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f, g : N → R
>�z fc_EW%T.Y7{}|ET'v~V-W�_aT�d0UcbcTc�-T

O(g)t�P
f ∈ O(g) ⇐⇒ ∃c > 0 ∃n0 ∈ N ∀n ≥ n0, |f(n)| ≤ c|g(n)|.
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\'X-[

g
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f ∈ O(g)
��X

�8YE^ � T.v?V-W f = O(g)
w`\'X-[

f � g
>
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na = O(nb)
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a ≤ b
>

®­³ ¯ O�b
f = O(g)

\'X-[
g = O(h)

_Ef~_EW
f = O(h)

> ´ YEX~�8V-Xc_7[�\'^µv~�.^~Y7Z�T'v7b
d;_xXc��WuYE�aP

c1, c2 > 0
\'X-[ � v?d9[�\'T'[ n1, n2

_E�u_aT'[yT"[9��d+_EW

f(n) ≤ c1g(n)
�0[}X

n ≥ n1

\'X-[
g(n) ≤ c2h(n)

�0[}X
n ≥ n2.z f~_EWQV-W

n0 = max{n1, n2}
\'X-[

c = c1c2

�uZ5T.v?V-W

f(n) ≤ ch(n)
�0[�X

n ≥ n0.
®·¶ ¯ q � V-T"[�X�¸-�-�u�.T.v?V-W�T~_7[9X7b

f1 = O(g)
\'X-[

f2 = O(g)
_Ef~_EW

f1 + f2 = O(g)
>

®º¹ ¯ O�b
f(n) = adn

d + · · · + a1n + a0

V-W
ad > 0

�»_Ef~_EW
f(n) = O(nd)

>Q´ YEX~�'�
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O(nd)
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nd = O(en)
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en ≥ nd/d!
>�� W
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f(n) = O(en)
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n = O(enε
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ε > 0
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Taylor
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ex ≥ xd/d!
�0[}X�\'^c��W

x ≥ 0
\'X-[��8[}X�\"^7�»W � v?d9[�\'f d

>�À [}X
x = nε\'X-[

d = b1/εc + 1
�uZ5T.v?V-W

enε

≥ nεd/d! ≥ n/d!
>�z T �.X~Y7^~R7Wa[ �8V-X�X~v~_Ef
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ε = 1/2
�uZ5T.v?V-W7�

n = O(e
√
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®"! ¯�¾ d0Z5U?Wa[
log n = O(nε)
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ε > 0
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enε

≥
nεd

d!f-�.T.v
d = b1/εc + 1 > 1/ε

�0^?YEX
εd > 1

\'X-[0�aZ�T'v~V-W

enε

≥
nεd

d!
≥ n

�0[}X
n ≥ n0 = b(d!)1/(εd−1)c
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en = O(en/2)
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´ X~Y7Xc_E�?YEw?d+_EW�fc_7[HWx{ bcX-[HREvcbcX~_Ef�bcX�d0v?Vc¸'X-{ b~Wa[
f = O(g)

\"X?[
g = O(f)

�0[}X�REU?T
R7[}X � T.Y7W�_7[�\'�uP°d0vcbcX?Y�_Ew?d0Wa[yP f

\"X?[
g
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f\'X-[
g
�uZ5T.vcb°{}R7[}X`_E^?¼E�`V-Wu�8����T.v?P >

O�b`�8[}X�V.[}X�d0vcbc^?Y�_E�?d0�
f : N → R

v~�.^~Y7Z�Wx[0�.Tc�-v~tHbcv?V.[]\"w�d9v7b~^~YE_E�~d9�
p : N → R_E��_xT'[}X`��d+_EW

f = O(p)
����X`�?�aV-W�f~_7[9�

f
Wa{ bcX-[0�.T7�-v~tHbcv?V.[�\'^ � YEX~�5V-��bc� >
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q � �-T'[©�uZ5T.v?V-W�V.[�X R7[}X?[ed5���~_7[�\'w Xcb7_7{��-��;9� _E�?P���bEb~T'[}X~P�_aT.v X~�?�8f.Y7[y��V-T.v > q s d+_ut
��b~X~P�X~�?�8f.Y7[y��V-T.P

A
�.T.v°�uZ5Wa[8�x[yd0T.R7T�V-w~\'T'v~P

n
>=< �?X~�-REw�_aT��-�-w7�»T.PQ_utHb�d0v?Vc¸'f7�?tHb

�.T.v�Z5YEWa[}^?|ETcb7_aX-[��0[}X _E�cb�\'X~_xXc�8YEX � w�_E�?P°Wx[yd0f.RET'v�Wx{ bcX-[ n >�À [}X �.X~Y7^~R7Wa[ �8V-X��0[�X bcX�8YE^�;9T.v?V-W�_xT7b � v~d�[]\"f�X~Yc[ ��V-f N
d0W�REWu\'X?R7[�\'f`d0U?d+_E�~V-X�Z5YEWx[}X~|7f.V-X?d;_EW

blog10 Nc+1REWu\'X?R7[�\'^>;9� � {}X ? RE�~�?X?REw O(logN)
;�� � {}X >�À [}X`b~X��.X?YEX?d+_Ew~d9T.v?V-W���bcX��.T7�-v~�Hbcv?V-T

¸'Xc��V-T.U
d
V-W
d0vcb7_EWu�-Wud;_EWaP
Xc\"WuYEX-{yT.v?P�V-W�X~�.fc�-vc_E��_7[}V-w�_xT��.T7�-U

N
¼7YEWa[}X?|Ef.V-X?d;_EW

O(d logN)
;�� � {}X >

@ �.Tc�-v~�-�?T.\'f~_E�c_xX�_xT.v�X~�~�8f.Yc[ ��V-T.v
A
Wa{ bcX-["T�X~Yc[ ��V-f.P�_utHbQ¸'�?V-^~_utHb��.T.v�Z5YEWa[}^?|EW �

_aX-[�T�X~�?�5f'Y7[ ��V-T'P��0[�X bcX _EWuY7V-Xc_7{ed0Wa[�\"X?[©R7{ bcW�_xX?[�t�P�d0vcbc^?Y�_E�?d0��_aT.v V-wc\"T.v?P�_E�~P
Wa[ed0f.RET.v >
À [}X��.X?YE^?REWx[ �8V-X"�8X?PSRET'v~V-W�_xT7b`X~�?�8f.Y7[ �»V-T�_E�?PQ�.YEf'd5��Wud9�~P � v~d�[]\'�Hb�X?Y7[y��V?�Hb > O�b
���x[yd0T.RET'P�Wx{ b~X?[;REU?T � v?d9[�\'T'{ a \'X-[ b �rT�X~�?�5f'Y7[ ��V-T'P`�.YET.d8����_EWx[4;9� � {eT��.YET.PA;�� � {yT >z T��-�?wc��T'PA_atHbS¸'�?V-^c_atHb�Wa{ bcX-[

O(max{log a, log b})
>)� � d0Z5T7�.[�\'f.P ¡ �.T7�?�-X~�-�-X~d�[�X?d��V-f.P�X~\'WaYEX-{]tHb

a
\'X-[

b
�uZ5Wa[��.Tc�-v~�-�?T.\'f~_E�c_xX

O(log a log b)
> s �'{yd9Wa[yP���R7[}X-{}YEWud9��V-W
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a
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b
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O(log a log b)
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� v?Z"bc^���X�V-W�_EY7^~V-W�_E�cb��.Tc�-vc�-�-T-\"fc_E�~_xX`W�bcf'P�Xc�?�8f.Y7[y��V-T.v�t�P�X?Y7[y��V-f�\'^~�.T'[�tHb�V-�
d;_xT'[yZ5Wa[�t�R��Hb ¸'�?V-^c_atHb ® � > Z > X?Y7[ ��V-�~_7[�\.�Hb��.YE^?¼EW�tHb ¯u>�À [}X��.X?YE^?REWa[y�5V-X���Xcb��aZ5T.v?V-W
REU?T

m×m
�'{ bcX~\'WuP

A, B ∈ Matm(Z)
�"_Ef~_EW�_xT`^c��YET'[yd9V-X�_xT.v?P�V?�.T'YEWa{'bcX�v~�.T7�-Tc�0[yd��

_EWa{9V-W
m2
�.Y7T.d5���ad0Wa[yP�Xc\"WuYEX-{�tHb > s ^cb�T"[9X~\'�aYEX-[yT'[9�.T.v�WaV � Xcb~{}|ETcb7_xX?[9d;_xT.v?P��'{ bcX~\'WuP

Wa{ bcX-[£\"Xc_ q X~�.f7�-v~_E��_7[}V-w�_xT �.Tc�-U
N
�+_Efc_EW����.Tc�-vc�-�-T-\"fc_E�~_xX�_aT'v�X~�~�8f.Yc[ ��V-T.v Wa{ bcX-[

O(m2 log N)
> � YEWx{ _EW��.YET.d9W�\._7[�\'^��.f.d0WaP��.YET.d8���ud0Wx[yP�\"X?[��.f.d0T.v?P �.T7�?�-X~�-�?X?d9[}X?d��

V-T.U?PQX~\'WuYEX-{�tHb�Z5YEWx[�^?|EWu_aX-[5T��}\.�-X?d9[�\'T.P ¡ X~�?�8f.Y7[ �»V-T.PQ�.T7�?�-X~�-�-X~d�[�X?d0V-T'U��'[ bc^~\.tHb��8[}XbcX�v~�.T7�-Tc�8{ed0Wa[�_aTcb
A · B

>�´ YET.d0�a¼�_EWSf~_7[�X7b
A = (aij)

\'X-[
B = (bij)

\'X-[
|aij| ≤ N\'X-[

|bij| ≤ N
�0[�X

1 ≤ i, j ≤ m
_Ef~_EW�_xX��0[ bcf.V-W�bcX

aikbkj

�.T.v���X�WuV � Xcb~[yd;_xT.Ucb
V?�.T.YEWx{Mb~X��uZ5T.vcb�_7[}V-w���t�P�\'X-[

N2 > < �~�-X~R7w�T'[M�.Y7T.d5���ad0Wa[yP���X�Wa{ bcX-[)V-W�_aX?¼EU�X~Yc[y���V?�Hb�V-Wu�8Xc�-U~_EWuY7T.v�V-W��8����T'v~P > OQvc_Ef�¸'� ¸'X-[�X�REWA��X�W��.�?YEY7Wu^?d0Wa[�_EWu�.[]\"^�_aX��.YE^~�8V-Xc_xX��
X � T.U�_xT�\'f.d+_aT.P�V.[}X?P��.YEf.d5�»Wud0�?P�REU?T�X~\'WuY7X?{�tHb�V-W��8����T'v~P�_aT��.T7�-U N2

Wa{ bcX-[Hd;_xT
O(log N2) = O(log N)
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