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1. (a') To di�nusma (x; y; z; w) 2 kerL an kai mìno an8<: x� y = 0x+ y + z = 0y + w = 0 9=; () 8<: y = xz = �2xw = �x 9=;Epomènw, kerL = f(x; x;�2x;�x) : x 2 Kg = h(1; 1;�2;�1)i:Mia ��sh tou kerL e�nai h f(1; 1;�2;�1)g.(�') Gnwr�zoume ìti dimkerL+dim imL = dimR4 , opìte dim imL = 3 kai sunep¸imL = R3 . Mia ��sh tou e�nai h f(1; 0; 0); (0; 1; 0); (0; 0; 1)g.2. JewroÔme th grammik  apeikìnishM : Rn �! Rn(x1; : : : ; xn) 7! (a11x1 + : : :+ a1nxn; : : : ; an1x1 + : : :+ annxn)'Eqoume(x1; : : : ; xn) 2 kerM () (a11x1 + : : :+ a1nxn; : : : ; an1x1 + : : :+ annxn) = (0; : : : ; 0)() 8<: a11x1 + : : :+ a1nxn = 0� � �an1x1 + : : :+ annxn = 0 9=;H M e�nai èna pro èna an kai mìno an kerM = f0g, dhlad  an kai mìno anto parap�nw omogenè sÔsthma èqei monadik  lÔsh thn (0; : : : ; 0). Gnwr�zoumeìti autì sumba�nei an kai mìno an h or�zousa tou p�naka A = (aij)i;j=1;:::;n e�naidi�forh tou mhdenì. 1



Efarmìzoume to parap�nw epiqe�rhma sth grammik  apeikìnishL : R2 �! R2(x; y) 7! (ax+ by; x+ dy):H or�zousa tou p�naka tou sust mato pou prokÔptei e�nai ad�b. 'Ara h L e�naièna pro èna an kai mìno an ad 6= b.3. (a') (x; y; z) 2 kerL () (x� y; y + z; x + z) = (0; 0; 0)() y = x; z = �x'Ara kerL = f(x; x;�x) : x 2 Rg = h(1; 1;�1)i:(�') Gnwr�zoume ìti h eikìna èqei di�stash 2. Ep�sh gnwr�zoume ìti par�getaiapì ta dianÔsmata L(1; 0; 0) = (1; 0; 1), L(0; 1; 0) = (�1; 1; 0), L(0; 0; 1) =(0; 1; 1). Dhlad  imL = h(1; 0; 1); (�1; 1; 0); (0; 1; 1)i. Akìmh �lèpoume ìti(0; 1; 1) = (1; 0; 1)+(�1; 1; 0), opìte imL = h(1; 0; 1); (�1; 1; 0)i kai to sÔnolof(1; 0; 1); (�1; 1; 0)g e�nai mia ��sh th eikìna.(g') 'Estw (x; y; z) 2 kerL \ imL. Tìte up�rqoun a; b;  2 R tètoioi ¸ste(x; y; z) = a(1; 1;�1) = b(1; 0; 1) + (�1; 1; 0)() (a� b + ; a� ;�a� b) = (0; 0; 0)() 8<: a� b +  = 0a�  = 0�a� b = 0 9=;() a = b =  = 0'Ara h tom  èqei mìno to mhdenikì di�nusma.4. 'Estw ìti T 2 = 0. Ja de�xw ìti imT � kerT . 'Estw w 2 imT . Tìte w = T (v)gia k�poio v 2 V . Opìte 0 = T 2(v) = T (T (v)) = T (w), �ra w 2 kerT . OpìteimT � kerT .'Estw ìti imT � kerT . Ja de�xw ìti T 2 = 0. 'Estw v 2 V . Tìte w = T (v) 2 imT ,�ra w 2 kerT . Sunep¸, T 2(v) = T (T (v)) = T (w) = 0. Dhlad  T 2 = 0.
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5. Upojètw ìti kerT \ imT = f0g. Ja de�xw ìti T 2(v) = 0 ) T (v) = 0. 'Estw ìtiT 2(v) = 0. Tìte T (v) 2 kerT , kai �usik� T (v) 2 imT . 'Ara T (v) 2 kerT \ imT =f0g, opìte T (v) = 0.Upojètw ìti T 2(v) = 0 ) T (v) = 0. Ja de�xw ìti kerT \ imT = f0g. 'Estww 2 kerT \ imT . AfoÔ w 2 imT , up�rqei v 2 V tètoio ¸ste w = T (v). Ep�sh,w 2 kerT , �ra T (w) = T (T (v)) = T 2(v) = 0. Autì ìmw sunep�getai apì thnupìjesh ma, ìti T (v) = 0, dhlad  w = 0. 'Ara kerT \ imT = f0g.
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