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ADI METHODS FOR CUBIC SPLINE COLLOCATION
DISCRETIZATIONS OF ELLIPTIC PDEs*

P. TSOMPANOPOULOUT AND E. VAVALIST

Abstract. This paper presents the formulation, analysis, and implementation of alternating
direction implicit (ADI) methods for solving the linear system of algebraic equations that arise from
the discretization of multidimensional linear elliptic partial differential equations (PDEs). The theo-
retical analysis is carried out for a broad class of PDE problems. Numerical experiments confirm the
theoretically determined characteristics of the ADI iterative schemes. The computational effective-
ness of the proposed schemes is shown through a detailed theoretical complexity analysis confirmed
with our experimental data.

Key words. alternating direction implicit methods, collocation methods, elliptic partial differ-
ential equations

AMS subject classifications. 65N35, 65N05, 65F10

PII. S1064827595281794

1. Introduction. Collocation methods based on Hermite splines ([16], [26], [1],
[19], [20]) or cubic splines ([28], [1], [18], [14]) have been proved lately to be very im-
portant and powerful discretization tools for the solution of elliptic partial differential
equations (PDEs). It has been seen that both classes of methods can achieve optimal
order of convergence and increased computational efficiency. A series of papers ([9],
[10], [11], [2], [3]) have been devoted recently to the analysis, implementation, and
performance evaluation of alternating direction implicit (ADI) methods applied to
linear algebraic systems which arise from Hermite cubic collocation discretizations of
elliptic PDEs in two and three dimensions. This study is the first attempt to pro-
pose, analyze, and implement ADI schemes for cubic spline collocation discretizations.
Specifically, we formulate alternating direction implicit spline collocation (ADISC)
methods based on cubic spline piecewise polynomials for approximating the solution
u of the second-order elliptic PDE

9%

(1a) LUE;aia—m% +yu=f in Q,

subject to Dirichlet boundary conditions, where ) = Hle ®][a;, b;] is a rectangular
domain in R*¥ and a;(< 0), y(> 0), f, and g are functions of k variables. Although
the formulation and the implementation of the proposed ADISC schemes are given for
the above general PDE problem, we carry out most of the convergence analysis only
for the three-dimensional Helmholtz problem, with Dirichlet boundary conditions and
constant coefficients, that is,

°L 0%
(1b) Luzzw+’yu:f in Q,

i=1
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(2b) u=g on ON.

The two-dimensional ADISC case can be treated similarly and it will not be presented
here.

The rest of this paper is organized as follows. The derivation of the ADI schemes
associated with the linear algebraic system of equations which arises from cubic spline
collocation discretization schemes is given in section 2 where the convergence analysis
and the complexity analysis of the proposed ADISC methods are also presented.
The results of our extensive numerical experiments are given in section 3. Section 4
contains a summary of our results and some concluding remarks.

2. ADISC methods.

2.1. Cubic spline collocation methods. For a detailed formulation and anal-
ysis of the cubic spline collocation method in two or more dimensions the reader is
referred to [18] and [29]. Next, we briefly describe how to derive the associated linear
system of algebraic equations.

We start by discretizing uniformly each interval [a;, b;],4 = 1,. .., k, to obtain the
extended uniform partition of [a;, b;]

A; = {Tg’ =a;+0lh;; L=—1,...,N, + 1 with h; = blN‘“Z}.
Then A = Hle ®A; is the induced uniform partition of the domain €2. We denote
by S3.a, = P3.a, NC?([a;, b;]) the space of the one-dimensional splines defined by the
partition A; of [a;,b;]. The basis elements of the space of the k-dimensional splines
S3,a are obtained by taking the tensor product of the basis Bé of the one-dimensional
splines S5 a; (see [18]). The cubic spline collocation approximate ua € S5 A can then
be represented as

Ni+1 Na+1 Ni+1

(3) ua(x)= > > o > Untyt, Bi, (21) B, (w2) - - BE (),

li=—10s=—1 lr=—1

where x = (z1, z2,..., k) is a point in A and where Uy, ¢,...p, (with ¢; = —1,...  N;+
1,i=1,...,k) are the unknown spline collocation coefficients. In order to determine
these Hle(Ni + 3) unknowns we require ua to satisfy the PDE (1) at all points
in A and the boundary conditions (2b) at all boundary points A N 9. Using well-
known results from the spline-interpolation theory ([22]) it can be easily seen that the
solution u of the PDE problem satisfies the collocation equations within an error of
order O(h?). In order to obtain an optimal ( O(h?) ) spline approximation ua of u we
force it to satisfy the perturbed PDE L'u = f where the operator L’ is a perturbation
of the operator L in (1) and can be obtained by replacing, for i = 1,... k,

ul [0 o
ox? | Y 12 ox?| - ox?|,  0x?| .|’

where x~,x, and xT are grid points in A consecutive in the i-direction.

For both O(h?) and O(h*) collocation schemes for the PDE problem defined by
(1a), the collocation equations obtained from the boundary conditions and from the
differential equation at the end points of each line can be uncoupled. The reader
is referred to [18] and [29] to check how such an uncoupling can be achieved. The
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FiG. 1. The three-dimensional coefficient stencil of the O(h?) collocation equations at points
away from the boundary.

collocation equations away (2 < £ < N; — 2) from the boundary can be presented,
for the three-dimensional Poisson equation, in the form of stencils. The stencils as-
sociated with the O(h?) scheme and with the O(h?*) scheme are given in Figures 1
and 2, respectively. The value of each entry in these stencils is the coefficient of the
corresponding unknown. All entries in the O(h?) stencil have been multiplied by a
factor of — 5+, and all entries in the O(h*) stencil have been multiplied by a fac-
tor of —@. For lines next to the boundary, the equations have similar form with
appropriately modified right sides (see [14]).

From the above discussion, the assumed representation (3) of ua, and the nature
of the B-spline basis functions, we conclude ([18], [29]) that the interior collocation
equations can be written in the form

k
(4) ZAZ»U =F, A, € REXK

i=1

where I = Hle(Ni — 1) and where (for the Poisson equation)

i1 1
. 1 , A\
(5) A= | []ory ® s © Il oz |.i=1.....K
j=k ¢ Jj=i—1
, T? second-order scheme ,
: v -2 . ) - L
with £ = { 1—12Tf0T12 fourth-order scheme, T = tridiag(l, 1)

and T € RWNi=Dx(Ni=1) " The right-hand-side vector F holds the associated values of
the right-hand-side function f of the PDE and contains the effect of the elimination
of the “boundary” unknowns.
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FiG. 2. The three-dimensional coefficient stencil of the O(h*) collocation equations at points
away from the boundary.

2.2. Derivation. The collocation linear system of coefficients (4) can be solved
by several direct and iterative solvers (see [18], and [17] for the two-dimensional case,
and [14] for the k-dimensional one). Our first ADISC method® associated with the
linear system (4), obtained by generalizing the approach found in [7], can be described
by the following recurrence relation:

IFor a detailed introduction to the theory of tensor products (Kronecker products) of matrices,
the first usage of this theory for the analysis of PDEs, and the efficient computer manipulation of
tensor products, the reader is referred to [15], [23], and [4], respectively.
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Given a guess U iterate for s =0, 1,...

(6) (A) + 1o D)UCSHYR = (A} 47\ D) —w Z A; | U® 4 WF,

i=1
(7) (A] + 7"3+1D) U(S+j/k) = AjU(s+(j_1)/k) + 7as-‘rll).[J-(S)a ] = 27 RS ka
where D = 67 }:k (X)TZ7 re+1,s = 0,1,..., are positive parameters to accelerate the
convergence and w is a relaxation parameter. It should be pointed out that for w = 1
our scheme reduces to the so-called Douglas—Rachford scheme [8] and for w = 2 it
reduces to the Douglas scheme [7]. The above ADISC scheme can be written in the
following matrix form:

—1
(8) UCH) = M, U 4 bl H( —1A,»+I> F)

Ts+1

where the iteration matrix M, ,, . is given by

1

—1 k
(9) My w=1-w ! H( ! D1A1-+I> (ZDUL-).
i=1

Ts4+1 i—k Ts+1

In an effort to increase the per iteration efficiency of the above-described ADISC
scheme we express all the tridiagonal matrices T involved in terms of the associated
identity matrix I and the tridiagonal matrix 7%,. Substituting these expressions in
(4), the O(h?) interior collocation equations are now given (for the Poisson equation)
in the form

(10) ZX +ZZHU -

1=2 j=1
with
1 it+1 1 i
Xi=-m | [[el|eThe | [ e | and Hj =505,
j=k Jj=i—1

where Cj; is a tensor product of k matrices, where i of them are 7" , and the remaining
k — i of them are identity matrices. The above form of the linear system naturally
leads us to our second ADISC scheme given by the following recurrence relation:

k k()
reprl 4+ X)) UCHYR = (r T+ X)) UG —w X; + Hy; | U®4wF,
J
i=1 i=2 j=1

(11)
(12) (resad + X;) USH/R) = UgGtE-0/0) L x, U | j=2 .k,

which in matrix form is given by

1

(13) U+l — M, .U (s) _|_7“s+1w (H (7"8+1I—|—Xi)_1> F
1=k
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and where the associated iteration matrix is

1 -1 B k() 1
(14) MT5+1,w=1—w<H(I+ Xi> ) Z Xi—&-zz Hi | .

T T
i=k i—1 st i=2 j—1  5T1

Ts+1

The new scheme is closer to the ADI scheme associated with the five-point star dis-
cretization method as far as matrix inversions are concerned [23]. It has been observed
([24]) that ADI formulations like (11)—(12) may lead to an increased accuracy. The
analysis of this phenomenon is beyond the scope of this study and it will not be
presented here. Therefore, in this study we will only consider the O(h?) version of
(11)—(12). In what follows we will call the ADI method defined by the relations (6)—(7)
ADISCI1 and call the one defined by the relations (11)—(12) ADISC2.

2.3. Complexity analysis. For our analysis and implementation we naturally
represent the individual matrix factors of a tensor product as separate matrices stored
in Fortran fashion as two-dimensional arrays while it is computationally convenient
to represent the vectors as k-dimensional arrays. We have the following definition for
such an array and its transpose.

DEFINITION 2.1. Let x be a vector of order Hle N;, where N; e Njo=1,... k.
We define the Ny Ny - - - Ni, k-multidimensional matriz representation X = {Xi, 45 ix |

of x by
Xy iz, = Xiy+ Ny (i2—14+ N2 (is— 1+ +Np—1(ie—1)+))>

where i; =1,...,N;, j=1,... k.
DEFINITION 2.2. Let X be a k-multidimensional matriz of order Hle N;. Then
XT is a k-multidimensional matriz of order Hf:z N; x Ny such that

T _
Xl2,lg - Xl1=l21~»-7lk’

yeeeslisla

wherel; =1,...,N;, i=1,... k.

For the implementation of the ADI schemes we need efficient procedures for com-
puting matrix-times-vector operations of the tensor product form (Hf=1 ®A;)x and
for solving systems of linear equations given in the following tensor product form:

(15) <f[ ®Ai> X = B.

i=k

These procedures should use only the factors A; and avoid explicitly forming the
matrix A = Hle ®A;. Using the above definitions, the following theorem (its proof,
given in [29], is a simple generalization of the analysis found in [4] for the k = 2 case)
gives us such efficient procedures which only involve the matrices A;, X, and B.

THEOREM 2.3. Let A; be matrices of order N; x N;,i = 1,...k, let x be a
vector of order Hle N;, let X be its k-multidimensional matriz representation of
order Ny --- Nip_1Ng, let B be k-multidimensional matrices of order Ny -+ Nx_1 Ny,
and consider the linear system (Hil:k ®A;)X = B. Then we have that

w  (Mon)e= (1 (30 Comnmry))

i=k
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(17) ((]jc ®Ai> X)T = <A1 ® (11 ®Ai>> X7,

and that if A;l exists fori=1,...,k and if
MY, =B, AY, =Y AY, =YL, .. AY =Y,

then X =Y.

It is worthwhile to point out that while the first and third parts of this theorem
give us efficient ways for computing the matrix—vector product and for solving linear
systems of equations of the form (15), respectively, the second one gives us the ability
to switch the order of the terms in a tensor product. Instead of solving linear systems
of the form

m—+1 1
(18) ((H@I)@Am@( 11 ®I>>XB,
i=k i=m—1

this allows us to use existing numerical software to compute the solution of the equiv-
alent, in view of the above theorem, linear system

m—1 times m—1 times

(19) << f[ ®I>®<ﬂﬁl®l>®,4m>x 7T _g 77

% i=k

In order to compare the efficiency of our ADI algorithms we estimate, in the fol-
lowing lemma (its proof based on the above theorem is simple and can be found in
[29]), the computer work by computing the so-called operation counts in the tradi-
tional manner by counting only floating-point operations.

LEMMA 2.4. Let A;, i = 1,...,k, be matrices of order N; x N; and let X and B
be k-multidimensional matrices of order IC = N1 Ny --- Ni. Then the computer work
required to

o compute (ApRA;_1®---®A1)B isK Ele(ZNi—l) and reduces to 4K Ele M;
when the A;’s are banded matrices with respective bandwidths M;;

o solve the linear system (15) using Gauss elimination with partial pivoting is
2AKSE | N+ N3/3) and reduces to 2(3K 3, M+3F_ | M2N;) when
the A;’s are banded matrices with respective bandwidths M;.

To clearly observe the significant difference in the efficiency we mark that for
matrices A;, X, B given as above, where now N; = N and M; = M fori =1,...,k,
the work to solve the linear system (15) reduces from 2((M? + 3M)N*) when the
tensor product Hllzk ®A; is expanded to 2k(3M N* + M?N) when the above theorem
is used.

The procedures described above are not only time efficient but also memory ef-
ficient. Using simple calculations we can obtain Table 1 which shows the amount of
memory required to store the data by using the data structures described at the be-
ginning of this section (in the second row) and by storing Hzlz r ®A; expanded (in the
third row). As we see, the usage of tensor products can significantly reduce the com-
puter memory required to store Hllz i ®A;. This is particularly important for solving
three- (or more) dimensional problems for which memory can easily be exhausted
even on modern computers.
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TABLE 1
Memory requirements for storing Hle RA;.

Memory
Storage format Full Band
(Ap®---® A1) LA NZ | 2%, MiN;
expand Hzlzk ®A; Hf:1 Ni2 2M1Ny H?:z Ni2

TABLE 2
Work to sweep the first direction of ADISCI.

Work
Procedure +,— *

Wi : =D+ ’I”s+1A1 3(N1 — 1) 3(N1 — 1)
Ul = AU 2kK 2kK
yi=yk v (2K + k- 1)K 2k2KC

R :=WiU®) —0Y +wF 2(k + 1)K 2(k + 1)K

Solve W U(s+1/k) = R kK + Xk N; kK + Yk N;
Total (22 + 6k + 1)KC+ (22 + 5k + 2)KC+
3Nt =D+ N | 3 D)+ N

TABLE 3
Work to sweep the last k — 1 directions of ADISC1.

‘Work
Procedure +,— *
Wi =D + 7‘5+1Ai 3(Nz - 1) 3(N,L - 1)
Yy := DUsHE=1)/k) 2kKC 2kKC
Yo := A;U®) 2kK 2kK
Y =Y +rs1Yo K K
Solve WU (sti/k) =y 3kK + 35, N, 3kK + 35 N,
Total (7Tk + 1)K+ (7k + 1)K+
B(N; — 1)+ X h_y Nj | 3(Ni — 1)+ X5_, N,

Based on the above complexity results it is easy to calculate the per iteration work
involved in the two O(h?) ADISC schemes derived in the previous section. This way, a
detailed arithmetic count for the sweep of our schemes in the first direction (relations
(6) and (11)) is presented in Tables 2 and 4, respectively, while the arithmetic count in
the other directions (associated with relations (7) and (12)) are presented in Tables 3
and 5. We can calculate the total number of additions (034) and multiplications (OJM )
for our ADISCj j = 1,2 scheme by multiplying the last rows in Tables 3 and 5, by
k — 1 and adding them to the last rows in Tables 2 and 4, respectively.

To compare the per iteration complexity of our two schemes we need to compare
the overall total work required. Assuming that the time to perform (by the CPU) a
multiplication is twice the time to perform an addition, we calculate the quantities
0; = 034 —1—20.5\/[, j = 1,2, which correspond to the CPU time needed for the ADISC1
and ADISC2 schemes to perform an iteration, respectively. In Figure 3 we plot the
: 01—0s (__ 27k% —2% (3k+1)—25k—4 . . . .
quantity 100=5 (=100 SE(3k-+1) 123k 12 ) in the y-axis versus the dimension k
of the PDE problem. As depicted the ADISC?2 iterative method is, per iteration, more
efficient than the ADISC1 one when {2 is a k-dimensional domain for k = 2,3,4, and 5
achieving its maximum relative efficiency, of approximately 55%, for three-dimensional
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TABLE 4

Work to sweep the first direction of ADISC2.

Work
Procedure +,— *

Z1 = TS+1[+X1 3(N1 — 1) 3(N1 — 1)
Ul = x,u® 2K 2K
V= HiU(s) 2k 2K

ELUO b SOV —v | @bk s kDK | 28+ 2kK
R:=Z1U®) —wV +wF 4K 4K
Solve Z U (s+1/k) = R 3K+ Ny 3K + N1
Total CFE+D+E+6)K | (RF+2)k+ 7K
+4N1 — 3 +4N1 — 3
TABLE 5
Work to sweep the last k — 1 directions of ADISC2.
Work
Procedure +,— *
Zi = Ts+1] + X,j 3(Nl - 1) 3(]\[1 - 1)
Yy = XU 2K 2K
Y = Ts+1 U(S+(i71)/k) +Y: I K
Solve Z;U(sti/k) =y 3K+ N; 3K+ N;
Total 6K +4N; —3 | 6K +4N; —3

Relative
Efficiency % 5

40

0,_

20

10

Dimensions

F1a. 3. Efficiency improvement (percent).

Uty =, UG 4G,

[
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problems. In more than five dimensions ADISC1 seems to win, increasing its relative
efficiency as k increases.

2.4. Convergence analysis. In this section we present our theoretical results
concerning the convergence analysis of the proposed ADISC methods. Although the
analysis can be carried out for the generalized Helmholtz PDE problem (i.e., a; =
1,i=1,...,k) (Ib)—=(2b), for simplicity in the presentation, we consider the Poisson
PDE equation (i.e., v = 0). Recall that our two ADI methods for solving the interior
collocation equation can be written in the form
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where the iteration matrix M, ., . is given by relations (9) and (14) for the ADISC1
and ADISC2 methods, respectively. We start our analysis by giving below analytic
expressions of the eigenvalues of these iteration matrices.

LEMMA 2.5. The eigenvalues v of the iteration matriz M, , . defined by the
relation (9) for the ADISC1 scheme and by (14) for the ADISC2 scheme are given by

ai“i)

k
Zi:l r;+1 +C

k 541:)
e, (25 4

with £ = (b1,...,0), & =1,...,N; — 1, where

(21) v=v¥=1-w

(€;)
el for ADISC1  O(h?),
@) _ ) Nz (0
(22) ol =8 TNNTN) s O(h),
2(A§‘”+6
—N2A) for ADISC2  O(h?),

) .o f Ui
2 i) — Yy
(23) A; sin (2Ni> )

and C =0 for the ADISC1 scheme and

Eooy W o2k
C = Z J H plid) \(m)
i—1 mm
i—2 s+l G4 60 ms
for the ADISC2 scheme with
(i) 1 if there is T_o at the position m of the matriz H;;,
Pm” = ﬁ if there is I at the position m of the matriz H;;.

Proof. Tt is known ([14]) that the eigenvalues /\5&) of the matrix 7%, € RN:xN:
are given by the relation (23). It is easy to see that all the matrices T € RV*N,
T! = tridiag(1,a,1), a € R, have a common set of linearly independent eigenvectors

and that the eigenvalues of the matrix T} are given by (a + 2) + )\Em. Relations (21)
and (22) can be now easily obtained by applying Lemma 3.5 in [13] to the iteration
matrices given by (9) and (14). |

Denote now the error at the sth iteration by E(®) = U — U®), where U and U®)

are the coefficients of ua and uf) in (3), respectively. Then from (20) we have that

g6+ M., JE®).
We can expand the error E(*) in terms of the eigenvectors Pi;,J =1,...,k, of D714,

or of X; (see Lemma 3.5 in [13]) and use the above to get

Ni—1  Np—1
ECTD = Z Vigooin(Ts+1) Biy i Piy © -+ ® Py,
1

i1=1 =
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where v;, i, (rs+1) are the eigenvalues of the iteration matrix given by Lemma 2.5.
Thus we have

N1—1 Nkfl S

(24) E® =" > ATl r)| BirisPiy @ - @ iy
=0

i1=1 ip=1

For the ADISC1 scheme (the ADISC2 scheme can be treated similarly) we use relation
(24), Lemma 3.5 in [13], and the fact that the function

k
N
g(z1,...,zk) = kzlfl :

[Tici (@i +1) -

is always negative to obtain our first convergence result.

THEOREM 2.6. For any given set of positive acceleration parameters rsi1,s =
0,1,..., and 0 < w < 2, the proposed iterative methods ADISC1 and ADISC2 converge
from any initial guess.

For the rest of this section we restrict ourselves in three dimensions since most of
our results cannot be easily extended to more dimensions. Without loss of generality,
and for simplicity in the presentation only, we will assume that we have a uniform
discretization grid of equal spacing in all dimensions (i.e., N; = N,i = 1,2, 3).

It is worthwhile to note that the ADISC1 iterative method can be exact (except
for round-off) in a number of iterations equal to the number of unknowns. This
can be easily seen by observing that v;, ;, :,(rs) is a fraction whose numerator is a
cubic polynomial in r; which has a real root r;,;,;, for which the denominator does not
vanish. Therefore, E(*) can be made zero in (N —1)3 iterations by setting 7y = 74,45,
s=1,...,(N=1)3 andi; =1,...,(N—1),j=1,2,3.

If the number of iterations s required is known in advance, one can determine
the optimum values for the sequence of iteration parameters rs by solving a minimax
problem. This minimax problem becomes a whole sequence of such problems since in
practice we very rarely know s in advance. Our objective here is to choose a sequence
of “good” acceleration parameters r; that will reduce the number of iterations required
to produce a satisfactory approximation to the solution. We will do that, following
the methodology found in [7], for the Douglas scheme, i.e., we set w = 2.

We start by letting for j =1,2,3

12 sin2 47
25 = /(=1,2,... d ¢ =— 2N =1,... N—1
( ) C@ Tgh,27 » < ) an 52] 372Sin2% J ) ’

Then we have that

Ce&iy + Ce&iy + Cois
1+ C@fn)(l + Céflz)(l + Cffi?,) ‘

We would like to find a sequence {¢©}, £ =1,..., P, such that p < C(e)@-j < v for
every { for at least one j. p and v are parameters that will be determined later on.

Since & = SR and én_1 ~ 1 we define €1 = ¢ and the sequence {¢(9), (0}

“Sain? &
3—2sin® 3

such that

(26) Viy ia is (T@) =1- 2(

C(f)g(f) — 4 and C(@)g(f-i-l) S
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from which we have for / =1,..., P — 1 that

pN -1 3 — 2sin?
(27) 0=y (;) TLW
2N
and
-1 2 0T
14 SN 577
9 o= (2) A
o’ 3 —2s8in” 5%

for which p < (¢ < v for every & such that £ < ¢ < £+ We stop generating
terms when we cross one, i.e., when ¢(PT1 ~ 1 ~ £y_1, and thus we have that

3 — 2sin® %
(29) P =log™" (”) log | 2o 2N |
o’ sin® 55

Using the expressions for ¢y in (25) and (27) we obtain the following expression for
the acceleration parameters:

12N2 [\ sin? X
(30) ry = . (:) 3 ot m 2N s=1,...,P

We proceed by stating two lemmas found in [7].
LEMMA 2.7. Let

2(a+b+c)
14+a)(1+b)(1+c)

(31) p=pla,byc)=1- (
and

plyiv) = max{lpla b,) : (4 < a < ;0 < be< ] or
[0 <b<v;0<a,c<v] or [u<e<y;0<a,b< v}

Then if p<1<v

. 6v 20
32 V) = 1- ,1— .
(32) planv) = max |1 = o1 -

LEMMA 2.8. Let v > 1 and

3v(1+v)=3 3v
33 = = .
(33) T30 +0)  1-32+ 08
then
6v 20
34 ) =1— —" =1-—

If we denote by R, the operator which maps E(©) to E¢*D  then we easily see
from (24) that its Lo-norm is

(35) IRl = max | ] visia (75)
|
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From Lemmas 2.7 and 2.8 we have that if we iterate P times using the parameters
given in (30) we have

|Bp[l < plp,v),

and if we iterate mP times using the parameters in (30) cyclically (i.e., "mpie = 7o,
m =1,2,...) we have that

[Bmpll < 9™ (1, v)-
If we now want to have ||R,,p|| =~ € we get
. loge
" Tog (i, v)
and therefore

2
—logelog (%)

log (ﬁ(uw))llogw(z) |

(36) mP ~

Assuming (for our convenience) that y satisfies (33) and evaluating the denominator
of relation (36) for v = 1(.01)2 we find that the number of iterations mP is minimized
for v = 1.78 and p = 0.33. We can summarize the above discussion (the O(h*) case
can be treated in a similar way) in the following theorem.

THEOREM 2.9. If the acceleration parameters vy are selected as

2 s—1 sin? X .
12N° (v Ly . in the O(h?) case
_ % N 3—2sin® 75 ? -1 P
Ts SN2 s—1 sin? LN(?)—sinQ LN) 4 s=1,..., I,
v Pl Pl :
T (u) 6—4sin? A in the O(h?) case,

(37)
and used cyclically, i.e., ripys = 15, + = 1,2,..., s = 0,...,P — 1, the ADISC1
iterative methods with w = 2 will reduce the initial error E©) by a preassigned factor

of € in mP iterations where m ~= {255
og .5

0.591og (M) in the O(h?) case,

sin? N
(38) P~ 6—4sin® % . 4
0.591og (WWJV)) in the O(h*) case.

In order to further increase the efficiency of our ADISC1 scheme we would like to
find a value of w for which either the asymptotic rate of convergence is a maximum
or the number of calculations needed to reduce the norm of the matrix operator
that maps the error vector E(9) to the error vector E(®), ||R,||, below a preassigned
tolerance is a minimum. We will follow the latter approach and the techniques found

n [12]. Recall that the eigenvalues of the ADISC1 iteration matrix are given by

a+b+c
(1+a)(1+0)(1+c¢)’

where a = (&, b= (e&i,, and ¢ = (o€, with ¢, and &;; given by (25). We decide to
use as acceleration parameters r the ones obtained above for w = 2. Thus we replace,
for £ = 1,...,n0, (ng = P) the ¢, by ¢\¥) that are given in (27). So if we iterate ng

(39) p=pla,bc)=v=1-w
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times with any triple (a,b,¢) such that a > b > ¢, then there exists n* € {1,...,no}
for which one of the following is satisfied:

(40) WS Gpe SV, tﬂﬁbn*,cn*ﬁw
(41) TS by < v, tp < apr,Cpr SV,
(42) 1< e S vyt < ane by <
with

2 T Al T
_6tan N 4sin N
- 2 T
6 — 4sin N

(43)
For n # n* the considered triple does not satisfy any of (40), (41), and (42) anymore.
Instead, we have

(44) t < ap,bp,cn <t 1w

By simply taking derivatives and following an elementary but tedious analysis we
can prove the following lemma.

LEMMA 2.10. Let t be given by relation (43), f = f(a,b,c) = %,

fmaz = max{f(a,b,c) for a,b,c that satisfy (44)},

fraw = max {f(a,b,c) for a,b,c that satisfy one of (40), (41), and (42)},
and
i = min{f(a,b,c) for a,b,c that satisfy one of (40), (41), and (42)}.

Then we have

2p+t~
45 maxr — )
(45) Tmes = T g2 (1 + 1)
2p+v
46 LR N
(46) Jmae = T2+ )
and
N . w2t 3v }
47 L= , .
47) min mm{(1+tu)2(1+u) TEPIE

We are now in a position to determine the optimum value of w as function of IV,
1, and v as follows. From (39) we observe that the possible range of w is limited by
the fact that we must have |p| < 1. So for triples a,b, ¢ that satisfy the inequality
(44) we have —1 < 1 —wf < 1 from which we have that

(48) 0<w<

fmaw
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With w in the above range we can easily verify that |p| < 1 for any triple (a, b, ¢) that
satisfies one of the inequalities (40), (41), and (42). For convenience we take

(49) w2t 1
A+ (rm  Atrvp
We can now easily see that for optimality we must have 1 —wf’ . =— (1 —wfX,..),
that is,
2
(50) w=

* * :
min + fmam

To conclude, we consider the following two cases for wqp::
o If fi - < fjw and if we choose wyp as in relation (50) which also
satisfies (48), then |p| <1 — wopt frim = (1, V).

o If 7 if* > 7 and for wep; in the range defined by (48) we have that

1- woptf:nn < - (1 - woptf:;mx)v thus we have again |P| < p(ﬂa V)'
So by choosing

2 2
(51) Wopt = min{ , }

min + f;;Lam ) fmafc

we have |p| <1 — woptfrrin-

Going back to (49), we can see that function y(v) = (IJ‘%)J decreases for v > 1
and so we have y(v) < y(1) = 3/8 for v > 1. Thus to find the optimum pair of (u,v),
which minimizes the total number of iterations, we search among the pairs (u, v) that

satisfy (47), 0 < pu <1, and

w4 2tp

VAL R}
(I+tp) (L+p) — 8

and maximize the function log p (i, 1/)_1 log (1/v). Notice that since 0 < f7,,, < 3/8
and we want 0 < 1 —wf? . < 1, the desired inequality is equivalent to 0 < 1—2w < 1
or 0 <w< %.

2.5. More general PDE operators. The problem of selecting the acceleration
parameters r; of the proposed ADI iterative schemes for more general than Helmholtz
PDE operators is obviously very important. The assumption of commutativity, while
necessary for our analysis presented in the previous sections, is rarely satisfied in prac-
tice. Fortunately, as observed by the authors and others the acceleration parameters
based on the commutative assumption have worked well in a variety of problems.
In particular Young and Ehrlich in [31] indicated how successful such ADI methods
could be, even when it is apparent that the commutativity theory on which the se-
lection of parameters was based do not hold, while Pearcy in [25] has shown that
we can always get convergence for any given problem if we choose the cycle length
m sufficiently large, have a mild restriction on the size of iterative parameters, and
use them in certain order. Furthermore, some preliminary studies have shown to us
that the noncommutative case associated with a general self-adjoint PDE operator
can be treated for our ADISC scheme in a way similar to the one found in [30] for the
five-point star ADI scheme, but this is beyond the scope of the present study.
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In this section we address the problem of theoretically selecting the acceleration
parameters r; of the ADISCI iterative scheme for more general than Helmholtz op-
erators and specifically the following PDE operator:

i 0?%u
(52) Z—ai—Q =f in Q,
i=1 O

where a;(> 0) are functions of x; and f is a function of k variables. Following the
procedure presented in the previous section (see also [29]), one can easily see that
the matrices &; involved in the interior collocation equations are given for the PDE
operator (52) by

(53) & =TT AT with A; = diag(as;),

where Qi = ai((xj_l —|—.T,‘J)/2),j =1,...,N;+1, and

-1 1

L (et
The ADISC1 scheme which is defined by the recurrence relations (6)—(7) can be
expressed in the equivalent form

( L B+ 1) WsH1/2) = (ﬁB1 + 1) W —wSh L BWE 4 uD/2F,

Ts+1 j=1 Ts+1

(54)

Ts41

( 1 Bﬂrl) WD) = L B W) 4 W+ for =2k
Ts+1 ) s vy

where B; = D-Y24,D'? i = 1,...,k, and where W) = DV2U®G) s = 1,2,....
The iteration matrix associated with the above scheme is given in the form

1

(55) My w=1-w ! H< ! Bi+I)_1 (iBZ).

Ts+1 i—k Ts+1

To derive the spectral radius of the above ADISCI1 iteration matrix we first obtain
expressions for the eigenvalues of the matrices B;. For this we denote with \? an
eigenvalue of the matrix B; and with ¢ = ¢F @ - - - @ ¢! the associated eigenvector; we
observe that

1 1
(56) XN=No,¢) = | B [[o¢, ][ ¢’
j=k j=k

Therefore we have that

i+l 1
. , N , IR DI
N =T (A61,67) o T )P with 6 = 2775712
j=k

J=i—-1
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from which we easily get
1

(57) A< max ai(@)|¢'1F T 11671

T 0<z<1 . -
J=k,j#i
Also we see that

16712 = (T-46, — 5 T-2T-49) < 75p(—T_2) (T 16", ¢%) < p(—T-2) p (T3 ") I|67]%

If we assume, without loss of generality, that ||¢/|| = 1, j = 1,...,k, and use the
analytic expressions for the eigenvalues of the tridiagonal matrices involved we obtain
the right-hand-side of the inequality below:

1 ] 2sin? 21’{& ; 1 2 cos TN,
h? 02221{%(96)}3 — 2sin? e SAs h2 0<z<1 3 —2cos? 55

(58)
while its left side can be found in a similar way. Therefore, although analytic expres-
sions for the eigenvalues of the matrices B;,7 = 1,...,k, cannot be obtained, we have
successfully computed sharp bounds for the spectral radii of the matrices B;’s. From
this point on, the analysis is almost identical with that in the previous section but
rather tedious and complicated and will not be presented here. The outcome of this
analysis can be summarized in the following theorem.

THEOREM 2.11. A “good” choice for the acceleration parameters rs of the O(h?)
ADISC1 scheme associated with the PDE operator (52) is the following:

2N?2 sl sin? S~
(59) rs=— Y min  {a;(x)} 2N s=1,...,P
1 i 0<z<1,1<i<k 3 — 2sin” 5

and used cyclically, i.e., ripys = 15, @ = 1,2,..., s = 0,...,P — 1, the ADISC1
iterative methods with w = 2 will reduce the initial error E(©) by a preassigned factor

_ . . 1
of € in mP iterations where m ~ 1§ggg5 and

=L L, x>

(60) P~ 0.59log <3 — 2sin” 55 maXoswgJSigk{ai(ﬂU)})
~ 0. -
S

3. Numerical experiments. In this section we present the results of our nu-
merical experiments obtained for the O(h?) and the O(h*) ADISCI iterative methods.
Our computer implementation of these ADISC1 methods uses software components
available to us through BLAS ([21], [6]) and LINPACK ([5]) and is based on algo-
rithms for the basic tensor product operations proposed in [4]. Our codes perform very
few floating-point operations outside BLAS and LINPACK. For the discretization of
the PDE domain © we have used a uniform, equal in all dimensions, discretization
with grid spacing h. As an initial guess we have used the zero function. We stop the
iterations of our ADISC schemes when we obtain three significant digits correct in the
max-norm of the relative error or when the max-norm of the difference of two suc-
cessive iterations (|[UGTY —U®)|| ) is less than 1077, All experiments presented in
this section have been performed in double precision Fortran on a CONVEX C-3420
configured with 128Mb RAM and all CPU times reported are in seconds.
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For our experimental study we have considered three PDE model problems defined
by the following PDE equations:
PDE 1: The Poisson equation

uwz+uyy+uzz :f
PDE 2: The generalized Helmholtz equation
umm+uyy+uzz_’7u:f

with y(z,y, z) = 100 + cos(2mz) + sin(37y) + cos(wz).
PDE 3: The general elliptic equation

(1 + 2H)uge + e¥ tuyy + (34 sin®(72))uz, +yu = f

with v(z, y, 2) = €** cos(3mz) +y> — 2y +sin(nz) cos(27z) on the unit cube with homo-
geneous Dirichlet boundary conditions. The right-hand-side function f was selected
so that the true solution of PDE 1 and PDE 3 is

u(z,y,z) = 106I+y+2(x2 - x)(y2 — y)(z2 —2)
and the true solution of PDE 2 is

L - o.5> ,
L+ (4(r(z) +7(y) +7(2)))

where c(t) 1= 5.4 — cos(4rt), s(t) := sin(rt), and 7(t) = (¢t — .5)%. As we easily see
all solutions are analytic with the one associated with the model problem PDE 2 (a
problem from stratospheric physics [27]) being oscillatory. All the experimental data
presented in this section were obtained using as acceleration parameters ry and as
cycle length m the ones determined by using Theorem 2.9 for PDE 1 and PDE 2 and
by using Theorem 2.11 for PDE 3.

In Table 6 we present our results for the O(h?) scheme. Specifically we present
the following for different numbers of discretization points N (N = 5(5)30) and for
the three PDE model problems:

The achieved accuracy. By error in the third column of Table 6 we denote the
maximum norm of the error at the discretization points, i.e., error = ||u — ua||oo-

The order of convergence. We compute an estimation of the order of the dis-
cretization from the expression

log (II(U - ual)loo>/log <h1> ,
(v = uay)lloo ha
where ua, represents the collocation spline approximate obtained using a uniform
grid step h; in all directions. As we easily see, the order of convergence is O(h?) for
all three model problems as was theoretically expected.

Optimum w. The optimum value of the relaxation parameter w was obtained
experimentally by systematically searching the value of w in [0,4] which corresponds
to the minimum number of iterations required by the ADISC1 method to satisfy the
stopping criteria. These experimental estimations of wgy; agree within a reasonable

accuracy with the theoretical ones obtained (when applicable) by relation (51). It
should be pointed out that the optimal point of w for the model problem PDE 2

u(@,y, z) = =0.31c(x)s(x)(y* — y)c(y)s(2) (
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TABLE 6
Error, order of convergence, wopt, time, and number of iterations for the O(h?) scheme applied
to the three PDE model problems.

Number of iterations

N Error Order Wopt Time w=1 w=2 w=wopt
PDE 1 5 1.01e-3 2.3 .04 21 7 5
10  3.20e-4 1.88 2.3 .28 37 13 7
15  1.55e-4 1.93 2.3 .93 44 13 9
20  8.99e-5 2.00 2.3 2.20 57 18 13
25  5.90e-5 1.97 2.3 4.24 62 21 14
30 4.18e-5 1.96 2.3 7.30 75 18 13
PDE 2 5 7.87e-2 2.1 — 23 .04 17 6 6
10 3.29e-2 1.43 2.1 — 2.6 .28 20 10 8
15 1.52e-2 2.05 2.2 — 2.6 .93 22 8 6
20  9.43e-3 1.76 2.2 — 26 2.19 42 10 10
25  6.07e-3 2.06 2.1 - 24 4.20 34 13 10
30 4.27e-3 2.00 22 — 2.6 7.19 37 14 10
PDE 3 5 1.01e-3 2.1 — 2.2 .06 15 3 4
10  3.31le4 1.84 2.2 .29 23 10 7
15 1.53e-4 2.05 2.1 .97 28 7 7
20 9.16e-5 1.89 2.1 2.23 45 13 10
25  6.00e-5 1.98 2.1 5.20 57 17 14
30 4.21e-5 2.01 2.1 7.40 49 14 13

becomes an interval of length up to .5. During this systematic search for woy,: we were
able to confirm the theoretically obtained interval of convergence for w which agrees
with remarkable accuracy with the experimental one.

Time. In order to check the per iteration efficiency of our implementations we
give in the sixth column the average CPU time required to perform one iteration. A
least squares logarithmic fit of these data shows that the per iteration total time T is
given by T = .0003N?2-?3, This experimental estimation confirms our theoretical one
obtained in the complexity analysis in section 2.3 (see Tables 2, 3, 4, and 5).

Number of iterations. In the last three columns of Table 6 we present the number
of iterations required by the Douglas—Rachford (w = 1), the Douglas (w = 2), and
the optimum ADISCI iteration methods to satisfy the stopping criteria. As can be
observed there is a significant increase in the rate of convergence as we move from
the Douglas—Rachford scheme to the Douglas scheme and to the optimum scheme for
all the PDE model problems. We can also observe another nice feature of, at least,
our optimal scheme in the fact that the associated number of iterations required for
convergence for a specific discretization step remains almost constant for all model
problems.

The same observations as above can be made for the data in Table 7 where we
present, similar to the O(h?) case, our results obtained by the O(h*) ADISC1 scheme
applied to the model problem PDE 1. In addition we can point out that the number
of iterations required does not increase significantly as we move from the O(h?) to
the O(h*) scheme.

In Figures 4 and 5 we present a detailed history of the convergence of the O(h?)
and the O(h*) ADISC1 methods applied to the model problem PDE 1 with all stop-
ping criteria removed. We can split both figures in two branches, the upper one
corresponding to the Douglas-Rachford scheme and the lower one corresponding to
the optimum scheme. Each of these branches can be further split into two groups of
lines corresponding to error being ||u — ual|oo (lines “ 7 and “—. —.” on the
upper branch) or being |[UCTD —U®)||, (lines “ - --" and “~ ... —” on the upper
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TABLE 7
Error, order of convergence, wopt, and number of iterations for the O(h*) scheme applied to
model problem PDE 1.

Number of iterations

N Error Order wopt w=1 w=2 w=wopt
5 3.01e-4 2.3 31 11 9
10 3.3le-5 3.91 2.3 51 16 10
15  7.90e-6 3.82 2.3 60 19 12
20  3.16e-6 3.66 2.3 61 19 13
25 1.51e-6 3.36 2.3 73 21 13
30 8.95e-7 3.19 2.3 7 25 17

—104

log (error)

154

iterations

Fic. 4. History of convergence for O(h?) and PDE 1.

—104

log (error)

154

iterations

Fic. 5. History of convergence for O(h*) and PDE 1.

branch). We easily see the effect of using the acceleration parameters cyclically which
is apparent for the [[U+) — U®)|| case and almost invisible in the ||u — ua||oo
case.

In order to rank the proposed ADISCI1 iterative method we compare it with the
two three-dimensional PDE solving methods available in ELLPACK ([27]), namely,
the standard seven-point star finite difference method which is an O(h?) method and
an O(h*) 27-point difference method called HODIE. The result of the seven-point
star linear system (which involves N3 equations and unknowns) was solved using
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-0 V%

Iog

—124 ~.

CPU time

FiG. 6. Efficiency of O(h?) ADISC1 (_._) , O(h*) ADISC1 (..._), and O(h*) HODIE (- - -)
methods.

the ITPACK’s SOR iterative method. The HODIE module discretizes the PDE us-
ing high-order finite difference stencils and solves the resulting linear system using
the Fourier (FFT) method. The HODIE-FFT requires 2N + 5N? places memory
workspace and its CPU execution time is proportional to 2N?In(N — 1). In Fig-
ure 6 we plot the logarithm of the error ||u — ua||s versus the required CPU time to
achieve it. The data for the seven-point star method do not appear in the graph since
its efficiency is too low and the associated line is further above the line —8 parallel
to the z-axis. We mention here that for N = 40 the seven-point star generates a
linear system of 54872 equations solved by the SOR method which converged in 124
iterations, took 69 seconds of CPU time, and achieved an error whose maximum norm
was approximately 2.6 x 1073. To compare, the HODIE-FFT for N = 20 involves
5824 equations, took 1.21 seconds CPU time, and reduced the maximum norm of the
error to 1.2 x 1074, Although Figure 6 compares the implementation and not the ac-
tual methods themselves, we can claim that the proposed methods easily outperform
the standard seven-point star method and perform equally well with the high-order
HODIE method. Here we should point out that we were unable to obtain more points
to extend the HODIE line in the graph further due to memory limitations. Further-
more, the applicability of the HODIE method is restricted to generalized Helmholtz
problems only and cannot be applied to general self-adjoint PDEs.

4. Synopsis and conclusions. In this study we have formulated, analyzed, and
implemented efficient ADI iterative methods for the solution of the linear algebraic
systems which arise from the discretization of self-adjoint elliptic PDE problems in &
dimensions using O(h?) and O(h*) cubic spline collocation.

Two ADISC schemes have been proposed, namely, ADISC1 and ADISC2. A
detailed per iteration complexity analysis has been presented showing us that the
ADISC2 scheme is much more efficient (within an iteration) for k = 2,3, 4 dimensions
while ADISC1 takes over for k& > 5. More specifically we have shown that the total
number of operations required to perform one iteration step in the O(h?) ADISC1 and
ADISC?2 schemes are (18k% — k — 1)N*¥ + O(N) and (2% (k +2) + 15k + 1)N* + O(N),
respectively, where N represents the number of discretization points in one direction.

Most of our convergence analysis of the proposed schemes has been carried out
for the Poisson PDE and can be easily extended to the generalized Helmholtz PDE.
Specifically we first prove the convergence of the O(h?) and O(h*) ADISC1 and the
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O(h?) ADISC2 schemes in k dimensions for any set of positive acceleration parameters
and for 0 < w < 2. The rest of our analysis is restricted to our ADISC1 schemes
and to three dimensions since most of our results cannot be easily extended to more
dimensions. We obtain values for the acceleration parameters 75 which are not optimal
but reasonably good. Furthermore, we estimate the number of iterations required
by our schemes to reduce the initial error by a preassigned factor e. By estimating
bounds on the one-dimensional collocation matrices involved we were able to estimate
the r5’s and the required number of iterations for more general than Helmholtz PDE
operators. We also obtain analytic expressions for the optimal values and give intervals
of convergence of the relaxation parameter w.

We have implemented our ADISC1 schemes using software components that take
full advantage of the tensor product formulation of our iterative methods. Our ex-
tensive numerical results confirm the increased efficiency of the methods predicted by
our complexity analysis which is verified by our timing results. Furthermore, a careful
experimental comparison has been carried out which shows that our ADI schemes out-
perform well-known methods. We have used our implementation to solve three PDE
model problems, namely, a Poisson, a Helmholtz, and a general PDE on a unit cube.
All experimental data obtained exhibit good agreement with our theoretical results.
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