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Ke:cpo’c)\ou.o 1

Eu Goch)YY']

H dudaxtopury auty| StatpBr evidooetar oTiC TepLoyéc NG xVpTAC YewUeTplog
xaw Tng tomxrc Yewplog Twv ywewv Banach. Telelwe oynuotixd, aviuetwnilovue
d0o xhdoelg mpoBAnudTwy:

o ITpoPBAAUOTY EXTUIACE®Y YEWUETELXOY TOPUUETPWV (OTWS 0 AbYOS bYXwY, TO
uéoo mAdtog, 1 andotaor Banach-Mazur).

e IlpoBAAuata Tng Stonpltic oToyYaoTIXAC YEwUETplag: dNAadr, TpoBAfUaTa TOL
TEOXUTTOLY amd TN UEAETYN TUYalol TOPUYOUEVWY YEWUETELXDY AVTIXELUEVLDVY
(n-dudotatwy ywewy mou opllovtar and tuyaia 0-1 ToAbtona Ue doouévo T
Y0 x0pLPWY, TONUTOHTWY TIOL OL XOPUPES TOUG ETULAEYOVTOL TUY L A XATOLO
XUPTO GOUAL).

Baowxd {nroduevo twv extidnoedy uag elvon 1 oxpiBhc e€dptnon and tn didotoon
(oTnv mpdd TN Mepintwon) H and ™ dtdotaoT xou 1o Thidog Twv xopuEKy (ot deltepn
neplnTwon).

O teyviég mou yernowuomolobue elvar mbdavolewentixés. Lta mpoBAfuata TNS
deltepne ouddac awtd etvon avayxaio, amd v (Bia Toug T QVoT. Lt TEOBAAUNT
e TpHTNC ouddog, N mbavodewentiny uédodoc Aettouvpyel pe TOAD To EUUEGCO
TEOTO.

e autéd 1o Kegdhawo etodyovue to Baoxd ouuBorioud (§1.1), avapépovue xd-
mola xhaowxd epyolelor ng Yewplag twy xuptdy cwudtoy (§1.2), xou divouvue o
TEWTN TEPLY PP TwV anotereoudtwy tne SwatpBhc (§1.3). Kodéva and ta endueva
Kegdhara avantdooetar avtévoua: atny apyi xdie Iopoypdpou nopovoidlovrar to
TpoBAAuaTA, 1) LoTopla TOLC, xon To Booind AmOTEAESUATAL.



1.1 Boaouxég €vvoreg - GLUBOALGULOG

Aovievouvue otov R?, tov onolo Yewpolue epodiacuévo ue uta BEuxeldeta Sou
(-,-)- TuuBohilovue ue || - |2 v avtiotoryn Evdeldeia vépua, xow ypdpouue BY
v Ty Ewaeldetar povediodor undha, xon S yiar T wovadiodo ogadpo. O dyxog
(n-dudotato pétpo Lebesgue) ocuufBolileton ue | -|. e auth v epyooia, xuptd
ooua Mue éva cuurayéc xvptd uroclvolo K tov R™ pe 0 € int(K). H axtvo
owdptnon pi : R*\{0} = R tou K op{leton ané v

(1.1.1) pr(z) =max{A >0:\x € K}.
H ocuvdptnon othpiine hx : R* — R tou K oplletar amd tnv
(1.1.2) hi(xz) = max{(z,y) :y € K}.

Mopatnefiote 6T, yLé Soouévn Sievduvon B € S, éyouue pk () < hi(H).

Fpdpovue Ky, yior Ty xAdom OAwY TWV 1) XEVEOY XUPTHOY GUUTOY MY UTOGUVOAWY
tou R*. H K, elvar xvptéc xwdvoc we mpog v mpdodeor xatd Minkowski xon
Tov TOANAMAXCLOOUG UE Un apvnTixolg Tpayuatixole aprduols. To Oedenua tou
Minkowski (nou elvar tawtdypova xon 0 0pLoUOC TWY UEXTGY GYXwY) UG AéeL dTu:
av Ki,..., Ky, € Ky, m € N, t6t€ 0 6yxoc tou t1 K + - + t,, Ky, elvon opoyevég
TohuGYLUO Baduold n wg mpog ta t; > 0. Anhady,

(1.1.3) Ky 4+t K| = Z V(Ki .o Ki iy .ot

1<t yensin <m
6mov ot ouvtekeotéc V(K ,. .., K;, ) emiéyovton va elvor aveEdptnrot and petordé-
oeg v K. O ouvtedeotic V (K1, ..., K;) elvon o uewtdg 6yxog tov Ki, ..., Ky.

To nohxd owuo K° tou K elvon o
(1.1.4) K°:={yeR":(z,y) <1 v xdde z € K}.
O1 Baowée Widtnteg Tou ToAxod oduotog elvar ot e€nc:
1. Tw xdde 6 € S" L, pro(0) = 1/hk ().
Av K C L, t6te L° C K°.
Av T € GL(n), t6te (TK)® = (T~H)*(K°).
(K°)° =K.
ITK|-|(TK)°| = K] - |K°].

A

‘Eotww K ovuuetpxd (g mpog Ty apy) twv a&dvwy) xvptd odua otov R*. H
anewévion ||z|| gk = min{A > 0: z € AK} eivar vépua otov R”. O R” egodiacuévoc
ue v vopua || - ||k Yo cvuBorileton ue Xg. Avtiotpoga, av X = (R, ]| - ||) elvor



€vac Ywpoc UE vépua, téte 1 uovadialo tou undha Kx = {z € R™ : ||z|| < 1} elvar
GUUUETPXO XVpTd owua oTov R™.

H duixh vépua || - ||« e || - || oplleton and ty
(1.1.5) lyll« = max{[(z, )| : [|l=[| < 1}.
Ané tov oploud etvan gavepd ot {2, )| < |lyll«l|z]] yi&d xdde z,y € R*. Av X* =
(R™, || - |]«) glvor o Buinde ywpoc tov X, 618 Kx« = K%. Oa ypdpouue || - ||k 1
1oy e 11 e 1 11 - | Yopic @6 vo Sngovgyet oty xuon.

Av K xou T elvar d0o cuuuetpd xuptd oouata otov R™, 1 yEwUETpXH TOUg
andotoon d(K,T) divetaw and tnv

(1.1.6) d(K,T) = inf{ab: a,b>0,K C bT,T C aK}.

H ¢uowoloyur anbéotacn twy n-didotatov ywewyv Xg o X7 elvon 1 andotaon
Banach-Mazur

(117) d(XK,XT) = inf ||U:XK —)XTH -||u71 :XT—)XKH.
wEGL(n)

Ané tov oploud g YewueTp g andotaong Eneton OTL
(1.1.8) d( Xk, X7) = inf{d(K,uT) : u € GL(n)}.

Me &k Moy, 0 d( Xk, X7) elvon o updtepoc Yetixde apudude d yio tov onolo
(ropolue va Bpodue u € GL(n) tétowov dote K C u(T) C dK. Elvow govepd 61t
d(X g, X1) > 1 ye wobtnua av xat uévo av ot X xar X elvar toouetpind .obuopgot.
Inuewdvouue ty molamhactaotix tplyovixs avioétnta d(X, Z) < d(X,Y)d(Y, Z)
Tou Loy VEL Yia x&E TELASA N-SLACTATWY YOPWV.

[ tic amodel&els Twv Tapamdve LoYVELOUMY THRPATEUTOUUE TOV AVAYVOOTH oTa Bi-
BAlo twv Milman-Schechtman [11], xou Schneider [15].

1.2 Iocotponixég YEOELG RVPTWY CWATOLY

‘Eow K éva xupt6é oopo otov R” pe 0 € int(K). Me tov 6po ¥éom tov K
evvoolue x&e ypauuxh exéva T(K), T € GL(n). Xe avthv tny napdypaqo me-
pLypdpouue tpelg eWixéc Yéoelc mou mallouv onuavtind pdho ce authy TNy epyacia
(%o, YEVXOTEPH, OTNY AOUUTTOTXH VEWPLA TOV XUPTMY CWUSTOY).

1.2.1. H9€om tov John. 'Ectww K éva cuuuetpixd xuptd owua otov R™ . Oewpoi-
He Ty xhdon E(K) 6wV twv ehetdoedmy tou nepéyoviar oto K. Anodewxvieton
6t undpyel wovadwd Ex € E(K) mou €yel uéyioto byxo: 1o Ex Aéyetor eller-
poadés péyorov Gyrov tou K. Talpvovrag xotddAnhn yeouuxs exéva K tou K,
unopolue va utodéoouue 6t Ep = BY. Aéue 6t w0 K eiva 1) 9éon John tou K.
H opoloyla npoépyeton and to eZhic xhaoixd Yedpnuo tou John [8].



Ocwenua 1.2.1 Eow K éva ovppetpixd kuptd odpa otov R* pe By C K. To-
te, N BY elvar to eldewpoerdés uéyotov dyxov tov K av kar pdévo av vndpyovv

ULy -y Uy € bA(K)NS™ 1 kar Oetinol mpaypaticol aprdpuol Ay, . .., Ay TéTo101 dDoTe
m

(1.2.1) 1= Nu;®uj,
j=1

onov (u; ® uj)(y) = (uj, y)u; etvar n mpofokn on devfvvon tov u;. i

Ané 1o Oedpnua 1.2.1 mpoxdntel edxola 6Tt
(1.2.2) d(X,05) < /n
yia x&de n-ddotato xodpo ue vopua X = (R™, | - ||), 6mouv €5 = (R™, || - ||2) €lvoe o
Euvxkeldetoc yodpoc.
Opropég: ‘Eva uétpo Borel p oty S~ Myeton 1otporikd ov

p(s"h)

(1.2.3) /5"71<:v,9>2du(w) =

v xéde 0 € S"71 And to Oedpnua 1.2.1 éneton 6T
(1.2.4) > A (u;,0)* =1
j=1

v xdde § € S Anhadi, av Yewphoouue o uétpo v oty S™1 nou Btver udla
Aj oto onuelo uj, j =1,...,m, 161€ 10 ¥ elvon Lootpomind. Me auth Tnyv €vvola, 1
Yéon tou John elvar uta tootpomixy| Yo,

1.2.2. Iootpomuxn Féom xow 1 etxacia Tov unepenminédov. Eotw K éva xuptd
owuo otov R” ue xévtpo Bdpoug to 0. Trdpyel ehherdoedéc Er (K) mou wovornotet
mv

(1.2.5) /EL(K)(:E,y> dx = /K(a:,y) dx

v xdde y € R™, dnhadn éxer tic (dieg porée adpaveloc ue 1o K (1o Er (K) Myeton
eMewpoedéc Legendre tou K). Aéue 6t 1o K Pploxeton oty wotpomkn 9éon av
|K| = 1xo 1o Er(K) elvon tohhamhdolo tng BY . Autd onuaivet T undpyet otadepd
Lk ue my Wiotnta

(1.2.6) /K<£E,9>2d$ =L%

v xdde 0 € ™1 10 K éyer v B porth oe x&de Setiuvon 6. Aev elvar d0oxo-
ho va ehéyEet xavelg ot xdde xuptod odua K €yel uo 9éomn mou elvon LooTpom.



EmunAéov, n 0éom autr elvon Lovocuavta oplouévn av eEaLpécoue 0pdoYmdVIOUS [Ue-
Taoynuattouwols. ‘Apa, 1 1wotponikr) otalepd Ly tou K elvar Lovooiuavto oplouévn
v v xhdon {T(K) : T € GL(n)}. H wotpomuxh ¥éon tou K yapaxtnpiletar wg
Véom ehaylotou ue v e&ric évvola (BAéne [10]).

Ocdenua 1.2.2 Eoww K éva kuptd odua otov R” ue |K| =1 kar kévrpo Bdpoug
70 0. To K e€lvai wotpomkd av kat poévo av

(1.2.7) [ Nalao< [ ol
K T(K)
yia kd9e T € SL(n). O

Anodewvieton ebxora 6t L > Lpy > ¢ > 0 yio xdie xuptéd owpa K otov R”,
6mou ¢ > 0 elvon uior andAvtn otadepd. Avowxtd TopauUével To eEhc TedBAnUa (Tou
TpwToEUpavioTnXE oty [3]):

Eivor owotd 6t undpyel andivtn otadepd C' > 0 tétowa ddote Lg < C
v xdde xLETéd cua K ue xévtpo Bdpoug to 0;

Etvar yvwoté ot n Li elvan ouotduopga @paryU€vn yia xdmoLteg xAJGELS GuU-
METELXDY XUPTOY CLUTWY: Tig Uovadialec Undieg ywewv We 1-unconditional Bdon,
ta Lwvoedh) xow ta toAxd toug, xht. To xohltepo yYevixd dvw @pdyuc opelheton
otov Bourgain [4] (BAéne [12] yia ) un ovuuetpud teplntwon): Lr < cy/nlogn
yia xdde xvptd odua K otov R™.

Mo evdiagpépouoa W3téTnTa Tne tootpomxc Véong etvon 6t av 1o K elvon Lootpo-
mxd THTE Ohec oL Topée K NOL, 6 € S éyouv mepinou Tov 8o (n — 1)-Sdotaro
6yxo. Auté éneton and Ty

1
1.2. 2~ ——— n—l
(1.2.8) /K(m,ﬁ) dx KAoE gesS

Tou toyVeL Yio xdide xupTd oua K pe dyxo 1 xou xévtpo Bdpoug to 0, xou xdde
6 € S"L. Apa, n oviobétnia L < C elvon woodlvoun ue v |[K N 6L > ¢ oty
TEP(MTWOT TV oTPOTUXWY cwudtwy. Me Bdon auth Ty tapatienor arodexvie-
TaL OTL 1) XATAPATIXY ANEVTNoT 010 TEoBAnuUa elvor Lloodbvaun Ue Ty «ewxacia Tou
UTEPETLTESOLY:

Trdpyer ¢ > 0 Tétola GoTE maxgegn—1 |[K N O > ¢ yio xdde xvptod
owuo K otov R” pe |K| =1 xou xévtpo Bdpoug to 0.

1.2.3. ®€om ehdyrotouv wEcov nAdtovg. ‘Eotw K éva xuptd coua otov R ue
0 € int(K). To péoo mhdrog tou K opileton and tnv

(1.2.9) w(K) = /Sn_l hi (w)o(du),



6oL o glvor 10 AVOAAOIWTO WS TPOC OPYOYWVLOUS HETACY NUATIOUO00S UETEO Tiovo-
roc oty S™ Adue 6L 1o K Pploxetar ot 9éon eddyiotov péoov mddroug ov
K| =1%o w(K) <w(TK) yw xdde T € SL(n). H Yéon auth yopaxtnpileton and
10 enduevo Yedpnua (BAéne [7]).

Ocwpnua 1.2.3 Eva kupté odua K otov R* Bploketar otn Oéon eddyiotov uéoov
mAdtovs av kat udvo av |K| =1 ka

w(K)

(1.2.10) /Sn_1<U;0>2hK(U)U(dU) =

ya kde § € S"L. EmnAéov, n 9éon avth efvar povoorjuarvta opiouévn av efaipé-
ooupe 0pUoyddriovs HeTaoyNHaTiooUs. |

Av Yewphoovue to uétpo wi oty ST ue TuxvéTTa b WC TPOC TO T, TOTE
T0 Oewpnua 1.2.3 delyvel 611 10 K Bploxetar otn Véomn ehdytotou uéoou TAdToug ov
oL UOVO av TO Wi Elvol LOOTPOTUXO.

‘Eva guotohoyund epdtnua elvon var dodel dvw @pdiypa Yo 10 eNdytoto Uéco
mhdtog. Elvon yvwotéd 6t xdide cuuuetpnd xuptd cwua K otov R™ éyel ypoauuxs
ewoéva K byxou 1 e

(1.2.11) w(K) < ev/nlog(2d(X g, £3)) < c1v/nlog(2n),

6mou ¢,c1 > 0 elvon amdluteg otadepéc. H (1.2.11) mpoxdntel amd yio aviootnTo
tou Pisier [13] mou ouvdudletan ue tpoyevéotepn douleld twv Lewis [9], Figiel xou
Tomczak-Jaegermann [6]. To (3lo dvw @edypo oyVeL xaL TN Un CLUUETELXY TERL-
ntwon (neprocdtepec Aentouépetes divovto oto Kegdhato 2, Bhéne enlong to BBAla
twv Pisier [14] xow Tomczak-Jaegermann [16]).

1.2.4. H avicétnta twv Brascamp-Lieb xow n avtictpopn tng. Kielvouue
auTh TNV ToEdypopo UE Tig avioétnTeg Twv Brascamp-Lieb xou Barthe (Biéne [1], [2]
xau [5]).

Yrodétouue OTL ToL Uty ... Um € S xan Ar,..., A > 0 avonooly Ty
«LOOTPOTLXY CUVITXTY

(1.2.12) > A (u;,0)* =1
yia xéde 6 € S,

Avicotnta twv Brascamp-Lieb. Eotw f; : R — [0,+00) odokAnpdoipes ov-
vaptioes, j =1,...,m. Tdre,

(1.2.13) / lj £ ((z,u))de < ﬁ[ </R f]-(t)dt) K .



Aviootnta tov Barthe. Eoww hj : R = [0,400) odokAnpdoipes ovvaprrioe,
j=1,...,m. Tore,
(1.2.14)

m m m Aj
/ sup H h;‘j (0;):0; € R xau Z)\ﬁjuj =z pdz > H (/R hj(t)dt> .
" j=1 Jj=1 Jj=1

O aviodTNTES AUTES EXOUY ONUAVTIXES EQAPUOYES OTNY XUPTH YewUEeTplo (Yior Topd-
detyua, odnyoly oe axplBelc extytfoes dyxwy). Baowd toug yopaxtnplotind elvor
611 oLVBLALoVTOL BAVIXEY UE TS LOOTPOTUXES GUVITXES Tou YopoaxTnei{ouy eldL-
xé¢ Véoec Omwe auTéC Tou TEpLYPddauE To ndvw. Autdg elvon o Adyog mou Tig
ouuneptAapPBdvouue ¢’ auTh TNV eloaywy: ol uédodol mou yenoydonolobue eivor
mdavodewentinés, evdéyeton Ouws xdmota and tor TpoAiuaTa ToL LINTAUE Vo av-
tuetwnilovton dtapopetixnd (yia mopdderyua, BAEne §2.1 yia to TEOBANUA ToL AOYOoU
GYXWV).

1.3  Xuvontixn nepLypagpn tng epyaciog

Xpnowonowlue miovolewpntixés Yedddoug yiar Vo AVTUIETWTICOVUE To TOPUXETR
TpoBAAuATL

Adbyog oyxwv: Y10 Kepdharo 2 uehetdue 10 AoYo dyxwv 300 xupt®dv cwudtony K
xat L otov R™. O Aéyoc byxwv vr(K, L) twv K xou L opileton and ty

(i, 1) = inf () "

6mou o infimum mafpveton mdvew amd dhoug Toug aPELLXOLE UeTaoy nuaTtilouols T
tou R" yia touc onotoue T'(L) C K. Armodewxviovue o e€¥c:

Ocewpnua A. Eoww K kat L 600 kvptd oduara otov R*. Tore,
(1.3.1) vr(K,L) < Cy/nlogn

omov C > 0 elvar pa anédven otadepd.

H extiunon nou diver 1o Oedpnua A elvon BéATiotn av eEoupécouue to hoyo-
pduxd mopdyovio. H anddelln mov da nopovctdoovue yenoudonotel ) uédodo
Twv Tuydiwy opdoydviwy Tapayovtonotoewy, 1 onola Bacileton ot pio aviedtn-
ta g Chevet and 1 Jewplar v avedilewv tou Gauss. Acelyvouue otL, av T
GUUUETPXA xVETd couata K xou L emieyolv ot 9€on Tou EAdyLoTou UEGOU TAG-
Toug, TéTE TUYatoc oploymvioc uetaoynuationos U wavornotel tic U(L) C pK xou
(|pK|/|U(L)|)1/n = O(y/nlog®n). Tw va anaeiPouue tov éva hoyaprduxd (oc



TPOC N) ToPdYovTa, Lextvdue amd uta «uethy ¥éon twv K xau L, n onola cuvdud-
Cev WiotnTeg e V€ong ehdylotou pécou mAdtoug he WidTnTeg Tng Véong v Ty
omola eAaylotomotelton 1 yewueTpw andotacy and v BY. To mépaocua otn un
ouuuEeTpX TeplnTtwaon dev mopouctdlel Suoxohies.

Y10 deltepo Uépog autol tou Kegahaiov oulntdue ) didotaon twv Euxheldetwy
TOUWY EVOC GUUUETPLXOU %LETOL ouatoc K otov R™ nou €yel «ppayuévo Aéyo
oynwvy A = vr(K, BY). O Szarek éyet anodellet 61, oe auth tnv neplntwon, o K
€yeL Touéc SLdoTaonc k avdAoyng TOu N oL €Y0UY PEAYUEVY] YEWUETELXY ATOCTUCT
ané Ty BY. H opi3ric Sratimwon elvon 1) e€hc.

Ocwpnua B. Yrolérovue dut n By eilval to eAdewpoeldés péyiotov 6ykov tng pova-
dwatas punddas K tov X = (R, || - ||). [a kdO¢ k < n vrdpye vidywpos H tov R™
dudotaong k, téroiog vote

(1.3.2) Izl < [lella < F(A,A) - [l

ya kd0e ¢ € H, dmov A = k/n.

Atvouye 0o véeg anodeiec tou Oswpruatoc B, ol onolec odnyolyv otny Ba
neplnou e€dptnon and ta A xou A:

(1.3.3) F(AN) = [e A)2/0=N)

6moL ¢, ca > 0 amdhuteg otodepée. O amodel&els Bacilovton oty M *-aviodtnta Tou
Milman xot oe dudpopec Uop@éc Tou Oswphuatog Tou Dvoretzky. ‘Evo evdiopépov
onuelo g TpooEyylonc wag oty §2.2.1 elvon éti: To v metOyEL xavelg xohltepn
extiunon yra v f(A, X) oto Oewpnua B (yio topdderyua, f(A4,X) = O (A/(1 — N))?
yia xdmotov g > 1) elvon 1ood0voo Ue Ut UTHYEST) XaVOVLXOTHTAS YLt TOUS optuoie
xdhudne tou K and undhes oxtivac t otn ¥éon touv John (tnv omola dev €youue
xatopdwoet vo anodelfovue): Yo Tpénel va utdpyouy p > 0 xou ¢ > 1 tétoloL WoTe

(1.3.4) N(K, A'tBy) < exp(cen/tP)

yia xdde t > 1.

Tuyaiol yweor mouv mopdyoviaw and 0-1 mohbtona: Yto Kegdhouo 3 ueke-
tue (and T oxomd e Tomuic Vewplac Twv yWewv Banach) tny xidon By twv
Tuyolwy yoewv Tou TEoxUTTouy and To 0 — 1 mohbTona ue N xopugéc: Bewpolue
0 dtoxpttd wWBo B = {—1,1}" otov R*. T xd&de N > n Jewpobue tny xhdon
TWY CLUUETPXAOY XLPTOV cwudtwy Ky = co{xxy,...,ExN} mov nopdyovtar and
N toyala onuela x1,. .., cn TOL EMAEYOVTAUL AVEESPTNTA XAt OUOLOLORPI AT6 TOV
ED. Aéue 6n 1o wyalo Ky éyer tny WBémta (P) av

(1.3.5) Prob ((ml, ..,xN) | To KN éyel v (P)) >1—exp(—n).



Anowtoldue dnhadh to xdtew @pdyua vo telvel oto 1 «exdetxdy otav 7 didotoon n
telvel oTo dmeLpo.
Ta endueva Yewprjuata divouv axpB1 teplypapr Tou Tuyaiov Ky

Ocewpnua I'. Trdpyet Ao > 1 pe tnr €€ng idistnra: av N > Agn, tote e «ueydin
mdavétnray

(1.3.6) Ky 2 a1By,

énov B} efvar n EvkAeidela povadaia undda kat ¢ > 0 efvar pa anélven otalepd.

[ tnv anddelén tov Oewpriuatos I' ypnotuomowolue tov e€ig oyuptoud: Av § €
(0,1) xor N > clog(6=")n, téte N onuelo z1, ..., TN TOU ETAEYOVTOL OUOLOUOPYAL
xan avegdptnTa and tov B ixavonolody pe mdavétnta ueyahbtepn and 1 — 4§ v
avLeoT T

N
1
(1.3.7) allll < % S 2] < eyl
i=1

v xdde y € R™, 6mou ¢, c1,ca > 0 elvon andhutes otadepéc. QU ouvidwe, opxel va
eZacgohlcovue v (1.3.7) yio 6ha to onueta y evée 1/10-8uxtiou tne S, xdmu
Tou YlveTow UE QUOLOAOYLXE ETLYELPRUATA KCLYXEVTPWOTC TOL UETPOLY.

Ocewpnua A. Trdpyouvr ng € N kat anéAven otalepd ¢ > 0 e tny axdlovin 1616tn-
ta: Avn > ng kat N > n(logn)?, tére N tuyaia onueta z1, . ..,xn moU emAéyorTal
avekdptnta kai opoduoppa aré tov EF wkavomoov pe mbavitnta peyalitepn and
1—e™ mp

(1.3.8) KyDe (\/log (N/n)By N Qn) ,

émov @Q,, = [—1,1]" elvar o povadiaios xkUBog otor R™.

Baowo pdho otny anddelln tou Oewphuatoc A natlel 10 e€hg anoTéAecUA TOU
Montgomery-Smith: undpyel otadepd r > 1 t€tola WoTE, yia xde a > 0 xou xdde
y e R,

(13.9) P ({m € B (zy) >t inf {llll +ally — 2l }) > r~L exp(—ra?).

Ocdpnua E. Av N > n(logn)?, téte to Ky éyer pe mavdnra peyalirepn and
1 —e " ug €&ng 1016TnTeg:
L |Kn|'/" ~ /log(N/n)/v/n xo |[K$|'/™ ~ 1//nlog(N/n).

2. w(Ky)w(Ky) < cle)ylogn av N > nlte (xou c(e) = O(1/1/2) xadéxc o
e—0").



10

Tao anoteréouata autd detyvouv 6Tt av n > ng xor N > n(logn)?, téte, yio
1o tuyato Ky, n eyyeypouévn oxtiva, o 6yxoc, 1o UECO TAJTOS ot 1 oy TOU
UEYLOTOU EYYEYPOLUEVOL xOBoL tpoodlopilovtan ue axp{Bela (we Tpog Tic mopoué-
tpouc n xow N). XpenoulonoloOue auTh T YEWUETPXH Teptypaph Tou Kn yio vo
TpoLUE axELBElC EXTIUNOELS Yiol SLAPOPEC ACUUTTWTLXEC TUPAUUETEOUC TOU avTloTOL-
XOU N-JdcTATOU YWeou UE vopua Xy:

() Av N > ¢(d)n, t61€ 0 tuyaioc Xn € By txavornotel tny

(X Uy) > Y
V/10g(2N/n)
ue miovétnTo ueyahbtepn and 1—4, 6mouv Uy, 1 xhdon T xdpwy e 1-unconditional
Bdon.
(B) T x&de N > n xon yio toyaio Xy,

d(Xn,X¥) < cy/nlogn.

(Y) Av N > n(logn)?, t61e
LKJOV S C.

v To tuyato KR,
(3) Av N > n(logn)?, t6te

min{log N, v/n}

L <c
=T Jlog(N/n)

v To tuyato K.

Tuyaia ToAOTORA Eoa oe €va xLPTO cwor Nto Kegpdhowo 4 aoyohobuaote
UE €val xAaod TEOBANUA TwY YEWUETEWXWY TdavoThtwy: ‘Eotw K éva xuptd coua
otov R” we 6yxo |K| = 1. Emnéyovue N > n + 1 toyolo onuela z1,..., 2N
aveEdptnTo xou ouotbuoppa and to K, xou ypdpouvue C(xq,...,TN) Yo TNV XVETH
Toug 9N, H ponr p-td&ng tou byxou tou tuyaiov noluténov C(z1,. .., xN) elvon 1
TocHTNTA

(1.3.10) EP(K,N):/ / |C(z1,...,zN)|Pdey ... dx;.
K K

‘Eva anéd tar xhaoixd TeoBARUaTo TV YEQUETPXOY THavoTATOVY Elvar, Yia Soouéva
p>0xaw N >n+1, va Beedobv exelveg ou apouixéc xAdoelg xupt®dV ooudtwy K
YL Tig omoleg ehaytotonote{ton (avtiotolya, ueylotonoteltar) 1 nocdtnta By (K, N).
O Groemer anédeile 6tt, yioa p > 1, n E, (K, N) ehoyiotonotelton oy xou (LOvo av To
K eivor edewoetdéc (n mepintwon n = 2, N = 3 eiye uehetndel and tov Blaschke).
To endueva S0 anoteréouata (oe ouvepyaoia ue tov I, IMaolpn) yevixebouy to
Oewpnua tou Groemer.
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Ocdpenua XT. Eoto f : [0,4+00) = [0, +00) ouvexris kat yvnoiws avéovoa ouvdp-
on. I'a kdfen >2, N >n+1ka0<i<n—1, opilovue

(1.3.11) E(K,N, f o W;) :/ / fIWVi(C(z1,...,zN))|deN ... dzy.
K K
Tore,

yia kdOe kupté odua K Syxov 1 orov R*, dnov B elvar n urndia dyrov 1.

H oanédeiln tou Oewpruatoc YT Baociletow otn uédodo tneg Steiner cuuuetpl-
xonolnone. Baowé pdro nailel o ohoxhnpwtixds tdnoc tou Kubota o omolog pog
ETUTRETEL VO EXPpdoOUUE Ta quermassintegrals tou tuyalouv toluténov C(z1, . .., TN)
WS ONOXANPOUTA TWV GYXWY TV TEOBOAGY Tou. Av i > 1 ot av 1 f elvar xupTh xou
yvnolwe abZovoa TOTE 1 undha B dyxou 1 (xou oL hetapopés tne) elvon o Uovadixd
xupT6 odua Yo to onolo N E(K, N, f o W;) nalpvel ehdytotn tyun:

Ocewpnua Z. Eotw K kuypté odua éykov 1 otor R*. Av vrnoOéoouvue dut to K dev
elvar urda, tére vrdpyer 6 € S"L e tnr axélovdn didtnTa: ya kdfe N > n + 1,
yia kde i € {1,...,n — 1} kat yia kdOe yvnoing avéovoa kupth ouvdptnon f :
[0,4+00) — [0,4+00) éxouue

(1313) E(S(Kaa)aNafOWl) <E(K7N7f°Wl)7
émov S(K, 0) etvar n Steiner ovupetpixonoinon tov K otn dievdurvon tou 6.

Y10 deltepo pépog autol tou Kegahalou divouue axpiBelc extwunoelc yio Ty
TocéTNTA

(1.3.14) IF(K,N):/ / |C(z1,...,z8)|" "day . .. de
K K

oTny meplntwon Twv 1-unconditional cwudtwy.

Ocwpnua H. Trndpyovr ardlutes otalepés c, ci,ca > 0 tétoteg dote: av to K elvai
1-unconditional kupté odua éyrov 1 orov R™ kat av n(logn)? < N < exp(cn), tdre

<511, ) < V)

[Cioe v amddetén autod Tou OewpHUaTOC XENOLLOTOLOVUE TEHGPATA LoYVES oTo-
teréouata Twv Bobkov xar Nazarov yia Tny «i2-CUUTERLYORAY TWV YROUULXMY CU-
voptnooewdav oe 1-unconditional wootpomixd xvpTd cwuaTA.

(1.3.15) ¢

Téhog, oe éva obvtopo napdptnua (Kepdhowo 5), Slivoupe extiufioeis yia to ué-
G0 TAJTOS LOOTPOTULXWY CWUATWY XAl TNV ACLUTTW TN CUUTERLPOEE TNG ATOCTAGTS

Banach-Mazur d(¢}, £7}) otny mepintwon 1 <p <2 < ¢ < oo.
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Ocwpnua O. Eoww K éva 10otpomikd kupté odua otov R*. Tore,
(1.3.16) w(K) < en®/* L,

omov ¢ > 0 efvar yua anéAven otalepd.

H aviedtnta tou Oewpruatoc O Baolletar ot uta véo eV yLar Ty extiunon
v apiudy xdhudne N(K,tB3) uéow tne mopouétoov M (K, BY) = [, ||zl2dz,
xou oTny ovto6tnTa Tou Dudley yior T uéom TLUY TOU supremum UTOXAYOVLXWY AVE-

MEewv.

Ocetpnua I. Av1<p<2<qg< 400, tdte

1 acer,er) der, e
3. <1 . p’-q <1 p’q
(1.3.17) 7S lim inf ———— < lim sup e

n—00 n n—o0o

<1

)

6mov a = max{1l/p—1/2,1/2 - 1/q}.

H oanédelln tou dvew @pdyuotoc YenoUonolel Ty «TuXvVOTNToy TwY optdumdy
Hadamard oto N xou tnv mopatrenoyn 61, av o n elvon apududc Hadamard, tdte

d(€y,0y) < n®. T 1o xdtw @edypa anuteitor 1 YvoOOoN g xahOTepne otodepdic

oty xhaow aviobétnte tou Khintchine (Szarek).

Inuelonon. Apxetd and ta anoteAéouota aUTHS TS epyactag €youv KON dnuoacteu-
tel. IIo ouyxexpluéva:

(o) Tar amoteréoparta e Hapoaypdpou 2.1 elvon 1o avtixelpevo e epyaoctog

A. Giannopoulos and M. Hartzoulaki: On the volume ratio of two
convex bodies, Bull. London Math. Soc. 34 (2002), 703-707.

(B) Ta anoteréouara tou Kegoaralou 3 elvon to avtixeluevo tne epyaoiog

A. Giannopoulos and M. Hartzoulaki: Random spaces generated by
vertices of the cube, Discrete Comput. Geom. 28 (2002), 255-273.

(v) To anotedéouata tne Mapaypdpou 4.1 elvor 1o avtixeluevo e epyaociog

M. Hartzoulaki and G. Paouris: Quermassintegrals of a random poly-
tope in a convex body,

1 onolo mpdxetton vor eupaviotel oto Archiv der Mathematik.
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Kscpo’c)\ou.o 2

Aoyog oyxwy

2.1 Aody0g 67%xwY 300 XVETOWY CHOUATWY

2.1.1 Ewcaywyn

‘Eotww K xo L 300 xvptd oduata otov R*. O Aéyog dyxwy twv K xou L elvor 1

TocoTNTA

1/n
(2.1.1) vr(K, L) := inf (%) ,

6mou 1o infimum vroloyiletar évw and GAoLC TOUC APPLVIXOVS UETAGY NUATLOHOVS
T wou R"* yia toug onoloug T'(L) C K. Amhéc nopatneioels méve oTov optoud elvol
oL e€nic:

1. O Adyoc 6yxwv elvar apeuixd avarlolwtn mocdtnto: av Ky, L; elvon un
EXQUMOUEVES appuyxés edves Twv K, L, téte vr(Ky,L1) = vr(K, L).

2. To infimum elvor minimum: undpyer ap@vxr ewdva Tou L mou meptéyeton
oto K xau éyel 1o uéyloto duvatd byxo.

3. Av ta K xou L elvor cuuuetpind xuptd oduota TOTE, TpoxelEvou va oplcou-
ue tov vr(K, L), umopolUe Vo TEPLOPLOTOVUE GTOUG YPUUULXOUE UETUOY NUO-
ttouolg T tou R™.

4. O N6yog 6YrwY XAVOTIOLEL TNV TOANATAAGLACTIXY TELYOVLXY avlodTnTa

vi(K,L) < vr(K,M) -vr(M,L).

15
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Cpdpovue BY vy tnv Euxdeldeta povadiaio undia otov R?. Xenoyionowwdvtag tny
avicdtnra twv Brascamp-Lieb, o Ball [1] andvtnoe mAfpws 6to mpdBAnue e UeyL-
otonolnone tou Aoyou byxwv vr(K, BY).

Oedpnua 1. Eotw Q, = [—1,1]" kat S, tuydr simplex orov R*. Av K elvar éva
kupTé owua otov R, tdre

(2.1.2) vr(K, By) < vr(Sp, BY).

Ay w0 K elvar ovppetpird, téve

(2.1.3) vi(K, B) < vi(Qn, BY).

H onédeln ypnowwonoel v avanopdotacyn tou John yio tny towtotinn anet-
x6vion. Ac umoVécoupe yior anhdtnta 6t to K elvon ouuuetpixd. Mropolue vo
unoUécoue 6Tt T0 EAAELPOESEC UEYLGTOU OYXoU Tou Tepléyetar oto K elvon 1 By
Apxel va Setfouvue 6t |K| < |Qn] = 2" And 1o Oedpnua tou John [12] undpyouy
Yetiol mporyuotiol aprduol Ar, ..., Ay xou onuelo emaQAc U, ..., Uy TV K o
B} tétown oTe

(2.1.4) I = Z/\jUj D uj.
j=1

Hopoatnpotue 6w K C M :={z: |(z,u;)| <1, j=1,...,m}. Apa,

Kl < = [ TDveu(eu)ds
j=1

m

Aj
H (/ X[l,l](t)dt> = 221‘:1 Aj 2",
R

=1

IN

’ 7 N 7 ’ m
amd Ty oaviodtnta Twv Brascamp-Lieb xou ty mapatienon 6t i1, Aj = n, mou
elvor ok} cuvéneta g avanopdotaone (2.1.4). O

M ouvéreta g avtiotpogne avioétntac Brascamp-Lieb touv Barthe [2] etvor
6t o vr(BY, L) ueylotornoweltor xt avutdc btav L = S, (avtiotowya, 6tav L = By
0T CUUUETPLXY TEplTTwoN).

Ocvpnua 2. Eotw BY n povadaia urdia tov 7 kar S, tuyor simplex otor R™.
Ay L elvar éva kupté oddua otov R, tére

(2.1.5) vr(BY,L) < vr(BY, Sp).
Ay 1o L elvar ouupetpikd, tote

(2.1.6) vr(B2, L) < ve(B}, BM).
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Iapatneoerg: (o) Edxoha ehéyyouue 6t ot nocodtntes vr(Sy, BY), vi(Q,, BY),
vr(BY, BY) xou vr(BY, Sy) elvar dhec (aocvuntwtind) tne T8Ene e v/n.

(B) An6 o Oewpfuara 1 xon 2 éneton 6T
(2.1.7) vr(K,L) < vr(K,By) -vr(By,L) < vr(Sy,By) - vr(By,Sp) =n

yia x&de Leuydipt xLpTHY cwudtwy K xou L otov R™. M dueon anddetln authc tng
extiunong diveton oty [11], 6mou peletdron 1 «déomn uéylotou byxouy tou L péca
octo K.

(v) And i mponyolueves topatneroels BAénouue 6Tt undpy el andlutn otadepd ¢ >
0 tétowx ote

(2.1.8) c1v/n < n}}avar(K, L)< n.

Yxonde uag oe auTAV TNV Topdypapo elvon vo delEoupe 6Tl To xdTw Qpdyus TS
(2.1.8) diver T mparypatixh| TEEN peyédoug e toodtntag maxk,r, vr(K, L):

Ocwpnua 3. Eotw K kat L dvo kuptd oduata otov R*. Tdrte,
(2.1.9) vr(K,L) < Cy/nlogn

omov C > 0 elvar pua anédven otadepd.

H extiunon nou diver to Oeddpnua 3 elvon Béltiotn av e€apéoovue 10 Aoya-
pLduwd mapdyovta. H anddeln nou Yo napovoidcouue Baoiletar otn pédodo twy
UYLV 0pYOYWOVLWY TUPAYOVTOTOLACEWY: AUECT| EQapUOYT aLTAS TNE UEI6B0UL Sivel
v extiunon vr(K, L) = O(y/nlog? n). Mropolue va amoheipouue Tov éva hoyo-
prduwxd mopdyovta Bactlopevor oe wa Wéa tou Rudelson [19] o onolog Eexivnoe ue
v o uédodo yia Ty anédeiEn tne extiunong O(n*/?(logn)?) yio Ty ambotaon
Banach-Mazur 300 (6t avaryxooTixd CUUUETELXMY) XLPTWY cwudtwy K xou L ctov
R™.

2.1.2 H /l-voppou BondIntixd Muproto

Optopol - cuuPBoliiods: Oewpolue Tov R™ e@odiacuévo ue tny Euwdeldeta do-
uh (-, ) xou ovuBoiilovue Ty avtiotoryn Ewdeldeia vopua ue || - [|2. H Euxdeldewa
wovadtadar umdhar cuufolileton ue By, xou St elvor 1 wovadialo ogalpo. Oa ypd-

pouue enlong | - | yio tov 6yxo (uétpo Lebesgue) otov R”, o yia 1o avolholwto
w¢ TPOg TLC oTpoYéc Létpo TlavbTnTac oty ST xou p e To wétpo mdavéTnTog
Haar névew otny ouddo twv opdoydviwy petaoynuatiouny O(n). O byxoc tne BY
ouUBoNLeTon Ue wy- Evac amhéc umohoyioude Selyvel 6t wy, = /2 /T(n/2 + 1).

Ta ypduuata ¢, cp,co xth. da InAdvouy andiuvtec Yetinée otodepéc oL onoleg
dev Yo elvan anapaltnol cLUVEXHDS oL (BLec.
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‘Eotw M éva cuuuetpind xuptéd cwua otov R*. Téte, n ouvdptnon
(2.1.10) [|z]|ar = inf{A > 0:2 € AM}

elvow vépua otov R, xaw M elvan 1 ovadiodor undha tou yodpou ue vopua (R, ||+ ar).
Oa ypdpovue €5 yia tov Euxdheldeo yodpo (R™, ]| - |2)-
To noAxd oua M° tou M opiletar and tn oyéon

(2.1.11) Me={yeR":|(z,y)] <1 yaxddez € M}.
Me & AovyLa,
(2.1.12) lyllare = max |z, y)].

Mapatnpolue 6t X o = Xiy, Snhady) to M° etvon 1 wovadiada umdha tou Suixod yo-
pou Tou X 7. A6 Tov opLoud Tou TohxoL owuatog éreton 6T (T'M)° = (T—1)*(M°)
vio x&e T € GL(n).

Av Xy, xow Xy, elvon 300 n-Sldotatol yopoL Ue vopUo OTWS TURATAV®, 1|
anbotaon Banach-Mazur d(Xar, , Xar,) oplleton and tn oyéon

(2.1.13)  d(Xap, Xar,) = Tei&f(n) T : Xor, = Xonll - 1T : Xag, — Xl

Oa ypdypouue dys yio Ty andotoon Banach-Mazur d(X s, £3).
T xd¥e ocuuueTped xLpTd owua M otov R™ opllovue 1o uéoo mhdtog w(M)
tou M ané TN oyéon

(2.1.14) w(M):/S masx | (6, )| (d6) :/S 16| are o (dB).

n—1 YEM

Térte, n avioétnra tou Urysohn (BAéne [18], oeh. 6) uog Aéel ot

(2.1.15) (”gé”)l/n < w(M)

UE tobTnToL oy o ubvo av To M elvon undha.

Av A R* — R” elvon évac ypouixos tehecths, t16te 0 A*A elvon ndvto Je-
wwoe (dnrady, ((A*A)x,z) > 0 vy xdde z € R™) xou €yer povadui Jetinn te-
Tpaywvixt) plla, v omola cuuBorilouvue e |A|. Ou Wotée s;(A) tou |A| ovo-
udlovron Widlovoee tuéc tou A, xou Yo Yewpolvton Satetayuéves oe @iivouoa
dudtadn: s1(A) > ... > sp(A4) > 0. Tuvénewn tou Qaocuatixod Yewpuatog elvon 1
avdhuon tou A ot uoppy A = UDV, énov U,V € O(n) xou D o Sworydoviog mi-
voxac D = diag(si(A),...,5n(4)). And authv v avdluon Brénovue ebxola 6T
145 65 > 3] = 51(A).
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H {-vopua: SuuBohrilovue ue L€y, Xar) 10 Y0po OA0dV TV YEUUULXDY TEAECTHY
T: 05 — Xy H l-vépuo evoc teheot T € L(€5, X ) optleton we eie:

(2.1.16) 1@ = ([ irelhaw)

omou v, elvar to pétpo mbavotnrag tou Gauss otov R* mou éyel muxvéTnTa TNHY
(2m) ="/ exp(—|l[|3/2)-
O1 Baowrég Widtnteg g L-vépuag TERLYPAPOVTAL OTO ENOUEVO AuUdL:

Aupa 2.1.1 Eotw X kar Y Vo n-didotator ydpor ue vépua, kar éotw T €
L%, X). Ioxvour ta €€ng:

1. Av U : £} — 5 wopetpla, tote L(TU) = ¢(T).
2. Av S € L(X,Y), tére £L(ST) < ||S]| - £(T).
3. Av W € L(£3,03), tére L(TW) < ||W|| - (T).

Aréderdn: (1) Anhd, av ypnotuonoticouue To YEYOVOS 6Tl To WéTpo Tou Gauss
elvow avaAlolwTo e Tpoc 0ploy®VLOLEC UETACY NUATIOUOUC.
(2) Hpopavée and tov optoud xow v [|S(Tx)|| < ||S|| - |1 Tz
(3) Tpdpovue B yia tn povadtata undha tov L(€3,£5). H arewxdévion W — L(TW)
elvow cuveyrig xou xLPTH cuvdptnon oto B, doa talpvel UEYLETN TWT| OE xdmoLo and To
axpata onuelo tov B. Ou anodetovue 6t tor axpala onuelo Tou cuvérou B elvon op-
Yoywviot uetaoynuatiouol. Anoé to gacuatixd Yewpnua, xdde W € B avahbdetow 6T
HopeR W = UDV, 6mov ot U, V elvon opoydvior xaw D = diag(s1 (W), ..., sp(W)).
Av W ¢ O(n), téte 0 D oty napandve avdhuon tou W dev elvor o tautotxde.
Emméov, agolb W € B, ta Swaydvia otolyelo tov D etvon uipdtepa A loot Tng povd-
doc, UE yVhoLla avtabTnTa 68 TouRdytaTov [io Véon. Mropolue howndy va ypdpouue
D = (D1 + D»)/2, énov Dy # D5 dwaydviot ue tny Ba dotta. Av Yewprioovue
touc W; = UD;V, téte W = (W1 +Ws)/2 xow o Wy, Wy elvorn Stapopetixd otoryeia
Tou B, dnhadf o W Sev elvar axpalo onueio tov B. Anhadn, to axpalo onueia tou
B elvar oploydviol uetaoynuatiouof.
Xpnowuonotdvtag xou v (1) BAémovue bt av W € L(€3,45), W # 0, undpyet
U € O(n) tétoloc toTe

W
¢ <T- W) < UTU) = ((T),

Sradh ((TW) < ||[W]|| - €(T). O

Ynuetwon: Xenowonowwvtag v «avdhvon W = UDV'» unopolue va dolue ott,
avtlotpoga, xdde U € O(n) elvar axpaio onuelo tou B.
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H (-vopua oplotnne and toug Figiel xow Tomczak-Jaegermann [7], o. omolot,
YEMNOUOTOLOVTOS €VaL YEVLXO amotéhecua Tou Lewis [14] oyetind pe vépues tehectddv
duixéc we mpoc o [yvog, anédetlay otL yio xdle M undpyer T € L(€%, X ) tétolog
wote
(2.1.17) AT 1)) < nK(Xa),
6mou K (X ) elvon n otadepd K-xuptémnroc tou Xy (BAéne [18, oek. 20]). And tny
EAAn Thevpd, Lot onuoavTix avioétnta Tou Pisier [17] (BAéne eniong [18, Kegdhoo
2]) Selyver 6t
(2.1.18) K(Xu) < crlog(dy +1)
ya xéde M, 6mou ¢ > 0 elvon Lo amdutn otodepd.

Ané tov oploud e vopuac || - ||ar éxovue ||T(x)||ar = l|z||7-1ar Yo xd0e T' €
GL(n). Apa,

1) am = ([ i) = ([ o)

[ o Aéyo autd, Yo ypdpouue
(2.1.20) UT Y (M) == T : €5 — Xup).

Me autd 10 cuuPolioud, ta anoteréouarta twv Lewis, Figiel-Tomczak xou Pisier
ouvdudlovta 6To e€hc:

Aupa 2.1.2 Eotw M éva ovupetpixd kupté odua otov R*. Yrdpya T € GL(n)
TéT010G HOTE

(2.1.21) UTMY(TM)°) < eynlog(das + 1),

omov ¢; > 0 elvar pia anédven ozadepd. a

Extéc and ) Jeuehddn avioétnta tou Afjuuartoc 2.1.2, Yo ypnowwonoticovue xd-
ToLES AmAEC WLETNTES TOL «f-oLVapPTNooEWOUSY M — ((M).

Aqppa 2.1.3 Eotw M éva ouupetpiké kupté odpa otov R . Tdre,
(2.1.22) cav/nw(M) < U(M°) < ezv/nw(M),

omov ¢, c3 > 0 andlureg otalepés.
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Anoédelln: Eow g1, ..., g, aveldptntes TUTLXES XOVOVIXES Tuyales UETUBANTES OE
xdmoto yweo mavétnroc. Iapatnpodue 6t

1/2 n 1/2
(o) = (/ ||x||%w%<dx>) =(E||Zgiei||?w>
" i=1

Bl S geillre = | lellrer(da)
=1 "

1

and v avioétnia Kahane-Khintchine (Bhéne [22, §4]), xow vroloyilouue to teleu-
oo OAOXANPWUA OE TOAMXES GUVTETAYUEVEC:

o ~ NWn > n—1 R 77“2/2
0r) = Gl /Si/o P 6 agoe " 2dro(d6)
NWn, > n_—r2/2 ~
= w(M)W/O e 2dr ~ /nw(M). m|

Afupa 2.1.4 Eoww M éva ovupetpiks kuptd odpa ooy R*. Tire,
(2.1.23) (I + S)(M)) < (M)

yia kdOe Oetikd ypapjiké tedeory S tov R™.

Anoden: And o Afuua 2.1.1 éyouvue

(2.1.24) I+ S) (M) < (T4 8)7 =y — 3] - ¢(M).

XpnowuomoldvTag To YEYOVOS 6Tt 0 S elvon YeTindg TeEAeSTAC EAEYYOLVUE EUXOAD 6TL
sp(I+8) > 1, an’ 6mou éneton 6t [[(I +S)~1 05 — (7] < 1. |

Adupa 2.1.5 Ay My kat My elvar 600 ovupetpikd kuptd oduata ocov R, tére
(2.1.25) C((My + Ma)°) < €(M7) + L(My3).

Anédegn: Eyovue ||z|(ar+n)e = |llare +||7]|arg - Xenowwomoidvtag tov oploud
e £-vopuoc xar tny avicotnta Tou Minkowski matpvouue

K((M1+M2)O) B </]Rn”m”%M1+M2)°’Yn(d.T)>1/2
(/ (llellaz + llllarg ) %(dw)> i

1/2 1/2
JACe dx)) +( /R ||x||ﬁ4;vn(dx>)
K(M )+ 6(M3),

IN

dnhadn, v (2.1.25). O
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2.1.3 To Ajuua tou Slepian xow 1 aviootnta tng Chevet

H uédodoc twv tuyaiwy opdoydviwy TopayovTonolicewy Y pnouloTotAdnxe yio Teo-
™ @opd otny epyacia tng Tomczak-Jaegermann [23], xau opydrepa avantiydnxe
an6 toug Benyamini xou Gordon [3] yior tnv extiunon anootdoewy Banach-Mazur
uetad d0o n-SdoTatwy ywewv UE vopua. Baolletow o uta eldxr neplntwon tng
avicdtnroc e Chevet (BAéne [22, §43]) and ™ Yewplo twv aveliZewy Tou Gauss.

Ipétaon 2.1.1 FEoww K xat L ovupetpid xuptd odpata otov R*, kar (g:5)7 ;-4

aveEdpTnTes TUTLKES kavovikés Tuyales pnetafAntés oe évar xdapo mbavétntag (2, v).
INa kdOe w € Q Jewpolpe tov tedeoty G, : X1, = Xk, nov opiletar andé tnv

Gw = Z gij(w)ei (9 €;

ij=1
omov {eq, ..., en} tuyovoa opfokavovikn Pdon tov R™. Tdre,
(2.1.26) / |Gy : X1 = Xk||ldv < diam(L) - £(K) + diam(K°) - £(L°).
Q

H anédeiin e Mpbraone 2.1.1 ypnowonotel to AMuua tou Slepian (BAéne [22, §43]).

Appa 2.1.6 Eotow (Q,v) ydpos mbavdtntas kar X;,Y;, i < m, kavovikés tuyaleg
pnetapAntég ovov Q pe péon uun 0, téroieg dote ya kdde i,j < m va wyvovr ot

/ng,, = /deu
Q

Q
Q

Q
Tdre,
max X; dv < max Y; dv. O

Anédergn tng Ipodtaong 2.1.1: Eotw g, (9:)is;, (hj)jo; aveldptntec tumxée

xavovixée tuyalec petaBintéc otov (2, v), aveldptnree and Tic (gij)f j=1 -
‘Eoww D(L) xow D(K°) apuduriotua tuxvd utoctvoha twv L xou K° avtiotolyo.

T xdde x € D(L) xon y € D(K°) Yewpodue Tic tuyoles UeTofANTéS

n
Xow = > ziyigi +lzlz-lyll2-g
i,j=1

n n
Yoy = Nzl S uihy +llle - 3 wigi.
j=1 i=1
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Oewpwvtag apldunon touv cuvorou twv Levyapldy (z,y) € D(L) x D(K°) éyouue
wor apldunon tov X, xo Yy . EOxoha ehéyyovue 6Tl oL mpdtec m (g mpog
v apldunon) tuyaiec uetafintéc X, , xar Yy, txavonotoly tic tpobnodécels Tou
Arupartoc tou Slepian. Egapudlovtac to Aduua v xdde m xou mepvidvtas oTo
6pLo, Talpvouue

(2.1.27) / sup sup X, dv S/ sup sup Yy , dv.
QyeKe xeL QyeKe° xeL

Iopatnpodue 6T

(2.1.28) /Q sup sup(z ziY;9i, (W ))di/(w) = / sup sup (G z,y)dv(w).

yeEK°® z€L ij=1 Qrel yeKe
‘Ouog,

(2.1.29) sup sup (Gux,y) = sup |Go(@)||lk = |Gy : X1 = XK||-
zeL yeKe

Xpnotuomowdvtag xou T cuuuetela TS g, BAEnovue 6Tt

/Q||Gw:XL = Xkl|ldv(w) = /Q sup sup(z z;Y; i, (w ))dl/(w)

yeK° xzeL

i,j=1
< / sup SUP(Z 23y;9i,; + |2l - lyll2 g)
QyeKe° zel ij=1
+ [ sup sup( 3 waions ~ el - ol - o)
Q yeK®° zeL ij=1

= 2/ sup sup X, ,dv.
QyeK® zeL

To 8e&u6 wéhoc tne (2.1.27) ypdpeton ot LopPN

/ sup sup Yy ,dv = /sup sup (||a:||22y]h +||y||22ngz)
Q Q

yeEK® €L z€EL yeK®°

IN

sup [|z]l2 / sup, Zyg v
xeL

+ sup ||y 2/ sup xig; | dv
EKOII [ | Sup Z i

dlam
- /||Zh el xcdv
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diam(K° —
+ B S gedloedv
Q=1
diam (K°)

< Sy + R e,
OTIOL Y PTOULOTOLACUUE TNV
n n 5\ 1/2
(2.1.30) E Z giei|| < (IE Z gi€i ) ={(M)
i=1 M i=1 M
yio tor K owon L°. Buvdudlovtog tor Topamdve xatohfiyovue otny (2.1.26). i

To enbuevo Muua (BAéne [22, §43]) uoc emttpénel va tepdoovue and tuyalous
TlVoXES UE TUTUXES XUVOVIXES CUVTETAYUEVES OE 0pJOYMVIOUC TiVOXES.

Adppa 2.1.7 (Marcus-Pisier) Ioxve n arwodrnra
(2.1.31) / U : X1 — Xgclldp < C—‘*/ G+ X1 — Xpelldv(w),
o(n) Vv Jo
omov ¢4 > 0 andélutn otalepd. |
Yuvdudlovtag v Hpdtaon 2.1.1 ye v avicdtnta twv Marcus-Pisier nofpvouyue
extlunon yia T Y€or T g vopuag evog opdoywviov TeAectA U 1 X = Xk uéow

YEWUETEXOY TopAETPwY TV K xou L.

Ocwpnua 2.1.1 Eow K kat L 6vo ovppetpicd kuprd ovuata ooy R*. Tire,

% (diam(L)6(K) + diam(K°)¢(L°)),

omov ¢4 > 0 ) otaepd tov Afjupazos 2.1.7. |

(2.1.32) / U : X1 = Xil| p(dU) <
O(n)

2.1.4 Extiunom touv Aéyou 6yxwy

Oewpolue TpoTa T cuuueTex) Tepintwon. To Oedpnua Twou axohoudel Selyvel 6t
o Moyog byxwy vr(K, L) elvar ovotaotixd «ypouuix cuvdptnony touv max{dx,dr}.

Ocsopnua 2.1.2 Eotw K kai L 6o ovuuetpikd kuptd oduata otov R . Tdre,
(2.1.33) vr(K, L) < Cy (dg log(dk + 1) + di log(d, + 1))

émov C1 > 0 elvar pia arddvtn otalepd.

H anédeln Yo Paototel oto Oewdpnua 2.1.1 xou oo e€hc Afuua.
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Afupa 2.1.8 Eow M ovupetpikd kupté odua otov R*. Trndpyer ypappikn et-
kova My tov M e ng €€ng iidtnreg:

1. (M) < /n
2. U(M7) < esy/nlog(dayr + 1)
3. diam(M?) = 2||I : 6% — Xy, || < 2dpr/ log(dar + 1)

omov ¢ > 0 anddvzn otalepd.

Anoden: And to Afjuua 2.1.2 unopolue vo utodécovue bt 1o M ixavorotel Tig
(2.1.34) (M) < /n xa £(M°) < erv/nlog(da + 1).

Ocewpolue éva eAlelfoedéc Epyy mou vhomolel tny andotact day ond to M: Snhady),
Eyv CM CdyEn. YTrdpye deunde yoouuuxde tekeotic S € GL(n) tétolog dote
S(En) = BY. Téte, BY C S(M) C dy By, dpa

(2.1.35) w(SM) <dy xow w((SM)°) < 1.
Ané to Afuua 2.1.3, naipvouue
(2.1.36) L(SM) < e3v/n xon £((SM)°) < e3v/ndyy.
Edv Oéoovue T = I + aS bnov a = log(dpr + 1)/dpr, €xovue
I = Xpatll = (T +0a8) ™5 62 — Xy
1(@8)™ + D)1 by = €3]] - [(S) ™" = 45 — X |
1(aS) ™" €5 = Xu]
= (145 = Xasml
1/a=dp/log(dy + 1)

IN N

IN

To Afuua 2.1.4 pog egaopalilet ot

(2.1.37) UTM) < 6(M) < V.

Téhoc, apol (I + aS)(M) C M + a(SM), and to Afuua 2.1.5 éyouue
(TM)°) < U(M°)+a-L(SM)°)

civ/nlog(dy + 1) + czav/ndyr

(c1 + es)v/nlog(dy + 1)

and Tov TeoTo EMAOYNS TOL . AT Ta Tapamdve elval PAvERS OTL TO CUUTEPIGU

<
<

Tou Afuuatoc wavorotelton and to My :=TM. O

Anodedn tov Oewpruatog 2.1.2: Xpnowwonowwvrag 1o Ajuua 2.1.8 Boloxovue
yoouuxég ewxoves Ky xow Ly twv K xan L avtiotolya, €10l OGTE VoL LXAVOTOLOUVTAL
Ta e&hC:
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1 €(Ky) < v/ e (L) < v/,

2. U(K7Y) < esv/nlog(di + 1) xon £(Ly) < es4/nlog(dr + 1).

3. diam(K7) < 2dg/log(dx + 1) xaw diam(L;) < 2dr/log(dr + 1).
(ya TV axp(Betar, epapuodlovue to Afuua 2.1.8 yia tor K xou L° - nopatnprote ot
dr, = dre). Ané 1o Oedpnuo 2.1.1,
CL (diam(Ly)E(K ) + diam(K)U(LS))

vn
di dr,
2 + .
“ (10g(dK +1)  log(dr + 1))

IN

/ U - X1, = Xi, [Ju(dU)
O(n)

Apar, undpyer Uy € O(n) tétotoc wote

di dr
2.1.38 Uo(L1) C 2 * o
( ) o(L1) C 2¢4 <log(dK +1) ' log(dr + 1)) '
"Ereton 6t
(2.1.39)

dg dr, | K] 1/m | B3| tm
K, L)<?2 .
V(K L) < 2 <1og<dK+1>+log<dL+1>> <|Bg| [Oo(Ly)]

Ané v aviebnra tov Urysohn (2.1.15) nalpvouyue

) U(KT) _ o
2.14 <w(Kp) < < —1 1).
( 0) <|B§| <w(K;) < ovn S o og(dr + 1)

Téhog, amhh epapuoyy) tng aviodtntag tou Holder delyvel 6t

<|U|fi|1)|>l/n B <||lz§||>1/n:</5nl ||55||Zlna(dw)>_1/n
(L)
ca/n

< Slogldy +1).
C2

< w(ly) <

Yuvdudlovtag To Topamdve CUUTEPUVOUUE OTL

2 2
(2.1.41) vi(K,L) < 004205 (dp log(dse + 1) + dg log(dy, + 1)),
2

Snhadh to Oedpnua toylel ue Cy = 2c4c2 /c3. o
IIépiopa 2.1.1 FEoww K kar L 600 ovpupetpikd kuptd oduata otov R*. Tdre,
(2.1.42) vr(K, L) < Cyy/nlogn

omov Cy > 0 elvar pia andlven ozadepd.
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Anodeldn: Tougwva ue to Yedpnua tou John [12], max{dk,dr} < v/n. O

Ané 1o lopioua 2.1.1 unopodue edXOAI VoL TEPACOVUE G YEVIXY| TERINTWON: O
AOYoc elvan 6TL xde xVPTd oo M TEpLEYEL EVaL GUUUETPIXO XUPTO cwuo My xau
TEPLEYETOL OE VA CUUMETELUO XUPTO odua My yia To ool

|M|M7 o | M|V~ | M|
Ocwpnua 2.1.3 Eoww K kat L 6vo xuptd odpata orov R*. Tire,
vr(K,L) < Cy/nlogn
omov C > 0 elvar pua anédven otadepd.

Anodedn: 'Eotw K xou L 300 xuptd oouata otov R*. Mnopolue va vnodécouvue
6TL T0 XE€VTPO Bdpous Toug elvar oty apy | Twv atévewy. To adua Swapopdv L — L tou
L etvon oupuetpwnd, mepéyet 1o L, xou and tny avicétnta twv Rogers xou Shephard
[20]’

(2.1.43) |L — LIY™ < 4|L]Y™,

Ané v dhn mhevpd, o K N (—K) elvar ouvuuetpixd, neptéyetar oto K, xaL ot
Milman xot Pajor [15] éyouv 8eiet 61t

(2.1.44) |K|Y" < 21K N (—K)|V™.
Ané 1o bproua 2.1.1, undpyet T € GL(n) tétooc wote T (L — L) C KN (—K) xou

(2.1.45) |K N (—K)|*/™ < Cyv/nlogn|T (L — L)|/™.
Eoxoho eléyyovue 6t T'(L) C K, dpa
K| K0 (=K)| |T(L - L>|>”"
vi(K,L) <
w0 < (fenmy oo
< 8Csyv/nlogn. O

2.2 Adyog byxwv xou Euxheldeleg Touég

H évvola tou Adyou 6yxwv vr(K, BY) yia ouupetplxd xuptd oopota otov R” npw-
toepgaviotnxe oty epyaotia [13] tou Kashin, o onolog édee 6t tuyadol [n/2]-
didoTatol ur;éxo)pm Tou £ €youv ouolduoppa Peayuévr andotaon Banach-Mazur
and Tov E[Qn/ I IIpdhtoc o Szarek [21] xotdhaBe 6Tt auTd elvor CUVETELX TOL YEYOVOTOS
ot vr(B7, BY) < C 6mov C > 0 andhutn otodepd (xou BT 1 wovodtado undio tou
7). O Szarek ewofyaye v évvola Tov Adyou Gyxwv vr(K, BY) xou anédelle xdtt
TOAD YEVIXOTEQO.
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Ocwpnua 2.2.1 Trobdérovue dut n By elvar to eAdenpoeldés puéyiotov 6ykov g
povadiaias pndiag K wov X = (R™, || -||). Av

K| 1/n
2.2.1 A= ( | ) ,
(2:2.1) 1By

Tdte ya kdOe k < n vrndpyer vndywpos H tov R® didotaons k, térowog vote

(2.2.2) || < llzll2 < (4mA) =% |||

ya kd0e x € H. EmnAéor, to otvodo H twv H € G, 1, mov ikavonooly tnv (2.2.2)
éxer pérpo Haar vy, p,(H) >1—-27". m|

Yxondc yag o€ auThY TNV Tapdrypapo elvon var ddcouue 3o Slagpopetinés anodel-
Eelg awtol Tou Bewpruatoc. O Abyog v autd elvon bt 1 extiunon mou divel 1 (2.2.1)
elvon TONO xaxh btav k = [An] ue A — 17. ‘Onwe delyver n npocéyyioh wac, W
xohOtepn extiunon Yo \tov duvath av elyoue ot Siddeor| UG LOoYUPEC EXTUUHCELS
yia Toug aprduole xdAudng tou K and nolanhdoia tne By

2.2.1 H uédodog twv Tuyalnwy CTROP®Y

Trodétovue 61t ) BY elvaw 10 eMerdoedéc uéyiotou dyxouv tou K. Oewpolue
ouvdptnon g : [0,+00) = [0, +00) ue

(2.2.3) g(r) = w(K NrBY).
Elxolo eéyyouue 6tL 1 g elvon ad&ouoa xon xolhn cuvdptnon. Xto [0, 1] éyouvue

g(r) = 2r evéy, and to Oedpnua tou John [12], oto [/n, +00) €youue g(r) = w(K).
‘Eneton 6tL, yo x8de A, e € (0,1) undpyet r = r(A) > 0 ue v Widtnta

(2.2.4) g(r) =w(KNrBy)=2(1—-¢)v1—Ar.

Y10 onuelo avtd yenotuonooue Ty «M*-avicotntoy tou Milman, otn Béltiom
wopph e (BAéme [9]).
Oceopnua 2.2.2 Eotw T éva ouvuuetpixé kupté odua otov R*. Ta kdOe A\, e €
(0,1), éyovue

2w(T)
(1—¢g/2)V1=X

yla dlovs tovg H o€ éva vrootvodo H tng G pe pétpo peyalitepo and 1 —
cexp(—c'e?(1 = A\)n), érov k = [An] kai ¢, > 0 elvar arélures otadepés. O

(2.2.5) diam(TNH) <
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Egapuoélouvue 10 Oedpnuo 2.2.2 yio 10 oopo T = K NrBy: and my (2.2.4),
yia xdde H € H éyovue
(2.2.6) diam(K NrBy N H) < 2r,
an’ 6mou énetan gbxoha 6tt diam(K N H) < 2r. Anhady, yio xdde x € H éyovue
(2.2.7) lell < llells < izl

Méver va extufioouue 1o 7 = r(A). T to oxond avtd Ya ypnowuonoticouue tTny
«ohuh) Loppr)y Tou Oewphiuatoc Tou Dvoretzky [5]:

Ocwpnua 2.2.3 Trdpye arddvtn otalepd C' > 0 pe tnr ididtnra: ya kdde ovp-
petpikd kupté owua T otov R™ umopolue va Bpolue puoikd apidud

(2.2.8) s < C(diam(T) /w(T))?
kat oploycriovs uetaoynuatiopnols Uy, . - . , Us TETOLOUS DOTE
T 1
(2.2.9) #BS C —(uwi(T)+- - +us(T)) Cw(T)BY. O
s

Egpopudlovue 10 Oedpnua 2.2.3 vy 1o odua T = K NrBY. Agod T C rBY,
and Ty (2.2.4) unopoVue va Bpodue

(2.2.10) s<C()/1-=X
XL U1, ..., Us € O(n) dote va xavorotelton 1 (2.2.9). Anhad,

21— eI Ar-[B3[/" = w(T)-|Bj|'/"

4

< (™) + (D)
4

< () 4 g (K]

Auté nou yperalduaote elvon éva dve Ppdryuat Yo Tov éyxo o uq (K) +- - -+ u(K).

Ouunleite bt o apiude xdhudne N(K,tBY) elvar o wixpdtepog aprdude and
pmdhes axtivag t mou N évwon) toug xaAUTTeL o K. And tov opoud twv aptdudy
xdaudng, eréyyetar dueca To eENg:

Adupa 2.2.1 Av T, ..., Ts elvar ovppetpikd kuptd oduata otov R, tdte
(2.2.11) N(Ty+--+ T, (t1 + -+ + t)By) < [[ N(T;, t:BY).
i=1

yia kdOe ty,...,ts > 0. a
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Ané o Afuua 2.2.1, vy xdde t > 1 éyovue
lur(K) 4+ 4+ us(K)| < N(ui(K)+--+us(K), AtsBY) - |Ats By |

< HN(ui(K),AtB;‘) - (ts)"| K.

Yuvenwe,
(2.2.12) 2(1 —e)V1 — Ar < 4At - [N(K, AtB})]*/™.
‘Evoc anhéc tpomog yio va extiuoouue tov N (K, pBY) elvow o e€hc: av {z1,..., N}

elvow éva unoolvoro tov K peylotxd wg npog v ||z — zjlla > p, t61€ K C
Uicn (@i + pBg) xau w0 x; + (p/2) By €xouv Zéva eowtepixd, an’ dmou BAénovue
e0xoha 6T

(22.13) N |(p/2)B < |K + (p/2) B,
Av emmiéov unodécouue 6t BY C K, tote |K + (p/2)BY| < (1 + (p/2))"| K], dpo

K|
B3|

(2.2.14) N(K, pB) < [1+2/p]
Me t¢ unodéoels Tov Bewpuartoc 2.2.1, emAéyovtag p/2 = A xatahfiyovue oTo
eZhe AMuuo.

Aqppa 2.2.2 Trodérovpe dtt n BY elvar to eAdewpoeidés uéyrotov dykov tov K.
Ay

|K| 1/n
(2.2.15) A= <—n :
| B3|

ToTE
(2.2.16) N(K,2ABD) < [1+ A]".

Ané 1o AMupa 2.2.2 xon Ty (2.2.12) pe t = 2, cuunepalvouue Ot
(2.2.17) 2(1 —e)V1—Ar < 8A-[1+ ACE/0=N)

Xpnowuonothvac xow v (2.2.7) nolpvouue o AN anddelZn tou Oewphlatoc Tou
Szarek (ue mapduoLa exdetnr| e€dptnon and to A).

Ocwpnua 2.2.4 Trobérovue dut n By elvar to eAdenpoeldés puéyiotov 6ykov g
povadiaias unddag K tov X = (R™, || - ||). I'a kdOe k < n undpyer vndywpos H tovu
R" &dotaons k, téroiog vote

(2.2.19) lzll < [lzll2 < f(A,N) - [zl
yia kdle x € H, dmov A = k/n kar f(A,\) = 8A - [1 + A]°/0-2 /T =X, i
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Iagathpnon: Eotww 6t ou apuduol xdhuine N (K, pBY) @dlvouv ue «xavovixd
TEOTOY XAHDS TO P UEYINDVEL:
Ynéleon: YTndpyouv ¢,p > 0 xau g > 1 tétolol Hote
(+) N(K, ATBY) < exp(en/t?)
yio xdde ¢ > 1.
Av n unédeon autr ixavomotelton, Tote 1 (2.2.12) malpvel T popet
(2.2.20) (1 —e)V1—XAr < 2A% - exp(cs/tP)
v xéde t > 1. Enéyovtac t = s'/P, BAémouue 6T

1

Aev €youpe xatopdwoet va delfouvue 6t ot ¥éon tou John 1 unddeon avomnoleiton
v xdmotar p > 0 xon ¢ > 1, buwc n (2.2.21) delyver 6t ue 10 emyelpnuo Tou
napovctdcaue Yo elyoue capr Bektiwon Tov Oewpruatog 2.2.1 yio A — 17,

2.2.2 H pédodog twv npoBoiwy

Yrodétovue 6t n By elvon 10 elhetdoedéc uéyiotou éyxou touv K, xat Yewpolue
A e € (0,1). 'Onwe xou oty TEOoNYOLUEVN Topdypapo, EMAEYOUUE T = 7(A,€) Tov
weavorotel Tny

(2.2.22) g(r) =w(KNrBy) =2(1—¢)V1—Ar.

Oa epapudcovue 10 Bewpnua tou Dvoretzky otn uopen nou mipe and toug Figiel,
Lindenstrauss xox Milman [8]:

Oceopnua 2.2.5 FEotw ||-|| pa vdépua otor R*, kar T n avtiotoyn povadaia pndia.
Av b elvar o pukpdrepos Fetikés aprduds ya tov onolo

(2.2.23) Izl < bllz|l>

ya kdle x € R?, kat av

(2.2.24) M= |z||o(dx),
Sn—1

téte ya kdde m < en(M/b)? vrdpxet H C Gm 1€ Vnm(H) > 1/2 térowo dove:
ya xdfe H € H va wxve n

1 2
2. —BY - C —B? .
(2.2.25) 2]\4B2HH_TF‘|H_]\4B20H

(¢ > 0 elvar pa andAvn orabepd). ad
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Egapudlovue 1o Oedpnua 2.2.5 yia to T = (K NrBY)°. Eyovue b < r xou

(2.2.26) M= - |z|l(krrBy)eo(dz) = w(K NrBy) = (1 —e)vV1—Ar.
Tovenae, av Yéoovue m = [c(e)(1 — A)n] éyouue o e€hc: undpyet H C Grm Ue
Un,m(H) > 1/2 tétowo dote: v x&de H € H va woyleL 1

(2.2.27) (4c(e)V1—=Ar)'B¥ N H C (KNrBY)°NH C (¢(e)V1 = r) !By N H,
1, LoodLvoud,

(2.2.28)  (c(e)VI—Ar)BY N H C Pg(K NrBY) C (4c(e)V/I— Ar)BY N H,

6mov Py (T') elvow 1 oploydvia mpoBoly| tou T otov H.
Y10 onueio autéd Ya ypnotuonotioouue Tov ohoxAnewtixd tuto tou Kubota: to
(n — m)-oté quermassintegral W,,_, (T') = V(T';m, BY;n —m) wovornotel tnyv

_ 1By
By ...

(2.2.29) Wi (T) Py (T) | v (dH).

Ané n povotovia Twy PewTody dyxwy xau tnv By C K, éyouue

(2.2.30) Whp_m(KNrBy) =V(KNrBy;m,By;n—m) <V(K,...,K) = |K|
And Tic (2.2.28) xon (2.2.29) éneton 6T

(2.2.31) 1By] - eV =)™ < |K],

dnhad),

c1(e)An/™
VIi-X '

Anhadn, éxovue To BOedpnua 2.2.1 otny e€hc Lop@H.

(2.2.32) r<

Ocwpnua 2.2.6 Trobdérovue dut n By elvar to eAdenpoeldés puéyiotov 6ykov g
povadiaias unddag K tov X = (R™, || - ||). I'a kdOe¢ k < n undpyer vndywpos H tou
R" ddotaong k, téroiog vote

(2.2.33) lzll < llzll2 < f(A,A) - ||

yia kdle x € H, émov A = k/n kar f(A,\) = cAY=N /T —X. ]

Ynpetwon: O avayvodotng Yo el Topatneroet 6Tl To aolevég onueio oTo Tapamdve
entyelpnua elvon n avisbtnra V(K NrBY, ..., K NrBY,BY,...,BY) <|K]|.
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2.2.3 IMopatnperoelg

Yy apyf) authc TNe maparypdipou divouue S0 Tapadelyuota YAICEWY COUATWY VLo
¢ onoleg 10 Oedpnua 2.2.1 endéyeton BeAtiwon.

A. Xopou e ppayrévy otadepd cuVTOUTOL-2

‘Eow X = (R*,]] - |]) évag n-ddotatog yopeos pe vépua. H otoadepd ouvtimou-2
C>(X) tou X elvon 0 uxpdtepoc C' > 0 ou weavornotel to e€fc: yio xdde m € N xan
x&de x1,...,x,m € X,

m 2
(2.2.34) > x> < C°E
i=1

m
E giTi
i=1

O Bourgain xow Milman [4] éyouv deilet 6t
(2.2.35) vi(K,By) < ¢ C2(X)log[Ca(X) + 1],

dnhadn, ou ydpou ue «ppayuévn Ca(X)y Slvouy Uta UTOXAION TWY YDPWY UE «Ppoy-
LEVO AOYO OYXWVY.

Ocevpnua 2.2.7 Trnodérovue dnt n BY elvar to eldetpoerdés péyiotov éykov tng
povadalag urdrag K tov X = (R™,|| - ||). I'a kd% k < n vrdpyer vrdywpos H tou
R"™ dwdotaong k, térowog vote

Ca(X) C>(X)
(2.236) el < el < e S2 810 (2L ) o

ya kdOe x € H, dnov A = k/n.

Ty anddelln, Yewpolue ndht ) Ao r(A) e eZlowone w(K NrBY) =
21 = Ar. O yopoc X, ue uovodiafo undha 1o K NrBY éyet otadepd cuvtinou-2
C2(X,) < 205(X), xaw and yvwotd anotedéouota twv Davis, Milman xow Tomczak-
Jaegermann [6], Pisier [16] éneton 6Tt

(2.2.37) w(K NrBy) < cCy(X,)K(X,).
Xpnowonowhvtag Ty avicotnta (2.1.18) tou Pisier, cuunepaivovue dtu
(2.2.38) 2v1 = Ar < ¢'Co(X) log(2r),

an’ 6mou nafpvouue To {NTolUEVO. ad
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B. X®pot pe 1-cuppeteixy] vopuo

Aéue 6t évog n-didotatog ywpos ue vopua X €xel 1-cuuuetpwd| Bdom, av LUTdpyEL
Bdon {u1,- .., up} ToU X ue Ty WdTTA

n n
(2.2.39) I thuz” = Zsitiun(i) I
i=1 i=1

yia xdde uetddeon m tou {1,. .., n} o x&de emhoy| Tpory Loty aptdUodY t1, . . ., ty
xoL TPooHUWY €; = F1.
Av o X éyer l-ouuuetpu Bdom, téte N ¥éon tou John tne upovadiodoc tou

umdhag K elvon tautdypova 1 Uéom mou elaytlotonotel TNy nocdTTA

(2.2.40) M= M(K) = /Sn_l o (dz).

Anpadry, M(K) < M(TK) yw xédde T € SL(n). Egapudletar tote 10 €EhC amoté-
Aeouo e [10]:

Ocsopnua 2.2.8 Eotw K éva ouuuetpikd kuptd owua otov R mov ikavorowel tnr
M(K) < M(TK) ywa kd9e¢ T € SL(n). Tére, yua kd9e X € (0,1), vndpyer [An]-
dudoratn tounn K N H tov K tétowa dote

b 2b
2.2.41 AKNH B'NH) < c——o—log [ ——) |
(2.2.41) ( $NH) S e °g<M\/m>

omov ¢ > 0 pa anélven owadepd, kar b elvar o pikpdrepog Jetikds aptuds yra tov
omolo n aniodtnza ||z|| < b||z||2 wyle ya kdde € R™. O

Av howndv vnodécouue 61l 1o K Bploxetar oty ¥éon tou John, éyovue b =1 xo

1 1/n |K| 1/n
2.2.42 — < / z|| "o (dx ) = < > =A,
e24  g<([ el o

an’ 6mou énetan To e€Nc:

Ocwpnua 2.2.9 Trobérovue our 0 X éxea I-ovuuetpikn) fdon kat 6t n By etvat To
elewpoeardés péyaou dykov tng povadiaiag tov undlag K. I'a kdOe k < n vrdpyet
undywpos H tov R® didotaong k, térowog dote

(2.2.43) lzl] < llzll2 < ¢

1]

A (o)

ya kdle z € H, énov A = k/n ka1 A = vr(K, BY). |
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Trdpyouy hotndy xAJCELS YWEWY Yol TIG OTOLES UTOPOVUE VoL THPOVUE EXTUNON TNG
Hopprc ,
o) (A/\/l - A)

ot0 Oedpnua 2.2.1, yio xdde A € (0,1) xou xdnowo g > 1. Ou delZovue 6Tt awtoL TOU
T0OnoL N extiunon elvar ouotaoTIXd LWoodVVaUN UE Ty «utddeon (x)y tne Iopaypdpou
2.2.1 yio toug oprduoie xdhudne otn Véon John.

Xperalouaote xdmotoug oplouols: Eotw X, Y n-dudotatol yopol ue vopuo xou
T:X =Y ypouuwxde tekeotric. Ou aprduol Gelfand tou T' opilovton yior xdde
kE <noand my

(2.2.44) ex(T) =inf{||T|s|]| : S <X, codim(S) < k}.
Ou aprduot evtporniag tou T' optlovtar yia xdde k < n and v
(2.2.45) ex(T) =inf{t >0: N(T(Kx),tKy) < 2F71}.

Ou apriuol Gelfand xou ou aprduol eviponioac tou T cuvdéovton péow tng axdhoudng
npbdtaone (Bréne [18], Kepdhowo 5).

Ipdétaon 2.2.1 Ia kd¥e o > 0 vndpyer otaldepd po téTowa dote: ya kdle T :
XY,

(2.2.46) sup k% (T) < pq sup ke (T).
k<n k<n

Ocewpnua 2.2.10 Trodérovue étt n BY elvar to eldetpoerdés uéyrotov dykov tng
povadiaiag unddag K tov X = (R, || - ||). Av yia kd0¢ k < n vndpyer vndywpos H
tou R" owdidotaons k, térolog dote ya kdle x € H

(2.247) el < ek < (1) el
6mov A = k/n kat A = vr(K, BY), tdte

(2.2.48) N(K,A%BY) < exp(cn/t*/9)
yia kdde t > 1.

Anodedn: H unddeon elvon lood0voun ue tny

Aﬁ)q

2.2.49 cr(l: X - 03) <c|—

(2249 (X ) e 2

v xé&de k < n. Egopudélovue tnyv Mpdtoon 2.2.1 ue a = ¢/2. T xdde k < n
€Y OLUE

(2.2.50) k1 2er(I: X — 03) < pyrAin?/?,
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[ Soopévo t > 1 Beloxouue k < n tétolov Kote

(2.2.51) Al = ATp/? |12 = | = n/t/1.
Téte e (I : 07 — X) < A%, dSnhady

(2.2.52) N(K, AtBY) < exp(en/t*/9).

yio xdmotar andiutn otadepd ¢ > 0.
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Kscpo’c)\ou.o 3

Tuxod.m Xd)pOL TOL Ttocpdcyovcou.
oo 0-1 moADToToL

3.1 Ewcaywyy

O tuyalol ydpol ypnowonotdnxay oTny AoLUTTOTLXY Yewplo TwY YDOEWY TETEPA-
ouévne ddoTaong Ue vopua Yo TNV omodelln tne Umopdng ywpewv 1 TEAECTOV UE
nadohoyéc WLotnTeg.  Xtn dexoetior Tou 80, cpxeTd oNUAVTIXG TEOBAAUATA TNG
Yewplag Aodnxay ue autd tov tpdmo. Evdeixtind avagpépovue to €1c anoteAéouoTa:

1. Trdpyel amdbhutn otodepd ¢ > 0 TéTola OOTE, Yo xde n LTdPY LY N-dLdcTATOL
xopeot ue vépua X,,, Y, ue anéotaon Banach-Mazur d(X,,,Y,,) > en (Gluskin,

[17]).

2. Trdpyetl n-didototog yopog Ue vopua X, o onolog éxel otadepd unconditional
Bdone (#, axdua toyupdtepa, otadepd Bdone) tne téEne tne v/n (BAéne [15]
xan [39], [18] avticTouya).

3. Trndpyer n-ddotatog ywpog Ue vopua X, o onolog €yel andotaon Banach-
Mazur and tov £ ueyahltepn and c¢y/nlogn (Szarek, [40]).

‘Ohat awtd tor Yewpruorta eEacporilovy Ty Unapén xAmolwy Yopwy UE axpolo cUUTE-
pupopd.. H kataokeur) tétowwy napadetyudtwy podler avépun, n miavolewpntiki)
ouwe uédodog emtuyydvet: oplletar xaTdAANAOS Y pog TiavoTNTaS ATOTENOVUEVOS
and N-SLICTATOUS YWEOUC UE VOpUA oL amodevOEToL OTL, UE UEYAAT mdavdTnTa,
TPOXVOTTOUY AVTLXELUEVDL - OL «TUYALOL YOEOLY - UE TLC emuUnTEC OLOTNTES.

Tumxd mopdderyua xAdong tuyaiwy Ywewy elvor oL n-SldoTatol UTGYWEOL TOU
(N ue N = An, A > 1 (o yopoc mdavétnroc ebvor 1 tolamiétnta Grassmann Gy,

39
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Twv n-didoTatwy utoywewy Tou RY | epodlacuévn ue o uétpo Haar - o uovadiaiec
umdhec elvar tuyaleg n-didoTtatec xevipixés Toués Tou xUBou Q). Ot ydpol mou
TpoxUTToLY elvor Tardohoyixol 66OV aPopd SLEPOPES ACUUTTWTIXES TAUPAUUETOOUS TNG
Yewplog. Autdc o tpdémog oxédne cuvavtdton apyxd otc epyooiec [24] xou [16]
(BNéme enfong [38], [41], [13] xon Tic epYUOlES TOL AVOUPEPOVTOL TAUPATAVE).

Ye auté 1o Kepdhawo Yo uehetioovue v amdlutn xupth 97xn tuyaiouv umo-
GLVOAOU TOU GUYOAOL TwV X0PLPWY ToL xUPBou ue otadepd péyedog, xou TRV xAdon
TV TLYAWY YOPWY TV TPOXVUTTEL UE aWTOV Tov TpoTo. Ilpoxeluévou va oploouue
el To YWpeo mdavotnag otov onolo Yo Souléouvue, Yewpolue to Staxpttd x0-
Bo E3 = {—1,1}" otov R" epodocuévo Ue T0 ouotduoppo LETpo mdavdtntac, xou
otadeponowolue N > n. Xn cuvéyela Yewpobue N tuyaia onuela &q,...,TN TOU
emhéyovton avegdptnTa xon elvon ouotduopga xataveunuéva otov EF, xou yior xdde
emhoyh onuelwy {z1,..., 2N} ypdpovue My yio Ty xvpth 9rxn

(3.1.1) My = M(z1,...,zN) = co{z1,...,ZN}
xou Ky yar Ty amdAutn xupth 91
(3.1.2) Ky :=K(xy,...,zy) =co{tzy,...,tzN}.

To oupuetpxd xVpTté owpo K (av elvar un expuitouévo) opilet uto vépua otov R,
Oa ypdpovue Xy YL TO YO UE Vopua ToL Exel cav uovadialo undia to K. Me
aUT6 Tov TPOTO, Yo xde N > n malpvouue Uta ¥Adon TUYALWY N-SLECTATOY YOEWY,
v omolo Yo cuuBorilovue ve By. O Suixde yopoc tou Xy Yo cuuBorileton ue
X xou 1 xhdon twy duixmdy yodpwv ue Bi. Exondc uog elvon 1 (aouuntetind og
Tpoc n) UEAETN Twv xAdoewy By xou Bi xou g €€dptnong tov Wlothtwy toug and
v nopdueTEo V.

H yehétn e yewuetplag tou tuyalov Ky yivetow oty §3.2. T va Eexandopt-
COULUE TL EVVOOVUE UE TOV 6po «tuyalo Ky, cuugwvodue 6Tt To tuyaio Ky €xet
™y WLétnTa (P) av

(3.1.3) Prob ((wl, ..,xN) | To KN éxer tny (P)) > 1—exp(—n).

Anowtolue dnhadh to xdtw @edyuo vo telver oto 1 «exdetndy dtav 1 Sidotoon n
telvel oTo dmelpo.

"Eyovupe tpeic Boaotxéc nnyéc mAnpopoptdy yia to tuyaio K. ‘Onwg o dolue, to
TAjdoc N 1oV x0pupdy Teénel va elvor ueyahltepo and n(logn)? yio va Tic éyouue
Ohec ot duddeon uoc.

Apywd Yo anodelZovue 6tL undpyer otodepd Ag > 1 ue v e€hg WioTToL oV
N > lon, téte (ye peydhn mdavomta) to Ky mepléyet uta undho g onoloc 7
ooctivar efvon avegdptntn and o n xon N.
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Ocewpnua 3.1.1 Av N > A\gn, téte pue peydAn mbavitnra
(3.1.4) Ky 2 a By,

érov By elvar n EvkAeldeia povadaia umdda xar Ao > 1, ¢1 > 0 elvar anélureg
otalepés.

Anéb tov opioud tou, xdlde Ky nepéyeton oto povadiaio x0Bo @, = [—1,1]",
o omolog €yel eyyeypauuévn oxtiva (on ye 1. Xuvende, n extiunon mouv diver to
Octpnua 3.1.1 etvon Bértiotn. Autd nou mapouatdlel evdiapépoy elval 0 0pOg TwWY
LY g mapauéteou N yio Tig omoleg toyVet 1 (3.1.4): 10 cvunépaoua elvor 6woTo
yia o Tuyalo Ky axodua xu 6tay 1o N elvar apxetd uixpd, tne TéEng Tou n.

H anéde&n tou Oewpruatoc 3.1.1 elvar cuvénela Tng nopatipnone Ot éva Tuyalo
ULXEOY» GOVONO AO XOPLPES TOL XVBOL Elvar BT AEXETO YLOL VOL AVTLXUTACTHCEL TOV
E3 oty xhaowry aviootnta tou Khintchine: av m > Agn xan av A efvon éva tuyalo

vnooOvoho tou EF mindwétnrag |[A| = m, tote Yoo x&de emhoy mporyoTiney
ApLIUY a1, - . ., Gy EYOVUE

1
(3.1.5) WZ|81G1 + .+ Enan| (a? + ...+ d2)'/?,

e€A

Y cuvéyelo anodewxviovue 6t av N > n(logn)?, téte o Ky mepéyer (ue
HeYdAn mdavoTnTa) évay XevTpaplouévo x0fBo Tou omolou oL axués Exouy UAXOS TS

tééne Tou /log(N/n)/+/n.

Ocevpnua 3.1.2 Trdpya ng € N pe tnr axdlovdn i0idtnra: Av n > ng ket N >
n(logn)?, tdre

(3.1.6) Kn 2 (c2y/log(N/n)/v/n)Qn

pe mbavétnta peyadvtepn ané 1 —e™"

, 6mov ¢z > 0 elvar pa amélvrn otadepd.

Yy §3.2.2 o dcdoovue Tpelg amodeiielc autod tou anoterécuatog. H mpdtr el
VO OTOLYELOING Yol AUTOVOUT), AAAS SVEL TO AMOTEAECUA YLl TOAUWVUULXES TLIEC TOU
N (N > n®, 6nov a otodepd). H dedtepn anddeln Baotleton oty wédodo twv Dyer,
Fiiredi xor McDiarmid [11] xou eppavileton oe éva mpbogato dpdpo twv Bardny xou
Pér [4]. To 9éua toug elvan ) UrtopZn 0-1 Tolvténwy Ue utepexdeTind TAdoS edpY,
xou éva oLOLWdES Priua 6To emyelonUd Toug elvon Eva ATOTEAEGUA KLOYLPOTEPOY amd
0 Oedpnua 3.1.2 (Afuua 4.3 oto [4]) o omolo anodewvieton Ue TpooexTxdTepn
epapuoYt| Tov uedddwv e [11] Yo to ebpoc v N > exp((logn)?): téte, ue
mdavotnTa ueyalltepn and 1 — e~ woylel o eyxAelcud

(3.1.7) My :=co{z1,...,ax} D¢ (w/log (N/n)B} N Qn) .
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H tpltn poc anddei&n cuvdudlel tny mpodtn npocéyyion ue éva Yewdpnua tou Mont-
gomery - Smith [34] xou Siver v (3.1.7) v N > n(logn)?.

To Oedpnua 3.1.2 napovcidlel avahoyleg Ue T0 ax6hoLYo ATOTENEGH And TNV
[20]: Eow K éva xuptd oodua otov R™ ue xévtpo Bdpoug to 0. Ta xdde § € (0, 1)
urdpyet ¢(d) > 0 tétowa dote N > ¢(6)n® onuela o1, ..., TN TOU ETAEYOVTOL OLOLO-
woppa xat aveEdptnta wéoa and 1o K vo ixavonololy ue mdavétnto Ueyolltepn
an6é 1 — 4 ) oyéon

log N
(3.1.8) KD My =co{zy,...,zn} D €08
n

K,

6mou ¢,a > 0 elvan andhutes otadepés. To emyelpnua oty [20] ypnotuonotel xotd
0VCLOTIXG TEOTo TNV aviodtnta Brunn-Minkowski. To Gewpnua 3.1.2 unopel va
Yewprel ooy utar StaxpLty| exdoy?| e tepintwong K = @y, oTo mopandve oamotéAe-
oua. Efvow agloonueiwto ot 1 e€dpnon and to N elvon xalbTepn.

Tuvdudlovtag to Oewpnua 3.1.2 ue Yvwotée extiufoels 6yxwy amd ta [19], [10]
UTOPOUUE va TtpoodloplcouUe Tc Voo Tés plleg Twv oyxwy Twv Tuyainwy Ky xou Kj.

Ocdpnua 3.1.3 (o) Av N > n(logn)?, téte ya to tuyaio Ky éxovue

|Kn|Y" ~ log(N/n)/v/n ke |K3|Y™ ~ 1/y/nlog(N/n).

(B) Av N > n'™= téte ya o tuyaio Ky éxouvue

w(Kn)w(Ky) < c(e)/logn,

drov w(-) elvar To péoo mhdrog kar c(e) = O(1/+/€) kalds to e — 0F.

Ta tpla autd cuunEpdouaTa divouv axplBn Teplypapr| Tne Lovadtatag undhog Tou
Xn. To tuyalo Ky aviixel o utal UGAAOV TEQLOPLOUEVT] XAAGT) XUPTWOY CWUATWY Yo
Tol ontolol TOAAES ACLUUTTOTIXES THPAUETPOL UTOPOLY VoL ExTUUIoUY Ue axpiBela ooy
ocuvdptnon Twv N xou n. Hapadelyuata Sivovton otny §3.3: o Tp®To UaC amoTéAecU
apopd TNy andotaor Banach-Mazur tou tuyaiov Xn and tnyv xhdon Uy, TV YOpwY
ue l-unconditional Bdom.

Ocdpnua 3.1.4 Ia kdde § € (0,1) umopotue va Ppoduc c(§) = O(log(d 1)) téroa
dote: Av N > ¢(d)n, téte o tuyaiog Xy € By ikavornoiel Tnv

(3.1.9) d(Xn,Uy) > _avh

~ /log(2N/n)

pe mavdénra peyalvrepn andé 1 — 4§, dnov cq > 0 elvar pua andlven oradepd.
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Yuvdudlovac ta Oewphuara 3.1.2 xou 3.1.4 Brénovue 61, dtav N > n(logn)?,
n d(Xn,Up) emtuyydveton otov €2 xou €xel axplBig v té&n mou Slvetar and tny
(3.1.9). Emriong, ywa xatddinho N =~ n, 1o Oedpnua 3.1.4 éyel ooy GUVETELX TNV
OmapEn evog ykpou Tou omolou N andotaon and Ty Uy, Exel T UEYAADTERT duvaTY
T4EN: /n (T elvan éva yvwoté anotéheoua, BAéne [15]).

Ta Oewpriuata 3.1.1 xou 3.1.3(B) deiyvouv b1t n Euxheldeia umdha elvar «lood0-
vony 1660 UE To elhewpoedéc mou vhomotel Ty andotoon and tov £ 660 xaL UE
10 l-ehhewpoedéc tov K. Etot, mapbdho nou 1 otodepd unconditional Bdone tou
Xn elvan ueydhn, unopolue va egapudcouue tn uEG0do Twv 0ploydVLLY Tapayov-
TOTOLACEWY YO VAl TAPOLUE dvw EXTWACELS Yl TNy andotach Banach-Mazur tou
Tuyalov X n amd eldixéc xhdoels ydpwv. Me v (Bia wédodo anodetxviouue to e€hc.

Ocwpnua 3.1.5 I'a kdle N > n xar ya tuyaio Xy,

(3.1.10) d(Xn, X)) < Cy/nlogn,

omov C > 0 elvar pa anédven otadepd.

Eivor yvwot6 6t d(X, X*) < en®/® yio xdide n-didotaro ydpeo ue vépua X. Auté
Tou mapovctdlel evdlagépov oto Bedpnua 3.1.5 elvan 61l 1 extlunon O(y/nlogn)
Loy Vet YLt oAOXANEOo TO eVpoC TN Tapauéteou IN. Autd anotekel Evdelln yia to 6L
avtiotouyn extiunocy unopel va toyVeL o TAEN YEVXOTNTA.

Téhog, divovue extiunoelc Yo T oTadepd LGOTRPOTAS TWV YDEWY TV XNICEWY
By xou By. Tw to tuyado KR, av N > n(logn)?, n otadepd tootponioc elvon
pearyuévn and andlutn otodepd.

Ocewpnua 3.1.6 Trdpyovr andlvres oralepés ¢, C' > 0 ue tny akélovdn 1616tnTa:
() Av n < N < n(logn)?, tére

(3.1.11) Lk, < c/log(2N/n) < Cy/loglogn

ywa to tuyaio K§;.
(B) Av N > n(logn)?, tére

(3.1.12) Lig <C
yla to tuyaio K3r.

Alvouue enlong xdmoleg extyunioels yio T otadepd lwotponiog Tov Tuyalou K.
H andvtnon edw Sev elvar weavonounuixd, apod Sev XaAUTTEL TIC «UECUlES TLUESY TNG
napauétpou V. To npoBinua e otadepds Lootporiog anattel axduo axplBéotepeg
EXTLUNOELS 6YXWY amd auTéC Tou Bivel to Oedpnua 3.1.3.
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Ocdpnua 3.1.7 Eoww N > n(logn)?. Ia o tuyaio Ky wyvdea n anodrna
in{log N
(3.1.13) Ly < w
log(N/n)

orov C' > 0 efvar a anélvtn otalepd.

3.2 Teopetpla tng povadialog Urdhag

‘Onwe avagépaue otny eloaywyt, Yo Aue 6t «to Tuyaio Ky €yel xdmola Wbt
(P)» av

(3.2.1) Prob((a:l, .., xN) € EY x...x E} : n(P) wyleL yio 10 KN> >1—e ",

6mov Kn = co(£x1,...,£xn). Te authiv ty nopdypago Yo deilouue 6t av N >
n(logn)?, téte N wovodiobo utdha K Tou tuyalou ywpeou and thy xhdon By éxel
e e€hc WibTnTES:

. Kx D e By

2. K 2 (eay/Tg(N/R)/v/) Qo

3. (K| = /g ) [/ o KR 7 = 1/ y/Tog (N ).

4. wKn)w(Ky) < c(e)vIogn av N > n't (xau c(e) = O(1//€)).

To topandve twoybouy av n > ng (6Tov Ny xdnotog Puoxds Tou uToloyileton and
Tic anodellelc). Ou ep xon cp elvon andluteg Yetinéc otodepée. O anodellec napou-
olalovToL OTLS ENOUEVES UTIOTAPALY PAPOUC.

=

3.2.1 H oaxtiva tng eyyeypathévng wndhag tov Ky

Oa detZovue apyxd 6Tt av o N Eenepvd xdmota Uxpr} dOvaur Tou i, T6Te T0 TuYao
K mepiéyer Euxheldeta umdhar axtivae aveldptning amd to n xow N.

Trevivuilovue v xhaowxr) avicdtnta tou Khintchine: T xdde 1 < p < oo
urdpyouv detxég otadepéc A, xou By, tétolec wote v xdde n xan xdde emthoyt
TEAYUATIXWY QEUIUADY a1, . . ., Gy LWOYVEL 1} VOOTN T

n 1/2 n l/p n
4, (zw) < (E| 2|) <5, (Zla#)
i=1 =1 =1

Ou Bértioteg Tuée v otodepwy Ap xou By, elvon yvwotéc. Amd Ty aviodTnta Tou
Holder BAénovue 61t Ap =1 av p > 2 xo B, =1 av p < 2. Emniéoy, B, ~ /p Y

1/2

MEYSAES TLUES TOU D.
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To x0plo epyadelo voc Ga elvor to yeyovde otL, pe ueydhn mdavétnra, Alyeg
%0pLEES Tou X0BoL avaraploToly Tov EY otnyv napandve aviedtnta - Bréne (3.1.5).
Autée o woyvplopde anodelydnxe yio Tewtn popd otny [33] (BAéne enlong [20] yio
Hoppn ue v omola yenowonoteltan €86)).

Optowdés. Eotw f ulo @poyuévn UETprolUn CUVAPTNOT OPLOUEVY OE €V PO
mdavédtnrac (Q, p) o €otw a > 1. H 1,-Orlicz vépuo te f oplleton and tn oyéon

(0%
exp (M> du < 2}.
@
Afdupa 8.2.1 Yrdpyet otaldepd ¢ > 0 tétowa dote ya kdde y € S va wyva du

(3.2.3) 1G9y, < e

(3.2.2) £ lly. = inf{A >0 :/

Q

Aréderdn: And v aviodnta tou Khintchine (BAéne [27], [29]), yio xdde p > 2
€YOLUE

(3.2.4) (B (2, )I")? < e1 /- (Bl p)?)"? = e1 v,

omou ¢; > 0 andhutn ctadepd. Av emhé€ovue xatdhhnia tn otodepd ¢ > 0 xou
epapudoovue Tic avtodTnies (3.2.4) oto avdmTuyua

2 o0
T,y 1
(3.2.5) Eexp << 02> ) =14+ By,
k=1

nalpvouue to {nroluevo. |
To enduevo Afjuua elvon pia avicdtnra «t0mou Bernsteiny - Biéne [8].
Aupa 3.2.2 Eotw (fj)j<n avebdptnres tuyales petaPAntés pe péon tun 0, opt-

ouéves avo xopo mbavérnras (Q, ). Av || filly, < A ya kdle j =1,...,N, téte yia
kdie € > 0 éyouue

N
(3.2.6) P>

j=1

N
>eN | <2exp <—2?> .

Ilpétaom 3.2.1 Eorww § € (0,1). Av N > clog(d~')n, téte N onueta x1,...,oN

mov emAéyovtatl opotdpoppa kar aveEdptnta otov EF 1kavonooy pe mbavotnta je-
yaAUtepn and 1 — § tnr aniodnra

N
1
(327) allyll: < 5 3 w2l < callyla
i=1

1 kdOe y € R™, dnov ¢, 1,0 > 0 elvar andAuteg oradepés.
) ) )
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Anéden: 'Eotw 0 € (0,1) to onolo Yo tpocdlopiotel apyotepa, xou éotw N éva
6-8ixtuo tng S™L, ue bt (N < (1 +2/6)" < (3/6)™ (Bhéne [29], oeh. 7).
Ytadeponotolue y € N xa Yewpolue ) ouvdptnon ¢ : EY — R ue ¢(z) = [(z,y)]|.
Ev ouveyela, yia Soouévo m € N opllouue tic ouvopthoes ¢; @ (EF)™ — R wg
elnc:

(3.2.8) oj(1,...,2m) = ¢(z;) — Eg.

Ou ¢; elvon aveldptnteg Tuyalec uetaBintég ue pwéon tiun 0. Ano v aviedtnta ToU
Khintchine (BAéne [37] yiot tn Bértiotn otadepd),

1
3.29 — <E¢p <1
(3.2.9) 75 <B <
Ewwdtepa, and 1o Afjuua 3.2.1 éyovue
(3.2.10) 165lly < NOllyz +EP <+ 1,

oToTE OL @ LxavomoloLy Tig utovécelg Tou Afuuartog 3.2.2 ue A = ¢+ 1. 'Enetan 61

(3.2.11) P (| Zd)j(ml,...,mm) |Z sm) < 2exp (—%)

Yo %x&de € > 0. Anhada,

(3.2.12) P (| %Zq&(xj) —E$ |> 5) < 2exp (-8(;77”1)» .

Av m > Cmax{log(1/4),log(3/6)e2n}, téte, ue mdavédtnta peyohitepn amd 1 —4,
v xdde y € N woylel

1 m
(3.2.13) |EZ|<xj,y>|—JE¢ |<e.
i=1
Av emhé€ouue € = 1/10 xou yenowsonoticovue tny (3.2.9), and v (3.2.13) nole-

VOULUE

(3.2.14)

N

1 m
< — ; <
< el <

DN | =

v x89e y € N. T va anodetfouue tnv avdhoyn oyéon yia x&de y € St
epapuolovue éva entyetpnua Sadoyxfc tpooéyyiong: x&de y € S™ ! ypdgpeton ot
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wopph y = > pe OFyy 6mov yi € N (BAéne [16]), ondte and v (3.2.14) nadpvouue

1 360 1 3
2 g ~ 2 ax”
1 — i 1 —
< EZK%‘,ZJOH—ZQ EZK%AZ/M
j=1 k=1 j=1
< L3
>~ E :n],y>|
j=1
o0 1 m
< ZekEZKxjaka
k=0 j=1
<« 3
= 2(1-6)

Enéyovtac 10 8 > 0 apxetd uixpd (yia mopdderyua, 8 = 1/10), ohoxhnpwdvouue
™y anddelln. O

Oceodpnua 3.2.1 Trdpya Ao > 1 pe wp e€ng 10idtnra: Av N > Aon, tdte ue
«ueydAn mbavitnray

(3.2.15) Kn 2 a1By,
énov B} efvar n EvkAeidela povadaia undda kat ¢ > 0 efvar pa anélven otalepd.

Anéderdn: Xtadepornootue d € (0,1) - to onolo npocdiopilet Ty évvola Tng «UE-
Yéne mdavdTnTacy - X0 9éTouue Ag = clog(d—1). Av N > Agn, téte ue mdavdnta
peyohOtepn and 1—0 n Hpotaon 3.2.1 woylel yia Ti¢ xopupéc £, ..., £y 0V KN.

Ouundelte 6t av My, My elvon xvptd copata otov R?, téte My C My av xon
uovo av hyy, < hag,. Ao v Ilpbtoon 3.2.1 €youue

N
SHCE
y)

v x&de y € R, to onolo delyvel 6w Ky D ¢y By a

hiew (y) = max|{z;,y)

Vv
< ZIH

Z 01||y||2 = Clth

Eldwétepa, n Hpbtaon 3.2.1 woyldel yio § = e™", apxel va ndpouue N > en’.
Ilpétaom 3.2.2 Yrdpyea arélvin otadepd c3 > 0 téroa dote av N > c3n® tére to

tuyaio K mepiéyel tny c1 BY. |
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3.2.2 KiBou nov eyypdgovtan oo Ky

Ytdyoc uog etvon va del&ovue 6L av to N Eenepvd xdmota cuvdpTNon ToL N, TOHTE
0 Ky mepéyel (ue ueydhn mdavotnta) évay xevrpoplouévo x0Bo P tétolov dote
|Kn|'/"™ ~ |P|/". ©o Solue tpeic anodetfeic autol Tou anotehéouatoc. H oxun
Tou EYYEYPUUUEVOL x0Bou elvar BEATIOTN XL OTLC TPELC TEPLRTAOOELS:

(3.2.16) Kn D (c2y/108(N/n)/v/12) Q-

Auté buwe mou éyel onuacta etvor 1 uxpdTteEn TYW N ToL N yior Ty omola To Tuyalo
Kn éyel authv tTnv Wotnta.

A. H otouyslwmdng nédodoc.

H WBéa etvon, 6mwg xow otnv anddetén tov Oewphuatog 3.2.1, va dellouue o6t yia
apxeTd ueydro N, tuyalo emAoyy| onuelwy z1,...,2x € B3 xavornolel m oyéon

(3:2.17) i 0) > 2B 9

v xdde 0 € S" H axpiBic Statinwon tou amoteléouatoc EyeL we eERc:

Ocwpnua 3.2.2 Trdpyel andlvtn otalepd k > 1 pe v e€ng ididtnra: Av N > n*,
Tdte To TuYaio My ikavormolel Tny

Mpy := CO{HZl,...,ZEN} D) (C\/IOgN/\/E)Qn

émou ¢ > 0 elvar pia arddvtn otadepd, xar Q, = [—1,1]" elvar o povadiaiog k¥Bog
otov R™.

Anodedn: Ou ypdgpovue tov N otn woppy N = 27", énouv v € (0,1). Téte, 1o
Oedpnua 3.2.2 elvar o axdroudog LoyLELOUOS:

Av (log2)y > klogn/n, téte My D c\/7¥Qy e mbavétnra peyalitepn

ané 1 —e ",
Apxel va del€ouue 6Tt tuyala emAoyh onuelwy 1, ..., &N € EY wovonotel ) oyéon
(3.2.18) haiy (0) > cy/vhag, (0)

v x&9e 6 € S"L And e hary (8) = maxj<n(z;,0) xou hg, (8) = ||0]|1 BPrénouue
6t (3.2.18) elvon LloodOvoun ue v

(3:2.19) max(z;,0) > cy/7 ol
<N
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IMedétaoy 3.2.3 Yrdpyour anddvtes otalepés A,c > 0 ue ty e&rjg 1oidtnra: Av
eSSt N>nwka A\/logn/n < a < 1/12, tdte

(3.2.20) Prob (hary (6) < af|f]]1) < exp <—% exp(—20a2n)> ,

émov ko elvar o pkpdrepog Detikds axépaiog ya tov omolo 2K > 2n/a.

Anodedn: Taxy,..., N emhéyoviar aveldptnta otov EF, cuvende toylet 1 oyéon
(3.2.21) Prob <‘<a],\>r<(a:j,9) < a||0||1> = (P{z € E} : (2,0) < a||0||1}))N.
i<

Aoyw cuuuetplog, Yio vo extiuficovde Ty tehevtaia TdavotnTta, UTOpoUUE VoL UTo-
Véoovue 61t 6 = (61,...,0,), 6moL 1 > 02 > ... >0, >0 xou 6 + -+ 6% = 1.
Oétouue ko to UxpbTEPO VeTind axépono yia Tov omolo 2k > 2n/a xou, yio xdde
k=0,1,...,ky — 1, optlovue

(3.2.22) Br={i<n:27F1<g, <27F.

Av B =Upp, B xw € ={1,...,n}\B, t6te

(3.2.23) {x € E}: (x,0) > a|f],} 2 {m €Ey: Y x> 3a29i}.
i€EB i€EB
Auté woyler, yiotl
Y i< <<y
P gk = g = oI

i€C

xon €tol, av Y o p Tl > 3a )y p b, éxovue 6T

i=1

i€B ieC i€B icC
> 3alll - 436 > al]s.
ieC
Topa, tapatnpodue 6t
(3.2.24)
ko—1
{meEg > i 23(129,} >N {meEg: > i > 30y 0}
i€B i€B k=0 i€B i€B

xatL, dedouévou 6Tl ta x; elvon ave&dptnta xou ot By, elvon Eéva, apxel var extiurioovue
™mv

Sk Sk
(3.2.25) P (a: €E* Y mib >3a) 91»)
i=1 i=1
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v xdde un xevé By, 6mou s = | xor 2781 < g, <27k i=1,..., 5. Xpnow-
LOTOLWVTAC TNV opyh TNe cuvotohic (BAéne [23], [27, oehida 95]), éyouue

Sk Sk Sk
P(a: : Zmiﬂi > 3a29i> > P<a: : inﬂi > 3ask2_k>
i=1 =1 i=1
Sk
> (1/2)P<a: Y 2Ry > 3ask2_k>

i=1

(1/2)P < Zm > 6ask>

H tedevtata miavétnto unopel va extiundel ue Bdon to mapaxdtw Auuas:

Appa 3.2.3 Yrdpye andlutn otalepd ¢ > 0 térowa dote: ya kdde o € (0,1/2)
kat s € N,

(3.2.26) P (i: x; > as) > c Lexp(—c(a®s + av/s)).

Anddeln: XpnoylonoolUe Ty TEXVIXT TwV UEYIAWY ATOXAICE®Y, OTWS AUTY TE-
prypdpetar oo [36, AwdheZn 16]. Eotw F' 1 xowy| cuvdptnon xotavournc twv aveldp-
ey Tuyalwy wetaBintdy X;, i =1,...,s, 6mov P(X; = 1) = P(X; = —1) =1/2.
Tote,

(3.227) P (le > as> = /.../X{z1+...+zs>as}dF(m1)...dF(:ns)
=1

/ .- '/X{as+\/§>z1+...+zs>ozs}dF(x1) .. dF(xS)

v

Optlovue R(A) = EeMi = (e* + e~ )/2 xar Bploxouue Ag > 0 tétolo wote
R'(Mo)/R(Xo) = a: 3nhadh, Ao = log(112)/2. 'Eotw G 1 ouvdptnon xoravourhc
TOL LXaVOTIOLEL TN oy éon

e}\().t
3.2.28 dG(x) = ———dF(x),
(3.2.28) (=) = Fy @)
xaw €0t Yi,. .., Y oxohouvdio aveZdptnimy tuyalwy UETHBANTOY, oL onoleg €youv

x0wH ouvdptnon xatavouhc ) G. Eoxoha ehéyyovue 61t EY; = a, Vary; = 1 — o?
xou E|Y; [* = 1. Evo, 1 (3.2.27) nadpver tn pwopeh

P> zi>as) > [R(Ag)e (@ TV3) x

X

eMo(Tr1t...+as)
/ /X{as+\f>ac1+ Azs>ast T 1Py Vs [ROo)J* dF(z1)...dF(z,)
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Y%

67)‘0(as+\/§) / - / X{as+\/§>w1+---+ws>as}dG(x1) T dG(l‘s)
= e MEHVIPO <Y +...+Y, — sEY; < /5).

H tehevtaia mdavétnta elvan {on ue

Yi+...+Y, —sEh; 1

(3.2.29) D:=P (0 < S m)
xat amé to Yedpnuo Berry-Esseen (BAéne [35]), éxouue
(3.2.30) ‘ D—— /UW a2, ‘ ZL T 2 .

Nom (Var¥i)is (1= a2)P/2 /s
Apa, vrdpyet so € N tétotoc dote, yio xdde s > so xaw a € (0,1/2),
(3.2.31) /um gy >t > 0.

2\/% -
YUVETWC,
(3.2.32) P (i: T > as) > ¢l olastVe)
i=1

o ool Ag = 1 log(1£2) < c'a o7o (0,1/2), n anédde&n elvor TARpnc. O

Tuvdudlovtac tic (3.2.21), (3.2.23), (3.2.24) xa to Afuua 3.2.3 ue to 6a 0T0 pdhO
TOU @, €YOUUE OTL

1
P(z € EY : (z,0) > allf,) > o exp(—c(® D sp+a Yy /)
k<ko k<ko
1
> 2ok exp(—ca’n) exp(—cay/n\/ ko
1
> Wexp(—Qcazn),

vt ay/n > ko av emhéZouue ) otadepd A opxetd ueydin xou Yuundolue tov
optoud tou k. AouBdvovtac urddhy pog v (3.2.19), ocuunepatvovue bt

(1 - ﬁ exp(—20a2n)> !

N 2
exp (-W exp(—QCa n)) .
Auto ohoxdhnpddver v amddegn e Hpdtaong 3.2.3.

P(ha(9) < allf]l1)

IN

IN

Enéyouue thpa éva p-dixtuo N e S™ 1, ue minducdtnta [NV] < (14+(2/p))" <
exp(2n/p). Téte, and 1o Afuua 3.2.3 éyouue dueoa to axdhouvdo:
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Adppa 3.2.4 Eoww N > n kat p,d € (0,1). Av

2 N
(3.2.33) exp <7n " o exp(—?caQn)> <4,
Tote, N tuyaia onueia x1, .. .,xn mov emAéyovtar aveEdpTnta otov EF, ikavorooy

pe mavdénta peyalirepn and 1 —§ iy
(3.2.34) e, 0) 2 a6l
yia kde 6 € N 0

Anddelgn tov Oewpruatog 3.2.2: Octovue N = 27" xou epopudlovue o Ajuua
3.2.4: Av Ay/logn/n < a < 1/12 xo av wavonoteitar 1 (3.2.33), t6te 10 KN
weavorotel ue mdavétnta ueyohdtepn omd 1 — § ) oyéon

hiex (6) = 6]y

yiot xdde 6 mou avixel o€ éva p-Sixtuo e S 'Eote u € S Trdpye 6 € N
té€tol0 WoTE ||lu — 8|2 < p. Enctor hotndy bt

hiex () > hiy(0) = by (0 = u) > Bl = (10 = ullx
> allully = (a+ )10 —ully > allully — 2vnp
a
> (a=2vnp)llull > Flull,

av emhéZovue p = a/(4y/n). Av Héoouvue § = e™" xou mdpouue LTOPY Uac TNV
unddeon v > klogn/n, unopolue va edéyEouue Ot 1 (3.2.33) wavorotelton Yo @ =
V7 dpxel o k va elvon apxetd peydhn amoiutn otodepd. Tlapatnpoldue 6tL n cuvifxn
a > Ay/logn/n wavornoweiton enlong av to K elvon apxetd yeydho. Luvende,

hiy (u) > ey/llully
yia xdde u € S™1, 10 onolo cuvendyeton 6Tt Ky D e/ Qn ue miovéTnTo UeYa-

Aotepn am6 1 —e™ ™. i

B. H pédodog twv Dyer, Fiiredi xow McDiarmid.

Oa meprypdpovue thpa T UéVodo twv Dyer, Fiiredi xou McDiarmid yio tn uehén
tou My. T xdde y € Q) opllovue

(3.2.35) q(y) = inf {Prob{z € E} : 2 € H} | H nuiywpoc ,y € H},
xou yro xéde B > 0 9€tovue

(3.2.36) Q° ={y € Qn | a(y) > exp(—fBn)}.
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Optlouue f:(-1,1) = R ue

(3.2.37) £(t) = %(1 +#)log(1 +£) + %(1 ~ #)log(1 — 1),

(rapatnphote 6t limy—, 11 f(t) = log2) xou, av y = (Y1,-..,Yn) € @Qn, FéTOLUE
1 n
(3.2.38) F(y)=—>_ f).
i=1

Télog, yia x&de B > 0 opllovue

(3:2:39) F? ={y €Qn| Fly) < B}

H Boow oyéon avdueoa otic ouvopthoets g xow F diveton and to e€hc Afupo (Bhéne
[11] »ou [4]).

Adppa 3.2.5 Ta kdOe y € Q,, wxVe n anodinta q(y) < exp(—nF(y)). ad

Trodétovue dtL 1 nopdpetpog N eavomolel Tig
(3.2.40) exp (c1(logn)?) < N < exp (can/logn),

omoL c1,c > 0 amdlutes otadepés, xan ypdgouvue N = exp(yn), dnhadf v =

log N/n. ZuuBoiilovue ue e mocdtnres e woppic ¢/7/v/n = cy/log N /n 6mou

c > 1, dnhadr) tocdtnteg oL €xouy UxpdTeRN TAET UeYEJoLC oo AUTHY Tou 7.
Ané 1o Afuua 3.2.5 elvan pavepd 6L

(3.2.41) Q" CF”

yia xédde v > 0. Ot Dyer, Fiiredi xov McDiarmid anédellav 6t to0 Q7 xow FY
Beloxovton o éva xovtd 6to dANo (Ue Ty évvola Tou Teptéyeadar) xou TpooeyYi{ouy
T0 Tuyolo My 6ho xow xahbtepa av N = exp(yn) pe 1o v otadepd xow to 1 vol Telvet
oo dmepo. Ly [11] anodewxvieton To e€ng:

Ilpétaom 3.2.4 Eotw v, € (0,1). Avn > ng(d) kar N = exp(yn), tdre vndpyet
€~ +/v/n térowo dote

(3.2.42) Prob(Q7™° C My) > 1-4. O

‘Eva and 1o faoixd anoteléouata otny epyacio twv Bardny o Por [4] delyver bt
Loy Vel eYxhelou6s avtioTpogos amd autdy e (3.2.41):

Ilpétaom 3.2.5 FEotw v € (0,1). Av n > ng ket N = exp(yn), tdre vndpyouvy
€1,€2 =~ \//n tétowa dote

(3.2.43) F7= 1 (1/10)Q, C Q1. O



o4

Yuwdudlovtag tic [potdoetg 3.2.4 xon 3.2.5 BAénovue dtL 10 Tuyaio My txavonotel
myv

(3.2.44) My D F'~ 1 (1/10)Q...

H oxp3ric mocotnd avdluon twy anodellewy delyvel 6T 0 Topandvew EYXAELGUOC
toyleL av Ty, n xaw N ixavorooty ty (3.2.40). Ipéner Snhady) va unodécovue 61t
0 N €yel TdEn ueyahDTERT NS TOAWVYLULIXAS WS Tpog TN Sudotaon n. Hapatnedvrag
ot

4 oy = L — oyl

(3:245) (W) =—> fl) ===,
i=1

€Y OUUE

(3.2.46) FP 2 \/pnBy.

Tuvenae, n (3.2.44) unopel vo dratumwie! we eZhc.

Ocwpnua 3.2.3 Trdpyouvr ng € N kat andlutes otalepésc, c; > 0 pe tny axédovdn
widtnra: Av n > ng kat N > exp (01 (10gn)2), tote N tuyala onuela x1,...,xN
mov emiAéyortar aveEdptnta kar opoduoppa ané tov EL ikavomowoUy ue «peydAn
mbavéTntay Tty

(3.2.47) My :=co{z1,...,zn} 2D c(\/logNBgﬂQn)
omov @, = [—1,1]" elvar 0 povadiaios kUBog otor R™. i

Aedouévou 6t Iog NBY O +/log N/nQ@y,, 10 cvunépaouo tou Oewphuatoc
3.2.3 elvar oyvpbTEPO amd awtd Tou Bewpriuatoc 3.2.2. Tlupouoidlet duwe ta e€rg
UELOVEXTAUOTOL

1. Ioyvel yio N > exp (c1(logn)?), eve w0 Oedpnua 3.2.2 woylet yia N > nf,
6mou a > 0 andlutn otadepd (ToAvwvLUWd TARDOC X0PLPEHY).

2. Aev elvon coagéc av 1 (3.2.47) wyleL yia 1o «tuyodo My UE Tov 0plod Tov
€y ouue dWoEeL (TEETEL XAVELS VoL AVAAUOEL TPOCEXTLXE, TNV ETLEPON| TV SLAUPOEKV
TOPOULETEWY OTO VTS 1 dAAws TEXVXS emtyelpnua Twv [4], [11]).

'Onwe Yo SoLUE 0TNY ETOUEVT UTOTOEAYPAPO, O GUVSLACUOS TN TEOTNS UEVddoU
ue éva amotéieoua nopeuolrc Tou Montgomery-Smith dlver mAren andvtnon oto
npéBAnua, Bedtidvovtas téoo o Oedpnua 3.2.2 600 xo 0 Oewenua 3.2.3 (6mou
xadévor amd o dvo emdéyeton Beltiwon).
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I'. H pédodog tng naperBorng.
H tpltn anddeiln nov Yo ddoovue otnplletor o éva Yedpnua tou Montgomery-

Smith [34]. T xd&de t > 0 Yewpodue ) vopua Ki 2(+,t) otov R nou opileton and
™y

(3.2.48) Kis(y,t) =inf {||z|l1 +t]|ly — 2]l : 2 € R"}.

Avuth n vopua elvar yvwoth ot Yewpla mopeufolrc. T uixpd t > 0 éyovue
Ki2(y,t) ~ tllyll2, eved yio peyahdtepa t éyovue Ky o(y,t) =~ |lylli. H Ki2(-,t)
unopel enlone va meptypagel uéow e @divoucac avadidtaing (yr) e (lyil)- O
Holmstedt éyet dei&et dtu undpyer andiutn otadepd ¢ > 0 ue v WidT T

{tZ] n 1/2
1 * *
(3.2.49) “Kin(,) Y wi+t| Y )] < Kiaut)
i=1 i=[t2]+1

yia xdde y € R*. To Baowd anotéheoua tou Montgomery-Smith eivar to e€vc.

IMgoétaoy 3.2.6 Yrdpyer andhven owalepd r > 1 téroia dote

(3.2.50) P({z € EY : (z,y) > K1 2(y,t)}) < exp(—t?/2)
(3.2.51) P({z € Ey : (z,y) > 'K 2(y,t)}) > r 'exp(—rt?)

yia kdOe y € R ka1 kdOe t > 0.

Aréderdn: T Aoyoug mAnpdtntac Yo oxworypagpioovue Ty anddetin g (3.2.51).
Baowxd pdho nodler por topodhayh tne aviodttog tou Holmstedt: I xdde t € N
optlouue 1N vopua

. 1/2
(3.2.52) lyllp) = SUP{ > ( > y?) },
m=1 \i€B,.
6mou To sup TodpveTor Tévw and Ohec Tic doueploec (By, ..., Bt) tou {1,...,n}.

Téte, woylel 1o e€hc (BAéne [34]).
Adupa 3.2.6 Eoww y € R*. Tore,

(3.2.53) lyllpe2y < Ki2(y,t) < ‘/§|ly”P(t2)

ya kdOet >0 pet? € N o
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Xpewalbuaote enlong pia otoyelddn avioétnta twy Paley xow Zygmund (Bréne [23,
Kegdhoo 3]:

Adupa 3.2.7 Fotw y € R*. Tdre,
1
(3.2.54) P({w € B3 : (w,y) > Alyll2}) > 3(1=1%)?
ya kdde X € (0,1). O

Oswpolue y € R xou t > 0 pe 2 € N. Ané o Afuua 3.2.6, yo x&de § > 0
umopolue vo Bpolue Stauépton (By, ..., B2) tou {1,...,n} tétow dote

1/2
(3.2.55) lyllp(z) < (L+6) Z (Z yz) '

m=1 \ieB

Téte, yenowwonowwvtag 1o Afuua 3.2.7 naipvouue

1 1
P € EY : (z,y) > =K ,t)) > P € EY: (z,y) > — 2
(2€ B s o) > 5K1a00) 2 P (0 € B o) > o)

2 1/2
> P EE”'Zley 121+5)Z<Zy?>

m=1i€eB,,

v

t2 1/2
e s> Loy (z )
m=1 \/_

i€B, i€EB

(%(1 -0 +5)2)2>t2.

Agrivovtog 10 § = 0, cuunepaivouue OTL

v

(3.2.56) P (m € EY : (z,y) > %Klg(y,t)> > exp(—(log 12)t?).

Auté etvor To {nroluevo oty teplntwon mou t2 € N. Tiat to Tuydy ¢ > 1 topotnpolue
ot Ki2(y,t) < Kia(y, [t] +1) xou ([t] +1)? < 482, ondte 10 cuunépaouo TpoxdnTeL
gbxola and v (3.2.56) ue ¢ = 4logl2. Téhog, av t < 1 n extiunon npoxdmtet

and tnv avieotnta Tou Holmstedt ue amhy egopuoyy| tne avioétnrag twv Paley xon
Zygmund. O

Tuvdudlovtag Ty mpdtn pog uédodo ue to xdtw pedyua (3.2.51) tne Hpbdtaong
3.2.6, Yo del&ouvue 1o e€ric.
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Ocewpnua 3.2.4 Trdpyovr ng € N kat anédven otalepd ¢ > 0 pe tnr akérovin
wibtnra: Av n > ng kat N > n(logn)?, téte N tuyala onueia z1,...,TN mOU
emAéyovtar avedpTnta kar opoidpoppa arné tov EF wkavorowody ue mOavétnta pe-

" Ty

yaAUtepn ané 1 — e~

(3.2.57) My :=co{zy,...,zn} D ¢ (\/WBQ N Qn) ,

omov @, = [—1,1]" elvar o povadaios kUBog otor R™.

Oa Pooiotolue ot yewpetpxh epunvela tne K1 2(-, a): Av otadeponoticovue a > 0
xoi VEWP|OOLUE TO CUUUETEIXS XUPTO COUA

(3.2.58) C(a) =r(aByNQ,),

T61E EbXONA ENEYYOLUE 6TL 1) oLVdpTNoN otheng tou C(a) Lxavorolel Ty

(3.2.59) heqay(y) = r=tinf {||z|li + ally — 2]z : 2 € R} = r 7 K 5(y, ).

Amnéderdn tng (3.2.59): Hopatnpolue apyixd étL n ouvdptnon g(y) = inf{||z||, +
ally—z||2 : 2z € R™} elvon vépua, ondte opllel évar cuupetpnd xuptd owua otov R”,
70 oA Tou onolou cuufolilovue pe L.

Eow y € R*. Enéyovtag z =y xau z = 0, and tov oploud g g BAémovue 6t
9(y) < min{||yll1, ally|l2}, Snhadf L C @Qn NaBy = rC(a). Luvenae,

9(y) = he(y) < hroa)(Y)-

Ac vnodéoouvue 6t 1o L elvon yvhowo unooivoho tou rC(a). Toéte undpyel o €
rC(a) \ L, xou amd Saywplotixd edpnua, unopobue va Bpoltue y € R™ tétowo dote
9(y) = hr(y) < (zo,y). And Tov oploud g g, undpye. z € R™ tétolo Hote

(¢20,2) = 1zl + ((@o,y = 2) — ally = z]l2) > 0.

"Apa, xdmolog and toug So Gpouc elvar yvhota Vetixds. ‘Ouwe, av (zg,z) > ||z]|1
61 T & Qn Xt v (To,y — 2) > ally — z||2 t61€ o ¢ aBY. e xdde nepintwon
gyouue o ¢ rC(a), To omolo elvor dromo.

Apa, L = rC(a) x autéd delyvel 6t g(y) = hpc(a)(y) yio xdde y € R™. |

Me dedouévn v (3.2.59), n (3.2.51) nodpver TV oaxdhoudn Lop®H.

Afupe 3.2.8 Eotw a > 0. INa kdde § € S*1,

(3.2.60) P({z € B} : (,0) > ho(a)(0)}) >~ texp(—ra®). O
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‘Eow z1,...,zn5 tuyala onuela tov EF, xou éoww My 1= M(21,...,2n5) 1 x0pTh
Toug VAxM. Aol hary (0) = max;j<n(xj,0), éxovue
n N
P (hay(0) < he@(®) = (P{z € B : (,60) < ho(a)(9)}))

< (1-r7t exp(—raz))N

o (- et

IN

yia xéde 6 € S,
Eotw § € (0,1) xou N éva p-3ixtuo tne S~ ue mindudtnro [N | < (1+(2/p))".
Téte, N nopoamdve extiunon amodewviet to e€ig.

Adppa 3.2.9 Eoww N > n kat p,d € (0,1), « > 0. Ay

(3.2.61) <1 + %)n < dexp <¥ exp(—mz)> :

tote, pe mbavdtnta peyalirepn ané 1 — 6§, N tuyaia onpeia 1, ...,TN TOU €mMAE-
yovtai opoidpopga kar aveEdptnta otov EY wkavorowoly Ttny

(3.2.62) Bty () 2> hea)(0)
ya kdde § € N. =

AnédetEn touv OewpRuatog 3.2.4: 'Eotw N > n(logn)?. Oétouue

a log(N/n)

L
=5
xan epapuolovue o Ajuua 3.2.9 ue 6 =e " Ay

2\ N 1 1N\
3.2.63 141 1+4-) < — ——log(N =— =
(3.2.69 +iog (14+2) < Loy (—1ogvm ) = 1 (2) 7
t6te, ue mdavotnror ueyolltepn and 1 —e™ ", n xvpth Oixn My v T1,...,TN

weavoTolel Tny
haty (0) 2 hea) ()

v %x8e 0 mou avhxet ot éva p-dixtuo e S L. Eotw u € S" L. YTrdpye 6 € N
étowo Oote ||u— 0|2 < p. Tote,

haty () haiy (8) = Bty (6 — 1) = ho(a)(8) — hary (6 — u)
ho(ay (W) = [hea) (0 — u) + (10 — ull1].
T apxetd ueydha n (n > ng 61ov To Ny eaptdrtor and to r) €youue a > 1. Eneton
ot 1
a
-BYCC C —BY
o2 = (a) C F o2
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%ol €Tol
@
ho@) (8 —u) + 110 = ulli < (5 + V) p < 2rvAphoa (w).
YUVETWC,
he(a
(3.2.64) haty (1) > %(“)

av emthéZovue p = 1/(4ry/n). Me auThy Ty €ETAOYYH TV a XL p, ATOUEVEL VoL ENEY-
Eouue 6T 1) (3.2.63) ueavormotelton Yo apxetd ueydha n. H cuvidfxn etvor 1ood0vopn

HE TV
N 34
(3.2.65) e(r)logn < <E>

o, Moyw e urnddeone 6t N > n(logn)?, auth wavoroeitor av (logn)'/? > ¢(r)
70 onoto wyler Yo n > ng = exp(c?(r)). To Yebdpnua éneton ue ¢ = 1/(4r%/2). O

Agob @, D BY, 10 Oewpnua 3.2.4 nepléyel o Oedpnua 3.2.1 oty meplntwon
mou N > n(logn)?. Eriong, agod /nBY D @, nolpvovue t0 Osmpnua 3.2.2 yLo
N > n(logn)?:

Ocwpnua 3.2.5 Trdpyovr ng € N xar anédvtn otalepd ¢ > 0 pe v akélovin
idtnTa: Avn > ng kat N > n(logn)?, tére N tuyaila onueta 1, ..., TN w0V €mAé-
yovtal opotdpopga kar aveEdptnea otov EY ikavomowovy e mbavétnta peyalitepn
ané 1 —e " wny

Tog (N/n)

NG

KN 2 c Qn |

3.2.3 'Oyxog xou uéco nAdtog

To Oewpnua 3.2.5 elvor apxetd YL Vo TPOGOLOPIGOVUE TNV «OXTIVOL OYXOUY TWY
woyolwv Ky xar KYr. Ilopatnpolue 6t 10 toAxd owua tou Ky meptypdpetar and
™y

(3.2.66) Ky ={yeR" : [{y,z;)| <1, i=1,...,N}.

Snhad¥, etvon TouR GUUUETELXOY hwplBwv TAdTouC /I ool ||z;||2 = /1 o xdde i =
1,...,N. To mpdBAnua tnc extiunone Tou 6yxou TETOLWY CWUATWY Eyel UeAeTnUel
xait UTGEY oLV TOAD oxplB1) xdtw @pdyuata (Sec [19], [10] xou [3], [7], [8] Yyio oyeTind
AMOTEAECUATAL):
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Afupa 3.2.10 Trdpyer andédven otadepd ¢ > 0 térowa dote, yia kdde N > n
c

/nlog(2N/n)

Yuvdudlovtac authv Ty extiunon ue Ty avioétnta |Ky| - |KR| < |BR)? tov
Blaschke-Santald, 1} ypnowsonowwvtoc Suixd amotehéouata yiol ToV 6YX0 NG XUPTAC
Whre N onuelwv otny /nS™~ !, BAénouue 6t

(3.2.68) |K x|t/ < ¢ V108N /n)

Jn

(3.2.67) |K§ Y™ >

A6 Ty &N Theupds, to Oempnua 3.2.5 Setyvel 1t av N > n(logn)? téte 0 TUYLLO
Kn mepiéyer x0Bo axufic =~ /log(N/n)/v/n, dpea
V1og(2N
(3.2.69) |Kn|t™ > d'M.
N
To yeyovég autd delyvel 6Tt To Oedpnua 3.2.5 elvon BéATioTo Ue Ulor TOAD oyLET

évvola: to Tuyalo K €yel 1o uéyloto duvaté oyxo. Enlone mpoodoptlet tic «oxtiveg
oYxovy Twv Ky xon K§:

Ocdpnua 3.2.6 Av N > n(logn)?, tdére ya to tuyaio Kn éxouue

log(N 1
(3.2.70) Ky i/~ YIS e L
Vn /nlog(N/n)

Mot dAAY dueon ocuvéneta Ty tapandvw elvor 6Tl 0 Aéyog oyxwy vi(Ky, Qn)
elvai ouoLOUOopQaL PEAYUEVOS.

IMpétaon 3.2.7 Av N > n(logn)?, tére to tuyaio Ky mepiéyer évav kdfo P e
KévTpo to Undév, Térowoy wote

|KN| 1/n
(3.2.71) <— <,
1P|
omov C > 0 elvar pa anédven otadepd. a

Mrnopolue entong vo mpoodoploouvue to Uéco mAdtog Tou Ttuyalov Ky f K3 .
Apytlovpe pe 1o Kn:

Ochpnua 3.2.7 Avn > ng kat N > n(logn)?, tére to tuyaio Ky tkavorotel tig

(3.2.72) c1V/1og(N/n) < w(Kpy) < c2v/log N

omov ¢y, ¢y > 0 andlureg otalepés.
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Anddel&n: Av ypddouue z; = /nuj énov u; € S j < N, tbte
3273 wikn) = [ maxl(e;6)lo(d8) = vi [ max]{ug 0)o(db).
gn—1 J<N gn—1 j<N

T xdde A > 0 ypdipouvue

[ maxtus.0)lo()
S

n—1 j<N

/0 o(fest: Ij%a],%(|(uj,0>| > t)dt

< A-{—/A 0(9 e st :rjng%(|(uj,0>| > t)dt.
Ané n opatpue| LoonepiueTpxh avicdtnTa (BAéne [29]) éyouue
(3.2.74)

a(f€ 5™ |(uy,0)] > 1) < Ne '™,

-

o(fesmt :m<a]%(|(uj,0>| >t) <
= 1

J

Omére,
/ max |(uj, 0)|o(df) < A+/ Ne—tn gy
g A

n—1 J<N

L _ log N ,
Enéyovtag A = ¢/ 5= xou ypnotuonotdvTag Ty

o0 2 C 1 A2
/ efct ndt<_echn
A ~Vn

rafpvouue
log N
) "
(3.2.75) /Sn_l rjns%c|(u3,9)|a(d0) <e N
Apa,

(3.2.76) w(Kn) <c2/logN.

Iopatnpodue tdpa 6L, and Ty aviodtnTa Tov Urysohn xon amd v extiunon éyxou
Tou Oewpruatog 3.2.6,

1/n
(3.2.77) w(Ky) > <|KN|> > ¢11/1og(N/n)

B3|

yia 0 Tuyalo K. Autd ohoxhnpdvel Ty anddelén. a

O extwurioerg autég delyvouv 6t to tuyalo K €yel To eAdytoto Suvatd uéco
TAdTog, pE Ty évvola 6Tl 1 aviedtnta Tou Urysohn woy et nepinmov cav wodtnto (av
eZonpéoouue TG «moAD Uxpésy Tuée tne mapauéteouv N). To (3o toylel xat Yo o

o .
K3
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Ocpnua 3.2.8 Avn > ng kat N > n(logn)?, tére wo tuyaio KY ikavonoel g

ogm = N = o

omov c3,cq > 0 andlutes otalepés.

(3.2.78)

AnédelEn: Agos Ky 2 (cy/log(N/n)/\/n)Qn, woylel bt

cv/n

161l o0,
log(N/n)

(3.2.79) hicg, (0) = |0l ky <
yior xdde 0 € S "Apa,

(3.2.80) WKy < — Y1 wax [64] o (d6) ~ — logn

V9og(N/n) Jgn-1 i<n log(N/n)

To xdtw pedyua elvor amhf cuvémeta Tng avicdtnTac Tou Urysohn xon tou Oewpr-
uoatog 3.2.6. a

Ouundeite 61, anbd v avioétnta Tou Pisier (Aduporta 2.1.2 xou 2.1.3), xdde
oLUUETEO xVPTS odua M otov R™ éyel ypouuixr exxdva M (to M héyeton £-9éon
Tou M) téTowa oTE

(3.2.81) w(M) - w(M®) < edpr < ¢ logn.

Yuvérneta Ty Oewpnudtoy 3.2.7 xou 3.2.8 etvor 61t yio xdde N > n(logn)? 1o tuyaio
Kn wavornotel tny

o Vieg N
(3.2.82) w(Ky)w(Ky) < CW\”O%”,

dnradry to Ky «Bploxeton oty £-0éomy. Auth 1 napatripnon Yo yenotuonomdel yia
exTRoelg anootdoewy Banach-Mazur, ce cuvduaoud ue tn uédodo twv Tuyaiwy
0p00YOVLOY TUPUYOVIOTOLACEMY.

3.3 Aocvuntwtixég LdLotnTeg Tou Xy
‘Onwc eldoue oy §3.2, av N > n(logn)?, t6te n uovadiodo undho Ky tou tuyaiou
xweou Xn e xAdone By €xe tig e€rc Wiotnree:

1. KN 2 ClBg.

2. Kn 2 (e24/log(N/n)/\/n) Q.
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3. |[Kn|Y"™ ~ \Jlog(N/n)//n xou |K$|/™ ~ 1//nlog(N/n).
4. w(Kn)w(Kg) < c(e)ylogn av N > ntte (xou c(e) = O(1//2) xadirg to
e—0").

. 0 s ; , ; .
Tao tuyato Ky xar KRy avixouy oe uto USANOV TEQLOPLOUEVT] XAJCT] GUUUETELXWY
XUPTWY CWUATWY, XL QUTO UAS ETULTPENEL VO TPOGBLOPICOVUE TOMAES amd TIC AoUU-
TTOTXES WLOTNTEC TWV AVTIOTOLY WY YOEWV.

3.3.1 Xztodepd unconditional Bdorng Tov Xy

Apywd Yo del€ouue 611 1 otadepd unconditional Bdong Tou Xy €xel n yeipdTEEN
duvarth) TdEn av 1 mapduetpog N elvar tng téEng tou n. To yeyovog autd etvon avo-
HEVOUEVO MOY® TWV YVWOTMY AnoTEAEOUdTWY Twv [13] xou [1], Tou agopoldy tuyaies
Touéc Tou £ Bdotaone n avdhoyne tou m, mou eupavilovy Ty Ba tadoroylo. H
Y? TV exTuhoewy Uog elvor to Osdpnua 3.2.1, To omolo elvon To avdioyo tou
Yewpriuoatog tou Kashin [24] oto mhalotd pac. Ou mhnpogoplec uws mou €youvue yio
0 tuyato Ky, Vo pog emttpédouy va SdoouUe avtioTolyeg EXTUUROELS YLoL OAOXATIO0
70 £0POC TLUWY TNg TapaUétpou V.

[ vo det€ouue tov TpOTO UE TOV omolo ypnoluonoteltan 10 Oedpnua 3.2.1,
dlvouue mpdTa xdmoteg extiunoelg g andéotaone Banach-Mazur tou tuyalov Xy
and toug £y, 1 < p < oo.

Ocewpnua 3.3.1 Av N > Agn, téte 0 Xy € By wkavonoiel pe peydin mbavétnta

min d(Xn, () > CL,
1<p<oo log(2N/n)

émov ¢ > 0 andAven otalepd.

Ty

Aréderdn: And to Oewpnua 3.2.1, av N > Aon t61€ 10 Ky = co{tz1,...,toNn}
eavomolel Ue UEYSAN mdovoTnTo TNV

N
1
(3.3.1) allyll: < 5 ; [(y, )| < 2|yl

v x&e y € R (av udhiota N > n?, 10 napondve woylel yio 1o Tuyodo Ky).
TroYétovue homdy 61 0 Xy € By wavornotel v (3.3.1). Xpnowonodvtog
v aviodtnta tou Holder Brénouue 6t

N
1
(3.3.2) allyllz < 5 >y, =)l
i=1

yioe x&de p € [1,00) xon yio xdde y € R™.
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Adppa 3.3.1 Av T € SL(n) kat p € [1,00], tére
(3.3.3) T : Xn — 2] > en*/?.

Ano6degn: Trodétouue mpdta 6Tt 1 < p < oo. Oétouue A = ||T': Xy — £7]].
Toére, yo xdle i < N éyovue ||Txz;il|, < A. Apa,

N N n
1 1
w2 LS iral - LS S @
i=1 i=1 j=1
- 1 * - *
= ZN (i, T*es)” > ¢ Y IT"el5-
j=1"" i=1 j=1
‘Ouwc |det(T*)] = |detT| = 1, dpa n aviodtnto aptdunTixol-yEOUETELXO) UEGOU
xan 1 aviootnTa tou Hadamard uog ivouv
n n
(3.3.4) DTl = n T I e 8™ 2 nl det(T*)p/" = .
j=1 j=1
‘Eretoan 6T
(3.3.5) IT: Xn — €2 = A > cin'/?.
Abyw ouvéyelae, talpvouue xau Ty ||T: Xn — %] > c1. O

Lo var 3dooupe xdtw gedyua v ™y ||T: £y — Xn|| xenousonotobue éva anhod
emyelpnua dyxou.

Appa 3.3.2 Av T € SL(n) kat p € [1,00], tére

eynl/2=1/p

T:0" — Xpy|| > e —,
7l = B2 gt

omov ¢; > 0 anddvzn oTalepd.

Anodegn: Av A =||T: (} — Xn||, t6te T(B)) C AKnN, dpa

n n n cAy/log(N/n) !
an’ émou malpvouue

A(+1) _ ca/iogvm)
(3.3.7) [r(g+1)]1/n5 N
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‘Eneton 611
1/2—1/p 1
— an 1/
(3.3.8) IT: 6} - Xn|| = A> ————p"/PI'(= + 1),
~ /log(N/n) p
%o 4ol 1 ouvdpTnon pH/PT (% 4 1) elvon gporyuévn paxeud amé to 0 oo [1,00), 1
anddelln elvon TAfENG. O

7

Yuvdudlovtag ta dVo Afuuata TolpvouuEe

d( XN, 0}) = TEHSliLn(n) IT: Xy = - IT7": 0 — Xn|

eV
VIoa(N/n)

yio xéde p € [1, 00]. MapatneRote 6t yiae N =~ Agn nalpvouue nopdderyua yweouv X
ue Ty WeTNTa ming <p<oo d(X, £)) > cy/n. O

Opiowdgs. ‘Evag n-didotatog yodpog ue vopua Y Aéyeton 1-unconditional av undpyet
Bdon {u1,...,up} To0 Y ue TRy WBiéTTa

(3.3.9) 1> taually = 13ttty
=1 i=1

yia xdde emAoy | TEOYUATIXOY iUy t1, ..., ty. LuuBollovue ue Uy TV xAdom
Twv n-didotatwy 1-unconditional ywpwv. I'evixdrepa, yio xdde n-didotato ywpo ue
vopua Y opilouvyue:

1. Tn otadepd unconditional Bdong uc(Y) va elvon o uixpdtepoc A > 0 yio Tov

omolo undpyet Bdon {u1, ..., up} Tov Y ue Ty WidTnTa
n n
| D sitius]| < A 3t
i=1 =1
yio x&de EMAOYTH TEOYUATIXDY aptdudy by, . . ., t, xou xdde emAoYY TpocHUWY
Ely---5En-

2. Ty wyadla otoadepd unconditional Bdone ruc(Y’) va etvar o uixpbdrepoc A > 0
vt Tov omolo umdpyet Bdon {u1, ..., un} Tou Y pe ty WibtnTa

([ 1 etlas) < a1yl
i=1

2 =1
yia xdde emAoyY) TEAy LTV opLdu®y ti, ..., tn.

Am\éc WBLdnTES TOL TEOXVTTOLY ATG TOV OPLOUOG EIVOL OL TUPUXATE:
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Afupa 3.3.3 Eow X kar Y 6o n-0idotator yapor e vépua. Tote,

(3.3.10) ruc(Y) < uc(Y),

Kat

(3.3.11) ruc(Y) <uc(X) -d(X,Y).

Eibixdrepa, ruc(Y) < d(Y,08) < /n. O

AvY elvar évag n-dudoTtatog ypog He vopud, Yedpouue Py yia TNV xAdon Ohwy
TWY CUUUETEIXWY TOUPUAANAETLTESWY TIoL TEpLEyovToL ot wovadialo undha By tou
Y.

IIpétaom 3.3.1 (Ball, [4]) Eotw Y évag n-tidotatos xdpos je vépua. Tére,

e (1B :
3.12 f [—— <ec- Y
(3.3.12) nf < D] < c-ruc(Y),

omov ¢ > 0 andlvtn otalepd.

Anédelln (oxtaypdpnomn): Oétovue r = ruc(Y*) xau, ywplc neploptoud e YEVIXO-

o, unodétovue 6t 1 ouvhdne Bdon {er,...,en} Tou R™ xavonotel T
n 1/2 n
(3.3.13) ( / IS eitied i*d5> <r| S tiei].
EY =1 i=1
yio xdde emhoyh TparyaTix@y aptduody b1, . .., ty. Opilovue wia véa vopua || - ||r

otov R, ¥étovtac

(3.3.14) IS b, =+ ( / IS eities] i*de;) .
i=1 Ey =1

O Z:=(R",|-||r) eivor 1-unconditional, xouw By~ C Bz ané tnv (3.3.13). Enlong,

n 1/n
IBz|'/" = w, (/S_ I ZOieiHZna(dﬁ))
i=1
= Twy gibie;
[ (15
TWnp (/Sn1 /n || Zsﬂzel|
2 4=1

n 1/n
= rw, (/ || 20i6i| Y?a(dﬁ))
Sn-t i=1

= r|By-|'/".

1/n

—n/2
2
Y*d5> o(df)

IN

1/n
e a(d0)>
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Ané éva edpnua tou Losanovskii [25], yio x&de 1-unconditional ydpo X undpyet
napahinheninedo Q ye @ C Bx xou (|BX|/|Q|)1/n <n/(n)™ < co. Apa, undpyet
napolheninedo Q C By« ue (|Byz- /|Q|)1/n < ¢p.

Téte,  C By xou and v avioétnta Santalé xou v avtiotpogn g yo 1-
unconditional oduata Talpvouue

(Eﬁf” < @&4ym<wpgw
Q| - \|Bz: Q|

<, wTZL/n |BZ| 1/n
= 4/ \|By-

< c¢-r.

Auté anodewxviel Ty (3.3.12). O

Opiowds. 'Eotww p > 0. Av X xau Y elvar 300 n-Sidotatol yopol Ue vopuaL xat oy
T:X =Y elvon évac ypopuixde tereothic, 1 p-oadpotlovoa vépua mp(T) touv T elvon
N uxpdtepn otodepd A > 0 mou xavornotel to e€fc: yia xdde m € N xan yia x&e
emAoYY SLavuoudtwy 21, ..., Ty € X,

m m
(3:3.15) > NIzl < AP+ sup D7 |y, z)-

j=1 YEBx+ ;=
Ané to Yedpnuo napayovionolnong tou Pietch [32], n m,(T) elvon 0 uixpdtepn ota-
Yepd A > 0 yio v onola undpyet wétpo mdavotnTac oty Bx« Ue v Widtnta

(3.3.16) |wm95M/'K%mwmw

X

yio x&e x € X.

Aqupa 3.3.4 Eow dut wa x1,...,xN tkavonooly to ouvurépaoua tns Ipdtaong
3.2.1. Tére, m (I : X3y — €5) ~ 1.

Anéderdn: Eow m € N xa 21,...,2, € X§. Xpnowwonowbdvtag v (3.3.1),
€youue

N m

UL 1 1 1 UL
(3.3.17) ZIIZJ-IIQ < o' N ZZI(%%)I < o Sup ZI(y,ZﬁI,
j=1

i=1 j=1 veKN 5=

ovvernde, T (I) < ¢t Amd Ty dAAn Thevpd, and Tov opioud e i (I) éyouue
enlong

N N
1 1
3.3.18 — zillo < m(I) sup — Y, i)
(3:3.15) ¥ Ll < md) s 53 1)
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Xpnotuonotbvtag Ty dvw extiunon oty (3.3.1) nalpvoupe

N
1
(3.3.19) sup — > [y, z;)| <2 sup |yl

yekn NV ];' 24 yeKN

Agob Kn C Qpn C /nBY xou ||zjlla = /i yra xdde j = 1,..., N, ocuunepaivouue
6t /n < cami(I)y/n, T0 onolo cuunAnedvel Ty anddelln. O

Afupa 3.3.5 Fotw @ éva mapardnleninedo mov mepiéyetal oto K. Tote,

(3.3.20) Q" < 27r1(I:X1’§,—>€§‘)-
n

Anéderdn: To yeyovdc autd napatneridnxe ano tov Ball [1]. Hoapodétovue éva (xd-
TS SLopopeTind) emiyelpnuo yior Aéyoug mhnpdtntac. Ac Yewpricouue T YpoULx
anewdvion S 1 R* = R* 1 omola anewoviler v BL otov Q). Egopuélovioag tny
avicétnta tou Hadamard, tnv aviedtnta aprduntixod-yewUeToixob Uécou oL Tov
optoud e m (L : X — £8), éyovue

n 1/n n
2
QI = 2|det5|1/"s2<H||Sei||2> <5 2 lIseil:

i=1

sup 3 [(y, e3)]

yGB{L i=1

IN

1
2 0 =08 - —
7T1(S o 7 2) n
= 2m(S: 0 — 3)/n.
Amo g mi (S 1 4% = £5) < ||S 0y = XNl -m(I : X5y = £8) xou ||S 1 €L —

Xl <1 énetan 1o {ntoluevo. O

Ocdpnua 3.3.2 Av N > clog(61)n, tére 0 Xy € By éxea tuyaia oralepd uncon-
ditional Bdong

Jn

(3.3.21) ruc(Xn) > CW

pe mavdtnta peyalvrepn and 1 — 4.

Anéden: Trnodétovue 6t 0o Xy txavorotel v (3.3.1). And 1o Oedpnua 3.2.1,
autd ouuBaiver ue mdavotnta peyohdtepn and 1 — 6. And ta Aduuota 3.3.4 xou
3.3.5, Y xdde mopadnieninedo Q C K, éxouue |Q|'/™ < ¢/n, dpa

. |K;>V|>”” o ifm o g VT
3.3.22 inf > —| K" > ———nvx.
( ) PePxy, ( |P| - C| Nz 1og(2N/n)
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H oanédeiZn e (3.3.21) elvon tadpa dueon, and v Ilpbdtaon 3.3.1. O
Eotw N > n(logn)?. To Ochpnua 3.2.5 Selyver 6

(3.3.23) d(Xn,l%) < ey/n/+\/log(2N/n)

yia Tov tuyalo Xy. Xuvdudlovtag autd to YeEYOoVoS We to Osdpnua 3.3.2 xou To
Afupa 3.3.3, BAénovue 6tL o 2 elvon «o l-unconditional ydpoc mou Beloxeto mo
xovtd cTov X n».

Ocdpnua 3.3.3 Av N > n(logn)?, tére ya tov tuyaio Xy éyoupue
N

3.3.24 d(Xn,Up) ~d( XN, l3) ~ ————,
( ) (X, Un) > d(Xn, (7)) s @)
omov Uy, €lvar n kAdon twr n-didotatwy Ydpwy pe I-unconditional Bdon. O

Ynuetwon: To Oedpnua 3.3.2 xou xatdAAnin emhoyn otodepdc A > 1 delyvouv
v Oropén evée ydpov X ye N = An yio Tov omolo Loy Douy oL avedTnTeS

(3.3.25) d(Xn,Y) >ruc(Xn) > cv/n

yio x&de yopo Y ue 1-unconditional Bdom.

3.3.2 Extiunioelg anooctdoewy Banach-Mazur

Tao Oewpriuota 3.2.1 xon 3.2.7 unodewvioLy OTL 1) YEWUETELXY andoTacT Twv K xou
BY xou 10 uéoo mAdtog tou Ky eléyyovtor tautdypova yia tov tuyalo Xn. Autd
MO ETULTPETEL VAL X PNOWLOTOLAcOVUE TN U€B080 Twy Tuyaiwy oploydviwy Topoyov-
Tonoticewy (1 onolal Ypnotuomothdnxe yio tpdtn gopd otny epyaoctio tne Tomczak-
Jaegermann [42], xot apydtepa avantOydnxe ot [5], [12]) ue oxond va ddoovue
dvw extiufioelc Tng andotaorc Banach-Mazur tou tuyatov Xy ané dudopec xhdoelg
OPWV.

O ocuvvniiouévoe tpdmog epapuoYhc TN mopamdve ueddédou elvon uéoa and To
axéhouto Mupa, to onolo yenuonotel Ty avioétnta tne Chevet [9] (BAéne xou to
Kegpdhowo 2).

Afupa 3.3.6 Eotw X kar Y 6o n-didotator xdpor pe vépua. Tote,

d(X,Y) < %[HI X S BT S Y) | = YT - 67— X))
[T :Y = C26(T : 03 — X) + ||T: €3 — X||0(T: 3 - Y™)],

émov ¢ > 0 elvar pa andlven oradepd. a
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Oa epapubdoovue auth T Lédodo yio va extiufcouue Ty andotaon d(X v, XN ).
H xahOtepn yvwoth yevixr extiunon ogelheton otoug Bourgain xou Milman [6] ot
omolot amédetay 4Tt

(3.3.26) d(X,X*) < en®%log’ n

v x&de n-dudotato yodpo ue vopuo X. H anddeilln te (3.3.26) Baolleton xu
auth ot UEodo twv tuyaiwy oploydviwy mapayovionotioewy. Av o X éyer 1-
unconditional 3don 7 cpxetéc ouuueTtpleg, ToTE Sivel Evar dpxeTd XAAOTEROD QEdryua
e Tdine \/ﬁlogﬁ n.

Onwe Yo dolue, mopd Ty EMhewn oupeTpLdy Tou topovoldlel 1o Ky (BAéne
§3.3.1), éyouue Ppdryuata avthe e t8ENe Yo Ty d(Xn, X5).

Ocwenua 3.3.4 Trdpyer anddvn otabepd C > 0 térowa dote
(3.3.27) d(Xn,X}) < Cy/nlogn
ya kde N > n kat yua tov tuyaio Xy.

Anddeln: Egapudlovue to Afuua 3.3.6 ue X = Xy xou Y = X5 AowBdvovrog
urody wog v £(1 : 0y — X) < ey/nw(K°), nolpvovue

(3.3.28)  d(Xn,X%) <clll: Xn = &1 : 62 - Xnl|- w(Kn)w(E).

Apyd Yewpolue tny mepintwon N > n?. Ané ta Oewphuota 3.2.7 xou 3.2.8, yLo
T0 Tuyalo K v éyouvue

(3.3.29) w(Kn) < c2/logN xov w(Ky) < cgy/logn/+/log N.
Aedouévou 61t Ky C Q, C /nBY, éyouue
(3.3.30) I : Xn — 03| = max [|z]]2 < V7,

zeKN

xou, amd 1o Oedpnua 3.2.1 éyovue 6t eBY C Ky yio To Tuyato K, CUVETKS

(3.3.31) I3 — Xn|| = max [|z|| gy <c 7t
rEBY

Yuvdudlovtag To Topamdve, TolpVoLUE

(3.3.32) d(Xn,X5%) < Cy/nlogn

v Tov tuyaio Xy, N > n?.

Av N < n?, ypnowonoolue uta yvwoty extiunon tov Figiel, Lindenstrauss xou
Milman [16]: EneldA to Ky éyet n® xopupéc xan to K éyet n® é8pec, ye a = f < 2,
oy Vel 1 avooTNTa

(3.3.33) d(Xn,Xx) < cy/nlogny/a+ 8 < cv/nlogn.

Tehxd, undpyer otadepd C > 0 tétowa dote, aveldptnra and to N, va toylet
d(Xn, X3) < Cy/nlogn yid tov tuyaio Xn. O
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3.3.3 Iootpomixég otadepég

Trevivuilovue tov oploud g Lootpoxhc V€onc VS GLUUUETEXOD XUPTOV GEOUO-
toc W otov R". Yrdpyer To € GL(n) tétowog dote 1o odua W = To(W) vo éyet
6Yxo 1 xou vou LxavoTolel TNy LooTpomix cuVITXN

(3.3.34) / (z,0)’dr = L}y,
w

v %8s 6 € S™1 (BAéne [28] yio nepiochTepeC hemTouépeiec). Auth 1 Véom elvon
Hovodxh av eEopEGOVUE 0PYOYMVLOUC UETATYNUATLIOUOUS, CUVETWS 1 otadepd Ly
elvar aovorhholwtn yiar T Ypouuxy| xhdon tou W, xau ovoudleton lootponixn otoepd
tou W. Mrnopel xavelc va eAéyEet 6L oty ootpomxt| ¥éon tou W elayiotonotelton
1 TOGOTNTA

1
(3.3.35) 7/ \|z||2dz
|T(W)[* = Jrw)

Tévew and dhouc touc T € GL(n). EWldwdtepa,
(3.3.36) WL, < — - / 2] 2de
Wt Jw

Ewdletan 61t undpyer andhutn otadepd C > 0 tétowa dote Ly < C ya xdde
n € N xaw xd&de ouupeteind xupto coua W otov R?. H o yvwot yeviny extiunon
ogelletor otov Bourgain [2] o onoloc anédeile 6t Ly < c¢/nlogn. H exaocia
oyetlleTaL UE TO «TMPOBANUA TV TOUOYY, To 0nolo apopd TNV UTapln Lo AmdALTNG
otadepdc ¢ > 0 tétolag wote xdde cCLUUETEWO xLETS WU dYxoL 1 va €xel Tour UE
unepeninedo, tng onolag o 6yxog va Eemepvd to ¢. H abvdeon mpoxdntel and tny

(3.3.37) Lw-[Wnet|~1
7 omota LoyVer yia xdide § € S xou yio x&e L00TPOTING CUUUETEIXG XUPTH GOUL
W (Bhéne [28]).

Yxomoe uog €360 elvon vor SHOOOLUE dvw QPEAYUATA Yiol TNV LOOTpoTXY| oTadepd
v Ky xou Kg. Oua ypnowonotioovue 1o axdhouvlo Muua (Bréne [28]).

Afupa 3.3.7 Eotw W éva ouuuetpicé kuptd odpa otov R*. Tore,
(3.3.38) Ly < &1 /|| Ihd
2. W_n |W|1+% w ZI||1ax.

Enriong, Ly < cd(Xw,Y) ya kd0e¢ Y € U,.
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Amnddelgn: Eivar yvootd 6t loylel n avtiotpogn avicdtnto Holder

(3.3.39) ( /W(a:,y)Qdm)l/ * < CW /W (2, ) |de

6mou ¢ > 0 amdéhutn otadepd, Yo xdde cuppeTExd xVPTé owua W xa xde y €
R™ (BMéne [28]). Eotww T o ypouuixds yetooynuatiouds tov gépvel 1o W ootny
wotporux| Déon. Téte, yio xdde 6 € S~ éyovue Ly, = [ (2,8)” xau 1/|W| =
| det T'|.
Egopuélovtac tnv (3.3.39) yia to (T1)*e;, notpvouue
(3.3.40) (T Y)*eilloLw < c/ (z, (T ') *e;)|dz
T™W

ya xdde i < n. Adpollovtoc Tic mopandvew aviabtnTes, BAEnouue 6Tt

n
(3.3.41) Lw ST eill < c/ 172 da.
i=1 w

Egopuéloviog tnv aviedtnta aptduntixol-yewUETELX00 UEGOU XATUANYOUUE GTNHY

n 1
(3.3.42) nLW(HH(T*l)*eiuz)" < |detT|/ |1 dz

i=1 w
Téhog, and v avioétnra touv Hadamard xow tnyv |det T'| = 1/|W| nodpvovue to
Unroluevo.

T vor anodetlovue ) deltepn aviodtnTa, Yewpolue Tuydvta ywpeo Y ue 1-
unconditional Bdon. Ané 10 Oedpnua tou Lozanovskii [25], undpyet évae ypauuixos
uetaoynuatioude T' tétolog dote

B \'/"
3. %) C B!
(3.3.43) T(BY) C B! xa (T(B{})) <e
Eotw S ypouxdc UETACYNUATIONOS TETOLOG (OOTE
1
3.44 ——T(By) C C T(BY).
(3:3.44) 63 T (BY) € S) € T(BY)

Tote, and 10 mpodTo Yépog Tou Afjuuarog,

1
71#/ |l da.
IS Ssow)

Moépvovtag urddw xow i S(W) C T(BY) C BP xau |BY™ > 1/n, cuunepaivouue
ot

(3.3.45) Lw = Lsaw) <

Sie

By | IBP| \%/|IT(BE)\*
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Bcdenpa 3.3.5 Eoww N > n(logn)®. Ia wo tuyaio Ky wyve du Lis < C,
omov C > 0 elvar pua anédven otadepd.

Anédelgn: And to Oewpnua 3.2.5 éyovue Ky 2 (cy/log(N/n)/\/n)Qn yio o

tuyalo K. ‘Enetor 6t

(3.3.46) cyn

|1 £ —F/—/——||7||K>
Izl < log(N/n)ll 75

yia xde z € R*. Xpnowonowbdvtac 1o Afuua 3.3.7 €youue ot

c 1 c
= Vnlog(N/m) (K37 /K /i log(N/mI K [/
Madpvovtag urduy pac xou to Afuua 3.2.10, éyoupe to {nroduevo. ad

ITogathpnon O Junge [22] éxet amodelZet bt av X elvon évag n-didotatog UTdYWEOS
evog N-dudotatou ywpou ue 1-unconditional Bdor, tdte

(3.3.48) Lg, < c\/log(2N/n)

yia xdmotar amdAuty otadepd ¢ > 0. H extiunon auty| epapudletar yio xdde cuuue-
Tewd xVpTd cwua ue N €dpeg. XpNoLUOTOLWVTAS UTO To amoTéhecua yia TNV Bi
oty mepintwon tou n < N < n(logn)?, cuvodiloupe we ehc:

IMépropa 3.3.1 Yndpyouvr anddvtes otaldepés ¢, C' > 0 pe ty axérovin 161éTnra:

() Avn < N < n(logn)?, tére Lgs < cy/log(2N/n) < C+/Toglogn.

(B) Av N > n(logn)?, téte Lgs < C ya éva tuyaio K3, |

Mapatnehote 6tL €xovue wa v/loglogn extiunon yw to tuyalo X3 € By, 7
ormola Loy Vel yiot OAOXANEo TO EVPOC TLUGY Tou N.

OloxAnp®VoLUE UE XAMOLES AMAES EXTUINOELS YLal TNV LOOTPOTLXY| oTodepd Tou
Ky.

Ilpétaom 3.3.2 Eorw N > n(logn)?. Ia wo tuyaio Ky wyva éu

min{log N, v/n}
3. C—F—————
(3.3.49) Liy < Tog (/)

omov C > 0 elvar pua anédven otadepd.
Anodelgn: Agod d(Xn, %) ~ \/n/\/log(N/n) vy to oo X, 1 extiunon

(3.3.50) Lk, < c1v/n/y/log(N/n)
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elvar dueon ouvénela tou Afuuartog 3.3.7.

Av 1o N Bev elvar ueydho, tdte entyelpnuatoloyolue Stapopetind: Vewpolue
Tov eEWTEPUO MOYO OYXWY

(3.3.51) (W) =i f('E|>l/n
3. evr =inf [ —
W1
tou W, 6mou 7o infimum elvon mévew and dha ta eAAeroeldr| E nou meptéyouy 0 W.
Torte, woylel 10 e€rc.
Adupa 3.3.8 Eotw z1,...,2v € R*. Av W = co{£z1,...,Ltzn}, tdte

evr(W)

(3.3.52) Lw < clogN Jn

omov ¢ > 0 elvar yua anélven otalepd.

Anddedn: O woyvploude elvon avahholwtog ¢ TEOC YEUUUIX00S UETATYNUOTL-
oUO0UC, GUVETHE UTOPOLUE Vo utodécouue 6L 0 W elvon tootpomixd. Eotw E 1o
eMeLpoedéc eNdytotou 6yxou mou meptéyet to W. Trdpyer cuUUETEOS xon YeTIXOS
T € GL(n) tétowc ®ote T(E) = BY. Téte,

(3.3.53) / (T, 2yda = [tr(T)| L2y > nL2y|det T|/™.

w
H wobtnta oy bel AMoyw tng tootpomixiic ouvdrixng (3.3.34) xou n aviodtnta Aoyw Tng
oavto6TnTag apliunTXol-YeEWUETELX0L Uéoou yia Tig Wtotiués Tou T'. And tnv dAAn

TAELPY,

Tx,x)dr < ax(T'x,y)d
/W<m>w < [ mas(reyis

/ [|Tx||wedx
w

= | mae|(e;, Ta) e

| mae (T, 2)

Eilvow yvwoto 6t

(3.3.54) /W exp (%) dr < 2

vt %89 6 € S™L, bmov ¢ > 0 andhutn otadepd (BAéne [28]). And v aviednTa
tou Markov, yio xdde t > 0 éyovue

(3.3.55) [{z € W | |{z,0)| > cLwt}| <2e7".
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Xpnowwonowdvtag Ty (3.3.55) xou évor emyelpnua THPOUOLO UE QUTO TOU YENOLUO-
moudnxe yior Ty am6deln Tou dve edyuatoc oto Oewenua 3.2.7, BAénovue ot

(3.3.56) max |
w <N

(Tzj,z)|dx < (clog N)Lw - max||Tz;]|».
J<N

Ané v z; € E énetan 6 ||T'zj|l < 1,5 =1,...,N. Apa,

(3.3.57) n|det T|*/" Ly < clog N

oL 10 {nroluevo mpoxinteL and tn oyéon | det T|~1/7| B/ = |E|'/" = evr(W).
O

Mnopotue thpa va det€ovue 6Tt L, < cav/log(N/n): mapotnpidvrag 61t Ky C
VnBj xau ypnoiuonowdvog 10 yeyovoe 6t (esy/log(N/n)/v/n)Qn C Ky, Brérou-

HE OTL

By |/ cvn
3.3.58 evr(Ky) < v/n < .
( ) ( N) = \/_|KN|1/n - /log(N/n)
Téte, 1o Afuua 3.3.8 ohoxAnp®vel TNy anddelln. a

IMapatienon To ddotnua n < N < n(logn)? xaldntetor o e£hc: o Junge [22]

€yeL amodelel 6TL oL wovadiales undhes TV TEOBOAGY Twy N-Sidotatwy yohpwy 1-
unconditional Bdon €youv wotpomuxr otadepd @oayuévn and clog N. Emedy| to
Ky etvor 1 uovodiator undha mpoBorhc tou £V, Brénouue 6t Lk, < clogn av
N < n(logn)?.
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Ke:cpo’c)\ou.o 4

Tuxoci.oc TOAVTOTTN pLéooc OE EVOL
xugté Go’)ytoc

4.1 Quermassintegrals tuyalwy TtoAuToTWY

Oewpolue éva xVpTtd odua K b6yxou 1 otov R® xou otadeponoodue N > n + 1.
Emuéyovue N tuyolo onuela o1, ..., zN aveldptnta xou ouotduoppa and to K xou
yedpouue C(zq,...,zn) yio TNV xUpTh toug UAxn. H ponh p-td&ng tou byxou tou
tuyalov toavtonou C(zy, ...,z N) elvar N TocdTnTa

(4.1.1) IE',p(K,N):/K.../K|C’(:r1,...,a:N)|pda:N...da:1.

EOxoha eNéyyovue 6T Ey, (T(K), N) = E, (K, N) yio xdde appixd UETATYNUATIONS
T wou R" nou Satnpet tov 6yxo. 'Eva and tor xhaoixd TpoBARUdTo TwY YEWUETELXWY
ndavothtwy (BAéne [23]) elvan to €hc:

Ia doouéva p > 0 kat N > n+ 1, va BpeOodv ekelves o1 agppivikés
K\doeg kuptdy owudtor K ya tig oroles elayiotonoteitar (avtiotoya,
peyoronoteitar) n roodrnta E, (K, N).

O Groemer [12], [13] anédeile 61, v p > 1, n E, (K, N) ehayiotonoteiton av xan
(évo av 1o K elvar edherdoetdéc (n nepintwon n = 2, N = 3 elye uehetndel and tov
Blaschke [1], [2]).

Ocdenua (Groemer) Eotw E eAderpoerdés dykov 1 arov R™. Ta kdOe kuptd odpa
K éykov 1 arov R™, yia kdOe p > 1 ka1 kdle N > n+ 1, ioyvet

E,(E,N) <E,(K,N)
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ue wdtnta av kat pévo av to K elvar eAdetpoerdés. |

AgAvovtag 10 p = 00, Talpvouue éva TpoYEVECTEPO amoTéAeaHa Tou Macbeath
[17]: Av |K| =1 xu N > n+ 1, t6t€ 1 tocoétnia

(4.1.2) Ew (K,N) = max{|C(z1,...,2zN)| : Z1,...,28 € K}

(o uéylotog duvatds byxog xupthc 9xne N onuelwy and to K) ehaylotonoteltar
ot 1o K elvan ehhedoetdéc.

ITohb hiydtepa elvar Yvwotd yia to uéytoto e B, (K, N). Tty neplntwon tou
emmédou, v xdde N > 3 n noobdtnta Ky (K, N) ueyiotonotelton av xou Ubvo av
0 K elvow tplywvo: oty [10] anodewxvieton ot 0 By (K, N) elvon uéyiotn av 1o
K elvan tplywvo, eved oty [11] anodewcvieton 6t tar Tplywva elvon tor ubvar «onueta
ueylotouy. To gpdtnua elvon teheloe avowxtd yia dAec tic dlaotdoec n > 3.

Ye authv TNV mopdypago yevixebouue To Yewpnuo tou Groemer mpog dVo xo-
TevddvoeLlc:

1. ¥tn 9éom tou byxou Yewpolue TuY 6V quermassintegral Wi, ¢ =0,1,...,n—1
oL TUYatoL TohuTéTOL C(21, . ..,z N) (Oplouol xau cuuBolouds Yo axolou-
UHoouy TopoxdTe).

2. ¥mndéon tng ouvdptnonc x — P, p > 1, Yewpolue tuyoloa yvnolng adfovoa
xaL oLveyh cuvdptnon f: [0, +o00) = [0, +00).

H oxpBric Siatimwon éxet we e€nc:

Oehdpnua 4.1.1 Eoww f : [0,4+00) — [0, +00) guvexris kat yvnolws avéovoa ov-
vaptnon. I'a kd0en >2, N >n+1 ka1 0 <i <n — 1, opilovue

(4.1.3) E(K,N, f o W;) :/ / fIWi(C(z1,...,zN))|deN - .. dzy.
K K

Tdre,

(414) E(K7N7f OWZ) > E(B)N>f OW1)>

ya kdle kupté odua K dyrov 1 ooy R*, dnov B elvar n undia dyxouv 1.

H andédei&n touv Oewpriuatoc 4.1.1 napovoidletor otny §4.1.1 xou Baoiletar ot
uédodo tne cuuuetpixomolnone Steiner: Yo det€ouvue 6Tt

(4.1.5) E(K,N, f oW;) > E(S(K,0),N, f o W;)

v xdde 8 € S™L, énou S(K,0) elvon 1 ouuuetpionolnon Steiner tou K ot
dtevduvon tou 0. Boowd pdho Yo mallel o ohoxhnpwtixog tumog tou Kubota o
omolog uag EMTEENEL Vo EXPEACOLUE To. quermassintegrals Tou tuyaiou TOALTOTOU
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C(z1,...,2N) ©S ohoxhneodUaTa TV dYXwy Twv Tpofolody tou. Kat’ autév tov
TPOTO, TO TEOBANUL KAVAYETOL OTNY TEPITTWSCT TOU OYXOUY.

Ac onuewdoouue 6Tl oY TEPITTWET TOL GYXOU, AUTH N YeEVixeuoTn Tou Vewpr-
potog tou Groemer etye yivelr and tov Schopf [24] oty neplntwon N =n + 1 (o,
npbogata, oty [16] yio xdde N > n).

Yy §4.1.2 Yo det€ouue oL av i > 1 xan av 1 f elvor xupth xon yvnolwe ad&ovoa
té1E N undha B byxou 1 (xon oL ueTapopéc tne) elvar To Lovadixd xUpTtd o YLd TO
onolo N E(K, N, f o W;) madpver ehdyotn tuh. Axdua oyvpdtepa, anodetxviouue
T0 e&hc:

Ocopnua 4.1.2 Eoww K kuptd odpa dykov 1 orov R*. Ag vrmoBéoouue du to
K bev elvar undla. Tére, vrdpyer § € S™! pe wnr axdlovdn bidtnra: ya kdde
N > n+1, yu kd9 i € {1,...,n — 1} ka1 yia xd0¢ yvnoilws avéovoa kupti
ovvdptnon f: [0,+00) = [0, +00) éxouue

(416) E(S(K)a))N;fOWz) <E(K)N;f°Wz)7

émov S(K, 0) etvar n ouvupetpikonoinon Steiner tov K otn SievGuvon tou 6.

H WBudtnta tng umdhag mou emttpénel autd T0 anoTEAESHA ovadixdTnTac efvar
yvoot (Bréne [3]): Eva xvptd oodua K elvar undha av xou Lévo av 10 «cbvoro
v LEowvy Tou K we mpog xdile eudela (BAéne §4.1.2 yio Tov oploud) mepLEyETL OE
unepeninedo xddeto mpoc autr TNy evdela. Av agatpécouue Ty analtnon e «xo-
Yetdnrocy, tote auth N WLoTHTA Yopaxtneilel o ehhetoedn xou ypnouuonouiinxe
ano tov Groemer yio Ty anddetln g uovadixdtntag oo Yewpenud tou (teplntwon
i=0xup>1).

Opiopol xow ocupPoliomog: Oa doviédouue atov R, o omolog elvon epodiacié-
YOS UE €val EowTEPXS YVOUEVO (-, -). H %Adon dhwv twv cuumaydy xUpTdy UTOoU-
vohwv Tou R" cuuBoliletor ue K. Oo ypdgpouvue By xou S™1 yio tn uovodioio
pmdhar xou ) wovadialor ogatpa Tou R avtiotolya. Oa cuufoiilovue ue Gy i Ty
nolamAdétnta Grassmann OAwv twv k-didotatwy uToyweny tou R, epodiacuévn
ue to uétpo mbavétnroe Haar vy, ;. Oo ypdpovue |K| yia tov dyxo evés xuptol
owpatoc K (n dudotaon tou oduatoc Ya elvar mdvta coapic) xat wy yia Tov 6Yxo
e n-ddotatng Euxieldelag uovadiatog umdhoc.

Eotw K éva xuptd owua otov R*. O tdnog tou Steiner, o onolog elvor eudi-
x meplnTwon Tou xhaowxol Yewpruatog Tou Minkowski yia Toug Uextole 6yxoug,
oyvplletar 61t 0 dyxog tou K +tBy, t > 0, unopel vo ypapel ooy ToAUGOYLUO ToL

|K +tBY| = zn: (’;) Wi (Kt

=0



84

To i-00t6 quermassintegral touv K eivor o pewtoc 6yxoc Wi(K) = V(K;n—i, BY; i)
7oL gugavileTat 6” aUTOV Tov TOTO (0 AVaYVOOTNE UTopEl va avartpélet oto BLBAio Tou
Schneider [22] yia ) Yewpla Ty pwextdy 6yxwy). Abo and ta quermassintegrals,
o Wi xow Wy_1, elvon Wodtepar onuavtixd: n emwpdvels tou K woolton pe O(K) =
nW1(K), evd to péco midtoc w(K) tou K wwobton e w(K) = (2/wp)Wy—1(K).

Ou ypnotuonotioovue xdmoteg Baolxée WLOTNTEC Twv quermassintegrals: elvon
uovétova, cuveyh we mpog TN petewxr) Hausdorfl, xau ouoyev Baduod n —i. O
xenowonoloovue eniong Tov ohoxhnewtixd tOno tou Kubota: yio xdde 1 < ¢ <
n — 1, éyouue

Wn

(4.1.7) Wilt) = 22 [ Pa()] v,

Wn—ig

E3®, ue Pr(K) ocvuBoiilovue tnv opdoydvia npoohr tov K otov E.

4.1.1 vppetpixonoinon Steiner: to Oewpnua 4.1.1

Lo %89 un undevixé 6 € R ypdgpouue H (0) 1 6+ yia tov undywpo {z : (z,0) = 0}.
Tradeponototue uta N-ddo Y = (y1,...,yn) onuelwv otov H(f) xon Yewpolue
ouvdptnon Fy : RN — [0, +00) mou opileTor 6C eZhc:

To enuyelpnua tou Groemer [13] Booileton oo axdroudo Muuos:

Adupe 4.1.1 H Fy civar kupthi ouvdptnon otov RY.

AnédelEn: Eoto T = (t,ta,...,tn) € RY. Aedouévou 6t o yy,...,yn € H(H)
elvow otadepd, otn ddpxeta auThS TN anddeting Yo ypdpouue C(ty, ..., tN) avil yia
Clyr +t10,...,yn +tn0). T x89e y € Pr(p)Clt, ..., tx) Jewpolue Ny «xdtwy
ouvdptnon touv C(t1,...,tN)

(4.1.9) fr(y) =min{r e R:y+7r0 € C(t1,...,tn)}
xaL Ty «&vwy ouvdptnon touv C(tr,. .., tN)
(4.1.10) gr(y) =max{r e R:y+rf € C(t1,...,tn)}.

EOxoha Brémovue 6Tt 1 fr elvon xupth, 1 g7 elvon xoln, xau fr < gr. Emmiéov, yia
%69e T = (t1,...,tn), S = (51,---,5n) € RV éyouue

(4111) PH(Q)C(tl, ce ,tN) = PH(Q)C(Sl, cey SN) = C(O, cey 0)
xor yia x&de T € RY unopolue va ypddouue

(4.1.12) C(tr,...,tn) ={y+1r0:y € C(0,...,0), fr(y) <r < gr(y)}.
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O éyxoc tou C(ty,...,tN) toobToL UE
@113)  (Cletn) =16k [ (or) = frl)d.
0,...,0

Eotw T, S € RY . Oewpolue Tic cuVapTAGELS

_fr+fs _gr+gs
= xou g =

f 2 2

oto C(0,...,0). Elvon gavepd étL n f elvar xupth, 1 g elvar xoikn, xou f < g. Téhoc,
optlouue 10 xVPTH GOU

(4.1.14) L={y+rf:yeC(0,..,0)xun fly) <r <gy}

E0xoho ehéyyouue 6t y; + 5550 € L yio xdde i < N. Agod 7o L elvon xu0pt6, 1)
%xVETH VXN ATV Twv onuelwy elvor utocbvolo Tou L, dnAadh

(4.1.15) c<t1+31 tN“N) L.

2 T2

"Encton 6L

IN

T+S
Fy (T) IL| = ||6||2/C(07m70) (9(y) = f(v))dy

_ el
= 4(07___70) (97(y) — fr(y))dy

el
H5 [L eso) — Ssw)dy

Fy (T) + Fy ()
5 :

Auto amodewviel 6t i Fy elvon xupth. a

‘Eow E évag s-didotatog undyweoc tou R™. Opilovue ua dedtepn ouvdptnon
Fgy RN = [0,+00) o¢ e€fc:

(4116) FE7y(t1, ... ,tN) = |PE(C(y1 +t0,... , YN + tNH))|s,

6movL | - |5 ouuBorilel Tov s-8udoTato dyxo.
Adupa 4.1.2 H ovvdptnon Fgy elvar kupth otor RY.
Anodedn: T'pdpouue u = Pg(0) xouw w; = Pr(y;),i=1,...,N. Téte,

(4117) PE(C(y1 +610,...,yn + tNB)) = C’(w1 +tu,...,wNy + tNU).
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Av u =0, t6t€ Fpy(t1,...,tn) = |C(wy,...,wn)| yia xdde T = (t1,...,tn),
emouévac N Fgy elvon (otadepr)) xupth cuvdptnon.

Ac vno¥éoovue thpa 61t u # 0. T xdde ¢ = 1,..., N unopolue va ypdpovue
T0 w; OTN WopYh, w; = z; + 5;u, 6Tov z; L u xou s; € R, Tore,

(4.1.18) FE7y(t1, - ,tN) = |C(Z1 + (81 +t1)u, ..., 2N+ (SN +tN)U,)|,

Egapuolovtag 1o Afuua 4.1.1 otov E (ue ta 2; %ot u v tollouy 10 pOAo TV Y; Xol
0 avtiotowya), cuunepalvouue 6t N Fgy elval xupt. o

Appa 4.1.3 Eotw 0 #0 kat y1,...,yn € H(#). Ia kd9¢i=0,1,...,n—1,n
ovvdptnon

(4.1.19) Fy(tr,...,tn) = Wi(C(y1 + 10, ..., yn + tn0))

elvar dptia katr kupTh).

Andderdn: Aclyvouyue npwta 61l n Fy,; elvon xupth. H nepintwon @ = 0 xahOnteton
ané 1o Ajuuo 4.1.1. Av i > 0, epapudlovue Tov ohoxhnpnTixd tono tou Kubota

Wid) = 22 [ Pl i)

Wn—i

n,n—i

ot odpata C(yr + 10, ...,yn + tn6). Exouvue
Fy’i(tl, - ,tN) = WZ(C’(yl +610,...,yn + tNG))
= / |Pe(C(yr +t10,...,yn +tn0))|Vnni(dE)
G

Wn—i

n,n—i

W
= / Fpy(ti,...,tN)Vnn—i(dE),
a

Wn—i

n,n—i

xau 1) xvptdTNTo Tne Fy; émeton and to Afuua 4.1.2.

Tio va del€ovue 6t n Fy; elvon dptia, mapatnpotue 6t to C({y;+t;68 : j < N})
elvow avdchaon tov C({y; —t;6 : j < N}) wc npog o H(#) xou ypnoluonololue to
yeyovoe 6t Wi(A) = Wi(U(A)) vy xdde U € O(n) xou x&de i =0,1,...,n—1. O

Ytadeponototue Yetxole mpayuoatixols aptduols 11, ..., TN Xt VewpoUUE TO
TapaAANAETTESO
(4.1.20) Q={S=(s1,.--.,sn) :|sj| <rj, j=1,...,N}

Afppo 4.1.4 Ta kdde B € RN xat a > 0, opilovpe

(4.1.21) QB,a)={S€Q:Fy;(B+5S5)<a}l.

Eoww A € (0,1). Av B,B' € RN ka1 Q(B,a),Q(B',a) # 0, tére

(4122) QOB+ (1= B, o)/ > NQ(B,a)| /" + (1 = N|Q(B', a)[/".
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Anéderdn: Eow S € Q(B,a) xS’ € Q(B', a). XpnowlonoudyvTog thy Xuptoétnta
e Fy,; BAénovue o1t

FyiAMB+S8)+ 1=\ (B +8) <AFy(B+8)+(1-\NFy;(B'+5) <a.

Yuvenwe,
(4.1.23) QB+ (1—-X)B',a) D AQ(B,a) + (1 - N)Q(B', a)
xou To anotéAeoua €neton and v aviodtnta Brunn-Minkowski. i

Appa 4.1.5 FEotw 0 # 0 € R* katyy,...,yn € H(B). T'a kdde B € RN ka1 ya
kdOe a > 0,

(4.1.24) 1Q(0,a)| > |Q(B, )],
émov O etvar n apx1) tov afdvwr otov RN .

Anode&n: Av 1o Q(B, a) elvon xevd, 1o cuuTEpaoud Loy DEL XAUTE TETPLUUEVO TPOTO.
Avopopetind, napatneobue 6t Q(—B, ) = —Q(B, a) (enewdni n Fy,; elvon dptiar) xan
epapudlovue to Afupo 4.1.4 ue B' = —B xou A = 1/2. O

"Eotw tdpa K éva xuptd ooua byxou 1 otov R? xau éotw § € S~ Tpdgpouue
Py(K) vy tnv opdoydvia npoPolf; tou K otov H(F). T xdlde y € Py(K) Yew-
poVUUE TO (EVdEYOUEVWC EXPUAOUEVD) eudlYpauuo Tuhua (K, y) := K N (y + RA).
TCpdpouue 2r(y) yio to urixog xou y + b(y)8 yio 1o uéoo tou (K, y) avtiotouyo.

H ouuuetpuonolinon Steiner S(K,0) tov K ot SietBuvon tou 6 elvon o xvptd
owua mov oplleton and Tic e€hc cuvdrxec:

1. Py(S(K,8)) = Py(K) = P.

2. Tw xdle y € P, 1o uixoc xou to péco tou £(S(K,0),y) eivar 2r'(y) = 2r(y)
xaw y (dnhady, b'(y) = 0) avtiotoiya.

T x&de enthoyh onuelow y1, ..., yn € Py(K) 9étouue
(4.1.25)

MK,H,foWi(yla---;yN):/ / f[WZ(C(xl,,mN))]dmNdxl
Z(K,yl) Z(K,yN)
Tore,

(4.1.26) E(K,N,foWi):/

/ Mo, fow;(Y1,-- - yN)dyn ... dy;.
Py (K) Py (K)

Adppa 4.1.6 Eotw yi,...,yn € Pp(K). Tdte, yia kdle ovvexri yvnoiws atéovoa
ovvdptnon f :[0,4+00) = [0,+00) kat kde i =0,1,...,n—1,

(4127) MK,Q,fOWi (yly . 7yN) > MS(K,H),H,foWi (yl; . 7yN)
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Anéderdn: ‘Eow Q = {S = (s1,...,sn) : |sj] < r(y;), j=1,...,N}. Me o
OLUBOAOUS TWV TEONYOUUEVLY ANUUATWY, EYOUUE OTL

Mg.o,fow; (Y1, YN) = /f[FY,i(B+5)]d5
Q

/Ooo (S €Q: FruB+8)> £ ()}dt

/0 T 1Q1 - 1Q(B. £ (1)) dr.

Ané tov opoud tou S(K,6),

M x5y .50, (10 - ) = /Q fFva(las = [ (101 - 1.~ W)

xoL T amoTENESUA énetan omd To Aduua 4.1.5. O

To Afuua 4.1.6 xou n oyéon (4.1.26) delyvouv 6t n nocotna E(K, N, f o W)
uxpatvel ue xde ouppetpixonolnon Steiner.

Ocdhpnua 4.1.3 Eoww K kupté odua Sykov 1 arov R* kat éotw § € S*~1. Ay
S(K,0) etvar n ovppetpikoroinon Steiner tov K otn dievfuvon tou 0, téte

(4.1.28) E(S(K,0),N, f o W;) <E(K, N, f o W)

yia kdOe ouvexry yvnolws atvéovoa ovvdptnon f : [0,4+00) — [0,+00) katr kde
i=0,1,...,n—1. O

I xdde xvptd cwua K undpyer axohovdia Sladoyxdv GLUUETELXOTOLACEWY
Steiner Tou K 1 omola cuyxhivel oe undha we tpog tny Hausdorff yetour. Yuvende,
10 Oevpnua 4.1.3 deiyvel 6t n E(K, N, f o W;) ehaytotonotelton oty nepintworn e
UTdhC.

Ocsopnua 4.1.4 Eotw K kuptd odua dykov 1 kat éotw B n urdia éykov 1 otor
R™. Tdre,

(4.1.29) E(K,N, f o W;) > E(B,N, f o W)

ya kd0e ouvexny yvnoiog avéovoa ovvdptnon f : [0,4+00) — [0,400) kat ya da
tai=0,1,...,n—1. O

Yav epapuoyn tolpvouue TN Yevixeuon evog anoteréouatoc Tou Macbeath. Ac
unoVécoupe 6tL | K| = |B| = 1. Av ndpovue fp(z) = 2P, p > 0 oto Oewpnua 4.1.4,

BAénoupe 6L N
1/p
(/“..:/’wm(cxxh.“,xN)npde..Jmn>
K K

ehaytotoroteltar otny B. Iepvidvtag oto 6plo xadde p — 00, éyouue to e€Xg.
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ITépiopa 4.1.1 Eotww |K|=1ka1 0 <i <n—1. Ia kd0 N > n n péyomn uun
Tov i-00toU quermassintegral tng kuptris Onkng N onuelwy and to K elvar eldyion
otav to K elvar umdAa. |

4.1.2 Movadixotnta: to Oewpnua 4.1.2

'Eotw K xuptd odua otov R? xou éotw 6 € S™ 1. Av o evdeior L mopdhAnhn
oto 8 téuvel o K, téte 1) Toun elvon éva (evBeyoUEvms ExQUNCUEVD) LY PO
Tufue. Buuporilovue e M (K, 0) to 0OVOro TwY UECWY OAWY QUTWY TwY EVRLYpdU-
pov tunudtev. Toéte, woybel o axdhovioc yopoxtnelonds twv eMelpoetddy () g
undhoc avtlotowya, BAéne [3] - enlone [14]):

Aupa 4.1.7 Eow K kupté odua otor R*. To K elvar eAdenpoerdés av kat pévo
av yid kde § € S 1o ovrodo twr «uéowry M(K,0) nepiéyetar oe vrepeninedo.
To K elvar urndla av xat uévo av yid kdde § € S™~! o otvodo twv «uéowry M (K, )
Teptéyetal o€ vnepeninedo to onolo elvar kdleto oo 6. a

Xpnowonowdvtag autd to yapaxtneioud, Yo delfovue 61t av 1o K dev elvon
umdha, thHte LTdEYEL XATIAANAY cupueTporolnon Steiner S(K,6) tou K ue tnv
eZnc Wotmtar yia xde xvpth yvnolwe adéouvoa f xaw xdde i =1,...,n— 1,

(4.1.30) E(S(K,6),N, f o W;) < B(K, N, f o W;).

Adppa 4.1.8 Eoww K kypté odua dykov 1 otov R*. Av to K Oev elvar elder-
hoeardés, umopotue va Ppolue € S"t térowo dote: ya kdde N > n + 1 vndpyouvr
Y1, YN € Pp(K) e

(4.1.31) Fy(0,...,0) < Fyi(by,...,bx)

ya kdfei =0,1,...,n—1, érovy;+b;0 elvar vo péoo rov KN(y;+RP). Av wo K bev
elvar urdAa, uropotje va fpotue § € S"t térowo dote: ya kde N > n+1 vndpyouvr
Ui, .-, YN € Py(K) térowa dote n (4.1.31) va wylea ya kdfei=1,...,n— 1.

AnédelEn: (o) Av 1o K Bev elvor eMerdoetdée, undpyet éva § € S~ tétowo dote
0 M(K,6) vouny nepéyetor ot unepeninedo. Autd onuaiver 6t yia xdde N > n+1
unopoVue va. BpoluE Y1, ... ,yn € Py(K) tétowa Gote

(4132) Fyﬁo(bl, e bN) = |C(y1 +b10,...,yn + bN9)| > 0.

Tradeponototyue ¢ € {0,1,...,n — 1} xau E € Gy p—i- Ané 10 Auua 4.1.2, n Fry
etvor xUpTH ouvdptnon otov RY . Tuvendc,

(4133) 2FE’y(0, . ,0) < FE7y(b1, .. .,bN) + FE’y(—bl, ey —bN).
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Emunkéov, av 0 € E éyovue yviola aviodtnta oty (4.1.33): To 3e&i6 uéhog tne
napandve oyéone elvan yvhola Yetixd yiatl 1o C(yr + 0, ..., yn + bnb) €xer un
XEVO ECWTEPIXO, EVE TO aploTeERO UENOS TN Undeviletou.

T xde A € Ky, n ouvdptnon E — Pg(A) elvow ouveyhc oty Gp n—i. AT
Tov tOno tou Kubota xor tny (4.1.33) BAénovue bt

2w
2Fyi(0,...,0) = = / Fpy(0,...,0)vpni(dE)
n—1 JGn n—i
w
< n / FE,Y(bl’ ey bN)Vn,n—l(dE)

Wn—i JGnnoi
“n / Fgy(=bi,...,—bN)Vpn—i(dE)
Wn—i JGp noi

= 2Fy;(b1,...,bn),

XENOWOTOLOVTAC XoL To YEYOVOS 6TL 1) Fy; elvon dpTia.

(B) Térog, ag vnodécouue 6Tt to K elvar elheldoetdés ahhd byt undha. Mnopolue
vat Bpolue éva 8 € S tétowo hote to M (K, 0) va tepiéyeton ot évo unepeninedo
ue xddeto ddvuoua u # 0. T docuévo N > n + 1, emhéyovue y1,...,yn €
Py(K) térow ote 1 xupth Mixn twv péowy y; + b0 va éyel didotoon n — 1. Av
ie{l,...,n— 1} xou av enthé€ovue E € Gp p—; €T0L G0t B € E al\d u ¢ E, t61€

(4.1.34) Fpy(0,...,0)=0< Fgy(by,...,bx).

Axohouddvtoe tar Buata tou (o) xou ypnoiwdomoudvtag Tic (4.1.33) xon (4.1.34)
naipvouue Ty (4.1.31). m|

Ocwenua 4.1.5 Eow K xuptd odua dykov 1 otov R*. Ag vrnoOéoouvue dut o
K bev elvar undha. Tére, vrdpya 6 € S™1 pe wny axdlovin bidtnra: ya kdOe
N >n+1, yua kd9e i € {1,...,n — 1} ka1 yia xd0¢ xvpt yvnoiws avéovoa
ouvdptnon f : [0, +00) = [0, +00) éxouue

E(S(Kve)aNaf o Wl) < E(Kv Naf o Wz):
omou S(K, ) etvar n ouvupetpikoroinon Steiner tov K otn Sieduvon tou 6.

Anéderdn: Ac unodéoouvue 6t tar N, @ xan f elvar Soouéva (unopobue vo umodé-
oovue 6tL f(0) = 0). And to Oedpnua 4.1.3 éxoupe

Ac urodécouue 6t Loylel odtnta oty (4.1.35). Téte, and 1o Afuua 4.1.6 Eyovue

(4.1.36) MKﬁhfoWi (Zl, e ,ZN) = MS(K,@),H,foWi (Zl, e ,ZN)
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yioe xdde emAoy T onuelowy 21,. .., z2n € Py(K). Emiéyovue y; € Py(K) tétola tdote
vau LoyVel 1o Afuua 4.1.8. T'pdpovue

(4.1.37) Mko,fow; (Y1, ... YnN) = / flFy,i(B + 5)dS
Q
omov Q = {S = (s1,...,5n5) : |85] < r(y;), j =1,...,N}. Egboov n Fy,; elvou
xVpTh xow N f elvo xupTh xou adouoa, EYouUE
(4.1.38) 2f[Fyi(S)] < fFy,i(B + S)] + f[Fyi(—B + S)]

vy x&de S € @, xou 1o Aduua 4.1.8 Snhdver 6L woyleL yvrowa aviodTnTa OToy
S = 0. Oloxhnpwvovtag oto @ BAénovue ot
(4.1.39)

2Ms(xc0),0,fow; (Y15 - YN) < Mio,pow; (Y1, YN) + Mg g row, (Y1, YN)

6mou K elvor 1 avdoohaon tou K oc pog tov 1. Ané tny (4.1.25) Brénouue ebxola
oL

(4.1.40) Mo, fow: (Y1, yN) = Mg g pow, (Y1, YN)

XoUL dpaL,

(4.1.41) Msk.9),0,fow; Y15+ YN) < Mk o, fow; (Y1, YN),

10 omolo épyetar oe avtigaon ue v (4.1.36). O

4.2  ExTiunioslg YLa Tov 07%0 TuYolou TOAUTOTOU: 7
nepintwoy Twy l-unconditional cwudtwy

‘Onwe xou otny mporyoluevn tapdypapo, Yewpolue éva xuptd cwua K 6yxou 1 otov

R*, otadeponorotue N > n+1, emhéyovue N tuyalo onuela z1,...,zy aveldptnta

xat opotbuopga and to K, xou ypdgpovue C(z1,...,2TN) YLoL TNV xVpTH TOUS VXN,
H uéon nun e «axtivag byxouy touv C(21,...,2N)

(4.2.1) IE‘(K,N):/ / |C(z1,...,z8)|" "dey . .. dz
K K
pekethdnxe oty [16]:

Ocevpnua 4.2.1 Eotw K kuptd odua éykov 1 otov R*. I'a kd0e N > n +1,
log(2N/n)
VI

émov C > 0 elvar pa andlven owadepd xar Li elvar n oralepd 1o0otponiag tov K. O

(4.2.2) F(K,N) < CLg
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Ty mponyoluevn mapdypapo (Oewenua 4.1.1, neplntwon p = 1/n, i = 0)
eldape 6t n nocodtra F(K, N) ehaytotonoteiton btav 1o K elvon eMeudoetdés (to
oLYXEXPWEVO anoTéreoud elye anodetyVel otny [16]). Aedouévou 6t nF(K, N) elvou
VoA AOlWTN WS TEOG APPVIXOVE UETACY NUATION00E Tou SLatneoly Tov &yXo, EXTL-
uovTag and xdtw tny F(B, N) nalpvouue éva yevixd xdtw gpdyua yio Ty FK, N).
Mt tétola extiunon 860nxe oty [16]:

Ocewpnua 4.2.2 Eotw B n urdda dykov 1 otor R*. Av n(logn)? < N < exp(cn),
TéTe
log(2N/n)
N

omov ¢ > 0 elvar pua andlvtn otalepd. |

(4.2.3) F(B,N) > ¢

Oprouéds Eow a € [1,2]. Aédue bt éva xuptd omuo K byxou 1 elvar 1q-odua pe
otoepd by ot dtedduvon tou y # 0, av

(1.2.4) ( /K |<m,y>|pdm)1/p < bopt/ /K [, w)de

v xéde p > 1. Aéue 611 10 K elvan Po-oodua pe otadepd by, av n (4.2.4) woylel
yia xdde y # 0 xou xdde p > 1.

Ané tov oploud etvon avepd 61l av o K elvon ¢o-odua, téte o (3o Loy lel Yo
w0 T(K), T € SL(n) (ue v da otadepd by ). Enlong, to Afuua tou Borell (BAéne
[19, Iopdptnuoe III]) delyver 6t x&de xuptd odua K elvon 1h1-odua ue otadepd
by < C, émouv C' > 0 andivtn otadepd. [opadelyporta hr-cwudtwy Ue ouolduoppa
pparypévn otadepd by dtvouv ou uovadialeg undhec By twv £y, 2 < g < o0 (BAéne
6])-

H pédodoc anddetlne tov Oewpruatos 4.2.1 delyver 6t av 10 K elvan ¢a-oduo
ue otadepd by, TOTE Loy VEL 1) LOYLEOTERT AVLOOTNTAL

log(2N/n)
T
6mou ¢ > 0 elvow uto ambhutn otodepd. Emtniéov, o Bourgain [4] €3etle npboporta 6,
oe auTh TV Tepintwon, Lrx < cba(log b2)5. Yuvdudlovtag ta Topamdve BAEmoLUE

OTL N «oxTivar OYX0LY EVOS TuYaLoL TOAUTOTOUL UEoa GE Eva 1a-oWia Tpoadlopileton
TAAeWS.

(4.2.5) F(K,N) < cbyLg

Ocwpnua 4.2.3 Eoww K kuyptd odua dyrov 1 arov R*. Yrobérouvue éut to K etvar
tha-odua pe oradepd by. Tére, av n(logn)? < N < exp(cn) éyouue
log(2N/n) log(2N/n)
Y O\E T N Ve T
vn Vn ’

omov ¢, C > 0 efvar andAvteg oradepés. a

(4.2.6) < F(K,N) < Cb2(logbs)°
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Yxondg pog oe auth TNy Tapdypapo elvon vor anodelfouue avtioTolya anoTeEAE-
ouota oTny Tepintwon mou 1o K efvon 1-unconditional coua 1 {wvoedés. H nepi-
Ttwor v {ovoeddy elvat, 6mwe Yo dolue, amhi: 1 xplowun WidTnTd Toug elvor 1
eZnc: «de Lwvoedés Z otov R™ éyel ypouuxr ewxxdvo 6yxouv 1 mou €yet didueTtpo
™e téEne e v/n. Ta l-unconditional couata dev eunintouv ot xopuulo amd autée
T xatnyopleg: 1 povadiala undha By tou £} (xavovixomolnuévn woTe o el 6Yxo
1) éyeL dduetpo e TEENS TOL N X 1) «Pa-oTodEPdy TS Elvor TS TEENC TS /1.

4.2.1 1-unconditional couota

‘Eoww K 1-unconditional odua éyxov 1 otov R*. Egboov n F(K, N) elvon ovok-
Molwtn ws tpog Ty SL(n), unopolue va utodécovue 6Tl 1 cuvhdng opdoxavovixh
Bdon {e1,...,en} Tou R” elvor l-unconditional Bdon yiat v || - ||k xow 61t 0 K
elvon Lootpomxd, dnhady

/ (z,0)dr = L3
K

v x&de § € S"L. Emmhéov, elvor yvwoté (Bhéne [18]) 6t Lx < C, énouv C' > 0
elvow plor améiuTy otodepd.

Ot he-d3u6tNTEC TWV WooTpomx®Y 1-unconditional cwudtwy peretidnxoay tpd-
ogata and touc Bobkov xou Nazarov (BAéne [7] xon [8]).

Afupa 4.2.1 [8] Eoww K éva wotpomikd 1-unconditional odua otov R™. Ia kdOe
y € R" kat kd0¢ p > 1 wyve n ariodtnta

(12.7) () |<w,y>|pdm)l/p < CypvilyllseL k.

Me dAa Aoy, n pa-otalepd tov K otn dedBuvon tov y ikavomotel tnr

Vllyllso
(4.2.8) ba(y) <c TR

émov ¢ > 0 andAven otalepd. O

Hopoatneriote 6t av y = (1,...,1) t61€ by (y) < ¢, dnhadn) 1 «BLarydviay dedduv-

on etvon 2. Enlong, xotd uéco 6po 1o K €xel «hoyoprdulxy pa-otodepdy:

/Sn_l by (0) o(df) ~ +/logn.

To yeyovéc autd Yo ypnotuonoundel yia tnv extiunon e F(K, N) 6tav 1o N elvor
apxeTd UEYEAO oE oyéon ue ) ddoTtaon n (Yl Tapdderyua, 6tav N > n?).
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Appa 4.2.2 7] Yrdpyovr andlutes otabepés ty > 0 kat ¢ > 0 téroieg dote: ya
kdUe 100tpomikd 1-unconditional kupté odpa K ovov R kat kdOe t > t,

(4.2.9) {z € K :[|z]]s > tv/n}| < exp (—ctv/n). O

To Afuua autd delyvel 6Tt av 10 IV elvon apxetd Uixpd oe oyéor Ue n ddotao
n (yio mopddetyua, 6tav N < n?) té6te N tuyoio onuela 1, ...,o8 amd 10 K
Beloxovton ot uta undha axtivac e 18Eng e v/n, x4t tov eZacpalilel To 6woTd
ppdryua yio Ty F(K, N) xou 0’ auth Ty meplntoon.

Ou ypewaotolue entong axplBelc exTiUnoES Yot TOV 6YX0 TNg xupthc Vhxng N
onuelwy xar tov dyxo e Tounc N ouuueTe®y Awpldwy. Ou Bardny xou Fiiredi
[5] éxouv delZer éva dve ppdryua yia Tov byxo tou C(z1,...,xN) = co{z1,...,ZN}
CLVAPTAHCEL TOL Max ||z;||2:

Afupa 4.2.3 Trdpyer anélvtn otalepd ¢ > 0 térowa dote: av N > n + 1 kat
T1,.-.,oN € R?, tdte

v/10g(2N,
(@210) O] < eomi - VRN 0

- .
Téhog, ou Ball xou Pajor [9] éyouv deilel to e€fic xdtw @pdyua Yo Tov GYX0 TS
Touhc N GUUUETEXOY Awpldwy:
Appa 4.2.4 Eoto z1,...,25y € R* kat 1 < ¢ < +00. Av K(z1,...,2N) =
co{xxy,...,txn} elvar n ardlvn kupt OiKn twv x;, T6te Ya to TOAIKS odua
(4.2.11) K°(z1,...,zny)={2€R" : [{(z,2;)| <1,i=1,...,N}
Vel n aviodtnta

—1/q

N
n+q 1
(4.212)  |K°(z1,...,zN8)|" " > 2 / |(z,2;)|?dz . O
n ;|BZ]| Br !

Hopatneriote 61, and v avtioTpopn aviodtnta Santalsd (BAéne [21]),
(4213) [K°(@1,oan)" 2 K@y, an)| 2 S, o)

Oa umopoloe hotndy xavels va ypnotuonolioet to Afuua 4.2.3 yia var eEXTUUACEL TOY
|K°(x1,...,zn5)| and xdtw. To Afuua 4.2.4 elvon duwe axplBéotepo xat, émwe Yo
pavel Topaxdtw, 1 duvaTdTTa EMAOYNE XATIAANANG TYWAS Tou g Yo Tol€el onuavTixd
poho.
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Ocwpnua 4.2.4 Trdpyovr andlvtes otalepés ¢, ci,co > 0 téroteg dote: av to K
etvar I-unconditional kupté odua Syrov 1 oror R™ kai av n(logn)? < N < exp(cn),
TéTe

(4.2.14) 01% < F(K,N) < c27"log\(r2f/m.

Anoden: Mropolue va unodécovue 6tL 10 K elvon tootpomind. Aoxpivouue 800
TEPLTTAOOELS (Uxped xow ueydho N):

() N < n?: "Eotw t > ty, 10 onolo Ya emhéZouue xatddhnha. Anéd to Afuua 4.2.2,
(4.2.15)  Prob ((z1,...,2n) : 3i < N wo. |lzi]ls > tv/n) <N -exp (—eitv/n) .

Av A elvar to evdeybuevo oty (4.2.15), ypnowonowdvtas to Afuuo 4.2.3 xat to
yeyovée 6 |K| = 1, ypdpouue

)= A'C(ml"--:xN)ll/”+/ IC(@1,...,zn)| /"
< Prob(4) + Prob(A°) - exty/n - @

V1og(2N
< N-exp (—clt\/ﬁ) + cot - %.
"Eyouue unodéoet 61t N < n?, ondte nopatnpolue 6t

cSt6n3 n-N

6! T caty/Iog?2

av 1o t >ty emheyel apxetd pweydro (aveZdptnto and to n xar N). ‘Eneton ot

(4.2.16) F(K,N) < (2¢t) - 7“0%%\[/”)

exp (crty/n) >

(B) N > n?*: Xpnowonowwvrog v aviodtnta Blaschke-Santald (BAéne [21]) ypdpou-
ue

(4.2.17) F(K,N) <EK(z1,...,25) " <w?/™ EIK®(z1,...,z5)| /"
Yopgova ue 1o Afupa 4.2.4, éyovue

1/q

N
_ 1 [n+gq 1
4.2.18 K°(zy,. .. n < = — Mad




96

yia xdde ¢ > 1. Xpnowwonowdvtog Tic (4.2.17) xou (4.2.18), egapuélovtag tny ovt-
o6tnta tou Holder xon ahhdlovtag tn oelpd ohoxAfipwong, talpvouue

1/q

/ [(z,z;)|7dz dey ...dzy
B

N
1 [n+q 1
F(K,N) < w?/"/ = >
( ) < Kx-xK 2 - |Bg|

o/n 1/q

N
Wn n+q 1 / /
[(z,z;)|%dzN .. .dzy dz
2 n ;|BZ]| ¢ S KX XK !

2/n 1/q
Wn Nn+gq) 1 // .

= z,x)|dx dz .
. ( S L L e

Ané 1o Afuua 4.2.1 éyovue

IN

(4.2.19) [ Meallds < [CVavalelnLn)’

’

v xdde z € By, Apa,

2/n N 1 1/q
(4.2.20) F(K,N) < 2 C\/gy/nLk - N(n+q) ~ / lzllLdz) -
2 n |Bq | Bg

Hopoatnpotue 6t ||2]|oo < ||2]|q %o

/ B
BTL

q

1
/ gt~z € B ||z, > t}|dt
0
1
= /th*1|Bg\th|dt
0

1
= |Bg|/ gt (1 — t™)dt
0
n n

n+q| al

Apa,
n

1 1
4.2.21 —/ z||L dz < —/ z||4dz = .
(12:21) 1y, 171 < [, el =

Xpnowonotdvac Tic (4.2.20) xon (4.2.21), xon malpvovtog urddy Tic wi/n < e¢/n xon
Lg < Cq, xotolfyovue otny

(4.2.22) F(K, N) < 02% NV

- n
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yio x&e g > 1. Emhéyouue g = log(2N/n). Agod N > n?, éyouue

log N log N
4.2.23 N1 = ex <7> <ex <7> < e’
( ) P log(2N/n) ) — P log(2vN)/) —

Apa,

(4.2.24) F(K,N) < 037"10%%\[/7”.

Tuvdudlovtag T (o) xou (B) mabpvouue ) delid aviodtnta Tou Oewpruatog Yo xdde
N >n+1. H apiotephy aviodtnta (uall ue toug neploptopote yio to V) npoépyetol
and 1o Osdpnua 4.2.2. o

IMapatneRoerg: (o) Aev elvar ddoxoho va Seiel xavelc étt n nocdtna F(K, N)
elvow awv€ovoa toodtnra tov N. Enlong, and évav xhaoixd tono tou Blaschke (Bhéne
[16]) éneTon 6L

Cc

Ly
4.2.25 F(K 1) —=>
(42.25) (K1) T >
6mou ¢ > 0 anbéhutn otadepd. Enouévac, yia o gbpoc Twov n+1 < N < n(logn)?
€YOLUE TNV AVLGOTNTA
c

(4.2.26) R, N) > —.

AUt 0 %t Ppdryiuc UTONEITETOL TOU «aVAUEVOUEVOLY Ypdryuatoc ¢/10g(2N/n)y/n
xatd évay 6po mou gpdooetor amd v/loglogn oto ddotnua [n + 1, n(logn)?].

(B) O neproptoudc N < exp(en) oto xdtw @edyua tou Oewphuatos 4.2.2 elvor
anohOTOC QuotohoYxds: Bty [15] amodewxvieton 6t onotodnnote exdetind ntAdoc
Toyalwy onualeny uéoo and to K dnuiovpyel moAbTONO TOL avamaPleTdy To K UE
Y évvola TN YEwUeTowhc andotacrc. o cuyxexpuuéva, av otadepomolicovue
v,0 € (0,1) xou av emiéovue N = exp(yn) onuela &1,...,Tn AveldpTnra xou
ouoLouopga and éva xuptéd cwua K dyxou 1 tou €xel xévtpo Bdpoug to 0, toTE UE
mdavotnta ueyalltepn and 1 — § €youvue tov eYAAELOUOS

(4.2.27) C(x1,.. . xm) 2 p(0)yK

6mou p(d) > 0 otodepd mou eZoptdtan évo and to d. Ialpvoviag v = ¢ xou § = 1/2,
Brénouvue 6t av N > exp(en) téte

(4.2.28) ep(1/2) < F(K,N) < 1.

Anhadn, F(K,N) ~ 1 étav N > exp(cn).
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4.2.2 Zwvoeldi

To Levoedn elvan ta dpLa adpotoudtwy Minkowski evduypduuny tunudtwy we tpog
v Hausdorff uetpuer. Iood0voua, éve suuuetpnd xuptd odua Z elvar Lwvoedés o
%o U6vVo av To ToALx6 ToL odua elvon 1) wovadiata Undha EvOS N-SLdGTATOL UTOYGEOU
xdmotov Ly ypou. Anhadi, av undpyet Yetixd uétpo (to pétpo othpling tou Z)
oty S"1 térowo dote

(4229) lellze =5 [ wlutas).

‘Onwg Yo Sobue, t0 mpdPinua tng extiunong e «axtivag dyxouy Tuyaiwy TOAL-
tonwy elvon tetplupévo Yo ta Lwvoedn.  Ioylet, 6nwe xow oty meplntwon twv
1-unconditional cwudtwy, To e&ic.

Ocwpnua 4.2.5 Trdpyovr andlutes otalepés cp,ca > 0 téroleg dote: av to Z
etvar Lovoadés dyrov 1 arov R* kat av n(logn)? < N < exp(cn), tdre

log(2N/n) log(2N/n)
vn vnoooo

Anéden: Av Z elvar Lovoedéc 6yxov 1 otov R”, undpyet T € SL(n) tétolog

(4.2.30) ¢ <F(Z,N) < ¢

woTE
(4.2.31) T(Z) C 439.

Auté mpoxdnTEL OO TO YEYOVOS OTL TOL TOAXS. GOUATA TwV {WVOELSMY EYOUY PpaYUE-
vo Aoyo byxwv. H axpi3éotepn extiunon mou diver 1 (4.2.31) woybet av Yewphioovue
10 Z oe xotdAnhn Véon: yia mapddetyua, av 1o eEAELPOELSES ENEYLOTOL HYXOU TOU
Z elvon umdhat i av t0 Z €xel eNdytoto uéco mhdtoc (BAéne [20]).

T tov unohoyioud e F(Z, N) unopolue vo unodécouue 6t 10 Z txavomnotel
v (4.2.31). Téte, ya kdOe emhoy onuelwy z1,...,25 010 Z, 10 Afuuo 4.2.3
wog dlver To dvw Qedryua

v/log(2N v/log(2IN
(4232)  |Clar,. . ,on)|" < e maxfaile Og(n /n) gg Og\(/ﬁ /.

‘Eyouue howndy tn dedid avisdtna tne (4.2.30) xan pudhioto xatd onueio. O
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5.1 MEeco nTAATOG LOOTEOTLXWOY CWUATWY

‘Eotww K éva 1ootpomind (OyL oavoryxaotixd GUUUETEXO) xLpth adua otov R™. Autd
onuaiver 61t 10 K éyet 6yxo |K| = 1, xévtpo Bdpouc otny apyh TV aZovewy, ot
undpyel otadepd Lg > 0 tétola tdote

(5.1.1) /K(x,0>2dx =L3%

yio xéde @ € S” L,

e authv Ty mapdypapo Sivouue Eva dve pdryua Yiot To Uéco mhdtoc w(K) tou
K. Elvar yvwotd (BAéne [5]) 6t xdle wootponixd xvptéd odua K meptéyetar oTny
[(n + 1)Lk |BY, enouévwe Ut mpddtn extiunon yia o w(kK) elvar 7

(5.1.2) w(K)<(n+1)Lg.

Oa del€ouue 6Tl o xohbtepn extiunon etvon wévta Suvart.
Ocwpnua 5.1.1 Eow K éva wotponikd kupté ovua otov R*. T,
(5.1.3) w(K) < en®*Lg,

émov ¢ > 0 elvar pa andlven oradepd.

H uédodéc poc Baoiletan oe uio extiunon twwv apdumy xdhudne N(K,tBEY)
GUVIPTHOEL TNE TOCOTNTAC

(5.1.4) M(K,B}) = /K ||z[|2dz.

101
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Trevduuilovue 6t o apthude xdhuvdne N(K,tBY) eivar o uwxpdtepoc guoixéc N
¢ ¢ pLut n 2 HLXp e ¢

vl Tov onolo undpyovv N ueTaopéc tng tBY mou 1 évwot toug xaAlmtel to K.
[Mopatnerote eniong 6t

(5.1.5) e < ([ ||m||%dm)1/2 = VAL,

H déa va ypnowuonotioovue Ty nocdtnta M (K, BY) ooy TopdUeTpo YLoL EXTUUNAOELS
evtpornioc npoépyeton and tny pyaoia [7]. ‘Eyel enlong yenowwonoindel otny [6] yia
wor amddelén tne «M*-ovednTocy oTNY TERITTWON TWV qUasi-XUETOY CWUATWY.

IMpétaon 5.1.1 Eotw K éva wotpomkd kupté owpa otov R*. TIa kde t > 0
éyoupe

6n>/?L
(5.1.6) N(K,tB}) < 2exp <¥> .

Anéderdn: Oswpolue to cuvaptnooedéc tou Minkowski px(z) = inf{A >0:2 €
AK'}. Eivow @avepd 61t 10 pg elvan unotpoodetind xon Vetind opoyevés. Opilovue
éva Borel uétpo mdavotnroc otov R® détovtog

1
(5.1.7) w(A) = — / e 7P (@) g
CK JA
bmov cx = [, exp(—pk (z))da.
‘Eotww {z1,...,zn} éva utoodvolo tou K ueyotuxd g npog T cuviixm
(5.1.8) i #j= |lzi -zl > t.

Téte, ov undhes z; + (t/2)BY €youv Léva eowtepd xou K C J;<n(zi + tBY).
Yuvende, N(K,tBY) < N.
Emuéyouue b > 0 étor dote p(bBY) > 1/2. Av Hoouvue y; = (2b/t)x;, to1E

ply; +bBY) = € e~ Pr (v gy > 1 e~ Pr(2) =Px (Wi) gy
CK JbBp " ¢k JoBz
— e—px(yi)i/ e~ Px (@) Jp = e—%px(zi)u(an)
K JvBg 2

Y%

e > u(bBy),

apol pr(x;) <1,i=1,...,N. Ouundhec y; + bBY éyouv Zéva ecwtepxd, dpa

N N
(519)  Neu(By) < ulyi +bB) = p (U@i n ng>> <1

i=1 i=1
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"Eneton 61t
(5.1.10) N(K,tB}) < ' (u(bBy))~! < 2e2/1.

Mével va extiuricouvue 1o b. Ipdta unohoyilovue ) otadepd

ck = /e*”"(z)dm:// e *dsdz
R™ " Jpk(z)

/ ez : pr(x) < s}lds = / s"e"%ds = nl.
0 0

1 o0
7o [ leleutde) = — [ el [ s
R~ CK Jrn pK ()

1 o0
= s"e ds - / l|z||2dz = (n + 1) M (K, B}).
n! Jo K

"Ereton 61U

Ané v aviobdtnta tou Markov, p(z € R™ : ||z||2 > 2J) < 1/2, 1o onolo delyvel 6
w(2JBY) > 1/2. Av emhéZovue b = 2J, nalpvouue

N(K,tB}) < 2exp(4J/t) <2exp(4(n+1)M(K, B3)/t)
< 2exp(6n®’Lg/t). O
Oa ypetaotolue entong ) Sidonaon Dudley-Fernique tou K:

Afupa 5.1.1 Eoww K C RBY éva kuptd owua otov R?, émov R > 0. Trdpyovv
temepacéva otvola Z; C (3R/27)BY, j € N pe

; 2
2w(K
(5.1.11) log|Z;j| < en <ﬁ> ,
R
mou tkavorowody o €&ng: Ia kdle x € K xar kd0e m € N unopotpe va Bpolue
zj € Zj, j=1,...,m kat wy, € (R/2™)BY térowa dore
(5.1.12) r=z1+...+ 2m + Wn-

Ano6delln: Eotw K — K 1o odua dlapopy tou K. And tny avioétnta tou Sudakov
[9] BAémoupe Ot
K- K)\’ K 2
log N(K, tBY) < log N(K — K,tB}) < en (%) e <w(t )) _

T x&de j € N PBploxovue N;j C R? ue |N;j| = N(K, (R/27)BY) tétow wote K C
UyeNJ_ (y + (R/29)BY), xon 9étoupe Z; = (Nj — Nj_1) N (3R/27)BY, j > 1 (xou
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No = {0}). Avz € K xov m € N, yia x&9e j < m undpyel y; € N; €100 HOTE
lz — yjlls < R/27. Tpdpouue

r=y1+ W —v1)+ .o+ Um = Ym-1) + (& —Ym),

xott VEWPOVTUS T 2j = Yj — Yj—1 XU Wiy = & — Yy EYOVUE TO {NTOVUEVO. O

Anéddeln tov Oewphuatog 5.1.1: And to Aduua 5.1.1, xéde € K ypdpeton

ot LopPN
r=z1+...+ 2y + W,

60U zj € Zj, Wy € 2= BY, %o 1) mAndudtnto Tou Z; iovorotel Thy
(5.1.13) log|Z;| <log N(K,(R/27)By) +log N(K, (R/2’~*)BY).
H Ipétaon 5.1.1 delyvel 6t

n®/2 L2

(5.1.14) log|Zj| < e1—

Ané tn Sudomoon, yia xdde 6 € S" éyouue

<
max |(x,6)] < Zgg}XIzH e 1(20)]

R
= Zggl(zﬁ)HTm
j=1
m
< 0)| + 2
< Do marlel+2

6mou m elvar o ULxpbTEPOC PUOLXGE YLo. Tov onolo R < 2m T,

Tradeponototyue j € {1,...,m}, xou ypdgouue Z yia 1o uovadiafo ddvuoua ot
dtéuduvon tou z € Z; (unopolue vo utodécoupe bt xdde 2z € Z; elvon un undevixos).
Cvwpilovue 6t

1/2
(5.1.15) / |(u,0)|o(df) < </ (u,9)%(d0)> =— , ues"!
Sn—1 Sn—1
xo Ut amhy extiunon yio Ty p-vopua tne 0 — (u, 0) delyver 6

[1{w, O)lp < eav/pll(u, O)l1,

yia xdmotar andAuTy otadepd ¢z > 0, an’ 6mou Enetar dTu

(5.1.16) /Sn_l exp (%;W) o(df) <2



Ané v avicémnta tou Markov BAénouue 6t

2
(5.1.17) (0 € S" ! :max|(2,0)] > t) < 2exp (—%) |Z;].
c

z€Zj

T xdde A > 0 umopodue va yeddouue

/S max|(z,0)|o(df) = /OOOU<0€S”1:max|(§,0>|2t>dt

n—1 2EZj z€Zj

IN

A+/ (065’” ' max (2, 9)|>t> dt

A z€Zj
o nt?
A+ 2exp | —— | |Z;|dt
A €4
Enéyovtac A ~ (/log|Z;|/v/n, eNéyyouue ebxoha 6t

(5.1.18) / max |(Z, 0)|o(df) Y= Og|ZJ|
s

IN

n—1 2€7Z; \/ﬁ
Yuvenwe,
3R +/log |Z |
(5.1.19) /Sn 1?%;}x|(z 0Y|o(df) < e5— TR A

Mnopotue tpa var pediovue to w(K) ws edng:

n—1 T€EK

w(K) = /S ma [(z, )| (d9)

< 2+Z/ rréaZX|z0|U(d0)
" 3R /log|Zj]
S 2+ZC5§%
—) n
i3 3/4 /T 2312
< 2+Z 5SR\/_n VL
vV Rn

4 ¢ 1
< 24 cax/ﬁ\/LK\/Ez; 52
J:
< 07%\/ LK\/E.

Agob R < (n+ 1)Lg, cuunepaivouue 6t

w(K) <en*Lg. O
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5.2 Anéo“coccs'q Banach-Mazur tou EZ ATO TOV KZ

Ot Gurarii, Kadec xoat Macaev [4] utohéyioay tn owoty| Téén ueyédoug tne andoto-
onc Banach-Mazur d(¢};,(7):
¢ Av1<p<q<2h2<p<q< oo, totedly,ly) = nl/r-1/a,

e Av1 < p <2< q < oo, tote ein® < d(l,0y) < can®, 6mou ¢ > 0

andlutn otadepd, c2 > 0 otodepd mou efoptdton amd TA P KoL @, HOL O =
max{1/p—1/2,1/2—1/q}.

To epdTnua mou Yo Uog anacyohfoeL 68 auTH TNV ToEdypago elvon xatd ndcov
UTipyEL TO OPLO

den, o
(5.2.1) tim W)
n— o0 n«

ot Sebtepn nepintwon (1 < p < 2 < ¢ < 00). L1n ouvvéyeta, oTadepoTOLOVUE T P, ¢
(xor a), xou Yétovue A, = d(ly, 07).

Afupa 5.2.1 Trdpyer andlven otabepd C > 0 térowa dote: av'1 < p <2< q<
00, tdte Ay, (p,q) < Cmax{,/q,\/p'} - n®, drov p’ o ovluyijs exdétng Tou p.

Anddeln: Oa yprnowonolfoouue ) Uédodo twv tuyaiwy oploydviny Tapayov-
tonotioewy (BAéne Kepdharo 3). Xpnowuonowwvrog tic aviodtnies twv Chevet xow
Marcus-Pisier, o Davis, Milman xot Tomczak-Jaegermann [3] édetav 1o eZfic: Av
X xou Y elvon 300 n-SidoTatol Ywpot UE vopud, TOTE

(5.2.2) d(X,Y) < e(d(X, 6)To(Y*) + d(Y, () T5(X))

6mou Ty n otadepd tOmou-2 (BAéne [8], Kepdhowo 9). Eivar yvewoté 6t o £, 2 <
q < 00 éyel otadepd TUTOL-2 Ppayuévn antd c14/q (oUoLduopa WS TEog n). Apa, ov
yodupoupe p' yia to culuyr exdétn Tou p, Talpvouue

d(n, 00 < e (e, )T (Er) + d(E7, ) To(£0))

ptq
< c-evmax{y/g, /p'}y max{d((;, 63), (¢, ()}
= ¢ max{\/g, V' }n%
Yuvende, An(p,q) < Cmax{,/q,\/p'}n*, 6nou C =c-¢;. O

Opglomdeg: 'Evag guowde aprdude n Aéyeton aprduode Hadamard av undpyer opdo-
yovoe nivoxae T, = (ai;) e |aij] = 1/y/n vy xde i,j = 1,...,n. Klaowxd
ropdderyua aprudy Hadamard Sivouv oL guotxol n g wopphc n = 2F. Se authy
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NV teplnTwon unopolue va Yewpricoupe toug tivaxeg Walsh: Autol elvar opdoydviot
2k x 2% mivaxec, mou opilovion enaywywd. Oétovue Wy = [1], xou
(5.2.3) Wy = [
L. E= —=
V2
Eivar yvooté (BAéne [1]) 6t yia xdde € > 0 umdpyet no(e) € N tétoloc dote, Yo
xdde m > ng undpyel aprduoc Hadamard n nou uavornotel tny

Wio1 Wi

k>l
Wi—1 _Wk1:| -

(5.2.4) m(l—¢e) <n<m.

‘Eotww 6t o n elvar opudude Hadamard, xou éotww Ty, = (a;5) onwe napandve. Téte,
and v Ty, € O(n) éyouvue

(5.2.5) Ty : €3 — €3]] = 1,

eve amd Y |aij| = 1/y/n ouunepaivouue ot

n n 1
(5.2.6) | T : 7 — L) = T
O (5.2.5) xou (5.2.6) wog emtpénouy va extufioovue v || Ty 1 £y — £ ]| (6mou
p' o ouluyhc extdétng tou p) yia xdde p € [1,2]. Autd elvon dueon ouvéreta Tou
xhaowol Yewpruartog napeuBorrc tou Riesz (Bréne [2]):

Aupa 5.2.2 Eoww T : R* — R” ypappuxés vedeorig. Ia kdfe 1 < p < 2
opiovpe My = ||T : £y — £]|. Tére, av 1 < p1,p2 <2 kar

1 1-6 6
(5.2.7) - = + —,

p p1 p2
éxoupe
(5.2.8) M, < M~M! . O

Ilpétaon 5.2.1 Foww 1l <p <2< q<4o00. Avon € N elvar apiuds Hadamard,
TlTe

(5.2.9) d(fr, i) < n°.

p’Tq

Anoden: YTrodétovue npdta 61t o = 1/2 — 1/q, onéte ¢ > p'. Eotww T, : R* —
R™ nou wavornotel Tic (5.2.5) xan (5.2.6). Egapudlovpe 1o Afjuua 5.2.2: éyouvue

(5.2.10) L S
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6mov § = 2 — (2/p). Enouévwc,
1\
. n n 6 _ 1/2—1
(5.2.11) T s € — €] < (ﬁ) 10 = pt/2-1/p,

Agol g > p', nolpvouue
(5.2.12) Ty b = G < T s by = L] - 1T Gy — £7]] < m*/>H7
xa

1Tl = ol < Lty = G- INT, 2l = 3] - 12 05— 4]

pl/2=1/a 1. p1/p=1/2
Apa,
(5.2.13) A8, 60y < || Ty 00 = 00| - |70 0 — €] < mt /271,
Avmdha=1/p—1/2=1/2—-1/p’, t61€ 10 nponyoluevo entyelpnua delyvel 61t
d(ly, 0) < n®, xou 10 Inrobuevo npoxinTeL ond Ty
d(ly, y) = d((€;)", (€)") = d(€y, 0}). O

Afupa 5.2.3 Ioyva n aviodenea
(5.2.14) AP0 < qpal(pta) 4 gpa/(pa)
yia kd0e n katm € N.
Anodergn: Oewpolue Ty, : ZZ — l;‘ xou Ty, - l;}” — é;" TETOLOLE WOTE

(5.2.15) An =|IToll - ITTH %o A = (1Tl - IT57

(rapatnpriote 61t t0 (Blo woylet Yo toug Ty, sTy, yia x&de r,s > 0). Oewpolue
0V T = T + Do : 3" = 0T Av e =0y + 20 € )T = (Z;} ® é;”)p, T67E

[Ttm (@)l = W Tn(21) + Ton(22)llg < ([Tn(z1)llg + 1T (22)ll4
ITall - 11 llp + ([Tl - [[2]],

1/
UTll” + N T 1) (o 1B + fl22)
(ITll” + 1Tl N2l

IN IN

(5.2.16) 1Tl < (ITall? + 1 Tl1)
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Iopatnpodue 6t Tr;i—n =T, '+ T, onéte, Soukebovrac dnwe ey, BAérovue OTL
_ _ 11/
(5.2.17) Il < (NT P+ 1T 1)

Ané tic (5.2.15), (5.2.16) xon (5.2.17) BAénovue 6T

A p A p\ 1/p
9 < mi a4 gn)l/a ([ n om .
(5.2.18) An+m_rr7rsu>no{(r + s7) ((r) +<s>>

Ehagyiotonowwdvrog ) de€d toobdtnta we npog 1, s > 0 malpvouue ty (5.2.14). O

IMgoétaoy 5.2.2 Av 1 <p <2< q< 400, tdte

acer, e
(5.2.19) lim sup M

n—o0

<1

Amnédergn: Trnodétouue mpdta 61t 1 < p < 2 < ¢ < 0o. Eow € > 0. Tndpyet
no(e) € N tétoloc wote x&de m > ngy vo ypdpetow ot HoppR m = n + k 6mou
n optuéc Hadamard xow k < em. Ané tnyv Hpdtaon 5.2.1 éyovue A, < n%, evdd
an6 o Afuua 5.2.1 Brérovue 6t Ay < Cp k%, 6mov Cpy = Cmax{\/q,/D'}.
Xpnowomowdvtag xou 1o Afjuua 5.2.3, natpvouue

Ap < (A + A"
S (nas + Cr;"qkozs)l/s
< (mas + C;’qgasmas)l/s

= mo (1408 )7,
6nou s = pg/(p + q). Encton 61t

Am s
(5.2.20) limsup =2 < (14 C5 2*)"°,

m—oo M
xaL, agob to € > 0 frav tuydy, malpvouue ty (5.2.19). T ™y nepintwon mou
glte p = 1 1 ¢ = 00, XPNOWOTOLOVUE TNV TELYWILXT| TOMATAAGLACTLXY AVLGHTNTAL.
Mopatneiote yia mopdderyua 6Tt av p > 1 xaw 10 ¢ = g(m) elvon apxetd ueydho,
To1E

A (p; 0) An(p,q) A7, %)
\/m — m1/2—1/q ml/q

(1+ C';qs“s)l/s (1+¢),

A

IN

OTOTE UTOPOVUE VAL GLUVEY(GOLUE OTWS TELY. O

To xah01epo YVWGT6 %dTw Pedryua elvon o e€nc:
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IMpétaon 5.2.3 Av1<p <2< q< +oo, whre d(l, ;) > n®/v/2 ya kdden € N.

Anéddegn: Eoto T : () — £ woouoppiouos. Tote,

Ave, _:|:1||26J Heplly < IT7H*Aves, = i1||25363||2 = |77 P,
j=1

An6 v A Theupd, av oploouue x; = T~ (e;) € £}, YpNOLUOTIOLGVTAC TO YEYOVGS
61 1 otodepd (Rademacher) cuvtimou-2 tou €7 efvar uixpdtepn ¥ ion amé V2 (Bhéne
[8], Kegdharo 9), nadpvoupe

Avee —:I:l“ZEJ ||p Z Z”T ||p
> 123‘:1 ||ej||g
-2 (TP
B n
2|71
Yuvdudlovtag tig dVo aviodtnies, BAénouue dTu
(5.2.21) T - (|77 > n'/27 /2.,

Auté Seiyver 6t d(07,€7) > n®/v/2av1/2—1/q > 1/p—1/2. Se avtidetn nepintwon,

P g
Yewpolue Toug BUXOUS YWPOUS, OTIWC XAVOUE XOL YLOL TO AVe PEAYUAL. o

O ITpotdioeis 5.2.2 xou 5.2.3 cuvodilovton ot0 enc.

Oswenua 5.2.1 Av1<p<2<q< 400, tote

deen, deer,
(5.2.22) L < liminf . ) < limsup M
V2

T n—oo n« n—00

<1,

6mov a = max{1/2 —1/q,1/p—1/2}. m|
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ABSTRACT

The main theme of this Ph.D. Thesis is the use of probabilistic methods in the
theory of high-dimensional convex bodies. We discuss the following aspects of the
theory:

1. Volume ratio. Let K and L be two convex bodies in R". The volume
ratio vr(K, L) of K and L is defined by vr(K, L) = inf(|K|/|T(L)|)*/", where the
infimum is over all affine transformations T of R" for which T'(L) C K. We show
that vr(K, L) < cy/nlogn, where ¢ > 0 is an absolute constant. This is optimal
up to the logarithmic term. We also discuss the dimension of spherical sections of
symmetric convex bodies K in R" with bounded volume ratio vr(K, BY) (possible
improvements of Szarek’s theorem).

2. 0—1 polytopes. Let EY = {—1,1}" be the discrete cube in R™. For every
N > n we consider the class of convex bodies Ky = co{xz;,...,+xy} which
are generated by N random points 1, ...,y chosen independently and uniformly
from EF. We show that if n > ng and N > n(logn)? then, for a random Ky, the
inradius, the volume radius, the mean width and the size of the maximal inscribed
cube can be determined up to an absolute constant as functions of n and NV .
This geometric description of K leads to sharp estimates for several asymptotic
parameters of the corresponding n-dimensional normed space X .

3. Random polytopes in a convex body. Let K be a convex body in R"
with volume |K| = 1. We choose N > n + 1 points z1,...,zy independently and
uniformly from K, and write C(z1,...,zy) for their convex hull. Let f : Rt — R
be a continuous strictly increasing function and 0 < ¢ < n — 1. Then, the quantity

E(K,N,fOWi):/K.../Kf[Wi(C’(:rl,...,:rN))]dmN...da:l

is minimal if K is a ball (W; is the i-th quermassintegral of a compact convex set).
If f is convex and strictly increasing and 1 < i < n — 1, then the ball is the only
extremal body. These two facts generalize a result of H. Groemer on moments of
the volume of C(z1,...,zN).

In the case of a 1-unconditional convex body, using recent results of Bobkov
and Nazarov, we show that the volume radius

IE‘(K,N):/ / (@1, on)[Vday .. dy
K K

is of the order of y/log(N/n)/\/n for all n(logn)? < N < exp(cn).



