrujmismènoc apì ta arister� me ènan
pÐnaka M pou èqei thn èkfrash:

M =
1

ω
(M2 ⊗M1)

−1 [(L2 + r2M2)⊗M1] [M2 ⊗ (L1 + r1M1)] (8.4.3)

Shmei¸noume ìti efex c se k�je mac èkfrash, p.q. twn idiotim¸n, de ja
lamb�noume upìyh thn par�metro parekbol c ω diìti, ìpwc eÐdame sth melèth
gia thn eÔresh twn bèltistwn r1, r2, elaqistopoi¸ntac to lìgo λmax

λmin
h par�met-

roc ω apaleÐfetai.
An λ1 ∈ σ(M−1

1 L1) kai λ2 ∈ σ(M−1
2 L2), tìte oi idiotimèc tou pÐnaka T̃

eÐnai
λ(T̃ ) =

λ1 + λ2

(λ1 + r1)(λ2 + r2)
(8.4.4)

  isodÔnama

λ(T̃ ) =
1
λ1

+ 1
λ2

(1 + 1
λ1

r1)(1 + 1
λ2

r2)
. (8.4.5)

Oi ekfr�seic µ1 = 1
λ1

kai µ2 = 1
λ2

eÐnai oi idiotimèc twn pin�kwn L−1
1 M1 kai

L−1
2 M2, antÐstoiqa. Qrhsimopoi¸ntac tic ekfr�seic µ1, µ2 oi idiotimèc tou

pÐnaka T̃ dÐnontai apì tic sqèseic

λ(T̃ ) =
µ1 + µ2

(1 + µ1r1)(1 + µ2r2)
, (8.4.6)

ìpou

µi
1 =

8
(
3− sin2

(
iπ

2(n1+1)

))

3− 2 sin2
(

iπ
2(n1+1)

) sin2

(
iπ

2(n1 + 1)

)
, i = 1, . . . , n1

118



µi
2 =

8
(
3− sin2

(
iπ

2(n2+1)

))

3− 2 sin2
(

iπ
2(n2+1)

) sin2

(
iπ

2(n2 + 1)

)
, i = 1, . . . , n2

Oi mègistec kai oi el�qistec timèc twn idiotim¸n lamb�nontai ìtan i = n1

  i = n2 kai i = 1 antÐstoiqa. Parak�tw parousi�zoume th mègisth kai thn
el�qisth tim  twn idiotim¸n aut¸n gia tic opoÐec qrhsimopoioÔme sumbolismoÔc
an�logouc me autoÔc pou qrhsimopoi same se prohgoÔmena kef�laia.

min(µ1) = α1, max(µ1) = β1 min(µ2) = α2, max(µ2) = β2.

Oi ekfr�seic loipìn twn akraÐwn idiotim¸n eÐnai oi parak�tw

α1 =
2(5 + cos( π

n1+1 ))
2 + cos( π

n1+1 )

(
1− cos(

π

n1 + 1
)
)

, α2 =
2(5 + cos( π

n2+1 ))
2 + cos( π

n2+1 )

(
1− cos(

π

n2 + 1
)
)

β1 =
2(5 + cos( n1π

n1+1 ))
2 + cos( n1π

n1+1 )

(
1− cos(

n1π

n1 + 1
)
)

, β2 =
2(5 + cos( n2π

n2+1 ))
2 + cos( n2π

n2+1 )

(
1− cos(

n2π

n2 + 1
)
)

GnwrÐzontac tic akraÐec idiotimèc α1, α2, β1, β2, kai thn èkfrash (8.4.6) twn
idiotim¸n tou epanalhptikoÔ pÐnaka mporoÔme, ekmetalleuìmenoi th jewrÐa pou
anaptÔxame sto Kef�laio 6 (bl. [6], [35]) gia thn eÔresh tou bèltistou EADI
prorrujmist  sthn perÐptwsh twn diparametrik¸n sqhm�twn kai jètontac th
metablht  θ thc genik c èkfrashc Ðsh me mhdèn, na èqoume ìti oi ekfr�seic
gia tic bèltistec paramètrouc epit�qunshc dÐnontai apì tic parak�tw sqèseic

r∗1 = 1
2

{
H +

[
H2 − 2

β2α2
[(α2 + β2)H − 2]

] 1
2

}
,

r∗2 = 1
2

{
−H +

[
H2 − 2

β2α2
[(α2 + β2)H − 2]

] 1
2

}
,

(8.4.7)

ìpou
H := r1 − r2 =

2(β1α1 − β2α2)

β2α2(α1 + β1) + β1α1(α2 + β2)
. (8.4.8)

Qrhsimopoi¸ntac tic parap�nw bèltistec ekfr�seic gia tic paramètrouc
epit�qunshc tou sq matoc (8.4.1) eÐmaste se jèsh, toul�qiston jewrhtik�,
na poÔme ìti o prorrujmist c M pou ed¸ qrhsimopoi same eÐnai o bèltistoc
sthn perÐptwsh ìpou oi par�metroi r1, r2 lamb�noun tic bèltistec timèc touc.

Sth sunèqeia ja d¸soume merik� arijmhtik� paradeÐgmata pou mac epitrè-
poun na eÐmaste arket� aisiìdoxoi wc proc th qr sh tou prorrujmist  autoÔ
sthn perÐptwsh tou sust matoc twn collocation exis¸sewn gia touc eswteri-
koÔc kìmbouc tou plègmatoc diakritopoÐhshc.
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8.4.1 Arijmhtik� ParadeÐgmata
Sthn par�grafo aut  tou parìntoc kefalaÐou ja parousi�soume merik� ar-
ijmhtik� paradeÐgmata pou proèkuyan apì th diakritopoÐhsh thc exÐswshc
Poisson se orjog¸nio qwrÐo [a, b]× [c, d] me qr sh thc mejìdou twn kubik¸n
spline collocation tètarthc t�xhc kai Dirichlet sunoriakèc sunj kec. Ta ar-
ijmhtik� peir�mata ulopoi jhkan se k¸dika Matlab kai k�je sÔgkrish ègine
me ètoimec sunart seic pou up�rqoun sth v 7.1.0.246 R(14) thc Matlab qrhsi-
mopoi¸ntac ènan upologist  Intel Centrino 1.6 se perib�llon Windows xp.
S' aut� ta arijmhtik� paradeÐgmata ìpwc kai sta prohgoÔmena jewr same de-
domènh lÔsh gia thn exÐswshc Poisson kai me b�sh aut  kataskeu�same thn
sun�rthsh tou dexioÔ mèlouc thc exÐswshc. H sun�rthsh pou qrhsimopoi -
same eÐnai

u(x, y) = 3ex+yxy(x− 1)(y − 1),

kai to qwrÐo orismoÔ eÐnai to monadiaÐo tetr�gwno. Apì thn morf  thc
sun�rthshc aut c èqoume ìti sto sÔnoro tou qwrÐou h sun�rthsh èqei mh-
denik  tim  kai ètsi mporoÔme na efarmìsoume thn Cubic Spline Collocation
mèjodo me B-Splines sunart seic b�shc stic klasikèc touc ekfr�seic qwrÐc
metasqhmatismoÔc ¸ste na ikanopoioÔntai mhdenikèc sunoriakèc sunj kec. Ja
prèpei epÐshc na poÔme ìti qrhsimopoi same omoiìmorfh diamèrish me to Ðdio
b ma kai gia stic dÔo dieujÔnseic. Parak�tw parousi�zoume touc pÐnakec 8.1,
8.2 kai ton 8.3 stouc opoÐouc emfaÐnontai ta arijmhtik� apotelèsmata ta opoÐa
p rame apì thn ektèlesh twn antÐstoiqwn peiram�twn.

n1 = n2 = 4 time iter error rel-res
ADI-CG 0.0012 3 1.1E-1 1.4E-2

J-CG 0.0016 7 1.1E-1 1.31E-7
IC-CG 0.11 390 1.1E-1 1,34E-7

PÐnakac 8.1: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc tou O(h4)
prorrujmist  M .

Apì mia pr¸th mati� sta parap�nw apotelèsmata diapist¸netai ìti oi jew-
rhtik� kalÔteroi prorrujmistèc ìpwc oi ADI, IC se sÔgkrish me ton Jacobi
prorrujmist  dÐnoun o men pr¸toc sugkrÐsima apotelèsmata o de deÔteroc
ìqi kal�. Bèbaia e�n suneqÐsoume ta peir�mata gia megalÔtera n1, n2 ta
apotelèsmata pou lamb�nontai eÐnai ligìtero kal� kai gia ton ADI prorru-
jmist . FaÐnetai loipìn ìti autì ofeÐletai kajar� kai mìno stic pr�xeic pou
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n1 = n2 = 8 time iter error rel-res
ADI-CG 0.002 3 3.7E-2 1.36E-2

J-CG 0.003 13 3.7E-2 1.66E-7
IC-CG 0.17 25 3.7E-2 1,61E-7

PÐnakac 8.2: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc tou O(h4)
prorrujmist  M .

n1 = n2 = 16 time iter error rel-res
ADI-CG 0.04 3 1.1E-2 5.2E-3

J-CG 0.01 25 1.1E-2 1.6E-7
IC-CG 0.39 38 1.1E-2 1,6E-7

PÐnakac 8.3: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc tou O(h4)
prorrujmist  M .

ekteloÔntai kai bèbaia ston trìpo me ton opoÐo h Matlab qeirÐzetai autèc.
Oi dÔo prorrujmistèc ADI kai IC apoteloÔntai apì sqetik� araioÔc pÐnakec,
sugkekrimèna anaferìmaste se block 5-diag¸niouc me ta trÐa eswterik� blocks
na eÐnai 5-diag¸nioi pÐnakec en¸ ta dÔo akraÐa blocks na eÐnai 3-diag¸nioi pÐ-
nakec. Ja prèpei ed¸ na anafèroume ìti k�nontac peir�mata me prorrujmist ,
sto Collocation sÔsthma t�xhc O(h4) me ton pÐnaka M pou prokÔptei apì
t�xhc O(h2) thc Collocation diakritopoÐhshc, ta apotelèsmata  tan perÐpou
ta Ðdia, k�ti pou gÐnetai fanerì apì th exètash twn pin�kwn 8.4, 8.5 kai 8.6 oi
opoÐoi parousi�zontai sth sunèqeia. 'Omwc e�n qrhsimopoi soume wc prorru-
jmist  to diag¸nio pÐnaka pou prokÔptei apì ta diag¸nia stoiqeÐa tou pÐnaka
M ta apotelèsmata eÐnai polÔ kal� akìma kai gia meg�la n1, n2, ìpwc faÐnetai
apì touc pÐnakec 8.7, 8.8, 8.9 kai 8.10, pou parousi�zontai parak�tw. EÐnai
loipìn profanèc ìti ta arqik�, ìqi kai tìso kal�, apotelèsmata ofeÐlontai
ston trìpo me ton opoÐo h Matlab diaqeirÐzetai araioÔc pÐnakec kai ìqi s'
autoÔc kajautoÔc touc prorrujmistèc.
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n1 = n2 = 4 time iter error rel-res
ADI-CG 0.0012 3 1.1E-1 1.4E-2

J-CG 0.0017 7 1.1E-1 4.7E-7
IC-CG 0.11 390 1.1E-1 4.99E-3

PÐnakac 8.4: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc tou O(h2)
prorrujmist  M .

n1 = n2 = 8 time iter error rel-res
ADI-CG 0.002 3 3.7E-2 1.36E-2

J-CG 0.003 13 3.7E-2 1.66E-7
IC-CG 0.17 25 3.16E-2 2.38E-2

PÐnakac 8.5: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc tou O(h2)
prorrujmist  M .

n1 = n2 = 16 time iter error rel-res
ADI-CG 0.05 3 1.1E-2 5.2E-3

J-CG 0.01 25 1.1E-2 1.6E-7
IC-CG 0.39 38 1.4E-2 5.1E-7

PÐnakac 8.6: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc tou O(h2)
prorrujmist  M .

AxÐzei pragmatik� na shmeiwjeÐ ed¸ to gegonìc ìti sta prohgoÔmena
apotelèsmata, me fr�gma t�xhc 10−1   10−2 sto sqetikì sf�lma twn up-
oloÐpwn sth mèjodo twn Suzug¸n KlÐsewn, paÐrnoume akrib¸c to Ðdio sqetikì
apìluto sf�lma me autì sthn perÐptwsh fr�gmatoc t�xhc 10−6   10−7 gia tic
�llec mejìdouc. To gegonìc autì mac k�nei na elpÐzoume ìti e�n mporèsoume
na ekmetalleutoÔme tic dunatìthtec twn gr gorwn upologism¸n thc Matlab,
tìte pragmatik� ja mporoÔme na èqoume polÔ kal� apotelèsmata kai apì thn
�poyh tou qrìnou upologism¸n.
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n1 = n2 = 4 time iter error rel-res
ADI-CG 0.0012 3 1.1E-1 2.76E-2

J-CG 0.0017 7 1.1E-1 4.7E-7
IC-CG 0.11 390 1.1E-1 4.99E-3

PÐnakac 8.7: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc wc prorru-
jmist  th diag¸nio tou pÐnaka M .

n1 = n2 = 8 time iter error rel-res
ADI-CG 0.002 6 3.7E-2 1.8E-2

J-CG 0.003 13 3.7E-2 1.66E-7
IC-CG 0.17 25 3.16E-2 2.38E-2

PÐnakac 8.8: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc wc prorru-
jmist  th diag¸nio tou pÐnaka M .

n1 = n2 = 16 time iter error rel-res
ADI-CG 0.005 11 1.1E-2 3.3E-2

J-CG 0.01 25 1.1E-2 1.6E-7
IC-CG 0.39 38 1.4E-2 5.1E-7

PÐnakac 8.9: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc wc prorru-
jmist  th diag¸nio tou pÐnaka M .

n1 = n2 = 32 time iter error rel-res
ADI-CG 0.03 22 3.9E-3 3.48E-2

J-CG 0.07 48 3.1E-3 2.92E-7

PÐnakac 8.10: Arijmhtik� apotelèsmata sthn perÐptwsh qr shc wc prorru-
jmist  th diag¸nio tou pÐnaka M .
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Kef�laio 9

Sumper�smata − EpÐlogoc

Perat¸nontac thn paroÔsa diatrib  krÐnoume ìti ja  tan skìpimo na d¸soume
k�poia sumper�smata kai na proteÐnoume genikeÔseic pou mporoÔn na prag-
matopoihjoÔn me b�sh th mèqri t¸ra èreun� mac kai ta prokÔyanta apotelès-
mat� thc. Arqik� ìmwc ja gÐnei en suntomÐa mia mikr  anadrom  sta mèqri
t¸ra anaferjènta sth diatrib .

Basikìc spopìc mac  tan h epÐlush tou sust matoc Ax = b, A ∈ Cn×n, b ∈
Cn, ìpou A eÐnai Ermitianìc kai jetik� orismènoc pÐnakac. Gia na lÔsoume to
en lìgw sÔsthma proteÐname wc basikì epilut  thn CG kai eisag�game è-
na nèo prorrujmist  gi' aut n ton ADI-CG. O sugkekrimènoc prorrujmist c
proèrqetai apì èna epanalhptikì sq ma EADI, pou arqik� prot�jhke apì
touc Guittet [27] kai Hadjidimos [28].

Kat� th melèth tou prorrujmismènou sust matoc, stic duo diast�seic pou
ergast kame, qrei�sthke na upologistoÔn oi bèltistec par�metroi epit�qun-
shc r1 kai r2 kaj¸c kai h par�metroc parekbol c ω. Brèjhkan loipìn analu-
tikèc ekfr�seic gia tic paramètrouc autèc se ì,ti afor� ta monoparametrik�
all� kai ta diparametrik� epanalhptik� sq mata. Poll� apì aut� pou proè-
kuyan apoteloÔn prwtìtupa apotelèsmata ìqi mìno se epÐpedo prorrujmist 
all� kai s' autì kajautì twn EADI epanalhptik¸n sqhm�twn.

Sth sunèqeia, èqontac upologÐsei tic bèltistec paramètrouc epit�qunshc
kai parekbol c, qrhsimopoÐhsame autèc se èna jewrhtikì prìtupo (montèlo)
thc exÐswshc Poisson. Parathr same ìti, par� to gegonìc ìti oi k¸dikec pro-
grammatismoÔ den eÐqan grafeÐ apì “eidikoÔc” (programmatistèc), ta apotelès-
mata pou proèkuyan  tan polÔ kalÔtera apì aut� me touc klasikoÔc prorru-
jmistèc twn ètoimwn pakètwn programm�twn all� kai sugkrÐsima me aut� pou
p rame me tic plèon gnwstèc kai eurèwc qrhsimopoioÔmenec mejìdouc, ìpwc eÐ-
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nai oi FFT, Cyclic Reduction kai Multigrid mèjodoi. Ed¸ prèpei na tonÐsoume
ìti sthn perÐptwsh thc diakritopoÐhshc twn 9−shmeÐwn ìla ta apotelèsmata
pou dìjhkan  tan prwtìtupa kai akìmh, qwrÐc epiplèon upologistikì kìs-
toc se sqèsh me autì thc diakritopoÐhshc twn 5−shmeÐwn. To gegonìc autì,
kat� th gn¸mh mac, kajist� th mèjodo idiaÐtera elkustik  kai lìgw tou mikroÔ
kìstouc thc all� kai thc eukolÐac kai aplìthtac kataskeu c kai ulopoÐhshc
tou k¸dika programmatismoÔ.

EpÐshc, ja prèpei na tonisteÐ ìti de qrhsimopoi jhke kamÐa teqnik  beltÐ-
wshc tou sf�lmatoc kai tou kìstouc twn pr�xewn k�ti pou Ðswc na èkane th
mèjodo arket� pio gr gorh. H epilog  aut  ja mporoÔsame na poÔme ìti  tan
hjelhmènh ¸ste na faneÐ h pragmatik  axÐa thc mejìdou pou eisag�game.

Sth sunèqeia, èqontac upologÐsei sta Kef. 6 kai Kef. 7 tic bèltistec
paramètrouc epit�qunshc kai parekbol c, qrhsimopoi same autèc se èna prì-
blhma diakritopoÐhshc thc exÐswshc Poisson me Kubikèc Spline Collocation
mejìdouc kai me sq ma t�xhc akrÐbeiac O(h4) [40]. Gr�fontac èna aplì k¸di-
ka programmatismoÔ parathr same ìti (bl. Kef. 8) ta arijmhtik� paradeÐg-
mata èdwsan apotelèsmata pou mporeÐ na eÐnai ikanopoihtik� se èna bajmì
all� sÐgoura me th qr sh diafìrwn upologistik¸n teqnik¸n mporoÔn na epi-
teuqjoÔn polÔ kalÔtera. Telei¸nontac thn perigraf  twn mèqri t¸ra apote-
lesm�twn kai sumperasm�twn thc diatrib c ja diatup¸soume merikèc prot�seic
gia peraitèrw melèth kai èreuna pou prokÔptoun apì ta mèqri t¸ra epiteuqjèn-
ta apotelèsmata kai sumper�smata.

Ja xekin soume arqik� me prot�seic gia peraitèrw èreuna se jewrhtikì
epÐpedo.

Ekmetalleuìmenoi thn teqnik  pou parousi�same sto Kef. 6 kai sto Kef.
7 thc diatrib c gia thn eÔresh twn bèltistwn paramètrwn epit�qunshc kai
parekbol c, mporoÔme na ergastoÔme p�nw sto jèma autì kai na d¸soume
bèltistec stajerèc paramètrouc gia monoparametrikì   triparametrikì EADI
epanalhptikì sq ma (deÔterhc kai tètarthc t�xhc akrÐbeiac) parìmoio me autì
twn Guittet [27] kai Hadjidimos [28] sthn perÐptwsh bèbaia thc tridi�stath-
c exÐswshc Poisson. Qrhsimopoi¸ntac èna sq ma diakritopoÐhshc an¸terhc
t�xhc, pou proteÐnetai apì to Samarskii (bl. [48]) gia elleiptikoÔc telestèc,
mporoÔme na kataskeu�soume ènan pÐnaka suntelest¸n agn¸stwn o opoÐoc na
èqei thn parak�tw genik  morf 

A = A1 + A2 + A3 + k1A1A3 + k2A1A2 + k3A2A3 + k4A1A2A3,

ìpou oi pÐnakec Ai, i = 1, 2, 3, antimetatÐjentai, en¸ oi suntelestèc k1, k2,
k3, k4, èqoun gnwstèc ekfr�seic oi opoÐec exart¸ntai apì ta b mata thc di-
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akritopoÐhshc h1, h2, h3, tic ekfr�seic twn opoÐwn eÐdame sta prohgoÔmena
kef�laia. Sth sunèqeia, epilègontac to epanalhptikì sq ma

(I + r1A1)u
(m+ 1

3
) = ((I + r3A3)(I + r2A2)(I + r1A1)− ωA) u(m) + ωb

(I + r2A2)u
(m+ 2

3
) = u(m+ 1

3
)

(I + r3A3)u
(m+1) = u(m+ 2

3
), (9.0.1)

mporoÔme na katal xoume sth melèth ènoc probl matoc antÐstoiqou me autì
twn Kef. 6 kai 7. H duskolÐa thc melèthc enìc tètoiou probl matoc ofeÐle-
tai, metaxÔ twn �llwn, stic p�ra pollèc diaforetikèc peript¸seic pou prèpei
na l�bei k�poioc upìyh, na analÔsei kai na exet�sei. 'Omwc, par� th de-
domènh duskolÐa pou parousi�zei to prìblhma autì, ta mèqri t¸ra lhfjènta
apotelèsmata eÐnai idiaÐtera enjarruntik�, kai up�rqoun b�simec jewrhtikèc
endeÐxeic wc proc thn orjìthta thc poreÐac, pou prèpei na akoloujhjeÐ, gia
thn eÔresh thc lÔshc.

Sth sunèqeia ja anaferjoÔme se k�poiec prot�seic, pou aforoÔn sth
qr sh tou prorrujmist  ADI-CG se di�fora probl mata upologistik c epÐlu-
shc susthm�twn. Arqik� proteÐname ton EADI prorrujmist  gia summetrik�
kai jetik� orismèna sust mata. 'Omwc h idèa ènoc tètoiou prorrujmist  mpo-
reÐ na efarmosteÐ kai sthn perÐptwsh susthm�twn pou den èqoun autèc tic
idiìthtec, kai ìpou ja prèpei na eÐmaste se jèsh na gnwrÐzoume toul�qis-
ton tic akraÐec idiotimèc tou prorrujmismènou sust matoc   fr�gmata aut¸n
(pedÐo tim¸n). K�ti tètoio ja mporoÔse na d¸sei bèltistec paramètrouc me
apotèlesma na èqoume ènan isqurì prorrujmist  gia mejìdouc ìpwc oi MIN-
RES, GMRES, BICG kai �llec me shmantikèc anaforèc sthn ereunhtik  er-
gasÐa tou Starke (bl. [50], [51] kai [52]). EpÐshc, lìgw thc apl c morf c
tou prorrujmist  mporeÐ na qrhsimopoihjeÐ autìc wc omalopoiht c   pror-
rujmist c se omalopoiht  mejìdwn Multigrid (bl. [17]). P�nw s' autì m-
poroÔme na poÔme ìti h morf  twn ADI mejìdwn, dhlad  h idiaiterìtht� touc
sthn epÐlush susthm�twn qrhsimopoi¸ntac enallassìmenec dieujÔnseic, ka-
jist� th mèjodo kat�llhlh gia qr sh par�llhlhc epexergasÐac k�ti pou  dh
èqei efarmosteÐ apì mhqanikoÔc gia thn lÔsh poll¸n problhm�twn (bl. [46],
[47] k.t.l.). Bèbaia, se kami� apì autèc tic peript¸seic efarmog c den up-
�rqei jewrhtikìc trìpoc eÔreshc twn bèltistwn paramètrwn epit�qunshc kai
parekbol c all� gÐnetai kajar� qr sh upologistik¸n bèltistwn paramètrwn
kai sqedìn se k�je perÐptwsh efarmìzetai to sq ma twn Peaceman-Rachford
[45].

Se ì,ti afor� t¸ra thn efarmog  se Kubikèc Spline Collocation mejìdouc,
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parìlo pou ta mèqri stigm c apotelèsmata, ìpwc ta perigr�yame kai sto Kef.
8, den eÐnai kai ta plèon ikanopoihtik�, h an�lus  mac mporeÐ na genikeuteÐ kai
sthn perÐptwsh twn Orjog¸niwn Spline Collocation mejìdwn (bl. [13]) kai na
d¸sei akìma kalÔtera apotelèsmata lìgw tou sunduasmoÔ enìc isqurìtatou
ergaleÐou diakritopoÐhshc, ìpwc autì twn mejìdwn twn Orjog¸niwn Spline
Collocation, kai enìc polÔ kaloÔ prorrujmist  gia th mèjodo epÐlushc tou
susthm�toc stouc eswterikoÔc kìmbouc.

'O,ti perigr�yame mèqri t¸ra afor� sthn perÐptwsh twn stajer¸n paramè-
trwn epit�qunshc kai parekbol c (“statik�” EADI epanalhptik� sq mata).
'Allwste kai ìla ta jewrhtik� mac apotelèsmata aforoÔsan s' aut n thn
perÐptwsh. Up�rqei ìmwc, ìpwc gnwrÐzoume, kai h perÐptwsh twn metablh-
t¸n paramètrwn (“mh statik�” EADI epanalhptik� sq mata). S' aut  thn
perÐptwsh kai parìlo pou ègine mÐa pr¸th prosp�jeia den mporèsame na è-
qoume apotelèsmata afoÔ h teqnik  twn Jordan-Wachspress (bl. [58], [62])
me th sugkekrimènh morf  twn Elleiptik¸n Sunart sewn tou Jacobi den eÐnai
eÔkolo na efarmosteÐ gia to sq ma twn Guittet [27] kai Hadjidimos [28], pou
qrhsimopoi same. O basikìc lìgoc pou den mporoÔme na efarmìsoume aut n
thn teqnik  eÐnai h mèqri t¸ra adunamÐa mac na “proteÐnoume” mia sun�rthsh
antÐstoiqh aut c tou Jordan (bl. [58], [62]). 'Omwc, mporoÔme na upernik -
soume to prìblhma autì qrhsimopoi¸ntac metablhtèc paramètrouc thc morf c
aut¸n twn Douglas-Rachford [20]   tou Douglas [19]   twn Samarskii-Andreev
[49], ìpwc autèc tropopoi jhkan apì to Hadjidimos [29]. JewroÔme ìti h
qr sh aut¸n twn paramètrwn ja mporèsei na d¸sei polÔ kalÔtera apotelès-
mata se sqèsh me aut� pou èqoume  dh l�bei.

SÐgoura, loipìn, ta apotelèsmata mac eÐnai arket� enjarruntik� kai mpo-
roÔn na apotelèsoun thn aparq  miac nèac prosp�jeiac gia thn eÔresh peris-
sìterwn kai kalÔterwn mejìdwn. 'Allwste, pollèc apì tic legìmenec “palièc”,
kai gia k�poiouc “xeperasmènec”, mejìdouc kai teqnikèc epanèrqontai (bl.
Golub [25]) kai mporoÔn na d¸soun pragmatik� polÔ shmantik� jewrhtik�
all� kai praktik� apotelèsmata se poll� sÔgqrona probl mata pou mac a-
pasqoloÔn, ìpwc epaneilhmmèna èqei parathrhjeÐ.
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