
PANEPISTHMIO KRHTHS Qeimerinì ex�mhno 2005-2006Tm ma Majhmatik¸n J. Garefal�khM113 � Grammik  'Algebra ILÔsei Fullad�ou 71. (a') Kat� arq� �lèpoume ìti k(x1; x2)k � 0 kai k(x1; x2k = 0 , (x1; x2) = (0; 0).'Estw a 2 R kai (x1; x2) 2 R2 . Tìteka(x1; x2)k = k(ax1; ax2)k= jax1j+ jax2j= jaj(jx1j+ jx2j)= jajk(x1; x2)k:'Estw x = (x1; x2); y = (y1; y2) 2 R2 . Tìtekx+ yk = k(x1 + y1; x2 + y2)k= jx1 + y1j+ jx2 + y2j� jx1j+ jy1j+ jx2j+ jy2j= k(x1; x2)k+ k(y1; y2)k= kxk + kyk:'Ara h apeikìnish ikanopoie� ta tr�a axi¸mata th nìrma.(�') Gnwr�zoume ìti se èna dianusmatikì q¸ro V me nìrma, gia k�je mh mhdenikìdi�nusma v 2 V isqÔei kvk > 0. Gia thn doje�sa apeikìnish �lèpoume ìtik(�1; 0)k = 0. 'Ara h apeikìnish den e�nai nìrma.2. (a') 'Estw u = (u1; u2); v = (v1; v2); w = (w1; w2) 2 R2 kai a 2 R. Tìte au + v =(au1 + v1; au2 + v2), opìtehau+ v; wi = 2(au1 + v1)w1 + 3(au2 + v2)w2= a(2u1w1 + 3u2w2) + (2v1w1 + 3v2w2)= ahu; wi+ hv; wi;�ra h apeikìnish e�nai grammik  w pro to pr¸to ìrisma. Ep�sh �lèpoumeìti hu; wi = 2u1w1 + 3u2w2 = hw; ui = hw; ui;diìti hu; wi 2 R. Akìmh, hu; ui = 2u21+3u22 � 0 kai hu; ui = 0 , u = (0; 0).'Ara h apeikìnish or�zei eswterikì ginìmeno.1



(�') To di�nusma w = (w1; w2) e�nai k�jeto sto u = (2; 1) an kai mìno anhu; wi = 0 ()2 � 2 � w1 + 3 � 1 � w2 = 0 ()w2 = �43w1:'Ara to di�nusma w = (3;�4), gia par�deigma, e�nai k�jeto sto (2; 1).3. (a') Ja de�xoume ìti gia k�je x; y 2 X kai gia k�je a 2 C , ax+ y 2 X.hax + y; vi = ahx; vi+ hy; vi = 0;diìti x; y 2 X opìte hx; vi = hy; vi = 0. Opìte ax+ y 2 X.(�') Ja de�xoume ìti gia k�je x; y 2 Y kai gia k�je a 2 C , ax + y 2 Y . 'Estwopoiod pote w 2 W . Tìte x; y 2 Y opìte hx; wi = hy; wi = 0. Tìtehax+ y; wi = ahx; wi+ hy; wi = 0:H parap�nw isìthta isqÔei gia k�je w 2 W . Opìte ax + y 2 Y .4. H nìrma pou or�zei to eswterikì ginìmeno e�nai h kxk = phx; xi gia x 2 V . Kat�arq� �lèpoume ìti gia x; y 2 V kai a; b 2 C ,hax + by; ax+ byi = hax; ax + byi+ hby; ax+ byi= ahx; ax + byi+ bhy; ax+ byi= ahax + by; xi+ bhax + by; yi= a(hax; xi + hby; xi) + b(hax; yi+ hby; yi)= a(ahx; xi + bhy; xi) + b(ahx; yi+ bhy; yi)= aahx; xi+ abhx; yi+ bahy; xi+ bbhy; yi= jaj2kxk2 + jbj2kbk2 + abhx; yi+ bahy; xi:Upolog�zoume, kx + yk2 = hx+ y; x+ yi= kxk2 + kyk2 + hx; yi+ hy; xi:'Omoia èqoume kx� yk2 = hx� y; x� yi= kxk2 + kyk2 � hx; yi � hy; xi:'Etsi èqoume kx+ yk2 + kx� yk2 = 2 �kxk2 + kyk2� :2


