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Eisagwg 

H kumatik  exÐswsh apoteleÐ to basikì montèlo gia th melèth thc di�doshc enèrgeiac

se mÐa eureÐa kl�sh problhm�twn ta opoÐa anakÔptoun sth Fusik  kai thn TeqnologÐa,

ìpwc h akoustik , h elastodunamik , o hlektromagnhtismìc kai h optik , klp. Wstìso h

analutik  melèth kai arijmhtik  epÐlush se endiafèrousec peript¸seic, ìpwc h di�dosh se

�peira qwrÐa me sÔnora,   se mèsa me sqetik� perÐplokec idiìthtec, eÐnai exairetik� dÔskolh

kai poll�kic adÔnath. Gia to lìgo autì se di�forec efarmog c (bl. thn episkìphsh tou

Flattè [30]), ìpwc sthn upobrÔqia akoustik , gia thn di�dosh se èna strwmatopoihmèno

jal�ssio hqhtikì kan�li, sqetik� stenì sthn k�jeth se sqèsh me thn orizìntia dieÔjunsh

([82],[15]),   gia thn di�dosh hlektromagnhtik¸n kum�twn �kont�� sthn epif�neia thc G c,

èqei protajeÐ kai efarmosteÐ me epituqÐa h mèjodoc thc parabolik c prosèggishc

[52], sÔmfwna me thn opoÐa to prìblhma thc epÐlushc thc kumatik c exÐswshc proseggÐzetai

apì èna prìblhma arqik¸n tim¸n gia thn exÐswsh Schrödinger{
iε∂tψ

ε + ε2

2 ∂
2
xψ

ε − V (x)ψε(x, t) = 0, x ∈ R, t > 0

ψε(x, 0) = ψε0(x)

ìpou to dunamikì V sqetÐzetai eujèwc me tic idiìthtec tou mèsou di�doshc. H par�metroc

ε kajorÐzei thn klÐmaka thc qwrik c kai qronik c metatìpishc tou pedÐou (kaj¸c kai

tou mèsou di�doshsc kai twn arqik¸n dedomènwn), ìpou mikrèc timèc thc antistoiqoÔn se

gr gorec metabolèc tou pedÐou sto q¸ro kai ton qrìno. Sthn ergasÐa aut  endiaferìmaste

gia thn perÐptwsh isqur� talanteuìmenwn arqik¸n dedomènwn thc morf c

ψε0(x) = a0(x) exp(iS0(x)/ε) , ε << 1 ,

ta opoÐa antistoiqoÔn sto prìblhma thc parabolik c prosèggishc sthn �perioq  uyhl¸n

suqnot twn�.
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Ja jèlame sto shmeÐo autì na shmei¸soume ìti h sugkekrimènh epilog  sqetÐzetai

me thn dunatìthta epèktashc twn lÔsewn pou par�gei h parabolik  prosèggish, kat� to

dunatìn, kont� sthn perioq  twn phg¸n, kai sunep¸c th dunatìthta qr shc autoÔ tou

montèlou wc exwterik c lÔshc se teqnikèc aposÔnjeshc qwrÐou gia thn kumatik  exÐswsh.

Pèran toÔtou, h exÐswsh Schrödinger eÐnai epÐshc h basik  exÐswsh thc kbantik c

mhqanik c (h par�metroc ε antistoiqeÐ sthn stajer� Planck), ìpou to prìblhma thc h-

miklassik c prosèggishc (sumperifor� kbantik� parathr simwn posot twn sthn perioq 

0 < ε << 1) kai thc met�bashc sto legìmeno klassikì ìrio kaj¸c h stajer� Planck

teÐnei sto mhdèn, eÐnai jemeli¸douc shmasÐac (bl., p.q., [72], [58], [62]).

O pio diadedomènoc trìpoc antimet¸pishc problhm�twn sthn perioq  uyhl¸n suqnot twn

eÐnai h mèjodoc thc Gewmetrik c Optik c (mèjodoc WKB) [10], me thn opoÐa kataskeu�-

zoume mia proseggistik  lÔsh tou probl matoc thc morf c ψε(x, t) = A(x, t) exp(iS(x, t)/ε),

ìpou to pl�tocA(x, t) kai h f�sh S(x, t) ikanopoioÔn tic exis¸seic metafor�c kai Hamilton-

Jacobi antÐstoiqa. H mèjodoc aut  apotugq�nei sthn paragwg  omoiìmorfwn lÔsewn ìtan

h lÔsh thc exÐswshc Hamilton-Jacobi eÐnai pleiìtimh kai dhmiourgeÐtai kaustik  epÐ thc

opoÐac h lÔsh thc exÐswshc metafor�c apeirÐzetai.

Gia thn kataskeu  asumptwtik¸n lÔsewn, kai ton upologismì tou swstoÔ kumatikoÔ

pedÐou sthn perioq  kaustik¸n èqoun anaptuqjeÐ di�forec teqnikèc, ìpwc h mèjodoc sun-

armog c oriakoÔ str¸matoc (boundary layer), kai oi teqnikèc gewmetrik c optik c ston

q¸ro f�sewn (kurÐwc h mèjodoc Kavtsov-Ludwig kai h mèjodoc kanonikoÔ telest  tou

Maslov).

'Enac sqetik� prìsfatoc trìpoc antimet¸pishc uyÐsuqnwn problhm�twn basÐzetai s-

ton metasqhmatismì Wigner thc kumatosun�rthshc, tou opoÐou basikèc idiìthtec (kurÐwc h

sqèsh twn rop¸n tou me shmantikèc fusikèc posìthtec ìpwc eÐnai h puknìthta enèrgeiac, h

ro  enèrgeiac, k.a.), ton kajistoÔn kat�llhlo kai idiaÐtera qr simo gia thn melèth tou ku-

matikoÔ pedÐou. Epiplèon, h sun�rthsh Wigner ikanopoieÐ mia oloklhrw-diaforik  exÐswsh

sto q¸ro twn f�sewn, h opoÐa gia omal� dunamik� mporeÐ na ekfrasjeÐ wc idiìmorfh di-

ataraq  �peirhc t�xewc (me ìrouc diaspor�c wc proc thn orm  tou fasikoÔ q¸rou), thc

klassik c exÐswshc Liouville. Sto klassikì ìrio ε = 0 h lÔsh thc exÐswshc Liouville

sugklÐnei asjen¸c sto legìmeno mètro Wigner [53], to opoÐo gia sqetik� omalèc arqikèc

f�seic S0 anapar�gei tic lÔseic thc monofasik c gewmetrik c optik c. Sthn perÐptwsh

wstìso thc polufasik c optik c kai thc dhmiourgÐac kaustik¸n, to mètro Wigner den eÐnai

to kat�llhlo ergaleÐo gia thn melèth tou hmi-klassikoÔ orÐou, diìti ìpwc èqei katadeiqjeÐ
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mèsw paradeigm�twn apì touc Filippas & Makrakis [28], [29] (a) den mporeÐ na ekfrasjeÐ

wc katanom  wc proc thn orm  gia èna stajerì qwro-qronikì shmeÐo, kai epomènwc den

mporeÐ na par�gei to pl�toc thc kumatosun�rthshc, kai (b) de mporeÐ na �anagnwrÐsei�

tic swstèc exart seic tou kumatikoÔ pedÐou apì thn hmiklassik  par�metro ε, kont� se

kaustikèc. Aut  thn dunatìthta èqoun, kat' arq n toul�qiston, oi lÔseic thc oloklhrw-

diaforik c exÐswshc Wigner.

Ja prèpei sto shmeÐo autì na tonÐsoume ìti den up�rqei, proc to parìn, k�poia susth-

matik  jewrhtik  melèth thc oloklhrw-diaforik c exÐswshc Wigner (pèran twn apote-

lesm�twn tou Markowich [76] gia thn isodunamÐa thc exÐswshc Wigner me thn exÐswsh

Schrödinger, kai k�poia sqetik� apotelèsmata jewrÐac skèdashc apì touc Rogeon & E-

mamirad [23], [22]), oÔte astaj c k�poia teqnik  kataskeu c lÔsewn   anaparast�sewn

touc. H èlleiyh aut  sunart�tai me thn jemeli¸dh duskolÐa thc exÐswshc aut c, h opoÐa

eÐnai mÐa exÐswsh mh stajer¸n suntelest¸n, me sunduasmènouc toul�qiston dÔo diafore-

tikoÔc qarakt rac, ekeÐno twn exis¸sewn metafor�c kai ekeÐno twn exis¸sewn diaspor�c.

O pr¸toc qarakt rac sqetÐzetai �mesa me to Qamiltwnianì sÔsthma thc exÐswshc Liouville

(kai thn klassik  mhqanik  tou probl matoc), kai o deÔteroc me thn kbantik  metafor�

enèrgeiac èxw apì th Lagkranzian  pollaplìthta tou QamiltwnianoÔ sust matoc, all� !

kurÐwc entìc enìc oriakoÔ str¸matoc pèrix aut c, to p�qoc tou opoÐou exart�tai apì thn

omalìthta thc pollaplìthtac kai thn parousÐa   mh kaustik¸n.

Dedomènwn twn duskoli¸n aut¸n, mèqri t¸ra oi prosp�jeiec èqoun epikentrwjeÐ af'

enìc men sthn asumptwtik  melèth thc exÐswshc Wigner sthn perioq  0 < ε << 1, kai sthn

paragwg  hmiklassik¸n anaptugm�twn, me stìqo na p�roume telik� kumatikèc (kbantikèc)

diorj¸seic tou klassikoÔ orÐou h �llwn kat�llhlwn proseggÐsewn, kai af' etèrou sthn

�mesh arijmhtik  epÐlush thc exÐswshc Wigner.

Apì tic arijmhtikèc lÔseic pou èqoun protajeÐ (pollèc ek twn opoÐwn èqoun anap-

tuqjeÐ gia sugkekrimènec efarmogèc sth fusikoqhmeÐa kai thn kbantik  qhmeÐa), oi plèon

endiafèrousec, kai apì thn �poyh thc majhmatik c katanìhshc thc exÐswshc Wigner,

jewroÔme ìti eÐnai (a) h fasmatik  teqnik  twn Hug, Menke & Schleich [42], [43] pou

basÐzetai sthn prosèggish thc sun�rthshc Wigner me polu¸numa Chebyshev sto fasikì

q¸ro, (b) h mèjodoc twn swmatidÐwn (particle technique) h opoÐa prot�jhke apì touc

Arnold & Nier [2]. H teqnik  aut  efarmìsjhke sthn arijmhtik  diereÔnhsh apl¸n prob-

lhm�twn me kaustikèc apì thn Kalligiannaki [46], ìpou ta apotelèsmata gia to pl�toc

tou kumatikoÔ pedÐou sugkrÐnontai me apotelèsmata k¸dika peperasmènwn stoiqeÐwn gia
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thn exÐswsh Schrödinger kai ton Fregadakis [27] pou ef�rmose particle in cell mèjodo

sto Ðdio prìblhma gia th di�dosh epipèdwn kum�twn se grammik� strwmatopoihmèno mèso

(ìpou oi kaustikèc tautÐzontai me shmeÐa anastrof c (turning points) twn aktÐnwn) kai (g)

h prìsfath arijmhtik  lÔsh apì ton Athanassoulis [4], [5] thc omalopoihmènhc exÐswshc

Wigner me thn mèjodo twn swmatidÐwn.

'Oson afor� tic asumptwtikèc lÔseic, mporoÔme na diakrÐnoume:

(a) tic ergasÐec twn Steinrück [78] kai Pulvirenti [68], ìpou proteÐnontai anaptÔgmata

katanom¸n gÔrw apì th lÔsh thc klassik c exÐswshc Liouville, anaptÔssontac kai ta

arqik� dedomèna wc proc thn hmiklassik  par�metro. Se sqèsh me aut  thn �strathgik �

kataskeu c asumptwtik¸n lÔsewn, o E. Heller [39], eÐqe parathr sei  dh apì to 1976, ìti

tètoia klassik� anaptÔgmata den eÐnai en gènei kat�llhla gia thn melèth thc exèlixhc idiì-

morfwn arqik¸n dedomènwn, kai prìteine èna diaforetikì an�ptugma ìpou o arqikìc ìroc

eÐnai lÔsh miac klassik c exÐswshc Liouville all� me èna energì (effective) dunamikì. H

qr sh tropopoihmènwn qarakthristik¸n   energ¸n dunamik¸n me skopì na lhfjoÔn èmme-

sa up' ìyin kbantik� fainìmena eÐnai mÐa genikìterh filosofÐa gia thn antimet¸pish thc

kbantik c exÐswshc Liouville apì touc fusikoÔc (mèjodoc twn troqi¸n Wigner, bl. Lee

[51]), h opoÐa èqei odhg sei se endiafèronta arijmhtik� apotelèsmata, kai mporeÐ na jew-

rhjeÐ wc to an�logo thc kbantik c udrodunamik c (exis¸seic Bohm) sto fasikì q¸ro kai

thc teqnik c twn Gaussian desm¸n (Gaussian beams). Gia to lìgo autì o Narcowich [60]

prìteine èna diaforetikì an�ptugma gÔrw apì th lÔsh thc klassik c exÐswshc Liouville,

ìpou ta arqik� dedomèna �fort¸nontai� sth lÔsh thc exÐswshc Liouville, apofeÔgontac

kat� ton trìpo autì ta anaptÔgmata se genikeumènec sunart seic.

(b)tic prìsfatec ergasÐec twn Filippas & Makrakis [28], [29], ìpou asumptwtik� anap-

tÔgmata tÔpou Airy, ta opoÐa par�gontai apì thn omoiìmorfh asumptwtik  prosèggish

tou metasqhmatismoÔ Wigner twn lÔsewn WKB (epanakanonikopoÐhsh) thc gewmetrik c

optik c, qrhsimopoi¸ntac thn teqnik  thc omoiìmorfhc st�simhc f�shc (� h sugkekrimènh

asumptwtik  prosèggish twn sunart sewn Wigner prot�jhke sta 1977 apì ton Berry

[11] �), qrhsimopoioÔntai wc asumptwtikèc lÔseic gia ton upologismì to kumatikoÔ pedÐou

sthn perioq  apl¸n kaustik¸n.

Sthn paroÔsa diatrib , èqoume wc stìqo na suneisfèroume peraitèrw sthn katanìhsh

twn asumptwtik¸n lÔsewn thc exÐswshc Wigner, kai gia to skopì autì uiojetoÔme mÐa

nèa strathgik  gia thn kataskeu  asumptwtik¸n anaptugm�twn, ekkin¸ntac ousiastik�

apì to an�ptugma se seir� idiosunart sewn thc lÔshc thc exÐswshc Schrödinger. MÐa
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tètoia prosèggish par�gei, kat� fusiologikì trìpo, anaptÔgmata pou eÐnai sumbat� kai

aporrèoun apì thn �akrib � lÔsh thc exÐswshc Schrödinger, h opoÐa se sqèsh me thn

lÔsh WKB den emfanÐzei probl mata epÐ twn kaustik¸n (oi opoÐec oÔtwc   �llwc em-

fanÐzontai akrib¸c ìtan qrhsimopoioÔme thn mèjodo thc gewmetrik c optik c). K�tw apì

sugkekrimènec sunj kec gia to dunamikì to paragìmeno an�ptugma(�armonik  prosèggish��

�armonikì an�ptugma�) eurÐsketai se sumfwnÐa me ta an�ptugma gÔrw apì th lÔsh thc

klassik c exÐswshc Liouville(�klassik  prosèggish���klassikì an�ptugma�), kai epÐ twn

kaustik¸n sthn kat�llhlh hmiklassik  perioq  twn paramètrwn tou probl matoc.

Sto Pr¸to Kef�laio parousi�zoume kat' arq n mia sunoptik  perigraf  thc parabo-

lik c prosèggishc (Par�grafoc 1.1) kai thc thc gewmetrik c optik c gia thn exÐswsh

Schrödinger ston fusikì q¸ro (Par�grafoc 1.2). Sth sunèqeia parousi�zoume polÔ

sunoptik� tic dÔo basikèc teqnikèc (Maslov, Ludwig) thc gewmetrik c optik c sto fasikì

q¸ro (Par�grafoc 1.3). Tèloc, parousi�zontac sunoptik� th jewrÐa Weyl-Wigner, eis�goume

ton metasqhmatismì Wigner kai tic idiìthtesc tou, kai par�goume thn exÐswsh Wigner.

Sto DeÔtero, kai plèon ektetamèno, Kef�laio kataskeu�zoume èna asumptwtikì an�p-

tugma thc sun�rthshc Wigner, gia mÐa kl�sh dunamik¸n (phg�dia dunamikoÔ me poluwnu-

mik  aÔxhsh sto �peiro) ta opoÐa exasfalÐzoun kajar� shmeiakì f�sma gia thn exÐswsh

Schrödinger. To pr¸to b ma sthn kataskeu  aut  (Par�grafoc 2.3) eÐnai h kataskeu  a-

sumptwtik¸n anaptugm�twn gia tic st�simec sunart seic Wigner (idiosunart seic Moyal),

epÐ th b�sei enìc up�rqontoc anaptÔgmatoc diataraq¸n tÔpou Rayleigh-Schrödinger gia

tic idiotimèc kai idiosunart seic tou st�simou telest  Schrödinger, jewr¸ntac to dunamikì

wc diataraq  tou armonikoÔ talantwt  V (x) = x2/2 (Par�grafoc 2.2). Basizìmenoi se

autì to apotèlesma kataskeu�zoume èna antÐstoiqo an�ptugma (�armonik  prosèggish��

�armonikì an�ptugma�) gia tic qronik� exart¸menec sunart seic Wigner (Par�grafoc 2.4),

h morf  tou opoÐou exart�tai isqur� apì ta arqik� dedomèna tou probl matoc.

Sth jewrhtik  kateÔjunsh diereun�me thn L2 sÔgklish tou qronoexart¸menou a-

sumptwtikoÔ anaptÔgmatoc sthn perÐptwsh pou ta arqik� dedomèna eÐnai (met� apì kat�llh-

lo metasqhmatismì diastol c twn suntetagmènwn) anex�rthta tou ε (omal� dedomèna), kai

thn L2 sÔgklish me b�roc gia arqik� dedomèna pou antistoiqoÔn se WKB dedomèna gia thn

kumatosun�rthsh kai gia ta opoÐa en gènei dhmiourgeÐtai kaustik  (Par�grafoc 2.4.3).

Sth sunèqeia kataskeu�zoume èna asumptwtikì an�ptugma (kai p�li tÔpou kanonik¸n

diataraq¸n) gÔrw apì th lÔsh thc klassik c exÐswshc Liouville(�klassik  prosèggish��

�klassikì an�ptugma�), epanakt¸ntac ousiastik� to an�ptugma tou Narcowich (Par�-
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grafoc 2.4.4). Kat� k�poio trìpo, to �klassikì an�ptugma� dÐnei èmfash sto qarakt ra

metafor�c thc exÐswshc Wigner, en¸ to �armonikì an�ptugma� dÐnei megalÔterh èmfash s-

to qarakt ra diaspor�c (opìte ta dÔo anaptÔgmata eÐnai tautotik� Ðdia gia thn perÐptwsh

armonikoÔ talantwt , ìpou h exÐswsh Wigner kai h exÐswsh Liouville tautÐzontai, afoÔ

oi ìroi diaspor�c thc pr¸thc mhdenÐzontai tautotik�).

Prèpei na tonÐsoume ìti kai gia ta dÔo anaptÔgmata, ta arqik� dedomèna thc sun�rthsh-

c Wigner �fort¸nontai� ston pr¸to ìro tou anaptÔgmatoc, en¸ ta epìmena probl mata

thc akoloujÐac twn suntelest¸n èqoun mhdenik� arqik� dedomèna. Gia to lìgo autì tìso

to �klassikì an�ptugma� tou Narcowich, ìso kai to �armonikì an�ptugma� den mporoÔn

na jewrhjoÔn amig¸c hmiklassik� (all� an koun sthn kathgorÐa twn sÔnjetwn anaptug-

m�twn (composite expansions) sta opoÐa kai oi suntelestèc perièqoun th mikr  par�metro

wc proc thn opoÐa epiqeiroÔme an�ptugma tÔpou kanonik¸n diataraq¸n). MÐa tètoia amig c

kataskeu  den faÐnetai efikt , sthn perÐptwsh mh omal¸n arqik¸n dedomènwn wc proc ε,

diìti to ε-an�ptugma touc par�gei upoqrewtik� mÐa seir� katanom¸n kai h je¸rhsh thc

exÐswshc gÐnetai plèon upoqrewtik� sta plaÐsia twn kanonik¸n asumptwtik¸n anaptug-

m�twn genikeumènwn sunart sewn (bl. sqetik� kai to an�ptugma (3.23) sto Kef�laio 3),

pr�gma pou ousiastik� gÐnetai apì ton Pulvirenti [68].

EpÐshc prèpei na shmei¸soume ìti h isqÔc tou anaptÔgmatoc sthn �armonik  prosèggish�

periorÐzetai sth sugkekrimènh kl�sh dunamik¸n pou mporoÔn na proseggistoÔn apì ton

armonikì talantwt , ìmwc èqei to pleonèkthma ìti k�je suntelest c tou anaptÔgmatoc

mporeÐ na upologisjeÐ analutik� afoÔ epilÔoume èna mh omogenèc prìblhma di�doshc gia

ton armonikì talantwt , se antÐjesh me to �klassikì an�ptugma� ìpou h eÔresh akìma

kai tou mhdenik c t�xhc suntelest  apaiteÐ ton upologismì twn qarakthristik¸n gia to

dunamikì pou jewroÔme, prìblhma to opoÐo en gènei eÐnai analutik� perÐploko kai stic

perissìterec twn peript¸sewn adÔnato.

Sthn Par�grafo 2.5 efarmìzoume ta proteinìmena asumptwtik� anaptÔgmata sto prìblh-

ma tou anarmonikoÔ (ditetr�gwnou�quartic) talantwt  V (x) = x2/2 + µx4/4, kai up-

ologÐzoume touc pr¸touc ìrouc tou asumptwtikoÔ anaptÔgmatoc tou pl�touc thc kumato-

sun�rhshc me olokl rwsh tou anaptÔgmatoc wc proc thn orm . Gia mikrèc timèc thc

stajer�c sÔzeuxhc µ to �armonikì an�ptugma � kai to �klassikì an�ptugma� tautÐzontai,

kai h t�xh thc stajer�c sÔzeuxhc kajorÐzetai sunart sei tou ε apì th sÔgkrish twn

kÔriwn ìrwn tou pl�touc thc kumatosun�rthshc.

Tèloc, sto TrÐto Kef�laio kataskeu�zoume mia �peirh akoloujÐa exis¸sewn diat rhsh-
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c gia thn hmiklassik  exÐswsh Schrödinger, qrhsimopoi¸ntac tic ropèc twn lÔsewn thc

exÐswshc Wigner (Par�grafoc 3.1), kai melet�me thn sumperifor� twn ε−exart¸menwn
rop¸n mε

` kont� se kaustikèc.

Epeid  h exÐswsh Wigner perièqei ìrouc k�je t�xhc wc proc thn mikr  par�metro,

parèqei, antÐjeta apì tic exis¸seic rop¸n pou prokÔptoun apì thn klassik  exÐswsh

Liouville, mia ierarqÐa apì exis¸seic diat rhshc oi opoÐec isqÔoun omoiìmorfa akìma kai

ìtan to kumatikì pedÐo emfanÐzei kaustikèc. To gegonìc autì epibebai¸netai me analutik�

paradeÐgmata gia aplèc kaustikèc, ìpwc ta estiak� shmeÐa enìc armonikoÔ talantwt  kai

h omal  kaustik  fold pou dhmiourgeÐtai apì ta arqik� dedomèna sthn eidik  perÐptwsh thc

exÐswshc Schrödinger qwrÐc dunamikì (Par�grafoc 3.3).

EpÐshc k�noume k�poiec domikèc parathr seic an�mesa sthn sqèsh twn apok-

thjèntwn exis¸sewn diat rhshc me ekeÐnec pou prokÔptoun apì efarmog  tou metabolikoÔ

jewr matoc thc Noether (Par�grafoc 3.2). Sthn perÐptwsh genik¸n dunamik¸n, aut  h

klassik  metabolik  prosèggish parèqei exis¸seic oi opoÐec eparkoÔn gia thn melèth o-

mal¸n kumatik¸n pedÐwn qwrÐc kaustikèc, en¸ h exÐswsh Wigner sto q¸ro f�sewn mporeÐ

na par�sqei ìsec exis¸seic eÐnai aparaÐthtec gia melèth polufasik¸n kumatik¸n pedÐwn me

kaustikèc. Wstìso h diereÔnhsh thc dunatìthtac kajorismoÔ �krummènwn� summetri¸n gia

thn exÐswsh Schrödinger, me qr sh thc exÐswshc Wigner, kaj¸c kai o swstìc mhqanismìc

�kleisÐmatoc � tou sust matoc twn exis¸sewn diat rhshc, paramènoun anoiqt� erwt mata.
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1.1 Parabolik  prosèggish & exÐswsh Schrödinger

H parabolik  prosèggish thc kumatik c exÐswshc, odhgeÐ se mÐa exÐswsh tÔpou Schrödinger

h opoÐa perigr�fei fainìmena kumatik c di�doshc proc mÐa epilegmènh kateÔjunsh kai se

meg�lec apost�seic (forward long-distance propagation), ìpou h enèrgeia tou kumatikoÔ

pedÐou den sked�zetai shmantik� egk�rsia wc proc thn kÔria dieÔjunsh di�doshc.

H mèjodoc thc parabolik c prosèggishc prot�jhke gia pr¸th for� apì touc Leon-

tovich kai Fock [52] (blèpe epÐshc [31], [12], [6]), gia thn perigraf  thc di�doshc hlektro-

magnhtik¸n kum�twn �kont�� sthn epif�neia thc G c. Argìtera, h mèjodoc efarmìsthke

kai se �lla probl mata kumatik c di�doshc, ìpwc sthn fusik  swmatidÐwn (plasma) gia

thn melèth di�doshc desm¸n [81], sthn seismologÐa gia thn katanìhsh seismik¸n kum�twn

ston floiì thc G c, sthn optik , kaj¸c kai sthn kumatik  di�dosh se stoqastik� mèsa

(random waves) [83].

MÐa �llh perioq  ìpou efarmìzetai eurèwc h parabolik  prosèggish eÐnai h upobrÔqia

akoustik , ìpou h mèjodoc eis qjh apì ton Tappert [82] gia thn montelopoÐhsh thc di�-

doshc qamhlìsuqnwn hqhtik¸n kum�twn ston wkeanì se meg�lec apost�seic, kai apoteleÐ

basikì ergaleÐo gia touc sqetikoÔc arijmhtikoÔc upologismoÔc. Sthn perÐptwsh aut 

h katakìrufh strwmatopoÐhsh thc taqÔthtac di�doshc tou  qou sth j�lassa èqei wc

apotèlesma thn dhmiourgÐa enìc kumatodhgoÔ (hqhtikì kan�li), stenoÔ sthn katakìrufh

dieÔjunsh sqetik� me thn orizìntia kateÔjunsh di�doshc, o opoÐoc periorÐzei th di�dosh

enèrgeiac kont� sth orizìntia dieÔjunsh tou ��xona� tou hqhtikoÔ kanalioÔ, kajist¸ntac

stic perissìterec peript¸seic amelhtèa thn epÐdrash tou bujoÔ kai thc epif�neiac tou

wkeanoÔ.

H di�dosh hqhtik¸n kum�twn pou par�gontai apì shmeiak  phg  perigr�fetai apì thn

pÐesh P (x, t) h opoÐa ikanopoieÐ thn kumatik  exÐswsh

(1.1)
∂2P

∂t2
− c2(x)∆P = F (t)δ(x), t > 0, x ∈ R3,

ìpou x = (x, y, z) eÐnai oi qwrikèc suntetagmènec, t o qrìnoc, ∆ h Laplasian  (Laplacian)

wc proc x, F (t) h qronik  metabol  thc shmeiak c phg c kai δ(x) h sun�rthsh Dirac. H

taqÔthta di�doshc tou  qou c = c(x) eÐnai qarakthristik  idiìthta tou mèsou di�doshc.

E�n h hqhtik  phg  eÐnai armonik  wc proc ton qrìno (F (t) = eiωt), me suqnìthta ω,
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opìte kai h pÐesh ja eÐnai armonik  wc proc ton qrìno,

P (x, t) = eiωtp(x) ,

h kumatik  exÐswsh sto an�getai, sto pedÐo suqnot twn, sthn exÐswsh Helmholtz

(1.2) ∆p+ k2η2(x)p = 0

ìpou k = ω/c0 eÐnai o kumatikìc arijmìc, kai η(x) = c0/c(x) o deÐkthc di�jlashc tou

mèsou, pou antistoiqoÔn se kat�llhla epilegmènh taqÔthta anafor�c c0 [67].

Se kulindrikèc suntetagmènec, kai se sunj kec axonosummetrik c di�doshc, h exÐswsh

Helmholtz gr�fetai sth morf 

(1.3) ∆p+ k2η2(z, r)p(z, r) = 0

ìpou t¸ra h Laplasian  dÐnetai apì thn èkfrash

∆p =
1
r

∂

∂r

(
r
∂p

∂r

)
+
∂2p

∂z2

H basik  upìjesh thc parabolik c prosèggishc eÐnai ìti to kumatikì pedÐo èqei thn

morf  �dèsmhc aktÐnwn� proc mia sugkekrimènh dieÔjunsh. Upojètoume loipìn ìti h ku-

matik  enèrgeia diadÐdetai kurÐwc sthn orizìntia dieÔjunsh r, �makri�� apì thn phg , opìte

to kumatikì pedÐo èqei thn anapar�stash (h opoÐa upodeiknÔetai apì th sunj kh akti-

nobolÐac),

(1.4) p(z, r) = ψ(z, r)
1√
kr
eikr

ìpou h sun�rthsh ψ(z, r) metab�lletai arg� wc proc thn orizìntia apìstash r. Antika-

jist¸ntac thn aposÔnjesh (1.4) sthn exÐswsh Helmholtz (1.3), prokÔptei ìti h sun�rthsh

ψ(z, r) ikanopoieÐ thn exÐswsh

(1.5)
1

4r2
ψ +

∂2ψ

∂r2
+ 2ik

∂ψ

∂r
+
∂2ψ

∂z2
+ k2

(
η2(z, r)− 1

)
ψ = 0

Sth sunèqeia upojètoume ìti h qarakthristik  apìstash di�doshc eÐnai Lr sthn orizìn-
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r

z

πηγη

αξονα διαδοσηss

Sq ma 1.1: Parabolik  prosèggish

tia dieÔjunsh kai Lz sthn katakìrufh dieÔjunsh, kai eis�goume tic adi�statec metablhtèc

z′ = z
Lz
, r′ = x

Lr
. Met� thn allag  metablht¸n, kai paraleÐpontac touc tìnouc stic nèec

metablhtèc metablhtèc z′, r′, h exÐswsh (1.5) gr�fetai sth morf 

1
4Lr2r2

ψ +
1
Lr

2

∂2ψ

∂r2
+ 2i

k

Lr

∂ψ

∂r
+

1
Lz

2

∂2ψ

∂z2
ψ + k2

(
η2(zLz, rLr)− 1

)
ψ = 0 ,

  isodÔnama

(1.6)
1

4kLrr2
ψ +

1
kLr

∂2ψ

∂r2
+ 2i

∂ψ

∂z
+

Lr

kLz
2

∂2ψ

∂z2
ψ + kLr

(
η2(zLz, rLr)− 1

)
ψ = 0 .

OrÐzoume to dunamikì V apì th sqèsh

−2σV (z, r) := η2(zLz, rLr)− 1

ìpou σ � 1 eÐnai mia adi�stath par�metroc. H epilog  aut  thc mikr c paramètrou σ

shmaÐnei ìti to mèso di�doshc eÐnai asjen¸c anomoiogenèc.

Gia na briskìmaste sthn perioq  ìpou h parabolik  prosèggish perigr�fei me akrÐbeia

ìti h di�dosh gÐnetai kurÐwc sthn orizìntia dieÔjunsh prèpei na isqÔei Lz
Lr

= ε << 1.

Upojètoume epÐshc sthn sunèqeia ìti èqoume uyÐsuqnh kumatik  di�dosh, pou shmaÐnei ìti

h apìstash di�doshc twn kum�twn eÐnai polÔ megalÔterh apì to tupikì m koc kÔmatoc,



1.1. Παραβολική προσέγγιση & εξίσωση Schrödinger 13

dhlad  kLr = 1
δ >> 1.

Epilègontac kat�llhla thn sqèsh twn paramètrwn δ kai ε na eÐnai δ = ε3, prokÔptei

ìti Lr

kLz
2 = ε, opìte h exÐswsh (1.6) gr�fetai sth morf 

ε3

4r2
ψ + ε3

∂2ψ

∂r2
+ 2i

∂ψ

∂r
+ ε

∂2ψ

∂z2
ψ − 2

σ

ε3
V (z, r)ψ = 0

Jewr¸ntac σ = ε2, oi dÔo pr¸toi ìroi thc exÐswshc eÐnai mikroÐ se sqèsh me touc

epìmenouc, opìte paraleÐpontac touc, katal goume sthn exÐswsh Schrödinger

(1.7) iε
∂ψ

∂r
+
ε2

2
∂2ψ

∂z2
ψ − V (z, r)ψ = 0 ,

h opoÐa anafèretai sth bibliografÐa thc akoustik c kai tou hlektromagnhtismoÔ wc parabo-

lik  kumatik  exÐswsh (PE).

H exÐswsh (1.7) èqei th morf  thc monodi�stathc kbantomhqanik c exÐswshc Schrödinger

iε
∂ψ

∂t
+
ε2

2
∂2ψ

∂x2
ψ − V (x, t)ψ(x, t) = 0 ,

me qronoexart¸meno dunamikì, e�n antistoiqÐsoume thn orizìntia metablht  r me to qrìno

t (o opoÐoc eÐnai diaforetikìc apì to qrìno thc kumatik c exÐswshc (1.1)!), kai thn qwrik 

metablht  z me thn x [30], kai h epÐlus  thc apaiteÐ ton kajorismì arqik¸n dedomènwn gia

t = 0 (sth jèsh r = 0 thc phg c stic arqikèc mac qwrikèc suntetagmènec).

O kajorismìc aut¸n twn arqik¸n dedomènwn sqetÐzetai astaj c me thn lÔsh thc exÐsw-

shc Helmholtz apì thn opoÐa par qjh h exÐswsh Schrödinger kai apoteleÐ shmantikì

stoiqeÐo thc montelopoÐhshc sthn upobrÔqia akoustik  (PE starters). DÔo kurÐwc pros-

eggÐseic faÐnetai na èqoun sqetik� epark  majhmatik  b�sh. H pr¸th basÐzetai sthn

asumptwtik  prosèggish thc lÔsewc thc exÐswshc Helmholtz me stajer  taqÔthta Ðsh me

thn taqÔthta anafor�c c0, kont� sthn phg  kai gia meg�lec suqnìthtec [17], kai par�gei

Gaussian katanom  tou arqikoÔ pedÐou. H deÔterh basÐzetai sthn lÔsh thc exÐswshc

Schrödinger me mhdenikì dunamikì kai shmeiak  phg  [65], kai par�gei arqik� dedomèna

tÔpou WKB me Gaussian pl�toc kai tetragwnik  f�sh Fresnel (bl. epÐshc [33], Chapt.

19), mÐa aplopoihmènh morf  twn opoÐwn eÐnai

ψ(x, t = 0) = e−x
2/2e−ix

2/2 .

Sth sunèqeia ja jewr soume ìti to dunamikì eÐnai anex�rthto tou qrìnou (upìjesh
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h opoÐa sto arqikì mac montèlo antistoiqeÐ se di�dosh se orizìntia strwmatopoihmèno

mèso), kai ja melet soume to prìblhma Cauchy gia thn hmiklassik  exÐswsh Schrödinger

(ε� 1)

(1.8) iε∂tψ
ε +

ε2

2
∂2
xψ

ε − V (x)ψε(x, t) = 0 , x ∈ R, t > 0 ,

me isqur� talanteuìmena (highly oscillatory) arqik� dedomèna

(1.9) ψε(x, 0) = ψε0(x) = A0(x) exp(iS0(x)/ε) .

To prìblhma autì, pèran thc jemeli¸douc shmasÐac tou sthn kbantik  mhqanik  [58], apì

thn pleur� thc parabolik c prosèggishc klassik¸n kum�twn, sqetÐzetai me thn dunatìthta

epèktashc thc isqÔoc thc parabolik c prosèggishc �piì kont�� sthn perioq  mi�c sqetik�

uyÐsuqnhc phg c, dedomènou ìti h perioq  ε � 1 antistoiqeÐ sto arqikì montèlo sthn

perioq  kLr >> 1.
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1.2 Gewmetrik  Optik  (mèjodoc WKB)

UyÐsuqna kÔmata, pou ikanopoioÔn tic (1.8), (1.9) èqoun melethjeÐ paradosiak� mèsw thc

gewmetrik c optik c, ìpou kataskeu�zontai asumptwtikèc lÔseic thc morf c WKB (p.q.,

[10], [12], [47])

(1.10) ψε(x, t) = A(x, t) exp(iS(x, t)/ε) .

Antikajist¸ntac thn (1.10) sthn (1.8), kai krat¸ntac touc ìrouc t�xhc O(eps) kai

O(1) wc proc ε, paÐrnoume thn eikonal exÐswsh gia thn sun�rthsh f�shc S(x, t),

(1.11) ∂tS + (∂xS)2/2 + V = 0 , S(x, t = 0) = S0(x) ,

kai thn exÐswsh metafor�c (transport) gia thn sun�rthsh pl�touc A(x, t),

(1.12) ∂t(A2) + ∂x
(
A2∂xS

)
= 0 , A(x, t = 0) = A0(x) .

Parat rhsh. ParathroÔme ìti an antÐ gia thn WKB sun�rthsh (1.10), antikatast -

soume sthn (1.8) thn pio genik  kumatik  sun�rthsh

(1.13) ψε(x, t) = Aε(x, t) exp(iSε(x, t)/ε) ,

kai exis¸soume me mhdèn to pragmatikì kai fantastikì mèroc thc exÐswshc pou prokÔptei,

odhgoÔmaste stic exis¸seic Bohm , gia tic ε−exart¸menec sunart seic pl�touc Aε kai

f�shc Sε ( [7], [40] )

(1.14) ∂tS
ε + (∂xSε)2/2 + V =

ε2

2
∂2
xA

ε/Aε

kai

(1.15) ∂t
(
Aε
)2 + ∂x

((
Aε
)2
∂xS

ε
)

= 0 .
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To asjenèc uperbolikì sÔsthma (1.14)-(1.15), toul�qiston tupik�, kai gia omal� ku-

matik� pedÐa, an�getai sto (1.11)-(1.12), kai perimènoume ìti, kaj¸c ε → 0, oi Aε kai Sε

sugklÐnoun omal� stic A kai S, antÐstoiqa. 'Omwc o trìpoc sÔgklishc anamènetai na eÐnai

arket� polÔplokoc kont� se kaustikèc, ìpou to tupikì ìrio A thc Aε, ìpwc ja doÔme sth

sunèqeia apeirÐzetai. Ja prèpei epÐshc na tonÐsoume ìti to dexiì mèloc sthn (1.14) eÐnai

ènac omalopoihtikìc ìroc diaspor�c (dispersive), pou mhdenÐzetai sto ìrio ε → 0, kai h

lÔsh tou sust matoc met� ta kÔmata kroÔshc (shocks) gÐnetai talantwtik  (oscillatory).

'Etsi to ìrio anamènetai na up�rqei mìno me thn asjen  ènnoia (bl. ta sqetik� sqìlia sto

Jin & Li [44], kai tic bibliografikèc anaforèc pou dÐnontai ekeÐ).

To sÔsthma (1.11)-(1.12) thc gewmetrik c optik c oloklhr¸netai me anagwg  se èna

sÔsthma Sun jwn Diaforik¸n Exis¸sewn (S.D.E.) kat� m koc twn qarakthristik¸n wc

ex c. OrÐzoume kat' arq n th Qamiltwnian  (Hamiltonian) sun�rthsh

H(x, k) = k2/2 + V (x),

kai kataskeu�zoume tic qarakthristikèc (x̃(t; q), k̃(t; q)), wc tic troqièc tou QamiltwnianoÔ

Hamiltonian sust matoc

dx̃

dt
= Hk(x̃, k̃) = k̃ ,

dk̃

dt
= −Hx(x̃, k̃) = −V ′(x̃)(1.16)

me arqik� dedomèna

x̃(t = 0; q) = q , k̃(t = 0; q) = S′0(q)

ParathroÔme ìti oi probolèc twn qarakthristik¸n ston fusikì q¸ro x̃ = x̃(t; q) eÐnai oi

gnwstèc aktÐnec (rays) thc gewmetrik c optik c.

Sth sunèqeia, h sun�rthsh f�shc S prokÔptei oloklhr¸nontac thn sun jh diaforik 

exÐswsh

dS

dt
= ∂tS + ∂xS

dx

dt
= −H(x̃(t; q), k̃(t; q)) + k̃2(t; q) = k̃2(t; q)/2− V (x̃(t; q)) ,

me arqikèc sunj kec

S(x̃(t = 0; q)) = S0(q) .

To pl�toc A upologÐzetai efarmìzontac to je¸rhma apìklishc se èna swl na me
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par�pleurh epif�neia pou orÐzetai apì aktÐnec (ray tube), kai dÐnetai apì thn èkfrash

A(x̃(t; q), t) =
A0(q)√
J(t; q)

,

ìpou

J(t; q) =
∂x̃(t; q)
∂q

eÐnai h Iakwbian  tou metasqhmatismoÔ twn aktÐnwn q 7→ x̃(t; q).

H mh grammik  eikonal exÐswsh (1.11) mporeÐ na èqei, genik�, pleiìtimec (multivalued)

lÔseic. Autì shmaÐnei ìti parousi�zontai idiomorfÐec se peperasmèno qrìno, ìpou h Iak-

wbian  J tou metasqhmatismoÔ mhdenÐzetai. To sÔnolo aut¸n twn idiomorfi¸n onom�zetai

kaustik  kai orÐzetai Σ = {x̃(t; q) : J(t; q) = 0}, h opoÐa eÐnai perib�llousa tou sust -

matoc twn aktÐnwn. 'Opwc faÐnetai apì tic parap�nw sqèseic to pl�toc apeirÐzetai se ìla

ta shmeÐa thc kaustik c.

To gegonìc autì upodeiknÔei thn astoqÐa thc mejìdou WKB stic peript¸seic autèc,

upì thn ènnoia ìti h mèjodoc den perigr�fei th swst  fusik  eikìna h opoÐa prokÔptei

apì omoiìmorfa asumptwtik� anaptÔgmata thc lÔshc thc exÐswshc Schrödinger   kleistèc

lÔseic, ìtan aut� mporoÔn na kataskeuasjoÔn, kai deÐqnoun aÔxhsh tou pl�touc tou pedÐou

kaj¸c h suqnìthta aux�nei, all� fragmènh qwrik  katanom  tou.

Upojètontac ìti h pleiìtimh sun�rthsh S eÐnai tmhmatik� gnwst , makri� apì tic

kaustikèc, qrhsimopoi¸ntac teqnikèc oriakoÔ str¸matoc kai sunarmosmènwn asumptwtik¸n

anaptugm�twn (boundary layer-matched asymptotics) sto fusikì x−qwro (p.q., [12] &

[6]), èqoun kataskeuasteÐ omoiìmorfa asumptwtik� anaptÔgmata kont� se aplèc kaustikèc.

Wstìso oi teqnikèc autèc eÐnai idiaÐtera perÐplokec analutik� kai exart¸ntai kat� polÔ

apì thn ek�stote kaustik  h opoÐa emfanÐzetai.
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1.3 Gewmetrik  optik  ston q¸ro f�sewn

MÐa diaforetik  kathgorÐa teqnik¸n gia thn omoiìmorfh anapar�stash kumatik¸n lÔsewn

kont� se kaustikèc, basÐzetai se oloklhrwtikèc anaparast�seic twn lÔsewn sto q¸ro twn

f�sewn. Oi basikèc teqnikèc aut c thc kathgorÐac eÐnai o kanonikìc telest c tou Maslov

kai ta oloklhr¸mata Lagrange (mèjodoc Kravtsov-Ludwig), oi opoÐec enopoioÔntai plèon

s mera sta plaÐsia thc jewrÐac twn oloklhrwtik¸n telest¸n Fourier [21].

1.3.1 H mèjodoc tou KanonikoÔ Telest 

(Maslov [57], Maslov & Fedoryuk [58], Schulze, et al [62])

H mèjodoc tou kanonikoÔ telest  basÐzetai sthn jemeli¸dh gewmetrik  parat rhsh tou

Maslov [57](bl. epÐshc [58] kai [45]) ìti oi kaustikèc sto fusikì q¸ro eÐnai o gewmetrikìc

tìpoc pou orÐzetai apì tic probolèc ekeÐnwn twn shmeÐwn thc Lagkranzian c pollaplìth-

tac k = ∂xS(x, t) sta opoÐa strèfetai katakìrufa (eÐnai topik� par�llhlh ston �xona k),

kai epomènwc h probol  den eÐnai diaforomorfik  (opìte J = 0). Me exaÐresh pajologikèc

gewmetrÐec thc pollaplìthtac, ta shmeÐa aut� èqoun omal  probol  ston q¸ro k. Me b�sh

to gegonìc autì, oi idiomorfÐec twn kaustik¸n eÐnai p�ntote dunatìn na apofeuqjoÔn me

kat�llhlh efarmog  tou metasqhmatismoÔ Fourier wc proc th metablht  h opoÐa par�gei

thn idiomorfÐa, kai katìpin autoÔ efarmog  thc mejìdou WKB stic nèec metablhtèc.

1.3.2 H teqnik  Kravtsov-Ludwig

(Ludwig [54], Kravtsov & Orlov [47] )

H basik  idèa thc mejìdou twn Kravtsov-Ludwig eÐnai na antikatast soume to an�p-

tugma pou proteÐnei h mèjodoc thc gewmetrik c optik c apì oloklhrwtikèc anaparast�seic

thc morf c ( [54], [38])

(1.17) u(x) =
(

i

2πε

) 1
2
∫

Ξ
eiS(x,ξ)/εA(x, ξ)dξ, x ∈ Rx, ξ ∈ Ξ ⊂ Rξ .

oi opoÐec apoteloÔn suneq  upèrjesh talantwtik¸n lÔsewn thc morf c (1.10). H f�sh

S(x, ξ) kai to pl�toc A(x, ξ) prèpei kai p�li na ikanopoioÔn tic antÐstoiqec eikonal kai

transport exis¸seic, tautotik� wc proc k�je ξ. Kont� sthn kaustik  h f�sh S(x, ξ)

eÐnai mia pleiìtimh sun�rthsh kai genik� den mporeÐ na upologisteÐ me apl  olokl rwsh

kat� m koc twn qarakthristik¸n, all� prèpei na apoteleÐ mi� parametrik  anapar�stash

thc Lagkranzian c pollaplìthtac k = ∂xS(x, t). H morf  twn anaparast�sewn aut¸n

exart�tai apì to eÐdoc thc kaustik c pou emfanÐzetai kai h kataskeu  touc basÐzetai,
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Sq ma 1.2: Lagkranzian  pollaplìthta & kaustik 

genik�, stic mejìdouc thc jewrÐac idiomorfi¸n [3]. O pl rhc kajorismìc thc f�shc kai

tou pl�touc prokÔptei apì thn efarmog  thc mejìdou st�simhc f�shc gia ton asumptwtikì

upologismì tou (1.17), kai sunarmog  me thn pleiìtimh gewmetrik  lÔsh makri� apì thn

kaustik .

Gia par�deigma, sthn perÐptwsh thc monofasik c gewmetrik c optik c (ìpou den anap-

tÔssontai kaustikèc) mporoÔme na p�roume S(x, ξ) = φ(x) − ξ2. Tìte up�rqei mìno èna

st�simo shmeÐo ξ = 0, kai me th mèjodo thc st�simhc f�shc [13], to talantwtikì olok-

l rwma (1.17) an�getai asumptwtik� sthn (1.10).

Sthn perÐptwsh thc polufasik c optik c, makri� apì tic kaustikèc up�rqoun peris-

sìtera apì èna diakrit� st�sima shmeÐa ξj(x), dhlad , ∂ξS(x, ξj(x)) = 0 kai ∂2
ξS(x, ξj(x)) 6=

0, opìte me th mèjodo thc st�simhc f�shc paÐrnoume èna asumptwtikì an�ptugma thc mor-

f c

(1.18) u(x) ∼
∑
j

Aj0(x)e
ikSj(x)
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ìpou oi f�seic

Sj(x) = S(x, ξj(x))

eÐnai lÔseic thc eikonal exÐswshc, kai ta pl�th

Aj0(x) = exp

(
i
[π
2

+ sgn∂2
ξS(x, ξj(x))

]) A(x, ξj(x))√
|∂2
ξS(x, ξj(x))|

lÔnoun thn exÐswsh metafor�c transport.

To �jroisma sthn (1.18) eÐnai wc proc ìla ta st�sima shmeÐa. Profan¸c k�je ìroc sto

an�ptugma (1.18) tautÐzetai me ton ìro mhdenik c t�xhc tou WKB anaptÔgmatoc (1.10). H

(1.18) apotugq�nei ìtan ∂2
ξS(x, ξj(x)) = 0, dhlad  ìtan h parousÐa pollapl¸n st�simwn

shmeÐwn sqetÐzetai me thn dhmiourgÐa kaustik¸n. Sthn perÐptwsh aut  o asumptwtikìc up-

ologismìc tou oloklhr¸matoc apaiteÐ thn efarmog  miac epektamènhc morf c thc mejìdou

st�simhc f�shc [13], h opoÐa eÐnai gnwst  mèqri pollaplìthta trÐthc t�xhc (kaustikèc

tÔpou cusp).
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1.4 H teqnik  tou metasqhmatismoÔ Wigner

Oi dÔo prohgoÔmenec teqnikèc basÐzontai ousiastik� sth qr sh mi�c anapar�stashc thc

lÔsewc (ansatz), o telikìc kajorismìc thc opoÐac apaiteÐ thn pl rh gn¸sh thc pleiì-

timhc gewmetrik c lÔshc,   isodÔnama, thc Lagkranzian c pollaplìthtac. MÐa sqetik�

prìsfath teqnik , h opoÐa basÐzetai sth qr sh tou metasqhmatismoÔ Wigner, èqei eisaq-

jeÐ gia thn epanadiatÔpwsh kumatik¸n exis¸sewn wc merik¸n diaforik¸n

sto q¸ro twn f�sewn, kai thn melèth sqetik¸n problhm�twn omogenopoÐhshc kai

uyÐsuqnwn lÔsewn, ìpou h hmiklassik  par�metroc ε teÐnei sto mhdèn. Eidikìtera, h mè-

jodoc èqei efarmosjeÐ [36] gia th melèth uperbolik¸n exis¸sewn kai exis¸sewn tÔpou

Schrödinger me isqur� talanteuìmena arqik� dedomèna, th di�dosh kum�twn se stoqastik�

mèsa [66], kai thn epÐlush thc exÐswshc Helmholtz se uyhlèc suqnìthtec [9], [16]. Se ìlec

autèc tic proseggÐseic h omogenopoÐhsh par�gei mÐa exÐswsh Liouville(�aut  thc klas-

sik c mhqanik c �) sto q¸ro twn f�sewn gia èna kat�llhla orismèno hmiklassikì mètro

(semiclassical or defect measure), to opoÐo apì fusik  �poyh anaparist� thn puknìthta

enèrgeiac analumènh wc proc tic kateujÔnseic sto fasikì q¸ro.

H teqnik  aut  wstìso den mporeÐ na efarmosjeÐ gia ton upologismì tou pl�touc thc

kumatik c lÔshc kai ton kajorismì thc ex�rthshc tou apì thn mikr  hmiklassik  par�metro

ε kont� se kaustikèc, giatÐ, ìpwc èqei exhghjeÐ me sugkekrimèna paradeÐgmata [28], to h-

miklassikì mètro den mporeÐ, en gènei, na ekfrasjeÐ wc katanom  wc proc thn metablht 

k tou fasikoÔ q¸rou. Me b�sh wstìso to asumptwtikì an�ptugma tou metasqhmatismoÔ

Wigner mi�c sun�rthshc WKB pou kataskeu�sjhke apì ton Berry [11] gia mikr� ε,

pou anaparÐstatai apì th sun�rthsh Airy kont� se omal� shmeÐa thc Lagkranzian c pol-

laplìthtac, oi Filippas & Makrakis [28], [29] ex ghsan p¸c mporeÐ na upologisjeÐ h exèlixh

tou asumptwtikoÔ anaptÔgmatoc tou metasqhmatismoÔ Wigner kai na qrhsimopoihjeÐ ston

upologismì tou swstoÔ pl�touc tou kumatikoÔ pedÐou se probl mata apl¸n kaustik¸n.

Wstìso kai aut  h prosèggish kineÐtai sth logik  thc qr sewc mi�c asumptwtik c ana-

par�stashc! thc lÔsewc pou epanakanonikopoieÐ th lÔsh WKB, all� den proteÐnei mÐa

mèjodo gia thn epÐlush thc exÐswshc pou ikanopoieÐ o metasqhmatismìc Wigner, h opoÐa

sth genik  perÐptwsh eÐnai mÐa idiaÐtera perÐplokh oloklhrw-diaforik  exÐswsh (to tupikì

ìrio thc opoÐac, gia ε→ 0, eÐnai h proanaferjeÐsa exÐswsh Liouville).

Sthn par�grafo aut  ja eis�goume to metasqhmatismì Wigner ìpwc anakÔptei fu-

siologik� sthn perigraf  von Neumann thc kbantik c mhqanik c, ja perigr�youme tic

basikèc tou idiìthtec, kai kurÐwc ekeÐnec pou ton kajistoÔn qr simo ergaleÐo sthn hmi-
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klassik  an�lush, kai ja par�goume thn exÐswsh Wigner pou antistoiqeÐ sth exÐswsh

Schrödinger. Prèpei na shmeiwjeÐ ed¸ ìti o metasqhmatismìsc Wigner mporeÐ na eisaqjeÐ

me di�forouc �llouc trìpouc, ìpwc, p.q. mèsw thc anapar�stashc Schrödinger thc om�dac

Heisenberg (bl. Folland [32]), oi opoÐoi telik� ìloi sqetÐzontai me di�forec jewr seic thc

kbantomhqanik c kai kat� k�poion trìpo eÐnai isodÔnamoi.

1.4.1 Exis¸seic Schrödinger kai von Neumann

Eis�gontac ton telest  Schrödinger

(1.19) Ĥ = −ε
2

2
∂2
x + V (x) ,

h kbantomhqanik  exÐswsh Schrödinger gr�fetai sth morf 

iε
∂ψ

∂t
= Ĥψ(x, t) .

Me ·̂ ja sumbolÐzoume telestèc.

Sthn sunèqeia gia aplopoÐhsh twn sumbolism¸n, kai mèqri thn par�grafo 1.4.4 ìpou

par�goume thn exeliktik  exÐswsh Wigner , gr�foume gia thn kumatosun�rthsh ψ(x) antÐ

ψε(x, t) jewr¸ntac ta ε, t stajerèc paramètrouc.

Sthn kbantik  mhqanik  h kumatosun�rthsh ψ(x) h opoÐa perigr�fei thn kat�stash tou

kbantikoÔ sust matoc eÐnai tetragwnik� oloklhr¸simh sun�rthsh, ètsi ¸ste h posìthta

η(x)dx := |ψ(x)|2dx na dÐnei thn pijanìthta èna swmatÐdio na brÐsketai sth jèsh dx (gia

k�poia dedomènh qronik  stigm  t). Epeid  oi parathr simec posìthtec (observables) sthn

kbantik  mhqanik  eÐnai telestèc, kai apaiteÐtai o upologismìc mèswn tim¸n, eÐnai bolikì h

kat�stash enìc kbantikoÔ sust matoc, me kumatosun�rthsh ψ(x), na perigrafeÐ apì ton

telest  puknìthtac ρ̂ ston L2(R; C), o opoÐoc orÐzetai apì th sqèsh

ρ̂u(x) =
∫

R
ρ(x, y)u(y)dy, ∀u ∈ L2(R) ,

kai exart�tai apì thn kumatosun�rthsh ψ(x) mèsw tou pur na

ρ(x, y) = ψ(x)ψ(y).

SÔmfwna me ton orismì tou, o telest c puknìthtac ρ̂ (bl. gia par�deigma Landau &

Lifshitz [49], Berezin & Shubin [75]) eÐnai jetik� orismènoc, autosuzug c, kai kl�sewc
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Ðqnouc (trace class) telest c ston L2(R; C) me Tr(ρ) = 1 (bl., p.q., Wong [92]) .

H exÐswsh exèlixhc (exÐswsh von Neumann) gia ton telest  puknìthtac, prokÔptei me

diafìrish wc proc to qrìno ston orismì tou telest  puknìthtac kai qr sh thc exÐswshc

Schrödinger, kai èqei th morf 

(1.20)
d

dt
ρ̂ =

1
iε

[Ĥ, ρ̂]

ìpou

[Ĥ, ρ̂] = Ĥρ̂− ρ̂Ĥ

eÐnai o metajèthc telest¸n. H exÐswsh von Neumann eÐnai mia diaforik  exÐswsh ston

q¸ro twn telest¸n kl�sewc Ðqnouc (trace class) pou droÔn ston L2(R; C) .

1.4.2 Metasqhmatismìc Weyl-Wigner

SÔmfwna me thn klassik  statistik  mhqanik  (Balescu [8], Tolman [85]), h mèsh tim  miac

klassik� parathr simhc posìthtac A(x, k) (sun�rthshc sto fasikì q¸ro thc klassik c

mhqanik c) orÐzetai me thn bo jeia miac sun�rthshc katanom c pijanìthtac fcl(x, k) ston

q¸ro f�sewn wc h posìthta

< A >=
∫
A(x, k)fcl(x, k)dxdk .

An�loga me thn klassik  statistik  mhqanik , h kat�stash enìc kbantikoÔ sust matoc se

mia sugkekrimènh qronik  stigm  t, ja èprepe na perigr�fetai apì mia antÐstoiqh sun�rthsh

katanom c pijanìthtac fqu(x, k) ston q¸ro f�sewn, ètsi ¸ste o upologismìc thc mèshc

tim c twn parathr simwn posot twn, oi opoÐec sthn kbantik  mhqanik  eÐnai telestèc Â,

pou kat� k�poia ènnoia, pou ja doÔme sth sunèqeia, antistoiqoÔn stic klassikèc posìthtec

A(x, k), na dÐnetai me mÐa sqèsh thc morf c

< Â >=
∫
A(x, k)fqu(x, k)dxdk ,

me kat�llhlo orismì thc mèshc tim c. H Ôparxh ìmwc miac tètoiac sun�rthshc katanom c

pijanìthtac èrqetai se antÐfash me thn arq  abebaiìthtac Heisenberg, afoÔ ja kajistoÔse

dunatì ton akrib  upologismì miac fusik c posìthtac sunart sei twn telest¸n jèshc

x̂ = x kai orm c k̂ = −iε∂x.
Epomènwc, prin thn eisagwg  miac tètoiac kbantomhqanik c �katanom c pijanìthtac �
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fqu(x, k) (h opoÐa sth kbantomhqanik  onom�zetai katanom  hmi-pijanìthtac), eÐnai anagkaÐo

na èqei kajoristeÐ o kanìnac pou ja antistoiqeÐ se k�je sun�rthsh A(x, k) sto q¸ro twn

f�sewn, mia monadik  sun�rthsh twn telest¸n jèshc kai orm c Â = A(x̂, k̂). H diadikasÐa

kajorismoÔ thc antistoiqÐac aut c anafèretai sth bibliografÐa wc prìblhma kbantopoÐhsh-

c (quantization rule). Sthn montèrna gl¸ssa thc �mikroskopik c an�lushc '(microlocal

analysis), h sun�rthsh A(x, k) eÐnai to sÔmbolo tou telest  Â k�tw apì ton antÐstoiqo

kanìna kbantopoÐhshc [62] (bl. epÐshc [56]).

'Etsi se k�je klassik� parathr simh posìthta A(x, k) (p.q. enèrgeia H(x, k) =
|k|2
2 +V (x) ) antistoiqeÐ mÐa kbantik� parathr simh posìthta pou eÐnai ènac telest c Â s-

ton L2(R2). H antistoÐqish thc klassik c parat rhshc me to kbantikì an�logo thc gÐnetai

me di�forouc kanìnec kbantopoÐhshc, all� p�nta ètsi ¸ste h mèsh tim  k�je parat rhsh-

c ìtan to sÔsthma brÐsketai se kat�stash ψ, < Â >= (ψ, Âψ) = Tr(ρ̂Â) , na eÐnai

analloÐwth.

An loipìn Âqu,1 kai Âqu,2 eÐnai to kbantikì an�logo thc klassik� parathr simhc

posìthtac A(x, k) k�tw apì dÔo diaforetikoÔc kanìnec kbantopoÐhshc, tìte ja isqÔei

< Âqu,1 >=
∫
A(x, k)fqu,1(x, k)dxdk =

∫
A(x, k)fqu,2(x, k)dxdk =< Âqu,2 >

ìpou oi sunart seic fqu,1(x, k), fqu,2(x, k) eÐnai oi sunart seic katanom c hmi-pijanìthtac

gia to sÔsthma se kat�stash ψ k�tw apì ton antÐstoiqo kanìna kbantopoÐhshc [51].

O plèon diadedomènoc kai shmantikìc apì touc kanìnec kbantopoÐhshc eÐnai o kanìnac

Weyl, sÔmfwna me ton opoÐo gia k�je A(x, k) orÐzetai o telest c Â ¸c

Âu(x) =
∫

R
K(x, ξ)u(ξ)dξ, u ∈ L2(R)

ìpou o pur nac K(x, ξ) dÐnetai sunart sei tou sumbìlou A(x, k) tou telest  Â apì thn

èkfrash

K(x, ξ) =
1

2πε

∫
R
e

i
ε
k(x−ξ)A(

x+ ξ

2
, k)dk .

To basikì pleonèkthma tou sugkekrimènou kanìna eÐnai ìti odhgeÐ ston orismì auto-

suzug¸n telest¸n kai èqei mÐa seir� idiot twn sumplektikoÔ analloÐwtou, oi opoÐec eÐnai

shmantikèc se qeirismoÔc allag c metablht¸n sto fasikì q¸ro (bl. Hörmander [41]).

O antÐstrofoc metasqhmatismìc tou kanìna Weyl antistoiqeÐ se ènan telest  Â me
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pur na K(x, ξ) to sÔmbolo Weyl A(x, k),

(1.21) A(x, k) =
∫

R
e−

i
ε
kξK(x− ξ

2
, x+

ξ

2
)dξ .

O metasqhmatismìc autìc anafèretai plèon sth bibliografÐa wc metasqhmatismìc Wigner

tou K(x, y).

SÔmfwna me ton kanìna Weyl, h mèsh tim  miac kbantik� parathr simhc posìthtac Â,

ìtan to sÔsthma perigr�fetai apì ton telest  puknìthtac ρ̂ (bl. (1.4.1) ), dÐnetai apì th

sqèsh

< Â >= Tr(Âρ̂) =
∫
A(x, k)W ε(x, k)dxdk .

'Etsi orÐzetai kat� monadikì trìpo h sun�rthsh Wigner W ε(x, k),

(1.22) W ε(x, k) :=
1

2πε

∫
R
e−

i
ε
kξρ(x+

ξ

2
, x− ξ

2
)dξ = Fξ→pρ

(
q +

εξ

2
, q − εξ

2

)
ìpou ρ(x, y) eÐnai o pur nac pou antistoiqeÐ ston telest  puknìthtac, kai h opoÐa gr�fetai

mèsw thc kumatosun�rthshc sth morf  (metasqhmatismìc Wigner thc sun�rthshc ψ)

(1.23) W ε[ψ](x, k) =
1

2πε

∫
R
e−

i
ε
kξψ(x+

ξ

2
)ψ(x− ξ

2
)dξ

An�loga orÐzetai o metasqhmatismìc Wigner (metaxÔ) dÔo sunart sewn f, g ∈ L2(R)

(1.24) W ε[f, g](x, k) =
1

2πε

∫
R
e−

i
ε
kξf(x+

ξ

2
)g(x− ξ

2
)dξ

Gia istorikoÔc lìgouc prèpei na anafèroume ìti h sun�rthsh Wigner eis qjh gia pr¸th

for� apì ton E.Wigner to 1932 [91], gia thn melèth twn kbantik¸n diorj¸sewn sth-

n jermodunamik  kbantik¸n susthm�twn, wc upokat�stato thc elleÐpousac sun�rthshc

katanom c pijanìthtac sthn kbantik  statistik  mhqanik .

1.4.3 Basikèc idiìthtec thc sun�rthshc Wigner

SÔmfwna me ton orismì (1.23) h sun�rthsh Wigner, eÐnai mia pragmatik  sun�rthsh s-

ton q¸ro f�sewn R2, h opoÐa ìmwc den eÐnai kat' an�gkh jetik . Gia to lìgo autì h

sun�rthsh Wigner den eÐnai sun�rthsh puknìthtac pijanìthtac (par' ìti èqei eisaqjeÐ wc

upokat�stato mi�c tètoiac puknìthtac sthn kbantik  statistik  jermodunamik ), kai eÐnai
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akrib¸c aut  h idiìthta h opoÐa mac dÐnei th dunatìthta perigraf c fainomènwn kbantik c

parembol c.

Wstìso, up�rqoun sunart seic Wigner oi opoÐec eÐnai jetikèc pantoÔ, ìpwc o metasqh-

matismìc Wigner twn sunoqik¸n (coherent) katast�sewn pou eÐnai Gaussian sunart seic,

kai eÐnai gnwstì ìti eÐnai oi mìnec mh-arnhtikèc sunart seic Wigner.

Merikèc apì tic plèon shmantikèc idiìthtec thc sun�rthshc Wigner pou bohjoÔn ston

upologismì qr simwn posot twn, tìso sthn jewrÐa thc klassik c kumatik c di�doshc

ìso kai sthn kbantik  mhqanik  eÐnai oi parak�tw.

1. To k−olokl rwma thc W ε isoÔtai me thn puknìthta η(x),

∫
R
W ε(x, k)dk = η(x) := |ψ(x)|2 .

AntÐstoiqa to x− olokl rwma, isoÔtai me to mètro tou metasqhmatismoÔ Fourier thc

kumatosun�rthshc ∫
R
dxW ε(x, k) = |Fx→kψ(x)|2

.

2. H pr¸th rop  thc W ε wc proc k eÐnai Ðsh me thn ro  enèrgeiac,

∫
R
kW ε(x, k)dk = F(x) :=

ε

2i

(
ψ∂xψ − ψ∂xψ

)
.

3. Gia mia sun�rthsh tÔpou WKB, ψ(x) = A(x) exp(iS(x)/ε), h W ε teÐnei kaj¸c

ε→ 0, san genikeumènh sun�rthsh [53], [66], sto asjenèc ìrio

(1.25) W ε(x, k) ⇀ |A(x|2δ
(
k − S′(x)

)
.

ìpou δ sumbolÐzei thn katanom  Dirac.

4. Tèloc, to xk−olok rwma thc W ε dÐnei thn olik  enèrgeia thc kumatosun�rthshc

∫
R

∫
R
dxdkW ε(x, k) = ‖ψ‖2L2 .
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1.4.4 H exÐswsh Wigner

H efarmog  tou kanìna kbantopoÐhshc Weyl-Wigner sthn exÐswsh von Neumann (1.20),

odhgeÐ sthn exÐswsh exèlixhc thc sun�rthshc Wigner, h opoÐa anafèretai sthn perioq  thc

kumatik c di�doshc se stoqastik� mèsa wc exÐswsh Wigner[66], kai sthn kbantomhqanik 

wc kbantik  exÐswsh Liouville [55], kai èqei th morf 

(1.26)
∂

∂t
W ε(x, k, t) + LεW ε(x, k, t) = 0

ìpou o telest c Lε exart�tai apì th Qamiltwnian  H(x, k), kai dÐnetai apì th sqèsh

Lεf(x, k) = −2
ε

sin
[
ε

2

(
∂

∂xH

∂

∂kf
− ∂

∂xf

∂

∂kH

)]
H(x, k)f(x, k).

O sunhmitonikìc kai hmitonikìc metajèthc (cosine bracket kai sine bracket) [7] dÔo

sunart sewn f(x, k) kai g(x, k), orÐzontai apì tic sqèseic

cos
[
ε

2

(
∂

∂xf

∂

∂kg
− ∂

∂xg

∂

∂kf

)]
f(x, k)g(x, k) =

=
1

2π2ε2

∫
dk′dk′′dx′dx′′

[
f(x′, k′)g(x′′, k′′) + g(x′, k′)f(x′′, k′′)

]
× exp

(
−2i
ε

(
k(x′ − x′′) + k′(x′′ − x) + k′′(x− x′)

))
kai

sin
[
ε

2

(
∂

∂xf

∂

∂kg
− ∂

∂xg

∂

∂kf

)]
f(x, k)g(x, k) =

=
1

2iπ2ε2

∫
dk′dk′′dx′dx′′

[
f(x′, k′)g(x′′, k′′)− g(x′, k′)f(x′′, k′′)

]
× exp

(
−2i
ε

(
k(x′ − x′′) + k′(x′′ − x) + k′′(x− x′)

))
.

H met�bash apì thn exÐswsh von Neumann sthn exÐswsh Wigner eÐnai �mesh sunèpeia

tou kanìna sÔnjeshc dÔo telest¸n sthn anapar�stash Weyl. An ta sÔmbola Weyl twn

telest¸n Â kai B̂ eÐnai A(x, k) kai B(x, k), antÐstoiqa, tìte to sÔmbolo Weyl tou metajèth
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touc Ĉ := [Â, B̂] = ÂB̂ − B̂Â, dÐnetai apì to ginìmeno Moyal (Moyal [59], [51])

C(x, k) = 2i sin
[
ε

2

(
∂

∂xA

∂

∂kB
− ∂

∂xB

∂

∂kA

)]
A(x, k)B(x, k).

Pr�gmati, an W ε(x, k, t) eÐnai o metasqhmatismìc Wigner tou telest  puknìthtac ρ̂,

tìte efarmìzontac ton metasqhmatismì Weyl-Wigner sthn exÐswsh von Neumann (1.20),

d

dt
(ρ̂) =

1
iε

[Ĥ, ρ̂]

kai parathr¸ntac ìti h Qamiltwnian H(x, k) eÐnai to sÔmbolo Weyl tou telest  Schrödinger

Ĥ, prokÔptei

∂

∂t
W ε(x, k, t) =

2
ε

sin
[
ε

2

(
∂

∂xH

∂

∂kW ε
− ∂

∂xW ε

∂

∂kH

)]
H(x, k)W ε(x, k, t)

h opoÐa dÐnei thn (1.26).

ParathroÔme peraitèrw ìti afoÔ to sÔmbolo tou telest  Ĥ eÐnai H(x, k) = k2

2 +V (x),

o telest c Lε mporeÐ na grafeÐ sth morf 

Lε = k∂x −Θε[V ]

ìpou o ìroc Θε[V ] orÐzetai wc

Θε[V ]W ε(x, k, t) := Zε(x, k) ∗k W ε(x, k, t) ,

kai eÐnai ènac mh-topikìc telest c pou dÐnetai apì thn sunèlixh thc sun�rthshc Wigner me

ton pur na

Zε(x, k) =
1
iε

1
2π

∫
R
e−iky

(
V (x+

ε

2
y)− V (x− ε

2
y)
)
dy .

Autìc o mh-topikìc ìroc ekfr�zei thn dr�sh tou dunamikoÔ sthn exèlixh thc sun�rthsh-

c Wigner. Apì tic dÔo teleutaÐec sqèseic mporoÔme na p�roume thn anapar�stash

(1.27)

Θε[V ]W ε(x, k, t) =
i

2πε

∫
R

∫
R
ei(k−ξ)yW ε(x, ξ, t)

[
V (x+

ε

2
y)− V (x− ε

2
y)
]
dydξ ,

h opoÐa èqei thn tupik  morf  enìc yeudo-diaforikoÔ (pseudo-differential) telest , pou

eÐnai kat�llhloc gia thn paragwg  twn exis¸sewn rop¸n sto Kef�laio 3.
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'Etsi h exÐswsh Wigner gr�fetai telik� sth morf 

(1.28) ∂tW
ε(x, k, t) + k∂xW

ε(x, k, t)−Θε[V ]W ε(x, k, t) = 0 .

Upojètontac ìti to dunamikì V eÐnai arket� omalì, ¸ste na mporoÔme na qrhsimopoi -

soume to an�ptugma Taylor, mporoÔme na gr�youme thn exÐswsh (1.28) sthn morf  mi�c

diaforik c exÐswshc �peirhc t�xhc

(1.29) ∂tW
ε + k∂xW

ε − V ′(x)∂kW ε =
∞∑
m=1

αmε
2mV (2m+1)(x)∂2m+1

k W ε(x, k, t) ,

ìpou αm = (−1)m/22m(2m+ 1)!, m = 0, 1, . . . , kai V (2m+1)(x) = d2m+1V (x)/dx2m+1.

Tupik�, h exÐswsh (1.29) eÐnai mia exÐswsh metafor�c - diaspor�c, afoÔ to aristerì

mèloc perièqei ènan klassikì telest  metafor�c (Liouville), kai to dexiì mèloc eÐnai ènac

telest c diaspor�c �peirhc t�xhc. Epeid , genik� h exÐswsh (1.29) perilamb�nei �peirou

pl jouc parag¸gouc thc �gnwsthc sun�rthshc mporeÐ na jewrhjeÐ san èna prìblhma

idiìmorfwn diataraq¸n �peirhc t�xhc.

H arqik  sunj kh gia th exÐswsh (1.29) prokÔptei apì ton metasqhmatismì Wigner

(1.30) W ε(x, k, t = 0) = W ε[ψε0] ,

thc arqik c kumatik c sun�rthshc ψε0 = ψε(x, t = 0).

1.4.5 H exÐswsh Liouville (oriak  exÐswsh Wigner )

Sto tupikì ìrio ε = 0, to dexiì mèloc thc (1.29) mhdenÐzetai, kai prokÔptei ìti to asjenèc

ìrio W 0 thc W ε (hmiklassikì mètro Wigner) ikanopoieÐ thn klassik  exÐswsh Liouville

(oriak  Wigner) (bl. Lions & Paul [53])

(1.31) ∂tW
0(x, k, t) + k∂xW

0(x, k, t)− V ′(x)∂kW 0(x, k, t) = 0.

H exÐswsh aut  eÐnai mia �apl � exÐswsh metafor�c ston q¸ro f�sewn, kai epomènwc,

mporeÐ na oloklhrwjeÐ kat� m koc twn qarakthristik¸n

(1.32) x = x(t; q, ; p), k = k(t; q, p),
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pou eÐnai lÔseic tou QamiltwnianoÔ sust matoc

(1.33)
dx

dt
= k ,

dk

dt
= −V ′(x) ,

me arqikèc sunj kec x(t = 0; q, p) = q, k(t = 0; q, p) = p.

ParathroÔme ìti oi aktÐnec x̃ = x̃(t; q) thc gewmetrik c optik c eÐnai ekeÐnec oi qarak-

thristikèc pou proèrqontai apì thn arqik  Lagkranzian  pollaplìthta (kampÔlh) {p =

S′0(q)}. Epomènwc h lÔsh thc exÐswshc Liouville (1.31) dÐnetai apì thn èkfrash

(1.34) W 0(x, k, t) = W 0
0 (q(x, k, t), p(x, k, t)) ,

ìpou (q(x, k, t), p(x, k, t)) eÐnai oi antÐstrofec qarakthristikèc, pou upologÐzontai epilÔon-

tac tic (1.32) wc proc (q, p) sunart sei twn (x, k), gia k�je t, kai W 0
0 eÐnai to asjenèc

ìrio thc arqik c sunj khc (1.30).

Qrhsimopoi¸ntac thn (1.25), blèpoume ìti to asjenèc ìrio thc (1.30) gia WKB tÔpou

arqik  kumatik  sun�rthsh ψε0(x) = A0(q)ei
S0(x)

ε èqei thn morf 

W 0
0 (q, p) := W 0(x(t = 0; q, ; p), k = k(t = 0; q, p)) = |A0(q)|2δ(p− S′0(q)) ,

kai epomènwc, me �mesouc upologismoÔc [66], h lÔsh (1.34) thc exÐswshc Liouville ek-

fr�zetai mèsw twn lÔsewn twn eikonal kai transport exis¸sewn (1.11), (1.12), wc

(1.35) W 0(x, k, t) = |A(x, t)|2δ
(
k − ∂xS(x, t)

)
.

1.4.6 O rìloc thc exÐswshc Liouville sthn polufasik  optik 

Ja prèpei na tonÐsoume ed¸ ìti, gia sqetik� omalèc arqikèc f�seic S0, oi plhroforÐec gia

to kumatikì pedÐo pou prokÔptoun apì thn W 0 eÐnai akrib¸c Ðdiec me autèc pou dÐnei h

gewmetrik  optik  (mèjodoc WKB). EpÐshc ja prèpei na epishm�noume ìti h (1.35) isqÔei

mìno sthn perÐptwsh miac f�shc, afoÔ diaforetik� h S eÐnai mia pleiìtimh sun�rthsh, kai

h exèlixh thc S0 �sp�ei se arketoÔc kl�douc � met� apì mia sugkekrimènh krÐsimh qronik 

stigm . S' aut  thn perÐptwsh h W 0 den eÐnai to kat�llhlo ergaleÐo gia thn melèth

tou hmi-klassikoÔ orÐou, toul�qiston kont� se kaustikèc, ìpwc èqei katadeiqjeÐ mèsw

paradeigm�twn stic ergasÐec [28], [29], afoÔ emfanÐzontai klÐmakec talant¸sewn kai �llec

ektìc apì autèc pou entopÐzei h lÔsh WKB, sÔmfwna me thn gewmetrÐa thc kaustik c.

Sthn perÐptwsh thc pleiìtimhc optik c kai thc dhmiourgÐac kaustik¸n, makri� apì tic
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kaustikèc, h kumatik  sun�rthsh èqei th morf 

ψε(x, t) =
M∑
m=1

Am(x, t) exp(iSm(x, t)/ε) ,

ìpou M(x, t) eÐnai to pl joc twn f�sewn, pou isoÔtai me ton arijmì twn aktÐnwn pou

tèmnontai sto sugkekrimèno shmeÐo (x, t). Oi sunart seic pl�touc Am kai f�shc Sm

ikanopoioÔn kai p�li tic exis¸seic metafor�c (1.12) kai eikonal (1.11), antÐstoiqa. To

antÐstoiqo oriakì mètro Wigner W 0 èqei t¸ra thn morf 

W 0(x, k, t) =
M∑
m=1

A2
m(x, t)δ

(
k − ∂xSm(x, t)

)
,

sÔmfwna me to gegonìc ìti oi ìroi parembol c (interference) thc morf c

AmAn exp(i(Sm − Sn)/ε),

pou emfanÐzontai sto metasqhmatismì Wigner, èqoun amelhtèa suneisfor� kaj¸c ε → 0

(teÐnoun sto mhdèn me thn ènnoia twn katanom¸n). To gegonìc autì sqetÐzetai me thn

exaf�nish twn kbantik¸n (kumatik¸n) parembol¸n sto klassikì ìrio.

H prosèggish mèsw tou q¸rou f�sewn thc gewmetrik c optik c me oriakèc katanomèc

Wigner, èqei mÐa axioshmeÐwth sqèsh me, kai aposafhnÐzei, thn gnwst  udrodunamik  ana-

par�stash tou probl matoc Cauchy (1.8)-(1.9) (p.q. , [40] Sec. 3.10, [34] ). Gia par�deigma

sthn perÐptwsh miac f�shc, eis�gontac tic udrodunamikèc metablhtèc ρ = A2 kai u = ∂xS,

mporoÔme na xanagr�youme tic (1.11) kai (1.12) sthn morf 

(1.36) ∂tρ+ ∂x(ρu) = 0 ,

(1.37) ∂t(ρu) + ∂x(ρu2) + ρV ′ = 0 ,

oi opoÐec èqoun pl rh antistoiqÐa me tic exis¸seic kÐnhshc gia asumpÐesta aèria, an tau-

topoi soume to ρ me thn puknìthta kai to u me thn taqÔthta. Tìte, h W 0 èqei thn morf 

W 0(x, k, t) = ρ(x, t)δ
(
k − u(x, t)

)
,
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en¸ sthn perÐptwsh poll¸n f�sewn, prokÔptei

W 0(x, k, t) =
M(x,t)∑
m=1

ρm(x, t)δ
(
k − um(x, t)

)
,

me ρm = A2
m, um = ∂xSm. Xan� oi ρm kai um ikanopoioÔn tic exis¸seic asumpÐestou

aerÐou (1.36), (1.37). Aut  h parat rhsh èqei upokin sei pollèc prosp�jeiec epÐlushc

problhm�twn gewmetrik c optik c me teqnikèc pou èqoun  dh efarmosteÐ sthn dunamik 

twn aerÐwn, ìpou oi kaustikèc antimetwpÐzontai wc to an�logo twn kum�twn kroÔsewc

(shock waves). 'Omwc, arijmhtikèc proseggÐseic pou basÐzontai se teqnikèc entopismoÔ twn

kroustik¸n kum�twn upologÐzoun tic lÔseic ix¸douc pou parabi�zoun thn arq  upèrjeshc,

kai eÐnai asÔmbatec me ton qarakt ra diaspor�c tou hmiklassikoÔ orÐou.

Mia enallaktik  prosèggish jewreÐ, antÐ twn udrodunamik¸n metablht¸n ρm kai um,

to sÔsthma twn exis¸sewn diat rhshc gia tic oriakèc ropèc

m0
` (x, t) =

∫
R
k`W 0(x, k, t)dk .

Autìc o trìpoc skèyhc eÐnai kat� k�poio trìpo pio sumbatìc me ton qarakt ra dias-

por�c tou probl matoc, afoÔ oi exis¸seic diat rhshc pou ikanopoioÔntai apì tic m0
` è-

qoun kataskeuasteÐ topik� san tic exis¸seic pou prokÔptoun apì thn mèjodo mèsou ìrou

(Witham averaging) apì tic exis¸seic diat rhshc pou ikanopoioÔn oi ε−exart¸menec ropèc
[44]

mε
`(x, t) =

∫
R
k`W ε(x, k, t)dk ,

kai olik� apì tic ropèc, wc proc thn orm , thc exÐswshc Liouville (1.31).

Makri� apì kaustikèc, to sÔsthma twn oriak¸n rop¸n eÐnai austhr� uperbolikì, kai

èqei melethjeÐ jewrhtik� kai arijmhtik� apì arketoÔc ereunhtèc (bl. [44] kai tic anaforèc

ekeÐ). 'Omwc gia thn epÐlush tou sust matoc eÐnai aparaÐthth mia upìjesh kleisÐmatoc

(moment closure condition) h opoÐa afor� to pl joc twn diadidìmenwn f�sewn (arijmìc

twn aktÐnwn pou tèmnontai sto shmeÐo (x, t)), pèra apì to gegonìc ìti h uperbolikìthta

q�netai kaj¸c plhsi�zoume tic kaustikèc.

H susthmatik  paragwg  twn parap�nw exis¸sewn, kaj¸c kai twn antÐstoiqwn gia tic

ε−exart¸menec ropèc, h sqèsh touc me tic exis¸seic diat rhshc oi opoÐec par�gontai apì

to je¸rhma Noether, kai merik� paradeÐgmata pou aforoÔn thn oriak  sumperifor� twn

exis¸sewn diat rhshc kont� stic kaustikèc ja parousiastoÔn sto teleutaÐo Kef�laio 3.



Kef�laio 2

Asumptwtikèc lÔseic thc

exÐswshc Wigner

2.1 Episkìphsh twn uparqìntwn asumptwtik¸n lÔsewn

thc exÐswshc Wigner

Ta asumptwtik� anaptÔgmata gia thn lÔsh thc exÐswshc Wigner sthn hmi-klassik  peri-

oq , pou èqoun protajeÐ kat� kairoÔc, mporoÔn basik� na omadopoihjoÔn se treÐc kath-

gorÐec.

(a) EkeÐna ta opoÐa basÐzontai sto klassikì an�logo pou prokÔptei apì to tupikì hmik-

lassikì ìrio ε = 0, èqoun dhlad  th morf 

W ε(x, k, t) ∼
∞∑
`=0

W`(x, k, t)ε`

me ìro mhdenik c t�xhc W0(x, k, t) na eÐnai lÔsh thc klassik c exÐswshc Liouville ( sto

opoÐo anaferìmaste wc (hmi-)Klassikì an�ptugma (KA) ). Oi suntelestècW` eÐnai omalèc

  genikeumènec sunart seic, an�loga me to an ta arqik� dedomèna anaptÔssontai epÐshc

se antÐstoiqh seir�, all� anex�rthta thc paramètrou ε.

O Steinrück [78] apèdeixe gia to (KA) thn L2 sÔgklish, sthn perÐptwsh anex�rthtwn

wc proc thn mikr  par�metro arqik¸n dedomènwn, gia dÔo kathgorÐec dunamik¸n, omal¸n me

fragmènec parag¸gouc kai tou fr�gmatoc dunamikoÔ pou montelopoieÐtai me mia sun�rthsh

Dirac. SuneqÐzontac aut  th gramm  doulei�c prìsfata o Pulvirenti [68] apèdeixe thn Hs

sÔgklish gia to (KA) gia omal� wc proc ε arqik� dedomèna, en¸ gia idiìmorfa, ìpwc

33
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aut� ta opoÐa proèrqontai apì arqikèc kumatosunart seic WKB, apèdeixe thn H−s sÔgk-

lish tou anaptÔgmatoc, kai stic duo peript¸seic upojètontac omal� dunamik� me frag-

mènec parag¸gouc. Tètoia asumptwtik� anaptÔgmata (tÔpou kanonik¸n diataraq¸n) gia

to sÔmbolo k�poiwn kl�sewn kbantik� parathr simwn posot twn (observables) kai tic

idiosunart seic touc èqoun  dh qrhsimopoihjeÐ apì to 1978 stic ergasÐec tou Voros [90]

(bl. epÐshc [89], [88]) gia thn an�lush thc omalìthtac twn yeudo-diaforik¸n telest¸n

pou eis gagan oi Grossman, Loupias & Stein [37] gia thn austhr  perigraf  thc kban-

tomhqanik c sto fasikì q¸ro.

EpÐshc oi Bouzouina & Robert [14], apodeiknÔoun gia to hmiklassikì an�ptugma gia

thn exèlixh kbantik¸n parathr sewn, me �omalì� sÔmbolo, kai gia C∞ Qamiltwnianèc pou

aux�noun to polÔ tetragwnik� sto �peiro, ektÐmhsh tou antÐstoiqou upoloÐpou sthn L2

nìrma telest¸n.

(b) EkeÐna ta opoÐa upojètoun �asumptwtikì� an�ptugma wc dunamoseir� gÔrw apì thn

lÔsh thc antÐstoiqhc klassik c exÐswshc Liouville all� epitrèpetai oi suntelestèc na

exart¸ntai apì thn par�metro tou anaptÔgmatoc, oÔtwc ¸ste na mhn qrei�zetai h upìjesh

thc omalìthtac (wc proc ε) twn arqik¸n dedomènwn (Narcowich [60]). Wstìso se aut 

thn prosèggish faÐnetai idiaÐtera dÔskolo na apodeiqjeÐ k�poiou eÐdouc sÔgklish tou

anaptÔgmatoc. Argìtera o Ðdioc suggrafèac [61] parousÐase èna an�ptugma tÔpou Dyson

thc sun�rthshc Wigner wc proc mia par�metro sÔzeuxhc λ, jewr¸ntac thn Qamiltwnian 

mÐa λ−diataraq  thc Qamiltwnian c tou armonikoÔ talantwt .

(g) EkeÐna ta opoÐa, kat� k�poion trìpo, epanakanonikopoioÔn th lÔsh thc gewmetrik c op-

tik c, kataskeu�zontac asumptwtik� anaptÔgmata tÔpou Airy thc antÐstoiqhc sun�rthshc

Wigner, me thn teqnik  thc omoiìmorfhc st�simhc f�shc, mi� idèa pou prot�jhke sta

1977 apì ton Berry [11]. Ta omoiìmorfa anaptÔgmata qrhsimopoioÔntai sth sunèqeia wc

asumptwtikèc lÔseic thc exÐswshc Wigner. H teqnik  aut  prot�jhke prìsfata apì touc

Filippas & Makrakis [28], [29] ìpou analÔetai epÐshc p¸c oi asumptwtikèc lÔseic autoÔ tou

tÔpou mporoÔn na qrhsimopoihjoÔn gia ton upologismì to kumatikoÔ pedÐou sthn perioq 

apl¸n kaustik¸n.

EÐnai tèloc endiafèron na anafèroume ìti  dh apì to 1976 o E. Heller [39], parat rhse

ìti to (KA) den eÐnai kat�llhlo gia thn melèth thc exèlixhc idiìmorfwn arqik¸n dedomènwn

kai prìteine èna diaforetikì an�ptugma ìpou o arqikìc ìroc eÐnai lÔsh miac klassik c

exÐswshc Liouville all� me èna energì (effective) dunamikì. H qr sh tropopoihmènwn

qarakthristik¸n h energ¸n dunamik¸n me skopì na lhfjoÔn èmmesa up' ìyin kbantik�
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fainìmena eÐnai mÐa genikìterh filosofÐa gia thn antimet¸pish thc kbantik c exÐswshc

Liouville apì touc fusikoÔc (mèjodoc twn troqi¸n Wigner, bl. Lee [51]), h opoÐa èqei

odhg sei se endiafèronta arijmhtik� apotelèsmata, kai mporeÐ na jewrhjeÐ wc to an�logo

thc kbantik c udrodunamik c (exis¸seic Bohm) sto fasikì q¸ro kai thc teqnik c twn

Gaussian desm¸n (Gaussian beams).

O basikìc lìgoc gia th qr sh anaptugm�twn gÔrw apì th lÔsh thc klassik c exÐswshc

Liouville, eÐnai to gegonìc ìti tupik� h kbantik  exÐswsh Liouville metapÐptei se aut  sto

ìrio ε = 0. Wstìso ta arqik� dedomèna stic perissìtero endiafèrousec efarmogèc eÐnai

idiìmorfa wc proc ε, kai epeid  se kamÐa, èstw kai apl , perÐptwsh den mporoÔme na epilÔ-

soume analutik� thn kbantik  exÐswsh Liouville, faÐnetai na up�rqei mÐa abebaiìthta wc

proc thn katallhlìthta twn proteinìmenwn anaptugm�twn kai mÐa duskolÐa sthn an�ptux-

h strathgik c antimet¸pishc tou probl matoc kai katanìhshc twn lÔsewn thc exÐswshc

aut c. Gia to lìgo autì sthn paroÔsa diatrib  proteÐnoume mÐa strathgik  kataskeu c

asumptwtik¸n lÔsewn, h opoÐa eÐnai diaforetik  apì tic perigrafeÐsec anwtèrw kai peril-

amb�nei ta akìlouja basik� b mata

1) Kataskeu  thc lÔshc thc kbantik c exÐswshc Liouville se seir� idiosunart sewn (id-

iosunart seic Moyal),

2) Kataskeu  asumptwtik¸n anaptugm�twn twn idiosunart sewn Moyal, gÔrw apì tic

idiosunart seic tou antÐstoiqou armonikoÔ talantwt , xekin¸ntac apì gnwst� kai kal¸c

katanohmèna asumptwtik� anaptÔgmata tou antÐstoiqou telest  Schrödinger gia mikr� ε,

3) Kataskeu  tou tupikoÔ asumptwtikoÔ anaptÔgmatoc thc lÔshc thc kbantik c exÐswshc

Liouville me qr sh twn anaptugm�twn tou deÔterou b matoc,

4) Qr sh tou anaptÔgmatoc tou trÐtou b matoc wc upokat�stato thc lÔshc kai akolouji-

akìc upologismìc (tÔpou kanonik¸n diataraq¸n)twn suntelest¸n me antikat�stash sthn

kbantik  exÐswsh Liouville .

2.2 Armonik  prosèggish twn idiosunart sewn tou telest 

Schrödinger

Sth sunèqeia jewroÔme dunamik� V (x) tètoia ¸ste o telest c Schrödinger Ĥ = − ε2

2 ∆ +

V (x) na eÐnai ousiastik� autosuzug c kai na èqei pl rwc diakritì f�sma. Gia to skopì

autì epilègoume dunamik� pou ikanopoioÔn tic upojèseic
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Upìjesh 2.1.

V (x) analutik , topik� fragmènh, jetik  sun�rthsh ,

lim
|x|→∞

V (x) = +∞

(  V (x) ∈ L1
loc(R), k�tw fragmènh kai lim|x|→∞ V (x) = ∞)

Tìte, o telest c Ĥ eÐnai ousiastik� autosuzug c (essentially selfadjoint) ston C∞0 ,

kai èqei diakritì f�sma {Eεn}n=0,1,2,..., me pl rec sÔnolo idiosunart sewn {uεn(x)}n=0,1,... ⊂
L2(R), pou ikanopoioÔn [70], [73]

(2.1) Ĥuεn(x) = Eεnu
ε
n(x)

Prokeimènou na efarmìsoume thn teqnik  thc � armonik c prosèggishc �, kai na kataskeu�-

soume asumptwtik� anaptÔgmata (Rayleigh-Schrödinger asymptotic series, [75],[78] ) gi-

a tic idiotimèc kai idiosunart seic tou telest  Schrödinger Ĥ, kont� stic antÐstoiqec

tou armonikoÔ talantwt , oi opoÐec eÐnai analutik� gnwstèc, prèpei to dunamikì V (x) na

ikanopoieÐ epÐshc tic parak�tw sunj kec.

Upìjesh 2.2.

i) V ∈ C∞(R)

ii) V ≥ 0, gia k�poio R > 0 inf
|x|>R

V (x) > 0

iii) V ′ èqei peperasmèno arijmì mhdenism¸n {x(α)}κα=1

iv) se k�je rÐza x(α) : V ′′(x(α)) > 0

v) V eÐnai poluwnumik� fragmèno |V (x)| ≤ c(1 + |x|m) .

Gia thn aplopoÐhsh twn upologism¸n, ja jewr soume sth sunèqeia ìti κ = 1 kai

x(1) = 0.

OrÐzoume ton monadiaÐo metasqhmatismì

[Uεf ] (x) := ε−
1
4 f

(
x√
ε

)
, x ∈ R, f ∈ L2(R) ,
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mèsw tou opoÐou o ε-exart¸menoc telest c Schrödinger gia ton armonikì talantwt 

Ĥε
h := −ε

2

2
4+

x2

2
,

gr�fetai sth morf 

Ĥε
h =

ε

2
UεĤhU

−1
ε ,

ìpou

Ĥh = −4+ x2 .

OI idiotimèc kai idiosunart seic tou Ĥh einai gnwstèc kai dÐnontai apì tic ekfr�seic:

en = 2n+ 1,

ψn(x) = hn(x) = (2nn!
√
π)−

1
2 e−

x2

2 Hn(x), n = 0, 1, 2, ..

ìpou Hn(x) oi sunart seic Hermite, epomènwc o telest c Ĥε
h ja èqei idiotimèc kai idio-

sunart seic

eεn = ε
2en,

ψεn(x) = [Uεψn] (x) = ε−
1
4ψn( x√

ε
), n = 0, 1, 2, ...

H teqnik  thc armonik c prosèggishc mac dÐnei gia ton telest  Ĥ ta parak�tw a-

sumptwtik� anaptÔgmata (Simon [75]) twn idiotim¸n

(2.2)
2
ε
Eεn = en +

N∑
l=1

a(l)
n ε

l +O
(
εN+1

)
,

kai idiosunart sewn

(2.3) ε
1
4uεn(x) ∼ ψn(

x√
ε
) +

∞∑
l=1

ε
l
2ψ(l)

n (
x√
ε
) , ψ(l)

n ∈ L2(R), n = 0, 1, . . . , l = 0, 1, . . .

upì thn ènnoia

(2.4) ||[U−1
ε uεn −

N∑
l=0

ε
l
2ψ(l)

n ||L2(R) = O(ε(N+1)/2) .

Oi suntelestèc a
(l)
n , n = 0, 1, . . . , l = 1, 2, . . . upologÐzontai me efarmog  thc jew-
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rÐac diataraq¸n Rayleigh-Schrödinger (bl. Par�rthma A1). EpÐshc, me antikat�stash

twn parap�nw anaptugm�twn stic exis¸seic idiotim¸n (2.1), kai exÐswsh twn antÐstoiqwn

dun�mewn thc mikr c paramètrou ε, prokÔptei ìti oi sunart seic ψ
(l)
n ikanopoioÔn tic

parak�tw diaforikèc exis¸seic,

Anψ(l)
n (ξ) =

[l/2]∑
j=1

a(j)
n ψ(l−2j)

n (ξ)−
l+2∑
j=3

2V (j)(0)
j!

ξjψ(l+2−j)
n (ξ),(2.5)

An = − d2

dξ2
+ ξ2 − en, n = 0, 1, . . . , l = 1, 2, . . .

me ψ
(0)
n := ψn .

Oi opoÐec me mia sunj kh kanonikopoÐhshc dÐnoun tic akribeÐc ekfr�seic twn sunte-

lest¸n ψ
(l)
n .

2.3 Idiosunart seic tou telest  Wigner

2.3.1 Idiosunart seic Moyal

JewroÔme ton metasqhmatismì Wigner (bl. (1.24) )

(2.6) Φε
nm(x, k) := W ε[uεn, u

ε
m](x, k) =

1
πε

∫
R
e−i

2k
ε
σuεn(x+ σ)uεm(x− σ)dσ,

twn idiosunart sewn uεn , u
ε
m , n,m = 0, 1, 2, . . . , tou telest  Schrödinger Ĥ oi opoÐec

orÐsthkan sth prohgoÔmenh par�grafo 2.2.

Oi sunart seic autèc (2.6), eis qjhsan to 1949 apì ton Moyal [59], sta plaÐsia mi�c

sunepoÔc statistik c ermhneÐac thc kbantik c mhqanik c, kai antistoiqoÔn ston metasqh-

matismì Wigner tou telest  ρ̂nm, pou orÐzetai

(2.7) ρ̂nmu(x) := uεn(x)(u, u
ε
m)L2(R), ∀u ∈ L2(R)

Sto parak�tw je¸rhma apodeiknÔetai ìti oi sunart seic Moyal apoteloÔn pl rh or-

jokanonik  b�sh idiosunart sewn ston q¸ro f�sewn, pou antistoiqoÔn ston kbantikì

telest  Liouville Lε kai ton telest  Mε (gnwstì sth bibliografÐa wc cosine bracket

tou Baker) o opoÐoc orÐzetai sth sunèqeia, kai dÐnontai oi antÐstoiqec idiotimèc touc. H

diadikasÐa thc apìdeixhc qrhsimopoieÐ �mesa to epÐpedo Schrödinger.

To f�sma tou telest  Schrödinger Ĥ kajorÐzei to f�sma tou antÐstoiqou kbantikoÔ
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telest  Liouville [69], kai isqÔei

σ(Lε) = { i
ε
(E − E′), E, E′ ∈ σ(Ĥ)} .

H antÐstoiqh sqèsh isqÔei kai gia to diakritì f�sma tou

σp(Lε) = { i
ε
(Eεn − Eεm), Eεn, E

ε
m ∈ σp(Ĥ)} .

To ti sumbaÐnei ìson afor� to apìluta suneqèc kai to idiìmorfa suneqèc f�sma tou

kbantikoÔ kai tou klassikoÔ telest  Liouville, se sqèsh me to antÐstoiqo f�sma tou

telest  Schrödinger, melet jhke arqik� apì ton Spohn [77], kai argìtera beltÐwsan ta

apotelèsmata oi Antoniou, et.al [1], apodeiknÔontac ìti

σsc,ac(Lε) 6= { i
ε
(E − E′), E, E′ ∈ σsc,ac(Ĥ)} ,

ìpou me σsc,ac sumbolÐzoume to idiìmorfa suneqèc kai apìluta suneqèc f�sma antÐstoiqa.

Gia to lìgo autì, sthn paroÔsa ergasÐa epilèxame oi telestèc Ĥ me touc opoÐouc asqoloÔ-

maste na èqoun pl rwc diakritì f�sma, kai epomènwc isqÔei

σ(Lε) = σp(Lε) = { i
ε
(Eεn − Eεm), Eεn, E

ε
m ∈ σp(Ĥ)} .

UpenjumÐzetai ìti o sunhmitonikìc kai hmitonikìc metajèthc (cosine bracket kai sine

bracket) [7] dÔo sunart sewn f(x, k) kai g(x, k), pou qrhsimopoioÔntai sto epìmeno Je¸rhma,

orÐzontai apì tic sqèseic

cos
[
ε

2

(
∂

∂xf

∂

∂kg
− ∂

∂xg

∂

∂kf

)]
f(x, k)g(x, k) =

=
1

2π2ε2

∫
dk′dk′′dx′dx′′

[
f(x′, k′)g(x′′, k′′) + g(x′, k′)f(x′′, k′′)

]
× exp

(
−2i
ε

(
k(x′ − x′′) + k′(x′′ − x) + k′′(x− x′)

))
kai
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sin
[
ε

2

(
∂

∂xf

∂

∂kg
− ∂

∂xg

∂

∂kf

)]
f(x, k)g(x, k) =

=
1

2iπ2ε2

∫
dk′dk′′dx′dx′′

[
f(x′, k′)g(x′′, k′′)− g(x′, k′)f(x′′, k′′)

]
× exp

(
−2i
ε

(
k(x′ − x′′) + k′(x′′ − x) + k′′(x− x′)

))
Je¸rhma 2.1. 'Estw {uεn}n=0,1,... mia pl rhc orjokanonik  b�sh idiosunart sewn ston

L2(Rx), pou ikanopoieÐ tic exis¸seic (2.1). Tìte, oi sunart seic {
√
εΦε

nm}n,m=0,1,... eÐnai

mia pl rhc orjokanonik  b�sh ston L2(R2
xk), kai apoteleÐ oikogèneia idiosunart sewn twn

telest¸n

(2.8) Lε• ≡ −2
ε

sin
[
ε

2

(
∂

∂xH

∂

∂k
− ∂

∂x

∂

∂kH

)]
H(x, k)• ,

kai

(2.9) Mε• ≡ cos
[
ε

2

(
∂

∂xH

∂

∂k
− ∂

∂x

∂

∂kH

)]
H(x, k)• ,

me idiotimèc

λnm =
i

ε
(Eεn − Eεm) ,

kai

µnm =
1
2

(Eεn + Eεm) ,

ìpou H(x, k) eÐnai h klassik  Qamiltwnian .

Apìdeixh (bl. epÐshc [25], [19])

Apì ton orismì tou (2.7) kai tic exis¸seic idiotim¸n Ĥuεn(x) = Eεnu
ε
n(x), Ĥuεm(y) =

Eεmu
ε
m(y), prokÔptei ìti o telest c ρ̂nm ikanopoieÐ tic exis¸seic

Ĥρ̂nm = Eεnρ̂nm ,

kai

ρ̂nmĤ = Eεmρ̂nm .
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Pr�gmati

Ĥρ̂nmu(x) = Ĥuεn(x)(u, u
ε
m) = Eεnu

ε
n(x)(u, u

ε
m) = Eεnρ̂nmu(x)

ρ̂nmĤu(x) = uεn(x)(Ĥu, u
ε
m) = uεn(x)(u, Ĥu

ε
m) = Eεmu

ε
n(x)(u, u

ε
m) = Eεmρ̂nmu(x)

ìpou qrhsimopoi same to gegonìc ìti o telest c Ĥ eÐnai autosuzug c.

Afair¸ntac kai prosjètontac antÐstoiqa tic parap�nw exis¸seic paÐrnoume

(2.10)
[
Ĥ, ρ̂nm

]
= Ĥρ̂nm − ρ̂nmĤ = (Eεn − Eεm)ρ̂nm (metajèthc)

(2.11) Ĥρ̂nm + ρ̂nmĤ = (Eεn + Eεm)ρ̂nm (anti-metajèthc)

ìpou [·, ·] sumbolÐzei ton metajèth telest¸n.

Efarmìzontac ton kanìna antistoÐqishc Weyl-Wigner (bl. Par�grafo 1.4.2) stic

parap�nw exis¸seic gia ton telest  ρ̂nm, prokÔptoun oi exis¸seic idiotim¸n sto q¸ro

f�sewn gia touc telestèc Lε kai Mε

(2.12) LεΦε
nm(x, k) =

i

ε
(Eεn − Eεm)Φε

nm(x, k)

(2.13) MεΦε
nm(x, k) =

1
2
(Eεn + Eεm)Φε

nm(x, k)

ìpou Lε kaiMε eÐnai oi metasqhmatismoÐ Weyl-Wigner tou metajèth kai tou anti-metajèth

telest¸n (2.11), (2.10). H morf  tou Lε èqei  dh dojeÐ sthn Par�grafo 1.4.4, kai eÐnai

Lε• := −2
ε

sin
[
ε

2

(
∂

∂xH

∂

∂k
− ∂

∂x

∂

∂kH

)]
H(x, k)• ,

kai antÐstoiqa tou Mε eÐnai

Mε• := cos
[
ε

2

(
∂

∂xH

∂

∂k
− ∂

∂x

∂

∂kH

)]
H(x, k)• ,

h opoÐa prokÔptei epÐshc apì ton kanìna sÔnjeshc telest¸n sthn anapar�stash Weyl.

Gia thn apìdeixh thc orjogwniìthtac kai plhrìthtac twn Φε
nm(x, k), eÐnai bolikì
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na eis�goume ton metasqhmatismì Fourier-Wigner [G(f, g)](β, α) twn f, g ∈ L2(R) (bl.

Thangavelu [79])

[G(f, g)](β, α) =
∫

R
eiβξf(ξ +

1
2
α)g(ξ − 1

2
α)dξ ,

kaj¸c kai ton antÐstoiqo ε−exart¸meno metasqhmatismì Fourier-Wigner twn f, g (ε > 0)

[Gε(f, g)](β, α) := [G(f, g)](β, εα) =
∫

R
eiβξf(ξ +

ε

2
α)g(ξ − ε

2
α)dξ .

Tìte isqÔei

Φε
nm(x, k) = Fβ→x, α→k[Gε(uεn, u

ε
m)](x, k)

ìpou Fβ→x, α→k o metasqhmatismìc Fourier apì ton L2(R2
βα) ston L2(R2

xk). Pr�gmati

èqoume

Fβ→x, α→k[Gε(uεn, u
ε
m)](x, k) = 1

(2π)2

∫
R2

βα
e−iαke−iβx

∫
Rξ
eiβξuεn(ξ + ε

2α)uεm(ξ − ε
2α)dξdαdβ

= 1
2π

∫
R2

ξα

(
1
2π

∫
R e

−iβ(x−ξ)dβ
)
e−iαkuεn(ξ + ε

2α)uεm(ξ − ε
2α)dξdα

= 1
2π

∫
R2

ξα
δ(x− ξ)e−iαkuεn(ξ + ε

2α)uεm(ξ − ε
2α)dξdα

= 1
2π

∫
R e

−iαkuεn(x+ ε
2α)uεm(x− ε

2α)dα

= 1
πε

∫
R e

−i 2k
ε
σuεn(x+ σ)uεm(x− σ)dσ

= Φε
nm(x, k) ,

kai epomènwc

F−1[Φε
nm](β, α) = [Gε(uεn, u

ε
m)](β, α) .

Efarmìzontac thn Prìtash (1.3.1) apì ton Thangavelu [79] gia d = 1, sÔmfwna me thn

opoÐa:

Gia k�je f, g, φ, ψ ∈ L2(Rd) isqÔei∫
R2d

G(f, g)(β, α)G(φ, ψ)(β, α)dβdα = (f, φ)(ψ, g).

kai qrhsimopoi¸ntac idiìthtec tou metasqhmatismoÔ Fourier èqoume

(
Φε
nm,Φ

ε
µν

)
L2(R2

xk)
=
(
F−1[Φε

nm],F−1[Φε
µν ]
)
L2(R2

αβ)
=
(
Gε(uεn, u

ε
m), Gε(uεµ, u

ε
ν)
)
L2(R2

αβ)

= 1
ε

(
G(uεn, u

ε
m), G(uεµ, u

ε
ν)
)
L2(R2

αβ)
= 1

ε

(
uεn, u

ε
µ

)
L2(R)

(uεν , u
ε
m)L2(R) = 1

εδnµδνm



2.3. Ιδιοσυναρτήσεις του τελεστή Wigner 43

ìpou

δnµ =

{
1, n = µ

0, n 6= µ

sumbolÐzei to dèlta tou Kronecker.

SÔmfwna me ton parap�nw upologismì

(
Φε
nm,Φ

ε
µν

)
L2(R2

xk)
=

1
ε
δnµδνm , ‖Φε

nm‖L2(R2) =
1√
ε
,

pou apodeiknÔei thn orjokanonikìthta thc oikogèneiac {
√
εΦε

nm}∞n,m=1.

Gia na apodeÐxoume thn plhrìthta, arkeÐ na apodeÐxoume ìti an gia tuqaÐa f ∈ L2(R2
xk),

isqÔei (f,Φε
nm) = 0,∀n,m, tìte f ≡ 0. Pr�gmati èqoume

0 = (f,Φε
nm) =

(
F−1f,F−1[Φε

nm]
)

=
(
F−1f,Gε(uεn, u

ε
m)
)
, ∀n,m

ap' ìpou sÔmfwna me to Je¸rhma 1.3.2 sto ([79]), to opoÐo exasfalÐzei thn orjogwniìthta

thc oikogèneiac sunart sewn Gε(uεn, u
ε
m) ston L2(R2

β,α) prokÔptei F−1f ≡ 0 , opìte

f ≡ 0.

Epomènwc to sÔsthma {
√
εΦε

nm}nm apoteleÐ mia pl rh orjokanonik  b�sh ston L2(R2
xk)

�

Parat rhsh 1. EÐnai polÔ endiafèron na parathr soume ìti o upologismìc twn sunart -

sewn Moyal ap' eujeÐac ston q¸ro f�sewn apaiteÐ thn gn¸sh kai twn dÔo problhm�twn

idiotim¸n, (2.12) kai (2.13), ìpwc èqei deiqjeÐ stic ergasÐec [19], [48]. Den up�rqei ìmwc

exÐswsh exèlixhc pou antistoiqeÐ sthn exÐswsh idiotim¸n (2.13), h opoÐa mporeÐ na paraq-

jeÐ �mesa apì to epÐpedo Schrödinger, ìpwc sumbaÐnei me thn kbantik  exÐswsh Liouville

gia thn (2.12), pr�gma pou shmaÐnei ìti h (2.13) den prokÔptei fusiologik� apì k�poio

prìblhma arqik¸n tim¸n gia thn sun�rthsh Wigner. Gia thn paragwg  thc ap' eujeÐac s-

ton q¸ro f�sewn oi Fairlie & Manogue [26] epèkteinan thn sun�rthsh Wigner eis�gontac

ènan fantastikì qrìno (s), kai kataskeÔasan èna deÔtero prìblhma arqik¸n tim¸n, me

qronik  diafìrish wc proc s, gia thn sun�rthsh Wigner me �qwrikì� telest  ton Mε.

Parat rhsh 2. EpÐshc eÐnai polÔ shmantikì na shmei¸soume ìti den eÐnai efiktì na

upologÐsoume to klassikì ìrio ε → 0 twn idiosunart sewn Φε
nm gia opoiad pote n,m

anex�rthta metaxÔ twn, kai autì eÐnai to plèon shmantikì empìdio gia to �meso pèrasma

tou anaptÔgmatoc thc exÐswshc Wigner sto klassikì ìrio, ap' ìpou ja anèmene kaneÐc na

p�rei èna antÐstoiqo an�ptugma gia thn exÐswsh Liouville.
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Prokeimènou na katast soume emfaneÐc tic sqetikèc duskolÐec, sto Par�rthma A.3

parousi�zoume to klassikì ìrio (ε → 0, n,m → ∞, Eεn − Eεm = stajerì) twn id-

iosunart sewn Moyal, to opoÐo dÐnei katanomèc stic antÐstoiqec kanonikèc metablhtèc

dr�shc kai gwnÐac (I, θ),

Φ0
nm(I, θ) = e

−iE0
nm

γnm
θ
δ

(
H(I)− 1

2
(E0

n + E0
m)
)
.

Sthn diadikasÐa thc apìdeixhc tou klassikoÔ orÐou gÐnetai faner  kai h anagkaiìthta

thc qr shc kai twn dÔo exis¸sewn idiotim¸n (2.12, 2.13).

Oi Berry & Balazs [11] [12] upologÐzoun to klassikì ìrio twn sunart sewn Moy-

al Φε
nm gia oloklhr¸simec Qamiltwnianèc sthn perÐptwsh n = m, kai to opoÐo eÐnai

δ
(
H(I)− (E0

n)
)
. Sthn perÐptwsh tou armonikoÔ talantwt  oi Ripamonti [71] kai Truman

& Zhao [86] dÐnoun analutik  apìdeixh tou klassikoÔ orÐou twn idiosunart sewn (Moyal

) Φε
nm gia k�je n,m = 0, 1, . . . , me th bo jeia idiot twn twn sunart sewn Laguerre.

2.3.2 Armonik  prosèggish twn idiosunart sewn Moyal

'Estw Ψε
nm(x, k), oi idiosunart seic Moyal pou antistoiqoÔn ston armonikì talantwt ,

dhlad 

Ψε
nm(x, k) :=

1
πε

∫
R
e−i

2k
ε
σψεn(x+ σ)ψεm(x− σ)dσ, n,m = 0, 1, 2, . . .

OrÐzoume ton metasqhmatismì
[
Uε,(xk)f

]
(x, k) := ε−1f

(
x√
ε
, k√

ε

)
, x ∈ R, k ∈ R, f ∈

L2(R2), gia ton opoÐo isqÔei ‖
[
Uε,(xk)f

]
‖L2 = 1√

ε
‖f‖L2 , kai ja sumbolÐzoume f̃(ξ, η) =

[U−1
ε,(xk)f ](ξ, η).

Tìte, oi Ψε
nm(x, k) mporoÔn na grafoÔn mèsw twn ε-anex�rthtwn idiosunart sewn

Ψnm(x, k), pou eÐnai o �diag¸nios� metasqhmatismìc Wigner twn sunart sewn Hermite

ψn, me ε = 1

Ψnm(x, k) :=
1
π

∫
R
e−i2kσψn(x+ σ)ψm(x− σ)dσ ,

dhlad 

Ψε
nm(x, k) = [Uε,(xk)Ψnm](x, k) =

1
ε
Ψnm(

x√
ε
,
k√
ε
) .

Antikajist¸ntac ston orismì twn Φε
nm(x, k), n,m = 0, 1, . . . ta asumptwtik� anap-

tÔgmata (2.2), (2.3) gia tic idiosunart seic uεn thc paragr�fou 2.2, katal goume se èna

tupikì asumptwtikì an�ptugma twn Φε
nm(x, k) thc morf c
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(2.14) Φε
nm(x, k) ∼ Ψε

nm(x, k) +
∞∑
l=1

ε
l
2Zε,(l)nm (x, k)

ìpou oi sunart seic Z
ε,(l)
nm dÐnontai apì th sqèsh

(2.15)

Z
ε,(l)
nm (x, k) = [Uε,(xk)Z̃

(l)
nm](x, k) = 1

ε Z̃
(l)
nm( x√

ε
, k√

ε
)

Z̃
(l)
nm(ξ, η) =

l∑
µ=0

W [ψ(µ)
n , ψ

(l−µ)
m ](ξ, η) ,

me W [f, g](x, k) = 1
π

∫
R e

−i2kσf(x+ σ)g(x− σ)dσ.

Gia na kataskeu�soume tic exis¸seic pou ikanopoioÔn oi suntelestèc Z
ε,(l)
nm antikata-

jistoÔme stic exis¸seic idiotim¸n (2.12) kai (2.13) to an�ptugma (2.14), kai exis¸noume tic

antÐstoiqec dun�meic thc mikr c paramètrou ε.

Efarmìzontac ton metasqhmatismì Uε,(xk) sta probl mata idiotim¸n (2.12), (2.13)

(qrhsimopoi¸ntac dhlad  thn allag  metablht¸n (x, k) → (ξ, η), ξ = x√
ε
, η = k√

ε
),

èqoume

(2.16) U−1
ε,(xk)L

εUε,(xk)U
−1
ε,(xk)Φ

ε
nm(x, k) =

i

ε
(Eεn − Eεm)U−1

ε,(xk)Φ
ε
nm(x, k)

(2.17) U−1
ε,(xk)M

εUε,(xk)U
−1
ε,(xk)Φ

ε
nm(x, k) =

1
2
(Eεn + Eεm)U−1

ε,(xk)Φ
ε
nm(x, k) .

Oi telestèc Lε kai Mε metasqhmatÐzontai stouc

L̃ε := [Uε,(xk)]
−1Lε[Uε,(xk)]

kai

M̃ ε := [Uε,(xk)]
−1Mε[Uε,(xk)]

Gia ton pl rh diaqwrismì twn dun�mewn tou ε ìmwc ja prèpei na anaptÔxoume kai touc

telestèc Lε kai Mε wc proc ε, to opoÐo eÐnai dunatìn jewr¸ntac arket� omal� dunamik�

V (x), opìte mac epitrèpetai na antikatast soume stic ekfr�seic twn Lε kaiMε (2.8),(2.9)
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to an�ptugma se seir� Taylor tou V (x). 'Etsi prokÔptoun ta anaptÔgmata

(2.18) Lε = k
∂

∂x
− V ′(x)

∂

∂k
−

∞∑
j=1

ε2j
(
i

2

)2j V (2j+1)(x)
(2j + 1)!

∂(2j+1)

∂k2j+1

kai

(2.19) Mε = −ε
2

8
4xk +H(x, k) +

∞∑
j=1

ε2j
(
i

2

)2j V (2j)(x)
(2j)!

∂
(2j)
k +

ε2

8
∂2
k .

AntÐstoiqa oi L̃ε, M̃ ε gr�fontai

(2.20) L̃ε = Lh + (ξ − 1√
ε
V ′(

√
εξ))

∂

∂η
−

∞∑
j=1

εj
(
i

2

)2j 1
(2j + 1)!

V (2j+1)(
√
εξ)√

ε

∂(2j+1)

∂η2j+1

kai

(2.21)
1
ε
M̃ ε = Mh + (

1
ε
V (
√
εξ)− ξ2

2
) +

∞∑
j=1

εj
(
−1
4

)j 1
(2j)!

V (2j)(
√
εξ)

∂(2j)

∂η2j
+

1
8
∂(2)

∂η2

ìpou

(2.22) Lh = η
∂

∂ξ
− ξ

∂

∂η
, Mh = −1

8
4ξη +

η2

2
+
ξ2

2
,

eÐnai oi telestèc Lε kai Mε met� ton metasqhmatismì Uε,(xk) gia ton armonikì talantwt 

Vh(x) = x2

2 .

Oi upojèseic (2.2) gia to dunamikì, mac epitrèpoun na antikatast soume me to an�p-

tugma Taylor tou dunamikoÔ kai twn parag¸gwn tou, gÔrw apì thn el�qisth tim  tou, thn

opoÐa upojèsame qwrÐc bl�bh na eÐnai V (0) = 0.

'Etsi oi telestèc L̃ε kai M̃ ε proseggÐzontai apì ta anaptÔgmata

(2.23) L̃ε ∼ Lε := Lh +
∞∑
ν=1

ε
ν
2Bν(ξ,

∂

∂η
)
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kai

(2.24)
1
ε
M̃ ε ∼ 1

ε
M ε := Mh +

∞∑
ν=1

ε
ν
2 Γν(ξ,

∂

∂η
)

ìpou

Bν(ξ, ∂∂η ) = −V (ν+2)(0)
[(ν−1)/2]+1∑

j=0

(
i
2

)2j 1
(2j+1)!

ξν+1−2j

(ν+1−2j)!
∂(2j+1)

∂η2j+1 , ν ≥ 1,

Γν(ξ, ∂∂η ) = V (ν+2)(0)
[ν/2]+1∑
j=0

(
i
2

)2j 1
(2j)!

ξν+2−2j

(ν+2−2j)!
∂(2j)

∂η2j , ν ≥ 1 ,

me V (j)(0) ≡ ∂jV
∂xj (0).

Sthn perÐptwsh pou to dunamikì eÐnai poluwnumikì, oi parap�nw proseggÐseic eÐnai

akribeÐc, dhlad  Lε ≡ L̃ε kai M ε ≡ M̃ ε.

To asumptwtikì an�ptugma (2.14) twn Φε
nm(x, k) stic nèec metablhtèc (ξ, η) gÐnetai

(2.25)
[
U−1
ε,(xk)Φ

ε
nm

]
(ξ, η) ∼ Ψnm(ξ, η) +

∞∑
l=1

ε
l
2 Z̃(l)

nm(ξ, η)

Antikajist¸ntac tic proseggÐseic Lε, M ε twn arqik¸n telest¸n, twn idiotim¸n Eεn

(2.2) kai twn idiosunart sewn Φε
nm(ξ, η) (2.25), stic exis¸seic idiotim¸n (2.16,2.17), prokÔptei

mia ierarqÐa problhm�twn idiotim¸n pou ikanopoioÔn oi sunart seic diìrjwshc Z̃
(l)
nm n,m =

0, 1, . . . , l ≥ 1

[
Lh −

i

2
(en − em)

]
Z̃(l)
nm(ξ, η) = B(l)

nm(ξ, η),(2.26) [
Mh −

1
4
(en + em)

]
Z̃(l)
nm(ξ, η) = G(l)

nm(ξ, η)

ìpou to dexiì mèloc twn (2.26) dÐnetai apì tic sqèseic

B
(l)
nm(ξ, η) = −

l∑
ν=1

Bν(ξ, ∂∂η )Z̃
(l−ν)
nm (ξ, η) + i

2

[l/2]∑
ν=1

(a(ν)
n − a

(ν)
m )Z̃(l−2ν)

nm (ξ, η) ,

G
(l)
nm(ξ, η) = −

l∑
ν=1

Γν(ξ, ∂∂η )Z̃
(l−ν)
nm (ξ, η) + 1

4

[l/2]∑
ν=1

(a(ν)
n + a

(ν)
m )Z̃(l−2ν)

nm (ξ, η) ,

Z̃
(0)
nm(ξ, η) := Ψnm(ξ, η) .



48 2. Ασυμπτωτικές λύσεις της εξίσωσης Wigner

MporeÐ epÐshc na apodeiqjeÐ me apeujeÐac upologismoÔc, qrhsimopoi¸ntac tic (2.5) ìti

oi sunart seic Z̃
(l)
nm(ξ, η) pou dÐnontai apì tic ekfr�seic (2.15) ikanopoioÔn tic exis¸seic

(2.26) gia k�je n,m = 0, 1 . . . kai l = 0, 1 . . . .

H ènnoia tou asumptwtikoÔ anaptÔgmatoc (2.14) perigr�fetai apì thn L2- ektÐmhsh

||
[
U−1
ε,(xk)Φ

ε
nm

]
−

N∑
l=0

ε
l
2 Z̃(l)

nm||L2(R2) = O(ε(N+1)/2).

Pr�gmati qrhsimopoi¸ntac thn anapar�stash[
U−1
ε,(xk)Φ

ε
nm

]
(ξ, η) = ε 1

πε

∫
R e

−i 2η√
ε
σ
uεn(

√
εξ + σ)uεm(

√
εξ − σ)dσ =

= 1
π

∫
R e

−i2ηy [U−1
ε uεn

]
(ξ + y)

[
U−1
ε uεm

]
(ξ − y)dy

kai thn tautìthta

[
U−1
ε uεn

]
(η)
[
U−1
ε uεm

]
(ξ)−

N∑
l=0

ε
l
2

l∑
µ=0

ψ
(µ)
n (η)ψ(l−µ)

m (ξ) =

=
([
U−1
ε uεn

]
(η)−

N∑
l=0

ε
l
2ψ

(l)
n (η)

)([
U−1
ε uεm

]
(ξ)−

N∑
l=0

ε
l
2ψ

(l)
m (ξ)

)
+

+
([
U−1
ε uεn

]
(η)−

N∑
l=0

ε
l
2ψ

(l)
n (η)

)
N∑
l=0

ε
l
2ψ

(l)
m (ξ)+

+
([
U−1
ε uεm

]
(ξ)−

N∑
l=0

ε
l
2ψ

(l)
m (ξ)

)
N∑
l=0

ε
l
2ψ

(l)
n (η)+

+
2N∑

l=N+1

ε
l
2

N∑
µ=l−N

ψ
(µ)
n (η)ψ(l−µ)

m (ξ)
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èqoume

||
[
U−1
ε,(xk)Φ

ε
nm

]
−

N∑
l=0

ε
l
2 Z̃

(l)
nm||2L2(R2) =∫

R
∫

R |
[
U−1
ε,(xk)Φ

ε
nm

]
(ξ, η)−

N∑
l=0

ε
l
2 Z̃

(l)
nm(ξ, η)|2dξdη =

=
∫

R
∫

R |
1
π

∫
R e

−i2ηy

([
U−1
ε uεn

]
(ξ + y)

[
U−1
ε uεm

]
(ξ − y)−

N∑
l=0

ε
l
2

l∑
µ=0

ψ
(µ)
n (ξ + y)ψ(l−µ)

m (ξ − y)

)
dy|2dξdη =

=
∫

R
∫

R |
[
U−1
ε uεn

]
(ξ + y)

[
U−1
ε uεm

]
(ξ − y)−

N∑
l=0

ε
l
2

l∑
µ=0

ψ
(µ)
n (ξ + y)ψ(l−µ)

m (ξ − y)|2dξdy =

=
∫

R
∫

R |
[
U−1
ε uεn

]
(η)
[
U−1
ε uεm

]
(ξ)−

N∑
l=0

ε
l
2

l∑
µ=0

ψ
(µ)
n (η)ψ(l−µ)

m (ξ)|2dηdξ ≤

≤ ||[U−1
ε uεn]−

N∑
l=0

ε
l
2ψ

(l)
n ||2L2(R)||[U

−1
ε uεm]−

N∑
l=0

ε
l
2ψ

(l)
m ||2L2(R)+

+||[U−1
ε uεn]−

N∑
l=0

ε
l
2ψ

(l)
n ||2L2(R)

N∑
l=0

ε
l
2 ||ψ(l)

m ||2L2(R) + ||[U−1
ε uεm]−

N∑
l=0

ε
l
2ψ

(l)
m ||2L2(R)

N∑
l=0

ε
l
2 ||ψ(l)

n ||2L2(R)+

+
2N∑

l=N+1

ε
l
2

N∑
µ=l−N

||ψ(µ)
n ||2L2(R)||ψ

(l−µ)
m ||2L2(R) .

Epeid  ψ
(µ)
n ∈ L2(R), µ = 0, 1, . . . , n = 0, 1, . . . kai

||[U−1
ε uεm]−

N∑
l=0

ε
l
2ψ(l)

m ||2L2(R) = O(ε(N+1)/2) ,

prokÔptei h zhtoÔmenh ektÐmhsh.

Parat rhsh . To paraqjèn asumptwtikì an�ptugma gia tic idiosunart seic tou kban-

tikoÔ telest  Liouville mporeÐ na kataskeuasjeÐ kai ap' eujeÐac me jewrÐa diataraq¸n

(Stationary perturbation theory) ston q¸ro f�sewn gÔrw apì tic Ψnm [20].

2.4 Asumptwtik� anaptÔgmata qrono-exart¸menwn sunart -

sewn Wigner

JewroÔme to prìblhma arqik¸n tim¸n, gia thn exÐswsh Schrödinger

(2.27)

{
iε∂ψ

ε

∂t = Ĥψε(x, t), x ∈ R, t > 0

ψε(x, 0) = ψε0(x)

kai to antÐstoiqo prìblhma arqik¸n tim¸n gia thn exÐswsh Wigner
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(2.28)

{
∂
∂tW

ε(x, k, t) + LεW ε(x, k, t) = 0, (x, k) ∈ R2, t > 0

W ε(x, k, t)|t=0 = W ε
0 (x, k)

ìpou W ε
0 (x, k) eÐnai o metasqhmatismìc Wigner twn arqik¸n dedomènwn ψε0(x).

Efarmìzontac th mèjodo Fourier, h kumatosun�rthsh ψε(x, t) anaptÔssetai stic idio-

sunart seic uεn tou telest  Ĥ, wc ex c

(2.29) ψε(x, t) =
∞∑
n=0

Aε0,nu
ε
n(x)e

−iEε
n
ε
t .

Oi suntelestèc Aε0,n dÐnontai apì thn probol  twn arqik¸n dedomènwn stic idiosunart -

seic

Aε0,n = (ψε0, u
ε
n)L2(R)

Antikajist¸ntac to an�ptugma (2.29) thc kumatosun�rthshc ston orismì tou metasqh-

matismoÔ Wigner

W ε(x, k, t) =
1
2π

∫ ∞

−∞
e−ikσψε

(
x+

εσ

2
, t
)
ψ
ε
(
x− εσ

2
, t
)
dσ ,

kai qrhsimopoi¸ntac ton orismì twn idiosunart sewn Moyal, katal goume sto antÐstoiqo

an�ptugma thc sun�rthshc Wigner wc proc tic idiosunart seic Moyal Φε
nm, to opoÐo èqei

th morf 

(2.30)

W ε(x, k, t) =
∑∞

n=0

∑∞
m=0A

ε
nm(t)Φε

nm(x, k)

Aεnm(t) =
(W ε

0 ,Φ
ε
nm)

L2(R2
xk

)

‖Φε
nm‖2L2(R2)

e−i
Eε

n−Eε
m

ε
t = ε(W ε

0 ,Φ
ε
nm)L2(R2

xk)e
−iEε

n−Eε
m

ε
t

Apì ton upologismì autì prokÔptei ìti oi suntelestèc to anaptÔgmatoc (2.30) sundèon-

tai me touc suntelestèc tou (2.29) me th sqèsh

Aεnm(t) = Aε0,nA
ε
0,me

−iEε
n−Eε

m
ε

t .
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2.4.1 Asumptwtikì an�ptugma thc seir�c idiosunart sewn

Sthn par�grafo aut  kataskeu�zoume èna asumptwtikì an�ptugma gia th lÔshW ε(x, k, t)

tou probl matoc arqik¸n tim¸n (2.28), qrhsimopoi¸ntac ta asumptwtik� anaptÔgmata twn

idiosunart sewn Moyal Φε
nm, kai anaptÔgmata twn suntelest¸n Aεnm(t) kont� sta antÐs-

toiqa megèjh gia ton armonikì talantwt .

Kat' arq n me qr sh thc allag c metablht c

[
Uε,(xk)f

]
(x, k) := ε−1f

(
x√
ε
,
k√
ε

)
, x ∈ R, k ∈ R, f ∈ L2(R2) ,

èqoume

ε(W ε
0 ,Φ

ε
nm)L2(R2

xk) =
(
[U−1
ε,(xk)W

ε
0 ],
[
U−1
ε,(xk)Φ

ε
nm

])
L2(R2

ξη)
,

kai qrhsimopoi¸ntac to an�ptugma (2.25) oi suntelestèc Aεnm(t) proseggÐzontai wc ex c

Aεnm(t) ∼

([U−1
ε,(xk)W

ε
0 ],Ψnm

)
L2(R2

ξη)
+

∞∑
j=1

ε
l
2

(
[U−1
ε,(xk)W

ε
0 ], Z̃(l)

nm

)
L2(R2

ξη)

 e−iEε
n−Eε

m
ε

t

Sth sunèqeia qrhsimopoi¸ntac to asumptwtikì an�ptugma (2.2) twn idiotim¸n Eεn kont�

stic antÐstoiqec idiotimèc en tou armonikoÔ talantwt , èqoume

2(Eεn − Eεm)
ε

∼ en − em +
N∑
l=1

εl(a(l)
n − a(l)

m ) +O(εN+1) ,

kai ex' aut c paÐrnoume to parak�tw an�ptugma twn qronik� talanteuìmenwn ekjetik¸n

ìrwn

e−i
Eε

n−Eε
m

ε
t ∼ e−i

en−em
2

t

1 + ε
∞∑
j=1

εj−1 (−it)j

j!

(
N∑
l=1

εl−1(a(l)
n − a(l)

m ) +O(εN )

)j
Sundu�zontac ta dÔo teleutaÐa anaptÔgmata, oi suntelestèc proseggÐzontai apì to

an�ptugma

(2.31) Aεnm(t) ∼ Aεh,nm(t) +
∞∑
j=1

ε
j
2 ∆ε

j,nm(t)



52 2. Ασυμπτωτικές λύσεις της εξίσωσης Wigner

ìpou

(2.32) Aεh,nm(t) =
(
[U−1
ε,(xk)W

ε
0 ],Ψnm

)
L2(R2

ξη)
e−i

en−em
2

t = ε(W ε
0 ,Ψ

ε
nm)L2(R2

xk)e
−i en−em

2
t ,

kai

∆ε
1,nm(t) = e−i

en−em
2

t
(
[U−1
ε,(xk)W

ε
0 ], Z̃(1)

nm

)
L2(R2

ξη)
,

∆ε
2,nm(t) = e−i

en−em
2

t

[(
[U−1
ε,(xk)W

ε
0 ], Z̃(2)

nm

)
L2(R2

ξη)
+ (−it)(a(1)

n − a(1)
m )

(
[U−1
ε,(xk)W

ε
0 ],Ψnm

)
L2(R2

ξη)

]
,

∆ε
3,nm(t) = e−i

en−em
2

t

[(
[U−1
ε,(xk)W

ε
0 ], Z̃(3)

nm

)
L2(R2

ξη)
+ (−it)(a(1)

n − a(1)
m )

(
[U−1
ε,(xk)W

ε
0 ], Z̃(1)

nm

)
L2(R2

ξη)

]
.

k.o.k

Antikajist¸ntac tic proseggÐseic (2.31) kai (2.14) twn suntelest¸n Aεnm(t) kai twn

idiosunart sewn Φε
nm, antÐstoiqa, sto an�ptugma idiosunart sewn (2.30), paÐrnoume to

akìloujo asumptwtikì an�ptugma gia thn W ε(x, k, t)

(2.33) W ε(x, k, t) ∼W ε
h(x, k, t) +

∞∑
l=1

εl/2Zε,(l)(x, k, t) ,

ìpou

(2.34) W ε
h(x, k, t) =

∞∑
n=0

∞∑
m=0

Aεh,nm(t)Ψε
nm(x, k) ,

eÐnai h lÔsh tou probl matoc arqik¸n tim¸n

(2.35)
∂
∂tW

ε
h(x, k, t) + LhW ε

h(x, k, t) = 0, (x, k) ∈ R2, t > 0 ,

W ε(x, k, t)|t=0 = W ε
0 (x, k)

me

Lh = k
∂

∂x
− x

∂

∂k

To prìblhma (2.35) afor� thn exèlixh thc sun�rthshc Wigner gia ton antÐstoiqo armonikì

talantwt , me arqik� dedomèna ta pl rh arqik� dedomèna W ε
0 (x, k).



2.4. Ασυμπτωτικά αναπτύγματα χρονο-εξαρτώμενων συναρτήσεων Wigner 53

2.4.2 Asumptwtikì an�ptugma kont� sth lÔsh armonikoÔ talantwt 

'Eqontac up' ìyin thn parap�nw �armonik � prosèggish, pou proèkuye apì thn asumptwtik 

an�lush thc seir�c idiosunart sewn gia thn W ε(x, k, t), jewroÔme, anex�rthta plèon apì

thn exÐswsh Schrödinger, to parak�tw upokat�stato (ansatz), wc prosèggish thc qro-

noexart¸menhc sun�rthshc Wigner W ε(x, k, t),

(2.36) W ε(x, k, t) ∼W ε
h(x, k, t) +

∞∑
l=1

εl/2Zε,(l)(x, k, t) ,

ìpou o �pr¸tos� ìroc W ε
h(x, k, t) ikanopoieÐ to prìblhma arqik¸n tim¸n (2.35), pou antis-

toiqeÐ ston armonikì talantwt . Sth sunèqeia ja anaferìmaste sto upokat�stato (2.36),

me ton ìro �armonik  prosèggish thc sun�rthshc Wigner�.

Gia na qrhsimopoi soume thn armonik  prosèggish kai na kataskeu�soume exis¸seic

gia ton upologismì twn Zε,(l), all�zoume tic metablhtèc se (ξ, η) ìpwc sthn Par�grafo

2.2, kai jètontac f̃(ξ, η, t) = [U−1
ε,(xk)f ](ξ, η, t), to an�ptugma (2.36) gr�fetai isodÔnama

(2.37) W̃ ε(ξ, η, t) ∼ W̃ ε
h(ξ, η, t) +

∞∑
l=1

εl/2Z̃ε,(l)(ξ, η, t) .

Stic nèec metablhtèc h kbantik  exÐswsh Liouville gÐnetai

(2.38)

{
∂
∂tW̃

ε(ξ, η, t) + L̃εW̃ ε(ξ, η, t) = 0

W̃ ε(x, k, t)|t=0 = W̃ ε
0 (x, k) .

Antikajist¸ntac to an�ptugma (2.37) gia thn W̃ ε(ξ, η, t) kai to an�ptugma Lε sthn

jèsh tou L̃ε (2.23) sthn exÐswsh (2.38), kai exis¸nontac touc suntelestèc twn dun�mewn

tou ε, katal goume sthn akìloujh ierarqÐa problhm�twn arqik¸n tim¸n gia tic W̃ ε
h(ξ, η, t)

kai Z̃ε,(l)(ξ, η, t), l ≥ 1.

(2.39)

{
∂
∂tW̃

ε
h(ξ, η, t) + LhW̃

ε
h(ξ, η, t) = 0

W̃ ε
h(ξ, η, t)|t=0 = W̃ ε

0 (ξ, η) ,
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(2.40)

{
∂
∂t Z̃

ε,(l)(ξ, η, t) + LhZ̃
ε,(l)(ξ, η, t) = Dε,(l)(ξ, η, t), l ≥ 1

Z̃ε,(l)(ξ, η, t)|t=0 = 0 ,

ìpou

Dε,(l)(ξ, η, t) = −Bl(ξ,
∂

∂η
)W̃ ε

h(ξ, η, t)−
l−1∑
ν=1

Bν(ξ,
∂

∂η
)Z̃ε,(l−ν)(ξ, η, t)

Parat rhsh. Ta arqik� dedomèna èqoun �fortwjeÐ� ex' olokl rou sto prìblhma

mhdenik c t�xhc gia to W ε
h , opìte ìla ta epìmena probl mata ja èqoun mhdenik� arqik�

dedomèna. Me aut  epilog  apofeÔgoume na anaptÔxoume ta arqik� dedomèna W̃ ε
0 wc proc

thn mikr  par�metro ε, epilog  h opoÐa gia WKB arqik� dedomèna ψε0 , ja odhgoÔse se

an�ptugma me suntelestèc katanomèc (sugkekrimèna sunart seic Dirac, bl. [68] ). 'Amesh

sunèpeia aut c thc epilog c, eÐnai ìti oi suntelestèc Z̃ε,(l) ja exart¸ntai apì to ε, kai

ètsi to an�ptugma den eÐnai èna �kajarì� hmi-klassikì an�ptugma ([60]).

Gia thn epÐlush twn parap�nw problhm�twn arkeÐ na parathr soume ìti èna prìblhma

arqik¸n tim¸n gia ton telest  ∂
∂t + Lh mporeÐ na oloklhrwjeÐ efarmìzontac thn mèjodo

twn qarakthristik¸n, dhlad  k�je prìblhma thc morf c

(2.41)

{
∂
∂tf(ξ, η, t) + Lhf(ξ, η, t) = g(ξ, η, t)

f(ξ, η, t)|t=0 = f0(ξ, η)

èqei lÔsh

(2.42) f(ξ, η, t) = f0(g−th (ξ, η)) +
∫ t

0
g(g−(t−s)

h (ξ, η), s)ds

ìpou gth(q, p) eÐnai h Qamiltwnian  ro  tou armonikì talantwt , h lÔsh dhlad  tou Qamiltwni-

anoÔ sust matoc
dξ

dt
= η ,

dη

dt
= −ξ ,

me arqikèc sunj kec

ξ(t = 0; q, p) = q, η(t = 0; q, p) = p ,

opìte



2.4. Ασυμπτωτικά αναπτύγματα χρονο-εξαρτώμενων συναρτήσεων Wigner 55

gth(q, p) =
(
gth,1(q, p), g

t
h,2(q, p)

)
= (ξ(q, p, t) = q cos(t) + p sin(t), η(q, p, t) = p cos(t)− q sin(t)) ,

kai

(2.43)
g−th (ξ, η) =

(
g−th,1(ξ, η), g

−t
h,2(ξ, η)

)
=
(
q(ξ, η, t) := ξ cos(t)− η sin(t), p(ξ, η, t) := η cos(t) + ξ sin(t)

)
Epomènwc oi lÔseic twn problhm�twn (2.39) kai (2.40) dÐnontai apì tic sqèseic

(2.44) W ε
h(ξ, η, t) = W ε

0 (q(ξ, η, t), p(ξ, η, t))

kai

(2.45) Z̃ε,(l)(ξ, η, t) =
∫ t

0
Dε,(l)(q(ξ, η, t− s), p(ξ, η, t− s)), s)ds

Parat rhsh. H ex�rthsh twn sunart sewn suntelest¸n W̃ ε
h(ξ, η, t), Z̃ε,(l)(ξ, η, t)

apì to ε, proèrqetai apokleistik� apì ta ε-exart¸mena arqik� dedomèna W ε
0 .

2.4.3 Ektim seic sf�lmatoc gia thn �armonik  prosèggish�

H isqÔc tou anaptÔgmatoc (2.36) exart�tai isqur� apì tic idiìthtec tou dunamikoÔ V (x)

kai ta arqik� dedomèna W ε
0 . Gia ta dunamik� upojètoume ìti isqÔoun oi (2.2). 'Oson

afor� ta arqik� dedomèna ja jewr soume dÔo peript¸seic, prokeimènou na katast soume

emfan  th duskolÐa pou anakÔptei apì WKB arqik� dedomèna gia thn kumatosun�rthsh.

Pr¸ton, ekeÐna ta opoÐa met� ton metasqhmatismì U−1
ε,xk eÐnai anex�rthta apì to ε, ìpou

apodeiknÔoume thn isqÔ tou anaptÔgmatoc sthn L2 nìrma. DeÔteron, ekeÐna ta opoÐa

prokÔptoun apì ton metasqhmatismì Wigner sugkekrimènwn WKB arqik¸n dedomènwn,

ìpou apodeiknÔoume ektÐmhsh tou upoloÐpou se mia L2 nìrma me kat�llhlo b�roc.

H idèa thc apìdeixhc twn jewrhm�twn pou akoloujoÔn eÐnai basismènh sthn teqnik  pou

qrhsimopoioÔn oi Bouzouina & Robert [14], ìpou apodeiknÔoun ektÐmhsh tou upoloÐpou

sthn L2 nìrma telest¸n, gia to hmiklassikì asumptwtikì an�ptugma thc exèlixhc kbantik�

parathr simwn posot twn Â(t), gia C∞ Qamiltwnianèc pou aux�noun to polÔ tetragwnik�

sto �peiro, kai sÔmbolo A(x, k, t) pou epidèqetai, wc proc ε, kanonikì asumptwtikì an�p-

tugma A(x, k, t) ∼ A0(x, k, t) +
∑

j≥1 ε
jAj(x, k, t).
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Je¸rhma 2.2. 'Estw W̃ ε lÔsh tou probl matoc arqik¸n tim¸n (2.38) me arqik� de-

domèna f̃0(ξ, η) ∈ S(R2) anex�rthta apì thn par�metro ε. Tìte, gia k�je fusikì N ,

W̃ ε(ξ, η, t) =
N∑
l=0

εl/2Z̃(l)(ξ, η, t) +RN+1(ξ, η, t)

ìpou oi Z̃(l) dÐnontai apì tic sqèseic (2.45). Epiplèon isqÔei to parak�tw fr�gma gia to

upìloipo

‖ RN+1(t)‖L2(R2
ξη) ≤ CNe

tε(N+1)/2.

Mia endiafèrousa efarmog  tou Jewr matoc autoÔ eÐnai h perÐptwsh pou ta arqik�

dedomèna f̃0(ξ, η) proèrqontai apì mia sunoqik  (coherent) arqik  kumatosun�rthsh

ψε0(x) =
(

1
πε

)1/4

e
ik0x

ε e−
(x−x0)2

2ε ,

opìte o metasqhmatismìc Wigner touc eÐnai

f̃0(ξ, η) = [U−1W ε
0 ](ξ, η) =

1
π
e−(ξ−ξ0)2e−(η−η0)2 ,

ìpou ξ0 = x0√
ε
, η0 = k0√

ε
. ParathroÔme ìti h f̃0(ξ, η) ∈ S(R2), kai eÐnai anex�rthth thc

paramètrou ε.

AntÐstoiqo apotèlesma isqÔei kai sthn perÐptwsh pou h arqik  kumatosun�rthsh

ψε0(x) ∈ L2(R) eÐnai WKB morf c ψε0(x) = α0(x)ei
S0(x)

ε , all� epeid  ta arqik� dedomèna

f̃0(ξ, η) = f̃ε0 (ξ, η) exart¸ntai apì to ε, mia L2 ektÐmhsh tou sf�lmatoc odhgeÐ se arn-

htikèc dun�meic tou ε, k�ti pou eÐnai anamenìmeno afoÔ to ìrio kaj¸c to ε teÐnei sto mhdèn

tou metasqhmatismoÔ Wigner miac WKB kat�stashc eÐnai katanom  Dirac. Gia na ektim -

soume to upìloipo sthn perÐptwsh aut , epilègoume mia L2 nìrma me sun�rthsh b�rouc

rε(ξ, η) = e−
ξ2+η2

ε2 (Gaussian sun�rthsh sugkentrwmènh sthn arq  twn axìnwn me apìk-

lish ε2). To epìmeno je¸rhma loipìn dÐnei mia ektÐmhsh tou upoloÐpou gia to an�ptugma,

se mia L2 nìrma me b�roc gia sugkekrimènou tÔpou arqik� dedomèna.

Je¸rhma 2.3. 'Estw W̃ ε lÔsh tou probl matoc arqik¸n tim¸n (2.38) me arqik� de-

domèna f̃ε0 (ξ, η) = [U−1W ε
0 ](ξ, η), ìpou W ε

0 eÐnai o metasqhmatismìc Wigner miac WKB



2.4. Ασυμπτωτικά αναπτύγματα χρονο-εξαρτώμενων συναρτήσεων Wigner 57

arqik c kumatosun�rthshsc ψε0(x) = α0(x)ei
S0(x)

ε , me

α0(x) = e−x
2/2 , kai S0(x) = x2/2   S0(x) = x .

Tìte, gia k�je fusikì N ,

W̃ ε(ξ, η, t) =
N∑
l=0

εl/2Z̃ε,(l)(ξ, η, t) +Rε,N+1(ξ, η, t)

ìpou oi Z̃ε,(l) dÐnontai apì thn sqèsh (2.45). Epiplèon isqÔei to parak�tw fr�gma gia to

upìloipo

‖Rε,N+1(t)‖L2
rε
≤ CNe

tε(N+1)/2 ,

ìpou ‖ · ‖L2
rε

sumbolÐzei thn L2
rε nìrma,

‖f‖L2
rε

=
(∫

R2

|f(ξ, η)|2rε(ξ, η)dξdη
)1/2

,

me rε(ξ, η) = e−
ξ2+η2

ε2 .

Sth sunèqeia ja sumbolÐzoume me ‖ · ‖ tic nìrmec ‖ · ‖L2
rε

  ‖ · ‖L2 kai ja tic gr�foume

pl rwc ìpou qrei�zetai h diaforopoÐhsh touc. Oi stajerèc CN eÐnai thc morf cN !Nα , α >

0 (bl. sqetik� kai [14].

Gia thn apìdeixh twn Jewrhm�twn 2.2 kai 2.3 ja qreiastoÔme tic parak�tw prot�-

seic/l mmata.

L mma 2.1. (TÔpoc Faa di Bruno [18] , [14] ).

'Estw f : R2 → R, g : R2 → R2 arket� omalèc apeikonÐseic. Gia k�je deÐkth ν ∈ N2

kai z = (ξ, η) ∈ R2 ,

∂ν (f ◦ g) (z) =
∑

0 6=|γ|≤|ν|, γ∈N2

[(∂γf) ◦ g] (z)Bν,γ [∂g] (z)

ìpou

Bν,γ [∂g] = ν!
∑
αβ

∏
β 6=0

1
αβ!

(
∂βg1
β!

)αβ1
(
∂βg2
β!

)αβ2
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me β = (β1, β2), αβ = (αβ1 , αβ2)∑
αβ1 = γ1,

∑
αβ2 = γ2,

∑
β1αβ1 = ν1,

∑
β2αβ2 = ν2.

L mma 2.2. Gia thn Qamiltwnian  ro  tou armonikoÔ talantwt  gth = gth(ξ, η), kai gia

k�je (ξ, η, t) isqÔoun

i) |∂ηg±th,i| ≤ 1, |∂ξg±th,i| ≤ 1,

∂νηg
±t
h,i = Oν×ν , ∂νξ g

±t
h,i = Oν×ν , i = 1, 2, ν = 2, 3, . . . .

ìpou Oν×ν sumbolÐzei ton mhdenikì ν × ν pÐnaka.

ii) |g±th,i(ξ, η)|
ν ≤ (|ξ|+ |η|)ν , i = 1, 2, ν = 1, 2, . . .

iii) ∣∣Bν,γ [∂g−th ]∣∣ ≤ Cν,γ

ìpou Bν,γ emfanÐzetai sto prohgoÔmeno L mma.

iv) Gia k�je f(ξ, η) ∈ S(R2)

‖f(g−th )‖ = ‖f‖

L mma 2.3. 1. Gia k�je f̃0(ξ, η) ∈ S(R2) kai gia k�je m ≥ 1 isqÔei

‖(|ξ|+ |η|)m∂β f̃0‖L2 ≤ Cm,β

2. Gia f̃ε0 (ξ, η) ìpwc sto Je¸rhma 2.3 isqÔei

‖(|ξ|+ |η|)m∂β f̃ε0‖L2
rε
≤ εm+1Cβ

ìpou β = (β1, β2) ∈ N2, ∂βf = ∂β1

ξ ∂
β2
η f

Apìdeixh

To pr¸to mèroc tou L mmatoc eÐnai �meso afoÔ f̃0(ξ, η) ∈ S(R2).
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Gia thn apìdeixh tou deÔterou mèrouc, qrhsimopoioÔme thn analutik  morf  twn ar-

qik¸n dedomènwn f̃ε0 (ξ, η), gia α0(x) = e−x
2/2 kai S0(x) = x2/2. H perÐptwsh me S0(x) = x

apodeiknÔetai an�loga. O metasqhmatismìc Wigner dÐnetai apì th sqèsh

f̃ε0 (ξ, η) =
1
π
e−εξ

2
e−

(η−ξ)2

ε

An β = (β1, β2) ∈ N2, β 6= 0 tìte

∂β f̃ε0 (ξ, η) = (
√
ε)−|β|

(−2i)β22−|β|ei|β|π/2√
π

e−εξ
2
e−

(η−ξ)2

ε

β1∑
j=0

(
β1

j

)
(−2)je−ijπ/2Hj(

√
εξ)H|β|−j

(
η − ξ√

ε

)

ìpou Hj eÐnai oi sunart seic Hermite.

O ìroc pou epikrateÐ gia mikrèc timèc tou ε sthn ∂β f̃ε0 (ξ, η) eÐnai

Gεβ(ξ, η) = ε−|β|cβe
−εξ2e−

(η−ξ)2

ε (η − ξ)|β| ,

me cβ = (−2i)β22−|β|ei|β|π/2/
√
π.

Epomènwc arkeÐ na apodeÐxoume èna fr�gma gia ton ìro (|ξ|+ |η|)mGεβ , afoÔ

‖(|ξ|+ |η|)m∂β f̃ε0‖L2
rε
≤

m∑
j=1

‖|ξ|j |η|m−j∂β f̃ε0‖L2
rε
∼

m∑
j=1

‖|ξ|j |η|m−jGεβ‖L2
rε

kai

‖|ξ|j |η|m−jGεβ‖2L2
rε

= c2βε
−2|β| ∫

R
∫

R |ξ|
2j |η|2(m−j)(η − ξ)2|β|e−2εξ2e−

2(η−ξ)2

ε e−
ξ2+η2

ε2 dξdη

= c2βε
−2|β|+2|β|+2m+2

∫
R
∫

R |ξ|
2j |η|2(m−j)(η − ξ)2|β|e−2ε3ξ2e−2ε(η−ξ)2e−(ξ2+η2)dξdη = ε2m+2c2βc

ε

ìpou cε → c ≤ ∞, kaj¸c ε→ 0.

Epomènwc apodeÐxame to zhtoÔmeno

‖(|ξ|+ |η|)m∂β f̃ε0‖L2
rε
≤ εm+1Cβ

�

Prìtash 2.1. 1. Gia k�je f ∈ S(R2) kai νj ∈ N, j = 1, 2 . . . isqÔei
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(2.46)

‖Bν1
[
Bν2

[
. . .Bνj

[
f(g−tj+1

h )
]
. . .
]
(g−(t1−t2)
h , t2)

]
(g−(t−t1)
h , t1)‖L2 ≤ Cν1,...,νj

2. Gia f̃ε0 (ξ, η) ìpwc sto Je¸rhma 2.3, kai νj ∈ N, j = 1, 2 . . . isqÔei

(2.47)

‖Bν1
[
Bν2

[
. . .Bνj

[
f(g−tj+1

h )
]
. . .
]
(g−(t1−t2)
h , t2)

]
(g−(t−t1)
h , t1)‖L2

rε
≤ Cν1,...,νj

Apìdeixh

UpenjumÐzoume ìti oi telestèc Bνj dÐnontai apì th sqèsh

Bνj = −V (νj+2)(0)
[(νj−1)/2]+1∑

λj=0

cλj ,νj
ξνj+1−2λj

∂(2λj+1)

∂η2λj+1
,

me cλj ,νj
=
(
i
2

)2λj 1
(2λj+1)!(νj+1−2λj)!

Apì to L mma 2.2(iv) to aristerì mèloc twn (2.46), (2.47) eÐnai Ðso me

‖Bν1
[
Bν2

[
. . .Bνj

[
f(g−tj+1

h )
]
. . .
]
(g−(t1−t2)
h , t2)

]
‖ ,

kai epomènwc arkeÐ na ektim soume aut  thn posìthta.

Arqik� apodeiknÔoume thn (2.46) gia k�je j, dÐnontac me leptomèreia tic peript¸seic j = 1

kai j = 2.

Gia j = 1 èqoume,

‖Bν1
[
f(g−t1h )

]
‖L2 ≤ |V (ν1+2)(0)|

[(ν1−1)/2]+1∑
λj=0

cλ1,ν1‖ξν1+1−2λ1
∂(2λ1+1)

∂η2λ1+1
f(g−t1h )‖L2

≤
[(ν1−1)/2]+1∑

λj=0

cλ1,ν1

∑
0 6=|γ|≤ν1

C ′ν1,γ‖ξ
ν1+1−2λ1

[
(∂γf) ◦ g−th

]
(z)
∣∣Bν1,γ [∂g−th ]∣∣ ‖L2

≤
[(ν1−1)/2]+1∑

λj=0

cλ1,ν1

∑
0 6=|γ|≤ν1

Cν1,γ‖(g−th,1)
ν1+1−2λ1∂γf(z)‖L2

=
[(ν1−1)/2]+1∑

λj=0

cλ1,ν1

∑
0 6=|γ|≤ν

Cν1,γ‖(|ξ|+ |η|)ν1+1−2λ1∂γf(z)‖L2
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ìpou sto pr¸to b ma qrhsimopoi same ton tÔpo Faa di Bruno, kai sta dÔo epìmena to

L mma 2.2(ii),(iii).

Apì to pr¸to mèroc tou L mmatoc 2.3 k�je ìroc ‖(|ξ|+|η|)ν1+1−2λ1(∂γf(z)‖L2 ≤ Cλ1,ν1,γ ,

epomènwc

‖Bν1
[
f(g−t1h )

]
‖L2 ≤ |V (ν1+2)(0)|

[(ν1−1)/2]+1∑
λ1=0

cλ1,ν1Cλ1,ν1 ≤ Cν1 ,

dhlad  isqÔei h (2.46) gia j = 1.

Gia j = 2,

‖Bν1
[
Bν2

[
f(g−t2h )

]
(g−(t1−t2)
h )

]
‖ ≤

≤ |V (ν1+2)(0)|
[(ν1−1)/2]+1∑

λj=0

cλ1,ν1

∑
|β1|≤2λ1+1

cβ‖(|ξ|+ |η|)ν1+1−2λ1∂β
[
Bν2

[
f(g−t2h )

]]
‖

≤ |V (ν1+2)(0)||V (ν2+2)(0)|
[(ν1−1)/2]+1∑

λ1=0

[(ν2−1)/2]+1∑
λ2=0

cλ1,ν1cλ2,ν2∑
|β1|≤2λ1+1

cβ‖(|ξ|+ |η|)ν1+1−2λ1∂β
[
ξν2+1−2λ2∂2λ2+1

η

[
f(g−t2h )

]]
‖

≤
∏
i=1,2

|V (νi+2)(0)|
ν`
1∑

λ1=0

ν`
2∑

λ2=0

∑
|β1|≤u1

β1∑
α1=0

∑
|β2|≤u2

C(ν1, ν2, λ1, β
1, β2, α1)‖(|ξ|+ |η|)γ1∂β2

f‖

ìpou

ν`i = [(νi − 1)/2] + 1, βi ∈ N2, u1 = λ1 + 1, u2 = (β1
1 − α1, β

1
2 + λ2 + 1) ,

kai

γ1 = ν1 + ν2 + 2− 2λ1 − 2λ2 − α1 ,

kai epomènwc

‖Bν1
[
Bν2

[
f(g−t2h )

]
(g−(t1−t2)
h )

]
‖L2 ≤ Cν1,ν2 .

AntÐstoiqa apodeiknÔetai h genik  perÐptwsh gia k�je j ≥ 3, efarmìzontac diadoqik� ton

tÔpo Faa di Bruno, ton tÔpo Leibniz kai to L mma 2.2, opìte
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‖Bν1
[
Bν2

[
. . .Bνj

[
f(g−tj+1

h )
]
. . .
]
(g−(t1−t2)
h , t2)

]
(g−(t−t1)
h , t1)‖L2 ≤

(2.48)

≤
j∏
i=1

|V (νi+2)(0)|
ν`
1∑

λ1=0

∑
|β1|≤u1

· · ·
ν`

j∑
λj=0

∑
αj−1

∑
|βj |≤uj

C(νi, λi, βi, αi)‖(|ξ|+ |η|)γj−1∂β
j
f‖L2 ≤ Cν1,...,νj

me

ν`i = [(νi − 1)/2] + 1, βi ∈ N2 ,

kai

γi =
i∑

k=1

(νk + 1− 2λk)−
i−1∑
k=1

αk .

Gia thn apìdeixh tou deÔterou mèrouc akoloujoÔme thn Ðdia diadikasÐa me thn prohgoÔ-

menh, qrhsimopoi¸ntac to deÔtero mèroc tou L mmatoc 2.3 antÐ tou pr¸tou, ìpou qreiazì-

maste fr�gma gia k�je ìro ‖(|ξ| + |η|)γj−1∂β
j
f‖L2

rε
, dhlad  ‖(|ξ| + |η|)γj−1∂β

j
f‖L2

rε
≤

εγj−1+1Cβj . Aut  h ektÐmhsh kai to gegonìc ìti to γj−1 sthn èkfrash (2.48) den paÐrnei

arnhtikèc timèc, dÐnoun

‖Bν1
[
Bν2

[
. . .Bνj

[
f(g−tj+1

h )
]
. . .
]
(g−(t1−t2)
h , t2)

]
(g−(t−t1)
h , t1)‖L2

rε
≤ Cν1,...,νj �

Sundu�zontac tic parap�nw prot�seic/l mmata dÐnoume sthn sunèqeia tic apodeÐxeic

twn Jewrhm�twn 2.2 kai 2.3.

Apìdeixh tou Jewr matoc 2.2

To sf�lma t�xhc N + 1 sto asumptwtikì an�ptugma eÐnai

RN+1(ξ, η, t) := W̃ ε(ξ, η, t)−
N∑
l=0

εl/2Z̃ε,(l)(ξ, η, t), N = 0, 1, . . .

Gia k�je N , to RN+1(ξ, η, t) eÐnai lÔsh tou probl matoc arqik¸n tim¸n
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(2.49)

{
∂
∂tR

N+1(ξ, η, t) + LhR
N+1(ξ, η, t) = −

∑N+1
ν=1 Bν

[
RN+1−ν] (ξ, η, t)

RN+1(ξ, η, t)|t=0 = 0

ìpou R0 = W̃ ε
h , Bν := Bν(ξ, ∂∂η ).

SÔmfwna me thn arq  Dunhamel h lÔsh tou probl matoc (2.49), dÐnetai apì th sqèsh

RN+1(ξ, η, t) = −
∫ t

0

N+1∑
ν=1

εν/2Bν
[
RN+1−ν] (g−(t−s)

h (ξ, η), s)ds, N = 0, 1, . . .

Efarmìzontac thn parap�nw sqèsh anadromik� gia k�je RN+1−ν prokÔptei

RN+1(ξ, η, t) = ε
N+1

2

{
−
∫ t

0
dt1BN+1

[
f̃0(g−t1h )

] (
g
−(t−t1)
h , t1

)
+
∫ t

0
dt1

∫ t1

0
dt2BN

[
B1

[
f̃0(g−t2h )

] (
g
−(t1−t2)
h , t2

)](
g
−(t−t1)
h , t1

)
+
∫ t

0
dt1

∫ t1

0
dt2BN−1

[
B2

[
f̃0(g−t2h )

] (
g
−(t1−t2)
h , t2

)](
g
−(t−t1)
h , t1

)
dt1dt2

−
∫ t

0
dt1

∫ t1

0
dt2

∫ t2

0
dt3BN−1

[
B1

[
B1

[
f̃0(g−t3h )

] (
g
−(t2−t3)
h , t3

)](
g
−(t1−t2)
h , t2

)](
g
−(t−t1)
h , t1

)
+ . . .

+(−1)N
∫ t

0
dt1

∫ t1

0
dt2 . . .

∫ tN

0
dtN+1B1

[
B1

[
. . .B1

[
f̃0(g

−tN+1

h )
]
. . .
] (
g
−(t1−t2)
h , t2

)](
g
−(t−t1)
h , t1

)}

ìpou f̃0(ξ, η) eÐnai ta arqik� dedomèna tou probl matoc arqik¸n tim¸n gia thn W̃ ε(ξ, η, t).

Sunep¸c

‖RN+1(ξ, η, t)‖L2 ≤ ε
N+1

2

{∫ t

0
dt1‖BN+1

[
f0(g−t1h )

]
(g−(t−t1)
h , t1)‖L2

+
∫ t

0
dt1

∫ t1

0
dt2‖BN

[
B1

[
f0(g−t2h )

]
(g−(t1−t2)
h , t2)

]
(g−(t−t1)
h , t1)‖L2

+ . . .

+
∫ t

0
dt1

∫ t1

0
dt2 . . .

∫ tN

0
dtN+1‖B1

[
B1

[
. . .B1

[
f0(g

−tN+1

h )
]
. . .
]
(g−(t1−t2)
h , t2)

]
(g−(t−t1)
h , t1)‖L2

}

Apì thn upìjesh tou Jewr matoc h sun�rthsh f̃0(ξ, η) ∈ S(R2) kai eÐnai anex�rthth apì
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thn par�metro ε, epomènwc mporoÔme na efarmìsoume to pr¸to mèroc thc Prìtashc 2.1

pou ja mac d¸sei ìti k�je ìroc tou ajroÐsmatoc sto dexiì mèloc thc anisìthtac eÐnai

fragmènoc.

'Etsi sÔmfwna me thn parap�nw sqèsh

‖RN+1(ξ, η, t)‖L2 ≤ ε
N+1

2 CN

{∫ t

0
dt1 +

∫ t

0
dt1

∫ t1

0
dt2 + · · ·+

∫ t

0
dt1 . . .

∫ tN

0
dtN+1

}
,

h ‖RN+1(ξ, η, t)‖L2 ≤ ε
N+1

2 CN

N+1∑
k=1

tk

k!
,

h ‖RN+1(ξ, η, t)‖L2 ≤ ε
N+1

2 CNe
t .

�

Apìdeixh tou Jewr matoc 2.3

Gia α0(x) = e−x
2/2, kai S0(x) = x2/2, èqoume

f̃ε0(ξ, η) =
1√
π
e−εξ

2
e−

(η−ξ)2

ε ,

en¸ gia S0(x) = x èqoume

f̃ε0(ξ, η) =
1√
π
e−εξ

2
e−

(η−1)2

ε .

Kai stic dÔo peript¸seic isqÔei f̃ε0(ξ, η) ∈ S(R2), kai epomènwc akolouj¸ntac ta b ma-

ta thc prohgoÔmenhc apìdeixhc kai to efarmìzontac to deÔtero mèroc thc Prìtashc 2.1

èqoume

‖RN+1(ξ, η, t)‖L2
rε
≤ ε

N+1
2 CN

{∫ t

0
dt1 +

∫ t

0
dt1

∫ t1

0
dt2 + · · ·+

∫ tN

0
dtN+1

}
⇒

‖RN+1(ξ, η, t)‖L2
rε
≤ ε

N+1
2 CNe

t

�
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2.4.4 Asumptwtikì an�ptugma kont� sth lÔsh thc exÐswshc Li-

ouville

UpenjumÐzoume ìti o telest c Lε anaptÔssetai (bl. 2.18) ) gÔrw apì ton klassikì telest 

Liouville

Lc ≡ k
∂

∂x
− V ′(x)

∂

∂k
,

sth morf 

Lε = Lc −
∞∑
j=1

ε2jΘj(x,
∂

∂k
) ,

ìpou

Θj(x,
∂

∂k
) ≡

(
i

2

)2j V (2j+1)(x)
(2j + 1)!

∂(2j+1)

∂k2j+1
.

Parathr¸ntac ìti kaj¸c ε → 0, o Lε tautÐzetai me ton klassikì telest  Lc, eÐnai
fusiologikì loipìn na upojèsoume gia thn lÔsh thc kbantik c exÐswshc Liouville, èna

an�ptugma thc morf c

(2.50) W ε(x, k, t) ∼W ε
c (x, k, t) +

∞∑
l=1

ε2lZε,(l)c (x, k, t) .

Sth sunèqeia anaferìmaste sto an�ptugma autì wc �klassik  prosèggish�.

Antikajist¸ntac to (2.50) sthn exÐswsh (1.26)

∂

∂t
W ε(x, k, t) + LεW ε(x, k, t) = 0 ,

kai diaqwrÐzontac tic t�xeic tou ε, brÐskoume eÔkola ìti o suntelest cW ε
c (x, k, t) ikanopoieÐ

to prìblhma

(2.51)

{
∂
∂tW

ε
c (x, k, t) + LcW ε

c (x, k, t) = 0

W ε
c (x, k, t)|t=0 = W ε

0 (x, k) ,

kai oi Z
ε,(l)
c thn akoloujÐa problhm�twn arqik¸n tim¸n

(2.52)

{
∂
∂tZ

ε,(l)
c (x, k, t) + LcZε,(l)c (x, k, t) = Θ(l)(x, k, t), l ≥ 1

Z
ε,(l)
c (x, k, t)|t=0 = 0
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ìpou

Θ(l)(x, k, t) =
l∑

j=1

Θj(x,
∂

∂k
)Zε,(l−j)c (x, k, t) ,

kai Z
ε,(0)
c = W ε

c .

Oi lÔseic twn problhm�twn (2.51) kai (2.52), efarmìzontac thn mèjodo twn qarak-

thristik¸n, gr�fontai analutik� sth morf 

(2.53)

W ε
c (x, k, t) = W ε

0 (qV (x, k,−t), pV (x, k,−t))

Z
ε,(l)
c (x, k, t) =

∫ t
0 Θ(l)(qV (x, k, t− s), pV (x, k, t− s), s)ds

ìpou qV (x, k, t) , pV (x, k, t)) eÐnai oi lÔseic tou QamiltwnianoÔ sust matoc

(2.54)

dqV
dt = pV ,

dpV
dt = −V ′(qV )

qV (0) = x, pV (0) = k .

Parat rhsh 1 (epÐ thc morf c tou �klassikoÔ anaptÔgmatoc �).

a. To an�ptugma (2.50), to opoÐo prot�jhke gia pr¸th for� apì ton Narcowich [60], den

eÐnai èna hmiklassikì an�ptugma diìti ìloi oi suntelestèc tou exart¸ntai apì to ε, afoÔ

ta arqik� dedomèna tou probl matoc (2.51) exart¸ntai apì to ε.

b. To basikì morfologikì qarakthristikì autoÔ tou anaptÔgmatoc eÐnai ìti odhgeÐ se

asumptwtikèc lÔseic thc morf c

W ε(x, k, t) = W ε
c (x, k, t)

(
1 +

∑
`≥1

ε`W ε
` (x, k, t)

)
.

g. Kaj¸c ε → 0, oi ìroi tou asumptwtikoÔ anaptÔgmatoc sugkentr¸nontai �kont�� sth

swst  Lagkranzian  �pollaplìthta� ( pV (x, k, t) = S′0(qV (x, k, t) ) tou probl matoc, h

opoÐa ìmwc mporeÐ na èqei kaustikèc, perÐptwsh sthn opoÐa o pr¸toc ìroc W ε
c (x, k, t) sug-

klÐnei proc èna hmiklassikì mètro, all� den mporeÐ na ekfrasjeÐ wc katanom  wc proc k.

Parat rhsh 2 (epÐ thc perioq c efarmog c twn anaptugm�twn).

Ek tou trìpou kataskeu c touc, to �armonikì an�ptugma� anamènetai na eÐnai shmeiak�
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akribèc toul�qiston se mÐa perioq  eÔrouc
√
ε gÔrw apì to phg�di dunamikoÔ, en¸ to

�klassikì an�ptugma� kont� sthn Lagkranzian  pollaplìthta, kai gia sqetik� mikroÔc

qrìnouc. Gia to lìgo autì sto epìmeno par�deigma sugkrÐnoume ta dÔo anaptÔgmata

kont� sto phg�di dunamikoÔ tou melet¸menou anarmonikoÔ talantwt .

2.5 Par�deigma: Anarmonikìc talantwt c kai kaustikèc

Sto par�deigma autì ja qrhsimopoi soume ta dÔo asumptwtik� anaptÔgmata thc sun�rthsh-

c Wigner, gia na upologÐsoume to pl�toc thc kumatosun�rthshc ψε pou ikanopoieÐ to

akìloujo prìblhma

(2.55)

{
iε∂ψ

ε

∂t = Ĥψε(x, t), x ∈ R, t > 0

ψε(x, 0) = ψε0(x) = a0(x)ei
S0(x)

ε

me anarmonikì dunamikì(quartic oscillator)

V (x) = x2/2 + µx4/4 , µ > 0 ,

kai WKB arqik� dedomèna (tÔpou Gauss-Fresnel)

a0(x) = e−
x2

2 , S0(x) =
x2

2
.

H antÐstoiqh exÐswsh Wigner ston q¸ro f�sewn

(2.56)

{
∂
∂tW

ε(x, k, t) + LεW ε(x, k, t) = 0, (x, k) ∈ R2, t > 0

W ε(x, k, t)|t=0 = W ε
0 (x, k)

ìpou

Lε ≡ k
∂

∂x
− (x+ µx3)

∂

∂k
+
ε2

4
µx
∂(3)

∂k3
,

kai arqik� dedomèna

W ε
0 (x, k) =

1√
πε
e−x

2
e−

(k−x)2

ε2 .
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ton metasqhmatismì Wigner twn arqik¸n dedomènwn ψε0(x).

Kat' arq n ja upologÐsoume tic qarakthristikèc gia ton antÐstoiqo armonikì talantwt 

(dunamikì V (x) = Vh(x) = x2/2), kaj¸c kai tic qarakthristikèc tou anarmonikoÔ mac

talantwt .

Upologismìc qarakthristik¸n kai kaustik¸n

Oi qarakthristikèc tou armonikoÔ talantwt  upologÐzontai eÔkola apì th lÔsh tou

QamiltwnianoÔ sust matoc {
dx
dt = k, x(0) = q
dk
dt = −V ′h(x) = −x k(0) = p

kai dÐnontai apì tic ekfr�seic

(xh, kh) = gth(q, p) = (q cos(t) + p sin(t), p cos(t)− q sin(t)) ,

opìte oi antÐstrofec qarakthristikèc eÐnai

(qh(x, k, t), ph(x, k, t)) = g−th (x, k) = (x cos(t)− k sin(t), k cos(t) + x sin(t)) .

Jètontac p = S′0(q) = q paÐrnoume tic exis¸seic twn aktÐnwn x̃h = x̃h(t; q) = q(cos(t)+

sin(t)) kai epilÔontac thn exÐswsh J(q, t) = ∂x̃h
∂q = (cos(t) + sin(t)) = 0 wc proc q = q(t),

brÐskoume tic kaustikèc, oi opoÐec gia ton armonikì talantwt  eÐnai mia oikogèneia estiak¸n

shmeÐwn focal points (Sq ma 2.1)

(xν , tν) = (0, νπ − π

4
), ν = 1, 2, ...

Oi qarakthristikèc (xV , kV ) = gtV (q, p) = (xV (q, p, t), kV (q, p, t)) tou anarmonikoÔ

talantwt  prokÔptoun apì thn epÐlush tou antÐstoiqou QamiltwnianoÔ sust matoc, kai

dÐnontai apì tic sqèseic

xV (q, p, t) = A(q, p)sd(Γ(q, p)t+ C(q, p), B(q, p)), kV (q, p, t) =
∂xV
∂t

(q, p, t)
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Sq ma 2.1: AktÐnec & kaustik  ArmonikoÔ talantwt  Vh(x) = x2/2

me

c(q, p) = p2 + q2 + µ q
4

2

A(q, p) =
√
c(q,p)

(2µc(q,p)+1)1/4 , B2(q, p) =
√

2µc(q,p)+1−1

2
√

2µc(q,p)+1
,

Γ(q, p) = (2µc(q, p) + 1)1/4 , C(q, p) = sd−1( q
A(q,p) , B(q, p))

ìpou sd(a, b) = sn(a,b)
dn(a,b) , kai sn, dn eÐnai oi elleiptikèc sunart seic Jacobi.

S' aut n thn perÐptwsh den eÐnai dustuq¸c dunatìn na upologÐsoume analutik� thn

èkfrash gia thn kaustik . 'Etsi, gia tic aktÐnec x̃V = x̃V (t; q) = xV (q, p = S′0(q), t)

epilÔontac arijmhtik� thn exÐswsh J(q, t) = ∂qx̃V = 0 (gia thn opoÐa èqoume analutik 

èkfrash), parathr same ìti h kaustik  eÐnai mia oikogèneia apì cusps me korufèc beaks sta

estiak� shmeÐa tou antÐstoiqou armonikoÔ talantwt  (Sq ma 2.2). Sth sunèqeia elègxame

aut  thn parat rhsh analutik� deÐqnontac ìti ta estiak� shmeÐa tou armonikoÔ talantwt 

mhdenÐzoun thn Iakwbian  tou anarmonikoÔ talantwt .

To gegonìc ìti oi ekfr�seic twn qarakthristik¸n gia ton anarmonikì talantwt  eÐ-

nai arket� polÔplokec kajist� ton upologismì twn suntelest¸n Z
ε,(l)
c (x, k, t) adÔnato.

Wstìso eÐnai efiktì, qrhsimopoi¸ntac kat�llhlh prosèggish twn qarakthristik¸n gia

mikrèc timèc thc paramètrou sÔzeuxhc µ, na upologÐsoume ta asumptwtik� anaptÔgmata

thc sun�rthshc Wigner W ε(x, k, t).

Efarmìzontac thn mèjodo pollapl¸n klim�kwn (multiple scale), me mikr  par�metro µ,
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Sq ma 2.2: AktÐnec & kaustik  AnarmonikoÔ talantwt  V (x) = x2/2 + µx4/4

sthn sun jh diaforik  exÐswsh ẍ+x+µx3 = 0, x(0) = q, ẋ(0) = p, h opoÐa eÐnai isodÔnamh

me to Qamiltwnianì sÔsthma tou anarmonikoÔ talantwt  (ẋ(t) = k(t)) , paÐrnoume thn

akìloujh prosèggish twn qarakthristik¸n

xa(q, p, t) = q cos(ωt) + p sin(ωt) +O(µ)

ka(q, p, t) = pω cos(ωt)− qω sin(ωt) +O(µ)

ω = 1 + 3
8µ(q2 + p2) +O(µ2)

kai antistrèfontac

qa(x, k, t) = xa(x, k,−t) = x cos(ωt)− k sin(ωt) +O(µ)

pa(x, k, t) = xa(x, k,−t) = kω cos(ωt) + xω sin(ωt) +O(µ)

ω = 1 + 3
8µ(x2 + k2) +O(µ2)

Upologismìc pl�touc kumatosun�rthshc apì ta asumptwtik� anaptÔgmata

To asumptwtikì an�ptugma thc W ε(x, k, t) gÔrw apì sunart seic Wigner tou ar-

monikoÔ talantwt  èqei th morf  (bl. par. 2.4.2) stic metablhtèc (x, k),

W ε(x, k, t) ∼W ε
h(x, k, t) +

∞∑
j=1

εjZε,(2j)(x, k, t)
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ìpou

W ε
h(x, k, t) = W ε

0 (qh(x, k, t), ph(x, k, t)) =

=
1√
πε
e−(x cos(t)−k sin(t))2e−

(k(cos(t)+sin(t))−x(sin(t)−cos(t)))2

ε2 .

Oloklhr¸nontac wc proc k, upologÐzoume th suneisfor� tou pr¸tou ìrouW ε
h sto pl�toc

|ψεh(x, t)|2 =
∫

R
W ε
h(x, k, t)dk =

1√
ε2 sin2(t) + (cos(t) + sin(t))2

×exp
(
−x2 (−2 sin2(t) + (cos(t) + sin(t))2)2

ε2 sin2(t) + (cos(t) + sin(t))2

)
(2.57)

P�nw sta estiak� shmeÐa èqoume

|ψεh(x = 0, tν)|2 =
√

2
ε

.

Sth sunèqeia, o ìroc Zε,(2)(x, k, t) mporeÐ na upologisteÐ analutik� eÐte me th mèjodo

twn qarakthristik¸n eÐte anaptÔssontac wc proc tic idiosunart seic Moyal kai upologÐ-

zontac touc suntelestèc tou anaptÔgmatoc (Par�rthma A2), kai dÐnetai apì th morf 

Zε,(2)(ξ, η, t) = µW ε
h(ξ, η, t)

(
1
ε3
F1(ξ, η, t) + 1

ε2
F2(ξ, η, t)

+1
εF3(ξ, η, t) + F4(ξ, η, t) + εF5(ξ, η, t) + ε2F6(ξ, η, t) + ε3F7(ξ, η, t)

)
ìpou oi sunart seic Fν , ν = 1, · · · , 7 dÐnontai sto Par�rthma A2.

H suneisfor� autoÔ tou ìrou sto pl�toc |ψε|2 sta estiak� shmeÐa upologÐzetai ana-

lutik� (Par�rthma A2), kai eÐnai

ε
∫

R Z
ε,(2)(0, k, tν)dk = ε 1√

ε

∫
R Z

ε,(2)(0, η, tν)dη =
√
ε
√

2
πε3/2µ(β + βε) =

√
2

πε µ(β + βε)

ìpou

β =
π

8
(ν − 1/4)− 3 , βε = ε

17
2
− ε2(

3π
16

(ν − 1/4) + 3) .

Anamènetai ìti kai oi upìloipoi ìroi tou asumptwtikoÔ anaptÔgmatoc suneisfèroun sto

pl�toc O(1
ε ).
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To asumptwtikì an�ptugma thcW ε(x, k, t) gÔrw apì lÔseic thc antÐstoiqhc klassik c

exÐswshc Liouville èqei th morf  (bl. par. 2.4.4)

(2.58) W ε(x, k, t) ∼W ε
c (x, k, t) +

∞∑
l=1

ε2lZε,(l)c (x, k, t)

HW ε
c (x, k, t) upologÐzetai sth sunèqeia efarmìzontac thn mèjodo qarakthristik¸n, qrhsi-

mopoi¸ntac tic proseggistikèc qarakthristikèc tou anarmonikoÔ talantwt , kai dÐnetai

proseggistik� apì thn analutik  anapar�stash

(2.59) W ε
c (x, k, t) ∼W ε

a (qa(x, k, t), pa(x, k, t)) = W ε
0 (qa(x, k, t), pa(x, k, t)) ,

kai an�loga oi sunart seic Z
ε,(l)
c (x, k, t),

Zε,(l)c (x, k, t) =
∫ t

0
Θ(l)(qa(x, k, s− t), pa(x, k, s− t), s)ds .

UpologÐzontac to pl�toc me k− olokl rwsh tou pr¸tou ìrou tou anaptÔgmatoc, sta

estiak� shmeÐa, èqoume thn prosèggish

|ψε(0, tν)|2 =
∫

R
W ε
a (0, k, tν)dk =

∫
R
W ε

0 (qa(0, k, tν), pa(0, k, tν))dk

∼ 1√
πε

∫
R
e−

k2

2
(1−µγk2)2e−(µ

ε
)2α2k6

dk

=
1

√
πε2/3

∫
R
e−

ε2/3ξ2

2
(1−µγε2/3ξ2)2e−µ

2α2ξ6dξ

=
1

√
πε2/3µ1/3

∫
R
e
− ε2/3y2

2µ2/3
(1−µ1/3γε2/3y2)2

e−α
2y6dy ,

me γ, α stajerèc anex�rthtec twn µ, ε, opìte

(2.60) |ψε(0, tν)|2 ∼ O

(
1

ε2/3µ1/3

)
, gia µ ∼ ε1−δ, 0 ≤ δ ≤ 1 ,

kai

(2.61) |ψε(0, tν)|2 ∼ O

(
1
ε

)
, gia µ ∼ ε1+δ, δ ≥ 0 .
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Aut  h ektÐmhsh eÐnai se sumfwnÐa me thn antÐstoiqh pou proèkuye apì thn efarmog 

tou anaptÔgmatoc gÔrw apì lÔseic tou armonikoÔ talantwt , me thn epilog  µ = O(ε1+δ),

dhlad  to µ na eÐnai thc Ðdiac t�xhc   mikrìtero apì thn t�xh tou ε opìte |ψε(0, tν)|2 =

O(1
ε ). H ex�rthsh thc paramètrou sÔzeuxhc µ apì thn par�metro ε, ekfr�zei apì fusik 

�poyh thn anamenìmenh sqèsh metaxÔ suqnìthtac kai megèjouc thc anomoiomorfÐac (wc

proc ton armonikì talantwt ) tou mèsou di�doshc prokeimènou na èqoume hmiklassik 

di�dosh.

Parat rhsh. Ta asumptwtik� anaptÔgmata gia to par�deigma tou anarmonikoÔ

talantwt  mporoÔn na sugkrijoÔn analutik� parathr¸ntac ìti an jewr soume to µ mikr 

par�metro (p.q. O(ε)), ¸ste na anaptÔssetai se asumptwtik  seir� k�je suntelest c tou

klassikoÔ asumptwtikoÔ anaptÔgmatoc, tìte to an�ptugma thc sun�rthshc Wigner pou

prokÔptei tautÐzetai me to an�ptugma armonik c prosèggishc. Sqhmatik�

W ε(x, k, t) ε<<1−−−→W ε
h(x, k, t) +

∑
εlZε,(2l)

W ε(x, k, t) ε<<1−−−→W ε
c (x, k, t) +

∑
ε2lZε,(l)c

µ<<1,O(ε)−−−−−−−→W ε
h(x, k, t) +

∑
εlZε,(2l)

SÔgkrish twn anaptugm�twn. Sta graf mata pou akoloujoÔn sugkrÐnoume ton pr¸to ìro

thc �armonik c prosèggishc � W ε
h me ton pr¸to ìro thc �klassik c prosèggishc � W ε

c

gia dÔo timèc thc paramètrou sÔzeuxhc µ = 0.1 kai 0.01, kai gia timèc thc hmiklassik c

paramètrou ε = 0.1, 0.01 gia di�forouc qrìnouc (t, sumperilambanomènwn kai twn qrìnwn

dhmiourgÐac kaustik c (cusp).

Sta sq mata (2.3)-(2.7) apeikonÐzetai h Lagkranzian  pollaplìthta gia ton armonikì

talantwt  (kìkkinh kampÔlh) kai gia ton anarmonikì talantwt  (mplè kampÔlh) sto Ðdio

gr�fhma, ìpou parathroÔme ìti gia mikrèc timèc thc paramètrou sÔzeuxhc   gia mikroÔc

qrìnouc brÐskontai arket� kont�. Sto sq ma (2.4) to opoÐo antistoiqeÐ ston pr¸to qrìno

emf�nishc kaustik c (t = 3π/4), eÐnai eÔkolo na doÔme thn emf�nish tou estiakoÔ shmeÐou

ekeÐ pou h Lagkranzian  kampÔlh tèmnei k�jeta ton x−�xona. An�loga sto sq ma (2.7)

pou antistoiqeÐ se arket� meg�lo qrìno (t = 200), faÐnontai ta shmeÐa pou antistoiqoÔn

stic �fold� pleurèc twn periodik¸n �cusp� thc kaustik c tou anarmonikoÔ talantwt , kai

k�je �cusp� pou emfanÐzetai gia x = 0 all� se diaforetikoÔsc qrìnouc.

AkoloujoÔn ta graf mata ìpou parousi�zoume, tic analutik� gnwstèc, sunart seic

W ε
h kai W ε

c (pr¸toi ìroi twn asumptwtik¸n anaptugm�twn) prokeimènou na tic sugkrÐ-
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noume gia di�fora ε kai µ. Sta sq mata (2.8)-(2.17) èqoume µ = 0.1 kai metab�loume

to ε gia tic qronikèc stigmèc t = 0.1, 3π/4(qrìnoc kaustik c) kai 200. AntÐstoiqa, sta

sq mata (2.17)-(2.27) parousi�zetai h perÐptwsh µ = 0.01. ParathroÔme ìti gia mikroÔc

qrìnouc kai gia opoiad pote tim  tou µ, jewr¸ntac stajerì ε oi dÔo sunart seic sqedìn

tautÐzontai. EpÐshc brÐskontai arket� kont� gia sqetik� meg�louc qrìnouc, oi opoÐoi

perilamb�noun qrìnouc kaustik c pou mac endiafèroun, gia mikrèc timèc twn µ kai ε.
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Sq ma 2.3: Lagkranzian  pollaplìthta: µ = 0.1, t = 0.1.
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Sq ma 2.4: Lagkranzian  pollaplìthta: µ = 0.1, t = 3π/4 (qrìnoc kaustik c).
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Sq ma 2.5: Lagkranzian  pollaplìthta: µ = 0.1, t = 200.
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Sq ma 2.6: Lagkranzian  pollaplìthta: µ = 0.01, t = 0.1.
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Sq ma 2.7: Lagkranzian  pollaplìthta: µ = 0.01, t = 3π/4 (qrìnoc kaustik c).
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Sq ma 2.8: W ε
h , ε = 0.1, t = 0.1

Sq ma 2.9: W ε
c , µ = 0.1, ε = 0.1, t = 0.1
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Sq ma 2.10: W ε
h , ε = 0.1, t = 3π/4

Sq ma 2.11: W ε
c , µ = 0.1, ε = 0.1, t = 3π/4 qrìnoc kaustik c
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Sq ma 2.12: W ε
h , ε = 0.1, t = 3π/4

Sq ma 2.13: W ε
c , µ = 0.1, ε = 0.1, t = 3π/4
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Sq ma 2.14: W ε
h , ε = 0.1, t = 200

Sq ma 2.15: W ε
c , µ = 0.1, ε = 0.1, t = 200
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Sq ma 2.16: W ε
h , ε = 0.01, t = 0.1

Sq ma 2.17: W ε
c , µ = 0.1, ε = 0.01, t = 0.1
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Sq ma 2.18: W ε
h , ε = 0.01, t = 3π/4

Sq ma 2.19: W ε
c , µ = 0.1, ε = 0.01, t = 3π/4
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Sq ma 2.20: W ε
h , ε = 0.1, t = 0.1

Sq ma 2.21: W ε
c , µ = 0.01, ε = 0.1, t = 0.1
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Sq ma 2.22: W ε
h , ε = 0.1, t = 3π/4

Sq ma 2.23: W ε
c , µ = 0.01, ε = 0.1, t = 3π/4
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Sq ma 2.24: W ε
h , ε = 0.01, t = 0.1

Sq ma 2.25: W ε
c , µ = 0.01, ε = 0.01, t = 0.1
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Sq ma 2.26: W ε
h , ε = 0.01, t = 3π/4

Sq ma 2.27: W ε
c , µ = 0.01, ε = 0.01, t = 3π/4



Par�rthma A

Par�rthma A1: Rayleigh-Schrödinger

JewroÔme ton telest  Schrödinger Ĥ = − ε2

2 ∆ + V (x), me dunamikì V (x) na ikanopoieÐ

kat�llhlec upojèseic (2.2,2.1)thc Paragr�fou 2.2, ¸ste o Ĥ na èqei pl rec diakritì

f�sma kai na epidèqetai �armonik  prosèggish� me thn ènnoia pou parousi�zetai sto [75].

Tìte isqÔoun ta asumptwtik� anaptÔgmata twn idiotim¸n Eεn kai idiosunart sewn uεn

tou Ĥ, gia k�je n kai x kont� sto xα me ε << 1.

Je¸rhma 2.4.

(2.62)
2
ε
Eεn ∼ en +

∞∑
l=1

εla(l)
n

(2.63) ε
1
4uεn(x) ∼ ψn(

x− xα√
ε

) +
∞∑
l=1

ε
l
2ψ(l)

n (
x− xα√

ε
)

opìte
2
ε
Eεn − en −

N∑
l=1

a(l)
n ε

l = O
(
εN+1

)

||U−1
ε,αu

ε
n −

N∑
l=0

ε
l
2ψ(l)

n ||L2(R) = O(ε(N+1)/2)

ìpou o metasqhmatismìc � diastol c � Uε,α orÐzetai wc:

[Uε,αf ] (x) = ε−
1
4 f
(
ε−

1
2 (x− xα)

)
, x ∈ R

87
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kai en, ψn, n = 0, 1, . . . eÐnai oi (gnwstèc) idiotimèc kai idiosunart seic tou telest 

Ĥα
h = −4+

h′′(xα)
2

x2 ,

me h(x) = 2V (x).

Sto Par�rthma autì stìqoc mac eÐnai na kataskeu�soume analutikèc ekfr�seic twn

suntelest¸n a
(l)
n kai ψ

(l)
n oi opoÐec prokÔptoun me efarmog  thc klassik c jewrÐac di-

ataraq¸n Rayleigh- Schrödinger ([70]) kai ([78]), akolouj¸ntac thn diadikasÐa apìdeixh-

c tou jewr matoc tou B. Simon [75], gia kat�llhlo telest 
˜̂
H(λ ton opoÐo orÐzoume

parak�tw.

Jètoume λ = 1
ε , kai h(x) = 2V (x), kai

Ĥ(λ) =
2
ε2
Ĥ = −4+ λ2h(x) .

OrÐzoume ton telest 
˜̂
H(λ) = λ−1U−1

1
λ
,α
Ĥ(λ)U 1

λ
,α. o opoÐoc gr�fetai epÐshc

(2.64)
˜̂
H(λ) = Ĥα

H + λ−
1
2Vλ(x) ,

me

Vλ(x) = λ3/2h(λ−
1
2x+ xα)− λ1/2h

′′(xα)
2

x2 .

Profan¸c isqÔei σ( ˜̂H(λ)) = λ−1σ(Ĥ(λ)) = 2λσ(Ĥ) kai uεn = uλn = U 1
λ
,αũ

λ
n, ìpou

uλn, ũ
λ
n oi idiosunart seic twn Ĥ(λ) kai

˜̂
H(λ) antÐstoiqa. An�loga ja sumbolÐzoume sth

sunèqeia tic idiotimèc touc me Eλn kai Ẽλn .

Jètoume β = λ−1/2 sthn èkfrash (2.64), kai jewroÔme proc stigm n to Vλ anex�rthto
tou β. 'Etsi emfanÐzetai o telest c

˜̂
H(λ) = Ĥα

H + βVλ(x) gia ton opoÐo to klassikì

Rayleigh- Schrödinger an�ptugma gia tic idiotimèc tou me β << 1 [70], èqei th morf 

Ẽλn ∼ en + β

∑∞
l=0 γ

(l)
n βl∑∞

l=0 δ
(l)
n βl

, n = 0, 1, . . .

ìpou

γ(l)
n =

(−1)l+1

2πi

∮
|e−en|<δ

(
ψn, [Vλ(Ĥα

H − e)−1]l+1ψn

)
de ,
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kai

δ(l)n =
(−1)l+1

2πi

∮
|e−en|<δ

(
ψn, (Ĥα

H − e)−1[Vλ(Ĥα
H − e)−1]lψn

)
de, l = 0, 1, . . . .

To an�ptugma autì mporeÐ na grafeÐ sthn aploÔsterh morf 

Ẽλn ∼ en +
∞∑
l=1

βlb(l)n (λ)

ìpou oi suntelestèc b
(l)
n (λ) prokÔptoun apì thn prohgoÔmenh anapar�stash, kai eÐnai

b
(1)
n (λ) = Vnnλ
b
(2)
n (λ) = −

∑
j 6=n(ej − en)−1Vnjλ V

jn
λ

b
(3)
n (λ) =

∑
ν 6=n6=j(eν − en)−1(ej − en)−1Vnνλ V

νj
λ V

jn
λ −

∑
ν 6=n(eν − en)−2Vnνλ Vνnλ Vnnλ ,

me Vνjλ = (ψν ,Vλψj) . Antikajist¸ntac to an�ptugma Taylor tou dunamikoÔ o ìroc Vλ
gr�fetai

Vλ(x) =
N−3∑
j=0

λ−
j
2
h(j+3)(xα)
(j + 3)!

xj+3 +O(λ−
N+1

2 ) ,

qrhsimopoi¸ntac thn upìjesh h′(xα) = 0 (qwrÐc bl�bh thc genikìthtac jèsame h(xα) = 0).

Tìte o telest c
˜̂
H(λ) proseggÐzetai wc ex c

(2.65)
˜̂
H(λ) ∼ Ĥα

H + λ−
1
2

N−3∑
j=0

λ−
j
2
h(j+3)(xα)
(j + 3)!

xj+3 +O(λ−
N+1

2 ) .

UpologÐzontac touc ìrouc Vνjλ , kai anakatanèmontac thn seir�, lamb�nontac upìyh thn

ex�rthsh tou Vλ apì to λ prokÔptei

Ẽλn ∼ en +
∞∑
l=1

λ−lbln .

To an�ptugma gia tic idiosunart seic prokÔptei apì thn sqèsh

ũλn = (ψn, P (λ)ψn)P (λ)ψn ,
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me

P (λ) = − 1
2πi

∮
|e−en|=δ

(Ĥα
H + βVλ − e)−1de ,

opìte

ũλn ∼ ψn +
∞∑
l=0

βlψ̃(l)
n ,

ìpou

ψ̃(l)
n = (−1)l+1(2πi)−1

∮
|e−en|=δ

(Ĥα
H − e)−1

[
Vλ(Ĥα

H − e)
]l
ψnde ,

kai epomènwc katal goume sto an�ptugma

ε
1
4uεn(x) ∼ ψn(

x− xα√
ε

) +
∞∑
l=1

ε
l
2ψ(l)

n (
x− xα√

ε
)

'Enac enallaktikìc trìpoc gia na upologÐsoume touc suntelestèc ψ
(l)
n eÐnai na an-

tikatast soume ta anaptÔgmata (2.62), (2.63) sto prìblhma idiotim¸n gia ton telest ˜̂
H(λ), kai na exis¸soume tic antÐstoiqec dun�meic tou ε pou emfanÐzontai, antikajist¸ntac

thn prosèggish (2.65) tou telest 
˜̂
H(λ). ProkÔptei tìte ìti k�je sun�rthsh ψ

(l)
n , l =

1, 2, . . . , n = 0, 1, . . . ikanopoieÐ thn exÐswsh

[Ĥα
H − en]ψ(l)

n (ξ) =
[l/2]∑
j=1

a(j)
n ψ(l−2j)

n (ξ)−
l+2∑
j=3

2V (j)(xα)
j!

ξjψ(l+2−j)
n (ξ),(2.66)

ìpou sumbolÐsame me ψ
(0)
n = ψn.

Gia aplopoÐhsh twn ekfr�sewn sth sunèqeia ja upojèsoume ìti xα = 0 kai h′′(xα) = 2,

opìte oi idiotimèc kai idiosunart seic tou telest  Ĥα
H ≡ ĤH eÐnai

en = 2n+ 1, n = 0, 1, 2, ...

ψn(x) = hn(x) = (2nn!
√
π)−

1
2 e−

x2

2 Hn(x), oi sunart seic Hermite

Upologismìc twn pr¸twn suntelest¸n sthn prosèggish twn idiotim¸n Eεn.
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b
(1)
n = Vnnλ = (ψn,Vλψn) =

∑∞
j=3 λ

− j−3
2

2V (j)(0)
j! (ψn, xjψn)

= λ−
1
2
∑∞

j=2 λ
−(j−2) 2V (2j)(0)

(2j)! (ψn, x2jψn) =

= λ−
1
2

2n

n!

∑∞
j=0 λ

−j 2V (2j+4)(0)
22j+4

∑n
ν=max(0,n−j−2)

(
n

ν

)2

ν!
2ν(j+2−n+ν)!

Gia thn pr¸th idiotim  n = 0 èqoume

2
ε
Eε0 ∼ e0 +

∞∑
l=1

(λ)−l/2b(l)0 (λ)

ìpou

b
(1)
0 = λ−1/2 1

16

∑∞
j=0 λ

−j V (2j+4)(0)
22j

b
(2)
0 = −

∑
i6=0(ei − e0)−1

(
V i0λ
)2

ìpou

V i0λ = (ψi,Vλψ0) =
∑∞

j=3 λ
− j−3

2
2V (j)(0)

j! (ψi, xjψ0)

me

(ψi, xjψk) =


0, j − i− k perittìc

j!
2j

√
2i+k

i!k!

∑min(k,i)
ν=max(0,−s)

(
i

ν

)(
k

ν

)
ν!

2ν(s+ν)! , diaforetik�

2s = j − i− k

Sthn perÐptwsh tou anarmonikoÔ talantwt  V (x) = x2

2 + µx
4

4 , èqoume Vλ(x) =

λ−1/2 µ
2x

4, kai epomènwc

b(1)
n = λ−1/2 3µ

4
2n

n!

n∑
ν=max(0,n−2)

(
k

ν

)2
ν!

2ν(2− n+ ν)!

b(2)
n = −λ−1µ

2

8

∑
i6=n

1
i− n

(ψi, x4ψn)2 .

Gia par�deigma oi pr¸toi suntelestèc sta anaptÔgmata twn idiotim¸n Eε0, E
ε
1 eÐnai

b
(1)
0 = λ−1/2 3µ

8
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kai

b
(2)
0 = −λ−1µ

2

4
(
1
2
(ψ2, x

4ψ0)2 +
1
4
(ψ4, x

4ψ0)2) = −λ−1 21µ2

32

opìte

a
(1)
0 =

3µ
8
, a

(2)
0 = −21µ2

32
,

kai epomènwc
2
ε
Eε0 ∼ e0 + ε

3µ
8
− ε2

21µ2

32
+O(ε3)

EpÐshc

b
(1)
1 = λ−1/2 15µ

8

kai

b
(2)
1 = −λ−1µ

2

2
(
1
6
(ψ3, x

4ψ1)2 +
1
10

(ψ5, x
4ψ1)2)

opìte
2
ε
Eε1 ∼ e1 + ε

15µ
8

+ ε2
µ2

2
(
1
6
(ψ3, x

4ψ1)2 +
1
10

(ψ5, x
4ψ1)2) +O(ε3)

Oi suntelestèc ψ
(l)
n upologÐzontai apì tic exis¸seic

gia n = 0 [
ĤH − e0

]
ψ

(1)
0 (ξ) = 0,[

ĤH − e0

]
ψ

(2)
0 (ξ) = (a(1)

0 − µ
2 ξ

4)ψ0(ξ),[
ĤH − e0

]
ψ

(3)
0 (ξ) = (a(1)

0 − µ
2 ξ

4)ψ(1)
0 (ξ),[

ĤH − e0

]
ψ

(4)
0 (ξ) = (a(1)

0 − µ
2 ξ

4)ψ(2)
0 (ξ) + a

(2)
0 ψ0(ξ) ,

gia n = 1 [
ĤH − e1

]
ψ

(1)
1 (ξ) = 0,[

ĤH − e1

]
ψ

(2)
1 (ξ) = (a(1)

1 − µ
2 ξ

4)ψ1(ξ),[
ĤH − e1

]
ψ

(3)
1 (ξ) = (a(1)

1 − µ
2 ξ

4)ψ(1)
1 (ξ),[

ĤH − e1

]
ψ

(4)
1 (ξ) = (a(1)

1 − µ
2 ξ

4)ψ(2)
1 (ξ) + a

(2)
1 ψ1(ξ) ,

k.o.k.,

lamb�nontac up' ìyin th sunj kh kanonikopoÐhshc (ψ(l)
n , ψn) = 0.
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Par�rthma A2: Suntelest c Zε,(2) sthn armonik  prosèg-

gish

S' autì to par�rthma dÐnoume thn analutik  lÔsh gia thn sun�rthsh suntelest  Zε,(2)

pou emfanÐzetai sthn armonik  prosèggish thc sun�rthshc Wigner sto par�deigma tou

anarmonikoÔ talantwt  pou parousi�zoume sthn par�grafo 2.5. O analutikìc upologis-

mìc ègine af' enìc men me ap' eujeÐac upologismì apì thn morf  pou prokÔptei apì thn

arq  Dunhamel, kai af' etèrou anaptÔssontac se seir� wc proc tic idiosunart seic Ψnm

( idiosunart seic Moyal gia ton armonikì talantwt .

SÔmfwna me thn arq  Dunhamel, to prìblhma arqik¸n tim¸n pou lÔnei h sun�rthsh

Zε,(2)

[
∂

∂t
+ Lh]Z̃ε,(2)(ξ, η, t) = D(2)(ξ, η, t)

Z̃ε,(2)(ξ, η, t)|t=0 = 0 ,

èqei th lÔsh

Z̃ε,(2)(ξ, η, t) =
∫ t

0
D(2)(q(ξ, η, t− s), p(ξ, η, t− s), s)ds

D(2)(ξ, η, s) = −µ

[
1
4
ξ
∂(3)

∂η3
− ξ3

∂

∂η

]
W ε
h(ξ, η, s) = −B2(ξ,

∂

∂η
)W̃ ε

h(ξ, η, t) .

Me qr sh sumbolik¸n upologism¸n � prìgramma Maple, upologÐsame thn

akìloujh èkfrash, gi� th sun�rthsh Z̃ε,(2), kai gia k�je (ξ, η, t),

Z̃ε,(2)(ξ, η, t) = µW ε
h(ξ, η, t)×

×
[

1
ε3
F1(ξ, η, t) +

1
ε2
F2(ξ, η, t) +

1
ε
F3(ξ, η, t)+

+ F4(ξ, η, t) + εF5(ξ, η, t) + ε2F6(ξ, η, t) + ε3F7(ξ, η, t)
]
,
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ìpou

F1(ξ, η, t) =2[ηc(t) + ξs(t)]3(ξf1(t) + ηf2(t))

F2(ξ, η, t) =− 8[ηc(t) + ξs(t)]f3(t)

F3(ξ, η, t) =− 2[ηc(t) + ξs(t)]
(
η3f4(t) + 3ξη2f5(t) + 3ξ2ηf6(t) + ξ3f7(t)+

+3[ηc(t) + ξs(t)][ξ cos(t)− η sin(t)](ηf8(t) + ξf9(t)))

F4(ξ, η, t) =8 ((ξ cos(t)− η sin(t))f10(t) + [ηc(t) + ξs(t)]f11(t))

F5(ξ, η, t) =2(ξ cos(t)− η sin(t))3[ηc(t) + ξs(t)](ξf12(t) + ηf13(t))+

+ 2(ξ cos(t)− η sin(t))(ξ3f14(t) + 3ξ2ηf15(t) + 3ξη2f16(t) + η3f17(t)))

F6(ξ, η, t) =− 8(ξ cos(t)− η sin(t))f18(t)

F7(ξ, η, t) =− 2(ξ cos(t)− η sin(t))3(ξf19(t) + ηf20(t))

me c(t) = cos(t)+sin(t), s(t) = sin(t)−cos(t), kai fj(t) na eÐnai hmitonoeideÐc sunart -

seic tou qrìnou t.

Epistrèfontac stic metablhtèc (x, k) èqoume

Zε,(2)(x, k, t) = µW ε
H(x, k, t)×

[
1
ε5
F1(x, k, t) +

1
ε5/2

F2(x, k, t) +
1
ε3
F3(x, k, t) +

1
ε1/2

F4(x, k, t)+

+
1
ε
F5(x, k, t) + ε3/2F6(x, k, t) + εF7(x, k, t)

]
.

O upologismìc thc Z̃ε,(2) se seir� idiosunart sewn eÐnai idiaÐtera bolikìc gia thn

ektÐmhsh tou pl�touc thc kumatosun�rthshc, giatÐ mporoÔme na ekmetalleutoÔme idiìthtec

twn idiosunart sewn Ψnm gia na k�noume thn wc proc η olokl rwsh. AntikajistoÔme sto

prìblhma arqik¸n tim¸n (2.40) pou ikanopoieÐ h Z̃ε,(2)(ξ, η, t), to an�ptugma thc wc proc
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tisidiosunart seic Ψnm(ξ, η)n,m=0,1,...,

Z̃ε,(2)(ξ, η, t) =
∑
n

∑
m

zεnm(t)Ψnm(ξ, η) ,

kaj¸c kai to antÐstoiqo gia thn W̃ ε
h , pou emfanÐzetai sto dexiì mèloc, kai to opoÐo dÐnetai

apì thn èkfrash

W̃ ε
h(x, k, t) =

∞∑
n=0

∞∑
m=0

Aεh,nm(t)Ψnm(x, k) .

Qrhsimopoi¸ntac thn orjogwniìthta twn Ψnm prokÔptoun sun jeic diaforikèc exis¸seic

wc proc ton qrìno t pou ikanopoioÔn oi suntelestèc zεnm(t) gia k�je n,m = 0, 1, . . . . Oi

diaforikèc exis¸seic autèc eÐnai epilÔsimec, lìgw thc poluwnumik c morf c tou dunamikoÔ

pou jewroÔme sto par�deigma kai thn eidik  morf  twn idiosunart sewn Moyal ( polu¸nu-

ma Laguerre). Telik� katal goume sthn èkfrash

Z̃ε,(2)(ξ, η, t) = − µ

4π
Re

(∑
n

∑
m

zεnm(t)e−i(n−m)tΨε
nm(ξ, η)

)
+

+
3µ
4π
tIm

(∑
n

∑
m

Aεh,nm,o(n
2 + n)e−i(n−m)tΨε

nm(ξ, η)

)
,

ìpou

zεnm(t) = −1
8
(ei4t − 1)Aεh,n(m+4),o((m+ 1)(m+ 2)(m+ 3)(m+ 4))1/2+

+
1
8
(e−i4t − 1)Aεh,n(m−4),o(m(m− 1)(m− 2)(m− 3))1/2−

− 1
4
(ei2t − 1)Aεh,n(m+2),o((4m+ 6)(m+ 1)(m+ 2))1/2+

+
1
4
(e−i2t − 1)Aεh,n(m−2),o((4m+ 2)m(m− 1))1/2 ,

me

Aεh,nm,o = (W̃ ε
0 ,Ψnm)L2(R2

ξ,η) .
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Sth sunèqeia jètoume

uε = −wεei2t , wε =
1− zε

zε
, zε =

1
2
(1 + ε− i) .

Gia thn olokl rwsh qrhsimopoioÔme thn tautìthta∫
R

Ψε
nm(ξ, η)dη = ψn(ξ)ψm(ξ) ,

kai èqoume

∫
R
Z̃ε,(2)(ξ, η, t)dη = − µ

4π
√
ε

1
|zε||1− uε|

e−ξ
2
e
−2ξ2Re

(
uε

1−uε

)
×

×Re

(
−1

8
(ei4t − 1)(w̄ε)2gε1(ξ, η, t) +

1
8
(1− ei4t)gε2(ξ, η, t)−

−1
2
(ei2t − 1)w̄εgε3(ξ, η, t)− (e−i2t − 1)ei2tgε4(ξ, η, t)

)
+

+
3µ
4π
t
√
ε

1
|zε||1− uε|

e−ξ
2
e
−2ξ2Re

(
uε

1−uε

)
Im (gε5(ξ, η, t))

me

gε1(ξ, η, t) = 3
(uε)2

(1− uε)2
+ 12ξ2

(uε)2

(1− uε)3
+ 4ξ4

(uε)2

(1− uε)4
+ 6

uε

(1− uε)
+ 12ξ2

uε

(1− uε)2
+ 3

gε2(ξ, η, t) =
3

(1− uε)2
+ 12ξ2

1
(1− uε)3

+ ξ4
1

(1− uε)4

gε3(ξ, η, t) = 6
(uε)2

(1− uε)2
+ 24ξ2

(uε)2

(1− uε)3
+ 8ξ4

(uε)2

(1− uε)4
+ 9

uε

(1− uε)
+ 18ξ2

uε

(1− uε)2
+ 3

gε4(ξ, η, t) = 3
uε

(1− uε)2
+ 12ξ2

uε

(1− uε)3
+ 4ξ4

uε

(1− uε)4
+

5
2(1− uε)

+ 5ξ2
1

(1− uε)2

gε5(ξ, η, t) =
3
2

(uε)2

(1− uε)2
+ 6ξ2

(uε)2

(1− uε)3
+ 2ξ4

(uε)2

(1− uε)4
+

3uε

(1− uε)
+ 3ξ2

uε

(1− uε)
.

Sta estiak� shmeÐa (xν , tν) = (0, νπ−π/4), ν = 1, 2, ..., èqoume |1−uεν | = |1−i1−z̄ε

z̄ε | =
1
|zε|

ε√
2
, kai epomènwc ∫

R
Z̃ε,(2)(0, η, tν)dη =

√
2

πε3/2
µ(β + βε)
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me

βε =
(
−ε2(3π

16
(ν − 1/4) + 3) + ε

34
4

)
, kai β =

π

8
(ν − 1/4)− 3 .
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Par�rthma A3: Klassikì ìrio twn idiosunart sewn

Moyal

Gia na mporèsoume na ektim soume to klassikì ìrio ε→ 0 twn idiosunart sewn Φε
nm(x, k)

ston q¸ro f�sewn, eÐnai aparaÐthto na upologÐsoume to ìrio

(2.67)

ε→ 0, n→∞, m→∞

ètsi ¸ste Eε
n−Eε

m
ε → E0

nm, E
ε
n → E0

n, Eεm → E0
m,

ìpou E0
nm, E

0
n, E

0
m stajerèc (oi legìmenec klassikèc st�jmec enèrgeiac thc kbantik c

mhqanik c)

Je¸rhma 2.5. To klassikì ìrio twn (2.67) twn sunart sewn Moyal Φε
nm(x, k), pou

antistoiqeÐ sthn Qamiltwnian  H(x, k), se kanonikèc metablhtèc dr�sewc -gwnÐac (I, θ),

eÐnai

Φ0
nm(I, θ) = e

−iE0
nm

γnm
θ
δ

(
H(I)− 1

2
(E0

n + E0
m)
)

.

Apìdeixh

JewroÔme tic exis¸seic idiotim¸n (2.12) kai (2.13), gia omal� dunamik� V (x) ètsi ¸ste

oi telestèc Lε kaiMε na mporoÔn na grafoÔn sth morf  (2.18) kai (2.19) antÐstoiqa. Oi

exis¸seic (2.12) kai (2.13) sto klassikì ìrio (2.67) dÐnoun

(2.68)

(
k
∂

∂x
− V ′(x)

∂

∂k

)
Φ0
nm(x, k) = iE0

nmΦ0
nm(x, k) ,

kai

(2.69) H(x, k)Φ0
nm(x, k) =

1
2
(E0

n + E0
m)Φ0

nm(x, k) .
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Stic kanonikèc metablhtèc (I, θ), h Qamiltwnian  gÐnetai H(x, k) = H(I), kai oi (2.68)

kai (2.69) metasqhmatÐzontai stic

(2.70) −H ′(I)
∂

∂θ
Φ0
nm(I, θ) = iE0

nmΦ0
nm(I, θ) ,

kai

(2.71) H(I)Φ0
nm(I, θ) =

1
2
(E0

n + E0
m)Φ0

nm(I, θ) .

H teleutaÐa oriak  exÐswsh upodeiknÔei ìti h Φ0
nm(I, θ) eÐnai mia sun�rthsh katanom c

thc morf c

Φ0
nm(I, θ) = g(θ)δ

(
H(I)− 1

2
(E0

n + E0
m)
)

ìpou δ eÐnai h katanom  Dirac.

Antikajist¸ntac sthn (2.70) prokÔptei

−H ′(I) ∂∂θg(θ)δ
(
H(I)− 1

2(E0
n + E0

m)
)

= iE0
nmg(θ)δ

(
H(I)− 1

2(E0
n + E0

m)
)
⇒

−γnm ∂
∂θg(θ) = iE0

nmg(θ) ⇒ g(θ) = e
−iE0

nm
γnm

θ

me γnm = H ′ (H−1(1
2(E0

n + E0
m))
)
.

Epomènwc Φ0
nm(I, θ) = e

−iE0
nm

γnm
θ
δ
(
H(I)− 1

2(E0
n + E0

m)
)
. �

Gia thn perÐptwsh tou armonikoÔ talantwt , ìpou H(x, k) = k2

2 + x2

2 , èqoume ton

kanonikì metasqhmatismì

H(I) = I , θ = arctan
(
k

x

)
,

kai Eεn = ε(n + 1
2), opìte to klassikì ìrio twn sunart sewn Moyal sÔmfwna me ta

parap�nw ja eÐnai

Φ0
nm(I, θ) = e−i(n−m)θδ

(
I − 1

2
(E0

n + E0
m)
)

ìpou E0
n eÐnai to ìrio tou εn kaj¸c ε→ 0 kai n→∞.



100 2. Ασυμπτωτικές λύσεις της εξίσωσης Wigner

Gia ton anarmonikì talantwt H(x, k) = k2

2 + x4

4 , H(I) = 1
4(3I)4/3 èqoume ton kanonikì

metasqhmatismì

x = (3I)1/3cn(θ), k = −(3I)2/3sn(θ)dn(θ) ,

kai epomènwc

Φ0
nm(I, θ) = e

−iE0
nm

γnm
θ
δ

(
I − 1

2
(E0

n + E0
m)
)
,

me γnm = 1
3(2(E0

n + E0
m))1/4 [74].
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Kef�laio 3

Exis¸seic diat rhshc kont� se

kaustikèc

Sto kef�laio autì kataskeu�zoume mia �peirh akoloujÐa exis¸sewn diat rhshc gia thn

hmiklassik  exÐswsh Schrödinger, qrhsimopoi¸ntac tic ropèc twn lÔsewn thc exÐswshc

Wigner (kbantik  exÐswsh Liouville), kai melet�me thn sumperifor� twn ε−exart¸menwn
rop¸n mε

` kont� se kaustikèc. Epeid  h exÐswsh Wigner perièqei ìrouc k�je t�xhc wc

proc thn mikr  par�metro, antÐjeta apì tic exis¸seic rop¸n pou prokÔptoun apì thn

klassik  exÐswsh Liouville, parèqei mia ierarqÐa apì exis¸seic diat rhshc oi opoÐec isqÔ-

oun omoiìmorfa akìma kai ìtan to kumatikì pedÐo emfanÐzei kaustikèc. To gegonìc autì

epibebai¸netai me analutik� paradeÐgmata gia aplèc kaustikèc, ìpwc ta estiak� shmeÐa enìc

armonikoÔ talantwt  kai h omal  kaustik  fold pou dhmiourgeÐtai apì ta arqik� dedomèna

sthn eidik  perÐptwsh thc exÐswshc Schrödinger qwrÐc dunamikì. EpÐshc k�noume k�poiec

domikèc parathr seic an�mesa sthn sqèsh twn apokthjèntwn exis¸sewn diat rhshc me

ekeÐnec pou prokÔptoun apì efarmog  tou metabolikoÔ jewr matoc thc Noether. Sthn

perÐptwsh genik¸n dunamik¸n, aut  h klassik  metabolik  prosèggish parèqei exis¸seic

oi opoÐec eparkoÔn gia thn melèth kumatik¸n pedÐwn eleÔjerwn apì kaustikèc, en¸ h

exÐswsh Wigner sto q¸ro f�sewn mporeÐ na par�sqei ìsec exis¸seic eÐnai aparaÐthtec gia

melèth kumatik¸n pedÐwn me kaustikèc.

Piì sugkekrimèna, sthn pr¸th par�grafo parathroÔme ìti paÐrnontac tic ropèc diado-

qik¸n t�xewn thc exÐswshc Wigner, wc proc thn orm , par�goume èna �peiro sÔsthma

mh-omogen¸n exis¸sewn diat rhshc gia tic ropèc, ìpou o mh omogen c ìroc ekfr�ze-

tai me tic ropèc mikrìterhc t�xhc. Oi mh omogeneÐc ìroi tupik� exafanÐzontai sto ìrio

103
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ε → 0. Sthn deÔterh par�grafo parousi�zoume to je¸rhma Noether, kai par�goume

ex' autoÔ touc nìmouc diat rhshc thc enèrgeiac kai thc Qamiltwnian c, apì to analloÐ-

wto thc Lagkranzian c wc proc to qrìno kai th �mikr  f�sh� (gauge transformation).

EpÐshc par�goume kai èna akìma mh-omogen  nìmo apì to metabolikì olokl rwma to opoÐo

qrhsimopoieÐtai sthn apìdeixh tou jewr matoc Noether me qwrik  metabol , par' ìti h

Lagkranzian  den eÐnai analloÐwth wc proc qwrikèc metabolèc lìgw thc parousÐac tou

dunamikoÔ. Sunep¸c h metabolik  prosèggish den mporeÐ na par�gei (h toul�qiston den gn-

wrÐzoume tic aparaÐthtec summetrÐec thc Lagkranzian c) to aparaÐthto pl joc exis¸sewn

gia thn melèth thc polufasik c (multi-phase) optik c. Tèloc, sthn teleutaÐa par�grafo

meletoÔme thn sumperifor� twn exis¸sewn diat rhshc sta shmeÐa estÐashc (focal points)

pou par�gontai apì èna tetragwnikì dunamikì (armonikìc talantwt c) kai gia mia oma-

l  kaustik  (fold) pou dhmiourgeÐtai apì èna kat�llhlo arqikì pedÐo ψε0 sthn perÐptwsh

mhdenikoÔ dunamikoÔ V ≡ 0.

ApodeiknÔetai ìti oi ε-exart¸menec exis¸seic diat rhshc isqÔoun akìma kai se perioqèc

kaustik¸n. Epomènwc, faÐnetai ìti autèc oi exis¸seic mporoÔn na qrhsimopoihjoÔn wc

enallaktikì ergaleÐo pou mporeÐ na epexergasteÐ tic diaforetikèc klÐmakec (scales) pou

emfanÐzontai kont� se kaustikèc, se antÐjesh me tic exis¸seic pou ikanopoioÔn oi oriakèc

ropèc. Par' olaut�, h epilog  thc kat�llhlhc sunj khc �kleisÐmatoc � gia thn �peirh

ierarqÐa twn exis¸sewn diat rhshc paramènei anoiqtì prìblhma.

3.1 Exis¸seic diat rhshc

3.1.1 Ropèc thc sun�rthshc Wigner.

JewroÔme ton metasqhmatismì Wigner miac omal c kumatik c sun�rthshc ψ(x) = ψε(x, t),

gia stajerì qrìno t (bl.1.23),

W ε(x, k) = W ε[ψ](x, k) =
1
2π

∫
R
eikyψ(x− εy

2
)ψ(x+

εy

2
)dy ,

kai eis�goume tic `-ostec ropèc thc wc proc thn metablht  orm c k

(3.1) mε
`(x) =

∫
R
k`W ε(x, k)dk. ` = 0, 1, 2, . . .

Gia suntomÐa, paraleÐpoume thn qronik  metablht  t sta orÐsmata, èwc ìtou kataskeÔa-
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soume tic exis¸seic exèlixhc gia tic ropèc.

Antikajist¸ntac thn W ε(x, k) sthn (3.1) èqoume

mε
`(x) =

∫
R
k`W ε(x, k)dk

=
1
2π

∫
R

∫
R
k`eikyψ(x− εy

2
)ψ(x+

εy

2
)dydk

=
∫

R

(
1
2π

∫
R
k`eikydk

)
ψ(x− εy

2
)ψ(x+

εy

2
)dy

=
1
i`

∫
R
δ`0(y)ψ(x− εy

2
)ψ(x+

εy

2
)dy

= i`
(ε

2

)`∑̀
λ=0

(
`

λ

)
(−1)λψ(λ)(x)ψ(`−λ)(x) ,

dhlad 

(3.2) mε
`(x) = i`

(ε
2

)`∑̀
λ=0

(
`

λ

)
(−1)λψ(λ)(x)ψ(`−λ)(x) .

Apì thn (3.2) prokÔptei ìti h mhdenik c t�xhc rop  (gia ` = 0)

mε
0(x) = ψ(x)ψ(x) = |ψ(x)|2 ,

tautÐzetai me thn puknìthta enèrgeiac (energy density), en¸ h pr¸thc t�xhc rop  (gia

` = 1)

mε
1(x) = i

ε

2
(
ψ(x)ψx(x)− ψx(x)ψ(x)

)
= −i ε

2
2iIm(ψψx) = εIm(ψψx)

tautÐzetai me thn ro  enèrgeiac(energy flux). Sth sunèqeia, gia ` = 2, 3, 4, . . . èqoume

mε
2(x) = i2

(ε
2

)2 [
ψ(x)ψxx(x)− 2ψx(x)ψx(x) + ψxx(x)ψ(x)

]
− ε2

4
[
ψ(x)ψxx(x) + ψxx(x)ψ(x)− 2|ψx(x)|2

]
= −ε

2

2
Re(ψxxψ) +

ε2

2
|ψx|2 ,
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mε
3(x) = i3

(ε
2

)3 [
ψ(x)ψxxx(x)− 3ψx(x)ψxx(x) + 3ψxx(x)ψx(x)− ψxxx(x)ψ(x)

]
= −i

(ε
2

)3 [
−
(
ψxxxψ − ψψxxx

)
+ 3

(
ψxψxx − ψxψxx

)]
=
ε3

8i
[
−2iIm

(
ψxxxψ

)
+ 6iIm

(
ψxψxx

)]
= ε3Im

(
3
4
ψxψxx −

1
4
ψψxxx

)
,

kai

mε
4(x) = i4

(ε
2

)4 [
ψ(x)ψxxxx − 4ψx(x)ψxxx(x) + 6ψxx(x)ψxx(x)− 4ψxxx(x)ψx(x) + ψ(x)ψxxxx(x)

]
=
(ε

2

)4 [
2Re

(
ψxxxxψ

)
+ 6|ψxx|2 − 8Re

(
ψxxxψx

)]
= ε4

[
Re

(
1
8
ψxxxxψ −

1
2
ψxψxxx

)
+

3
8
|ψxx|2

]
, k.o.k.

ParathroÔme ìti, gia k�je `, h rop  mε
` eÐnai pragmatik  posìthta, kai ekfr�zetai eÐte

wc to pragmatikì eÐte wc to fantastikì mèroc sunart sewn pou perièqoun mìno qwrikèc

parag¸gouc thc kumatosun�rthshc, pollaplasiasmènh me ton par�gonta ε`.

Tèloc, eÐnai shmantikì na shmei¸soume ìti gia WKB kumatosunart seic ψ(x) =

A(x)eiS(x)/ε, mìno oi ropèc mε
0 ,m

ε
1 tautÐzontai me tic antÐstoiqec oriakèc ropèc m0

0,m
0
1,

ìpwc eÔkola prokÔptei upologÐzontac tic ropèc tou oriakoÔ mètrou Wigner, to opoÐo dÐne-

tai apì thn èkfrash W 0(x, k) = A2(x)δ(k − S′(x)) (bl(1.25) ). Oi ropèc t�xewc ` ≥ 2

exart¸ntai ousiwd¸c apì thn par�metro ε me ìrouc t�xewc O
(
ε`
)
.

3.1.2 Exis¸seic rop¸n gia thn exÐswsh Schrödinger.

'Estw ìti h ψε(x, t) eÐnai mia omal  lÔsh thc exÐswshc Schrödinger (1.8)

(3.3) iεψεt +
ε2

2
∂2
xψ

ε − V (x)ψε(x, t) = 0 ,

kai W ε(x, k, t) o metasqhmatismìc Wigner thc ψε(x, t)

Gia na p�roume tic exis¸seic rop¸n qrhsimopoioÔme thn exÐswsh Wigner (1.28)
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(3.4) ∂tW
ε(x, k, t) + k∂xW

ε(x, k, t)−Θε[V ]W ε(x, k, t) = 0

UpenjumÐzetai ìti o telest c Θε[V ] dÐnetai apì thn èkfrash (1.27). Pollaplasi�zontac

aut  thn exÐswsh me k`, oloklhr¸nontac sto R wc proc k, kai qrhsimopoi¸ntac ton orismì

(3.1) thc `-osthc rop c, èqoume

∫
R
k`W ε

t (x, k, t)dk +
∫

R
k`+1W ε

x(x, k, t)dk −
∫

R
k`Θε[V ]W ε(x, k, t)dk = 0 ,

Upojètontac ìti h W ε èqei thn apaitoÔmenh omalìthta, kai fjÐnei kaj¸c |k| → ∞,

paÐrnoume

∂t

[∫
R
k`W ε(x, k, t)dk

]
+ ∂x

[∫
R
k`+1W ε(x, k, t)dk

]
−
∫

R
k`Θε[V ]W ε(x, k, t)dk = 0 .

H teleutaÐa exÐswsh gr�fetai wc proc tic ropèc mε
` , sth morf 

∂t [mε
`(x, t)] + ∂x

[
mε
`+1(x, t)

]
−Θ`(x, t) = 0 ,

ìpou

Θ`(x, t) =
∫

R
k`Θε[V ]W ε(x, k, t)dk

=
i

2πε

∫
R
k`
∫

R

∫
R
ei(k−ξ)yW ε(x, ξ, t)

[
V (x+

ε

2
y)− V (x− ε

2
y)
]
dydξdk

=
i

2πε

∫
R

∫
R

[∫
R
k`eikydk

]
e−iξyW ε(x, ξ, t)

[
V (x+

ε

2
y)− V (x− ε

2
y)
]
dydξ

=
i

εi`

∫
R

∫
R
δ(`)(y)e−iξy

[
V (x+

ε

2
y)− V (x− ε

2
y)
]
W ε(x, ξ, t)dydξ

=
i(−1)`

εi`

∫
R

dl

dyl

{
e−iξy

[
V (x+

ε

2
y)− V (x− ε

2
y)
]}∣∣∣

y=0
W ε(x, ξ, t)dξ

=
i(−1)`

εi`

∫
R
Aε` [V ](x, ξ)W ε(x, ξ, t)dξ ,

(3.5)
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me

Aε` [V ](x, ξ) :=
d`

dy`

{
e−iξy

[
V (x+

ε

2
y)− V (x− ε

2
y)
]}∣∣∣

y=0
.

Epiplèon upojètontac ìti to dunamikì eÐnai omalì, ¸ste na qrhsimopoi soume to an�p-

tugma Taylor, oi posìthtec Aε` [V ], ` = 1, 2, . . . mporoÔn na grafoÔn wc akoloÔjwc

Aε` [V ] = 2
d`

dy`

e−iξy N∑
j=0

(εy
2

)2j+1 1
(2j + 1)!

V (2j+1)(x) +O(ε2N+3)

∣∣∣∣∣∣
y=0

= 2
∑̀

λ=0,λ odd

(
`

λ

)
(−iξ)`−λ

(ε
2

)λ
V (λ)(x) .

(3.6)

ParathroÔme ìti gia ` = 0 isqÔei

Aε0[V ] = e−iξy
[
V (x+

ε

2
y)− V (x− ε

2
y)
]∣∣∣
y=0

= 0 ,

epomènwc Θ0 = 0.

Gia ` ≥ 1, apì tic (3.6), (3.5) èqoume

Θ`(x, t) =
i(−1)`

εi`

∫
R
Aε[V ]W ε(x, ξ, t)dξ

= −`V ′(x)mε
`−1(x, t)−

∑̀
λ=3,λ odd

(
`

λ

)
iλ−1

(ε
2

)λ−1
V (λ)(x)mε

`−λ(x, t) ,
(3.7)

ìpou to �jroisma up�rqei gia ` ≥ 3.

Epomènwc h mhdenik c t�xhc exÐswsh rop c (` = 0) dÐnetai apì

(3.8) ∂t [mε
0(x, t)] + ∂x [mε

1(x, t)] = 0 ,

kai oi `-osthc t�xhc exis¸seic (` ≥ 1) dÐnontai apì

∂t [mε
`(x, t)] + ∂x

[
mε
`+1(x, t)

]
= −`V ′(x)mε

`−1(x, t)

−
∑̀

λ=3,λ odd

(
`

λ

)
iλ−1

(ε
2

)λ−1
V (λ)(x)mε

`−λ(x, t) ` = 1, 2, . . .
(3.9)



3.2. Εξισώσεις διατήρησης 109

3.1.3 Oi oriakèc exis¸seic rop c.

'Estw W 0(x, k, t) h oriak  katanom  Wigner, pou eÐnai to asjenèc ìrio tou metasqhma-

tismoÔ (sun�rthshc) Wigner, kaj¸c ε→ 0. UpenjumÐzoume ìti h W 0(x, k, t) eÐnai tupik�

lÔsh thc oriak c exÐswshc Wigner (1.31),

(3.10) ∂tW
0(x, k, t) + k∂xW

0(x, k, t)− V ′(x)∂kW 0(x, k, t) = 0 ,

Oi oriakèc ropèc

m0
` (x, t) =

∫
R
k`W 0(x, k, t)dk, ` = 0, 1, 2, . . . ,

ikanopoioÔn tupik� tic oriakèc exis¸seic rop¸n

∂t
[
m0

0(x, t)
]
+ ∂x

[
m0

1(x, t)
]

= 0 , ` = 0 ,

kai

∂t
[
m0
`(x, t)

]
+ ∂x

[
m0
`+1(x, t)

]
= −`V ′(x)m0

`−1(x, t) , ` = 1, 2, . . .

pou prokÔptoun oloklhr¸nontac wc proc k thn exÐswsh Liouville pollaplasiasmènh me

k`, ìpwc k�name gia thn ε−exart¸menh exÐswsh Wigner. ParathroÔme ìti oi parap�nw

exis¸seic prokÔptoun epÐshc wc to tupikì ìrio kaj¸c ε→ 0 twn (3.8) kai (3.9).

EÐnai shmantikì s' autì to shmeÐo na tonÐsoume ìti oi oriakèc ropèc m0
` , ìpwc kai

h exÐswsh Liouville (3.10) , exart¸ntai mìno apì thn pr¸th par�gwgo tou dunamikoÔ

V ′(x), en¸ oi ε−exart¸menec ropèc exart¸ntai kai apì megalÔterhc t�xhc parag¸gouc

tou dunamikoÔ. EpÐshc parathroÔme ìti to �jroisma sthn èkfrash (3.7) emfanÐzetai mìno

gia ` ≥ 3, epomènwc oi ìroi Θ`, ` = 1, 2, exart¸ntai mìno apì V ′(x) kai den èqoun �mesh

ex�rthsh apì to ε, en¸ megalÔterhc t�xhc par�gwgoi tou dunamikoÔ kai h �mesh ex�rthsh

apì to ε mèsw tou mh omogen  ìrou, emfanÐzontai mìno met� thn trÐthc t�xhc exÐswsh

rop¸n. Epiplèon, prokÔptei ìti oi duo pr¸tec exis¸seic rop¸n èqoun thn Ðdia morf  kai

gia tic ε− exart¸menec kai gia tic oriakèc ropèc. Oi Jin kai Li [44], èqoun melet sei tic m0
`

wc to asjenèc ìrio twn mε
` , kaj¸c ε→ 0, efarmìzontac thn mèjodo Witham’s (averaging

method).
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3.2 Exis¸seic diat rhshc apì to je¸rhma Noether

S' aut n thn par�grafo perigr�foume sÔntoma thn paragwg  twn nìmwn diat rhshc gia

thn exÐswsh Schrödinger pou prokÔptoun apì thn efarmog  tou jewr matoc metabol¸n

Noether (mia sÔntomh parousÐash tou jewr matoc dÐnetai sto par�rthma), kai sqoli�zoume

th sqèsh twn antÐstoiqwn exis¸sewn Euler-Lagrange me to sÔsthma Bohm.

UpenjumÐzoume oti h exÐswsh Schrödinger mporeÐ na paraqjeÐ apì mia Lagrangian

puknìthta. An ψ = ψε eÐnai mia omal  lÔsh thc exÐswshc Schrödinger (3.3), h antÐs-

toiqh Lagrangian dÐnetai apì

(3.11) L = L(x, t, ψ, ψ, ψt, ψt, ψx, ψx)
iε

2
(ψψt − ψψt)−

ε2

2
ψxψx − V (x)ψψ ,

orismènh sto D = {(x, t)|x ∈ R, t > 0}. Shmei¸noume oti ed¸ jewroÔme tic ψ,ψx, ψt

kai tic suzugeÐc touc posìthtec ψ,ψx, ψt wc anex�rthtec metablhtèc sthn L. Autì eÐnai

apotèlesma thc idiìthtac oti h exÐswsh Schrödinger eÐnai èna sÔsthma wc proc ψR =

<ψ kai ψI = =ψ,   isodÔnama wc proc ψ kai ψ. To sÔsthma twn exis¸sewn Euler-

Lagrange (3.28) sto Par�rthma B, odhgeÐ sthn (3.3) kai thn migadik  suzug  thc. AxÐzei

na parathr soume oti oi parag¸menec exis¸seic gia tic ψ,ψ den eÐnai suzeugmènec, afoÔ h

exÐswsh Schrödinger eÐnai mia monodi�stath exÐswsh gia thn kumatosun�rthsh. Pragmatik�

oi exis¸seic (3.28) s' aut  thn perÐptwsh èqoun th morf 

∂L
∂ψ

− ∂

∂x

(
∂L
∂ψx

)
− ∂

∂t

(
∂L
∂ψt

)
= 0 ,

kai
∂L
∂ψ

− ∂

∂x

(
∂L
∂ψx)

)
− ∂

∂t

(
∂L
∂ψt

)
= 0 ,

oi opoÐec, met� apì aploÔc upologismoÔc, dÐnoun thn (3.3) kai thn migadik  suzug  thc.

−iε∂tψ +
ε2

2
∂2
xψ − V (x)ψ = 0 .

Epomènwc, mporoÔme na efarmìsoume to je¸rhma Noether gia na kataskeu�soume

nìmouc diat rhshc pou antistoiqoÔn sthn (3.3) . To olokl rwma dr�shc (action integral)
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(3.12) J [ψε] =
∫ t

0

∫
R
L(x, t, ψ, ψ, ψt, ψt, ψx, ψx)dxdt

eÐnai analloÐwto k�tw apì metatopÐseic f�shc thc ψ kai qronikèc metabolèc. 'Omwc den

eÐnai analloÐwto k�tw apì qwrikèc metatopÐseic lìgw thc parousÐac tou dunamikoÔ V (x),

kai par� to gegonìc oti den efarmìzetai �mesa to je¸rhma Noether s' aut n thn perÐptwsh,

mporoÔme, qrhsimopoi¸ntac thn metabolik  sqèsh sto L mma (B.1), na apokt soume mia

trÐth mh omogen  exÐswsh diat rhshc.

Sthn perÐptwsh mac oi nìmoi diat rhshc (3.27) sto Par�rthma B gr�fontai sth morf 

∂

∂t

[
Lδt+

∂L
∂ψt

(δψ − ψtδt− ψxδx) +
∂L
∂ψt

(δψ − ψtδt− ψxδx)
]

+

∂

∂x

[
Lδx+

∂L
∂ψx

(δψ − ψtδt− ψxδx) +
∂L
∂ψx

(δψ − ψtδt− ψxδx)
]

= 0 .
(3.13)

3.2.1 AnalloÐwto wc proc th metatìpish f�shc (gauge invariance)

H Lagrangian puknìthta L, gia k�je omalì dunamikì, eÐnai gauge analloÐwth, dhlad 

eÐnai analloÐwth wc proc ton metasqhmatismì ψ? = ψ exp(is), o opoÐoc gia apeiroel�qisto

(infinitesimal) s, dÐnei δψ = isψ me δt = δx = 0. Tìte, h (3.13) dÐnei

∂

∂t

[
∂L
∂ψt

(δψ) +
∂L
∂ψt

(δψ)
]

+
∂

∂x

[
∂L
∂ψx

(δψ) +
∂L
∂ψx

(δψ)
]

= 0 .

Antikajist¸ntac δψ = isψ kaiδψ = −isψ sthn teleutaÐa exÐswsh èqoume

∂

∂t

[
iε

2
ψisψ + (− iε

2
ψ)(−isψ)

]
+

∂

∂x

[
−ε

2

2
ψxisψ + (−ε

2

2
ψx)(−isψ)

]
= 0 ,

kai apaleÐfontac thn par�metro s paÐrnoume

∂

∂t

(
|ψ|2

)
+

∂

∂x

( ε
2i

(ψxψ − ψxψ)
)

= 0 .

Eis�gontac tic posìthtec
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mε
0(x, t) = |ψ(x, t)|2

kai

mε
1(x, t) = εIm(ψ(x, t)ψx(x, t)) ,

dhlad , thn puknìthta enèrgeiac kai thn puknìthta ro c, antÐstoiqa, gr�foume ton nìmo

diat rhshc thc enèrgeiac sth morf 

(3.14)
∂

∂t
mε

0 +
∂

∂x
mε

1 = 0.

3.2.2 AnalloÐwto wc proc th metatìpish qrìnou

Epeid  to dunamikì eÐnai anex�rthto tou qrìnou, to olokl rwma dr�shc (3.12) eÐnai epÐshc

analloÐwto wc proc tic qronikèc metabolèc t∗ = t + δt me δx = δψ = δψ = 0. Epomènwc

oi (3.13) dÐnoun

∂

∂t

[
L − ∂L

∂ψt
ψt −

∂L
∂ψt

ψt

]
+

∂

∂x

[
− ∂L
∂ψx

ψt −
∂L
∂ψx

ψt

]
= 0

kai eis�gontac tic posìthtec

mε
2(x, t) = −ε

2

2
Re(ψψxx) +

ε2

2
|ψx|2 ,

kai

mε
3(x, t) = ε3Im

(
3
4
ψxψxx −

1
4
ψψxxx

)
,

èqoume thn exÐswsh diat rhshc

∂

∂t
mε

2 +
∂

∂x
mε

3 + A = 0 ,

ìpou

A =
∂

∂t

(ε2
2
Re(ψψxx)

)
+

∂

∂x

(
−mε

3 −
ε2

2
(ψxψt + ψxψt)

)
+ V (x)∂tmε

0 .

MporeÐ na apodeiqjeÐ met� apì upologismoÔc, qrhsimopoi¸ntac thn exÐswsh Schrödinger,

ìti A = 2V ′(x)mε
1, kai sthn perÐptwsh mhdenikoÔ dunamikoÔ, odhgeÐ profan¸c se tetrim-

mèno nìmo diat rhshc. (dec, p.q.[64] gia tetrimmènouc nìmouc diat rhshc).

Epomènwc, h exÐswsh diat rhshc pou prokÔptei apì to analloÐwto wc proc qronikèc
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metabolèc gr�fetai telik�

(3.15)
∂

∂t
mε

2 +
∂

∂x
mε

3 = −2V ′(x)mε
1

Shmei¸noume pwc autìc o nìmoc diat rhshc eÐnai isodÔnamoc me thn diat rhsh thc

kbantik c Qamiltwnian c (dec, p.q., [80] Sec.2.1)

H =
∫

R

(ε2
2
|∂xψε(x, t)|2 − V (x)|ψε(x, t)|2

)
dx

3.2.3 Metabolèc wc proc th qwrik  metatìpish

Sthn perÐptwsh genikoÔ (mh stajeroÔ) dunamikoÔ h dr�sh J den eÐnai analloÐwth k�tw

apì qwrikèc metatopÐseic x? = x + δx me δt = δψ = δψ = 0, kai, s' aut n thn perÐptwsh

to je¸rhma Noether den efarmìzetai.

Par� to gegonìc autì, eÐnai dunatìn na p�roume mia mh-omogen  exÐswsh diat rhsh-

c pou antistoiqeÐ sth metabol  thc dr�shc k�tw apì qwrik  metatìpish. Shmei¸noume

ìti sth sunèqeia, gia na tonÐsoume thn ex�rtish thc Lagrangian apì to dunamikì V (x)

gr�foume L(V (x)) paraleÐpontac �llec exart seic.

H metabolik  sqèsh sto L mma B.1 tou parart matoc, sthn opoÐa basÐzetai h apìdeixh

tou jewr matoc Noether, gÐnetai

∫
D

(
∂

∂t

[
Lδt+

∂L
∂ψt

(δψ − ψtδt− ψxδx) +
∂L
∂ψt

(δψ − ψtδt− ψxδx)
]

+

∂

∂x

[
Lδx+

∂L
∂ψx

(δψ − ψtδt− ψxδx) +
∂L
∂ψx

(δψ − ψtδt− ψxδx)
])

dxdt

=
∫
D

(
L(V (x∗))− L(V (x))

)
dxdt ≈ −V ′(x)|ψ|2δx .

'Etsi, apì thn tautìthta

iε

2
(ψtψ − ψψt) = V (x)|ψ|2 − ε2

2
Re(ψxxψ) ,

h opoÐa prokÔptei eÔkola apì thn exÐswsh Schrödinger (3.3), paÐrnoume
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∂

∂t

[
− iε

2
ψψx +

iε

2
ψψx

]
+
∂

∂x

[
iε

2
(ψψt − ψψt)−

ε2

2
ψxψx − V (x)ψψ +

ε2

2
ψxψx +

ε2

2
ψxψx

]
= −V ′(x)mε

0 .

Qrhsimopoi¸ntac touc orismoÔc twn mε
1 kai mε

2, h prohgoÔmenh exÐswsh gr�fetai

(3.16) ∂tm
ε
1 + ∂xm

ε
2 = −V ′(x)mε

0 .

Sthn perÐptwsh mhdenikoÔ dunamikoÔ oi exis¸seic diat rhshc (3.15) kai (3.16) eÐnai

omogeneÐc.

Ja prèpei epÐshc na tonÐsoume ed¸ ìti den faÐnetai dunatìn na apokt soume peris-

sìterec exis¸seic diat rhshc mèsw thc metabolik c sqèshc sto je¸rhma Noether. 'Omwc,

ìpwc apedeÐqjh sthn prohgoÔmenh par�grafo, tètoiec exis¸seic prokÔptoun me ènan aplì

�meso trìpo, qrhsimopoi¸ntac thn ierarqÐa twn rop¸n gia thn exÐswsh Wigner ston q¸ro

f�sewn.

Parat rhsh. Antikajist¸ntac thn kumatik  sun�rthsh

ψε(x, t) = Aε(x, t)eiS
ε(x,t)/ε ,

h Lagkranzian  (3.11) gr�fetai sth morf 

L(x, t, Aε, ∂xAε, ∂tAε, ∂xS, ∂tS) = −
(
Aε
)2(

∂tS
ε +

1
2
(
∂xS

ε
)2 + V (x)

)
− ε2

2
(
∂tA

ε
)2
,

kai jewr¸ntac thn L wc sun�rthsh twn
(
x, t, Aε, ∂xA

ε, ∂tA
ε, ∂xS

ε, ∂tS
ε
)
. Tìte, oi antÐs-

toiqec exis¸seic Euler-Lagrange eÐnai

∂L
∂Aε

− ∂

∂x

( ∂L
∂
(
∂xAε

))− ∂

∂t

( ∂L
∂
(
∂xAε

)) = 0 ,

∂L
∂Sε

− ∂

∂x

( ∂L
∂
(
∂xSε

))− ∂

∂t

( ∂L
∂
(
∂xSε

)) = 0 ,

oi opoÐec dÐnoun akrib¸c to sÔsthma exis¸sewn Bohm (bl.1.14, 1.15)
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3.3 ParadeÐgmata me kaustikèc

3.3.1 Estiak� shmeÐa suss¸reushc enìc armonikoÔ talantwt 

S' autì to par�deigma jewroÔme tic exis¸seic rop¸n gia ton armonikì talantwt 

iεψεt +
ε2

2
∆ψε − V (x)ψε = 0, x ∈ R, t > 0 , V (x) =

Ω2x2

2
,

me arqik� dedomèna Gauss-Fresnel

ψ0
ε(x) = ψε(x, 0) = A0(x)eiS0(x)/ε

A0(x) = e−λ
2x2/2 , S0(x) = µ2x2/2 ,

ìpou Ω, µ, λ eÐnai jetikèc stajerèc.

H lÔsh gewmetrik c optik c gi' autì to prìblhma problèpei thn Ôparxh �peirou arijmoÔ

estiak¸n shmeÐwn (focal points) twn aktÐnwn, oi opoÐec dÐnontai apì thn exÐswsh (bl. 1.16)

x̃(t; q) = q

(
cos(Ωt) +

µ2

Ω
sin(Ωt)

)
.

H Iakwbian  tou metasqhmatismoÔ eÐnai

(3.17) J(t; q) =
∂x̃(t; q)
∂q

= cos(Ωt) +
µ2

Ω
sin(Ωt) ,

kai mhdenÐzetai gia tm = 1
Ω

(
mπ + arctan(−Ω/µ2)

)
,m = 1, 2, . . . , gia k�je arqikì shmeÐo

q. Autìc eÐnai o lìgoc pou sth sunèqeia ja gr�foume J(t) antÐ gia to pl rec sÔmbolo

J(t; q) pou deÐqnei thn ex�rthsh wc proc q sthn genik  perÐptwsh. Epomènwc, h kaustik 

apoteleÐtai apì ta shmeÐa

{xm = x̃(tm; q) = 0 , t = tm}

sto xt−epÐpedo, kai k�je qarakthristik  pou arqÐzei apì ton �xona x pern�ei apì ta

shmeÐa suss¸reushc, dhlad , dhmiourgeÐtai mia periodik  estÐash-afestÐash sth di�dosh

enèrgeiac.

Gia to tetragwnikì dunamikì pou jewroÔme ed¸, h exÐswsh Wigner, kai h oriak  exÐsw-

sh Wigner (Liouville) tautÐzontai, afoÔ o ìroc tautÐzetai Θε[V ] me k∂x−V ′(x)∂k (bl.3.4).
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H arqik  sun�rthsh Wigner (1.30) dÐnetai apì thn èkfrash

(3.18) W ε
0 (q, p) =

1√
π

1
λε
e−λ

2q2e−(µ2q+p2)2/λ2ε2 .

LÔnontac to Qamiltwnianì sÔsthma (1.32) kai antistrèfontac gia ta q, p brÐskoume tic

antÐstrofec qarakthristikèc

q(x, k, t) = x cos(Ωt)− k

Ω
sin(Ωt) ,

p(x, k, t) = xΩsin(Ωt) + k cos(Ωt) ,
(3.19)

Antikajist¸ntac tic (3.19) sthn (3.18), paÐrnoume thn lÔsh thc exÐswshc Wigner

(3.20) W ε(x, k, t) =
1√
π

1
λε
e−(ax+bk)2e−(cx+dk)2/ε2 ,

ìpou

a = λcos(Ωt) , b = −λsin(Ωt)/Ω

c =
(
Ωsin(Ωt)− µ2cos(Ωt)

)
/λ

d =
(
cos(Ωt) + µ2sin(Ωt)/Ω

)
/λ

Oi ropèc mε
`(x, t) thc W

ε dÐnontai apì thn èkfrash

mε
`(x, t) =

∫
R
k`W ε(x, k, t)dk =

1√
π

1
λε

∫
R
k`e−(ax+bk)2e−(cx+dk)2/ε2dk

=
1√
π

1
λε
e−(a2+c2/ε2)x2

∫
R
k`e−(b2+d2/ε2)k2

e−2(ab+cd/ε2)xkdk

=
(−1)`

λε

1√
b2 + d2/ε2

exp

((
−(a2 + c2/ε2) +

(ab+ cd/ε2)2

b2 + d2/ε2

)
x2

)

×
(
ab+ cd/ε2

b2 + d2/ε2

)`
x`

1 +
[ `
2 ]∑
j=1

`!
(`− 2j)!j!

(
b2 + d2/ε2

4(ab+ cd/ε2)2

)j
x−2j

 ,

(3.21)

kai antikajist¸ntac sthn (3.21) tic ekfr�seic twn a, b, c, d, kai thn xanagr�foume sth

morf 
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mε
`(x, t) =

(−1)`√
λ4ε2

Ω2 sin2(Ωt) +
(
cos(Ωt) + µ2

Ω sin(Ωt)
)2

×

x
(
−λ4ε2

Ω cos(Ωt) sin(Ωt) + (Ω sin(Ωt)− µ2 cos(Ωt))(cos(Ωt) + µ2

Ω sin(Ωt))
)

λ4ε2

Ω2 sin2 Ωt+
(
cos(Ωt) + µ2

Ω sin(Ωt)
)2


`

× exp

− λ2x2

λ4ε2

Ω2 sin2(Ωt) +
(
cos(Ωt) + µ2

Ω sin(Ωt)
)2



×

(
1 +

[ `
2 ]∑

j=1

`!
(`− 2j)!j!

 (λε)2
(

sin2(Ωt)
Ω2

(
λ4ε2 + µ4

)
+ cos2(Ωt) + 2µ2

Ω cos(Ωt) sin(Ωt)
)

4x2
(
−λ4ε2

Ω cos(Ωt) sin(Ωt) + (Ω sin(Ωt)− µ2 cos(Ωt))(cos(Ωt) + µ2

Ω sin(Ωt))
)2


j)

.

(3.22)

EpÐshc, antikajist¸ntac tic antÐstrofec qarakthristikèc (3.19) sthn arqik  oriak  katanom 

Wigner, brÐskoume thn lÔsh thc oriak c exÐswshc Wigner

(3.23)

W 0(x, k, t) =
1

| cos(Ωt) + µ2

Ω sin(Ωt)|
e−λ

2(x cos(Ωt)− k
Ω
sin(Ωt))2

δ

(
k − x(−Ω sin(Ωt) + µ2 cos(Ωt))

cos(Ωt) + µ2

Ω sin(Ωt)

)
.

Qrhsimopoi¸ntac sth sunèqeia to gegonìc ìti, gia k�je omal  sun�rthsh F ,

1
ε
F
(z
ε

)
→ δ(z)

∫
R
F (z)dz , kaj¸c ε→ 0 ,

eÐnai eÔkolo na epibebai¸soume ìti, makri� apì ta shmeÐa suss¸reushc, h lÔsh (3.23),

prokÔptei epÐshc �mesa apì thn (3.20) kaj¸c ε→ 0. Epiplèon, eÐnai dunatìn na kataskeu�-

soume èna pl rec an�ptugma thc W ε me thn ènnoia twn katanom¸n, kai o pr¸toc ìroc sto

an�ptugma eÐnai wc anamènetai h katanom  W 0. H kataskeu  basÐzetai sto asumptwtikì

an�ptugma, me thn ènnoia twn katanom¸n [24], Sec. 6.2,

(3.24) F (Mx) ∼
∞∑
n=0

(−1)nµnδ(n)(x)
n!M (n+1)

, kaj¸c M →∞ ,
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ìpou

µn =
∫

R
znF (z)dz

eÐnai h n−osth rop  thc omal c sun�rthshc F .

Gia na efarmìsoume autì to an�ptugma gia thnW ε, arqik�, gr�foume ton ε−exart¸meno
ìro sthn (3.20) sth morf 

exp
(
−d2

(
k + cx/d

)2
/ε2
)

= exp
(
−
(
dy/ε

)2)
,

ìpou y = k + cx/d. Tìte, sÔmfwna me thn (3.24), gia mikr� ε, paÐrnoume to an�ptugma

W ε(x, k, t) ∼ 1√
πλ

∞∑
n=0

(−1)n

n!
cnd

−(n+1)εn exp

[
−

(
1
d

(
ad−bc)

)
x+by

)2]
δ(n)(y) , y = k+cx/d .

poucn = 0, gia n perittì kai cn = 1
2Γ(n+1

2 ) gia n �rtio.

Oi diadoqikoÐ ìroi sto parap�nw an�ptugma mporoÔn na upologisjoÔn me ton kanìna

tou Leibniz

F (z)δ(m)(z) =
m∑
`=0

(
m

`

)
F `(0)δ(m−`)(z) .

Sugkekrimèna, eÔkola blèpoume ìti o ìroc mhdenik c t�xhc, wc proc ε, eÐnai h W 0 ìpwc

dÐnetai sthn (3.23).

Oi oriakèc ropèc m0
`(x, t) upologÐzontai epÐshc apl�, qrhsimopoi¸ntac thn sqèsh∫

R f(x)δ(x− y)dx = f(y), kai dÐnontai apì tic ekfr�seic

m0
` (x, t) =

∫
R
k`W 0(x, k, t)dk

=
(−1)`

| cos(Ωt) + µ2

Ω sin(Ωt)|

[
x(Ω sin(Ωt)− µ2 cos(Ωt))

cos(Ωt) + µ2

Ω sin(Ωt)

]`
exp

− λ2x2(
cos(Ωt) + µ2

Ω sin(Ωt)
)2

 .

ParathroÔme ìti oi m0
`(x, t) apeirÐzontai kaj¸c plhsi�zoume ta shmeÐa suss¸reushc

(x = 0, t = tm) kat� m koc tou �xona x = 0, afoÔ o paronomast c (3.17)
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cos(Ωt) +
Ω2

µ
sin(Ωt) = J(t) ,

mhdenÐzetai sta shmeÐa aut�, gegonìc to opoÐo sumfwneÐ me th gewmetrik  eikìna ìti ìlec

oi qarakthristikèc pernoÔn apì ta shmeÐa suss¸reushc. Gia x 6= 0, m0
`(x, t) fjÐnoun

ekjetik� kaj¸c t→ tm.

AntÐjeta, oimε
`(x, t) eÐnai kal� orismènec pantoÔ, lìgw thc parousÐac tou ìrou λ4ε2

Ω2 sin2(Ωt)

pou omalopoieÐ thn Iakwbian  J ston paronomast  stic (3.22). Autìc o � omalopoihtikìc

� ìroc mporeÐ p�nta na eÐnai shmantikìc gia mikr� ε sthn perÐptwsh pou h par�metroc λ

eÐnai arket� meg�lh, dhlad  gia entopismènh arqik  kumatik  sun�rthsh. ParathroÔme

epÐshc, k�ti pou enisqÔei ton isqurismì ìti h W ε eÐnai to kat�llhlo ergaleÐo pou prèpei

na qrhsimopoi soume akìma kai sta shmeÐa estÐashc, ìti h sqèsh

mε
`(x = 0, t = tm) =

∫
R
k`W ε(x = 0, k, t = tm)dk ,

isqÔei, anex�rthta apì thn seir� antikat�tashc twn tim¸n x = 0, t = tm, to opoÐo pro-

fan¸c den isqÔei gia tic oriakèc ropèc m0
` , afoÔ h W 0(x = 0, k, t = tm) den eÐnai kal�

orismènh.

Profan¸c afoÔ V (j)(x) = 0, gia j ≥ 3, mporeÐ na epibebaiwjeÐ kai me ap' eujeÐac upolo-

gismoÔc qrhsimopoi¸ntac tic parap�nw ekfr�seic twn rop¸n ìti oi ε−exart¸menec kai ori-
akèc exis¸seic rop¸n tautÐzontai. Sugkekrimèna, oi ε−exart¸menec exis¸seic rop¸n isqÔ-
oun kai sta shmeÐa estÐashc, ìpwc  tan anamenìmeno lìgw thc omalopoihtik c epÐdrashc

sthn Iakwbian  tou ε−exart¸menou ìrou tou paronomastoÔ twn ekfr�sewn twn rop¸n

ston opoÐo anafèrjhkame parap�nw.

Sth sunèqeia jèloume na katano soume kalÔtera thn oriak  sumperifor� twn mε
`(x, t)

kaj¸c ε→ 0, kai na exakrib¸soume ìso to �eÐdoc thc sÔgklishc � sticm0
` (x, t), sta shmeÐa

estÐashc.

AfoÔ kont� sta shmeÐa t = tm, mporoÔme na proseggÐsoume thn Iakwbian  me

J(t) ≈ J ′(tm)(t− tm) +O((t− tm)3) =
√

2(−1)m(t− tm) +O((t− tm)3) ,

h mhdenik c t�xhc rop  m0
0(x, t), gia par�deigma, proseggÐzetai wc ex c
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m0
0(x, t) ≈

1√
2|t− tm|

e−
(
λ2x2/

√
2(t−tm)

)2
.

Epomènwc, gia k�je m = 1, 2, . . . ,

m0
0(x, t) ⇀

√
πδ(x) , gia t→ tm ,

me thn ènnoia twn D′ katanom¸n.

Epiplèon, mporoÔme na doÔme me parìmoio trìpo ìti

limt→tmm
ε
0(x, t) = mε

0(x, t = tm) ⇀
√
πδ(x) , kaj¸c ε→ 0 ,

kai p�li me thn ènnoia twn D′ katanom¸n.

Gia na dieukrinÐsoume thn sugkèntrwsh thc m�zac Dirac sta shmeÐa suss¸reushc,

pr¸ta anaptÔssoume tic ropèc mε
`(x, t) se seir� Taylor wc proc ε, makri� apì ta shmeÐa

suss¸reushc. Gia par�deigma, to an�ptugma thc mε
0(x, t) ja eÐnai

mε
0(x, t) = m0

0(x, t)1 +
λ4

Ω2
σ(t)

[
− sin2(Ωt)(

2 cos(Ωt) + µ2

Ω sin(Ωt)
)2 + x2 sin2(Ωt)(

cos(Ωt) + µ2

Ω sin(Ωt)
)4

]
ε2 +O(ε4)

 ,

(3.25)

me σ(t) = sgn
(
cos(Ωt) + Ω2

µ sin(Ωt)
)
.

Genik�, paÐrnoume èna an�ptugma thc morf c

mε
`(x, t) = m0

`(x, t)

(
1 +

∞∑
ν=1

ε2νMν
` (x, t)

)
.

O deÔteroc ìroc stic agkÔlec sthn sqèsh (3.25) upodeiknÔei ìti ìtan proseggÐzoume

èna shmeÐo suss¸reushc ja prèpei na p�roume ε/|t−tm| mikrì ètsi ¸ste oi ε−exart¸menoi
ìroi na eÐnai amelhtèoi. Epomènwc, emfanÐzetai èna oriakì str¸ma (boundary layer) kaj¸c

plhsi�zoume to shmeÐo suss¸reushc kat� m koc tou �xona x = 0.
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3.3.2 Omal  kaustik  (fold) gia thn eleÔjerh exÐswsh Schrödinger

JewroÔme t¸ra to prìblhma arqik¸n tim¸n gia thn exÐswsh Schrödinger (3.3 me V (x) = 0

kai

A0(x) = 1 , S0(x) = −x3/3 .

Oi aktÐnec eÐnai

x̃(t; q) = −q2t+ q ,

kai h kaustik  J(t; q) = 0 eÐnai èna fold sto xt−epÐpedo, pou perigr�fetai apì thn uperbol 
xt = 1/4. Sthn fwtismènh perioq  xt < 1/4, apì k�je shmeÐo (x, t), pern�ne dÔo aktÐnec

me shmeÐa ekkÐnhshc q± =
(
1 ∓

√
1− 4xt

)
/2t. Sth perioq  ski�c xt > 1/4, den pern�ei

kamÐa (pragmatik ) aktÐna.

H sun�rthsh Wigner gi' autì to prìblhma èqei upologisteÐ sto [28], ìpou gia pr¸th

for� èqei kataskeuasteÐ èna asumptwtikì an�ptugma lÔshc thc exÐswshc Wigner gia mikr�

ε. H arqik  sun�rthsh Wigner eÐnai

W ε
0 (q, p) =

1
πε

∫ +∞

−∞
exp
(
i
( 2

3ε
σ3

3
+

2
ε
(p+ q2)σ

))
dσ

22/3

ε2/3
Ai

(
22/3(p+ q2)

ε2/3

)
,

ìpou Ai()̇ sumbolÐzei thn sun�rthsh Airy (dec, p.q. , [50], Sec. 5.17).

AfoÔ V ≡ 0, h exÐswsh Wigner aplopoieÐtai sthn exÐswsh metafor�c

∂tW
ε + k∂xW

ε = 0 ,

h opoÐa oloklhr¸netai eÔkola kat� m koc twn qarakthristik¸n

x = q + p t , k = p .

Epomènwc, h sun�rthsh Wigner dÐnetai apì th sqèsh

W ε(x, k, t) =
22/3

ε2/3
Ai

(
22/3(k2t2 + (1− 2xt)k + x2)

ε2/3

)
.

ParathroÔme h sun�rthsh Wigner arqik� sugkentr¸netai sth �Lagkranzian  pollaplìth-
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ta� Λ0 = {(q, p) : p+ q2 = 0}, en¸ gia qrìnouc t > 0 sugkentr¸netai sthn anadiplwmènh

pollaplìthta (folded ”manifold”) Λt = {(x, k) : k2t2 + (1 − 2xt)k + x2 = 0}. Sth

fwtismènh perioq  h pollaplìthta apoteleÐtai apì dÔo kl�douc k± = ∂xS
±(−1 + 2xt ±

√
1− 4xt

)
/2t2, en¸ sthn perioq  ski�c (shadow zone) xt > 1/4, ta antÐstoiqa k± gÐnontai

migadik�. Oi dÔo kl�doi tautÐzontai p�nw sthn kaustik  xf = 1/4t ìpou k+ = k− =: kf .

Sq ma 3.1: AktÐnec & kaustik  fold

O upologismìc twn ε−exart¸menwn rop¸n thc W ε basÐzetai sthn sqèsh

(3.26)

∫ ∞

−∞
Ai(u2 − λ)umdu = (−1)mim

(
∂mF (λ, ξ)
∂ξm

)
ξ=0

,

ìpou [87]

F (λ, ξ) =
∫ ∞

−∞
Ai(u2 − λ)eiξudu = 22/3πAi

(
−22/3(λ+ ξ)

)
Ai
(
−22/3(−λ+ ξ)

)
.

H exÐswsh (3.26)apodeiknÔetai eÔkola paragwgÐzontac � tupik� � m forèc wc proc ξ ton

metasqhmatismì Fourier F (λ, ξ), kai profan¸c to olokl rwma mhdenÐzetai gia perittèc

timèc tou m.

Eis�gontac tic paramètrouc

A =
(
2/ε
)2/3

t2 , B =
(
2/ε
)2/3(1− 2xt) , kai C =

(
2/ε
)2/3

x2 ,

kai k�nontac thn allag  metablht c u =
√
Ak+B/2

√
A, h opoÐa dÐnei λ =

(
B2−4AC

)
/4A,
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oi ropèc gr�fontai sth morf 

mε
`(x, t) =

(
2/ε
)2/3

G`
(
A,B,C

)
,

ìpou

G`
(
A,B,C

)
=
∫ ∞

−∞
k`Ai

(
Ak2+Bk+C

)
dk =

(
2/ε
)−(`+1)/3

t−(`+1)

∫ ∞

−∞

(
u−B/2

√
A
)`
Ai(u2−λ)du .

Gia par�deigma,

G0

(
A,B,C

)
=

2π
21/3

√
A
Ai2

(
−B

2 − 4AC
45/3A

)

G1

(
A,B,C

)
= − B

2A2/3

π

21/3
Ai2

(
−B

2 − 4AC
45/3A

)
,

kai epistrèfontac stic metablhtèc (x, t), èqoume

mε
0(x, t) =

2π
ε1/3t

Ai2
(
−g(x, t)

ε1/3

)
kai mε

1(x, t) =
−π
ε1/3

1− 2xt
t3

Ai2
(
−g(x, t)

ε1/3

)
,

ìpou g(x, t) = (1− 4xt)/4t2.

Qrhsimopoi¸ntac thn diaforik  exÐswsh gia thn sun�rthsh Airy Ai(z), mporoÔme eÔko-

la na doÔme ìti oi ropèc mε
0,m

ε
1 ikanopoioÔn thn exÐswsh diat rhshc (3.14), makri� all�

kai p�nw sthn kaustik . MporeÐ na apodeiqjeÐ epÐshc, met� apì makreÐc all� apèujeÐac

upologismoÔc, ìti k�je exÐswsh sthn ierarqÐa isqÔei kai p�nw sthn kaustik .
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Par�rthma B: To Je¸rhma

Noether

To Je¸rhma Noether èqei ènan rìlo jemeli¸douc shmasÐac se poll� jewrhtik� pedÐa thc

mhqanik c kai thc fusik c, kaj¸c parèqei �mesh sqèsh metaxÔ nìmwn diat rhshc kai sum-

metri¸n (ametablhtìthtac invariance), k�tw apì sugkekrimènouc metasqhmatismoÔc tou

oloklhr¸matoc metabol¸n tou opoÐou oi exis¸seic Euler-Lagrange apoteloÔn tic exis¸-

seic pedÐou thc jewrÐac.

Gia èna sÔntomo sqìlio pou afor� tic efarmogèc tou jewr matoc Noether sthn fusik 

kai efarmosmènh mhqanik  anaferìmaste sto [84], kai gia mia leptomer  perigraf  thc

sqèshc metaxÔ om�dwn summetrÐac kai nìmwn diat rhshc stic diaforikèc exis¸seic, sto

biblÐo tou Olver [64] ( kef�laio 4.)

To Je¸rhma Noether basÐzetai sthn je¸rhsh enìc sunarthsoeidoÔc

J [u] =
∫
D

L(x, u,∇u)dx , D ⊂ Rn ,

kai miac oikogèneiac metasqhmatism¸n G(η):

x∗i = Φi(x, u,∇u; η)(B.1)

u∗ = Ψ(x, u,∇u; η)

pou exart¸ntai apì mia par�metro η.

Upojètoume ìti oi sunart seic Φi (i = 1, . . . , n) kai Ψ

1. eÐnai paragwgÐsimec wc proc η, kai

125
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2. gia η = 0 antistoiqoÔn ston tautotikì metasqhmatismì, dhlad 

Φi(x, u,∇u; 0) = xi ,

Ψ(x, u,∇u; 0) = u .

O metasqhmatismìc (B.1) metafèrei mia epif�neia Σ := {u = u(x), x ∈ D}, se mia

epif�neia Σ∗ := {u∗ = u∗(x∗), x∗ ∈ D∗}. Epomènwc, metatrèpei to sunarthsoeidèc J [u]

sto

J [u∗] =
∫
D∗

L(x∗, u∗,∇∗u∗)dx∗ ,

ìpou ∇∗u∗ = (u∗x∗1 , . . . , u
∗
x∗n

).

Eis�goume t¸ra thn ènnoia tou analloÐwtou kai akrìtatou gia to sunarthsoeidèc J [u].

Orismìc B.1. To sunarthsoeidèc J [u] lègetai analloÐwto k�tw apì ton metasqh-

matismì (B.1), an

J [u∗] =
∫
D∗

L(x∗, u∗,∇∗u∗)dx∗ =
∫
D

L(x, u,∇u)dx = J [u] .

Orismìc B.2. H epif�neia Σ lègetai akrìtath epif�neia gia to sunarthsoeidèc J ,

an h u eÐnai lÔsh twn exis¸sewn Euler-Lagrange

Lu −
n∑
i=1

∂

∂xi
Luxi

= 0 ,(B.2)

tìte h L anafèretai wc Lagrangian puknìthta.

Diatup¸noume t¸ra to gnwstì wc pr¸to Je¸rhma thc Noether . H apìdeixh tou

parousi�zetai analutik� apì touc Gelfand & Fomin sto [35] (h met�frash thc aujentik c

apìdeixhc apì thn Noether sto [63]).

Je¸rhma Noether ([35]). An to sunarthsoeidèc

J [u] =
∫
D

L(x, u,∇u)dx

eÐnai analloÐwto k�tw apì thn oikogèneia metasqhmatism¸n
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x∗i = Φi(x, u,∇u; η) ≈ xi + ηϕi(x, u,∇u), i = 1, . . . , n(A.2)

u∗ = Ψ(x, u,∇u; η) ≈ u+ ηψ(x, u,∇u) ,

gia η mikrì kai aujaÐreth perioq  D, tìte

n∑
i=1

∂

∂xi

(
Luxi

ψ̂ + Lϕi
)

= 0 , ψ̂ = ψ −
n∑
i=1

uxiϕi ,

se k�je akrìtath epif�neia tou J [u]. �

Prèpei na parathr soume ìti h apìdeixh tou jewr matoc basÐzetai sthn parak�tw

metabolik  sqèsh, thn opoÐa ja qrhsimopoi soume epÐshc sthn par�grafo (3.2) gia na

ex�goume thn mh-omogen  exÐswsh diat rhshc jewr¸ntac qwrikèc metabolèc.

L mma B.1. To principal part δJ thc metabol c tou sunarthsoeidoÔc J [u] k�tw

apì ton metasqhmatismì (B.2) gia mikrì η, dÐnetai apì thn sqèsh

δJ = η

∫
D

(
Lu −

n∑
i=1

∂

∂xi
Luxi

)
ψ̂dx + η

∫
D

n∑
i=1

∂

∂xi

(
Luxi

ψ̂ + Lϕi
)
dx

ìpou ψ̂ = ψ −
∑n

i=1 uxiϕi. �

Parat rhsh B.1. An h u = u(x) den eÐnai akrìtath epif�neia tou J [u], to Je¸rhma

Noether dÐnei thn tautìthta(
Lu −

n∑
i=1

∂

∂xi
Luxi

)
ψ̂ +

n∑
i=1

∂

∂xi

(
Luxi

ψ̂ + Lϕi
)

= 0

Parat rhsh B.2. Gia èna n×m sÔsthma mem �gnwstec sunart seic u = (u1, . . . , um),

to analloÐwto tou J [u] k�tw apì ton metasqhmatismì

x∗i = Φi(x, u,∇u; η) ≈ xi + ηϕi(x, u,∇u), i = 1, . . . , n

u∗j = Ψj(x, u,∇u; η) ≈ uj + ηψj(x, u,∇u) j = 1, . . . ,m

odhgeÐ, me thn Ðdia aitiolìghsh ìpwc sto Je¸rhma Noether , sto parak�tw sÔsthma
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exis¸sewn diat rhshc

(3.27)
n∑
i=1

∂

∂xi

 m∑
j=1

∂L

∂
(
∂uj

∂xi

) ψ̂j + Lϕi

 = 0 ,

ìpou ψ̂j = ψj −
∑n

i=1
∂uj

∂xi
ϕi, upì thn proôpìjesh ìti h u ikanopoieÐ to sÔsthma twn

exis¸sewn Euler-Lagrange

(3.28)
∂L
∂uj

−
n∑
i=1

∂

∂xi

( ∂L
∂
(∂uj

∂xi

)) = 0 , j = 1, · · · ,m .

Parat rhsh B.3. To analloÐwto tou J [u] k�tw apì mia r-parametrik  oikogèneia

metasqhmatism¸n

x∗i = Φi(x, u,∇u; η) xi + ηϕi(x, u,∇u), i = 1, . . . , n

u∗ = Ψ(x, u,∇u; η)u+
r∑

k=1

ηkψ
k(x, u,∇u) ,

η = (η1, . . . , ηr) eÐnai oi par�metroi thc oikogèneiac, dÐnei tic parak�tw r-grammik�

anex�rthtec exis¸seic diat rhshc

n∑
i=1

∂

∂xi

 ∂L

∂
(
∂u
∂xi

) ψ̂k + Lϕki

 = 0, k = 1, . . . , r

ìpou ψ̂k = ψk −
∑n

i=1
∂u
∂xi
ϕki .
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