
PANEPISTHMIO KRHTHS Qeimerinì ex�mhno 2005-2006Tm ma Majhmatik¸n J. Garefal�khM113 � Grammik  'Algebra ILÔsei Fullad�ou 61. Upolog�zoume to qarakthristikì polu¸numo, p(t) tou A,p(t) = det(A� tI) = �(t3 � 3t� 2):Oi ��ze tou p(t) e�nai oi idiotimè tou A. Blèpoume eÔkola ìti to �1 e�nai ��zatou p(t), opìte diair¸nta to p(t) me to t+ 1 �r�skoumep(t) = �(t + 1)(t2 � t� 2):Oi ��ze tou t2 � t� 2 e�nai oi �1; 2, opìte èqoumep(t) = �(t + 1)2(t� 2):Oi idiotimè e�nai �1 = �1 me algebrik  pollaplìthta 2 kai �2 = 2 me algebrik pollaplìthta 1. Gia na �rroÔme thn gewmetrik  pollaplìthta twn idiotim¸n prè-pei na �roÔme tou ant�stoiqou idiìqwrou kai na upolog�soume ti diast�seitou.Gia thn �1 = �1, ta idiodianÔsmata v = (x; y; z) or�zontai apì th sqèsh (A+I)v =0, dhlad  0� �1 1 0�2 0 �23 1 4 1A0� xyz 1A = 0� 000 1A ()8<: �x + y = 0�2x� 2z = 03x + y + 4z = 0 9=; ()8<: y = �xz = xx 2 R 9=; :'Ara X�1 = h(1;�1; 1)i kai dimX�1 = 1, pou e�nai h gewmetrik  pollaplìthtath �1. 1



Gia thn �2 = 2, ta idiodianÔsmata upolog�zontai w oi mh mhdenikè lÔsei th(A� 2I)v = 0, dhlad 0� �4 1 0�2 �3 �23 1 1 1A0� xyz 1A = 0� 000 1A ()8<: �4x + y = 0�2x� 3y � 2z = 03x+ y + z = 0 9=; ()8<: y = 4xz = �7xx 2 R 9=; :'Ara X�2 = h(1; 4;�7)i kai dimX�2 = 1, pou e�nai h gewmetrik  pollaplìthtath �2.2. O p�naka tou L w pro th ��sh B e�nai oB = 0� �2 1 0�2 3 2a b 1 1A :Jèlw na upolog�sw a; b 2 C tètoia ¸ste oi idiotimè tou B na e�nai oi doje�se. Toqarakthristikì polu¸numo tou B e�nai top(t) = det(B � tI) = �(t3 � 2t2 � (3 + 2b)t+ 4� 2a� 4b:Oi ��ze tou p(t) e�nai akrib¸ oi idiotimè tou B. 'Ara �èlwp(�1) = 0 =) a + b = 2p(1) = 0 =) a + 3b = 0p(2) = 0 =) a + 4b = �1To parap�nw sÔsthma èqei monadik  lÔsh thn a = 3, b = �1.'An w1; w2; w3 e�nai idiodianÔsmata pou antistoiqoÔn sti idiotimè �1, �2 kai �3,tìte xèroume ìti to sÔnolo A = fw1; w2; w3g e�nai grammik� anex�rthto, opìte �ae�nai ��sh tou V . W pro aut  th ��sh, A, o p�naka tou L �a e�nai oA = 0� �1 0 00 �2 00 0 �3 1A = 0� �1 0 00 1 00 0 2 1A :2



'Ara arke� na �rw èna idiodi�nusma gia k�je idiotim .Gia thn �1 = �1 èqw0� �1 1 0�2 4 23 �1 2 1A0� xyz 1A = 0� 000 1A ()8<: �x + y = 0�2x + 4y + 2z = 03x� y + 2z = 0 9=; ()8<: y = xz = �xx 2 C 9=;'Ena idiodi�nusma tou �1 e�nai to w1 me di�nusma suntetagmènwn w pro th ��shB to (1; 1;�1). Gia na to de�te autì parathr ste ìti o B e�nai o p�naka tou L wpro th ��sh B kai B0� 11�1 1A = �10� 11�1 1Aopìte L(w1) = �1 � w1, ìpou w1 = v1 + v2 � v3.'Omoia ergazìmaste gia na �roÔme idiodianÔsmata gia ti �lle dÔo idiotimè.Mpore�te na epalhjeÔsete ìti ta (1; 3;�2), (1; 4;�1) e�nai idiodianÔsmata toup�naka B pou antistoiqoÔn sti idiotimè �2 = 1 kai �3 = 2 opìte ta ant�stoiqaidiodianÔsmata tou L e�nai ta w2 = v1+3v2� 2v3 kai w3 = v1+4v2� v3. W proth ��sh A = fw1; w2; w3g e�dame ìti o p�naka tou L e�nai diag¸nio.3. 'Estw L grammikì telest  tou V me m�a idiotim  � pou èqei gewmetrik  polla-plìthta 2. Tìte o idiìqwro tou � èqei di�stash 2 kai �ra e�nai o V . Opìte giak�je v 2 V èqoume L(v) = �v. 'Estw B = fv1; v2g mia opoiad pote ��sh tou V .Tìte L(v1) = �v1 kai L(v2) = �v2, �ra o p�naka tou L w pro th ��sh B e�nai o� � 00 � � = � � � 1 00 1 � :4. Apì to �e¸rhma twn CayleyHamilton èqoume p(A) = O, dhlad  A2 +A+ I = O.Apì aut  th sqèsh èqoume A2 = �A� I =)A3 = A(�A� I) =)A3 = �A2 � A:Apì th sqèsh A2 + A+ I = O èqoume �A2 � A = I, opìte A3 = I.3


