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1. (a') Upolog�zoume ti
 eikìne
 twn dianusm�twn th
 ��sh
 E :T (1; 0; 0) = (1; 0; 1) = e1 + e3T (0; 1; 0) = (1; 2; 0) = e1 + 2e2T (0; 0; 1) = (�1; 1; 1) = �e1 + e2 + e3'Ara o p�naka
 th
 T w
 pro
 thn kanonik  ��sh e�naiA = 0� 1 1 �10 2 11 0 1 1A :(�') Upolog�zoume ti
 eikìne
 twn dianusm�twn x1 = (1; 0; 0); x2 = (1; 1; 0); x3 =(1; 1; 1) th
 ��sh
X kai ti
 ekfr�zoume w
 pro
 ta dianÔsmata y1 = (1; 0; 1); y2 =(0; 1; 0); y3 = (0; 0; 1) th
 ��sh
 Y.T (x1) = T (1; 0; 0) = (1; 0; 1) = y1T (x2) = T (1; 1; 0) = (2; 2; 1) = 2y1 + 2y2 � y3T (x3) = T (1; 1; 1) = (1; 3; 2) = y1 + 3y2 + y3:'Ara o p�naka
 th
 T w
 pro
 ti
 ��sei
 X kai Y gia ta ped�a orismoÔ kaitim¸n ant�stoiqa e�nai B = 0� 1 2 10 2 30 �1 1 1A :(g') Gia thn tautotik  apeikìnish I : R3 ! R3 douleÔoume ìmoia :I(e1) = (1; 0; 0) = x1I(e2) = (0; 1; 0) = �x1 + x2I(e3) = (0; 0; 1) = �x2 + x3:1



'Ara o p�naka
 th
 tautotik 
 apeikìnish
 w
 pro
 ti
 ��sei
 E kai X gia taped�a orismoÔ kai tim¸n ant�stoiqa e�naiC = 0� 1 �1 00 1 �10 0 1 1A :(d') Blèpoume ìti R3 I�! R3 T�! R3 :'Ara h sÔnjesh T Æ I = T e�nai grammik  apeikìnish apì ton R3 ston R3 kai[T Æ I; E ;Y℄ = [T ;X ;Y℄ � [I; E ;X ℄. 'Eqoume upolog�sei[I; E ;X ℄ = 0� 1 �1 00 1 �10 0 1 1Akai [T ;X ;Y℄ = 0� 1 2 10 2 30 �1 1 1A :'Ara upolog�zoume[T ; E ;Y℄ = 0� 1 2 10 2 30 �1 1 1A0� 1 �1 00 1 �10 0 1 1A = 0� 1 1 �10 2 10 �1 2 1A(e') To di�nusma suntetagmènwn tou T (1; 2; 2) w
 pro
 th ��sh Y e�nai to di�nu-sma 0� 1 1 �10 2 10 �1 2 1A0� 122 1A = 0� 162 1A :Epomènw
, T (1; 2; 2) = y1 + 6y2 + 2y3.2. (a') Upolog�zoume ti
 eikìne
 twn stoiqe�wn th
 ��sh
 f1; x; : : : ; xn�1g.D(1) = 0; D(x) = 1; : : : ; D(xn�2) = (n� 2)xn�1; D(xn�1) = (n� 1)xn�2:'Ara o p�naka
 e�nai 0BBBBB� 0 1 0 � � � 0 00 0 2 � � � 0 0... ... ... ... ... ...0 0 0 � � � n� 2 00 0 0 � � � 0 n� 1
1CCCCCA :
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(�') Upolog�zoume ti
 eikìne
 th
 ��sh
 f1; 1+x; 1+x+x2; : : : ; 1+x+ � � �+xn�1gkai ti
 ekfr�zoume w
 pro
 th ��sh f1; x; : : : ; xn�2g.D(1) = 0D(1 + x) = 1D(1 + x + x2) = 1 + 2x...D(1 + x+ x2 � � �+ xn�1) = 1 + 2x+ � � �+ (n� 2)xn�3 + (n� 1)xn�2:'Ara o p�naka
 tou D w
 pro
 ti
 dÔo parap�nw ��sei
 e�nai0BBBBB� 0 1 1 � � � 1 10 0 2 � � � 2 2... ... ... ... ... ...0 0 0 � � � n� 2 n� 20 0 0 � � � 0 n� 1
1CCCCCA :

3. 'Estw X mia ��sh tou V . Arqik� parathroÔme ìti an I : V ! V e�nai h tautotik apeikìnish, tìte [I;X ;X ℄ = In, ìpou In e�nai o tautotikì
 p�naka
 di�stash
 n.A
 upojèsoume ìti h L e�nai isomorfismì
. Tìte up�rqei h ant�strofh apeikìnishL�1 : V ! V pou e�nai ep�sh
 grammik  kai isqÔei L Æ L�1 = L�1 Æ L = I. A
sumbol�soume A = [L;X ;X ℄ kai B = [L�1;X ;X ℄. �èloume na de�xoume ìti o Ae�nai antistrèyimo
. 'Eqoume[I;X ;X ℄ = [L Æ L�1;X ;X ℄ = [L;X ;X ℄ � [L�1;X ;X ℄;dhlad  In = AB:'Omoia èqoume [I;X ;X ℄ = [L�1 Æ L;X ;X ℄ = [L�1;X ;X ℄ � [L;X ;X ℄;opìte In = BA:Oi dÔo parap�nw sqèsei
 ma
 de�qnoun ìti o A e�nai antistrèyimo
 kai A�1 = B.'Estw t¸ra ìti X e�nai mia ��sh tou V kai o p�naka
 A = [L;X ;X ℄ e�nai antistrè-yimo
. Ja de�xoume ìti up�rqei ant�strofo
 grammikì
 metasqhmatismì
 L�1.3



AfoÔ o A e�nai antistrèyimo
, �ewroÔme ton ant�strofo p�naka A�1. Dedomènh
th
 ��sh
 X , up�rqei isomorfismì
� : Hom(V; V ) �! Mn(K):'Estw M o grammikì
 metasqhmatismì
 pou or�zei o A�1, dhlad  �(M) = A�1.Tìte [M ;X ;X ℄ = A�1. Blèpoume ìti[L ÆM ;X ;X ℄ = AA�1 = Inkai [M Æ L;X ;X ℄ = A�1A = In:Dhlad  �(LÆM) = �(M ÆL) = In. 'Omw
 gia thn tautotik  grammik  apeikìnishI : V ! V isqÔei �(I) = In. Kaj¸
 o � e�nai isomorfismì
, oi sqèsei
 �(L ÆM) =�(I) kai �(M Æ L) = �(I) sunep�gwntai L ÆM = M Æ L = I, dhlad  h L èqeiant�strofh grammik  apeikìnish, thn M , kai sunep¸
 e�nai isomorfismì
.
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