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ITgdéAoyog

©0 Moeho va. eVXaOLOTHOW OAOVG OoOVG ue Bordncov yia TV OAORAY-
owon ovtig g gpyaotag. ITowta amd dhovg tov ddororo uov Kadnynt
I Axpifn. H =obodynon tov, av xor oxd UaxQUE TO UEYOAVTEQO
dudotnua, otnELEe TV moomddelo wov. To xevd mov dnuovoynoe 1
amovoio tov ovuAfowoe o Emirovpog Kabnyntig X. Moxouddxng, tov
ortolov 1 Pfondeto Hrov auéELotn koL TOAUIAEVEN. MdAAiloto To Mégog A
™™g eoyaociag uov PaoiCetar oe éva TEOPAnuo mov wov €ece. Toco o T.
Anpifing 600 nar 0 X. Moxouddxng OLdfacav eTOVNAELUUEVE TO OQYLKO
YELQOYQOPO %Al CUVEBAAAAY OTTOQACLOTIXG OTN OLAUOQPWON TNG TEALKNG
uoo@ng ue vodeikelg, OL0PBWOELS ®aL PEATLOOELS OTLS OTTOOEIEELS TV
EXTLUNOEWV.

Idwaitepa evyapwotw tov Kabmymty B. Aovyahy xar tov Eminovpo
Kabnynty E. Bdpaln mov poli pe tov I.  Axpiffn amotéhecav v
TOWEA] OVUPOVAEVTIXY €mLTEOTY M omola ToorolovOovoe TNV eEEMEN
™mg dtatopng xabwg xow Tov Kadnynty 1. Momaddun, tov Kabnynty L
AbBavacdmovio rar Tov Emirovpo Kabnyntn I'. Kooowwon ov omotot, uali
UE TOVG QVOPEQOUEVOVS TTOQAITTAV®D KAONYNTES, OVUUETELXOV OTNV ETTOUERN
eEETOOTLXY ETLTOOTN %aL OLdfaooy TV OLaTEL Hov.

OL HETOTTTUYLOMES WOV OTOVOEG AL 1 EQEVVNTLXY WOV €QYACL0. VITOOTN-
olyxOnrav owovoprd natd ropovg amd to Hoavemotuo Konmmg (Mabn-
uotikd Tuquor nor Ewdwog Aoyaguaoudg = ovdvriov ‘Epevvag (ITENEA
#1747, yonuoatodotnon I'I.E.T)) xor amd 10 IVOTITOUTO YTOAOYLOTLKMV
Mobnuatikmv tov Idpvuatog Texvoroyiog now ‘Epevvag. Ilpog avtd ta
000 LOEVUOTO EXPEALW TLG EVYOQLOTIES OV.






Iegiinym

Ze ovtiv v eoyaocio ueletovue agduntixég uebddovg yua TV ITEO-
o€yyLon G AMIoEMS EAMELTTIXMV OLOPOQUAV EELODOEWV KODME KL TTOO-
BANUATWV 0OYLRDOV ROL GUVOQLOKMY TLUDV KOL OTTOOELKVOOUUE EXTLUNOELS
OPAAUATOS BELTLOTNG TAENG.

Zto Kegpdhata 1-4 avahdovue uedddovg TEMEQUOUEVWV YWV YLO
N OLAXQLTOTOINON YOOUULXMDV EAAELTTIXMV €ELOMOEMV OeVTEONS TAEEMG
oe £va. QQAYUEVO, %VETO, TOAUYWVIXG xwoto 2 C R?. Tlo OVYHERQL-
uéva oto Kegdhowo 1 avagépovue yvootd omotedéouata yuo uebodovg
TETEQAOUEVV YWELWV OTOV 1 TTOOCEYYLOTLAY AVON OVAKEL OTO YWOEO TWV
OUVEX(MYV, AATA TUNUOTO YQOUUWLXMDV CUVOQTNOEWV O €VAV TOLYWVLOUO
Ty, wov . Emiong, ®0tooxevdlovue éva OxNU0 TTETEQUOUEVIV KWWV
omov Tnrovue wior TEOOEYYLOTLXY AVOM OTO YWEO TWV OXL AT’ OVAYRT
OUVEXDYV, KATE TUHUOTO YQOUUMXMY OVVOQTHOEWY, ONAAON TO XWQO ITETE-
poouévawv otolxelwv twv Crouzeix—Raviart xou omodeunvioovue PEATLOTNG
TEENS extuoelg o@dipatog oo oty HY 600 #ow omv L2 vépua. Ou
uébodor ov Bewpovue oe ovTO TO AEPAAOLO Paocilovior oe €vav dutro
dwaueorond tov Tp mov amotereltor amd wn emroAVTTOUEVA YOO

Zto Kegdahato 2 xor 3 Oewpovpe nebddovg dLoxQLTomoinong, yio tnv
eElowon Tou Poisson xatr yua ubor yeviny ehhewmtiny eElowon, mov mo-
HUTTOVV G TTOOOEYYIOELS TNG avtioTtouyms UeBO00V TETEQUOUEVWV OTOL-
yelwv péow xavovav ooiuntinig oloxAnowong. H mpooeyyiotixy Avon
OV OTAOKEVATOVUE OVIKEL €(TE OTO YWEO TWV OUVEXWOV XATE TUAUOTO
YOOUUMAMV OVVOQTHOEWY €lTe 0TO YWEO Twv Crouzeix—Raviart xav aswo-
dewxvioupe PENTIOTNG TAEewe exTumioelg ogdhuatog oy H' xon L2
vopua. EmAéyoviog TmEo OUYREXQUUEVOUS HOVOVES OOLOUNTLIXNG OAOUAY-
owoNg odNyovUaoTe 0T dLaxELtd oxjuata Tov Kegalaiov 1 xabmg xow
oe véeg UebBOOOVG TTETEQUOUEVIV YWOLWV.

210 Kegpdhoro 4 dwomprromolovpe v eEiomon Tov Poisson oupgpovo
ue ™ uébodo mov elodyovpe 010 Kedhoto 2 not amodeixviouvue BEATLOTNG
T6Eewg extyuoelg opdhuatog oty WHo nuwdoua xor L% vépua.

210 0gUTEQO UEQOG QUTNG NG epyootag Oewpovue OVo TEORANUATA
OQYLXOV KOL GUVOQLOKMV TLUDV KoL avolvovpe uebddovg damprtomoinomg
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tovg. 'Etol oto Kegpdhato 5 Oewpole éva un dromtto moofAnuo agyuav
Tpdv ™ poogns Au'(t) = B(t,u(t)), t € [0,t*], dmov t* > 0, A eivon
€vag avToouvZUYNG OeTIrd OQLOUEVOG, YOOUMXOS TEAEOTNG Of €vo. XWDQO
Hilbert H nouw B évag mbavov un yoouurog teleotis. ALoxXQLTOTOLOVUE
WG TEOG TO YMEO Ue UeBOOOVS TTETEQUOUEVWV OTOLYELWY AHOL MG TTOOG
TO XEOVO Ue YOOUULXES Gueoeg TOAVPNUaTIvéS uebddovg. Amodetnviouue
BEATLOTNG TOENG EXTLUNOELS OQAAUOATOC. TN OUVEXELD EQOQUOCOVUE TO.
agnonuévo amoteléopata oty egiomwon Tov Rosenau oto R™, n < 3,
oe ulo yevinevuévn eElowon tomov Sobolev oe pio ywowi ovdotaon, oe
uto pevdomopaforkn egtowon otov R*, n = 2,3, xouw oe éva ovotnuo
eElomoewv TUTOV Boussinesq.

Téhog oto Kepdhowo 6 Oswoovue éva amhd maofoltrd oA
OQYMAOV %Al CUVOQLOXKMV TWMV Yoo TNV eElowon g Oepudtntog oto
Q% [0,T], é6mov Q C R? eivar éva x0ot6, QOOYUEVO TOAMYOVIAS YwOlo
navr T > 0. AloxQLTOTTOLOUUE MG TTEOS TO YMWEO Ue TS UeBOdoUG
TETEQUOUEVWV WOV TOV UELETHOAUE OTO TEWTO MEQOS QUTHG NG €-
oyaotog. Wayvouue pio AVon tov MUOLOXQLTOV TEOPAUATOS OTO YWMQO
memeQaopévey otolelwv Twv Crouzeix—Raviart. Ztn ocuvéyxelo dLomQLTo-
TOLOVUE TA. MULOLAXOLTE OXNUATA. WG TTOOG TO YOOVO UE TNV TTETAEYUEVN
uébodo touv Euler. Amodeixvuouvue BEATLOTNG TAEEWS EXTLUNOELS OQPAAUATOC
omv H nau L? VOQUOL YLOL TOL MULOLOKQOLTE %Ol TANOWS SLAXQOLTE OYNUOTO.
OV ROTAOREVACOUNE.



Abstract

We analyse numerical methods for the approximation of the solution of
elliptic partial differential equations and initial and boundary value problems
and derive optimal order error estimates.

In Chapters 1-4 we analyse finite volume discretizations of elliptic
differential equations of second order in a bounded, convex, polygonal
domain Q C R2. Thus, in Chapter 1 we present known results for finite
volume methods approximating from the standard finite element space of
continuous piecewise linear functions in a triangulation 7} of €. Also we
construct a finite volume scheme where we seek an approximate solution in
the nonconforming finite element space of piecewise linear functions, i.e.,
the finite element space of Crouzeix—Raviart, and prove optimal order error
estimates in the H' and L? norm. Both methods considered in this chapter
are based on a dual partition of 7} consisting of nonoverlapping regions.

In Chapters 2 and 3 we discretizec —Au+ ou = f and a general elliptic
differential equation with a discrete method which is an approximation
of the corresponding finite element method by quadrature rules. We
construct approximate solutions either in the standard finite element space of
continuous, piecewise linear functions or in the nonconforming finite element
space of Crouzeix—Raviart and establish optimal order error estimates in
H' and L? norm. For specific choices of quadrature rules we get the
discrete schemes of Chapter 1 as well as new finite volume methods.

In Chapter 4 we consider again Poisson’s equation, discretize it as in
Chapter 2, and derive optimal order error estimates in W %> seminorm
and L°° norm.

The second part of this thesis is devoted to the discretization of two
initial and boundary value problems. In Chapter 5 we consider a nonstiff
initial value problem of the abstract form Au'(t) = B(t,u(t)), t € [0,¢*],
where t* > 0, A is a linear, selfadjoint and positive definite operator in
a Hilbert space H and B a possibly nonlinear operator. We discretize in
space using finite element methods and in time by linear multistep methods
and prove optimal order error estimates. Then we apply our abstract
results to Rosenau’s equation in R™, n < 3, to a generalized equation of
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Sobolev type in one space dimension, to a pseudoparabolic equation in R",
n = 2,3, and to a system of equations of Boussinesq type.

Finally, in Chapter 6 we consider an initial and boundary value problem
for the heat equation in Q x [0,7], where Q C R? is a bounded, convex,
polygonal domain and 7" > 0. We use the finite volume methods considered
in the first part of this thesis, to discretize in space and backward Euler’s
method to dicretize in time. The approximate solution at each time level is
an element of the nonconforming finite element space of Crouzeix—Raviart.
We prove optimal order error estimates in H' and L? norm for both the
semidiscrete and fully discrete schemes.
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IMivoxoag cvuporiionmv

T0 OUVOAO TV TETOATAEVQMV VITOXWEIWV evdg ToLymvou K av
ovvdéoovue €va ECMTEQURO ONUELD Zx UE TOL WECO TWV TTAEVQWOV
TOV.

dUtnog drapeLoudg Tov T OV TEOKVITTEL OO YOO TOV
UrA(K).

dUtnog dLapeQLoudg Tov Th OV TEOKVITTEL OO XWELOL TOV
UrTh(K).

oL mhevpég evog torydvov K € Th,.

ot hevpég tov T},

oL mhevpég Tov T3, mov dev elvar uépog tov OfD.

={{: L=enb,, ec E}(K), K €T,(V,)}, b, € B,

z € Z}Ln.

= Urer,(v.)En(K) \ {e € Uger, (v.)En(K) : e C IV, },
V.eV., z € Z,iln.

n mhevpd tov K mov Boloxetar amévavt and myv z € Zp (K).
0 YMEOS TOAMWVIUWV dV0 UeTafANT®OV Bobuov to oy p € N.
Oy woT avdynn ovveyeig (nonconforming), xotd tuiuaTo
YOUUULLES OUVAQTNOELGS.

={v€Sy: v(me) =0, e € Ey \ Ei}.

ToLyovioudg tou 2.

TO OUVOAO TV TOLYOVIXMDV VITOXwEimv evég totymvou K av
ouvdéoovue €va ECTEQUHO ONUELD Zx UE TLG HOQUYPES TOV.

10, tolyova K € T}, mov amotehotv 10 V.

ta tolywva K € T}, mov amotehovv 10 V.

OUVveEXElS ROTE TUNUOTO YOOUMLKES OUVOQTNOELS.

= {U € Xy : U|aQ = 0}.

TO GUVOLO TV TOLYDVWV UE XOLVY ROQUYY Z2 € Zp,.

TO OUVOAO TV TOLYDVWV [ %Oowvh TThevd e € Fp,.

T xwela V.

10, Yweio V.

oL ®oEVEEC evog torydvov K € Ty,

oL ®oQUeég Tov Tp,.



xXvi IMINAKAY 2YMBOAIZMQN

Z,iln Ol E0MTEQUKES HOQUPES TOV T},.
zév, zf oL Vo nopupég tov T mou eival droa g e € Ep,.



MEPOX A

APIOMHTIKEX MEOOAOI ITEITEPAXMENQN XQPIQN
I'TA EAAEIIITIKA TIPOBAHMATA






Ewayoyn

210 TEWTO TO UEQPOS TNg epyootag ovtig Bo peietioovue uebodovg
neneQaopévov ywoiov (finite volume) yuo yoouunés eAMELTTRES SLOO-
owég eElomoelg devteong TdEemws. 2to Kegdhowo 1 divovpe uio ouvroun
TEQLYQUPY TOU TEOTOV AATAOKEVNG OVTMV TwV Uebddwv. Ou uéhodor
TETEQUOUEVWV YWOLWY WTOQOVV va. vhomowmbovv pe tn yonon eite e-
TEQAOUEVOV  OLOPOQWV  ElTE  TTEMEQUOUEVWV  aToLyelmv.  'Exouv evpémg
yonowuomownOel, xnvplwg g OYUOTO TTETEQATUEVOV  LOPOQWV, YLOL TN
OLOXQLTOTTOIMON TEOBANUATOV TTOV CUVOVIOVUE OTN UNYAVIXY TOV QEVOTMV
nau yevirdtepa oe mEOPAMpoTo vouwv dwotionons. Eueic €dw O emihé-
Eouue VO UEAETHOOUUE TYHUATO TV OTOLMV 1 AVON OVAXEL OF €VO %MEO
TETEQUOUEVWV OTOLYELWV. OO0 aVOPEQOVUE UEQLUAG YVIOTO OTTOTEAEOUOTOL
YLOL TN OLOKQLTOTTOINOT EAAELTTTURMV OLOPOQLKMV EELOMOEWYV Ot £Vl wQELO
Q C R? ue uebodovg memepaopévov xwoimv . H moooeyylotixy Ao oe
OUTG TO. OYNUOATO AVIREL OTO XWQEO TWV CUVEXMV AHATO TUNUOTO YOUUULLDV
ovvaTHoewv oe évav ToLywvioud Ty tov Q. H pébodog Paociletan oe évov
dUtnd dlapeolond tTov T mov TEOXVITTEL g €ENG: Oempovue éva onuelo
0TO €0MWTEQUHO ®AOE TOLYWDVOU. ZVVOELOVTOG OTN OUVEXELD OUTO TO onuelo ue
TO UECO nGOE TAEVRAS TOV TOLYWMVOU TTALQVOUUE VOV AETTOTEQO OLAUEQLOUO
tov 2. H évoon 1dod ovtdv TV VIoxmoiwv We ®owvi Wic ®oQuen Tou
toLyoviouov T, dtvel ta xwela mov amotelovv Tov dutrd dapneQLond Tov
Ty. Ou Bank xou Rose, [5], ow o Cai, [13], éxovv pehetioer avty
uébodo ywo v eElowon tov Poisson nou yio uio yevirdteon elheLtTiang
eElowon, avtiotorya. ‘Ouws, evedr oty [5] vrobétovv pdvo 6t o Tj
eivar un exguitopévog, Pr. Opwopd 1.2.1, omv [13] yoewdleton xaveig
vo. vtoBéoel duapoes  (eQLoQLoTIRéS) ouVBres TOOO YLl TOV QKO
owaueorond T, dmwg dtL tor TElywva elvor o5uydvia, 060 ®aL YLo TOV
duird dapeoropd tov, . §1.4. Tldviwg otg [5] xav [13] amodewnviovron
BEATLOTNG TAEEWC exTuoelg opdhuotog oty H! vOQUAL.

‘Exovtog vadywy ™ uébodo twv Bank, Rose rair Cai, 8o natooxevd-
oovue €va OYAUO TTETEQAOUEVOV YwElwv, OOV 1M TEOCEYYLOTIXY AVoN
OVIHEL OTO WO TETEQUOUEVWV 0ToLyelwy Twv Crouzeix—Raviart. ‘Omwg
®noL TEONyovnévemg, M wébodog Booiletan oe €vav OUTrO OLAUEQLOUO TOV
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T}, wov TEORVITTEL TOQOUOL: Oemwoovue €vo onuelo 0To e0wTEQRS nAbE
TOLYMOVOV. ZUVOLOVTOC OTN OVVEXELD QUTO TO ONUElo UE TIG ROQUEPES TOU
TOLY®OVOL TTaiQvoupe évav Aemtdtego dtopelopd tov 2. H évwon tma
OUTAOV TOV VToXwElmv e xowvr wior TAeved tou ToLywviouol T divel
T XWELO TOV OTOTELOVV TOV QUTKO OLapeQLond tov 1. Ymobétoviog Ot
o T}, eivor un exqullouévog, Oelyvovue BEATLOTNG TAEEWS EXTIWIOELS O~
Auatog oty HY nay L2 vOQUO, YLO. TNV TTROOEYYLON TOCO NG €Eiomong
tov Poisson 600 now wlog yevirdteong eAlewttinig eglowong.

AE(CeL va wopoTneoovue OtL 0TV TeRimTmwon g eElomwong tov Poisson
oL uébodou memeaouévav yweiwv g [5] xar auth mov elodyovue edM
omv §1.5 nor oL avtiotoueg UEBOdOL TETEQUOUEVMV OTOLXELWVY  glval
LOOOUVOIEG UE YOOUUWXE ovoTAUOTO TOV dLopéQovy udvo oto OeELd ué-
hog.  Auth Suwg M WLdTTe dev dtoTnEeltor xaL oty JTEQRIMTWON EVOS
YEVIROTEQOV EALELTTTIROV TeAeoTH. IIdviwg Omwg Bo dovue oto Kegdha-
0 3, umopovue vo Bewperoovpe TG UeBOOOVS TETEQUOUEVDV KWWV ™G
TEOOEYYLON TNG avTloTOoLNg UEBOOOV TTETEQOOUEVIV OTOLYEIWY.

210 Kegpdharo 2 Oewpovue pion omhn eAhelttiny eElomon g noogpig

(1) —Au+ou=f, ot Q, u=0, ot 0.

®OU Y0 EVOV TETEQUOMEVNS OLGoTaong Vdxmeo Vi tov HE(€2), v
avtiotoryn uébodo memeQaopévawyv otouxelwv: Znteiton up € Vi, tétowa
woTe

(2) /Vuh-dem—l—/auhxdx:/fxdm, Yy € V.
Q Q Q

Ewdryovue wio uébodo diamprromoinong tov (1) mov amotelel mpooéyywon
mg (2). ‘Etov mpooeyyiovpe tov devtego 0o g (2) ue [ oQ(upx)
dr non 10 880 uéhog pe [ fQ(x)dz, 6mov [ Q(w)dz opiter évav
®rovovo aQuBunTnig ohoxhjpwong oto 2. Tw avth ™ véo uébodo dei-
yvouue BENTLOTNG TAEEmC exTuoels ogdhpatog omv H' non L2 vOQUO.
EmAEYOVTOS OTN OUVEXELD OUYREXQLUEVOUS HAVOVES aQLOUNTLXNAG OMOXAY-
QwomNg, TatQvouue Tor dlaxQLTd oxnuata g [5] wow g §1.5 xabmdg non
véeg UeBOO0VG TTETEQUOUEVOV YWOLWV.

210 Kegdhowo 3 tpa Bewpovue uior yevirdtegn ellewttint eEiowon
™5 HoEYNS

(3) —div(AVu) +ou=f, ot Q, u=0, oto JN.

OewEOoVHE oL TAAL TO OVTLOTOLXO TTEOPANUO TTETEQQOUEVOV OTOLYELWV:
Znteiton up, € Vi, 1étola dote

(4) /AVuh-deac—l—/auhxdx:/fxdw, Yy € V.
Q Q Q



EIZATQIH 5

E@aouotovtag tihoa Tov Tumo ohoxhipmong tov Green oty (4) oe xdfe
éva tolywvo K evig toryoviopov Ty tov §2, maipgvovue

> {/ (AVuy) - nxds—/Kdiv(AVuh)X(im}

(5) KeTy,

-i—/ouhxdm:/fxdx, Vx € Vi
Q Q

Kat’ avoloyio pe to Kepdahato 2, ewodyovue pior uédodo dtomprromoinong
mov amotehel mEootyylon g (5). 'Etol mpooeyyilovue tov modto 6o
mg (5) ue [(AVup) - nQa(x)ds now tovg vrndhoutovg pe [ div (A
Vup)Q1(x) dz, fle(uhx) dz xov [ fQi(x)dz, aviiotoyo, 6mov
f Q2(w) ds, no f Q1(w) dx 0plLovv novoveg a@teunrmng 0AORMQW-
ong oe ma %ol dvo 6La0woug, avtioTolya. MdAiwota 0TV TEQITTWOoN TOV
0 (2 0QiLel évav xovdva aQOUNTIXNG OAOXANQWONG aXOLBY YLOL YOOUUMXES
ouvapTioels, xou o A eivon évag 2 X 2 mivoxag otafegmv, ot ébodou
mov Bewpovue ota Kegdhowo 2 xor 3 tovtiCovror.  Asiyvouvue axduo
BEATIOTNC TAEMC exTumioel ogdhuatog oty H' xav L? vépua yio 1o
OLarELTd oxfua oV eLodryouue. ETAEYOVTOG OTN OUVEXELQ GUYREXQLUEVOUS
navoveg ouOuNTLRIG ohoxAnpwong oe uia. nar dvo dLooTdoelg 0dNyovpa-
ote ota duaxQutd oynuata tov [13] xov §1.6 xabdg now oe véeg uebddovg
TETEQUOUEVV Y WOLWV.

Téhog oto Kepdhowo 4 amodeinviouue PEATLOTNG TAEEWS EXTLUNOELS
opdluatog oty L vooua yio T uébodo tov Kegaraiov 2.






KEDPAAAIO 1

M£0000L TETEQUOUEVOV YWOLOV VLU EALELTTIXEG
eElonoelg (I'vootd o véa anoteréopata)

e outd 10 nePOAaLO Ba avoivoovue HEBOOOVG TTETEQUOUEVIV KWOLWV
(finite volume) yia. T daxgrromoinon g eEiowong tou Poisson xafmg xow
utag yevirdteong eAAelTTinng eElowong. Zntovue mEooeyyioels g Avong
®nalevog amd To TAQATAVED TEOPAUATO. OF YMEOVS TEOCOQUOTOUEVDV M
Un TEOOCOUOTOUEVWV TUNUOTIXG YOOUMUXDY OVVaQTHoEmV (conforming 1
nonconforming piecewise linear spaces).

1.1 EIZAIQTrH

H pébodog memepaopuévov ywoiwv (finite volume method) eivar pio
evpémg dadedouévn uébodog drompLtomoinong vouwy dLaThENoNg %Al JTEO-
BAnudtov petogopds xan dudvons. H 1duautepdmta mov TeQovoLtaLeL
OTOV TEOTO AHOTOOKEVNG TNG, Ot OxEON UE TS YVWOTéG uebodovg twv
TETEQUOUEVV  OLOPOQMV HOL TWV TTETEQAOUEVWY  OTOLYElwV, elvar OTL
mowta dwapepitovue to 2 og viroywoio xou Beweovie og ®obévo amd auTd
uta ohoxinowtixy eElowon Loodivoun pe v ayxy olagooury eElcwan.
ALOXQLTOTTOLMVTOS 0T OVVEXELD OVTES TLG VEES EELOMOELS HOTOOXEVATOVUE
TEOOoEYYLOELS TN AMVoEWC.

Aev elvon cogég mOTE M PEBOSOC TV TETEQUOUEVIV XWOLWV TOQOV-
OLGOTNXE YO, TEMTN QOOG We autd TO Ovopo. MéEBodoL Oumwg Tov
BaoiCoviar oe mapduoteg WEeg avagégovton oto Bhio tov Varga, [74],
omwg emiong elvar T oynue tov Godunov, [35], to oxfua Tov Preiss-
mann, (Preissmann box scheme), [57], ®afdg »zar 1o 10 Oyfuae tov Keller,
(Keller box scheme), [45],[46], (BA. [52, Chapter 6]). ®aivetar ouwg OTL
0 6pog finite volume magovoldotnxe oty agyn g dexaetiog 1970 yua
TN OLAXOLTOTTOINON TOV TANQOVG OUVAULXOV TNG 0eQOodUVaMXKTS eElowaong,

(1.1.1) V-o(Vu) =0, ot QCR?,
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omov 1 owvapton o = o(|Vu|) diveton amd v eEiowon tov Bernoulli,
(BL. [52, Chapter 6]).

O0. TEQLYOIPOVUE TMEO TOV TEOTO ROTOOAEVNS wiag uebddov memepa-
ouévmv xmpimv. Gempovue évav diaueoopnd tov 0 oe voyweia V C
ue ®aTO TUWAULATA OUOAG OVVOQO, TTOU ROAOVVTOL YwEla EAEYXOV 1| ®UTTAQA
(control volumes 7 cells 1§ boxes) xau ohoxinodvovpe Ty (1.1.1) oe #abe
V. Zm ovvéyelo epopudtovpe tov 100 oloxhipmong tou Gauss, ooTe
TEOXVTTTEL 1 oOLOVON ohoxAnowtinn oyéon oe »dbe ywoto eréyyov V

(1.1.2) / oVu-nds =0,
oV

omov n elvar To uovodlaio rovovird eEwTepd dLdvuoua 6To 0VVOQO
ov.

2ty xnhaotx) uéBodo TETEQUOUEVIV KWELWV YONOLULOTTOLOVUE TTETEQQL-
OUEVES DLOPOQES OF éva TETOAYWVLXO 1 TOLYWVIXO dtapeotud Tov 2 ya
draxorromoinon g (1.1.2). TTpoxdmrouv dpwg SLaQoa. oYHUATe avaloya,
ue to onuelo oto omoio meooeyyitovue ™ Avon u g (1.1.1). ‘Etor av
Bewpnoovue wg ywola eiéyyov V, ta otouxeio evog dapegionov tov 2
oe opboydvia, T OYHUOTO TOV TEOOEYY(Couv T w 0TO %évigo tov V
OVOUGLOVTaL OYAUOTO %EVTEOU nUTTAQEOU (cell center), evdd av 1 TEOGEYYLON
yivetar 0Tig ®0QueEg Tov Vo xohovviar oxfuoto ®oQugig xuttdoov (cell
vetrex) »au oyfuoto Theveds xvttdoov (cell edge), av yivetar 0t0 u€oco
v Thevpdv, (BL. [52, Chapter 6]).

Mia GAAM xroTnyoplor oYNUATWV TTETEQAOUEVOV OLAPOQWV TTQORVITTEL
av extog amd Tov aQywd dwopeoond tov 2 Bewpriooupe xou  évov
dutnd dtoueooud, Omov xat avixouv To. weio ehéyxov V. ‘Eva tétolo
oynua. givar To #EVTEOU xoQUENG (Vetrex center) OOV OL KOQUYES TWV
TETQAYWDVWV TOU OQXHOV TETQOYWVIOUOU E(VOL TO REVIQO EVOG TEQOYDVOU
ov avixel otov dutrd dwaueoropd. Eva tétolo oxfua TaQovoLioTnme
and tovg Dick, [26] »on Hall, [41], (BA. [52, Chapter 6]).

[Tolhol epevvntég €xouv aoyolndel pe TV ovaAvon oyMUATWV TETEQQ.-
OUEVIY SLOOQWV TTOV TTROEQYOVTAL oTtO uior UEBOOO TTETEQUOUEVIV KW-
otwv. Ipmtor o McDonald, [50], xav o. MacCormack »ou Paullay, [49],
elofyoryav I uébodo yLo T SLokQLTOTOINOT EELONOEMY SUVOULKNG TV QEV-
OtV og dVO dLaoTAoELS #au ou Rizzi »av Inouye, [60], oe toeic daoTdoeLs.
ZyNUOTO TETEQUOUEVIV YWEIWV YONOLUOTOLOUVTOL UE ETLTUYIO OHOUOL VL0l
™ dLOXQLTOTTOINON TEOBAMUATOV HeTapopds xo dudyvong (BA. [52] »ow
[62]), eEwodoemv tomov Navier—Stokes, [25], »abdg xouv ywo vrwegfohind
ovoTNUATO VoUWV dtotionong, PA. moapadelynatog xaowv to BAio Twv
Godlewski xou Raviart, [34], ®00dg xow TG avagoég tov.
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"Evag GMog Teomog yia var duoxprtortorjoouvpe v (1.1.2) eivar e ™
yonon memepaouévav otovyelmv. ‘Etol, Tnrovue wio ovvatnon up, ot évo
YOO TTETEQUOUEVOV OTOLYELV TETOLA MOTE

(1.1.3) / oVuy -nds =0,
ov

Av Bewpnoovue Aoyov xdowv évav torywvioud Tp, tov €2, ta xwio ehéyyou
wropel vor elvar ta Ol ta Teiywva Tou T3 1 vo aviprovv og évav dutrkd
duapeooud tov Tjp. 'Etor, ov Eymard, Gallouét xav Herbin, [32], [43],
ou Lazarov, Michev xon Vassilevski, [48], [51], »on o Siili, [67], Bewotv
g xwpto erEyyov ta Tlywva tov Th %ol ROTOOKEVACOVY %ATE TUNUOTO
otafepéc mEOooeYYloELS TG © Ue OXNUOTO ®EVIQOU ®uTTAEov. Emiong ou
Bank xav Rose, [5], »xav ov Cai, Mandel xav McCormick, [13], [14],
Oewpov ywela ehéyyov mou avixouv ot évav OUTxo Olaueolond tov T},
%O KOTOOREVALOUV GUVEXELS XATA TUNUOTO YOOUUHES TTQOOEYYIOELS TNG U
ue OXNUATO. ROQUPNG HVTTAQOV.

Eueig oe avtiv v gpyaoia 0o aoyolnBovue pe v avdivon oxnudtwv
TEMEQAOUEVOY YwEilwv og éva ToLywvioud Ty, tou 2. Gsmpovue ywoio
eLEYYOV TTOV OVAROUV Of €vav OUTrd dtopueQlopd tov T} %Ol XOTAOKEVA.-
COule ROTG TUNUOTA YOOUUHES TTOOOEYYIOELS. Z€ aUTO TO KEPAANLO, HAOMDG
xoy 010, Kegpdharo 2—4, 0o uehetnoovpe T€tolov eldovg nebodovg memeQa-
OUEVIY WOV YLoL TN OLOXOLTOTOINON EAAELTTTLIRMV UEQLAMV OLOPOQLRMV
eElomoenv g poppig: Twa doopévy owvdotnon f € L2(£2), tnrovue va
mpoodlogtoovue wio ovvépton u : Q@ C R2 — R, tétola dote

—div(AVu) +ou = f ot

(1.1.4) (4Vu) ’
u=0 oto 01,

omov 2 elvar éva @oayuévo, xveTd, TOAUYWVIXO XwEI0 O0TOV R2, A =
(aij)?jzl évag  OOOUEVOS TIVOXAG TTQUYUATIXMV  GUVOQTHOEWY G;j €
CHQ), 1 <i,7 <2, %ot 0 wo owok, un 0QVNTIXY GUVAQTNON OTO
Q, goayuévn onotduoQpa amd Tavw amd uio otabepd T. Ymobétovue OTL
0 A elvow opoldpoopa Betind oguouévog: Ymdoyel uio Oetinn otabepd crg
TETOLO. (DOTE

(1.1.5) T A(z)€E > ageTe, VEER?, Yz eq.
Ou uébodor mov Bo avalioovue edw eivol Paocilovior oty “xhaown”

u€fodo TV TETEQUOUEVDV YWOlwV. OLOXANOMWVOVTOS KOTA UEON TN OLOLPO-
own eElowon oe éva Tuxaio voywoio V' tou €, ue opord xatd tunuota
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0UV0QO, TEOXVITEL Wio OMOXANQWTIXY HOOPN NG COYNG OLapOOLrNG
eElowong,

(1.1.6) —/EW(AVU)-nds—l—/Vaudm:/vfdx.

Me ) nébodo twv memepaouévov ywelwv mTooeyyiCovue ™ Avon ToOv
TEOPBANUATOS SLOKQLTOTOLMVTAS TNV TAQATTAV® OLOXANQWTIAY HOOPY TNG
eElowong, oe évav TemeQoouévo dLauegLond voxweiov V' tov Q. Oa tnti-
OOVUE TTEOOEYYLOELS TNG AVoEwg 0t V0 xWEOoVS. O TEWTOG OITOTEAELTAL
omd ovveyels, ®OTA TURUATO YQOUMXKES OUVOQTNOELS KL O OEUTEQOS, TTAAL
Omto ®OTO TUUOTO YOUWKES, OAAGE OYL ROT™ aVAYRY OUVEXELS OUVOQTHOELS.
O tehevtalog xwEOG, elval emiong YVmoTog mg XMOOG TWV TETEQATUEVOV
otouyeiov tov Crouzeix—Raviart, BA. magadeiypatog xdouv, [24].

ITohhol epevvNTES €XOUV aVOADOEL OYAUATO TTETEQUOUEVIV OLAPOQWDV
oV TEorVITTOVV amtd wiaw uébodo memeQuouévmv ¥mElwv Yo TV TEO-
0€yyLon TG AVOEWS TEOPANUATWY EAAELTTIXOY TUTOV OF TETQOYWVLH( AOL
ToLywvind mAéypoto. ITapadelyuotog ydotv, ov Morton, Stynes xou Siili,
(53], [54], [66], [67], ov Ewing, Lazarov, Mishev, Vassilevski, [48], [31],
[75], [51] »av ov Eymard, Herbin, Gallouét, [43], [44], [15], [32].

Anoua. woAlol epevvntég €xouv vhomowoer uebOdoVS TTETEQAOUEVOV
ywolwv (mov ovoudCovtar eite box methods eite finite volume element
methods) yio eMewttinég ueurés dlapooLrés eELOMOELS 08 TOLYMVLOUOUG
oV © (7O OUYXEXQUIEVE OL TTQOOEYYLOTIRESG AVOELS AVIXOUY OTOVG YVO-
0TOVG YMHEOVS TWV TUNUOTIAG YOOWUADY OUVOQTHOEWV), BA.  TTOQOOE-
yuotog xdow Bank xauv Rose, [5], Hackbusch, [38], Cai, Mandel xou
McCormick, [13] wouv [14] xow Schmidt, [63]. Ztig uebodovg mov Ba
uehethooupe edd yuoo ™ daxprtomoinon g (1.1.6) Oa yxonowwomolovue
YOEOVG TETEQAOUEVWV OTOLYElWYV. Oa Dewpnoovpe AOLITOV €vov TOLYWVL-
oud Ty, tov Q amd Tov omoto Ba notooreVAooUUE dUTROVG SLOUEQLOLOVG.
Ou uébodor mouv Ba upeketmoovue PaociCoviar oe avtovg TOVg OUTHOVS
OLOUEQLOUOVG,.

©0. Bewpnoovue dV0 dLOPOEETLROVS OUTROVS dtoueotopovg tov 1. O
ToWTOog, Tov Ba. tov xohovue B, amoteleitar omd pn emxolvaTopeva
xowola. Katooxevdletal £tol dote »dbe éva ywolo tov B, va cvoyetiCeton
ue wior nar wovo pior xo puvgn tov 1. Kat’ avahoyia, nou ta xmelo tov
AoV dUtroU drapeQopov, By, mov Bewovue elval (n emKOAUTTOUEVO.
nar naBéva ovoyetiCetar pe wion xar pévo pia whevpd touv Ty, To ywoio
TOV 000 TOQATAVM dUTRMV daueQLondy, B, xar B, Teoxumtouv xatd
Tov axdhovbo tEdmo: Oewpovpe o ndle tolywvo K € T} éva onueio
zx nau dwopepitovne 1o K o tolon vmoywela, eite ovvotoovtog TO Zx
ue to uéoo TV TAEVO®V Tou K elTe pe TS KOQUPES TOV. TNV TEMTH
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meplmtwon 1 éveon Twv vroxweiwv pe xowvn uia xopuey tov Ty divel
tov B, nou oty devtepn mepinttwon o By, elvar n évwon tmv vroxweimv
ue xowi wio whevpd tov T, Bh. §1.2.

Zav éva TEmTo Pripa TG avaivong nedddwv TETEQUOUEVWV YOIV YLaL
mv (1.1.4) 6o perethoovpe otig §1.3 nar §1.5 g ueBddovg autég yial
TOV amthooTeQO eEAAELTTING Teheoth, —A. 2t cuvéyewa otig §1.4 non §1.6
avolvovue g vd eEétaon peBodovg yia v (1.1.4). Sy mepintwon
™mg nebodov memeQaouévov ywolwv otov B, Ba Tntioovue mToooeyyioeLg
0TO YWMEO TWV CUVEXWYV, KOTE TUNUATO YOOUMAMY OUVOQTNOEWY OTOV
Ty,. Tw ™ pébodo memepaouévmv yweiwv otov B, tdhoa, Bo Tntmoovue
TOOEYYLOELS OTO YWEO TV Oyl HAT ™ OVAYRY CUVEXWDYV, KOTE TUAUATO YOOU-
UWHDV OVVOQTHOEWV 0TOV T}, ONAAON OTO YMEO TETEQUOUEVIIV OTOLYELWV
twv Crouzeix—Raviart.

H uébodog memepaouévov ympinv otov B, elye agywnd uehetndel amod
tovg Bank xou Rose yia tov eAewttind teheoty —A xoL 0T ouvEyelo
amd tovg Cai, Mandel xouw McCormick yio o mpofinua (1.1.4) pe o = 0.
‘Etol, 0o meguypdnpovie To atOTEAEOUOTO TOVS OTLS Ttagaypdgovg 1.3
xow 1.4. Tty [5], ou Bank »au Rose, vmobBétovtag ot o T eivon évag
un exquALOUEVOS TELYOvIopog tou £, BAh. Optoud 1.2.1, omodewviouv
BEATLOTNG TGEEWC exTiuoelg opdpotog oty H! vOQUOL. ZTNV TTEQLITTOON
Onwg evog yeviroTeQOu eAhelttioV teheoty o Cai, fA.  [13], ywa va
amOdE(EEL EXTLUNOELS OQAANOTOC BEATIOTNG TENS oty H ! vopua VItoDéTel
ot ov Tp, now B, €xovv oplouéveg meQlolotinég wiottes. ‘Etol, otnv
rotaonev) tov B, emhéyel og zx €iTe TO ®EVIQO TOU €YYEYQUUUEVOV
#0xAov, eite To BaQUrevTQo, eite TO 0HOXEVTQO, £iTe TO eMineviQo (#€VTQO
TEQLYEYQOUUEVOY ®UxAov). T var eEaoqoAlobel OTL TO €minevrpo xat To
0pbdnevipo evog torydvouv K € Ty Boloxeton uéoo oto K, moémer avtd
vo elvalr oEuvydvio. H olUyxhion g ueBddov emituyydvetor dtav LoyveL
ouoLouoQ@a wio. EAAeLTTTIN WLGTNTA Yoo ia Bondntiny dtyoouuxt LoQgn,
Br. Gedonua 1.4.2. Sty [13] amodewrvietar OtL auth 1 WOOTNTA LoYVEL
VTG OQLOUEVES CLORETE TTEQLOQLOTLXES OUVOTRES YLa TOV TOLYWVWOUO Th, BA.
IMpdtoon 1.4.3, Anuua 1.4.1 xav Gedonua 1.4.1.

2t ovvéygela, oty mopdyeago 1.5, ewodyovue wio véa pébodo merme-
QaoUEVOY yxwelwv n omota Pacietar otov dutkd dwopeoiopd B,. Qg
YWEO TEOCEYYLONG 00 YOENOLMOTOOOVUE TO YWQO JTTETEQUOUEVWV  OTOL-
yelov tov Crouzeix—Raviart oe évav un exguilouévo toryovioud Ip. =10
Oeonua 1.5.1 amodenviovpe BEATLOTNG TOEEWS eXTIUNON OQAALOTOS OTNV
H?! vooua. H amddelen ovtot tov Bewpnuotog faciletar oty avtiotouyn
am6delEn tov Oewpiuatog 1.3.1 tov Bank xou Rose omy [5]. Axdua,
voBétovtag ott f € HY(Q) xabdg now 6T oty xataoxevy tov B,
emAEYOUUE YLOL 2 TO PoQUnevIQo %dbe TOLYy®mvov, oto Oeonua 1.5.2
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amodeLvioUIE W0 BEATLOTNG TAEEWC exTiumon ogdiuatog oty L2 vOQUO.
S ouvéxelo, uehetovpe T WEBodo TV TETEQUOUEVIV OTOLYElWY oTov B,
v 10 moPnua (1.1.4). e avtifeon pe to omotehéopata g [13] v
™ uéBodo atov B, ya va amodelEovue ovyrhion g uebddov, yoetdletar
va. vrtobécovue uovo ot o T elvar un exguiiopévog torywviouds. ‘Etol
oto Oemponuo 1.6.1 amodetrviovpe BEATLOTNG TAEEWS exTiUNOM GEAAUATOG
omv H! vopua. Emiong, vmd tig umobéoelg tov Oempiuatog 1.5.2 yia
mv f zow tov B, oto Gemonuo 1.6.2 amodewkviovue BEATIOTNG TAEEWS
extiunon ogéhuatog xar oty L2 vooua.

Mia ovvroun meprypogn avtol tov xegoraiov eivar n axdrovdn. Zv
ToRAyeopo 1.2 ewodryovue tov omaQaitnto ovufoloud. ETLS ToQ0yONpOUS
1.3 xov 1.4 moovoldlovie Ta OmOTEMEOUOTO TV €QYUOLdV [5] xau
[13]. Zmv mapdyeago 1.5 Bempovue ™V uébodo memeQaouévmv mimv
mov PaoiCeton otov duixd dapeplond B, yio Tov ehdewmuind teleoth
—A. O mQooeyyloeLg TOU XATAOXEVGLOVUE OVAXOUV OTO X(MQO TWV
memeQoouEvwy otolelwv twv Crouzeix-Raviart. Xto ©swonuota 1.5.1
wow 1.5.2 amodeivioupe BEATIOTNS TAENG exTuuioelg ogdhuotog oty H't
xav L2 végua, avtiotoya. Téhog, oty moadyoogo 1.6, Bewgodue
weBodo TG TEOMYOVUEVNS TTAQAYRAPOV Yo TOo TEofAnua (1.1.4). Zrta
Osmoiuata 1.5.1 xor 1.5.2 omodetxviouue PBEATLOTNG TAENG EXTLUNOELS
ogéatog oty HL xav L? vopua, aviiotoa. v [47], or Kooouoong,
MonEuddung »ot Zovyavidng xonotpomolotv pio apouota uébodo e ovt
mov egetdlovpe otig §1.5 nar §1.6, yLo VO ROTAOREVAOOVY TTQOOEYYIOELS
ue ™ uebddo memeQaOUEVOV YwElwv Yo eELomoelg Tumov Hamilton—Jacobi.
Katd aveEaomro todmo o Chou, [19], xatooxevaoe now oqvtdg pio waQod-
pota. uéBodo v eELomoelg Tomou Stokes.

1.2 YYMBOAIZMOI

‘Eoto K C R2. Svppohitovpe pe L?(K) 10 %00 TwV TETQOYWVIXG.
OAOXANQDOLUMV TEOYUOTIXMDV ouvapThHowy 0to K, ue (+,+) x 10 e0wteQund
ywouevo otov L?(K), nou ue | - lo.c %o || - l5 TV mpvSeua xon Ty
vopua, avtiotoua, Tov xmeov Sobolev H*(K), s € N. Axdpa pe | - |
ovpporiCovue eite T0 euPadov evog ywelov Ttov R% 1§ 10 wirog evic
evbuyQduuoy TUMUOTOS.

Oguonég 1.2.1: 'Eotw Q éva doouévo ywoio nai{Th } <1 uia ooy éveia
OLOUEQLOUWY TOV TETOLA DOTE

max{diam K : K € T} < hdiam
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XXHMA 1. Avo dwopeoiopot. O aQLotepds elval TOLYmVIOUOS eV 0 OEELOS
Ogv elvad.

OvoudGovue v owmoyéveio {Th}o <y My exguiouévy (regular), av
vadoyer p > 0 téroo dote yia xdbe K € Ty, xau h € (0, 1],

(1.2.1) pr > pdiam K.

H owxoyévera ovouaGetar nuiouotduooen (quasiuniform), av vadoyety > 0
71010 WOTE
min{pg : K € Tj,} > yhdiamQ,

yia xabe h € (0,1], dmov pg elvaw n dduetpos Tov ueyalitegov xvxlov
wov megiéyetar oto K € T,

Ou duapepronol Tov 2 mov Ba Bewprioovue og qVTHY TV €QYACL0 OITO-
TEAOUVTAL atd TOLYWVO ®OL ROAOUVTOL TOLYWVIouob. Alvouue Aoutdv Tov
axolovbo opoud tov TELYwviouov, Bh. Zynuo 1:

Ogwopds 1.2.2: ‘Eotw ) éva goayuévo, »xvetd moivywvixd ywolo tov
R2. Ovoudovue torywvious tov Q évav daueoioud mov amoteleitar amd
Tolywva xat éxel TV 1OLOTHTA OTL xouuia 20Uy Tov Ogv 6oiloxeTal 0TO
E0WTEQIXO Ui0g TAEVQUS #ATTOLOV dALOV TOLY DVO.

OemQovue, AOUTOV, €V (POYUEVO, AUQTO, TOAUYWVIXO Ywolo €2 xau
évav toryoviopo Ty, touv Q. Eotw hx m duduetpog evog torydvov K €
Th nov h = maxger, hx. Ymobétovue OTL M OWOYVEVELDL TOLYWMVIOWMDV
{Tw}, <h<1 EvaL pn ex@uMopEvn. Avth n vobeon yio Tov ToLymviouo T,
elvar LoodUvoun pe ™ ovvOnxn tov Zlamal v olAuowg ouvOiun ehdyLotng
yoviog, Bh. [76]: Ymaoyer pio Oetiniy otabepd Po tétowa dote, Yo xdbe
K e UpTy,

(1.2.2) Uk = o,

omov e dx ovuPoriCovue ™ wxrEoTEN Ywvia Tov toLydvov K € T,
ONAadN oL Ywvieg TWV TOLYOVOV €lval OUOLOUOQPa. QOOYUEVES OO RATW
ue wia Oetiny otabeQd.
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Mg,

ez

YXHMA 2. Agwrtepd: Eva tuyoio xmeio V,. Me SLomexOUUEVES YOOUUES
TO OUVOQO TOVU aVTLOTOLXO Xwitov b,. Ae&id: Ze éva tuyaio Toiywvo K € T,
ONUELDVOVUE TNV ROQUPT| 2 KAl TNV OVILOTOLYN TAELVQA €.

2 1/2
ollen = Cxer, W5 «)

rov ™V nuwvogua |ul, = (ZKeTh |U|31K)1/2, s €N Tw K € T,
ovuBoriZovue ue Ej(K) 1o ouvoho tov mhevomv tov K, e Zp(K) 10
OUVOLO TV %0QUPMV TOv, *au Bétovne Ep = Ugker, En(K) nav Z, =
Uker, Zn(K). Axdpo, ¢oto EiR 10 00volo Tov e00TeQuudv Thevomv
OV TOLYWVIoUoV Th, dnhodn e € E}L“ av #oL woévo av e € Eyp nau e
dev elvar pépog touv Of). Emiong, ovufoiiCovue pe Z}Ln TO OUVOAO TWV
E0WTEQUOV %0QUPDV TOv Th, Mhadl z € ZIB av xaw wévo av z € Z,
oy z & OS), nau pe me To PéCo NG TAevEds e € K.

Me %G0e nopuyn 2z € Z}L“ ovoyetiCovue éva ywolo V, C 2, mov amote-
Aettow amd exeiva ta tolyova K € T} 1o omolo €xouv wg ®ouvii ®oQugn
mv z . Ottove V. = {V, : 2 € ZI®} non ovupohitovne pe Th(V3)
10, Tolywva mov amotehovv 1o ywelo V,. Axdua, ovpBoriCovue pe zév
O zf LG OO HOQUPES TOV Zp, Tov elval GxQo. tng TAEvpds e € Ey,
7oL Ue e, ™y mheved e, € Fjp (K) mov Boionetal omévovtt Tng #oQugig
z € Zp(K) (Br. Zynua 2).

Emiong, oe ndbe tolywvo K € T}, Oewpolue éva eowteQund onpeio zg.
Zuvdéovpe, e eubvyQOoUUO. TURUATO, TO Zx UE TA UECO. TWV TTAEVQMV
tov K. Kat avtdv tov 1060 10 K Odopepitetar oe toion ywoio A,,
z € Zp(K) (Bh. Zypipa 3). ‘Eoto A(K) ={A, : z € Z,(K)}. Me xdbe
noQUYY| 2 € Z,iln ovoyetiCovpue éva ywto b, C V,, 10 omoio amotekeiton
and 1o vwoyweio A, tov V, mov éxovv wg xown xougn ™ z (BA.
Syiuo 2) won Oétovue B = {b, : 2 € ZB}. Emiong, ovuBorilovue pe
Ef(b,), 6mov b, € B, z € Zi® 10 otvoho {£{: L =eNb,, €€
En(K), K € Ty(V.)} (B Spina 3).

St ovvégelo Bewpodpe 0 ydhoo Xp = {v € CO(Q) 1 w|x eivo

Otwpovue TEo TV axdrovdn vopua,
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XXHMA 3. Agwrepd: ‘Evo tolyovo K € T, dwuegwouévo oe Tolo
vroywia A,. Ae&id: Ta dvo ywoio V, »ov b,. Me dLoxexOUuéves YOOUUES
10 ovvoro Ef(b,).

YXHMA 4. Agwrteod: ‘Eva tuyaio xweio V. Me Olomexouuéves yoouueég
10 ovtiotowo ywolo be. Adefud: ‘Eva tolywvo K diouegiopévo oe toio
vrotolywva K.

mohvdvupo Baduov to ok éva oe xibe K € Tp}. Andua, cvuBohriCovue
ue X7 tov vndxmeo {v € Xp : vlpn = 0}. Eivar ohv evmoro va Sodue
OTL OL OUVOQTNOELS 1, Z € L}, WO TLG OTOLES Loy Vel

(1.2.3) supptp, = V., t.(2) =1 xa t.(p) =0, Vpe Zy\{z},

ooteAovy Bdon tov X 2. Emiong, o X 2 &yer TV andlovdn TEooEYYLOTIXN
Wotro: vrayer wiew otabepd C) aveEdotn tov h, TéTold MOTE YLo
xale v € H2(Q) N H () (BA., [21, Theorem 16.2]),

. 2(2—74 2 1/2 .
(L24) inf flo—xl; < O( Y W olf )" G =01
XEXn KET),

Axopa, ue ndbe mhevpd e € E}ln ovoyetiCovpe éva ywolo Ve, 1o omoio
amotereltor omd Tor dVo TElywva tov T} OV £X0UV ROWY TAEVRA TNV €,
xav Oétovue V,, = {V.: e € E;Ln} (BAh. Zyiuo 4). Emiong, ouufohiCovue
ue Th(Ve) 10 00voho twv torydvev K € Tj, mov amotehovv 10 V.
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‘Ontwg #oL TEONYOVUEVIS, OEWOEOVUE TWEA £VO ECMTEQLHO ONUELD Zf
tov K € T}, 10 omoio ovvdéouue e evbuyQaio TUWHUOTO UE TS HOQUEPES
tov K. ’Etoi, Owouepitovpe to K o tolon mmpotepa tolywva K,
e € B (K). ZvupohiCovue ue ﬁ(K) 10 ovvoho {K, : e € Ep(K)} na
ue n@0e Thevpd e € E}L“ ovoyetiCovpe éva xwpio be, T0 0omoio amoterelTon
amé ta dvo toiyova K., K, € Th(K), K € Ty(V.), ue xowy mhevod e
raw O¢tovpe By, = {be : e € B} (Bh. Zypiua 4).

Smv mepintoon mov e € Ey(K) \ Ei*, K € Ty, ovufohiCovue ue
b. 10 TOlywvO TOV ﬁ (K) mov éyer v e mhevd. AoBEviwv Tho &0
toyovov K, Ko € Th, ne nwowvip whevpd e € E}ln, ovupoAilovue e n
T0 povodlaio %xGPeto eEmTeQrd dudvvoua oty Thevpd e tov Kq. Tote,
ovuBoritovue o Kp pe K1¢ now 10 Ko e K¢ (Bh. yiua 5). Axdua,
Bétovpe b = K¢ Nbe now b, = K¢ Nb,.

YXHMA 5. Eva tuyato ymwpio V.. Agwoteod: To dvo toiywva K1 xa
K™° pe nown mwhevpd e. Aekud: To xwio be ov avilotolyel otnv Thevod
e (Ue SLorEXOUUEVES YOOUUES).

OewQovue, TMOU, TO YHDEO Sp TWV TETEQUOUEVOV OTOLYEIWV TTOU
OTTOTEAELTOL OTTO TLS Oyl KOT  OVOYRYN OUVEXELS OUVOQTNOELS, OL OToleg
meploplopéveg oe xdPbe tolyovo K € Tp elvor yooumund Tolvdvupa
nou elvon ovveyels oto onuelo me, e € Bt BAéme [24].  Emedn,
AOLTTOV, TO OTOLYELD. TOV YMEOV Sg elvor ouvaQTioelg Tov Oev elval
ot ovAynn Oovvexelg ot plo TAEVEA e € E}ln TOV OVOUGTOVUE WO N
TEOoOEUOLOUEVDY  (nonconforming) TUNUOTIXG YOOUMUADY OUVOQTHOEWV.
Axépa, ovppoliCovue pe Sy tov wdxmeo {v € Sy 1 w(m,) =0, e €
Ep\Ein}. Eniong mogamnoodpe 6tL o Sp, dev eivar vdywoos tov H ().
I'a x60e K € T}, ovuBoliCovpe pe v TOV TEQLOQLOUO TS v € S}, 01O
K. Ouv ovvopmoels @,, € € E}L“, TETOLEC (DOTE

(1.2.5) suppwe = Ve, pe(me) =1 nov pe(my) =0, VL € Ep \ {e},

arotehovv Baon tou 5'2. Emxiong, o 5'2 gxeL TV axOAOVON TEOCEYYLOTLXT
wWoro: vrdyer otofepd C) aveEGonTn tou h, TéTolo MOoTe Yo ndGbe
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(0.1)

ma

2XHMA 6. To toiywvo avagoQdg K.

v € H2(Q) N HYQ) (BL., [21, Theorem 16.2]),

. 2(2—74 2 1/2 .
(L26)  inf flo—xl;, < O( Y W lf )" G=0.1
XE5h KeT,

OeWQEOVUE TOOA TO TELYWVO OVOPOQAS K , ue nopvgeég (0,0), (1,0),
(0,1). ZvufoAiCovue ue €1, €y xou €3 TG TAEVQES TOV K , apxiZovrag
and v mheved mov Boioxetar amévavit and v xoouen (1,0) now
ovveyiCovtog avtibeta we ™ QoEA TV SEWUTMV TOV WOEOAOYIOV. ArOUQ,
ovuBoriZovue ue m; tO péoov g mhevpds €;, ¢ = 1,2,3, non ue @,
1 =1,2,3, v yoouuxs ouvaeTnon Tov K tétow dote ©i(m;) = d;;,
i,7 =1,2,3, (BA. Zyua 6).

= ovvéyelo, BéTovpe §(I/€) := span{ @1, P2, P3} now yo e € Ep(K)
ovpporiCovue pe Ag e VAV OVILOTQEPLUO YOOUMAKO UETOOYNUATLOUO TOU
K oo K € Ty, tétoov wote me = Ag mg. Emiong, ywo T € I?,
Oétovne Ag T = ag, T+ bi e, UE G e OVILOTQEYLWMO 2 X 2 Tivoxa, %o
br.e € R%. Tw pio doouévn ouwvdomon v € Sg, ovufohitovue ue Vg e
™ ouvéptnon Tov S(K) mov opiltetar wg UK,e(Z) = v (AK,eT). Andua
ovuBoriCovpe pe || - flgz v Evrheldewo vooua otov R?, xabog emiong
AAL TNV TTOQOYOUEVN OTTO VTNV VOQUO TTLVARWV.

1.3 H EEIZQXH TOY POISSON
(XYNEXH IEINIEPAXMENA XTOIXEIA)

Qg éva mE®To Pua T avilvong uebddwv mETEQUOUEVV XwElwV Yo
TOV YevirO eEAAELTTTIRG TeheoTi A, 08 oUTH TNV TOQAYQUMO KabMG ®oL 0TV
§1.5 Ba pehetiooupe HeBOSOVG TEMEQUOUEVMV XMEIMY YL TOV ATTAOVOTEQO
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teheot) —A. H mpooeyylotiny Aon mov Intovdue edd avixel 0Tov ¥do
TV CUVEXDYV, ROTE TUALOTO YOOUUXRADY GuvaQTioemy xaL oty §1.5 otov
YMEO TWV TETEQUOUEVWV OTOLyelwv Twv Crouzeix—Raviart. Ztn ouvéyela,
otig maayedpovg 1.4 nav 1.6 emexteivovpe ta amotehéopato twv §1.3
xow §1.5, avrtiotouya.

To omoTeEAéOUOTO TTOV OVAQEQOVUE OF OUTH TNV TOQAYQOPO  €lval
YVwoTd xou ogeihovtor otovg Bank xau Rose, [5].

Oewpovpe To TEORANUa:  ZnTeiton wia cuvapmon u : Q@ C R? — R,
TETOLOL (DOTE

(1.3.1) —Au=f o0 Q xu u=0 ot 01,

ue © éva Qoayuévo, ®upTd, Tolywvind xweio oto R? nau f € L2(Q). H
avtioTolyn nébodog Galerkin/memepaouévov oToL eV, UE MO TOOGEYYL-
ong tov X 2 elvar: Znteiton ug € X 2 , TETOLAL (DOTE

(1.3.2) a(ug,x) = (fix)a: VX € X3,
ue a: HY(Q) x HY(Q) — R, mov opiletar wg
(1.3.3) a(v,w) = (Vv,Vw)q.

Suvdvdtovrag thpa tg (1.3.1)(1.3.3) non (1.2.4), moonimter apuéowg n
YVOOTYH extipnon

(1.3.4) IV (v~ ug)llyq < Chllully o,

ue otabepd C' aveEdotnty tov h.

H notooxevn g uebodov memepoouévmv yweimv otnoiletol Oyl o€ pio
(ohxn) drypopuxy; Loe@n, Omms N WEHOSOG TMWV TEMEQUOUEVV OTOLYELMV
oANG 0t pior ToTky WLOTNTOL TNG AMVoEWS: OeWEOVUE AOLTTOV W0 ROQUEPT
z € Z}Ln %OL TO ovTioTOLO YwEio b, € B.. OloxAnowvouue UeTd TNV
(1.3.1) oto b, nou epaguotovue Tov THO OAOxAEwWONG Tov Green. Etot,
haupavovue

(1.3.5) - Vu-nds = / fdx.
0b b:

‘Exovtag vropw v eEtowon (1.3.5), Bewpovue v omdhovdn damnouty
uébodo yua v (1.3.1): Zreltaw up € X, tétown dote

(1.3.6) - VuB-nds:/fdx, Vz € Zi®.
8b., bz
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H (1.3.6) éyer tomxd yoQoxtioa, OUmg WTOQEL VO YQUpel LoodVvauL
ue ™ PofPeta Tg Srypamunic woognc aon : HH(Q) x HY(Q) — R, n
omolo. 0pileTor wg

(1.3.7) aon(v,w) = — Z w(z) Vo - nds.
z€Zin ob

Tote, 1 (1.3.6) eivon woodvvaun ue v

(1.3.8) acn(up,x) = Z X(z)/b fdz, VYyeX).

zEZ}L“

Hagationon 1.3.1: Adyo g (1.3.8), wropovpe vo dodue ™ uébodo
neneQuopévov ywoinv (1.3.6) oav pic wébodo memeQuouEvwv oToLyEimV
Petrov-Galerkin. e autég Tig pedddovg £xouvue SLOPOQETLROVS K WOOUG
EOoEYYLoNG #oL doxuuig.  Edm X,? elval 0 XWEOGg TTEOOEYYLONG HOL OL
®OTE TUAROTO 0TaBEQES OUVOQTHOELS 0TO B, elval oL GuVaQTHOELS SORLUNG.

To axdhovbo omotéheoua amotehel tOo Paowmd eoyaielo g avdivong
omv [5], Br. [5, Lemma 3].

Aijupa 1.3.1 (Bank & Rose): ‘Eotw v, w € X,?. Tote

(1.3.9) acn(v,w) =a(v,w). A

"YragEn: Evrola maatnoodue ot n emihvon tov (1.3.8) eivar toodvvaun
ue ™V emilvon evog YOOUUWKOU CVOTHUOTOS WE TTivaxa. A= (ai,j)i,j:p
6mov N eivon m duhotaon tov Xp, wou @ ; = acN (Pe;s Pe;)s €irej €
Eyt, 1,5 = 1,...,N. Zvvernag, yo vo deiovpe Vmagkn g AMoewg
up tov (1.3.8), aoxel va deiEovue povadxoTTa. Oemeolue, AOWTOV TO
axolovbo Pondntind wedPAnua: Znteitow v € X 2, TETOLOL DOTE

aC’N(vaX) = 03 VX € Xl?
Xonowomolmvtog Tmea To Apua 1.3.1, AapBdvovue
2 _
IVollg , = alv,v) =a(v,v) = 0.

Emopnéviwg, Vo = 0. Aga n v elvar otabepn oe xdbe tolymwvo, xat agpov
v € X}, avayraotnd v = 0 oto €.
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Hagationon 1.3.2: Zoupwva ue 1o Anuuae 1.3.1, magatnoovue OtL 0O
VITOAOYLOUOS TG TTROOEYYLONS TG neBddov memepaouévov ywoinv (1.3.8)
xay g uebodov Galerkin/memepaouévav otouyeiov (1.3.2) avayetar oty
e{AVON YOOUULXMY CUOTHUOTWY UE TOV (D10 Ttivana xow OLapoeTind deELd
UELOC.

Téhog, 0o avagégouue pior yvwotry extiunon g dwogoeds v — upg,
omv H!'-vépuo. Zdugwvo pe tovg Bank & Rose, fA. [5, Theorem 1],
€YOVUE

Ozognue 1.3.1 (Bank & Rose): ‘Eotw u n Avon tov (1.3.1) xow up n
Avon tov (1.3.8). Tote vadoyer pia orabeod C, aveEdotnTy Tov h, TéTO1a
WoTeE

1/2
(1.3.10) u—upl; g < C( Z h%(|u|§K> . n
KeTy,

1.4 MIA T'ENIKH EAAENITIKH EEIZQXH
(XYNEXH IENNIEPAXMENA XTOIXEIA)

Ze ovty TV Topdyeago Oa Oewenoovue uia uébodo meTEQUOUEVWVY
Awolwv Yo 10 TEOPANua (1.1.4) ue o = 0, YENOWOTOLDOVIAS WS YDQO
mpooéyylong tov X 2. To amoteléopoTo TOV OVAQEQOUUE OF OUTH TNV
moedyoago ogeihovtar otov Cai, [13].  To Paowd amotéheouo g
[13] duotvdvetor oto Oemdonua 1.4.2, 6mov divoviar BEATLOTNG TGEEWG
eXTUNOELS oaludTmv oty H1 vooua vtd (6oBaOVS) TEQLOOLOUOVS Lol
ToV Olapeououd Tp,.

OewEovUe AOWTOV TO 0rOAOVBO EALELTTTLXG TEOPANUC OVVOQLOXMDV TL-
waov: Zntettar wie owvdotnon u :  C R2 — R, tétowa dote

—div(AVu) = f oto £,

1.4.1
( ) u=0 oto 09,

6mov 1o xweto €2 xav ov ovvagoels A xar f €xouv TG WLOTNTES TOV
avagégovtar oty madyoago 1.1. Olhoxinowvovtag v (1.4.1) oto b,
%Ol EQPOQUOTOVTOG TOV TUITO OAoxANQwong tov Green, Aaupdvouue

(1.4.2) —/ (AVu)-nds:/ fdz, VzeZ>®
8b., bz
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XXHMA 7. H toun y;; tov dvo ywpiov V; xoaw V; mov ovoyetiCovrar pe
TIG HOQUPES Z; %OL Zj, OVTIOTOLXO.

Kat avaloyiav moog v (1.3.6), Bewpovue v axdrovdn puébodo meme-
paopévav xweiwv Yo to (1.4.1): Znteiton up € X)), 0100 hoTE

(1.4.3) —/ (AVup)-nds :/ fdz, VzeZPr
Ob., bz

Suvdvdtovrag tote Tig (1.4.2) non (1.4.3), éovue
(1.4.4) —/ (AV(u —up))-nds =0, VYze€ Z>™
b.

Eivor yonowo vo yodpouvue to edphnua (1.4.3) oe uetofohuxsi wooen.
Opitovue ex véov ™V dtyoouuurt woogh aon : HY(Q) x HY(Q) — R,

(1.4.5) aon(v,w) =— Y w(z)/ (AVv) - nds.
z€ZP 0b-
Emtiong, Oewpovpe v dtyoouw woogn a @ HH(2) x HY(Q) — R,
(1.4.6) a(v,w) = Z / (AVv) - Vw dz.
KeTy, K
H (1.4.3) yodgeton 1oodvvopo
(1.4.7) aon(up,v) = Z v(z) | fdz, Yve X)),
z€Zin b-
zav M (1.4.4) yivetou
(1.4.8) aon(u—up,v) =0, YveXj.

[poxewuévou va avorioer o dphnua (1.4.6), o Cai, Ph. [13], etodyel
Tov oxohovbo cuportond. ‘Eotw dvo xooupés 2, 2 € Zp(K), K € Ty,
Ottovue v;; =V, NV, dmov V,,, V., € Ve now Z;; 10 gvbuygopo
TUAKOL TTOV OUVOEEL TIG XOQUPES 2, 25 (Bh. Zxfua 7).
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‘Eoto tHpa dvo tolywva K', K" € T, pe nown mhevod v Z;,.
Ovopdtovue tov duwd dwaueooud Be tov Ty, (Bh. §1.2) ovuuerowd, ov
Yii VK" won y;; VK" eivon vdBeta omv Z;; vaw |y, NK'| = |y, NK"|.
O B. elvau ovolaotixd ovuuetouxds (essentially symmetric), ov gival
OVUUETOWOG EXTOC OO 0QLOUEVO xwoio Touv B, Tou 1 OLGUETEOS TOUS
ppaooetan omd Ch, pe otabepd C' aveEdomnn tov 2 »ow tou h. Téhog,
o B, ovoudleton un ovuueroixdsg, ov Ogv elval oUTe GUUUETOROG, OUTE
OUOLOOTLXGE OUUUETOLKOS.  Mmogovue vo magatnoioovue OTL, €4v otnv
rotaoxev) tov B, emléEovne wg zg &ite T0 0QHBOKEVTIQO TOU TOLYMVOU
K €T}, elte 10 #évtpo tov eyyeyQouuévou ®imhov, eite 10 BoQUnevTQO,
1018 0 B, glvar ovuuetods, av xdbe toiywvo K € Ty elval 1o6mhevgo.
Emiong eivar ouppetowds, av emhéEovte g Zx TO EMIXEVIQO (REVIQO
TEQLYEYOOUUEVOY ®UAOV) oL To. Tolywva Tov T, eivor 1000xehy 1
onuoveyndnrav duyotoumviag opboymvio LoV oY UOTOS.  ZVVOEovTag
T To onuelo zx Ue Tig xoQupés tov K € T}, maigvouue évav véo
TOLYWVLOUO ﬁ Eniong, ovoudCovue tov draueoopnd B, un exguiiouévo,
gV O TOLYWVLOUOG T;: elvar pun exquitouévog (BA. tov Ogwopo 1.2.1). H
dryoouuky woepn @y Ba Méyetan opotouoopa eAdewmtiny) otov X 2, ov
vdoyeL wior Betinn otabed a, aveEdotntn tov X 2 , TETOLO. (DOTE

(1.4.9) acn(v,v) > azlv]) g, Vv € X7

Tote woyveL,

IMgotaon 1.4.1: Edv o torywviouds Ty, eivar un expuiiouévog, tote emiAé-
YovTag yuo. Zx To 6aQUXEVTQO 1 TO eMixeVTEO Tov Torywvov K odnyoiuaocte
oe un expuiiouévo B.. A

Suuporitovue thoa ue I wow 9 TG yovieg Tov Torydveov K o
K", avtiotoyya, mov Boloxovior amévavit ad v xown mhevpd e (BA.
Zyiua 8).
Mootaon 1.4.2 ([13]): Ymobérovue dti o Ty, elvaw un exqpuiiouévog.

(i) Av 10 zi elvar t0 0000xevToo Tov K € T}, ®ou edv vagyet uia
OeTixif otabeod U, tétota dote, yia xdbe K'y K" € Ty,

(1410) 19}(/ > ¥ mon 19}(// > 19,
10Te 0 B, elval un expuiiouévog.

(ii) Av 10 zK elvar t0 eminevroo tov K € Ty xaw edv vdoyer ula
otafeod Octizaj 9, Tétola dote, yia xdbe K', K" € Ty,

(1.4.11) eite O = g eite 05 < g — 9
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[

YXHMA 8. Ou amévavtt yovieg Fgr nor dgrr, 08 oxéon ue v xowi
Theved TV avtiotoywv Torydvev K o K.

xat

(1.4.12) elte O = g eite O < g _ 9,

tdte 0 B, eivaw un expuiiouévos. M

O Cai, vmoOétovtag OTL 1 OLyQauuKry LoEpN @on Elvol ouoLdpooga
EMLELTTTLXY, OTTOOEWXVUEL EXTIUNOELS OQAAuOTOG Yoo T webodo (1.4.7), BA.
[13]. How Sumg datvdoovue TO ATOTéAEOUO 0VTd g Oemonuo 1.4.2,
Ba avagégovpe Vo ToLEg Vtobéoels amodewmvuetar oy [13] 6t aon
elvor opuoLOnoQ@a EAAELTTTLAN.

Meoétaon 1.4.3 [13]: Ymobérovue 61t A = a(x)] xava(z) > ag > 0,z €
Q. Tore vdoyet hg > 0 xat pia Oetixnn otabeod ay, mov eaptdrar uovo
amo ta hy xat g, tétota wote yo xabe h < hg n aon eivat opotduogga
eMewring, wow wyver n (1.4.9) ue otabeod as = . Emmiéov, av
a(z) = 1, ©dre woydern (1.4.9) ue s = 1 ywa xée h > 0. A

Afpue 1.4.1: Eotw dt o mivaxas A eivar otabepds oe xdbe tolywvo
K € UpTy #ow weavomowel v (1.1.5). Edv xdbe tolywvo eivar eite
000oywvio eite wooxeléc, TO0te N GoN elval ouotduoopa eArewrtixy. M

Oeoonua 1.4.1: 'Eotw ot 10 zx elvar 1o emixevroo tov K yio xdfe
tolyovo K € Ty, YmobOérovue 6t a;; € WH>(Q), 1 < 4,5 < 2, xou 6ut
xabe tolywvo K € Ty, eivau eite opfoywvio eite oooxelés. Tote vadoyet
ho > 0 xau pio Oetinny otabeod ., mov eEagptrdral uovo amo to hg, térota
ADOTE N GON EVAL OUOLOUOQPO. EALELTTIXG , ONAad) 1 GON HAVOTOLEL TRV
(1.4.9) ue orabeod ay = a,. A

20pgova ue tov Cai, 6tov n Ovypauuxy Hooen elvol ouoldpooa
ehheutiinn, éxovue, BA. [13]:

Ozognua 1.4.2 (Cai): Eoto u € HZ(Q) n Aoy tov (1.1.4) naw up
n Aoy tov (1.4.3). Ymobérovue axdua otv 1 Gon elvar ouotduoogo.
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edewring otov X)), xabdg xar 6ti 0 Be xaw o Ty, elvar un exqguiiouévor.
Tote, éxovue

(1.4.13) lu —upl|, o < Chllully o

YrobOérovrag axdua ot u € H3(2) xaw 611 0 B. eivar ovotaotind ovupe-
TOLXOG, EYovue

(1.4.14) u—uply o < CH*|lull; g
Av emumAéov o B, elvor ovuuetoixdg, éxovue
(1.4.15) u—ugly o < Ch?|lulls g,

émov i otabeod. C otig (1.4.18)—(1.4.15) elvaw aveEdorntny tov h. B

1.5 H EEIZQXH TOY POISSON (MH
YYNEXH IEINEPAXMENA XTOIXEIA)

Onwg »ov oty §1.3, ocav éva modto fripe ™S avdlvong piog
1ebodov TETEQUOUEVIV XWEIWV yLor TOV yevird ehhewttind teheot A, Ba
rnataorevaoovue xal Oa avolvoovue wion peBddO TETEQUOUEVOV KWOLWV
Yy Tov amhovotego elhelmtind tekeoti —A. H pehétn oe avth v
TOQAYEaQO 0nohoVOEL ot yevirég yoauués ovtiv Twv Bank xar Rose yio
T0 domELTe oyfue Tov magovowdoape oty §1.3, Br. [B]. O xdoog
otov omoto 0o TNTNoOVUE TNV TTEOOEYYLOTLXY] AVON ElVOL O XWOEOG TWV
TEeMEQAOUEVOVY OToLelwv Twv Crouzeix—Raviart. Ztn ouvvéyewa, oty §1.6
EMEXTEIVOVE TOL OTTOTEAEOUOTO. OVTHG TNG TTOQOYOA(POU YLO. TO TTOOBANUAL
(1.1.4).

‘Onwg xor oty §1.3 yo ™ 0Oyrhion Tov SLOrQLTOU OXNUATOS, VITOBE-
touue uovo OtL 0 T, elvar €vog un exquilouévog Tolymvioudg, Bi. OoLouod
1.2.1. 3to Oewonuo 1.5.1 amwodetrviovue pwio. BEATLOTNG TOEEWS extiunon
ogdluatog oty H' vopua. 210 Gedonua 1.5.2 duwme, yia va amodeiEov-
e wio BEATLOTNG TaEEwS extiumon ogdiuatog oy L2 vooua, vodétouue
or f € HY ) #obihg ®ar 6TL 0Ty #otaoxev) Tov B, emAEyouue yio
zx 10 Paginevigo ov K € Tj,.

Oewpovue, howtov, 1o mEoPhnua (1.3.1). TToMomhaolGLovTog TMQO!
mv (1.3.1) ue éva tvgato otoyeio w tov HE(Q) xaw ohoxknodvoviag
®atd wéEN oto €2, meonmrer N axdrovdn petafoixn wopen tov (1.3.1),

(1.5.1) a(u,w) = (f,w)g, Ywe HY(Q),
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ue a: (HY(Q) + Sp) x (HY(Q) + Sp) — R, mov opitetar dio

(1.5.2) a(v,w) = > (Vo, V)

KeTy,

H avtiotouym nébodog memeQoopévwv oToyelmv, Ue XMHEO TEOTEYYLONG TOV
5'2 elvar: Zntelton ug € Sh, TéTOLO (DOTE

(153) a’(“GaX) = (fa X)Qa VX € S}?,
Eivar amhd va dovue 6t (Bh., [12, Chapter 8.3]),
(1.5.4) IV(u=u@)lon < Chllully,q

ue otabepd C' aveEdotnty tov h.

T ™y nataoxrevy) pedddoV TETEQUOUEVWV Y WELWV OAOAANQDVOUUE TNV
(1.3.1) 010 be, ®0L eaEUOTOVUE TOV TVTTO OAOXAEWONG Tov Green. Etot,
haupavovue

(1.5.5) - o —ds—/ fdx.

"Exovtag vroywy v eEiowon (1.5.5), Bempovue v néhodo memepaouévay
xootov yia v (1.3.1): Zyteltaw up € Sy, tétown hote

(1.5.6) —/ab Ous /fdac Ve € B

T vo deiEovpe VrmaEn xou povodotra g Avoewg tov (1.5.6),
00 XOELOOTOVUE OQLOUEVA TTQOROTOQXTLXGE QITOTEAEOUOTO TO. Oofota Oa
YONOLULOTTOLHOOVUE ®0oL YL, TV avdhvon tov (1.3.1), mapandtm og ot
™MV TQAYQOWO, OAAG %ot 0To 7o Yevird TedPinua (1.1.4) oty enduevn
TTOQAYQAO.

Oempotue éva Tolyovo K € T, wou uio mhevpd e € EiM N By (K).
‘Eotw n, T0 novadlaio, ®abeto, eEmwteord didvuoua TNV TAEVQH € TOv
K. Svuporiovue ue K¢ 1o toiywvo K xon pe K¢ 10 dhho toiywvo
tov T}, mov éyer ue 1o K nowv)y mhevpd v e. ©é¢tovpe emiong

(1.5.7)

[8)(] _ OXk+e  Oxk-e vy € S0
- o

on. on. on.
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Afpue 1.5.1: Eotwo K € T, e € E}Zn N Ep(K) xowv € SY. Tore,

(1.5.8) 9 s = —/e [ 6”] ds,

9be on 3ne

UE N TO uovaodtaio, xdbeto, eEnteoixo diavvoua otnv Thevod e tov K.
AnddeEn: Eotw v € Sp, K € Tj, v e € E}Ln N Ej,(K). Xonowomoum-
VIOG TR0 TOV TUTO ohoxAfpwong tov Green xat To yeyovog ot Av = 0
oe nwdbe K € Ty, éovue

v ds = / Gv ds + / v ds
oV, on dK+e\{e} on dK-°\{e} on

ov OV +e ov
—/aKJre%ds— Ton ds+/aKe%ds

avK—e
e On

=[] =

Anopa, emeldn n v elvar €vo TOAVDVUMO TO TOAV TTEWTov Pabpov ota
K*¢\ be now K™\ b, éxovue

0 0
(1.5.10) / D ds=0 / D ds =o.
d(K+e\be) On o(K~\b) O

(1.5.9)
ds

Suvdvatovtag tama tig (1.5.9) xow (1.5.10), haufdvovpue v (1.5.8). W

Adyw tov Anppatog 1.5.1 wwopovpe va Eovayodpovue v (1.5.6)
wg: Zntelton up € SP, ol hoTe

8u3 .
1.5.11 = B
(1.5.11) /e[ane]ds /befdac, Ve € E}",

OOV N elvor To povodLaio, ndbeto, eEwTeQrd dLdvuoua otV TAEVEN €
tov K€ BL. (1.5.7) now 10 Zyua 5, oeh 16.

Avppe 1.5.2: Eoto x,1 € Sp. Tdte,

(1.5.12) > 1/)(me)/

ue ne dnwg oty (1.5.7).
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AmddeiEn: Agod n ovvagnon 1 elvor otoyelo tov SP, wrogovue vo
NV EXPEAOOVUE MG YOAUULXG CUVOVOOUO TWV OTOLXElmv Tng PBAong Tou
P = ZeeE}; P(me)pe, omote, Moym o g (1.2.5),

al, ) = > (Vx, Vi)

KEeT,
= Z Z Q/)(me)(VX7V(P€)K
(1513 KE€Ty ecEiP
= ) p(me) Y (Vx, Vioe)
CEE}? KeTy,
= D P(m){ (VX Voo ) gere + (VX Vipe) e }-
eGE}?

Twoa, yo e € E}L“ now Y € Sg, €xovue
(VX, Vo) gere + (VX Ve ) g

:/ a—Xgoeds—i—/ %goeds
K +e 3n K —e 3n

(1.5.14) :/ 8—X<peds+/ %goeds
OK+e\{e} on OK—

ox
+ [ane] /eapeds.

AQov N . elvar éva yoouuxrd Tolvdvpo ot xabe Thevpd Tov K€ xa
K~¢, naigvovue

/(pe ds = |l|pe(my), VL€ En(KT)UE,(K™°),
¢

omov pe 4] ovpBoriCovue to uirog g mhevpds . Emopévag, ovpupwval
ue v (1.2.5), n mogamdve oxéon divel

(1.5.15) / e ds =0, /Lpe ds = |e|.
oV, e

Suvdvdtovtag tpa g (1.5.13)—(1.5.15) haufdvovue gdhnolo v
(1.5.12). W

Oewove T T dvypauuu woogn @x y = (H(2)+S,) x (H(Q)+
Sh) — R, mov opiletar wg

_ ov
(1.5.16) avn(v,w) =— Y wlm,) . 5,45
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H (1.5.6) yodgeton xon wg

(1.5.17) ann(up,x) = Z X(me)/ fdz, VYye€Sy.
- b
e€E; ¢

Hogationon 1.5.1: Bh. Tagationon 1.3.1, émov X} xav B, eivar toHoa
SY waw By, avtiotouyo.

"Yregén: Evrolo fAémovue 6tL m emmidvon tov (1.5.17) eivor woodvvaun ue

™V eTAVON EVOG YOOUIXO OVOTHUOTOS Me Ttivoxa A = (Ei,j)f.trj:l, OOV
N elvar n dwdotaon tov Sp, xav @;; = anN(Pe;, Pe,), €irej € EiR,
1,7 = 1,..., N. Emouévwg, ywo va OelEovue VmoQEn g Aoewg up
tov (1.5.17), apxei va deiEovpe povaddTTa. OEMEOVUE, MOLTOV, TO

oxOhovbo Pondntird TEORANua: Zntelton v € 5'2, TETOLOL OTE
ENN(”?X) :07 VXGS;;

Xonowporotadvrag Tmea ta Anupata 1.5.1 xow 1.5.2, hAaupdvovue evrora

Vo2, = a(v0) = 3 v(me) /

; e
1n
e€Ey

ov
[ane] ds =ann(v,v) =0,

ontdte Vo = 0. Zvvendc, n v elvar otabeon oe xdBe Tolymvo xa, emeldn
v €SP, avayraotd v = 0 oto .

Hooationon 1.5.2: Zougova ue ta Afuuate 1.5.1 xow 1.5.2 mopotn-
oovue 6Tt M uéBodog memepaouivov ywoiov (1.5.17) xow n uébodog me-
neQaopévay otolyeimv Galerkin (1.5.2) odnyovv oe yooumuxd ovotiuoTo
OV €XOUV TOV (OL0 Ttivama ®oL SLoEQOVV HOVAX0 0TO OEELO WENOG.

2t ovvéyela Oo amodeiEovue OQLOUEVA TTQORATOOATIAG AMUUOLTAL.

Anupe 1.5.3: Yadoyovv Oetixés otabeoés C(p) xar Cy(p), aveEdotnteg
tov h, Tétoles dote yia xdfe v € H(K) xaw K € Ty,

(1.5.18) Clolf x < [Pk els 7 < CTHolf
xaol

2 ~ 2 - 2
(1.5.19) Cellollo x < PxlOkelloz < Cxllvllo ks

émov e € Ep(K) xau p elvar n otabeod g oxéong (1.2.1).
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Andoeln: Eotw K € Ty, e € Ep(K) rav Ak o €vag YOOUUXOG NETAOKN-
UOTLOUOS TOV K o0 K ue me = Ag Mmg. ZOupova ue ta [21, Theorems
15.1 non 15.2], xav tov ovpfolopd mov eloaydyaue oy Toodyooapo 1.2,
vayer otadepd C aveEdom tov K Tétoln tote yia #dbe v € HY(K),
leN,

_ AN
|U|£,K < |det aK,e|1/2||aK:,le“Rz|”K,e|z,f<a
(1.5.20) [Ok.elyz < detare| ™2 [laxell5alv],

|g: < Chg.

||a’1_(%e||R2 S Cpl_(la “aK,e

SUUQOVO. TOQO [IE TOV 0QLOUO TOV YQAUXOU UeTaoXnUationoy Ag .,
oty madypago 1.2, éxovue

?

1
(1.5.21) | K| :/ dzr = |det aK,e|/ dz = —|detag .
K K 2

omov wou I pe | - | ovupokriCovpe TO euPadOV evog ywoiov GTOV
R2. Emiong, agoV hg eivar n duduetpog tTov K, vmaoyer otadepd Co
aveEapmTn Tov K TéTolo oTe

(1.5.22) |K| < Coh3.

Suvdvatovtag tia tig (1.5.20)-(1.5.22) xon (1.2.1), haufdvovue

(1.5.23) ol} x < Co™?fik.cl] %
no

2 ~ 2
(1.5.24) lvllo, 5 < Chi 10K ellg -

Enouévmg, woybouv ov momtes aviootntes otg oyéoerg (1.5.18) wnon
(1.5.19). Axnoua, ovugove ue v (1.2.1), vedoyer otabepd C' tétoa
woTe

(1.5.25) |K| > |Bx| > Cp*h%,

omov B eivon 0 peyahitegog ximhog mov mepuéyetan oto K (dnhady o
EYYEYQUUUEVOS %xUxAOG). Xonotpomoudvtag xow ok tg (1.5.20), (1.5.25)
xav (1.5.21), haupavovue tig devtegeg oviooTnTeg TV oyéoewv (1.5.18)
xou (1.5.19). A
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Awupe 1.5.4: Eoto v € S(K). Tére
(15.26)  [v]; z = 2{(v(3) — v(1))* + (v(3) — v(2))" }.

Azddeién: Agob v € S(K), éxovpe v = 2?21 v(m;)P;. Emopéva,
3
(1.5.27) (Vo, Vo) & Z v(m;)(VEi, VE;)

Emiong, pA. Zynua 6, oeh. 17,

01(Z,9) = -2 +1, ©2(Z,9) = —2y+1, I’
(1.5.28) PED) =20 Bl g) =2 (2,9) € K.
(103(277?/) =2z + 2y - ]-7

Emouévacg,

(Vo,, Vo) g =2, (Vo1,Vo2)p =0,

(Vo1,Vo3)p = =2, (Vp2, V1) =0,
(1.5.29) (V@2 VP2)g =2, (VP2 VP3) g = —2

(Vo3, Vo) g = =2, (VPs3, Vo) p = =2,

(Vps, Vo) p = 4.

Suvenmg, Aoyw g (1.5.29), n (1.5.27) diver
(Vv, Vo) z =20% () — 20(Mmq )v(fis) + 20° (o) — 20(Me)v(is)
- 2U(T/ﬁl)”(ffba) — 20(iip)v(iis) + 4v° (M)
=2{(v(3) — v(Mn))” + (v(3) — v(72))"},
hadn woyver n (1.5.26). W
Anppa 1.5.5: ‘Eoto K € T), xaw e € E(K). Tore, yuav € SY,
(1530)  Cllig< Y (0(me) —v(mg))? < C7'olf g,
LEEL(K)\{e}

ue otabeod C aveEaptnty tov h xaw K € T,
AmodelEn: Zuvdvdlovrag ta AMuuoato 1.5.3 non 1.5.4, éxovue

(i)\K,e(m?r) - i)\K,e(mi))z

M

Yo (wme) —v(m)® =

LeEL(K)\{e} 1

-,
Il

| ~

2
VK,e 1.K

2
< C|U|1,K'

| =
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Mapduota amodewnvovpe xor v apoteen aviodtta g (1.5.30). W
Anppa 1.5.6: Yrdoye oradeod C térowa dote, yuav € Sy,

(15.31) CPll,< Y Y (olme) —v(me)’ < C7 ol
KeTh e, LeER (K)

Anodekn: Eorw K € Tj. ZvupohiCovue ue ep, ez, es TG TEE(G

mhevpég touv K. Egooudtoviag tmpo to Aqupo 1.5.5 oe ndbe mhevpd e;,
1=1,2,3, é&ovue

Cllfe< Y (wime,) —v(mg)? < CMoll g, i=1,2,3.
LeEL(K)\{ei}

ADBQOITOVTag OTN OUVEXELD TIS TTOQATOV®D OYEOELS, Yo OAES TLS TTAEVQREG
e; € Ep(K), i =1,2,3, naipvovue

BCWIT < D ((me) —v(me))” < 3C7 ol .
E,ZEEh(K)

Emopévwg, abpoilovtag Eavd, yio dha ta tolyova K € T, haupdvouue
mv (1.5.31). &

Afupa 1.5.7: Oewpovdue évav torywviouo Ty, evog poayuévov, xvetov,
ToAvywvixov ywoiov Q, mov wavomowel pv (1.2.1). Tdre vadoyer uia
otabeod C(p), aveEdotnTy Tov h, TéTto1a dote, yio xdbe v € L?(Q), téroto
dote v|g € HY (K), yia xdbe K € Ty,

(1.5.32) /M v2ds < C(e72hit olly i + € Phiclvlf ), VK € Ty,

uee € (0,1).
Amdodeén: Zougova pe [36, Theorem 1.5.1.10], vrdoyer otabepd C(K)
TETOLOL WOTE

(1.5.33) /af{ w?ds < C (== 2w g +e2(wf? ), Ve HY(R).
Oempovpe Aowtov éva tolywvo K € Tp. XONOLWOTOLmVIOS T ThV
0. AOL ETOVONOUPAVOVTAS TTAQOUOLOL ETTLYELONUATO. OTTWG 0TO ANUUL
1.5.33 Aaufé 006 o1 5 AT

1.5.3, ywa uta ovvapmon v € HY(K), Phémovue OtL vdoyer otadeod
C(p), aveEaomm tov K € T}, tétowo dote

/aK vids < C'hK(E_lﬂh;(zHUHg,K + E1/2|U|iK)

< CEePhit ollg i + P hcloly g)-
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Emouévog, gvnola BAémovpe ot woyver 1 (1.5.32). W

ST OUVEYELD SLOTLITOVOUNE *oL atodelxvioupe, BA. [69, Proposition
4.13],

Anjupe 1.5.8 (Awaxgity avicétnra tov Poincaré—Friedrichs): Ymdoye
uia Oetinn orabeod C térota dote

(1.5.34) [vllg.q < Cloly,, YveS).

Amddeién: Zvufohitovpe pe D(Q) 10 xHEO TOV OVVOQTHOEWV @ €
C>(Q), ou omoieg £xovv cuumayn opéa oto 2. Ba amodeiEovpe OTL

(1539) | [ vode| < C@ p)lglyalol Vo€ S Vo€ D),

ue p ™ otabepd oy (1.2.1). Exewdny o D(£2) eivon munvédg otov L2 (Q),
urogovue vo. dovpe otL m (1.5.34) émeton amd mv (1.5.35).
‘Eoto w € H}(Q) n Moy tov mpophijuatog Dirichlet
Aw =, aro £,

omov p € C°(Q). ‘Exovue 1618 611 w € H?(Q). Emutiéov

(1.5.36) lw

2,0 < CQ)llp

lo,0>

Bh., mapadeiyuatog xdowv, [36, Chapter 4].
Tote v v € S)), €xovpe

vpdr = /vAwdm: / va-nds—/ Vuv-Vwds.
/Q Z K Z oK K

KeTy KeTy

Emouévmg,

(1537) | / vpda| < [[o], e

LQ-i—‘ Z /aKva-nds.

KETh

Emiong, yonowwomormviag eoyoheto wov Oa avastuEovpe 00yoTeQo, WITo-
oovue vo. OelEovue,

(1.5.38) \Z/ vVw - nds| < C(Q, p)hllwlly olv]y 5,
KeTy oK
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Br. axduo [12, Chapter 8], wou [69, Proposition 4.13]. ZvvdvdLovtog
routov g (1.5.35)—(1.5.38) haufdvovue v embounti oviootnra
(1.5.34). W

2tn ovvéyera Bo exTipoovue T dLoopd w — up, Ot Wia. e50QTOUEVN
amd ™ dapéoron H -vooua.

Ozognna 1.5.1: ‘Eotw u n Adon tov (1.3.1) xaw up n Aoy tov (1.5.6).
Tote vadoyer uia orabeod C, aveEaptnty tov h, Tétoia dote

1/2
(1.5.39) lu —upll;, < C( > h%lﬂli,x) :
KeTy,

Amddeién: Zuvdvalovtag tg (1.5.5) »au (1.5.6), éxovue

—/ Mds:o, Ve € Eir.
Ob, 3n

Emouévmg,
(1.5.40) any(u—ug,v) =0, Vv

Xonotpomoudvrag thea to. Afuuota 1.5.1, 1.5.2, 1.5.8 xaw mv (1.5.40),
grovpe ywo xéde x € S

a(up — x,v)
lup = xll1n < ClIV(up = x)llg < C sup ———

vESY vl1p
(1.5.41) . ) _ “7&0( )
— C sup annN\uB — X,V) _ C sup anNn(u — X,V
UGS?L |Q) 1,h UGS?L |U|1,h
v#0 v#0

2t ovvéxela, e@apuotoviog v aviootnto. twv  Cauchy-Schwarz, To
Afupa 1.5.6, Tov tomo ohoxAfigwong Tov Green koL TO YeYOvog OTL TO
x elvon éva yoouund molvaovupo oto K € Ty, moipvovue v andlovdn
extiunon ye Oha T v, X € Sj

vl = | 3 vlme) [ 2 g

‘ on
ecE" 9be

1 o(u — 2
= 5‘ Z Z (v(me) —v(me))/ (TeX)ds‘

KETy e t€Ep(K) 8beNObe
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<Y Y m) —vm)?)

KETy e leEy(K)

oNu—x) , 2
8 Z Z ‘/abenabg Ine ds|

KETy e le By (K)

O(u —
§C|v|ih Z Z |- %ds—i-./KEA(U—X)dZEF

KETy e€Ey(K) €
2 o(u —x) 2 2
<Chlty 3 (e [P s e iclul ),
KeTy oK

Omov ue ne ovpPoriCovue to povodiaio, ndbeto, eEwteomd didvvoua 0To
ovvogo tov b, € B,,. Emouévag,

~ o(u — x) 2
[ann(u—x,v)° < C|U|ih Z (hK/ ‘%‘ ds
(1.5.42) KEeTy, oK

2
+h%(|u|2,K)'

2t ovvéyxela Bewpovpe éva tolyovo K € 1. ZUugovo pe 1o Afpuo
1.5.7, ywa € = 1/2, non u, x 6mwg ToQomave, hapfdavovue

8(“ - X) 2 2 _1 5
hK/ ——F—>"ds < Chg (hk|u +hz|u—x
(1.5.43) aK‘ on ‘ ( | |2,K x| |1,K)

2 2
< C(h%(|u|2,1( + flu — X||1,K)'

AbBgoitovtog tpa v (1.5.43) ywo dha ta tolywva K € T}, éxovue, yio
X € Sy,

S hil / W\%s
(1.5.44) KeTh o

<C( Y hkluly g+ llu—xIE )
KeTy,

= ovvéyewa, ovvdvatovtag tg (1.5.41), (1.5.42) »aw (1.5.44), maigvov-
ue, yu x € Sy,

1/2
2 2
s - xlh p < 0( S Rl o + u— x||1,h) -
KeTy
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XENOLUOTTOLMVTIOG, TWEA TNV TAQATAVE® aviooTnTa, yuo #dbe x € 5'2,
houpavovue

lu—uplly ), < llu=xlly,+llus =Xl

1/2
sc( > h%{|u|§,K+||u—xuih) |

KeTy,

Oempovue, Aowtdv, Tov teheot mageuBomic I : H2(Q) — Sy, Tu(m,) =
u(me), ywo 2a0e e € Ej,. Tote

1/2
(1545)  lu—usl,, < o( > h%{|u|§,K+||u—fu||ih) -
KeTy,

omov, Ph. geQ’ euteiv [22, Theorem 5],

2 2
(1.5.46) lu — Iu“l,h <C Z h%(|u|2’K.
KETh

Suvdvatovtag howtov tg (1.5.45) non (1.5.46) maigvovue ™y embuunt
oyxéon (1.5.39). W

ZvpPoriCovpe twpa pe P, 10 0o Twv ToAWwVUUWY 600 UETABANTMV
fabuov to moh® p € N xon pe ./\/l’é TOV TELEOTH TEOPOMIG 0T TOV
L*(G) otwov P,, G C R?, nov opitetar dio

(1.5.47) /w./\/l‘(‘;gds:/wgds, Yw € P,.
G G

XENOLUOTOLHVTIOS TWEA TO Anuue. tov Bramble-Hilbert ot poogr mwov
divetaw oty [22, Lemma 6], BA. emiong [24, Lemma 3|, éxovue yia xdbe
K €Ty, ec E,(K), nv ¢,g € H(K),

(1.5.48) < Chily

1,K|9|1,K-

/w(g — Mg)ds

e

2t ovvéyelo Bo yonolpomotjoovpe TV axohovdn wWidtntoa. Edv g, w €
H2(V)ue V=K UK, Ki,Ky €T}, naw 0K;NOK, = e € Ej, 1618

(1.5.49) /Vg “myw ds + /Vg “now ds = 0,
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ooy n; elvor T povadlailo, ®PeTo, eEMTEQUO dLAVVOUO. TNV TAEVEG €
tov K, ¢ = 1,2, Tlpoypatind, oOU@VE Ue TOV TUTO OMOXANQMONG TOv
Green €youvue

(1.5.50) / Agwdz = —/ Vg -Vwdzr + Vg-nwds,
v v ov

/Agwdx:—/ Vg - Vwdx
Ki Ki

+ Vg -nwds, 1=1,2,
0K,

naL

(1.5.51)

and g omoieg émetar n (1.5.49). Ztn ovvéxewo o extiwnoovue ™
draopd. u — up, omv L2-voguo.

Ozognne 1.5.2: ‘Eotw u n Adon tov (1.3.1) xaw up n Abon tov (1.5.6).
YroOétovue ot f € H(Q) xar emiong 6t 10 eowteouxd onueio 2y eivau
10 6agvxevtoo tov K, yia xdabe toiywvo K € Ty,. Tote, vagyet otabeod
C, ave&aotnty Tov h, TéT010 DoTE

(1.5.52) lu—upllyq < Ch?(

)

AmoderEn: Oempovue to axdrovbo fondntind meopinua: ‘Eotw u M Adon
mg (1.3.1) = up n Mon mg (1.5.6): Znreitow @ € H?(Q), tétow
woTe

(1.5.53) —Ap=u—up o010 Q nu =0 oto

Eivar yvooto, BA. Moyov xdow [36, Chapter 4], 6t n ¢ wavomotel v
oxdhovln extipunom eMAELTTTLRNG OUOAOTNTOS

(1.5.54) lelly,q < Cllu —uplly -

Xonowomowhvtag v (1.5.48) xar tov Timo ohoxhipwong tov Green,
houfavovpe evmola

2
lu—upllgo=—(u—up, Ap)g
= a(u —ug,p) Z/ u—uB—ds
KETh
= a(u—up,p —v)+a(u—uB, v)

—Z/ u—upg) ds, Yo € S

KeTy,
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Emouévmg,

lu = upllg o = alu — up, o = v) + alu — up,v)

1.5.55 9
(1.5.55) -3 /aK(u—uB)a—ids, o € S0,

KeTy,

S ovvéyewa Oa extyuioovpe to deEd néhog g (1.5.55). Eivon moogavég
oTL

(L5.56)  alu—up,p—v) < lu—upl,,le vl Vve S

Axoua, houpavovrag vadypv to. Aquupota 1.5.2 xow 1.5.1, xobmdg ®ou Tig
(1.3.1) non (1.5.17), éyovue

a(u —up,v) = Z / VuVvds —any(up,v)
K

KeTy,
:Z/ Vu-nvds+ Z/fvdx
KeT, 79K Kem, 7K
= > vime) | fdz
eEEih“ be
= Z Vu-nvds
KeTy oK
+ Y / f(v—Q(v)) dx, YveSy,
KeTy, K
émov
(1557) Q(w)|K = Z w(me)QKea K e Tha
e€Ep(K)

ue K, € T;:(K), 0 TRiyove ov dwapepitovne 0 K € T, Ph. Synua
4, oeh. 15, »oL gg M XOQUUTNOLOTMY GLVAQTNON evdg ouvohov S C R2?.
Emouévmng,

a(u —up,v) = E Vu-nvds
KeTy, oK

s /Kf(v—Q(v))dx, o € S,

KETh

(1.5.58)
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Tooa, Oa extuioovue Tov TEMTO 60 010 deELd uéhog g (1.5.58),

1.5.59 /vVu-nds,
( ) > -

KETh

€yovtag LVITdPLy To avaloyo amotéheopa [24,(3.24)]. Gempovue v ®owvy
Thevpd e dvo towywvewv Ki, Ky € Tj. Zvupohilovue pe vy, TOV
meplopod g v € Vi oto K, »ou pe n; 10 povodloio, eEmTEQLRO,
%dBeto dwdvvopo oty e tov K;, ¢ = 1,2. H ouvvelopopd g e otnv
éngpoaon (1.5.59) divetan, Omwg wwogovue vo. dovue £XOVIg VIOYLV TV
(1.5.49), omo

(1.5.60) /UKI (Vu-n1)+vg,(Vu-ng)ds = /(UKI—UKZ)VU"IM ds.
Enedn vg, (me) = vi,(me) xow Moyw g (1.5.49), éxovue v xdbe
ve Sy,

_ MO Vi - ds = 0
(1.5.61) /e(”Kl vy )M (Vu - ny) ds

woaw M2(Vu-ni) = —M2(Vu - ny).

Emouévas, Aoy tov (1.5.60) xav (1.5.61), éxovue yua x6be v € Sy

/UKI (Vu-ny1) +vg, (Vu - ny)ds
= /(UK1 —vg,)(Vu-ny — M2(Vu-ny))ds
(1.5.62) e

= /UK1 (Vu-ng — M2(Vu-nq))ds

e

+/UK2(Vu-n2 — M%(Vu - ny)) ds.

Oemwpovpe thpa uio hevpd e tov K € T3 mov va elvar uéoog tou
ouvopov ). Emewdn v (me) = 0, éxovue

/UMS(V’U, n)ds =0, YveES).
ZUVETMG,

(1.5.63) /vVu-nds = /v(Vu-n—Mg(Vu-n))ds, Yo € SY.

e
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Tipa, ovvdvdLoviag tg (1.5.62) now (1.5.63), éxovue
Z Vu-nvds
KeTy oK

= Z Z (Vu-n— MOVu-n)vds, YoveS).

KeTy e€ER(K) "¢

(1.5.64)

Egapuotovtag magopota emvyetonuate omwg oty (1.5.64), lapfdvouvue
OnOUOL

Z Z oM2(Vu-n)ds

KeTy e€ER(K) Y€

= Z Z Vu - npds = 0.

KeTy e€ER(K) Y °

(1.5.65)

Emopévag, Aoym twv (1.5.64) nav (1.5.65), maigvouvue

Z Vu-nvds

KeTy, oK

= Z Z (Vu-n—M2Vu-n)(v—p)ds, VYveS).

KeTy e€ER(K) Y€

Suverndg, yonowomowmvtog ™y (1.5.48), Aapfdvouue

(1.5.66) | Z Vu - nvds| < Chlulyglle —vlly 5 Yo € SP.
KeTy, oK

St owvégelo Bo extiuoovue tov televtaio 6po g (1.5.58). O¢tovue
T

(1.5.67) Cre(f) = /B fuwr dz,

omov B eivor évag dioxoc otov R?, tétolog wote B CC K ol wi
uia. oUVAQTNON QITOROTNG OQLOUEVN OTO B. Téte, obugova pe 10 Afupo
twv Bramble—Hilbert, otn poogn mov odivetar oto [12, Lemma 4.3.8],
rapBavouue, éxoviag voyw v (1.2.1),

(1.5.68) If = Cx(Nlox < Chrlfly x> VfeH(K).
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Agov 1 Ck (f) elvar otobepn oe xGe K, éxovue

/K F(o — Qv)) di = /K (f = Cx ()0 - Qv)) da
(1.5.69)

+CK(f)/ (v — Q) dz, Vv e SP.

K

Emiong, emeldn 1o onuelo zx elvar 1o Paginevigo tov K € Th, woylel
~ K —
(1.5.70) | K| = %, VK, € Th(K), VK € Tp,

Br. Zynua 4, oeh. 15. Emouévwg, Pr. geo’ euteiv [21, §25],

[ =i~ [ wiz— 3 wim)K

K e€Ep(K)
(1.5.71)
|K|

:/Kwdx—T Z w(me) =0, Yw € Ps.

eEEh(K)
Axrdua, moigvouue eUroia,
2
o= Qu)lEx = [ = 3 wlmax)ds

(1.5.72) eeEn ()

= Z / (w —w(me)) dz < Ch%(|w|iK, Yw € Po,
c€By (K) " Ke

ue otabepd C aveEdotntn twv h now K € Tj,. Aga, ¥ONOWLOTOLMOVTOS TLG
(1.5.68)—(1.5.72) =av 10 yeyovég o6t f € HY(K), éxovue

\/K f(0— Q) dz| < CR2|fy eloly x

< Chiel fly i (lo = vly i +lely ), v € S

(1.5.73)

Suvendg, ovvdvatovrog tig (1.5.58), (1.5.66) »au (1.5.73), hapfdvovue

|a(u - ’U,B,Q))|

(1.5.74)
< Chllullyg + I1f11a(le —olly, + Rllellyq), Yo e Sy

Tehxd, Oo extunoovpe tov tehevtaio 6o g (1.5.55). Agov v —up €
L%(Q), 0o épovue @ € H?(Q). Emouévag, xonoLOTOLmVTOS ToQOUoL
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emuyelniuoto pe avtd oty (1.5.64), Moyw tov (1.5.49), (1.5.47), nou
Tov yeyovotog OtL upg € Sy naw u € H2(Q), éxovue

Z V(p n(u—upg)ds

KeTy,

Z Z /Vap n—M2Vp-n)(u—up)ds.

KET, e€Ep(K)

‘Etot, yonowwomowdvtag v (1.5.48), maipvovue

(1.5.75) Vo -n(u—up)ds| < Ch|‘P|2,Q“u - uB||1,hv

‘KGT

Aga, emAéyoviog v = I omv (1.5.55) nar xONOWOTOLOVTOS TLG
(1.5.56), (1.5.74), (1.5.75), (1.5.54), (1.5.39) non (1.5.46), é&xovue

lu — ugllg o =a(u —up, ¢ — Ip) + a(u —up, Ip)
— Z / u—ug)p-nds
KeT, 9K
SHU_UBHl,h“‘P_I‘P“l,h
+ Ch(llullyq + 1£1110) (le = Lol 5 + Rl 0)
+0h|‘P|2,QHU_UB“1,h

§0h2( ’ )||u—uB||0’Q. [ ]

Hagationon 1.5.3: To povo onuelo oto Oemdonua 1.5.2; dmov yeLaoti-
nope ™V vdleon ot f € H(Q), etvon n extipmon (1.5.68).

1.6 MIA I'ENIKH EAAEINTIKH EEIXQXH
(MH LYNEXH NENEPAXMENA XTOIXEIA)

Ze aut ™MV Todyeopo Ba xataorevacovue xat Oa avolvoovue ™
weBodo memeQaouEvRV xwoiwv yio. to TEdAnua (1.1.4), mov Beworoaue
otnv ponyovuevn mapdyeago. H uehétn Tov dwomortot oxiuotog faocite-
T 0¢ quth Tov Cai Yo To dLaxQLTO OxHUo TOV TTaovaldoaue oty §1.4,
Bh. [13]. O yhog oTov omoio Ba TNTHoOUUE TNV TEOOEYYLOTIXY ADoN gival
0 %WEOG TWV TETEQUOUEVOV oTOoLXelwv Twv Crouzeix—Raviart.
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Se avtibeon pe myv §1.4, Br. [13], ywa ™ oOyxhion TOU dLaxQLTOV
oyfuatog, 0ev vobEéTouue TAQOUOLES LOLOTNTES YLoL TOVS dtapeouonovs T,
wot By, oAAG uovo ot o Tj elvow évag un exqullouévog TELYymvLouog,
Br. Opwoud 1.2.1. Zto Oeonua 1.6.1 amodewnviovue wio PEATLOTNG
TéEewg extiunon o@dipatog oty H' vépue. Zto Gemonuo 1.6.2 duwg,
yio. va aodelEovpe pio PEATLOTNG TAEewS extiunon ogdiuotoc oty L2
vooua, vrobétovue 6t f € H(Q) #abidg xar OTL 0Ty %aToonevy Tov
B, emhéyovue v zg 1o Poginevigo tov K € T,

Oewgovpe houtdv pie mhevpd e € EI wou 1o aviiotowo xwolo
be € B,. Ohloxknodvovtag v (1.1.4) oto be xow epoouotoviag Tov
TUmO ohoxAnpwaong tov Green, Aaufdvovue

(1.6.1) —/ (AVu)-nds—i—/ O"LLdI:/ fdz, Yec EP,
Obe e e

Oempovpe v eENg weEBodo memepaouivov ymoiwv yio o (1.1.4): Znteita
up € S}, ol dote

—/ (AVuB)-nds—i-uB(me)/ odx
(1.6.2) Obe be

:/ fdz, VYec EPM.
be

‘Ontwg oV [5], Yoo ™ SLaxQLTOTOiNoN TOU 6ROV TU, dEV KENOLLOTTOLOVLLE
10 fbe upo dz, Tov elvor TOAvVOV Vo OMYHOEL 08 UM OUUUETOLXO TTivOraL
ald 1o up(me) fbe odzx, nou 101 avtog 0 P0G Tehwd Ba ddoel Evav
draydvio mivoxa. Zuvdvdtoviag ta tg (1.6.1) xav (1.6.2), éxovue yio
#G0e e € ;7

(1.6.3) _/ab (AV(u —up)) - nds—l—/ o(u—ug(me))dz = 0.

be

OpilCovue ex véov o0e OoVTHY TNV TAQAYQAMO TLS OLYQUUUWLKES WOQMES
a,aNn : (HI(Q) + Sh) X (HI(Q) + Sh) - R, wg

a(v,w) = Z /K(AVU)-de:Jc now

KeTy,

ann(v,w) = — Z w(me)/ (AVv) - nds.

eEEih“ 9be

(1.6.4)
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T, wrogovue va yodypouue v (1.6.2) ot pwoopi
ann(up,v) + Z v(me)uB(me)/ odz
d be
e€E?

= Z v(me) [ fdz, YveSy,

eGE}? be

(1.6.5)

xor v (1.6.3) wg

ann(u—up,v)+ Z v(me)/ o(u—up(me))dx
(1.6.6) c€En be

=0, YveS).

2tn ovvéyelo, Bo amodelEovue ogLouéva mporataerTnd Anupoto. Emiong,
ovuBoriCovpe pe || - ||, o & T VOoMa Tov yhoov WH*(K), émov K C
R2, nou, av B = (bij)?jzl
1Bll1,00,x = maxi<i,j<j [10ijlly o0 -

elvar évog mivonog ovvaptioewy, Oétovpe

Afupe 1.6.1: Eorw B(xz) = (b;; (w))?jzl évag mivaxag ovvagTijocwy.

YroOérovue 6t bj; € WH(K) yio xdfe K € T, 4,7 = 1,2,

(1.6.7) max | B(«)|lz: < Chi, VK € T,
xaol
(1.6.8) IBll, o <C, VK €T,

ue uia orabeod C aveEagtntny tov K. Tote vragyet uia Octixa) otabeoa Cy
térowa dote, yua xdbe v € S,

> U(me)/ (BVv) - nds

eGE';;’ 0b.

(1.6.9)

< Clh|“|ih‘

Anoédeén: 'Eotw v € Sg. Xopnowomolwvtag v aviodtto Tov Cauchy—
Schwarz, to Anupo 1.5.6, tov timo oloxAnowong tov Green 0L TO
yeyovog OtL m v elvar yoouuxd molvwvupo oe xdbe K € Tj, wrogovue
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VO EXTLoOVUE TO aELoTeRd éhog g (1.6.9) wg &g

> v(me)/ (BV0) - nds

2

e€En dbe
1 2
=<1 > (w(me) —U(me))/ (BV) - ne ds
2 K€Ty, e lcEL(K) Ob.NOby
€, h

<Y Y ) = om)?)

KETy e tcEy(K)

BV) - n, ds|’
IR LR

KETy e te By (K)

<Chl, 3 (e [ |(BY0)-nlds + ol ),
KeTy oK

OOV e ne ovufolriCovpe To eEmTeQnd, uovodioio, ®abeto dudvvouo aTo
o0vvopo tov b, € B,,. Emouévug

‘ > U(me)/ (BVv) - nds

in abe
(1.6.10) c€Bh

<, Y (h / (BY) - nf2ds + W3 Jof? ).
KeTy oK

2

Entiong, yonowomoudvtag to Anupe 1.5.7, g (1.6.7), (1.6.8) naw 1o
yeyovog ot v € SP, dnhadi 0|y, = 0, e #6be K € T}, hapBdvovue
gvroAO. TNV axOAOVON extiumon yuo to v € Sg, oe ndbe tolywvo K € T},
hK/ ‘(BV’U) -n‘zds
oK
2 2 -1 2 2
(L6 < Ohgc{hicl|BIIY oo s} i + hic max | B() [0} c}

< Ch%d“ﬁ,}(-

Tehnd, ovvdvatovtag tg (1.6.10)—(1.6.11) maigvouue evrolo v embu-
unty oyéon (1.6.9). A

Afuna 1.6.2: Ymdagyet otafeod cp > 0 xat hg > 0 téroto worte yia #dbe
h € (0, ho) xaw yia xdfe v € S, éxovue

(1.6.12) ann(v,0) > ol .
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Amddelén: Aoy o A wavomotel v ovvOixn ehhewttimotrag (1.1.5),
Y x@Be v € S)) éxovue

(1.6.13) aolv|] i < (A(zk) V0, Vo), VK €Ty,

ue ™ otofepd g g (1.1.5). Emouéves, yOonouomoumvtog TO YEYovog
6t div(A(zg ) Vo) = 0, ot xébe K € Ty, now v € S wow my (1.5.15),
éyovue

a0|v|1h < Z (zr) Vv, Vo) p

KeTy,
= Z Z A(zg)Vo,Ve)
KET) ecER
= Z (A(2g+e) VU, Ve ) ferev(Mme)
e€En
+ Z (2K -¢)VU, V@) o —cv(me)
eeEln
= Z v(me){/ (A(zg+e)Vv) - n.ds
! oK+e
e€EM

—/ div(A(zg+e ) Vo) pe dz }
K+e

+ E v(me){ (A(zg-<)Vv) - np.ds
! oK —e
c€En

_/_e div(A(zg-¢)Vv)pe da }

= > v(m.) / (A(zxcre) Vo) -, ds

eEE}? OKte
+ Z v(me)/ (A(zg-¢)Vv) - npds
in OK~—e¢
e€Ey
= Z v(me) /(A(zK+e)VvK+e — A(zg-¢)Vug-c) - neds
eGE}? e
= Z v(me){— (A(zg+e)Vv) - nds
- DK +e
e€EM

—/ (A(zg-¢)Vv) - nds
OK ¢
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—+ /(A(ZK+€)VUK+6 — A(ZK—e)VUK—e) *Ne ds}
e

= — Z v(me){/ (A(ZK+e)VU) -nds

eGE};‘ OK+e\e

+ ./BK_e\e(A(zK—e)Vv) ‘nds}

S v(me){/abj\e(A(zKJre)Vv) -nds

eGE}?

n /abe\e(A(zK_e)Vv) -nds},

OOV M TO HOVAOLOLO %AOETO €EMTEQHO OLAVUOUC OTN TAEVRH € ToU
K. Svvemag

a0|v|ih < - Z v(me){/ N (A(zg+e)Vv) - nds
in abe \e
(1.6.14) € B

+/ab;\e(A(ZK_e)vv) -nds}.

Sougovo pe to Becdonua Taylor vrdoyer otofepd C' > 0, aveEdQTnT Tou
K, tétoln wote

(1.6.15) max | A(z) — A(s) | < Ch

naL

sup max ‘3(%'(33) - aij(ZK))‘
ceK hi=1,2 0z
Oa: s
= sup max ‘M‘ <C, k=12
cek =12 Oz},

(1.6.16)

Emuéyovue oo B(x) = A(z) — A(zk ), ue € K. H B wavomotel Tig
vobéoelg tov Anpuatog 1.6.1. Tdte ywo h xotdAnho wxo, ovupva
ue v (1.6.14), éxovue

ann(v,v) = — Z U(me)/ (AVv) - nds

eEEih“ 9be
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= Z v(me)(/ (A(zg+e)Vv) - nds

‘ +
ccEin Abg \e

+ /abe\e(A(zKe)Vv) -nds)

(1.6.17)
- Z v(m.) / (BVv) -nds +/ (BVv) - nds)
ccpin bt \e bz \e
=— Z v(me)(/ (A(zg+e)Vv) - nds
in b \e
ec B}
+/ (A(zg-<)Vv) - nds)
Abg \e
- Z U(me)/ (BVv) -nds > a0|v|ih - Clh|v|ih
i Obe
c€En
2
2 041|U|1,h’

omov C7 eivar 1 otabepd omv (1.6.9) xav aq eivar pio Betnn otabed
aveggomt tov h. W

Ewoyovpe thpa Ty axdrovdn vépua otov Sp + HE (1),

2 2 \1/2
1,h+||\/E'U||0,Q) )

™V omoto Ba YONOLUWOTOMOOVUE OTN OUVEXELA.

(1.6.18) olll, = (lo

Afupa 1.6.3: Yrdoyet uia Oetiaj otabeod C xau hy € (0, 1], térota dote
yia xabe b € (0, hg) xaw xdbe v € Sy, éyovue

(1.6.19) an(,0)+ 3 0?(me) / odz > Clo]l2-
. b
e€E" €

AmédeEn: Eotw v € SP. Xonowomouhviag 1o Afupe 1.6.2 happdvouue
evnoAa,

ann(v,v) + Z vz(me)/ odx

e€Ei" be

2a1|v|ih+ Z vz(me)/ odz

eeEin e
h
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(1.6.20)
> a1|v|?h+c Z ovidz
eeEin be
— Z/ cv® —v?(m.))dz
eeEln
> ¢f||v]||} - Z/ o(cv? — v%(me))dz
eeEln

omov g elvar n otabepd tov Anppotog 1.6.2 o ¢ = %min(l,al).

Emiong, egagudéfovrag tnv agduntiny YemUeTouwn oviodTnNTa €(OVUE

D / c0? — v (m.))da

eeEln
Z / —v? —v%(m,))dz
eEln
(1.6.21) ‘
Z / o(v — v(me))’dz
eeEln e
Z / v —v(me)) Zdw.
eeEln e

XONOLUOTOLMVTIOS TMEO. TO YEYOVOS OTL M ¥ €lval évo TOAIDVUIO TO TOAY
Babuov éva oe xabe K € Tj, and mv (1.6.21) maigvouvue

Z / o(cv? —v?(m,))dz <& Z Z |UK|iKeh%(

(1.6.22) ecEin e KET), e€ By (K)
< ahfoly, <7l
'Eotm T h natdhAnho wxgod. Svvdvatovtag tg (1.6.20), (1.6.22)

®noL T0 Anuuae 1.6.2, ovumepaivouvue OtL vmdyer wia Betinn otobepd C)
TETOLO. (DOTE

— 2 — 2 2
ann(v,0) + vz(me)/b o dz > c|[v[ll, —ah?[[[o]ll;, = Cl[v]l[-
e€Ei" €

Aga, woyver 1 (1.6.19). A
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"YragEn: Ago¥ 1 entihvon g (1.6.2) elvor 1oodvvoun pe v exihvon evig
yoouumxoy cuothuatog, yioo va deiEovue VmaEn aoxel va amwodelEovue
uovadxotnto. H povodwmdmra dume émetol euxoia amd to Anpua 1.6.3.

Afupe. 1.6.4: Eotw v € g(l?) Tdte

3
1
(1.6.23) Ilvlly z = S > v (i
1

Améoeén: Agov n ovvaptnon v elvol oTolyelo Tov S (K A) UoQovue va
TV_engodoove wg y@auumo oUVOVOOUSG TV OTOLElmV TG BAONG TOV
S(K), omoTE vV = 21 (m;)P;. Emopévag,

3
2 ~ PP
(1.6.24) lollg & = Y o(@a)o(@;)(@i, @) &
i,j=1
T vo deiEovpe v (1.6.23) meémer vo VTOLOYIOOUUE TO. ECMTEQLXA
ywoueva (@5, @5) @, Yo 4,7 = 1,2,3.  Zdugovo pe v (1.5.28)
haufpdavovpe evnola

o~ 1 PO
(P1,P1) 5 = 5 (%1, 02) 0, (P1,93)5 =0
PPN PN 1 PR

(1.6.25) (@2, 01)g =0, (P2,02) = 5’ (P2, 03) g =
PN PN PN 1
(03, 01) =0, (03, 02)p =0, (P3,03)p = 5

Suvdvatovtag o tg (1.6.24) xav (1.6.25) maigvouvpe v (1.6.23). W

Afuna 1.6.5: Ymdoyer uia Oetweny otabepd C, tétoia wote yia xdabe
v € SY xou K € Ty, éxovue

(1.6.26) Clollex < Y. h2v*(me) < C7wllg
eEEh(K)

dmov he = |e|.
Amddeitn: 'Eotw v € Sg, K € T, nou £ € Ep(K). Zvvdvdloviag Tt
Auporo 1.6.4 xov 1.5.3, hopfdvovue €Uxoho. TNV OQLOTEQN OVLOOTNTO.
omv (1.6.26),

Z h2v?(m.) < h3 Z %(m.) _hKZUKZ ()

e€EL(K) eeEh(K)

= 6h z < Cllollg -
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Hapduota, yonowomotmvrag v (1.2.1), maipvovue xar ™ deEd aviod-
mra,

Iollg, & < Chi Ik llg & = Chi va oy

= Ch3 Z Uz(me)SC’p_2 Z hZv*(m.). A
e€Ep (K) e€EL(K)

‘Exovtag vroyw v (1.5.7), otn ovvéyelo ewodyovpe tov axohovbo
ovuforlond.  Oewpovue éva tolywvo K € Tj now plo mhevpd e €
Ei" N Ep(K). Zuppohilovue pe me t0 povadwoio #dfeto eEmTeound
dwgvvouo oty mhevpd e tov K. Anolovbwvtog tmv maQdygogo 1.2
ovuBoritovue pe K1 1o tolyovo K xav pe K¢ 10 Ao Tolywvo Ttov
T}, movu éxer nown mhevpd e 10 K v e. ‘Eotw Aowtov,

[A(2)VX] - ne =(A(2)VXte) - ne

1.6.27
( ) — (A(x)VXK-<) - Ne, VT Ee, Yx ES).

Appa 1.6.6: ‘Eoto v,w € S}). Tdre

ann(v,w) == Y (div(AVo), Q(w))

KETh

+ Z /AVU] n.ds,

eeEln

ue ne onwg oty (1.5.7) xaw Q énws otyv (1.5.57).

Arédeién: Eotw v € S, K € Ty, e € Ep(K)NEIR oy n, 10 povadiaio,
®A@0eto, eEmTepnd Owdvvoua oty mhevpd e tov K. Egopudloviag tov
TOITO ohoxMjpwong Tov Green €youpe

/a (AV0) nds = /b div(AV0)dz — / [AV] -, ds.

e

Adyw tga tov ogwowot (1.5.57) tov teheot @, m omwOdElEN TOV
Mupatog ohoxinowveton evroro. M

Aippa 1.6.7: ‘Eoto v,w € SP. Tore
a’(vaw) = aNN(an) - Z (le(AVv),w - Q(w))K

KeTy,

+ Z / (AVv) - nwds — Z w(me)/e[AVv] ‘e ds,

KETh EGE.;;]
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ue ne onwg oty (1.5.7) xaw Q énws otyv (1.5.57).

Amodersn: Epopudtovtag tov T0mo ohoxinowong tov Green xat T0 ANupc
1.6.6, éyovue

a(v,w) = Z (AVv, Vw)

KETh
= — Z div(AVv),w) 5 + Z / (AVv) -nwds
KeTy KeTy,
=ayn(vw) = Y (div(AVv),w - Q(w)) g
KeTy,
+ Z / (AVv) - nwds — Z w(me)/[AVv] ‘neds. A
KeTy, €

eGE';;’
O0. EXTUNOOVUE TAOEO TN OWPORE U — up Ot wio vooua eEaQTouevn
amd ™ dwapéoron, ||| - ||[,, Pr. (1.6.18).

Ozognue 1.6.1: ‘Eotw u n Adon tov (1.2.1) xow up 1 Abon tov (1.6.2).
Tote, yia h xataiinia uixod, éxovue

1/2
(1.6.28) = uplll, <C(> hikllulls )",
KeTy,

ue otabeod C aveEdotnty tov h.

Amddeén: Xonoomoubvtag 1o Afuuo 1.6.3 xow ™y (1.6.6), éxovue, yio
X € Sp,

ann(up — x,v)
llug — xlll, < C sup { :

veS) ol
v#£0
ZeeEih“ v(me)(up — x)(me) fbe odz
620 T
— C sup {aNN - X,
UGS'O ]l
v;éO
ZeeELn v(me) fbe o(u — x(me)) dz
I[ofll,

Axdua, ue v ovicodtnta twv Cauchy—Schwarz hapfdvovue edwola tnv
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oxdhovdn extipmon

Z v(me)/ o(u— x(me)) dz

eGE}? be

<Y / 0®(u — x(m)? de) "> (Y [be] v (me)) .

e€Eir be ecEir

(1.6.30)

Xonowpomoudvrag tpa v (1.2.1), éovue
(1.6.31) |be| < Comax(h%,.,h% .) < Cop~2h2, Ve € EP,

ue Cp ™ otobepd g (1.5.22). Tote amd mv (1.6.32), »au ta Afuuata
1.6.5 non 1.5.8, moaipvovue, yio v € Sg,

S bl m) =5 S )

e€E" KeTh e€cEp(K)

(1.6.32) <C Y > hP(me) <Cllg

KET), e€ By (K)

2 2
< C|U|1,h < Clvllj,-

Suvdudtovtog emiong Tig (1.6.30) xav (1.6.32), hapBévovue ywo v, x € Sy

Z v(me)/ o(u— x(me)) dz

eGE}? €
(1.6.33) 1/2
sc|||v|||h(2 / JZ(u—x(me»zdx) .
. Jbe
eEE‘;l”

Anouo, XONoLWoToLOVTOS TV aviootnta twv Cauchy—Schwarz, To Anuua
1.5.6, tov timo oloxAnpwong tov Green xoL TO YeEYOveg OTL M )} elvan
TOAMVVUO TO TTOAD Bobuov éva oe xabe K € Tj, #abhg xow OTL a;; €
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CY(Q), 4,5 = 1,2, éxovue v oxdhovdn extiunon ywo v, x € SY,

2

> vme) [ (A=) nds

e€Ein 9be

0SS G o) [ (AT ) meds

KET), e t€Ep(K) 8beNBby

(YT wme) —vme)?)

KET, e e E(K)

<3 % ‘/abenabl(A(V(u—x))-neds\

KET, e e EL(K)

[ann(u—x,v)|* =

2

IN

2
<cIvol2, 3 (hx / AV (1~ x)) - nfds + W JulZ
KeTy oK

2
+h%(|u _X|1,K)a

Omov 1 elvol To uovodiaio, nabeto, eEMTEQHO SLAVVOUX GTO 0VVOQO TOU
b. € B,,. Emopévog,

[ann(u—x,v)|?

(1.6.34) <CIVolls, > (hi /BK\(A(V(U — X)) -n|’ds

KeTy,

2 2
+ h%{”““z,l{ + h%{|“ - X|1,K)'

Emutitov, yonowpwomowdvtag 1o Afjupo 1.5.7 xow 1o yeyovog Ot a;; €
C1(Q), i,7 = 1,2, houpdvovpue ednoho Ty oxdAovOn extiunon

hic /BK\(A(V(U — ) -n|fds

2 2
< C(hicllullz x + lu = XI7 &)

(1.6.35)

ue x € Sp wow K € Th. AbBgoitovrag tooa v (1.6.35) oc »4be K € Th,
grovue, Yo x € SY,

h (A(V(u—x)) - n|’ds
(1.6.36) Kze;h K/M‘ o

<C( Y hxllulls g+ u—xI7 5)-
KeTy,
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Suvdvdovrag Aouwtov g (1.6.34) xaw (1.6.36), haufdvouvue, ywa v, x €
Sy,

_ 2
lan N (u— x,v)]

2
<o(zh ol e+ i — ) )
KeTy,
2
(Z h3 ||U||2K+ lu — h> ll|v]]]5,-
KETh

Emopévas, ontd tig (1.6.33) xav (1.6.37) maipvovue, yia v, x € SY,

vt —xo)+ 3 vlm) [ otu—x(m) da

(1.6.37)

eGE}? €
2
(1.6.38) <C(Z hicllully i + lu— xI%,
KeTy,
1/
# 2 [ o xtma) a2 "l
eEEln

Suventdg, ovugovo pe g (1.6.29) xau (1.6.38), éxovue

2 2 2
llus = xll; < C( Y Billulls g+ lu—x[3
KeTy,

+Z/ (u = x(m,))? ds).

eeEln

(1.6.39)

Xonowomordvrag toga Ty (1.6.39) xav tov ogopd g ||| - ||, Aaupd-
VOULLE

= uplly <C( Y hikluly i+ lu— x5,
KeTy,

+ Z / (u — x(me))*dz).
eeElD
Aga, ywo x = Iu, n mogomdvem oyéon Oivel

llu = uglls <C( Y Millully ko + llw = Tully,
KeTy,

Ly / (u — Tu(m,))?dz).

eeEln

(1.6.40)
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XENOLUOTTOLMVTIOG TMEO Wi YVOOTY TQOOEYYLOTUXY LOLOTNTO. TOVU TEAEOTY)
I, BL. magadetypatog xaow [22, Theorem 5], hapfdvovue

> /b o2(u — Tu(m,))2dz

e€En

<52 Z /(u—Iu(me))2d:1:
(1.6.41) e€Ep T
< Y (diambe)’fulf,
e€Ein

<7 Y hilulf .
KETh

Emopévag, omd tg (1.6.40), (1.6.41) xon (1.5.46) émeton OtL vmaoye
otabepd C' tétolo moTe

2 2 2

llw = uslly <C Y billull, - ®
KeTy,
2t ouvéyelo B exTLUOOVUE TN OO U — up OTNV LLVOQMOL.
Ozognna 1.6.2: ‘Eotw u n Avon tov (1.2.1) xaw up n Abon tov (1.6.2).
Yrobérovue ot f € HY(Q), a;; € C*(Q), 1 < 4,5 < 2,0 € CY(Q)
a0 xatL OTL TO e0WTEQIXO onueio zZp eivar To 6apuxevtoo tov K, yia
xdbe K € Ty. Tore vapyer uia otabeoa C, aveEdotyty tov h, térota
WoTE

(1.6.42) lu—upllyq < CH2(|lu

20t I1fllL0)-

Anddeén: G@empovue T0 axdhovbo Bfondntikd mEofinua: ‘Eotw w n Adon
tov (1.1.4) nov up m Mon tov (1.6.2). Znteitaw o € H2(Q), tétow
WOTE

(1.6.43) —div(ATVp)+op=u—up o010 Q xaw @=0 oto ON.

Eivor yvwotd ot to mpofinuae (1.6.43) éxer povadwm Mo, xobog xou
OTL LoyveL 1 oxdhovdn extipnon (ehhewtuxy ouoAoTNTa),

(1.6.44) ||‘P||2,Q < Cllu — U'BHO,Q'

Xonowpomoudvrag v (1.6.44) nav tov Timo oloxhfipwong tou Green,
haufpdavovpe evmola

lu —uplly o = —(u—up, div(ATVe)g + (u — up,0p)q
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—a(u—um )= Y [ (w-un)(ATV9)nds+ (u—umo0)g
KeTy, oK

=a(u—up,p—v)+ (u—up,o(p —v))o+alu —ug,v)

+ (u—up,ov)g — Z/ (u —up)(ATVy) -nds, Yve Sy
oK

KeTy,
Emouévmg,
lu —uslyq = alu—up, @ —v)
+ (v —up,o(p—v +a(u —up,v) + (u—up,ov
(1.6.45) ( B,0(p —v))qg +al B,v) + ( B,0V)q

— Z/ (u—up)(ATVy) -nds, YveS).
oK

KETh

S ovvéyewa Oa extiuioovpe to deEd uéhog g (1.6.45). Eivon moogovég

otL
(1.6.46) a(u—up,p —v) + (o(u—up), ¢ —v)g
- < Cllu—upllulle—vly, Vo€ Sy

Andpa, yonowomoudvtag to Afuua 1.6.7, v (1.1.4) xov tov THMO
ohorMjpmong tov Green, €xovue

a(u —up,v) + (o(u —up),v)q

= Z /KAVqudx—a(uB,v)-i—(U(U—UB)aU)Q

KeTy,
= Z/ (AVu) -nvds + Z/fvdx
KeT, 79K KeT, 'K

—ENN(UB,U) — (U’U,B,U)Q

(1.6.47)
+ Y (div(AVup),v - Q)
KeTy,
- Z/ (AVup) -nvds
KeTy, oK
+ Z v(me)/[AVuB]-neds, Vv € S,
eEEih“ ¢

ue Q 6mwg oty (1.5.57). Emiong, e@paouoloviag ToQouoL. emuyeLonuota
omwg ot (1.5.64), haupdvovue

(1.6.48) /[AVU] ‘neds =0, VYec EP™
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Svugova toga te ™y (1.6.48) xow Moyw tov yeyovdtog ot v(m.) = 0
yio. Oha ToL e € Fy, \Eh , olpvouue

Z - (AV(u—wup))-nvds
KeTy,

(1.6.49)  — > o /AV(u—uB)] ne ds

eeEln

Z /aK (AV(u —ug)) -n (v —v(m,))ds, YveESp.

KETh

Emouévig, Moyw tov (1.6.49) xow (1.6.5), n (1.6.47) diver

a(u —up,v) + (0(u —up),v)g

- ¥ [ se-ew

KeTy,

— Z/ o(upv — Qupv))ds

KeTy
(1.6.50)

+ ) (div(AVugp),v — Q(v)) &

KETh

+ Z/ (AV(u—up) -n (v —v(m,))ds, YveSj.

KeTy,

St ovvéyera o extiuoovue To 0eEld wéhog g (1.6.50). Aaupdavovtag
wtopwy v (1.5.71) xow 1o yeyovog ot m Ci(f), mv omoio opicaue
otnv

(1.5.67), eivar otabeon oto K, wogovue vo. yodpovue Tovg dU0 TohTovg
6povg Twv abgotopdtwv oty (1.6.50) wg

/fv— dw—/KU(qu—Q(qu))dw
— [ (= ex(w- Q) da+Cx(f) [ (v- Q) da
K K

+ /K(U —o0(zk))(upv — Q(upv)) dx
+ (k) [ (upv — Qupv) do
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- / (f = Cx(f)v - Q(v)) da
K

+/ (0 —o(2k))(upv — Q(ugv))dz, Vv € Sj.
K

Swvemig, agov f € HYK) xa o € CHQ), Myw tov (1.5.68)-
(1.5.73), érovue
‘/ f(U—Q(U))dI+/ U(qu—Q(qu))dx‘
K K
< Ch%{|f|1,K(|‘P - U|1,K + |‘P|1,K)
(1.6.51) +Ch§<max|va(x)|/ IV (upv)| da

< Chi(lullyq + IS
x (|l

lio+ llu—uBll &)

vx tlle—vlli k), YwE Sh-

2t ovvéyelo B extiujoovue tov TEITO 00 TOu dEELOV  wéhovg Tng
(1.6.50). Adyw tov (1.5.71), (1.5.72) xow TOV Yeyovotog OTL a;; €
C?(Q), 1 <i,§ <2, éovue

Z (div(AVup),v — Q(v)) g

KeTy,
= Z (div(AVup) — div(AVup)(zk),v — Q(v)) g
KeT,
+ Z (div(AVugp)(zk),v — Q(v)) g
KeTy,
= > (div(AVup) — div(AVugp)(2k),v — Q(v))
KeT,

< Ch2|UB|1,h|”|1,h

< CR*(||ully g+ luv —uslly ,) el o + e —vlly ), YoeSh.
Emouévog,
> (div(AVugp),v — Q(v))
KeTy,
(1.6.52)

< CR*(Jlully g + llu = uslly ;)

< (lella+lle—vliy), Vo€ S
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Anoua. TopoTNEOVUE OTL

Z Z /(AV(U—UB)'H(U—U(me))ds

KETy e€E(K)

=> Y [(A=Am)V(u—up)-n
KeTy e€cEp(K) Y€
(1.6.53) X (v —v(me))ds

+ Z Z /(A(me)V(u—uB))-n

KeTy e€E,(K) "€
x (v —wv(me))ds, YveSp.

Xonotporoldvrag Tmea to Anuua 1.5.7, haufdvoupe

DOND S ((FEVIERI IR

KETy e€Ey(K)Y°

X (v —wv(me))ds

<0 Y h(G PV —up)lly g + hil lullox)

KeTy
—1/2 1/2
(1.6.54) x (W o = v(me)llg 5 + hil 0], )
<C Z h(IV(u —up)lloxlvl x + hxllulls xlvly &)
KeTy

< Ch||V(u—up)

lo,nlvly p, + Ch2||““2,9|“|1,ha Vo e Sp.

‘Exovtag veopw my (1.5.49), maigvovue svmora ywo v, w € H2(V) ue
V=K, UKy, Ki,Ks €Ty noi OKi1NOKy; =e€ Ey, on

(1.6.55) /(A(me)Vv) ‘njwds + /(A(me)Vv) ‘nawds =0,

e e
omov n; elvar to povodlaio, ndbeto, eEmwTeQLrd dudvuoua OtV TAEVEN
e tov K;, 1 = 1,2. Enavolaufdvoviag Aoutdv TaQOUOL ETTLXELQHUOTOL
omwg ong (1.5.64) xou (1.5.65), éovue

Z Z (A(me)Vu) -nods

KeTy e€ER(K) "€
(1.6.56) _ Z Z [(A(m.)Vu) -n
KeTy e€Ep(K) "¢
— M°((A(m)Vu) -n)]vds, Vv e SY,
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paqedn

o Y [ eMA(A(me) V) - n)ds

KEeTy, e€Ey(K)Y°

= Z Z (A(me)Vu) -npds = 0.

KeTy, e€Ey(K) Y °

(1.6.57)

Emiong, xonowmomoumvtag 10 Yeyovog OTL

/(v —v(me))ds =0, Veé€ Ep,

xow g (1.6.56), (1.6.57) xon (1.5.48), maigvovue

‘ Z Z /(A(me)V(u —up)) - n(v —v(m,))ds|

KETy e€Ep(K) " °

=Y. > [ (Ame)Vu) -n = M((A(me)Vu) - n)
KETy e€Ey(K) " °
x (v —v(m,)) ds|
= ‘ Z Z (A(me)Vu-n— M2(A(me)Vu - n)
KETy e€Ey(K)Y°
X (v —v(me) — ¢+ p(me)) ds|
<C Y hclully v — ¢l g < Chllulpgllo =@l Vo€ S5

KeTy,

Emouévog,

‘ Z Z (A(me)V(u —up)) - n(v —v(me)) ds|

(1.6.58) KETy e€Ex(K) " ¢
< Chllullyollv =@l 5, Vo € S

Aga, ovvdvatovtog g (1.6.50)—(1.6.54) now (1.6.58), éxovue

la(u —up,v) + (u—up,ov)q|
(1.6.59) < Ch(““ - UBHLh + h(”““z,ﬂ + ||f||1,Q))
X (llelly g+ lle —vll,), Yves;.
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Enedn) tdhoa, u,@ € H?(Q) nou egaguéloviag ToQouoLo emyelonuaTo
omwg omv (1.5.64), maigvouue

Z /BK(ATV(P) -n(u —up)ds

KeTy,

(L660) - 5™ S [((ATVg) - n - MU(AT V) - )

KeTy e€ER(K) "¢
X (u—upg)ds.

XQNOLOTOLOVTAG AOWTEV TV TeooeyyLotiny Wiotra g MY, (1.5.48),
OTNV TTOQUITAVMW O%€0M, TalQvouue

ﬂﬁﬁn‘

Z /E)K(ATVLp) -n(u—up)ds

KeTy,

< Chlgly gllu — uBlly -

Emopévag, emmhéyovtag v = T omy (1.6.45) xon xonouyomoudvtag g
(1.6.46), (1.6.59), (1.6.61), (1.6.28), (1.6.44) now (1.5.46), maipvovue

lu = upllg.q = alu —up, —v) + (u—up,0(p —v))g
+a(u—up,v)+ (u—up,ov)q
- Z / (u—up)(ATVy) - nds
KeT, V9K
< Cllu —uglly plle = Iolly p + Chlply gllu —usplly ),
+Ch(llu—usllyj, +h(llully0 +1£110) (lellq + e - Ip
< Ch*(|[ully,q + 11 fll0)lu —upllyo- M

1)







KEDPAAAIO 2

Mia véa mpooéyyion: AnAn elhewntixn eEicwon

e aUTO TO HEPANOLO HATAOREVALOVUE ®OL (eheTOVUE LEBOOOVS TTETEQQL-
OUEVOV XLV 08 ETUAAVITTOUEVOUS RAOWDS KOL O U1 ETLHOAVITTOUEVOUS
SLAUEQLOUOVS EVAG PQAYUEVOVD, KVQTOV, TOAVYWVIXOD Ywotov 2 C R? yia
™ TEOOoEyyLon uiag amhig ehhewmTinng eElowong. H moooeyywotiny Ao
OV TOLQVOUUE GVIHEL OTO YWEO TWV CUVEXMV, KOTE TUNUATO YOOUMADY
OUVOQTAOEWY 1) O0TO XMHEO TWV un TEOoaQUOCOUeEvwy  (nonconforming)
%OTE TUNUOTO. YOOUULXWDYV GUVOQTHOEWY, dNAAOT OTO YMEO TETEQUOUEVWV
otolyelmv Tov Crouzeix—Raviart. Oa deiEovue dtL awtég or puébodou wmo-
oovv va Oewpnbovv egapuovés uiog dtomELTng pedddov Tov TEORVITTEL
g TEOOEYYLON TS UeDOOOV TTEMEQUOUEVOV OTOLYELV UEOW EVOS ROVOVOL
apLOunTng ohoxifpwons. Oa. amodeiEovue PEATLOTNG TAEEWS EXTLUNOELG
opdluatog oty L2 xav omv HY véoua, yio ovm ™ yevixy uéfodo.
Emtouévmg, oL avtioTtolyes eXTLUNOELS OQAAULATOS TV OYNUATWY JTETEQQL-
OUEVIV WOV TEOXVTTOVV WG ATAES EPAQUOYES TV OTTOTEAEOUATWV YLO.
™ yevny olaxorty uébodo.

2.1 EIZATQIH

e aUTO TO HEPANOLO HATAOKREVALOVUE ®OL (eheTOVUE LEOOOOVG TTETEQQL-
OUEVDV WOV yLor TN OLAXQOLTOTOINON EAAELTTTIRMV UEQLAMV OLOPOQLRMV
eELodoemv TS woogng: T doouévn owvdpton f € L2(Q), Dyrettan pio
ouvapmon u : Q C R? — R, tétoln mote

—Au+ou=f ot £,

(2.1.1) u=0 oto 09,

omov 2 elvar €vo pUYLEVO, HUQTO, TOMYWOVIXG YWELO 0TOV R? xay o €
C(Q) wio un agvnTunl ouwvdoTon.
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210 Kegdhowo 1, Oewonoope uebddovg memegaouévav xweimv oTtovg
un emuolunTouevovg drapegiopovg tov €2, Be now B,. Zto Kegdhowo 2
raTOOREVALOVUE €TTlONg UEDOOOVS TTETEQAOUEVOV YWELWV OTOVG ETHAAV-
TTOUEVOUG dtopeouopovs V. xwar V,, Phéme §1.2. Avtég ou uébodol, nabmg
nav GAheg, smeorvmTovy amd uia dromErty uébodo Ttétola mov oL uébodot
TEMEQUOUEVOY XWEIMV YLt TOUG dtaueQLopoVs Ve, Vi, By nau B, va givol
OTTAES EQUOUOYES TN,

H owaxoityy uébodog mov Oewpovue oMy mapdyeago 2.2 TQORVITTEL
g TEOOEYYLON TG ovoroyng Uebodov memeQaouévmyv otolyelmy Yo To
TeoPAnua (2.1.1) péow evég navovo aoubuntixig ohoxAiowong oto £,
0 omotog ogiCeton péow evég teheot| (. H dtomouy Avon mov xota-
O%EVACOVUE aviixeL O éva MO0 OUVOQTNOEWV TTemeQaouévng otdotoons V,
TOV OTOLOV ELOWHES TTEQLITTWOELS ELVAL O ¥MEOS TWV OUVEXWDV HATE TWUOTO
YOOUUHMV GUVOQTHOEMY ROOMG %L O XDOOSG TETEQUCUEVWV OTOLXEIWV TwV
Crouzeix—Raviart, fA. [24]. Two ™ dwaxouty uébodo g §2.2 amodernvi-
ovue wio PEATLOTNG TAEewS extiumon ogdhnatog oy H! vooua. Emiong,
vrobétoviag OTL 0 ROVOVOS OMOXANEWONG elval oxQUBNG YLo YOOUULKES
ouvapmioelg #oddg xar otL f € H1(2) amodewviovue wio REATIOTNG
T6Eewg extiunon ogdluotog oy L2 véoua.

Sty aRdypago 2.4 Bewgovue 000 peBOdOUS TETEQAOUEVIV XMLV Ue
AMHOO TOOCEYYLONG TLS ouveyels (1 ahhudg Tpocapuotoneves (conforming)),
®ratd tuiuato yoapukés ovvagthoels. H mowmtyn nébodog elvonr owty mov
avolvoape oty §1.3. OewEdVTag TMEO £vav HOVOVO OAOXAOWONG oxOLBH
YLoL ®OTG TURUATA 0TOOEQES CUVAQTNOELS, delyvouue OTL TO SLOKQLTO TYHUL
™mg §1.3 yodgetor ot poeen g daxoLthg webddov mov eodyovue otV
62.2. H extipmon opdpatog oty H'* VOQUO. 1) OTTOLOL TTQOKVITTEL ATTO TNV
epoUoYn Tov Oemeiuotog 2.3.1 elvon n dtor mov divel oL To Oedonua
1.3.1. Ouwg, n avéivon oto Oewpnua 2.3.1 elvar drapogetinr Ao auTiv
Tov Oewpnuotog 1.3.1. Emiong, n extiunon o@dinotog otnv L? vopua
OV TTOLQVOUUE EQAQUOCOVTOG TO Oedonuo 2.3.2 OV aITOOEUVUETOL TTNV
[5]. H devtepn oo uéhodog mEmeQuouevmv xmeimv TOxVTTeL v Oem-
onoovue tov V. avii tov B.. Me qutdv TOV TQEOTO QITOQEVYOUUE TOV
VITOLOYLOUS €VOg VEOU dlapeolopoy Tov 2, agov o V. éxeL g oTouxeio
tov Ttolyova tou doouévou dapeoonov Tp.  OewmMOVINS TWEO. Evav
HOVOVOL aQUOUNTIXNAG OAOXANOWONG OXQBN YLOL XATO TURUATO YQOUULXES
OUVOQTNOELS, Otlyvouue OTL oVTO TO VEO SLOKQLTO OYNUO WITOQEl VO YOOpel
ot woeen g doxoutig neBddov g §2.2.  Emouévig, yLo ovth
véo. U€B0SO TTETEQUOUEVIV YOIV LOYXVOUV OL EXTIUNOELS OQAAUOTOS TTOU
matgvoupe amd ta Beworiuato g §2.3.

2N OUVEXELD, 0TV TTOQOYRAgo 2.5, Bempovue koL TEAL dvo uebddovg
TETEQUOUEVIV YWEIWV UE YMEO TTROOEYYLONG, OUTN TN POQJ, TG OYL KOT’
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avayxn ovveyeig (un mpooapuoloueves (nonconforming)), xatd TUHUATOL
YOOUMHES OUVOQTNOELS, ONAOON TO YWQEO ITETEQUOUEVOV OTOLXEIWV TV
Crouzeix—Raviart. H modtn pébodog eivar auty ov avorvoape oty §1.5.
OeWOMVTOG TMOEO. VAV ROVOVO aQOUNTIXAS OMOXANQMONG, OLAPOQETLRO
0o TOVG TEONYOUUEVOUS, QLB YLoL ®OTA TURUATE 0TOOEQES OVVOQTNOELG,
delyvoupe OTL TO dLomETd oxfua g §1.5 yodetar ot HOEEN NG
uefodov g §2.2. H extiunon ogpaluatog omv H! vopua mov moonivmre
amd v epoguoyn tov Oswonuatog 2.3.1 elvor m dlo wov diver xar To
Oeonua 1.5.1. Ouwg, n avéivon oto Oemonuo 2.3.1 eivar dLopoeTLrt
amd avtiv tov ewpnuatog 1.5.1. Emiong, umogovue va roQotnoioouue
otL oL awodelEelg Twv Oewonudtwy 1.5.2 now 2.3.2 elvar wopounotes. H
OevTEEN TEO. UEBOOOG TETEQUOUEVIV XWOLWV TEOXVITTEL edv BewoEnoovue
Tov V, avti tov B,. Me autdv Tov 1000 aro@evyOuUe TOV VITOAOYLOUO
evog véou dtoueQLopol tov 2, agov o V), éxel wg otolxelo Tou tolymva
TOU d00UEVOV OlapeQLopo Th.  OewEovtag TMEo évav A0 ®ovOvo.
0OLOUNTLANG OAOXAIOWONG, O OTOLOG AT TN YOG elvor oxELBMS YLoL KOTA
TUNUOTO  YOOMWRES OVVOQTHOELS, Otlyvoupe OTL ouTd TO VEO OLOXQLTO
oynue wroet va yoapel otn poeen g uebodov g §2.2. Emouévwg, yio
ovth ™ uEB0dO TETEQUOUEVIV YWOLWV LOYKVOUV Ol EXTLUNOELS OPAAUATOS
mov mopvovue ad to Bewonuota g §2.3.

Mio  ovvtoun meplAmpn ovtoy Ttov xe@oAoiov elvor m axdlov.
Sy moedyoago 2.2 Bewpovue évav torywvioud T tov 2 xor évov
TETEQUOUEVNG  OLAOTOONG XMEO ovvopTioewy, Vi,  Oeswpovue  oxoua
évav TeAEoT ) OV €YEL OQLOUEVES TTQOOEYYLOTIXEG LOLOTNTES HOL UE
™ Pfondeta TOV 0mOLOV SLUTUTMVOUIE €VO OXNUC TTOVU OITOTELEL TTOOGEYYLOT
™mg nebddov memepaouévav ototyeimv yo Ty (2.1.1). Sy §2.3 peketov-
ue ovtd 10 oYNuo ®oL ota Oewonuata 2.3.1 now 2.3.2 delyxvouue PEATLOTNG
TaEemC exTiunoelg ogdhuotoc oy H' non L2 vOQUO, OVTLOTOLXO. ZTNV
§2.4 Bewpovue V0 UeBOdOVS TETEQUOUEVOV YWEIMY UE XDQO TTEOTEY-
YLONG TS OLVEXELS, ®ATE TUNUOTO YOOUULRES OUVAQTNOELS. ZTNV TEAOTN
xonotwomoLovpe Tov duind dwopeolowd B, tov T xar oty devtegn TOv
V. Aelyvovue 611 xor 100 Ov0 oynuota elval eldinég TEQLITTMOELS TNG
uebddov mov avolvoaue oty §2.1, omdte LOYVOUV YLO. OVUTE OL EXTLUNOELS
opaipatog ov delyvovpe oty §2.3. v §2.5 Bewgovue dvo uebddoug
TETEQUOUEVV Y WELWV UE YWEO TEOCEYYLONG TO YWEO TETEQUOUEVWV
otouelwv Twv Crouzeix—Raviart. ZMv TOMOTN ¥ONOLLOTOLOVUE TOV OUTrO
dwapeorond By, tov T, xat oty devtepn tov V,. Téhog, delyvoupe OTL *oL
To 000 OYAUaTO elvoL ELOLREG TTEQLITTAOELS TG WeBOO0V TTOV OvaAVoOUE
otnv §2.3, omdte LOYVOUV ®OL YLO QUTO OL EXTUUNOELS OQOAUATOS TTOU
delyvovue otnv §2.3.
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2.2 YYMBOAIXMOI KAI ITIPOKATAPKTIKA

OewEovUe Wia owoyévelo YWV ovvagTioemy { Vo p<q TETEQO-
ouévng ddotaong, Omov oL ouvaQtioels v € Vi eivalr oguouéveg oto 2
wow v|g € Py v nabe K € Ty, pe Py 10 0 tv molvwvipnwy 600
ueTofAnTov fabuot o moh éva. Ymobétovue 6tL 0 Vi éxer v andlovdn
WLOTTO TEOTEYYLONG: VtdoyeL 0tabepd C, aveEdQTnTn Tov h, TETOLO (HOTE
Yo #d0e v € H?(Q) N HY(Q),

. 2(2—4 1/2 .
2.1)  inf Jo—xl;n<C( Y Bl L) d=0,1
XEVh KeT),

Hogpationon 2.2.1: O Vi elvor évag ymQOG MemeQoouévng dLaoTaong,
0V omolov oTouyele TEooeyyiCow To otougelo Tov HZ(Q) N H(Q).
2t [TEQIMTWON OV XONOLUOTOLOVUE  TTEOGAQUOLOUEVD, OMAAdY cuvexn,
memegooptve otouelo, Tote Vi, C HJ(2).  AMG, omv mo yevu
TEQITTOON, TWV [N TOOCAQUOLOUEVIV TETEQUOUEVIWV oToLelwv, o Vj
dev mepuéyeton otov HE (). ‘Etou 0o ypelootel va vrwobécovue #dmoleg
®oTEMANAES ouvOTeg ovufatomag, Ph. emiong [24, Hypothesis H2 xon
Remark 2]. v mepinmtwon mov o Vj, elvar 0 xMHEog Tmv cuveydv, xatd
TUALOTO YOOUMXAOV GuvaQThoewy, Onhadn o X 2, elvar amho va dovue OTL
n (2.2.1) wavomoieiton, Bréme (1.2.4).

Yno0son 2.2.1: YmoBétovpe tig oxdhovbeg ouvOireg ovufatdtnrog ylo
10 XWEO V!
(i) Av e elvor n zown mhevpd twv TOwdvev Ky, Ko € T, tote
Loy VEL

(2.2.2) /(vK1 —vK,)ds =0, YveV,,

ooV v elval o segoglonds g v oto K € Th,.
(ii) Ze xdGBe mhevpd e evog toydvoy K € Th, mov eivol Tuhuo Tou
ovvégov Tov €2, LoyvEL

(2.2.3) /Uds =0, VYvel,.

Anopa vroBétovpe OtL T OTOLKElD TOU YWEOoU Vi wavomolovv v
aviootnto twv Poincaré—Friedrichs, dnladn

(2.2.4) lollog < Clol,y o € Vi
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Hogatijonony 2.2.2: Eivar mogavég 6tL ov vmobéoeg (2.2.2)—(2.2.4)
wovorowovvtar otav Vi, C HE(Q). Emiong, omv mepimtoon mov
o Vi amoteheltor amwd wn TEOOCAQUOLOUEVES XOTE TUAUOTO YOOUULKES
OUVOQTNOELS, ONAAOT €lval O YMEOS TETEQUOUEVIV GTOLYElWY Twv Crouzeix—
Raviart, woyxvouv ov (2.2.2)-(2.2.3), BA. [24,85], dmwg xonw n (2.2.4), BA.
Anupa 1.5.8.

St ovvéyela Oo Bewproovue ™ dtyoouurs woogd a @ (HL () +V3) x
(H(Q) + V) = R mov opileton wg &g

(2.2.5) a(v,w) = Z / Vo - Vwdz.
KeTy K

Mmogovpe, howtdv, va yodypouvpe v (2.1.1) omv oxdhovdn pop@n:
Znreiton u € HE(Q), tétowa dote

(2.2.6) a(u,w) + (o,uw)q = (f,w)g, Yw € Hy(Q).

To avtiotolxo TEOPANUa Temepoouévwy otolelwv elvar: Zntelton up, €
Vi, 1ét0100 hoTE

(227) a‘(“haX) + (07 uhX)Q = (faX)Qa VX € Vh-

Oewpovpe Tmoa évav teheo™ Q, Qlx : H*(K) — L*(K), K € Ty,
0 0molog £yeL TLg axdlovbdeg LOLOTNTES:

(2.2.8) / wdm:/ Q(w)dz, Ywe Py, K €Ty,
K K

lw = Qw)llg,x < Chilwly i Yw € H'(K),

(2.2.9) X
/ lw — Q(w)|dz < ChK/ |Vw|dz, Yw e H (K) nu
K K

(2.2.10) Q(w?) >0, Vwe H*(K),

omov Py elvar 0 xmog tov otabepiv cuvagmoemy 0o petafAntwv. Eva
nopdderypa teheoth @, mov minooi tig (2.2.8)-(2.2.10) eivou,

1
(2.2.11) Q)|x = g(“(zl) + v(22) + v(23)),
omov z;, ¢ = 1,2,3, eivar o xoQupég Tov TELYdvou K. O ) opilel évav
rovova aQuiuntirng ohoxdowong oto K,

/Kwdxz/KQ(w)d:Jc.
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2.3 ENA TI'ENIKO AIAKPITO MPOBAHMA

Ze aut) v modypogo Oa ewodyovue uia dtoxELth wéBodo yua TO
TeoBAnua (2.1.1) naw Bo deiEovue BEATLOTNG TAEEMS EXTUUHOELS OQAMIATOS
oe wio H' vopua eEaprdpevn omrd ™ dwapéoron, xabog xow oty L2
vOPUaL.

‘Exovtog vtopw my (2.2.7), Bewpodue 10 axdhovdo dtanoLtod Teopi-
wa: Znretton ug € Vp, tétown tote

(2.3.1) a(ug, x) + (0, Qugx))q = (f,Q(X)q, VX € Vi.

Suventdg, Bewovue éva dlomELtd TEORANUA, avéloyo tov (2.2.7), dmov
moooeyyitovue 10 OeEL6 pEhog [ fxdz mg (2.2.7), we [ fQ(x)dx
%o wooéuole Tov GAko 6o mov oyetiCerar pe tn ovvdemnon o. Znv
ovvéyewa Ba deiEovue VTOREN TG Aboewg ug Tov (2.3.1).

Hapationon 2.5.1: Emhéyovue vo mpooeyyicovue tov 000 (ouw,X)q ue
(0, Q(ugx)) g non Oyt (0, uQQ(X))q, OLOTL TOTE YIO TOUG OUYKEXQLUEVOUS
TeheoTés mov Oa Bewpnoovue aQydTeQa evogyetor vo. odnynbovue oe évov
UN CUUUETOURO TTLVOROL.

"'Yragén: Evxoha magatnoodue 6tt 1o medfinua (2.3.1) eivar wooddvauo
ue éva N x N yoouurod ovotnuoa 6mov N elvar n dudotaon tov V.
Suvendg, HovadoTnta g Aoews ug tov (2.3.1) cuvemdyetar VoEn
™e.  Otweovue, Aowtdv, T0 axdrovbo Pondnuird TEOPAMUO:  Znteitow
v € Vj, TéTOl0 00oTe

a’(”aX) + (Ua Q(UX))Q = 07 VX € Vh-

Xonotpomoudvrag tpa mv (2.2.10) xow 1o yeyovog 6t o > 0, éxovue
2
IVollg,n < a(v,0) + (0,Q(v?))g = 0.

Apa, Vv = 0. Enouévmg, 1 v elvor otabepn oe xdbe tolywvo, xor AOym
v (2.2.2) xou (2.2.3), avayraotnd v =0 oto €.

2 ovvéyxela Bo amodeiEovue pio extiumon opdalnotog PEATLIOTNG TAEE-
wg omv H! vopua.

Ozvonna 2.3.1: ‘Eotw u n AMon tov (2.1.1) xar ug n Aoy tov (2.3.1).
Tote, yia h xatdiinia wixod, vadoyer orabeod C, aveEdotnty tov h,
TéToL0 WOTE

1/2
(2.3.2) lu = ugll, ,, < C( > h%!lull&) :

KETh
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Amddeén: Adyw g (2.2.4) eivar moogavég OTu

2
lug = xlI7

(2.3.3) ,
< Cla(ug —x,uq —x) + (0, (ug = x) gl  Vx € Va.

Emtiong, yonowpomorwvtag tnv avicdtta twv Cauchy-Schwarz, éyovue

la(uq — x,v) + (0, (ug — Xx)v) |
= la(ug —u,v) + (0, (ug —u)v)q
(2.3.4) +alu —x,v) + (0, (u = x)v)gq|
< la(ug — u,v) + (0, (ug — u)v)g|
+ Cllu = xll pllolly s Y0, X € Vi

2t ovvéyelo Oo EXTLUOOVUE TOV TTEOTO OQ0 O0TO OEEL0 UEAOS TNg
(2.3.4). Xpnowomowdviag Tov oo tov Green, tg (2.1.1) xon (2.3.1),
€YOVUE

a(u —uq,v) + (0, (u — uQ)v)q
(2.3.5) = > /aKvVu nds+ (f,v = Qv))g

KeTy,
— (o,uqu — Q(ug))n, Yv € V.

Tipa Oa extunoovue Tov TEOTO 600 010 deELd wéhog g (2.3.5). H
YnoOeon 2.2.1 o moduolo emuyetoiuata OTmg auvtd Tng amddELENS TG
(1.5.64) divouv

Z /BKUV’U, nds

KeTy,

Z Z / (Vu-n—M%Vu-n))ds, YveV,

KET, e€Ep(K)

(2.3.6)

émov MY o teheotiic ov ogioape oty (1.5.47). Tuvemdg, xONOWOTOL-
avrag ™y (1.5.48) éxovue

(2.3.7) vVu-nds| <C Y hluly glvly g Vo € Vi

KETh

‘KET oK
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2tn ovvéyera 0o EXTLUNOOVUE TOV OEVTEQO ®OL TOV TEITO PO TOU OEELOV
ughovg g (2.3.5). Xonowwomoudvtag my aviedtnto twv Cauchy-Schwarz
xav ™V (2.2.9), hapfdvouue

1/2
(238) 17,0 - Q)al < C( 3 KEIFI2) ol Vo € Vi,
KeTy,
noL

(0, ug0 — Qugv))g|
< Clollpmiy 3 hx / 1V (ugu)| dz

KeTy

(2.3.9) <C Y hilugly glvly

KeTy,

2 2 \\1/2
<C( Y Biulls g + llu = XI5 ) ol
KeTy,
+hllug = xlly pllv Vu, X € V,

6oV |+ | pe(qy eivor m vogua Tov ywgov L(£2). Emopévws, ovvdv-

atovtog g (2.3.7)-(2.3.9), extodue v (2.3.5) »atd tov axdrovbo
TOOTO

la(u —ugq,v) + (0, (u —ug)v)q|

es0) <o ¥ ||u||2K)1/2

KeTy,

+ lu — X||1,h||”||1,h

Yo, x € Vj,.

Tote, Moyo tov (2.3.3), (2.3.4) »aw (2.3.10), ywa v = ug — X, ®o h
HATOAMNAC. UxQO, Aapufpdvouue

1/2
ug — X g h2-||uw )
(2.3.11) | Q ||1,h ( xl ||2 K

KeTy,
+Cllu = xllyps VX E Vi

Tehxd, ovvdvaovrog tg (2.2.1) xav (2.3.11), houpavouue evnola to
emBountod amotédeopa (2.3.2). M

Stn ouvvéyewa, vmobétoviag ot f € HY(), 6o amodeiEovue uia
eXTiUNOoN O@aAIaTog BENTIOTNS TaEeme oty L2 vOQUAL.
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Ocvonuna 2.3.2: Eotw u n AMon tov (2.1.1) xaw ug n Aoy tov (2.3.1).
YroOérovue ott f € HY(Q) xaw 61t 0 tedeoniic Q, mov Beworjoaue otnv

82.2, 00(Cet évav xavova aptOunTixgc 0loxAowons axoibn yia yoouuxd.
solvavvua, dnladn

(2.3.12) / wdx :/ Q(w)dz, Yw € Py, VK € Ty,
K K

Tote vadoyer uia orabeod C, aveEaptnty tov h, Tétoia dote

)

AmédeiEn: Oewpovue 10 omdhovdo modPinua:  Zmteiton @ € H2(L2),
TETOLO. (DOTE

(2.3.13) lu —uglly o < Ch3(]

(2.3.14) —Ap+op=u—ug ot Q xu ¢=0 oto 0.

Eivar yvooto, BAh.  [36, Chapter 4], 6t to mpofhnua (2.3.14) éxer
uovadxy Miom xat LoyveL N axdlovdn extiunon “eAlewttixng ouaidnrag”

(2.3.15) lells,0 < Cllu = uglly o-

Xonowpwomoudvrag ™y (2.3.14) nar tov Timo oloxhfpwong tou Green,
haufpdavovpe gvnola

2
lu —ugllgq = —(u—uQ, Ap)g + (u —ug,0¢)q

—au—ugp)— 3 | Vern(u—ug)ds+ (u—ug o0

KeTy oK
= au—u@,» —v) + (0, (u—ug) (¥ —v))g + alu — uq,v)
+ (0, (u —ug)v Z V(p n(u—ug)ds, Yve V.
KeTy
Emouévwg,
lu —uqlly o = alu = ug, o = v) + (o, (u = ug) (v — )
2516 +au— ug.v) + (0. (u— ug)g

- Z V- -n(u—ug)ds, YveV,.
KeT, 79K
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= ovvéyela Bo extiuioovpe o 0eELd wéhog g (2.3.16). TMpogavig

a(u —uq, ¢ —v) +b(o, (u— ug)(p —v))

(2.3.17)
< Cllu—uglly plle —vllip Vv € Vi

Axdua, ovugpova pue mv (2.3.5), érovue
a(u — uq,v) + (o, (u — ug)v),
= Z Vu-nvds+ (f,v—Q(v))q

KeTy, oK
— (o,uqQu — Q(uqv))g, Yv € V.

Sy (2.3.10) extyoape T0 0eELO HELOS TNG TTOQATTAV® OYEoNG. ‘OUmg,
yLoL TNV arrédelEn tov Oempnuatog 2.3.2 Oa yoelaotovue (o SLOOQETLRN
extiumon omd ovtiy g (2.3.10). XQnouwomouhvtag TMeo. TO YEYOVOS
on o € H?(Q) nobidg »or magdpolo emyeioiuorta érwg omy (1.5.65),
houpavovue

Z Z oM (Vu-n)ds

KeTy, e€ER(K) Y ®

= Z Z Vu-neds =0.

KeTy, e€ER(K) Y ®

(2.3.18)

‘Etot, ouvdvatovtag tig (2.3.6) xav (2.3.18), éxovue

Z Vu-nvds

KeTy, oK

= Z Z (v—¢)(Vu-n—M2Vu-n))ds, Yv€V,.

KeTy e€cEp(K) Y€

Egapudtovtag AOLTOV 0TNnV TRONYOUUEV O%£0T TNV TQOOEYYLOTLXY LOLOTY-
ta (1.5.48) g M2 maigvouue

(2.3.19) ‘ Z Vu-nvds| < Chlulygle — vl p, Vv € V.

KeTy, oK

2tn ouvéyelo Bo exTiunoovue Tov OEVTEQO KOL TOV TEITO OO 0TO dEELD
wéhog g (2.3.5). Adym Tov yeyovétog 6t f € HY(Q) zar o teheotic Q
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wavorotel v (2.3.12), wropovue va €xovpe koAITEQNG TAEeWS eXTiUnom
and ovty tov (2.3.8) xau (2.3.9). @ewpovue TR TV TOCOTHTO

Cxe(f) = /B fux dz,

omov B eivan évag diorog otov R?, tétolog wote B CC K non wy eivon
uic ouo oo amoxomig, e @opéa o B, Ph. war v (1.5.67).
Eniong, oe #ndfe tolyovo K € Tj, Bewpolue éva eowteQund onuelo 2.
Agov 1 Ck(f) elvon otabepn oe »abe K, Moym g (2.3.12), éxovue, yia
v € Vp,

/ flv—Q(v))dx +/ o(ugu — Q(ugv)) dz
K K
— [ (= cxp)o - Q) s
K

k() /K (v - Q(v)) dx

" /K (0 — 0 (2x)) (uqv — Q(ugv)) dz
(2.3.20)

+ /KU(zK)(uQU — Q(ugv)) dz

_ /K(f — Cx () - Q(v)) da
+ /K(U —0(zK))(ugu — Q(uq)) dx
+ /KJ(ZK)(UQU — Q(uqv)) dz.

Andpa, Aoy g (2.3.12), elvon mpogavég ot
(2.3.21) \/ (- Q(w)) dz| < CHJuwly sz Y € H(K),
K

OmoV | - |5 1 g Elvor 1 nuvéepa Tou ymeov Sobolev W21 (K). ‘Etot, xon-
olpomoLdvTag v aviedtnto. twv Cauchy—Schwarz, g (1.5.68), (2.3.20),
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(2.3.21), (2.2.9), now 10 yeyovég ot f € HY(K) o o € C1(8), éxovue

\/ fo—0Q dx+/Ko—(uQv_Q(uQv))dI\

< Chi |f|1 K|U|1 K

+Ch \Y% o / V(ugv)| dz
25 Vo)) [V (uar)

+Ch%(|a(zK)|/ |Vug| |Vu|dz
K
< Chic( —ugl, &)
x (el x + lle —vlly ), Vv € Vi

Emouévag, ouvdvdZoviag g (2.3.5), (2.3.19) xau (2.3.22), Aapfdvovue

|a(u—uq,v) + b(o, (u — ug)v)|
(2.3.23) < Ch(l[ully,q +11f1l1 0 + lu —ueally ;)
X ([le =vllyp +Bllelly 0), Vo € Vi
>t ovvégelo Bo extiuioovue Tov Televtaio 6o g (2.3.16). Agov

u—ug € L*(Q), ¢ovue 61 p € H?(£2). Téte, %ONOLUOTOLDOVTAG avdhoya
enueronuato omwg oy (1.5.75), maipvouvue

(2.3.24) ‘ Z /BK u—ug)Ve-nds| < C’h|<,0|2 allu —ugll, o

KeTy,

Emouévag, ovvdvatovrog tg (2.3.16), (2.3.17), (2.3.23), (2.3.24) »a
(2.3.2), haufdavovue

2
lu —uglly o < Cllu —uqlly ,llp — o
+ Ch(| +llu —uqlly )

X (o =vllyp +Allellz0)
< Ch(] ) (le=vlly, +hllellq), Vo€ Vi

Tehxd, yonowwomowdviag v (2.2.1) xav mv (2.3.15), éyovue

2
lu —uqllgo < CR* (lullyq + Ifll o) lu —ugllyo- ™

Hogatonon 2.3.2: To uoévo onueio oto Oempnuo 2.3.2, oto omoio
xoewotixape ot f € H(), eivar 1 extipnon (2.3.22).
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2.4 E®APMOTIEX I: MEOGOAOI NENNEPAXMENQN
XQPIQN ME XYNEXH ITEITEPAXMENA XTOIXEIA

Ze aut) ™V Tadyeago Oo peketiooune SVO OYNUOTO TTETEQUOUEVV
ywolwv yor Ty (2.1.1), xONOWOTOLOVTNS MG TQOCEYYLOTIXO MO0 TLG
ouvveyelg, ®oTd TUHOTO YOOUUMKES CUVAQTNOELS O £vav dOOUEVO TOLYMVL-
ond Ty, dnhadn tov X 2, BA. §1.2. Evxola magotngovue 6t o X ,? stnot
mv (2.2.1), Bréme (1.2.4), omog xon g (2.2.2)—(2.2.4), Bh. Mapationon
2.2.2.

H Mé0odog 1 eivar to dramortd oyiuae g §1.3, dnhadn uio pnébodog
TETEQUOUEVIWV YWEIWV 0TO dtopelopd B. tou §2, now n MéBodog 11 eivon
EvoL oYU TTETEQUOUEVIIV XwEimY 0To dtapeotoud V., tou 2. Gewovue
gvav navova oUNTLXNG OAOXANIOWONG axOLBN YLOL HOTA TUNROTO OTAOEQES
OUVOQTHOELS, WEOW eVOS ®aTdAnAov teheotii (), o omolog evxola BAémoupe
OtL wavomotel Tig vroBéoeg (2.3.10)—(2.3.12). Emiong, ue ™ Borbeia
tov Anuudtov 2.4.1 xow 2.4.2 delyvouue OTL TO. OYAUOTO TTETEQUOUEVIV
ywEimv ov maigvouue otg MeBodovg 1 zaw 11, (2.4.2) xon (2.4.12),
avtioTouyo, WUIoovv va yoagouv ot pooyh (2.3.1). ‘Etol, ywo TG
uebddoVg mEmEQATUEVOV YOIV TOV BEmEOVUE €MD LOYVOVV OL EXTLUNCELS
opdluatog mov delEaue oty moEdyeago 2.3, L. ewpruato 2.3.1-2.3.2.

Ta omoteréopata tng MebBodov I eivar Mdn yvwotd amd Tig mapayd-
povg 1.3 »ou 1.4, ever avtd tng MeBddov II mwoovoldloviol edm yio
TEWTN POEG. Axdua magatnoovue 0t 1 Mébodog II €xer uia ovolaoTin
oLaod amd avtiv g Mebodov 1. ‘Etol, evadr oty MéBodo I n Avon
TOU OUVEYXOVUG KOL TOU OLOXQLTOU TTROPANUOTOS LXAVOTTOLOUV  TTAOOUOLES
eElomoelg, BA. (2.4.1) »au (2.4.2), dev ovpPaiver to do pe v MéBodo
I, BA. (2.4.11) »ou (2.4.12).

MéBodog I: ‘Omwg avagéoaue omv §1.3, ou Bank »av Rose, omv [5],
Bewpovv i péBodo memepaouivav ywoimv ywo v (2.1.1) otov un
EMUOAMVTTTOUEVO OUTKG draneQopd B.. Qg TEOoEYYLOTKG MO KONOLUO-
ooty tov X ,?. H pébodog rataoxevdletar xatd tov oxdlovbo toomo:
Ocwpovue wia. ®oQuyn z € Z,ibn ®oL 10 ovtiotoyo yweio b, € B..
Metd ohoxhnodvovpe v (2.1.1) oto b, xar eQoEUOCovHE TOV TUTO
ohoxrMjpmong tov Green. 'Etot, Aappdvouue

(2.4.1) - Vu-nds+ / oudr = [ fdz.
0b 2 b:

‘Exovtag vmoyw ) oxéon (2.4.1), Bewoovpe v axdlovdn uebodo
TeneQaopévav xwiwv ywo v (2.1.1): Znteiton uy, € X, tétow dote

(24.2) — Vup -nds + uh(z)/ odr = | fdz, Vze Zi"
ab; z b
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Z2

Az,

Z3

XXHMA 9. Awpeoiopndg tov torydvoy K oe toio vroymoio A.,.

Oewpovue Tdoa T dryoauuxt woogn acn (-, -) : HY(Q) x HY(Q) — R,
omwg avty opiletar oty (1.3.7), dnhadi

(2.4.3) aon(v,w) = — Z w(z) Vo - nds.
z€Zin

Tote pumogovue va yodpovue v (2.4.2) ot nooen

acn(up,Xx) + Z uh(z)x(z)/ odz

ZEZ;;] z

=Y x(2) [ fdz, VxeXj.
zEZ}L“ b.

(2.4.4)

St ovvéyewo Oa deifouvpe OtL M Avom up tov (2.4.4) wavomoiel ™
uetafohny eEtowon (2.3.1), ywa xatddAinho teheot) Q.

Oewoovue évov Teleot Q, oV 0pIlETaL MG

(2.4.5) Qu)lk = Y, w(z)ga., KEeT,
2€Zp(K)

omov A, € A(K), ta ywola ota omoio dwapepitovpe to K, BA. Zyniua
9, ®OL gs M YAQUATNQLOTIXY OLVAQTNON TOV YwElov S C R2.

Euroha Brémovpe OtL 0 @ wovorotel g (2.2.8)-(2.2.10).  Axodua,
AMovo g (2.2.8), mogatngovue Ot 0 @ opilel évav xavova aQuunTIxng
ohoxrMjpmong, oxQuB yio ®oTd TUinoTo otabepéc ouvaptioels. Emiong,
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€Yovpe eUnola

(/, Qv Q—Ej/fQ

KETh
= > / foY v(2)qa, dz
KeT, 2€Zp(K)

(2.4.6)

=y Y U(z)/Azfdx

KETy, z€Z,(K)

= Y w(e) | fde, VfeLX(Q), Voe X].

zEZ;:] LE

‘Etot, Moyw tov (2.4.6), (2.4.4) now tov Afuuatog 1.3.1, éxovue OtL 1
Mon up, ™g (2.4.4) wavomotel ™ oyéon

a(un, x) + (0, Q(unx))q

=acon(up, x) + up(2)x(2) | odx
(2.4.7) o ezzh ' /K

= X X [ Fds = (£.Q00): VrE X,

zEZ;:]

Aga, edv 1 u givar Mon g (2.1.1) xow up m Aon g (2.4.4), ocdugpmva
ue 10 Gemonua 2.3.1, éyovue

1 2
(2.4.8) lu—unlly,, < COY llul )"
KeTy,

Eméyovtag ywo 2x T0 Paguxevigo tov K € T} 0Ty ®0T00XEVY TOU
dUTvo¥ dwapueglopot B, mopatnoovue 0t 0 Teheotig (Q, mov Bewonoape
omy (2.4.5), mngoi v (2.3.12), duott

K]
Qu)ds = 3wzl =5 Y w()

(249) K 2€Zp(K) 2€ZRp(K)

:/ wdz, Yw € P;.
K

Suvendg, o () 0pllel évav ravovo aQOUNTIKHG OMOXAEWONG oxQLBH
VL0 HOTE TUWAUOTO YOOUMXES OUVOQTHOELS.  YmoOétovrog, andua, OTL
f € HY(), Myw tov Bempiuotog 2.3.2, éxovue

(2.4.10) I o < Ch*(

)
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Hagatijonon 2.4.1: H extipmon oy H' vooua, (2.4.8), amodewvietad,
BA. ©ewonuo 1.3.1, amd tovg Bank & Rose, pe duaqpogetind tpdémo. H
extiumon omv L2 vépua eivar véo amotéheoua.

M£00d0g II: Oa Oewpnioovue tpo uia néB0dO memeQUOUEVOV K WOV GTOV
SO dwopeoond Ve, BA. §1.2. To vmohoylotind Ogehog amd T YONHon
tov V. oe oxéon ue tov B, eivor moogavés, yati, dedouévov tov T,
dev yewdletar vo vmohoyiCovue évav véo dtopeglopd ywa o €2, BA. §1.2.
Oa yonowwomomoovpe, Omwg xoL oty Mébodo I, wg xneo TEOoEyyLoNg
Tov X 2. Oewpovpe Aowtdv o ®woQuen z € Z,iln %OL TO OVTLOTOLYO YwQELo
V, € V.. Ohoxhnodvovue v (2.1.1) oto V,, nar epaouofovue Tov Timo
ohoxMjpmong tov Green. 'Etot, Aapfdvouue

(2.4.11) — Vu-nds+ / oudr = fdx.
ov; = Vz

Oewpovpe TEa TV axolovdn uébodo memeQUOUEVOV YwElwV yLa TNV
(2.1.1): Znteiton uy, € X}, TéTOW0 (DOTE

2
- Vuh-nds—i-—uh(z)/ odx
av. 3 A

2 .
3 Jv,

(2.4.12)

Ze ovtifeon ue ™ MéEBodo I, oto dLanpLtd oxfuae Tov Bewoovue TWEO
dev dratnoeiton M pooen g (2.4.11). Avtd pmoet va gounvevbel amd to
yeyovog Ot ta xweio V,, now V,, yuo YeLlTovinég roQUES 21, 22 € Z}Ln
emurolvrTTovTat. ‘Ouwg, o AOYog autog amd UOVOS TOU OEV EQUNVEVEL TNV
VWITAQEN TV GUYXEXQUUEVOV OUVTENEOTMV 2/3 0Tov deUTEQO OQO %L OTO
OeEL0 wéhog g (2.4.12)° mhnon eounveic Bo dobel oty avélvon Tov
oxOAOVOEL.

Oewpovie THEO TN drypouurty woopy a@co : H(Q) x HY(2) — R,
OV 0QICETOL g

(2.4.13) aco(v,w) = — Z w(z) Vo - nds.
~ A7
2€Z
Tote, wropovue va Eavayodypovpe v (2.4.12) otn pooyn

aco(un ) +3 Y w2 [ ods

3 ‘
2€Z) Ve

=2 > x(2) | fdz, VxeXj.
3 v

zEZ}L“

(2.4.14)
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N
Zg

€z

S
Zg

YXHMA 10. Aoioteod: Ou d00 ®opupéc zo non z¥ g e. Aefd: e
¢va tuyaio tolywvo K € T}, onuewdvouue T ®0QUPN 2z %0l TV ovTiotouym
TAEVQA €.

2T OUVEXELD OITOOELXVVIOUUE €VOL OTTOTEAEOUA O.VAMOYO TOU ANUUOTOS
2.4.1.
Appa 2.4.2: ‘Eoto v,w € X}. Tdte
(2.4.15) aco(v,w) = 2a(v,w).
AmddetEn: Agov n ovvdtnon w elvar otoyeto tov X 2, WTOQOVUE VO TNV

EXPOACOVUE WG YOOUMKO OUVOVAOUS TV GuvopTHoEwV BAong Tov, omdTe
w = ZzEZ';;‘ ’LU(Z)@/)Z AQQ, XOYU) ™mg (123),

a(v,w) = Z (Vu, Vw) 5 = Z Z w(z)(Vo,Vip,)

K€Ty KETy zezn

(2.4.16) = > w@) Y (Vo, Vi)

z€Zin KeTy,
=Y w@) > (Vr, V)
ZGZ;;] KeTh(Vz)
Toa, ywo z € Zit, K € Ty (V,) nonv v € X7, éyovue
(2.4.17) (VU,Vz/;z)K:/ $.Vv-nds= Y Vv-n/z/)z ds.
0K e€Ep(K) e
AoV ¢, elvar éva yoouuwxd molvmvuuo oe xdbe mhevpd Touv K,

haupavovue

ee19)  [pds= Ll v n), veem,

émov e |e| oupPoliZovue To Wikog TG mhevEdhg e, non z5 wav zN eivau

oL 00 xroUEEg mov Poloxovrar ota dxpo g e, BA. Zyfua 10.
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Suvenmg, ovugova ue mv (1.2.3), n mogamdve oyxéon divel

(2.4.19) / P,ds =0 no /gd)z ds = %, v £ € Ey(K)\ {e,},

omov e, elvar N mhevpd Tov K mov Poloxetal omévavil amd Ty ®oQuen
Z, Prh. Symua 10 . SvvdvdCovrog m)@a g (2.4.17)-(2.4.19), éovue

/ Vv - V«/)Zdac—— /Vv nds
(2.4.20) €€Eh(K)\{ez

:—E/eZVv-nds.

Emouévag, aboitovrag mv (2.4.20) ywo oha too K € Th(V,) now ouvdv-
atovtag v pe v (2.4.16) happavovpe v (2.4.15). A

OemQEovue T Evov Teheot (), Tov 0pileTaL Mg

(2.4.21) Q(w)|x = % S w(z), KeT.

ZEZh(K)

Evxola magatnoodue 6tt o @ mhngoi g (2.2.8)-(2.2.10).  Axdua,
Moyw g (2.2.8) Bhémovpe Ot 0 @ 0Qilel évav navovo aouBunTirig
ohorhpwong oxEUB Yoo xatd Tunuata otabepés ovvaptioels. Emiong,

(f, Qv fQv)dz
KET), /

z/fz ac do

KeTy 2€Zp(K)

(2.4.22)
1Y Y e s

z€Zi» KETR(Vz)

L =

Lol =

/fdg: Vf e L*(Q), Yv e X).

ZGZ[D

Xonotporouhvrag twea T (2.4.22), (2.4.14) »ow 1o Afupa 2.4.2 yuo ™
Mon up, g (2.4.14), hauBavovue

a(un, x) + (0, Q(urx))q

1 1
— jaco(u ) +3 3w [ ods
(2.4.23) zezin v

=3 X ) [ fde = (1.Q000 Vxe X},

zEZ';:’
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Suventdg, edv u givar m Aon g (2.1.1) xwow up m Aon mg (2.4.11),
AOYw Tov Bsmpnuatog 2.3.1, éxovue

1/2
(2.4.24) lu—unlly, <C(D hikllull x) .
KeTy,

Eivau mpogavég 6tL 0 teheotic @ mov opiteton oty (2.4.21), whnooi v
(2.3.12), ago?

(2.4.25) /KQ(w)d:B:|3£| Z w(z):/Kwdw, Vw € Py.

2€Zp(K)

Suvendg o @ 0gilel évav xovova aubuntinig oloxAnowong oxon yo
AOTO TUWAUOTO YOOUUKES OUVAQTNHOELS. YTTobétovtag Twpa ot f € H 1(Q)
AOY® TOv Besmpiuatog 2.3.2, houpdvouue

(2.4.26) lu = unllo o < CP*(lull0 + 1£1l1.0)-

2.5 E®GAPMOTI'EX II: MEGOAOI MENEPAXMENQN
XQPIQN ME MH XYNEXH ITEITEPAXMENA XTOIXEIA

Ze ovtn) ™ TaEdyeago Oa Bewpnoovue OV0 uebOdOVS TETEQATUEVWV
Awoiwv yoo v (2.1.1), xONOLWOTOLDOVTIAG WG ¥MDEO TOOCEYYLONG TG WU
TEOGOEUOCOUEVeS (nonconforming), ®OTE TWALOTO YOUUMKES OUVOQTHOELS
oe €évav 000uEVo TOLYwVLOUS T, dnhadn To %wEo 52. Evroha BAémouvue
6tL 0 SY mhnoot v (2.2.1), PA. (1.2.6), nabig xaw g (2.2.2)-(2.2.4),
BA. IMapatnonon 2.2.2.

H MéBodog III eivor to daxLtd oxfiua g §1.5, dnhadn pio uébodog
TemeQAOUEVOY Ywolwv oto dwapegond B, tov €, now n MéBodog IV
elvar éva dlaxpLtd oynuo TemeQoouévev xwelwv oto dwouegoud V,
Tov 2. ‘Omwg %ot 0TV TEONYOUUEVN TaRdyQaWo Bewoolue évav ravova
0ELOUNTLANG OAOXRAOWONG axOLBN Yo xatd Tuiuato 6To0eég OUVOQTHOELS.
Andpa, O6mwg wor oty §2.4, ue ™ Porbea twv Anpudtov 2.5.1 nat
2.5.2 delyvouue OTL TO. OYNUOTO TETEQAOUEVOV ¥WEIWV TOV Taigvouue
ong Mebodovg HI xav 1V, (2.5.2) xow (2.4.13), aviiotouyo, yQAQOVTOL
ot pooen (2.3.1). 'Etor, #ar yuoo TG uebOdOVS TEMEQUOUEVDV YWQIWV
oV Bewpovue €0W LOYVOUV OL EXTLUNOELS O@AAUOTOS TTOv OelEaue otnv
mopdyoopo 2.3, PA. Oswonuata 2.3.1-2.3.2.

Ta omoteréouata g MeBddov III elvow MM yvwotd amd T TaM-
vodgovg 1.5 nan 1.6, ever avtd tng Mebodov IV magovoidloviar edm yua
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TEWTN POEA. Axodua apaTnoovue 0t n Mébodog IV €xel wio ovolaotint
dLapoed. oo avtiv g Mebodov III. ‘Etot, evad ommv MéBodo III n Avon
TOU OUVEYXOUG KOL TOU OLAXQOLTOU TTROPANUOTOS LXAVOTTOLOUV  TTAQOUOLES
eElomoels, BA. (2.5.1) »au (2.5.2), dev ovpPaiver to do pue v MéBodo
IV, BA. (2.5.12) non (2.5.13).

MéBodog III: Ztnv §1.5 Bewprioaue pior uéBodO TETEQUOUEVIV KWEIWMY YLOL
mv (2.1.1), pe 0 = 0, otOvV UN ETHOAVTTOUEVO dUTHO dLapeQLopd By,
G TTROOEYYLOTLXO YMEO YXONOLUOTOLNOAUE TOV Sg. T Aoyovg TNEoTNTOG
meQLypdipovpe TAAL TN uEB0d0 auth: Oewpovue uio TAeVEd e € E}Z“ now
10 avtioToro Yweio be € B,. Oloxinowvoviag howtév tig (2.1.1) oto
be nau epopudtovrag tov TOmo tou Green, haupdvovue

(2.5.1) — Vu-nds+ / oudr = fdzx.
dbe e Ve

‘Exovtag vtoywy  oxéon (2.5.1), Bewpovue ™ wébodo memepaouivav

yoolov yie ™y (2.1.1): Znreltaw up, € SP, tt0w0 dote

(2.5.2) — Vup -nds + uh(me)/ ode = | fdz, Vec€ EP
db. . be

Oewpovue TP ™ drypouuu woogy ann : (HH () + Sy) x (HH(Q) +

Sp) = R, dmwg avty optotyxre oty (1.5.16), dnhadi

(2.5.3) ann(v,w) = — Z w(me) Vo - nds.
e€En 0be
Tote, 1 (2.5.2) yodepetan

ann(up,x) + Z uh(me)x(me)/ odx

e€Ein be

= Z X(me)/b fdz, Yx€S).

e€Ei"

(2.5.4)

S ovvéxewe Ba deiEoupe Ot M owy elvon Avom tou (2.3.1), v
uta xatdhAnin emdoyn tekeot Q. Ouwg, yuo vo. to dgiEovue avtod
0o ypelaoTovue TO TaQArAT® Afuua TO 0moto omotelel CuvEmELD TV
Anupdrov 1.5.1 now 1.5.2.

Anppe 2.5.1: ‘Eotw v,w € Sy. Tére

(2.5.5) ann(v,w) =a(v,w). A
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€,

XXHMA 11. Awpeoiopog tov torywvov K € T}, ota vioymeio K.

Oewoovue T évav TeheoT Q, Tov 0pileTal WG

(2.5.6) Qu)lk = Y wmegk,, K €Th,
eEEh(K)

omov K, € ﬁ(K) elvar To. umQOTEQA TElywvo oTta. omolo €xouue
dwouepioer to K, PAh. Zynua 11, xor ovpBoliCovue pe gs T YOQOKINQL-
ot ouvdtnon evig ywotov S C R2.

Evroha wrogodue va dovpe ot o @ mhnoot g (2.2.8)-(2.2.10).
Axdua, Moyo g (2.2.8), mapatnoovue OtL 0 @ 0Qiler Evav navoval
aoLOUNTLNG OAORMOWONG, oxEUBY YLoL ®OTA TUNUOTO O0TaOeQéS oUVaQTH-
oelg. Emiong, evnola PAémovue OTL

1.Qwa= X [ sQu)ds

KeTy,

=3 [ 5 Y smdax o

KeTy e€Ey(K)

(2.5.7)
=Y X vm [ sas

KET, e€Ep(K)

= Z v(me)/ fdz, VfeL*Q), YveS).
be

e€Ein

Aga, Moyw tov (2.5.7), (2.5.4) now tov Afuuatog 2.5.1, yuo T Ao up
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mg (2.5.4), haupdvovue

a(un, x) + (0, Q(unx))q

=ann(un,x) + Z uh(me)x(me)/ odx
(258) e€EiR e

= % xtm) [ o= (7,Q00a €S

e€EiR

Enouévowsg, av u eivor n Avon g (2.1.1) xov up m hon g (2.5.4),
MOY® Tov Bsmpnuatog 2.3.1, éxovue

1/2
(2.5.9) lu—unlly, < C( Y Billul2 ).
KeTy,

Emléyovtag tdoa yuo zx To Boourevigo tov K € T}, otnv ®otaoneun
TOU dUTxov dopeplopov By, mopatnoovue Ot 0 Tekeotig Q, mov
Bewonoope oty (2.5.6), mneoi v (2.3.12), agov

[ ewdr= 3wkl =L S wim)

(2510) K e€EL(K) e€ER(K)
:/ wdz, Yw € P;.
K

Emouéving, o @ 0giler évav navova auiuntixng oroxinomong oxou
YL ®OTO TUALUOTO. YOOUMXES OUVOQTHOELS. YToBétovtag axdua otv f €
H(2), Myw tov Oempiuatog 2.3.2, éxouvue

(2.5.11) lu — unllo o < CR*(lull0 + 1/111.0)-

Iagationon 2.5.1: O extyunioers (2.5.9) non (2.5.11) éovv amodeuytet
agyud oto Gemonuote 1.6.1 xow 1.6.2, avtiotorya. ‘Ouwg, M awdOelEn
g (2.5.9) yiveton Sragogetind amd 6t oto Oedonua 1.6.1.

M£00d0g IV: Oa Oewpricovue TwEa uion néB0dO TemEQUOUEVIV YWELWV GTOV
duixo dapeorond Vy, vy my (2.1.1). To voloylotind ogehog amd
xonon tov V, zau Oy tov B, eivow moogavég, yoti, dedouévov tov T,
dev ypewdletar va vmohoyiooupe évav véo daueoroud tov 2, PA. §1.2.
Qg WO TEOCEYYLONG Ba ONOLUMOTTOMOoOVUE, OTwg #ow oty MEBodo 111
tov S). @empolue Aowtdv pia mhevpd e € E}L“ %OL TO AVT{OTOLXO XWOL0o
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Ve € V. Ohoxinodvoviag v (2.1.1) oto V. xau egaguotoviag tov
TUmo ohoxAnpwaong Tov Green, houpdvouue

(2.5.12) — Vu-nds+ / oudr = fdz.
av. A Ve

Oewpovpe TEA TV axdlovdn uébodo memeQaopévev YwElwv Yo TNV
(2.1.1): Znteiton uy, € SP, téT0W0 DOTE

1
— Vup -nds + guh(me)/ odz

(2.5.13) ove Ve

1 .
:—/ fdz, Yee E®.
3 v

‘Onwg xow otn M€Bodo II, To daxortd oxfua ov Bewpovue TwEo dev
drotneel zatd Baon ™ popen g (2.5.12), Adym tov oL tar ywoia Ve,
wotr Ve, ywo yeltovinég mhevpés eq, e € E}ln emuolvTovioL. Oumg, o
AOYOS aUTOg OO WOVOS TOU OEV EQUNVEVEL TNV VITOREN TOU CUYHEXQLUEVOU
ouvieheoth 1/3 otov delvtego 6o xaw 0to deELo uéhog g (2.5.13)" mhion
eounveto. B dobel avdhvon mov arohovOel.

St ovvéyelo Bempovue T dryoamuxy wooeh ayo : (H(2) + Sp) x
(HY(Q) + Sy) — R, mov opitetar wg

(2.5.14) ano(v,w) =— Z w(me) Vo - nds.
e€Ein

Tote, wmwogovpe va yodpovue v (2.5.13) wg

ENO(UQ,X)+l Z uh(me)x(me)/ odx

3 ‘
e€Ep? Ve

1
=3 X amo) [ ran vxest.

eEEih“

(2.5.15)

21N OUVEXELD OITOOELXVVIOUUE €VOL OTTOTEAEOUA O.VAMOYO TOU ANUUOTOS
2.5.1.

Appa 2.5.2: ‘Eoto v,w € S}). Tdre

(2.5.16) ano(v,w) = a(v,w).
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AmodeEn: Aoyw g 1.5.9, éxouvue
ano(v,w) =anny(v,w).

‘Etot, ovugwvo. pe 1o Afuua 2.5.1, n anddelEn mg (2.5.16) eivor dueon.
|

OemQovue TMQEA TOV TeEheoTH (), TOV 0QICETAL WG

(2.5.17) Qw)lx =5 Y. wlm), K€eT.
e€ER(K)

Evxoha wrogovpe va dovpe 6t 0 @ mnooi g (2.2.8)—(2.2.10). Axduoa,
AMovo g (2.2.8), mogatngovue Ot 0 @ 0pilel évav xavova aQuunTxnig
ohoxrMjpmong, axn Yy xatd Tunuate otabepés ovvagthoels.  Emiong
PAémovue evmolo OTL

(1Qwa= X [ sQu)ds

KETh

1
1Y X wm [ fas

KET, e€Ep(K)

(2.5.18) )
—s Y om) ¥ [ fis
c€En KeT,(v.)” &
1
=3 Z v(me)/ fdz, Vf € L*(Q), Yv € S,
~ v,
e€Ep? €

omov T, (Ve) elvaw 10 00vokho twv toLydvev tov T}, Tov amotehovv To
Ve. Aga, Myw tov (2.5.18), (2.5.15) »av tov Anppatog 2.5.2, vy ™
AMoom wp, Tov (2.5.15), maigvouue

a(un, x) + (0, Q(urx))q

1
—avolun ) +5 Y mlmxim) [ ods
(2.5.19) cemp .

1
=2 3 xtm) [ fd=(£.Q00) VxE S
e€En Ve
Suventdg, av u givar n Aon mg (2.1.1) xov wp M hon g (2.5.15),
MOvyw tov Oempnuotog 2.3.1, haupdvovue

1/2
(2.5.20) lu —unllyy, < CCS hlulls )
KeTy,
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Eivar mpogavég 0t 0 teleotic @, mov opileton oty (2.5.17), whngol
mv (2.3.12), duott

(2.5.21) A{Q(w)dwz@ Z w(me):/Kwd:L“, Yw € P;.

eEEh(K)
Ao, 0 () 0QICeL évav navOva aELOUNTIXNAG OMOXANQEWONG axQLPY Yo HaTE
TUWANOTO. YOOUUAES GUVOQTHOELS.  YToBétovtag thpa ot f € HL(Q),
MOYw Tov Oempnuotog 2.3.2, haupdvovue

(2.5.22) lu = unllo 0 < CH2(llu

20 tIflLa)-






KEDPAAAIO 3

Mia véa TEoGEYYLON TS NEBGOOVS TETEQUOUEVOV Y WOL-
ov: ElMiewttizég eElo0oels pe neTafAntovg ouvtereoTég

210 xe@dhawo avtd Ba emexteivovpe To amoteléouato Tov Kegpahaiov
3 non yuoo eMAELTTTINES €ELOMOELS Ue UeTafANTOoVS ovvieheotéc. H avdivon
TV uebOdwv TETEQAUOUEVOV YmEIwY Tov TEOPAMUATOS awtov, Bh. (3.1.1),
omwg eivor yvwoto, Bi. [13] zav §1.6, magovotdler Wiaitegeg dvorOAieg
Ol OTOleg OV OVTLUETWITICOVTOL UE GILEDN ETTEXTOON TWV TEXVIXDV YL TNV
eElowon tov Poisson. To ®vpLo amwotéheopo ovtov TOv ®eoAaiov elvor
N €Loaywyn €vOg VEOU OLOKXQLTOU TEOPAMUOTOS TO OToio, O avTLoTOLX i
™mg meooéyylong tov Kegohalov 2, meorypdpel TLg T€00€0LS uebodovg me-
TeQoouEvey xmeilwv mov Bewproaue oto Kegpdhawo 2. Qg ovvémelo g
ovalong extds Twv GAMWVY BEATLOVOVIOL ONUAVTIXG TO. OITOTEAECUOTO THG
eoyaoiog [13] yia mv xhaowi uébodo TETeQUOUEVIV KWQIWV.

3.1 EIZATQIH

e aUTO TO AEPANOLO HOTOOREVATOVUE KoL UEAETOVUE UEOOOOVG TTETEQQL-
OUEVDY WOV YLoL TN OLOXOLTOTOINON EAAELTTTLIRMV UEQUAMV OLOPOQLRMV
eElomoemv TS wopgng: T doouévn owvdotnon f € L2(Q), tnreitar pio
ouvdptnon u : Q C R? — R, tétowa dote

—div(AVu) +ou = f ot0 Q

(3.1.1) (4Vu) ’
u=0 oto 0,

omov ) elvor éva PEUYUEVO, %VQTO, TOAUYWVIRO XWELO TOV R2, A =

(aij)ijzl iﬂvat évag dedOUEVOG TTivorag ov_va@moemv TQUYLOTURAV TLUDV,

ai; € C*(Q), 1 <i,j <2, non 0 € CHQ) pic wn opvnunn cuvéoton.

Yrobétovpe 6t 0 A weavomotel v (1.1.5), dnhadn vrdoyer pio Betuxn
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otafepd ap TETOLOL DOTE
(3.1.2) T A(2)E > agtTe, VEER?, Vo eq.

210 Kegdhowo 1 Bewpnooue 800 uebddoUg memeQaouévav xmolmv yuo
mv (3.1.1), otovg dwapegiopots B, xow B,. Kat' avodloyio mwoog
TO TTEONYOUUEVO XEQPAAOLO, Oo xoTOOoREVAOOUUE UEBOOOVS TETEQUOUEVV
YwElwv yuo Ty
(3.1.1), »on oTOVG EMHOAMVTTOUEVOVS dLopeoropovs V. xon V,. H avdivon
vtV TV uebdodwv Ba yiver xow mdAt ue eviaio tedémo. ‘Etor Oa
Bewonoovpe pior dromouty wébodo magopowa pe v (2.3.1).  Mdhota
OV TEQITTMON TOV 0 Tivorag A eivow 0 povadlalog mivoxag, Mhadn n
(3.1.1) eivon m (2.1.1), n droxorty uéBodog mov divouvue edd TavTiCETOL
ue v (2.3.1). Ou uébodor memepaouévav ywoimv mTov Ba Beworoovue
TEOXRVITTOVY G OITAES EQAQUOYES QUTNG TNG HeBddOv.

Kataliyovue ot dtomoity uébodo mov pehetovue otnv maQdyago 3.2,
mpooeyyiCovrog v avtiotoryn HEBOSO TETEQAOUEVOV OTOLYELWV UECW KO-
VOVOV aoLBUnTIXig 0hoxAMEMONG OV 0QILOVTOL atd TOVUS TEAEOTES (Q1 ®aL
Q2. O Q1 0QIileL évav novOVO OLOXANQWONG 08 dVO OLOOTAOELS HOL EXEL TLG
idteg WOLOTNTES ne Tov Teheoth () Tov Bewproope oto Kepdhato 2, xat o
Q2 00iCeL évav xnovova ohoxAiEmong oe wio dLGoToon ®aL €xel ®at avtdg
madpoteg WLdTNTeS we tov Q1. H dwomplty Avon mov notaoxrevdlovue
aviineL 0TO YWQEO TemeQaouévawy ototyelmv Vi tov Kegakaiov 2. T
™ uéhodo g §3.2 amoderviovue exTiuNoelS opdiuatog oty H! xau
L? véppo. Tw vo deiEovue v extiumon ogdluotog oty L2 vooua,
omwg xar 0to Oedonua 2.3.2, vrodétovue 6tL f € H () nabdg #ow 6t
0 %ovovag ohoxApwong ov 0piler 0 Q1 €ivol axQUBNG YL YOOULXES
OUVOQTNOELGS.

v mopdyeago 3.3 Oewpovue dVo pedddoVg TETEQUOUEVWV XwElwV Ue
AMHOO TOOOEYYLONG TLG ouveyeis (1 ohhdg Tpooapuotopeves (conforming)),
®natd twjuato yoopurkés ovvagthoels. H mowtyn uébodog elvon owty mov
avolvoaue oty §1.4.  Oewpdviag ThHRo g @1 Tov TeEeoT)  Tou
ogioape omv (2.4.5), nov Q2 évav Teheoty woOv 0QICeL Evav xavova
aQbunTirig ohoxAnowong oe ndbe Theved e € Ep, axQun yio YOoUUHES
OUVOQTNOELS, 0TTodeLxviouue OTL ovtrp 1 uéBodog yodgetor o0Tn UOEEY
™G duomELtig uebddov g §3.2. Emouévog, yio T pébodo memepaoué-
vov yopiov ™G §1.4 1oUouv oL EXTIUWHOELS OQAALATOS TOU TTOLQVOUUE
amd T Oewoiuota g §3.2. H extiumon ogdhpatog omv H véoua
OV JTEOXVITEL OO TNV eQoQUoyn tov Oswonuatog 3.2.1 elvar n dwa
mov dlver nar to Oeonuo 1.4.2. EmumwAéov, yia v awrodelEy tov Oev
YOELACETOL VO VITOBECOVUE TTEQLOQLOTLXEG CUVONXES YLAL TOV TOLYWVLOUO
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T}, »at Tov dutnd dlaueolond B, evd Tétoleg ouvONxeS amalTovvIaL oTny
goyaota [13], Br. §1.4. Emiong, n extiunon ogdipatog oty L? vopua wov
Tatpvoupe @oouolovtag To Oewenua 3.2.2 0ev aTOdELKVVETAL 0TV TTOQd-
voogo 1.4. H devtegn tchpa uéhodog TemeQaouévmy xmeiwy TEORVITTEL edv
Bewprioovue tov V. avti tov B.. Me qutdév 1oV TQOTO OTOQPEVYOULE TOV
VITOLOYLOUS €VOg VEOU dlapeolopov Tov 2, agov o V. éxeL g oTouyelo
Tov TElywvo Tou doouévou diapegonov Tp.  OewEaviag, TMQEO, V0
GALOVG HOVOVEG OMOUANQWONG KOTOOXREVATOVUE Wia: uEBOOO TTETEQUOUEVWV
xwolwv otov V.. Mdlota 0 xavovag ohoxAnowong oe dv0 OL0oTdoeLg
elvor o (dlog ue avtov mov opiooue otmv MéBodo II oto Kepdharo 2
(Bh. (2.4.21)). Emowévwg, yio outh ) uébodo TETEQUOUEVOV YWQImV
LOYVOUV Ol EXTLUNOELS OQAAUATOS TTOV TTalpvouue oo T Bemonuata g
§3.2. Zmv mepimtwon g eElowong tov Poisson, (2.1.1), 10 duamQLto
OYNUOL TTOV AATOOUEVACOVUE €0 OVAYETOL O€ OUTO TTOV ODewpnooue oTnv
§2.4.

2t ouvéyela, otnv moQoyedgo 3.4 Bewpovue xow TdAL dvo uebddovg
TETEQUOUEVAV YWEIWV UE YMEO TTROOEYYLONG, OUTN TN POQJ, TG OYL KOT’
avyxn ovveyeig (un mpooapuoloueves (nonconforming)), xatd TUHUATOL
YOOUMHES OUVOQTNOELS, ONAOON TO YWQEO TTETEQUOUEVOV OTOLXEIWV TV
Crouzeix—Raviart. H modtn pébodog eivar avtm mov oavoivooue oty
§1.6. OewpmvTag TR 600 ®ATEMNAOVS ®avoves oloxArowong oe Wio
nar Ov0 OLaoTAoELS, Otlyvouvue OTL auth 1 UEBOOOC YOAMETOL OTN UOQPH
TOU OLoxELTOY Oynuotog g §3.2.  MAAoTo 0 »avovog OAOXANQMONG
oe dv0 Olaotdoelg elvar o dLog e avtov mov ogplooue otnv MéBodo
I, §2.5, ywo ™ droxortomoinon g (2.1.1). Emopévws, vy ™ uébodo
TemeQAOoUEVOY woiwv g §1.6 1oyvouv OL EXTLUNOELS OQAMLOTOS TTOV
matgvoupe amd to Bewonuota g §3.2. H extipnon ogdiuotog otnv
H' vépuo mov moonimrer ommd ™V egoouoyt tou Osmpiuatog 3.2.1
elvor m dwo mov dtver xow to Gemonua 1.6.1. Opwg, n avdlvon oto
Oeonua 3.2.1 eivar drogpogetiny amd ovtiv tov Oewpruotog 1.6.1. Ou
amwodei&els Twv Oswonudtwv 1.6.2 nav 3.2.2 elvon magouoleg. H devtepn
MO UEHOJOC TTETEQUOUEVMV XWElwV TEorUITTEL edv Bewonoouvpe tov V),
avti tov B,. Me autdv Tov TEOTO OTOPEVYOUUE TOV UTOAOYLOUO €VOg
véou dlaueQLopov tov 2, agov o V, éxel mg oTouxelo Tou TEIywva TOu
doouévou dtoueQLonov Th. OewEMVIOS TMEO. £vav VEO ravdva auiunTirkig
ohorApwong oe dV0 dLaoTAoELS aAAG TOV (L0 0e uia OLAOTOON, HATAOHED-
dlovue pio néBodo memeQuouévav xwolmv otov V,. Emouévmg, yio auty
™ WEBOOO TETEQAOUEVOV YWELWV LOYVOUV Ol EXTIUNOELS OQPAAUATOS TTOV
matQvoupe oo To Bempiuato g §3.2. v mepintwon g eElomong Tov
Poisson, (2.1.1), 10 dLoxQLTO OYNUC TTOU XOTOOREVGCOUUE €O AVAYETOL
0e outo Tov Bewonoaue oty §2.5.
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3.2 ENA TENIKO ATAKPITO IPOBAHMA

©ewpovue o owovévero Toryaviopwdv {Th }op<q TOV 2 OV Wavo-
motet v (1.2.1) %0bdg now i owoyévera xmewv ovwvoptioenv { Vi oo, <4
TETEQUOUEVNS DLAOTAONG TTOV €xeL Tig WoTnteg (2.2.1)—(2.2.4) g omoieg
vrobétovpue oto Kegdharo 2. OpiCovue ex véov o autd TO UEPHAALO TN
Styoapunty ooy a 1 (HY(Q) + Vi) x (HY () + Vi) — R g &g

(3.2.1) a(v,w) = Z /KAVU-de:L".

KeTy,

Todgovue, howwdv, v (3.1.1) omv omdhovdn poo@n: Znteiton u €
H(Q), ttowa dote

(3.2.2) a(u,v) + (o,uv) o = (f,v)q, Vv € Hg(Q).

SVugwva Lie Tov Tomo ohoxhnomong tov Green, 1 (3.2.2) dive

Z (AVu) -nvds — (div(AVu),v)q + (0,uv)q
(3.2.3) KeT, ecEy(K)7°

= (f,v)q, Yv€ H} Q).

Ocmwgovue Tho évav teheo™ Q1, Q1|x @ H*(K) — L*(K), o omoiog
ExeL TIG oOAOVOES LOLOTNTES

(3.2.4) / wdm:/ Q1(w)dz, YwePy, K €T,
K K

||w - Ql(w)Ho,K < ChK|'LU|1’K Yw € HI(K),
(3.2.5) 1
/ lw — Q1(w)]dz < ChK/ |Vw|dz, Ywe H'(K),
K K
no
(3.2.6) Qi1(w?) >0, Vwe H*(K),

omov Py elvaw o yxdpog tov otobepdv ouvagtioewv 000 UETOBANTMV.
Anhady o @1 elvor o teheotic () mov Bswgovue oto Kepdhawo 2.
©empodue T Tov Teheot Q2, Qaf, : C(e) — L*(e). Ymobétovue
0Tl 0 Q2 wavomolel TLg eENG LOLOTNTES

(3.2.7) /wds = /Qg(w) ds, Ve € Ej, Yw € Py,
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. /(w—Qg(w))zds < oh§/|vm|2ds,

Yw € H*(K), Ve € Ey(K), K €Ty,

wowovw € H2 (V) ue V=K UKy, Ki,Ko €T, v KN Ky =€ €
Ein, tote

(3.2.9) /(AVw)-leg(U)ds+/(AVw)-n2Q2(v) ds =0, YveV,

ooy n; elvar 1o uovodioio ndbeto eEwteQLnd didvuouo otV TAEVEE e
tov K;, 1 =1,2, he elvor t0o wirog g mhevpds e xar Py o xihpog twv
TOAVWVORWY 000 petafAntav Babuov to molv éva. ‘Eva madderyno evog
teheoT @2, Tov Aol Tig (3.2.7)-(3.2.8), eivon

(3.2.10) Qz(w)|e = w(me)ge, e € En(K), Yw € H*(K), K € T,

OOV M, €lval TO UECOV TNG TTAEVQAS € %L g5 €LvVaL 1 YOQOATNOLOTIXT
ouvvéeTnon tov cuvdov S C R?, dmhadiy o Qo 0plCeL évav navdva
0OLOUNTLUNG OMOUANQEWONG OTNV TAEVOG €, axQLBN YLo YOO UULKES CUVAQTY-
oets. Emiong wwogovpe va dovue OtL yioo 1o meofinue (3.1.1) woyver m
avahoyn oyéon g (1.5.49). Etor av w,w € H?(V) pne V = K; U Ko,
Ki,Ky €Ty, nav K1 N Ky =e € BN, tote

(3.2.11) /(AVw) ‘nywds + /(AVw) ‘nawds =0,

ooy n; elvar 1o uovodioio ndbeto eEwteQnd didvuouo otV TAEVEE e
tov K, 1 =1,2. Enopévwg o tekeotic Q2 mov Bemwpovue oty (3.2.10),
AMoyo g (3.2.11), wovomotel Ty

w(me)/e(AVv) iy ds +w(me)/(AVv) npds =0,

(3.2.12) ;
Yo € Vp,

xoL ®até ovvémewa my (3.2.9).
Toa, €xovtag veopw my (3.2.3), Beweovue T0 axdLovBo SLaxQLTo
TEOPANUQ: Zntelton up, € Vi, tétolo mote

Z Z (AVup) -nQ2(v) ds

KeTy e€EL(K) Y€

(3.2.13) _ Z (div(AVup), Q1(v)) k

KETy,
+ (0, Qu(unv))g = (£, Q1(v)) g, Vv € Va.
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Sy mepintwon mov o A elvar o povadiaiog 2 X 2, mivaxog AOym g
(3.2.7) »ou tov yeyovotog 6t div AVy = Ay =0, yua x € V3, éovue

Y. > | Ve nQa(v)ds— Y (div(AVun), Qi(v))

KEeTy, e€Ey(K)Y° KeTy,
= E Vuyp -nvds = E /Vuh-VUd:L".
KeT, /9K Kem, VK

Amd TV oGV 0xEon evnola PAEmouue OTL TOTE TO SLOKQLTO OXNUATA
(2.3.1) »ou (3.2.13) tavtiCovrar. = ovvéyea Bo deiEovue wio PEATLOTNG
T6Eewg extiunon ogdluatog oy H vooua.

Ozognue 3.2.1: 'Eotw u n Aoy tov (3.1.1) xaw up, n Aoy tov (3.2.13).
Torte, vdoyet uia otabeod C, aveEdotyty Tov h, TéT01a dote

1/2
(3.2.14) l|lu — Uh||1,h < C( Z h%{”““é}() .

KeTy,

AmodeEn: Me TV TOLYOVIXT avioOTNTO €XOUUE
(3215)  llu—wnll,p < lu—xlp + lx —unllyy Vi € Va.

Enouévig, AOYm Twv Tooeyylotixdv wWwotitwv tov Vi, Br. (2.2.1),
aQrel Vo exTiuioovue Tov televtaio 6po g (3.2.15). Eivor moogovég
ot

2
(3:2.16) Ix = unlly, < Clalx —un, x — un)
2. )
+ (0, (x —un))al, Vx € Va,

la(un — x,v) + (0, (un — x)v)g|

= |a(up, — u,v) + (0, (up, —u)v)q
(3.2.17) + alu = x,v) + (0, (u — x)v)g]

< la(un —u,v) + (0, (up — u)v)g|

+ Cllu = xlly pllvlly p Yo, x € V.

Emouévmng,

Ix — unll?,, < Cla(un — u,up — X)
(3.2.18) + (0, (un — w)(un — x))ql
+ Cllu = xlly pllun = xlli s VX € Vi
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IMopotngovue 0tTL oty UEBOOO TWV TETEQUOUEVIV OTOLYELWV O TOWTOG
0p0g Tov SeELlov uépovg g (3.2.18) eivon undév. H vmobeon (3.2.9),
Otver otL

(3.2.19) Y > [(AVu) - nQx(v)ds =0, Vv € V.

KETy e€Ey(K)Y°

XONoLomoLdvtag Tov THmo ohoxhipwong tov Green, 1 (3.1.1), (3.2.13)
xay (3.2.19), maigvovue

a(u — up,v) + (0, (u — up)v)q

= Z Z /(AVU)-nUdS+(f,U)Q
KeTy e€ER(K) Y ®
— (0, upv)q — a(up,v)

— Z Z (AVu) -nvds + (f,v)q

KeTy e€ER(K) "€

— (o, upv)q — Z Z (AVup) -nvds

KETy e€Ep(K) " °

+ D (div(AVup),v) &

KeTy,

= (fav - Q1(U))Q - (U, UpV — Ql(uhv))ﬁ
+ ) (div(AVug),v — Q1(v)) ¢

KeTy,

+ Z Z (AV(u —up)) -n (v — Qa2(v))ds, Vv € V.

KeTy e€ER(K) Y€
Emouévamg,

a(u —up,v) + (0, (u — up)v)q
= (fav - Q1(v))9 - (U’ UpV — Ql(uhv))ﬂ
+ Y (div(AVus),v — Q1(v)) g
(3.2.20) KEeTy,

+ >3 > [(AV@u-w))n

KeTy e€ER(K) "¢
x (v—Q2(v))ds, Yv € V.
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St ovvéygewa Oa extyuoovpe to deE0 wéhog g (3.2.20).  Xoenowwo-
TOLDOVTOG TIG TTROOEYYLOTIXES WLOTTeg (3.2.5) tov @1, TO Yeyovog OTu
ai; € CHQ), 1 < 4,7 <2, naw mogopowa emyelpiuata 6mwg otis (2.3.8)
xav (2.3.9), houpavovue yuo xGbe v, x € Vj,

‘(fav - Q1(v))9 + (o upv — Ql(uhv))ﬁ‘

< 0(( S R (lul? g+ — xl2))
(3.2.21) i
+ hlup — X|1,Q> CIEws
HOL
| ) (div(AVun),v — Q1(v)) k|
KeTy,
< (Y Wfunl? 1) ol
(3.2.22) KeTy
1/2
< Clolly (S B3llulls 5 + lu — X112 %))

KeTy,
+ hlup — X|1,h“U“1,h7 Vv € V.

Todpoupe Ta Tov Tehevtaio 6o g (3.2.20) wg &g

Z Z (AV(u — up) -n (v — Q2(v)) ds

KeTy e€ER(K) "¢

= Y A Am)Vw—w) n

KeTy e€ER(K) "¢

X (v —Q2(v))ds

Y /(A(me)V(u—uh))-n

KeTy e€ER(K) Y€
X (v—Q2(v))ds, Vv € Vp,

(3.2.23)

0oV M, elvor T0 UEOO NG TAEVEAS e, naL exTLuoVuE ®abéva OQo TOU
deElov uehovg g (3.2.23) Eexwouotd. XONoLWOTOUDVTAS TV TTQOOEYYL-
ot} Womta (3.2.8) tov @2, nar to Afuua 1.5.7, haufdvovue

‘Z > (A= A(me))V(u = up)) -1 (v — Qa(v)) ds

KeTy, e€E,(K) ¥ ®
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IR (/ 19 (u— ) Pds) / [0 — Q2(0)?ds)/?

KeTy, e€EL(K) "€

<> koY (/ |V(u—uh>|2ds)”2(/elwfds)”z

KeTy, e€EL(K) "¢

<C Y he(IV(u—un)llo g + hrcllully, i)
KeTy

X (lollo, s + vl k)

<C Y haelIV( —un) o gl

1L,k T hK||U“2,K|U|1,K)

KeTy
<C Z (hi V(v —un)lly xllvlly & + h%{“““z}(H”Hl,K)a Vv € V,
KeTy,
omodTe
1Y > [ (A= A(me)V(u—up)) - n
KETy e€Ep(K) " °
(3.2.24) X (v~ Qa(v)) ds|

<0 Y (el V= un) o gllol

KeTy
+ B2 lully kvl x)s Vo € Vi

Emiong elvar omhd vo dovpe OtL AMdywm twv Ymobéoewv ocuvppatomnrog
2.2.1 yuo 10 %o Vi, wyter n (1.6.56) ywa v € Vi, dnhadm

Z Z (A(me)Vu) -novds

KEeTy e€ER(K) "¢
322 =% 3 [(Am)va)-n
KEeTy e€ER(K) "¢
— M2(A(m.)Vu) -n)vds, Yov € Vj,

émov Mg 0 TeheoTiig 0pboyviag TEOBOANG amtd ToVv L2(e) otov Py, BA.
(1.5.47).  Emewdnp o xavovag ohoxhfipmong mov opiter o Qo eivon
axQic yo ovvoptioels tov Vi, (3.2.7), »auv epaoudloviag emumhéov
™V TEQAITAVe oYéon, 0 Tehevtaiog 6pog g (3.2.23) divel

‘ Z Z (A(me)v(u - Uh)) . n(U - Qz(v)) ds

KeTy, e€E,(K)"¥®
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Z Z ((A(me)Vu) - n
KETy e€ER(K) " °
— M2((A(me)Vu) - n)(v — Qa(v)) ds

| ¥ [umven

KETy e€Ey(K)Y°

— M2 (A(me)Vu - n)(v — Qo(v)) ds

<C Z hillull kv

KeTy,

i < Chlullygllvlly,, Yo €V

Emouévmng,

> > /(A(me)v(u —up)) - n(v—Q2(v))ds

(3.2.26) ‘KGTh e€EL(K)
< Chllullygllvlly Yo € VY.

Suvdvdovtag houtdv g (3.2.23), (3.2.24) naw (3.2.26) éxovue

‘ Z Z (AVu —up) -n (v —Q2(v)) ds

KeTy, e€Ey(K)Y°

(3.2.27) 1/2
< ol (3 Ol + lu = xIE )

KeTy,
+0h||v||1’h||u_x||1’h, Vv € Vh.

Suventdg, and g (3.2.20)-(3.2.22) xau (3.2.27), maipvovue
|la(u — up,v) + (0, (u —up)v)q

(3.2.28) < COloly (Y Wi(lu—x
KeTy,

+ Ch|v|1,h|uh — X|1,h’ Yo, x € Vj.

2 NY?

2
1,5+ [lu

Emouévig, emhéyoviag v = up — x omv (3.2.28), n (3.2.18), ywa h
RATAAMANACL O, Olvel
lun = xll1,p < Cllu = xll1

(3.2.29) + (Y Wllullsx) ", Vx € Va.
KETh
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Tehnd amd ™y meooeyytotey Wiotto (2.2.1) tov ydov Vi, xor mv
(3.2.29) maigvovue ™y emmbuunty extipnon. M

2tn ovvéyeto B EXTLUNOOVUE TN OLaQOQd © — up, OTNY L2*V(')QM0L.

Ozognuae 3.2.2: 'Eotw u n Aoy tov (3.1.1) xaw up, n Aoy tov (3.2.13).
YrobOérovue ot f € H(Q) xabdig xar 611 0 xavévag odoxijowong mov
00iCet 0 Q1, elvar axpLbn ¢ yia yoauuxd colvavoua, dniadn

(3.2.30) / wdx :/ Q1(w)dx, Yw ePy, VK € T},.
K K

Tote vadoyer uia orabeod C, aveEaptnty tov h, Tétola dote

(3.2.31) lu —unlly o < CR*( Q)

AmédeiEn: Oempodue 0 omdrovbo mEdPANue:  Znteiton o € HZ(RQ),
TETOLQ. OTE

(3.2.32) —div(ATVp)+op=u—u, o010 Q naww ©=0 oto .

Eivar yvooto, Bh. hoyov xaowv [36, Chapter 4], 6t to mpofinua (3.2.32)
€xeL LovadLxt) Aom, xaBmg xoL OTL LoYVEL 1| axOAovOn exTiunom eAAELTTTIXNG
OUAAOTNTOC

(3.2.33) lells,0 < Cllu —unlly -

Xonopomoudvrog thpa Ty (3.2.32) xar Tov TOTO  OAOXAOMONG TOU
Green, hapfdvoupe gvnoha

lu = unllf o = — (v — un, div(AT V) g + (u— un,00),
= a(u — up, p) Z Z/ATVgo n (u—up)ds
KETy, e€Ey,
+ (0, (u —un)p)g
= a(u —up, ¢ —v) + (0, (u —up)(p = v))g
+a(u — up,v) + (o, (u—up)v)g

— Z Z/ATVgo (u—up)ds, Yv € V.

KETheEEh
Emouévog,
lu = unllo 0 = alu = un, @ — ) + (0, (w — un)( = v))g
+alu — up,v) + (0, (U — up)v
5230 (=, ) + (o (1= wr o)

- Z Z/ATV‘P (u—up)ds, Yv € V.

KETh eEEh
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Emiong, elvon moogavég otL

a(u = un, ¢ —v) + (0, (u = un)(p — v))q

3.2.35
(3.2.35) < Ollu—unlly ylo — vlly e Vo € Vi

2t ovvéyelo, Oa eXTLUOOVUE TOV TEITO %Al TOV TETOPTO OQ0 O0TO OeELO
wéhog g (3.2.34). Zvugova e mv (3.2.20), éovue

a(u — up,v) + (0, (u — up)v)q
= (f,v = Q1(v)g — (0, unv — Q1 (unv))q
(3236 * X ([div(AVur)v = Qi(v))

KETh

+ Z Z (AV(u —up)) -n (v — Q2(v))ds, Yv € V.

KeTy, eeEp €

Aopfdvoviog Tea vmdpy OtL 0 (1 0pilel évav xnovovo ohoxANQong
axo yua ovvoptioelg tov Vi, BA. (3.2.30), nar onouuomoudvag
maopote emyeoiuata 6twg otg (1.6.51) xav (1.6.52), maigvovue

‘-/K flo = Q) dz - /K o(vup — Q1(vup)) dz

3.2.37
(3:2.37) < CR2([ullyge + 1l e + s =m0
% (lelly  + lp = vl gc) Vo € Vi,
HOL
S (div(AVuy), v Qlw))K\
KETh
(3.2.38) =\ S (div(AVuy) — div(AVun) (z50), 0 — Qu())
KeTy,
<R (lully.q + 1w — wnlly )@l o + ke = ol ),
Yo € V.

‘Onwg omv (3.2.23) yodgovpe tov tehevtaio 6o g (3.2.36) wg €Eng

> [(AV(u—uy) - n(v— Qa(v))ds

KEeTy, e€ER(K) Y °
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=3 Y (A AV ) n

KETh e€ER(K) "¢
(3.2.39)
X (v —Q2(v))ds
3 Y [m)Va—uw)n
KeTh e€ER(K)" ¢
X (v—Q2(v))ds, Vv €V,

T TV TEMTO 6O Tov deELov édovg g (3.2.39) Bempovpe v extiunon
mov maigvovpe oty (3.2.24) zar otn ouvérelo o EXTLUNOOUUE TOV
Tehevtaio 6o g (3.2.24). Adym Aoutov twv vrobéoemv cuupatdTTag
(2.2.2) naw (2.2.3) BA. §2.2, yuo 10 xHE0 Vi, 0L (ONOLUOTOLOVTOG
maopote emyeonuate 6mmg otg (1.5.64) »av (1.5.65) maigvouvue

S [ eMU(A(m,)Vu) - n)ds

KETy e€Ep(K) " °

= Z Z (A(me)Vu) -npds =0,

KETy e€Ep(K)Y°

(3.2.40)

émov Mg elvor 0 TeheoTig opboywviag TEOPOANG TOv oploaue OTNV
(1.5.47). Emewdh o Q2 0piler évav xavovo OMOxANwong oxouBr yua
yoouuwég ovvoptioels, Ph. (3.2.7), ¢ € H2(£2), non ovvdvaLovrag
emumhéov pe v (3.2.9), éxovue

Z Z (A(me)Vu -n — M2(A(me)Vu - n)

(3.2.41) K€T) e€Ep(K)”°
x (¢ — Qz2(p)) ds = 0.

Xonowpwomoudvrag xow ekt v (3.2.7), wg (3.2.40), (3.2.41) nm
(3.2.25) xabmg nou v moooeyyotixy wiotnta me MY, (1.5.48),
houpavovue

1YY (A V(=) 0o — Qo(v)) ds|

KeTy e€ER(K) Y °

=Y Y [ (At V) -0 — MO((A(m.)Vu) - n)

KeT, ecEL(K) Y ®

x (v —Q2(v)) ds‘
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=13 Y [(Am)Vu-n— MUA(m)Vu - n)

KeTy e€cEp(K) "€
x (v —Q2(v) — ¢ + Q2(y)) ds|

<C Z hK||U||2,K|U - ‘P|1,K
KETh

< Chllully gllv = @lly 4y Vv € Vi
Emouévmng,

1> Y (A V(= up)) - n(v — Qz(v)) ds|

(3.2.42) KETy, e€E,(K) 7 ®
< Chllully gl —@lly Vo € Vi
Aga, ovvduatovrog Tig (3.2.36)—(3.2.39), (3.2.24) xa (3.2.42), éxovue
la(u — up,v) + (o, (u — up)v) g
(3.2.43) < Ch(|lu—unllyy, +h(llwllyq + 1f1l0))
x (el o+ lle =2l ), Vo€ Vi

Eneld] thoa u,p € H2(Q) now o Vj, wavomotet Tig vobéoels ovufo-
omrog (2.2.1) xan (2.2.3), e@paouoloviag TaQOUOLe ETLLELNUATO OTTMG
otmv

(1.5.64), maigvovue

Z /aK(ATVgo) -n(u — up) ds

KETh

(3.2.44)  _ S Y [{ATVy) - n - MU(ATV ) -n)}

KEeTy e€ER(K) Y€
X (u—up) ds.

XONOWOTOLHVTAS AoWtév v mtoooeyytotixy Wotta (1.5.48) g MY,
moipvovue

(3.2.45) ‘

Z /BK(ATVQO) -n(u —up)ds

KeTy,

Emopévor, a6 e (3.2.34), (3.2.35), (3.2.43), (3.2.45), (3.2.14),
(3.2.33) »ou v moooeyyotiy widtnta (2.2.1) tov Vi, maigvouue

2
lu = unllg o < CR* (lully0 + 1f 1l 0) 14— unllo o M

< Ch|90|2,ﬂ||“ - Uh||1,h-
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3.3 E®@APMOI'EX I: MEOGOAOI ITIEMNEPAXMENQN
XQPIQN ME XYNEXH ITEITEPAXMENA XTOIXEIA

2e aut] ™Y TaEdyea@o 0o UEAETHOOUUE VO OXNUOTO TTETEQAOUEVWV
ywoiwv yuor Ty (3.1.1), xONOWOTOLOVTOS M TQOOEYYLOTIXO MO0 TIG
ovveyelg, ®oTd TUNUOTO YOOUUMKES CUVAQTNOELS Ot €vav SOOUEVO TOLYWVL-
ond Ty, dOnhodn tov X}?, BA. §1.2. Eivow amhd vo dodue 6t 0 X}? xeL
Oheg TG OLOTYTES TOV VITobéTovue Yo Tov Vi, Bh. §2.4.

H MéBodog 1 eivar to dramortd oyfuae g §1.4, dnhadn uio pnébodog
TETEQUOUEVIV YWEIWV 0TO dtopelopd B. tou §2, now n MéBodog 11 eivon
éva. oynuo. TTemeQaouévoy ywolwv oto dwaueooud V. tov 2. Emiong
Bewpovue dv0 TeheoTés Q1 non (2, dlaPOEETIXOVG Ot xGBe uébodo, o
oplCovv navoveg apOUNThg OAOXANEWONG OxEUBELS Yio ®OTA TUiUOTO
otabeéc oUvaQTHOELS 0TO T} AL ROTO TUNUOTO YOOUULKES OUVOQTNOELS
oto Ej, avtiotoya, xou wavomoovv g vrobéoels (3.2.4)—(3.2.6) nau
(3.2.7)—(3.2.9). Euxoha tdte maigvouue OTL TO. OYNUOTO TTETEQUOUE-
vov yopiov tov T xow I, (3.3.2) xow (3.3.21), avtiotouya, wroQoivv
Vo, yoagovv oty poey (3.2.13). Etot, yuo Tig nueBodovg memeQaouévav
YwElwV TOV OEMEOVUE €M LOYVOUV OL EXTLUNOELS OPAAUATOS TTOV OeiEaue
oty madyoago 3.2, fA. Osworuata 3.2.1-3.2.2.

Ta omoteréouata tng MebBodov I eivar oM yvwotd oo Ty Taayedpo
1.4. Ouwg &dd Yoo v oamddelEn g ovyrhong g uebodov o
TOV EXTIUNOEMV OQAAUATOS OEV YQELACETOL VO VITOOECOVUE TTEQLOOLOTIXES
ouvvBnres ywo tov Towywvioud Ty xar tov duitrd daueoroud Be. Axduo
TaEATNEOVUE, OTwg xat oto Kepdhawo 2, 6t n MéBodog II €xer uia
ovoLaotiky dLapod artd v Mé£Bodo 1. ‘Etot, eved oty MéBodo I n Avon
u tov (3.1.1) »au n mEooeyYLoTIXH AV OV divel N wEHODOG LRAVOTTOLOVV
napopotes eElomoels, Ph. (3.3.1) xon (3.3.2), otnv M£bodo 11 twavomolovv
drapogetixég, Ph. (3.3.14) o (3.3.21).

M#00dog I: Onwg avagéoane oty §1.4, o Cai, omv [13], Oewpel wia
weBodo memegaopévev ywoiov ywo v (3.1.1) otov un emxoAvaTouevo
SO dwopeuond Be. Qg mEooeyylotivd xho yonoluomotel tov X 2. H
u€00d0g naTaoreVALeTaL ®ATA TOV axOAOVOO TEOTO: OewEOVUE W0, HOQUPN
z € Z,iln %KoL TO ovtiotor o yweto b, € B.. Metd oloxknowvouue v
(3.1.1) oto b, »av eqooudlovue Tov TOMO Ohoxhipwong tov Green. ‘Etot,
houpavovue

(3.3.1) —/ab (AVu)-nds+/ oudr = b f duz.

‘Exovtag vtoywy  oxéon (3.3.1), Bewpovue v oxdhovdn uébodo meme-
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eaopévev xwoiwv ywo v (3.1.1): Znteiton uy, € X, tétown dhote

(3.3.2) _/6b (AVuy,) -nds—l—uh(z)/ odx

z

=/ fdz, VzeZ>r VyeX).

Oempovue TMpa ™ Styoamuxy woogd aon (v +) : HY(Q) x H(Q) — R,
omwg avty opiletar oty (1.4.5), dnhadi

(3.3.3) aon(v,w) =— Y w(z)/ (AVv) - nds.

zEZ;:] 0b

Tote uwogovue vo yodpovpe v (3.3.2) ot pooyn

acn (up, x) + Z uh(z)x(z)/b odz
zEZ}L“ z
(3.3.4)

=> X(Z)/b fdz, Vx € Xj.

z€Zin

St ovvéyewo Oa deifoupe OtL M Avom up tov (3.3.4) wavomoiel T
uetafohny eElowon (3.2.13), yia notdhinhovg teheotéc @1 non Qs.
Oemoovue évav Teheot) (1, OV 0QileTal ™G

(3.3.5) Qi(w)lxk = Y w(z)ga., KEeT,
2€Zp(K)

omov A, € A(K), ta ywoia oto omoia dwapepitovue 10 K, Br. Synua 3.
O @1 dnhodn eivor o teheotnig ov opioaue oty (2.4.5) vy ™ MéBodo
I, §2.4. Tote eivon mogavég 6TL 0 (1 woavomotel Tig (3.2.4)—(3.2.6),
BA. §2.4. 'Eotw tpa éva toiywvo K € Tp,. Opilovue tov teheotd Qo mg
€ENg

(3.3.6) Q2(w)|e = w(zl)g) +w(z0)q], e € En(K),

omov zN mon z2 ou do nogupés g mAevedg e € En(K), nou g5 1

FOQUXTNOLOTIXY OUVAQTNON Tov Guvdhov £5, 49 € Ej(b,s), Br. Zymuo 3,
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XXHMA 3. Apiotepd: AlopeQuopog evog toydvov K € T, oe tolo
vroywia A,. Ae&id: Ta dvo ywoio V, »ou b,. Me dLoxexOUuéves YOOUUES
10 ovvoro Ef(b,).

XXHMA 12. ‘Eva ywpio V xou ta voyweio tov Vi nou Va.

omov Ef elvor to eVBUYQOUUO TUMUOL TTOU OVVOEEL TNV KROQUEN] zf ue To
Me, OTOTE QUOLXA |€f = % Avéhoya opitovue xon Tnv qév .
Eivor amho tdpo va dovue 0Tt 0 Q2 0QICEL EVOoV ®AVOVO OAOXANQWONG

oxOUB YLa YOOUMXES OVVOQTHOELS, OLOTL

/eQz(x)ds ZX(ZéV)/eqéVderx(Zf)/eqfds

= S0 +xte) = [ xas
Emiong, yonowomowwvtag to AMjuua twv Bramble-Hilbert éyovpe OtL 0
Q2 wavomotel v (3.2.8). Gewpovpe Twoo éva ywoio V = Ky U Ko,
Ki,Ks €T navo K1 NKy =¢ € E}Z“. Zuvdéoviag To WECO M. NG
TheVRAg e pe Tig Ovo amévavit xoQuepés tov Vo maigvovue Ovo véa
terpdmievpa Vi xor Vo ue xowvég mhevpés tar evbuyQauuo TURUOTO JTOV
uohlg tpo Bewpnooue, Ph. Zynuo 12.
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XONOLUOTOLMVTOS TAQOUOLOL ETTLYELQUOTO OTTWG OTNY OTTOOELEN TNG
(1.5.49), BL. now (3.2.11), oe »GBe éva amd ta Vi non Vo, maigvovue

e €
omov n; elvar 1o uovodioio ndbeto eEwteQrd didvuvouo 0TV TAEVEE e

tov K;, i = 1,2, xov w,w € H2(V). Zuvendg, 0 Qo XavoToLet xow my
(3.2.9). Haigvovue evroha TMQO OTL

(F@Wa= 3 [ fai)ds

KeTy,
=Y [ 1Y v@eds
KeT, 'K Lez,(K)

(3.3.7)

:Z Z v(z)/Azfdx

KETy, z€Z,(K)

= Z v(z)/ fdz, VfeL*Q), Yve X;.
bz

z€Zin

Emouévog yloo v mogomdvem emthoyn teheotmv Q1 vow @2, hapfdvoviag
vroywy o ™y (3.3.7), 1 (3.2.13) yodgetar ot woogn

Yo > [ (AVu) 0 (u(EN)el +u(zd)ed) ds

KeTy e€ER(K) Y€

- Z Z v(z)/ div(AVuy) dx

KETy, z€Z,(K) z

(3.3.8)
+ up(2)v(z) | odz
ZEZZ}L“ /2
= de, Yv € X).
ZEXZ:;?U(Z) /bzf x, YveX,

2T OUVEELD YONOLULOTTOLOVTAS TOV TUTO OhoxANpwong tov Green YQd-
@oupe T0 aELoTed uéhog g (3.3.8) otn woopi

Yoo > [ (AVw) n@(E)eY +o(zF)el) ds

KeTy, e€EL(K)“*®
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Y Y ) /A div(AVup) s+ 3 un(2)o(2) /b o du

KeTy zeZp(K) z€Zin =

Z Z {v / (AVuy) - nds—i-v(zf)/es(AVuh)-nds}

KETy, e€Ey (K)

— Z Z U(Z)/A div(AVuy) dz + Z uh(z)v(z)/ odzx

e

KGTh ZEZh(K) ZEZ;LD
Z Z /AVuh Ne dS
z€Zin eEE*(b )
Z { (AVup) - nds + Z /AVuh] neds}
ez ov- c€ B} (b2)
+ Z uh(z)v(z)/ odx
zEZ}L“ bz
=acn(up,v) + Z uh(z)v(z)/ odx, VYve X;,
- b
2€Zp z

Omov, oVUPWVO. e TOV 0pLoHo Tov ddoape oty (1.6.27),

[A(z)VX] - e = (A(2)Vxgte) - n

3.3.9
(3:39) (A@) V) mes Vo€ e, Yy € XD,

AL Me TO HOVAOLALO, ®AOETO, €EwTEQLRO OLdvvuoua otV TAEVEH e €
En(K*¢) (Bh. Zynua b, oeh. 16). Emouévac,

Yoo > [(AVw) - n(w(zl)gl +v(z)gl) ds

KeT, e€E,(K)"”*®

- Z Z v(z)/ div(AVuy,) dx

KETy, z€Z,(K)

(3.3.10)
+ up(2)v(z) | odz
ZEZZ}L“ ' /bl
=acn (up,v) + Z uh(z)v(z)/b odr, YveE X).

z€Zin

Aga Aoym tov (3.3.8) nav (3.3.10) éxovue 6tL n Adon up, tov (3.3.4)
wavormotet v (3.2.13), dmov o Q1 diveton o6 v (3.3.5) naw 0 Qo
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and my (3.3.6). Svvernwms, edv n u elvar AMon g (3.1.1) xav n wy Moy
e (3.3.4), odugwva pe 10 Oedonua 3.2.1, éxovue

1/2
(3.3.11) e —unllyy, < C(S hlulls )
KeTy,

Eméyovtag ywo 2x T0 faguxevigo tov K € T} 0TV ®0T00XEVY TOU
duixov dapeoropnot B, odugmva pe v (2.4.9) maipvovue

(3.3.12) /KQl(w)(h:@ Z w(z):/Kwd:B, Vw € Py.

2€Zp(K)

Emouéving, o Q1 0pICeL évav xavovo OAOXANQMONG oxQuBn Yo %oTd
TUALATO. YOOLLMUXES OUVOQTHOELS. YToBétovtag, oxodua, ot f € H 1(Q),
Moyw Tov Oemonuotog 3.2.2, €xovue

(3.3.13) lu = unllg.q < CR*(lullyq + I1£1l0)-

Hagamijonon 3.8.1: H extiumon (3.3.11), omv H! vépua amodewnvieton
oto Oemonuo 1.4.2 amd tov Cai, VTOBETOVIONG OQLOUEVES (TTEQLOQLOTLXES)
WLOTTES YLt ToV TELYWwvoud Tp xan Tov duitnd dwopeoiopd B, B §1.4.

M¢é00dog II: ©a Oewproovue tpo wiar uébodo memepaouévay Yweiwv
otov dutnd dwopeguoud V. To vmoloylotikd Ogelog amd T xenom tov
V. oe oxéon ue tov B, elvor moogavég, yuoti, dedopévov tov Tj, dev
XOELALeTaL Vo umohoyiooupe évav véo dapeotoud ywe o €, BA. §1.2. O
YONOLUOTTOLOOUME, OTtwg xaL otnv MéBodo 1, wg o meooéyyiong Tov
X,?. Oewpovpe AOLITOV [l noQuygn z € Z}Ln %ol TO OVILOTOLO YwEio
V. € V.. Ohoxhknodvouvpe tipa vy (3.1.1) oto V,, non epaouotovue tov
TUmo ohoxAnpwong tov Green. ‘Etot, hAaufdvovue

(3.3.14) —/ (AVu) -nds+/ oudr = fdzx.
av. . V.

Emewdn ta ywola V, xav V,r, yua z, 2" yertovinég xoQuepés emmalimrovtad,
TO OYNUQ TTETEQUOUEVIWV YOV TOV B0 ®aTaoREVACOVUE, OF avtiDeon ue
v MéBodo 1, dev Oa Srotnoet ™ popen g (3.3.14), Br. ™ Mébodo 1I,
oto Kegdhato 2. Emhéyouvue Aoutdv 600 notdAnhovg teheotég Q1 %ot
Q2, 1o 10 dSromELtd oxiue (3.2.30), 6mwg xow oty Mébodo 1. ‘Eotw ot
0 Q1 opiteton wg

(3.3.15) Q1 (w)|x = % > w(z), KeT.

2€Zp(K)
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O @1 dMhodM eivar o tekeotiig wov opicape oty (2.4.21) yio ™ MéBodo
I, §2.4. Eivar moogavég O0tL 0 Q1 wovomoel tig (3.2.4)—(3.2.6), BA.
§2.4. "Eotw topa éva tolywvo K € Tj. OplCovue tov tereoti @z wg
eEng

1
(3.3.16) Qa(w)le = (w(z) +w(z)), e € Ey(K),
omov zN waw 22 ov dvo nopupés g mhevodg e € By (K), fh. Syiua
10, ogh. 79. Eivar omho o va dodue 6Tt 0 Qo wavorotel Tig (3.2.7)

zaw (3.2.8). Emiong, Moyw g (3.2.11), maigvovue

/ (AVW) - n1Qs() ds + / (AVW) - 15 Qs() ds = 0,

e e

ooy n; elvar 1o uovodioio #dbeto eEwteQLnd didvuouo otV TAEVEG e
v K;, i = 1,2, w,w € HX (V) ue V= Ky UK,, Ki,Ks € T}, nan

KiNK; =e € EjP. Zvvendg, 0 Q2 wavomotel xar v (3.2.9). Evxoka
T TO.LpVouuEe

FQa= ¥ [ 1@

KeTy,

:% Z/Kf Z v(2)qx dz

KeT, 2€Z5(K)
(3.3.17) 1

3

=- U(Z)/ fdz, YfeL*%), YveX).
. VZ
z€Zin

Enopévog, yio Ty TeQondve emhoyn Teheotav Q1 notr @z, Aaufdvovtog
wtopwy xar ™y (3.3.17), n (3.2.13) yohgetar otn woon

%Z 3 /(Ath)-n(v(zéV)+v(zf))d8

KETy e€ By (K)

- - v(2) Z div(AVuy) dx
ZEZ;LD KeTh(V2>
(3.3.18)
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XXHMA 13. To ywpio V.. Me OLOxeEXOUUEVES YOOUUES OL TTAEVQES TOV
ovvorov Ex (V).

2T OUVEELD YONOLUOTOLMVTAS TOV TUTO OhoxAfpwong tov Green YQd-
@oupe T0 aQLoTed wélog g (3.3.18) otn pooyn

%Z S [ AV - (oY) + 0(=E)) ds

KeTy e€ER(K) Y ¢

—% Z v(2) Z div(AVuh)dac—i-% Z uh(z)v(z)/ odx

zeZin KET, (V2) zeZin v
1
=5 Z v(z) Z /[AVuh] “Ne ds
zeZin e€EX (V)" €
1
—3 v(z){ AVuyp, -nds + Z /[AVuh] ‘nds}
2ezin ov: c€Ef(V.) "¢
1
+§ Z uh(z)v(z)/v odx
2€Zp =
1 1
=—= v(2) AVuyp, -nds + — Z /[AVuh] ‘neds
3 in aVz 6 * e
Z€Z}! e€E (V)
1
+§ EZZ uh(z)v(z)/v odz, YveE X)),
z }.Z] z

ue [AVx] - ne naw ne omwg omy (3.3.9) xow
E;(V.) = Uker, (v.) En(K) \ {e € Uker,(v.)En(K) : e C IV},

PA. Zymua 13.
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OewEOovIe axOUa T dtypauxt woogh @co : H1(Q) x HY(Q) — R,
OV 0QICETOL g

(3.3.19) aco(v,w) = — Z w(z)/ (AVv) - nds,

P1= Z}l“ Va
Emouévmng,

%Z S [(AVu) - (0(=N) +o(zS)) ds

KeTy e€ER(K) Y€

—é Z v(z) Z div(AVuy,) dz

ZGZ;;] KeTh(Vz)
(3.3.20)

1
= gECN (up,v) + 8 Z /e[AVuh] ‘N ds
e€E}(V.)

+§ Z uh(z)v(z)/ odzr, Yve X).

Zezin z
h

Svvertig, Aoppavoviag veoywy tg (3.3.20) xon (3.3.18), Bewgovue
™y axohovdn uébodo memepaouévov yweiwv yioo v (3.1.1): Znteitan
up, € X,?, TETOLOL (OTE

1 1
_5/ (AVup) - nds+ 5 > /[AVuh].neds
(3.3.21) o c€B(V:)"°

1 1 .
+ —uh(z)/ odr = —/ fdx, VzeZ?,
3 a 3 Jv,

N odvvapa

%ECO(Uha'U) +é Z v(z) Z /[AVuh]-ne ds

ZEZ;LD EEE;(V2>

1
(3.3.22) T3 Z uh(z)v(z)/ o dz

z€Zin Ve

1
=3 Z v(z) [ fdz, YveX).
z€Z v
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Suvedg v T wEbodo  memegaouévav  ywoiov (3.3.21) woyvouv ou
EXTLUNOELS OQAAIATOS TToV deiEape oty §3.2. Aga av w elvar 1 Avon g
(3.1.1) »av up, m Mon mg (3.3.21), Aoym tov Oewpnuatog 3.2.1, éxovue

1/2
(3.3.23) ||U—Uh||1h < C Z hi|lu “2 K) .
KeTy,

Eivaur mmpogaveg 6tL o teheotic @1, mov ogileton oty (3.3.15), wavo-
JoLel TV

(3.3.24) /Ql(w)dx:@ Z w(z):/ wdz, Yw e P;.
K 2€Zp(K) K

Suvendg 0 (1 0QiCel évav xavova OMoxAMEMONG axEBN YLo kAT TURUOTOL
yoouuwmég cuvaptioelg.  YmoBétovtag tioa 6tL f € HY(), Adym Tov
Ocwonuatog 3.2.2, hapfdvovue

(3.3.25) lu = unllgo < CR*(llullyq +11£15,0)-

AnOUQ IITOQOVUE EVXOAOL VO TOQOTNENOOVUE OTL OTNV TEQITTWON TTOV
0 A eivar 0 povaduaiog 2 X 2 mivaxrag, dMhady 1o TEdAnua (3.1.1) eivar
0 (2.1.1), tote 10 oyiuata (3.3.21) xav (2.4.12) tavtiCovron. Modynatt,
éyovue

1 1
g&co(uh,v)—i— Z Z /AVuh] neds

z€Zin eEE*(V )
1 1
= §Eco(uh,v) + 6 Z v(2) Z - AVuy, - nds
K KeTy(V2)
1 1 .
= §Eco(uh,v) + 6 Z v(2) Z div (AVuy,) dz
zezZir KeTy(Vz)
1
= ano Uy, U Z / div (AVup)Q(v) dz, Vv € X}.
KGT
Emouévog,
1_ 1 A
gaco(uh,v) + Z Z [AVup] - ne ds
z€Zin e€E;(V:)

= laco (up,v Z / div (AVup)Q(v) dz.

KETh



3.4 EPAPMOIEZ II 113

Suvendg WITOQOUME va yedpouue to oxnuo (3.3.22) oty wooduvaun
noopn

1 3
Saco(un,v) + 5 div (AVuy), Q1 (v
(3.3.26) prcolm )+ K;h( (AVun), Q1(v))

+ (Uan(UhU))Q = (f,Q1(U))Q, Vv € Xg.

Apa av 0 A givar 0 povaduaiog 2 x 2 mivarag tote div(AVuy) =
Auyp = 0, omote, emedn ovugpove pe 1o Aquua 2.4.2 1oyde %Eco(v,x)
=a(v,x), v v,x € X2, n (3.3.26) yiveron

a(un,v) + (0, Q1(upv))q = (f, Q1(v))q, Vv € X,

onhadm M (2.4.14).

3.4 E@QAPMOTEX II: MEOGOAOI INENNEPAXMENQN
XQPIQN ME MH XYNEXH ITEITEPAXMENA XTOIXEIA

Ze autn v Tepdypago B Bewoeroovue dVO peBGdOVG TETEQATUEVWV
ywoiwv yoo v (3.1.1), XONOLWOTOLDOVTIAS WG XMDEO TOOCEYYLONG TG N
TEOGOEUOCOUEvVeS (nonconforming), ®OT6 TWALOTO YQUUMKES OUVOQTHOELS
oe évav 00ouUEvo TOLYwVLoUS T, dnhadn to %wEo 5'2. Evroha BAémouvue
6tL 0 SY mhnoot v (2.2.1), BA. (1.2.6), nabdg naw g (2.2.2)-(2.2.4),
BA. IMapatnonon 2.2.2.

H M¢éBodog IIT eivar 1o draxortd oxnua g §1.6, dnhadn wie pnébodog
TETEQUOUEVIV XWOIwV 0TO dlapeotond B, tov €2, xar n Mébodog IV eivar
évo. OLOXQLTO OYAUOL TETEQUOUEVOY YwRiwv 01O dtauegroud V, tov €.
‘OmWg ®oL 0TV TEONYOUUEVN TTaRAYQ0PO, Bewpotue dVo TeheoTés Q1 %Ol
Q2 dLapoeTvovg 08 1ndBe PAQUOYN, TOV 0QITOVV ®avAOVES aQLOUNTIXAG
ohoxAnowong oxBels ylo xatd tuiuoto otobegés ouvvaptnoels oto T,
®OL ROTO TUNUOTOL YQOUUWXES ovuvaQTioels oto Ep, avtiotoia. Axdua,
gOvoha BAéovpe OTL travorolovviar ov vrobéoels (3.2.4)—(3.2.6) now
(3.2.7)—(3.2.8). ‘Omwg »ow oty §3.3, delyvoupe OTL TOL OYAUATO TETEQQL-
ougvov xwoimv (3.4.2) zav (3.4.20), wov maigvovue otig MeBddovg 111
nou IV, avtiotouya, Wrogovv va yoagotvv ot pooen (3.2.13). 'Etot, xou
yioo TLg uebddoVg TETEQUOUEVIV YwElwv Tov Bempovue edm LoYVOLVY OL
EXTUWNOELS OQAANOTOS TTOV OelEaue otV Todyeago 3.2, fA. Oewonuota
3.2.1-3.2.2.

Ta amoteréopata tng Mebodov III eivor oM yvwotd ad v TapdyQa-
@o 1.6, evoy avtd g MebBodov IV mapovotdfovior €00 Yo TEWOTN POQE.
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Anopa, mopoatnoovue 0tL 1 MEBodog IV €xer uia ovolaotinn dlogpoed amd
avtv g Mebodov 11 ‘Etot, evdd oty Mébodo IIT n Mon u tov (3.1.1)
AOL T TTQOOEYYLOTIXY AUoN Tou Oiver n uéBodog LHavVOTOLOUV TTOQOUOLES
eglomoeig, Ph. (3.4.1) xon (3.4.2), oty Mébodo IV twavomolovv duao-
oetwrég, BA. (3.4.13) nou (3.4.20).

MéBodog III: Sty §1.6 Oeswonooue pic uébodo memegoouévav ywolwv
ywoo v (3.1.1) otov un emxahvntopevo duixd dwapeooud B Qg
TEOOEYYLOTLXO YMEO KONOLUOTOLHOOUE TOV Sg. H nébodog xataorevaletol
®ratd Tov axdlovbo TEOTO: Oewovue wio TAEVEG e € E}L“ ®noL TO OvTi-
otoo xweto b € B,. Ohoxknodvovtag howtdv v (3.1.1) oto be nau
EQPOOUOCOVTOG TOV TUTTO OhOrAPwong tov Green, Aaufdvovue

(3.4.1) —/ (AVu) -nds +/ oudr = fdx.
dbe e Ve

‘Exovtag vtoywy ™ oxéon (3.4.1), Bewpovue ™ wébodo memepaouivav
yootov yie ™y (3.1.1): Znreltaw up, € SP, ttoa dote

(3.4.2) —/ (AVuh)-nds—i—uh(me)/ Ud:l::/ fdz, VYec EP,
abe be be

©ewootue Thoa ™ duyoapuuet woeph Gy 1 (H () + Sk) x (H(Q) +
Sp) = R, émwg avty optotnxe oty (1.6.4), dnhad

(3.4.3) any(v,w)=— Y w(m,) / (AVv) - nds.

e€ER Obe
Tote, pmwogove va yodpouvue v (3.4.2) otn wooen
aow(mon) + Y wmdxin) [ ods
e€Ein €

= 3 xtmo) [ . vxest.

eGE}?

(3.4.4)

= ovvégewo Ba deiEovue 6tL M AVon up tov (3.4.4) wavomolel ™
uetafohlny eEiowon (3.2.13), ywo xotddAnlovg teheotés Q1 nar Qs.
Oewpovue évav teheot (1, OV 0pileTaL Mg

(345) Ql(w)|K = Z w(me)QKea K e Tha
e€EnL(K)
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€,

XXHMA 11. Awopegropog evég torywvov K € Ty, oe tolo voyxweio K.

omov K, € ﬁ(K) elvar To. umEOTEQA TElywvo OTa. omolo €xouue
dwouepioer to K, PAh. Zynua 11, xor ovpBoliCovue pe gs T YOQOXINQL-
ot owvdpTon evig ywotov S C RZ. O Q1 dmhady eivar o Teheotig
mov opioape oty (2.5.6) yua ™ MéBodo III, §2.5. Tote eivar mEOpavég
o 0 Q1 wavomotel g (3.2.4)—(3.2.6), BA. §2.5.

‘Eotw thpa éva toiywvo K € Tp,. Ogitovue tov teheot) Qo wg €ENG
(3.4.6) Q2(w)|e = w(m.), Ve € Ey(K),

Omov M eivor 0 péoov tng mhevpds e € Epn(K). Eivar amho thoa
vo dodue Ot 0 Q2 éxer g Wwotes (3.2.7) xav (3.2.8).  Emiong,
ovugpova pe mv (3.2.12) o Q2 wovomotel xow ™y (3.2.9).  Axodua,
gvrola PAémovue OTL

(f,Qi()g= Y [ fQi(v)dw

KeTy K
=3 [ 1 ¥ max, ds
KeT, 'K ecE,(K)

(3.4.7)

-y zuw&mx

KeTh eeEp(K)

=Y v(me)/ fdz, Yfe€L*Q), YveS).
be

e€Ein

Enopévog yuoo Ty eQodve emhoyn teheotdv Q1 ror @2, AOyw Tng
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(3.4.7), m (3.2.13) yohgetar 0Tn HOQPY

Z Z (AVuy) - nov(me) ds

KeT, e€E,(K)"“*°

- Z Z v(me)/ div(AVuy,) dz

KeTy e€cER(K) Ke
(3.4.8)
+ Z uh(me)v(me)/ odx
e€EiR €
= Z v(me)/ fdz, VYveS).
e€En be

2T OUVEXELD YONOLULOTTOLOVTAS TOV TUTO OhoxAfpwong tov Green YQd-
@oupe T0 aELoTed uéhog g (3.4.8) otn poopn

Z Z (AVuy) - no(me) ds

KeTy e€E,(K) "¢

- Z Z v(me)/ div(AVuy,) dz

KET), ecEp(K) Ke
+ Z uh(me)v(me)/ odx

e€En be

= Z v(me)/[AVuh] ‘neds — Z v(me){ AVuy, - nds

eGE}? ¢ eEEih“ Obe
—i—/[AVuh] -neds}—l- Z uh(me)v(me)/ odx

e i b

e€E? €

=ann(un,v) + Z uh(me)v(me)/ odr, YveSy,
e€Ein €
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ue [AVy] - ne 6mog omv (3.3.9). Emopévas,

Z Z (AVuyp) - nov(me)ds

KeTy e€ER(K) Y€

(3.4.9)
- v(me)/ div(AVuy,) dz

KET), ecEp(K) Ke

+ 3 wnlmao(m,) [ ods

eeEin e
h

— () + 3 wnlmeotm) [ ods, W0 Sp
i b
eEE‘;l” €

Aga Moym tov (3.4.8) now (3.4.9) éxovue 6tL M hdon up, tov (3.4.4)
wavomotel v (3.2.13) 6mov o @ divetaw and v (3.4.5) now 0 Q2
and v (3.4.6). Svvenwmg, edv n u eivar AMon g (3.1.1) now m uy Mon
mg (3.4.4), ovugmva pe 10 Oedonua 3.2.1, éxovue

1/2
(3.4.10) lu=unlly, < COY kllul )"
KeTy,

Emiéyovtag yio zx 10 Boourevigo tov K € T} 0tnv ®0TOOXEVH TOU
duvo¥ drapegopov By, éxovue

(3.4.11) /KQl(w)dx:/Kwdx, Yw € Py,

Br. (2.5.10). Svvemwg, 0 Q1 0Qiler évav zavovo ooxAiEmong axoLBi
VL0 HOTE TUWAUOTO YOOUUXES OUVVOQTHOELS.  YmoOétovrog, andua, OTL
f € HY(), Myw tov Bempiuotog 3.2.2, éxouue

(3.4.12) lu = unllgo < CR*(llullyq +11£15,0)-

M¢é00dog IV: Oo Oewprioovue TwEa pio néBodo memeQUOUEvmV YwEilwv
otov durd dwopegopnd V,. To vmohoylotind Ogehog omd TN XONom Tov
Vi og oxéon pe tov B, eivar moogavég, ywoti, dedouévov tov Ty, dev
XOeLdCeTaL Vo umohoyiooupe évav véo dapeotoud ywa o €, BA. §1.2. Oa
YONOLUOTTOLOOUUE, OTtwg koL oty MéBodo 111, wg yweo TEooéyyLong Tov
52. Oewpovue, AOLTOV Ui xoQuyy e € E}Ln %Al TO OVTLOTOLO YwEio
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Ve € V,. Oloxhnodvovpe tpa v (3.1.1) oto Ve, xau epaoudlovue
TOV TUITo ohoxAjpwong Tov Green. 'Etoi, Aapfdvouue

(3.4.13) —/ (AVu) - nds +/ oudr = fdz.
av. A Ve

Ba xataoxevdoovue Wio webodo memegaopévmv ywoiwv ywo v (3.1.1)
0ToV dlopeQuopd V,, emhéyoviag dvo xatdhniovg tekeotéc Q1 xor (g,
Yoo 10 oLt oyfua (3.2.13), omwg xow oty MéBodo 11 Oewpovue
TMOEO. TOV Teheot) (J1, OV 0QIleTan wg

(3.4.14) Q1(w)|x = E > wime), KeT.
e€EnL(K)

O @1 dMhodM eivar o tekeotiig wov opicape oty (2.5.17) yio ™ MéBodo
IV, §2.5. 'Eotw 1o éva 1oiyovo K € Tj. Opilovue Tov teheoti Qo wg
eEng

(3.4.15) Qo (w)]e = w(m,), Ye€ Ey(K),

Omov M, elvar To pEcov g mhevpds e € Ep (K), dnhadn tov teleoti
Q2 mov opicope oty (3.4.6), ywo ™ Mébodo III, §3.4. Eivar moogavég
om0 Q1 wavomotel g (3.2.4)-(3.2.6) naw o Q2 g (3.2.7)-(3.2.9).
Eniong PAémovue evnola OTL

(/, Qv Q—Z/fQ

KeTy,

1
1Y X wm) [ s

KETy e€ By (K)

(3.4.16)
—3 X vm) X ras
eeE"‘ KeTh(Ve)
=3 Z / fdx, VfeL*9Q), Yvoesy,
eEE‘“

omov T, (Ve) elvaw 10 00voho twv toLydvev tov T}, Tov amotehovv To
Ve. Emouévog ylo Tnv moQastdve emhoyn teheotdv Q1 %ot @2, Moym tng
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(3.4.16), m (3.2.13) yodgetar otn poQen

Z Z (AVuy) - no(me) ds

KeTy, ecEL(K)"“®

—i—% Z uh(me)v(me)/ odx

e€En Ve
(3.4.17) .
-3 Z v(me) Z / div(AVuy) dx
e€Er KeTy(Ve) " &

1
=3 Z v(me)/v fdz, YveS).

e€En

2T OUVEXELD XONOLMOTOLMVTAS TOV TUTO ohoxAiowong tov Green YQd-
@oupe T0 aQLoTed uéhog g (3.4.17) wg eEng

Z Z (AVup) - nv(me) ds

KETy e€Ep(K) ™ °

_% S ome) Y /Kdiv(AVuh)dx

eEE.;ln KeTy, (Ve)
1
+§ Z uh(me)v(me)/ odx
c€Ein e
1
= Z v(me)/[AVuh]-neds— 3 Z v(me){/ AVuy -nds
eEE';ln € EEE}.LD Ve
1 1
+ —/[AVuh] “Ne ds} + - Z uh(me)v(me)/ odx
3/ 3 L v
e€E: €
LS o) [ AV d+2Z()/[AV]nds
=—= v(me, up -nds+ = v(me, up] - Ne
3 oV, " 3 e "
eEE‘hn e eEE;;‘
1
t3 Z uh(me)v(me)/v odz,
e€E; €

ue [AVx]-ne »av ne dmog oty (1.6.27). Gempovpe axduo ™ diyoauurt
wooph ano : (HY(Q) + Sp) x (HY(Q) + S,) — R, mov opiletar wg

(3.4.18) ano(v,w) =— Y w(me)/ (AVv) - nds.

eeEin e
h
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Emouévmng,
Z Z /AVuh -nwv(me)ds
KeTy eEEh(K)
+3 2 wlmeotm) [ ods
eeEm e
(3.4.19) Y Z (me) Z / div(AVuy) d.
eEE‘“ KeTh(Ve)
= Savoln) +2 3 o )/[AV] d
= 3aNo Up, U 3 GEmU Me ] Up| * Ne AS

+ = Zuh Me )V me)/ odr, YveES).

eeEln V

Swvendg, Aopavoviag vy g (3.4.17) xon (3.4.19), Oewpotue
mv axdhovdn uébodo memegaouévav yxowpiwv ywo v (3.1.1): Znteiton
up, € S, ol dote

- é/ (AVuy) -nds + ; /[AVuh] ‘neds
(3.4.20) ove c

1 1 .
+ —uh(me)/ odr = —/ fdx, VeeE;",
3 Ve 3 Jv.

N L00dVvauoL

1 2
gﬁNo(uh,v) + 3 Z v(me) ./e[AVUh] ‘N ds

eeEin
(3.4.21) +3 Z v(me)un me)/ o dz
eeElD Ve
:—Z /fdac Vv € Sj.
eeEln €

Suventdg yuoo T uébodo  memepaouivav  ywoiov (3.4.20) wyvouvv ot
EXTWNOELS 0@dluatog ov delEape otnv §3.2. Aga av u elvor n Mon g
(3.1.1) naw up, m Mon mg (3.4.20), Aoym tov ewpnuatog 3.2.1, éxovue

1/2
(3.4.22) lu = unlly, < C(D - hikllulls )
KeTy,
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Elvou mpogavég 6tL 0 teheotic Q1 mov opitetar oty (3.4.14) wavomoret
™mv

(3.4.23) /KQl(w)da::|3£| Z w(me):/de:L“, Yw € Py.

e€Ep(K)

Suvendg 0 (1 0plCer évav xovova auBunTikig oloxAnowong axoupy yuo
ROTE TUALATO YOOUULXES GUVOQTHOELS. YToBétovtag tipa 6t f € H 1(Q),
MOYw Tov Oempnuotog 3.2.2, haupdvovue

(3.4.24) [t — unlg.q < Ch*|lull5 g

AnOUQ IITOQOVUE EVXOAOL VO TTOQOTNENOOVUE OTL OTNV TEQITTWON TTOV
0 A eivar 0 povaduaiog 2 X 2 mivaxrag, dMhady o TedAnua (3.1.1) eivar
10 (2.1.1), ot 0 oyuarta (3.4.20) won (2.5.13) tovtiCovrar. Modyuat,
éyovue

gavo(u,v) 3 3 o(m.) [[(Au) n, ds

3 3 2 .
c€En
2
=ano(up,v) + 3 Z v(me) Z / AVuy, - nds
c€Ein KeT,(v,) " K

2 .
:ENO(UhaU)‘i‘g Z v(me) Z )/Kdlv(AVuh)dw

eEEihn KeTh(Ve

= ENo(uh,’U) + 2 Z / div (AVuh)Ql(v) dZE, Yv € S}?
K

KeTy,
Apo,
savolunv) +3 3 vme) [[AVu]-n,d
30,]\/'0 Up,V 3 . VMg ] Up| - Ne AS
e€E:
:ENo(uh,’U)—i-Q Z / le(AV’LLh)Q]_(U)dI, V’UGS}?.
KeTy, K

Suvendg wrogovue va yodpouvue to oyfuo (3.4.21) ot wopgn

ann(un,v) +2 Z (div (AVup), Q1(v)) k
(3.4.25) KEeTy,

+ (0,Q1(upv)) g = (f,Q1(v))q, Vv € Sy,
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Aga av o A eivar o povadiaiog 2 x 2 mivorog, t0te div(AVuy) =

Aup, = 0, ondte, emeldy ovpgpove pe 10 Aquua 2.5.2, wyver ayo (v, X
=a(v,x), Y v,x €S, n (3.4.25) yiveron

a(up,v) + (0, Q1(upv))q = (f, Q1(v))q, Vv € Xy,

mradn 1 (2.5.15).
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OpoopoQ@eg EXTIUNOELS GPAARATOG VLA TNV EELGMON TOV
Poisson

To nepdhao ovtd amotelel ovvéyela tov Kegolaiov 2. ©a Beworoovue
v eElowon tov Poisson o éva @oayuévo, ®veto, TOAUYWVLIXG YwELO
Q C R2 nou évav Nopoduoqo Toywviond tov, Tj. Oa amodeiEovue
EXTWNOELS O@aluatog otnv L™ vopuo yioo nebddovg TemeQaouévmy ym-
olowv mov ueretioape oto Kepdhowo 2. H amddelEn tov extiunoemv o
viver ue mwopouoto tEoTo Ommg xar oto Kegpdhato 2. ‘Etol, Bempovue
dtamLTh uéBodo g §2.2 xon amodewmviouue BEATLOTNG TUEEWS EXTLUNTELG
ogdluatog oy WH® nuwoopa xow L véopa. T v omddelEn
OVTOV TV OTOTEAEOUATWV axohovBovue Thv avdivon Twv ovtioTolywv
OTTOTEAEOUATOV YLOL TN UEDOOO TTETEQUOUEVIV GTOLYELWV.

4.1 EIZATQTH

e outo T0 %e@AhaLo Ba amodeiEovue BELTLOTNG TAEEWMC EXTIUNOELS OQA-
Aatog otnv L vopua yio ™ duaxgrromoinon g eElowong tov Poisson
ue tLg uebodovg mEmEQUOUEVOV YwElwv Tov pehethooue oto Kegdhowo 2.
OewEovpe, AOLITOV, TO AXOAOVOO EALELTTTIXG TTEOBANUO GUVOQLOKMVY TLUMV:
Znteitor pior ovvaemnon u : 2 C R? — R, Tét0100 (hOTE

—Au=f ot Q,

(4.1.1) u=0 oto 0f,

ue Q éva @oayuévo, xvetd, Tohvywvind ywoto otov R? xav f € L2(1Q).
Oo amodeiEovue exTLUNOELS OQAANOTOS UeBOdWV TemeQaouévav ywiwv
0TOUG EMMOAUTTOUEVOVS dlaueQlopots V. xar V, tou £, %abmg o
0TOVS avTioToLOVS Un emmolvrtonevovs, B, wow B,. Oa omodeiEovue
exTuoels o@aluatog oty L™ vooua yuo ) dwaxouty webodo, (2.3.1),
ov gwodyovpe oty §2.3. Emouévwg, ta amotehéonota yuo Tig uebddovg
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TETEQUOUEVV XWEIWV TEORVITTOVY MG EQPUQUOYES TWV AVTIOTOLKWY OITO-
TeheopdTowv oV amodewnvioupe oty §4.3. H omddelEn tov extipuiosmv
opdluatog g mopayedpov 4.3 elvar foolopévn oty amOOelEN avti-
oToLWV amoteleoudTwv Yoo T dtomorrortoinon g (4.1.1) ue uebddovg
TeneQUOUEVIV oToLKelwvy, BA. (eQ’ euteiv [33].

OemQEOovUe TAO £vav NULOUOLOUOQYO TELYwvoud tou §2, L. OQLoud
1.2.1, »ov Tnrovpe moooeyyioes g Moewg u tov (4.1.1) oe évav
TemeQaoUEVNS  OLdoTaong XWEo ouvvogtioewv Vy, touv omolov eldwnég
meQuTTAoELS elvar ov X 2 AOL 52. ‘Ontwg ®oL 0TV aTTOOELEN avAAoywv
EXTWWHOEWV 0QAALaTOS 0Ty L™ vopua yio T nébodo twv TemeQaouévmy
otouelmv, Poowmd eoyahelo eivar ov vopueg Sobolev pe Baon.  Ztnv
madyoopo 4.3, oto Osmonua 4.3.1 amwodewmviovue nio BEATLOTNG TAEEWS
extiunon ogdipnatoc oty W1H NULVOQUO. ZTN OUVEXELD, OTO OeENUO
4.3.2, vnobétovtag 6mwg »at 010 Oeddonua 2.3.2 1L 0 TeheoTig () agrvel
OVOAAOLMTO TO OAOXANOMU TV %ATE TUHUOTO YOOUUKMV CUVAQTHOEWV
won Ot f € WH, amodernviovue wio BEATLOTNG TAEEWS exTiunom od-
Matog oty L vopua. Ou amodeielg tov mooamdvm dvo Bemonudtmy
PaoiCovror oe autég mov divouv ou Gastaldi xaw Nochetto yia ™ wéBodo
nemeQaouévav otovxetwv, . [33, §5].

2Tig wopaydpovs toea 4.4 xor 4.5 Bewpovue Tig uebddovg memeQa-
ouévav ywelov twv magayodpwy 2.4 xar 2.5, aviiotouyo. ZVupmva (e
10 Kegdhoto 2, yio pio »atddAnin emhoyn evig tekeoty @, wwogolue vo
yodnpouue ovtég TG neBodovg atn Hoeen Tng dlomELtig uebodov g §2.2.
Emouéving, yia autég LoyUoUV OL EXTUUNOELS GQAAUATOS TTOV TTOLQVOUUE
amwo ta Oewonuata 4.3.1 now 4.3.2.

Mio ovvropn megidmm avtov tov xegolaiov elvar n axdlovdn. Znv
Tadypopo 4.2 elodyovue TOV aTaQaitnTo CUUBOALOUS %Ol OLOAQLTOTTOLOV-
ue v (4.1.1) ovugwvo pe v uébodo g §2.2. Sty §4.3 amodernviouue
v vt T u€Bodo BEATLOTNG TAEemC exTiunoels o@duatog oty WhH®
nuvogpa xar L vopua. Ztig §4.4 o §4.5 eooUOTOUME TIG EXTLUNOELS
OVTEG YL TLG TEOOEQLS OLOPOQETLRES UEDOOOVS TTETEQUOUEVIV YWOLWV TOV
avaivoape oto Kegpdhawo 2.

4.2 YXYMBOAIZMOI KAI TIPOKATAPKTIKA

Boto {Th}gcper WO NUWOUOLOMOQEN OLXOYEVELD TOLYWVLOWMY TOV €2,
BA. Opioud 1.2.1. Oewpovue Tmea vopues Sobolev pe ovvaeinomn Paoovs.
AvTég oL vopueg o ebvar ®0ELO €QYAAELD OTNV OTTOOELEN TV OewENUATWY
4.3.1 non 4.3.2. Two evrohio Bo. axohovbfoovue Tov (OL0 oVUBoALoUS e
tovg Gastaldi »ou Nochetto mov ewodyovv oty [33] yia v avdlvon tou
(4.1.1) pe pebddovg memepaouévav otolyetwy. Eotw S C R? petorowuo
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ovvoro, a ER, k€ N now @ € C"X’(ﬁ), @ > 0. Opitovue, Aoutdv, TIg
nuwvopues Sobolev pe Baon wg

2
421l ([ 00 3 R

|81=k
now eriong
(4.2.2) IV | g = V50l e
(4.2.3) IVFullg = V*ullgo s,
2 1/2
(4.2.4) IV 0l g gy o= (D 1VFUllga )

KeTy,

Tehxd, ue || - || gy ovmBoriCovpe ™ vépua tov L*(S), S C R2, e
|VE | po(sy ™V avtiotoum nuvooua taEews k € N xow pe [lul| ., =
2 KeT, Jx |U|g$

‘Eotw xg € Q2 éva tuyxaio onueto. Twa ¥ > 0 Bewpolue uio cuvdomon

& e C*(Q),

1 _

42.5 b)) = —
( ) (@) |m—x0|2+192

Omov |z — x| eivar 1 Euxheidelo omootaon Hetaly TV T xau Tg. Yobé-
Tovue OTL ¥ = yh, pe v > 1. Tdte n ovvdoinon @ dev uetofidheton Tdoo
moh0 o xGBe K € Tp mo ovyxexQuuévo Loyver 1o axorovbo, Bh. [55,
oeh. 295] : vrdpyer otabepd C, aveEdomTn tov h, TéTol hoTe

4.2. P(x) < in @ K eTy,.
(4.2.6) max (x)_Cgrcréllr(l (z), VK eTy,

Entiong vraoyer wio otabepd C = C(k, «), tétowa dhote
(4.2.7) |D¥®*(z)| < CP*2 (z), Vz€Q,

omov DF eivar pio magdywyog tdEemg k, A. [55, oeh. 298]. Axdua n
@ wavomotel ™V axdhovdn aviootnta, BA., wagadeiynatog xdowv, [21,
oeh. 158],

C
(4.2.8) / P dx < { (a —1)92Aa—1)’
@ C|log |, av a =1,

av a > 1,
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ue otabepd C' aveEGom TV o ®oL Q.

2t ovvéxela Oewpovue wior owmoyévelo {Vh}o <h<1 TETEQUOUEVNG OLA-
0TOONG XMWV OUVAQTHOEWY ¥ 0QLOUEVQWV OTO §2, TETOLWV (DOTE vk €Py
yio x60e K € Tp,, 6mov P; elval 0 xmEOG TV YOOUULKMOV TOAWVIUWY
dvo petafintdv. Oa Tnrioovue v TEooeyywoTky Ao tov (4.1.1) oto
x®o0 Vi. ‘Etor vmobétovue 6tL o Vi €xel OQLOUEVEG TTQOOEYYLOTLXES
WoTNTeS. o ouyrexQuuéva vtobétovpe 6tL o Vi, wavomotel v (2.2.1),
dnhadn OtL vrhyer wiow otabepd C, aveEdQmnn Tov h, TéTOLM MOTE YLO
xale v € H2(Q) N H'(Q),

(4.2.9)  inf Jlo—xll;,, < (3 B2 =01,
KeTy,
r00dg nor OTL €yel TG axdhoubeg WOLOTNTES: LITdXeL wio otafepd C)
aveEGRTNTN TOV A, TéTol ote yw xdbe v € H2(Q) N HY(Q),
(4.2.10)
inf [|V/ (v = X)llga s, < CP*[[VP0llge, §=0,1, a €R,
XEVh ’

paqedn

(4211) it V(0= )l gy < Chllolly s Yo € WE2(Q),
XEVh ’

6mov || - [|y o elvar n vépua Tov yieov W2 (Q).

Hogationon 4.2.1: Zwv mepintwon mov o V elvor o ydoog Twv
ouveYdV %OTE TUAUOTO YOOUMKXOY GuvaQTioemy, ot wWiottes (4.2.9)—
(4.2.11) wyvovv, Br. magadeiypatog ydowv [21, Theorems 16.2 xow
22.4]. H (4.2.9) wyver agov 1 avtiotoln aviooTnTe LoYVeL YLo. TV
nopeupahovoa ovvaotnon g v, Iv = Zzezzn v(2)1),, 6mov {1/)z}zez;ln
Baon tov X2, BL. (1.2.3). Ou (4.2.10) xou (4.2.11) mpoxvmrovv omtd
TOTUXEG TTQOOEYYLOTWHES LOLOTNTES TOU TEAEOTH TTOQEUBOANS.

Ynofeon 4.2.1: ‘Onwg #now oty Topdyeopo 2.2, vrobétovue TG axdlov-
Beg ouvOrreg ovpPatdTnTog:
(i) Ze xabe wowvi mhevpd e dvo torydvwv Kq, Ky € T, woydel

(4.2.12) /(vK1 —vg,)ds =0, Yv eV,

omov vk elval o segoglonds tng v oto K € Th,.
(ii) Ze »abe mhevpd e evog torydvov K € Tj mov givar Tunipo Tov
ovvogov tov €2, LoyeL

(4.2.13) /vds =0, YveV,.
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Axopo vmobétovue OtL otov Vj woyver n ovicotnto twv  Poincaré—
Friedrichs, OnAoon

(4.2.14) [ollo.q < Cllvlly e Yo € Vi

2t ovvéxela Bewpovue xour AL T diypoumuxn poo®y a, Ommg
ogiotnre oty (2.2.5), ondte

(4.2.15) a(v,w) = Z /KVU-dew.

KeTy,

Fodgovpe Aowtov v (4.1.1) omv oxdhovbn pooen: Znteitar u €
HL(Q), tétowa dote

(4.2.16) a(u,v) = (f,v)q, Yv € Hy(Q).

Iagateotue Aowtdv 6t 10 mEdPAnuar (4.2.16) eivar to (2.2.6), ue
o = 0. Emopévog, dmwg ®ar oty moodyodqo 2.2 Oemooue 10 SLomQLto
TEOPAua: Zntettow ug € Vi, tétoln wote

(4.2.17) a(ug,x) = (f,Q(x))q, VX E Va,

omov @ eivar évag teheotig ov éxeL TG WwoTnTES (2.2.8)—(2.2.10), BA.
§2.2. H vmagEn g Moewg ug tov (4.2.17) mooxvmter Ommg ®oL otV
madypapo 2.3.

4.3 I'ENIKEX EKTIMHXEIX S®PAAMATOX

Ze aut v ToEdyeao Oa amodelEovue EXTLUNOELS TNG SLOPOQAS
U —ugQ oIV Wl nuvooua xov oty L vopua, 6mov v elvar n Ao
e (4.1.1) »naw ug n Mon mg (4.2.17). Ipdto duwg Oa amodeiEovue
¢va Mjpuo tov Ba pnog fondioer oty amddelEn Twv Geswonudtwv 4.3.1
wou 4.3.2

Aippe 4.3.1: Eotw v € L®(Q) xauw w € L?(2). Tére vadoyet pia
otabeod C aveEdptntny tov h tétowa dote

o 1 \1/2
5 loll sllwllo e <C([ 84 de) ol o
(4.3.1) KET, Q

X lwllg-c+a)p, =0
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Amddeén: Adyw g (4.2.6), éovue

>

KeTy,
< Z max &% () max &~ ()]0l prra g Wl peirer &
rzeK rcK ) ’
KeTy,

< E ' (x) “’U“ 1 “’LU“ —(1+a)
i . «@ [e3
, mlnxeK@1+°‘(x) 4 K 4 K

< Clvllgrrapllwlls-ara p

o g 2\1/2
scnvnmm% 8 ) ullp- 1 . W

2 ovvéyelo Ba Bewpnoovue pio mootyyion & € C§° (ﬁ) NG AOTOVOUNG
Dirac oe éva toiywvo Ko € Th, n ommolo txavomolel Tig

(4.3.2) suppd C Ky, 0 >0,

(4.3.3) /Qédac =1.

Anoua emewdn o ToLryoviopog Ty, eivar nuwouotdpopeog, Br. Optond 1.2.1,
LOYVEL

(4.3.4) V6]l ooy < CRT27F, k€N,

Br., Aoyou xdouv, [33, §5].

SvupoliCovue Tmpo we D ulo dedouévn notd rotevbuvon madywyo.
‘Eotw g € HE ()N H?(Q) 1 Mon tov axdhovbov fondntixon meopiiua.-
T0G:

(4.3.5) —Ag = DJ, oto Q.

Anopa, Oewpovpe TO avaAoyo TEOPANUO. TTETEQAOUEVOV OTOLXElWY TOV
(4.3.5): Znteiton gp, € Vp,, TéTOL00 (hOTE

(4.3.6) a(gn,x) = (D4, x)q, VX E V.

2 ovvéxewo 0o dLATUTTMOOUUE OQLOUEVO. NON YVWOoTd Anupota stov Oa
nog fondnoovv oty amddelEn tv Oewonudtov 4.3.1 xow 4.3.2.
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Aupe 4.3.2: 'Eotw g n Adon tov 60n0ntixod meoblijuatos (4.3.5). Ia
xdbe o > 1 vrapyet pla Oetixng otabeoa C, Tétoia dote

(4.3.7) IV9llpa p < ChE.

AnodetEn: H omddelEn auto Tov Ajpuotog oxolovbel nio Taoouole o
divetaw a6 tovg Rannacher xauv Scott omyv [59, §3]. Mmogovue gvnola
VO, TOQOTNENOOVUE OTL

1
\/ =|Vg|*dz| = \/ V(&~*g)Vgdz + —/ AG™g2dx |
Q Q 2 Jo

(4.3.8) 1
S/@_ag|D5| d$—l——/ |AD™|g?dx.

9) 2 Jg
Axdua, odugmvo pe v (4.2.7), éovue
(4.3.9) |AD™(z)| < CP'~*(x), Vz € Q.
Emiong, yOonowmomotmvtag o yeyovog 0t 0 —A eivol évog OUOLOHoQ@L-

ouog amd Tov ¥MEo Sobolev Wol’q NW242 grov LY, pe q € (1,2] wmopet
vo. amodelyfel 6tL n g wravomolel v axdiovdn oyéon,

(4.3.10) /@1—092@ < Coz_119_2/ &=+ |6 d,
Q Q

Br. [69, (2.11)]. Emouévmg, xONOLWOTOLOVTOG TNV 0QLOUNTLXY YEWMUETOUXY
aviooTo ®ow ovvdvdtoviag tg (4.3.8)—(4.3.10), (4.3.2), (4.2.5) »a
(4.3.4), hapfdavovue

1
‘/é_a|v9|2dw‘ S/¢_a9|Dé|dw+—/¢1_agzd:}c
Q Q 2 Jo
S C/ @_(1+a)|D5|2 d:L‘+C/ @1—0&92dl‘
@ Q
= C/ @_(1+a>|D5|2de+Ca_119_2/ B=(14) 524y
2 Q

< Ch2a—2 + Ch_2+2(l+a). ]

Oempolpe TP To axdhovdo medPAnue. ‘Eotw f € H2(Q) NV, xa
d = (di,dy) € HY(Q) x H'(Q), doouéveg ovvaptioelg. Znteiton v €
HY(Q) N H?(Q), ttowe dote

(4.3.11) —Av = f+divb, oo Q.
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T 1o mEdpAnua (4.3.11) wyver 1o axdrovbo AMuna, Bh., Adyou ydowv,
[33]:

Afupa 4.3.3: o xd0e xve10 moAvywvixd yweio L vrdoyet uia otabeod
agq € (0,1/2), térowa dote yro xdbe a € (0, aq] va woyvovy or axdlovbes
EXTIUN OELS

. -1 ,
IV%0llg- 40 < Cldivbllg-arer + C(V@) Nbllg-isers ety f =0,

1 )
V0]l -ty S C(V@) IV fllg-14ay, v b=0. W

2T OUVEYELDL OLVOUUE OQLOUEVES EXTLUNOELS TWV AVCEWV ¢ ROL Gp, TWV

moopAnudtov (4.3.5) now (4.3.6), aviiotouya, TG omoleg e XONOLUOTOL-
noovue TOQOKAT®. ol TV aTOOELEN QUTOV TWV EXTIUNCEWY OQPAAUATOS
BL., magadeiynatog xaow, [33, §5]. T xdbe a € (0, aq], vedoxer wio
otabepd C' mov eEaptator udvo amd Ta o ®aL 7y, TETOL OTE

(4.3.12) IV2gllg - < CROY,

Br. [33, (4.14)]. Emiong, v xabe « € (0, ag], vrdoyxovv dvo otabegég
v, C > 1, mov eEoQTvtar Uovo amd 10 «, Tétoleg wote av ¥ = ~h,
TOTE

(4.3.13) 1969 — gl gmisem p < CHE,
Br. [33, (4.15)]. Axndua, vrdyer wio otabepd C > 1, tétowa Mote
(4.3.14) IV(g = gn)llprn < C,

Br.  [33, (4.29)]. = ovvérewo Bo deiEouvue wio PENTIOTNG TAEEMG
extipunon mg duagoeds V(u — ug) omv L voouo. H amddelEn tov
Osmoiuatog 4.3.1 Pfooiletor oV ATOOELEN EVOS TOQOUOLOV OTTOTEAETUO-
t0¢ Twv Gastaldi xow Nochetto yuor ) Swaxgurostoinon tov (4.1.1) pe ™
wébodo Galerkin/memepaouévov atovyetwv, Bh. [33, §5].

Ozoonue 4.3.1: Eotw u € W3>(Q) n Moy tov (4.1.1), xaw ug € V,
n Abon tov (4.2.17). Tore, vwagyer uia otabeod C, aveEaotnty tov h,
Tétola Wote

Amddeién: Ou (4.3.2), (4.3.3) nan (4.3.6), »aBdg #ar 10 yeyovog OtL x(Oe
X € Vp elvar rotd tuinoto yoapuxy ovvaotnom, divouv

(43.16) Dx(z) = Dx(2) . 0 dz = (3, Dx)q

= —a(gn,x), Vz€ K.
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= ovvéyela, ovpgova e v (4.2.11), yuo va deiEouvpe ™V extipnon
(4.3.15), agrel va extuoovue ™ dagopd V(x —ug) oty L™ vopua,
v x@be x € Vi, n wodvvapa mv D(x — ug) yw rotéhnro D.
Enopévog, emdéyovue og @ogéa tov d 10 Ko € Tp, vy 1o omoio
IV(x = u@)ll oo ) = DX — u@)lK, (), viot %60t z € Ko. Tote Aoyw
g (4.3.16) éxovue

D(x —ug)(z) = —algn, x —uq) = alug — X, 9n)
(4.3.17) =alu—x,9) +alu—x,9n — g)
+a(ug —u,gn), VYx € Vi, Vz € K.

Supgova thea pe my (2.3.5), yia o = 0, éovue

(4.3.18) a(u—ug,gn) = Z/ gnVu-nds+ (f,gn — Q(gn))q-
KeTy 0K

Emouévag, ov (4.3.17) xav (4.3.18) divovv

D(x —u@)(2) = a(u—x,9) + a(u — X, gn — 9)
(4.3.19) + Y / gnVu - nds

+(f,9n —Qgn))q» VX € Vi, Vz € K,.

Egapudétovtog topa magduoto. emtyetonuoto ue tovg Gastaldi kot No-
chetto, Br. [33, (4.13)], maigvouvue

IV (x = Q)| Lo o)

h
< IV = Ol (1 + gl Vgl v

1
TV = 9o + 190 = 91)51,)

+1(f, 91 — Qgn))al-

(4.3.20)

_l’_

Suvdvatovtag toga tig (4.3.20), (4.3.12)-(4.3.14) xav 10 YeEyovdg
ot ¥ = yh, ue vy > 1, happdavovue

19(x = 1)l g 0y < CIV (= XMl

(4.3.21) +(f, 90 — Q(gn))ql-
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2t ovvéyela Oa. extiuoovue TOV TEAEVTALO OQO TG TOQOTAVW OXEONG.
Ao ng (4.3.6), (4.3.2), tov tmo ohoxMjpwong Ttou Green xouL TNV
(4.3.4), happdavouvue

||V9h“§,h = (Agn,gn)q = (Dd,gn)o < ||5||0,h||V9h||o,h
< OR8] oo oy IV 9m o < CHTH IV gnll

Apo,
(4.3.22) IVgnllo, < Ch™*.

AOY®w g avioomntag twv Cauchy—Schwarz, tov Anupotog 4.3.1, tov
(4.2.8) »nau (4.2.5), éxovue ywo x € Vi, wow o > 0,

(90 — QUgn))al < C D hillf

KETh

< CIIf Il 0 (/Q 1+ dg)

lo, & IV 9nllo &

1/2
IVgn ||45*(1+a),h

4.3.23 1
BB < ORI gy g IV g tsvon

1
< OMl o0y g (1991100

+ V(g = gn)llg-ase p)-

Suvdvatovtag tpa to Anuuo 4.3.2 xov g (4.3.14) now (4.3.23),
moipvovue

(4.3.24) [(f,9n — Qgn)) ol < Ch[|fl Lo (q)-

Emopévog, Aoym tov (4.3.21), (4.3.24) xov tov yeyovotog ot ¥ = vh,
ue v > 1, haupdvouue

19 (g = )| ey < ClIV (= )| e

4.3.25
(4:3:29) + Cllully sV € Vi

Aga, ovpgova pe tg (4.2.11) now (4.3.25), éovue

190~ 1)l gy < Chllull, .. ®

2w ovvéyewo Ba OelEovue pion extipnon PEATLOTNG TAEEmS yLoL TN
ol u — ug omv L% voouo. H amddelEn tov Oempiuotog 4.3.2
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BootCetan, 0TS %Al oUTH TOV TEONYOVUEVOU OEWOENUOTOS, OTNY AITTOOELEN
evog TaEOUOoLoV arotehéopotog Twv Gastaldi xow Nochetto yio ™ dvaxQu-
toroinon g (4.1.1) ue ™ wébodo Galerkin/memegaouévmv atovyetwv, BA.
33, §5].

Ozoonue 4.3.2: Eoto u € W2 (Q) n Moy tov (4.1.1) xat ug n Aoy
tov (4.2.17). YmoOérovue ot f € WH(Q) xabds xai 611 0 tedeonic Q,
7mov Gewgnoaue oty §4.3, 0oilel Evav xovova aiOuntixig oloxljowong
axpLoy) yLa yoouuixés ovvaotioets, onladn

(4.3.26) / wdr = / Q(w)dz, Yw € Py, VK € Ty,
K K
Tote vadoyet pio orabeod C, aveEagtnty tov h, tétola dote

(4.3.27) lu = ugll oo ) < Ch2[Nog bl (]l + [1f1l1,00)

émov || - ||, o, eivarn véoua tov W*>*(Q), s € N
Ancdeln: Botw Ko € T}, 11010 O0TE

lu— gl o gy = (4 — uQ) (@], e T € Ko.

To tolyovo Kp mov Bewpovue Oev elvar avayxootiwd To (0o ue outo
™G omédelENS Tov Oewpiuatog 4.3.1. "Eotw Aowmdv § M Teooéyylon g
ratavounig Dirac, pe gogéa 1o toiyovo Ko, Ph. (4.3.2)—(4.3.4). Zdugova

ue to Oedonua TG UEONS TWWNG TOU OAOXANQMTLXOV AOYLOUOV, VITAQYEL
To € Kj 11010 00TE

(4.3.28) /95(u —ug)dr = . u—ug)dr = (u—ug)(zo).

Emtiong, epapuolovtag to Bempnua uéong Tung, Adyw tov yeyovotog 0Tl T,
zo € Ky, &ovue

(43.29) u — gl () < I(u — ug)(0)] + ChYIV (4 — ug)l| y (q)-
Emouévog, ovugpwva pe to Gewonuo 4.3.1, agxel vo extiuioovue To
|(u—ug)(zo)]. Omwg xow 0TV amédelEN Tov Oeweiuatog 4.3.1 Bewovue

0 £Efg Bondntd TeoPAnua: tnteitar § € HE(Q) N H?(Q), tétowe dote

(4.3.30) —Ag =0, ot Q.
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Suventdg, AMdyw g (4.3.28), éxovue

(4.3.31) (u —ug)(zo) = — /Q Ag(u —ug) dz.

Andua, ohoxAnowvovtag xatd uéon To OeELO UEAOG NG TOQOITAV® CyEOE-
g, Aaupdvouue

—/Ag(u—uQ)dwza(g,u—uQ)—)— Z / uQVyg-nds
Q oK

KeTy,

=a(g—x,u —ug) +alu—ug,x) + Z /aKuQVg.nds

KeTy,
=a(@—x,u—uQ)+ (fix—QX))g+ Z/ xVu - nds
KeTy, 79K
+ Z/ uQVyg-nds, Vx € V.
KeT, 79K
Emouévmng,
(u—u@)(o) = a(@— x,u —ug) + (f,x — R(X))q
+ / xVu-nds
(4.3.32) K;h oK
+ Z/ uQVyg-nds, Vx € V.
KeT, V9K

St ouvéyela 0o EXTLoOVUE TOVS GROVS Tov deELov uéhovg g (4.3.32).
Xonowworotavtag v aviootta twv Cauchy—-Schwarz, to Afquua 4.3.1,
now TG (4.2.8) xou (4.3.15), éovue
la(g — x,u — uq)|
<C Y IV =u)lly V@ =)o s
KETh
1/2 o/ —
< CHV(U_UQ)“LOO(Q)( Q@dx) IV@ = X)lg-1

1/2 _
< ChJ10g 9] ull oo V(G = )l g2 5> VX € Vi
Enedn 1 f € WHho(Q), wyder 1 (2.3.12), ondte emavohapfdvoviag

TapdpoLe emmLyelnuoTe 6mtwg oty (2.3.22), maigvouue

(f,x = QX)) al < CB> D IVl kI Vxllox
KeTy,

<O Y IV lox(IVTllo x + IV@ = ) llo.x0)-
KETh

(4.3.33)
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Egoouolovtag thoa 0 Afquua 4.3.1 xow mv (4.2.8) omv magandvew
extipunon, Aoufavouue

1/2

(Fx = Q0Val < CHIV Sl o | )

X {IVllg=r + IV(G = 0l g-15, }
< CR||V £ po ()| log 8]/

x{IVallg- +IV@ = x)g-1 4} VX E Vi
21 ovvéxela Bo yonouooooupe Ty axdAovin ovicoTnTa

log 9
@y W<l ayn L s e By N2 @)

Yoo TV amddeEn g omoiag BA., mopadeiynatos xaouy, [21, (22.48), oel.
167]. EvxoAha WTOQOUUE VO TOQOTNEHOOVUE OTL

Iollg-+ < Cllvllgg, Vv € L*(Q).

Emouévog, Aoym g momyoduevng oxéoews, tov (4.3.34), (4.3.2),
(4.3.4), nav tov yeyovotog 0tL ¥ = vh, pe v > 1, maipvouue

log ¥
(4.3.35) Vgl , < c! =] | [ 6262 < C[log ).
Ko
Anduo, emewdn 9 = yh, v > 1, éovue
(4.3.36) lo l<C’lo 1
3. gy < g%

Suvendg, owvdvdovtag g (4.3.35) xou (4.3.36), haufdvouue

|(£:x = Q) ql < CR2V fl 1o (| 10g ] + | log h|*/*
< IVG ~X)llg-1.4), Vx € Vi

> ovvéyela Ba extiuoovue Tovg S0 Tehevtaiovg vpovg g (4.3.32).
Magopota, 6mwg oty (2.3.19), maigvovue

\Y ds + \Y d
‘Z/aKxuns Z/aKquns‘

KeTy KeTy

(4.3.38) <on Y (

KETh

(4.3.37)

|§_X|1,K

+[u— UQ|1,K|§|2,K)a Vx € Vh.
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Eniong, Moyw tov Afuuatog 4.3.1, xau tov (4.2.8), (4.3.15) o (4.3.36),
exTovue to 8eEo wéhog g (4.3.38), wg &g

> (u

KETh

12,
< Clfufly o ( / & dz) V(@ llsr

2,Kk(g — X|1,K + |u — UQ|1,K|§|2,K)

(4.3.39) 1/2

V= 1)l o (| P0) 95

< Cllully, o (1og Y21V (@G = %)l -1 5

+ B|log h|?(|V?Gllp-1), VX € Vi

Axoua, ov Gastaldi xav Nochetto, omv [33, Lemma 5.4], amodewmviouvv
ot
(4.3.40) 1V2g]lp-r < C|logd|">.

Enouévog, ovvdvaloviag tig (4.3.31)—(4.3.33), (4.3.36)—(4.3.39), na
(4.2.10), éyovpe

|(u — ug)(0)| < Ch2(|og | + |log k||| V25 5-1)
x (ullg o0 + 1£11100)
< Ch?|log h|(||ully o + IIf

|1,oo)‘

Tehnd, yonoworowdviag edm g (4.3.29) xon (4.3.15), haufdvouvue
wmv extiunon (4.3.27). B

4.4 E®OAPMOI'EX I: MEOGOAOI ITIENMNEPAXMENQN
XQPIQN ME XYNEXH ITEITEPAXMENA XTOIXEIA

Ze vt TV TOEAYE0po Oewpovue TIg OV0 HEOGdOVG TTETEQUOUEVWV
xwolwv ov uehetioaue oty §2.4, otoug dwopegionots B, xar V. tou €2,
yuoo T Sraxgrrortoinon g (4.1.1). Evxoha umoovue va TaQotnoioovue
OTL O YWEOG X}?, OOV TNTovue TNV TTEOCEYYLOTLXY AVOT, WHOVOTTOLEL TLG
(4.2.9)—(4.2.11), Bh., magadeiyuatog xdowv [21, Theorems 16.2 xon 22.4],
omwg o g (4.2.12)—(4.2.14), BA. Hagationon 2.2.2.

Eniong, ovupovo pe v §2.4 ov dvo pébodol memeQaouévoy xwoiwv
ov eEetdlovue €0M WITOQOUV VO, YROQOUV 0T Loy Tng uebddov mov
uehetioape oty §4.3, ywa évav rotdhinho teleoti Q). Emopévog, yo
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Z2

Az,

Z3

XXHMA 9. Awpeoiopndg tov torydvoy K oe toio vroymoio A.,.
ovtég TS UebBAdoVg LoYVoUV OL eEXTLUNOELS OpAAUaTog Ttov OelEaue otnv
§4.3.

Mébodog I: Oempovpe ™ uéhodo memegaouévov ywoiwv yio v (4.1.1)
0TOV U1 emXaAVTTOUEVO Stopeoond Be, dmhady v (2.4.2), e o = 0.
Emouévmg, Tntovue up € X 2 , TETOLOL WOTE

(4.4.1) - Vup -nds = / fdz, VzeZ>r

ob. -
Oempovue TMpa ™ Styoamuxy woogd aon (v, +) : HY(Q) x HY(Q) — R,
mov opioope oty (1.3.7), dnhadi

(4.4.2) aon(v,w) = — Z w(z) Vo - nds.

Tote pumogovue va yodpovue v (4.4.1) ot pooen

(4.4.3) aon(un,x) = Y x(2) / fda.

ZEZ;LD z

Oewovue TwEa évav Teheot (), Tov 0pileTal mg

(4.4.4) Q)lxk = Y w(z)ga., KEeT,
2€Zp(K)

omov A, € A(K) ta ywio ota omoio dwopepiCovue to K, L. Zyniua
9, naL gg elval M YOQUHTNOLOTLXY CUVAQTNON TOV Ywolov S C R?2. 0 Q
dMhady eivar o teheoThg Tov opioape oty (2.4.5) yuo ™ Mébodo 1, §2.4.
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Enouévog éxovpe O0tL n Abom uy tov (4.4.3) wavomotel ) petafoiwmn
wooqn (4.2.17), Bh. Mébodo 1 §2.4, omdte

a(un,X) =aon (un, x) = Y X(z)/ fdzx
(4.4.5) ot .
=(/,Q)q> Yx E X}

Aga, fav n u € W2 (Q) eivar Mon g (4.1.1) #ow up n Aon g
(4.4.3), odupwva pe 10 ehonua 4.3.1, éxovue

(4.4.6) IV (u = un)ll Lo ) < Chllully o

Emuthéov, emdéyoviag yio 2x to Pogixevigo tov K € T} otnv noto-
onevy Tov duTrov drauepopol B, mopaTnoovue 6Tl O TeheoThg (), TOU
Bewonoope oty (4.4.4), wavomotel v

/Q(w)dwz/wdm, Yw € Py,
K K

BL. (2.4.9). Ymobérovrag axdua, ot f € WhHe(Q) xow u € W22(Q),
ovpgova pe 1o Oewonua 4.3.4, maigvouue

(4.4.7) lu = wnll ooy < Ch?[Tog bl ([l 00 + I1f111,00)-

M¢#00d0og II: Twpa Oa Bewonoovue t néB0dO memEQUOUEVIV YwEIWV GTOV
EMURONVTTTOUEVO dLaueLopo Ve, Onhadi v (2.4.12) ue o = 0. Emopévoc,
Gnrovue uy, € X7, tétow dote

2 .
(4.4.8) — Vup, -nds = —/ fdx, Yze Z;"
ov. 3 Jv.

Oewpovue TMPa T drypourt wooed @co : H(Q) x HY(Q) — R, mwov
oploape oy (2.4.13), dnhad

(4.4.9) aco(v,w) = — Z w(z) Vo - nds.
z€ZP oV:

Tote, wropovpe va. yodpovue v (4.4.8) ot poogn

(4.4.10) oo (un,x) :% 3 x(2) /V fdz.

zEZ}L“
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Oewoovue T évav TeheoT (), Tov 0pileTar mg

(4.4.11) Q(w)|K:% S w(»), KeT.

2€Zp(K)

O @Q Mhad eivar o teheoThg mov opioaue oty (2.4.21) yia ™ MéBodo
I, §2.4. Emouévwg m AMon up g (4.4.10) wovomotel ™ uetofolux
wooqn (4.2.17), Br. Mébodo 11, §2.4, omdte

1 1
aunx) = gaco(w) =5 3 x() [ fdo
(4.4.12) zeZin v

Svvertag, edv 1 u € W2 (Q) eivon Mon g (4.1.1) %aw n up Mon g
(4.4.8), MOoyw tov Bemwonuatog 4.3.1, maipvouvue

(4.4.13) IV (s | o gy < Cllul 5 o

Emuthéov, eivar oagés 0Tt 0 Ttekeotig () mov opicope omv (4.4.11)
LXOVOTTOLEL TNV

/Q(w)dwz/wdw, Yw € Py,
K K

BL. (2.4.25). Ymobétovtog tipa otL f € WH(Q) waw u € W32(Q),
Moyw tov Oemonuotog 4.3.2, éxovue

(4.4.14) lu = unll () < Ch?[log bl ([ull .0 + £l )

4.5 E®@APMOTI'EX II: MEOOAOI INENNEPAXMENQN
XQPIQN ME MH XYNEXH ITEITEPAXMENA XTOIXEIA

Ze vty TNV ToAY0po Oewpolue TG OV0 UeBOOOVS TETEQUOUEVWV
xwolwv, Tov ueghetioaue oty §2.5, otoug diauegLopovs B, xow V, tov
yuoo T daxprromoinon g (4.1.1). Mmogovue g0vxoka va TaQOTNENOOVUE
OTL 0 MEOS Sg, OOV CnTovue TNV TQEOOEYYLOTWXY AVOM, TANQOl TLg
(4.2.9)-(4.2.11), B\, mogodeiyuotog xdowv [22, Theorem 5] xav [33,
Lemma 4.1], xaBdg nov g (4.2.12)—(4.2.14), L. Mapationon 4.2.2.
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€,

XXHMA 11. Awpeoiopog tov torywvov K € T}, ota vioymeio K.

Emiong, ovpgpwva ue v §2.5 ou dUo uébodol memeQuouévav xweimv
OV €EETACOVUE €O WTOQOUV VO YOOpPOUV 0T Moo@r tng uebodov mov
uehetdue oty §4.3, ywo évav xatdhnho teheoty . Emouévog yio outég
LG eBOdOVE LOYVOVY OL EXTIUNOELS O@dluatog tov deiEaue oty §4.3.
M¢#00dog III: e avty v egaouoyy 0o Bewpnoovue ™ uébodo memepa-
opévov ywolwv ywoo mv (4.1.1) otov un emmolurtopevo dapeowopd By,
dSmadi mv (2.5.2), yia 0 = 0. Emouévwg, Tntodue up € Sp, tétowa dote

(4.5.1) — Vup, -nds = / fdz, Vec€ E™
Ob, be
Andua, Bewpovue ™ dtoyoouuu ooy axy : (H(Q)+Sy) x (H(Q)+
Sp) — R, mov optoaue oy (1.5.16), dSnhadn
(4.5.2) ann(v,w) = — Z w(me) Vo - nds.
! b,
e€E;
Tote, wropovpe va yodpovue v (4.5.1) ot pooen
(4.5.3) ann(unx) = Y x(me)/ fdz, Vxe€Sh.
. b
eeE}.’/n €

Oewoovue T évov TeheoT Q, oV 0pIlETaL WG

(4.5.4) Qu)lk = Y wmegk,, K €Th,
eEEh(K)

omov K. € ﬁ(K) elvar ta uxrpdTeQo. TElywva 0T OOl €Xouue
owopepioer 1o K, Ph. EZynuo 11, ogh. 140, now ouvpfoliCovue ne gg
™ YOQUXTNOLOTIXT oUVAQTNON evdg xweiov S C R%. O Q eivar dnhodn o
teheoTc @ Tov optoaue oty (2.5.6) ywo ™ Mébodo 111, §2.5.
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Emouévwg m Mon up tov (4.5.3) wavomotel ™ petofolixii nooen
(4.2.17), L. Mebodo 111 §2.5. 'Etoi, éxovue

a(un,X) = ann(un,x) = 3 X(me)/ fdzx
(4.5.5) =t .
= (/,Q(X))a> VX € 5.

Enouévag, av 1 u € W2 (Q) eivar Mon g (4.1.1) =av n up Mon g
(4.5.3), Moyw tov Bewonuatog 4.3.1, maipvouvue

(4.5.6) IV (u = )|l e ) < Chlltally o0

Emuthéov, emdéyoviag yio 2x to Pogixevigo tov K € T} otnv noto-
onevy Tov durov drapegtouov By, magotnoolue 6tL 0 teheotig (@ mou
Bewonoope oty (4.5.4), wavomotel v

/Q(w)dwz/wdw, Yw € Py,
K K

BL. (2.5.10). YmoBétovtag axdua ot f € WH(Q) naw u € W32 (Q),
MOYw Tov Oempnuotog 4.3.2, haupdvovue

(4.5.7) lu = wnll ooy < Ch?[Tog bl ([l 00 + I1f111,00)-

Mé060dog IV: Oa Oswpioovue tpo T WEDOOO TEMEQUOUEVOIV YOIV
OTOV ETUXOAMVTTOUEVO SLaueQLopnd V,, dmhadn myv (2.5.13) pe o = 0.
Emouévag, tntovue up, € Sy, tétown dote

1 .
(4.5.8) — Vup -nds = - / fdz, Vee E;.
ov. 3 Jv.

St ouvéyewa Oewpodue ™ dryoamuxy woogh axo : (H1(Q) + Si) x
(HY(Q) + Si) — R, mov optoope omy (2.5.14), dnhadi

(4.5.9) ano(v,w) =— Z w(me) Vo -nds.
e€ER ove

Tote, wropovpe va yodpovue v (4.5.8) ot pooen

1
(4.5.10) anol(ug,x) = 3 > X(me)/ fdz, V¥xeS.
eGE';;’ Ve
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OemEovUe TMOQEA TOV TeEheoTh (), TOV 0QICETAL MG

(4.5.11) Qulk =~ 3 wim.), KeT

3 e€Ep(K)

O @ dMmhad eivar o teheotng mov opioaue oty (2.5.17) yua ™ MéBodo
IV, §2.5. Emouévwg, 1 Aon up tov (4.5.10) wovomotel ™ uetofoluxi
wooqny (4.2.17). 'Etot, éxovue

1

alun, X) =ano(un, X) = 3 x(me) | fdz
(4.5.12) " ron 3% /v

Svvertag, av 1 u € W22 (Q) eivon Mon g (4.1.1) now n up Aon g
(4.5.10), Moyw tov Bewonuatog 4.3.1, éovue

(4.5.13) IV (u = )| Lo ) < Chlltally o0

Emuthéov o teleotic @ mov Bewproape oty (4.5.11) wavomotel v

/Q(w)dx:/wdx, Yw € Py,
K K

BA. (2.5.21). Ymobétovrag howdv ot f € W (Q) naw u € W3°°(Q),
Moyw tov Oewonuatog 4.3.2, éyxovue

(4.5.14) lu = unll g () < Ch?[1og bl ([ully,0 + 1f Il 00)-



MEPOX B

APIOMHTIKEX MEOOAOI I'TA AYNAMIKEX
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Ewayoyn

210 0eUTEQO MEEOS auThg TNg epyaoiog Oo uehetnoovue éva TEOPANUQ
OQYXAOV TLUADV, %OOMG AAL EVO CQYLKMV KOL CUVOQLOXKMV TULOV. ZTO
Kegdhoto 5 Oewpovue wio: ®otnyopio. OLapoQuumy eELONTEMY TNG LOQMNS

(1) Au'(t) = B(t,u(t)), te€l0,¢7], t* >0,

omov A elvar évag outoouZuyng, BeTnd 0QLOUEVOS YOOUIKOS TELEOTNHS OE
¢va yxweo Hilbert H xow B évag mbovdv un yoauuxds teleotic. Moag
eVOLOPEQOVY OUYHEXQLUEVES UN ROUTTTEG UEQLKES OLALPOQLRES EELOMOELS TTOV
OVIHOVV 0TIV TTOQOTTAVM ®aTNYoQlo dtogpoptnav eElomoewy. Etol vmodé-
TOVUE OQLOUEVES WLOTNTES TOV B thote to (1) va unv eivon droprro. Mo
ovyrexQuuéva vrtobétovne 6tL 0 B wrovomolel ovvOines tomou Lipschitz,
Br. (Y5.2.3) nanw (Y5.2.4). Smv ma0dyeago 5.2 SLaxQLTOTOLOUIE TO (MO0
H ue pebddovg memepaouévawv otovyelwv #ou waigvoupe PEATLOTNG TAEEWS
EXTUUOELS  OQAAUOTOS YLO. TO MULOLOXQLTO  TEOBANUO TTOV  TTQORVITTEL.
2T OUVEXELD OLOXQLTOTTOLOVUE ®OL MG TEOG TO XOOVO UE YOOUULKES
aueoeg mohupnuatinés nebddovs.  Emewdn, ovugova pe Tig vmobéoelg
v tov B, to (1) eivon un drouwto, dev yQelGletar vo SLomQLTo-
TOOOUUE MG TTEOS TO ¥EOVO ue wior uébodo pe TOAD %ahég LOLOTNTEG
evotdOelag, Ommwg elvar peowés uébodor Runge—Kutta. To yeyovog avtod
UOG ETLTOETEL VO EQPOOUOCOVUE UEBGOOVG TTOV elvar ALyOTEQO doTtavnoég
oe mEGEELS.  ZTig Tmaoyedgovg 5.3 wmar 5.4 amodewwviouue PEATLOTNG
TAEEWG EXTWWNOELS OQAAUOTOS YLa. TO TANQWS OLOXOLTG OXNUOTO. TTOV
TEOXVITTOVV  dLOKQLTOTTOLOVTAS e TV dueon uébodo tou Euler xau ue
uta yevirdtegn dueon yooumry olvpnuotiy uébodo. o eqaoudoovue
T0. ognENUEva ooteréonata oty eglowon tov Rosenau oto R™, m < 3,
oe wia yevirevuévn eElowon tomov Sobolev oe ulo ywown didotoon, o
uta Ppevdomagaforxn egiowon otov R™, m = 2,3, o oe éva ovotmua
eElomoewv TUTOV Boussinesq.

210 Kepdhato 6 Oewpovpe éva amhd Topafoind TEORANUO yio. Tnv
eElowon tng Bepuotntog

(2) ug—Au=f, ot Qx[0,T], T >0,
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omov Q C R? eivar éva nUOTO, PEOYUEVO, TOAUYWVIRG ywpto.  Oa
UEAETHOOVUE TA MULOLOXQLTE OYNUOATA TTOU TTQOXVITOUV KONOLUOTOLMVTOG
uebddovg meEmEQUOUEVOV WOV yLoo TN domprtortoinon tov ywoeov. H
TEOOEYYLOTIXY AVON TTOV HATAOHEVALOVUE GVIXEL OTO YWQEO TV Oyl ®aT’
OVEYRY OUVEXMV RATE TUNUOTO YOOUUMXMV OUVOQTHOEMY X0l OTTOOEUVVOU-
ue PEATIOTNG TéEewg exTywioels ogdiuotog oty HY war L2 vépua.
2TN OUVEXELD. OLOAKQLTOTTOLOVUE ®KOL G TTEOG TO ¥OOVO UE TNV ITETTAEYUEVN
uébodo tov Euler koL amodenvioupe #oL Yo T0. TARQWS SLOKOLTA OYAUaTOL
PEATLOTNG TAEEMC EXTLUNOELS OQAAMUOTOC.



KE®PAAAIO 5

Apeoeg molvnuatizég néBodor Yo pun AxONTTES HEQIXES
OLOLPOOIXEG EELGMOELS

©0. TEOOEYYICOVHE TN AVOT Un GHOUWTTOV TEORANUATOV QQYLROV TULMOV
v eBlodoelg g woogns Au'(t) = B(t,u(t)), t € [0,t*]. A eivar
évag avToovCuyng, Oetud oQLoUEVOS, YOOUULXOS TEAEOTHS OF £vov YMDQO
Hilbert (H,(-,-)) »ov B eivar évag mbovov un yoouuxos TeheoTns.
ALO%QLTOTTOLOVUE G TTEOG TO YWEO YONOLUOTOLDVIOG ITETEQUOUEVO OTOL-
yeto. To T dLomELTomoinom wg TEOG TO YOOVO YONOLUOTTOLOVUE GUECT!
yvoouuxd solvpnuatird oxjuata. ATodevioune PEATLOTNG TAEEWS EXTL-
unoelg o@dAipotos. Eg@aguofovue ta TOTEAEOUATO YLOL TNV OgNENUEVN
mepimtwon oty eElowon touv Rosenau otov R™, m < 3, oe ula yevi-
nevuévn eElowon tumov Sobolev o i OLAOTOON S TEOS TO YEOVO, OF
uta Ppevdomagaforirn egiowon otov R™, m = 2,3, xou oe éva ovotnua
eElomoewv TUTOV Boussinesq.

5.1 EIZATQTrH

Ze qUTd TO %EPAAALO ROTOOXEVALOUUE oL UENETAUE Ge0eS TTOAVPN-
uotirés uebodovg yia T dtomELTomoinon 0to ¥Edvo g ®aTNyoeiag un
GROTTTOV TEORANUAT®V 0™V TLUMV TS woong: T doouévo t* > 0
o u® € H, nrovue vo mRoodLopicovue pia ouvaptnon u : [0,t*] =

J — D(A) tétowo dhote

(5.1.1) { A(u'(t)) = B(t,u(t), te€J,

u(0) = u®,

omov A eivan évag ouToouZuyng, BeTind 0QLoUEVOS, Yoouunds Teleotig oe
¢vav yiheo Hilbert (H,(-,-)) ue medio ogopov D(A) muxvéd otov H, zat
B:J x D(A) = H évog evdgoutvwg iun yooumunds TeAeothc.
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Emetd o A eivar avtoouluynig xau Betixd oglouévog otov H, o Al/2
elvar xahG opwopévoc. Oétovue howtév Vo= D(AY?), nar ogitovue
mv &g vopua otov V, ||v|| = (Al/zv,Al/zv)l/Z. Tn vooua otov H,
OV ENAYETOL OO TO €0MTEQHO YWOUEVO (+,-), T ovuforilovue pe | - |.
Axdpa tavtiCovpe tov H pe tov duind touv yio, ondte V. C H C V7,
omov V' givar 0 duinog tov V' now ovuBoriCovue Eavd pe (-, ) t0 duitxd
Cevyog ueto€v V' zav V. Emiong vmobétovpe OtL o teheotis B witopel
vo. enextabel oe évav tekeoti amd 1o J X V' otov V. Gempovue tihoa ™
ovupetourt dSuyoouuxy poowh a(+,-) : V-x V — R mov ogileton wg e&ng

a(v,w) = (A%, AY?w),

zaw yodgouue to (5.1.1) oty moandtm uetafolny noo@n: Zntodue wio
owvdpmon u(t) € V, t € J, tétowa dote

B(t,u(t)),v), YoeV, tel,

= (
5.1.2
( ) u(0) = u®.
Av Vj, évog memepoouévng dwdotoong wdxmog tov V, 1o avrtiotouyo
nudLoxELtd TEORANUa tov (5.1.2) eivar to €€ng: Zntovue pic cuvatnon
up(t) € Vi, t € J, tétowa dhote

(513) {a’(u;b(t)7X) = (f(tauh(t))7X)a VX S Vh, t e J,
Uh(O) :uha

omov ug € Vj, elvon uia doouévn moooéyyton tng u’. Emewdy Oéhovue

10 mEoPAue (5.1.1) mou pehetodue Vo eivol W GHOUTTO, TTOETEL VO
vrtobéoovpue ®koTdAAnieg ouvbrneg yio tov tekeoti B. T avtd to AOYyo
Bewpovpe axdpa to eEng Bfondntikd meofinua: Tw f € V' Tnrodue
v € V 1tétola wote

(5.1.4) a(v,w) = (f,w), Yw e V.

MMaaxdtw, oty ToRdyeowo 5.2, Ba dovue OtL autd To TEOPANUO €xeL
uta omuBadg Avon.  EvufoliCovpe ue T° tov TEAEOTH AOOEDS TOU *OL
Oewpovue uia woootyyion Iy : V. — Vi tov T. Adym TOU 0QLOUOD TwV
teheotdv T wow Tp, umogovue vo drotumtmoouvpe to ofijuato (5.1.2)
zaw (5.1.3) w0odvvopa otig eEfg avtiotoueg wopwes: Zntovpe u(t) € V,
t € J, tétoln wote

{ (W' (t),v) = (TB(t,u(t),v), YveV, tel,

(5.1.5) £(0) = o0
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rav: Znrovue up (t) € Vi, t € J, tétowa dote

(5.1.6) { (020 (th(t’“h(t))aX)a Vx € Vi, tE€J,
up(0) = up,.

Aglyvovue axopa ot 1 Aon uy tov (5.1.6) meooeyyiler ™ Mon u Tou
(5.1.1).

2T0 HEPAAOLO OVTO OUWG, ETUHEVIQMVOUUE TN UEAETN HOG OE TANQWG
dLomQLTE oyMUATa, TV omoimwv 1 Avon pooeyyiter T Avon u tov (5.1.2).
Mmogolue exoha va mogatnoroovue Ot to wEoPAnuo (5.1.6) eivon
éva. TEOPANUO. 0OV TWOV yia éva. ovotnua. ovvifov  dLopoonmv
eElohoewv. Kataorevdlovpe howwdv mpooeyyioels tov (5.1.6) omwg Oa
ROTAOHEVALOUE YO TO OHOAOVOO TTEOPANUO CQYXAOV TLMOV: ZNTOVUE Y :
J — R, tétol0 wote

(5.1.7) y' =fty), y0) =y, tel

omov f:J xR — R "Evag tdmog eivol va moooeyyiooupue v T g
Moewg y tov (5.1.7) oe dwamputd onueio Tov mediov opLopot g, J. Oew-
povue, AOWTOV uior ouotdpoeen dauéolon Tov daotiuatog J. Anhadn yio
N € N, bétovue k := % 10 0100ed yoovixd Prna wow " = nk, n =
0,...,N. Zntodue tote mpooeyyioerg Y™ € R tov y™ := y(t"), n =
0,..., N, oL omoieg WTOQOVV VO ROTOOKEVOOTOVV, TOQAIEYUATOS YXAQLY,
ue nebodovg Runge—Kutta, pe mohupnuotinés uebodovg M nar pe GAAeg
(B [39]). 'Etov howtdv wataoxevdCovue moooeyyioewg U™, U™ € Vj,
v up(t™), n = 0,..., ov omoieg Bo elvar TeEMxG TEOOEYYIOELS TWV
u" =u(t"),n=0,...,N.

Mio TaEwounon ov vidoyer oto oofiiuata g woeens (5.1.7),
Ywelg Oumg oopn uadnuotnd oQLopo, etvar o Gxauwto xotr un. O
Lo WELOUOS AVTOG TTOAAES QOEES WToEEl vor egunvevoel ylott uia néBodog
dtvel nolvtepo amotehéopato oo pio GAAN. Ov Hairer xov Wanner, fA.
[40], yagoxtneitovv 1o (5.1.7) wg draunto 6tav “ogiouéves memdeyuéveg
uéBodor mpoaeyyiLovv xalvtega T AVaN TOV TEOGANUATOS AQYLXOV TLUWY,
ovvijbwgs eEalpetind xalvtega, amd i o dueoes”, [40, Chapter IV, ogh.
1]. To mEOBANUE eTXeVTRMVETAL 0THV XOTAAANAY emthoyy Tov Priwatog k
wote N uéBodog va elvar amoivto evotadng. Avtd eEaogoliletor av 1
ATTOAVTN TLUN TOU YLVOUEVOU TNG XUQLOQXNG LOLOTUNG, A, TNG LOXMBLOVIAG
mg f, enl k, PBoloxetar yvnoimg uéoo otnv megLoyn omoluTng evotdbelog
mg uebodov, Ph.  [40, oeh. 17 wow 22]. Zwv mepimtwon mov 1 f
wavorolel ™ ouvvBxn tov Lipschitz, n otabepd Lipschitz tng f eivon wio
®OM) TQOOEYYLON TNG OOAVTNG TLUNS TNG A, €mteldn

|>\| ~ |||f(tay +U) B f(tay)m

(5.1.8) Toll ’
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omov pe ||| - ||| ovuBoAiCovue picn vOQUO OTO XMQEO TWV OUVOQTHOEMV
otov omoio avixer 1 Avon y tov (5.1.7), v elvar wio wEOOEYYLON TOV
Wrodtaviopatog g A xou ||[v]]| vatédinho wxd, Pr. [40, oeh. 23)].

H Mon uy, tov (5.1.6) amotehel mpooéyyion g Avong u tov (5.1.2),
wto ™y Eoiimobeon 6tL o A givor xotdhhnia wxed (Tedtaon 5.2.1).
Ozwpotue g axawpicr Tov (5.1.6) TOV TEQLOELOUO OTO %QOVIKO Briuol
k, dedouévov OtL TO h elvor wxQd, ®ote M TANEMS daxLty uébodog
vo glvar amohvta gvotabic. Ao tig vrobéoels (Y5.2.3) xon (Y5.2.4)
umogovue vo deiEovue ™ (5.2.15). Tlagatmoovue TOTE OTL AOY®D NG
(5.1.8) wropovpe va éxouvue wio extipunon yuo to wéyebog g amovTIG
TLWNG TG ®VELayMS LTINS TG toxmBlovig g 1 B, xabng »or ot
n emhoyn evog uwmeov h Oev emngedlel aQvnTxd v emhoyn tov k.
Suventdg wrogovue va xapoxtnoicovue to (5.1.6) wg un droumro.

Emewdn) Bewonoope 6tv to mmpdfhnue (5.1.6) dev eivon dmoumrto, dev
Y0eLACeToL 1 néB0dOG OV e@apudtovue vo. €xel xahég WOLOTNTES evoTaOeLag,
OTWG TOQAOELYUOTOG XAV A—eV0oTABELD, TOV £X0VV OQLOUEVES TTETTAEYUE-
veg nébodor Runge—Kutta. ‘Evo mAeovéxmmuo twv soAvfnuatimv uebo-
dwv oe oyéon ue Tg ueBddovg Runge—Kutta, elvar OTL yLo TOV VITOAO-
ywoud g U™, yoewdletat, to oy, vo Avoovue €va oVoTmue JTov €xeL
ouwdotaon m = dimV}, evo pe uio memheyuévn uébodo Runge—Kutta ¢
otadiwv, meémer va. Avoovue éva ovoTnua. dLGoTaoNg gm.  ALOKrQLTO-
moobpe ooy v (5.1.3) yonowomoudviag evotabels xoL Guvereic
dueoeg mohvpmuotinés nedddovg, rabag éxovue vobéoer OTL TO TEOPANUOL
(5.1.6) dev elvar Graumto. Avtég xoQUXTEICOVIAL amd dVO TOAMDVUUN

«, /83

q

(5.1.9) a(z) = Zozjzj, B(z) = Zﬁjzj.
j=0

J=0

O Aoyog mov emhéEope Gueoeg uebddovg eivar OtL elvar ALyoteo darovn-
0£g vmoloyLoTund omd TG €uueces. Opllovue, AOLTOY, TV onorovbia Twv
npooeyytoewv U™, U™ € Vj, tov "™ = u(t"), n =0,..., N, dw

q q—1
(5.1.10) Y a;a(U"H,x) =k > Bi(BE",U"H),x), Vx € Vi
5=0 Jj=0

Sty moQdyeago 5.4 omoderviovue GUyrALon tov mpooeyylioewv U™
otg u”. Av ot M u€Bodog OV XENOLUOTTOLOVUE €lval GUEST, AOY® TG
woogig tov meophiuatog (5.1.1), oe nGbe yoovind Pino yeeldleton va
Mooovpe évo yoaputkd ovoTnua SLEoTOONG M, EVA AV XONOLLOTTOLOOUUE
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uta dueon péBodo Runge-Kutta g otodimv mwoémer vo AMOCOVUE g YOOUUHEL
ovotiuato dudotaong m. ‘Etor av U™, j = 0,...,q — 1, yvootéc
mpooeyyioeg Twv u™ i = 0,...,¢ — 1, Yo va mEOodLopicovUE TV
Unte qorel vo MIOOVUE TO YQOUUXO OVOTNUC TTOV TTQOXVTTEL.  To
ovoTNUA VTS €xel uovadxn AVom, AOY® TV ROADV LOLOTHTMV TOV TEAEOTH
A. Emougvag ywa doouéva UY,..., U € V3, 1o UY,...,UN eivon
®nahd opuouéva. O vITOAOYLOUAS TOVg Oe Oev eival darovneog, yuati #xabe
oA MUVOUUE €va YOOUULXO GVOTNUO UE TOV (OL0 TTavTa TTivona.

ZTUG EXTLUNOELS OQPAAUATOC TTOV OTTOELXVUOUUE O QUTO TO KEPAAOLO,
vobétovpe OtL o (5.1.1) éxer povadwnn, aQretd opod Avon w. Mia
wrEN TEQIANPN ovTov TOV REQOAOLOV elvar N oxOAOVON: TNV TORAYQOPO
5.2 vnobétouvpe OTL WToEovUE vo. TEOoEYYioovpe ®Gbe otolyeto tov V' amd
tov V ue tdEn oxpifewag 7, (Y5.2.1). Ymobétovue andue T OxE0eLg
(Y5.2.2)-(Y5.2.6) »av pehetovpe 1o nudomotod moophnuo (5.1.6). Zto
TEAOC OVTHG TNG TTOQOYOAPOV OTTOOELUVVIOUUE TNV EXTIUNCT OQAAUOTOG,

T
max u(t) — un (1)) < O,
omov C' otabepd aveEdommtn tov h. Emv medyQago 5.3 ueletovue
¢va. amh0, GUECO HOVOPNUATIXG OYNUO, YLOL TNV TTEOCEYYLON NG AVOEWG
w tov (5.1.1), v dueon péBodo tov Euler. Avtd ocov pio elooymyn
™G avOiAvong AGUecwV TOAUPNUOTIXAOY Uedddwy. Emv mopdypago 5.4
Oewpovue o dueon mohvpmuotiny uébodo, taEewg p. TOTE, YO ROTAA-
AMheg agynés moooeyyioerg UC,. .., U1 non k, b xatdhnha wxod,
amodexviouue TV extiunon: Ymagyer otabepd C' aveEdomm twv k o
h tétola hote
max_|u(t") —U"| < C(k? +h").
0<n<N
Téhog 0TV TOQAYQEAPO 5.5 EPAQUOTOVUE QUTO TO QITOTEAETUO. OE TEOOEQA.
ovyrexQuuéva apadeiypata, otny eEiomwon tov Rosenau, o wio yevixeuug-
vn eElowon TUmov Sobolev, oe uia pevdomapafoliny} eElowon xar oe éva
ovoTNUO eELOMOEwVY TUITOV Boussinesq.

5.2 ITIPOKATAPKTIKA KAI TO HMIAIAKPITO NIPOBAHMA

OewEovue [ia owoyévelo voymewv { Vi }op <1 TOV V, memegoopnévng
dudotaong. Av u eivor Aon tov (5.1.2), tnrovue wio ovvaonon uy () €
Vi, m omoio va mwpooeyyiler ™y u(t), ywo xdbe ¢ € J, now va givar Adon
tov mopMiuatog (5.1.3). 'Eotw uf wio xatéhnin moootyyion g ul
o tov Vj, tétowa tote

(5.2.1) [u® — ul| + h?2||u® —ud|| < ChT,
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omov 7, d elvar dvo axépatol tétoor wote 2 < d < 7 xaw C otabepd ove-
Edotntn tou h. TIQuv TEOYXWENCOUUE 0T HEAETN CUTOV TOU TEOPANUOTOG,
Bo pedetioovpe to BonBntrd mEdPAnua (5.1.4). Avtd Oa pag Bondroet
Vo dtaturtdoovue éva TEoPANUo toduvapo pe to (5.1.2), pe ™ Porbeia
tov omotov Ba amodeiEovpe, vd TV TEOUNMOOEON OTL 0 B trovomolel
OQLOUEVES OUVOTHES, TNV EXTIUNOM YLOL TNV NUOLOKOLTY TTOQOCEYYLON Up,

— < T
r{lea}du(t) up(t)] < Ch".

Amd v amddelEn avtig tng extipwnong o mwdgouvue uio yevom yia v
Toeto. TNG artOdELENG NG OVTIOTOLYNG EXTIUMONG OTa TANEMS OLOXQLTA
oynuaTo.

Oewpovue houtov to meoAnua (5.1.4). Eivow mogavég ot 1o af-,-)
eivar éva eomteomd ywopevo otov V. Emmhéov o (Via(-,-)) eivon
TAnong, Omiadn elvar ywoog Hilbert, nat euguredetar ovvexmg otov H,
B., qeQ’ eureiv, [28, Chapter VIIL, §3, @edonua 13]. Emouévwg, vedoyel
utor otabepd ¢ > 0 tétolo wote

ol < clloll, VoeV,
(5.2.2)
[oll, < ¢lol, Vo e H,
omov || - ||, m vooua otov V'. Edugwva howmov ue to Bedonua ovosta-

000TdoEwg TOov Riesz, M Aon v tov meofiiuatog (5.1.4) eivor xohd
opwopévn.  Zvpforitovue we T, T : V! — V, Tf := v, tov teheot
Moewg owtov Tov meofAiuatog. Ioyvelr emouévewg OTL,

(5.2.3) a(Tf,w) = (f,w), YwelV.

Av tdhpa Oécovpe w =T f omv (5.2.3), éovue

ITFI1? = a(Tf,Tf) = (f,Tf) < IfI TSI,
apa
(5.2.4) ITfl < £,

2 ovvéyelo Bewpodue To dlaxQLtd avaioyo touv meophinatog (5.1.4).
Anady v f € V', tytovue vy, € Vy, tétown wote

(5'2'5) a’(vhaX) = (fa X)a Vx € Vp.
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To mEOPANUa auTo elvar LOOdVVOUO HE £vo YOOUULXO OVOTNUA UE TETQOYW-
VG TTivone. OEmEMVTOG TO OVTIOTOLO ouoyevés ooBinuae a(vy, x) =0
rnor BEToviog x 1= vp, Omiotwvoune auéomg Ot vy = 0. Svvemmg
0 ovomua (5.2.5) éyer povadixy Aon. OQiCoupe OOV TOV TeheoTH
Moewg Ty, tov (5.2.5), T, : V! — Vi, g Thf := vp. loxver emopévog
v wébe f e V!

(526) a’(Thfa X) = (.fa X)’ VX € Vh-

Emeldn n Ovyooptnyy Loeen @ elvol OUMUETOLXY, WTOQOUUE VO TAQATN-
ofoovue OtL 0 T} eivar avtoovluyng tedeotis. ‘Etot, Myw g (5.2.6),
éyovue

(527) (Th.fa g) = a(Thfa Thg) = (fa Thg)a Vfa g€ V.

Axdua B¢toviag x = Tp f omy (5.2.6) Aaupdvovue

(5.2.8) ITnfIl < £

OpiCovpe 0t ovvéyele tov Teheot g “eAhelmtrinic” mEoPolig otov
Vh, Rh V= Vh, wg

(5.2.9) a(Rpv,x) = a(v,x),  Yx € Vh.

O teleotig mooPoing Ry elvar xohd oplopévog yua Toug (0Lovg AOyous
mov eivor xor o Tedeotig 1.  Zwmv avdlvon ogdiuatog mov Oa
©navovue 0TO VITOAOLTO QUTOV TOV *e@UAaiov Oa XEELOOTOVUE OQLOUEVES
TEOOEYYLOTIXEG WOLOTNTES Yo TV “elhewttiny)” mooBoh Ry. Ymobétovue
Aoudv To eEnfg:

YroOeon 5.2.1: H Rpv eivor pio moooéyylon g v TaEewg 7. ZUYKEXQL-
UEVQ, YLO. OQUETA OUOAY CUVAQTNON ,

(Y5.2.1) lv — Ryv| + h¥2|lv — Ry < N(v)h",

omov N(v) eivoar @ooyuévo av pic xatdhnkn vooua g v eival
PQOYUEVN.

YroOeon 5.2.2: Ynapyer otabepd C, aveEdomt tov h, Tétola cote,

(Y5.2.2) lv — Rpo| < ChY?|v||, Vo€ V.
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AT6 tov oguopd tov Ry, (5.2.9), o g (5.2.6), (5.2.3), dommiotdvoupe
opéomg OtL

(5.2.10) T, = R, T.

Enopévwg av n T'f elvor wion ogretd opohy ovvdomnom, tdte amd Tig
(Y5.2.1) non (5.2.10) éyovpe

(5.2.11) Tf = Tuf|+bY2Tf = Thf| < N(TFRT,
xow and g (Y5.2.2) »ow (5.2.10)
(5.2.12) ITf—Thfl < CRY?|Tf|, VfeV'.

IMagotnoovue howtov otv n Ty f elvon wio moooéyyion g T'f, tdEemg
d/2 W oxduo xou T g TEOS TN VOQUA Tov xmeov H, avdloyo pe v
ouohotnta g T'f.

‘Exovtog opioel mAéov tovg teheotés T now T, WTOQOUUE VO OLATUITM-
covue ta weopiiuata (5.1.2) xav (5.1.3) wodvvaua otg poopés (5.1.5)
znav (5.1.6), avtiotouya, ue ug € V), TéTol0 DOTE VO LXAVOTTOLELTAL T
(5.2.1).

Svuporitovue we W(t) := Rpu(t), »on ue o(t) := u(t) — W(t)
vioo ®d0e t € J. Emiong av ¢ ouvvdpinon ogwouévn oto oudotnuo J
ovupohritovue we O (1) my %go(t). Emeldn 1 duypauuxi woo@n a givat
aveEdomm tov ¢, and mv (Y5.2.1) xav tov ogwond g mofoiic Ry,
(5.2.9), etxoha wmopovue va extyoovue ™y o), £ = 0, 1,... oug
vogues |- | wau |- .

Aupe 5.2.1: ‘Eotw u agxetd oualiy Aon tov (5.1.2). Tdte vadoyovv
otafepéc Cy, £ =0, 1,..., aveEagptntes Tov h, TéToLegs dote

(€) < r
max | ()] < Gl

(5.2.13) £=0,1,....
(0) < r—d/2

max | o) ()] < Cel™= 2,

Amodersn: Ebnola mogatnoovue OtL
dZ
a(Rhu(Z) (t)7X) = a’(u(l) (t)7X) = Wa(u(t%X)

5.2.14 d
( ) = WG(RhU(t),X)

= a((Rpu(),x), V¥x € Vi
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Suveng, Moyo g (Y5.2.1), éxovpe ™y (5.2.13). N
Yno0eon 5.2.2': "Eotw ||| - ||| wio vooua otov Vi, nav Betinég otobegés ¢

®nou d 0veEGTNTES TOV A TETOLES (OTE

(v5.22) |l < ch~Yxll, YxEVi v r—d/2—d>0.

Ottovpe tpa G = {x € V, : It € J|||W(t) — x||| < 1} =
M = {x € Vi : 3t € J|u(t) — x|| < 1} = vrobBétovpe yo TOUG
teheotéc B naw T'B 1o €Eng:

YroOeon 5.2.3: Yndoyer otabepd Lq, aveEdotntn tov ¢ xor h, tétola
woTe

(Y5.2.3) ||B(t,v) — B(t,w)||, < Li|lv —w|, Vv,we G, Vtel

YroOeon 5.2.4: Yndoyer otabepd Lo, aveEdotntn tov ¢ xour h, tétola
woTe

(Y5.2.4) |TB(t,v) — TB(t,w)| < La|v —w|, Yv,we G, Vte.
Adyo tov (5.2.12), (Y5.24), (5.2.4) »on (Y5.2.3), yuo v,w € G éyovue

T}, B(t,v) — T B(t,w)| < |(Th — T)(B(t,v) — B(t,w))|
+ |TB(t,v) — TB(t,w)]

< Ch?||T(B(t,v) — B(t,w))|| + La|v — w|

< Chi?||B(t,v) — B(t,w)||, + La|v — w|

< Lalv — w| + CL1AY?|jv — w]|.

Anhadn, vmdpyer otofeod L, m omolo eivor oaveEdotntn twv ¢ xou h,
TETOLO. MOTE Yo v, w € G,

(5.2.15)  |TwB(t,v) — Ty B(t,w)| < L(Jv — w| + h%¥?|jv — w]|).

Yrobétovue oxduo ta eEng: o wion anetd opoly ouvaptnon v,

YaoOeon 5.2.5:

(Y5.2.5) max || B(t,v) = B(t, Ryv)ll, < N (v)h" =42,
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YaoOeon 5.2.6:

(Y5.2.6) max [TB(t,v) = TB(t, Ryv)| < N(v)h".

Smov N (v) elvar goayuévo av uia xatéAnhn vépue ™ v elva
PQOYUEVN.
Adyo tov (5.2.12), (Y5.2.6), (5.2.4) »ow (Y5.2.5), éxouvue

|Ty B(t,v) — Ty B(t, Rpv)| < |(Th — T)(B(t,v) — B(t, Ryv))]
+|TB(t,v) — TB(t, Ryv)|
(5.2.16)
< ChP||T(B(t,v) — B(t, Ryv))l| + N (v)1"
< Ch"2|[B(t,v) — B(t, Ry)|l, + N(o)h"
< CN(v)h'.
Hogatnonon 5.2.0: H vaobeon 6t Vi, C V' dev elvor avoyxraio yo
™mv ovéivon mov axolovbel.  Mmogovue Vo YONCLUOTOOOUUE Evav
Yo moooéyylong Vj, Q V' tpomomoumvtag ®atdAANAo TOV 0QLOUO NG

“eneuttnng” eoBolis Ry, 10 otvoho M wow tig wobéoes (Y5.2.5)
nor (Y5.2.6).

Yrobétovue axdpa yioo tov teheot B xaw ) hvon u tov (5.1.1) to €€ng:
Yné0eon 5.2.7: '‘Eotw 6nw B € C(J x V; V') naw u € C(J; V).

Ao v vrdbeon 5.2.7 xow v (5.2.8), moatmoove Ot
(5.2.17) T,B € C(J x V; V).

B0 deiEovue TR VTOEEN TG Moewg up tov (5.1.3).

Afppa 5.2.2: Yadoyer hg > 0 térowo dote yia xabe h € (0, ho) vadoyet
Aon up(t) € C(J;G) tov (5.1.3). Axduo vraoyet otabeod C aveEdotny
Tv up, 2ot h Tétolo wote

(5.2.18) max [[W (£) = un (1)]] < Chr—1/2,

ArddeEn: Adyw g (5.2.17), vrdoyer domua [0,t), 0 < t < t*,
tétolo hote 1o ovotnua (5.1.6) va éxev hon up, € C([0,t4); V), Bh.,
mopadeiynatog xaowv, [23, Theorem 6.1.3, Chapter 1]. Agov ta cvotiuota
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(5.1.6) »av (5.1.3) eivon woodUvaua, M up omotedel xar AYon Tov ov-
otuatog (5.1.3).  Amd v wmobeon 5.2.7 1o mar TO yEyovog Ot
up € C([0,t4); V) émetan ot vmayer tp, 0 < tp < tp,, TéT010 (DOTE

Jun (t) — un(0)]| < CA™=42 ya
lu(t) = u(0)| < Ch™=2, vt € [0, 1),
omov C' eivar n otabepd g aviedmrag (5.2.1), omote Aoym g (5.2.1)
(5.2.19)  |lu(t) —up(t)|| < 3Ch™~¥2, Vi e [0,8), 0<itp<tp.
Svugove tooa ue g (Y5.2.2'), (5.2.13) non (5.2.19) éovue oL
W (#) = un (@)l < CR™W () — un (B)]]
< Ch™(|lu(t) — un ()]l + llu(t) — W (#)]))
< Chr—d/Z—J.
Yrdapyer howtdv hy € (0,1] tétowo dote ywa #abe h € (0, hq]
W (@) —unlll <1, ¥t € [0,).

Aga up(t) € G, yia #ébe t € [0,15). Oa ovupohicovue THoa e [0, %),
0 <t <t*, 10 ueyahiTeQo dLGoTNUO O0TO OTTOLO VITGEYEL Avon

(5.2.20) un € C([0,11); G)

tov ovotiuatog (5.1.6). 'Eotw thoa ¥ = W — up. Stpugove pe TG
(5.2.14), (5.2.9), (5.1.2) non (5.1.3), éxovue v t € [0,%p)

a(¥',x) = a(W' —up, x) = a(u’, x) — a(uy, x)
= (B(t,u) — B(t,un),x), Vx € V.

O¢toupe x = ¥ OTV TEONYOUUEV) OyEon, omtoTe yia t € [0, 1)

5 I < (18(,) - BG, W,
+ B, W) = B(t,un)||,) 9]

< O(||B(t,u) — B(t, W)

I

+ 1B, W) = B(t,un)lI) + 191

(5.2.21)
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H (5.2.21), Moym xow tov (Y5.2.3) »av (Y5.2.5), diver

| &

(5.2.22) WE)I* <o) +r>r=%), vtelo,t),

N —
IS8

t

omov n otabepd C givon aveEdoTntn Tv 9, th xou h. Egapudtovue oty
(5.2.22) 1o Muua tov Gronwall oto dudotnua [0,%], ¢ < tp, xor Adyw
tov (5.2.1) won (Y5.2.1) éyouvpe

max [9(s)|I” < (J9(0)]|” + 2Cth? =4) 2t < Cp2r—d
s€|(0,t

ue C aveEdomnTy Tov t. Emouévog
(5.2.23) 19@)]1? < Ch¥ =, Vte[0,1), Vhe (0,hy],

H T,B eivar goaypévy oto J x G, Myw mg (5.2.17), omov pe G
ovpBoAiCovpe ™V xhewototnto. tov G g meog ||| - |- Sopgova pe to
[23, Theorem 4.1, Chapter 1], vdoyer 10 6QLO limt_);; up (t) = up(ty).
Adyo tov (5.2.23) xav (Y5.2.2"), vrdoyer he € (0,h1] ooxetd wxgo,
o0 dote up(ty) € G, yo xabe 0 < h < ho.  Tote, Baoer Tov
TEOAVOPEQDEVTOC DEMENUOTOS UTTOQOVUE VO ETTEXTELVOUUE CUVEXMS TN AUon
Uy 0TO OLAOTNUOL [O,tNh + €) v xdmowo £ > 0, mov Guwg eivar GToTo
AOYW NG VdOEoNS TOV KAVAUE LU TO th. SUVETHOS v béoovue hg = ho
TOQOTNEOVHE OTL vIdyer Mon up tov (5.1.6) oto J, ue up(t) € G, yo
nwGbe h < ho, t € J. Emopévog n (5.2.23) wyver ywo xabe t € J non
h € (0, hp], omdte hoyw g (5.2.13) éxovue v (5.2.18),

u(t) — up(t)|| < CR"=2, Vte J, Vhe (0,h,

ue otabepd C' aveEdommm tov ¢ wow h. W

Anupe 5.2.3: Yrdoyet hg > 0 térowo dote yia xabe h € (0, ho] vdoyet
uovaduwa) Avon up(t) € G, t € J, rov (5.1.8), xau

(5.2.24) lu(t) —up ()| < Ch=2, te
Amodedn: Zohupmva pe to Anuuae 5.2.2, vrdoyer hg > 0, tétolo mote
v x40 h € (0, ho] vaoyer Mon up(t) € G, t € J, tov (5.1.3). Av n

Moon up, Oev elvar povadiry, Tote Bo vITdEyoUV

(5.2.25) uh,l(t), uh,g(t) eEG,teJ,
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d00 drapoetinég Aoelg Tov (5.1.3). 'Eotm vp, = up,1 — Up,2 N OLOGOQC
tovg. H vy wavomolel Aowmdv tn oyéon

a(U;L’X) = (B(tauh,l) - B(tauh,2)aX)a VX € Vha Vit e J.

Ottovue Y = vp(t) omv monyovuevn oyéon, omdte, Aoyw tov (5.2.25)
xov (Y5.2.3), éxovue vy nabe ¢ € J,

1d

5%“““””2 <|IB(t,un1) = Bt,un2)|l Jon (@) < Clloa(®)lI.
SVVETTMG
(5.2.26) max [|vn ()| < Cllon (0)]]-

Emedn up,1 ®OL up 2 €lvor AOELS TOV 010V TEOPANUOTOS OQY XMV TLUMY,
(5.1.3), éxovue

vp(0) = up,1(0) —up2(0) = u?b — u?b =0.

Emopévog, Moyo g (5.2.26) éxovue 6TL up1 = up,2. Anhadn vmaQye
ho > 0, tttowo dote vy xabe h € (0,hy] vEdoxer povadixyy Avon
up(t) € G, t € J, ov (5.1.3). Adyw thoa twv (5.2.18) xav (5.2.13)
gyovue v (5.2.24). W

Afppa 5.2.4: Yadoyer hy > 0 térowo dote yia xabe h € (0, hy] vadoyet
uovaduwx) Avon up, € C(J; M) tov (5.1.3).
Anddeln: Zoupova pe v (5.2.24) vrdoyer povadwn up € C(J;G)
Mon tov (5.1.3) vy v omoia woyveL GTL

lu(t) — up(t)| < Ch =2, VteJ, Vhe (0,ho).
Mmogovpe Aowtdv va emhéEovue éva hy € (0, hol, étou dote
lu(t) —up ()| < Ch™42 <1, Vield, Vhe (0,hy].

Anod up(t) € M, ya xabe t € J. B

Hagationon 5.2.1: Ze avti mv madyoago 1 (Y5.2.2") yonowwomoteiton
yoo v omodelEn g (5.2.22) xow tov Afuuatog 5.2.3. Av ou (Y5.2.3)
xow (Y5.2.4) wyvovv oe éva peyalutego vooivoro tov V, tétolo dote
10 wEoPMua (5.1.3) va éxev Mom up, OV Vo aviixel 0g ouTO YL e



160 KEDPAAAIO 5. AKAMIITEY AIA®OPIKEZ EEZEIZQZEIX

t € J, énwg magadeiynatog xdowv oto M, téte TO omoTeEAéoUATA TNG
TOQOYRAPOV 2 LovoUV ®ow YwEig T vitdBeon (Y5.2.27).

Hogatijonon 5.2.2: Adyw twv (5.2.6), (5.2.14), (5.2.9), (5.1.2) »ar tov
veYovoTog OTL M @ elval CUUUETOLXY SLYQOUUKTY LOQ@T, TTaQATnEOvUE OTL
((Bnu(t)', x) = a((Ruu(t))', Thx)

= a(Rpu'(t), Trx) = a(u'(t), Thx)

= (B(t,u), Trx) = a(TpB(t, u), Thx)

= (TpB(t,u), x), Vx € Vi, t € J.

(5.2.27)

Mootaon 5.2.1: Av 5 Adon u tov meobijuazos (5.1.1) elvar aoxetd
ouarij xav up n Avon tov (5.1.8), téte vadoyer hy > 0 térowo wote ya
xabe h € (0, h1], va wyde

(5.2.28) max |u(t) —un(t)| < Ch".

Amodesn: Zougpwva pe 1o Anupo 5.2.4 vrdoxer hp > 0 tétowo mote
v #60e h € (0,h1] 1o (5.1.3), o »atd ovvémewo to (5.1.6), va éxe
wovadwn Aon up € C(J; M). "Eotom 1o @ xor ¥ OTmg Tonyouuévme.
Adyw tov Anppatog 5.2.1 v va deiEovue v (5.2.28) apxel va
extuoovpe ™y 9 omy voouae |- | And g (5.2.27) za (5.1.6)
éxovue, Yy x € Vp,

(/19’, X) = (W, - U;” X) = (ThB(ta U) - ThB(ta uh)a X)
Oétovpe x = 9 omv mEonyovuevn oyéon, omdte, AOyw TOu ANUUOTOS

5.2.2 nou tov (5.2.16), (5.2.15), (5.2.13) =ow (5.2.24), éxovue o xdbe
tedJ

S [0 = (ThB(t,u) — ThB(t, up),?)
<|TwB(t,u) — T B(t, W)] |9]
+ [ThB(t, W) — T B(t, un)| ||
< CH[d| + C19|* + ChY2 |9 |9
< (|0 + n™).

XENOLUOTOLHVTOS T TOo AMjuua Tov Gronwall 1 oQaTdve avieoT T
OlveL

max [d(t)| < C(|9(0)] + h7).

Emouéving Aoym tov (5.2.1) zau (5.2.13) houpavovue to Tntovuevo. M
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5.3 [IAHPQX AIAKPITA XXHMATA:
H AMEXH MEOOAOX TOY EULER

e auth ™MV Tadyeago Bo ueheTioovue TV oTAovoTeEQN Gueon uébodo
yuo T dromgrromoinon g (5.1.3) wg weog to xedvo, ™ uéBodo tov Euler.
2ty eméuevn TaAyEopo 00 YEVIXEVOOUUE TO. OTTOTEAEOUATA UEAETMVIOG
AUECO. TTOMIPNUOTLXE OYNUATOL.

‘Evog amhdg TOOTOS VO KOTOOXEVAGOVUE TTEOOEYYIOELS TG AVoews Y
oV TEOPMNOTOS aQywmdv Ty (5.1.7) elvar va egaguocovue Ty dueon
uébodo tov Euler. Osmwpovue AOWTOV Uic OUOLOUOQEN OLAUEQLOT TOV
dwotuatog J. ‘Etor yio évav guowmd aoilpnd N, Oétovue k = %
10 Pruo g dwopéoong waw tT i= nk, n = 0,...,N. Axduc yio uio
ouvaETON (p, opwouévy oto dudotnua J, Bétovpe " = (") xou Yo

00, ..., vV € R 0a yonowomotovue 10 ouuBolopd

Un+1 — "
W=, n=0,... N-L
Kataoxevafovue howdv mpooeyyioewg Y mg y™ = y(t"), n =1,..., N,
wg €&

(5.3.1) oY" = f(t",Y"), n=0,...,N —1,

omov YO = y(0).

Ementeivovue tioo avdloyo 1o ovupohoud Ov™ oe otouxele TOu
xhoov Vi, dromortomotovue v (5.1.3) ovugmva e to oxfuo (5.3.1)
rnor pehetovpe tig moooeyyioelg U™ tov u, n = 0,..., N, mov ovtd
otver. Zntovue howtov U™ € Vi, n=0,..., N, tétola wote

a(0U™, x) = (B{t",U™),x), Vx € Vp, n=0,...,N — 1,
(5.3.2) O — o
_uh7

N L00dVvapuoL

U™, x) = (T B(t™,U"),x), VX € V4, n=0,...,N — 1,
(5.3.3) o
U = U’h’

ue uy € Vi mov va wavorotel vy (5.2.1). Ov U™, n=0,...,N, eiva
xnahd oplopéveg amd to oynua (5.3.2), ywti, yw doouévo U™ € Vj,
10 U™ eivar m povadu Aon evog yoouumoy GUOTAUATOS UE TTEVOXA
ovppeTod xou Betivd 0QLoUEVO, Adyw TV WOLOTATOV Tou Teheoth A.
Zn0omog pag elvar va delEovue EXTUUNCELS TOV OQAAUOTOS TTEOGEYYLONG TNG
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u” oo mv U”, n =0,...,N. Zoav éva evoldpeco Pino Ba deiEovue
ovvémelo. tov oynuatog (5.3.2) vy v “ehewttny” mpofory W tng
Mong u tov (5.1.1). To opdhua ovvérmewag E™ tov oynuatog (5.3.2) yua
v W diveton amd

(5.3.3) E" = 0W" — T,B(t",W"), n=0,...,N—1.

Oa extipuioouvpe howtdov to E™ otig vooues || - || o | - |

SvpporiCovue pe | - |, TNV OTOAUTY TUU €VOS TEAYIATIXROU aQLOLOY.
INa pio oretd opodn TEOYUOTWMTY CUVAQTNON v, AOY®W TOU OEmENUOTOC
Taylor, mopatnoovue OtL:

(5.3.4) max [0t — o™ — ko' (#7)|

< 2 "
0<n<N -1 abs = Ok I{lg}lv )

abs*®

Adyow routov tov (5.3.3), (5.2.9), (5.2.6) xav (5.1.2) éxovue yio x € Vj,
waun=0,...,N—1,

ka(E™,x) = a(W"" —=W", x) — ka(T, B(t", W"), X)
= a(u™ —u" — ku'(t"), x) + ka(u' ("), x)
(5.3.5) —k(B(",W"),x)
=a(u™tt —u"™ — ku'(t"), x) + k(B(t", u™)
— B({t",W"),x).

Emopévag, emhéyovtag x = E™ omv maomdve oxéon, Aoyo tov (5.3.4)
wan (Y5.2.5), o n=0,...,N — 1, éovue

FIE™ || <l —u” — k' (t)]] + K1 B(", u™) — B(", W),
< Ck(k+ hm=12),

ue otabepd C' aveEdomtn tov k xou h. Zvverndg

3 n|| < r—d/2 )
(5.3.6) pmax |E™|| < Ci(k+h )

2t ovvéyewo ue moouolo TEdmo Bo extiunoouvpe to opdiuc E™ ot
vooua | - |. Emdéyovrag howtov x = TRE™ omv (5.3.5), Aéym g
ovupeTolag ™G Styoouuig noeens a xow twv (5.2.6), (5.2.14), (5.1.2)
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rav (5.2.7), éxovpe, yvo n=0,...,N —1,
ka(E", ThE") = —(o"*! = 0" — ko'(t"), E™)
+ (u"tt — " — k! (1), B™)
+ k(W' ("), E™) — k(T B(t",W"), E™)
= (" = 0" — ko' (t"), E")
+ (u"tt —u™ — kd (£, E™)
+ ka(W'(t"), T, E™) — k(T B(t",W"), E™)
= (" = 0" — ko' (t"), E")
+ (Ut —u™ — kd (£, E™)
+ kE(B(t",u"), ToE™) — k(T,B(t",W"), E™)
= (" = 0" — ko' (t"), E™)
+ (u"t —u™ — k' ("), E™)
+ k(T B(t",u") — TR B(t™, W™), E™).
Emouévg Moym twv (5.3.4), (5.2.13) »av (5.2.16) éxovpe ot
KIE™ < [o"* = 0" = ko' (t")] + [u"*! — u” — ku'(t"))]
+ k|TpB(t",u™) — TR B(t", W")|
< Ck(kh" +k+h") < Ck(k+h"),

ue otabepd C' aveEdom tov k xou h. Zvvendg

(5.3.7) max |E"| < C’(k + h’").
0<n<N-1

Me ™ fonfela TV EXTLUNOEWV TOU O@AAUOTOS OUVETELQS YLOL TNV
“eeuttn)” wooBorhy W, (5.3.6) »au (5.3.7), 6o deiEovue TO %0QLO
OTOTENEOU. QUTHG TG TTOQAYQAQOV, TN GUyrALon TG webodov (5.3.2).
Mooétaon 5.3.1 'Eotw dt ny Aoy u tov meobijuatos (5.1.1) elvaw agxeta
ouali, h eivar aoxetd wixod xaw k = o(h?). Téte yia g moooeyyioeig U™,
7ov divovrar amd v (5.3.2), vadoyer otabeod C, aveEdotnty tv k xau
h, tétola wote

(5.3.8) max_||u" —U"|| < C(k+ hr_d/z)
0<n<N

xau

(5.3.9) max_|u” — U"| < C(k+ h").

0<n<N



164 KEDPAAAIO 5. AKAMIITEY AIA®OPIKEZ EEZEIZQZEIX

émov d diverar amd tyv vdeon (YZ).

Amddeén: Oétovue 0" == u" — W™ o 9" = W™ -U", n=0,...,N.
Todgovue Aowtdv 1o opduo wg u™ —U™ = o™ +9™. Tw va deiEovue Tig
(5.3.8) non (5.3.9) apxel va extipunoovue Tig " xon Y OTIG AvTiOTOUXES
vopues. opgovae ue my (5.2.13) éxovue

n d/2) n < T
(5.3.10) Jmax (lo"|+hY=e"l) < Ch".

Emopévog agxel vo extipuioovue my 9. Adyw tov (5.2.1) zau (5.3.10)
wroQove Vo apatnEioovpe OtL tdoyel otadepd Chyy aveEdotn tou h
TETOLO. (DOTE

(5.3.11) 19°] + h4/2||9°|| < C\ih”.

Svugove pe g (5.3.2), (5.3.3) naw (5.2.6) éxovue v x € Vi nan
n=0,.. N1,

a(9" 1 x) = a(9", x) + K(BE",W") = B(t",U"), x)

5.3.12
( ) + ka(E™, x).

‘Eotw Lj 1 otabepd oty aviodtta g vedbeons (Y5.2.3), C n otabepd
oty ovioomra (5.3.6) now Chye m otabepd oty aviodmra (5.3.11).
©¢tovue ¢ := max(1+ Ly, Cy, Cyx), non Oa delovpe emoywyind g mog
n 0Tl

(5.3.13) 197 < cu(k4+Rh""%2), n=0,...,N,
ue
(5.3.14) cn=c(l+ck)", n=0,...,N.

Elvar mpogavég 6tL vdoyer otabepd C' aveEdomm twv £ xou h tétol
woTE

(5.3.15) max_c, < C.
0<n<N

ASyw howtov g (5.3.15), av wyver n (5.3.13) éxovue oL

(5.3.16) |07 < C(k+h=¥?), n=0,...,N.
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S ovvéygelo vobétovpe Ot k = o(h?) now 6T A eivol agretd wxo,
MOTE VA, LOYVEL

(5.3.17) CO (kb= + n=42=7) < 1

smov C xan C elvan ov otadeoéc Tov (5.3.16) xon (Y5.2.2'), avriotou.
Adyw 1o g (5.3.11) 1 (5.3.13) wyver yio n = 0. ‘Eotw 6w n
(5.3.13) wyver ywo wdmowo n, 0 < m < N — 1. And ™y emoywyw
woeon non g (Y5.2.2") won (5.3.17) éyovue 61t

(5.3.18) U" ed.

Sty eElowon ogdipatog (5.3.12) emhéyovue x = 971, omote Aoyo Twv
(5.3.18), (Y3) »av g emayoywig vdBeong éxovue OTL

[0 < 9™ + B BE™, W™) — BE", U)||, + k| E"||
< (L+ Lik)[|9"]| + K[| E™ |

(cn + (Licn + Ck) (k + h"=4/2)

(Cn + co(1 + L1)k) (k + h"=2)

(cn + cnck)(k + hr_d/z)

(1 + ck)" T (k + h=9/2).

IN

(5.3.19)

IN A

IN

Emouévoog 1 (5.3.13) wyver yio m 4+ 1, xav Goa n (5.3.13) woyvel
vy n =0,...,N. Tmv eElowon opdainatog (5.3.12), emhéyovue T
x = Tp9" !, ondre Aoyw ng OVUUETQLOG TNG OLYQOUULKNG LOQYNS @, TV
(5.2.6) »ou (5.2.7) érovue

(9L 9ty = (9™, 9" + k(TR (B, W™) — B(t",U™)),9" )
+ E(E™, 9" ).
Xonotpomoudvrag o tg (5.3.18), (5.2.15), (5.3.16), xav (5.3.7) oty
TOQATTAVMW Oxéomn €xovue OTL
9" < 97| + K| T, B(t", W") — T, B(t",U™)| + k|E"|
(5.3.20) < (1 + Lk)[9"| + LERY2||0™|| + k| E™|
<(1+Lk)9"|+C(k+h"), n=0,...N—1.

Ao ng (5.3.20) nou (5.3.11), ue 10 SramELtd Ajuuo tov Gronwall,
gvnoha Aappdvovue OtL

(5.3.21) max_[9"| < C(k+h").
0<n<N
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Emouévag amd mv (5.3.21) xow mv (5.3.10) maigvovpe v (5.3.9). W

Hagatijonon 5.59.1: my Hedtaon 5.3.1 vwobétovue ot k = o(h?) dote
ue ™ yofon mg (Y5.2.2") va eEaogaricovue ot U™ € G (BA. (5.3.18))
v va ggaguocovpe ™y (Y5.2.3) omv (5.3.19). Amo mv (5.3.16)
WIToQovpe Vo TaQaTNENoovUe OTL Yo k ot A xatddinio wxed U™ € M.
‘Etor av ot (Y5.2.3) nav (Y5.2.4) wyvovv oe éva ueyohitepo 0vvoro,
maadeiyuatog xdowv 1o M, tote Oev xpeldletal xndmwolo ovvOixn yia to
Ek, ovte wow m vdbeon (Y5.2.2").5.4

5.4 [TAHPQX AIAKPITA XXHMATA:
AMEZEX ITIOAY BHMATIKEX MEGOAOI

Ze autn TV TEGYEaqo Ba ueAeTioovUE £va TANOWS SLOKOLTO oYU
YL TV TTEOOEYYLON TG Moewg Tov (5.1.1) oty megittwon mTov SLoxQLTo-
mototpe ™y (5.1.3) wg mEOg 10 ¥oOVo pe pia Gueon g—Pnuatiey uéBodo.
Sty Heotaon 5.4.1 amodewviovue BEATLOTH TAEN oTLg vopueg || - || »au
| -], yio v extiumon o@diuatog g uedddov.

To v mEooéyywon g AVoewg TOu TEOPAMUOTOS CQYLKMV  TULDV
(5.1.7) vmapyovv morrég uébodor (BA. [39]). Mia xatmyopio eivor ot
dueoeg ToAMPNUOTIRES UEOOOOL, TTOV TEQLYQAPOVTOL WG EENG: Bemwpovue pio
dwouéolon tov J Omwg oty mopdyeago 5.3. Me uila dueon g—Pmuatixn
weBodo rataorevdLovpe mpooeyyioes Y™ g y" = y(t"),n =gq,..., N,
g €ENG:

q q—1
(5.4.1) > Y™ =k Bif(t"H,Y"), n=0,...,N —q,
§=0 §=0

omov aj, j = 0,...,q, wow B, 7 = 0,...,q — 1, doouéveS TQOYUATIAES
otafepéc nav YO ... Y971 Soouéveg moooeyyioeig tov 40, ... a7t
Oewpovue Aowdv pio dapéoon tov J Omwg otV Topayaqo 5.3 Hal
uta g—Pnuotieyy wébodo. Me a xar B cvuBorilovue Ta TOAVMVUUA TTOV
divovtan oty (5.1.9). Ymobétovpe otv n uébodog (5.4.1) eivon gvotabdig,
wavorotel dnhadi ™ ouvdixn tov Ewdv (BL., Moyov xdowv, [39, oeh.
380]:
<L

Av 2y elvar 0ia Tov a, TOTE |20,

(5.4.2) Sty meplmTwon wov zg eivar moAlamdi pia Tov «,

T0Te | 20| 1 < 1,
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OmoV | - |,ps TO WETQO eVOC myadwov agbuov z € C. Axdua vmobétovpe
ot M pébodog (5.4.1) éxev 1N p € N (BL., magadeiynatog xdowv, [39,
oeh. 370, Theorem 2.4]:

(5.4.3) C;=0, j=0,....p, Cpp1 #0

émov

(N A
Co = a(1), Ci:E(Zaj]’—zZﬁjjl 1), 1> 1.
T Nj=0 §=0

Hapodetynota g—Hnuatixdv uebdddmv mov travomolovv tg (5.4.2) xou
(5.4.3) vmagyovv oto Brio Twv Hairer, Norsett xouw Wanner, [39, Chapter
IL1]. Emiong n uébodog mov uehetiooue oty mapdyoaqo 5.3, elvar wio
wovopnuatiey uéBodog mov wavormotel g (5.4.2) wow (5.4.3) we p = 1.
T pio aEnetd opahy TEoyuotks ovvapmmon v, Aoyw g (5.4.3),
WroQovue va ogatneroovue ot (Bh. geo’ ewtelv, [42, §5.2 — 5]):

q

q—1
max Z vt — | Z Biv' (1)
j=0 @

(5.4.4) 0<nsN-a|i=

< CkPT max ‘v(pH)(t)‘
teJ

bs

abs”

H uébodog (5.4.1) yia to meophnua (5.1.3) maiover ™ pnoegni: Zntovue
U eV, 0 <n < N, T4101Eg HOTE VO, LXOVOTTOLOVV

aja(Un+ja X)

.
o

(5.4.5) -1
= kZBJ(B(tn+j7Un+J)7X)7 VXE Vha nzO,...,N—q,
§=0
N L00dVvapuoL
q g—1
a; (U™, x) =k > _ Bi(TuB(t"H,UmH), ),
(5.46) Z:j S (U™, ) ;ﬂg( nB( Y

Vx € Vp, n=0,...,N —q,
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OewEOVUE aQYLHES TTQOOEYYIOELS {Uj }3;; C Vi, v Tig omoieg vmdoyel
otofeQd Clyy, TéTOLO (DOTE

-1

U7 — W| < Cse (K + h")

s}

-l
I
<)

(5.4.7)
D NUT = W < Cooe (kP + B72).

O U™ n=gq,...,N, givar oA ogiouéveg amtd 1o oxnue (5.4.5), yoti
v doopéveg U™, ..., U= € Vi m U™ eivar n povadue Mon evog
YOOUMAHOV GUOTHUOTOS UE TTLVORO. OUUUETOLKO ®ou OeTird 0QLopévo, AOym
TOV WOTHTOV Tov Teheot| A. Sxwomdg uag eivar vo OgtEovue eATLUNOELS
TOV OQAAUaTOS TEooéyylong e u” and v U”, n =0,...,N. Zav
éva evoldueoo Prua Bo deiEovue ovvémelo tov oxfuatog (5.4.5) yua v
“eMewtrnn)” woopoky W ng Mong w tov (5.1.1).
To o@dhua ovvémewag ywa to oynua (5.4.5) yo v W divetan omod

q
— Z OszTH_j
§=0
(5.4.8) Y
— kY BTBE W), n=0,...,N—q.
j=0
Qo extyoovue Mowtov to ogdhue E™ ong vopues || -] wav |- .

‘Etot, Aoyw tov (5.4.8), (5.2.9), (5.2.6) nou (5.1.2), yio x € Vj,, n =
0,...,N — g, é¢ovue 6TL
q
ka(E",x) = a;a(W"H, x)
j=0
q—1

— kY Bja(T, B, W), )

=0

q g—1
(5.4.9) _ Q(Z st g Z i ("), x)

+I<:Zﬁj ("7, x)
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q—1
—k Z ﬁj (B(tn+ja Wn+j)7 X)

q
= a()" agut kZﬂg ("), X)
7=0

q—1
+EY B (B, u"t) — B(t"H, W), ).
J=0

Enopévwg, emhéyoviag x = E™ omy magandve oxéon, Moyo tov (5.4.4)
v (Y5.2.5), ywo n=0,..., N — g hapfdvovue

q q—1
EIE™ < 1) aju™ =k B/ (74|
§=0 j=0

g—1
+EY 1B 1B umt) — Bt W)

j=0

< Oyk (kP + h7=4/2),
ue otofepd Oy aveEdomm tov k xou h. Zvvemog

4.1 E"|| < C, (kP + hm—9/2),

(5.4.10) o |IE < Ok + h )

2T ouvéyela, te TaEOUoLo TEOTo, Ba extiuioovue To opdiua E™ ot
vooua | - |. Emdéyoviag howtov x = TRE™ omv (5.4.9), Aéym g
ovupeTolag g dtypaumuxrig woowns a xow tov (5.2.6), (5.2.14), (5.1.2)
xav (5.2.7), yia n=0,..., N — g haupdvovue

q—1
ka(E"T,E") = Zage — kY Bid (t"H),E")
=0

q—1
+ Zaj(u"+j,En) — kY B (t" ), B
j=0 j=0
qg—1
+k Z B;(W'(t"+7) — T, B(t"T W t9), E™)
7=0
q q—1
= —(Z oo™t —k Zﬁj@l(tn+j)a E")
3=0

7=0
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q q—1
+ > (BN — kY B (£, M)
j=0 j=0

7=0
q _ g—1 _
==Y a0t — k> Bo ("), E)
§=0 Jj=0
q q—1
+ (Wt EY) — kY B(u (t7F), B
j=0 j=0
qg—1
+kY B (TBE™ u ) — T, B¢, W), E).
7=0

Emopuévog Aoyo tov (5.4.4), (5.2.13) nav (5.2.16) éxovue, yoo n =
0,...,N —g,

q . g—1 .
EE™ <1 a0 — kY B (t"H))]

=0 =0

q g—1
H) S ogunt — kY gl (1719
j=0 j=0

qg—1
+ kY B (TW B, umt) — T, B(t"H, W)
§=0

< Ck(kPR" + kP + h"),
ue otabepd C' aveEdom tov k xou h. Zvvendg

(5.4.11) max |E"| < C(kP + h").
0<n<N—q

Me tn Ponfelo Twv EXTIWOEMV YL TO O@AAULO OUVETELOS YLoL TNV
“eMewttiny” moofor W, (5.4.10) wow (5.4.11), Ba deiEovue TO *VQLO
amoTéLEOUO. QUTHG TNG Tagaypdgov, v ITodtaon 5.4.1, Omhadyh
ovyxhon g uebodov (5.4.5). Tt ovvéxewa Ho YONOLLOTOLHOOVUE TOV
oxdlovbo ovufoAilono,

ﬁn-i—q—l
or={ = |.e=|. |

v 0
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D = BB, W) — B, U™ ))

.y af re-t .. 10
1 0 0 0 0

A= ) Fn = )
0 1 0 0 0

émov o a,ﬁ’ Z,ij,...,q—l.A%Oua,yLaV:(vl,...,vq

wow W = (wy, ..., wy)T otov H? % nay otov V4, Oétovpe

q

VW) =Y (oi,w), V] = Z| )2,

=1

q
1/2 1/2
V= O lil®) " v, : ZH
=1

q
Za vi,wi), TRV = (Thvi, ..., Thvg)",
i=1

now pe || - ||, ovuporiCovpe Ty Euvxkeiderar vopuo otov C? nabidg nar v
TOQOYOUEVY OTTO AUTHV VOQUQ. TTLVERMV.

Afuna 5.4.1: Yadoyer avtiotoéypyos mivaxas S tétotog wote 1 vooua.
| - ||y Tov wivaxa L = STHAS godooerar and Ty povdda,

(5.4.12) L], < 1.

AndodeEn: Mmogodue eiroha vo dovpe Ot det(A — M) = aya(N), dmov
I eivow o uovadiaiog g X g mivarag. Zuvermg ot piles Tou TOAVWVILOY
o elvar wotpég tov mivara A xor aviotedgws. Emopévog Moyw g
ouwbixng tov ooy, (5.4.2),

(5.4.13) IA| <1, oav A wotw) tov A.

Axnoua, #dPe molhamhy oty A tou A éxer uétgo wmQdTeQo NG
wovadog, |A| < 1. Ao 10 Oedonua xavovinig UOQENG €vog TTivoxa,
tov Jordan, sxovus OTL VITAQYEL avrwt@swmog nivaxag S1 € C4? tétolog
@ote 0 A = ST LAS; éxer ™ woogn A= diag[Jy, ..., J¢], £ < q. Kdabe
TeTQAYWVIXOG vmomivaxag Ji, ¢ = 1,..., ¢, elvon gite o 1 X 1 mivaxrog
(Ai), av A; elvon amhy o, eite éxer A; 0N SLoydvio xow Toavov
1 omv vmepdaydvid tov. 'Etol o A eiva €vog 0QoLOg TVOKROG UE un
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UNOEVLXA OTOLYELD. LOVO OTN OLAYMVLO %Ol OTNV VITEQILOYDVIO TOV. 2T
dLaydvLO Tou eupaviovial ou LoTég Tov A %ol 0TV VITEQALAYMVLO T
otouyeto elvor eite 0 eite 1. Elvow 8¢ 1 povo étav 10 avtiotolyo otouyeio
mg daywviov givar uio olomhi Wt A tou A, dnhadn |A| < 1.
Emihéyovpe Ti)Q0 € TETOLO (DOTE
(5.4.14)

0<e<1l—]Al, yw xabe X mov eivar woAhamhy ot tov A.

I ovvéyela Bewgovue Tov Tivana D= dlag(l g,e2,...,e771) nou tov
nivaxo £ =D~1AD. O L SLapéQeL amd Tov A UOVO 0TIV VITEQOLOYMDVLO,
omov avti yia 1 éxer €. ZupfoiiCovue ne €5, ¢ =1,...,q¢—1, ta otovyelo
™G vrteEdLoywviov Tov L waw A, ¢ = 1,...,q, 10 otouyeio g daywviov
tov. Twea

|(Lz,z)| = ‘Z)\ |z ]2 —i—Zazx Tit1|

(5.4.15) =
ZIAHI& 22 + |z,2, Vo e T,

=1

,_.

omov ovuBoAiCovue xar AL pe (-, +) 1o eowTeEQHO YLvouevo otov C? nat
ue T tov ovCuyn tov z € C. Zvugova pe 000 avagéQoue yLo T HoEEN
tov L, 10 g5, 1 = 1,...,q9 — 1, eivor eite undév eite . Mdahoto av
€, =€ yw namowo ¢ = 1,...,qg— 1, tote A; elvor TOAAQITAY LOLOTLUH TOU
A. Adyow howtdv g (5.4.14),

(5.4.16) |IAil +lesl <1, ave =e,i=1,...,q—1.

Amo g (5.4.15), (5.4.16) o (5.4.13) éxovue

q
|(La, )| <D |oif® = |lall3, Vo e C
i=1

Svvenag ||L]|, < 1. Emopévog woyver 1 (5.4.12) »aw S = S1D. R
Mootaon 5.4.1: Av {U"} ) wavomowel v (5.4.5), avwoyden (5.4.7),

n uébodos (5.4.1) wavomowel tig (5.4.2) xaw (5.4.3) xaw n Aoy u tov
(5.1.1) eivar apxerd oualsj, 16te yia h apxerd wxed xar kP = o(h?),
vrapyet otabepa C aveEagptnty twv k xou h tétota dote

max_|lu" — U"|| < C (kP + h"~%?)
0<n<N

wov  max_|u” —U"| < C(kP +h"),
0<n<N

(5.4.17)
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émov d diverar amd tyv vdeon (YZ).

AnddeEn: ‘Eotw 0" »ow 9" dmwg oty amodelEn tg Mpotaong 5.3.1,
omote u” — U™ = "+ 9", n =0,...,N. Zougova Aowwdv ue v
(5.3.10), yuo va deiEovue v (5.4.17) apuel va extuhoovue ™y 9" otig
avtiotouyeg vooues. Ad g (5.4.5) wow (5.4.8) éxovue, yio x € Vi, n =
0,...,N —q,

q q
Z aja’(lﬂn-‘_ja X) = Z aja(Wn+ja X)
§=0 §=0
q .
_ a 'a(U"H,X)
(5.4.18) ; !
= ka(E", x)
g—1
+ kY BB, W) — Bt U™H), ).
§=0
"Eotw

y"=g8"'o" T,=87'T, & =871'€" e=(1,...,1).

Oa extiuioovpe 10 Y97 exTiudvIog 0 Y. Mmogolue vo EavadloTuem-
covue v (5.4.18) wg

5.419) a(Y" 1 X)) = a(LY", X) + k(Tpe, X)

o +ka;ta(€", X), VX eVe

Amto ™y (5.4.7), eomoha éxovue OTL

YO+ R Y 0) < 15711100 + n7%)|©°])

(5.4.20) 2 )
< CullST 7l (KP4 RT).

‘Eotw L1 m otabepd Lipschitz oy (Y5.2.3), Cy non Cyye 0L 0T0080EG 0TLG
(5.4.10) o (5.4.20), avtiotoya, nau ¢ := max(14+max; B[S ~|,La,
Coa ISy, CuklISTHI,). Zm ovvéxero ba deifovue pe emaywyn og
TEOS M, OTL

(5.4.21) Y™ < dy (kP + h"=4/2),

omov dy, = c¢(1 4+ ck)", n=0,...,N. Ebnolo maatmeodue 6Tt VITGQyEL
otofepd D, aveEdotntn twv k now b, téton dote

(5.4.22) max _d, < D.
0<n<N
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Av vrobécovpe o0tL m (5.4.21) woyver, and mv (5.4.22) éovue
(5.4.23) IY"| < D(k? +h"=4?), n=0,...,N.

St ovvéxelo vobétovpe 61t kP = o(h?) nar 6T to h eivol agretd
WrHQO, MOTE VO LOYVEL

(5.4.24) CD(kPh=% 4+ hr=4/27) < 1,
6mov D xan C eivar ov otobeoic omig oyforg (5.4.23) xar (Y5.2.2'),
avtiotorga. Adyw g (5.4.20), n (5.4.21) wyver yiao n = 0. 'Eotow tdoa,

ot m (5.4.21) wyver yio n, 0 <n < N —1. A6 myv enayoywxi vrodeon
now g (Y5.2.2") non (5.4.24) éyovue

(5.4.25) U" eaG.

St ovvéyewa emhéyovpe X = Y omy eElowon ogdinatog (5.4.19).
Tote Moyw tov (5.4.12), (5.4.25), (Y5.2.3) xow g emaymywng vrodeong
éyovue

Y™ < |LY ™| + K[|Tpell,
+ka €|

(5.4.26) ~ . L
< (1+m;tX|ﬁ§-IIIS o Lik) Y] + kg M€ |

< el + k)" (KP + hT4/?),

Emouévog 1 (5.4.21) wyder yua n+ 1, xow doa wyver yuoo n=0,..., N.
St ouvvégeo emiéyovue X = T3, Y omy eElowon ogaluorog (5.4.19).
AOY® ™G OVUHETOIOG TNG SLyQouuurig Moeenis a, xar Tov (5.2.6) xou
(5.2.7), éovue

(Y Yy = (LY, YY) 4 R(Tp e, YY)
+ kag HTRER, Y™
= (LY™, Y™ ) 4 k(ST e, Y) 4 kg L(THE™, YY),

Xonowomowbvrag thoa tg (5.4.25), (5.2.15), (5.4.23), o (5.4.11)
EYOVUE
Y+ < LY+ k|| STY | Thlnel + kag [T E|
< (1 max |15, TR) Y™
o o+ max |5 |5 [, LYY | 4 ke T ET|

< (L+LE)| Y|+ C(k? + "), n=0,...N —1.
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Eniong and ng (5.4.27), (5.4.20) ue 1o dtaxQtd Muua tov Gronwall
houpavovue

(5.4.28) max_|Y"| < C (kP +h").
0<n<N

H (5.4.17) émeton evwoha and tg (5.4.28) »on (5.3.10). W

Hagatijonon 5.4.1: Emv MHedtaon 5.4.1 vmobétovue ot kP = o(h?)
wote pe ™ yonon g (Y5.2.2") va eEaogalicovpe 6w U™ € G (B
(5.4.27)) v va egaguocovue v (Y5.2.3) omv (5.4.28). Amo v
(5.4.25) pmwopovue vo mapaTnEhicovue OtL ywo k xar b xatdAAnho puuxd
wyvet U™ € M. 'Etov av ot (Y5.2.3) »av (Y5.2.4) wyvovv oe éva
ueyahteQo ouvolo, mopadelyuatog xdow to M, TéTe dev ypeldleTon
xawola. ovvOn vy 1o k, otte xau 1 vdbeon (Y5.2.2).

Hagationon 5.4.2: Zdugova pe tg (5.1.5), (5.2.14) xav (5.2.10)
éyovue OTL
W'(t) = TnB(t, W (t)) + E(t), VteJ,

omov E(t) = TpB(t,u(t)) — TpB(t, W (t)). Ymobétovue yo ™ Adon
u v (5.1.1) 6w u € CP(J;V) now ywo tov teheomy B o6n B €
CP(J x V; V') nabidg now 6t vrdoyovv otabepéc Dy, £ =10,...,p — 1,
TETOLEC (DOTE

(Y5.4.1) H;—;E(O)H <Dh Y2 p=0,...,p—1,
noL

dZ
(Y5.4.2) ‘WE(O)‘ < Dh", £=0,...,p—1.

Enewdn) u € CP(J; V) eimoha mopatnoovue OtL wudoyer otabepd C
aveEdotntn Tov k tétowa wote v j =0,...,q9 — 1,

X (© pf(j’f)e )
Wf )] + [[w? =) =W (0)||
(5.4.29) 2 E! 2

< CKP.

Av Béoovue

(5.4.30) U7 = W(0)+p_ (k)" d
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wropodpe va deiEovue ot o U, ... UL wavooovy mv (5.4.1).
Hodyuatt and g (5.4.30), (5.1.5), (5.2.14) »au (5.2.10) éxovue v
X € Vi o1

a(Uj - ijX) = a(W(O aX)

o dtf
N <Z (jg:!)f % 00y — Wi, x)
£=0
(5.4.31) _é;%ﬁ% “©(0),x)
:a(p—l jZ)K %W(O(O) - W7, x)
£=0
ﬂﬂﬁ%f%(%m
£=0

Ottovue Tdpa x = U/ — WJ omy (5.4.31), omdte Adyw tov (Y5.4.1)
now (5.4.29) hapfdvovue 6tu

<
—
<
|
—
=
|
N

U7 — W7 <

o
I
=

<

I
=
~

I
=

Eniong O¢tovue x = Ty (U7 — WP) omv (5.4.31), omdte Aodym g
OUUEETQLOG TNG drypauuxnig woepis a, tov (5.2.6), (5.4.29) xa
(Y5.4.2), érovue 61t

=1 ' g—1 p—1 jk)g dt ' ,
> U —-wi =Y 7rwwﬁ@—wﬂ
j=0 7=0 £=0
qg=1p=2 .. \0
k) | d
o att
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< C(k +h").

5.5 E@GAPMOI'EX

e out ™V Topdyago Ba epaoudoovue v Ilpdtaon 5.4.1 oe pio
eElowon otov R™, m < 3, mv eElowon tov Rosenau, oe €va meQLodLnd
TEOBANUAL AOYXOV TLUAOV YLo. (o yevirevpévn eElowon tomov Sobolev
otov R, oe pio yevdomapaBolun eEiowon otov R xau oe éva ovotnua
eElomoewv TUTOV Boussinesq.

5.50. H eEicoon tov Rosenau. Otwoovue £va TEOPANUA 0QYLHMV HOL
OUVOQLOXMV TV Yoo TNV €Eiowon tov Rosenau. Twa £* > 0 Tnrodue wio
TOAYUOTIHY GUVAQTNON %, OV 0Qiletan oto 2 X J, tétole thote

ug + A%uy = V- f(u), o0 Qx.J

(5.50.1) u= 9u =0, oto I x J
on

u(-,0) = u®, oto (2,

6mov €2 éva goayuévo ywoto Tou R™, m < 3, ue opokd ovvogo O, u°
doouévn ouvaptnon axetd opoiy xow f 1 R — R™ ouvdotnon ue opaiég
OVUVLOTWOEG.

O Rosenau, omv [61], ewonyaye ™y eElowon avty yio m = 1 xo
f(z) =z + 22, Hote Vo LOVIEAOTONOEL TN SUVOULAY OQLOUEVOV UEYEAWY
OLOXQLTAV CUOTNUATWV HOL VO, OTTOQUYEL OQLOUEVE. UELOVEATHUOTO TTOU
mogovoldler M eEiowon twv Korteweg-de Vries (KdV). Ta s € N,
ovuporiCovne ue H§ 1o ydoo Sobolev HE(2) non ue H® 10 yho
Sobolev H*(€2). Tn vopuo tov H*® 1 ovupohriCovpe wg || -||,, T
£0wTEQO Ywvouevo otov H 1= L?(Q) = H wg (-,-) ®oL v mooayouevn
an6 avtd voguar g |+ [l = [+ [|f2(q). Eotw A : H*N H? — H,
Av = (I + A?)v. ©ttovue tote V := D(A'Y?) = HZ won ewoayovue ™

. 2 2 /2 .
vooua || - || otov V, |jv|| = (||v||L2(Q> + HAUHLg(Q)) Eotw oxdua

B:V — H, B(v) = V- f(v). Zvvenig 10 (5.50.1) aviner oty
7ayoQia. TEoPAnudTey mov diveton oo v (5.1.1).  Zmn ovvéyewo
Bo deiEovue OTL 08 oWTd TO TEORANUA Loyvouv ot vmobéoes (YH.2.1),
(Y5.2.2), (Y5.2.3)~(Y5.2.6).

MroQovjie evxoha vo magaTnoioovpe OtL ov vooues || - || wow | - ||,
elvar wooduvapes otov V. H Park, omv [56, Theorems 2.1 xouv 2.2],
¢detge oLy f € C2(R;R™), m €N, ue f(0) =0 non u® € H* N HZ,
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vrdoyer > 0 tétolo @wote 1o (5.50.1) var éxer povadu Mon u €
C([0,%); H* N H2), »abig ®oL 6T

(5.50.2) lu, Ol < Cllu®ll, vt € [0,2),

ue otafepd. C aveEdomnm u won f. Tvvemag ywo t* <t 1o (5.5a.1), éxel
wovadui Mon u € CH(J;V). Ov Chung xou Ha, [20], Swomguromoincoy
mv (5.50..1) YONOLWOTOLDOVTOG TETEQUOUEVE OTOLYELD. OTO Y(DQEO %OL TNV
memheyuévn uéBodo tov Euler | ™ uébodo twv Crank—Nicolson oto ypdvo.

T T OLaXELTOTTOINGN 0TO YMEO, DewEovue U0 OLKOYEVELD VITOXWOWY
{Vi}ocne1 TOU Hf memegoopévng duaotaons. Ymobétovue 6t (éx0vtag
OUWG VITOYLY OTL 0TV TEQITTOON VoS *aAUTUAOY ouvoou I n viobeon
Vi, C V' umogel vo unv woyvet, fh. Hagotionon 5.2.0) o Vi, éxer mv eEng
TTEOOEYYLOTLXT LOLOTNTAL

2
(5.50..3) Xig‘t/‘h j;)hﬂ“v —xl; <Ch|oll,, veH NV, 4<s<r.

St o dwaotaoelg (m = 2), éva Tagdderya vTdywewy Tov HE memego-
opévng dudotaong mov eavorotel v (5.50.3) elvau Ta C' notd Tuiuata
rohvdvoua Babuot to Tohd r—1, 7 > 4, BA. [27]. Ze vty MV epaguoyi
n dwyoauuxy woeen a(-, ), oVUEWVO pe TOV 0QLOUG TTOV dHOoOuUE OTNV
madyoapo 5.1, opiletor wg €&ng,

a(v,w) = (v,w) + (Av, Aw), Yv,w €V,
omote M “elhewtriny” oo Ry @V — V), opietar wg
(5.50.4) (v — Rpv,x) + (A(v — Rpv),Ax) =0, Vx € V.
Mmogovpe vo dovue OtL n Ry €xer tnv mpooeyyloting oo

lo = Ruvll2gqy + W2llo — Ryol

(5.50..5)
<OWlol, veH NV, 4<s<n,

N OmOl0 TTQOXVITEL EVXOAO. ONOLUOTOLDVIOS TO duUtrd emuyelonuo tov
Aubin x»ouv Nitsche, BA., Adyov ydowv, [70, Chapter 1, Theorem 1.1].
[Modynatt, yio v € H* NV zow x € Vi, AMym touv 0QLouo0 g voQuag
| - || »ov g (5.50.4) éyovue

lv — Ryv||® = a(v — Rpv,v — Ryv) = a(v — Ryv,v — X)
< llv = Rpoll[lo — x|,
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omoTE,
v — Rpvll = inf |lv — x|.
I | v, | x|

Aga, Moym g (5.50.3), éxovue
(5.50.6) |lv — Rpv|| < Ch*2|v|l,, yweveEH NV, 4<s<r.
T va deiEovue v (5.50.5), wéver vo extyoovue xaw ™y L2-vopua.
I autd 10 Aéyo Dewpovue To Pondntnd meoPinua: T f € L2(Q),
tnrovue v € HA N HE tétowa dote
(I + Az)v = f.

ATo 10 [2, Oedonua 9.11], éxovue 6tL vdoyer otabepd C aveEqoTny
Tov f, v, OoTe

lolly < C(IF 20y + 0l L2 () -

AxrOpo e0noA0 UWTOQOVIE VO, OOVUE OTL

1ol 22 ) < Clifll2(y-
And g dvo monyoueveg oyéoels haufdvouue
(5.50.7) lolly < CllfllL2q)-

Etov av w € H* N HE tttowo dote (I + A?)w = v — Ryv, Myo g
(5.50.4) éyovue

llv — Rh’l}“ig(ﬂ) = (v — Rpv,v — Rpv) = (Aw,v — Rpv)
= a(w,v — Rpv) = a(w — x,v — Ryv)
< lv = Rpoll lw = xll, VX € Va-

Adyow tdga xar tov (5.50.3), (5.50.6) xon (5.50.7) éxoupe

2 . _
lo = Ravll3sqy < inf lw— x|l o — Ravl < CR2[w]l b~ ol
XEVh

< O ol llv — Rioll 2 .
Emouévmng

(5.50.8) ||v — thHLZ(Q) < Ch|v||,, vaveHNH;, 4<s<r
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Ao tg (5.50.6) xav (5.50.8) evxoha Prémovue OtL woyver n (5.50.5).
Suventdg twavortotovvor ou vrobéoeg (Y5.2.1) nau (Y5.2.2) g mapa-
yodgov 5.2, ue d = 4.

SvpporiCovpe pe || - || 0 ™ VOoua otov L(£2). Zvugovo pe v
aviedTnto Tou Sobolev, Bh., Adyov xdouwv, [12, @edonua 1.4.6], vrdaoyet
otofepd Cy tétolo thote

(55(19) “U“Loo < C*HvHa Yv € Hg
Emouévag, AMoyw g (5.50.2),
(5.50..10) (-, 8)] oo < Cullu®|l, VYt E J.

Svugwva pe ™y Toedyeago 5.2, to obvoro M opitetar wg M = {x €
Vi : 3t € Jlu(-,t) — x| < 1}. ©ftovue thoa M = {U € R: 3 (x,t) €
Q x J|u(z,t) —U| < Ci}, émov Cy m otabegd g (5.50.9). And tov
0QLOUO TOV M evnoha TOQOTNEOVUE OTL

(5.50..12) max |U| < C, (||lu° + 1).
veM

Eneldi vrodéoope ot f € CH(R), )\wa TOV 0QLOUOY TOV M ™mes

(5.50.12) vdoyer pior Guvaon f , N omoio TowtiCetar ue v f oto M
%ol ®dBe ovvIoTMOoo TG TANEOL T ouvBnxn tov Lipschitz, pue otabepd L.
Av x € M, vrdoyer t € J tétowo dote [Ju(-,t) — x| < 1. Adyw now g
(5.50.9) éyovue TOTE

u(z, 1) = x(2)] < [lu( 1) = xllpe < Cullul 1) = xll < Cs, Ve
Enopévars x(z) € M, ya xé0e z € Q, omote f(x) = f(x), 110 #dde
X € M. Zvvenmg

(5.50.11) ZHfz )||L2(Q) <3L|x - 1/)“1:2(9)7 VX, € M,
omov f; m i—om ovviotdoa g f. Aga and v (5.50.11) ywa x, 9 € M
wat @ €V érovpe OTL

(B(X) —B(d)) p) = (V- flx )—V-f(w),w)

=1 =1

(Z 1filx )||L2<Q)) el

Lilx - 1/)“L2(Q) leoll-
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SVVETTMG

(5.50.13) I1B(x) = B)|l, <3Ll[x = ¥ll2 ) VX9 € M.

Emouévog vrtdoyer otofepd Ly, tétola hote
(5.50.14) IB(X) = Bl < Lillx —¢ll, Vx,v € M.

Axdua, Aoyw tov (5.2.4), (5.2.2) o (5.50.13), vrdoyer otabepd Lo,
TETOLQ. OTE

(5.50.15) [[TB(x) — TBW’)HLZ(Q) < Lofx — 1/)||L2(Q)a Vx, ¥ € M.

Méov Aoyo tov (5.50.14), (5.50.15) xon (5.50.5) eivor amhd va dovue
ot avorototvtan ou wtobéoers (Y5.2.3)—(Y5.2.6).

‘Eoto howtév U°,..., Ut € V}, mpooeyyioelg tov u?,
TETOLEC (DOTE

-1
coul

g—1
107 —w|| 2y < C (kP + 1)
7=0
(5.50.16) )
7oL Z U7 — || < C (kP +h"~2).
§=0

Opttovue tig mpooeyyioewg U™ € Vi, n =g, ..., N, avodoomnrd omd To
oynua

q
> (U™, x) + (AU, Ay)]
7=0
(5.50.17) _
= kZBJ(V ) f(Un+J)7X)7 VX € Vha n= 07 7N_q
=0

Tote and v [pdtoon 5.4.1, o k, h natddinia wxd, Aaupdvouue Tig
EXTUWOELS OQPAANATOC

_J7n p r
(5.50..18) oax [u" = U™ |2y < C(KP + A7)
(5.50.19) max_|[u" — U"|| < C(k? +h""2).

0<n<N
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Hogatijonon 5.5a.1: Adéym tov (5.50.14) xav (5.50.15) ov (Y5.2.3) =
(Y5.2.4) wyvouv yua #abe x, 1 € M. Zdugpmva howtdv pe g Topator-
oelg 5.2.1, 5.3.1 now 5.4.1, o avty Vv epoguoyn Oev elval amagaitnTn
n vrobeon (Y5.2.2'), ovte xdmowo ouvbrmn yo 1o k ywo v asddelEn
tov mpotdoewy 5.2.1, 5.3.1 nav 5.4.1.

Hagationon 5.5a.2: Ty mepimtwon mov m = 1 wow n f elvar éva
molvdvuuo wogovue va deiEovpe ot ov (Y5.4.1) xou (Y5.4.2) g
Hapationong 5.4.2 wyvovv. Hodywatt av f(z) = x#, p € N tote
fO)(z) = (Mﬁ!j>!:1:“_j, 0<j<pxu f9 =0,4> p. Eivor moogoveg
rowdv otL vrapyer Nj(u) Tétowa hote

(5.50..20) IF 9 ()] < Nj(w), jeN
Adyw 1o g (5.2.14) éxovpe oL
(5.50..21) W@ < max lu@, jeN

Emiong emeldn

FD W) — fFOW) = L(uu—j — WHI)

(k=)
! poitl o
N (uﬁ'j)'(“—m Y I 0<j <y,
’ i=0

Moyw tov (5.2.13) xow (5.50.21), vraoyer otabepd C' tétoa hote
(5.50.22) 179 () = FOW)|| < C(u).

Emuthéov Moyw tov oguopov ™g E omv TMagationon 5.4.2 xou g
(5.2.6) magatnoovue 6t v £ € N now x € Vj, woyde

d* d*
(5 BO), ) = 5 (Blu®) — BOV(0)),%)
d’ d*

= 27 (V(f () = FW)),x) = = (57 (f(w) = f(W)), V)

‘
=— (Z(f(j)(u)u“_”(t) - f(”(W)W(Z_j)(t)),VX)

j=0

== ((f(”(U) (I () = W=D (1)), Vx)

9 () - f<f>(W>)W“—f>(t)),vX).
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Sougova houwtov ue tg (5.5¢.20), (5.2.13), (5.50.22) xou (5.50.21) amwd
™MV ToQOTdvem oxéon €xovue OTL vrdoyel 0tabepd Dy tétolo moTe

4

d _
<z BO)] < Deh™=*"2.

Me mopduoto t1eomo deiyvovue xav v (Y5.4.2).

5.5p. H yevixevpévn eEicwon tov Sobolev. Oa epaQUOCOUUE TMEA T
agNENUEVO.  aTtOTEMEOUATE Hag %ol 0TO 0xOAOVOO TTeQLOdLKd  TEOPANUO.
oYMV TLUAV Yoo uio eElowon Tdmov Sobolev,

—(b(@)ute), + c(x)ur = —(y(@, t, w)ug), + 0(2,t,u)uy

+e(z, t,u), ywazeR te,
(5.56.1) .
u(z,0) =u (z), v z€eR,

u(z + 1,t) = u(z,t), v (z,t) € R x J.

Ou b »now ¢ elvor avoTnEd BeTinéc, TUVEXMDGS TOQOYMYIOLUES CUVOQTHOELS TOU
x, 1-meuodixéc. Ou 7y, § naL € eival CUVEXHDS TOQOYWYIOLUES CUVAQTHOELS
TV Z, t wow u, 1-mweQuodinég wg mEog .

Ou eEohoeg g nopens (5.56.1) éxouv yxonowwomowmbel yuo va po-
VTENOTTOOOUV TTOAAEG (uorés duadiraoies (oyetunr BuBhoyoapio vITdoyeL
oty [29]). ‘Eva mopdderypo pe wdiaitegn onpaoio givar 1 eEicmon

— Uzt + U + (1 + u)uy — vug, =0, v >0,

n omolo €yeL ueletnBel extevg amod tovg Benjamin, Bona xau Mahony,
omv [8], »av amd dhhovg eoevvntég (Bh.  Phtoyoagic oy [4]), oav
evaihaxtinn otnv eElowon Korteweg-de Vries yua v meQuypagr ueydhov
ouotoratevduvouevmy, amoofevouevav xoudtov. H agbuntinry emilvon
meofAnuatov g noeens (5.58.1) éxer eEetaotel amd mwOAMOUS eQevvnTés,
omwg ov Ewing, Ford, Ting (B\. fuBhoyoagio oty [4]), xonowomoudvtag
TO00 PeBOdOVG TETEQUOUEVIIV OTOLYELWV OO0 1AL TTETEQATUEVOV OLAPOQOV.
Ou ympou Sobolev 1-mweQLodmmv cuvaQTioEwV 0QILOVTaL WG

HY ={f € Hi,(R)/f(z + 1) = f(z), z € R},
rou M avriotoym vopua otov Hj ovupohriCerar wg || [, = || - HHS(I)’

omov I elvar éva dudotnua unrovg éva. To e0wTeQLRO YLVOUEVO OTOV
H := L2 = H) ovppohiCetar pe (-,-) xon 1 emoyopevn vooua g || - [l
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YmagEn xatr povadimdtra g Avoewg tov (5.5B.1) wwogel va aso-
devybel vmd duagopeg mooimobéoes (BA.  [4]). Ymo v meoiimobeon
OTL OL OUVOQTNOELS ¥, & ®ou € elvar gooyuéves, ov Arnold, Douglas xou
Thomée, omv [4, Gedpnua 1.1], ¢detEav ot ywo u® € H;, 10 (5.58.1)
éxer povadu Mon u € CH(J; Hg), HOL

(5.50.2) lu(8)ll, <C, Ve,
6mov 1 otafepd C eEograton pévo amd ta |lul||y, t*, v, d, &, b nm

c. Ymobétovue omopa 6tL ov b won ¢ aviprovy otov C2(R) xau 61 10
(5.56.1) éxev povadwi hvon u € CH(J; HY), r > 2. 8

Eotw A: H — H, Av = — (") 4 cv.  Oftovpe howtov V=
D(AY?) = Hj. H vooua otov V' Oa eivar n o] = ((bo',0') +
(cv,v))1/2, n omoio eivar wwodvvoun pe mv || - |l;. ‘Eoto oxopa B :

JxH? = H, B(t,v(z)) = —(v(z,t,v(x))v'), +0(z, t, )0 +e(z,t,v).
To (5.5B.1) ovixer Aowtdv omv owrovévewo moophnuatmv (5.1.1). T
N OLOXQLTOTOINON OTO XWEO BemwEovue Uic MULOUOLOUOEEPN JLAUEQLON TOU
0,1, 0 =20 <z1 <---<zy=1 e h:=max;(zj41 — ;). Oftovue
Tjj4i = J+x, J €L, 1 =0,...,J — 1. Emexteivovue pe autov tov
TeOmO TN OlopuéQLom TeQLodxd oe pio. dwouéoron tov R T axéparo
T > 2, t0tw V}, 0 %00 Twv TOVAGYLOTOV ouveymyv, 1-meglodixmyv splines,
Babuov r — 1. Eivow yvwotod, BA., magadeiywoatog xdowv, [64, Theorem
8.12], 6w n owovévewa {V foch<t €xEL TV TQOOEYYLOTIXY OLOTNTA

(5.5B.3) Xiél‘gh;hjﬂv —xll; <CR|vll,, VwveH;, 2<s<r
e aut) ™V egaouoyi M duyoauuny pooen als, ), oOuQmvo pe Tov
0QLOUO TTOV dwoaue 0TV Tapdyeago 5.1, opileton wg €ENg,

a(v,w) = (W', w'") + (cv,w), Yv,w eV,
omote M “elhewtriny” oo Ry, @V — V), opietar wg
(5.53.4) (b(v — Rpw)', X)) + (c(v — Ryv),x) =0, Vx € Vj.
Mmnogovpe vo dovue OtL n Ry €xer tnv mpooeyyloting oo

(5.56.5) [[v — Ryolly + hllv — Ryoll, < Ch*lloll, v € H, 2 < s <.
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IMpdynatt, ovugpova pe to duTrd emiyelonua Twv Aubin xow Nitsche, BA.
Aoyou yaow [70, Chapter 1, Theorem 1.1], ywa v € H§ nwow x € Vi, Moyw
0V 00WOMOY NG vooras || - || won g (5.58.4) éxovue

lv — Ryv||® = a(v — Rpv,v — Ryv) = a(v — Rpv,v — X)

IN

lo = Rpoll lv = xll,

omodrte,
— R = inf — x|l
v — Rpo| nf v — x|l

Aga, Moym g (5.58.3), éxovue
(5.5B.6) v — Rpol| < Ch*Holl,, nawve HS, 2<s<r

T va det€ovpe ™v (5.58.5), wéver va extiuioovue #ow v L2-vopua.
I avtd 10 AOYo Bempovpe To Bondntind medfinua: T f € L2, Tnrovue
v E Hg T€TOLO MOTE

cv+ (') = f.

Eivar yvooto, L. magadeiypotog xdow [2, Gedonuo 9.11], ot vmaoyet
otofepd C' avegdptntn Towv f, v, Hote

lvll, < C(1F g + [lvllg)-
Anodua evxolo. umogovue vo. dovue OTL
lollg < Cllfllo-
And g dvo monyoueveg oyéoels haufdvovue
(5.58.7) [oll; < Clifllo-

‘Etov av w € Hg éto10 hote cw + (bw') = v — Ry, Moyw g (5.58.4)
éyovue

llv — thﬂg = (v — Rpv,v — Rpv) = (Aw,v — Rpv) = a(w,v — Ryv)
= a(w —x,v = Bpv) < [lv — Bpoll lw — x|, Vx € Vi

Adyw 1o xaw tov (5.58.3), (5.58.6) xav (5.56.7) éxovuel
lo = Ryollg < inf flw — x| [v = Rv|| < CR?[lw]|,h* o],
X€EVh

< CR2[ollllv = Rpoll-
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Emouévmng

(5.5B.8) |lv — Rpolly < CRE|vll,, v veH;, 2<s<r

Anté 1 (5.58.6) nov (5.58.8) evmola Prémovue OtL woxver m (5.5B.5).

SUvendg avortolovvtar ov vrobéoels (Y5.2.1) xav (Y5.2.2) g moQa-
yodgov 5.2, ue d = 2.

Svupolitovue pe || - || 0o ™ vooua otov L (R). Eivar ammhé va dovpe
ot
(5.56.9) ol < ol Vo € B2
Eoto || - [; o, N VOQua Tov yheov Sobolev W(R). Zbugwva ue mv

aviedTto. Tov Sobolev, Bh., magadeiynatog yxaowv, [12, Theorem 1.4.6],
vrdoyer otabepd C' tétoln dote

(5.58.10) Jully o < Cllully, Yue Hp.
Eivar yvwotd tipa 0tL vmdoyel éva otoueio Qpu € Vi, tétolo hote

1Qnu — ully < CR*Hull,, s>1

(5.58.11)
war (| Qrully o < Cllull; o,

Bh. @eQ’ euteiv, [64, Theorem 8.12]. Emiong otov xmeo V4, woyxver 1 €Eng
ovTiotpogn avicotnta

(5.56.12) XNy 00 < CR™ Y2 XNy, Vx € Vi

Exovpe howtév 6t m vwébeon (Y5.2.2") woyver pe ||| -]]| =1 |} o
won d = 1 /2. Emouévog, ovpgova e v mapdyoago 5.2, G = {x €
Vit 3t € JW(t) — xll; o < 1}. Andua, emewdi ov vooueg || - [|; o

| -] elvon woodVvaues, opitovue Tt to civoho M wg M = {x € V}, :
3t € Ju(-t) — x| < 1}. ©ftovue 1hoa M = {U € R : 3(z,t) €
R x J|u(z,t) —U| < 1}. Ao tov ogoud tov M sivar TEOYAVES OTL
vndoyer otabeod C(u) Tétown dote

(5.5p.13) U] < max flu(, ) e +1 < C, YU e M.

AT6 tov ogloud tov M xav v (5.56.6) cvutepaivovpe Ot

(5.5p.14) VxeM 3Fted VreR |u(z,t)— x(z)| <1,
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omoTe
(5.5p.15) x(z) €M, Vz€R, Vye M.

o f € CHR x J x R) moaynatiy ouvdotnon, Teolodiny g Tog Ty
TEWTN NG UeTaPAnT, cvuforiCovue ue f uia ovvaptnon mov tovtiCeton
ue mv f oto R x J x M , ®OL Lrovortolel ™ ovvOiun Lipschitz, wg wpog
™V TElTN petafinty, ouoLdUoE@a MG TEOS TG GAAES dVO, pe oTobEQd
Lipschitz L. Zvveridg Moyw g (5.56.15) éxovue

Hf('ath) - f('atvw)“O

5.53.16
(5.56.16) <Lilx—wly, Ve, Yy eM.

2 TaaTnEovue OTL OL GUVOQTHOELS Y 0L 0 TTEQLOQLOUEVES 0TO R X J X M
elvon  qooryuéveg, yiati elvar 1-weoLodinés g TEOG TNV TEMTN TOUG
uetafinty, n OevTeEn uetaPinty opiletar oe éva QQOyUEVO OLAOTNUO, KoL
ovpgovae pe ™y (5.58.13) 1 toltn eivar goayuévn. Emopévog, ovpupwva
now ue ™y (5.58.15) vraoyer wia otabepd C'(u) tétown mote

(5.5p.17) max [y( & X) e <€, Yx €M
1ol
(5.5p.18) max |30, ¢, X)L < €, Vx € M.

Bempovpe ™V (5.56.16) ywa 15 7, 4, £, ondte Aoyw nar twv (5.503.17)
zav (5.58.18), vy v,w €V non p € Hll) EYOVUE,

(B(t,v) — B(t,w), ) = (y(-, t,0)0" = (-, t,w)w’, @)
+ (0(5 t,v)0" = 0(, t,w)w', ) + (e(-, t,v) —e(- t,w), @)
= (Y, t,0) (v —w)" + (v( 8, 0) = (-t w))w',¢)
+ (6(,t,0) (v —w) @) + ((6(,t,v) — (- t,w))w', )
+ (e(-, t,v) — e(-, t,w), )

< (uv(-,t,v)umnv ol + Lyl — wl), ||w'||Loo) 1l

; (IIB(-,t,v)Ilellv —wl, + (Lsllell e + L) o —wuo) el

< CA+[[w'llp) v —wll; el
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Emouévmng,
(5.56.19)  [(B(t,v) — B(t,w),)| < C(1 + |[w']l e ) [l — wlly ol

AT6 1 (5.58.10)—(5.58.12) non v (5.5B.3) éxovue yuo xdbe x € G 611

It 00 < N@nully oo + 1Qnu = Ruully o + [[1Bre = Xlly o
< COllully o + Ch™?|1Qnu — Ryull, + 1
< Cllull, + Ch~Y2(|Qnu — ully + || Rpu — ully) + 1
< Cllull, + Ch~Y2(|Qnu — ully + [|Rpu — ully) +1
< O(lully + R ul],) + 1.

AOYw TOV OTL T 2> 2, €YOUUE OUVETTMOC
Ixlly,00 < Cllull, +1, Vx €G.

ZOUpWVO. e TV TTEONYOVUEVN exTinom ov Béoovpe v = x %ol w = 9,
ue x,% € G, omv (5.53.19), mapatnoovpe ot vidoyer otabeed Ly (u)
TéTOLa (DOTE

1B(t,x) = B(t, )|, < Lallx =9l Vx. v €G.

2 Amo v meonyovuevn oviooTnto evnoho PAETTOVUE OTL LXOVOTTOLOUVTOL
ou vobéoerg (Y5.2.3) naw (Y5.2.5).

Othovpe axoua va deiovpe OTL ravorolovvrar xar ou (Y5H.2.2) now
(Y5.2.6). ©empovpe Aouwtov m fondntini ouvéomon ¢ : R x J x R — R,

1 Yy
q(z,t,y) = —/ v(z,t,2) dz.
b(z) Jo
Ba delEovpe oTL
(5.58.20) q(-,t,x) € H), VtelJ, VYxeM.

Amté Tov 0QLOUO TG g €metal OTL 0T elval 1-wepLodiny g TEOS T nal
@oayuévn ywa y @oayuévo. Emouévos, amd tig (5.58.13) xon (5.58.15),
emeldn M b elvor ndtw @oayuévn amd nio ety otabepd, éyovue

(5.58.21) q(-,t,x) € H), VtelJ, VYxe M.
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Entiong ov gy (z,t, x(z)) xow gy(z,t, x(x)) eivon ovveyeic nar 1-meQLodt-
%€G GUVOQTNOELS WS TEOG Z, Omov X elval uia ovvdetnomn ovveynig xat 1—
meQLodn. OL OUVaQTHOELS 0VTES TR Aoym twv (5.53.13) xav (5.5B.15)
eivar goaypéveg oto Rx.Jx M. ‘Exovpe howtov 6w (q(x,t, x(z))). € H)
oo #ébe t € J non x € M. Emouévog wyver n (5.58.20). Tadpo yuo
teJ no x,p € M épovue

a(Q(‘,t,X),d)) = (bQ('ath)xad),) + (cq(-,t,x)x,z/))
= (7($7t7X)X, + /X 'Yﬁ('vtvz) dz
0

- bl(x)Q('a 2 X)v 1/)’)
+ (CQ('a i, X)a 1/))

(5.58.22)

S ovvéelo ogitovpe tov teheot F i J XV — V' g €Eig,

(F(t,v),w) = ( / Tt 2) dz — K (2)q( b))

+ (eq(-, t,v),w), Yw € Hg.

(5.58.23)

‘Etoi, v x € M, éxovpe Ot

(B(t,X),’LU) = a(Q('ath)vw) - (F(t,X),’LU) + (5('vtaX)Xl
+e(tx),w), Ywe H;.

SVVETIMOG OO TV TTEONYOUUEVN oxéon Yo X € M now w € H; Aoupavov-
ue

(TB(t,X),’LU) = (q('7t7X)7w) - (TF(t7X)7w)

(5.5p.24) + (TGO, )X + £l 1, X)), w).

Oewpovue THEa Tig owvopthoels f1, fo : R x J x R — R mov ogiCovran
wg eEng

Yy
fl(xatay) :/0 ’Yx(xata Z) dz — bl(x)Q((I;atay)
o fZ(xatay) = C(I)q(]?,t,y)

Evroho mapatmoovpe OtL o fi xou fo elvol ouvexwg moQoywylolues
OUVOQTHOELS.  ZUUQOVE TMRO. UE TOV 0QWOUO Twv fi1 naL fa xol TIg
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(5.56.16) xav (5.5p.23), v x,1 € M nov @ € H) éxovue

(F(t7X) —F(t,l/)),(p) = (fl('7t7X) - fl('atal/))a(p,)
(f2( )_f2('7t71/))7(10)

< (MfCotox) = Gt )l + 12058 %) = F2(89) o) 1l
< C(Ly, ||X - d)llo + L, lIx — bl lello-

Emouévmg

(5.53.25) 1F(x) — F(t, 9, < Clix —4lly. Vx4 € M.

OemEOVUE 0O TIG OVVOQTNOELS g1, g2 : R X J X R — R mwov opilovrot
wg €81g

Y Y
gl(xatay) :/ 5($7t7z) dz no 92($7t7y) :/ (iv(ﬂ?,t,Z) dz.
0 0

Evxolo dromiotdvouue OtL

(91(z,t,x(2))), — g2(z, %, x(2)) = (/OX(x) §(x,t,z) dz> )

x(z)
— / 0z (2,1, 2) dz
0
= 6(z,t, X)X’ (2)-

Suvendg, o x, 1 € M xaw p € H,

(5( t X) ( t 1/))1/) (10) ( (7t7X) _gl('ataz/))a(pl)
- (92('vtaX) _92('vtad))v(p)-

Sougovae Aowtov pe ™y (5.56.16) ya tig g1 won go, ywo t € J, x, ¢ € M
noL @ € H; éxovue

(5(7t7X)X, - 5(7t71/))1/),7(10) < ||gl(7t7X) - gl(atal/))HOH(pul
+llg2(,t, %) — g2t D)llpllolly < C(Lg, + Ly, ) Ix = llg lello-

Apa

(55626) ||6('at7X)X, - (5(-,t,1/))1,[)’||* S C“X - d)HOa VX,Q/) € M.
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Enouévog and my (5.58.16) yia tig ovvdpmnoes g xouw €, tg (5.503.24),
(5.58.25) »au (5.5B.26) haupdvovue

+ “F(taX) - F(t’d))“* + ||5('ataX)Xl - (5(',15,1,[))1//”*
+ ||€('ataX) - 6(',t,1/))||0 < CHX - 1/)“0, vXad) € M.

Evxoha mAéov BAémovue OTL twavortotovvtar ov vitobéoers (Y5.2.4) won
(Y5.2.6).

‘Eoto tooa U°,...,U"L € Vj, mpooeyyioerg tov u?, ..., ud"t
TETOLEC MOTE

Ja

_Q

|U7 — ||y < C (kP + h")

J

I
=)

(5.58.27)

q—1
7oL Z U7 — ||, <C(KP +h"71).

7=0

Opttovpe t0te 115 TEooeyyioews U™ € Vi, n =¢q, ..., N, avadpound amd
TO oYU

> o™, ) + (U7 X))

(5.56.28) =k > _ B [(v(-,t"H U ) (U"H) X))

§=0
+ (0, £ U (U
+5(-,t"+j,U”+j),X)], Vx eV, n=0,...,N —q.

Tote amd v Ipdtaon 5.4.1, yia k, h natdhnho wxod happdvovue
TG EXTUUNOELS OQPAAUATOC

n_U", < P ™).
(5.58.29) OénnanNuu U™, < C(k” 4+ h")

n__yrn < » r—1 .
(5.58.30) pnax, |lu" =U"||; < C(kEP +h""7)
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5.5y. Mia yevdomagaporxn eEicoon. Otwpovue TO €ENG TEORANUQ
aQXWMMV %ol ovvogLormv Tudv: T t* > 0 Tnrodue wio mQorypoTiky
ouvvaRTNON 1, OV 0ileTan oto 2 X J, Tétolo moTe

(5.5y.1p) u(-,0
(5.5y.1y) u

Il
[ =E

oto €2,

(5.5y.10)  ue(z,t) — nAug(x,t) = Au(z,t), oto Q x J,
0
, oto 09 x J.

omov u® Soouévn oualy ouvdptnon xor € @oayuévo ywoio tov R™,

m < 3, ue ouakd ovvogo 92, n >0 now A € R

Ou €ELOMOELG oUTHG TNG UOEPNGS OVOUALovTOL YPeudormaQaBoirés yioti
n Aon tov mapafoirot mofijuatog (n =0 xow A > 0) mpooeyyileton
amd TLG AVOELS TV TEOPANUATWV UE 1)y, OOV 7, Ulo pndeviny axolovdio
Betincdv agBudv, BA. [65], [30] xnow Tig avagopég tovg. Ou Showalter xow
Ting, omv [65], édelEav povaddTta ®oL ONCAGTNTO TG AVOEMS U TOV
(5.5v.1).

Mepurég epaouovés g (5.5y.1a) Tov avagéQouy otV Qyasia TOug
oty elvor ov anohovbeg: H vdpootatint mieon oe éva nouudtt TUAOY %ot
™ SLaQreELd 0TEQEOTOIMONG travoTtotel i eEiomon g woopng (5.5y.1a),
Bh. [68]. Edv Bewoioovue OTL M avTioTOON OTN GUUTTEON EivoL TAAOTIX
(dnhady avaroyn pe o QUOKO g cuvumtieong) Tote M (5.5y.1a) woyveL we
1 > 0. 'Eva Ao @uowmd @awvouevo ov megrypdgeton and my (5.5y.1a)
dtvetar omd tn Oewplor g OLaEEong evog ouoyevols vyeov péca amd
évav Qoylopuévo Bodyo, BA. [6]. Emiong odugwvo ue ™ Bewoio tov dvo
OgQUOXQOOLDV Lo TN UETAdOON TNG DeQUOTNTOG OF Wia ®OTNYOQRLo. VALRMYV,
n aydywn Beouoxpaoio twavormotel wie egtowon g pooeng (5.5y.1a),
BL. [18] xau [72].

SvuporiCovue ue H* 1o 3o Sobolev H*(2), ue Hj to ymoo HE (),
naw pe || - |, ™ ouviifn vopua otov H®. Eotw H = L*(Q) = H, (-,)
10 oVvnbeg e0wTeQd Ywdpevo otov L2, man || - ||, n mogoySuevn voouo.
‘Eotw axope A: H2NH} — L?, Av = (I —nA)v won B: H>NH} —
L%, Bv = Mw. ©¢towue V = D(AY?) = H} pe vooua |lv|| =
(“U“% + 77||Vv||§)1/2, n omoia elvar wodvvaun pe ™y || - [|;. Mmogotue
Aoutov va dovue otL to (5.5y.1) avixer oty xotnyoQio TeofAnudTmy
mov divovtaw and v (5.1.1).

[0 T dLomELTOTOiNoN 01O WO Bewpovue évav Torywviopd tov 2. T
guohic. Bewgovpe 6TL 0 Vj, elvon évag vdyweog Tov H} mov amoteheiton
omd ouverels ®OTA TUWALATO TTOAVMVVIXES CUVAQTHOELS, Pobuov to oA
r—1, r > 2. 'Exovtag dumg vtdpLy OTL 0TV TEQITTmON eVOg KOUTUAOVY
ouvvogou 02 n vndBeon V' C Vp, wmopel va unv woxvel, Ph. Iapathonon
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5.2.0, vmobétovue OtL 0 Vj, €xel TV mEOGEYYLOTLXY LOLOTHTO

inf (v — + hllv —
(5.5y.2) XEVh(H xllo o —xlI,)
< Ch|v|,, YweH° NH;, 2<s<r.

ue otabepd C' aveEdotntn tov h. Ze quth TV EQUOUOYN M OLYQUUULKY
wooh a(+, ), ovUPWVa He TOV OQLOUO TOV dooue 0TV TaEEYEUpo 5.1,
opiletan wg €&ng,

a(v,w) = (v,w) +n(Vv,Vw), Yo,w €V,
omote, n “ehhewttinn” mooforny Ry 1V — Vj, opiletar wg
(5.5y.3) (v — Rpv,x) + n(V(v — Rpv),Vx) =0, Vx € V.
Mmogovue va dovue 6Tt Ry €xel tnv Tooeyylotikg 1otta

Jv — Ruvlly + hllo — Ryl

5.5v.4
(5:5v4) <Ch|v|l,, YweH NH;, 2<s<r.

ue otafepd C aveEdotmmm tov h. TIQdypati, ovugove ue To duird
enmuyelonue. Tov Aubin xou Nitsche, Bh., Aoyov xdowv, [70, Chapter 1,
Theorem 1.1], yio v € H* NV »aw x € Vj, Myw tov 0Qwopov g
voouag || - || »av g (5.5v.3) €xovue
lv — Ryol|” = a(v — Rpv,v — Ryv) = a(v — Rpv,v — X)
< v = Ryl [lv — xl,

omoTE,
v — Rpvl| = inf |lv — x|
|| h || eV || X||

Aga, Moym g (5.5y.2), éxovue

(5.5v.5) |lv — Rpv|| < Ch*"Hwl|,, vwove H NHy, 2<s<r.
T va deiEovpe v (5.5v.4), wével vo extumoovue xou v L2-végua.
T ovtd 10 A6yo Oewpovpe To Bondntikd modPhnua: T f € L2(Q),

tntovpe v € H? N H(} TETOLO MOTE

(I—i—nA)v = f.
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Elvar yvootd ot vidoyer otabepd C' aveEdomnm tov f, v, moTe

lvlly < C(IFllo + llvllo),

BL. mapadeiyuatog xdow [2, Theorem 9.11], [36, Chapter 4]. Axdua
€0OAOL UWITOQOVPE VO, OOVPE OTL

ol < Clifllo-
AT TG OV0 TEONYOUUEVES OYEOELS AauBAvouue
(5.5v.6) [olly < Clifllo-

Etov av w € H?2 N H} tétowo dote (I 4+ nA)w = v — Ry, Moyo g
(5.5v.3) éyovue

llv — thﬂg = (v — Rpv,v — Rpv) = (Aw,v — Rpv) = a(w,v — Ryv)
= a(w —x,v = Bpv) < [lv — Bpoll lw — x|, Vx € Vi

Adyw tdga xav tov (5.5y.2), (5.5y.5) now (5.5y.6) éxouue
o — Rawl2 < inf [jw — x| o — Ravll < Ch2wll,h*=" o]
XEVh
< ko] o — Bvl,-
Emouévmng
(5.5v.7)  |lv— Ry, < Ch*||v|l,, yveveH NHy, 2<s<r

Ao g (5.5v.5) »av (5.5y.7) evroho BAémovue Otv woyxver M (5.5y.4).
Suventdg twavortotovvtor ou vrobéoeg (Y5.2.1) nan (Y5.2.2) g mapa-
yodgov 5.2, ue d = 2.

Andua Yo v, w, p € HE érovpe 6T

(B(v) = B(w), ) = =A(V(v —w), V) < [Alflv —wl [l
SVVETTMG
(5.57.8) |B(v) — B(w)||, < Lillv —wl||;, Yv,weV.

An6 g (5.5y.8) naw (5.5y.4) Brémovue OtL wavomowovvton o (Y5.2.3)
now (Y5.2.5). Axdpa éxovpe OtL

(B(v),w) = =A(Vv,Vw) = —%a(v,w) + %(U,w), Yo, w € V.
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Emouévmng,
A A
(TB(v),w) = —=(v,w) + —(Tv,w), Vv,weV.
n n
SUVETWG
(5.5v.9) |ITB(v) = TB(w)|, < La|lv —wl|,, Yv,weV.
A6 g (5.57.9) xou (5.5y.4) Prémovue Ot wavomotovviar ov (Y5.2.4)
now (Y5.2.5).
‘Eoto howtév UC,..., U € Vj, mpooeyyioeic tov ul, ..., ud"!

TETOLEC (MDOTE

-1

|U7 = ||, < C (kP + h")

R

<
I
=

(5.5.10) -

v » (|07 =l ||, < C(KP + hT7Y).

J=0

Opttovpe tig mpooeyyioewg U™ € Vi, n =gq,..., N, avodgownrd omxd to
oyNuaL

Tote and v [pdtoon 5.4.1, o k, h natddinia wxd, Aaupdvouue Tig
EXTUUOELS OQPAANATOC

5. n __yrn < P r
(5.5y.12) Og}laéxNHu U™, < C(k? +h")

5. n_ |, < C(kP + BTY.
(5.5y.13) OgLaSXNHu U, <C(kP +h""")

Hogatijonony 5.5y.1: Adyw tov (5.5y.8) xo (5.5v.9), o (Y5.2.3)
nav (Y5.2.4) wybovv yo xdbe v,w € V. Zvugove Aouwtov pe Tig
Magamenoerg 5.2.1, 5.3.1 naw 5.4.1, oe ovt) Vv epoouoyn Oev eivol
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amagaitymn 1 vedbeon (Y5.2.2"), ovte xdmowa cuvbixn ywa to k, yuo Ty
amddelEn Twv meotdoewv 5.2.1, 5.3.1 now 5.4.1.

Iagationon 5.5y.2: e avth v egoouoyy ov vrobéoeg (Y5.4.1) nau
(Y5.4.2) g Hagatignong 5.4.2 wavomoovviat. TTedypatt Aoym Ttou
opwopov g E omv Hogotionon 5.4.2 xouw mg (5.2.6), ywa x € Vi, nan
¢ € N éyovpe o1,

dz de dl
a(Z7B(),x) = 25 (B(u(t) = BOW (1), x) = Z7(V(u = W), Vx)
4
- (V%(“ = W), Vx) < [[ul = WOl Ixl;.

Apa ovpgova pue to Anupo 5.2.1

dK r—1
1% B O], < Dot

IMapouota delyvoupe OTL LOYVEL

dl

HWE(O)H0 < D¢h'.

5.50. 'Eva cvetnue tomov Boussinesq. ©o &@oguocovue TWEO TO
aENENUEVO. ATTOTEAECUOTE UaG %ol 0TO axOAOVOO CUOTNUO. COYLXMDV %Ol
OUVOQLOXMV TLUDV TUTov Boussinesq. T t* > 0, Tntovue pio ovvaQTnon
u = (ug,us) : [0, Lo] x J = R2, Ly > 0, tétol0. thote

1
Uy, — gﬂmt = B(u), ovo [0,Lo] x J
(5561) Q(,O) — QO, o10 [O,Lo],
u=0, ot {0,Ly} xJ
omov u® eivow doouévn OQXETA OUaA] OlavvouoTxy ouvvdotnon, B :

[0, Lo] x J = B?, B(v) = (—(v2), — (v1v2),, —(v1), — v2(v2),), nau
ovppodiCovue pe v, = ((v1),, (v2),)-

To ovotnua (5.58.1) elvon pia moooéyylon g ddLGoTaTNg dMAdOONS
ETLPOVELOXMV RUUATWV 0 £VO. OUOLOUOQPO RaVARL wixovg Lo nau fabovg
1 yeudto pe aovumieoto téhewo vyed, BA. [9]. Axduo oe ovti Tovg TNV
goyaoto ov Bona xour Chen deiyxvouv UmoQEN, UOVAOLLATNTO TNG KAUOLUNG
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Mogog u tov (5.50.1) naw ywo u® € C(0, Lo)?, £ > 2, nov amodewviouy
om vmayer t* > 0, tétolo MoTe

u € CY0,7; CH0, L))’

la s € N, ovpforitovue ue H*® to ymo Sobolev H*(0, Ly), ne Hj
10 %o Sobolev H{(0,Lg), ue |-|, ™ voouo tov H®. 3t ovvéyela
O¢tovpe HS = H® x H®, Hj = Hj x Hi nou Oewpodue v eEnig
~ 1/2 —~

vooua tov H* |jvf|, = (|vl|§—l—|v2|§) /2 Ottovue thpe H = HO.

SvpBohiZovue omouo pe < -, - > 10 cvvndeg eomTEQUS Yvouevo otov HO
oy e (v, w) =< vy, wy > + < vy, we > TO 0MTEQRO YLVOUEVO 0TOV H.
Eniong Bewgovpe tovg tekeotés 9, @ HY — HC, 0,0 = ((v1),, (v2),),
A:H?NH} — H, Av = (I—19?)v. ©¢tovpe t61e V = D(AY?) = H}

1/2
ne vooua [lvfl = (lully + §ll0-2/13) "2 omota eivar woodivay pe T

| - |l;- Emouévog to (5.50.1) avixer oty xatnyoQio TOBANUATOV OV
divoviaw amd v (5.1.1). Tt ovvégewo Ba delEovue OTL 08 AVTO TO
TEOBANa Loyvovv ov vobéoes (Y5.2.1), (Y5.2.2), (Y5.2.3)-(Y5.2.).

T T SLamELTomoinon 0to Mo, Bewotue pia drauéowon tov [0, L],
O=xp<z1 <+ <xy=1Loy pe h:= maXOSjSJ($j+1 —Ij). T
axéoawo 7 > 2, éotw S, = {x € C|0, Lo] : Xliajoap,y EVOL TOMIGDVUMO
Babuov 1o mory r — 1,5 =0,...,J — 1, x(0) = x(Lo) = 0}. Eivaw
gU®OAO VO dOVUE OTL 1M OLXOYEVELQ {Sh}o <h<1 EXEL TNV TQOCEYYLOTUXN
wLoTTO

1

(5.58.2) inf hj|v—x|j§0h5|v|s, Voe H'NH), 2<s<r

€S
XE€Pn =0

ue otafepd C aveEdotnmn tov h. Oeswpolue tweo wg Vi = Sp X Sh.
Téte yioo v € V' éxovue

1 1 L
inf Zhj v—x|? < inf Zhjv — y1I?+ inf Zhjv 2
XGVh =0 “_ XHJ - X1ESh =0 | 1 X1|.7 X2 E€Sn = | 2 X2|j

Emopévag, odugmvo pe mv (5.58.2), n mogamdve oyxton divel

1
. j _ S NS 7l
(5.55.3) Xlgvf_h_zoh lo = x|, < Ch*Jlull,, Yo € H* NHg, 2<s <.
XV £
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e aUTN TNV EQOOUOYN M OLYQOUULKY LOOYN @, CUUPWVYO UE TOV OQLOUO
OV dOoOpE 0TV TORAYEaqo 5.1, opiletar wg

1
G(Q, w) = (Qa w) + g (8J:Q7 8:Uw)7 VQ, w S Va
omote M “elhewtriny” oo Ry, @V — V), opietar wg
1
(5.55.4) (v — Rpu, x) + 6(81, (v — Rpw),0:x) =0, Vx € Vj.

Mmogovpe vo dovue OtL n Ry €xer tnv mpooeyyloting otta

|lv — Rpolly + hllv — Rpoll; < CR oy,

(5.55.5) _
veEH*NH;, 2<s<r

ue otabepd C aveEdpmn tov h. Ilagatnoovue ot M (5.58.4) eivon
Looduvaun ue 1o €Eng ovotmua

1
(’Ui - (Rhy)pX) + g(’l); - (Rhy):hxl) = 07

Vx € Sp, i=1,2.

(5.55.6)

Emtavahapfavovtog thpa to emgeroniuata ot (5.5y.6)—(5.5y.8), Aoyw
v (5.50.2) o (5.55.6) éxovpe Ot

v — (Rhﬂ)i|o + hlv; — (Rhﬂ)ih

(5.55.7) _ i
< Ch%lvil,, ©=1,2, ve HHNHy, 2<s<r.
Ao v (5.50.7) evxoha BAémovue OTL woyveL M (5.50.5) now Goa wmovo-
mowovvtar ov vrobéoers (Y5.2.1) »an (Y5.2.2) g mapayodgpov 5.2, ue
d=2.

SvupolriCovue pe |- |7 ™ vOQuUa otov L¥(0, Lg). Zdugovo pe mmy
aviootTa. Tov Sobolev, Bh., Aoyou ydow, [12, Gsdonua 1.4.6], vrdoyel
otabepd Cy, téTolo MOTe

(5.55.8) [v|p < Cilv|y, Vv € Hy.

Emewdn ov vooueg || -]|; »av || -] elvar woodivapes, opilovue Tdoo
0 owworo M wg M = {x € V; : 3t € Jlu(t)—xll, < 1}.

Ottovpe thoa M = {U € R2 : A(z,t) € [0, Lo] x J |uy(z,t) — Uy| <
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Crnon |ug(x,t) —Us| < Ci}, omov Cy m otabepd g (5.50.8). Ao tov
opwoud tov M evnoho mopaTnoovpe Ot

(5.50.9) max{|U:|* + [U2[*} < max{|ua(-, 8)[; + [ua (-, )] 7} +2C7.
UeM teJ

‘Eoto f(z) = 22. Adyo 10V 0QLopol TV GUVOROL M xan g (5.58.9),
vItdyeL wia ouvaeInom fn omoia tavtiletow ue v f oto M %o TANQEol
™ ovvOiun tou Lipschitz, pe otaBeod L. Av x € M, vndoyer t € J
ttowo dote [[u(-,t) — x|, <1. Adyo xaw g (5.55.8) &ovue TOTE

Jus (z,£) = x1(2) | + ua(z,) = x2(2)]* < |us (1) = x1l7
+ [ua (-, 1) —X2|ioo

< C2{Jur () — xals + uz (1) — xal, }

< CHlu(-t) = x|I? < Cy, Vz €10, Lo].

Emouévag x(z) € ]T/f, v #d0e = € [0, Lo] naw x € M, omote f(xg) =
f(x2), yvo #dbe x € M. Agu yw x, ¢ € M naw o € V' égovue 6t

(B(x) — B(¥), )1 =< —(x2), — (x2x1), + (¥2), + (291) ., o1 >

+ < =(x1)p — X2(X2), + (Y1), + P2(h2),, 02 >
=< x2 — P2, (1), >+ < x2(x1 — Y1) +P1(x2 — ¥2), (01), >

<= (p2), >+ < Flxa) = ), (02), >

< Ix2 — Palolenl; + (Ixalp=lXxt — 1y
+ [1lpee X2 = Y2lg)lerly + (Ix1 — P1ly + Lixz — ¥2ly)le2l;
< Clix =9l llell-

SVVETTMG

(5.50.10) IB(x) =B, <Clix =4l Yx.9€M.
Emouévwg vmdoyer otabepd Li, tétola dote

(5.55.11) IB(x) = BW)Il, < Lillx —¢l,, VYx.¢ € M.

Axdua, Moyo tov (5.2.4), (5.2.2) xa (5.56.10), vrdoyer otobepd Lo,
TETOLO. OTE

(5.50.12) ITB(x) = TB()ll, < Lallx — #ll,, VX9 € M.
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Iéov Moyw tov (5.58.11), (5.58.12) o (5.50.8) eivor amhd va dovue
Ot avorolovvtar ov vrtobéoers (Y5.2.3)—(Y5.2.6).

Eoto rowov U°,... . U™ € V), moooeyyiceig tov u’,...,u
TETOLEC (MOTE

g—1

qg—1
YU =)y < C(KP +17)
(5.5 5.13) 7= -
waw Y U7 =i, < C(RP + 0771,
j=0

Opitovue g mpooeyyioewg U™ € Vi, n = q,..., N, avadgourd and 1o
oynua

q
. 1 .
(U ) + 5 (0.0, 0, 0)
(5.50.14) "

q—1

=k» B(BU"),x), YXE€V, n=0,...,N—q.

7=0

Tote and v Ipotaon 5.4.1, ywo k, h xatdAinio wxd, Aaupdvouue Tig
EXTUOELS OPAAUATOC

. . n _ n < yu T .
(5.50.15) pax [lu” — U™y < C(K” + 1)

55, n__ym < ) r—1 .
(5.55.16) pax flu® = U™, < C(K” + 1)

Hogatijonon: Adyo tov (5.58.11) xow (5.56.12) o (Y5.2.3) now
(Y5.2.4) wyvouv yua #abe x, 1 € M. Zdugpmva howtdv pe g Topator-
oelg 5.2.1, 5.3.1 nou 5.4.1,_08_(11)1:7’] ™MV epaouoyn dev elvar amoQaitnTy
n vrobeon (Y5.2.2'), ovte xdmowo ouvbrmn yo 1o k ywo v asddelEn
tov [gotdoewv 5.2.1, 5.3.1 zow 5.4.1.



KEDPAAAIO 6

M£0000L TETEQUOUEVOV YOOIWV VLU TAQUBOLIRA
roofiquata

Ze ovtd 1o xre@dAaro Oa uehetioovue VO UEHOOOVS TTETEQUOUEVWV
Yol yuor éva TOQOROMHO TEOPANUO CQYHMV AL GUVOQLOAMY TUMV.
Mo ovyrexpuuéva Bo avaivoovue To MWOLAXQOLTE TEOBANUOTO. TTOV TTQO-
KUTTOUV €0V  OLOMQLTOTOMOOVUE WS TTEOS TO XWQEO TNV €5lowon g
OepuotTnTog, ue TG uebOdoVS TETEQUOUEVIV YWOLWY TTOV UELETHOOUE OTNV
§2.4. 'Etoi, Ba Tntiocovue MV TTQOOEYYLOTIXH AUON TOV TTAQOBOAXO
TPEOPBANUATOS OTO YWEO TWV W TEOCAQUOLOUEVOV TTETEQUOUEVIV OTOLYEL-
wv tov Crouzeix—Raviart xat Oa dramprromotoovue T dtopoort) eElomaon
ue HeBodovg TEMEQATUEVOV XWEIWV TOOO O EMUAAVTTOUEVOVS G00 %O
0€ UN ETLXOAVTTOUEVOUS OLOUEQLOMOVS.  2TN Ouvéyelo O OLaXQLTOTTOL-
Noovue Mg TEOS TO ¥Ovo ue v memheyuévn uébodo tov Euler ta
dvo MudLlaxELtd TEofAnuaTe wov ovaivovue otg 6.2 xwar 6.4. T To
NULOLOKQLTE. %Ol TANEMS SLOKQLTA TEORANUATO TTOU UEAETOVUE OF AUTO
TO KEPANOLO OITOOELXVUOUUE PEATLOTNG TAENG EXTUWNOELS OQAAUOTOS OTLG
vooueg HY now L2,

6.1 EIZATQI'H

Otwpovue T0 arOAOVOO TAQAPOALRSO TEOPANUA AOYLKMDV HOL CUVOQLOAWMV
wudv: T doopévo T > 0 now u® pic opoh GUVAQTNON TEAYUATIRGY
oy, tnreiton u: 2 x [0,T] — R, tétowa dote

u—Au=f ot Q, tel0,T]
(6.1.1) u=0 ot 09, te|0,T],
u(-,0) =u® oto 9,

omov {2 elvow €vo QOYUEVO, ®VQTO, TOAUYWOVIXG YwEio OTOV R? xou
f(t) € L*(Q), t € [0,T].
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Ze ovtd To REPAAOLO Ba nataoxevdoovue o Oa avalvoovpe ueBddovg
TEMEQUONEVIV YwRimV Yo T Swoxortomoinon g (6.1.1) wg meog to
YDOEO RAOMG 1oL TANOWG OLAXOLTA TYHUATO TTOVU TTQOXVITTOUV OLOKQOLTOTTOL-
MVTOG OTN OUVEYELD %OL G TTEOS TO XEOVO Ue TNV TemAeypévn uébodo
tov Euler. H duaxpitomoinon wg mpog To xweo Paciletar otig ueboddovg
TEMEQAOUEVOV YLV TTOV avolvoape oty madypoago 2.5. 'Etor 0o
nmioovue wio wEOoEyyLon g Avoewg touv (6.1.1) ot0 xdo TwV wUn
TEOCOQUOCOUEVIV, HOTO TUNUATO YOOUULXOV OUVOQTHOEWY, dnhadr Tov
AHQO TETEQAOUEVOV 0TOLelwv Twv Crouzeix—Raviart, fA. [24].

Ou Guo xou Stynes, omnv [37], avalvouvv éva Oxfue JTTETEQUOUEVMV
OLOPOPWY, TO OO0 TEONVTTEL aTO o UEBOOO TETEQUOUEVIV YwElwV
v éva aQofolxd TEOBANUA HeTagoQds xar dudyvong oto [0,1] X
[0,7]. Emiong, ov Baughman xon Walkington, omv [7], avalvouwv pia
uébodo co—volume, pio TEXVLXY OLAXQOLTOTOINONG TOQOUOLO. [LE CUTHYV TWV
TETEQAOUEVV WLV, VL0 EXPUALOUEVO. TTOROPOAMHA TEOPARUATA, OTTWG
elvon tor wpoPAjuata tomov Stefan.

[pdogata o Trujillo, oty [73], avéhvoe ehhewttind xow TOQUBOMKA
TEOPBANUATA,  XONOLUOTOLWVTOS TN Uébodo memepaouévav ywelwv ToU
avagéooue oty modyoago 1.4, yio T OLOKQLTOTOINON TOV XMQOOV.
Emiong, OSiomoutomolel wg TEOg TO YOOVO TO NUWALOKQLTO TOQABOALKO
TEOBANUOL TTOV TTQORVITTEL, KONOLUOTOLWVTOS TNV TTETAeYUEVN UEBOOO TOU
Euler »aBwg xor v pébodo twv Crank—Nicolson. Ztn ouvéyelo yio To
NUOLOKELTO %Ol TO. TANQMG OLAXOLTE OYNUOTO. TTOV UEAETE, OQITOOELUVUEL
BEATLOTNG TAEEWC exTuoelg opdhuotog oty H'! vOQUAL.

Ed® Bo xataonevdoovpe oxfpuato yuo ) dwaxorronoinon tov (6.1.1)
xonowwomoldvtag Tig MeBodovg I xav IV, g §2.5. Oa Tnmnoovue
mpooeyyloelg g Aoewg tov (6.1.1) 0T0 XMHEO TV UN TEOGUQUOLOUEVMV,
2ATE TUNUATO. YOOUUHKMY OUVOQTHOEWY, dNAadt) TO %MEO 5'2, oe évav un
exqulLouévo Torywvioud tov €2, Ph. Opuopd 1.2.1.  TIgoxewévou va
UEAETNOOVUE TO. OXHUATO SLOKOLTOTTOINONG TOV TOQOLROAKOV TEORAAUATOS
mov eEetdlovue edm, Ba Bewonoovpe Tig avitiotouxes “ehhewmtinés” mQo-
Bolég 0TO HWEO 5'2. T To MULOLAXQLTE. TYRUATO. TTOV UEAETOVUE, OTTOOEL-
wvooupe RBEATLOTNG TEEemg exTimioels ogdiuatog oy HY vooua. Axdua,
delyvouue exTuuoels oQdAuoToC BEATLOTNG TdEeme oty L2 vopua. T'ia v
OTOOELEN aUTNS TNG EXTLUNONG IO TO OXNUC TTOV TEORVITEL te TN MEBodo
IV, vrobétovue on uwl)(-,t) € H3(Q), t € [0,T] nu j = 0,1,2,
omov uld) = jTJju. [ v MéBodo III vmobétovpe OTL TO €0WTEQLRO
onuelo zg, mwov emhéyovue oe ndbe Tolywvo K vy TV rOTOOHEVN
ToUv dUTrov dtoueotopov tov Th, elvar 10 Boinevigo xabwg xow OTL
u(,t),us(-,t) € H3(Q), t € [0,T). Emiong Oemgovue TMowg Stomoutd.
oynuato yuoe v (6.1.1), ov TEOXHITOUV SLOXQLTOTTOLMVTOS T NULOLIXQL-
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T TEOPANUA TTOV avolDOVUE WG TEOS TO YXEOVO UE TNV TETAEYUEVN MEOOSO
tov Euler. Ou extiunoelg OQAALOTOS YLO. TO. TANQMG OLOXQLTE oyfuaTa
elvol TaEOUOLEG UE AUTES TV OVTLOTOLYWV NUWOLOHOLTMV TEOPANUATWY.
ZUVomTInG TO TTEQLEXOUEVO OVTOV TOV ®e@oiaiov eivar to €ENg. Ztnv
§6.2 dwaxguromotovpe ™y (6.1.1) g 7TEOG TO YMEO YONOLUOTOLDOVTAS TN
uéBodO TEMEQUOUEVWV OTOLYElmV OV avolvoaue oty Méfodo 1V, §2.5,
7oL avolvovue TV MudLoxELT) néB0do TOU TEOXRVITEL. 2Te OLwENUOTO
6.2.1 non 6.2.2 amodetrvioupe PEATLOTNG TAEEWS EXTIUNON OPAAULOTOS OTNV
H' wav L? vépuo, avriotoyro. Ztnv §6.3 SLoxQLTOTOLOVUE TO NUSLO-
%OLTO TEOPANUA g §6.2 wg mEOg TO YEOVO ue TNV Temheyuévn uéBodo
tov Euler. Zta Oswpruata 6.3.1 xou 6.3.2 amodetwviovue ta avriotouya
amotehéouato TG Togayodgov 6.2, Etmv §6.4 dwaxpitomotovue v
(6.1.1) g TEOg TO XMEO YONOLWOTOLMVTOS TN UEH0dO TTEMEQUOUEVMV
xwelwv mov avalvoaue otnv §1.5 xoL avolvovue T0 NULOLEXQOLTO TEORAN-
uo. Zto Oeoonuota 6.4.1 xow 6.4.2 amodewrviouvpe wio BEATLOTNG TAEEWS
entipnon ogdhpatog oty H' xav L2 vépua, aviictoyxa. Zmv §6.5
dlamQLTomolovpe To NUdLOXQLTO TEORANUE TS §6.4 ®g TEOg TO YEOVO
ue v memheyuévn uébodo touv Euler. Zto Oewpiuoto 6.5.1 xav 6.5.2
QUTOOELXVIOUIE TOL OVTLOTOLYO. OTTOTEAEOUOTO. TNG TTAQAYQApov 6.4.

6.2 TO HMIATAKPITO IPOBAHMA
2E ENNIKAAYIITOMENO ATAMEPIZEMO

Se oUTH TNV TOQAEYEOPO SLOXQLTOTTOLOVUIE MG TEOS TO Xheo To (6.1.1)
yonowwomoldvtag ™ MéBodo IV, §2.5, xar avaldovpe TO OVTIOTOLYO
nudLaxELtd TEOPANUa. Zta Osmpoiuata 6.2.1 xow 6.2.2 omodetxviouue
BEATLOTNG TAEemC exTuoelg opdhuatog oty H1 wow L2 vopua, avtioToL-
X0l

Oempovie houtév pia mhevpd e € Bl xay o avtiotoyo ywoto Ve €
V. Ohoxdnowvovtag tote v (6.1.1) mdve oto V, non epoouotovrog
TOV TOO OAOrMipwoNg Tov Green, TalQvouue

/ u(x,t) de — Vu(s,t)-nds
(6.2.1) ° ove

= f(z,t)dz, Yee E* te0,T].
Ve

‘Eyovtog voywy v (6.2.1) xav myv (2.5.13) Oewgotue v axdrovdn
uébodo memegaoutvov ywolwv v my (6.1.1): Znreltaw up(t) € S,
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t € 10,7, tétow dote

/ upt(z,t)de —3 Vup(s,t) -nds
e oVe

Ve
up(-,0) = ul  oto Q,

ue u?l € 82 uta. OooUEVN TEOGEYYLON TNG u?, Tétoln (hoTe

(6.2.3) |u® — u

1h S ChHUOHz,Q-

Suvdvdlovrag tote Tig (6.2.1) xon (6.2.2), hapfdvovue

/ (ut — upt)(z,t) doe — V(u —3up)(s,t) -nds
Ve Ve

=0, Ye€ E* tc0,T].

(6.2.4)

OemEOVNE TMEA TN dypauuxy Lo ayo, mov ogicaue oty (2.5.14),
#oOdg xar ™ Swyoouuxt wooen b : (H + 8,) x (H! + S3) — R mov
opiCetar wg €&ng

(6.2.5) b(v,w) = Z w(me)/ vdr.

e€Ein Ve

Aga, wrrogotue vo yodpoupe v (6.2.2) ot poogn

b(uh,t('a t)a U) + 3ENO (U’h('a t)a 1))
(6.2.6) =b(f(t),v), YveSy, tel0,T],
up(-,0) = ud, oto Q,
7abdg xow mv (6.2.4) wg €ENg
(6.2.7) b(ur — up ¢, v) +ayolu — 3up,v) =0, Yo €Sy, t€[0,T].

Ago¥ ov ovvaQTHoES {@e e o amotehovv Pdon Tov ymeov SV, Préme
(1.2.3), wrogovpe va SLOTUTMOOUHE TO NUOLOXELTO TEOBAuae (6.2.6)
0TV axOMOVON HOQYY: ZNTOVVTIAL OL OUVLOTDOES (e (t) TOV aVATTUYIATOG
up(z,t) = ZeeE-;? e (t)pe (), TéTOLES (DOTE

Z ale(t)g(soea (102) +3 Z ae(t)a((pea (PE) = 5(fa (10[)7 Vi e E;Lna
eGE';;’ eEEih“
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naL, oVUPBOACOVTAG UE Ve TLS OUVLOTMOES TNG OOOUEVNG OQYLUNG TTQOOEYYL-
ong uy, .

ae(0) =7., Vee E;".
MmoQovpE VO EXPEACOVUE TO TTAQATTAV® TOOPANUA. 08 LOQPN TLVARWV WG
e£nc

(6.2.8) Bo/(t) + Aa(t) = f, vt >0, ue a0) =1,

omov A = {aeg}eyeeEihn glvar o mivorag anopplag, ue otouyeia e =
ano (e, 1), B = {beé}e,zeE;;l 0 mivonag palac, we otougeia bep =
b(e, Pe), ]7 10 OUGVVONO e oTouyeio fr = fVe fdz, L € B at) 10
Aavuoua Twv oyvaotmv ae(t), e € E;'L", %OL Y TO OLAVUOUOL e OTOULYELO
Ye, € € E}Ln. Avtd To dwovdouoto €xouvv OLdoTaon (om Ue ovTy TOu
KOOV 82. T vo delEovpe VwoEN ®a povadrotTnTo. Tng AMIoEWS (¢ TOV
(6.2.8) aprei va deiEovpe OTL 0 B eivor aviotoépnos. =t ouvéyela Oa
amode(Eovue OtL 0 B elvar ovuuetoirdg #ol Betind 0QLOUEVOS, OUVETTMG,
WOLaiTeQa, AVTLOTOEPETOL.

Appa 6.2.1: o xdfe v € S éyovue

(6.2.9) b(v,v) > 0.

Amdodelén: Adyw g (2.5.21), éovue

b(v,v) = Z v(me)/ vdx

e€Ein Ve
Kte K—°
= Z u(me)<|—3| Z U(me)+| 3 | Z v(mg)>
e€EiR LeEL(K+e) LEER(K™®)
K
- Z |3—|( Z U(mg))2. [ ]
KeT, e€Ey(K)

Afupa 6.2.2: O wivaxag B elvar ovuuetoxog.

AnddelEn: 'Eotw d0o mhevpég e, £ € E,iln. ‘Eotw ®at’ aQynv 0Tl 1 e ®oL m
£ dev elvar mhevpég evog torywvou K € Tj,. Tote elvor moogavég amd Tov
ogLopd g b, xaw g (6.2.5) xau (1.2.5), 6t b(pe, pr) = b(we, @) = 0.
Yrobétovpe thoa 6t e, £ € Ep(K) yw éva tolymvo K € Ty, now e # L.
Tote

_ K _
b(%mz)z/ wedxz/ wedx=—|3| =/ pedz = b(pe,p.). A
Ve K Ve
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Sopgova ue o Ajupota 6.2.1 xow 6.2.2, o mivarag B elvar ovu-
UETEUROG nou OeTind oQuopévog rou (ol elvor avtiotEéyuos. Emouévag,
wrogovue va yodpovue v (6.2.8) wg

o' () + B~ Aa(t) = B~'f, yua t >0, ue a0) = 1.
Suventdg givor mogaveg Ot n (6.2.8) éxer wovadny Aon yua Oetind t.
O Bewpricovue TOEM, évav Tteheotn “elewttinng” moofolng, Py o:
HY(Q) + S), — SP, mov opiletar wg Eng

(6.2.10) 3ayo(PPu,x) = ano(u,x), Vx € SY.

Svugove pe tg (2.5.20) xow (2.5.22), érovue TIc axOlovbeg exTLnoELg
O0PAAUOTOS

[1PYv = vy, <Chllvllyq, Vve H?N Hy,

(6.2.11) . ) s
1P = vllo.0 <Ch7|lvll5 0, Vo€ H” N Hy.

Eniong, AMoym tov ogiopov g Py, magotngolue evxola 6tL 0 PP now m
TOQOYWDYLON MG TOOG TO XOOVO ovIlpeTatibeval,

(6.2.12) PPuy = (PPu);.

2y amddelEn Tov Oeweiuotog 6.2.1 Ba yeeaoTovue T0 axOAoVBo Ajuua.
Aippe 6.2.3: Eoto v,w € Hj N H? + SP. Tore

|b(v, w)| < Cllvll qllwllp o

Amddeién: Ao mv (1.2.1), érovue

bow) =] Y w(me)/ v da|

eEE';l“ Ve
1/2 |Ve| 1/2
<(X wrm) (Y G [ o)
eEEih“ eEEih“ ¢ €

< Cllwllggllvll o ®

Axopa OLTUTMVOUUE TO YVootd Afpua tov Gronwall, wg Anupa 6.2.5
(B [78, §43)).
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Anupe 6.2.5 (To yevixevpévo Anupe tovl Gronwall): ‘Eotw ¢, f €
Cl0.7], 1) 2 0,1 € [0,T], au

t) < a+/0 f(s)p(s)ds, Vte|0,T],

omov o € R Tore,

o(t) < aedo F)ds gy ¢ [0, 7.
2 ovvéyxela Ba amodeiEovpe pio PEATLOTNG TAEEWS exTiunom oQAMIOTOS
omv H! vooua.

Ozognue 6.2.1: Eotw up, xat u ot Moeis tov (6.2.6) xau (6.1.1), avri-
otouya. Tote

| un (), < Ch{llu’lla 0 + lue(0) 1,0 + llur () 2,0

|u(t)
6213 12
/Hut ||mdf+/||utt B o dr)?}, nat > 0.

Amodesn: Qg ouviBmg, ywoilovue ™ dLpoQd U — up, ™G EENG
(6.2.14) u—up = (u— Plu)+ (PPu—up) =0+ 9.

Sougovae pe my (6.2.11), éovue yuo t >0

t
le@®ly , < Chllu(®)lly,q = Chllu’ —/ u (1) drll5
(6.2.15) 0

t
< Oh(lully+ [ ()l o).

Emouévog, yio va deiEovue v (6.2.13) apxrel va extuioovue v 9.
Adyw tov oplouov g 9, tov (6.2.4), (6.2.1) xou (6.2.3) maigvouue v
oxdhovdn eElowon opdluoTog

(94, x) + 3ano (¥, x) = b(PYut, x) + 3ano(PPu, x) — b(un,t, X)
—3ano(un,x)
= b(Pus, x) + 3ano(PYu, x) — b(f, X)
= —ano(u — 3PPu, x) — b(us — PPus, X)

= _E(QtaX)a VX € Sg
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Apoa,

(6.2.16) b(9s, x) + 3ano(d, x) = —blo, x), Yx € Sp.

Eméyoviag 1o x = ¢ oty (6.2.16) xar onolmwomoudviag o Yeyovog
ot ano(v,x) = a(v,x), v v,x € Sy, . Afupa 2.5.2 xor Afjpua
6.2.1, haupdvouue

3d - _
§£|ﬁ|i,h < b(94,9¢) + 3ano(9,9¢) = —b(os, I¢)
(6.2.17)

d— _
= —%b(gt,e) + b(gtt,O), te [O,T]

Oewpotue thoa t € [0,T] nar ohoxknodvovpe v (6.2.17) oto dudotnua

[0,£]. Tote, amd ta Anppato 6.2.3 xor ™V dLoxQLTH OVIOOTNTA T®V
Poincaré—Friedrichs, fA. Anupo 1.5.8, maipvovue

3 3
S0 < SO + e O)llo ol 9Ol 0

(6.2.18) ¢
e / low ()l @l ()] dr.

+ Clloc()lg ol9(2)

Egapuotovtag tpa oy (6.2.18) to Afuua 6.2.5 %ot xonoLpuormoudvtog
g (6.2.11) »ow (6.2.12), maigvouvue

[9()]3, < CUIO0)5, + loe @5 + e (0l o
t
4 / low (DI i)

< CIOO)[2 , + CRA(lue () 5.0 + llue (0)]15

t
T / e (1) |2 dr).

(6.2.19)

Suvdvdlovtag howmév g (6.2.19) xonw (6.2.15), émetar M embupnti
extiunon (6.2.13). A

O oodeiEovpe Ta wia PEATLOTNG TAEEWS EXTIUNON OQAAUATOS OTNV L?
vOQUO.

Oeoonua 6.2.2: ‘Eotw u 5 Aoy tov (6.1.1), ue u,us,uyy € H>(Q),
t € [0,T] xaw up, n Aoy tov (6.2.6), ue uf) = PPu’. Tdre vadoyer uia
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otabeoa C, aveEdotny Tov h, téT01a doTe

Ju(®) = un ()l < CH2 (15 0 + e ()l
t
(6.2.20) @l + [ ()l dr

¢
+ (/ “Utt(’r)HgQ dT) 1/2), vt > 0.
0

ArddeEn: Agob u) = PPu, &ovue 9(0) = 0. Aga, axd ™y (6.2.19),
moipvovue

[9()]1 < OB (llus(t)ll5,0 + lus (05,0

t
4 / i ()12 )

Emouévwg, ovugpova pe v otoxoutr aviodtnto. twv Poicaré—Friedrichs,
Anupe 1.5.8, wav g (6.2.11), (6.2.12), »on (6.2.21), hapfdvovue v
emBuunty extipynon. M

(6.2.21) "

6.3 ENA [TAHPQX AIAKPITO XXHMA
YE EIIIKAAYIITOMENO ATAMEPIZEMO

Ze aut) ™V Todyopo Oa ovahvoouue éval TANQWS OLAXQOLTO TYHUL
yuor T draxgrtoroinon g (6.1.1), Tov TEOXVITTEL AV dLAXQLTOTOLHCOUUE
mv (6.2.6) wg TEOg TO KEOVO pe TV Temheyuévn uébodo tov Euler. Eta
Osmoiuata 6.3.1 xow 6.3.2 amodewkviouvpe BEATLOTNG TAEEWS EXTLUNOELS
opdluatog omv HY wav L2 vépuo.

OemQEOVHE Evav OUOLOHOEQO dtapeptond tov dwaotiuatog [0, 7). Tw
N €N, ¢otw k = T/N 1o Piue mg dopéouong xow t" = nk, n =

0,...,N. Emiong, ywo zdbe ouvvagmon ¢, mov ogiteton oto [0,77],
Oétovue " := (") non yia 00, ..., 0N € SY

. " — vn—l

" = ————, n=0,....N-L

ALO%QLTOTIOLOVME, AOWTOV, TV (6.2.6) g TR0 TO YOOVO Ue TNV TTETAEYUE-
vn uébodo tov Euler. To oynuo mov mweorOmter elvor To €ENG: Zntovvral

UreS),n=0,...,N, tétow dote
E(EUn’X) +ENO(Un7X)
(6'3'1) = _(f(tn)7X)7 VX 6 527 n= ]'7 et 7N7

0_,0
U" =uy,
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émov u) € SP wavomotel ™y (6.2.3). XNOWOTOLHOVTAG THEE TOV OV-
upoltopud yia tovg mivores A xow B mov ewoaydyoue Yo 10 npudLomoLtd
meoAnua (6.2.8), wrogovue vo Eavayodpovue v (6.3.1) otn woon

(6.3.2) (B + kA)a™ = Ba™ ' + kf(t").

Adyw tov Anupdtov 2.5.2, 6.2.1 xav 6.2.2, o mivaxog B + kA eivol
OUUMETOLROG ®ou OeTind 0QLopévog, noL GO0 QVILOTEEYLWOS.  AROUO
datumdvovue éva dtomELtd Mjupae tov Gronwall, wg Afupa 6.3.1 (BA.
[78 §A3]).

Anjupe 6.3.1 (H dvaxgrri evicétnre tov Gronwall): Eoto T > 0, N € N,
xark =T/N. Avay,...,an xaw E un agvytixol agibuol, tétotor dote ue
v > 0 va woydet

n
Olp 41 SE—i—ykZag, n=0,...,N—1,
£=0
107T¢€
pnax, an < C(ag + E),
ue ula otabeod C aveEdotnty Tov k.

2N ovvéyxela Bo deiEouvpe wia PENTLOTNG TAEEMS EXTIUMON OQAAUOTOS OTNV
H?' vopua.

Ozognua 6.3.1: ‘Eotw U™ xaw u ov Moeg tov (6.3.1) xouw (6.1.1),
avtiotoya. Tote vaoyet uia otabepa C, aveEdotnTn Tov h, TéTota dote

) — " < Ch 0 n
s () = U < O (I e

T
2 1/2
©033) -+ g @l + ([ (61 00) ")

0<t

T
+ 0 ma Tl + ([ o)l ) 7).
< 0

Amdoeén: Avahoya, omwg oy (6.2.14), éovue
(6.3.4) u(t"™)—U" = (u(t") — PPu(t")) + (Pu(t™) —U") = o™ +0".

Sougovae pe my (6.2.15), wyde

t’ﬂ
(6:35) [le" [, < Chllu(t") 0 < Ch(l[u® 0+ / e (7)1, 0t7)
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Emiong, évag wrtohoylopnds mapouolog e avtov oty (6.2.16), diver
b(99",x) + 3ano (9", x) = b(OP{u", x) + 3ano(Pru", X)

—b(dU™, x) — 3ano(U", x)

bO(Pru" —up'), x) + b(0u™ —ui'), x) + bluf, x) + ano(u”, X)

—b(U",x) — 3ano(U", x)

:5((“)“7)()7 VXES’?J nZ]‘?"'?N?

OOV
(6.3.6) w" = (PPOu™ — Ou™) + (Ou" — u}) = wi + wh.
Emouévog,
b(09™, x) + 3ano (9",
(63.7) (09", x) + 3ano (9", x)

=bw",x), Vx€S), n=1,...,N.

Emiéyoviag thpa x = 09" omv (6.3.7), haupdavovue

(6.3.8) b(09™,09™) + 3ano (9", 00") = b(w™,09™), n=1,...,N.
Adyw ThHEa Tov YEYovoTog 6T ano (v, x) = a(v,x), o v, x € Sy, Pi.
Anupa 2.5.2, xow tov Afupatog 6.2.1, n (6.3.8) diver
k— —
n |2 n n— n n
(6.3.9) |97, <[9"[ 410 1|1,h+§b(w ,00™), n=1,...,N.

ABpoilovtag howtdv v (6.3.9) yia j = 1,...,m, %ol ¥ONOLLOTOUHVTOG
dBpowon xatd uéon, to Anppa 6.2.3, v daxorty ovicdtta Twv Poinca-
ré—Friedrichs, fA. Afquuo 1.5.8, xar v oouBuntixy yewuetouxy oviodtnta,
houpavovue

n

;2 L . B . —
DI < DT A+ g DB, 90)

J=1 J=1 J=1

n—1

1 .02 |2 | . 1 . on 1-

< SIS0+ b 07 = Sh(wh 9°)
j=1

b~ i oo
—§Zb(aw7,z97 D)
j=2

n—1 n—1
2 3 n ™) »
< O+ 107+ ST+ OB Y S,

j=1 7=1

n
2 2 = 512
+ ("l 0 + lo*llg.0) + Ck D 18wl

=2
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N odvvapa

n—1
n 2 ;2
|9 If,h < O9°]y, + Ck Z 19711 1,
(6.3.10) . =t
+CEY 0w o

j=2
Xonopomoudvrag thpa oy (6.3.10) to Aduua 6.3.1, maigvouue
2 l 2
max_[9"[7, < Cl9°], +Ck Y |0’y

(6.3.11) 0snsN =

0<n<N

S ovvéyela Ba extiuioovue to OeELO uéhog g (6.3.11). Adyw, howrdv,
g (6.3.6), é&ovue, yioo j =1,..., N,

I | .
Ow] = E(Plo —1)(0u? —ou’ )
klz (P —I)(u! —2u/~! +u!?)
(6.3.12) 1t (4 —g)?
= (Pf — I){U’tt + ﬁ %uttt(s) ds
1 7 t7_2 —s 2
+ ﬁ %uttt(s) dS}
Emiong,
_ .1 _ .
dwy = %(8113 - u — 0wt + ui_l)

(u = 2077  + w92 — kud + kul™T)

. AR
=12 K2ult + kul T — kud + - Tuttt(s)ds

+/tj (=% - )
— U
- 21 et
1 v tj —5)
= ﬁ ]{7/ (t — 8 uttt dS +/ ’U/ttt(S) ds
ti—1

72 =2 —
+ /tj_1 o1 Ut (S

B
e R
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Emouévmng,

Owl = %(k/ (t7 — 8)uge(s) ds
t

6.3.13 | ! |
ey s [T
+ i ol uttt(s) S+ b ol Uttt(S) 8).
AnOUa, EVROAN TAQATNEOVUE OTL
1 t?
wy = E/ (PP — Iug(s) ds
ti=1

(6.3.14) }
: 1 :
noL Wy = —%/t (5 — /" Ny (s) ds.

Suverig, ovpgova pe g (6.3.12)—(6.3.14), (6.2.11) xow (6.2.12), moi-
ovouue

n n
= 2 — 5.2 — .2
EY 0w lg.q < 26> 10w lly.q + 10wl o

j=1 7j=1

t'f'L
6.3.15 2 2 2 ;
( ) < Ch Ognnz%xN lugills o + Ck /0 [[weee ()] ds

tn
+Ch2k2/0 “Uttt(s)“g,ﬂds’

©00W0C KoL
max [|w" |3 <2 max 7]} o +2 max fwf]?
(6.3.16) 0<n<N 0,2 = o<n<y 0N 0<n<y T 2N00
.. < 5 2 2 2 )
< Ch* max lue(t)]l5.o + Ck max [[uet ()]0,

Tote, ovvdvatovrag tig (6.3.15), (6.3.16) xow (6.3.11), éxovue

2 2 2
max |79n|1,h < C|190|1,h +Ch? G ax, o |2,Q

0<n<N

T T
(6.3.17) + Ck? / et (5) 5 o ds + Ch2k? / et ()15 s
0 0

h2 t 2 kz t 2 .
+ O max (B30 + OF s e (1)1
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Tehxd, yonowomordvrag tg (6.3.5) xow (6.3.17), haupavovue v embu-
unty extiunon, (6.3.3). W

St ovvéelo Oa extywioovpe ™y L2 véoua g dwagopdg u(t™) — U™.

Ozognue 6.3.2: ‘Eotw u n Adon tov (6.1.1), ue u ut,utt,uttt € H? (Q)
t € [0,T), xar U™ 5 Abon tov (6.8.1), ue U° = . Tote vadoyer uia
otabeod C, avekdotnty v k xau h, tétoia dote

g n < h2 0
max [u(t") ~ Uy < © (uu o+ s,

T
6318)  + g @l + ([ a6 0d9)"?)

<t<T
T 1/2
+ Ck( max et (E)lo.0 + (/0 |wtte (s )||o ods) )

Anddeln: Suvenmg, obugova ue tg (6.3.12)—(6.3.14), (6.2.11) xa
(6.2.12) maigvovue

n n
= .2 — 5,2 — 5.2
kY 10w7]lgq <2k [[0willy q + [0whlly o
j=1 7=1

t”'L
6.3.19 4 n2 2 2
( ) < Ch o 8%, ugillz o + Ck /0 [[ueet (5)]p o ds

tn
+Ch4k2/0 ||'Ufttt(3)||§,ﬂd8’

©00WC KoL

2
0<n<N 0,02

< 2 oo
Ch* Jmax g (¢ )y|3,9+0k 02?%”“&@)“0,9

(6.3.20) OsnsN

Agov éyovpe emhéEer U0 = PPu?, tote 9° = 0. Emouévog, ouvdudLovrag
g (6.3.19), (6.3.20) xov (6.3.11), éxovue

< 4
Oglax |[9" |1h Ch Lnax ||Utt||39

t’!’L
2 2
(6.3.21) +Oht Jmax [lue ()50 + Ch*k? /0 [[utee (s) I3 o ds

tn
2 2 2 2
+ Ck /0 [uete (s)]lg ods + Ck 022XT||Utt(t)||0,Q-
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ZUVETTWG, OVUQOVE UE TNV OaxQLTy oviootnta twv Poicaré—Friedrichs,
Anupe 1.5.8, xon tg (6.2.11) xon (6.3.21), maipvovue v embounty
extiunon. M

6.4 TO HMIAIAKPITO ITIPOBAHMA XE
MH EIIIKAAYIITOMENO AIAMEPIXMO

Ze out) ™V TaEdyEago Ba SLOKQLTOTOLMOOVUE WS TEOS TO XMEO TO
(6.1.1) yonowwomotdvtag ™ uéBodo TETEQUOUEVMV XWOImV TTOV Beworioaue
otV ToRdyeaqo 2.5, rot Bo avoivoovue TO MUOLOXQOLTO TEOBANUO TOU
TeoxrvnteL.  =to Oewonuata 6.4.1 xow 6.4.2 Bo amodeiEovue PEATIOTNG
t6Eewg extuuoelg ogpdluotog otg HY xav L2 vépuec.

Oempovie howtév wia mhevpd e € EiM xar 1o avtiotowo ywolo,
be € B,,. Tote ohoxknodvovpe v (6.1.1) 010 be nou e@aouoOZovue TOV
0o ohoxMjpwong Tov Green. Emouévwg, Aoupdvovpe

/ ut(x,t) de — Vu(s,t)-nds

(6.4.1) be Obe

= / f(z,t)dz, Yee EP te€[0,T).
be

‘Eyovtog voywy v (6.4.1) xov v §2.5, Bewpovue v oxdrovdn
uébodo memegaopévov ywolwv v v (6.1.1): Znreltaw up(t) € SY,
t € 10,7, tétow dote

Up, ¢ (M, t)]be| —/ Vup(s,t) -nds
Obe

be

up(-,0) = u) ot Q,

[VES u?l € 5’2 uio doouévn TEOOEYYLON TNG Ug.

Hagatijonon 6.4.1: Aev SLomQLTomoLovue TovV QO fbe Ug, UE fbe up, ¢ dz,
ov  ebvar mBavov var odNYNoeEL Of un CUMUETOLRO TTivaxa, oAAG ue
Up,t(Me, t)|be|, 0 0moiog Bar ddoer TeEMxG Evav dLayMVLO TTivaxa.

Suvdudtovtag tma Tig (6.4.1) xou (6.4.2), haufdvouvue

(6.4.4) / (ue(w,t) — up(me,t)) do — - V(u —up)(s,t) -nds

=0, Vec E™
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Oewovue onduo TLg axndrloveg OLYQOUULKES UOQYES, a, TN ~N,D,C: (H 24
Sh) X (H2 + Sh) — R, wg

a(v,w) = Z (Vu, Vw) g,

KETh

ann(v,w) = Z w(me) Vo -nds,

cemn ob,
(6.4.5) ~

b(v,w) = Z w(me)/ vdz,
e€EiR be

)= 3 [bololmeum,).
eEEih“

Mmogovue Aowtdv va. yodapovue v (6.4.2) otn pooe

ol

(up (- t),v) +ann(up(-,t),v)

h )
(6.4.6) =Db(f(t),v), YweSy, tel0,T],

up(+,0) = u), oto Q,

nwow v (6.4.4) og €Eng

b(ut,v) —¢(upt,v) +ann(u — up,v)

(6.4.7) o
=0, Ywes, tel0,T].

Agov ot {@e}ec Ein omotehovv Pdon Tov SP, uToovie Vo SLOTUITHOOVUE
0 NUOLERELTe TEORAue (6.4.6) 0T HOEEY: ZNTOUVIOL Ol GUVIOTMOES
@e(t) Tov avomTiynatog up (T, t) = D, pin Qe (t)Pe(T), TETOLES MOTE

h

Z O/e(t)E((pea (:OZ) + Z ae(t)aNN((pea 906) = l_)(fa (pﬁ)a Vi e E;Lna
e€Ein e€Ein

%OL UE Ve OUVUPBOMICOVUE TIS CUVLOTMOES TIS OQYLHNG TQOOEYYLONG ug,
@.(0) = ., Vec Em.

Evxoho. magatnoovue OTL WTOQOUUE VO OLATUTMOOVUE TO TTAQATTAV®
TEOPAUO. 0TV axdAoVON mopn,

(6.4.8) Co/(t) +Aa(t) = f, pat>0, pe a0) =7,
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omov A = {aeg}eyeeEihn glvar 0 Tivoxrag oxapplog Ue OTOLYELD Qep =
annN (e, pe), C = {ceg}e,geEihn 0 mivorac ualag ue OTOuElo Cop =
(e, Pe), f 10 duévvopa pe otouela fr = fbe fdz, £ € B, aft) 1o
ddvuoua Twv ayvaotmv a.(t), e € E}L“, %OL Y TO dLdvvoua ue otouyeio
Ye, € € E}Z“. H dudotaon twv dtovvoudtwv ouvtov elval tom ue
OLdoTaoN TOV KMEOV 5'2. T va deiEovue VITOEN ®oL povodrdTTa TNG
Moewg o Tov (6.4.8), aoxel vo deiEovue 611 0 C eivor oVTLOTOEPHOC.
St ovvéyela Oa SeiEovpe oL 0 C eivor SLOYMVIOS U N UNOEVIXA
OLOYMVLOL OTOLYELD ROL OUVETMOS AVTLOTOEPLUOG,.

Adym TOU 0QLOUOY NG € KOL TWV OUVOQTHOEWV PBAONG e, € € E}ln,
Br. (2.2.5), éxovue

(6.4.9) (e, pr) = Z by |pe () pe () = dees
peEn

omov § elvar to ovupforo Tov Kronecker. Aga C =1, 6mov I eivay o
wovodiaiog N X N mivarag. Suvendg, Wrogovpe vo. yodpovue Ty (6.4.8)
ot HoePN

o (t) + Aa(t) = f, vt >0, pe a0) =1,

®naL Geo. elval cagég OTL £xel wovadrn Aon yua Oetwnd ¢.
Oemwovue TEo Tov oxdrovbo teheoth “elhewmtivng” moofoing Prt
0TOV 5'2, 0 omolog opiCeTar wg

(6.4.10) ENN(Plnu,X) ZGNN(U,X), Vx € 52

Zougpmva te To Oedpnua 2.5.1 €xouvpe TV ardhovdn extiunom o@aAuaTog
(6.4.11) |1Pfo —wvlly, < Chllollyq, Vo€ H?N Hg.

Axdua, av vrobéoovue OTL OTNV ROTAOXEVY TOU dUTxOU dlapeoLopov B,
tov T}, 10 eowtepnd onueto zx elvol to foainevigo tou TELYdvoy K,
yio »ae K € Tp,, téte amd 10 Oeonua 2.5.2 moigvouue

(6.4.12) |1Pfv —vllg o < Ch?||v]l5q, Yve H®NH;.

Eniong, Aoyw tov oguouov g P, magotngolue gvnola 6tL 0 Pt now m
TOQOYDYLON WG TOOG TO XOOVO ovTlpeTatibevral,
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2w ovvéygela Oa amodelEouvue ogropéva Auuata ov Oa pag fondricouvv
otV amddelEn Tov Oewpiuatog 6.4.1.

Afuua 6.4.1: Yadoyovv Oetinés otabepés C xar Cs Tétoies dote
(6.4.14) ollf ¢ < Cre(v,0) < Collvllf o, Vv € Sp.

Amodelln: Zougpovo pe 1o Aqpua 2.6.5 éxovue

(6.4.15)  |olloq <C Y h2v?(me) < Culvllgg, Vo €S,
eGE}?
omov he = |e|. Adyw tov yeyovétog OtL o dwapeououds Th eivar un

exUMOonévos, BA. (2.2.1), vrdoyer pio otabepd C, tétol hote
h% < Clb.|, Vec€ E.
Apoa,
||,U||§,Q < CE(”?”)? Vv € 82
Mapduota deiyxvoupe xow v Ay aviootnta g (6.4.14). W
Appa 6.4.2: Eotov € Hf N H? + SY xaww € SY. Tore

(6.4.16) [b(v, w)| < Clvlly o llwllo,q-
AnddeEn: Xonowomoudviag v oviootnta twv  Cauchy-Schwarz, Tig

(6.4.15) »au to yeyovog otL 0 Srapeoonog T, etvor un exguiiouévos, BA.
(2.2.1), éqovue

Bow) =] w(me)/ v dal

e€Ei" be
1/2 b 1/2
<(X w2t (X B [ oan
e€Eir ecER ¢ be
< C'||w||0,9||v 0,0- B

2t ovvéyela, Oeweolue TN SLyQOUULXY) LOOEY)

(6.4.17) ep(v,w) = b(v, w) —é(v, w),

oL ATTOOELHVUOVUE TNV OxXOAOVON exTiunon:
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Appa 6.4.3: Eotw v,w € S. Tore vadgyet pia otabeod C, aveEdotnty
Tov h, Tét0100 WOoTE

(6.4.18) len(v, w)| < Chlvlyp[wll,q-

AmddetEn: Xonowomoumvtag 1o 0tL 0 TOLyoviopog Ty elvor un exquit-
opévog, (2.2.1), now TO YeEYovog OTL M v VoL %OTA TUNMUOTOL YQOLK
otov Tp, éovue

()| = | 3 wime) [ (= vlm)d
. be
eEE},L“
<C Y diam(be)|be| [w(me)| [V
eEE‘};‘
< Ch|”|1,h||w||0,9a
omov he = |e|. B

Zupupova pe ta Anupota 2.5.1 won 2.5.2, éxovue

(6.4.19) ayn(v,w) = a(v,w), Yo,w € Sy.

21 ovvéyxela Bo amodeliEovue piar PEATLOTNG TAEEWS exTiUMOm OQAMULOTOG
oy || - [[y,; vooua.

Ozognue 6.4.1: ‘Eotw uj, xaw u ot Moeis tov (6.4.6) xar (6.1.1), avri-
otouya. Tote

lu(t) = un (@)l < lu’® —uplly, + Ch(“'UOHQ,Q
(6.4.20

) ¢ ¢

# [ hullaqdr+ ([ lulnEadn)”), nat o
Amodesn: Xmpltovpe ™ dLopood u — up ®atd Tov axdiovbo TomTo
(6.4.21) u—up = (u— Plu)+ (Pl'u —up) =0+ 9.
Sougovo pe mv (6.4.14), éxovue ywo ¢ € [0,T]

t
lo(®)lly < Chllut) 5.0 = Chllu® — / u(7)dr .0
(6.4.22) 0

t
< Ohlullp0+ [ ()l qdr).
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Suvenig, vy va amodeiEovue ™y (6.4.20) agrel va extuioovpe vy 9.
AOY® THEa Tov 0pLouov g ¥, twv (6.4.4), (6.4.1) o (6.4.3), éxovue
v oaxdrhovdn eElomon opaipatog
c(9e, x) +ann (9, x) = e(Prue, X) +ann (Pru, X) —c(un,t, x)
- aNN(’u’ha X)
= _ENN(U - Pfua X) - E(uta X) + E(Pfuta X)

- _b(gt7X) - Eh(Pfut7X)7 VX € Si(;
Emouévog,

(6.4.23) E(9¢,x) +ann (¥, x) = —b(o, x) — en(Plug, x). Vx € Sh.

Eméyoviag Aouwtov x = 94 oty (6.4.23) xon xonotmomotdviag 1o Anpua
6.4.1 »wow v (6.4.19), haupdavovue

d
10ellg.0+ C 1917 < C(eW, 92) +ann (9, 91)

= C(=b(os,0¢) — en(Plug,9y)), te0,T).

Apa, eqaguotoviog to Aqupota 6.4.2; 6.4.3 nar Ty agbuntixy yemye-
TOWI] OVLEOTNTA OTNV TTEONYOVUEV OYEON, TOLQVOUUE

d 2 2 n 2
(6.4.24) 1015 < Clledllo o + CR?[Prusly
Adyw tov ogwonov tng Pt elvor wpogavég OtL
(6.4.25) |P1nut|1,h < |“t|1,h-

Oewpotue tpa t € (0,T] now ohoxinodvouvue ™y (6.4.24) oto dudotnua
[0,t]. Tote, ovugova pe mv (6.4.25), haupdvovue

t
hmmﬁswwmﬁ+04nmm%ﬂm
t
(6.4.26)  +COR? / PRuy(r)|2 dr
0

t t
swmmﬁ+clHMﬂﬁ@m+cwﬂuwmﬁ@m-
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€,

XXHMA 11. Awopegropog evég torywvov K € Ty, oe tolo voyxweio K.

St owvéyewd, yonowomowmvtog T (6.4.11) now (6.4.13), n mwoostive
oyxéon Olvel

t
(6.4.27) D)2, < 002, + Ch> / e ()2 g

SuvdvdLovtag o g (6.4.27) xon (6.4.22), 1 extiunon (6.4.20) émetan
evnoho. M

Afuna 6.4.4: 'Eotw 1L 0tnv 20100701 TOV OViNoV dtoueoiouod B, tov
T}, 10 eowTegxnd onueio zx ival to 6apvVxevtoo Tov Tolywvov K, yia xdfe
K € Ty,. Tore vagyet uia orabeod C, aveEdotnty tov h, Tétota wote

(6.4.28) len (v, w)] < C’h2|v|1’h|w|1’h, Yo, w € Sj.

Amdoeén: Sopgova ue g (2.5.5) o (2.5.8), éovue

> /K“wdx— > w(me)/bevdx: 3 /Kv(w—Q(w))dx

KeTy e€FEpin KeTy,
= (v = v(zk))(w — Q(w)) dz,
K;h /K "

ue @ tov teleotq mov opioaue oty (2.5.6), dnhadm

(6.4.29) Qw)lk = > wime)x,, KE€eT,
e€Ep(K)

omov K, € ﬁ(K) elvar To. umQOTEQA TElywvo oTta. omolo €xouue
dwouepioer to K, PA. Zynua 11, xor ovpBoliCovue pe gs T YOQOKINQL-
ot ouvdtnon evig ywotov S C R2.
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Emopévog, emeldn ommg edmola wrogovue v dovue, o () wavoroLel
™mv

lw = Q(w)llg i < Chrlwl,  Yw € HY(K),

(6.4.30) 1
/|7~U—Q(w)|d$S0hK/ |Vw|dz, Ywe H'(K),
K K
houpdvovpe
(6.4.31) ‘Z / vw dz— Z w(me)/ vdx §0h2|v|1’K|w|1’K.
KeT, " K e€Epin be

Axoua, emeldn
K]
Quide =Y wimdlK =3 Y wime)
(6.4.32) e€Ep(K) e€Ep(K)

:/wdm, Yw € Py,
K

AOYo Tov Mjupatog twv Bramble—Hilbert (BA. magadeiyuotog xdouv, [12,
Lemma 4.3.8]), maigvoupe 6t

(6433) | 3 / (Q(w) — w) da| < CH?Jul, 5 g0 Y € W2™(Q),
KeTy, K

OmoV |+ | 5 q M VOOUA TOv W2%(Q). Emuthéov, xQnowomoudvtag Ty
aviootra Tov Sobolev (BA., @éo’ ewteiv, [12, Theorem 1.4.6]),

(6.4.34) [ lloo0 < CIIF

21,00 V€ w1(Q),

6mov || - [l o M vooua tov L®(Q) nau || - [, o n vooua ov W>H(Q),
vdoyer otabepd C) aveEdomn Tov h, TETOL0 (MOTE, Yo v, W € 5’2,

©435) 1Y [ (@)~ vw)da| < CWJulyyful,
KeTy K
Suveng, ovvdvdtoviag tg (6.4.31) non (6.4.35), maipgvovue

len (v, w)| = [b(v, w) — E(v,w)| < |b(v,w) — Z /Kvw dx|

KETh

+1) / vwdz — (v, w)| < CW2M|, ylw|, ;. W
KeT, 7 K
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2 ovvéxela Bo extiunoovue ™ SLopoQd U — up OTNV L? vooua.

Oehonua 6.4.2: ‘Eotw u 1y Avon tov (6.1.1), ue u(-,t),us(-,t) € H*(Q),
t € [0, T], xaw up, n Aoy tov (6.4.6). Eotw tdoa ot 0ty xataoxevij Tov
Ovixov draueotouov B, tov Ty, 10 eowTeixd onueio 2 eivai o 60QUxeVTEO
Tov Tty wvov K, yia xde K € T},. Tote

lu(®) = un(®)llp,0 < 1 = ujlly o + CR*([u’ll; g

U
(6.4.36)
/Hw Magdr + ([ Toalr) o)), vt =0

Amddeién: Oempovue xou TaA v eEiowon ogdiuotog (6.4.23). Emhé-
yovtag thoo x = ¥ won yonowomowdvtag tg (6.4.19), (6.4.25), ta
Aupoto 6.4.2, 6.4.4, t dwomortiy aviedtnto twv Poincaré—Friedrichs, A.
Afupa 1.5.8, san v aoduntiny yeouetown oviodra, £xovue

d
(6.4.37) 22(0.0) < Cllarllg o + Ch*| Pluely .

Oewpovue éva t € (0,T] now ohoxingdvovue v (6.4.37) oto dudotnua
[0, ]. Tote, AMOyw tov Afuuatog 6.4.1 xonw g (6.4.25), haupdvovue

t
Ww%@smwmm@+cﬂu@m%@m
t
—%Ch{/ PRuy(r)|2 dr
(6.4.38) 0 .
smwmmﬂ+cén@m%@m

t
—%ch{A e (1)1 o dr

ST OUVEXELD, XONOLMOTTOUDVTOG TO Afupa 6.2.5 %obog xow tig (6.4.12)
nay (6.4.13), n mopomdve oyéon divel

t
(6.4.39) ummﬁﬂsmW@%@+OMAuwvm;ﬂr

Enouévog, ovupwva pe 1t (6.4.12) zav (6.4.39) haupdvovue v embvu-
unt) extipnon. M
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6.5 ENA ITAHPQX ATIAKPITO XXHMA XE
MH EIIIKAAYIITOMENO AIAMEPIXMO

Ze aut) ™V Todyopo Oa ovahvoouue éva TANQWS OLAXQLTO TYHUL
vy my (6.1.1), 1o omoio mooxvrnttel dromgrronoudvtog Ty (6.4.6) g
TEOG TO XEOVO ue TV memheyuévn uébodo tov Euler.

OemQEOVHE Evav OUOLOHOEQO dtapeptond tov daotiuatog [0, 7). Tw
N €N, ¢otw k = T/N 1o Piua mg dwopéouong xow t" = nk, n =
0,...,N. Emiong yio pia ovuvdptnon ¢, n omota opiCetar oto dLdoTnua
[0, 7], 6¢tovue ™ := p(t") xaw yua 0°, ..., 0N € S)

_ o™ — ,Un—l
ov" = B — n=0,...,N—1.
Awaxprtortototpe howtdv v (6.4.6) g TEOG TO ¥OVO Ue TNV TETAEYUEVN

uébodo tov Euler. Emopévg, mooxrvmtel 10 omOMOVO00 TANQMS SLomQLTO

oyiue: Znrowvtow U™ € S, n = 0,..., N, tétow dhote
e@U"™, x) +ann (U™, x)

(6.5.1) =b(f(t"),x), Vx€S), n=1,...,N,
U" = uy,

émov m uf) € SP wavomotel ™y (6.4.3). XQNOWOTOLHOVTOS TMRO TOVG
nivoxeg A won C' mov Oempnoape 0TNV TEONYOVUEVN TAQRAEYQOPO, UTTOQOVUE
va yodypouue v (6.5.1) ot pwoopi

(6.5.2) (C + kA)a" = Ca™ + kf(t").

A6yw Tov yeyovotog 61t o C elvar dtaydviog ue wn uUndevixd dlaymvia.
otougeta, g (6.4.19) xon tov Anpudtov 2.5.1 xav 2.5.2, 0 mmivoxog
C + kA eivor ovupetomog xat OeTund. 0QLOUEVOS, %O GO0 OVTLOTQEWLILOG.
Oo. OeiEovue TmEa uio PEATLOTNG TAEEWS extiunon ogdiuatog oty H 1
VOQUAL.

Ozognue 6.5.1: 'Eotw U™ xat u ot Moeis tov (6.5.1) xaw (6.1.1), avei-
otouya. Tote vmagyer uia orabeoda C, aveEdotyty twv k xaw h, tétoia
wote

pax [[u(®) = U™y < Cllu” = uy

T T
(6.5.3) +/0 ||ut(T)||2,n+(/0 IIUt(T)Ili,QdT)1/2>

T ) 1/2
+ok(/ ||utt(7>||o,gd7) -
0

o+ Ch(r|u°r|2,g



6.5 IAHPQZ AIAKPITO — MH EINIIKAAYIITOMENOX AIAMEPIZMOZ 225
AnddeiEn: Ao v (6.4.21) éxovpe OTL LoyvEL
(6.5.4) u(t"™)—=U" = (u(t") — Pfu(t")) + (Pfu(t™) =U") = o™ + 6.
Axdua, oo mv (6.4.22), maigvouue

"l < Chllu(t™)ll;,q

(6.5.5) . "
<Oh(|alyg + [ lun(r)logdr), n=0...., N

Emiong pe évav mooopoto vrohoyoud we my (6.4.23), maipvovue

(@9, x) +ann (0", x) = e(@Pfu", x) +ayn(Piu®, x) — (0U", x)
—ann(U",x)
=¢(OPMu™,x) — b(Ou™, x) + b(Ou™ — ul, x)
+b(uf, x) +ann (", x) =00, x) —ann({U", x)
=b(w",x) — en(OPMu™,x), Vx €SN, n=1,...,N,

Omov
(6.5.6) w" := (POu"™ — Ou™) + (Ou™ — ul}) = Wi + wy.
Emouévmng,
(0™, x) + ann (97,
(6.5.7) ( X) NN (9", x)

=b(w", x) —en(OPMu™,x), VYx€S), n=1,...,N.
Emléyovtag T x = 09" omy (6.5.7), Aaupdvouvue

&(@9m,80™) + any (9", 99"

(6.5.8) T - i
= B(w", DO") — en (PP, B9™), n=1,...,N.

Adyw houtov g (6.4.19) xow tov Afupatog 6.4.1, 1 (6.5.8) diver yia
n=1...,N,

.91 2 n n n— 7.(, ,n 9Qqn
Ck(|09™[[g.q + 19 ﬁh < 9", 10 1|1,h+kb(w ,09")
+ kep (OPPu™, 09™).
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X ONOLUOTOLADVTAS TMEO. 0TNV TTaQAITdve oxéon to. Aquuoto 6.4.2, 6.4.3
%KoL TNV 0OLOUNTLHY YEMUETOLXY aviodTnTa, Aoupdvouue

2 —1,2 2
|79n|1,h < 9" |1,h + Ck||w"||0’9
(6.5.9) -~ 5
+ Ch*k[OPFu™|} ), n=1,...,N.
Emutiéov, AMOym tov oglonov g P, elvar moogavég ot
(6.5.10) |5P1“u"|1’h < |5u"|1’ﬂ.
Suvenig, ov (6.5.9) xow (6.5.10) divouv

_1,2 2
|19n|§h < |19n 1|1h+0k”wn”09
(6.5.11) b= 12
+ Chk|ou™]| o, n=1,...,N.

S ovvégela epapuotovtog oty (6.5.11) to Aqupa 6.3.1, maigvouvue
"2 2 - 2 = 52
(6512) max [0"f}, < CW°;, +Ck Y (I g0 + 200} o).
<n< =

Axdua, Moym g (6.5.6), éxovpe yoo j =1,..., N,

j—1

o1t
wy = E/ (P} — Iuy(s) ds
(6.5.13) ! ,

. 1 [t .
oL wy = _E/ (5 — /" Huy(s) ds.
t

Emiong evxoha mopotnoovue OTL LoyVEL

+J

(6:5.14) i<kt [ Jul g
i—1
Xonopomoudvrag thpa 1g (6.4.11), (6.5.13) »aw (6.5.14), Aapfdvovue
kY (67 llg,0 + h210u']; g)
j=1

N
;2 P2 = 52
<2k Y (lwlllgq + Wbl o + A210u7[, o)
(6.5.15) j=1
T

T
<0 [ fulnladr +CF [ luar)lf ads

T
el / lue()]2 odr.
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Suvenig, ouvdvatovtag T (6.5.15), (6.5.12) xar v dlaxQLti aviooTnTo!
tov Gronwall, Anuua 6.3.1, éyovue

T
n 2
max 1071, < CI°, + OW2 [ un(r) 3 dr
<n< 0
(6.5.16)

T
ol / ure (7)1

Tehnd, and 15 (6.5.5) »ou (6.5.16) maigvovue v embuunty extiunon
(6.5.3). W

2w ovvéyewo Bo  amodeiEovpe pwia BEATLOTNG TAEEWC extiumom g
Sapopdig u(t™) — U™ omv L2 vopuo.

Oednuae 6.5.2: ‘Eotw u 5 Aoy tov (6.1.1), ue u(-,t),us (-, t) € H3(Q),
t € J, xaw U™ 5 Mon tov (6.5.1). 'Eotw axduo otv omnv xataoxevi
0V QWixod dwaueotouot B, tov Ty 10 cowteound onueio zx eivar to
6a.0VxevToo Tov Toryavov K, yia xabe K € Ty,. Tote vrdoyet uia otabeod
C, avekdotnty v k xau h, tétota dote

t")y —U” < o_,0
OglanNHu( ) = U"lg.0 < Cllu” —ullg

T
2
(6.5.17) +0h2{uu°u3,g+ [ )l g
T

T
([ )" | ([ )1 gr)

Amddeén: Oempovpe OTmg oL 0TN omOdelEN Tov Oewonuotog 6.5.1 v
eElowon opdhuartog (6.5.7). Emiéyovrag x = 9™, haufdvovue
1 1

%(E(’ﬁn,’ﬂn) _ E(ﬁn_l,'ﬂn_l)) 4 ﬁ(g(ﬁn _ ,ﬁn—l,,ﬁn _ ﬁn—l))

+ 973, =T(@9",9™) +ann (0", 9")
= b(w",9") — ep(OPu™,9"), n=1,...,N.

Adyw tpa tToov Anuudtov 6.5.2, 6.4.4, g OLomOLTHG aAVLOOTNTA TWV
Poincaré—Friedrichs, fA. Aduua 1.5.8, g (6.5.10) xon g aoubuntixig
YEMUETQUANG OVLOOTNTAG, 1 TTOQATAV® OyEom Olvel

1

57 (G097, 0") — 2", 9" + |97

2
1,h
< Clfjw" |0,Q |79n“0,9 + Ch2|gplnun|1,h|79n|1,h

—= 2
< Cllw"lgq + CHH U™y o + [9"3, n=1,...,N.
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Emouévmng,

(6 5 18) i(é(ﬂn,ﬂn) —5(79"_1’1911—1))

< Ol + Ch* DU, o n=1,...,N.
Eqgapuotovtag tmpa oty (6.5.18) to Afuua 6.4.1, éxovue
2 112 = 2 = 42
(6.5.19)  [[9" [l < Cll0" Hllo.0 + Ck D (Il lg.q + h*[0u']; q)-
j=1
ATO ™V dtomoutr aviodtta tov Gronwall, Afuuo 6.3.1, o g (6.5.6),

(6.5.13), (6.5.14), (6.4.12) »av (6.5.19), maigvovue

T
n2 02 4 2
< d
0SnEN 19%llo,n < Cll97 o0 + Ch /0 ()3, 07

(6.5.20) . 2
oK / e (D)2 ).
0

Tehnd and wg (6.4.12) = (6.5.20) émeton n embuunty  extiunon
(6.5.17). W
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