
ÊÅÖÁËÁÉÏ 1

ÅéóáãùãéêÝò Ýííïéåò

Ôï ðñþôï êåöÜëáéï åßíáé åéóáãùãéêü. Óå áõôü ðáãéþíïíôáé ïñéóìÝíïé âáóéêïß

óõìâïëéóìïß, ðåñéãñÜöïíôáé êÜðïéåò óçìáíôéêÝò éäéüôçôåò åóùôåñéêþí ðñÜîåùí

êáé äßäïíôáé ·áñáêôçñéóôéêÜ ðáñáäåßãìáôá ïìáäïåéäþí, çìéïìÜäùí êáé ìïíïåé-
äþí (ðïõ áðïôåëïýí ôïõò «ðñïðïìðïýò» ôùí ïìÜäùí ).

1.1 ÓÕÌÂÏËÉÓÌÏÉ ÊÁÉ ÐÑÏÁÐÁÉÔÏÕÌÅÍÁ

I Óýìâïëá áðü ôç Èåùñßá Óõíüëùí. ÓõíÞèç óýìâïëá áðü ôïí ðñïôáóéáêü

êáé ôïí óõíïëïèåùñçôéêü ëïãéóìü, üðùò ð.·. ôá óýìâïëá «∈», «∀», «∃», «=⇒»,

«⇐⇒», «=», ôïý «áíÞêåéí», ôïý «ãéá êÜèå», ôïý «õðÜñ·åéí», ôÞò áðëÞò êáé áìöß-

ðëåõñçò óõíåðáãùãÞò, êáé ôïý «ßóïí», áíôéóôïß·ùò, êáèþò êáé ôá óýìâïëá «∪»,
«∩», «⊆», «$», «×», «∅», ôÞò «åíþóåùò», ôÞò «ôïìÞò», ôïý (óõíïëïèåùñçôéêïý)

«ðåñéÝ·åóèáé» êáé «ãíçóßùò ðåñéÝ·åóèáé», ôïý «êáñôåóéáíïý ãéíïìÝíïõ» êáé ôïý

êåíïý óõíüëïõ, ·ñçóéìïðïéïýíôáé åëåõèÝñùò åíôüò ôïý êõñßùò êåéìÝíïõ.

I Óýíïëá áñéèìþí. Ôçñïýìå ôïõò «óõíÞèåéò» óõìâïëéóìïýò: Z ãéá ôï óýíïëï

ôùí áêåñáßùí áñéèìþí, N := { ∈ Z|   0} ãéá ôï óýíïëï ôùí öõóéêþí áñéèìþí
(Þôïé ôùí èåôéêþí áêåñáßùí), N0 := { ∈ Z|  ≥ 0} ãéá ôï óýíïëï ôùí ìç áñíçôé-
êþí áêåñáßùí áñéèìþí, QRC ãéá ôá óýíïëá ôùí ñçôþí, ôùí ðñáãìáôéêþí êáé
ìéãáäéêþí áñéèìþí, êáé Q0R0 ãéá ôá óýíïëá ôùí èåôéêþí ñçôþí êáé èåôéêþí
ðñáãìáôéêþí áñéèìþí, áíôéóôïß·ùò.

I Ôï óýíïëï Z Ç äéìåëÞò ó·Ýóç éóïôéìßáò (êáôÜ ðáãéùìÝíï ìüäéï ∈ N):
 ∼ ⇐⇒

ïñó
 ≡ (mod)

áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïý óõíüëïõZ ôùí áêåñáßùí. Ãéá íá äþóïõìå

Ýìöáóç óôçí åîÜñôçóç áðü ôï óõìâïëßæïõìå ùò

 [−2] [−1]  [0] [1] [2]
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ôéò êëÜóåéò éóïäõíáìßáò ôùí áêåñáßùí áñéèìþí (ùò ðñïò ôç ó·Ýóç “ ∼ ”) êáé
ùò Z := Z ∼ôï óýíïëï ôùí êëÜóåùí õðïëïßðùí (Þ êëÜóåùí éóïôéìßáò) ôùí
áêåñáßùí êáôÜ ìüäéï  (Þmodulo ). Ôï áíùôÝñù óýíïëï ãñÜöåôáé (âÜóåé ôÞò

ðñïôÜóåùò B.4.37) óå «áíçãìÝíç» ìïñöÞ1 ùò áêïëïýèùò:

Z = {[0] [1] [− 1]} (1.1)

I Ðñïáðáéôïýìåíåò ãíþóåéò Õðïôßèåôáé üôé ïé áíáãíþóôåò åßíáé åîïéêåéùìÝíïé

ìå ôéò Ýííïéåò ôÞò áðåéêïíßóåùò, ôÞò óõíèÝóåùò áðåéêïíßóåùí, ôïý ìåôáèåôéêïý

äéáãñÜììáôïò, ôÞò åíñéðôéêÞò (= 1-1), åðéññéðôéêÞò (= åðß-) êáé áìöéññéðôéêÞò

(= Ýíá ðñïò Ýíá êáé åðß) áðåéêïíßóåùò2 (êáé ôÞò áíôéóôñüöïõ ìéáò áìöéññéðôéêÞò

áðåéêïíßóåùò), ôÞò ó·Ýóåùò éóïäõíáìßáò êáé ôÞò ó·Ýóåùò äéáôÜîåùò (âë. ðáñÜñ-

ôçìá A), ôïý ëïãéóìïý ìå ðëçèéêïýò áñéèìïýò óõíüëùí3, êáèþò êáé ìå ôéò âáóéêÝò

Ýííïéåò áðü ôç Óôïé·åéþäç Èåùñßá Áñéèìþí (äéáéñåôüôçôá áêåñáßùí, ìêä, åêð,

ðñþôïé áñéèìïß, éóïôéìßåò ê.ëð.) êáé ôç ÃñáììéêÞ ¢ëãåâñá (ðïõ óõíïøßæïíôáé

óôá ðáñáñôÞìáôá Â, D êáé E), êáé ìå ôéò áðïäåéêôéêÝò ìåèüäïõò ôÞò «åéò Üôïðïí

áðáãùãÞò» êáé ôÞò «ìáèçìáôéêÞò åðáãùãÞò» (ðñþôçò4 êáé äåýôåñçò5 ìïñöÞò).

1.2 ÅÓÙÔÅÑÉÊÅÓ ÐÑÁÎÅÉÓ

1.2.1 Ïñéóìüò. ÄïèÝíôùí äýï ìç êåíþí óõíüëùí  êáé  êÜèå áðåéêüíéóç

 :  × −→ 

ïñßæåé ìéá ðñÜîç åðß ôïý  ¼ôáí  =  ïé ðñÜîåéò ·áñáêôçñßæïíôáé ùò åóùôå-

ñéêÝò° åéäÜëëùò ïíïìÜæïíôáé åîùôåñéêÝò. Ùò áëãåâñéêÝò äïìÝò íïïýíôáé óýíïëá

1Ôïýôï óçìáßíåé üôé ôá åíôüò ôùí áãêßóôñùí áíáãñáöüìåíá óôïé·åßá åßíáé óáöþò äéáêåêñéìÝíá (Þôïé áíÜ äýï äéá-

öïñåôéêÜ, áðïêëåßïíôáò ôçí åðáíÜëçøç êÜðïéïõ åî áõôþí).

2Åíßïôå, áíôß ôùí üñùí åíñéðôéêÞ /åðéññéðôéêÞ /áìöéññéðôéêÞ áðåéêüíéóç ·ñçóéìïðïéïýíôáé ïé (óõíôïìüôåñïé) üñïé
Ýíñéøç /åðßññéøç /áìößññéøç.
3Ï ðëçèéêüò áñéèìüò åíüò óõíüëïõΩ èá óõìâïëßæåôáé ùò card(Ω)

4Ðñþôç ìïñöÞ ìáèçìáôéêÞò åðáãùãÞò. ¸óôù 0 ∈ N0 ÅÜí ï ÐÑ() åßíáé Ýíáò ðñïôáóéáêüò ôýðïò ìå óýíïëï
áíáöïñÜò ôïõ ôï { ∈ N0 | ≥ 0}  ôÝôïéïò þóôå
(i) ç ðñüôáóç ÐÑ(0) íá åßíáé áëçèÞò êáé

(ii) ç óõíåðáãùãÞ ÐÑ()⇒ ÐÑ( + 1) íá éó·ýåé ãéá êÜèå áêÝñáéï áñéèìü  ≥ 0

ôüôå ç ðñüôáóç ÐÑ() åßíáé áëçèÞò ãéá êÜèå áêÝñáéï áñéèìü  ≥ 0

5Äåýôåñç ìïñöÞ ìáèçìáôéêÞò åðáãùãÞò. ¸óôù 0 ∈ N0 ÅÜí ï ÐÑ() åßíáé Ýíáò ðñïôáóéáêüò ôýðïò ìå óýíïëï
áíáöïñÜò ôïõ ôï { ∈ N0 | ≥ 0}  ôÝôïéïò þóôå
(i) ç ðñüôáóç ÐÑ(0) íá åßíáé áëçèÞò êáé

(ii) ç óõíåðáãùãÞ

ÐÑ(0)

ÐÑ(0 + 1)

.

.

.
êáé ÐÑ()

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=⇒ ÐÑ( + 1)

íá éó·ýåé ãéá êÜèå áêÝñáéï áñéèìü  ≥ 0 ôüôå ç ðñüôáóç ÐÑ() åßíáé áëçèÞò ãéá êÜèå áêÝñáéï áñéèìü  ≥ 0
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äéÜöïñá ôïý êåíïý, ôá ïðïßá åßíáé åöïäéáóìÝíá ìå ìßá ôïõëÜ·éóôïí (åóùôåñéêÞ Þ

åîùôåñéêÞ) ðñÜîç6.

Ðñüêåéôáé íá åóôéÜóïõìå ôçí ðñïóï·Þ ìáò óôéò êýñéåò éäéüôçôåò ïñéóìÝíùí áë-

ãåâñéêþí äïìþí ðïõ áðïôåëïýíôáé áðü ìç êåíÜ óýíïëá åöïäéáóìÝíá ìå ìßá êáé
ìüíïí åóùôåñéêÞ ðñÜîç (ïìáäïåéäÞ, çìéïìÜäåò, ìïíïåéäÞ êáé ïìÜäåò), áí êáé äåí

èá ðáñáëåßøïõìå íá áíáöåñüìáóôå åí óõíôïìßá êáé óå êÜðïéåò Üëëåò äïìÝò üôáí

áõôü êñßíåôáé áðáñáßôçôï ùò óõìðëçñùìáôéêÞ ðëçñïöïñßá. (Ðñâë. ðáñáñôÞ-

ìáôáCD êáé E)

1.2.2 Óçìåßùóç. ¸óôù  :  ×  −→  ìéá åóùôåñéêÞ ðñÜîç åðß åíüò óõíüëïõ

 6= ∅ Èåùñïýìå ôõ·üí õðïóýíïëï  6= ∅ ôïý  Ðñïöáíþò, ï ðåñéïñéóìüò

|× : × −→  ôÞò áðåéêïíßóåùò  óôï óýíïëï × ïñßæåé ìéá åóùôåñéêÞ

ðñÜîç åðß ôïý  (õðü ôçí Ýííïéá ôïý 1.2.1) åÜí êáé ìüíïí åÜí ãéá ôçí åéêüíá

Im(|×) := ( × ) ôïý  ×  ìÝóù ôÞò  ðëçñïýôáé ç óõíèÞêç

Im(|×) ⊆  (1.2)

Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá éó·ýåé ï åãêëåéóìüò (1.2) ëÝìå üôé ôï  åßíáé êëåé-

óôü ùò ðñïò ôçí ðñÜîç  (ÁõôÞ ç «óõíèÞêç ôÞò êëåéóôüôçôáò» ìç êåíþí õðïóõ-

íüëùí ùò ðñïò åóùôåñéêÝò ðñÜîåéò ðñïáðáéôåßôáé ãéá ôïí ïñéóìü õðïäïìþí ôùí
èåùñïýìåíùí áëãåâñéêþí äïìþí.)

1.2.3 Ïñéóìüò. ¸óôù  : × −→  ìéá åóùôåñéêÞ ðñÜîç åðß åíüò  6= ∅
(i) ÅÜí ãéá ïéáäÞðïôå óôïé·åßá    ∈  éó·ýåé ç éóüôçôá

(( ) ) = (( ))

ôüôå ëÝìå üôé ç  åßíáé ðñïóåôáéñéóôéêÞ ðñÜîç (Þ üôé ç  Ý·åé ôçí ðñïóåôáéñéóôéêÞ
éäéüôçôá).

(ii) ÅÜí ãéá ïéáäÞðïôå óôïé·åßá   ∈  éó·ýåé ç éóüôçôá

( ) = ( )

ôüôå ëÝìå üôé ç  åßíáé ìåôáèåôéêÞ ðñÜîç (Þ üôé ç  Ý·åé ôç ìåôáèåôéêÞ éäéüôçôá).

1.2.4 Óçìåßùóç. Ç  : ×  −→  åßíáé ðñïóåôáéñéóôéêÞ åÜí êáé ìüíïí åÜí ôï
áêüëïõèï äéÜãñáììá åßíáé ìåôáèåôéêü:

××

id×

²²

×id // ×



²²
×


// 

6Åðß ðáñáäåßãìáôé, ï áíáãíþóôçò ðïõ Ý·åé ðáñáêïëïõèÞóåé ðáñáäüóåéò ÃñáììéêÞò ¢ëãåâñáò åßíáé óßãïõñá åîïé-

êåéùìÝíïò ìå ôçí áëãåâñéêÞ äïìÞ ôïý äéáíõóìáôéêïý ·þñïõ. Ïé äéáíõóìáôéêïß ·þñïé åßíáé ìç êåíÜ óýíïëá åöï-

äéáóìÝíá ìå ìßá åóùôåñéêÞ êáé ìßá -åí ãÝíåé- åîùôåñéêÞ ðñÜîç (Þôïé ôçí ðñüóèåóç êáé ôïí áñéèìçôéêü Þ âáèìùôü
ðïëëáðëáóéáóìü ). Âë. ðáñÜñôçìá Å.
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Åí ðñïêåéìÝíù, õðïíïåßôáé ç ôáýôéóç ôùí ( × ) ×  êáé  × ( × ) ìå ôï7

×× (üðïõ ôá óôïé·åßá ôÞò ìïñöÞò (( ) ) êáé ( ( )) ôáõôßæïíôáé ìå ôï

(  )).

1.2.5 Ðáñáäåßãìáôá. ¸óôù Ω Ýíá óýíïëï. ÅÜí ùò P (Ω) óõìâïëßóïõìå ôï äõíá-

ìïóýíïëü ôïõ8, ôüôå éó·ýïõí ôá åîÞò:

(i) Ç áðåéêüíéóç

 : P (Ω)×P (Ω) −→ P (Ω)  () 7−→ () :=  ∪

áðïôåëåß ìéá åóùôåñéêÞ ðñÜîç åðß ôïý P (Ω)  ç ïðïßá åßíáé ðñïóåôáéñéóôéêÞ êáé

ìåôáèåôéêÞ.

(ii) Ôï ßäéï éó·ýåé êáé ãéá ôçí áðåéêüíéóç

 : P (Ω)×P (Ω) −→ P (Ω)  () 7−→ () :=  ∩

(iii) Ç áðåéêüíéóç

 : P (Ω)×P (Ω) −→ P (Ω)  () 7−→ () := 4

(üðïõ9  4  := (r) ∪ (r) ç óõììåôñéêÞ äéáöïñÜ ôùí  êáé ) åßíáé

ùóáýôùò ðñïóåôáéñéóôéêÞ êáé ìåôáèåôéêÞ.

(iv) Ç áðåéêüíéóç

 : P (Ω)×P (Ω) −→ P (Ω)  () 7−→ () := r

äåí åßíáé (åí ãÝíåé) ïýôå ðñïóåôáéñéóôéêÞ ïýôå ìåôáèåôéêÞ.

1.2.6 Ïñéóìüò. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù  : × −→  ìéá åóùôå-

ñéêÞ ðñÜîç åðß ôïý 

(i) ¸íá óôïé·åßï  ôïý  êáëåßôáé åî áñéóôåñþí ïõäÝôåñï óôïé·åßï ôïý  ùò ðñïò

ôçí ðñÜîç  üôáí

( ) =  ∀ ∈ 

(ii) ¸íá óôïé·åßï  ôïý êáëåßôáé åê äåîéþí ïõäÝôåñï óôïé·åßï ôïý ùò ðñïò ôçí

ðñÜîç  üôáí

( ) =  ∀ ∈ 

7Ôï  ×  ×  áðïôåëåßôáé áðü äéáôåôáãìÝíåò ôñéÜäåò (  ) Ý·ïõóåò óôïé·åßá ôïý  ùò ìÝëç ôïõò. Êáô'
áíáëïãßáí ðñïò ü,ôé óõìâáßíåé ìå ôá äéáôåôáãìÝíá æåýãç, äõï äéáôåôáãìÝíåò ôñéÜäåò (  ) êáé (0 0 0) åßíáé
ßóåò åÜí êáé ìüíïí åÜí  = 0  = 0 êáé  = 0
8Ôï äõíáìïóýíïëïP (Ω) ôïýΩ åßíáé ôï óýíïëï ðïõ Ý·åé ùò óôïé·åßá ôïõ üëá ôá õðïóýíïëá ôïýΩ. ÓçìåéùôÝïí üôé
ôï P (Ω) åßíáé ðÜíôïôå ìç êåíü. (ÅÜí Ω = ∅  ôüôå ôï P (Ω) áðáñôßæåôáé áðü ôï ìç êåíü óýíïëï {∅} ðïõ Ý·åé ôï

∅ ùò ìïíáäéêü ôïõ óôïé·åßï!)

9r := { ∈ | ∈ } 
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(iii) ¸íá óôïé·åßï  ôïý  êáëåßôáé áìöéðëåýñùò ïõäÝôåñï Þ áðëþò ïõäÝôåñï

óôïé·åßï ôïý  ùò ðñïò ôçí ðñÜîç  üôáí

( ) =  = ( ) ∀ ∈ 

1.2.7 ÐáñÜäåéãìá. ÅÜí åðß ôïý óõíüëïõ  = {♠♣♥} ïñßóïõìå ôçí åóùôåñéêÞ

ðñÜîç

× −→  ( ) 7−→ ( ) := 

ôüôå ç  åßíáé (ðñïöáíþò) ìç ìåôáèåôéêÞ áëëÜ åßíáé ðñïóåôáéñéóôéêÞ, äéüôé

((♠♣)♥) = (♣♥) = ♥ = (♠♥) = (♠ (♣♥))
((♠♥)♣) = (♥♣) = ♣ = (♠♣) = (♠ (♥♣))

êáé, êáô' áíáëïãßáí,

((♣♠)♥) = (♣ (♠♥)) ((♣♥)♠) = (♣ (♥♠))

((♥♠)♣) = (♥ (♠♣)) ((♥♣)♠) = (♥ (♣♠))
ÅðéðñïóèÝôùò, êÜèå óôïé·åßï ôïý  åßíáé åî áñéóôåñþí ïõäÝôåñï óôïé·åßï ôïõ ùò

ðñïò áõôÞí. Ùóôüóï, ôï  äåí äéáèÝôåé êáíÝíá åê äåîéþí ïõäÝôåñï óôïé·åßï ùò

ðñïò áõôÞí!

1.2.8 Ðñüôáóç. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù  :  ×  −→  ìéá åóù-
ôåñéêÞ ðñÜîç åðß ôïý  ÅÜí ôï  åßíáé Ýíá åî áñéóôåñþí êáé ôï 0 Ýíá åê äåîéþí
ïõäÝôåñï óôïé·åßï ôïý  ùò ðñïò ôçí ðñÜîç  ôüôå  = 0 (êáé, ùò åê ôïýôïõ, ôï
 åßíáé ïõäÝôåñï óôïé·åßï ôïý  ùò ðñïò ôçí ðñÜîç ). ÊáôÜ óõíÝðåéáí, êÜèå ìç
êåíü óýíïëï åöïäéáóìÝíï ìå ìéá åóùôåñéêÞ ðñÜîç äéáèÝôåé ôï ðïëý Ýíá ïõäÝôåñï
óôïé·åßï ùò ðñïò áõôÞí.

Áðïäåéîç. ¸·ïõìå ( 0) = 0, åðåéäÞ ôï  åßíáé Ýíá åî áñéóôåñþí ïõäÝôåñï,

êáé ( 0) = 0 åðåéäÞ ôï 0 åßíáé Ýíá åê äåîéþí ïõäÝôåñï óôïé·åßï. ¢ñá ôåëéêþò

 = 0 Ùò åê ôïýôïõ, üôáí ôï  äéáèÝôåé ïõäÝôåñï óôïé·åßï ùò ðñïò ôçí  ôüôå

áõôü, üíôáò ïõäÝôåñï ôüóïí åî áñéóôåñþí üóïí êáé åê äåîéþí, åßíáé êáô' áíÜãêçí

ìïíïóçìÜíôùò ïñéóìÝíï. ¤

1.2.9 ÐáñáôÞñçóç. ÅÜí ç  : × −→  åßíáé ìéá ìåôáèåôéêÞ ðñÜîç ïñéóìÝíç

åðß åíüò ìç êåíïý óõíüëïõ  ôüôå ïé Ýííïéåò «åî áñéóôåñþí ïõäÝôåñï óôïé·åßï»,

«åê äåîéþí ïõäÝôåñï óôïé·åßï» êáé «ïõäÝôåñï óôïé·åßï» ôïý  ùò ðñïò ôçí  óõ-

ìðßðôïõí.

1.2.10 Ðáñáäåßãìáôá. ¸óôù Ω Ýíá óýíïëï. Ôï äõíáìïóýíïëï P (Ω) ôïý Ω äéá-

èÝôåé ðÜíôïôå ïõäÝôåñï óôïé·åßï ùò ðñïò ôéò åóùôåñéêÝò (ìåôáèåôéêÝò) ðñÜîåéò ôéò

ïñéóèåßóåò åð' áõôïý óôá (i), (ii) êáé (iii) ôïý åäáößïõ 1.2.5. ÓõãêåêñéìÝíá, ôï ïõ-

äÝôåñï óôïé·åßï ôïõ ùò ðñïò ôçí ðñÜîç 1.2.5 (i) åßíáé ôï ∅ ùò ðñïò ôçí 1.2.5 (ii)

ôï Ω êáé ùò ðñïò ôçí ðñÜîç 1.2.5 (iii) ôï ∅
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1.2.11 Ïñéóìüò. Áò õðïèÝóïõìå üôé ôï  åßíáé Ýíá ìç êåíü óýíïëï, ôï  Ýíá óôïé-

·åßï ôïý  ç  :  ×  −→  ìéá åóùôåñéêÞ ðñÜîç åðß ôïý  êáé ôï  ïõäÝôåñï

óôïé·åßï10 ôïý  ùò ðñïò ôçí 

(i) ¸íá óôïé·åßï  ôïý  êáëåßôáé åî áñéóôåñþí óõììåôñéêü óôïé·åßï ôïý  ùò

ðñïò ôçí ðñÜîç  üôáí

( ) = 

(ii) ¸íá óôïé·åßï  ôïý  êáëåßôáé åê äåîéþí óõììåôñéêü óôïé·åßï ôïý  ùò ðñïò

ôçí ðñÜîç  üôáí

( ) = 

(iii) ¸íá óôïé·åßï 0 ôïý  êáëåßôáé áìöéðëåýñùò óõììåôñéêü óôïé·åßï Þ áðëþò

óõììåôñéêü óôïé·åßï ôïý  ùò ðñïò ôçí ðñÜîç  üôáí

(0 ) =  = ( 0)

1.2.12 ÐáñÜäåéãìá. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù  = áð() ôï
óýíïëï ôùí áðåéêïíßóåùí11 áðü ôï  óôï  Åð' áõôïý ïñßæïõìå ôçí åóùôåñéêÞ

ðñÜîç

 :  × −→  ( ) 7−→ ( ) :=  ◦ 

Ç ðñÜîç áõôÞ åßíáé ðñïóåôáéñéóôéêÞ áëë' ü·é êáô' áíÜãêçí êáé ìåôáèåôéêÞ. Ðñï-

öáíþò, ç ôáõôïôéêÞ áðåéêüíéóç 12 id áðïôåëåß ôï ïõäÝôåñï óôïé·åßï ôïý  ùò

ðñïò ôçí  Åðßóçò, ùò ãíùóôüí, ïé ìüíåò áðåéêïíßóåéò ôïý  ïé ïðïßåò äéáèÝ-

ôïõí åî áñéóôåñþí óõììåôñéêü óôïé·åßï ùò ðñïò ôçí  åßíáé ïé åíñéðôéêÝò, ïé ìüíåò
áðåéêïíßóåéò ôïý  ïé ïðïßåò äéáèÝôïõí åê äåîéþí óõììåôñéêü óôïé·åßï ùò ðñïò

ôçí  åßíáé ïé åðéññéðôéêÝò, åíþ ïé ìüíåò áðåéêïíßóåéò ôïý  ïé ïðïßåò äéáèÝôïõí

óõììåôñéêü óôïé·åßï ùò ðñïò ôçí  åßíáé ïé áìöéññéðôéêÝò.

1.2.13 Ðñüôáóç. Áò õðïèÝóïõìå üôé ôï  åßíáé Ýíá ìç êåíü óýíïëï, ôï  Ýíá óôïé-
·åßï ôïý  ç  :  ×  −→  ìéá ðñïóåôáéñéóôéêÞ ðñÜîç åðß ôïý  êáé ôï 
ïõäÝôåñï óôïé·åßï ôïý  ùò ðñïò ôçí  ÅÜí ôï  äéáèÝôåé ôï 0 ùò åî áñéóôåñþí
óõììåôñéêü ôïõ êáé ôï 00 ùò åê äåîéþí óõììåôñéêü ôïõ óôïé·åßï ùò ðñïò ôçí 
ôüôå 0 = 00 ÊáôÜ óõíÝðåéáí, êÜèå óôïé·åßï åíüò ìç êåíïý óõíüëïõ åöïäéáóìÝíïõ
ìå ìéá ðñïóåôáéñéóôéêÞ ðñÜîç äéáèÝôåé ôï ðïëý Ýíá óõììåôñéêü óôïé·åßï ôïý  ùò
ðñïò áõôÞí.

10ÊáôÜ ôçí ðñüôáóç 1.2.8 ôï  åßíáé ìïíïóçìÜíôùò ïñéóìÝíï.

11Ãåíéêüôåñá, åÜí ôá åßíáé äõï ìç êåíÜ óýíïëá, ôüôå ôï óýíïëï ôùí áðåéêïíßóåùí áðü ôï óôï óõìâïëßæåôáé

ùò áð() Þ ùò  (ÓçìåéùôÝïí üôé ôï óýìâïëï  ôï ïðïßï öáíôÜæåé êáôÜ ôé «ðáñÜîåíï» åê ðñþôçò üøåùò,

ðéèáíþò íá åßíáé ôï ðëÝïí êáôÜëëçëï ãéá íá åêöñÜóåé áõôÝò ôéò áðåéêïíßóåéò, ôïõëÜ·éóôïí óôï ðëáßóéï ôÞò Èåùñßáò

Óõíüëùí, êáèþò éó·ýåé ç éóüôçôá card() = card()card().)

12Ðñüêåéôáé ãéá ôçí áðåéêüíéóç id :  −→  ìå id() :=  ∀ ∈ 
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Áðïäåéîç. Ðñïöáíþò,

00 = ( 00) (äéüôé ôï  åßíáé ôï ïõäÝôåñï óôïé·åßï)

= ((
0
 )) 00) (åðåéäÞ ôï 0 åßíáé åî áñéóôåñþí óõììåôñéêü ôïý )

= (0 ( 00)) (äéüôé ç ðñÜîç } åßíáé ðñïóåôáéñéóôéêÞ)

= (0 ) (åðåéäÞ ôï 00 åßíáé åê äåîéþí óõììåôñéêü ôïý )

= 00 (äéüôé ôï  åßíáé ôï ïõäÝôåñï óôïé·åßï)

Ùò åê ôïýôïõ, üôáí ôï  äéáèÝôåé óõììåôñéêü óôïé·åßï ùò ðñïò ôçí ðñïóåôáéñéóôéêÞ

ðñÜîç  ôüôå áõôü, üíôáò óõììåôñéêü ôïõ ôüóïí åî áñéóôåñþí üóïí êáé åê äåîéþí,

åßíáé êáô' áíÜãêçí ìïíïóçìÜíôùò ïñéóìÝíï. ¤

1.2.14 ÐáñáôÞñçóç. ÅÜí ç  : × −→  åßíáé ìéá ìåôáèåôéêÞ ðñÜîç ïñéóìÝíç

åðß åíüò ìç êåíïý óõíüëïõ  êáé  ∈  ôüôå ïé Ýííïéåò «åî áñéóôåñþí óõììåôñéêü

óôïé·åßï», «åê äåîéþí óõììåôñéêü óôïé·åßï» êáé «óõììåôñéêü óôïé·åßï» ôïý  ùò

ðñïò ôçí  óõìðßðôïõí.

1.2.15 Ðáñáäåßãìáôá. ¸óôù Ω Ýíá óýíïëï. Óôï åäÜöéï 1.2.10 ðáñáèÝóáìå ôá

ïõäÝôåñá óôïé·åßá ôïý äõíáìïóõíüëïõ ôïõ P (Ω) ùò ðñïò ôñåéò åóùôåñéêÝò (ðñï-

óåôáéñéóôéêÝò êáé ìåôáèåôéêÝò) ðñÜîåéò ïñéóèåßóåò åð' áõôïý óôá (i), (ii) êáé (iii)

ôïý åäáößïõ 1.2.5. Åßíáé åýêïëï íá äéáðéóôùèåß üôé äåí õößóôáôáé óõììåôñéêü

óôïé·åßï ïéïõäÞðïôå ìç êåíïý óõíüëïõ  ∈ P (Ω) ùò ðñïò ôçí 1.2.5 (i), üôé äåí

õößóôáôáé óõììåôñéêü óôïé·åßï ïéïõäÞðïôå ãíçóßïõ õðïóõíüëïõ  ôïý óõíüëïõ

Ω ùò ðñïò ôçí 1.2.5 (ii) êáé üôé êÜèå  ∈ P (Ω) Ý·åé ùò (ìïíáäéêü ôïõ) óõììåôñéêü

óôïé·åßï ùò ðñïò ôçí 1.2.5 (iii) ôï ßäéï ôï 

1.2.16 Ðñüôáóç. (ÅóùôåñéêÝò ðñÜîåéò åðß êáñôåóéáíþí ãéíïìÝíùí)

¸óôù üôé ôá  êáé  åßíáé äõï ìç êåíÜ óýíïëá, êáé üôé ïé

 : × −→   :  × −→ 

åßíáé åóùôåñéêÝò ðñÜîåéò åð' áõôþí. Èåùñïýìå ôçí åóùôåñéêÞ ðñÜîç

() : (×)× (×) −→ ×

(( ) ( )) 7−→ () (( ) ( )) := ( ( )   ( ))

ôçí ïñéæüìåíç åðß ôïý êáñôåóéáíïý ãéíïìÝíïõ 13 × Ôüôå éó·ýïõí ôá åîÞò :

(i) ÅÜí ïé  êáé  åßíáé ðñïóåôáéñéóôéêÝò, ôüôå êáé ç () åßíáé ðñïóåôáéñéóôéêÞ.

(ii) ÅÜí ïé  êáé  åßíáé ìåôáèåôéêÝò, ôüôå êáé ç () åßíáé ìåôáèåôéêÞ.

(iii) ÅÜí ôá   åßíáé (åî áñéóôåñþí/åê äåîéþí/áìöéðëåýñùò) ïõäÝôåñá óôïé·åßá

13ÓçìåéùôÝïí üôé ( ) = (× ) ◦  üðïõ

×  : (×)× ( ×) −→ × (( ) ( )) 7−→ (( )  ( ))

ôï êáñôåóéáíü ãéíüìåíï ôùí êáé êáé : (×)×(×) −→ (×)×(×) ç áìößññéøç ç ïñéæüìåíç

áðü ôïí ôýðï  (( ) ( )) := (( ) ( ))
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ôïý  êáé  ùò ðñïò ôéò ðñÜîåéò  êáé  áíôéóôïß·ùò, ôüôå ôï ( ) åßíáé (åî
áñéóôåñþí/åê äåîéþí/áìöéðëåýñùò) ïõäÝôåñï óôïé·åßï ôïý× ùòðñïò ôçí ðñÜîç
() 

(iv) ÅÜí ôá   åßíáé ïõäÝôåñá óôïé·åßá ôïý  êáé  ùò ðñïò ôéò ðñÜîåéò  êáé
 áíôéóôïß·ùò, êáé ôá 0 êáé 0 (åî áñéóôåñþí/åê äåîéþí/áìöéðëåýñùò) óõììåôñéêÜ
óôïé·åßá ôùí  ∈  êáé  ∈  ùò ðñïò ôéò ðñÜîåéò  êáé  áíôéóôïß·ùò, ôüôå ôï
(0 0) åßíáé (åî áñéóôåñþí/åê äåîéþí/áìöéðëåýñùò) óõììåôñéêü óôïé·åßï ôïý ( )
ùò ðñïò ôçí ðñÜîç () 

Áðïäåéîç. (i) ÅÜí ïé  êáé  åßíáé ðñïóåôáéñéóôéêÝò, ôüôå ãéá ïéáäÞðïôå äéáôå-

ôáãìÝíá æåýãç ( ) ( ) ( ) ∈ × éó·ýïõí ïé éóüôçôåò

() (() (( ) ( ))  ( )) = () (( ( )   ( ))  ( ))

= ( ( ( )  )   ( ( )  )) = (( ( ))  (  ( )))

= () (( )  (( )  ( ))) = () (( ) () (( ) ( ))) 

(ii) ÅÜí ïé  êáé  åßíáé ìåôáèåôéêÝò, ôüôå ∀ (( ) ( )) ∈ (×)× (×) :

() (( ) ( )) = ( ( )   ( )) = ( ( )   ( )) = () (( ) ( )) 

(iii) ÅÜí ôá   åßíáé åî áñéóôåñþí ïõäÝôåñá óôïé·åßá ôïý  êáé  ùò ðñïò ôéò

ðñÜîåéò  êáé  áíôéóôïß·ùò, ôüôå ãéá êÜèå ( ) ∈ × Ý·ïõìå

() (( ) ( )) = ( ( )   (  )) = ( )

ïðüôå ôï ( ) åßíáé åî áñéóôåñþí ïõäÝôåñï óôïé·åßï ôïý  ×  ùò ðñïò ôçí

ðñÜîç () Ïé ëïéðÝò ðåñéðôþóåéò áíôéìåôùðßæïíôáé ðáñïìïßùò.

(iv) ÅÜí ôá 0 êáé 0 åßíáé åî áñéóôåñþí óõììåôñéêÜ óôïé·åßá ôùí  ∈  êáé  ∈ 

ùò ðñïò ôéò ðñÜîåéò  êáé  áíôéóôïß·ùò, ôüôå

() ((0 0) ( )) = ( (0 )   (0 )) = ( )

Ïé ëïéðÝò ðåñéðôþóåéò áíôéìåôùðßæïíôáé ðáñïìïßùò. ¤

1.2.17 Óçìåßùóç. (Áðëïõóôåýóåéò óõìâïëéóìþí) ¼ôáí ç  : ×  −→  åßíáé

ìéá åóùôåñéêÞ ðñÜîç åðß åíüò ìç êåíïý óõíüëïõ  êáé ( ) ôõ·üí óôïé·åßï ôïý

× ôüôå ãéá ìéá åîáðëïõóôåõìÝíçáíáãñáöÞ ôÞò åéêüíáò ( ) ôïý ( ) ìÝóù

ôÞò ·ñçóéìïðïéïýíôáé óõíÞèùò äéÜöïñïé óýíôïìïé óõìâïëéóìïß, üðùò ð.·. 

~  }  ê.Ü. Ìéá êáô' áõôüí ôïí ôñüðï åêöñáæüìåíç åóùôåñéêÞ ðñÜîç, áò ôçí

ðïýìå ‘‘}”,

× −→  ( ) 7−→ }  (1.3)

åðß ôïý  åßíáé ð.·. ðñïóåôáéñéóôéêÞ üôáí

(} )}  = } ( } ) (1.4)
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ãéá ïéáäÞðïôå    ∈  ìåôáèåôéêÞ üôáí14

}  =  }  (1.5)

ãéá ïéáäÞðïôå   ∈  ê.ï.ê.

1.2.18 ÐáñáôÞñçóç. Äïèåßóáò ìéáò ðñïóåôáéñéóôéêÞò ðñÜîåùò (1.3), ç éóüôçôá

(1.4) ìáò ðëçñïöïñåß üôé ç äéðëÞ åêôÝëåóç ôÞò ‘‘}” ìåôáîý ôñéþí óôïé·åßùí  

êáé  (äéáôçñþíôáò ôÞ óåéñÜ ðáñáèÝóåùò ôùí    áìåôÜâëçôç) äåí åðçñåÜæåôáé
áðü ôç ìåôáêßíçóç ôùí ðáñåíèÝóåùí 15. ÊáôÜ óõíÝðåéáí, êáè' ïéïíäÞðïôå ôñüðï

êáé áí åöáñìüóïõìå ôçí ðñÜîç ‘‘}” óôá    (õðü ôïí üñï ôÞò ôçñÞóåùò ôÞò

óåéñÜò ðáñáèÝóåùò áõôþí), äçëáäÞ êáè' ïéïíäÞðïôå ôñüðï êáé áí ó·çìáôßóïõìå

ôï óôïé·åßï ‘‘ }  } '' ëáìâÜíïõìå ðÜíôïôå ôï ßäéï áðïôÝëåóìá. Åäþ ôßèåôáé

ôï åîÞò åñþôçìá: ÅÜí áíôß ôñéþí (óáöþò äéáôåôáãìÝíùí) óôïé·åßùí ôïý  ìáò

äïèïýí ôÝóóåñá, áò ðïýìå ôá    ôüôå õðÜñ·ïõí êáé ðÜëé äéáöïñåôéêïß ôñüðïé

ó·çìáôéóìïý ôïý ‘‘}  }  } '' ð.·.

} ( }  } )  (} )} ( } )  (}  } )}  

ËáìâÜíïõìå, åí ôïéáýôç ðåñéðôþóåé, åê íÝïõ ôï ßäéï áðïôÝëåóìá; ¼ðùò äåß·íåé

ç åðüìåíç ðñüôáóç, ç áðÜíôçóç åßíáé üíôùò êáôáöáôéêÞ, êáé ìÜëéóôá óå ðëÞñç

ãåíéêüôçôá.

1.2.19 Ðñüôáóç. (ÃåíéêåõìÝíç ðñïóåôáéñéóôéêÞ éäéüôçôá) ¸óôù üôé ôï  åßíáé
Ýíá ìç êåíü óýíïëï, ç

× −→  ( ) 7−→ } 

ìéá ðñïóåôáéñéóôéêÞ ðñÜîç ïñéóìÝíç åð' áõôïý êáé (1 2 ) ∈  ìéá äéáôå-
ôáãìÝíç -Üäá óôïé·åßùí ôïý  (üðïõ  ∈ N). Ôüôå, êáè' ïéïíäÞðïôå ôñüðï êáé áí
åöáñìüóïõìå ôçí ðñÜîç ``}” óôá ùò Üíù óôïé·åßá 1 2  äçëáäÞ êáè' ïéïí-
äÞðïôå ôñüðï êáé áí ó·çìáôßóïõìå ôï

“1 } 2 } · · ·} ”

õðü ôïí üñï -üìùò- ôÞò ôçñÞóåùò ôÞò ðñïêåéìÝíçò óåéñÜò ðáñáèÝóåþò ôïõò, ëáìâÜ-
íïõìå ðÜíôïôå ôï ßäéï áðïôÝëåóìá. (Áðëïýóôåñç äéáôýðùóç : Ãéá ôïí ó·çìáôéóìü
ôïý ``1}2} · · ·}” äåí Ý·ïõìå ·ñåßá ðáñåìâïëÞò ïéùíäÞðïôå «ðáñåíèÝóåùí».)

Áðïäåéîç. Ãéá êÜèå  ∈ N  ≤  ïñßæïõìå ìéá áðåéêüíéóç

 : 
 −→ P ()

14¼ôáí éó·ýåé ç (1.5), ôüôå ëÝìå üôé ôá  êáé  ìåôáôßèåíôáé áìïéâáßùò ýóôåñá áðü åöáñìïãÞ ôÞò ðñÜîåùò ‘‘} ''.

15Ï óõìâïëéóìüò ( } )}  óçìáßíåé üôé åêôåëïýìå ôçí ðñÜîç ‘‘}” ìåôáîý ôùí  êáé  êáé êáôüðéí ôçí ðñÜîç ‘‘}”
ìåôáîý ôïý (áðïôåëÝóìáôïò ôÞò ðñþôçò) êáé ôïý  (åê äåîéþí). Ï óõìâïëéóìüò  } ( } ) óçìáßíåé üôé åêôåëïýìå
ôçí ðñÜîç ‘‘}” ìåôáîý ôùí  êáé  êáé êáôüðéí ôçí ðñÜîç ‘‘}” ìåôáîý ôïý (áðïôåëÝóìáôïò ôÞò ðñþôçò) êáé ôïý 

(åî áñéóôåñþí).
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ìÝóù ôïý áíáäñïìéêïý ôýðïõ 1 := id êáé

 (1 2 ) :=

½
} 

¯̄̄̄
 ∈  (1 )   ∈ 

¡
+1 

¢
ãéá êÜðïéá  ∈ N :  + = 

¾


Ôá óôïé·åßá ôïý õðïóõíüëïõ  (1 2 ) ⊆  åßíáé ïõóéáóôéêþò üëïé ïé äõ-

íáôïß ó·çìáôéóìïß ôïý

“1 } · · ·} ”

(ìå ðáãéùìÝíç ôç óåéñÜ ðáñáèÝóåùò ôùí 1 ) êáôüðéí ðáñåìâïëÞò ïéùíäÞ-

ðïôå (äõíáôþí) «ðáñåíèÝóåùí», üðùò ð.·. åßíáé ï ó·çìáôéóìüò

((1 } 2)} (3 } 4))} (5 } (6 } 7))

ãéá  = 7 Éó·õñéæüìáóôå üôé éó·ýåé ç éóüôçôá

 (1 2 ) = {(· · · ((1 } 2)} 3)} · · · ) · · · )} } ∀ ∈ N (1.6)

Þôïé üôé ôï óýíïëï  (1 2 ) áðïôåëåßôáé áðü ôï Ýíá êáé ìüíïí óôïé·åßï ðïõ
áðïêôÜôáé ýóôåñá áðü ôçí «ðëÝïí óõíÞèç» (Þôïé äéáäï·éêÞ, áíÜ äýï üñïõò åêôå-

ëïýìåíç) áíáãñáöÞ ðáñåíèÝóåùí. (ÅÜí ëïéðüí áðïäåé·èåß ç (1.6), ôüôå áðïäåé-

êíýåôáé áõôïìÜôùò êáé ç ðñüôáóç 1.2.19). ¼ôáí  ≤ 3 ç (1.6) åßíáé ðñïöáíÞò.

Ãéá  ≥ 4 åöáñìüæïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôï

 åêêéíþíôáò áðü ôï 0 = 3 Ç åðáãùãéêÞ ìáò õðüèåóç åßíáé ç åîÞò:

(1 2 ) = {(· · · ((1 } 2)} 3)} · · · ) · · · )} }

ãéá ïéáäÞðïôå (1 2 ) ∈   üðïõ   ∈ N êáé 3 ≤  ≤  Èåùñïýìå ôï

óýíïëï

+1 (1 +1) ⊆ 

Åî ïñéóìïý, ïéïäÞðïôå óôïé·åßï ôïõ  ∈ +1 (1 2 +N1) ãñÜöåôáé õðü ôç

ìïñöÞ

 = }   ∈  (1 )   ∈  (+1 +1) 

üðïõ  ∈ N ôÝôïéïé þóôå  + =  + 1 ÅîåôÜæïõìå äýï ðåñéðôþóåéò ·ùñéóôÜ:

(a) ÅÜí = 1 Þôïé  = +1 ôüôå, êáôÜ ôçí åðáãùãéêÞ ìáò õðüèåóç,

 = (· · · ((1 } 2)} 3)} · · · ) · · · )} 

ïðüôå

 = ((· · · ((1 } 2)} 3)} · · · ) · · · )} )} +1

(b) ÅÜí  1 êáé  = − 1 ôüôå êáôÜ ôçí åðáãùãéêÞ ìáò õðüèåóç

 =  } +1 ãéá êÜðïéï  ∈  (+1 ) 
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êáé  = (· · · ((1 } 2)} 3)} · · · ) · · · )}  Ôïýôï óçìáßíåé üôé

 = [(· · · ((1 } 2)} 3)} · · · ) · · · )} ]} [ } +1]

= [(· · · ((1 } 2)} 3)} · · · ) · · · )}  } ]} +1

üðïõ ç ôåëåõôáßá éóüôçôá Ýðåôáé áðü ôç (óõíÞèç) ðñïóåôáéñéóôéêÞ éäéüôçôá.

ÅðåéäÞ ç Ýêöñáóç

(· · · ((1 } 2)} 3)} · · · ) · · · )}  } 

ðåñéÝ·åé ôá  (ôï ðëÞèïò) óôïé·åßá 1  åê íÝïõ åöáñìïãÞ ôÞò åðáãùãéêÞò

õðïèÝóåþò ìáò ìÜò äßäåé

(· · · ((1 } 2)} 3)} · · · ) · · · )}  }  = (· · · ((1 } 2)} 3)} · · · ) · · · )} 

ïðüôå ôåëéêþò

 = ((· · · ((1 } 2)} 3)} · · · ) · · · )} )} +1

Áðü ôá (a) êáé (b) óõìðåñáßíïõìå üôé ç (1.6) åßíáé áëçèÞò ãéá êÜèå  ∈ N ¤

1.3 ÏÌÁÄÏÅÉÄÇ, ÇÌÉÏÌÁÄÅÓ ÊÁÉ ÌÏÍÏÅÉÄÇ

1.3.1 Ïñéóìüò. ÊÜèå æåýãïò (}) áðïôåëïýìåíï áðü Ýíá ìç êåíü óýíïëï êáé

ìßá åóùôåñéêÞ ðñÜîç

× −→  ( ) 7−→ } 

åðß ôïý  ïíïìÜæåôáé ïìáäïåéäÝò16. (Ôï  êáëåßôáé õðïêåßìåíï óýíïëï ôïý ïìá-

äïåéäïýò (}).)

1.3.2 Ïñéóìüò. ¸óôù (}) Ýíá ïìáäïåéäÝò. To (}) êáëåßôáé
(i) ðñïóåôáéñéóôéêü ïìáäïåéäÝò Þ çìéïìÜäá üôáí ç ðñÜîç ‘‘}'' åßíáé ðñïóåôáéñé-
óôéêÞ (âë. 1.2.3 (i)),

(ii) ìåôáèåôéêü ïìáäïåéäÝò Þ áâåëéáíü ïìáäïåéäÝò üôáí ç ðñÜîç ‘‘}'' åßíáé ìåôá-
èåôéêÞ (âë. 1.2.3 (ii)), êáé

(iii) áâåëéáíÞ çìéïìÜäá üôáí áõôü åßíáé ôáõôï·ñüíùò ðñïóåôáéñéóôéêü êáé áâå-

ëéáíü ïìáäïåéäÝò.

1.3.3 Ïñéóìüò. ÊÜèå çìéïìÜäá (êáé áíôéóôïß·ùò, êÜèå áâåëéáíÞ çìéïìÜäá) ç

ïðïßá äéáèÝôåé ïõäÝôåñï óôïé·åßï ùò ðñïò ôçí ðñÜîç ôçí ïñéóèåßóá åð' áõôÞò (âë.

1.2.6 (iii)) ïíïìÜæåôáé ìïíïåéäÝò (êáé áíôéóôïß·ùò, áâåëéáíü ìïíïåéäÝò).

1.3.4 Óçìåßùóç. ÅÜí ìéá çìéïìÜäá (Þ, ãåíéêüôåñá, Ýíá ïìáäïåéäÝò) äéáèÝôåé ïõ-

äÝôåñï óôïé·åßï, ôüôå áõôü, óýìöùíá ìå ôçí ðñüôáóç 1.2.8, åßíáé ìïíïóçìÜíôùò

ïñéóìÝíï.

16Áíô' áõôïý ·ñçóéìïðïéåßôáé åíßïôå êáé ï üñïò ìÜãìá.
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1.3.5 Ðáñáäåßãìáôá. (i) ÅÜí  ∈ {ZQRC} ôüôå ôï æåýãïò (−) üðïõ ‘‘−'' ç
ðñÜîç ôÞò áöáéñÝóåùò, åßíáé Ýíá ìç ðñïóåôáéñéóôéêü, ìç ìåôáèåôéêü ïìáäïåéäÝò.

(ii) Ðáñïìïßùò, åÜí ôï Ω åßíáé Ýíá óýíïëï, ôüôå ôï æåýãïò (P (Ω) r) åßíáé (åí
ãÝíåé) Ýíá ìç ðñïóåôáéñéóôéêü, ìç ìåôáèåôéêü ïìáäïåéäÝò (âë. 1.2.5(iv)).

(iii) Ôï æåýãïò (Z}) üðïõ

Z× Z −→ Z ( ) 7−→ }  := 

áðïôåëåß ìéá ìç áâåëéáíÞ çìéïìÜäá, äéüôé  }  6=  }  üôáí  6=  åíþ ãéá

ïéáäÞðïôå    ∈ Z éó·ýïõí ïé éóüôçôåò

(} )}  = }  =  = }  = } (} ) 

ÅðéðñïóèÝôùò, åßíáé ðñïöáíÝò üôé ôï (Z}) äåí åßíáé ìïíïåéäÝò.
(iv) Ôï æåýãïò (Z~) üðïõ

Z× Z −→ Z ( ) 7−→ ~  := 2 + 2

áðïôåëåß Ýíá áâåëéáíü ïìáäïåéäÝò ðïõ äåí åßíáé çìéïìÜäá, äéüôé

~  = ~ 

ãéá ïéáäÞðïôå   ∈ Z êáé

(2~ 1)~ 1 = 26 6= 8 = 2~ (1~ 1) 
(v) ¸óôù  Ýíá ìç êåíü óýíïëï. Ôï óýíïëï  = áð() ôùí áðåéêïíßóåùí

áðü ôï  óôï  åöïäéáóìÝíï ìå ôçí åóùôåñéêÞ ðñÜîç

 × −→  ( ) 7−→  ◦ 
åßíáé Ýíá (åí ãÝíåé ìç áâåëéáíü ) ìïíïåéäÝò ìå ôçí ôáõôïôéêÞ áðåéêüíéóç id ùò ïõ-

äÝôåñï óôïé·åßï ôïõ (âë. 1.2.12).

(vi) Ôï æåýãïò (N+) üðïõ ‘‘+'' ç óõíÞèçò ðñüóèåóç öõóéêþí áñéèìþí, åßíáé ìéá

áâåëéáíÞ çìéïìÜäá ðïõ äåí åßíáé ìïíïåéäÝò.

(vii) ÅÜí ∈ {N0ZQRC} êáé ∈ {NN0ZQRC} ôüôå ôá æåýãç (+) êáé

( ·) (ùò ðñïò ôéò óõíÞèåéò ðñÜîåéò ðñïóèÝóåùò êáé ðïëëáðëáóéáóìïý) áðïôå-
ëïýí áâåëéáíÜ ìïíïåéäÞ ìå ïõäÝôåñÜ ôïõò óôïé·åßá ôá 0 êáé 1 áíôéóôïß·ùò.

(viii) Åðß ôïý Z  ∈ N ïñßæïíôáé äýï åóùôåñéêÝò ðñÜîåéò17 ‘‘+'' êáé ‘‘·'':
([] []) 7−→ [] + [] ([] []) 7−→ [] · [] (1.7)

Ôá æåýãç (Z+) êáé (Z ·)  ∈ N ùò ðñïò ôéò áíùôÝñù ðñÜîåéò ðñïóèÝóåùò

êáé ðïëëáðëáóéáóìïý åßíáé áâåëéáíÜ ìïíïåéäÞ ìå ïõäÝôåñÜ ôïõò óôïé·åßá ôá [0]
êáé [1]  áíôéóôïß·ùò. (Âë. ðñïôÜóåéò B.4.41 êáé B.4.42.)

(ix) ÅÜí ôïΩ åßíáé Ýíá óýíïëï, ôüôå ôá æåýãç (P (Ω) ∪) (P (Ω) ∩) êáé (P (Ω) 4)
åßíáé áâåëéáíÜ ìïíïåéäÞ ìå ïõäÝôåñÜ ôïõò óôïé·åßá ôá ∅Ω êáé ∅ áíôéóôïß·ùò.
(Âë. 1.2.5 (i), (ii) êáé (iii), êáé 1.2.10.)

17ÅðåéäÞ êáôÜ ôçí åöáñìïãÞ ôùí ïñéóìþí (B.51) ïé áêÝñáéïé +  êáé  åíäÝ·åôáé íá åßíáé≥  (áêüìç êáé üôáí

ïé  êáé  åßíáé åéëçììÝíïé áðü ôï óýíïëï {0 1 −1}), åÜí åðéèõìïýìå íá ðáñáìåßíïõìå óôçí ðåñéãñáöÞ (1.1)
ôïý Z åðéëÝãïõìå ùò åêðñïóþðïõò ôùí êëÜóåùí éóïäõíáìéþí ôïõò ùò ðñïò ôçí ‘‘∼'' ôá õðüëïéðá ðïõ áöÞíïõí

áöïý äéáéñåèïýí äéÜ ôïý
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1.3.6 ÐáñÜäåéãìá. ÅÜí ïé êáé  åßíáé äõï öõóéêïß áñéèìïß êáé ôï Ýíá ìç êåíü

óýíïëï, ôüôå êÜèå áðåéêüíéóç

 : {1 2} × {1 2 } −→  (1.8)

ïíïìÜæåôáé (× )-ðßíáêáò ìå ôéò «åããñáöÝò18» ôïõ åéëçììÝíåò áðü ôï  Áíôß

ôïý ó·åôéêþò äýó·ñçóôïõ óõìâïëéóìïý (1.8) ãñÜöïõìå áðëþò⎛⎜⎜⎝
11 12 · · · 1−1 1
21 22 · · · 2−1 2

.

.

.
.
.
.

. . .
.
.
.

.

.

.

−1 1 −1 2 · · · −1−1 −1
 1  2 · · · −1 

⎞⎟⎟⎠
Þ ()1≤≤1≤≤, üðïõ

 :=  ( )  ∀ ( ) ∈ {1 2} × {1 2 }

Åðßóçò, ùòMat×() óõìâïëßæïõìå ôï óýíïëï üëùí ôùí (× )-ðéíÜêùí (Þôïé

ðéíÜêùí ìå  ãñáììÝò êáé  óôÞëåò ) ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü ôï 

ÅÜí åðß ôïý  ïñßóïõìå ìéá åóùôåñéêÞ ðñÜîç

× −→  ( ) 7−→ } 

ôüôå ôï ïìáäïåéäÝò (}) êáèïñßæåé Ýíá ïìáäïåéäÝò

(Mat×() b} )
üðïõ

()1≤≤1≤≤ b} ()1≤≤1≤≤ := ( } )1≤≤1≤≤

ãéá êÜèå æåýãïò

(()1≤≤1≤≤ ()1≤≤1≤≤) ∈Mat×()×Mat×()

ÅÜí ôï (}) åßíáé ðñïóåôáéñéóôéêü (êáé áíôéóôïß·ùò, áâåëéáíü), ôüôå êáé ôï

(Mat×() b} ) åßíáé ðñïóåôáéñéóôéêü (êáé áíôéóôïß·ùò, áâåëéáíü). Åðéðñï-

óèÝôùò, åÜí ôï (}) åßíáé ìïíïåéäÝò Ý·ïí ôï  ùò ïõäÝôåñï óôïé·åßï ôïõ, ôüôå

êáé ôï (Mat×() b} ) åßíáé ìïíïåéäÝò ìå ïõäÝôåñï óôïé·åßï ôïõ ôïí (× )-

ðßíáêá, üëåò ïé åããñáöÝò ôïý ïðïßïõ åßíáé ßóåò ìå ôï Åðß ðáñáäåßãìáôé, åÜí ôï

 ∈ {N0ZQRCZ} (üðïõ  ∈ N) åöïäéáóèåß ìå ôçí ðñÜîç ôÞò ðñïóèÝóåùò

‘‘+'', ôüôå åßèéóôáé íá ãñÜöïõìå áðëþò ‘‘+'' áíôß ôïý ‘‘b+'' ãéá ôïí óõìâïëéóìü ôÞò

åðáãïìÝíçò ðñÜîåùò åðß ôïýMat×() êáé íá ôçí êáëïýìåðñüóèåóç ðéíÜêùí19.

Åí ðñïêåéìÝíù, ôï (Mat×()+) åßíáé áâåëéáíü ìïíïåéäÝò.

18Ïé åããñáöÝò (áããë. entries) åíüò ðßíáêá (1.8) åßíáé ïé×  åéêüíåò ôÞò  .

19Ôï ßäéï óýìâïëï ‘‘+'' ·ñçóéìïðïéåßôáé êáé ãéá ôç óçìåßùóç ôÞò ðñïóèÝóåùò ðéíÜêùí ìå ôéò åããñáöÝò ôïõò åéëçì-

ìÝíåò áðü ôõ·üíôåò äáêôõëßïõò (+ ·) Âë. (D.4).
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ÁóêÞóåéò

1-1. Åðß ôïý N ïñßæïíôáé ïé åóùôåñéêÝò ðñÜîåéò () 7−→  ∗1  := 

() 7−→  ∗2  := ìêä() êáé () 7−→  ∗3  := åêð()

Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) H ‘‘∗1'' äåí åßíáé ïýôå ðñïóåôáéñéóôéêÞ ïýôå ìåôáèåôéêÞ, ôï äå 1 åßíáé ïõäÝ-

ôåñï óôïé·åßï ìüíïí åê äåîéþí (ùò ðñïò áõôÞí).

(ii) H ‘‘∗2'' åßíáé ðñïóåôáéñéóôéêÞ êáé ìåôáèåôéêÞ, ôï äå 1 åßíáé ïõäÝôåñï óôïé-

·åßï.

(iii) H ‘‘∗3'' åßíáé ðñïóåôáéñéóôéêÞ êáé ìåôáèåôéêÞ, áëëÜ äåí õößóôáôáé ïõäÝ-

ôåñï óôïé·åßï ùò ðñïò áõôÞí.

1-2. Åðß ôïý óõíüëïõ Rr{0} ïñßæïíôáé ïé åóùôåñéêÝò ðñÜîåéò
( ) 7−→  1  := |− | êáé ( ) 7−→  2  := max{ }

Íá åîåôáóèåß ôï êáôÜ ðüóïí ç ‘‘1''(êáé áíôéóôïß·ùò, ç ‘‘2'') åßíáé (Þ äåí åßíáé)

ðñïóåôáéñéóôéêÞ Þ/êáé ìåôáèåôéêÞ.

1-3. Íá áðïäåé·èåß üôé ôï ïìáäïåéäÝò (R¡), üðïõ

( ) 7−→ ¡  := 3
p
3 + 3

åßíáé áâåëéáíü ìïíïåéäÝò.

1-4. Íá áðïäåé·èåß üôé ôïQr{0}, åöïäéáæüìåíï ìå ôçí ðñÜîç ôÞò óõíÞèïõò äéáé-

ñÝóåùò, åßíáé Ýíá ïìáäïåéäÝò. Åí óõíå·åßá, íá åîåôáóèåß ôï êáôÜ ðüóïí áõôü

åßíáé (Þ äåí åßíáé) (i) ðñïóåôáéñéóôéêü êáé (ii) áâåëéáíü.

1-5. Èåùñïýìå Ýíá ìç êåíü óýíïëï  åöïäéáóìÝíï ìå ìéá åóùôåñéêÞ ðñÜîç ‘‘}'',
ç ïðïßá éêáíïðïéåß ôçí áêüëïõèç óõíèÞêç:

(} )} (} ) = (} )} (} ) ∀ (   ) ∈ 4

ÕðïèÝôïíôáò üôé ôï ïìáäïåéäÝò (}) äéáèÝôåé ïõäÝôåñï óôïé·åßï, íá áðï-

äåé·èåß üôé åßíáé êáé ðñïóåôáéñéóôéêü êáé áâåëéáíü.

1-6. Íá åîåôáóèåß ç ýðáñîç åî áñéóôåñþí êáé åê äåîéþí ïõäåôÝñùí óôïé·åßùí ôïý

ïìáäïåéäïýò (R ), üðïõ

   := ||  ∀ ( ) ∈ R×R

1-7. Èåùñïýìå ôï óýíïëï R åöïäéáóìÝíï ìå ôçí åóùôåñéêÞ ðñÜîç ‘‘~'', üðïõ

~  :=  + +  ∀ ( ) ∈ R×R
ÄéáèÝôåé ôï ïìáäïåéäÝò (R~) ïõäÝôåñï óôïé·åßï; Êáé áí íáé, ôüôå ðïéá ∈ R
åðéäÝ·ïíôáé óõììåôñéêÜ óôïé·åßá ùò ðñïò ôçí ‘‘~''; Ðïéåò èá åßíáé ïé áðáíôÞ-

óåéò óôá ßäéá åñùôÞìáôá óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá, áíôß ôïý ïìáäïåé-

äïýò (R~), èåùñÞóïõìå ôï (Z ~|Z);
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1-8. Åðß ôïý óõíüëïõ R ïñßæïõìå ìéá åóùôåñéêÞ ðñÜîç ‘‘¯'' ùò áêïëïýèùò:

¯  := +  +  +  ∀ ( ) ∈ R× R

üðïõ    ∈ R. ÕðïèÝôïíôáò üôé ôï ïìáäïåéäÝò (R¯) Ý·åé ôï  ∈ R ùò

ïõäÝôåñü ôïõ óôïé·åßï êáé üôé êÜèå  ∈ Rr{} äéáèÝôåé óõììåôñéêü óôïé·åßï

ùò ðñïò ôçí ‘‘¯'', üðïõ  åßíáé Ýíáò ðñáãìáôéêüò áñéèìüò äéÜöïñïò ôïý , íá
ðñïóäéïñéóèïýí ôá    óõíáñôÞóåé ôùí  êáé 

1-9. ¸óôù (R ∗) ôï ïìáäïåéäÝò ôï ïñéæüìåíï ìÝóù ôÞò åóùôåñéêÞò ðñÜîåùò:

 ∗  := +  + 22 ∀ ( ) ∈ R×R

Íá áðïäåé·èåß üôé ôï (R ∗) åßíáé Ýíá áâåëéáíü, ìç ðñïóåôáéñéóôéêü ïìáäïåé-

äÝò ìå ïõäÝôåñï óôïé·åßï, êáèþò êáé ôï üôé õðÜñ·ïõí óôïé·åßá ôïýR ôá ïðïßá

äéáèÝôïõí äýï óõììåôñéêÜ óôïé·åßá, Ýíá óõììåôñéêü óôïé·åßï Þ êáé êáíÝíá

óõììåôñéêü óôïé·åßï ùò ðñïò ôçí ðñÜîç ‘‘∗”.
1-10. Ãéá ðïéåò ôéìÝò ôïý  ∈ N åßíáé ôï ïìáäïåéäÝò (Q¡) üðïõ

( ) 7−→  ¡  :=
 + 




çìéïìÜäá;





ÊÅÖÁËÁÉÏ 2

ÏìÜäåò êáé õðïïìÜäåò

Ïé ïìÜäåò åßíáé óýíïëá (äéÜöïñá ôïý êåíïý) åöïäéáóìÝíá ìå ìßá êáé ìüíïí åóù-

ôåñéêÞ ðñÜîç êáé ôñåéò óõíïäåõôéêÝò ·áñáêôçñéóôéêÝò éäéüôçôåò: ôçí ðñïóåôáéñé-

óôéêüôçôá, ôçí ýðáñîç ïõäåôÝñïõ óôïé·åßïõ êáé ôçí ýðáñîç óõììåôñéêïý («áíôé-

óôñüöïõ») ïéïõäÞðïôå óôïé·åßïõ ôïõò.

2.1 ÈÅÌÅËÉÙÄÅÉÓ ÏÑÉÓÌÏÉ ÊÁÉ ÉÄÉÏÔÇÔÅÓ

2.1.1 Ïñéóìüò. ¸íá ìïíïåéäÝò (}) (ìå ôï  ùò õðïêåßìåíï óýíïëü ôïõ) êáëåß-

ôáé ïìÜäá1 üôáí ãéá êÜèå óôïé·åßï ôïý õðÜñ·åé ôï óõììåôñéêü ôïõ ùò ðñïò ôçí}
(ðñâë. ðñüôáóç 1.2.8). Ç ôÜîç || ìéáò ïìÜäáò (}) åßíáé åî ïñéóìïý ï ðëçèé-

êüò áñéèìüò card() ôïý óõíüëïõ ÅÜí ç || åßíáé ðåðåñáóìÝíç, ôüôå ëÝìå üôé ç
 Ý·åé ðåðåñáóìÝíç ôÜîç Þ áðëþò üôé ç åßíáé ìéá ðåðåñáóìÝíç ïìÜäá êáé ãñÜ-

öïõìå ||  ∞ (ÅéäÜëëùò ëÝìå üôé ç  åßíáé ìéá Üðåéñç ïìÜäá êáé ãñÜöïõìå2

|| =∞). Ìéá ïìÜäá ëÝãåôáé ìåôáèåôéêÞ Þ áâåëéáíÞ (Þ ïìÜäá ôïý Abel3) üôáí

ç ðñÜîç, ìå ôçí ïðïßá åßíáé åöïäéáóìÝíç, åßíáé ìåôáèåôéêÞ.

2.1.2 Ðáñáäåßãìáôá. (i) Ôá æåýãç (Z+)  (Q+)  (R+)  (C+) ôùí áêåñáßùí,

ôùí ñçôþí, ôùí ðñáãìáôéêþí êáé ôùí ìéãáäéêþí áñéèìþí, áíôéóôïß·ùò, ìáæß ìå

ôç óõíÞèç ðñüóèåóç, áðïôåëïýí ôá ðéï ïéêåßá ðáñáäåßãìáôá áâåëéáíþí ïìÜäùí.

Ôï áâåëéáíü ìïíïåéäÝò (N0+) äåí åßíáé ïìÜäá, äéüôé êáíÝíáò  ∈ N äåí äéáèÝôåé

áíôßèåôï (= óõììåôñéêü) óôïé·åßï åíôüò ôïý óõíüëïõ N0.
(ii) Ôï ìïíïåéäÝò (Z+)  ∈ N (âë. 1.3.5 (viii)) áðïôåëåß (óýìöùíá ìå ôçí ðñü-

ôáóç B.4.41) ìéá áâåëéáíÞ ïìÜäá ìå ïõäÝôåñü ôçò óôïé·åßï ôï [0] êáé áíôßèåôï

1Óå ðïëëÝò ðåñéðôþóåéò üðïõ äåí õößóôáôáé êßíäõíïò óõã·ýóåùò (ãéá ôï ðïéá ðñÜîç õðïíïåßôáé) óõìâïëßæïõìå ôéò
ïìÜäåò ìüíïí ìå êåöáëáßá (ëáôéíéêÜ) ãñÜììáôá.
2Åí êáíåßò ·ñçóéìïðïéÞóåé ôïí óõíÞèç ôñüðï óõãêñßóåùò ðëçèéêþí áñéèìþí (óôï ðëáßóéï ôÞò Èåùñßáò Óõíüëùí),

ç óõíèÞêç || =∞ éóïäõíáìåß ìå ôçí || ≥ ℵ0 := card(N) üðïõ ℵ0 åßíáé ôï «Üëåö ìçäÝí».
3Ðñïò ôéìÞí ôïý Íïñâçãïý ìáèçìáôéêïý Niels Henrik Abel (1802-1829).
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óôïé·åßï êáèåíüò [] ∈ Z ôï [−] 

(iii) Ôá æåýãç (Qr{0} ·)  (Rr{0} ·)  (Q0 ·) (R0 ·), (Cr{0} ·) ôùí ìç ìçäå-

íéêþí ñçôþí, ôùí ìç ìçäåíéêþí ðñáãìáôéêþí, ôùí èåôéêþí ñçôþí, ôùí èåôéêþí

ðñáãìáôéêþí êáé ôùí ìç ìçäåíéêþí ìéãáäéêþí áñéèìþí, ìáæß ìå ôïí óõíÞèç ðïë-

ëáðëáóéáóìü, åßíáé áâåëéáíÝò ïìÜäåò (ìå ôï 1ùò ïõäÝôåñï óôïé·åßï ôïõò). ÁíôéèÝ-

ôùò, ôï áâåëéáíü ìïíïåéäÝò (Zr{0} ·) äåí åßíáé ïìÜäá, äéüôé ìüíïí ïé±1 äéáèÝôïõí
áíôßóôñïöï (= óõììåôñéêü) óôïé·åßï åíôüò ôïý Zr{0}
(iv) Ôï æåýãïò (Q0 ∗) üðïõ  ∗ := 

2  ∀ ( ) ∈ Q0×Q0 åßíáé ìéá áâåëéáíÞ

ïìÜäá ç ïðïßá Ý·åé ôï 2 (!) ùò ïõäÝôåñü ôçò óôïé·åßï êáé ôï 4

ùò óõììåôñéêü óôïé-

·åßï ïéïõäÞðïôå  ∈ Q0

(v) Ôï áâåëéáíü ìïíïåéäÝò (Z ·)  ∈ N (âë. 1.3.5 (viii)), ìå ïõäÝôåñü ôïõ óôïé-

·åßï ôï [1]  äåí åßíáé ïìÜäá üôáí ≥ 2 äéüôé (ôïõëÜ·éóôïí) ôï [0] äåí äéáèÝôåé

áíôßóôñïöï.

(vi) ÅÜí ôï Ω åßíáé Ýíá óýíïëï, ôüôå ôï æåýãïò (P (Ω) 4) áðïôåëåß ìéá áâåëéáíÞ

ïìÜäá. ÁíôéèÝôùò, ãéá ïéïäÞðïôå Ω 6= ∅ ôá áâåëéáíÜ ìïíïåéäÞ (P (Ω) ∪) êáé
(P (Ω) ∩) äåí åßíáé ïìÜäåò. (Âë. 1.2.15 êáé 1.3.5 (ix).)
(vii) ÅÜí ∈ N êáé åÜí ôï  ∈ {ZQRCZ} (üðïõ  ∈ N) åöïäéáóèåß ìå ôçí
ðñÜîç ôÞò óõíÞèïõò ðñïóèÝóåùò, ôüôå ôï áâåëéáíü ìïíïåéäÝò (Mat×()+) ôï
ïñéóèÝí óôï åäÜöéï 1.3.6 áðïôåëåß ìéá ïìÜäá, êáèüôé êÜèå

()1≤≤1≤≤ ∈Mat×()

Ý·åé ôïí ðßíáêá (−)1≤≤1≤≤ ùò óõììåôñéêü ôïõ óôïé·åßï ùò ðñïò ôçí ‘‘+''.

2.1.3 Óçìåßùóç. ÏñéóìÝíåò öïñÝò, üôáí ìåëåôïýìå ìéá ðåðåñáóìÝíç ïìÜäá

(}) ðïõ Ý·åé åßôå ìéêñÞ ôÜîç åßôå óôïé·åßá äéáóõíäåüìåíá ìÝóù åéäéêþí ó·Ý-

óåùí, åßíáé ·ñÞóéìï íá åñãáæüìáóôå ìå ôïí ðïëëáðëáóéáóôéêü êáôÜëïãï ôÞò

(}) (ðïõ ïíïìÜæåôáé, åíáëëáêôéêþò, êáé êáôÜëïãïò ôÞò ðñÜîåùò ‘‘}'' Þ êá-
ôÜëïãïò ôïý Cayley ãéá ôçí (})). ÅÜí  = {1 }  ∈ N ôüôå áõôüò åßíáé
ï åîÞò:

} 1 2 · · · · · · 

1 1 } 1 1 } 2 · · · · · · 1 } 
2 2 } 1 2 } 2 · · · · · · 2 } 
...

...
...

...
...

...
...

...

  } 1  } 2 · · · · · ·  } 

Óôçí -ïóôÞ ãñáììÞ êáé óôçí -ïóôÞ óôÞëç ôïý êáôáëüãïõ ôïðïèåôåßôáé ôï óôïé-

·åßï  }  1 ≤   ≤  ÊÜèå óôïé·åßï ôÞò ïìÜäáò åìöáíßæåôáé ìüíïí ìßá öïñÜ
óå êÜèå ãñáììÞ êáé óå êÜèå óôÞëç.

2.1.4 Óçìåßùóç. Ç éåñÜñ·çóç ôùí (NÂG-) êëÜóåùí ôùí äïìþí ðïõ Ý·ïõìå óõíá-

íôÞóåé ìÝ·ñé óôéãìÞò Ý·åé ùò åîÞò:

{ïìÜäåò} $ {ìïíïåéäÞ} $ {çìéïìÜäåò} $ {ïìáäïåéäÞ}
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Áðü ôá ðñïçãçèÝíôá ðáñáäåßãìáôá 1.3.5 êáé 2.4.2 êáèßóôáôáé óáöÝò üôé ïé áíù-

ôÝñù åãêëåéóìïß åßíáé ãíÞóéïé. Åðéóçìáßíåôáé -éäéáéôÝñùò- üôé, äïèÝíôïò åíüò ìï-
íïåéäïýò, õðÜñ·åé ðÜíôïôå ç äõíáôüôçôá ó·çìáôéóìïý ìéáò ïìÜäáò, üðùò ðåñé-

ãñÜöåôáé óôçí ðñüôáóç 2.1.6.

2.1.5 Ïñéóìüò. ¸óôù ( ·) Ýíá ìïíïåéäÝò Ý·ïí ôï  ùò ïõäÝôåñï óôïé·åßï ôïõ.

Ôüôå óõìâïëßæïõìå ùò

× := { ∈ |∃ ∈ :  =  = }

ôï óýíïëï üëùí ôùí  ∈ ðïõ äéáèÝôïõí óõììåôñéêü óôïé·åßï ùò ðñïò ôçí ‘‘·''.

2.1.6 Ðñüôáóç. ¸óôù ( ·) Ýíá ìïíïåéäÝò. Ôüôå ôï æåýãïò (× ·) áðïôåëåß ìéá
ïìÜäá.

Áðïäåéîç. Êáô' áñ·Üò, åðåéäÞ  =   Ý·ïõìå  ∈ × ÅÜí  0 ∈ ×
ôüôå [∃ ∈ :  =  = ] êáé [∃0 ∈ : 00 =  = 00] ïðüôå

(0)(0) = 0()0 = 00 = 00 =  

êáé, êáô' áíáëïãßáí, (0)(0) =   Ôïýôï óçìáßíåé üôé éó·ýåé 0 ∈ × äç-
ëáäÞ üôé ôï × åßíáé êëåéóôü ùò ðñïò ôçí ‘‘·'' (âë. 1.2.2). ÅðéðñïóèÝôùò, åÜí ôï

 åßíáé ôõ·üí óôïé·åßï ôïý × êáé ôï  óõììåôñéêü óôïé·åßï ôïõ, ôüôå ôï  (ëüãù

ôÞò ðñïôÜóåùò 1.2.13) åßíáé ôï ìüíï óôïé·åßï ôïý ìå áõôÞí éäéüôçôá êáé (åî ïñé-

óìïý)  ∈ × (äéüôé ôï  åßíáé, ìå ôç óåéñÜ ôïõ, ôï óõììåôñéêü óôïé·åßï ôïý ).

ÊáôÜ óõíÝðåéáí, ôï æåýãïò (× ·) áðïôåëåß ìéá ïìÜäá. ¤

2.1.7 Ðáñáäåßãìáôá. (i) ÌÝóù ôùí áâåëéáíþí ìïíïåéäþí (Q ·) (R ·) êáé (C ·)
(üðïõ ‘‘·'' ï óõíÞèçò ðïëëáðëáóéáóìüò) äçìéïõñãïýíôáé ïé ðïëëáðëáóéáóôéêÝò

ïìÜäåò (Qr{0} ·) (Rr{0} ·) êáé (Cr{0} ·) áíôéóôïß·ùò.
(ii) ÌÝóù ôïý áâåëéáíïý ìïíïåéäïýò (Z ·) (üðïõ ‘‘·'' ï óõíÞèçò ðïëëáðëáóéá-

óìüò) äçìéïõñãåßôáé ç ðïëëáðëáóéáóôéêÞ ïìÜäá ìå õðïêåßìåíï óýíïëü ôçò ôï

Z× = {1−1}
(iii) ÌÝóù ôïý áâåëéáíïý ìïíïåéäïýò (Z ·)  ∈ N äçìéïõñãåßôáé ç ðïëëáðëá-

óéáóôéêÞ ïìÜäá ðïõ Ý·åé ùò õðïêåßìåíï óýíïëü ôçò ôï4

Z× = {[] ∈ Z |  ∈ N  ≤  ìêä () = 1}

êáé ôÜîç  ()  üðïõ  : N −→ N ç óõíÜñôçóç öé ôïý Euler

 7−→  () := card{ ∈ N |  ≤  êáé ìêä () = 1} (2.1)

(Ðñâë. B.4.15 êáé B.4.43.) Ç (Z× ·) êáëåßôáé ïìÜäá ôùí áíôéóôñÝøéìùí êëÜóåùí
õðïëïßðùí êáôÜ ôï ìüäéï  (ÓçìåéùôÝïí üôé ãéá êÜèå ðñþôï áñéèìü  Ý·ïõìå

Z× = Zr{[0]})
4ÅðåéäÞ [0] = []  éó·ýåé êáé ç éóüôçôá Z× =

©
[] ∈ Z |  ∈ Z 0 ≤  ≤ − 1 ìêä () = 1

ª


(ÓçìåéùôÝïí üôé ïñéóìÝíïé óõããñáöåßò óõìâïëßæïõí ôçí ïìÜäá Z× ùò(Z) Þ áðëþò ùò üðïõ ôï ‘‘ '' ðñïÝñ-
·åôáé áðü ôï ðñþôï ãñÜììá ôÞò ëÝîåùò unit (= áíôéóôñÝøéìï óôïé·åßï).)
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(iv) ¸óôù (+ ·) Ýíáò ìåôáèåôéêüò ìç ôåôñéììÝíïò äáêôýëéïò ìå ìïíáäéáßï (ðïë-

ëáðëáóéáóôéêü) óôïé·åßï 1 êáé Ýóôù  ∈ NÁò óõìâïëßóïõìå ùò 0 ôï ïõäÝôåñï

óôïé·åßï ôÞò ïìÜäáò (+) Ôï óýíïëïMat× () ôùí (×)-ðéíÜêùí êáèßóôá-

ôáé äáêôýëéïò ìÝóù ôÞò ôùí (óõíÞèùí) ðñÜîåùí ôÞò ðñïóèÝóåùò êáé ôïý ðïëëá-
ðëáóéáóìïý ðéíÜêùí :

A+B := ( + )1≤≤  AB := ( 11  +  22  + · · ·+  )1≤≤ 

ãéá ïéïõóäÞðïôåA = ()1≤≤,B = ()1≤≤ ∈Mat× ()  ìå ìïíáäéáßï
ôïõ óôïé·åßï ôïí ìïíáäéáßï (× )-ðßíáêá

I :=

⎛⎜⎜⎝
1 0 · · · 0 0
0 1 · · · 0 0
.
.
.

.

.

.
. . .

.

.

.
.
.
.

0 0 · · · 1 0
0 0 · · · 0 1

⎞⎟⎟⎠

ÌÝóù ôïý ìïíïåéäïýò (Mat× ()  ·) ïñßæåôáé ç ãåíéêÞ ãñáììéêÞ ïìÜäá

GL () := (Mat×())× = {A ∈Mat×() | det (A) ∈ × } 

(âáèìïý  õðåñÜíù ôïý), üðïõ det(A) äçëïß ôçí ïñßæïõóá ôïýA. (Âë. èåþñçìá

D.2.18).

2.1.8 Óçìåßùóç. (μñçóôéêüò ôñüðïò óõìâïëéóìïý ïìÜäùí) Áðü åäþ êáé óôï

åîÞò, üôáí áíáöåñüìáóôå óå ôõ·ïýóåò ïìÜäåò, èá õéïèåôïýìå ùò åðß ôï ðëåßóôïí

ôïí ðïëëáðëáóéáóôéêü êáé (êÜðùò óðáíéüôåñá) ôïí ðñïóèåôéêü óõìâïëéóìü ãéá

ôéò åêÜóôïôå èåùñïýìåíåò ðñÜîåéò (ãñÜöïíôáò ð.·. 12 1 · 2 Þ 1 ∗ 2 êáé, áíôé-
óôïß·ùò, 1+2, áíôß ôïý 1}2, ãéá äõï óôïé·åßá 1 2 ìéáò ïìÜäáò áêüìç êáé

üôáí ïé ðñÜîåéò äåí õðïíïïýí êÜðïéïõò «ïéêåßïõò» ðïëëáðëáóéáóìïýò êáé ðñï-

óèÝóåéò, áíôéóôïß·ùò) êáé èá óõìâïëßæïõìå ôï ïõäÝôåñï óôïé·åßï ìéáò ïìÜäáò 

ùò  êáé ôï óõììåôñéêü óôïé·åßï åíüò  ∈  ùò −1 («áíôßóôñïöï» ôïý ) êáé,

áíôéóôïß·ùò, − («áíôßèåôï» ôïý ).

2.1.9 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå éó·ýïõí ôá áêüëïõèá :
(i) Ãéá êÜèå    ∈  Ý·ïõìå

 =  =⇒  = 

 =  =⇒  = 

¾
(Íüìïé äéáãñáöÞò)

(ii)
¡
−1

¢−1
= , ãéá êÜèå  ∈ 

(iii) ÅÜí  ∈ N êáé 1  ∈ , ôüôå (12 · · · )−1 = −1 · · · −12 −11 

(iv) Ãéá ïéáäÞðïôå   ∈  ïé åîéóþóåéò  =  êáé  =  åðéäÝ·ïíôáé ôéò  = −1
êáé  = −1, áíôéóôïß·ùò, ùò ìïíáäéêÝò ôïõò ëýóåéò.

Áðïäåéîç. (i) ÐïëëáðëáóéÜæïíôáò ôçí ðñþôç åîßóùóç (åê äåîéþí) ìå ôï áíôß-

óôñïöï (= óõììåôñéêü) óôïé·åßï −1 ôïý , ëáìâÜíïõìå

() −1 = () −1 =⇒ 
¡
−1

¢
= 

¡
−1

¢
=⇒  =  =⇒  = 
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Êáô' áíáëïãßáí (êáôüðéí ðïëëáðëáóéáóìïý ìå −1 åî áñéóôåñþí) áðïäåéêíýïõìå
êáé ôïí äåýôåñï íüìï ôÞò äéáãñáöÞò.

(ii) ÅðåéäÞ
¡
−1

¢−1
−1 =  = −1

¡
−1

¢−1
êáé −1 =  = −1 Ý·ïõìå¡

−1
¢−1

= , ãéá êÜèå  ∈ , ëüãù ôÞò ìïíáäéêüôçôáò ôïý óõììåôñéêïý óôïé·åßïõ

(âë. ðñüôáóç 1.2.8).

(iii) ¸óôù  = 2. Áñêåß (êáé ðÜëé ëüãù ôÞò ìïíáäéêüôçôáò ôïý óõììåôñéêïý

óôïé·åßïõ) íá äåßîïõìå üôé (12)
¡
−12 −11

¢
=  =

¡
−12 −11

¢
(12)  ÈÝôïíôáò

óå åöáñìïãÞ ôïí ãåíéêåõìÝíï ðñïóåôáéñéóôéêü íüìï 1.2.19 ëáìâÜíïõìå

(12)
¡
−12 −11

¢
=
¡
1
¡
2
−1
2

¢¢
−11 = (1) 

−1
1 = 1

−1
1 = 

Áíáëüãùò äåß·íïõìå üôé
¡
−12 −11

¢
(12) =  Ãéá  ≥ 3 ôï æçôïýìåíï Ýðåôáé

ìÝóù ìáèçìáôéêÞò åðáãùãÞò.

(iv) Êáô' áñ·Üò, 
¡
−1

¢
=
¡
−1

¢
 =  = , ïðüôå ôï −1 åßíáé üíôùò ìéá

ëýóç ôÞò åîéóþóåùò  = . ¸óôù  ∈  ìéá ôõ·ïýóá ëýóç ôçò. Ôüôå

−1 () = −1 =⇒ ¡
−1

¢
 = −1 =⇒  =  = −1

Áíáëüãùò áðïäåéêíýåôáé êáé ç ìïíáäéêüôçôá ôÞò ëýóåùò ôÞò 2çò åîéóþóåùò. ¤

2.1.10 Ïñéóìüò. («ÄõíÜìåéò» óôïé·åßùí) ¸óôù ( ·) ìéá ïìÜäá. Ãéá êÜèå  ∈ Z
åéóÜãïõìå ôç âñá·õãñáößá

 :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
  · · · | {z }
 öïñÝò

 üôáí   0

(−)−1  üôáí   0

  üôáí  = 0

åí åßäåé5 «äõíÜìåùò».

2.1.11 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå ãéá êÜèå óôïé·åßï  ∈  êáé êÜèå
() ∈ Z× Z éó·ýïõí ôá áêüëïõèá :
(i)  = + = 

(ii) ()

= 

(iii) − =
¡
−1

¢
= ()

−1
 (Ôï − åßíáé ôï áíôßóôñïöï ôïý .)

Áðïäåéîç. (i) Êáô' áñ·Üò õðïèÝôïõìå üôé áìöüôåñïé ïé åßíáé èåôéêïß. Äéáôç-

ñþíôáò ôüí  ðáãéùìÝíï, èá åöáñìüóïõìå êëáóéêÞ ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò

5¼ôáí ·ñçóéìïðïéåßôáé ðñïóèåôéêüò óõìâïëéóìüò ãéá ôçí ôüôå ãéá êÜèå  ∈ Z ïñßæïõìå êáô' áíáëïãßáí

 :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
 +  + · · ·+ | {z }

 öïñÝò

 üôáí   0

−((−)) üôáí   0
  üôáí  = 0

åí åßäåé «ðïëëáðëáóßïõ».
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ôïí . (Áíáëüãùò åðé·åéñçìáôïëïãåß êáíåßò êáé ìå ôïí ). ÅÜí  = 1, ôüôå -åî

ïñéóìïý-  = 1+. ÕðïèÝôïíôáò üôé  = +, ëáìâÜíïõìå

+1 = ()  =  () = + = ++1

Ôþñá õðïèÝôïõìå üôé Ýíáò åê ôùí åßíáé = 0. ÅÜí = 0, ôüôå

0 = 
 =  = 0+

(Áíáëüãùò, 0 =  =  = +0, üôáí  = 0). Åí óõíå·åßá, õðïèÝôïõìå
üôé áìöüôåñïé ïé åßíáé áñíçôéêïß. Óýìöùíá ìå ôá 2.1.9 (ii) êáé (iii),




 =

¡

−¢−1 ¡


−¢−1 = ¡−−¢−1 = ³−(+)´−1 = ³−(+)´−1 = 

+


ÅîÜëëïõ, åðåéäÞ+ = +, Ý·ïõìå  = . Ùò åê ôïýôïõ, õðïëåßðåôáé

ìüíïí ç åîÝôáóç ôÞò ðåñéðôþóåùò êáôÜ ôçí ïðïßá ï Ýíáò åê ôùí åßíáé áñíçôé-

êüò êáé ï Üëëïò èåôéêüò. ÅðåéäÞ ïé áðïäåßîåéò åßíáé ðáíïìïéüôõðåò, èá åîåôÜóïõìå

ôé óõìâáßíåé ìüíïí üôáí  0 êáé   0. Äéáêñßíïõìå ôéò ôñåéò äéáöïñåôéêÝò ðå-

ñéðôþóåéò:

(á)  +   0 ÊÜíïíôáò ·ñÞóç ôùí üóùí éó·ýïõí óôçí ðåñßðôùóç üðïõ áìöü-

ôåñïé åßíáé èåôéêïß, ëáìâÜíïõìå

+− = (+)− = 

ÅðåéäÞ ôï − åßíáé -åî ïñéóìïý- ôï áíôßóôñïöï ôïý , ìðïñïýìå íá ðïëëáðëá-

óéÜóïõìå áìöüôåñåò ôéò ðëåõñÝò (åê äåîéþí) ìå ôï  êáé íá êáôáëÞîïõìå óôï æç-

ôïýìåíï: + = 

(â)  +  = 0 Óå áõôÞí ôçí ðåñßðôùóç,  = −, ïðüôå ôï  åßíáé -åî ïñéóìïý-

ôï áíôßóôñïöï ôïý  êáé  = 0 = 

(ã)+   0ÊÜíïíôáò åê íÝïõ ·ñÞóç ôùí üóùí éó·ýïõí óôçí ðåñßðôùóç üðïõ

áìöüôåñïé åßíáé èåôéêïß, ëáìâÜíïõìå −(+) = −−+ = − ÅðåéäÞ ôï

− åßíáé -åî ïñéóìïý- ôï áíôßóôñïöï ôïý , ìðïñïýìå íá ðïëëáðëáóéÜóïõìå

áìöüôåñåò ôéò ðëåõñÝò (åê äåîéþí) ìå ôï − êáé íá êáôáëÞîïõìå óôï æçôïýìåíï:

−(+) = −− = −−

(ii) Ç áðüäåéîç åßíáé ðáñüìïéá êáé ãé' áõôü áöÞíåôáé ùò Üóêçóç.

(iii) ÅÜí  0, ôüôå -åî ïñéóìïý- − = ()
−1

. μñçóéìïðïéþíôáò êëáóéêÞ ìá-

èçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  äåß·íïõìå åýêïëá üôé ôï
¡
−1

¢
åßíáé ôï áíôß-

óôñïöï ôïý . ÅÜí = 0 ôüôå

− =
¡
−1

¢
= ()

−1
= 

ÔÝëïò, óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá   0, ·ñçóéìïðïéïýìå åê íÝïõ ìáèçìá-

ôéêÞ åðáãùãÞ, áëë' áõôÞí ôç öïñÜ ìå ïðéóèïðïñåßá ùò ðñïò ôïí  ìå óýíïëï

áíáöïñÜò ìáò ôï { ∈ Z | ≤ −1}  åêêéíþíôáò áðü ôïí  = −1 ¼ôáí  = −1,
ï éó·õñéóìüò åßíáé ðñïöáíþò áëçèÞò ëüãù ôïý 2.1.9 (ii). ¸·ïíôáò ôéò

− =
¡
−1

¢
= ()−1
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ùò åðáãùãéêÞ ìáò õðüèåóç, ìÝóù ôïý (i) êáé ôùí 2.1.9 (ii), (iii) ëáìâÜíïõìå

−(−1) = − =
¡
−1

¢
(−1)−1 =

¡
−1

¢−1
êáé

−(−1) = − = ()−1 (−1)−1 = (−1)−1 =
¡
−1

¢−1


Ôïýôï ïëïêëçñþíåé ôçí áðüäåéîç. ¤

2.1.12 ÐáñáôÞñçóç. ¼ôáí Ýíá óôïé·åßï  ∈  ãñÜöåôáé ùò «ãéíüìåíï»  = 

äõï óôïé·åßùí   ôÞò  ôï «ôåôñÜãùíü ôïõ» 2 = ()2 = ()() äåí éóïýôáé
êáô' áíÜãêçí ìå ôï 22! Ùóôüóï, åßíáé åýêïëï íá áðïäåé·èåß (åðáãùãéêþò) üôé

éó·ýïõí ïé éóüôçôåò

() =  ∀ ∈ Z êáé  =  ∀() ∈ Z× Z
ãéá ïéáäÞðïôå óôïé·åßá   ôÞò  ãéá ôá ïðïßá éó·ýåé ç éóüôçôá  = 

I ÕðïïìÜäåò. Ç õðïäïìÞ ðïõ áíôéóôïé·åß óôçí áëãåâñéêÞ äïìÞ ôÞò ïìÜäáò åßíáé

ç õðïïìÜäá.

2.1.13 Ïñéóìüò. ¸íáìçêåíü õðïóýíïëï ôïý õðïêåéìÝíïõ óõíüëïõ ìéáò ïìÜ-

äáò ( ·) êáëåßôáé õðïïìÜäá ôÞò üôáí ôï åßíáé êëåéóôü ùò ðñïò ôçí ðñÜîç ôÞò

 (âë. 1.2.2) êáé êáèßóôáôáé áö' åáõôïý ìéá ïìÜäá (ùò ðñïò ôïí ðåñéïñéóìü ôçò

·|×). Ãéá íá äçëïýìå åí óõíôïìßá üôé ôï æåýãïò ( ·|×) áðïôåëåß ìéá õðïï-

ìÜäá ôÞò ( ·) èá ·ñçóéìïðïéïýìå óõ·íÜ êáé ôïí óõìâïëéóìü6  v 

2.1.14 Ïñéóìüò. ¼ôáí  v  êáé  6= , ôüôå ç  ëÝãåôáé, éäéáéôÝñùò, ãíÞóéá

õðïïìÜäá ôÞòμñçóéìïðïéïýìåíïò óõìâïëéóìüò (üôáí åðéèõìïýìå íá äþóïõìå

Ýìöáóç óôï üôé ç åßíáé ãíÞóéá):  @ 

2.1.15 ÐáñáôÞñçóç. (i)ÊÜèå õðïïìÜäá ìéáòðåðåñáóìÝíçò ïìÜäáò ( ·) åßíáé
ðåðåñáóìÝíç, äéüôé || ≤ || ∞ (ÖõóéêÜ, ìéá Üðåéñç ïìÜäá äéáèÝôåé ðÜíôïôå7

ôüóïí ðåðåñáóìÝíåò üóïí êáé Üðåéñåò õðïïìÜäåò.)

(ii) ÊÜèå õðïïìÜäá ìéáò áâåëéáíÞò ïìÜäáò ( ·) åßíáé áâåëéáíÞ, äéüôé ãéá êÜèå

æåýãïò ( ) ∈  × Ý·ïõìå áõôïìÜôùò ( ) ∈ × ïðüôå  =  (ÖõóéêÜ,

ìéá ìç áâåëéáíÞ ïìÜäá äéáèÝôåé ðÜíôïôå8 ôüóïí áâåëéáíÝò üóïí êáé ìç áâåëéáíÝò

õðïïìÜäåò.)

(iii) Ãéá ôïí Ýëåã·ï ôïý êáôÜ ðüóïí Ýíá ìç êåíü õðïóýíïëï  ôïý õðïêåéìÝ-

íïõ óõíüëïõ  ìéáò ïìÜäáò ( ·) êáèßóôáôáé õðïïìÜäá ôÞò ( ·) äåí áðáéôåß-

ôáé ï Ýëåã·ïò ôÞò éó·ýïò ôÞò ðñïóåôáéñéóôéêÞò éäéüôçôáò, äéüôé ãéá êÜèå ôñéÜäá

6Êáô' áíôéóôïé·ßáí, ï óõìâïëéóìüò “ 6v ” èá óçìáßíåé üôé ôï õðïóýíïëï  ôïý  äåí åßíáé õðïïìÜäá ôÞò

ïìÜäáò ( ·) (ùò ðñïò ôçí ·|× ).

7ÅðåéäÞ ôï ìïíïóýíïëï {} áðïôåëåß ðÜíôïôå õðïïìÜäá ïéáóäÞðïôå ïìÜäáò ( ·) (ðñâë. 2.1.21 (i)) êáé v 

åÜí õðïèÝóïõìå üôé || =∞ ôüôå ôï {} Ý·åé ðëçèéêü áñéèìü 1 åíþ ôï õðïêåßìåíï óýíïëï ôÞò ïìÜäáò áíáöïñÜò

ìáò åßíáé áðåéñïðëçèÝò.

8ÅÜí ç ( ·) åßíáé ìç áâåëéáíÞ, ôüôå ç {} åßíáé ðñïöáíþò áâåëéáíÞ õðïïìÜäá ôçò.
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(  ) ∈ ×× Ý·ïõìå áõôïìÜôùò (  ) ∈ ×× ïðüôå () = ()
Ç åðoìÝíç ðñüôáóç ìáò ðëçñïöïñåß ãéá ôï ðïéåò (éêáíÝò êáé áíáãêáßåò) óõíèÞ-

êåò ïöåßëïõí íá ðëçñïýíôáé, ïýôùòþóôå Ýíá äåäïìÝíï õðïóýíïëï ⊆  íá åßíáé

õðïïìÜäá ôÞò ( ·) 

2.1.16 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ⊆  Ôüôå ôá (i), (ii) êáé (iii)
åßíáé éóïäýíáìá :

(i) v 

(ii) Ôï ðëçñïß ôéò åîÞò óõíèÞêåò :

(a) Ôï ïõäÝôåñï óôïé·åßï ôÞò  áíÞêåé óôï.

(b)  ∈  ∀( ) ∈  ×

(c) −1 ∈  ∀ ∈  .

(iii) Ôï ðëçñïß ôéò åîÞò óõíèÞêåò :

(a) Ôï ïõäÝôåñï óôïé·åßï ôÞò  áíÞêåé óôï.

(b) −1 ∈  ∀( ) ∈  ×

Áðïäåéîç. (i)⇒(ii). ÅÜí  v  ôüôå  6= ∅ êáé ïé (b) êáé (c) éêáíïðïéïýíôáé.

ÅîÜëëïõ, ç äéáèÝôåé ïõäÝôåñï óôïé·åßï  ãéá ôï ïðïßï éó·ýåé

 =  =  ∀ ∈ 

ÅðåéäÞ êÜèå  ∈  áíÞêåé êáé óôçí , Ý·ïõìå  = , ïðüôå ôï ìïíïóÞìáíôï

ôÞò åðéëýóåùò ôùí ðñïêåéìÝíùí åîéóþóåùí (âë. 2.1.9 (iv)) äßäåé  =  

(ii)⇒(iii). Áñêåß íá áðïäåé·èåß ç éó·ýò ôÞò (b) ôïý (iii). ÅÜí ( ) ∈  ×, ôüôå

(êáôÜ ôçí (ii) (c)) −1 ∈ , ïðüôå −1 ∈  (äõíÜìåé ôÞò (ii) (b)).

(iii)⇒(i). ¼ðùò ðñïåßðáìå, ï Ýëåã·ïò ôÞò éó·ýïò ôÞò ðñïóåôáéñéóôéêÞò éäéüôçôáò

ðåñéôôåýåé. ÅîÜëëïõ, 6= ∅ ëüãù ôÞò (iii) (a). ÕðïèÝôïíôáò ëïéðüí üôé −1 ∈ 

ãéá êÜèå ( ) ∈  × , åðé·åéñçìáôïëïãïýìå ùò åîÞò: åÜí  ∈ , ôüôå Ý·ïõìå

 = −1 ∈  êáé −1 = 
−1 ∈  Ôïýôï óçìáßíåé üôé ç ýðáñîç áíôéóôñüöïõ

åíôüò ôÞò  åßíáé äéáóöáëéóìÝíç. ÁðïìÝíåé ï Ýëåã·ïò ôÞò «êëåéóôüôçôáò» ôÞò

ðñÜîåùò, Þôïé üôé

 ∈  ∀( ) ∈  ×

ÈÝôïíôáò  =  ∈  êáé  = −1 (ôï ïðïßï áíÞêåé, üðùò äéáðéóôþóáìå, óôï ),

ëáìâÜíïõìå ìÝóù åöáñìïãÞò ôÞò (iii) (b): 
¡
−1

¢−1
=  ∈  Þôïé ôï æçôïýìåíï.

¢ñá v  ¤

2.1.17 ÐáñáôÞñçóç. Ïé óõíèÞêåò (ii) (a) êáé (iii) (a) óõìðåñéåëÞöèçóáí óôçí

ðñüôáóç 2.1.16 ìüíïí ãéá íá ìáò åããõçèïýí üôé ôï èåùñïýìåíï óýíïëï äåí åßíáé

êåíü. ÅÜí ðñïûðïèÝóïõìå üôé ôï äéáèÝôåé ôïõëÜ·éóôïí Ýíá óôïé·åßï, ôüôå, åöáñ-

ìüæïíôáò ôç óõíèÞêç (ii) (c) ãéá êÜðïéï óôïé·åßï, áò ðïýìå 0 ôïý ëáìâÜíïõìå

−10 ∈  ïðüôå ìÝóù ôÞò (ii) (b) óõíÜãåôáé üôé 0
−1
0 =  ∈ Êáô' áíáëïãßáí,

åöáñìüæïíôáò ôç óõíèÞêç (iii) (b) ãéá  =  ëáìâÜíïõìå åê íÝïõ  ∈ .
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2.1.18 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå ãéá êÜèå v  Ý·ïõìå  = 

2.1.19 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6=  ⊆  ÅÜí ôï  åßíáé
ðåðåñáóìÝíï óýíïëï 9, ôüôå ôá (i) êáé (ii) åßíáé éóïäýíáìá :

(i) v 

(ii)  ∈  ∀( ) ∈  ×

Áðïäåéîç. Ç óõíåðáãùãÞ (i)⇒(ii) åßíáé ðñïöáíÞò (ëüãù ôÞò óõíåðáãùãÞò

(i)⇒(ii) (b) óôçí ðñüôáóç 2.1.16). ÅðåéäÞ  6= ∅ ãéá íá éó·ýåé ç áíôßóôñïöç

óõíåðáãùãÞ (ii)⇒(i) áñêåß íá åëåã·èåß üôé −1 ∈  ∀ ∈  (âë. 2.1.17). Ðñïò

ôïýôï èåùñïýìå ôõ·üí óôïé·åßï  ∈ ÅÜí  =  ôüôå ðñïöáíþò 
−1
 =  ∈ 

ÅÜí  6=  ôüôå 
2 ∈  (ëüãù ôÞò (ii)). ÊÜíïíôáò ·ñÞóç êëáóéêÞò ìáèçìáôéêÞò

åðáãùãÞò áðïäåéêíýïõìå (ìÝóù ôÞò (ii)) üôé  =
¡
−1

¢
 ∈  ãéá êÜèå  ∈ N

ÊáôÜ óõíÝðåéáí,

{ |  ∈ N} ⊆ 

card() ∞ (åî õðïèÝóåùò)

¾
⇒ ∃  ∈ N    :  =  

Åî áõôïý Ýðåôáé üôé

− =   6=  ⇒ −   1

− = (−−1) = 

¾
⇒ −1 = −−1 ∈ 

ïðüôå éó·ýåé ðñÜãìáôé üôé −1 ∈  ¤

2.1.20 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí v  êáé ∅ 6=  ⊆  ôüôå

 v ⇐⇒  v 

Áðïäåéîç. ÅÜí  v  êáé åÜí èåùñÞóïõìå ôõ·üíôá óôïé·åßá 1 2 ∈  ôüôå

1
−1
2 ∈  ⊆  ïðüôå  v  (åðß ôç âÜóåé ôïý (iii) ôÞò ðñïôÜóåùò 2.1.16 êáé

ôÞò ðáñáôçñÞóåùò 2.1.17). Êáé áíôéóôñüöùò° åÜí v  êáé åÜí 1 2 ∈  ôüôå

1
−1
2 ∈  ⊆  ïðüôå v  (ãéá ôïí ßäéï ëüãï). ¤

2.1.21 Ðáñáäåßãìáôá. (i) ÊÜèå ïìÜäá ( ·) Ý·åé ðÜíôïôå äýï ðñïöáíåßò õðïïìÜ-

äåò, Þôïé ôïí åáõôü ôçò êáé ôçí ôåôñéììÝíç õðïïìÜäá {} ðïõ áðïôåëåßôáé -åî

ïñéóìïý- ìüíïí áðü ôï ïõäÝôåñï óôïé·åßï ôçò.

(ii) Ç ïìÜäá (Z× = {1−1} ·) åßíáé õðïïìÜäá ôÞò (Qr{0} ·) (üðùò Ýðåôáé Üìåóá
áðü ôçí ðñüôáóç 2.1.16).

(iii) ¸óôù  ∈ Z êáé Ýóôù Z := { |  ∈ Z} ôï óýíïëï üëùí ôùí áêåñáßùí

ðïëëáðëáóßùí ôïõ. Ôüôå, åöáñìüæïíôáò ôçí ðñüôáóç 2.1.16, äéáðéóôþíïõìå üôé

ôï (Z+) åßíáé ìéá õðïïìÜäá ôÞò (Z+).
(iv) Ïé åãêëåéóìïß Z $ Q Z $ R Z $ C Q $ R Q $ C êáé R $ C êáèéóôïýí

9Ç óõíåðáãùãÞ (ii)⇒(i) åíäÝ·åôáé íá ìçí éó·ýåé üôáí ôï äåí åßíáé ðåðåñáóìÝíï óýíïëï. Ð.·., ãéá ôçí (Z+) êáé
ãéá := N Ý·ïõìå+  ∈  ∀() ∈  × áëëÜ 6v  (äéüôé− ∈  ∀ ∈ ).
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áõôÜ ôá õðïóýíïëá õðïïìÜäåò ùò ðñïò ôçí ðñÜîç ôÞò óõíÞèïõò ðñïóèÝóåùò.

(v) Ïé åãêëåéóìïß Qr{0} $ Rr{0} Qr{0} $ Cr{0} êáé Rr{0} $ Cr{0} êá-

èéóôïýí áõôÜ ôá õðïóýíïëá õðïïìÜäåò ùò ðñïò ôçí ðñÜîç ôïý óõíÞèïõò ðïëëá-

ðëáóéáóìïý.

(vi) Ï ìïíáäéáßïò êýêëïò

S1 := { ∈ C | || = 1} 

åöïäéáóìÝíïò ìå ôïí óõíÞèç ðïëëáðëáóéáóìü ìéãáäéêþí áñéèìþí, áðïôåëåß

õðïïìÜäá ôÞò (Cr{0} ·)  Åðßóçò, ôï óýíïëï ôùí -ïóôþí ñéæþí ôÞò ìïíÜäáò10

E := { ∈ C |  = 1}   ∈ N

åßíáé ìéá (ãíÞóéá) õðïïìÜäá ôÞò (S1 ·) êáèüôé 1 ∈ E êáé ãéá ïéáäÞðïôå óôïé·åßá

1 2 ∈ E Ý·ïõìå ¡
1
−1
2

¢
= 1 

−
2 = 1⇒ 1

−1
2 ∈ E

ÈÝôïíôáò  := exp
¡
2


¢
 ëáìâÜíïõìå11 E =

n
 |  ∈ {0 1  − 1}

o
¼ôáí

 ≥ 3 ôá óôïé·åßá ôÞò ïìÜäáò E (éäùìÝíá ùò óçìåßá ôïý ìéãáäéêïý åðéðÝäïõ

C) áðïôåëïýí ôéò êïñõöÝò åíüò êáíïíéêïý -ãþíïõ12  (åããåãñáììÝíïõ åíôüò

ôïý ìïíáäéáßïõ êýêëïõ S1). Åðß ðáñáäåßãìáôé, ôï éóüðëåõñï ôñßãùíï 3 êáé ôï

êáíïíéêü ïêôÜãùíï 8 åéêïíïãñáöïýíôáé ùò åîÞò:

(vii) ¸óôù (+ ·) Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìïíáäéáßï óôïé-

·åßï 1 êáé Ýóôù  ∈ N Ôï óýíïëï

SL () := {A ∈ GL () | det (A) = 1 } 
10Ôï óýìâïëï ‘‘E '' ðñïÝñ·åôáé áðü ôï ðñþôï ãñÜììá ôÞò (ãåñìáíéêÞò) ëÝîåùò Einheitswurzel (= ñßæá ôÞò ìïíÜäáò).

11ÅÜí  =   ∈ R0 0 ≤   2 åßíáé Ýíá óôïé·åßï ôÞò E ôüôå


 = 1⇔ 

 = 
 = 1⇔  = 1  ∈

½
2



¯̄̄̄
 ∈ {0 1  − 1}

¾


12¸óôù ∈ N  ≥ 3¸íá êõñôü ðïëýãùíï êáëåßôáé êáíïíéêü-ãùíï üôáí äéáèÝôåé éóïìÞêåéò ðëåõñÝò (êáé, êáô'

åðÝêôáóç,  ßóåò ãùíßåò).
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åöïäéáóìÝíï ìå ôïí ðïëëáðëáóéáóìü ( × )-ðéíÜêùí, áðïôåëåß ìéá õðïïìÜäá

ôÞò (GL ()  ·) ðïõ åßíáé, ìÜëéóôá, ãíÞóéá õðïïìÜäá óôçí ðåñßðôùóç üðïõ

1 6= −1 (âë. 2.1.7 (iv) êáé ðñüôáóç D.2.22). Ç (SL ()  ·) êáëåßôáé åéäéêÞ
ãñáììéêÞ ïìÜäá (âáèìïý  õðåñÜíù ôïý )

(viii) ¸óôù  ∈ N Áðü ôç èåùñßá ðéíÜêùí ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü

ôïõò ðñáãìáôéêïýò áñéèìïýò ðñïêýðôåé ï áêüëïõèïò «ðýñãïò» ðïëëáðëáóéáóôé-

êþí õðïïìÜäùí

GL (R) = {A ∈Mat×(R) | det (A) 6= 0} A SL (R)F
O (R) :=

©
A ∈ GL (R)

¯̄
A| = A−1

ªF
SO (R) := O (R) ∩ SL (R) 

üðïõA| ï áíÜóôñïöïò13 åíüòA ∈GL (R)  (Ãéá  = 1 Ý·ïõìåGL1 (R) = Rr{0}
Ï1 (R) = {1−1} êáé SL1 (R) = SO1 (R) = {1}) Ç ïìÜäá O (R) êáëåßôáé ïñèï-
ãþíéá êáé ç SO (R) åéäéêÞ ïñèïãþíéá ïìÜäá.
(ix) Êáô' áíáëïãßáí, áðü ôç èåùñßá ðéíÜêùí ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü

ôïõò ìéãáäéêïýò áñéèìïýò ðñïêýðôåé ï áêüëïõèïò «ðýñãïò» ðïëëáðëáóéáóôéêþí

õðïïìÜäùí

GL (C) = {A ∈Mat×(C) | det (A) 6= 0} A SL (C)F
U (C) :=

n
A ∈ GL (C)

¯̄̄
A
|
= A−1

o
F

SU (C) := U (C) ∩ SL (C) 

üðïõA
|
ï áíáóôñïöïóõæõãÞò åíüòA ∈ GL (C)  (¼ôáí  = 1 ôüôå Ý·ïõìå

GL1 (C) = Cr{0} U1 (C) = S1 êáé SL1 (C) = SU1 (C) = {1})

Ç ïìÜäá U (C) êáëåßôáé ìïíáäéáêÞ êáé ç SU (C) åéäéêÞ ìïíáäéáêÞ ïìÜäá.

2.1.22 Ðñüôáóç. ¸óôù üôé ç ( ·) åßíáé ìéá ïìÜäá êáé ïé123 õðïïìÜäåò
ôçò. Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) v 

(ii) ÅÜí1 v 2 êáé2 v 1 ôüôå 1 = 2

(iii) ÅÜí1 v 2 êáé2 v 3 ôüôå1 v 3

Áðïäåéîç. Ôï (i) åßíáé ðñïöáíÝò. Ôá (ii)-(iii) Ýðïíôáé Üìåóá áðü ôéò áíôßóôïé·åò

éäéüôçôåò ôïý óõíïëïèåùñçôéêïý åãêëåéóìïý “ ⊆ ” ôçí ðñüôáóç 2.1.16 êáé ôï

ðüñéóìá 2.1.20. ¤
13Ï áíÜóôñïöïò åíüò ôåôñáãùíéêïý ðßíáêá åßíáé áõôüò ðïõ ðñïêýðôåé üôáí êáèéóôïýìå ôéò ãñáììÝò ôïõ óôÞëåò (êáé

ôéò óôÞëåò ôïõ ãñáììÝò).
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2.1.23 Ðñüôáóç. Ç ôïìÞ
T
∈

 ôùí ìåëþí ïéáóäÞðïôå ïéêïãåíåßáò õðïïìÜäùí

() ∈ ìéáò ïìÜäáò ( ·) áðïôåëåß ìéá õðïïìÜäá ôÞò 
Áðïäåéîç. ÅðåéäÞ  ∈  ãéá êÜèå  ∈  , Ý·ïõìå  ∈

T
∈

 , ïðüôå ç ôïìÞ

áõôÞ äåí åßíáé êåíÞ. ÅÜí 1 2 ∈
T
∈

 , ôüôå

[1 2 ∈   ∀ ∈  ] =⇒ £
1
−1
2 ∈   ∀ ∈ 

¤
=⇒ 1

−1
2 ∈

T
∈

 

¢ñá
T
∈

 v  (âë. 2.1.16 (iii)). ¤

2.1.24 Óçìåßùóç. ÅÜí v  ôüôå ç Ýíùóç∪ äåí åßíáé ðÜíôïôå õðïïìÜäá

ôÞò . Åðß ðáñáäåßãìáôé, óôçí ïìÜäá (Z+) Ý·ïõìå

2Z v Z 3Z v Z 2 ∈ 2Z 3 ∈ 3Z
áëëÜ 5 = 2 + 3 ∈ 2Z ∪ 3Z ïðüôå 2Z ∪ 3Z 6v Z

2.1.25 Ðñüôáóç. ÅÜí ïé åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò ( ·)  ôüôå éó·ýåé
ç áìößðëåõñç óõíåðáãùãÞ :

 ∪ v ⇔ åßôå  v  åßôå  v 

Áðïäåéîç. ‘‘⇒'' Áò õðïèÝóïõìå üôé  6v  êáé 6v  Ôüôå

∃ ∈ r êáé ∃ ∈ r

Ðñïöáíþò,  ∈  ∪ êáé  ∈  ∪ ÅÜí ç Ýíùóç ∪ Þôáí õðïïìÜäá ôÞò

èá Ýðñåðå (ëüãù ôÞò êëåéóôüôçôáò ôÞò ðñÜîåùò) íá éó·ýåé  ∈  ∪  äçëáäÞ

åßôå  ∈  åßôå  ∈  ðñÜãìá áäýíáôï, äéüôé ôüôå èá åß·áìå åßôå

 ∈ 

 ∈  ⇒ −1 ∈ 

¾
⇒ −1 () =  ∈ 

åßôå

 ∈ 

 ∈  ⇒ −1 ∈ 

¾
⇒ ()−1 =  ∈ 

¢ñá∪ 6v Çáíôßóôñïöç óõíåðáãùãÞ ‘‘⇐'' åßíáé ðñïöáíÞò, äéüôé åí ôïéáýôç

ðåñéðôþóåé åßôå ∪ =  åßôå ∪ =  ¤
I ÄéáãñÜììáôá ôïý Hasse ãéá óýíïëá õðïïìÜäùí ìéáò ïìÜäáò. ÏéïäÞðïôå õðï-

óýíïëï ôïý óõíüëïõ ôùí õðïïìÜäùí ìéáò ïìÜäáò åßíáé ìåñéêþò äéáôåôáãìÝíï ùò

ðñïò ôçí “ v ”. (ÌÜëéóôá, ôï óýíïëï üëùí ôùí õðïïìÜäùí ìéáò ïìÜäáò êáèßóôá-
ôáé óýíäåóìïò ùò ðñïò áõôÞí.) Ùò åê ôïýôïõ, ôá äéáãñÜììáôá ôïý Hasse (âë. A.

2.4) åßíáé õðïâïçèçôéêÜ óôç ìåëÝôç åíüò ðåðåñáóìÝíïõ õðïóõíüëïõ õðïïìÜäùí

äïèåßóáò ïìÜäáò (êáé, åéäéêüôåñá, ôïý óõíüëïõ üëùí ôùí õðïïìÜäùí äïèåßóáò

ðåðåñáóìÝíçò ïìÜäáò).
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2.1.26 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå ôï æåýãïò (Subg()v) üðïõ14

Subg() := { ∈ P () | v } 

êáé, ãåíéêüôåñá, ôï æåýãïò (Xv) üðïõ ∅ 6= X ⊆ Subg() áðïôåëåß ìåñéêþò
äéáôåôáãìÝíï óýíïëï (âë. A.2.1).

Áðïäåéîç. ÁõôÞ Ýðåôáé Üìåóá áðü ôçí ðñüôáóç 2.1.22. ¤

2.1.27 Ðáñáäåßãìáôá. Ôá äéáãñÜììáôá ôïý Hasse ãéá ôá ìåñéêþò äéáôåôáãìÝíá
óýíïëá (Subg(Z2)v) êáé (Subg(Z4)v) ôùí ïìÜäùí (Z2+) êáé (Z4+) åßíáé ôá
åîÞò:

Z2 Z4

{[0]4  [2]4}

{[0]2} {[0]4}

(¸íáò ãåíéêüôåñïò ·áñáêôçñéóìüò ôùí (Subg(Z)v) ãéá ïéïõóäÞðïôå  ∈ N
èá äïèåß áñãüôåñá óôï åäÜöéï 2.4.26 (ii).)

2.1.28 ÐáñÜäåéãìá. ¸óôù  ∈ N  ≥ 2 Ôï äéÜãñáììá ôïý Hasse ãéá ôï ìåñéêþò

äéáôåôáãìÝíï óýíïëï (Xv) üðïõ

X := {{I} SL(Z)SL(Q) SL(R)GL(Q)GL(R)} $ Subg(GL(R))

åßíáé ôï

GL (R)

GL (Q)

ssssssssss
SL (R)

KKKKKKKKKK

SL (Q)

KKKKKKKKKK

ssssssssss

SL (Z)

{I}
14Ðñïóï·Þ! Óôçí êáôáãñáöÞ Þóôçí áðáñßèìçóç ôùí ìåëþí ôïý óõíüëïõSubg() ðåñéëáìâÜíïíôáé üëåò ïé óáöþò
äéáêåêñéìÝíåò (Þôïé ïéáíÜ äýï äéáöïñåôéêÝò ) õðïïìÜäåò ôÞò (áó·Ýôùò ìå ôï áí êÜðïéåò åî áõôþí åíäÝ·åôáé íá åßíáé

éóüìïñöåò õðü ôçí Ýííïéá ôïý ïñéóìïý 2.4.10).
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2.1.29 Óçìåßùóç. ¸óôù ( ·) ìéá ïìÜäá. Ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï

(Subg()⊆) äåí åßíáé êáô' áíÜãêçí õðïóýíäåóìïò ôïý óõíäÝóìïõ (P()⊆)
(âë. A.2.2 (i), A.2.22, A.2.23 (i) êáé A.2.25), äéüôé (üðùò Ý·ïõìå Þäç ðñïáíáöÝ-

ñåé óôï åäÜöéï 2.1.24) ç Ýíùóç äõï õðïïìÜäùí ôÞò ( ·) äåí åßíáé êáô' áíÜãêçí

õðïïìÜäá ôçò. Ãéá íá êáôáóôÞóïõìå ôï óýíïëï Subg() óýíäåóìï (âë. A.2.22)

ïöåßëïõìå íá áíôéêáôáóôÞóïõìå ôç ó·Ýóç åãêëåéóìïý “ ⊆ ” ìå ôç ó·Ýóç “ v ”

2.1.30 Ðñüôáóç. Ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï (Subg()v) åßíáé óýíäåóìïò
ãéá êÜèå ïìÜäá ( ·) (âë. A.2.22). ÌÜëéóôá, ãéá ïéåóäÞðïôå  ∈ Subg()
Ý·ïõìå

 ∧ =  ∩  ∨ =
T { ∈ Subg() | ∪ ⊆ } 

Áðïäåéîç. ÅÜí ∈ Subg() ôüôå
2.1.23⇒  ∩ ∈ Subg()
 ∩ ⊆  êáé  ∩ ⊆ 

¾
=⇒
2.1.20

 ∩ v  êáé  ∩ v 

¢ñá ç  ∩ ∈ Subg() åßíáé Ýíá êÜôù öñÜãìá ôïý {} ùò ðñïò ôçí “ v ”
¸óôù  ∈ Subg() ôõ·üí êÜôù öñÜãìá ôïý {} ùò ðñïò ôçí “ v ” Ôüôå

 ∈ Subg()
 ⊆  êáé  ⊆  ⇒  ∩ =  ⊆  ∩

)
=⇒
2.1.20

 v  ∩

ÊáôÜ óõíÝðåéáí, ç ôïìÞ ∩ åßíáé ôï (êáô' áíÜãêçí ìïíáäéêü, ëüãù ôÞò ðñïôÜ-

óåùò A.2.16) ìÝãéóôï êÜôù öñÜãìá ôïý {}ùò ðñïò ôçí “ v ”ÅðéðñïóèÝôùò,
áðü ôçí ðñüôáóç 2.1.23 Ýðåôáé üôéT { ∈ Subg() | ∪ ⊆ } ∈ Subg()

ÅðåéäÞ ôüóïí ôï óýíïëï  üóïí êáé ôï óýíïëï  åßíáé õðïóýíïëá ôïýT { ∈ Subg() | ∪ ⊆ } Ý·ïõìå (ìÝóù ôïý ðïñßóìáôïò 2.1.20)

 v T { ∈ Subg() | ∪ ⊆ } êáé v T { ∈ Subg() | ∪ ⊆ } 

¢ñá ç
T { ∈ Subg() | ∪ ⊆ } åßíáé Ýíá ÜíùöñÜãìá ôïý {}ùò ðñïò

ôçí “ v ”¸óôù Ξ ∈ Subg() ôõ·üí Üíù öñÜãìá ôïý {} ùò ðñïò ôçí “ v ”
Ôüôå

 ⊆ Ξ êáé  ⊆ Ξ⇒  ∪ ⊆ Ξ⇒ T { ∈ Subg() | ∪ ⊆ } ⊆ Ξ
ïðüôå

Ξ ∈ Subg()T { ∈ Subg() | ∪ ⊆ } ⊆ Ξ

)
=⇒
2.1.20

T { ∈ Subg() | ∪ ⊆ } v Ξ

ÊáôÜ óõíÝðåéáí, ç ôïìÞ
T { ∈ Subg() | ∪ ⊆ } åßíáé ôï (êáô' áíÜãêçí

ìïíáäéêü, ëüãù ôÞò ðñïôÜóåùò A.2.16) åëÜ·éóôï Üíù öñÜãìá ôïý {}ùò ðñïò
ôçí “ v ” ¤
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2.1.31 Óçìåßùóç. Ìå áíÜëïãï ôñüðï áðïäåéêíýåôáé üôé ï (Subg()v) åßíáé

ðëÞñçò óýíäåóìïò. (Âë. åäÜöéïA.2.24 (iii).) Åðß ðáñáäåßãìáôé, åÜí () ∈ åßíáé

ôõ·ïýóá ïéêïãÝíåéá õðïïìÜäùí ôÞò  ôüôå

V
∈

 =
T
∈

 êáé
W
∈

 =
T (

 ∈ Subg()
¯̄̄̄
¯ S∈ ⊆ 

)


2.1.32 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  v  êáé

Subg(;) := { ∈ Subg() |  v  } 

ôüôå ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï (Subg(;)v) åßíáé õðïóýíäåóìïò ôïý
(Subg()v)
Áðïäåéîç. Ãéá ïéåóäÞðïôå  ∈ Subg(;) Ý·ïõìå  ∧  ∈ Subg(;)
êáé ∨ ∈ Subg(;) ¤

2.1.33 Óçìåßùóç. Ãéá ïéáäÞðïôå ïìÜäá ( ·)  ôï Subg()ùò ðñïò ôçí “ v ” Ý·åé
ôçí ôåôñéììÝíç õðïïìÜäá {}ùò åëÜ·éóôï êáé ôçí ßäéá ôçíùò ìÝãéóôï óôïé·åßï
ôïõ. Ãé' áõôüí ôïí ëüãï, ç ìåëÝôç éäéïôÞôùí äéáôÜîåùò õðïïìÜäùí åóôéÜæåôáé êõ-

ñßùò óôéò õðüëïéðåò, Þôïé óôéò ìç ôåôñéììÝíåò, áðü ôç ìéá ìåñéÜ, êáé óôéò ãíÞóéåò,

áðü ôçí Üëëç.

2.1.34 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá ìå15 || ≥ 2
(i) ÊÜèå õðïïìÜäá ôçò áíÞêïõóá óôï

Min-Subg() :=

⎧⎨⎩

¯̄̄̄
¯̄  åëá·éóôéêü óôïé·åßï

ôïý Subg()r{{}}
ùò ðñïò ôçí “ v|Subg()r{{}} ”

⎫⎬⎭
êáëåßôáé åëá·éóôéêÞ õðïïìÜäá ôÞò  åíþ êÜèå õðïïìÜäá ôçò áíÞêïõóá óôï

Max-Subg() :=

⎧⎨⎩

¯̄̄̄
¯̄  ìåãéóôéêü óôïé·åßï

ôïý Subg()r{}
ùò ðñïò ôçí “ v|Subg()r{} ”

⎫⎬⎭
êáëåßôáé ìåãéóôéêÞ õðïïìÜäá ôÞò  (Ðñâë. A.2.6 êáé A.2.10.)

(ii)¸óôù ÉÄ ìéá (åéäéêÞ) éäéüôçôá16 ðïõ áöïñÜ óå õðïïìÜäåò (Þ ðïõ ·áñáêôçñßæåé

ñçôþò êÜðïéåò õðïïìÜäåò) ôÞò  ÊÜèå õðïïìÜäá ôÞò  áíÞêïõóá óôï

Min-Subg() ∩ { ∈ Subg() | ç Ý·åé ôçí éäéüôçôá ÉÄ} (2.2)

15ÊÜèå ïìÜäá ìå áõôÞí ôçí éäéüôçôá êáëåßôáé ìç ôåôñéììÝíç ïìÜäá (Bë. åäÜöéï 2.4.24.)

16Ðáñáäåßãìáôá ôÝôïéùí éäéïôÞôùí: Ôï íá åßíáé ìéá õðïïìÜäá ðåðåñáóìÝíç, ôï íá åßíáé áâåëéáíÞ (âë. 2.1.1), ôï íá

åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç (âë. 2.2.8), ôï íá åßíáé êõêëéêÞ (âë. 2.2.15), ôï íá åßíáé ðåñéïäéêÞ (âë. 2.3.1), ôï íá

åßíáé ïñèüèåôç (âë. 4.2.2) ê.Ü.
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êáëåßôáé åëá·éóôéêÞ õðïïìÜäá ôÞò  ìå ôçí éäéüôçôá ÉÄ êáé êÜèå õðïïìÜäá ôÞò

 áíÞêïõóá óôï

Max-Subg() ∩ { ∈ Subg() | ç Ý·åé ôçí éäéüôçôá ÉÄ} (2.3)

êáëåßôáé ìåãéóôéêÞ õðïïìÜäá ôÞò  ìå ôçí éäéüôçôá ÉÄ. Ìéá  ∈ Subg()
áíÞêåé óôï (2.2) åÜí êáé ìüíïí åÜí éêáíïðïéåßôáé ç åîÞò óõíèÞêç: Ãéá ïéáäÞðïôå
 ∈ Subg() ãéá ôçí ïðïßá éó·ýåé {} @  v 

åßôå  =  åßôå ç  äåí Ý·åé ôçí éäéüôçôá ÉÄ.

Êáô' áíáëïãßáí, ìéá ∈ Subg() áíÞêåé óôï (2.3) åÜí êáé ìüíïí åÜí éêáíïðïéåß-
ôáé ç åîÞò óõíèÞêç: Ãéá ïéáäÞðïôå  ∈ Subg() ãéá ôçí ïðïßá éó·ýåé  v  @ 

åßôå  =  åßôå ç  äåí Ý·åé ôçí éäéüôçôá ÉÄ.

(iii) Óôçí ðåñßðôùóç üðïõ ôï óýíïëï (2.2) (êáé áíôéóôïß·ùò, ôï óýíïëï (2.3)) åßíáé

ìïíïóýíïëï, Þôïé ðåñéÝ·åé ìßá êáé ìüíïí õðïïìÜäá, ëÝìå üôé ç åí ëüãù õðïïìÜäá

åßíáé ç åëÜ·éóôç ìç ôåôñéììÝíç (êáé áíôéóôïß·ùò, ç ìÝãéóôç ãíÞóéá) õðïïìÜäá

ôÞò  ìå ôçí éäéüôçôá ÉÄ.

2.1.35 Ðáñáäåßãìáôá. (i) Ç (Z12+) äéáèÝôåé äýï åëá·éóôéêÝò õðïïìÜäåò (óõãêå-

êñéìÝíá, ôéò {[0]12  [4]12  [8]12} êáé {[0]12  [6]12}) êáé äýï ìåãéóôéêÝò õðïïìÜäåò (ôéò
{[0]12  [2]12  [4]12  [6]12  [8]12  [10]12} êáé {[0]12  [3]12  [6]12  [9]12}). Áðü ôçí Üëëç

ìåñéÜ, ãéá ôçí (Z4+) Ý·ïõìå

Min-Subg(Z4) = {[0]4  [2]4} =Max-Subg(Z4)
êáé ãéá ôçí (Z2+)Min-Subg(Z2) = Z2 êáéMax-Subg(Z2) = {[0]2} (!) (Ðñâë.

2.4.27 (ii) êáé 2.1.27.) Ôá åí ëüãù óýíïëá õðïïìÜäùí ãéá ôçí (Z+) üðïõ 

ïéïóäÞðïôå öõóéêüò áñéèìüò ≥ 2 ðåñéãñÜöïíôáé óôï åäÜöéï 2.4.26 (ii).

(ii) Åßíáé ðñïöáíÝò üôé, ãéá ðåðåñáóìÝíåò ïìÜäåò  áìöüôåñá ôáMin-Subg()

êáé Max-Subg() åßíáé óýíïëá ìç êåíÜ. Ùóôüóï, õðÜñ·ïõí Üðåéñåò ïìÜäåò,

üðùò, ð.·., ç (Z+) Þ ç (Q+) (Þ ïðïéáäÞðïôå Üëëç Üðåéñç ïìÜäá ðïõ «óôåñåßôáé

óôñÝøåùò», âë. 2.3.1 (ii)), ïé ïðïßåò, ðáñÜ ôï ãåãïíüò üôé Ý·ïõí Üðåéñïõ ðëÞèïõò

õðïïìÜäåò, äåí äéáèÝôïõí êáìßá åëá·éóôéêÞ õðïïìÜäá. Êáô' áíáëïãßáí, õðÜñ-

·ïõí Üðåéñåò ïìÜäåò, üðùò, ð.·., ç ∞-ïìÜäá (E∞  ·) (üðïõ  ôõ·þí ðñþôïò áñéè-
ìüò, âë. 2.3.6 (ii)) Þ ç (Q+) ïé ïðïßåò, ðáñÜ ôï ãåãïíüò üôé Ý·ïõí Üðåéñïõ ðëÞ-

èïõò õðïïìÜäåò, äåí äéáèÝôïõí êáìßá ìåãéóôéêÞ õðïïìÜäá.

(iii) ¸óôù ( ·) ôõ·ïýóá ïìÜäá ìå card() ≥ 2 ÅÜí ãéá ìéá ∈ Subg() ùò ÉÄ
ëÜâïõìå, ð.·., «ôï íá åßíáé ç  áâåëéáíÞ», ôüôå êÜèå õðïïìÜäá ôÞò  áíÞêïõóá

óôï (2.3), Þôïé êÜèå õðïïìÜäá ôÞò  «ðïõ äåí ðåñéÝ·åôáé ãíçóßùò óå êÜðïéá áâå-

ëéáíÞ õðïïìÜäá ôÞò » ïíïìÜæåôáé (åí óõíôïìßá) ìåãéóôéêÞ áâåëéáíÞ õðïïìÜäá
ôÞò 

2.1.36 Óçìåßùóç. Åíßïôå, åðéâÜëëåôáé ç (ìåñéêÞ, áëëÜ óáöþò õðïäçëïýìåíç)

«·áëÜñùóç» ôùí áîéþóåùí ôïý ïñéóìïý 2.1.34. ¸ôóé, ï üñïò «åëÜ·éóôç (êáé áíôé-

óôïß·ùò, ìÝãéóôç) õðïïìÜäá ôÞò ìå ôçí éäéüôçôá ÉÄ» (·ùñßò ôçí ðñïóèÞêç ôïý
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óõíïäåõôéêïý «ìç ôåôñéììÝíç» êáé, áíôéóôïß·ùò, «ãíÞóéá») èá ·ñçóéìïðïéåßôáé

ãéá íá õðïäçëïß (üôáí åßíáé ãíùóôü üôé áõôü õößóôáôáé) ôï åëÜ·éóôï (êáé áíôé-

óôïß·ùò, ôï ìÝãéóôï ) óôïé·åßï ôïý õðïóõíüëïõ ïëïêëÞñïõ ôïý Subg() ùò ðñïò
ôçí “ v ” ôï ïðïßï áðáñôßæåôáé áðü åêåßíåò ôéò õðïïìÜäåò ôÞò  ðïõ Ý·ïõí ôçí

éäéüôçôá ÉÄ. Åðß ðáñáäåßãìáôé, óôï áìÝóùò åðüìåíï åäÜöéï 2.2.1 èá ïñßóïõìå, ãéá

ïéïäÞðïôå õðïóýíïëï ⊆  ùò hi ôçí åëÜ·éóôç õðïïìÜäá ôÞò  ôçí ðáñáãü-

ìåíç áðü ôï  Þôïé ôï åëÜ·éóôï óôïé·åßï ôïý õðïóõíüëïõ ôïý Subg() ùò ðñïò

ôçí “ v ” ôï ïðïßï áðáñôßæåôáé áðü åêåßíåò ôéò õðïïìÜäåò ôÞò  ðïõ Ý·ïõí ôçí

éäéüôçôá ôïý íá ðåñéÝ·ïõí ôï  ·ùñßò íá áðïêëåßïõìå ôï åíäå·üìåíï íá éó·ýåé

hi = {} Þ hi =  (Ç ðñþôç åî áõôþí ôùí éóïôÞôùí éó·ýåé åÜí êáé ìüíïí

åÜí  = ∅) ÁõôÞ ç «ëåðôÞ» äéáöïñïðïßçóç èá ôçñåßôáé áðáñåãêëßôùò óå ü,ôé

èá áêïëïõèÞóåé óå êáôïðéíÜ åäÜöéá17.

2.2 ÕÐÏÏÌÁÄÅÓ ÐÁÑÁÃÏÌÅÍÅÓ ÁÐÏ ÓÕÍÏËÁ

Ìéá ìÝèïäïò ðáñáãùãÞò õðïïìÜäùí ìéáò äåäïìÝíçò ïìÜäáò ( ·) åßíáé áõôÞ ôÞò

èåùñÞóåùò ôõ·üíôùí õðïóõíüëùí  ⊆  êáé ôïý ó·çìáôéóìïý ôÞò ôïìÞò üëùí

ôùí õðïïìÜäùí ðïõ ôá ðåñéÝ·ïõí.

2.2.1 Ïñéóìüò. Ãéá ôõ·üí õðïóýíïëï  ôïý õðïêåéìÝíïõ óõíüëïõ  ìéáò ïìÜäáò

( ·)  ·áñáêôçñßæïõìå ôçí ôïìÞ18

hi := T { ∈ Subg() | ⊆  }  (2.4)

ç ïðïßá åßíáé ç åëÜ·éóôç õðïïìÜäá ôÞò ( ·) ðïõ ðåñéÝ·åé ôï ùò ôçí õðïïìÜäá

ôÞò ( ·) ôçí ðáñáãüìåíç áðü ôï 

2.2.2 Óõìâïëéóìüò. (i) ÅÜí ïé  êáé  åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò ( ·) 
èá óõìâïëßæïõìå åöåîÞò ùò

hi := h ∪i = T { ∈ Subg() | ∪ ⊆ } (=  ∨)

ôçí õðïïìÜäá ôçò ôçí ðáñáãüìåíç áðü ôï óýíïëï = ∪ (ç ïðïßá, óýìöùíá

ìå ôçí ðñüôáóç 2.1.30, áðïôåëåß ôï åëÜ·éóôï Üíù öñÜãìá  ∨ ôïý {} ùò
ðñïò ôçí “ v ”).
(ii) Ãåíéêüôåñá, åÜí ()∈ åßíáé ôõ·ïýóá ïéêïãÝíåéá õðïïìÜäùí ìéáò ïìÜäáò

17Åðß ðáñáäåßãìáôé, ï «ïñèïèÝôçò» Í() åíüò ∅ 6=  ⊆  åßíáé ç ìÝãéóôç õðïïìÜäá ôÞò  åíôüò ôÞò ïðïßáò
ôï  åßíáé ïñèüèåôï (âë. 5.2.7 (i)), ç «ìåôáèÝôñéá õðïïìÜäá»0 ôÞò åßíáé ç åëÜ·éóôç ïñèüèåôç õðïïìÜäá ôÞò 
ïýôùò þóôå ç 0 íá åßíáé áâåëéáíÞ (âë. 5.5.12), ê.ëð.

18ÅÜí ôï åßíáé ðåðåñáóìÝíï, áò ðïýìå  = {1  }, ôüôå (ãéá ëüãïõò ïéêïíïìßáò) ãñÜöïõìå h1  i
áíôß ôïý h{1  }i.
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( ·) èá óõìâïëßæïõìå ùò

h{ |  ∈ }i :=
* S
∈



+

ôçí õðïïìÜäá ôçò ôçí ðáñáãüìåíç áðü ôçí Ýíùóç ôùí ìåëþí ôçò. (Ðñüêåéôáé ãéá

ôï åëÜ·éóôï Üíù öñÜãìá
W

∈  ôùí ìåëþí ôçò ùò ðñïò ôçí “ v ”. Âë. 2.1.31.)

2.2.3 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí 19 ∅ 6=  ⊆  ôüôå ç õðïïìÜäá (2.4),
ãéá ôçí ïðïßá ëÝìå üôé Ý·åé ôï ùò ôï óýíïëï Þ ôï óýóôçìá ãåííçôüñùí ôçò (Þ ùò ôï
ðáñÜãïí õðïóýíïëü ôçò ), éóïýôáé ìå

hi = ©11 · · · 
¯̄
(1  ) ∈  êáé  ∈ Z ∀ ∈ {1  }  ∈ N

ª
 (2.5)

Áðïäåéîç. Ôï óýíïëï

 :=
©
11 · · · 

¯̄
(1  ) ∈  êáé  ∈ Z ∀ ∈ {1  }  ∈ N

ª
åßíáé ìéá õðïïìÜäá ôÞò. ÐñÜãìáôé° ôï ðåñéÝ·åé (ðñïöáíþò) ôï ïõäÝôåñï óôïé-

·åßï ôÞò  êáé ãéá êÜèå æåýãïò
¡
11 22 · · ·   

1
1 

2
2 · · · 

¢ ∈  × Ý·ïõìå

(11 22 · · ·  )
¡

1
1 

2
2 · · · 

¢−1
= 11 22 · · ·  − · · · −22 

−1
1 ∈ 

(ðñâë. 2.1.9 (iii) êáé 2.1.16 (iii)). ÅðåéäÞ  = 1 ∈  ãéá êÜèå  ∈  ëáìâÜíïõìå

 ⊆  Áñêåß ëïéðüí íá áðïäåé·èåß üôé ôï  åßíáé ç åëÜ·éóôç õðïïìÜäá ôÞò 

ðïõ ðåñéÝ·åé ôï . Ðñïò ôïýôï õðïèÝôïõìå üôé ç  åßíáé ïéáäÞðïôå õðïïìÜäá

ôÞò  ãéá ôçí ïðïßá éó·ýåé  ⊆  Ôüôå, ãéá êÜèå óôïé·åßï 11 22 · · ·  ôÞò 

Ý·ïõìå [ ∈  êáé  ∈ Z ∀ ∈ {1  }] =⇒ [

 ∈  ∀ ∈ {1  }] ïðüôå

11 22 · · ·  ∈  ÅðïìÝíùò, v  êáé hi =  ¤

2.2.4 ÐáñáôÞñçóç. (i) Ìå áíÜëïãï ôñüðï áðïäåéêíýåôáé üôé

hi = ©11 · · · 
¯̄
(1  ) ∈  êáé  ∈ {±1}∀ ∈ {1  }  ∈ N

ª
 (2.6)

Åíßïôå, ç ðáñÜóôáóç (2.6) ôïý hi åßíáé ðéï åý·ñçóôç áðü ôçí (2.5). Åðßóçò,
ëüãù ôÞò (2.6), áíôß ôÞò (2.5) ìðïñåß, åíáëëáêôéêþò, íá ·ñçóéìïðïéçèåß (ýóôåñá
áðü êáôÜëëçëç åöáñìïãÞ ôïý 2.1.11 (i)) ç

hi :=
½

1
1 · · · 

¯̄̄̄
 ∈   ∈ Z  6=  

∀( ) ∈ {1  }2 ìå  6=   ∈ N
¾
 (2.7)

(ii) Ãéá ìéá äéåõêïëõíôéêÞ ðåñéãñáöÞ ôùí óôïé·åßùí äïèåßóáò ïìÜäáò ( ·) (ìÝóù
ôÞò (2.7)) åßíáé åìöáíþò óçìáíôéêÞ ç åýñåóç ðáñáãüíôùí óõíüëùí ôÞò ßäéáò ôÞò
( ·) (Þôïé õðïóõíüëùí ∅ 6=  ⊆  ìå hi = ).

19ÅÜí = ∅  ôüôå h∅i = h{}i = {} åßíáé ç ôåôñéììÝíç õðïïìÜäá ôÞò
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2.2.5 Ðáñáäåßãìáôá. (i) Ç (Z+) ðáñÜãåôáé áðü ôï óýíïëï1 = {1}, êáèþò êáé
áðü ôï óýíïëï2 = {−1} Þ áêüìç êáé áðü ïëüêëçñï ôï óýíïëï3 = N
(ii) Ôï óýíïëá

©
1


¯̄
 ∈ Nª êáé

©
1
!

¯̄
 ∈ Nª áðïôåëïýí ðáñÜãïíôá óýíïëá20 ôÞò

ïìÜäáò (Q+) 
(iii) Ôï óýíïëï {−1} ∪ { | ðñþôïò áñéèìüò} åßíáé Ýíá óýíïëï ãåííçôüñùí ôÞò

ðïëëáðëáóéáóôéêÞò ïìÜäáò (Qr{0} ·) (Bë. B.3.10 êáé B.3.3).
(iv) Ôüóïí ôï óýíïëï ôùí ðñþôùí áñéèìþí üóïí êáé ôï óýíïëï21n
1


¯̄̄
 ðñþôïò áñéèìüò

o
ðáñÜãïõí ôçí ðïëëáðëáóéáóôéêÞ ïìÜäá (Q0 ·)

2.2.6 Ðüñéóìá. ÅÜí ()∈ åßíáé ìéá ïéêïãÝíåéá õðïïìÜäùí ìéáò ïìÜäáò ( ·)
ôüôå

h{ |  ∈ }i =
½
 ∈ 

¯̄̄̄
 = 12 · · ·   üðïõ

 ∈   ∀ ∈ {1  }  ∈ N
¾


Áðïäåéîç. ¸óôù ôï óýíïëï ôïý äåîéïý ìÝëïõò ôÞò áðïäåéêôÝáò éóüôçôáò. Ôï

áðïôåëåß ìéá õðïïìÜäá ôÞò  ÐñÜãìáôé° ôï  ðåñéÝ·åé (ðñïöáíþò) ôï ïõäÝôåñï

óôïé·åßï ôÞò  êáé ãéá êÜèå æåýãïò
¡
12 · · ·   0102 · · · 0

¢ ∈  × (üðïõ

  ∈ N) Ý·ïõìå

(12 · · · )
¡
01

0
2
· · · 0

¢−1
= 12 · · · 0−1

· · ·0−12
0−11

∈ 

(ðñâë. 2.1.9 (iii) êáé 2.1.16 (iii)). ÅðåéäÞ22  ∈  ãéá êÜèå  ∈ S∈   ëáìâÜ-

íïõìå
S
∈  ⊆  Áñêåß ëïéðüí íá áðïäåé·èåß üôé ç  åßíáé ç åëÜ·éóôç õðïï-

ìÜäá ôÞò ðïõ ðåñéÝ·åé ôçí Ýíùóç
S
∈  Ðñïò ôïýôï õðïèÝôïõìå üôé ç åßíáé

ïéáäÞðïôå õðïïìÜäá ôÞò  ãéá ôçí ïðïßá éó·ýåé
S
∈  ⊆  Ôüôå, ãéá êÜèå

óôïé·åßï 12 · · ·  ôÞò Ý·ïõìå

[ ∈   ∀ ∈ {1  }] =⇒ [ ∈  ∀ ∈ {1  }]
ïðüôå 12 · · ·  ∈  ¢ñá v  êáé h{ |  ∈ }i =  ¤

2.2.7 Óçìåßùóç. ÅðåéäÞ ìéá ïìÜäá ìðïñåß íá ðáñÜãåôáé áðü äéÜöïñá õðïóý-

íïëá ôïý õðïêåéìÝíïõ óõíüëïõ ôçò, ãßíåôáé áíôéëçðôü üôé ç ðåñéãñáöÞ (2.5) êáèß-

óôáôáé áñêïýíôùò âïçèçôéêÞ ìüíïí üôáí êáíåßò ðåñéïñßæåôáé óôç èåþñçóç åêåß-

íùí ðïõ Ý·ïõí ôïí ìéêñüôåñï äõíáôü ðëçèéêü áñéèìü23. Ùóôüóï, èá ðñÝðåé íá

20Êáèå ñçôüò áñéèìüò 
 ∈ Q0 ( ∈ Z  ∈ Zr{0}) ãñÜöåôáé ùò 

 = (sign()) 1
|| = (sign()(||− 1)!) 1

||! 

21¸óôù ôõ·üí óôïé·åßï 
 ∈ Q0 ( ∈ Z  ∈ Zr{0}   0). ÅÜí  =  ôüôå 

 = 1 =
³
1


´0
ãéá

êÜèå ðñþôï áñéèìü  ÅÜí  6=  êáé || ≥ 2 || ≥ 2 ôüôå èåùñþíôáò ôéò êáíïíéêÝò ðáñáóôÜóåéò (B.19) ôùí

èåôéêþí áêåñáßùí || = 
1
1 

2
2 · · ·    ∈ N êáé || = 

1
1 

2
2 · · ·    ∈ N ùò ãéíïìÝíùí (äõíÜìåùí)

óáöþò äéáêåêñéìÝíùí ðñþôùí áñéèìþí, ðáñáôçñïýìå üôé  =
||
|| =

µ
Q
=1

³
1


´−¶ Ã Q
=1

³
1


´!
 (Óôçí

ðåñßðôùóç üðïõ åßôå [|| = 1 êáé || ≥ 2] åßôå [|| ≥ 2 êáé || = 1] ·ñçóéìïðïéïýìå ìüíïí ìßá ðáñÜóôáóç áõôïý

ôïý åßäïõò.) ¢ñá Q0 ⊆
Dn

1


¯̄̄
 ðñþôïò áñéèìüò

oE
Ï áíôßóôñïöïò åãêëåéóìüò åßíáé ðñïöáíÞò.

22ÅÜí  ∈ S∈   ôüôå ∃ ∈  :  ∈   ïðüôå  ∈  (ëüãù ôïý ïñéóìïý ôïý).

23Áêüìç êáé ãéá ìéá ðåðåñáóìÝíç ïìÜäá (ìå || ≥ 2) ôá ãíùóôÜ Þ ðéèáíÜ Üíù öñÜãìáôá ôïý áñéèìïý

min.gen() := min { card()| ∈ P()r{∅} : hi = }
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åðéóçìáíèåß üôé ôá ðñïâëÞìáôá ôá ó·åôéæüìåíá ìå ôïí áêñéâÞ ðñïóäéïñéóìü «ìé-

êñþí» óõíüëùí ãåííçôüñùí ôõ·ïýóáò ïìÜäáò (áêüìç êáé üôáí áð' áõôÜ ôá óý-

íïëááðáéôåßôáé íáðëçñïýí ïñéóìÝíåò åðéðñüóèåôåò óõíèÞêåò) åßíáé Üëëïôå äõóå-

ðßëõôá êáé Üëëïôå (áëãïñéèìéêþò) ìç åðéëýóéìá. Áðü ôçí Üëëç ìåñéÜ, õößóôáíôáé

åéäéêÝò ïìÜäåò, ìå ðñïäéáãåãñáììÝíï ðëÞèïò ãåííçôüñùí, ç ìåëÝôç ôùí ïðïßùí

åßíáé åöéêôÞ ìÝóù óôïé·åéùäþí ôå·íéêþí åñãáëåßùí.

2.2.8 Ïñéóìüò. ÌéáïìÜäá êáëåßôáéðåðåñáóìÝíùò ðáñáãüìåíç üôáí äéáèÝôåé Ýíá

ðåðåñáóìÝíï óýíïëï ãåííçôüñùí.

2.2.9 ÐáñÜäåéãìá. (ÏìÜäá ôùí áêåñáßùí ôïý Gauss) Èåùñïýìå ôï óýíïëï ôùí
áêåñáßùí ôïý Gauss

Z[] := {+  |   ∈ Z} $ C

üðïõ  ç öáíôáóôéêÞ ìïíÜäá. ÌÝóù ôïý 2.1.16 (iii) áðïäåéêíýåôáé åýêïëá üôé

ôï Z[] (åöïäéáóìÝíï ìå ôç óõíÞèç ðñüóèåóç ìéãáäéêþí áñéèìþí) áðïôåëåß ìéá

Üðåéñç ãíÞóéá õðïïìÜäá ôÞò áâåëéáíÞò ïìÜäáò (C+) Ç (Z[]+) åßíáé ðåðåñá-
óìÝíùò ðáñáãüìåíç, êáèüôé

Z[] = h1 i 
êáé êáëåßôáé, éäéáéôÝñùò, ïìÜäá ôùí áêåñáßùí ôïý Gauss.

2.2.10 ÐáñÜäåéãìá. Ç Üðåéñç ãíÞóéá õðïïìÜäá

 :=
n³

 

0 1

´¯̄̄
 ∈ {±1}  ∈ Z

o
ôÞò (GL2(Z) ·) åßíáé ìç áâåëéáíÞ, äéüôé ð.·.³

1 2
0 1

´³ −1 3
0 1

´
=
³ −1 5

0 1

´
6=
³ −1 1

0 1

´
=
³ −1 3

0 1

´³
1 2
0 1

´


êáé ðåðåñáóìÝíùò ðáñáãüìåíç. ÐñÜãìáôé° êÜèå óôïé·åßï ôçò ãñÜöåôáé õðü ôç

ìïñöÞ ³
 

0 1

´
=
³

1 

0 1

´³
 0
0 1

´
=
³

1 1
0 1

´³
 0
0 1

´
êáé åðåéäÞ  ∈ {±1} Ý·ïõìå

 =
D³

1 1
0 1

´

³ −1 0

0 1

´E


åîáñôþíôáé áðü ôçí åóþôåñç äüìçóç ôÞò  êáé, ùò åê ôïýôïõ, áðü ðñïâëÞìáôá ôáîéíïìÞóåùí. Åðßóçò, ç áðåé-

êüíéóç  7→ min.gen() äåí åðéäåéêíýåé «êáëÞ óõìðåñéöïñÜ» ùò ðñïò ôéò õðïïìÜäåò ôùí ïìÜäùí áíáöïñÜò.

(Åðß ðáñáäåßãìáôé, üðùò èá äïýìå óôï (iii) ôïý ðïñßóìáôïò 3.2.13, ãéá ôç óõììåôñéêÞ ïìÜäá S  ≥ 3 Ý·ïõìå
min.gen(S) = 2¼ìùò ãéá ôçí õðïïìÜäá ôçò := h[1 2] [3 4]  [2− 1 2] i éó·ýåé min.gen() =

¥

2

¦
)

Ãéá äéÜöïñåò éäéüôçôåò ôïý min.gen() âë.

A. Lucchini: A bound on the number of generators of a finite group, Arch. Math. 53 (1989) 313-317

A. Lucchini: Some questions on the number of generators of a finite group, Rend. Mat. Un.Padova83 (1990) 201-222

A. Lucchini: A bound on the presentation rank of a finite group, Bull. London Math. Soc. 29 (1997) 389-394

F. Menegazzo: The Number of Generators of a Finite Group, Irish Math. Soc. Bulletin 50 (2003) 117-128
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2.2.11 ÐáñÜäåéãìá. (ÏìÜäá ôåôñáíßùí) ÅÜí èÝóïõìå

i :=
³

0 

 0

´
 j :=

³
 0
0 −

´
 k :=

³
0 1
−1 0

´


üðïõ  ç öáíôáóôéêÞ ìïíÜäá, ôüôå ç õðïïìÜäá

Q := hjki @ SU2 (C) 

ç ðáñáãüìåíç áðü ôïõò ðßíáêåò j êáé k êáëåßôáé ïìÜäá ôùí ôåôñáíßùí. ¸óôù

ôõ·üí  ∈ QÅÜí áõôü ãñÜöåôáé õðü ôç ìïñöÞ  = j1k2  ãéá êÜðïéïõò 1 2 ∈ Z
êáé äéáéñÝóïõìå ôïõò 1 2 äéÜ 4 ëáìâÜíïõìå 1 = 41 + 1 2 = 42 + 2 ãéá

êÜðïéá ìïíïóçìÜíôùò ïñéóìÝíá æåýãç (1 1) (2 2) ∈ Z×Z üðïõ ôá 1 2 åßíáé
óôïé·åßá ôïý óõíüëïõ {0 1 2 3} (Bë. B.1.6). ÅðåéäÞ j4 = k4 = I2 (= Q) êáé

j2 = k2 = i2 = −I2 j3 = −j k3 = −k jk = i kj = −jk = −i
Ý·ïõìå  = j1k2 = ((j4)1j1)((k4)2k2) = j1k2  üðïõ

 üôáí ôï (1 2) åßíáé ôï

I2 (0 0) Þ ôï (2 2)

−I2 (0 2) Þ ôï (2 0)

i (1 1) Þ ôï (3 3)

−i (1 3) Þ ôï (3 1)

 üôáí ôï (1 2) åßíáé ôï

j (1 0) Þ ôï (3 2)

−j (1 2) Þ ôï (3 0)

k (0 1) Þ ôï (2 3)

−k (0 3) Þ ôï (2 1)

ÁëëÜ áêüìç êáé åÜí ôï  ãñÜöåôáé õðü ôç ìïñöÞ  = k1j2  ãéá êÜðïéïõò

1 2 ∈ Z ïöåßëåé (ðáñïìïßùò, ëüãù ôùí ó·Ýóåùí ôùí ãåííçôüñùí) íá óõìðå-

ñéëáìâÜíåôáé óôïí êáôÜëïãï ôùí ðñïáíáöåñèÝíôùí 8 óôïé·åßùí. ÅðïìÝíùò, ç

Q = {I2−I2 i−i j−jk−k}

Ý·åé ôÜîç 8 äåí åßíáé áâåëéáíÞ (áöïý kj 6= jk) êáé ï ðïëëáðëáóéáóôéêüò ôçò êá-

ôÜëïãïò (üðïõ I := I2) åßíáé ï åîÞò:

· I −I i −i j −j k −k
I I −I i −i j −j k −k

− I − I I −i i −j j −k k

i i −i − I I k −k −j j

−i −i i I − I −k k j −j
j j −j −k k − I I i −i
−j −j j k −k I − I −i i

k k −k j −j −i i − I I

−k −k k −j j i −i I − I

(ÓçìåéùôÝïí üôé i−1 = −i j−1 = −j k−1 = −k)

2.2.12 Óçìåßùóç. (i) ÊÜèå ðåðåñáóìÝíç ïìÜäá åßíáé ðñïäÞëùò ðåðåñáóìÝíùò

ðáñáãüìåíç.
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(ii) Ôï õðïêåßìåíï óýíïëï ïéáóäÞðïôå ðåðåñáóìÝíùò ðáñáãüìåíçò ïìÜäáò åßíáé

ôï ðïëýáñéèìÞóéìï24. ÊáôÜóõíÝðåéáí, êÜèå ïìÜäá ( ·) ìå ||  ℵ0 (Þôïé ìå õðå-
ñáñéèìÞóéìï õðïêåßìåíï óýíïëï ) åßíáé ìç ðåðåñáóìÝíùò ðáñáãüìåíç. ÁëëÜ

áêüìç êáé üôáí || = ℵ0 ç ( ·) äåí åßíáé êáô' áíÜãêçí ðåðåñáóìÝíùò ðáñáãü-

ìåíç, üðùò äåß·íåé ôï ðáñÜäåéãìá ðïõ áêïëïõèåß.

2.2.13 ÐáñÜäåéãìá. Ç (Q+) äåí åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç, êáèüôé ïé

õðïïìÜäåò ïé ðáñáãüìåíåò áðü ðåðåñáóìÝíá õðïóýíïëá ôïý Qr{0} åßíáé ãíÞ-
óéåò õðïïìÜäåò ôÞò (Q+) ÐñÜãìáôé° åÜí õðïèÝôáìå üôé

Q = h1  i = {11 + · · ·+ |1   ∈ Z}   ∈ N

üðïõ  =


   ∈ Zr{0} ãéá êÜèå  ∈ {1  } ôüôå êÜèå ñçôüò áñéèìüò  èá

üöåéëå íá ãñÜöåôáé õðü ôç ìïñöÞ

 = 1
1
1
+ · · ·+ 



=

P
=1



Ã Q
∈{1}r {}



!
1···

ãéá êÜðïéïõò 1   ∈ Z Ð.·., èÝôïíôáò  := 

Ã Q
∈{1}r{}



!
ãéá êÜèå

 ∈ {1  } ãéá ôïí  := 1
21··· èá ßó·õå

1
21··· =

P

=1


1··· ⇒ 2

µ
P
=1



¶
= 1 (2.8)

ðñÜãìá Üôïðï, êáèüôé äåí õößóôáíôáé 1   ∈ Z éêáíïðïéïýíôåò ôçí åîßóùóç

(2.8). (Ôï áñéóôåñü ìÝëïò ôÞò (2.8) åßíáé Ýíáò Üñôéïò êáé ôï äåîéü ôçò Ýíáò ðåñéôôüò

áêÝñáéïò áñéèìüò.)

2.2.14 Óçìåßùóç. ÕðÜñ·ïõí õðïïìÜäåò áðåßñùí áëëÜ ðåðåñáóìÝíùò ðáñáãï-

ìÝíùí ïìÜäùí ðïõ äåí åßíáé ðåðåñáóìÝíùò ðáñáãüìåíåò. (Âë. Üóêçóç 2-31.) Éêá-
íÝò óõíèÞêåò, ãéá íá åßíáé ìéá õðïïìÜäá ìéáò ðåðåñáóìÝíùò ðáñáãüìåíçò ïìÜäáò

áö' åáõôÞò ðåðåñáóìÝíùò ðáñáãüìåíç, äßäïíôáé óôéò ðñïôÜóåéò 4.1.56 êáé 9.6.9.

2.2.15 Ïñéóìüò. Ìéá ïìÜäá êáëåßôáé êõêëéêÞ (Þ ìïíïãåíÞò) üôáí ìðïñåß íá ðá-

ñá·èåß (õðü ôçí Ýííïéá ôïý 2.2.1) áðü Ýíá ìïíïóýíïëï 25. (Ãéá êÜèå ïìÜäá  åé-

óÜãïõìå ôïí óõìâïëéóìüCSubg() := { ∈ Subg()| êõêëéêÞ}.)

2.2.16 Ðáñáäåßãìáôá. (i) H (Z+) (üðùò ðñïáíáöÝñáìå óôï 2.2.5 (i)) åßíáé êõ-

êëéêÞ. Ôï ßäéï éó·ýåé êáé ãéá ôçí (Z+)  ãéá ïéïíäÞðïôå  ∈ Z
24ÅÜí ( ·) åßíáé ìéá ïìÜäá ìå  = hi  üðïõ  = {1  }  ∈ N êáé −1 := {−11   −1 }
 :=  ∪−1 ôüôå card( ) ≤ 2 êáé êÜèå óôïé·åßï ôÞò ãñÜöåôáé (ëüãù ôÞò (2.6)) õðü ôç ìïñöÞ 12 · · · 
üðïõ (1  ) ∈   ãéá êÜðïéïí  ∈ N ïðüôå || ≤ card(

S
∈N 

) ≤ ℵ0 äéüôé ç Ýíùóç ìéáò áñéèìÞóéìçò

ïéêïãåíåßáò ðåðåñáóìÝíùí óõíüëùí åßíáé ôï ðïëý áñéèìÞóéìç.

25¼ôáí áðü ôïýäå êáé óôï åîÞò èá áíáöåñüìáóôå óå êÜðïéïí ãåííÞôïñá ìéáò êõêëéêÞò ïìÜäáò  èá åííïïýìå Ýíá
óôïé·åßï  ∈  ôÝôïéï þóôå íá éó·ýåé = hi 
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(ii) Ç ïìÜäá (Z+)  ∈ N åßíáé êõêëéêÞ, áöïý ðáñÜãåôáé áðü ôçí êëÜóç éóï-

ôéìßáò [1]

(iii) Ôï óýíïëï Z[] := {+  |   ∈ Z} ôùí áêåñáßùí ôïý Gauss (âë. 2.2.9),

åöïäéáæüìåíï ìå ôïí óõíÞèç ðïëëáðëáóéáóìü ìéãáäéêþí áñéèìþí, êáèßóôáôáé

áâåëéáíü ìïíïåéäÝò. ÌÝóù ôïý (Z[] ·) äçìéïõñãåßôáé ç ðïëëáðëáóéáóôéêÞ ïìÜäá

ðïõ Ý·åé ùò õðïêåßìåíï óýíïëü ôçò ôï Z[]× = {±1±} (âë. ðñüôáóç 2.1.6). Ç

(Z[]× ·) åßíáé êõêëéêÞ, äéüôé26

Z[]× = hi = h−i 

(iv) Ç ïìÜäá (E ·)  ∈ N ôùí -ïóôþí ñéæþí ôÞò ìïíÜäáò (âë. 2.1.21 (vi)) åßíáé

êõêëéêÞ, äéüôé E = hi  üðïõ  := exp
¡
2


¢
 ÓçìåéùôÝïí üôé E4 = Z[]×

(v) Ç (Q+) (ùò ìç ðåðåñáóìÝíùò ðáñáãüìåíç, âë. 2.2.13) äåí åßíáé êõêëéêÞ

(vi) Ç (R+) äåí åßíáé êõêëéêÞ. ÐñÜãìáôé° åÜí ç (R+) ðáñÞãåôï áðü êÜðïéïí

 ∈ Rr{0} ôüôå ôï 1 ∈ R èá üöåéëå íá ãñÜöåôáé õðü ôç ìïñöÞ 1 =  ãéá êÜðïéïí

 ∈ Zr{0} Ôï ßäéï èá ßó·õå êáé ãéá ôïí Üññçôï áñéèìü
√
2 ∈ RrQ äçëáäÞ èá

õðÞñ·å êÜðïéïò  ∈ Zr{0} ìå √2 =  ðñÜãìá Üôïðï, êáèüôé  = 

∈ Q

(Åíáëëáêôéêþò, ç (R+) äåí åßíáé êõêëéêÞ, äéüôé äåí åßíáé ïýôå êáí ðåðåñáóìÝíùò
ðáñáãüìåíç, áöïý |R| = c  ℵ0 âë. 2.2.12 (ii).)

2.2.17 Ðñüôáóç. ÊÜèå êõêëéêÞ ïìÜäá åßíáé áâåëéáíÞ.

Áðïäåéîç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  = hi (ãéá êÜðïéï  ∈ ), êáé åÜí

  ∈  ôüôå  =  êáé  = , ãéá êÜðïéïõò áêåñáßïõò áñéèìïýò  êáé  Ùò

åê ôïýôïõ, âÜóåé ôïý (i) ôÞò ðñïôÜóåùò 2.1.11 ëáìâÜíïõìå

 =  = + = + =  = 

ïðüôå ç  åßíáé üíôùò áâåëéáíÞ. ¤

2.2.18 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ∈ . Ôüôå ãéá ôçí êõêëéêÞ
ïìÜäá hiðïõðáñÜãåôáé áðü ôï  õðÜñ·ïõí äýï åíäå·üìåíá° åßôå üëåò ïé «äõíÜìåéò»
  = 0±1±2 åßíáé óáöþò äéáêåêñéìÝíåò, åßôå õðÜñ·ïõí áêÝñáéïé  ìå
   ôÝôïéïé þóôå  =  Þôïé − =  Óôçí ðñþôç ðåñßðôùóç ç hi Ý·åé
Üðåéñç ôÜîç (êáé ëÝãåôáé Üðåéñç êõêëéêÞ ïìÜäá ). Óôç äåýôåñç ðåñßðôùóç,

hi = ©  2 −1ª 
üðïõ  := min{ ∈ N |  = }
Áðïäåéîç. Áñêåß íá äåßîïõìå ôï üôé ï éó·õñéóìüò óôç äåýôåñç ðåñßðôùóç åßíáé

áëçèÞò. Êáô' áñ·Üò, åðåéäÞ õðÜñ·ïõí áêÝñáéïé  ìå    ôÝôïéïé þóôå

− = , ôï óýíïëï { ∈ N |  = } åßíáé ìç êåíü. ¸óôù ôþñá  ,  ∈ N,
Ýíá ôõ·üí óôïé·åßï ôÞò hi. ÄõíÜìåé ôÞò ôáõôüôçôáò ôÞò åõêëåßäåéáò äéáéñÝóåùò

26Ðñïöáíþò, ãéá êÜèå  ∈ Z Ý·ïõìå 4 = 1 4+1 =  4+2 = −1 êáé 4+3 = − ïðüôå éó·ýïõí ïé éóüôçôåò
Z[]× = { |  ∈ Z} = hi  Ðáñïìïßùò áðïäåéêíýåôáé üôé Z[]× = h−i 
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õðÜñ·ïõí ìïíáäéêïß áêÝñáéïé   ìå 0 ≤    ôÝôïéïé þóôå íá éó·ýåé  =  + 

(âë. B.1.6). ÊáôÜ óõíÝðåéáí,

 = + =  =  =
¡

¢
 = 




 = 
 = 

ÁðïìÝíåé ëïéðüí íá áðïäåé·èåß üôé ôá óôïé·åßá   
2 −1 åßíáé óáöþò äéá-

êåêñéìÝíá. ÅÜí õðïôåèåß üôé õðÜñ·ïõí ,  ∈ {0 1  − 1}, ãéá ôïõò ïðïßïõò

éó·ýåé    êáé  =   ôüôå − =  1 ≤  −  ≤  − 1, ðñÜãìá ðïõ

áíôßêåéôáé óôçí åðéëïãÞ ôïý  ùò ôÞò åëá·ßóôçò äõíÜìåùò ìå áõôÞí ôçí éäéüôçôá.¤

2.2.19 Ðñüôáóç. (i)ÊÜèå õðïïìÜäá ôÞò (Z+) åßíáé êõêëéêÞ, êáé ìÜëéóôá ôÞò ìïñ-
öÞò (Z+)  ãéá êÜðïéïí  ∈ N0.
(ii) ÊÜèå õðïïìÜäá ìéáò êõêëéêÞò ïìÜäáò åßíáé êõêëéêÞ 27.

Áðïäåéîç. (i) ¸óôù  ìéá õðïïìÜäá ôÞò ïìÜäáò (Z+)  ÅÜí ç  åßíáé ç ôå-

ôñéììÝíç, ôüôå åßíáé ðñïöáíþò êõêëéêÞ. ÅÜí ç äåí åßíáé ôåôñéììÝíç, ôüôå ðåñéÝ-

·åé Ýíáí áêÝñáéï  äéÜöïñï ôïý ìçäåíüò êáé, åðåéäÞ ç  åßíáé ìéá õðïïìÜäá, èá

Ý·ïõìå êáé − ∈  ¢ñá ç  ðåñéÝ·åé õðï·ñåùôéêþò Ýíáí èåôéêü áêÝñáéï. ¸óôù

 ï åëÜ·éóôïò èåôéêüò áêÝñáéïò åíôüò ôÞò  Éó·õñéæüìáóôå üôé ï  ðáñÜãåé ôçí

 ÅÜí  ∈  äéáéñïýìå ôïí  äéÜ ôïý  êáé ëáìâÜíïõìå  =  +  üðïõ ïé 

êáé  åßíáé áêÝñáéïé êáé 0 ≤    Þôïé  ≡  (mod ) (âë. B.1.6). Ãíùñßæïõìå

üôé  ∈  êáé  ∈  ÅðåéäÞ ç  åßíáé ìéá õðïïìÜäá ôÞò (Z+)  Ý·ïõìå  ∈ 

ïðüôå − ∈  áð' üðïõ óõìðåñáßíïõìå üôé

 = −  = + (−) ∈ 

Áõôü üìùò áíôéöÜóêåé ðñïò ôçí åðéëïãÞ ôïý  åêôüò êáé åÜí ï  éóïýôáé ìå ìçäÝí.

ÊáôÜ óõíÝðåéáí, Ý·ïõìå  = , ðñÜãìá ôï ïðïßï ìáò äåß·íåé üôé êÜèå óôïé·åßï

ôÞò åßíáé Ýíá áêÝñáéï ðïëëáðëÜóéï ôïý  Þôïé üôé = hi = Z.

(ii) ¸óôù ( ·) ìéá êõêëéêÞ ïìÜäá êáé Ýóôù  ìéá ìç ôåôñéììÝíç õðïïìÜäá ôÞò

. ÅÜí ï  åßíáé Ýíáò ãåííÞôïñáò ôÞò  ôüôå êÜèå óôïé·åßï ôÞò  êáé åðïìÝíùò

êáé êÜèå óôïé·åßï ôÞò  åßíáé ìéá äýíáìç ôïý  ¸óôù  := { ∈ Z |  ∈ }
Åßíáé åýêïëï íá äéáðéóôþóïõìå üôé ôï óýíïëï åßíáé ìéá õðïïìÜäá ôÞò ïìÜäáò

(Z+)  ÊáôÜ ôï (i) ç  åßíáé êõêëéêÞ. ÅÜí ï  ðáñÜãåé ôçí , ôüôå ç äýíáìç 

ðáñÜãåé ôçí Ôïýôï ïëïêëçñþíåé ôçí áðüäåéîÞ ìáò. ¤

2.2.20 Ðüñéóìá. ÅÜí  ∈ N0 ôüôå ãéá ôéò õðïïìÜäåò (Z+) êáé (Z+) ôÞò
(Z+) éó·ýïõí ôá åîÞò :
(i)Z w Z⇐⇒  | 
(ii)Z = Z⇐⇒  = 

(iii)Z ∩ Z = åêð()Z
(iv) hZ Zi = ìêä()Z
27ÅðïìÝíùò, Subg() = CSubg() ãéá êÜèå êõêëéêÞ ïìÜäá
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Áðïäåéîç. ÅðåéäÞ ôá áíùôÝñù åßíáé ðñïöáíÞ üôáí ôïõëÜ·éóôïí Ýíáò åê ôùí

åßíáé = 0 èá õðïèÝóïõìå åöåîÞò üôé ∈ N
(i) Åí ðñþôïéò èá áðïäåßîïõìå üôé

Z ⊇ Z⇐⇒  | 
ÅÜí Z ⊇ Z ôüôå  =  · 1 ∈ Z ïðüôå ∃ ∈ Z :  =  (ÌÜëéóôá, åðåéäÞ

 ∈ N Ý·ïõìå êáô' áíÜãêçí  ∈ N) ¢ñá  |  Êáé áíôéóôñüöùò° åÜí  | 
ôüôå ∃ ∈ N :  = ¸óôù  ôõ·üí óôïé·åßï ôÞò Z Ôüôå

∃ ∈ Z :  =  = ()⇒  ∈ Z

¢ñáZ ⊇ Z Åí óõíå·åßá èá áðïäåßîïõìå üôé

Z w Z⇐⇒  | 
Ðñïöáíþò,Z w Z⇒ Z ⊇ Z⇒  |  (áðü ü,ôé ðñïåßðáìå). Êáé áíôéóôñü-

öùò° åÜí |  ôüôå
Z ⊇ Z (áðü ü,ôé ðñïåßðáìå)

Z w Z (âë. 2.1.21 (iii))

¾
=⇒
2.1.20

Z w Z

(ii) Ôïýôï Ýðåôáé áðü ôï (i), êáèþò Ý·ïõìåZ = Z⇔  |  êáé  | ⇔  = .

(iii) Óýìöùíá ìå ôï (i) ôÞò ðñïôÜóåùò 2.2.19 ∃ ∈ N : Z ∩ Z = Z ÅðåéäÞ

Z v Z êáé Z v Z⇒  |  êáé  | 
o  åßíáé êïéíü ðïëëáðëÜóéï ôùí  êáé  ÅðéðñïóèÝôùò, ãéá ïéïäÞðïôå êïéíü
ðïëëáðëÜóéï  ∈ Z ôùí êáé  Ý·ïõìå

 | || êáé  | ||⇒ ||Z v Z êáé ||Z v Z

ïðüôå

||Z v Z ∩ Z = Z⇒  | || =⇒
B.1.5 (i)

 |  =⇒
B.2.25

 = åêð () 

(iv) Óýìöùíá ìå ôï (i) ôÞò ðñïôÜóåùò 2.2.19 ∃ ∈ N : hZ Zi = Z ÅðåéäÞ

Z v Z êáé Z v Z⇒  |  êáé  | 
o  åßíáé êïéíüò äéáéñÝôçò ôùí êáé  ÅðéðñïóèÝôùò, ãéá ïéïíäÞðïôå êïéíü äéáé-
ñÝôç  ∈ Z ôùí êáé  Ý·ïõìå

|| |  êáé || | ⇒ Z v ||Z êáé Z v ||Z
ÅðåéäÞ ç hZ Zi åßíáé ç åëÜ·éóôç õðïïìÜäá ôÞò (Z+) ðïõ ðåñéÝ·åé áìöüôåñåò

ôéòZ êáé Z ëáìâÜíïõìå

Z = hZ Zi v ||Z⇒ || |  =⇒
B.1.5 (i)

 |  =⇒
B.2.6

 = ìêä () 

êáé ç áðüäåéîç ëÞãåé åäþ. ¤



42 ïìáäåò êáé õðïïìáäåò

2.3 ÔÁÎÇ ÓÔÏÉμÅÉÏÕ ÌÉÁÓ ÏÌÁÄÁÓ

2.3.1 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ç ôÜîç ord() ∈ N ∪ {∞} åíüò óôïé·åßïõ
 ∈  ïñßæåôáé ùò åîÞò:

ord() :=

½ ∞ üôáí  6=  ∀ ∈ N
min{ ∈ N |  = } óôçí áíôßèåôç ðåñßðôùóç

¼ôáí ord() = ∞ ôüôå ëÝìå üôé ôï  Ý·åé Üðåéñç ôÜîç. (ÅéäÜëëùò, ëÝìå üôé Ý·åé

ðåðåñáóìÝíç ôÜîç). Ôï óýíïëï

tors() :=
©
 ∈ 

¯̄
 =  ãéá êÜðïéïí  ∈ Nª

ôï áðïôåëïýìåíï áðü üëá ôá óôïé·åßá ôÞòðïõ Ý·ïõí ðåðåñáóìÝíç ôÜîç êáëåßôáé

óýíïëï óôñÝøåùò28 ôÞò  ¼ôáí tors() =  ôüôå ëÝìå üôé ç  åßíáé ðåñéïäéêÞ

ïìÜäá (Þ ïìÜäá óôñÝøåùò)¼ôáí ç ßäéá ç  åßíáé ìéá ðåðåñáóìÝíç ïìÜäá, ôüôå

ç åßíáé ðåñéïäéêÞ.¼ôáí ç åßíáé ìéáÜðåéñç ïìÜäá, õðÜñ·ïõí ôñßá åíäå·üìåíá:

(i) Ç  åßíáé ðåñéïäéêÞ.

(ii) tors() = {} äçëáäÞ üëá ôá óôïé·åßá ôÞò , ìå åîáßñåóç29 ôï  Ý·ïõí

Üðåéñç ôÜîç° åí ðñïêåéìÝíù, ëÝìå üôé ç äåí äéáèÝôåé óôñÝøç Þ üôé ç óôåñåßôáé

óôñÝøåùò.

(iii) ¢ëëá óôïé·åßá ôÞò Ý·ïõí ðåðåñáóìÝíç êáé Üëëá Üðåéñç ôÜîç. (¹ôïé Ý·ïõìå

tors() 6= {} êáé -ôáõôï·ñüíùò- rtors() 6= {}). Åí ôïéáýôç ðåñéðôþóåé ç

 êáëåßôáé ìéêôÞ ïìÜäá.

2.3.2 ÐáñáôÞñçóç. ÅÜí  ∈ , ôüôå, óýìöùíá ìå ôçí ðñüôáóç 2.2.18, Ý·ïõìå:

ord () = |hi|  (2.9)

2.3.3 ÐáñÜäåéãìá. Óôçí (Z4+) ôá óôïé·åßá [0]4 [1]4 [2]4 êáé [3]4 Ý·ïõí ôÜîç 1 4 2

êáé 4 áíôéóôïß·ùò.

2.3.4 ÐáñÜäåéãìá. Óôçí ïìÜäá ôùí ôåôñáíßùí Q (âë. 2.2.11) êáèÝíá ôùí óôïé-

·åßùí j êáé k Ý·åé ôÜîç 4.

2.3.5 Ðáñáäåßãìáôá. Óôéò (Z+)  (Q+)  (R+)  (C+)  (Q0 ·) (R0 ·) êÜèå

óôïé·åßï äéáöïñåôéêü ôïý ïõäåôÝñïõ Ý·åé Üðåéñç ôÜîç, ïðüôå áõôÝò ïé ïìÜäåò äåí

äéáèÝôïõí óôñÝøç.

28To tors() äåí åßíáé êáô' áíÜãêçí õðïïìÜäá ôÞòÙóôüóï, üôáí ç åßíáé áâåëéáíÞ, ôï tors() åßíáé õðïïìÜäá
ôÞò  êáé êáëåßôáé õðïïìÜäá óôñÝøåùò ôÞò  (ÐñÜãìáôé°  ∈ tors() êáé ãéá ïéáäÞðïôå 1 2 ∈ tors()
∃( ) ∈ N×N : 1 =  = 2ÅÜí ç åßíáé áâåëéáíÞ  ôüôå, óýìöùíá ìå ôá ðñïáíáöåñèÝíôá óôï åäÜöéï 2.1.12,

(1
−1
2 ) = 1 (

−1
2 ) = (1 )

(2)
− =  ·  =  ïðüôå 1

−1
2 ∈ êáé, ùò åê ôïýôïõ, tors() v 

åðß ôç âÜóåé ôïý êñéôçñßïõ 2.1.16 (i)⇔(iii).)

29Ðñïöáíþò, ord() = 1⇐⇒  = 
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2.3.6 Ðáñáäåßãìáôá. (i) Ôï (áñéèìÞóéìï) áðåéñïóýíïëï

E∞ :=
S
∈N

E = { ∈ C | = 1 ãéá êÜðïéïí  ∈ N} $ Cr{0}

üëùí ôùí -ïóôþí ñéæþí ôÞò ìïíÜäáò (âë. 2.1.21 (vi)) áðïôåëåß ðåñéïäéêÞ õðïï-

ìÜäá30 ôÞò áâåëéáíÞò ïìÜäáò (Cr{0} ·) Áðü ôçí Üëëç ìåñéÜ, ç õðïïìÜäá (S1 ·)
ôÞò (Cr{0} ·) (âë. 2.1.21 (vi)) åßíáé ìéá ìéêôÞ ïìÜäá (ìå ôï õðïêåßìåíï óýíïëü

ôçò Üðåéñï êáé ìç áñéèìÞóéìï), êáèüôé ôá exp() ∈ S1 Ý·ïõí ðåðåñáóìÝíç ôÜîç

åÜí êáé ìüíïí åÜí ôï  åßíáé Ýíá ñçôü ðïëëáðëÜóéï ôïý 2 (Þôïé  = 2


, ãéá êÜ-

ðïéïõò ∈ Z êáé  ∈ Zr{0}). Ùò åê ôïýôïõ, êáé ç ßäéá ç (Cr{0} ·) åßíáé ìéêôÞ.
(ii) ¢ëëç ìßá åíäéáöÝñïõóá ðåñéïäéêÞ ïìÜäá åßíáé ç ëåãüìåíç ∞-ïìÜäá, Þôïé ç

õðïïìÜäá

E∞ :=
S
∈N

E =
©
 ∈ C ¯̄ = 1 ãéá êÜðïéïí  ∈ Nª @ E∞ @ S1

ôÞò E∞ ç áðáñôéæüìåíç áðü ôéò -ïóôÝò ñßæåò ôÞò ìïíÜäáò, üðïõ  ôõ·þí ðñþôïò
áñéèìüò.

2.3.7 Ðñüôáóç. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá. Ôüôå ç  åßíáé êõêëéêÞ åÜí
êáé ìüíïí åÜí õðÜñ·åé êÜðïéï  ∈  ìå ord() = || 
Áðïäåéîç. ÅÜí ç  åßíáé êõêëéêÞ, ôüôå ∃ ∈  :  = hi  ïðüôå -âÜóåé ôÞò (2.9)-

ord() = |hi| = || 
Êáé áíôéóôñüöùò° åÜí õðÜñ·åé êÜðïéï  ∈  ìå ord() = ||  ôüôå

|hi| = || êáé hi ⊆  =⇒  = hi 
ïðüôå ç  åßíáé êõêëéêÞ. ¤

2.3.8 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  ∈  êáé ord() =  ∈ N ôüôå
( =  ãéá êÜðïéïí ∈ Z)⇐⇒  | 

Áðïäåéîç. ÅÜí  | , ôüôå ∃ ∈ Z :  =  ÅðïìÝíùò,

 =  = () = ()
 = 


 = 

Êáé áíôéóôñüöùò° åÜí  =  ãéá êÜðïéïí ∈ Z, ôüôå õðÜñ·ïõí áêÝñáéïé  

ôÝôïéïé þóôå íá éó·ýåé =  +  ìå 0 ≤    Ùò åê ôïýôïõ,

 = + = ()

 = ()


 = 




 = 
 = 

¼ìùò ï  åßíáé ï åëÜ·éóôïò öõóéêüò áñéèìüò ãéá ôïí ïðïßï éó·ýåé  =  ¢ñá

Ý·ïõìå  = 0 êáé  |  ¤
30Ðñïöáíþò, 1 ∈ E∞ ÅðéðñïóèÝôùò, åÜí 1 2 ∈ E∞ ôüôå ∃() ∈ N × N : 1 = 1 = 2  ÅðåéäÞ

(1
−1
2 ) = 

1 (−12 ) = (1 )
(2 )

− = 1 · 1 = 1 Ý·ïõìå 1
−1
2 ∈ E∞ ¢ñá E∞ @ Cr{0} (Âë.

êñéôÞñéï 2.1.16 (i)⇔(iii)).
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2.3.9 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå éó·ýïõí ôá áêüëïõèá :
(i) ord() = ord

¡
−1

¢
∀ ∈ 

(ii) ord
¡
21

−1
2

¢
= ord(1) ∀(1 2) ∈ ×

(iii) ord(12) = ord(21) ∀(1 2) ∈ ×

(iv) ÅÜí êÜèå óôïé·åßï ôÞò  Ý·åé ôÜîç ôï ðïëý 2 ôüôå ç  åßíáé áâåëéáíÞ.

(v) ÅÜí ôá   ∈  åßíáé ôÝôïéá, þóôå  =  êáé ord() =  ord() =  üðïõ
 ∈ N ìå ìêä() = 1 ôüôå ord() = 

Áðïäåéîç. (i) ÕðïèÝôïõìå åí ðñþôïéò üôé ord() =  ∈ N Ôüôå
 =  =⇒ ()

−1
= −1 =  =⇒

¡
−1

¢
= 

Ãéá íá áðïäåßîïõìå üôé ord
¡
−1

¢
=  áñêåß íá éó·ýåé ≥  ãéá êÜèå ∈ N ãéá

ôï ïðïßï
¡
−1

¢
= ¼ìùò¡

−1
¢
=  =⇒ − =  =⇒ (−)−1 = −1 = 

=⇒  =  =⇒
2.3.8

 | =⇒  ≤ 

Êáé áíôéóôñüöùò° åÜí ord
¡
−1

¢
=  ∈ N ôüôå, åöáñìüæïíôáò ôçí Þäç áðïäåé-

·èåßóá óõíåðáãùãÞ (ìå åíáëëáãÞ ôùí ñüëùí ôùí  êáé −1), ëáìâÜíïõìå

ord
¡
−1

¢
=  =⇒ ord

³¡
−1

¢−1´
= ord () = 

Åí óõíå·åßá, õðïèÝôïõìå üôé ord() = ∞. ÅÜí ord
¡
−1

¢ 6= ∞, ôüôå èá õðÞñ·å

Ýíáò öõóéêüò áñéèìüò  ìå  = ord
¡
−1

¢
, ðñÜãìá áäýíáôï, äéüôé óå áõôÞí ôçí ðå-

ñßðôùóç èá åß·áìå êáô' áíÜãêçí êáé ord() =  (âÜóåé ôùí üóùí ðñïáíáöÝñáìå).

Êáé áíôéóôñüöùò° åÜí ord
¡
−1

¢
= ∞, ôüôå, ìå åê íÝïõ åöáñìïãÞ ôÞò Þäç áðïäåé-

·èåßóáò óõíåðáãùãÞò (êáé åíáëëáãÞ ôùí ñüëùí ôùí  êáé −1), ëáìâÜíïõìå

ord
¡
−1

¢
=∞ =⇒ ord

³¡
−1

¢−1´
= ord () =∞

(ii) ¸óôù (1 2) ∈  ×  ìå ord(1) =  ∈ N Åßíáé åýêïëï íá áðïäåé·èåß

åðáãùãéêþò üôé éó·ýåé ç éóüôçôá
¡
21

−1
2

¢
= 2


1 
−1
2  ÅðåéäÞ -åî õðïèÝóåùò-

1 =  Ý·ïõìå ¡
21

−1
2

¢
= 2

−1
2 = 2

−1
2 = 

Ãéá íá áðïäåßîïõìå üôé ord
¡
21

−1
2

¢
=  áñêåß íá éó·ýåé ≥ , ãéá êÜèå ∈ N

ãéá ôï ïðïßï
¡
21

−1
2

¢
= ¼ìùò¡

21
−1
2

¢
= 2


1 
−1
2 =  =⇒ −12 2


1 
−1
2 2 = −12 2 =⇒ 1 = 

ïðüôå  ≥ . Êáé áíôéóôñüöùò° åÜí ord
¡
21

−1
2

¢
=  ôüôå, åöáñìüæïíôáò ôçí

Þäç áðïäåé·èåßóá óõíåðáãùãÞ (ìå åíáëëáãÞ ôùí ñüëùí ôùí 1 êáé 21
−1
2  êá-

èþò êáé ôùí 2 êáé 
−1
2 ), ëáìâÜíïõìå

ord
¡
21

−1
2

¢
=  =⇒ ord

¡
−12

¡
21

−1
2

¢
2
¢
= ord (1) = 
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Åí óõíå·åßá, õðïèÝôïõìå üôé ord(1) = ∞. ÅÜí ord
¡
21

−1
2

¢ 6= ∞, ôüôå èá

õðÞñ·å Ýíáò öõóéêüò áñéèìüò  ìå  = ord
¡
21

−1
2

¢
, ðñÜãìá áäýíáôï, äéüôé åí

ôïéáýôç ðåñéðôþóåé èá åß·áìå êáô' áíÜãêçí êáé ord(1) =  (âÜóåé ôùí üóùí

ðñïáíáöÝñáìå). Êáé áíôéóôñüöùò° åÜí ord
¡
21

−1
2

¢
=∞, ôüôå, ìå åê íÝïõ åöáñ-

ìïãÞ ôÞò Þäç áðïäåé·èåßóáò óõíåðáãùãÞò (êáé åíáëëáãÞ ôùí ñüëùí ôùí 1 êáé

21
−1
2 , êáèþò êáé ôùí 2 êáé 

−1
2 ) ëáìâÜíïõìå

ord
¡
21

−1
2

¢
=∞ =⇒ ord

¡
−12

¡
21

−1
2

¢
2
¢
= ord (1) =∞

(iii) ÅðåéäÞ 12 = 1 (21) 
−1
1 , ôá 21 êáé 12 Ý·ïõí ôçí ßäéá ôÜîç âÜóåé ôïý

(ii).

(iv) ÅÜí ( ) ∈ × ôüôå -åî õðïèÝóåùò- Ý·ïõìå

2 = 2 = ()2 =  =⇒  = −1  = −1 ()−1 = 

ïðüôå  = ()−1 = −1−1 = ¢ñá ç  åßíáé áâåëéáíÞ.

(v) ÅðåéäÞ () =
2.1.12

 = ()() = 

 =  ç ôÜîç ôïý 

åßíáé êáô' áíÜãêçí ðåðåñáóìÝíç êáé ord() ≤  ¸óôù  ∈ N ôÝôïéïò þóôå

() =  Ðñïöáíþò,

 = ()
 =

2.1.12
 = () = 

 = ()
 =

2.1.12
 = () = 

⎫⎬⎭ =⇒
2.3.8

⎧⎨⎩
 | 
êáé

 | 

⎫⎬⎭

=⇒
B.2.9

⎧⎨⎩
 | 
êáé

 | 

⎫⎬⎭ =⇒
B.2.10

 |  ⇒  ≤ ⇒  ≤ ord()

ÊáôÜ óõíÝðåéáí, ord() =  ¤

2.3.10 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá ìå ôÜîç || =  ∈ N. ÅÜí ç  åßíáé
êõêëéêÞ, ðáñáãüìåíç áðü Ýíá óôïé·åßï  ∈  êáé  =   ∈ N ôüôå éó·ýïõí ôá
åîÞò :

(i) Ôï  ðáñÜãåé ìéá õðïïìÜäá ôÞò  ôÜîåùò || = 
ìêä() 

(ii) =

ìêä()

®


Áðïäåéîç. (i) ÊáôÜ ôçí ðñüôáóç 2.2.19 ç  = hi åßíáé ìéá êõêëéêÞ õðïïìÜäá

ôÞò . Áñêåß ëïéðüí íá ðñïóäéïñßóïõìå ôçí ôÜîç ôçò. Óýìöùíá ìå ôçí ðñüôáóç

2.3.8, åÜí  ∈ N ôüôå  =  ⇐⇒  =  ⇐⇒  |  ¢ñá

|| = min{ ∈ N |  |}
¸óôù  := ìêä(). BÜóåé ôïý èåùñÞìáôïò B.2.5 õðÜñ·ïõí   ∈ Z, ôÝôïéïé
þóôå

 = +  =⇒ 1 = 
³


´
+ 

³


´
 (2.10)
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Áðü ôçí ôåëåõôáßá éóüôçôá óõíÜãåôáé üôé ïé 

êáé 


åßíáé ó·åôéêþò ðñþôïé (âë.

ðüñéóìáB.2.8). Ôï æçôïýìåíï åßíáé ï ðñïóäéïñéóìüò ôïý åëá·ßóôïõöõóéêïý áñéè-

ìïý  ãéá ôïí ïðïßï




=


¡



¢¡



¢ ∈ Z
ÅðåéäÞ ìêä(


 

) = 1, ç áíùôÝñù óõíèÞêç éóïäõíáìåß ìå ôçí: 



¯̄
 (âë. ðüñéóìá

B.2.9). ÊáôÜ óõíÝðåéáí, min{ ∈ N :  |} = 

= || 

(ii) ÅðåéäÞ  =  = (

 ) =

¡

¢
 =⇒  ∈ ®  ç  åßíáé ìéá õðïïìÜäá ôÞò


®
. Áðü ôçí Üëëç ìåñéÜ, ëüãù ôÞò (2.10),

 = + = () () = 

 (

) =  (
) = () =⇒  ∈ hi 

ïðüôå êáé ç


®
åßíáé õðïïìÜäá ôÞò ¤

2.3.11 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù () ∈ N2. ÅÜí  ∈  ôüôå
éó·ýåé ç óõíåðáãùãÞ

ord () =  =⇒ ord () =


ìêä ()


Áðïäåéîç. ÐñïöáíÞò âÜóåé ôÞò ðñïôÜóåùò 2.3.10 êáé ôïý (2.9). ¤

2.3.12 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù () ∈ N2. ÅÜí  ∈  ôüôå
éó·ýåé ç óõíåðáãùãÞ

[ord () =  êáé  | ] =⇒ ord () =





2.3.13 Ðáñáäåßãìáôá. (i) ÅÜí ç ( ·) åßíáé ìéá ïìÜäá,  ∈  êáé ord() = 12,

ôüôå, åðß ðáñáäåßãìáôé,

ord
¡
9
¢
=

12

ìêä (12 9)
=
12

3
= 4 ord

¡
10
¢
=

12

ìêä (12 10)
=
12

2
= 6

(ii) Åíôüò ôÞò (Z48+) Ý·ïõìå ord([4]48) = 12, äéüôé⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2 [4]48 = [8]48  3 [4]48 = [12]48  4 [4]48 = [16]48  5 [4]48 = [20]48 

6 [4]48 = [24]48  7 [4]48 = [28]48  8 [4]48 = [32]48  9 [4]48 = [36]48 

10 [4]48 = [40]48  11 [4]48 = [44]48  12 [4]48 = [48]48 = [0]48 

ÅðïìÝíùò, ôá [12]48 êáé [20]48 Ý·ïõí ôÜîç

ord (3 [4]48) =
12

ìêä (12 3)
=
12

3
= 4 ord (5 [4]48) =

12

ìêä (12 5)
=
12

1
= 12

Ãåíéêüôåñá, éó·ýåé ôï áêüëïõèï:
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2.3.14 Ðüñéóìá. ¸óôù ∈ N  Ôüôå ãéá êÜèå  ∈ Z ç ôÜîç ôïý óôïé·åßïõ [] ôÞò
ïìÜäáò (Z+) äßäåôáé áðü ôïí ôýðï :

ord ([]) =


ìêä ()


Áðïäåéîç. ÅðåéäÞ |Z| =  Z = h[1]i =⇒ ord([1]) = |h[1]i| =  êáé

[] =  [1]  óõíÜãåôáé üôé ord([]) = ord( [1]) =


ìêä() ìÝóù åöáñìïãÞò

ôïý ðïñßóìáôïò 2.3.11. ¤

2.3.15 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ∈  ìå ord() = 12 üðïõ
1 2 ∈ N êáé ìêä(1 2) = 1 Ôüôå õðÜñ·ïõí 1 2 ∈ hi  ôÝôïéá þóôå íá éó·ýåé
 = 12 ìå ord(1) = 1 êáé ord(2) = 2

Áðïäåéîç. ÅðåéäÞ ìêä(1 2) = 1 õðÜñ·ïõí 1 2 ∈ Z : 11 + 22 = 1 (Âë.

ðüñéóìá B.2.8.) ÅðïìÝíùò,

 = 1 = 11+22 = 22+11 = (22)(11)

ÈÝôïíôáò 1 := 22 ∈ hi êáé 2 := 11 ∈ hi  ðáñáôçñïýìå üôé

ìêä (12 22) = 2 ìêä (1 2) = 2

(âë. B.2.14 (i) êáé B.2.8), ïðüôå

ord(1) =
2.3.11

12

ìêä (12 22)
=

12

2
= 1

êáé, êáô' áíáëïãßáí, ord(2) =
12
1

= 2 ¤

2.3.16 Ðüñéóìá. ¸óôù üôé ç  = {  2 −1} = hi (üðïõ  = ) åßíáé ìéá
ðåðåñáóìÝíç êõêëéêÞ ïìÜäá ôÜîåùò ∈ N êáé üôé   ∈ {0− 1}. Ôüôå


®
=


®⇐⇒ ìêä () = ìêä () 

Áðïäåéîç. ÅÜí


®
=


®
 ôüôå

¯̄

®¯̄
=
¯̄

®¯̄

êáé áðü ôçí ðñüôáóç 2.3.10 (i)

Ýðåôáé üôé



ìêä ()
=



ìêä ()
=⇒ ìêä () = ìêä () 

Êáé áíôéóôñüöùò° åÜí ìêä() = ìêä() =:  ôüôå, âÜóåé ôÞò 2.3.10 (ii),

éó·ýïõí ïé éóüôçôåò


®
=


®
=


®
 ¤

2.3.17 Ðüñéóìá. ¸óôù üôé ç  = {  2 −1} (üðïõ  = ) åßíáé ìéá ðå-
ðåñáóìÝíç êõêëéêÞ ïìÜäá ôÜîåùò  ∈ N êáé üôé  ∈ {0 − 1}. Ôüôå ç ®
ðáñÜãåé ôçí  åÜí êáé ìüíïí åÜí ìêä() = 1 Ùò åê ôïýôïõ,

card ({ãåííÞôïñåò ôÞò }) =  () 

üðïõ  ç óõíÜñôçóç öé ôïý Euler (âë. B.4.15).
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2.3.18 ÐáñÜäåéãìá. Ïé ìüíïé ãåííÞôïñåò ôÞò (ðñïóèåôéêÞò) ïìÜäáò

Z8 = {[0]8  [1]8  [2]8  [3]8  [4]8  [5]8  [6]8  [7]8}

åßíáé ïé åîÞò: Z8 = h[1]8i = h[3]8i = h[5]8i = h[7]8i 

2.3.19 Ðñüôáóç. (ÐåðåñáóìÝíåò ïìÜäåò ôÜîåùò ôï ðïëý 3) ¼ëåò ïé ïìÜäåò ôÜ-
îåùò ≤ 3 åßíáé êõêëéêÝò.

Áðïäåéîç. Ìéá ïìÜäá ìå ìüíïí Ýíá óôïé·åßï åßíáé ðñïöáíþò êõêëéêÞ. ¸óôù

( ·) ìéá ïìÜäá ôÜîåùò 2 Ôüôå  = { } üðïõ  =  êáé  6=  Èåùñïýìå

ôï óôïé·åßï 2 ∈  Áõôü äåí ìðïñåß íá éóïýôáé ìå ôï  (ëüãù ôÞò óõíåðáãùãÞò

2 =  ⇒  =  ôÞò áðïññÝïõóáò áðü ôïí íüìï ôÞò äéáãñáöÞò 2.1.9 (i)). Ôïýôï

óçìáßíåé üôé 2 =  ïðüôå ord() = 2 Áðü ôçí ðñüôáóç 2.3.7 Ýðåôáé üôé ç ( ·)
åßíáé êõêëéêÞ Ý·ïõóá ôï  ùò (ìïíáäéêü) ãåííÞôïñÜ ôçò.

Åí óõíå·åßá, èåùñïýìå ôõ·ïýóá ïìÜäá ( ·) ôÜîåùò 3 Ôüôå  = {  }
üðïõ  =   6=   6=  êáé  6=  Ðáñáôçñïýìå üôé  =  (ÐñÜãìáôé° åÜí

ßó·õå  =  Þ  =  ôüôå èá êáôáëÞãáìå, åê íÝïõ ëüãù ôÞò åöáñìïãÞò ôïý

íüìïõ ôÞò äéáãñáöÞò, óå áíôßöáóç, äéüôé èá Ýðñåðå íá éó·ýåé  =  Þ  = )

μñçóéìïðïéþíôáò áõôü óõìðåñáßíïõìå üôé 2 =  (ÐñÜãìáôé° åÜí ßó·õå 2 6= 

ôüôå åßôå 2 =  åßôå 2 =  Ç ðñþôç éóüôçôá åßíáé áäýíáôç, äéüôé èá Ýðñåðå íá

Ý·ïõìå  =  Ç äåýôåñç åßíáé ùóáýôùò áäýíáôç, äéüôé åí ôïéáýôç ðåñéðôþóåé èá

êáôáëÞãáìå óôï üôé 2 =  =  Þôïé óôï üôé  = () = ) ¢ñá = {  2}
ìå ord() = 3 (äéüôé  6=  2 6=  êáé 3 =  = ). Áðü ôçí ðñüôáóç 2.3.7 êáé

ôï ðüñéóìá 2.3.16 Ýðåôáé üôé ç ( ·) åßíáé êõêëéêÞ ìå  = hi = 2®  ¤

2.3.20 Óçìåßùóç. Ìéá ïìÜäá ôÜîåùò 4 äåí åßíáé êáô' áíÜãêçí êõêëéêÞ° ùóôüóï,

ïöåßëåé íá åßíáé áâåëéáíÞ, üðùò èá äïýìå óôï èåþñçìá 3.5.6.

Ç åýñåóç ôùí õðïïìÜäùí ìéáò äåäïìÝíçò ïìÜäáò -üôáí åßíáé åöéêôÞ- ìáò åðéöõ-
ëÜóóåé ìéá ùò åðß ôï ðëåßóôïí åðßðïíç äéáäéêáóßá. Ùóôüóï, óôçí åéäéêÞ ðåñß-

ðôùóç êáôÜ ôçí ïðïßá èåùñïýìå ìüíïí êõêëéêÝò ïìÜäåò, ôï èåþñçìá 2.3.21 êáé

ôá óõíáêüëïõèá ðïñßóìáôá 2.3.23 êáé 2.4.25 ìáò ðáñÝ·ïõí ìéá ðëÞñç (êáé áñ-

êåôÜ åýêïëç) ðåñéãñáöÞ ôüóïí ôïý ôñüðïõ ó·çìáôéóìïý üóïí êáé ôïý ðëÞèïõò

ôùí äéáèÝóéìùí õðïïìÜäùí.

2.3.21 Èåþñçìá. ¸óôù  = {  2 −1} ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá
ôÜîåùò ∈ N (üðïõ  = ). Ôüôå éó·ýïõí ôá åîÞò :

(i) Ãéá äïèÝíôá  ∈ N ç äéáèÝôåé ìéá õðïïìÜäá ôÜîåùò  åÜí êáé ìüíïí åÜí  | .
(ii) ÅÜí  | , ôüôå ç  äéáèÝôåé ìéá ìïíïóçìÜíôùò ïñéóìÝíç õðïïìÜäá ôÜîåùò .

Áðïäåéîç. (i) ÅÜí  |  ôüôå 

| , ïðüôå -êáôÜ ôï ðüñéóìá 2.3.12-

ord(

 ) =

¯̄




®¯̄
=




= 
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äçëáäÞ ç





®
Ý·åé ôÜîç ßóç ìå . Êáé áíôéóôñüöùò° åÜí ç åßíáé ìéá õðïïìÜäá

ôÞò  ôÜîåùò  êáé  =


®
, ãéá êÜðïéïí  ∈ {0 − 1} (ðñâë. 2.2.19 (ii)),

ôüôå (ëüãù ôÞò 2.3.10 (i)):

|| = 

ìêä ()
=⇒  =



ìêä ( )
=⇒  | 

(ii) Áò õðïèÝóïõìå üôé ïé 1 êáé 2 åßíáé äõï õðïïìÜäåò ôÞò  ôÜîåùò  êáé üôé

∃1 2 ∈ {0− 1} : 1 =

1
®
 2 =


2
®
 Ôüôå

|1| = 

ìêä (1)
=  =



ìêä ( 2)
= |2| =⇒ ìêä ( 1) = ìêä ( 2) 

¼ìùò -êáôÜ ôçí ðñüôáóç 2.3.10 (ii)- ôïýôï óçìáßíåé üôé 1 = 2. ¤

2.3.22 Ðüñéóìá. ¸óôù  = {  2 −1} ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá
ôÜîåùò ∈ N (üðïõ  = ). Óýìöùíá ìå ôï (ii) ôïý èåùñÞìáôïò 2.3.21, ãéá êÜèå
èåôéêü áêÝñáéï äéáéñÝôç  ôïý õößóôáôáé ìßá êáé ìüíïí õðïïìÜäá ôÞò ôÜîåùò
 ÁõôÞ åßíáé ç 




®
= { ∈ | = }

Áðïäåéîç. Ôï üôé ç





®
åßíáé ç ìïíáäéêÞ õðïïìÜäá ôÞò  ôÜîåùò  Ý·åé Þäç

áðïäåé·èåß. Ðñïöáíþò31,




®
= {    2

  
(−1)

 }

êáé (

 ) = () =  = ∀ ∈ {0 1  − 1} ¢ñá






® ⊆ { ∈ | = }
Êáé áíôéóôñüöùò° ãéá êÜèå  ∈  ìå  =  õðÜñ·åé Ýíáò  ∈ {0 1  − 1}
ôÝôïéïò þóôå íá éó·ýåé  =  ïðüôå

 =  =⇒
2.3.8

ord() =  | ⇒ [∃ ∈ N :  = ]

ÅðåéäÞ 0 ≤  = 

≤ − 1⇒ 0 ≤  ≤ (−1)


≤ − 1 Ý·ïõìå

 =  = (

 ) ∈  ® 

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò { ∈ | = } ⊆  ®  ¤

2.3.23 Ðüñéóìá. ¸óôùüôé ç = {  2 −1} åßíáé ìéá ðåðåñáóìÝíç êõêëéêÞ
ïìÜäá ôÜîåùò  ∈ N (üðïõ  = ) êáé üôé ïé 32 1 2  åßíáé ïé èåôéêïß áêÝ-
ñáéïé äéáéñÝôåò ôïý Ôüôå ïé


1
®


2
®




®
åßíáé üëåò ïé óáöþò äéáêåêñé-

ìÝíåò (Þôïé ïé áíÜ äýï äéáöïñåôéêÝò ) õðïïìÜäåò ôÞò 
31¼ôáí ≥ 2 ôá áíáãñáöüìåíá óôïé·åßá (åíôüò ôùí áãêßóôñùí óôï äåîéü ìÝëïò) åßíáé óáöþò äéáêåêñéìÝíá. ÐñÜã-

ìáôé° åÜí õðÞñ·áí   ∈ {0 1  − 1}    ìå 

 = 


  ôüôå èá åß·áìå



 
−
 = 


 
−
 ⇒ 

 = 
 ⇒ 

− =  =⇒
2.3.8

ord() =  | −  ⇒  ≤ − 

êáé èá ïäçãïýìåèá óå êÜôé ðïõ åßíáé Üôïðï (äéüôé ≥   − 1 ≥ − ).

32Ãéá ôïí õðïëïãéóìü ôïý  âë. ôï (i) ôÞò ðñïôÜóåùò B.3.15.
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Áðïäåéîç. ÅðåéäÞ  |, ãéá êÜèå  ∈ {1 2 }, Ý·ïõìå ìêä( ) =  . ÅÜí

ëïéðüí ãéá êÜðïéïõò  0 ∈ {1 2 } éó·ýåé ® = 0 ®  ôüôå¯̄

®¯̄
=
¯̄
0

®¯̄
=⇒  = ìêä ( ) = ìêä (0 ) = 0 

áð' üðïõ Ýðåôáé üôé  = 0 ¤

I ÏìÜäåò ðåðåñáóìÝíïõ åêèÝôç. Ç ðáñïýóá åíüôçôá êëåßíåé ìå ôïí ïñéóìü ôùí

ïìÜäùí ðåðåñáóìÝíïõ åêèÝôç êáé ôçí ðáñÜèåóç ôùí âáóéêþí éäéïôÞôùí ôïý åê-

èÝôç ðåðåñáóìÝíùí ïìÜäùí.

2.3.24 Ïñéóìüò. (ÅêèÝôçò ðåñéïäéêÞò ïìÜäáò)

¸óôù ( ·) ìéá ðåñéïäéêÞ ïìÜäá. ÅÜí ôï óýíïëï

{ ∈ N|  =  ∀ ∈ } (2.11)

äåí åßíáé êåíü, ôüôå ëÝìå üôé ç åßíáé ìéá ïìÜäá ðåðåñáóìÝíïõ åêèÝôç. Åí ôïéáýôç

ðåñéðôþóåé ïñßæïõìå ùò åêèÝôç33 exp() ôÞò  ôï åëÜ·éóôï óôïé·åßï áõôïý ôïý

óõíüëïõ34. ÅÜí, áíôéèÝôùò, ôï (2.11) åßíáé êåíü, ôüôå åßèéóôáé íá ëÝìå üôé ç åßíáé

ìéá ïìÜäá ìç öñáóóüìåíïõ åêèÝôç35 (êáé íá ãñÜöïõìå exp() =∞).

2.3.25 Ðñüôáóç. Ãéá êÜèå ðåðåñáóìÝíç ïìÜäá ( ·) éó·ýïõí ôá áêüëïõèá:
(i) exp() = åêð({ord()|  ∈ }).
(ii)max {ord()|  ∈ } | exp()
(iii) ÅÜí v  ôüôå exp() | exp()
Áðïäåéîç. (i) ÅðåéäÞ, óýìöùíá ìå ôçí ðñüôáóç 2.3.8, ôï óýíïëï (2.11) ôáõôß-

æåôáé ìå ôï óýíïëï ôùí êïéíþí ðïëëáðëáóßùí ôùí ôÜîåùí ôùí óôïé·åßùí ôÞò 

ï åêèÝôçò exp() ôÞò  åßíáé (åî ïñéóìïý) ôï åëÜ·éóôï êïéíü ðïëëáðëÜóéï ôùí

ôÜîåùí ôùí óôïé·åßùí ôçò.

(ii) Ëüãù ôïý (i), ord() | exp() ãéá êÜèå  ∈  ïðüôå

max {ord()|  ∈ } | exp()

(iii) ÅðåéäÞ ord() |åêð({ord()|  ∈ }) =
(i)
exp() ãéá êÜèå  ∈  Ý·ïõìå

exp() = åêð({ord()| ∈ }) | exp()

(Âë. ðñüôáóç B.2.25.) ¤
33Ðñïóï·Þ! ÏñéóìÝíïé óõããñáöåßò ïíïìÜæïõí êÜèå óôïé·åßï ôïý (2.11) åêèÝôç ôÞò  êáé ãéá ôïí exp() ·ñçóéìï-
ðïéïýí ôïí üñï åëÜ·éóôïò åêèÝôçò. (Åäþ äåí áêïëïõèåßôáé áõôÞ ç ïñïëïãßá.)

34Áðü ôï (i) ôÞò ðñïôÜóåùò 2.3.25 Ýðåôáé üôé êÜèå ðåðåñáóìÝíç ïìÜäá åßíáé ïìÜäá ðåðåñáóìÝíïõ åêèÝôç. Ùóôüóï,

õðÜñ·ïõí êáé ðåñéïäéêÝò ïìÜäåò ðåðåñáóìÝíïõ åêèÝôç ðïõ Ý·ïõí Üðåéñç ôÜîç. (Âë. 7.1.95 (ii).)

35Ç E∞ (âë. 2.3.6 (i)) áðïôåëåß ðáñÜäåéãìá Üðåéñçò (ðåñéïäéêÞò áëëÜ ìç ðåðåñáóìÝíùò ðáñáãüìåíçò) ïìÜäáò
ìç öñáóóüìåíïõ åêèÝôç. (ÊÜèå óôïé·åßï ôçò Ý·åé ðåðåñáóìÝíç ôÜîç áëëÜ ôï óýíïëï ôùí ôÜîåùí ôùí óôïé·åßùí

ôçò äåí åßíáé öñáãìÝíï åê ôùí Üíù!) Ôï ðñþôï ðáñÜäåéãìá Üðåéñçò ðåñéïäéêÞò êáé (ôáõôï·ñüíùò) ðåðåñáóìÝíùò
ðáñáãüìåíçò ïìÜäáò ìç öñáóóüìåíïõ åêèÝôç áíáêáëýöèçêå ôï Ýôïò 1964 áðü ôïí E.S. Godol óôï Üñèñï ôïõ õðü

ôïí ôßôëï: On nil-algebras and finitely residual groups, Izv. Akad. Nauk SSSR. Ser. Mat. 28 (1964) 273-276
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2.3.26 Ðñüôáóç. Ãéá êÜèå ðåðåñáóìÝíç áâåëéáíÞ 36 ïìÜäá ( ·) éó·ýåé ç éóüôçôá :
exp() = max {ord()|  ∈ } 

Áðïäåéîç. ÅÜí  := max {ord()|  ∈ }  ôüôå, óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò

2.3.25,  | exp() Èá áðïäåßîïõìå üôé exp() = åêð({ord()|  ∈ }) |  Ðñïò

ôïýôïáñêåß (ëüãù ôÞò ðñïôÜóåùòB.2.25) íá äåßîïõìå üôé ord() |  ãéá êÜèå  ∈ 

Èá åñãáóèïýìå ìå «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé õðÜñ·åé êÜðïéï  ∈ 

ìå ord() -  Ôüôå ord() ≥ 2 êáé ãéá ïéïäÞðïôå  ∈  ìå ord() =  õðÜñ·ïõí

(âÜóåé ôïý ëÞììáôïò B.3.14) êÜðïéïé   ∈ N  ∈ N0 êáé êÜðïéïò ðñþôïò

áñéèìüò  ïýôùò þóôå íá éó·ýåé

ord() =  =  êáé ord() =  üðïõ  -   -  êáé   

ÊáôÜ ôï ðüñéóìá 2.3.11,

ord(


) =


ìêä( )
=




=  ord() =



ìêä( )
=




=  

ÅðåéäÞ  - ⇒ ìêä( ) = 1 =⇒
B.2.13

ìêä( ) = 1 êáé ç åßíáé áâåëéáíÞ, Ý·ïõìå

ord(


| {z }
∈

) ==
2.3.9 (v)

 = −  

êÜôé ðïõ áíôßêåéôáé óôïí ïñéóìü ôïý  ¢ñá exp() | ⇒ exp() =  ¤

2.4 ÏÌÏÌÏÑÖÉÓÌÏÉ, ÉÓÏÌÏÑÖÉÓÌÏÉ

ÊÁÉ ÁÕÔÏÌÏÑÖÉÓÌÏÉ ÏÌÁÄÙÍ

2.4.1 Ïñéóìüò. ¸óôù üôé ïé ( ·) êáé ( ∗) åßíáé äõï ïìÜäåò. Ìéá áðåéêüíéóç37

 :  −→  êáëåßôáé ïìïìïñöéóìüò (ïìÜäùí) üôáí ãéá ïéáäÞðïôå   ∈  éó·ýåé

ç éóüôçôá

( · ) = () ∗ () (2.12)

Þôïé üôáí ç åéêüíá ôïý «ãéíïìÝíïõ»  ·  ôùí  êáé  ìÝóù ôÞò  óõìðßðôåé ìå ôï

«ãéíüìåíï» () ∗ () ôùí åéêüíùí ôïõò (âë. ó·Þìá).

36ÕðÜñ·ïõí ðåðåñáóìÝíåò ìç áâåëéáíÝò ïìÜäåò ãéá ôéò ïðïßåò áõôÞ ç éóüôçôá äåí éó·ýåé. Åðß ðáñáäåßãìáôé, ç óõì-

ìåôñéêÞ ïìÜäáS3 (âë. åä. 3.2.2) Ý·åé Ýíá óôïé·åßï ôÜîåùò 1 3 óôïé·åßá ôÜîåùò 2 êáé 2 óôïé·åßá ôÜîåùò 3 ÅðïìÝíùò,
exp(S3) = åêð(1 2 3) = 6  3 = max { ord()| ∈ S3}.
37¼ôáí åðéèõìïýìå íá ôïíßóïõìå ôï ðïéåò åßíáé ïé ðñÜîåéò áíáöïñÜò ìáò, ãñÜöïõìå  : ( ·) −→ ( ∗)
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2.4.2 Ðáñáäåßãìáôá. (i) ÅÜí ç ( ·) åßíáé ìéá ïìÜäá êáé ç  ìéá õðïïìÜäá ôçò,

ôüôå ç óõíÞèçò åíèåôéêÞ áðåéêüíéóç  :  −→  åßíáé Ýíáò ïìïìïñöéóìüò, äéüôé

 ( · ) =  ·  =  () ·  () ∀  ∈ 

(ii) ÅÜí èåùñÞóïõìå Ýíá  ∈ R êáé ïñßóïõìå ôçí áðåéêüíéóç

 : (R+) −→ (R+)   7−→ 

ôüôå ç  åßíáé Ýíáò ïìïìïñöéóìüò, äéüôé ãéá üëá ôá   ∈ R éó·ýåé

(+ ) = (+ ) = +  = () + ()

(iii) Ç áðåéêüíéóç (R+) −→ (Rr{0} ·)   7−→ exp() áðïôåëåß Ýíáí ïìïìïñöé-

óìü ïìÜäùí.

2.4.3 Ðñüôáóç. ÅÜí ç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå
éó·ýïõí ôá åîÞò :

(i)  () =  

(ii) ()−1 = 
¡
−1

¢
 ∀ ∈ 

(iii) () = () ∀ ∈  êáé ∀ ∈ Z
(iv) ÅÜí  ∈  êáé ord() =  ∈ N ôüôå ord(()) =  ∈ N êáé | 
Áðïäåéîç. (i) ÅðåéäÞ ëüãù ôÞò (2.12),  () ∗  () =  ( · ) =  () 

Ý·ïõìå

 () ∗  () ∗  ()−1 =  () ∗  ()−1 =⇒  () =  () ∗  ()−1 =  

(ii) Ãéá êÜèå  ∈ 

 () ∗  ¡−1¢ = 
¡
−1

¢
=  () =  = 

¡
−1

¢
= 

¡
−1

¢ ∗  () 
ïðüôå üíôùò ç åéêüíá ôïý óõììåôñéêïý óôïé·åßïõ ôïý  ìÝóù ôÞò  éóïýôáé ìå ôï

óõììåôñéêü óôïé·åßï ôïý () åíôüò ôÞò

(iii) ¼ôáí  = 0 ï éó·õñéóìüò åßíáé áëçèÞò åðß ôç âÜóåé ôïý (i) êáé üôáí  = 1

ç éóüôçôá åßíáé ðñïöáíÞò. Ãéá  ∈ N åñãáæüìáóôå ìå ôç âïÞèåéá ôÞò êëáóéêÞò

ìáèçìáôéêÞò åðáãùãÞò. Áò õðïèÝóïõìå üôé ç åí ëüãù éóüôçôá éó·ýåé ãéá êÜðïéïí

öõóéêü áñéèìü  ≥ 1 Ôüôå
()+1 = () ∗ () = () ∗ () = ( · ) = (+1)

ÅÜí  ∈ ZrN0 ôüôå−  0 ïðüôå åöáñìüæïíôáò ôï áíùôÝñù áðïäåé·èÝí ãéá ôïí

− ôï (ii), êáèþò êáé ôï (iii) ôÞò ðñïôÜóåùò 2.1.11, ëáìâÜíïõìå

() = (()−1)− = (−1)− = ((−1)−) = ()

Ôåëéêþò ëïéðüí, () = () ∀ ∈  êáé ∀ ∈ Z
(iv) ¸óôù  ∈  ôÜîåùò ord() =  ∈ N Ôüôå  =  ïðüôå

() = () = () =  =⇒
2.3.8

ord(()) =  ∈ N êáé  | 

ìå ôéò ðñþôåò éóüôçôåò éó·ýïõóåò ëüãù ôùí (i) êáé (iii). ¤
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2.4.4 ËÞììá. ÅÜí ç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå
éó·ýïõí ôá åîÞò :

(i) Ç åéêüíá Im() =  () ôÞò  ìÝóù ôÞò  åßíáé ìéá õðïïìÜäá ôÞò.

(ii) Ôï óýíïëï

Ker () := −1 () = { ∈  | () = }

(ðïõ êáëåßôáé, éäéáéôÝñùò, ðõñÞíáò ôÞò ) åßíáé ìéá õðïïìÜäá ôÞò 

Áðïäåéîç. (i) ÊáôÜ ôï 2.4.3 (i),  =  () ∈ () ÅîÜëëïõ, åÜí  0 ∈  (),

ôüôå õðÜñ·ïõí óôïé·åßá  0 ∈  ìå () =  êáé (0) = 0. ÊáôÜ óõíÝðåéáí,

 ∗ 0−1 = () ∗ (0)−1 = () ∗ (−1) = (−1) ∈ ()

ïðüôå ç  () åßíáé ìéá õðïïìÜäá ôÞò äõíÜìåé ôïý (iii) ôÞò ðñïôÜóåùò 2.1.16.

(ii) ÅðåéäÞ ôï ïõäÝôåñï óôïé·åßï  ôÞò  áðåéêïíßæåôáé ìÝóù ôÞò  óôï ïõäÝôåñï

óôïé·åßï  ôÞò  Ý·ïõìå  ∈ Ker() ÅîÜëëïõ, åÜí  0 ∈ Ker() ôüôå

(0−1) = () ∗ (0−1) = () ∗ ()−1 =  ∗ −1 =  

Óõíåðþò 0−1 ∈Ker() êáé áñêåß íá åöáñìüóïõìå åê íÝïõ ôï (iii) ôÞò ðñïôÜóåùò

2.1.16. ¤

2.4.5 Óçìåßùóç. Óôçí åéäéêÞ ðåñßðôùóç üðïõ () =  ãéá êÜèå  ∈  (Þôïé

Im() = {}) ï  êáëåßôáé ôåôñéììÝíïò ïìïìïñöéóìüò38.

2.4.6 Ðñüôáóç. ÅÜí ç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå
éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí v  ôüôå ç åéêüíá ôçò  () ìÝóù ôÞò  åßíáé ìéá õðïïìÜäá ôÞò  () 

(ii) ÅÜí  v Im() ôüôå ç áíôßóôñïöç åéêüíá ôçò −1 () = { ∈  | () ∈ }
ìÝóù ôÞò  åßíáé ìéá õðïïìÜäá ôÞò  Ý·ïõóá ôïí ðõñÞíá Ker() ôÞò  ùò õðïï-
ìÜäá ôçò.

Áðïäåéîç. (i) ÊáôÜ ôï (i) ôïý ëÞììáôïò 2.4.4 ç åéêüíá  () ôÞò  ìÝóù ôÞò 

áðïôåëåß ìéá õðïïìÜäá ôÞò ÅðåéäÞ ôï ïõäÝôåñï óôïé·åßï  ôÞò  áðåéêïíßæå-

ôáé ìÝóù ôÞò  óôï ïõäÝôåñï óôïé·åßï ôÞò  (ðïõ ôáõôßæåôáé ìå ôï ïõäÝôåñï óôïé-

·åßï ôÞò  ()), Ý·ïõìå  ∈  ()  ÅîÜëëïõ, åÜí   ∈  (), ôüôå õðÜñ·ïõí

óôïé·åßá   ∈  ìå () =  êáé () = . ÊáôÜ óõíÝðåéáí,

 ∗ −1 = () ∗ ()−1 = () ∗ (−1) = (−1) ∈ ()

ïðüôå ç  () åßíáé ìéá õðïïìÜäá ôÞò äõíÜìåé ôïý (iii) ôÞò ðñïôÜóåùò 2.1.16.

38¼ôáí ãéá ôéò ðñÜîåéò ôùí êáé ·ñçóéìïðïéåßôáé ï ðñïóèåôéêüò óõìâïëéóìüò, åßèéóôáé áíôß ôïý üñïõ ôåôñéììÝíïò
ïìïìïñöéóìüò íá ·ñçóéìïðïéåßôáé ï üñïò ìçäåíéêüò ïìïìïñöéóìüò.
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(ii) ÅðåéäÞ ôï ïõäÝôåñï óôïé·åßï  ôÞò  áðåéêïíßæåôáé ìÝóù ôÞò  óôï ïõäÝôåñï

óôïé·åßï ôÞò Im() (ðïõ ôáõôßæåôáé ìå ôï ïõäÝôåñï óôïé·åßï ôÞò ïìÜäáò ), Ý·ïõìå

 ∈ −1 ()  ÅîÜëëïõ, åÜí   ∈ −1 ()  ôüôå éó·ýåé

(−1) = () ∗ (−1) = () ∗ ()−1

äéüôé ç  åßíáé õðïïìÜäá ôÞò . Óõíåðþò −1 ∈ −1 () êáé áñêåß íá åöáñìü-

óïõìå åê íÝïõ ôï (iii) ôÞò ðñïôÜóåùò 2.1.16. ÔÝëïò, åðåéäÞ

{} ⊆ ⇒ Ker() = −1({}) ⊆ −1 () 

Ý·ïõìå Ker() v  Ker() ⊆ −1 () =⇒
2.1.20

Ker() v −1 ()  ¤

2.4.7 Ðüñéóìá. (Èåþñçìá áíôéóôïé·ßóåùò õðïïìÜäùí ìÝóù ïìïìïñöéóìþí.)

ÅÜí ç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå ïñßæåôáé ç
áðåéêüíéóç

Subg(;Ker()) 3 
Ψ7−→ () ∈ Subg(Im())

áðü ôï óýíïëï Subg(;Ker()) ôùí õðïïìÜäùí ôÞò  ðïõ ðåñéÝ·ïõí ôïí ðõñÞíá
ôÞò  óôï óýíïëïSubg(Im()) ôùí õðïïìÜäùí ôÞò åéêüíáò Im() ôÞò ÇΨ åßíáé
áìöéññéðôéêÞ Ý·ïõóá ôçí

Subg(Im()) 3 
Υ7−→ −1() ∈ Subg(;Ker())

ùò áíôßóôñïöü ôçò. (Åéäéêüôåñá, êÜèå õðïïìÜäá ôÞò Im() ïöåßëåé íá åßíáé ôÞò
ìïñöÞò () üðïõ  ìéá õðïïìÜäá ôÞò  ðïõ ðåñéÝ·åé ôïí ðõñÞíá ôÞò ) Åðé-
ðñïóèÝôùò, éó·ýïõí ôá áêüëïõèá:

(i) Ãéá12 ∈ Subg(;Ker()) áëçèåýåé ç êÜôùèé áìößðëåõñç óõíåðáãùãÞ

1 v 2 ⇐⇒ Ψ (1) v Ψ (2) 

(ii) Ç Ψ êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí

(Subg(;Ker())v) êáé (Subg(Im())v)

(âë. 2.1.30, 2.1.32, êáé A.2.26)

(iii) Ψ (1 ∩2) = Ψ (1) ∩Ψ (2)  ∀ (12) ∈ Subg(;Ker())2
(iv) Ψ (h12i) = hΨ (1) Ψ (2)i  ∀ (12) ∈ Subg(;Ker())2
Áðïäåéîç. Ôï üôé ïé

Ψ : Subg(;Ker()) −→ Subg(Im()) êáé Υ : Subg(Im()) −→ Subg(;Ker())

åßíáé «êáëþò ïñéóìÝíåò» Ýðåôáé áðü ôçí ðñüôáóç 2.4.6. Áò èåùñÞóïõìå ôõ·ïýóá

 ∈ Subg(;Ker()) Ðñïöáíþò,

(Υ ◦Ψ ) () = Υ (Ψ ()) = −1(()) ⊇ 
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(ìå ôïí åãêëåéóìü áõôüí ãíùóôü áðü ôç Èåùñßá Óõíüëùí). ¸óôù  ∈ −1(())
Ôüôå () ∈ ()⇒ ∃ ∈  : () = () ïðüôå

(−1) = () ∗ (−1) = () ∗ ()−1 = () ∗ ()−1 =  

Ôïýôï óçìáßíåé üôé −1 ∈ Ker() ⊆  ⇒  =
¡
−1

¢
 ∈  ÊáôÜ óõíÝðåéáí,

−1(()) =  ⇒ Υ (Ψ ()) = 

ïðüôåΥ ◦Ψ = idSubg(;Ker())¸óôù ôþñá ôõ·ïýóá  ∈ Subg(Im())Ðñïöá-

íþò,

(Ψ ◦Υ ) () = Ψ (Υ ()) = (−1()) ⊆ 

(ìå ôïí åãêëåéóìü áõôüí ãíùóôü áðü ôç Èåùñßá Óõíüëùí). ¸óôù  ∈  ÅðåéäÞ

 v Im() = ()

(∃ ∈  :  = ()) =⇒
(∈)

¡∃ ∈ −1 () :  = ()
¢
=⇒  ∈ 

¡
−1 ()

¢


¢ñá  ⊆ 
¡
−1 ()

¢
êáé, ùò åê ôïýôïõ, 

¡
−1 ()

¢
=  =⇒ Ψ (Υ ()) = 

ïðüôå Ψ ◦ Υ = idSubg(Im()) Åê ôùí áíùôÝñù óõíÜãåôáé üôé ç Ψ åßíáé áìöéñ-

ñéðôéêÞ Ý·ïõóá ôçí Υ ùò áíôßóôñïöü ôçò.

(i) Ãéá ïéáäÞðïôå æåýãç (12) ∈ Subg(;Ker())2 ìå1 v 2 Ý·ïõìå

1 ⊆ 2 ⇒ (1) = Ψ (1) ⊆ Ψ (2) = (2)

2 v ⇒ Ψ (2) = (2) v Im()
¾
=⇒
2.1.20

Ψ (1) v Ψ (2) 

Åðßóçò, ãéá ïéáäÞðïôå (12) ∈ Subg(;Ker())2 ìå Ψ (1) v Ψ (2)

Ý·ïõìå

Υ (Ψ (1)) = 1 ⊆ 2 = Υ (Ψ (2)) 

ïðüôå2 v  1 ⊆ 2 =⇒
2.1.20

1 v 2

(ii) Ëüãù ôïý (i) áìöüôåñåò ïéΨ êáéΥ åßíáé éóüôïíåò (Þôïé äéáôçñïýí ôç ìåñéêÞ

äéÜôáîç “ v ”), ïðüôå ç Ψ êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí

(Subg(;Ker())v) êáé (Subg(Im())v) (âë. A.2.26). ¢ðáî êáé Ý·ïõìå áðï-

äåßîåé üôé ôï (ii) áëçèåýåé, áëçèåýïõí êáé ôá (iii) êáé (iv), äéüôé êáèÝíá åî áõôþí

åßíáé éóïäýíáìï ìå ôï (ii) åðß ôç âÜóåé ôÞò ðñïôÜóåùò A.2.27. ¤

2.4.8 Ðñüôáóç. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ïìÜäùí. ÅÜí õðï-
èÝóïõìå üôé v  êáé  v  ôüôå éó·ýïõí ôá áêüëïõèá:

(i) ( ∩ −1()) = () ∩ 
(ii) (−1()) = Im() ∩ 
Áðïäåéîç. (i) Ãéá êÜèå  ∈ −1 () Ý·ïõìå () ∈  ïðüôå 

¡
−1 ()

¢ ⊆ 

ÅðåéäÞ ïé ó·Ýóåéò åãêëåéóìïý ðáñáìÝíïõí åí éó·ý êáôüðéí åöáñìïãÞò ôÞò áðåé-

êïíßóåùò  Ý·ïõìå


¡
 ∩ −1 ()¢ ⊆ ()


¡
 ∩ −1 ()¢ ⊆ 

¡
−1 ()

¢ ) =⇒ 
¡
 ∩ −1 ()¢ ⊆ () ∩ 
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¸óôù ôþñá ôõ·üí  ∈ () ∩  Ðñïöáíþò,  ∈  êáé  = () ãéá êÜðïéï

óôïé·åßï  ∈  ÅðåéäÞ () ∈  ⇒  ∈ −1() Ý·ïõìå  ∈ 
¡
 ∩ −1 ()¢ 

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò () ∩  ⊆ 
¡
 ∩ −1 ()¢ 

(ii) Áñêåß íá åöáñìïóèåß ôï (i) óôçí åéäéêÞ ðåñßðôùóç üðïõ =  ¤

2.4.9 Ðñüôáóç. ¸óôù  6= ∅ Ýíá óýíïëï ãåííçôüñùí ìéáò ïìÜäáò ( ·) (âë. ïñé-
óìü 2.2.1 êáé ðñüôáóç 2.2.3). Ôüôå éó·ýïõí ôá åîÞò :

(i) Ãéá êÜèå ïìïìïñöéóìü ïìÜäùí  : ( ·) −→ ( ∗) Ý·ïõìå () = h()i 
(ii) Ãéá äõï ïìïìïñöéóìïýò ïìÜäùí 1 2 : ( ·) −→ ( ∗) áëçèåýåé ç áìößðëåõñç
óõíåðáãùãÞ : 1| = 2| ⇐⇒ 1 = 2

Áðüäåéîç. (i) ¸óôù  ∈ () Ôüôå ∃ ∈  :  = () ÅðåéäÞ  = hi  ç
ðñüôáóç 2.2.3 ìáò ðëçñïöïñåß üôé

∃ ∈ N :  = 11 22 · · ·   ãéá êÜðïéá  ∈  êáé êÜðïéá  ∈ Z (2.13)

∀ 1 ≤  ≤ ÊáôÜ óõíÝðåéáí,

 = (11 ) ∗ (22 ) ∗ · · · ∗ ( )
= (1)

1 ∗ (2 )2 ∗ · · · ∗ () ∈ h()i⇒ () = h()i 
(ii) H ‘‘⇐'' åßíáé ðñïöáíÞò. Ãéá ôçí áðüäåéîç ôÞò ‘‘⇒'' èåùñïýìå ôõ·üí óôïé·åßï
 ∈  ÅðåéäÞ  = hi  ôï  ãñÜöåôáé õðü ôç ìïñöÞ (2.13). Áõôü óçìáßíåé üôé

1 () = 1(1)
1 ∗ · · · ∗ 1() = 2(1)

1 ∗ · · · ∗ 2() = 2()

üðïõ ç äåýôåñç éóüôçôá Ýðåôáé áðü ôçí õðüèåóÞ ìáò. ¢ñá ôåëéêþò 1 = 2 ¤

2.4.10 Ïñéóìüò. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ïìÜäùí. Ï 

êáëåßôáé¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄

ìïíïìïñöéóìüò ⇐⇒
ïñó

ç áðåéêüíéóç  åßíáé åíñéðôéêÞ

åðéìïñöéóìüò ⇐⇒
ïñó

ç áðåéêüíéóç  åßíáé åðéññéðôéêÞ

éóïìïñöéóìüò ⇐⇒
ïñó

ç áðåéêüíéóç  åßíáé áìöéññéðôéêÞ

åíäïìïñöéóìüò (ôÞò ) ⇐⇒
ïñó

 =  êáé “ · ” = “ ∗ ”
áõôïìïñöéóìüò (ôÞò ) ⇐⇒

ïñó
ç  åßíáé áìöéññéðôéêüò åíäïìïñöéóìüò ôÞò 

2.4.11 Ðáñáäåßãìáôá. (i) Ç áðåéêüíéóç

(R+) −→ (R0 ·)   7−→ exp()

áðïôåëåß Ýíáí éóïìïñöéóìü ìå áíôßóôñïöü ôïõ ôïí  7−→ ln () (:= log())

(ii) Ï ïìïìïñöéóìüò  :  −→  ï ïñéóèåßò óôï 2.4.2 (i) åßíáé ìïíïìïñöéóìüò. Ïé

ïìïìïñöéóìïß  ïé ïñéóèÝíôåò óôï 2.4.2 (ii) åßíáé áõôïìïñöéóìïß ôÞò (R+) ãéá
êÜèå  6= 0 (ìå ôïõò  1


ùò áíôéóôñüöïõò ôïõò). Ï 0 åßíáé ðñïöáíþò ï ìçäåíéêüò

åíäïìïñöéóìüò, Þôïé áõôüò ï åíäïìïñöéóìüò ðïõ óôÝëíåé üëá ôá óôïé·åßá ôïýR íá
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áðåéêïíéóèïýí óôï 0

(iii) ÅÜí  ∈ N ôüôå ç áðåéêüíéóç

(Z+) −→ (Z+)   7−→ 

åßíáé Ýíáò éóïìïñöéóìüò ìåôáîý ôÞò (Z+) êáé ôÞò (Z+)  üðïõ ç (Z+) åßíáé
ãíÞóéá (!) õðïïìÜäá ôÞò (Z+) üôáí  ≥ 2
(iv) H áêüëïõèç áðåéêüíéóç åßíáé Ýíáò éóïìïñöéóìüò ìåôáîý ôÞò (Z4+) êáé ôÞò
(Z[]× ·) (âë. 2.2.16 (iii)):

[0]4 7→ 1 [1]4 7→  [2]4 7→ −1 [3]4 7→ −

(v) Ãéá êÜèå ∈ N õößóôáôáé éóïìïñöéóìüò

(Z+) −→ (E ·)  [] 7−→ exp(2

)

(vi) H áðåéêüíéóç

+  7−→
³

 

− 

´
 ∀ ( ) ∈ R2r{(0 0)}

åßíáé Ýíáò éóïìïñöéóìüò ìåôáîý ôÞò (Cr{0} ·) êáé ôÞò õðïïìÜäáò  ôÞò ãåíéêÞò

ãñáììéêÞò ïìÜäáò GL2(R) (âë. 2.1.7 (iv)), üðïõ

 :=
n³

 

− 

´¯̄̄
( ) ∈ R2r{(0 0)}

o


(vii) H áêüëïõèç áðåéêüíéóç åßíáé Ýíáò éóïìïñöéóìüò ìåôáîý ôÞò (S1 ·) êáé ôÞò
åéäéêÞò ïñèïãþíéáò ïìÜäáò SO2 (R) (âë. 2.1.21 (viii)):

S1 3 exp() 7−→
³

cos  − sin 
sin  cos 

´
∈ SO2 (R) (0 ≤   2)

(viii) Äåí õößóôáôáé éóïìïñöéóìüò ìåôáîý ôùí ïìÜäùí (Q+) êáé (Q0 ·) ÐñÜã-

ìáôé° åÜí õðÞñ·å éóïìïñöéóìüò ïìÜäùí  : Q −→ Q0 ôüôå, åðåéäÞ 2 ∈ Q0

èá õðÞñ·å êÜðïéïò  ∈ Q ôÝôoéïò þóôå íá éó·ýåé ç éóüôçôá () = 2 ïðüôå èá

êáôáëÞãáìå óôçí áêüëïõèç áíôßöáóç:

2 = () = ( 2 +

2) = ( 2)(


2) = ( 2)

2 =⇒
(


2 )∈Q0

( 2) =
√
2 ∈ RrQ0

2.4.12 Ðñüôáóç. ÅÜí 1 : (1 ·1) −→ (2 ·2) êáé 2 : (2 ·2) −→ (3 ·3) åßíáé
äõï ïìïìïñöéóìïß ïìÜäùí, ôüôå éó·ýïõí ôá áêüëïõèá :

(i) Ç óýíèåóç 2 ◦ 1 : 1 −→ 3 åßíáé ïìïìïñöéóìüò ïìÜäùí.

(ii) ÅÜí ïé 1 êáé 2 åßíáé ìïíïìïñöéóìïß (êáé áíôéóôïß·ùò, åðéìïñöéóìïß/ éóïìïñ-
öéóìïß), ôüôå êáé ç óýíèåóÞ ôïõò 2 ◦ 1 : 1 −→ 3 åßíáé ìïíïìïñöéóìüò (êáé
áíôéóôïß·ùò, åðéìïñöéóìüò/éóïìïñöéóìüò).
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Áðïäåéîç. (i) Ãéá ïéáäÞðïôå   ∈  Ý·ïõìå

(2 ◦ 1) ( ·1 ) = 2(1( ·1 )) = 2(1() ·2 1())
= 2(1()) ·3 2(1()) = (2 ◦ 1) () ·3 (2 ◦ 1) ()

(ii) Ôïýôï Ýðåôáé Üìåóá áðü ôï ãåãïíüò üôé ç óýíèåóç äõï åíñßøåùí (êáé áíôé-

óôïß·ùò, äõï åðéññßøåùí/áìöéññßøåùí) åßíáé Ýíñéøç (êáé áíôéóôïß·ùò, åðßñ-

ñéøç/áìößññéøç). ¤

2.4.13 Óçìåßùóç. (i) Ôï óýíïëï Hom() := { :  −→ |  ïìïìïñöéóìüò}
üëùí ôùí ïìïìïñöéóìþí áðü ìéá ïìÜäá ( ·) óå ìéá ïìÜäá ( ∗) åöïäéáæüìåíï
ìå ôçí åóùôåñéêÞ ðñÜîç ôÞò óõíèÝóåùò áðåéêïíßóåùí (âë. 2.4.12 (i)), êáèßóôáôáé

çìéïìÜäá. (Tï óýíïëï ôùí åíäïìïñöéóìþí êáé, áíôéóôïß·ùò, ôï óýíïëï ôùí áõ-

ôïìïñöéóìþí ìéáò ïìÜäáò ùò ðñïò áõôÞí ôçí ðñÜîç êáèßóôáôáé ìïíïåéäÝò êáé,

áíôéóôïß·ùò, ïìÜäá. Âë. ðñüôáóç 2.4.29.)

(ii) Óôçí ðåñßðôùóç üðïõ ç ( ∗) åßíáé áâåëéáíÞ, ôï Hom() åöïäéáæüìåíï ìå

ìéá (Üëëç, åí åßäåé «ðñïóèÝóåùò» óõìâïëéæüìåíç) åóùôåñéêÞ ðñÜîç:

+ : Hom()×Hom() −→ Hom() (1 2) 7−→ 1 + 2

(1 + 2) () := 1() ∗ 2() ∀ ∈ 

êáèßóôáôáé áâåëéáíÞ ïìÜäá. (ÁõôÞ ç áâåëéáíÞ ïìÜäá åßíáé ùóáýôùò ·ñÞóéìç ãéá

ôïí ·åéñéóìü êÜðïéùí èåùñçôéêþí ðñïâëçìÜôùí. Âë., ð.·., åäÜöéá 5.4.39, 7.1.20,

7.1.77 êáé 7.6.55.)

2.4.14 Ïñéóìüò. ¸óôù üôé ïé ( ·) êáé ( ∗) åßíáé äõï ïìÜäåò. ËÝìå üôé ç  åß-

íáé åìöõôåýóéìç óôçí  Þ üôé ç  åìöõôåýåôáé óôçí  üôáí õðÜñ·åé êÜðïéïò

ìïíïìïñöéóìüò ïìÜäùí  :  −→ 

2.4.15 Ðñüôáóç. ¸íáò ïìïìïñöéóìüò ïìÜäùí  : ( ·) −→ ( ∗) áðïôåëåß ìï-
íïìïñöéóìü åÜí êáé ìüíïí åÜí ï ðõñÞíáò ôïõ åßíáé ç ôåôñéììÝíç õðïïìÜäá ôÞò 
(Þôïé óõíßóôáôáé ìüíïí áðü ôï ïõäÝôåñï óôïé·åßï  ôÞò ).

Áðïäåéîç. ÅÜí ï  åßíáé Ýíáò ìïíïìïñöéóìüò, ôüôå ãéá êÜèå  ∈ Ker() Ý·ïõìå

() =  = () =⇒
 Ýíñéøç

 = 

ÅðïìÝíùò, Ker() = {} Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå üôé Ker() = {}
êáé üôé (1) = (2) ãéá äõï óôïé·åßá 1 2 ôÞò , ôüôå


¡
−12 1

¢
= ((2))

−1 ∗ (1) = ((2))−1 ∗ (2) =  

ïðüôå −12 · 1 =  =⇒ 1 = 2 ¢ñá ï ïìïìïñöéóìüò  åßíáé üíôùò Ýíáò ìïíï-

ìïñöéóìüò. ¤
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2.4.16 Ïñéóìüò. ËÝìå üôé äõï ïìÜäåò ( ·) êáé ( ∗) åßíáé (ìåôáîý ôïõò) éóüìïñ-

öåò Þ üôé ç  åßíáé éóüìïñöç ìå ôçí  Þ, áðëïýóôåñá, üôé ç  åßíáé éóüìïñöç

ôÞò (êáé óçìåéþíïõìå: ( ·) ∼= ( ∗) Þ áðëþò39  ∼= ) üôáí õðÜñ·åé êÜðïéïò

éóïìïñöéóìüò40 ïìÜäùí  :  −→ 

2.4.17 Ðñüôáóç. Ìéá ïìÜäá ( ·) åßíáé åìöõôåýóéìç óå ìéá ïìÜäá ( ∗) åÜí êáé
ìüíïí åÜí ç  åßíáé éóüìïñöç ìå ìéá õðïïìÜäá ôÞò

Áðïäåéîç. ÅÜí ìéá ïìÜäá ( ·) åßíáé åìöõôåýóéìç óå ìéá ïìÜäá ( ∗) ôüôå õöß-
óôáôáé êÜðïéïò ìïíïìïñöéóìüò  :  −→  ÈÝôïíôáò  := () ãíùñßæïõìå

üôé  v  (âë. 2.4.4 (i)). Ðåñéïñßæïíôáò ôï ðåäßï ôéìþí ôÞò  óôçí åéêüíá ôçò

ëáìâÜíïõìå ôïí éóïìïñöéóìü

 3  7−→ () ∈ 

Êáé áíôéóôñüöùò° åÜí ç  åßíáé éóüìïñöç ìå ìéá õðïïìÜäá  ôÞò  ôüôå õöß-

óôáôáé êÜðïéïò éóïìïñöéóìüò  :  −→  Èåùñþíôáò (êáôüðéí åðåêôÜóåùò) ùò

ðåäßï ôéìþí ôÞò  ôo õðïêåßìåíï óýíïëï ôÞò ( ∗) ëáìâÜíïõìå ôïí ìïíïìïñöé-
óìü  3  7−→ () ∈  ¤

2.4.18 ÐáñÜäåéãìá. ¼ðùò åßäáìå óôï åäÜöéï 2.4.11 (vi), ç (Cr{0} ·) åìöõôåýåôáé
óôç ãåíéêÞ ãñáììéêÞ ïìÜäá GL2(R)

2.4.19 Ðñüôáóç. ¸óôù  : ( ·) −→ ( ∗) Ýíáò éóïìïñöéóìüò ïìÜäùí. Ôüôå
éó·ýïõí ôá áêüëïõèá :

(i) || = || 
(ii) H  åßíáé áâåëéáíÞ åÜí êáé ìüíïí åÜí ç åßíáé áâåëéáíÞ.

(iii) H  åßíáé êõêëéêÞ åÜí êáé ìüíïí åÜí ç åßíáé êõêëéêÞ.

(iv) ord() = ord(())∀ ∈ 

(v) ÅÜí ç  åßíáé ðåñéïäéêÞ (äçëáäÞ åÜí êÜèå óôïé·åßï ôÞò  Ý·åé ðåðåñáóìÝíç
ôÜîç, âë. 2.3.1 (i)), ôüôå êáé ç åßíáé ðåñéïäéêÞ (êáé ôáíÜðáëéí).

Áðïäåéîç. (i) Ôïýôï åßíáé ðñïöáíÝò ëüãù ôÞò áìöéññéðôéêüôçôáò ôÞò 

(ii) ÅÜí ç  åßíáé áâåëéáíÞ êáé  0 ∈  ôüôå õðÜñ·ïõí  0 ∈  ôÝôïéá þóôå
 = () êáé 0 = (0) ÅðïìÝíùò,

 ∗ 0 = () ∗ (0) = (0) = (0) = (0) ∗ () = 
0 ∗ 

êáé ç åßíáé, ùò åê ôïýôïõ, áâåëéáíÞ. Ôï áíôßóôñïöï áðïäåéêíýåôáé ðáñïìïßùò.

(iii) ÅÜí ∃ ∈  :  = hi  ôüôå, ëüãù ôÞò åðéññéðôéêüôçôáò ôÞò  ãéá êÜèå  ∈ 

õðÜñ·åé  ∈ Z ìå  = () ïðüôå áðü ôï (iii) ôÞò ðñïôÜóåùò 2.4.3 óõìðåñáßíïõìå

üôé

 = () ⇒  ⊆ h()i
() ∈  ⇒ h()i ⊆ 

)
=⇒  = h()i 

39Êáô' áíáëïãßáí, ï óõìâïëéóìüò À  èá äçëïß üôé ç äåí åßíáé éóüìïñöç ìå ôçí
40Åíßïôå, ãéá íá ôïíßóïõìå (ð.·., óå ìåôáèåôéêÜ äéáãñÜììáôáêáé áëëïý) üôé Ýíáò ïìïìïñöéóìüò ïìÜäùí :  −→ 

åßíáé éóïìïñöéóìüò, ãñÜöïõìå  : 
∼=−→ 
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Ôï áíôßóôñïöï áðïäåéêíýåôáé ðáñïìïßùò.

(iv) ¸óôù  ∈  ôÜîåùò ord() =  ∈ N Ôüôå ord(()) =  ∈ N êáé |  (Bë.
2.4.3 (iv).) ÅðåéäÞ

() = () =  =⇒
2.3.8

 ∈ Ker() = {}⇒  =  ⇒  | 

Ý·ïõìå ôåëéêþò  =  ÅÜí ord() = ∞ ôüôå  6=  ãéá êÜèå  ∈ N ïðüôå ç
åíñéðôéêüôçôá ôÞò  ìáò ïäçãåß óôï óõìðÝñáóìá üôé (()) 6=  ãéá êÜèå  ∈ N
áð' üðïõ Ýðåôáé üôé ord(()) =∞

(v) ÅÜí êÜèå óôïé·åßï  ôÞò  Ý·åé ðåðåñáóìÝíç ôÜîç, ôüôå ∃ ∈ N :  = 

Ãéá ïéïäÞðïôå óôïé·åßï  ∈  õðÜñ·åé  ∈  :  = () ïðüôå ìÝóù ôùí (i) êáé

(iii) ôÞò ðñïôÜóåùò 2.4.3 óõíÜãåôáé üôé

 = () = () = () =  ⇒ ord() ∞

Ôï áíôßóôñïöï áðïäåéêíýåôáé ðáñïìïßùò. ¤

2.4.20 Ðáñáäåßãìáôá. (i) Åßíáé áäýíáôïí íá õößóôáôáé éóïìïñöéóìüò ìåôáîý ôùí

ïìÜäùí (Z+) êáé (Q+)  äéüôé ç ðñþôç åî áõôþí åßíáé êõêëéêÞ êáé ç äåýôåñç ìç

êõêëéêÞ (âë. 2.2.16 (i) êáé (v)).

(ii) Áìöüôåñåò ïé ïìÜäåò (Z×8  ·) êáé (Z×10 ·) Ý·ïõí ôÜîç 4 (Âë. 2.1.7 (ii).) Ùóôüóï,

Z×10 À Z
×
8 ÐñÜãìáôé° åÜí õðÞñ·å éóïìïñöéóìüò

{[1]10  [3]10  [7]10  [9]10} = Z×10
−→ Z×8 = {[1]8  [3]8  [5]8  [7]8} 

ôüôå, ëáìâÜíïíôáò õð' üøéí üôé ord([3]10) = 4 (äéüôé [3]
2
10 = [9]10  [3]

3
10 = [7]10  êáé

[3]410 = [1]10), èá Ýðñåðå (ëüãù ôïý 2.4.19 (iv)) íá éó·ýåé ord(([3]10)) = 4 êÜôé

áäýíáôïí, êáèüóïí

ord([1]8) = 1 ord([3]8) = ord([5]8) = ord([7]8) = 2

(¸íáò åíáëëáêôéêüò ôñüðïò áðïäåßîåùò ôïý áíùôÝñù éó·õñéóìïý åßíáé ï åîÞò:

Äéáðéóôþíïõìå Üìåóá üôé Z×10 = h[3]10i = h[7]10i  Ç Z×8 äåí åßíáé êõêëéêÞ, äéüôé
h[1]8i = {[1]8} h[3]8i = {[1]8  [3]8} h[5]8i = {[1]8  [5]8} h[7]8i = {[1]8  [7]8}

ïðüôå êáôáëÞãïõìå óå Üôïðï ìÝóù ôïý (iii) ôÞò ðñïôÜóåùò 2.4.19.)

(iii) Ç ïìÜäá (Cr{0} ·) äåí åßíáé éóüìïñöç ôÞò (Rr{0} ·)ÐñÜãìáôé° åÜí õðÞñ·å

éóïìïñöéóìüò  : Cr{0} −→ Rr{0} ôüôå, ëáìâÜíïíôáò õð' üøéí üôé ord() = 4

(üðïõ  ç öáíôáóôéêÞ ìïíÜäá), èá Ýðñåðå (ëüãù ôïý (iv) ôÞò ðñïôÜóåùò 2.4.19)

íá éó·ýåé ord(()) = 4 êÜôé áäýíáôïí, êáèüóïí ç åîßóùóç 4 = 1 Ý·åé ìüíïí ôéò

ëýóåéò ±1 åíôüò ôïý R (ìå ord(1) = 1 ord(−1) = 2 óôçí (Rr{0} ·)).

2.4.21 Ðñüôáóç. Ãéá ïéåóäÞðïôå ïìÜäåò (1 ·1) (2 ·2) (3 ·3) éó·ýïõí ôá åîÞò :
(i) 1 ∼= 1

(ii) 1 ∼= 2 ⇒ 2 ∼= 1

(iii) [1 ∼= 2 êáé 2 ∼= 3]⇒ 1 ∼= 3
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Áðïäåéîç. (i) Ç ôáõôïôéêÞ áðåéêüíéóç id1 : 1 −→ 1 åßíáé ðñïöáíþò Ýíáò

éóïìïñöéóìüò ïìÜäùí.

(ii) ÅÜí ï  : 1 −→ 2 åßíáé Ýíáò éóïìïñöéóìüò ïìÜäùí, ôüôå, ùò áìöéñ-

ñéðôéêÞ áðåéêüíéóç, äéáèÝôåé ìéá (ìïíïóçìÜíôùò ïñéóìÝíç, áìöéññéðôéêÞ) áíôß-

óôñïöï −1. Áñêåß ëïéðüí íá áðïäåé·èåß üôé ç −1 áðïôåëåß ïìïìïñöéóìü ïìÜ-

äùí. ÅÜí   ∈ 2, ôüôå õðÜñ·ïõí   ∈ 1 ìå  = () êáé  = () ÅðïìÝíùò,

−1 ( ·2 ) = −1 (() ·2 ()) = −1 (( ·1 )) =  ·1  = −1 () ·1 −1 () 
(áöïý ïé  −1 åßíáé áìöéññéðôéêÝò) êáé ç −1 áðïôåëåß ïìïìïñöéóìü ïìÜäùí.

(iii) ÅÜí ïé  : 1 −→ 2 êáé  : 2 −→ 3 åßíáé äõï éóïìïñöéóìïß ïìÜäùí,

ôüôå, óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 2.4.12, êáé ç óýíèåóÞ ôïõò  ◦ åßíáé Ýíáò

éóïìïñöéóìüò ïìÜäùí. ¤

2.4.22 Óçìåßùóç. Óýìöùíá ìå ôçí ðñüôáóç 2.4.21, ç äéìåëÞò ó·Ýóç ‘‘∼='' ïñßæåé
ìéá ó·Ýóç éóïäõíáìßáò åðß ïéïõäÞðïôå óõíüëïõ áðáñôéæïìÝíïõ áðü ïìÜäåò (Þ

åðß ôÞò NÂG-«êëÜóåùò» üëùí ôùí ïìÜäùí). Ïé êëÜóåéò éóïäõíáìßáò ùò ðñïò ôçí

‘‘∼='' ïíïìÜæïíôáé êëÜóåéò éóïìïñößáò. Äõï ïìÜäåò ëïãßæïíôáé ùò (ïìáäïèåùñçôé-

êþò) ôáõôéæüìåíåò üôáí åßíáé ìåôáîý ôïõò éóüìïñöåò, Þôïé üôáí áíÞêïõí óôçí ßäéá
êëÜóç éóïìïñößáò. Ùò åê ôïýôïõ, ï ïìáäïèåùñçôéêüò ðñïóäéïñéóìüò ìéáò ïéêï-

ãåíåßáò ïìÜäùí, ôá ìÝëç ôÞò ïðïßáò Ý·ïõí ìéá åéäéêÞ éäéüôçôá, éóïäõíáìåß ìå ôçí

ôáîéíüìçóç ôùí ìåëþí ôçò ìÝ·ñéò éóïìïñöéóìïý 41.

I Ôáîéíüìçóç ôùí êõêëéêþí ïìÜäùí êáé ôùí õðïïìÜäùí áõôþí. Ôï áêüëïõèï

èåþñçìá ìáò ðáñÝ·åé ôç äõíáôüôçôá ðëÞñïõò ôáîéíïìÞóåùò ôùí êõêëéêþí ïìÜ-

äùí ìÝ·ñéò éóïìïñöéóìïý.

2.4.23 Èåþñçìá. (Ôáîéíüìçóç êõêëéêþí ïìÜäùí)

¸óôù ( ·) ìéá êõêëéêÞ ïìÜäá. Ôüôå éó·ýïõí ôá åîÞò :
(i) ÅÜí ç ( ·) åßíáé Üðåéñç ïìÜäá, ôüôå åßíáé éóüìïñöç ìå ôçí (Z+) 
(ii) ÅÜí ç ( ·) åßíáé ðåðåñáóìÝíç ïìÜäá ôÜîåùò ∈ N ôüôå ( ·) ∼= (Z+)
Áðïäåéîç. ¸óôù üôé ç ( ·) Ý·åé êÜðïéï  ∈  ùò ãåííÞôïñÜ ôçò.

(i) ÅÜí ç ( ·) åßíáé Üðåéñç êõêëéêÞ, ôüôå ç åðéññéðôéêÞ áðåéêüíéóç

(Z+) −→ ( ·)  7−→ 

åßíáé Ýíáò éóïìïñöéóìüò ïìÜäùí. ÐñÜãìáôé° ç áðåéêüíéóç áõôÞ åßíáé åíñéðôéêÞ,
äéüôé åÜí õðÞñ·áí  0 ∈ Z ìå  6= 0 êáé  = 

0
 ôüôå èá ðñïÝêõðôå ç éóüôçôá

max{
0}−min{0} = áð' üðïõ èá óõíÞãåôï üôé ç åßíáé ðåðåñáóìÝíç ïìÜäá

(âë. ðñüôáóç 2.2.18), êÜôé ðïõ èá áíôÝöáóêå ðñïò ôçí õðüèåóÞ ìáò. ÅðéðñïóèÝ-

ôùò, ç åí ëüãù áðåéêüíéóç åßíáé êáé ïìïìïñöéóìüò ïìÜäùí, äéüôé (óýìöùíá ìå ôï

2.1.11 (i)) Ý·ïõìå

+
0
= 

0
 ∀( 0) ∈ Z× Z

41Ç öñÜóç «ôáîéíüìçóç ìÝ·ñéò éóïìïñöéóìïý» Þ «ìå áêñßâåéá éóïìïñöéóìïý» (up to isomorphism) äçëïß ôç «äéÜ-

êñéóç (ïìÜäùí) ìå ìüíï êñéôÞñéï ôáõôßóåùò ôç äéáìåóïëÜâçóç êÜðïéïõ éóïìïñöéóìïý».
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(ii) ÅÜí ç ( ·) åßíáé ðåðåñáóìÝíç ïìÜäá ôÜîåùò  ôüôå  = {  2  −1}
(üðïõ  = ). Ç

(Z+) −→ ( ·) [] 7−→  ∀ ∈ {0 1 − 1}
åßíáé ìéá êáëþò ïñéóìÝíç áðåéêüíéóç, äéüôé èåùñþíôáò

 0 ∈ {0 1 − 1} : [] = [0] 

õðÜñ·åé  ∈ Z : − 0 =  ïðüôå

−
0
= () = ⇒  = 

0


Ç åí ëüãù (ðñïöáíþò åðéññéðôéêÞ) áðåéêüíéóç åßíáé Ýíáò éóïìïñöéóìüò ïìÜäùí.

ÐñÜãìáôé° åðåéäÞ ç åéêüíá ôïý [] + [
0] = [00] (üðïõ 00 ∈ {0 1  − 1}

ôï õðüëïéðï ðïõ áöÞíåé ôï + 0 äéáéñïýìåíï äéÜ ôïý) åßíáé ôï


00
= +

0
= 

0
 ∀( 0) ∈ {0 1 − 1} × {0 1 − 1}

(âë. 2.1.11 (i)), áõôÞ åßíáé ïìïìïñöéóìüò ïìÜäùí ° åðéðñïóèÝôùò, åßíáé êáé ìïíï-
ìïñöéóìüò ïìÜäùí, äéüôé ï ðõñÞíáò ôçò åßíáé (ðñïöáíþò) ç ôåôñéììÝíç õðïïìÜäá

{[0]} ôÞò (Z+) (âë. ðñüôáóç 2.4.15). ¤

2.4.24 ÐáñáôÞñçóç. (Ç «ôåôñéììÝíç ïìÜäá») ¸óôù ( ·) ôõ·ïýóá ïìÜäá ôÜ-

îåùò || = 1 Ôüôå ôï õðïêåßìåíï óýíïëü ôçò  áðïôåëåßôáé áðü Ýíá êáé ìüíïí

óôïé·åßï, ôï ïðïßï åßíáé êáô' áíÜãêçí ôï áíôßóôñïöï ôïý åáõôïý ôïõ êáé, ôáõôï-

·ñüíùò, ôï ïõäÝôåñï óôïé·åßï ôÞò ( ·) Ùò åê ôïýôïõ, ç ( ·) åßíáé êõêëéêÞ êáé

(âÜóåé ôïý (ii) ôïý èåùñÞìáôïò 2.4.23) éóüìïñöç ìå ôçí ({[0]1}+)Êáô' áõôüí ôïí

ôñüðï ôáîéíïìïýíôáé ïìáäïèåùñçôéêþò üëåò ïé ïìÜäåò ôÜîåùò 1 (ðñâë. óçìåßùóç
2.4.22). Ç ìÝ·ñéò éóïìïñöéóìïý ìïíïóçìÜíôùò ïñéóìÝíç ïìÜäá ôÜîåùò 1 ïíïìÜ-

æåôáé ôåôñéììÝíç ïìÜäá. Ï áíáãíþóôçò êáëåßôáé, åí ðñïêåéìÝíù, íá äéáêñßíåé

ôç ëåðôÞ äéáöïñÜ ìåôáîý ôÞò «ôåôñéììÝíçò ïìÜäáò», üðùò åéóÞ·èç åäþ, êáé ôÞò

«ôåôñéììÝíçò õðïïìÜäáò äïèåßóáò ïìÜäáò», üðùò åß·å åéóá·èåß óôï 2.1.21 (i). Ç

ðñþôç åêöñÜæåé ìéá áðüëõôç Ýííïéá (ìÝ·ñéò éóïìïñöéóìïý), åíþ ç äåýôåñç åêöñÜ-

æåé ìéá ó·åôéêÞ Ýííïéá (ðáñüôé åßíáé óõíïëïèåùñçôéêþò ìïíïóçìÜíôùò ïñéóìÝíç),
áöïý åßíáé -åê ðáñáëëÞëïõ- áðáñáßôçôç ç áíáöïñÜ ôÞò ïìÜäáò åíôüò ôÞò ïðïßáò

ðåñéÝ·åôáé (ùò ôï ìïíïóýíïëï ôï ðåñéÝ·ïí ùò óôïé·åßï ôïõ ôï ïõäÝôåñï óôïé·åßï

áõôÞò ôÞò ïìÜäáò).

2.4.25 Ðüñéóìá. (ÕðïïìÜäåò êõêëéêþí ïìÜäùí) ¸óôù ( ·) ìéá êõêëéêÞ ïìÜäá.
Ôüôå éó·ýïõí ôá åîÞò :

(i) ÅÜí ç  åßíáé Üðåéñç ïìÜäá êáé  = hi  ãéá êÜðïéï  ∈  ôüôå, óýìöùíá ìå
ôá 2.4.23 (i) êáé 2.2.19 (i), ïé õðïïìÜäåò ôçò åßíáé áêñéâþò ïé êõêëéêÝò ïìÜäåò 42

42ÓçìåéùôÝïí üôé ç N0 3  7−→
D

E
åßíáé ìéá áìößññéøç. (ÐñÜãìáôé° åÜí  6= 0 ôüôå

D

E
6=
D


0E
 áð' üðïõ

Ýðåôáé ç åíñéðôéêüôçôÜ ôçò, äéüôé áðü ôçí éóüôçôá
D

E
=
D


0E
èá êáôáëÞãáìå óôï üôé ç  åßíáé ðåðåñáóìÝíç,

ðñÜãìá Üôïðï. Ç åðéññéðôéêüôçôá åßíáé óáöÞò åðß ôç âÜóåé ôùí ðñïçãçèÝíôùí åðé·åéñçìÜôùí. Âë. áðüäåéîç ôÞò

ðñïôÜóåùò 2.2.18.)
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®
 üðïõ  ∈ N0

(ii) ÅÜí ç  åßíáé ðåðåñáóìÝíç ïìÜäá ôÜîåùò ∈ N ôüôå ïé õðïïìÜäåò ôçò åßíáé
áêñéâþò áõôÝò ðïõ ðåñéåãñÜöçóáí óôï ðüñéóìá 2.3.23.

ÊÜíïíôáò ·ñÞóç ôïý èåùñÞìáôïò 2.4.23, óå óõíäõáóìü ìå ôï èåþñçìá áíôé-

óôïé·ßóåùò õðïïìÜäùí 2.4.7, êáôáëÞãïõìå óå ìéá óõóôçìáôéêüôåñç ôáîéíüìçóç
ôùí õðïïìÜäùí ôùí êõêëéêþí ïìÜäùí, ýóôåñá áðü áíáãùãÞ ôïý ðñïâëÞìáôïò

óôïí óôïé·åéþäç áñéèìïèåùñçôéêü ·áñáêôçñéóìü ôùí õðïïìÜäùí ôùí (Z+) êáé
(Z+)  ÓõãêåêñéìÝíá, ôï ðüñéóìá 2.4.25 éó·õñïðïéåßôáé ùò áêïëïýèùò:

2.4.26 Ðüñéóìá. (Ôáîéíüìçóç õðïïìÜäùí êõêëéêþí ïìÜäùí)

¸óôù ( ·) ìéá êõêëéêÞ ïìÜäá. Ôüôå éó·ýïõí ôá åîÞò :
(i) ÅÜí ç ( ·) åßíáé Üðåéñç ïìÜäá êáé = hi  ãéá êÜðïéï  ∈  ôüôå õößóôáíôáé
äýï áìöéññßøåéò

N0 −→ Subg(Z) −→ Subg()  7−→ Z 7−→ 

®


Ç ðñþôç åî áõôþí êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí (N0 |) êáé
(Subg(Z)w) (Þôïé ôïí áíÜóôñïöï óýíäåóìï ôïý (Subg(Z)v)  âë. 2.1.26, A.2.23

(iv), êáé A.2.26). Ç äåýôåñç êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí
(Subg(Z)w) êáé (Subg()w)  êáé óôÝëíåé êÜèå õðïïìÜäá ôÞò (Z+) íá áðåéêï-
íéóèåß óå áêñéâþò ìßá õðïïìÜäá ôÞò ( ·) ðïõ åßíáé (ïìáäïèåùñçôéêþò) éóüìïñöç
ìå áõôÞí. ÅðéðñïóèÝôùò,

Min-Subg() = ∅ êáé Max-Subg() = {hi | ðñþôïò áñéèìüò} 

(ii)ÅÜí ç ( ·) åßíáé ðåðåñáóìÝíç ïìÜäá ôÜîåùò ∈ ND ôï óýíïëï ôùí èåôéêþí
áêåñáßùí äéáéñåôþí ôïý  (âë. B.2.34), êáé  = hi  ãéá êÜðïéï  ∈  ôüôå
õößóôáíôáé äýï áìöéññßøåéò

D −→ Subg(Z) −→ Subg()  7−→ £



¤


® 7−→ D




E


Ç ðñþôç åî áõôþí êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí (D |)
êáé (Subg(Z)v)  Ç äåýôåñç êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝ-
óìùí (Subg(Z)v) êáé (Subg()v)  êáé óôÝëíåé êÜèå õðïïìÜäá ôÞò (Z+)
íá áðåéêïíéóèåß óå áêñéâþò ìßá õðïïìÜäá ôÞò ( ·) ðïõ åßíáé (ïìáäïèåùñçôéêþò)
éóüìïñöç ìå áõôÞí. ÅðéðñïóèÝôùò, åÜí  ≥ 2 êáé  = 11 22 · · ·  åßíáé ç êá-
íïíéêÞ ðáñÜóôáóç (B.19) ôïý ùò ãéíïìÝíïõ ðñþôùí áñéèìþí, ôüôå ç äéáèÝôåé
 åëá·éóôéêÝò êáé  ìåãéóôéêÝò õðïïìÜäåò. ÓõãêåêñéìÝíá,

Min-Subg() =
½¿


(
1−1
1 

2
2 ···


)
À


¿

(
1
1 

2−1
2 ···


)
À
 

¿

(
1
1 

2
2 ···−1


)
À¾

êáéMax-Subg() = {h1i  h2i   hi} 
Áðïäåéîç. (i) Ôï üôé ç ðñþôç áðåéêüíéóç åßíáé áìößññéøç êáé üôé êáèïñßæåé Ýíáí

éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí (N0 |) êáé (Subg(Z)w) Ýðåôáé áðü ôï (i) ôÞò
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ðñïôÜóåùò 2.2.19 êáé ôï (i) ôïý ðïñßóìáôïò 2.2.20. Ôï üôé ç äåýôåñç áðåéêüíéóç

åßíáé áìößññéøç êáé üôé êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí

(Subg(Z)w) êáé (Subg()w) 

(óôÝëíïíôáò êÜèå õðïïìÜäá ôÞò (Z+) íá áðåéêïíéóèåß óå áêñéâþò ìßá õðïïìÜäá

ôÞò ( ·) ðïõ åßíáé éóüìïñöç ìå áõôÞí) Ýðåôáé ýóôåñá áðü ôçí åöáñìïãÞ ôïý èåù-

ñÞìáôïò áíôéóôïé·ßóåùò õðïïìÜäùí 2.4.7 ãéá ôïí éóïìïñöéóìü

(Z+) −→ ( ·)  7−→ 

ôïí èåóðéóèÝíôá óôï (i) ôïý èåùñÞìáôïò 2.4.23. ÓçìåéùôÝïí üôé ç (Z+) (êáé, êáô'
åðÝêôáóç, êáé ç ( ·)) äåí äéáèÝôåé êáìßá åëá·éóôéêÞ õðïïìÜäá. (ÅÜí  Þôáí

êÜðïéá åëá·éóôéêÞ õðïïìÜäá ôçò, ôüôå ç  äåí èá äéÝèåôå êáìßá ìç ôåôñéììÝíç

ãíÞóéá õðïïìÜäá. Áõôü, üðùò èá äïýìå óôï ðüñéóìá 4.1.34, èá óÞìáéíå üôé ç 

åßíáé ðåðåñáóìÝíç êáé êõêëéêÞ, Ý·ïõóá ùò ôÜîç ôçò Ýíáí ðñþôï áñéèìü. ¢ôïðï,

êáèüóïí ç åßíáé êáô' áíÜãêçí Üðåéñç ïìÜäá!). ÅðéðñïóèÝôùò,

Max-Subg(Z) = {Z | ðñþôïò áñéèìüò} 

ÐñÜãìáôé° åÜí  åßíáé Ýíáò ðñþôïò áñéèìüò êáé Z v  @ Z ôüôå  = hi = Z
ãéá êÜðïéïí  ∈ N  ≥ 2 êáé  |  (Âë. 2.2.19 (i) êáé 2.2.20 (i)). ¢ñá  = 

êáé ç hi = Z åßíáé ìéá ìåãéóôéêÞ õðïïìÜäá ôÞò (Z+). ÁëëÜ êáé êÜèå ìåãéóôéêÞ

õðïïìÜäá ôÞò (Z+) åßíáé áõôÞò ôÞò ìïñöÞò, äéüôé = Z ãéá êÜðïéïí ∈ N
 ≥ 2 (âë. 2.2.19 (i)). EÜí õðïèÝôáìå üôé o  äåí åßíáé ðñþôïò, ôüôå èá õðÞñ·å

êÜðïéïò ðñþôïò äéáéñÝôçò  áõôïý ìå @ Z @ Z (âë. B.3.2 êáé 2.2.20 (i)), ïðüôå

ç äåí èá Þôáí ìåãéóôéêÞ õðïïìÜäá ôÞò (Z+).
(ii) Ôï üôé ç ðñþôç áðåéêüíéóç åßíáé áìößññéøç êáé üôé êáèïñßæåé Ýíáí éóïìïñöé-

óìü ìåôáîý ôùí (D |) êáé (Subg(Z)v) Ýðåôáé áðü ôï èåþñçìá43 2.3.21 êáé ôï

ðüñéóìá 2.3.23 (ðñâë. 2.3.14). Ôï üôé ç äåýôåñç áðåéêüíéóç åßíáé áìößññéøç êáé

üôé êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí

(Subg(Z)v) êáé (Subg()v) 

(óôÝëíïíôáò êÜèå õðïïìÜäá ôÞò (Z+) íá áðåéêïíéóèåß óå áêñéâþò ìßá õðïï-

ìÜäá ôÞò ( ·) ðïõ åßíáé éóüìïñöç ìå áõôÞí) Ýðåôáé ýóôåñá áðü ôçí åöáñìïãÞ

ôïý èåùñÞìáôïò áíôéóôïé·ßóåùò õðïïìÜäùí 2.4.7 ãéá ôïí éóïìïñöéóìü

(Z+) −→ ( ·) [] 7−→  ∀ ∈ {0 1 − 1}

ôïí èåóðéóèÝíôá óôï (ii) ôïý èåùñÞìáôïò 2.4.23. ÅðéðñïóèÝôùò, åÜí  ≥ 2 êáé
 = 11 22 · · ·  åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôïý ùò ãéíïìÝíïõ ðñþ-

ôùí áñéèìþí (ìå 1   ∈ N), ôüôå ïé öõóéêïß áñéèìïß

1−11 22 · · ·   11 2−12 · · ·    11 22 · · · −1

43ÓçìåéùôÝïí üôé ãéá ïéïõóäÞðïôå 1 2 ∈ D Ý·ïõìå 1 | 2 ⇔ 
2

| 
1
⇔
Dh


1

i


E
v
Dh


2

i


E
.
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áðïôåëïýí ôá ìåãéóôéêÜ óôïé·åßá ôïý (Dr{} |) êáé ïé ðñþôïé áñéèìïß
1 2  ôá åëá·éóôéêÜ óôïé·åßá ôïý (Dr{1} |) (âë. A.2.10 êáé B.3.14), ïðüôå

Min-Subg(Z) =
n£


1−1
1 

2
2 · · · 

¤


®
 

Dh

1
1 

2
2 · · · −1

i


Eo
êáéMax-Subg(Z) = {h[1]i  h[2]i   h[]i}  ¤

2.4.27 Ðáñáäåßãìáôá. (i) Ïé õðïïìÜäåò ôÞò (ðñïóèåôéêÞò) ïìÜäáò

Z6 = {[0]6  [1]6  [2]6  [3]6  [4]6  [5]6}

åßíáé ç ôåôñéììÝíç {[0]6}, ïëüêëçñç ç Z6, êáèþò êáé ïé

h[3]6i = {[0]6  [3]6} h[2]6i = {[0]6  [2]6  [4]6}

Ç áìößññéøçD6 −→ Subg(Z6) åßíáé ç åîÞò:

1 7−→ {[0]6} 2 7−→ h[3]6i  3 7−→ h[2]6i  6 7−→ Z6 = h[1]6i

(ii) Êáô' áíáëïãßáí, ïé õðïïìÜäåò ôÞò (ðñïóèåôéêÞò) ïìÜäáò

Z12 = {[0]12  [1]12  [2]12  [3]12  [4]12  [5]12  [6]12  [7]12  [8]12  [9]12  [10]12  [11]12}

åßíáé ç ôåôñéììÝíç {[0]12}, ïëüêëçñç ç Z12, êáèþò êáé ïé

h[6]12i = {[0]12  [6]12}
h[4]12i = {[0]12  [4]12  [8]12}

h[3]12i = {[0]12  [3]12  [6]12  [9]12}
h[2]12i = {[0]12  [2]12  [4]12  [6]12  [8]12  [10]12}

Ç áìößññéøçD12 −→ Subg(Z12) åßíáé ç åîÞò:

1 7−→ h[0]12i  2 7−→ h[6]12i  3 7−→ h[4]12i 
4 7−→ h[3]12i  6 7−→ h[2]12i  12 7−→ Z12

ÔáäéáãñÜììáôá ôïýHasse ãéá ôïõò óõíäÝóìïõò ôùí äéáéñåôþí óôá (i) êáé (ii) åßíáé

ôá
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åíþ ôá áíôßóôïé·á äéáãñÜììáôá ãéá ôïõò óõíäÝóìïõò ôùí õðïïìÜäùí åßíáé ôá

2.4.28 ÐáñÜäåéãìá. ÅÜí ï  åßíáé Ýíáò ðñþôïò áñéèìüò êáé  ∈ N ôüôå ôï äéÜ-

ãñáììá ôïý Hasse êáé ç áìößññéøç D −→ Subg(Z) ãéá ôçí (Z +) åêöñÜ-
æïíôáé ùò áêïëïýèùò:


Â // Z

−1 Â //
D
[]

E

−2 Â //
D£
2
¤


E

...
...

 Â //
D£
−1

¤


E

1
Â // {[0]}

I Åíäïìïñöéóìïß êáé áõôïìïñöéóìïß ïìÜäùí. ¸óôù ( ·) ìéá ïìÜäá. Ôï óý-

íïëï Hom() üëùí ôùí åíäïìïñöéóìþí (êáé áíôéóôïß·ùò, ôï óýíïëï üëùí ôùí

áõôïìïñöéóìþí) ôÞò  óçìåéþíåôáé ùò End() (êáé áíôéóôïß·ùò, ùò Aut()).

2.4.29 Ðñüôáóç. Ôï æåýãïò (End() ◦) (êáé áíôéóôïß·ùò, ôï æåýãïò (Aut() ◦))
áðïôåëåß Ýíá ìïíïåéäÝò (êáé áíôéóôïß·ùò, ìéá ïìÜäá ).
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Áðüäåéîç. ÐñïöáíÞò åðß ôç âÜóåé ôùí ðñïôÜóåùí 2.4.12 êáé 2.4.21. (Ôï ïõäÝ-

ôåñï óôïé·åßï áõôþí åßíáé ç ôáõôïôéêÞ áðåéêüíéóç id) ¤

2.4.30 Óçìåßùóç. (i) Ðñïöáíþò, End()× = Aut() (Âë. 2.1.5.)

(ii) ¼ôáí ç ïìÜäá  åßíáé áâåëéáíÞ, ç ôñéÜäá (End()+ ◦) (üðïõ ‘‘+'' ç ðñÜîç

ç åéóá·èåßóá óôï åäÜöéï 2.4.13 (ii)) êáèßóôáôáé äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï.

2.4.31 Ðñüôáóç. ÅÜí 6= ∅ åßíáé Ýíá óýíïëï ãåííçôüñùí ìéáò ïìÜäáò ( ·) ôüôå
h()i =  ãéá êÜèå  ∈ Aut()

Áðïäåéîç. Ðñïöáíþò,  = () = (hi) = h()i ãéá êÜèå áõôïìïñöéóìü 

ôÞò  (âë. 2.4.9 (i)). ¤

Ãéá ïñéóìÝíåò åéäéêÝò ïìÜäåò ( ·) åßíáé äõíáôüò Ýíáò ëåðôïìåñÞò ·áñáêôçñéóìüò
ôÞò (Aut() ◦) Åðß ðáñáäåßãìáôé, ôá èåùñÞìáôá 2.4.32 êáé 2.4.33 ìáò ðáñÝ·ïõí

ôçí ôáîéíüìçóç ôùí ïìÜäùí áõôïìïñöéóìþí ôùí êõêëéêþí ïìÜäùí êáé ôÞò (áâå-

ëéáíÞò, ìç êõêëéêÞò) ïìÜäáò (Q+) áíôéóôïß·ùò, ìÝ·ñéò éóïìïñöéóìïý 44.

2.4.32 Èåþñçìá. (ÏìÜäá áõôïìïñöéóìþí êõêëéêþí ïìÜäùí) ¸óôù ( ·) ìéá
êõêëéêÞ ïìÜäá. Ôüôå éó·ýïõí ôá åîÞò :

(i) ÅÜí ç ( ·) åßíáé Üðåéñç ïìÜäá, ôüôå ç ïìÜäá (Aut() ◦) ôùí áõôïìïñöéóìþí
ôçò åßíáé éóüìïñöç ìå ôçí (Z2+) 
(ii) ÅÜí ç ( ·) åßíáé ðåðåñáóìÝíç ïìÜäá ôÜîåùò  ∈ N ôüôå ç (Aut() ◦) åßíáé
éóüìïñöç ìå ôçí (Z× ·) (âë. 2.1.7 (iii)).

Áðüäåéîç. (i) ¸óôù ìéá Üðåéñç êõêëéêÞ ïìÜäá êáé Ýóôù  êÜðïéïò ãåííÞôïñÜò

ôçò. Áðü ôï (i) ôïý èåùñÞìáôïò 2.4.23 ãíùñßæïõìå üôé ç áðåéêüíéóç

 : (Z+) −→ ( ·)  7−→  () := 

åßíáé éóïìïñöéóìüò ïìÜäùí. Ùò åê ôïýôïõ, åðÜãåôáé Ýíáò éóïìïñöéóìüò

Aut(Z) 3  7−→  ◦  ◦ −1 ∈ Aut()

ìåôáîý ôùí ïìÜäùí (Aut() ◦) êáé (Aut(Z) ◦) Áñêåß ëïéðüí íá äåßîïõìå üôé õöß-
óôáôáé éóïìïñöéóìüò ìåôáîý ôùí (Aut(Z) ◦) êáé (Z2+) ¸óôù  ∈ End(Z) Ôüôå
 () =  · (1) ãéá êÜèå  ∈ Z ÐñÜãìáôé°

 () =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(1 + · · ·+ 1| {z }
 öïñÝò

) =  (1) + · · ·+  (1)| {z }
 öïñÝò

=  · (1) üôáí   0

 (0) = 0 · (1) üôáí  = 0

((−1) + · · ·+ (−1)| {z }
− öïñÝò

) = (−) ·  (−1) =  · (1) üôáí   0

44ÓçìåéùôÝïí üôé, óõí ôïéò Üëëïéò, êáôÜ ôçí áðïäåéêôéêÞ ðïñåßá ôùí èåùñçìÜôùí 2.4.32 êáé 2.4.33 ðåñéãñÜöïíôáé
äéåîïäéêþò ïé åí ëüãù áõôïìïñöéóìïß.
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ÊáôÜ óõíÝðåéáí45, End(Z) = { |  ∈ Z} üðïõ
 : Z −→ Z  7−→ () := 

ÓçìåéùôÝïí üôé ïé  åßíáé åíñéðôéêÝò ãéá êÜèå  ∈ Zr{0} ¸óôù  ∈ Zr{0}
ôÝôïéïò þóôå  ∈ Aut(Z) Ôüôå ç  åßíáé êáé åðéññéðôéêÞ, êáé åðåéäÞ 1 ∈ Z
õðÜñ·åé êÜðïéïò  ∈ Z ôÝôïéïò þóôå () =  = 1 Ôïýôï óçìáßíåé üôé

( ) ∈ {(1 1) (−1−1)}
¢ñá Aut(Z) = {−1 1} êáé (ðñïöáíþò) ç áêüëïõèç áðåéêüíéóç åßíáé éóïìïñöé-

óìüò ïìÜäùí:

 : (Z2+) −→ (Aut(Z) ◦) [0]2 7→ ([0]2) := 1 [1]2 7→ ([1]2) := −1

(ii) ¸óôù  ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá ôÜîåùò  Ý·ïõóá ôï  ∈  ùò (êÜ-

ðïéïí) ãåííÞôïñÜ ôçò êáé Ýóôù  ∈ Aut() Ëüãù ôùí (2.9) êáé 2.4.19 (iv) Ý·ïõìå

 = || = |hi| = ord() = ord(())

ÅðéðñïóèÝôùò, åðåéäÞ () ∈  = hi  õðÜñ·åé êÜðïéïò  ∈ Z : () = 

ÅðïìÝíùò,

hi =  = () =  (hi) = h()i = ® 
üðïõ ç äåýôåñç éóüôçôá Ýðåôáé áðü ôçí åðéññéðôéêüôçôá ôÞò  êáé ç ôñßôç áðü ôçí

ðñüôáóç 2.4.9. ËáìâÜíïíôáò õð' üøéí ôï ðüñéóìá 2.3.17 óõìðåñáßíïõìå üôé

hi =  =


®
=⇒ ìêä() = 1

ïðüôå õößóôáíôáé ôï ðïëý () áõôïìïñöéóìïß ôÞò  üðïõ  ç óõíÜñôçóç ôïý

Euler (âë. (2.1)). ¢ñá

|Aut()| ≤ () =
¯̄
Z×
¯̄
 (2.14)

Áðü ôç Üëëç ìåñéÜ, ãéá êÜèå  ∈ N ìå  ≤  êáé ìêä() = 1 ïé áðåéêïíßóåéò

 :  −→   7−→ () := 

åßíáé åíäïìïñöéóìïß ôÞò äéüôé (12) = (12)

= 1


2  ãéá ïéáäÞðïôå óôïé-

·åßá 1 2 ∈  (Ç ôåëåõôáßá éóüôçôá éó·ýåé, äéüôé ç  -ùò êõêëéêÞ- åßíáé áâå-

ëéáíÞ, âë. ðñüôáóç 2.2.17 êáé ðáñáôÞñçóç 2.1.12). ÅðåéäÞ  =


®
(êáé ðÜëé

ëüãù ôïý ðïñßóìáôïò 2.3.17) Ý·ïõìå

 =


®
= {¡¢ ¯̄̄  ∈ Z} = {¡¢ ¯̄̄  ∈ Z} = ()

ïðüôå ïé åíäïìïñöéóìïß  åßíáé åðéññéðôéêïß. ÅðåéäÞ êÜèå åðéññéðôéêÞ áðåéêü-

íéóç áðü Ýíá ðåðåñáóìÝíï óýíïëï åðß ôïý åáõôïý ôïõ åßíáé êáô' áíÜãêçí åíñé-

ðôéêÞ (êáé, ùò åê ôïýôïõ, áìöéññéðôéêÞ), óõíÜãåôáé üôé  ∈ Aut() êáé

|Aut()| ≥ () =⇒
(2.14)

|Aut()| = ()

45Åí ðñïêåéìÝíù, ùò äáêôýëéïò (âë. 2.4.30 (ii)), ï End(Z) åßíáé éóüìïñöïò ôïý äáêôõëßïõ ôùí áêåñáßùí áñéèìþí.



§ 2.4 ïìïìïñöéóìïé, éóïìïñöéóìïé êáé áõôïìïñöéóìïé ïìáäùí 69

=⇒ Aut() = { |  ∈ N ìå  ≤  êáé ìêä() = 1}

Åí óõíå·åßá, ðáñáôçñïýìå üôé ç

 : Z× −→ Aut() [] 7−→ ([]) := 

åßíáé áö' åíüò ìåí ìéá êáëþò ïñéóìÝíç áðåéêüíéóç ([] = [
0] ⇒  = 0), áö'

åôÝñïõ äå Ýíáò ïìïìïñöéóìüò ïìÜäùí (êáèüóïí 0 =  ◦ 0) Åê êáôáóêåõÞò,

ç  åßíáé åðéññéðôéêÞ. ÅðåéäÞ êÜèå åðéññéðôéêÞ áðåéêüíéóç áðü Ýíá ðåðåñáóìÝíï

óýíïëï åðß åíüò óõíüëïõ ðïõ Ý·åé ôïí ßäéï ðëçèéêü áñéèìü åßíáé êáô' áíÜãêçí

åíñéðôéêÞ (êáé, ùò åê ôïýôïõ, áìöéññéðôéêÞ), óõíÜãåôáé ôåëéêþò ç  åßíáé Ýíáò

éóïìïñöéóìüò ïìÜäùí. ¤

2.4.33 Èåþñçìá. (ÏìÜäá áõôïìïñöéóìþí ôÞò (Q+)) H ïìÜäá (Aut(Q) ◦) ôùí
áõôïìïñöéóìþí ôÞò (Q+) åßíáé éóüìïñöç ìå ôçí (ðïëëáðëáóéáóôéêÞ) ïìÜäá
(Qr{0} ·) 
Áðüäåéîç. ¸óôù  ∈ End(Q) Ôüôå  () =  · (1) ãéá êÜèå  ∈ Q ÐñÜãìáôé°
åðåéäÞ êÜèå  ∈ Q ãñÜöåôáé õðü ôç ìïñöÞ  = 


 üðïõ ∈ Z  ∈ N ëáìâÜíïõìå

 () =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1


+ · · ·+ 1

| {z }
 öïñÝò

) = 

µ
1



¶
+ · · ·+ 

µ
1



¶
| {z }

 öïñÝò

=  · (1) üôáí  0

 (0) = 0 · (1) üôáí = 0

((− 1

) + · · ·+ (− 1


)| {z }

− öïñÝò

) = (−) (−1) =  · (1) üôáí  0

äéüôé

 ·  ¡ 1


¢
= 

¡
1


¢
+ · · ·+ 

¡
1


¢| {z }
 öïñÝò

= ( 1

+ · · ·+ 1

| {z }
 öïñÝò

) =  (1)⇒ 
¡
1


¢
= 1


 (1) 

ÊáôÜ óõíÝðåéáí46, End(Q) = { |  ∈ Q} üðïõ

 : Q −→ Q  7−→ () := 

ÓçìåéùôÝïí üôé ïé  åßíáé áìöéññéðôéêÝò ãéá êÜèå  ∈ Qr{0} ¢ñá

Aut(Q) = { |  ∈ Qr{0}}

êáé ç

 : (Qr{0} ·) −→ (Aut(Q) ◦)  7−→ () := 

åßíáé éóïìïñöéóìüò ïìÜäùí. ¤
46Ùò äáêôýëéïò (âë. 2.4.30 (ii)) ï End(Q) åßíáé éóüìïñöïò ôïý óþìáôïò ôùí ñçôþí áñéèìþí.
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2.4.34 Óçìåßùóç. (Ðåñß ôÞò Aut()) Ç ïìÜäá áõôïìïñöéóìþí Aut() äïèåß-

óáò ïìÜäáò  åîáñôÜôáé êáôÜ êáíüíá áðü ôá éäéáßôåñá ãíùñßóìáôá êáé ôéò

«åóþôåñåò» éäéüôçôåò ôÞò  Ùò åê ôïýôïõ, ïé ãåíéêÞò öýóåùò ðëçñïöïñßåò ãéá

ôçí Aut() åßíáé ðåñéïñéóìÝíåò:

(i) ÅÜí ç ïìÜäá áíáöïñÜò  åßíáé ðåðåñáóìÝíç, ôüôå êáé ç Aut() åßíáé ðå-

ðåñáóìÝíç (ôÜîåùò47 |Aut()| ≤ (|| − 1)!). ÁíôéèÝôùò, åÜí ç  åßíáé Üðåéñç

ïìÜäá, ôüôå Üëëïôå ç ïìÜäá áõôïìïñöéóìþí ôçò åßíáé Üðåéñç (üðùò, ð.·., åßäáìå

óôï èåþñçìá 2.4.33 ãéá ôçí ïìÜäá ôùí áõôïìïñöéóìþí ôÞò (Q+)) êáé Üëëïôå
ðåðåñáóìÝíç48 (üðùò, ð.·., åßäáìå óôá 2.4.23 (i) êáé 2.4.32 (i) ãéá ôçí ïìÜäá ôùí

áõôïìïñöéóìþí ôÞò (Z+)). ÅîÜëëïõ, åßíáé ãíùóôü üôé êÜèå ïìÜäá ðïõ Ý·åé

ðåðåñáóìÝíç ïìÜäá áõôïìïñöéóìþí êáé äåí äéáèÝôåé óôñÝøç (âë. 2.3.1 (ii)) åßíáé

êáô' áíÜãêçí Üðåéñç áâåëéáíÞ.

(ii) Óôçí ðåñßðôùóç üðïõ ç  åßíáé áâåëéáíÞ ìç êõêëéêÞ ïìÜäá, ç Aut() äåí

åßíáé áâåëéáíÞ üôáí || ∞ (âë. ðüñéóìá 9.3.10), åíþ ìðïñåß íá åßíáé áâåëéáíÞ

ìüíïí óå åéäéêÝò ðåñéðôþóåéò49 üôáí || = ∞ Åðßóçò, äåí õðÜñ·åé êáìßá Üðåéñç

ìç áâåëéáíÞ ïìÜäá Ý·ïõóá êõêëéêÞ ïìÜäá áõôïìïñöéóìþí. Áðü ôçí Üëëç ìåñéÜ,

ç ïìÜäá áõôïìïñöéóìþí Aut() ìéáò ìç áâåëéáíÞò ðåðåñáóìÝíçò ïìÜäáò 

åßíáé, êáôÜ ðåñßðôùóç, Üëëïôå áâåëéáíÞ êáé Üëëïôå ìç áâåëéáíÞ (ðñâë. 5.4.37

(ii)).

(iii) Éäéáßôåñï åíäéáöÝñïí ðáñïõóéÜæåé ôï åîÞò ðñüâëçìá: Äïèåßóáò ìéáò ïìÜäáò

 ðïéåò (êáé ðüóåò, ìÝ·ñéò éóïìïñöéóìïý) ïìÜäåò  õðÜñ·ïõí, ïýôùò þóôå

íá éó·ýåé Aut() ∼= ; ÌåñéêÝò ëýóåéò ôïõ (êáé åêôåôáìÝíïé êáôÜëïãïé êáëý-

ðôïíôåò åéäéêÝò ðåñéðôþóåéò) óõíáíôþíôáé óå áñêåôÜ Üñèñá50. ¼ôáí ç  åßíáé

ðåðåñáóìÝíç, ôüôå õößóôáíôáé ìüíïí ðåðåñáóìÝíïõ ðëÞèïõò (ìç éóüìïñöåò)

47Ç (Aut() ◦) åßíáé õðïïìÜäá ôÞò ëåãïìÝíçò óõììåôñéêÞò ïìÜäáò (S ◦) åðß ôÞò  ôÞò áðáñôéæüìåíçò áðü üëåò

ôéò áìöéññßøåéò  :  −→  ðïõ Ý·åé ôÜîç |S| = ||! (Âë. åäÜöéá 3.1.1 êáé 3.1.3.) ÅðåéäÞ  () =  ãéá

êÜèå  ∈ Aut() Ý·ïõìå |Aut()| ≤ (||− 1)!.
48Ãéá ðåñáéôÝñù ðáñáäåßãìáôá Üðåéñùí ïìÜäùí ìå ðåðåñáóìÝíç ïìÜäá áõôïìïñöéóìþí âë. F. Fournelle: Finite
groups of automorhisms of infinite groups I, Journal of Algebra 70 (1981), 16-22

49¼ðùò áðïäåéêíýåôáé óôï Üñèñï ôïý F. Fournelle: Finite groups of automorhisms of infinite groups IÉ, Journal of
Algebra 80 (1983), 106-112 ìéá Üðåéñç áâåëéáíÞ ïìÜäá Ý·åé ðåðåñáóìÝíç ïìÜäá áõôïìïñöéóìþí åÜí êáé ìüíïí

åÜí ç Aut() Ý·åé Üñôéá ôÜîç êáé åßíáé éóüìïñöç ìå ôï åõèý Üèñïéóìá ðåðåñáóìÝíïõ ðëÞèïõò «áíôéôýðùí» ôùí

Z2Z3 êáé Z4 Ý·ïõóá Ýíá óôïé·åßï ôÜîåùò 12 êáé Ýíá óôïé·åßï ôÜîåùò 2 ôï ïðïßï äåí áðïôåëåß ôçí Ýêôç äýíáìç

Üëëïõ.

50G.A. Miller: Groups with the same group of isomorphisms, Trans. A.M.S. 1 (1900), 395-401

H. de Vries &A.B. deMiranda: Groups with a small number of automorphisms, Math. Zeitschrift 68 (1958), 450-464

J.L. Alperin: Groups with finitely many automorphisms, Pacific Jour. Math. 12 (1962), 1-5

J.T Hallett & K.A. Hirsch: Die Konstruktion von Gruppen mit vorgeschriebenen Automorphismen-Gruppen, Jour. reine
und ang. Math. 238/240 (1970), 32-46

D.J.S. Robinson: A contribution to the theory of groups with finitely many automorphisms, Proc. London Math. Soc.

35 (1977), 34-54

H.K. Iyer: On solving the equation Aut() =  Rocky Mountain Jour. Math. 9 (1979), 653-670

J. Flynn&D.MacHale: Determining all finite groups whose automorphism group is a -group. Math. Proc. of the Royal
Irish Academy 91 (1991), 259-264

D. MacHale & R. Sheehy: Finite groups with odd order automorphism groups, Math. Proc. of the Royal Irish Academy

95 (1995), 113-116

D.MacHale & R. Sheehy: Finite groups with few automorphisms, Math. Proc. of the Royal Irish Academy 104 (2004),
231-238
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ðåðåñáóìÝíåò ïìÜäåò  ìå51 Aut() ∼=  Ôïýôï ðáýåé íá éó·ýåé üôáí óôçí 

åðéôñáðåß íá åßíáé Üðåéñç: Ð.·., ï D.J.S. Robinson52 Ý·åé êáôáóêåõÜóåé ãéá ôç

óõììåôñéêÞ ïìÜäá  = S4 (ôÜîåùò 24 âë. 3.1.3) ìéá õðåñáñéèìÞóéìç ïéêïãÝíåéá

Üðåéñùí ìç áâåëéáíþí (áíÜ äýï ìç éóüìïñöùí) ïìÜäùí () ìå Aut() ∼= S4
(iv)ÕðÜñ·ïõí æåýãç ïìÜäùí (1 2)  ôÝôïéáþóôåAut(1) ∼=Aut(2)áëëÜ (ôáõ-

ôï·ñüíùò) 1 À 2 (Åðß ðáñáäåßãìáôé, ôo (VS3) áðïôåëåß Ýíá ôÝôïéïõ åßäïõò

æåýãïò. Âë. åäÜöéá 3.5.6, 3.5.8 (ii) êáé 5.4.32 (ii).)

(v) ÕðÜñ·ïõí ãíÞóéåò õðïïìÜäåò  ðåðåñáóìÝíùí ïìÜäùí  ôÝôïéåò þóôå íá

éó·ýåé |Aut()|  |Aut()|  (Âë. Üóêçóç ??).

(vi) ÔÝëïò, åßíáé áîéïðñüóåêôï ôï üôé õðÜñ·ïõí êáé êÜðïéåò åéäéêÝò ïìÜäåò  ãéá

ôéò ïðïßåò éó·ýåé |Aut()| = || (âë., ð.·., ðüñéóìá 9.3.3, óôçí ðåñßðôùóç üðïõ

ç  åßíáé ðåðåñáóìÝíç áâåëéáíÞ) Þ áêüìç êáé Aut() ∼=  (Ãéá ôç óõììåôñéêÞ

ïìÜäáS  ≥ 3  6= 6 êáé ôéò äéåäñéêÝò ïìÜäåòD3D4 êáéD6 ðïõ Ý·ïõí áõôÞí

ôçí éäéüôçôá, âë. åäÜöéá 6.3.6 êáé 7.6.36.)

ÁóêÞóåéò

2-1. ¸óôù ( ·) ìéá çìéïìÜäá. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ç ( ·) åßíáé ïìÜäá åÜí êáé ìüíïí åÜí ãéá ïéáäÞðïôå óôïé·åßá   ∈  ïé

«åîéóþóåéò»  =  êáé  =  åßíáé åðéëýóéìåò (ùò ðñïò  êáé ).

(ii) ÅÜí ãéá êÜèå  ∈  õðÜñ·åé ìïíáäéêü óôïé·åßï e ∈  ìå e =  ôüôå ç

( ·) åßíáé ïìÜäá.
2-2. ¸óôù Ýíáò öõóéêüò áñéèìüò êáé := {0 1 −1}. Åðß ôïý ïñßæåôáé

ç åóùôåñéêÞ ðñÜîç:

 ∗  :=
½

+  üôáí +   

 üôáí +  = +  0 ≤   

ãéá êÜèå   ∈ . Íá äåé·èåß üôé ôï æåýãïò ( ∗) áðïôåëåß ïìÜäá ôÜîåùò

2-3. ¸óôù := Z× Z× Z Åðß ôïý ïñßæåôáé ç åóùôåñéêÞ ðñÜîç:

(  ) ∗ (  ) :=
³
+ (−1)   + (−1)  (−1)  + 

´


Íá áðïäåé·èåß üôé ôï æåýãïò ( ∗) áðïôåëåß ìéá ìç áâåëéáíÞ ïìÜäá.

2-4. ¸óôù ( ·) ìéá ïìÜäá Ý·ïõóá ôÜîç || =  ∈ N Ãéá ïéáäÞðïôå -Üäá

óôïé·åßùí (1 ) ∈  íá áðïäåé·èåß ç ýðáñîç öõóéêþí áñéèìþí 

ãéá ôïõò ïðïßïõò éó·ýåé 1 ≤  ≤  ≤  êáé +1 · · · −1 = 

51Âë. H.K. Iyer, ü.ð., Thm. 31 óåë. 657-658

52D.J.S. Robinson: Groups with prescribed automorphism group, Proc. EdinburghMath. Soc. (2) 25 (1982), 217-227
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2-5. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí   ∈  ìå  =  íá äåé·èåß üôé

() =  ∀ ∈ Z êáé  =  ∀() ∈ Z× Z

2-6. ¸óôù ( ·) ìéá ïìÜäá. ÕðïèÝôïíôáò üôé

(a) ()2 = ()2 ∀ ( ) ∈  × , êáé (b) (∀ ∈ )
¡
2 =  =⇒  = 

¢


íá áðïäåé·èåß üôé éó·ýïõí ôá áêüëïõèá:

(i) 2 = 2−1 ∀ ( ) ∈ ×

(ii) −1 = −1 ∀ ( ) ∈ ×

(iii) ç ( ·) åßíáé áâåëéáíÞ.
2-7. ¸óôù ( ·) ìéá ïìÜäá ãéá ôçí ïðïßá õðÜñ·åé êÜðïéïò  ∈ N ôÝôïéïò þóôå

íá éó·ýåé

()+ = ++  ∀( ) ∈ × êáé ∀ ∈ {0 1 2}

Íá áðïäåé·èåß üôé ç åí ëüãù ïìÜäá åßíáé áâåëéáíÞ.

2-8. ¸óôù ( ·) ìéá ïìÜäá. Ãéá êÜèå  ∈ Z íá áðïäåé·èåß üôé¡
−1

¢
= −1 ∀ ( ) ∈ ×

2-9. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé   ∈  ôÝôïéá, þóôå íá éó·ýåé −1 =  ãéá

êÜðïéïí  ∈ Z íá áðïäåé·èåß üôé − = 


 ∀ () ∈ Z× Z
2-10.¸óôù ( ·) ìéá ïìÜäá. ÅÜí   ∈  íá áðïäåé·èïýí ïé óõíåðáãùãÝò

(i) [2 = 3 êáé 3 = 2] =⇒  =  =  êáé

(ii) [2 =  êáé −12 = 3] =⇒ 5 = 

2-11. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí    ∈  íá áðïäåé·èåß ç óõíåðáãùãÞ

[−1 = 2 −1 = 2 êáé −1 = 2] =⇒  =  =  = 

2-12. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí () ∈ N2 ìå ìêä() = 1 åßíáé ôÝôïéïé, þóôå

íá éó·ýåé

 =  êáé  =  ∀( ) ∈ ×

íá áðïäåé·èåß ïôé ç ( ·) åßíáé êáô' áíÜãêçí áâåëéáíÞ.
2-13. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  Ýíá ìç êåíü óýíïëï. ÅÜí ç  :  −→ 

åßíáé ìéá áìößññéøç, íá áðïäåé·èåß üôé ôï æåýãïò (¯) åßíáé ìéá ïìÜäá üôáí

-åî ïñéóìïý- ¯  := −1 (() · ())  ∀ ( ) ∈  × 

2-14. Íá åîáêñéâùèåß üôé ôá  := {2 | ∈ Z} êáé  := { 1+21+2

¯̄̄
 ∈ Z}

áðïôåëïýí õðïïìÜäåò ôÞò ïìÜäáò (Qr{0} ·)
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2-15. ¸óôù ìéá õðïïìÜäá ôÞò (R+) Íá áðïäåé·èåß üôé ôï := {2 |  ∈ }
åßíáé õðïïìÜäá ôÞò (Rr{0} ·)

2-16. Íá áðïäåé·èåß üôé ôï

 :=
n³

 

 

´
∈Mat2×2(Z)

¯̄̄
+ + +  = 0

o
áðïôåëåß ìéá õðïïìÜäá ôÞò (Mat2×2(Z)+)

2-17. ¸óôù ( ·) ìéá áâåëéáíÞ ïìÜäá. Íá áðïäåé·èåß üôé ôá óýíïëá  ∈ Z
üðïõ  := { ∈  |  = }  åßíáé õðïïìÜäåò ôÞò 

2-18.¸óôù ( ·) ìéáðåðåñáóìÝíç ïìÜäá. ÅÜí ⊆  ìå card()  ||
2 êáé  ∈ 

íá áðïäåé·èåß ç ýðáñîç óôïé·åßùí   ∈  ôÝôïéùí þóôå íá éó·ýåé  = 

2-19. Ãéá êáèåìéÜ åê ôùí êáôùôÝñù ïìÜäùí íá ðñïóäéïñéóèïýí äõï ìç ôåôñéììÝ-

íåò ãíÞóéåò õðïïìÜäåò:

(i) (Z+) (ii) (Q+) (iii) (Cr{0} ·)
(iv) (10Z+) (v) (Z×11 ·) (vi) (GL2(Q) ·)

2-20. Íá áðïäåé·èåß üôé ìéá ïìÜäá åßíáé ðåðåñáóìÝíç åÜí êáé ìüíïí åÜí äéáèÝôåé

ðåðåñáóìÝíïõ ðëÞèïõò õðïïìÜäåò. (ÉóïäõíÜìùò, ìéá ïìÜäá åßíáé Üðåéñç

åÜí êáé ìüíïí åÜí ôï óýíïëï ôùí õðïïìÜäùí ôçò åßíáé Üðåéñï.)

2-21. ¸óôù ( ·) ìéá ïìÜäá. Íá áðïäåé·èåß üôé card(Subg()) = 3 ⇔ ç  åßíáé

êõêëéêÞ ôÜîåùò 2 üðïõ  êÜðïéïò ðñþôïò áñéèìüò.

2-22. Íá ó·åäéáóèïýí ôá äéáãñÜììáôá ôïý Hasse ãéá ôïõò óõíäÝóìïõò õðïïìÜ-

äùí (Subg(Z36)v) êáé (Subg(Z)v) üðïõ   åßíáé äõï ðñþôïé áñéèìïß.

2-23. Íá áðïäåé·èåß üôé ç (Z×11 ·) åßíáé êõêëéêÞ êáé íá ó·åäéáóèåß ôï äéÜãñáììá

ôïý Hasse ãéá ôïí óýíäåóìï (Subg(Z×11)v)

2-24. Íá áðïäåé·èåß üôé ãéá êÜèå ∈ N ôï

 :=
n³

 

 

´
∈ SL2(Z)

¯̄̄
 ≡  ≡ 1(mod) êáé  ≡  ≡ 0(mod)

o
áðïôåëåß ìéá õðïïìÜäá ôÞò SL2(Z) Åí óõíå·åßá, íá ó·åäéáóèåß ôï äéÜ-

ãñáììá ôïý Hasse ãéá ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï (v) üðïõ

X := { | 2 ≤  ≤ 12} $ Subg(SL2(Z))

2-25. ¸óôù ( ·) ìéá ïìÜäá. Íá áðïäåé·èïýí ôá åîÞò:

(i) ÅÜí @  êáé @  ôüôå ∃ ∈  ìå  ∈  êáé  ∈ 

(ii) ÅÜí @  ôüôå hri =  êáé hr{}i = 
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2-26. Ïé ãåííÞôïñåò ôÞò êõêëéêÞò ïìÜäáò (E ·)  ∈ N ôùí -ïóôþí ñéæþí

ôÞò ìïíÜäáò êáëïýíôáé ðñùôáñ·éêÝò -ïóôÝò ñßæåò ôÞò ìïíÜäáò. Íá äåé-

·èåß üôé ôï óýíïëï ôùí ðñùôáñ·éêþí -ïóôþí ñéæþí ôÞò ìïíÜäáò åßíáé ôïn


¯̄̄
1 ≤  ≤  êáé ìêä( ) = 1

o


2-27. Íá áðïäåé·èåß üôé êÜèå Üðåéñç êõêëéêÞ ïìÜäá äéáèÝôåé áêñéâþò äýï ãåííÞ-

ôïñåò.

2-28. ÅÜí {}∈ åßíáé ìéá ïéêïãÝíåéá õðïïìÜäùí ìéáò ïìÜäáò ( ·) üðïõ ôï

 = {1   +1 } ⊆ N0

åßíáé Ýíá áñéèìÞóéìï óýíïëï äåéêôþí êáé éó·ýåé ⊆ +1 ãéá êÜèå  ∈ N
íá áðïäåé·èåß

(i) üôé ç Ýíùóç
S
∈N áðïôåëåß ìéá õðïïìÜäá ôÞò  êáé

(ii) üôé åÜí ç  åßíáé áâåëéáíÞ ãéá êÜèå  ∈ N ôüôå êáé ç S∈N åßíáé

ùóáýôùò áâåëéáíÞ.

2-29. Ãéá ôçí ïìÜäá (Q+) íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÊÜèå ðåðåñáóìÝíùò ðáñáãüìåíç õðïïìÜäá ôÞò (Q+) åßíáé ãíÞóéá êáé

êõêëéêÞ.

(ii) Q =
S
∈N


1
!

®


(iii)Max-Subg(Q) = ∅ =Min-Subg(Q)

2-30. ÅÜí {}∈N åßíáé ìéá áêïëïõèßá ãíçóßùí õðïïìÜäùí ìéáò ïìÜäáò ( ·)
ãéá ôçí ïðïßá éó·ýåé  ⊆ +1 ãéá êÜèå  ∈ N êáé  =

S
∈N  íá

áðïäåé·èåß üôé ç ( ·) äåí åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç.

2-31. ¸óôù := h1 2i ç õðïïìÜäá ôÞò ïìÜäáò (Bij(RR) ◦) (ôùí áìöéññßøåùí
áðü ôï R åðß ôïý R ùò ðñïò ôçí ðñÜîç ôÞò óõíèÝóåùò) ç ðáñáãüìåíç áðü

ôéò áìöéññßøåéò

R 3  7−→ 1() := + 1 ∈ R êáé R 3  7−→ 2() := 2 ∈ R

Íááðïäåé·èåß ç ýðáñîç ìéáò ãíÞóéáò ìçðåðåñáóìÝíùò ðáñáãüìåíçò õðïï-

ìÜäáò  ôÞò  [Õðüäåéîç : Áñêåß ãéá êÜèå  ∈ N íá èåùñçèåß ç êõêëéêÞ

õðïïìÜäá := hi ç ðáñáãüìåíç áðü ôçí áìößññéøç

 := 
−
2 ◦ 1 ◦  2 ìå ôýðï R 3  7−→ () := + 2− ∈ R

íá ôåèåß :=
S
∈N  íá áðïäåé·èåß üôé  @ +1 ãéá êÜèå  ∈ N êáé íá

åöáñìïóèåß êáôáëëÞëùò ç Üóêçóç 2-30.]
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2-32. Íá ðñïóäéïñéóèåß ç ôÜîç ôïý óôïé·åßïõ  ôÞò ïìÜäáò ( ∗) óôéò 10 ðåñéðôþ-
óåéò ôéò ðáñáôéèÝìåíåò óôïí êÜôùèé êáôÜëïãï:

A/A ( ∗)  A/A ( ∗) 

(i) (Cr{0} ·) − (vi) (Z18+) [2]18

(ii) (Cr{0} ·) −1 + 
√
3 (vii) (Z150+) [55]150

(iii) (Cr{0} ·) −1+√3
2

(viii) (Z150+) [60]150

(iv) (Cr{0} ·) exp(211 ) (ix) (Z×23 ·) [2]23

(v) (Cr{0} ·) exp(12) (x) (Z×21 ·) [4]21

2-33. Åðß ôïý óõíüëïõ  := (Rr{0})×R ïñßæåôáé ç åóùôåñéêÞ ðñÜîç:

× 3 (( ) ( )) 7−→ ( )¡ ( ) := ( + ) ∈ 

(i) Íá áðïäåé·èåß üôé ôï æåýãïò (¡) åßíáé ìéá ìç áâåëéáíÞ ïìÜäá.

(ii) Ðïéá åê ôùí êÜôùèé õðïóõíüëùí áðïôåëïýí õðïïìÜäåò áõôÞò;

1 := { ( (− 1))|  6= 0}  2 := { ( 0)|   0} 
3 := { ( )|  6= 0}  4 := { (1 ))|  ∈ R} 

(Åí ðñïêåéìÝíù, ïé  ∈ R êáé  ∈ N0 åßíáé ðáãéùìÝíïé.)
(iii) Íá áðïäåé·èåß üôé ôï óýíïëï ôùí óôïé·åßùí ôÞò (¡) ðïõ Ý·ïõí ôÜîç

2 åßíáé Üðåéñï.

(iv) ÄéáèÝôåé ç (¡) óôïé·åßá ôÜîåùò 3;

2-34.¸óôù ( ·) ìéá ïìÜäá ôÜîåùò 2 ãéá êÜðïéïí  ∈ N Íá áðïäåé·èåß üôé

(i) ∃ ∈ N : card¡{ ∈  | −1 = }¢ = 2

(ii) ∃ ∈  : ord() = 2

2-35. ÅÜí ( ·) åßíáé ìéá áâåëéáíÞ ïìÜäá êáé ( ) ∈  ×  ìå  =  ãéá

êÜðïéïí  ∈ N íá áðïäåé·èåß üôé  =  ãéá êÜðïéï  ∈  ìå ord() | 
2-36. ÅÜí ( ·) åßíáé ìéá ïìÜäá, ( ) ∈ × ìå  =  êáé

ord () =  ∈ N ord () =  ∈ N
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íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ç ôÜîç ord() ôïý  åßíáé ðåðåñáóìÝíç,

åêð ()

ìêä ()
| ord () êáé ord () | åêð () 

(ii) Åéäéêüôåñá, ìêä() = 1⇐⇒ ord() = 

(iii) ÅÜí ãéá êÜèå ðñþôï áñéèìü  ðïõ äéáéñåß ôï ãéíüìåíï  ç ìÝãéóôç

äýíáìç ôïý  ðïõ äéáéñåß ôïí äåí éóïýôáé ìå ôç ìÝãéóôç äýíáìç ôïý  ðïõ

äéáéñåß ôïí  ôüôå

ord () = åêð () 

Åí óõíå·åßá, íá äïèåß ðáñÜäåéãìá æåýãïõò óôïé·åßùí   ðåðåñáóìÝíçò ôÜ-

îåùò ìéáò ïìÜäáò ( ∗) ìå  ∗  =  ∗  6=  êáé

ord( ∗ )  åêð(ord() ord())

2-37. Åíôüò ôÞò SL2(Z) íá õðïëïãéóèïýí ïé ôÜîåéò ôùí óôïé·åßùí

A :=
³

0 −1
1 0

´
 B :=

³
0 1
−1 −1

´
êáé AB =

³
1 1
0 1

´


Åí óõíå·åßá, íá áðïäåé·èåß üôé SL2(Z) = hAABi 
2-38.¸óôù ôõ·þí  ∈ N  ≥ 3 Åíôüò ôÞò GL2(Z) íá õðïëïãéóèïýí ïé ôÜîåéò

ôùí

A :=
³

[−1] [1]
[0] [1]

´
 B :=

³
[−1] [0]
[0] [1]

´
êáé AB =

³
[1] [1]
[0] [1]

´


2-39. ÅÜí ( ·) åßíáé ìéá áâåëéáíÞ ïìÜäá êáé ( ) ∈ × ìå

ord () =  ∈ N ord () =  ∈ N

íá áðïäåé·èïýí ôá åîÞò:

(i) ∃ ∈  : ord() = åêð()

(ii) ÅÜí ord() ≤ ∀ ∈ r{} ôüôå ord ()| êáé  =  ∀ ∈ 

2-40. Íá áðïäåé·èåß üôé ôï  := {exp()|  ∈ Q} áðïôåëåß ìéá Üðåéñç, ðåñéï-

äéêÞ õðïïìÜäá ôÞò (Cr{0} ·) êáèþò êáé üôé ãéá ïéïíäÞðïôå  ∈ N ç 

äéáèÝôåé êÜðïéï óôïé·åßï, ç ôÜîç ôïý ïðïßïõ éóïýôáé ìå 

2-41. ¸óôù (+ ·) Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìïíáäéáßï

óôïé·åßï êáé Ýóôù

Heis() :=

½µ
1  

0 1 

0 0 1

¶¯̄̄̄
   ∈ 

¾
ç ïìÜäá ôïý Heisenberg õðåñÜíù áõôïý. (Âë. åä. D.2.24.)
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(i) Íá áðïäåé·èåß üôé |Heis()| = card()3

(ii) Ðïéïò åßíáé ï áíôßóôñïöïò ôõ·üíôïò ðßíáêáA ∈ Heis();
(iii) Íá áðïäåé·èåß üôé çHeis() åßíáé ìç áâåëéáíÞ.

(iv) ¼ôáí  = Z2 íá õðïëïãéóèåß ç ôÜîç êáèåíüò åê ôùí 8 óôïé·åßùí ôÞò

ïìÜäáòHeis(Z2)
(v) ¼ôáí o  åßíáé ôï óþìá R ôùí ðñáãìáôéêþí áñéèìþí, íá áðïäåé·èåß üôé

çHeis(R) óôåñåßôáé óôñÝøåùò.

2-42. ¸óôù ( ·) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá êáé Ýóôù  :=
Q

∈  ôï

ãéíüìåíï üëùí ôùí óôïé·åßùí ôçò. Íá áðïäåé·èåß üôé:

(i) ÅÜí ç  äéáèÝôåé áêñéâþò Ýíá óôïé·åßï  ôÜîåùò 2 ôüôå  = 

(ii) ¸íáò öõóéêüò áñéèìüò  ≥ 2 åßíáé ðñþôïò åÜí êáé ìüíïí åÜí éó·ýåé ç

éóïôéìßá

(− 1)! ≡ −1 (mod ) 

Ôïýôï åßíáé ãíùóôü óôç Óôïé·åéþäç Èåùñßá Áñéèìþí ùò èåþñçìá ôïý
Wilson. (Âë. B.4.52.) [Õðüäåéîç : Íá ·ñçóéìïðïéçèåß ôï (i) ãéá ôçí ïìÜäá

 = Z× ]

2-43. ¸óôù ôõ·þí  ∈ N  ≥ 3Íá äåé·èåß üôé ç ïìÜäá (Z×
2
 ·) äåí åßíáé êõêëéêÞ.

[Õðüäåéîç : Áñêåß íá äåé·èåß üôé ord([2− 1]2) = ord([2−1+1]2) = 2Ìéá

äéáöïñåôéêÞ áðüäåéîç äßäåôáé áñãüôåñá óôçí ðñüôáóç 7.3.12.]

2-44. Íá õðïëïãéóèïýí ïé åêèÝôåò ôùí ïìÜäùí (Z+)  ∈ N êáé (Q ·)
2-45. Íá åîåôáóèåß ðïéåò åê ôùí áêïëïýèùí áðåéêïíßóåùí åßíáé ïìïìïñöéóìïß

ïìÜäùí:

(i)  : (Z12+) −→ (Z12+), ([]12) := [+ 1]12,
(ii)  : ( ·) −→ ( ·), () := 3 üðïõ  ìéá êõêëéêÞ ïìÜäá ôÜîåùò 12,

(iii)  : (Z8+) −→ (Z2+), ([]8) := []2 
(iv)  : (R+) −→ (Cr{0} ·), () := cos() +  sin

(v)  :

µ½µ
1 

0 1

¶¯̄̄̄
 ∈ Z

¾
 ·
¶
−→ (E4 ·)  

µ
1 

0 1

¶
:= 

Åí óõíå·åßá, íá ðñïóäéïñéóèïýí ïé ðõñÞíåò êáé ïé åéêüíåò üóùí åî áõôþí

åßíáé ïìïìïñöéóìïß.

2-46. ÅÜí ( ·) ( ∗) åßíáé äõï ðåðåñáóìÝíåò êõêëéêÝò ïìÜäåò,  Ýíáò ãåííÞôï-

ñáò ôÞò  êáé  Ýíáò ãåííÞôïñáò ôÞò íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ∃ ∈Hom() : () = ⇐⇒ ord() |ord()
(ii) ÅÜí ord() |ord() ôüôå õðÜñ·åé ìïíáäéêüò  ∈ Hom() : () = 

ÅðéðñïóèÝôùò, ãé' áõôüí ôïí  éó·ýïõí ïé éóüôçôåò () = ∀ ∈ Z
2-47. Íá áðïäåé·èåß üôé ïé ðñïóèåôéêÝò ïìÜäåò (Z+)  (Q+) êáé (R+) åßíáé áíÜ

äýï ìç éóüìïñöåò.
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2-48. Íá áðïäåé·èåß üôé ç ïìÜäá Z[] := {+  | ( ) ∈ Z2} ôùí áêåñáßùí ôïý

Gauss åßíáé éóüìïñöç ìå ôçí ðïëëáðëáóéáóôéêÞ ïìÜäá

 := {23 ¯̄ ( ) ∈ Z2}
2-49. Íá áðïäåé·èåß üôé ôá óýíïëá 2× 2-ðéíÜêùí

1 :=
n³

1−  −
 1 + 

´¯̄̄
 ∈ Z

o
êáé 2 :=

n³
1− 2 

−4 1 + 2

´¯̄̄
 ∈ Z

o
áðïôåëïýí õðïêåßìåíá óýíïëá õðïïìÜäùí ôÞò åéäéêÞò ãñáììéêÞò ïìÜäáò

SL2(Z) êáèþò êáé üôé 1 ∼= Z ∼= 2

2-50. ÅÜí  :=
©
 ∈ R|2  1ª, íá áðïäåé·èïýí ôá áêüëïõèá:

(i) +
1+ ∈  ∀ ( ) ∈ ×

(ii) To æåýãïò ( ∗) üðïõ  ×  3 ( ) 7→  ∗  := +
1+  áðïôåëåß ìéá

áâåëéáíÞ ïìÜäá.

(iii) Ç áðåéêüíéóç  : ( ∗) −→ (R+)   7→ () := ln
³
1+
1−

´
 åßíáé éóï-

ìïñöéóìüò ïìÜäùí.

2-51. Íá áðïäåé·èåß üôé ç ðñïóèåôéêÞ ïìÜäá (Z [X] +) ôïý ðïëõùíõìéêïý äá-

êôõëßïõ (Z [X] + ·) (âë. C.1.17) åßíáé éóüìïñöç ìå ôçí ðïëëáðëáóéáóôéêÞ

ïìÜäá (Q0 ·)
2-52. Ãéá ïéïíäÞðïôå ðñáãìáôéêü áñéèìü  ∈ R ïñßæåôáé ï ðßíáêáò

A[] :=

µ
0
−1

1
0

− sin()
cos()

− sin() cos() 0

¶
∈Mat3×3(R)

Íá áðïäåé·èïýí ôá áêüëïõèá:

(i)A3
[] = 0Mat3×3(R)

(ii) ÅÜí ãéá êÜèå  ∈ R ôåèåß A[] := I3 + A[] +
1
2A

2
[] ôüôå ôï óý-

íïëï 3 × 3-ðéíÜêùí [] := {A[]

¯̄
 ∈ R} åöïäéáóìÝíï ìå ôçí ðñÜîç

ôïý ðïëëáðëáóéáóìïý ðéíÜêùí, áðïôåëåß ìéá áâåëéáíÞ ïìÜäá ç ïðïßá åß-

íáé éóüìïñöç ìå ôçí (R+)

2-53. (i) Áðü ôï óýíïëï ôùí áðåéêïíßóåùí  : Rr{0 1} −→ Rr{0 1} åðéëÝãïíôáé
ïé áêüëïõèåò Ýîé:

1() :=  2() :=
1

1− 
 3() :=

− 1




4() :=
1


 5() := 1−  6() :=



− 1 

∀ ∈ Rr{0 1} ÅÜí1 := {1 2 3 4 5 6} íá áðïäåé·èåß üôé ôï æåýãïò
(1 ◦) áðïôåëåß ìéá ìç áâåëéáíÞ ïìÜäá ìå 1 = 1 êáé íá äïèåß ï ðïë-
ëáðëáóéáóôéêüò êáôÜëïãïò áõôÞò (üðïõ ùò «ðïëëáðëáóéáóìüò» íïåßôáé, åí
ðñïêåéìÝíù, ç óýíèåóç áðåéêïíßóåùí ‘‘◦'').
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(ii) Íá áðïäåé·èåß üôé ôï óýíïëï ôùí Ýîé 2× 2-ðéíÜêùí

2 :=
n³

1 0
0 1

´

³

 0
0 2

´

³

2 0
0 

´

³
0 1
1 0

´

³

0 2

 0

´

³

0 

2 0

´o


üðïõ  ∈ Cr{1} 3 = 1 (Þôïé  ∈ {3 23}), áðïôåëåß ôç ìç áâåëéáíÞ

õðïïìÜäá ôÞò GL2(C) ôçí ðáñáãüìåíç áðü ôïõò ðßíáêåò

A :=
³

 0
0 2

´
êáé B :=

³
0 1
1 0

´


(iii) Íá áðïäåé·èåß üôé 1 ∼= 2

2-54. (i) ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç áâåëéáíÞ ïìÜäá (Ý·ïõóá ôï  =  ùò

ïõäÝôåñü ôçò óôïé·åßï) ç ïðïßá ìðïñåß íá ðáñá·èåß áðü ôï óýíïëï { }
äýï óôïé·åßùí ôçò  êáé  ÅÜí ord() = 4 êáé áõôïß ïé ãåííÞôïñåò ôÞò ( ·)
õðüêåéíôáé óôéò ó·Ýóåéò

2 = 2 êáé  = −1

íá áðïäåé·èåß üôé  = {  2 3   2 3} êáé ( ·) ∼= (Q ·)
(ii) Íá áðïäåé·èåß (ìÝóù ôïý (i)) üôé ç õðïïìÜäá

 :=
D³

[0]3 [−1]3
[1]3 [0]3

´

³

[1]3 [1]3
[1]3 [−1]3

´E
ôÞò SL2(Z3) åßíáé éóüìïñöç ìå ôçí ïìÜäá ôùí ôåôñáíßùí.

2-55. ÅÜí ( ·) åßíáé ìéáðåðåñáóìÝíçáâåëéáíÞ ïìÜäá, íááðïäåé·èåß üôé ç ïìÜäá

Hom(Z) üëùí ôùí ïìïìïñöéóìþí áðü áõôÞí óôçí (Z+) (âë. åä. 2.4.13
(ii)) åßíáé ôåôñéììÝíç.

2-56. Ná áðïäåé·èåß üôé ãéá êÜèå áâåëéáíÞ ïìÜäá ( ∗) õößóôáôáé éóïìïñöéóìüò

Hom(Z)
∼=−→ 

2-57. ÅÜí ( ·) åßíáé ìéá êõêëéêÞ ïìÜäá Üðåéñçò ôÜîåùò, íá áðïäåé·èåß üôé ç áðåé-

êüíéóç  :  −→   () := 2∀ ∈  åßíáé ìïíïìïñöéóìüò, áëëÜ ü·é êáé

áõôïìïñöéóìüò.

2-58. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá êáé ç  :  −→  Ýíáò ìïíïìïñöé-

óìüò, íá áðïäåé·èåß üôé ç  åßíáé êáô' áíÜãêçí áõôïìïñöéóìüò ôÞò .

2-59. ¸óôù ( ·) ìéá ïìÜäá. Íá áðïäåé·èåß üôé ç åßíáé áâåëéáíÞ åÜí êáé ìüíïí

åÜí ç  :  −→   () := −1 ∀ ∈  åßíáé Ýíáò áõôïìïñöéóìüò ôÞò .

2-60. ¸óôù ( ·) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá. ÅÜí õðÜñ·åé  ∈ Aut() ìå

2= id êáé åÜí ç ôÜîç || áõôÞò ôÞò ïìÜäáò åßíáé ðåñéôôÞ, íá áðïäåé·èåß

üôé êÜèå óôïé·åßï  ∈  ãñÜöåôáé ùò ãéíüìåíï  =  äõï óôïé·åßùí   ∈ 

ãéá ôá ïðïßá éó·ýåé () =  êáé () = −1





ÊÅÖÁËÁÉÏ 3

ÏìÜäåò ìåôáôÜîåùí

Ç áíáäéåõèÝôçóç Þ ìåôÜôáîç ôùí óôïé·åßùí åíüò óõíüëïõ åßíáé ìéá ïéêåßá Ýííïéá°

åðß ðáñáäåßãìáôé, åíáëëÜóóïíôáò ôá 1 êáé 3, êáé áöÞíïíôáò ôï 2áìåôÜâëçôï, ëáì-

âÜíïõìå ìéá ìåôÜôáîç ôïý óõíüëïõ {1 2 3}. Óôï ðáñüí êåöÜëáéï åîçãåßôáé ôï ðþò
êÜèå ïìÜäá åßíáé äõíáôüí íá åêëçöèåß (ìÝ·ñéò éóïìïñöéóìïý) ùò ìéá ïìÜäá ìå-
ôáôÜîåùí. Åðßóçò, ðáñáôßèåíôáé ðïéêßëá ðáñáäåßãìáôá ïìÜäùí ìåôáôÜîåùí, ç

·ñçóéìüôçôá ôùí ïðïßùí èá áíáöáíåß Þäç óôï áìÝóùò åðüìåíï êåöÜëáéï.

3.1 Ç ÓÕÌÌÅÔÑÉÊÇ ÏÌÁÄÁ

3.1.1 Ïñéóìüò. (i) ¸óôù  Ýíá ìç êåíü óýíïëï êáé

S := Bij () :=

½
 :  −→ 

¯̄̄̄
 áìöéññéðôéêÞ áðåéêüíéóç

áðü ôï  åðß ôïý 

¾


Ôüôå ôï æåýãïò (S ◦) üðïõ ‘‘◦'' ç ðñÜîç ôÞò óõíèÝóåùò áðåéêïíßóåùí, áðïôå-

ëåß ìéá ïìÜäá, ôç ëåãïìÝíç óõììåôñéêÞ ïìÜäá åðß ôïý óõíüëïõ  (ìå ôçí ôáõôï-

ôéêÞ áðåéêüíéóç id ùò ïõäÝôåñü ôçò óôïé·åßï). Áðü «ïìáäïèåùñçôéêÞ» Üðïøç,

ç ïìÜäá S äåí åîáñôÜôáé áðü ôï ßäéï ôï óýíïëï , áëëÜ ìüíïí áðü ôïí ðëç-

èéêü ôïõ áñéèìü card(). (ÐñÜãìáôé° åÜí ôï  åßíáé Ýíá Üëëï óýíïëï ðïõ Ý·åé ôïí

ßäéï ðëçèéêü áñéèìü ìå ôï  ôüôå õðÜñ·åé ìéá áìößññéøç  :  −→ , ïðüôå ç

áðåéêüíéóç

S −→ S  7−→  ◦  ◦ −1
åßíáé Ýíáò éóïìïñöéóìüò ïìÜäùí ). Ôá óôïé·åßá ôÞò ïìÜäáòS ïíïìÜæïíôáé ìåôá-

ôÜîåéò1. ¼ôáí  ∈ Sr{id} ç  «ìåôáôÜóóåé» êõñéïëåêôéêþò ôïõëÜ·éóôïí Ýíá

1μñçóéìïðïéåßôáé ôï ðñïóÞêïí ïõóéáóôéêü ìåôÜôáîç áíôß ôïý ìåôÜèåóç ãéá ôç ìåôÜöñáóç ôïý üñïõ permutation,

êáèüôé ç åðéëïãÞ ôïý äåõôÝñïõ èá ïäçãïýóå óå áôõ·Þ ïìïåéäÞ áðüäïóç ôùí ñçìÜôùí commute êáé permute. (Óçìåéù-
ôÝïí üôé üëåò ïé permutation groupsS ≥ 3 åßíáé ìç ìåôáèåôéêÝò ïìÜäåò! ÅîÜëëïõ, ôï ïõóéáóôéêü áíôéìåôÜèåóç
äåóìåýåôáé ãéá ôçí áðüäïóç ôïý üñïõ transposition.)
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åê ôùí óôïé·åßùí ôïý  äçëáäÞ ôï áðåéêïíßæåé óå Ýíá Üëëï (äéáöïñåôéêü) óôïé-

·åßï ôïý. ÅÜí ôï èåùñïýìåíï åßíáé Ýíá ðåðåñáóìÝíï óýíïëï êáé  = card(),

ôüôå ìðïñïýìå äß·ùò âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå üôé  = {1  }. Åí
ôïéáýôç ðåñéðôþóåé çS óõìâïëßæåôáé ùòS êáé êáëåßôáé óõììåôñéêÞ ïìÜäá óå

 óýìâïëá.

(ii) ÓõíÞèùò ãñÜöïõìå ôéò ìåôáôÜîåéò  ∈ S õðü ôç ìïñöÞ∙
1 2 · · · 

 (1)  (2) · · ·  ()

¸
Þ

∙
1 2 · · · 

 (1)  (2) · · ·  ()

¸
óôçí ðåñßðôùóç üðïõ ôá 1  áðïôåëïýí ìéá áíáäéÜôáîç ôùí áñéèìþí

1 2 . Áõôüò ï ôñüðïò ãñáöÞò ìÜò äéåõêïëýíåé êáôÜ ôïí õðïëïãéóìü ôÞò óõí-

èÝóåùò äýï ìåôáôÜîåùí. Ð.·.,∙
1 2 3 4 5

3 2 5 1 4

¸
◦
∙
1 2 3 4 5

2 3 4 5 1

¸
=

∙
1 2 3 4 5

2 5 1 4 3

¸


Èá ðñÝðåé íá åðéóçìáíèåß üôé êáôÜ ôçí åêôÝëåóç ôÞò óõíèÝóåùò ðñïçãåßôáé ç
åöáñìïãÞ ôÞò äåîéÜò áðåéêïíßóåùò êáé áêïëïõèåß ç åöáñìïãÞ ôÞò áñéóôåñÜò. Ãå-
íéêüôåñá, ãéá ôõ·ïýóåò ìåôáôÜîåéò  êáé  ∈ S Ý·ïõìå∙

1 · · · 

 ( (1)) · · ·  ( ())

¸
=

∙
1 · · · 

 (1) · · ·  ()

¸
◦
∙

1 · · · 

 (1) · · ·  ()

¸


3.1.2 Óçìåßùóç. (i) Ç áíôßóôñïöïò −1 ìéáò ìåôáôÜîåùò  ∈ S (ðïõ åßíáé ôáõ-

ôüóçìç ìå ôï ïìáäïèåùñçôéêü áíôßóôñïöï óôïé·åßï ôÞò  åíôüò ôÞòS) Ý·åé ðïëý

áðëÞ ìïñöÞ. ÅÜí ãñÜøïõìå ôçí  ùò∙
1 2 · · · 

 (1)  (2) · · ·  ()

¸


ôüôå ç −1 åßíáé ç ∙
 (1)  (2) · · ·  (2)

1 2 · · · 

¸


(ii) Ãéá ëüãïõò óõíôïìßáò, èá óõìâïëßæïõìå ôï ïõäÝôåñï óôïé·åßï id{1} ôÞòS

áðëþò ùò id.

(iii) ¼ôáí  ≥ 3, ç S äåí åßíáé áâåëéáíÞ. ÐñÜãìáôé° ïñßæïíôáò ôéò   ∈ S ùò

áêïëïýèùò:

 (1) = 1  (2) = 3  (3) = 2  () =  ∀ ∈ {4  }
 (1) = 2  (2) = 1  (3) = 3  () =  ∀ ∈ {4  }

ëáìâÜíïõìå ( ◦ ) (1) = 2 6= 3 = ( ◦ ) (1)  ÅðïìÝíùò,  ◦  6=  ◦  .

3.1.3 Ðñüôáóç. Ç ôÜîç ôÞò ïìÜäáòS éóïýôáé ìå

|S| = !



§ 3.1 ç óõììåôñéêç ïìáäá 83

Áðïäåéîç. Ìå ôç âïÞèåéá ôÞò ìáèçìáôéêÞò åðáãùãÞò èááðïäåßîïõìå ãåíéêüôåñá

ôïí áêüëïõèï éó·õñéóìü:

Éó·õñéóìüò: ÅÜí ôá  = {1 } êáé  = {1 } åßíáé äõï óýíïëá ðïõ
ðåñéÝ·ïõí (áêñéâþò)  óôïé·åßá, ôüôå ôï óýíïëï

Bij () := { :  −→  |  áìöéññéðôéêÞ áðåéêüíéóç}

Ý·åé áêñéâþò ! óôïé·åßá.

¼ôáí  = 1, ï éó·õñéóìüò åßíáé ðñïöáíÞò. Áò õðïèÝóïõìå üôé ãéá êÜðïéïí   1

éó·ýåé card(Bij (0 0)) = (− 1)! ãéá ïéáäÞðïôå óýíïëá 0 0 ðïõ äéáèÝôïõí

(áêñéâþò)  − 1 óôïé·åßá. ¸óôù ôþñá üôé ôá  = {1 } êáé  = {1 }
åßíáé äõï óýíïëá ðïõ ðåñéÝ·ïõí (áêñéâþò)  óôïé·åßá. Ãéá êÜèå  ∈ {1 } ïñß-
æïõìå ôïBij () := { ∈ Bij () |  (1) =  } Ðñïöáíþò ç áðåéêüíéóç

Bij () −→ Bij (r{1} r{})   7−→  |r{1} 

åßíáé áìöéññéðôéêÞ. ÅðïìÝíùò, êáôÜ ôçí åðáãùãéêÞ ìáò õðüèåóç,

card
³
Bij ()

´
= (− 1)!

ÅðéðñïóèÝôùò, Bij () =
̀

=1
Bij ()  Åî áõôïý óõíÜãåôáé üôé

card (Bij ()) =
P
=1

card
³
Bij ()

´
=  · (− 1)! = !

¢ñá |S| = !. ¤

3.1.4 Ïñéóìüò. (i) ÅÜí  ∈ S ôüôå ôï óýíïëï

supp() := { ∈ {1  } | () 6=  }

åêåßíùí ôùí óôïé·åßùí ôïý {1  }ðïõ «ìåôáôÜóóïíôáé» êõñéïëåêôéêþò (äçëáäÞ
äåí ðáñáìÝíïõí áìåôÜâëçôá) ìÝóù ôÞò  êáëåßôáé öïñÝáò ôÞò 

(ii) ËÝìå üôé äõï ìåôáôÜîåéò   ∈ S åßíáé îÝíåò ìåôáîý ôïõò üôáí ãéá ïéïõóäÞ-

ðïôå öõóéêïýò áñéèìïýò   ∈ {1 } éó·ýïõí (ôáõôï·ñüíùò) ïé óõíåðáãùãÝò

 () 6=  ⇒ () =  êáé  () 6=  ⇒ () = 

3.1.5 Ðñüôáóç. Äõï ìåôáôÜîåéò   ∈ S åßíáé îÝíåò ìåôáîý ôïõò åÜí êáé ìüíïí
åÜí supp()∩ supp() = ∅

Áðïäåéîç. ÅÜí ïé   ∈ S åßíáé îÝíåò ìåôáîý ôïõò êáé  ∈ supp() ôüôå

() 6=  ⇒ () =  ⇒  ∈ supp()

¢ñá supp()∩ supp() = ∅ Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå üôé ïé öïñåßò

ôùí  êáé  äåí äéáèÝôïõí êáíÝíá êïéíü óôïé·åßï êáé èåùñÞóïõìå ïéïíäÞðïôå
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 ∈ {1  } ãéá ôïí ïðïßï éó·ýåé () 6=  ôüôå  ∈ supp() Åî õðïèÝóåùò,

 ∈supp()⇒ () =  Êáô' áíáëïãßáí, åÜí  ∈ {1  } ìå  () 6=  ôüôå

 ∈ supp()⇒  ∈ supp()⇒ () = 

Ùò åê ôïýôïõ, ïé   åßíáé îÝíåò ìåôáîý ôïõò. ¤

3.1.6 ÐáñÜäåéãìá. Åíôüò ôÞòS4 ïé ìåôáôÜîåéò

 :=

∙
1 2 3 4

1 3 2 4

¸
  :=

∙
1 2 3 4

4 2 3 1

¸
åßíáé îÝíåò ìåôáîý ôïõò, äéüôé ïé öõóéêïß 2 êáé 3 ìåôáôÜóóïíôáé ìÝóù ôÞò  êáé

ìÝíïõí áìåôÜâëçôïé ìÝóù ôÞò   åíþ ïé öõóéêïß 1 êáé 4 ìåôáôÜóóïíôáé ìÝóù ôÞò 

êáé ìÝíïõí áìåôÜâëçôïé ìÝóù ôÞò 

3.1.7 Ðñüôáóç. ÅÜí äõï ìåôáôÜîåéò   ∈ S åßíáé îÝíåò ìåôáîý ôïõò, ôüôå ìåôá-
ôßèåíôáé áìïéâáßùò, äçëáäÞ  ◦  =  ◦ 
Áðïäåéîç. ÅÜí ïé ìåôáôÜîåéò   åßíáé îÝíåò ìåôáîý ôïõò, áñêåß èá äåßîïõìå üôé

( ◦ ) () = ( ◦ ) ()  ∀ ∈ {1  } (3.1)

Ãéá êÜèå  ∈ {1  }r (supp() ∪ supp()) Ý·ïõìå

 ∈ supp() êáé  ∈ supp()⇒  () =  =  () 

ïðüôå ( ◦ ) () =  ( ()) = () =  êáé ( ◦ ) () =  ( ()) = () = 

AðïìÝíåé íá áðïäåé·èåß üôé éó·ýåé ç (3.1) ãéá üëïõò ôïõò öõóéêïýò ôïõò áíÞêïíôåò

óôçí Ýíùóç ôùí öïñÝùí ôùí  êáé   ¸óôù ôõ·þí  ∈ (supp() ∪ supp())  Ôüôå

åßôå  ∈ supp() åßôå  ∈ supp() ÅÜí  ∈ supp() ëáìâÜíïíôáò õð' üøéí üôé ïé

  åßíáé îÝíåò ìåôáîý ôïõò óõìðåñáßíïõìå üôé

 ∈ supp()rsupp()⇒  () =  6=  ()⇒ ( ◦ ) () =  ( ()) =  () 6= 

Áðü ôçí ôåëåõôáßá ó·Ýóç Ýðåôáé üôé ( ()) 6= () (êáèüôé ç  åßíáé åíñéðôéêÞ).

Áõôü óçìáßíåé üôé  () ∈supp()⇒  ( ()) =  ()  ïðüôå

( ◦ ) () =  ( ()) =  () =  ( ()) = ( ◦ ) ()  ∀ ∈ supp()

Ìå áíÜëïãç åðé·åéñçìáôïëïãßá (ýóôåñá áðü åíáëëáãÞ ôùí ñüëùí ôùí  êáé )

áðïäåéêíýåôáé üôé ç (3.1) åßíáé áëçèÞò áêüìç êáé ãéá ôïõò öõóéêïýò  ôïõò áíÞ-

êïíôåò óôïí öïñÝá ôÞò   ¤

3.1.8 ÐáñáôÞñçóç. Ôï áíôßóôñïöï ôÞò ðñïôÜóåùò 3.1.7 äåí åßíáé áëçèÝò. Åðß

ðáñáäåßãìáôé, åíôüò ôÞòS4 ïé ìåôáôÜîåéò

 :=

∙
1 2 3 4

2 1 4 3

¸
  :=

∙
1 2 3 4

3 4 1 2

¸
åßíáé áìïéâáßùò ìåôáôéèÝìåíåò ìå

 ◦  =  ◦  =
∙
1 2 3 4

4 3 2 1

¸


áëëÜ äåí åßíáé îÝíåò ìåôáîý ôïõò, äéüôé supp()∩ supp() = {1 2 3 4} 6= ∅
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3.2 ÊÕÊËÏÉ

3.2.1 Ïñéóìüò. Ìéá ìåôÜôáîç  ∈ S ëÝãåôáé êýêëïò ìÞêïõò  (üðïõ  ∈ N) Þ
-êýêëïò êáé ãñÜöåôáé ùò [1 2  ] üôáí õðÜñ·ïõí  óáöþò äéáêåêñéìÝíïé
áñéèìïß 1 2  áðü ôï óýíïëï {1 } ( ≤ ), ïýôùò þóôå íá éó·ýåé⎧⎨⎩

 (1) = 2  (2) = 3  (−1) =   () = 1 (ãéá  ≥ 2)
( (1) = 1 ãéá  = 1) êáé  () =  ∀ ∈ {1  }r{1  }

(Ðñïöáíþò, supp([1 2  ]) = {1 2 } üôáí  ≥ 2 êáé êÜèå 1-êýêëïò
éóïýôáé ìå ôçí id) Ï óõìâïëéóìüò ãéá ôï «ãéíüìåíï» (= óýíèåóç) äõï êýêëùí

áêïëïõèåß ôç óõëëïãéóôéêÞ åêåßíïõ ðïõ ðñïáíáöÝñáìå ãéá ôéò ìåôáôÜîåéò. ¸ôóé

ð.·. åíôüò ôÞòS  ≥ 3 Ý·ïõìå [2 3] ◦ [1 2] = [1 3 2] êáé åíôüò ôÞò S  ≥ 8∙
1 2 3 4 5 6 7 8

8 1 6 7 3 5 4 2

¸
= [1 8 2] ◦ [3 6 5] ◦ [4 7] 

Ïé 2-êýêëïé ïíïìÜæïíôáé, éäéáéôÝñùò, áíôéìåôáèÝóåéò.

3.2.2 ÐáñÜäåéãìá. Ôá óôïé·åßá ôÞò S3 åßíáé ôá

id [1 2]  [1 3]  [2 3]  [1 2 3]  [1 3 2] 

ìå [1 2 3] = [1 3] ◦ [1 2] êáé [1 3 2] = [2 3] ◦ [1 2]  åíþ ï êáôÜëïãïò ôÞò ðñÜîåùò ‘‘◦''
ôÞòS3 åßíáé ï åîÞò:

◦ id [1 2] [1 3] [2 3] [1 2 3] [1 3 2]

id id [1 2] [1 3] [2 3] [1 2 3] [1 3 2]

[1 2] [1 2] id [1 3 2] [1 2 3] [2 3] [1 3]

[1 3] [1 3] [1 2 3] id [1 3 2] [1 2] [2 3]

[2 3] [2 3] [1 3 2] [1 2 3] id [1 3] [1 2]

[1 2 3] [1 2 3] [1 3] [2 3] [1 2] [1 3 2] id

[1 3 2] [1 3 2] [2 3] [1 2] [1 3] id [1 2 3]

Ç åêôÝëåóç ðñÜîåùí ìå êýêëïõò äéåõêïëýíåôáé áéóèçôÜ åÜí êáíåßò ëÜâåé õð' üøéí

ïñéóìÝíåò ·áñáêôçñéóôéêÝò éäéüôçôÝò ôïõò ðïõ äßäïíôáé óôçí åðüìåíç ðñüôáóç.
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3.2.3 Ðñüôáóç. (Éäéüôçôåò êýêëùí) Ãéá ôïõò -êýêëïõò (åíôüò ôÞò S) éó·ýïõí
ôá åîÞò :

(i) [1 2  ] = [2 3   1] = · · · = [ 1  −1] Þôïé üëåò ïé «êõêëéêÝò
åíáëëáãÝò» ôùí  óôïé·åßùí åíüò -êýêëïõ åßíáé ßóåò ìåôáîý ôïõò.

(ii)¼ôáí  ≥ 3 ôüôå [1 2  ] = [1   ] ◦ [ +1  ] ∀ ∈ {2  − 1}
(iii)¼ôáí  ≥ 3 ôüôå

[1 2  ] = [1 2] ◦ [2 3] ◦ · · · ◦ [−1 ] (3.2)

êáé

[1 2  ] = [1 ] ◦ [1 −1] ◦ · · · ◦ [1 2] (3.3)

(iv) Ãéá êÜèå ∈ N éó·ýåé ç éóüôçôá

[1 2  ]
 =

∙
1 2 · · · 

+1 +2 · · · +

¸


üðïõ ïé (õðï)äåßêôåò ôÞò êÜôù ãñáììÞò ïöåßëïõí íá «äéáâÜæïíôáé êáôÜ ìüäéï »
Þôïé +1 = 1 +2 = 2 + =  üðïõ  ≡ (mod ) (  ∈ N)
(v) ord([1 2  ]) = 

(vi) [1 2  ]
−1 = [ −1  1]

(vii) Ãéá êÜèå  ∈ S éó·ýåé ç éóüôçôá

 ◦ [1 2  ] ◦ −1 = [(1) (2) ()] (3.4)

Áðïäåéîç. Ôï (i) åßíáé åî ïñéóìïý ðñïöáíÝò. Ôï (ii) åßíáé Üìåóç óõíÝðåéá ôïý

õðïëïãéóìïý ôïý ãéíïìÝíïõ (= óõíèÝóåùò).

(iii) Ç éóüôçôá (3.2) Ýðåôáé áðü ôï (ii) (ãéá  = 2) êáé åöáñìïãÞ ôÞò ðñþôçò ìïñöÞò

ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  åêêéíþíôáò áðü ôïí  = 3 Ç (3.3)

éó·ýåé ãéá  = 3 äéüôé ôï [1 3] ◦ [1 2] éóïýôáé ìå∙
1 · · · 2 · · · 3
3 · · · 2 · · · 1

¸
◦
∙
1 · · · 2 · · · 3
2 · · · 1 · · · 3

¸
= [1 2 3]

Ãéá  ≥ 4 áñêåß íá åöáñìüóïõìå åê íÝïõ ôçí ðñþôç ìïñöÞ ôÞò ìáèçìáôéêÞ åðá-

ãùãÞò ùò ðñïò ôïí 

(iv) Åäþ åöáñìüæåôáé êëáóéêÞ ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  Ãéá  = 1

ï éó·õñéóìüò åßíáé ðñïöáíþò áëçèÞò. ÅÜí õðïèÝóïõìå üôé åßíáé áëçèÞò ãéá êÜ-

ðïéïí ≥ 1 ôüôå
[1 2  ]

+1 = [1 2  ]
 ◦ [1 2  ]

=

∙
1 2 · · · 

+1 +2 · · · +

¸
◦
∙
1 2 · · · 
2 3 · · · 1

¸
=

∙
1 2 · · · 

+2 +3 · · · +1+

¸
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üðïõ ç äåýôåñç éóüôçôá Ýðåôáé áðü ôçí åðáãùãéêÞ ìáò õðüèåóç.

(v) ÅÜí  := [1 2  ] ôüôå áðü ôï (iv) ëáìâÜíïõìå

 = [1 2  ]


=

∙
1 2 · · · 
+1 +2 · · · +

¸
=

∙
1 2 · · · 
1 2 · · · 

¸
= id

ÅÜí  ∈ {1   − 1} ôüôå () = + ∀ ∈ {1  } ïðüôå

 +  6≡ (mod )∀ ∈ {1  } =⇒  6= id =⇒ ord ([1 2  ]) = 

(vi) Ãéá  = 1 ôïýôï åßíáé ðñïöáíÝò. Ãéá  ≥ 2 Ý·ïõìå

[1 2  ]
−1 = [1 2  ]−1 =

∙
1 2 · · · 
 +1 · · · 2−1

¸
=

∙
1 2 · · · 
 1 · · · −1

¸
= [ −1  1]

üðïõ ç ðñþôç éóüôçôá Ýðåôáé áðü ôï (v), êáé ç äåýôåñç êáé ç ôñßôç áðü ôï (iv),

êáèüóïí ôï 2 − 1 ãñÜöåôáé ùò ( − 1) + 

(vii) ¼ôáí Ý·ïõìå  = 1 ç éóüôçôá (3.4) åßíáé ðñïöáíÞò. Ãéá ïéáäÞðïôå áíôéìåôÜ-

èåóç (= 2-êýêëï) [1 2] (åíôüò ôÞò S) êáé  ∈ S ç åéêüíá åíüò  ∈ {1  }
ìÝóù ôÞò óõíèÝóåùò  ◦ [1 2] ◦ −1 éóïýôáé ìå

( ◦ [1 2] ◦ −1)() =
⎧⎨⎩

 üôáí −1() ∈ {1  }r{1 2}
 (1)  üôáí −1() = 2 (⇔  =  (2))

 (2)  üôáí −1() = 1 (⇔  =  (1))

áð' üðïõ Ýðåôáé üôé  ◦ [1 2] ◦ −1 = [(1) (2)] ïðüôå ç éóüôçôá (3.4) åßíáé
áëçèÞò êáé ãéá êÜèå áíôéìåôÜèåóç (åíôüò ôÞò S). Óôçí ðåñßðôùóç èåùñÞóåùò
-êýêëùí [1 2  ] üðïõ  ≥ 3 ·ñçóéìïðïéïýìå ôï (iii): Ãéá êÜèå  ∈ S

Ý·ïõìå

 ◦ [1 2  ] ◦ −1 =  ◦ [1 2] ◦ [2 3] ◦ · · · ◦ [−1 ] ◦ −1

=
¡
 ◦ [1 2] ◦ −1

¢ ◦ ¡ ◦ [2 3] ◦ −1¢ ◦ · · · ◦ ¡ ◦ [−1 ] ◦ −1¢
= [(1) (2)] ◦ [(2) (3)] ◦ · · · ◦ [(−1) ()] = [(1) (2) ()]

üðïõ ç ðñïôåëåõôáßá éóüôçôá Ýðåôáé áðü ü,ôé åß·áìå áðïäåßîåé ðñïçãïõìÝíùò ãéá

ôéò áíôéìåôáèÝóåéò. Ùò åê ôïýôïõ, ç éóüôçôá (3.4) åßíáé áëçèÞò ãéá ïéïõóäÞðïôå
-êýêëïõò (åíôüò ôÞò S). ¤

3.2.4 ËÞììá. ÅÜí äõï êýêëïé   ∈ S åßíáé îÝíïé ìåôáîý ôïõò, ôüôå ìåôáôßèåíôáé
áìïéâáßùò, äçëáäÞ  ◦  =  ◦ 
Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 3.1.7. ¤
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3.2.5 ËÞììá. ÅÜí ìéá ìåôÜôáîç  ∈ S ãñÜöåôáé õðü ôç ìïñöÞ

 = 1 ◦ 2 ◦ · · · ◦  ( ∈ N)
åðáëëÞëùí óõíèÝóåùí áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí 1 2  ∈ S êáé
åÜí õðÜñ·åé  ∈ {1  } ïýôùò þóôå  ∈ supp() ãéá êÜðïéïí  ∈ {1  } ôüôå

() =  () ∀ ∈ N
Áðïäåéîç. ÅðåéäÞ ïé 1 2  åßíáé áíÜ äýï îÝíïé ìåôáîý ôïõò êýêëïé, ôï ëÞììá

3.2.4 ìáò åðéôñÝðåé íá ãñÜøïõìå ôçí  ùò åîÞò:

 = ̌ ◦  üðïõ ̌ := 1 ◦ · · · ◦ −1 ◦ +1 ◦ · · · ◦  
Ðñïöáíþò, ïé ̌  åßíáé ìåôáîý ôïõò îÝíåò ìåôáôÜîåéò. ÊáôÜ óõíÝðåéáí, ̌() = 

(ðñâë. ðñüôáóç 3.1.5) êáé

̌ ◦  =  ◦ ̌ (3.5)

(êáé ðÜëé ëüãù ôïý ëÞììáôïò 3.2.4). ÊÜíïíôáò ·ñÞóç ôÞò êëáóéêÞò ìáèçìáôéêÞò

åðáãùãÞò ùò ðñïò ôïí  êáé ôÞò éóüôçôáò (3.5) áðïäåéêíýïõìå üôé

(̌ ◦ ) = ( ◦ ̌) =  ◦ ̌ ∀ ∈ N
ÅðïìÝíùò, () = ( ◦ ̌) () =  (̌

()) =  (̌
−1()) = · · · =  () ãéá êÜèå

 ∈ N ¤

3.2.6 ËÞììá. ÅÜí ïé   ∈ S åßíáé êýêëïé êáé åÜí õðÜñ·åé  ∈ {1  } ïýôùò
þóôå  ∈ supp()∩ supp() ôüôå éó·ýåé ç áêüëïõèç óõíåðáãùãÞ :

[() = () ∀ ∈ N] =⇒  =  

Áðïäåéîç. Ëüãù ôïý (i) ôÞò ðñïôÜóåùò 3.2.3 ìðïñïýìå äß·ùò âëÜâç ôÞò ãåíéêü-

ôçôáò íá õðïèÝóïõìå üôé

 = [1 2   ]  = [1 2  ] üðïõ 1 = 1 = 

ÊáôÜ ôï 3.2.3 (iv), +1 = () ãéá êÜèå  1 ≤    êáé +1 = () ãéá êÜèå

 1 ≤    Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò õðïèÝôïõìå üôé  ≤ Ðñïöáíþò,

[() = () ∀ ∈ N] =⇒ 2 = 2   = 

êáé (ôáõôï·ñüíùò) +1 = () = () =  = 1 (äéüôé 
 = id, ëüãù ôïý 3.2.3

(v)), ïðüôå Ý·ïõìå êáô' áíÜãêçí  =  êáé  =   ¤

3.2.7 Èåþñçìá. KÜèå ìç ôáõôïôéêÞ ìåôÜôáîç áíÞêïõóá óôçíS  ≥ 2 åßôå åßíáé
áö' åáõôÞò Ýíáò êýêëïò åßôå ìðïñåß íá ãñáöåß õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí
(ðåðåñáóìÝíïõ ðëÞèïõò) áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí ìÞêïõò≥ 2 Åðéðñï-
óèÝôùò, ìéá ôÝôïéá Ýêöñáóç åßíáé ìïíïóçìÜíôùò ïñéóìÝíç (åíäå·ïìÝíùò ýóôåñá
áðü êÜðïéá áíáäéÜôáîç ôùí ìåôå·üíôùí êýêëùí).
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Áðïäåéîç. 1) Åðáëçèåõóç ðñùôïõ éó·õñéóìïõ. ÅðåéäÞ  ∈ Sr{id} Ý·ïõìå
ðñïöáíþò ∅ 6= supp() ⊆ {1 2  } ÈÝôïõìå2

1 := min(supp()) êáé 1 := min{ ∈ N
¯̄
 (1) = 1 }

êáé ïñßæïõìå ôïí 1-êýêëï 1 := [1  (1) 
2 (1)  

1−1 (1)] üðïõ 1 ≥ 2 ÅÜí
supp() = supp(1) ôüôå  = 1 ÅéäÜëëùò, supp(1) $ supp() èÝôïõìå

2 := min(supp()rsupp(1)) êáé 2 := min{ ∈ N
¯̄
 (2) = 2 }

êáé ïñßæïõìå ôïí 2-êýêëï 2 := [2  (2) 
2 (2)  

2−1 (2)] üðïõ 2 ≥ 2 ÅÜí
supp() = supp(1)∪ supp(2) ôüôå ç  éóïýôáé ìå ôïí êýêëï 1 ◦ 2 ÅéäÜëëùò,
supp(1)∪ supp(2) $ supp() èÝôïõìå

3 := min(supp()r(supp(1) ∪ supp(2))) êáé 3 := min{ ∈ N
¯̄
 (3) = 3 }

ïñßæïõìå ôïí 3-êýêëï 3 := [3  (3) 2 (3)  
3−1 (3)] üðïõ 3 ≥ 2 êáé

óõíå·ßæïõìå ôçí êáôáóêåõÞ äéáäï·éêþí êýêëùí êáô' áõôüí ôïí ôñüðï. ÅðåéäÞ ôï

óýíïëï {1 2  } åßíáé ðåðåñáóìÝíï, ç åí ëüãù äéáäéêáóßá ðåñáôïýôáé ýóôåñá

áðü  ≤ ¥2¦ âÞìáôá° óõãêåêñéìÝíá, üôáí
supp() =

S
=1

supp() =⇒  = 1 ◦ 2 ◦ · · · ◦  

ÁðïìÝíåé íá áðïäåé·èåß üôé ïé áíùôÝñù êýêëïé åßíáé áíÜ äýï îÝíïé ìåôáîý ôïõò.

Êáô' áñ·Üò ðáñáôçñïýìå üôé

() =  () ∀ ∈ {1  } êáé ∀ ∈ Z (3.6)

ÐñÜãìáôé° åÜí  ∈ {1  } ôüôå êÜèå ∈ Z ãñÜöåôáé õðü ôç ìïñöÞ = +
ãéá êÜðïéï ìïíïóçìÜíôùò ïñéóìÝíï æåýãïò ( ) ∈ Z×Z üðïõ 0 ≤  ≤ − 1
(Bë. èåþñçìá B.1.6.) ÅðåéäÞ ord() =  Ý·ïõìå 


 =  êáé

  () = 1+−1() = () (áðü ôï 3.2.3 (iv))

() = +()

= (sign() ◦ · · · ◦ sign()| {z }
|| öïñÝò

()) = ()

¡
êáèüôé () = 

¢

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
⇒ () =  ()

Áò õðïèÝóïõìå üôé õðÜñ·ïõí  0 ∈ {1  }   0 ìå supp()∩ supp(0) 6= ∅
¸óôù ôõ·üí óôïé·åßï  ∈ supp()∩ supp(0)Ðñïöáíþò,

∃ (0) ∈ N0 ×N0 :  = () = 
0
(0)

2Ãéá ïéïíäÞðïôå  ∈ supp() ôï óýíïëï{ () | ∈ N} åßíáé ðñïäÞëùò ðåðåñáóìÝíï. ÊáôÜ óõíÝðåéáí, õðÜñ·ïõí

 0 ∈ N   0 ïýôùò þóôå íá éó·ýåé  () = 
0
()  áð' üðïõ Ýðåôáé üôé −

0
() =  Áõôü óçìáßíåé üôé

ôï { ∈ N
¯̄̄
 () =  } åßíáé Ýíá ìç êåíü õðïóýíïëï ôïý N ðåñéÝ·ïí (óýìöùíá ìå ôçí áñ·Þ ôÞò êáëÞò äéáôÜîåùò

ôïý N) åëÜ·éóôï óôïé·åßï.
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H (3.6) äßäåé 0 = −
0
(()) = −

0
() = −

0
 () ⇒ 0 ∈ supp( )

Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ

0 := min(supp()r(supp(1) ∪ · · · ∪ supp() ∪ · · · ∪ supp( 0−1)))

Ý·ïõìå 0 ∈ supp() ¢ñá ïé 1   åßíáé üíôùò áíÜ äýï îÝíïé ìåôáîý ôïõò.

2) Åðáëçèåõóç äåõôåñïõ éó·õñéóìïõ. ¸óôù  ∈ Sr{id} ÕðïèÝôïõìå üôé ç

 ãñÜöåôáé õðü ôç ìïñöÞ

 = 1 ◦ 2 ◦ · · · ◦  = 1 ◦ 2 ◦ · · · ◦ 0   0 ∈ N

üðïõ ïé 1 2  (êáé, áíôéóôïß·ùò, ïé 1 2 0) åßíáé êýêëïé áíÜ äýï îÝ-

íïé ìåôáîý ôïõò ìÞêïõò≥ 2Èá åöáñìüóïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò

åðáãùãÞò ùò ðñïò ôïí  := max{ 0}. ¼ôáí  = 1 ôüôå  = 0 = 1 êáé ï éó·õ-

ñéóìüò åßíáé ðñïöáíþò áëçèÞò. ÕðïèÝôïíôáò üôé áõôüò åßíáé áëçèÞò ãéá üëïõò

ôïõò öõóéêïýò áñéèìïýò ðïõ åßíáé ìéêñüôåñïé åíüò  ≥ 2 áñêåß íá áðïäåßîïõìå

ôçí ïñèüôçôÜ ôïõ êáé ãéá ôïí ßäéïí ôïí  ÅðåéäÞ  6= id, ∃ ∈ {1  } :  () 6= 

êáé ∃ ∈ {1  } 0 ∈ {1  0} :  ∈ supp()∩ supp(0)ÊáôÜ ôï ëÞììá 3.2.5,

() =  () = 0() ∀ ∈ N

ïðüôå ôï ëÞììá 3.2.6 ìáò ðëçñïöïñåß üôé   = 0 ÅîÜëëïõ, äõíÜìåé ôïý ëÞììáôïò
3.2.4 êáé ôïý íüìïõ ôÞò äéáãñáöÞò 2.1.9 (i) óõíÜãåôáé üôé

1 ◦ · · · ◦ −1 ◦  ◦ +1 ◦ · · · ◦  = 1 ◦ · · · ◦ 0−1 ◦ 0 ◦ 0+1 ◦ · · · ◦ 0
⇒ (1 ◦ · · · ◦ −1 ◦ +1 ◦ · · · ◦ ) ◦  =

¡
1 ◦ · · · ◦ 0−1 ◦ 0+1 ◦ · · · ◦ 0

¢ ◦ 0
⇒ 1 ◦ · · · ◦ −1 ◦ +1 ◦ · · · ◦  = 1 ◦ · · · ◦ 0−1 ◦ 0+1 ◦ · · · ◦ 0

Óôï áñéóôåñü ìÝëïò ôÞò ôåëåõôáßáò éóüôçôáò åìöáíßæïíôáé  − 1 êýêëïé êáé óôï

äåîéü ìÝëïò 0 − 1 êýêëïé, ïðüôå max{ − 1 0 − 1}   ÊáôÜ ôçí åðáãùãéêÞ

ìáò õðüèåóç,  − 1 = 0 − 1 (ïðüôå  = 0) êáé õðÜñ·åé êÜðïéá áìößññéøç (Þôïé

êÜðïéá áíáäéÜôáîç äåéêôþí)

 : {1  − 1 + 1  } −→ {1  0 − 1 0 + 1  }

ìå  = () ãéá êÜèå  ∈ {1   − 1  + 1  } ÅðåéäÞ   = 0  ïñßæåôáé ç

áìößññéøç  : {1  } −→ {1  } ìÝóù ôïý ôýðïõ

() :=

½
 ()  üôáí  ∈ {1  − 1 + 1  }
0 üôáí  = 

Ðñïöáíþò,  = () ãéá êÜèå  ∈ {1  } êáé ç áðüäåéîç ëÞãåé åäþ. ¤

3.2.8 ÐáñÜäåéãìá. Ãéá ôç ìåôÜôáîç

 :=

∙
1 2 3 4 5 6 7 8

6 4 7 2 5 1 8 9

9

3

¸
∈ S9
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ëáìâÜíïõìå supp() = {1 2 3 4 6 7 8 9} 1 = 1 1 = 2 1 = [1 6] êáé
supp()rsupp(1) = {2 3 4 7 8 9} 2 = 2 2 = 2 2 = [2 4]

supp()r
2S

=1

supp() = {3 7 8 9} 3 = 3 3 = 4 3 = [3 7 8 9]

ïðüôå  = 1 ◦ 2 ◦ 3 (Ôï 5 äåí åìöáíßæåôáé äéüôé ìÝíåé áìåôÜâëçôï ìÝóù ôÞò )

3.2.9 Óçìåßùóç. Ï ëïãéóìüò ìå ôïõò êýêëïõò êáé ôéò ìåôáôÜîåéò áíáðôý·èçêå

ðëÞñùò áðü ôïí ÃÜëëï ìáèçìáôéêü Augustin-Louis Cauchy (1789-1857) ðåñß ôï3

1815 Áõôüò åß·å êáô' ïõóßáí áðïäåßîåé êáé ôï èåþñçìá 3.2.7, áí êáé ðïëëÜ óõ-

íáöÞ ëÞììáôá êáé áðïôåëÝóìáôá (üðùò åßíáé ôï ðüñéóìá 3.2.10) Þôáí Þäç ãíùóôÜ

(ôïõëÜ·éóôïí óå õðïëïãéóôéêü åðßðåäï) Þäç áðü ôá ôÝëç ôïý 18ïõ áéþíá.

3.2.10 Ðüñéóìá. (P. Ruffini, 1799) ÅÜí ìéá ìåôÜôáîç  ∈ Sr{id}  ≥ 2 ãñá-
öåß õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí  = 1 ◦2 ◦ · · ·◦ -áíÜ äýï îÝíùí ìåôáîý
ôïõò- êýêëùí 1  ìå ìÞêç 1  ≥ 2, áíôéóôïß·ùò, ôüôå 4

ord () = åêð(1 )

Áðïäåéîç. Áðü ôï (v) ôÞò ðñïôÜóåùò 3.2.3 ãíùñßæïõìå üôé  = ord( ) ãéá êÜèå

 ∈ {1 } ÈÝôïõìå5  := åêð(1 ) ÅðåéäÞ ïé 1  åßíáé áíÜ äýï îÝíïé

ìåôáîý ôïõò, ìåôáôßèåíôáé áìïéâáßùò áíÜ äýï (âë. ëÞììá 3.2.4). ÅðïìÝíùò,

 = (1 ◦ 2 ◦ · · · ◦ ) = 1 ◦ 2 ◦ · · · ◦ 
= (11 )


1 ◦ (22)


2 ◦ · · · ◦ ( )


 = id ◦ id ◦ · · · ◦ id = id,

êáé, ùò åê ôïýôïõ,

 ≥ ord() (3.7)

¸óôù ôþñá ôõ·þí  ∈ N ìå  = id. ÅðåéäÞ ïé 1  ìåôáôßèåíôáé áìïéâáßùò

áíÜ äýï, Ý·ïõìå id =  = (1 ◦ 2 ◦ · · · ◦ ) = 1 ◦ 2 ◦ · · · ◦   Áò õðï-

èÝóïõìå üôé ∃0 ∈ {1 } ôÝôïéïò þóôå íá éó·ýåé 0 6= id. Ôüôå 0 () 6=  ãéá

êÜðïéï  ∈ {1 } ÅðåéäÞ ç 0 «ìåôáêéíåß» (Þôïé ìåôáôÜóóåé êõñéïëåêôéêþò )
ôï  èá ôï ìåôáêéíåß êáé ç  0 (äéüôé áëëéþò,  0() = ⇒ 0 () = ). Êé åðåéäÞ

ïé 1  åßíáé áíÜ äýï îÝíïé ìåôáîý ôïõò, èá Ý·ïõìå

 () =  ∀ ∈ {1 }r{0} =⇒  () =  ∀ ∈ {1 }r{0}
ïðüôå (1 ◦ 2 ◦ · · · ◦  ) () 6=  =⇒ 1 ◦ 2 ◦ · · · ◦  6= id. ¢ôïðï! ÊáôÜ

óõíÝðåéáí, 1 = 2
 = · · · =  = id ÄõíÜìåé ôÞò ðñïôÜóåùò 2.3.8,  |  ãéá

êÜèå  ∈ {1 } ïðüôå (ëüãù ôÞò ðñïôÜóåùò B.2.25)

 |  =⇒  ≤  =⇒  ≤ ord() (3.8)

Áðü ôéò (3.7) êáé (3.8) Ýðåôáé üôé  = ord() ¤
3Âë. Mªmoire sur le nombre des valeurs qu'une fonction peut acqu'erir lorsqu'on y permute de toutes les manieères
possibles les quantitªs qu'elle renferme, J. de l' École Polyt. XVII Cahier, Tome X (1815). 1-28
4Óôçí åéäéêÞ ðåñßðôùóç üðïõ  = 1 ëáìâÜíïõìå ord() = 1 (Âë. 3.2.3 (v).)

5ÅÜí  = 1 ôüôå èÝôïõìå áðëþò  := 1
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3.2.11 Ðüñéóìá. ÊÜèå ìåôÜôáîç åíôüò ôÞò S  ≥ 2 ìðïñåß íá ãñáöåß õðü ôç
ìïñöÞ åðáëëÞëùí óõíèÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò ) áíôéìåôáèÝóåùí.

Áðïäåéîç. ÅÜí  ∈ Sr{id} ôüôå áõôü Ýðåôáé Üìåóá áðü ôïí óõíäõáóìü ôïý

èåùñÞìáôïò 3.2.7 ìå ôçí éóüôçôá (3.2) (Þ, åíáëëáêôéêþò, ôçí éóüôçôá (3.3)) ôïý

(iii) ôÞò ðñïôÜóåùò 3.2.3. ÅîÜëëïõ, ãéá ôçí id Ý·ïõìå

id = [1 2 ] = ([1 2] ◦ [2 3] ◦ · · · ◦ [− 1 ])

ëüãù ôùí (v) êáé (iii) ôÞò ðñïôÜóåùò 3.2.3. ¤

3.2.12 Ðüñéóìá. ¼ôáí  ∈ N  ≥ 2 ôüôå ç óõììåôñéêÞ ïìÜäáS ðáñÜãåôáé áðü
ôï óýíïëï ôùí áíôéìåôáèÝóåþí ôçò.

3.2.13 Ðüñéóìá. ¸óôù  ∈ N  ≥ 2 Ôüôå éó·ýïõí ôá áêüëïõèá :
(i)S = h{[1 ] |  ∈ {2  }}i 
(ii)S = h{[  + 1] |  ∈ {1  − 1}}i 
(iii)S = h[1 2] [1 2 ]i  üôáí  ≥ 3
Áðïäåéîç. (i) Ëüãù ôïý ðïñßóìáôïò 3.2.12 áñêåß íá äåé·èåß üôé êÜèå áíôéìåôÜ-

èåóç áíÞêïõóá óôçí S ìðïñåß íá ãñáöåß ùò óýíèåóç (ðåðåñáóìÝíïõ ðëÞèïõò)

áíôéìåôáèÝóåùí ôÞò ìïñöÞò [1 ] (üðïõ  ∈ {2  }). ¸óôù ôõ·ïýóá áíôéìåôÜ-

èåóç [1 2] ∈ S ÅÜí Ýíáò åê ôùí 1 2 éóïýôáé ìå 1 ôüôå ç [1 2] åßíáé áõôÞò

ôÞò ìïñöÞò (ðñâë. 3.2.3 (i)). ÅÜí1 6= 1 êáé2 6= 1 ôüôå áñêåß íá ðáñáôçñÞóïõìå

üôé [1 2] = [1 1] ◦ [1 2] ◦ [1 1]
(ii) Ëüãù ôïý (i) åßíáé áñêåôü íá äåé·èåß üôé êÜèå áíôéìåôÜèåóç ôÞò ìïñöÞò [1 ]
(üðïõ  ∈ {2  }) ìðïñåß íá ãñáöåß ùò óýíèåóç (ðåðåñáóìÝíïõ ðëÞèïõò) áíôé-
ìåôáèÝóåùí ôÞò ìïñöÞò [  + 1] (üðïõ  ∈ {1   − 1}). Ðñïò ôïýôï áñêåß íá
ðáñáôçñÞóïõìå üôé

[1 ] = [1 − 1] ◦ [− 1 ] ◦ [1 − 1]
= [1 − 2] ◦ [− 2 − 1] ◦ [1 − 2] ◦ [− 1 ] ◦ [1 − 2] ◦ [− 2 − 1] ◦ [1 − 2]
= [1 − 2] ◦ [− 2 − 1] ◦ [− 1 ] ◦ [1 − 2]2 ◦ [− 2 − 1] ◦ [1 − 2]
= [1 − 2] ◦ [− 2 − 1] ◦ [− 1 ] ◦ [− 2 − 1] ◦ [1 − 2]
= · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

= [1 2] ◦ [2 3] ◦ [3 4] ◦ · · ◦ [− 2 − 1] ◦ [− 1 ] ◦ [− 2 − 1] ◦ · · ◦ [3 4] ◦ [2 3] ◦ [1 2] 

(iii) Ëüãù ôïý (ii) áñêåß íá äåé·èåß üôé êÜèå áíôéìåôÜèåóç ôÞò ìïñöÞò [  + 1]

(üðïõ  ∈ {1   − 1}) áíÞêåé óôçí õðïïìÜäá ôÞò S ðïõ ðáñÜãåôáé áðü ôïõò

êýêëïõò  := [1 2] êáé  := [1 2  ] Åöáñìüæïíôáò ôçí (3.4) ãéá ôç ìåôÜôáîç

−1 ∈ S ëáìâÜíïõìå

−1 ◦  ◦ (−1)−1 = −1 ◦ [1 2] ◦ (−1)−1 = [−1(1) −1(2)] = [  + 1]

áðïêôþíôáò êáô' áõôüí ôïí ôñüðï ôçí åðéèõìçôÞ Ýêöñáóç ôÞò [  + 1] ¤
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3.3 ÁÑÔÉÅÓ ÊÁÉ ÐÅÑÉÔÔÅÓ ÌÅÔÁÔÁÎÅÉÓ

¸óôù ôõ·ïýóá ìåôÜôáîç  ∈ Sr{id} (üðïõ  ≥ 2). ÁõôÞ, óýìöùíá ìå ôï

èåþñçìá 3.2.7, ìðïñåß íá ãñáöåß ìïíïóçìÜíôùò õðü ôç ìïñöÞ åðáëëÞëùí óõí-

èÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò) áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí ìÞêïõò ≥ 2
(åíäå·ïìÝíùò ýóôåñá áðü êÜðïéá áíáäéÜôáîç ôùí ìåôå·üíôùí êýêëùí). ¼ìùò ç

ÝêöñáóÞ ôçò õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò) áíôé-

ìåôáèÝóåùí (âë. ðüñéóìá 3.2.11) äåí åßíáé êáô' áíÜãêçí ìïíïóçìÜíôùò ïñéóìÝíç°
åðß ðáñáäåßãìáôé, ãéá  = 6∙

1 2 3 4 5 6

5 4 3 6 1 2

¸
= [1 5] ◦ [2 4 6] = [1 5] ◦ [2 6] ◦ [2 4] 

ÅðåéäÞ [2 4 6] = [6 2 4]  ìðïñïýìå éóïäõíÜìùò íá ãñÜøïõìå áõôü ôï óôïé·åßï ôÞò

S6 êáé ùò∙
1 2 3 4 5 6

5 4 3 6 1 2

¸
= [1 5] ◦ [6 2 4] = [1 5] ◦ [6 4] ◦ [6 2] = [1 5] ◦ [4 6] ◦ [2 6] 

Ãéá ôçí Üíôëçóç áêüìç ðéï áðëþí ðáñáäåéãìÜôùí áõôïý ôïý åßäïõò, áñêåß êáíåßò

íá èåùñÞóåé ïéïíäÞðïôå êýêëï [1 2  ] ìÞêïõò  ≥ 3 åíôüò ôÞò S ( ≤ )

êáé íá åöáñìüóåé ôçí (3.2):

[1 2  ] = [1 2] ◦ [2 3] ◦ [3 4] ◦ · · · ◦ [−1 ] (3.9)

ÅðåéäÞ [1 2] ◦ [2 3] = [1 2 3] = [1 3] ◦ [1 2] (ìå ôçí ðñþôç éóüôçôá

éó·ýïõóá ëüãù ôÞò (3.2) êáé ôç äåýôåñç ëüãù ôÞò (3.3) ãéá  = 3) Ý·ïõìå

[1 2  ] = ([1 3] ◦ [1 2]) ◦ [3 4] ◦ · · · ◦ [−1 ] (3.10)

ìå ôéò (3.9) êáé (3.10) ðåñéÝ·ïõóåò äéáöïñåôéêÝò áíôéìåôáèÝóåéò! Ùóôüóï, áîßæåé íá

åðéóçìáíèåß üôé óå ïéåóäÞðïôå èåùñïýìåíåò åêöñÜóåéò ìéáò  ∈ Sr{id}  ≥ 2
õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí áíôéìåôáèÝóåùí ðåñéóþæåôáé ìéá ëßáí óçìá-

íôéêÞ éäéüôçôá: ôï ðëÞèïò ôùí åìöáíéæïìÝíùí áíôéìåôáèÝóåùí åßíáé Þ ðÜíôïôå Ýíáò
Üñôéïò Þ ðÜíôïôå Ýíáò ðåñéôôüò öõóéêüò áñéèìüò (âë. 3.3.5 (iv)).

3.3.1 Ïñéóìüò. (i) ¸óôù  ∈ N êáé Ýóôù  ∈ S ìéá ìåôÜôáîç. Ïñßæïõìå ùò ðá-

ñáâáôéêü æåýãïò6 (ãéá ôçí ) êÜèå äéáôåôáãìÝíï æåýãïò ( ) ∈ {1 }×{1 }
ãéá ôï ïðïßï éó·ýåé ç óõíåðáãùãÞ:

   =⇒  ()   () 

(ii) Ùò áðåéêüíéóç ðñïóçìÜíóåùò (ôùí óôïé·åßùí ôÞò S) ïñßæïõìå ôçí áðåéêü-

íéóç

sgn : (S ◦) −→ ({1−1}  ·) (3.11)

6Óå áõôÜ ôá óôïé·åßá ç  õðïðßðôåé óôçí «ðáñÜâáóç» ôÞò áíôéóôñïöÞò ôùí êáôåõèýíóåùí ôùí áíéóïôÞôùí (óôéò

åéêüíåò ôïõò). Ãé' áõôü êáé ðïëëÝò öïñÝò óôç âéâëéïãñáößá óõíáíôïýìå áíôß ôïý ðáñáâáôéêïý æåýãïõò ôïí üñï áíôé-
óôñïöÞ (ï ïðïßïò üìùò åíôÜóóåôáé óôçí êáôçãïñßá ôùí overused terms).
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ìÝóù ôïý ôýðïõ7:

sgn () :=

½
1 üôáí ç  äéáèÝôåé Ýíáí Üñôéï áñéèìü ðáñáâáôéêþí æåõãþí

−1 üôáí ç  äéáèÝôåé Ýíáí ðåñéôôü áñéèìü ðáñáâáôéêþí æåõãþí

ãéá êÜèå8  ∈ S.

(iii) Ìéá ìåôÜôáîç  ∈ S ïíïìÜæåôáé Üñôéá (êáé áíôéóôïß·ùò, ðåñéôôÞ) üôáí

sgn() = 1 (êáé áíôéóôïß·ùò, üôáí sgn() = −1).

3.3.2 ÐáñÜäåéãìá. Ôá ðáñáâáôéêÜ æåýãç ôÞò ìåôáôÜîåùò∙
1 2 3 4

2 1 4 3

¸
åßíáé ôá (1 2) êáé (3 4).

3.3.3 ËÞììá. ÊÜèå áíôéìåôÜèåóç  ∈ S  ≥ 2 åßíáé ðåñéôôÞ ìåôÜôáîç, äçëáäÞ

sgn () = −1

Áðïäåéîç. ¸óôù  = [ ]  üðïõ 1 ≤    ≤  Áñêåß íá êáôáìåôñÞóïõìå ôï

ðëÞèïò ôùí ðáñáâáôéêþí æåõãþí ôçò. ÃñÜöïíôÜò ôçí «óå ðëÞñç Ýêôáóç», ëáì-

âÜíïõìå "
1  − 1
1  − 1





+ 1   − 1
+ 1   − 1





 + 1  

 + 1  

#


Ðñïöáíþò, ôá ðáñáâáôéêÜ æåýãç -ðÝñáí ôïý éäßïõ ôïý ( )- áíÞêïõí óôçí Ýíùóç

äýï óõíüëùí:

{ ( ) | + 1 ≤  ≤  − 1} ∪ { ( ) | + 1 ≤  ≤  − 1}

ÅðåéäÞ êáèÝíá åî áõôþí Ý·åé ðëçèéêü áñéèìü ßóïí ìå  −  − 1, ç  äéáèÝôåé åí

óõíüëù 2 ( − − 1) + 1 = 2( − )− 1 ðáñáâáôéêÜ æåýãç. ¢ñá sgn() = −1 ¤

3.3.4 ËÞììá. Ç ôéìÞ ðïõ ëáìâÜíåé ïéáäÞðïôå ìåôÜôáîç  ∈ S  ≥ 1 ìÝóù ôÞò
áðåéêïíßóåùò ðñïóçìÜíóåùò ìðïñåß íá åêöñáóèåß ìå ôç âïÞèåéá ôïý áêïëïýèïõ
«êëåéóôïý» ôýðïõ :

sgn () =
Y

1≤≤

 ()−  ()

 − 


7Ç ôéìÞ sgn() ïíïìÜæåôáé ðñïóçìáóìÝíïò Üóïò (Þ -ðéï óýíôïìá, áëëÜ ü·é áêñéâïëïãçìÝíá- ðñüóçìï) ôÞò .

8ÓçìåéùôÝïí üôé sgn(id) = 1 (äéüôé ôï ðëÞèïò ôùí ðáñáâáôéêþí æåõãþí ôÞò id éóïýôáé ìå ôï 0).
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Áðïäåéîç. Êáô' áñ·Üò ðñÝðåé íá ôïíéóèåß üôé ôï ãéíüìåíï ôïý äåîéïý ìÝëïõò ìðï-
ñåß íá éäùèåß ùò Ýíá ìáêñý êëÜóìá óôï ïðïßï ôüóïí ï áñéèìçôÞò üóïí êáé ï ðáñï-
íïìáóôÞò ðåñéÝ·ïõí ôéò ßäéåò äéáöïñÝò° åíôïýôïéò, óôïí áñéèìçôÞáõôÝò âñßóêïíôáé
(åí ãÝíåé) óå Üëëåò èÝóåéò êáé ìÜëéóôá -óôçí ðåñßðôùóç åìöáíßóåùò ðáñáâáôéêþí
æåõãþí- ìå áñíçôéêü ðñüóçìï. ¸óôù  ï áñéèìüò ôùí ðáñáâáôéêþí æåõãþí (ãéá
ôçí ). Ôüôå

Y
1≤≤

( ()−  ()) =

⎛⎜⎝ Y
1≤≤
()()

 ()−  ()

⎞⎟⎠ · (−1) Y
1≤≤
()()

| ()−  ()|

= (−1)
Y

1≤≤
| ()−  ()| = (−1)

Y
1≤≤

( − ) 

ÓçìåéùôÝïí üôé óôçí ôåëåõôáßá éóüôçôá ·ñçóéìïðïéÞóáìå ôï ãåãïíüò ôïý üôé ôá

äýï ãéíüìåíá ðåñéÝ·ïõí ôïõò ßäéïõò ðáñÜãïíôåò (Ýóôù êé áí áõôïß ôý·åé íá åßíáé

ðáñáôåôáãìÝíïé êáôÜ äéáöïñåôéêü ôñüðï). Ôïýôï Ýðåôáé áðü ôçí áìöéññéðôéêü-

ôçôá ôÞò . ¤

3.3.5 Èåþñçìá. (i) Ãéá ôõ·ïýóåò   ∈ S (üðïõ  ≥ 1) Ý·ïõìå

sgn ( ◦ ) = sgn () · sgn () 

ïðüôå ç áðåéêüíéóç ðñïóçìÜíóåùò (3.11) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí.

(ii) Ãéá êÜèå  ∈ S (üðïõ  ≥ 1) Ý·ïõìå

sgn () = sgn
¡
−1

¢


(iii) ÅÜí ç ìåôÜôáîç  = 1 ◦ 2 ◦ · · · ◦  ∈ S  ≥ 2 óõíôßèåôáé áðü  áíôéìåôá-
èÝóåéò 1 2  ôüôå

sgn () = (−1) 

ÉäéáéôÝñùò, áõôÞ ç éóüôçôá éó·ýåé ãéá êÜèå (+1)-êýêëï 9  ∈ S (0 ≤  ≤ − 1)
(iv)ÅÜíìéá ìåôÜôáîç ∈ S  ≥ 2 ãñÜöåôáé õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí

 = 1 ◦ 2 ◦ · · · ◦  =  01 ◦  02 ◦ · · · ◦  0
 áíôéìåôáèÝóåùí 1  êáé -ôáõôï·ñüíùò-  áíôéìåôáèÝóåùí  01  0 üðïõ
  ∈ N ôüôå ôüóïí ï  üóïí êáé ï  åßíáé Þ ðÜíôïôå Ýíáò Üñôéïò Þ ðÜíôïôå Ýíáò
ðåñéôôüò öõóéêüò áñéèìüò.

9Ùò åê ôïýôïõ, Ýíáò -êýêëïò åíôüò ôÞòS (1 ≤  ≤ ) åßíáé Üñôéá (êáé áíôéóôïß·ùò, ðåñéôôÞ) ìåôÜôáîç åÜí êáé

ìüíïí åÜí ï  åßíáé ðåñéôôüò (êáé áíôéóôïß·ùò, Üñôéïò) öõóéêüò áñéèìüò.
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Áðïäåéîç. (i) Óýìöùíá ìå ôï ëÞììá 3.3.4 Ý·ïõìå

sgn ( ◦ ) =
Y

1≤≤

 ( ())−  ( ())

 − 

=
Y

1≤≤

 ( ())−  ( ())

 ()−  ()

Y
1≤≤

 ()−  ()

 − 


ÅðåéäÞ ëïéðüí ôï äåýôåñï ãéíüìåíï éóïýôáé ìå sgn(), áñêåß íá äåßîïõìå üôé ôï

ðñþôï éóïýôáé ìå ôï sgn(). ¼ìùò ôï ãéíüìåíï

Y
1≤≤

 ( ())−  ( ())

 ()−  ()

ãñÜöåôáé ùò áêïëïýèùò:

Y
1≤≤
()()

 ( ())−  ( ())

 ()−  ()

Y
1≤≤
()()

 ( ())−  ( ())

 ()−  ()

=
Y

1≤≤
()()

 ( ())−  ( ())

 ()−  ()

Y
1≤≤
()()

 ( ())−  ( ())

 ()−  ()

=
Y

()()

 ( ())−  ( ())

 ()−  ()


ÅðåéäÞ ç  åßíáé áìöéññéðôéêÞ, èá õðÜñ·ïõí ìïíáäéêïß  ∈ {1  } ãéá êÜèå
 , ôÝôïéïé þóôå  () =   () =  (êáé ôáíÜðáëéí ). ÅðïìÝíùò, ôï ôåëåõôáßï

áõôü ãéíüìåíï ðåñéÝ·åé (åíäå·ïìÝíùò ðáñáôåôáãìÝíïõò êáôÜ Ýíáí äéáöïñåôéêü

ôñüðï, ðñÜãìá ïõóéáóôéêþò áäéÜöïñï) ôïõò ßäéïõò ðáñÜãïíôåò ìå ôï ãéíüìåíï

Y


 ()−  ()

− 
= sgn () 

(ii) ¢ìåóï åðß ôç âÜóåé ôïý (i), êáèüóïí éó·ýåé:  ◦ −1 = id êáé sgn(id) = 1

(iii) Ôïýôï Ýðåôáé áðü ôï (i), ôï ëÞììá 3.3.3 êáé ôï (iii) ôÞò ðñïôÜóåùò 3.2.3.

(iv) Ðñïöáíþò,

1 ◦ 2 ◦ · · · ◦  =  01 ◦  02 ◦ · · · ◦  0
=⇒ (1 ◦ 2 ◦ · · · ◦ ) ◦ ( 01 ◦  02 ◦ · · · ◦  0)−1 = id
(i)
=⇒
(ii)

sgn (1 ◦ 2 ◦ · · · ◦ ) · sgn ( 01 ◦  02 ◦ · · · ◦  0) = 1
=⇒
(iii)

(−1) · (−1) = 1 =⇒ (−1)+ = 1

ïðüôå ôï Üèñïéóìá  +  ïöåßëåé íá åßíáé Ýíáò Üñôéïò öõóéêüò áñéèìüò. ¤
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3.3.6 Ðüñéóìá. Ãéá ïéåóäÞðïôå ìåôáôÜîåéò   ∈ S (üðïõ  ≥ 2) éó·ýïõí ôá
áêüëïõèá:

(i) ÅÜí ç  åßíáé Üñôéá, ôüôå êáé ç −1 åßíáé Üñôéá.

(ii) ÅÜí ç  åßíáé ðåñéôôÞ, ôüôå êáé ç −1 åßíáé ðåñéôôÞ.

(iii) ÅÜí áìöüôåñåò ïé   åßíáé Üñôéåò, ôüôå êáé ç  ◦  åßíáé Üñôéá.
(iv) ÅÜí áìöüôåñåò ïé   åßíáé ðåñéôôÝò, ôüôå ç  ◦  åßíáé Üñôéá.
(v) Ç 2 åßíáé ðÜíôïôå Üñôéá.

(vi) ÅÜí ç ìßá åê ôùí   åßíáé Üñôéá êáé ç Üëëç ðåñéôôÞ, ôüôå ç  ◦  åßíáé ðåñéôôÞ.
(vii) ÅÜí ç  ◦  åßíáé Üñôéá, ôüôå êáé ç  ◦  åßíáé Üñôéá.
(viii) ÅÜí ç  ◦  åßíáé ðåñéôôÞ, ôüôå êáé ç  ◦  åßíáé ðåñéôôÞ.

Áðïäåéîç. Ôá (i) êáé (ii) Ýðïíôáé Üìåóá áðü ôï 3.3.5 (ii), êáé ôá (iii), (iv), (v), (vi)

áðü ôï 3.3.5 (i).

(vii) ÅÜí ç  ◦ åßíáé Üñôéá, ôüôå (âÜóåé ôùí (iii), (iv) êáé (vi)) õðÜñ·ïõí äýï åíäå-

·üìåíá: Åßôå áìöüôåñåò ïé   åßíáé Üñôéåò åßôå áìöüôåñåò ïé   åßíáé ðåñéôôÝò.

¢ñá ç  ◦  ïöåßëåé íá åßíáé Üñôéá ëüãù ôùí (iii) êáé (iv) (êáôüðéí åíáëëáãÞò ôùí

ñüëùí ôùí  êáé ).

(viii) ÅÜí ç  ◦  åßíáé ðåñéôôÞ, ôüôå (âÜóåé ôùí (iii), (iv) êáé (vi)) ç ìßá åê ôùí  

åßíáé Üñôéá êáé ç Üëëç ðåñéôôÞ, ïðüôå êáé ç ◦ ïöåßëåé íá åßíáé ðåñéôôÞ ëüãù ôïý

(vi) (êáôüðéí åíáëëáãÞò ôùí ñüëùí ôùí  êáé ). ¤

3.3.7 Ðüñéóìá. ¸óôù  ∈ N  ≥ 2 êáé Ýóôù  ∈ Sr{id} ÃñÜöïíôáò ôçí 
(êáô' ïõóßáí ìïíïóçìÜíôùò) õðü ôç ìïñöÞ

 = 1 ◦ 2 ◦ · · · ◦  

üðïõ  ∈ N êáé   êýêëïò ìÞêïõò  ≥ 2 ãéá êÜèå  ∈ {1  } (üðùò óôï èåþñçìá
3.2.7), óõìðåñáßíïõìå üôé ç  åßíáé Üñôéá åÜí êáé ìüíïí åÜí ï áñéèìüò åêåßíùí ôùí
êýêëùí ðïõ Ý·ïõí Üñôéï ìÞêïò åßíáé Üñôéïò.

Áðïäåéîç. ÈÝôïíôáò  := card(A) üðïõ A := { ∈ {1  }|  ≡ 0(mod 2)}  ôá
(i) êáé (iii) ôïý èåùñÞìáôïò 3.3.5 äßäïõí

sgn () = sgn (1 ◦ 2 ◦ · · · ◦ ) =
Q

=1
sgn ( )

=
Q

=1
(−1)−1 = Q

∈A
(−1)−1 = (−1) 

ïðüôå ç  åßíáé Üñôéá åÜí êáé ìüíïí åÜí  ≡ 0(mod 2). ¤

3.3.8 Ïñéóìüò. ¸óôù  Ýíáò öõóéêüò áñéèìüò ≥ 2Ï ðõñÞíáò

A := Ker (sgn) = { ∈ S | sgn () = 1}
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ôïý ïìïìïñöéóìïý (3.11) åßíáé ìéá õðïïìÜäá ôÞò óõììåôñéêÞò ïìÜäáò S (êáôÜ

ôï (ii) ôïý ëÞììáôïò 2.4.4), áðáñôßæåôáé áðü üëåò ôéò Üñôéåò ìåôáôÜîåéò ôÞò S

êáé êáëåßôáé åíáëëÜóóïõóá ïìÜäá (óå  óýìâïëá). ÓçìåéùôÝïí üôé ôï óýíïëï

{ ∈ S | sgn () = −1} äåí åßíáé õðïïìÜäá ôÞò S, äéüôé äåí ðåñéÝ·åé ôï ïõäÝ-

ôåñï óôïé·åßï id ôÞòS.

3.3.9 Ðñüôáóç. Ç ôÜîç ôÞò A  ≥ 2 éóïýôáé ìå

|A| = !

2


Áðïäåéîç. ¸óôù ìéá ìåôÜôáîç  ∈ S êáé Ýóôù

A ◦  := { ◦  |  ∈ A}
ÅÜí sgn() = 1, ôüôå A ◦  = A. Áò ðáãéþóïõìå ôþñá ìéá  ∈ S ãéá ôçí ïðïßá

éó·ýåé sgn() = −1. Ãéá êÜèå  ∈ S ìå sgn() = −1 Ý·ïõìå sgn¡ ◦ −1¢ = 1

(âÜóåé ôïý (i) ôïý èåùñÞìáôïò 3.3.5), ïðüôå  ∈ A ◦  , äéüôé  =
¡
 ◦ −1¢ ◦  .

Ôïýôï óçìáßíåé üôé { ∈ S | sgn () = −1} ⊆ A ◦   ïðüôå ôåëéêþò
{ ∈ S | sgn () = −1} = A ◦ 

(äéüôé ï áíôßóôñïöïò åãêëåéóìüò åßíáé ðñïöáíÞò) êáé (A ◦ ) ∩A = ∅ ÅðåéäÞ
ç áðåéêüíéóç A −→ A ◦    7−→  ◦   åßíáé áìöéññéðôéêÞ, ëáìâÜíïõìå (âÜóåé
ôÞò ðñïôÜóåùò 3.1.3)

S = A
`
(A ◦ )⇒ ! = |S| = |A|+ card(A ◦ ) = 2 |A| 

ïðüôå |A| = !
2  ¤

3.3.10 ÐáñáôÞñçóç. Áðü ôï (i) ôïý èåùñÞìáôïò 3.3.5 êáé ôçí áðüäåéîç ôÞò ðñï-

ôÜóåùò 3.3.9 Ýðåôáé Üìåóá üôé ãéá  ≥ 2 ç áðåéêüíéóç ðñïóçìÜíóåùò (3.11) åßíáé

åðéìïñöéóìüò ïìÜäùí.

3.3.11 Ðáñáäåßãìáôá. Ðñïöáíþò,

A2 = {id} A3 = {id [1 2 3] [1 3 2]} = h[1 2 3]i 
Ãéá ôçí åýñåóç ôùí óôïé·åßùí ôÞò A4 åðé·åéñçìáôïëïãïýìå ùò åîÞò: ÊáôÜ ôï èåþ-

ñçìá 3.2.7 êÜèå ìç ôáõôïôéêÞ ìåôÜôáîç áíÞêïõóá óôçíS4 ìðïñåß íá ãñáöåß õðü

ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò) áíÜ äýï îÝíùí ìåôáîý

ôïõò êýêëùí ìÞêïõò≥ 2 ÅðéðñïóèÝôùò, ìéá ôÝôïéá Ýêöñáóç åßíáé ìïíïóçìÜíôùò
ïñéóìÝíç (åíäå·ïìÝíùò ýóôåñá áðü êÜðïéá áíáäéÜôáîç ôùí ìåôå·üíôùí êýêëùí).

Ç åíáëëÜóóïõóá ïìÜäá A4 Ý·åé ôÜîç
4!
2 = 12 (âë. ðñüôáóç 3.3.9) êáé áðïôåëåßôáé

áðü üëåò ôéò Üñôéåò ìåôáôÜîåéò ôÞòS4ÅÜí ãñÜøïõìå ìéá  ∈ A4r{id}ùò óýíèåóç
 = 1 ◦ 2 ◦ · · · ◦  ôÝôïéùí êýêëùí, ôüôå (åðåéäÞ äéáèÝôïõìå ìüíïí 4 óýìâïëá)

2 ≤
X

=1

(ìÞêïò ôïý ) ≤ 4 =⇒  ≤ 2
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ËáìâÜíïíôáò õð' üøéí üôé ïé 2-êýêëïé (= áíôéìåôáèÝóåéò) åßíáé ðåñéôôÝò ìåôáôÜ-

îåéò (âë. ëÞììá 3.3.3), óõìðåñáßíïõìå (áðü ôï (iii) ôïý èåùñÞìáôïò 3.3.5) üôé ç

ìåôÜôáîç  èá åßíáé åßôå Ýíáò 3-êýêëïò åßôå ç óýíèåóç äýï îÝíùí ìåôáîý ôïõò 2-

êýêëùí (= áíôéìåôáèÝóåùí). Óôç äåýôåñç ðåñßðôùóç, ç  èá åßíáé ôÞò ìïñöÞò

[ ] ◦ [ ] üðïõ 1 ≤    ≤ 4 1 ≤    ≤ 4 êáé { } ∩ { } = ∅ ÅðåéäÞ, åí
ðñïêåéìÝíù, éó·ýåé [ ] ◦ [ ] = [ ] ◦ [ ] (âë. ëÞììá 3.2.4), óõíÜãåôáé üôé

 ∈ {[1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]}

Óôçí ðåñßðôùóç üðïõ ç  åßíáé Ýíáò 3-êýêëïò [  ], Ý·ïõìå [  ] = [ ] ◦ [ ]
Ïé 3-êýêëïé ôÞò ìïñöÞò [  ] 1 ≤      ≤ 4 åíôüò ôÞò A4 åßíáé ïé åîÞò:

[1 2 3] [1 2 4] [1 3 4] [2 3 4]

Ôá áíôßóôñïöÜ ôïõò (ðïõ äåí Ý·ïõí ôÜîç 2 áëëÜ 3 ïðüôå äåí ôáõôßæïíôáé ìå ôïõò

éäßïõò) ïöåßëïõí íá áíÞêïõí óôçí A4 ÅðåéäÞ 3 + 4 + 4 = 11 = card(A4r{Id})
Ý·ïõìå ôåëéêþò (ëüãù ôùí (vi) êáé (i) ôÞò ðñïôÜóåùò 3.2.3)

A4 =

⎧⎨⎩
id [1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]

[1 2 3] [1 2 4] [1 3 4] [2 3 4]

[1 3 2] [1 4 2] [1 4 3] [2 4 3]

⎫⎬⎭ 

3.3.12 Óçìåßùóç. ÇåíáëëÜóóïõóá ïìÜäáA äåí åßíáé áâåëéáíÞ ãéá  ≥ 4ÐñÜã-

ìáôé° ïñßæïíôáò ôéò   ∈ A ùò áêïëïýèùò:

 (1) = 2  (2) = 3  (3) = 1  () =  ∀ ∈ {4  }
 (1) = 2  (2) = 4  (4) = 1  () =  ∀ ∈ {3 5 6  }

( = [1 2 3]  = [1 2 4]) ëáìâÜíïõìå ( ◦ ) (1) = 4 6= 3 = ( ◦ ) (1)  ÅðïìÝíùò,
 ◦  6=  ◦  .

3.3.13 Ðñüôáóç. ¸óôù  ∈ N  ≥ 3 Ôüôå éó·ýïõí ôá áêüëïõèá:
(i) A = h{[ ] ◦ [ ] | 1 ≤    ≤  1 ≤    ≤ }i 
(ii) Ç A ðáñÜãåôáé áðü ôï óýíïëï ôùí 3-êýêëùí 10.

(iii) A = h{[  ] |  ∈ {1 }r{ }}i  üðïõ ôá   åßíáé äýï ðáãéùìÝíá
óôïé·åßá ôïý {1 } êáé  6= 

(iv) A = h{[1 2 ] | 3 ≤  ≤ }i 

Áðïäåéîç. (i) ÅðåéäÞ ç A áðáñôßæåôáé áðü üëåò ôéò Üñôéåò ìåôáôÜîåéò ôÞò S

êÜèå ìç ôáõôïôéêü óôïé·åßï ôÞòA ìðïñåß íá ãñáöåß ùò õðü ôç ìïñöÞ åðáëëÞëùí

óõíèÝóåùí áñôßïõ ðëÞèïõò áíôéìåôáèÝóåùí (âë. 3.2.11 êáé 3.3.5 (iv)). ¢ñá ôï

{[ ] ◦ [ ] | 1 ≤    ≤  1 ≤    ≤ } åßíáé üíôùò Ýíá óýíïëï ãåííçôüñùí

ôÞò A

10ÊáôÜ ôï (iii) ôïý èåùñÞìáôïò 3.3.5 êÜèå 3-êýêëïò åßíáé Üñôéá ìåôÜôáîç, ïðüôå áíÞêåé óôçí A
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(ii) Ëüãù ôïý (i) áñêåß íá äåé·èåß üôé ç óýíèåóç äõï áíôéìåôáèÝóåùí ìðïñåß íá

ãñáöåß ùò óýíèåóç (ðåðåñáóìÝíïõ ðëÞèïõò) êýêëùí ìÞêïõò 3Èåùñïýìå ëïéðüí

ôõ·ïýóá óýíèåóç áíôéìåôáèÝóåùí ôÞò ìïñöÞò

[ ] ◦ [ ] ∈ A 1 ≤    ≤  1 ≤    ≤ 

êáé åîåôÜæïõìå ôÝóóåñåéò ðåñéðôþóåéò ·ùñéóôÜ.

Ðåñßðôùóç ðñþôç. ÅÜí  =  êáé  =  ôüôå, óýìöùíá ìå ôï 3.2.3 (v), Ý·ïõìå

[ ] ◦ [ ] = [ ]2 = id = [1 2 3]3

Ðåñßðôùóç äåýôåñç. ÅÜí  =  êáé  6=  ôüôå, óýìöùíá ìå ôá (i) êáé (ii) ôÞò

ðñïôÜóåùò 3.2.3, Ý·ïõìå [ ] ◦ [ ] = [ ] ◦ [ ] = [ ] ◦ [ ] = [  ]

Ðåñßðôùóç ôñßôç. ÅÜí  =  ôüôå    êáé -êáô' áíáëïãßáí- ëáìâÜíïõìå

[ ] ◦ [ ] = [ ] ◦ [ ] = [  ]

Ðåñßðôùóç ôÝôáñôç. ÅÜí  6=  êáé  6=  ôüôå âÜóåé ôùí (ii) êáé (v) ôÞò ðñïôÜ-

óåùò 3.2.3 êáé ôÞò ãåíéêåõìÝíçò ðñïóåôáéñéóôéêÞò éäéüôçôáò (âë. ðñüôáóç 1.2.19)

óõìðåñáßíïõìå üôé

[ ] ◦ [ ] = [ ] ◦ id ◦ [ ] = [ ] ◦ [ ]2 ◦ [ ]

= ([ ] ◦ [ ]) ◦ ([ ] ◦ [ ]) = [  ] ◦ [  ]

(iii) Ëüãù ôïý (ii) áñêåß íá äåé·èåß üôé êÜèå êýêëïò [  ] ∈ A ìÞêïõò 3

ìðïñåß íá ãñáöåß ùò óýíèåóç (ðåðåñáóìÝíïõ ðëÞèïõò) óôïé·åßùí ôïý óõíüëïõ

h{[  ] |  ∈ {1 }r{ }}i  ÅðåéäÞ

[  ] = [  ]2 ◦ [  ] ◦ [  ]2 ◦ [  ]

ôïýôï åßíáé ðñüäçëï. ÔÝëïò, ôï (iv) Ýðåôáé áðü ôï (iii) èÝôïíôáò  = 1  = 2 ¤

3.4 ÐÁÑÁÄÅÉÃÌÁÔÁ ÏÌÁÄÙÍ ÌÅÔÁÔÁÎÅÙÍ

3.4.1 Ïñéóìüò. ÊÜèå õðïïìÜäá ôÞòS (üðïõ  ∈ N) Þ, ãåíéêüôåñá, ôÞòS (üðïõ

 Ýíá ìç êåíü óýíïëï) êáëåßôáé ïìÜäá ìåôáôÜîåùí.

3.4.2 Ðáñáäåßãìáôá. (i) Ç åíáëëÜóóïõóá ïìÜäáA åßíáé ìéá ïìÜäá ìåôáôÜîåùí.

(ii) ¸óôùV ôï áêüëïõèï õðïóýíïëï ôÞò A4:

V := {id [1 2] ◦ [3 4]  [1 3] ◦ [2 4]  [1 4] ◦ [2 3]} 

Åßíáé Üìåóïò ï Ýëåã·ïò ôïý üôé ôï V åßíáé êëåéóôü ùò ðñïò ôçí ðñÜîç ôÞò óõíèÝ-

óåùò êáé ôïý üôé áðïôåëåß ìéá áâåëéáíÞ õðïïìÜäá ôÞò A4 (êáé, êáô' åðÝêôáóç, êáé
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ôÞòS4), Ý·ïõóá ùò ðïëëáðëáóéáóôéêü êáôÜëïãü ôçò ôïí

◦ id [1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]
id id [1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]

[1 2] ◦ [3 4] [1 2] ◦ [3 4] id [1 4] ◦ [2 3] [1 3] ◦ [2 4]
[1 3] ◦ [2 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3] id [1 2] ◦ [3 4]
[1 4] ◦ [2 3] [1 4] ◦ [2 3] [1 3] ◦ [2 4] [1 2] ◦ [3 4] id

Ç ïìÜäá ìåôáôÜîåùí11 (V ◦) êáëåßôáé ïìÜäá ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein.
Ç (V ◦) äåí åßíáé êõêëéêÞ, äéüôé

ord(id) = 1 ord([1 2] ◦ [3 4]) = ord([1 3] ◦ [2 4]) = ord([1 4] ◦ [2 3]) = 2

ïðüôåV À Z4 (Âë. 2.3.7.)
(iii) ¸óôù  ∈ N  ≥ 3 Ïñßæïõìå ôéò áêüëïõèåò ìåôáôÜîåéò   ∈ S:

 :=

∙
1 2 3 · · · − 1 

1  − 1 · · · 3 2

¸
  := [1 2 ] (3.12)

ÓçìåéùôÝïí üôé

2 = id =   ◦  =  ◦ −1 ¡=  ◦ −1¢  (3.13)

Ç ôñßôç éóüôçôá Ýðåôáé áðü ôá (vi) êáé (vii) ôÞò ðñïôÜóåùò 3.2.3, äéüôé

−1 = [ − 1 3 2 1] = [(1)(2) ()] =  ◦  ◦ −1

ïðüôå

−1 =  ◦  ◦ −1 =⇒
(−1=)

−1 =  ◦  ◦  ⇒  ◦ −1 = −1 ◦ −1 =  ◦ 

Ç õðïïìÜäá

D̄ := h i (3.14)

ôÞòS ç ðáñáãüìåíç áðü ôéò  êáé  åßíáé ìéá (ìç áâåëéáíÞ12) ïìÜäá ìåôáôÜîåùí.

ÅðåéäÞ ord() = 2 (êáèüôé  6= id, 2 = id) êáé ord() =  (âë. 3.2.3 (v)), ìÝóù

ôùí éóïôÞôùí (3.13) äéáðéóôþíïõìå åýêïëá üôé

D̄ =
©
 ◦  | ∈ {0 1}   ∈ {0 1  − 1}ª 

Ôá áíáãñáöüìåíá 2 óôïé·åßá åßíáé óáöþò äéáêåêñéìÝíá. ÐñÜãìáôé° åÜí

1 2 ∈ {0 1} 1 2 ∈ {0 1  − 1} : 1 ◦ 1 = 2 ◦ 2 
11Ôï ãñÜììá V åðåëÝãç ãéá íá èõìßæåé ôç ëÝîç Vierergruppe ðïõ ·ñçóéìïðïéÞèçêå ãéá ðñþôç öïñÜ áðü ôïí Felix

Klein (1849-1925) ãéá ôçí ïíïìáóßá ôÞò åí ëüãù ïìÜäáò (Þ, ãéá íá áêñéâïëïãïýìå, ìéáò ïìÜäáò ðïõ åßíáé éóüìïñöç
ìå áõôÞ). Âë. óåë. 13 ôïý óõããñÜììáôüò ôïõ: Vorlesungen über das Ikosaeder , Teubner, 1884.

12Ðñïöáíþò,  ◦  =  ◦ −1 6=  ◦  .
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ôüôå 2 = −2 ◦ 2 ◦ 2 = −2 ◦ 1 ◦ 1 = 1−2 ◦ 1 ⇒ 1−2 = 2−1 
ïðüôå 2−1 ∈ {id } Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá 2−1 = id, Ý·ïõìå

ord() =  =⇒
(âë. 2.3.8)

 | 2 − 1

|2 − 1|  

)
⇒ 2 − 1 = 0⇒ 1 = 2

êáé 1−2 = id =⇒
(ord()=2)

1− 2 = 0⇒ 1 = 2Áðü ôçí Üëëç ìåñéÜ, õðïôéèåìÝíïõ

üôé 2−1 =  èá Ýðñåðå íá éó·ýåé

2−1+1 =  ◦  =  ◦ −1 = 2−1−1 ⇒ 2 = id

Þôïé êÜôé ðïõ åßíáé áäýíáôï, êáèüóïí ord() =   2 ¢ñá ôåëéêþò

1 ◦ 1 = 2 ◦ 2 ⇐⇒ [1 = 2 êáé 1 = 2]

êáé
¯̄
D̄

¯̄
= 2 Óôï åäÜöéï 3.4.4 èá ïñéóèåß Üëëç ìßá óçìáíôéêÞ ïìÜäá ìåôáôÜ-

îåùí, ç ïðïßá, üðùò èá äïýìå, åßíáé éóüìïñöç ìå ôçí D̄ êáé äéáèÝôåé óôïé·åßá

ðïõ åðéäÝ·ïíôáé ìéá åéäéêÞ ãåùìåôñéêÞ åñìçíåßá.

3.4.3 Óçìåßùóç. ¼ôáí  = 3 ôüôå D̄3 = S3 (ðñâë. 3.2.2).

3.4.4 ÐáñÜäåéãìá. (ÄéåäñéêÞ ïìÜäá) ¸óôù  ∈ N  ≥ 3 êáé Ýóôù (E ·) ç
ïìÜäá ôùí -ïóôþí ñéæþí ôÞò ìïíÜäáò (âë. 2.1.21 (vi)). Ùò ãíùóôüí, ç (E ·)
åßíáé êõêëéêÞ, äéüôé ãñÜöåôáé ð.·. ùò E = hi @ S1 üðïõ  := exp

¡
2


¢
 (Bë.

ôï (iv) ôïý åä. 2.2.16.) Èåùñïýìå ôá óôïé·åßá  êáé  ôÞò SE ôá ïñéæüìåíá ìÝóù

ôùí ôýðùí

() := −1 =



=



||2 =   () :=  ∀ ∈ E (3.15)

ÁõôÜ åðéäÝ·ïíôáé ôçí åîÞò ãåùìåôñéêÞ åñìçíåßá: Ôï  äçëïß ôïí êáôïðôñéóìü ùò

ðñïò ôïí Üîïíá ôùí (áìéãþò) ðñáãìáôéêþí áñéèìþí (óôï ìéãáäéêü åðßðåäïC) êáé
ôï  ôç óôñïöÞ êáôÜ 2


áêôßíéá ðåñß ôï 0 ∈ C êáôÜ ôç öïñÜ ôçí áíôßèåôç ôÞò

êéíÞóåùò ôùí äåéêôþí ôïý ñïëïãéïý (áíôéùñïëïãéáêÞ öïñÜ). ÌÝóù ôïý êÜôùèé

ó·Þìáôïò ðåñéãñÜöïíôáé ïé åéêüíåò ôùí  êáé  üôáí  = 5
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Åðßóçò, ðáñáôçñïýìå üôé ìåôáîý ôùí  êáé  õößóôáíôáé ïé åîÞò ó·Ýóåéò:

2 =  = idE   ◦  =  ◦ −1 ¡=  ◦ −1¢  (3.16)

Ç õðïïìÜäá

D := h i

ôÞòSE ç ðáñáãüìåíç áðü ôá  êáé  åßíáé ìéá (ìç áâåëéáíÞ) ïìÜäá ìåôáôÜîåùí.

μñçóéìïðïéþíôáò åðé·åéñÞìáôá áíÜëïãá åêåßíùíðïõ ·ñçóéìïðïéÞèçêáí óôï (iii)

ôïý åäáößïõ 3.4.2 äéáðéóôþíïõìå ìÝóù ôùí éóïôÞôùí (3.16) üôé

D =
n
 ◦  | ∈ {0 1}   ∈ {0 1  − 1}

o
(ìå ôá áíáãñáöüìåíá óôïé·åßá óáöþò äéáêåêñéìÝíá). ¢ñá13 |D| = 2 Åðéðñï-
óèÝôùò, ç áðåéêüíéóç

D 3  ◦  7−→  ◦  ∈ D̄  ∈ {0 1}  ∈ {0 1  − 1}

(üðïõ   üðùò óôçí (3.12)) åßíáé éóïìïñöéóìüò ïìÜäùí, ïðüôå

D
∼= D̄ (3.17)

H (D ◦) êáëåßôáé -ïóôÞ äéåäñéêÞ ïìÜäá. Óôçí åéäéêÞ ðåñßðôùóç üðïõ  = 3

Ý·ïõìå14 (ëüãù ôùí (3.17) êáé 3.4.3)

D3
∼= S3

3.4.5 Óçìåßùóç. Óôçí ðñáãìáôéêüôçôá, ç ·ñÞóç ôÞò ïíïìáóßáò «äéåäñéêÞ ïìÜ-

äá» ãéá ôçí D ïöåßëåôáé óå ìéá åëáöñÜ ðáñáëëáãÞ ôÞò áíùôÝñù ãåùìåôñéêÞò

åñìçíåßáò ôùí ãåííçôüñùí ôçò ç ïðïßá åêêéíåß áðü ôï êáíïíéêü -ãùíï  ðïõ

Ý·åé ôá óôïé·åßá ôÞò E $ C ùò êïñõöÝò ôïõ (âë. 2.1.21 (vi)): μñçóéìïðïéþíôáò

ôéò ôáõôßóåéò

C 3 + ←→ ( ) ∈ R2 R2 3 ( )←→
µ




¶
∈Mat2×1(R)

èåùñïýìå ôï {v0v1 v−1} ìå v :=
¡cos( 2 )
sin( 2 )

¢
 ∀ ∈ {0 1   − 1} ùò ôï

óýíïëï ôùí êïñõöþí ôïý ÈÝôïíôáò

M :=

½
M

µ




¶¯̄̄̄µ




¶
∈ 

¾
 ∀M ∈Mat2×2(R)

13Ðñïóï·Þ! ÏñéóìÝíïé óõããñáöåßò ·ñçóéìïðïéïýí ôï óýìâïëïD2 áíôß ôïýD åðéèõìþíôáò íá äçëïýí ìÝóù ôïý

(õðï)äåßêôç ôçí ôÜîç ôÞò åí ëüãù ïìÜäáò (áíôß ôïý ðëÞèïõò ôùí áíôéóôïß·ùí ñéæþí ôÞò ìïíÜäáò).

14¼ôáí   3 ôüôå |D| = 2  ! = |S|  ïðüôåD À S (âë. 3.1.3 êáé 2.4.19 (i)).
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êáé ïñßæïíôáò ùò ïìÜäá ôùí (ðëÞñùí, åðéðÝäùí) óõììåôñéþí ôïý  ôçí

Óõìì() := {M ∈ O2(R)|M = } @ O2(R)

Þôïé ôçí ïìÜäá ôçí áðáñôéæüìåíç áðü ôïõò ïñèïãþíéïõò ðßíáêåò ðïõ óôÝëíïõí ôï

 íá áðåéêïíéóèåß óôï åáõôü ôïõ, áðïäåéêíýåôáé üôé

Óõìì() = hABi = ©AB | ∈ {0 1}   ∈ {0 1  − 1}ª
=
©
I2BB

2B−1AABAB2AB−1ª 
üðïõ

A :=
³

1 0
0 −1

´
 B :=

µ
cos

¡
2


¢ − sin ¡ 2 ¢
sin

¡
2


¢
cos

¡
2


¢
¶
 (3.18)

ìå

A2 = B = I2 BA = AB−1
¡
= AB−1¢  (3.19)

ÅðéðñïóèÝôùò, |Óõìì()| = 2 Ãéá êÜèå  ∈ {0 1  − 1} ï ïñèïãþíéïò ìåôá-

ó·çìáôéóìüò

R2 3
µ




¶
7−→ B

µ




¶
∈ R2

ìå

B =

µ
cos

¡
2


¢ − sin ¡ 2 ¢
sin

¡
2


¢
cos

¡
2


¢
¶


ðáñéóôÜ ãåùìåôñéêþò ôç óôñïöÞ 15 êÜèå óçìåßïõ ôïý R2 êáôÜ 2


áêôßíéá ðåñß ôï

âáñýêåíôñï
¡
0
0

¢
ôïý  êáôÜ ôç èåôéêÞ öïñÜ (= áíôéùñïëïãéáêÞ öïñÜ) êáé

Bv = v+ ∀ ∈ {0 1  − 1}

üðïõ, åí ðñïêåéìÝíù, ïé (õðï)äåßêôåò «äéáâÜæïíôáé êáôÜ ìüäéï ». Áðü ôçí Üëëç

ìåñéÜ, ï ïñèïãþíéïò ìåôáó·çìáôéóìüò

R2 3
µ




¶
7−→ A

µ




¶
=

µ


−
¶
∈ R2

ðáñéóôÜ ãåùìåôñéêþò ôïí êáôïðôñéóìü ôïý R2 ùò ðñïò ôïí Üîïíá ôùí 

Ãåíéêüôåñá, ï ïñèïãþíéïò ìåôáó·çìáôéóìüò

R2 3
µ




¶
7−→ AB

µ




¶
∈ R2  ∈ {0 1  − 1}

15Ðñâë. Ó.Á. ÁíäñåáäÜêç: ÁíáëõôéêÞ Ãåùìåôñßá, Åêäüóåéò Óõììåôñßá, ÁèÞíá, 1993, êåöÜëáéï 16, åíüôçôá 8 (õðü

ôïí ôßôëï: Ôáîéíüìçóç ôùí éóïìåôñéþí ôïý åðéðÝäïõ), óåë. 322-326.
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ìå

AB =

µ
cos

¡
2


¢ − sin ¡ 2


¢
− sin ¡ 2



¢ − cos ¡ 2


¢ ¶ = Ã cos( 2(−) ) sin( 2(−) )

sin( 2(−)


) − cos( 2(−)


)

!


ðáñéóôÜ ôïí êáôïðôñéóìü 16 ùò ðñïò ôçí åõèåßá ðïõ äéÝñ·åôáé áðü ôï
¡
0
0

¢
 ó·çìáôß-

æåé ãùíßá (−)


áêôéíßùí ìå ôïí èåôéêü çìéÜîïíá ôùí  êáé ôÝìíåé (êáô' áíÜãêçí)

ôï óýíïñï ôïý  óå áêñéâþò äýï óçìåßá, ç èÝóç ôùí ïðïßùí åîáñôÜôáé áðü ôï

êáôÜ ðüóïí ï  åßíáé Üñôéïò Þ ðåñéôôüò.

• ÓõãêåêñéìÝíá, åÜí  = 2+ 1 ãéá êÜðïéïí öõóéêü áñéèìü ≥ 1 ôüôå áõôÞ ç

åõèåßá êáèïñßæåôáé (êáôÜ ðåñßðôùóç)

(I) áðü ôçí êïñõöÞ v0 êáé ôï ìåóïóçìåßï
1
2(v+v+1) ôÞò áíôéêåßìåíçò ðëåõñÜò

vv+1 ôïý  üôáí  = 0

(II) áðü ôçí êïñõöÞ v− 
2
êáé ôï ìåóïóçìåßï 1

2(v− 
2
+v− 

2+1
) ôÞò áíôéêåßìåíçò

ðëåõñÜò v−
2
v−

2+1
ôïý  üôáí  ∈ {2 4 2− 2 2} êáé

(III) áðü ôçí êïñõöÞ v− −1
2

êáé ôï ìåóïóçìåßï 1
2(v−−3

2
+v− −1

2
) ôÞò áíôéêåß-

ìåíçò ðëåõñÜò v− −3
2
v−−1

2
ôïý  üôáí  ∈ {1 3 5 2− 3 2− 1}

• ÅÜí  = 2 ãéá êÜðïéïí öõóéêü áñéèìü  ≥ 2 ôüôå ç åí ëüãù åõèåßá ç êáèï-

ñßæåôáé (êáôÜ ðåñßðôùóç)

(É) áðü ôéò êïñõöÝò v0 êáé v üôáí  = 0

(ÉÉ) áðü ôéò êïñõöÝò v êáé v− 
2
üôáí  ∈ {2 4 2− 4 2− 2} êáé

(ÉÉÉ) áðü ôï ìåóïóçìåßï 1
2(v− +1

2
+v−−1

2
) ôÞò ðëåõñÜò v− +1

2
+ v−−1

2
êáé

ôï ìåóïóçìåßï 1
2 (v− +1

2
+ v− −1

2
) ôÞò áíôéêåßìåíçò ðëåõñÜò ôçò v− +1

2
v− −1

2

üôáí  ∈ {1 3 5 2− 3 2− 1}
Ïé êáô' áõôüí ôïí ôñüðï ðåñéãñáöüìåíåò åõèåßåò, ùò ðñïò ôéò ïðïßåò åêôåëïýíôáé

ïé  êáôïðôñéóìïß, äåß·íïíôáé óôï áêüëïõèï ó·Þìá ãéá  = 5 êáé  = 6:

Ç áðåéêüíéóç

D 3  ◦  7−→ AB ∈ Óõìì()  ∈ {0 1}  ∈ {0 1  − 1}
16¸íáò ïñèïãþíéïò ìåôáó·çìáôéóìüò ôïý åðéðÝäïõ

¡


¢ 7−→ M
¡


¢
M ∈ O2(R), ðáñéóôÜ êáôïðôñéóìü åÜí êáé

ìüíïí åÜíM =

µ
cos () sin ()
sin () − cos ()

¶
 ãéá êÜðïéïí  ∈ [0 2) (Åí ðñïêåéìÝíù, det(M) = −1 êáé ï Üîïíáò

ôïý êáôïðôñéóìïý åßíáé ç åõèåßá ðïõ äéÝñ·åôáé áðü ôï
¡0
0

¢
êáé ó·çìáôßæåé ãùíßá 

2 ìå ôïí èåôéêü çìéÜîïíá ôùí .)
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(üðïõ   üðùò óôçí (3.15)) åßíáé éóïìïñöéóìüò ïìÜäùí, ïðüôå

D
∼= Óõìì()

Åí óõíå·åßá, ðáñáôçñïýìå üôé üëïé ïé ãñáììéêïß ìåôáó·çìáôéóìïß ïé åðáãüìåíïé
áðü ôá óôïé·åßá ôïý Óõìì()r{I2} ìðïñïýí íá ìåôáôñáðïýí êáôáëëÞëùò óå ðå-
ñéóôñïöÝò ôïý ôñéäéÜóôáôïõ ·þñïõ R3Ðñïò ôïýôï, ·ñçóéìïðïéïýìå ôéò ôáõôßóåéò

Mat2×1(R)←→ R2 ←→ ©
(  ) ∈ R3¯̄  = 0ª 

R3 3 (  )←→
µ







¶
∈Mat3×1(R)

êáé ôçí åéêüíá b ôïý -ãþíïõ ìÝóùáõôþí. Ôï b åßíáé Ýíá-ãùíï êåßìåíï åðß
ôïý -åðéðÝäïõ åíôüò ôïý R3 ìå ôï âáñýêåíôñü ôïõ ôïðïèåôçìÝíï óôçí áñ·Þ ôùí

(ôñéùí) áîüíùí ôùíóõíôåôáãìÝíùí. (ÊÜèå óçìåßï ôïý-ãþíïõ b Ý·åé êáôçãìÝíç
 = 0). Åíïñáôéêþò, èá ìðïñïýóáìå ãéá äéåõêüëõíóÞ ìáò íá ôï åêëÜâïõìå ùò ìéá

-ãùíéêÞ ðëÜêá áðåéñïåëÜ·éóôïõ ðÜ·ïõò åíôüò ôïý R3 Ý·ïõóá äýï Ýäñåò (åî ïõ

êáé ôï åðßèåôï äßåäñïò ). Ïñßæïíôáò ùò ïìÜäá ôùí ðåñéóôñïöéêþí óõììåôñéþí ôïý

(äßåäñïõ -ãþíïõ) b ôçí

Ðåñ.Óõìì( b) := nM ∈ SO3(R)|M b = bo @ SO3(R)

Þôïé ôçí ïìÜäá ôçí áðáñôéæüìåíç áðü ôïõò ïñèïãþíéïõò ðßíáêåò ìå ïñßæïõóá ßóç
ìå 1 ðïõ óôÝëíïõí ôï b íá áðåéêïíéóèåß óôï åáõôü ôïõ, áðïäåéêíýåôáé üôé

Ðåñ.Óõìì( b) =
DbA bBE = nbA bB | ∈ {0 1}   ∈ {0 1  − 1}

o
=

n
I3 bB bB2 bB−1 bA bAbB bAbB2 bAbB−1

o


üðïõ

bA :=

µ
1 0 0
0 −1 0
0 0 −1

¶
 bB := Ã cos

¡
2


¢ − sin ¡ 2 ¢ 0

sin
¡
2


¢
cos

¡
2


¢
0

0 0 1

!


ìå

bA2 = bB = I3 bBbA = bAbB−1 (= bAbB−1) (3.20)

ÅðéðñïóèÝôùò,
¯̄̄
Ðåñ.Óõìì( b)¯̄̄ = 2 Ãéá êÜèå  ∈ {0 1  − 1} ï ïñèïãþíéïò

ìåôáó·çìáôéóìüò

R3 3
µ







¶
7−→ bB

µ






¶
∈ R3

ðáñéóôÜ ãåùìåôñéêþò ôç óôñïöÞ êÜèå óçìåßïõ ôïý R3 êáôÜ 2


áêôßíéá ðåñß ôïí

Üîïíá ôùí  êáé ìÜëéóôá êáôÜ ôç èåôéêÞ öïñÜ ùò ðñïò ôï äéÜíõóìá ðïõ Ý·åé ùò
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áðáñ·Þ ôïõ ôçí áñ·Þ ôùí áîüíùí 0 ∈ R3 êáé ùò ðÝñáò ôïõ ôï v := (0 0 1). [Õðåí-
èýìéóç : Ç öïñÜ ìéáò óôñïöÞò ôïý R3 ðåñß Ýíáí Üîïíá äéåñ·üìåíïí áðü 0 ∈ R3
êáèïñßæåôáé áðü Ýíá ðáãéùìÝíï äéÜíõóìá

−→
0v üðïõ v ∈ R3 Ýíá óçìåßï áíÞêïí óå

áõôüí, ìÝóù ôïý êëáóéêïý êáíüíá ôÞò äåîéÜò ·åéñüò (Þ êáíüíá ôÞò êï·ëéþóåùò ):
Ôïðïèåôþíôáò ôüí áíôß·åéñá ôÞò äåîéÜò ·åéñüò êáôÜ ôÝôïéïí ôñüðï, þóôå áõôüò íá

åßíáé ïìüññïðïò ðñïò ôï äéÜíõóìá
−→
0v ëÝìå üôé ç óôñïöÞ ôïý R3 ðåñß ôçí åõèåßá

åðß ôÞò ïðïßáò êåßôáé ôï
−→
0v åêôåëåßôáé êáôÜ ôç èåôéêÞ öïñÜ üôáí åêôåëåßôáé êáôÜ

ôç öïñÜ ôçí åîõðïíïïýìåíç ìÝóù ôÞò êÜìøåùò ôùí ëïéðþí äáêôýëùí.]

Áðü ôçí Üëëç ìåñéÜ, ï ïñèïãþíéïò ìåôáó·çìáôéóìüò

R3 3
µ







¶
7−→ bAµ 





¶
=

µ


−
−

¶
∈ R3

ðáñéóôÜ ôç óôñïöÞ êÜèå óçìåßïõ ôïý R3 êáôÜ  áêôßíéá ðåñß ôïí Üîïíá ôùí ôå-

ôìçìÝíùí  (êáôÜ ôç èåôéêÞ öïñÜ ùò ðñïò ôï äéÜíõóìá
−→
0v üðïõ v := (1 0 0)).

Ãåíéêüôåñá, ïé ïñèïãþíéïé ìåôáó·çìáôéóìïß

R3 3
µ







¶
7−→ bA bB

µ






¶
∈ R3  ∈ {0 1  − 1}

üðïõ

bA bB =

⎛⎝ cos( 2(−) ) sin( 2(−) ) 0

sin(
2(−)

 ) − cos( 2(−) ) 0
0 0 −1

⎞⎠

ðáñéóôïýí óôñïöÝò ôïý R3 êáôÜ  áêôßíéá ðåñß ôéò åõèåßåò, ùò ðñïò ôéò ïðïßåò

åêôåëïýíôáé ïé  êáôïðôñéóìïß ôïý  (êáé ôéò ïðïßåò Ý·ïõìå Þäç ðåñéãñÜøåé äéå-

îïäéêþò óå ü,ôé ðñïçãÞèçêå). Óôá êÜôùèé ó·Þìáôá õðïäçëïýíôáé ïé óôñïöÝò ôïý

R3 ïé åðáãüìåíåò ìÝóù ôùí ðéíÜêùí bA bB êáé bA bB bA bB áíôéóôïß·ùò, êáé ó·å-
äéÜæïíôáé ïé Üîïíåò ðåñéóôñïöÞò, üôáí  = 3 êáé  = 6 ýóôåñá áðü êáôÜëëçëç
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åðéëïãÞ óõíôåôáãìÝíùí.

Ðáñåìðéðôüíôùò, áíáöÝñïõìå üôé áõôÜ ôá ó·Þìáôá åßíáé äõíáôüí íá «óõíäõá-

óèïýí» ðñïêåéìÝíïõ íá äïèåß ìéá ãåùìåôñéêÞ áðüäåéîç ãéá ôï üôé17

Ðåñ.Óõìì( b3) @ Ðåñ.Óõìì( b6)

Ç áðåéêüíéóç

Óõìì() 3 AB 7−→ bA bB ∈ Ðåñ.Óõìì( b)  ∈ {0 1}  ∈ {0 1  − 1}

(üðïõAB üðùò óôçí (3.18)) åßíáé éóïìïñöéóìüò ïìÜäùí, ïðüôå

D
∼= Óõìì() ∼= Ðåñ.Óõìì( b)

ÔÝëïò, åÜí êáíåßò åðéèõìåß íá áðïêôÞóåé Ýíá «êáèáñüáéìï» ðïëýåäñï, ïé ðåñé-

óôñïöéêÝò óõììåôñßåò ôïý ïðïßïõ äïìïýí ìéá ïìÜäá éóüìïñöç ìå ôçí D áñêåß

íá èåùñÞóåé ôç äéðëÞ ðõñáìßäá Bip( b) ðïõ ó·çìáôßæåôáé åíþíïíôáò Ýíá óçìåßï

v = (0 0 )  ∈ R0r{1} êáèþò êáé ôï áíôßèåôü ôïõ −v ìå ôéò êïñõöÝò ôïý b
äéüôé ôüôå

Ðåñ.Óõìì( b) ∼= Ðåñ.Óõìì(Bip( b))
Ç äéðëÞ ðõñáìßäá Bip( b6) äåß·íåôáé óôï ó·Þìá ðïõ áêïëïõèåß. [Áîßæåé íá åðéóç-

ìáíèåß üôé, êáô' ïõóßáí, ï ðåñéïñéóìüò  6= 1 áðáéôåßôáé ìüíïí üôáí  = 4 Óôçí

17Ãåíéêüôåñá, Ðåñ.Óõìì( b) @ Ðåñ.Óõìì( b2) ãéá êÜèå  ≥ 3
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ðåñßðôùóç üðïõ  = 1 êáé  = 4 ç äéðëÞ ðõñáìßäá Bip( b4) åßíáé Ýíá êáíïíéêü
ïêôÜåäñï, ç ïìÜäá ðåñéóôñïöéêþí óõììåôñéþí ôïý ïðïßïõ åßíáé éóüìïñöç ìå ôçí

ïìÜäáS4 À D4]

3.4.6 ÐáñáôÞñçóç. Çðñüôáóç 3.4.7 êáé ôï ðüñéóìá 3.4.8 ìáò ðëçñïöïñïýí üôé ç

êëÜóç éóïìïñößáò ôÞòD êáèïñßæåôáé ðëÞñùò ìüíïí áðü ôéò õöéóôÜìåíåò ó·Ýóåéò
ìåôáîý ôùí ãåííçôüñùí. Ùò åê ôïýôïõ, êÜèå åðéðñüóèåôç óõíäõáóôéêÞ (êáé áíôé-

óôïß·ùò, ãåùìåôñéêÞ) «õëïðïßçóÞ ôïõò», üðùò ð.·. ìÝóù ôùí   (êáé áíôéóôïß-

·ùò, ìÝóù ôùí AB ôùí bA bB ê.Ü.) äåí Ý·åé éäéáßôåñç áîßá ãéá ôçí «áöçñçìÝíç

óõíéóôþóá» ôÞò Èåùñßáò ÏìÜäùí. Ùóôüóï, ï ñüëïò ðïõ äéáäñáìáôßæïõí áõôÝò

ïé «õëïðïéÞóåéò» óå äéÜöïñá ðñïâëÞìáôá åíôáóóüìåíá óôç Ãåùìåôñßá, óôçí Ôï-

ðïëïãßá êáé óå Üëëïõò ìáèçìáôéêïýò êëÜäïõò, óôïõò ïðïßïõò áðáéôåßôáé ç ·ñÞóç

åðïðôéêþí åðé·åéñçìÜôùí, åßíáé óçìáßíùí êáé -ïñéóìÝíåò öïñÝò- ëõôñùôéêüò.

3.4.7 Ðñüôáóç. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç áâåëéáíÞ ïìÜäá ç ïðïßá ìðïñåß
íá ðáñá·èåß áðü ôï óýíïëï { } äýï óôïé·åßùí ôçò  êáé ÅÜí áõôïß ïé ãåííÞôïñåò
ôÞò ( ·) õðüêåéíôáé óôéò ó·Ýóåéò

2 =   = −1

êáé  := ord() ôüôå  ≥ 3 êáé ( ·) ∼= (D ◦)

Áðïäåéîç. ÅðåéäÞ ç = h i åßíáé åî õðïèÝóåùò ìç áâåëéáíÞ, Ý·ïõìå êáô' áíÜ-

ãêçí  6=   6=  êáé  6=  (Áëëéþò ç  èá Þôáí êõêëéêÞ êáé, ùò åê ôïýôïõ,

áâåëéáíÞ, âë. 2.2.17.) Óýìöùíá ìå ôçí ðñüôáóç 2.2.3,

 = {11 · · ·  | (1  ) ∈ { } êáé  ∈ Z ∀ ∈ {1  }  ∈ N} 

Ðñþôïò éó·õñéóìüò :  = − ãéá êÜèå  ∈ Z Ãéá  = 1 ôïýôï åßíáé åî õðï-

èÝóåùò áëçèÝò. Áò õðïèÝóïõìå üôé ï éó·õñéóìüò åßíáé áëçèÞò êáé ãéá êÜðïéïí

öõóéêü áñéèìü  ≥ 1Èá åöáñìüóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí Ðñï-

öáíþò, +1 = () = (−) = ()− = (−1)− = −(+1) Êáô' áíáëï-

ãßáí, ãéá ôïõò áñíçôéêïýò áêåñáßïõò  ç éóüôçôá áðïäåéêíýåôáé ·ñçóéìïðïéþíôáò

ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí − μñçóéìïðïéþíôáò ôÞí éóüôçôá  = −
êáèþò êáé ôï üôé ôï  Ý·åé ôÜîç 2 óõíÜãåôáé üôé  =

©
 | ∈ Zª ∪ © | ∈ Zª 

ÅðåéäÞ ãéá êÜèå  ∈ Z õðÜñ·åé æåýãïò ( ) ∈ Z2 :  =  +  0 ≤    (âë.
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èåþñçìá B.1.6), Ý·ïõìå  = + = ()  = ()

 = 




 = 
 = 

ïðüôå

 =
©
 | ∈ {0 1}   ∈ {0 1  − 1}ª  (3.21)

Äåýôåñïò éó·õñéóìüò :  ≥ 3 ÅÜí ßó·õå  = 1 èá åß·áìå  = { } åíþ åÜí

ßó·õå  = 2 èá åß·áìå = {   }Áìöüôåñåò ïé ðåñéðôþóåéò áðïêëåßïíôáé,

äéüôé Ý·ïõìå õðïèÝóåé üôé ç  åßíáé ìç áâåëéáíÞ.

Ôñßôïò éó·õñéóìüò : Ôá áíáãñáöüìåíá 2 óôïé·åßá óôï (3.21) åßíáé óáöþò äéáêå-
êñéìÝíá. ÐñÜãìáôé° åÜí

1 2 ∈ {0 1} 1 2 ∈ {0 1  − 1} : 11 = 22 

ôüôå 2 = −222 = −211 ⇒ 1−2 = 2−1 ⇒ 2−1 ∈ { } Óôçí
ðåñßðôùóç êáôÜ ôçí ïðïßá 2−1 = , Ý·ïõìå

ord() =  =⇒
2.3.8

 | 2 − 1

|2 − 1|  

)
⇒ 2 − 1 = 0⇒ 1 = 2

êáé 1−2 =  =⇒
(ord()=2)

1− 2 = 0⇒ 1 = 2Áðü ôçí Üëëç ìåñéÜ, õðïôéèåìÝíïõ

üôé 2−1 =  èá Ýðñåðå íá éó·ýåé 2−1+1 =  = −1 = 2−1−1 ⇒ 2 = 

Þôïé êÜôé ðïõ åßíáé áäýíáôï, êáèüóïí ord() =   2¢ñá

11 = 22 ⇐⇒ [1 = 2 êáé 1 = 2]

êáé || = 2 Ç áðåéêüíéóç

 3  7−→  ◦  ∈ D  ∈ {0 1}  ∈ {0 1  − 1}

åßíáé åî ïñéóìïý áìöéññéðôéêÞ° åðéðñïóèÝôùò, åßíáé êáé ïìïìïñöéóìüò ïìÜäùí,

êáèüôé ãéá ïéïõóäÞðïôå 1 2 ∈ {0 1} 1 2 ∈ {0 1  − 1} Ý·ïõìå

(11)(22) =

⎧⎪⎪⎨⎪⎪⎩
1+2  üôáí 1 = 2 = 0

1+2  üôáí 1 = 1 2 = 0

12 = 2−1  üôáí 1 = 0 2 = 1


¡
1

¢
2 = 2−1  üôáí 1 = 2 = 1

ïðüôå ç åéêüíá ôïý ãéíïìÝíïõ äõï óôïé·åßùí ôÞò ìÝóù áõôÞò éóïýôáé ìå ôç óýí-

èåóç ôùí åéêüíùí ôïõò. ÊáôÜ óõíÝðåéáí, ( ·) ∼= (D ◦) ¤

3.4.8 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç, ìç áâåëéáíÞ ïìÜäá ç ïðïßá ìðïñåß
íáðáñá·èåß áðü ôï óýíïëï { } äýï óôïé·åßùí ôçò êáéÅÜíáõôïß ïé ãåííÞôïñåò
ôÞò ( ·) õðüêåéíôáé óôéò ó·Ýóåéò

2 = 2 = 

êáé  := ord() ôüôå  ≥ 3 êáé ( ·) ∼= (D ◦)
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Áðïäåéîç. ÅðåéäÞ ç  = h i åßíáé åî õðïèÝóåùò ìç áâåëéáíÞ, Ý·ïõìå êáô'

áíÜãêçí  6=   6=  êáé  6=  (Áëëéþò ç  èá Þôáí êõêëéêÞ êáé, ùò åê

ôïýôïõ, áâåëéáíÞ, âë. 2.2.17.) ÈÝôïíôáò  :=  ðáñáôçñïýìå üôé

 = ⇒  = −1⇒   ∈ h i⇒  = h i

ìå  = () = (−1−1) = ()−1 = −1 ÅðïìÝíùò, ãéá ôçí áðïðåñÜôùóç

ôÞò áðïäåßîåùò áñêåß ç åöáñìïãÞ ôÞò ðñïôÜóåùò 3.4.7 ãéá ôïõò ãåííÞôïñåò  

ôÞò ïìÜäáò  ¤

IÁðü ôçí ðåðåñáóìÝíç óôçí Üðåéñç äéåäñéêÞ ïìÜäá. Áíôéêáèéóôþíôáò ôüí ãåí-

íÞôïñá  ðïõ ðáñáôßèåôáé óôçí ðñüôáóç 3.4.7 ìå Ýíáí Üëëïí áðåßñïõ ôÜîåùò êáé
äéáôçñþíôáò -åê ðáñáëëÞëïõ- ôéò õöéóôÜìåíåò ó·Ýóåéò ìåôáîý ôùí äýï ãåííçôü-

ñùí Ý·ïõìå ôç äõíáôüôçôá ìåôáâÜóåùò óå (éóüìïñöåò) ìç áâåëéáíÝò Üðåéñåò ïìÜ-
äåò (ïìïéÜæïõóåò ìå ôçíD). Ôï õðïêåßìåíï óýíïëïD∞ ôÞò ïìÜäáò (D∞ ◦) ðïõ
èåùñåßôáé «ðñüôõðïò åêðñüóùðïò» ôÞò êëÜóåùò éóïìïñößáò áõôþí ôùí ïìÜäùí

áðïôåëåßôáé áðü ôéò éóïìåôñßåò ôïýRðïõ áðåéêïíßæïõí ôï óýíïëïZ ôùí áêåñáßùí

åðß ôïý åáõôïý ôïõ.

3.4.9 Ïñéóìüò. (Éóïìåôñßåò ôïý R) Ôï óýíïëï

Isom(R) := { ∈ SR| |()− ()| = |− |  ∀( ) ∈ R×R}

êáëåßôáé óýíïëï éóïìåôñéþí (êáé ôá óôïé·åßá ôïõ éóïìåôñßåò) ôïý R ÅðåéäÞ (ðñï-

öáíþò) idR ∈ Isom(R) êáé åðåéäÞ ãéá ïéåóäÞðïôå 1 2 ∈ Isom(R) êáé ãéá ïéáäÞ-

ðïôå ( ) ∈ R×R éó·ýïõí ïé éóüôçôåò¯̄
(1 ◦ −12 )()− (1 ◦ −12 )()

¯̄
=

¯̄
(1(

−1
2 ())− (1(−12 ())

¯̄
=

¯̄
−12 ()− −12 ()

¯̄
= |− | 

Ý·ïõìå 1 ◦ −12 ∈ Isom(R) ïðüôå Isom(R) @ SR (Âë. 2.1.16 (iii).)

3.4.10 Ïñéóìüò. Ãéá êÜèå  ∈ R ïñßæïõìå ùò ìåôáöïñÜ ôïý R êáôÜ  ôçí áìöéñ-

ñéðôéêÞ áðåéêüíéóç  ∈ SR ìå () := + ∀ ∈ R Ðñïöáíþò,  ∈ Isom(R)
ãéá êÜèå  ∈ R

3.4.11 ËÞììá. Ôï óýíïëï

Trans(R) := { | ∈ R} ⊆ Isom(R)

üëùí ôùí ìåôáöïñþí ôïýR óõãêñïôåß ìéá Üðåéñç áâåëéáíÞ õðïïìÜäá ôÞò Isom(R)
ÅðéðñïóèÝôùò, (Trans(R) ◦) ∼= (R+)
Áðïäåéîç. ÅðåéäÞ 0 = Isom(R) = idR êáé åðåéäÞ ãéá ïéïõóäÞðïôå ðñáãìáôéêïýò

áñéèìïýò   Ý·ïõìå −1 = − + =  ◦  =  ◦  = + ï ðñþôïò

éó·õñéóìüò åßíáé ðñïöáíÞò. ÅðéðñïóèÝôùò, ç áðåéêüíéóçR 3  7→  ∈Trans(R)
áðïôåëåß éóïìïñöéóìü ïìÜäùí. ¤
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3.4.12 Óõìâïëéóìüò. Ìå ôï ãñÜììá  èá óõìâïëßóïõìå ôïí êáôïðôñéóìü

 : R −→ R  7−→ () := −

ôïý R ùò ðñïò ôï 0

3.4.13 Ðñüôáóç. (ÐåñéãñáöÞ ôùí éóïìåôñéþí ôïý R) ÊÜèå éóïìåôñßá

 ∈ Isom(R)rTrans(R)

ãñÜöåôáé õðü ôç ìïñöÞ  =  ◦  =  ◦ −1 =  ◦ − ãéá êÜðïéïí  ∈ R ÊáôÜ
óõíÝðåéáí,

Isom(R) = Trans(R) ∪ { ◦  | ∈ R} = { | ∈ R ∪ { ◦  | ∈ R}
= { ∈ SR|∃ ∈ R êáé ∃ ∈ {±1} : () = + ∀ ∈ R}
= { ◦ −

¯̄
 ∈ R êáé  ∈ {0 1}}

Áðïäåéîç. ¸óôù ôõ·ïýóá  ∈ Isom(R) êáé Ýóôù  :=  (0)  Ôüôå¡
−1 ◦ ¢ (0) = (− ◦ ) (0) = 0

êáé ãéá êÜèå  ∈ Rr{0}

|(− ◦ ) ()| = |(− ◦ ) ()− (− ◦ ) (0)| = |− 0| = || 

Ôïýôï óçìáßíåé üôé (− ◦ ) () =  ∀ ∈ R üðïõ  ∈ {±1} Åí óõíå·åßá

åîåôÜæïõìå ôá äýï åíäå·üìåíá ·ùñéóôÜ.

Ðåñßðôùóç ðñþôç. ÅÜí  = 1 ôüôå − ◦  = idR ïðüôå  =  ∈ Trans(R)
Ðåñßðôùóç äåýôåñç. ÅÜí  = −1 ôüôå  ∈ Isom(R)rTrans(R) êáé

− ◦  =  ⇒  =  ◦  =  ◦ −1 =  ◦ −

Êáô' áõôüí ôïí ôñüðï ðåñéåãñÜöç äéåîïäéêþò êÜèå éóïìåôñßá ôïý R ¤

3.4.14 ÐáñÜäåéãìá. (¢ðåéñç äéåäñéêÞ ïìÜäá) Ç õðïïìÜäá

D∞ := { ∈ Isom(R)|(Z) = Z}

ôÞò Isom(R) ç áðáñôéæüìåíç áðü åêåßíåò ôéò éóïìåôñßåò ôïý R ðïõ áðåéêïíßæïõí

ôï óýíïëï Z ôùí áêåñáßùí åðß ôïý åáõôïý ôïõ, êáëåßôáé Üðåéñç äéåäñéêÞ ïìÜäá.

¼ðùò èá äïýìå óôçí ðñüôáóç 3.4.15, ç ·ñÞóç áõôÞò ôÞò ïíïìáóßáò ãéá ôçí D∞
ïöåßëåôáé óôï üôé ç D∞ äéáèÝôåé äýï ãåííÞôïñåò õðïêåéìÝíïõò óå ó·Ýóåéò ðáíï-

ìïéüôõðåò åêåßíùí óôéò ïðïßåò õðüêåéíôáé ïé ãåííÞôïñåò êáé  ôÞòD (Ïðñþôïò

åî áõôþí Ý·åé ôÜîç 2Çìüíç äéáöïñÜ Ýãêåéôáé óôç öýóç ôïý äåõôÝñïõ: Åí ðñïêåé-

ìÝíù, ç ðåñéóôñïöÞ ôÜîåùò  áíôéêáèßóôáôáé ìå ìéá ìåôáöïñÜ Üðåéñçò ôÜîåùò.)
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3.4.15 Ðñüôáóç. H (D∞ ◦) åßíáé ìéá Üðåéñç ìç áâåëéáíÞ ïìÜäá ìå

D∞ = h −1i =
©
 ◦  

−1 | ∈ {0 1}   ∈ Z
ª


üðïõ −1 ◦  =  ◦ −1−1 (=  ◦ 1)

Áðïäåéîç. ¸óôù ôõ·ïýóá éóïìåôñßá  ∈ D∞ Ðñïöáíþò,  (0) =:  ∈ Z ÊáôÜ

ôçí ðñüôáóç 3.4.13, ∃ ∈ {0 1} :  =  ◦ − üðïõ

− =

(
 −1 üôáí  ≥ 0
−1  üôáí   0

Óôçñéæüìåíïé óôéò éóüôçôåò −1 ◦ =  ◦−1−1 (=  ◦1) áðïäåéêíýïõìå åðáãù-
ãéêþò üôé

 
−1 ◦  =  ◦ −1− =  ◦  

1  ∀ ∈ Z

Åî áõôïý Ýðåôáé üôé h −1i =
©
 ◦  

−1 | ∈ {0 1}   ∈ Z
ª
= D∞ êáé ç áðü-

äåéîç ëÞãåé åäþ. ¤

3.4.16 ÐáñáôÞñçóç. ÊÜèå óôïé·åßï ôÞòD∞ äéÜöïñï ôïý ôáõôïôéêïý, åßíáé Þ ìéá

(ðñïò ôá áñéóôåñÜ Þ ðñïò ôá äåîéÜ) ìåôáöïñÜ êáôÜ ìßá áêåñáßá áðüóôáóç (Þôïé

Ýíá åê ôùí óôïé·åßùí ôïý óõíüëïõ
©
 
−1 | ∈ Zr{0}

ª
) Þ Ýíáò êáôïðôñéóìüò18,

ï ïðïßïò åêôåëåßôáé åßôå ùò ðñïò Ýíá áêÝñáéï óçìåßï (üôáí áõôüò áíÞêåé óôï©
 ◦  

−1 | ∈ Z  ≡ 0mod 2
ª
) åßôå ùò ðñïò Ýíá óçìåßï ðïõ âñßóêåôáé óôï ìÝóïí

ôïý ôìÞìáôïò ôïý êáèïñéæïìÝíïõ áðü äýï áêÝñáéá óçìåßá (üôáí áõôüò áíÞêåé óôï©
 ◦  −1 | ∈ Z  ≡ 1mod 2

ª
).

Ç êëÜóç éóïìïñößáò ôÞòD∞ (üðùò óõìâáßíåé êáé ìå åêåßíçí ôÞòD) êáèïñßæåôáé
ðëÞñùò ìüíïí áðü ôéò õöéóôÜìåíåò ó·Ýóåéò ìåôáîý ôùí ãåííçôüñùí. Óõãêåêñé-

ìÝíá, éó·ýåé ç áêüëïõèç ðñüôáóç:

18Ãéá êÜèå  ∈ Z ç éóïìåôñßá  ◦ −1 åßíáé Ýíáò êáôïðôñéóìüò ùò ðñïò ôï óçìåßï 
2  äéüôé Ý·ïõìå ðñïöáíþò

(−1()) = ⇔  = 
2 
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3.4.17 Ðñüôáóç. ¸óôù ( ·) ìéá Üðåéñç ìç áâåëéáíÞ ïìÜäá ç ïðïßá ìðïñåß íá ðá-
ñá·èåß áðü ôï óýíïëï { } äýï óôïé·åßùí ôçò  êáé  ÅÜí áõôïß ïé ãåííÞôïñåò ôÞò
( ·) õðüêåéíôáé óôéò ó·Ýóåéò

2 =   = −1

ôüôå ( ·) ∼= (D∞ ◦)
Áðïäåéîç. ÅðåéäÞ ç = h i åßíáé åî õðïèÝóåùò ìç áâåëéáíÞ, Ý·ïõìå êáô' áíÜ-

ãêçí  6=   6=  êáé  6=  (Áëëéþò ç  èá Þôáí êõêëéêÞ êáé, ùò åê ôïýôïõ,

áâåëéáíÞ, âë. 2.2.17.) Óýìöùíá ìå ôçí ðñüôáóç 2.2.3,

 = {11 · · ·  | (1  ) ∈ { } êáé  ∈ Z ∀ ∈ {1  }  ∈ N} 

Óôçñéæüìåíïé óôçí éóüôçôá  = −1 áðïäåéêíýïõìå åðáãùãéêþò üôé

 = − ∀ ∈ Z

ÅðåéäÞ  6=  
2 =  ⇒ ord() = 2 óõìðåñáßíïõìå ôåëéêþò üôé

 =
©
 | ∈ Zª ∪ © | ∈ Zª 

(Ç Üðåéñç êõêëéêÞ ïìÜäá hi åßíáé õðïïìÜäá ôÞò ). Åßíáé åýêïëï íá åëåã·èåß

üôé ç áðåéêüíéóç  3  7−→  ◦  
−1 ∈ D∞  ∈ {0 1}  ∈ Z áðïôåëåß

éóïìïñöéóìü ïìÜäùí. ¤

3.5 ÔÏ ÈÅÙÑÇÌÁ ÔÏÕ CAYLEY

Çóçìáóßá ôùí ïìÜäùí ìåôáôÜîåùí óôçÈåùñßáÏìÜäùí ðáñåìöáßíåôáé óôï áêü-

ëïõèï:

3.5.1 Èåþñçìá. (Cayley, 1878) ÊÜèå ïìÜäá ( ·) åìöõôåýåôáé óôçí ïìÜäá
(S ◦), Þôïé åßíáé éóüìïñöç ìå ìéá ïìÜäá ìåôáôÜîåùí () ðïõ áðïôåëåß
õðïïìÜäá ôÞò (S ◦) (âë. 2.4.14 êáé 2.4.17).
Áðïäåéîç. ¸óôù ( ·) ôõ·ïýóá ïìÜäá. Óå êÜèå óôïé·åßï  ôÞò  áíôéóôïé·ïýìå

ìéá ìåôÜôáîç  ïñéæüìåíç ùò åîÞò:

 :  −→   7−→ () := 

(Ç áðåéêüíéóç  åßíáé åíñéðôéêÞ, äéüôé

 () =  ()⇒  =  ⇒ −1 = −1 ⇒  =  ⇒  = 

áëëÜ êáé åðéññéðôéêÞ, äéüôé åÜí  ∈  ôüôå 
¡
−1

¢
= −1 =  = ). H 

ïíïìÜæåôáé åî áñéóôåñþí ìåôáöïñÜ ìÝóù ôïý ¸óôù ôþñá

() := { |  ∈ } ⊆ S
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Ç ðñÜîç ìå ôçí ïðïßá åßíáé åöïäéáóìÝíç ç S åßíáé ç óýíèåóç áðåéêïíßóåùí.

Ðñïöáíþò, ( ◦ ) () =  ( ()) =  () =  = ()∀ ∈ 

ÊáôÜ óõíÝðåéáí, ç óýíèåóç äõï ôõ·üíôùí óôïé·åßùí ôïý () áíÞêåé óôï ()

Ôï ôáõôïôéêü óôïé·åßï id ôÞò S áíÞêåé óôï () äéüôé éóïýôáé ìå ôçí   åíþ

ôï áíôßóôñïöï ôÞò  åíôüò ôÞò S éóïýôáé ìå ôçí −1 êáé áíÞêåé êáé áõôü óôï

()¢ñá () v S äõíÜìåé ôïý (ii) ôÞò ðñïôÜóåùò 2.1.16. Ç áðåéêüíéóç

 −→ ()  7−→ 

åßíáé ðñïöáíþò åðéññéðôéêÞ êáé ìåôáöÝñåé ôïí ðïëëáðëáóéáóìü ôÞò  óôç óýí-

èåóç áðåéêïíßóåùí ôÞò () ( 7−→  =  ◦ ). ÅîÜëëïõ, ç åí ëüãù áðåé-

êüíéóç åßíáé êáé åíñéðôéêÞ, áöïý áðü ôçí  =  Ýðåôáé üôé

 = () = () = 

Êáô' áõôüí ôïí ôñüðï êáôáóêåõÜóáìå Ýíáí éóïìïñöéóìü ìåôáîý ôÞò  êáé ôÞò

õðïïìÜäáò () ôÞò ïìÜäáòS ¤

3.5.2 Óçìåßùóç. Ç áíùôÝñù êáôáóêåõáóèåßóá ïìÜäá ìåôáôÜîåùí () êáëåßôáé

åî áñéóôåñþí êáíïíéêÞ áíáðáñÜóôáóç ôÞò  åíôüò ôÞò S Âåâáßùò, êáô' áíá-

ëïãßáí, èá ìðïñïýóå êáíåßò íá åñãáóèåß êáé ìå ôçí åê äåîéþí êáíïíéêÞ áíáðáñÜ-

óôáóç

() := { |  ∈ } v S

ôÞò åíôüò ôÞòS üðïõ :  −→   7−→ () :=  ç åê äåîéþí ìåôáöïñÜ

ìÝóù ôïý  Ðñïöáíþò,

() ∼=  ∼= ()

3.5.3 Ðüñéóìá. ÅÜí ç  åßíáé ìéá ðåðåñáóìÝíç ïìÜäá ôÜîåùò  ôüôå ç  åßíáé
åìöõôåýóéìç

(i) óôç óõììåôñéêÞ ïìÜäáS êáé

(ii) óôéò ãåíéêÝò ãñáììéêÝò ïìÜäåò GL(Z) êáé GL( ) üðïõ  ôõ·üí óþìá.

Áðïäåéîç. (i) ÅÜí, êáôÜ êÜðïéïí ôñüðï, áñéèìÞóïõìå ôá óôïé·åßá ôÞò  ùò

1 2  äçëáäÞ åÜí ïñßóïõìå ìéá áìößññéøç  :  −→ {1 2 } ôüôå êÜèå

ìåôÜôáîç ôÞò  åðÜãåé ìéá ìåôÜôáîç ôùí 1 2  êáé, ùò åê ôïýôïõ, äçìéïõñãåß-

ôáé Ýíáò éóïìïñöéóìüò

Φ : S −→ S  7−→ Φ () :=  ◦  ◦ −1
ìåôáîý ôÞò S êáé ôÞò S ÅðïìÝíùò, ç õðïïìÜäá () ôÞò S åßíáé éóüìïñöç

ìå ôçí õðïïìÜäá Φ (()) ôÞò S ÅðåéäÞ ç  åßíáé éóüìïñöç ìå ôçí () êáé

åðåéäÞ ç óýíèåóç äýï éóïìïñöéóìþí åßíáé Ýíáò éóïìïñöéóìüò (âë. 2.4.12 (ii)), ç

 åßíáé éóüìïñöç ìå ôçí Φ (())

(ii) H ïìÜäáΦ (()) åßíáé éóüìïñöç ìå ôçí åéêüíá ôçò ìÝóù ôïý ìïíïìïñöéóìïý

 7−→ P (üðïõP åßíáé ï ìåôáôáêôéêüò ðßíáêáò ï ïñéæüìåíïò ìÝóù ôÞò   ï áíÞ-

êùí óôçí GL(Z) êáé, áíôéóôïé·þò, óôçí GL( )). Âë. D.2.27 êáé D.2.28 (i). ¤
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3.5.4 ÐáñÜäåéãìá. (ÊõêëéêÞ ïìÜäá ôÜîåùò 4) ¸óôù  ìéá êõêëéêÞ ïìÜäá ôÜ-

îåùò 4 êáé Ýóôù  Ýíáò ãåííÞôïñÜò ôçò. Ôüôå  = {  2 3} (üðïõ  := ), ï

äå ðïëëáðëáóéáóôéêüò êáôÜëïãüò ôçò åßíáé ï åîÞò:

·   2 3

   2 3

  2 3 

2 2 3  

3 3   2

Óýìöùíá ìå ôï èåþñçìá 3.5.1 ôïý Cayley,  ∼= () üðïõ

() = {  2  3} @ S

ÓçìåéùôÝïí üôé  = id êáé üôé ïé åéêüíåò ôùí ôåóóÜñùí óôïé·åßùí ôÞò  ìÝóù

ôùí  2  3 åßíáé ïé áêüëïõèåò:

 ()

 

 2

2 3

3 

 2()

 2

 3

2 

3 

 3()

 3

 

2 

3 2

¸óôù  :  −→ {1 2 3 4} ç áìößññéøç ìå () := 1 () := 2 (2) := 3 êáé

(3) := 4 Ôüôå ç áðåéêüíéóç

Φ : S −→ S4  7−→ Φ () :=  ◦  ◦ −1

áðïôåëåß Ýíáí éóïìïñöéóìü ïìÜäùí. ¢ñá Ý·ïõìå () ∼= Φ (()) Ðñïöáíþò,

Φ () = id êáé Φ () =  ◦  ◦ −1 ïðüôå

Φ ()(1) = ((
−1(1))) = (()) = () = 2

Φ ()(2) = ((
−1(2))) = (()) = (2) = 3

Φ ()(3) = ((
−1(3))) = ((

2)) = (3) = 4

Φ ()(4) = ((
−1(4))) = ((

3)) = () = 1

êáé, ùò åê ôïýôïõ, Φ () =

∙
1 2 3 4

2 3 4 1

¸
= [1 2 3 4]Êáô' áíáëïãßáí,

Φ (2) =

∙
1 2 3 4

3 4 1 2

¸
= [1 3] ◦ [2 4]  Φ (3) = [1 4 3 2]

¢ñá ç  åßíáé éóüìïñöç ìå ôçí õðïïìÜäá

Φ (()) = {id [1 2 3 4] [1 3] ◦ [2 4]  [1 4 3 2]}
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ôÞò S4 (êáé öõóéêÜ êáé ìå ôçí ïìÜäá (Z4+) åðß ôç âÜóåé ôïý (ii) ôïý èåùñÞìá-

ôïò 2.4.23). Åðßóçò, ç  ∼= Φ (()) (êáôÜ ôï 3.5.3 (ii)) åßíáé éóüìïñöç ìå ôçí

õðïïìÜäá⎧⎨⎩I4
⎛⎝ 0 0 0 1

1 0 0 0
0 1 0 0
0 0 1 0

⎞⎠ 

⎛⎝ 0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎠ 

⎛⎝ 0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

⎞⎠⎫⎬⎭
ôÞò GL4(Z) êáé ìå ôçí õðïïìÜäá⎧⎨⎩I4

⎛⎝ 0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

⎞⎠ 

⎛⎝ 0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎠ 

⎛⎝ 0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

⎞⎠⎫⎬⎭
ôÞòGL4( ) ãéá êÜèå óþìáÔÝëïò, áîßæåé íá åðéóçìáíèåß üôé, ïñßæïíôáò ùò  ìéá

Üëëç áìößññéøç ìåôáîý ôÞò êáé ôïý {1 2 3 4} ëáìâÜíïõìå ìéá Üëëç åìöýôåõóç
ôÞò  åíôüò ôÞò S4 Åðß ðáñáäåßãìáôé, åÜí ïñéóèåß ùò  :  −→ {1 2 3 4} ç

áìößññéøç ìå () := 1 () := 3 (2) := 2 êáé (3) := 4 ôüôå

Φ (()) = {id [1 3 2 4] [1 2] ◦ [3 4]  [1 4 3 2]}

3.5.5 ÐáñÜäåéãìá. (Åðßðåäåò óõììåôñßåò ìéáò óêáêéÝñáò) Ìéá óêáêéÝñá äéá-

èÝôåé ôÝóóåñåéò åðßðåäåò óõììåôñßåò19: ôçí ôáõôïôéêÞ  (:= idR2), ôç óôñïöÞ  ðåñß

ôï êÝíôñï ôçò êáôÜ  áêôßíéá êáé ôïõò êáôïðôñéóìïýò 1 êáé 2 ùò ðñïò ôéò äéáãù-

íßïõò ôçò.

ÁõôÝò ïé óõììåôñßåò óõãêñïôïýí ìéá ïìÜäá = {  1 2} ìå ðñÜîç ôçò ôç óýí-

19Ùò åðßðåäåò óõììåôñßåò ôÞò óêáêéÝñáò ïñßæïíôáé åêåßíá ôá óôïé·åßá ôÞò SR2 ðïõ äéáôçñïýí ôéò áðïóôÜóåéò êáé

óôÝëíïõí ôç óêáêéÝñá íá áðåéêïíßæåôáé óôïí åáõôü ôçò, äéáôçñþíôáò ôü êÝíôñï ôçò óôáèåñü. Ðñïóï·Þ! Ç ïìÜäá

ðïõ óõãêñïôïýí ïé åí ëüãù óõììåôñßåò äåí åßíáé ç ïìÜäá ôùí óõììåôñéþí åíüò ôåôñáãþíïõ (Þôïé éóüìïñöç ìå ôçí

D4 ôÜîåùò 8), äéüôé ôá óôïé·åßá ôÞò ïöåßëïõí, óõí ôïéò Üëëïéò, íá óôÝëíïõí êÜèå ìáýñï (ìéêñü) ôåôñáãùíÜêé ôÞò
óêáêéÝñáò íá áðåéêïíßæåôáé óå Ýíá ìáýñï ôåôñáãùíÜêé (êáé êÜèå Üóðñï óå Ýíá Üóðñï). Åðß ðáñáäåßãìáôé, ç óôñïöÞ

ðåñß ôï êÝíôñï ôÞò óêáêéÝñáò êáôÜ 
2 (Þ êáôÜ 3

2 ) áêôßíéá äåí ðëçñïß áõôÞí ôç óõíèÞêç.
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èåóç áðåéêïíßóåùí. Ï êáôÜëïãïò ôÞò ðñÜîåùò ‘‘◦'' ôÞò  åßíáé ï åîÞò:

◦   1 2

   1 2
   2 1
1 1 2  

2 2 1  

Óýìöùíá ìå ôï èåþñçìá 3.5.1 ôïý Cayley,  ∼= () üðïõ

() = {  1  2} @ S

ÓçìåéùôÝïí üôé  = id êáé üôé ïé åéêüíåò ôùí ôåóóÜñùí óôïé·åßùí ôÞò  ìÝóù

ôùí  1  2 åßíáé ïé áêüëïõèåò:

 ()

 

 

1 2
2 1

 1()

 1
 2
1 

2 

 2()

 2
 1
1 

2 

¸óôù  :  −→ {1 2 3 4} ç áìößññéøç ìå () := 1 () := 2 (1) := 3 êáé

(2) := 4 Ôüôå ç áðåéêüíéóç

Φ : S −→ S4  7−→ Φ () :=  ◦  ◦ −1

áðïôåëåß Ýíáí éóïìïñöéóìü ïìÜäùí. ¢ñá Ý·ïõìå () ∼= Φ (()) Ðñïöáíþò,

Φ () = id êáé Φ () =  ◦  ◦ −1 ïðüôå

Φ ()(1) = ((
−1(1))) = (()) = () = 2

Φ ()(2) = ((
−1(2))) = (()) = () = 1

Φ ()(3) = ((
−1(3))) = ((1)) = (2) = 4

Φ ()(4) = ((
−1(4))) = ((2)) = (1) = 3

êáé, ùò åê ôïýôïõ,

Φ () =

∙
1 2 3 4

2 1 4 3

¸
= [1 2] ◦ [3 4] 

Êáô' áíáëïãßáí,

Φ (1) =

∙
1 2 3 4

3 4 1 2

¸
= [1 3] ◦ [2 4]

êáé

Φ (2) =

∙
1 2 3 4

4 3 2 1

¸
= [1 4] ◦ [2 3] 
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ÊáôÜ óõíÝðåéáí, Φ (()) = V üðïõ çV åßíáé ç ïìÜäá 3.4.2 (ii) ôùí ôåóóÜñùí

óôïé·åßùí ôïý Klein êáé ∼= V Åðßóçò, ç (êáôÜ ôï 3.5.3 (ii)) åßíáé éóüìïñöç ìå

ôçí õðïïìÜäá⎧⎨⎩I4
⎛⎝ 0 1 0 0

1 0 0 0
0 0 0 1
0 0 1 0

⎞⎠ 

⎛⎝ 0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎠ 

⎛⎝ 0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞⎠⎫⎬⎭
ôÞò GL4(Z) êáé ìå ôçí õðïïìÜäá⎧⎨⎩I4

⎛⎝ 0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎞⎠ 

⎛⎝ 0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎠ 

⎛⎝ 0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞⎠⎫⎬⎭
ôÞò GL4( ) ãéá êÜèå óþìá 

Ôï èåþñçìá 3.5.6 ìáò ðëçñïöïñåß üôé êÜèå ïìÜäá ôÜîåùò 4 ïöåßëåé íá åßíáé éóü-

ìïñöç ìå ìßá åê ôùí ïìÜäùí ìåôáôÜîåùí ðïõ ðáñïõóéÜóèçêáí óôá ðáñáäåßãìáôá

3.5.4 êáé 3.5.5.

3.5.6 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò 4) ¸óôù ( ·) ôõ·ïýóá ïìÜäá
ôÜîåùò 4 Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) H ( ·) åßíáé áâåëéáíÞ.
(ii) ÅÜí ç ( ·) åßíáé êõêëéêÞ, ôüôå ( ·) ∼= (Z4+)
(iii) ÅÜí ç ( ·) äåí åßíáé êõêëéêÞ, ôüôå åßíáé éóüìïñöç ìå ôçí ïìÜäá (V ◦) ôùí
ôåóóÜñùí óôïé·åßùí ôïý Klein.

Áðïäåéîç. (i) ÅÜí ç ( ·) åßíáé ôõ·ïýóá ïìÜäá ôÜîåùò 4 ôüôå áõôÞ åßíáé áâå-
ëéáíÞ. ÐñÜãìáôé°

(á) ÅÜí ç  äéáèÝôåé êÜðïéï óôïé·åßï ôÜîåùò 4 ôüôå ç  åßíáé êõêëéêÞ êáé, ùò åê
ôïýôïõ, áâåëéáíÞ (âë. ðñïôÜóåéò 2.3.7 êáé 2.2.17)

(â) ÅÜí ç Ý·åé äåí Ý·åé êáíÝíá óôïé·åßï ôÜîåùò 4 ôüôå ç äåí åßíáé êõêëéêÞ (âë.
ðñüôáóç 2.3.7). Èåùñïýìå ôõ·üíôá   ∈  Èá áðïäåßîïõìå üôé  = 

(â1) ÅÜí (ôïõëÜ·éóôïí) Ýíá åê ôùí   éóïýôáé ìå ôï  (:= ) ôüôå ðñïöáíþò
 = 

(â2) ÅÜí  =  ôüôå åßíáé êáé ðÜëé ðñïöáíÝò üôé  = 

(â3) ÅÜí  6=   6=  êáé  6=  ôüôå  = {   } üðïõ  ôï «ôÝôáñôï» óôïé·åßï
ôÞò ïìÜäáò  ({} ∩ {  } = ∅). Èåùñïýìå ôï óôïé·åßï  ∈  Áõôü áðï-
êëåßåôáé íá éóïýôáé ìå ôï  Þ ìå ôï  äéüôé, âÜóåé ôïý íüìïõ ôÞò äéáãñáöÞò 2.1.9
(i), èá Ýðñåðå ôï  (Þ, áíôéóôïß·ùò, ôï ) íá éóïýôáé ìå ôï  êÜôé ðïõ èá áíôÝêåéôï
óôçí õðüèåóÞ ìáò. ¢ñá  ∈ { } Ðñïôïý ðñïâïýìå óôçí ðåñáéôÝñù åîÝôáóç
ôùí äýï åíäå·ïìÝíùí ôéìþí ôïý ãéíïìÝíïõ  èá ðñïóäéïñßóïõìå ôéò ôÜîåéò ôùí 
êáé 

Éó·õñéóìüò. ord() = ord() = 2

Áðüäåéîç éó·õñéóìïý. Èåùñïýìå ôçí hi @  Ðñïöáíþò, |hi| = ord() ∈ {2 3}
(áöïý  6=  êáé ç  äåí åßíáé êõêëéêÞ). ÅÜí |hi| = 3 ôüôå  6= 2 êáé

hi = {  2} $ {   } = ⇒ åßôå  = 
2 åßôå  = 

2
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ÅÜí  = 2 ôüôå  = −1 êáé  ∈ {   } êÜôé ðïõ áðïêëåßåôáé ëüãù ôùí
óõíåðáãùãþí

 = ⇒  = 
−1 =   = ⇒  =   =  = 

2 ⇒  =   = ⇒  = 

ÅÜí  = 2 ôüôå  = −1 êáé  ∈ {   } êÜôé ðïõ áðïêëåßåôáé ëüãù ôùí
óõíåðáãùãþí

 = ⇒  = 
−1 =   = ⇒  =   = ⇒  =   =  = 

2 ⇒  = 

ÊáôÜ óõíÝðåéáí, ord() = 2 ÅíáëëÜóóïíôáò ôþñá ôïõò ñüëïõò ôùí  êáé  êáé

åðé·åéñçìáôïëïãþíôáò áíáëüãùò, áðïäåéêíýïõìå ôçí éóüôçôá ord() = 2

ÅîÝôáóç ôïý ãéíïìÝíïõ  Åßôå  =  åßôå  =  ÅÜí  =  ôüôå  = −1 = 

(áöïý ord() = 2 êáôÜ ôá ðñïáíáöåñèÝíôá), êÜôé ðïõ áíôßêåéôáé óôçí õðüèåóÞ

ìáò. ¢ñá Ý·ïõìå êáô' áíÜãêçí  = Åí óõíå·åßá, èåùñþíôáò ôü óôïé·åßï  ∈ 

êáé åðáíáëáìâÜíïíôáò ôáùò Üíù åðé·åéñÞìáôá ôïý (â3) ãé' áõôü (êáôüðéí åíáëëá-

ãÞò ôùí ñüëùí ôùí  êáé ), êáôáëÞãïõìå óôï üôé  = ¢ñá ôåëéêþò  =  = 

(ii) Ôïýôï Ýðåôáé Üìåóá áðü ôï (ii) ôïý èåùñÞìáôïò 2.4.23.
(iii) ÅÜí ç ïìÜäá ( ·) äåí åßíáé êõêëéêÞ, ôüôå (âáóéæüìåíïé óå ü,ôé Ý·åé ðñïáíá-
öåñèåß óôï (i)) ìðïñïýìå íá õðïèÝóïõìå üôé ôï õðïêåßìåíï óýíïëü ôçò åßíáé ôÞò
ìïñöÞò  = {   } ìå ôá     óáöþò äéáêåêñéìÝíá êáé  =  Ï ðïëëá-
ðëáóéáóôéêüò êáôÜëïãïò ôÞò ( ·) åßíáé ï åîÞò:

·    

    

  2  2

   2 2

  2 2 22

ËáìâÜíïíôáò õð' üøéí üôé ord() = ord() = 2 (Þ, åíáëëáêôéêþò, üôé ç  åßíáé
áâåëéáíÞ êáé üôé êÜèå óôïé·åßï ôçò åìöáíßæåôáé óå êÜèå ãñáììÞ êáé êÜèå óôÞëç
ôïõ ìüíïí ìßá öïñÜ), áõôüò ãñÜöåôáé ùò áêïëïýèùò20:

·    

    

    

    

    

ÕðÜñ·ïõí äýï ôñüðïé áðïðåñáôþóåùò ôÞò áðïäåßîåùò: Åßôå åðáíáëáìâÜíïõìå
êáôÜ ãñÜììá ôç äéáäéêáóßá ðïõ áêïëïõèÞóáìå óôï åäÜöéï 3.5.5 (ìå ôá    óôç
èÝóç ôùí  1 êáé 2 áíôéóôïß·ùò) åßôå ïñßæïõìå áðåõèåßáò ôçí áðåéêüíéóç

 7−→ id  7−→ [1 2] ◦ [3 4]   7−→ [1 3] ◦ [2 4]   7−→ [1 4] ◦ [2 3]

êáé äéáðéóôþíïõìå üôé åßíáé éóïìïñöéóìüò ïìÜäùí. ¤

3.5.7 ÐáñáôÞñçóç. Ðñïöáíþò, (V ◦) À (Z4+) (âë. 2.4.19 (iii)).
20Åî áõôïý Ýðåôáé, éäéáéôÝñùò, üôé = h i = h i = h i 
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3.5.8 Ðüñéóìá. (ÏìÜäá áõôïìïñöéóìþí ïìÜäùí ôÜîåùò 4)

¸óôù ( ·) ôõ·ïýóá ïìÜäá ôÜîåùò 4 Ôüôå éó·ýïõí ôá áêüëïõèá :
(i) ÅÜí ç ( ·) åßíáé êõêëéêÞ, ôüôå (Aut() ◦) ∼= (Z×4  ·) ∼= (Z2+)
(ii) ÅÜí ç ( ·) äåí åßíáé êõêëéêÞ, ôüôå (Aut() ◦) ∼= (S3 ◦)
Áðïäåéîç. (i) Ç ýðáñîç ôïý ðñþôïõ éóïìïñöéóìïý äéáóöáëßæåôáé ìÝóù ôïý (ii)

ôïý èåùñÞìáôïò 2.4.32. Ãéá ôçí áðüäåéîç ôïý üôé (Z×4  ·) ∼= (Z2+)áñêåß íá ëçöèåß

õð' üøéí üôé Z×4 = {[1]4  [3]4} = h[3]4i êáé íá åöáñìïóèåß ôï 2.4.23 (ii).

(ii) ÅÜí ç ïìÜäá ( ·) äåí åßíáé êõêëéêÞ, ôüôå ( ·) ∼= (V ◦) (óýìöùíá ìå ôï

èåþñçìá 3.5.6), üðïõV := {id 1 2 3} ìå

1 := [1 2] ◦ [3 4]  2 := [1 3] ◦ [2 4]  3 := [1 4] ◦ [2 3] 

¸óôù  :  −→ V Ýíáò éóïìïñöéóìüò. ÌÝóù áõôïý åðÜãåôáé Ýíáò éóïìïñöéóìüò

Aut() 3  7−→  ◦  ◦ −1 ∈ Aut(V)

ìåôáîý ôùí ïìÜäùí (Aut() ◦) êáé (Aut(V) ◦) Áñêåß ëïéðüí íá äåßîïõìå üôé õöß-

óôáôáé éóïìïñöéóìüò ìåôáîý ôùí (Aut(V) ◦) êáé (S3 ◦)  Ãéá êÜèå  ∈ Aut(V)

éó·ýåé (id) = id (âë. 2.4.3 (i)) êáé, ùò åê ôïýôïõ,

{ (1)   (2)   (3)} = {1 2 3}

ìå

 ( ◦ ) =  () ◦  ()  ∀( ) ∈ {1 2 3} × {1 2 3} (3.22)

Ðáñáôçñïýìå üôé, óôçí ðñáãìáôéêüôçôá, ç ìüíç äåóìåõôéêÞ óõíèÞêç ãéá ôéò åéêü-

íåò êáé ôéò áíôßóôñïöåò åéêüíåò ôùí id 1 2 3 ìÝóù ïéïõäÞðïôå áõôïìïñöéóìïý

 ∈Aut(V) åßíáé ç (id) = id, áöïý ç (3.22) ðëçñïýôáé áõôïìÜôùò ãéá ïéáäÞðïôå

( ) ∈ {1 2 3} × {1 2 3} Ôïýôï åßíáé ðñüäçëï óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá

 =  êáé Ýðåôáé áðü ôï ãåãïíüò üôé

() =  ◦ 
óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá  6=  üðïõ {( )} = {1 2 3}r{ } ÊáôÜ
óõíÝðåéáí,

[(id) = id êáé |{123} ∈ S{123} ∼= S3 ∀ ∈ Aut(V)]⇒ Aut(V) ∼= S3

ÓõãêåêñéìÝíá, Aut(V) = {0 1 2 3 4 5} üðïõ 0 := Aut(V) (id) = id,
ãéá êÜèå  ∈ {1 2 3 4 5}

1 (1) := 1 1 (2) := 3 1 (3) := 2

2 (1) := 2 2 (2) := 1 2 (3) := 3

3 (1) := 2 3 (2) := 3 3 (3) := 1

4 (1) := 3 4 (2) := 1 4 (3) := 2

êáé 5 (1) := 3 5 (2) := 2 5 (3) := 1 ¤
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ÁóêÞóåéò

3-1. Ãéá ïéïäÞðïôå ìç êåíü óýíïëï  êáé ãéá ïéïäÞðïôå óôïé·åßï  ∈  íá áðï-

äåé·èåß üôé ôï { ∈ S| () = } áðïôåëåß ìéá õðïïìÜäá ôÞò (S ◦)
3-2. ÅÜí ∈ N  ∈ Z êáé  : Z −→ Z çáðåéêüíéóç [] 7−→ ([]) := [] 

íá áðïäåé·èåß üôé  ∈ SZ ⇐⇒ ìêä() = 1

3-3. (i) ÅÜí ( ·) åßíáé ìéá áâåëéáíÞ ïìÜäá,   óôïé·åßá ôÞò êáé   ∈ N
ãéá ôïõò ïðïßïõò éó·ýåé ìêä() = ìêä() = ìêä( ) = 1 íá áðïäåé-

·èåß ç óõíåðáãùãÞ
£
 =  = () = 

¤
=⇒  =  = 

(ii) ÐáñáìÝíåé áõôü ôï óõìðÝñáóìá åí éó·ý áêüìç êáé üôáí ç  åßíáé ìç

áâåëéáíÞ;

3-4. (i) Íá õðïëïãéóèïýí ïé óõíèÝóåéò ôùí áêïëïýèùí ìåôáôÜîåùí åíôüò ôÞòS6∙
1 2 3

3 1 2

4

4

5 6

5 6

¸
◦
∙
1 2 3

3 1 4

4

6

5 6

5 2

¸
∙

1 2 3

6 5 4

4

3

5 6

2 1

¸
◦
∙
1 2 3

5 4 3

4

2

5 6

1 6

¸


∙
1 2 3

2 1 4

4

3

5 6

6 5

¸3


∙
1 2 3

6 4 5

4

1

5 6

2 3

¸5


êáèþò êáé ôá áíôßóôñïöá áõôþí.

(ii) Íá åêöñáóèåß ç ìåôÜôáîç

 :=

∙
1 2 3

3 9 8

4

4

5 6 7

5 7 11

8

1

9

2

10

6

11

10

¸
∈ S11

õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí

ìÞêïõò ≥ 2 êáé íá õðïëïãéóèåß ç ôÜîç ôçò.

3-5. Íá áðïäåé·èåß üôé åíôüò ôÞò óõììåôñéêÞò ïìÜäáòS6 ïé óõíèÝóåéò êýêëùí

[1 4 5 6] ◦ [2 1 5]  [2 1 5] ◦ [1 4 5 6]
åßíáé äýï (Üíéóåò) ìåôáôÜîåéò ðïõ äåí åßíáé êýêëïé.

3-6. ÅÜí  ∈ N  ≥ 2 êáé  ∈ S ìå  () 6=  ãéá êÜðïéïí  ∈ {1  } íá
áðïäåé·èåß üôé 2() 6=  () 

3-7. ÅÜí  := [1 2 3 4] ∈ S4 íá ðñïóäéïñéóèïýí üëåò ïé ìåôáôÜîåéò  ∈ S4 ãéá
ôéò ïðïßåò éó·ýåé ç éóüôçôá  ◦  ◦ −1 = 3

3-8. Íá ðñïóäéïñéóèïýí ïé ìåôáôÜîåéò 1 2 åíôüò ôÞò óõììåôñéêÞò ïìÜäáò S7
ãéá ôéò ïðïßåò ïé éóüôçôåò 1 ◦  =  =  ◦ 2 üðïõ

 :=

∙
1 2 3

2 5 3

4

4

5 6 7

7 6 1

¸
  :=

∙
1 2 3

1 2 4

4

7

5 6 7

6 3 5

¸
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3-9. Äßäïíôáé ïé ìåôáôÜîåéò

 :=

∙
1 2 3

5 8 9

4

2

5 6 7

1 4 3

8

6

9

7

¸
∈ S9

êáé

 :=

∙
1 2 3

2 3 1

4

5

5 6  3− 2
6 4  3− 1

3− 1
3

3

3− 2
¸
∈ S3  ∈ N

Íá åêöñáóèïýí ïé  êáé  õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí (ðåðåñáóìÝ-

íïõ ðëÞèïõò) áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí ìÞêïõò ≥ 2 Åí óõíå·åßá,

íá åîåôáóèåß åÜí ïé  êáé  åßíáé Üñôéåò Þ ðåñéôôÝò.

3-10. Ná ðñïóäéïñéóèåß ç 1000 =  ◦  ◦ · · · ◦ | {z }
1000 öïñÝò

üôáí

 :=

∙
1 2 3

3 7 8

4

9

5 6 7

4 5 2

8

1

9

6

¸
∈ S9

3-11. ÅÜí  ∈ N  ≥ 3 êáé 1 2 ∈ S åßíáé äõï áíôéìåôáèÝóåéò, íá áðïäåé·èåß

üôé ç ìåôÜôáîç 1 ◦ 2 ìðïñåß íá ãñáöåß ùò óýíèåóç (ü·é êáô' áíÜãêçí áíÜ

äýï îÝíùí ìåôáîý ôïõò) êýêëùí ìÞêïõò 3

3-12. ¸óôù  ∈ N  ≥ 4 êáé Ýóôù  Ýíáò ðñþôïò áñéèìüò. Íá áðïäåé·èïýí ôá

áêüëïõèá:

(i) Ç ôÜîç ìéáò ìåôáôÜîåùò  ∈ S åßíáé ßóç ìå  åÜí êáé ìüíïí ç  ãñÜöåôáé

ùò óýíèåóç åðáëëÞëùí áíÜ äýï îÝíùí ìåôáîý ôïõò -êýêëùí.

(ii) To (i) äåí åßíáé åí ãÝíåé áëçèÝò åÜí óå áõôü ï ðñþôïò áñéèìüò  áíôéêá-

ôáóôáèåß ìå Ýíáí óýíèåôï áñéèìü.

3-13. ÅÜí  ∈ N ìå  |  êáé  ∈ S åßíáé Ýíáò -êýêëïò, íá áðïäåé·èåß üôé

ç ìåôÜôáîç  =  ◦ · · · ◦ | {z }
 öïñÝò

ãñÜöåôáé ùò óýíèåóç  åðáëëÞëùí áíÜ äýï

îÝíùí ìåôáîý ôïõò 

-êýêëùí.

3-14. ÅÜí  ∈ N  ≥ 3 êáé  ∈ S íá áðïäåé·èåß üôé

S = h[(1) (2)] [(1) (2)  ()]i 

3-15. Íá áðïäåé·èåß üôé ãéá êÜèå  ∈ S5r{id} õðÜñ·åé êÜðïéá ìåôÜôáîç  ∈ S5
ôÝôïéá þóôå íá éó·ýåéS5 = h i 

3-16. ÅÜí  ∈ N êáé  := [1 2 ] ∈ S íá áðïäåé·èåß üôé ãéá êÜèå  ∈ S éó·ýåé

 ◦  =  ◦  ⇐⇒  ∈ hi 
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3-17. Óôï ãíùóôü «ðáé·íßäé21 ôùí 15 (ôåôñÜãùíùí) ðëáêéäßùí», êáèÝíá åê ôùí

15 ðëáêéäßùí åßíáé ôïðïèåôçìÝíï óå Ýíá ôåôñÜãùíï ðëáßóéï ìå ðëåõñÜ ðïõ

åßíáé ôåôñáðëÜóéá ôÞò ðëåõñÜò ôïõ. Ôá ðëáêßäéá åöÜðôïíôáé ìåôáîý ôïõò

êáôÜ ôÝôïéïí ôñüðï, þóôå åíôüò ôïý ôåôñáãþíïõ ðëáéóßïõ íá áöÞíåôáé êåíü

ôï êÜôù-äåîéÜ ôåôñáãùíßäéï, áñéèìïýíôáé äå áðü ôï 1 Ýùò ôï 15 üðùò óôï

ó·Þìá:

(Óôï êåíü ôåôñáãùíßäéï èá áíôéóôïé·åß íïåñþò ï áñéèìüò 16) Ôá ðëáêßäéá

ìðïñïýí íá ìåôáêéíïýíôáé ïñéæïíôßùò Þ êáôáêïñýöùò (êÜíïíôáò ·ñÞóç ôïý

åêÜóôïôå åìöáíéæüìåíïõ êåíïý ôåôñáãùíéäßïõ) ·ùñßò, üìùò, íá ìðïñïýí íá

«îåêáñöéôóùèïýí» áðü ôï ôåôñÜãùíï ðëáßóéï. (Ìéá áðëÞ ìåôáêßíçóç åß-

íáé åî ïñéóìïý ôï áðïôÝëåóìá ôïý íá óõñèåß êÜðïéï ðëáêßäéï óå êåíü ôå-

ôñáãùíßäéï, áð' üðïõ ðñïêýðôåé ç áëëáãÞ ôÞò áñ·éêÞò èÝóåùò ôïý êåíïý ôå-

ôñáãùíéäßïõ ïñéæïíôßùò Þ êáôáêïñýöùò óå ìéá ãåéôïíéêÞ èÝóç.) Óõãêåêñé-

ìÝíá, åêêéíþíôáò áðü ôï áíùôÝñù ó·Þìá, ùò åðéôñåðôÝò ìåôáêéíÞóåéò (ôïý

ðáé·íéäéïý) ·áñáêôçñßæïíôáé üëåò ïé äõíáôÝò åðßðåäåò ìåôáêéíÞóåéò (Þôïé

áíáäéáôÜîåéò) ôùí ðëáêéäßùí, ïé ïðïßåò ðñïêýðôïõí ýóôåñá áðü åöáñìïãÞ

ðåðåñáóìÝíïõ ðëÞèïõò áðëþí ìåôáêéíÞóåùí, õðü ôçí ðñïûðüèåóç üôé ôï

êÜôù-äåîéÜ ôåôñáãùíßäéï ðáñáìÝíåé (óôï ôÝëïò) êåíü. Ôï áðïôÝëåóìá êÜèå

åðéôñåðôÞò ìåôáêéíÞóåùò åßíáé ïé ôïðïèåôÞóåéò ôùí áñéèìþí 1 2  15 óå

íÝåò èÝóåéò (1) (2)  (15) ãéá êÜðïéá ìåôÜôáîç  ∈ S16 ãéá ôçí ïðïßá

éó·ýåé (16) = 16 üðùò óôï ó·Þìá:

Ãéá ôï óýíïëï  üëùí ôùí åðéôñåðôþí ìåôáêéíÞóåùí íá áðïäåé·èïýí ôá

åîÞò:

(i) v S16 (ii) ∃ v A15 :  ∼=  êáé (iii) = A15

21ÐáñÜ ôï ãåãïíüò üôé áõôü ôï ðáé·íßäé Ý·åé óõíäåèåß ìå ôï üíïìá ôïý Áìåñéêáíïý (óêáêéóôÞ êáé óõëëÝêôç puzzles)

Sam Loyd (1841-1911), åß·å åðéíïçèåß (ìå êÜðïéïõò ðåñéïñéóìïýò ùò ðñïò ôïõò áñéèìïýò) ôï 1874 áðü ôïí Noyes

Palmer Chapman, Ýíáí íåïûïñêÝæï äéåõèõíôÞ ôá·õäñïìåßïõ êáé ìåôåîåëé·èåß áðü ôïí ãéï ôïõ Frank. Ôï ôåôñÜãùíï

ðëáßóéï ìå ôïõò áñéèìïýò 1 Ýùò ôï 15 Üñ·éóå íá ðáñÜãåôáé êáé íá ðùëåßôáé óôï Connecticut êáé óôç Âïóôþíç ôï

1879 Ïé ðùëÞóåéò ôïõ (êáé ç õóôåñßá ãéá ôï ðáßîéìü ôïõ) áõîÞèçêáí åêèåôéêþò Ýíáí ·ñüíï áñãüôåñá, ôï 1880
ôüóï óôéò Ç.Ð.Á. üóï êáé óôçí Åõñþðç. Ãéá ðåñéóóüôåñá éóôïñéêÜ óôïé·åßá êáé üìïñöåò åéêüíåò, âë. J. Slocum &D.

Sonneveld: The 15-Puzzle. How It Drove The World Crazy, Beverly Hills, CA, Slocum Puzzle Foundation, 2006.
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(Ùò åê ôïýôïõ, åßèéóôáé íá «ôáõôßæåé» êáíåßò ôçí ïìÜäá  ìå ôçí åíáëëÜó-

óïõóá ïìÜäá22 A15 ðïõ Ý·åé ôÜîç23 |A15| = 15!
2 = 65383718400)

3-18. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ïé ïìÜäåò 1 2 ôÞò áóêÞóåùò 2-53 åßíáé éóüìïñöåò ìå ôçíD3(∼= S3)
(ii) Ïé ïìÜäåòD4 êáéHeis(Z2) åßíáé éóüìïñöåò.

3-19. ¸óôù  ∈ N  ≥ 3 Íá áðïäåé·èåß üôé 
∼= D

∼=  üðïõ

 :=

¿µ
0 1

1 0

¶


µ
 0

0 −1

¶À
v GL2(C)

(ìå  := exp
¡
2


¢
) êáé

 :=

½µ
[] []
[0] [1]

¶¯̄̄̄
 ∈ {±1}   ∈ Z

¾
v GL2(Z)

3-20. Íá áðïäåé·èåß üôé çD∞ åßíáé éóüìïñöç ìå ôçí ïìÜäá

 :=

½µ
 

0 1

¶¯̄̄̄
 ∈ {±1}   ∈ Z

¾
v GL2(Z)

22ÌÝóù áõôïý ôïý óõìðåñÜóìáôïò åßíáé ðëÝïí åìöáíÝò ãéáôß ç åéêáóßá ôïý Sam Loyd (üôé õðÜñ·ïõí åðéôñåðôÝò

ìåôáêéíÞóåéò, ôï áðïôÝëåóìá ôùí ïðïßùí åíáëëÜóóåé ôéò èÝóåéò ôùí áñéèìþí 14 êáé 15 êáé áöÞíåé ôïõò õðïëïßðïõò
óôéò áñ·éêÝò ôïõò èÝóåéò) åßíáé åóöáëìÝíç. (Ãéá ãåíéêåýóåéò ôïý ðáé·íéäéïý ôùí 15 ðëáêéäßùí ìÝóù ôÞò Èåùñßáò

ÃñáöçìÜôùí ðñâë. R.M. Wilson: Graph puzzles, homotopy, and the alternating group, J. Combin. Theory Ser. B,

16 (1974), 86-96 êáé C.Yang: Sliding puzzles and rotating puzzles on graphs, Discrete Mathematics 311, Issue 14
(2011), 1290-1294)

23Ðñüêåéôáé ãéá Ýíáí ôåñÜóôéï áñéèìü. (ÓçìåéùôÝïí, üôé üëá ôá ðéèáíÜ áðïôåëÝóìáôá ìéáò êëçñþóåùò ôïý «Ôæüêåñ»

åßíáé «ìüëéò» 13983816.) Áðü ôçí Üëëç ìåñéÜ, åÜí ùò óêïðüò ôïý ðáé·íéäéïý ïñéóèåß ç åðáíáöïñÜ ôùí ðëáêéäßùí
óôçí áñ·éêÞ ôïõò èÝóç (ìå ôçí áñ·éêÞ áñßèìçóç) ýóôåñá áðü ôç ìåóïëÜâçóç ïéáóäÞðïôå åðéôñåðôÞò áíáäéáôÜîåùò
áõôþí (Þôïé ýóôåñá áðü ôç ìåóïëÜâçóç ôÞò åöáñìïãÞò ôõ·ïýóáò ìåôáôÜîåùò  ∈  óôïõò 1 2  15 16), ôüôå
áðïäåéêíýåôáé (áëãïñéèìéêþò) üôé õößóôáíôáé ðÜíôïôå áñêïýíôùò óýíôïìåò åðáíáöïñÝò ðïõ áðáéôïýí ôçí åêôÝëåóç
ôï ðïëý 80 áðëþí ìåôáêéíÞóåùí. (Âë. A. Bruengger, A. Marzetta, K. Fukuda and J. Nievergelt, The parallel search
bench ZRAM and its applications, Annals of Operations Research 90 (1999), 45-63.)





ÊÅÖÁËÁÉÏ 4

Äåßêôåò, ðçëéêïïìÜäåò

êáé èåùñÞìáôá éóïìïñöéóìþí

Óå áõôü ôï êåöÜëáéï áðïäåéêíýåôáé åí ðñþôïéò Ýíá áðü ôá óçìáíôéêüôåñá èåùñÞ-

ìáôá ðïõ áöïñïýí óôéò ðåðåñáóìÝíåò ïìÜäåò, ôï ëåãüìåíï èåþñçìá ôïý Lagrange
4.1.22, ìÝóù åíüò ãåíéêüôåñïõ èåùñÞìáôïò ðïõ óõíäÝåé ôçí ôÜîç ïéáóäÞðïôå ïìÜ-
äáò ìå ôçí ôÜîç ìéáò õðïïìÜäáò ôçò (âë. èåþñçìá 4.1.20). Ðñïò ôïýôï ðñïáðáé-

ôåßôáé ç ðáñÜèåóç ôùí ïñéóìþí ôùí ðëåõñéêþí êëÜóåùí êáé ôïý äåßêôç õðïïìÜ-

äùí. Åí óõíå·åßá, áðïäåéêíýåôáé ç áðëüôçôá ôÞò A ãéá  ≥ 5 ïñßæïíôáé ðçëé-
êïïìÜäåò êáé áðïäåéêíýïíôáé ôá ôñßá ·áñáêôçñéóôéêÜ èåùñÞìáôá éóïìïñöéóìþí
ïìÜäùí, êáèþò êáé ôï èåþñçìá ôÞò áíôéóôïé·ßóåùò ïñèüèåôùí õðïïìÜäùí.

4.1 ÐËÅÕÑÉÊÅÓ ÊËÁÓÅÉÓ

ÊÁÉ ÄÅÉÊÔÅÓ ÕÐÏÏÌÁÄÙÍ

4.1.1 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ∅ 6=  ⊆  êáé ∅ 6=  ⊆  ôüôå

ïñßæïõìå ùò  ·  Þ, áðëïýóôåñá (ðáñáëåßðïíôáò ôï dot ‘‘·'', üôáí äåí õößóôáôáé

êßíäõíïò óõã·ýóåùò), ùò  ôï óýíïëï1

 := { |  ∈  êáé  ∈ } (4.1)

üëùí ôùí «ãéíïìÝíùí» æåõãþí óôïé·åßùí ôïý õðïêåéìÝíïõ óõíüëïõ ôÞò ïìÜäáò

áíáöïñÜò, ìå ôï ðñþôï åî áõôþí (ôùí óôïé·åßùí) åéëçììÝíï áðü ôï  êáé ôï äåý-
ôåñï åéëçììÝíï áðü ôï  (Ðñïóï·Þ! ¼ôáí ç  äåí åßíáé áâåëéáíÞ, åíäÝ·åôáé ôï

 íá ìçí åßíáé ßóï ìå ôï )

1¼ôáí ·ñçóéìïðïéåßôáé ðñïóèåôéêüò óõìâïëéóìüò ãéá ôçí ïìÜäá ôüôå áíôß ôïý óõíüëïõ èåùñïýìå ôï óýíïëï

+ := {+  |  ∈  êáé  ∈ }
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4.1.2 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ôá  åßíáé ôñßá ìç êåíÜ õðïóý-
íïëá ôïý õðïêåéìÝíïõ óõíüëïõ  áõôÞò, ôüôå éó·ýïõí ôá áêüëïõèá :

(i)  ( ∪ ) =  ∪
(ii)  ( ∩ ) ⊆  ∩  ÌÜëéóôá, óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ôï  åßíáé
Ýíá ìïíïóýíïëï, áõôÞ ç ó·Ýóç éó·ýåé ùò éóüôçôá.

(iii)  () = ()

Áðïäåéîç. (i) Ôïýôï Ýðåôáé áðü ôéò åîÞò áìößðëåõñåò óõíåðáãùãÝò:

 ∈  ( ∪ ) = { |  ∈  êáé  ∈  ∪ } ⊆ 

⇔  ∈ { |  ∈  êáé  ∈  Þ  ∈ }
⇔  ∈ { |  ∈  êáé  ∈ } Þ  ∈ { |  ∈  êáé  ∈ }
⇔  ∈ { |  ∈  êáé  ∈ } ∪ { |  ∈  êáé  ∈ }
⇔  ∈  ∪

(ii) ¸óôù ôõ·üí  ∈  ( ∩)  Ôüôå  =  ãéá êÜðïéá  ∈  êáé  ∈  ∩ 

ïðüôå

 ∈   ∈  êáé  ∈   ∈  ⇒  ∈  ∩

ÅðïìÝíùò,  ( ∩) ⊆  ∩  Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá õðÜñ·åé êÜ-

ðïéï óôïé·åßï  ∈  :  = {} èåùñïýìå ôõ·üí óôïé·åßï  ∈ ∩Ðñïöáíþò,

∃ ∈  êáé ∃ ∈  :  =  =  =⇒
2.1.9 (i)

 =  ∈  ∩ 

ïðüôå  ∈  ( ∩ ) Áõôü óçìáßíåé üôé  ( ∩ ) ⊇  ∩
(iii) Ôïýôï åßíáé Üìåóï áðü ôïí ïñéóìü 5.1.1 êáé ôçí ðñïóåôáéñéóôéêüôçôá ôÞò ðñÜ-

îåùò ‘‘·''. ¤

4.1.3 Óçìåßùóç. Ôï óýíïëï P ()r{∅} ôùí ìç êåíþí õðïóõíüëùí ôïý õðïêåé-

ìÝíïõ óõíüëïõ  ìéáò ïìÜäáò ( ·)  åöïäéáæüìåíï ìå ôçí åóùôåñéêÞ ðñÜîç

(P ()r{∅})× (P ()r{∅}) 3 () 7−→  ∈ P ()r{∅}

ôçí ïñéóèåßóá óôçí (4.1), êáèßóôáôáé ìïíïåéäÝò Ý·ïí ôï ìïíïóýíïëï {} ùò ïõ-
äÝôåñü ôïõ óôïé·åßï.

4.1.4 Ðñüôáóç. ¸óôù üôé ôá  êáé  åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò ( ·) 
Ôüôå 2

 v ⇐⇒  = 

2Ðñïóï·Þ! Ç éóüôçôá =  äåí óçìáßíåé üôé êÜèå óôïé·åßï ôÞò ìåôáôßèåôáé áìïéâáßùò ìå êÜèå óôïé·åßï

ôÞò Óçìáßíåé üôé ãéá ïéáäÞðïôå  ∈  êáé  ∈  õðÜñ·ïõí 0 ∈  êáé 0 ∈  ìå  = 00 (êáé ôáíÜðáëéí).
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Áðïäåéîç. ‘‘⇒'': ¸óôù ôõ·üí  ∈  Ôüôå  =  ãéá êÜðïéá  ∈  êáé  ∈ 

ÅðåéäÞ  v  Ý·ïõìå −1 ∈  (âë. ôï (ii) (c) ôÞò ðñïôÜóåùò 2.1.16). ¢ñá
−1 = 00 ãéá êÜðïéá 0 ∈  êáé 0 ∈  êáé

 =
¡
−1

¢−1 ⇒  = (00)−1 = (0)−1(0)−1

0 ∈  ⇒ (0)−1 ∈  êáé 0 ∈  ⇒ (0)−1 ∈ 

)
⇒  = (0)−1(0)−1 ∈ 

Ôïýôï óçìáßíåé üôé  ⊆  Ãéá ôçí áðüäåéîç ôïý áíôéóôñüöïõ åãêëåéóìïý

èåùñïýìå ôõ·üí  ∈  Ðñïöáíþò,  =  ãéá êÜðïéá  ∈  êáé  ∈  êáé

 ∈  ⇒ −1 ∈  êáé  ∈  ⇒ −1 ∈ 

−1 = ()−1 = −1−1

¾
⇒ −1 ∈ 

ÅðåéäÞ ôï  õðåôÝèç üôé åßíáé õðïïìÜäá ôÞò  Ý·ïõìå
¡
−1

¢−1
=  ∈ 

¢ñá éó·ýåé êáé áíôßóôñïöïò åãêëåéóìüò ⊇ 

‘‘⇐'': ÅðåéäÞ v  Ý·ïõìå  ∈  êáé  ∈  ïðüôå  =  ∈  Åí

óõíå·åßá èåùñïýìå ôõ·üíôá óôïé·åßá 1 2 ∈ Åî ïñéóìïý õðÜñ·ïõí óôïé·åßá

1 2 ∈  êáé 1 2 ∈  ôÝôïéá þóôå íá éó·ýïõí ïé éóüôçôåò 1 = 11 êáé

2 = 22 ÅðéðñïóèÝôùò,

12 ∈  =  ⇒ ∃3 ∈  êáé ∃3 ∈  : 12 = 33

ÊáôÜ óõíÝðåéáí,

12 = (11) (22) =
1.2.19

1 (12) 2

= 1 (33) 2 =
1.2.19

(13|{z}
∈

)(32|{z}
∈

) ∈ 

ÔÝëïò, ãéá ïéïäÞðïôå  ∈  õðÜñ·ïõí  ∈  êáé  ∈  ôÝôïéá þóôå íá éó·ýåé

ç éóüôçôá  =  ïðüôå

−1 = ()−1 = −1−1 ∈  = 

Óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 2.1.16, v  ¤

4.1.5 ÐáñÜäåéãìá. ÅÜí  := S3 êáé := h[1 2]i   := h[2 3]i  ôüôå

{id [1 2]  [2 3]  [1 2 3]} =  ◦ 6=  ◦ = {id [1 2]  [2 3]  [1 3 2]} 

ïðüôå êáíÝíá åê ôùí óõíüëùí ◦ ◦ äåí åßíáé õðïïìÜäá ôÞòS3

4.1.6 Ðñüôáóç. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ïìÜäùí. ÅÜí õðï-
èÝóïõìå üôé v  êáé  v  ôüôå éó·ýïõí ôá áêüëïõèá:

(i) −1(() ∗ ) = −1()

(ii) −1( ∗ ()) = −1()

(iii) −1(()) = (Ker()) = (Ker()) ïðüôå(Ker()) v 



130 äåéêôåò, ðçëéêïïìáäåò êáé èåùñçìáôá éóïìïñöéóìùí

Áðïäåéîç. (i) Áðü ôï (ii) ôÞò ðñïôÜóåùò 2.4.8 ãíùñßæïõìå üôé

(−1()) = Im() ∩  (4.2)

ÅðåéäÞ ç áðåéêüíéóç  åßíáé åî õðïèÝóåùò ïìïìïñöéóìüò, éó·ýåé ç éóüôçôá

(−1()) = () ∗ (−1()) (4.3)

Ùò åê ôïýôïõ,

−1() ⊆ −1
¡
(−1())

¢
=
(4.3)

−1
¡
() ∗ (−1())¢

=
(4.2)

−1 (() ∗ (Im() ∩ )) 
(4.4)

ÅðéðñïóèÝôùò,

() ∗ (Im() ∩ ) ⊆
4.1.2 (ii)

(() ∗ Im()) ∩ (() ∗ ) ⊆ () ∗  (4.5)

ïðüôå áðü ôéò (4.4) êáé (4.5) ðñïêýðôåé üôé

−1() ⊆ −1 (() ∗ (Im() ∩ )) ⊆ −1(() ∗ )
¸óôù ôþñá ôõ·üí  ∈ −1(() ∗ ) ÅðåéäÞ () ∈ () ∗  õðÜñ·ïõí 0 ∈ 

êáé  ∈  ôÝôïéá þóôå íá éó·ýåé () = (0) ∗  ÊáôÜ óõíÝðåéáí,

((0)−1) = (0)−1 ∗ () =  ∈ ⇒ (0)−1 ∈ −1({}) ⊆ −1()

⇒  = 0
¡
(0)−1

¢ ∈ −1()

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò −1(() ∗ ) ⊆ −1()
(ii) Áðïäåéêíýåôáé üðùò ôï (i) (ìå åíáëëáãÞ èÝóåùí ôùí () êáé ).

(iii) Áñêåß íá åöáñìïóèïýí ôá (i) êáé (ii) óôçí åéäéêÞ ðåñßðôùóç üðïõ  = {}
Ôï üôé(Ker()) v  Ýðåôáé áðü ôçí ðñüôáóç 4.1.4. ¤

4.1.7 Ïñéóìüò. ÅÜí ç åßíáé ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·)  ôüôå êÜèå óýíïëï
ôÞò ìïñöÞò

 := {} = { |  ∈ }

(êáé áíôéóôïß·ùò, êÜèå óýíïëï ôÞò ìïñöÞò

 := {} = { |  ∈ } )

üðïõ  ∈  êáëåßôáé äåîéÜ (êáé áíôéóôïß·ùò, áñéóôåñÞ) ðëåõñéêÞ êëÜóç3 ôÞò 

åíôüò ôÞò 

3Åäþ ðñïôéìÜôáé ç áðüäïóç ôïý coset ùò ðëåõñéêÞ êëÜóç êáôÜ ôïí áíôßóôïé·ï ãåñìáíéêü üñï Nebenklasse. ËÝîåéò

üðùò óõóóýíïëï Þ ïìïóýíïëï åßíáé åí ãÝíåé áäüêéìåò, åíþ ç áíô' áõôþí ·ñÞóç ôÞò ëÝîåùò óýìðëïêï åßíáé ðñïâëçìá-
ôéêÞ. Ôï «óýìðëïêï» Þ «óýìðëåãìá» ·ñçóéìïðïéåßôáé (ïñèþò) ãéá ôç ìåôÜöñáóç ôÞò ëÝîåùò complex, áëëÜ âåâáßùò

áíáöÝñåôáé óôç óýã·ñïíç åííïéïëüãçóÞ ôçò óôá ðëáßóéá ôÞò ÏìïëïãéêÞò ¢ëãåâñáò êáé ôÞò ÁëãåâñéêÞò Ôïðïëï-

ãßáò! Ùò åê ôïýôïõ, ç åììïíÞ óå ðåðáëáéùìÝíç ïñïëïãßá (âë. ðáñáäüóåéò ôïýR.Dedekind êáôÜ ôï ·åéìåñéíü åîÜìçíï

ôïý 1855/56 óôï ðáíåðéóôÞìéï ôïý Gttingen) óáöþò âëÜðôåé. Ï ßäéïò ï van der Waerden (åíäå·ïìÝíùò êáé ÜèåëÜ

ôïõ) Þôáí áõôüò ðïõ Ýäùóå ôÝëïò óôç ·áïôéêÞ ðïëõóçìßá ôùí áñ·þí ôïý åéêïóôïý áéþíá, äéüôé ·ñçóéìïðïßçóå êáé
ôïí üñï Nebenklasse, ï ïðïßïò ôåëéêþò êáé åðåâëÞèç Ýíáíôé üëùí ôùí Üëëùí ðïõ Þôáí ôüôå äéáèÝóéìïé (âë. Algebra
I, Springer, 1936, óåë. 25).
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4.1.8 Ïñéóìüò. ¸óôù üôé ç ( ·) åßíáé ìéá ïìÜäá êáé ç ìéá õðïïìÜäá ôçò. Åðß

ôïý óõíüëïõ  ïñßæïõìå ôéò äéìåëåßò ó·ÝóåéòR R ⊆ × ìÝóù ôùí

( ) ∈ R ⇐⇒
ïñó

−1 ∈  (4.6)

êáé

( ) ∈ R⇐⇒
ïñó

−1 ∈  (4.7)

4.1.9 Ðñüôáóç. Ïé (4.6) êáé (4.7) áðïôåëïýí ó·Ýóåéò éóïäõíáìßáò åðß ôïý .

Áðïäåéîç. Ç (4.6) åßíáé áõôïðáèÞò, äéüôé

( = −1 ∈  =⇒ ( ) ∈ R) ∀ ∈ 

óõììåôñéêÞ, äéüôé åÜí ( ) ∈ R  ôüôå

−1 ∈  =⇒ ¡
−1

¢−1
= −1 ∈  =⇒ ( ) ∈ R 

êáé, ôÝëïò, ìåôáâáôéêÞ, äéüôé åÜí ( ) ∈ R êáé ( ) ∈ R , ôüôå¡
−1 ∈  êáé −1 ∈ 

¢
=⇒ ¡

−1
¢ ¡
−1

¢
= −1 ∈  =⇒ ( ) ∈ R 

ÊáôÜ óõíÝðåéáí, ç ‘‘R '' åßíáé ìéá ó·Ýóç éóïäõíáìßáò åðß ôïý óõíüëïõ  Ðáñï-

ìïßùò áðïäåéêíýåôáé üôé ôï ßäéï éó·ýåé êáé ãéá ôçí (4.7). ¤

4.1.10 Ðñüôáóç. ¸óôù ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·)  Ôüôå éó·ýïõí ôá åîÞò :
(i) Ç êëÜóç éóïäõíáìßáò []R

:= { ∈  | ( ) ∈ R} ïéïõäÞðïôå óôïé·åßïõ
 ∈  (ùò ðñïò ôç ó·Ýóç éóïäõíáìßáò (4.6)) éóïýôáé ìå ôç äåîéÜ ðëåõñéêÞ êëÜóç

[]R
= 

ôÞò åíôüò ôÞò  ôçí ïñéæüìåíç ìÝóù ôïý 

(ii) Ç êëÜóç éóïäõíáìßáò []
R := { ∈  | ( ) ∈ R} ïéïõäÞðïôå óôïé·åßïõ

 ∈  (ùò ðñïò ôç ó·Ýóç éóïäõíáìßáò (4.7)) éóïýôáé ìå ôçí áñéóôåñÞ ðëåõñéêÞ
êëÜóç

[]
R = 

ôÞò åíôüò ôÞò  ôçí ïñéæüìåíç ìÝóù ôïý 

Áðïäåéîç. (i) Ç []R
éóïýôáé ðñÜãìáôé ìå

{ ∈  | ( ) ∈ R} = { ∈  | −1 ∈ } = { ∈  | −1 =  ∈ }

= { ∈  |  =   ∈ } = { |  ∈ }
Þôïé ìå ôç äåîéÜ ðëåõñéêÞ êëÜóç  ôÞò  åíôüò ôÞò  ôçí ïñéæüìåíç ìÝóù ôïý

óôïé·åßïõ . Ç áðüäåéîç ôïý (ii) åßíáé ðáñüìïéá. ¤
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4.1.11 Ðüñéóìá. ÅÜí ç åßíáé ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·), ôüôå

 =
[

∈(R)

 =
[

∈(R)
 (4.8)

êáé éó·ýïõí ïé áìößðëåõñåò óõíåðáãùãÝò

1 ∩2 6= ∅⇔ 1 = 2 ⇔ 1 ∈ 2 ⇔ 1
−1
2 ∈  ∀ (1 2) ∈ ×

êáèþò êáé ïé

1 ∩ 2 6= ∅⇔ 1 = 2 ⇔ 1 ∈ 2 ⇔ 
−1
1 2 ∈  ∀ (1 2) ∈ ×

ÉäéáéôÝñùò äå, ãéá Ýíá  ∈   ∈  ⇔  =  ⇔  = 

Áðïäåéîç. ÁõôÞ Ýðåôáé Üìåóá áðü ôï ãåãïíüò üôé ôá óýíïëá

R = { |  ∈ } êáé R = { |  ∈ }
ôùí êëÜóåùí éóïäõíáìßáò ùò ðñïò ôéò ‘‘R '' êáé ‘‘R'' åßíáé äéáìåëéóìïß ôïý õðï-

êåéìÝíïõ óõíüëïõ  ôÞò ïìÜäáò ( ·)  Ïé áìößðëåõñåò óõíåðáãùãÝò

1 = 2 ⇔ 1 ∈ 2 ⇔ 1
−1
2 ∈ 

áðïäåéêíýïíôáé óôïé·åéùäþò: ÅÜí 1 = 2 ôüôå ðñïöáíþò 1 ∈ 1 = 2

ÅÜí 1 ∈ 2 ôüôå ∃ ∈  : 1 = 2 ïðüôå 1
−1
2 =  ∈  ÔÝëïò, åÜí

õðïèÝóïõìå üôé 1
−1
2 ∈  ôüôå 1

−1
2 =  ãéá êÜðïéï  ∈  ïðüôå

1 = 2 ⇒ 1 =  (2) = ()2 = 2

Ïé ëïéðÝò áìößðëåõñåò óõíåðáãùãÝò áðïäåéêíýïíôáé ðáñïìïßùò. ¤

4.1.12 Ðñüôáóç. ÅÜí ç  åßíáé ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·), ôüôå ãéá êÜèå
óôïé·åßï  ∈  ïé áðåéêïíßóåéò½

[ä] :  −→ 

 7−→ 

¾


½
[á] :  −→ 

 7−→ 

¾
åßíáé áìöéññéðôéêÝò. Ùò åê ôïýôïõ,

|| = card () = card ()  ∀ ∈  (4.9)

Áðïäåéîç. Èåùñïýìå ôçí áðåéêüíéóç

[ä] :  −→  [ä] () := −1 ∀ ∈ 

Åßíáé åýêïëï íá äéáðéóôùèåß üôé [ä] ◦ [ä] = id êáé 
[ä]
 ◦ [ä] = id  ¢ñá ç [ä]

åßíáé áìöéññéðôéêÞ áðåéêüíéóç Ý·ïõóá ôçí [ä] ùò áíôßóôñïöü ôçò. Ðáñïìïßùò

áðïäåéêíýåôáé üôé ç [á] åßíáé ùóáýôùò áìöéññéðôéêÞ Ý·ïõóá ôçí

[á] :  −→  [á] () := −1 ∀ ∈ 

ùò áíôßóôñïöü ôçò. ¤
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4.1.13 Ðüñéóìá. ÅÜí ç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå
éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  ∈  êáé  = () ∈ Im() ôüôå

−1 ({}) = (Ker())

(ii) ÅÜí  v Im() êáé |Ker()| ∞ || ∞ ôüôå ç −1() v  Ý·åé ôÜîç¯̄
−1()

¯̄
= |Ker()| ||  (4.10)

Áðïäåéîç. (i) ¸óôù ôõ·üí  ∈ −1 ({}) (= { ∈  |() =  }) Ôüôå
() =  = ()⇒ ()−1 ∗ () = (−1) ∗ () = (−1 · )⇒ 

−1 ·  ∈ Ker()

ïðüôå  ∈ Ker() êáé, ùò åê ôïýôïõ, −1 ({}) ⊆ Ker() Êáé áíôéóôñüöùò° åÜí

 ∈ Ker() ôüôå

( · ) = () ∗ () =  ∗  =  ⇒ Ker() ⊆ −1 ({}) 

(ii) ÅðåéäÞ −1() = −1(
S
∈{}) =

S
∈ −1 ({})  Ý·ïõìå (ëüãù ôïý (i))

−1() =
S
∈ Ker() ãéá êÜðïéï óôïé·åßï  ∈ −1 ({})  ÅÜí 1 2 ∈  ìå

1 6= 2 ôüôå (âÜóåé ôïý ðïñßóìáôïò 4.1.11) 1Ker() ∩ 2Ker() = ∅ Ôïýôï
óçìáßíåé üôé

−1() =
̀∈

Ker()⇒
¯̄
−1()

¯̄
=
X
∈

card(Ker())

ÊáôÜ ôçí (4.9), card(Ker()) = |Ker()| ãéá êÜèå  ∈  êáé  ∈  ïðüôå ç

(4.10) åßíáé áëçèÞò. ¤

4.1.14 Ïñéóìüò. ÅÜíç åßíáé ìéá õðïïìÜäáìéáò ïìÜäáò ( ·)  ôüôå êÜèå ðëÞñåò
óýóôçìá åêðñïóþðùí ôïý óõíüëïõ ùò ðñïò ôçí ‘‘R '', Þôïé êÜèå Ä⊆  ôÝôïéï

þóôå4 ãéá ïéáäÞðïôå   ∈ Ä íá éó·ýåé ç óõíåðáãùãÞ

 6=  =⇒  6=  (4.11)

êáëåßôáé óýóôçìá äåîéþí åêðñïóþðùí ôÞò  åíôüò ôÞò  (ÓçìåéùôÝïí üôé äõï

ôÝôïéá óõóôÞìáôá åêðñïóþðùí Ý·ïõí ðÜíôïôå ôïí ßäéï ðëçèéêü áñéèìü, êáèüôé êá-
èÝíá åî áõôþí áðáñôßæåôáé áðü ìïíïóçìÜíôùò åðéëåãìÝíïõò åêðñïóþðïõò ôùí

óáöþò äéáêåêñéìÝíùí äåîéþí ðëåõñéêþí êëÜóåùí ôÞò åíôüò ôÞò) Ðñïöáíþò,

 =
̀∈Ä

[]R
=

̀∈Ä


Êáô' áíáëïãßáí, êÜèå ðëÞñåò óýóôçìá åêðñïóþðùí ôïý óõíüëïõ  ùò ðñïò ôçí

‘‘R'' êáëåßôáé óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò åíôüò ôÞò 

4Ðñïöáíþò, ç óõíèÞêç (4.11) éóïäõíáìåß ìå ôçí: card(Ä∩) = 1 ∀ ∈ 
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4.1.15 Óçìåßùóç. ÅðåéäÞ  =  ∈  õðÜñ·åé ðÜíôïôå êÜðïéï 0 ∈ Ä, ôÝôïéï

þóôå íá éó·ýåé  ∈ 0 ïðüôå 0 ∈  Åí ðñïêåéìÝíù, ôï 0 =  = 

åßíáé ç ìïíáäéêÞ äåîéÜ ðëåõñéêÞ êëÜóç ðïõ ðåñéÝ·åé ôï  Ãé' áõôüí ôïí ëüãï,

üôáí åñãáæüìáóôå ìå óõãêåêñéìÝíá ðáñáäåßãìáôá óõóôçìÜôùí Ä äåîéþí åêðñï-

óþðùí ôÞò åíôüò ôÞò  ìðïñïýìå äß·ùò âëÜâç ôÞò ãåíéêüôçôáò íá åðéëÝãïõìå

åîáñ·Þò ùò 0 ôï ßäéï ôï  (Áíôßóôïé·ç óýìâáóç õéïèåôïýìå êáé ãéá óõóôÞìáôá

áñéóôåñþí åêðñïóþðùí.)

4.1.16 Ðñüôáóç. ¸óôù  ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·)  ÅÜí ôï Ä åßíáé Ýíá
óýóôçìá äåîéþí êáé ôï Á Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò åíôüò ôÞò
ôüôå

card ({ | ∈ Ä}) = card (Ä) = card (A) = card ({ | ∈ Á})  (4.12)

Áðïäåéîç. Èåùñïýìå ôçí  : { | ∈ Ä} −→ { | ∈ Á} ìå ôýðï

() := −1 ∀ ∈ Ä

Ëüãù ôÞò éó·ýïò ôùí áìöéðëåýñùí óõíåðáãùãþí

1 = 2 ⇔ 1
−1
2 ∈  ⇔ ¡

−11
¢−1

−12 ∈  ⇔ −11  = −12 

ãéá êÜèå (1 2) ∈  ×  ç  åßíáé êáëþò ïñéóìÝíç êáé åíñéðôéêÞ áðåéêüíéóç.

ÅÜí ôï  åßíáé ôõ·ïýóá áñéóôåñÞ ðëåõñéêÞ êëÜóç ôÞò  åíôüò ôÞò  ìå  ∈ A,

ôüôå (−1) = (−1)−1 =  ïðüôå ç  åßíáé êáé åðéññéðôéêÞ. ¤

4.1.17 Ïñéóìüò. ÅÜí ç åßíáé ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·), ôüôå ï ðëçèéêüò

áñéèìüò (4.12) ôïý óõíüëïõ ôùí óáöþò äéáêåêñéìÝíùí äåîéþí (Þ -éóïäõíÜìùò-

áñéóôåñþí) ðëåõñéêþí êëÜóåùí ôÞò  åíôüò ôÞò  ïíïìÜæåôáé äåßêôçò ôÞò 

åíôüò ôÞò  êáé óõìâïëßæåôáé ùò | : | ¼ôáí ôï åí ëüãù óýíïëï åßíáé ðåðåñá-

óìÝíï (êáé, áíôéóôïß·ùò, Üðåéñï), ôüôå ãñÜöïõìå | : |  ∞ (êáé, áíôéóôïß·ùò,

| : | =∞).

4.1.18 Ðáñáäåßãìáôá. (i) Ðñïöáíþò, | : {}| = ||  | : | = 1 üðïõ {}
ç ôåôñéììÝíç õðïïìÜäá ôÞò  ãéá ïéáäÞðïôå ïìÜäá  ÅîÜëëïõ, ãéá ïéáäÞðïôå

 v  ãéá ôçí ïðïßá éó·ýåé | : | = 1 Ý·ïõìå  =  (äéüôé ç ìüíç áñéóôåñÞ

ðëåõñéêÞ êëÜóç ôÞò åíôüò ôÞò  åßíáé ç {} = )

(ii) ÅÜí ùò èåùñÞóïõìå ôçí ðñïóèåôéêÞ (Üðåéñç) ïìÜäá Z ôùí áêåñáßùí êáé ùò

 ôçí (Üðåéñç) õðïïìÜäá ôçò Z ãéá êÜðïéïí  ∈ N ôüôå |Z : Z| =  äéüôé ôï

óýíïëï A := {0 1  − 1} áðïôåëåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò

 åíôüò ôÞò Z êáèüóïí Z =
`−1

=0 ( +)

(iii) Ç õðïïìÜäá (Z+) ôÞò (Q+) Ý·åé äåßêôç |Q : Z| = ℵ0 åíôüò áõôÞò. (Âë. åä.
4.4.7.)

4.1.19 ÐáñáôÞñçóç. ¸óôù  ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·)  Ôï üôé ï ðëçèé-

êüò áñéèìüò åíüò óõóôÞìáôïò äåîéþí åêðñïóþðùí ôÞò  åíôüò ôÞò  éóïýôáé ìå
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ôïí ðëçèéêü áñéèìü åíüò óõóôÞìáôïò áñéóôåñþí åêðñïóþðùí ôÞò  åíôüò ôÞò 

äåí óçìáßíåé üôé ïé ðëåõñéêÝò êëÜóåéò ïé áðáñôßæïõóåò ôïõò áíôéóôïß·ïõò äéáìåëé-
óìïýò ôÞò  èá ôáõôßæïíôáé êáô' áíÜãêçí áíÜ äýï êáé óõíïëïèåùñçôéêþò (Þôïé

óôïé·åßï ðñïò óôïé·åßï ). Åðß ðáñáäåßãìáôé, ãéá ôéò

 := S3 = {id [1 2]  [1 3]  [2 3]  [1 2 3]  [1 3 2]}

êáé := h[1 2]i = {id [1 2]} Ý·ïõìå
 ◦ id =   ◦ [1 2] = 

 ◦ [1 3] = {[1 3]  [1 3 2]}   ◦ [2 3] = {[2 3]  [1 2 3]} 
 ◦ [1 2 3] = {[2 3]  [1 2 3]}   ◦ [1 3 2] = {[1 3]  [1 3 2]} 

êáé

id ◦ =  [1 2] ◦ = 

[1 3] ◦ = {[1 3]  [1 2 3]}  [2 3] ◦ = {[2 3]  [1 3 2]} 
[1 2 3] ◦ = {[1 3]  [1 2 3]}  [1 3 2] ◦ = {[2 3]  [1 3 2]}

Ôï óýíïëï {1 2 3} üðïõ 1 := id, 2 := [1 3]  3 := [2 3]  ìðïñåß íá åêëçöèåß

ôüóïí ùò óýóôçìá äåîéþí üóïí êáé ùò óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò 

åíôüò ôÞò  ïðüôå

 = ( ◦ 1)
`
( ◦ 2)

`
( ◦ 3)

= (1 ◦)
`
(2 ◦)

`
(3 ◦)⇒ | : | = 3

Ùóôüóï, óõíïëïèåùñçôéêþò,  ◦ 2 6= 2 ◦ êáé  ◦ 3 6= 3 ◦ Èá ðñÝðåé, âå-

âáßùò, åê ðáñáëëÞëïõ íá ôïíéóèåß üôé õðÜñ·ïõí ðÜíôïôå õðïïìÜäåò ïéáóäÞðïôå
èåùñïýìåíçò ïìÜäáò (ìåôáîý ôùí ïðïßùí óõãêáôáëÝãïíôáé ôïõëÜ·éóôïí ç ôåôñéì-

ìÝíç õðïïìÜäá êáé ç ßäéá ç ïìÜäá), êÜèå äåîéÜ ðëåõñéêÞ êëÜóç ôùí ïðïßùí åßíáé

êáé áñéóôåñÞ ðëåõñéêÞ êëÜóç (ùò ðñïò ôï ßäéï óôïé·åßï áíáöïñÜò ôÞò ïìÜäáò) êáé

ôáíÜðáëéí. (Ïé åí ëüãù õðïïìÜäåò êáëïýíôáé, éäéáéôÝñùò, ïñèüèåôåò õðïïìÜäåò
êáé èá ìåëåôçèïýí óôçí åðoìÝíç åíüôçôá5.)

4.1.20 Èåþñçìá. ÅÜí ç åßíáé ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·), ôüôå

|| = | : | ||  (4.13)

Áðïäåéîç. ¸óôù Ä Ýíá óýóôçìá äåîéþí åêðñïóþðùí ôÞò  åíôüò ôÞò  Ôüôå

|| := card() = card(
̀∈Ä

) (4.14)

5ÊÜèå õðïïìÜäá ìéáò áâåëéáíÞò ïìÜäáò åßíáé ïñèüèåôç (âë. 4.2.6). Ùò åê ôïýôïõ, äåí èá ðñÝðåé íá ìáò åêðëÞóóåé
ôï üôé ãéá ôçí áíáæÞôçóç åíüò ðáñáäåßãìáôïò ïìÜäáò ðåñéÝ·ïõóáò (êÜðïéåò) ìç ïñèüèåôåò õðïïìÜäåò åßìáóôå õðï-

·ñåùìÝíïé íá êáôáöýãïõìå óå ïìÜäåò üðùò ç S3 Óôçí ðñáãìáôéêüôçôá, ìåôáîý ôùí ðåðåñáóìÝíùí ìç áâåëéáíþí

ïìÜäùí, çS3 åßíáé åêåßíç ç (-ìÝ·ñéò éóïìïñöéóìïý- ìïíïóçìÜíôùò ïñéóìÝíç) ïìÜäá, ç ïðïßá äéáèÝôåé ôç ìéêñüôåñç
äõíáôÞ ôÜîç (âë. 4.1.36, 4.1.37).
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Ç áðåéêüíéóç

 :  × Ä −→
̀∈Ä

 ( ) :=  ∈  ∀( ) ∈  × Ä (4.15)

åßíáé áìößññéøç. Ùò åê ôïýôïõ, ìÝóù ôùí (4.14) êáé (4.15) Þ, åíáëëáêôéêþò, ìÝóù

ôùí (4.14) êáé (4.9) óõíÜãåôáé üôé

|| = card ( × Ä) = || · card(Ä) = card(Ä) · || = | : | || 
ïðüôå ç (4.13) åßíáé áëçèÞò. ¤

4.1.21 Óçìåßùóç. ÅÜí äýï åê ôùí ðëçèéêþí áñéèìþí ||  ||  | : | åßíáé ðå-
ðåñáóìÝíïé, ôüôå êáé ï ôñßôïò åßíáé ðåðåñáóìÝíïò.

4.1.22 Ðüñéóìá. (Èåþñçìá ôïý Lagrange, 1770) ÅÜí ( ·) åßíáé ìéá ðåðåñá-
óìÝíç ïìÜäá, ôüôå ç ôÜîç ôçò || äéáéñåßôáé äéÜ ôÞò ôÜîåùò || ïéáóäÞðïôå õðïï-
ìÜäáò ôçò êáé | : | = ||

|| 

Áðïäåéîç6. ÅÜí ç  åßíáé ìéá ðåðåñáóìÝíç ïìÜäá ôÜîåùò || =  ∈ N êáé ç 

ôõ·ïýóá õðïïìÜäá ôçò ôÜîåùò || =  ≤ , ôüôå | : |  ∞ êáé äõíÜìåé ôÞò

(4.13) Ý·ïõìå | êáé | : | = 

 ¤

4.1.23 ÐáñÜäåéãìá. ¸óôù ç êõêëéêÞ õðïïìÜäá ôÞò (Z12+) çðáñáãüìåíçáðü
ôï óôïé·åßï [4]12 Ôüôå  = {[0]12 [4]12 [8]12} êáé ïé äåîéÝò ðëåõñéêÝò êëÜóåéò ôÞò
 åíôüò ôÞò Z12 åßíáé ïé

 + [0]12 =  + [4]12 =  + [8]12 = {[0]12 [4]12 [8]12}
 + [1]12 =  + [5]12 =  + [9]12 = {[1]12 [5]12 [9]12}
 + [2]12 =  + [6]12 =  + [10]12 = {[2]12 [6]12 [10]12}
 + [3]12 =  + [7]12 =  + [11]12 = {[3]12 [7]12 [11]12}

ÊáôÜ óõíÝðåéáí, |Z12 : | = 4 = 12
3 =

|Z12|
|| 

I ÓõíÝðåéåò ôïý èåùñÞìáôïò ôïý Lagrange. Ôï èåþñçìá 4.1.22, üóï áðëü êé áí

öáíôÜæåé, óõãêáôáëÝãåôáé óå åêåßíá ôá ôå·íéêÜ ìÝóá ôá ïðïßá ìáò äéåõêïëýíïõí

ôüóï óôéò áðïäåßîåéò ðëçèþñáò óçìáíôéêþí áðïôåëåóìÜôùí (ôÞò Èåùñßáò Áñéè-

ìþí êáé ôÞò Èåùñßáò ÐåðåñáóìÝíùí ÏìÜäùí) üóïí êáé óôç ìåëÝôç ôùí õðïïìÜ-

äùí óõãêåêñéìÝíùí ïìÜäùí ó·åôéêþò ìéêñÞò ôÜîåùò.

4.1.24 Ðüñéóìá. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá êáé  ìéá ãíÞóéá õðïï-
ìÜäá ôçò, ôüôå || ≤ 1

2 || 

Áðïäåéîç.  @  =⇒
4.1.18 (i)

| : | ≥ 2 =⇒
4.1.22

||
|| ≥ 2⇒ || ≤ 1

2 ||  ¤

6Ï Joseph-Louis Lagrange (1736-1813) Þôáí ï ðñþôïò ðïõ äéåôýðùóå Ýíá èåþñçìá éóïäýíáìï ôïý 4.1.22 ôï 1770
ãéá ìéá åéäéêÞ õðïïìÜäá ôÞò S ç ðñþôç ïëïêëçñùìÝíç áðüäåéîç ôïý ïðïßïõ åäüèç ôï 1803 áðü ôïí Pietro Abbatti

(1768-1842). Ðéèáíïëïãåßôáé üôé ç ðñþôç áðüäåéîç ôïý èåùñÞìáôïò 4.1.22 ãéá ïéåóäÞðïôå ðåðåñáóìÝíåò ïìÜäåò
ïöåßëåôáé óôïí Evariste Galois (1811-1832).
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4.1.25 Ðüñéóìá. ÅÜí ïé  åßíáé äõï õðïïìÜäåò ìéáò ðåðåñáóìÝíçò ïìÜäáò
( ·)  ôüôå éó·ýïõí ôá åîÞò :
(i) | ∩| | ||  | ∩| | || êáé | ∩| | ìêä(||  ||)
(ii) ÅÜí ìêä(||  ||) = 1 ôüôå ∩ = {}
(iii)ÅÜí || = || =  üðïõ ðñþôïò áñéèìüò, ôüôå åßôå =  åßôå∩ = {}
Áðïäåéîç. (i) ÅðåéäÞ  ∩ v  êáé  ∩ v  ïé äýï ðñþôåò ó·Ýóåéò äéáé-

ñåôüôçôáò Ýðïíôáé Üìåóá áðü ôï èåþñçìá 4.1.22 ôïý Lagrange. Ðñïöáíþò (ëüãù

ôïý ðïñßóìáôïò B.2.6) ç ôÜîç | ∩| ôÞò ôïìÞò ∩ ïöåßëåé íá äéáéñåß êáé ôïí
ìÝãéóôï êïéíü äéáéñÝôç ôùí || êáé || 
(ii) | ∩| | ìêä(||  ||) = 1⇒ | ∩| = 1⇒  ∩ = {}
(iii) ÅÜí || = || =  üðïõ ðñþôïò áñéèìüò, ôüôå ìêä(||  ||) =  ïðüôå

(ëüãù ôÞò ôñßôçò ó·Ýóåùò äéáéñåôüôçôáò óôï (i))

åßôå | ∩| = 1 åßôå | ∩| = 

Óôçí ðñþôç ðåñßðôùóç Ý·ïõìå  ∩  = {} Óôç äåýôåñç ðåñßðôùóç Ý·ïõìå

|| = | ∩| = || =  ïðüôå =  ∩ =  ¤

4.1.26 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò
áñéèìüò. Ôüôå õðÜñ·ïõí áêñéâþò (− 1) óôïé·åßá ôÞò  ôÜîåùò  üðïõ

 := card({ ∈ Subg() | êõêëéêÞ ôÜîåùò || = })

Áðïäåéîç. ÅÜí Ýíá óôïé·åßï  ∈  Ý·åé ôÜîç  ôüôå |hi| =  (âë. (2.9)) êáé

ç ðñüôáóç 2.3.10 ìáò ðëçñïöïñåß üôé êÜèå óôïé·åßï  ∈ hir{} Ý·åé ôÜîç 

êáé, ùò åê ôïýôïõ, hi = hi (ëüãù ôïý ðïñßóìáôïò 2.3.17). ÄõíÜìåé ôïý (iii) ôïý

ðïñßóìáôïò 4.1.25 äýï ôõ·ïýóåò äéáöïñåôéêÝò êõêëéêÝò õðïïìÜäåò ôÞò  Ý·ïõí

ôçí ôåôñéììÝíç õðïïìÜäá ùò ôïìÞ ôïõò. ÅðïìÝíùò ôï { ∈  |ord() = } åßíáé ôï
óýíïëï üëùí ôùí óôïé·åßùí ôïý r{} ðïõ áíÞêïõí óå üëåò ôéò êõêëéêÝò õðïï-

ìÜäåò ôÞò  ôÜîåùò  ÊáèåìéÜ åî áõôþí ôùí õðïïìÜäùí äéáèÝôåé áêñéâþò  − 1
óôïé·åßá ôÜîåùò  (êáíÝíá åê ôùí ïðïßùí äåí áíÞêåé óå êÜðïéá Üëëç õðïïìÜäá

ôÞò  ôÜîåùò ). Åî áõôïý Ýðåôáé üôé card({ ∈  |ord() = }) = (− 1) ¤

4.1.27 Ðüñéóìá. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá, ôüôå ç ôÜîç ïéïõäÞðïôå
óôïé·åßïõ ôçò åßíáé äéáéñÝôçò ôÞò ||  (ÉäéáéôÝñùò, exp() | || )
Áðïäåéîç. ÅÜí  ∈  ôüôå ord() = |hi| (âë. (2.9)), ïðüôå ç ôÜîç ord() ôïý 

åßíáé äéáéñÝôçò ôÞò || åðß ôç âÜóåé ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange. Óçìåéù-

ôÝïí üôé [ord() | ||  ∀ ∈ ] =⇒ exp() =åêð({ord()|  ∈ }) | ||  (Âë. ôï
(i) ôÞò ðñïôÜóåùò 2.3.25 êáé ôçí ðñüôáóç B.2.25.) ¤

4.1.28 Ðüñéóìá. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá, ôüôå

|| =  ∀ ∈  (4.16)



138 äåéêôåò, ðçëéêïïìáäåò êáé èåùñçìáôá éóïìïñöéóìùí

Áðïäåéîç. ¸óôù ôõ·üí  ∈ . ÅÜí  := ord(), ôüôå  =  êáé, óýìöùíá ìå

ôï ðüñéóìá 4.1.27, ç ôÜîç ord() ôïý  åßíáé äéáéñÝôçò ôÞò ||, ïðüôå

|| = (
||
 ) = ()

||
 = 

||


 = 

êáé ç (4.16) åßíáé áëçèÞò. ¤

4.1.29 Ðüñéóìá. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá, ôüôå éó·ýåé ç
éóüôçôá exp() = || 
Áðïäåéîç. Óýìöùíá ìå ôçí ðñüôáóç 2.3.7, ∃ ∈ : ord() = ||  ïðüôå

ord() = || | åêð({ord()|  ∈ }) = exp()⇒ || ≤ exp()
Áðü ôçí Üëëç ìåñéÜ, áðü ôçí (4.16) êáé áðü ôïí ïñéóìü 2.3.24 ôïý åêèÝôç ëáìâÜ-

íïõìå exp() ≤ ||  ÅðïìÝíùò, exp() = ||  ¤

4.1.30 Ðüñéóìá. (Èåþñçìá ôïý Euler ðåñß éóïôéìéþí, 1760) ¸óôù Ýíáò öõóé-
êüò áñéèìüò ≥ 2 êáé Ýóôù  Ýíáò áêÝñáéïò ìå ìêä() = 1 Ôüôå

() ≡ 1(mod) (4.17)

üðïõ  ç óõíÜñôçóç öé ôïý Euler. (Bë. B.4.15 êáé 2.1.7 (iii)).

Áðïäåéîç. Èåùñïýìå ôçí ðïëëáðëáóéáóôéêÞ ïìÜäá (Z× ·)
Z× = {[] ∈ Z |  ∈ N  ≤  ìêä () = 1} 

ç ôÜîç ôÞò ïðïßáò éóïýôáé ìå |Z×| =  ()  Áò õðïèÝóïõìå üôé ï  äéáéñïýìåíïò

äéÜ ôïý  áöÞíåé õðüëïéðï  Ðñïöáíþò, [] = [] ìå  ∈ {1  − 1} êáé

ìêä() = 1 Áðü ôï ðüñéóìá 4.1.28 óõíÜãåôáé üôé

[] ∈ Z× ⇒ [()] = ([])
() = ([])

() = [1] 

ïðüôå êáôáëÞãïõìå óå ìéá (ïìáäïèåùñçôéêÞ) áðüäåéîç ôÞò (4.17). ¤

4.1.31 Ðüñéóìá. («Ìéêñü» Èåþñçìá ôïý Fermat, 1640) ÅÜí ï  åßíáé Ýíáò ðñþ-
ôïò áñéèìüò êáé ï  Ýíáò áêÝñáéïò, ôÝôïéïò þóôå 7  -  ôüôå

−1 ≡ 1(mod ) (4.18)

Áðïäåéîç. ¢ìåóç áðü ôï ðüñéóìá 4.1.30 êáé ôï ãåãïíüò üôé () =  − 1 (Âë.
ëÞììá B.4.19.) ¤

4.1.32 Ðüñéóìá. ÅÜí ï  åßíáé Ýíáò ðñþôïò áñéèìüò, ôüôå

 ≡ (mod ) ∀ ∈ Z (4.19)

7Åî áõôÞò ôÞò óõíèÞêçò Ýðåôáé, éäéáéôÝñùò, üôé  6= 0
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Áðïäåéîç. ¸óôù  ôõ·þí áêÝñáéïò áñéèìüò. ÅÜí  -  ôüôå ç (4.19) Ýðåôáé Üìåóá

áðü ôçí (4.18). ÅÜí ∃ ∈ Z :  =  ôüôå

 −  = () −  = (−1 − ) ≡ 0(mod )⇒  ≡ (mod )

ïðüôå êáé óå áõôÞí ôçí ðåñßðôùóç ç (4.19) åßíáé áëçèÞò. ¤

4.1.33 Ðüñéóìá. ÅÜí ìéá ïìÜäá ( ·) Ý·åé ùò ôÜîç ôçò Ýíáí ðñþôï áñéèìü  ôüôå
áõôÞ åßíáé êõêëéêÞ.

Aðïäåéîç. ÅðåéäÞ  = || ≥ 2 õðÜñ·åé êÜðïéï  ∈  ìå  6=  Óõíåðþò,

ord() ≥ 2 êáé ord() | (äõíÜìåé ôïý ðïñßóìáôïò 4.1.27). Êáé åðåéäÞ ï  åßíáé åî

õðïèÝóåùò ðñþôïò, Ý·ïõìå ord() = Áõôü üìùò óçìáßíåé üôé ç  åßíáé êõêëéêÞ

äõíÜìåé ôÞò ðñïôÜóåùò 2.3.7. ¤

4.1.34 Ðüñéóìá. Ãéá ïéáäÞðïôå ìç ôåôñéììÝíç ïìÜäá ( ·) ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) ÅÜí v  ôüôå åßôå =  åßôå = {}
(ii)  = hi ãéá êÜèå  ∈ r{}
(iii) || =  üðïõ  ðñþôïò áñéèìüò.

(i)⇒(ii) ÅÜí éó·ýåé ç óõíèÞêç (i) êáé  ∈ r{} ôüôå ç êõêëéêÞ ïìÜäá hi åßíáé
ìéá ìç ôåôñéììÝíç õðïïìÜäá ôÞò  ïðüôå êáô' áíÜãêçí  = hi 
(ii)⇒(iii) ÕðïèÝôïõìå üôé = hi ãéá êÜèå  ∈ r{}ÅÜí ç åß·å Üðåéñç ôÜîç,

ôüôå  = hi  ãéá êÜðïéï  ∈  ìå 2 6=  (äéüôé áëëéþò èá Þôáí ðåðåñáóìÝíç,

âë. ðñüôáóç 2.2.18). ¢ñá =

2
®
 Åí ôïéáýôç ðåñéðôþóåé, êÜèå óôïé·åßï ôÞò

èá Þôáí ßóï ìå êÜðïéá (áêåñáßá) äýíáìç ôïý 2 (âë. ðñüôáóç 2.2.18), ïðüôå êáé

ôï ßäéï ôï óôïé·åßï  èá åãñÜöåôï ùò  = (2) ãéá êÜðïéïí  ∈ Zr{0} Ôïýôï
üìùò èá óÞìáéíå üôé

 = 2−1 ⇒ ord() ∞

êÜôé ðïõ ðñïäÞëùò èá áíôÝêåéôï ðñïò ôçí õðüèåóÞ ìáò (êáé ðÜëé ëüãù ôÞò ðñï-

ôÜóåùò 2.2.18). ÊáôÜ óõíÝðåéáí, ç  åßíáé ðåðåñáóìÝíç êáé êõêëéêÞ ìå ||  1

ÊáôÜ ôï ðüñéóìá 2.3.17,

card({ãåííÞôïñåò ôÞò }) = (||)

üðïõ  ç óõíÜñôçóç öé ôïý Euler (âë. B.4.15). Åî õðïèÝóåùò, ç  äéáèÝôåé áêñé-

âþò ||− 1 ãåííÞôïñåò. ÊáôÜ óõíÝðåéáí, (||) = ||− 1 ÅÜí ç ôÜîç || ôÞò 
Þôáí óýíèåôïò áñéèìüò, ôüôå èá åãñÜöåôï ùò ãéíüìåíï || =  üðïõ  ∈ N
1    ||  êé åðåéäÞ ìêä( ||) =   1 êáé ìêä( ||) =   1 èá åß·áìå

 (||) = card { ∈ N |  ≤ || êáé ìêä ( ||) = 1}  ||− 2

¢ôïðï! ¢ñá ç ôÜîç || ôÞò  åßíáé üíôùò Ýíáò ðñþôïò áñéèìüò.
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(iii)⇒(i) ÕðïèÝôïõìå üôé || =  üðïõ  ðñþôïò áñéèìüò. ¸óôù ôõ·ïýóá õðïï-

ìÜäá ôÞò ÂÜóåé ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange, ç ôÜîç || ôÞò èá äéáé-

ñåß ôïí  ÅðåéäÞ ï  åßíáé ðñþôïò, åßôå || = 1 ïðüôå ç  åßíáé ôåôñéììÝíç, åßôå
|| =  ïðüôå || = ||⇒  =  ¤

4.1.35 Ðüñéóìá. ÅÜí ìéá ïìÜäá äåí äéáèÝôåé Üëëåò õðïïìÜäåò ðÝñáí ôÞò ôåôñéì-
ìÝíçò êáé ôïý åáõôïý ôçò, ôüôå åßíáé åßôå ðåðåñáóìÝíç êõêëéêÞ Ý·ïõóá ùò ôÜîç ôçò
Ýíáí ðñþôï áñéèìü åßôå ôåôñéììÝíç.

4.1.36 Ðüñéóìá. ÊÜèå ðåðåñáóìÝíç ïìÜäá ôÜîåùò ≤ 5 åßíáé áâåëéáíÞ. Áðü ôçí
Üëëç ìåñéÜ, ç äéåäñéêÞ ïìÜäá D3 (∼= S3) åßíáé ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò 6
(ðñâë. 3.1.2, 3.4.4).

Áðïäåéîç. ÊÜèå ïìÜäá ôÜîåùò 1 2 3 Þ 5 åßíáé êõêëéêÞ êáé, ùò åê ôïýôïõ, áâå-

ëéáíÞ (âë. 2.4.24, 2.3.19, 4.1.33 êáé 2.2.17). Åðßóçò, óýìöùíá ìå ôï (i) ôïý èåùñÞ-

ìáôïò 3.5.6 êÜèå ïìÜäá ôÜîåùò 4 åßíáé áâåëéáíÞ. ¤

4.1.37 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò 6) ÊÜèå ïìÜäá ôÜîåùò 6 åßíáé
éóüìïñöç åßôå ìå ôçí (Z6+) åßôå ìå ôçí (D3 ◦) (ðïõ åßíáé éóüìïñöç ôÞò (S3 ◦)).
Áðïäåéîç. ¸óôù ( ·) ìéá ïìÜäá ìå áêñéâþò 6 óôïé·åßá. ÅîåôÜæïõìå äýï åíäå-

·üìåíá ·ùñéóôÜ:

Ðåñßðôùóç ðñþôç. ÅÜí õðÜñ·åé êÜðïéï óôïé·åßï ôÞò  ôÜîåùò 6 ôüôå Ý·ïõìå

( ·) ∼= (Z6+) (âë. 2.3.7 êáé 2.4.23 (ii)).
Ðåñßðôùóç äåýôåñç. ÅÜí ïé ôÜîåéò üëùí ôùí óôïé·åßùí ôÞò åßíáé 6 ôüôå Ý·ïõìå

( ·) ∼= (D3 ◦)  ÐñÜãìáôé° óýìöùíá ìå ôï ðüñéóìá 4.1.27 êÜèå óôïé·åßï äéáöï-

ñåôéêü ôïý ïõäåôÝñïõ ïöåßëåé íá Ý·åé ôÜîç åßôå 2 åßôå 3 ÅÜí üëá ôá  ∈ r{}
åß·áí ôÜîç 2 ôüôå ç  èá Þôáí áâåëéáíÞ (âë. 2.3.9 (iv)). Åí ôïéáýôç ðåñéðôþóåé,

ãéá ïéáäÞðïôå   ∈ r{}  6=  ôï óýíïëï {   } èá Þôáí êëåéóôü ùò

ðñïò ôçí ðñÜîç ôÞò ïìÜäáò ïðüôå (óýìöùíá ìå ôçí ðñüôáóç 2.1.19) èá áðïôå-

ëïýóå õðïïìÜäá ôÞò ôÜîåùò 4 ðñÜãìá ðïõ èá ìáò ïäçãïýóå óå Üôïðï ëüãù ôïý

èåùñÞìáôïò 4.1.22 ôïý Lagrange (êáèüôé 4 - 6). ¢ñá ç  äéáèÝôåé êáô' áíÜãêçí
êÜðïéï óôïé·åßï, áò ðïýìå  ôÜîåùò 3¸óôù ôõ·üí óôïé·åßï  ∈ r hi  ÅðåéäÞ
 hi 6= hi 6= hi  êáé | : hi| = 2 Ý·ïõìå

 = hi`  hi = {  2}
`{  2}

êáé -ôáõôï·ñüíùò-

 = hi` hi  = {  2}`{  2}
ïðüôå  hi = hi  ÅðåéäÞ ïé hi êáé  hi åßíáé ïé ìüíåò (îÝíåò) áñéóôåñÝò ðëåõ-
ñéêÝò êëÜóåéò ôÞò hi åíôüò ôÞò  ãéá ôçí 2 hi éó·ýåé åßôå 2 hi =  hi åßôå
2 hi = hi  Óôçí ðñþôç ðåñßðôùóç, 2 hi =  hi ⇒  hi = hi  Þôïé êÜôé åî
õðïèÝóåùò áðïêëåéóèÝí. Óôç äåýôåñç ðåñßðôùóç, 2 hi = hi  ïðüôå

2 ∈ hi =⇒
4.1.27

ord(2) | |hi|⇒ åßôå ord(2) = 1 åßôå ord(2) = 3
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ÅÜí ßó·õå ord(2) =
¯̄
2
®¯̄
= 3 ôüôå èá åß·áìå

{ 2 4} =

2
®
= hi = {  2}

ïðüôå åßôå [2 =  êáé 4 = 2] åßôå [2 = 2 êáé 4 = ] ¢ñá ôá óôïé·åßá ôÞò 

èá Þôáí åßôå ôá

  = 2 2 = 4   = 3 2 = 5

åßôå ôá   = 4 2 = 2   = 5 2 = 3 êÜôé ðïõ èá óÞìáéíå üôé

 = hi êáé ord() = 6 (âë. 2.3.7). ¢ôïðï! Êáô' áíÜãêçí, ëïéðüí,

ord(2) = 1⇒ 2 =  =⇒
 6=

ord() = 2

Ùò åê ôïýôïõ, êÜèå óôïé·åßï  ∈ r hi Ý·åé ôÜîç 2 Ãéá ïéïäÞðïôå  ∈ r hi
Ý·ïõìå  ∈ hi  ïðüôå ìÝóù ôïý áíùôÝñù åðé·åéñÞìáôïò (áëëÜ áõôÞí ôç öïñÜ ìå

ôï  óôç èÝóç ôïý ) óõíÜãåôáé üôé

ord() = 2⇒  =  ⇒  = −1−1 = −1

ÁõôÝò ïé ó·Ýóåéò êáèïñßæïõí ðëÞñùò ôïí ðïëëáðëáóéáóôéêü êáôÜëïãï ôÞò ïìÜ-

äáò Ç  åßíáé ìç áâåëéáíÞ (áöïý8  6= ) êáé

hi @ h i v ⇒ 3 = |hi|  |h i| ≤ || = 6
4.1.22 =⇒ |hi| | |h i|⇒ |h i| = 6

)
⇒  = h i 

Åöáñìüæïíôáò ôçí ðñüôáóç 3.4.7 (Þ åëÝã·ïíôáò áðåõèåßáò üôé ç áðåéêüíéóç

 3  7−→  ◦  ∈ D3  ∈ {0 1}  ∈ {0 1 2}

åßíáé éóïìïñöéóìüò) óõìðåñáßíïõìå üôé ( ·) ∼= (D3 ◦)  ¤

4.1.38 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò ≤ 7) Ç ôáîéíüìçóç ôùí ïìÜäùí
 ìå || ≤ 7 ìÝ·ñéò éóïìïñöéóìïý åßíáé áõôÞ ðïõ êáôá·ùñßæåôáé óôïí áêüëïõèï
êáôÜëïãï :

ôÜîç 

1 ôåôñéììÝíç

2 Z2
3 Z3
4 Z4 V
5 Z5
6 Z6 D3 (∼= S3)
7 Z7

8ÅÜí ßó·õå ç éóüôçôá  =  ôüôå èá åß·áìå  = −1 ⇒  = −1 ⇒ 2 =  êÜôé ðïõ èá óÞìáéíå üôé

ord()  3
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Áðïäåéîç. ÁõôÞ Ýðåôáé ýóôåñá áðü óõíäõáóìü ôïý (ii) ôïý èåùñÞìáôïò 2.4.23,

ôïý èåùñÞìáôïò 2.3.19, ôïý èåùñÞìáôïò 3.5.6, ôïý ðïñßóìáôïò 4.1.33 êáé ôïý èåù-

ñÞìáôïò 4.1.37. ¤

4.1.39 Èåþñçìá. ÊÜèå ìç áâåëéáíÞ ïìÜäá ôÜîåùò 8 åßíáé éóüìïñöç åßôå ìå ôçí
(Q ·) åßôå ìå ôçí (D4 ◦) 
Áðïäåéîç. ¸óôù ( ·) ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò 8 êáé Ýóôù  ∈  Áðü ôo

ðüñéóìá 4.1.27 Ýðåôáé üôé

ord() = |hi| ∈ {1 2 4 8}

Ôï åíäå·üìåíï íá éó·ýåé ord() = 8 áðïêëåßåôáé (äéüôé ôüôå ç  = hi  ùò êõ-

êëéêÞ, èá Þôáí áâåëéáíÞ, âë. ðñïôÜóåéò 2.3.7 êáé 2.2.17). ¢ñá ïé ôÜîåéò üëùí ôùí
óôïé·åßùí ôÞò åßíáé≤ 4Áðü ôçí Üëëç ìåñéÜ, áðïêëåßåôáé ùóáýôùò ôï íá Ý·ïõí

üëá ôá óôïé·åßá ôÞò  ôÜîåéò ≤ 2 (äéüôé åí ôïéáýôç ðåñéðôþóåé ç  èá Þôáí áâå-

ëéáíÞ åðß ôç âÜóåé ôïý (iv) ôÞò ðñïôÜóåùò 2.3.9). ÅðïìÝíùò õðÜñ·åé ôïõëÜ·éóôïí

Ýíá óôïé·åßï, áò ðïýìå ôï  ôÞò  ìå ord() = 4 ÊáôÜ ôï èåþñçìá 4.1.22 ôïý

Lagrange ï äåßêôçò ôÞò êõêëéêÞò ïìÜäáò hi = {  2 3} åíôüò ôÞò  åßíáé

ßóïò ìå 2 ÅðéëÝãïõìå ôõ·üí  ∈ r hi  Ðñïöáíþò,

 = hi` hi  = {  2 3}`{  2 3}
êáé -ôáõôï·ñüíùò-

 = hi`  hi = {  2 3}
`{  2 3}

ïðüôå  hi = hi  ÉäéáéôÝñùò,

 ∈ hi  ⇒ −1 ∈ hi = {  2 3}

ìå ord(−1) = ord() = 4 (âë. 2.3.9 (ii)). ÅðåéäÞ ord() = 1 ord(
2) = 2 êáé

ord(3) = 4 (âë. 2.3.10 (i)), óõìðåñáßíïõìå üôé −1 ∈ { 3} Ôï åíäå·üìåíï íá
éó·ýåé −1 =  (Þ, éóïäõíÜìùò,  = ) áðïêëåßåôáé (äéüôé áëëéþò èá åß·áìå

 = ãéá ïéïõóäÞðïôå   ∈ Z êáé ç  èá Þôáí áâåëéáíÞ). ÊáôÜ óõíÝðåéáí,

−1 = 3 = −1 ⇒ −1−1 = (−1)−1 = ⇒  = −1

ÅðåéäÞ ïé hi êáé  hi åßíáé ïé ìüíåò (îÝíåò) ðëåõñéêÝò êëÜóåéò ôÞò hi åíôüò ôÞò
 ãéá ôçí ðëåõñéêÞ êëÜóç 2 hi Ý·ïõìå åßôå 2 hi =  hi åßôå 2 hi = hi  Óôçí
ðñþôç ðåñßðôùóç,

2 hi =  hi⇒  hi = hi 

Þôïé êÜôé åî õðïèÝóåùò áðïêëåéóèÝí. Óôç äåýôåñç ðåñßðôùóç, 2 hi = hi  ïðüôå

2 ∈ hi = {  2 3}
ord() ∈ {2 4} =⇒

2.3.10 (i)
ord(2) ∈ {1 2}

⎫⎪⎬⎪⎭⇒ 2 ∈ { 2}
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ÅðéðñïóèÝôùò,

hi @ h i v ⇒ 4 = |hi|  |h i| ≤ || = 8
4.1.22 =⇒ |hi| | |h i|⇒ |h i| = 8

)
⇒  = h i 

Åí êáôáêëåßäé, õðÜñ·ïõí ìüíïí äýï åíäå·üìåíá:

(i)  = h i  üðïõ 2 =  êáé  = −1 Åöáñìüæïíôáò ôçí ðñüôáóç 3.4.7 (Þ

åëÝã·ïíôáò áðåõèåßáò üôé ç áðåéêüíéóç

 3  7−→  ◦  ∈ D4  ∈ {0 1}  ∈ {0 1 2 3}
åßíáé éóïìïñöéóìüò) óõíÜãåôáé üôé ( ·) ∼= (D4 ◦) 
(ii)  = h i  üðïõ 2 = 2 êáé  = −1 = 3 ËáìâÜíïíôáò õð' üøéí ôïí
ðïëëáðëáóéáóôéêü êáôÜëïãï ôüóïí ôÞò ïìÜäáò 

·   2 3   2 3

   2 3   2 3

  2 3  3   2

2 2 3   2 3  

3 3   2  2 3 

   2 3 2 3  

  2 3   2 3 

2 2 3     2 3

3 3   2 3   2

üóïí êáé ôÞò ïìÜäáò ôùí ôåôñáíßùí (âë. 2.2.11) ðáñáôçñïýìå üôé ç áðåéêüíéóç9

 3  7−→ ki = k(jk) ∈ Q  ∈ {0 1}  ∈ {0 1 2 3}
åßíáé éóïìïñöéóìüò, ïðüôå ( ·) ∼= (Q ·)  ¤

4.1.40 ÐáñáôÞñçóç. Ç Q äéáèÝôåé ìüíïí Ýíá óôïé·åßï ôÜîåùò 2 (óõãêåêñéìÝíá,

ôï −I2), åíþ ç D4 = h i (âë. 3.4.4) Ý·åé åí óõíüëù ðÝíôå óôïé·åßá ôÜîåùò 2

(óõãêåêñéìÝíá, ôá 2   ◦   ◦ 2  ◦ 3). ¢ñáD4 À Q (âë. 2.4.19 (iv)).

I ÅöáñìïãÝò ôïý èåùñÞìáôïò ôïý Lagrange êáôÜ ôïí ðñïóäéïñéóìü õðïïìÜ-
äùí. Äïèåßóáò ìéáò ðåðåñáóìÝíçò ïìÜäáò ó·åôéêþò ìéêñÞò ôÜîåùò  := ||  ôï
èåþñçìá 4.1.22 ôïý Lagrange ðåñéïñßæåé ôçí áíáæÞôçóç ôùí ôÜîåùí ôùí ðéèáíþí

õðïïìÜäùí ôÞò óôïõò äéáéñÝôåò ôïý äéåõêïëýíïíôÜò ìáò, ùò åê ôïýôïõ, êáôÜ

ôçí ðïñåßá ðïõ ïöåßëïõìå íá áêïëïõèÞóïõìå ãéá ôçí åýñåóç áõôþí ôùí õðïïìÜ-

äùí. ÅðåéäÞ ôï ðñüâëçìá ôïý ðñïóäéïñéóìïý ôùí õðïïìÜäùí ïéáóäÞðïôå ðåðå-

ñáóìÝíçò êõêëéêÞò ïìÜäáò Ý·åé åðéëõèåß (óå ðëÞñç ãåíéêüôçôá) ìÝóù ôïý ðïñß-

óìáôïò 2.4.26, èá åðéêåíôñùèïýìå åí ðñþôïéò óôïí ðñïóäéïñéóìü ôùí õðïïìÜäùí

(êáé óôïí ó·åäéáóìü ôùí äéáãñáììÜôùí ôïý Hasse ãéá ôïí áíôßóôïé·ï óýíäåóìï)

ôÞò V (ôÞò ìïíáäéêÞò -ìÝ·ñéò éóïìïñöéóìïý- ìç êõêëéêÞò ïìÜäáò ôÜîåùò 4), ôÞò

S3 (ôÞò ìïíáäéêÞò -ìÝ·ñéò éóïìïñöéóìïý- ìç áâåëéáíÞò ïìÜäáò ôÜîåùò 6) êáé ôùí

(ìïíáäéêþí -ìÝ·ñéò éóïìïñöéóìïý- ìç áâåëéáíþí) ïìÜäùíQ êáéD4 ôÜîåùò 8

9ÓçìåéùôÝïí üôé i0 = I2 i
1 = i i2 = −I2 i3 = −i ki0 = k ki = j ki2 = −k ki3 = −j
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4.1.41 ÅöáñìïãÞ. Ôï óýíïëï ôùí õðïïìÜäùí ôÞò ïìÜäáò V ôùí ôåóóÜñùí óôïé-
·åßùí ôïý Klein (âë. 3.4.2 (ii)) åßíáé ôï

Subg(V) = {{id} h[1 2] ◦ [3 4]i  h[1 3] ◦ [2 4]i  h[1 4] ◦ [2 3]i V}

êáé ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(V)v) ôï

V

h[1 2] ◦ [3 4]i

nnnnnnnnnnnnn
h[1 3] ◦ [2 4]i h[1 4] ◦ [2 3]i

PPPPPPPPPPPPP

{id}

OOOOOOOOOOOO

oooooooooooo

Áðïäåéîç. ¸óôù ìéá õðïïìÜäá ôÞòVÊáôÜ ôï èåþñçìá 4.1.22, || ∈ {1 2 4}
ÅÜí || = 1 ôüôå  = {id} ÅÜí || = 4 ôüôå  = V ÅÜí || = 2 ôüôå ç 

åßíáé êõêëéêÞ (âë. 2.3.19). ÅðåéäÞ

ord([1 2] ◦ [3 4]) = ord([1 3] ◦ [2 4]) = ord([1 4] ◦ [2 3]) = 2
Ý·ïõìå êáô' áíÜãêçí  ∈ {h[1 2] ◦ [3 4]i  h[1 3] ◦ [2 4]i  h[1 4] ◦ [2 3]i} ¤

4.1.42 ÅöáñìïãÞ. Ôï óýíïëï ôùí õðïïìÜäùí ôÞò óõììåôñéêÞò ïìÜäáòS3 (∼= D3)

åßíáé ôï

Subg(S3) = {{id} h[1 2]i  h[1 3]i  h[2 3]i  h[1 2 3]i S3}

êáé ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(S3)v) ôï
S3

h[1 2 3]i

HHHHHHHHH

h[1 2]i

ooooooooooooooooooooooooooooooo
h[1 3]i

wwwwwwwwwwwwwwwwwwwwww
h[2 3]i

−−−−−−−−−−−−−−−−

{id}

FFFFFFFF

SSSSSSSSSSSSSSSSS

ªªªªªªªªªªªªªªªª

WWWWWWWWWWWWWWWWWWWWWWWWWWWW

Áðïäåéîç. ¸óôù üôé  v S3 ÊáôÜ ôï èåþñçìá 4.1.22, || ∈ {1 2 3 6} ÅÜí
|| = 1 ôüôå  = {id} ÅÜí || = 6 ôüôå  = S3 ÅÜí || ∈ {2 3} ôüôå ç 

åßíáé êõêëéêÞ (âë. 2.3.19). ÅðåéäÞ

ord([1 2]) = ord([1 3]) = ord([2 3]) = 2 ord([1 2 3]) = 3

(âë. 3.2.2) êáé [1 2 3] = [1 3 2]−1  Ý·ïõìå ∈ {h[1 2]i  h[1 3]i  h[2 3]i  h[1 2 3]i} ¤
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4.1.43 ÅöáñìïãÞ. Ôï óýíïëï ôùí õðïïìÜäùí ôÞò ïìÜäáò Q := hjki ôùí ôåôñá-
íßùí (ôÞò ïñéóèåßóáò óôï åäÜöéï 2.2.11) åßíáé ôï

Subg(Q) = {{I2} h−I2i  hii  hji  hki Q}

êáé ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(Q)v) ôï

Q

hii

yyyyyyyyy
hji hki

EEEEEEEEE

h−I2i

DDDDDDDD

yyyyyyyy

{I2}

Áðïäåéîç. ¸óôù  ìéá õðïïìÜäá ôÞò Q = {±I2±i± j±k}  Óýìöùíá ìå ôï

èåþñçìá 4.1.22, || ∈ {1 2 4 8} ÅÜí || = 1 ôüôå  = {I2} ÅÜí || = 8 ôüôå
 = Q ÁðïìÝíåé íá åîåôÜóïõìå ôçí ðåñßðôùóç êáôÜ ôçí ïðïßá || ∈ {2 4}
Ðñïò ôïýôï ó·çìáôßæïõìå ôïí êáôÜëïãï

 I2 −I2 i −i j −j k −k
−1 I2 −I2 −i i −j j −k k

ord() 1 2 4 4 4 4 4 4

óôï ïðïßï êáôá·ùñßæïõìå ôá 8 óôïé·åßá ôÞò Q óôçí ðñþôç ôïõ ãñáììÞ, ôá áíôß-

óôñïöÜ ôïõò óôç äåýôåñç êáé ôéò ôÜîåéò ôïõò óôçí ôñßôç (ðñâë. 2.3.9 (i)). ÅÜí

|| = 2 ôüôå ç  åßíáé êõêëéêÞ (âë. 2.3.19), ïðüôå  = h−I2i  ÅÜí || = 4ôüôå
ç  åßíáé åßôå êõêëéêÞ åßôå áâåëéáíÞ, ìç êõêëéêÞ êáé éóüìïñöç ìå ôçí ïìÜäá V

ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein (âë. èåþñçìá 3.5.6). ÅðåéäÞ çV ðåñéÝ·åé ôñßá
óôïé·åßá ôÜîåùò 2 óõìðåñáßíïõìå üôé  À V (äéüôé çQ ðåñéÝ·åé ìüíïí Ýíá óôïé-

·åßï ôÜîåùò 2 ðñâë. 2.4.19 (iv)). ¢ñá

|| = 4⇒  ∈ {hii  hji  hki}

áöïý hii = h−ii  hji = h−ji êáé hki = h−ki  ¤

4.1.44 ÅöáñìïãÞ. Ôï óýíïëï ôùí õðïïìÜäùí ôÞò äéåäñéêÞò ïìÜäáò D4 := h i
(ôÞò ïñéóèåßóáò óôï åäÜöéï 3.4.4) åßíáé ôï

Subg(D4) =

( {idE4} hi  hi 

2
®
 h ◦ i   ◦ 2® 

 ◦ 3®   2®   ◦  2®  D4

)
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êáé ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(D4)v) ôï

D4


 ◦  2®

rrrrrrrrrr

hi 
 2

®
JJJJJJJJJJ

hi

vvvvvvvvvv
h ◦ i 

2
®

KKKKKKKKKK

uuuuuuuuu 
 ◦ 2® 

 ◦ 3®
JJJJJJJJJ

{idE4}

UUUUUUUUUUUUUUUUUUUUUU

KKKKKKKKKK

ttttttttt

iiiiiiiiiiiiiiiiiii

Áðïäåéîç. ÇD4 ðáñÜãåôáé áðü ôéò áìöéññßøåéò

E4 3 
7−→  ∈ E4 E4 3 

7−→ 4 =  ∈ E4

ôéò õðïêåßìåíåò óôéò ó·Ýóåéò

2 = 4 = idE4   ◦  =  ◦ −1 ¡=  ◦ 3¢ 
(âë. 3.4.4), Ý·ïõóá ùò ðïëëáðëáóéáóôéêü ôçò êáôÜëïãï ôïí áêüëïõèï:

◦ idE4  2 3   ◦   ◦ 2  ◦ 3

idE4 idE4  2 3   ◦   ◦ 2  ◦ 3
  2 3 idE4  ◦ 3   ◦   ◦ 2
2 2 3 idE4   ◦ 2  ◦ 3   ◦ 
3 3 idE4  2  ◦   ◦ 2  ◦ 3 

   ◦   ◦ 2  ◦ 3 idE4  2 3

 ◦   ◦   ◦ 2  ◦ 3  3 idE4  2

 ◦ 2  ◦ 2  ◦ 3   ◦  2 3 idE4 

 ◦ 3  ◦ 3   ◦   ◦ 2  2 3 idE4

¸óôù  ìéá õðïïìÜäá ôÞò D4 ÊáôÜ ôï èåþñçìá 4.1.22, || ∈ {1 2 4 8} ÅÜí
|| = 1 ôüôå = {idE4} ÅÜí || = 8 ôüôå = D4ÁðïìÝíåé íá åîåôÜóïõìå ôçí
ðåñßðôùóç êáôÜ ôçí ïðïßá || ∈ {2 4}Ðñïò ôïýôï ó·çìáôßæïõìå ôïí êáôÜëïãï

 idE4  2 3   ◦   ◦ 2  ◦ 3

−1 idE4 3 2    ◦   ◦ 2  ◦ 3

ord() 1 4 2 4 2 2 2 2

óôï ïðïßï êáôá·ùñßæïõìå ôá 8 óôïé·åßá ôÞòD4 óôçí ðñþôç ôïõ ãñáììÞ, ôá áíôß-

óôñïöÜ ôïõò óôç äåýôåñç êáé ôéò ôÜîåéò ôïõò óôçí ôñßôç (ðñâë. 2.3.9 (i)). ÅÜí

|| = 2 ôüôå ç åßíáé êõêëéêÞ (âë. 2.3.19), ïðüôå

 ∈ ©hi  2®  h ◦ i   ◦ 2®   ◦ 3®ª 
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ÅÜí || = 4ôüôå ç  åßíáé åßôå êõêëéêÞ åßôå áâåëéáíÞ, ìç êõêëéêÞ êáé éóüìïñöç

ìå ôçí ïìÜäáV ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein (âë. èåþñçìá 3.5.6). ÅÜí ç

åßíáé êõêëéêÞ, ôüôå (ðñïöáíþò)

 = hi = 3® = {idE4   2 3}
ÅÜí ç åßíáé áâåëéáíÞ ìç êõêëéêÞ, ôüôå åßíáé ôÞò ìïñöÞò = {idE4    }

 6=   6=   6=  {  } $ { 2  ◦   ◦ 2  ◦ 3}

ìå ôçí åðéðñüóèåôç éäéüôçôá  = ¾óôåñá áðü
¡
5
3

¢
= 10 äïêéìÝò (ãéá ôçí åîåý-

ñåóç ôùí ôñéÜäùí    ðïõ éêáíïðïéïýí ôá ðñïáíáöåñèÝíôá) äéáðéóôþíïõìå üôé

ôï óýíïëï {  } éóïýôáé ìå Ýíá åê ôùí áêïëïýèùí:

{ 2  ◦ 2} {2  ◦   ◦ 3}

Ùò åê ôïýôïõ,  ∈ © 2®   ◦  2®ª  ¤

4.1.45 ÐáñáôÞñçóç. ÊÜèå ãíÞóéá õðïïìÜäá ôùí ïìÜäùí VS3 êáé Q åßíáé êõ-
êëéêÞ. ÁíôéèÝôùò, çD4 ðÝñáí ôùí åðôÜ êõêëéêþí, äéáèÝôåé êáé äýï áâåëéáíÝò ìç

êõêëéêÝò ãíÞóéåò õðïïìÜäåò.

I Ôï «áíôßóôñïöï» ôïý èåùñÞìáôïò ôïý Lagrange äåí åßíáé ðÜíôïôå ïñèü. Óýì-
öùíá ìå ôï èåþñçìá 4.1.22 ôïý Lagrange, || | ||  ãéá ïéáäÞðïôå õðïïìÜäá 

ìéáò ðåðåñáóìÝíçò ïìÜäáòÅõëüãùò ôßèåôáé ôï åñþôçìá ôïý êáôÜ ðüóïí éó·ýåé

êáé ôï áíôßóôñïöï : Äïèåßóáò ìéáò ðåðåñáóìÝíçò ïìÜäáò  ôÜîåùò  := || êáé
äïèÝíôïò åíüò  ∈ N ðïõ äéáéñåß ôïí  õößóôáôáé ðÜíôïôå ìéá õðïïìÜäá  ôÞò

 ìå  = || ;Ðáñüôé ôïýôï åßíáé ïñèü ãéá ôéò ðåðåñáóìÝíåò êõêëéêÝò ïìÜäåò (âë.

2.3.21 (i)) êáé, ãåíéêüôåñá, ãéá ôéò ðåðåñáóìÝíåò áâåëéáíÝò ïìÜäåò (âë. 4.4.22),

ãéá ôéò ðñïçãïõìÝíùò åîåôáóèåßóåò (ìç áâåëéáíÝò) ïìÜäåò S3Q êáé D4 êáèþò

êáé ãéá ôéò ïìÜäåò ôÜîåùò  ( ðñþôïò,  ∈ N âë. 5.6.6), ç áðÜíôçóç åßíáé åí
ãÝíåé áñíçôéêÞ. Ç ïìÜäá ìå ôç ìéêñüôåñç äõíáôÞ ôÜîç, ç ïðïßá ìðïñåß, üðùò èá

äïýìå óôçí ðñüôáóç 4.1.47, íá ìáò ðáñÜó·åé áíôéðáñÜäåéãìá, åßíáé ç åíáëëÜó-

óïõóá ïìÜäá A4 (ìå |A4| = 12). Ùóôüóï, èá ðñÝðåé -åê ðáñáëëÞëïõ- íá ôïíéóèåß

üôé õðÜñ·ïõí èåùñÞìáôá (üðùò åßíáé ôï èåþñçìá ôïý Cauchy 5.7.1 êáé ôï ãåíé-

êüôåñï 1ï èåþñçìá ôïý Sylow 11.1.2 ðïõ ðáñáôßèåíôáé óå êáôïðéíÜ êåöÜëáéá) ôá

ïðïßá åßíáé äõíáôüí íá éäùèïýí ùò ìåñéêÜ áíôßóôñïöá ôïý èåùñÞìáôïò 4.1.22 ôïý

Lagrange, êáèüôé äéáóöáëßæïõí ôçí ýðáñîç õðïïìÜäùí äïèåßóáò ðåðåñáóìÝíçò

ïìÜäáò  ðïõ Ý·ïõí ùò ôÜîç ôïõò êÜðïéïõò åéäéêÞò öýóåùò äéáéñÝôåò ôÞò ôÜîåùò
|| ôÞò  Ç áðüäåéîç ôÞò ðñïôÜóåùò 4.1.47 óôçñßæåôáé óôï áêüëïõèï:

4.1.46 ËÞììá. ¸óôù ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·) ìå | : | = 2 Ôüôå

2 ∈  ∀ ∈ 

Áðïäåéîç. ÅðåéäÞ | : | = 2 Ý·ïõìå  = 
`

 ãéá êÜðïéï  ∈  ÅðïìÝ-

íùò,  = r¸óôù ôõ·üí  ∈ 
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Ðåñßðôùóç ðñþôç. ÅÜí  ∈  ôüôå 2 ∈  (ëüãù ôÞò êëåéóôüôçôáò ôÞò ðñÜîåùò).

Ðåñßðôùóç äåýôåñç. ÅÜí  ∈ r ôüôå  =  ãéá êÜðïéï  ∈  Áò õðïèÝ-

óïõìå üôé 2 ∈  Ôüôå 2 = 0 ãéá êÜðïéï 0 ∈  Ôïýôï óçìáßíåé üôé

 = −12 = −1−10 = −10 ∈ 

ðñÜãìá ðïõ áíôéöÜóêåé ðñïò ôçí áñ·éêÞ õðüèåóÞ ìáò (üôé  ∈ r). ¢ñá üíôùò

(êáé óå áõôÞí ôçí ðåñßðôùóç) 2 ∈  ¤

4.1.47 Ðñüôáóç. Ç åíáëëÜóóïõóá ïìÜäá A4 äåí äéáèÝôåé õðïïìÜäåò ôÜîåùò 6

Áðïäåéîç. Áò õðïèÝóïõìå üôé õðÜñ·åé õðïïìÜäá  ôÞò A4 ôÜîåùò 6 Ôüôå áðü

ôï èåþñçìá 4.1.22 ðñïêýðôåé üôé |A4 : | = 12
6 = 2 ¸óôù  ∈ A4 ïéïóäÞðïôå

3-êýêëïò. ÅðåéäÞ, êáôÜ ôï (v) ôÞò ðñïôÜóåùò 3.2.3, éó·ýåé ord() = 3 Ý·ïõìå

 = 3 ◦  = 4 = (2)2

2 ∈ A4 =⇒
4.1.46

(2)2 ∈ 

)
=⇒  ∈ 

ÊáôÜóõíÝðåéáí, üëïé ïé 3-êýêëïé ðïõáíÞêïõí óôçíA4 ïöåßëïõí íááíÞêïõí óôçí

 ¼ìùò åíôüò ôÞò A4 õðÜñ·ïõí áêñéâþò 8 (óáöþò äéáêåêñéìÝíïé) 3-êýêëïé (âë.

åäÜöéï 3.3.11), åíþ || = 6¢ôïðï! ¢ñá ç åíáëëÜóóïõóá ïìÜäá A4 äåí äéáèÝôåé

õðïïìÜäåò ôÜîåùò 6 ¤

4.1.48 Óçìåßùóç. Ìéá äéáöïñåôéêÞ áðüäåéîç ôÞò ðñïôÜóåùò 4.1.47 (ðïõ äåí ·ñç-

óéìïðïéåß ôï ëÞììá 4.1.46) åßíáé ç åîÞò: Áò õðïèÝóïõìå åê íÝïõ üôé õðÜñ·åé õðïï-

ìÜäá ôÞòA4 ôÜîåùò 6Ôüôå, óýìöùíá ìå ôï èåþñçìá 4.1.37, ç åßíáé éóüìïñöç

åßôå ìå ôçí (Z6+) åßôå ìå ôçí (S3 ◦) Óôçí ðñþôç ðåñßðôùóç èá õðÜñ·åé êÜðïéïò

éóïìïñöéóìüò  : Z6
∼=−→  áðåéêïíßæùí ôï óôïé·åßï [1]6 (ôÜîåùò 6) óôï óôïé·åßï

([1]6) (ùóáýôùò ôÜîåùò 6 âë. 2.4.19 (iv)). ¼ìùò ôïýôï åßíáé áäýíáôï, êáèüóïí

ç A4 äåí ðåñéÝ·åé êáíÝíá óôïé·åßï ôÜîåùò 6 ÅðïìÝíùò ç  ïöåßëåé íá åßíáé éóü-

ìïñöç ìå ôçí S3 ÓçìåéùôÝïí üôé ç S3 ðåñéÝ·åé áêñéâþò ôñßá óôïé·åßá ôÜîåùò 2

Þôïé ôá 1 := [1 2] 2 := [1 3] êáé 3 := [2 3]Áðü ôçí Üëëç ìåñéÜ, ôá ìüíá óôïé·åßá

ôÞò A4 ôÜîåùò 2 åßíáé ôá

1 := [1 2] ◦ [3 4] 2 := [1 3] ◦ [2 4] 3 := [1 4] ◦ [2 3]

ÊÜèå éóïìïñöéóìüò  : S3
∼=−→  áðåéêïíßæåé êáèÝíá åê ôùí 1 2 3 óå áêñéâþò

Ýíá åê ôùí 1 2 3 (ëüãù ôïý (iv) ôÞò ðñïôÜóåùò 2.4.19 êáé ôÞò áìöéññéðôéêüôç-

ôáò ôÞò áðåéêïíßóåùò ). ÓõãêåêñéìÝíá, ∃ ∈ S3 : () = () ∀ ∈ {1 2 3}
ÅðåéäÞ ëïéðüí Ý·ïõìå áö' åíüò ìåí

1 ◦ 2 = 3 = 2 ◦ 1 1 ◦ 3 = 2 = 3 ◦ 1 2 ◦ 3 = 1 = 3 ◦ 2
áö' åôÝñïõ äå

1 ◦ 2 = [1 3 2] 6= [1 2 3] = 2 ◦ 1
1 ◦ 3 = [1 2 3] 6= [1 3 2] = 3 ◦ 1
2 ◦ 3 = [1 3 2] 6= [1 2 3] = 3 ◦ 2
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ãéá ïéáäÞðïôå   ∈ {1 2 3} ìå  6=  óõìðåñáßíïõìå üôé

 ◦  6=  ◦  =⇒
 Ýíñéøç

() ◦ () = ( ◦ ) 6= ( ◦ ) = () ◦ ()

üðïõ () ◦ () = () ◦ () = () ◦ () = () ◦ () ¢ôïðï! ¢ñá

ç åíáëëÜóóïõóá ïìÜäá A4 äåí äéáèÝôåé õðïïìÜäåò ôÜîåùò 6 (Ìéá åðéðñüóèåôç,

ôñßôç áðüäåéîç ôÞò ðñïôÜóåùò 4.1.47 äßäåôáé óôï åäÜöéï 5.3.24.)

4.1.49 Ðüñéóìá. Ôï óýíïëï ôùí õðïïìÜäùí ôÞò åíáëëÜóóïõóáò ïìÜäáò A4 åßíáé
ôï

Subg(A4) =

½ {id} h[1 2] ◦ [3 4]i  h[1 3] ◦ [2 4]i  h[1 4] ◦ [2 3]i
h[1 2 3]i  h[1 2 4]i  h[1 3 4]i  h[2 3 4]i  V A4

¾
êáé ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(A4)v) ôï

Áðïäåéîç. ¸óôù ìéá õðïïìÜäá ôÞòA4Óýìöùíá ìå ôï èåþñçìá 4.1.22 êáé ôçí

ðñüôáóç 4.1.47 Ý·ïõìå

|| ∈ {1 2 3 4 12}

ÅÜí || = 1 ôüôå = {id} ÅÜí || = 12 ôüôå = A4ÁðïìÝíåé íá åîåôÜóïõìå
ôçí ðåñßðôùóç êáôÜ ôçí ïðïßá || ∈ {2 3 4} Ðñïò ôïýôï ó·çìáôßæïõìå ôïõò
êáôáëüãïõò

 id [1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]
−1 id [1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]

ord() 1 2 2 2

 [1 2 3] [1 2 4] [1 3 4] [2 3 4] [1 3 2] [1 4 2] [1 4 3] [2 4 3]

−1 [1 3 2] [1 4 2] [1 4 3] [2 4 3] [1 2 3] [1 2 4] [1 3 4] [2 3 4]

ord() 3 3 3 3 3 3 3 3

ÅÜí || = 2 ôüôå ç åßíáé êõêëéêÞ (âë. 2.3.19), ïðüôå

 ∈ {h[1 2] ◦ [3 4]i  h[1 3] ◦ [2 4]i  h[1 4] ◦ [2 3]i} 
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ÅÜí || = 3 ôüôå ç åßíáé êõêëéêÞ (âë. 2.3.19), ïðüôå

 ∈ {h[1 2 3]i  h[1 2 4]i  h[1 3 4]i  h[2 3 4]i} 
äåäïìÝíïõ üôé

h[1 2 3]i = h[1 3 2]i  h[1 2 4]i = h[1 4 2]i 
h[1 3 4]i = h[1 4 3]i  h[2 3 4]i = h[2 4 3]i 

ÔÝëïò, óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá || = 4 Ý·ïõìå êáô' áíÜãêçí10  = V¤

I ÂáóéêÝò éäéüôçôåò õðïïìÜäùí ðåðåñáóìÝíïõ äåßêôç. Ôï èåþñçìá 4.1.20 ãå-

íéêåýåôáé ùò áêïëïýèùò:

4.1.50 Èåþñçìá. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ïé êáé åßíáé äõï õðïïìÜäåò ôçò
ìå v  ôüôå

| : | = | : | | : | (4.20)

ÉäéáéôÝñùò, éó·ýåé ç óõíåðáãùãÞ :

 @  =⇒ | : |  | : | 
Áðïäåéîç. ¸óôù Á Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò  åíôüò ôÞò  êáé

Ýóôù Á0 Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò  åíôüò ôÞò  Ôüôå

card(Á) = | : | êáé card(Á0) = | : |  (4.21)

Èá áðïäåßîïõìå üôé ôï ÁÁ0 ⊆  áðïôåëåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí

ôÞò  åíôüò ôÞò Êáô' áñ·Üò,

 =
S
∈Á

 =
S
∈Á



µ S
∈Á0



¶
=

S
∈Á, ∈Á0

()

üðïõ ç ôåëåõôáßá éóüôçôá Ýðåôáé áðü ôï (i) ôÞò ðñïôÜóåùò 4.1.2. Ç ôåëåõôáßá
Ýíùóç åßíáé áðïóõíäåôÞ. ÐñÜãìáôé° åÜí 1 2 ∈Á êáé 1 2 ∈Á0 ôÝôïéá þóôå íá
éó·ýåé ç éóüôçôá (11) = (22) ôüôå

(11) = (22)

 ⊆  ⇒  = 

¾
⇒ 11 = 22

 ∈  ⇒  =  ∀ ∈ {1 2}
¾
⇒ 1 = 2

ïðüôå 1 = 2 (äéüôé ôï Á åßíáé åî õðïèÝóåùò Ýíá óýóôçìá áñéóôåñþí åêðñï-

óþðùí ôÞò  åíôüò ôÞò ). Ôïýôï óçìáßíåé üôé ôï óýíïëï ÁÁ0 åßíáé üíôùò
(åê êáôáóêåõÞò) Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò  åíôüò ôÞò  ¢ñá

card(ÁÁ0) = | : |  Åí óõíå·åßá, ðáñáôçñïýìå üôé ãéá ïéáäÞðïôå 1 2 ∈Á êáé

1 2 ∈Á0 ãéá ôá ïðïßá 11 = 22 éó·ýïõí ïé óõíåðáãùãÝò

11 = 22 ⇒ (11) = (22) ⇒ 1 = 2 ⇒ 1 = 2

10Õðü ôçí ðñïûðüèåóç üôé || = 4 ç èá ðñÝðåé íá åßíáé éóüìïñöç åßôå ìå ôçí (Z4+) ìå ôçí åßôå ìå ôçí (V ◦)
(âë. èåþñçìá 3.5.6). Ôï ðñþôï åíäå·üìåíï áðïêëåßåôáé, äéüôé ìéá õðïïìÜäá ôÞò A4 åßíáé êõêëéêÞ åÜí êáé ìüíïí åÜí

ç ôÜîç ôçò åßíáé ßóç ìå 2 Þ 3 (âÜóåé ôùí ðñïáíáöåñèÝíôùí).
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üðïõ ç ðñþôç åßíáé ðñïöáíÞò, ç äåýôåñç áðüññïéá ôùí üóùí Ý·ïõìå Þäç ðñïá-

íáöÝñåé êáé ç ôñßôç Ýðåôáé áðü ôïí íüìï ôÞò äéáãñáöÞò 2.1.9 (i). Áðü ôï ãåãïíüò

ôïý üôé ôåëéêþò éó·ýåé 11 = 22 ⇒ [1 = 2 êáé 1 = 2] óõìðåñáßíïõìå üôé

| : | = card(ÁÁ0) = card(Á×Á0) = card(Á) · card(Á0) (4.22)

Ï óõíäõáóìüò ôùí (4.21) êáé (4.22) äßäåé ôçí (4.20). ¤

4.1.51 ÐáñáôÞñçóç. Ç éóüôçôá (4.13) Ýðåôáé Üìåóá áðü ôçí (4.20) åÜí ùò èåù-

ñÞóïõìå ôçí ôåôñéììÝíç õðïïìÜäá ôÞò  (âë. 4.1.18 (i)).

4.1.52 ÐáñÜäåéãìá. ËáìâÜíïíôáò õð' üøéí ôçí ôïðïèÝôçóç ôùí õðïïìÜäùí

h−I2i êáé hii ôÞò ïìÜäáòQ = {±I2±i± j±k} ôùí ôåôñáíßùí åíôüò ôïý äéáãñÜì-

ìáôïò ôïý Hasse ãéá ôïí óýíäåóìï (Subg(Q)v) (âë. 2.2.11 êáé 4.1.43), ç (4.20)

åßíáé Üìåóá åðáëçèåýóéìç, êáèüóïí

|Q : h−I2i| = 4 = 2 · 2 = |Q : hii| |hii : h−I2i| 

4.1.53 Ïñéóìüò. ÊÜèå õðïïìÜäá  ìéáò ïìÜäáò ( ·) ìå | : |  ∞ êáëåßôáé

õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç (åíôüò ôÞò ).

4.1.54 Èåþñçìá. (H. Poincarª) ÅÜí  êáé  åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò
( ·)  ôüôå éó·ýïõí ôá áêüëïõèá :
(i) Ï äåßêôçò ôÞò  ∩ åíôüò ôÞò  Ý·åé ùò Üíù öñÜãìá ôï ãéíüìåíï ôùí äåéêôþí
ôùí êáé:

| :  ∩| ≤ | : | | : |  (4.23)

Ùò åê ôïýôïõ, åÜí áìöüôåñåò ïé  êáé  åßíáé õðïïìÜäåò ðåðåñáóìÝíïõ äåßêôç,
ôüôå êáé ç ∩ åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç.
(ii) ÅÜí áìöüôåñåò ïé  êáé  åßíáé õðïïìÜäåò ðåðåñáóìÝíïõ äåßêôç, ôüôå o äåß-
êôçò ôÞò ∩ åíôüò ôÞò  Ý·åé ùò êÜôù öñÜãìá ôï åëÜ·éóôï êïéíü ðïëëáðëÜóéï
ôùí äåéêôþí ôùí êáé:

åêð (| : |  | : |) ≤ | :  ∩| (4.24)

êáé éó·ýåé, éäéáéôÝñùò, ç óõíåðáãùãÞ

ìêä (| : |  | : |) = 1 =⇒ | :  ∩| = | : | | : | 
Ðñùôç áðïäåéîç ôïõ (i). Êáô' áñ·Üò, åÜí   ∈  ôüôå ôï óýíïëï () ∩ ()
åßíáé åßôå ôï êåíü óýíïëï åßôå ìéá áñéóôåñÞ ðëåõñéêÞ êëÜóç ôÞò  ∩ åíôüò ôÞò

ÐñÜãìáôé° åÜí  ∈ () ∩ () ôüôå
 ∈  êáé  ∈  ⇒  =  êáé  = 

(âë. ðñüôáóç 4.1.11). Áðü ôï (ii) ôÞò ðñïôÜóåùò 4.1.2 óõíÜãåôáé üôé

() ∩ () = () ∩ () = ( ∩)
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¸óôùÁ Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò  åíôüò ôÞò  êáé ÝóôùÁ0 Ýíá
óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò  åíôüò ôÞò  ÅðåéäÞ

 =  ∩ =
µ S
∈Á



¶
∩
Ã S
∈Á0



!
=

S
∈Á, ∈Á0

(() ∩ ()) 

ëáìâÜíïíôáò õð' üøéí üôé

card ({() ∩ () | ∈ Á  ∈ Á0 }) = card(Á) · card(Á0)

= | : | | : |

êáé üôé (âÜóåé ôùí ðñïáíáöåñèÝíôùí) êÜèå óýíïëï ôÞò ìïñöÞò () ∩ () ðïõ
åßíáé äéÜöïñï ôïý êåíïý ïöåßëåé íá åßíáé ìéá áñéóôåñÞ ðëåõñéêÞ êëÜóç ôÞò ∩
åíôüò ôÞò  êáôáëÞãïõìå óôçí áíéóïúóüôçôá (4.23).

Äåõôåñç áðïäåéîç ôïõ (i). Åöáñìüæïíôáò ôï èåþñçìá 4.1.50 (ìå ôçí ∩ óôç

èÝóç ôÞò åêåß ðáñáôåèåßóáò) ëáìâÜíïõìå

| :  ∩| = | : | | :  ∩| 

Áñêåß ëïéðüí íá äåé·èåß ç áíéóïúóüôçôá | :  ∩| ≤ | : | ¸óôù Á Ýíá óý-

óôçìá áñéóôåñþí åêðñïóþðùí ôÞò  ∩ åíôüò ôÞò  êáé Ýóôù Á0 Ýíá óýóôçìá

áñéóôåñþí åêðñïóþðùí ôÞò  åíôüò ôÞò  ÅðåéäÞ ãéá ïéáäÞðïôå 1 2 ∈ 

éó·ýïõí ïé áìößðëåõñåò óõíåðáãùãÝò

1 ( ∩) = 2 ( ∩)⇔ −11 2 ∈  ∩ ⇐⇒
12∈

−11 2 ∈  ⇔ 1 = 2

ç  : { ( ∩) | ∈ A} −→ { | ∈ A0 } ìå ôýðï ( ( ∩)) :=  åßíáé ìéá

êáëþò ïñéóìÝíç åíñéðôéêÞ áðåéêüíéóç, ðñÜãìá ðïõ óçìáßíåé üôé

| :  ∩| = card(Á) ≤ card(Á0) = | : | 

Áðïäåéîç ôïõ (ii). ÈÝôïíôáò  := | : | êáé  := | : |  ç (4.23) ìáò ðëçñï-

öïñåß üôé

| :  ∩| ≤  ∞ (4.25)

ÈÝôïíôáò  := | :  ∩|  äéðëÞ åöáñìïãÞ ôïý èåùñÞìáôïò 4.1.50 ìáò äßäåé11

[ =  | :  ∩|⇒  | ] êáé [ =  | :  ∩| =⇒  | ] 

¢ñá åêð() |  (âë. B.2.25), ïðüôå åêð() ≤  Óôçí åéäéêÞ ðåñßðôùóç üðïõ

ìêä() = 1 óõìðåñáßíïõìå (ìÝóù ôÞò ðñïôÜóåùò B.2.29) üôé åêð() = 

ïðüôå áðü ôéò (4.24) êáé (4.25) ðñïêýðôåé üôé  =  ¤

11Áðü ôçí õðüèåóÞ ìáò êáé áðü ôï èåþñçìá 4.1.50 Ýðåôáé üôé | :  ∩| ∞ êáé | :  ∩| ∞
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4.1.55 Ðüñéóìá. ÅÜí 1 åßíáé õðïïìÜäåò ìéáò ïìÜäáò ( ·) (üðïõ  êÜ-
ðïéïò öõóéêüò áñéèìüò ≥ 2), ôüôå

| :
T

=1
 | ≤

Q
=1

| :  | 

Ùò åê ôïýôïõ, åÜí1 åßíáé õðïïìÜäåò ðåðåñáóìÝíïõ äåßêôç, ôüôå êáé ç ôïìÞT
=1 åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç. Åí ôïéáýôç ðåñéðôþóåé,

åêð (| : 1|  | : |) ≤ | :
T

=1

 |

êáé éó·ýåé, éäéáéôÝñùò, ç óõíåðáãùãÞ :∙
ìêä (| : |  | :  |) = 1

ãéá ïéoõóäÞðïôå   ∈ {1 }  6= 

¸
=⇒ | :

T
=1

 | =
Q

=1

| :  | 

Áðïäåéîç. ¸ðåôáé ìÝóù ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôï ðëÞèïò  ôùí õðïï-

ìÜäùí, êáôüðéí åöáñìïãÞò ôïý èåùñÞìáôïò 4.1.54, ôÞò ðñïôÜóåùò B.2.27 êáé ôïý

ðïñßóìáôïò B.3.19. ¤

4.1.56 Ðñüôáóç. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç ïìÜäá, ôüôå êÜèå
õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç (åíôüò ôÞò) åßíáé áö' åáõôÞò ðåðåñáóìÝíùò ðá-
ñáãüìåíç.

Áðïäåéîç. ¸óôù ∅ 6=  ⊆  Ýíá ðåðåñáóìÝíï óýíïëï ãåííçôüñùí ôÞò  êáé

Ýóôù v  ìå | : | ∞ ÅðéëÝãïõìå Ýíá óýóôçìá äåîéþí åêðñïóþðùí Ä ôÞò

 åíôüò ôÞò  (Ðñïöáíþò, card(Ä) = | : |  Åðßóçò, äß·ùò âëÜâç ôÞò ãåíéêü-

ôçôáò õðïèÝôïõìå üôé  ∈ Ä. Âë. åä. 4.1.15.) Èá äåßîïõìå üôé ï éó·õñéóìüò åßíáé

áëçèÞò áðïäåéêíýïíôáò üôé

 =

ÄÄ−1 ∩®  üðïõ ÄÄ−1 :=

©
−1

¯̄
 ∈    ∈ Ä

ª


Ðñïöáíþò,

ÄÄ−1 ∩® ⊆  ¸óôù ôþñá ôõ·üí  ∈  Åî õðïèÝóåùò, ôï 

ãñÜöåôáé õðü ôç ìïñöÞ  = 11 · · ·   üðïõ (1  ) ∈  êáé  ∈ {±1} ãéá
êÜèå  ∈ {1  } ãéá êÜðïéïí  ∈ N (Âë. (2.6).) ÅðåéäÞ  =

`
∈Ä õðÜñ·åé

êÜðïéï 1 ∈ Ä, ôÝôïéï þóôå íá éó·ýåé 11 ∈ 1¢ñá ∃1 ∈  : 11 = 11Ùò åê

ôïýôïõ,

1 = 11 −11 =

⎧⎨⎩ 1
−1
1  üôáí 1 = 1¡

11
−1


¢−1
 üôáí 1 = −1

Óôçí ðñþôç ðåñßðôùóç, 1 ∈ ÄÄ−1 ∩ Óôç äåýôåñç ðåñßðôùóç, ôï 1 éóïýôáé

ìå ôï áíôßóôñïöï åíüò óôïé·åßïõ ôïýÄÄ−1∩ ïðüôå áíÞêåé óôçí õðïïìÜäá ôçí

ðáñáãüìåíç áðü áõôü. ÅÜí  ≥ 2 ôüôå óõíå·ßæïõìå ùò åîÞò: Ðñïöáíþò, õðÜñ·åé
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êÜðïéï 2 ∈ Ä, ôÝôïéï þóôå íá éó·ýåé 1
2
2 ∈ 2 ¢ñá ∃2 ∈  : 1

2
2 = 22

Ùò åê ôïýôïõ,

2 = 1
2
2 −12 =

⎧⎨⎩ 12
−1
2  üôáí 2 = 1¡

22
−1
1

¢−1
 üôáí 2 = −1

Óå áìöüôåñåò ôéò ðåñéðôþóåéò, 2 ∈

ÄÄ−1 ∩®  ÅðáíáëáìâÜíïíôáò ôçí ßäéá

äéáäéêáóßá êáé ãéá ôïõò õðïëïßðïõò äåßêôåò (üôáí  ≥ 4), ïñßæïõìå áíáëüãùò

óôïé·åßá 3  −1 êáôáëÞãïõìå óôéò éóüôçôåò

 = 11 · · ·  = 11
¡
−11 1

¢
22

¡
−12 2

¢
33 · · · −1−1

¡
−1−1−1

¢


=
¡
11 −11

¢ ¡
1

2
2 −12

¢ ¡
2

3
3 −13

¢ · · · ¡−2−1−1 −1−1
¢
−1

= 12 · · ·−1−1 

üðïõ  ∈

ÄÄ−1 ∩® ∀ ∈ {1  − 1} êáé −1 = (1 · · ·−1)−1 ∈ 

ÅðåéäÞ

−1 =

⎧⎨⎩ −1−1  üôáí  = 1¡


−1
−1

¢−1
 üôáí  = −1

Ý·ïõìå êáé åäþ −1 ∈

ÄÄ−1 ∩®  Ôåëéêþò ëïéðüí,  ∈ ÄÄ−1 ∩® êáé

éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò. ¤

I Áíôéóôïß·éóç ðëåõñéêþí êëÜóåùí êáé äéáôÞñçóç äåéêôþí. ÅÜí ç

 : ( ·) −→ ( ∗)

åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå, óýìöùíá ìå ôï èåþñçìá áíôéóôïé·ßóåùò

õðïïìÜäùí 2.4.7, ïñßæåôáé ç áìößññéøç

Subg(;Ker()) 3 
Ψ7−→ () ∈ Subg(Im())

ðïõ êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí áíôéóôïß·ùí óõíäÝóìùí. Ëüãù ôÞò

«éóïôïíßáò» ôÞò Ψ Ý·ïõìå ãéá ïéåóäÞðïôå12 ∈ Subg(;Ker())

1 v 2 ⇐⇒ Ψ (1) v Ψ (2) 

Öõóéêü åñþôçìá : Ðþò ó·åôßæïíôáé ïé äåßêôåò |2 : 1| êáé |Ψ (2) : Ψ (1) |;
ÂÜóåé ôÞò áêüëïõèçò ðñïôÜóåùò, áõôïß ïöåßëïõí íá åßíáé ßóïé. Ùò åê ôïýôïõ,

ðÝñáí ôÞò ìåñéêÞò äéáôÜîåùò “ v ”, ôïý ìåãßóôïõ êÜôù öñÜãìáôïò 1 ∩ 2 êáé

ôïý åëá·ßóôïõ Üíù öñÜãìáôïò h12i ôùí 1 êáé 2 ç Ψ äéáôçñåß êáé ôïõò
äåßêôåò.

4.1.57 Ðñüôáóç. (Èåþñçìá áíôéóôïé·ßóåùò ðëåõñéêþí êëÜóåùí) ÅÜí ç

 : ( ·) −→ ( ∗)
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åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå ãéá ïéåóäÞðïôå 12 ∈ Subg(;Ker())
ìå1 v 2 éó·ýåé ç éóüôçôá

|2 : 1| = |Ψ (2) : Ψ (1) | (= | (2) :  (1) |)

Áðïäåéîç. ¸óôù Á Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò 1 åíôüò ôÞò 2

Ôüôå2 =
̀∈A

1 êáé card(A) = |2 : 1|Ðáñáôçñïýìå üôé

(Ψ (2) =) (2) =
S
∈A

() ∗ (1) (4.26)

ÐñÜãìáôé° åÜí  ∈ (2) ôüôå ∃ ∈ 2 :  = () Ôï  ãñÜöåôáé õðü ôç ìïñöÞ
 =  ãéá êÜðïéï (ìïíïóçìÜíôùò ïñéóìÝíï)  ∈ A êáé êÜðïéï  ∈ 1 ïðüôå

 = () = () = () ∗ () ∈ S
∈A

() ∗ (1)⇒ (2) ⊆ S
∈A

() ∗ (1)

Êáé áíôéóôñüöùò° åÜí  ∈ S
∈A

() ∗ (1) ôüôå

∃ ∈ A êáé ∃ ∈ 1 :  = () ∗ () = ()

ÅðåéäÞ 1 v 2 Ý·ïõìå  ∈ 2 ïðüôå  ∈ 2 ⇒  ∈ (2) êáé, ùò åê ôïýôïõ,

éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüòS
∈ A

() ∗ (1) ⊆ (2)

¢ñá ç éóüôçôá (4.26) åßíáé áëçèÞò. Èá áðïäåßîïõìå üôé ôï (A) = {() | ∈ Á}
åßíáé Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò Ψ (1) = (1) åíôüò ôÞò
Ψ (2) = (2) Ðñïò ôïýôï áñêåß íá áðïäåé·èåß üôé ç Ýíùóç óôï äåîéü ìÝëïò
ôÞò (4.26) åßíáé áðïóõíäåôÞ. Áò õðïèÝóïõìå ôá   ∈ (A) åßíáé ôÝôïéá, þóôå íá
éó·ýåé ç éóüôçôá  ∗ (1) =  ∗ (1) Ôüôå

∃1 2 ∈ A : (1) =  (2) = ⇒ (1) 3 
−1 ∗  = (−11 ) ∗ (2) = (−11 2)

áð' üðïõ Ýðåôáé üôé


−1
1 2 ∈ 

−1((1)) = Υ (Ψ (1)) = idSubg(;Ker())(1) = 1

(üðïõ Υ ç áíôßóôñïöïò ôÞò Ψ  âë. 2.4.7) êáé, êáô' åðÝêôáóç, üôé 11 = 21

ÅðåéäÞ 1 2 ∈ A, Ý·ïõìå êáô' áíÜãêçí 1 = 2 Óõíåðþò,

card((A)) = | (2) :  (1) | (= |Ψ (2) : Ψ (1) |)
Åí óõíå·åßá, ïñßæïõìå ôçí åðéññéðôéêÞ áðåéêüíéóç

y : {1 | ∈ A} −→ { ∗ (1) | ∈ (Á)}  y(1) := () ∗ (1)∀ ∈ A.

ÁõôÞ åßíáé êáé åíñéðôéêÞ, äéüôé ãéá   ∈ (A) ìå ∗(1) =∗(1) õðÜñ·ïõí

1 2 ∈ A: (1) =  (2) =  ôá ïðïßá (üðùò Ý·ïõìå Þäç ðñïáíáöÝñåé)

ïöåßëïõí íá åßíáé ßóá. Ç éóüôçôá card(A) = card((A)) Ýðåôáé Üìåóá áðü ôçí

áìöéññéðôéêüôçôá ôÞò áðåéêïíßóåùò y ¤
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4.1.58 Ðüñéóìá. ÅÜí ç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå
ãéá ïéåóäÞðïôå 1 2 ∈ Subg(Im()) ìå 1 v 2 éó·ýåé ç éóüôçôá

|2 : 1| = |Υ (2) : Υ (1) | (= |−1 (2) : −1 (1) |)

Áðïäåéîç. Áñêåß êáíåßò íá åðáíáëÜâåé êáôÜ ãñÜììá ôçí åðé·åéñçìáôïëïãßá ðïõ

·ñçóéìïðïéÞèçêå ðñïçãïõìÝíùò óôçí áðüäåéîç ôÞò ðñïôÜóåùò 4.1.57 ìå ôçí Υ
óôç èÝóç ôÞò Ψ  ¤

4.2 ÏÑÈÏÈÅÔÅÓ ÕÐÏÏÌÁÄÅÓ

Ìåôáîý ôùí õðïïìÜäùí ìéáò ïìÜäáò óõãêáôáëÝãïíôáé ðÜíôïôå êÜðïéåò ïé ïðïßåò

åßíáé «ïñèþò ôéèÝìåíåò» (= ïñèüèåôåò ), õðü ôçí Ýííïéá üôé êÜèå áñéóôåñÞ ðëåõ-

ñéêÞ ôïõò êëÜóç åßíáé êáé äåîéÜ êáé ôáíÜðáëéí.

4.2.1 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ìéá õðïïìÜäá ôçò. Ôüôå ïé áêü-
ëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) Ïé ó·Ýóåéò éóïäõíáìßáò ‘‘R '' êáé ‘‘R'' ïé ïñéæüìåíåò åðß ôïý õðïêåéìÝíïõ óõ-
íüëïõ  ôÞò äïèåßóáò ïìÜäáò åßíáé ßóåò.

(ii) ÊÜèå áñéóôåñÞ ðëåõñéêÞ êëÜóç ôÞò  åíôüò ôÞò  åßíáé êáé äåîéÜ ðëåõñéêÞ
êëÜóç ôçò êáé ôáíÜðáëéí.

(iii)  =  ∀ ∈ 

(iv) −1 =  ∀ ∈  (üðïõ −1 := {}{−1} = {−1 | ∈  }).
(v) −1 ⊆  ∀ ∈ 

(vi) Áìöüôåñåò ïé ‘‘R '' êáé ‘‘R'' åßíáé óõìâáôÝò 12 ìå ôçí ðñÜîç ‘‘·''.

Áðïäåéîç. Ïé óõíåðáãùãÝò (i)⇔(iii)⇒(ii) êáé (iv)⇒(v) åßíáé ðñïöáíåßò.

(ii)⇒(iii). ¸óôù  ôõ·ïýóá áñéóôåñÞ ðëåõñéêÞ êëÜóç ôÞò  åíôüò ôÞò  Åî

õðïèÝóåùò,  = 0 ãéá êÜðïéï 0 ∈  ÅðåéäÞ  ∈  Ý·ïõìå  ∈ 0 ïðüôå
(0)−1 ∈  Þ, éóïäõíÜìùò,0 =  (âë. 4.1.11). ¢ñá  =  ∀ ∈ 

(iii)⇔(iv). Ðñïöáíþò,  =  ⇔ −1 = −1 =  =  ∀ ∈ 

(v)⇒(iv). Åî õðïèÝóåùò, −1 ⊆  ∀ ∈  ÊáôÜ óõíÝðåéáí, ãéá ôï áíôß-

óôñïöï −1 ïéïõäÞðïôå óôïé·åßïõ  ∈  Ý·ïõìå −1
¡
−1

¢−1
= −1 ⊆ 

Ãéá êÜèå  ∈  ýóôåñá áðü «ðïëëáðëáóéáóìü» ôïý −1 ìå ôï  åî áñéóôåñþí

êáé ìå ôï −1 åê äåîéþí ëáìâÜíïõìå 
¡
−1

¢
−1 ⊆ −1 ⊆  ïðüôå

 =  = (
−1)(−1) = 

¡
−1

¢
−1 ⊆ −1

áð' üðïõ Ýðåôáé üôé −1 =  ∀ ∈ 

12Áõôü óçìáßíåé üôé ãéá ïéáäÞðïôå óôïé·åßá 1 2 
0
1 

0
2 ∈  ìå (1 2) ∈ R êáé

¡
01 

0
2

¢ ∈ R Ý·ïõìå¡
1

0
1 2

0
2

¢ ∈ R (êáé ðáñïìïßùò ãéá ôçí ‘‘R'').



§ 4.2 ïñèïèåôåò õðïïìáäåò 157

(v)⇒(vi). Áò õðïèÝóïõìå üôé 1 2 
0
1 

0
2 ∈  ìå (1 2) ∈ R êáé (01 02) ∈ R 

Ôüôå 1
−1
2 ∈  êáé 01

0−1
2 ∈  êáé (åî õðïèÝóåùò) 2(

0
1
0−1
2 )−12 ∈ ¢ñá

1
−1
2 ∈ 

2(
0
1
0−1
2 )−12 ∈ 

)
⇒ ¡

1
−1
2

¢ ¡
2(

0
1
0−1
2 )−12

¢
= (1

0
1)(

0−1
2 −12 ) ∈ 

ïðüôå (1
0
1)(

0−1
2 −12 ) = (1

0
1)(2

0
2)
−1 ∈  ⇒ (1

0
1 2

0
2) ∈ R  Ç áðüäåéîç

ôÞò óõìâáôüôçôáò ôÞò ‘‘R'' ìå ôçí ‘‘·'' åßíáé ðáñüìïéá.
(vi)⇒(v). Ãéá êÜèå  ∈  êáé êÜèå  ∈  Ý·ïõìå

( ) ∈ R

( ) ∈ R

¾
=⇒ ( ) ∈ R ⇒ ( ) ∈ R 

ïðüôå

( ) ∈ R

(−1 −1) ∈ R

¾
⇒ ¡

−1 −1
¢ ∈ R ⇐⇒

ïñó
−1−1 (= −1) ∈ 

¢ñá −1 ⊆  ∀ ∈  (Ôïýôï áðïäåéêíýåôáé ðáñïìïßùò åÜí åñãáóèïýìå ìå

ôçí ‘‘R'' óôç èÝóç ôÞò ‘‘R ''.) ¤

4.2.2 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ìéá õðïïìÜäá  ôÞò  ïíïìÜæåôáé ïñ-

èüèåôç13 (óçìåéïýìåíç óõíÞèùò ùò14  E ) üôáí ðëçñïýôáé ìßá (êáé, êáô' åðÝ-

êôáóç, êáé ïéáäÞðïôå Üëëç) åê ôùí óõíèçêþí (i)-(vi) ôÞò ðñïôÜóåùò 4.2.1. (¼ôáí

åðéèõìïýìå íá äþóïõìå Ýìöáóç óôï üôé ìéá õðïïìÜäá  ôÞò  åßíáé ãíÞóéá ïñ-

èüèåôç õðïïìÜäá ôçò, ãñÜöïõìå “ C”)

4.2.3 ÐáñáôÞñçóç. Èá ðñÝðåé íá äïèåß éäéáßôåñç ðñïóï·Þ óôï üôé ïé óõíèÞêåò

(iv) êáé (v) ôÞò ðñïôÜóåùò 4.2.1 åßíáé éóïäýíáìåò ìüíïí üôáí éó·ýïõí ãéá êÜèå
 ∈  Èåùñþíôáò, åðß ðáñáäåßãìáôé, ôçí õðïïìÜäá

 :=
n³

1 

0 1

´¯̄̄
 ∈ Z

o
ôÞò ïìÜäáò  :=GL2(Q) êáé ôï  :=

¡
5 0
0 1

¢ ∈  äéáðéóôþíïõìå üôé


³

1 

0 1

´
−1 =

³
1 5
0 1

´
∈  ∀ ∈ Z

Þôïé üôé −1 $  (!) Åí ðñïêåéìÝíù, ôï óõãêåêñéìÝíï óôïé·åßï  íáé ìåí éêá-

íïðïéåß ôçí −1 ⊆  áëëÜ äåí éêáíïðïéåß ôç óõíèÞêç −1 =  (Êáôüðéí

ôïýôïõ óõìðåñáßíïõìå üôé  5  -êÜíïíôáò ·ñÞóç ôïý óõãêåêñéìÝíïõ - ìüíïí
ìÝóù ôÞò (iv)!)

4.2.4 ÐáñÜäåéãìá. Óôï åäÜöéï 4.1.19 Ý·ïõìå äåßîåé üôé ç õðïïìÜäá h[1 2]i ôÞò

óõììåôñéêÞò ïìÜäáò S3 äåí åßíáé ïñèüèåôç. Êáô' áíáëïãßáí, h[1 3]i 5 S3 êáé

h[2 3]i 5 S3Åíôïýôïéò, ïé {id} h[1 2 3]i êáéS3 åßíáé ïñèüèåôåò õðïïìÜäåò ôÞòS3
13Óôçí åëëçíéêÞ âéâëéïãñáößá óõíáíôÜôáé êáé ùò êáíïíéêÞ õðïïìÜäá. Ç ðáñïýóá áðïóôáóéïðïßçóç áðü ôç ·ñÞóç

áõôïý ôïý üñïõ ó·åôßæåôáé ôüóï ìå ôçí åðéæÞìéá ðïëõóçìßá ôïõ üóï êáé ìå èÝìáôá åôõìïëïãßáò.

14Êáô' áíôéóôïé·ßáí, ï óõìâïëéóìüò ‘‘ 5 '' èá óçìáßíåé üôé ç äåí åßíáé ïñèüèåôç õðïïìÜäá ôÞò ïìÜäáò
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4.2.5 Ðñüôáóç. Ç ôåôñéììÝíç õðïïìÜäá ìéáò ïìÜäáò  êáé ç ßäéá ç  áðïôåëïýí
ðÜíôïôå ïñèüèåôåò õðïïìÜäåò ôÞò 

Áðïäåéîç. Ðñïöáíþò,  E  ÅîÜëëïõ, ∀ ∈  Ý·ïõìå  =  =  ïðüôå

{} E  ¤

4.2.6 Ðñüôáóç. ÊÜèå õðïïìÜäá ìéáò áâåëéáíÞò ïìÜäáò åßíáé ïñèüèåôç.

Áðïäåéîç. ¸óôù  ìéá õðïïìÜäá ìéáò áâåëéáíÞò ïìÜäáò ( ·) Ôüôå ãéá êÜèå

 ∈  Ý·ïõìå −1 = {−1 | ∈  } = {−1 | ∈  } =  ïðüôå E  ¤

4.2.7 Ðáñáäåßãìáôá. (i) ÊÜèå õðïïìÜäá ìéáò êõêëéêÞò ïìÜäáò åßíáé ïñèüèåôç.

(ii) ÊÜèå õðïïìÜäá ôÞò ïìÜäáòV ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein åßíáé ïñèü-

èåôç (âë. 3.4.2 (ii) êáé 4.1.41).

4.2.8 Ðñüôáóç. Ç ôïìÞ ôùí ìåëþí ïéáóäÞðïôå ïéêïãåíåßáò ïñèüèåôùí õðïïìÜäùí
()∈ ìéáò ïìÜäáò ( ·) áðïôåëåß ìéá ïñèüèåôç õðïïìÜäá ôÞò ( ·)

Áðïäåéîç. Óýìöùíá ìå ôçí ðñüôáóç 2.1.23 ç ôïìÞ
T
∈

 ôùí ìåëþí ïéáóäÞðïôå

ïéêïãåíåßáò õðïïìÜäùí () ∈ ìéáò ïìÜäáò ( ·) áðïôåëåß ìéá õðïïìÜäá ôÞò

ÅÜí õðïèÝóïõìå üôé E  ãéá êÜèå  ∈  êáé åÜí èåùñÞóïõìå ôõ·üíôá óôïé·åßá

 ∈  êáé  ∈ T
∈

  ôüôå

[ ∈   ∀ ∈  ]⇒ £
−1 ∈   ∀ ∈ 

¤⇒ −1 ∈ T
∈

 

ÊáôÜ óõíÝðåéáí, (
T
∈

)
−1 ⊆ T

∈
 ⇒

T
∈

 E  ¤

4.2.9 Ðñüôáóç. ÅÜí ()∈ åßíáé ìéá ïéêïãÝíåéá ïñèüèåôùí õðïïìÜäùí ìéáò ïìÜ-
äáò ( ·) ôüôå h{ |  ∈ }i E 

Áðïäåéîç. ¸óôù ôõ·üí  ∈ h{ |  ∈ }i  Óýìöùíá ìå ôï ðüñéóìá 2.2.6, ôï 

ãñÜöåôáé õðü ôç ìïñöÞ

 = 12 · · ·   üðïõ  ∈   ∀ ∈ {1  }  ∈ N

Ãéá ïéïäÞðïôå  ∈  Ý·ïõìå 
−1 ∈  (äéüôé -åî õðïèÝóåùò-  E ) ãéá

êÜèå  ∈ {1  } ÈÝôïíôáò 0 := 
−1 ðáñáôçñïýìå üôé

−1 = (12 · · · )−1 =
Q

=1

¡


−1¢ = 01
0
2
· · · 0 

áð' üðïõ Ýðåôáé üôé −1 ∈ h{ |  ∈ }i  ÅðïìÝíùò, h{ |  ∈ }i E  ¤
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4.2.10 Ïñéóìüò. Ãéá ïéïäÞðïôå õðïóýíïëï  ôïý õðïêåéìÝíïõ óõíüëïõ  ìéáò

ïìÜäáò ( ·)  ·áñáêôçñßæïõìå ôçí ôïìÞ

NCL() :=
T { ∈ Subg() | E  êáé  ⊆ }  (4.27)

ç ïðïßá åßíáé ç åëÜ·éóôç ïñèüèåôç õðïïìÜäá ôÞò ( ·) ðïõ ðåñéÝ·åé ôï ùò ôçí

ïñèüèåôç èÞêç ôïý  åíôüò ôÞò ( ·) (ðñâë. 2.2.1).

4.2.11 Ðñüôáóç. ¸óôù  ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·)  Ôüôå éó·ýåé ç áìöß-
ðëåõñç óõíåðáãùãÞ

NCL() =  ⇐⇒  E 

Áðüäåéîç. ÅðåéäÞ NCL() E  ç óõíåðáãùãÞ “ ⇒ ” åßíáé ðñïöáíÞò. ÅÜí

 E  ôüôå Ý·ïõìå NCL() E  áðü ôïí ïñéóìü (4.27), äéüôé ç  åßíáé ç

åëÜ·éóôç ïñèüèåôç õðïïìÜäá ôÞò  ðïõ ðåñéÝ·åé ôïí åáõôü ôçò, ïðüôå ç “ ⇐ ”

åßíáé ùóáýôùò áëçèÞò. ¤

4.2.12 Ðñüôáóç. Ãéá ïéïäÞðïôå ìç êåíü 15 õðïóýíïëï ôïý õðïêåéìÝíïõ óõíüëïõ
 ìéáò ïìÜäáò ( ·) Ý·ïõìå

NCL() =
©
−1 |  ∈  êáé  ∈ 

ª®


Áðïäåéîç. ¸óôù  :=
©
−1 |  ∈  êáé  ∈ 

ª®
êáé Ýóôù ôõ·üí  ∈ 

Ôüôå, óýìöùíá ìå ôçí ðñüôáóç 2.2.3, ∃ ∈ N êáé

(1 ) ∈  (1 ) ∈  (1 ) ∈ Z

ïýôùò þóôå íá éó·ýåé

 =
¡
11

−1
1

¢1 · · · ¡−1 ¢
=
¡
1

1
1 −11

¢ · · · ¡ −1
¢
 (4.28)

Ãéá êÜèå  ∈  Ý·ïõìå

−1 =
¡
(1)

1
1 (1)

−1¢ ¡(2)22 (2)−1¢ · · · ¡() ()−1¢ ∈ 

ïðüôå  E  ÅðåéäÞ  = 
−1
 ∈  ãéá êÜèå  ∈  ëáìâÜíïõìå  ⊆  .

Áñêåß ëïéðüí íá áðïäåé·èåß üôé ôï  åßíáé ç åëÜ·éóôç ïñèüèåôç õðïïìÜäá ôÞò

 ðïõ ðåñéÝ·åé ôï . Ðñïò ôïýôï õðïèÝôïõìå üôé ç  åßíáé ïéáäÞðïôå ïñèüèåôç

õðïïìÜäá ôÞò , ãéá ôçí ïðïßá éó·ýåé  ⊆ . Ôüôå, ãéá êÜèå óôïé·åßï (4.28) ôÞò

 Ý·ïõìå ãéá êÜèå  ∈ {1  }  ∈  êáé  ∈ Z⇒ 

 ∈  êáé

 ∈ 



 ∈  E 

¾
⇒ 


 −1 ∈ 

ïðüôå
¡
1

1
1 −11

¢ · · · ¡ −1
¢ ∈  Åî áõôïý óõíÜãåôáé üôé  v  Þôïé üôé

NCL() =  ¤
15ÅÜí = ∅  ôüôå NCL() = {}
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4.2.13 Ðñüôáóç. ¸óôù  ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·) ÅÜí ï äåßêôçò ôÞò 
åíôüò ôÞò  åßíáé | : | = 2 ôüôå C

Áðïäåéîç. Åî õðïèÝóåùò,

∃1 ∈ r :  = 
`

1 êáé ∃2 ∈ r :  = 
`

2

Áõôü óçìáßíåé üôé 1 = 2 = r¸óôù ôþñá ôõ·üí óôïé·åßï  ∈  Áñêåß

íá áðïäåé·èåß üôé  =  Äéáêñßíïõìå äýï ðåñéðôþóåéò:

Ðåñßðôùóç ðñþôç. ÅÜí  ∈  ôüôå ðñïöáíþò  =  = 

Ðåñßðôùóç äåýôåñç. ÅÜí  ∈ r = 1 = 2 ôüôå õðÜñ·ïõí 1 2 ∈ 

ôÝôïéá þóôå íá éó·ýåé  = 11 = 22 ïðüôå

 = (11) = 1 = 2 = (22) = 

ÅðïìÝíùò,  C ¤

4.2.14 ÐáñÜäåéãìá. ¸óôù  Ýíáò öõóéêüò áñéèìüò ≥ 2 ÅðåéäÞ, óýìöùíá ìå ôéò

ðñïôÜóåéò 3.1.3 êáé 3.3.9, |S| = ! êáé |A| = !
2  ôï èåþñçìá 4.1.22 ôïý Lagrange

ìáò ðëçñïöïñåß üôé |S : A| = |S|
|A| = 2 ¢ñá A CS

4.2.15 ÐáñÜäåéãìá. ¸óôù  Ýíáò öõóéêüò áñéèìüò ≥ 3 êáé Ýóôù D = h i ç
-ïóôÞ äéåäñéêÞ ïìÜäá (âë. 3.4.4). Ç êõêëéêÞ ïìÜäá hi Ý·åé ôÜîç  ïðüôå áðü

ôï èåþñçìá 4.1.22 ôïý Lagrange óõíÜãåôáé üôé |D : hi| = 2¢ñá hiCDÁðü

ôçí Üëëç ìåñéÜ, ç hi = {idE  } äåí åßíáé ïñèüèåôç õðïïìÜäá ôÞò D äéüôé

 ◦  ◦ −1 =  ◦ −2 ∈ hi  (¼ðùò èá äïýìå óôï åäÜöéï 4.2.18, õðÜñ·ïõí êáé

ìç áâåëéáíÝò ïìÜäåò, êÜèå õðïïìÜäá ôùí ïðïßùí åßíáé ïñèüèåôç.)

4.2.16 ËÞììá. ¸óôù ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·) êáé Ýóôù  ∈  Ôüôå ôï
óýíïëï −1 áðïôåëåß ìéá õðïïìÜäá ôÞò  ôÜîåùò

¯̄
−1

¯̄
= || 

Áðïäåéîç. ÅðåéäÞ  ∈  Ý·ïõìå 
−1 =  ∈ −1Åí óõíå·åßá èåùñïýìå

ôõ·üíôá óôïé·åßá 1
−1 êáé 2−1 ôïý −1 Ðñïöáíþò,¡

1
−1¢ ¡2−1¢−1 = ¡1−1¢ ¡−12 −1

¢
= (1

−1
2| {z }

∈

)−1 ∈ −1

ïðüôå ôï −1 åßíáé ðñÜãìáôé ìéá õðïïìÜäá ôÞò  äõíÜìåé ôïý (iii) ôÞò ðñï-

ôÜóåùò 2.1.16. ÅðéðñïóèÝôùò, ç áðåéêüíéóç  3  7−→ −1 ∈ −1 åßíáé

áìöéññéðôéêÞ. ¢ñá
¯̄
−1

¯̄
= ||  ¤

4.2.17 Ðñüôáóç. ¸óôù  ìéá ðåðåñáóìÝíç õðïïìÜäá ìéáò ïìÜäáò ( ·) ôÜîåùò
|| =  ∈ N ÅÜí ç åßíáé ç ìüíç õðïïìÜäá ôÞò ( ·) ôÜîåùò ôüôå E 

Áðïäåéîç. ¸óôù ôõ·üí óôïé·åßï  ∈  Óýìöùíá ìå ôï ëÞììá 4.2.16 ôï óýíïëï

−1 áðïôåëåß ìéá õðïïìÜäá ôÞò  ôÜîåùò
¯̄
−1

¯̄
= || =  Åî õðïèÝóåùò,

−1 =  ⇒  E  ¤
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4.2.18 ÐáñÜäåéãìá. Ùò ðáñÜäåéãìá ìéáò ïéêåßáò ìáò ìç áâåëéáíÞò ïìÜäáò, êÜèå

õðïïìÜäá ôÞò ïðïßáò åßíáé ïñèüèåôç16, áíáöÝñïõìå ôçí ïìÜäáQ ôùí ôåôñáíßùí

(âë. 2.2.11 êáé 4.1.43). Ïé õðïïìÜäåò ôçò {I2} êáé Q åßíáé ïñèüèåôåò ëüãù ôÞò

ðñïôÜóåùò 4.2.5, ïé õðïïìÜäåò hii  hji êáé hki åßíáé ïñèüèåôåò ëüãù ôÞò ðñïôÜóåùò

4.2.13 (áöïý ï äåßêôçò ôïõò åíôüò ôÞòQ éóïýôáé ìå 2), êáé ç õðïïìÜäá h−I2i åßíáé
ïñèüèåôç ëüãù ôÞò ðñïôÜóåùò 4.2.17 (áöïý ç h−I2i åßíáé ç ìüíç õðïïìÜäá ôÞòQ

ôÜîåùò 2). Ìéá åíáëëáêôéêÞ áðüäåéîç ãéá ôï üôé h−I2i C Q ðñïêýðôåé áðü ôï üôé

h−I2i = hii ∩ hji = hii ∩ hki = hji ∩ hki 

êáèüóïí ïé hii  hji êáé hki åßíáé ïñèüèåôåò õðïïìÜäåò ôÞòQ (âë. 4.2.8).

4.2.19 Ðñüôáóç. ÅÜí  êáé  åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò ( ·) ôÝôïéåò
þóôå v  êáé E  ôüôå E 

Áðïäåéîç. Èåùñïýìå ôõ·üíôá óôïé·åßá  ∈  êáé  ∈ Ðñïöáíþò,

 ∈   E ⇒ −1 ∈ 

ïðüôå −1 ⊆  ⇒  E  ¤

4.2.20 ÐáñáôÞñçóç. Ìå ôá äåäïìÝíá ôÞò ðñïôÜóåùò 4.2.19 äåí ìðïñïýìå íá óõ-

ìðåñÜíïõìå üôé èá éó·ýåé êáô' áíÜãêçí  E  Åðß ðáñáäåßãìáôé, èÝôïíôáò

 := S3  := h[1 2]i = {id [1 2]} êáé := {id} Ý·ïõìå 5  (âë. 4.1.19).

4.2.21 ÐáñÜäåéãìá. Ç ïìÜäáV ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein (âë. 3.4.2 (ii))

åßíáé ïñèüèåôç õðïïìÜäá ôÞò S4 ÐñÜãìáôé° ãéá ïéáäÞðïôå ìåôÜôáîç  ∈ S4
Ý·ïõìå (ëüãù ôïý (vii) ôÞò ðñïôÜóåùò 3.2.3)

 ◦ ([1 2] ◦ [3 4]) ◦ −1 =
¡
 ◦ [1 2] ◦ −1¢ ◦ ¡ ◦ [3 4] ◦ −1¢

= [(1)(2)] ◦ [(3)(4)]

êáé {(1) (2) (3) (4)} = {1 2 3 4} ïðüôå  ◦ ([1 2] ◦ [3 4]) ◦ −1 ∈ V Êáô'

áíáëïãßáí, ◦([1 3] ◦ [2 4])◦−1 ∈ V êáé ◦([1 4] ◦ [2 3])◦−1 ∈ V¢ñáVCS4
ÅðåéäÞV @ A4CS4 (âë. 4.1.49 êáé 4.2.14), ç ðñüôáóç 4.2.19 ìáò ðëçñïöïñåß üôé

VC A4

4.2.22 Ðñüôáóç. ÅÜí êáé åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò ( ·) ôüôå éó·ýåé
ç óõíåðáãùãÞ : E  =⇒  ∩ E 

Áðïäåéîç. ¸óôù  ∈  êáé Ýóôù  ∈  ∩ Ôüôå

 ∈ 

 ∈  ⇒  ∈ 

¾
=⇒
E

−1 ∈ 

16Ìéá ðåñéãñáöÞ üëùí ôùí ìç áâåëéáíþí ïìÜäùí, êÜèå õðïïìÜäá ôùí ïðïßùí åßíáé ïñèüèåôç, äßäåôáé áñãüôåñá óôï

èåþñçìá 7.5.3.
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êáé

 ∈   ∈  =⇒
v

 ∈ 

 ∈  =⇒
v

−1 ∈ 

⎫⎬⎭ =⇒
v

−1 ∈ 

ïðüôå −1 ∈  ∩ êáé, ùò åê ôïýôïõ, ∩ E  ¤

4.2.23 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÕðïèÝôïõìå üôé  ∈ Subg() ÅÜí
 ∩ E  êáé ∩ E  ôüôå ∩ E hi 
Áðïäåéîç. ¸óôù  ∈ hi Óýìöùíá ìå ôï ðüñéóìá 2.2.6, ôï  ãñÜöåôáé õðü ôç

ìïñöÞ  = 1122 · · ·  üðïõ  ∈ N êáé  ∈   ∈  ãéá êÜèå  ∈ {1  }
¢ñá ãéá êÜèå  ∈  ∩ ëáìâÜíïõìå

−1 = 1(1(· · · ((−1 )−1 ) · · · )−11 )−11 ∈  ∩

äéüôé ∩ E  êáé ∩ E  ÅðïìÝíùò, ∩ E hi  ¤

4.2.24 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÕðïèÝôïõìå üôé  ∈ Subg() ÅÜí
ôïõëÜ·éóôïí ìßá åê ôùí  åßíáé ïñèüèåôç õðïïìÜäá ôÞò  ôüôå  v  êáé
 = hi =  ÅðéðñïóèÝôùò, åÜí E  êáé E  ôüôå E 

Áðïäåéîç. Aò õðïèÝóïõìå üôé E Ðñïöáíþò,  ∈  Èåùñïýìå ôõ·üíôá

óôïé·åßá 1 2 ∈  êáé 1 2 ∈  ÅðåéäÞ

 v ⇒ 1
−1
2 ∈   v ⇒ 1

−1
2 ∈   E 

Ý·ïõìå (11) (22)
−1
= 11

−1
2 −12 =

¡
1
−1
2

¢
(2

¡
1
−1
2

¢
−12 ) ∈  ïðüôå

 v  (âë. 2.1.16 (iii)) êáé  =  (âë. ðñüôáóç 4.1.4). (Ðáñïìïßùò áðï-

äåéêíýåôáé üôé  =  v  åÜí  E ) Ðñïöáíþò, ç õðïïìÜäá  = 

ôÞò ðåñéÝ·åôáé óôçí õðïïìÜäá hi  ÅðåéäÞ ç hi åßíáé ç åëÜ·éóôç õðïï-

ìÜäá ôÞò  ç ïðïßá ðåñéÝ·åé ôçí Ýíùóç  ∪ ⊆  éó·ýåé êáé ï áíôßóôñïöïò

åãêëåéóìüò hi ⊆  ïðüôå  = hi  Åí óõíå·åßá, õðïèÝôïíôáò üôé

áìöüôåñåò ïé  êáé  åßíáé ïñèüèåôåò êáé èåùñþíôáò ïéáäÞðïôå  ∈   ∈ 

êáé  ∈  äéáðéóôþíïõìå üôé

()−1 = (−1| {z }
∈

)(−1| {z }
∈

) ∈ 

áð' üðïõ óõìðåñáßíïõìå üôé  E  ¤

4.2.25 Óõìâïëéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ùò

NSubg() := { ∈ Subg() | E }

óõìâïëßæïõìå ôï óýíïëï üëùí ôùí ïñèüèåôùí õðïïìÜäùí ôçò. Ôï æåýãïò

(NSubg()v) áðïôåëåß Ýíá ìåñéêþò äéáôåôáãìÝíï óýíïëï (ùò ðñïò ôç ìåñéêÞ
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äéÜôáîç ‘‘v'' -Þ, áêñéâÝóôåñá, ùò ðñïò ôçí ‘‘v|NSubg()''- ôçí åðáãïìÝíç åð' áõ-

ôïý õðü ôçí Ýííïéá ôïý ïñéóìïý A.2.6.) Åðßóçò, èÝôïõìå

Min-NSubg() :=Min-Subg() ∩NSubg() (4.29)

êáé

Max-NSubg() :=Max-Subg() ∩NSubg() (4.30)

êáëþíôáò ôÜ óôïé·åßá ôïý (4.29) (êáé áíôéóôïß·ùò, ôïý (4.30)) åëá·éóôéêÝò (êáé

áíôéóôïß·ùò, ìåãéóôéêÝò) ïñèüèåôåò õðïïìÜäåò ôÞò  (Ðñâë. (2.2) êáé (2.3). Åí

ðñïêåéìÝíù, èåùñïýíôáé õðïïìÜäåò ìå ôçí éäéüôçôá ÉÄ «ôïý íá åßíáé ïñèüèåôåò».)

4.2.26 Ðñüôáóç. Ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï (NSubg()v) áðïôåëåß Ýíáí
õðïóýíäåóìï ôïý óõíäÝóìïõ (Subg()v). (Âë. A.2.25 êáé 2.1.30.)

Áðïäåéîç. Èåùñïýìå ôõ·ïýóåò  ∈ NSubg() ÊáôÜ ôçí ðñüôáóç 4.2.8,

 ∧ =  ∩ ∈ NSubg() ÅîÜëëïõ, óýìöùíá ìå ôçí ðñüôáóç 4.2.24 Ý·ïõìå

 ∨ = hi =  E ⇒  ∨ ∈ NSubg()
¢ñá ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï (NSubg()v) åßíáé üíôùò õðïóýíäåóìïò
ôïý (Subg()v). ¤

4.2.27 Óçìåßùóç. (Ç “ E ” äåí åßíáé ìåôáâáôéêÞ åðß ôïý Subg()) Åí áíôé-

èÝóåé ðñïò ôçí “ v ” ç äéìåëÞò ó·Ýóç “ E ” äåí åßíáé ìåñéêÞ äéÜôáîç åðß ôïý

óõíüëïõ Subg() äéüôé íáé ìåí åßíáé (ðñïöáíþò) áõôïðáèÞò êáé áíôéóõììåôñéêÞ

áëëÜ äåí åßíáé ìåôáâáôéêÞ: ÅÜí  E  êáé  E  ôüôå åíäÝ·åôáé íá Ý·ïõìå

 5  Åðß ðáñáäåßãìáôé, èÝôïíôáò  := A4  := V (ôçí ïìÜäá ôùí ôåóóÜñùí

óôïé·åßùí ôïý Klein) êáé  := h[1 2] ◦ [3 4]i  ãíùñßæïõìå üôé  CV (åðß ôç âÜóåé

ôÞò ðñïôÜóåùò 4.2.6) êáéV C A4 (âë. 4.2.21). Ìïëáôáýôá, ·ñçóéìïðïéþíôáò ôüí

3-êýêëï  = [1 2 3] ∈ A4 óõìðåñáßíïõìå üôé 5 A4 êáèüóïí

 ◦ ([1 2] ◦ [3 4]) ◦ −1 = ¡ ◦ [1 2] ◦ −1¢ ◦ ¡ ◦ [3 4] ◦ −1¢
= [(1)(2)] ◦ [(3)(4)] = [2 3] ◦ [1 4] = [1 4] ◦ [2 3] ∈ 

4.2.28 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. H ``E'' åßíáé ìåôáâáôéêÞ (êáé, ùò åê
ôïýôïõ, ìåñéêÞ äéÜôáîç) åðß ôïý óõíüëïõ NSubg() ÅðéðñïóèÝôùò, ôï æåýãïò
(NSubg()E) åßíáé óýíäåóìïò. ÌÜëéóôá, åí ðñïêåéìÝíù, ãéá ôõ·ïýóåò ïìÜäåò
 ∈ NSubg() Ý·ïõìå

 ∧ =  ∩  ∨ = NCL() := NCL( ∪)
Áðïäåéîç. ÅÜí123 ∈ NSubg() ìå1 E 2 êáé 2 E 3 ôüôå

1 v 2 2 v 3 ⇒ 1 v 3

1 E 

¾
=⇒
4.2.19

1 E 3

Ïé ëïéðïß éó·õñéóìïß åßíáé ðñïäÞëùò áëçèåßò. ¤
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4.2.29 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  v  êáé

NSubg(;) := { ∈ NSubg() |  v  } =NSubg() ∩ Subg(;)

(âë. 2.1.32), ôüôå ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï (NSubg(;)E) åßíáé õðï-
óýíäåóìïò ôïý (NSubg()E)

Áðïäåéîç. Ãéá ïéåóäÞðïôå ∈ NSubg(;) Ý·ïõìå

 ∩ ∈ NSubg(;) êáé NCL() ∈ NSubg(;)

ïðüôå ôï (NSubg(;)E) åßíáé üíôùò õðïóýíäåóìïò ôïý (NSubg()E) ¤

4.2.30 Ðñüôáóç. ÅÜí ç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå
éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí ∈ NSubg() ôüôå  () ∈ NSubg(Im())
(ii) ÅÜí  ∈NSubg(Im()) ôüôå −1 () = { ∈  | () ∈ } ∈NSubg(;Ker ())

Áðïäåéîç. (i) ÊáôÜ ôï 2.4.6 (i) ç åéêüíá  () ïéáóäÞðïôå õðïïìÜäáò  ôÞò

 ìÝóù ôÞò  åßíáé ìéá õðïïìÜäá ôÞò () ÅÜí õðïèÝóïõìå üôé  E  ôüôå

èåùñþíôáò ôõ·üíôá óôïé·åßá  ∈ () êáé  ∈ () êáé ëáìâÜíïíôáò õð' üøéí üôé

õðÜñ·ïõí  ∈  ∈  ôÝôïéá þóôå  = () êáé  = () óõìðåñáßíïõìå üôé

 ∗  ∗ −1 = () ∗ () ∗ ()−1 = (−1)

 ∈   E ⇒ −1 ∈ 

)
⇒  ∗  ∗ −1 ∈ ()

ÊáôÜ óõíÝðåéáí, () E ()

(ii) ÊáôÜ ôï 2.4.6 (ii) ç áíôßóôñïöç åéêüíá −1 () ïéáóäÞðïôå õðïïìÜäáò  ôÞò

Im() åßíáé ìéá õðïïìÜäá ôÞò  Ý·ïõóá ôïí ðõñÞíá Ker() ôÞò  ùò õðïïìÜäá

ôçò. ÅÜí õðïèÝóïõìå üôé  E Im() ôüôå èåùñþíôáò ôõ·üíôá óôïé·åßá  ∈  êáé

 ∈ −1 () óõìðåñáßíïõìå üôé

(−1) = () ∗ () ∗ ()−1

 ∈ −1 ()⇒ () ∈ 

)
⇒ (−1) ∈ ⇒ −1 ∈ −1 () 

ÊáôÜ óõíÝðåéáí, −1 () E  ¤

4.2.31 Ðüñéóìá. ÏðõñÞíáò ïéïõäÞðïôå ïìïìïñöéóìïý ïìÜäùí  : ( ·)→ ( ∗)
åßíáé ïñèüèåôç õðïïìÜäá ôÞò 

Áðïäåéîç. ¢ìåóçáðü ôá 2.4.4 (ii), 4.2.5 êáé 4.2.30 (ii), êáèüóïí ïðõñÞíáòKer()

åßíáé åî ïñéóìïý ç áíôßóôñïöç åéêüíá ôÞò ôåôñéììÝíçò õðïïìÜäáò ôÞò ìÝóù ôÞò

áðåéêïíßóåùò  ¤

4.2.32 Ðáñáäåßãìáôá. (i) ¸óôù  ∈ N  ≥ 2 Åî ïñéóìïý, A := Ker(sgn)  üðïõ

sgn: (S ◦) −→ ({1−1}  ·) ç áðåéêüíéóç ðñïóçìÜíóåùò (3.11). ÊáôÜ ôï (i) ôïý
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èåùñÞìáôïò 3.3.5 êáé ôçí ðáñáôÞñçóç 3.3.10 ç sgn åßíáé Ýíáò åðéìïñöéóìüò ïìÜ-

äùí. ÅÜí åöáñìüóïõìå ôï ðüñéóìá 4.2.31, ôüôå äéáðéóôþíïõìå åê íÝïõ üôéACS

(ðñâë. 4.2.14).

(ii) ¸óôù (+ ·) Ýíáò ìåôáèåôéêüò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï 1 6= 0 êáé

Ýóôù  ∈ N Ôüôå ï ïìïìïñöéóìüò ïìÜäùí

GL() −→ × A 7−→ det(A)

åßíáé åðéìïñöéóìüò, äéüôé

det

⎛⎜⎜⎝
 0 · · · 0

0 1

.

.

.

.

.

.
. . . 0

0 · · · 0 1

⎞⎟⎟⎠ =  ∀ ∈ ×

êáé Ý·åé ùò ðõñÞíá ôïõ ôçí SL() ïðüôå SL() EGL() (âë. 2.1.21 (vii))

(iii) Ï åðéìïñöéóìüò ïìÜäùí

O(R) −→ {1−1} A 7−→ det(A)

Ý·åé ùò ðõñÞíá ôïõ ôçí SO(R) ïðüôå SO(R)C O(R)
(iv) Êáô' áíáëïãßáí, ï åðéìïñöéóìüò ïìÜäùí

U(C) −→ S1 A 7−→ det(A)

Ý·åé ùò ðõñÞíá ôïõ ôçí SU(C) ïðüôå SU(C)CU(C)

4.3 ÁÐËÅÓ ÏÌÁÄÅÓ

¸íá óçìáíôéêü ôìÞìá ôÞò Èåùñßáò ÏìÜäùí óõíáñôÜôáé ìå ôç ìåëÝôç åêåßíùí ôùí

ïìÜäùí ðïõ äéáèÝôïõí ôïí åëÜ·éóôï äõíáôü áñéèìü ïñèüèåôùí õðïïìÜäùí.

4.3.1 Ïñéóìüò. Ìéá ìç ôåôñéììÝíç ïìÜäá êáëåßôáé áðëÞ ïìÜäá üôáí äéáèÝôåé ùò

ïñèüèåôåò õðïïìÜäåò ôçò ìüíïí ôçí ôåôñéììÝíç êáé ôïí åáõôü ôçò.

Ëüãù ôÞò åðïìÝíçò ðñïôÜóåùò, ç ìåëÝôç ôùí áðëþí ïìÜäùí (ðåðåñáóìÝíçò Þ

Üðåéñçò ôÜîåùò) åðéêåíôñþíåôáé óôçí åîÝôáóç ôÞò äïìÞóåùò ôùí ìç áâåëéáíþí.

4.3.2 Ðñüôáóç. ÊÜèå áâåëéáíÞ áðëÞ ïìÜäá åßíáé êõêëéêÞ êáé Ý·åé ùò ôÜîç ôçò Ýíáí
ðñþôï áñéèìü.

Áðüäåéîç. ¸óôù  ìéá áâåëéáíÞ ïìÜäá. ÅÜí ç  åßíáé áðëÞ, ôüôå, óýìöùíá ìå

ôçí ðñüôáóç 4.2.6, ïé ìüíåò õðïïìÜäåò ôçò åßíáé ç ôåôñéììÝíç êáé ï åáõôüò ôçò.

Áñêåß ëïéðüí ç åöáñìïãÞ ôïý ðïñßóìáôïò 4.1.35. ¤
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4.3.3 Óçìåßùóç. (Ðåñß ôÞò ôáîéíïìÞóåùò ôùí ðåðåñáóìÝíùí áðëþí ïìÜäùí)

Ç ôáîéíüìçóç ôùí ìç áâåëéáíþí áðëþí ðåðåñáóìÝíùí ïìÜäùí ìÝ·ñéò éóïìïñöé-
óìïý õðÞñîå Ýíá áðü ôá äõóêïëüôåñá ðñïâëÞìáôá ôùí Óýã·ñïíùí Ìáèçìáôé-

êþí. Ãéá ôçí ïëïêëÞñùóÞ ôçò (êáôÜ ôéò áñ·Ýò ôÞò äåêáåôßáò ôïý 1980) áðáéôÞèç-

êáí óêëçñÝò (êáé, åí ðïëëïßò, óõíôïíéóìÝíåò) ðñïóðÜèåéåò åêáôïíôÜäùí ìáèçìá-

ôéêþí åðß ðåñßðïõ ìßá ôåóóáñáêïíôáåôßá. Óôçí ôåëéêÞ «áðüäåéîç» õðåéóÝñ·ïíôáé

áðïôåëÝóìáôá, ôá ïðïßá óõíáíôïýìå óå ðåñéóóüôåñá áðü 500 Üñèñá äçìïóéåõèÝ-

íôá óå ìáèçìáôéêÜ ðåñéïäéêÜ, êáé ôá ïðïßá êáëýðôïõí ôï åýñïò 10-15 ·éëéÜäùí

ôõðùìÝíùí óåëßäùí17. Ï ðëÞñçò êáôÜëïãïò ôùí ìç áâåëéáíþí áðëþí ðåðåñá-

óìÝíùí ïìÜäùí õðïäéáéñåßôáé óå ôñåéò êëÜóåéò ïìÜäùí. ÁõôÝò åßíáé ïé åîÞò:

(i) Ïé åíáëëÜóóïõóåò ïìÜäåò A  ≥ 5 (âë. èåþñçìá 4.3.6).

(ii) 16 áðåéñïðëçèåßò ïéêïãÝíåéåò ïìÜäùí ôýðïõ Lie 18. (O êáôÜëïãüò ôïõò ìå ôïõò

óõìâïëéóìïýò ôïõò êáé ôéò ôÜîåéò ôïõò èá äïèåß óôçí åíüôçôá ??.)

(iii) Ïé óðïñáäéêÝò ïìÜäåò 19, Þôïé 26 åéäéêÝò áðëÝò ïìÜäåò ðïõ äåí åíôÜóóïíôáé

óôéò (i)-(ii). (Âë. ôïí êáôÜëïãï IV ôÞò åíüôçôáò ??.)

IÁðëüôçôá ôùíA  ≥ 5 êáé Üìåóåò óõíÝðåéåò áõôÞò. Ç åíáëëÜóóïõóá ïìÜäá

A3 åßíáé êõêëéêÞ ôÜîåùò 3 êáé êáô' åðÝêôáóç áðëÞ, åíþ ç A4 äåí åßíáé áðëÞ, äéüôé

ðåñéÝ·åé ôçí ïìÜäá V ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein ùò ïñèüèåôç õðïïìÜäá

ôçò (âë. 4.2.21). Ãéá íá áðïäåßîïõìå ôçí áðëüôçôá ôÞò A üôáí  ≥ 5 èá ðñïôÜ-

îïõìå äýï âïçèçôéêÜ ëÞììáôá.

4.3.4 ËÞììá. ¸óôù  ∈ N  ≥ 5 ÅÜí ç  åßíáé ìéá ïñèüèåôç õðïïìÜäá ôÞò A
ðåñéÝ·ïõóá (ôïõëÜ·éóôïí) Ýíáí 3-êýêëï, ôüôå  = A

Áðïäåéîç. Áò õðïèÝóïõìå üôé E A êáé üôé ç ðåñéÝ·åé ôïí 3-êýêëï [  ]

Èåùñïýìå ôõ·üí óôïé·åßï  ∈ {1 }r{  } Ôüôå

[  ] = [  ] = [ ] ◦ [ ] = [ ] ◦ [  ] ◦ [ ]

= [ ] ◦ [   ] ◦ [   ] ◦ [ ]

= [ ] ◦ [ ] ◦ [  ] ◦ [   ] ◦ [ ]

= [ ] ◦ [ ] ◦ [  ]2 ◦ [ ] ◦ [ ]

= ([ ] ◦ [ ])| {z }
∈A

◦ [  ]2| {z }
∈

◦ ([ ] ◦ [ ])−1| {z }
∈A



17Ãéá ðåñéóóüôåñåò ðëçñïöïñßåò ï áíáãíþóôçò ðáñáðÝìðåôáé óôá óõããñÜììáôá ôùí

D. Gorenstein: Finite Simple Groups: An Introduction to their Classification, Plenum Press, (1982); The Classification
of Finite Simple Groups I, Plenum Press, (1983), êáé

M. Aschbacher: Finite Group Theory, Cambridge St. in Adv. Math., Vol. 10, Cambridge Un. Press, (1994). ¥Êåö. 16],

êáèþò êáé óôïí «Áôëáíôá ôùí ðåðåñáóìÝíùí ïìÜäùí»

J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker and R.A. Wilson:Atlas of finite groups, Clarendon Press, (1985).

Ðéï ðñüóöáôá êõêëïöüñçóå ôï äßôïìï Ýñãï ôùí D. Gorenstein, R. Lyons êáé R. Solomon: The Classification of Finite
Simple Groups, American Math. Soc. (Vol. I, 1994; Vol. II, 1996) ìå óôü·ï ôçí áíáèåþñçóç êáé óõíôüìåõóç ôùí

áðïäåßîåùí ôùí èåùñçìÜôùí ðïõ ïäçãïýí óôçí åí ëüãù ôáîéíüìçóç.

18Âë. R.W. Carter: Simple Groups of Lie Type, Wiley, (1972).

19Âë. M. Aschbacher: Sporadic Groups, Cambridge Tracts in Math., Vol. 104, Cambridge University Press, (1994).
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ïðüôå [  ] ∈  ÊáôÜ óõíÝðåéáí, {[  ] |  ∈ {1 }r{ }} ⊆  ¼ìùò

áõôü ôï õðïóýíïëï ðáñÜãåé ôçí åíáëëÜóóïõóá ïìÜäá A (åðß ôç âÜóåé ôïý (iii)

ôÞò ðñïôÜóåùò 3.3.13). Ùò åê ôïýôïõ,  = A ¤

4.3.5 ËÞììá. ¸óôù  ∈ N  ≥ 5 ÅÜí ç  åßíáé ìéá ïñèüèåôç õðïïìÜäá ôÞò A
ðåñéÝ·ïõóá ôç óýíèåóç äýï îÝíùí ìåôáîý ôïõò áíôéìåôáèÝóåùí, ôüôå = A

Áðïäåéîç. ¸óôù üôé ïé [1 2] êáé [3 4] åßíáé ïé áíôéìåôáèÝóåéò ôÞò õðïèÝóåþò

ìáò. ÈÝôïíôáò

 := [1 2] ◦ [3 4] ∈   := [1 2 ] ∈ A
üðïõ  ∈ {1 }r{1 2 3 4} ðáñáôçñïýìå üôé

−1 ∈   ◦  ◦ −1 ∈  ⇒ ¡
 ◦  ◦ −1¢ ◦ −1 ∈ 

ÅðåéäÞ (êáôÜ ôï 3.2.3 (vii))

 ◦  ◦ −1 =  ◦ ([1 2] ◦ [3 4]) ◦ −1
= ( ◦ [1 2] ◦ −1) ◦ ( ◦ [3 4] ◦ −1)
= [(1) (2)] ◦ [(3) (4)] = [2 ] ◦ [3 4]

óõíÜãåôáé üôé¡
 ◦  ◦ −1¢ ◦ −1 = ([2 ] ◦ [3 4]) ◦ [3 4]−1 ◦ [1 2]−1

= [ 2] ◦ [2 1] = [ 2 1] ∈ 

ÅðåéäÞ ç ðåñéÝ·åé ôïí 3-êýêëï [ 2 1] áðü ôï ëÞììá 4.3.4 óõìðåñáßíïõìå üôé

 = A ¤

4.3.6 Èåþñçìá. Ïé åíáëëÜóóïõóåò ïìÜäåò A åßíáé áðëÝò ãéá êÜèå  ≥ 5
Áðïäåéîç20. ¸óôù  ìéá ìç ôåôñéììÝíç ïñèüèåôç õðïïìÜäá ôÞò A  ≥ 5 êáé
Ýóôù  ∈ r{id} Óýìöùíá ìå ôï èåìåëéþäåò èåþñçìá 3.2.7 ç ìåôÜôáîç  ìðïñåß

íá ãñáöåß õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí  = 1 ◦ 2 ◦ · · · ◦  áíÜ äýï
îÝíùí ìåôáîý ôïõò êýêëùí ìÞêïõò ≥ 2 ÅðéðñïóèÝôùò, ìéá ôÝôïéá Ýêöñáóç åßíáé

ìïíïóçìÜíôùò ïñéóìÝíç (åíäå·ïìÝíùò ýóôåñá áðü êÜðïéá áíáäéÜôáîç ôùí ìåôå-

·üíôùí êýêëùí). Ìðïñïýìå ëïéðüí äß·ùò âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå

üôé

(ìÞêïò ôïý  ) ≥ (ìÞêïò ôïý  +1) ∀ ∈ {1 2  − 1}
(üôáí  ≥ 2) êáé üôé 1 = [1 2  ] ÅîåôÜæïõìå ôá ðÝíôå åíäå·üìåíá ·ùñéóôÜ:

Ðåñßðôùóç ðñþôç. ÕðïèÝôïõìå üôé  ≥ 4  ≥ 1 ÈÝôïíôáò  := [1 2 3] ∈ A
ðáñáôçñïýìå üôé

 ∈ A  ∈  ⇒  ◦  ◦ −1 ∈ 

20Ç ðñþôç ïëïêëçñùìÝíç áðüäåéîç áõôïý ôïý èåùñÞìáôïò åäüèç áðü ôïí C. Jordan (1838-1922) ôï Ýôïò 1870 óôï

óýããñáììÜ ôïõ Traitª des substitutions et des ªquations algebriques (óåë. 66).
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ïðüôå −1 ∈  ⇒ ¡
 ◦  ◦ −1¢ ◦ −1 ∈  ÅðåéäÞ (êáôÜ ôï 3.2.3 (vii))

 ◦  ◦ −1 =  ◦ (1 ◦ · · · ◦ ) ◦ −1
= ( ◦ 1 ◦ −1) ◦ ( ◦ 2 ◦ −1) ◦ · · · ◦ ( ◦  ◦ −1)
= ( ◦ 1 ◦ −1) ◦ (2 ◦ · · · ◦ )
= [(1) (2)  ()] ◦ (2 ◦ · · · ◦ )
= [2 3 1 4  ] ◦ (2 ◦ · · · ◦ )

Ý·ïõìå¡
 ◦  ◦ −1¢ ◦ −1 = [2 3 1 4  ] ◦ (2 ◦ · · · ◦ ) ◦ (−1 ◦ · · · ◦ −11 )

= [2 3 1 4  ] ◦ −11
= [2 3 1 4  ] ◦ [ −1  1] = [1 2 4] ∈ 

ÅðåéäÞ ç ðåñéÝ·åé ôïí 3-êýêëï [1 2 4]  = A äõíÜìåé ôïý ëÞììáôïò 4.3.4.

Ðåñßðôùóç äåýôåñç. ÅÜí  = 3  = 1 ôüôå  = A (ìå áðåõèåßáò åöáñìïãÞ ôïý

ëÞììáôïò 4.3.4).

Ðåñßðôùóç ôñßôç. ÕðïèÝôïõìå üôé  = 3  ≥ 2 êáé üôé ï 2 åßíáé ùóáýôùò Ýíáò

3-êýêëïò, áò ðïýìå ï 2 = [1 2 3]ÈÝôïíôáò  := [2 3 1] ∈ A ðáñáôçñïýìå

üôé

 ∈ A  ∈  ⇒  ◦  ◦ −1 ∈ 

ïðüôå −1 ∈  ⇒ ¡
 ◦  ◦ −1¢ ◦ −1 ∈  ÅðåéäÞ (êáôÜ ôï 3.2.3 (vii))

 ◦  ◦ −1 =  ◦ (1 ◦ · · · ◦ ) ◦ −1
= ( ◦ 1 ◦ −1) ◦ ( ◦ 2 ◦ −1) ◦ · · · ◦ ( ◦  ◦ −1)
= ( ◦ 1 ◦ −1) ◦ ( ◦ 2 ◦ −1) ◦ (3 ◦ · · · ◦ )
= [(1) (2) (3)] ◦ [(1) (2) (3)] ◦ (3 ◦ · · · ◦ )
= [1 3 1] ◦ [2 2 3] ◦ (3 ◦ · · · ◦ )

ç óýíèåóç
¡
 ◦  ◦ −1¢ ◦ −1 éóïýôáé ìå
[1 3 1] ◦ [2 2 3] ◦ (3 ◦ · · · ◦ ) ◦ (−1 ◦ · · · ◦ −12 ◦ −11 )

= [1 3 1] ◦ [2 2 3] ◦ −12 ◦ −11
= [1 3 1] ◦ [2 2 3] ◦ [3 2 1] ◦ [3 2 1]
= [1 1 3] ◦ [2 3 2] ◦ [2 1 3] ◦ [3 2 1]
= [1 1 3] ◦ [2 3 2 1 3] ◦ [3 2 1]
= [1 1 3] ◦ [2 1 2 1 3] = [1 1 2 3 2] ∈ 

(âë. 3.2.3 (i), (vi)). ÅðåéäÞ ç  ðåñéÝ·åé ôïí 5-êýêëï [1 1 2 3 2] ìðïñïýìå

íá åñãáóèïýìå ìå áõôüí (óôç èÝóç ôÞò áñ·éêþò èåùñçèåßóáò ìåôáôÜîåùò ), íá

åöáñìüóïõìå ü,ôé ðñïáíáöÝñèçêå óôçí ðñþôç ðåñßðôùóç êáé íá óõìðåñÜíïõìå

üôé = A
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Ðåñßðôùóç ôÝôáñôç. ÕðïèÝôïõìå üôé  = 3  ≥ 2 êáé üôé üëïé ïé êýêëïé 2 
åßíáé áíôéìåôáèÝóåéò. Ôüôå

2 = [1 2 3] ◦ (2 ◦ · · · ◦ ) ◦ [1 2 3] ◦ (2 ◦ · · · ◦ )
= [1 2 3]

2 ◦ (22 ◦ · · · ◦ 2) = [1 2 3]2 ◦ (id ◦ · · · ◦ id)
= [1 2 3]

2 = [1 3 2] ∈ 

(âë. 3.2.3 (iv), (v), êáé 3.2.4). ÅðåéäÞ ç ðåñéÝ·åé ôïí 3-êýêëï [1 3 2]  = A
äõíÜìåé ôïý ëÞììáôïò 4.3.4.

Ðåñßðôùóç ðÝìðôç. ÕðïèÝôïõìå üôé  = 2  ≥ 2 êáé üôé üëïé ïé êýêëïé 1 
åßíáé áíôéìåôáèÝóåéò, ìå ôïí öõóéêü áñéèìü  êáô' áíÜãêçí Üñôéï (áöïý  ∈ A).
ÅÜí 2 = [1 2] ôüôå èÝôïíôáò  := [2 1 2] ∈ A ðáñáôçñïýìå üôé

 ∈ A  ∈  ⇒  ◦  ◦ −1 ∈ 

ïðüôå −1 ∈  ⇒ ¡
 ◦  ◦ −1¢ ◦ −1 ∈  ÅðåéäÞ (êáôÜ ôï 3.2.3 (vii))

 ◦  ◦ −1 =  ◦ (1 ◦ · · · ◦ ) ◦ −1
= ( ◦ 1 ◦ −1) ◦ ( ◦ 2 ◦ −1) ◦ · · · ◦ ( ◦  ◦ −1)
= ( ◦ 1 ◦ −1) ◦ ( ◦ 2 ◦ −1) ◦ (3 ◦ · · · ◦ )
= [(1) (2)] ◦ [(1) (2)] ◦ (3 ◦ · · · ◦ )
= [1 1] ◦ [2 2] ◦ (3 ◦ · · · ◦ )

ç óýíèåóç
¡
 ◦  ◦ −1¢ ◦ −1 éóïýôáé ìå

[1 1] ◦ [2 2] ◦ (3 ◦ · · · ◦ ) ◦ (−1 ◦ · · · ◦ −12 ◦ −11 )

= [1 1] ◦ [2 2] ◦ −12 ◦ −11
= [1 1] ◦ [2 2] ◦ [2 1] ◦ [2 1]
= [1 1] ◦ [2 2] ◦ [2 1] ◦ [2 1]
= [1 1] ◦ [2 2 1] ◦ [2 1]
= [1 1] ◦ [2 1 2] ◦ [2 1]
= [1 1] ◦ [2 1 2 1] = [1 2] ◦ [2 1] ∈ 

(âë. 3.2.3 (i)-(iii)). Êé åðåéäÞ ç  ðåñéÝ·åé ôç óýíèåóç [1 2] ◦ [2 1] äýï îÝíùí

ìåôáîý ôïõò áíôéìåôáèÝóåùí, Ý·ïõìå = A åðß ôç âÜóåé ôïý ëÞììáôïò 4.3.5. ¤

4.3.7 Óçìåßùóç. ÐáñÜ ôï ãåãïíüò üôé ç áíùôÝñù ðáñáôåèåßóá êëáóéêÞ áðüäåéîç

ôïý èåùñÞìáôïò 4.3.6 åßíáé äéáõãÞò, ç äéÜêñéóç êáé ìåëÝôç ôüóï ðïëëþí ðåñéðôþ-

óåùí åßíáé ïìïëïãïõìÝíùò êáôÜ ôé êïðéáóôéêÞ. Óôç óåëßäá 251 äßäåôáé ìéá äåý-

ôåñç, åðáãùãéêÞ áðüäåéîç (ðñïûðïèÝôïõóá ôçí áðëüôçôá ôÞò A5 ðïõ ìðïñåß íá

äåé·èåß óôïé·åéùäþò) óôçí ïðïßá õðåéóÝñ·åôáé ìüíïí ôï áñ·éêü ëÞììá 4.3.4 êáé

óôï (ii) ôÞò áóêÞóåùò 5-27 ìéá ôñßôç.
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4.3.8 Óçìåßùóç. (¢ðåéñç åíáëëÜóóïõóá ïìÜäá åðß ôïý N) ÇÜðåéñç õðïïìÜäá

A∞ := h{[  ] |    ∈ N     }}i

ôÞò óõììåôñéêÞò ïìÜäáòSN (åðß ïëïêëÞñïõ ôïý óõíüëïõ ôùíöõóéêþí áñéèìþí), ç
ïðïßá ðáñÜãåôáé áðü ôïõò üëïõò ôïõò êýêëïõò21 ìÞêïõò 3 êáëåßôáé Üðåéñç åíáë-

ëÜóóïõóá ïìÜäá åðß ôïý N (êáé áðïôåëåß Üìåóç ãåíßêåõóç ôÞò A ðñâë. 3.3.13

(ii)). Áêïëïõèþíôáò êáôÜ ãñÜììá ôçí áðïäåéêôéêÞ ìÝèïäï ðïõ åöáñìüóèçêå óôï

èåþñçìá 4.3.6 êáôáëÞãïõìå óôç äéáðßóôùóç ôïý üôé ç A∞ åßíáé ùóáýôùò áðëÞ.

Ùò åê ôïýôïõ, ç A∞ áðïôåëåß ðáñÜäåéãìá Üðåéñçò áðëÞò ïìÜäáò. (Ãåíéêüôåñá,

ãéá ôçí êáôáóêåõÞ ìéáò Üðåéñçò áðëÞò ïìÜäáò ãéá êÜèå Üðåéñï ðëçèÜñéèìï âë.

Üóêçóç 4-65 Åí ðñïêåéìÝíù, A∞ = A(N))

4.3.9 Èåþñçìá. ÊÜèå ðåðåñáóìÝíç ïìÜäá åìöõôåýåôáé óå ìéá ðåðåñáóìÝíç áðëÞ
ïìÜäá (âë. 2.4.14 êáé 2.4.17).

Áðïäåéîç. ¸óôù ôõ·ïýóá ðåðåñáóìÝíç ïìÜäá ôÜîåùò  = || ≥ 1ÅÜí  = 1
ôüôå ç  åßíáé éóüìïñöç ìå ôçí ôåôñéììÝíç õðïïìÜäá ïéáóäÞðïôå ðåðåñáóìÝíçò

áðëÞò ïìÜäáò. ÅÜí  ∈ {2 3} ôüôå ç  åßíáé êõêëéêÞ Ý·ïõóá ùò ôÜîç ôçò Ýíáí

ðñþôï áñéèìü êáé, ùò åê ôïýôïõ, áö' åáõôÞò áðëÞ. ÅÜí  ≥ 4 ôüôå (óýìöùíá ìå ôï

ðüñéóìá 3.5.3) ç  åìöõôåýåôáé åíôüò ôÞò óõììåôñéêÞò ïìÜäáò S óå  óýìâïëá.

Áðü ôçí Üëëç ìåñéÜ, çS åìöõôåýåôáé óôçí åíáëëÜóóïõóá ïìÜäáA2 óå 2 óýì-

âïëá ìÝóù åíüò ìïíïìïñöéóìïý  : S −→ A2 ôïí ïðïßï ïñßæïõìå ùò åîÞò: Óå

êÜèå -êýêëï  = [1 2 · · · ] ∈ S ìÞêïõò  ∈ {2 } áíôéóôïé·ßæïõìå ôïí
-êýêëï e = [+ 1 + 2 · · · + ] ∈ S2 ÓçìåéùôÝïí üôé  ◦ e ∈ A2 (åÜí ï 

éäùèåß ùò -êýêëïò åíôüò ôÞò S2), äéüôé

sgn ( ◦ e) = sgn () · sgn (e) = (−1)−1 · (−1)−1 = (−1)2−2 = 1
(âÜóåé ôïý (iii) ôïý èåùñÞìáôïò 3.3.5). ÅêöñÜæïíôáò êÜèå ìåôÜôáîç  ∈ Sr{id}
õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò) áíÜ äýï îÝíùí ìå-

ôáîý ôïõò êýêëùí ìÞêïõò ≥ 2 áò ðïýìå  = 1 ◦ 2 ◦ · · · ◦  , êáôÜ ôï èåìåëéþäåò

èåþñçìá 3.2.7, ïñßæïíôáò ùò åéêüíá ôÞò  ìÝóù ôÞò  ôï óôïé·åßï

() := 1 ◦ e1 ◦ 2 ◦ e2 ◦ · · · ◦  ◦ e ∈ A2
êáé èÝôïíôáò (id) := id, äéáðéóôþíïõìå Üìåóá üôé ç áðåéêüíéóç  åßíáé ïìïìïñ-

öéóìüò ïìÜäùí. Ç åíñéðôéêüôçôá ôÞò  Ýðåôáé áðü ôï ãåãïíüò üôé ïé óõíôéèÝìåíïé

êýêëïé åßíáé ìåôáîý ôïõò îÝíïé êáé ïé ·ñçóéìïðïéïýìåíåò åêöñÜóåéò ìïíïóçìÜ-

íôùò ïñéóìÝíåò (åíäå·ïìÝíùò ýóôåñá áðü êÜðïéá áíáäéÜôáîç ôùí ìåôå·üíôùí êý-

êëùí, êÜôé ðïõ åßíáé ïõóéáóôéêþò áäéÜöïñï, áöïý éó·ýåé ç ìåôáèåôéêüôçôá ëüãù

ôïý ëÞììáôïò 3.2.4). ÊáôÜ óõíÝðåéáí, ç ßäéá ç åßíáé åìöõôåýóéìç åíôüò ôÞò A2
(âÜóåé ôïý (ii) ôÞò ðñïôÜóåùò 2.4.12). ¼ìùò ç A2 åßíáé áðëÞ ïìÜäá, áöïý åî

õðïèÝóåùò 2 ≥ 8 (âë. èåþñçìá 4.3.6). ¤
21Åí ðñïêåéìÝíù, Ýíáò -êýêëïò  = [1 2 · · · ] ïñßæåôáé üðùò êáé ï -êýêëïò åíôüò ôÞòS (âë. 3.2.1), ìå ìüíç

äéáöïñÜ üôé  () =  ãéá êÜèå  ∈ Nr{1 2 }
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4.3.10 Ðüñéóìá. ¸óôù Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìïíáäéáßï
óôïé·åßï. ÊÜèå ðåðåñáóìÝíç ïìÜäá ôÜîåùò  ≥ 4 åìöõôåýåôáé óôçí åéäéêÞ ãñáì-
ìéêÞ ïìÜäá SL2()

Áðïäåéîç. ¸óôù ôõ·ïýóá ðåðåñáóìÝíç ïìÜäá ôÜîåùò  ≥ 4Ôüôå õößóôáíôáé
ôñåéò ìïíïìïñöéóìïß ïìÜäùí

 → S → A2 → SL2()

(Ï ðñþôïò ëüãù ôïý ðïñßóìáôïò 3.5.3, ï äåýôåñïò âÜóåé ôùí ðñïáíáöåñèÝíôùí

óôçí áðüäåéîç ôïý èåùñÞìáôïò 4.3.9 êáé ï ôñßôïò âÜóåé ôùí ðñïáíáöåñèÝíôùí

óôï åäÜöéï D.2.28 (ii).) Ïé óõíèÝóåéò áõôþí äßäïõí ìéá åìöýôåõóç ôÞò  óôçí

SL2() ¤

I Ïñèüèåôåò õðïïìÜäåò ôÞò S  ≥ 5 Ôï èåþñçìá 4.3.12 ìáò ðëçñïöïñåß üôé

ãéáöõóéêïýò áñéèìïýò ≥ 5áêüìç êáé ç ßäéá çóõììåôñéêÞ ïìÜäáS äåí äéáèÝôåé

Üëëåò ïñèüèåôåò õðïïìÜäåò ðÝñáí ôùí (ôñéùí) ðñïöáíþí. Ãéá ôçí áðüäåéîÞ ôïõ

èá ·ñçóéìïðïéÞóïõìå ôï áêüëïõèï:

4.3.11 ËÞììá. ÅÜí  ∈ N  ≥ 3 ôüôå äåí õößóôáôáé óôïé·åßï  ∈ Sr{id}, ôÝôïéï
þóôå íá éó·ýåé  ◦  ◦ −1 =  (Þ, éóïäõíÜìùò,  ◦  =  ◦ ) ∀ ∈ S

Áðïäåéîç. Åñãáæüìáóôå ìå «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé õðÜñ·åé êÜ-

ðïéï óôïé·åßï  ∈ Sr{id} ôÝôïéï þóôå íá éó·ýåé ◦◦−1 =  ãéá êÜèå  ∈ S

Ôï  (óýìöùíá ìå ôï èåìåëéþäåò èåþñçìá 3.2.7) ãñÜöåôáé õðü ôç ìïñöÞ åðáë-

ëÞëùí óõíèÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò) áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí

ìÞêïõò ≥ 2 áò ðïýìå  = 1 ◦ 2 ◦ · · · ◦   ¸óôù üôé 1 = [1 2 · · · ] ãéá
êÜðïéïí  ∈ N 2 ≤  ≤  ÅîåôÜæïõìå äýï ðåñéðôþóåéò ·ùñéóôÜ:

Ðåñßðôùóç ðñþôç. ÅÜí  ≥ 3 ôüôå èåùñþíôáò ùò  ôïí 2-êýêëï [1 2] êáôáëÞ-

ãïõìå óå Üôïðï, êáèüóïí (êáôÜ ôï 3.2.3 (vii))

 ◦  ◦ −1 =  ◦ [1 2] ◦ −1 = [(1) (2)] = [2 3] 6= [1 2] = 

Ðåñßðôùóç äåýôåñç. ÅÜí  = 2 ôüôå èåùñþíôáò ùò  ôïí 3-êýêëï [1 2 3] üðïõ

3 ∈ {1  }r{1 2} êáôáëÞãïõìå åê íÝïõ óå Üôïðï, êáèüóïí (êáôÜ ôï 3.2.3

(vii))

 ◦  ◦ −1 =  ◦ [1 2 3] ◦ −1 = [(1) (2)  (3)] = [2 1  (3)]

üðïõ  (3) ∈ {1 2} êáé
¡
 ◦  ◦ −1¢ (2) = 1 6= 3 = (2) ¤

4.3.12 Èåþñçìá. ÅÜí ∈ N  ≥ 5 ôüôå ïé {id}A êáéS åßíáé ïé ìüíåò ïñèüèåôåò
õðïïìÜäåò ôÞòS

Áðïäåéîç. ¸óôù ôõ·ïýóá ïñèüèåôç õðïïìÜäá ôÞò S Ôüôå

 E S (åî õðïèÝóåùò)

A C S (âë. 4.2.14)

¾
=⇒

(âë. 4.2.8)
 ∩ A C S



172 äåéêôåò, ðçëéêïïìáäåò êáé èåùñçìáôá éóïìïñöéóìùí

êáé

 v S A v S =⇒
2.1.23

 ∩ A v S

 ∩A ⊆ A v S =⇒
2.1.20

 ∩ A v A
 ∩A C S (ëüãù ôùí ðñïáíáöåñèÝíôùí)

⎫⎪⎬⎪⎭ =⇒
4.2.19

 ∩A E A

=⇒
4.3.6

 ∩A ∈ {{id}A}

Ðåñßðôùóç ðñþôç. ÅÜí  ∩ A = A ôüôå A v  v S êáé (êáôÜ ôï èåþñçìá

4.1.50) Ý·ïõìå 2 = |S : A| = |S : | | : A|  ïðüôå

(|S : |  | : A|) ∈ {(2 1) (1 2)} =⇒  ∈ {AS}

Ðåñßðôùóç äåýôåñç. ÅÜí  ∩ A = {id} èá äåßîïõìå (åñãáæüìåíïé ìå åéò Üôïðïí

áðáãùãÞ) üôé  = {id} Áò õðïèÝóïõìå üôé  6= {id} êé áò åðéëÝîïõìå êÜðïéá
ìåôÜôáîç  ∈ r{id} Ôï ôåôñÜãùíü ôçò 2 (óýìöùíá ìå ôï (v) ôïý ðïñßóìá-

ôïò 3.3.6) åßíáé ìéá Üñôéá ìåôÜôáîç áíÞêïõóá óôçí õðïïìÜäá  Áõôü óçìáßíåé

üôé 2 ∈  ∩ A = {id} ⇒ 2 = id. Áðü ôçí Üëëç ìåñéÜ, èåùñþíôáò ïéïäÞðïôå
óôïé·åßï  ∈ r{id} ðáñáôçñïýìå üôé ç óýíèåóç  ◦  åßíáé ìéá Üñôéá ìåôÜôáîç

áíÞêïõóá óôçí  (áöïý áìöüôåñåò ïé ìåôáôÜîåéò  êáé  åßíáé åî õðïèÝóåùò ðå-
ñéôôÝò, âë. 3.3.6 (iv)). Áõôü óçìáßíåé üôé

 ◦  ∈  ∩A = {id}⇒  ◦  = id⇒  = −1 =  ⇒  = {id }
ÅðåéäÞ {} = r{id} ⊆ Sr{id}, õößóôáôáé, êáôÜ ôï ëÞììá 4.3.11, êÜðïéï óôïé-
·åßï  ∈ S ôÝôïéï þóôå íá éó·ýåé  ◦  ◦ −1 6=  Ùò åê ôïýôïõ,

 E S ⇒  ◦  ◦ −1 ∈ {id } = 

 ◦  ◦ −1 6= ⇒  ◦  ◦ −1 6= 

¾
⇒  ◦  ◦ −1 = id⇒  ◦  = ⇒  = id

¢ôïðï! ÅðïìÝíùò, = {id} ¤

4.4 ÐÇËÉÊÏÏÌÁÄÅÓ: ÊÁÔÁÓÊÅÕÇ-ÉÄÉÏÔÇÔÅÓ

ÌÝóù ôùí ïñèüèåôùí õðïïìÜäùí äïèåßóáò ïìÜäáò äçìéïõñãïýíôáé íÝåò ïìÜäåò,

ïé ëåãüìåíåò ðçëéêïïìÜäåò, ýóôåñá áðü «ìåôáöïñÜ» ôïý «ðïëëáðëáóéáóìïý» ôÞò

ïìÜäáò óå êáôÜëëçëï «ðïëëáðëáóéáóìü» ìåôáîý ôùí äéáèÝóéìùí ðëåõñéêþí êëÜ-

óåùí.

4.4.1 Ïñéóìüò. ÅÜí ç  åßíáé ìéá ïñèüèåôç õðïïìÜäá ìéáò ïìÜäáò ( ·) ôüôå
óõìâïëßæïõìå ùò

 := R (= R)

ôï áíôßóôïé·ï óýíïëï ôùí êëÜóåùí éóïäõíáìßáò êáé ùò  :  −→  ôç öõ-

óéêÞ åðßññéøç (äçëáäÞ () :=  ∀ ∈ ).
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4.4.2 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ìéá ïñèüèåôç õðïïìÜäá ôçò.
ÌÝóù ôïý ôýðïõ

1 ¯ 2 := (1 · 2) ∀ (1 2) ∈ ×

ïñßæïõìå ìéá áðåéêüíéóç

()× () −→  ( 0) 7−→  ¯ 0

(Þôïé ìéá åóùôåñéêÞ ðñÜîç ‘‘¯'' åðß ôïý ), ç ïðïßá êáèéóôÜ ôï äéÜãñáììá

×

×

²²

· // 



²²
()× () ¯

// 

ìåôáèåôéêü. Ôï æåýãïò (¯) áðïôåëåß ìéá ïìÜäá ôÜîåùò || = | : |
Ý·ïõóá ôï  (= ) ùò ïõäÝôåñï óôïé·åßï ôçò. ÅðéðñïóèÝôùò, éó·ýïõí ôá áêü-
ëïõèá :

(i) Ôï óõììåôñéêü (= áíôßóôñïöï ) óôïé·åßï ïéïõäÞðïôå  ∈  åßíáé ôï −1

(ii) ÅÜí ç  åßíáé áâåëéáíÞ, ôüôå êáé ç  åßíáé áâåëéáíÞ.

(iii) ÅÜí ç  åßíáé ðåðåñáóìÝíç, ôüôå || = ||
|| 

Áðïäåéîç. ÅÜí 1 2 3 ∈  ôüôå

(1 ¯ 2)¯ 3 = ((1 · 2))¯ 3 = ((1 · 2) · 3)
= (1 · (2 · 3)) = 1 ¯ ((2 · 3))
= 1 ¯ (2 ¯ 3) 

ïðüôå ç ``¯'' åßíáé ðñïóåôáéñéóôéêÞ. Åðßóçò, ãéá êÜèå  ∈ 

( ¯ ) = ( · ) =  = ( · ) = ( ¯ ) 

ðñÜãìá ðïõ óçìáßíåé üôé ôï  Ý·åé ôï  (= ) ùò ïõäÝôåñï óôïé·åßï ôïõ ùò

ðñïò ôçí ‘‘¯'' ÔÝëïò, ãéá êÜèå  ∈ ¡
−1 ¯ 

¢
=
¡
−1 · ¢ =  =

¡
 · −1¢ =

¡
−1 ¯ 

¢


ïðüôå ôï (ìïíïóçìÜíôùò ïñéóìÝíï) óõììåôñéêü (= áíôßóôñïöï) óôïé·åßï ïéïõäÞ-

ðïôå  ∈  ùò ðñïò ôçí ‘‘¯'' åßíáé ôï −1 ôï (i) åßíáé áëçèÝò êáé ôï æåýãïò

(¯) áðïôåëåß ìéá ïìÜäá ôÜîåùò || = | : | ìå  =  = ÌÜ-

ëéóôá, åÜí ç  åßíáé áâåëéáíÞ, ôüôå ãéá ïéáäÞðïôå óôïé·åßá 1 2 ∈  éó·ýïõí ïé

éóüôçôåò

1 ¯ 2 = (1 · 2) = (2 · 1) = 2 ¯ 1

áð' üðïõ Ýðåôáé üôé ç (¯) åßíáé ùóáýôùò áâåëéáíÞ. ¢ñá êáé ôï (ii) åßíáé

áëçèÝò. Ôï (iii) Ýðåôáé Üìåóá áðü ôï èåþñçìá 4.1.22 ôïý Lagrange. ¤
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4.4.3 Ïñéóìüò. Ç ïìÜäá (¯) ç ïñéóèåßóá ìÝóù ôÞò ðñïôÜóåùò 4.4.2 êá-

ëåßôáé ðçëéêïïìÜäá (Þ ïìÜäá ðçëßêùí) ôÞò  ùò ðñïò ôçí  (ÅðåéäÞ Ý·ïõìå

( ) ∈ R ⇐⇒
ïñó

−1 ∈  åßíáé óáöÞò ï ëüãïò ãéá ôïí ïðïßï åêëáìâÜíïõìå

ôá óôïé·åßá ôÞò  -óõíåêäï·éêþò- ùò ðçëßêá óôïé·åßùí ôÞò  áíÞêïíôá óôçí

 êáé ïìéëïýìå åíßïôå -åêöñáæüìåíïé áöáéñåôéêþò- ãéá äéáßñåóç «ôÞò  äéÜ ôÞò

».)

4.4.4 Óçìåßùóç. (Áðëïýóôåõóç óõìâïëéóìïý) Åðéèõìþíôáò íá ôçñÞóïõìå ôçí

åîáðëïýóôåõóç êáé «åëÜöñõíóç» ôùí ·ñçóéìïðïéïýìåíùí óõìâïëéóìþí ðïõ äéÝ-

ðåé ôï ìåãáëýôåñï ìÝñïò ôïý êåéìÝíïõ èá ãñÜöïõìå åöåîÞò, ·ùñßò íá äéáôñÝ·ïõìå

ôïí êßíäõíï ðáñåñìçíåßáò, () · (0) Þ áðëþò22 () (0) áíôß ôïý  ¯ 0

Ý·ïíôáò ðÜíôïôå êáôÜ íïõ üôé êáôÜ ôïí «ðïëëáðëáóéáóìü» ðëåõñéêþí êëÜóåùí

èá åííïïýìå ôçí åöáñìïãÞ ôïý ‘‘¯'' ðïõ ðñïêýðôåé áðü ôçí ðñüôáóç 4.4.2 (êáé

ðïõ áðëþò åðÜãåôáé ìÝóù ôïý «ðïëëáðëáóéáóìïý» ôïý ïñéóìÝíïõ åðß ôïý ).

4.4.5 Ðáñáäåßãìáôá. ¸óôù ( ·) ôõ·ïýóá ïìÜäá. Ôüôå {} E  êáé E  (âë.

4.2.5). Ðñïöáíþò,

{} = {{}|  ∈ } ∼=  êáé  ∼= {}
äéüôé ïé áðåéêïíßóåéò

{} 3 {} 7−→  ∈  êáé  3  7−→  ∈ {}
åßíáé éóïìïñöéóìïß ïìÜäùí.

4.4.6 ÐáñÜäåéãìá. Ç ïìÜäá (S1 ·) åßíáé ïñèüèåôç õðïïìÜäá ôÞò ðïëëáðëáóéá-

óôéêÞò ïìÜäáò (Cr{0} ·) (âë. 2.1.21 (vi) êáé 4.2.5). Ôá óôïé·åßá ôÞò ðçëéêïïìÜ-

äáò (Cr{0}) S1 åßíáé ïé ðëåõñéêÝò êëÜóåéò S1  ∈ Cr{0} ÓõãêåêñéìÝíá, ãéá
ïéïíäÞðïôå ìéãáäéêü áñéèìü  ∈ Cr{0} ç ðëåõñéêÞ êëÜóç

S1 = []
S1R = { ∈ Cr{0} | ( ) ∈ S1R} =

©
 ∈ Cr{0} | −1 ∈ S1ª

=
©
 ∈ Cr{0} | ¯̄−1¯̄ = 1ª = { ∈ Cr{0} | || = ||}

åßíáé ç ðåñéöÝñåéá êýêëïõ êÝíôñïõ 0 ∈ C êáé áêôßíáò || 

ÅðïìÝíùò, ôá óôïé·åßá ôÞò (Cr{0}) S1 åßíáé ïé ïìüêåíôñïé êýêëïé êÝíôñïõ 0 ∈ C
êáé èåôéêÞò áêôßíáò.

22¼ôáí ·ñçóéìïðïéïýìå ðñïóèåôéêü óõìâïëéóìü, ãñÜöïõìå áíô' áõôïý ( +) + (0 +)
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4.4.7 ÐáñÜäåéãìá. Ç ïìÜäá (Z+) åßíáé ïñèüèåôç õðïïìÜäá ôÞò ïìÜäáò (Q+)
(âë. 4.2.6). Ôï õðïêåßìåíï óýíïëï ôÞò ðçëéêïïìÜäáò (QZ+) ãñÜöåôáé ùò åîÞò:

QZ =
` {+ Z |  ∈ Q ∩ [0 1)} 

ïðüôå ôïQ∩ [0 1) áðïôåëåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò Z åíôüò ôÞò

Q (êáé, ùò åê ôïýôïõ, |QZ| = card(Q ∩ [0 1)) = ℵ0). ÐñÜãìáôé° ãéá ïéïíäÞðïôå

 ∈ Q õðÜñ·ïõí   ∈ Z   0 ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá  = 

 êáèþò

êáé   ∈ Z ìå 0 ≤    ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá  =  +  ÈÝôïíôáò

 := 

∈ Q ∩ [0 1) äéáðéóôþíïõìå üôé

 =



=  + ⇒  −  =  ∈ Z⇒  + Z = + Z

ÅðéðñïóèÝôùò, åÜí 1 2 ∈ Q ∩ [0 1) ìå 1 6= 2 ôüôå 1 + Z 6= 2 + Z äéüôé
áëëéþò êáôáëÞãïõìå óå Üôïðï, áöïý ç éóüôçôá

1 + Z = 2 + Z⇒ ∃ ∈ Zr{0} : 1 − 2 = 

óçìáßíåé üôé |1 − 2| = || ≥ 1 (ðñÜãìá áäýíáôï, êáèüóïí 0 ≤ 1 2  1).

4.4.8 ÐáñÜäåéãìá. ¸óôù  Ýíáò öõóéêüò áñéèìüò ≥ 3 êáé Ýóôù D = h i ç
-ïóôÞ äéåäñéêÞ ïìÜäá (âë. 3.4.4). Ùò ãíùóôüí, hiCD (âë. 4.2.15). Ç ðçëéêï-

ïìÜäáD hi Ý·åé ôÜîç

|D hi| = |D|
|hi| =

2


= 2

ïðüôå åßíáé êõêëéêÞ (êáé, êáô' åðÝêôáóç, áâåëéáíÞ, âë. 2.2.17). ÊáôÜ óõíÝðåéáí,

ôï áíôßóôñïöï ôïý (ii) ôÞò ðñïôÜóåùò 4.4.2 äåí åßíáé ðÜíôïôå ïñèü (äéüôé ç ßäéá ç

D äåí åßíáé áâåëéáíÞ).

4.4.9 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  Ôüôå ãéá ôéò äõíÜìåéò ôùí
óôïé·åßùí ôÞò ðçëéêïïìÜäáò  éó·ýåé ç éóüôçôá

() =  ∀ ∈  êáé ∀ ∈ Z

Áðïäåéîç. ¼ôáí  = 0 Þ  = 1 ç éóüôçôá åßíáé ðñïöáíÞò. Ãéá  ∈ N åñãáæüìá-

óôå ìå ôç âïÞèåéá ôÞò êëáóéêÞò ìáèçìáôéêÞò åðáãùãÞò. Áò õðïèÝóïõìå üôé ç åí

ëüãù éóüôçôá éó·ýåé ãéá êÜðïéïí öõóéêü áñéèìü  ≥ 1 Ôüôå

()+1 = () () = () () = () = +1

ÅÜí  ∈ ZrN0 ôüôå−  0 ïðüôå åöáñìüæïíôáò ôï áíùôÝñù áðïäåé·èÝí ãéá ôïí

− ôï (i) ôÞò ðñïôÜóåùò 4.4.2, êáèþò êáé ôï (iii) ôÞò ðñïôÜóåùò 2.1.11, ëáìâÜ-

íïõìå

() = (()−1)− = (−1)− = (−1)− = 

Ôåëéêþò ëïéðüí, () =  ∀ ∈  êáé ∀ ∈ Z ¤
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4.4.10 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  E  Ãéá ïéïäÞðïôå  ∈  ç
ôÜîç ôïý óôïé·åßïõ  ôÞò  éóïýôáé ìå

ord() =

½ ∞ üôáí  ∈  ∀ ∈ N
min

©
 ∈ N |  ∈ 

ª
 óôçí áíôßèåôç ðåñßðôùóç

Áðüäåéîç. ¸óôù ôõ·üí óôïé·åßï  ∈  ÅÜí  ∈  ãéá êÜèå  ∈ N ôüôå Ý·ïõìå
 = () 6=  ∀ ∈ N ïðüôå ord() =∞ ÅÜí { ∈ N |  ∈ } 6= ∅ êáé

 := min{ ∈ N |  ∈ } ôüôå = min{ ∈ N | () = } = ord() ¤

4.4.11 ÐáñÜäåéãìá. Ç ðçëéêïïìÜäá (QZ+) (âë. 4.4.7) åßíáé ðåñéïäéêÞ. ÐñÜã-

ìáôé° ãéá ïéïíäÞðïôå  ∈ Q õðÜñ·ïõí   ∈ Z   0 ôÝôïéïé þóôå íá éó·ýåé ç

éóüôçôá  = 

 Áðü ôéò ðñïôÜóåéò 4.4.9 êáé 4.4.10 Ýðåôáé üôé

 ( + Z) =  + Z = + Z = Z⇒  ∈ Z⇒ ord( + Z) ≤  ∞

4.4.12 Ðñüôáóç. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá, ôüôå

exp() | exp() ∀ ∈ NSubg()

Áðïäåéîç. ÅÜí E  êáé  ∈  ôüôå ãéá ôçí ðëåõñéêÞ êëÜóç  Ý·ïõìå

()ord() = ord() =  =  =  =⇒ ord() | ord()

Åî áõôïý Ýðåôáé üôé

exp() = åêð({ord()|  ∈ }) | åêð({ord()|  ∈ }) = exp()

(Âë. ôï (i) ôÞò ðñïôÜóåùò 2.3.25.) ¤

I Éäéüôçôåò ôïý öõóéêïý åðéìïñöéóìïý. Ôá óôïé·åßá äïèåßóáò ðçëéêïïìÜäáò

 åßíáé ïé åéêüíåò ôùí óôïé·åßùí ôÞò  ìÝóù ôïý åðéìïñöéóìïý (4.31). Ç ìå-

ëÝôç ôùí éäéïôÞôùí ôïõ åßíáé, ùò åê ôïýôïõ, áðáñáßôçôç ãéá ôçí ïìáäïèåùñçôéêÞ

ðåñéãñáöÞ ôÞò ßäéáò ôÞò 

4.4.13 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  Ç öõóéêÞ åðßññéøç

 :  −→   7−→ () :=  (4.31)

(âë. 4.4.1) åßíáé Ýíáò åðéìïñöéóìüò ïìÜäùí Ý·ùí ôçí  ùò ðõñÞíá ôïõ êáé (ãé'
áõôüí ôïí ëüãï) êáëåßôáé, éäéáéôÝñùò, öõóéêüò åðéìïñöéóìüò ôÞò  åðß ôÞò 

Áðüäåéîç. Áñêåß íá áðïäåßîïõìå üôé ç  åßíáé ïìïìïñöéóìüò ïìÜäùí êáé üôé

Ker() =  Ãéá ïéáäÞðïôå óôïé·åßá  0 ∈  Ý·ïõìå

(
0) = (0) = () (0) = ()


(

0)

ÅîÜëëïõ, Ker() = { ∈ 
¯̄
() =  } = { ∈  | =  } =  ¤
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4.4.14 Ðüñéóìá. ¸óôù õðïïìÜäá ìéáò ïìÜäáò ( ·) Ôüôå E  åÜí êáé ìüíïí
åÜí ç áðïôåëåß ôïí ðõñÞíá åíüò ïìïìïñöéóìïý ïìÜäùí  : ( ·) −→ ( ∗) 
Áðüäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 4.4.13 êáé ôï ðüñéóìá 4.2.31. ¤

4.4.15 Ðüñéóìá. (Èåþñçìá áíôéóôïé·ßóåùò õðïïìÜäùí ìÝóù ôïý  ) ¸óôù
( ·) ìéá ïìÜäá êáé Ýóôù E  Ôüôå ïñßæåôáé ç áìöéññéðôéêÞ áðåéêüíéóç

Subg(;) 3 
Ψ

7−→ () ∈ Subg()

áðü ôï óýíïëï Subg(;) ôùí õðïïìÜäùí ôÞò  ðïõ ðåñéÝ·ïõí ôçí  åðß ôïý
óõíüëïõ Subg() ôùí õðïïìÜäùí ôÞò ðçëéêïïìÜäáòÙò åê ôïýôïõ, êÜèå
õðïïìÜäá ôÞò ðçëéêïïìÜäáò  ïöåßëåé íá åßíáé ôÞò ìïñöÞò () = 

üðïõ 23  ìéá õðïïìÜäá ôÞò ðïõ ðåñéÝ·åé ôçíÅðéðñïóèÝôùò, éó·ýïõí ôá áêü-
ëïõèá:

(i) Ãéá12 ∈ Subg(;) áëçèåýåé ç êÜôùèé áìößðëåõñç óõíåðáãùãÞ

1 v 2 ⇐⇒ 1 v 2

(ii) Ç Ψ êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí

(Subg(;)v) êáé (Subg()v)

(âë. 2.1.30, 2.1.32, êáé A.2.26)

(iii) (1 ∩2)  = (1) ∩ (2)  ∀ (12) ∈ Subg(;)2
(iv) h12i  = h12i  ∀ (12) ∈ Subg(;)2
(v) Ãéá12 ∈ Subg(;) ìå1 v 2 éó·ýåé ç éóüôçôá

|2 : 1| = |2 : 1|

(vi) Ãéá 1 2 ∈ Subg() ìå 1 v 2 éó·ýåé ç éóüôçôá

|2 : 1| = |()−1(2) : ()−1(1)|

Áðïäåéîç. ¸ðåôáé Üìåóá ýóôåñá áðü åöáñìïãÞ ôïý èåùñÞìáôïò áíôéóôïé·ßáò

õðïïìÜäùí 2.4.7, ôÞò ðñïôÜóåùò 4.1.57 êáé ôïý ðïñßóìáôïò 4.1.58 ãéá ôïí öõóéêü

åðéìïñöéóìü (4.31). ¤

4.4.16 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  ÅÜí Ýíá óôïé·åßï  ∈ 

Ý·åé ôÜîç ord() =  ∈ N ôüôå ord() =  ∈ N êáé | 
Áðïäåéîç. Áñêåß íá åöáñìïóèåß ôï (iv) ôÞò ðñïôÜóåùò 2.4.3 ãéá ôïí öõóéêü åðé-

ìïñöéóìü (4.31). ¤
23ÓçìåéùôÝïí üôé ãéá êÜèå õðïïìÜäá  ôÞò  ðïõ ðåñéÝ·åé ôçí  Ý·ïõìå  E  (ëüãù ôÞò ðñïôÜóåùò 4.2.19,
ýóôåñá áðü åíáëëáãÞ ôùí ñüëùí ôùí óå áõôÞí ðáñáôåèåéóþí õðïïìÜäùí êáé), ïðüôå ç åéêüíá () ôÞò
ìÝóù ôïý öõóéêïý åðéìïñöéóìïý (4.31) åßíáé áö' åáõôÞò ðçëéêïïìÜäá.
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4.4.17 ÐáñÜäåéãìá. ÅÜí èåùñÞóïõìå ôçí õðïïìÜäá  := hii ôÞò ïìÜäáò Q ôùí

ôåôñáíßùí (âë. 2.2.11), ôüôå åßíáé ðñïöáíÝò üôé C QQ = { j} êáé üôé ç
ðëåõñéêÞ êëÜóç j = {j−jk−k} (ùò óôïé·åßï ôÞò Q) Ý·åé ôÜîç 2 åíþ ôï j

(åíôüò ôÞòQ) Ý·åé ôÜîç 4

4.4.18 Ðñüôáóç. ¸óôù  Ýíá óýóôçìá ãåííçôüñùí ìéáò ïìÜäáò ( ·) êáé Ýóôù
 E  Ôüôå

 = h{ |  ∈ }i 

Áðïäåéîç. Óýìöùíá ìå ôï (i) ôÞò ðñïôÜóåùò 2.4.9,

 = () = (hi) =

()

®


üðïõ () =
©
()

¯̄
 ∈ 

ª
= { |  ∈ }  ¤

4.4.19 Ðüñéóìá. ¸óôù ìéá õðïïìÜäá ìéáò êõêëéêÞò ïìÜäáò ( ·) Ôüôå ç
åßíáé êõêëéêÞ. Åéäéêüôåñá, ãéá êÜèå ãåííÞôïñá  ôÞò  Ý·ïõìå  = hi 
Áðüäåéîç. Çùò êõêëéêÞ åßíáé áâåëéáíÞ (âë. 2.2.17), ïðüôå ç åßíáé ïñèüèåôç

(âë. 4.2.6). Ùò åê ôïýôïõ, ïñßæåôáé ç ðçëéêïìÜäá  Áñêåß ëïéðüí íá åöáñìï-

óèåß ç ðñüôáóç 4.4.18 ãéá ôï = {} üðïõ  ïéïóäÞðïôå ãåííÞôïñáò ôÞò  ¤

4.4.20 ÐáñáôÞñçóç. ÅÜí ç åßíáé ìéá ïñèüèåôç êõêëéêÞ õðïïìÜäá ìéáò ïìÜäáò

( ·) ôüôå çðçëéêïïìÜäá äåí åßíáé êáô' áíÜãêçí êõêëéêÞ. Åðß ðáñáäåßãìáôé,
èåùñþíôáò ôÞ äéåäñéêÞ ïìÜäáD4 = h i êáé ôçí


2
®
C D4 ðáñáôçñïýìå üôé

D4

2
®
=

©


2
® ¯̄

 ∈ { }ª®
= {2®   ◦ 2®   ◦ 2®  ( ◦ ) ◦ 2®}

êáé üôé
¡
 ◦ 2®¢2 = 2 ◦ 2® = idE4 ◦


2
®
=

2
®
¡

 ◦ 2®¢2 = 2 ◦ 2® = 2®
êáé ¡

( ◦ ) ◦ 2®¢2 = ( ◦ )2 ◦ 2® = ( ◦ ( ◦ ) ◦ ) ◦ 2®
=

¡
 ◦ ( ◦ −1) ◦ ¢ ◦ 2® = 2 ◦ 2® = 2® 

¢ñá êáèÝíá åê ôùí óôïé·åßùí◦2®  ◦2®  (◦)◦2® Ý·åé ôÜîç 2Áõôü óç-

ìáßíåé üôé ç ðçëéêïïìÜäáD4

2
®
åßíáé áâåëéáíÞ ìç êõêëéêÞ (êáé êáô' áíÜãêçí

éóüìïñöç ìå ôçí ïìÜäáV ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein, âë. 3.5.6).

I Ôï «áíôßóôñïöï» ôïý èåùñÞìáôïò ôïý Lagrange ãéá áâåëéáíÝò ïìÜäåò. ÅÜí
ç ( ·) åßíáé ïéáäÞðïôå ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá, ôüôå ôá (ii) êáé (iii) ôÞò

ðñïôÜóåùò 4.4.2, óå óõíäõáóìü ìå ôï èåþñçìá 4.4.21, ìáò äßäïõí ôç äõíáôüôçôá

åðáãùãéêÞò áðïäåßîåùò ôÞò õðÜñîåùò ìéáò õðïïìÜäáò  ôÞò  ôÜîåùò || = 

ãéá êÜèå äéáéñÝôç  ôÞò || 
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4.4.21 Èåþñçìá. («Èåþñçìá ôïý Cauchy ãéá áâåëéáíÝò ïìÜäåò»)

¸óôù ( ·) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá. ÅÜí  | ||  üðïõ  êÜðïéïò ðñþ-
ôïò áñéèìüò, ôüôå ∃ ∈ r{} : ord() =  Þôïé ç êõêëéêÞ ïìÜäá hi åßíáé ìéá
õðïïìÜäá ôÞò  ôÜîåùò  (âë. (2.9)).

Áðïäåéîç. Åî õðïèÝóåùò,  | ||  ïðüôå ∃ ∈ N : || =  Èá åöáñìüóïõìå

ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  ÅÜí  = 1 ôüôå

|| =  êáé ord() |  ãéá êÜèå  ∈  (âë. 4.1.27), ïðüôå ord() =  ãéá êÜèå

 ∈ r{} Ãéá   1 õðïèÝôïõìå üôé êÜèå áâåëéáíÞ ïìÜäá  ìå || =  üðïõ

 ∈ N    äéáèÝôåé êÜðïéï óôïé·åßï ôÜîåùò  ÅðåéäÞ   1 ç  äéáèÝôåé ìç

ôåôñéììÝíåò ãíÞóéåò õðïïìÜäåò (âë. 4.1.35). Äéáêñßíïõìå äýï ðåñéðôþóåéò:

Ðåñßðôùóç ðñþôç. Ç ôÜîç êÜðïéáò åî áõôþí ôùí õðïïìÜäùí, áò ôçí ðïýìå 

äéáéñåßôáé äéÜ ôïý  Ôüôå

∃ ∈ N    : || = 

ÊáôÜ ôçí åðáãùãéêÞ ìáò õðüèåóç, ç  äéáèÝôåé êÜðïéï óôïé·åßï  ôÜîåùò 

ÅðåéäÞ  ∈  ï éó·õñéóìüò åßíáé áëçèÞò óå áõôÞí ôçí ðåñßðôùóç.

Ðåñßðôùóç äåýôåñç. Ï  äåí äéáéñåß ôçí ôÜîç êáìßáò ìç ôåôñéììÝíçò ãíÞóéáò õðïï-
ìÜäáò ôÞò Ôüôå ãéá ïéáäÞðïôå ìç ôåôñéììÝíç ãíÞóéá õðïïìÜäá  ôÞò Ý·ïõìå

|| =  = | : | · ||
 - || =⇒

B.3.16
ìêä( ||) = 1

⎫⎬⎭ =⇒
B.2.9

 | | : |⇒ ∃ ∈ N : | : | = 

ÅðåéäÞ ç  åßíáé áâåëéáíÞ,  C  (âë. 4.2.6). ÅðïìÝíùò ïñßæåôáé ç ðçëéêïïìÜäá
 ç äå ôÜîç ôçò éóïýôáé ìå || = | : | =  (âë. 4.4.2), üðïõ    äéüôé
(åî õðïèÝóåùò) ||  1 Óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 4.4.2 ç ðçëéêïïìÜäá
 åßíáé áâåëéáíÞ. Åöáñìüæïíôáò ôçí åðáãùãéêÞ ìáò õðüèåóç ãé' áõôÞí, êáôï-
·õñþíïõìå ôçí ýðáñîç åíüò óôïé·åßïõ  ∈  (ãéá êÜðïéï  ∈ ) ôÜîåùò 
(åíôüò ôÞò !). Áõôü óçìáßíåé üôé



 = () =  = ⇒ 

 ∈  =⇒
4.1.28

()|| =  = (
||) =⇒

2.3.8
ord(||) | 

áð' üðïõ Ýðåôáé üôé ord(||) ∈ {1 } Ôï åíäå·üìåíï íá éó·ýåé ord(||) = 1

(⇔ || = ) áðïêëåßåôáé, äéüôé åí ôïéáýôç ðåñéðôþóåé èá êáôáëÞãáìå óôçí áêü-

ëïõèç áíôßöáóç:

()
||
= || =  =  =  =⇒

4.1.27
 | || 

ÅðïìÝíùò, || ∈  ìå ord(||) =  ¤

4.4.22 Èåþñçìá. («Ôï áíôßóôñïöï ôïý èåùñÞìáôïò Lagrange ãéá áâåëéáíÝò ïìÜäåò»)

¸óôù ( ·) ìéá áâåëéáíÞ ïìÜäá ôÜîåùò || =  ∈ N Ôüôå ãéá êÜèå  ∈ N ìå  | 
õðÜñ·åé ìéá õðïïìÜäá  ôÞò  ôÜîåùò || = 

Áðïäåéîç. Èá åöáñìüóïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò

ðñïò ôïí  Ãéá  = 1 ï éó·õñéóìüò åßíáé ðñïöáíþò áëçèÞò. Ãéá   1 õðïèÝ-

ôïõìå üôé áõôüò åßíáé áëçèÞò ãéá êÜèå áâåëéáíÞ ïìÜäá ôÜîåùò   ÅÜí  = 1
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ôüôå ëáìâÜíïõìå ùò  ôçí ôåôñéììÝíç õðïïìÜäá ôÞò  ÅÜí   1 ôüôå õðÜñ-

·åé êÜðïéïò ðñþôïò áñéèìüò  ðïõ äéáéñåß ôïí ÊáôÜ ôï èåþñçìá 4.4.21 õðÜñ·åé

 ∈ r{} : ord() = |hi| =  ÅðåéäÞ ç  åßíáé áâåëéáíÞ, hi E  (âë. 4.2.6).

ÅðïìÝíùò ïñßæåôáé ç ðçëéêïïìÜäá  hi  ç äå ôÜîç ôçò éóïýôáé ìå | hi| = 


(âë. 4.4.2 (iii)). Óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 4.4.2 ç ðçëéêïïìÜäá  hi
åßíáé áâåëéáíÞ. Åöáñìüæïíôáò ôçí åðáãùãéêÞ ìáò õðüèåóç ãé' áõôÞí, êáôï·õñþ-

íïõìå ôçí ýðáñîç ìéáò õðïïìÜäáò  ôÞò  hi ôÜîåùò || = 

(áöïý 


| 


).

ÊáôÜ ôï (ii) ôÞò ðñïôÜóåùò 2.4.6, (hi)
−1() v  üðïõ hi :  −→  hi

ï öõóéêüò åðéìïñöéóìüò ôÞò  åðß ôÞò  hi  Áðü ôï (ii) ôïý ðïñßóìáôïò 4.1.13

óõíÜãåôáé üôé¯̄̄
(hi)

−1()
¯̄̄
=
¯̄̄
Ker(hi)

¯̄̄
· || = |hi| · || =  · 


= 

Áõôü óçìáßíåé üôé o éó·õñéóìüò åßíáé êáé óå áõôÞí ôçí ðåñßðôùóç áëçèÞò (êáèü-

óïí åßíáé áñêåôü íá åðéëÝîïõìå ùò ôçí (hi)
−1()). ¤

I ¸íá ·ñÞóéìï êñéôÞñéï ìç áðëüôçôáò. Ôï èåþñçìá 4.4.23 ìðïñåß íá éäùèåß

ùò ìéá ãåíßêåõóç ôïý èåùñÞìáôïò 3.5.1 ôïý Cayley (óôçí ðåñßðôùóç ðïõ ðåñéïñé-

æüìáóôå óå ðåðåñáóìÝíåò ïìÜäåò áíáöïñÜò) êáé ìáò ðáñÝ·åé ìéá åý·ñçóôç éêáíÞ

óõíèÞêç ãéá íá ìçí åßíáé ìéá åîåôáæüìåíç ðåðåñáóìÝíç ïìÜäá ( ·) áðëÞ.

4.4.23 Èåþñçìá. («ÔÝ·íáóìá ôïý Poincarª».) ¸óôù ( ·) ìéá ïìÜäá. ÕðïèÝ-
ôïõìå üôé õðÜñ·åé ìéá ãíÞóéá (ü·é êáô' áíÜãêçí ïñèüèåôç) õðïïìÜäá  ôÞò  ðå-
ðåñáóìÝíïõ äåßêôç, áò ðïýìå | : | =:  üðïõ  ≥ 2 ÅðéëÝãïíôáò Ýíá óýóôçìá
áñéóôåñþí åêðñïóþðùí Á ôÞò åíôüò ôÞò  ïñßæïõìå ôçí áðåéêüíéóç

Θ :  −→ S{|∈Á}  7−→ Θ () := 

üðïõ () :=  ∀ ∈Á. Ç ΘÇ åßíáé ïìïìïñöéóìüò ïìÜäùí. ÅðéðñïóèÝôùò,
éó·ýïõí ôá áêüëïõèá 24:

(i) Ker(Θ) v 

(ii) ÅÜí v  êáé E  ôüôå v Ker(Θ)

(iii) ∃ E  : v  ìå | : | =  ∞  |  êáé | !
(iv) ÅÜí ç  åßíáé ðåðåñáóìÝíç êáé || - ! ôüôå Ker(Θ) 6= {} ïðüôå ç  äåí
åßíáé áðëÞ.

Áðïäåéîç. Êáô' áñ·Üò èá áðïäåßîïõìå üôé ç Θ åßíáé ïìïìïñöéóìüò. ÅÜí

1 2 ∈  ôüôå Θ (12) = 12 = 1 ◦ 2 = Θ (1) ◦ Θ (2)  äéüôé
ãéá êÜèå  ∈ A,

12 () = (12)  = 1 (2) = 1 (2 ()) 

24Ôï èåþñçìá 3.5.1 ôïý Cayley (ãéá ðåðåñáóìÝíåò ïìÜäåò) Ýðåôáé áðü ôï (i) ôïý ðáñüíôïò èåùñÞìáôïò üôáí ç 

åßíáé ç ôåôñéììÝíç õðïïìÜäá ôÞò
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(i) Ï ðõñÞíáò ôïý ïìïìïñöéóìïý Θ åßíáé ï

Ker(Θ) =
©
 ∈ 

¯̄
 = id{|∈A }

ª
= { ∈  |() =  ∀ ∈ A}

= { ∈  | =  ∀ ∈ A} = © ∈ 
¯̄
−1 ∈  ∀ ∈ A

ª
=
©
 ∈ 

¯̄
 ∈ −1 ∀ ∈ A

ª
=
\
∈A

−1

ÅðåéäÞ Ker(Θ) ⊆ −1∀ ∈ A êáé (äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå

íá õðïèÝóïõìå üôé)  ∈ A (âë. 4.1.15), Ý·ïõìå

Ker(Θ) ⊆ −1 =  v  =⇒
2.1.20

Ker(Θ) v 

(ii) ÅÜí v  êáé E ôüôå ãéá êÜèå  ∈ A Ý·ïõìå

 ∈ −1 ⊆ −1∀ ∈  =⇒  ∈
\
∈A

−1∀ ∈ 

ïðüôå ⊆ Ker(Θ) v  =⇒
2.1.20

 v Ker(Θ)

(iii) Áñêåß íá èÝóïõìå :=Ker(Θ) Ôüôå E  (ëüãù ôïý ðïñßóìáôïò 4.2.31),

 v  (ëüãù ôïý (i)),  E  (ëüãù ôÞò ðñïôÜóåùò 4.2.19),  v  (ëüãù

ôïý (i) ôïý ðïñßóìáôïò 4.4.15) êáé

|| = | : | || = | : | || =  || 

üðïõ ç ðñþôç éóüôçôá Ýðåôáé áðü ôï èåþñçìá 4.1.20 êáé ç äåýôåñç áðü ôï (v) ôïý
ðïñßóìáôïò 4.4.15. Åí óõíå·åßá, ëáìâÜíïíôáò õð' üøéí üôé ç åéêüíá Im(ΘÇ) ôïý
ïìïìïñöéóìïýΘÇ åßíáé ìéá õðïïìÜäá ôÞòS{|∈A} (âë. 2.4.6 (i)), ðáñáôçñïýìå
üôé ç åðéññéðôéêÞ áðåéêüíéóç  3  7−→ Θ () =  ∈ Im(Θ) åßíáé
éóïìïñöéóìüò, äéüôé åßíáé ïìïìïñöéóìüò (áöïý 12 = 1 ◦ 2 ãéá ïéáäÞðïôå
óôïé·åßá 1 2 ∈ ) Ý·ùí ùò ðõñÞíá ôïõ ôçí ïìÜäá

{ ∈ | = S{|∈A}} = { ∈ | = } = {} = {} = {}

(Bë. ðñüôáóç 2.4.15.) Áõôü óçìáßíåé üôé

|| = |Im(Θ)| ≤
¯̄
S{|∈A}

¯̄
=
¯̄
Scard(A)

¯̄
= |card(A)|! = !

KáôÜ óõíÝðåéáí, || =  ∞ êáé  |  = | : | Áðü ôçí Üëëç ìåñéÜ,

Im(Θ) v S{|∈A} =⇒
4.1.22

| : | = |Im(Θ)| =  | !

(iv) ÅÜí ç  åßíáé ðåðåñáóìÝíç êáé || - ! ôüôå, óýìöùíá ìå ôï (iii),

| : Ker(Θ)| = ||
|Ker(Θ)| | ! =⇒ Ker(Θ) 6= {}

ÅðåéäÞ Ker(Θ) E  êáé Ker(Θ) v  @  Ý·ïõìå Ker(Θ) C  ïðüôå ç 

äåí åßíáé áðëÞ. ¤
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4.4.24 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäá êáé Ýóôù
 := min { ∈ N | ðñþôïò êáé  | || } 

Ôüôå êÜèå õðïïìÜäá ôÞò  Ý·ïõóá äåßêôç | : | =  åßíáé ïñèüèåôç.

Áðüäåéîç. ÅÜí || | ! ôüôå áðü ôïí ïñéóìü ôïý  ëáìâÜíïõìå || =  ïðüôå

 = {} C  ÅÜí || - ! ôüôå, âÜóåé ôùí (iii) êáé (iv) ôïý èåùñÞìáôïò 4.4.23,

∃ E  :  v  ìå 1  | : | =  ∞  |  êáé | ! ÅðåéäÞ  |   | ||
êáé

 | !
4.1.22⇒  | ||

¾
=⇒
B.2.6

 | ìêä(! ||) = 

Ý·ïõìå | : | =  =  = | : |   v  ⇒  =  C  ¤

4.4.25 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá ôÜîåùò || =   üðïõ 
ðñþôïò áñéèìüò êáé  ∈ N Ôüôå êÜèå õðïïìÜäá ôÞò  ôÜîåùò || = −1 åßíáé
ïñèüèåôç.

Áðüäåéîç. ÅðåéäÞ Ker(Θ) v  =⇒
4.1.22

|Ker(Θ)| | −1 Ý·ïõìå |Ker(Θ)| =  

ãéá êÜðïéïí  ∈ {0 1   − 1} (âë. ëÞììá B.3.14) êáé

|Im(Θ)| = ||
|Ker(Θ)| = − 

ÅðåéäÞ Im(Θ) v S =⇒
4.1.22

|Im(Θ)| | ! êáé − - ! ãéá êÜèå  ∈ {0 1  − 2}
Ý·ïõìå êáô' áíÜãêçí |Im(Θ)| =  (ãéá  =  − 1) ¢ñá

|Ker(Θ)| = −1 = || 
áð' üðïõ Ýðåôáé üôé = Ker(Θ) C  ¤

4.4.26 Ðüñéóìá. ÅÜí ìéá áðëÞ ïìÜäá ( ·) äéáèÝôåé êÜðïéá ãíÞóéá õðïïìÜäá 
ðåðåñáóìÝíïõ äåßêôç, áò ðïýìå | : | =:  üðïõ  ≥ 2 ôüôå áõôÞ åßíáé éóüìïñöç
ìå ìéá õðïïìÜäá ôÞò óõììåôñéêÞò ïìÜäáòS

Áðüäåéîç. ÅðåéäÞ Ker(Θ) E  êáé ç  åßíáé åî õðïèÝóåùò áðëÞ, Ý·ïõìå êáô'

áíÜãêçí åßôå Ker(Θ) = {} åßôå Ker(Θ) =  Ç äåýôåñç ðåñßðôùóç áðï-

êëåßåôáé, êáèüôé  @  ÅðïìÝíùò, Ker(Θ) = {} ïðüôå ï ïìïìïñöéóìüò Θ
åßíáé ìïíïìïñöéóìüò êáé ç ïìÜäá åìöõôåýåôáé óôçíS êáé åßíáé, ùò åê ôïýôïõ,

éóüìïñöç ìå ìéá õðïïìÜäá ôÞò S (âë. ðñïôÜóåéò 2.4.15 êáé 2.4.17). ¤

4.4.27 ÅöáñìïãÞ. ¸óôù  ∈ N  ≥ 5 ÅÜí ï  åßíáé Ýíáò öõóéêüò áñéèìüò ðïõ
éêáíïðïéåß (ôáõôï·ñüíùò) ôéò óõíèÞêåò

1   
!

2
  | !

2


µ
!2



¶
! 

!

2


ôüôå ç åíáëëÜóóïõóá ïìÜäá A äåí äéáèÝôåé êáìßá õðïïìÜäá ôÜîåùò 
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Áðüäåéîç. ÅÜí  ∈ N  ≥ 5 ôüôå, óýìöùíá ìå ôï èåþñçìá 4.3.6, ç A åßíáé

áðëÞ. ÅÜí áõôÞ äéÝèåôå ìéá õðïïìÜäá  ôÜîåùò  üðïõ ï  éêáíïðïéåß ôéò áíù-

ôÝñù óõíèÞêåò, ôüôå èá Ýðñåðå íá éó·ýåé |A : | = !2


êáé (ëüãù ôïý ðïñßóìá-

ôïò 4.4.26)

|A| = !

2
≤
¯̄̄
S!2



¯̄̄
=

µ
!2



¶
!

Þôïé êÜôé åî õðïèÝóåùò áðïêëåéóèÝí. ¤

4.4.28 ÐáñÜäåéãìá. H åíáëëÜóóïõóá ïìÜäá A5 äåí äéáèÝôåé õðïïìÜäåò ôÜîåùò

15 20 Þ 30Ùò åê ôïýôïõ, ç25 A5 áðïôåëåß Ýíá åðéðëÝïí ðáñÜäåéãìá ìç áâåëéáíÞò

ïìÜäáò, ãéá ôçí ïðïßá ôï «áíôßóôñïöï» ôïý èåùñÞìáôïò ôïý Lagrange äåí åßíáé

áëçèÝò (ðñâë. 4.1.47).

4.4.29 Ðüñéóìá. Äåí õößóôáíôáé Üðåéñåò áðëÝò ïìÜäåò Ý·ïõóåò êÜðïéá ãíÞóéá
õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç.

Áðüäåéîç. ¸ðåôáé Üìåóá áðü ôï ðüñéóìá 4.4.26. ¤

4.5 ÈÅÙÑÇÌÁÔÁ ÉÓÏÌÏÑÖÉÓÌÙÍ ÏÌÁÄÙÍ

ÁõôÜ åßíáé ïñéóìÝíá ·áñáêôçñéóôéêÜ èåùñÞìáôáðïõðåñéãñÜöïõí ôïí ôñüðï äéá-

óõíäÝóåùò ôùí ïìïìïñöéóìþí ïìÜäùí, ôùí ïñèüèåôùí õðïïìÜäùí êáé ôùí ðçëé-

êïïìÜäùí.

4.5.1 Èåþñçìá. (Èåìåëéþäåò èåþñçìá ðåñß ðçëéêïïìÜäùí) ¸óôù

 : ( ·) −→ ( ∗)

Ýíáò ïìïìïñöéóìüò ïìÜäùí êáé Ýóôù E  Tüôå õößóôáôáé Ýíáò êáé ìüíïí ïìï-
ìïñöéóìüò ̄ :  −→  ôÝôïéïò þóôå íá éó·ýåé  = ̄ ◦   äçëáäÞ ôÝôïéïò
þóôå ôï äéÜãñáììá





²²

 // 



̄

>>|||||||||||||||||

(4.32)

25Óçìåßùóç. Ç åíáëëÜóóïõóá ïìÜäáA5 äéáèÝôåé áêñéâþò 59 (äéáöïñåôéêÝò) õðïïìÜäåò: Ôçí ôåôñéììÝíç êáé ôçí ßäéá

ôçí A5 (ðïõ åßíáé ïé ìüíåò ïñèüèåôåò õðïïìÜäåò ôçò), 15 õðïïìÜäåò éóüìïñöåò ìå ôçí (Z2+) 10 õðïïìÜäåò éóü-
ìïñöåò ìå ôçí (Z3+) 5 õðïïìÜäåò éóüìïñöåò ìå ôçí (V ◦) 6 õðïïìÜäåò éóüìïñöåò ìå ôçí (Z5+) 10 õðïïìÜäåò
éóüìïñöåò ìå ôçí (S3 ◦) 6 õðïïìÜäåò éóüìïñöåò ìå ôçí (D5 ◦) êáé 5 õðïïìÜäåò éóüìïñöåò ìå ôçí (A4 ◦)
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íá êáèßóôáôáé ìåôáèåôéêü, åÜí êáé ìüíïí åÜí ⊆ Ker()Ïåí ëüãù ïìïìïñöéóìüò
ïñßæåôáé ìÝóù ôïý ôýðïõ

̄() := () ∀ ∈  (4.33)

ÅðéðñïóèÝôùò, üôáí ⊆ Ker() éó·ýïõí ôá áêüëïõèá :

(i) Im(̄) = Im() (Ùò åê ôïýôïõ, ï ̄ åßíáé åðéìïñöéóìüò åÜí êáé ìüíïí åÜí ï 
åßíáé åðéìïñöéóìüò.)

(ii) Ker(̄) = Ker()

(iii) Ï ̄ åßíáé ìïíïìïñöéóìüò åÜí êáé ìüíïí åÜí = Ker()

Áðüäåéîç. Êáô' áñ·Üò õðïèÝôïõìå üôé éó·ýåé ï åãêëåéóìüò  ⊆ Ker() êáé ïñß-

æïõìå ôçí ̄ :  −→  ìÝóù ôïý ôýðïõ (4.33). ÅðåéäÞ ôï óýíïëï []
R = 

äåí åßíáé ìïíïóçìÜíôùò ïñéóìÝíï áðü ôï  ïöåßëïõìå åí ðñþôïéò íá áðïäåßîïõìå

üôé ç ̄ åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç, Þôïé üôé ãéá êÜèå 1 2 ∈  éó·ýåé ç óõ-

íåðáãùãÞ 1 = 2 ⇒ ̄(1) = ̄(2)Áò õðïèÝóïõìå ëïéðüí üôé 1 2 ∈ 

ìå 1 = 2 Ôüôå

−11 2 ∈  ⊆ Ker()⇒ (−11 2) = (1)
−1 ∗ (2) =  

Êáôüðéí «ðïëëáðëáóéáóìïý» áìöïôÝñùí ôùí ìåëþí ôÞò ôåëåõôáßáò éóüôçôáò åî
áñéóôåñþí ìå ôï (1) ëáìâÜíïõìå (1) = (2) áð' üðïõ Ýðåôáé ç æçôïýìåíç
éóüôçôá ̄(1) = ̄(2) Ç ̄ åßíáé ïìïìïñöéóìüò ïìÜäùí, äéüôé ãéá ïéáäÞðïôå
óôïé·åßá 1 2 ∈  Ý·ïõìå

̄(1) ∗ ̄(2) = (1) ∗ (2) = (12) = ̄((12)) = ̄((1)(2))

ÅîÜëëïõ, (̄ ◦ )() = ̄(()) = ̄() = () ∀ ∈ ⇒  = ̄ ◦  ¸óôù

ôþñá  0 :  −→  ïéïóäÞðïôå ïìïìïñöéóìüò ïìÜäùí ãéá ôïí ïðïßï éó·ýåé

 =  0 ◦   Åßíáé ðñüäçëï üôé

 0() =  0(()) = () = ̄(()) = ̄() ∀ ∈ ⇒  0 = ̄ 

¢ñá ï ̄ åßíáé ï ìïíáäéêüò ïìïìïñöéóìüò ðïõ êáèéóôÜ ôï äéÜãñáììá (4.32) ìåôá-

èåôéêü. Êáé áíôéóôñüöùò° åÜí ï ̄ :  −→  åßíáé ï ìüíïò ïìïìïñöéóìüò ðïõ

êáèéóôÜ ôï äéÜãñáììá (4.32) ìåôáèåôéêü, ôüôå ãéá ïéïäÞðïôå  ∈  Ý·ïõìå

() = (̄ ◦ )() = ̄() = ̄() = ̄() =  ⇒  ∈ Ker()

ïðüôå ⊆ Ker()

ÅðéðñïóèÝôùò, üôáí ⊆ Ker() éó·ýïõí ôá áêüëïõèá:

(i) Åê êáôáóêåõÞò, Im(̄) = Im().

(ii) Êáô' áñ·Üò ðáñáôçñïýìå üôé

Ker() v 

 ⊆ Ker()

¾
=⇒
2.1.20

 v Ker()
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ÅðåéäÞ åî õðïèÝóåùò  E  êáé  v Ker() ç ðñüôáóç 4.2.19 ìáò ðëçñïöïñåß

üôé E Ker()ÊáôÜ óõíÝðåéáí, ïñßæåôáé ç ðçëéêïìÜäá Ker()Ðñïöáíþò,

Ker() = { | ∈ Ker()} = { |() =  }
=
©


¯̄
̄(()) = 

ª
=
©


¯̄
̄() = 

ª
= Ker(̄)

(iii) Ôï üôé ï ̄ åßíáé ìïíïìïñöéóìüò⇔  = Ker() åßíáé Üìåóç óõíÝðåéá ôïý (ii)

êáé ôÞò ðñïôÜóåùò 2.4.15. ¤

4.5.2 Ðñþôï Èåþñçìá Éóïìïñöéóìþí. ÅÜí  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìï-
ìïñöéóìüò ïìÜäùí, ôüôå õößóôáôáé ìßá êáé ìüíïí áðåéêüíéóç

̂ : Ker() −→ Im () 

ôÝôïéá þóôå ôï äéÜãñáììá



Ker()

²²

 // Im()

Ker()

̂

;;wwwwwwwwwwwwwwwwww

íá êáèßóôáôáé ìåôáèåôéêü. Ç áðåéêüíéóç áõôÞ ïñßæåôáé ìÝóù ôïý ôýðïõ

̂(Ker()) := () ∀ ∈ 

êáé áðïôåëåß éóïìïñöéóìü ïìÜäùí. Ùò åê ôïýôïõ,

Ker() ∼= Im() 

Áðïäåéîç. Åöáñìüæïíôáò ôï èåþñçìá 4.5.1 óôçí ðåñßðôùóç üðïõ  = Ker()

áðïêôïýìå ôïí ìïíïìïñöéóìü ïìÜäùí

̄ : Ker() −→  Ker() 7−→ ̄(Ker()) := ()

ìå Im(̄) = Im() Áñêåß ëïéðüí íá ïñßóïõìå ôïí ̂ ùò ôïí ̄ ýóôåñá áðü ðåñéïñé-
óìü ôïý ðåäßïõ ôéìþí ôïõ  óôï óýíïëï Im() ⊆  ¤

4.5.3 Ðáñáäåßãìáôá. (i) ÅÜí  ∈ N ôüôå ç áðåéêüíéóç

(Z+) −→ (Z+)  7−→ []

åßíáé Ýíáò åðéìïñöéóìüò ïìÜäùí ìå ðõñÞíá ôïõ ôçí õðïïìÜäá Z ôÞò ïìÜäáò Z
(âë. 2.1.21 (iii)). Óõíåðþò,

ZZ ∼= Z
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Êáé, ãåíéêüôåñá, åÜí  ∈ N êáé  |  ôüôå Z E Z (âë. 2.2.20 (i) êáé 4.2.6)

êáé ïñßæåôáé ç ðçëéêïïìÜäáZZ Ç áðåéêüíéóç

(Z+) −→ (Z 

+)  7−→ [] 




åßíáé Ýíáò åðéìïñöéóìüò ïìÜäùí ìå ðõñÞíá ôïõ ôçí õðïïìÜäá

{|  ∈ Z : [] 

= [0] 


} = {|  ∈ Z :  | 


} = {|  ∈ 


Z} = Z

ôÞò ïìÜäáòZ Óõíåðþò,

ZZ ∼= Z 

 (4.34)

(ii) Ç áðåéêüíéóç

(R+) −→ (S1 ·)  7−→ exp(2)

åßíáé Ýíáò åðéìïñöéóìüò ïìÜäùí ìå ðõñÞíá ôïõ ôçí ïìÜäá (Z+)  ïðüôå

RZ ∼= S1

(iii) Ï åðéìïñöéóìüò ðïëëáðëáóéáóôéêþí ïìÜäùí

(Cr{0} ·) −→ (S1 ·)  7−→ 

|| 

Ý·åé ùò ðõñÞíá ôïõ ôçí (R0 ·) ¢ñá

(Cr{0})R0 ∼= S1

(iv) Ç ðçëéêïïìÜäá ìéáò Üðåéñçò ïìÜäáò ùò ðñïò ìéá ìç ôåôñéììÝíç õðïïìÜäá ôçò

åíäÝ·åôáé íá åßíáé éóüìïñöç ìå ôçí ßäéá ôçí ïìÜäá áíáöïñÜò! Åðß ðáñáäåßãìáôé,

ï åðéìïñöéóìüò (S1 ·) −→ (S1 ·)  7−→ 2 ìáò ïäçãåß óå éóïìïñöéóìü

S1{±1} ∼=−→ S1

(v) ÌÝóù ôïý åðéìïñöéóìïý 4.2.32 (i) êáôáóêåõÜæåôáé éóïìïñöéóìüò

SA
∼=−→ {±1}

(vi) ÌÝóù ôïý åðéìïñöéóìïý 4.2.32 (ii) êáôáóêåõÜæåôáé éóïìïñöéóìüò

GL()SL()
∼=−→ ×

(vii) ÌÝóù ôïý åðéìïñöéóìïý 4.2.32 (iii) êáôáóêåõÜæåôáé éóïìïñöéóìüò

O(R)SO(R)
∼=−→ {±1}

(viii) ÌÝóù ôïý åðéìïñöéóìïý 4.2.32 (iv) êáôáóêåõÜæåôáé éóïìïñöéóìüò

U(C)SU(C)
∼=−→ S1
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4.5.4 Ðüñéóìá. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ðåðåñáóìÝíùí ïìÜ-
äùí. ÅÜí v  ôüôå éó·ýïõí ôá áêüëïõèá :

(i) || = |()| |Ker( |)| 
(ii) || = |Im()| |Ker()| 
(iii) | : | = |Im() : ()| |Ker() : Ker( |)| 
Áðïäåéîç. (i) ¾óôåñá áðü ðåñéïñéóìü ôïý ðåäßïõ ôéìþí ôÞò áðåéêïíßóåùò  |
óôï () ðñïêýðôåé Ýíáò åðéìïñöéóìüò ïìÜäùí

( |)∧ :  −→ ()  7−→ ( |)∧ () :=  | () = ()

(ÓçìåéùôÝïí üôé Ker( |)∧ = Ker( |)) ÊáôÜ ôï èåþñçìá 4.5.2,

Ker( |) = Ker ( |)∧ ∼= Im( |)∧ = ()

üðïõ Ker( |) = Ker() ∩ ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò åðß ôç âÜóåé ôïý

èåùñÞìáôïò 4.1.22 ôïý Lagrange.

(ii) ÄõíÜìåé ôïý (i) (óôçí åéäéêÞ ðåñßðôùóç üðïõ = ) éó·ýåé ç éóüôçôá

|| = |()| |Ker()| 
(iii) Áðü ôá (i) êáé (ii) Ýðåôáé üôé

|| = |()| |Ker()|
|| = |()| ¯̄Ker( |)¯̄

¾
⇒ | : | = |() : ()| ¯̄Ker() : Ker( |)¯̄ 

êáôüðéí åöáñìïãÞò ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange. ¤

4.5.5 Èåþñçìá. (ÌåôáöïñÜ ïìïìïñöéóìïý óå «åðßðåäï ðçëéêïïìÜäùí») ¸óôù
 : (1 ·) −→ (2 ∗) Ýíáò ïìïìïñöéóìüò ïìÜäùí. ÅÜí 1 E 1 êáé 2 E 2

ôüôå ïé åîÞò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) Õößóôáôáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò ðçë. : 11 −→ 22 ï ïðïßïò
êáèéóôÜ ôï äéÜãñáììá

1


1
1
²²

ª

 // 2


2
2

²²
11

ðçë.

//___ 22

ìåôáèåôéêü, Þôïé ï «êáíïíéóôéêüò» ïìïìïñöéóìüò ï åðáãüìåíïò áðü ôïí  ðïõ ïñß-
æåôáé áðü ôïí ôýðï

ðçë.(1) := () ∗2 ∀ ∈ 1

(ii) (1) ⊆ 2

ÅðéðñïóèÝôùò, óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá éêáíïðïéïýíôáé ïé áíùôÝñù óõí-
èÞêåò, éó·ýïõí ôá áêüëïõèá :

(a) O ðçë. åßíáé ìïíïìïñöéóìüò⇐⇒1 = −1(2)

(b) O ðçë. åßíáé åðéìïñöéóìüò⇐⇒ Im() ∗2 = 2
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Áðïäåéîç. Åöáñìüæïõìå ôï èåþñçìá 4.5.1 ãéá ôïí ïìïìïñöéóìü 2

2
◦  (ìå ôéò

11 22 óôç èÝóç ôùí åêåß ðáñáôåèåéóþí ïìÜäùí êáé áíôéóôïß·ùò,

êáé ìå ôïí 2

2
◦  óôç èÝóç ôïý åêåß ðáñáôåèÝíôïò ïìïìïñöéóìïý ). ÓçìåéùôÝïí

üôé

Ker(22
◦ ) = { ∈ 1 |() ∗2 = 2 } = { ∈ 1 |() ∈ 2 } = 

−1(2)

ÅÜí ëïéðüí

(1 =) Ker(
1

1
) ⊆ Ker(2

2
◦ )

ôüôå (1) ⊆ (−1(2)) ⊆ 2 Êáé áíôéóôñüöùò° åÜí (1) ⊆ 2 ôüôå

1 ⊆ −1((1)) ⊆ −1(2) = Ker(2

2
◦ )

¢ñáçáíùôÝñùóõíèÞêç (ii) éóïäõíáìåß, åí ðñïêåéìÝíù, ìå ôç óõíèÞêç ôç äïèåßóá

óôï èåþñçìá 4.5.1. Åí óõíå·åßá, õðïèÝôïíôáò üôé éêáíïðïéïýíôáé ïé (i), (ii), èá

áðïäåßîïõìå ôéò áìößðëåõñåò óõíåðáãùãÝò (a) êáé (b) ãéá ôïí ïìïìïñöéóìü ðçë.

(a) ÅðåéäÞ

Ker(ðçë.) = {1 ∈ 11 |() ∗2 = 2 } = {1 ∈ 11 |() ∈ 2 }
=
©
1 ∈ 11

¯̄
 ∈ −1(2)

ª
= −1(2)1

o ðçë. (ëüãù ôÞò ðñïôÜóåùò 2.4.15) åßíáé ìïíïìïñöéóìüò⇐⇒1 = −1(2)

(b) ÅðåéäÞ Im(ðçë.) = {() ∗2 | ∈ 1 }  ï ðçë. åßíáé åðéìïñöéóìüò åÜí êáé
ìüíïí åÜí

(∀ ∈ 2) (∃ ∈ 1 : () ∗2 = 2)⇔ (∀ ∈ 2)
¡∃ ∈ 1 : ()

−1 ∈ 2

¢


äçëáäÞ åÜí êáé ìüíïí åÜí Im() ∗2 = 2 ¤

4.5.6 ÐáñáôÞñçóç. Áêüìç êáé åÜí, õðïôéèåìÝíïõ üôé éêáíïðïéïýíôáé ïé óõíèÞêåò

(i), (ii) ôïý èåùñÞìáôïò 4.5.5, ï ðçë. : 11 −→ 22 åßíáé éóïìïñöéóìüò
(Þôïé 1 = −1(2) êáé -ôáõôï·ñüíùò- Im() ∗ 2 = 2), ï ßäéïò ï  äåí åßíáé
êáô' áíÜãêçí éóïìïñöéóìüò26. ÁëëÜ ïýôå o åðéìïñöéóìüò27

( |1
)∧ : 1 −→ (1) = (−1(2))  7−→ ( |1

)∧() :=  |1
() = ()

ï äçìéïõñãïýìåíïò ýóôåñá áðü ðåñéïñéóìü ôïý ðåäßïõ ôéìþí ôÞò áðåéêïíßóåùò

 |1
óôï (1) åßíáé êáô' áíÜãêçí éóïìïñöéóìüò

28.

4.5.7 Ðáñáäåßãìáôá. Áò õðïèÝóïõìå üôé äßäïíôáé äõï ïìÜäåò (1 ·)  (2 ∗) êáé
üôé1 E 1 2 E 2

(i) ÅÜí 11
∼= 22 êáé (ôáõôï·ñüíùò) 1

∼= 2 ôüôå äåí Ý·ïõìå êáô' áíÜ-
ãêçí 1 ∼= 2

26Ï  åßíáé åðéìïñöéóìüò⇔2 v Im()⇔ Im() = 2 êáé ìïíïìïñöéóìüò⇔ Ker() = {1}
27ÓçìåéùôÝïí üôé (−1(2)) ⊆ 2

28O (  |1 )
∧ åßíáé ìïíïìïñöéóìüò⇔ {1} = Ker() ∩1(= Ker(  |1 ) = Ker((  |1 )

∧)).
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Åðß ðáñáäåßãìáôé, h[2]4i C Z4 êáé h[1 2] ◦ [3 4]i C V (âë. 4.2.6) ìå

|h[2]4i| = |h[1 2] ◦ [3 4]i| = 2

êáé (ëüãù ôÞò ðñïôÜóåùò 2.3.19, ôïý (ii) ôïý èåùñÞìáôïò 2.4.23 êáé ôùí üóùí

ðñïáíáöÝñèçóáí óôï (ii) ôïý åäáößïõ 3.4.2)(
Z4 h[2]4i ∼= Z2 ∼= V h[1 2] ◦ [3 4]i 

h[2]4i ∼= Z2 ∼= h[1 2] ◦ [3 4]i

)
áëëÜ Z4 À V

¸íáò «áðôüò» éóïìïñöéóìüò Z4 h[2]4i
∼=−→ V h[1 2] ◦ [3 4]i åßíáé ï «êáíïíéóôé-

êüò» (õðü ôçí Ýííïéá ôïý èåùñÞìáôïò 4.5.5) ï åðáãüìåíïò áðü ôïí (ìç åíñéðôéêü,

ìç åðéññéðôéêü) ïìïìïñöéóìü Z4 −→ V ðïõ ïñßæåôáé (óå êÜèå óôïé·åßï ôÞò Z4) ùò
åîÞò:

[0]4 7−→ id [1]4 7−→ [1 3] ◦ [2 4]  [2]4 7−→ id [3]4 7−→ [1 3] ◦ [2 4] 

(ii) ÅÜí 11
∼= 22 êáé åÜí éó·ýåé (ôáõôï·ñüíùò) 1 ∼= 2 (Þ áêüìç êáé

1 = 2), ôüôå äåí Ý·ïõìå êáô' áíÜãêçí 1
∼= 2

Åðß ðáñáäåßãìáôé, ìÝóù ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange êáé ôùí ðñïáíáöåñ-

èÝíôùí óôï åäÜöéï 4.1.44 (ãéá ôç äéåäñéêÞ ïìÜäáD4 = h i) ëáìâÜíïõìå

|D4 : hi| = |D4|
|hi| = 2 =

|D4|
|h2i| =

¯̄
D4 :


 2

®¯̄


Åî áõôïý Ýðåôáé üôé hi CD4 êáé

 2

®
CD4 (âë. 4.2.13), êáé üôé -ùò åê ôïýôïõ-

ïñßæïíôáé ïé ðçëéêïïìÜäåòD4 hi êáéD4

 2

®
 Ðáñáôçñïýìå üôé

D4 hi ∼= Z2 ∼= D4

 2

®
áëëÜ hi ∼= Z4 À V ∼=


 2

®


(Âë. ðñüôáóç 2.3.19 êáé ôï (ii) ôïý èåùñÞìáôïò 2.4.23.) ÌÜëéóôá, ï õðïäçëïýìå-

íïò éóïìïñöéóìüò D4 hi
∼=−→ D4


 2

®
äåí ìðïñåß íá åßíáé «êáíïíéóôéêüò»

(õðü ôçí Ýííïéá ôïý èåùñÞìáôïò 4.5.5) åÜí áîéþóïõìå áðü áõôüí íá åðÜãåôáé

áðü êÜðïéïí áõôïìïñöéóìü ôÞò D4 (¼ðùò èá äïýìå áñãüôåñá óôï åä. 6.1.4,

(hi) = hi * 
 2

®
ãéá êÜèå  ∈ Aut(D4)) Ìïëáôáýôá, õðÜñ·åé éóïìïñ-

öéóìüò D4 hi
∼=−→ D4


 2

®
ï ïðïßïò åßíáé «êáíïíéóôéêüò» áëëÜ åðáãüìåíïò

áðü ôïí (ìç åíñéðôéêü, ìç åðéññéðôéêü) åíäïìïñöéóìü 29 ôÞò D4 ðïõ ïñßæåôáé (óå

êÜèå óôïé·åßï ôÞòD4) ùò åîÞò:

idE4 7−→ idE4   7−→ idE4  2 7−→ idE4  3 7−→ idE4 

 7−→   ◦  7−→   ◦ 2 7−→   ◦ 3 7−→ 

(iii) ÅÜí1
∼= 2 êáé åÜí éó·ýåé (ôáõôï·ñüíùò) 1 ∼= 2 (Þ áêüìç êáé1 = 2),

ôüôå äåí Ý·ïõìå êáô' áíÜãêçí 11
∼= 22 (Âë. åäÜöéï 7.1.7.)

29Ç ïìÜäá Aut(D4) áðïôåëåßôáé áðü 8 áõôïìïñöéóìïýò (êáé åßíáé éóüìïñöç ìå ôçí ßäéá ôçíD4), åíþ ôï ìïíïåéäÝò

End(D4) áðïôåëåßôáé áðü 36 åíäïìïñöéóìïýò.
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4.5.8 Ðüñéóìá. ¸óôù  : (1 ·) −→ (2 ∗) Ýíáò åðéìïñöéóìüò ïìÜäùí.
(i) ÅÜí2 E 2 ôüôå

1
−1(2) ∼= 22

(ii) ÅÜí1 E 1 êáé Ker() ⊆ 1 ôüôå

11
∼= 2(1)

Áðïäåéîç. (i) Áñêåß íá åöáñìïóèåß ôï èåþñçìá 4.5.5. (Åí ðñïêåéìÝíù, ï êáôá-

óêåõáæüìåíïò «êáíïíéóôéêüò» ïìïìïñöéóìüò ðçë. åßíáé éóïìïñöéóìüò.)

(ii) Áñêåß íá åöáñìïóèåß åê íÝïõ ôï èåþñçìá 4.5.5. Ðñïöáíþò, ï êáôáóêåõáæüìå-

íïò «êáíïíéóôéêüò» ïìïìïñöéóìüò ðçë. åßíáé åðéìïñöéóìüò. Áðü ôçí Üëëç ìåñéÜ,

åðåéäÞ

−1 ((1)) = Ker()1 (âë. 4.1.6 (iii))

Ker() ⊆ 1 (åî õðïèÝóåùò)

¾
⇒ 1 = −1 ((1)) 

o ðçë. åßíáé êáé ìïíïìïñöéóìüò. ¤

4.5.9 Èåþñçìá. (Ôýðïò ãéíïìÝíïõ) ÅÜí ïé  åßíáé ðåðåñáóìÝíåò õðïïìÜäåò
ìéáò ïìÜäáò ( ·)  ôüôå

card() =
|| ||
| ∩| = card() (4.35)

Áðüäåéîç. Ïñßæïõìå ôçí åðéññéðôéêÞ áðåéêüíéóç

 :  × −→  ( ) 7−→ ( ) := 

Áñêåß íá áðïäåßîïõìå üôé

card(−1({})) = | ∩|  ∀ ∈ 

äéüôé30 × =
`

∈

−1({}) êáé card(×) = || || ¸óôù ôõ·üí  ∈ 

Ôüôå ∃ ∈   ∈ :  =  êáé

−1({}) = {( −1) | ∈  ∩ } (4.36)

ÐñÜãìáôé° êÜèå äéáôåôáãìÝíï æåýãïò åéëçììÝíï áðü ôï × êáé Ý·ïí ôç ìïñöÞ

( −1) ãéá êÜðïéï  ∈  ∩ áíÞêåé óôçí ßíá −1({}) ôÞò  õðåñÜíù ôïý 

äéüôé

( −1) = ()(−1) = (−1) =  =  = 

30ÅÜí  0 ∈  ìå  6= 0 ôüôå −1({}) ∩ −1({0}) = ∅  äéüôé åÜí õðÞñ·å ∈ −1({}) ∩ −1({0})
ôüôå èá óõìðåñáßíáìå üôé  = () = 0
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Ãéá ôçí áðüäåéîç ôïý áíôéóôñüöïõ åãêëåéóìïý èåùñïýìå ôõ·üí äéáôåôáãìÝíï æåý-

ãïò (0 0) ∈ −1({}) Ôüôå

(0 0) = 00 =  =  ⇒ −10 = 0−1 =:  ∈  ∩

Ãéá ôï êáô' áõôüí ôïí ôñüðï ïñéóèÝí  Ý·ïõìå 0 =  êáé 0 = −1 ïðüôå ç (4.36)

åßíáé áëçèÞò. ÅðïìÝíùò,

card(−1({})) = card({( −1) | ∈  ∩ }) = | ∩| 

êáèüôé ç áðåéêüíéóç  ∩  3  7−→ ( −1) ∈ −1({}) åßíáé áìöéññéðôéêÞ.
(Êáôüðéí åíáëëáãÞò ôùí ñüëùí ôùí  êáé  ç äåýôåñç åê ôùí éóïôÞôùí (4.35)

áðïäåéêíýåôáé ðáñïìïßùò.) ¤

4.5.10 Óçìåßùóç. Óôï èåþñçìá 4.5.9 äåí ðñïûðïèÝôïõìå üôé ôï óýíïëï åßíáé

õðïïìÜäá ôÞò  Åðß ðáñáäåßãìáôé, åÜí  := S3  := h[1 2]i êáé  := h[2 3]i 
ôüôå || = || = 2 êáé | ∩| = 1 êáé ï ôýðïò (4.35) äßäåé card( ◦ ) = 4

Ðñïöáíþò,

4 - 6 =⇒
4.1.22

 ◦ 6v S3

(Ðñâë. 4.1.5.) ÅðéðñïóèÝôùò, [1 2 3] = [1 2 ] ◦ [2 3] êáé

 ◦ = {id [1 2]  [2 3]  [1 2 3]} ⊆ hi v S3
|hi| ≥ 4  3

¾
=⇒
4.1.24

hi = S3

ïðüôåS3 = h[1 2]  [2 3]i  (Ðñâë. 3.2.13 (ii).)

4.5.11 Ðüñéóìá. ÅÜí ïé åßíáé õðïïìÜäåò ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·) ìå

|| 
p
|| êáé || 

p
||

ôüôå ∩ 6= {}

Áðïäåéîç. Áðü ôïí ôýðï ôïý ãéíïìÝíïõ (4.35) Ýðåôáé Üìåóá üôé

|| ≥ card() =
|| ||
| ∩| 

p||p||
| ∩| =

||
| ∩| 

Þôïé üôé | ∩|  1 ¤

4.5.12 ËÞììá. ÅÜí ïé  åßíáé õðïïìÜäåò ìéáò ïìÜäáò ( ·) êáé  E hi 
üðïõ hi := h ∪i (âë. 2.2.2), ôüôå éó·ýïõí ôá åîÞò :
(i) = hi = 

(ii) ∩ E 
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Áðüäåéîç. (i) Èåùñïýìå ôõ·üíôá óôïé·åßá  ∈  êáé  ∈  ÅðåéäÞ

 ∈  E hi
 ∈ hi⇒ −1 ∈ hi

¾
⇒  = (−1) = (−1(−1)−1| {z }

∈

) ∈ 

Ý·ïõìå ⊆  ÅðéðñïóèÝôùò, åðåéäÞ

 ∈  E hi
 ∈ hi

¾
⇒  = (−1| {z }

∈

) ∈ 

Ý·ïõìå  ⊆  Ôåëéêþò ëïéðüí,  =  êáé ôï  (óýìöùíá ìå ôçí

ðñüôáóç 4.1.4) åßíáé ìéá õðïïìÜäá ôÞò  ç ïðïßá ðåñéÝ·åôáé óôçí õðïïìÜäá

hi  ÅðåéäÞ ç hi åßíáé ç åëÜ·éóôç õðïïìÜäá ôÞò  ç ïðïßá ðåñéÝ·åé ôçí

Ýíùóç  ∪ ⊆  éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò hi ⊆  ïðüôå

 = hi 
(ii) ÅÜí  := 

 ◦   üðïõ 
 :  −→  ï öõóéêüò åðéìïñöéóìüò êáé

 :  −→   7−→ () := 

ôüôå ç  äßäåôáé áðü ôïí ôýðï

() := 
 (()) = 

 () =  ∀ ∈ 

êáé (ïýóá óýíèåóç äýï ïìïìïñöéóìþí ïìÜäùí) åßíáé ïìïìïñöéóìüò ïìÜäùí ìå

ðõñÞíá ôïõ ôïí

Ker() = { ∈  |  = } = { ∈  |  ∈ } =  ∩

¢ñá ∩ E  (óýìöùíá ìå ôï ðüñéóìá 4.2.31). ¤

4.5.13 Äåýôåñï Èåþñçìá Éóïìïñöéóìþí. ¸óôù üôé ïé  åßíáé äõï õðïïìÜäåò
ìéáò ïìÜäáò ( ·) éêáíïðïéïýóåò ôç óõíèÞêç  E hi  ÅÜí  := 

 ◦ 
åßíáé ç óýíèåóç ôÞò åíèÝóåùò  :  →   7→ () :=  êáé ôïý öõóéêïý
åðéìïñöéóìïý 

 :  →  ôüôå õößóôáôáé ìßá êáé ìüíïí áðåéêüíéóç
̂ :  ∩ −→  ôÝôïéá þóôå ôï äéÜãñáììá



 =  ◦

##

∩

²²

 // 
 // 

 ∩

̂

55llllllllllllllllllllllllllllll
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íá êáèßóôáôáé ìåôáèåôéêü. Ç áðåéêüíéóç áõôÞ åßíáé éóïìïñöéóìüò. Ùò åê ôïýôïõ,

 ∩ ∼=  (= hi ) (4.37)

ôï äå äéÜãñáììá ôïý Hasse ãéá ôï óýíïëï ôùí õðïïìÜäùí ôÞò ðïõ õðåéóÝñ·ïíôáé
óôïí éóïìïñöéóìü (4.37) (óõìðåñéëáìâáíïìÝíçò ôÞò ôåôñéììÝíçò êáé ôÞò éäßáò ôÞò
) åßíáé ôï åîÞò :







wwwwwwwww


GGGGGGGGG

 ∩

wwwwwwwww

GGGGGGGGG

{}

Ðñùôç Áðïäåéîç. Óýìöùíá ìå ôï ëÞììá 4.5.12,  = hi =  êáé

Ker() = ∩ E ÅðïìÝíùò ïñßæïíôáé ïé ðçëéêïïìÜäåò êáé∩

¸óôù () ôõ·üí óôïé·åßï ôÞò ðçëéêïïìÜäáò  (üðïõ  ∈  êáé  ∈ ).

Ôüôå

() = ()() = () = ()() = () =  = ()

ïðüôå ï  åßíáé åðéìïñöéóìüò ïìÜäùí. Åöáñìüæïíôáò ãé' áõôüí ôï 1ï èåþñçìá

éóïìïñöéóìþí 4.5.2 êáôáóêåõÜæïõìå ôïí éóïìïñöéóìü

̂ :  ∩ −→  ( ∩) 7−→ () = 

ìå ôéò åðéèõìçôÝò éäéüôçôåò.

Äåõôåñç Áðïäåéîç. ÅðåéäÞ

( ∩) =  ∩ ⊆ 


−1() = { ∈  |() =  ∈  } =  ∩

Im() =  = hi = 

ï éó·õñéóìüò åßíáé áëçèÞò, ðñïêýðôùí Üìåóá ýóôåñá áðü åöáñìïãÞ ôïý èåùñÞ-

ìáôïò 4.5.5 ãéá ôéò ïñèüèåôåò õðïïìÜäåò∩ êáé ôùí êáé áíôéóôïß·ùò,

êáé ôïí ïìïìïñöéóìü   ¤

4.5.14 ÐáñáôÞñçóç. (i) Óå ïñéóìÝíá óõããñÜììáôá, óôç äéáôýðùóç ôïý 2ïõ èåù-

ñÞìáôïò éóïìïñöéóìþí, áíôß ôÞò óõíèÞêçò “ E hi ”ðáñáôßèåôáé ç óõíèÞêç
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“ E ” Ùóôüóï, ç ðñþôç åßíáé áóèåíÝóôåñç ôÞò äåýôåñçò, äéüôé êáôüðéí åöáñ-

ìïãÞò ôÞò ðñïôÜóåùò 4.2.19 óõìðåñáßíïõìå üôé  E  ⇒  E hi (áöïý
 v hi).
(ii) Óôçí ðåñßðôùóç üðïõ ïé êáé åßíáé ðåðåðåñáóìÝíåò õðïïìÜäåò ôÞò ïìÜäáò

 êáé E hi  ï ôýðïò ôïý ãéíïìÝíïõ (4.35) Ýðåôáé Üìåóá áðü ôïí éóïìïñöé-

óìü (4.37), ôç óçìåßùóç 4.1.21 êáé ôï èåþñçìá 4.1.22 ôïý Lagrange. Ùóôüóï, ôï

èåþñçìá 4.5.9 ìáò ðëçñïöïñåß üôé ï åí ëüãù ôýðïò åîáêïëïõèåß íá éó·ýåé áêüìç
êáé üôáí ôï óýíïëï  äåí åßíáé õðïïìÜäá ôÞò  (Âë. åä. 4.5.10.)

4.5.15 ÐáñÜäåéãìá. ÅÜí  ∈ N êáé åÜí èåùñÞóïõìå ôéò õðïïìÜäåò  := Z
êáé := Z ôÞò (êõêëéêÞò, ðñïóèåôéêÞò) ïìÜäáò (Z+) ôüôå, óýìöùíá ìå ôï (iii)

êáé ôï (iv) ôïý ðïñßóìáôïò 2.2.20, Ý·ïõìå

 ∩ = åêð()Z êáé  + = hi = ìêä()Z

ÅðåéäÞ  := Z E hi = ìêä()Z (âë. 2.2.20 (i) êáé 4.2.6), áðü ôï 2ï

èåþñçìá éóïìïñöéóìþí 4.5.13 Ýðåôáé üôé

Z  åêð()Z ∼= ìêä()Z Z

ÅîÜëëïõ, áðü ôçí (4.34) ëáìâÜíïõìå

Z åêð()


∼= Z  åêð()Z ∼= ìêä()Z Z ∼= Z 
ìêä()



áð' üðïõ óõìðåñáßíïõìå üôé

åêð()


=
¯̄̄
Z åêð()



¯̄̄
=
¯̄̄
Z 

ìêä()

¯̄̄
= 

ìêä()

Þ, éóïäõíÜìùò, üôé ìêä()åêð() =  (Ðñâë. ðñüôáóç31 B.2.29.)

4.5.16 ÐáñÜäåéãìá. ¸óôùV ç ïìÜäá ôùí ôåóóÜñùíóôïé·åßùí ôïýKlein (âë. åäÜ-

öéï 3.4.2 (ii)). Ùò ãíùóôüí,VCS4 (âë. 4.2.21). ¸óôù := { ∈ S4 | (4) = 4} 
Ðñïöáíþò,  ∼= S3 Èá äåßîïõìå üôé V ◦  = S4 ¸óôù ôõ·ïýóá ìåôÜôáîç

 ∈ S4 ÅÜí  (4) = 4 ôüôå Ý·ïõìå  ∈  ⊆ V ◦  ÅÜí  (4) =  ãéá

êÜðïéïí  ∈ {1 2 3} ôüôå ç óõíôéèÝìåíç ìåôÜôáîç  := [ 4] ◦  áíÞêåé óôçí

 (äéüôé áöÞíåé ôï 4 áìåôÜâëçôï). Èåùñþíôáò ôÞí áíôéìåôÜèåóç [ ]  üðïõ

{} = {1 2 3}r{}  6=  óõìðåñáßíïõìå (ìÝóù ôùí (i), (v) êáé (vi) ôÞò ðñï-

ôÜóåùò 3.2.3) üôé

 = [ 4]−1 ◦  = [ 4] ◦  = ([ 4] ◦ [ ]| {z }
∈V

) ◦ ([ ] ◦ | {z }
∈

) ∈ V ◦

31Ç éóüôçôá ìêä()åêð() = || éó·ýåé ãéá ïéïõóäÞðïôå  ∈ Zr{0} ÅðåéäÞ üìùò Z = ||Z
êáé Z = ||Z ãéá ïéïõóäÞðïôå  ∈ Zr{0} êáé áõôÞ Ýðåôáé áðü ôá ðñïáíáöåñèÝíôá, áñêåß êáíåßò, üôáí
 ∈ Zr{0}íá åñãáóèåß ìå ôïõò || êáé || óôç èÝóç ôùí êáé 
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¢ñá üíôùò V ◦  = S4 ÓçìåéùôÝïí üôé V ∩  = {id} äéüôé êáíÝíá áðü ôá

óôïé·åßá ôïý Vr{id} äåí áöÞíåé ôï 4 áìåôÜâëçôï. Ùò åê ôïýôïõ, ìÝóù ôïý 2ïõ

èåùñÞìáôïò éóïìïñöéóìþí 4.5.13 êáôáëÞãïõìå óôï üôé

S3 ∼=  ∼= {id} ∼= S4V

4.5.17 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  E  ôÜîåùò
|| =  ÅÜí ìêä( ||) = 1 ôüôå ç åßíáé ç ìïíáäéêÞ õðïïìÜäá ôÞò  ðïõ
Ý·åé ôÜîç

Áðïäåéîç. ¸óôù ôõ·ïýóá õðïïìÜäá ôÞò  ôÜîåùò || =  ÊáôÜ ôï 2ï èåþ-

ñçìá éóïìïñöéóìþí 4.5.13,

 ∩ ∼=  =⇒ || = | ∩| = 

| ∩|  (4.38)

ÅðåéäÞ

|| | ||
ìêä( ||) = 1

¾
=⇒ ìêä( ||) = 1 =⇒

(4.38)
ìêä( 

|∩|) = 1

Ý·ïõìå

ìêä( 
|∩| ) =


|∩| = 1 =⇒  = | ∩| = || = ||

áð' üðïõ Ýðåôáé üôé =  ¤

4.5.18 Èåþñçìá. («Èåþñçìá áíôéóôïé·ßóåùò ïñèüèåôùí õðïïìÜäùí») ÅÜí

 : ( ·) −→ ( ∗)

åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí êáé

Subg(;Ker()) 3 
Ψ7−→ () ∈ Subg(Im()) (4.39)

ç áìößññéøç ç ïñéóèåßóá óôï ðüñéóìá 2.4.7, ôüôå éó·ýïõí ôá áêüëïõèá :

(i) Ãéá12 ∈ Subg(; Ker()) áëçèåýåé ç êÜôùèé áìößðëåõñç óõíåðáãùãÞ

1 E 2 ⇐⇒ Ψ (1) E Ψ (2) 

(ii) Ãéá12 ∈ Subg(; Ker()) ìå1 E 2 õößóôáôáé éóïìïñöéóìüò

21

∼=−→ Ψ (2) Ψ (1) 

(iii) Ðåñéïñßæïíôáò ôçí áìößññéøç (4.39) óôï óýíïëï

NSubg(;Ker()) = NSubg() ∩ Subg(;Ker())
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üëùí ôùí ïñèüèåôùí õðïïìÜäùí ôÞò ðïõ ðåñéÝ·ïõí ôïí ðõñÞíá Ker() ôÞò  (âë.

4.2.29), ëáìâÜíïõìå ìéá áìößññéøç

NSubg(;Ker()) 3  7−→ () ∈ NSubg(Im())

ç ïðïßá êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí 32

(NSubg(;Ker())E) êáé (NSubg(Im())E) 

(iv) Ψ (NCL(12)) = NCL(Ψ (1) Ψ (2))∀ (12)∈ NSubg(;Ker())2

Áðïäåéîç. (i) Áõôü ðñïêýðôåé áðü ôçí áìöéññéðôéêüôçôá ôÞò Ψ (âë. 2.4.7) êáé

ôçí åöáñìïãÞ ôÞò ðñïôÜóåùò 4.2.30 ãéá ôïí åðéìïñöéóìü

 |2
: 2 −→ (2) (= Ψ (2))

(ii) ÅðåéäÞ (êáôÜ ôï (i))1 E 2 ⇒ Ψ (1) E Ψ (2)  ïñßæåôáé ç ðçëéêïïìÜäá

Ψ (2) Ψ (1) êáé ç áðåéêüíéóç

 := 
(2)
(1)

◦  |2
: 2 −→ (2)(1) (= Ψ (2) Ψ (1))

áðïôåëåß åðéìïñöéóìü ïìÜäùí (ùò óýíèåóç äýï åðéìïñöéóìþí) ìå ðõñÞíá ôïõ ôçí
ïìÜäá

Ker() = { ∈ 2 |() = (1)} = { ∈ 2 |() ∗ (1) = (1)}
= { ∈ 2 |() ∈ (1)} =

©
 ∈ 2

¯̄
 ∈ 

−1((1))
ª

= { ∈ 2 | ∈ 1 } = 1 (äéüôé −1((1)) = 1)

ÅðïìÝíùò, åßíáé äõíáôüí íá åöáñìüóïõìå ôï 1ï èåþñçìá éóïìïñöéóìþí 4.5.2 (ãéá
ôïí åðéìïñöéóìü ) êáé íá êáôáóêåõÜóïõìå ôïí éóïìïñöéóìü

̂ : 21 −→ Ψ (2) Ψ (1)  1 7−→ ̂(1) = () = () ∗Ψ (1) 

(iii) Ôïýôï åßíáé Üìåóï åðáêüëïõèï ôïý (i).

(iv) ÅðåéäÞ ç áìößññéøç Ψ |NSubg(;Ker()) êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý

ôùí óõíäÝóìùí

(NSubg(;Ker())E) êáé (NSubg(Im())E) 

áñêåß íá ·ñçóéìïðïéçèåß ç éóïäõíáìßá ôùí óõíèçêþí (i) êáé (iii) ôÞò ðñïôÜóåùò33

A.2.27, óå óõíäõáóìü ìå ôçí ðñüôáóç 4.2.28 êáé ôï ðüñéóìá 4.2.29. ¤
32Âë. ðñüôáóç 4.2.28 êáé ðüñéóìá 4.2.29.

33Óôç äéáôýðùóç ôïý èåùñÞìáôïò äåí èåùñÞèçêå óêüðéìï íá óõìðåñéëçöèåß êáé ç éäéüôçôá

Ψ (1 ∩2) = Ψ (1) ∩Ψ (2)  ∀ (12) ∈ NSubg(;Ker())2

(ç ïðïßá áðïññÝåé áðü ôçí éóïäõíáìßá ôùí óõíèçêþí (i) êáé (ii) ôÞò ðñïôÜóåùò A.2.27), êáèüôé áõôÞ (üðùò åßäáìå

óôï (iii) ôïý ðïñßóìáôïò 2.4.7) éó·ýåé ãåíéêüôåñá ãéá êÜèå æåýãïò (12) ∈ Subg(;Ker())2 (ÓçìåéùôÝïí üôé
ôï ìÝãéóôï êÜôù öñÜãìá äõï óôïé·åßùí åéëçììÝíùí áðü ôïí óýíäåóìï (NSubg(;Ker())E) ôáõôßæåôáé ìå ôï

ìÝãéóôï êÜôù öñÜãìá áõôþí èåùñïõìÝíùí ùò óôïé·åßùí ôïý óõíäÝóìïõ (Subg(;Ker())v).)
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4.5.19 Ðüñéóìá. ÅÜí  : ( ·) → ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, ôüôå
éó·ýïõí ôá áêüëïõèá :

(i) Ãéá êÜèå ∈ Subg() éó·ýåé ç éóüôçôá

−1(()) = (Ker())

(ii) Ãéá êÜèå ∈ Subg() õößóôáôáé éóïìïñöéóìüò

((Ker()))Ker()
∼=−→ ()

(iii) Ãéá êÜèå  ∈ Subg(Im()) õößóôáôáé éóïìïñöéóìüò 34

−1()Ker()
∼=−→ 

Áðïäåéîç. (i) Ç éóüôçôá áõôÞ Ý·åé Þäç áðïäåé·èåß óôï (iii) ôÞò ðñïôÜóåùò 4.1.6.

ÓçìåéùôÝïí üôé () ∈ Subg(Im()) ïðüôå

Υ (()) = Ψ
−1
 (()) = −1(()) = (Ker()) ∈ Subg(;Ker())

ÌÜëéóôá, óôçí åéäéêÞ ðåñßðôùóç êáôÜ ôçí ïðïßá ∈ Subg(; Ker()), éó·ýåé ç
éóüôçôá (Ker()) =  êáé ç  áðåéêïíßæåôáé ìÝóù ôÞò áìöéññßøåùò Ψ óôçí

() êáôÜ ôá åéùèüôá.

(ii) ÅðåéäÞ(Ker()) ∈ Subg(; Ker()) Ý·ïõìå

Ker() v (Ker())

Ker() E 

¾
=⇒
4.2.19

Ker() E (Ker())

êáé ôï (ii) ôïý èåùñÞìáôïò 4.5.18 ãéá ôéò 1 = Ker() êáé 2 = (Ker()) äßäåé

ôïí éóïìïñöéóìü

((Ker()))Ker() ∼= Ψ (((Ker()))) Ψ (Ker()) = (){} ∼= ()

(iii) Ãéá êÜèå  ∈ Subg(Im()) éó·ýïõí ïé éóüôçôåò

 = (Ψ ◦Υ ) () = Ψ (−1()) = (−1())

êáé ôï (ii) ôïý èåùñÞìáôïò 4.5.18 ãéá ôéò 1 = Ker() êáé 2 = −1() äßäåé ôïí
éóïìïñöéóìü

−1()Ker() ∼= Ψ (−1())Ψ (Ker()) = {} ∼= 

áð' üðïõ Ýðåôáé ôï æçôïýìåíï. ¤
34ÅÜí |Ker()| ∞ êáé || ∞ ôüôå áðü áõôüí êáé áðü ôï èåþñçìá 4.1.22 ôïý Lagrange Ýðåôáé ç éóüôçôá (4.10)
ôïý (ii) ôïý ðïñßóìáôïò 4.1.13.
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4.5.20 Ðüñéóìá. (Èåþñçìá áíôéóôïé·ßóåùò ïñèüèåôùí õðïïìÜäùí ãéá ôoí  )

¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  Ôüôå ãéá ôçí áìößññéøç

Subg(;) 3 
Ψ

7−→ () = () =  ∈ Subg() (4.40)

éó·ýïõí ôá áêüëïõèá :

(i) Ãéá12 ∈ Subg(;) áëçèåýåé ç êÜôùèé áìößðëåõñç óõíåðáãùãÞ

1 E 2 ⇐⇒ 1 E 2

Ôï áíôßóôïé·ï ìíçìïôå·íéêü äéÜãñáììá åßíáé ôï åîÞò:


 // 

2


2
 // 2

1


1
 // 1


 //  ∼= {}

(ii) Ãéá12 ∈ Subg(;) ìå1 E 2 õößóôáôáé éóïìïñöéóìüò

21

∼=−→ (2)  (1) 

(iii) Ðåñéïñßæïíôáò ôçí áìößññéøç (4.40) óôï óýíïëï

NSubg(;) = NSubg() ∩ Subg(;)

üëùí ôùí ïñèüèåôùí õðïïìÜäùí ôÞò ïìÜäáò  ðïõ ðåñéÝ·ïõí ôçí  ëáìâÜíïõìå
ìéá áìößññéøç

NSubg(;) 3  7−→  ∈ NSubg()

ç ïðïßá êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí óõíäÝóìùí

(NSubg(;)E) êáé (NSubg()E) 

(iv) NCL(12) = NCL(12) ∀ (12) ∈ NSubg(;)2

Áðïäåéîç. Áñêåß íá åöáñìïóèåß ôï èåþñçìá 4.5.18 ãéá ôïí öõóéêü åðéìïñöéóìü

 :  −→  ¤
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4.5.21 Ôñßôï Èåþñçìá Éóïìïñöéóìþí. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  E 

Ôüôå

 ∼= ()  () (4.41)

ãéá êÜèå ∈ NSubg(;)
Áðïäåéîç. ËáìâáíïìÝíïõ õð' üøéí ôïý üôé  v  E  =⇒

4.2.19
 E  áõôÞ

Ýðåôáé Üìåóá ýóôåñá áðü åöáñìïãÞ ôïý (ii) ôïý ðïñßóìáôïò 4.5.20 ãéá ôéò ïìÜäåò

1 =  êáé2 =  ¤

4.5.22 ÐáñÜäåéãìá. ÅÜí  ∈ N ôüôå (óýìöùíá ìå ôçí ðñüôáóç 4.2.6) ïé Z
êáé Z åßíáé ïñèüèåôåò õðïïìÜäåò ôÞò (Z+) ÕðïèÝôïíôáò üôé ç Z åßíáé õðïï-

ìÜäá ôÞò Z (ðïõ éóïäõíáìåß ìå ôï üôé  |  âë. 2.2.20 (i)), ôï èåþñçìá 4.5.21

ìáò ðáñÝ·åé éóïìïñöéóìü

ZZ
∼=−→ (ZZ)  (ZZ) 

4.5.23 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  ÅÜí12 ∈ Subg()
ìå1 E 2 ôüôå

21
∼= 2(1(2 ∩))

Áðïäåéîç. Èåùñïýìå ôç óýíèåóç

 := 2

 ◦ 2 : 2 −→ 2  7−→ () = 

üðïõ 2

 : 2 −→ 2 ï öõóéêüò åðéìoñöéóìüò êáé 2 : 2 −→ 2

 7−→ 2() :=  (üðùò óôï 2ï èåþñçìá éóïìïñöéóìþí 4.5.13). Ùò ãíùóôüí, ç

 åßíáé Ýíáò åðéìïñöéóìüò ïìÜäùí ìå ðõñÞíá Ker() = 2 ∩  Áðü ôçí Üëëç

ìåñéÜ, ôï (i) ôïý ðïñßóìáôïò 4.5.19 äßäåé

−1((1)) = 1(Ker()) = 1(2 ∩)

ÅðéðñïóèÝôùò,

1 ∈ NSubg(2) =⇒ (1) ∈ NSubg(Im()) = NSubg((2))

êáé

(1) ∈ NSubg(Im()) =⇒ −1((1)) = 1(2 ∩) ∈NSubg(2;2 ∩)

ÊáôÜ óõíÝðåéáí, ïñßæåôáé ç ðçëéêïïìÜäá21(2 ∩) Åöáñìüæïíôáò ôï (ii)

ôïý èåùñÞìáôïò 4.5.18 ëáìâÜíïõìå

21(2 ∩) ∼= Ψ (2) Ψ (1(2 ∩)) = (2)(1(2 ∩))
= (2) (1(2 ∩))
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Åí óõíå·åßá ðáñáôçñïýìå üôé (1(2 ∩)) = 1 ÐñÜãìáôé° åÜí  ∈ 1

êáé  ∈ 2 ∩ ôüôå

() =  =  ∈ 1 =⇒ (1(2 ∩)) ⊆ 1

Êáé áíôéóôñüöùò° åÜí  ∈  êáé  ∈ 1 ⊆ 2 ôüôå

 =  =  =  = () ∈ (1) ⊆ (1(2 ∩))

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò 1 ⊆ (1(2 ∩)) Áõôü óç-

ìáßíåé üôé

21(2 ∩) ∼= (2)  (1) ∼= 21

üðïõ ç ýðáñîç ôÞò ôåëåõôáßáò ó·Ýóåùò éóïìïñößáò äéáóöáëßæåôáé áðü ôï 3ï èåþ-

ñçìá éóïìïñöéóìþí 4.5.21. ¤

ÁóêÞóåéò

4-1. ÅÜí ( ·) åßíáé ìéá ïìÜäá, íá áðïäåé·èïýí ôá åîÞò:

(i) =  ∀ ∈ Subg()
(ii) ¸óôù ∈ P ()r{∅} ìå = ÅÜí ôï åßíáé ðåðåñáóìÝíï óýíïëï,

ôüôå  v 

(iii) Ôï (ii) äåí åßíáé ðÜíôïôå áëçèÝò åÜí áöáéñåèåß ç ðñïûðüèåóç üôé ôï 

åßíáé ðåðåñáóìÝíï.

4-2. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  ∈ P ()r{∅} ôüôå èÝôïõìå

−1 :=
©
−1

¯̄
 ∈ 

ª


Íá áðïäåé·èåß üôé ôá áêüëïõèá åßíáé éóïäýíáìá:

(i)  v 

(ii) ÅÜí   ∈  ôüôå  ∈  êáé −1 ∈ 

(iii)  j  êáé −1 j 

(iv)  =  êáé −1 = 

(v) ÅÜí   ∈  ôüôå −1 ∈ 

(vi) −1 j 

(vii) −1 = 

4-3. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí12 ∈ Subg() êáé1 v 2 íá áðïäåé-

·èïýí ôá áêüëïõèá:

(i)1 ∩2 = 1( ∩2)

(ii) [1 ∩ = 2 ∩ êáé 1 = 2] =⇒ 1 = 2
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4-4. Íá äïèåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí (i) ôÞò := 4Z åíôüò ôÞò 2Z
êáé (ii) ôÞò := h[18]36i åíôüò ôÞò Z36

4-5. Íá ãñáöåß ç ðïëëáðëáóéáóôéêÞ ïìÜäá Z×15 ùò áðïóõíäåôÞ Ýíùóç áñéóôå-

ñþí ðëåõñéêþí êëÜóåùí ôÞò = h[7]15i (åíôüò ôÞò Z×15).
4-6. Íá äïèåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò  := h ◦ i åíôüò ôÞò

äéåäñéêÞò ïìÜäáòD4 = h i (ôÞò ïñéóèåßóáò óôï åä. 3.4.4).

4-7. Íá äïèåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò  := h[1 2 3]i åíôüò ôÞò
åíáëëÜóóïõóáò ïìÜäáò A4

4-8. Íá äïèïýí ðáñáäåßãìáôá ïìÜäùí  êáé õðïïìÜäùí {} 6=  @ , ïýôùò

þóôå:

(i) || ∞ êáé | : | ∞ (iii) || =∞ êáé | : | ∞

(ii) || ∞ êáé | : | =∞ (iv) || =∞ êáé | : | =∞

4-9. (i) ÅÜí  ∈ Q íá äåé·èåß üôé ôï Z := {|  ∈ Z} áðïôåëåß ìéá õðïïìÜäá

ôÞò (Q+)
(ii) ÅÜí  0 ∈ Q íá äåé·èåß üôé Z v 0Z⇐⇒  = 0 ãéá êÜðïéïí ∈ Z
(iii) ÅÜí  ∈ Z íá ðñïóäéïñéóèïýí ïé äåßêôåò

¯̄
Q : 1


Z
¯̄

¯̄
1

Z : Z

¯̄
êáé¯̄

1

Z : Z

¯̄


4-10. Íá áðïäåé·èåß üôé ç (Q+) äåí äéáèÝôåé êáìßá ãíÞóéá õðïïìÜäá ðåðåñá-

óìÝíïõ äåßêôç êáé üôé äåí åßíáé éóüìïñöç ìå ôçí (Q0 ·). [Õðüäåéîç : ÅÜí
 ∈ N  ≥ 2 ç ãíÞóéá õðïïìÜäá  := h{2 3 5 7 11 13 }i ôÞò (Q0 ·)
Ý·åé äåßêôç Ðñâë. 2.2.5 (iv).]

4-11. Íá áðïäåé·èïýí ôá åîÞò:

(i) Ï äåßêôçò ôÞò (R0 ·) åíôüò ôÞò (Rr{0} ·) (âë. 2.4.2 (iii)) éóïýôáé ìå 2
(ii) Ç ìüíç ãíÞóéá õðïïìÜäá ôÞò (Rr{0} ·) ðåðåñáóìÝíïõ äåßêôç åßíáé ç

(R0 ·) 
4-12. ÅÜí  v  êáé  v  êáé åÜí ç  åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç

åíôüò ôÞò , íá áðïäåé·èåß üôé êáé ç  ∩ åßíáé õðïïìÜäá ðåðåñáóìÝíïõ

äåßêôç åíôüò ôÞò, êáé üôé -åðéðñïóèÝôùò- éó·ýåé ç áíéóïúóüôçôá:

| :  ∩| ≤ | : | 

4-13. ÅÜí êáé åßíáé äõï õðïïìÜäåò ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·)  íá äåé-

·èåß üôé éó·ýåé ç óõíåðáãùãÞ ìêä(| : |  | : |) = 1⇒  = 

4-14. ÅÜí êáé åßíáé äõï õðïïìÜäåò ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·)  íá áðï-

äåé·èïýí ôá áêüëïõèá:

(i) |hi : | ≥ | :  ∩| 
(ii) ÅÜí | :  ∩|  1

2 | : |  ôüôå hi = 

(iii) | :  ∩| = | : |⇔  =  (=  = hi)
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4-15. Íá õðïëïãéóèïýí: (i) Ç ôÜîç ôïý óôïé·åßïõ [5]12+ h[4]12i ôÞò ðçëéêïïìÜäáò
Z12 h[4]12i êáé (ii) ç ôÜîç ôïý óôïé·åßïõ [26]60 + h[12]60i ôÞò ðçëéêïïìÜäáò
Z60 h[12]60i 

4-16. ¸óôù  := h[12]24i @ Z24 Íá ðñïóäéïñéóèïýí ôá óôïé·åßá ôÞò ðçëéêïï-

ìÜäáò Z24/ êáé íá õðïëïãéóèåß ç ôÜîç êáèåíüò åî áõôþí. Åí óõíå·åßá, íá

äåé·èåß üôé Z24/ ∼= Z12
4-17. ¸óôù  := h[13]28i @ Z×28 Íá ðñïóäéïñéóèïýí ôá óôïé·åßá ôÞò ðçëéêïï-

ìÜäáò Z×28/ êáé íá õðïëïãéóèåß ç ôÜîç êáèåíüò åî áõôþí. Åí óõíå·åßá, íá

äåé·èåß üôé Z×28/ ∼= Z6
4-18. Íá ðñïóäéïñéóèåß ôï óýíïëï NSubg(A4) ôùí ïñèüèåôùí õðïïìÜäùí ôÞò

åíáëëÜóóïõóáò ïìÜäáò (A4 ◦)
4-19. ¸óôù  ∈ N  ≥ 3 ÅÜí  v S êáé  :=  ∩ A íá áðïäåé·èåß üôé åßôå

 =  åßôå || = 1
2 || 

4-20. ¸óôù  ∈ N ≥ 3 ÅÜí v S êáé 6v A íá áðïäåé·èåß üôé åßôå ∼= Z2
åßôå ç  åßíáé ìç áðëÞ.

4-21. Íá áðïäåé·èåß üôé ç A4 åßíáé ç ìïíáäéêÞ õðïïìÜäá ôÞòS4 ðïõ Ý·åé ôÜîç 12

4-22. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí v  v  íá áðïäåé·èïýí ôá åîÞò:

(i) ÅÜí  v  ôüôå éó·ýåé ç óõíåðáãùãÞ E  ⇒  ∩  E  ∩ 
(ii) ÅÜí  E  ôüôå éó·ýåé ç óõíåðáãùãÞ E  ⇒  E 

4-23. ¸óôù üôé {}∈N åßíáé ìéá áêïëïõèßá ãíçóßùí õðïïìÜäùí ìéáò ïìÜäáò

( ·) ãéá ôçí ïðïßá éó·ýåé  ⊆ +1 ãéá êÜèå  ∈ N êáé  =
S
∈N

  ÅÜí

 E  ìå  ⊆ +1 ãéá êÜèå  ∈ N êáé  :=
S
∈N

  íá áðïäåé·èåß üôé

 E 

4-24. ¸óôù ( ·) ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò áñéè-

ìüò ðïõ äéáéñåß ôçí ôÜîç ôçò. Íá áðïäåé·èåß üôé ôï := {|  ∈ } áðïôå-
ëåß ìéá õðïïìÜäá ôÞò  ôÜîåùò

||



4-25. ¸óôù ( ·) ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá, üðïõ  = hi êáé || = 

ÅÜí ï ∈ N åßíáé Ýíáò äéáéñÝôçò ôïý  íá áðïäåé·èåß üôé:

(i) | hi| =  êáé

(ii)  hi = h hii 
4-26. ÅÜí  åßíáé ìéá ïñèüèåôç õðïïìÜäá ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·) ìå

ìêä(||  ||) = 1 êáé  ∈  ôÝôïéï, þóôå íá éó·ýåé || =  íá áðïäåé-

·èåß üôé  ∈ 

4-27. ÅÜí  åßíáé ìéá ïñèüèåôç õðïïìÜäá ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·) êáé
 v  ìå ìêä(||  ||) = 1 íá áðïäåé·èåß üôé v 
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4-28. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  E  êáé || =  ∈ N íá áðïäåé·èïýí ôá

áêüëïõèá:

(i)  ∈  ∀ ∈ 

(ii) ÅÜí  ∈  åßíáé Ýíá óôïé·åßï ãéá ôï ïðïßï éó·ýåé  ∈  ãéá êÜðïéïí

 ∈ N ìå ìêä() = 1 ôüôå  ∈ 

4-29. ¸óôù ( ·) ìéá ïìÜäá. ÕðïèÝôïíôáò üôé  E  ìå || =  ∈ N êáé  ∈ N
åßíáé ôÝôïéïò, þóôå ìêä() = 1 íá áðïäåé·èåß üôé ãéá Ýíá óôïé·åßï  ∈ 

éó·ýïõí ôá áêüëïõèá:

(i) ÅÜí ord() =  ôüôå ord() =  (åíôüò ôÞò )

(ii) ÅÜí ord() =  ôüôå ∃0 ∈  : [ord(0) =  êáé  = 0]

4-30. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá ôÜîåùò  Íá áðïäåé·èåß üôé

∃ ∈ P() : [hi =  ìå card() ≤ log2()]

[Õðüäåéîç : ÅÜí  ∈Max-Subg() êáé  ∈ r ôüôå h i =  ÅðåéäÞ

 @  åßíáé äõíáôüí íá ·ñçóéìïðïéçèåß ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôçí

ôÜîç  ôÞòÕðïèÝôïíôáò üôé ç ìðïñåß íá ðáñá·èåß ôï ðïëý áðü log2()

óôïé·åßá, üðïõ := ||  ç  ìðïñåß íá ðáñá·èåß ôï ðïëý áðü log2() + 1

óôïé·åßá. ÁðïìÝíåé íá ëçöèåß õð' üøéí ôï èåþñçìá 4.1.22 ôïý Lagrange.]

4-31. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò 105 ÅÜí  v  ìå || ≥ 36 íá áðïäåé·èåß

üôé = 

4-32. ¸óôù @ S4 ÅÜí ||  8 íá áðïäåé·èåß üôé || = 12

4-33. ÅÜí := hi @ S7 êáé := hi @ S7 üðïõ

 := [1 2 3 4 5] êáé  := [1 3] ◦ [2 4 5] ◦ [6 7] 

íá áðïäåé·èåß üôé ∩ = {id}

4-34. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  v  êáé  v  ìå || = 175 êáé || = 133
íá áðïäåé·èåß üôé ç ïìÜäá ∩ åßíáé êõêëéêÞ.

4-35. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò 21 Íá áðïäåé·èoýí ôá åîÞò:

(i) KÜèå ãíÞóéá õðïïìÜäá ôÞò  åßíáé êõêëéêÞ.

(ii) Ç  äéáèÝôåé êÜðïéï óôïé·åßï ôÜîåùò 3

4-36. ÅÜí ∈ N êáé ìêä() = 1íá áðïäåé·èåß üôé

() + () ≡ 1(mod)

üðïõ  ç óõíÜñôçóç öé ôïý Euler. (Âë. B.4.15.) [Õðüäåéîç : Íá åöáñìïóèåß

êáôáëëÞëùò ôï ðüñéóìá 4.1.30, óå óõíäõáóìü ìå ôï ðüñéóìá B.2.10.]
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4-37. ÅÜí ∈ N êáé ≥ 2 íá áðïäåé·èåß üôé  | ( − 1)  üðïõ  ç óõíÜñ-

ôçóç öé ôïý Euler. (Âë. B.4.15.) [Õðüäåéîç : Íá åöáñìïóèåß ôï èåþñçìá 4.1

.22 ôïýLagrange ãéá ìéá õðïïìÜäá ôÜîåùò ìéáò ïìÜäáò ôÜîåùò ( − 1).]
4-38. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ïé  v  êáé  v  åßíáé ðåðåñáóìÝíåò êáé

 v  íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÅÜí  ∈  êáé  ∈  ôüôå ord() | || ||  (ÉäéáéôÝñùò, åÜí ôï hihi
åßíáé ðåðåñáóìÝíç õðïïìÜäá ôÞò  ôüôå ord() | ord()ord())
(ii) ÅÜí åßíáé ìéá ðåðåñáóìÝíç õðïïìÜäá ôÞò ôüôå éó·ýåé ç óõíåðáãùãÞ

 = 

ìêä(||  ||) = ìêä(||  ||) = 1

)
=⇒  = 

4-39. ¸óôù ( ·) ôõ·ïýóá ðåðåñáóìÝíç ïìÜäá Üñôéáò ôÜîåùò êáé Ýóôù  ìéá

õðïïìÜäá áõôÞò ìå || = 1
2 ||  Íá áðïäåé·èåß üôé ãéá êÜèå  ∈ Subg()

éó·ýïõí ôá åîÞò:

(i) Åßôå v  åßôå | ∩| = 1
2 || 

(ii)  = ( ∩)` ( ∩)  ∀ ∈ r

4-40. ¸óôù  Ýíáò öõóéêüò áñéèìüò≥ 3 êáé ÝóôùD ôï óýíïëï ôùí èåôéêþí áêå-

ñáßùí äéáéñåôþí ôïý  (Âë. B.2.34). Íá áðïäåé·èåß üôé ãéá ôçí -ïóôÞ äéå-

äñéêÞ ïìÜäáD = h i (ôçí ïñéóèåßóá óôï åäÜöéï 3.4.4) éó·ýïõí ôá áêü-

ëïõèá:

(i) O åêèÝôçò 2.3.24 ôÞòD åßíáé ï

exp(D) = åêð( 2) =

½
2 üôáí  ≡ 1(mod 2)
 üôáí  ≡ 0(mod 2)

(ii) ÊÜèå õðïïìÜäá ôÞò D åßíáé åßôå êõêëéêÞ åßôå éóüìïñöç ìå ôçí V åßôå

éóüìïñöç ìå êÜðïéá äéåäñéêÞ ïìÜäá. ÓõãêåêñéìÝíá,

Subg(D) = {|  ∈ D}
` { |  ∈ D  ∈ {0 1  − 1}} 

üðïõ  :=
D

E ∼= Z


êáé

 :=
D
 ◦ −  

E ∼=
⎧⎨⎩
D


 üôáí  ∈ {

2
 }

V üôáí  ≡ 0(mod 2) êáé  = 
2


 ◦ −® ∼= Z2 üôáí  = 

(iii)  @ 0 ⇔ [0 |  êáé  6= 0]  ãéá ïéïõóäÞðïôå  0 ∈ D  @ 

ãéá êÜèå  ∈ {0 1   − 1} êáé 
∼= 0 ãéá ïéïõóäÞðïôå õðïäåßêôåò

 0 ∈ {0 1  − 1}
(iv)Max-Subg(D) = {1}` { |  ∈ D  ðñþôïò  ∈ {0 1  − 1}} 
(v)Min-Subg(D) = {|  ∈ D  ðñþôïò}` { |  ∈ {0 1  − 1}} 
üôáí ï  äåí åßíáé ðñþôïò, êáé={1}` { |  ∈ {0 1  − 1}} üôáí ï  åßíáé
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ðñþôïò

(vi) Ôï óýíïëï ôùí ïñèüèåôùí õðïïìÜäùí ôÞòD åßíáé ôï

NSubg(D) =

½ {|  ∈ D}`{D} üôáí  ≡ 1(mod 2)
{|  ∈ D}`{ 2®   ◦  2® D} üôáí  ≡ 0(mod 2)

(vii) ÅÜí  = 11 22 · · ·    ∈ N 1   ∈ N åßíáé ç êáíïíéêÞ ðáñÜ-

óôáóç (B.19) ôïý  ùò ãéíïìÝíïõ ðñþôùí áñéèìþí 1   ôüôå

card (Subg(D)) = card(D) +
P

∈D

 =
Q
=1
( + 1) +

Q
=1

µ

+1
 −1
−1

¶


card(Max-Subg(D)) = 1 + · · · +  + 1 card(Min-Subg(D)) =  + 

êáé

card (NSubg(D)) =

⎧⎪⎪⎨⎪⎪⎩
1 +

Q
=1
( + 1) üôáí  ≡ 1(mod 2)

3 +
Q
=1
( + 1) üôáí  ≡ 0(mod 2)

(viii)D1
∼= Z2D

∼= D ∀ ∈ Dr{1 2} åíþ ãéá Üñôéïõò 

D2
∼= V D


 2

® ∼= Z2 ∼= D

 ◦  2® 

(ix) Íá ó·åäéáóèïýí ôá äéáãñÜììáôá ôïý Hasse ãéá ôïõò åîÞò óõíäÝ-

óìïõò: (Subg(D5)v) (Subg(D6)v) (Subg(D7)v) (Subg(D8)v) êáé
(Subg(D9)v)

4-41. ¸óôù  Ýíáò ðñþôïò áñéèìüò. ÌÝóù ôÞò õðïïìÜäáò

Z[ 1

] :=

n



¯̄̄
 ∈ Z  ∈ N0

o
ôÞò (Q+) ïñßæïõìå ôçí õðïïìÜäá

Z(∞) := Z[ 1

]Z =

n


+ Z

¯̄̄
 ∈ Z  ∈ N0

o
ôÞò (ðñïóèåôéêÞò) ðçëéêïïìÜäáò (QZ+)  Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) H Z(∞) åßíáé ìéá Üðåéñç, ãíÞóéá õðïïìÜäá ôÞò QZ
(ii) Z(∞) = h{− + Z | ∈ N0}i =

S
∈N0  üðïõ := h− + Zi 

(iii) ord( 

+ Z) =  ãéá êÜðïéïí  ∈ N0  ≤ 

(iv) ÅÜí ∈ N0 ôüôå @  ⇔   

(v) Subg(Z(∞))r{Z(∞)} = {| ∈ N0}  (ÅðïìÝíùò, êÜèå ãíÞóéá

õðïïìÜäá ôÞò Z(∞) åßíáé ðåðåñáóìÝíç êáé êõêëéêÞ, Ý·ïõóá ùò ôÜîç ôçò

ìéá äýíáìç ôïý )

(vi) Ôï óýíïëï Subg(Z(∞)) áðïôåëåß ìéá áëõóßäá ôïý óõíäÝóìïõ

(Subg(Z(∞))v) õðü ôçí Ýííïéá ôïý ïñéóìïý A.2.18 (i). (Ìå Üëëá ëüãéá,
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ãéá ïéåóäÞðïôå ∈ Subg(Z(∞)) éó·ýåé åßôå v  åßôå v )

(vii)Max-Subg(Z(∞)) = ∅
(viii) H Z(∞) äåí åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç.
(ix) Ãéá ïéáäÞðïôå @ Z(∞) éó·ýåé Z(∞) ∼= Z(∞)
(Ç (Z(∞)+) êáëåßôáé, éäéáéôÝñùò, -ó·åäüí êõêëéêÞ ïìÜäá Þ -ïìÜäá ôïý

Prüfer35.)

4-42. Íá äåé·èåß üôé ç ðñïóèåôéêÞ ðçëéêïïìÜäá (QZ+) åßíáé éóüìïñöç ìå ôçí

(E∞ ·) (Âë. 2.3.6 (i).) [Õðüäåéîç : Íá ·ñçóéìïðïéçèåß ôï 1ï èåþñçìá éóï-

ìïñöéóìþí 4.5.2 ãéá ôïí ïìïìïñöéóìüQZ 3 +Z 7−→ exp(2) ∈ Cr{0}]
4-43. Íá áðïäåé·èåß üôé ç ðïëëáðëáóéáóôéêÞ ðçëéêïïìÜäá (S1E∞ ·) åßíáé éóü-

ìïñöç ìå ôçí ðñïóèåôéêÞ ðçëéêïïìÜäá (RQ+)  [Õðüäåéîç : Íá ·ñçóéìï-

ðïéçèåß ôï åä. 4.5.3 (ii) êáé ç Üóêçóç 4-42 óå óõíäõáóìü ìå ôï 3ï èåþñçìá

éóïìïñöéóìþí 4.5.21.]

4-44. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Z(∞) ∼= E∞  (Âë. åä. 2.3.6.)
(ii) ÅÜí ( ·) åßíáé ìéá ïìÜäá ìå  =

S
∈N0  üðïõ ∈ CSubg()

{} = 0 @ 1 @ · · · @  @ +1 @ · · ·
êáé || =  ∀ ∈ N0 ôüôå  ∼= Z(∞)

4-45. ÅÜí  åßíáé Ýíáò ðñþôïò áñéèìüò êáé  ∈ N íá áðïäåé·èåß üôé

E∞E ∼= E∞ 
(Âë. 2.3.6 (ii).) [Õðüäåéîç : Áñêåß íá äåé·èåß üôé ç áðåéêüíéóç

E∞ 3  7−→ 
 ∈ E∞

åßíáé åðéìïñöéóìüò êáé íá åöáñìïóèåß ôï 1ï èåþñçìá éóïìïñöéóìþí 4.5.2.]

4-46. (i) Íá äïèåß ï êáôÜëïãïò ôïý Cayley ãéá ôçí åíáëëÜóóïõóá ïìÜäá (A4 ◦)
(ii) Íá ðñïóäéïñéóèïýí üëïé ïé åðéìïñöéóìïß  : A4 −→ Z3

4-47. Íá ðñïóäéïñéóèåß ôï óýíïëï Hom(QS3) ôùí ïìïìïñöéóìþí áðü ôçí

ïìÜäáQ ôùí ôåôñáíßùí óôç óõììåôñéêÞ ïìÜäá S3

4-48. Ãéá ïéïõóäÞðïôå ∈ N íá áðïäåé·èåß üôé

Hom(ZZ) ∼= Zìêä()

[Õðüäåéîç : ÈÝôïíôáò  := ìêä() íá ïñéóèåß ç

 : Z −→ Hom(ZZ) [] 7−→ ([]) :=  ∀ ∈ Z
35Ðñïò ôéìÞí ôïý Ãåñìáíïý ìáèçìáôéêïýHeinz Prüfer (1896-1934) ðïõ ôçí åéóÞãáãå êáé ìåëÝôçóå ôéò éäéüôçôÝò ôçò
óôï Üñèñï ôïõ Untersuchungen über die Zerlegbarkeit der abzählbaren primären Abelschen Gruppen,

Math. Zeitschrift 17 (1923), 35-61
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üðïõ  ([]) :=


[] ∀ ∈ Z íá äåé·èåß üôé åßíáé (i) ìéá êáëþò ïñéóìÝíç

åðéññéðôéêÞ áðåéêüíéóç êáé (ii) åðéìïñöéóìüò (ðñïóèåôéêþí) ïìÜäùí, êáé

-åí óõíå·åßá- íá õðïëïãéóèåß ï ðõñÞíáò Ker()]

4-49. Íá áðïäåé·èåß üôé ôï óýíïëï

 :=
n³

 

− 

´
∈Mat2×2(R)

¯̄̄
( ) 6= (0 0)

o


åöïäéáóìÝíï ìå ôïí ðïëëáðëáóéáóìü ðéíÜêùí, áðïôåëåß ìéá õðïïìÜäá ôÞò

GL2(R) êáé åßíáé éóüìïñöç ìå ôçí (Cr{0} ·)
4-50. ÅÜí  :=UT2 (R)× (âë. D.2.21) êáé

 :=
n³

1 

0 1

´
∈ 

¯̄̄
 ∈ R

o


íá áðïäåé·èïýí ôá åîÞò:

(i) C 

(ii) H åßíáé éóüìïñöç ìå ôçí (R+)
(iii) H  åßíáé áâåëéáíÞ (ðáñüôé ç ßäéá ç  äåí åßíáé áâåëéáíÞ).

4-51. Èåùñïýíôáé ïé áêüëïõèåò õðïïìÜäåò ôÞò UT3 (R)× (âë. D.2.21):

 :=

½µ
1 0 

0 1 

0 0 

¶ ¯̄̄̄
   ∈ R   0

¾
  :=

½µ
1 0 

0 1 

0 0 1

¶ ¯̄̄̄
  ∈ R

¾


Ná áðïäåé·èïýí ôá åîÞò:

(i) C 

(ii) H ðçëéêïïìÜäá  åßíáé éóüìïñöç ìå ôçí (R0 ·)
4-52. Íá áðïäåé·èåß üôé ãéá êÜèå  ∈ N  ≥ 2 êáé ãéá êÜèå ìç ôåôñéììÝíï ìåôá-

èåôéêü äáêôýëéï  ìå ìïíáäéáßï óôïé·åßï õößóôáíôáé éóïìïñöéóìïß (ðïëëá-

ðëáóéáóôéêþí) ïìÜäùí:

UT ()
×
UT[1] () ∼= Diag() ∼= LT ()

×
LT[1] () 

(Âë. D.1.6 (i), D.2.21 êáé D.2.23.)

4-53. ¸óôù (+ ·) Ýíá óþìá êáé Ýóôù ôõ·þí  ∈ N. Åðß ôïý (óõíÞèïõò)  -

äéáíõóìáôéêïý ·þñïõ  (ôá óôïé·åßá ôïý ïðïßïõ ôáõôßæïíôáé ìå (1 × )-

ðßíáêåò ìå åããñáöÝò åéëçììÝíåò áðü ôï  ) ïñßæåôáé, äïèÝíôïò åíüò ðßíáêá

A ∈ GL( ) êáé åíüò b ∈  ç áðåéêüíéóç:

Ab : 
 −→  x 7−→ Ab(x) := xA

| + b

ÈÝôïíôáò Trans() := {Ib|b ∈ } êáé

AGL( ) := {Ab|A ∈ GL( )b ∈ } 
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íá áðïäåé·èïýí ôá áêüëïõèá:

(i) AGL( ) v S  (H AGL( ) êáëåßôáé, éäéáéôÝñùò, óõó·åôéêÞ (ãåíéêÞ

ãñáììéêÞ) ïìÜäá âáèìïý  õðåñÜíù ôïý )

(ii) Trans() E AGL( ) êáé AGL( )/Trans(
) ∼= GL( )

(iii) ÇAGL( ) åßíáé éóüìïñöç ìå ôçí (ðïëëáðëáóéáóôéêÞ) ïìÜäá ðéíÜêùí⎧⎪⎨⎪⎩
⎛⎜⎝

11 · · · 1 1

.

.

.
.
.
.

.

.

.

1 · · ·  
0 · · · 0 1

⎞⎟⎠
¯̄̄̄
¯̄̄ A = ()1≤≤ ∈ GL( )

b = (1  ) ∈ 

⎫⎪⎬⎪⎭ @ GL+1( )

(iv) Ç AGL1(Z3) åßíáé éóüìïñöç ìå ôçíS3

4-54. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ïìÜäá. ÅÜí  v  v  ìå  E  íá

áðïäåé·èåß üôé ∈Max-Subg()⇔  ∈Max-Subg()
4-55. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ïìÜäá êáé Ýóôù v  ÅÜí | : | =  ãéá

êÜðïéïí ðñþôï áñéèìü  íá áðïäåé·èåß üôé  ∈Max-Subg()
4-56. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ïìÜäá. ÅÜí  åßíáé äõï ìç ôåôñéììÝíåò

ïñèüèåôåò õðïïìÜäåò ôçò ìå  ∩ = {} êáé åÜí | : | = | : | = 

üðïõ  Ýíáò ðñþôïò áñéèìüò, íá äåé·èåß üôé ç  åßíáé ìéá ìç êõêëéêÞ ïìÜäá

ôÜîåùò 2

4-57. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò || =  üðïõ   åßíáé äõï ðñþôïé áñéèìïß

ìå    Íá áðïäåé·èåß üôé õðÜñ·åé ôï ðïëý ìßá  ∈ Subg() ôÜîåùò
|| =  êáé üôé áõôÞ (åÜí õðÜñ·åé) ïöåßëåé íá åßíáé ïñèüèåôç. [Õðüäåéîç : Íá

·ñçóéìïðïéçèåß ôï ðüñéóìá 4.5.11, ôï èåþñçìá 4.1.22 ôïý Lagrange êáé ôï

ðüñéóìá 4.4.24. Óçìåßùóç. Áñãüôåñá (óôï ëÞììá 5.7.9) èá äïýìå üôé õðÜñ·åé

ðÜíôïôå áêñéâþò ìßá õðïïìÜäá ôÞò  ìå áõôÞí ôçí éäéüôçôá.]

4-58. ¸óôù  : ( ·) −→ ( ∗) Ýíáò åðéìïñöéóìüò ïìÜäùí, üðïõ ç  åßíáé áâå-

ëéáíÞ ôÜîåùò || = 105 Íá äåé·èåß üôé ç  äéáèÝôåé ïñèüèåôåò õðïïìÜäåò

Ý·ïõóåò äåßêôåò 3 5 7 15 21 35 êáé 105 åíôüò áõôÞò. [Õðüäåéîç : Íá ·ñç-

óéìïðïéçèåß ôï 1ï èåþñçìá éóïìïñöéóìþí 4.5.2, ôï èåþñçìá 4.4.22 êáé ôï

ðüñéóìá 4.4.15.]

4-59. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ïìÜäá. Íá áðïäåé·èïýí ôá åîÞò:

(i) ÅÜí ç  åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç, ôüôå êÜèå ãíÞóéá õðïïìÜäá

ôçò ðåñéÝ·åôáé óå êÜðïéá ìåãéóôéêÞ õðïïìÜäá ôçò.

(ii) ÅÜí õðïôåèåß üôé ç  åßíáé ðåðåñáóìÝíç, ôüôå äéáèÝôåé ìßá êáé ìüíïí

ìåãéóôéêÞ õðïïìÜäá åÜí êáé ìüíïí åÜí åßíáé êõêëéêÞ ôÜîåùò || =  üðïõ

 åßíáé Ýíáò ðñþôïò áñéèìüò êáé  ∈ N
4-60. ¸óôù  ∈ N  ≥ 3 êáé Ýóôù  := hi @ S ç õðïïìÜäá ç ðáñáãüìåíç

áðü Ýíáí -êýêëï  üðïõ 2 ≤  ≤  êáé  ≡ 0(mod 2) Íá äåé·èåß üôé ç

ðçëéêïïìÜäáAA åßíáé êõêëéêÞ ôÜîåùò 
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4-61. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  v  v  ìå  E  íá áðïäåé·èåß üôé ãéá

êÜèå  v  éó·ýïõí ôá åîÞò:

(i) E  êáé ∩  E  ∩ 
(ii) Ç ðçëéêïïìÜäá ∩  ∩  åßíáé åìöõôåýóéìç åíôüò ôÞò 

4-62. Ìéá ïìÜäá ( ·) êáëåßôáé ìåôáêõêëéêÞ üôáí õðÜñ·åé  ∈ NSubg() ôÝ-
ôïéá þóôå áìöüôåñåò ïé  êáé  íá åßíáé êõêëéêÝò. Ãéá ìéá ìåôáêõêëéêÞ

ïìÜäá ( ·) íá áðïäåé·èïýí ôá åîÞò:

(i) ÊÜèå ∈ Subg() åßíáé ìåôáêõêëéêÞ.
(ii) ÅÜí  ∈ NSubg() ôüôå ç ðçëéêïïìÜäá  åßíáé ìåôáêõêëéêÞ.

4-63. ¸óôù ( ·) ìéá ïìÜäá. ÕðïèÝôïíôáò üôé

 v   v   E   v  ∩ êáé ()() v 

íá áðïäåé·èåß üôé v  êáé ()() = 

4-64. ¸óôù  ôõ·üí ìç êåíü óýíïëï êáé Ýóôù  ∈ S (Âë. 3.1.1.) Ùò öïñÝáò ôÞò

 ïñßæåôáé (ãåíéêåýïíôáò ôá ðñïáíáöåñèÝíôá óôï åä. 3.1.4 (i)) ôï óýíïëï

supp() := { ∈ | () 6= } 

(a) ÅÜí   ∈ S íá áðïäåé·èïýí ôá åîÞò:

(i) supp(−1) = supp() êáé supp( ◦ ) j supp()∪ supp()

(ii) supp( ◦  ◦ −1) = { () ∈ |  ∈ supp()} 
(iii) ÅÜí supp()∩ supp() = ∅ ôüôå  ◦  =  ◦ 
(b) ÈÝôïíôáò

S() := { ∈ S| supp() ðåðåñáóìÝíï}

íá áðïäåé·èïýí ôá åîÞò:

(i) S() E S (Ç S() êáëåßôáé, éäéáéôÝñùò, ðåñéïñéóìÝíç óõììåôñéêÞ

ïìÜäá åðß ôïý )

(ii) S() = S ⇔ ôï  åßíáé ðåðåñáóìÝíï óýíïëï.

(iii) ÅÜí ôï  åßíáé áðåéñïóýíïëï, ôüôå ç S() åßíáé ìéá Üðåéñç ðåñéïäéêÞ

ïìÜäá êáé çS/S() Üðåéñç ðçëéêïïìÜäá.

(iv) ÊÜèå ðåðåñáóìÝíç ïìÜäá åßíáé åìöõôåýóéìç åíôüò ôÞò S(N)

4-65. ¸óôù  ôõ·üí áðåéñïóýíïëï êáé Ýóôù ôõ·ïýóá  ∈ S() Åî ïñéóìïý,

card(supp()) =  ãéá êÜðïéïí  ∈ N ÅÜí supp() = {1  } åß-

íáé ç áíáãñáöÞ ôùí óôïé·åßùí ôïý öïñÝá ôÞò  (ýóôåñá áðü êáôÜëëçëç

áñßèìçóç áõôþí) êáé  : supp() −→ {1  } ç áìößññéøç () := 

∀ ∈ {1  } ôüôå ç áðåéêüíéóç

Ssupp()
−→ S  7−→ () :=  ◦  ◦ −1 
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áðïôåëåß éóïìïñöéóìü ïìÜäùí. ¸óôù e : supp() −→ supp() ï ðåñéïñé-

óìüò ôÞò  åðß ôïý öïñÝá ôçò (Þôïé e() := () ∀ ∈ {1  }). Ðñï-

öáíþò, e ∈ Ssupp() êáé (e) ∈ S Ç  êáëåßôáé Üñôéá (êáé áíôéóôïß-

·ùò, ðåñéôôÞ) ìåôÜôáîç ôÞò S() üôáí (e) ∈ A (êáé áíôéóôïß·ùò, üôáí

(e) ∈ SrA). ÈÝôïíôáò

A() :=
©
 ∈ S()

¯̄
 Üñôéá ìåôÜôáîç

ª
íá áðïäåé·èïýí ôá áêüëïõèá:

(i) A() C S() ìå äåßêôç
¯̄
S() : A()

¯̄
= 2 (Ç A() êáëåßôáé, éäéáéôÝñùò,

ðåñéïñéóìÝíç åíáëëÜóóïõóá ïìÜäá åðß ôïý )

(ii) Ç A() åßíáé ìéá Üðåéñç áðëÞ ïìÜäá.

4-66. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ðåðåñáóìÝíùí ïìÜäùí êáé

Ýóôù v  Íá áðïäåé·èïýí ôá åîÞò:

(i) |()| | ìêä(||  |Im()|)
(ii) |Im() : ()| | ìêä(| : |  |Im()|)
(iii) ÅÜí ìêä(||  |Im()|) = 1 ôüôå v Ker()

[Õðüäåéîç : Íá ·ñçóéìïðïéçèåß ôï ðüñéóìá 4.5.4 êáé ôï èåþñçìá 4.1.22 ôïý

Lagrange.]

4-67. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ïìÜäùí êáé Ýóôù v  Íá

áðïäåé·èåß üôé

| : | = |Im() : ()| |Ker() : Ker( |)| 
Óçìåßùóç. Ðñüêåéôáé ãéá ôç ãåíßêåõóç ôïý (iii) ôïý ðïñßóìáôïò 4.5.4 áêüìç

êáé óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ïé  êáé  äåí åßíáé êáô' áíÜãêçí ðå-

ðåñáóìÝíåò. [Õðüäåéîç : Íá ·ñçóéìïðïéçèåß ôï (iii) ôÞò ðñïôÜóåùò 4.1.6 êáé

ç ðñüôáóç 4.4.2, óå óõíäõáóìü ìå ôá èåùñÞìáôá 4.5.5 êáé 4.5.13.]

4-68. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  ∈ End() êáé  ∈ Subg() ìå () v 

êáé | : | ∞ íá áðïäåé·èåß üôé

| : Im()| = | : ()| |Ker() : Ker( |)| 

4-69. ¸óôù ( ·) ìéá áâåëéáíÞ ïìÜäá. ÅÜí 1 2 ∈ End() åßíáé ôÝôïéïé, þóôå íá

éêáíïðïéïýíôáé ïé óõíèÞêåò:

(a) Im(2) v Ker(1) (⇐⇒ 1(2()) = {}) 
(b) Im(1) v Ker(2) (⇐⇒ 2(1()) = {}) êáé
(c) |Ker(1) : Im(2)| ∞ |Ker(2) : Im(1)| ∞

ôüôå ïñßæåôáé ôï ëåãüìåíï ðçëßêï ôïý Herbrand36

HQ(; 1 2) := |Ker(1) : Im(2)|
|Ker(2) : Im(1)|

36Ðñïò ôéìÞí ôïý ÃÜëëïõ ìáèçìáôéêïý Jacques Herbrand (1908-1931) ðïõ ôï åéóÞãáãå.
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ãéá ôçí  ùò ðñïò ôïõò 1 2 ÕðïèÝôïíôáò üôé v  ìå

1|  2| ∈ End()

íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÅÜí ïñßæåôáé ôï HQ(; 1 2) êáé | : |  ∞ ôüôå ïñßæåôáé êáé ôï

HQ(; 1|  2|) êáé éó·ýåé ç éóüôçôá

HQ(; 1 2) = HQ(; 1|  2|)
(Ùò åê ôïýôïõ, ôï ðçëßêï ôïý Herbrand ãéá ôçí  äåí ìåôáâÜëëåôáé áíôéêá-

èéóôÜìåíï ìå åêåßíï ôÞò  õðü ôçí ðñïûðüèåóç üôé | : | ∞)

(ii) Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá | : | =∞ åÜí äýï åê ôùí ðçëßêùí

HQ(; 1 2) HQ(; 1|  2|) êáé HQ(; ðçë.
1  

ðçë.
2 )

ôïý Herbrand ïñßæïíôáé, ôüôå ïñßæåôáé êáé ôï ôñßôï êáé éó·ýåé ç éóüôçôá

HQ(; 1 2) = HQ(; 1|  2|)HQ(; ðçë.
1  

ðçë.
2 )

(Åí ðñïêåéìÝíù, 
ðçë.
 ∈ End() ìå ðçë.

 () := () ∀ ∈  êáé

 = 1 2 Âë. 4.5.5.)

4-70. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ∈ Subg() íá áðïäåé·èïýí ôá åîÞò:

(i) Ôï óýíïëï Rä.ð.ê. := { ( ) ∈ ×|∃( ) ∈  × :  = } áðïôå-
ëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïý õðïêåéìÝíïõ óõíüëïõ ôÞò ïìÜäáò áíá-

öïñÜò. (Ç êëÜóç éóïäõíáìßáò []Rä.ð.ê.
:= { ∈ | ( ) ∈ Rä.ð.ê.} ïéïõäÞ-

ðïôå  ∈  ùò ðñïò ôçíRä.ð.ê. éóïýôáé åìöáíþò ìå ôï óýíïëï

 := {| ( ) ∈  ×} 
ÊÜèå óýíïëï ôÞò ìïñöÞò  üðïõ  ∈  êáëåßôáé, éäéáéôÝñùò, äéðëÞ

ðëåõñéêÞ êëÜóç ôÞò ( ·) ùò ðñïò ôéò  êáé  Óýìöùíá ìå ôï èåþñçìá

A.1.14, ôï óýíïëï üëùí ôùí äéðëþí ðëåõñéêþí êëÜóåùí ôÞò ( ·) ùò ðñïò
ôéò  êáé áðïôåëåß Ýíáí äéáìåëéóìü ôïý óõíüëïõ )

(ii) ÏéáäÞðïôå äéðëÞ ðëåõñéêÞ êëÜóç ôÞò ( ·) ùò ðñïò ôéò êáé éóïýôáé

ìå ìéá Ýíùóç áñéóôåñþí ðëåõñéêþí êëÜóåùí ôÞò êáé ìå ìéá Ýíùóç äåîéþí

ðëåõñéêþí êëÜóåùí ôÞò åíôüò ôÞò ( ·)
(iii) card(−1) = card()∀ ∈ 

(iv) ÅÜí || ∞ êáé || ∞ ôüôå

card() =
|| ||

| ∩ −1|  ∀ ∈ 

(v) ÅÜí || ∞ o card() äåí åßíáé áðáñáéôÞôùò äéáéñÝôçò ôÞò || 
(vi) ÅÜí || ∞ êáé åÜí {1  } åßíáé Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí

ôïý óõíüëïõ  ùò ðñïò ôçíRä.ð.ê. (âë. åä. A.1.12), ôüôå

|| =
X

=1

|| ||¯̄
 ∩ −1

¯̄ 
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Óõæõãßá

¼ðùò Ý·ïõìå Þäç äåé óôï êåöÜëáéï 4 ìéá áðü ôéò ðéï èåìåëéþäåéò Ýííïéåò ôÞòÈåù-

ñßáò ÏìÜäùí åßíáé áõôÞ ôïý äåßêôç ìéáò õðïïìÜäáò äïèåßóáò ïìÜäáò ( ·) Ï
ïñéóìüò ôïý äåßêôç | : | óôçñßæåôáé óôïí äéáìåëéóìü ôïý õðïêåéìÝíïõ óõíüëïõ

 ôÞò ïìÜäáò áíáöïñÜò óå ðëåõñéêÝò êëÜóåéò. Ï äéáìåëéóìüò ôïý õðáãïñåýåôáé

áðü ôç ó·Ýóç éóïäõíáìßáòR (ÞR). ¸íáò åðéðñüóèåôïò äéáìåëéóìüò ôïý (óå

äéðëÝò ðëåõñéêÝò êëÜóåéò ) åäüèç óôçí Üóêçóç 4-70. ¸íáò åîßóïõ óçìáíôéêüò äéá-

ìåëéóìüò ôïý óõíüëïõ åðéôõã·Üíåôáé ìÝóù ìéáò Üëëçò ó·Ýóåùò éóïäõíáìßáò, ôÞò
ëåãïìÝíçò óõæõãßáò. Ð.·., ç åßíáé ïñèüèåôç õðïïìÜäá åÜí êáé ìüíïí åÜí ìðïñåß

íá ãñáöåß ùò Ýíùóç êÜðïéùí êëÜóåùí óõæõãßáò (âë. 5.1.15). Ç óõæõãßá (ç ïðïßá

ìðïñåß íá ïñéóèåß êáôáëëÞëùò ôüóïí åðß ôïý üóïí êáé åðß ôïýóõíüëïõSubg()

Þ áêüìç êáé åðß ïëïêëÞñïõ ôïý óõíüëïõP ()r{∅}) äéåõêïëýíåé ðïéêéëïôñüðùò
ôç ìåëÝôç ôÞò ( ·)  éäßùò üôáí áõôÞ åßíáé ìç áâåëéáíÞ. ÅîÜëëïõ, ï õðïëïãéóìüò

ôïý ðëçèéêïý áñéèìïý ôÞò êëÜóåùò óõæõãßáò åíüò óôïé·åßïõ  ∈  áíÜãåôáé óôïí

õðïëïãéóìü ôïý äåßêôç | : C()| ôïý ëåãïìÝíïõ êåíôñïðïéçôÞ C() ôïý  (âë.

5.2.10). Ïé êåíôñïðïéçôÝò C() êáé ïé ïñèïèÝôåò N() ïéùíäÞðïôå õðïóõíü-

ëùí∅ 6=  ⊆  êáèþò êáé ôï êÝíôñï () :=C() êáé ç ìåôáèÝôñéá õðïïìÜäá
0 ôÞò ( ·) áðïôåëïýí åéäéêÝò õðïïìÜäåò  ïé éäéüôçôåò ôùí ïðïßùí ìáò ðáñÝ·ïõí
·ñÞóéìåò ðëçñïöïñßåò ãéá ôçí åóùôåñéêÞ äüìçóç ôÞò ßäéáò ôÞò ( ·)  (Óõãêåêñé-
ìÝíá, ç C() åßíáé ç õðïïìÜäá ç áðáñôéæüìåíç áðü ôá óôïé·åßá ôÞò ( ·) ðïõ
ìåôáôßèåíôáé áìïéâáßùò ìå êÜèå óôïé·åßï ôïý  ç N() åßíáé ç ìÝãéóôç õðïï-

ìÜäá ôÞò ( ·) åíôüò ôÞò ïðïßáò ôï óýíïëï åßíáé ïñèüèåôï, ôï êÝíôñï() áðï-

ôåëåß ôï «áâåëéáíü ìÝñïò» ôÞò ( ·) êáé, ôÝëïò, ç ìåôáèÝôñéá õðïïìÜäá 0 åßíáé ç
åëÜ·éóôç ïñèüèåôç õðïïìÜäá ôÞò ( ·)  ïýôùò þóôå ç áíôßóôïé·ç ðçëéêïïìÜäá

íá åßíáé áâåëéáíÞ.)

Óôï ðáñüí êåöÜëáéï, åêôüò ôïý ïñéóìïý ôÞò åííïßáò ôÞò óõæõãßáò êáé ôùí êý-

ñéùí éäéïôÞôùí ôùíðñïáíáöåñèåéóþíõðïïìÜäùí, ðåñéÝ·ïíôáé êáé åöáñìïãÝò ôÞò

ó·åôéêÞò èåùñßáò ãéá óõãêåêñéìÝíåò ïìÜäåò, üðùò ð.·. óõìâáßíåé ìå ôçí ðáñÜèåóç
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ôùí êëÜóåùí óõæõãßáò ôùí äéåäñéêþí ïìÜäùí D ôçí ðåñéãñáöÞ ôùí êëÜóåùí

óõæõãßáò ôùí óõììåôñéêþí êáé åíáëëáóóïõóþí ïìÜäùíS êáé A (ðïõ äåóìåýåé

ìéá ïëüêëçñç åíüôçôá), ôçí ðåñéãñáöÞ ôùí êÝíôñùí äéáöüñùí ïìÜäùí ðéíÜêùí

ê.Ü. Åðßóçò, åðéóçìáßíïíôáé ïñéóìÝíá åðáêüëïõèá ôÞò åîéóþóåùò êëÜóåùí óõ-
æõãßáò, äßäåôáé ç áðüäåéîç ôïý èåùñÞìáôïò ôïý Cauchy êáé ðáñáôßèåíôáé áñêåôÜ

ðïñßóìáôá ðïõ ðñïêýðôïõí áðü áõôü.

5.1 Ç ÅÍÍÏÉÁ ÔÇÓ ÓÕÆÕÃÉÁÓ

¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  v  Tüôå  E  ⇔ −1 =  ãéá êÜèå
 ∈  (âë. 4.2.1 êáé 4.2.2). Ç ãåíéêüôåñç èåþñçóç õðïóõíüëùí ôÞò ìïñöÞò

−1 := {}{−1} := ©−1 | ∈ 
ª ⊆ 

ãéá ïéáäÞðïôå ìç êåíÜ õðïóýíïëá  ⊆  êáé ãéá êÜðïéï  ∈  ìáò õðïäåéêíýåé

ôïí ôñüðï êáèïñéóìïý ìéáò äéìåëïýò ó·Ýóåùò ðïõ åßíáé ãíùóôÞ ùò óõæõãßá.

5.1.1 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ùò

R
óõæ. ⊆ (P ()r{∅})× (P ()r{∅})

óõìâïëßæïõìå ôç äéìåëÞ ó·Ýóç åðß ôïýP ()r{∅} ôçí ïñéæüìåíç ùò åîÞò:

( ) ∈ R
óõæ. ⇐⇒ïñó ∃ ∈  :  = −1

¼ôáí ( ) ∈ R
óõæ. ôüôå ëÝìå üôé ôá óýíïëá êáé  åßíáé óõæõãÞ åíôüò ôÞò

5.1.2 Ðñüôáóç. ÇR
óõæ. áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïýP ()r{∅}

Áðïäåéîç. H R
óõæ. åßíáé áõôïðáèÞò, äéüôé  = −1 ãéá êÜèå ∅ 6=  ⊆ 

óõììåôñéêÞ, äéüôé ãéá ïéáäÞðïôå ∅ 6=  ⊆  êáé ∅ 6=  ⊆  ìå  = −1 ãéá
êÜðïéï  ∈  Ý·ïõìå

 = −1  = −1 (−1)−1

êáé, ôÝëïò, ìåôáâáôéêÞ, äéüôé ãéá ìç êåíÜ õðïóýíïëá123 ⊆  ãéá ôá ïðïßá

éó·ýåé (12) ∈ R
óõæ. êáé (23) ∈ R

óõæ.

∃1 ∈  : 2 = 11
−1
1

∃2 ∈  : 3 = 22
−1
2

¾
=⇒ 3 = (21)1 (21)

−1


ïðüôå (13) ∈ R
óõæ. ¤

5.1.3 Óçìåßùóç. Åßèéóôáé (ãåíéêåýïíôáò ôïí ïñéóìü 4.2.2) íá êáëïýìå ïéïäÞðïôå

∅ 6=  ⊆  ôï ïðïßï ðëçñïß ôç óõíèÞêç

 = −1 ∀ ∈ 

ïñèüèåôï õðïóýíïëï ôÞò 
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5.1.4 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ùò

R
óõæ.

¯̄
Subg()×Subg() := R

óõæ. ∩ (Subg()× Subg())

óõìâïëßæïõìå ôç ó·Ýóç éóïäõíáìßáò ôçí åðáãïìÝíç åðß ôïý óõíüëïõSubg() ôùí

õðïïìÜäùí ôÞò ¼ôáí

() ∈ R
óõæ.

¯̄
Subg()×Subg() (⇔ ∃ ∈  :  = −1)

ôüôå ëÝìå üôé ïé õðïïìÜäåò  êáé  åßíáé óõæõãåßò åíôüò ôÞò  (Õðåíèõìßæå-
ôáé üôé, óýìöùíá ìå ôï ëÞììá 4.2.16, ãéá ïéáäÞðïôå  ∈ Subg() êáé ïéïäÞðïôå
 ∈  ôï óýíïëï −1 áðïôåëåß ìéá õðïïìÜäá ôÞò  êáé

¯̄
−1

¯̄
= || ) Ç

êëÜóç éóïäõíáìßáò ìéáò ∈ Subg() ùò ðñïò ôçí R
óõæ.

¯̄̄
Subg()×Subg()

êáëåß-

ôáé êëÜóç óõæõãßáò ôÞò (åíôüò ôÞò ) êáé óõìâïëßæåôáé ùò åîÞò:

êëó() :=
n
 ∈ Subg()

¯̄̄
() ∈ R

óõæ.

¯̄
Subg()×Subg()

o


5.1.5 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù

R
óõæ.

¯̄
Ìïí()×Ìïí() := R

óõæ. ∩ (Ìïí()×Ìïí())

ç ó·Ýóç éóïäõíáìßáò ç åðáãïìÝíç åðß ôïý óõíüëïõÌïí() ôùí ìïíïóõíüëùí ôùí
áíçêüíôùí óôï P ()  Ðñïöáíþò, åðß ôïý õðïêåéìÝíïõ óõíüëïõ  ôÞò ïìÜäáò

( ·) ïñßæåôáé ìéá ó·Ýóç éóïäõíáìßáò ‘‘
∼
óõæ.

'' ùò áêïëïýèùò:


∼
óõæ.

 ⇐⇒
ïñó

({} {}) ∈ R
óõæ.

¯̄
Ìïí()×Ìïí() (⇔ ∃ ∈  :  = −1)

¼ôáí 
∼
óõæ.

 ôüôå ëÝìå üôé ôá óôïé·åßá   ∈  åßíáé óõæõãÞ (åíôüò ôÞò ). (Åðß-

óçò, åíßïôå, üôáí ç ïìÜäá áíáöïñÜò õðïíïåßôáé áðü ôá óõìöñáæüìåíá, áðëïõ-

óôåýïõìå ôïí óõìâïëéóìü ãñÜöïíôáò ‘‘ ∼
óõæ.

'' áíôß ôïý ‘‘
∼
óõæ.

''.) Ç êëÜóç éóïäõíáìßáò

åíüò óôïé·åßïõ  ∈  ùò ðñïò ôçí ‘‘
∼
óõæ.

'' êáëåßôáé êëÜóç óõæõãßáò ôïý  (åíôüò ôÞò

) êáé óõìâïëßæåôáé ùò åîÞò:

êëó() :=
½
 ∈ 

¯̄̄̄


∼
óõæ.



¾


¼ôáí áíáöåñüìáóôå (åí óõíôïìßá) óôéò êëÜóåéò óõæõãßáò ôÞò ( ·)  åííïïýìå ôá
óôïé·åßá ôïý  ∼

óõæ.
êáé ·ñçóéìïðïéïýìå ôïí óõìâïëéóìü

K() := card(
∼
óõæ.
)
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5.1.6 Ðñüôáóç. Äõï óôïé·åßá ìéáò ïìÜäáò ( ·) ðïõ åßíáé óõæõãÞ åíôüò áõôÞò
Ý·ïõí ôçí ßäéá ôÜîç 1.

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï (ii) ôÞò ðñïôÜóåùò 2.3.9. ¤

5.1.7 ÐáñáôÞñçóç. Ãéá êÜèå ïìÜäá ( ·) ç êëÜóç óõæõãßáò êëó() ôïý ïõäå-

ôÝñïõ óôïé·åßïõ ôçò  åßíáé ôï ìïíïóýíïëï {} äéüôé ôï ìüíï óôïé·åßï ôÞò 

ôÜîåùò 1 åßíáé ôï 

5.1.8 Ðñüôáóç. ÊÜèå áõôïìïñöéóìüò  ∈ Aut() ìéáò ïìÜäáò ( ·) áðåéêïíßæåé
êÜèå êëÜóç óõæõãßáò ôçò óå ìéá êëÜóç óõæõãßáò ôçò.

Áðïäåéîç. Áñêåß íá áðïäåé·èåß üôé ãéá ïéáäÞðïôå   ∈  éó·ýåé ç áìößðëåõñç

óõíåðáãùãÞ  ∼
óõæ.

 ⇐⇒ () ∼
óõæ.

() ÅÜí ∃ ∈  :  = −1 ôüôå

() = (−1) = ()()(−1) = ()()()−1

Êáé áíôéóôñüöùò° åÜí ∃ ∈  : () = ()−1 ôüôå õðÜñ·åé (ìïíïóçìÜíôùò
ïñéóìÝíï) óôïé·åßï  ∈  :  = () ïðüôå

() = ()()()−1 = ()()(−1) = (−1)⇒  = −1

(Ç ôåëåõôáßá óõíåðáãùãÞ åßíáé ðñüäçëç ëüãù ôÞò åíñéðôéêüôçôáò ôïý ) ¤

5.1.9 Óçìåßùóç. ¸óôù ( ·) ìéá ïìÜäá. Ðñïöáíþò,

K() = card(Ξ)  =
̀∈Ξ
êëó()

üðïõΞ Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí ôÞòùò ðñïò ôçí ‘‘ ∼
óõæ.

''. ¼ôáí ç åßíáé

ðåðåñáóìÝíç ïìÜäá ôÜîåùò || =  ôüôå ãéá ôçí ðåñéãñáöÞ ôïý  ∼
óõæ.

åßèéóôáé

íá åñãáæüìáóôå ìå Ýíá óõãêåêñéìÝíï ðëÞñåò óýóôçìá åêðñïóþðùí ôÞòùòðñïò

ôçí ‘‘ ∼
óõæ.

'', áò ðïýìå ôï

Ξ = {1 2 } ìå  := card(êëó()) ∀ ∈ {1 }

êáé íá óõíôÜóóïõìå ôïí áíôßóôïé·ï êáôÜëïãï åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò
ôÞò :

åêðñ. 1 2 · · · 

ôÜîç ord(1) ord(2) · · · ord()

 1 2 · · · 

üðïõ 1 + 2 + · · ·+  = 

1Ôï áíôßóôñïöï äåí åßíáé åí ãÝíåé áëçèÝò. ÅíäÝ·åôáé íá õðÜñ·ïõí ìç óõæõãÞ óôïé·åßá éäßáò ôÜîåùò. Âë., ð.·.,

ðáñáäåßãìáôá 5.2.12 êáé 5.1.10.
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5.1.10 Ðñüôáóç. (ÊëÜóåéò óõæõãßáò äéåäñéêþí ïìÜäùí.) ¸óôù  ∈ N  ≥ 3 êáé
ÝóôùD = h i ç -ïóôÞ äéåäñéêÞ ïìÜäá ç ðáñáãüìåíç (åíôüò ôÞò (SE  ◦)) áðü
ôá óôïé·åßá

E
3  7−→  ∈ E êáé E



3  7−→  ∈ E
(âë. 3.4.4). Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí ï  åßíáé ðåñéôôüò, ôüôå ç D äéáèÝôåé −12 + 2 êëÜóåéò óõæõãßáò ðïõ åßíáé
ïé åîÞò :

{idE} { −1} {2 −2} {
−1
2  

+1
2 }© ◦  | ∈ {0 1 − 1}ª 

ï äå êáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò D ðïõ áíôéóôïé·ßæåôáé
óôï óýóôçìá Ξ := {idE   2 

−1
2  } åßíáé ï

åêðñ. idE  2 · · ·  · · · 
−1
2 

ôÜîç 1   · · · 
ìêä() · · ·  2

 1 2 2 · · · 2 · · · 2 

(ii) ÅÜí ï  åßíáé Üñôéïò, ôüôå ç D äéáèÝôåé 2 + 3 êëÜóåéò óõæõãßáò ðïõ åßíáé ïé
åîÞò :

{idE} { −1} {2 −2} {

2−1 


2+1} { 

2 }©
 ◦ 2 ¯̄ ∈ {0 1 2 − 1}ª © ◦ 2+1 ¯̄ ∈ {0 1 2 − 1}ª 

ï äå êáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò D ðïõ áíôéóôïé·ßæåôáé
óôï óýóôçìá Ξ := {idE   2 


2−1 


2    ◦ } åßíáé ï

åêðñ. idE  2 · · ·  · · · 

2
−1 


2   ◦ 

ôÜîç 1  
2

· · · 
ìêä()

· · · 
ìêä(2

2
−1) 2 2 2

 1 2 2 · · · 2 · · · 2 1 
2


2

Áðïäåéîç. ÊÜèå óôñïöÞ  åßíáé óõæõãÞò ðñïò ôçí áíôßóôñïöü ôçò −  äéüôé2

 =  ◦ − ◦ −1 ∀ ∈ Z
ÌÜëéóôá, ìÝóù ôùí éóïôÞôùí

 ◦  ◦ − =  
¡
 ◦ ¢ ◦  ◦ ¡ ◦ ¢−1 = −  ∀( ) ∈ Z× Z

2Áõôïý ôïý åßäïõò ïé éóüôçôåò áðïäåéêíýïíôáé ìå ôç âïÞèåéá ôÞò ìáèçìáôéêÞò åðáãùãÞò, åêêéíþíôáò áðü ôéò ó·Ýóåéò

(3.16) óôéò ïðïßåò õðüêåéíôáé ïé ãåííÞôïñåò. Ðñâë. ìå ôçí áðüäåéîç ôÞò ðñïôÜóåùò 3.4.7.
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äéáðéóôþíïõìå üôé ôá ìüíá óôïé·åßá ôÞòD ðïõ åßíáé óõæõãÞ ðñïò ôç óôñïöÞ 

(ãéá ïéïíäÞðïôå ðáãéùìÝíïí  ∈ {0 1  − 1}) åßíáé ôá  êáé − = −  Ãéá
ôïí ðñïóäéïñéóìü ôÞò êëÜóåùò óõæõãßáò ôïý êáôïðôñéóìïý  ·ñçóéìïðïéïýìå ôéò

éóüôçôåò

 ◦  ◦ − =  ◦ 2 ¡ ◦ ¢ ◦  ◦ ¡ ◦ ¢−1 =  ◦ 2 ∀ ∈ Z
Êáèþò ôï  äéáôñÝ·åé üëïõò ôïõò áêåñáßïõò, ôï  ◦ 2 ôáõôßæåôáé ìå êÜèå äõíáôü
êáôïðôñéóìü óôïí ïðïßï ôï  åìöáíßæåôáé õøùìÝíï óå ìéá äýíáìç äéáéñïýìåíç äéÜ

ôïý 2 ÅÜí ï  åßíáé ðåñéôôüò, ôüôå êÜèå áêÝñáéïò mod  åßíáé Ýíá ðïëëáðëÜóéï

ôïý 2 (ÅðåéäÞ ôï 2 åßíáé áíôéóôñÝøéìï mod  äïèÝíôïò åíüò  ∈ Z ìðïñïýìå íá

åðéëýóïõìå ôçí éóïôéìßá  ≡ 2(mod).) ÅðïìÝíùò,©
 ◦ 2 | ∈ Zª = © ◦  | ∈ Zª 

êáé êáèÝíáò åê ôùí  êáôïðôñéóìþí ôùí áíçêüíôùí óôçíD åßíáé óõæõãÞò ðñïò

ôïí êáôïðôñéóìü  Åðßóçò, ëüãù ôïý ðïñßóìáôïò 2.3.11,

ord() =
¯̄

®¯̄
=



ìêä( )
 ∀ ∈ {0 1 −12 }

Áðü ôçí Üëëç ìåñéÜ, åÜí ï  åßíáé Üñôéïò, ôüôå ìüíïí ïé ìéóïß áðü ôïõò äéáèÝóé-

ìïõò êáôïðôñéóìïýò åßíáé óõæõãåßò ðñïò ôïí Ïé Üëëïé ìéóïß êáôïðôñéóìïß åßíáé

óõæõãåßò ðñïò ôïí  ◦  êáèüóïí
 ◦ ( ◦ ) ◦ − =  ◦ 2+1 ¡ ◦ ¢ ◦ ( ◦ ) ◦ ¡ ◦ ¢−1 =  ◦ 2−1 ∀ ∈ Z
Áõôïß óõíéóôïýí ôï óýíïëï

©
 ◦ 2+1 ¯̄ ∈ {0 1 2 − 1}ª Ëüãù ôïý ðïñßóìá-

ôïò 2.3.11,

ord() =
¯̄

®¯̄
=



ìêä( )
 ∀ ∈ {0 1 2 }

ÔÝëïò, ord( ◦ ) = 2 äéüôé ( ◦ )2 = ¡ ◦  ◦ −1¢ ◦  = −1 ◦  = idE  ¤

5.1.11 Óçìåßùóç. Áîßæåé, óôï óçìåßï áõôü, íá åðéóçìáíèåß üôé ç ó·Ýóç ôÞò óõæõ-

ãßáò åßíáé åîßóïõ óçìáíôéêÞ êáé ãéá ôç ìåëÝôç Üðåéñùí ïìÜäùí. Áò èåùñÞóïõìå,

åðß ðáñáäåßãìáôé, ôç ãåíéêÞ ãñáììéêÞ ïìÜäá GL(C) õðåñÜíù ôïý C ÄïèÝíôïò
åíüò A ∈ GL(C) åßíáé äõíáôüí íá ðåñéãñáöåß êÜðïéïò «·áñáêôçñéóôéêüò» åê-

ðñüóùðïò ôÞò êëÜóåùò óõæõãßáòêëóGL(C)(A); Ç áðÜíôçóç áõôïý ôïý åñùôÞìá-

ôïò åßíáé ãíùóôÞ áðü ôï ìÜèçìá ôÞò ÃñáììéêÞò ¢ëãåâñáò. Áñêåß ç õðüìíçóç ôïý

üôé ôï íá åßíáé äõï óôïé·åßáA êáéB ôÞò GL(C) óõæõãÞ éóïäõíáìåß ìå ôçí ïìïéü-
ôçôá ôùí ðéíÜêùíA êáéB (Åí ðñïêåéìÝíù, óõæõãßá êáé ïìïéüôçôá óõìðßðôïõí!)

ÅðïìÝíùò,

A
GL(C)∼
óõæ.

⎛⎜⎜⎜⎜⎜⎝
M1

M2 0
0 .. .

M

⎞⎟⎟⎟⎟⎟⎠ (5.1)
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üðïõ ãéá êÜèå  ∈ {1  } ï ðßíáêáò

M =

⎛⎜⎜⎜⎜⎝
 1 0 0 · · · 0
0  1 · · · 0
0 0  1 · · · 0

.

.

.
.
.
.

. . .
.
.
.

0 0 0 · · ·  1
0 0 0 · · · 0 

⎞⎟⎟⎟⎟⎠ (5.2)

ðåñéÝ·åé ìéá éäéïôéìÞ  ôïý C 3 z 7−→ Az ∈ C ùò åããñáöÞ ôïõ óå êÜèå äéáãþ-

íéá èÝóç. Ðñüêåéôáé ëïéðüí ãéá ôç «ìÝ·ñéò óõæõãßáò» ãñáöÞ ôïýA õðü ôç ìïñöÞ

åíüò ðßíáêá ôïý Jordan. Ï åí ëüãù ðßíáêáò (5.1) êáèïñßæåôáé ìïíïóçìÜíôùò áðü

ôïíA ìå åîáßñåóç êÜðïéá ðéèáíÞ ìåôÜôáîç ôùí óôïé·åéùäþí ðéíÜêùí ôïý Jordan
(5.2), ï äå ðñïóäéïñéóìüò ôïõ åßíáé ðñïúüí ìéáò áðïëýôùò áõôïìáôïðïéçìÝíçò áë-

ãïñéèìéêÞò3 äéáäéêáóßáò.

5.1.12 Óçìåßùóç. Èá ðñÝðåé íá ãßíåôáé ðÜíôïôå óáöÞò äéÜêñéóç ìåôáîý ôùí åí-

íïéþí óõæõãßá óôïé·åßùí êáé óõæõãßá õðïïìÜäùí äïèåßóáò ïìÜäáò. Åðß ðáñá-

äåßãìáôé, ç ðñüôáóç 5.1.10 ìáò ðëçñïöïñåß üôé ç äéåäñéêÞ ïìÜäá D4 äéáèÝôåé 5

êëÜóåéò óõæõãßáò (Þôïé 5 êëÜóåéò éóïäõíáìßáò ùò ðñïò ôçí ‘‘ ∼
óõæ.

'' õðü ôçí Ýííïéá

ôïý ïñéóìïý 5.1.5) ðïõ åßíáé ïé åîÞò:

{idE4} { 3} {2}
©
  ◦ 2ª  { ◦  ◦ 3}

Áðü ôçí Üëëç ìåñéÜ, óýìöùíá ìå ôïõò õðïëïãéóìïýò ôïý åäáößïõ 4.1.44,

Subg(D4) =

( {idE4} hi  hi 

2
®
 h ◦ i   ◦ 2® 

 ◦ 3®   2®   ◦  2®  D4

)
 (5.3)

Åí ðñïêåéìÝíù, ôï óýíïëï Subg(D4) (Ý·ïí ùò óôïé·åßá ôïõ ôéò 10 õðïïìÜäåò ôÞò

D4) äéáìåëßæåôáé óå 8 êëÜóåéò éóïäõíáìßáò ùò ðñïò ôçí
4 RD4

óõæ.

¯̄̄
Subg(D4)×Subg(D4)

(âë. 5.1.5) ðïõ åßíáé ïé åîÞò5:

{{idE4}}  {hi} 
©hi  2®ª  © ◦ 2®ª ©h ◦ i   ◦ 3®ª  © 2®ª  © ◦  2®ª  {D4} 

3Åßíáé ð.·. áñêåôü (ãéá óõãêåêñéìÝíá ðáñáäåßãìáôá) íá ãßíåé ·ñÞóç ôÞò åíôïëÞò Jordan form ôïý «ðáêÝôïõ» linear
algebra ôïý ðñïãñÜììáôïò Maple.

4ÏñéóìÝíïé óõããñáöåßò ·ñçóéìïðïéïýí ôïõò üñïõò êëÜóåéò óõæõãßáò óôïé·åßùí êáé êëÜóåéò óõæõãßáò õðïïìÜäùí,
áíôéóôïß·ùò, ãéá óáöÝóôåñç äéÜêñéóç. Ùóôüóï åäþ, ãéá ôçí áðïöõãÞ ìáêñüóõñôùí åêöñÜóåùí, ï «óêÝôïò» üñïò
êëÜóç óõæõãßáò èá óçìáßíåé ðÜíôïôå êëÜóç éóïäõíáìßáò ùò ðñïò ôçí ‘‘∼

óõæ.
''. Áðü ôçí Üëëç ìåñéÜ, áíáöÝñïíôáò üôé

ïé1 2 v  åßíáé óõæõãåßò, èá åííïïýìå ôç óõæõãßá õðïïìÜäùí õðü ôçí Ýííïéá ôïý 5.1.5.

5Ãåíéêüôåñá, áðïäåéêíýåôáé üôé ãéá êÜèå  ∈ N  ≥ 3 ï áñéèìüò ôùí êëÜóåùí éóïäõíáìßáò óôéò ïðïßåò äéáìåëßæå-

ôáé ôï Subg(D) ùò ðñïò ôç ó·Ýóç óõæõãßáò õðïïìÜäùí éóïýôáé ìå

card(Subg(D) RD
óõæ.

¯̄̄
Subg(D)×Subg(D)

) = 3card(D)− card(D)

(âë. B.2.34, B.3.15 (i)), üðïõ := max{ ∈ D|  ≡ 1(mod 2)} ÉäéáéôÝñùò, ãéá  = 4 Ý·ïõìå = 1 ïðüôå
áõôüò ï áñéèìüò åßíáé ßóïò ìå 3 · 3− 1 = 8
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5.1.13 ÐáñáôÞñçóç. Áîéïóçìåßùôç åßíáé ç óõíåðáãùãÞ

() ∈ R
óõæ.

¯̄
Subg()×Subg() ⇒  ∼= 

äçëáäÞ ôï üôé äõï óõæõãåßò õðïïìÜäåò  ìéáò ïìÜäáò  åßíáé ðÜíôïôå éóüìïñ-
öåò, êáèüóïí ∃ ∈  :  = −1 êáé ç áðåéêüíéóç

 −→ −1  7−→ −1

áðïôåëåß éóïìïñöéóìü ïìÜäùí. Åíôïýôïéò, ôï áíôßóôñïöï äåí åßíáé ðÜíôïôå áëç-

èÝò. Åðß ðáñáäåßãìáôé, ôï óýíïëï (5.3) ôùí 10 õðïïìÜäùí ôÞòD4 äéáìåëßæåôáé óå

5 êëÜóåéò éóïìïñößáò:

{idE4} hi ∼= h ◦ i ∼=

2
® ∼=  ◦ 2® ∼=  ◦ 3® ∼= Z2

hi ∼= Z4

 2

® ∼=  ◦  2® ∼= V D4

êáé óå 8 êëÜóåéò éóïäõíáìßáò ùò ðñïò ôçí RD4

óõæ.

¯̄̄
Subg(D4)×Subg(D4)

(âë. 4.1.44 êáé

5.1.12). Ð.·.,

hi ∼= h ◦ i áëëÜ (hi  h ◦ i) ∈ RD4

óõæ.

¯̄̄
Subg(D4)×Subg(D4)



Ùò åê ôïýôïõ, ç ó·Ýóç éóïìïñößáò ∼=|Subg()×Subg() åßíáé áäñüôåñç ôÞò ó·Ýóåùò
óõæõãßáò õðïïìÜäùí R

óõæ.

¯̄̄
Subg()×Subg()

åðß ôïý Subg() (Ðñâë. A.1.3.)

5.1.14 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6=  ⊆  Ôüôå ôá áêüëïõèá
åßíáé éóïäýíáìá :

(i) Ôï åßíáé Ýíá ïñèüèåôï õðïóýíïëï ôÞò  (õðü ôçí Ýííïéá ôïý ïñéóìïý 5.1.3)

(ii) Ôï  åßíáé ç Ýíùóç êÜðïéùí êëÜóåùí óõæõãßáò ôÞò  (Þôïé êÜðïéùí êëÜóåùí

éóïäõíáìßáò ùò ðñïò ôçí `` ∼
óõæ.
'' ).

(iii) −1 ⊆  ∀ ∈ 

Áðïäåéîç. (i)⇒(ii) ÅÜí  ∈  ôüôå −1 ∈  ãéá êÜèå  ∈  ïðüôå Ý·ïõìå

êëó() ⊆  ðñÜãìá ðïõ óçìáßíåé üôé

 =
S
∈

êëó()

(ii)⇒(iii) ÅðåéäÞ ôï åßíáé ç Ýíùóç êÜðïéùí êëÜóåùí óõæõãßáò ôÞò èáðåñéÝ·åé

ìáæß ìå êÜèå óôïé·åßï ôïõ êáé üëá ôá óõæõãÞ ôïõ, ïðüôå −1 ⊆ ∀ ∈ 

(iii)⇒(i) ÅðåéäÞ −1 ⊆  ãéá êÜèå  ∈  Ý·ïõìå

−1 = −1(−1)−1 ⊆  =⇒  ⊆ −1

ïðüôå −1 =  ãéá êÜèå  ∈  êáé ôï  åßíáé, ùò åê ôïýôïõ, ïñèüèåôï õðïóý-

íïëï ôÞò  ¤
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5.1.15 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  v  Ôüôå ôá áêüëïõèá åßíáé
éóïäýíáìá :

(i) E 

(ii) Ç õðïïìÜäá  åßíáé ç Ýíùóç êÜðïéùí êëÜóåùí óõæõãßáò ôÞò  (Þôïé êÜðïéùí

êëÜóåùí éóïäõíáìßáò ùò ðñïò ôçí `` ∼
óõæ.
'' ).

5.1.16 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá. ÅÜí  E  ôüôå ãéá
ïéïäÞðïôå ðëÞñåò óýóôçìá åêðñïóþðùí Ξ = {1 =  2 } ôÞò  ùò
ðñïò ôçí ‘‘ ∼

óõæ.
'' ìå  := card(êëó()) ∀ ∈ {1 } õðÜñ·ïõí  ∈ {0 1}

 ∈ {1  − 1} ôÝôïéïé þóôå íá éó·ýåé

1 +
−1X
=1

+1 = ||  (5.4)

Áðïäåéîç. ÕðïèÝôïõìå üôé  E  Óýìöùíá ìå ôï ðüñéóìá 5.1.15 ç  åßíáé

ç Ýíùóç êÜðïéùí êëÜóåùí óõæõãßáò ôÞò  ÅÜí ëïéðüí èåùñÞóïõìå Ýíá ðëÞñåò

óýóôçìá åêðñïóþðùí Ξ = {1 =  2 } ôÞò  ùò ðñïò ôç ó·Ýóç ‘‘ ∼
óõæ.

''

ìå  := card(êëó()) ∀ ∈ {1 } ôüôå  =  ∈  1 = 1 (âë. 5.1.7)

êáé õðÜñ·åé êÜðïéï õðïóýíïëï äåéêôþí {1 } ⊆ {2 }  ∈ {1   − 1}
ôÝôïéï þóôå íá éó·ýåé

 = {}
`
êëó(1)

` · · ·`êëó() (5.5)

(äéüôé êëó()∩ êëó(0) = ∅ ãéá ïéïõóäÞðïôå  0 ∈ {1 }  6= 0). ÈÝôï-

íôáò

 :=

(
1 üôáí  + 1 ∈ {1 }
0 üôáí  + 1 ∈ {2 }r{1 }

ç éóüôçôá (5.4) Ýðåôáé Üìåóá áðü ôçí (5.5). ¤

5.1.17 ÐáñÜäåéãìá. ÅÜí  ∈ N  ≥ 3 ôüôå ç êõêëéêÞ õðïïìÜäá := h ◦ i ôÞò
D := h i ôÜîåùò 2 äåí åßíáé ïñèüèåôç. ÐñÜãìáôé° åÜí ßó·õå  E D ôüôå ãéá

ôï ðëÞñåò óýóôçìá åêðñïóþðùí

Ξ :=

(
{idE   2 

−1
2  } üôáí ï  åßíáé ðåñéôôüò,

{idE   2 

2−1 


2    ◦ } üôáí ï  åßíáé Üñôéïò,

(ôÞòD ùò ðñïò ôçí ‘‘ ∼
óõæ.

'') ìå card(êëóD
(idE)) = 1 êáé

card(êëóD(
)) = 2 ∀ ∈ {1 −12 } card(êëóD()) = 

üôáí ï  åßíáé ðåñéôôüò êáé, áíôéóôïß·ùò,⎧⎪⎪⎨⎪⎪⎩
card(êëóD(

)) = 2 ∀ ∈ {1 2 − 1}
card(êëóD(


2 )) = 1

card(êëóD()) = card(êëóD( ◦ )) = 
2

⎫⎪⎪⎬⎪⎪⎭ 
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üôáí ï  åßíáé Üñôéïò (âë. 5.1.10), èá Ýðñåðå (óýìöùíá ìå ôï ðüñéóìá 5.1.16) íá

õðÜñ·ïõí 1 2 −1
2 +1 ∈ {0 1} ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá

1 + 2 · 1 + · · ·+ 2 · −1
2
+  · −1

2 +1 = 2

⇒ 2(1 + · · ·−1
2
) +  · −1

2 +1 = 1
(5.6)

üôáí ï  åßíáé ðåñéôôüò êáé, áíôéóôïß·ùò, íá õðÜñ·ïõí 1 2
2+2

∈ {0 1}
ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá

1 + 2 · 1 + · · ·+ 2 · 
2−1 + 1 · 

2
+ 

2 · 
2+1

+ 
2 · 

2+2
= 2

⇒ 2(1 + · · ·+ 
2−1) + 

2
+ 

2 (
2+1

+ 
2+2

) = 1
(5.7)

üôáí ï  åßíáé Üñôéïò. Åßíáé ðñïöáíÝò üôé ç (5.6) äåí äéáèÝôåé ëýóåéò (äéüôé   2

êáé ôï 1 åßíáé ðåñéôôüò). ÅÜí ç (5.7) äéÝèåôå ëýóåéò, ôüôå èá Ýðñåðå íá éêáíïðïéåß-

ôáé ç óõíèÞêç

1 = · · · = 
2−1 = 

2+1
= 

2+2
= 0 êáé 

2
= 1

¼ìùò ïýôå áõôÞ ìðïñåß íá éêáíïðïéåßôáé, êáèüôé

{idE}
`
êëóD(


2 ) = {idE  


2 } 6= 

¢ñá êáé ç (5.7) äåí äéáèÝôåé ëýóåéò êáé, ùò åê ôïýôïõ, 5 D

5.2 ÊÅÍÔÑÏÐÏÉÇÔÅÓ ÊÁÉ ÏÑÈÏÈÅÔÅÓ

5.2.1 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6=  ⊆  Ùò êåíôñïðïéçôÞò

ôïý (åíôüò ôÞò ) ïñßæåôáé ôï óýíïëï

C() := { ∈  | = ∀ ∈  }

üëùí ôùí óôïé·åßùí ôÞò  ðïõ ìåôáôßèåíôáé áìïéâáßùò ìå êÜèå óôïé·åßï ôïý 

ÅÜí ∅ 6=  ⊆  åßíáé ôÝôïéï, þóôå íá éó·ýåé ç åãêëåéóôéêÞ ó·Ýóç  ⊆ C()

ôüôå ëÝìå üôé ôï  êåíôñïðïéåß ôï (åíôüò ôÞò ).

5.2.2 Ðñüôáóç. Ãéá ìéá ïìÜäá ( ·) éó·ýïõí ôá åîÞò :
(i) ÅÜí ∅ 6=  ⊆  ôüôå 6 C() v 

(ii) ÅÜí v  ôüôå v C()⇐⇒ ç åßíáé áâåëéáíÞ õðïïìÜäá.
(iii) ÅÜí E  ôüôå C() E 

(iv) ÅÜí ∅ 6=  ⊆  v  ôüôå C() = ∩ C()

(v) ÅÜí v  v  ôüôå C() v C()

6ÅðåéäÞ C() v  ï êåíôñïðïéçôÞò C() ôïý êáëåßôáé åíßïôå êáé êåíôñïðïéïýóá õðïïìÜäá ôïý
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Áðüäåéîç. (i) Ðñïöáíþò,  ∈ C() Åðßóçò, ãéá ïéáäÞðïôå 1 2 ∈ C()

1 = 1∀ ∈  êáé 2 = 2∀ ∈ 

ïðüôå

[(12) = 1(2) = (1)2 = (1)2 = (12) ∀ ∈ ]⇒ 12 ∈ C()

êáé ãéá ïéïäÞðïôå  ∈ C()  = ∀ ∈  ïðüôå

[−1()−1 = 
−1()−1 ⇒ 

−1
 = 

−1
∀ ∈ ]⇒ 

−1 ∈ C()

ÄõíÜìåé ôïý 2.1.16 (ii) óõíÜãåôáé üôé C() v 

(ii) ¸óôù üôé  v  ÅÜí  v C() ôüôå 
0 = 0 ∀( 0) ∈  × ïðüôå ç

 åßíáé áâåëéáíÞ. Ôï áíôßóôñïöï áðïäåéêíýåôáé ðáñïìïßùò.

(iii) Ãéá ôõ·üíôá 1 ∈  2 ∈ C() êáé  ∈ ¡
12

−1
1

¢

¡
12

−1
1

¢−1
= 1(2

¡
−11 1

¢
−12 )−11 

êé åðåéäÞ E ⇒ −11 1 = −11 (−11 )−1 ∈  êáé 2 ∈ C() ëáìâÜíïõìå

2
¡
−11 1

¢
=

¡
−11 1

¢
2 ⇒ 2

¡
−11 1

¢
−12 = −11 1

⇒ ¡
12

−1
1

¢

¡
12

−1
1

¢−1
= 1

¡
−11 1

¢
−11 = 

êáé ¡
12

−1
1

¢

¡
12

−1
1

¢−1
= ⇒ ¡

12
−1
1

¢
 = 

¡
12

−1
1

¢


Þôïé 12
−1
1 ∈C() áð' üðïõ Ýðåôáé üôé 1C()

−1
1 ⊆C()⇒C() E 

(iv) Ðñïöáíþò, C() v  êáé C() v C() ⇒ C() v ∩ C() Êáé

áíôéóôñüöùò° åÜí  ∈ ∩C() ôüôå  =  ãéá êÜèå  ∈  ïðüôå  ∈C()

êáé éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò∩ C() v C()

(v) ÅÜí v  v  êáé  ∈ C() ôüôå

[ =  ∀ ∈ ] =⇒ [ =  ∀ ∈ ] =⇒  ∈ C()

ïðüôå C() ⊆ C() êáé C() v  =⇒
2.1.20

C() v C() ¤

5.2.3 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6=  ⊆  Ùò ïñèïèÝôçò ôïý

 (åíôüò ôÞò ) ïñßæåôáé ôï óýíïëï7

N() :=
©
 ∈ 

¯̄
−1 = 

ª


ÅÜí ∅ 6=  ⊆  åßíáé ôÝôïéï, þóôå íá éó·ýåé ç åãêëåéóôéêÞ ó·Ýóç  ⊆ N()

ôüôå ëÝìå üôé ôï  ïñèïèåôåß ôï  (åíôüò ôÞò ).

7Ðñïóï·Þ! ÅÜí ∅ 6=  ⊆  êáé  ∈  ôüôå ãéá Ýíá óôïé·åßï  ∈  ðïõ áíÞêåé óôïí êåíôñïðïéçôÞ C()
éó·ýåé  =  åíþ ãéá Ýíá óôïé·åßï  ∈  ðïõ áíÞêåé óôïí ïñèïèÝôç N() éó·ýåé  =  ãéá êÜðïéï  ∈ 

ôï ïðïßï åíäÝ·åôáé (üôáí ôï äåí åßíáé ìïíïóýíïëï) íá åßíáé äéÜöïñï ôïý 
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5.2.4 Ðñüôáóç. Ãéá ìéá ïìÜäá ( ·) éó·ýïõí ôá åîÞò :
(i) ÅÜí ∅ 6=  ⊆  ôüôå 8 N() v 

(ii) ÅÜí ∅ 6=  ⊆  ôüôå ôï åßíáé ïñèüèåôï õðïóýíïëï ôÞò õðïïìÜäáò N()

(iii) ÅÜí ∅ 6=  ⊆  ôüôå N() = ⇔ ôï åßíáé ïñèüèåôï õðïóýíïëï ôÞò 
(iv) ÅÜí  v  êáé E  v  ôüôå v N()

(v) ÅÜí ∅ 6=  ⊆  v  ôüôå N() = ∩ N()

(vi) ÅÜí ∅ 6=  ⊆  ôüôå C() v N()

(vii) ÅÜí v  ôüôå C() E N()

Áðüäåéîç. (i) Ðñïöáíþò,  ∈ Í() Åðßóçò, ãéá ïéáäÞðïôå 1 2 ∈ Í()

1−11 =  êáé 2−12 =  ⇒ −12 2 = 

ïðüôå  = 1−11 = 1(
−1
2 2)

−1
1 =

¡
1

−1
2

¢

¡
1

−1
2

¢−1 ⇒ 1
−1
2 ∈ N()

ÄõíÜìåé ôïý 2.1.16 (iii) óõíÜãåôáé üôé N() v 

(ii) Åî ïñéóìïý ôïý ïñèïèÝôç N() −1 =  ãéá êÜèå  ∈ N() ïðüôå ôï

 åßíáé ïñèüèåôï õðïóýíïëï ôÞò õðïïìÜäáò N()

(iii) ÅÜí N() =  ôüôå ãéá êÜèå  ∈  Ý·ïõìå −1 =  ïðüôå ôï  åßíáé

ïñèüèåôï õðïóýíïëï ôÞò õðïïìÜäáò N() Êáé áíôéóôñüöùò° åÜí ôï  åßíáé

ïñèüèåôï õðïóýíïëï ôÞò õðïïìÜäáò N() ôüôå −1 =  ãéá êÜèå  ∈ 

áð' üðïõ Ýðåôáé üôé N() = 

(iv) ÅðåéäÞ  E  Ý·ïõìå

[−1 ∈  ∀ ∈ ]⇒  ⊆ N()

N() v 

¾
=⇒
2.1.20

 v N()

(v) Ðñïöáíþò, N() v  êáé N() v N() ⇒ N() v ∩ N() Êáé

áíôéóôñüöùò° åÜí  ∈ ∩ N() ôüôå −1 =  ïðüôå  ∈ N() êáé éó·ýåé

êáé ï áíôßóôñïöïò åãêëåéóìüò∩ N() v N()

(vi) ¸óôù ôõ·üí  ∈ C() Ôüôå

[ = ∀ ∈ ]⇒  =  ⇒ −1 =  ⇒  ∈ N()

ïðüôå C() ⊆ N() =⇒
2.1.20

C() v N()

(vii) Ãéá ôõ·üíôá 1 ∈ N() 2 ∈ C() êáé  ∈ ¡
12

−1
1

¢

¡
12

−1
1

¢−1
= 1(2

¡
−11 1

¢
−12 )−11 

êé åðåéäÞ 1 ∈ N()⇒ −11 1 ∈  Ý·ïõìå

2 ∈ C()⇒ 2
¡

−1
1 1

¢
=
¡

−1
1 1

¢
2 ⇒ 2

¡

−1
1 1

¢

−1
2 = 

−1
1 1

8ÅðåéäÞ N() v  ï ïñèïèÝôçò N() ôïý êáëåßôáé åíßïôå êáé ïñèïèåôïýóá õðïïìÜäá ôïý (åíôüò ôÞò
ïìÜäáò).
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áð' üðïõ Ýðåôáé üôé¡
12

−1
1

¢

¡
12

−1
1

¢−1
= 1

¡
−11 1

¢
−11 = 

äçëáäÞ 12
−1
1 ∈ C() ÅðåéäÞ C() v N(), óõìðåñáßíïõìå ôåëéêþò üôé

C() E N() ¤

5.2.5 ÐáñÜäåéãìá. Ïé ïñèïèÝôåò ôùí õðïïìÜäùí ôÞò óõììåôñéêÞò ïìÜäáò S3 åß-

íáé ïé

NS3(h[1 2]i) = h[1 2]i  NS3(h[1 3]i) = h[1 3]i  NS3(h[2 3]i) = h[2 3]i 

êáé NS3
({id}) = NS3

(h[1 2 3]i) = NS3
(S3) = S3 (üðùò Ýðåôáé Üìåóá áðü ôïí

ïñéóìü 5.2.3 êáé ôá ðñïáíáöåñèÝíôá óôá åäÜöéá 3.2.2, 4.1.19 êáé 4.1.42).

5.2.6 ÐáñÜäåéãìá. ÅÜí  := A4 êáé := h[1 2] ◦ [3 4]i  ôüôå C N() = V

5.2.7 Óçìåßùóç. (i) Ëüãù ôùí (ii) êáé (iii) ôÞò ðñïôÜóåùò 5.2.4 o ïñèïèÝôçò

N() ìéáò õðïïìÜäáò  ôÞò  (êáé, áíôéóôïß·ùò, o ïñèïèÝôçò N() ïéïõäÞ-

ðïôå õðïóõíüëïõ ∅ 6=  ⊆ ) åßíáé ç ìÝãéóôç õðïïìÜäá ôÞò  åíôüò ôÞò ïðïßáò

ç õðïïìÜäá  åßíáé ïñèüèåôç9 (êáé, áíôéóôïß·ùò, ç ìÝãéóôç õðïïìÜäá 10 ôÞò 

åíôüò ôÞò ïðïßáò ôï óýíïëï  åßíáé ïñèüèåôï õðü ôçí Ýííïéá ôïý ïñéóìïý 5.1.3).

Âåâáßùò, ï ïñèïèÝôçò N() ìéáò õðïïìÜäáò ôÞò (êáé, áíôéóôïß·ùò, o ïñèï-

èÝôçò N() ïéïõäÞðïôå õðïóõíüëïõ ∅ 6=  ⊆ ) äåí èá ðñÝðåé íá óõã·Ýåôáé

ìå ôçí ïñèüèåôç èÞêç NCL() ôÞò  (êáé, áíôéóôïß·ùò, ìå ôçí ïñèüèåôç èÞêç

NCL() ôïý ) ðïõ åßíáé ç åëÜ·éóôç ïñèüèåôç õðïïìÜäá ôÞò  ðïõ ðåñéÝ·åé

ôçí õðïïìÜäá (êáé, áíôéóôïß·ùò, ôï óýíïëï).

(ii) Ãéá ôá ìïíïóýíïëá {} ∈ P () Ý·ïõìå ðñïöáíþòN({}) =C({})Ôïýôç
ç õðïïìÜäá ôÞò  (ï êåíôñïðïéçôÞò ôïý ) èá óõìâïëßæåôáé åöåîÞò áðëþò ùò

C() ÅÜí ∅ 6=  ⊆  åßíáé ôÝôïéï, þóôå íá éó·ýåé  ⊆ C() ôüôå ëÝìå üôé

ôï  êåíôñïðïéåß ôï  (åíôüò ôÞò ). ÅîÜëëïõ, ãéá ïéïäÞðïôå ∅ 6=  ⊆  éó·ýåé

C() =
T
∈

C()

(iii) Ãéá  ∈  ïé õðïïìÜäåò N(hi) êáé C() ôÞò ïìÜäáò  åßíáé ßóåò üôáí11

ord() ∈ {1 2} Ùóôüóï, üôáí ord() ≥ 3 éó·ýåé åí ãÝíåé ìüíïí ï åãêëåéóìüò

C() ⊆ N(hi) Åðß ðáñáäåßãìáôé, åÜí  := S4 êáé  := [1 2 3] ôüôå

CS4() $ NS4(hi) = { ∈ S4 |(4) = 4} ∼= S3

äéüôé [2 3] ∈ NS4(hi)rCS4()

9Õð' áõôÞí ôçí Ýííïéá, ï ïñèïèÝôçò N() ìéáò õðïïìÜäáò ôÞò  ìðïñåß íá åêëçöèåß ùò åêåßíç ç õðïïìÜäá

ðïõ åêöñÜæåé ôï ðüóï «áðÝ·åé» ç áðü ôï íá åßíáé ïñèüèåôç. Ðñïóï·Þ!Ï ïñèïèÝôçò N() ôÞò åßíáé õðïïìÜäá
áëëÜ ü·é êáô' áíÜãêçí ïñèüèåôç õðïïìÜäá ôÞò!

10¸óôù v  ôÝôïéá þóôå ôï íá åßíáé ïñèüèåôï õðïóýíïëü ôçò. Ôüôå ãéá ïéïäÞðïôå óôïé·åßï  ∈  èá Ý·ïõìå

−1 ∈  ãéá êÜèå  ∈  ïðüôå v N()

11¼ôáí ord() = 1 ôïýôï åßíáé ðñïöáíÝò. ¼ôáí ord() = 2 Ý·ïõìå  hi −1 = hi = { } ãéá êÜèå

óôïé·åßï  ∈ N(hi) ïðüôå −1 = ⇒  ∈ C()
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5.2.8 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6=  ⊆  Ôüôå

card(
n
 ∈ P ()r{∅}

¯̄̄
( ) ∈ R

óõæ.

o
) = | : N()| 

äçëáäÞ ï ðëçèéêüò áñéèìüò ôùí ìç êåíþí õðïóõíüëùí ôïý õðïêåéìÝíïõ óõíüëïõ
 ôÞò ( ·) ðïõ åßíáé óõæõãÞ ìå ôï  éóïýôáé ìå ôïí äåßêôç ôïý ïñèïèÝôç N()

ôïý  åíôüò ôÞò  ÅðéðñïóèÝôùò, üôáí ç  åßíáé ðåðåñáóìÝíç, áõôüò ï ðëçèéêüò
áñéèìüò åßíáé äéáéñÝôçò ôÞò ôÜîåùò || ôÞò 
Áðüäåéîç. ¸óôù Á Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôïý ïñèïèÝôç N()

ôïý åíôüò ôÞò  Ïñßæïõìå ôçí  ìÝóù ôïý ôýðïõ

{N() | ∈ Á} 3 N()
7−→ −1 ∈ © ∈ P ()r{∅} ¯̄( ) ∈ R

óõæ.

ª


ÁõôÞ åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç, äéüôé ãéá äõï óôïé·åßá 1 2 ∈ Á ãéá ôá

ïðïßá éó·ýåé ç éóüôçôá 1N() = 2N() Ý·ïõìå

−11 2 ∈ N()⇒
¡
−11 2

¢

¡
−11 2

¢−1
=  ⇒ 1−11 = 2−12 

Ç  åßíáé åíñéðôéêÞ, êáèüôé éó·ýïõí ïé óõíåðáãùãÝò

 (1N()) =  (2N())⇒ 1−11 = 2−12
⇒ −11 2 ∈ N()⇒ 1N() = 2N()

ÅðéðñïóèÝôùò, ç  åßíáé êáé åðéññéðôéêÞ, áöïý ãéá êÜèå óýíïëï  áíÞêïí óôïn
 ∈ P ()r{∅}

¯̄̄
( ) ∈ R

óõæ.

o
õðÜñ·åé êÜðïéï óôïé·åßï  ∈  :  = −1

ïðüôå  (N()) =  ÔÝëïò, ôï üôé | : N()| | ||  üôáí || ∞ Ýðåôáé áðü

ôï èåþñçìá 4.1.22 ôïý Lagrange. ¤

5.2.9 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù v  Ôüôå

card
¡©
 ∈ Subg() ¯̄() ∈ R

óõæ.Subg()×Subg()
ª¢
= | : N()| 

äçëáäÞ ï ðëçèéêüò áñéèìüò ôÞò õðïïìÜäùí ôÞò ðïõ åßíáé óõæõãåßò ìå ôçí éóïý-
ôáé ìå ôïí äåßêôç ôïý ïñèïèÝôç N() ôÞò õðïïìÜäáò åíôüò ôÞò  ÅðéðñïóèÝ-
ôùò, üôáí ç  åßíáé ðåðåñáóìÝíç, áõôüò ï ðëçèéêüò áñéèìüò åßíáé äéáéñÝôçò ôÞò
ôÜîåùò || ôÞò 
Áðüäåéîç. Ç áíùôÝñù éóüôçôá áðïäåéêíýåôáé áêïëïõèþíôáò êáôÜ ãñÜììá ôçí

áðüäåéîç ôÞò ðñïôÜóåùò 5.2.8 êáé áíôéêáèéóôþíôáò -åê ðáñáëëÞëïõ- óå áõôÞí ôá

ìç êåíÜ õðïóýíïëá ôïý õðïêåéìÝíïõ óõíüëïõ  ôÞò ïìÜäáò ( ·) ìå õðïïìÜäåò
áõôÞò. ¤

5.2.10 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ∈  Ôüôå

card(êëó()) = card

µ½
 ∈ 

¯̄̄̄


∼
óõæ.



¾¶
= | : C()| 



§ 5.2 êåíôñïðïéçôåò êáé ïñèïèåôåò 227

äçëáäÞ ï ðëçèéêüò áñéèìüò ôÞò êëÜóåùò óõæõãßáò ôïý  åíôüò ôÞò éóïýôáé ìå ôïí
äåßêôç ôïý êåíôñïðïéçôÞ C() ôïý  åíôüò ôÞò  ÅðéðñïóèÝôùò, üôáí ç  åßíáé
ðåðåñáóìÝíç, áõôüò ï ðëçèéêüò áñéèìüò åßíáé äéáéñÝôçò ôÞò ôÜîåùò || ôÞò 
Áðüäåéîç. ËáìâáíïìÝíïõ õð' üøéí ôïý 5.2.7 (ii), ç áíùôÝñù éóüôçôá áðïäåéêíýå-

ôáé áêïëïõèþíôáò êáôÜ ãñÜììá ôçí áðüäåéîç ôÞò ðñïôÜóåùò 5.2.8 êáé áíôéêáèé-

óôþíôáò -åê ðáñáëëÞëïõ- óå áõôÞí ôá ìç êåíÜ õðïóýíïëá ôïý õðïêåéìÝíïõ óõíü-

ëïõ  ôÞò ( ·) ìå ìïíïóýíïëá. ¤

5.2.11 ÐáñÜäåéãìá. (ÊëÜóåéò óõæõãßáò áâåëéáíþí ïìÜäùí) ÅÜí ç ( ·) åßíáé

ìéá áâåëéáíÞ ïìÜäá, ôüôå êÜèå êëÜóç óõæõãßáò ôçò åßíáé Ýíá ìïíïóýíïëï. ÐñÜã-

ìáôé° ãéá êÜèå  ∈  Ý·ïõìå

C() = { ∈  | =  } =  =⇒ card(êëó()) = 1⇒ êëó() = {}
¢ñá ïé êëÜóåéò óõæõãßáò ôÞò  åßíáé ôá ìïíïóýíïëá {}  ∈ 

5.2.12 ÐáñÜäåéãìá. (ÊëÜóåéò óõæõãßáò ôÞò Q) ÌÝóù ôïý ðïëëáðëáóéáóôéêïý

êáôáëüãïõ ôÞò ïìÜäáò Q = {±I2±i±j±k} ôùí ôåôñáíßùí (âë. 2.2.11) äéáðé-

óôþíïõìå áö' åíüò ìåí üôé ôï −I2 ìåôáôßèåôáé áìïéâáßùò ìå êÜèå óôïé·åßï ôÞò Q

ïðüôå êëóQ(I2) = {I2}êëóQ(−I2) = {−I2} áö' åôÝñïõ äå üôé

iji−1= j−1 = −j jkj−1= k−1 = −k kik−1= i−1 = −i
ïðüôå {i−i} ⊆ êëóQ(i) {j−j} ⊆ êëóQ(j) êáé {k−k} ⊆ êëóQ(k) ÅðåéäÞ ç hii
(ùò êõêëéêÞ) åßíáé áâåëéáíÞ ïìÜäá, Ý·ïõìå hii v CQ(hii) hii E Q⇒ CQ(hii) E Q
(âë. 5.2.2 (ii)-(iii) êáé 4.2.18) êáé ôï èåþñçìá 4.1.50 äßäåé

|Q : CQ(hii)| |CQ(hii) : hii| = |Q : hii| = |Q hii| = |Q|
|hii| = 2 (5.8)

ÅðåéäÞ j ∈ QrCQ(hii) ⇒ CQ(hii) @ Q áðü ôçí (5.8) êáé ôï ðüñéóìá 5.2.10 ðñï-

êýðôåé üôé

CQ(hii) = hii  card(êëóQ(i)) = |Q : CQ(hii)| = 2
êáé, êáô' åðÝêôáóç, üôé êëóQ(i) = {i−i}μñçóéìïðïéþíôáò ôÜ ßäéá åðé·åéñÞìáôá

(êáôüðéí êõêëéêÞò åíáëëáãÞò ôùí i j êáé k) êáôáëÞãïõìå óôï óõìðÝñáóìá üôé

êëóQ(j) = {j−j} êáé êëóQ(k) = {k−k} ¢ñá ç Q äéáèÝôåé åí óõíüëù ðÝíôå

êëÜóåéò óõæõãßáò:

{I2} {−I2} {i−i} {j−j} {k−k}
ToΞ := {I2−I2 i jk}áðïôåëåß Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí ôÞòQùòðñïò

ôçí ‘‘ ∼
óõæ.

'', åíþ ï áíôßóôïé·oò êáôÜëïãïò åêðñoóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò

Q åßíáé ï åîÞò:

åêðñ. I2 −I2 i j k

ôÜîç 1 2 4 4 4

 1 1 2 2 2
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Åí óõíå·åßá, ãéá íá áíáäåßîïõìå ôçí éäéáßôåñç óçìáóßá ôïý ðïñßóìáôïò 5.2.9, èá

áðïäåßîïõìå ìÝóù áõôïý (óå óõíäõáóìü ìå ôá ëÞììáôá 5.2.14 êáé 5.2.17 ðïõ áêï-

ëïõèïýí) üôé åÜí ìéá ïìÜäá Ý·åé ìéá ãíÞóéá õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç, ôüôå

Ý·åé êáô' áíÜãêçí êáé ìéá ãíÞóéá ïñèüèåôç õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç (âë.

èåþñçìá 5.2.18).

5.2.13 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  v  Ãéá êÜèå  ∈  Ý·ïõìå

−1 v  (âë. 4.2.16). Êáô' åðÝêôáóç,
T
∈

−1 v  (âë. 2.1.23). ÁõôÞ ç

õðïïìÜäá

Cïre() :=
T
∈

−1

(ïñéæüìåíç ùò ç ôïìÞ üëùí ôùí óõæõãþí õðïïìÜäùí ôÞò  åíôüò ôÞò ) êáëåß-

ôáé ïñèüèåôï åóùôåñéêü (Þ ï ìõ·üò) ôÞò  åíôüò ôÞò  (êáé áðïôåëåß, üðùò èá

äïýìå óôï ëÞììá 5.2.14 ðïõ áêïëïõèåß, ôç ìÝãéóôç ïñèüèåôç õðïïìÜäá ôÞò  ðïõ
ðåñéÝ·åôáé óôçí ).

5.2.14 ËÞììá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù v  Ôüôå éó·ýïõí ôá åîÞò :

(i) Cïre() E 

(ii) ÅÜí  v  êáé  E  ôüôå  v Cïre()

Áðüäåéîç. (i) Èåùñïýìå ôõ·üíôá óôïé·åßá  ∈  êáé  ∈ cïre() Ðñïöáíþò,

 ∈ −1 ∀ ∈  ïðüôå −1 ∈ 
¡
−1

¢
−1 = () ()−1  ∀ ∈  Åí

óõíå·åßá ðáñáôçñïýìå üôé ãéá ïéïäÞðïôå óôïé·åßï  ∈  õðÜñ·åé (ìïíïóçìÜíôùò

ïñéóìÝíï)  ∈  ôÝôïéï þóôå íá éó·ýåé ç éóüôçôá  =  (Þôïé ôï  := −1 âë.
2.1.9 (iv)). ÊáôÜ óõíÝðåéáí,

−1 ∈ −1 ∀ ∈ ⇒ −1 ∈ T
∈

−1 := Cïre()

ïðüôå cïre() E 

(ii) ¸óôù  ôõ·üí óôïé·åßï ôÞò  ÅðåéäÞ  E  Ý·ïõìå −1 =  ÅðïìÝíùò,

 ⊆  ⇒ [−1 ⊆ −1∀ ∈ ]⇒ T
∈

−1 =  ⊆ Cïre()

áð' üðïõ Ýðåôáé üôé  v Cïre() (êáèüóïí  v  âë. 2.1.20). ¤

5.2.15 ÐáñÜäåéãìá. Ãéá ôç ìç ïñèüèåôç õðïïìÜäá := h[1 2]i = {id [1 2]} ôÞò
S3 = {id [1 2]  [1 3]  [2 3]  [1 2 3]  [1 3 2]}

éó·ýïõí ôá åîÞò:

id ◦ ◦ id−1 =  [1 2] ◦ ◦ [1 2]−1 = 

[1 3] ◦ ◦ [1 3]−1 = h[2 3]i  [2 3] ◦ ◦ [2 3]−1 = h[1 3]i 
[1 2 3] ◦ ◦ [1 2 3]−1 = h[2 3]i  [1 3 2] ◦ ◦ [1 3 2]−1 = h[1 3]i 

(Ðñâë. 3.2.2 êáé 4.1.19.) ¢ñá CïreS3() = h[1 2]i ∩ h[1 3]i ∩ h[2 3]i = {id}
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5.2.16 ÐáñÜäåéãìá. Èåùñïýìå ôçí õðïïìÜäá

 :=
n³

 0
0 

´¯̄̄
  ∈ Q  6= 0

o
ôÞò GL2(Q) ÁõôÞ äåí åßíáé ïñèüèåôç, äéüôé ð.·.³

1 1
1 2

´³
1 0
0 2

´³
1 1
1 2

´−1
=
³

0 1
−2 3

´
∈ 

ÁíôéèÝôùò, ç ïìÜäá

 :=
n³

 0
0 

´¯̄̄
 ∈ Qr{0}

o
v 

áðïôåëåß ïñèüèåôç õðïïìÜäá ôÞò GL2(Q) êáèüóïí ãéá ïéïõóäÞðïôå  ∈ Qr{0}
êáé     ∈ Q ìå −  6= 0 Ý·ïõìå³

 

 

´³
 0
0 

´³
 

 

´−1
=
³

 0
0 

´


Óýìöùíá ìå ôï (ii) ôïý ëÞììáôïò 5.2.14,  vCïreGL2(Q)()¸óôùA ôõ·þí ðßíá-

êáò áíÞêùí óôçí CïreGL2(Q)()ÏA áíÞêåé óôçí ôïìÞ üëùí ôùí óõæõãþí õðïï-
ìÜäùí ôÞò  åíôüò ôÞò GL2(Q) ÅðåéäÞ ìåôáîý áõôþí ôùí óõæõãþí áíÞêåé êáé ç

ßäéá ç (= I2I
−1
2 )

∃1 1 ∈ Q 11 6= 0 : A =
³

1 0
0 1

´


H ïìÜäá BB−1 üðïõ B :=
¡
1 −1
0 1

¢
 åßíáé Üëëç ìßá óõæõãÞò õðïïìÜäá ôÞò 

åíôüò ôÞò GL2(Q) Ðñïöáíþò,

A ∈  ∩BB−1 ⇒ ∃C ∈  C =
³

2 0
0 2

´
: A = BCB−1

(ãéá êáôÜëëçëïõò 2 2 ∈ Q ìå 22 6= 0). ÊáôÜ óõíÝðåéáí,³
1 0
0 1

´
=
³

1 −1
0 1

´³
2 0
0 2

´³
1 −1
0 1

´−1
=
³

2 2 − 2
0 2

´


áð' üðïõ Ýðåôáé üôé 1 = 2 = 1 = 2 Þôïé üôéA ∈ ¢ñá CïreGL2(Q)() = 

5.2.17 ËÞììá. ¸óôù ( ·) ìéá ïìÜäá ãéá ôçí ïðïßá ∃ v  ìå | : | ∞ Ôüôå

| : | = ¯̄ : −1
¯̄
 ∀ ∈ 

Áðüäåéîç. ¸óôù ôõ·üí  ∈ ÕðïèÝôïõìå üôé ôïÁ åßíáé Ýíáóýóôçìááñéóôåñþí

åêðñïóþðùí ôÞò åíôüò ôÞò  ìå card(A) =  ∈ N êáé

{ | ∈ Á} = {1 2 }

Èá áðïäåßîïõìå üôé ôï©
()−1 | ∈ Á

ª
= {(1)−1 (2)−1 ()−1}
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áðïôåëåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò −1 åíôüò ôÞò  Ðñïöá-

íþò,

[
=1

()
−1 = 

⎛⎝ [
=1



⎞⎠ −1 = −1 = 

ÅðéðñïóèÝôùò, åÜí  0 ∈ {1 2  } ìå ()−1 = (0)
−1 ôüôå

−1(()−1) = −1((0)−1)⇒ () 
−1 = (0) −1

ïðüôå

(() 
−1) = ((0) −1) ⇒  = 0 ⇒  = 0

Óõíåðþò,
¯̄
 : −1

¯̄
= card(A) =  ¤

5.2.18 Èåþñçìá. ¸óôù ( ·) ìéá ïìÜäá ãéá ôçí ïðïßá ∃ @  ìå | : |  ∞

Ôüôå ∃ C  ìå

| : | ≤ | : | ≤ | : ||:N()| ∞

Áðüäåéîç. ÅÜí ìéá ïìÜäá ( ·) äéáèÝôåé ìéá ãíÞóéá õðïïìÜäá ðåðåñáóìÝíïõ

äåßêôç | : | =  ≥ 2 ôüôå | : N()| ≤  äéüôé  v N() (âë. 5.2.4 (iv)).

¢ñá êáé ï ïñèïèÝôçò N() ôÞò  åßíáé ìéá õðïïìÜäá ôÞò  ðåðåñáóìÝíïõ äåß-

êôç. Áò èÝóïõìå  := | : N()|  ÊáôÜ ôï ðüñéóìá 5.2.9 õößóôáíôáé áêñéâþò 

õðïïìÜäåò ôÞò  ðïõ åßíáé óõæõãåßò ðñïò ôçí ÁõôÝò åßíáé ôÞò ìïñöÞò

1−11  2−12    −1 

ãéá êÜðïéá óôïé·åßá 1 2   ∈  ÊáôÜ ôï ëÞììá 5.2.17,¯̄
 : −1

¯̄
=  ∀ ∈ {1 2  }

ÈÝôïíôáò :=
T

=1
−1  ðáñáôçñïýìå áö' åíüò ìåí üôé

 ≤ | : | ≤
Q

=1

¯̄
 : −1

¯̄
=  (5.9)

(êÜíïíôáò ·ñÞóç ôïý ðïñßóìáôïò 4.1.55), áö' åôÝñïõ äå üôé

 =
T
∈

−1 =: Core() (5.10)

êáèüóïí ãéá ïéïäÞðïôå óôïé·åßï  ∈  õðÜñ·åé êÜðïéïò äåßêôçò  ∈ {1 2  } ìå
−1 = −1  (Ïé −1 êáé  åßíáé óõæõãåßò ãéá ïéïäÞðïôå  ∈ ) Áðü

ôçí (5.10) êáé ôï (i) ôïý ëÞììáôïò 5.2.14 Ýðåôáé üôé C  ¤
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5.2.19 ÐáñáôÞñçóç. Ç ýðáñîç ìéáò  C  ìå | : |  ∞ åß·å Þäç áðïäåé·èåß

(ìå Üëëïí ôñüðï) óôï (iii) ôïý èåùñÞìáôïò 4.4.23. Ùò åðåëÝãç -êáé óå åêåßíï ôï

èåþñçìá- ôï ïñèüèåôï åóùôåñéêü ôÞò åíôüò ôÞòÙóôüóï åêåß, ùò Üíù öñÜãìá

ôïý äåßêôç | : | åß·å ðñïêýøåé ôï ðáñáãïíôéêü ! ≈ √2 ¡
e

¢
ôïý  := | : |

êáé ü·é ç äýíáìç  (âë. (5.9)).

5.2.20 Óçìåßùóç. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá, ôüôå õðü óõãêåêñéìÝ-
íåò ðñïûðïèÝóåéò õößóôáôáé êÜðïéá ·áñáêôçñéóôéêÞ ó·Ýóç éóïôéìßáò ìåôáîý ôÞò

ôÜîåþò ôçò || êáé ôïý ðëÞèïõò K() ôùí êëÜóåùí óõæõãßáò ôçò. Åðß ðáñáäåßã-

ìáôé, óôï êëáóéêü óýããñáììá [3] ôïý G. Burnside áðïäåéêíýåôáé ç óõíåðáãùãÞ

|| ≡ 1(mod 2) =⇒ || ≡ K() (mod 16)

êáé ðñïôåßíåôáé ùò Üóêçóç (óôç óåë. 320 ôÞò äåýôåñçò åêäüóåþò ôïõ) ç áðüäåéîç

ôÞò óõíåðáãùãÞò

|| ≡ 1(mod 4) =⇒ || ≡ K() (mod 32) 

Êëåßíïõìå ôçí ðáñïýóá åíüôçôá ðáñáèÝôïíôáò ôçí áðüäåéîç ôÞò éó·ýïò ìéáò ðá-

ñüìïéáò ó·Ýóåùò éóïôéìßáò, ôçí ïöåéëüìåíç óôïíB. Poonen12, ç ïðïßá êÜíåé ·ñÞóç

ìüíïí ôïý ðïñßóìáôïò 5.2.10 êáé óôïé·åéùäþí áñéèìïèåùñçôéêþí åðé·åéñçìÜôùí.

5.2.21 Èåþñçìá. (B. Poonen, 1995) ¸óôù ∈ N  ≥ 2 êáé Ýóôù ( ·) ìéá ðå-
ðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäá. ÅÜí õðïèÝóïõìå üôé || = 11 · · ·  åßíáé ç
ðáñÜóôáóç ôÞò ôÜîåþò ôçò ùò ãéíïìÝíïõ (êáôáëëÞëùí äõíÜìåùí) óáöþò äéáêå-
êñéìÝíùí ðñþôùí áñéèìþí 1  üðïõ  ∈ N êáé 1  ∈ N (âë. (B.19)),

ôüôå éó·ýåé ç óõíåðáãùãÞ

 ≡ 1(mod)
∀ ∈ {1  }

¾
=⇒ || ≡ K() ¡mod 22

¢


Áðïäåéîç. ÈÝôïíôáò A := { ( ) ∈ ×|  6= } ìðïñïýìå ãéá êÜèå ìç äéá-

ôåôáãìÝíï æåýãïò {12} äýï êõêëéêþí õðïïìÜäùí 1 êáé 2 ôÞò  íá èåù-

ñÞóïõìå ôï óýíïëï ôùí ( ) ∈  ×  ãéá ôá ïðïßá éó·ýåé åßôå hi = 1 êáé

hi = 2 åßôå hi = 2 êáé hi = 1 (äçëáäÞ ãéá ôá ïðïßá ïé õðïïìÜäåò hi
êáé hi åßíáé ïé 1 êáé 2 ùò ðñïò êÜðïéá äéÜôáîÞ ôïõò). Ðñïöáíþò, áõôïý ôïý

åßäïõò ôá õðïóýíïëá äéáìåëßæïõí ôï êáñôåóéáíü ãéíüìåíï ×

ÂÞìá 1ï. Ôï A áðïôåëåß áðïóõíäåôÞ Ýíùóç õðïóõíüëùí áõôïý ôïý åßäïõò. ÐñÜã-

ìáôé°

( ) ∈ A⇐⇒ [ = ∀ ∈ hi êáé ∀ ∈ hi]

üðïõ ôï äåîéü ìÝëïò åîáñôÜôáé ìüíïí áðü ôï ìç äéáôåôáãìÝíï æåýãïò {hi  hi}
12B. Poonen: Congruences relating the order of a group to the number of conjugacy classes, The AmericanMathematical

Monthly, Vol. 102, No. 5 (1995), 440-442.
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ÂÞìá 2ï. Ãéá êÜèå õðïóýíïëï B ôïý A áõôïý ôïý åßäïõò éó·ýåé 22 |card(B)
ÐñÜãìáôé° åÜí {12} åßíáé ôõ·üí (ìç äéáôåôáãìÝíï) æåýãïò êõêëéêþí õðïïìÜ-

äùí1 êáé2 ôÞò  ðïõ áíôéóôïé·åß óôï B ôüôå
B = { (1 2) ∈ 1 ×2| h1i = 1 êáé h2i = 2}S { (1 2) ∈ 1 ×2| h1i = 2 êáé h2i = 1}  (5.11)

ÅðåéäÞ ãéá  = 1 2 ç  Ý·åé  (||) ãåííÞôïñåò (üðïõ  ç óõíÜñôçóç öé ôïý

Euler, âë. ðüñéóìá 2.3.17) êáèÝíá åê ôùí óõíüëùí ôÞò áíùôÝñù åíþóåùò äéáèÝôåé

 (|1|) (|2|) óôïé·åßá. ÅðéðñïóèÝôùò, åðåéäÞ
B ⊆ A⇒ 1 6= 2

ç Ýíùóç (5.11) åßíáé áðïóõíäåôÞ êáé, ùò åê ôïýôïõ, éó·ýåé

card (B) = 2 (|1|) (|2|)  (5.12)

Áðü ôïí åãêëåéóìü B ⊆ A óõíÜãåôáé üôé áìöüôåñåò ïé 1 êáé 2 åßíáé ìç ôåôñéì-

ìÝíåò. ÊáôÜ óõíÝðåéáí, ãéá  = 1 2 Ý·ïõìå

1 6= || | || =⇒
B.3.14

[∃ ∈ {1  } :  | ||] =⇒  | || 

ïðüôå |  − 1 = 
¡

¢
(âë. ëÞììá B.4.19) êáé


¡

¢ |  (||)⇒  |  (||) =⇒

(5.12)
22 | card(B)

ÂÞìá 3ï. ÅÜí  := card( ∼
óõæ.
) êáé C1 C åßíáé ïé óáöþò äéáêåêñéìÝíåò êëÜóåéò

óõæõãßáò ôÞò  ôüôå ôï ðüñéóìá 5.2.10 äßäåé

card ((×)rA) =
X
∈

card({ ∈ |  = })

=
X
∈

|C()| = ||
X
∈

1
card(êëó())

= ||
X

=1

X
∈C

1
card(êëó())

= ||
X

=1

(
1

card(C) + · · ·+
1

card(C)| {z }
card(C) öïñÝò

) = ||
X

=1

1 = || 

êáèüóïí  = C1
` · · ·`C êáé

card(êëó()) = card(C) ∀ ∈ {1  } êáé ∀ ∈ C
ÅðïìÝíùò, card(A) = || (||− )  Áðü ôá ðñïçãçèÝíôá âÞìáôá 1 êáé 2 Ýðåôáé

üôé 22 |card(A) ÅðåéäÞ
 ≡ 1(mod)⇒   

∀ ∈ {1  } êáé  ≥ 2
¾
=⇒
B.3.16

ìêä(||  22) = 1

Ý·ïõìå

22 | card(A) = || (||− )

ìêä(||  22) = 1

¾
=⇒
B.2.9

22 | ||− 

Þôïé || ≡ (mod 22) ¤
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5.3 ÊËÁÓÅÉÓ ÓÕÆÕÃÉÁÓ ÔÙÍ ÓÕÌÌÅÔÑÉÊÙÍ

ÊÁÉ ÔÙÍ ÅÍÁËËÁÓÓÏÕÓÙÍ ÏÌÁÄÙÍ

ÇóõóôçìáôéêÞ ìåëÝôç ôùí êëÜóåùí óõæõãßáò ôùíS êáéA ðñïáðáéôåß ôçí õðü-

ìíçóç áñêåôþí èåìåëéùäþí åííïéþí êáé áðïôåëåóìÜôùí ôÞò Èåùñßáò Äéáìåñß-

óåùí Áñéèìþí êáé ôÞò ÓõíäõáóôéêÞò.

5.3.1 Óõìâïëéóìüò. ¸óôù  ∈ N Ãéá êÜèå  ∈ {1 } óõìâïëßæïõìå ùò

Π () :=

(
(1 2 ) ∈ N

¯̄̄̄
¯ 1 ≤ 2 ≤ · · · ≤   ìå

P
=1

 = 

)
ôï óýíïëï üëùí ôùí äéáìåñßóåùí ôïý  (ùò ðñïò ôçí ðñüóèåóç ôïý N) óå  öõ-
óéêïýò áñéèìïýò. (Ðñïöáíþò, Π1 () = {} êáé Π () = {(1 1 1)}) Åðßóçò,
óõìâïëßæïõìå ùò

Π () :=
S

=1
Π ()

ôï óýíïëï üëùí ôùí äõíáôþí äéáìåñßóåùí ôïý  êáé èÝôïõìå

 () := card(Π ())

5.3.2 Óçìåßùóç. (Ðåñß ôïý ()) (i) Ï ôñüðïò ðñïóäéïñéóìïý ôïý ðëÞèïõò

 () üëùí ôùí äõíáôþí äéáìåñßóåùí åíüò  ∈ N ðåñéåãñÜöç äéåîïäéêþò áðü ôïí

L. Euler (1707-1783) ôï Ýôïò13 1741 Ç ãåííÞôñéá óõíÜñôçóç ôïý () åßíáé ç14

∞P
=0

 ()  =
∞Q
=1

µ
1

1− 

¶ Ã
=
∞Q
=1

Ã
∞P
=0



!!
 (5.13)

(ii) Ç áóõìðôùôéêÞ óõìðåñéöïñÜ ôïý () åßíáé ç åîÞò:

 () ≈ 1
4
√
3
exp(2

p

6 ) êáèþò ôï  −→∞ (5.14)

Ç áíáêÜëõøç ôÞò åêöñÜóåùò (5.14) Ýãéíå áðü ôïõò G.H. Hardy (1877-1947) êáé

S. Ramanujan (1887-1920) ôï Ýôïò15 1918 êáé (áíåîáñôÞôùò áõôþí) áðü ôïí J.V.

Uspensky (1883-1947) ôï Ýôïò 1920 ¸íá åðéðñüóèåôï áóõìðôùôéêü áðïôÝëåóìá

åäüèç áðü ôïí H. Rademacher (1892-1969) ôï16 1937

13Ôï ðñüâëçìá ôïý ðñïóäéïñéóìïý ôïý () åß·å ôåèåß Þäç áðü ôï Ýôïò 1699 óå ìéá åðéóôïëÞ ôïýG. Leibnitz (1646-
1716) ðñïò ôïí J. Bernoulli (1667-1748). Ôï 1740 (êáé óõãêåêñéìÝíá, ôçí 4ç Óåðôåìâñßïõ 1740) åôÝèç åê íÝïõ ùò
åñþôçìá áðü ôïí Ph. Naudª (1684-1747) óôïí L. Euler. Ï ôåëåõôáßïò ðáñïõóßáóå ôç ëýóç ôïý ðñïâëÞìáôïò óôçí

Áêáäçìßá Åðéóôçìþí ôÞò Áãßáò Ðåôñïõðüëåùò ôçí 6ç Áðñéëßïõ ôïý 1741. Ùóôüóï, áõôÞ äçìïóéåýèçêå Ýðåéôá áðü

ìßá äåêáåôßá (Âë. L. Euler: Observationes analyticae variae decomtinationibus, Commentarii academiae scientiarum

Petropolitanae 13 (1741/43) 1751, pp. 64-93, reprinted in Opera Omnia Series I, Vol. 2, pp. 163-193.)

14Åäþ ·ñçóéìïðïéåßôáé ç óõíÞèçò óýìâáóç:  (0) := 1
15Âë. G.H. Hardy & S. Ramanujan: Asymptotic formulae in combinatory analysis, Proc. London Math. Soc. (2) 17
(1918) 75-115
16Âë. H. Rademacher: On the partition function () Proc. London Math. Soc. (2) 43 (1937) 75-115
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5.3.3 ËÞììá. ¸óôù  ∈ N Ôüôå êÜèå ìåôÜôáîç  ∈ S ãñÜöåôáé ùò óýíèåóç

 = 1 ◦ 2 ◦ · · · ◦  (5.15)

 áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí 1 2  ôÞò ìïñöÞò

 =
£
1 2  

¤
 ∀ ∈ {1 }

ãéá êÜðïéïí  ∈ {1 } ïýôùò þóôå íá éó·ýåé 17
S

=1
{1 2 } = {1 2 }

üðïõ (1 2 ) ∈ Π ()  (Ðñïóï·Þ! Ç Ýêöñáóç (5.15) äåí åßíáé (åí ãÝíåé)

ìïíïóçìÜíôùò ïñéóìÝíç ðáñÜ ìüíïí ýóôåñá áðü êÜðïéá áíáäéÜôáîç ôùí ìåôå-

·üíôùí êýêëùí éäßïõ ìÞêïõò. ÁíôéèÝôùò, ç -Üäá (1 2 ) ∈ Π () åßíáé
ðÜíôïôå ìïíïóçìÜíôùò ïñéóìÝíç!)

Áðïäåéîç. ¸óôù ôõ·ïýóá ìåôÜôáîç  ∈ S ÅÜí  = id, ôüôå áõôÞ ãñÜöåôáé

õðü ôç ìïñöÞ (5.15), êáèüôé id = [1] ◦ [2] ◦ · · · ◦ [] (ìå 1 = 2 = · · · =  = 1)

ÅÜí  ∈ Sr{id} ôüôå, óýìöùíá ìå ôï èåþñçìá 3.2.7, ç  ìðïñåß íá ãñáöåß õðü

ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí  = 1 ◦ 2 ◦ · · · ◦  áíÜ äýï îÝíùí ìåôáîý

ôïõò êýêëùí 1 2  ìÞêïõò ≥ 2 (ìå  ≥ 1 êáé 2 ≤ ). ÅðéëÝãïõìå ìéá

áíáäéÜôáîç18 ̂1 ̂2 ̂ ôùí êýêëùí 1 2  ïýôùò þóôå íá éó·ýåé

(ìÞêïò ôïý ̂) ≤ (ìÞêïò ôïý ̂+1) ∀ ∈ {1− 1}
Ôüôå  = ̂1 ◦ ̂2 ◦ · · · ◦ ̂ (äéüôé ïé 1 2  åßíáé áíÜ äýï îÝíïé ìåôáîý ôïõò,

âë. ëÞììá 3.2.4). Óôçí ðåñßðôùóç üðïõ supp() = {1 } áñêåß íá èÝóïõìå

 := ̂ ∀ ∈ {1 (=: )}
Óôçí ðåñßðôùóç üðïõ supp() $ {1 } èåùñïýìå ôï óýíïëï

{1 }rsupp() = {1 } (ìå card(supp()) = − )

êáé èÝôïõìå

 :=

( £

¤
 üôáí  ∈ {1 }

̂− üôáí  ∈ {+ 1 + (=: )}
Óå áìöüôåñåò ôéò ðåñéðôþóåéò èÝôïõìå  := (ìÞêïò ôïý ) ∀ ∈ {1 } ¤

5.3.4 Ïñéóìüò. (Ï «ôýðïò» ìéáò ìåôáôÜîåùò.) ¸óôù  ∈ N êáé Ýóôù  ∈ S Ç

ìïíïóçìÜíôùò ïñéóìÝíç -Üäá

tp() := (1 2 ) ∈ Π ()

ðïõ áíôéóôïé·ßæåôáé óôçí  ìÝóù ôïý ëÞììáôïò 5.3.3 ïíïìÜæåôáé ôýðïò ôÞò 

17Åíßïôå ìéá Ýêöñáóç ôÞò  áõôÞò ôÞò ìïñöÞò êáëåßôáé ðëÞñçò ðáñáãïíôïðïßçóç ôÞò 

18Ç åðéëåãüìåíç áíáäéÜôáîç (ðïõ èá ðëçñïß ôçí åðéèõìçôÞ óõíèÞêç) äåí åßíáé êáô' áíÜãêçí ìïíïóçìÜíôùò ïñé-

óìÝíç!
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5.3.5 Ïñéóìüò. ¸óôù  ∈ N ÅÜí   ∈ S ôüôå ëÝìå üôé ïé  êáé  Ý·ïõí ôçí

ßäéá äïìÞ êýêëùí üôáí ∃ ∈ {1 } : tp() ∈ Π ()  tp() ∈ Π () êáé
tp() = tp()

üðïõ ç éóüôçôá áõôÞ íïåßôáé «êáôÜ óõíôåôáãìÝíåò».

5.3.6 Èåþñçìá. ¸óôù  ∈ N Ãéá äõï ìåôáôÜîåéò   ∈ S ôá áêüëïõèá åßíáé
éóïäýíáìá :

(i) Ïé  êáé  åßíáé óõæõãåßò åíôüò ôÞò S

(ii) Ïé  êáé  Ý·ïõí ôçí ßäéá äïìÞ êýêëùí.

Áðïäåéîç. (i)⇒(ii) ÅÜí ïé  êáé  åßíáé óõæõãåßò åíôüò ôÞò S ôüôå ∃ ∈ S

ïýôùò þóôå íá éó·ýåé  =  ◦  ◦ −1 ÃñÜöïíôáò ôçí  ∈ S ùò óýíèåóç

 = 1 ◦ 2 ◦ · · · ◦    =
£
1 2  

¤
 ∀ ∈ {1 }

 áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí 1 2  (üðùò óôçí (5.15)) Ý·ïõóá ôýðï

tp() = (1 2 ) ∈ Π () 

ãéá êÜðïéïí (ðáãéùìÝíïí)  ∈ {1 } ðáñáôçñïýìå üôé
 =  ◦ 1 ◦ · · · ◦  ◦ −1 =

¡
 ◦ 1 ◦ −1

¢ ◦ · · · ◦ ¡ ◦  ◦ −1¢ 
üðïõ ãéá êÜèå  ∈ {1 }

 ◦  ◦ −1 =  ◦ £1 2  ¤ ◦ −1 = £(1) (2)  ( )¤
(ëüãù ôïý 3.2.3 (vii)), ïðüôå

 = [(11)  (11)] ◦ · · · ◦ [(1)  ( )]⇒ tp() = tp()

(ii)⇒(i) ÅÜí ïé ìåôáôÜîåéò  êáé  Ý·ïõí ôçí ßäéá äïìÞ êýêëùí, ôüôå

∃ ∈ {1 } : tp() tp() ∈ Π () êáé tp() = tp()
ÃñÜöïíôÜò ôåò õðü ôç ìïñöÞ óõíèÝóåùí(

 = 1 ◦ · · · ◦    = [1   ] ∀ ∈ {1 }
 = 01 ◦ · · · ◦ 0  0 = [1   ] ∀ ∈ {1 }

(üðùò óôçí (5.15)) ìå
S

=1
{1 2 } =

S
=1
{1 2 } = {1 2 }

êáôáóêåõÜæïõìå ìéá  ∈ S ìÝóù ôïý ôýðïõ () :=  ãéá êÜèå  ∈ {1 }
êáé êÜèå  ∈ {1 } Åê êáôáóêåõÞò,  =  ◦  ◦ −1 ¤

5.3.7 Ðüñéóìá. Ôï ðëÞèïò ôùí êëÜóåùí óõæõãßáò ôÞò óõììåôñéêÞò ïìÜäáò S

éóïýôáé ìå

K(S) =  () 
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Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 5.3.6 ç êëÜóç óõæõãßáò (åíôüò ôÞò S)
ïéáóäÞðïôå ìåôáôÜîåùò  ∈ S ðïõ Ý·åé ôýðï tp() ∈ Π ()  ãéá êÜðïéïí
 ∈ {1 } åßíáé ç

êëóS() =

½
 ∈ S

¯̄̄̄

S∼
óõæ.



¾
= { ∈ S |tp() ∈ Π () êáé tp() = tp()} 

ÈÝôïíôáòS := { ∈ S |tp() ∈ Π ()}  áðïêôïýìå ìéá áìößññéøç

{êëóS() | ∈ S } 3 êëóS() 7−→ tp() ∈ Π ()

ãéá êÜèå  ∈ {1 } ÅðåéäÞ S ∼
óõæ.

=
S

=1
{êëóS

() | ∈ S }  ðñïêýðôåé
ôåëéêþò ìéá áìößññéøçS ∼

óõæ.
−→ Π ()  ¤

5.3.8 Óçìåßùóç. ÅÜí  ∈ N  ≥ 3 êáé  v S ôüôå, óýìöùíá ìå Ýíá áðïôÝëå-

óìá ôïý Á. Maróti (äçìïóéåõèÝí ôï Ýôïò19 2005), ôï ðëÞèïò ôùí êëÜóåùí óõæõãßáò

ôÞò  Ý·åé ôï åîÞò Üíù öñÜãìá:

K() ≤ 3−12 

5.3.9 ÐáñáôÞñçóç. μñçóéìïðïéþíôáò ôÞ ãåííÞôñéá óõíÜñôçóç (5.13) ôïý  ()

ðñïóäéïñßæïõìå áðåõèåßáò ôï ðëÞèïò ôùí êëÜóåùí óõæõãßáò ôÞò S Åðß ðáñá-

äåßãìáôé, ãéá

 ∈ {2 20} ∪ {10 | ∈ {3  10}} ∪ {200}
ëáìâÜíïõìå

 K(S)  K(S)

2 2 16 231

3 3 17 297

4 5 18 385

5 7 19 490

6 11 20 627

7 15 30 5604

8 22 40 37338

9 30 50 204226

10 42 60 966467

11 56 70 4087968

12 77 80 15796476

13 101 90 56634173

14 135 100 190569292

15 176 200 3972999029388

Ïðëçèéêüò áñéèìüò ôÞò êëÜóåùò óõæõãßáòêëóS() êáé ç ôÜîç ôïý êåíôñïðïéçôÞ

CS() ìéáò ìåôáôÜîåùò  ∈ S õðïëïãßæïíôáé ëåðôïìåñþò óôï èåþñçìá 5.3.16.

ÐñïôÜóóïíôáé ôÝóóåñá áðáñáßôçôá ëÞììáôá êáèáñþò óõíäõáóôéêÞò öýóåùò.
19Âë. A. Maróti: Bounding the number of conjugacy classes of a permutation group, Journal of Group Th. 8 (2005),
273-289
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5.3.10 Ïñéóìüò. ¸óôù  ∈ N êáé Ýóôù  ∈ N  ≤  ÅÜí ôï  åßíáé Ýíá óýíïëï

ìå  óôïé·åßá ôüôå êÜèå åíñéðôéêÞ áðåéêüíéóç  : {1  } −→  êáëåßôáé äéÜ-

ôáîç ôùí  óôïé·åßùí ôïý áíÜ  (Åßèéóôáé íá ôáõôßæïõìå êÜèå äéÜôáîç  ôùí 

óôïé·åßùí ôïý áíÜ  ìå ôç äéáôåôáãìÝíç -Üäá ((1) (2) ()) ∈ )

5.3.11 ËÞììá. ¸óôù  ∈ N êáé Ýóôù  Ýíá óýíïëï ìå  óôïé·åßá. ÅÜí  ∈ N
 ≤  ôüôå ôï ðëÞèïò ôùí äéáôÜîåùí ôùí  óôïé·åßùí ôïý áíÜ  éóïýôáé ìå

(− 1)(− 2) · · · (−  + 1)

Áðïäåéîç. ¸óôù Inj(;) := { : {1  } −→  | Ýíñéøç} ôï óýíïëï ôùí

åíñéðôéêþí áðåéêïíßóåùí áðü ôï {1  } óôï  Ðñïöáíþò,

card(Inj(;)) =

½
 üôáí  = 1

(−  + 1) card(Inj( − 1;)) üôáí  ≥ 2
Ç áðüäåéîç ôÞò éóüôçôáò card(Inj(;)) = (− 1)(− 2) · · · (−  + 1) Ýðåôáé

Üìåóá êÜíïíôáò ·ñÞóç ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  ¤

5.3.12 Ïñéóìüò. ¸óôù  ∈ N êáé Ýóôù  ∈ N  ≤  ÅÜí ôï  åßíáé Ýíá óýíïëï

ìå  óôïé·åßá ôüôå êÜèå ìç äéáôåôáãìÝíç óõëëïãÞ {1 }  óôïé·åßùí ôïý 

êáëåßôáé óõíäõáóìüò ôùí  óôïé·åßùí ôïý áíÜ 

5.3.13 ËÞììá. ¸óôù  ∈ N êáé Ýóôù  Ýíá óýíïëï ìå  óôïé·åßá. ÅÜí  ∈ N
 ≤  ôüôå ôï ðëÞèïò ôùí óõíäõáóìþí ôùí  óôïé·åßùí ôïý  áíÜ  éóïýôáé ìå
ôïí äéùíõìéêü óõíôåëåóôÞ 20

¡



¢
:=

!

! (− )!


Áðïäåéîç. Áò óõìâïëßóïõìå ùò Σ() ôï óýíïëï ôùí óõíäõáóìþí  óôïé·åßùí

ôïý áíÜ  Ïñßæïõìå ôçí áðåéêüíéóç

 : Inj(;) −→ Σ()  7−→ () := {(1) (2) ()}
Ðñïöáíþò,

Inj(;) =
`

{1}∈Σ()
−1({1 })

êáé

card(−1({1 })) = |S| 
ãéá êÜèå {1 } ∈ Σ() äéüôé ïé ìåôáôÜîåéò∙

1 2 · · · 

 (1)  (2) · · ·  ()

¸
∈ S

20Ïé äéùíõìéêïß óõíôåëåóôÝò
¡


¢
ïñßæïíôáé áêüìç êáé ãéá ïéïíäÞðïôå  ∈ Z èÝôïíôáò

¡


¢
:= 0 üôáí   0 Þ

   êáé
¡
0

¢
:= 1 (êáèüóïí 0! := 1).
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ãéá ôéò ïðïßåò éó·ýåé ç (óõíïëïèåùñçôéêÞ!) éóüôçôá

{ (1)   (2)   ()} = {1 }

áðåéêïíßæïíôáé óôç ìç äéáôåôáãìÝíç óõëëïãÞ {1 } ÄõíÜìåé ôïý ëÞììáôïò

5.3.11 êáé ôÞò ðñïôÜóåùò 3.1.3 éó·ýïõí ïé éóüôçôåò

(− 1)(− 2) · · · (−  + 1) = card(Inj(;))

=
P

{1}∈Σ()
card(−1({1 })) = card(Σ()) · |S|

= card(Σ()) · (!) 

áð' üðïõ Ýðåôáé üôé card(Σ()) =
(−1)(−2)···(−+1)

! =
¡



¢
 ¤

5.3.14 ËÞììá. ¸óôù  ∈ N êáé Ýóôù  ∈ {1  } Ãéá êÜèå -êýêëï  ∈ S ï
ðëçèéêüò áñéèìüò ôÞò êëÜóåùò óõæõãßáò êëóS

() (ï ïðïßïò, ëüãù ôïý èåùñÞìáôïò
5.3.6, éóïýôáé ìå ôï ðëÞèïò üëùí ôùí -êýêëùí åíôüò ôÞò S) åßíáé ï

card(êëóS()) =
¡



¢
( − 1)! = !

 · ((− )!)
 (5.16)

Ùò åê ôïýôïõ,

|CS()| =  · ((− )!)  (5.17)

Áðïäåéîç. Ãéá  = 1 ïé (5.16) êáé (5.17) åßíáé ðñïöáíåßò. Áò õðïèÝóïõìå ëïéðüí

üôé  ≥ 2
Ðåñßðôùóç ðñþôç. ÕðïèÝôïõìå üôé  =  Óýìöùíá ìå ôï 3.2.3 (i) üëåò ïé «êõ-

êëéêÝò åíáëëáãÝò» ôùí  óôïé·åßùí åíüò -êýêëïõ ìÜò äßäïõí ôïí ßäéïí êýêëï.
ÅðïìÝíùò, ãéá íá ðñïâïýìå óôçí êáôáìÝôñçóç üëùí ôùí -êýêëùí åíôüò ôÞòS

ïöåßëïõìå íá ðáãéþóïõìå ôç èÝóç åíüò åê ôùí óôïé·åßùí 1 2  óå êÜèå Ýíáí åî
áõôþí (ïýôùò þóôå íá áðïöåõ·èïýí åðáíáëÞøåéò). Åðß ðáñáäåßãìáôé, ôïðïèå-

ôþíôáò ôüí  ðÜíôïôå óôçí -ïóôÞ èÝóç êáèåíüò åî áõôþí ëáìâÜíïõìå ìïíïóç-

ìÜíôùò ïñéóìÝíåò åêöñÜóåéò ôïõò. ÊÜèå -êýêëïò [1 2  −1 ] äçìéïõñãåßôáé
ìÝóù ìéáò ìåôáôÜîåùò ∙

1 2 · · · − 1
1 2 · · · −1

¸
ôùí óôïé·åßùí 1 2  − 1 ÅðåéäÞ õðÜñ·ïõí áêñéâþò ( − 1)! ìåôáôÜîåéò ôùí

óôïé·åßùí 1 2 −1 ôï ðëÞèïò üëùí ôùí -êýêëùí åíôüò ôÞòS (êáé, êáô' åðÝ-

êôáóç, êáé ï ðëçèéêüò áñéèìüò ôÞò êëÜóåùò óõæõãßáò êáèåíüò åî áõôþí) éóïýôáé

ìå (− 1)!
Ðåñßðôùóç äåýôåñç. ÅÜí    ôüôå, óýìöùíá ìå ôï ëÞììá 5.3.13, õößóôáíôáé¡



¢
õðïóýíïëá ôïý {1 } ìå  óôïé·åßá. Áðü êáèÝíá åî áõôþí ôùí õðïóõíüëùí

ðñïêýðôïõí (−1)! äéáöïñåôéêïß -êýêëïé (üðùò óôçí ðñþôç ðåñßðôùóç), ïðüôå
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ôï ðëÞèïò üëùí ôùí -êýêëùí åíôüò ôÞò S (êáé, êáô' åðÝêôáóç, êáé ï ðëçèéêüò

áñéèìüò ôÞò êëÜóåùò óõæõãßáò êáèåíüò åî áõôþí) éóïýôáé ìå
¡



¢
( − 1)!

ÔÝëïò, ç éóüôçôá (5.17) Ýðåôáé áðü ôçí (5.16), ôï ðüñéóìá 5.2.10, ôï (iii) ôÞò ðñï-

ôÜóåùò 4.4.2 êáé ôçí ðñüôáóç 3.1.3. ¤

5.3.15 ËÞììá. ¸óôù  ∈ N ÅÜí  ∈ {1  } åßíáé ôÝôïéïé, þóôå  ≤  ôüôå
õößóôáíôáé áêñéâþò

!

 · (!) · ((− )!)
(5.18)

ìåôáôÜîåéò  ∈ S ïé ïðïßåò ãñÜöïíôáé õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí

 = 1 ◦ 2 ◦ · · · ◦ 
 áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí, êáèÝíáò åê ôùí ïðïßùí Ý·åé ìÞêïò 

Áðïäåéîç. Èá åöáñìüóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  Ãéá  = 1

ï éó·õñéóìüò åßíáé áëçèÞò åðß ôç âÜóåé ôïý ëÞììáôïò 5.3.14. Áò õðïèÝóïõìå üôé

åßíáé áëçèÞò ãéá êÜðïéïí ∈ N ìå 1 ≤  ≤ −


 Ôüôå õðÜñ·ïõí

!

 · (!) · ((− )!)

óôïé·åßá ôÞò S ðïõ ãñÜöïíôáé õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí áíÜ äýï

îÝíùí ìåôáîý ôïõò êýêëùí, êáèÝíáò åê ôùí ïðïßùí Ý·åé ìÞêïò Ùò åê ôïýôïõ, ôï

ðëÞèïò ôùí óôïé·åßùí ôÞòS ðïõ ãñÜöïíôáé õðü ôç ìïñöÞ åðáëëÞëùíóõíèÝóåùí

+ 1 áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí ìÞêïõò  éóïýôáé ìå³
!

·(!)·((−)!)
´
·
³

1
+1

¡
−



¢
( − 1)!

´
= !

+1·((+1)!)·((−(+1))!) 

ìå ôïí ðñþôï ðáñÜãïíôá ôïý áñéóôåñïý ìÝëïõò ôÞò áíùôÝñù éóüôçôáò ðñïåñ·ü-

ìåíï áðü ôçí åðáãùãéêÞ ìáò õðüèåóç êáé ôïí äåýôåñï ðáñÜãïíôá åêöñÜæïíôá

ôï ðëÞèïò ôùí -êýêëùí ðïõ ó·çìáôßæïíôáé áðü ôá åíáðïìÝíïíôá  −  óôïé-

·åßá ôïý {1 } äéáéñïýìåíï äéÜ ôïý  + 1 äéüôé óõíèÝôïíôáò êÜèå ìßá åê ôùí
!

·(!)·((−)!) áñ·éêþò èåùñçèåéóþí ìåôáôÜîåùí ôÞò ìïñöÞò 1 ◦ 2 ◦ · · · ◦  ìå

Ýíáí åðéðñüóèåôï êýêëï +1 ìÞêïõò  ìå

supp(1 ◦ 2 ◦ · · · ◦ ) ∩ supp(+1) = ∅

ïöåßëïõìå íá ëÜâïõìå õð' üøéí üôé

(1 ◦ 2 ◦ · · · ◦ −1 ◦ ) ◦ +1 = (1 ◦ 2 ◦ · · · ◦ −1) ◦ +1 ◦ 
= (1 ◦ 2 ◦ · · · ◦ −2) ◦ +1 ◦ (−1 ◦ )
= · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
= 1 ◦ +1 ◦ (2 ◦ · · · ◦ −1 ◦ )
= +1 ◦ (1 ◦ 2 ◦ · · · ◦ −1 ◦ ) 

Þôïé üôé åìöáíßæïíôáé áêñéâþò+ 1 ìåôáôÜîåéò ðïõ åßíáé ßóåò ìåôáîý ôïõò. ¢ñá

ï éó·õñéóìüò åßíáé áëçèÞò êáé ãéá ôïí+ 1 ¤
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5.3.16 Èåþñçìá. ¸óôù  ∈ N êáé Ýóôù ôõ·ïýóá ìåôÜôáîç  ∈ S ÅÜí

tp() = (1 2 ) ∈ Π () 

ôüôå ï ðëçèéêüò áñéèìüò ôÞò êëÜóåùò óõæõãßáò êëóS
() êáé ç ôÜîç ôïý êåíôñï-

ðïéçôÞ CS() ôÞò  õðïëïãßæïíôáé ùò áêïëïýèùò :

(i) ÅÜí 1 = 2 = · · · =  =:  ôüôå

card(êëóS()) =
!

 · (!)  (5.19)

Ùò åê ôïýôïõ,

|CS()| =  · (!)  (5.20)

(ii) ÅÜí  ≥ 2 êáé åÜí ôïõëÜ·éóôïí äýï åê ôùí ìçêþí 1  åßíáé äéáöïñå-
ôéêÜ, ôüôå èåùñþíôáò åêåßíï ôï (ìïíïóçìÜíôùò êáèïñéæüìåíï ) õðïóýíïëï äåéêôþí
{1 } ⊆ {1 } (ìå  ≥ 2 êáé 1 ≥ 1  = ) ãéá ôï ïðïßï éó·ýåé

1 = · · · = 1  1+1 = · · · = 2  · · · · · ·  −1+1 = · · · =  = 

êáé ïñßæïíôáò ôïõò áñéèìïýò 0 := 0 êáé  :=  − −1 ∀ ∈ {1 } êáôáëÞ-
ãïõìå óôéò

card(êëóS()) =
!

11 (1!) 
2
2 (2!) · · ·  (!)

 (5.21)

êáé

|CS()| = 11 (1!) 
2
2
(2!) · · ·  (!)  (5.22)

Áðïäåéîç. Óôçí ðåñßðôùóç (i) ï ðëçèéêüò áñéèìüò ôÞò êëÜóåùò óõæõãßáò

êëóS() éóïýôáé, ëüãù ôïý èåùñÞìáôïò 5.3.6, ìå ôï ðëÞèïò ôùí óôïé·åßùí ôÞò

S ðïõ ãñÜöïíôáé õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí  áíÜ äýï îÝíùí ìåôáîý

ôïõò êýêëùí ìÞêïõò  üðïõ  =  ïðüôå ôï äåîéü ìÝëïò ôÞò (5.19) äåí åßíáé

ôßðïôá Üëëï ðáñÜ ï áñéèìüò (5.18) ãéá  =  Ç (5.20) Ýðåôáé áðü ôçí (5.19),

ôï ðüñéóìá 5.2.10, ôï (iii) ôÞò ðñïôÜóåùò 4.4.2 êáé ôçí ðñüôáóç 3.1.3. Óôçí ðåñß-

ðôùóç (ii) Ý·ïõìå

11 + 22 + · · ·+  = 

êáé ç ìåôÜôáîç  åßíáé åî ïñéóìïý ôÞò ìïñöÞò

 = 1 ◦ 2 ◦ · · · ◦ 
üðïõ ïé 1  ∈ S åßíáé áíÜ äýï îÝíåò ìåôáîý ôïõò ìåôáôÜîåéò êáé ãéá êÜèå

äåßêôç  ∈ {1 } ç  åßíáé ç óýíèåóç

 = 1 ◦ 2 ◦ · · · ◦ 
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 áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí 1   ∈ S ìå

ìÞêïò() =   ∀ ∈ {1 }

¸óôù  := supp()∀ ∈ {1 } Ãéá êÜèå  ∈ CS
() Ý·ïõìå

 ◦  =  ◦ ⇒  =  ◦  ◦ −1

⇒  =
¡
 ◦ 1 ◦ −1

¢ ◦ ¡ ◦ 2 ◦ −1¢ ◦ · · · ◦ ¡ ◦  ◦ −1¢ 
üðïõ

 ◦  ◦ −1 =
¡
 ◦ 1 ◦ −1

¢ ◦ ¡ ◦ 2 ◦ −1¢ ◦ · · · ◦ ¡ ◦  ◦ −1¢ 
ãéá êÜèå  ∈ {1 } êáé üðïõ ç  ◦  ◦ −1 åßíáé Ýíáò  -êýêëïò ìå

supp( ◦  ◦ −1) = supp() ∀ ∈ {1 }

ÊáôÜ óõíÝðåéáí, ãéá êÜèå  ∈ {1 } ï ðåñéïñéóìüò | ôÞò  åðß ôïý 

åßíáé ìéá áìößññéøç áðü ôï  åðß ôïý éäßïõ ôïý   ïðüôå | ∈ S (ìå

S
∼= S

) êáé, åðéðñïóèÝôùò, | ∈ CS
(| ) ÌÝóù ôïý èåùñÞìáôïò

5.3.6 óõíÜãåôáé üôé ç áðåéêüíéóç

CS() −→ CS1
(|1

)× CS2
(|2

)× · · · × CS
(|)

 7−→ ¡
|1

 |2
  |

¢
åßíáé áìöéññéðôéêÞ. Ùò åê ôïýôïõ,

|CS()| =
Y

=1

¯̄̄
CS

(| )
¯̄̄
 (5.23)

ÅðåéäÞ | = id{1}
¯̄

◦  ◦  ∈ S (

∼= S
), üðïõ  :  → {1  }

ç óõíÞèçò Ýíèåóç, ç | ãñÜöåôáé õðü ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí  áíÜ

äýï îÝíùí ìåôáîý ôïõò êýêëùí ìÞêïõò  åíôüò ôÞò S ¢ñá ç ôÜîç ôïý êåíôñï-

ðïéçôÞ CS
(| ) õðïëïãßæåôáé üðùò óôçí ðåñßðôùóç (i) (ìå ôïí  óôç èÝóç

ôïý  êáé ìå ôçí | óôç èÝóç ôÞò ):¯̄̄
CS

(| )
¯̄̄
=  ( !)  ∀ ∈ {1 } (5.24)

Ç (5.22) Ýðåôáé Üìåóá áðü ôéò (5.23) êáé (5.24). ÔÝëïò, ç (5.21) Ýðåôáé áðü ôçí

(5.22), ôï ðüñéóìá 5.2.10, ôï (iii) ôÞò ðñïôÜóåùò 4.4.2 êáé ôçí ðñüôáóç 3.1.3. ¤

5.3.17 Ðáñáäåßãìáôá. Ãéá ôç óýíôáîç ôïý êáôáëüãïõ ôùí êëÜóåùí óõæõãßáò ôÞò
S (ãéá êÜðïéïí áñêïýíôùò ìéêñü ) åêêéíïýìå áðü ôéò äéáìåñßóåéò ôïý Óå êÜèå
äéáìÝñéóç ôïý  áíôéóôïé·ßæåôáé ìßá êáé ìüíïí êëÜóç óõæõãßáò (âë. 5.3.7). Ç ôÜîç
êáèåíüò óôïé·åßïõ áíÞêïíôïò óå ìßá êëÜóç óõæõãßáò ðñïóäéïñßæåôáé áðü ôï ðü-
ñéóìá 3.2.10, ï äå ðëçèéêüò áñéèìüò ôÞò åêÜóôïôå èåùñïýìåíçò êëÜóåùò óõæõãßáò
(óôç óôÞëç õðü ôï “”) áðü ôéò (5.16), (5.19) êáé (5.21). Ãéá ôïí ðñïóäéïñéóìü åíüò
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åêðñïóþðïõ êáèåìéÜò åê ôùí êëÜóåùí óõæõãßáò, Þôïé ãéá ôçí åýñåóç åíüò (ïìïéï-
ãåíþò óõãêñïôïýìåíïõ) ðëÞñïõò óõóôÞìáôïò åêðñïóþðùí Ξ ôÞò S ùò ðñïò
ôçí ‘‘ ∼

óõæ.
'', ·ñçóéìïðïéïýìå ôçí åîÞò ìÝèïäï: Ãéá êÜèå  ∈ {1 } åöïäéÜæïõìå ôï

óýíïëïΠ () (êáé, êáô' åðÝêôáóç, êáé ôïõò ôýðïõò ôùí áíôéóôïß·ùí ìåôáôÜîåùí)
ìå ôç ëåîéêïãñáöéêÞ äéÜôáîç ‘‘4ëåî. ”:

(1 ) 4ëåî.

¡

0
1 

0


¢⇐⇒
ïñó

½
åßôå 1 ≤ 01 åßôå ∃ ∈ {2  }:
1 = 01  −1 = 0−1  ≤ 0

¾
ÁõôÞ åßíáé ó·Ýóç ïëéêÞò äéáôÜîåùò. Ãéá  ≥ 2  ∈ {1 −1} óõìâïëßæïõìå ùò

(1 ) := min4 ëåî.
{tp() | ∈ S}

ôï åëÜ·éóôï óôïé·åßï ôïý {tp() | ∈ S} ùò ðñïò ôçí ‘‘4ëåî. ” (âë. A.2.14 (ii)).

ÅÜí 1 ≥ 2 ôüôå åíôÜóóïõìå ôïí -êýêëï [1 2 ] üôáí  = 1 êáé ôç ìåôÜôáîç

[1 2 1] ◦ [1 + 1 1 + 2 1 + 2] ◦ · · · ◦
"
(
−1P
=1

) + 1
P

=1


#


üôáí  ≥ 2 óôï (õðü êáôáóêåõÞí åõñéóêüìåíï) óýíïëï Ξ ÅÜí 1 = 1 ôüôå

èåùñïýìå ôïí äåßêôç  := min { ∈ {1  } | ≥ 2} êáé åíôÜóóïõìå (êáô' áíá-
ëïãßáí) ôïí -êýêëï [1 2  ] üôáí  =  êáé ôç ìåôÜôáîç

[1 2 ] ◦ [ + 1  + 2  + +1] ◦ · · · ◦
"
(
−1P
=

) + 1
P

=


#


üôáí    óôï óýíïëï Ξ Êáôüðéí ôïýôïõ åðéëÝãïõìå ôï åëÜ·éóôï óôïé·åßï

min4ëåî.
({tp() | ∈ S}r{(1 )})

êáé åðáíáëáìâÜíïõìå ôçí áíùôÝñù äéáäéêáóßá ìå áõôÞí ôç íÝá -Üäá óôç èÝóç

ôÞò -Üäáò (1 ) ¾óôåñá áðü ðåðåñáóìÝíïõ ðëÞèïõò âÞìáôá (êáé ôçí ðñï-

óÜñôçóç ôÞò ôáõôïôéêÞò óå áõôü) êáôáóêåõÜæïõìå ìå ôçí ßäéá åðé·åéñçìáôïëïãßá

ïëüêëçñï ôï Ξ Ùò ðáñáäåßãìáôá ðáñáèÝôïõìå ôïõò êáôáëüãïõò ôùí êáô' áõ-

ôüí ôïí ôñüðï åðéëå·èÝíôùí åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò óõììåôñéêÞò

ïìÜäáò S ãéá  ∈ {3 4 5 6} (Óôçí ôåëåõôáßá óôÞëç áíáöÝñåôáé êáé ôï åßäïò
ôùí êáôá·ùñéæüìåíùí ìåôáôÜîåùí, Þôïé ôï ðïéåò åî áõôþí åßíáé Üñôéåò êáé ðïéåò
ðåñéôôÝò.)

I ÊáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞòS3:

Äéáìåñßóåéò ôïý 3

1 + 1 + 1

1 + 2

3

åêðñ. ôÜîç  åßäïò

id 1 1 Üñôéá

[1 2] 2 3 ðåñéôôÞ

[1 2 3] 3 2 Üñôéá
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I ÊáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞòS4:

Äéáìåñßóåéò ôïý 4

1 + 1 + 1 + 1

1 + 1 + 2

1 + 3

2 + 2

4

åêðñ. ôÜîç  åßäïò

id 1 1 Üñôéá

[1 2] 2 6 ðåñéôôÞ

[1 2 3] 3 8 Üñôéá

[1 2] ◦ [3 4] 2 3 Üñôéá

[1 2 3 4] 4 6 ðåñéôôÞ

I ÊáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞòS5:

Äéáìåñßóåéò ôïý 5

1 + 1 + 1 + 1 + 1

1 + 1 + 1 + 2

1 + 1 + 3

1 + 2 + 2

1 + 4

2 + 3

5

åêðñ. ôÜîç  åßäïò

id 1 1 Üñôéá

[1 2] 2 10 ðåñéôôÞ

[1 2 3] 3 20 Üñôéá

[1 2] ◦ [3 4] 2 15 Üñôéá

[1 2 3 4] 4 30 ðåñéôôÞ

[1 2] ◦ [3 4 5] 6 20 ðåñéôôÞ

[1 2 3 4 5] 5 24 Üñôéá

IÊáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞòS6: ÕðÜñ·ïõí åí óõíüëù

11 äéáìåñßóåéò ôïý áñéèìïý 6

Äéáìåñßóåéò ôïý 6 [É] Äéáìåñßóåéò ôïý 6 [ÉÉ]

1 + 1 + 1 + 1 + 1 + 1 1 + 5

1 + 1 + 1 + 1 + 2 2 + 2 + 2

1 + 1 + 1 + 3 2 + 4

1 + 1 + 2 + 2 3 + 3

1 + 1 + 4 6

1 + 2 + 3

ïðüôå ï æçôïýìåíïò êáôÜëïãïò åßíáé ï åîÞò:

åêðñ. ôÜîç  åßäïò

id 1 1 Üñôéá

[1 2] 2 15 ðåñéôôÞ

[1 2 3] 3 40 Üñôéá

[1 2] ◦ [3 4] 2 45 Üñôéá

[1 2 3 4] 4 90 ðåñéôôÞ

[1 2] ◦ [3 4 5] 6 120 ðåñéôôÞ

[1 2 3 4 5] 5 144 Üñôéá

[1 2] ◦ [3 4] ◦ [5 6] 2 15 ðåñéôôÞ

[1 2] ◦ [3 4 5 6] 4 90 Üñôéá

[1 2 3] ◦ [4 5 6] 3 40 Üñôéá

[1 2 3 4 5 6] 6 120 ðåñéôôÞ
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I Ôñüðïò ðñïóäéïñéóìïý ôùí êëÜóåùí óõæõãßáò ôÞò A ¸óôù  ∈ N  ≥ 2
Ôüôå ïé êëÜóåéò óõæõãßáò ôÞò åíáëëÜóóïõóáò ïìÜäáò A (êáé ç åðéëïãÞ åíüò åê-

ðñïóþðïõ êáèåìéÜò åî áõôþí) ìåëåôþíôáé ìå ôç âïÞèåéá ôùí êëÜóåùí óõæõãßáò

ôÞò S ÓõãêåêñéìÝíá, ôï èåþñçìá 5.3.19 ìáò äßäåé éêáíÝò êáé áíáãêÝò óõíèÞ-

êåò õðü ôéò ïðïßåò ç êëÜóç éóïäõíáìßáò ìéáò ìåôáôÜîåùò  ∈ A åíôüò ôÞò S

éóïýôáé ìå ôçí êëÜóç éóïäõíáìßáò ôÞò  åíôüò ôÞò A êáé ìáò ðëçñïöïñåß, óôçí

ðåñßðôùóç êáôÜ ôçí ïðïßá éó·ýåé ï ãíÞóéïò åãêëåéóìüò êëóA() $ êëóS()

üôé ç êëóS() äéáóðÜôáé óå äýï éóïðëçèåßò êëÜóåéò óõæõãßáò ôÞò A Ãéá ôçí

áðüäåéîÞ ôïõ áðáéôåßôáé ôï áêüëïõèï:

5.3.18 ËÞììá. ¸óôù  ∈ N  ≥ 2 êáé Ýóôù  ∈ A Ôüôå éó·ýïõí ôá åîÞò :
(i) CA() = CS

() ∩A v CS
()

(ii) |CS
() : CA()| ∈ {1 2} êáé
|CS

() : CA()| = 1⇔ CS
() = CA()⇔ CS

() v A (5.25)

(iii) êëóA() = êëóS()⇔ |CA()| = 1
2 |CS()|⇔ CS() " A

Áðïäåéîç. (i) Ôïýôï Ýðåôáé Üìåóá áðü ôï 5.2.2 (iv).

(ii) Áðü ôï (i), ôï 4.4.2 (iii), ôï èåþñçìá 4.5.9, ôçí ðñüôáóç 3.1.3 êáé ôçí ðñüôáóç

3.3.9 óõíÜãåôáé üôé

|CS() : CA()| = |CS() : CS() ∩ A| =
|CS()|

|CS() ∩ A|
=

card(CS()A)

|A| ≤ |S|
|A| = |S : A| = 2

ïðüôå |CS() : CA()| ∈ {1 2} Ïé áìößðëåõñåò óõíåðáãùãÝò (5.25) åßíáé ðñï-

öáíåßò.

(iii) Áðü ôï ðüñéóìá 5.2.10, ôï 4.4.2 (iii), ôçí ðñüôáóç 3.1.3 êáé ôçí ðñüôáóç 3.3.9
Ýðïíôáé ïé éóüôçôåò

card(êëóA()) =
|A|

|CA()|
=

!

2 |CA()|
 card(êëóS()) =

|S|
|CS()|

=
!

|CS()|


ïðüôå

card(êëóA()) |CA()| =
1

2
card(êëóS()) |CS()|  (5.26)

ÅÜí êëóA() = êëóS() ôüôå ç (5.26) äßäåé

|CA()| =
1

2
|CS()|⇒ |CS() : CA()| = 2 =⇒

(5.25)
CS() " A

Êáé áíôéóôñüöùò° åÜí CS() " A ôüôå (ìÝóù ôïý (ii)) óõíÜãåôáé üôé

|CA()| =
1

2
|CS()| =⇒

(5.26)
card(êëóA()) = card(êëóS())

ÅðåéäÞ êëóA() ⊆ êëóS() Ý·ïõìå êëóA() = êëóS() ¤
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5.3.19 Èåþñçìá. (Ðåñß ôùí êëÜóåùí óõæõãßáò ôÞò A) ¸óôù ∈ N  ≥ 2 êáé
Ýóôù  ∈ A ÅÜí

tp() = (1 2 ) ∈ Π()
ôüôå éó·ýïõí ôá áêüëïõèá :
(i) ÅÜí 1 = 2 = · · · =  =:  ôüôå

êëóA() = êëóS()⇔
½

åßôå [ = 1 êáé  =  ≡ 0(mod 2)]
åßôå  ≥ 2

¾


(ii) ÅÜí  ≥ 2 êáé åÜí ôïõëÜ·éóôïí äýï åê ôùí ìçêþí 1  åßíáé äéáöïñå-
ôéêÜ, ôüôå èåùñþíôáò åêåßíï ôï (ìïíïóçìÜíôùò êáèïñéæüìåíï ) õðïóýíïëï äåéêôþí
{1 } ⊆ {1 } (ìå  ≥ 2 êáé 1 ≥ 1  = ) ãéá ôï ïðïßï éó·ýåé

1 = · · · = 1  1+1 = · · · = 2  · · · · · ·  −1+1 = · · · =  = 

êáé ïñßæïíôáò ôïõò áñéèìïýò 0 := 0 êáé  :=  − −1 ∀ ∈ {1 } êáôáëÞ-
ãïõìå óôçí áìößðëåõñç óõíåðáãùãÞ

êëóA() = êëóS()⇔
(

åßôå card(
©
 ∈ {1 } ¯̄ ≡ 0(mod 2)ª) ≥ 1
åßôå ∃ ∈ {1 } :  ≥ 2

)


äçëáäÞ óôï üôé ç êëÜóç óõæõãßáò ôÞò  åíôüò ôÞòA ôáõôßæåôáé ìå ôçí êëÜóç óõæõ-
ãßáò ôçò åíôüò ôÞòS åÜí êáé ìüíïí åÜí óôçí Ýêöñáóç (5.15) ôÞò  ùò óõíèÝóåùò 
áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí åìöáíßæåôáé åßôå ôïõëÜ·éóôïí Ýíáò êýêëïò áñ-
ôßïõ ìÞêïõò åßôå ôïõëÜ·éóôïí äýï êýêëïé éäßïõ ìÞêïõò.

(iii) ÅÜí êëóA() $ êëóS() ôüôå ãéá êÜèå  ∈ êëóS()rêëóA() Ý·ïõìå

êëóS() = êëóA()
`
êëóA() (5.27)

üðïõ

card(êëóA()) = card(êëóA()) =
card(êëóS())

2
 (5.28)

äçëáäÞ ç êëÜóç óõæõãßáò ôÞò  åíôüò ôÞòS äéáóðÜôáé óå äýï éóïðëçèåßò êëÜóåéò
óõæõãßáò ôÞò A

Áðïäåéîç. (i) ÅÜí êëóA() = êëóS() ôüôå êáôÜ ôï 5.3.18 (iii),

|CA()| =
1

2
|CS()| =⇒

(5.20)
 · (!) = |CS()| ≡ 0(mod 2)

áð' üðïõ Ýðåôáé üôé åßôå [ = 1 êáé  =  Üñôéïò] åßôå  ≥ 2Êáé áíôéóôñüöùò° åÜí

 = 1 êáé ï  =  åßíáé Üñôéïò, ôüôå ç  ∈CS() åßíáé Ýíáò -êýêëïò. ¼ìùò êÜèå

êýêëïò áñôßïõ ìÞêïõò åßíáé ìéá ðåñéôôÞ ìåôÜôáîç (âë. 3.3.5 (iii)). Ùò åê ôïýôïõ,

 ∈SrA êáé

CS() " A =⇒
5.3.18 (iii)

êëóA() = êëóS()
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Åí óõíå·åßá õðïèÝôïõìå üôé  ≥ 2 êáé  =  Ðñïöáíþò,

sgn () = (−1)(−1) = (−1)− 

Óôçí ðåñßðôùóç üðïõ ï  åßíáé Üñôéïò êáé ï  ðåñéôôüò ·ñçóéìïðïéïýìå åê íÝïõ

ôçíðñïçãçèåßóá åðé·åéñçìáôïëïãßá. Óôçí ðåñßðôùóç üðïõ ï  åßíáéðåñéôôüò êáé
ï  ïéïóäÞðïôå öõóéêüò áñéèìüò ≥ 2 ãñÜöïõìå ôçí  õðü ôç ìïñöÞ åðáëëÞëùí

óõíèÝóåùí  = 1 ◦2 ◦ · · ·◦ áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí 1  ìÞêïõò

 ÅÜí

1 = [1  ]  2 = [1  ] 

èÝôïõìå  := [1 1] ◦ [2 2] ◦ · · · ◦ [ ] êáé ðáñáôçñïýìå üôé

(1 ◦ 2) ◦  =  ◦ (1 ◦ 2)  (5.29)

ÅðéðñïóèÝôùò, åðåéäÞ supp()∩ supp(3 ◦ · · · ◦ ) = ∅ (üôáí  ≥ 3), Ý·ïõìå

(3 ◦ · · · ◦ ) ◦  =  ◦ (3 ◦ · · · ◦ ) (5.30)

Áðü ôéò (5.29) êáé (5.30) ëáìâÜíïõìå

 ◦  = (1 ◦ 2) ◦ (3 ◦ · · · ◦ ) ◦ 
= (1 ◦ 2) ◦  ◦ (3 ◦ · · · ◦ )
=  ◦ (1 ◦ 2 ◦ · · · ◦ ) =  ◦ 

ïðüôå  ∈ CS() ìå sgn() = (−1) = −1 (âë. 3.3.5 (iii)). ÊáôÜ óõíÝðåéáí,

 ∈ SrA ⇒ CS
() " A =⇒

5.3.18 (iii)
êëóA() = êëóS

()

(ii) ÅÜí êëóA() = êëóS() ôüôå êáôÜ ôï 5.3.18 (iii),

|CA()| =
1

2
|CS()| =⇒

(5.22)

1
1
(1!) · · ·  (!) = |CS()| ≡ 0(mod 2)

áð' üðïõ Ýðåôáé üôé åßôå

card(
n
 ∈ {1  }

¯̄̄
 ≡ 0(mod 2)

o
) ≥ 1 åßôå ∃ ∈ {1  } :  ≥ 2 (5.31)

Áíôéóôñüöùò ôþñá, õðïèÝôïõìå üôé ïé óõíèÞêåò (5.31) éêáíïðïéïýíôáé. Ç ìåôÜ-

ôáîç  åßíáé åî ïñéóìïý ôÞò ìïñöÞò

 = 1 ◦ 2 ◦ · · · ◦ 

üðïõ ïé 1  ∈ S åßíáé áíÜ äýï îÝíåò ìåôáîý ôïõò ìåôáôÜîåéò êáé ãéá êÜèå

äåßêôç  ∈ {1 } ç  åßíáé ç óýíèåóç  = 1 ◦ 2 ◦ · · · ◦  áíÜ äýï îÝíùí

ìåôáîý ôïõò êýêëùí 1   ∈S ìå

ìÞêïò() =   ∀ ∈ {1 }
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ÅÜí ∃ = • ∈ {1 } : • ≡ 0(mod 2) ôüôå èÝôïíôáò
 • := 1 ◦ · · · ◦ •−1 ◦ •+1 ◦ · · · ◦ 

ëáìâÜíïõìå

 = • ◦  • =  • ◦ • 
ïðüôå • ◦  = • ◦ (• ◦  •) = • ◦ ( • ◦ •) =  ◦ •  Ôïýôï óçìáßíåé üôé

• ∈ CS() ¼ìùò êÜèå êýêëïò áñôßïõ ìÞêïõò åßíáé ìéá ðåñéôôÞ ìåôÜôáîç (âë.

3.3.5 (iii)). ¢ñá • ∈SrA êáé, ùò åê ôïýôïõ,

CS() " A =⇒
5.3.18 (iii)

êëóA() = êëóS()

ÅÜí ∃ = • ∈ {1 } : • ≥ 2 ôüôå äéáêñßíïõìå äýï ðåñéðôþóåéò. Óôçí ðåñß-

ðôùóç üðïõ ï • åßíáé Üñôéïò êáé ï • ðåñéôôüò, ôüôå sgn(•) = −1 êáé ·ñç-
óéìïðïéïýìå åê íÝïõ ôçí ðñïçãçèåßóá åðé·åéñçìáôïëïãßá. Óôçí ðåñßðôùóç üðïõ

ï • åßíáé ðåñéôôüò êáé ï • ïéïóäÞðïôå öõóéêüò áñéèìüò ≥ 2 ãñÜöïõìå ôïõò
êýêëïõò •1 •2 áíáëõôéêþò ùò

•1 = [•1  ••
] •2 = [•1  ••

]

èÝôïõìå • := [•1 •1] ◦ · · · ◦ [•• ••
] êáé ðáñáôçñïýìå üôé

(•1 ◦ •2) ◦ • = • ◦ (•1 ◦ •2)  (5.32)

ÅðéðñïóèÝôùò, èÝôïíôáò

̂• := 1 ◦ · · · ◦ •−1 ◦
¡
•3 ◦ · · · ◦ ••

¢ ◦ •+1 ◦ · · · ◦ 
(üôáí • ≥ 3) êáé ëáìâÜíïíôáò õð' üøéí üôé supp(•)∩ supp(̂•) = ∅ óõìðå-
ñáßíïõìå üôé

̂• ◦ • = • ◦ ̂•  (5.33)

Áðü ôéò (5.32) êáé (5.33) ëáìâÜíïõìå

 ◦ • = (•1 ◦ •2) ◦ (̂• ◦ •)
= (•1 ◦ •2) ◦ (• ◦ ̂•) = • ◦ (•1 ◦ •2) ◦ ̂• = • ◦ 

ïðüôå • ∈CS() ìå sgn(•) = (−1)• = −1 (âë. 3.3.5 (iii)). ÊáôÜ óõíÝðåéáí,

• ∈ SrA ⇒ CS() " A =⇒
5.3.18 (iii)

êëóA() = êëóS()

(iii) ÅÜí êëóA() $ êëóS() ôüôå áðü ôá (ii) êáé (iii) ôïý ëÞììáôïò 5.3.18 Ýðå-

ôáé üôé

CS() v A ⇒ |CA()| = |CS()| =⇒
(5.26)

card(êëóA()) =
1

2
card(êëóS())

ÅðåéäÞ ãéá êÜèå  ∈ êëóS()rêëóA() Ý·ïõìå êëóA()∩ êëóA() = ∅ êáé

êëóA() ⊆êëóS() =êëóS() óõìðåñáßíïõìå ôåëéêþò üôé ïé (5.27) êáé (5.28)

åßíáé áëçèåßò. ¤
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5.3.20 Ðáñáäåßãìáôá. ËáìâÜíïíôáò õð' üøéí ôï èåþñçìá 5.3.19 êáé ü,ôé ðñïáíá-

öÝñáìå óôï åäÜöéï 5.3.17 óõíôÜóóïõìå ôïõò êáôáëüãïõò ôùí åêðñïóþðùí ôùí

êëÜóåùí óõæõãßáò ôÞò åíáëëÜóóïõóáò ïìÜäáò A ãéá  ∈ {4 5 6}
I ÊáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò A4:

åêðñ. ôÜîç  åßäïò

id 1 1 Üñôéá

[1 2 3] 3 4 Üñôéá

[1 3 2] 3 4 Üñôéá

[1 2] ◦ [3 4] 2 3 Üñôéá

I ÊáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò A5:

åêðñ. ôÜîç  åßäïò

id 1 1 Üñôéá

[1 2 3] 3 20 Üñôéá

[1 2] ◦ [3 4] 2 15 Üñôéá

[1 2 3 4 5] 5 12 Üñôéá

[1 2 3 5 4] 5 12 Üñôéá

I ÊáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò A6:

åêðñ. ôÜîç  åßäïò

id 1 1 Üñôéá

[1 2 3] 3 40 Üñôéá

[1 2] ◦ [3 4] 2 45 Üñôéá

[1 2 3 4 5] 5 72 Üñôéá

[1 2 3 5 4] 5 72 Üñôéá

[1 2] ◦ [3 4 5 6] 4 90 Üñôéá

[1 2 3] ◦ [4 5 6] 3 40 Üñôéá

5.3.21 Óçìåßùóç. (Ðåñß ôïý ðëÞèïõò ôùí êëÜóåùí óõæõãßáò ôÞò A) Ìåôáîý

ôùí áðïôåëåóìÜôùí ôùí ðåñéå·ïìÝíùí óå Ýíá Üñèñï ôùí J. Dªnes, P. Erds êáé

P. Turán (äçìïóéåõèÝí ôï Ýôïò21 1969) ðåñß ôïý áñéèìïý K(A) óõãêáôáëÝãåôáé ç

ðåñéãñáöÞ ôÞò áóõìðôùôéêÞò óõìðåñéöïñÜò ôïõ, âÜóåé ôÞò ïðïßáò

K(A) ≈ 1
8
√
3
exp(2

p

6 ) êáèþò ôï  −→∞ (5.34)

Óõãêñßíïíôáò ôéò (5.14) êáé (5.34) äéáðéóôþíïõìå üôé ï áñéèìüò K(S) ãéá ìåãÜ-
ëïõò  åßíáé ðåñßðïõ äéðëÜóéïò ôïý K(A) Óôï åí ëüãù Üñèñï äßäåôáé êáé Ýíáò

êëåéóôüò (áëëÜ ó·åôéêþò ðåñßðëïêïò) ôýðïò åêöñÜóåùò ôïý áñéèìïý K(A) óõ-

íáñôÞóåé ôïý  ()  Ï ôýðïò áõôüò áðëïõóôåýèçêå (ìÝóù ·ñÞóåùò ôÞò ôáõôüôç-

ôáò ôïý Jacobi) ôï 1980 áðü ôïí R.D. Girse22, ï ïðïßïò êáôÝëçîå óôçí «êïìøÞ»

Ýêöñáóç (5.35).

21Âë. J. Dªnes, P. Erds êáé P. Turán: On some statistical properties of the alternating group of degree Enseignement

Math., Ser. 2 Vol. 15 (1969) 89-99
22Âë. R.D. Girse: The number of conjugacy classes of the alternating group, B.I.T., Vol. 20 (1980) 515-517
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5.3.22 Èåþñçìá. (Ôýðïò ôïý Girse, 1980) Ãéá êÜèå  ∈ N  ≥ 2 ôï ðëÞèïò ôùí
êëÜóåùí óõæõãßáò ôÞò åíáëëÜóóïõóáò ïìÜäáò A ìðïñåß íá åêöñáóèåß ìÝóù ôïý
ôýðïõ

K(A) = 2 () + 3

¹q

2

ºP
=1

(−1)  ¡− 22¢  (5.35)

(üðïõ  (0) := 1)

5.3.23 Ðáñáäåßãìáôá. Ãéá  ∈ {2 20} ∪ {10 | ∈ {3  10}} ∪ {200} ï ôýðïò
(5.35) ôïý Girse äßäåé

 K(A)  K(A)

2 1 16 123

3 3 17 156

4 4 18 200

5 5 19 254

6 7 20 324

7 9 30 2829

8 14 40 18738

9 18 50 102260

10 24 60 483547

11 31 70 2044596

12 43 80 7899414

13 55 90 28319236

14 72 100 95288507

15 94 200 1986499984086

Óõãêñßíïíôáò (åðß ôç âÜóåé ôïý áíùôÝñù êáôáëüãïõ êáé ôïý êáôáëüãïõ ôïý ðá-

ñáôåèÝíôïò óôï åäÜöéï 5.3.9) ôïí ëüãï K(S) K(A) ð.·. ãéá ôéò ôéìÝò

 5 10 15 20 50 100 200

ëüãïò 1 4 1 75 1 8723 1 9352 1 9971 1 9999 2

ðáñáôçñïýìå üôé áõôüò ôåßíåé ôá·Ýùò ðñïò ôï 2ÌÜëéóôá, åßíáé áîéïóçìåßùôï üôé

ï áñéèìüò ôùí êëÜóåùí óõæõãßáò ôÞò åíáëëÜóóïõóáò ïìÜäáòA200 åßíáé ßóïòáêñé-
âþò ìå ôï Þìéóõ ôïý áñéèìïý ôùí êëÜóåùí óõæõãßáò ôÞòS200!

I ÅíäéáöÝñïõóåò åöáñìïãÝò. Ïé êáôÜëïãïé ïé óõíôá·èÝíôåò óôï åäÜöéï 5.3.20 åß-

íáé ëßáí ·ñÞóéìïé êáé éêáíïß íá ìáò ïäçãÞóïõí áêüìç êáé óå äéáöïñåôéêÝò áíôé-
ìåôùðßóåéò Þäç ôåèÝíôùí ðñïâëçìÜôùí.

5.3.24 Óçìåßùóç. Óôá åäÜöéá 4.1.47 êáé 4.1.48 åß·áí äïèåß äýï áðïäåßîåéò ãéá ôï

üôé ç åíáëëÜóóïõóá ïìÜäá A4 äåí äéáèÝôåé õðïïìÜäåò ôÜîåùò 6 Ìéá ôñßôç áðü-

äåéîç (åê íÝïõ ìå «åéò Üôïðïí áðáãùãÞ») åßíáé ç åîÞò: Áò õðïèÝóïõìå üôé õðÜñ·åé

õðïïìÜäá ôÞò A4 ôÜîåùò 6 Ôüôå |A4 : | = 2 =⇒
4.2.13

 E A4 ÅðåéäÞ ôá óôïé·åßá

id [1 2 3] [1 3 2] êáé [1 2] ◦ [3 4] ôÞò A4 áðáñôßæïõí (âÜóåé ôùí ðñïáíáöåñèÝíôùí
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óôï åäÜöéï 5.3.20) Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí áõôÞò ùò ðñïò ôçí ‘‘ ∼
óõæ.

'' êáé

ïé ðëçèéêïß áñéèìïß ôùí êëÜóåùí óõæõãßáò ôïõò åßíáé ßóïé ìå 1 4 4 êáé 3 áíôé-

óôïß·ùò, õðÜñ·ïõí (ëüãù ôïý ðïñßóìáôïò 5.1.16) 1 2 3 ∈ {0 1} ôÝôïéïé þóôå
íá éó·ýåé ç éóüôçôá

1 + 41 + 42 + 33 = 6 (= ||) (5.36)

Áðü ôïí êáôÜëïãï ôùí äõíáôþí ôéìþí ôïý áñéóôåñïý ìÝëïõò («Á.Ì.») ôÞò (5.36):

1 0 1 0 1 0 1 0 1

2 0 0 1 1 0 0 1 1

3 0 0 0 0 1 1 1 1

A.M. 1 5 5 9 4 8 8 12

ðïõ ðñïêýðôåé áðü üëåò ôéò äõíáôÝò ôéìÝò ôùí óõíôåëåóôþí 1 2 3 óõìðåñáß-

íïõìå üôé ç (5.36) äåí äéáèÝôåé êáìßá ëýóç. ¢ôïðï! ¢ñá ç A4 äåí äéáèÝôåé õðïï-

ìÜäåò ôÜîåùò 6

¢ëëç ìßá åíäéáöÝñïõóá åöáñìïãÞ (ôïý äåõôÝñïõ êáôáëüãïõ) ôïý åäáößïõ 5.3.20

åßíáé áõôÞ ðïõ (óå óõíäõáóìü ìå ôï ðüñéóìá 5.1.16) ïäçãåß óôçí åýñåóç ìéáò

åýêïëçò áðïäåßîåùò ôÞò áðëüôçôáò ôÞò A5 êáé, êáô' åðÝêôáóç, óôç äçìéïõñãßá

ôùí áðáñáßôçôùí ðñïûðïèÝóåùí ãéá ìéá åðáãùãéêÞ áðüäåéîç ôÞò áðëüôçôáò ôùí

åíáëëáóóïõóþí ïìÜäùí A ãéá êÜèå  ≥ 5

5.3.25 ËÞììá. Ç A5 åßíáé áðëÞ ïìÜäá.

Áðïäåéîç. ¸óôù ôõ·ïýóá E A5ÅðåéäÞ |A5| = 5!
2 = 60 ôï èåþñçìá 4.1.22 ôïý

Lagrange ìáò ðëçñïöïñåß üôé || ∈ {1 2 3 4 5 6 10 12 15 20 30 60} ÅîÜëëïõ,
åðåéäÞ ôá óôïé·åßá id [1 2 3] [1 2] ◦ [3 4]  [1 2 3 4 5] [1 2 3 5 4] ôÞò A5 áðáñôßæïõí
(âÜóåé ôùí ðñïáíáöåñèÝíôùí óôï åäÜöéï 5.3.20) Ýíá ðëÞñåò óýóôçìá åêðñïóþ-

ðùí áõôÞò ùò ðñïò ôçí ‘‘ ∼
óõæ.

'' êáé ïé ðëçèéêïß áñéèìïß ôùí êëÜóåùí óõæõãßáò ôïõò

åßíáé ßóïé ìå 1 20 15 12 êáé 12 áíôéóôïß·ùò, õðÜñ·ïõí (óýìöùíá ìå ôï ðüñéóìá

5.1.16) 1 2 3 4 ∈ {0 1} ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá

1 + 201 + 152 + 123 + 124 = ||  (5.37)

Áðü ôïí êáôÜëïãï ôùí äõíáôþí ôéìþí ôïý áñéóôåñïý ìÝëïõò («Á.Ì.») ôÞò (5.37):

1 0 1 0 1 0 1 0 1

2 0 0 1 1 0 0 0 0

3 0 0 0 0 1 1 0 0

4 0 0 0 0 0 0 1 1

A.M. 1 21 16 36 13 33 13 33

1 0 1 0 1 0 1 0 1

2 1 1 1 1 0 0 1 1

3 1 1 0 0 1 1 1 1

4 0 0 1 1 1 1 1 1

A.M. 28 48 28 48 25 45 40 60
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ðïõ ðñïêýðôåé áðü üëåò ôéò äõíáôÝò ôéìÝò ôùí 1 2 3 4 óõìðåñáßíïõìå üôé

|| ∈ {1 60}⇒ [åßôå = {id} åßôå = A5] ¢ñá ç A5 åßíáé áðëÞ ïìÜäá. ¤

• Äåõôåñç áðïäåéîç ôïõ èåùñçìáôïò 4.3.6: ÄõíÜìåé ôïý ëÞììáôïò 5.3.25 ç A5
åßíáé áðëÞ ïìÜäá. Èåùñþíôáò ôõ·üíôá öõóéêü áñéèìü  ≥ 6 êáé õðïèÝôïíôáò üôé
ç A−1 åßíáé áðëÞ, èá áðïäåßîïõìå (åðáãùãéêþò) üôé ç A åßíáé ùóáýôùò áðëÞ

ïìÜäá. ¸óôù {id} 6=  E A
Éó·õñéóìüò ðñþôïò : ∃ ∈ r{id}: () =  ãéá êÜðïéïí  ∈ {1  }
Áõôüò èá åðáëçèåõèåß ìÝóù ôÞò «åéò Üôïðïí áðáãùãÞò». ÕðïèÝôïõìå üôé () 6= 

ãéá êÜèå  ∈ {1  } êáé ãéá ïéáäÞðïôå ìåôÜôáîç  ∈ r{id} ¸óôù ôõ·ïýóá

ìåôÜôáîç  ∈ r{id}ÈÝôïíôáò  := (1) ç  ãñÜöåôáé õðü ôç ìïñöÞ∙
1 · · ·  · · ·
 · · ·  · · ·



()

¸
  ∈ {2  }

üðïõ := () 6=  êáé (ëüãù ôÞò õðïèÝóåþò ìáò)  6= ÅðåéäÞ  ≥ 6 õðÜñ·ïõí
  ∈ {1  }r{1  } ìå  6= Çóýíèåóç  := [1 ]◦ [   ] åßíáé ìéá Üñôéá
ìåôÜôáîç, äéüôé (êáôÜ ôï ëÞììá 3.3.4 êáé ôá (i) êáé (iii) ôïý èåùñÞìáôïò 3.3.5)

sgn ( ◦ ) = sgn([1 ]) sgn([   ]) = (−1)(−1)3 = 1

ÅðïìÝíùò,  ∈ A =⇒
EA

◦◦−1 ∈  −1 = [   ]−1◦ [1 ]−1 = [   ]◦ [1 ]
êáé ¡

 ◦  ◦ −1¢ () = ((−1())) = ((1)) = () = 1¡
 ◦  ◦ −1¢ () = ((−1())) = (()) = () = 

ïðüôå ãéá ôç óýíèåóç
¡
 ◦  ◦ −1¢ ◦  ∈  éó·ýåé

¡
 ◦  ◦ −1¢ ((1)) = 1 êáé¡

 ◦  ◦ −1¢ (()) = ¡ ◦  ◦ −1¢ () =  6= ⇒ ¡
 ◦  ◦ −1¢ ◦  6= id

¢ôïðï! ¢ñá õðÜñ·åé ðñÜãìáôé (ôïõëÜ·éóôïí ìßá) ìåôÜôáîç  ∈ r{id}: () = 

ãéá êÜðïéïí  ∈ {1  }
Éó·õñéóìüò äåýôåñïò :  = A Ç õðïïìÜäá A() := { ∈ A|() = } ôÞò A
åßíáé éóüìïñöç ìå ôçí A−1 êáé ãéá ôçí ôïìÞ() :=  ∩ A() Ý·ïõìå

 E A =⇒
4.2.22

() E A()

Óýìöùíá ìå ôçí åðáãùãéêÞ ìáò õðüèåóç, ç A() åßíáé áðëÞ ïìÜäá. ÊáôÜ óõíÝ-

ðåéáí, åßôå ç () åßíáé ôåôñéììÝíç åßôå éó·ýåé () = A() Ôï ðñþôï åíäå·üìåíï

áðïêëåßåôáé, äéüôé  ∈ () êáé  6= id Áõôü óçìáßíåé üôé

() = A()⇒ A() ⊆  =⇒
2.1.20

A() v 

ÅðåéäÞ  ≥ 6 ç A() ðåñéÝ·åé 3-êýêëïõò. ÅðïìÝíùò êáé ç  ðåñéÝ·åé 3-êýêëïõò.

Óýìöùíá ìå ôï ëÞììá 4.3.4, = A ¢ñá ç A åßíáé üíôùò áðëÞ ïìÜäá. ¤
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5.4 ÔÏ ÊÅÍÔÑÏ ÌÉÁÓ ÏÌÁÄÁÓ

Ôï êÝíôñï ìéáò ïìÜäáò áðïôåëåß ôï «áâåëéáíü ìÝñïò» áõôÞò.

5.4.1 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ôï óýíïëï

() := C() = { ∈  |  =  ∀ ∈ }

üëùí ôùí óôïé·åßùí ôÞò  ðïõ ìåôáôßèåíôáé áìïéâáßùò ìå êÜèå óôïé·åßï ôÞò 

êáëåßôáé êÝíôñï ôÞò  Ðñïöáíþò,

() =
\
∈

C()

5.4.2 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå () E  êáé

 = ()⇐⇒ ç  åßíáé áâåëéáíÞ.

Áðïäåéîç. Ôï üôé() E  Ýðåôáé ýóôåñá áðü åöáñìïãÞ ôïý (iii) ôÞò ðñïôÜóåùò

5.2.2 (ãéá  = ). ÅÜí 1 2 ∈ () ôüôå ðñïöáíþò (åî ïñéóìïý) 12 = 21

ïðüôå ç ïìÜäá () åßíáé áâåëéáíÞ. Åî áõôïý Ýðåôáé ç êáôåýèõíóç ‘‘⇒'' ôÞò áðï-

äåéêôÝáò áìößðëåõñçò óõíåðáãùãÞò. Ç ‘‘⇐'' Ýðåôáé áðü ôï 5.2.2 (ii) (åöáñìïæü-

ìåíï ãéá ôçí  = ). ¤

5.4.3 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù v  Ôüôå éó·ýïõí ôá åîÞò :

(i) () ∩ v ()

(ii) C() = ⇐⇒  v ()

Áðïäåéîç. (i) ÊáôÜ ôï 5.2.2 (v), () := C() v C() ïðüôå

() ∩ v C() ∩ = C() = ()

üðïõ ç ðñïôåëåõôáßá éóüôçôá Ýðåôáé áðü ôï 5.2.2 (iv).

(ii) ‘‘⇒'' ÅÜí C() =  êáé  ∈  ôüôå  ∈ C() ⇒  ∈ () ÊáôÜ óõíÝ-

ðåéáí, ⊆ () v  =⇒
2.1.20

 v ()

‘‘⇐'' ÅÜí  v () ôüôå C(()) v C() (âë. 5.2.2 (v)). ÅîÜëëïõ, åðåéäÞ

C(()) =  ëáìâÜíïõìå C() =  ¤

5.4.4 Óçìåßùóç. ÅÜí ç  åßíáé áâåëéáíÞ, ôüôå ðñïöáíþò

 ∩ = () ∩ = () = 

ÕðÜñ·ïõí êáé áñêåôÜ ðáñáäåßãìáôá åéäéêþí õðïïìÜäùí  ìç áâåëéáíþí ïìÜ-

äùí  óôá ïðïßá ôï êÝíôñï () éóïýôáé ìå ôçí ôïìÞ () ∩  Âë., ð.·., ôïõò

õðïëïãéóìïýò ôùí êÝíôñùí ïñéóìÝíùí õðïïìÜäùí ïìÜäùí ðéíÜêùí ðïõ ðåñéÝ·ï-

íôáé óôéò ðñïôÜóåéò 5.4.12, 5.4.14 êáé 5.4.15. Ùóôüóï, áðëïýóôåñá ðáñáäåßãìáôá
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(üðùò áõôü ôÞò êõêëéêÞò õðïïìÜäáò hi ôùí óôñïöþí ôÞòD, âë. 5.4.8) äåß·íïõí

üôé ôá êÝíôñá () ìðïñïýí íá åßíáé «åõñýôåñá» ôùí ôïìþí23 () ∩

5.4.5 Ðñüôáóç. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ïìÜäùí. Ôüôå
 v  =⇒ (()) v (())

ÅðéðñïóèÝôùò, åÜí o  åßíáé éóïìïñöéóìüò, ôüôå (()) = (())

Áðïäåéîç. ÅÜí v  êáé  ∈ () ôüôå

 =  ∀ ∈  ⇒ () = () ∗ () = () ∗ () ∀ ∈ 

ïðüôå (()) ⊆ (()) êáé (()) v () =⇒
2.1.20

(()) v (()) ÅÜí o

 åßíáé éóïìïñöéóìüò, ôüôå ·ñçóéìïðïéþíôáò ôï ßäéï åßäïò åðé·åéñçìÜôùí ãéá ôïí

−1 óõìðåñáßíïõìå üôé (()) = (()) ¤

5.4.6 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ∈  Ôüôå ôá áêüëïõèá åßíáé
éóïäýíáìá :

(i) êëó() = {}
(ii)  ∈ ()

(iii) C() = 

(iv) | : C()| = 1
Áðïäåéîç. ÅðåéäÞ

êëó() = {}⇔ −1 = ∀ ∈ ⇔  = ∀ ∈ ⇔  ∈ ()

çáìößðëåõñçóõíåðáãùãÞ (i)⇔(ii) åßíáé áëçèÞò. Ïé (i)⇔(iii)⇔(iv) Ýðïíôáé Üìåóá

áðü ôï ðüñéóìá 5.2.10. ¤
Ëüãù ôÞò ðñïôÜóåùò 5.4.2 «åíäéáöÝñïíôá» ðáñáäåßãìáôá êÝíôñùí åìöáíßæïíôáé

ìüíïí óôçí êëÜóç ôùí ìç áâåëéáíþí ïìÜäùí.

5.4.7 ÐáñÜäåéãìá. (ÊÝíôñï ôÞò Q) Áðü ôçí ðñüôáóç 5.4.6 êáé áðü ôïí êáôÜ-

ëïãï åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò ïìÜäáòQ ôùí ôåôñáíßùí (ðïõ äßäå-

ôáé óôï åäÜöéï 5.2.12) óõíÜãåôáé üôé (Q) = {I2−I2}

5.4.8 ÐáñÜäåéãìá. (ÊÝíôñï ôÞò D) ¸óôù  ∈ N  ≥ 3 êáé ÝóôùD = h i
ç -ïóôÞ äéåäñéêÞ ïìÜäá (âë. 3.4.4). Áðü ôçí ðñüôáóç 5.4.6 êáé áðü ôïõò äýï êá-

ôáëüãïõò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò ïìÜäáòD ðïõ äßäïíôáé óôçí

ðñüôáóç 5.1.10 (ãéá  ðåñéôôü êáé  Üñôéï, áíôéóôïß·ùò) óõíÜãåôáé üôé

(D) =

( {idE} üôáí ï  åßíáé ðåñéôôüò,

{idE  

2 } =

D


2

E
 üôáí ï  åßíáé Üñôéïò.

ÓçìåéùôÝïí üôé (D) = (D) ∩ hi @ (hi) = hi 
23Åðß ðáñáäåßãìáôé, åÜí ç åßíáé ìéá ìç áâåëéáíÞ ïìÜäá êáé @  ìå() @  ôüôå() = ()∩ @ 
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5.4.9 ÐáñÜäåéãìá. (ÊÝíôñï ôÞò S) Ç óõììåôñéêÞ ïìÜäá S óå  óýìâïëá åß-

íáé áâåëéáíÞ ãéá  ≤ 2 åíþ ãéá  ≥ 3 Ý·åé ôåôñéììÝíï êÝíôñï (S) = {id} êÜôé
ôï ïðïßï Ýðåôáé Üìåóá áðü ôï ëÞììá 4.3.11.

5.4.10 ÐáñÜäåéãìá. ÊÜèå ìç áâåëéáíÞ áðëÞ ïìÜäá Ý·åé ôåôñéììÝíï êÝíôñï (êá-
èüôé () E ).

5.4.11 ÐáñÜäåéãìá. (ÊÝíôñï ôÞò A) Ç åíáëëÜóóïõóá ïìÜäáA óå  óýìâïëá

åßíáé áâåëéáíÞ ãéá  ≤ 3 åíþ ãéá  ≥ 4 Ý·åé ôåôñéììÝíï êÝíôñï (A) = {id}
ÐñÜãìáôé° ãéá  ≥ 5 ôïýôï åßíáé ðñïöáíÝò (ëüãù ôùí 4.3.6 êáé 5.4.10). ÅîÜëëïõ,

åÜí ôï (A4) Þôáí ìéá ìç ôåôñéììÝíç õðïïìÜäá ôÞò (ìç áâåëéáíÞò ïìÜäáò) A4

ôüôå èá åß·áìå |(A4)| ∈ {2 3 4} (ëüãù ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange êáé

ôÞò ðñïôÜóåùò 4.1.47). Ôï åíäå·üìåíï íá Ý·ïõìå |(A4)| = 4 áðïêëåßåôáé, äéüôé

ôüôå ç ðçëéêïïìÜäá A4/(A4) èá åß·å ôÜîç 3 êáé èá Þôáí êáô' áíÜãêçí êõêëéêÞ

ïìÜäá (âë. 2.3.19), êÜôé ðïõ (üðùò èá äïýìå óôçí ðñüôáóç 5.4.17) åßíáé áäýíáôï.

ÅÜí ßó·õå |(A4)| ∈ {2 3} ôüôå ôï êÝíôñï (A4) ôÞò A4 èá Ýðñåðå íá åßíáé åßôå

ìßá åê ôùí ôñéþí êõêëéêþí õðïïìÜäùí ôÞò A4 ôÜîåùò 2 åßôå ìßá åê ôùí ôåóóÜñùí

êõêëéêþí õðïïìÜäùí ôÞò A4 ôÜîåùò 3 ðïõ ðåñéåãñÜöçóáí óôï ðüñéóìá 4.1.49.

¼ìùò êáìßá24 åî áõôþí ôùí åðôÜ êõêëéêþí õðïïìÜäùí ôÞò ïìÜäáò A4 äåí åßíáé

ïñèüèåôç, åíþ (A4) C A4! ÅðïìÝíùò, (A4) = {id}
«EíäéáöÝñïíôá» êÝíôñá äéáèÝôïõí êáé êÜðïéåò ïìÜäåò ðéíÜêùí.

5.4.12 Ðñüôáóç. (ÊÝíôñï ôÞò GL( )) ¸óôù  Ýíá óþìá êáé Ýóôù  ∈ N Ôüôå
(GL( )) =

©
I| ∈ ×

ª
êáé (SL( )) = (GL( )) ∩ SL( ) = {I| ∈ ×  = 1 } 
Áðüäåéîç. Ãéá  = 1 ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. ¸óôù üôé  ≥ 2

Ðñïöáíþò,©
I| ∈ ×

ª ⊆ (GL( ))
©
I| ∈ ×  = 1

ª ⊆ (SL( ))

Ãéá êÜèå  ∈  êáé ãéá êÜèå æåýãïò ( ) ∈ {1  } × {1  }  6=  èåùñïýìå

ôïõò ðßíáêåò25

R() := I + E ∈ GL( )

(üðïõ E ïé ïñéóèÝíôåò óôï åäÜöéï D.1.4 (i)), ïé åããñáöÝò ôùí ïðïßùí åßíáé ßóåò
ìå 1 óôçí êýñéá äéáãþíéü ôïõò êáé ßóåò ìå 0 óå êÜèå Üëëç èÝóç, ìÝ ìüíç åîáß-
ñåóç ôç èÝóç ôçí åõñéóêüìåíç óôçí -ïóôÞ ãñáììÞ êáé óôçí -ïóôÞ óôÞëç, üðïõ
ç åããñáöÞ ôïõò ïñßæåôáé íá åßíáé ßóç ìå  (ÓçìåéùôÝïí üôéR()

−1 = R(−))
¸óôù ôþñá ôõ·þí ðßíáêáòA = ()1≤≤ ∈ (GL( ))Ðñïöáíþò,

R(1 )A = AR(1 )⇒ R(1 )AR(1 )
−1 = R(1 )AR(−1 ) = A

24Óôï åäÜöéï 4.2.27 áðïäåßîáìå üôé h[1 2] ◦ [3 4]i 5 A4 Ðáñïìïßùò áðïäåéêíýåôáé üôé êáé ïé Üëëåò Ýîé êõêëéêÝò
õðïïìÜäåò ôÞò A4 äåí åßíáé ïñèüèåôåò. (Ïé ëåðôïìÝñåéåò áöÞíïíôáé ùò Üóêçóç ãéá ôïí áíáãíþóôç.) Ùò åê ôïýôïõ,

NSubg(A4) = {{id}VA4}
25Áõôïß êáëïýíôáé, éäéáéôÝñùò, óôïé·åéþäåéò äéáôìÞóåéò.
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áð' üðïõ Ýðåôáé üôé

 +  =  + 

 =  + 

¾
⇒  =

½
0  üôáí ( ) ∈ {1  } × {1  }  6= 

 üôáí ( ) ∈ {1  } × {1  }  = 

(ìå ôïíA äéÜöïñï ôïý ìçäåíéêïý ðßíáêá, äéüôé det(A) 6= 0 ), ïðüôå

A ∈ ©I| ∈ ×
ª⇒ (GL( )) ⊆

©
I| ∈ ×

ª


ÅðåéäÞ det(R() ) = 1 ãéá êÜèå  ∈  åðáíáëáìâÜíïíôáò ôçí ßäéá åðé·åéñç-

ìáôïëïãßá ãéá ôõ·üíôá ðßíáêáA ∈ (SL( )) óõìðåñáßíïõìå üôé

∃ ∈ ×(= r{0 }) : A = I
det(A ) = 

¾
⇒ A ∈ ©I| ∈ ×  = 1

ª


ïðüôå (SL( )) ⊆ {I| ∈ ×  = 1 }  ¤

5.4.13 Óçìåßùóç. (Ðåñß ôùí PGL( ) êáé PSL( )) (i) Ïé ðçëéêïïìÜäåò

PGL( ) := GL( )(GL( )) êáé PSL( ) := SL( )(SL( ))

êáëïýíôáé ðñïâïëéêÞ ãåíéêÞ ãñáììéêÞ ïìÜäá êáé ðñïâïëéêÞ åéäéêÞ ãñáììéêÞ

ïìÜäá (âáèìïý ), áíôéóôïß·ùò, õðåñÜíù ôïý  êáé ðáßæïõí óçìáßíïíôá ñüëï

óôçí ÐñïâïëéêÞ Ãåùìåôñßá. Åðß ðáñáäåßãìáôé, ç ïìÜäá PGL+1(R) (êáé áíôé-
óôïß·ùò, ç ïìÜäá PGL+1(C)) áðïôåëåß ôçí ïìÜäá ôùí áõôïìïñöéóìþí26 ôïý -

äéÜóôáôïõ ðñáãìáôéêïý ðñïâïëéêïý ·þñïõ PR (êáé áíôéóôïß·ùò, ôïý -äéÜóôáôïõ

ìéãáäéêïý ðñïâïëéêïý ·þñïõ PC) éäùìÝíïõ ùò ðñáãìáôéêïý ðïëõðôýãìáôïò (êáé
áíôéóôïß·ùò, ùò ìéãáäéêïý ðïëõðôýãìáôïò ).

(ii) Ôïðïëïãéêþò, ç ìéãáäéêÞ ðñïâïëéêÞ åõèåßá P1C ìðïñåß íá åêëçöèåß ùò ôï åðå-
êôåôáìÝíï ìéãáäéêü åðßðåäï C ∪ {∞} (Þôïé ùò ìïíïóçìåéáêÞ óõìðáãïðïßçóç 27

ôïý C ùò ðñïò Ýíá åðéóõíáðôüìåíï åðÜðåéñïí óçìåßï ‘‘∞''). Ôáõôßæïíôáò ôï C ìå

ôï åðßðåäï
©
(1 2 3) ∈ R3 | 3 = 0

ª
ôïý R3 ìÝóù ôÞò

C 3 1 + 2 ←→ (1 2 0) ∈ R2 × {0}

üðïõ ôï  óõìâïëßæåé ôç öáíôáóôéêÞ ìïíÜäá, åßíáé äõíáôüí íá ôáõôßóïõìå ôç ìé-

ãáäéêÞ ðñïâïëéêÞ åõèåßá P1C ìå ôç äéäéÜóôáôç ìïíáäéáßá óöáßñá

S2 =
©
(1 2 3) ∈ R3

¯̄
21 + 22 + 23 = 1

ª
26Åäþ ç ëÝîç áõôïìïñöéóìüò áöïñÜ óôçí ôïðïëïãéêÞ-áíáëõôéêÞ äïìÞ ôïý PR (êáé áíôéóôïß·ùò, ôïý PC ). ¸íáò

áõôïìïñöéóìüò ôïý PR (êáé áíôéóôïß·ùò, ôïý PC ) åßíáé ìéá áìöéññéðôéêÞ áðåéêüíéóç áðü ôïí åí ëüãù ·þñï åðß ôïý

åáõôïý ôïõ ðïõ åßíáé áìöéóõíå·Þò (ùò ðñïò ôç óõíÞèç ôïðïëïãßá) êáé ìÜëéóôá áìöéäéáöïñßóéìç (êáé áíôéóôïß·ùò,

áìöéïëüìïñöç). Ôï óýíïëï üëùí ôùí áõôïìïñöéóìþí ôïý PR (êáé áíôéóôïß·ùò, ôïý PC ), åöïäéáóìÝíï ìå ôçí ðñÜîç

ôÞò óõíèÝóåùò áðåéêïíßóåùí, êáèßóôáôáé ïìÜäá. ÁõôÞ ç ïìÜäá êáëåßôáé ïìÜäá áõôïìïñöéóìþí ôïý PR (êáé áíôé-

óôïß·ùò, ôïý PC ).
27Áõôü óçìáßíåé üôé ç õðïâÜóç ôÞò ôïðïëïãßáò ìå ôçí ïðïßá åöïäéÜæåôáé ôï C ∪ {∞} óõíßóôáôáé (i) áðü üëá ôá

áíïéêôÜ õðïóýíïëá ôïý C (ii) áðü üëá ôá óýíïëá ôÞò ìïñöÞò Cr üðïõ  êÜðïéï óõìðáãÝò ôïý C êáé (iii) áðü
ôï ßäéï ôï C ∪ {∞} 
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ìÝóù ôÞò óôåñåïãñáöéêÞò ðñïâïëÞò pr[st] : S2 → P1C (ôïý S2r{(0 0 1)} áðü ôïí
âüñåéï ðüëï (0 0 1) ôÞò S2 åðß ôïý C):

S2 3 (1 2 3) 7→ pr[st] (1 2 3) :=

(
1+ 2
1−3  üôáí (1 2 3) 6= (0 0 1)
∞ üôáí (1 2 3) = (0 0 1) 

ðïõ Ý·åé ôçí

P1C 3  7−→
(
(2Re()2 Im()||2−1)

1+||2  üôáí  ∈ C
∞ üôáí  =∞

ùò áíôßóôñïöü ôçò (âë. ôï áêüëïõèï ó·Þìá).

ÓçìåéùôÝïí üôé ïñéóìÝíïé óõããñáöåßò, üôáí ìåëåôïýí ôïí óõó·åôéóìü ôïý ìïíôÝ-

ëïõ ôùí Å. Beltrami (1835-1900) êáé F. Klein (1849-1925) ãéá ôç äéäéÜóôáôç Õðåñ-
âïëéêÞ Ãåùìåôñßá ìå åêåßíï ôïýH. Poincarª (1854-1912), ðñïôéìïýí íá ðñïâÜëïõí

óôåñåïãñáöéêþò ôçí S2 åðß ôïý åðéðÝäïõ
©
(1 2 3) ∈ R3 | 3 = −1

ª
ðïõ ôÝ-

ìíåé êáèÝôùò ôïí Üîïíá ôùí êáôçãìÝíùí óôïí íüôéï ðüëï ôçò28 (0 0−1)Ùóôüóï,

áêüìç êáé áí êáíåßò ôáõôßóåé áõôü ôï åðßðåäï ìå ôï C ôïðïëïãéêþò äåí åðÝñ·å-

ôáé êáìßá áëëáãÞ, äéüôé áðëþò ìåôáâáßíïõìå óå Ýíáí äéáöïñåôéêü ïìïéïìïñöéóìü

ìåôáîý ôùí C ∪ {∞} êáé S2

28Âë. D. Hilbert, S. Cohn-Vossen: Anschauliche Geometrie, Springer-Verlag, 1932 (åí. 36) êáé M.J. Greenberg:

Euclidean and Non-Euclidean Geometries, Second Ed., W.H. Freeman & Co., 1974 óåë. 190
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ÊÜèå ðßíáêáò A =
³






´
∈ GL2(C) ãßíåôáé ï áßôéïò ãéá ôïí ïñéóìü åíüò ìåôá-

ó·çìáôéóìïý ôïý M−bius29 A ∈ SP1C ìÝóù ôïý ôýðïõ

P1C 3  7−→ A() :=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

+
+

 üôáí  6= 0 êáé  ∈ Cr{− 

}

+


üôáí  = 0 (⇒  6= 0) êáé  ∈ C


 üôáí  6= 0 êáé  =∞

∞ üôáí  6= 0 êáé  = − 



∞ üôáí  = 0 êáé  =∞

(Ðñïöáíþò, ãéá  6= 0 Ý·ïõìå 

= lim

−→∞

³
+
+

´
êáé∞ = lim

−→−


³
+
+

´
.) ÅðåéäÞ

I2 = idP1C êáé A ◦ −1B = A ◦ B−1 = AB−1 ∈ SP1C  äçìéïõñãåßôáé êáô' áõôüí
ôïí ôñüðï ìéá õðïïìÜäá

M−b := {A |A ∈ GL2(C)} v SP1C

ç ïðïßá êáëåßôáé, éäéáéôÝñùò, ïìÜäá ôïý M−bius. Ç áðåéêüíéóç

GL2(C) 3 A 7−→ A ∈M−b

åßíáé åðéìïñöéóìüò ïìÜäùí Ý·ùí ùò ðõñÞíá ôïõ ôçí ïìÜäán
A ∈ GL2(C) |A = idP1C

o
=

½µ








¶
∈ GL2(C)

¯̄̄̄
 =  = 0 êáé  = 

¾
= {I2| ∈ Cr{0}} = (GL2(C))

ÄõíÜìåé ôïý 1ïõ èåùñÞìáôïò éóïìïñöéóìþí 4.5.2,

PGL2(C) ∼=M−b

äçëáäÞ ç ïìÜäá áõôïìïñöéóìþí ôÞò ìéãáäéêÞò ðñïâïëéêÞò åõèåßáò P1C åßíáé éóü-

ìïñöç ìå ôçí ïìÜäá ôïý Mbius.

(iii) Ïé ðñïâïëéêÝò åéäéêÝò ãñáììéêÝò ïìÜäåò PSL( ) åßíáé éäéáßôåñá «äçìïöé-

ëåßò» üôáí ôï  åßíáé Ýíá ðåðåñáóìÝíï óþìá. Ð.·., åßíáé åýêïëï íá áðïäåé·èåß

üôé PSL2(Z2) ∼= S3 PSL2(Z3) ∼= A4 êáé PSL2(Z5) ∼= A5 ÁíôéèÝôùò, åßíáé áñêåôÜ

ìáêñïóêåëÞò ç áðüäåéîç ôïý üôé ãéá Ýíá (ðåðåñáóìÝíï Þ Üðåéñï) óþìá  ïé ðñï-
âïëéêÝò åéäéêÝò ãñáììéêÝò ïìÜäåò PSL( ) åßíáé áðëÝò 30 üôáí éó·ýåé åßôå  ≥ 3
åßôå ( ·áñ( )) ∈ {(2 2) (2 3)}
29Ïé ìåôáó·çìáôéóìïß áõôïß ïíïìÜóèçêáí Ýôóé ðñïò ôéìÞí ôïý Ãåñìáíïý ìáèçìáôéêïý August Ferdinand Mbius

(1790-1868), ï ïðïßïò êáôÝäåéîå ôç óçìáíôéêüôçôÜ ôïõò ìÝóù ðïéêßëùí åöáñìïãþí ôïõò óôç Ãåùìåôñßá, óôç Ìéãá-

äéêÞ ÁíÜëõóç êáé óôç ÌáèçìáôéêÞ ÖõóéêÞ.

30Ç ðñþôç áðüäåéîç (ãéá ðåðåñáóìÝíá óþìáôá, ç ïðïßá ìðïñåß íá ôñïðïðïéçèåß êáôáëëÞëùò êáé ãéá Üðåéñá óþ-

ìáôá) ïöåßëåôáé óôïí L.E. Dickson (1874-1954) êáé ðáñïõóéÜóèçêå óôéò åíüôçôåò 104-105 ôïý óõããñÜììáôüò ôïõ:

Linear groups with an exposition of theGalois field theory, Leipzig, 1901 (reprinted byDover Publ., NY, 1958). Ç óêéá-

ãñÜöçóç ìéáò «ìïíôÝñíáò» áðïäåßîåùò åíôïðßæåôáé óå Ýíá âéâëßï ôïý J. Dieudonnª (1906-1992) ðïõ öÝñåé ôïí ôßôëï

La gªomªtrie des groupes classiques, Springer-Verlag, 1955 (âë. êåö. ÉÉ, åí. 1), êáèþò êáé óå Ýíá âéâëßï ôïý E. Artin
(1898-1962) õðü ôïí ôßôëï Geometric Algebra, J. Wiley, Inc., 1957 (âë. èåþñçìá 410 óåë. 169). Ãéá ìéá äéåîïäéêÞ

áðüäåéîç ï áíáãíþóôçò ðáñáðÝìðåôáé óôï èåþñçìá 946 óåë. 279, ôïý âéâëßïõ ôïý J.J. Rotman: An Introduction to
the Theory of Groups, GTM, Vol. 148, Springer-Verlag, fourth ed., 1995.
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(iv) Åðáíåñ·üìåíïé, ôÝëïò, óôçíÊëáóéêÞ Ãåùìåôñßá, óõíáíôïýìå ôçí ðáóßãíùóôç
áðëÞ ïìÜäá

GL3(Z2) ∼= PSL2(Z7) ∼= PSL3(Z2)

ìå 168 óôïé·åßá (ðïõ åßíáé ç äåýôåñç êáôÜ óåéñÜí ïìÜäá óôïõò êáôáëüãïõò ÉÉ

êáé ÉÉÉ ôÞò óåëßäáò 660), êáèüóïí åßíáé éóüìïñöç ìå ôçí ïìÜäá ôùí áõôïìïñöé-

óìþí Aut() ôÞò ìéãáäéêÞò (ìç éäéÜæïõóáò) ôåôáñôïâÜèìéáò êáìðýëçò ôïý Klein

(Klein's quartic)

 :=
©
[0 : 1 : 2] ∈ P2C

¯̄
301 + 312 + 320 = 0

ª
ãÝíïõò31 3 (åî ïõ êáé ïé ôñåéò ïðÝò32 óôç ó·çìáôéêÞ áíáðáñÜóôáóç ôÞò  ∩ R3).

5.4.14 Ðñüôáóç. (Ôá êÝíôñá ôùí Ï(R) êáé SO(R)) Ôï êÝíôñï ôÞò ïñèïãþ-
íéáò ïìÜäáò Ï(R) åßíáé ôï (Ï(R)) = (GL(R)) ∩ Ï(R) = {I−I} ôÞò
äå åéäéêÞò ïñèïãþíéáò ïìÜäáò SO(R) ôï

(SO(R)) = (Ï(R)) ∩ SO(R) =
½ {I}  üôáí ï  åßíáé ðåñéôôüò,

{I−I} üôáí ï  åßíáé Üñôéïò.

Áðüäåéîç. Ïé åãêëåéóìïß “ ⊇ ” åßíáé ðñïöáíåßò. Ãé' áõôü èåùñïýìå ôõ·üíôá

ðßíáêá A ∈ (Ï(R)) åöáñìüæïõìå åê íÝïõ ôï ôÝ·íáóìá (ìå ôïõò âïçèçôéêïýò

ðßíáêåò E()) ðïõ õðåéóÝñ·åôáé óôçí áðüäåéîç ôÞò ðñïôÜóåùò 5.4.12 êáé êáôá-

ëÞãïõìå óôï üôé

A ∈ {I| ∈ Rr{0}} = (GL(R))
31Óýìöùíá ìå Ýíá áðïôÝëåóìá ôïý A. Hurwitz (1859-1919), ç ôÜîç ôÞò ïìÜäáò áõôïìïñöéóìþí ìéáò åðéöÜíåéáò

Riemann ãÝíïõò  ≥ 2 åßíáé ≤ 84( − 1) (Bë. A. Hurwitz: Über algebraische Gebilde mit eindeutigen
Transformationen in sich, Math. Ann., Bd. 41 (1893) 403-442 ãéá ôçí ðñùôüôõðç åñãáóßá êáé R. Miranda:

Algebraic Curves and Riemann Surfaces, Graduate Studies in Math., Vol. 5, A.M.S., 1997 Thm. 39 óåë. 82 ãéá ìéá

áðëÞ óýã·ñïíç áðüäåéîç.) Äåí õößóôáôáé åðéöÜíåéá Riemann ãÝíïõò  = 2 ç ïìÜäá áõôïìïñöéóìþí ôÞò ïðïßáò íá

Ý·åé ôÜîç ßóç ìå 84¼ìùò ç áíùôÝñù ìéãáäéêÞ (ìç éäéÜæïõóá) êáìðýëç (éäùèåßóá ùò åðéöÜíåéá Riemann ãÝíïõò

 = 3) äéáèÝôåé ïìÜäá áõôïìïñöéóìþí ôÜîåùò |Aut()| = 84 · 2 = 168 Þôïé áêñéâþò ßóçò ìå ôï ìÝãéóôï Üíù
öñÜãìá. ÊáôÜ ôïí Hurwitz, ãéá üóåò åðéöÜíåéåò Riemann  Ý·ïõí áõôÞí ôçí éäéüôçôá, ï ðçëéêü·ùñïò Aut()

åßíáé ìéá íÝá åðéöÜíåéá Riemann ãÝíïõò 0 (ôïðïëïãéêþò ç S2), ç äå öõóéêÞ åðßññéøç  −→ e = Aut() åßíáé

ìéá êáíïíéêÞ åðéêÜëõøç äéáêëáäéæüìåíç õðåñÜíù áêñéâþò ôñéþí óçìåßùí ôÞò e ìå ôÜîåéò äéáêëáäþóåùò 2 3 êáé 7
áíôéóôïß·ùò.

32Ï áíáãíþóôçò ðïõ âëÝðåé 4 ïðÝò, ðáñáðÝìðåôáé óôçí ðëÞñç ôñéäéÜóôáôç öéëìéêÞ áíáðáñÜóôáóç (ãéá íá êáíá-
íïÞóåé óå ôé ïöåßëåôáé ç ïöèáëìáðÜôç) óôç äéáäéêôõáêÞ äéåýèõíóç:

http://gregegan.customer.netspace.net.au/SCIENCE/KleinQuartic/KleinQuartic.html
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ÅðåéäÞA ∈ Ï(R)⇒ A| = A−1 Ý·ïõìå

(det(A))2 = det(A) det(A|) = det(A) det(A−1) = det(AA−1) = det(I) = 1

Þôïé det(A) ∈ {±1}ÊáôÜ óõíÝðåéáí,

∃ ∈ Rr{0} : A = I
det(A ) =  ∈ {±1}

¾
⇒  ∈ {±1}

ïðüôå(Ï(R)) = (GL(R))∩Ï(R) = {I−I}Êáô' áíáëïãßáí, åêêéíþíôáò

áðü ôõ·üíôá ðßíáêáA ∈ (SO(R)) êáé åðáíáëáìâÜíïíôáò ôçí ßäéá äéáäéêáóßá

óõìðåñáßíïõìå üôé

∃ ∈ Rr{0} : A = I
det(A ) =  = 1

¾
⇒  =

½
1 üôáí ï  åßíáé ðåñéôôüò,

1 Þ − 1 üôáí ï  åßíáé Üñôéïò,

áð' üðïõ Ýðåôáé ôï æçôïýìåíï. ¤

5.4.15 Ðñüôáóç. (Ôá êÝíôñá ôùí U(C) êáé SU(C)) Ôï êÝíôñï ôÞò ìïíáäéá-
êÞò ïìÜäáò U(C) åßíáé ôï

(U(C)) = (GL(C)) ∩U(C) = {I|  ∈ C || = 1} ∼= S1

ôÞò äå åéäéêÞò ìïíáäéáêÞò ïìÜäáò SU(C) ôï

(SU(C)) = (U(C)) ∩ SU(C) = {I|  ∈ C  = 1} ∼= E

Áðüäåéîç. Ïé åãêëåéóìïß “ ⊇ ” åßíáé ðñïöáíåßò. Ãé' áõôü èåùñïýìå ôõ·üíôá

ðßíáêá A ∈ (U(C)) åöáñìüæïõìå åê íÝïõ ôï ôÝ·íáóìá (ìå ôïõò âïçèçôéêïýò

ðßíáêåò) ðïõ õðåéóÝñ·åôáé óôçí áðüäåéîç ôÞò ðñïôÜóåùò 5.4.12 êáé êáôáëÞãïõìå

óôï üôé A ∈ {I|  ∈ Cr{0}} = (GL(C)) ÅðåéäÞ A ∈ U(C) ⇒ A
|
= A−1

Ý·ïõìå

AA
|
= I ⇒ 1 = det(I) = det(A) det(A

|
) = det(A) det(A) = det(A) det(A)

Þôïé det(A) det(A) = |det(A)|2 = 1⇒ |det(A)| = 1 ÊáôÜ óõíÝðåéáí,

∃ ∈ Cr{0} : A = I
|det(A )| = || = || = 1

¾
⇒ || = 1

ïðüôå (U(C)) = {I|  ∈ C || = 1} ∼= S1 Êáô' áíáëïãßáí, åêêéíþíôáò áðü

ôõ·üíôá ðßíáêá A ∈ (SU(C)) êáé åðáíáëáìâÜíïíôáò ôçí ßäéá äéáäéêáóßá óõ-

ìðåñáßíïõìå üôé

∃ ∈ Cr{0} : A = I
det(A ) = 1

¾
⇒  = 1

áð' üðïõ Ýðåôáé ôï æçôïýìåíï. ¤
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5.4.16 Óçìåßùóç. Êáô' áíáëïãßáí ðñïò ôéò PGL( ) êáé PSL( ) ïñßæïíôáé êáé

ïé ðñïâïëéêÝò ïñèïãþíéåò êáé ðñïâïëéêÝò åéäéêÝò ïñèïãþíéåò ïìÜäåò

PÏ(R) := Ï(R)(Ï(R)) êáé PSÏ(R) := SÏ(R)(SÏ(R))

êáèþò êáé ïé ðñïâïëéêÝò ìïíáäéáêÝò êáé ðñïâïëéêÝò åéäéêÝò ìïíáäéáêÝò ïìÜäåò

PU(C) :=U(C)(U(C)) êáé PSU(C) := SU(C)(SU(C))

áíôéóôïß·ùò.

Ç ðáñïýóá åíüôçôá èá êëåßóåé ìå ôçí ðáñÜèåóç ðñïôÜóåùí ïé ïðïßåò ðåñéãñÜ-

öïõí ïñéóìÝíåò âáóéêÝò éäéüôçôåò ôïý êÝíôñïõ ìéáò ïìÜäáò.

5.4.17 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. H ðçëéêïïìÜäá () äåí åßíáé êõ-
êëéêÞ, åêôüò êáé åÜí ç ßäéá ç  åßíáé áâåëéáíÞ (ïðüôå ç () åßíáé ç ôåôñéììÝíç
ïìÜäá).

Áðïäåéîç. Áò õðïèÝóïõìå üôé ç () åßíáé êõêëéêÞ. Ôüôå õðÜñ·åé êÜðïéï

óôïé·åßï  ∈  ôÝôïéï þóôå íá éó·ýåé () = h()i  ÅÜí   ∈  ôüôå

() () ∈ ()⇒
½ ∃ ∈ Z : () = (()) = () êáé

∃ ∈ Z : () = (()) = ()

ÅðïìÝíùò Ý·ïõìå33 () = () ⇒ ∃ ∈ () :  =  Êáô' áíáëïãßáí,

∃ ∈ () :  =  Ùò åê ôïýôïõ,

 = () () = () = () = +

= + = () = () = () () = 

ïðüôå ç  åßíáé áâåëéáíÞ. ¤

5.4.18 Ðáñáäåßãìáôá. (i) ÕðÜñ·ïõí ìç áâåëéáíÝò ïìÜäåò ôÝôïéåò þóôå ïé ðçëé-
êïïìÜäåò () íá åßíáé áâåëéáíÝò, ìç êõêëéêÝò ! Åðß ðáñáäåßãìáôé, ç áðåéêü-

íéóç

±I2 7−→ id ±i 7−→ [1 2] ◦ [3 4]  ±j 7−→ [1 3] ◦ [2 4]  ±k 7−→ [1 4] ◦ [2 3] 

åßíáé Ýíáò åðéìïñöéóìüò áðü ôçí ïìÜäá Q ôùí ôåôñáíßùí åðß ôÞò ïìÜäáò V ôùí

ôåóóÜñùí óôïé·åßùí ôïý Klein Ý·ùí ôï êÝíôñï (Q) = {I2−I2} ùò ðõñÞíá ôïõ.

Óýìöùíá ìå ôï 1ï èåþñçìá éóïìïñöéóìþí 4.5.2 õößóôáôáé Ýíáò éóïìïñöéóìüò

Q(Q)
∼=−→ V

(ii) ¸óôù  ∈ N  ≥ 3 Ãéá ôçí -ïóôÞ äéåäñéêÞ ïìÜäá D = h i Ý·ïõìå
D(D) ∼= D üôáí ï  åßíáé ðåñéôôüò, êáèüôé óå áõôÞí ôçí ðåñßðôùóç ôï

33Åî ïñéóìïý, () = () óçìáßíåé üôé −1 =  ∈ () ïðüôå áñêåß êáíåßò íá èÝóåé  := −1
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êÝíôñï ôçò åßíáé ôåôñéììÝíï (âë. 5.4.8). Áðü ôçí Üëëç ìåñéÜ, üôáí ï  åßíáé Üñôéïò,
åßíáé åýêïëï íá äéáðéóôùèåß üôé ç áðåéêüíéóç

D(D) 3 ( ◦ ) ◦ (D) 7−→  ◦ 2 ∈  2® 
 ∈ {0 1}  ∈ {0 1  − 1} åßíáé éóïìïñöéóìüò ïìÜäùí êáé, ùò åê ôïýôïõ,

D(D) ∼=

 2

® ∼= ½ V üôáí  = 4

D
2
 üôáí ï  åßíáé Üñôéïò ≥ 6

5.4.19 Ðñüôáóç. Ãéá ïéáäÞðïôå ïìÜäá ( ·) éó·ýïõí ôá áêüëïõèá :
(i) ÅÜí v () ôüôå E 

(ii) ÅÜí v () êáé v  ôüôå v 

(iii) ÅÜí  v  êáé åÜí ç ðçëéêïïìÜäá () åßíáé áâåëéáíÞ, ôüôå êáé ç
ðçëéêïïìÜäá() åßíáé áâåëéáíÞ.

Áðïäåéîç. (i) ¸óôù v () ÅÜí  ∈  êáé  ∈  ôüôå  ∈ () ïðüôå
−1 = −1 =  =  ∈  ⇒ −1 ⊆  ⇒  E 

(ii) ÅÜí  ∈  ⊆ () ôüôå  =  ãéá êÜèå  ∈  êáé -éäéáéôÝñùò-  =  ãéá

êÜèå  ∈  ïðüôå  =  ¢ñá ôï ãéíüìåíï  ôùí  êáé  áðïôåëåß ìéá

õðïïìÜäá ôÞò  åðß ôç âÜóåé ôÞò ðñïôÜóåùò 4.1.4.

(iii) Ëüãù ôùí áíùôÝñù (i) êáé (ii) Ý·ïõìå () E  êáé () v  Ðáñá-

ôçñïýìå üôé () E  () v () =⇒
4.2.19

() E () ¢ñá ïñßæåôáé ç

ðçëéêïïìÜäá ()() ÁõôÞ, ëüãù ôïý 4.4.15 (i), åßíáé ìéá õðïïìÜäá ôÞò

ðçëéêïïìÜäáò () Åî õðïèÝóåùò, ç () åßíáé áâåëéáíÞ, ïðüôå êáé ç

()() åßíáé áâåëéáíÞ. ÅðéðñïóèÝôùò, áðü ôï 2ï èåþñçìá éóïìïñöéóìþí

ïìÜäùí 4.5.13 Ýðåôáé üôé

()() ∼= ( ∩ ())
¢ñá êáé ç(∩ ()) åßíáé áâåëéáíÞ ïìÜäá. Ç ôïìÞ ∩ () ôùí ïìÜäùí
êáé () åßíáé ìéá õðïïìÜäá ôïý êÝíôñïõ () (ÐñÜãìáôé° ãéá ïéáäÞðïôå óôïé-

·åßá  ∈ ∩ () êáé  ∈  Ý·ïõìå  =  äéüôé  ∈ () ïðüôå  ∈ ()

Óõíåðþò,∩() ⊆() êáé() v  =⇒
2.1.20

∩() v ()) Ùò åê ôïýôïõ,

âÜóåé ôÞò ðñïôÜóåùò 5.4.2 (åöáñìïæüìåíçò ãéá  = ) êáé ôïý (i) Ý·ïõìå

() E  êáé  ∩ () E 

Ôïýôï óçìáßíåé üôé Ý·ïõìå ôç äõíáôüôçôá åöáñìïãÞò ôïý 3ïõ èåùñÞìáôïò éóïìïñ-

öéóìþí ïìÜäùí 4.5.21, áðü ôï ïðïßï ëáìâÜíïõìå

() ∼= (( ∩ ()))(()( ∩ ()))
ÅðåéäÞ ç ( ∩ ()) åßíáé áâåëéáíÞ êáé ç () åßíáé éóüìïñöç ìå ôçí

(( ∩ ())) (üðïõ  := ()( ∩ ())), êáé ç ßäéá ç () åéíáé

áâåëéáíÞ ëüãù ôïý (ii) ôÞò ðñïôÜóåùò 2.4.19 êáé ôïý (ii) ôÞò ðñïôÜóåùò 4.4.2. ¤
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5.4.20 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  v () êáé åÜí ç ðçëéêïïìÜäá
 åßíáé êõêëéêÞ, ôüôå ç  åßíáé áâåëéáíÞ.

Áðïäåéîç. ÅðåéäÞ v () =⇒
5.4.19 (i)

 E  ïñßæåôáé ç ðçëéêïïìÜäá  ÅÜí

ç  åßíáé êõêëéêÞ, áñêåß íá åðáíáëçöèåß ü,ôé ðñïáíáöÝñèçêå óôçí áðüäåéîç

ôÞò ðñïôÜóåùò 5.4.17 áëëÜ ìå ôçí óôç èÝóç ôïý êÝíôñïõ () ôÞò  ¤

5.4.21 Óõìâïëéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ∈ Ùò γ óõìâïëßæïõìå

ôçí áðåéêüíéóç

γ :  −→  γ() = −1 ∀ ∈ 

ðïõ óôÝëíåé êÜèå óôïé·åßï  ∈  íá áðåéêïíéóèåß óôï óõæõãÝò ôïõ −1 ôï äç-

ìéïõñãïýìåíï ìÝóù ôïý 

5.4.22 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå γ ∈ Aut() ãéá êÜèå  ∈ 

Áðïäåéîç. ¸óôù ôõ·üí  ∈  Êáô' áñ·Üò, γ ∈ End() äéüôé ãéá ïéáäÞðïôå

  ∈  Ý·ïõìå γ() = ()−1 = (−1)(−1) = γ()γ() Ç γ åßíáé

åðéìïñöéóìüò, äéüôé ãéá ïéïäÞðïôå  ∈  éó·ýåé γ(
−1) =  ÅðéðñïóèÝôùò,

Ker(γ) = { ∈ | −1 = } = {} ¢ñá ç γ åßíáé êáé ìïíïìïñöéóìüò åðß
ôç âÜóåé ôÞò ðñïôÜóåùò 2.4.15. ÅðïìÝíùò, γ ∈ Aut() ¤

5.4.23 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå êÜèå áõôïìïñöéóìüò ôÞò  ðïõ åß-

íáé ôÞò ìïñöÞò γ ãéá êÜðïéï óôïé·åßï  ∈  êáëåßôáé åóùôåñéêüò áõôïìïñöé-

óìüò ôÞò  Ôï óýíïëï ôùí åóùôåñéêþí áõôïìïñöéóìþí ôÞò  óõìâïëßæåôáé ùò

áêïëïýèùò:

Inn() :=
©
γ
¯̄
 ∈ 

ª ⊆ Aut()

5.4.24 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  v  Ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) E 

(ii) γ() ⊆  ∀ ∈ 

(iii) γ() v  ∀ ∈ 

(iv) γ() =  ∀ ∈ 

Áðïäåéîç. ÅðåéäÞ γ() = −1 ∀ ∈  ç áìößðëåõñç óõíåðáãùãÞ (i)⇔(ii)

ðñïêýðôåé áðü ôá åäÜöéá 4.2.1 (v) êáé 4.2.2, ç (ii)⇒(iii) åßíáé ðñïöáíÞò êáé ç

(iii)⇒(ii) Ýðåôáé áðü ôï ðüñéóìá 2.1.20. ÔÝëïò, ç (i)⇔(iv) ðñïêýðôåé áðü ôá åäÜ-

öéá 4.2.1 (iv) êáé 4.2.2. ¤

5.4.25 Ðñüôáóç. Ãéá êÜèå ïìÜäá ( ·) éó·ýåé Inn() E Aut().
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Áðïäåéîç. Ãéá ïéáäÞðïôå 1 2  ∈  Ý·ïõìå

γ1 ◦ γ2 = γ12 êáé γ−1 = γ−1  (5.38)

äéüôé ãéá êÜèå  ∈  éó·ýïõí ïé éóüôçôåò

γ1(γ2()) = 1
¡
2

−1
2

¢
−11 = (12) (12)

−1
= γ12()

êáé γ−1(γ()) = −1
¡
−1

¢
 =  = 

¡
−1

¢
−1 = γ(γ−1()) ¢ñá

Inn() v Aut() (óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 2.1.16). ÅîÜëëïõ, ãéá êÜèå

 ∈ Aut() êáé êÜèå  ∈  Ý·ïõìå

( ◦ γ ◦ −1)() = 
¡
−1()−1

¢
= ()(−1)

= ()()−1 = γ()() ∀ ∈  (5.39)

ïðüôå  ◦ γ ◦ −1 = γ() ∈ Inn() =⇒ Inn() E Aut() ¤

5.4.26 Èåþñçìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  v  Ôüôå ç ðçëéêïïìÜäá
N()/C() åßíáé åìöõôåýóéìç óôçí Aut(). (Âë. 2.4.14 êáé 2.4.17.)

Áðïäåéîç. Ùò ãíùóôüí, C() E N() (âë. 5.2.4 (vii)). Ïñßæïõìå ôçí áðåéêü-

íéóç

 : N() −→ Aut()  7−→  () := γ
¯̄



H  åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, äéüôé ãéá ïéáäÞðïôå 1 2 ∈ N() Ý·ïõìå

(12) = γ12
¯̄

=
³
γ1
¯̄


´
◦
³
γ2
¯̄


´
= (1) ◦ (2)

êáèüóïí γ12() = (12) (12)
−1
= 1

¡
2

−1
2

¢
−11 = γ1(γ2()) ∀ ∈ 

Ï ðõñÞíáò ôïõ åßíáé ï

Ker () = { ∈ N()| () = id} =
n
 ∈ N()

¯̄̄
γ
¯̄

= id

o
= { ∈ N() | = ∀ ∈  } = C()

Óýìöùíá ìå ôï èåþñçìá 4.5.2 õðÜñ·åé éóïìïñöéóìüò

N()C()
∼=−→ Im() (5.40)

¢ñá ç ðçëéêïïìÜäá N()C() åßíáé éóüìïñöç ìå ôçí õðïïìÜäá Im() ôÞò

ïìÜäáò áõôïìïñöéóìþí Aut() ôÞò ¤

5.4.27 ÅöáñìïãÞ. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäá êáé Ýóôù

 := min { ∈ N | ðñþôïò êáé  | || } 

ÅÜí E  ìå || =  ôüôå v ()
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Áðïäåéîç. ÅðåéäÞ  E  Ý·ïõìå N() =  (âë. 5.2.4 (iii)). ÅðåéäÞ || = 

ç  åßíáé êáô' áíÜãêçí êõêëéêÞ (âë. ðüñéóìá 4.1.33). ÅðïìÝíùò, óýìöùíá ìå

(ii) ôïý èåùñÞìáôïò 2.4.32, Aut() ∼= Aut(Z) ∼= Z× =⇒ |Aut()| =  − 1 Áò

õðïèÝóïõìå üôé

|| = 11 · · ·    ∈ N 1  ∈ N 1  · · ·  

åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôÞò ôÜîåùò ||ùò ãéíïìÝíïõ ðñþôùí áñéèìþí
1  Åî õðïèÝóåùò,  = 1 ÅîÜëëïõ, åðåéäÞ |C()| | ||  õðÜñ·ïõí (âÜóåé

ôïý ëÞììáôïò B.3.14) 1  ∈ N0 ôÝôïéïé þóôå íá éó·ýåé

|C()| = 
1
1 · · ·    ≤   ∀ ∈ {1 }

Óýìöùíá ìå ôï èåþñçìá 5.4.26,

|N()C()| = |N()|
|C()| =

||
|C()| = 

1−1
1 · · · −

= |Im()| ≤ |Aut()| = − 1   = 1

ïðüôå [ =  ∀ ∈ {1 }] ⇒ |C()| = || ⇒ C() =  áð' üðïõ Ýðåôáé

üôé v () (âë. 5.4.3 (ii)). ¤

5.4.28 Ðüñéóìá. Ãéá êÜèå ïìÜäá ( ·) õößóôáôáé éóïìïñöéóìüò

 ()
∼=−→ Inn() (5.41)

Áðïäåéîç. Åöáñìüæïíôáò ôï èåþñçìá 5.4.26 ãéá =  ëáìâÜíïõìå

N() =  C() =: () êáé Im() = Inn()

ïðüôå ï éóïìïñöéóìüò (5.40) äßäåé ôïí (5.41). ¤

5.4.29 Ðüñéóìá. ÅÜí ç ( ·) åßíáé ìéá áâåëéáíÞ ïìÜäá, ôüôå áõôÞ äéáèÝôåé Ýíáí êáé
ìüíïí åóùôåñéêü áõôïìïñöéóìü, Þôïé ôçí ôáõôïôéêÞ áðåéêüíéóç id

5.4.30 Ðáñáäåßãìáôá. (i) ÊáôÜ ôï 5.4.18 (i) ç ïìÜäá ôùí åóùôåñéêþí áõôïìïñöé-

óìþí ôÞò ïìÜäáòQ ôùí ôåôñáíßùí åßíáé éóüìïñöç ìå ôçí ïìÜäáV ôùí ôåóóÜñùí

óôïé·åßùí ôïý Klein.

(ii) ¸óôù  ∈ N  ≥ 3 Ôüôå, êáôÜ ôï 5.4.18 (ii),

Inn(D) ∼=
⎧⎨⎩
D üôáí ï  åßíáé ðåñéôôüò,

V üôáí  = 4

D
2
 üôáí ï  åßíáé Üñôéïò ≥ 6

(iii) ¸óôù  ∈ N Ôüôå, êáôÜ ôï 5.4.9,

Inn(S) ∼=
½ {id} üôáí  ≤ 2
S üôáí  ≥ 3
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(iv) ¸óôù  ∈ N  ≥ 2 Ôüôå, êáôÜ ôï 5.4.11,

Inn(A) ∼=
½ {id} üôáí  ≤ 3
A üôáí  ≥ 4

(v) H ïìÜäá ôùí åóùôåñéêþí áõôïìïñöéóìþí êáèåìéÜò åê ôùí ïìÜäùí ðéíÜêùí

GL( ) SL( )Ï(R) SÏ(R)U(C) êáé SU(C) åßíáé éóüìïñöç ìå ôçí áíôß-

óôïé·ç ðñïâïëéêÞ ïìÜäá ôçí ïñéóèåßóá óôá åäÜöéá 5.4.13 (i) êáé 5.4.16.

5.4.31 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. ÅðåéäÞ Inn() E Aut() (âë. 5.4.25)

ïñßæåôáé ç ðçëéêïïìÜäá

Out() := Aut()Inn()

ðïõ êáëåßôáé ïìÜäá ôùí åîùôåñéêþí áõôïìïñöéóìþí ôÞò  ôá äå óôïé·åßá ôçò

åîùôåñéêïß áõôïìïñöéóìïß34 ôÞò 

5.4.32 Ðáñáäåßãìáôá. (i) Ãéá êÜèå áâåëéáíÞ ïìÜäá  éó·ýåé Out() ∼= Aut()
(âë. 5.4.29 êáé 4.4.5).

(ii) Ìéá ïìÜäá Ý·ïõóá ôåôñéììÝíç ïìÜäá åîùôåñéêþí áõôïìïñöéóìþí åßíáé ç óõì-
ìåôñéêÞ ïìÜäáS3 = {id 1 2 3 1 2} üðïõ1 := [1 2]  2 := [1 3]  3 := [2 3]
êáé35

1 := 1 ◦ 3 = 2 ◦ 1 = 3 ◦ 2 = [1 2 3]  2 := 1 ◦ 2 = 2 ◦ 3 = 3 ◦ 1 = [1 3 2] 

ÐñÜãìáôé° ãéá êÜèå  ∈ Aut(S3) Ý·ïõìå (id) = id êáé ãéá êÜèå  ∈ {1 2 3}
õðÜñ·åé áêñéâþò Ýíá  ∈ {1 2 3} ìå

() =  êáé (1) = (1) ◦ (3) (2) = (1) ◦ (2)

(Âë. 2.4.3 (i) êáé 2.4.19 (iv).) ÅðåéäÞ (êáôÜ ôï ðüñéóìá 3.2.12) S3 = h1 2 3i 
êÜèå áõôïìïñöéóìüò ôÞòS3 êáèïñßæåôáé ðëÞñùò áðü ôéò åéêüíåò ôùí 1 2 êáé 3
ìÝóù áõôïý. ÅðïìÝíùò,

|Aut(S3)| ≤
¯̄
S{123}

¯̄
= |S3| = 6

Áðü ôçí Üëëç ìåñéÜ Ý·ïõìå |Aut(S3)| ≥ 6 êáèþò õðÜñ·ïõí ôïõëÜ·éóôïí 6 óáöþò
äéáêåêñéìÝíïé áõôïìïñöéóìïß 0 1 2 3 4 5 ôÞò S3 üðïõ 0 := Aut(S3)

(id) = id ãéá êÜèå  ∈ {1 2 3 4 5} êáé
1 (1) := 1 1 (2) := 3 1 (3) := 2 1 (1) := 2 1 (2) := 1

2 (1) := 2 2 (2) := 1 2 (3) := 3 1 (1) := 2 1 (2) := 1

3 (1) := 2 3 (2) := 3 3 (3) := 1 1 (1) := 1 1 (2) := 2

4 (1) := 3 4 (2) := 2 4 (3) := 1 1 (1) := 2 1 (2) := 1

5 (1) := 3 5 (2) := 1 5 (3) := 2 5 (1) := 1 5 (2) := 2

34Ðñïóï·Þ! Óôçí ðáëáéüôåñç âéâëéïãñáößá, ïñéóìÝíïé óõããñáöåßò êáëïýí åîùôåñéêü áõôïìïñöéóìü ôÞò êÜèå ìç

åóùôåñéêü áõôïìïñöéóìü ôÞò

35Ðñïöáíþò, ord() = 2 êáé ord() = 3∀( ) ∈ {1 2 3} × {1 2}
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¢ñá |Aut(S3)| = 6 ÅðéðñïóèÝôùò,
 (S3) = {id} =⇒

(5.41)
S3
∼= S3 (S3) ∼= Inn(S3)

Inn(S3) E Aut(S3)⇒ 6 = |Inn(S3)| ≤ |Aut(S3)|

⎫⎬⎭⇒ Aut(S3) = Inn(S3)

êáé, ùò åê ôïýôïõ, Aut(S3) = {0  5} = Inn(S3) ∼= S3 =⇒
4.4.5

Out() ∼= {idS3}
(iii) Ïé ïìÜäåò ôùí åîùôåñéêþí áõôïìïñöéóìþí ôùí ëïéðþí óõììåôñéêþí, ôùí

åíáëëáóóïõóþí êáé ôùí äéåäñéêþí ïìÜäùí äßäïíôáé óôá åäÜöéá 6.3.9, 6.3.20 êáé

7.6.37, áíôéóôïß·ùò.

5.4.33 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ï êåíôñïðïéçôÞò

Áutc() := CAut()(Inn())

ôÞò Inn() åíôüò ôÞò Aut() êáëåßôáé ïìÜäá ôùí êåíôñéêþí áõôïìïñöéóìþí ôÞò

 ôá äå óôïé·åßá ôçò êåíôñéêïß áõôïìïñöéóìïß ôÞò 

5.4.34 ÐáñáôÞñçóç. Áutc() E Aut() (âë. 5.4.25 êáé 5.2.2 (iii)).

5.4.35 Ðñüôáóç. Ãéá ïéáäÞðïôå ïìÜäá ( ·) ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíá-
ìåò :

(i)  ∈ Áutc()

(ii) Ãéá êÜèå  ∈  õðÜñ·åé Ýíá  ∈ () ôÝôïéï þóôå íá éó·ýåé  () = 

Áðïäåéîç. (i)⇒(ii) ÅÜí  ∈Áutc() ôüôå ãéá êÜèå  ∈ 

 ◦ γ = γ ◦  =⇒
(5.39)

γ =  ◦ γ ◦ −1 = γ() ⇒ γ() ◦ γ−1 = id

=⇒
(5.38)

γ()−1 = id ⇒ ()−1 ∈ ()⇒ ∃ ∈ () :  () = 

ÅðåéäÞ ïé áíùôÝñù óõíåðáãùãÝò åßíáé áíôéóôñåðôÝò, ç (ii)⇒(i) åßíáé ðñüäçëç. ¤

5.4.36 Ðüñéóìá. ÅÜí ( ·) åßíáé ïéáäÞðïôå ïìÜäá ìå () = {} ôüôå Ý·ïõìå
(Áut()) = {id}
Áðïäåéîç. ÅÜí () = {} ôüôå ãéá êÜèå  ∈ (Áut()) Ý·ïõìå  ∈ Áutc()

äéüôé êáôÜ ôï (v) ôÞò ðñïôÜóåùò 5.2.2 éó·ýåé

Inn() v Áut()⇒ (Áut()) = CAut()(Áut()) v Áutc()

äçëáäÞ ï  åßíáé Ýíáò êåíôñéêüò áõôïìïñöéóìüò ôÞò  ïðüôå  () =  =  ãéá

êÜèå  ∈  (åðß ôç âÜóåé ôÞò ðñïôÜóåùò 5.4.35), áð' üðïõ Ýðåôáé üôé  = id ¤

5.4.37 Óçìåßùóç. (i) ¸íáò ôñüðïò õðïëïãéóìïý ôÞò ôÜîåùò ôÞò ïìÜäáò ôùí êå-

íôñéêþí áõôïìïñöéóìþí ìéáò ðåðåñáóìÝíçò ïìÜäáò Ý·åé ðåñéãñáöåß Þäç áðü ôï
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1969 óå Ýíá Üñèñï36 ôïý P.R. Sanders.

(ii) Óôçí áñèñïãñáößá óõíáíôþíôáé áñêåôÝò êáôáóêåõÝò ðåðåñáóìÝíùí -ïìÜäùí

 (Þôïé ïìÜäùí, ç ôÜîç ôùí ïðïßùí éóïýôáé ìå êÜðïéá äýíáìç åíüò ðñþôïõ áñéè-

ìïý  ðñâë. 5.7.3) ìå Áut() = Áutc() Åðß ðáñáäåßãìáôé, o G.A. Miller37 áðÝ-

äåéîå üôé õößóôáôáé ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò 26 ðïõ äéáèÝôåé ìüíïí êåíôñé-

êïýò áõôïìïñöéóìïýò, ìå ôçí Áut() = Áutc() áâåëéáíÞ ôÜîåùò 27 ¢ëëåò ïìÜ-

äåò ôÝôïéïõ åßäïõò ðáñÞ·èçóáí áðü ôïõò D. Johah, M. Konvisser38, B.E. Earnley39

êáé R.R. Struik40. ÅðéðñïóèÝôùò, ï M.J. Curran41 Ýäùóå ôï ðñþôï ðáñÜäåéãìá ìç

áâåëéáíÞò ïìÜäáò  (ôÜîåùò 27) ãéá ôçí ïðïßá ç Áut() =Áutc() åßíáé ìç áâå-
ëéáíÞ (ôÜîåùò 212).

(iii) Áðü ôçí Üëëç ìåñéÜ, êéíïýìåíïé -ôñüðïí ôéíÜ- ðñïò «ôï Üëëï Üêñï», ïé M.J.

Curran êáé D.J. McGaughan42 áíáêÜëõøáí óõíïðôéêÝò éêáíÝò êáé áíáãêáßåò óõí-

èÞêåò õðï ôéò ïðïßåò êÜèå êåíôñéêüò áõôïìïñöéóìüò ìéáò ðåðåñáóìÝíçò ìç áâå-

ëéáíÞò -ïìÜäáò åßíáé åóùôåñéêüò (Þ ôïõëÜ·éóôïí âñßóêåôáé «ðëçóßïí» ôïý íá åß-

íáé åóùôåñéêüò). Åí óõíå·åßá, ï ðñþôïò åî áõôþí43 ðñïóÝèåóå áíÜëïãåò óõíèÞ-

êåò, ïýôùò þóôå íá éó·ýåé Áutc() = (Inn()) (Âë. 5.4.38 êáé 5.4.39, üðïõ ùò0

óõìâïëßæåôáé ç ìåôáèÝôñéá õðïïìÜäá 5.5.4 ôÞò). ÐåñáéôÝñù åöáñìïãÝò ôÞò ó·å-

ôéêÞò èåùñßáò ðáñïõóéÜóèçêáí áñãüôåñá áðü ôïõò M. Sharma êáé D. Gumber44.

5.4.38 Èåþñçìá. (M.J. Curran & D.J. McGaughan, 2001) ÅÜí ( ·) åßíáé ìéá
ðåðåñáóìÝíç ìç áâåëéáíÞ -ïìÜäá ìå Inn() vÁutc() ôüôå éó·ýïõí ôá åîÞò :

(i) Áutc() = Inn()⇔ 0 = () êáé ôï () åßíáé êõêëéêÞ õðïïìÜäá ôÞò 

(ii) |Áutc() : Inn()| =  ⇔ ôï () åßíáé êõêëéêÞ õðïïìÜäá ôÞò  êáé éó·ýåé
|() : 0| = 

5.4.39 Èåþñçìá. (M.J. Curran, 2004) ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ìç áâå-
ëéáíÞ -ïìÜäá, ôüôå éó·ýïõí ôá åîÞò :

(i) ÅÜí Áutc() = (Inn()) ôüôå () v 0

(ii) Áutc() = (Inn())⇔Hom(0 ()) ∼= (())

36Âë. P.R. Sanders: The central automorphisms of a finite group, Journal of the London Mathematical Society 44
(1969), 225-228
37G.A. Miller: A non-abelian group whose group of isomorphisms is abelian, Messenger Math. 43 (1913/1914), 124-
125
38D. Johah & M. Konvisser: Some non-abelian -groups with abelian automorphism groups, Archiv der Math. 26
(1975), 131-133
39B.E. Earnley: On finite groups whose group of automorphisms is abelian, PhD thesis, Wayne State University, Detroit,
Michigan, 1975

40R.R. Struik: Some non-abelian 2-groups with abelian automorphism groups, Archiv der Math. 39 (1982), 299-302
41M.J. Curran: A non-abelian automorphism group with all automorphisms central, Bull. Australian Math. Soc. 26
(1982), 393-397
42M.J. Curran & D.J. McGaughan: Central automorphisms that are almost inner, Communications in Algebra 29, No.

5 (2001), 2081-2087
43M.J. Curran: Finite groups with central automorphism group of minimal order, Math. Proc. of the Royal Irish

Academy, 104 A (2), (2004), 223-229
44M. Sharma & D. Gumber: On central automorphisms of finite -groups, Communications in Algebra 41 (2013),
1117-1122
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5.5 ÌÅÔÁÈÅÔÑÉÁ ÕÐÏÏÌÁÄÁ

ÊÁÉ ÁÂÅËÉÁÍÏÐÏÉÇÓÇ ÌÉÁÓ ÏÌÁÄÁÓ

¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ∈ Ôï óõæõãÝò ôïõ óôïé·åßï −1 ôï äçìéïõñ-
ãïýìåíï ìÝóù åíüò óôïé·åßïõ  ∈  ìðïñåß íá éäùèåß ùò ôï ãéíüìåíï [ ]  ôïý

ëåãïìÝíïõ ìåôáèÝôç [ ] ôùí  êáé  êáé ôïý Ïé ìåôáèÝôåò æåõãþí óôïé·åßùí ôÞò

ïìÜäáò ( ·) ðáñÜãïõí ìéá õðïïìÜäá0 E  ôç ëåãïìÝíç ìåôáèÝôñéá õðïïìÜäá
ôÞò ôï «ìÝãåèïò» ôÞò ïðïßáò ìðïñåß íá åêëçöèåßùò Ýíá ìÝôñï åíäåßîåùò ôïý ðü-
óïí áðÝ·åé ç  áðü ôï íá åßíáé áâåëéáíÞ. (H  åßíáé áâåëéáíÞ êáé ìüíïí åÜí ç 0

åßíáé ôåôñéììÝíç.) Ôüóïí ç ìåôáèÝôñéá õðïïìÜäá 0 üóïí êáé ç ìåôÜâáóç óôçí

ðçëéêïïìÜäá ab := 0 (ðïõ êáëåßôáé áâåëéáíïðïßçóç ôÞò ) õðåéóÝñ·ïíôáé

ïõóéùäþò óôç ìåëÝôç ìç áâåëéáíþí ïìÜäùí ( ·).

5.5.1 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí   ∈  ôüôå ôï óôïé·åßï

[ ] := −1−1

êáëåßôáé ìåôáèÝôçò ôùí  êáé Ç ïíïìáóßá áõôÞ åäüèç óôï [ ]  äéüôé áðïôåëåß

åêåßíï ôï óôïé·åßï ìå ôï ïðïßï ðïëëáðëáóéáæüìåíï ôï  ìáò äßäåé ôï :

 = [ ]  êáé  = ⇔ [ ] = 

5.5.2 Ðñüôáóç. (Éäéüôçôåò ìåôáèåôþí.) ¸óôù ( ·) ìéá ïìÜäá. ÅÜí    ∈ 

ôüôå éó·ýïõí ôá åîÞò :

(i) [ ]
−1
= [ ] 

(ii) −1 = −1 [ ]   [ ] −1 =
£
−1 

¤
 [ ]−1 = [−1 −1]

(iii) [ ] = [ ] ( [ ] −1)

(iv) [ ] = ( [ ]−1) [ ] 

(v) [ ] = [ ] [ ] [[ ]  ] 

(vi)
£
−1 

¤
= −1 [ ]−1 

(vii)
£
 −1

¤
= −1 [ ]−1 

(viii) Ãéá ôá    éó·ýåé ç ôáõôüôçôá ôïý Witt:¡

£

£
−1 

¤¤
−1

¢ ¡

£

£
−1 

¤¤
−1

¢ ¡

£

£
−1 

¤¤
−1

¢
=  (5.42)

(ix) ÅÜí [ ] ∈ C()∩ C() ôüôå

[ ] = [ ]
 ∀() ∈ Z× Z (5.43)

(x) ÅÜí [ ] ∈ C() ∩ C() ôüôå

()

= [ ]

(−1)
2  ∀ ∈ Z (5.44)
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Áðüäåéîç. (i) [ ] [ ] =
¡
−1−1

¢ ¡
−1−1

¢
=  ⇒ [ ]

−1
= [ ] 

(ii) −1 = −1(−1−1) = −1 [ ] 

 [ ] −1 = 
¡
−1−1

¢
−1 =

¡
−1

¢

¡
−1

¢−1
−1 =

£
−1 

¤
êáé

[−1 −1] = −1−1−1−1−1−1 = [ ]−1

(iii) Ðñïöáíþò, ëüãù ôÞò ãåíéêåõìÝíçò ðñïóåôáéñéóôéêÞò éäéüôçôáò (âë. 1.2.19),

[ ] ( [ ] −1) =
¡


−1

−1¢ ( ¡−1−1¢ −1) = ()−1()−1 = [ ] 

(iv) Ðáñïìïßùò,

( [ ]−1) [ ] = (
¡


−1

−1¢


−1)

¡


−1

−1¢ = () ()−1−1 = [ ] 

(v) ÅðåéäÞ [ ] =  ()−1()−1 = ()
¡
−1−1−1

¢
êáé

[ ] [ ] [[ ]  ] =
¡
−1−1

¢ ¡
−1−1

¢ ³
[ ]  [ ]

−1
−1

´
=
¡
−1−1

¢ ¡
−1−1

¢ ¡¡
−1−1

¢

¡
−1−1

¢
−1

¢
= ()

¡
−1

¡
−1

¡

¡

¡
−1

¡
−1

¢

¢
−1

¢
−1

¢

¢

¢ ¡
−1−1−1

¢
= ()

¡
−1−1−1

¢


Ý·ïõìå [ ] = [ ] [ ] [[ ]  ] 

(vi) Ðñïöáíþò,


−1 [ ]−1  = 

−1 [ ] = 
−1(−1−1) = 

−1
(−1)−1−1 =

£

−1
 
¤


(vii) Ðáñïìïßùò,


−1 [ ]−1  = 

−1 [ ]  = 
−1(−1−1) = 

−1

−1(−1)−1 =

£
 

−1¤


(viii) ÈÝôïíôáò  := −1−1−1−1

 := −1−1−1−1 êáé  := −1−1−1−1

Ý·ïõìå


£

£

−1
 
¤¤

−1 = 

−1
 

£

£

−1
 
¤¤

−1 = 

−1
 

£

£

−1
 
¤¤

−1 = 

−1


Êáôüðéí ðïëëáðëáóéáóìïý áõôþí ôùí ôñéþí üñùí ëáìâÜíïõìå ôï ïõäÝôåñï óôïé-

·åßï ôÞò  ïðüôå ç (5.42) åßíáé áëçèÞò.

(ix) ÅÜí ôïõëÜ·éóôïí Ýíáò åê ôùí  åßíáé = 0 ôüôå ç (5.43) åßíáé ðñïöáíÞò.

ÅÜí ≥ 1 êáé  = 1 ôüôå åñãáæüìáóôå åðáãùãéêþò ùò ðñïò ôïí Ãéá = 1 ç

(5.43) åßíáé áëçèÞò. ÕðïèÝôïõìå üôé åßíáé áëçèÞò ãéá êÜðïéïí ≥ 1 Ôüôå
[ ]+1 = [ ] [ ] = [ ] −1−1

=  [ ] −1−1 (åðåéäÞ [ ] ∈ C()⇒ [ ] ∈ C())

=  [ ] −1−1 (ëüãù ôÞò åðáãùãéêÞò õðïèÝóåùò)

= (−−1)−1−1 = +1(+1)−1−1 =
£
+1 

¤
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ïðüôå ç (5.43) åßíáé áëçèÞò êáé ãéá ôïí+ 1 Ùò åê ôïýôïõ,

[ ] = [ ]  ∀ ∈ N (5.45)

Êáô' áíáëïãßáí, åðåéäÞ [ ] ∈ C() ⇒ [ ] ∈ C() áðïäåéêíýåôáé åðáãù-

ãéêþò üôé

[ ] = [ ]

 ∀ ∈ N (5.46)

äçëáäÞ üôé ç (5.43) áëçèåýåé êáé ãéá  = 1 êáé  ≥ 1 ¼ìùò ç (5.43) éó·ýåé êáé

ãéá ïéïäÞðïôå æåýãïò () ∈ N×N äéüôé [ ] ∈ C() êáé (ëüãù ôÞò (5.45))

[ ]  = [ ]  =  [ ] =  [ ]⇒ [ ] ∈ C()

ãéá êÜèå ∈ N ïðüôå áðü ôçí (5.45) êáé ôçí (5.46) (åöáñìïæüìåíç ãéá ôá  êáé

) Ýðåôáé üôé

[ ] = ([ ])

= [ ] = [ ]  ∀() ∈ N×N (5.47)

ÓçìåéùôÝïí üôé ãéá   ∈  ìå [ ] ∈ C()∩ C() Ý·ïõìå  [ ] = [ ]

ïðüôå

[ ] =
£
 −1

¤⇒ [ ]
−1
=
£
 −1

¤−1
=
£
−1 

¤
 (5.48)

êáé  [ ] = [ ]  ïðüôå

[ ]
−1
=
£
 −1

¤
 (5.49)

Åöáñìüæïíôáò ôçí (5.49) ãéá ôá −1 êáé  êáé ôçí (5.48) ãéá ôá  êáé  ëáìâÜíïõìå£
−1 −1

¤
=
£
−1 

¤−1
= [ ]  (5.50)

Åí óõíå·åßá, èá åîåôÜóïõìå ôéò åíáðïìåßíáóåò ðåñéðôþóåéò ãéá ôçí (ïëïêëçñù-

ôéêÞ) åðáëÞèåõóç ôÞò (5.43). ÅÜí   0 êáé  ≥ 1 ôüôå ç (5.47) (åöáñìïæüìåíç

ãéá ôïõò − êáé ), óå óõíäõáóìü ìå ôçí (5.48), äßäåé

[ ] =
h¡
−1

¢−
 

i
=
£
−1 

¤−
=
³
[ ]

−1´−

= [ ]




ÅÜí  ≥ 1 êáé   0 ôüôå ç (5.47) (åöáñìïæüìåíç ãéá ôïõò  êáé −), óå óõí-
äõáóìü ìå ôçí (5.49), äßäåé

[ ] =
h


¡
−1

¢−i
=
£
 −1

¤−
=
³
[ ]

−1´−

= [ ]




ÔÝëïò, åÜí  0 êáé   0 ôüôå ç (5.47) (åöáñìïæüìåíç ãéá ôïõò − êáé−), óå
óõíäõáóìü ìå ôçí (5.50), äßäåé

[ ] =
h¡
−1

¢−

¡
−1

¢−i
=
£
−1 −1

¤
= [ ]



¢ñá ç (5.43) åßíáé üíôùò áëçèÞò ãéá êÜèå () ∈ Z× Z
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(x) Ãéá  = 0 ç (5.44) åßíáé ðñïöáíÞò. Ãéá  ∈ N åñãáæüìáóôå åðáãùãéêþò ùò

ðñïò ôïí  Ãéá  = 1 ç (5.44) åßíáé áëçèÞò. ÕðïèÝôïõìå üôé åßíáé áëçèÞò ãéá

êÜðïéïí  ≥ 1 Ôüôå

()+1 = [ ]
(−1)

2  () (ëüãù ôÞò åðáãùãéêÞò õðïèÝóåùò)

= [ ]
(−1)

2 +1(−1)(−)+1

= [ ]
(−1)

2 +1
£
−1 

¤
+1

= [ ]
(−1)

2 +1 [ ]− +1 (ëüãù ôÞò (5.43))

= [ ]
(−1)

2 +1 [ ] +1 (ëüãù ôïý (i))

= [ ]
(−1)

2 [ ] +1+1 = [ ]
(+1)

2 +1+1

üðïõ ç ðñïôåëåõôáßá éóüôçôá Ýðåôáé áðü ôï üôé45

[ ] ∈ C()⇒ [ ]−1 = [ ] ∈ C()⇒ [ ] ∈ C()

ïðüôå ç (5.44) åßíáé áëçèÞò êáé ãéá ôïí + 1 Ùò åê ôïýôïõ,

() = [ ]
(−1)

2  ∀ ∈ N (5.51)

ÅÜí   0 ôüôå åöáñìüæïíôáò ôçí (5.51) ãéá ôá −1 êáé −1 ëáìâÜíïõìå

() =
¡
−1−1

¢−
=
£
−1 −1

¤ (−)(−−1)
2

¡
−1

¢− ¡
−1

¢−
= [ ]

(−)(−−1)
2  (ëüãù ôÞò (5.50))

=
³
[ ]

−1´ (−)(−−1)
2

 (ëüãù ôïý (i))

= [ ]
(−−1)

2 [ ] (åî ïñéóìïý)

= [ ]
−(+1)

2 [ ]
2

 (ëüãù ôÞò (5.43))

= [ ]
(−1)

2 

¢ñá ç (5.44) åßíáé üíôùò áëçèÞò ãéá êÜèå  ∈ Z ¤

5.5.3 ÐáñáôÞñçóç. ÅÜí E  ôüôå ãéá   ∈  ëáìâÜíïõìå [ ] = [ ]

åíôüò ôÞò ðçëéêïïìÜäáò 

5.5.4 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Ç õðïïìÜäá

0 := h{[ ] | ( ) ∈ ×}i v 

ç ðáñáãüìåíç áðü ôïõò ìåôáèÝôåò üëùí ôùí æåõãþí óôïé·åßùí áõôÞò êáëåßôáé ìå-

ôáèÝôñéá õðïïìÜäá (Þ ðáñÜãùãç õðïïìÜäá) ôÞò  (¼ôáí óõìâáßíåé íá éó·ýåé

0 =  ôüôå ëÝìå üôé ç ( ·) åßíáé ìéá ôÝëåéá ïìÜäá.)
45Ðñïöáíþò, ( [ ]) =  [ ]  = −1( [ ]) = −1 [ ] 2 = · · · = [ ] +1
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5.5.5 Óçìåßùóç. Ðñïöáíþò,

{[ ] | ( ) ∈ ×} j 0 (5.52)

Óå ïñéóìÝíåò ðåñéðôþóåéò ç (5.52) éó·ýåé ùò éóüôçôá (üðùò, ð.·., üôáí ç  åßíáé

äéåäñéêÞ Þ óõììåôñéêÞ ïìÜäá Þ ç ïìÜäá ôùí ôåôñáíßùí), åíþ óå Üëëåò ðåñéðôþóåéò

ç (5.52) éó·ýåé ùò áõóôçñüò åãêëåéóìüò (Þôïé õðÜñ·ïõí óôïé·åßá ôÞò 0 ðïõ äåí

åßíáé áö' åáõôÜ ìåôáèÝôåò äýï óôïé·åßùí ôÞò ). ¸íá áðëü ðáñÜäåéãìá, ôï ïðïßï

äåß·íåé üôé ç (5.52) ìðïñåß íá éó·ýåé ùò áõóôçñüò åãêëåéóìüò, ïöåßëåôáé óôïí P.J.

Cassidy46 êáé ðáñáôßèåôáé óôçí Üóêçóç 5-53 ÊÜðïéåò ãåíéêÝò éêáíÝò óõíèÞêåò

ãéá íá éó·ýåé ç (5.52) ùò éóüôçôá (êáé áíôéóôïß·ùò, ùò áõóôçñüò åãêëåéóìüò) äß-

äïíôáé óôá èåùñÞìáôá 5.5.17 êáé 5.5.19 (êáé áíôéóôïß·ùò, óôï ðüñéóìá 5.5.22).

5.5.6 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå 0 E  êáé

0 = {}⇐⇒ ç  åßíáé áâåëéáíÞ.

Áðïäåéîç. Êáô' áñ·Üò ðáñáôçñïýìå üôé ãéá ôïí ìåôáèÝôç [ ] ïéùíäÞðïôå óôïé-

·åßùí   ∈  éó·ýåé


¡
−1−1

¢
−1 =

¡
−1

¢ ¡
−1

¢ ¡
−1

¢−1 ¡
−1

¢−1 ∈ 0

ãéá êÜèå  ∈  ¸íá ôõ·üí óôïé·åßï ôÞò 0 åíäÝ·åôáé íá ìçí åßíáé ìåôáèÝôçò°

ùóôüóï, ãñÜöåôáé ùò ãéíüìåíï ìåôáèåôþí õðü ôç ìïñöÞ

[1 1]
1 · · · [ ]  (  ) ∈ × êáé  ∈ Z ∀ ∈ {1  }  ∈ N

Ãéá êÜèå  ∈  Ý·ïõìå

 ([1 1]
1 · · · [ ]) −1 =

¡
 [1 1]

1 −1
¢ · · · ¡ [ ] −1¢

= ( [1 1] 
−1| {z }

∈0

)1 · · · ( [ ] −1| {z }
∈0

) 

ïðüôå  ([1 1]
1 · · · [ ]) −1 ∈ 0 =⇒ 0−1 ⊆ 0 =⇒ 0 E  ÅÜí

0 = {} ôüôå
[ ] =  ∀( ) ∈ ×⇒ −1−1 =  ∀( ) ∈ ×

⇒  =  ∀( ) ∈ ×

ïðüôå ç  åßíáé áâåëéáíÞ. Ôï áíôßóôñïöï áðïäåéêíýåôáé ðáñïìïßùò. ¤

5.5.7 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá. Ôüôå

0 = {}⇐⇒ ç  åßíáé áâåëéáíÞ⇐⇒  = () (5.53)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôéò ðñïôÜóåéò 5.4.2 êáé 5.5.6. ¤
46P.J. Cassidy: Products of commutators are not always commutators: An example, The American Mathematical

Monthly 86 (1979), p. 772
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5.5.8 Óçìåßùóç. Ëüãù ôÞò éó·ýïò ôùí áìöéðëåýñùí óõíåðáãùãþí (5.53) èá áíÝ-

ìåíå êáíåßò ôçí ýðáñîç ìéáò ðéï äéåõñõìÝíçò ó·Ýóåùò «äõúóìïý» ìåôáîý ôÞò ìå-

ôáèÝôñéáò õðïïìÜäáò 0 êáé ôïý êÝíôñïõ () Ùóôüóï, åí ãÝíåé ôïýôï äåí óõì-

âáßíåé: ÕðÜñ·ïõí, åðß ðáñáäåßãìáôé, ïìÜäåò ( ·) ìå () = {} êáé 0 @ 

(üðùò ç  = S3 âë. 5.4.9 êáé 5.5.9), êáèþò êáé ïìÜäåò ( ·) ìå ìç ôåôñéììÝíï

êÝíôñï êáé 0 = () (üðùò ç Q Þ ïðïéáäÞðïôå Üëëç ïìÜäá ôÜîåùò 3 üðïõ 

ðñþôïò áñéèìüò, âë. 5.5.13 êáé 5.6.8, Þ áêüìç êáé Üðåéñåò ïìÜäåò, üðùò ç SL(C)
ãéá êÜèå  ≥ 2). Ç ìüíç ãåíéêþò éó·ýïõóá óõíåðáãùãÞ åßíáé ç áêüëïõèç:

| : ()| ∞ =⇒ |0| ∞

âÜóåé ôÞò ïðïßáò ç ìåôáèÝôñéá õðïïìÜäá 0 åßíáé ðåðåñáóìÝíç õðü ôçí ðñïûðü-

èåóç üôé ôï () åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç. (Bë. èåþñçìá 5.5.20).

5.5.9 ÐáñÜäåéãìá. (ÌåôáèÝôñéá õðïïìÜäá ôÞò S) ÊÜèå ìåôáèÝôçò åíôüò ôÞò

S åßíáé ðñïöáíþò ìéá Üñôéá ìåôÜôáîç. ÅðïìÝíùò, S0 v A Áðü ôçí Üëëç

ìåñéÜ, êÜèå 3-êýêëïò [1 2 3] áðïôåëåß Ýíáí ìåôáèÝôç, äéüôé

[1 2 3] = [1 2] ◦ [1 3] ◦ [1 2] ◦ [1 3] = [[1 2] [1 3]]

ÅðéðñïóèÝôùò, ïé 3-êýêëïé ðáñÜãïõí ôçíA üôáí ≥ 3 (âë. 3.3.13 (ii)). Åî áõôïý
óõíÜãåôáé üôé

S0 =
½ {id} üôáí  ≤ 2
A üôáí  ≥ 3

5.5.10 Ðñüôáóç. ÅÜí ç áðåéêüíéóç  : ( ·) −→ ( ∗) åßíáé Ýíáò ïìïìïñöéóìüò
ïìÜäùí, ôüôå (0) v ()0 v 0 ÅðéðñïóèÝôùò, åÜí ç  åßíáé éóïìïñöéóìüò,
ôüôå (0) = 0

Áðïäåéîç. Ãéá êÜèå æåýãïò ( ) ∈ × Ý·ïõìå

([ ]) = (−1−1) = () ∗ () ∗ (−1) ∗ (−1)
= () ∗ () ∗  ()−1 ∗ ()−1 = [() ()] ∈ ()0

ÊÜèå óôïé·åßï ôÞò ïìÜäáò 0 ãñÜöåôáé ùò ãéíüìåíï ìåôáèåôþí õðü ôç ìïñöÞ

[1 1]
1 · · · [ ]  (  ) ∈ × êáé  ∈ Z ∀ ∈ {1  }  ∈ N

ÅðïìÝíùò,

 ([1 1]
1 · · · [ ]) = ([1 1])

1 · · · ([ ])
= [(1) (1)]

1 · · · [() ()] ∈ ()0

áð' üðïõ Ýðåôáé üôé (0) ⊆ ()0 ()0 v 0 =⇒
2.1.20

(0) v ()0 ÅÜí ç 

åßíáé éóïìïñöéóìüò, ôüôå ·ñçóéìïðïéþíôáò ôï ßäéï åßäïò åðé·åéñçìÜôùí ãéá ôçí

áíôßóôñïöü ôçò −1 óõìðåñáßíïõìå ôåëéêþò üôé (0) = 0 ¤
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5.5.11 Ðñüôáóç. (R. Dedekind, 1880) ¸óôù ( ·) ìéá ïìÜäá. ÅÜí v  ôüôå

[ E  êáé ç ðçëéêïïìÜäá  åßíáé áâåëéáíÞ]⇐⇒ 0 v 

Áðïäåéîç. ‘‘⇒'' ÅÜí ç  åßíáé ïñèüèåôç õðïïìÜäá ôÞò  êáé ç ðçëéêïïìÜäá

 áâåëéáíÞ, ôüôå ãéá êÜèå æåýãïò ( ) ∈ × Ý·ïõìå

() = ()() = ()() = ()

⇒ [ ] = −1−1 = ()−1 ∈  ⇒ 0 v 

‘‘⇐'' Áò õðïèÝóïõìå üôé 0 v  Èåùñïýìå ôõ·üíôá óôïé·åßá  ∈  êáé  ∈ 

Ôüôå

[ ] = −1−1 ∈ 0 ⊆ 

 ∈  ⇒ −1 ∈ 

¾
⇒ −1 ∈ 

ïðüôå E  ÅîÜëëïõ, åðåéäÞ −1−1 = ()−1 ∈  Ý·ïõìå

() = ()⇒ ()() = ()()

ïðüôå ç ðçëéêïïìÜäá  åßíáé üíôùò áâåëéáíÞ. ¤

5.5.12 Óçìåßùóç. Óýìöùíá ìå ôçí ðñüôáóç 5.5.11 ç ìåôáèÝôñéá õðïïìÜäá0 ôÞò
 åßíáé ôï åëÜ·éóôï óôïé·åßï ôïý óõíüëïõ { ∈ NSubg() |  áâåëéáíÞ} ùò
ðñïò ôç äéÜôáîç “ v ”

5.5.13 ÐáñÜäåéãìá. (ÌåôáèÝôñéá õðïïìÜäá ôÞò Q) Ôï êÝíôñï (Q) = {±I2}
ôÞò ïìÜäáòQ ôùí ôåôñáíßùí åßíáé ïñèüèåôç õðïïìÜäá ôÞòQ êáé ç ðçëéêïïìÜäá

Q(Q) åßíáé éóüìïñöç ìå ôçí ïìÜäá V ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein (âë.

5.4.18 (i)). ÅðïìÝíùò, óýìöùíá ìå ôçí ðñüôáóç 5.5.11 ç ìåôáèÝôñéá õðïïìÜäá

Q0 ôÞò Q åßíáé õðïïìÜäá ôïý êÝíôñïõ (Q) = {±I2} (äéüôé ç V åßíáé áâåëéáíÞ).

ÅðåéäÞ ç Q äåí åßíáé áâåëéáíÞ, ç ðñüôáóç 5.5.6 ìáò ðëçñïöïñåß üôé Q0 6= {I2}
ÊáôÜ óõíÝðåéáí,Q0 = (Q) ÇQ áíÞêåé óå ìéá åõñåßá ïéêïãÝíåéá ìç áâåëéáíþí

ïìÜäùí, ïé ìåôáèÝôñéåò õðïïìÜäåò ôùí ïðïßùí óõìðßðôïõí ìå ôá êÝíôñá ôïõò. Ç

åí ëüãù ïéêïãÝíåéá ðåñéãñÜöåôáé óôï ðüñéóìá 5.6.8.

5.5.14 ÅöáñìïãÞ. (ÌåôáèÝôñéá õðïïìÜäá ôÞò A) ¸óôù  ∈ N  ≥ 3 Ôüôå

A0 =

⎧⎨⎩
{id} üôáí  = 3

V üôáí  = 4

A üôáí  ≥ 5

Áðïäåéîç. Ç A3 åßíáé êõêëéêÞ, ïðüôå ç ìåôáèÝôñéá õðïïìÜäá ôçò åßíáé ôåôñéì-

ìÝíç. Ãéá öõóéêïýò áñéèìïýò  ≥ 5 ç A åßíáé áðëÞ (âë. èåþñçìá 4.3.6), ïðüôå

ç ìåôáèÝôñéá õðïïìÜäá ôçò åßíáé ç ßäéá ç A (äéüôé A0 E A êáé ç A åßíáé ìç

áâåëéáíÞ, âë. 5.5.6). Óå ü,ôé áöïñÜ óôçí ïìÜäá A4 õðåíèõìßæïõìå üôé V E A4
(âë. 4.2.21) êáé üôé ç ðçëéêïïìÜäá A4V ∼= Z3 ùò êõêëéêÞ, åßíáé áâåëéáíÞ. ÂÜ-
óåé ôÞò ðñïôÜóåùò 5.5.11, A04 v V ¢ñá ç A04 åßíáé Þ ç ôåôñéììÝíç Þ ìßá åê ôùí
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ôñéþí êõêëéêþí õðïïìÜäùí ôÞò V ôÜîåùò 2 Þ ç ßäéá ç V (âë. 4.1.41). Ôï ðñþôï

åíäå·üìåíï áðïêëåßåôáé, äéüôé ç A4 äåí åßíáé áâåëéáíÞ (âë. 5.5.11). Ôï äåýôåñï

åíäå·üìåíï áðïêëåßåôáé, äéüôé A04 E A4 êáé NSubg(A4) = {{id}VA4} (Bë. ôá
ó·üëéá ôÞò õðïóçìåéþóåùò óôï åä. 5.4.11.) ÊáôÜ óõíÝðåéáí, A04 = V ¤

5.5.15 ÅöáñìïãÞ. (ÌåôáèÝôñéá õðïïìÜäá ôÞò GL2(R)) Ãéá ôéò ïìÜäåò GL2(R)
êáé SL2(R) éó·ýïõí ôá åîÞò :
(i) Ôï óýíïëï½µ

1 

0 1

¶¯̄̄̄
 ∈ R

¾
∪
½µ

1 0

 1

¶¯̄̄̄
 ∈ R

¾
∪
½µ

 0

0 1


¶¯̄̄̄
 ∈ R
 6= 0

¾
áðïôåëåß Ýíá óýóôçìá ãåííçôüñùí ôÞò SL2(R)
(ii) GL2(R)0 = SL2(R)

Áðïäåéîç. (i) ¸óôù ôõ·üí óôïé·åßï
¡
 
 

¢ ∈ SL2(R) ÅÜí  6= 0 ôüôå³
 

 

´
=
³

1 −1


0 1

´³
1 0
 1

´³
1 −1


0 1

´


åíþ ãéá  = 0 Ý·ïõìå ³
 

0 

´
=
³

 0
0 1



´³
1 


0 1

´


¢ñá ôï äïèÝí óýíïëï ðéíÜêùí åßíáé üíôùò Ýíá óýóôçìá ãåííçôüñùí ôÞò SL2(R)
(ii) ÅðåéäÞ SL2(R) C GL2(R) êáé ç ðçëéêïïìÜäá GL2(R)/SL2(R) åßíáé éóüìïñöç
ìå ôçí áâåëéáíÞðïëëáðëáóéáóôéêÞ ïìÜäá (Rr{0} ·) (âë. 4.2.32 (ii) êáé 4.5.3 (vi)),
ç ðñüôáóç 5.5.11 ìáò ðëçñïöïñåß üôé GL2(R)0 v SL2(R) Áðï ôçí Üëëç ìåñéÜ,
åðåéäÞ ³

1 

0 1

´
=
³
1 −
0 1

´ ³
1 0
0 1

2

´³
1 

0 1

´³
1 0
0 2

´
êáé ³

1 0
 1

´
=
³
1 0
0 2

´³
1 0
 1

´³
1 0
0 1

2

´³
1 0
− 1

´


³
 0
0 1



´
=
³
0 1
1 0

´³
 2
22 2

´ ³
0 1
1 0

´µ − 1
3

2
3

2
3 − 1

32

¶


ãéá ïéïõóäÞðïôå   ∈ R êáé  ∈ Rr{0} êáèÝíáò åê ôùíðéíÜêùíðïõáíÞêïõí óôï
óýóôçìá ãåííçôüñùí ôÞò SL2(R) (ôï ïðïßï åäüèç óôï (i)) åßíáé ìåôáèÝôçò åíüò æåý-
ãïõò ðéíÜêùí áíçêüíôùí óôçí GL2(R) ¢ñá êÜèå ðßíáêáò áíÞêùí óôçí SL2(R)
ðáñßóôáôáé ùò ãéíüìåíï ìåôáèåôþí, áð' üðïõ Ýðåôáé üôé SL2(R) v GL2(R)0. ¤

5.5.16 Óçìåßùóç. Ìå ðáñüìïéï ôñüðï (áëëÜ ìå êÜðùò ðåñéóóüôåñï êüðï) áðï-

äåéêíýåôáé üôé ãéá ïéïäÞðïôå óþìá  êáé ãéá ïéïíäÞðïôå öõóéêü áñéèìü  ≥ 2

éó·ýïõí ôá åîÞò:

GL( )
0
½
= SL( ) üôáí ( ·áñ( )) 6= (2 2)
∼= Z3 üôáí  = 2 êáé  ∼= Z2 (5.54)
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êáé

SL( )
0

⎧⎨⎩
= SL( ) üôáí ( ·áñ( )) ∈ {(2 2) (2 3)}
∼= Z3 üôáí  = 2 êáé  ∼= Z2∼= Q üôáí  = 2 êáé  ∼= Z3

(5.55)

üðïõ Q ç ïìÜäá ôùí ôåôñáíßùí, SL2(Z2) ∼= S3 êáé SL2(Z3) ç ëåãïìÝíç äõáäéêÞ

ôåôñáåäñéêÞ ïìÜäá ôÜîåùò 24

5.5.17 Èåþñçìá. (E. Spiegel, 1976) ÅÜí õðïôåèåß üôé ç ( ·) åßíáé ìéá ïìÜäá
Ý·ïõóá ìéá ïñèüèåôç áâåëéáíÞ õðïïìÜäá  ôÝôïéá þóôå ç  íá åßíáé êõêëéêÞ,
ôüôå ç (5.52) éó·ýåé ùò éóüôçôá.

Áðïäåéîç47. Êáô' áñ·Üò óçìåéþíïõìå üôé áñêåß ï ðñïóäéïñéóìüò ìéáò ïñèüèå-

ôçò õðïïìÜäáò  ôÞò  ôÝôïéáò þóôå ç  íá åßíáé áâåëéáíÞ êáé íá éó·ýåé

 j {[ ] | ( ) ∈ ×}  äéüôé åí ôïéáýôç ðåñéðôþóåé (ëüãù ôÞò ‘‘⇒'' ôÞò ðñï-

ôÜóåùò 5.5.11) èá Ý·ïõìå

0 v  j {[ ] | ( ) ∈ ×} j 0

Þôïé 0 = {[ ] | ( ) ∈ ×}  Åî õðïèÝóåùò, õðÜñ·åé  ∈  ôÝôïéï þóôå íá

éó·ýåé  = hi ÈÝôïíôáò := {[ ] |  ∈  }  ðáñáôçñïýìå üôé
 ∈  j {[ ] | ( ) ∈ ×}

êáé üôé ãéá ïéáäÞðïôå óôïé·åßá 1 2 ∈ 

[ 1]
£
 −12

¤
=
£
 1

−1
2

¤ ££
−12  

¤
 1
¤−1

=
£
 1

−1
2

¤ £
1
£
−12  

¤¤
(âë. 5.5.2 (v)), üðïõ

£
1
£
−12  

¤¤
=  äéüôé

2 ∈  ⇒ −12 ∈ 

 E ⇒ 2
−1 ∈ 

)
=⇒ −12

¡
2

−1¢ = £−12  
¤ ∈ 

êáé ç åßíáé áâåëéáíÞ. ¢ñá [ 1]
£
 −12

¤
=
£
 1

−1
2

¤ ∈  ⇒  v  Óçìåéù-

ôÝïí üôé

 = êëó()êëó(−1) (5.56)

ÐñÜãìáôé° ãéá êÜèå  ∈  åßíáé ðñüäçëï üôé

[ ] = |{z}
∈êëó()

−1−1| {z }
∈êëó(−1)

=⇒  j êëó()êëó(−1)

Êáé áíôéóôñüöùò° åÜí  ∈ êëó() êáé  ∈ êëó(−1) ôüôå õðÜñ·ïõí   ∈ 

ôÝôïéá þóôå íá éó·ýïõí ïé éóüôçôåò  = −1 êáé  = −1−1 ÅðéðñïóèÝôùò,
åðåéäÞ  ∈ hi 

[∃ ∈ Z :  = () = ] =⇒ [∃ ∈  :  = ]

47Ç ðáñáôéèÝìåíç áðüäåéîç áðïôåëåß åëáöñÜ ðáñáëëáãÞ åêåßíçò ôïý Thm. 2 óôï Üñèñï ôïý E. Spiegel: Calculating
commutators in groups, Mathematics Magazine 49 (1976), 192-194



§ 5.5 ìåôáèåôñéá õðïïìáäá êáé áâåëéáíïðïéçóç ìéáò ïìáäáò 277

Êáô' áíáëïãßáí, åðåéäÞ  ∈ hi  óõìðåñáßíïõìå üôé
[∃ ∈ Z :  = () = ] =⇒ [∃ ∈  :  =  ]

ÅðïìÝíùò,

 = ()()−1()−1()−1 = (−−1)(−1−−1)

= (−1)(−1−1) = ((−1)−1−1)−1 (5.57)

êáé

−1 ∈ 

 ∈ 

)
⇒ −1 ∈  ⇒ (−1)−1 ∈  =⇒

E
(−1)−1−1 ∈  (5.58)

Ç õðïïìÜäá  åßíáé åî õðïèÝóåùò áâåëéáíÞ. Ùò åê ôïýôïõ, áðü ôéò (5.57) êáé

(5.58) Ýðåôáé üôé

((−1)−1−1) ∈  ⇒  = −1((−1)−1−1) = [−1 ] = [ −1]−1 ∈ 

(êáèüóïí  v ). Óõíåðþò éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò

êëó()êëó(−1) j  êáé ç éóüôçôá (5.56) åßíáé áëçèÞò. Ãéá ïéáäÞðïôå  ∈ 

êáé  ∈  Ý·ïõìå  = 12 ãéá êÜðïéá óôïé·åßá 1 ∈ êëó() êáé 2 ∈ êëó(−1)
êáé

−1 = (1−1)| {z }
∈êëó()

(2
−1)| {z }

∈êëó(−1)

∈  ⇒  E 

¢ñáïñßæåôáé ç ðçëéêïïìÜäá ç ïðïßá ôõã·Üíåé íá åßíáé êáé áâåëéáíÞ, êáèüôé

[ ] = [ ]| {z }
∈

 =  =  ⇒ () () = () ()

⇒ () () = () ()  (5.59)

ãéá êÜèå  ∈  êáé ãéá êÜèå  ∈ Z (Âë. åä. 5.5.3 êáé Üóêçóç 2-5) ÅðïìÝíùò,

ãéá ïéáäÞðïôå óôïé·åßá 1 2 ∈  Ý·ïõìå 1 =  2 =   ãéá êÜðïéá   ∈ 

êáé êÜðïéïõò   ∈ Z êáé
(1) (2) =

¡


¢ ¡


¢
= ()

¡


¢
()

¡


¢
= () ()

¡


¢ ¡


¢
= () ()

¡


¢ ¡


¢
= ()

¡


¢
()

¡


¢
=
¡


¢ ¡


¢
= (2) (1) 

ëïãù ôÞò (5.59) êáé ôïý üôé ç åßíáé áâåëéáíÞ. Åäþ ëÞãåé ç áðüäåéîç. ¤

5.5.18 Ðáñáäåßãìáôá. Ôï èåþñçìá 5.5.17 åßíáé Üìåóá åöáñìüóéìï óôéò áêüëïõ-

èåò ðåñéðôþóåéò:

 

Q = hjki hji
A4 V

D = h i hi
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5.5.19 Èåþñçìá. (R.M. Guralnick, 1980/ L.-Ch. Kappe & R.F. Morse, 2005)

ÅÜí ìéá ïìÜäá  éêáíïðïéåß êÜðïéá åê ôùí áêïëïýèùí ôåóóÜñùí óõíèçêþí, ôüôå
ç (5.52) éó·ýåé ùò éóüôçôá 48.

(i) H 0 åßíáé áâåëéáíÞ êáé åßôå ||  128 åßôå |0|  16
(ii) H 0 åßíáé ìç áâåëéáíÞ êáé åßôå ||  96 åßôå |0|  24
(iii) || =  üðïõ  åßíáé Ýíáò ðåñéôôüò ðñþôïò êáé  ≤ 5
(iv) || = 2 üðïõ  ≤ 6

5.5.20 Èåþñçìá. (I. Schur, 1904) ¸óôù ( ·) ìéá (ü·é êáô' áíÜãêçí ðåðåñá-
óìÝíç) ïìÜäá. ÅÜí | : ()| =  ∈ N ôüôå éó·ýïõí ôá åîÞò :
(i) Ç  äéáèÝôåé ôï ðïëý 2 óáöþò äéáêåêñéìÝíïõò ìåôáèÝôåò.

(ii) Ãéá êÜèå ( ) ∈ × áëçèåýåé ç éóüôçôá

[ ]
+1

=
£
 2

¤ £
−1 

¤−1
 (5.60)

(iii) |0| ≤ (2)3 ∞

Áðïäåéîç. (i) ¸óôù {1 } Ýíá óýóôçìá äåîéþí åêðñïóþðùí ôïý êÝíôñïõ

() åíôüò ôÞò  Åî ïñéóìïý,  =
̀

=1
()  ÅÜí [1 1]  [2 2] åßíáé äõï

ìåôáèÝôåò áíÞêïíôåò óôçí  áñêåß íá áðïäåé·èåß ç óõíåðáãùãÞ

[()1 = ()2 êáé ()1 = ()2]⇒ [1 1] = [2 2] 

äéüôé ôüôå ôï óýíïëï ôùí äéáêåêñéìÝíùí ìåôáèåôþí ôÞò èá åßíáé õðïóýíïëï ôïý

{[  ] |1 ≤   ≤ } Ðñïöáíþò,∙
()1 = ()2

êáé ()1 = ()2

¸
⇒
∙

1
−1
2 ∈ ()

êáé 1
−1
2 ∈ ()

¸


ðñÜãìá ðïõ óçìáßíåé üôé ôá 1
−1
2 êáé 1

−1
2 ìåôáôßèåíôáé áìïéâáßùò ìå êÜèå óôïé-

·åßï ôÞò  ¢ñá

[1 1] = (2
−1
2 )1(2

−1
2 )1

−1
1 (2

−1
2 )

−1
1 (2

−1
2 )

= 2
¡
−11 2

¢−1
2
¡
−11 2

¢−1
(−11 2)

−1
2 (

−1
1 2)

−1
2

= 2

³¡
−11 2

¢−1
(−11 2)

´
2

³¡
−11 2

¢−1
(−11 2)

´
−12 −12

= 22
−1
2 −12 = 22

−1
2 −12 = [2 2] 

(ii) ÅðåéäÞ | : ()| =  = |()|  Ý·ïõìå (ëüãù ôïý ðïñßóìáôïò 4.1.28)

[() = (())

= () ∀ ∈ ] =⇒ [ ∈ () ∀ ∈ ]

48Ãéá ôéò (i) êáé (ii) âë. R.M. Guralnick: Expressing group elements as commutators, Rocky Mountain Journal of

Mathematics 10 (1980), 651-654, åíþ ãéá ôéò (iii) êáé (iv) âë. L.-Ch. Kappe & R.F. Morse: On commutators in -
groups, Journal of Group Theory 8 (2005) 415-429
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Åî áõôïý óõìðåñáßíïõìå üôé ãéá êÜèå æåýãïò ( ) ∈ × éó·ýåé [ ]
 ∈ ()

Þôïé üôé ôï [ ] ìåôáôßèåôáé áìïéâáßùò ìå êÜèå óôïé·åßï ôÞò  Ùò åê ôïýôïõ,

[ ]
+1

= [ ] [ ]

= −1−1 [ ] = −1 [ ] −1

= −1 [ ] [ ]−1 −1 =
¡
−1

¢ ¡
−1−1

¢
[ ]

−1
−1

= 2−1−2( [ ]−1 −1)

=
£
 2

¤
(( [ ] −1)( [ ] −1) · · · ( [ ] −1)| {z }

−1 öïñÝò

)

=
£
 2

¤
( [ ] −1)−1 =

£
 2

¤
(
£
−1 

¤
)−1

üðïõ ç ôåëåõôáßá éóüôçôá Ýðåôáé áðü ôï 5.5.2 (ii).

(iii) ¸óôù  ∈  Ýíáò ðáãéùìÝíïò ìåôáèÝôçò (åíüò æåýãïõò óôïé·åßùí) ôÞò  Ãéá
êÜèå ( ) ∈ N0×N0 óõìâïëßæïõìåùò ôï óýíïëï ôùí óôïé·åßùí ôÞò ôá ïðïßá

ìðïñïýí íá ãñáöïýí ùò ãéíüìåíá  ìåôáèåôþí ðïõ åßíáé 6=  (ìå 0 := {}) êáé
ùò ôï óýíïëï ôùí óôïé·åßùí ôÞò ôá ïðïßá ìðïñïýí íá ãñáöïýíùò ãéíüìåíá

+  ìåôáèåôþí ìå ôïõò  åî áõôþí ßóïõò ìå ôï  êáé ôïõò  åî áõôþí 6=  Ôï {}
ðáñáìÝíåé áíáëëïßùôï ýóôåñá áðü åöáñìïãÞ ôïý áõôïìïñöéóìïý

γ :  −→  γ() = −1 ∀ ∈ 

(âë. 5.4.21), Þôïé γ() =  ÅðéðñïóèÝôùò, ï áõôïìïñöéóìüò γ óôáèåñïðïéåß ôá

 êáé   äçëáäÞ

γ() =   γ() =  

μñçóéìïðïéþíôáò ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  èá äåßîïõìå üôé ãéá êÜèå

 ∈ N0 éó·ýåé ç éóüôçôá  = 
 ÅðåéäÞ ï åãêëåéóìüò 

 ⊆ 

åßíáé ðñïöáíÞò, èá ðåñéïñéóèïýìå óôçí áðüäåéîç ôïý áíôéóôñüöïõ åãêëåéóìïý

 ⊆ 
Áõôüò åßíáé ðñïöáíþò áëçèÞò ãéá  = 0Èåùñïýìå Ýíáí  ≥ 1 êáé

õðïèÝôïõìå üôé áõôüò ï åãêëåéóìüò åßíáé áëçèÞò ãéá ôïí − 1 ¸óôù  ∈ N0 êáé
Ýóôù  ∈   Åî ïñéóìïý, ôï  ìðïñåß íá ãñáöåß ùò ãéíüìåíï  +  ìåôáèåôþí

ìå ôïõò  (≥ 1) åî áõôþí ßóïõò ìå ôï  êáé ôïõò  åî áõôþí 6=  ÅÜí ï ðñþôïò

ðáñÜãïíôáò ôïý åí ëüãù ãéíïìÝíïõ ðïõ åßíáé ßóïò ìå ôï  åßíáé ï -ïóôüò (üðïõ

 ∈ {1 + }), ôüôå âëÝðïõìå üôé  ∈ −1−1−+1 üðïõ

−1−1−+1 = −1
¡
−1−+1−1

¢


= −1
¡
γ(−1−+1)

¢
 = −1−1−+1 ⊆ −1

ÊÜíïíôáò ·ñÞóç ôÞò åðáãùãéêÞò õðïèÝóåùò ëáìâÜíïõìå

 ∈ −1 = 
−1 = 



¢ñá ç éóüôçôá = 
 åßíáé üíôùò áëçèÞò ãéá êÜèå æåýãïò ( ) ∈ N0×N0

Åí óõíå·åßá, ãéá êÜèå  ∈ N óõìâïëßæïõìå ùò  ôï óýíïëï ôùí óôïé·åßùí ôÞò

 ôá ïðïßá ìðïñïýí íá ãñáöïýí ùò ãéíüìåíá ìåôáèåôþí êáé èÝôïõìå

 := card({ìåôáèÝôåò ôÞò })
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(Óôï (i) Ý·ïõìå áðïäåßîåé üôé  ≤ 2) ÅÜí    ôüôå  ⊆ −1 ÅÜí Ýíá

 ∈  ìðïñåß íá ãñáöåß ùò ãéíüìåíï  ìåôáèåôþí, üðïõ    ôüôå, åðåéäÞ

õößóôáíôáé åí óõíüëù  (óáöþò äéáêåêñéìÝíïé) ìåôáèÝôåò, ôïõëÜ·éóôïí Ýíáò åî

áõôþí -ôïí ïðïßï óêïðßìùò «ïíïìÜæïõìå» - åðáíáëáìâÜíåôáé  öïñÝò åíôüò ôïý

ãéíïìÝíïõ, üðïõ    Åðáíáóõíäåüìåíïé ëïéðüí ìå ôá ðñïáíáöåñèÝíôá, ðáñá-

ôçñïýìå üôé

 ∈ − = −

  

¾
⇒  ∈ −−1+1

ÂÜóåé ôÞò éóüôçôáò (5.60), +1 ∈  Ùò åê ôïýôïõ,  ∈ −−1 ⊆ −1 Åî
áõôïý óõìðåñáßíïõìå üôé ãéá üëïõò ôïõò  ≥  éó·ýåé ï åãêëåéóìüò  ⊆ 

Åßíáé óáöÝò üôé ôï  åßíáé êëåéóôü ùò ðñïò ôçí ðñÜîç ôÞò ïìÜäáò êáé üôé ôá

áíôßóôñïöá ôùí óôïé·åßùí ôïõ áíÞêïõí óå áõôü (êáèüôé ôï áíôßóôñïöï åíüò ìå-

ôáèÝôç åßíáé áö' åáõôïý ìåôáèÝôçò, âë. 5.5.2 (i)). ¢ñá ôï  áðïôåëåß ìéá õðïï-
ìÜäá ôÞò  ÊÜèå ìåôáèÝôçò ôÞò  áíÞêåé êáô' áíÜãêçí óôï  äéüôé ãéá ïéïí-
äÞðïôå ìåôáèÝôç  õðÜñ·åé êÜðïéïò öõóéêüò áñéèìüò  ìå 2 + 1 ≥  ïðüôå

 = +1− ∈ 2+1 ⊆  ÊáôÜ óõíÝðåéáí,  = 0 ÔÝëïò, åðåéäÞ õößóôá-

íôáé åí óõíüëù  (óáöþò äéáêåêñéìÝíïé) ìåôáèÝôåò, ï áñéèìüò ôùí ãéíïìÝíùí 

ìåôáèåôþí åßíáé ≤ Áõôü óçìáßíåé üôé |0| ≤  ≤ (2)3  ¤

5.5.21 Óçìåßùóç. Ç áíùôÝñù ðáñáôåèåßóá áðüäåéîç åßíáé åêôåíÞò áëëÜ óôïé-

·åéþäçò. Ç áñ·éêÞ áðüäåéîç ôïý Issai Schur49 (1875-1941) (éó·ýïõóá ìüíïí ãéáðå-
ðåñáóìÝíåò ïìÜäåò) ·ñçóéìïðïéåß ðñïôÜóåéò áðü ôç Èåùñßá ÁíáðáñáóôÜóåùí.

Êáëýôåñá Üíù öñÜãìáôá ôÞò |0| ãéá åéäéêÝò ïìÜäåò Ý·ïõí ðñïóäéïñéóèåß áðü

ôïõò J. Wiegold50 êáé R.M. Guralnick51.

5.5.22 Ðüñéóìá. ¸óôù ( ·) ìéá (ü·é êáô' áíÜãêçí ðåðåñáóìÝíç) ïìÜäá. ÅÜí
| : ()| =  ∈ N êáé |0|  2 ôüôå ç (5.52) éó·ýåé ùò ãíÞóéïò åãêëåéóìüò.

Áðïäåéîç. Ôïýôï åßíáé ðñïöáíÝò, äéüôé (óýìöùíá ìå ôï 5.5.20 (i)) ôï ðëÞèïò ôùí

óáöþò äéáêåêñéìÝíùí ìåôáèåôþí åßíáé ≤ 2 ¤
ÌÝóù ôïý ðñïçãçèÝíôïò èåùñÞìáôïò 5.5.20 êáé ôïý åðïìÝíïõ ëÞììáôïò 5.5.23

åßíáé äõíáôÞ ç ðáñïõóßáóç åíüò åíôõðùóéáêïý áðïôåëÝóìáôïò ôïý Y. Fedorov52:

Ãéá ôçí êõêëéêüôçôá ìéáò Üðåéñçò ïìÜäáò áñêåß êÜèå ìç ôåôñéììÝíç õðïïìÜäá ôçò
íá åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç åíôüò áõôÞò. (Âë. èåþñçìá 5.5.24.)

5.5.23 ËÞììá. ¸óôù ( ·) ìéá Üðåéñç ïìÜäá. ÅÜí | : |  ∞ ãéá êÜèå ìç ôå-
ôñéììÝíç õðïïìÜäá ôÞò  ôüôå éó·ýïõí ôá åîÞò :

(i) ÊÜèå ìç ôåôñéììÝíç õðïïìÜäá ôÞò  åßíáé Üðåéñç.
49I. Schur: Über die Darstellung der endlichen Gruppen durch gebrochen lineare Substitutionen, J.

Reine und Angew. Math. 127 (1904), 20-50

50J. Wiegold: Multiplicators and groups with finite central factor-groups, Math. Zeitschrift 89 (1965), 345-347

51R.M. Guralnick: On a result of Schur, Journal of Algebra 52 (1979), 302-310

52Âë. Y. Fedorov: On infinite groups of which all nontrivial subgroups have a finite index, Uspekhi Mat. Nauk. 6
(1951), 187-189
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(ii) ord() =∞ ∀ ∈ r{}
(iii) ÅÜí   ∈ r{} ôüôå õðÜñ·ïõí   ∈ N ôÝôïéïé þóôå íá éó·ýåé

hi = hi ∩ hi = ® 
(iv) () 6= {}
(v) ÅÜí ç  åßíáé áâåëéáíÞ, ôüôå ç  åßíáé êáô' áíÜãêçí êõêëéêÞ.

Áðïäåéîç53. (i) ¸óôù ôõ·ïýóá ìç ôåôñéììÝíç õðïïìÜäá ôÞò Åî õðïèÝóåùò,

| : | =  ãéá êÜðïéïí  ∈ N ïðüôå õðÜñ·åé óýóôçìá äåîéþí åêðñïóþðùí

{1 =  2 } ôÞò åíôüò ôÞò  ÅðåéäÞ

 =
`

=1 êáé card() = ||  ∀ ∈ {1  }
(âë. åä. 4.1.12), ç äåí ìðïñåß íá åßíáé ðåðåñáóìÝíç õðïïìÜäá (äéüôé áëëéþò êáé

ôï ßäéï ôï õðïêåßìåíï óýíïëï ôÞò ïìÜäáò áíáöïñÜò ìáò, ùò áðïóõíäåôÞ Ýíùóç

ðåðåñáóìÝíùí óõíüëùí, èá Þôáí ðåðåñáóìÝíï).

(ii) ÅðåéäÞ ãéá êÜèå  ∈  éó·ýåé ord() = |hi| (âë. 2.3.2), ôïýôï åßíáé ðñïöáíÝò

êáôüðéí åöáñìïãÞò ôïý (i) (ãéá ôéò õðïïìÜäåò hi   ∈ r{}).
(iii) ÅÜí  ∈ r{} ôüôå ôï

© hi ¯̄  ∈ Zª åßíáé Ýíáóýíïëï äåîéþíðëåõñéêþí

êëÜóåùí ôÞò hi åíôüò ôÞò  ÅðåéäÞ (åî õðïèÝóåùò) | : hi|  ∞ áõôü ïöåßëåé

íá åßíáé ðåðåñáóìÝíï, ïðüôå

[∃ ( ) ∈ Z× Z :    êáé hi  = hi  ]⇒ − ∈ hi
êáé, êáô' åðÝêôáóç,

− ∈ hi⇒ − ∈ hi ∩ hi
 ∈ r{} =⇒

(ii)
ord() =∞⇒ − 6= 

⎫⎬⎭⇒ hi ∩ hi 6= {}

Áðü ôï üôé ç ìç ôåôñéììÝíç õðïïìÜäá hi∩ hi ôÞò áðïôåëåß õðïïìÜäá áìöïôÝ-

ñùí ôùíÜðåéñùí êõêëéêþí ïìÜäùí hi êáé hi Ýðåôáé (ìÝóù ôïý (i) ôïýðïñßóìáôïò

2.4.25) üôé hi = hi ∩ hi = ® ãéá êÜðïéïõò   ∈ N
(iv) ¸óôù ôõ·üí  ∈ r{} Åî õðïèÝóåùò, | : hi| =  ãéá êÜðïéïí  ∈ N
ïðüôå ãéá êÜèå óýóôçìá äåîéþí åêðñïóþðùí {0 =  1 −1} ôÞò hi åíôüò
ôÞò  Ý·ïõìå

 = hi` hi1` · · ·` hi−1 (5.61)

ÅÜí  = 1 ôüôå  = hi⇒  = () 6= {} Áò õðïèÝóïõìå üôé  ≥ 2 ÅðåéäÞ
  ∈ r{} ãéá êÜèå  ∈ {1   − 1} áðü ôï (iii) åîáóöáëßæåôáé ç ýðáñîç

öõóéêþí áñéèìþí  ãéá ôïõò ïðïßïõò éó·ýåé

 =  ∈ hi  ∀ ∈ {1  − 1}
53Åí ðñïêåéìÝíù áêïëïõèåßôáé ç åê ìÝñïõò ôïý Ch. Lanski áéóèçôÞ áðëïðïßçóç ôÞò áñ·éêÞò áðïäåßîåùò ôïý èåùñÞ-

ìáôïò 5.5.24 (ôïý Y. Fedorov) ìÝóù ôÞò ·ñÞóåùò ôïý «áñêïýíôùò óôïé·åéþäïõò» ëÞììáôïò 5.5.23, ç ïðïßá äçìïóéåý-

èçêå 50 Ýôç áñãüôåñá. Âë. Ch. Lanski: A characterization of infinite cyclic groups, Mathematics Magazine, Vol. 74
No. 1 (2001), 61-65
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ÈÝôïíôáò :=
−1Q
=1

 êáé  :=


∈ N ëáìâÜíïõìå

 = () ∈ hi = (hi) ∀ ∈ {1  − 1}
áð' üðïõ ðñïêýðôåé üôé54  = 

 ãéá êÜèå  ∈ {0 1  − 1} Ãéá ïéïäÞðïôå
óôïé·åßï  ∈  õðÜñ·åé (ëüãù ôÞò (5.61)) êÜðïéïò  ∈ {0 1  −1} ôÝôïéïò þóôå
íá éó·ýåé  ∈ hi ïðüôå ∃ ∈ Z :

 =  ⇒  = () = () = (
) = ()

 = 

ÅðïìÝíùò,  ∈ () üðïõ

 ∈ r{} =⇒
(ii)

ord() = |hi| =∞⇒  6= 

Åî áõôïý Ýðåôáé üôé () 6= {}
(v) Áò õðïèÝóïõìå üôé ç  åßíáé áâåëéáíÞ. Åî õðïèÝóåùò, | : hi|  ∞ ãéá êÜèå

 ∈ r{} ÅðéëÝãïõìå Ýíá  ∈ r{} ôÝôïéï þóôå íá éó·ýåé

| : hi| = min {| : hi| :  ∈ r{}} 
Ðåñßðôùóç ðñþôç. ÅÜí  = hi  ôüôå ç  åßíáé êõêëéêÞ êáé ç áðüäåéîç ëÞãåé

åäþ.

Ðåñßðôùóç äåýôåñç. ÕðïèÝôïíôáò üôé hi @  êáôáëÞãïõìå óå Üôïðï ùò áêï-

ëïýèùò: ÅðéëÝãïõìå ôõ·üí  ∈ r hi ÄõíÜìåé ôïý (i) õðÜñ·ïõí   ∈ N ôÝôïéïé
þóôå íá éó·ýåé  = ÈÝôïíôáò  := ìêä( ) 0 := 


êáé 0 := 


ðáñáôçñïýìå

üôé

 = ⇒ (
0
−

0
) = (

0
)(−

0
) = − = 

⇒ 
0
−

0
=  (äéüôé 

0−
0 6=  ⇒ ord(

0
−

0
) =∞)

⇒ 
0
= 

0


ÅðåéäÞ ìêä(0 0) = 1 (âë. B.2.14 (ii)), õðÜñ·ïõí (êáôÜ ôï ðüñéóìáB.2.8)   ∈ Z
ôÝôïéïé þóôå íá éó·ýåé 0 + 0 = 1 Ãéá ôï åéäéêü óôïé·åßï  :=  Ý·ïõìå áö'

åíüò ìåí

 = ⇒ 
0
= ()

0
= ()

0
()

0

= 
0
(

0
) = 

0
(

0
) = 

0+0 = 

áö' åôÝñïõ äå

 = ⇒ 
0
= ()

0
= ()

0
()

0

= (
0
)

0
= (

0
)

0
= 

0+0 = 

ïðüôå   ∈ hi êáé, ùò åê ôïýôïõ,

hi v hi
 ∈ r hi   ∈ hi

¾
⇒ hi @ hi =⇒

4.1.50
| : hi|  | : hi| 

êÜôé ðïõ áíôßêåéôáé óôïí ïñéóìü ôïý  ¤
54Ãéá  = 0 ç åí ëüãù éóüôçôá åßíáé ðñïöáíÞò.
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5.5.24 Èåþñçìá. (Y. Fedorov, 1951) ¸óôù ( ·) ìéá Üðåéñç ïìÜäá. ÅÜí éó·ýåé
| : |  ∞ ãéá êÜèå ìç ôåôñéììÝíç õðïïìÜäá  ôÞò  ôüôå ç  åßíáé êáô' áíÜ-
ãêçí êõêëéêÞ (Þôïé éóüìïñöç ôÞò (Z+) âë. 2.4.23 (i)).

Áðïäåéîç. Áðü ôï (iv) ôïý ëÞììáôïò 5.5.23 ãíùñßæïõìå üôé () 6= {} ïðüôå
(åî õðïèÝóåùò) | : ()| ∞Áðü ôçí Üëëç ìåñéÜ, áðü ôï èåþñçìá 5.5.20 Ýðå-

ôáé üôé |0|  ∞ =⇒
5.5.23 (i)

0 = {} ¢ñá ç  (óýìöùíá ìå ôçí ðñüôáóç 5.5.6)

åßíáé áâåëéáíÞ êáé, ùò åê ôïýôïõ, êõêëéêÞ (âÜóåé ôïý (v) ôïý ëÞììáôïò 5.5.23). ¤

5.5.25 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. Óõìâïëßæïõìå ùò

ab := 0

ôçí (êáô' áíÜãêçí áâåëéáíÞ ) ðçëéêïïìÜäá ôÞòùò ðñïò ôçí0ÇìåôÜâáóç áðü

ôçí  óôçí ab (Þ, åíßïôå, êáé ç ßäéá ç ab) êáëåßôáé áâåëéáíïðïßçóç55 ôÞò 

5.5.26 Ðáñáäåßãìáôá. (i) ÂÜóåé ôùí ðñïáíáöåñèÝíôùí óôá åäÜöéá 5.4.18 (i) êáé

5.5.13,

Qab := QQ0 = Q(Q) ∼= V

(ii) ¸óôù  ∈ N  ≥ 3 Ç 
2
®
åßíáé ìéá ïñèüèåôç õðïïìÜäá ôÞò -ïóôÞò äéåäñé-

êÞò ïìÜäáòD = h i ìå äåßêôç¯̄
D :


2
®¯̄
=
¯̄
D


2
®¯̄
=

½
2 üôáí ï  åßíáé ðåñéôôüò

4 üôáí ï  åßíáé Üñôéïò

ÅðïìÝíùò ç D

2
®
ïöåßëåé íá åßíáé áâåëéáíÞ (âë. 2.3.19 êáé 3.5.6). Óýìöùíá

ìå ôçí ðñüôáóç 5.5.11 ç ìåôáèÝôñéá õðïïìÜäá D0
 ôÞò D åßíáé õðïïìÜäá ôÞò

2
®
. ÅîÜëëïõ,

[ ] =  ◦ ¡ ◦ −1¢ ◦ −1 =
(3.16)

 ◦ ( ◦ ) ◦ −1 = 2

ïðüôå ôï 2 åßíáé Ýíáò ìåôáèÝôçò. ¢ñáD0
 =


2
®
. ÊáôÜ óõíÝðåéáí,

Dab

∼=
½
Z2 üôáí ï  åßíáé ðåñéôôüò

V üôáí ï  åßíáé Üñôéïò

(iii) ËáìâÜíïíôáò õð' üøéí ôïí ìÝ·ñéò éóïìïñöéóìïý õðïëïãéóìü ôÞò ìåôáèÝôñéáò

õðïïìÜäáòS0 ôÞòS (âë. 5.5.9), óõìðåñáßíïõìå üôé

Sab

∼= Z2 ãéá êÜèå  ≥ 2

55Ç áâåëéáíïðïßçóç ïìÜäùí Ý·åé ðëçèþñá åöáñìïãþí óôçí ÁëãåâñéêÞ Ôïðïëïãßá. Åðß ðáñáäåßãìáôé, ç ðñþôç

éäéÜæïõóá ïìÜäá ïìïëïãßáò
sing
1 (;Z) åíüò äñïìïóõíåêôéêïý ôïðïëïãéêïý ·þñïõ åßíáé éóüìïñöç ìå ôçí áâåëéá-

íïðïßçóçab
1 () ôÞò èåìåëéþäïõò ïìÜäáò 1() ôïý (Âë., ð.·., M.J. Greenberg, J.R. Harper: Algebraic Topology.

A First Course, Benjamin/Cummings Pub. Co., 1981 part II, section 12 óåë. 63-69.) Åðßóçò, ç áâåëéáíïðïßçóçab

ïéáóäÞðïôå ïìÜäáò  åßíáé éóüìïñöç ìå ôçí ðñþôç ïìÜäá ïìïëïãßáò 1(;Z) ôÞò éäßáò ôÞò  (Âë., ð.·., K.S.

Brown: Cohomology of Groups, GTM, Vol. 87, Springer-Verlag, 1982, Ch. II section 3 óåë. 36)
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(iv) ËáìâÜíïíôáò õð' üøéí ôïí ìÝ·ñéò éóïìïñöéóìïý õðïëïãéóìü ôÞò ìåôáèÝôñéáò

õðïïìÜäáò A0 ôÞò A (âë. 5.5.14), óõìðåñáßíïõìå üôé

Aab

∼=
½
Z3 üôáí  ∈ {3 4}
{id} üôáí  ≥ 5

(v) ÂÜóåé ôùí ðñïáíáöåñèÝíôùí óôá åäÜöéá 4.5.3 (vi) êáé 5.5.16, ãéá êÜèå óþìá

 êáé ãéá êÜèå öõóéêü áñéèìü  ≥ 2 Ý·ïõìå

GL( )
ab ∼=

½
× (= r{0 }) üôáí ( ·áñ( )) 6= (2 2)
Z2 üôáí  = 2 êáé  ∼= Z2

êáé

SL( )
ab ∼=

⎧⎨⎩
{I} üôáí ( ·áñ( )) ∈ {(2 2) (2 3)}
Z2 üôáí  = 2 êáé  ∼= Z2
Z3 üôáí  = 2 êáé  ∼= Z3

5.5.27 Óçìåßùóç. (i) ÅÜí ç åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç, ôüôå êáé çab åß-

íáé ðåðåñáóìÝíùò ðáñáãüìåíç (âë. 4.4.18).

(ii) ÅÜí ç ab åßíáé Üðåéñç, ôüôå êáé ç  åßíáé Üðåéñç. Ùóôüóï, ôï áíôßóôñïöï

äåí éó·ýåé: ÕðÜñ·ïõí ïìÜäåò Üðåéñçò ôÜîåùò Ý·ïõóåò ðåðåñáóìÝíåò áâåëéáíï-

ðïéÞóåéò, üðùò ð.·. ç SL2(C) ìå SL2(C)ab = {I2} (âë. 5.5.26 (v)). Ðñïôåßíåôáé ùò

Üóêçóç ç áðüäåéîç ôïý üôé ãéá ôçí Üðåéñç äéåäñéêÞ ïìÜäá D∞ := h −1i (âë.
åäÜöéá 3.4.14 êáé 3.4.15) éó·ýåéD0∞ =


 2−1

®
êáéDab∞ ∼= V

5.5.28 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù 0 :  → ab o öõóéêüò åðé-
ìïñöéóìüò. Ôüôå ãéá êÜèå ïìïìïñöéóìü ïìÜäùí  : ( ·) −→ ( ∗) ðïõ Ý·åé ùò
åéêüíá ôïõ ìéá áâåëéáíÞ õðïïìÜäá ôÞò õößóôáôáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò
̄ : ab −→  ôÝôïéïò þóôå íá éó·ýåé  = ̄ ◦ 0  äçëáäÞ ôÝôïéïò þóôå ôï äéÜ-
ãñáììá




0

²²

 // 

ab

̄

>>}}}}}}}}}}}}}}}}

íá êáèßóôáôáé ìåôáèåôéêü.

Áðüäåéîç. Ãéá êÜèå æåýãïò ( ) ∈  ×  Ý·ïõìå ([ ]) = [() ()]  Åî

õðïèÝóåùò, ç Im() åßíáé áâåëéáíÞ, ðñÜãìá ðïõ óçìáßíåé üôé

([ ]) = () ∗ () ∗  ()−1 ∗ ()−1
= () ∗  ()−1 ∗ () ∗ ()−1 =  

ïðüôå0 ⊆Ker()Áñêåß ëïéðüí íá åöáñìïóèåß ôï èåìåëéþäåò èåþñçìá 4.5.1 ðåñß

ðçëéêïïìÜäùí. ¤
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5.5.29 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí v  êáé v  ôüôå ç õðïïìÜäá

[] := h{[ ] | ( ) ∈  × }i v 

êáëåßôáé ìåôáèÝôçò ôùí õðïïìÜäùí êáé  Ðñïöáíþò,

0 = [] 

5.5.30 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  v  êáé  v  ôüôå éó·ýïõí ôá
áêüëïõèá :

(i) [] = [] 

(ii) [] v NCL()∩ NCL() (âë. 4.2.10)

(iii) [] E hi   [] E hi êáé [] E hi 
(iv) ( []) · ( []) = hi 
(v) ÅÜí E  ôüôå [] v 

(vi) ÅÜí  E  êáé E  ôüôå [] v  ∩ êáé [] E 

(vii) ÅÜí E  êáé E  ôüôå v ()⇐⇒ [] v 

Áðüäåéîç. (i) ÅÜí ( ) ∈  ×  ôüôå [ ]−1 = [ ] (âë. 5.5.2 (i)). ÅðåéäÞ

[] v  êáé [] v  Ý·ïõìå ðñïöáíþò [] = [] 

(ii) ¸óôù ôõ·üí ( ) ∈  × Ôüôå

−1 ∈ NCL()

−1 ∈  v NCL()

¾
⇒ [ ] =

¡
−1

¢
−1 ∈ NCL()

Ðáñïìïßùò äåß·íïõìå üôé [ ] ∈ NCL() ÊáôÜ óõíÝðåéáí,

[ ] ∈ NCL() ∩NCL()

áð' üðïõ Ýðåôáé üôé [] v NCL()∩ NCL()

(iii) Ðñïöáíþò, [] v hi Èåùñïýìå ôõ·üíôá óôïé·åßá   ∈  êáé  ∈ 

Ôá [ ] êáé [ ] áíÞêïõí óôïí ìåôáèÝôç []  ÊáôÜ ôï 5.5.2 (iv),

[ ] = ( [ ]−1) [ ]⇒  [ ]−1 = [ ] [ ]−1 ∈ []  (5.62)

Áðü ôçí Üëëç ìåñéÜ, åÜí  ∈  êáé   ∈  Ý·ïõìå [ ]  [ ] ∈ []  ÊáôÜ

ôï 5.5.2 (iii),

[ ] = [ ] ( [ ] −1)⇒  [ ] −1 = [ ]−1 [ ] ∈ []  (5.63)

Áðü ôéò (5.62) êáé (5.63) Ýðåôáé üôé  [ ] −1 ∈ [] ãéá êÜèå ( ) ∈  × 

êáé êÜèå  ∈ hi  ïðüôå [] E hi  Ôï üôé  [] E hi êáé
 [] E hi áðïäåéêíýåôáé ðáñïìïßùò.
(iv) Ôïýôï áðïäåéêíýåôáé üðùò ôï (iii).
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(v) ¸óôù ôõ·üí ( ) ∈  × Ôüôå

−1−1 ∈ NCL()

 ∈  v NCL()

)
⇒ [ ] = 

¡
−1−1

¢ ∈ NCL()

¢ñá [] v NCL() ÅðåéäÞ  E  Ý·ïõìå  = NCL() Ùò åê ôïýôïõ,

[] v 

(vi) Êáôüðéí åöáñìïãÞò ôï (v) ëáìâÜíïõìå [] v  êáé [] v  ïðüôå

[] = [] ∩ [] ⊆  ∩ =⇒
2.1.20

[] v  ∩

Åí óõíå·åßá, èåùñïýìå ôõ·üíôá óôïé·åßá  ∈   ∈  êáé  ∈  Ðñïöáíþò,

 E ⇒ −1 ∈ 

 E ⇒ −1 ∈ 

¾
⇒  [ ] −1 =

£
−1 −1

¤ ∈ [] 

ïðüôå [] E 

(vii) ÅÜí  v () ôüôå êÜèå óôïé·åßï  ôÞò  ( ∈ ) ìåôáôßèåôáé

áìïéâáßùò ìå êÜèå óôïé·åßï  ôÞò  ( ∈ ). ÅðïìÝíùò,

() () = () () =⇒
E

() = () ⇒  () =  ()

⇒  ()
−1
= −1−1 = [ ] ∈ 

ïðüôå [] v  Êáé áíôéóôñüöùò° åÜí [] v  ôüôå ãéá êÜèå  ∈  êáé

 ∈  Ý·ïõìå

 ()−1 = −1−1 = [ ] ∈ 

Þ, éóïäõíÜìùò, () =  ()⇒ () = () ⇒ () () = () () 

ïðüôå êÜèå óôïé·åßï ôÞò  ìåôáôßèåôáé áìïéâáßùò ìå êÜèå óôïé·åßï ôÞò 

¢ñá v () ¤

5.5.31 Ðñüôáóç. («ËÞììá ôùí ôñéþí ìåôáèåôþí») ¸óôù ( ·) ìéá ïìÜäá. ÅÜí
ïé  êáé  åßíáé ôñåéò ïñèüèåôåò õðïïìÜäåò ôçò, ôüôå éó·ýïõí ôá áêüëïõèá :

(i) [] = [] [] 

(ii) [[]  ] v [[] ] [ []] 

Áðüäåéîç. (i) ÅðåéäÞ ïé  êáé  åßíáé ïñèüèåôåò õðïïìÜäåò ôÞò áðü ôï (vi)

ôÞò ðñïôÜóåùò 5.5.30 Ýðåôáé üôé [] E  êáé [] E  Èåùñïýìå ôõ·üíôá

óôïé·åßá  ∈   ∈  êáé  ∈  ÅðåéäÞ [] E  Ý·ïõìå (ëüãù ôïý 5.5.2 (iii))

 [ ] −1 ∈ []

[ ] = [ ] ( [ ] −1) ∈ [] []

)
⇒ [ ] ∈ [] [] 

ïðüôå [] ⊆ [] [] v  =⇒
2.1.20

[] v [] []  Áðü ôçí Üëëç

ìåñéÜ,

 v ⇒ [] v []

 v ⇒ [] v []

)
⇒ [] [] v [] 
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ÊáôÜ óõíÝðåéáí, [] = [] [] 

(ii) ÊáôÜ ôï 5.5.30 (vi),

[ []] E  [ []] E  [ []] E 

Èåùñïýìå ôõ·üíôá óôïé·åßá  ∈   ∈  êáé  ∈ ÌÝóù ôÞò ôáõôüôçôáò (5.42)

ôïý Witt (âë. 5.5.2 (viii)) ëáìâÜíïõìå¡

£

£
−1 

¤¤
−1

¢
=
¡

£

£
−1 

¤¤
−1

¢−1 ¡

£

£
−1 

¤¤
−1

¢−1


ÅðåéäÞ£

£
−1 

¤¤ ∈ [ []] = [[] ]⇒ ¡

£

£
−1 

¤¤
−1

¢−1 ∈ [ []] 

£

£
−1 

¤¤ ∈ [ []]⇒ ¡

£

£
−1 

¤¤
−1

¢−1 ∈ [ []] 

Ý·ïõìå


££
−1 

¤
 
¤−1

−1 = 
£

£
−1 

¤¤
−1 ∈ [ []] [ []] 

ïðüôå [[]  ] v [[] ] [ []]  ¤

5.6 ÅÎÉÓÙÓÇ ÊËÁÓÅÙÍ ÓÕÆÕÃÉÁÓ

¸óôù ( ·) ìéá ìç áâåëéáíÞ ðåðåñáóìÝíç ïìÜäá. Ðþò ó·åôßæåôáé ç ôÜîç || ôÞò
 ìå ôçí ôÜîç |()| ôïý êÝíôñïõ ôçò; Ç áðÜíôçóç äßäåôáé óôçí áêüëïõèç:

5.6.1 Ðñüôáóç. (Åîßóùóç êëÜóåùí óõæõãßáò) ¸óôù ( ·) ìéá ìç áâåëéáíÞ ðåðå-
ñáóìÝíç ïìÜäá. ÅÜí ôá 1  åßíáé åêðñüóùðïé åêåßíùí ôùí óáöþò äéáêåêñé-
ìÝíùí êëÜóåùí óõæõãßáò ðïõ äåí ðåñéÝ·ïíôáé óôï êÝíôñï () ôÞò  ôüôå ç ôÜîç
|| ôÞò  éêáíïðïéåß ôçí åîßóùóç

|| = |()|+
X
=1

| : C()|  (5.64)

Áðïäåéîç. ÅÜí () = { = 1 2  } êáé åÜí ïé C1 C åßíáé ïé óáöþò

äéáêåêñéìÝíåò êëÜóåéò óõæõãßáò ðïõ äåí ðåñéÝ·ïíôáé óôï() ìå  ∈ C ãéá êÜèå

 ∈ {1 } ôüôå ôï Ξ := { = 1 2   1 } áðïôåëåß Ýíá ðëÞñåò

óýóôçìá åêðñïóþðùí ôÞò  ùò ðñïò ôçí ‘‘ ∼
óõæ.

''. ÅðïìÝíùò, C = êëó() ãéá
êÜèå  ∈ {1 } êáé

 =

Ã
̀

=1
{}

!aÃ
̀

=1
êëó()

!
⇒ || =  +

X
=1

card(C)

H (5.64) Ýðåôáé èÝôïíôáò |()| =  êáé card(C) = | : C()| ãéá êÜèå äåßêôç

 ∈ {1 } åðß ôç âÜóåé ôïý ðïñßóìáôïò 5.2.10. ¤
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5.6.2 Ðáñáäåßãìáôá. (i) ÅðåéäÞ ç ïìÜäá Q ôùí ôåôñáíßùí Ý·åé ùò êÝíôñï ôçò ôï

(Q) = {I2−I2} êáé ùò êëÜóåéò óõæõãßáò ôçò ôá
{I2} {−I2} {i−i} {j−j} {k−k}

(âë. 5.4.7 êáé 5.2.12), ç åîßóùóç êëÜóåùí óõæõãßáò (5.64) ùò ðñïò ôï ðëÞñåò óý-

óôçìá åêðñïóþðùí Ξ := {I2−I2 i jk} ôÞòQ ùò ðñïò ôçí ‘‘ ∼
óõæ.

'' äßäåé

8 = |Q| = |(Q)|+ |Q : CQ(i)|+ |Q : CQ(j)|+ |Q : CQ(k)|
= 2 + 2 + 2 + 2

äéüôé CQ(i) = hii  CQ(j) = hji êáé CQ(k) = hki 
(ii) ÅðåéäÞ ç äéåäñéêÞ ïìÜäáD4 Ý·åé ùò êÝíôñï ôçò ôï (D4) = {idE4  2} êáé ùò
êëÜóåéò óõæõãßáò ôçò ôá

{idE4} { 3} {2}
©
  ◦ 2ª  { ◦  ◦ 3}

(âë. 5.4.8 êáé 5.1.12), ç åîßóùóç êëÜóåùí óõæõãßáò (5.64) ãéá ôçí D4 ùò ðñïò ôï

ðëÞñåò óýóôçìá åêðñïóþðùí Ξ := {idE4   2   ◦ } äßäåé
8 = |D4| = |(D4)|+ |D4 : CD4

()|+ |D4 : CD4
()|+ |D4 : CD4

( ◦ )|
= 2 + 2 + 2 + 2

äéüôé CD4() = hi  CD4() =

 2

®
êáé CD4( ◦ ) =


 ◦  2® 

(iii) ÅðåéäÞ ç åíáëëÜóóïõóá ïìÜäá A5 Ý·åé ùò êÝíôñï ôçò ôï (A5) = {id} êáé ùò
Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí ôçò ùò ðñïò ôçí ‘‘ ∼

óõæ.
'' ôï

Ξ := {id [1 2 3] [1 2] ◦ [3 4]  [1 2 3 4 5] [1 2 3 5 4]}
(âë. 5.4.11 êáé 5.3.20), ç åîßóùóç êëÜóåùí óõæõãßáò (5.64) äßäåé

60 = |A5| = |(A5)|+ |A5 : CA5([1 2 3])|+ |A5 : CA5([1 2] ◦ [3 4])|
+ |A5 : CA5([1 2 3 4 5])|+ |A5 : CA5([1 2 3 5 4])| = 1 + 20 + 15 + 12 + 12

5.6.3 Èåþñçìá. ÅÜí ( ·) åßíáé ìéá ïìÜäá ôÜîåùò || =   üðïõ  ðñþôïò áñéè-
ìüò êáé  ∈ N ôüôå |()|  1
Áðïäåéîç. ÅÜí ç ( ·) åßíáé áâåëéáíÞ, ôüôå  = () (âë. 5.4.2), ïðüôå

|| = |()| =   1

ÅÜí ç ( ·) äåí åßíáé áâåëéáíÞ, ôüôå, èåùñþíôáò åêðñïóþðïõò 1  åêåß-

íùí ôùí óáöþò äéáêåêñéìÝíùí êëÜóåùí óõæõãßáò ðïõ äåí ðåñéÝ·ïíôáé óôï êÝíôñï

() ôÞò  Ý·ïõìå (åê êáôáóêåõÞò) | : C()|  1 ãéá êÜèå  ∈ {1 } êáé
ç (5.64) ãñÜöåôáé ùò åîÞò:

 = |()|+
X
=1

| : C()| 
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ÊáôÜ ôï èåþñçìá 4.1.22 ôïý Lagrange, | : C()| |  ãéá êÜèå  ∈ {1 }
ïðüôå ∃ ∈ {1  } : | : C()| =   ∀ ∈ {1 } (âë. ëÞììá B.3.14).

ÅðïìÝíùò,

|()| = 

⎛⎝−1 −
X
=1

−1

⎞⎠ 

áð' üðïõ Ýðåôáé üôé  | |()|⇒ 1   ≤ |()|  ¤

5.6.4 Óçìåßùóç. Ôï êÝíôñï () ôÞò ïöåßëåé (ëüãù ôïý èåùñÞìáôïò 4.1.22 ôïý

Lagrange êáé ôïý ëÞììáôïò B.3.14) íá Ý·åé ôÜîç |()| =  üðïõ  ∈ {1  }
(ìå  =  åÜí êáé ìüíïí åÜí ç  åßíáé áâåëéáíÞ).

5.6.5 Ðüñéóìá. ÅÜí ( ·) åßíáé ìéá ïìÜäá ôÜîåùò || =   üðïõ ðñþôïò áñéèìüò
êáé  ∈ N ôüôå ∃ E  : || = 

Áðïäåéîç. Óýìöùíá ìå ôá üóá ðñïáíáöÝñèçóáí óôï åäÜöéï 5.6.4, Ý·ïõìå

|()| =  ãéá êÜðïéïí  ∈ {1  } ÅðéëÝãïõìå ôõ·üí  ∈ ()r{} Ç
ôÜîç ôïý  åíôüò ôÞò ïìÜäáò () éóïýôáé ìå  üðïõ  êÜðïéïò èåôéêüò áêÝ-

ñáéïò äéáéñÝôçò ôïý  (âë. 4.1.27). ÅðåéäÞ (
−1
) = () =  ç ôÜîç ôïý

óôïé·åßïõ 
−1

åíôüò ôÞò ïìÜäáò () åßíáé ≤  êáé, ìÜëéóôá, ßóç ìå ôï  (äéüôé¯̄̄D


−1
E¯̄̄
|  êáé äåí õößóôáôáé èåôéêüò áêÝñáéïò äéáéñÝôçò ôïý  ðïõ íá åßíáé

ìéêñüôåñïò ôïý  êáé ìåãáëýôåñïò ôïý 1). ÅðïìÝíùò ç  :=
D


−1
E
Ý·åé ôÜîç 

êáé v () =⇒
5.4.19 (i)

 E  ¤

5.6.6 Ðüñéóìá. ÅÜí ( ·) åßíáé ìéá ïìÜäá ôÜîåùò || =   üðïõ ðñþôïò áñéèìüò
êáé  ∈ N ôüôå ãéá êÜèå  ∈ {0 1  } õößóôáôáé ìßá (ôïõëÜ·éóôïí) ïñèüèåôç
õðïïìÜäá ôÞò  ôÜîåùò  

Áðïäåéîç. μñçóéìïðïéïýìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  Ãéá  = 1 ï

éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. Ãéá  ≥ 2 õðïèÝôïõìå üôé áõôüò åßíáé áëç-

èÞò ãéá üëåò ôéò ïìÜäåò ôÜîåùò −1 êáé èåùñïýìå ôõ·ïýóá ïìÜäá  ôÜîåùò  

Óýìöùíá ìå ôï ðüñéóìá 5.6.5, ∃ E  : || = ÅðåéäÞ || = −1 ç ðçëéêï-

ïìÜäá äéáèÝôåé (ëüãù ôÞò åðáãùãéêÞò õðïèÝóåþò ìáò) ïñèüèåôåò õðïïìÜäåò

 ôÜîåùò 
 ãéá êÜèå  ∈ {0 1  −1}Ïé áíôßóôñïöåò åéêüíåò áõôþí ìÝóù ôïý

öõóéêïý åðéìïñöéóìïý  :  −→  åßíáé ïñèüèåôåò õðïïìÜäåò ôÞò ôÜîåùò¯̄
()

−1()
¯̄
=
¯̄
Ker()

¯̄ · | | = || · || =  ·  = +1

ãéá êÜèå  ∈ {0 1  −1} (Âë. 4.2.30 (ii) êáé 4.1.13 (ii). ÖõóéêÜ,êáé ç ôåôñéììÝíç
õðïïìÜäá ôÞò  óõãêáôáëÝãåôáé óôéò ïñèüèåôåò õðïïìÜäåò ôçò. Âë. 4.2.5.) ¢ñá

ï éó·õñéóìüò åßíáé áëçèÞò êáé ãéá ïìÜäåò ôÜîåùò   ¤

5.6.7 Ðüñéóìá. ÊÜèå ïìÜäá ôÜîåùò 2 üðïõ  ðñþôïò áñéèìüò, åßíáé áâåëéáíÞ.
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Áðïäåéîç. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò || = 2 ÂÜóåé ôùí ðñïáíáöåñèÝ-

íôùí óôï åäÜöéï 5.6.4, |()| ∈ { 2} ÅÜí ßó·õå |()| =  ôüôå èá åß·áìå

|()| =  (âë. 4.4.2 (iii)), ïðüôå ç ðçëéêïïìÜäá() èá Þôáí êõêëéêÞ (äõ-

íÜìåé ôïý ðïñßóìáôïò 4.1.33), êÜôé ðïõ (ëüãù ôÞò ðñïôÜóåùò 5.4.17) èá óÞìáéíå

üôé  = () ìå |()| =   ||  ¢ôïðï! ¢ñá ôåëéêþò |()| = 2 áð' üðïõ

Ýðåôáé üôé () =  Þôïé üôé ç  åßíáé üíôùò áâåëéáíÞ. ¤

5.6.8 Ðüñéóìá. ¸óôù ( ·) ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò 3 üðïõ ðñþôïò áñéè-
ìüò. Ôüôå |()| =  êáé 0 = ()

Áðïäåéîç. Óýìöùíá ìå ôá ðñïáíáöåñèÝíôá óôï åäÜöéï 5.6.4, |()| ∈ { 2}
ÅÜí ßó·õå |()| = 2 ôüôå èá åß·áìå |()| =  (âë. 4.4.2 (iii)), ïðüôå ç ðç-

ëéêïïìÜäá () èá Þôáí êõêëéêÞ (äõíÜìåé ôïý ðïñßóìáôïò 4.1.33), êÜôé ðïõ

(ëüãù ôÞò ðñïôÜóåùò 5.4.17) èá óÞìáéíå üôé  = () Þôïé üôé ç  åßíáé áâå-

ëéáíÞ. ¢ôïðï! ÊáôÜ óõíÝðåéáí, |()| =  êáé |()| = 2Áðü ôçí ôåëåõôáßá

éóüôçôá êáé áðü ôï ðüñéóìá 5.6.7 (åöáñìïæüìåíï ãéá ôçí ðçëéêïïìÜäá ())

Ýðåôáé üôé ç() åßíáé áâåëéáíÞ. ÊáôÜ ôçí ðñüôáóç 5.5.11,0 v ()ÅðåéäÞ

|()| =  ôï èåþñçìá 4.1.22 ôïý Lagrange ìáò ðëçñïöïñåß üôé |0| ∈ {1 } Ç
éóüôçôá |0| = 1 èá ïäçãïýóå óå áíôßöáóç (ìÝóù ôÞò ðñïôÜóåùò 5.5.6, áöïý ç 

åßíáé ìç áâåëéáíÞ). ¢ñá ôåëéêþò |0| =  = |()|⇒ 0 = () ¤

Åí óõíå·åßá, ìÝóù ôÞò åîéóþóåùò êëÜóåùí óõæõãßáò (5.64) êáé åíüò ·ñÞóéìïõ ëÞì-

ìáôïò áðïäåé·èÝíôïò ôï Ýôïò56 1903 áðü ôïí E. Landau (1877-1938) èá äåßîïõìå

üôé ï ðëçèéêüò áñéèìüò ôïý óõíüëïõ ôùí êëÜóåùí éóïìïñößáò ôùí ðåðåñáóìÝíùí

ïìÜäùí, êáèåìéÜ ôùí ïðïßùí Ý·åé áêñéâþò  ∈ N êëÜóåéò óõæõãßáò, åßíáé ðåðåñá-
óìÝíïò (âë. èåþñçìá 5.6.15).

5.6.9 ËÞììá. (E. Landau, 1903) ÅÜí   ∈ N êáé

B (; ) :=
⎧⎨⎩(1 ) ∈ N

¯̄̄̄
¯̄ 1 ≥  ≥  êáé

X
=1

1


= 

⎫⎬⎭ 

ôüôå

card(B (; )) ∞

Áðïäåéîç. Èá ·ñçóéìïðïéÞóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  Ãéá  = 1

ï éó·õñéóìüò åßíáé áëçèÞò (áöïý B (1; 1) = {1} êáé B (; 1) = ∅ ãéá  ≥ 2).

ÕðïèÝôïõìå üôé åßíáé áëçèÞò êáé ãéá ôïí −1 ãéá êÜðïéïí  ≥ 2ÅÜíB (; ) = ∅
ôüôå card(B (; )) = 0 ÅÜí B (; ) 6= ∅ ôüôå èåùñïýìå ôõ·üí óôïé·åßï (1 )
ôïý óõíüëïõ B (; ) êáé ðáñáôçñïýìå üôé

 =
X

=1

1


≤ 


⇒  ≤

¹




º


56E. Landau: Über die Klassenzahl der binären quadratischen Formen von negativer Discriminante,

Math. Ann., Bd. 56 (1903) 671-676
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ïðüôå õðÜñ·ïõí ìüíïí ðåðåñáóìÝíïõ ðëÞèïõò äõíáôÝò åðéëïãÝò ôïý ¸óôù

J (; ) :=

⎧⎪⎨⎪⎩(1 ) ∈ N
¯̄̄̄
¯̄̄ 1 ≥  ≥ −1  ≤

¥



¦
êáé

−1P
=1

1


= − 1



⎫⎪⎬⎪⎭ 

Ôüôå B (; ) ⊆ J (; )  ÅðåéäÞ ãéá êÜèå äõíáôÞ åðéëïãÞ ôïý öõóéêïý áñéèìïý 
ôï óýíïëï B( − 1


;  − 1) åßíáé ðåðåñáóìÝíï (ëüãù ôÞò åðáãùãéêÞò õðïèÝóåþò

ìáò), ôï J (; ) åßíáé ùóáýôùò ðåðåñáóìÝíï. ¢ñá êáé ôï ßäéï ôï B (; ) åßíáé
ðåðåñáóìÝíï. ¤

5.6.10 ËÞììá. ¸óôù üôé ïé ( ·) êáé ( ∗) åßíáé äõï ïìÜäåò. Ôüôå éó·ýåé ç óõíå-
ðáãùãÞ

( ·) ∼= ( ∗) =⇒ K() = K()

Áðïäåéîç. ¸óôù  :  −→  Ýíáò éóïìïñöéóìüò êáé Ýóôù Ξ ⊆  Ýíá ðëÞñåò

óýóôçìá åêðñïóþðùí ôÞò  ùò ðñïò ôçí ‘‘
∼
óõæ.

''. Ôüôå ç áðåéêüíéóç

Ξ 3  7−→ () ∈ (Ξ)

åßíáé áìöéññéðôéêÞ. Áñêåß ëïéðüí íá áðïäåßîïõìå üôé ç åéêüíá (Ξ) ôïý Ξ ìÝóù

ôÞò  áðïôåëåß Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí ôÞò  ùò ðñïò ôçí ‘‘
∼
óõæ.

''. Êáô'

áñ·Üò, ãéá êÜèå  ∈ Ξ Ý·ïõìå (êëó()) = êëó(()) ÐñÜãìáôé° ãéá ïéïäÞ-

ðïôå  ∈ êëó() õðÜñ·åé  ∈  :  = −1 ïðüôå

() = () ∗ () ∗ ()−1 ⇒ () ∈ êëó(())

áð' üðïõ Ýðåôáé üôé (êëó()) ⊆ êëó(()) Ãéá ôçí áðüäåéîç ôÞò éó·ýïò ôïý

áíôéóôñüöïõ åãêëåéóìïý èåùñïýìå ôõ·üí óôïé·åßï  ∈ êëó(()) Åî ïñéóìïý,

∃ ∈  :  =  ∗ () ∗ −1 ⇒  = (−1) ∈ (êëó())

üðïõ ôï  ∈  åßíáé ôï ìïíáäéêü óôïé·åßï ãéá ôï ïðïßï () = ¢ñá éó·ýåé üíôùò

êáé ï áíôßóôñïöïò åãêëåéóìüò êëó(()) ⊆ (êëó()) ÅðïìÝíùò,

 = () = 

µ S
∈Ξ
êëó()

¶
=
S
∈Ξ

(êëó())

=
S
∈Ξ
êëó(()) =

S
∈(Ξ)

êëó()

ÁðïìÝíåé íá äåé·èåß üôé ç áíùôÝñù Ýíùóç åßíáéáðïóõíäåôÞ. Ðñïò ôïýôï èåùñïýìå

óôïé·åßá 1 2 ∈ (Ξ) ôÝôïéá þóôå íá éó·ýåéêëó(1) =êëó(2)ÅðåéäÞ õðÜñ-

·ïõí ìïíïóçìÜíôùò ïñéóìÝíá 1 2 ∈ Ξ ìå (1) = 1 êáé (2) = 2 ðáñáôç-

ñïýìå üôé

(êëó(1)) = êëó((1)) = êëó((2)) = (êëó(2))
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ïðüôå êëó(1) = êëó(2) (äéüôé ç  åßíáé áìöéññéðôéêÞ), áð' üðïõ Ýðåôáé üôé

1 = 2 (äéüôé ôï Ξ åßíáé åî õðïèÝóåùò Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí ôÞò 

ùò ðñïò ôçí ‘‘
∼
óõæ.

''). ¢ñá ôåëéêþò, 1 = 2 êáé =
`

∈(Ξ)
êëó() ¤

5.6.11 Óõìâïëéóìüò. Ãéá ïéïíäÞðïôå  ∈ N èÝôïõìå

Gróõæ. () := ({ðåðåñáóìÝíåò ïìÜäåò  | K() = })  ∼= 

ÅðåéäÞ, âÜóåé ôïý ðñïçãçèÝíôïò ëÞììáôïò 5.6.10, äõï éóüìïñöåò ðåðåñáóìÝíåò

ïìÜäåò äéáèÝôïõí ôï ßäéïí áñéèìü êëÜóåùí óõæõãßáò, ôï óýíïëïGróõæ. () ìðïñåß

íá ãñáöåß ùò áêïëïýèùò57:

Gróõæ. () =

½
êëÜóåéò éóïìïñößáò []∼=
ðåðåñáóìÝíùí ïìÜäùí 

¯̄̄̄
K() = 

¾


5.6.12 ËÞììá. ¸óôù  ∈ N êáé Ýóôù ìéá ðåðåñáóìÝíç ïìÜäá äéáèÝôïõóá  êëÜ-
óåéò óõæõãßáò (äçëáäÞ []∼= ∈ Gróõæ. ()). Ôüôå õðÜñ·åé êÜðïéïò c() ∈ N (åîáñ-
ôþìåíïò áðü ôïí ), ïýôùò þóôå íá éó·ýåé

|| ≤ c() ∀ ∈ []∼= 

Áðïäåéîç. ¸óôù  ∈ []∼=  Ôüôå ç  (óýìöùíá ìå ôï ëÞììá 5.6.10) äéáèÝôåé 

êëÜóåéò óõæõãßáò. ¸óôù () = { = 1 2  } ôï êÝíôñï ôÞò  ( ≤ ||).
Äéáêñßíïõìå äýï ðåñéðôþóåéò:

Ðåñßðôùóç ðñþôç. ÅÜí  = () äçëáäÞ åÜí ç ïìÜäá  åßíáé áâåëéáíÞ, ôüôå

Ý·ïõìå  = || =  êáé áñêåß íá èÝóïõìå c() := 

Ðåñßðôùóç äåýôåñç. ÅÜí ç  äåí åßíáé áâåëéáíÞ, ôüôå åðéëÝãïõìå åêðñïóþðïõò

1  åêåßíùí ôùí óáöþò äéáêåêñéìÝíùí êëÜóåùí óõæõãßáò ðïõ äåí ðåñéÝ·ï-

íôáé óôï êÝíôñï () ôÞò  (ìå  =  −  ≥ 1) êáé ìÜëéóôá (äß·ùò âëÜâç ôÞò

ãåíéêüôçôáò, Þôïé ìÝ·ñéò áíáäéáôÜîåùò ôùí 1 ) êáôÜ ôÝôïéïí ôñüðï, þóôå

|C(1)| ≥ |C(2)| ≥ · · · ≥ |C()| 

ÓçìåéùôÝïí üôé  | || (ëüãù ôùí 5.4.2 êáé 4.1.22) êáé üôé ç åîßóùóç ôùí êëÜóåùí

óõæõãßáò (5.64) ãñÜöåôáé ùò åîÞò:

|| =  +
X
=1

| : C()| = ||
(|| ) +

X
=1

||
|C()| 

Êáôüðéí äéáéñÝóåùò áìöïôÝñùí ôùí ìåëþí äéÜ || ëáìâÜíïõìå

1

|| + · · ·+
1

||| {z }
 öïñÝò

+
X
=1

1

|C()| = 1

57Ùò []∼= óõìâïëßæïõìå ôçí êëÜóç éóïìïñößáò { ïìÜäá | ∼= } (ðñâë. 2.4.22).
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Áðü áõôÞí ôçí éóüôçôá Ýðåôáé üôé

(||  ||| {z }
 öïñÝò

 |C(1)|  |C()|) ∈ B (1; ) 

¢ñá B (1; ) 6= ∅ Ôïýôï óçìáßíåé (ëüãù ôïý ëÞììáôïò 5.6.9 ôïý Landau) üôé

ôï B (1; ) åßíáé êáô' áíÜãêçí ðåðåñáóìÝíï óýíïëï. ÅðéëÝãïõìå Ýíá óôïé·åßï

(1 ) ∈ B (1; )  ôÝôïéï þóôå ï 1 íá åßíáé ï ìÝãéóôïò öõóéêüò áñéèìüò áðü ôï

óýíïëï ôùí ðñþôùí óõíôåôáãìÝíùí üëùí ôùí óôïé·åßùí ôïý B (1; ) êáé èÝôïõìå
c() := 1 ÅðåéäÞ  ≥ 1 Ý·ïõìå åê êáôáóêåõÞò || ≤ c() ¤

5.6.13 Óõìâïëéóìüò. Ãéá ïéïíäÞðïôå  ∈ N èÝôïõìå

Grôáî. () := ({ðåðåñáóìÝíåò ïìÜäåò  | || = })  ∼= 

ÅðåéäÞ ïé ðëçèéêïß áñéèìïß ôùí õðïêåéìÝíùí óõíüëùí äõï éóüìïñöùí ïìÜäùí

åßíáé ßóïé, ôï óýíïëïGrôáî. () ìðïñåß íá ãñáöåß ùò áêïëïýèùò:

Grôáî. () =

½
êëÜóåéò éóïìïñößáò []∼=
ðåðåñáóìÝíùí ïìÜäùí 

¯̄̄̄
|| = 

¾


5.6.14 ËÞììá. Ãéá êÜèå  ∈ N Ý·ïõìå

card(Grôáî. ()) ≤ 
2

∞

Áðïäåéîç. ¸óôù  ∈ N êáé Ýóôù ( ·) ôõ·ïýóá ïìÜäá ôÜîåùò || =  (Þôïé

[]∼= ∈ Grôáî. ()). ÅÜí ôï åßíáé ïéïäÞðïôå óýíïëï ìå card() =  ôüôå õößóôá-

ôáé áìößññéøç  :  −→  ôï äå  åöïäéáæüìåíï ìå ôçí åóùôåñéêÞ ðñÜîç “ ~ ”
ðïõ ïñßæåôáé ìÝóù ôïý ôýðïõ

× −→  (1 2) 7−→ 1 ~ 2 := (−1(1) · −1(2))
êáèßóôáôáé ïìÜäá ìå (~) ∼= ( ·)  ÊáôÜ óõíÝðåéáí, ï ðëçèéêüò áñéèìüò

card(Grôáî. ()) öñÜóóåôáé åê ôùí Üíù áðü ôïí ðëçèéêü áñéèìü ôïý óõíüëïõ ôùí

åóùôåñéêþí ðñÜîåùí ðïõ ìðïñïýí íá ïñéóèïýí åðß ôïý  äçëáäÞ

card(Grôáî. ()) ≤ card({áðåéêïíßóåéò × −→ }) = card()card(×)

üðïõ card()card(×) = 
2

(äéüôé card(×) = card()2 = 2). ¤

5.6.15 Èåþñçìá. Ãéá êÜèå  ∈ N Ý·ïõìå

card(Gróõæ. ()) ∞

Áðïäåéîç. ¸óôù  ∈ N êáé Ýóôù  ìéá ðåðåñáóìÝíç ïìÜäá äéáèÝôïõóá  êëÜ-

óåéò óõæõãßáò (äçëáäÞ []∼= ∈ Gróõæ. ()). ÊáôÜ ôï ëÞììá 5.6.12 õðÜñ·åé êÜðïéïò

c() ∈ N ôÝôïéïò þóôå íá éó·ýåé

|| ≤ c() ∀ ∈ []∼= 
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Ùò åê ôïýôïõ, áðü ôï ëÞììá 5.6.14 Ýðåôáé üôé

card(Gróõæ. ()) ≤ card(Grôáî. (c())) ≤ c()c()
2

∞

Þôïé üôé ï ðëçèéêüò áñéèìüò ôïý óõíüëïõ ôùí êëÜóåùí éóïìïñößáò ôùí ðåðåñá-

óìÝíùí ïìÜäùí, êáèåìéÜ ôùí ïðïßùí Ý·åé áêñéâþò  êëÜóåéò óõæõãßáò, åßíáé ðå-
ðåñáóìÝíïò. ¤

5.6.16 Óçìåßùóç. (i) Ìéá ïìÜäá  åßíáé áâåëéáíÞ⇔ K() = || 
(ii) ÅÜí ìéá ïìÜäá  Ý·åé ìüíïí ìßá êëÜóç óõæõãßáò, ôüôå áõôÞ åßíáé ôåôñéììÝíç,

åíþ åÜí Ý·åé ìüíïí äýï êëÜóåéò óõæõãßáò, ôüôå ç ìßá åî áõôþí èá åßíáé ôï ìïíïóý-

íïëï {} êáé ç Üëëç ðëçèéêü áñéèìü ||− 1 Óå áõôÞí ôçí ðåñßðôùóç, ç  åßíáé
∼= Z2 äéüôé åÜí õðïèÝôáìå üôé ç åßíáé ìç áâåëéáíÞ, èá êáôáëÞãáìå óå áíôßöáóç,

êáèüóïí ç åîßóùóç êëÜóåùí óõæõãßáò

1

|| +
1

|C(1)| = 1⇔ |C(1)| = || (|C(1)|− 1)

äåí èá äéÝèåôå ëýóåéò (||  |C(1)|) 6= (2 2)
(iii) Ðñïôåßíåôáé ùò Üóêçóç ç áðüäåéîç ôïý üôé êÜèå ïìÜäá  ðïõ Ý·åé ôñåéò êëÜ-
óåéò óõæõãßáò ïöåßëåé íá åßíáé éóüìïñöç ìå ìßá åê ôùí: Z3S3
(iv) Ðñïôåßíåôáé ùò Üóêçóç ç áðüäåéîç ôïý üôé êÜèå ïìÜäá  ðïõ Ý·åé ôÝóóåñåéò
êëÜóåéò óõæõãßáò ïöåßëåé íá åßíáé éóüìïñöç ìå ìßá åê ôùí: Z4VD5A4

(v) Ôï ðñüâëçìá ôïý ðñïóäéïñéóìïý ôùí ðåðåñáóìÝíùí ïìÜäùí  ìå K() ≥ 5
áðáéôåß ðñïêå·ùñçìÝíá ôå·íéêÜ ìÝóá êáé Ý·åé áðáó·ïëÞóåé áñêåôïýò åñåõíçôÝò
ãéá óåéñÜ åôþí. ÏñéóìÝíá óçìáíôéêÜ áðïôåëÝóìáôá åð' áõôïý óõíïøßæïíôáé óôïí
êáôÜëïãï ðïõ áêïëïõèåß58. (Åí ðñïêåéìÝíù, b() := card(Min-NSubg()), åíþ
óôç óôÞëç õðü ôï ‘‘'' êáôá·ùñßæåôáé ï áñéèìüò ôùí ðñïóäéïñéóèåéóþí áíÜ äýï ìç

58Âë. (êáôÜ ·ñïíïëïãéêÞ óåéñÜ) ôá áêüëïõèá:

•G. A. Miller: Groups involving only a small number of sets of conjugate operators, Arch. Math. and Phys. 17 (1910),
199-204

•W.Burnside [3] (second ed., 1911), Note A, pp. 461-462

• D.T. Sigley: Groups involving five complete sets of non-invariant conjugate operators, Duke Mathematical Journal 1
(1935), 477-479

• J. Poland: Finite groups with a given number of conjugate classes, Canadian Journal of Math. 20 (1968), 456-464

• E.K. Annavaddar: Determination of the finite groups having eight conjugacy classes, Ph.D. Thesis, Arizona State

University, 1971

• L.F. Kosvintsev: Over the theory of groups with properties given over the centralizers of involutions, Sverdlovsk (Ural.),
Ph.D. Thesis, 1974

• V.A. Odincov & A.I. Starostin: Finite groups with 9 classes of conjugate elements (Russian), Ural. Gos. Univ. Mat.
Zap. 10, Issled Sovremen, Algebra 152 (1976), 114-134

• A.G. Aleksandrov & K.A. Komissarcik: Simple groups with a small number of conjugacy classes, in: ‘‘Algorithmic
Studies in Combinatorics'' (Russian), Nauka, Moscow, 1978, pp. 162-172& 187

• A. Vera-Lïpez & J. Vera-Lïpez: Classification of finite groups according to the number of conjugacy classes I, Israel
Journal of Mathematics 51 (1985), 305-338

•A. Vera-Lïpez & J. Vera-Lïpez: Classification of finite groups according to the number of conjugacy classes II, Israel
Journal of Mathematics 56 (1986), 188-221
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éóüìïñöùí ïìÜäùí  üôáí K() ≤ 12)

Ðñïóäéïñéóìüò ðåð.

oìÜäùí üôáí
åðéôåõ·èåßò áðü ôïõò

Ýôç

äçìïóéåýóåùí


K() ∈ {1 2 3 4 5} G.A. Miller

W.Burnside

1910

1911
1 1 2 4 8

K() = 6

(åí ìÝñåé åëëéðÞò)
D.T. Sigley 1935

K() ∈ {6 7} J. Poland 1968 8 12

K() = 8
E.K. Annavaddar

L.F. Kosvintsev

1971

1974
21

K() = 9
V.A. Odincov

& A.I. Starostin
1976 26

K() ≤ 12 êáé  áðëÞ
A.G. Aleksandrov

& K.A. Komissarcik
1978

K() ∈ {10 11} A. Vera-Lopez

& J. Vera-Lopez
1985 38 35

K() = 12
A. Vera-Lopez

& J. Vera-Lopez
1986 32

Åßôå K() ∈ {13  20}
üðïõ b()  K()− 12
åßôå K() =  ≥ 21
üðïõ b() = −

êáé ∈ {1  11}

A. Vera-Lopez

& J. Vera-Lopez
1986

(vi) ÅÜí åßíáé ìéá ðåðåñáóìÝíç ïìÜäá ìå || ≥ 4 ôüôå (üðùò áðåäåß·èç ôï 2011

áðü ôïí T.M. Keller59) õðÜñ·åé ìéá (ðñïóäéïñßóéìç) óôáèåñÜ   0 ôÝôïéá þóôå

íá éó·ýåé

K() ≥ 
log2(||)

(log2 log2(||))7


Áðü ôçí Üëëç ìåñéÜ, õðÜñ·ïõí êáé Üðåéñåò ïìÜäåò Ý·ïõóåò ðåðåñáóìÝíï ðëÞèïò

êëÜóåùí óõæõãßáò, üðùò äåß·íåé ôï êÜôùèé èåþñçìá60 5.6.17.

5.6.17 Èåþñçìá. (G. Higman, B.H. Neumann, H. Neumann, 1949)

ÅÜí åßíáé ìéá ïìÜäá åßôå ðåðåñáóìÝíç åßôå Üðåéñç áñéèìÞóéìç, ôüôå ç åßíáé åì-
öõôåýóéìç óå ìéá Üðåéñç áñéèìÞóéìç (áëëÜ ìç ðåðåñáóìÝíùò ðáñáãüìåíç) ïìÜäáe ïýôùò þóôå ïéáäÞðïôå äýï óôïé·åßá ôÞò e Ý·ïíôá ßóåò ôÜîåéò íá áíÞêïõí óôçí
ßäéá êëÜóç óõæõãßáò (åíôüò ôÞò e) êáé íá éó·ýåé

{ ∈ N|∃ ∈  : ord() = } =
n
 ∈ N|∃ ∈ e : ord() = 

o


59Âë. T.M. Keller: Finite groups have evenmore conjugacy classes, Israel Journal ofMathematics181 (2011), 433-444

60Âë. G. Higman, B.H. Neumann, H. Neumann, Embedding theorems for groups, Journal of London Mathematical

Society 24 (1949), 247-254
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5.6.18 ÐáñÜäåéãìá. ÅÜí  ∈ N  ≥ 3 êáé  := Z2−2  ôüôå

card({ ∈ N|∃ ∈  : ord() = }) = − 1

Ç  åìöõôåýåôáé åíôüò ìéáò Üðåéñçò áñéèìÞóéìçò (ìç ðåðåñáóìÝíùò ðáñáãüìå-

íçò) ïìÜäáò eÅðåéäÞ ç eðåñéÝ·åé êáô' áíÜãêçí êÜðïéï óôïé·åßï Üðåéñçò ôÜîåùò,

óõìðåñáßíïõìå ôåëéêþò üôé K( e) = 

5.6.19 Óçìåßùóç. (i) Ìéá äéáöïñåôéêÞ ìÝèïäïò êáôáóêåõÞò Üðåéñùí ïìÜäùí ìå

ðåðåñáóìÝíïõ ðëÞèïõò êëÜóåéò óõæõãßáò ïöåßëåôáé óôïí S. Ivanov61. Óõãêåêñé-

ìÝíá, ãéá êÜèå áñêïýíôùò ìåãÜëï ðñþôï áñéèìü  õößóôáôáé ðÜíôïôå êÜðïéá

Üðåéñç ïìÜäá ìå åêèÝôç  Ý·ïõóá áêñéâþò  êëÜóåéò óõæõãßáò.

(ii) Áîßæåé, ôÝëïò, íá áíáöåñèåß üôé ï D.V. Osin êáôüñèùóå ôï62 2010 íá ôñïðï-

ðïéÞóåé êáôáëëÞëùò ôï èåþñçìá 5.6.17 êáôÜ ôÝôïéïí ôñüðï, þóôå ç êáôáóêåõá-

æüìåíç Üðåéñç áñéèìÞóéìç ïìÜäá e (åíôüò ôÞò ïðïßáò åìöõôåýåôáé ç ) íá åßíáé

ðåðåñáóìÝíùò ðáñáãüìåíç êáé ìÜëéóôá ðáñáãüìåíç áðü áêñéâþò äýï óôïé·åßá !
ÉäéáéôÝñùò, êÜèå ðåðåñáóìÝíç Þ Üðåéñç áñéèìÞóéìç ïìÜäá  ·ùñßò óôñÝøç åßíáé

åìöõôåýóéìç óå ìéá Üðåéñç áñéèìÞóéìç ïìÜäá e ·ùñßò óôñÝøç, ðáñáãüìåíç áðü

äýï óôïé·åßá êáé Ý·ïõóá áêñéâþò äýï êëÜóåéò óõæõãßáò.

5.7 ÔÏ ÈÅÙÑÇÌÁ ÔÏÕ CAUCHY

ÊÁÉ ÏÉ ÓÕÍÅÐÅÉÅÓ ÁÕÔÏÕ

Óôï åäÜöéï 4.4.21 áðïäåßîáìå ôï ëåãüìåíï èåþñçìá ôïý Cauchy ìüíïí ãéá áâåëéá-
íÝò ðåðåñáóìÝíåò ïìÜäåò. Ç åîßóùóç êëÜóåùí óõæõãßáò (5.64) ìáò åðéôñÝðåé íá

åðåêôåßíïõìå ôçí áðüäåéîÞ ôïõ êáé ãéá ìç áâåëéáíÝò ðåðåñáóìÝíåò ïìÜäåò.

5.7.1 Èåþñçìá. (Èåþñçìá ôïý Cauchy, 1845) ¸óôù ( ·) ìéá ðåðåñáóìÝíç
ïìÜäá. ÅÜí  | ||  üðïõ  êÜðïéïò ðñþôïò áñéèìüò, ôüôå

∃ ∈ r{} : ord() = 

Þôïé ç hi åßíáé ìéá õðïïìÜäá ôÞò  ôÜîåùò  (âë. (2.9)).
Áðïäåéîç. ÅÜí ç  åßíáé áâåëéáíÞ, ôüôå ï éó·õñéóìüò åßíáé áëçèÞò (âë. 4.4.21).

Áò õðïèÝóïõìå üôé ç åßíáé ìç áâåëéáíÞ êáé ôá 1  åßíáé åêðñüóùðïé åêåß-

íùí ôùí óáöþò äéáêåêñéìÝíùí êëÜóåùí óõæõãßáò ðïõ äåí ðåñéÝ·ïíôáé óôï êÝíôñï

() Ôüôå ç (5.64) ãñÜöåôáé ùò åîÞò:

|| = |()|+
X
=1

| : C()| = |()|+
X
=1

||
|C()| 

61Âë. [132], Thm. 41.2, p. 471.

62D.V. Osin: Small cancellations over relatively hyperbolic groups and embedding theorems, Annals ofMathematics172
(2010), 1-39
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Äéáêñßíïõìå äýï ðåñéðôþóåéò: Ðåñßðôùóç ðñþôç. ÅÜí

 | | : C()|  ∀ ∈ {1} (5.65)

ôüôå  | |()| (äéüôé åî õðïèÝóåùò  | ||). ¼ìùò ôï êÝíôñï () ùò áâåëéáíÞ

ïìÜäá ðåñéÝ·åé êÜðïéï  ∈ ()r{} ôÜîåùò  åíôüò ôïý () (âë. 4.4.21).

ÅðåéäÞ  ∈ r{} êáé  =  ç ôÜîç ôïý  åíôüò ôÞò  èá äéáéñåß ôïí  (âë.

2.3.8), ïðüôå èá ðñÝðåé íá åßíáé ßóç ìå ôïí  (äéüôé ï  åßíáé ðñþôïò êáé  6= ).

ÅðïìÝíùò ï éó·õñéóìüò åßíáé áëçèÞò.

Ðåñßðôùóç äåýôåñç. ÅÜí

∃0 ∈ {1} :  - | : C(0)|  (5.66)

èá ·ñçóéìïðïéÞóïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôçí

ôÜîç ôÞò  (Ç åðáãùãÞ îåêéíÜ áðü ôï 6 êáèþò ç S3 åßíáé ç ìïíáäéêÞ (ìÝ·ñéò

éóïìïñöéóìïý) ìç áâåëéáíÞ ïìÜäá ìå ôç ìéêñüôåñç äõíáôÞ ôÜîç, ãéá ôçí ïðïßá

éêáíïðïéåßôáé ç áíùôÝñù óõíèÞêç (5.66). Ç åîßóùóç êëÜóåùí óõæõãßáò ãéá ôçí

S3 äßäåé 6 = 1+2+3EðåéäÞ ïé 2 êáé 3 åßíáé ïé ìüíïé ðñþôïé äéáéñÝôåò ôïý 6 áñêåß

ç õðüìíçóç ôïý üôé çS3 äéáèÝôåé ôñßá óôïé·åßá ôÜîåùò 2 êáé äýï óôïé·åßá ôÜîåùò

3Ðñâë. 3.2.2 êáé 4.1.42.) Èåùñïýìå ïéáäÞðïôå ìç áâåëéáíÞ ïìÜäá ôÜîåùò 6

ðëçñïýóá ôç óõíèÞêç (5.66) êáé õðïèÝôïõìå üôé üëåò ïé ìç áâåëéáíÝò ïìÜäåò 
ìå || ∈ {6 || − 1} ïé ïðïßåò ðëçñïýí ôçí (5.66) (üôáí ôåèïýí óôç èÝóç ôÞò

), äéáèÝôïõí êÜðïéï óôïé·åßï ôÜîåùò ßóçò ìå ïéïíäÞðïôå ðñþôï äéáéñÝôç ôÞò || 
ÓçìåéùôÝïí üôé

|| = | : C(0)| |C(0)|
 | ||

 - | : C(0)|

⎫⎪⎪⎬⎪⎪⎭⇒  | |C(0)| 

ÅÜí ãéá ôçí ßäéá ôçí C(0) (êáé ôïí óõãêåêñéìÝíï ) äåí éêáíïðïéåßôáé ç (5.66)

(üôáí áõôÞ ôåèåß óôç èÝóç ôÞò ), ôüôå èá éêáíïðïéåßôáé ç («óõìðëçñùìáôéêÞ»)

óõíèÞêç (5.65) ðïõ ðåñéãñÜöåôáé óôçí ðñþôç ðåñßðôùóç, ïðüôå çC(0) èá äéá-

èÝôåé êÜðïéï óôïé·åßï ôÜîåùò  ÅÜí ãéá ôçí ßäéá ôçí C(0) (êáé ôïí óõãêåêñé-

ìÝíï ) éêáíïðïéåßôáé ç (5.66), ôüôå ç C(0) èá äéáèÝôåé êÜðïéï óôïé·åßï ôÜîåùò

 ëüãù ôÞò åðáãùãéêÞò õðïèÝóåùò (áöïý |C(0)|  ||). ¢ñá ç C(0) èá äéá-

èÝôåé ïýôùò Þ Üëëùò êÜðïéï óôïé·åßï ôÜîåùò  Ðñïöáíþò, áõôü ôï óôïé·åßï èá

Ý·åé ôÜîç  êáé åíôüò ôÞò  ¢ñá ï éó·õñéóìüò åßíáé êáé óå áõôÞí ôçí ðåñßðôùóç

áëçèÞò. ¤

I ÓõíÝðåéåò ôïý èåùñÞìáôïò ôïý Cauchy. Áðü ôï èåþñçìá 5.7.1 ðñïêýðôïõí

óçìáíôéêÜ ðïñßóìáôá ãéá ïñéóìÝíåò åéäéêÝò ðåðåñáóìÝíåò ïìÜäåò.

5.7.2 Ïñéóìüò. (“-ïìÜäåò”) ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ìéá ïìÜäá ( ·) êá-
ëåßôáé -ïìÜäá üôáí êÜèå óôïé·åßï ôçò Ý·åé ùò ôÜîç ôïõ ìéá (ìç áñíçôéêÞ áêåñáßá)

äýíáìç ôïý 



298 óõæõãéá

5.7.3 Ðüñéóìá. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Méá ðåðåñáóìÝíç ïìÜäá ( ·) åßíáé
-ïìÜäá åÜí êáé ìüíïí åÜí ∃ ∈ N0 : || =  

Áðïäåéîç. ÅÜí ç  åßíáé ìéá -ïìÜäá êáé  := max{ ∈ N0 :  | ||} ôüôå
|| =  üðïõ ∈ N ìå ìêä() = 1Áò õðïèÝóïõìå üôé  1Ôüôå õðÜñ·åé

êÜðïéïò ðñþôïò áñéèìüò   6=  ìå  | ||  ïðüôå, óýìöùíá ìå ôï èåþñçìá

5.7.1 ôïý Cauchy, õðÜñ·åé êÜðïéï óôïé·åßï  ∈ r{} ôÝôïéï þóôå íá éó·ýåé

ord() = Ôïýôï áíôéöÜóêåé ðñïò ôï üôé ç õðåôÝèç üôé åßíáé ìéá -ïìÜäá. ÊáôÜ

óõíÝðåéáí,  = 1 êáé || =   Êáé áíôéóôñüöùò° åÜí ∃ ∈ N0 : || =   ôüôå,

èåùñþíôáò ôõ·üí óôïé·åßï  ∈  ðáñáôçñïýìå üôé |hi| = ord() |  (ëüãù ôïý

èåùñÞìáôïò 4.1.22 ôïý Lagrange), ïðüôå ord() =  ãéá êÜðïéïí  ∈ {0 1 }
(âë. ëÞììá B.3.14). ¢ñá ç  åßíáé ìéá -ïìÜäá. ¤

5.7.4 Óçìåßùóç. Ç Z(∞) áðïôåëåß ðáñÜäåéãìá Üðåéñçò -ïìÜäáò. (Âë. ôï (iii)

ôÞò áóêÞóåùò 4-41.)

5.7.5 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäá. ÅÜí Ý·ïõìå
ord(1) = ord(2) ãéá ïéáäÞðïôå óôïé·åßá 1 2 ∈ r{} ôüôå õðÜñ·åé êÜðïéïò
ðñþôïò áñéèìüò  ôÝôïéïò þóôå

ord() =  ∀ ∈ r{} êáé ∃ ∈ N : || =  

Áðïäåéîç. ÅÜí õðÞñ·áí ðñþôïé áñéèìïß  êáé   6=  ìå  | || êáé  | || 
ôüôå, óýìöùíá ìå ôï èåþñçìá 5.7.1 ôïý Cauchy, èá õðÞñ·áí 1 2 ∈ r{}
ôÝôïéá þóôå íá éó·ýåé ord(1) =  6=  = ord(2) êÜôé ðïõ èá áíôÝêåéôï óôçí

õðüèåóÞ ìáò. ¢ñá õðÜñ·åé  ∈ N ìå || =   ÅðéðñïóèÝôùò, óýìöùíá ìå ôï

èåþñçìá 4.1.22 ôïý Lagrange, ç ôÜîç ïéïõäÞðïôå óôïé·åßïõ ôïý r{} áíÞêåé

óôï óýíïëï { 2 }ÊáôÜ ôï èåþñçìá 5.7.1 ôïý Cauchy õðÜñ·åé ôïõëÜ·éóôïí
Ýíá  ∈ r{} ôÜîåùò ord() =  ¢ñá, âÜóåé ôÞò õðïèÝóåþò ìáò, ord() = 

ãéá êÜèå  ∈ r{} ¤

5.7.6 Ðüñéóìá. ¸óôù (+ ·) Ýíá ðåðåñáóìÝíï óþìá. Ôüôå card( ) =   üðïõ
 êÜðïéïò ðñþôïò áñéèìüò êáé  ∈ N êáé ç (+) åßíáé ìéá (ðñïóèåôéêÞ) -ïìÜäá.
Áðïäåéîç. ÅðåéäÞ 1 6= 0  ï ðëçèéêüò áñéèìüò ôïý  åßíáé ≥ 2 Ãéá ïéáäÞðïôå

óôïé·åßá   ∈ r{0 } ç áðåéêüíéóç

 :  −→   7−→ () := (−1)

åßíáé Ýíáò áõôïìïñöéóìüò ôÞò (ðñïóèåôéêÞò) ïìÜäáò (+) ìå () =  ïðüôå

ord() = ord() (ëüãù ôïý (iv) ôÞò ðñïôÜóåùò 2.4.19). ÊáôÜ ôï ðüñéóìá 5.7.5

ï ðëçèéêüò áñéèìüò ôïý õðïêåéìÝíïõ óõíüëïõ  ôïý óþìáôïò (+ ·) (ðïõ äåí

åßíáé ôßðïôá Üëëï ðáñÜ ç ôÜîç ôÞò ïìÜäáò (+)) ïöåßëåé íá éóïýôáé ìå   üðïõ

 êÜðïéïò ðñþôïò áñéèìüò êáé  ∈ N ¤

5.7.7 Óçìåßùóç. ÊáôÜ ôï ðüñéóìá 5.7.6 êÜèå ðåðåñáóìÝíï óþìá Ý·åé ðëçèéêü

áñéèìü  üðïõ  êÜðïéá (èåôéêÞ áêåñáßá) äýíáìç åíüò ðñþôïõ áñéèìïý. Áðï-

äåéêíýåôáé üôé ãéá êÜèå áñéèìü  áõôÞò ôÞò ìïñöÞò õößóôáôáé êÜðïéï óþìá F
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ìå ðëçèéêü áñéèìü  Åðßóçò, áðïäåéêíýåôáé üôé êÜèå ðåðåñáóìÝíï óþìá  ìå

card( ) =  åßíáé éóüìïñöï ìå ôï F (Âë. C.2.15 êáé C.2.16.)

5.7.8 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  ∈ Z Ôüôå ç
 3  7−→  ∈ 

åßíáé áìöéññéðôéêÞ áðåéêüíéóç åÜí êáé ìüíïí åÜí ìêä(||  ) = 1 (Ðñïóï·Þ! Ãéá

ìç áâåëéáíÝò ïìÜäåò ç åí ëüãùáðåéêüíéóç äåí åßíáé êáô' áíÜãêçí åíäïìïñöéóìüò.

Ðñâë. 2.1.12. Åäþ åîåôÜæåôáé ìüíïí ôï ðüôå åßíáé áìöéññéðôéêÞ.)

Áðïäåéîç. ¸óôù  := ||  ÅÜí ìêä( ) = 1 ôüôå ∃  ∈ Z :  −  = 1 (âë.

ðüñéóìá B.2.8), ïðüôå

() = +1 = () =  =  ∀ ∈ 

üðïõ ç ðñïôåëåõôáßá éóüôçôá Ýðåôáé áðü ôï ðüñéóìá 4.1.28. Áõôü óçìáßíåé üôé ç

áðåéêüíéóç  7−→  åßíáé áìöéññéðôéêÞ Ý·ïõóá ôçí  7−→  ùò áíôßóôñïöü ôçò,

êáèüóïí éó·ýåé () = () =  ãéá êÜèå  ∈  Áíôéóôñüöùò ôþñá, åÜí õðïèÝ-

óïõìå üôé ìêä( )  1 èá äåßîïõìå üôé ç  7−→  äåí åßíáé áìöéññéðôéêÞ. ÅðåéäÞ,

âÜóåé ôÞò õðïèÝóåþò ìáò, õðÜñ·åé êÜðïéïò ðñþôïò áñéèìüò  ðïõ åßíáé êïéíüò

äéáéñÝôçò ôùí  êáé  ôï èåþñçìá 5.7.1 ôïý Cauchy ìÜò åããõÜôáé ôçí ýðáñîç êÜ-

ðïéïõ óôïé·åßïõ  ∈ r{} ôÜîåùò  ôï äå èåþñçìá 4.1.22 ôïý Lagrange ôï üôé

ðëçñïýôáé ç óõíèÞêç  |  Óõíåðþò,  = () = 



 =  áð' üðïõ Ýðåôáé üôé

ç  7−→  äåí åßíáé åíñéðôéêÞ, äéüôé  =  =  áëëÜ  6=  ¤
Åí óõíå·åßá, èá äïýìå ôï ðþò ìÝóù ôïý èåùñÞìáôïò 5.7.1 ôïý Cauchy åßíáé åöé-

êôÞ ç ôáîéíüìçóç (ìÝ·ñéò éóïìïñöéóìïý) üëùí ôùí ïìÜäùí ôÜîåùò  üðïõ ïé  

åßíáé äõï ðñþôïé áñéèìïß ìå    Ðñïò ôïýôï èá áðáéôçèïýí ïñéóìÝíá ðñïðá-

ñáóêåõáóôéêÜ ëÞììáôá.

5.7.9 ËÞììá. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò || =  üðïõ   åßíáé äõï ðñþôïé
áñéèìïß ìå    Ôüôå õößóôáôáé ìßá êáé ìüíïí õðïïìÜäá ôÞò ôÜîåùò  Åðéðñï-
óèÝôùò, áõôÞ ç ïìÜäá ïöåßëåé íá åßíáé ïñèüèåôç.

Áðïäåéîç. ÊáôÜ ôï èåþñçìá 5.7.1 ôïý Cauchy,

∃ ∈ r{} : ord() = |hi| = 

Èá äåßîïõìå üôé ç êõêëéêÞ ïìÜäá hi åßíáé ç ìïíáäéêÞ õðïïìÜäá ôÞò  ôÜîåùò 

¸óôù ôõ·ïýóá v  ìå || =  Óýìöùíá ìå ôï (iii) ôïý ðïñßóìáôïò 4.1.25, åßôå

 = hi åßôå∩hi = {}Óôç äåýôåñç ðåñßðôùóç, ï ôýðïò (4.35) ôïý ãéíïìÝíïõ

äßäåé

card( hi) = || |hi|
| ∩ hi| =

 · 
1
= 2

ïðüôå  hi ⊆  ⇒ [card( hi) = 2 ≤  = ||] ⇒  ≤  êÜôé ðïõ áíôßêåéôáé

óôçí õðüèåóÞ ìáò. Áõôü óçìáßíåé üôé = hi ¢ñá ôåëéêþò ç êõêëéêÞ ïìÜäá hi
åßíáé üíôùò ç ìïíáäéêÞ õðïïìÜäá ôÞò  ôÜîåùò  êáô' áíÜãêçí ïñèüèåôç åðß ôç

âÜóåé ôïý ðïñßóìáôïò 4.4.24 (áöïý | : hi| = ). ¤
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5.7.10 ÐáñÜäåéãìá. Ç ìïíáäéêÞ õðïïìÜäá ôÜîåùò 5 ôÞò äéåäñéêÞò D5 = h i
(üðïõ |D5| = 10) åßíáé ç êõêëéêÞ õðïïìÜäá hi ¢ñá hi C D5

5.7.11 ËÞììá. ¸óôù üôé ïé   åßíáé äõï ðñþôïé áñéèìïß ìå    Ôüôå éó·ýïõí ôá
áêüëïõèá :

(i) ÊÜèå áâåëéáíÞ ïìÜäá ôÜîåùò  åßíáé êõêëéêÞ.

(ii) ÅÜí  6≡ 1(mod ) ôüôå êÜèå ïìÜäá ôÜîåùò  åßíáé êõêëéêÞ.

Áðïäåéîç. (i) ¸óôù  ìéá áâåëéáíÞ ïìÜäá ôÜîåùò  ÊáôÜ ôï èåþñçìá 5.7.1

ôïý Cauchy õðÜñ·ïõí   ∈  ìå ord() =  êáé ord() =  Ôüôå ord() = 

ÐñÜãìáôé° åÜí  := ord() ôüôå

() =  = () () =  =⇒
2.3.8

 | 

Áðü ôçí Üëëç ìåñéÜ,

 = ()
 = () = ()  =  =⇒

2.3.8
 | ⇒  | 

Ðáñïìïßùò,  | ÅðïìÝíùò,  |  (äéüôé ïé   åßíáé ðñþôïé êáé    âë. ðüñéóìá

B.2.10). Ôåëéêþò ëïéðüí,  =  (âë. B.1.5 (iii)). ¢ñá ç  åßíáé êõêëéêÞ äõíÜìåé

ôÞò ðñïôÜóåùò 2.3.7.

(ii) ÅÜí  6≡ 1(mod ) êáé ç  åßíáé ìéá ïìÜäá ôÜîåùò  èåùñïýìå åê íÝïõ óôïé-

·åßá   ∈  ìå ord() =  êáé ord() =  Óýìöùíá ìå ôï ëÞììá 5.7.9 ç hi åßíáé
ç ìïíáäéêÞ õðïïìÜäá ôÞò  ôÜîåùò  ÅðéðñïóèÝôùò, hi C  ÅðïìÝíùò,

 hi−1 = hi⇒ ∃ ∈ {1  − 1} : −1 =  (5.67)

Åðáãùãéêþò áðïäåéêíýåôáé üôé − = 


 ∀ ∈ N Ãéá  =  áõôÞ ç

éóüôçôá äßäåé

− = 


 =  = −

¾
⇒  = 





ÅðåéäÞ ord() =  êáé ord(


) = 
ìêä() (âë. 2.3.11), Ý·ïõìå ìêä( ) = 1

ïðüôå [] = ([])
 = [1]  Áõôü óçìáßíåé üôé ç ôÜîç ôÞò êëÜóåùò éóïôéìßáò []

åíôüò ôÞò ðïëëáðëáóéáóôéêÞò ïìÜäáò Z× äéáéñåß ôïí  (âë. 2.3.8), ïðüôå èá éóïý-

ôáé åßôå ìå 1 åßôå ìå  Ôï äåýôåñï åíäå·üìåíï áðïêëåßåôáé áðü ôçí õðüèåóÞ ìáò

(äéüôé åí ôïéáýôçðåñéðôþóåé èá Ýðñåðå, ëüãù ôïý èåùñÞìáôïò 4.1.22 ôïýLagrange,

íá éó·ýåé  |  − 1 = ¯̄Z× ¯̄). ¢ñá [] = [1]  ïðüôå  = 1 êáé  =  (ëüãù ôÞò

(5.67)). ¼ðùò óôï (i) áðïäåéêíýïõìå üôé ord() =  ïðüôå ç ïöåßëåé íá åßíáé

êõêëéêÞ âÜóåé ôÞò ðñïôÜóåùò 2.3.7. ¤

5.7.12 Ðáñáäåßãìáôá. ÊÜèå ïìÜäá ôÜîåùò 15 33 35 51 65 69 77 85 87 91 Þ 95

åßíáé êõêëéêÞ.
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5.7.13 Ïñéóìüò. ÅÜí ïé   åßíáé äõï ðñþôïé áñéèìïß ìå    êáé  ≡ 1(mod )
ôüôå èÝôïõìå

L :=

½µ
[] []
[0] [1]

¶
∈ GL2(Z)

¯̄̄̄
  ∈ Z êáé  ≡ 1(mod )

¾


Åßíáé Üìåóïò ï Ýëåã·ïò ôïý üôé ôï óýíïëï L åöïäéáóìÝíï ìå ôçí ðñÜîç ðïëëá-

ðëáóéáóìïý ðéíÜêùí, áðïôåëåß ìéá õðïïìÜäá ôÞò GL2(Z)

5.7.14 Ðñüôáóç. H L åßíáé ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò 

Áðïäåéîç. Êáô' áñ·Üò, ç êëÜóç éóïôéìßáò [] ìðïñåß íá ëÜâåé ïéáäÞðïôå åê ôùí

 ôéìþí [0]  [1]  [ − 1]  äéüôé óôïí ïñéóìü ôÞò L äåí õðåéóÝñ·åôáé êáíÝíáò

ðåñéïñéóìüò óå ü,ôé áöïñÜ óôïí áêÝñáéï  ¢ñá ôï ðñüâëçìá áíÜãåôáé óôçí åý-

ñåóç ôïý áñéèìïý ôùí óáöþò äéáêåêñéìÝíùí ôéìþí ðïõ ìðïñåß íá ëÜâåé ç êëÜóç

[]  ÅðåéäÞ åî õðïèÝóåùò  |  − 1 (üðïõ  − 1 = ¯̄
Z×
¯̄
), ôï èåþñçìá 5.7.1 ôïý

Cauchy (åöáñìïæüìåíï ãéá ôçí ïìÜäá Z× ) åîáóöáëßæåé ôçí ýðáñîç ôïõëÜ·éóôïí

ìßáò êëÜóåùò éóïôéìßáò [] ( ∈ Z) ç ïðïßá Ý·åé ôÜîç  åíôüò ôÞò Z×  Ðñïöáíþò,

ëüãù ôïý ðïñßóìáôïò 4.1.28, ãéá êÜèå  ∈ {0 1 − 1} Ý·ïõìå

([])
 =

£

¤

= [1] ⇒  ≡ 1(mod )

Áõôü óçìáßíåé üôé õðÜñ·ïõí ôïõëÜ·éóôïí  (óáöþò äéáêåêñéìÝíåò) ëýóåéò63 ôÞò

åîéóþóåùò X − [1] = [0] áíÞêïõóåò óôï óþìá Z Áðü ôçí Üëëç ìåñéÜ, ôï ðï-

ëõþíõìïX−[1] ∈ Z[X] Ý·åé âáèìü ÅðïìÝíùò, óýìöùíá ìå ôï ðüñéóìáC.2.27,

ôï X− [1] Ý·åé ôï ðïëý  èÝóåéò ìçäåíéóìïý áíÞêïõóåò óôï ZÊáôÜ óõíÝðåéáí,

ôï X − [1] Ý·åé áêñéâþò  èÝóåéò ìçäåíéóìïý áíÞêïõóåò óôï Z áð' üðïõ Ýðåôáé

üôé ï áñéèìüò ôùí óáöþò äéáêåêñéìÝíùí ôéìþí ðïõ ìðïñåß íá ëÜâåé ç êëÜóç []
óôïí ïñéóìü ôÞò L éóïýôáé ìå  êáé, êáô' åðÝêôáóç, üôé |L| =  ÔÝëïò, ç L
äåí åßíáé áâåëéáíÞ, êáèüôé ôá óôïé·åßá³

[1] [1]
[0] [1]

´³
[] [0]
[0] [1]

´
=
³

[] [1]
[0] [1]

´
êáé ³

[] [0]
[0] [1]

´³
[1] [1]
[0] [1]

´
=
³

[] []
[0] [1]

´
åßíáé äéáöïñåôéêÜ ãéá ïéïíäÞðïôå  ∈ Z ôÝôïéïí þóôå ç ôÜîç ôÞò êëÜóåùò éóïôé-

ìßáò [] åíôüò ôÞò Z× íá åßíáé ßóç ìå  ¤

5.7.15 Ðñüôáóç. ÅÜí ïé   åßíáé äõï ðñþôïé ìå    êáé  ≡ 1(mod ) ôüôå çL
åßíáé ìÝ·ñéò éóïìïñöéóìïý ç ìüíç ìç áâåëéáíÞ ïìÜäá ôÜîåùò 

63Ãéá ïéïõóäÞðïôå  0 ∈ {0 1  − 1} ìå   0 Ý·ïõìå [] 6= []
0
  äéüôé åÜí õðïèÝôáìå üôé [] = []

0
 èá

Ýðñåðå íá éó·ýåé []−
0

 = [1]  Þôïé êÜôé ðïõ åßíáé áäýíáôï, áöïý ord([]) =  êáé  − 0  
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Áðïäåéîç. ¸óôù  ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò  Óýìöùíá ìå ôï èåþñçìá

5.7.1 ôïý Cauchy õðÜñ·ïõí   ∈  ìå ord() =  êáé ord() =  Áêïëïõèïýìå

êáôÜ ãñÜììá ôçí áðüäåéîç ôïý (ii) ôïý ëÞììáôïò 5.7.11 ìÝ·ñé ôï óçìåßï åêåßíï óôï

ïðïßï óõìðåñáßíïõìå üôé  = 


 ãéá êÜðïéïí  ∈ {1  − 1} ïðüôå ç ôÜîç ôÞò

êëÜóåùò éóïôéìßáò [] åíôüò ôÞò ðïëëáðëáóéáóôéêÞò ïìÜäáò Z× éóïýôáé åßôå ìå

1 åßôå ìå  Åí ðñïêåéìÝíù, áðïêëåßåôáé ôï ðñþôï åíäå·üìåíï (äéüôé áëëéþò êáôá-

ëÞãïõìå óôï üôé ç  åßíáé êõêëéêÞ). Ëüãù ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange,

éó·ýåé  |  − 1 = ¯̄Z× ¯̄  ÅðåéäÞ
hi v hhi  hii v 

hi C 

¾
=⇒
4.2.19

hi C hhi  hii 

Ý·ïõìå hi hi v  (âë. 4.5.12 (ii)). ÅîÜëëïõ, áðü ôïí ôýðï (4.35) ôïý ãéíïìÝíïõ

(âë. 4.5.9) ëáìâÜíïõìå

|hi hi| = |hi| |hi|
|hi ∩ hi| =



|{}| = 

ïðüôå

 = hi hi = © ¯̄  ∈ {0 1  − 1}  ∈ {0 1 − 1}ª 
Åí óõíå·åßá åðáíåñ·üìáóôå óôç ìç áâåëéáíÞ ïìÜäá L ôÜîåùò  ÈÝôïíôáò

 :=
³

[] [0]
[0] [1]

´
  :=

³
[1] [1]
[0] [1]

´


üðïõ [] ìéá êëÜóç éóïôéìßáò Ý·ïõóá ôÜîç  åíôüò ôÞò Z×  ðáñáôçñïýìå üôé

ord() =  êáé ord() =  åíôüò ôÞò L êáé üôé êÜèå óôïé·åßï ôÞò L ìðïñåß

íá ãñáöåß ìïíïóçìÜíôùò õðü ôç ìïñöÞ³ £

¤


[]
[0] [1]

´
=
³

[1] []
[0] [1]

´³ £

¤


[0]
[0] [1]

´
=  

üðïõ ( ) ∈ {0 1  − 1} × {0 1 − 1} ÅðïìÝíùò,

L = hi hi =
©


¯̄
 ∈ {0 1  − 1}  ∈ {0 1 − 1}ª 

Ïñßæïõìå ôçí áðåéêüíéóç

 : L −→  () :=   ∀( ) ∈ {0 1  − 1} × {0 1 − 1}

Åßíáé åýêïëï íá åëåã·èåß üôé ç  åßíáé ïìïìïñöéóìüò ïìÜäùí. Ï ðõñÞíáò ôïõ

åßíáé ç õðïïìÜäá

Ker() =
©
 ∈ L|  = 

ª


ÅðåéäÞ  =  ⇔  = − ∈ hi ∩ hi = {} ⇒  =  =  =⇒  | 
êáé  |  Ý·ïõìå  =  = I2 ÊáôÜ óõíÝðåéáí, ç  åßíáé ìïíïìïñöéóìüò. ÔÝëïò,

åðåéäÞ |L| = || =  óõìðåñáßíïõìå üôé ç  åßíáé éóïìïñöéóìüò. ¤
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5.7.16 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò    ) ¸óôù üôé ïé   åßíáé
äõï ðñþôïé áñéèìïß ìå    Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  6≡ 1(mod ) ôüôå êÜèå ïìÜäá ôÜîåùò  åßíáé êõêëéêÞ. ÉäéáéôÝñùò, äõï
ôõ·ïýóåò ïìÜäåò ôÜîåùò  åßíáé éóüìïñöåò.

(ii) ÅÜí  ≡ 1(mod ) ôüôå õðÜñ·ïõí áêñéâþò äýï ìç éóüìïñöåò ïìÜäåò ôÜîåùò
 ÓõãêåêñéìÝíá, åÜí ç ( ·) ìéá ïìÜäá ôÜîåùò || =  ôüôå åßôå

 ∼= Z åßôå  ∼= L

Áðïäåéîç. (i) Ôïýôï Ýðåôáé áðü ôï 5.7.11 (ii) êáé ôï èåþñçìá 2.4.23.

(ii) ÅÜí ç  åßíáé áâåëéáíÞ, ôüôå áõôÞ, óýìöùíá ìå ôï (i) ôïý ëÞììáôïò 5.7.11,

ïöåßëåé íá åßíáé êõêëéêÞ, ïðüôå ï éóïìïñöéóìüò  ∼= Z Ýðåôáé áðü ôï èåþñçìá

2.4.23. ÅÜí ç  äåí åßíáé áâåëéáíÞ, ôüôå ç ðñüôáóç 5.7.15 ìáò ðëçñïöïñåß üôé

 ∼= L ¤

5.7.17 ËÞììá. ¸óôù  Ýíáò ðåñéôôüò ðñþôïò áñéèìüò. Ôüôå

L2 ∼= D

Aðïäåéîç. ÅðåéäÞ ç äéåäñéêÞ ïìÜäáD åßíáé ìç áâåëéáíÞ êáé Ý·åé ôÜîç 2 éó·ýåé

êáô' áíÜãêçí L2 ∼= D åðß ôç âÜóåé ôÞò ðñïôÜóåùò 5.7.15 (ìå ôï 2 óôç èÝóç ôïý 

êáé ôïí  óôç èÝóç ôïý ). ¤

Ôï åðüìåíï èåþñçìá ãåíéêåýåé ôï èåþñçìá 4.1.37.

5.7.18 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò 2  ≥ 3)
¸óôù ( ·) ìéá ïìÜäá ôÜîåùò || = 2 üðïõ  ðåñéôôüò ðñþôïò áñéèìüò. Ôüôå åßôå

 ∼= Z2 åßôå  ∼= D

Áðïäåéîç. ¸ðåôáé Üìåóá ýóôåñá áðü åöáñìïãÞ ôïý èåùñÞìáôïò 5.7.16 (ìå ôï 2

óôç èÝóç ôïý  êáé ôïí  óôç èÝóç ôïý ), óå óõíäõáóìü ìå ôï ëÞììá 5.7.17. ¤

ÁóêÞóåéò

5-1. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá ðåñéôôÞò ôÜîåùò êáé  ∈ r{}
íá áðïäåé·èåß üôé −1 ∈ êëó()

5-2. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé ∅ 6=  ⊆  ⊆  íá áðïäåé·èïýí ôá åîÞò:

(i) C( ) v C()

(ii)  j C(C())

(iii) C(C(C())) = C()
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5-3. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6=  ⊆  Íá äåé·èåß üôé

C(−1) = C()
−1 N(−1) = N()

−1

êáé

−1

®
=  hi −1 ãéá êÜèå  ∈ 

5-4. ÅÜí ()∈ åßíáé ìéá ïéêïãÝíåéá õðïïìÜäùí ìéáò ïìÜäáò ( ·) íá äåé·èåß

üôé ãéá êÜèå óôïé·åßï  ∈  éó·ýïõí ôá áêüëïõèá:

(i)
T
∈


−1 = (

T
∈

)
−1

(ii)
{ 

−1¯̄  ∈ }® =  h{ |  ∈ }i −1

5-5. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ïìÜäá. Íá áðïäåé·èåß ç óõíåðáãùãÞ:

 ∈Max-Subg() =⇒ [−1 ∈Max-Subg() ∀ ∈ ]

5-6. Íá äïèåß ðáñÜäåéãìá õðïïìÜäáò  ìéáò ïìÜäáò  ìå K()  K() [Õðü-
äåéîç : Áñêåß, ð.·., íá èåùñçèïýí ïé  := D5 = h i êáé := hi ∼= Z5]

5-7. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ï áñéèìüò ôùí êëÜóåùí óõæõãßáò ôÞò  õðïëïãßæåôáé ìÝóù ôïý ôýðïõ

K() =
1

||
X
∈

|C()| 

(ii) ÅÜí v  ôüôå

K()

| : | ≤ K() ≤ | : |K()

Ç ðñþôç áíéóïúóüôçôá éó·ýåé ùò éóüôçôá⇔  E  Ç äåýôåñç áíéóïúóü-

ôçôá éó·ýåé ùò éóüôçôá⇔ = 

(iii) ÅÜí  E  ôüôå

K() + K()− 1 ≤ K() ≤ K()K()

üðïõ K() åßíáé ï ðëçèéêüò áñéèìüò ôùí (óáöþò äéáêåêñéìÝíùí) êëÜóåùí

óõæõãßáò êëó() üðïõ  ∈  Ç äåýôåñç áíéóïúóüôçôá éó·ýåé ùò éóüôçôá

⇔ [C() = C() ∀ ∈ ]

5-8. ¸óôù  ∈ N  ≥ 3Íá ðñïóäéïñéóèïýí ïé êåíôñïðïéçôÝò ôùí 2 óôïé·åßùí,

êáèþò êáé ïé ïñèïèÝôåò üëùí ôùí õðïïìÜäùí ôÞò äéåäñéêÞò ïìÜäáòD

5-9. Íá ðñïóäéïñéóèïýí ïé êåíôñïðïéçôÝò ôùí 12 óôïé·åßùí, êáèþò êáé ïé ïñèï-

èÝôåò ôùí 10 õðïïìÜäùí ôÞò åíáëëÜóóïõóáò ïìÜäáò A4
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5-10. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé E  íá áðïäåé·èïýí ôá åîÞò:

(i) ÅÜí v  êáé  ∈  ôüôå ()−1 = (−1)

(ii) ÅÜí12 åßíáé äõï óõæõãåßò õðïïìÜäåò ôÞò ôüôå ïé12

åßíáé óõæõãåßò õðïïìÜäåò ôÞò ðçëéêïïìÜäáò 

(iii) ÅÜí12 åßíáé äõï óõæõãåßò õðïïìÜäåò ôÞò ðçëéêïïìÜäáò

ôüôå ïé 1 2 åßíáé óõæõãåßò õðïïìÜäåò ôÞò 

5-11. ¸óôù ( ·) ìéá ïìÜäá. Ùò ãíùóôüí, åÜí v  ôüôå vN() (Âë. 5.2.4

(iv).) Íá äåé·èåß (ìÝóù êáôáëëÞëïõ áíôéðáñáäåßãìáôïò) üôé åÜí∅ 6=  $ 

êáé ôï  äåí åßíáé õðïïìÜäá ôÞò  ï åãêëåéóìüò  ⊆ N() äåí åßíáé

ðÜíôïôå áëçèÞò.

5-12. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí õðïôåèåß üôé  v  v  êáé  E  íá

áðïäåé·èåß ç éóüôçôá N() = N()

5-13. ÅÜí ( ·) åßíáé ìéá ìç ôåôñéììÝíç ïìÜäá êáé  ∈ Max-Subg() íá áðï-

äåé·èïýí ôá áêüëïõèá:

(i) Åßôå N() = åßôå N() = 

(ii) ÅÜí 5  ôüôå

card({ ∈ r{}|  ∈ êëó()}) ≤ (||− 1) | : | 

5-14. ÅÜí åßíáé ìéá ãíÞóéá õðïïìÜäá ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·)  íá äåé-

·èåß üôé  6= S∈ −1

5-15. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù Ξ = {1 2 } åßíáé Ýíá
ðëÞñåò óýóôçìá åêðñïóþðùí áõôÞò ùò ðñïò ôçí ‘‘ ∼

óõæ.
''. ÅÜí  =  ãéá

ïéïõóäÞðïôå   ∈ {1  } íá áðïäåé·èåß üôé ç  åßíáé áâåëéáíÞ.

5-16. ÅÜí  åßíáé ìéá ãíÞóéá õðïïìÜäá ìéáò ïìÜäáò ( ·) ìå | : |  ∞ íá

áðïäåé·èåß üôé õðÜñ·åé óôïé·åßï  ∈  ôï ïðïßï äåí áíÞêåé óå êáìßá åî åêåß-

íùí ôùí õðïïìÜäùí ðïõ åßíáé óõæõãåßò ôÞò

5-17. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ïìÜäá, êÜèå ãíÞóéá õðïïìÜäá ôÞò ïðïßáò

ðåñéÝ·åôáé óå ìéá ìåãéóôéêÞ õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç. ÅÜí õðïôåèåß

üôé äõï ôõ·ïýóåò ìåãéóôéêÝò õðïïìÜäåò ôÞò  åßíáé óõæõãåßò, íá áðïäåé·èåß

üôé áõôÞ åßíáé êáô' áíÜãêçí êõêëéêÞ.

5-18. Íá äïèåß ï êáôÜëïãïò åêðñïóþðùí ôùí êëÜóåùí óõæõãßáò ôÞò S7 (âÜóåé

ôùí ðñïáíáöåñèÝíôùí óôï åä. 5.3.17).

5-19. Íáðñïóäéïñéóèåß Ýíáò åêðñüóùðïò ãéá êÜèå êëÜóçóõæõãßáò ôùíóôïé·åßùí

ôÜîåùò 4 ôüóïí åíôüò ôÞòS8 üóïí êáé åíôüò ôÞòS12

5-20. ¸óôù  ∈ N  ≥ 4 Íá äåé·èåß üôé

|CS([1 2] ◦ [3 4])| = 8(− 4)!
êáé íá ðñïóäéïñéóèïýí üëá ôá óôïé·åßá ôÞò S ôá áíÞêïíôá óôïí êåíôñï-

ðïéçôÞ CS([1 2] ◦ [3 4])
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5-21. ¸óôù  ∈ N  ≥ 2 êáé Ýóôù  ∈ S Ýíáò -êýêëïò. Íá áðïäåé·èåß üôé

CS
() = hi  (Ùò åê ôïýôïõ, åÜí éó·ýåé  ◦  =  ◦  ãéá êÜðïéá ìåôÜôáîç

 ∈ S ôüôå  =  ãéá êÜðïéïí  ∈ N)
5-22. ¸óôù  ∈ N  ≥ 2 êáé Ýóôù  Ýíáò ðñþôïò áñéèìüò≤ Íá áðïäåé·èåß üôé

(åíôüò ôÞò S) ôï ðëÞèïò ôùí êëÜóåùí óõæõãßáò åêåßíùí ôùí  ∈ S ðïõ

Ý·ïõí ôÜîç ord() =  éóïýôáé ìå
j



k


5-23. Íá áðïäåé·èåß üôé ïé êõêëéêÝò õðïïìÜäåò

 := h[1 2 3 4 5 6]i êáé  := h[1 2 3] ◦ [4 5]i
ôÞò S6 (ìå || = || = 6⇒  ∼= Z6 ∼= ) äåí åßíáé óõæõãåßò.

5-24. ¸óôù ìéá õðïïìÜäá ôÞò óõììåôñéêÞò ïìÜäáòS4

(i) ÅÜí || = 3 íá áðïäåé·èåß üôé ôï ðëÞèïò ôùí õðïìÜäùí ôÞòS4 ðïõ åßíáé

éóüìïñöåò ìå ôçí  éóïýôáé ìå ôïí äåßêôç |S4 : NS4()| 
(ii) Íá äåé·èåß üôé áõôü ðáýåé íá éó·ýåé åÜí || = 2

5-25. Íá áðïäåé·èåß üôé üëåò ïé êõêëéêÝò õðïïìÜäåò ôÞò óõììåôñéêÞò ïìÜäáò S8
ðïõ Ý·ïõí ôÜîç 15 åßíáé óõæõãåßò.

5-26. ¸óôù  Ýíáò ðñþôïò áñéèìüò êáé Ýóôù  v S õðïïìÜäá ôÜîåùò || = 

Íá áðïäåé·èïýí ôá áêüëïõèá:

(i)
¯̄
NS()

¯̄
= (− 1)

(ii) NS()/CS()
∼= Aut()

5-27. (i) Íá äïèåß ìéá áðåõèåßáò áðüäåéîç ôÞò áðëüôçôáò ôÞò A6 ìÝóù ôïý ôñßôïõ

êáôáëüãïõ ôïý åäáößïõ 5.3.20 êáé ôïý ðïñßóìáôïò 5.1.16.

(ii) μñçóéìïðïéþíôáò ôü ëÞììá 5.3.25 êáé ôï (i) íá äïèåß ìéá (åðéðñüóèåôç)

ôñßôç áðüäåéîç ôïý èåùñÞìáôïò 4.3.6. [Õðüäåéîç : ÅÜí õðïôåèåß üôé  ≥ 7
{id} 6=  E A êáé  ∈ r{id} ôüôå ∃ ∈ {1  } :  () 6=  Áñêåß íá

åðéëåãåß Ýíáò 3-êýêëïò  = [  ] ∈ A ôÝôïéïòþóôå íá éó·ýåé  ∈ {  } êáé
 () ∈ {  } íá äåé·èåß üôé ç  := ◦◦−1◦−1 ìåôáôÜóóåé êõñéïëåêôéêþò
ôï ðïëý 6 (óáöþò äéáêåêñéìÝíá) óôïé·åßá ôïý {1  } êáé íá åöáñìïóèåß

êáôáëëÞëùò ôï ëÞììá 4.3.4, áð' üðïõ Ýðåôáé üôé = A]

5-28. ÅÜí ãéá êÜèå  ∈ N ôåèåß a := card({ ∈ S| card(supp()) = }) íá áðï-

äåé·èïýí ôá åîÞò:

(i) Ï áñéèìüò a (ìå a1 = 0 a2 = 1), ï ïðïßïò êáëåßôáé, éäéáéôÝñùò, áñéèìüò

ôùí ðëÞñùí áíáäéåõèåôÞóåùí (ôùí 1  ) éêáíïðïéåß ôéò áíáäñïìéêÝò ó·Ý-

óåéò

a = (− 1)(a−1 + a−2) êáé a = a−1 + (−1)

ãéá êÜèå  ∈ N  ≥ 3 êáé -ùò åê ôïýôïõ- õðïëïãßæåôáé ìÝóù ôïý ôýðïõ

a =
X
=0

(−1) (− )!
¡



¢
= !

X
=0

(−1)
! 
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Ãéá  ∈ {3 4  10} ïé ôéìÝò ðïõ ëáìâÜíåé ï a åßíáé ïé áêüëïõèåò64:

 3 4 5 6 7 8 9 10

a 2 9 44 265 1854 14833 133496 1334961

(ii)
∞P
=0

a


! =
1

(1−)e êáé lim
−→∞

a
! =

1
e


(iii) ÅÜí, ãåíéêüôåñá, ãéá êÜèå  ∈ N êáé êÜèå  ∈ {0 1  } ôåèåß

a := card({ ∈ S| card(supp()) = − })

ôüôå ï a (ìå a0 = a a−1 = 0 a = a0 := 1), ï ïðïßïò êáëåßôáé,

éäéáéôÝñùò, áñéèìüò ôùí  óõíáíôÞóåùí65, õðïëïãßæåôáé ìÝóù ôïý ôýðïõ

a =
¡



¢
a− = !

!

X
=0

(−1)
! 

Ãéá ( ) ∈ {1  8} × {0 1  8} ïé ôéìÝò ðïõ ëáìâÜíåé ï a åßíáé ïé áêü-
ëïõèåò66:

a  → 1 2 3 4 5 6 7 8



↓ * * * * * * * * *

0 * 0 1 2 9 44 265 1854 14833

1 * 1 0 3 8 45 264 1855 14832

2 * * 1 0 6 20 135 924 7420

3 * * * 1 0 10 40 315 2464

4 * * * * 1 0 15 70 630

5 * * * * * 1 0 21 112

6 * * * * * * 1 0 28

7 * * * * * * * 1 0

8 * * * * * * * * 1

5-29. ÅÜí ∈ N  ≥ 2  ∈ {1  } êáé c åßíáé ï áñéèìüò üëùí ôùí ìåôáôÜîåùí
 ∈ S ðïõ äéáèÝôïõí ðëÞñåéò ðáñáãïíôïðïéÞóåéò óå áêñéâþò  êýêëïõò
(ôùí 1-êýêëùí óõìðåñéëáìâáíïìÝíùí, âë. ëÞììá 5.3.3), íá áðïäåé·èåß üôé

c = |( )| = (−1)−( )

64Ãéá ôçí ôéìÞ ôïý a ãéá ìåãáëýôåñïõò  âë. http://oeis.org/A000166.

65Õðåíèýìéóç ôïý êëáóéêïý ðñïâëÞìáôïò ôùí óõíáíôÞóåùí : Áðü ìéá êÜëðç ðïõ ðåñéÝ·åé  óöáéñßäéá áñéèìçìÝíá

áðü ôï 1 Ýùò ôï  åîÜãïíôáé ôï Ýíá ìåôÜ ôï Üëëï (·ùñßò åðáíÜèåóç) üëá ôá óöáéñßäéá. Ç åîáãùãÞ ôïý -ïóôïý

óöáéñéäßïõ êáôÜ ôçí -ïóôÞ äïêéìÞ (ãéá êÜðïéï  ∈ {1  }) êáëåßôáé óõíÜíôçóç. Ï (ðñïóäéïñéóôÝïò) áñéèìüò

ôùí ôñüðùí åîáãùãÞò ôùí  óöáéñéäßùí áðü ôçí êÜëðç ìå  ∈ {0 1  } óõíáíôÞóåéò éóïýôáé ìå a

66Ãéá ôçí ôéìÞ ôïý a ãéá ìåãáëýôåñïõò  êáé  âë. http://oeis.org/A008290.
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üðïõ ( ) åßíáé ïé ëåãüìåíïé áñéèìïß Stirling ðñþôïõ åßäïõò (ìå ( ) =

1) ïé ðñïóäéïñéæüìåíïé ùò óõíôåëåóôÝò ôÞò åêöñÜóåùò ôïý åðßôõðïõ ãéíïìÝ-

íïõ

(− 1)(− 2) · · · (− + 1) =
X

=0

( )

ùò ðïëõùíýìïõ, áðü ôçí ïðïßá ðñïêýðôåé ï ôýðïò ôïý Schl−milch:

( ) =
−X
=0

X
=0

(−1)
µ




¶µ
+ − 1
 − 1

¶µ
2− 

−  − 

¶
−+

!


O áñéèìüò c õðïëïãßæåôáé áðåõèåßáò ìÝóù ôÞò ôáõôüôçôáò

(+ 1)(+ 2) · · · (+ − 1) =
X

=1

c
 

áðü ôçí ïðïßá Ýðåôáé üôé

c =
!

!

X 1

12 · · · 

üðïõ ôï Üèñïéóìá ëáìâÜíåôáé õðåñÜíù üëùí ôùí -Üäùí ôïý óõíüëïõ

{ (1 2  ) ∈ N0 |1 + 2 + · · ·+  = } 
Ãéá ( ) ∈ {1  8} × {1  8} ïé ôéìÝò ôïý c åßíáé ïé áêüëïõèåò67:

c  → 1 2 3 4 5 6 7 8



↓ * * * * * * * * *

1 * 1 1 2 6 24 120 720 5040

2 * ∗ 1 3 11 50 274 1764 13068

3 * ∗ ∗ 1 6 35 225 1624 13132

4 * ∗ ∗ ∗ 1 10 85 735 6769

5 * ∗ ∗ ∗ ∗ 1 15 175 1960

6 * ∗ ∗ ∗ ∗ ∗ 1 21 322

7 * ∗ ∗ ∗ ∗ ∗ ∗ 1 28

8 * ∗ ∗ ∗ ∗ ∗ ∗ ∗ 1

5-30. Ãéá êÜèå ∈ N êáé ãéá êÜèå ðñþôïí áñéèìü  ïñßæåôáé ï ìç áñíçôéêüò áêÝ-

ñáéïò

ν() :=

½
max

©
 ∈ N :  | ª  üôáí  | 

0 üôáí  - 

67Ãéá ôçí ôéìÞ ôïý c ãéá ìåãáëýôåñïõò  êáé  âë. http://oeis.org/A008275.
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Ðñïöáíþò,  =
Y

 ðñþôïò ìå ≤
ν() ÅÜí  ∈ N  ≥ 2 íá áðïäåé·èïýí

ôá áêüëïõèá ãéá ôç óõììåôñéêÞ ïìÜäáS:

(i) Ãéá êÜèå68  ∈ N  ∈ D!

[∃ ∈ S : ord() = ]⇐⇒
X

 ðñþôïò ìå ≤
ν() ≤ 

(ii) ÅÜí69 g() := max {ord()|  ∈ S}  ôüôå g() | exp(S) êáé

exp(S) = åêð({1  }) =
Y

 ðñþôïò ìå ≤
blog()c

(iii) Íá äïèåß ï êáôÜëïãïò ôùí ôéìþí ðïõ ëáìâÜíïõí ïé g() êáé exp(S)

üôáí70  ∈ {2 3  14}
5-31. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí   ∈   :=  êáé  ∈ () íá áðïäåé·èåß

üôé  = 

5-32. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé E  íá áðïäåé·èåß üôé () E 

5-33. ¸óôù ôõ·ïýóá õðïïìÜäá ìéáò ïìÜäáò ( ·)  Íá äåé·èåß üôé

(−1) =  ()−1 ∀ ∈ 

5-34. Íá áðïäåé·èåß üôé ãéá êÜèå ïìÜäá ( ·) éó·ýïõí ïé éóüôçôåò
C(()) =  = N(())

5-35. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ïìÜäá. ÅÜí õðïôåèåß üôé ∈Max-Subg()
ìå | : | =  ∈ N üðïõ ï  åßíáé óýíèåôïò áñéèìüò, íá áðïäåé·èåß üôé

() @ 

5-36. ¸óôù (+ ·) Ýíá óþìá. Íá áðïäåé·èåß üôé ôï êÝíôñï ôÞò ïìÜäáòHeis( )

ôïýHeisenberg (âë. D.2.24) åßíáé éóüìïñöï ìå ôçí ðñïóèåôéêÞ ïìÜäá (+)

5-37. ËáìâáíïìÝíïõ õð' üøéí üôé |GL2(Z3)| = 48 íá áðïäåé·èïýí ôá åîÞò:

(i) (GL2(Z3)) vUT2 (Z3)× v GL2(Z3) ìå
¯̄̄
UT2 (Z3)×

¯̄̄
= 12

(ii) CïreGL2(Z3)(UT2 (Z3)×) = (GL2(Z3))
(iii) GL2(Z3)(GL2(Z3)) ∼=S4

68Õðåíèýìéóç óõìâïëéóìïý: D! := { ∈ N :  | !} (âë. B.2.34).

69O Edmund Landau (1877-1938) áðÝäåéîå óôçí §61 ôïý âéâëßïõ ôïõ Handbuch der Lehre von der Verteilung der
Primzahlen, Band I, Teubner Verlag, 1909, óåë. 222-229, üôé

lim
−→∞

ln(g())p
 ln()

= 1

70Ãéá áõôÝò ôéò ìéêñÝò ôéìÝò ôïý  ïé õðïëïãéóìïß ìðïñïýí íá ãßíïõí áðåõèåßáò (êÜíïíôáò, ð.·., ·ñÞóç ôÞò (B.14) Þ

ôÞò (B.26)). Ãéá ìåãáëýôåñïõò  âë., ð.·., ôéò áêïëïõèßåò áêåñáßùí õð. áñ. Ì0537 êáé Ì1590 óôçí Encyclopedia of
Integer Sequences ôùíN.J.A Sloane êáé S. Plouffe (Academic Press, 1995) Þ ôéò áêïëïõèßåò áêåñáßùí õð. áñ. A000793
êáé A003418 óôç äéáäéêôõáêÞ Ýêäïóç (http://oeis.org).
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5-38. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé E  íá äåé·èåß üôé () v ()

5-39. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ∈ NSubg() êáé v  íá áðïäåé·èåß

üôé éó·ýåé ç óõíåðáãùãÞ:

 v () =⇒  v ()

5-40. ÊáôÜ ôï èåþñçìá 3.5.1 ôïý Cayley, () ∼=  ∼= () üðïõ

() := { |  ∈ } v S () := { |  ∈ } v S

åßíáé ïé åî áñéóôåñþí êáé åê äåîéþí êáíïíéêÝò áíáðáñáóôÜóåéò ôÞò  åíôüò

ôÞò S áíôéóôïß·ùò, ìå

 :  −→   7−→ () :=   :  −→   7−→ () := 

Íá áðïäåé·èïýí ôá åîÞò: (i) () v CS(()) êáé () v CS(())

(ii)  =  ⇐⇒ [ord() ∈ {1 2} êáé  ∈ ()]

(iii) 1 = 2 ⇐⇒ [1 2 ∈ () êáé 1 = −12 ]

(iv) (()) = () ∩() = (())

5-41. Íá áðïäåé·èåß üôé äåí õðÜñ·åé êáìßá ïìÜäá  Ý·ïõóá ïìÜäá áõôïìïñöé-

óìþí Aut() éóüìïñöç ìå êÜðïéá åê ôùí (Z+) (Z2+1+) (üðïõ ∈ N).
5-42. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá Ý·ïõóá Ýíáí áõôïìïñöéóìü  ôÝôïéïí

þóôå íá éó·ýåé

card(
©
 ∈ |() = −1

ª
) 

3

4
|| 

Íá áðïäåé·èåß üôé ç  åßíáé áâåëéáíÞ êáé üôé () = −1 ∀ ∈  Åí óõíå-

·åßá, íá äïèåß Ýíá ðáñÜäåéãìá ìç áâåëéáíÞò ðåðåñáóìÝíçò ïìÜäáò Ý·ïõóáò
Ýíáí áõôïìïñöéóìü ï ïðïßïò áíôéóôñÝöåé áêñéâþò ôá 3

4 ôùí óôïé·åßùí ôçò.

5-43. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá. Íá áðïäåé·èåß üôé |C()| ≥ |0|
ãéá êÜèå óôïé·åßï  ∈ 

5-44. ¸óôù ( ·) ìéá ïìÜäá, ãéá ôçí ïðïßá ∃ E  : || = 2
(i) Íá áðïäåé·èåß üôé v ()

(ii) Éó·ýåé êáô' áíÜãêçí üôé v 0;

(iii) ÅÜí ç Ý·åé áêñéâþò Ýíá óôïé·åßï  ôÜîåùò 2 íá äåé·èåß üôé hi v ()

5-45. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  ìå ∩0 = {} Íá áðïäåé·èïýí

ôá åîÞò:

(i) v ()

(ii) () = ()

5-46. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá. ÅÜí |0| = 2 íá áðïäåé·èåß üôé ï

äåßêôçò | : 0| åßíáé Üñôéïò.
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5-47. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù :=
©
2
¯̄
 ∈ 0  ∈ 

ª
Íááðïäåé·èïýí

ôá åîÞò:

(i) E 

(ii) ÅÜí ç  åßíáé ðåðåñáóìÝíç êáé Ý·åé ðåñéôôÞ ôÜîç, ôüôå = 

5-48. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé E  íá äåé·èåß üôé ()0 = 0

5-49. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé ( ∗) ìéá áâåëéáíÞ ïìÜäá, íá äåé·èåß üôé

Hom() ∼= Hom(0)

5-50. Íá áðïäåé·èïýí ïé ó·Ýóåéò (5.54) êáé (5.55).

5-51. ÅÜí  ∈ N  ≥ 2 íá äåé·èåß üôé ãéá êÜèå óþìá  ìå ·áñ( ) 6= 2 éó·ýåé
UT[1] ( ) = [UT ( )

×
UT ( )

×
] (= (UT ( )

×
)0)

5-52. Ãéá ôçí Üðåéñç äéåäñéêÞ ïìÜäá D∞ := h −1i (âë. 3.4.14 êáé 3.4.15) íá
áðïäåé·èïýí ôá áêüëïõèá:

(i) Ôï óýíïëï ôùí õðïïìÜäùí ôçò åßíáé ôï

Subg(D∞) = {{


−1
®¯̄
 ∈ N0} {|  ∈ Z} {|  ∈ N  ∈ {0   − 1}}}

üðïõ

 
−1
® ∼= Z  :=


 ◦  

−1
® ∼= Z2 êáé :=


 
−1  ◦  

−1
® ∼= D∞

(ii)NSubg(D∞) = {{

 −1

®¯̄
 ∈ N0}2021D∞} êáé

D∞ h−1i ∼= Z2 D∞

 2−1

® ∼= V

D∞

 
−1
® ∼= D (ãéá  ≥ 3) D∞20

∼= Z2 ∼= D∞21

(iii)Min-NSubg(D∞) = ∅
(iv) Ôï êÝíôñï ôÞòD∞ åßíáé ôåôñéììÝíï.

(v)D0
∞ =


 2−1

®
êáéDab

∞ ∼= V

5-53. Íá áðïäåé·èåß üôé ôï óýíïëï ðéíÜêùí

 := {A((X) (X) (XY))|(X) (X) ∈ Q[X] (XY) ∈ Q[XY]} 
üðïõ

A((X) (X) (XY)) :=

µ
1 (X) (XY)
0 1 (X)
0 0 1

¶


áðïôåëåß ìéá ïìÜäá (ìå ôïí ðïëëáðëáóéáóìüðéíÜêùíùò ðñÜîç ôçò) Ý·ïõóá

ùò ìåôáèÝôñéá õðïïìÜäá ôçò ôçí

0 = {A(0 0 (XY))|(XY) ∈ Q[XY]}
êáé, åí óõíå·åßá, üôé ï ðßíáêáò A(0 0 1 + XY + X2Y2) ∈ 0 äåí åßíáé ìåôá-

èÝôçò äýï óôïé·åßùí ôÞò 
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5-54. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí v  íá áðïäåé·èåß üôé

 E ⇐⇒ [] v 

5-55. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí v   v  êáé  E  íá áðïäåé·èåß üôé

[] v [] [] = []

êáé [] = []

5-56. ¸óôù  ∈ N  ≥ 3 Íá ãñáöåß ç åîßóùóç (5.64) ôùí êëÜóåùí óõæõãßáò ãéá

ôç äéåäñéêÞ ïìÜäá D ùò ðñïò ôï ðëÞñåò óýóôçìá åêðñïóþðùí Ξ áõôþí

ðïõ äßäåôáé óôçí ðñüôáóç 5.1.10.

5-57. ÅÜí  ∈ N  ≥ 3 íá ãñáöåß ç åîßóùóç êëÜóåùí óõæõãßáò (5.64) ãéá ôç

óõììåôñéêÞ ïìÜäá S

5-58. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá, íá äåé·èïýí ôá åîÞò:

(i) ÅÜí K() = 3 ôüôå åßôå  ∼= Z3 åßôå  ∼= S3
(ii) ÅÜí K() = 4 ôüôå ç  åßíáé éóüìïñöç ìå ìßá åê ôùí: Z4VD5A4

5-59. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá. Íá áðïäåé·èåß üôé ôï óýíïëï  äåí

ìðïñåß íá ãñáöåß ùò Ýíùóç  =
S
∈  ôùí ìåëþí ìéáò ïéêïãÝíåéáò õðïï-

ìÜäùí ôçò ()∈ åÜí card() ≥ 2 ∩0 = {} ãéá ïéïõóäÞðïôå  0 ∈ 

ìå  6= 0 êáé N() =  ãéá êÜèå  ∈ 

5-60. Íá áðïäåé·èåß üôé ãéá êÜèå  ∈ N éó·ýåé ç ó·Ýóç:

card(Grôáî. ()) ≤  log2()

[Õðüäåéîç : Íá áêïëïõèçèåß ç áðüäåéîç ôïý ëÞììáôïò 5.6.14 êáé íá ·ñçóé-

ìïðïéçèåß ç Üóêçóç 4-30]



ÊÅÖÁËÁÉÏ 6

Áíáëëïßùôåò õðïïìÜäåò,

ðëÞñåéò ïìÜäåò

êáé ôï ïëüìïñöï ïìÜäáò

¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù v ÊáôÜ ôçí ðñüôáóç 5.4.24,

 E ⇐⇒ () ⊆  ∀ ∈ Inn()

ÅÜí óå áõôÞí ôç óõíèÞêç áíôéêáôáóôÞóïõìå ôçí Inn() ìå ôõ·üí A ⊆ End()
ôüôå ëáìâÜíïõìå ìéá Üëëç êëÜóç õðïïìÜäùí: ËÝìå üôé ìéá õðïïìÜäá  ôÞò 
ìÝíåé áíáëëïßùôç ùò ðñïò ôïA Þ, áðëïýóôåñá, üôé ç åßíáéA-áíáëëïßùôç üôáí
() ⊆  ãéá êÜèå  ∈ A Åßíáé ðñïöáíÝò üôé ôüóïí ç ôåôñéììÝíç õðïïìÜäá
üóïí êáé ç ßäéá ç  åßíáé A-áíáëëïßùôåò ãéá ïéïäÞðïôå A ⊆ End() ÊÜèå ìç
ôåôñéììÝíç ïìÜäá  ç ïðïßá äåí äéáèÝôåé Üëëåò A-áíáëëïßùôåò õðïïìÜäåò (ðÝ-
ñáí áõôþí ôùí äýï åìöáíþí) êáëåßôáé A-áðëÞ ïìÜäá. A-áíáëëïßùôåò õðïïìÜ-
äåò êáéA-áðëÝò ïìÜäåò õðåéóÝñ·ïíôáé (ãéá äéÜöïñáA) óå ðïëëÝò åöáñìïãÝò. Óôéò
äýï ðñþôåò åíüôçôåò ôïý ðáñüíôïò êåöáëáßïõ èá ðåñéïñéóèïýìå óôçí êáôáãñáöÞ
ôùí êýñéùí éäéïôÞôùí ôùí ·áñáêôçñéóôéêþí êáé ðëÞñùò áíáëëïéþôùí õðïïìÜäùí
ìéáò ïìÜäáò  êáé ôùí ·áñáêôçñéóôéêþò áðëþí ïìÜäùí ôùí óõìðåñéëáìâáíïìÝ-
íùí óôïí áêüëïõèï êáôÜëïãï (üðïõ A ∈ {Aut() End()}), êáèþò êáé óôçí
ðáñï·Þ ·ñÞóéìùí ðáñáäåéãìÜôùí.

A A-áíáëëïßùôåò õðïïìÜäåò A-áðëÝò ïìÜäåò
Inn() ïñèüèåôåò õðïïìÜäåò áðëÝò ïìÜäåò

Aut() ·áñáêôçñéóôéêÝò õðïïìÜäåò ·áñáêôçñéóôéêþò áðëÝò ïìÜäåò

End() ðëÞñùò áíáëëïßùôåò õðïïìÜäåò ---

Åí óõíå·åßá èá ðáñáèÝóïõìå êëÜóåéò ðëÞñùí ïìÜäùí (Þôïé ïìÜäùí ìå ôåôñéììÝíï
êÝíôñï êáé ìüíïí åóùôåñéêïýò áõôïìïñöéóìïýò). Óôçí ôåëåõôáßá åíüôçôá ôïý êå-
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öáëáßïõ ðåñéëáìâÜíïíôáé ç êáôáóêåõÞ êáé ïé âáóéêÝò éäéüôçôåò ôïý ëåãïìÝíïõ

ïëüìïñöïõ ìéáò ïìÜäáò.

6.1 μÁÑÁÊÔÇÑÉÓÔÉÊÅÓ ÕÐÏÏÌÁÄÅÓ

6.1.1 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  v  Ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) () ⊆  ∀ ∈ Aut()

(ii) () v  ∀ ∈ Aut()

(iii) () =  ∀ ∈ Aut()

Áðïäåéîç. Ïé óõíåðáãùãÝò (ii)⇒(i) êáé (iii)⇒(ii) åßíáé ðñïöáíåßò, åíþ ç (i)⇒(ii)

Ýðåôáé áðü ôï ðüñéóìá 2.1.20. ÁðïìÝíåé íá áðïäåé·èåß ç (ii)⇒(iii) ¸óôù ôõ·þí

 ∈ Aut() ÅðåéäÞ −1 ∈ Aut() Ý·ïõìå

−1() v  =⇒  = (−1()) v ()

Ïé () v  êáé  v () äßäïõí ôçí éóüôçôá () =  ¤

6.1.2 Ïñéóìüò. Ìéá õðïïìÜäá  ìéáò ïìÜäáò ( ·) êáëåßôáé ·áñáêôçñéóôéêÞ

õðïïìÜäá (óçìåéïýìåíç, éäéáéôÝñùò, ùò1  v·áñ ) üôáí éêáíïðïéåß ìßá (êáé,

êáô' åðÝêôáóç, êáé ôéò ôñåéò) åê ôùí óõíèçêþí (i), (ii), (iii) ôÞò ðñïôÜóåùò 6.1.1.

6.1.3 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù 2  v 

(i) ÅÜí ç åßíáé ç ìïíáäéêÞ õðïïìÜäá ôÞò  ôÜîåùò ||  ôüôå  v·áñ. 

(ii) ÅÜí ç  åßíáé ç ìïíáäéêÞ êõêëéêÞ (Þ ç ìïíáäéêÞ áâåëéáíÞ) õðïïìÜäá ôÞò 
ôÜîåùò ||  ôüôå  v·áñ. 

Áðïäåéîç. (i) ¸óôù ôõ·þí áõôïìïñöéóìüò  ∈ Aut() Ç åéêüíá () ôÞò 

ìÝóù ôïý  åßíáé ìéá õðïïìÜäá ôÞò () =  ôÜîåùò |()| = || (âë. 2.4.6 (i)

êáé 2.4.19 (i)). Áðü ôçí ðñïûðïôåèåßóá ìïíáäéêüôçôá ôÞò õðïïìÜäáò (ìå áõôÞí

ôçí éäéüôçôá) Ýðåôáé üôé () =  äçëáäÞ üôé v·áñ 

(ii)Ç åéêüíá()áõôÞò ôÞò õðïïìÜäáò ìÝóù åíüò ∈Aut() åßíáé ìéáêõêëéêÞ
(êáé áíôéóôïß·ùò, ìéá áâåëéáíÞ ) õðïïìÜäá ôÞò () =  ôÜîåùò |()| = || (âë.
2.4.6 (i) êáé 2.4.19 (i), (ii) êáé (iii)). Áðü ôçí ðñïûðïôåèåßóá ìïíáäéêüôçôá ôÞò 

(ìå ìßá áðü áõôÝò ôéò éäéüôçôåò) Ýðåôáé üôé () =  äçëáäÞ üôé v·áñ  ¤

6.1.4 ÐáñÜäåéãìá. ¸óôù  ∈ N  ≥ 3 Óôçí -ïóôÞ äéåäñéêÞ ïìÜäá

D = h i =
©

¯̄
 ∈ {0 1  − 1}ª ∪ © ◦  ¯̄  ∈ {0 1  − 1}ª

1Êáô' áíáëïãßáí ãñÜöïõìå  @ ·áñ  üôáí ç åßíáé ·áñáêôçñéóôéêÞ ãíÞóéá õðïïìÜäá ôÞò  Ï óõìâïëéóìüò

“ 6v·áñ ” èá óçìáßíåé üôé ç ôïý äåí åßíáé ·áñáêôçñéóôéêÞ õðïïìÜäá ôÞò.

2Åí ðñïêåéìÝíù, äåí õðïôßèåôáé üôé ç Þ ç åßíáé ðåðåñáóìÝíç.
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(âë. 3.4.4) Ý·ïõìå áö' åíüò ìåí (ëüãù ôïý ðïñßóìáôïò 2.3.11)

ord() =
¯̄

®¯̄
=



ìêä( )
 ∀ ∈ {0 1 − 1}

áö' åôÝñïõ äå


− ◦  =  ◦  ⇒  = 

 ◦  ◦  =⇒
=−1

idE =  ◦  ◦  ◦  = ( ◦ )2

áð' üðïõ Ýðåôáé üôé ord( ◦ ) = ¯̄
 ◦ ®¯̄ = 2 ∀ ∈ {0 1  − 1} ÊáôÜ

óõíÝðåéáí, ç hi = ®  üðïõ  ∈ {1 − 1} ìå ìêä( ) = 1 åßíáé ç ìïíáäéêÞ
êõêëéêÞ õðïïìÜäá ôÞòD ôÜîåùòÅîáõôïý Ýðåôáé (ìÝóù ôïý (ii) ôÞò ðñïôÜóåùò

6.1.3) üôé hi @·áñ D

6.1.5 Ðñüôáóç. ÅÜí ()∈ åßíáé ìéá ïéêïãÝíåéá ·áñáêôçñéóôéêþí õðïïìÜäùí
ìéáò ïìÜäáò ( ·) ôüôå éó·ýïõí ôá áêüëïõèá :
(i)
T
∈  v·áñ. 

(ii) h{ |  ∈ }i v·áñ. 

Áðïäåéîç. ¸óôù ôõ·þí  ∈ Aut() Åî õðïèÝóåùò,

() ⊆   ∀ ∈  (6.1)

(i) Ðñïöáíþò, (
T
∈

) =
T
∈

() ⊆
T
∈

 ⇒
T
∈

 v·áñ 

(ii) ¸óôù ôõ·üí  ∈ h{ |  ∈ }i Áõôü (óýìöùíá ìå ôï ðüñéóìá 2.2.6) ãñÜöåôáé

õðü ôç ìïñöÞ  = 12 · · ·   üðïõ  ∈   ∀ ∈ {1  } ãéá êÜðïéïí

 ∈ NÐñïöáíþò,

() = (1)| {z }
∈1

(2)| {z }
∈2

· · · ()| {z }
∈

∈ h{ |  ∈ }i

(ëüãù ôùí (6.1)), ïðüôå h{ |  ∈ }i v·áñ  ¤

6.1.6 Ðñüôáóç. Ôï êÝíôñï ïéáóäÞðïôå ïìÜäáò áðïôåëåß ·áñáêôçñéóôéêÞ õðïï-
ìÜäá áõôÞò.

Áðïäåéîç. ¸óôù ( ·) ôõ·ïýóáïìÜäáêáé Ýóôù  ∈ ()ÅðåéäÞ ãéá êÜèå  ∈ 

êáé êÜèå  ∈ Aut() Ý·ïõìå −1 ∈ Aut() −1() ∈  êáé

−1() = −1()⇒ () = (−1()) = (−1()) = ()

ðáñáôçñïýìå üôé () ∈ () ïðüôå (()) ⊆ ()⇒ () v·áñ  ¤

6.1.7 Ðñüôáóç. Ãéá ïéáäÞðïôå ïìÜäá ( ·) éó·ýåé ç óõíåðáãùãÞ
 v·áñ.  =⇒  E 

Áðïäåéîç. ÅÜí v·áñ  ôüôå (åî ïñéóìïý) () =  ãéá êÜèå  ∈Aut() êáé,

éäéáéôÝñùò, () =  ãéá êÜèå  ∈ Inn() ïðüôå E  (âë. 5.4.24). ¤
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6.1.8 Óçìåßùóç. Ç áíôßóôñïöç óõíåðáãùãÞ äåí åßíáé ðÜíôïôå áëçèÞò. ÕðÜñ-

·ïõí ïñèüèåôåò õðïïìÜäåò ïìÜäùí ðïõ äåí åßíáé ·áñáêôçñéóôéêÝò. (Âë. ðáñÜ-

äåéãìá 6.1.16.) Ìéá éêáíÞ óõíèÞêç ãéá íá éó·ýåé êáé ç áíôßóôñïöç óõíåðáãùãÞ

(óôçí ðåñßðôùóç üðïõ ç ïìÜäá áíáöïñÜò ìáò åßíáé ðåðåñáóìÝíç ) äßäåôáé óôçí
åðïìÝíç ðñüôáóç.

6.1.9 Ðñüôáóç. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá. ÅÜí E  ôüôå

ìêä(||  | : |) = 1 =⇒  v·áñ. 

Áðïäåéîç. ¸óôù ôõ·þí  ∈ Aut() ÈÝôïíôáò  := () áñêåß íá äåßîïõìå

üôé  ⊆  Áò õðïèÝóïõìå üôé || =  êáé | : | = || =  Ëüãù ôïý

õöéóôÜìåíïõ éóïìïñöéóìïý 
∼=−→   7−→ () Ý·ïõìå || = . ÅîÜëëïõ,

åðåéäÞ  v  éó·ýåé  v  (Âë. 4.2.24, 4.5.14 (i), 4.5.12 êáé 4.4.15

(i).) Áõôü, óýìöùíá ìå ôï èåþñçìá 4.1.22 ôïý Lagrange, óçìáßíåé üôé || | 

Áðü ôçí Üëëç ìåñéÜ, ôï 2ï èåþñçìá éóïìïñöéóìþí 4.5.13 ìáò ðëçñïöïñåß üôé

 ∼= ( ∩)⇒ || = ||
|∩| =


|∩| 

ïðüôå [|| |  êáé || | ] =⇒
B.2.6

|| | ìêä() = 1 Åî áõôïý

Ýðåôáé üôé || = 1⇒  =  ⇒  ⊆  ¤

6.1.10 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  ∈ Subg() êáé  ∈ Subg()
ôüôå éó·ýïõí ïé åîÞò óõíåðáãùãÝò :

(i)
£
 v·áñ.  êáé  v·áñ. 

¤
=⇒  v·áñ. 

(ii)
£
 v·áñ.  êáé  E 

¤
=⇒  E 

Áðïäåéîç. (i) ¸óôù ôõ·þí  ∈ Aut() Åî õðïèÝóåùò, () =  Ðñïöáíþò,

| ∈Aut()ÅðïìÝíùò, | () = ÅðåéäÞ | () = () óõìðåñáßíïõìå

üôé v·áñ. 

(ii) ¸óôù ôõ·þí  ∈ Inn() ÅðåéäÞ  E  Ý·ïõìå () =  (âë. 5.4.24).

Ðñïöáíþò, ï ðåñéïñéóìüò | ôïý  åðß ôÞò õðïïìÜäáò  áðïôåëåß Ýíáí (ü·é

êáô' áíÜãêçí åóùôåñéêü) áõôïìïñöéóìü ôÞò  ÅðïìÝíùò, | () =  ÅðåéäÞ

| () = () =  Ý·ïõìå (åê íÝïõ ìÝóù ôÞò ðñïôÜóåùò 5.4.24) E  ¤

6.1.11 ÐáñáôÞñçóç. (i) Åí áíôéèÝóåé ðñïò ôçí ‘‘E'', ç äéìåëÞò ó·Ýóç ‘‘v·áñ'' (åðß

ôïý Subg()) åßíáé, óýìöùíá ìå ôï (i) ôÞò ðñïôÜóåùò 6.2.7, ìåôáâáôéêÞ. (Ðñâë.

åä. 4.2.27.)

(ii) ÊáôÜ ôçí ðñüôáóç 4.2.19 éó·ýåé ç óõíåðáãùãÞ

[ v  v  êáé  E ] =⇒  E 

ÁõôÞ ðáýåé íá éó·ýåé üôáí ç ‘‘E'' áíôéêáôáóôáèåß ìå ôçí ‘‘v·áñ''. ÐñÜãìáôé° åÜí

èåùñÞóïõìå ôéò õðïïìÜäåò  :=

2
®
@

 2

®
:=  ôÞò äéåäñéêÞò ïìÜäáò

 := D4 = h i  ôüôå(D4) =

2
®
@·áñ D4 (üðïõ


2
® ∼= Z2) êáé  2® ∼= V

(âë. åä. 5.4.8, 6.1.6 êáé 4.1.41). Ùóôüóï,

2
® 6v·áñ


 2

®
 (Ðñâë. åä. 6.1.16.)
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6.1.12 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  v  v  ôüôå éó·ýåé ç óõíåðá-
ãùãÞ £

 v·áñ.  êáé  v·áñ. 
¤
=⇒  v·áñ. 

Áðïäåéîç. Êáô' áñ·Üò, åðåéäÞ  v·áñ.  =⇒
6.1.7

 E  ïñßæåôáé ç ðçëéêïïìÜäá

 ÅðéðñïóèÝôùò, åðåéäÞ (óýìöùíá ìå ôçí ðñüôáóç 4.2.19)  E  ïñßæåôáé

êáé ç ðçëéêïïìÜäá ¸óôù ôõ·þí  ∈ Aut() êáé Ýóôù


ðçë.−→   7−→ ðçë.() := ()

ï ìïíáäéêüò åíäïìïñöéóìüò ôÞò ðçëéêïïìÜäáò  ðïõ êáèéóôÜ ôï äéÜãñáììá




²²

ª

 // 


²²


ðçë.

//___ 

ìåôáèåôéêü. ÅðåéäÞ () =  ⇒  = −1() êáé Im() =  ï ðçë. áðïôåëåß

Ýíáí áõôïìïñöéóìü ôÞò  (Âë. èåþñçìá 4.5.5.) Åî õðïèÝóåùò,

 v·áñ.  =⇒ ðçë.() =  (6.2)

Áðü ôçí Üëëç ìåñéÜ, E  =⇒
4.2.30 (i)

 = () E () êáé

ðçë.() =
n
ðçë.() | ∈ 

o
= {() | ∈  } = () (6.3)

Áðü ôéò (6.2) êáé (6.3) Ýðåôáé üôé

 = () =⇒ () =  =⇒  v·áñ. 

üðïõ ç ðñþôç óõíåðáãùãÞ ïöåßëåôáé óôçí áìöéññéðôéêüôçôá ôÞò áðåéêïíßóåùò

Ψ : Subg(;) −→ Subg() ôïý ðïñßóìáôïò 4.4.15. ¤

6.1.13 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ∈ Subg() ôüôå£
 v·áñ.  êáé  v·áñ. 

¤
=⇒ [] v·áñ. 

Áðïäåéîç. ¸óôù ôõ·þí  ∈Aut() Ãéá ïéïäÞðïôå æåýãïò ( ) ∈ × Ý·ïõìå

([ ]) = (−1−1) = ()()()−1()−1 = [() ()] 

ïðüôå ôï (i) ôÞò ðñïôÜóåùò 2.4.9 äßäåé

 ([]) =  (h{[ ] | ( ) ∈  × }i)
= h{([ ]) | ( ) ∈  × }i
= h{[() ()] | ( ) ∈  × }i = [() ()] 

Åî õðïèÝóåùò, () =  êáé () =  ¢ñá  ([]) = []  ¤
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6.1.14 Ðüñéóìá. Ç ìåôáèÝôñéá õðïïìÜäá 0 = [] ïéáóäÞðïôå ïìÜäáò ( ·)
åßíáé ·áñáêôçñéóôéêÞ.

6.1.15 Ïñéóìüò. Ìéáìç ôåôñéììÝíç ïìÜäáêáëåßôáé ·áñáêôçñéóôéêþò áðëÞ ïìÜäá

üôáí äéáèÝôåé ùò ·áñáêôçñéóôéêÝò õðïïìÜäåò ôçò ìüíïí ôçí ôåôñéììÝíç êáé ôïí

åáõôü ôçò3.

Ëüãù ôÞò ðñïôÜóåùò 6.1.7 êÜèå áðëÞ ïìÜäá åßíáé ·áñáêôçñéóôéêþò áðëÞ. ¼ìùò

ôï áíôßóôñïöï äåí éó·ýåé.

6.1.16 ÐáñÜäåéãìá. Ãéá ôçí ïìÜäáV := {id 1 2 3} ôùí ôåóóÜñùí óôïé·åßùí

ôïýKlein, üðïõ 1 := [1 2]◦[3 4]  2 := [1 3]◦[2 4]  3 := [1 4]◦[2 3]  ãíùñßæïõìå üôé
Subg(V) = {{id} h1i  h2i  h3i V} êáé üôé Aut(V) = {0 1 2 3 4 5}
üðïõ 0 := Aut(V) (id) = id, ãéá êÜèå  ∈ {1 2 3 4 5}

1 (1) := 1 1 (2) := 3 1 (3) := 2

2 (1) := 2 2 (2) := 1 2 (3) := 3

3 (1) := 2 3 (2) := 3 3 (3) := 1

4 (1) := 3 4 (2) := 1 4 (3) := 2

êáé 5 (1) := 3 5 (2) := 2 5 (3) := 1 (Âë. åä. 4.1.41, êáèþò êáé ôçí

áðüäåéîç ôïý (ii) ôïý ðïñßóìáôïò 3.5.8.) ÅðåéäÞ, ð.·.,

1 (h2i) = h3i 6= h2i  1 (h3i) = h2i 6= h3i

êáé 2 (h1i) = h2i 6= h1i  ïé h1i  h2i  h3i äåí åßíáé ·áñáêôçñéóôéêÝò õðïï-
ìÜäåò ôÞò V ïðüôå ç V åßíáé ·áñáêôçñéóôéêþò áðëÞ. Áðü ôçí Üëëç ìåñéÜ, ç V

äåí åßíáé áðëÞ, äéüôé ïé h1i  h2i  h3i åßíáé ïñèüèåôåò õðïïìÜäåò ôçò.

6.1.17 ÐáñÜäåéãìá. Ç ïìÜäá (Q+) åßíáé ·áñáêôçñéóôéêþò áðëÞ. ÐñÜãìáôé°

êáôÜ ôï èåþñçìá 2.4.33, Aut(Q) = { |  ∈ Qr{0}} üðïõ

 : Q −→ Q  7−→ () := 

¸óôù  ôõ·ïýóá ìç ôåôñéììÝíç ·áñáêôçñéóôéêÞ õðïïìÜäá ôÞò (Q+) êáé Ýóôù
 ∈ r{0} Ãéá êÜèå  ∈ Qr{0} èÝôïõìå  := −1 êáé ðáñáôçñïýìå üôé

 =  = () ∈ () =  ⇒ Qr{0} ⊆ 

 v Q⇒ 0 ∈ 

)
⇒  = Q

¢ñá ç (Q+) åßíáé üíôùò ·áñáêôçñéóôéêþò áðëÞ (·ùñßò, ùóôüóï, íá åßíáé áðëÞ,

äéüôé óýìöùíá ìå ôçí ðñüôáóç 4.3.2 êáìßá Üðåéñç áâåëéáíÞ ïìÜäá äåí åßíáé

áðëÞ).

3Ôï üôé áõôÝò ïé äýï õðïïìÜäåò åßíáé ðÜíôïôå ·áñáêôçñéóôéêÝò õðïïìÜäåò ïéáóäÞðïôå ïìÜäáò, åßíáé ðñïöáíÝò.
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6.2 ÐËÇÑÙÓ ÁÍÁËËÏÉÙÔÅÓ ÕÐÏÏÌÁÄÅÓ

6.2.1 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  v  Ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) () ⊆  ∀ ∈ End()

(ii) () v  ∀ ∈ End()

Áðïäåéîç. Ç óõíåðáãùãÞ (ii)⇒(i) åßíáé ðñïöáíÞò, åíþ ç (i)⇒(ii) Ýðåôáé áðü ôï

ðüñéóìá 2.1.20. ¤

6.2.2 Ïñéóìüò. Ìéá õðïïìÜäá ìéáò ïìÜäáò ( ·) êáëåßôáé ðëÞñùò áíáëëïßùôç
õðïïìÜäá (óçìåéïýìåíç, éäéáéôÝñùò, ìå ôï óýìâïëï4  vðë. áí ) üôáí éêáíïðïéåß

ôéò óõíèÞêåò (i), (ii) ôÞò ðñïôÜóåùò 6.2.1.

6.2.3 Ðñüôáóç. ÅÜí ()∈ åßíáé ìéá ïéêïãÝíåéá ðëÞñùòáíáëëïéþôùí õðïïìÜäùí
ìéáò ïìÜäáò ( ·) ôüôå éó·ýïõí ôá áêüëïõèá :
(i)
T
∈  vðë. áí 

(ii) h{ |  ∈ }i vðë. áí 

Áðïäåéîç. Ðáíïìïéüôõðç åêåßíçò ôÞò ðñïôÜóåùò 6.1.5. (Áñêåß êáíåßò íá åêêé-

íÞóåé áðü ôõ·üíôá åíäïìïñöéóìü ôÞò  êáé íá ·ñçóéìïðïéÞóåé ôá ßäéá åðé·åéñÞ-

ìáôá.) ¤

6.2.4 Ðñüôáóç. Ãéá ïéáäÞðïôå ïìÜäá ( ·) éó·ýåé ç óõíåðáãùãÞ

 vðë. áí  =⇒  v·áñ. 

Áðïäåéîç. ÅÜí  vðë. áí  ôüôå (åî ïñéóìïý) () ⊆  ãéá êÜèå  ∈ End()

êáé, éäéáéôÝñùò, () ⊆  ãéá êÜèå  ∈ Aut() ïðüôå v·áñ.  (âë. 6.1.1). ¤

6.2.5 Ðñüôáóç. ÊÜèå õðïïìÜäá ìéáò êõêëéêÞò ïìÜäáò åßíáé ðëÞñùò áíáëëïßùôç
(êáé, êáô' åðÝêôáóç, êáé ·áñáêôçñéóôéêÞ ëüãù ôÞò ðñïôÜóåùò 6.2.4).

Áðïäåéîç. ¸óôù ( ·) ìéá êõêëéêÞ ïìÜäá êáé Ýóôù  v  Ôüôå  = hi ãéá
êÜðïéï óôïé·åßï  ∈  êáé  =



®
ãéá êÜðïéïí  ∈ N0 (Âë. 2.4.25 (i).) ¸óôù

ôõ·þí  ∈ End() ÅðåéäÞ  () ∈ hi  õðÜñ·åé  ∈ Z ôÝôïéïò þóôå íá éó·ýåé
 () =  ÅðïìÝíùò,

 () = 
³D



E´

=
D
()

E
=
D
()

E
=
D
()

E
=
D
()

E
=
D
()||

E
v 

(Âë. 2.4.9 (i) êáé 2.4.25 (i).) ¤
4Êáô' áíáëïãßáí ãñÜöïõìå @ðë. áí  üôáí ç åßíáé ðëÞñùò áíáëëïßùôç ãíÞóéá õðïïìÜäá ôÞòÏ óõìâïëé-

óìüò “ 6vðë. áí ” èá óçìáßíåé üôé ç ôïý äåí åßíáé ðëÞñùò áíáëëïßùôç õðïïìÜäá ôÞò
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6.2.6 Óçìåßùóç. Óôçí ðñüôáóç 6.1.6 áðïäåßîáìå üôé ôï êÝíôñï () ìéáò ïìÜäáò

( ·) áðïôåëåß ìéá ·áñáêôçñéóôéêÞ õðïïìÜäá áõôÞò. Åíôïýôïéò, ôï() äåí åßíáé

êáô' áíÜãêçí ðëÞñùò áíáëëïßùôç õðïïìÜäá ôçò. ÌÜëéóôá, Ýíá áðëü ðáñÜäåéãìá

·áñáêôçñéóôéêÞò, ìç ðëÞñùò áíáëëïßùôçò õðïïìÜäáò ìéáò ïéêåßáò ìáò ïìÜäáò åß-

íáé ôï êÝíôñï(GL2(Q)) ôÞò ãåíéêÞò ãñáììéêÞò ïìÜäáòGL2(Q)ÐñÜãìáôé° âÜóåé

ôùí áðïäåé·èÝíôùí óôçí ðñüôáóç 5.4.12,

(GL2(Q)) =
n³

 0
0 

´¯̄̄
 ∈ Qr{0}

o


ÅðéðñïóèÝôùò, ç ïñßæïõóá ïéïõäÞðïôå A ∈ GL2(Q) ãñÜöåôáé õðü ôç ìïñöÞ

det(A) =
2A


 üðïõ   ðåñéôôïß áêÝñáéïé êáéA Ýíáò (ìïíïóçìÜíôùò ïñéóìÝ-

íïò) áêÝñáéïò áñéèìüò åîáñôþìåíïò áðü ôïíA ÅðåéäÞ ç ïñßæïõóá ôïý ãéíïìÝíïõ

äýï ðéíÜêùí éóïýôáé ìå ôï ãéíüìåíï ôùí ïñéæïõóþí áõôþí (âë. D.2.11), Ý·ïõìå

AB = A +B ∀(AB) ∈ GL2(Q)×GL2(Q)

Ùò åê ôïýôïõ, ç áðåéêüíéóç

 : GL2(Q) −→ GL2(Q) A 7−→ (A) :=
³

1 A

0 1

´


áðïôåëåß Ýíáí åíäïìïñöéóìü ôÞò GL2(Q) äéüôé

(AB) =
³

1 AB

0 1

´
=
³

1 A +B

0 1

´
=

³
1 A

0 1

´³
1 B

0 1

´
= (A)(B)

ãéá êÜèå (AB) ∈ GL2(Q)×GL2(Q) ÅðåéäÞ³
2 0
0 2

´
∈ (GL2(Q)) ìå 

³³
2 0
0 2

´´
=
³

1 2
0 1

´
∈ (GL2(Q))

Ý·ïõìå (GL2(Q)) 6vðë. áíGL2(Q)

6.2.7 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  ∈ Subg() êáé  ∈ Subg()
ôüôå éó·ýåé ç óõíåðáãùãÞ

[ vðë. áí  êáé  vðë. áí ] =⇒  vðë. áí 

Áðïäåéîç. ¸óôù ôõ·þí  ∈ End() Åî õðïèÝóåùò, () v  Ðñïöáíþò,

| ∈ End() ÅðïìÝíùò, | () v  ÅðåéäÞ | () = () óõìðåñáß-

íïõìå üôé vðë. áí  ¤

6.2.8 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí ∈ Subg() ôüôå

[ vðë. áí  êáé  vðë. áí ] =⇒ [] vðë. áí 
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Áðïäåéîç. ¸óôù ôõ·üí  ∈ [] Ôï  ãñÜöåôáé õðü ôç ìïñöÞ

 = [1 1]
1 [2 2]

2 · · · [ ]   ∈ N
üðïõ  ∈   ∈  êáé  ∈ {±1} ∀ ∈ {1  } (Âë. 5.5.29 êáé (2.6).) ÅðåéäÞ

([   ]) = (
−1
 

−1
 ) = ()()()

−1
()

−1 = [() ()]

êáé () ∈ () ⊆  () ∈ () ⊆  ãéá êÜèå  ∈ {1  } ëáìâÜíïõìå

() =
Q

=1
[() ()]

 ∈ []

ïðüôå ([]) ⊆ []⇒ [] vðë. áí  ¤

6.2.9 Ðüñéóìá. Ç ìåôáèÝôñéá õðïïìÜäá 0 = [] ïéáóäÞðïôå ïìÜäáò ( ·)
åßíáé ðëÞñùò áíáëëïßùôç.

6.3 ÐËÇÑÅÉÓ ÏÌÁÄÅÓ

Ç ïìÜäá Out() ôùí åîùôåñéêþí áõôïìïñöéóìþí ìéáò ïìÜäáò ( ·) (âë. 5.4.31)
åíäÝ·åôáé íá åßíáé ôåôñéììÝíç, üðùò, ð.·., óõìâáßíåé óôçí ðåñßðôùóç êáôÜ ôçí

ïðïßá ç ( ·) åßíáé ðëÞñçò ïìÜäá.

6.3.1 Ïñéóìüò. Ìéá ïìÜäá ( ·) êáëåßôáé ðëÞñçò ïìÜäá üôáí () = {} êáé
(ôáõôï·ñüíùò) Aut() = Inn()

6.3.2 ÐáñáôÞñçóç. Ðñïöáíþò, Aut() ∼=  (âë. (5.41)) êáé ç Out() åßíáé ôå-

ôñéììÝíç ãéá êÜèå ðëÞñç ïìÜäá ( ·)
ÓçìáíôéêÝò ïéêïãÝíåéåò ðëÞñùí ïìÜäùí äßäïíôáé óôá èåùñÞìáôá 6.3.5, 6.3.21 êáé

6.3.22. (Ïé áðïäåßîåéò ôùí èåùñçìÜôùí 6.3.5 êáé 6.3.8 ïöåßëïíôáé óôïí Ãåñìáíü

ìáèçìáôéêü5 Otto Hlder (1859-1937).)

6.3.3 ËÞììá. ¸óôù  ∈ N  ≥ 2 ÅÜí  ∈ S ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé
éóïäýíáìåò :

(i) ord() = 2

(ii)  = 1 ◦ 2 ◦ · · · ◦  üðïõ ïé 1 2   åßíáé  áíÜ äýï îÝíåò ìåôáîý ôïõò
áíôéìåôáèÝóåéò ãéá êÜðïéïí  ≤ 

2 

Áðïäåéîç. Ðñïöáíþò, ord() = 1⇔  = id Ãé' áõôüí ôïí ëüãï ìðïñïýìå äß·ùò

âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå üôé  ∈ Sr{id}Ç  ìðïñåß (åðß ôç âÜóåé

ôïý èåùñÞìáôïò 3.2.7) íá ãñáöåß õðü ôç ìïñöÞ  = 1 ◦ 2 ◦ · · · ◦  åðáëëÞëùí

óõíèÝóåùí áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí 1 2   ìÞêïõò ≥ 2 (ÁõôÞ

ç Ýêöñáóç åßíáé ìïíïóçìÜíôùò ïñéóìÝíç ìÝ·ñéò áíáäéáôÜîåùò ôùí ìåôå·üíôùí

5Âë. Otto Hlder: Bildung zusammengesetzter Gruppen, Math. Annalen, Bd. 46 (1895), 321-422
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êýêëùí.) ÅÜí  åßíáé ôï ìÞêïò ôïý   ãéá êÜèå  ∈ {1  } ôüôå ord() = 1
üôáí  = 1 êáé ord() = åêð(1  ) üôáí  ≥ 2 (âë. 3.2.10). ÅðåéäÞ ãéá  ≥ 2
Ý·ïõìå ½

åêð(1  ) = 2

üðïõ 1 ≥ 2   ≥ 2
¾
⇐⇒ 1 = · · · =  = 2

ç éóïäõíáìßá ôùí óõíèçêþí (i) êáé (ii) åßíáé ðñïöáíÞò. ¤

6.3.4 ËÞììá. ¸óôù  ∈ N  ≥ 3 ÅÜí  ∈ Áut(S) ôüôå ïé áêüëïõèåò óõíèÞêåò
åßíáé éóïäýíáìåò :

(i) Ç åéêüíá ïéáóäÞðïôå áíôéìåôáèÝóåùò ìÝóù ôïý  åßíáé ìéá áíôéìåôÜèåóç.

(ii)  ∈ Inn(S)

Áðïäåéîç. (i)⇒(ii) Áò õðïèÝóïõìå üôé ([1 ]) = [ ] ìå  6=  ãéá êÜèå

 ∈ {2  } Ðñïöáíþò, ([1 2] ◦ [1 ]) = [2 2] ◦ [ ] ∀ ∈ {2  } Ãéá
ïéïíäÞðïôå  ∈ {3  } ç óýíèåóç [1 2] ◦ [1 ] = [1  2] Ý·åé ôÜîç 3 (Âë. (3.3) êáé

3.2.3 (v)). ÖõóéêÜ, êáé ç åéêüíá ôçò [2 2] ◦ [ ] ìÝóù ôïý áõôïìïñöéóìïý 

Ý·åé ôÜîç 3. (Âë. 2.4.19 (iii).) Áõôü óçìáßíåé üôé6 {2 2} ∩ { } 6= ∅ äçëáäÞ
üôé åßôå  ∈ {2 2} åßôå  ∈ {2 2}  ÅíáëëÜóóïíôáò åí áíÜãêç ôá  êáé 
ìðïñïýìå äß·ùò âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå (áðü åäþ êáé óôï åîÞò) üôé

 ∈ {2 2} ãéá êÜèå  ∈ {3  }
Éó·õñéóìüò : Åßôå  = 2∀ ∈ {3  } åßôå  = 2∀ ∈ {3  }¼ôáí  = 3

áõôüò åßíáé ðñïäÞëùò áëçèÞò. Ãéá ôçí åðáëÞèåõóÞ ôïõ üôáí  ≥ 4 èá ·ñçóé-

ìïðïéÞóïõìå «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé  ≥ 4 êáé üôé õðÜñ·ïõí

  ∈ {3  }  6=  ôÝôïéïé þóôå íá éó·ýåé  = 2 êáé  = 2 Åí ðñïêåéìÝíù,

Ý·ïõìå áö' åíüò ìåí 2 6=  2 6=  (åî õðïèÝóåùò), áö' åôÝñïõ äå 2 6=  êáé

 6=   (ÐñÜãìáôé° åðåéäÞ ç óýíèåóç [1 2] ◦ [1 ] ◦ [1 ] = [1   2] Ý·åé ôÜîç 4

(âë. (3.3) êáé 3.2.3 (v)), êáé ç åéêüíá ôçò

([1 2] ◦ [1 ] ◦ [1 ]) = ([1 2])([1 ])([1 ])

= [2 2] ◦ [ ] ◦ [  ] = [2 2] ◦ [2 ] ◦ [2  ]

= [2  2] ◦ [2  ] =

⎧⎨⎩
[2 ] üôáí 2 =  êáé  6=  

[2 ] üôáí 2 6=  êáé  =  

[2  2  ] üôáí 2 6=  êáé  6=  

ìÝóù ôïý  ïöåßëåé, ëüãù ôïý (iii) ôÞò ðñïôÜóåùò 2.4.19, íá Ý·åé ôÜîç 4. Áõôü
óçìáßíåé üôé 2 6=  êáé  6=  ) ÅðéðñïóèÝôùò, ç [1  2] ◦ [1  2] = [1 ] ◦ [2 ]
Ý·åé ôÜîç 2 (Âë. 3.2.10.) Óõíåðþò êáé ç åéêüíá ôçò ìÝóù ôïý  ïöåßëåé, ëüãù ôïý
(iii) ôÞò ðñïôÜóåùò 2.4.19, íá Ý·åé ôÜîç 2¼ìùò ç

([1  2] ◦ [1  2]) = ([1  2]) ◦ ([1  2]) = [2 2] ◦ [ ] ◦ [2 2] ◦ [  ]

= [2 2] ◦ [2 ] ◦ [2 2] ◦ [2  ] = [2  2] ◦ [2 2  ] = [2  ]

6ÅÜí ßó·õå {2 2} ∩ { } = ∅  ôüôå èá åß·áìå ord([2 2] ◦ [ ]) = 2 (âë. 3.2.10).
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Ý·åé ôÜîç 3 (Âë. (3.3), (3.2) êáé 3.2.10.) ¢ôïðï! ¢ñá ï éó·õñéóìüò åßíáé áëçèÞò

êáé ãéá  ≥ 4
Óôçí ðåñßðôùóç üðïõ  = 2 (êáé áíôéóôïß·ùò, óôçí ðåñßðôùóç üðïõ  = 2)

ãéá êÜèå  ∈ {3  } ëáìâÜíïõìå

([1 ]) = [2 ] ìå 2 6=  ∀ ∈ {2 3  }

(êáé áíôéóôïß·ùò, ([1 2]) = [2 2] = [2 2] êáé ([1 ]) = [2 ] ìå  6= 2

∀ ∈ {3  }) Áðü ôçí åíñéðôéêüôçôá ôïý  óõìðåñáßíïõìå üôé

 6=  ⇒ [1 ] 6= [1 ]⇒ ([1 ]) = [2 ] 6= [2  ] = ([1 ])⇒  6= 

ãéá êÜèå ( ) ∈ {2 3  } × {2 3  } (êáé áíôéóôïß·ùò, üôé

 6=  ⇒ [1 ] 6= [1 ]⇒ ([1 ]) = [2 ] 6= [2  ] = ([1 ])⇒  6= 

ãéá êÜèå ( ) ∈ {3  } × {3  }) ÈÝôïíôáò

 :=

∙
1 2 3 4 · · · 

2 2 3 4 · · · 

¸
µ
êáé áíôéóôïß·ùò,  :=

∙
1 2 3 4 · · · 

2 2 3 4 · · · 

¸¶


ðáñáôçñïýìå (êÜíïíôáò ·ñÞóç ôïý (vii) ôÞò ðñïôÜóåùò 3.2.3) üôé

([1 ]) = [2 ] = [(1) ()] =  ◦ [1 ] ◦ −1 ∀ ∈ {2 3  }

(êáé áíôéóôïß·ùò, üôé ([1 2]) = [2 2] =  ◦ [1 2] ◦ −1 êáé

([1 ]) = [2 ] =  ◦ [1 ] ◦ −1

ãéá êÜèå  ∈ {3  }). ÅðåéäÞ S = h{[1 ] |  ∈ {2  }}i (óýìöùíá ìå ôï (i)

ôïý ðïñßóìáôïò 3.2.13), ãéá êÜèå  ∈ S õðÜñ·åé êÜðïéïò  ∈ {1   − 1} êáé
 ∈ {2  }  ∈ {1  } ïýôùò þóôå íá éó·ýåé

 = [1 1]
1 ◦ [1 2]

2 ◦ · · · ◦ [1 ]


ãéá êÜðïéïõò 1  ∈ {±1} (Âë. (2.6).) ÊáôÜ óõíÝðåéáí7,

 = [1 1] ◦ [1 2] ◦ · · · ◦ [1 ]⇒ () = ([1 1]) ◦ ([1 2]) ◦ · · · ◦ ([1 ])

⇒ () = ( ◦ [1 1] ◦ −1) ◦ ( ◦ [1 2] ◦ −1) ◦ · · · ◦ ( ◦ [1 ] ◦ −1) =  ◦  ◦ −1

ïðüôå  ∈ Inn(S)

(ii)⇒(i) ÅðåéäÞ êÜèå ∈ Inn(S)áðåéêïíßæåé êÜèå óôïé·åßï ôÞòS óå Ýíá óõæõãÝò

ôïõ, ôïýôï Ýðåôáé áðü ôçí ðñüôáóç 5.1.8 êáé áðü ôï èåþñçìá 5.3.6. ¤
7Ðñïöáíþò, ord([1 ]) = 2⇒ [1 ]

 = [1 ]∀ ∈ {1  }
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6.3.5 Èåþñçìá. (O. H−lder, 1895) Ïé óõììåôñéêÝò ïìÜäåò (S ◦) åßíáé ðëÞñåéò
üôáí  ≥ 3 êáé  6= 6
Áðïäåéîç. Ùò ãíùóôüí, (S) = {id} ãéá êÜèå  ≥ 3 (âë. 5.4.9). Áñêåß ëïé-

ðüí íá áðïäåé·èåß üôé Aut(S) = Inn(S) üôáí  ≥ 3 êáé  6= 6 ¸óôù ôõ·þí

áõôïìïñöéóìüò  ∈ Aut(S) êáé Ýóôù C ç êëÜóç óõæõãßáò ôÞòS ç ðåñéÝ·ïõóá

åêåßíåò ôéò ìåôáôÜîåéò ðïõ ãñÜöïíôáé ùò óõíèÝóåéò  áíÜ äýï îÝíùí ìåôáîý ôïõò

áíôéìåôáèÝóåùí, ãéá êÜðïéïí ðáãéùìÝíï  ≤ 
2  Óýìöùíá ìå ôï èåþñçìá 5.3.6 êáé

ôï (ii) ôïý èåùñÞìáôïò 5.3.16,

C = { ∈ S| tp() = ( 1  1| {z }
−2 öïñÝò

 2  2| {z }
 öïñÝò

)} =⇒
(5.21)

card(C) = !

2!(− 2)! 

Ï  (êáôÜ ôçí ðñüôáóç 5.1.8) áðåéêïíßæåé êÜèå êëÜóç óõæõãßáò ôÞò S óå ìéá

êëÜóç óõæõãßáò ôÞòSÅéäéêüôåñá, ç åéêüíá ôÞò êëÜóåùò óõæõãßáò C1 (ôÞò áðáñ-
ôéæïìÝíçò áðü üëåò ôéò áíôéìåôáèÝóåéò ôÞò S) ìÝóù ôïý  åßíáé ìéá êëÜóç óõæõ-

ãßáò ðåñéÝ·ïõóá ìüíïí óôïé·åßá ôÜîåùò 2 (Âë. 2.4.19 (iv).) ÄõíÜìåé ôïý ëÞììáôïò

6.3.3, (C1) = C ãéá êÜðïéïí  ∈ N 1 ≤  ≤ 
2 ÊáôÜ óõíÝðåéáí,

!
2(−2)! = (−1)

2 = card(C1) = card((C1))
= card(C) = !

2!(−2)! =
(−1)(−2)···(−2+1)

2!


ÅÜí   1 ôïýôï éóïäõíáìåß ìå ôçí éóüôçôá

(− 2)(− 3) · · · (− 2 + 1) = 2−1! (6.4)

ÅðåéäÞ  ≥ 3 ç (6.4) äåí ìðïñåß íá åßíáé áëçèÞò üôáí8  = 2 Åðßóçò, ãéá  = 3 ç

(6.4) åðáëçèåýåôáé ìüíïí üôáí9  = 6 (¼ìùò, åî õðïèÝóåùò,  6= 6) ÁëëÜ áêüìç

êáé ãéá  ≥ 4 Ý·ïõìå10

 ≥ 2⇒
2Q
=3
(−  + 1) ≥

2Q
=3
(2 −  + 1) = (2 − 2)!  2−1!

Ôåëéêü óõìðÝñáóìá:  = 1⇒ (C1) = C1 êáé, ùò åê ôïýôïõ, ç åéêüíá ïéáóäÞðïôå

áíôéìåôáèÝóåùò ìÝóù ôïý  åßíáé ìéá áíôéìåôÜèåóç. Óýìöùíá ìå ôï ëÞììá 6.3.4,

 ∈ Inn(S) ¤
8Åí ôïéáýôç ðåñéðôþóåé, ôï äåîéü ìÝëïò ôÞò (6.4) éóïýôáé ìå 4 åíþ ôï áñéóôåñü ôçò ìÝëïò éóïýôáé ìå 0 üôáí  = 3
ìå 2 üôáí  = 4 êáé åßíáé≥ 6 üôáí  ≥ 5
9Ãéá  = 3 ôï äåîéü ìÝëïò ôÞò (6.4) éóïýôáé ìå 24 åíþ ôï áñéóôåñü ôçò ìÝëïò éóïýôáé ìå 0 üôáí  ∈ {3 4 5} êáé

åßíáé≥ 120 üôáí  ≥ 7
10Ôï üôé éó·ýåé ç áíéóüôçôá (2−2)!  2−1! ãéá êÜèå  ≥ 4 áðïäåéêíýåôáé åðáãùãéêþò. Ãéá  = 4 ëáìâÜíïõìå
720  192 ÅÜí õðïèÝóïõìå üôé áõôÞ åßíáé áëçèÞò ãéá êÜðïéïí  ≥ 4 ôüôå

(2( + 1)− 2)! = (2)! = (2 − 2)!(2 − 1)2  2−1!(2 − 1)2 = 2!(2 − 1)  2( + 1)!

üðïõ ç ôåëåõôáßá áíéóüôçôá Ýðåôáé áðü ôï üôé

2( − 1) ≥ 2 · 3 · 4 = 24  1⇒ (2 − 1)   + 1⇒ !(2 − 1)  !( + 1) = ( + 1)!
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6.3.6 Ðüñéóìá. Aut(S) ∼= S üôáí  ≥ 3 êáé  6= 6
I Ôé óõìâáßíåé ìå ôéò ïìÜäåò S6 êáé A; ¼ðùò èá äïýìå (ýóôåñá áðü êÜðïéá

áðáñáßôçôç ðñïåñãáóßá) óôá èåùñÞìáôá 6.3.8, 6.3.18 êáé 6.3.19, ôüóïí ç åéäéêÞ
óõììåôñéêÞ ïìÜäá S6 üóïí êáé ïé åíáëëÜóóïõóåò ïìÜäåò A  ≥ 4 äåí åßíáé

ðëÞñåéò (ðáñÜ ôï ãåãïíüò üôé ôá êÝíôñá ôïõò åßíáé ôåôñéììÝíá).

6.3.7 ËÞììá. |Out(S6)| ≤ 2 ÊáôÜ óõíÝðåéáí, õðÜñ·åé ôï ðïëý Ýíáò åîùôåñéêüò
áõôïìïñöéóìüò ôÞòS6 ðïõ åßíáé 6= Out(S6)(= idS6

◦ Inn(S6))
Áðïäåéîç. ¸óôù ôõ·þí áõôïìïñöéóìüò  ∈ Aut(S6) êáé Ýóôù C ç êëÜóç óõ-
æõãßáò ôÞò S6 ç ðåñéÝ·ïõóá åêåßíåò ôéò ìåôáôÜîåéò ðïõ ãñÜöïíôáé ùò óõíèÝóåéò 
áíÜ äýï îÝíùí ìåôáîý ôïõò áíôéìåôáèÝóåùí, ãéá êÜðïéïí ðáãéùìÝíï  ∈ {1 2 3}
Ùò ãíùóôüí, card(C1) = card(C3) = 15 êáé card(C2) = 45 (Bë. (5.21) Þ ôïí êáôÜ-
ëïãï ôïý åäáößïõ 5.3.17). Ï  (êáôÜ ôçí ðñüôáóç 5.1.8) áðåéêïíßæåé êÜèå êëÜóç
óõæõãßáò ôÞòS6 óå ìéá êëÜóç óõæõãßáò ôÞòS6 Åéäéêüôåñá, (C2) = C2 êáé

åßôå [(C1) = C1 êáé (C3) = C3] åßôå [(C1) = C3 êáé (C3) = C1] 
(Âë. 2.4.19 (iv) êáé 6.3.3.) Óôçí ðñþôç ðåñßðôùóç, ç åéêüíá ïéáóäÞðïôå áíôéìåôá-

èÝóåùò ìÝóù ôïý  åßíáé ìéá áíôéìåôÜèåóç, ïðüôå  ∈ Inn(S6) (äõíÜìåé ôïý ëÞì-

ìáôïò 6.3.4). Óôç äåýôåñç ðåñßðôùóç,  ∈ Aut(S6)rInn(S6) (êáé ðÜëé ëüãù ôïý

ëÞììáôïò 6.3.4). ÅðéðñïóèÝôùò, ãéá ïéïíäÞðïôå 0 ∈ Aut(S6)rInn(S6) Ý·ïõìå
êáô' áíÜãêçí 0(C1) = C3 êáé

−1
¡
0(C1)

¢
= −1(C3) = C1 =⇒ −1 ◦ 0 ∈ Inn(S6)⇒ 0 ∈  ◦ Inn(S6)

ïðüôå

Aut(S6) = Inn(S6)
`
( ◦ Inn(S6)) (6.5)

êáé |Out(S6)| = 2 =⇒
2.3.19

Out(S6) ∼= Z2 (Åê ôùí áíùôÝñù Ýðåôáé ìüíïí üôé

|Out(S6)| ≤ 2 Åí óõíå·åßá, óôï èåþñçìá 6.3.8 èá áðïäåßîïõìå üôé áõôÞ ç ó·Ýóç

éó·ýåé ùò éóüôçôá.) ¤

6.3.8 Èåþñçìá. (O. H−lder, 1895) ÕðÜñ·åé áêñéâþò Ýíáò åîùôåñéêüò áõôïìïñöé-
óìüò ôÞò S6 ðïõ åßíáé 6= Out(S6)(= idS6

◦ Inn(S6)) ïðüôå Out(S6) ∼= Z2 êáé
|Aut(S6)| = 1440
Áðïäåéîç11. Áñêåß (åðß ôç âÜóåé ôùí ðñïáíáöåñèÝíôùí óôçí áðüäåéîç ôïý ëÞì-

ìáôïò 6.3.7) íá áðïäåßîïõìå üôé õðÜñ·åé ôïõëÜ·éóôïí Ýíáò ìç åóùôåñéêüò áõôï-

ìïñöéóìüò  ôÞò S6 (Åí ôïéáýôç ðåñéðôþóåé, ï æçôïýìåíïò ìïíáäéêüò åîùôåñé-

êüò áõôïìïñöéóìüò 6= Out(S6) ôÞò S6 èá åßíáé ç ðëåõñéêÞ êëÜóç ◦ Inn(S6))
11Ç áñ·éêþò äïèåßóá áðüäåéîç ôïý Hlder åßíáé êáôÜ ôé äéáöïñåôéêÞ. Ç áðüäåéîç ðïõ ðáñáôßèåôáé åäþ åßíáé âáóé-
óìÝíç óå ìéá åëáöñÜ ðáñáëëáãÞ êÜðïéùí õðïëïãéóìþí ðïõ Ý·ïõí äçìïóéåõèåß óôá åîÞò Üñèñá:

• D.W. Miller: On a Theorem of Hlder, American Math. Monthly 65 (1958), 252-254

• P.J. Lorimer: The Outer Automorphisms of S6 American Math. Monthly 73 (1966), 642-643

Ãéá ëåðôïìåñåßò (áëãåâñéêÝò êáé ãåùìåôñéêÝò) ðåñéãñáöÝò ôùí 1440 óôïé·åßùí ôÞò ïìÜäáò Aut(S6) âë.

• G. Janusz & J.J. Rotman: Outer Automorphisms of S6 American Math. Monthly 89 (1982), 407-410

• Th.A. Fournelle: Symmetries of the Cube and Outer Automorphisms of S6 American Math. Monthly 100 (1993),
377-380
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Ùò ãíùóôüí, S6 = h[1 2] [2 3] [3 4] [4 5] [5 6]i  (Âë. 3.2.13 (ii).) Ïñßæïíôáò ôéò

ìåôáôÜîåéò 1 := [1 2] ◦ [3 4] ◦ [5 6] êáé
2 := [1 4] ◦ [2 5] ◦ [3 6] 3 := [1 3] ◦ [2 4] ◦ [5 6]
4 := [1 2] ◦ [3 6] ◦ [4 5] 5 := [1 4] ◦ [2 3] ◦ [5 6]

(ôéò áíÞêïõóåò óôçí êëÜóç óõæõãßáò C3) ðáñáôçñïýìå üôé 2 = id ∀ ∈ {1  5}
( ◦ )2 = id ãéá   ∈ {1  5} ìå |− | ≥ 2 êáé ( ◦ +1)3 = id∀ ∈ {1  4}

ÅðåéäÞ 3 ◦5 ◦1 = [5 6] 1 ◦2 ◦4 = [1 6 5 2 3 4] êáé 2 ◦3 ◦4 = [2 6 4 3]
ëáìâÜíïõìå

[2 3] = (1 ◦ 2 ◦ 4)2 ◦ (3 ◦ 5 ◦ 1) ◦ (1 ◦ 2 ◦ 4)−2 
[3 4] = (1 ◦ 2 ◦ 4)3 ◦ (3 ◦ 5 ◦ 1) ◦ (1 ◦ 2 ◦ 4)−3 
[4 5] = (2 ◦ 3 ◦ 4) ◦ (3 ◦ 5 ◦ 1) ◦ (2 ◦ 3 ◦ 4)−1

êáé

[1 2] = 1 ◦ [5 6] ◦ [3 4]
= 1 ◦ (3 ◦ 5 ◦ 1) ◦ (1 ◦ 2 ◦ 4)3 ◦ (3 ◦ 5 ◦ 1) ◦ (1 ◦ 2 ◦ 4)−3 

ïðüôå êÜèå áíôéìåôÜèåóç ôÞò ìïñöÞò [ +1] (üðïõ  ∈ {1  5}) ìðïñåß íá ãñá-
öåß ùò óýíèåóç (ðåðåñáóìÝíïõ ðëÞèïõò) ìåôáôÜîåùí ðïõ áíÞêïõí óôï óýíïëï
{1  5} Áõôü óçìáßíåé üôé S6 = h1  5i  Åßíáé åýêïëïò ï Ýëåã·ïò ôïý üôé
ç áðåéêüíéóç

S6 3 [1 1 + 1]
1 ◦ · · · ◦ [5 5 + 1]

5 7−→ 
1
1
◦ · · · ◦ 55 ∈ S6

(üðïõ ôá ìÝëç ôÞò äéáôåôáãìÝíçò ðåíôÜäáò (1 5)óõìâïëßæïõí ïéáäÞðïôå áíá-

äéÜôáîç ôùí ìåëþí ôÞò äéáôåôáãìÝíçò ðåíôÜäáò (1 5) êáé (1 5) ∈ Z5) áðï-
ôåëåß Ýíáí áõôïìïñöéóìü  ôÞòS6 ôÜîåùò 2Ðñïöáíþò, ([ +1]) =  ãéá êÜèå

 ∈ {1  5} êáé (C1) = C3 ïðüôå  ∈ Aut(S6)rInn(S6) êáé ç (6.5) äßäåé

2 = |Out(S6)| = |Aut(S6)|
|Inn(S6)| =

|Aut(S6)|
|S6| = |Aut(S6)|

6! 

áð' üðïõ Ýðåôáé üôé Out(S6) ∼= Z2 êáé |Aut(S6)| = 1440 ¤

6.3.9 ÐáñáôÞñçóç. ÅðåéäÞ çS1 åßíáé ôåôñéììÝíç êáéS2 ∼= Z2 ìÝóù ôùí ðñïáíá-

öåñèÝíôùí óôá åäÜöéá 5.4.9 êáé 5.4.30 (iii), êáé ôùíáðïäåé·èÝíôùíóôá èåùñÞìáôá

2.4.32, 6.3.5 êáé 6.3.8, êáôáëÞãïõìå óôïí áêüëïõèï ïëïêëçñùìÝíï êáôÜëïãï:

 (S) Aut(S) Inn(S) Out(S)

1 {id} {idS1} {idS1} ôåôñéììÝíç

2 Z2 {idS2} {idS2} ôåôñéììÝíç

≥ 3 êáé 6= 6 {id} S S ôåôñéììÝíç

6 {id} S6 oZ2 S6 h ◦ Inn(S6)i ∼= Z2
• T.Y. Lam&D.B. Leep: Combinatorial Structure of the AutomorphismGroup of S6Expositiones Mathematicae 11
(1993), no. 4 289-308

• J.J. Rotman: An Introduction to the Theory of Groups  GTM, Vol. 148 fourth ed., Springer-Verlag, (1995), óåë.
159-162 êáé

• B. Howard, J. Millson, A. Snowden & R. Vakil: A description of the outer automorphism of S6 and the invariants of
six points in projective space, Journal of Combinatorial Theory, Series A, 115 (2008), 1296-1303.
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[Ãéá  ≥ 3 Ý·ïõìå(S) = {id} êáé ôáõôßæïõìå ôçí ïìÜäá Inn(S) ìå ôçí ßäéá ôçí

S ìÝóù ôïý éóïìïñöéóìïý S
∼= S/{id}

∼=−→ Inn(S) (Âë. 5.4.28.) Ãéá  = 6

Ý·ïõìå (ëüãù ôÞò (6.5))

Aut(S6) = hi ◦ Inn(S6) = Inn(S6) ◦ hi = hInn(S6) hii 

üðïõ  ïéïóäÞðïôå ìç åóùôåñéêüò áõôïìïñöéóìüò ôÞò ïìÜäáò S6 (êáô' áíÜ-

ãêçí ôÜîåùò 2), üðùò åßíáé, ð.·., åêåßíïò ðïõ êáôáóêåõÜóáìå óôï èåþñçìá 6.3.8.

ÅðåéäÞ Inn(S6)∩ hi = {id} ç ïìÜäá hInn(S6) hii áðïôåëåß ôï ëåãüìåíï åóùôå-
ñéêü çìéåõèý ãéíüìåíï ôùí Inn(S6) ∼= S6 êáé hi ∼= Z2 óõìâïëéæüìåíï éäéáéôÝñùò

ùòS6 oZ2 (Âë. åä. 7.6.43.)]

6.3.10 ËÞììá. ¸óôù  ∈ N  ≥ 3 ÅÜí  ∈ S ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé
éóïäýíáìåò :

(i) ord() = 3

(ii)  = 1 ◦ 2 ◦ · · · ◦  üðïõ ïé 1 2   åßíáé  áíÜ äýï îÝíïé 3-êýêëïé ãéá
êÜðïéïí  1 ≤  ≤ 

3 

Áðïäåéîç. Ðñïöáíþò, ord() = 1⇔  = id Ãé' áõôüí ôïí ëüãï ìðïñïýìå äß·ùò

âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå üôé  ∈ Sr{id}Ç  ìðïñåß (åðß ôç âÜóåé

ôïý èåùñÞìáôïò 3.2.7) íá ãñáöåß õðü ôç ìïñöÞ  = 1 ◦ 2 ◦ · · · ◦  åðáëëÞëùí

óõíèÝóåùí áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí 1 2   ìÞêïõò ≥ 2 (ÁõôÞ

ç Ýêöñáóç åßíáé ìïíïóçìÜíôùò ïñéóìÝíç ìÝ·ñéò áíáäéáôÜîåùò ôùí ìåôå·üíôùí

êýêëùí.) ÅÜí  åßíáé ôï ìÞêïò ôïý  ãéá êÜèå  ∈ {1  } ôüôå ord() = 1 üôáí

 = 1 êáé ord() = åêð(1  ) üôáí  ≥ 2 (âë. 3.2.10). ÅðåéäÞ ãéá  ≥ 2 Ý·ïõìå½
åêð(1  ) = 3

üðïõ 1 ≥ 2   ≥ 2
¾
⇐⇒ 1 = · · · =  = 3

ç éóïäõíáìßá ôùí óõíèçêþí (i) êáé (ii) åßíáé ðñïöáíÞò. ¤

6.3.11 ËÞììá. (i) ÅÜí  ∈ N  ≥ 5 êáé åÜí  ∈ A åßíáé Ýíáò 3-êýêëïò 12, ôüôå
êëóA() = êëóS()

(ii) ÅÜí  ∈ N  ≥ 6 êáé åÜí  = 1 ◦ · · ·◦ ∈ A åßíáé ç óýíèåóç  áíÜ äýï îÝíùí
ìåôáîý ôïõò 3-êýêëùí 1  üðïõ 2 ≤  ≤ 

3  ôüôå êëóA() = êëóS()

Áðïäåéîç. (i) Ðñïöáíþò, tp() = ( 1  1| {z }
−3 öïñÝò

 3) EðåéäÞ  − 3 ≥ 2 ç éóüôçôá

êëóA() = êëóS() Ýðåôáé áðü ôï (ii) ôïý èåùñÞìáôïò 5.3.19.

(ii) Ðñïöáíþò, tp() = ( 1  1| {z }
−3 öïñÝò

 3  3| {z }
 öïñÝò

) EðåéäÞ (åî õðïèÝóåùò)  ≥ 2 ç éóü-

ôçôá êëóA() = êëóS() Ýðåôáé êáé ðÜëé áðü ôï 5.3.19 (ii). ¤
12ÊáôÜ ôï (iii) ôïý èåùñÞìáôïò 3.3.5 êÜèå 3-êýêëïò åíôüò ôÞòS (üðïõ  ≥ 3) åßíáé Üñôéá ìåôÜôáîç, ïðüôå áíÞêåé

óôçí A
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6.3.12 Óçìåßùóç. ÅÜí  ∈ N  ≥ 4 ôüôå ç óýíèåóç äýï 3-êýêëùí áíçêüíôùí

óôçí A ìðïñåß íá ãñáöåß õðü ôç ìïñöÞ:

(i) [  ] ◦ [  ] = [ ] ◦ [ ]

(ii) [  ] ◦ [  ] = [  ]

(iii) [  ] ◦ [  ] = [    ] üôáí  ≥ 5 Þ
(iv) [  ] ◦ [   ] üôáí  ≥ 6
üðïõ ôá       óõìâïëßæïõí óáöþò äéáêåêñéìÝíá óôïé·åßá ôïý {1  }
ÊáôÜ óõíÝðåéáí, ç óýíèåóç äýï 3-êýêëùí áíçêüíôùí óôçí A Ý·åé ôÜîç 2 ìü-
íïí óôçí ðåñßðôùóç (i). Ôï ãåãïíüò áõôü ·ñçóéìïðïéåßôáé êáôÜ ôñüðï ïõóéáóôéêü

óôçí áðüäåéîç ôïý áêüëïõèïõ ëÞììáôïò:

6.3.13 ËÞììá. ¸óôù ∈ N  ≥ 4êáé Ýóôù ∈Áut(A)ÅÜí ç åéêüíá ïéïõäÞðïôå
3-êýêëïõ ìÝóù ôïý  åßíáé Ýíáò 3-êýêëïò, ôüôå õðÜñ·åé êÜðïéá ìåôÜôáîç  ∈ S

ôÝôïéá þóôå íá éó·ýåé  = γ |A  üðïõ γ : S −→ S γ () :=  ◦ ◦ −1 ãéá
êÜèå  ∈ S (Âë. 5.4.21.)

Áðïäåéîç. Áò õðïèÝóïõìå üôé ([1 2 3]) = [1 2 3] {1 2 3} $ {1  }
ìå 1 6= 2 2 6= 3 êáé 3 6= 1 ÅðåéäÞ ç óýíèåóç

[1 2 3] ◦ [1 2 4] = [1 3] ◦ [2 4]
Ý·åé ôÜîç 2 (âë. 3.2.10), êáé ç åéêüíá ôçò

[1 2 3] ◦ ([1 2 4]) = ([1 2 3]) ◦ ([1 2 4])
= ([1 2 3] ◦ [1 2 4]) = ([1 3] ◦ [2 4])

ìÝóù ôïý áõôïìïñöéóìïý  ïöåßëåé íá Ý·åé ôÜîç 2 (âë. 2.4.19 (iii)). ÊáôÜ ôá

ðñïáíáöåñèÝíôá óôç óçìåßùóç 6.3.12, ([1 2 4]) = [1 2 4] ãéá êÜðïéïí

4 ∈ {1  }r{1 2 3} Åí óõíå·åßá, ãéá ïéïíäÞðïôå  ∈ {5  } (óôçí ðå-

ñßðôùóç üðïõ  ≥ 5) ðáñáôçñïýìå üôé ç óýíèåóç

[1 2 3] ◦ ([1 2 ]) = ([1 2 3]) ◦ ([1 2 ])

= ([1 2 3] ◦ [1 2 ]) = ([1 3] ◦ [2 ])

Ý·åé ùóáýôùò ôÜîç 2 ïðüôå (åê íÝïõ âÜóåé ôùí ðñïáíáöåñèÝíôùí óôç óçìåßùóç
6.3.12)

åßôå ([1 2 ]) = [1 2 ] åßôå ([1 2 ]) = [2 3 ] åßôå ([1 2 ]) = [3 1 ]

üðïõ  ∈ {1  }r{1 2 3 4} êáé   ∈ {1  }r{1 2 3} Ôá äýï

ôåëåõôáßá åíäå·üìåíá áðïêëåßïíôáé, äéüôé åí ôïéáýôç ðåñéðôþóåé

ord([1 2 4] ◦ [1 2 ]) = ord([1 4] ◦ [2 ]) = 2

áëëÜ13 ord(([1 2 4] ◦ [1 2 ])) ∈ {3 4 5} ÅðïìÝíùò,
([1 2 ]) = [1 2 ] ∀ ∈ {3  }

13[1 2 4] ◦ [2 3 ] = [1 2 3  4] üôáí  6= 4 êáé [1 2 4] ◦ [2 3 4] = [1 2 3] üôáí
 = 4Êáô' áíáëïãßáí, [1 2 4]◦ [3 1 ] = [1  3 2] üôáí  6= 4 êáé [1 2 4]◦ [3 1 4] =
[2 4 3] üôáí  = 4
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üðïõ  6=  ãéá ïéïõóäÞðïôå   ∈ {3  } ìå  6=  (ëüãù ôÞò åíñéðôéêüôçôáò

ôïý áõôïìïñöéóìïý ). ÈÝôïíôáò

 :=

∙
1 2 3 4 · · · 

1 2 3 4 · · · 

¸
ðáñáôçñïýìå (êÜíïíôáò ·ñÞóç ôïý (vii) ôÞò ðñïôÜóåùò 3.2.3) üôé

([1 2 ]) = [(1) (2) ()] =  ◦ [1 2 ] ◦ −1 = γ |A ([1 2 ])

ãéá êÜèå  ∈ {3  } ÅðåéäÞ A = h{[1 2 ] | 3 ≤  ≤ }i (óýìöùíá ìå ôï (iv)

ôÞò ðñïôÜóåùò 3.3.13) Ý·ïõìå

|{[1 2 ] | 3≤≤} = γ |{[1 2 ] | 3≤≤} =⇒  = γ |A
åðß ôç âÜóåé ôïý (ii) ôÞò ðñïôÜóåùò 2.4.9. ¤

6.3.14 Óçìåßùóç. ÅÜí  ∈ N  ≥ 3 ôüôå ïñßæåôáé Ýíáò ïìïìïñöéóìüò

k : Aut(S) −→ Aut(A)  7−→ k() := |A  (6.6)

(ÐñÜãìáôé° ãéá êÜèå  ∈ Aut(S) êáé êÜèå  ∈ {3  } ç ìåôÜôáîç

([1 2 ]) = |A ([1 2 ]) = k()([1 2 ])

Ý·åé ôÜîç 3 ïðüôå -óýìöùíá ìå ôï ëÞììá 6.3.10- ãñÜöåôáé õðü ôç ìïñöÞ åðáëëÞ-

ëùí óõíèÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò) áíÜ äýï îÝíùí ìåôáîý ôïõò 3-êýêëùí.

¢ñá k()([1 2 ]) ∈ A êáé, êáô' åðÝêôáóç, k()(A) ⊆ A Âë. 3.3.13 (iv). Åðé-

ðñïóèÝôùò, Ý·ïõìå Ker(k()) = Ker() ∩ A = {id} ∩ A = {id} áð' üðïõ Ýðåôáé

üôé k() ∈Aut(A) äéüôé çA åßíáé ðåðåñáóìÝíç ïìÜäá. Ôï üôé ç áðåéêüíéóç (6.6)

áðïôåëåß Ýíáí ïìïìïñöéóìü ïìÜäùí åßíáé ðñïöáíÝò.)

6.3.15 ËÞììá. NSubg(S4) = {{id}VA4S4}
Áðïäåéîç. ¸óôù  ìéá ìç ôåôñéììÝíç ïñèüèåôç õðïïìÜäá ôÞò S4 H S4 Ý·åé

ôÜîç 24 êáé äéáèÝôåé 5 êëÜóåéò óõæõãßáò. (Ç ðñþôç åî áõôþí ðåñéÝ·åé ìüíïí ôçí

id, ç äåýôåñç üëåò ôéò áíôéìåôáèÝóåéò, ç ôñßôç üëïõò ôïõò 3-êýêëïõò, ç ôÝôáñôç

üëåò ôéò óõíèÝóåéò äýï îÝíùí ìåôáîý ôïõò áíôéìåôáèÝóåùí êáé ç ðÝìðôç üëïõò

ôïõò 4-êýêëïõò, ìå ðëçèéêïýò áñéèìïýò 1 6 8 3 êáé 6 áíôéóôïß·ùò. Âë. 5.3.17.)

Ç õðïïìÜäá  6= {id} èá éóïýôáé (óýìöùíá ìå ôï ðüñéóìá 5.1.15) ìå ôçí Ýíùóç

ôïõëÜ·éóôïí äýï åê ôùí 5 êëÜóåùí óõæõãßáò (ìå ôçí {id} óõìðåñéëáìâáíüìåíç

ðÜíôïôå óå áõôÝò). ÅÜí ç ðåñéÝ·åé ôïõëÜ·éóôïí ìßá áíôéìåôÜèåóç, ôüôå ðåñéÝ·åé

üëåò ôéò áíôéìåôáèÝóåéò (Þôïé ôç äåýôåñç êëÜóç óõæõãßáò êáè' ïëïêëçñßáí), ïðüôå

 = S4 (Âë. 3.2.12.) ÅÜí ç  ðåñéÝ·åé ôïõëÜ·éóôïí Ýíáí 3-êýêëï, ôüôå ðåñéÝ·åé
üëïõò ôïõò 3-êýêëïõò (Þôïé ôçí ôñßôç êëÜóç óõæõãßáò êáè' ïëïêëçñßáí), ïðüôå

 ∈ {A4S4} êáèþò ïé 3-êýêëïé ðáñÜãïõí ôçí A4 êáé äåí õðÜñ·åé êáìßá ãíÞóéá

õðïïìÜäá ôÞòS4 ðåñéÝ·ïõóá ãíçóßùò ôçíA4 (Âë. 4.1.24.) ÅÜí ç ðåñéÝ·åé ôïõ-
ëÜ·éóôïí Ýíáí 4-êýêëï [1 2 3 4], ôüôå ðåñéÝ·åé üëïõò ôïõò 4-êýêëïõò (Þôïé ôçí
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ðÝìðôç êëÜóç óõæõãßáò êáè' ïëïêëçñßáí) êáé, éäéáéôÝñùò, ôïí [2 1 3 4] êáé

ôç óýíèåóç áõôþí [1 2 3 4] ◦ [2 1 3 4] = [1 4 3] ç ïðïßá áðïôåëåß

Ýíáí 3-êýêëï. Åí ôïéáýôç ðåñéðôþóåé ç  ðåñéÝ·åé üëïõò ôïõò 3- êáé 4-êýêëïõò,

ïðüôå ç  ðåñéÝ·åé ãíçóßùò ôçí A4 (áöïý ïé 4-êýêëïé åßíáé ðåñéôôÝò ìåôáôÜîåéò)

êáé, ùò åê ôïýôïõ,  = S4 ÔÝëïò, åÜí ç  äåí ðåñéÝ·åé êáìßá áíôéìåôÜèåóç, êá-

íÝíáí 3-êýêëï êáé êáíÝíáí 4-êýêëï, ôüôå (ïýóá ìç ôåôñéììÝíç) èá ðåñéÝ·åé êáé ôéò
ôñåéò óõíèÝóåéò äýï îÝíùí ìåôáîý ôïõò áíôéìåôáèÝóåùí (Þôïé ôçí ôÝôáñôç êëÜóç

óõæõãßáò êáè' ïëïêëçñßáí), ïðüôå = V ¤

6.3.16 ËÞììá. CS(A) = {id} ãéá êÜèå  ≥ 4
Áðïäåéîç. ÅðåéäÞ A C S =⇒

5.2.2 (iii)
CS(A) E S óõíÜãåôáé üôé

(
CS4(A4) ∈ {{id}VA4S4} üôáí  = 4

CS(A) ∈ {{id}AS} üôáí  ≥ 5

)

(Âë. ëÞììá 6.3.15 êáé èåþñçìá 4.3.12.) Ãéá êÜèå  ≥ 4 Ý·ïõìå CS
(A) 6= S

äéüôé ôï êÝíôñï ôÞò ïìÜäáòS åßíáé ôåôñéììÝíï. (Âë. 5.4.9 êáé 5.4.3 (ii).) Åðßóçò,

ãéá êÜèå  ≥ 4 Ý·ïõìå CS(A) 6= A äéüôé ç A äåí åßíáé áâåëéáíÞ. (Âë. 3.3.12

êáé 5.2.2 (ii).) ÔÝëïò, ãéá  = 4 CS4
(A4) 6= V äéüôé14 [1 2] ◦ [3 4] ∈ VrCS4

(A4)

ÊáôÜ óõíÝðåéáí, CS(A) = {id} ãéá êÜèå  ≥ 4 ¤

6.3.17 ËÞììá. Ï ïìïìïñöéóìüò (6.6) åßíáé ìïíïìïñöéóìüò (ïðüôå ç Aut(S) åì-
öõôåýåôáé óôçí Aut(A)) ãéá êÜèå  ≥ 4
Áðïäåéîç. ¸óôù  ∈Ker(k) Þôïé Ýíáò  ∈Aut(S) ìå |A = idA Áñêåß (ëüãù

ôÞò ðñïôÜóåùò 2.4.15) íá áðïäåßîïõìå üôé  = idS
 ¸óôù ôõ·ïýóá ìåôÜôáîç

 ∈ SÈÝôïõìå  := −1 ◦ () êáé ðáñáôçñïýìå üôé  () =  ◦ êáé üôé ãéá

êÜèå  ∈ A éó·ýåé  = id (äéüôé |A = idA) êáé

 ◦  ◦  = ( ◦ ) ◦ ( ◦ id) = ( ◦ ) ◦ ( ◦  ) =  () ◦  () = ( ◦ )
= (( ◦  ◦ −1) ◦ ) = ( ◦  ◦ −1) ◦ () = ( ◦  ◦ −1) ◦ ( ◦ )

ËáìâÜíïíôáò õð' üøéí üôé

 ∈ S  ∈ A
A C S

¾
=⇒  ◦  ◦ −1 ∈ A =⇒

|A= idA

( ◦  ◦ −1) =  ◦  ◦ −1

óõìðåñáßíïõìå üôé ◦◦ = (◦ ◦−1)◦(◦) = ◦ ◦ êáé, êáô' åðÝêôáóç,
üôé [ ◦  =  ◦  ∀ ∈ A] =⇒  ∈ CS(A) Eî õðïèÝóåùò,  ≥ 4 ÊáôÜ ôï

ëÞììá 6.3.16, CS(A) = {id} ÅðïìÝíùò,  = id⇒  () =  Áõôü óçìáßíåé

üôé  = idS  ¤

6.3.18 Èåþñçìá. Aut(A) ∼= S üôáí  ≥ 4 êáé  6= 6
14[1 2] ◦ [3 4] ∈ V êáé [1 2 3] ∈ A4 áëëÜ [1 2] ◦ [3 4] ◦ [1 2 3] = [2 4 3] êáé [1 2 3] ◦ [1 2] ◦ [3 4] = [1 3 4]
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Áðïäåéîç. ÕðïèÝôïíôáò üôé  ≥ 4 êáé  6= 6 áñêåß íá äåé·èåß üôé ï (óýìöùíá ìå

ôï ëÞììá 6.3.17) ìïíïìïñöéóìüò (6.6) åßíáé éóïìïñöéóìüò (êáé íá ·ñçóéìïðïéçèåß

êáôüðéí áõôïý ôï ðüñéóìá 6.3.6). Ðñïò ôïýôï èåùñïýìå ôõ·üíôá áõôïìïñöéóìü

 ∈ Aut(A) êáé ôõ·üíôá 3-êýêëï  ∈ A Ï  (êáôÜ ôçí ðñüôáóç 5.1.8) áðåé-

êïíßæåé êÜèå êëÜóç óõæõãßáò ôÞò A óå ìéá êëÜóç óõæõãßáò ôÞò A ÅðïìÝíùò,

(êëóA()) = êëóA(()) ÅðåéäÞ éó·ýåé ord() = 3 Ý·ïõìå ord(()) = 3 (Âë.

2.4.19 (iv).) ÊáôÜ ôï ëÞììá 6.3.10 ç ìåôÜôáîç () ãñÜöåôáé ùò óýíèåóç  áíÜ

äýï îÝíùí ìåôáîý ôïõò 3-êýêëùí, ãéá êÜðïéïí ðáãéùìÝíï  1 ≤  ≤ 
3  ÅîÜëëïõ,

êáôÜ ôï ëÞììá 6.3.11, êëóA() = êëóS() êáé

(êëóA()) = êëóA(()) = êëóS(()) = (êëóS())

¸óôù C ç êëÜóçóõæõãßáò ôÞòS çðåñéÝ·ïõóá åêåßíåò ôéò ìåôáôÜîåéò ðïõ ãñÜöï-

íôáé ùò óõíèÝóåéò  áíÜäýï îÝíùí ìåôáîý ôïõò 3-êýêëùí. Óýìöùíáìå ôï èåþñçìá

5.3.6 êáé ôï (ii) ôïý èåùñÞìáôïò 5.3.16,

C = { ∈ S| tp() = ( 1  1| {z }
−3 öïñÝò

 3  3| {z }
 öïñÝò

)} =⇒
(5.21)

card(C) = !

3!(− 3)! 

Ðñïöáíþò, êëóA() = C1 êëóA(()) = C êáé (C1) = C ÊáôÜ óõíÝðåéáí,

!
3(−3)! = (−1)(−2)

3 = card(C1) = card((C1))
= card(C) = !

3!(−3)! =
(−1)(−2)···(−3+1)

3!


ÅÜí   1 ôïýôï éóïäõíáìåß ìå ôçí éóüôçôá

(− 3)(− 4) · · · (− 3 + 1) = 3−1! (6.7)

Ãéá  = 2 (⇒  ≥ 6) ç (6.7) åðáëçèåýåôáé ìüíïí üôáí15  = 6 (¼ìùò, åî õðïèÝ-
óåùò,  6= 6) ÁëëÜ áêüìç êáé ãéá  ≥ 3 Ý·ïõìå16

 ≥ 3⇒
3Q
=4
(−  + 1) ≥

3Q
=4
(3 −  + 1) = (3 − 3)!  3−1!

Ôåëéêü óõìðÝñáóìá:  = 1⇒ (C1) = C1 êáé, ùò åê ôïýôïõ, ç åéêüíá ïéïõäÞðïôå

3-êýêëïõ ìÝóù ôïý  åßíáé Ýíáò 3-êýêëïò. Óýìöùíá ìå ôï ëÞììá 6.3.13, õðÜñ·åé

êÜðïéá ìåôÜôáîç  ∈ S ôÝôïéá þóôå íá éó·ýåé  = γ |A = k(γ )¢ñá ï k åßíáé

ðñÜãìáôé êáé åðéìïñöéóìüò. ¤
15¼ôáí  = 2 êáé  ≥ 7 ôï äåîéü ìÝëïò ôÞò (6.7) éóïýôáé ìå 6 åíþ ôï áñéóôåñü ôçò ìÝëïò åßíáé≥ 24
16Ôï üôé éó·ýåé ç áíéóüôçôá (3−3)!  3−1! ãéá êÜèå  ≥ 3 áðïäåéêíýåôáé åðáãùãéêþò. Ãéá  = 3 ëáìâÜíïõìå
720  54 ÅÜí õðïèÝóïõìå üôé áõôÞ åßíáé áëçèÞò ãéá êÜðïéïí  ≥ 3 ôüôå

(3( + 1)− 3)! = (3)! = (3 − 3)!(3 − 2)(3 − 1)3  3−1!(3 − 2)(3 − 1)3
= 3!(3 − 2)(3 − 1)  3( + 1)!

üðïõ ç ôåëåõôáßá áíéóüôçôá Ýðåôáé áðü ôï üôé

((3 − 2)(3 − 1)− 1) ≥ (7 · 8− 1) · 3 = 165  1⇒ (3 − 2)(3 − 1)   + 1

⇒ !(3 − 2)(3 − 1)  !( + 1) = ( + 1)!



332 áíáëëïéùôåò õðïïìáäåò, ðëçñåéò ïìáäåò êáé ôï ïëïìïñöï

6.3.19 Èåþñçìá. Aut(A6) ∼= Aut(S6)

Áðïäåéîç. ÅðåéäÞ ï ïìïìïñöéóìüò (6.6) åßíáé ìïíïìïñöéóìüò êáé ãéá  = 6 ç

Aut(S6) åìöõôåýåôáé óôçí Aut(A6) ïðüôå

Aut(S6) ∼= k(Aut(S6)) v Aut(A6) Inn(S6) ∼= k(Inn(S6)) C k(Aut(S6))

êáé, ùò åê ôïýôïõ,

|Aut(A6) : k(Aut(S6))| |k(Aut(S6)) : k(Inn(S6))| = |Aut(A6) : k(Inn(S6))| (6.8)

(âë. 4.1.50), üðïõ

|k(Aut(S6)) : k(Inn(S6))| = |Aut(S6)) : Inn(S6)| = |Out(S6)| =
6.3.8

2 (6.9)

Èåùñïýìå ôõ·üíôá áõôïìïñöéóìü  ∈ Aut(A6) êáé ôõ·üíôá 3-êýêëï  ∈ A6 Ï
 ∈ Aut(A6) (êáôÜ ôçí ðñüôáóç 5.1.8) áðåéêïíßæåé êÜèå êëÜóç óõæõãßáò ôÞò A6
óå ìéá êëÜóç óõæõãßáò ôÞò A6 ÅðïìÝíùò, (êëóA6()) = êëóA6(()) ÅðåéäÞ
ord() = 3 Ý·ïõìå ord(()) = 3 (Âë. 2.4.19 (iv).) ÊáôÜ ôï ëÞììá 6.3.10 ç ìå-

ôÜôáîç () ãñÜöåôáé ùò óýíèåóç  áíÜ äýï îÝíùí ìåôáîý ôïõò 3-êýêëùí, ãéá

êÜðïéïí  ∈ {1 2} Áêïëïõèþíôáò êáôÜ ãñÜììá êáé ôïõò ëïéðïýò óõëëïãéóìïýò

ðïõ ·ñçóéìïðïéÞóáìå óôçí áðüäåéîç ôïý èåùñÞìáôïò 6.3.18 (ìå ôïõò ßäéïõò óõì-

âïëéóìïýò, ìÝ·ñé ôï óçìåßï ðïõ åß·å åðéóçìáíèåß üôé ç (6.7) ãéá  = 6 åðáëçèåýå-

ôáé ãéá êÜèå  ∈ {1 2}) êáé ëáìâÜíïíôáò õð' üøéí üôé card(C1) = card(C2) = 40

óõìðåñáßíïõìå üôé

åßôå [(C1) = C1 êáé (C2) = C2] åßôå [(C1) = C2 êáé (C2) = C1] 

Óôçí ðñþôç ðåñßðôùóç, ç åéêüíá ïéïõäÞðïôå 3-êýêëïõ ìÝóù ôïý  åßíáé Ýíáò 3-

êýêëïò, ïðüôå  ∈ k(Inn(S6)) (äõíÜìåé ôïý ëÞììáôïò 6.3.13). Óôç äåýôåñç ðåñß-

ðôùóç, ãéá ïéïíäÞðïôå 0 ∈ Aut(A6) ãéá ôïí ïðïßï éó·ýåé 0(C1) = C2 Ý·ïõìå

−1
¡
0(C1)

¢
= −1(C2) = C1 ⇒ −1 ◦ 0 ∈ k(Inn(S6))⇒ 0 ∈  ◦ k(Inn(S6))

ïðüôå

Aut(A6) =

½
k(Inn(S6) üôáí  ∈ k(Inn(S6))
k(Inn(S6)

`
( ◦ k(Inn(S6)) üôáí  ∈ k(Inn(S6))

Åî áõôþí Ýðåôáé (ìüíïí) üôé

|Aut(A6) : k(Inn(S6))| ≤ 2 (6.10)

Åíôïýôïéò, áðü ôéò (6.8), (6.9) êáé (6.10) óõíÜãåôáé üôé

|Aut(A6) : k(Inn(S6))| = 2 êáé |Aut(A6) : k(Aut(S6))| = 1

ïðüôå Aut(A6) = k(Aut(S6)) ∼= Aut(S6) ¤
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6.3.20 ÐáñáôÞñçóç. ÅðåéäÞ ç A2 åßíáé ôåôñéììÝíç êáé A3 ∼= Z3 ìÝóù ôùí ðñïá-

íáöåñèÝíôùí óôá åäÜöéá 5.4.11 êáé 5.4.30 (iv), êáé ôùí áðïäåé·èÝíôùí óôá èåù-

ñÞìáôá 2.4.32, 6.3.18 êáé 6.3.19, êáôáëÞãïõìå óôïí áêüëïõèï ïëïêëçñùìÝíï êá-

ôÜëïãï:

 (A) Aut(A) Inn(A) Out(A)

2 {id} {idA2} {idA2} ôåôñéììÝíç

3 Z3 Z×3 ∼= Z2 {idA3} Z2
≥ 4 êáé 6= 6 {id} Aut(S) ∼= S A Z2

6 {id} Aut(S6) (âë. 6.3.9) A6 V

IÐåñáéôÝñù êëÜóåéò ðëÞñùí ïìÜäùí. Óôá êÜôùèé èåùñÞìáôá17 6.3.21 êáé 6.3.22

äßäïíôáé äýï åðéðñüóèåôåò êëÜóåéò ðëÞñùí ïìÜäùí.

6.3.21 Èåþñçìá. (J. Schreier & S. Ulam, 1937) Ç óõììåôñéêÞ ïìÜäá (S ◦)
åðß ïéïõäÞðïôå áñéèìÞóéìïõ áðåéñïóõíüëïõ  åßíáé ðëÞñçò.

6.3.22 Èåþñçìá. Ç ïìÜäá áõôïìïñöéóìþí Aut() ïéáóäÞðïôå ìç áâåëéáíÞò
áðëÞò ïìÜäáò ( ·) åßíáé ðëÞñçò.
Áðïäåéîç. ¸óôù ( ·) ôõ·ïýóá ìç áâåëéáíÞ áðëÞ ïìÜäá. Ôï êÝíôñï ôçò åß-

íáé êáô' áíÜãêçí ç ôåôñéììÝíç õðïïìÜäá ôçò (âë. 5.4.10). ¾óôåñá áðü äéðëÞ

åöáñìïãÞ ôïý ðïñßóìáôïò 5.4.36 (Þôïé ôüóïí ãéá ôçí  üóïí êáé ãéá ôçí Áut())

ëáìâÜíïõìå

() = {}⇒ (Áut()) = {id}⇒ (Áut(Áut())) = {idÁut()}
Áñêåß ëïéðüí íá áðïäåé·èåß üôé Áut(Áut()) = Inn(Aut()) ¸óôù ôõ·þí áõôï-

ìïñöéóìüò  ∈Áut(Áut())Ðñïöáíþò,

5.4.25⇒ Inn() E Aut() =⇒
4.2.30 (i)

(Inn()) E Im() = Aut()

=⇒
4.2.22

Inn() ∩ (Inn()) E Inn()

ÅðåéäÞ ç Inn() ∼=  åßíáé áðëÞ, Ý·ïõìå åßôå Inn() ∩ (Inn()) = {id} åßôå
Inn() ∩ (Inn()) = Inn()⇒ (Inn()) ⊆ Inn() =⇒

2.1.20
(Inn()) v Inn()

Ôï ðñþôï åíäå·üìåíï áðïêëåßåôáé. (ÅÜí  ∈ Inn() êáé  ∈ (Inn()) ôüôå

(Inn()) E Aut()⇒  ◦  ◦ −1 ∈ (Inn())

 ∈ (Inn())⇒ −1 ∈ (Inn())

¾
⇒  ◦  ◦ −1 ◦ −1 ∈ (Inn())

êáé

 ∈ Inn()⇒ −1 ∈ Inn()

Inn() E Aut()⇒  ◦ −1 ◦ −1 ∈ Inn()

¾
⇒  ◦  ◦ −1 ◦ −1 ∈ Inn()

17Ãéá ôçí áðüäåéîç ôïý èåùñÞìáôïò 6.3.21 âë. ôï Üñèñï: J. Schreier, S. Ulam: Über die Automorphismen
der Permutationsgruppe der natürlichen Zahlenfolge, Fund. Math. 28 (1937), 258-260.
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ÅÜí õðïèÝóïõìå üôé Inn() ∩ (Inn()) = {id} ôüôå
 ◦  ◦ −1 ◦ −1 = id ⇒  ◦  =  ◦ 

ïðüôå (Inn()) vÁutc() := CAut()(Inn()) ÅðåéäÞ () = {} ç ðñüôáóç

5.4.35 ìáò ðëçñïöïñåß üôé Áutc() = {id} ÅðïìÝíùò,
(Inn()) = {id}⇒ Inn() v Ker() = {idÁut()}

Þôïé Inn() = {idÁut()}¢ñá êáé ç ßäéá ç  ∼= Inn() åßíáé ôåôñéììÝíç. ¢ôïðï!)

Áõôü óçìáßíåé üôé (Inn()) v Inn() Ðáñïìïßùò áðïäåéêíýåôáé18 üôé

Inn() v (Inn()) ¢ñá Inn() = (Inn()) êáé, ùò åê ôïýôïõ,e := |Inn() ∈ Aut(Inn())

ÅðåéäÞ () = {} êáé Inn() :=
©
γ
¯̄
 ∈ 

ª
 üðïõ

γ :  −→  γ() := −1 ∀ ∈ 

ï êáíïíéóôéêüò éóïìïñöéóìüò ìåôáîý ôùí  êáé Inn() åßíáé ï

 : 
∼=−→ Inn()  7−→ () := γ

(Âë. 5.4.26 êáé 5.4.28.) ÌÝóù áõôïý ïñßæåôáé ï  := −1 ◦ e ◦  ∈ Aut()



 ∼=
²²

ª

 //_____ 

∼=
²²

Inn()
̃

∼= // Inn()


−1


gg

ÓçìåéùôÝïí üôé ãéá êÜèå  ∈  õðÜñ·åé áêñéâþò Ýíá óôïé·åßï 0 ∈  ãéá ôï ïðïßï

éó·ýåé e(γ) = γ0  Ðñïöáíþò,

 () = (−1 ◦ e ◦ )() = −1 (e(γ)) = −1 (γ0) = 0 ∀ ∈ 

Áðü ôçí Üëëç ìåñéÜ, Inn(Aut()) := {Γ| ∈ Aut()} E Áut(Áut()) üðïõ

Γ : Aut() −→ Aut()  7−→ Γ() :=  ◦  ◦ −1 ∀ ∈ Aut()

Éó·õñéóìüò : Γ =  Ãéá ôçí åðáëÞèåõóç ôïý éó·õñéóìïý èÝôïõìå

 :=  ◦ Γ−1 ∈ Áut(Áut())

êáé ðáñáôçñïýìå üôé ãéá êÜèå  ∈  éó·ýïõí ïé éóüôçôåò

(γ) = (Γ−1 (γ)) = (Γ−1(γ)) = (−1 ◦ γ ◦ )
= (γ−1()) =

e(γ−1()) = γ(−1()) = γ

18Áñêåß íá åðáíáëçöèïýí ôá áíùôÝñù åðé·åéñÞìáôá ìå ôïí áõôïìïñöéóìü −1 ôÞò  óôç èÝóç ôïý  Ðñïöáíþò,
−1(Inn()) v Inn()⇒ Inn() v (Inn())
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êáèüóïí ãéá êÜèå  ∈  Ý·ïõìå

(−1 ◦ γ ◦ )() = −1(γ(())) = −1(()−1)

= −1()−1(())−1(−1) = −1()(−1())−1

ïðüôå −1 ◦γ ◦ = γ−1()ÊáôÜ óõíÝðåéáí, |Inn() = idInn()Èá áðïäåßîïõìå

üôé = idAut() ·ñçóéìïðïéþíôáò «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé õðÜñ·åé

êÜðïéïò  ∈ Áut()rInn() ôÝôïéïò þóôå íá éó·ýåé  () 6=  Ãéá êÜèå  ∈ 

γ ∈ Inn()

Inn() E Áut()

¾
⇒  ◦ γ ◦ −1 ∈ Inn()

ïðüôå áðü ôçí |Inn() = idInn() Ýðåôáé üôé

 ◦ γ ◦ −1 = ( ◦ γ ◦ −1) = () ◦ (γ) ◦ (−1) = () ◦ γ ◦ ()−1
⇒ ¡

()−1 ◦ ¢ ◦ γ = γ ◦
¡
()−1 ◦ ¢⇒ ()−1 ◦  ∈ Áutc() = {id}

Þôïé üôé ()−1 ◦  = id ⇒  () =  ¢ôïðï! Tåëéêþò,

 =  ◦ Γ−1 = idAut() ⇒ Γ =  ∈ Inn(Aut())

ï éó·õñéóìüò åßíáé üíôùò áëçèÞò êáé ç Aut() åßíáé ðëÞñçò ïìÜäá. ¤

6.4 ÔÏ ÏËÏÌÏÑÖÏ ÌÉÁÓ ÏÌÁÄÁÓ

¸óôù ( ·) ìéá ïìÜäá. ÅÜí  E  ôüôå γ() =  ãéá êÜèå γ ∈ Inn()

(üðïõ  ∈  âë. 5.4.21 êáé 5.4.23). ÅðïìÝíùò, ìÝóù ôïý γ åðÜãåôáé ï áõôïìïñ-

öéóìüò γ
¯̄

∈ Aut() ôÞò  Ùóôüóï áõôüò äåí åßíáé êáô' áíÜãêçí åóùôåñéêüò

áõôïìïñöéóìüò ôÞò  ÅíäÝ·åôáé ëïéðüí íá éó·ýåé19 {γ
¯̄

:  ∈ } $ Aut(),

äçëáäÞ åíäÝ·åôáé íá õðÜñ·ïõí áõôïìïñöéóìïß ôÞò  ðïõ íá ìçí åðÜãïíôáé áðü

åóùôåñéêïýò áõôïìïñöéóìïýò ôÞò  (õðü ôçí ùò Üíù Ýííïéá).

Ôßèåôáé ëïéðüí åõëüãùò ôï åñþôçìá: Äïèåßóáò ìéáò ïìÜäáò ( ·) åßíáé äõíáôÞ
ç åìöýôåõóÞ ôçò åíôüò ìéáò «åõñýôåñçò» ïìÜäáò (åîáñôþìåíçò áðü ôçí), ïý-

ôùò þóôå êÜèå áõôïìïñöéóìüò ôÞò íá åðÜãåôáé áðü Ýíáí åóùôåñéêü áõôïìïñöé-

óìü ôÞò  (Þôïé íá åßíáé ï ðåñéïñéóìüò êÜðïéïõ åóùôåñéêïý áõôïìïñöéóìïý ôÞò

 åðß ôÞò );¼ðùò èá äïýìå óôçí ðñüôáóç 6.4.2, ìéá ôÝôïéïõ åßäïõò åìöýôåõóç

åßíáé ðÜíôïôå äõíáôÞ (åÜí êáíåßò ùò  ·ñçóéìïðïéÞóåé ôï ëåãüìåíï «ïëüìïñöï»

ôÞò ïìÜäáò ).

ÊáôÜ ôï èåþñçìá 3.5.1 ôïý Cayley, () ∼=  ∼= () üðïõ

() := { |  ∈ } v S () := { |  ∈ } v S

19Åðß ðáñáäåßãìáôé, ç õðïïìÜäá  :=

 ◦  2® ôÞò äéåäñéêÞò ïìÜäáòD14 = h i (ìå |D14| = 28) åßíáé

éóüìïñöç ìå ôç äéåäñéêÞ ïìÜäáD7 (ôÜîåùò |D7| = 14) êáé éó·ýåé

card({γ
¯̄

:  ∈ D14}) ≤ |Inn(D14)| ==

5.4.30 (ii)
|D7| = 14  42 = 7 · (7) ==

7.6.36
|Aut(D7)| = |Aut()| 

üðïõ  ç óõíÜñôçóç öé ôïý Euler (âë. B.4.15).
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åßíáé ïé åî áñéóôåñþí êáé åê äåîéþí êáíïíéêÝò áíáðáñáóôÜóåéò ôÞò  åíôüò ôÞò

S áíôéóôïß·ùò, ìå

 :  −→   7−→ () :=   :  −→   7−→ () := 

ÓçìåéùôÝïí üôé Áut() v S êáé üôé õößóôáíôáé éóïìïñöéóìïß

Áut()
∼=−→ Áut(())  7−→ Y

áñ.
  Áut()

∼=−→ Áut(())  7−→ Yäåî.
 

üðïõ Y
áñ.
 () := () êáé Y

äåî.
 () := () ãéá êÜèå  ∈ 

6.4.1 Ïñéóìüò. Ùò ôï ïëüìïñöï ôÞò  ïñßæåôáé ï ïñèïèÝôçò

Hol() := NS(())

ôÞò åî áñéóôåñþí êáíïíéêÞò áíáðáñÜóôáóåùò () ôÞò  åíôüò ôÞò S

6.4.2 Ðñüôáóç. Áut() ∼= Áut(()) v Hol() êáé

Áut(()) 3 Yáñ.
 = γ

¯̄
()

 ∀ ∈ Áut()

üðïõ γ : Hol() −→ Hol()  7−→ γ() :=  ◦  ◦ −1 ï åóùôåñéêüò áõôï-
ìïñöéóìüò ôïý Hol() ï äçìéïõñãïýìåíïò ìÝóù ôïý 

Áðïäåéîç. Ãéá êÜèå  ∈  êáé êÜèå  ∈Áut() éó·ýåé

 ◦  = () ◦  (6.11)

êáèüóïí ãéá êÜèå  ∈  Ý·ïõìå

( ◦ )() = (()) = () = ()() = ()(()) =
¡
() ◦ 

¢
()

Áðü ôçí (6.11) Ýðåôáé áö' åíüò ìåí üôé  ∈Hol() (äéüôé  () ∈ ()), ïðüôå

Aut() ⊆ Hol() =⇒
2.1.20

Aut() v Hol()

áö' åôÝñïõ äå üôé γ|() () =  ◦  ◦ −1 = () =: Y
áñ.
 () ¤

6.4.3 ÐáñáôÞñçóç. ÅðåéäÞ ãéá êÜèå  ∈Hol() êáé êÜèå  ∈  Ý·ïõìå

 ◦  ◦ −1 = () ∈ () êáé  ◦ ◦ −1 = () ∈ ()

(éóüôçôåò áðïäåéêíõüìåíåò üðùò ç (6.11)), óõìðåñáßíïõìå üôé

() E Hol() êáé () E Hol()

6.4.4 Ðñüôáóç. CS(()) = () êáé CS(()) = ()
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Áðïäåéîç. ¸óôù  ∈ CS(()) Åî ïñéóìïý,

 ◦  =  ◦  ∀ ∈  (6.12)

ÅðåéäÞ ãéá ïéïäÞðïôå  ∈  éó·ýåé

( ◦ ) () = () êáé ( ◦ )() = (()) = ()

ç (6.12) äßäåé () = () = ()() ⇒  = () ∈ () Êáé áíôéóôñü-

öùò° åÜí èåùñÞóïõìå ôõ·üí óôïé·åßï ∈ () (üðïõ  ∈ ), ôüôå ãéá ïéáäÞðïôå

0 ∈  êáé  ∈  Ý·ïõìå

( ◦ 0)() = (0()) = (
0) = 0

= 0() = 0(()) = (0 ◦)()

ïðüôå

 ◦ 0 = 0 ◦ (6.13)

Åî áõôïý Ýðåôáé üôé ∈CS(())Ç éóüôçôá CS(()) = () áðïäåéêíýå-

ôáé ðáñïìïßùò. ¤

6.4.5 ÐáñáôÞñçóç. Áðü ôçí (6.13) ðñïêýðôåé üôé () ◦ () = () ◦ ()
ïðüôå (âÜóåé ôÞò ðñïôÜóåùò 4.1.4) () ◦() v Hol()

6.4.6 Ðñüôáóç. Inn() v () ◦()
Áðïäåéîç. Ãéá ôõ·üíôá åóùôåñéêü áõôïìïñöéóìü γ ∈ Inn() (üðïõ  ∈ )

Ý·ïõìå

γ() = −1 = (−1()) = (−1()) = ( ◦−1)()

ãéá êÜèå  ∈  ïðüôå γ =  ◦−1 ∈ () ◦() ¤

6.4.7 Ðüñéóìá. () ◦() = Inn() ◦ () = Inn() ◦()
Áðïäåéîç. ÅðåéäÞ γ ◦ =  ãéá êÜèå  ∈  Ý·ïõìå

() v Inn() ◦()⇒ () ◦() v Inn() ◦()
Áðü ôçí Üëëç ìåñéÜ, áðü ôçí ðñüôáóç 6.4.6 Ýðåôáé üôé

Inn() v () ◦()⇒ Inn() ◦() v () ◦()
ïðüôå()◦() = Inn()◦()ÅîÜëëïõ, åðåéäÞ γ ◦−1 = γ ◦−1 = −1

ãéá êÜèå  ∈  Ý·ïõìå

() v Inn() ◦ ()⇒ () ◦() =
6.4.5

() ◦ () v Inn() ◦ ()

Áðü ôçí ðñüôáóç 6.4.6 Ýðåôáé üôé

Inn() v () ◦() =
6.4.5

() ◦ ()⇒ Inn() ◦ () v () ◦ ()

ïðüôå () ◦() = () ◦ () = Inn() ◦ () ¤
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6.4.8 Èåþñçìá. (i) Ôï ïëüìïñöï ôÞò  ãñÜöåôáé õðü ôç ìïñöÞ

Hol() = () ◦Áut() = () ◦Áut()

(ii) ÅÜí  ∈Hol() ôüôå  ∈Áut()⇐⇒  () = 

(iii) () ∩Áut() = () ∩Áut() = {S
} = {id}

Áðïäåéîç. (i) Êáô' áñ·Üò,

() v Hol()

Aut() v Hol()

)
⇒ () ◦Aut() ⊆ Hol() (6.14)

êáé

() v Hol()

Aut() v Hol()

)
⇒ () ◦Aut() ⊆ Hol() (6.15)

¸óôù  ∈ Hol() ÅðåéäÞ () E Hol() (âë. åäÜöéï 6.4.3), Ý·ïõìå ðñïöáíþò

γ|() ∈ Aut(())¼ìùò

Aut(()) = {Yáñ.


¯̄
 ∈ Aut()}⇒ ∃ ∈ Aut() : Yáñ.

 = γ|()
êáé (êáôÜ ôçí ðñüôáóç 6.4.2) γ|() = Y

áñ.
 = γ|()  Áõôü óçìáßíåé üôé ãéá

êÜèå  ∈  éó·ýåé

 ◦  ◦ −1 = γ
¯̄
()

() = γ|() () =  ◦  ◦ −1

Þ, éóïäõíÜìùò,

(−1 ◦ ) ◦  =  ◦ (−1 ◦ )⇒ −1 ◦  ∈ CS(()) =
6.4.4

()

ïðüôå  ∈ () ◦  êáé, êáô' åðÝêôáóç,

 ∈ () ◦Aut()⇒ Hol() ⊆ () ◦Aut() (6.16)

Áðü ôéò (6.15) êáé (6.16) ëáìâÜíïõìå Hol() = ()◦ Aut() ÅîÜëëïõ,

[ =  ◦ γ−1  ∀ ∈ ]⇒ () ⊆ () ◦ Inn() (6.17)

êáé

Hol() = () ◦Aut() ⊆
(6.17)

() ◦ Inn() ◦Aut()

Inn() v Aut()

⎫⎬⎭⇒ Hol() ⊆ () ◦Aut()

(6.18)

Áðü ôéò (6.14) êáé (6.18) ëáìâÜíïõìå Hol() = ()◦ Aut()

(ii) Ç óõíåðáãùãÞ ‘‘⇒'' åßíáé ðñïöáíÞò. Ãéá ôçí áðüäåéîç ôÞò ‘‘⇐'' õðïèÝôïõìå

üôé  () =  Ëüãù ôïý (i) õðÜñ·ïõí  ∈  êáé  ∈ Aut() :  =  ◦ 
ÅðïìÝíùò,

 =  () =  ( ()) =  () =  ⇒  =  ◦  = 
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(iii) ÅÜí  ∈ ()∩ Áut() ôüôå  =  ãéá êÜðïéï  ∈  êáé

 =  () =  () =  ⇒  =  = id

Ç éóüôçôá ()∩Áut() = {id} áðïäåéêíýåôáé ðáñïìïßùò. ¤

6.4.9 ÐáñÜäåéãìá. Ôï ïëüìïñöï ôÞò ïìÜäáò (V ◦) ôùí ôåóóÜñùí óôïé·åßùí ôïý

Klein (âë. 3.4.2 (ii)) åßíáé ôï

Hol(V) = (V) ◦Áut(V) ∼= V ◦S3 ∼= V ◦ = S4

üðïõ  := { ∈ S4 | (4) = 4} ∼= S3 äéüôé (V) ∼= V @ S4 êáé Áut(V) ∼= S3

(Âë. åäÜöéá 3.5.1, 3.5.8 (ii) êáé 4.5.16.)

ÁóêÞóåéò

6-1. Íá ðñïóäéïñéóèïýí ïé ·áñáêôçñéóôéêÝò õðïïìÜäåò

(i) ôÞò óõììåôñéêÞò ïìÜäáò S ãéá êÜèå  ∈ N  ≥ 2
(ii) ôÞò äéåäñéêÞò ïìÜäáòD ãéá êÜèå  ∈ N  ≥ 3 êáé
(iii) ôÞò ïìÜäáòQ ôùí ôåôñáíßùí.

6-2. Íá áðïäåé·èåß üôé üëåò ïé õðïïìÜäåò ôÞò Z(∞) (âë. Üóêçóç 4-41) åßíáé

·áñáêôçñéóôéêÝò.

6-3. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  Íá áðïäåé·èåß üôé  0 E 

6-4. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé  := { ∈ | card(êëó())  ∞} íá áðï-

äåé·èïýí ôá áêüëïõèá:

(i) v·áñ. 

(ii) |0| ∞ ãéá êÜèå ðåðåñáóìÝíùò ðáñáãüìåíç õðïïìÜäá ôÞò

6-5. ÅÜí ( ·) åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç ïìÜäá, íá áðïäåé·èïýí ôá

áêüëïõèá:

(i) card({ ∈ Subg()| | : | ∞}) ∈ N0
(ii) ÅÜí ç  äéáèÝôåé ìéá õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç, ôüôå äéáèÝôåé êáé

ìéá ·áñáêôçñéóôéêÞ õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç.

6-6. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  ∈ N Íá áðïäåé·èåß üôé áìöüôåñåò ïé

õðïïìÜäåò  := h{|  ∈ }i êáé  := h{ ∈ |  = }i åßíáé ðëÞñùò
áíáëëïßùôåò.

6-7. ¸óôù ( ·) ìéá ïìÜäá. Íá áðïäåé·èåß üôé ç  := htors()i v  ðïõ ðá-

ñÜãåôáé áðü ôï óýíïëï óôñÝøåùò áõôÞò (âë. åä. 2.3.1) åßíáé ðëÞñùò áíáë-

ëïßùôç.

6-8. Íá áðïäåé·èåß üôé Hol(Z2) ∼= Z2Hol(Z3) ∼=S3 êáé Hol(Z4) ∼=D4
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6-9. ¸óôù ( ·) ìéá ïìÜäá. Ìéá ìåôÜôáîç  ∈ S êáëåßôáé ïëïìïñöéóìüò üôáí

(−1) = ()(−1)() ∀(  ) ∈ ××

Íá áðïäåé·èåß üôé Hol() =  üðïõ := { ∈ S| ïëïìïñöéóìüò}
6-10. ÅÜí ( ·) åßíáé ìéá ðëÞñçò ïìÜäá, íá äåé·èåß üôé Hol() = () ◦ ()



ÊÅÖÁËÁÉÏ 7

ÅõèÝá, çìéåõèÝá

êáé óôåöáíéáßá ãéíüìåíá

Óôçí ðñþôç åíüôçôá ôïý ðáñüíôïò êåöáëáßïõ ðáñáôßèåíôáé ï ïñéóìüò êáé ïé êý-

ñéåò éäéüôçôåò ôïý ëåãïìÝíïõ åõèÝïò ãéíïìÝíïõ äýï Þ êáé ðåñéóóüôåñùí ïìÜäùí

(ôüóïí óôçí «åîùôåñéêÞ» üóïí êáé óôçí «åóùôåñéêÞ» ôïõ åêäï·Þ). Óôçí §7.2 äß-

äåôáé ç áðüäåéîç ôïý èåùñÞìáôïò ôùí Krull, Remak êáé Schmidt (ðïõ åßíáé ôï

áíÜëïãï ôïý èåùñÞìáôïò ôÞò áíôáëëáãÞò ôïý Steinitz ðïõ óõíáíôÜ êáíåßò óôç

ÃñáììéêÞ ¢ëãåâñá). Åí óõíå·åßá, ðáñáôßèåíôáé ôñßá óçìáíôéêÜ èåùñÞìáôá, óôéò

áðïäåßîåéò ôùí ïðïßùí õðåéóÝñ·ïíôáé êáôÜ ôñüðï ïõóéáóôéêü ïñéóìÝíåò ·áñáêôç-

ñéóôéêÝò éäéüôçôåò ôùí åõèÝùí ãéíïìÝíùí. (Âë. 7.3.13, 7.4.2 êáé 7.5.3.) Óõãêåêñé-

ìÝíá, óôçí åíüôçôá 7.3 ðåñéãñÜöïíôáé ëåðôïìåñþò ïé óõíèÞêåò (ôïý Gauss) õðü

ôéò ïðïßåò ç áâåëéáíÞ ïìÜäá (Z× ·) åßíáé êõêëéêÞ, óôçí åíüôçôá 7.4 ïé öõóéêïß

áñéèìïß  ãéá ôïõò ïðïßïõò üëåò ïé ïìÜäåò ôÜîåùò  åßíáé êõêëéêÝò (Þôïé éóüìïñ-

öåò ìå ôçí (Z+)) êáé óôçí åíüôçôá 7.5 ï ôñüðïò äïìÞóåùò ôùí ·áìéëôïíéáíþí
ïìÜäùí, Þôïé ôùí ìç áâåëéáíþí ïìÜäùí, üëåò ïé õðïïìÜäåò ôùí ïðïßùí åßíáé ïñ-

èüèåôåò.

ÔÝëïò, ïé åíüôçôåò 7.6 êáé 7.8 åßíáé áöéåñùìÝíåò óôçí åéóáãùãÞ êáé óôçí ðñù-

ôáñ·éêÞ ìåëÝôç ôùí ·ñçóéìüôåñùí ãåíéêåýóåùí ôïý åõèÝïò ãéíïìÝíïõ, Þôïé ôïý

çìéåõèÝïò ãéíïìÝíïõ êáé ôïý óôåöáíéáßïõ ãéíüìåíïõ, áíôéóôïß·ùò. Åìâïëßìùò,

óôçí §7.7, ïëïêëçñþíåôáé (êÜíïíôáò ïõóéáóôéêÞ ·ñÞóç ôïý çìéåõèÝïò ãéíïìÝíïõ,

ôÞò åîéóþóåùò êëÜóåùí óõæõãßáò (5.64), ôïý èåùñÞìáôïò 5.7.1 ôïý Cauchy êáé ôïý

ôå·íÜóìáôïò 4.4.23 ôïý Poincarª) ç ìÝ·ñéò éóïìïñöéóìïý ôáîéíüìçóç üëùí ôùí
ïìÜäùí ôÜîåùò ≤ 15
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7.1 ÅÕÈÅÁ ÃÉÍÏÌÅÍÁ

I «Åîùôåñéêü» åõèý ãéíüìåíï äýï ïìÜäùí. Ôï êáñôåóéáíü ãéíüìåíï äýï ïìÜäùí

êáèßóôáôáé êáôÜ ôñüðï öõóéêü (Þôïé ìÝóù «ðïëëáðëáóéáóìïý êáôÜ óõíôåôáãìÝ-

íåò») ïìÜäá.

7.1.1 Ïñéóìüò. (i) ¸óôù üôé ïé (1~) êáé (2}) åßíáé ôõ·ïýóåò ïìÜäåò. Åöï-
äéÜæïíôáò ôï êáñôåóéáíü ãéíüìåíï1×2 ôùí õðïêåéìÝíùí óõíüëùí ôïõò ìå ôçí

åóùôåñéêÞ ðñÜîç

(1 ×2)× (1 ×2) −→ 1 ×2
((1 2)  (1 2)) 7−→ (1 2)¡ (1 2) := (1 ~ 1 2 } 2) 

(7.1)

ðáñáôçñïýìå üôé ôï æåýãïò (1 × 2¡) áðïôåëåß ïìÜäá Ý·ïõóá (ùò ðñïò ôçí
ïñéóèåßóá ðñÜîç “ ¡ ”) ôï (1

 2
) ùò ïõäÝôåñï óôïé·åßï ôçò êáé ôï (−11  −12 )

ùò áíôßóôñïöï (= óõììåôñéêü) óôïé·åßï ïéïõäÞðïôå (1 2) ∈ 1 × 2 üðïõ
−11 ôï áíôßóôñïöï óôïé·åßï ôïý 1 ∈ 1 ùò ðñïò ôçí “~ ” êáé −12 ôï áíôßóôñïöï
óôïé·åßï ôïý 2 ∈ 2 ùò ðñïò ôçí “}” (âë. ðñüôáóç 1.2.16). Ç ïìÜäá (1×2¡)
êáëåßôáé åîùôåñéêü åõèý ãéíüìåíï ôùí (1~) êáé (2})
(ii) H åðßññéøç

pr1 : 1 ×2 → 1 (1 2) 7→ 1 (êáé áíô., ç pr2 : 1 ×2 → 2 (1 2) 7→ 2)

êáëåßôáé ðñþôç (êáé áíôéóôïß·ùò, äåýôåñç) öõóéêÞ ðñïâïëÞ ôÞò 1 ×2 åðß ôÞò

1 (êáé áíôéóôïß·ùò, åðß ôÞò 2). Åðßóçò, ç Ýíñéøç

1 : 1 → 1 ×2  7→ ( 2) (êáé áíô., ç 2 : 2 → 1 ×2  7→ (1  ))

êáëåßôáé öõóéêÞ åìöýôåõóç ôÞò 1 åíôüò ôÞò 1 × 2 (êáé áíôéóôïß·ùò, ôÞò 2
åíôüò ôÞò 1 ×2).

(iii) Èåùñþíôáò ôü åîùôåñéêü åõèý ãéíüìåíï ôùí (2}) êáé (1~) (Þôïé åíáë-
ëÜóóïíôáò ôïõò ñüëïõò ôùí äïèåéóþí ïìÜäùí), ðáñáôçñïýìå üôé ç áðåéêüíéóç

1 ×2 3 (1 2) 7−→ (2 1) ∈ 2 ×1

áðïôåëåß éóïìïñöéóìü. Ùò åê ôïýôïõ, ï áíùôÝñù ïñéóìüò ôïý åîùôåñéêïý åõèÝïò

ãéíïìÝíïõ åßíáé ìÝ·ñéò éóïìïñöéóìïý áíåîÜñôçôïò ôïý ðïéïí åê äýï «ðáñáãü-

íôùí» áíáöÝñïõìå ùò ðñþôï êáé ðïéïí ùò äåýôåñï.

(iv) ÅÜí ìéá ïìÜäá åßíáé éóüìïñöç ìå ôçí (1 ×2¡) ôüôå åßèéóôáé íá ëÝìå üôé

ïé (1~) êáé (2}) åßíáé åõèåßò ðáñÜãïíôÝò ôçò.

7.1.2 Ðñüôáóç. Ïé pr1 êáé pr2 åßíáé åðéìïñöéóìïß ïìÜäùí Ý·ïíôåò ùò ðõñÞíåò ôïõò
ôéò õðïïìÜäåò Ker(pr1) = {1} ×2 Ker(pr2) = 1 × {2} ïðüôå

(1 ×2)  ({1} ×2) ∼= 1 êáé (1 ×2)  (1 × {2}) ∼= 2
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Áðïäåéîç. Ãéá ïéáäÞðïôå óôïé·åßá (1 2)  (1 2) ∈ 1 ×2 Ý·ïõìå

pr1((1 2)¡ (1 2)) = pr1 (1 ~ 1 2 } 2) = 1 ~ 1

= pr1 (1 2)~ pr1 (1 2)

êáé, êáô' áíáëïãßáí,

pr2((1 2)¡ (1 2)) = pr2 (1 ~ 1 2 } 2) = 2 } 2

= pr2 (1 2)} pr2 (1 2) 

¢ñá ïé pr1 êáé pr2 åßíáé åðéìïñöéóìïß ïìÜäùí. ÅðéðñïóèÝôùò,

Ker (pr1) = {(1 2) ∈ 1 ×2 |pr1((1 2) = 1 } = {1} ×2

êáé, êáô' áíáëïãßáí, Ker(pr2) = 1 × {2} Ïé áíùôÝñù éóïìïñöéóìïß ðñïêý-

ðôïõí êáôüðéí åöáñìïãÞò ôïý 1ïõ èåùñÞìáôïò éóïìïñöéóìþí 4.5.2. ¤

7.1.3 Ðñüôáóç. («ÊáèïëéêÞ éäéüôçôá» åîùôåñéêïý åõèÝïò ãéíïìÝíïõ)

¸óôù ( ∗) ìéá ïìÜäá. ÅÜí ïé 1 :  −→ 1 êáé 2 :  −→ 2 åßíáé ïìïìïñöéóìïß
ïìÜäùí, ôüôå õößóôáôáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò ïìÜäùí

 : ( ∗) −→ (1 ×2¡)

ôÝôïéïò þóôå íá éó·ýåé pr1 ◦  = 1 êáé pr2 ◦  = 2 äçëáäÞ ôÝôïéïò þóôå ôï
äéÜãñáììá
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1 2

íá êáèßóôáôáé ìåôáèåôéêü.

Áðïäåéîç. Ïñßæïõìå ôçí áðåéêüíéóç

 :  −→ 1 ×2  7−→ () := (1() 2())

Ãéá êÜèå  ∈  Ý·ïõìå

(pr1 ◦ ) () = pr1(1() 2()) = 1()

êáé, êáô' áíáëïãßáí, (pr2 ◦ ) () = 2() ÅÜí ç  :  −→ 1×2 åßíáé ôõ·ïýóá
áðåéêüíéóç ìå pr1 ◦  = 1 êáé pr2 ◦  = 2 ôüôå ãéá êÜèå  ∈  Ý·ïõìå

() = (pr1(()) pr2(())) = (1() 2()) = ()
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ïðüôå  =  ÅðéðñïóèÝôùò, ãéá ïéáäÞðïôå óôïé·åßá   ∈  éó·ýïõí ôá åîÞò:

( ∗ ) = (pr1(( ∗ )) pr2(( ∗ ))) = ((pr1 ◦ ) ( ∗ ) (pr2 ◦ ) ( ∗ ))
= (1( ∗ ) 2( ∗ )) = (1()~ 1() 2()} 2()) = (1() 2())¡ (1() 2())
= ((pr1 ◦ ) () (pr2 ◦ ) ())¡ ((pr1 ◦ ) () (pr2 ◦ ) ()) = ()¡ ()

¢ñá ç  åßíáé ïìïìïñöéóìüò ïìÜäùí. ¤

7.1.4 Ðñüôáóç. Áò óõìâïëßóïõìå ùò

1 := Im(1) êáé 2 := Im(2)

ôéò åéêüíåò ôùí öõóéêþí åìöõôåýóåùí 1 : 1 −→ 1×2 êáé 2 : 2 −→ 1×2
ôùí 1 2 åíôüò ôÞò 1 ×2 Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) Ïé 1 êáé 2 åßíáé ìïíïìïñöéóìïß ïìÜäùí êáé, ùò åê ôïýôïõ,

1 ∼= 1(1) =: 1 2 ∼= 2(2) =: 2

(ii) 1 = Ker(pr2) E 1 ×2 êáé 2 = Ker(pr1) E 1 ×2

(iii) 1 ∩2 = {1×2}
(iv) 1 ¡2 = 1 ×2

Áðïäåéîç. (i) Ãéá ïéáäÞðïôå óôïé·åßá 1 1 ∈ 1 2 2 ∈ 2 Ý·ïõìå

1(1 ~ 1) = (1 ~ 1 2
) = 1(1)¡ 1(1)

êáé, êáô' áíáëïãßáí, 2(2 ~ 2) = 2(2) ¡ 2(2) ïðüôå ïé 1 êáé 2 åßíáé ìïíï-

ìïñöéóìïß ïìÜäùí.

(ii) Ëüãù ôÞò ðñïôÜóåùò 7.1.2,

1 := Im(1) = {1(1) |1 ∈ 1 } = {(1 2) |1 ∈ 1 } = 1 × {2} = Ker (pr2)

êáé, êáô' áíáëïãßáí, 2 = Ker(pr1)  ¢ñá 1 E 1 ×2 êáé 2 E 1 ×2 (Bë.

ðüñéóìá 4.2.31.)
(iii) Ðñïöáíþò,

1 ∩2 =
©
(1 2) ∈ 1 ×2

¯̄
(1 2) ∈ 1 êáé (1 2) ∈ 2

ª
=
(ii)
{(1 2) ∈ 1 ×2 |1 = 1 êáé 2 = 2} = {(1  2)} = {1×2}

(iv) Ðñïöáíþò,

1 ¡2 :=
©
(1 2)¡ (1 2)

¯̄
(1 2) ∈ 1 êáé (1 2) ∈ 2

ª ⊆ 1 ×2

Áðü ôçí Üëëç ìåñéÜ, ãéá ïéïäÞðïôå óôïé·åßï (1 2) ∈ 1 ×2 Ý·ïõìå

(1 2) = (1 2)¡ (1  2) ∈ 1 ¡2

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò 1 ×2 ⊆ 1 ¡2 ¤
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7.1.5 Óçìåßùóç. (Áðëïýóôåõóç óõìâïëéóìïý) Óôïí ïñéóìü 7.1.1 êáé óôéò ðñïôÜ-

óåéò 7.1.2, 7.1.3 êáé 7.1.4 ·ñçóéìïðïéÞóáìå ôá óýìâïëá “ ~ ” “ } ” “ ¡ ” ãéá

ôç óÞìáíóç ôùí åóùôåñéêþí ðñÜîåùí åðß ôùí 1 2 êáé 1 × 2 áíôéóôïß·ùò,

ðñïêåéìÝíïõ íá ðåñéãñÜøïõìå åðáêñéâþò ôïõò ìåôáîý ôïõò õöéóôÜìåíïõò óõó·å-

ôéóìïýò êáé ôç óõìðåñéöïñÜ ôïõò ýóôåñá áðü åöáñìïãÞ ôùí öõóéêþí ðñïâïëþí,

ôùí åìöõôåýóåùí ê.Ü. Ùóôüóï, ç ðåñáéôÝñù äéáôÞñçóç åíüò ôüóï äõóêßíçôïõ óõì-

âïëéóìïý èá ìáò Þôáí êÜôé ôï ðïëý öïñôéêü. Ãé' áõôüí ôïí ëüãï èá ìåôáâïýìå, áðü

åäþ êáé óôï åîÞò, óôïí áðëïõóôåõìÝíï ðïëëáðëáóéáóôéêü óõìâïëéóìü ôùí ðñÜ-

îåùí êáé ôùí ôñéþí ïìÜäùí 1 2 êáé 1 × 2 (ìÝóù ôïý óõíÞèïõò dot1 “ · ”),
·ùñßò åðéðñüóèåôç óõìâïëéóôéêÞ åðéâÜñõíóç2. Åîáßñåóç èá áðïôåëÝóåé ìüíïí ç

ðåñßðôùóç êáôÜ ôçí ïðïßá èá ·ñçóéìïðïéïýìå ôïíðñïóèåôéêü óõìâïëéóìü ãéá ôéò

ðñÜîåéò áìöïôÝñùí ôùí 1 êáé 2 ïðüôå êáé èá ãñÜöïõìå (éäéáéôÝñùò) 1 ⊕2
áíôß ôïý 1 ×2

IÕðïïìÜäåò åîùôåñéêïý åõèÝïò ãéíïìÝíïõ äýï ïìÜäùí. ÅÜí ç1 åßíáé ìéá õðïï-

ìÜäá ìéáò ïìÜäáò 1 êáé ç 2 ìéá õðïïìÜäá ìéáò ïìÜäáò 2 ôüôå ôï åîùôåñéêü

åõèý ãéíüìåíï1 ×2 ôùí1 êáé 2 áðïôåëåß õðïïìÜäá ôÞò 1 ×2 Ùóôüóï,

ôï áíôßóôñïöï äåí åßíáé ðÜíôïôå áëçèÝò: Åí ãÝíåé, åíäÝ·åôáé íá õðÜñ·ïõí õðïï-

ìÜäåò  v 1 × 2 ïé ïðïßåò äåí åêöñÜæïíôáé ùò åîùôåñéêÜ åõèÝá ãéíüìåíá ôïý

ðñïáíáöåñèÝíôïò åßäïõò. ÐëÞñçò ðåñéãñáöÞ ôùí õðïïìÜäùí êáé ôùí ïñèüèå-

ôùí õðïïìÜäùí ôÞò 1 × 2 ðáñÝ·åôáé ìÝóù ôùí èåùñçìÜôùí 7.1.10 êáé 7.1.14,

áíôéóôïß·ùò, ôùí ïöåéëïìÝíùí óôïõò ìáèçìáôéêïýò E. Goursat3 (1858-1936) êáé

R. Remak4 (1888-1943).

7.1.6 Ðñüôáóç. ÅÜí ïé 1 2 åßíáé äõï ïìÜäåò, ôüôå ãéá ôçí 1 × 2 éó·ýïõí ôá
åîÞò :

(i) ÅÜí1 v 1 êáé2 v 2 ôüôå1 ×2 v 1 ×2 ïðüôå

Subg(1)× Subg(2) ⊆ Subg(1 ×2)

(ii) ÅÜí1 E 1 êáé2 E 2 ôüôå 1 ×2 E 1 ×2 ïðüôå

Subg(1)×NSubg(2) ⊆NSubg(1 ×2)

ÅðéðñïóèÝôùò,

(1 ×2)  (1 ×2) ∼= (11)× (22)  (7.2)

(iii) ÅÜí1 v 1 2 v 2 êáé1 ×2 E 1 ×2 ôüôå1 E 1 êáé2 E 2

1Åßíáé âåâáßùò áõôïíüçôï üôé óå ïñéóìÝíåò åöáñìïãÝò êáé óå ïñéóìÝíá ðáñáäåßãìáôá, óôá ïðïßá ìßá åê ôùí õðåé-

óåñ·ïìÝíùí ïìÜäùí Ý·åé ùò ðñÜîç ôçò ôç óýíèåóç Þ ôç (óõíÞèç) ðñüóèåóç, ôï dot õðïêáèßóôáôáé áõôïìÜôùò áðü

ôá “ ◦ ” êáé “ + ”
2ÃñÜöïíôáò, áðü åäþ êáé óôï åîÞò, 1 × 2 (·ùñßò Üëëá ó·üëéá), èá åííïïýìå üôé ôï åí ëüãù êáñôåóéáíü ãéíü-
ìåíï åßíáé åöïäéáóìÝíï ìå ôçí ðñÜîç (7.1). (Ùò ãíùóôüí, Ýíá ôÝôïéï êáñôåóéáíü ãéíüìåíï ïìÜäùí èá ìðïñïýóå íá

êáôáóôåß ïìÜäá êáé ìå êÜðïéá ðñÜîç äéáöïñåôéêÞ ôÞò (7.1). Ðñâë. Üóêçóç 2-33)

3Âë. óåë. 48 ôïý Üñèñïõ ôïý E. Goursat: Sur les substitutions orthogonales et des divisions régulières de

l’ espace, Ann. Sci. Ècole Norm. Sup. 6 (1889) 9-102
4Âë. R. Remak: Über die Darstellung der endlichen Gruppen als Untergruppen direkter Produkte,

Jour. reine und angew. Math. 163 (1930), 1-44
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Áðïäåéîç. (i) ÅÜí1 v 1 êáé 2 v 2 ôüôå

1 ×2 ⊆ 1 ×2 1×2
= (1

 2
) ∈ 1 ×2

êáé ãéá ïéáäÞðïôå äéáôåôáãìÝíá æåýãç (1 1)  (2 2) ∈ 1 ×2 Ý·ïõìå

(1 1) (2 2)
−1
= (1 1)

¡
−12  −12

¢
=
¡
1
−1
2  1

−1
2

¢ ∈ 1 ×2

ïðüôå1 ×2 v 1 ×2 (åðß ôç âÜóåé ôïý (iii) ôÞò ðñïôÜóåùò 2.1.16).

(ii) ÅÜí1 E 1 êáé 2 E 2 ôüôå ïñßæåôáé ï åðéìïñöéóìüò ïìÜäùí

 : 1 ×2 −→ (11)× (22) 

(1 2) 7−→ (1 2) := (
1

1
(1) 

2

2
(2)) = (11 22)

ÅðåéäÞ Ker() = {(1 2) ∈ 1 ×2 |1 ∈ 1 êáé 2 ∈ 2 } = 1 × 2 Ý·ïõìå

1 ×2 E 1 ×2 (âë. ðüñéóìá 4.2.31). Åöáñìüæïíôáò ôï 1ï èåþñçìá éóïìïñ-

öéóìþí 4.5.2 ãéá ôïí  äéáóöáëßæïõìå ôçí ýðáñîç åíüò éóïìïñöéóìïý (7.2).

(iii) Áò õðïèÝóïõìå üôé 1 v 1 2 v 2 êáé 1 ×2 E 1 × 2 Ãéá  = 1 2

èåùñïýìå ôõ·üíôá óôïé·åßá  ∈  êáé  ∈  Ôüôå

1 ×2 3 (1 2) (1 2) (1 2)−1
(1 2) (1 2) (1 2)

−1 = (1 2) (1 2) (−11  −12 ) =
¡
11

−1
1  22

−1
2

¢


ïðüôå [11
−1
1 ∈ 1 êáé 22

−1
2 ∈ 2]⇒ [1 E 1 êáé 2 E 2] ¤

7.1.7 Óçìåßùóç. ÅÜí  := Z2 ⊕ Z4 êáé 1 := Z2 ⊕ {[0]4}2 := {[0]2} ⊕ h[2]4i 
ôüôå1 E  êáé 2 E  (ëüãù ôïý (ii) ôÞò ðñïôÜóåùò 7.1.6) êáé 1

∼= Z4 (âë.
7.1.2). Áðü ôçí Üëëç ìåñéÜ,

2 = {2 ([0]2 [1]4) +2 ([1]2 [0]4) +2 ([1]2 [1]4) +2}

êáé ç áðåéêüíéóç

2 7−→ id, ([0]2 [1]4) +2 7−→ [1 2] ◦ [3 4] 
([1]2 [0]4) +2 7−→ [1 3] ◦ [2 4]  ([1]2 [1]4) +2 7−→ [1 4] ◦ [2 3] 

áðïôåëåß Ýíáí éóïìïñöéóìü ìåôáîý ôÞò ðçëéêïïìÜäáò2 êáé ôÞò ïìÜäáòV ôùí

ôåóóÜñùí óôïé·åßùí ôïý Klein (3.4.2 (ii)). ÅðïìÝíùò,

1
∼= 2

∼= Z2 áëëÜ 1
∼= Z4 À V ∼= 2 (Âë. 4.5.7 (iii)).

7.1.8 Ïñéóìüò. ÅÜí 1 2 åßíáé äõï ïìÜäåò êáé 1 : 1 −→  2 : 2 −→ 

ïìïìïñöéóìïß ïìÜäùí, ôüôå ôï

1 ×(12) 2 := { ( ) ∈ 1 ×2| 1() = 2()}



§ 7.1 åõèåá ãéíïìåíá 347

êáëåßôáé éíéêü ãéíüìåíï ôùí 1 êáé 2 êáé êáèéóôÜ ôï áêüëïõèï äéÜãñáììá ìåôá-

èåôéêü:

1 ×(12) 2
pr1

yysss
ss
ss
ss
s

pr2

%%LL
LL

LL
LL

LL

ª1

1
&&MM

MM
MM

MM
MMM

M 2

2
xxqqq
qqq
qq
qq
qq



7.1.9 ËÞììá. 1 ×(12) 2 v 1 ×2

Áðïäåéîç. Ðñïöáíþò, 1×2 = (1  2) ∈ 1 ×(12) 2 äéüôé (óýìöùíá

ìå ôï (i) ôÞò ðñïôÜóåùò 2.4.3) éó·ýåé 1(1) =  = 2(2) Åðßóçò, åÜí

(1 1)  (2 2) ∈ 1 ×(12) 2 ôüôå

(1 1) (2 2)
−1 = (1 1)

¡
−12  −12

¢
=
¡
1
−1
2  1

−1
2

¢ ∈ 1 ×(12) 2

äéüôé

1(1
−1
2 ) = 1(1)1(

−1
2 ) = 1(1)1(2)

−1

= 2(1)2(2)
−1 = 2(1)2(

−1
2 ) = 2(1

−1
2 )

ïðüôå 1 ×(12) 2 v 1 ×2 (Âë. 2.1.16 (iii).) ¤

7.1.10 Èåþñçìá. (E. Goursat, 1889 R. Remak, 1930) ÅÜí 1 2 åßíáé äõï
ïìÜäåò, ôüôå ãéá ôçí 1 ×2 éó·ýïõí ôá åîÞò :
(i) Õößóôáôáé ìéá áìößññéøç

Subg(1 ×2)
V−→

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ôñéÜäåò

(11 22 )

¯̄̄̄
¯̄̄̄
¯̄
11 ∈ Subg(1) : 1 E 1

22 ∈ Subg(2) : 2 E 2

êáé  : 11 −→ 22

Ýíáò éóïìïñöéóìüò

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
ïñéæüìåíç ìÝóù ôïý ôýðïõ

 7−→ V() :=
¡
pr1()pr1(1 ∩ ) pr2()pr2(2 ∩ ) 

¢


ãéá êÜèå  v 1 ×2 üðïõ

( pr1(1 ∩ )) :=  pr2(2 ∩ )

ãéá êÜèå  ∈ pr1() êáé  ∈ 2 ôÝôïéï þóôå ( ) ∈  ÇV Ý·åé ôçí

(1122 ) 7−→   (7.3)
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ùò áíôßóôñïöü ôçò, üðïõ

 := 1 ×
(◦11 

2
2
)

22
2 = {( ) ∈ 1 ×2 | (1) = 2 } 

(ii) ÅÜí  v 1 ×2 ôüôå pr1(1 ∩ )× pr2(2 ∩ ) E  êáé

(pr1(1 ∩ )× pr2(2 ∩ )) ∼= pr1()pr1(1 ∩ )
∼= pr2()pr2(2 ∩ )

(7.4)

Ùò åê ôïýôïõ,

 = pr1(1 ∩ )× pr2(2 ∩ ) ⇐⇒ pr1(1 ∩ ) = pr1()

⇐⇒ pr2(2 ∩ ) = pr2()

(iii) ÅÜí ïé 1 2 åßíáé ðåðåñáóìÝíåò ïìÜäåò êáé  v 1 ×2 ôüôå

|pr1()|
¯̄
pr2(2 ∩ )

¯̄
= || = ¯̄pr1(1 ∩ )¯̄ |pr2()| (7.5)

êáé

|1 : pr1()|
¯̄
2 : pr2(2 ∩ )

¯̄
= |1 ×2 : | =

¯̄
1 : pr1(1 ∩ )

¯̄ |2 : pr2()| 

Áðïäåéîç. (i) ¸óôù ôõ·ïýóá  v 1 × 2 ÅðåéäÞ ãéá  = 1 2 ç ðñïâïëÞ pr
åßíáé åðéìïñöéóìüò êáé  E 1 ×2 (âë. 7.1.2 êáé 7.1.4 (ii)) Ý·ïõìå

 E 1 ×2

 v

 

® v 1 ×2

)
=⇒
4.2.19

 E

 

®
=⇒

4.5.12 (ii)
 ∩  E 

êáé (óýìöùíá ìå ôï (i) ôÞò ðñïôÜóåùò 2.4.6 êáé ôï (i) ôÞò ðñïôÜóåùò 4.2.30)

 ∩  E  v 1 ×2 ⇒ pr( ∩ ) E pr() v pr(1 ×2) = 

üðïõ

pr1() = { ∈ 1 |∃ ∈ 2 : ( ) ∈ }  pr2() = { ∈ 2 |∃ ∈ 1 : ( ) ∈ } 

êáé pr1(1 ∩ ) = { ∈ 1 |( 2) ∈ }  pr2(2 ∩ ) = { ∈ 2 |(1  ) ∈ } 

Ðñïöáíþò,

pr1(1 ∩ )× pr2(2 ∩ ) v  v pr1()× pr2()
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Ôá ôìÞìáôá ôùí äéáãñáììÜôùí ôïý Hasse ãéá ôéò áíùôÝñù õðïïìÜäåò ôùí1 2
êáé 1 ×2 åéêïíïãñáöïýíôáé ùò áêïëïýèùò:

1 ×2

1

jjjjjjjjjjjjjjjjjj
2

TTTTTTTTTTTTTTTTTT

1
²²
∼=
OO

2
²²

∼=
OO

pr1() pr1()× pr2() pr2()



pr1(1 ∩ ) pr1(1 ∩ )× pr2(2 ∩ ) pr2(2 ∩ )

{1
} oo ∼= // {(1

 2
)} {2

}//∼=oo

Åí óõíå·åßá ïñßæïõìå ôçí  : pr1() −→ pr2()pr2(2 ∩ ) ùò åîÞò: Ãéá êÜèå

óôïé·åßï  ∈ pr1() õðÜñ·åé êÜðïéï  ∈ 2 : ( ) ∈  Ðñïöáíþò,  ∈ pr2()

ÈÝôïõìå  () :=  pr2(2 ∩ ) ÅðåéäÞ ôï  äåí åßíáé êáô' áíÜãêçí ìïíïóçìÜ-

íôùò ïñéóìÝíï ìÝóù ôïý  ãéá íá áðïäåßîïõìå üôé ç  åßíáé êáëþò ïñéóìÝíç áðåé-
êüíéóç áñêåß íá áðïäåßîïõìå üôé ç ðëåõñéêÞ êëÜóç  () äåí åîáñôÜôáé áðü ôçí

åðéëïãÞ ôïý Ðñïò ôïýôï èåùñïýìå ïéïäÞðïôå  ∈ pr2() ãéá ôï ïðïßï ( ) ∈ 

Ôüôå

 3 ( )−1 ( ) = ¡−1 −1¢ ( ) = ¡−1 −1¢ = ¡1
 −1

¢ ∈ 2

ïðüôå
¡
1  

−1
¢ ∈ 2∩⇒ −1 ∈ pr2(2∩)⇒  pr2(2∩) =  pr2(2∩)

Ãéá ôõ·üíôá 1 2 ∈ pr1() êáé 1 2 ∈ 2 ìå (1 1) ∈  êáé (2 2) ∈  Ý·ïõìå

1 2 ∈ pr2() êáé

(12 1 2) = (1 1) (2 2) ∈ 

⇒  (12) = (12) pr2(2 ∩ ) =
¡
1 pr2(2 ∩ )

¢ ¡
2 pr2(2 ∩ )

¢
⇒  (12) =  (1)  (2) 

ïðüôå ç  åßíáé ïìïìïñöéóìüò ïìÜäùí. Åðßóçò, ç  åßíáé åðéññéðôéêÞ (äéüôé ãéá

êÜèå  ∈ pr2() õðÜñ·åé êÜðïéï óôïé·åßï  ∈ 1 ìå ( ) ∈  ïðüôå  ∈ pr1()

êáé  () =  pr2(2 ∩ )). ÅðåéäÞ
Ker() =

©
 ∈ pr1()

¯̄∃ ∈ pr2(2 ∩ ) : ( ) = ( 2) (1  ) ∈ 
ª

=
©
 ∈ pr1()

¯̄
 ∈ pr1(1)

ª
= pr1(1 ∩ )
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ôï 1ï èåþñçìá éóïìïñöéóìþí 4.5.2 ìáò ðëçñïöïñåß üôé ç áðåéêüíéóç

 : pr1()pr1(1 ∩ ) −→ pr2()pr2(2 ∩ )
(pr1(1 ∩ )) :=  ()  ∀ ∈ pr1()

áðïôåëåß éóïìïñöéóìü ïìÜäùí. ÅðéðñïóèÝôùò,

 =
©
( ) ∈ pr1()× pr2()

¯̄
( pr1(1 ∩ )) =  pr2(2 ∩ )

ª
=

½
( ) ∈ pr1()× pr2()

¯̄̄̄
 pr2(2 ∩ ) =  pr2(2 ∩ )
ãéá êÜðïéï  ∈ 2 : () ∈ 

¾
=

½
( ) ∈ pr1()× pr2()

¯̄̄̄
−1 ∈ pr2(2 ∩ )

ãéá êÜðïéï  ∈ 2 : () ∈ 

¾
=

½
( ) ∈ pr1()× pr2()

¯̄̄̄
(1  

−1) ∈  ãéá êÜðïéï

 ∈ 2 : () ∈ 

¾
= 

äéüôé () (1  
−1) = ( ) ∈  Êáé áíôéóôñüöùò° åÜí  ∈ Subg() :

 E  ãéá  = 1 2 êáé  : 11 −→ 22 Ýíáò éóïìïñöéóìüò, ôüôå

 := 1 ×
(◦11 

2
2
)

22
2 v 1 ×2 ⇒  v 1 ×2

(Bë. ëÞììá 7.1.9 êáé 7.1.6 (i).) ÅðéðñïóèÝôùò,

pr1( ) = { ∈ 1 |∃ ∈ 2 : ( ) ∈  }
= { ∈ 1 |∃ ∈ 2 :  (1) = 2 } = 1

(äéüôé ç  åßíáé åî õðïèÝóåùò éóïìïñöéóìüò) êáé

pr1(1 ∩  ) = { ∈ 1 |( 2
) ∈  } = { ∈ 1 | ∈ 1 1 ∈ Ker()}

= { ∈ 1 |1 ∈ Ker()} = 1

(äéüôé Ker() = 1). Êáô' áíáëïãßáí, pr2( ) = 2 êáé pr2(2 ∩  ) = 2¢ñá

çV åßíáé üíôùò ìéá áìößññéøç.

(ii) ¸óôù pr1| :  −→ pr1() ï ðåñéïñéóìüò ôÞò ðñþôçò ðñïâïëÞò åðß ôïý  êáé

Ýóôù

 = 
pr1()

pr1(1∩) : pr1() −→ pr1()pr1(1 ∩ )

ï öõóéêüò åðéìïñöéóìüò. Ï ðõñÞíáò ôïý åðéìïñöéóìïý  ◦ (pr1|) åßíáé ç ïìÜäá

Ker( ◦ (pr1|)) =
©
( ) = ( 2) (1  ) ∈ 

¯̄
 ∈ pr1(1 ∩ )

ª
=

©
( ) ∈ 

¯̄
 ∈ pr1(1 ∩ ) (1  ) = ( 2)

−1 ( ) ∈ 
ª

= pr1(1 ∩ )× pr2(2 ∩ )

ïðüôå pr1(1 ∩ )× pr2(2 ∩ ) E  (âë. 4.2.31) êáé (âÜóåé ôïý 1ïõ èåùñÞìáôïò
éóïìïñöéóìþí 4.5.2)

(pr1(1 ∩ )× pr2(2 ∩ )) ∼= pr1()pr1(1 ∩ )
∼=−→


pr2()pr2(2 ∩ )
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(iii) Ëüãù ôùí (7.4) ïé éóüôçôåò (7.5) åßíáé áëçèåßò. Ïé éóüôçôåò óôéò ïðïßåò õðåé-

óÝñ·ïíôáé ïé äåßêôåò áðïäåéêíýïíôáé ìå ôç âïÞèåéá ôïý èåùñÞìáôïò 4.1.22 ôïý

Lagrange. ¤

7.1.11 Ðüñéóìá. ÅÜí 1 2 åßíáé äõï ðåðåñáóìÝíåò ïìÜäåò, ãéá ôéò ôÜîåéò ôùí
ïðïßùí éó·ýåé ìêä(|1|  |2|) = 1 êáé  v 1 ×2 ôüôå

 = pr1(1 ∩ )× pr2(2 ∩ ) (7.6)

êáé Subg(1)× Subg(2) = Subg(1 ×2) (7.7)

Áðïäåéîç. ÅðåéäÞ (êáôÜ ôï 7.1.10 (i)) pr1() v 1 êáé pr2() v 2 Ý·ïõìå
(óýìöùíá ìå ôï èåþñçìá 4.1.22 ôïý Lagrange êáé ôï ðüñéóìá B.2.6)(

ìêä(|pr1()|  |pr2()|) | |pr1()| êáé |pr1()| | |1|⇒ ìêä(|pr1()|  |pr2()|) | |1|
ìêä(|pr1()|  |pr2()|) | |pr2()| êáé |pr2()| | |2|⇒ ìêä(|pr1()|  |pr2()|) | |2|

)


êáé ìêä(|pr1()|  |pr2()|) |ìêä(|1|  |2|) = 1 ⇒ ìêä(|pr1()|  |pr2()|) = 1

ÊáôÜ ôï 7.1.10 (i),

pr1()pr1(1 ∩ )
∼=−→


pr2()pr2(2 ∩ )

áð' üðïõ Ýðåôáé üôé

|pr1()|
¯̄
pr2(2 ∩ )

¯̄
= |pr2()|

¯̄
pr1(1 ∩ )

¯̄
ìêä(|pr1()|  |pr2()|) = 1

)
=⇒
B.2.9

( |pr1()| |
¯̄
pr1(1 ∩ )

¯̄
|pr2()| |

¯̄
pr2(2 ∩ )

¯̄ ) 

ÅðåéäÞ pr( ∩ ) E pr() Ý·ïõìå ôåëéêþò pr() = pr( ∩ ) ãéá  = 1 2 Ç

(7.6) ðñïêýðôåé áðü ôï 7.1.10 (ii). Ãéá ôçí áðüäåéîç ôÞò éóüôçôáò (7.7) áñêåß íá

óõíäõÜóïõìå ôïí åãêëåéóìü “ j ” ôïí áðïäåé·èÝíôá óôï (i) ôÞò ðñïôÜóåùò 7.1.6

ìå ôïí åãêëåéóìü “ k ” ôïí ðñïêýðôïíôá áðü ôçí (7.6). ¤

7.1.12 ÐáñáôÞñçóç. ÅÜí ïé 1 êáé 2 åßíáé äõï ðåðåñáóìÝíåò ïìÜäåò ìå

ìêä(|1|  |2|) ≥ 2 êáé  v 1 × 2 ôüôå ç  äåí åßíáé êáô' áíÜãêçí åêöñÜ-

óéìç õðü ôç ìïñöÞ (7.6). Åðß ðáñáäåßãìáôé, åÜí 1 = hi êáé 2 = hi åßíáé äõï
êõêëéêÝò ïìÜäåò ôÜîåùò 2 ôüôå ç êõêëéêÞ õðïïìÜäá

 := h( )i = h( 2)(1  )i = {(1  2) ( )}
ôÞò 1 ×2 Ý·åé ôÜîç 2 åíþ

pr1(1 ∩ ) = pr1 ({(1  2) ( 2)} ∩ {(1  2) ( )})
= pr1 ({(1  2)}) = {1} $ pr1() = {1  }

êáé, êáô' áíáëïãßáí,

pr2(2 ∩ ) = pr2 ({(1  2) (1  )} ∩ {(1  2) ( )})
= pr2 ({(1  2)}) = {2} $ pr2() = {2  } 

ïðüôå {1} × {2} = {(1  2)} $ 
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7.1.13 ÐáñÜäåéãìá. Ðïéï åßíáé ôï óýíïëïSubg(Z3⊕Z9) ôùí õðïïìÜäùí ôÞò ïìÜ-
äáò Z3 ⊕ Z9; Êáô' áñ·Üò,

Subg(Z3) = {{[0]3} Z3} Subg(Z9) = {{[0]9} h[3]9i (∼= Z3) Z9}

(âë. 2.4.26 (ii)) êáé

Subg(Z3)× Subg(Z9) =
( {([0]3 [0]9)} {[0]3}⊕ h[3]9i  {[0]3}⊕ Z9

Z3 ⊕ {[0]3} Z3 ⊕ h[3]9i  Z3 ⊕ Z9

)


Áñêåß ëïéðüí ï ðñïóäéïñéóìüò ôïýSubg(Z3⊕Z9)r(Subg(Z3)×Subg(Z9))Ðñïò

ôïýôï èåùñïýìå ôï óýíïëï⎧⎨⎩ æåýãç

(1122)

¯̄̄̄
¯̄ 11 ∈ Subg(Z3) : 1 C 1

22 ∈ Subg(Z9) : 2 C 2

11
∼= 22

⎫⎬⎭  (7.8)

Ôï (7.8) éóïýôáé ìå ôï {(Z3{[0]3} h[3]9i {[0]9}) (Z3{[0]3}Z9 h[3]9i)}  Ðáñá-

ôçñïýìå üôé êáèåìéÜ åê ôùí ðñïêõðôïõóþí ðçëéêïïìÜäùí åßíáé éóüìïñöç ìå ôçí

Z3 êáé õðåíèõìßæïõìå üôé ç ïìÜäá ôùí áõôïìïñöéóìþí ôÞò Z3 åßíáé éóüìïñöç ìå

ôçí Z×3 (ðïõ åßíáé ìéá êõêëéêÞ ïìÜäá ôÜîåùò 2), âë. 2.4.32 (ii). ¢ñá ìåôáîý ôùí

ìåëþí êáèåíüò åê ôùí áíùôÝñù æåõãþí ðçëéêïïìÜäùí õößóôáíôáé áêñéâþò äýï

(äéáöïñåôéêïß) éóïìïñöéóìïß, Þôïé ïé

Z3{[0]3} 1−→ h[3]9i {[0]9} Z3{[0]3} 2−→ h[3]9i {[0]9}
[0]3 + {[0]3} 7→ [0]9 + {[0]9} [0]3 + {[0]3} 7→ [0]9 + {[0]9}
[1]3 + {[0]3} 7→ [3]9 + {[0]9} [1]3 + {[0]3} 7→ [6]9 + {[0]9}
[2]3 + {[0]3} 7→ [6]9 + {[0]9} [2]3 + {[0]3} 7→ [3]9 + {[0]9}

êáé

Z3{[0]3} ̌1−→ Z9 h[3]9i  Z3{[0]3} ̌2−→ Z9 h[3]9i 
[0]3 + {[0]3} 7→ [0]9 + h[3]9i [0]3 + {[0]3} 7→ [0]9 + h[3]9i
[1]3 + {[0]3} 7→ [1]9 + h[3]9i [1]3 + {[0]3} 7→ [2]9 + h[3]9i
[2]3 + {[0]3} 7→ [2]9 + h[3]9i [2]3 + {[0]3} 7→ [1]9 + h[3]9i

áíôéóôïß·ùò. Áõôü óçìáßíåé üôé

Subg(Z3 ⊕ Z9)r(Subg(Z3)× Subg(Z9)) =
n
1  2  ̌1  ̌2

o


üðïõ ïé õðïïìÜäåò 1  2  ̌1  ̌2 ôÞò Z3⊕Z9 êáèïñßæïíôáé ìÝóù ôïý óõíüëïõ
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(7.8) êáé ôÞò áìöéññßøåùò (7.3):

(Z3{[0]3} h[3]9i {[0]9} 1) 7→ 1 = {([0]3 [0]9)  ([1]3 [3]9)  ([2]3 [6]9)} 
(Z3{[0]3} h[3]9i {[0]9} 2) 7→ 2 = {([0]3 [0]9)  ([1]3 [6]9)  ([2]3 [3]9)} 

(Z3{[0]3}Z9 h[3]9i  ̌1) 7→ ̌1 =

⎧⎪⎪⎨⎪⎪⎩
([0]3 [0]9)  ([0]3 [3]9)  ([0]3 [6]9) 

([1]3 [1]9)  ([1]3 [4]9)  ([1]3 [7]9) 

([2]3 [2]9)  ([2]3 [5]9)  ([2]3 [8]9)

⎫⎪⎪⎬⎪⎪⎭ 

(Z3{[0]3}Z9 h[3]9i  ̌2) 7→ ̌2 =

⎧⎪⎪⎨⎪⎪⎩
([0]3 [0]9)  ([0]3 [3]9)  ([0]3 [6]9) 

([1]3 [2]9)  ([1]3 [5]9)  ([1]3 [8]9) 

([2]3 [1]9)  ([2]3 [4]9)  ([2]3 [7]9)

⎫⎪⎪⎬⎪⎪⎭ 

Ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(Z3 ⊕ Z9)v) åßíáé ôï åîÞò:

7.1.14 Èåþñçìá. (R. Remak, 1930) ÅÜí 12 åßíáé äõï ïìÜäåò êáé  ìéá õðïï-
ìÜäá ôÞò 1 ×2 ôüôå ôá áêüëïõèá åßíáé éóïäýíáìá :

(i)  E 1 ×2

(ii) Ãéá  = 1 2 ç  éêáíïðïéåß ôéò óõíèÞêåò:

pr( ∩ ) E  êáé pr()pr( ∩ ) v (pr( ∩ ))

Áðïäåéîç (i)⇒(ii) ÅðåéäÞ  E 1 × 2 ãéá  = 1 2 (âë. 7.1.4 (ii)) êáé (åî

õðïèÝóåùò)  E 1 ×2 ëáìâÜíïõìå (ìÝóù ôÞò ðñïôÜóåùò 4.2.8)

 ∩  E 1 ×2 =⇒
4.2.30 (i)

pr( ∩ ) E pr(1 ×2) = 

ïðüôå ïñßæåôáé ç õðïïìÜäápr(∩)¸óôù ôõ·üí óôïé·åßï  ∈ pr1() Ôüôå
∃ ∈ 2 : ( ) ∈  Ãéá ïéïäÞðïôå  ∈ 1 Ý·ïõìå ( 2) ∈ 1 ×2 êáé

 E 1 ×2 ⇒ (−1 ) = ( 2)( )( 2)
−1 ∈ 

ÅðåéäÞ

( ) ∈ ⇒ ( )−1 ∈ 

(−1 ) ∈ 

)
⇒ (−1 )( )−1 = (−1−1 2) ∈ 1 ∩ 
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óõìðåñáßíïõìå üôé −1−1 = ()()−1 ∈ pr1(1 ∩ ) ïðüôå

()pr1(1 ∩ ) = ()pr1(1 ∩ )⇒ pr1(1 ∩ ) ∈ (1pr1(1 ∩ ))

Åî áõôïý Ýðåôáé üôé pr1()pr1(1 ∩ ) v (1pr1(1 ∩ )) Êáô' áíáëïãßáí,

pr2()pr2(2 ∩ ) v (2pr2(2 ∩ ))

(ii)⇒(i)μÜñéí óõíôïìßáò èÝôïõìå := pr1(1 ∩)× pr2(2 ∩)Áðü ôï (ii) ôïý

èåùñÞìáôïò 7.1.10 ãíùñßæïõìå üôé  E  ÅðåéäÞ pr( ∩ ) E  ãéá  = 1 2

(åî õðïèÝóåùò), Ý·ïõìå åðéðñïóèÝôùò  E 1 × 2 (âë. 7.1.6 (ii)). ÅðåéäÞ (åî

õðïèÝóåùò) ãéá  = 1 2

pr()pr( ∩ ) v (pr( ∩ ))

óõíÜãåôáé (ìÝóù ôïý 7.1.6 (i)) üôé

pr1()pr1(1 ∩ )× pr2()pr2(2 ∩ ) v (1pr1(1 ∩ ))× (2pr2(2 ∩ ))

(7.9)

Åí óõíå·åßá, ðáñáôçñïýìå üôé

pr1()pr1(1 ∩ )× pr2()pr2(2 ∩ ) ∼= (pr1()× pr2())  (7.10)

(åðß ôç âÜóåé ôïý (7.2)). Ðáñïìïßùò,

1pr1(1 ∩ )×2pr2(2 ∩ ) ∼= (1 ×2)

ïðüôå

(1pr1(1 ∩ ))× (2pr2(2 ∩ )) ∼= ((1 ×2)) (7.11)

Ëüãù ôùí (7.9), (7.10) êáé (7.11) ç ðçëéêïïìÜäá (pr1()× pr2())  åßíáé éóü-

ìïñöç ìå ìéá õðïïìÜäá ôïý êÝíôñïõ ((1 ×2)) (ìå ôçí ïðïßá êáé ôçí ôáõ-

ôßæïõìå). Ùò åê ôïýôïõ,

 v pr1()× pr2() =⇒
4.4.15 (i)

 v (pr1()× pr2())  v ((1 ×2))

ÊáôÜ ôï (i) ôÞò ðñïôÜóåùò 5.4.19,

 v ((1 ×2)) =⇒  E (1 ×2)

ïðüôå  E 1 ×2 (âë. 4.5.20 (i)). ¤

7.1.15 Ðüñéóìá. ÅÜí 1 2 åßíáé äõï ïìÜäåò êáé  E 1 ×2 ôüôå

(pr1(1 ∩ )× pr2(2 ∩ )) ∼= (pr1()× pr2())
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Áðïäåéîç. Êáô' áñ·Üò,

[ E 1 ×2 êáé  v pr1()× pr2() v 1 ×2] =⇒
4.2.19

 E pr1()× pr2()

ïðüôå ïñßæåôáé ç ðçëéêïïìÜäá (pr1()× pr2()) ÅðåéäÞ (óýìöùíá ìå ôï (ii)

ôïý èåùñÞìáôïò 7.1.10)

(pr1(1 ∩ )× pr2(2 ∩ )) ∼= pr1()pr1(1 ∩ )

áñêåß íá áðïäåßîïõìå üôé (pr1()× pr2()) ∼= pr1()pr1(1∩)¸óôù ( )

ç ðëåõñéêÞ êëÜóç ôõ·üíôïò óôïé·åßïõ ( ) ∈ pr1()× pr2() åíôüò ôÞò ðçëéêïï-

ìÜäáò (pr1()× pr2()) ÅðåéäÞ  ∈ pr2() ∃ ∈ 1 : ( ) ∈  Èåùñïýìå

ôçí

(pr1()× pr2()) 3 ( ) z7−→ (−1)pr1(1 ∩ )

ÁõôÞ åßíáé áíåîÜñôçôç ôÞò åðéëïãÞò ôïý  ÐñÜãìáôé° ãéá ïéïäÞðïôå  ∈ 1 :

( ) ∈  Ý·ïõìå

( ) ∈ ⇒ ( )−1 ∈ 

( ) ∈ ⇒ ( )−1( ) ∈ 

( 2) ∈ pr1()× pr2()

 E pr1()× pr2()

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
⇒ (−1−1 2) ∈ 1 ∩ 

äéüôé (−1−1 2) = ( 2)
¡
( )−1( )

¢
( 2)

−1 ÅðïìÝíùò,

−1−1 = (−1)(−1)−1 ∈ pr1(1 ∩ )
⇒ (−1)pr1(1 ∩ ) = (−1)pr1(1 ∩ )

ÅðéðñïóèÝôùò, ç z åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç. ÐñÜãìáôé° ãéá ïéáäÞðïôå

óôïé·åßá ( )  (0 0) ∈ pr1()× pr2() êáé  
0 ∈ 1 : ( ) ∈  (0 0) ∈ 

ãéá ôá ïðïßá éó·ýåé

( ) = (0 0)⇒ ( ) (0 0)−1 =
¡
0−1 0−1

¢ ∈ 

Ý·ïõìå ( ) ∈ ⇒ ( )−1 = (−1 −1) ∈  êáé

( )−1
¡
0−1 0−1

¢
(0 0) = (−10−10 2) ∈ 1 ∩ 

ïðüôå −10−10 =
¡
−1

¢ ¡
0−10

¢−1 ∈ pr1(1 ∩ ) Åî áõôïý Ýðåôáé üôé¡
−1

¢
pr1(1 ∩ ) = (0−10)pr1(1 ∩ )

ÅðåéäÞ  E 1 ×2 ç ðçëéêïïìÜäá pr1()pr1(1 ∩ ) åßíáé áâåëéáíÞ, áöïý

pr1()pr1(1 ∩ ) v (1pr1(1 ∩ ))
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(âë. 7.1.14 (i)⇒(ii)). Ùò åê ôïýôïõ,

z(( )) = (−1)pr1(1 ∩ ) =
¡
 pr1(1 ∩ )

¢ ¡
−1pr1(1 ∩ )

¢
=

¡
−1pr1(1 ∩ )

¢ ¡
pr1(1 ∩ )

¢
=
¡
−1

¢
pr1(1 ∩ )

= (0−10)pr1(1 ∩ ) =
¡
0−1pr1(1 ∩ )

¢ ¡
0 pr1(1 ∩ )

¢
=

¡
0 pr1(1 ∩ )

¢ ¡
0−1pr1(1 ∩ )

¢
= (00−1)pr1(1 ∩ ) = z((0 0))

Ç (ðñïöáíþò åðéññéðôéêÞ) áðåéêüíéóç z åßíáé åðéìïñöéóìüò ïìÜäùí, äéüôé ãéá

ïéáäÞðïôå óôïé·åßá ( )  (0 0) ∈ pr1()× pr2() êáé

 0 ∈ 1 : ( ) ∈  (0 0) ∈ 

Ý·ïõìå (0 0) ∈  êáé

z((( ))((0 0))) = z((0 0)) =
¡
0(0)−1

¢
pr1(1 ∩ )

=
¡

¡
00−1

¢
−1

¢
pr1(1 ∩ ) =

¡
(−1)

¡
00−1

¢¢
pr1(1 ∩ )

=
¡¡
−1

¢
pr1(1 ∩ )

¢ ¡¡
00−1

¢
pr1(1 ∩ )

¢
= z(( ))z((0 0))

üðïõ ç ôÝôáñôç éóüôçôá Ýðåôáé áðü ôï üôé ç pr1()pr1(1∩) åßíáé (üðùò ðñïá-
íáöÝñáìå) áâåëéáíÞ. Ï ðõñÞíáò ôïý åðéìïñöéóìïý z åßíáé ç õðïïìÜäá

Ker(z) =
©
( ) ∈ (pr1()× pr2())

¯̄
(−1)pr1(1 ∩ ) = pr1(1 ∩ )

ª
=

©
( ) ∈ (pr1()× pr2())

¯̄
−1 ∈ pr1(1 ∩ )

ª
=

©
( ) ∈ (pr1()× pr2())

¯̄
(−1 2) ∈ 

ª
= {( ) ∈ (pr1()× pr2()) |( ) ∈ } = 

üðïõ ç ðñïôåëåõôáßá éóüôçôá ïöåßëåôáé óôï üôé ( ) ∈  êáé (−1 2) ∈ 

ïðüôå ( ) = (−1 2
)( ) ∈  ÊáôÜ óõíÝðåéáí, ç z åßíáé éóïìïñöéóìüò

ïìÜäùí (âë. 2.4.15 êáé 4.5.2). ¤

I Áõôïìïñöéóìïß åîùôåñéêïý åõèÝïò ãéíïìÝíïõ äýï ïìÜäùí. Äïèåéóþí äõï ïìÜ-

äùí 1 êáé 2 ðþò ó·åôßæïíôáé ïé ïìÜäåò Aut(1)× Aut(2) êáé Aut(1 ×2);

7.1.16 Ðñüôáóç. ÅÜí1 2 åßíáé äõï ïìÜäåò, ôüôå ç Aut(1)×Aut(2) åßíáé åì-
öõôåýóéìç åíôüò ôÞò Aut(1 ×2)

Áðïäåéîç. Ïñßæïõìå ôçí áðåéêüíéóç

 : Aut(1)×Aut(2) −→ Aut(1 ×2)

(1 2) 7−→  (1 2)

ìÝóù ôïý ôýðïõ

 (1 2) (1 2) := (1(1) 2(2)) ∀(1 2) ∈ 1 ×2 (7.12)
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ÓçìåéùôÝïí üôé  (id1  id2) = id1×2  Êáé ãåíéêüôåñá, ãéá ïéïõóäÞðïôå áõôï-

ìïñöéóìïýò 1 1 ∈ Aut(1) êáé 2 2 ∈ Aut(2) Ý·ïõìå

( ((1 2) (1 2)) :=)  (1 ◦ 1 2 ◦ 2) =  (1 2) ◦  (1 2) 

ÐñÜãìáôé° ãéá êÜèå óôïé·åßï (1 2) ∈ 1 ×2 éó·ýïõí ïé éóüôçôåò

 (1 ◦ 1 2 ◦ 2) (1 2) = ((1 ◦ 1) (1) (2 ◦ 2) (2))
= (1 (1(1))  2 (2(2)))

=  (1 2) (1(1) 2(2))

=  (1 2) ( (1 2) (1 2))

= ( (1 2) ◦  (1 2)) (1 2)

¢ñá ç  åßíáé ïìïìïñöéóìüò ïìÜäùí. ÅðéðñïóèÝôùò,

Ker () = {(1 2) ∈ Aut(1)×Aut(2) | (1 2) = id1×2
}

=

½
(1 2) ∈ Aut(1)×Aut(2)

¯̄̄̄
(1(1) 2(2)) = (1 2)

∀(1 2) ∈ 1 ×2

¾
=

½
(1 2) ∈ Aut(1)×Aut(2)

¯̄̄̄
1(1) = 1 ∀1 ∈ 1

êáé 2(2) = 2 ∀2 ∈ 2

¾
= {(id1

 id2
)}

ïðüôå ç  åßíáé ìïíïìïñöéóìüò (âë. ðñüôáóç 2.4.15) êáé ôï åîùôåñéêü åõèý ãé-

íüìåíï Aut(1)× Aut(2) ôùí ïìÜäùí áõôïìïñöéóìþí Aut(1) êáé Aut(2) åì-

öõôåýåôáé óôçí ïìÜäá ôùí áõôïìïñöéóìþí Aut(1 × 2) ôïý åîùôåñéêïý åõèÝïò

ãéíïìÝíïõ 1 ×2 ôùí 1 êáé 2 (âë. ïñéóìü 2.4.14). ¤

O ìïíïìïñöéóìüò (7.12) äåí åßíáé ðÜíôïôå éóïìïñöéóìüò. (Ðñâë. ôá ðáñáäåßã-

ìáôá 7.1.73 êáé 7.1.74). ÏñéóìÝíåò éêáíÝò óõíèÞêåò ãéá íá åßíáé ï (7.12) éóïìïñ-

öéóìüò äßäïíôáé óôéò ðñïôÜóåéò 7.1.17 êáé 7.1.19.

7.1.17 Ðñüôáóç. ÅÜí 1 2 åßíáé äõï ïìÜäåò ìå

1 := Im(1) v·áñ. 1 ×2 êáé 2 := Im(2) v·áñ. 1 ×2

ôüôå

Aut(1)×Aut(2) ∼= Aut(1 ×2)

Áðïäåéîç. ¸óôù ôõ·þí áõôïìïñöéóìüò  ∈ Aut(1 ×2) Ïñßæïõìå ôïõò åðéñ-

ñéðôéêïýò5 åíäïìïñöéóìïýò

κ1 : 1 −→ 1 (1 2) 7−→ κ1 (1 2) := (pr1( (1 2)) 2) 

κ2 : 2 −→ 2 (1  2) 7−→ κ2 (1  2) := (1  pr2( (1  2))) 

5Ãéá  = 1 2 ç pr ◦  åßíáé åðéññéðôéêÞ ùò óýíèåóç åðéññéðôéêþí áðåéêïíßóåùí. ¢ñá êáé ç κ åßíáé åðéññéðôéêÞ.
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ÅðåéäÞ1 v·áñ. 1×2 êáé2 v·áñ. 1×2 Ý·ïõìå ãéá êÜèå (1 2) ∈ 1×2

 (1 2) ∈ 1 = 1 × {2}⇒ pr2( (1 2)) = 2 

 (1
 2) ∈ 2 = {1

} ×2 ⇒ pr1( (1
 2)) = 1



¸óôù ôõ·üí 1 ∈ 1 ìå (1 2
) ∈ Ker(κ1) Ôüôå pr1( (1 2

)) = 1
 ïðüôå

 (1 2
) = (pr1( (1 2

)) pr2( (1 2
)))

= (1
 2

) = (1
 2

)⇒  = 1

(ëüãù ôÞò åíñéðôéêüôçôáò ôïý ). ÅðïìÝíùò, Ker(κ1) = {(1  2)} = {1
}

áð' üðïõ Ýðåôáé üôé ï κ1 åßíáé êáé åíñéðôéêüò (âë. ðñüôáóç 2.4.15). Ùò åê ôïýôïõ,

Ý·ïõìå κ1 ∈ Aut(1) Ðáñïìïßùò áðïäåéêíýïõìå üôé κ2 ∈ Aut(2) Åí óõíå·åßá,

ðáñáôçñïýìå üôé ìÝóù ôùí áõôïìïñöéóìþí κ  = 1 2 êáôáóêåõÜæïíôáé ïé áõôï-
ìïñöéóìïß  :=  ◦ κ ◦ ( −1

¯̄

) ∈ Aut() ìå

1 : 1 −→ 1 1 7−→ 1 (1) = pr1( (1 2))

2 : 2 −→ 2 2 7−→ 2 (2) = pr2( (1  2))

Ðñïöáíþò,

 (1 2) =  ((1 2) (1  2)) =  ((1 2)) ((1  2))

= (pr1( (1 2))pr2( (1 2))) (pr1( (1  2)) pr2( (1  2)))

= (1(1) 2) (1  2(2)) = (1(1)1  22(2))

= (1(1) 2(2)) = (1 2) (1 2) 

Áõôü óçìáßíåé üôé  = (1 2) Þôïé üôé ç áðåéêüíéóç  (ç ïñéóèåßóá ìÝóù ôïý

ôýðïõ (7.12)) åßíáé êáé åðéññéðôéêÞ, ïðüôå áðïôåëåß Ýíáí éóïìïñöéóìü ïìÜäùí.¤

7.1.18 ÐáñáôÞñçóç. ÅÜí12 åßíáé äõï ïìÜäåò, ôüôå ïé1 êáé2 äåí åßíáé êáô'

áíÜãêçí ·áñáêôçñéóôéêÝò (êáßôïé åßíáé ïñèüèåôåò) õðïïìÜäåò ôÞò 1 × 2 Åðß

ðáñáäåßãìáôé, åÜí 1 = 2 =:  ìå ôçí  ìç ôåôñéììÝíç, ôüôå ç áðåéêüíéóç

 : × −→ × (1 2) 7−→ (1 2) := (2 1)

åßíáé Ýíáò áõôïìïñöéóìüò ôÞò × Ùóôüóï, ãéá êÜèå  ∈ r{} Ý·ïõìå

( ) = ( ) ∈ × {} êáé ( ) = ( ) ∈ {} ×

7.1.19 Ðñüôáóç. ÅÜí 1 2 åßíáé äõï ðåðåñáóìÝíåò ïìÜäåò, ãéá ôéò ôÜîåéò ôùí
ïðïßùí éó·ýåé ìêä(|1|  |2|) = 1 ôüôå

Aut(1)×Aut(2) ∼= Aut(1 ×2)
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Áðïäåéîç. Áñêåß íá áðïäåßîïõìå üôé, åí ôïéáýôç ðåñéðôþóåé, ï ìïíïìïñöéóìüò

(7.12) åßíáé éóïìïñöéóìüò. ¸óôù ôõ·þí áõôïìïñöéóìüò  ∈ Aut(1 ×2) Èåù-

ñïýìå ôïõò ïìïìïñöéóìïýò

 : 2 −→ 1  : 1 −→ 2
 7−→  () := pr1( (1  ))  7−→  () := pr2( ( 2))

Ðáñáôçñïýìå üôé
©
|1| | ∈ 2

ª ⊆ Ker() êáèüóïí


³
|1|

´
= pr1(

³
1  

|1|
´
) = pr1( (1  )

|1|) = pr1( (1  ))
|1| = 1 

ÅðåéäÞ ìêä(|1|  |2|) = 1 Ý·ïõìå6 card
¡©
|1| | ∈ 2

ª¢
= |2|  ïðüôån

|1| | ∈ 2

o
= Ker() = 2 (7.13)

Êáô' áíáëïãßáí áðïäåéêíýïõìå üôén
|2| | ∈ 1

o
= Ker() = 1 (7.14)

Åí óõíå·åßá, ïñßæïõìå ôïõò åíäïìïñöéóìïýò 1 ∈ End(1) êáé 2 ∈ End(2) ùò

åîÞò:

 7−→ 1() := pr1( ( 2))  7−→ 2() := pr2( (1  ))

Éó·õñéóìüò: 1 ∈ Aut(1) êáé 2 ∈ Aut(2) ÐñÜãìáôé° ãéá ïéïäÞðïôå óôïé·åßï

 ∈ Ker(1) Ý·ïõìå  ( 2) = (1() 2(2)) = (1  2) ⇒  = 1 (ëüãù

ôÞò åíñéðôéêüôçôáò ôïý ). ÅðïìÝíùò, Ker(1) = {1} áð' üðïõ Ýðåôáé üôé ï

åíäïìïñöéóìüò 1 åßíáé åíñéðôéêüò (âë. ðñüôáóç 2.4.15). ÅðåéäÞ ç1 åßíáé ðåðå-

ñáóìÝíç ïìÜäá, ï 1 åßíáé êáô' áíÜãêçí êáé åðéññéðôéêüò. Ùò åê ôïýôïõ, Ý·ïõìå

1 ∈ Aut(1). Ðáñïìïßùò áðïäåéêíýïõìå üôé 2 ∈ Aut(2) ïðüôå ï éó·õñéóìüò

åßíáé áëçèÞò.

ÔÝëïò, ãéá êÜèå æåýãïò ( ) ∈ 1 × 2 Ý·ïõìå  () = 2 êáé  () = 1

(âÜóåé ôùí (7.13) êáé (7.14)), ïðüôå

 ( ) =  (( 2
) (1

 )) =  (( 2
)) ((1

 ))

= (pr1( ( 2
)) pr2( ( 2

))) (pr1( (1
 ))pr2( (1

 )))

= (1()  ()) ( ()  2()) = (1() ()   ()2())

= (1()2  12()) = (1() 2()) = (1 2) ( ) 

Áõôü óçìáßíåé üôé  = (1 2) Þôïé üôé ç áðåéêüíéóç  (ç ïñéóèåßóá ìÝóù ôïý

ôýðïõ (7.12)) åßíáé êáé åðéññéðôéêÞ, ïðüôå áðïôåëåß Ýíáí éóïìïñöéóìü ïìÜäùí.¤
6ÅÜí ∃  ∈ 2 : 

|1| = |1| ôüôå
¡
−1

¢|1| = 2  ïðüôå (âÜóåé ôÞò ðñïôÜóåùò 2.3.8 êáé ôïý ðïñßóìá-

ôïò 4.1.27) Ý·ïõìå ord(−1) | |1| êáé ord(−1) | |2|  Åî áõôïý Ýðåôáé üôé

ord(−1) | ìêä(|1|  |2|) = 1⇒ ord(−1) = 1⇒ 
−1 = 2 ⇒  = 
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Ìéá åíäéáöÝñïõóá ãåíßêåõóç ôÞò ðñïôÜóåùò 7.1.19 ðåñéëáìâÜíåôáé óôï åðüìåíï

èåþñçìá7:

7.1.20 Èåþñçìá. (J.N.S. Bidwell, M.J. Curran êáé D.J. McCauchan, 2006) ÅÜí
1 2 åßíáé äõï ðåðåñáóìÝíåò ïìÜäåò ·ùñßò êïéíïýò åõèåßò ðáñÜãïíôåò 8, ôüôå

Aut(1 ×2) ∼= A 

üðïõ ôï

A :=

½³
 

 

´¯̄̄
 ∈ Aut(1)  ∈ Hom(2 (1))

 ∈ Hom(1 (2))  ∈ Aut(2)

¾
åßíáé åöïäéáóìÝíï ìå ôç äïìÞ ïìÜäáò ìÝóù «ðïëëáðëáóéáóìïý ðéíÜêùí 9»³

 

 

´
·
³

0 0

0 0

´
:=
³

 ◦ 0 +  ◦ 0  ◦ 0 +  ◦ 0
 ◦ 0 +  ◦ 0  ◦ 0 +  ◦ 0

´


ÉäéáéôÝñùò,

|Aut(1 ×2)| = |Aut(1)| |Aut(2)| |Hom(1 (2))| |Hom(2 (1))| 

ÅðéðñïóèÝôùò, éó·ýïõí ôá åîÞò :

(i) ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ç Aut(1 × 2) åßíáé ìéá -ïìÜäá (âë. åäÜöéá

5.7.2, 5.7.3) åÜí êáé ìüíïí åÜí áìöüôåñåò ïé ïìÜäåò áõôïìïñöéóìþí Aut(1) êáé
Aut(2) åßíáé -ïìÜäåò.

(ii) ÅÜí ìêä(
¯̄
ab
1

¯̄
 |(2)|) = 1 = ìêä(

¯̄
ab
2

¯̄
 |(1)|) ôüôå

Aut(1 ×2) ∼= Aut(1)×Aut(2)

Êáô' áíáëïãßáí, ìÝ·ñéò éóïìïñöéóìïý, ç ïìÜäá ôùí êåíôñéêþí áõôïìïñöéóìþí ôÞò
1 ×2 (âë. 5.4.33) åßíáé ç

Áutc(1 ×2) ∼= A c 

üðïõ

A c :=

½³
 

 

´¯̄̄
 ∈ Áutc(1)  ∈ Hom(2 (1))

 ∈ Hom(1 (2))  ∈ Áutc(2)

¾
v A

êáé |Áutc(1 ×2)| = |Áutc(1)| |Áutc(2)| |Hom(1 (2))| |Hom(2 (1))| 
7Ãéá ôçí áðüäåéîÞ ôïõ âë. J.N.S. Bidwell, M.J. Curran &D.J. McCauchan: Automorphisms of direct products of finite
groups, Archiv der Math. (Basel) 86 (2006) 481-489
8ËÝìå üôé ïé1 êáé2 äåí Ý·ïõí êïéíïýò åõèåßò ðáñÜãïíôåò üôáí åßíáé ìç éóüìïñöåò êáé üôáí éêáíïðïéïýíôáé ïé
åîÞò óõíèÞêåò: (i) Äåí õðÜñ·ïõí ìç ôåôñéììÝíåò ïìÜäåò 11 12 ôÝôïéåò þóôå 1

∼= 11 × 12 êáé2
∼= 1

ãéá êÜðïéïí  ∈ {1 2} (ii) Äåí õðÜñ·ïõí ìç ôåôñéììÝíåò ïìÜäåò 21 22 ôÝôïéåò þóôå 2
∼= 21 × 22 êáé

1
∼= 2 ãéá êÜðïéïí  ∈ {1 2} (iii) Äåí õðÜñ·ïõí ìç ôåôñéììÝíåò ïìÜäåò11 12 êáé ìç ôåôñéììÝíåò ïìÜäåò

21 22 ôÝôïéåò þóôå1
∼= 11 ×12 2

∼= 21 ×22 êáé1
∼= 2 ãéá êÜðïéïõò   ∈ {1 2}

9¸óôù üôé ïé  êáé  åßíáé äõï ïìÜäåò. ÅÜí ïé 1 2 áíÞêïõí óôï óýíïëï Hom() ôùí ïìïìïñöéóìþí áðü
ôçí óôçí êáé Im(1) Im(2) = Im(2) Im(1) ôüôå ç áðåéêüíéóç 1 + 2 :  −→  ç ïñéæüìåíç ìÝóù ôïý

ôýðïõ (1 + 2)() := 1()2() ∀ ∈  åßíáé Ýíáò ïìïìïñöéóìüò êáé èåùñåßôáé ùò ôï Üèñïéóìá ôùí 1 êáé 2
óôïí ëïãéóìü ìå ôïõò ðßíáêåò ðïõ õðåéóÝñ·ïíôáé óôï ðñïêåßìåíï èåþñçìá. (¼ôáí ç åßíáé áâåëéáíÞ, ôï áíùôÝñù

Üèñïéóìá óõìðßðôåé ìå ôï Þäç ïñéóèÝí óôï åäÜöéï 2.4.13 (ii).)
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I «Åóùôåñéêü» åõèý ãéíüìåíï äýï õðïïìÜäùí ìéáò ïìÜäáò. Ç ðñüôáóç 7.1.4

äñá ùò êßíçôñï ãéá ôç èÝóðéóç ôïý áêüëïõèïõ ïñéóìïý:

7.1.21 Ïñéóìüò. ¸óôù üôé ç ( ·) åßíáé ìéá ïìÜäá êáé üôé  v  êáé  v 

ËÝìå üôé ç  åßíáé ôï åóùôåñéêü10 åõèý ãéíüìåíï ôùí õðïïìÜäùí  êáé  (êáé

ãñÜöïõìå11  =  ×åó. ) üôáí ðëçñïýíôáé ïé åîÞò óõíèÞêåò:

(i) E  êáé E 

(ii)  = hi ( =
4.2.24

 = ) êáé

(iii) ∩ = {}
7.1.22 ÐáñÜäåéãìá. Ç ïìÜäá V := {id [1 2] ◦ [3 4]  [1 3] ◦ [2 4]  [1 4] ◦ [2 3]} ôùí

ôåóóÜñùí óôïé·åßùí ôïý Klein (ùò ðñïò ôçí ðñÜîç ôÞò óõíèÝóåùò ìåôáôÜîåùí)

åßíáé ôï åóùôåñéêü ãéíüìåíï

V = h[1 2] ◦ [3 4]i ×åó. h[1 3] ◦ [2 4]i 
äéüôé [1 4] ◦ [2 3] = ([1 2] ◦ [3 4]) ◦ ([1 3] ◦ [2 4]) (âë. 3.4.2 (ii) êáé 4.2.6).
7.1.23 Ðñüôáóç. ¸óôù  : ( ·) −→ ( ∗) Ýíáò ïìïìïñöéóìüò ïìÜäùí êáé Ýóôù
 E  ÅÜí ï ðåñéïñéóìüò  | :  −→  åßíáé Ýíáò éóïìïñöéóìüò ìåôáîý ôùí 
êáé  ôüôå  =  ×åó.  üðïõ  := Ker()

Áðïäåéîç. Óýìöùíá ìå ôï ðüñéóìá 4.2.31 êáé ôçí ðñüôáóç 4.2.24 Ý·ïõìå E 

êáé hi =  E  ÅÜí  ∈  ôüôå () ∈  ïðüôå ∃ ∈  : () = ()

Áõôü óçìáßíåé üôé (−1 ∗ ) =  áð' üðïõ Ýðåôáé üôé

 = (−1) üðïõ  ∈  êáé −1 ∈  ⇒  = 

¸óôù ôþñá ôõ·üí óôïé·åßï  ∈  ∩  ÅðåéäÞ ç  | :  −→  åßíáé Ýíáò éóï-

ìïñöéóìüò ìåôáîý ôùí êáé  Ý·ïõìå

 | () = () =  = ()⇒  = 

ÊáôÜ óõíÝðåéáí,  =  ×åó.  ¤

7.1.24 Ðáñáäåßãìáôá. Åöáñìüæïíôáò ôçí ðñüôáóç 7.1.23 ãéá ôïõò ïìïìïñöé-

óìïýò

 : (C+) −→ (R+) +  7−→ 

 : (Qr{0} ·) −→ ({±1}  ·)  7−→ 
|| 

 : (Rr{0} ·) −→ ({±1}  ·)  7−→ 
|| 

 : (Cr{0} ·) −→ (R0 ·) +  7−→
p
2 + 2

10Ãéá ôïí êáèïñéóìü ôïý åóùôåñéêïý åõèÝïò ãéíïìÝíïõ åêêéíïýìå áðü ìéá äåäïìÝíç ïìÜäá ( ·) êáé ðñïóäéïñßæïõìå
äýï õðïïìÜäåò ôçò  êáé ôÝôïéåò þóôå ç íá åßíáé éóüìïñöç ìå ôï åîùôåñéêü åõèý ãéíüìåíï áõôþí (éäùìÝíùí ùò

áíåîáñôÞôùí ïìÜäùí). Ôï üôé ïé óõíèÞêåò ðïõ áñêïýí ðñïò ôïýôï åßíáé áêñéâþò ïé (i)-(iii) èá áíáöáíåß óôï èåþñçìá

7.1.43. (ÁíôéèÝôùò, ãéá ôïí ó·çìáôéóìü ôïý åîùôåñéêïý åõèÝïò ãéíïìÝíïõ åêêéíïýìå áðü ïéåóäÞðïôå ïìÜäåò1 êáé

2 ·ùñßò íá ðñïûðïèÝôïõìå åê ôùíðñïôÝñùí êÜðïéïí áëëçëïóõó·åôéóìü ôïõò, êáé äïìïýìå ôç «ìåãáëýôåñç» ïìÜäá
1 ×2 âÜóåé ôùí ðñïáíáöåñèÝíôùí óôï åäÜöéï 7.1.1.)
11Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ·ñçóéìïðïéïýìå ôïí ðñïóèåôéêü óõìâïëéóìü ãéá ôçí ðñÜîç ôÞò  ãñÜöïõìå
 =  ⊕åó.  áíôß ôïý =  ×åó.  êáé ôï ïíïìÜæïõìå åóùôåñéêü åõèý Üèñïéóìá ôùí êáé
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ëáìâÜíïõìå

C = R⊕åó. R Qr{0} = {±1} ×åó. Q0

Rr{0} = {±1} ×åó. R0 Cr{0} = R0 ×åó. S1

7.1.25 Èåþñçìá. ¸óôù üôé ïé  êáé  åßíáé õðïïìÜäåò ìéáò ïìÜäáò ( ·)  Ôüôå
ôá (a) êáé (b) åßíáé éóïäýíáìá :

(a)  E   E  êáé  =  ×åó. 

(b) Ãéá ôéò  êáé éó·ýïõí ôá áêüëïõèá :

(i)  =  ∀ ∈  êáé ∀ ∈ 

(ii)ÊÜèå óôïé·åßï  ∈  ãñÜöåôáé ìïíïóçìÜíôùò õðü ôç ìïñöÞ  =  üðïõ  ∈ 

êáé  ∈ 

Áðïäåéîç. (a)⇒(b) ÅÜí  E   E  êáé  =  ×åó.  ôüôå ãéá ïéáäÞðïôå

óôïé·åßá  ∈  êáé  ∈  Ý·ïõìå

 3 (−1| {z }
∈

)−1 = (−1−1| {z }
∈

) ∈ 

7.1.21 (iii)⇒  ∩ = {}

⎫⎪⎬⎪⎭⇒ −1−1 = 

áð' üðïõ Ýðåôáé ôï (i), Þôïé üôé  = ¸óôù ôþñá ôõ·üí óôïé·åßï  ∈  ÅðåéäÞ

åî ïñéóìïý  =  (âë. 7.1.21 (ii)), ôï  ãñÜöåôáé õðü ôç ìïñöÞ  =  ãéá

êÜðïéá  ∈  êáé  ∈  Ãéá ôçí áðüäåéîç ôïý (ii) áñêåß íá åëåã·èåß üôé ç åí ëüãù

Ýêöñáóç ôïý  åßíáé ìïíáäéêÞ. Ðñïò ôïýôï õðïèÝôïõìå üôé  =  üðïõ  ∈ 

êáé  ∈  Ðñïöáíþò,

 =  ⇒  3 −1 = −1 ∈ 

7.1.21 (iii)⇒  ∩ = {}

)
⇒  =  êáé  = 

(b)⇒(a) ¸óôù üôé éó·ýïõí ôá (i) êáé (ii) êáé Ýóôù ôõ·üí óôïé·åßï  ∈  ÊáôÜ ôï
(ii) ôï  ãñÜöåôáé õðü ôç ìïñöÞ  =  üðïõ  ∈  êáé  ∈  ÅðïìÝíùò, ãéá
ïéáäÞðïôå  ∈  êáé  ∈  Ý·ïõìå


−1 = ()  ()−1 = 

¡


−1¢

−1 =

(i)

¡

−1

¢

−1 = 

−1 ∈  ⇒  E 

êáé


−1 = ()  ()−1 = ( −1| {z }

∈

)−1 =
(i)
(−1)−1 = 

−1 ∈  ⇒  E 

(ÓçìåéùôÝïí üôé ãéá ôçí áíùôÝñù áðüäåéîç ôïý üôé  E  êáé  E  äåí ·ñçóé-
ìïðïéÞèçêå ç ìïíïóÞìáíôç ãñáöÞ ôïý  ùò ãéíïìÝíïõ óôïé·åßùí ôùí  êáé )

ÅðéðñïóèÝôùò, áðü ôï (ii) Ýðåôáé Üìåóá üôé  =  ÔÝëïò, åÜí  ∈  ∩ ôüôå

 =   ∈   ∈ 

 =   ∈   ∈ 

⎫⎬⎭ =⇒
(ii)

 =  ⇒  ∩ = {}
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(Åí ðñïêåéìÝíù, ·ñçóéìïðïéÞèçêå ïõóéáóôéêþò ç ìïíïóÞìáíôç ãñáöÞ ôïý  ùò

ãéíïìÝíïõ óôïé·åßùí ôùí êáé) ¢ñá  =  ×åó.  ¤

7.1.26 Èåþñçìá. ¸óôù üôé ïé  êáé  åßíáé õðïïìÜäåò ìéáò ïìÜäáò ( ·)  Ôüôå
ôá (a) êáé (b) åßíáé éóïäýíáìá :

(a)  E   E  êáé  =  ×åó. 

(b) Ãéá ôéò  êáé éó·ýïõí ôá áêüëïõèá :

(i)  = 

(ii) ∩ = {} êáé
(iii)  =  ∀ ∈  êáé ∀ ∈ 

Áðïäåéîç. (a)⇒(b) Ôá (i) êáé (ii) éó·ýïõí ëüãù ôïý ïñéóìïý 7.1.21. Ôï (iii) Ýðåôáé

áðü ôç óõíåðáãùãÞ (a)⇒(b) (i) óôï èåþñçìá 7.1.25.

(b)⇒(a) Áðü ôï (iii) Ýðåôáé üôé E  êáé E  (áñêåß êáíåßò íá åðáíáëÜâåé ôçí

áðüäåéîç ðïõ ðáñåôÝèç ðñïò ôïýôï êáôÜ ôçí åðáëÞèåõóç ôÞò éó·ýïò ôÞò óõíåðá-

ãùãÞò (b)⇒(a) óôï èåþñçìá 7.1.25). Ëüãù ôùí (i) êáé (ii) éêáíïðïéïýíôáé êáé ïé
óõíèÞêåò (ii) êáé (iii) ôïý ïñéóìïý 7.1.21. Óõíåðþò,  =  ×åó.  ¤

7.1.27 ÐáñáôÞñçóç. ÅÜí  =  ×åó.  ôüôå  =  ×åó. 

7.1.28 Ðáñáäåßãìáôá. (i) Ç (áâåëéáíÞ, ìç êõêëéêÞ, ðïëëáðëáóéáóôéêÞ) ïìÜäá¡
Z×8  ·

¢
 üðïõ Z×8 = {[1]8  [3]8  [5]8  [7]8} (âë. 2.1.7 (iii) êáé 2.4.20 (ii)), åßíáé ôï

åóùôåñéêü ãéíüìåíï ôùí êõêëéêþí õðïïìÜäùí ôçò

 := h[3]8i = {[1]8  [3]8} êáé  := h[5]8i = {[1]8  [5]8} 

äéüôé [7]8 = [3]8 · [5]8 êáé h[3]8i ∩ h[5]8i = {[1]8} 
(ii) Ç äéåäñéêÞ ïìÜäá D6 = h i (ôÜîåùò 12) åßíáé ôï åóùôåñéêü ãéíüìåíï ôùí

õðïïìÜäùí ôçò

 :=
©
idE6  

2 4   ◦ 2  ◦ 4ª êáé  :=

3
®
=
©
idE6  

3
ª


(iii) ÅÜí := { ∈ S4 | (4) = 4}  ôüôå ç óõììåôñéêÞ ïìÜäáS4 äåí åßíáé ôï åóù-

ôåñéêü ãéíüìåíï ôùí õðïïìÜäùíV C S4 êáé êáßôïé éó·ýåé

S4 = V ◦ = hVi =  ◦ V êáé V ∩ = {id}

(âë. 4.2.24 êáé 4.5.16). ÐñÜãìáôé° óõãêñßíïíôáò ôïí êáôÜëïãï

◦ id [1 2] [1 3] [2 3] [1 2 3] [1 3 2]

id id [1 2] [1 3] [2 3] [1 2 3] [1 3 2]

[1 2] ◦ [3 4] [1 2] ◦ [3 4] [3 4] [1 4 3 2] [1 2 4 3] [2 4 3] [1 4 3]

[1 3] ◦ [2 4] [1 3] ◦ [2 4] [1 4 2 3] [2 4] [1 3 4 2] [1 4 2] [2 3 4]

[1 4] ◦ [2 3] [1 4] ◦ [2 3] [1 3 2 4] [1 2 3 4] [1 4] [1 3 4] [1 2 4]



364 åõèåá, çìéåõèåá êáé óôåöáíéáéá ãéíïìåíá

ôùí óõíèÝóåùí  ◦   üðïõ  ∈ V  ∈  ìå ôïí êáôÜëïãï

◦ id [1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]
id id [1 2] ◦ [3 4] [1 3] ◦ [2 4] [1 4] ◦ [2 3]
[1 2] [1 2] [3 4] [1 3 2 4] [1 4 2 3]

[1 3] [1 3] [1 2 3 4] [2 4] [1 4 3 2]

[2 3] [2 3] [1 3 4 2] [1 2 4 3] [1 4]

[1 2 3] [1 2 3] [1 3 4] [2 4 3] [1 4 2]

[1 3 2] [1 3 2] [2 3 4] [1 2 4] [1 4 3]

ôùí óõíèÝóåùí  ◦   üðïõ  ∈   ∈ V ðáñáôçñïýìå üôé ç óõíèÞêç (b) (iii) ôïý

èåùñÞìáôïò 7.1.26 äåí éêáíïðïéåßôáé, áöïý, ð.·.,

([1 2] ◦ [3 4]) ◦ [1 3] = [1 4 3 2] 6= [1 2 3 4] = [1 3] ◦ ([1 2] ◦ [3 4]) 
(Åî áõôïý åîÜãåôáé, éäéáéôÝñùò, ôï óõìðÝñáóìá üôé 5 S4)

7.1.29 Ðñüôáóç. ÅÜí  êáé  åßíáé ïñèüèåôåò õðïïìÜäåò ìéáò ïìÜäáò ( ·)  ôÝ-
ôïéåò þóôå íá éó·ýåé  =  ×åó.  ôüôå

 ∼=  êáé  ∼= 

Áðïäåéîç. ÅðåéäÞ éó·ýåé  =  êáé  ∩  = {}  ôï 2ï èåþñçìá éóïìïñ-

öéóìþí 4.5.13 äßäåé  =  ∼=  ∩ = {} ∼=
4.4.5

 (O äåýôåñïò

éóïìïñöéóìüò Ýðåôáé ýóôåñá áðü åíáëëáãÞ ôùí ñüëùí ôùí êáé) ¤

7.1.30 Ðüñéóìá. ÅÜí ïé êáé  åßíáé ïñèüèåôåò õðïïìÜäåò ìéáò ïìÜäáò ( ·) 
ôÝôïéåò þóôå íá éó·ýåé  =  ×åó.  =  ×åó.  ôüôå 12  ∼= 

Áðïäåéîç. ÅðåéäÞ (êáôÜ ôçí ðñüôáóç 7.1.29)  ∼=  êáé  ∼=  Ý·ïõìå

 ∼=  ¤

7.1.31 ÐáñáôÞñçóç. (i) ÊáôÜ ôï ðüñéóìá 7.1.30,

 =  ×åó.  =  ×åó. ⇒  ∼= 

Ùóôüóï, äåí áðïêëåßåôáé ôï åíäå·üìåíï íá Ý·ïõìå 6=  Åðß ðáñáäåßãìáôé, ãéá

ôçí ïìÜäáV ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein éó·ýïõí ïé éóüôçôåò

V = h[1 2] ◦ [3 4]i ×åó. h[1 3] ◦ [2 4]i = h[1 2] ◦ [3 4]i ×åó. h[1 4] ◦ [2 3]i 
ìå h[1 3] ◦ [2 4]i 6= h[1 4] ◦ [2 3]i êáé h[1 3] ◦ [2 4]i ∼= h[1 4] ◦ [2 3]i ∼= Z2
(ii) ÅÜí ïé 11 åßíáé ïñèüèåôåò õðïïìÜäåò ìéáò ïìÜäáò 1 êáé ïé 22 ïñ-

èüèåôåò õðïïìÜäåò ìéáò ïìÜäáò 2 ôÝôïéåò þóôå íá éó·ýåé 1 = 1 ×åó. 1

2 = 2 ×åó. 2 êáé 1 ∼= 2 ôüôå äåí áðïêëåßåôáé ôï åíäå·üìåíï íá Ý·ïõìå

(ôáõôï·ñüíùò)

1 À 2 1 À 2 1 À 2 êáé 1 À 2

12Óôï ßäéï óõìðÝñáóìá êáôáëÞãïõìå áêüìç êáé áí õðïèÝóïõìå üôé =  ×åó.  = ×åó. 
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Åðß ðáñáäåßãìáôé, èÝôïíôáò 1 := Z×7 × Z×15 2 := Z×21 × Z×5 

Z× := Z
×
 × {[1] 105 } Z

×
 := {[1] 105 } × Z

×
 ãéá ( ) ∈ {(7 15) (21 5)}

êáé1 := Z
×
7  1 := Z

×
15 2 := Z

×
21 êáé2 := Z

×
5  ëáìâÜíïõìå

Z×105 ∼= Z×7 × Z×15 = 1 = 1 ×åó. 1

Z×105 ∼= Z×21 × Z×5 = 2 = 2 ×åó. 2

¾
⇒ 1 ∼= 2

(âë. 7.3.2 êáé 7.1.43 (i)), üðïõ Z×7 ∼= Z
×
7  Z

×
15
∼= Z×15 Z×21 ∼= Z

×
21 Z

×
5
∼= Z×5  Åíôïý-

ôïéò, Z×7 À Z
×
21 Z

×
7 À Z

×
5  Z

×
15 À Z

×
21 êáé Z×15 À Z

×
5 

Ìéá ãåíßêåõóç ôïý ðïñßóìáôïò 7.1.30 èá äéáôõðùèåß êáé èá áðïäåé·èåß óôçí åðü-

ìåíç åíüôçôá. (Âë. èåþñçìá 7.2.25.) Óå áõôÞí õðåéóÝñ·åôáé, ìåôáîý Üëëùí, êáé ç

Ýííïéá ôÞò «áðïóõíèåóéìüôçôáò» ìéáò ïìÜäáò.

7.1.32 Ïñéóìüò. ËÝìå üôé ìéá ïìÜäá ( ·) åßíáé áðïóõíèÝóéìç üôáí åßíáé ìç ôå-

ôñéììÝíç êáé õðÜñ·ïõí ìç ôåôñéììÝíåò ãíÞóéåò ïñèüèåôåò õðïïìÜäåò ôçò  êáé

 ôÝôïéåò þóôå  =  ×åó.  ÅÜí áõôü äåí óõìâáßíåé, ôüôå ç ( ·) êáëåßôáé
áíáðïóõíèÝóéìç.

7.1.33 Ðáñáäåßãìáôá. (i) ÊÜèå áðëÞ ïìÜäá åßíáé ðñïäÞëùò áíáðïóõíèÝóéìç.

(ii) Ç (A4 ◦) åßíáé (ìç áðëÞ) áíáðïóõíèÝóéìç ïìÜäá, êáèüôé äéáèÝôåé ìßá êáé ìü-
íïí ìç ôåôñéììÝíç ãíÞóéá ïñèüèåôç õðïïìÜäá (óõãêåêñéìÝíá, ôçíV ôÜîåùò 4).

(iii) Ç Üðåéñç êõêëéêÞ (ðñïóèåôéêÞ) ïìÜäá (Z+) åßíáé áíáðïóõíèÝóéìç: ÊÜèå

ìç ôåôñéììÝíç ãíÞóéá õðïïìÜäá ôçò åßíáé ïñèüèåôç (âë. ðñüôáóç 4.2.6) êáé Ý·åé

ôç ìïñöÞ (Z+)  ãéá êÜðïéïí ∈ N  ≥ 2 (âë. 2.2.19 (i)). Ùóôüóï, ãéá ïéïõó-

äÞðïôå öõóéêïýò áñéèìïýò ≥ 2 Ý·ïõìå Z ∩ Z = åêð()Z (åðß ôç âÜóåé

ôïý (iii) ôÞò ðñïôÜóåùò 2.2.20), ïðüôå åêð() ≥ 2 êáé {0} $ Z ∩ Z
(iv) Ç ïìÜäáQ ôùí ôåôñáíßùí åßíáé áíáðïóõíèÝóéìç: Ùò ãíùóôüí, üëåò ïé õðïï-

ìÜäåò ôçò åßíáé ïñèüèåôåò (âë. 4.2.18) êáé ïé ìüíåò ìç ôåôñéììÝíåò ãíÞóéåò õðïï-

ìÜäåò ôçò åßíáé ïé h−I2i  hii  hji  hki (âë. 4.1.43). Ùóôüóï, ç ôïìÞ ïéïõäÞðïôå

æåýãïõò åî áõôþí åßíáé ìç ôåôñéììÝíç, áöïý

{I2} $ h−I2i = hii ∩ h−I2i = hji ∩ h−I2i = hki ∩ h−I2i 
{I2} $ h−I2i = hii ∩ hji = hii ∩ hki = hji ∩ hki 

(v) Óýìöùíá ìå ôá ðñïáíáöåñèÝíôá óôá åäÜöéá 7.1.22, 7.1.24 êáé 7.1.28 (i) ïé ïìÜ-

äåò (V ◦) (C+) (Qr{0} ·) (Rr{0} ·) (Cr{0} ·) êáé ¡Z×8  ·¢ åßíáé áðïóõíèÝóé-
ìåò.

7.1.34 Ðñüôáóç. ¸óôù ( ·) ìéá ìç ôåôñéììÝíç ðåðåñáóìÝíç êõêëéêÞ ïìÜäá. Ôüôå
ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) H  åßíáé áíáðïóõíèÝóéìç.

(ii) ( ·) ∼= (Z +)  üðïõ  êÜðïéïò ðñþôïò áñéèìüò êáé  ∈ N
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Áðïäåéîç. (i)⇒(ii) ÅðåéäÞ ç  åßíáé ìç ôåôñéììÝíç, õðÜñ·åé êÜðïéïò ðñþôïò

áñéèìüò  ï ïðïßïò äéáéñåß ôçí ôÜîç ôçò. ¸óôù  := max{ ∈ N :  | ||}
Ôüôå || =  ãéá êÜðïéïí ∈ N ìå ìêä() = 1 ÕðïèÝôïíôáò üôé ç = hi
(üðïõ  ∈ r{}) åßíáé áíáðïóõíèÝóéìç, áñêåß (ëüãù ôïý (ii) ôïý èåùñÞìáôïò

2.4.23) íá äåßîïõìå üôé  = 1 Èá åñãáóèïýìå ìå «åéò Üôïðïí áðáãùãÞ». Ðñïò

ôïýôï õðïèÝôïõìå üôé ≥ 2¸óôù := hi êáé Ýóôù :=



®
 Ôüôå C 

 C  êáé || =   || =  (Âë. ôçí ðñüôáóç 2.3.10, ôï ðüñéóìá 2.3.23 êáé ôçí

ðñüôáóç 4.2.6.) ÊáôÜ ôï (ii) ôïý ðïñßóìáôïò 4.1.25, ∩ = {} ÅîÜëëïõ, áðü
ôïí ôýðï (4.35) ôïý ãéíïìÝíïõ ðñïêýðôåé üôé

card() =
|| ||
| ∩| = || || =  = ||⇒  = 

ÅðïìÝíùò, ïé ïìÜäåò  êáé  éêáíïðïéïýí ôéò óõíèÞêåò (i), (ii) êáé (iii) ôïý ïñé-

óìïý 7.1.21. Ùò åê ôïýôïõ,  =  ×åó. ¢ôïðï! ¢ñá ôåëéêþò = 1

(ii)⇒(i) Åî õðïèÝóåùò, = hi   ∈ r{} êáé || =   üðïõ  êÜðïéïò ðñþôïò

áñéèìüò êáé  ∈ N Èåùñïýìå ôõ·ïýóåò ìç ôåôñéììÝíåò ãíÞóéåò õðïïìÜäåò ôçò 

êáé Ôüôå (óýìöùíá ìå ôï ðüñéóìá 2.3.23)

∃ ∈ N 2 ≤    :  |  êáé  |  ìå = hi êáé = hi 

ÊáôÜ ôï ëÞììá B.3.14,

∃  ∈ {1  − 1} ∈ N :  =  êáé  = 

(ïðüôå || = − êáé || = −). ÅðåéäÞ  |  (⇒ − | −) üôáí  ≤ 

êáé  |  üôáí  ≤  Ý·ïõìå (åê íÝïõ êáôüðéí åöáñìïãÞò ôïý ðïñßóìáôïò 2.3.23,

áëë' áõôÞí ôç öïñÜ ãéá ôéò ßäéåò ôéò êáé )

 v  üôáí  ≤  êáé  v  üôáí  ≤ 

ïðüôå ∩ ∈ {}⇒ {} $  ∩Áõôü óçìáßíåé üôé ç åßíáé áíáðïóõí-

èÝóéìç. ¤

7.1.35 Ïñéóìüò. ¸íáò åíäïìïñöéóìüò ìéáò ïìÜäáò ( ·) êáëåßôáé ïñèüèåôïò åí-
äïìïñöéóìüò üôáí

1(2)
−1
1 = (12

−1
1 ) ∀(1 2) ∈ ×

Þ, éóïäõíÜìùò, üôáí

γ ◦  =  ◦ γ ∀ ∈ 

7.1.36 Ðñüôáóç. ÅÜí  åßíáé Ýíáò ïñèüèåôïò áõôïìïñöéóìüò ìéáò ïìÜäáò ( ·) 
ôüôå êáé ï áíôßóôñïöüò ôïõ −1 åßíáé ïñèüèåôïò.
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Áðïäåéîç. Ãéá êÜèå  ∈  Ý·ïõìå

−1 ◦ γ = −1 ◦ (γ−1)−1 = (γ−1 ◦ )−1
= ( ◦ γ−1)−1 = (γ−1)−1 ◦ −1 = γ ◦ −1

ïðüôå êáé ï −1 åßíáé ïñèüèåôïò. ¤

7.1.37 Ðñüôáóç. ÅÜí 1 2 åßíáé ïñèüèåôïé åíäïìïñöéóìïß ìéáò ïìÜäáò ( ·) 
ôüôå êáé ïé óõíèÝóåéò 1 ◦ 2 êáé 2 ◦ 1 åßíáé ïñèüèåôïé åíäïìïñöéóìïß áõôÞò.
Áðïäåéîç. Ãéá êÜèå  ∈  Ý·ïõìå

γ ◦ (1 ◦ 2) = (γ ◦ 1) ◦ 2 = (1 ◦ γ) ◦ 2 = 1 ◦ (γ ◦ 2)
= 1 ◦ (2 ◦ γ) = (1 ◦ 2) ◦ γ

êáé êáô' áíáëïãßáí γ ◦ (2 ◦ 1) = (2 ◦ 1) ◦ γ ¤

7.1.38 Ðñüôáóç. ÅÜí  åßíáé Ýíáò ïñèüèåôïò åíäïìïñöéóìüò ìéáò ïìÜäáò ( ·) 
ôüôå éó·ýïõí ôá åîÞò :

(i) −1() ∈ C(Im())∀ ∈ 

(ii) ÅÜí  ∈ Aut() ôüôå −1() ∈ () ∀ ∈ 

Áðïäåéîç. (i) ÅÜí  ∈ Im() ôüôå ∃ ∈  :  = () ïðüôå ãéá êÜèå  ∈ 

Ý·ïõìå

−1 = ()−1 = (−1)⇒ ()−1 = −1()()()−1

⇒ ()
¡
−1()

¢
=
¡
−1()

¢
()⇒ 

¡
−1()

¢
=
¡
−1()

¢


⇒ −1() ∈ C(Im())

(ii) ÐñïöáíÝò, äéüôé åí ôïéáýôç ðåñéðôþóåé Im() =  êáé () := C() ¤

7.1.39 Ðñüôáóç. ÅÜí  êáé  åßíáé ïñèüèåôåò õðïïìÜäåò ìéáò ïìÜäáò ( ·)  ôÝ-
ôïéåò þóôå  =  ×åó.  ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  E  (êáé áíôéóôïß·ùò, åÜí  E ) ôüôå  E 

(ii) ÅÜí  åßíáé Ýíáò ïñèüèåôïò åíäïìïñöéóìüò ôÞò  ìå () ⊆  (êáé áíôéóôïß-
·ùò, ìå () ⊆ ) ôüôå ï ðåñéïñéóìüò | ôïý  åðß ôÞò  (êáé áíôéóôïß·ùò, ï
ðåñéïñéóìüò | ôïý  åðß ôÞò) åßíáé Ýíáò ïñèüèåôïò åíäïìïñöéóìüò ôÞò (êáé
áíôéóôïß·ùò, ôÞò).

Áðïäåéîç. (i) ¸óôù ôõ·üí  ∈  Ôï  (ëüãù ôïý (b) (ii) ôïý èåùñÞìáôïò 7.1.25)

ãñÜöåôáé ìïíïóçìÜíôùò õðü ôç ìïñöÞ  =  üðïõ  ∈  êáé  ∈  Ãéá êÜèå

 ∈  Ý·ïõìå  ∈  êáé  =  ïðüôå

γ() = −1 = ()−1 =  () −1−1

= −1−1 = 
−1 = −1 ∈ 
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(äéüôé  E ). Áõôü óçìáßíåé üôé γ() ⊆  Áðü ôçí ðñüôáóç 5.4.24 Ýðåôáé üôé

 E  (Ç óõíåðáãùãÞ  E  ⇒  E  áðïäåéêíýåôáé ðáñïìïßùò.)

(ii) ÅÜí  åßíáé Ýíáò ïñèüèåôïò åíäïìïñöéóìüò ôÞò  ìå () ⊆  (êáé áíôéóôïß-

·ùò, ìå () ⊆ ) ôüôå γ ◦ | = | ◦ γ ãéá êÜèå  ∈  (êáé áíôéóôïß·ùò,

γ ◦ | = | ◦ γ ãéá êÜèå  ∈ ) ¤

7.1.40 Èåþñçìá. (ÊñéôÞñéï «áðïóõíèåóéìüôçôáò».) ¸óôù ( ·) ìéá ìç ôåôñéì-
ìÝíç ïìÜäá. Ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) H  åßíáé áðïóõíèÝóéìç.

(ii) ÕðÜñ·åé êÜðïéïò ìç åíñéðôéêüò, ìç åðéññéðôéêüò ïñèüèåôïò åíäïìïñöéóìüò 
ôÞò  äéÜöïñïò ôïý ôåôñéììÝíïõ 13, ôÝôïéïò þóôå íá éó·ýåé 2 =  (Åí ôïéáýôç
ðåñéðôþóåé,  = Im()×åó.Ker())

Áðïäåéîç. (i)⇒(ii) ÅÜí  =  ×åó.  ãéá êÜðïéåò ìç ôåôñéììÝíåò ãíÞóéåò ïñèü-

èåôåò õðïïìÜäåò  êáé  ôÞò  êáé åÜí  ∈  ôüôå (ëüãù ôïý (b) (ii) ôïý èåù-

ñÞìáôïò 7.1.25) õðÜñ·ïõí ìïíïóçìÜíôùò ïñéóìÝíá óôïé·åßá  ∈  êáé  ∈ 

ôÝôïéá þóôå  =  Ïñßæïõìå ôçí áðåéêüíéóç

 :  −→   7−→  () := 

H  áðïôåëåß Ýíáí åíäïìïñöéóìü ôÞò  äéüôé ãéá ïéáäÞðïôå óôïé·åßá 1 2 ∈ 

ìå 1 = 11, 2 = 22 (üðïõ ôá 1 2 ∈  êáé 1 2 ∈  åßíáé ìïíïóçìÜíôùò
ïñéóìÝíá) Ý·ïõìå (ëüãù ôïý (b) (i) ôïý èåùñÞìáôïò 7.1.25)

 (12) =  (1122) =  ((12) (12)) = 12 =  (1) (2) 

Åðßóçò, åê êáôáóêåõÞò, = Ker() êáé = Im()Ç  äåí åßíáé ïýôå åíñéðôéêÞ

(áöïý {} @ ) ïýôå åðéññéðôéêÞ (áöïý @ ) ïýôå ï ôåôñéììÝíïò åíäïìïñöé-

óìüò (áöïý14  @ ). ÅîÜëëïõ,

2 () =  ( ()) =  () =  () =  =  ()

ãéá êÜèå  =  (õðü ôçí áíùôÝñù ìïíïóçìÜíôùò ïñéóìÝíç ðáñÜóôáóÞ ôïõ).

ÔÝëïò, ãéá êÜèå (1 2) ∈ × üðïõ 1 = 11, 2 = 22 (üðùò ðñïçãïõìÝíùò),

Ý·ïõìå (ëüãù ôïý (b) (i) ôïý èåùñÞìáôïò 7.1.25)

1(2)
−1
1 = 112 (11)

−1
= 1 (12) 

−1
1 1

−1 = 1 (21) 
−1
1 1

−1

= 12
¡
1
−1
1

¢
1
−1 = 121

−1 = 121
−1

êáé

(12
−1
1 ) = (1122

−1
1 1

−1) = (12
¡
12

−1
1

¢
1
−1)

= (
¡
121

−1¢ ¡12−11 ¢
) = 121

−1

13Ìå ôïí üñï ôåôñéììÝíïò åíäïìïñöéóìüò åííïïýìå ôïí åíäïìïñöéóìü ôÞò  ðïõ óôÝëíåé êÜèå óôïé·åßï ôÞò  íá

áðåéêïíéóèåß óôï ïõäÝôåñï óôïé·åßï  ôÞò

14ÓçìåéùôÝïí üôé = ⇔  () =  ∀ ∈ ⇔  = {}
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ïðüôå 1(2)
−1
1 = (12

−1
1 ) êáé ï åßíáé ïñèüèåôïò åíäïìïñöéóìüò.

(ii)⇒(i) ÅÜí õðÜñ·åé ïñèüèåôïò åíäïìïñöéóìüò  ∈ End() ìå ôéò ùò Üíù éäéüôç-

ôåò, ôüôå èÝôïíôáò := Im() êáé := Ker() ðáñáôçñïýìå üôé

{} @  @  êáé {} @  @ 

(äéüôé åî õðïèÝóåùò ç åßíáé ìç ôåôñéììÝíç êáé ï ìç åíñéðôéêüò, ìç åðéññéðôéêüò,

ìç ôåôñéììÝíïò åíäïìïñöéóìüò ôÞò). Èåùñþíôáò ôõ·üí  ∈  äéáðéóôþíïõìå üôé

ãéá ôá  :=  () êáé  := −1 éó·ýåé ç éóüôçôá

 = (−1) üðïõ  ∈  êáé −1 ∈  ⇒  =  (7.15)

(äéüôé 
¡
−1

¢
= 

¡
−1

¢
 () = 

¡
−1

¢
 () = −1 =  ⇒ −1 ∈ ).

ÅðéðñïóèÝôùò, åÜí  ∈  ∩ ôüôå

∃ ∈  : () =  êáé () = 

 = () = (()) = ()

)
⇒  =  ⇒  ∩ = {} (7.16)

ÔÝëïò, ãéá ïéáäÞðïôå  ∈  êáé  ∈  õðÜñ·åé  ∈  : () =  êáé () = 

ïðüôå Ý·ïõìå áö' åíüò ìåí

() = (()) = () =  (7.17)

áö' åôÝñïõ äå

−1 = ()−1 = (−1) ∈ 

−1 = (−1) = ((−1)) = (−1)

)
⇒ (−1) = −1 (7.18)

ÅðåéäÞ  −1 ∈  óõíÜãåôáé üôé

(−1) = ()()(−1) = () = () (7.19)

Ïé (7.17), (7.18) êáé (7.19) äßäïõí

−1 = ⇒  =  (7.20)

ÊáôÜ óõíÝðåéáí, ëüãù ôùí (7.15), (7.16) êáé (7.20) éêáíïðïéïýíôáé ïé óõíèÞêåò

(b) (i)-(iii) ôïý èåùñÞìáôïò 7.1.26, ðñÜãìá ðïõ óçìáßíåé üôé  C   C  êáé

 =  ×åó.  ¤

7.1.41 Ðñüôáóç. ÅÜí õðïèÝóïõìå üôé ( ·) êáé ( ∗) åßíáé äõï áíáðïóõíèÝóéìåò
ïìÜäåò êáé 1 :  −→  2 :  −→  äõï ïìïìïñöéóìïß, ôÝôïéïé þóôå íá éó·ýåé
1 ◦ 2 ∈ Aut() êáé Im(2) E  ôüôå áìöüôåñïé ïé 1 2 åßíáé éóïìïñöéóìïß.

Áðïäåéîç. ÅðåéäÞ ç (1 ◦ 2)−1◦1 :  −→  (ùò áðåéêüíéóç) áðïôåëåß áñéóôåñü

áíôßóôñïöï ôÞò 2 (ùò ðñïò ôçí ðñÜîç ôÞò óõíèÝóåùò), ç 2 åßíáé åíñéðôéêÞ êáé çe2 :  −→ Im(2) ç ðñïêýðôïõóá ýóôåñá áðü ðåñéïñéóìü ôïý ðåäßïõ ôéìþí ôÞò

2 åðß ôÞò Im(2) áìöéññéðôéêÞ êáé, êáô' åðÝêôáóç, éóïìïñöéóìüò. Ï ðåñéïñéóìüò
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(1 ◦ 2)−1 ◦ 1
¯̄̄
Im(2)

: Im (2) −→  ôÞò (1 ◦ 2)−1 ◦ 1 åðß ôÞò Im(2) åßíáé Ýíáò
éóïìïñöéóìüò15 ìåôáîý ôùí  := Im (2) E  êáé  ïðüôå ç ðñüôáóç 7.1.23

ìáò ðëçñïöïñåß üôé  =  ×åó.  üðïõ  := Ker((1 ◦ 2)−1 ◦ 1) = Ker(1)

ÅðåéäÞ ç  åßíáé åî õðïèÝóåùò áíáðïóõíèÝóéìç êáé ç 2 äåí åßíáé ï ôåôñéììÝíïò

ïìïìïñöéóìüò16, ëáìâÜíïõìå  = {} êáé  =  ïðüôå áìöüôåñïé ïé 2 êáé

1 = (1 ◦ 2) ◦ −12 åßíáé éóïìïñöéóìïß. ¤

7.1.42 ËÞììá. ÅÜí ïé  êáé  åßíáé õðïïìÜäåò ìéáò ïìÜäáò ( ·)  ôüôå ãéá ôçí
áðåéêüíéóç

 :  × −→  ( ) 7−→ ( ) :=  (7.21)

éó·ýïõí ôá åîÞò :

(i) Im() = 

(ii) Ç  åßíáé åíñéðôéêÞ áðåéêüíéóç åÜí êáé ìüíïí åÜí ∩ = {}
(iii) Ç  åßíáé ïìïìïñöéóìüò åÜí êáé ìüíïí åÜí  =  ∀ ∈  êáé ∀ ∈ 

Áðïäåéîç. (i) Ðñïöáíþò,

Im() = {( ) |( ) ∈  × } = { |( ) ∈  × } = 

(ii) ÅÜí ç  åßíáé åíñéðôéêÞ áðåéêüíéóç êáé  ∈  ∩ ôüôå

 ∈   ∈  ⇒ −1 ∈ 

( 
−1) = −1 =  = ( )

)
⇒ ¡

 −1
¢
= ( )⇒  = 

Êáé áíôéóôñüöùò° åÜí ∩ = {} êáé  (1 1) =  (2 2) ãéá êÜðïéá

óôïé·åßá (1 1) êáé (2 2) ôïý  ×  ôüôå 11 = 22 ⇒ −12 1 = 2
−1
1 

ÅðåéäÞ ôï áñéóôåñü ìÝëïò áõôÞò ôÞò ôåëåõôáßáò éóüôçôáò áíÞêåé óôçí  êáé ôï

äåîéü óôçí, êáé ôá äýï ìÝëç èá áíÞêïõí óôçí ôïìÞ ∩ = {}. ¢ñá

−12 1 =  = 21
−1 =⇒ 1 = 2 1 = 2

ïðüôå ç  åßíáé åíñéðôéêÞ.

(iii) ÅÜí ç  åßíáé ïìïìïñöéóìüò ïìÜäùí êáé  ∈   ∈  ôüôå

 = ( ) =  (( )( )) = ( )( ) = 

Êáé áíôéóôñüöùò° åÜí éêáíïðïéåßôáé ç áíùôÝñù óõíèÞêç, ôüôå ãéá ïéáäÞðïôå

óôïé·åßá (1 1) (2 2) ∈  × Ý·ïõìå

 ((1 1)(2 2)) =  (12 12) = 1212

= 1122

⎛⎝ åðåéäÞ åî õðïèÝóåùò êÜèå óôïé·åßï

ôÞò õðïïìÜäáò ìåôáôßèåôáé

áìïéâáßùò ìå êÜèå óôïé·åßï ôÞò

⎞⎠
=  (1 1)  (2 2) 

15Ðñüêåéôáé ãéá ôïí áíôßóôñïöï ôïý e2
16ÅÜí ßó·õå = 2() = {} ôüôå ç 2 äåí èá Þôáí åíñéðôéêÞ, äéüôé ∃ ∈ r{} (áöïý ç ïìÜäá  ïýóá

áíáðïóõíèÝóéìç, äåí åßíáé ôåôñéììÝíç) ìå 2() =  = 2()



§ 7.1 åõèåá ãéíïìåíá 371

Ôïýôï óçìáßíåé üôé ç  åßíáé ïìïìïñöéóìüò. ¤

I Óõó·åôéóìüò åîùôåñéêïý êáé åóùôåñéêïý åõèÝïò ãéíïìÝíïõ. Áõôüò áðïóáöç-

íßæåôáé óôï áêüëïõèï:

7.1.43 Èåþñçìá. (i) ÅÜí, äïèåéóþí äõï ïìÜäùí 12 óõìâïëßóïõìå ùò

1 := Im(1) êáé 2 := Im(2)

ôéò åéêüíåò ôùí öõóéêþí åìöõôåýóåùí

1 : 1 −→ 1 ×2 êáé 2 : 2 −→ 1 ×2

áíôéóôïß·ùò, ôüôå

1 ×åó. 2 = 1 ×2

(ii) ÅÜí ïé êáé åßíáé ïñèüèåôåò õðïïìÜäåò ìéáò ïìÜäáò ( ·)  ôÝôïéåò þóôå íá
éó·ýåé  =  ×åó.  ôüôå ç áðåéêüíéóç (7.21) åßíáé éóïìïñöéóìüò ïìÜäùí, ïðüôå

 × ∼=  =  ×åó. 

Áðïäåéîç. (i) Âë. ôï (iv) ôÞò ðñïôÜóåùò 7.1.4.

(ii) ÅÜí  =  ×åó.  ôüôå, ëáìâÜíïíôáò õð' üøéí ôç óõíåðáãùãÞ (a)⇒(b) óôï

èåþñçìá 7.1.26, ôï ëÞììá 7.1.42 ìáò ðëçñïöïñåß üôé ç áðåéêüíéóç (7.21) åßíáé

éóïìïñöéóìüò ïìÜäùí. ¤

7.1.44 Óçìåßùóç. Ëüãù ôïý èåùñÞìáôïò 7.1.43 åßèéóôáé íá ìçí ãßíåôáé ïìáäïèåù-
ñçôéêÞ äéÜêñéóç 17 ìåôáîý ôïý åîùôåñéêïý åõèÝïò ãéíïìÝíïõ  ×  êáé ôïý åóù-

ôåñéêïý åõèÝïò ãéíïìÝíïõ  ×åó.  êáé ïé  êáé  íá áíáöÝñïíôáé áðëþò ùò

åõèåßò ðáñÜãïíôÝò ôïõ (Þ ùò åõèåßò ðñïóèåôÝïé ôïõ, üôáí ·ñçóéìïðïéåßôáé ï ðñï-

óèåôéêüò óõìâïëéóìüò). Ùóôüóï, õðÜñ·ïõí «ëåðôÝò ðôõ·Ýò» êÜðïéùí óçìáíôéêþí

èåùñçôéêþí åðé·åéñçìÜôùí ðïõ ìáò õðáãïñåýïõí ôçí ðåñáéôÝñù äéáôÞñçóç ôùí

äéáêñéôþí óõìâïëéóìþí.

7.1.45 Ðüñéóìá. ÅÜí ç ( ·) åßíáé ìéá ìç ôåôñéììÝíç ïìÜäá, ôüôå ôá áêüëïõèá åß-
íáé éóïäýíáìá :

(i) Ç  åßíáé áðïóõíèÝóéìç ïìÜäá (õðü ôçí Ýííïéá ôïý ïñéóìïý 7.1.32).

(ii) ÕðÜñ·ïõí ìç ôåôñéììÝíåò ïìÜäåò 1 2 ôÝôïéåò þóôå íá éó·ýåé  = 1 ×2

Áðïäåéîç. (i)⇒(ii) ÅÜí  =  ×åó.  ãéá êÜðïéåò ìç ôåôñéììÝíåò ãíÞóéåò ïñèü-

èåôåò õðïïìÜäåò êáé ôÞò  ôüôå (óýìöùíá ìå ôï (ii) ôïý èåùñÞìáôïò 7.1.43)

ç áðåéêüíéóç

 :  × −→  ( ) 7−→ ( ) := 

17Óôçí ðñáãìáôéêüôçôá, ç ìüíç äéáöïñÜ ìåôáîý ôùí äýï åéäþí åõèÝùí ãéíïìÝíùí äýï ïìÜäùí, Þôïé ôïý åóùôåñé-
êïý êáé ôïý åîùôåñéêïý, Ýãêåéôáé óôï üôé ôï ðñþôï åî áõôþí ðåñéÝ·åé ôïõò ðáñÜãïíôÝò ôïõ, åíþ ôï äåýôåñï ðåñéÝ·åé

éóüìïñöá «áíôßôõðá» áõôþí.
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åßíáé éóïìïñöéóìüò ïðüôå áñêåß íá èÝóïõìå 1 := () êáé 2 := ()

(ii)⇒(i) ÅÜí õðÜñ·ïõí ìç ôåôñéììÝíåò ïìÜäåò 1 2 ôÝôïéåò þóôå  = 1 ×2

ôüôå èÝôïíôáò := 1 êáé := 2 (üðïõ1 = 1×{2} êáé2 = {1}×2),
ëáìâÜíïõìå  =  ×åó.  ìÝóù ôïý (i) ôïý èåùñÞìáôïò 7.1.43. ¤

I Ðñþôåò åöáñìïãÝò. Áðü ôï ðüñéóìá 5.6.7 ãíùñßæïõìå üôé ïé ïìÜäåò ôÜîåùò 2

üðïõ  êÜðïéïò ðñþôïò áñéèìüò, åßíáé áâåëéáíÝò. ÁõôÝò ôáîéíïìïýíôáé ðëÞñùò

(ìÝ·ñéò éóïìïñöéóìïý) ìÝóù ôïý áêüëïõèïõ èåùñÞìáôïò:

7.1.46 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò 2) ÅÜí ç ( ·) åßíáé ìéá ïìÜäá
ôÜîåùò || = 2 üðïõ  ðñþôïò áñéèìüò, ôüôå åßôå

 ∼= Z2 åßôå  ∼= Z ⊕ Z

Áðïäåéîç. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò || = 2 ÊáôÜ ôï ðüñéóìá 5.6.7, ç 

åßíáé áâåëéáíÞ. ÅÜí õðÜñ·åé Ýíá óôïé·åßï ôÞò ôÜîåùò 2 ôüôå ∼= Z2  (Bë. 2.3.7
êáé 2.4.23 (ii).) ÅÜí äåí õðÜñ·åé êáíÝíá óôïé·åßï ôÞò ôÜîåùò 2 ôüôå (óýìöùíá

ìå ôï èåþñçìá 4.1.22 ôïý Lagrange) êÜèå óôïé·åßï äéáöïñåôéêü ôïý ïõäåôÝñïõ

ïöåßëåé íá Ý·åé ôÜîç  Åí ôïéáýôç ðåñéðôþóåé, åðéëÝãïíôáò Ýíá  ∈ r{} êáé
Ýíá  ∈ r hi ðáñáôçñïýìå üôé hi C  hi C  (âë. 4.2.6) êáé |hi| = |hi| = 

áð' üðïõ Ýðåôáé üôé18 hi ∩ hi = {} êáé üôé ôá 2 óôïé·åßá   1 ≤   ≤ 

åßíáé óáöþò äéáêåêñéìÝíá19. ÅðïìÝíùò, hi hi =  êáé (óýìöùíá ìå ôï (ii) ôïý

èåùñÞìáôïò 7.1.43) Ý·ïõìå  = hi ×åó. hi ∼= hi × hi  ïðüôå  ∼= Z ⊕ Z (Bë.
2.3.7 êáé 2.4.23 (ii)). ¤

7.1.47 Óçìåßùóç. ÊáôÜ ôï (iv) ôÞò ðñïôÜóåùò 2.4.19, Z ⊕ Z À Z2 

7.1.48 Èåþñçìá. ¸óôù üôé ïé  êáé  åßíáé ïñèüèåôåò õðïïìÜäåò ìéáò ðåðåñá-
óìÝíçò ïìÜäáò ( ·)  ÅÜí || =  êáé || =  || =  üðïõ  ∈ N ìå
ìêä() = 1 ôüôå  =  ×åó.  ∼=  ×

Áðïäåéîç. ÊáôÜ ôï (ii) ôïý ðïñßóìáôïò 4.1.25, ∩ = {} ÅîÜëëïõ, áðü ôïí

ôýðï (4.35) ôïý ãéíïìÝíïõ ðñïêýðôåé üôé

card() =
|| ||
| ∩| = || || =  = ||⇒  = 

¢ñá ïé  êáé éêáíïðïéïýí ôéò óõíèÞêåò (i), (ii) êáé (iii) ôïý ïñéóìïý 7.1.21. Ùò

åê ôïýôïõ,  =  ×åó.  ∼=  × (âë. 7.1.43 (ii)). ¤

7.1.49 Èåþñçìá. ¸óôù ( ·) ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ôÜîåùò || = 

üðïõ  ∈ N ìå ìêä() = 1 Ôüôå õðÜñ·åé ìßá êáé ìüíïí õðïïìÜäá  ôÞò
ïìÜäáò  ôÜîåùò || =  êáé ìßá êáé ìüíïí õðïïìÜäá  ôÞò  ôÜîåùò || = 

ÅðéðñïóèÝôùò,  =  ×åó.  ∼=  ×

18Ðñïöáíþò,  ∈ r hi⇒ hi 6= hi⇒ hi ∩ hi @ hi =⇒
4.1.24

hi ∩ hi = {}
19ÅÜí  = 

0


0
ãéá êÜðïéïõò  0  0 ∈ {1  } ôüôå hi 3 −

0
= 

0− ∈ hi êáé (åðåéäÞ

hi ∩ hi = {}) éó·ýåé −0 =  = 
0− ⇒  = 

0
êáé  = 

0
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Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 4.4.21 ∃   ∈  ôÝôïéá þóôå |hi| =  êáé

|hi| =  ÈÝôïõìå  := hi êáé  := hi  ÅðåéäÞ ç  åßíáé áâåëéáíÞ ïìÜäá,

Ý·ïõìå  C  êáé  C  (Bë. ðñüôáóç 4.2.6). Ðñïöáíþò, || =  êáé

|| = ÊáôÜ ôï ðüñéóìá 4.5.17 ç åßíáé ç ìïíáäéêÞ õðïïìÜäá ôÞò ôÜîåùò

 êáé ç  åßíáé ç ìïíáäéêÞ õðïïìÜäá ôÞò  ôÜîåùò  ÅðéðñïóèÝôùò, áðü ôï

èåþñçìá 7.1.48 Ýðåôáé üôé  =  ×åó.  ∼=  × ¤
I «Åîùôåñéêü» åõèý ãéíüìåíï ìå ðåðåñáóìÝíï ðëÞèïò ðáñáãüíôùí. Ï ïñéóìüò

7.1.1 ãåíéêåýåôáé ãéá  ôõ·ïýóåò ïìÜäåò (üðïõ  ∈ N  ≥ 2) ùò áêïëïýèùò:

7.1.50 Ïñéóìüò. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé
(1~1) (1~2) (−1~−1) (~)

åßíáé  ôõ·ïýóåò ïìÜäåò. ÅöïäéÜæïíôáò ôï êáñôåóéáíü ãéíüìåíï

Q
=1

 := 1 ×2 × · · · ×−1 ×

ôùí õðïêåéìÝíùí óõíüëùí ôïõò ìå ôçí åóùôåñéêÞ ðñÜîç

Q
=1

 ×
Q

=1

 −→
Q

=1



((1  )  (1  )) 7−→ (1  )¡ (1  ) := (1 ~1 1   ~ ) 

ðáñáôçñïýìå üôé ôï æåýãïò (
Q

=1 ¡)áðïôåëåß ïìÜäá Ý·ïõóá (ùò ðñïò ôçí ïñé-

óèåßóá ðñÜîç “¡ ”) ôï (1  ) ùò ïõäÝôåñï óôïé·åßï ôçò êáé ôï (−11  −1 )

ùò áíôßóôñïöï óôïé·åßï ïéïõäÞðïôå (1 ) ∈
Q

=1
  üðïõ 

−1
 ôï áíôßóôñïöï

óôïé·åßï ôïý  ∈  ùò ðñïò ôçí “ ~ ” ãéá êÜèå  ∈ {1 }  Ç ïìÜäá

(
Q

=1 ¡) êáëåßôáé åîùôåñéêü åõèý ãéíüìåíï ôùí (1~1) (~) ¸óôù

 ∈ {1 }  H åðßññéøç

pr :
Q

=1
 −→  (1 ) 7→ 

êáëåßôáé (-ïóôÞ) öõóéêÞ ðñïâïëÞ ôÞò
Q

=1 åðß ôÞò  Åðßóçò, ç Ýíñéøç

 :  −→
Q

=1

   7→ (1
 −1   +1

  
)

êáëåßôáé (-ïóôÞ) öõóéêÞ åìöýôåõóç ôÞò  åíôüò ôÞò
Q

=1 

Ïé ðñïôÜóåéò 7.1.51, 7.1.52 êáé 7.1.53 ìðïñïýí íá èåùñçèïýí ùò Üìåóåò ãåíéêåý-

óåéò ôùí ðñïôÜóåùí 7.1.2, 7.1.3 êáé 7.1.4. Ãé' áõôüí ôïí ëüãï ïé áðïäåßîåéò ôïõò

áöÞíïíôáé ùò áóêÞóåéò ãéá ôïí áíáãíþóôç.

7.1.51 Ðñüôáóç. Ïé pr åßíáé åðéìïñöéóìïß ïìÜäùí Ý·ïíôåò ùò ðõñÞíåò ôïõò ôéò
õðïïìÜäåò Ker(pr) = 1 × · · · ×−1 ×{} ×+1 × · · · × ïðüôå ãéá êÜèå

 ∈ {1 } Ý·ïõìå (
Q

=1
) (1 × · · · ×−1 × {} ×+1 × · · · ×) ∼= 
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7.1.52 Ðñüôáóç. («ÊáèïëéêÞ éäéüôçôá» åîùôåñéêïý åõèÝïò ãéíïìÝíïõ.)

¸óôù ( ∗) ìéá ïìÜäá. ÅÜí ïé  :  −→  åßíáé ïìïìïñöéóìïß ïìÜäùí, ôüôå õöß-
óôáôáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò ïìÜäùí  : ( ∗) −→ (

Q
=1 ¡) ôÝôïéïò

þóôå íá éó·ýåé pr ◦  =  äçëáäÞ ôÝôïéïò þóôå ôï äéÜãñáììá


 //



!!D
DD

DD
DD

DD
DD

DD
DD

DD
D

Q
=1

pr

²²


íá êáèßóôáôáé ìåôáèåôéêü ãéá êÜèå  ∈ {1 } 

7.1.53 Ðñüôáóç. Ãéá  ∈ {1 } áò óõìâïëßóïõìå ùò  := Im() ôçí åéêüíá ôÞò

öõóéêÞò åìöõôåýóåùò  :  −→
Q

=1
   7→ (1  −1   +1  ) Ôüôå

ãéá êÜèå  ∈ {1 } éó·ýïõí ôá áêüëïõèá :
(i) Ç  åßíáé ìïíïìïñöéóìüò ïìÜäùí êáé, ùò åê ôïýôïõ, 

∼= 

(ii)  = {1} × · · · ×
©
−1

ª× ×
©
+1

ª× · · · × {} E
Q

=1 

(iii)  ∩
¡
1 ¡2 ¡ · · ·¡−1 ¡+1 ¡ · · ·¡

¢
= {(1  )}

(iv) 1 ¡2 ¡ · · ·¡ =
Q

=1
 

7.1.54 Óçìåßùóç. (Áðëïýóôåõóç óõìâïëéóìïý.) (i) ¼ðùò óõíÝâç êáé óôçí ðåñß-

ðôùóç êáôÜ ôçí ïðïßá  = 2 (âë. óçìåßùóç 7.1.5), èá ìåôáâïýìå, áðü åäþ êáé

óôï åîÞò, óôïí áðëïõóôåõìÝíï ðïëëáðëáóéáóôéêü óõìâïëéóìü ôùí ðñÜîåùí ôùí

ïìÜäùí1 êáé
Q

=1 (ìÝóù ôïý óõíÞèïõò dot “ ·”), ìå ìüíç åîáßñåóç ôéò

(êáôÜ ôá åéùèüôá èåùñïýìåíåò ùò) ðñïóèåôéêÝò ïìÜäåò (ãéá ôéò ïðïßåò ãñÜöïõìåL
=1 áíôß ôïý

Q
=1).

(ii) ÅÜí 1 = · · · =  =:  ôüôå áíôß ôïý
Q

=1 ãñÜöïõìå áðëþò 
 (Óýì-

âáóç: Ï óõìâïëéóìüò áõôüò åðåêôåßíåôáé ðñïäÞëùò êáé ãéá  = 1 êáé  = 0¼ôáí

 = 0 ôüôå ùò 0 íïåßôáé ç ôåôñéììÝíç ïìÜäá.)

7.1.55 Ðñüôáóç. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1  åßíáé  ôõ·ïýóåò ïìÜ-
äåò. Ôüôå éó·ýïõí ôá åîÞò :

(i)
¯̄̄Q

=1

¯̄̄
=
Q

=1 | | Ùò åê ôïýôïõ, ôï åîùôåñéêü åõèý ãéíüìåíï
Q

=1 ôùí

1 åßíáé ðåðåñáóìÝíç (êáé áíôéóôïß·ùò, Üðåéñç) ïìÜäá åÜí êáé ìüíïí åÜí
üëåò ïé ïìÜäåò 1  åßíáé ðåðåñáóìÝíåò (êáé áíôéóôïß·ùò, åÜí êáé ìüíïí åÜí
ìßá ôïõëÜ·éóôïí åê ôùí 1  åßíáé Üðåéñç).

(ii) Ãéá êÜèå ìåôÜôáîç  ∈ S õößóôáôáé éóïìïñöéóìüò ïìÜäùí

Q
=1


∼=

Q
=1

()
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(iii) ÅÜí  ∈ N  + 1 ≤  êáé 1   ∈ N ìå 1 ≤ 1  2       ôüôå

Q
=1


∼= (1 × · · · ×1)× (1+1 × · · · ×2)× · · · × (+1 × · · · ×) 

(iv) ÅÜí õðÜñ·åé äåßêôçò  ∈ {1 }  ôÝôïéïò þóôå ç  íá åßíáé ôåôñéììÝíç, ôüôå

Q
=1


∼= Q

∈{1}r{}
 

(v) ÅÜí ïé1 åßíáé  ïìÜäåò, ôÝôïéåò þóôå íá éó·ýåé
∼=  ãéá êÜèå äåßêôç

 ∈ {1 }  ôüôå
Q

=1

∼=

Q
=1

 

Áðïäåéîç. (i) Ôïýôï Ýðåôáé Üìåóá áðü ôéò éäéüôçôåò ôùí ðëçèéêþí áñéèìþí ðïõ

åßíáé ãíùóôÝò áðü ôç Èåùñßá Óõíüëùí.

(ii) Åßíáé Üìåóïò ï Ýëåã·ïò ôïý üôé ç áðåéêüíéóç

Q
=1

 3 (1 ) 7−→ ((1) ()) ∈
Q

=1
()

áðïôåëåß éóïìïñöéóìü ïìÜäùí.

(iii) Ðáñïìïßùò, äéáðéóôþíïõìå üôé ç áðåéêüíéóç

Q
=1

 −→ (1 × · · · ×1)× · · · × (+1 × · · · ×)

(1 ) 7−→ ((1 1) (+1 ))

åßíáé éóïìïñöéóìüò ïìÜäùí.

(iv) Ç áðåéêüíéóç

Q
=1

 −→
Q

∈{1}r{}
  (1  −1   +1  ) 7→ (1  −1 +1  )

åßíáé ðñïäÞëùò Ýíáò éóïìïñöéóìüò ïìÜäùí.

(v) ¸óôù üôé ïé  :  −→  åßíáé éóïìïñöéóìïß ãéá êÜèå  ∈ {1 }  Ôüôå êáé
ç áðåéêüíéóç

Q
=1

 3 (1 ) 7−→ (1(1) ()) ∈
Q

=1
 åßíáé éóïìïñöé-

óìüò ïìÜäùí. ¤

7.1.56 Ðüñéóìá. Ãéá ïéåóäÞðïôå ïìÜäåò 1 2 3 õößóôáíôáé éóïìïñöéóìïß

1 ×2 ∼= 2 ×1 êáé (1 ×2)×3 ∼= 1 × (2 ×3) 
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7.1.57 Ðñüôáóç. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1  åßíáé  ôõ·ïýóåò ïìÜ-
äåò. Ôüôå éó·ýïõí ôá åîÞò :

(i) Ôï êÝíôñï ôÞò ïìÜäáò
Q

=1
 éóïýôáé ìå

(
Q

=1
) =

Q
=1

()

(ii) H
Q

=1
 åßíáé áâåëéáíÞ⇐⇒ ç  åßíáé áâåëéáíÞ ãéá êÜèå  ∈ {1 } 

(iii) ÅÜí v  ãéá êÜèå  ∈ {1 }  ôüôå
Q

=1
 v

Q
=1

 

(iv) ÅÜí  E  ãéá êÜèå  ∈ {1 }  ôüôå
Q

=1
 E

Q
=1

 êáé

(
Q

=1
)(

Q
=1

) ∼=
Q

=1
()  (7.22)

(v) ÅÜí v  ãéá êÜèå  ∈ {1 } êáé
Q

=1
 E

Q
=1

  ôüôå E  ãéá êÜèå

 ∈ {1 } 
(vi)ÅÜí ïé (

Q
=1

)
0 = [

Q
=1

 
Q

=1
 ] êáé

0 = [   ] åßíáé ïé ìåôáèÝôñéåò õðïï-

ìÜäåò ôùí
Q

=1
 êáé   áíôéóôïß·ùò, ãéá êÜèå  ∈ {1 } (âë. ïñéóìïýò 5.5.4

êáé 5.5.29), ôüôå

(
Q

=1
)

0 =
Q

=1


0

(vii) ÅÜí ïé (
Q

=1
)

ab êáé ab
 åßíáé ïé áâåëéáíïðïéÞóåéò ôùí

Q
=1

 êáé   áíôé-

óôïß·ùò, ãéá êÜèå  ∈ {1 } (âë. 5.5.25), ôüôå

(
Q

=1
)

ab ∼=
Q

=1
ab
 

Áðïäåéîç. (i) Ðñïöáíþò, (1 ) ∈ (
Q

=1
) åÜí êáé ìüíïí åÜí

(1 )(1 ) = (1 )(1 ) ∀(1 ) ∈
Q

=1
 

⇔ (11 ) = (11 ) ∀(1 ) ∈
Q

=1

 

⇔ [ =   ∀ ∈  êáé ∀ ∈ {1 }]⇔ [ ∈ () ∀ ∈ {1 }]
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(ii) Ôïýôï Ýðåôáé áðü ôï (i) êáé ôçí ðñüôáóç 5.4.2.

(iii) ÅÜí  v  ãéá êÜèå  ∈ {1 }  ôüôå
Q

=1
 ⊆

Q
=1

 (1  ) ∈
Q

=1


êáé ãéá ïéáäÞðïôå óôïé·åßá (1 )  (1 ) ∈
Q

=1
 Ý·ïõìå

(1 ) (1 )
−1 = (1 )

¡
−11  −1

¢
=
¡
1
−1
1  

−1


¢ ∈ Q
=1



ïðüôå
Q

=1
 v

Q
=1

 (åðß ôç âÜóåé ôïý (iii) ôÞò ðñïôÜóåùò 2.1.16).

(iv) ÅÜí E  ãéá êÜèå  ∈ {1 }  ôüôå ïñßæåôáé ï åðéìïñöéóìüò ïìÜäùí

 :
Q

=1
 −→

Q
=1

() 

(1 ) 7−→ (1 ) := (
1

1
(1) 




()) = (11 )

ÅðåéäÞ

Ker() =

(
(1 ) ∈

Q
=1



¯̄̄̄
¯  ∈   ∀ ∈ {1 }

)
=

Q
=1

 

Ý·ïõìå
Q

=1
 E

Q
=1

 (âë. ðüñéóìá 4.2.31). Åöáñìüæïíôáò ôï 1ï èåþñçìá éóï-

ìïñöéóìþí 4.5.2 ãéá ôïí  äéáóöáëßæïõìå ôçí ýðáñîç åíüò éóïìïñöéóìïý (7.22).

(v) Áò õðïèÝóïõìå üôé  v  ãéá êÜèå  ∈ {1 } êáé
Q

=1
 E

Q
=1

  Ãéá

 ∈ {1 } èåùñïýìå ôõ·üíôá óôïé·åßá  ∈  êáé  ∈  Ôüôå

Q
=1

 3 (1 ) (1 ) (1 )−1

(1 ) (1 ) (1 )
−1 =

¡
11

−1
1  

−1


¢


ïðüôå 
−1
 ∈  ⇒  E  

(vi) Ï ìåôáèÝôçò äõï óôïé·åßùí (1 ) (1 ) ∈
Q

=1
 éóïýôáé ìå

[(1 ) (1 )] = (1 )(1 )(1 )
−1(1 )−1

= (1 )(1 )(
−1
1  −1 )(−11  −1 )

=
¡
11

−1
1 −11  

−1
 −1

¢
= ([1 1]  [ ]) 
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ÏéïäÞðïôå óôïé·åßï ôÞò (
Q

=1
)

0 ãñÜöåôáé ùò ãéíüìåíï ìåôáèåôþí õðü ôç ìïñöÞ

Q
=1

h
(
()
1  () ) (

()
1  () )

i
  ∈ Z ∀ ∈ {1  }  ∈ N

üðïõ (
()
1  

()
 ) (

()
1  

()
 ) ∈

Q
=1

  ∀ ∈ {1  } ÂÜóåé ôùí ðñïáíáöåñ-

èÝíôùí áõôü ôï ãéíüìåíï ãñÜöåôáé ùò åîÞò:

Q
=1

³h

()
1  

()
1

i


h

()
  

()


i´
=

Q
=1

³h

()
1  

()
1

i


h

()
  

()


i´
=

Q
=1

³h

()
1  

()
1

i


h

()
  

()


i´
=

µ
Q

=1

h

()
1  

()
1

i


Q
=1

h

()
  

()


i¶


ïðüôå áíÞêåé óôçí
Q

=1


0 ¢ñá (
Q

=1
)

0 ⊆
Q

=1


0 Ï áíôßóôñïöïò åãêëåéóìüò

áðïäåéêíýåôáé ðáñïìïßùò.

(vii) Ëüãù ôïý (vi) Ý·ïõìå

(
Q

=1
)

ab := (
Q

=1
)(

Q
=1

)
0 = (

Q
=1

)(
Q

=1
0) ∼=

Q
=1

¡


0


¢
=:

Q
=1

ab
 

üðïõ ï áíáãñáöüìåíïò éóïìïñöéóìüò åßíáé ï (7.22) åöáñìïæüìåíïò ãéá ôéò ïñèü-

èåôåò õðïïìÜäåò := 0 ôÞò  ãéá êÜèå  ∈ {1 }  ¤

7.1.58 Óçìåßùóç. Ôï èåþñçìá 7.1.10 ôùí Goursat êáé Remak åßíáé äõíáôüí íá

ãåíéêåõèåß êáôáëëÞëùò êáé ãéá ôï åîùôåñéêü åõèý ãéíüìåíï  ≥ 3 ïìÜäùí, Ýóôù êé

áí ïé ó·åôéêÝò ëåðôïìÝñåéåò öáíôÜæïõí áñêïýíôùò ðåñßðëïêåò20.

7.1.59 Ðñüôáóç. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1  åßíáé  ôõ·ïýóåò ïìÜ-

äåò. Ç ôÜîç ïéïõäÞðïôå óôïé·åßïõ (1 ) ∈
Q

=1
 õðïëïãßæåôáé ùò áêïëïýèùò :

(i) ÅÜí ç ôÜîç ord() ôïý óôïé·åßïõ  åíôüò ôÞò ïìÜäáò åßíáé ðåðåñáóìÝíç ãéá
êÜèå  ∈ {1 }  ôüôå ord((1 )) = åêð(ord(1) ord()) 

(ii) ÅÜí õðÜñ·åé äåßêôçò 0 ∈ {1 }  ôÝôïéïò þóôå ç ôÜîç ord(0) ôïý 0 åíôüò
ôÞò 0 íá åßíáé Üðåéñç, ôüôå ord((1 )) =∞

Áðïäåéîç. (i) ÅÜí ç ôÜîç ord() ôïý  åíôüò ôÞò åßíáé ðåðåñáóìÝíç ãéá êÜèå

 ∈ {1 } êáé  ∈ N ôÝôïéïò þóôå íá éó·ýåé

(1  

 ) = (1 )

 = (1  )

ôüôå  =  =⇒
2.3.8

ord() |  ãéá êÜèå  ∈ {1 }  ïðüôå ï  åßíáé êÜðïéï êïéíü

ðïëëáðëÜóéï ôùí ord(1) ord() ÊáôÜ óõíÝðåéáí, ôï åëÜ·éóôï êïéíü ðïëëá-

ðëÜóéï ôùí ord(1) ord() åßíáé ï åëÜ·éóôïò öõóéêüò áñéèìüò ðïõ ðëçñïß ôçí

áíùôÝñù óõíèÞêç.

20Âë. K. Bauer, D. Sen & P. Zvengrowski: A generalized Goursat Lemma, arXiv:1109.0024, preprint, 2011
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(ii) ÅÜí 0 ∈ {1 } ìå ord(0) =∞ ôüôå 0 6= 0
ãéá êÜèå  ∈ N ïðüôå

(1 0  )
 = (1  


0
  ) 6= (1

 0
 

)

ãéá êÜèå  ∈ N Áõôü óçìáßíåé üôé ord((1 )) =∞ ¤

7.1.60 ÐáñÜäåéãìá. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé 1 åßíáé  öõóéêïß áñéè-

ìïß, ôüôå äõíÜìåé ôïý ðïñßóìáôïò 2.3.14 ç ôÜîç ïéïõäÞðïôå óôïé·åßïõ

([1]1
 []

) ∈ Z1 ⊕ · · ·⊕ Z

éóïýôáé ìå ord(([1]1
 []

)) = åêð
³

1

ìêä(11)
 

ìêä()

´


7.1.61 Èåþñçìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1  åßíáé  ðåðåñáóìÝíåò
ïìÜäåò. Ôüôå

exp(
Q

=1
) = åêð(exp(1)  exp()) (7.23)

Áðïäåéîç. ÈÝôïõìå  := exp() ∀ ∈ {1  } ÅÜí  = 2 ôüôå
1 ∼= 1 × {2} v 1 ×2 2 ∼= {1} ×2 v 1 ×2

êáé åêð(1 2) = 11 = 22 ãéá êÜðïéïõò 1 2 ∈ N Ôï 2.3.25 (iii) äßäåé

1 = exp(1 × {2}) | exp(1 ×2)

2 = exp({1} ×2) | exp(1 ×2)

¾
=⇒
B.2.25

åêð(1 2) | exp(1 ×2)

ïðüôå åêð(1 2) ≤ exp(1 × 2) ÅîÜëëïõ, ãéá ïéïäÞðïôå (1 2) ∈ 1 × 2
ëáìâÜíïõìå

(1 2)
åêð(12) = ((11 )

1  (22 )
2) = (11

 22
) = (1  2) = 1×2

êáé áðü ôïí ïñéóìü 2.3.24 ôïý åêèÝôç Ýðåôáé üôé exp(1×2) ≤ åêð(1 2)ÊáôÜ

óõíÝðåéáí, exp(1 ×2) = åêð(1 2) ÅÜí  ≥ 3 ôüôå ·ñçóéìïðïéïýìå ìáèçìá-
ôéêÞ åðáãùãÞ ùò ðñïò ôï  ÕðïèÝôïõìå üôé ç éóüôçôá (7.23) åßíáé áëçèÞò ãéá ôï

åîùôåñéêü åõèý ãéíüìåíï − 1 ðåðåñáóìÝíùí ïìÜäùí. Ðñïöáíþò,

exp(
Q

=1
) = exp(1 × (

Q
=2

)) = åêð(1 exp(
Q

=2
))

= åêð(1 åêð(2  )) = åêð(1 2  )

üðïõ ç äåýôåñç éóüôçôá ðñïêýðôåé áðü ü,ôé åß·áìå áðïäåßîåé óôçí ðåñßðôùóç äýï

ðáñáãüíôùí, ç ôñßôç áðü ôçí åðáãùãéêÞ ìáò õðüèåóç êáé ç ôÝôáñôç áðü ôçí ðñü-

ôáóç B.2.27. ¢ñá ç (7.23) åßíáé áëçèÞò êáé ãéá  ðáñÜãïíôåò, ãéá êÜèå  ≥ 2 ¤

I Ðåñß ôÞò «êõêëéêüôçôáò» ôÞò
Q

=1  ÂÜóåé ôïý 7.1.57 (ii) ç
Q

=1 åß-

íáé áâåëéáíÞ åÜí êáé ìüíïí åÜí ç  åßíáé áâåëéáíÞ ãéá êÜèå  ∈ {1  } Êáô'

áíáëïãßáí, åÜí ç
Q

=1 åßíáé êõêëéêÞ, ôüôå êáé ç  åßíáé êõêëéêÞ ïìÜäá ãéá

êÜèå  ∈ {1  } Ùóôüóï, åÜí ïé    ∈ {1  } åßíáé êõêëéêÝò ïìÜäåò, ôüôå çQ
=1 äåí åßíáé êáô' áíÜãêçí êõêëéêÞ, åêôüò êé áí ðëçñïýíôáé êÜðïéåò åðéðñü-

óèåôåò óõíèÞêåò (âë. ôá èåùñÞìáôá 7.1.64 êáé 7.1.69, êáé ôï ðüñéóìá 7.1.70).
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7.1.62 Èåþñçìá. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé12 åßíáé  ó·åôéêþò ðñþ-
ôïé áíÜ äýï öõóéêïß áñéèìïß, ôüôå

Z ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z 

üðïõ := 12 · · · 

Áðïäåéîç. Èåùñïýìå ôçí

 : Z −→ Z1 ⊕ Z2 ⊕ · · ·⊕ Z  [] 7−→ ([]) := ([]1
 []2

 []
)

Ðñïöáíþò, ãéá ïéïõóäÞðïôå   ∈ Z éó·ýïõí ïé áìößðëåõñåò óõíåðáãùãÝò

[] = [] ⇔  ≡ (mod)⇔  | − ⇐⇒
B.4.9

( | −  ∀ ∈ {1 })

⇔
³
[]

= []
 ∀ ∈ {1 }

´
⇔ ([]) = ([])

Áêïëïõèþíôáò áõôÝò ðñïò ôç (äåîéÜ) êáôåýèõíóç ‘‘⇒'' äéáðéóôþíïõìå üôé ç èåù-
ñçèåßóá  åßíáé ìéá êáëþò ïñéóìÝíç áðåéêüíéóç. Áêïëïõèþíôáò ôåò ðñïò ôçí
(áñéóôåñÞ) êáôåýèõíóç ‘‘⇐'' óõìðåñáßíïõìå üôé ç  åßíáé åíñéðôéêÞ áðåéêüíéóç.
ÅðåéäÞ |Z| =  = 12 · · ·  = |Z1 ⊕ Z2 ⊕ · · ·⊕ Z |  ç  ùò åíñéðôéêÞ
áðåéêüíéóç ìåôáîý éóïðëçèéêþí ðåðåñáóìÝíùí óõíüëùí, åßíáé åðéññéðôéêÞ êáé,
êáô' åðÝêôáóç, áìöéññéðôéêÞ. ÅðéðñïóèÝôùò, åðåéäÞ ãéá ïéïõóäÞðïôå   ∈ Z
Ý·ïõìå

([] + []) = ([+ ]) = ([+ ]1
 [+ ]2

 [+ ]
)

= ([]1
+ []1

 []2
+ []2

 []
+ []

)

= ([]1
 []2

 []
) + ([]1

 []2
 []

) = ([]) + ([])

ç  åßíáé ïìïìïñöéóìüò (ðñïóèåôéêþí) ïìÜäùí êáé, âÜóåé ôùí ðñïáíáöåñèÝíôùí,

éóïìïñöéóìüò. ¤

7.1.63 Ðüñéóìá. ¸óôù  = 11 22 · · ·    ∈ N ç êáíïíéêÞ ðáñÜóôáóç (B.19)

åíüò öõóéêïý áñéèìïý  ≥ 2 ùò ãéíïìÝíïõ (äõíÜìåùí) ðñþôùí áñéèìþí 1  ìå
1  · · ·   (üôáí  ≥ 2) êáé 1  ∈ N Ôüôå

Z ∼= Z11 ⊕ Z22 ⊕ · · ·⊕ Z 

7.1.64 Èåþñçìá. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé 1 2 åßíáé  ðåðåñáóìÝíåò
êõêëéêÝò ïìÜäåò, ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) Ç ïìÜäá  := 1 ×2 × · · · × åßíáé êõêëéêÞ.

(ii) ìêä (||  | |) = 1 ãéá ïéïõóäÞðïôå   ∈ {1  }  6= 

Áðïäåéîç. ¸óôù üôé | | =:  ∈ N ãéá êÜèå  ∈ {1  }
(ii)⇒(i) ÅÜí ìêä() = 1 ãéá ïéïõóäÞðïôå   ∈ {1  }  6=  ôüôå ôï (ii)

ôïý èåùñÞìáôïò 2.4.23, ôï (v) ôÞò ðñïôÜóåùò 7.1.55 êáé ôï èåþñçìá 7.1.62 ìáò

ðëçñïöïñïýí üôé

 := 1 ×2 × · · · ×
∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z

∼= Z
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üðïõ := 12 · · ·  Þôïé üôé ç  åßíáé êõêëéêÞ ôÜîåùò

(i)⇒(ii) ÅÜí ç  åßíáé êõêëéêÞ êáé åÜí õðïèÝóïõìå üôé ∃  ∈ {1  }  6=  ìå

 := ìêä()  1 ôüôå, óýìöùíá ìå ôï (ii) ôïý èåùñÞìáôïò 2.3.21, õðÜñ·åé

áêñéâþò ìßá ìç ôåôñéììÝíç õðïïìÜäá  ôÞò  êáé áêñéâþò ìßá ìç ôåôñéììÝíç

õðïïìÜäá ôÞò  ìå || =  = ||  Ïé õðïïìÜäåò

 : =
©¡

1
 −1   +1

 

¢¯̄
 ∈ 

ª


 : =
©
(1  −1   +1  )

¯̄
 ∈ 

ª


ôÞò  Ý·ïõí ôÜîç  êáé  6=  ¢ñá ç  äåí åßíáé êõêëéêÞ (åê íÝïõ ëüãù ôïý (ii)

ôïý èåùñÞìáôïò 2.3.21). ¢ôïðï! Ùò åê ôïýôïõ, ïé ôÜîåéò 1  ôùí 1 

åßíáé êáô' áíÜãêçí ó·åôéêþò ðñþôïé áíÜ äýï. ¤

7.1.65 Ðüñéóìá. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé1  åßíáé ðåðåñáóìÝíåò êõêëé-

êÝò ïìÜäåò, ôÝôïéåò þóôå ç
Q

=1
 íá åßíáé ùóáýôùò êõêëéêÞ, ôüôå ãéá Ýíá óôïé·åßï

(1 ) ∈
Q

=1
 éó·ýåé ç áìößðëåõñç óõíåðáãùãÞ :

Q
=1

 = h(1 )i⇐⇒ [ = hi  ∀ ∈ {1  }]

Áðïäåéîç. ÅÜí õðïèÝóïõìå üôé
Q

=1 = h(1 )i êáé åÜí èåùñÞóïõìå ôõ-

·üíôá óôïé·åßá 1 ∈ 1   ∈  ôüôå õðÜñ·ïõí 1  ∈ Z ôÝôïéïé þóôå íá
éó·ýïõí ïé éóüôçôåò

(1 )
 = (1  −1    +1  ) ∀ ∈ {1  }

ïðüôå [ = 

  ∀ ∈ {1  }] =⇒ [ ∈ hi  ∀ ∈ {1  }] êáé, ùò åê ôïýôïõ,

 = hi  ∀ ∈ {1  }Êáé áíôéóôñüöùò° åÜí Ý·ïõìå = hi  ∀ ∈ {1  }
ôüôå áðü ôçí õðüèåóÞ ìáò êáé ôï èåþñçìá 7.1.64 Ýðåôáé üôé ìêä(||  | |) = 1 ãéá
ïéïõóäÞðïôå   ∈ {1  }  6=  Åî áõôïý óõìðåñáßíïõìå (ìÝóù ôïý ðïñßóìá-

ôïò B.3.19) üôé

åêð(|1|  ||) =
Q

=1
| | =

¯̄̄Q
=1

¯̄̄
 (7.24)

ÅðéðñïóèÝôùò, ìÝóù ôïý 7.1.59 (i) ëáìâÜíïõìå

ord(1 ) = åêð(ord (1)  ord (2)) = åêð(|1|  ||) (7.25)

üðïõ ç äåýôåñç éóüôçôá ðñïêýðôåé áðü ôçí ðñüôáóç 2.3.7. Ïé (7.24) êáé (7.25)

äßäïõí ord(1 ) =
¯̄̄Q

=1

¯̄̄
 ïðüôå åê íÝïõ åöáñìïãÞ ôÞò ðñïôÜóåùò 2.3.7

ìáò ïäçãåß óôï üôé éó·ýåé ç éóüôçôá
Q

=1 = h(1 )i  ¤

7.1.66 Ðüñéóìá. ÅÜí ïé 1 êáé 2 åßíáé äõï ðåðåñáóìÝíåò êõêëéêÝò ïìÜäåò, ôüôå
éó·ýïõí ôá åîÞò :
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(i) H 1 ×2 åßíáé êõêëéêÞ åÜí êáé ìüíïí åÜí ìêä(|1|  |2|) = 1
(ii) ÅÜí ç 1 ×2 åßíáé êõêëéêÞ êáé 1 ∈ 1 2 ∈ 2 ôüôå

1 ×2 = h(1 2)i⇐⇒ [1 = h1i êáé 2 = h2i]

7.1.67 ÐáñÜäåéãìá. ÊáôÜ ôï (i) ôïý ðïñßóìáôïò 7.1.66 ç áâåëéáíÞ ïìÜäá Z2⊕Z2
åßíáé ìç êõêëéêÞ ôÜîåùò 4 ÅðïìÝíùò, Z2 ⊕ Z2 ∼= V (âë. 3.5.6 (iii)).

7.1.68 ËÞììá. ÅÜí ç ( ·) åßíáé ìéá ìç ôåôñéììÝíç ïìÜäá, ôüôå ç  × Z åßíáé ìç
êõêëéêÞ.

Áðïäåéîç. Áò õðïèÝóïõìå üôé ç  × Z åßíáé êõêëéêÞ. Ôüôå õðÜñ·ïõí óôïé·åßá

 ∈ r{} êáé  ∈ Zr{0} ôÝôïéá þóôå íá éó·ýåé  × Z = h( )i  ÅðåéäÞ
( 0) ∈ × Z èá ðñÝðåé íá õðÜñ·åé êÜðïéïò  ∈ Z ìå

( ) = ( ) = ( 0)⇒  = 0 êáé  = 0 =  

¢ôïðï (áöïý åî õðïèÝóåùò  6= )! ¢ñá ç × Z åßíáé üíôùò ìç êõêëéêÞ. ¤

7.1.69 Èåþñçìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 2  åßíáé  ïìÜäåò.
ÅÜí ç  := 1 × · · · × åßíáé êõêëéêÞ, ôüôå éó·ýïõí ôá áêüëïõèá :

(i) Ç  åßíáé êõêëéêÞ ïìÜäá ãéá êÜèå  ∈ {1  }
(ii) ÅÜí ç  åßíáé ðåðåñáóìÝíç, ôüôå ìêä (||  | |) = 1 ãéá ïéïõóäÞðïôå äåßêôåò
  ∈ {1  }  6= 

(iii) ÅÜí ç  åßíáé ðåðåñáóìÝíç êáé  = h(1 )i  ôüôå  = hi ãéá êÜèå
äåßêôç  ∈ {1  }
(iv) ÅÜí ç  åßíáé Üðåéñç, ôüôå ∃0 ∈ {1  } : 0

∼= Z êáé ç  åßíáé ôåôñéììÝíç
ãéá êÜèå  ∈ {1  }r{0}
Áðïäåéîç (i) ÊáôÜ ôá 7.1.53 (i)-(ii),

∼=  E  ïðüôå åßíáé êõêëéêÞ ïìÜäá

ãéá êÜèå  ∈ {1  } (âë. 2.2.19 (ii) êáé 2.4.19 (iii)).
(ii) Ôïýôï Ýðåôáé áðü ôï èåþñçìá 7.1.64.

(iii) Ç áðüäåéîç åßíáé ðáíïìïéüôõðç åêåßíçò ôÞò óõíåðáãùãÞò “ ⇒ ” ôïý ðïñß-

óìáôïò 7.1.65.

(iv) ÅÜí ç  åßíáé Üðåéñç, ôüôå ∃0 ∈ {1  } ôÝôïéïò þóôå ç 0 íá åßíáé Üðåéñç

(âë. 7.1.55 (i)) êáé (ëüãù ôïý (i)) êõêëéêÞ. ¢ñá 0
∼= Z (âë. 2.4.23 (i)). Áò õðï-

èÝóïõìå üôé  := card({ ∈ {1  }r{0}| ìç ôåôñéììÝíç}) Ðñïöáíþò (ëüãù

ôùí 7.1.55 (ii) êáé (iv))  ∼=  × Z ãéá êÜðïéá ïìÜäá  ∼= Z  Èá áðïäåßîïõìå

üôé  = 0

Áðüäåéîç ðñþôç. ÅÜí  ≥ 1 ôüôå ç  äåí èá Þôáí êõêëéêÞ åðß ôç âÜóåé ôïý ëÞì-

ìáôïò 7.1.68.

Áðüäåéîç äåýôåñç. Ãéá ôçí ßäéá ôçí  Ý·ïõìå  ∼= Z (âë. 2.4.23 (i)). ÅðåéäÞ ç

Z åßíáé áíáðïóõíèÝóéìç (âë. 7.1.33 (iii)), áðü ôï ðüñéóìá 7.1.45 óõíÜãåôáé üôé

 = 0

Áðüäåéîç ôñßôç. ÅðåéäÞ ∼= Z ∼= ×Z ìå ∼= Z  Ý·ïõìåZ/Z ∼= (×Z)/Z ∼= Z 
¼ìùò ç Z åßíáé ôåôñéììÝíç åÜí êáé ìüíïí åÜí  = 0 ¤
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7.1.70 Ðüñéóìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 2 åßíáé  êõêëéêÝò
ïìÜäåò. ÅÜí ç  := 1 × · · · × åßíáé Üðåéñç êáé ôï ðëÞèïò ôùí ìç ôåôñéììÝíùí
ðáñáãüíôùí ôçò åßíáé ≥ 2 ôüôå ç  åßíáé áâåëéáíÞ ìç êõêëéêÞ.

Áðïäåéîç. ÅÜí ç  Þôáí êõêëéêÞ, ôüôå (óýìöùíá ìå ôï 7.1.69 (iv)) èá üöåéëå íá

äéáèÝôåé ìüíïí Ýíáí ìç ôåôñéììÝíï ðáñÜãïíôá. ¤

7.1.71 Ðüñéóìá. (ÐåðåñáóìÝíåò ïìÜäåò ìå åêèÝôç 2.) ÊÜèå ðåðåñáóìÝíç ïìÜäá
( ·) Ý·ïõóá åêèÝôç exp() = 2 (âë. 2.3.24) åßíáé áâåëéáíÞ Üñôéáò ôÜîåùò. Åðé-
ðñïóèÝôùò, õðÜñ·åé ∈ N ôÝôïéïò þóôå íá éó·ýåé  ∼= Z2 ⊕ Z2 ⊕ · · ·⊕ Z2| {z }

 öïñÝò



(¼ôáí || ≥ 4 ôüôå ç  óýìöùíá ìå ôï (iii) ôÞò ðñïôÜóåùò 2.4.19 êáé ôï (ii) ôïý

èåùñÞìáôïò 7.1.69, äåí åßíáé êõêëéêÞ.)

Áðïäåéîç. ¸óôù ( ·) ôõ·ïýóá ïìÜäá ìå exp() = 2H åßíáé (ðñïöáíþò) ìç

ôåôñéììÝíç êáé ord() = 2∀ ∈ r{}¢ñá ç åßíáé áâåëéáíÞ. (Âë. 2.3.9 (iv).)

Ðáãéþíïíôáò êÜðïéï  ∈ r{} ðáñáôçñïýìå üôé

ord() = |hi| = 2 =⇒ || ≡ 0(mod 2)

ÅÜí || = 2 ôüôå  ∼=
2.4.23 (ii)

Z2 ÅÜí || ≥ 4 ôüôå åñãáæüìáóôå ìå ìáèçìáôéêÞ

åðáãùãÞ ùò ðñïò ôçí ôÜîç || õðïèÝôïíôáò üôé ï éó·õñéóìüò (ðåñß ôÞò õðÜñîåùò
åíüò ôÝôïéïõ éóïìïñöéóìïý) åßíáé áëçèÞò ãéá êÜèå ðåðåñáóìÝíç ïìÜäá Ý·ïõóá
åêèÝôç 2 êáé ôÜîç  ||  ÅðéëÝãïíôáò Ýíá  ∈ r hi ëáìâÜíïõìå

hi ∩ hi v hi =⇒
4.1.22

|hi ∩ hi| | |hi| = 2⇒ [åßôå hi ∩ hi = {} åßôå hi ∩ hi = hi]

Ôï äåýôåñï åíäå·üìåíï áðïêëåßåôáé (äéüôé  ∈ r hi), ïðüôå hi ∩ hi = {}
¸óôù ôþñá21  ∈ { ∈ Subg() : hi ∩ = {}}  ôÝôïéá þóôå íá éó·ýåé

|| = max { ||| ∈ Subg() : hi ∩ = {}} 

ÅðåéäÞ ç  åßíáé áâåëéáíÞ, Ý·ïõìå hi v  Áò õðïèÝóïõìå üôé hi @ 

EðéëÝãïíôáò Ýíá  ∈ r hi ëáìâÜíïõìå @ hi êáé

hi ∩ hi v hi =⇒
4.1.22

|hi ∩ hi| | |hi| = 2
⇒ [åßôå hi ∩ hi = {} åßôå hi ∩ hi = hi]

Ôï äåýôåñï åíäå·üìåíï áðïêëåßåôáé (äéüôé åî õðïèÝóåùò  ∈ r hi), ïðüôå
hi ∩ hi = {} Áðü ôçí Üëëç ìåñéÜ, êÜèå  ∈ hi ∩ hi ãñÜöåôáé õðü ôç
ìïñöÞ  =  =  ãéá êÜðïéï  ∈  êáé êÜðïéïõò   ∈ Z ÅðïìÝíùò,


−1 = 



−1 = 

 ∈ hi ∩ hi = {}⇒  =  ∈ hi ∩ = {}⇒  = 

21Ðñïöáíþò, { ∈ Subg() : hi ∩ = {}} 6= ∅  äéüôé ç êõêëéêÞ õðïïìÜäá hi åßíáé óôïé·åßï áõôïý ôïý

óõíüëïõ.
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Áõôü óçìáßíåé üôé hi ∩ hi = {} ìå |hi|  ||  ¢ôïðï! ¢ñá  = hi
êáé hi ∩ = {} (ìå hi C   C  ëüãù ôÞò ðñïôÜóåùò 4.2.6), ïðüôå

 = hi ×åó.  ∼=
7.1.43 (ii)

hi ×

|hi| = 2 =⇒
2.4.23 (ii)

hi ∼= Z2
(áðü åð. õð.) ∃ ∈ N :  ∼= Z2 ⊕ · · ·⊕ Z2| {z }

 öïñÝò

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=⇒

7.1.55 (v), (iii)
 ∼= Z2 ⊕ · · ·⊕ Z2| {z }

+1 öïñÝò



Áñêåß ëïéðüí íá èÝóïõìå :=  + 1 ¤

I Áõôïìïñöéóìïß ôÞò
Q

=1 . Ïé ãåíéêåýóåéò ôùí ðñïôÜóåùí 7.1.16, 7.1.17 êáé

7.1.19 ãéá ôçí
Q

=1 åßíáé ïé 7.1.72, 7.1.75 êáé 7.1.76, áíôéóôïß·ùò.

7.1.72 Ðñüôáóç. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 2  åßíáé  ïìÜäåò.
Ôüôå ç

Q
=1Aut() åßíáé åìöõôåýóéìç åíôüò ôÞò Aut(

Q
=1)

Áðïäåéîç. Ðáíïìïéüôõðç ôÞò áðïäåßîåùò ôÞò ðñïôÜóåùò 7.1.16. ¤

7.1.73 ÐáñÜäåéãìá. ÅÜí  = 2 êáé1 = 2 = Z ôüôå (ëüãù ôïý (i) ôïý èåùñÞìá-

ôïò 2.4.32 êáé ôïý (v) ôÞò ðñïôÜóåùò 7.1.55) Ý·ïõìå

Aut(Z)×Aut(Z) ∼= Z2 ⊕ Z2 ∼= V

Ùóôüóï, ç ïìÜäá áõôïìïñöéóìþí Aut(Z⊕ Z) ôÞò Z⊕ Z åßíáé ðïëý ìåãáëýôåñç
(êáé ìÜëéóôá Üðåéñç). ÐñÜãìáôé° åÜí  ∈Aut(Z⊕ Z) êáé åÜí  ((1 0)) = ( ) êáé
 ((0 1)) = ( ) ôüôå ãéá êÜèå () ∈ Z⊕ Z ëáìâÜíïõìå

 (()) =  ((1 0)) +  (0 1)) = (+ + ) = ()
³

 

 

´


ïðüôå ï áõôïìïñöéóìüò  áíáðáñéóôÜôáé ìÝóù åíüò 2× 2 ðßíáêá ìå áêÝñáéåò åã-

ãñáöÝò. Ç ïñßæïõóá −  áõôïý ôïý ðßíáêá áíÞêåé óôï äéóýíïëï {±1}, êáèüôé
áõôüò åßíáé áíôéóôñÝøéìïò. (ÁëëÜ êáé ï áíôßóôñïöüò ôïõ ïöåßëåé, ìå ôç óåéñÜ ôïõ,

íá áíáðáñéóôÜôáé ìÝóù åíüò 2×2 ðßíáêá ìå áêÝñáéåò åããñáöÝò.) Ùò åê ôïýôïõ, ç

ïìÜäá áõôïìïñöéóìþí Aut(Z⊕ Z) åßíáé éóüìïñöç ôÞò ïìÜäáò GL2 (Z) ôùí 2× 2
ðéíÜêùí ìå áêÝñáéåò åããñáöÝò êáé ïñßæïõóá ±1 (Âë. D.2.20 (iii).)

7.1.74 ÐáñÜäåéãìá. ÅÜí  = 2 êáé 1 = 2 = Z üðïõ  ðñþôïò áñéèìüò, ôüôå

(ìå åðé·åéñÞìáôá áíÜëïãá åêåßíùí ðïõ ðñïáíáöÝñèçóáí óôï ðáñÜäåéãìá 7.1.73)

áðïäåéêíýåôáé üôé

Aut(Z ⊕ Z) ∼= GL2 (Z) 

ÁõôÞ ç ïìÜäá Ý·åé ôÜîç (2 − 1)(2 − ) = (+ 1)(− 1)2 ÁíôéèÝôùò, ç ïìÜäá

Aut(Z)×Aut(Z) ∼= Z× ⊕ Z×
Ý·åé ôÜîç (− 1)2 (Âë. 2.4.32 (ii) êáé 7.1.55 (v).)
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7.1.75 Ðñüôáóç. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 2  åßíáé  ïìÜäåò,
ôÝôïéåò þóôå  := Im() v·áñ.

Q
=1  ∀ ∈ {1  } Ôüôå

Q
=1

Aut() ∼= Aut(
Q

=1
)

Áðïäåéîç. Ðáíïìïéüôõðç ôÞò áðïäåßîåùò ôÞò ðñïôÜóåùò 7.1.17. ¤

7.1.76 Ðñüôáóç. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé1 2  åßíáé  ðåðåñáóìÝ-
íåò ïìÜäåò, ãéá ôéò ôÜîåéò ôùí ïðïßùí éó·ýåé ìêä (||  | |) = 1 ãéá ïéïõóäÞðïôå
äåßêôåò   ∈ {1  }  6=  Ôüôå

Q
=1

Aut() ∼= Aut(
Q

=1
)

Áðïäåéîç. Èá åñãáóèïýìå ìå ôç âïÞèåéá ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí

áñéèìü  ôùí ðáñáãüíôùí. Ãéá  = 2 ï éó·õñéóìüò åßíáé áëçèÞò åðß ôç âÜóåé ôÞò

ðñïôÜóåùò 7.1.19. Áò õðïèÝóïõìå üôé åßíáé áëçèÞò êáé ãéá ôï åîùôåñéêü ãéíüìåíï

−1 ïìÜäùí, ãéá êÜðïéïí  ≥ 3Ôüôå (åðß ôç âÜóåé ôùí (iii) êáé (v) ôÞò ðñïôÜóåùò

7.1.55 êáé ôÞò åðáãùãéêÞò õðïèÝóåþò ìáò)Q
=1Aut() ∼= (

Q−1
=1Aut())×Aut() ∼= (Aut(

Q−1
=1))×Aut()

ÄõíÜìåé ôÞò ðñïôÜóåùò B.3.17 ëáìâÜíïõìå

ìêä
³¯̄̄Q−1

=1

¯̄̄
 ||

´
= ìêä(

−1Q
=1

| |  ||) =
−1Q
=1

ìêä(| |  ||) = 1

ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò (åê íÝïõ ëüãù ôÞò ðñïôÜóåùò 7.1.19, åöáñìïæü-

ìåíçò ãéá ôéò
Q−1

=1 êáé ) êáé ãéá ôï åîùôåñéêü ãéíüìåíï  ïìÜäùí. ¤

Ôï èåþñçìá 7.1.20 ãåíéêåýåôáé ãéá  ðåðåñáóìÝíåò ïìÜäåò ùò åîÞò22:

7.1.77 Èåþñçìá. (J.N.S. Bidwell, 2008) ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé
1 2  åßíáé  ðåðåñáóìÝíåò ïìÜäåò. ÅÜí ïé  êáé  äåí äéáèÝôïõí êïé-
íïýò åõèåßò ðáñÜãïíôåò ãéá ïéïõóäÞðïôå äåßêôåò   ∈ {1  }  6=  ôüôå

Aut(
Q

=1
) ∼= A 

üðïõ ôï

A :=

⎧⎨⎩
⎛⎝ 11 · · · 1

...
. . .

...
1 · · · 

⎞⎠ ¯̄̄̄ ∈ ½ Aut() üôáí  = 

Hom(  ()) üôáí  6= 

⎫⎬⎭
åßíáé åöïäéáóìÝíï ìå ôç äïìÞ ïìÜäáò ìÝóù «ðïëëáðëáóéáóìïý ðéíÜêùí».
22J.N.S. Bidwell: Automorphisms of direct products of finite groups II, Archiv der Math. (Basel) 91 (2008) 111-121
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I «Åóùôåñéêü» åõèý ãéíüìåíï ìå ðåðåñáóìÝíï ðëÞèïò ðáñáãüíôùí. Ç ðñüôáóç

7.1.53 äñá ùò êßíçôñï ãéá ôç èÝóðéóç ôïý áêüëïõèïõ ïñéóìïý:

7.1.78 Ïñéóìüò. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 åßíáé  õðïïìÜäåò

ìéáò ïìÜäáò ( ·) ËÝìå üôé ç  åßíáé ôï åóùôåñéêü åõèý ãéíüìåíï ôùí õðïï-

ìÜäùí 1 (êáé ãñÜöïõìå23  =
Q

=1

åó. Þ  = 1 ×åó. · · · ×åó. ) üôáí

ðëçñïýíôáé ïé áêüëïõèåò óõíèÞêåò:

(i) E  ∀ ∈ {1  }
(ii)  = 12 · · · êáé

(iii)  ∩ (1 · · ·−1+1 · · ·) = {} ∀ ∈ {1  } üðïõ óôçí ðåñßðôùóç

êáôÜ ôçí ïðïßá  = 1 (êáé áíôéóôïß·ùò,  = ) ôï1 · · ·−1+1 · · · áíôéêáèß-

óôáôáé ìå ôï2 · · · (êáé áíôéóôïß·ùò, ìå ôï 1 · · ·−1).

7.1.79 Èåþñçìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 åßíáé  õðïïìÜäåò
ìéáò ïìÜäáò ( ·) Ôüôå ôá (a) êáé (b) åßíáé éóïäýíáìá :

(a)  E  ∀ ∈ {1  } êáé  =
Q

=1

åó. 

(b) Ãéá ôéò 1 éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  ∈   ∈   ãéá   ∈ {1  }  6=  ôüôå  = 

(ii) ÊÜèå óôïé·åßï  ∈  ãñÜöåôáé ìïíïóçìÜíôùò õðü ôç ìïñöÞ  = 12 · · ·
üðïõ  ∈  ãéá êÜèå  ∈ {1  }

Áðïäåéîç. (a)⇒(b) ÅÜí  E  ∀ ∈ {1  } êáé  =
Q

=1

åó.  ôüôå ãéá

ïéáäÞðïôå óôïé·åßá  ∈   ∈     ∈ {1  }  6=  Ý·ïõìå

 3 (−1| {z }
∈

)−1 = (
−1
 

−1
| {z }

∈

) ∈ 

7.1.78 (iii)⇒  ∩ (1 · · ·−1+1 · · ·) = {}

⎫⎪⎪⎬⎪⎪⎭⇒ 
−1
 

−1
 = 

áð' üðïõ Ýðåôáé ôï (i), Þôïé üôé  =  ¸óôù ôþñá ôõ·üí óôïé·åßï  ∈ 

ÅðåéäÞ åî ïñéóìïý  = 12 · · · (âë. 7.1.78 (ii)), ôï  ãñÜöåôáé õðü ôç ìïñöÞ
 = 12 · · · üðïõ  ∈  ãéá êÜèå  ∈ {1  } Ãéá ôçí áðüäåéîç ôïý (ii) áñêåß
íá åëåã·èåß üôé ç åí ëüãù Ýêöñáóç ôïý  åßíáé ìïíáäéêÞ. Ðñïò ôïýôï õðïèÝôïõìå
üôé  = 12 · · ·  üðïõ  ∈  ãéá êÜèå  ∈ {1  } Ðñïöáíþò, ëüãù ôïý (i)
Ý·ïõìå ãéá êÜèå  ∈ {1  }

−1  =
¡
−11 1

¢ · · · ¡−1−1−1¢ ¡−1+1+1¢ · · · ¡−1 
¢

7.1.78 (iii)⇒  ∩ (1 · · ·−1+1 · · ·) = {}

)
⇒  =  ∀ ∈ {1  }

23Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ·ñçóéìïðïéïýìå ôïí ðñïóèåôéêü óõìâïëéóìü ãéá ôçí ðñÜîç ôÞò ïìÜäáò  ãñÜ-

öïõìå =
L

=1

åó. áíôß ôïý =
Q

=1

åó. êáé ôï ïíïìÜæïõìå åóùôåñéêü åõèý Üèñïéóìá ôùí1
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(b)⇒(a) ¸óôù üôé éó·ýïõí ôá (i) êáé (ii) êáé Ýóôù ôõ·üí óôïé·åßï  ∈  ÊáôÜ ôï

(ii) ôï  ãñÜöåôáé õðü ôç ìïñöÞ  = 12 · · · üðïõ  ∈  ãéá êÜèå äåßêôç

 ∈ {1  } ÅðïìÝíùò, ãéá ïéoäÞðïôå  ∈  Ý·ïõìå (ìÝóù ôïý (i))

−1 = (12 · · ·)  (12 · · ·)−1 = 12 · · ·
¡


−1


¢ · · ·−12 −11

= 12 · · ·
¡

−1
 

¢ · · ·−12 −11 = 12 · · ·
¡
−1−1−1

¢ · · ·−12 −11

= 12 · · ·
¡
−1−1−1

¢ · · ·−12 −11 = 12 · · ·
¡
+1

−1
+1

¢ · · ·−12 −11

= 12 · · ·
¡
+1

−1
+1

¢ · · ·−12 −11 = (12 · · ·−1)−1
¡
−1−1 · · ·−12 −11

¢
=  (12 · · ·−1) 

¡
−1−1 · · ·−12 −11

¢
−1

=  (12 · · ·−2)−1−1−1
¡
−1−2 · · ·−12 −11

¢
−1

=  (12 · · ·−2)−1−1−1
¡
−1−2 · · ·−12 −11

¢
−1

=  (12 · · ·−2)
¡
−1−1−1

¢ ¡
−1−2 · · ·−12 −11

¢
−1

= · · · = 
−1
 ∈  ⇒  E  ∀ ∈ {1  }

ÅðéðñïóèÝôùò, áðü ôï (ii) Ýðåôáé Üìåóá ç éóüôçôá  = 12 · · · ÔÝëïò, åÜí

 ∈  ∩ (1 · · ·−1+1 · · ·) ãéá êÜðïéïí  ∈ {1  } ôüôå õðÜñ·ïõí

1 ∈ 1 −1 ∈ −1 +1 ∈ +1  ∈  :  = 1 · · ·−1+1 · · ·

ïðüôå

 = 1 · · ·−1+1 · · ·
 =  · · ·  · · · 

⎫⎬⎭ =⇒
(ii)

 =  ⇒  ∩ (1 · · ·−1+1 · · ·) = {}

¢ñá  =
Q

=1

åó.  ¤

7.1.80 ÐáñáôÞñçóç. ÅÜí  =
Q

=1

åó.  ôüôå  =
Q

=1

åó.() ∀ ∈ S

7.1.81 Ðüñéóìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé1 åßíáé  õðïïìÜäåò ìéáò
ïìÜäáò ( ·) Ôüôå ôá (a) êáé (b) åßíáé éóïäýíáìá :

(a)  E  ∀ ∈ {1  } êáé  =
Q

=1

åó. 

(b) Ãéá ôéò 1 éó·ýïõí ôá áêüëïõèá :

(i) E  ∀ ∈ {1  }
(ii)  = 12 · · · êáé

(iii) ∩ (1 · · ·−1) = {} ∀ ∈ {2  }

Áðïäåéîç. (a)⇒(b) Ôïýôï Ýðåôáé Üìåóá áðü ôïí ïñéóìü 7.1.78.
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(b)⇒(a) Áñêåß íá áðïäåé·èåß üôé áðü ôéò ïé óõíèÞêåò (b) (i)-(iii) Ýðïíôáé ïé óõí-

èÞêåò (b) (i)-(ii) ôïý èåùñÞìáôïò 7.1.79. ÅðåéäÞ  E  ∀ ∈ {1  } ãéá ïéá-

äÞðïôå óôïé·åßá  ∈   ∈     ∈ {1  }    Ý·ïõìå

 3 (−1| {z }
∈

)−1 = (
−1
 −1| {z }
∈

) ∈ 

 ∩ (1 · · ·−1) = {}

⎫⎪⎪⎬⎪⎪⎭⇒ 
−1
 −1 = 

áð' üðïõ Ýðåôáé üôé  =  (ÅÜí    ôüôå êáôáëÞãïõìå óôï ßäéï óõìðÝñá-

óìá åíáëëÜóóïíôáò ôïõò ñüëïõò ôùí äåéêôþí  êáé .) ÅðåéäÞ  = 12 · · ·

êÜèå  ∈  ãñÜöåôáé õðü ôç ìïñöÞ  = 12 · · · üðïõ  ∈  ãéá êÜèå

 ∈ {1  } ÁðïìÝíåé íá äåßîïõìå üôé ç Ýêöñáóç áõôÞ åßíáé ìïíáäéêÞ. Ðñïò

ôïýôï õðïèÝôïõìå üôé ãéá êÜðïéï  ∈ 

 = 12 · · · = 12 · · · 

üðïõ   ∈  ãéá êÜèå  ∈ {1  } ÅÜí õðÞñ·å 0 ∈ {2  } ôÝôïéï þóôå

0 6= 0 êáé  =   ∀ ∈ {0 + 1 }

ôüôå (ëüãù ôÞò éó·ýïò ôïý 7.1.79 (b) (i)) èá åß·áìå

0
−10 =

¡
−11 1

¢ · · · (−10−10−1) =⇒(iii) 0
−10 =  ⇒ 0 = 0 

¢ôïðï! ¢ñá ç áíùôÝñù Ýêöñáóç åßíáé üíôùò ìïíáäéêÞ. ¤

7.1.82 Ðüñéóìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 åßíáé  ïñèüèåôåò
õðïïìÜäåò ìéáò ïìÜäáò ( ·) ôÝôïéåò þóôå íá éó·ýåé  = 1×åó. · · ·×åó. Ôüôå
() = (1)×åó. · · · ×åó. ()

Áðïäåéîç. Êáô' áñ·Üò ðáñáôçñïýìå üôé () E () ∀ ∈ {1  } êáèüóïí
ãéá êÜèå  ∈ () êáé  ∈ () Ý·ïõìå 

−1 ∈ () áöïý ãéá êÜèå  ∈ 

éó·ýïõí ïé éóüôçôåò

(−1) =  |{z}
∈ ()

¡
−1

¢
= 

¡
−1

¢
 =  |{z}

∈ ()

=  = −1|{z}
∈ ()

() = (−1)

Åðßóçò, ãéá êÜèå  ∈ {2  } () ∩ ((1) · · ·(−1)) = {} äéüôé

() ∩ ((1) · · ·(−1)) ⊆  ∩ (1 · · ·−1) = {}

¸óôù ôõ·üí óôïé·åßï  ∈ ÅðåéäÞ éó·ýåé = 12 · · · ôï  ãñÜöåôáé õðü ôç
ìïñöÞ  = 12 · · · üðïõ  ∈  ãéá êÜèå  ∈ {1  } ÅÜí 1 ∈ (1) E 1
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  ∈ () E  ôüôå  =  ãéá ïéïõóäÞðïôå   ∈ {1  }  6= 

ïðüôå

(12 · · · )−1 = (12 · · ·)(12 · · · )−1 = (1 · · ·−1)(1)(2 · · · )−1

= (1 · · · 1−1)(2 · · · )−1 = · · · = (11 · · ·−1)(2 · · · )−1

= · · · = (12)(3 · · · )−1 = · · · = (12 · · · )−1 = 12 · · · 
áð' üðïõ ðñïêýðôåé üôé 12 · · ·  ∈ () ⇒ (1) · · ·() ⊆ () Êáé áíôé-

óôñüöùò° åÜí  ∈ () E  = 12 · · · ôüôå ôï  ãñÜöåôáé õðü ôç ìïñöÞ

 = 12 · · · üðïõ  ∈  ãéá êÜèå  ∈ {1  }¸óôù ôõ·üí 1 ∈ 1 ÅðåéäÞ

−1 ∈  ⇒ 1
−1
 = −1 1 ãéá êÜèå  ∈ {2  } Ý·ïõìå

11 = 1
−1
 −1−1 · · ·−12 = 1

−1
 −1−1 · · ·−12 = −1 1

−1
−1 · · ·−12

= −1 −1−11 · · ·−12 = · · · = −1 −1−1 · · ·−12 1 = 11

ïðüôå 1 ∈ (1) Ðáñïìïßùò áðïäåéêíýåôáé üôé 2 ∈ (2)   ∈ ()

áð' üðïõ ðñïêýðôåé üôé  ∈ (1) · · ·() Þôïé üôé éó·ýåé êáé ï áíôßóôñïöïò

åãêëåéóìüò () ⊆ (1) · · ·() Ôåëéêþò ëïéðüí ï éó·õñéóìüò åßíáé áëçèÞò

åðß ôç âÜóåé ôÞò óõíåðáãùãÞò (b)⇒(a) ôïý ðïñßóìáôïò 7.1.81. ¤

7.1.83 Ðüñéóìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 åßíáé  ïñèüèåôåò
õðïïìÜäåò ìéáò ïìÜäáò ( ·) ôÝôïéåò þóôå íá éó·ýåé  = 1×åó. · · ·×åó. Ôüôå
0 =  0

1 ×åó. · · · ×åó. 
0


Áðïäåéîç. Êáô' áñ·Üò èá áðïäåßîïõìå üôé  0
 E 0 ãéá êÜèå  ∈ {1  }¸óôù

 ∈ {1  } êáé Ýóôù  = [ ] o ìåôáèÝôçò ôõ·üíôùí óôïé·åßùí   ∈  Ãéá

ôïí ìåôáèÝôç  = [] ïéùíäÞðïôå óôïé·åßùí  ∈  éó·ýåé


−1 = [][ ][]−1 = [][ ][ ] (7.26)

ÅðåéäÞ  = 12 · · ·  = ̂1̂2 · · · ̂ ãéá êÜðïéá ìïíïóçìÜíôùò ïñéóìÝíá

1 ̂1 ∈ 1   ̂ ∈  Ý·ïõìå
24

[] = [12 · · · ̂1̂2 · · · ̂] = [1 ̂1][2 ̂2] · · · [ ̂] (7.27)

ïðüôå ïé (7.26) êáé (7.27) äßäïõí


−1 =

⎛⎜⎝ Q
=1

[ ̂ ]| {z }
∈

⎞⎟⎠ [ ]
⎛⎜⎝ Q
=1

[̂   ]| {z }
∈

⎞⎟⎠
=

Ã
Q

∈{1}r{}
[  ̂ ]

!
[ ̂][ ][̂ ]| {z }

∈

Ã
Q

∈{1}r{}
[̂   ]

!

=

Ã
Q

∈{1}r{}
[  ̂ ]

!Ã
Q

∈{1}r{}
[̂   ]

!
[ ̂][ ][̂ ]

= [ ̂][ ][̂ ] ∈  0


24Ç äåýôåñç éóüôçôá áðïäåéêíýåôáé åðáãùãéêþò ëáìâÜíïíôáò õð' üøéí ôçí éäéüôçôá (b) (i) ôïý èåùñÞìáôïò 7.1.79

ãéá ôéò1
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Ãåíéêüôåñá, ãéá êÜèå e := 11 22 · · ·  ∈ 0 üðïõ  ∈ N 1   ∈ Z êáé
1   ìåôáèÝôåò óôïé·åßùí ôÞò 

 =
Q

=1
[
()
  ̂

()
 ] ∀ ∈ {1  }

(
()
1  ̂

()
1 ∈ 1  

()
  ̂

()
 ∈ ), ëáìâÜíïõìå

ee−1 = Q
=1

[
()
  ̂

()
 ] [ ][̂

()
  

()
 ] ∈  0



êáé, êáô' åðÝêôáóç, ãéá êÜèå e := Q
=1

[
()
  

()
 ]

 ∈  0
 (üðïõ  ∈ N 1   ∈ Z)

e e e−1 = Q
=1

(e [()  
()
 ]

e−1) ∈  0
 =⇒  0

 E 0

Åðßóçò, ãéá êÜèå  ∈ {2  }  0
 ∩ ( 0

1 · · · 0
−1) = {} äéüôé

 0
 ∩ ( 0

1 · · · 0
−1) ⊆  ∩ (1 · · ·−1) = {}

Áðü ôï (i) ôÞò ðñïôÜóåùò 5.5.31 óõíÜãåôáé üôé

0 = [] = [12 · · ·12 · · ·] =
Q

=1
[12 · · ·]

=
Q

=1
[(1 · · ·−1+1 · · ·)] =

Q
=1
[1 · · ·−1+1 · · ·][]

ÅðåéäÞ [1 · · ·−1+1 · · ·] v
5.5.30 (vi)

(1 · · ·−1+1 · · ·)∩ = {}
ç ìåôáèÝôñéá õðïïìÜäá ôÞò  éóïýôáé ìå

0 = [11][22] · · · [] =  0
1

0
2 · · · 0



¢ñá ï éó·õñéóìüò åßíáé áëçèÞò åðß ôç âÜóåé ôÞò óõíåðáãùãÞò (b)⇒(a) ôïý ðïñß-

óìáôïò 7.1.81. ¤

7.1.84 ËÞììá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 åßíáé  õðïïìÜäåò ìéáò
ïìÜäáò ( ·) Ôüôå ãéá ôçí áðåéêüíéóç

1 :
Q

=1
 −→  (1 2 ) 7−→ 12 · · · (7.28)

éó·ýïõí ôá åîÞò :

(i) Im(1) = 12 · · ·

(ii) Ç 1 åßíáé ïìïìïñöéóìüò ïìÜäùí åÜí êáé ìüíïí åÜí  =  ãéá ïéá-
äÞðïôå óôïé·åßá  ∈   ∈   üðïõ   ∈ {1  }  6= 
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Áðïäåéîç. (i) Ðñïöáíþò,

Im(1) =

(
1(1 )

¯̄̄̄
¯(1 ) ∈ Q

=1


)

=

(
12 · · ·

¯̄̄̄
¯(1 ) ∈ Q

=1



)
= 12 · · ·

(ii) ÅÜí ç 1
åßíáé ïìïìïñöéóìüò êáé  ∈   ∈   üðïõ   ∈ {1  }

   ôüôå

 = 1(  |{z}
-ïóôÞ èÝóç

   |{z}
-ïóôÞ èÝóç

  )

= 1(  |{z}
-ïóôÞ èÝóç

  )1(  |{z}
-ïóôÞ èÝóç

  )

= 

(ÅÜí    ôüôå êáôáëÞãïõìå óôï ßäéï óõìðÝñáóìá åíáëëÜóóïíôáò ôïõò ñüëïõò

ôùí äåéêôþí  êáé .) Êáé áíôéóôñüöùò° åÜí éêáíïðïéåßôáé ç áíùôÝñù óõíèÞêç,

ôüôå ãéá ïéáäÞðïôå óôïé·åßá (1 ) (1 ) ∈
Q

=1
 Ý·ïõìå

1
((1  )(1  )) = 1

(11  ) = (11) · · · ()

= (1 · · ·) (1 · · · )
⎛⎝ åðåéäÞ åî õðïèÝóåùò êÜèå óôïé·åßï

ôÞò õðïïìÜäáò  ìåôáôßèåôáé

áìïéâáßùò ìå êÜèå óôïé·åßï ôÞò

⎞⎠
= 1(1 )1(1 )

Ôïýôï óçìáßíåé üôé ç 1 åßíáé ïìïìïñöéóìüò. ¤

7.1.85 Èåþñçìá. (i) ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1  åßíáé  ôõ·ïýóåò
ïìÜäåò. Ãéá  ∈ {1 } áò óõìâïëßóïõìå ùò  := Im() ôçí åéêüíá ôÞò öõóéêÞò

åìöõôåýóåùò  :  −→
Q

=1
   7−→ (1  −1   +1  ) Ôüôå

Q
=1

åó. =
Q

=1
 

(ii) ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 åßíáé  ïñèüèåôåò õðïïìÜäåò ìéáò

ïìÜäáò ( ·) ôÝôïéåò þóôå íá éó·ýåé =
Q

=1

åó.  Ôüôå ç áðåéêüíéóç (7.28) åßíáé

éóïìïñöéóìüò ïìÜäùí, ïðüôå

Q
=1


∼=  =

Q
=1

åó. 
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Áðïäåéîç. (i) Âë. ôï (iv) ôÞò ðñïôÜóåùò 7.1.53.

(ii) ÅÜí =
Q

=1

åó.  ôüôå ôï ëÞììá 7.1.84 ìáò ðëçñïöïñåß üôé ç áðåéêüíéóç (7.28)

åßíáé åðéìïñöéóìüò ïìÜäùí. Ç åíñéðôéêüôçôá ôÞò (7.28) ïöåßëåôáé óôç óõíèÞêç

(b) (ii) ôïý èåùñÞìáôïò 7.1.79. ¤

7.1.86 Ðáñáäåßãìáôá. (i) Èåùñþíôáò ôÞí1×2×3 üðïõ1 := S3 2 := Z6
3 := Z×4  êáèþò êáé ôéò 1 := {( [0]6  [1]4) | ∈ S3 }

2 := {(id []6  [1]4) | ∈ Z}  3 := {(id [0]6  []4) | ∈ Z} 

ëáìâÜíïõìå (ìÝóù ôïý (i) ôïý èåùñÞìáôïò 7.1.85)S3 × Z6 × Z×4 =
3Q

=1

åó. 

(ii) Ç óõíèÞêç (iii) ôïý ïñéóìïý 7.1.78 ôïý åóùôåñéêïý ãéíïìÝíïõ
Q

=1

åó. äåí

ìðïñåß íá áíôéêáôáóôáèåß ìå ôçí  ∩  = {} ãéá ïéïõóäÞðïôå äåßêôåò

  ∈ {1  }  6=  üôáí  ≥ 3 Åðß ðáñáäåßãìáôé, ãéá ôéò êõêëéêÝò õðïï-

ìÜäåò 1 := h[1 2] ◦ [3 4]i  2 := h[1 3] ◦ [2 4]i  3 := h[1 4] ◦ [2 3]i ôÞò ïìÜäáò

V := {id [1 2] ◦ [3 4]  [1 3] ◦ [2 4]  [1 4] ◦ [2 3]} ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein

Ý·ïõìå

V = 1 ◦2 ◦3 1 ∩2 = 1 ∩3 = 2 ∩3 = {id}

áëëÜ ç V äåí åßíáé ôï åóùôåñéêü ãéíüìåíï ôùí 123 (ÅÜí óõíÝâáéíå áõôü,

ôüôå èá Ýðñåðå, óýìöùíá ìå ôï 7.1.85 (ii), íá éó·ýåéV ∼= 1 ×2 ×3 ðñÜãìá

áäýíáôï, êáèüóïí |V| = 4 åíþ |1 ×2 ×3| = 8)

7.1.87 Óçìåßùóç. Ëüãù ôïý èåùñÞìáôïò 7.1.85 åßèéóôáé íá ìçí ãßíåôáé ïìáäïèåù-

ñçôéêÞ äéÜêñéóç ìåôáîý ôïý åîùôåñéêïý åõèÝïò ãéíïìÝíïõ
Q

=1
 êáé ôïý åóùôåñé-

êïý åõèÝïò ãéíïìÝíïõ
Q

=1

åó.  êáé ïé 1 íá áíáöÝñïíôáé áðëþò ùò åõèåßò

ðáñÜãïíôÝò ôïõ (Þ ùò åõèåßò ðñïóèåôÝïé ôïõ, üôáí ·ñçóéìïðïéåßôáé ï áíôßóôïé·ïò

ðñïóèåôéêüò óõìâïëéóìüò ). Ùóôüóï, õðÜñ·ïõí «ëåðôÝò ðôõ·Ýò» êÜðïéùí óçìá-

íôéêþí èåùñçôéêþí åðé·åéñçìÜôùí ðïõ ìáò õðáãïñåýïõí ôçí ðåñáéôÝñù äéáôÞ-

ñçóç ôùí äéáêñéôþí óõìâïëéóìþí.

IÐåñáéôÝñù ãåíßêåõóç ôÞò åííïßáò ôïý åõèÝïò ãéíïìÝíïõ. Ç Ýííïéá ôïý åõèÝïò

ãéíïìÝíïõ ãåíéêåýåôáé êáôáëëÞëùò êáé ãéá áðåéñïðëçèåßò ïéêïãÝíåéåò ïìÜäùí.

7.1.88 Ïñéóìüò. ¸óôù üôé  åßíáé Ýíá ìç êåíü (ü·é êáô' áíÜãêçí ðåðåñáóìÝíï)

óýíïëï êáé üôé (~)∈ åßíáé ôõ·ïýóá ïéêïãÝíåéá ïìÜäùí ìå ôïõò äåßêôåò ôçò

åéëçììÝíïõò áðü ôï  ÅöïäéÜæïíôáò ôï êáñôåóéáíü ãéíüìåíï

Y
∈

 :=

(
 = ()∈

¯̄̄̄
¯  :  −→ S

∈
 áðåéêïíßóåéò

ìå () =:  ∈  ∀ ∈ 

)
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ôùí õðïêåéìÝíùí óõíüëùí ôïõò ìå ôçí åóùôåñéêÞ ðñÜîçQ
∈

 × Q
∈

 −→ Q
∈



(()∈  ()∈) 7−→ ()∈ ¡ ()∈ := ( ~ )∈ 

ðáñáôçñïýìå üôé ôï æåýãïò (
Q
∈

¡) áðïôåëåß ìéá ïìÜäá Ý·ïõóá (ùò ðñïò ôçí

ïñéóèåßóá ðñÜîç “ ¡ ”) ôï ()∈ ùò ïõäÝôåñï óôïé·åßï ôçò êáé ôï (−1 )∈ ùò

áíôßóôñïöï óôïé·åßï ïéïõäÞðïôå ()∈ ∈
Q
∈

 üðïõ −1 ôï áíôßóôñïöï óôïé-

·åßï ôïý  ∈  ùò ðñïò ôçí “ ~ ” ãéá êÜèå  ∈  Ç ïìÜäá (
Q
∈

¡) êáëåßôáé

áðåñéüñéóôï åîùôåñéêü åõèý ãéíüìåíï ôùí ìåëþí ôÞò ïéêïãåíåßáò (~)∈ 
¸óôù ôþñá ôõ·þí äåßêôçò  ∈ H åðßññéøç

pr :
Q
∈

 −→   ()∈ 7→  (7.29)

êáëåßôáé öõóéêÞ ðñïâïëÞ ôÞò
Q

∈  åðß ôÞò   Åðßóçò, ç Ýíñéøç

 :  −→
Q
∈

  7→ ()∈   :=

½
  üôáí  ∈ r{}
 üôáí  = 

(7.30)

êáëåßôáé öõóéêÞ åìöýôåõóç ôÞò  åíôüò ôÞò
Q

∈ 

7.1.89 ÐáñáôÞñçóç. Åßíáé ðñïöáíÝò üôé ç (7.29) áðïôåëåß Ýíáí åðéìïñöéóìü ïìÜ-

äùí ãéá êÜèå  ∈ 

Ïé áðïäåßîåéò ôùí ðñïôÜóåùí 7.1.90 êáé 7.1.96 áöÞíïíôáé ùò áóêÞóåéò.

7.1.90 Ðñüôáóç. («ÊáèïëéêÞ éäéüôçôá» áðåñéüñéóôïõ åîùôåñéêïý åõèÝïò ãéíïìÝíïõ.)

¸óôù ( ∗) ôõ·ïýóá ïìÜäá. ÅÜí  åßíáé Ýíá ìç êåíü óýíïëï êáé åÜí
( :  −→ )∈ åßíáé ìéá ïéêïãÝíåéá ïìïìïñöéóìþí ïìÜäùí ìå ôïõò äåßêôåò ôçò
åéëçììÝíïõò áðü ôï  ôüôå õößóôáôáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò ïìÜäùí

 : ( ∗) −→ (
Q
∈

¡)

ôÝôïéïò þóôå íá éó·ýåé pr ◦  =   äçëáäÞ ôÝôïéïò þóôå ôï äéÜãñáììá


 //



!!C
CC

CC
CC

CC
CC

CC
CC

CC
C

Q
∈ 

pr

²²


íá êáèßóôáôáé ìåôáèåôéêü ãéá êÜèå  ∈ 
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7.1.91 Óçìåßùóç. Ç ðñüôáóç 7.1.57 ãåíéêåýåôáé Üìåóá êáé ãéá áðåñéüñéóôá åîù-

ôåñéêÜ åõèÝá ãéíüìåíá.

7.1.92 Ïñéóìüò. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù (~)∈ ôõ·ïýóá ïé-

êïãÝíåéá ïìÜäùí ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï  Ãéá êÜèå óôïé·åßï

 = ()∈ ôÞò (
Q
∈

¡) ïñßæåôáé ôï óýíïëï supp() := {  ∈ | 6= } ôï
ïðïßï êáëåßôáé -éäéáéôÝñùò- öïñÝáò ôïý  Ôï

Q
∈

ðåñ. :=

½
 ∈ Q

∈


¯̄̄̄
card(supp()) ∞

¾
êáëåßôáé ðåñéïñéóìÝíï (Þ áóèåíÝò) åîùôåñéêü åõèý ãéíüìåíï ôùí ìåëþí ôÞò ïéêï-

ãåíåßáò (~)∈ 

7.1.93 Ðñüôáóç.
Q
∈

ðåñ. E
Q
∈



Áðïäåéîç. Êáô' áñ·Üò,

supp(Q
∈ 

) = ∅⇒ Q
∈ 

∈ Q
∈

ðåñ.

ÅðéðñïóèÝôùò, ãéá ïéáäÞðïôå   ∈ Q
∈

ðåñ. Ý·ïõìå supp(−1) = supp() êáé,

êáô' åðÝêôáóç,

supp(¡ −1) ⊆ supp() ∪ supp(−1) = supp() ∪ supp()

⇒ card(supp( ¡ −1)) ≤ card(supp())+ card(supp())− card(supp()∩ supp())  ∞

ÅðïìÝíùò,

¡ −1 ∈ Q
∈

ðåñ. =⇒
2.1.16

Q
∈

ðåñ. v
Q
∈



Åí óõíå·åßá, èåùñïýìå ôõ·üíôá  = ()∈ ∈
Q
∈

ðåñ. êáé  = ()∈ ∈
Q
∈



ÅðåéäÞ

 ¡ ¡ −1 = ( ~  ~ 
−1
 )∈ ìå  ~  ~ 

−1
 =   ∀ ∈ rsupp()

Ý·ïõìå supp( ¡ ¡ −1) = supp() êáé

card(supp( ¡ ¡ −1)) = card(supp()) ∞⇒  ¡ ¡ −1 ∈ Q
∈

ðåñ.

áð' üðïõ Ýðåôáé üôé
Q
∈

ðåñ. E
Q
∈

 ¤

7.1.94 Óçìåßùóç. (Áðëïýóôåõóç óõìâïëéóìïý.) (i) ¼ðùò óõíÝâç êáé óôçí ðåñß-

ðôùóç èåùñÞóåùò ìéáò ðåðåñáóìÝíçò ïéêïãåíåßáò ïìÜäùí (âë. óçìåßùóç 7.1.54),

èá ìåôáâïýìå, áðü åäþ êáé óôï åîÞò, óôïí áðëïõóôåõìÝíï ðïëëáðëáóéáóôéêü óõì-

âïëéóìü ôùí ðñÜîåùí ôùí   ∈ 
Q
∈

ðåñ. êáé
Q
∈

 (ìÝóù ôïý óõíÞèïõò dot
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“ ·”), ìå ìüíç åîáßñåóç ôéò ïéêïãÝíåéåò ôéò áðïôåëïýìåíåò áðü ðñïóèåôéêÝò ïìÜäåò
(ãéá ôéò ïðïßåò ãñÜöïõìå25

L
∈

ðåñ. áíôß ôïý
Q
∈

ðåñ. êáé
L
∈

 áíôß ôïý
Q
∈

).

(ii) ÅÜí  =  ãéá êÜèå  ∈  ôüôå ãñÜöïõìå áðëþò () áíôß ôïý
Q
∈

ðåñ. êáé

 áíôß ôïý
Q
∈

Ðñïöáíþò,

() =
©
 ∈ 

¯̄
card(supp()) ∞ª 

ÓõíÞèçò óýìâáóç : Ï ïñéóìüò ôÞò () åðåêôåßíåôáé áêüìç êáé óôçí ðåñßðôùóç

êáôÜ ôçí ïðïßá  = ∅H(∅) èåùñåßôáé üôé åßíáé ìéá ôåôñéììÝíç ïìÜäá. ÅîÜëëïõ,

üôáí ôï  åßíáé Ýíá ìïíïóýíïëï, ç () ôáõôßæåôáé ìå ôçí ßäéá ôçí 

7.1.95 ÐáñáôÞñçóç. (i) ÅÜí åßôå ôï  åßíáé ðåðåñáóìÝíï óýíïëï åßôå ìüíïí ðåðå-

ñáóìÝíï ðëÞèïò ôùí ìåëþí ôÞò ïéêïãåíåßáò ()∈ åßíáé ìç ôåôñéììÝíåò ïìÜäåò,

ôüôå ïé ïìÜäåò
Q
∈

ðåñ. êáé
Q
∈

 åßíáé ßóåò. Åí ãÝíåé, ç
Q
∈

ðåñ. ìðïñåß íá åßíáé

ãíÞóéá ïñèüèåôç õðïïìÜäá ôÞò
Q
∈

 Åðß ðáñáäåßãìáôé, åÜí  := N êáé êáèåìéÜ

åê ôùí  åßíáé éóüìïñöç ìå ôçí ðñïóèåôéêÞ ïìÜäá (Z+) ôüôåL
∈N

ðåñ.
∼= Z(N) C ZN ∼= L

∈N


êáèþò õðÜñ·ïõí, ð.·., áêïëïõèßåò áêåñáßùí áñéèìþí ìå üëïõò ôïõò ôïýò üñïõò

äéáöïñåôéêïýò ôïý ìçäåíüò.

(ii) ÅðåéäÞ êÜèå óôïé·åßï ôÞò ïìÜäáò ZN2 Ý·åé ôÜîç ≤ 2 ç ZN2 åßíáé ìéá Üðåéñç
(ðåñéïäéêÞ) ïìÜäá Ý·ïõóá åêèÝôç exp(ZN2 ) = 2

7.1.96 Ðñüôáóç. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù ()∈ ïéáäÞðïôå ïéêïãÝ-
íåéá ïìÜäùí ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï  Ãéá êÜèå  ∈  áò óõìâïëß-
óïõìå ùò  := Im() ôçí åéêüíá ôÞò öõóéêÞò åìöõôåýóåùò (7.30). Ôüôå éó·ýïõí
ôá áêüëïõèá :

(i) Ç  åßíáé ìïíïìïñöéóìüò ïìÜäùí êáé, ùò åê ôïýôïõ, 
∼=  ∀ ∈ 

(ii)  E
Q

∈  ∀ ∈ 

(iii)  ∩
©



¯̄
 ∈ r{}ª® = {Q

∈ 
} ∀ ∈ 

(iv)
©



¯̄
 ∈ 

ª®
=
Q
∈

ðåñ.

7.1.97 Ïñéóìüò. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù ()∈ ìéá ïéêïãÝíåéá

õðïïìÜäùí ìéáò ïìÜäáò ( ·) ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï  ËÝìå üôé

ç  åßíáé ôï åóùôåñéêü åõèý ãéíüìåíï ôùí ìåëþí ôÞò ïéêïãåíåßáò ()∈ (êáé

ãñÜöïõìå26  =
Q
∈

åó.) üôáí ðëçñïýíôáé ïé áêüëïõèåò óõíèÞêåò:

25ÏñéóìÝíïé óõããñáöåßò áíôß ôïý
L
∈

ðåñ. ·ñçóéìïðïéïýí ôïí óõìâïëéóìü
P
∈



26Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ·ñçóéìïðïéïýìå ôïí ðñïóèåôéêü óõìâïëéóìü ãéá ôçí ðñÜîç ôÞò  ãñÜöïõìå

 =
L
∈

åó.  áíôß ôïý  =
Q
∈

åó.  êáé ôï ïíïìÜæïõìå åóùôåñéêü åõèý Üèñïéóìá ôùí ìåëþí ôÞò ïéêïãåíåßáò

()∈ 
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(i) E  ∀ ∈ 

(ii)  = h{|  ∈ }i  êáé
(iii) ∩ h{ |  ∈ r{}}i = {} ∀ ∈ 

7.1.98 Èåþñçìá. ¸óôù  Ýíá ìçêåíü óýíïëï êáé Ýóôù ()∈ ìéá ïéêïãÝíåéá õðïï-
ìÜäùí ìéáò ïìÜäáò ( ·) ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï  Ôüôå ôá (a)

êáé (b) åßíáé éóïäýíáìá :

(a)  E  ∀ ∈  êáé  =
Q
∈

åó.

(b) Ãéá ôá ìÝëç ôÞò ïéêïãåíåßáò ()∈ éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  ∈   ∈   ãéá   ∈   6=  ôüôå  = 

(ii) ÊÜèå óôïé·åßï  ∈  ãñÜöåôáé ìïíïóçìÜíôùò (ìÝ·ñéò áíáäéáôÜîåùò ôùí äåé-
êôþí) õðü ôç ìïñöÞ

 = 1 · · · 

ìå  ∈  ãéá êÜèå  ∈ {1  } êáé ãéá êÜðïéïí  ∈ N üðïõ ïé äåßêôåò
1   ∈  åßíáé óáöþò äéáêåêñéìÝíïé.

Áðïäåéîç. (a)⇒(b) ÅÜí  E  ∀ ∈  êáé  =
Q
∈

åó. ôüôå ãéá ïéáäÞðïôå

óôïé·åßá  ∈   ∈     ∈   6=  Ý·ïõìå

 3 (−1| {z }
∈

)−1 = (
−1
 

−1
| {z }

∈

) ∈ 

7.1.97 (iii)⇒  ∩ h{ |  ∈ r{}}i = {}

⎫⎪⎪⎬⎪⎪⎭⇒ 
−1
 

−1
 = 

áð' üðïõ Ýðåôáé ôï (i), Þôïé üôé  =  ¸óôù ôþñá ôõ·üí óôïé·åßï  ∈ 

ÅðåéäÞ åî ïñéóìïý = h{|  ∈ }i (âë. 7.1.97 (ii)), ôï  (êáôÜ ôï ðüñéóìá 2.2.6)
ãñÜöåôáé õðü ôç ìïñöÞ  = 1 · · ·  üðïõ  ∈ N êáé {1  } Ýíá õðïóýíïëï 
óáöþò äéáêåêñéìÝíùí óôïé·åßùí ôïý  ôÝôïéï þóôå  ∈  ãéá êÜèå õðïäåßêôç
 ∈ {1  } Ãéá ôçí áðüäåéîç ôïý (ii) áñêåß íá åëåã·èåß üôé ç åí ëüãù Ýêöñáóç
ôïý  åßíáé ìïíáäéêÞ. Ðñïò ôïýôï õðïèÝôïõìå üôé27  = 1 · · ·   üðïõ  ∈ 

ãéá êÜèå  ∈ {1  } Ðñïöáíþò, ëüãù ôïý (i) Ý·ïõìå ãéá êÜèå  ∈ {1  }

−1  =
Q

∈{1}r{}
(−1  )

7.1.97 (iii)⇒  ∩ h{ |  ∈ r{}}i = {}

⎫⎪⎬⎪⎭⇒  =   ∀ ∈ {1  }

(b)⇒(a) ¸óôù üôé éó·ýïõí ôá (i) êáé (ii) êáé Ýóôù ôõ·üí óôïé·åßï  ∈  ÊáôÜ
ôï (ii) ôï  ãñÜöåôáé õðü ôç ìïñöÞ  = 1 · · ·  üðïõ  ∈ N êáé {1  }
Ýíá õðïóýíïëï  óáöþò äéáêåêñéìÝíùí óôïé·åßùí ôïý  ôÝôïéï þóôå  ∈ 

27Åí ðñïêåéìÝíù, äåí åðÝñ·åôáé âëÜâç ôÞò ãåíéêüôçôáò (õðïèÝôïíôáò üôé áõôÞ ç äåýôåñç ðáñÜóôáóç ôïý  äéáèÝôåé
áêñéâþò  ðáñÜãïíôåò áðü ôéò    ∈ {1  }), äéüôé åí áíÜãêç ìðïñïýìå íá óõìðåñéëáìâÜíïõìå ôï  ùò

ðáñÜãïíôá êáôÜ âïýëçóç.
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ãéá êÜèå  ∈ {1  } ÅðïìÝíùò, ãéá ïéoíäÞðïôå  ∈ {1  } êáé ïéoäÞðïôå
óôïé·åßï  ∈  Ý·ïõìå (ìÝóù ôïý (i))

−1 = (1 · · ·)  (1 · · ·)−1 = 12 · · ·
³


−1


´
· · ·−12 −11

= 12 · · ·
³


−1


´
· · ·−12 −11 = 12 · · ·

³
−1

−1
−1

´
· · ·−12 −11 = · · ·

· · · = 12 · · · (+1−1+1) · · ·−12 −11 = 12 · · ·
¡
+1

−1
+1

¢ · · ·−12 −11
=
¡
12 · · ·−1

¢


−1

(−1−1 · · ·−12 −11 )

= 
¡
12 · · ·−1

¢
(−1−1 · · ·−12 −11 )−1 = · · · · · · = 

−1

∈ 

ïðüôå  E  ∀ ∈ {1  } ÅðåéäÞ êÜèå äåßêôçò  ∈  åßíáé ôÞò ìïñöÞò
 óôçí áíùôÝñù ðáñÜóôáóç êÜðïéïõ  ∈  Ý·ïõìå  E  ∀ ∈ . Åðé-
ðñïóèÝôùò, áðü ôï (ii) Ýðåôáé Üìåóá ç éóüôçôá  = h{|  ∈ }i  ÔÝëïò, åÜí
 ∈  ∩ h{ |  ∈ r{}}i) ãéá êÜðïéïí  ∈  ôüôå õðÜñ·ïõí Ýíáò  ∈ N êáé
Ýíá õðïóýíïëï {1  } áðïôåëïýìåíï áðü  óáöþò äéáêåêñéìÝíá óôïé·åßá ôïý
r{} ôÝôïéï þóôå  = 1 · · ·  üðïõ  ∈  ãéá êÜèå  ∈ {1  } ïðüôå

 = 1 · · ·
 =   · · · | {z }

 öïñÝò

⎫⎪⎪⎪⎬⎪⎪⎪⎭ =⇒
(ii)

 =  ⇒  ∩ h{ |  ∈ r{}}i) = {}

¢ñá  =
Q
∈

åó. ¤

7.1.99 ËÞììá. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù ()∈ ìéá ïéêïãÝíåéá õðïï-
ìÜäùí ìéáò ïìÜäáò ( ·) ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï  Ôüôå ãéá ôçí
áðåéêüíéóç

()∈ :
Q
∈

ðåñ. −→ 

 = ()∈ 7−→ ()∈ () :=

⎧⎨⎩  üôáí  = Q
∈supp()

 üôáí  6= 

(7.31)

éó·ýïõí ôá åîÞò :

(i) Im(()∈ ) = h{|  ∈ }i 
(ii) Ç ()∈ åßíáé ïìïìïñöéóìüò ïìÜäùí åÜí êáé ìüíïí åÜí  =  ãéá ïéá-
äÞðïôå óôïé·åßá  ∈   ∈   üðïõ   ∈   6= 

Áðïäåéîç. Êáô' áñ·Üò ðáñáôçñïýìå üôé ()∈ (()) =  ãéá êÜèå  ∈ 

êáé ãéá êÜèå  ∈ 

(i) Ðñïöáíþò,  = ()∈ () ∈ Im(()∈ ) ¸óôù  ∈ Im(()∈ )r{}
Ôüôå

∃ = ()∈ ∈
Q
∈

ðåñ. :  = ()∈ () =
Q

∈ supp()
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ÅðåéäÞ  =
Q

∈supp()
 ∈ h{|  ∈ }i  Ý·ïõìå Im(()∈ ) ⊆

Q
∈

åó. Êáé

áíôéóôñüöùò° êÜèå  ∈ h{|  ∈ }i ãñÜöåôáé õðü ôç ìïñöÞ  = 1 · · · 
üðïõ  ∈ N êáé {1  } Ýíá õðïóýíïëï  óáöþò äéáêåêñéìÝíùí óôïé·åßùí

ôïý  ôÝôïéï þóôå  ∈  ãéá êÜèå õðïäåßêôç  ∈ {1  } ÅðåéäÞ Ý·ïõìå

 = 1 · · · = ()∈ (1(1) · · · ()) ∈ Im(()∈ ) êáé ï áíôßóôñïöïò

åãêëåéóìüò h{|  ∈ }i ⊆ Im(()∈ ) åßíáé áëçèÞò.

(ii) ÅÜí ç ()∈ åßíáé ïìïìïñöéóìüò êáé  ∈   ∈   ìå   ∈   6=  ôüôå

 = ()∈ (())()∈ (()) = ()∈ (()()) = ()∈ (()())

= ()∈ (())()∈ (()) = 

üðïõ ç ôñßôç éóüôçôá ïöåßëåôáé óôï üôé28 ()| {z }
∈

()| {z }
∈

= ()| {z }
∈

()| {z }
∈

 Êáé áíôé-

óôñüöùò° åÜí éêáíïðïéåßôáé ç áíùôÝñù óõíèÞêç, ôüôå ãéá ïéáäÞðïôå óôïé·åßá

 = ()∈   = ()∈ ∈ (
Q
∈

ðåñ.)r{} Ý·ïõìå

()∈ () =
Q

∈ supp()

 =
Q

∈ supp()


Q

∈ supp()

 = ()∈ ()()∈ ()

(Ç éóüôçôá ()∈ () = ()∈ ()()∈ () åßíáé ðñïöáíÞò üôáí ôïõëÜ·éóôïí

Ýíá åê ôùí   åßíáé ßóï ìå ôï ) ¢ñá ç ()∈ åßíáé ïìïìïñöéóìüò. ¤

7.1.100 Èåþñçìá. (i) ¸óôù ()∈ ôõ·ïýóá ïéêïãÝíåéá ïìÜäùí ìå ôïõò äåßêôåò
ôçò åéëçììÝíïõò áðü Ýíá óýíïëï  6= ∅ Ãéá êÜèå  ∈  áò óõìâïëßóïõìå êáé ðÜëé
ùò  := Im() ôçí åéêüíá ôÞò (7.30) ôÞò  åíôüò ôÞò

Q
∈

 Ôüôå

Q
∈

åó. =
Q
∈

ðåñ.

(ii) ¸óôù ()∈ ìéá ïéêïãÝíåéá õðïïìÜäùí ìéáò ïìÜäáò ( ·) ìå ôïõò äåßêôåò
ôçò åéëçììÝíïõò áðü Ýíá óýíïëï  6= ∅ ôÝôïéá þóôå íá éó·ýåé  = Q

∈
åó. Ôüôå ç

áðåéêüíéóç (7.31) åßíáé éóïìïñöéóìüò ïìÜäùí, ïðüôåQ
∈

ðåñ.
∼=  =

Q
∈

åó.

Áðïäåéîç. (i) Âë. ôï (iv) ôÞò ðñïôÜóåùò 7.1.96.

(ii) ÅÜí =
Q
∈

åó. ôüôå ôï ëÞììá 7.1.99 ìáò ðëçñïöïñåß üôé ç áðåéêüíéóç (7.31)

åßíáé åðéìïñöéóìüò ïìÜäùí. Ç åíñéðôéêüôçôá ôÞò (7.31) ïöåßëåôáé óôç óõíèÞêç

(b) (ii) ôïý èåùñÞìáôïò 7.1.98. ¤

7.1.101 Óçìåßùóç. Ëüãù ôïý èåùñÞìáôïò 7.1.100 åßèéóôáé íá ìç ãßíåôáé ïìáäï-
èåùñçôéêÞ äéÜêñéóç ìåôáîý ôùí

Q
∈

åó. êáé
Q
∈

ðåñ.

28Áñêåß íá ëçöèåß õð' üøéí ç óõíèÞêç (b) (i) ôïý èåùñÞìáôïò 7.1.98 (áëëÜ ìå ôéò óôç èÝóç ôùí åêåß ðáñáôåèåéóþí

), óå óõíäõáóìü ìå ôçí ðñüôáóç 7.1.96.
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7.2 ÈÅÙÑÇÌÁ ÔÙÍKRULL, REMAKÊÁÉ SCHMIDT

Óôï åäÜöéï 7.1.32 ïñßóèçêå ç Ýííïéá ôÞò áíáðïóõíèÝóéìçò ïìÜäáò êáé ìÝóù

ôïý èåùñÞìáôïò 7.1.40 áðïäåß·èçêå üôé ç áðïóõíèåóéìüôçôá éóïäõíáìåß ìå ôçí

ýðáñîç åíüò ïñèüèåôïõ åíäïìïñöéóìïý ìå êÜðïéåò åéäéêÝò éäéüôçôåò. Åõëüãùò

ãåííþíôáé ôá åîÞò åñùôÞìáôá:

(i) ÐáñéóôÜôáé ðÜíôïôå ìéá ìç ôåôñéììÝíç ïìÜäá ùò åóùôåñéêü åõèý ãéíüìåíï ðå-
ðåñáóìÝíïõ ðëÞèïõò áíáðïóõíèÝóéìùí ïñèüèåôùí õðïïìÜäùí ôçò;

(ii) ¼ôáí õößóôáôáé ìéá ôÝôïéïõ åßäïõò ðáñÜóôáóç, åßíáé áõôÞ (õðü êÜðïéá Ýí-

íïéá29) ìïíïóçìÜíôùò ïñéóìÝíç ;

Ôï åñþôçìá (i) äÝ·åôáé êáôáöáôéêÞ áðÜíôçóç ãéá ðåðåñáóìÝíåò ïìÜäåò, êÜôé ðïõ
åß·å åðéóçìáíèåß óå åñãáóßåò ôùí R. Remak30 êáé O. Schmidt31. (Âë. ðñüôáóç

7.2.11.) Ùóôüóï, ôïýôï äåí óõìâáßíåé åí ãÝíåé êáé ãéá ôõ·ïýóåò Üðåéñåò ïìÜ-

äåò. ¼ðùò áðïäåéêíýåôáé ìÝóù ôïý ãåíéêüôåñïõ èåùñÞìáôïò 7.2.12, ìéá ôõ·ïýóá
ïìÜäá  äéáèÝôåé (ôïõëÜ·éóôïí) ìßá ðáñÜóôáóç áõôïý ôïý åßäïõò üôáí ðëçñïß

åßôå ôç óõíèÞêç ôùí áíéïõóþí áëõóßäùí åßôå ôç óõíèÞêç ôùí êáôéïõóþí áëõóß-
äùí åðß ôïý óõíüëïõNSubg() (Ïé åí ëüãù óõíèÞêåò ïñßæïíôáé åðß ïéïõäÞðïôå

ìç êåíïý õðïóõíüëïõ X ôïý óõíüëïõ Subg() óôï åäÜöéï 7.2.2, åíþ êÜðïéåò êý-

ñéåò éäéüôçôåò ïìÜäùí ðïõ ðëçñïýí ôïõëÜ·éóôïí ìßá åî áõôþí ðåñéãñÜöïíôáé óôéò

ðñïôÜóåéò 7.2.5, 7.2.6, 7.2.7 êáé 7.2.9.)

Ôï êýñéï èåþñçìá 7.2.25 ôÞò ðáñïýóáò åíüôçôáò áöïñÜ óôï åñþôçìá (ii) êáé

ìáò ðëçñïöïñåß üôé ç ìïíáäéêüôçôá ìéáò ðáñáóôÜóåùò áõôïý ôïý åßäïõò (ôüóïí

ìÝ·ñéò éóïìïñöéóìïý üñùí üóïí êáé óå åðßðåäï áíôáëëáãÞò üñùí) åßíáé äéáóöáëé-
óìÝíç ãéá ôéò ïìÜäåò ðïõ ðëçñïýí áìöüôåñåò ôéò óõíèÞêåò åðß ôïýNSubg()
(Ç ðáñáôéèÝìåíç áðüäåéîÞ ôïõ âáóßæåôáé óå ðåñáéôÝñù åñãáóßåò ôùí W. Krull32

êáé O. Schmidt33, êáèþò êáé óôï åìâüëéìï ðüñéóìá 7.2.17 ôïý ëåãïìÝíïõ ëÞììáôïò
ôïý Fitting 7.2.16.) Áðü ôçí Üëëç ìåñéÜ, ãéá ôç äéáóöÜëéóç ôÞò ëåãïìÝíçò ïõóéþ-
äïõò ìïíáäéêüôçôáò áðáéôåßôáé íá éêáíïðïéåßôáé êáé ìéá åðéðñüóèåôç óõíèÞêç.

(Âë. èåþñçìá 7.2.28.)

7.2.1 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6= X ⊆ Subg()
(i) Ìéá áêïëïõèßá {}∈N (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíùí) ïìÜäùí ðïõ

áíÞêïõí óôï X êáëåßôáé áíéïýóá áëõóßäá óôïé·åßùí ôïý X üôáí34

 v +1 ∀ ∈ N
29ÅÜí óôçí ðáñÜóôáóç äåí ðñïáðáéôçèåß ç áíáðïóõíèåóéìüôçôá ôùí ìåôå·üíôùí åõèÝùí ðáñáãüíôùí, ôüôå ç éäéü-

ôçôá ôÞò ìÝ·ñéò éóïìïñöéóìïý ìïíáäéêüôçôáò áõôþí ôùí äïìéêþí üñùí áíáöïñÜò äåí äéáôçñåßôáé, üðùò äåß·íåé ôï

ðáñÜäåéãìá 7.1.31 (ii).

30R. Remak: Über die Zerlegung endlicher Gruppen in direkte unzerlegbare Faktoren , Jour. reine und
ang. Math. 139 (1911) 293-308
31O. Schmidt: Über die Zerlegung endlicher Gruppen in unzerlegbare Faktoren , Izv. Kiev Univ. (1912)
1-6 êáé Sur les produits directs, S.M.F. Bull. 41 (1913) 161-164
32W. Krull: Über verallgemeinerte endliche abelsche Gruppen , Math. Zeitschrift 23 (1925), 161-196
33O. Schmidt: Über unendliche Gruppen mit endlicher Kette, Math. Zeitschrift 29 (1928), 34-41
34Åí ôïéáýôç ðåñéðôþóåé, ôï õðïêåßìåíï óýíïëï ôÞò åí ëüãù áêïëïõèßáò (óôçí «áíçãìÝíç» ôïõ ìïñöÞ) áðïôåëåß ìéá

(åéäéêÞò öýóåùò ) áëõóßäá ôïý ìåñéêþò äéáôåôáãìÝíïõ óõíüëïõ (Xv) õðü ôçí Ýííïéá ôïý ïñéóìïý A.2.18.



400 åõèåá, çìéåõèåá êáé óôåöáíéáéá ãéíïìåíá

ËÝìå üôé ìéá áíéïýóá áëõóßäá {}∈N óôïé·åßùí ôïý X åßíáé óôÜóéìç üôáí õðÜñ-

·åé êÜðïéïò  ∈ N ãéá ôïí ïðïßï éó·ýåé =  ãéá êÜèå öõóéêü áñéèìü  ≥ 

(ii)Ìéá áêïëïõèßá {}∈N (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíùí) ïìÜäùí ðïõ
áíÞêïõí óôï X êáëåßôáé êáôéïýóá áëõóßäá óôïé·åßùí ôïý X üôáí

+1 v  ∀ ∈ N
ËÝìå üôé ìéá êáôéïýóá áëõóßäá {}∈N óôïé·åßùí ôïýX åßíáé óôÜóéìç üôáí õðÜñ-

·åé êÜðïéïò  ∈ N ãéá ôïí ïðïßï éó·ýåé =  ãéá êÜèå öõóéêü áñéèìü  ≥ 

7.2.2 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù ∅ 6= X ⊆ Subg()
(i) ËÝìå üôé ç ðëçñïß ôç óõíèÞêç ôùí áíéïõóþí áëõóßäùí (åí óõíôïìßá, Ó.Á.Á.)

åðß ôïý X üôáí êÜèå áíéïýóá áëõóßäá óôïé·åßùí ôïý X åßíáé óôÜóéìç.

(ii) ËÝìå üôé ç  ðëçñïß ôç óõíèÞêç ôùí êáôéïõóþí áëõóßäùí (åí óõíôïìßá,

Ó.Ê.Á.) åðß ôïý X üôáí êÜèå êáôéïýóá áëõóßäá óôïé·åßùí ôïý X åßíáé óôÜóéìç.

7.2.3 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù X Ýíá ìç êåíü õðïóýíïëï ôïý
Subg() Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) Ç  ðëçñïß ôç Ó.Á.Á. åðß ôïý X åÜí êáé ìüíïí åÜí êÜèå ìç êåíü õðïóýíïëï ôïý
X äéáèÝôåé (ôïõëÜ·éóôïí ) Ýíá ìåãéóôéêü óôïé·åßï (ùò ðñïò ôçí ‘‘v'').
(ii) Ç  ðëçñïß ôç Ó.Ê.Á. åðß ôïý X åÜí êáé ìüíïí åÜí êÜèå ìç êåíü õðïóýíïëï ôïý
X äéáèÝôåé (ôïõëÜ·éóôïí ) Ýíá åëá·éóôéêü óôïé·åßï (ùò ðñïò ôçí ‘‘v'').
Áðïäåéîç. (i) ÕðïèÝôïõìå åí ðñþôïéò üôé ç  ðëçñïß ôç Ó.Á.Á. åðß ôïý X ÅÜí

∅ 6= Y ⊆ X ôüôå õðÜñ·åé êÜðïéï óôïé·åßï, áò ôï ðïýìå 1 åíôüò ôïý Y ÅÜí

ôï 1 åßíáé ìåãéóôéêü óôïé·åßï ôïý Y ôüôå Ý·åé êáëþò. ÅéäÜëëùò, èá õðÜñ·åé êÜ-

ðïéï2 ∈ Y ôÝôïéï þóôå íá éó·ýåé 1 v 2 ÅÜí ôï 2 åßíáé ìåãéóôéêü óôïé·åßï

ôïý Y ôüôå Ý·åé êáëþò. ÅéäÜëëùò, èá õðÜñ·åé êÜðïéï 3 ∈ Y ôÝôïéï þóôå íá

éó·ýåé 2 v 3 Åöáñìüæïíôáò êáô' åðáíÜëçøç ôçí ßäéá (åðáãùãéêÞ) óõëëïãé-

óôéêÞ ó·çìáôßæïõìå ìéá áíéïýóá áëõóßäá

1 v 2 v · · · v  v +1 v · · ·
õðïïìÜäùí ôÞò  áíçêïõóþí óôï Y ç ïðïßá åßíáé åî õðïèÝóåùò óôÜóéìç, Þôïé

õðÜñ·åé êÜðïéïò  ∈ N ãéá ôïí ïðïßï éó·ýåé  =  ãéá êÜèå öõóéêü áñéèìü

 ≥ Ç õðïïìÜäá ôÞò ïöåßëåé íá åßíáé ìåãéóôéêü óôïé·åßï ôïýYÐñÜãìáôé°

åÜí ç  åßíáé ïéáäÞðïôå õðïïìÜäá ôÞò  áíÞêïõóá óôï Y ãéá ôçí ïðïßá éó·ýåé

 v  ôüôå (ëüãù ôïý ôñüðïõ êáôáóêåõÞò ôÞò ùò Üíù áëõóßäáò) èá õðÜñ·åé

êÜðïéïò  ∈ N ìå v   ïðüôå½
 v  v   üôáí  ≤ 

 v  =   üôáí  ≥ 

¾
=⇒  = 

¢ñá ç  åßíáé üíôùò ìåãéóôéêü óôïé·åßï ôïý Y Êáé áíôéóôñüöùò° åÜí êÜèå ìç

êåíü õðïóýíïëï ôïý X äéáèÝôåé (ôïõëÜ·éóôïí) Ýíá ìåãéóôéêü óôïé·åßï (ùò ðñïò

ôçí ‘‘v''), èåùñÞóïõìå ôõ·ïýóá áíéïýóá áëõóßäá

1 v 2 v · · · v  v +1 v · · ·
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êáé õðïèÝóïõìå üôé ç  åßíáé ìåãéóôéêü óôïé·åßï ôïý óõíüëïõ {|  ∈ N} ôüôå
ãéá êÜèå öõóéêü áñéèìü  ≥  Ý·ïõìå  v  ïðüôå  =  Áõôü óçìáßíåé

üôé ç  ðëçñïß ôç Ó.Á.Á. åðß ôïý X

(ii) Ôïýôï áðïäåéêíýåôáé ðáñïìïßùò. ¤

7.2.4 Ðáñáäåßãìáôá. Åí ãÝíåé, ãéá ìéá ïìÜäá äåí õößóôáôáé áëëçëåîÜñôçóç ìå-

ôáîý ôÞò Ó.Á.Á. êáé ôÞò Ó.Ê.Á. åðß ôïýNSubg() Þ åðß ôïý (éäßïõ ôïý) Subg()

(i) ÅÜí ç  åßíáé ðåðåñáóìÝíç, ôüôå ðëçñïß ðñïöáíþò áìöüôåñåò ôéò óõíèÞêåò

ôüóïí åðß ôïýNSubg() üóïí êáé åðß ôïý Subg()

(ii) Ç Üðåéñç ðñïóèåôéêÞ êõêëéêÞ ïìÜäá (Z+) ðëçñïß ôç Ó.Á.Á. åðß ôïý

NSubg() = Subg(Z) =
2.2.19 (i)

{Z|  ∈ N0} 

äéüôé åÜí

1Z v 2Z v 3Z v · · · · · · v Z v +1Z v · · · · · ·

ãéá êÜðïéïõò 1 2   +1  ( ∈ N), ôüôå åßôå éó·ýåé  = 0∀ ∈ N åßôå
∃ ∈ N :  6= 0 Óôç äåýôåñç ðåñßðôùóç, ++1 | + ãéá êÜèå  ∈ N0 (Âë. ôï
(i) ôïý ðïñßóìáôïò 2.2.20.) ÅðïìÝíùò, ∃ ∈ N :  =  ãéá êÜèå öõóéêü áñéèìü

 ≥  (Ðñïöáíþò,  ≤ card(D) üðïõD åßíáé ôï óýíïëï ôùí èåôéêþí áêåñáßùí

äéáéñåôþí ôïý  Bë. B.2.34.) Áðü ôçí Üëëç ìåñéÜ, ç (Z+) äåí ðëçñïß ôç Ó.Ê.Á.

åðß ôïý Subg(Z) äéüôé ð.·. ç

· · · · · · @ 2+1Z @ 2Z @ · · · · · · @ 4Z @ 2Z @ Z

áðïôåëåß ìéá ìç óôÜóéìç êáôéïýóá áëõóßäá õðïïìÜäùí áõôÞò.

(iii) Ç Üðåéñç ðñïóèåôéêÞ áâåëéáíÞ ïìÜäá Z(∞) (âë. Üóêçóç 4-41) äåí ðëçñïß

ôç Ó.Á.Á. åðß ôïý NSubg(Z(∞)) = Subg(Z(∞)) äéüôé (óýìöùíá ìå ôï (vii)

ôÞò åí ëüãù áóêÞóåùò) ôï óýíïëï Subg(Z(∞))r{Z(∞)} ôùí ãíçóßùí õðïï-

ìÜäùí ôçò äåí äéáèÝôåé êáíÝíá ìåãéóôéêü óôïé·åßï ùò ðñïò ôç ó·Ýóç äéáôÜîåùò

‘‘v'' Ùóôüóï, ç Z(∞) ðëçñïß ôç Ó.Ê.Á. åðß ôïý Subg(Z(∞))ÐñÜãìáôé° åðåéäÞ

Ý·ïõìå Subg(Z(∞)) = {| ∈ N0}
`{Z(∞)} üðïõ := h− + Zi õðïï-

ìÜäá ôÜîåùò || =  åÜí õðïèÝóïõìå üôé õðÜñ·åé êÜðïéá ìç óôÜóéìç êá-

ôéïýóá áëõóßäá õðïïìÜäùí ôÞò Z(∞) ôüôå áõôÞ èá åßíáé ôÞò ìïñöÞò

· · · · · · @ +1 @  @ · · · · · · @ 3 @ 2 @ 1 @ 

üðïõ åßôå  = Z(∞) åßôå  = 0
(ãéá êÜðïéïí 0 ∈ N0) êáé |

| =  

ïðüôå · · ·  +1    · · ·  2  1 Ôïýôï üìùò åßíáé áäýíáôïí, êáèüôé

∃ ∈ N0:  ≤ 1 êáé = 0

(iv) Ç Üðåéñç ðñïóèåôéêÞ ïìÜäá (Q+) ôùí ñçôþí áñéèìþí äåí ðëçñïß êáìßá åê

ôùí óõíèçêþí åðß ôïýNSubg(Q) = Subg(Q) äéüôé ð.·. ç

1
2Z @ 1

4Z @ · · · · · · @ 1
2Z @ 1

2+1Z @ · · · · · ·
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áðïôåëåß ìéá ìç óôÜóéìç áíéïýóá35 êáé ç

· · · · · · @ 2+1Z @ 2Z @ · · · · · · @ 4Z @ 2Z @ Z @ Q

ìéá ìç óôÜóéìç êáôéïýóá áëõóßäá õðïïìÜäùí áõôÞò.

7.2.5 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  E  Ôüôå ôá áêüëïõèá åßíáé
éóïäýíáìá :

(i) Ç  ðëçñïß ôç Ó.Á.Á. (êáé áíôéóôïß·ùò, ôç Ó.Ê.Á.) åðß ôïý Subg(;)

(ii) Ç ðçëéêïïìÜäá  ðëçñïß ôç Ó.Á.Á. (êáé áíôéóôïß·ùò, ôç Ó.Ê.Á.) åðß ôïý
Subg()

Áðïäåéîç. (i)⇒(ii) ¸óôù 1 v 2 v · · · · · · v  v +1 v · · · · · · ôõ·ïýóá
áíéïýóá (êáé áíôéóôïß·ùò,

· · · · · · v +2 v +1 v  v · · · · · · v 2 v 1

ôõ·ïýóá êáôéïýóá) áëõóßäá óôïé·åßùí ôïý Subg()ÊáôÜ ôï ðüñéóìá 4.4.15,

 =  (êáé áíô.  = ) üðïõ  (êáé áíô. ) ∈ Subg(;)

ìå1 v 2 v · · · · · · v  v +1 v +2 v · · · · · ·  (êáé áíôéóôïß·ùò,

· · · · · · v +2 v +1 v  v · · · · · · v 2 v 1)

ãéá êÜèå  ∈ N Åî õðïèÝóåùò, ∃1 ∈ N (êáé áíôéóôïß·ùò, ∃2 ∈ N) ãéá ôïí ïðïßï

éó·ýåé  = 1 ãéá êÜèå öõóéêü áñéèìü  ≥ 1 (êáé áíôéóôïß·ùò,  = 2 ãéá

êÜèå öõóéêü áñéèìü  ≥ 2) ÅðïìÝíùò, =1 ãéá êÜèå öõóéêü áñéèìü  ≥ 1
(êáé áíôéóôïß·ùò,  = 2 ãéá êÜèå öõóéêü áñéèìü  ≥ 2)

(i)⇒(ii) Ôïýôï áðïäåéêíýåôáé ðáñïìïßùò. ¤

7.2.6 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  E  Ôüôå ôá áêüëïõèá åßíáé
éóïäýíáìá :

(i) Ç  ðëçñïß ôç Ó.Á.Á. (êáé áíôéóôïß·ùò, ôç Ó.Ê.Á.) åðß ôïýNSubg(;)

(ii) Ç ðçëéêïïìÜäá  ðëçñïß ôç Ó.Á.Á. (êáé áíôéóôïß·ùò, ôç Ó.Ê.Á.) åðß ôïý
NSubg()

Áðïäåéîç. Ðáíïìïéüôõðç åêåßíçò ôÞò ðñïôÜóåùò 7.2.5 (êáôüðéí åöáñìïãÞò ôïý

ðïñßóìáôïò 4.5.18). ¤

7.2.7 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  ÅÜí ç ðëçñïß ôç Ó.Á.Á.
(êáé áíôéóôïß·ùò, ôç Ó.Ê.Á.) åðß ôïý Subg() êáé ç  ðëçñïß ôç Ó.Á.Á. (êáé
áíôéóôïß·ùò, ôç Ó.Ê.Á.) åðß ôïý Subg() ôüôå ç  ðëçñïß ôç Ó.Á.Á. (êáé áíôé-
óôïß·ùò, ôç Ó.Ê.Á.) åðß ôïý Subg()

35ÅðåéäÞ @ ∈ Z : 1
2+1

= 
2
 Ý·ïõìå 1

2+1
∈ 1

2+1
Zr 1

2
Z ãéá êÜèå  ∈ N
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Áðïäåéîç. ÅÜí ç  ðëçñïß ôç Ó.Á.Á. åðß ôïý Subg() êáé ç  ðëçñïß ôç

Ó.Á.Á. åðß ôïý Subg() êáé èåùñÞóïõìå ôõ·ïýóá áíéïýóá áëõóßäá

1 v 2 v · · · · · · v  v +1 v +2 v · · · · · ·
óôïé·åßùí ôïý Subg() ôüôå ïé

1 ∩ v 2 ∩ v · · · · · · v  ∩ v +1 ∩ v · · · · · ·
1 v 2 v · · · · · · v  v +1 v +2 v · · · · · ·

åßíáé áíéïýóåò áëõóßäåò óôïé·åßùí ôùí Subg() êáé Subg(;) áíôéóôïß·ùò.

(Âë. ðñüôáóç 4.2.24.) ÅðåéäÞ ç  ðëçñïß (åî õðïèÝóåùò) ôç Ó.Á.Á. åðß ôïý

Subg()õðÜñ·åé êÜðïéïò 1 ∈ N ãéá ôïí ïðïßï éó·ýåé  ∩  = 1 ∩  ãéá

êÜèå öõóéêü áñéèìü  ≥ 1 ÅðåéäÞ (ëüãù ôïý äåõôÝñïõ óêÝëïõò ôÞò õðïèÝóåþò

ìáò êáé ôÞò ðñïôÜóåùò 7.2.5) ç ðëçñïß ôç Ó.Á.Á. åðß ôïý Subg(;) õðÜñ·åé

êÜðïéïò 2 ∈ N ãéá ôïí ïðïßï éó·ýåé = 2 ãéá êÜèå öõóéêü áñéèìü  ≥ 2

ÊáôÜ óõíÝðåéáí, áðü ôï (ii) ôÞò áóêÞóåùò 4-3 óõìðåñáßíïõìå üôé

[ ∩ =  ∩ êáé  = ] =⇒  = 

ãéá êÜèå öõóéêü áñéèìü  ≥  üðïõ  := max{1 2}¢ñá ç ðëçñïß ôç Ó.Á.Á.

êáé åðß (ïëïêëÞñïõ) ôïý Subg()Çáíôßóôïé·ç áðüäåéîç ìå ôç Ó.Ê.Á. (óôç èÝóç

ôÞò Ó.Á.Á.) åßíáé ðáñüìïéá. ¤

7.2.8 Óçìåßùóç. Ëüãù ôÞò ðñïôÜóåùò 7.2.6 ç ðñüôáóç 7.2.7 ðáñáìÝíåé åí éó·ý

üôáí óå áõôÞí ôá ‘‘Subg'' áíôéêáôáóôáèïýí ìå ‘‘NSubg''.

7.2.9 Ðñüôáóç. Ôï åîùôåñéêü åõèý ãéíüìåíï1×2 äõï ïìÜäùí1 2 ðëçñïß ôç
Ó.Á.Á. (êáé áíôéóôïß·ùò, ôç Ó.Ê.Á.) åðß ôïý Subg(1×2) åÜí êáé ìüíïí åÜí ç1
ðëçñïß ôçí ßäéá óõíèÞêç åðß ôïý Subg(1) êáé ç 2 åðß ôïý Subg(2)

Áðïäåéîç. ÅÜí ç Ó.Á.Á. éêáíïðïéåßôáé áðü ôçí1 åðß ôïýSubg(1) êáé áðü ôçí

2 åðß ôïý Subg(2) ôüôå éêáíïðïéåßôáé êáé áðü ôçí 1 = 1 × {2} åðß ôïý
Subg(1) êáé áðü ôçí 2 = {2

} ×2 åðß ôïý Subg(2) ÅðåéäÞ (óýìöùíá ìå

ôçí ðñüôáóç 7.1.2) (1 ×2)/1 ∼= 2 ∼= 2 ç (1 ×2)/1 ðëçñïß ôçí Ó.Á.Á.

åðß ôïý Subg((1 ×2) 1) ÅðåéäÞ üìùò êáé ç 1 ðëçñïß ôç Ó.Á.Á. åðß ôïý

Subg(1) ç ðñüôáóç 7.2.7 ìáò ðëçñïöïñåß üôé êáé ç 1 ×2 ðëçñïß ôç Ó.Á.Á.

åðß ôïý Subg(1 ×2)Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå üôé ç 1 ×2 ðëçñïß

ôç Ó.Á.Á. åðß ôïý Subg(1 ×2) ôüôå

Subg(1) ⊆ Subg(1 ×2) êáé Subg(2) ⊆ Subg(1 ×2)

ïðüôå êáé ç 1 ∼= 1 ðëçñïß ôçí ßäéá óõíèÞêç åðß ôïý Subg(1) êáé ç 2 ∼= 2
åðß ôïý Subg(2) Ç áíôßóôïé·ç áðüäåéîç ìå ôç Ó.Ê.Á. (óôç èÝóç ôÞò Ó.Á.Á.)

åßíáé ðáñüìïéá. ¤

7.2.10 Óçìåßùóç. Ëüãù ôÞò ðñïôÜóåùò 7.2.6 ç ðñüôáóç 7.2.9 ðáñáìÝíåé åí éó·ý

üôáí óå áõôÞí ôá ‘‘Subg'' áíôéêáôáóôáèïýí ìå ‘‘NSubg''.
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7.2.11 Ðñüôáóç. ÊÜèå ìç ôåôñéììÝíç ðåðåñáóìÝíç ïìÜäá åßíáé åßôå áö' åáõôÞò
áíáðïóõíèÝóéìç åßôå ôï åóùôåñéêü åõèý ãéíüìåíï ðåðåñáóìÝíïõ ðëÞèïõò áíáðï-
óõíèÝóéìùí ïñèüèåôùí õðïïìÜäùí ôçò.

Áðïäåéîç. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá ôÜîåùò || =:  ≥ 2 Èá åöáñ-

ìüóïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  ÅÜí  = 2

ôüôå  ∼= Z2 êáé ç  åßíáé áíáðïóõíèÝóéìç. (Âë. ôçí ðñüôáóç 2.3.19, ôï (ii) ôïý

èåùñÞìáôïò 2.4.23 êáé ôçí ðñüôáóç 7.1.34.) ÅÜí  ≥ 3 ôüôå õðïèÝôïõìå üôé ï

éó·õñéóìüò åßíáé áëçèÞò ãéá üëåò ôéò ìç ôåôñéììÝíåò ðåðåñáóìÝíåò ïìÜäåò ôÜîåùò

  ÅÜí ç  åßíáé áö' åáõôÞò áíáðïóõíèÝóéìç, ôüôå óôáìáôïýìå. ÅÜí ç  åßíáé

áðïóõíèÝóéìç, ôüôå õðÜñ·ïõí ìç ôåôñéììÝíåò ãíÞóéåò ïñèüèåôåò õðïïìÜäåò ôçò

êáé  ïýôùò þóôå íá éó·ýåé  =  ×åó.  Åí ôïéáýôç ðåñéðôþóåé, 2 ≤ ||  

êáé 2 ≤ ||   ïðüôå õðÜñ·ïõí   ∈ N    êáé ìç ôåôñéììÝíåò áíáðïóõíèÝ-

óéìåò ïñèüèåôåò õðïïìÜäåò 1   ôÞò  êáé +1  ôÞò  ôÝôïéåò þóôå

íá éó·ýåé = 1×åó. · · · ×åó.  êáé = +1×åó. · · · ×åó.  Óýìöùíá ìå ôï (i)

ôÞò ðñïôÜóåùò 7.1.39 ïé 1   åßíáé ïñèüèåôåò õðïïìÜäåò ôÞò  Ðñïöáíþò,

 = (1 ×åó. · · · ×åó. )×åó. (+1 ×åó. · · · ×åó. ) =
Q

=1

åó.

êáé ï éó·õñéóìüò åßíáé áëçèÞò êáé ãéá ôçí ßäéá ôçí  ¤

H ðñüôáóç 7.2.11 ãåíéêåýåôáé ùò áêïëïýèùò:

7.2.12 Èåþñçìá. ÅÜí ìéá ìç ôåôñéììÝíç ïìÜäá ( ·) ðëçñïß åßôå ôç Ó.Á.Á. åßôå
ôç Ó.Ê.Á. åðß ôïý NSubg() ôüôå ç  åßíáé åßôå áö' åáõôÞò áíáðïóõíèÝóéìç åßôå
ôï åóùôåñéêü åõèý ãéíüìåíï ðåðåñáóìÝíïõ ðëÞèïõò áíáðïóõíèÝóéìùí ïñèüèåôùí
õðïïìÜäùí ôçò.

Áðïäåéîç. Èá ·ñçóéìïðïéÞóïõìå «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé ç 

ðëçñïß (ôïõëÜ·éóôïí) ìßá åî áõôþí ôùí óõíèçêþí êáé äåí åßíáé ïýôå áö' åáõôÞò

áíáðïóõíèÝóéìç ïýôå ôï åóùôåñéêü åõèý ãéíüìåíï ðåðåñáóìÝíïõ ðëÞèïõò áíá-

ðïóõíèÝóéìùí ïñèüèåôùí õðïïìÜäùí ôçò. Èåùñïýìå ôï óýíïëï

U :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ ∈ NSubg()

¯̄̄̄
¯̄̄̄
¯̄
∃ ∈ NSubg() :  =  ×åó. 
êáé ç äåí åßíáé ïýôå áö' åáõôÞò

áíáðïóõíèÝóéìç ïýôå ôï åóùôåñéêü åõèý

ãéíüìåíï ðåðåñáóìÝíïõ ðëÞèïõò áíáðï-

óõíèÝóéìùí ïñèüèåôùí õðïïìÜäùí ôÞò 

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ 

Åî õðïèÝóåùò36,  ∈ U ïðüôå U 6= ∅ ¸óôù ôþñá ôõ·ïýóá  ∈ U H ïìÜäá 

åßíáé áðïóõíèÝóéìç, ïðüôå õðÜñ·ïõí    ∈ NSubg()r{{} } ôÝôïéåò
þóôå íá éó·ýåé

 =  ×åó.  (=  ×åó. )  (7.32)

36Áñêåß íá èÝóïõìå  := {}



§ 7.2 èåùñçìá ôùí krull, remak êáé schmidt 405

Óýìöùíá ìå ôï (i) ôÞò ðñïôÜóåùò 7.1.39, E  êáé  E  ÈÝôïíôáò

Γ :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ ∈ U

¯̄̄̄
¯̄̄̄
¯̄
 ∈ NSubg() ðïõ äåí åßíáé ïýôå

áö' åáõôÞò áíáðïóõíèÝóéìç ïýôå ôï

åóùôåñéêü åõèý ãéíüìåíï ðåðåñáóìÝíïõ

ðëÞèïõò áíáðïóõíèÝóéìùí

ïñèüèåôùí õðïïìÜäùí ôÞò 

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
ðáñáôçñïýìå üôé Γ 6= ∅ äéüôé åßôå  ∈ Γ åßôå  ∈ Γ  (ÐñÜãìáôé° åÜí áì-

öüôåñåò ïé êáé  äåí áíÞêáí óôï Γ  ôüôå áõôÝò èá Þôáí áíáðïóõíèÝóéìåò Þ

åóùôåñéêÜ åõèÝá ãéíüìåíá ðåðåñáóìÝíïõ ðëÞèïõò áíáðïóõíèÝóéìùí ïñèüèåôùí

õðïïìÜäùí ôÞò êÜôé ðïõ èá áíôÝêåéôï óôçí õðüèåóÞ ìáò üôé ∈ U) Óýìöùíá
ìå ôï áîßùìá ôÞò åðéëïãÞò, (Γ 6= ∅ ∀ ∈ U) ⇒ Q

∈U
Γ 6= ∅ ïðüôå õðÜñ·åé

ìéá áðåéêüíéóç

 : U −→
[
∈U

Γ  ìå  () ∈ Γ  ∀ ∈ U

Ëüãù ôÞò (7.32) ìðïñïýìå äß·ùò âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå üôé éó·ýåé

 () =   ∀ ∈ U êáé íá ïñßóïõìå ìéá áíáäñïìéêÞ áðåéêüíéóç t : N −→ U

ìÝóù ôùí ôýðùí

t (1) := 1 :=  t (+ 1) := (t ()) =: t() =: +1 ∀ ∈ N
üðïõ = ×åó.  ∀ ∈ NKáô' áõôüí ôïí ôñüðï ó·çìáôßæåôáé ìéá êáôéïýóá

ìç óôÜóéìç áëõóßäá

· · · · · · @ +2 @ +1 @  @ · · · · · · @ 2 @ 1 := 

óôïé·åßùí ôïý NSubg() Ùò åê ôïýôïõ, ç  äåí ìðïñåß íá ðëçñïß ôç Ó.Ê.Á.

åðß ôïý NSubg() ¼ìùò ç  äåí ìðïñåß íá ðëçñïß ïýôå ôç Ó.Á.Á. åðß ôïý

NSubg() äéüôé

 = 1 = 1
×åó. 1

= 2 ×åó. 1
= 2

×åó. 2
×åó. 1

= 3 ×åó. 2
×åó. 1

= 3
×åó. 3

×åó. 2
×åó. 1

= 4 ×åó. 3 ×åó. 2 ×åó. 1 = · · · · · · 
êáé, êáô' åðÝêôáóç,

 = +1 ×åó.  ×åó. −1 ×åó. · · · · · · ×åó. 2 ×åó. 1 (7.33)

êáé äçìéïõñãåßôáé ìéá áíéïýóá ìç óôÜóéìç áëõóßäá37

1 @ 2 × 1 @ · · · · · · @  × · · · × 1 @ +1 × · · · × 1 @ · · · · · ·
óôïé·åßùí ôïýNSubg() ¢ôïðï! ¤
37Åííïåßôáé üôé ôáõôßæïõìå ôçí×· · ·×1 ìå ôçí õðïïìÜäá {} ×åó. · · · ×åó. {}| {z }

−+1 öïñÝò

×åó.×· · ·×åó.1

ôÞò (7.33) ãéá êÜèå  ≤ 



406 åõèåá, çìéåõèåá êáé óôåöáíéáéá ãéíïìåíá

7.2.13 ËÞììá. ÅÜí ( ·) åßíáé ìéá ïìÜäá ðïõ ðëçñïß ôç Ó.Á.Á. åðß ôïýNSubg()
êáé  ∈ End() ôüôå

 ∈ Aut() ⇐⇒ ï  åßíáé åðéìïñöéóìüò.

Áðïäåéîç. Ç ‘‘⇒'' åßíáé ðñïöáíÞò. Ãéá ôçí ‘‘⇐'' áñêåß íá áðïäåßîïõìå üôé ï 

åßíáé êáé ìïíïìïñöéóìüò. Ðñïò ôïýôï èåùñïýìå ôçí áíéïýóá áëõóßäá

{} v Ker() v Ker(2) v · · · · · · v Ker( ) v Ker( +1) v · · · · · · (7.34)

óôïé·åßùí ôïý NSubg() ÁõôÞ ïöåßëåé íá åßíáé óôÜóéìç. ÅðïìÝíùò, ∃ ∈ N :

Ker() = Ker(+1)Ðñïöáíþò,

Im() = ⇒ Im(2) = 2() = (Im()) = () = Im() = 

êáé, êáô' åðÝêôáóç, Im() = () = −1(Im()) = · · · = () = Im() = 

ÅÜí  ∈ Ker() ôüôå () =  êáé ∃ ∈  :  = () ÊáôÜ óõíÝðåéáí,

 = () = +1()⇒  ∈ Ker(+1) = Ker()⇒  = () = 

ðñÜãìá ðïõ óçìáßíåé üôé Ker() = {} Þôïé üôé ï  åßíáé ìïíïìïñöéóìüò. (Âë.

ðñüôáóç 2.4.15.) ¤

7.2.14 ËÞììá. ÅÜí ( ·) åßíáé ìéá ïìÜäá ðïõ ðëçñïß ôç Ó.Ê.Á. åðß ôïýNSubg()
êáé ï  åßíáé Ýíáò ïñèüèåôïò åíäïìïñöéóìüò ôÞò  (âë. 7.1.35), ôüôå

 ∈ Aut() ⇐⇒ ï  åßíáé ìïíïìïñöéóìüò.

Áðïäåéîç. Ç ‘‘⇒'' åßíáé ðñïöáíÞò. Ãéá ôçí ‘‘⇐'' áñêåß íá áðïäåßîïõìå üôé ï 

åßíáé êáé åðéìïñöéóìüò. ÅðåéäÞ ï  åßíáé ïñèüèåôïò åíäïìïñöéóìüò ôÞò  ãéá

ïéáäÞðïôå   ∈  êáé ïéïíäÞðïôå  ∈ N Ý·ïõìå

 ()−1 = ( −1())−1 = ( −1()−1) = · · · =  (−1) ∈ Im( )

ïðüôå Im( ) E  Èåùñïýìå ôçí áíéïýóá áëõóßäá óôïé·åßùí ôïýNSubg()

· · · · · · v Im( +1) v Im( ) v · · · · · · v Im(2) v Im() v  (7.35)

ÁõôÞ ïöåßëåé íá åßíáé óôÜóéìç. ¢ñá ∃ ∈ N : Im() = Im(+1) ¸óôù ôõ·üí
 ∈ Ðñïöáíþò, ∃ ∈  : () = +1() ÅîÜëëïõ, ãéá êÜèå  ∈ Ker()

 = () = (−1())⇒ −1() ∈ Ker() =⇒
Ker()={}

−1() = 

⇒  = −1() = (−2())⇒ −2() ∈ Ker() =⇒
Ker()={}

−2() = 

=⇒ · · · =⇒ () =  ⇒  ∈ Ker() =⇒
Ker()={}

 = 

Ùò åê ôïýôïõ, Ker() = {} =⇒
2.4.15

ï  åßíáé ìïíïìïñöéóìüò êáé

() = +1() = (())⇒  = ()

¢ñá ï  åßíáé üíôùò åðéìïñöéóìüò. ¤
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7.2.15 Ïñéóìüò. ËÝìå üôé Ýíáò åíäïìïñöéóìüò  ìéáò ïìÜäáò ( ·) åßíáé ìçäå-
íïäýíáìïò åíäïìïñöéóìüò üôáí õðÜñ·åé êÜðïéïò  ∈ N ôÝôïéïò þóôå íá éó·ýåé

() =  ãéá êÜèå  ∈ 

7.2.16 Èåþñçìá. (ËÞììá ôïý Fitting, 1934) ÅÜí ( ·) åßíáé ìéá ïìÜäá ðïõ ðëç-
ñïß ôüóïí ôç Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß ôïý NSubg() êáé  Ýíáò ïñèüèåôïò
åíäïìïñöéóìüò ôçò, ôüôå éó·ýïõí ôá åîÞò :

(i) ÕðÜñ·åé êÜðïéïò  ∈ N ôÝôïéïò þóôå

 = Ker()×åó. Im(
)

(ii) Ïé ïìÜäåò Ker() êáé Im() åßíáé  -áíáëëïßùôåò 38.

(iii)Ï  |Ker() ∈End(Ker()) åßíáé ìçäåíïäýíáìïò êáé ï  |Im() ∈End(Im())
åðéññéðôéêüò åíäïìïñöéóìüò.

Áðïäåéîç39. (i) Ùò ãíùóôüí, Im( ) E  ∀ ∈ N êáé ïé áëõóßäåò (7.34) êáé

(7.35) ïöåßëïõí íá åßíáé óôÜóéìåò. ¢ñá õðÜñ·ïõí 1 2 ∈ N ôÝôïéïé þóôå íá

éó·ýåé Ker( ) = Ker(1) ãéá êÜèå öõóéêü áñéèìü  ≥ 1 êáé Im(
) = Im(2)

ãéá êÜèå öõóéêü áñéèìü  ≥ 2 ÈÝôïíôáò  := max{1 2} ðáñáôçñïýìå üôé

Ker( ) = Ker() êáé Im( ) = Im() (7.36)

ãéá êÜèå öõóéêü áñéèìü  ≥  ¸óôù ôõ·üí  ∈ Ker() ∩ Im() Ðñïöáíþò,
 = () ãéá êÜðïéï  ∈  êáé


2() = 

(()) = 
() =  ⇒  ∈ Ker(2) =

(7.36)
Ker()⇒  = 

() = 

ÅðïìÝíùò, Ker()∩ Im() = {}Áðü ôçí Üëëç ìåñéÜ, ãéá êÜèå  ∈  Ý·ïõìå

() ∈ Im() =
(7.36)

Im(2)⇒ ∃ ∈  : () = 2()

ïðüôå ((−1)) = ()2(−1) = ()2()−1 = ()()−1 = 
êáé

 = ((−1)| {z }
∈ Ker()

)( ()| {z }
∈ Im()

)

¢ñá  = (Ker())(Im()) êáé, ùò åê ôïýôïõ,  = Ker()×åó. Im(
)

(ii) Ôïýôï åßíáé ðñïöáíÝò, äéüôé áö' åíüò ìåí ãéá êÜèå  ∈ Ker() Ý·ïõìå

(()) = (()) = () =  ⇒ () ∈ Ker()

38Áõôü óçìáßíåé üôé ç åéêüíá ôïý ðõñÞíá Ker() (êáé áíôéóôïß·ùò, ôÞò Im()) ìÝóù ôïý  åßíáé õðïïìÜäá ôïý
Ker() (êáé áíôéóôïß·ùò, ôÞò Im()).

39Âë. Ç. Fitting: Über die direkten Produktzerlegungen einer Gruppe in direkt unzerlegbare Faktoren,
Math. Zeitschrift 39 (1934), 16-30
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áö' åôÝñïõ äå ãéá êÜèå  ∈ Im() õðÜñ·åé  ∈  :  = () ïðüôå

() = (()) = (()) ∈ Im()
(iii) ÅðåéäÞ () =  ãéá êÜèå  ∈ Ker() ï ( |Ker()) åßíáé ï ôåôñéììÝíïò

åíäïìïñöéóìüò (ï áðåéêïíßæùí üëá ôá óôïé·åßá ôïý ðõñÞíá Ker() óôï ). ¢ñá

ï  |Ker() åßíáé ìçäåíïäýíáìïò åíäïìïñöéóìüò ôïý Ker() ÅîÜëëïõ,

Im( |Im()) =  |Im() (Im()) = (Im()) = (())

= +1() = Im(+1) =
(7.36)

Im()

ïðüôå ï  |Im() åßíáé åðéññéðôéêüò åíäïìïñöéóìüò ôÞò Im() ¤

7.2.17 Ðüñéóìá. ÅÜí ( ·) åßíáé ìéá áíáðïóõíèÝóéìç ïìÜäá ðïõ ðëçñïß ôüóïí ôç
Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß ôïýNSubg() êáé  Ýíáò ïñèüèåôïò åíäïìïñöéóìüò
ôçò, ôüôå ï  åßíáé åßôå ìçäåíïäýíáìïò åßôå áõôïìïñöéóìüò.

Áðïäåéîç. Áðü ôï ëÞììá ôïý Fitting ãíùñßæïõìå üôé õðÜñ·åé êÜðïéïò  ∈ N
ôÝôïéïò þóôå íá éó·ýåé  = Ker() ×åó. Im(

) üðïõ ï  |Ker() åßíáé ìçäåíï-
äýíáìïò åíäïìïñöéóìüò ôïý Ker() êáé ï  |Im() åðéññéðôéêüò åíäïìïñöéóìüò
ôÞò Im() ÅðåéäÞ ç  åßíáé áíáðïóõíèÝóéìç, Ý·ïõìå åßôå Im() = {} åßôå

Ker() = {} Óôçí ðñþôç ðåñßðôùóç ï  =  |Ker() åßíáé ìçäåíïäýíáìïò.
Óôç äåýôåñç ðåñßðôùóç ï  =  |Im() åßíáé åðéññéðôéêüò åíäïìïñöéóìüò, ïðüôå
åßíáé áõôïìïñöéóìüò äõíÜìåé ôïý ëÞììáôïò 7.2.13. ¤

7.2.18 Óçìåßùóç. ¸óôù ( ·) ìéá ïìÜäá. Åßèéóôáé íá ·ñçóéìïðïéåßôáé ï ðñïóèå-
ôéêüò óõìâïëéóìüò

 × 3 (1 2) 7−→ 1 + 2 ∈ 

ãéá ôçí ðñÜîç ìÝóù ôÞò ïðïßáò ôï óýíïëï  ôùí áðåéêïíßóåùí  :  → 

êáèßóôáôáé (êáôÜ ôñüðï öõóéêü) ïìÜäá, üðïõ

(1 + 2) () := 1()2() ∀ ∈ 

(Ðñâë. 7.1.94 (ii).) Ôï ïõäÝôåñï óôïé·åßï 0 áõôÞò ôÞò ðñÜîåùò åßíáé ï ôåôñéììÝ-
íïò åíäïìïñöéóìüò ôÞò (ï áðåéêïíßæùí êÜèå óôïé·åßï ôÞò óôï ). ÅÜí ç åß-

íáé áâåëéáíÞ êáé áìöüôåñåò ïé 1 2 åßíáé åíäïìïñöéóìïß ôÞò ôüôå ç 1+2 åßíáé

åíäïìïñöéóìüò áõôÞò êáé ôï æåýãïò (End()+) õðïïìÜäá ôÞò
¡
+

¢
 (Ðñâë.

2.4.13 (ii).) ¼ôáí ç åßíáé ìç áâåëéáíÞ, ôïýôï ðáýåé íá éó·ýåé. Åðß ðáñáäåßãìáôé,

üôáí  := S3 êáé 1 := γ1  2 := γ2  ïé åóùôåñéêïß áõôïìïñöéóìïß

S3 3  7→ γ() :=  ◦   ◦ −1 ∈ S3  ∈ {1 2}
üðïõ 1 := [1 2 3]  2 := [1 3 2] = −11  ôüôå γ1 +γ2 ∈ End(S3) äéüôé Ý·ïõìå áö'

åíüò ìåí

(γ1 + γ2)([1 3]
2) = (γ1 + γ2)(id) = γ1(id) ◦ γ2(id) = id,
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áö' åôÝñïõ äå (óýìöùíá ìå ôïí êáôÜëïãï 3.2.2 ôÞò ðñÜîåùò ‘‘◦'' ôÞò S3)
((γ1 + γ2)([1 3]))

2 = (γ1([1 3]) ◦ γ2([1 3]))2
= (1 ◦ [1 3] ◦ 2 ◦ 2 ◦ [1 3] ◦ 1)2 = ([1 2] ◦ [2 3])2 = 21 = 2 6= id.

7.2.19 Ðñüôáóç. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí 1 2 ∈ End() ôüôå ïé áêüëïõèåò
óõíèÞêåò åßíáé éóïäýíáìåò :

(i) 1 + 2 ∈ End()

(ii) 12 = 21 ∀(1 2) ∈ Im(1)× Im(2)
(iii) [Im(1) Im(2)] = {}
Áðïäåéîç. (i)⇒(ii) ÅÜí (1 2) ∈ Im(1)×Im(2) ôüôå õðÜñ·åé (1 2) ∈ ×

ôÝôïéï þóôå íá éó·ýåé 1 = 1(1) êáé 2 = 2(2) Åî õðïèÝóåùò,

1(2)1(1)2(2)2(1) = 1(21)2(21) = (1 + 2) (21)

= (1 + 2) (2) (1 + 2) (1) = 1(2)2(2)1(1)2(1)

ïðüôå ïé íüìïé 2.1.9 (i) ôÞò äéáãñáöÞò äßäïõí

12 = 1(1)2(2) = 2(2)1(1) = 21

(ii)⇒(i) ¸óôù ôõ·üí æåýãïò (1 2) ∈ ×ÅðåéäÞ 1(1)2(2) = 2(2)1(1)

Ý·ïõìå (1 + 2) (21) = (1 + 2) (2) (1 + 2) (1)  ïðüôå 1+ 2 ∈ End()Ç

áìößðëåõñç óõíåðáãùãÞ (ii)⇔(iii) åßíáé ðñïöáíÞò. ¤

7.2.20 Óçìåßùóç. (i) ¼ôáí éó·ýåé 1 + 2 ∈ End() ôüôå 1 + 2 = 2 + 1 åíþ

ãéá êÜèå 3 ∈ End() Ý·ïõìå 1 ◦ 3 + 2 ◦ 3 = (1 + 2) ◦ 3 ∈ End() êáé,

áíôéóôïß·ùò, 3 ◦ 1 + 3 ◦ 2 = 3 ◦ (1 + 2) ∈ End()

(ii) Ãåíéêüôåñá, åÜí  ∈ N  ≥ 2 êáé 1   åßíáé åíäïìïñöéóìïß ôÞò  ôÝôïéïé
þóôå íá éó·ýåé  +  ∈ End() ãéá ïéïõóäÞðïôå   ∈ {1  }  6=  ôüôå ç

áðåéêüíéóç

P
=1

 ∈ 

µ
P

=1


¶
() := 1() · · · () ∀ ∈ 

áðïôåëåß Ýíáí åíäïìïñöéóìü ôÞò  êáé ãéá êÜèå  ∈ {1  − 1} éó·ýåé
P

=1
 =

µ
P

=1


¶
+

µ
P

=+1


¶


7.2.21 ËÞììá. ÅÜí 1 2 åßíáé äõï ïñèüèåôïé åíäïìïñöéóìïß ìéáò ïìÜäáò ( ·)
ôÝôïéïé þóôå 1 + 2 ∈ End()ôüôå êáé ï 1 + 2 åßíáé ïñèüèåôïò.

Áðïäåéîç. Ãéá êÜèå  ∈  Ý·ïõìå

γ ◦ (1 + 2) = γ ◦ 1 + γ ◦ 2 = 1 ◦ γ + 2 ◦ γ = (1 + 2) ◦ γ
ïðüôå ï 1 + 2 åßíáé üíôùò ïñèüèåôïò. ¤
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7.2.22 ËÞììá. ¸óôù ( ·) ìéá áíáðïóõíèÝóéìç ïìÜäá ðïõ ðëçñïß ôüóïí ôç Ó.Á.Á.
üóïí êáé ôç Ó.Ê.Á. åðß ôïý NSubg() ÅÜí 1 2 åßíáé äõï ïñèüèåôïé åíäïìïñöé-
óìïß ôÞò ôÝôïéïé þóôå 1+ 2 ∈Aut() ôüôå åßôå 1 ∈ Aut() åßôå 2 ∈ Aut()

Áðïäåéîç. ÅðåéäÞ ï 1 + 2 (âÜóåé ôïý ëÞììáôïò 7.2.21) åßíáé ïñèüèåôïò áõ-

ôïìïñöéóìüò ôÞò  ôüóïí ï (1 + 2)
−1

üóïí êáé ïé e1 := (1 + 2)
−1 ◦ 1e2 := (1 + 2)

−1 ◦ 2 ∈ End() åßíáé ïñèüèåôïé (äõíÜìåé ôùí ðñïôÜóåùí 7.1.36

êáé 7.1.37). ÓçìåéùôÝïí üôé e1+ e2 = (1 + 2)
−1 ◦(1 + 2) = id êáé üôé ãéá êÜèå

 ∈  éó·ýåé

( e1 ◦ e2)() = e1( e2()) = e1( e1(−1) e1() e2()) = e1( e1(−1)( e1 + e2)())
= e1( e1(−1) id()) = e1( e1(−1)) = e1( e1(−1)) e1() = e1( e1(−1)) id( e1())
= e1( e1(−1)) ( e1 + e2)( e1()) = e1( e1(−1)) e1( e1())( e2( e1()))
= e2( e1()) = ( e2 ◦ e1)()

ïðüôå e1 ◦ e2 = e2 ◦ e1 Áò õðïèÝóïõìå üôé êáíåßò åê ôùí e1 e2 äåí åßíáé áõôï-

ìïñöéóìüò ôÞò  Ôüôå áìöüôåñïé ïé e1 e2 åßíáé ìçäåíïäýíáìïé åíäïìïñöéóìïß

ôÞò  (âÜóåé ôïý ðïñßóìáôïò 7.2.17). Áõôü óçìáßíåé üôé õðÜñ·ïõí 1 2 ∈ N
ôÝôïéïé þóôå e11 = 0 êáé e22 = 0  ÅðïìÝíùò, e1 = 0 = e2  üðïõ
 := max{1 2} êáé40

id = id2 = ( e1 + e2)2 = 2P
=0

¡
2


¢
( e1) ◦ ( e2)2− = 0 

äéüôé ( e1) = 0  ∀ ∈ {  2} êáé ( e2)2− = 0  ∀ ∈ {1  } Ôïýôï
áíôßêåéôáé óôï üôé ç äåí åßíáé ôåôñéììÝíç. ¢ñá åßôå e1 ∈Aut() åßôå e2 ∈Aut()

êáé, êáô' åðÝêôáóç, åßôå 1 ∈ Aut() åßôå 2 ∈ Aut() ¤

7.2.23 Óõìâïëéóìüò. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé1 åßíáé  ïñèüèåôåò

õðïïìÜäåò ìéáò ïìÜäáò ( ·) ôÝôïéåò þóôå íá éó·ýåé  = 1 ×åó. · · · ×åó.  Ãéá

êÜèå  ∈ {1  } óõìâïëßæïõìå ùò 1

 :  −→  ôïí åíäïìïñöéóìü ôÞò 

ôïí ïñéæüìåíï ìÝóù ôïý ôýðïõ


1

 (12 · · ·) := 

üðïõ 1 ∈ 1   ∈  Þôïé ôç óýíèåóç


1

 := id|
◦ pr ◦ −11

ôÞò åìöõôåýóåùò id|
:  →  ôÞò -ïóôÞò öõóéêÞò ðñïâïëÞò

pr : 1 × · · · × −→ 

êáé ôïý áíôéóôñüöïõ ôïý éóïìïñöéóìïý

1 × · · · × 3 (1 2 ) 7−→
1

12 · · · ∈ 

(Âë. (7.28) êáé 7.1.85 (ii).)

40Ç ôñßôç éóüôçôá áðïäåéêíýåôáé åðáãùãéêþò êÜíïíôáò ·ñÞóç ôÞò e1 ◦ e2 = e2 ◦ e1
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7.2.24 ËÞììá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1 åßíáé  ïñèüèåôåò õðïï-
ìÜäåò ìéáò ïìÜäáò ( ·) ôÝôïéåò þóôå  = 1 ×åó. · · · ×åó.  Ï åíäïìïñöéóìüò
 := 

1

 ôÞò  åßíáé ïñèüèåôïò ãéá êÜèå  ∈ {1  } êáé  +  ∈ End()

ãéá ïéïõóäÞðïôå   ∈ {1  }  6=  ÅðéðñïóèÝôùò, ãéá   ∈ {1  }

 ◦  =
½
0  üôáí  6= 

 üôáí  = 

êáé
P

=1  = id

Áðïäåéîç. ÅÜí  ∈  êáé 1 ∈ 1   ∈  ôüôå ãéá êÜèå  ∈ {1  } Ý·ïõìå

((12 · · ·)−1) = ((1
−1| {z }

∈1

)(2
−1| {z }

∈2

) · · · (−1| {z }
∈

))

= 
−1 = ((12 · · ·))−1

ïðüôå ï åíäïìïñöéóìüò  åßíáé ïñèüèåôïò. Ãéá ïéïõóäÞðïôå   ∈ {1  }  6= 

éó·ýåé () =  () =   ÅðåéäÞ  =  ãéá ïéáäÞðïôå  ∈  êáé

 ∈  (âë. 7.1.79), ç áðåéêüíéóç + áðïôåëåß åíäïìïñöéóìü
41 ôÞò (äõíÜìåé

ôÞò ðñïôÜóåùò 7.2.19). ÅîÜëëïõ, ãéá   ∈ {1  } êáé 1 ∈ 1   ∈ 

¡
 ◦ 

¢
(12 · · ·) = () =

½
 üôáí  6= 

 üôáí  = 

êáé (
P

=1
)(12 · · ·) = 1(12 · · ·) · · · (12 · · ·) = 12 · · · ¤

7.2.25 Èåþñçìá. («Èåþñçìá ôùí Krull, Remak êáé Schmidt») ¸óôù ( ·) ìéá
ïìÜäá ðïõ ðëçñïß ôüóïí ôç Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß ôïý NSubg() ÅÜí
  ∈ N êáé1 1  åßíáé áíáðïóõíèÝóéìåò ïñèüèåôåò õðïïìÜäåò ôÞò
 ôÝôïéåò þóôå íá éó·ýåé  = 1 ×åó. · · · ×åó.  = 1 ×åó. · · · ×åó.  ôüôå  = 

êáé õðÜñ·åé ìåôÜôáîç  ∈ S êáèþò êáé Ýíáò ïñèüèåôïò áõôïìïñöéóìüò  ôÞò 
ìå (()) =  ãéá êÜèå  ∈ {1  } êáé

 = 1 ×åó. · · · ×åó.  ×åó. (+1) ×åó. · · · ×åó. ()

ãéá êÜèå 42  ∈ {1  − 1}
Áðïäåéîç. ¸óôù ÐÑ() ï áêüëïõèïò ðñïôáóéáêüò ôýðïò ìå óýíïëï áíáöïñÜò

ôïõ ôï { ∈ N0 | 0 ≤  ≤ min{ }}:

ÐÑ(0) :  = 1 ×åó. · · · ×åó. 

41ÓçìåéùôÝïí üôé ï åíäïìïñöéóìüò  +  åßíáé êáô' áíÜãêçí ïñèüèåôïò (áöïý áìöüôåñïé ïé  êáé  åßíáé ïñèü-

èåôïé).

42Ôïýôï ôï óõìðÝñáóìá åßíáé óáöþò éó·õñüôåñï ôïý üôé ïé åõèåßò ðáñÜãïíôåò åßíáé ðñïóäéïñßóéìïé ìÝ·ñéò éóïìïñöé-

óìïý. ÕðÜñ·åé ç äõíáôüôçôá áíôéêáôáóôÜóåùò åõèÝùí ðáñáãüíôùí ôÞò ìßáò ðáñáóôÜóåùò ìå êáôÜëëçëïõò åõèåßò

ðáñÜãïíôåò ôÞò Üëëçò.
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êáé ãéá43  ∈ {1 min{ }}:

ÐÑ() :

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∃ ∈ S êáé ïñèüèåôïò  ∈ Aut() ìå

(()) =

½
 üôáí  ∈ {1  }
() üôáí  ∈ {+ 1  }

êáé, ùò åê ôïýôïõ,

 =

½
1 ×åó. · · · ×åó.  ×åó. (+1) ×åó. · · · ×åó. () üôáí   

1 ×åó. · · · ×åó.  üôáí  = 

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Èá áðïäåßîïõìå åðáãùãéêþò üôé ãéá êÜèå  ∈ {0 1 min{ }} ï ÐÑ() åßíáé
áëçèÞò. ÅðåéäÞ åßíáé ðñïäÞëùò áëçèÞò ãéá  = 0 õðïèÝôïõìå üôé  ≥ 1 êáé üôé
áõôüò åßíáé ùóáýôùò áëçèÞò ãéá ôïí44 − 1:

ÐÑ(− 1):

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∃ ∈ S êáé ïñèüèåôïò −1 ∈ Aut() ìå

−1(()) =

½
 üôáí  ≥ 2  ∈ {1  − 1}
() üôáí  ∈ {  }

êáé, ùò åê ôïýôïõ,

 =

½
1 ×åó. · · · ×åó.  üôáí  = 1

1 ×åó. · · · ×åó. −1 ×åó. () ×åó. · · · ×åó. () 2 ≤  ≤ 

⎤⎥⎥⎥⎥⎥⎥⎥⎦
ÅéóÜãïõìå ôéò óõíôïìïãñáößåò  := 

1

 (ãéá êÜèå  ∈ {1  }) êáé

0 :=

⎧⎪⎨⎪⎩

1

  üôáí  = 1


1−1()()

  üôáí  ≥ 2

(ãéá êÜèå  ∈ {1  })Ðñïöáíþò, |
= id

êáé (âÜóåé ôïý ëÞììáôïò 7.2.24)

 ◦  =
½
0  üôáí  6= 

 üôáí  = 

¯̄̄̄
0 ◦ 0 =

½
0  üôáí  6= 

0  üôáí  = P
=1  = id

P
=1 

0
 = id êáé Im() = () = 

Im(0) = 0() =
½

  üôáí   

() üôáí  ≥ 

ãéá ïéïõóäÞðïôå äåßêôåò   ∈ {1  } êáé   ∈ {1  } ÓçìåéùôÝïí üôé

 ◦ 0 = 0  ∀ ∈ {1  − 1} (7.37)

43Áéôéïëüãçóç ôïý óõìðåñÜóìáôïò åíôüò ôïýÐÑ(): ÅðåéäÞ = 1×åó. · · ·×åó. = (1)×åó. · · ·×åó.()

(âë. 7.1.80), Ý·ïõìå

 = () = ((1) ×åó. · · · ×åó. ()) = ((1))×åó. · · · ×åó. (())

=

½
1 ×åó. · · · ×åó.  ×åó. (+1) ×åó. · · · ×åó. () üôáí   

1 ×åó. · · · ×åó.  üôáí  = 

44¼ôáí  = 1 èÝôïõìå 0 := id êáé  := id.
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(üôáí  ≥ 2), äéüôé ãéá êÜèå  ∈  Ý·ïõìå 0() ∈  êáé
45

( ◦ 0)() = ( ◦ id ◦ 0)() = ( ◦ (
P

=1 |
) ◦ 0)()

= ( ◦ 
¯̄

◦ 0)() = ( ◦ )(0()) = 0(0()) = 

ÅðïìÝíùò, ãéá  ≥ 1

 =  ◦ id =  ◦
Ã

P
=1

0

!
=

P
=1

¡
 ◦ 0

¢
=

(7.37)

P
=

¡
 ◦ 0

¢
 (7.38)

üðïõ ôüóïí ïé  ◦ 0 ãéá êÜèå  ∈ {  } üóïí êáé ïé  ◦ 0 +  ◦ 0 ãéá

ïéïõóäÞðïôå   ∈ {  }  6=  (üôáí   ) åßíáé ïñèüèåôïé åíäïìïñöéóìïß

ôÞò  (ëüãù ôÞò ðñïôÜóåùò 7.1.37 êáé ôïý ëÞììáôïò 7.2.21). ÅðåéäÞ

P
=

¡
 ◦ 0

¢¯̄


=
(7.38)

|
= id ∈ Aut()

Ý·ïõìå áö' åíüò ìåí ( ◦ 0)|
= id ∈ Aut() üôáí  =  áö' åôÝñïõ äå

P
=

¡
 ◦ 0

¢¯̄

= ( ◦ 0)|

+
P

∈{}r{}

¡
 ◦ 0

¢¯̄

= id ∈ Aut()

ãéá êÜèå  ∈ {  } üôáí    üðïõ áìöüôåñïé ïé ðñïóèåôÝïé åßíáé ïñèüèåôïé

åíäïìïñöéóìïß ôïý (Âë. 7.2.20 (ii) êáé 7.2.21.)

Óôç äåýôåñç ðåñßðôùóç, ëáìâÜíïíôáò õð' üøéí üôé ç åßíáé áíáðïóõíèÝóéìç

êáé ðëçñïß46 ôüóïí ôç Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß ôïý NSubg() åöáñìü-

æïõìå ôï ëÞììá 7.2.22 (ãéá ôçí !) êáé óõìðåñáßíïõìå üôé ôïõëÜ·éóôïí Ýíáò åê

ôùí áíùôÝñù ðñïóèåôÝùí ïöåßëåé íá åßíáé áõôïìïñöéóìüò ôÞò  ÊáôÜ óõíÝ-

ðåéáí, óå áìöüôåñåò ôéò ðåñéðôþóåéò,

∃ ∈ {  } : (|()
) ◦ (0|

) = ( ◦ 0)|
∈ Aut() (7.39)

ÅðéðñïóèÝôùò, åðåéäÞ ïé() êáé åßíáé åî õðïèÝóåùò áíáðïóõíèÝóéìåò êáé47

Im(0|
) E () áìöüôåñïé ïé ïìïìïñöéóìïß

|()
: () −→  êáé 0|

:  −→ ()

45Ç ôñßôç éóüôçôá Ýðåôáé áðü ôï üôé, ãéá  6=  ï ðåñéïñéóìüò | ôïý åíäïìïñöéóìïý  ∈ End() åðß ôÞò

åßíáé ôåôñéììÝíïò (êáèüóïí Im(| ) ⊆  ∩ = {}) êáé ç ðÝìðôç áðü ôï üôé  ◦  = 0 (êáèüóïí

  ).

46ÅðåéäÞ ç = 1×åó. · · ·×åó. 
∼=

7.1.85 (ii)
1×· · ·×

∼=
7.1.55 (ii), (iii)

× (
Q

∈{1}r {}
) ðëçñïß ôüóïí

ôç Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß ôïýNSubg() ç (ìå  ≤ ) ðëçñïß ôüóïí ôç Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß
ôïýNSubg() (Âë. 7.2.9 êáé 7.2.10.)

47ÅÜí  ∈  êáé  ∈() ôüôå 
0


¯̄
()

= id()  ïðüôå 
0
() =  êáé

(0
¯̄


())−1 = 
0
()

0
()

0
()

−1 = 
0
(

−1) ∈ Im(0
¯̄


)



414 åõèåá, çìéåõèåá êáé óôåöáíéáéá ãéíïìåíá

åßíáé éóïìïñöéóìïß. (Âë. ðñüôáóç 7.1.41.) ÉäéáéôÝñùò,

Ker(0|
) = Ker(0) ∩ = {} (7.40)

êáé (
() = 0() = 0(()) = (0 ◦ )()
 = (()) = (

0
()) = ( ◦ 0)()

)
(7.41)

Ió·õñéóìüò : Ç áðåéêüíéóç

 :=
P

∈{1}r{}
0 + ( ◦ 0) ∈ 

áðïôåëåß Ýíáí ïñèüèåôï áõôïìïñöéóìü ôÞò  ãéá ôïí ïðïßï éó·ýåé⎧⎨⎩
() =  üôáí 1 ≤  ≤ − 1
(()) = 

(()) = () üôáí 1 ≤  ≤  ≤  êáé  6= 

⎫⎬⎭ (7.42)

Óçìåéþíïõìå åí ðñþôïéò üôé áðü ôïí ïñéóìü ôùí 0   ∈ {1  } ðñïêýðôïõí ôá

åîÞò:

(i) ÅÜí  ≥ 2 êáé  ∈ {1  − 1} ôüôå ãéá êÜèå  ∈ {1  − 1} ëáìâÜíïõìå

0() =

½
 üôáí  = 

{} üôáí  6= 

(ii) ÅÜí  ≥ 1 êáé  ∈ {  } ôüôå ãéá êÜèå  ∈ {  } ëáìâÜíïõìå

0(()) =

½
() üôáí  = 

{} üôáí  6= 

(iii) ÅÜí  ≥ 2 ôüôå ( ◦ 0) () = {} ãéá êÜèå  ∈ {1  − 1}
(iv) ÅÜí  ≥ 1 ôüôå ãéá êÜèå  ∈ {  } ëáìâÜíïõìå

( ◦ 0) (()) =

(
(

0
(())) = (()) =

(7.41)
 üôáí  = 

{} üôáí  6= 

Ïé éóüôçôåò (7.42) Ýðïíôáé Üìåóá áðü ôá (i)-(iv). Áðü ôçí Üëëç ìåñéÜ, áðü ôï

ëÞììá 7.2.24 ãíùñßæïõìå üôé ïé 01 + 02 åßíáé ïñèüèåôïé åíäïìïñöéóìïß ôÞò ãéá

ïéïõóäÞðïôå 1 2 ∈ {1  }r{} 1 6= 2 Åðßóçò, ãéá êÜèå  ∈ {1  }r{}
ôï Üèñïéóìá 0 + ( ◦ 0) åßíáé åíäïìïñöéóìüò ôÞò  (êáô' áíÜãêçí ïñèüèåôïò

ëüãù ôÞò ðñïôÜóåùò 7.1.37 êáé ôïý ëÞììáôïò 7.2.21). ÐñÜãìáôé° åÜí    êáé

 ∈ Im( ◦0) =   ∈ Im(0) =   ôüôå ôï (b) (i) ôïý èåùñÞìáôïò 7.1.79 äßäåé

 =  EÜí  ≥   ∈ Im( ◦ 0) =  êáé  ∈ Im(0) = () ôüôå õðÜñ·åé

 ∈ () ìå  = () êáé (åðåéäÞ ï  åßíáé ïñèüèåôïò åíäïìïñöéóìüò ôÞò )

 = () = ( −1|{z}
∈()

|{z}
∈()

) = (
−1) = ()

−1 = −1 ⇒  = 
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¢ñá 0 + ( ◦ 0) ∈ End() ∀ ∈ {1  }r{} (Âë. 7.2.19 (ii)⇒(i).) Áðü ôá

ðñïáíáöåñèÝíôá ðñïêýðôåé üôé ç  åßíáé Ýíáò ïñèüèåôïò åíäïìïñöéóìüò ôÞò 

(Âë. 7.2.20 (ii) êáé 7.2.21.) ÅðåéäÞ (êáôÜ ôçí åðáãùãéêÞ ìáò õðüèåóç48)

 =

½
12 · · · üôáí  = 1

1 · · ·−1() · · ·() üôáí 2 ≤  ≤ 

ç åéêüíá ôÞò  ìÝóù ôïý  õðïëïãßæåôáé ìÝóù ôùí éóïôÞôùí (7.42):

() =

½
1 · · ·−11+1 · · · üôáí  = 1

1 · · ·−1() · · ·(−1)(+1) · · ·() üôáí 2 ≤  ≤ 

Åí ðñïêåéìÝíù,

Ker(0) = 1 · · ·−1+1 · · · = 1 ×åó. · · · ×åó. −1 ×åó. +1 ×åó. · · · ×åó. 

üôáí  = 1 êáé

Ker(0) = 1 · · ·−1() · · ·(−1)(+1) · · ·()

=

µ
−1Q
=1

åó.

¶
×åó.

Ã Q
∈{}r{}

åó.()

!
üôáí 2 ≤  ≤  Áðü ôçí (7.40) óõíÜãåôáé üôé

() = Ker(0)×åó. 

=
7.1.80

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 ×åó. · · · ×åó. −1 ×åó. 1 ×åó. +1 ×åó. · · · ×åó.  üôáí  = 1

µ
−1Q
=1

åó. 

¶
×åó.

Ã
−1Q
=

åó.()

!
×åó.  ×åó.

Ã
Q

=+1

åó. ()

!
 2 ≤  ≤ 

ÅÜí 2 ≤  ≤  êáé åÜí èåùñÞóïõìå ôõ·üí  ∈ Ker() ôüôå áõôü ãñÜöåôáé õðü ôç

ìïñöÞ

 = 12 · · ·−1+1 · · · 
üðïõ ôá 1 ∈ 1  −1 ∈ −1  ∈ ()   ∈ () åßíáé ìïíïóçìÜíôùò
ïñéóìÝíá êáé

() = (12 · · ·−1 · · ·  · · · ) = (1)(2) · · ·(−1)() · · ·() · · ·()
= 12 · · ·−1 · · · −1()+1 · · ·  =  =  · · · | {z }

 öïñÝò



ïðüôå 1 = · · · = −1 =  = · · · = −1 = () = +1 = · · · =  =  ÅðåéäÞ

() = |()
() =  êáé ï ðåñéïñéóìüò |()

éóïýôáé ìå ôïí éóïìïñöéóìü

|()
: () −→  Ý·ïõìå  =  ⇒  =  (Ðáñïìïßùò áðïäåéêíýåôáé üôé

Ker() = {} áêüìç êáé óôçí ðåñßðôùóç üðïõ  = 1) ÊáôÜ óõíÝðåéáí, ï ïñèü-

èåôïò åíäïìïñöéóìüò  ôÞò  åßíáé åíñéðôéêüò êáé, ùò åê ôïýôïõ, áõôïìïñöéóìüò

ôÞò  (ëüãù ôïý ëÞììáôïò 7.2.14) êáé ï éó·õñéóìüò åßíáé áëçèÞò49.

48¼ðùò Ý·åé Þäç ðñïáíáöåñèåß,  := id üôáí  = 1.
49ÓçìåéùôÝïí üôé  = () ïðüôå ç áíùôÝñù äïèåßóá ðáñÜóôáóç ôÞò () ùò åóùôåñéêïý åõèÝïò ãéíïìÝíïõ

áíáðïóõíèÝóéìùí õðïïìÜäùí áðïôåëåß ìéá ðáñÜóôáóç ôÞò ßäéáò ôÞò 
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ÁðïðåñÜôùóç ôÞò áðïäåßîåùò. Áðü ôçí åðáãùãéêÞ ìáò õðüèåóç õðÜñ·åé Ýíáò

ïñèüèåôïò áõôïìïñöéóìüò −1 ôÞò  ïýôùò þóôå íá éó·ýåé

−1(()) =

½
 üôáí  ∈ {1  − 1}
() üôáí  ∈ {  }

¼ôáí  =  èÝôïõìå  :=   åíþ üôáí  6=  oñßæïõìå ôçí  ∈ S ìÝóù ôïý ôýðïõ:

() :=

⎧⎨⎩
() üôáí  = 

() üôáí  = 

() üôáí  ∈ {1  }r{ }

Åí óõíå·åßá, èÝôïõìå  :=  ◦ −1 ∈ Aut() êáé ðáñáôçñïýìå üôé ï  åßíáé

ïñèüèåôïò (ëüãù ôÞò ðñïôÜóåùò 7.1.37) êáé üôé éêáíïðïéåß ôéò ó·Ýóåéò


¡
()

¢
= 

¡
−1(())

¢
= 

¡
−1(())

¢
= () = 

üôáí 1 ≤  ≤ − 1

¡
()

¢
= 

¡
−1(())

¢
= 

¡
−1(())

¢
= (()) = ()

üôáí + 1 ≤  ≤  êáé  6=  êáé


¡
()

¢
= 

¡
−1(())

¢
= (()) = () = ()


¡
()

¢
= 

¡
−1(())

¢
= (()) = 

¢ñá ï ÐÑ() åßíáé áëçèÞò ãéá êÜèå  ∈ {0 1 min{ }} ÅÜí    ôüôå ãéá
 =  ëáìâÜíïõìå

1 ×åó. · · · ×åó.  =  = 1 ×åó. · · · ×åó.  ×åó. (+1) ×åó. · · · ×åó. () (7.43)

ÅÜí    ôüôå ãéá  =  ëáìâÜíïõìå

1 ×åó. · · · ×åó.  =  = 1 ×åó. · · · ×åó.  (7.44)

ÅðåéäÞ üëïé ïé åõèåßò ðáñÜãïíôåò óôéò (7.43) êáé (7.44) åßíáé áíáðïóõíèÝóéìïé

(êáé, ùò åê ôïýôïõ, ìç ôåôñéììÝíïé), áõôÝò äåí åßíáé äõíáôüí íá éó·ýïõí. ÅðïìÝíùò

Ý·ïõìå êáô' áíÜãêçí  =  ÔÝëïò, èÝôïíôáò  :=  ëáìâÜíïõìå ôç æçôïýìåíç

éóüôçôá (()) =  ãéá êÜèå  ∈ {1  } ¤

7.2.26 Óçìåßùóç. Ôï èåþñçìá 7.2.25 äåí éó·ýåé êáô' áíÜãêçí ãéá Üðåéñåò ïìÜ-

äåò, ïé ïðïßåò äåí ðëçñïýí áìöüôåñåò ôéò Ó.Á.Á. êáé Ó.Ê.Á. åðß ôïý óõíüëïõ ôùí

ïñèüèåôùí õðïïìÜäùí ôïõò, áêüìç êé áí áõôÝò åßíáé ðåðåñáóìÝíùò ðáñáãüìåíåò.

¼ðùò áðÝäåéîå ï Gilbert Baumslag50 ôï 1975 ãéá ïéïõóäÞðïôå öõóéêïýò áñéèìïýò
  1 êáé   1 õößóôáôáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç Üðåéñç ïìÜäá ·ùñßò

óôñÝøç ìå ðáñáóôÜóåéò

1 ×åó. · · · ×åó.  =  = 1 ×åó. · · · ×åó. 

üðïõ 1 1  åßíáé áíáðïóõíèÝóéìåò ïñèüèåôåò õðïïìÜäåò ôçò, ôÝ-

ôïéåò þóôå À   ∀( ) ∈ {1  } × {1  }
50G. Baumslag: Direct decompositions of finitely generated torsion-free nilpotent groups, Mathematische Zeitschrift
147 (1975) 1-10
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7.2.27 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá ðïõ ðëçñïß ôüóïí ôç Ó.Á.Á. üóïí êáé ôç

Ó.Ê.Á. åðß ôïý NSubg() ËÝìå üôé ìéá ðáñÜóôáóç  = 1 ×åó. · · · ×åó. 

ôÞò  ùò åóùôåñéêïý ãéíïìÝíïõ  áíáðïóõíèÝóéìùí ïñèüèåôùí õðïïìÜäùí ôçò

1  åßíáé ïõóéùäþò ìïíïóçìÜíôùò ïñéóìÝíç üôáí ãéá ïéáäÞðïôå Üëëç

ïìïåéäÞ ðáñÜóôáóç  = 1 ×åó. · · · ×åó.  õðÜñ·åé ìéá ìåôÜôáîç  ∈ S ôÝ-

ôïéá þóôå íá éó·ýåé = () ãéá êÜèå  ∈ {1  }

7.2.28 Èåþñçìá. (ÊñéôÞñéï «ïõóéþäïõò ìïíáäéêüôçôáò») ¸óôù ( ·) ìéá ïìÜäá
ðïõ ðëçñïß ôüóïí ôç Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß ôïýNSubg() ÅÜí

 = 1 ×åó. · · · ×åó.  (7.45)

åßíáé ìéá ðáñÜóôáóç ôÞò  ùò åóùôåñéêïý ãéíïìÝíïõ  áíáðïóõíèÝóéìùí ïñèüèå-
ôùí õðïïìÜäùí ôçò1  üðïõ  ≥ 2 ôüôå ôá áêüëïõèá åßíáé éóïäýíáìá :
(i) H (7.45) åßíáé ïõóéùäþò ìïíïóçìÜíôùò ïñéóìÝíç.

(ii) Ãéá ïéïõóäÞðïôå   ∈ {1  }  6=  ï ìüíïò õöéóôÜìåíïò ïìïìïñöéóìüò
 −→ () åßíáé ï ôåôñéììÝíïò ïìïìïñöéóìüò.

Áðïäåéîç. Óýìöùíá ìå ôï ðüñéóìá 7.1.82, () E () ∀ ∈ {1  } êáé
() = (1)×åó. · · · ×åó. () (7.46)

(i)⇒(ii) Áò õðïèÝóïõìå üôé   ∈ {1  }  6=  åßíáé ôÝôïéïé, þóôå íá õößóôáôáé

êÜðïéïò ìç ôåôñéììÝíïò ïìïìïñöéóìüò  :  −→ () ÈÝôïõìåb := {()| ∈ } 
ÅðåéäÞ  ∈ b êáé ãéá  

0
 ∈   ∈  éó·ýåé

(()) (
0
(

0
))
−1 = ()(

0
)
−1(0)

−1 = ()((
0
)
−1)(0)

−1

=  ((
0
)
−1)| {z }

∈() (E())

(0)
−1 = (

0
)
−1| {z }

∈

((
0
)
−1| {z }

∈

) ∈ b

êáé

 ()| {z }
∈()

−1 = (−1)() = (−1)()

= (
−1)(−1) = (−1)()(−1) ()| {z }

∈()

= (
−1)()()(−1) = (

−1| {z }
∈

)(
−1| {z }

∈

) ∈ b

Ý·ïõìå b E  ÅðéðñïóèÝôùò, êÜèå óôïé·åßï  ∈  ãñÜöåôáé õðü ôç ìïñöÞ

 = 1 · · · · · · = 1 · · ·−1(()| {z }
∈ b

) (−1 )| {z }
∈()

+1 · · ·

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 · · ·−1 (−1 )| {z }
óôçí -ïóôÞ èÝóç

 · · · (()| {z }
∈ b

)+1 · · · üôáí   

1 · · ·−1(()| {z }
∈ b

) · · ·−1 (−1 )| {z }
óôçí -ïóôÞ èÝóç

 · · · üôáí   
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(ìå (−1 ) ∈ ), üðïõ 1 ∈ 1   ∈  ÅÜí

 ∈ b ∩ (1 · · ·−1+1 · · ·)

ôüôå  = () ãéá êÜðïéï  ∈  êáé

() ∈  ⇒ ()−1 ∈  ⊆ 1 · · ·−1+1 · · ·  ∈ 1 · · ·−1+1 · · ·

⇒  = ()−1 ∈ 1 · · ·−1+1 · · ·

ïðüôå  ∈  ∩ (1 · · ·−1+1 · · ·) = {} ⇒  =  ⇒  =  áð' üðïõ

ðñïêýðôåé üôé

 = 1 ×åó. · · · ×åó. −1 ×åó.
b ×åó. +1 ×åó. · · · ×åó. 

¢ñáç (7.45) äåí åßíáé ïõóéùäþò ìïíïóçìÜíôùò ïñéóìÝíç, äéüôé51 b 6= ¢ôïðï!

(ii)⇒(i) Áò õðïèÝóïõìå üôé ç (7.45) äåí åßíáé ïõóéùäþò ìïíïóçìÜíôùò ïñéóìÝíç,

äçëáäÞ üôé õößóôáôáé ìéá Üëëç ïìïåéäÞò ðáñÜóôáóç  = 1 ×åó. · · · ×åó.  ôÞò

 êáèþò êáé êÜðïéïò 0 ∈ {1  } ôÝôïéïò þóôå íá éó·ýåé 0 ∈ {1 }
Óýìöùíá ìå ôï èåþñçìá 7.2.25 õðÜñ·åé ìéá ìåôÜôáîç  ∈ S êáèþò êáé Ýíáò

ïñèüèåôïò áõôïìïñöéóìüò  ôÞò  ìå ((1)) = 1  (()) =  Þ, éóï-

äõíÜìùò, ìå −1(1) = (1)  
−1() = () Ãéá êÜèå  ∈ 0 éó·ýåé

−1−1() ∈ () ïðüôå (ëüãù ôÞò (7.46)) Ý·ïõìå −1−1() = 1 · · ·  ãéá êÜ-

ðïéá ìïíïóçìÜíôùò ïñéóìÝíá 1 ∈ (1)   ∈ () (Âë. 7.1.36, 7.1.38 (ii)

êáé 7.1.79.) Êáô' áõôüí ôïí ôñüðï äçìéïõñãåßôáé ìéá áðåéêüíéóç

0 3 
7−→  ∈ ()

ãéá êÜèå  ∈ {1  } ç ïðïßá åßíáé ïìïìïñöéóìüò ïìÜäùí, äéüôé ãéá e ∈ 0 ìåe−1−1(e) = e1 · · · e (üðïõ e1 ∈ (1)  e ∈ ()) ëáìâÜíïõìå

(e)−1 −1(e) = e−1 −1−1()| {z }
∈()

−1(e) = ¡−1−1()¢ ¡e−1−1(e)¢
= 1 · · ·  · · · e1 · · · e · · · e = 1e1 · · · e · · · e ⇒ (e) = ()(e)

ÅÜí ï  Þôáí ï ôåôñéììÝíïò ïìïìïñöéóìüò ãéá êÜèå  ∈ {1  }r{0} ôüôå ãéá
êÜèå  ∈ 0 èá ßó·õå

[() = ∀ ∈ {1  }r{0}]⇒ 
−1

−1() =  · · · 0 · · ·  = 0 ∈ (0)

ïðüôå èá åß·áìå −1() = 0 ∈ 0 ⇒ (0) = −1(0) ⊆ 0 êáé ï −1
¯̄
0

(óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 7.1.39) èá Þôáí ïñèüèåôïò åíäïìïñöéóìüò ôÞò

0 êáé, ùò åê ôïýôïõ, áõôïìïñöéóìüò52 ôÞò0 ìå

(0) = −1(0) = 0 

51Åî õðïèÝóåùò, ∃ ∈ r{} : () ∈ r{} áð' üðïõ Ýðåôáé üôé () ∈ ̂r (ÐñÜãìáôé° åÜí

ßó·õå () ∈  ôüôå èá åß·áìå () = 0 ãéá êÜðïéï óôïé·åßï 0 ∈  Þôïé () = −10 ∈  ∩  

üðïõ  ∩  ⊆  ∩ (1 · · ·−1+1 · · ·) = {} ⇒  ∩  = {} êáé èá óõìðåñáßíáìå üôé

() = )
52ÅðåéäÞ ç = 1 ×åó. · · · ×åó. 

∼=
7.1.85 (ii)

1 × · · · ×
∼=

7.1.55 (ii), (iii)
0 × (

Q
∈{1}r {0}

) ðëçñïß ôç

Ó.K.Á. åðß ôïýNSubg() ç0 ðëçñïß ôç Ó.K.Á. åðß ôïýNSubg(0 ) (Âë. 7.2.9 êáé 7.2.10.) ÅðïìÝíùò,

Ker(−1
¯̄̄
0

) = Ker(−1) ∩0 = {} =⇒
2.4.15


−1
¯̄̄
0

ìïíïìïñöéóìüò =⇒
7.2.14


−1
¯̄̄
0

∈ Aut(0 )
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êÜôé ðïõ èá áíôÝêåéôï óôï üôé 0 ∈ {1 } ¢ñá ôïõëÜ·éóôïí Ýíáò åê ôùí

ïìïìïñöéóìþí    ∈ {1  }r{0} ïöåßëåé íá åßíáé ìç ôåôñéììÝíïò. ¢ôïðï! ¤

7.2.29 Ðáñáäåßãìáôá. ¸óôù ( ·) ìéá ïìÜäá ðïõ ðëçñïß ôüóïí ôç Ó.Á.Á. üóïí

êáé ôç Ó.Ê.Á. åðß ôïýNSubg()

(i) ÅÜí () = {} ôüôå (ðñïöáíþò) êÜèå ðáñÜóôáóç (7.45) åßíáé ïõóéùäþò

ìïíïóçìÜíôùò ïñéóìÝíç.

(ii) ÅÜí ç ( ·) åßíáé ìéá ôÝëåéá ïìÜäá (âë. 5.5.4), ôüôå êÜèå ðáñÜóôáóç (7.45)

åßíáé ùóáýôùò ïõóéùäþò ìïíïóçìÜíôùò ïñéóìÝíç, äéüôé (óýìöùíá ìå ôï ðüñéóìá

7.1.83) Ý·ïõìå53

 = 0 =  0
1 ×åó. · · · ×åó. 

0
 ⇒ [ =  0

 ∀ ∈ {1  }]

ïðüôå ãéá   ∈ {1  }  6=   ∈ N 1 1     ∈  1   ∈ Z êáé ãéá
ïéïíäÞðïôå  ∈Hom( ()) éó·ýåé

(
Q

=1

[ ]
) =

Q
=1

([ ])
 =

Q
=1

[() ()]
 = 

êáèüóïí () () ∈ ()⇒ [() ()] = 

7.3 ÐÏÔÅ ÅÉÍÁÉ Ç Z× ÊÕÊËÉÊÇ;
¸óôù ∈ N  ≥ 2 êáé Ýóôù (Z× ·) ç ðïëëáðëáóéáóôéêÞ áâåëéáíÞ ïìÜäá

Z× = {[] ∈ Z |  ∈ N  ≤  ìêä () = 1}

ôùí áíôéóôñÝøéìùí êëÜóåùí éóïôéìßáò (Þ «êëÜóåùí õðïëïßðùí») êáôÜ ôï ìüäéï

 ôÜîåùò |Z×| = () üðïõ  ç óõíÜñôçóç ôïý Euler (âë. 2.1.7 (iii)). Åñþôçìá:

Ãéá ðïéïõò  åßíáé ç (Z× ·) êõêëéêÞ ; Ôï åñþôçìá áõôü åßíáé áìéãþò áñéèìïèåù-
ñçôéêÞò öýóåùò, êáèüóïí éóïäõíáìåß ìå ôçí áíáæÞôçóç åêåßíçò ôÞò éêáíÞò êáé

áíáãêáßáò óõíèÞêçò ðïõ èá ðñÝðåé íá ðëçñïýôáé, ïýôùò þóôå íá õðÜñ·åé ìéá

êëÜóç éóïôéìßáò ôÜîåùò () åíôüò ôÞò (Z× ·) (âë. ðñüôáóç 2.3.7). Åðß ðáñá-

äåßãìáôé, ïé Z×2  Z
×
3 êáé Z×4 åßíáé êõêëéêÝò (äéüôé Ý·ïõí ôÜîç ≤ 2 âë. 2.3.19), åíþ

ç Z×8 (üðùò äéáðéóôþóáìå óôï åäÜöéï 2.4.20 (ii)) äåí åßíáé êõêëéêÞ. ÐëÞñçò áðÜ-
íôçóç óôï åí ëüãù åñþôçìá äßäåôáé ìÝóù ôïý èåùñÞìáôïò 7.3.13. Ðáñüôé áõôü ôï

èåþñçìá ìðïñåß íá áðïäåé·èåß êÜíïíôáò ·ñÞóç ôå·íéêþí ìÝóùí ðñïåñ·ïìÝíùí

ìüíïí áðü ôç Óôïé·åéþäç Èåùñßá Áñéèìþí (êáé ç ðñþôç ôïõ áðüäåéîç åìöáíßæå-

ôáé óôéò åíüôçôåò 85-92 ôïý Ýñãïõ54 Disquisitiones Arithmeticae ôïý Carl Friedrich

Gauss (1777-1855) ôïý äçìïóéåõèÝíôïò óôá ËáôéíéêÜ ôï 1801), ç ðáñåìâïëÞ ïñé-

óìÝíùí ïìáäïèåùñçôéêþí áðïôåëåóìÜôùí åðéôá·ýíåé ïõóéùäþò ôçí áêïëïõèïý-

ìåíç áðïäåéêôéêÞ ðïñåßá.

53ÓçìåéùôÝïí üôé0 = (0
1×åó. · · ·×åó.

0
)
∼= (1

0
1)×· · ·×(

0
)ÅðåéäÞ = 0 ç óõíåðáãùãÞ

åßíáé ðñüäçëç.

54Âë. C.-F. Gauss: Disquisitiones Arithmeticae, translated from A. Clarke, Yale University Press, 1966, óåë. 55-61
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7.3.1 ËÞììá. ÅÜí  ∈ N  ≥ 2  1  ∈ Zr{0} êáé åÜí ïé 1  åßíáé
ó·åôéêþò ðñþôïé áíÜ äýï, ôüôå

ìêä(
Q

=1
) = 1⇐⇒ (ìêä( ) = 1∀ ∈ {1 }) (7.47)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï ðüñéóìá B.3.17. ¤

7.3.2 Èåþñçìá. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé12 åßíáé  ó·åôéêþò ðñþôïé
áíÜ äýï öõóéêïß áñéèìïß, ôüôå

Z× ∼= Z×1
× Z×2

× · · · × Z×
 (7.48)

üðïõ := 12 · · · Ùò åê ôïýôïõ, ç óõíÜñôçóç  ôïý Euler åßíáé «ðïëëáðëá-
óéáóôéêÞ», Þôïé éó·ýåé ç éóüôçôá

 () =  (1) (2) · · ·  () 

Ðñùôç áðïäåéîç. Èåùñïýìå ôçí

 : Z −→ Z1
⊕ Z2

⊕ · · ·⊕ Z
 [] 7−→ ([]) := ([]1

 []2
 []

)

¼ðùò ãíùñßæïõìå áðü ôçí áðüäåéîç ôïý èåùñÞìáôïò 7.1.62, ç  åßíáé ìéá áìöéñ-

ñéðôéêÞ áðåéêüíéóç. Ðñïöáíþò, ãéá ïéïíäÞðïôå  ∈ Z éó·ýïõí ïé áìößðëåõñåò

óõíåðáãùãÝò

[] ∈ Z× ⇔ ìêä() = 1⇐⇒
(7.47)

(ìêä() = 1 ∀ ∈ {1 })

⇐⇒ ([]) ∈ Z×1
× Z×2

× · · · × Z×


ÂÜóåé áõôþí ï ðåñéïñéóìüò  |Z× ôÞò  åðß ôïý Z× (ï ïðïßïò åßíáé ìéá Ýíñéøç) Ý·åé

ùò åéêüíá ôïõ ôï åõèý ãéíüìåíï

Im( |Z×) = Z×1
× Z×2

× · · · × Z×


ÊáôÜ óõíÝðåéáí, ç åðáãïìÝíç áðåéêüíéóç

̂ : Z× −→ Z×1
× Z×2

× · · · × Z×
 [] 7−→ ̂([]) := ([])

åßíáé áìöéññéðôéêÞ. ÅðåéäÞ ãéá ïéïõóäÞðïôå   ∈ Z éó·ýïõí ïé éóüôçôåò

̂([] []) = ̂([]) = ([]1
 []2

 []
)

= ([]1
[]1

 []2
[]2

 []
[]

)

= ([]1
 []2

 []
)([]1

 []2
 []

) = ̂([])̂([])

ç ̂ åßíáé ïìïìïñöéóìüò ðïëëáðëáóéáóôéêþí(!) ïìÜäùí êáé, âÜóåé ôùí ðñïáíá-

öåñèÝíôùí, éóïìïñöéóìüò.
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Äåõôåñç áðïäåéîç. ÌÝóù ôïý èåùñÞìáôïò 7.1.62 êáé ôÞò ðñïôÜóåùò 7.1.76 óõ-

íÜãåôáé üôé

Z ∼= Z1 ⊕ · · ·⊕ Z ⇒ Aut(Z) ∼= Aut(Z1)× · · · ×Aut(Z) (7.49)

Áðü ôçí Üëëç ìåñéÜ, êáôÜ ôï (ii) ôïý èåùñÞìáôïò 2.4.32,

Aut(Z) ∼= Z× Aut(Z1)
∼= Z×1

 Aut(Z)
∼= Z×

 (7.50)

Ïé (9.46) êáé (9.47), êáé ôï (v) ôÞò ðñïôÜóåùò 7.1.55 äéáóöáëßæïõí ôçí ýðáñîç

åíüò éóïìïñöéóìïý (7.48). ¤

7.3.3 Ðüñéóìá. ¸óôù  = 11 22 · · ·    ∈ N ç êáíïíéêÞ ðáñÜóôáóç (B.19)

åíüò öõóéêïý áñéèìïý ≥ 2 ùò ãéíïìÝíïõ (äõíÜìåùí) óáöþò äéáêåêñéìÝíùí ðñþ-
ôùí áñéèìþí 1  ìå 1  · · ·   (üôáí  ≥ 2) êáé 1  ∈ N Ôüôå

Z× ∼= Z×11 × Z×

2
2

× · · · × Z×





Ùò åê ôïýôïõ,

 () =
Y

=1

(

 ) =

Y
=1

(

 − 

−1
 ) = 

Y
=1

µ
1− 1



¶


Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï ðüñéóìá B.2.13, ôï èåþñçìá 7.3.2 êáé ôï ëÞììá

B.4.19. ¤

7.3.4 Óõìâïëéóìüò. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ãéá êÜèå  ∈ N ìå  |  − 1
óõìâïëßæïõìå ùò

N() := card
³n
[] ∈ Z×

¯̄̄
ord([]) = 

o´
ôï ðëÞèïò ôùí óôïé·åßùí ôÞò Z× ðïõ Ý·ïõí ôÜîç ßóç ìå 

7.3.5 ËÞììá. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ôüôå éó·ýïõí ôá åîÞò :

(i)
P

∈D−1
N() = − 1 üðïõD−1 := { ∈ N :  | − 1} (ðñâë. B.2.34)

(ii) Ãéá êÜèå  ∈ N ìå  | − 1 áëçèåýåé ç óõíåðáãùãÞ

N() ≥ 1 =⇒ N() =  () 

(iii) Ãéá êÜèå  ∈ N ìå  | − 1 Ý·ïõìåN() ≤  () 

Áðïäåéîç. (i) Ôïýôï åßíáé ðñïöáíÝò, äéüôé  − 1 = ¯̄
Z×
¯̄
êáé êÜèå óôïé·åßï ôÞò

ïìÜäáò
¡
Z×  ·

¢
Ý·åé ùò ôÜîç ôïõ êÜðïéïí (èåôéêü áêÝñáéï) äéáéñÝôç ôïý − 1 (âë.

ðüñéóìá 4.1.27).
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(ii)¼ôáíN() ≥ 1 õðÜñ·åé êÜðïéï óôïé·åßï, áò ôï ðïýìå [] ∈ Z×  ôÜîåùò Ôï
[] áðïôåëåß ìéá ëýóç ôÞò ðïëõùíõìéêÞò åîéóþóåùò X− [1] = [0] Ðñïöáíþò,

ëüãù ôïý ðïñßóìáôïò 4.1.28 Ý·ïõìå

([]

)
 =

h

i

= [1]  ∀ ∈ {0 1 − 1}

Áõôü óçìáßíåé üôé õðÜñ·ïõí ôïõëÜ·éóôïí  (óáöþò äéáêåêñéìÝíåò) ëýóåéò55 ôÞò

åîéóþóåùò X − [1] = [0] áíÞêïõóåò óôï óþìá Z Áðü ôçí Üëëç ìåñéÜ, ôï

ðïëõþíõìï X − [1] ∈ Z[X] Ý·åé âáèìü  Óýìöùíá ìå ôï ðüñéóìá C.2.27, ôï

X − [1] Ý·åé ôï ðïëý  èÝóåéò ìçäåíéóìïý áíÞêïõóåò óôï óþìá Z ÊáôÜ óõ-

íÝðåéáí, ôï X − [1] Ý·åé áêñéâþò  èÝóåéò ìçäåíéóìïý áíÞêïõóåò óôï óþìá Z
ÅðåéäÞ êÜèå óôïé·åßï ôÜîåùò  åíôüò ôÞò ïìÜäáò Z× áðïôåëåß ëýóç ôÞò åîéóþ-

óåùò X − [1] = [0] êáé [1] 6= [0]  ôá ìüíá óôïé·åßá ôÞò ïìÜäáò Z× ðïõ Ý·ïõí

ôÜîç  åßíáé ïé äõíÜìåéò []   ∈ {0 1 − 1} ðïõ Ý·ïõí ôÜîç  ÅðïìÝíùò,n
[] ∈ Z×

¯̄̄
ord([]) = 

o
=
n
[]

¯̄̄
 ∈ {0 1 − 1} ord([]) = 

o


ËáìâÜíïíôáò õð' üøéí üôé

ord([]

) =

ord([])

ìêä(ord([]) )
=



ìêä ( )

(âë. ðüñéóìá 2.3.11) êáé üôé ôï ôåëåõôáßï êëÜóìá éóïýôáé ìå  åÜí êáé ìüíïí åÜí

ìêä( ) = 1 óõìðåñáßíïõìå üôén
[] ∈ Z×

¯̄̄
ord([]) = 

o
=
n
[]




¯̄̄
 ∈ {0 1 − 1} ìêä ( ) = 1

o


áð' üðïõ ðñïêýðôåé üôéN() =  () 

(iii) Ëüãù ôïý (ii), ãéá êÜèå  ∈ N ìå  | − 1 Ý·ïõìåN() ∈ {0  ()}  áð' üðïõ
Ýðåôáé ç áíéóïúóüôçôáN() ≤  ()  ¤

7.3.6 ËÞììá. Ãéá êÜèå ∈ N éó·ýåé ç éóüôçôáP
∈D

 () =  (7.51)

üðïõ D := { ∈ N :  | } (âë. B.2.34). ÉäéáéôÝñùò, ãéá êÜèå ðñþôï áñéèìü 
éó·ýåé ç éóüôçôá P

∈D−1
 () = − 1 (7.52)

Áðïäåéîç. Âë. ðñüôáóç B.4.31. ¤

7.3.7 Ðñüôáóç. Ãéá êÜèå ðñþôï áñéèìü  ç ïìÜäá
¡
Z×  ·

¢
åßíáé êõêëéêÞ.

55Ãéá ïéïõóäÞðïôå  0 ∈ {0 1  − 1} ìå   0 Ý·ïõìå [] 6= []
0
  äéüôé åÜí õðïèÝôáìå üôé [] = []

0
 èá

Ýðñåðå íá éó·ýåé []− = [1]  Þôïé êÜôé ðïõ åßíáé áäýíáôï, áöïý ord([]) =  êáé  − 0  
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Áðïäåéîç. ÊáôÜ ôï 7.3.5 (iii), ãéá êÜèå  ∈ N ìå  |  − 1 Ý·ïõìå N() ≤  () 

ÊáôÜ óõíÝðåéáí, ôï 7.3.5 (i) äßäåé

− 1 = P
∈D−1

N() ≤
P

∈D−1
 ()  (7.53)

ÅðåéäÞ (ëüãù ôÞò (7.52)) ôï äåîéü ìÝëïò ôÞò áíéóïúóüôçôáò (7.53) éóïýôáé ùóáýôùò

ìå  − 1 üëåò ïé áíéóïúóüôçôåò N() ≤  () ïöåßëïõí íá éó·ýïõí ôáõôï·ñüíùò
ùò éóüôçôåò ! ÉäéáéôÝñùò, ãéá  =  − 1 ëáìâÜíïõìå N( − 1) =  (− 1) ≥ 1
ïðüôå õößóôáôáé ôïõëÜ·éóôïí Ýíá óôïé·åßï ôÞò Z× ðïõ Ý·åé ôÜîç ßóç ìå

− 1 =  () =
¯̄
Z×
¯̄

êáé, ùò åê ôïýôïõ, ç
¡
Z×  ·

¢
åßíáé êõêëéêÞ åðß ôç âÜóåé ôÞò ðñïôÜóåùò 2.3.7. ¤

7.3.8 ËÞììá. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ôüôå ãéá áêåñáßïõò áñéèìïýò    
éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  ∈ {1 − 1} ôüôå  | ¡


¢


(ii) ÅÜí  ≥ 1 êáé  ≡ (mod ) ôüôå  ≡ (mod +1)

(iii) ÅÜí  ≥ 2 êáé ï  åßíáé ðåñéôôüò, ôüôå (1 + )
−2 ≡ (1 + −1)(mod )

(iv) ÅÜí  ≥ 2 êáé ï  åßíáé ðåñéôôüò ìå  -  ôüôå

(1 + )
−1 ≡ 1(mod ) êáé (1 + )

−2 6≡ 1(mod )

Áðïäåéîç. (i) Âë. ëÞììá B.4.10.

(ii) ÅÜí ∃ ∈ Z :  = +   ôüôå

 = (+ ) =
P

=0

¡



¢
−()

=  +
¡

1

¢
−1 +

¡

2

¢
−222 + · · ·+ ¡ 

−1
¢
−1(−1) + 

=  + 
³¡


1

¢
−1+

¡

2

¢
−2()2 + · · ·+ ¡ 

−1
¢
()−1 + (−1)

´


ÅðåéäÞ (êáôÜ ôï (i))  | ¡


¢
ãéá êÜèå  ∈ {1 − 1} Ý·ïõìå +1 | − 

(iii) Èá ·ñçóéìïðïéÞóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  Ãéá  = 2 ç éóï-

ôéìßá åßíáé ðñïäÞëùò áëçèÞò. ÕðïèÝôïõìå üôé áõôÞ åßíáé ùóáýôùò áëçèÞò ãéá

êÜðïéïí  ≥ 2 Þôïé üôé éó·ýåé (1 + )
−2 ≡ (1 + −1)(mod ) Êáôüðéí

åöáñìïãÞò ôïý (ii) (ìå ôï (1 + )
−2

óôç èÝóç ôïý åêåß ðáñáôåèÝíôïò  êáé ìå

ôï 1 + −1 óôç èÝóç ôïý åêåß ðáñáôåèÝíôïò ) ëáìâÜíïõìå

(1 + )
−1

=
³
(1 + )

−2´ ≡ ¡1 + −1
¢
(mod +1)
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ÅðåéäÞ ¡
1 + −1

¢
=

P
=0

¡



¢
(−1)

= 1 +  + +1

Ã
1
2
2(− 1)−2 +

P
=3

¡



¢
(−1)−(+1)

!
ìå ( − 1)− ( + 1) ≥ 0 ãéá êÜèå  ∈ {3 } Ý·ïõìå

(1 + )
−1 ≡ (1 + )(mod +1)

ïðüôå ç éóïôéìßá åßíáé áëçèÞò êáé ãéá ôïí  + 1

(iv) ÅÜí  ≥ 2 ôüôå åöáñìüæïíôáò ôï (iii) ãéá ôïí  + 1 ëáìâÜíïõìå

(1 + )
−1 ≡ (1 + )(mod +1)⇒ +1 | (1 + )

−1 − (1 + )

ïðüôå

 | (1 + )
−1 − 1− 

 | 
)

=⇒
B.1.5 (vi)

 | (1 + )
−1 − 1

ÔÝëïò, (1 + )
−2 ≡

(iii)
(1 + −1)(mod ) 6≡ 1(mod ) äéüôé  -  ¤

7.3.9 Ðñüôáóç. ÅÜí  ∈ N  ≥ 2 êáé åÜí ï  åßíáé Ýíáò ðåñéôôüò ðñþôïò áñéèìüò,
ôüôå ç ïìÜäá (Z×  ·) åßíáé êõêëéêÞ.

Áðïäåéîç. ÅðåéäÞ
¯̄
Z×

¯̄
= () = −1( − 1) êáé56 ìêä(−1  − 1) = 1 ôï

èåþñçìá 7.1.49 ìáò ðëçñïöïñåß üôé õðÜñ·åé ìßá êáé ìüíïí õðïïìÜäá  ôÞò Z×
ôÜîåùò −1 êáé ìßá êáé ìüíïí õðïïìÜäá ôÞò Z× ôÜîåùò − 1 ïýôùò þóôå íá
éó·ýåé

Z× =  ×åó.  ∼=  ×

Áñêåß ëïéðüí (ëüãù ôïý ðïñßóìáôïò 7.1.66) íá áðïäåßîïõìå üôé áìöüôåñåò ïé

åßíáé êõêëéêÝò. Ãéá ôçí êëÜóç éóïôéìßáò [1 + ] Ý·ïõìå (ìÝóù ôïý (iv) ôïý ëÞì-

ìáôïò 7.3.8 ãéá  = 1)

([1 + ] )
−1 = [1] êáé ([1 + ] )

−2 6= [1] 
Áðü ôçí áíùôÝñù éóüôçôá ðñïêýðôåé (ëüãù ôÞò ðñïôÜóåùò 2.3.8) üôé ç ôÜîç

ord([1 + ] ) ôïý óôïé·åßïõ [1 + ] ôÞò Z× äéáéñåß ôïí −1 ÊáôÜ óõíÝðåéáí,

êáôÜ ôï ëÞììá B.3.14, ∃ ∈ {0 1  − 1} : ord([1 + ] ) =  ÕðïèÝôïíôáò üôé

   − 1 êáôáëÞãïõìå óå Üôïðï, êáèüóïí
([1 + ] )

 = [1] ⇒ ([1 + ] )
−2 = (([1 + ] )

)
−2−

= [1] 

56ÊáôÜ ôï (iii) ôÞò ðñïôÜóåùò B.2.14, ìêä(  − 1) = ìêä( − ( − 1)  − 1) = ìêä(1  − 1) = 1 áð' üðïõ
Ýðåôáé üôé ìêä(−1 − 1) = 1 (ìÝóù ôïý ðïñßóìáôïò B.2.13).



§ 7.3 ðïôå åéíáé ç Z× êõêëéêç; 425

Ùò åê ôïýôïõ, ord([1 + ] ) = −1 êáé ç  åßíáé êõêëéêÞ (âë. 2.3.7). Åðéðñï-

óèÝôùò, ôï 1ï èåþñçìá éóïìïñöéóìþí 4.5.2, åöáñìïæüìåíï ãéá ôïí åðéìïñöéóìü

ïìÜäùí  : (Z×  ·) −→ (Z×  ·) [] 7−→ ([] ) := []  äßäåé Z
×
 /Ker() ∼= Z× 

ïðüôå ¯̄
Z×

¯̄
|Ker()| =

−1(− 1)
|Ker()| =

¯̄
Z×
¯̄
= − 1⇒ |Ker()| = −1

ÅðåéäÞ ç  åßíáé ç ìüíç õðïïìÜäá ôÞò Z× ôÜîåùò −1 Ý·ïõìå êáô' áíÜãêçí

Ker() =  ÄõíÜìåé ôÞò ðñïôÜóåùò 7.1.29,

Z× =  ×åó.  ⇒  ∼= Z× = Z×Ker() ∼= Z× 

ÅðåéäÞ ç Z× (êáôÜ ôçí ðñüôáóç 7.3.7) åßíáé êõêëéêÞ, ç åßíáé ùóáýôùò êõêëéêÞ.

(Âë. 2.4.19 (iii).) ¤

7.3.10 Ðñüôáóç. ÅÜí  ∈ N êáé åÜí ï  åßíáé Ýíáò ðåñéôôüò ðñþôïò áñéèìüò, ôüôå
ç ïìÜäá (Z×2  ·) åßíáé êõêëéêÞ.

Áðïäåéîç. ÅðåéäÞ ìêä(2 ) = ìêä(2 ) = 1 Ý·ïõìå Z2 ∼= Z2 ⊕ Z (ìÝóù

ôïý èåùñÞìáôïò 7.1.64), ïðüôå ôï ðüñéóìá 7.3.3 äßäåé Z×2 ∼= Z×2 × Z× ∼= Z× 
Ï ôåëåõôáßïò éóïìïñöéóìüò ïöåßëåôáé óôï üôé ç Z×2 åßíáé ôåôñéììÝíç. (Âë. 7.1.55

(iv).) Ëüãù ôÞò ðñïôÜóåùò 7.3.9 ç Z×2 åßíáé êõêëéêÞ. (Âë. 2.4.19 (iii)). ¤

7.3.11 ËÞììá. ÅÜí  ∈ N  ≥ 2 ôüôå éó·ýïõí ôá åîÞò :
(i) Åíôüò ôÞò (Z×

2
 ·) Ý·ïõìå ord([5]2) = 2−2

(ii) Ãéá ïéïõóäÞðïôå   ∈ N0 0 ≤    2−2  6=  éó·ýåé (åíôüò ôÞò (Z×
2
 ·))£±5¤

2
6= £±5¤

2
(⇐⇒ ±5 6≡ ±5(mod 2))

Áðïäåéîç. (i) Ãéá  = 2 Ý·ïõìå 5 ≡ 1(mod 4) ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò.

Áðü åäþ êáé óôï åîÞò èá õðïèÝóïõìå üôé  ≥ 3 Áñêåß íá áðïäåßîïõìå üôé

52
−3 ≡ (1 + 2−1)(mod 2) (7.54)

äéüôé ôüôå (ðñïöáíþò) 52
−3 6≡ 1(mod 2) êáé

52
−2

= (52
−3
)2 ≡ (1 + 2−1)2 ≡ 1(mod 2) (7.55)

ïðüôå57 ord([5]2) = 2
−2 Ãéá ôçí áðüäåéîç ôÞò (7.54) èá åñãáóèïýìå ìå ôç âïÞ-

èåéá ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  Ãéá  = 3 ç éóïôéìßá (7.54) åßíáé

57Áðü ôçí (7.55) ðñïêýðôåé (ëüãù ôÞò ðñïôÜóåùò 2.3.8) üôé ord([5]2 ) | 2−2 ÅðïìÝíùò ∃ ∈ {0 1  − 2} :
ord([5]2 ) = 2 ÕðïèÝôïíôáò üôé    − 2 êáôáëÞãïõìå óå Üôïðï, êáèüóïí

([5]
2 )

2−2 = [1]2 ⇒ ([5]2 )
2−3 = (([5]2 )

2 )2
−3−

= [1]2 
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ðñïäÞëùò áëçèÞò. ÕðïèÝôïõìå üôé åßíáé áëçèÞò ãéá êÜðïéïí  ≥ 3 Ç åðáãù-

ãéêÞ õðüèåóç äßäåé 52
−3 ≡ (1 + 2−1)(mod 2) Êáôüðéí åöáñìïãÞò ôïý (ii) ôïý

ëÞììáôïò 7.3.8 (ìå ôï 52
−3

ùò  êáé ìå ôï 1 + 2−1 ùò ) ëáìâÜíïõìå

52
(+1)−3

= 52
−2

= (52
−3
)2 ≡ (1 + 2−1)2(mod 2+1)

ÓçìåéùôÝïí üôé

2 − 2 ≥  + 1 ≥ 4⇒ (1 + 2−1)2 = 1 + 2 + 22−2 ≡ ¡1 + 2¢ (mod2+1)
Åî áõôïý Ýðåôáé üôé ç (7.54) åßíáé áëçèÞò êáé ãéá ôïí  + 1

(ii) Áò õðïèÝóïõìå üôé58 ∃  ∈ N0 0 ≤     2−2 :
£±5¤

2
=
£±5¤

2


ÅðåéäÞ 5 ≡ 1(mod 4) ïé èåùñçèåßóåò êëÜóåéò éóïôéìßáò ïöåßëïõí íá Ý·ïõí ôï ßäéï

ðñüóçìï59. ÅðïìÝíùò,

5 ≡ 5(mod 2)⇒ 5− · 5 ≡ 1 · 5(mod 2)
ìêä(5 2) = 1 =⇒

B.2.13
ìêä(5 2) = 1

)
=⇒

B.4.4 (v)
5− ≡ 1(mod 2)

Þôïé ([5]2)
− = [1]2  Óýìöùíá ìå ôï (i) êáé ôçí ðñüôáóç 2.3.8,

2−2 |  − ⇒ åßôå  −  = 0 åßôå 2−2 ≤  − 

Ôïýôï ìáò ïäçãåß óå Üôïðï: Ôï ìåí ðñþôï åíäå·üìåíï áðïêëåßåôáé äéüôé    ôï

äå äåýôåñï äéüôé  −   2−2 ¤

7.3.12 Ðñüôáóç. ÅÜí  ∈ N  ≥ 3 ôüôå ç (Z×
2
 ·) äåí åßíáé êõêëéêÞ. ÓõãêåêñéìÝíá,

õößóôáôáé Ýíáò éóïìïñöéóìüò Z×
2
∼= Z2 ⊕ Z2−2 

Áðïäåéîç. ÈÝôïíôáò  := h[−1]2i êáé  := h[5]2i  ðáñáôçñïýìå üôé || = 2

êáé || = 2−2 (ìå ôçí ôåëåõôáßá éóüôçôá ïöåéëüìåíç óôï (i) ôïý ëÞììáôïò 7.3.11).

ÅðåéäÞ Ý·ïõìå
¯̄
Z×
2

¯̄
= (2) = 2−1 áðü ôï (ii) ôïý ëÞììáôïò 7.3.11 Ýðåôáé üôé

Z×
2
=
©£±5¤

2

¯̄
 ∈ N0   2−2

ª


ÊáôÜ óõíÝðåéáí, Z×
2
=  êáé ∩ = {[1]2} =⇒

101
Z×
2
∼= × üðïõ ∼= Z2

êáé ∼= Z2−2 (âë. 2.4.23 (ii)). ¢ñá Z×
2
∼= Z2 ⊕ Z2−2 (âë. 7.1.55 (v)). ¤

7.3.13 Èåþñçìá. (ÓõíèÞêåò «êõêëéêüôçôáò» ôÞò Z×. C.F. Gauss, 1801) ¸óôù
 ∈ N  ≥ 2 Ôá áêüëïõèá åßíáé éóïäýíáìá :
(i) Ç ïìÜäá (Z× ·) åßíáé êõêëéêÞ.
(ii) ∈ {2 4} ∪ { | ∈ N  ðñþôïò ≥ 3} ∪ {2 | ∈ N  ðñþôïò ≥ 3} 
58Ç áðüäåéîç åßíáé ðáíïìïéüôõðç åÜí õðïèÝóïõìå üôé    (Áñêåß ç åíáëëáãÞ ôùí ñüëùí ôùí  êáé  åíôüò áõôÞò.)

59ÓçìåéùôÝïí üôé ìêä(5 2) = 1 êáé, ùò åê ôïýôïõ, ìêä(5 2) = 1 (âë. B.2.13 ãéá   0). ÅÜí ëïéðüí ßó·õå£
5
¤
2

=
£−5¤

2
Þ
£−5¤

2
=
£
5
¤
2

 ôüôå 2 | 5(5− + 1) ⇒ 2 | 5 + 1 (âë. B.2.9). ÅðéðñïóèÝôùò,

åðåéäÞ 5 ≡ 1(mod 4) ⇒ 5 ≡ 1(mod 4) (âë. B.4.4 (iii)), èá åß·áìå 5 + 1 ≡ 2(mod 4) (âë. B.4.4 (ii)), Þôïé

4 - 5 + 1 êáé èá êáôáëÞãáìå óå Üôïðï. (4 | 2 2 | 5 + 1 áëëÜ 4 - 5 + 1, âë. B.1.5 (v).)
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Áðïäåéîç. (i)⇒(ii) ¸óôù ∈ N  ≥ 2 ÕðïèÝôïíôáò üôé

 ∈ {2 4} ∪ { | ∈ N  ðñþôïò ≥ 3} ∪ {2 | ∈ N  ðñþôïò ≥ 3} 
áñêåß íá áðïäåßîïõìå üôé ç ïìÜäá (Z× ·) äåí åßíáé êõêëéêÞ. Ðñïöáíþò, õðü ôçí

áíùôÝñù õðüèåóç ôï èá ãñÜöåôáé (ëüãù ôïý èåìåëéþäïõò èåùñÞìáôïò B.3.7 ôÞò

ÁñéèìçôéêÞò) õðü ôç ìïñöÞ

 =

⎧⎨⎩
2 ( ∈ N  ≥ 3) åÜí @ ðñþôïò ≥ 3 :  | 

211 22 · · ·   ( ∈ N0  ∈ N) åÜí ∃ ðñþôïò ≥ 3 :  | 

üðïõ ïé 1  åßíáé ðåñéôôïß ðñþôïé áñéèìïß ìå 1  · · ·   (üôáí  ≥ 2)

êáé 1  ∈ N ìå ôçí áêüëïõèç óõíåðáãùãÞ ùò åðéðñüóèåôï ðåñéïñéóìü óôç

äåýôåñç ðåñßðôùóç:

 = 1 =⇒  ≥ 2
Ðåñßðôùóç ðñþôç. ÅÜí @ ðåñéôôüò ðñþôïò ìå  |  ôüôå = 2  ≥ 3 ïðüôå ç
Z× = Z

×
2

äåí åßíáé êõêëéêÞ åðß ôç âÜóåé ôÞò ðñïôÜóåùò 7.3.12.

Ðåñßðôùóç äåýôåñç. ÅÜí ∃ ðåñéôôüò ðñþôïò ìå  |  êáé  ∈ {0 1 2}  ≥ 2 ôüôå
(ëüãù ôïý ðïñßóìáôïò 7.3.3) Ý·ïõìå

Z× ∼=

⎧⎪⎨⎪⎩
Z×

1
1

× Z×

2
2

× · · · × Z×



 üôáí  ∈ {0 1}

Z×4 × Z×11 × Z×

2
2

× · · · × Z×



 üôáí  = 2

ËáìâÜíïíôáò õð' üøéí ôçí ðñüôáóç 7.3.9, ôï (ii) ôïý èåùñÞìáôïò 2.4.23, ôïí éóï-

ìïñöéóìü
¡
Z×4  ·

¢ ∼= (Z2+) êáé ôï (v) ôÞò ðñïôÜóåùò 7.1.55 óõìðåñáßíïõìå üôé

Z× ∼=

⎧⎪⎨⎪⎩
Z
(1−1)1−11

⊕ · · ·⊕ Z(−1)−1
 üôáí  ∈ {0 1}

Z2 ⊕ Z(1−1)1−11
⊕ · · ·⊕ Z(−1)−1

 üôáí  = 2

ïðüôå ç (Z× ·) äåí åßíáé êõêëéêÞ ëüãù ôïý èåùñÞìáôïò 7.1.64, áöïý êáèÝíáò åê

ôùí åõèÝùí ðñïóèåôÝùí Ý·åé ùò ôÜîç ôïõ Ýíáí Üñôéï áñéèìü. ÅÜí, áðü ôçí Üëëç

ìåñéÜ,  ≥ 3 êáé  ≥ 1 ôüôå (ëüãù ôïý ðïñßóìáôïò 7.3.3) Ý·ïõìå

Z× ∼= Z×2 × Z×11 × · · · × Z×





Áðü ôéò ðñïôÜóåéò 7.3.9 êáé 7.3.12 ðñïêýðôåé Ýíáò éóïìïñöéóìüò

Z× ∼= Z2 ⊕ Z2−2 ⊕ Z(1−1)1−11
⊕ · · ·⊕ Z(−1)−1



ïðüôå êáé óå áõôÞí ôçí ðåñßðôùóç óõìðåñáßíïõìå üôé ç (Z× ·) äåí åßíáé êõêëéêÞ
(åê íÝïõ ëüãù ôïý èåùñÞìáôïò 7.1.64).

(ii)⇒(i) H
¡
Z×2  ·

¢
åßíáé ôåôñéììÝíç êáé ç

¡
Z×4  ·

¢
êõêëéêÞ ôÜîåùò 2 Ôï üôé ç (Z× ·)

åßíáé êõêëéêÞ êáé óôéò ëïéðÝò ðåñéðôþóåéò (Þôïé üôáí  =  Þ  = 2  üðïõ 

ðåñéôôüò ðñþôïò) Ý·åé áðïäåé·èåß óôéò ðñïôÜóåéò 7.3.9 êáé 7.3.10. ¤
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7.4 ÐÏÔÅ ÅÉÍÁÉ Ç Z

Ç ÌÏÍÇ ÏÌÁÄÁ ÔÁÎÅÙÓ ;

Ôï åñþôçìá åßíáé åýëïãï êáé ëßáí åíäéáöÝñïí: Ãéá ðïéïõò öõóéêïýò áñéèìïýò 
åßíáé üëåò ïé ïìÜäåò ôÜîåùò  êõêëéêÝò (Þôïé éóüìïñöåò ìå ôçí (Z+)); Ùò ãíù-

óôüí, üëåò ïé ðåðåñáóìÝíåò ïìÜäåò ðïõ Ý·ïõí ùò ôÜîç ôïõò Ýíáí ðñþôï áñéèìü
 åßíáé êõêëéêÝò (âë. ðüñéóìá 4.1.33). Ùóôüóï, üôáí  =  üðïõ   ðñþôïé

áñéèìïß, ç (Z+) Üëëïôå åßíáé êáé Üëëïôå äåí åßíáé (ìÝ·ñéò éóïìïñöéóìïý) ç ìüíç

ïìÜäá ôÜîåùò Åðß ðáñáäåßãìáôé, ç (Z15+) åßíáé (ìÝ·ñéò éóïìïñöéóìïý) ç ìüíç
ïìÜäá ôÜîåùò 15 = 3 · 5 (âë. 5.7.16 (i), êáèüóïí 5 6≡ 1(mod 3)), áëëÜ ãéá  = 3 · 7
õðÜñ·ïõí äýï (ìç éóüìïñöåò) ïìÜäåò ôÜîåùò 21 (ÓõãêåêñéìÝíá, ïé (Z21+) êáé
(L21 ·) äéüôé 7 ≡ 1(mod 3) âë. 5.7.16 (ii).) Åðßóçò, üôáí  =  ôüôå õðÜñ·ïõí

äýï (ìç éóüìïñöåò) ïìÜäåò ôÜîåùò  (ïé Z2 êáé Z ⊕ Z âë. èåþñçìá 7.1.46).

Ðéèáíïëïãåßôáé üôé áõôü ôï ðñüâëçìá èá ðñÝðåé íá åß·å äéáôõðùèåß Þäç êáôÜ

ôá ìÝóá ôïý 19ïõ áéþíá. Ç ðñþôç åõñÝùò ãíùóôÞ ëýóç åíüò ãåíéêüôåñïõ ðñï-

âëÞìáôïò ðïõ ôï ðåñéÝ·åé (ùò õðïðñüâëçìá, âë. èåþñçìá 9.1.39) ïöåßëåôáé óôïí

L.E. Dickson60 (1874-1954). ¸êôïôå Ý·åé áðïäåé·èåß ðïëëÜêéò óôç óõíáöÞ áñèñï-

ãñáößá (ìå äéáöïñåôéêÝò ìåèüäïõò, áðü ðëçèþñá ìáèçìáôéêþí). Ç êáôùôÝñù ðá-

ñáôéèÝìåíç ëýóç ôïõ (ðïõ âáóßæåôáé óå äçìïóéåýóåéò ôùí D. Jungnickel61 êáé J.A.

Gallian êáé D. Moulton62, âë. èåþñçìá 7.4.2) ·ñçóéìïðïéåß ìüíïí ôå·íéêÜ ìÝóá

ðïõ ìáò åßíáé ïéêåßá, åêêéíþíôáò áðü ôï áêüëïõèï:

7.4.1 ËÞììá. ÊÜèå ðåðåñáóìÝíç ìç êõêëéêÞ ïìÜäá, ïé ãíÞóéåò õðïïìÜäåò ôÞò
ïðïßáò åßíáé êõêëéêÝò, äéáèÝôåé (ôïõëÜ·éóôïí) ìßá ìç ôåôñéììÝíç ãíÞóéá ïñèüèåôç
õðïïìÜäá.

Áðïäåéîç. Èá õðïèÝóïõìå üôé õðÜñ·åé êÜðïéá ðåðåñáóìÝíç ìç êõêëéêÞ ïìÜäá

( ·) ìå üëåò ôéò ãíÞóéåò õðïïìÜäåò ôçò êõêëéêÝò, ç ïðïßá äåí äéáèÝôåé êáìßá ìç

ôåôñéììÝíç ãíÞóéá ïñèüèåôç õðïïìÜäá, êáé èá êáôáëÞîïõìå óå Üôïðï.

ÂÞìá 1ï. ÅÜí êáé åßíáé äõï ìåãéóôéêÝò õðïïìÜäåò63 ôÞò (âë. 2.1.34 (i)) êáé

 6=  ôüôå ∩ = {}ÐñÜãìáôé° åðåéäÞ ïé êáé (ùò ãíÞóéåò õðïïìÜäåò

ôÞò ) åßíáé (åî õðïèÝóåùò) êõêëéêÝò, äçëáäÞ  = hi   = hi  ãéá êÜðïéá

  ∈  ãéá êÜèå óôïé·åßï  ( ∈ Z) ôÞò  ãéá êÜèå óôïé·åßï  ( ∈ Z) ôÞò 
êáé ãéá êÜèå óôïé·åßï  ∈  ∩ ìå  =  =  (ãéá êÜðïéïõò ∈ Z) Ý·ïõìå(

( ∩)()−1 3 − = − =  =  ∈  ∩

( ∩)()−1 3 − = − =  =  ∈  ∩

)
60L.E. Dickson: Definitions of a group and a field by independent postulates, Trans. A.M.S. 6 (1905), 198-204 [Âë.,
éäéáéôÝñùò, óåë. 200.]

61D. Jungnickel: On the Uniqueness of the Cyclic Group of Order  The American Math. Monthly 99 (1992), 545-
547

62J.A. Gallian & D. Moulton: When is Z the only group of order ? Elem. Math. 48 (1993), 117-119

63ÅðåéäÞ ç  åßíáé ìç êõêëéêÞ, Ý·ïõìå || ≥ 4 ïðüôå õðÜñ·åé êÜðïéïò ðñþôïò äéáéñÝôçò  ≥ 2 ôÞò || êáé, êáô'
åðÝêôáóç, ôïõëÜ·éóôïí ìßá õðïïìÜäá ôÞò ôÜîåùò  (âë. 5.7.1). Áõôü óçìáßíåé üôé üëåò ïé ìåãéóôéêÝò ôçò õðïïìÜäåò
åßíáé ìç ôåôñéììÝíåò.
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ÅðïìÝíùò,  v N( ∩ ) v  êáé  v N( ∩ ) v  Ôïýôï Ý·åé ùò

óõíÝðåéá (ëüãù ôÞò ìåãéóôéêüôçôáò ôùí  êáé ) üôé åßôå N( ∩ ) @  êáé

N( ∩ ) =  =  åßôå N( ∩ ) =  Ôï ðñþôï åíäå·üìåíï åßíáé åî

õðïèÝóåùò áðïêëåéóèÝí. ¢ñá (ëüãù ôïý (iii) ôÞò ðñïôÜóåùò 5.2.4 êáé ôïý üôé ç

 äåí äéáèÝôåé -åî õðïèÝóåùò- êáìßá ìç ôåôñéììÝíç ãíÞóéá ïñèüèåôç õðïïìÜäá)

éó·ýåé ç óõíåðáãùãÞ  ∩ E N( ∩) =  =⇒  ∩ = {}
ÂÞìá 2ï. Èåùñïýìå ìéá ìåãéóôéêÞ õðïïìÜäá  ôÞò  ÅðåéäÞ (åî õðïèÝóåùò) ç

 åßíáé êõêëéêÞ êáé äåí åßíáé ïñèüèåôç, Ý·ïõìå

5.2.2 (ii)

5.2.4 (vi)

¾
=⇒  v C() v N() v  =⇒

5.2.4 (iii)
 = C() = N()

ÊáôÜ óõíÝðåéáí64,

N() :=
©
 ∈ 

¯̄
−1 = 

ª
= 

4.2.16⇒ || = ¯̄−1
¯̄
 ∀ ∈ 

)
=⇒

(áðü ôï 1ï âÞìá)

"
 ∩ −1 = {}
∀ ∈ r

#

Ôï ðëÞèïò ôùí óôïé·åßùí ôÞò  ðïõ åßíáé 6=  êáé áíÞêïõí óôçí  êáé óôéò

óõæõãåßò õðïïìÜäåò ôçò (åíôüò ôÞò ) ïé ïðïßåò åßíáé 6=  éóïýôáé ìå

(||− 1) | : N()| = (||− 1) | : |
= ||− | : | = (1− 1

||) || ≥ 1
2 || 

(Âë. åä. 5.2.8, 4.1.20 êáé 4.1.22.) ÅðåéäÞ | : | ≥ 2 êáé ôï ðëÞèïò ôùí óôïé-

·åßùí ôùí áíçêüíôùí óôçí êáé óôéò (ëïéðÝò) óõæõãåßò õðïïìÜäåò ôçò éóïýôáé ìå

|| − | : | + 1 ôï óýíïëï r( ∪ S
∈r

−1) åßíáé ìç êåíü. ¸óôù  Ýíá

óôïé·åßï áõôïý êáé Ýóôù ìéá ìåãéóôéêÞ õðïïìÜäá ôÞò ðïõ ôï ðåñéÝ·åé65. Åðá-

íáëáìâÜíïíôáò ôá áíùôÝñù åðé·åéñÞìáôá ãéá ôçí äéáðéóôþíïõìå üôé ôï ðëÞèïò

ôùí óôïé·åßùí ôÞò  ðïõ åßíáé 6=  êáé áíÞêïõí óôçí  êáé óôéò (ëïéðÝò) óõæõ-

ãåßò õðïïìÜäåò ôçò (åíôüò ôÞò ) åßíáé ≥ 1
2 ||  ÅðåéäÞ  ∩  = {} (áðü ôï

1ï âÞìá), áõôü óçìáßíåé üôé ç  äéáèÝôåé ôïõëÜ·éóôïí 1
2 ||+ 1

2 ||+ 1 = ||+ 1
óôïé·åßá. ¢ôïðï! ¤

7.4.2 Èåþñçìá. ÄïèÝíôïò åíüò  ∈ N  ≥ 2 ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäý-
íáìåò :

(i) ìêä( ()) = 1 üðïõ  ç óõíÜñôçóç öé ôïý Euler (âë. B.4.15).

(ii)  = 1 · · ·   ∈ N üðïõ 1  åßíáé óáöþò äéáêåêñéìÝíïé ðñþôïé áñéèìïß
ãéá ôïõò ïðïßïõò éó·ýåé  6≡ 1(mod ) ãéá ïéïõóäÞðïôå   ∈ {1 }  6=  üôáí
 ≥ 2
(iii)Ç (Z+) åßíáé (ìÝ·ñéò éóïìïñöéóìïý) ç ìïíáäéêÞ ïìÜäá ôÜîåùò  (ÉóoäõíÜ-
ìùò : ¼ëåò ïé ïìÜäåò ôÜîåùò  åßíáé éóüìïñöåò ìå ôçí (Z+))
64Åßíáé öáíåñü üôé ïé õðïïìÜäåò −1  ∈ r åßíáé ùóáýôùò ìåãéóôéêÝò.
65Ðñïöáíþò, 6=  êáé 6= −1 ∀ ∈ r
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Áðïäåéîç. (i)⇒(ii) ÅÜí õðïèÝóïõìå üôé ï  ãñÜöåôáé õðü ôç ìïñöÞ  =  ãéá

êÜðïéïõò öõóéêïýò áñéèìïýò  ìå  ≥ 2 üðïõ ï  åßíáé ôõ·þí ðñþôïò áñéèìüò

ãéá ôïí ïðïßï éó·ýåé  -  ôüôå

 |  (= )

 | −1(− 1) () (=  ())

(âë. 7.3.2 êáé 7.3.3 Þ (B.38))

⎫⎪⎪⎬⎪⎪⎭ =⇒
B.2.6

 | ìêä( ())⇒ ìêä( ())  1

¢ôïðï! ¢ñá  = 1 · · ·   ∈ N üðïõ 1   åßíáé ðñþôïé áñéèìïß êáé ìÜëéóôá
óáöþò äéáêåêñéìÝíïé üôáí  ≥ 2 ÅîÜëëïõ, åÜí õðïèÝóïõìå üôé  ≥ 2 êáé üôé

õðÜñ·ïõí 0 0 ∈ {1 } 0 6= 0 ôÝôïéïé þóôå íá éó·ýåé ç éóïôéìßá

0 ≡ 1(mod 0)

ôüôå

0 | 
0 | (1 − 1) · · · ( − 1) (=  ())

(âë. 7.3.3 Þ (B.38))

⎫⎪⎪⎬⎪⎪⎭ =⇒
B.2.6

 | ìêä( ())⇒ ìêä( ())  1

¢ôïðï! ¢ñá  6≡ 1(mod ) ãéá ïéïõóäÞðïôå   ∈ {1 }  6=  üôáí  ≥ 2
(ii)⇒(i) Ôïýôï åßíáé ðñïäÞëùò áëçèÝò.

(ii)⇒(iii)Èá åñãáóèïýìå åê íÝïõ ìå «åéò ÜôïðïíáðáãùãÞ». ÕðïèÝôïõìå üôé õðÜñ-

·ïõí öõóéêïß áñéèìïß ðïõ éêáíïðïéïýí ôéò ùò Üíù (áñéèìçôéêÝò) óõíèÞêåò (ôïý

(ii)) êáé åßíáé ôÝôïéïé, þóôå íá õößóôáíôáé ìç êõêëéêÝò ðåðåñáóìÝíåò ïìÜäåò Ý·ïõ-
óåò áõôïýò ùò ôÜîåéò ôïõò. ¸óôù ∗ ôï åëÜ·éóôï óôïé·åßï ôïý óõíüëïõ ôùí öõóé-

êþí áñéèìþí ìå ôçí åí ëüãù éäéüôçôá. (Åî õðïèÝóåùò,

∗ = 1 · · ·  üðïõ  6≡ 1(mod )

ãéá êáôÜëëçëïõò óáöþò äéáêåêñéìÝíïõò ðñþôïõò áñéèìïýò 1  ÅðéðñïóèÝ-

ôùò, ëüãù áõôÞò ôÞò åðéëïãÞò ôïý ∗ êÜèå ïìÜäá ôÜîåùò ∗ åßíáé êáô' áíÜãêçí
êõêëéêÞ.) Èåùñïýìå ôõ·ïýóá ìç êõêëéêÞ ïìÜäá ( ·) ôÜîåùò ∗ ÊÜèå ãíÞóéá
õðïïìÜäá ôÞò åßíáé êáô' áíÜãêçí êõêëéêÞ. Óýìöùíá ìå ôï ëÞììá 7.4.1 ç äéá-

èÝôåé (ôïõëÜ·éóôïí) ìßá ìç ôåôñéììÝíç ãíÞóéá ïñèüèåôç õðïïìÜäáÐñïöáíþò,

åîáéôßáò ôïý ïñéóìïý ôïý ∗

1  ||  || = ∗
|| = ∗

||  ∗

)
=⇒ [áìöüôåñåò ïé  êáé  åßíáé êõêëéêÝò]

ÈÝôïíôáò  := || ëáìâÜíïõìå  = 1 · · ·   üðïõ {1  } $ {1 }
 ∈ N êáé    (âë. 4.1.22 êáé B.3.14). ÂÜóåé ôïý (ii) ôïý èåùñÞìáôïò 2.4.32,

Aut() ∼= Aut(Z) ∼= Z× =⇒ |Aut()| =  () = (1 − 1) · · · ( − 1)
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Áðü ôçí Üëëç ìåñéÜ, ôï èåþñçìá 5.4.26 ìáò ðëçñïöïñåß üôé ç ðçëéêïïìÜäá

N()/C() åßíáé åìöõôåýóéìç óôçí Aut() (Þôïé éóüìïñöç ìå ìéá õðïïìÜäá

ôÞò Aut()). ÅðïìÝíùò,

4.1.22 =⇒ |N()C()| | ()
 |  =⇒

B.4.22
() | (1 − 1) · · · ( − 1) =  (∗)

 C  =⇒
5.2.4 (iii)

N() = 

|C()| = |N()C()| = ∗
|()|

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
⇒
" |C()| |  (∗)

êáé |C()| | ∗

#


Áõôü óçìáßíåé üôé

|C()| | ìêä(∗ (∗)) = 1⇒ |C()| = 1
Þôïé üôé ç  = C() åßíáé áâåëéáíÞ66. ÅÜí  = 1 ôüôå || = ∗ = 1

ïðüôå ç  (êáôÜ ôï ðüñéóìá 4.1.33) åßíáé êõêëéêÞ. ¢ôïðï! ÅÜí  ≥ 2 ôüôå
ìêä(1 2 · · · ) = 1 êáé ôï èåþñçìá 7.1.49 ìáò äéáóöáëßæåé ôçí ýðáñîç ìßáò êáé
ìüíïí õðïïìÜäáò 1 ôÞò  ôÜîåùò |1| = 1 êáé ìßáò êáé ìüíïí õðïïìÜäáò 0

1

ôÞò  ôÜîåùò |0
1| = 2 · · ·  ïýôùò þóôå íá éó·ýåé  ∼=1 ×0

1 Åöáñìüæïíôáò
êáé ðÜëé ôï èåþñçìá 7.1.49 (ìå ôçí0

1 óôç èÝóç ôÞò ) ëáìâÜíïõìå Ýíáí éóïìïñ-
öéóìü0

1
∼=2×0

2 üðïõ |2| = 2 êáé |0
2| = 3 · · ·  (ãéá  ≥ 3). ¾óôåñá áðü

åðáíÜëçøç áõôÞò ôÞò äéáäéêáóßáò (üóåò öïñÝò áðáéôåßôáé áðü ôï ìÝãåèïò ôïý )
êáôáëÞãïõìå óå Ýíáí éóïìïñöéóìü

 ∼= 1 ×2 × · · · × üðïõ ïì. ôÜîåùò

| | =  =⇒
4.1.33


∼= Z  ∀ ∈ {1 }

)
=⇒

7.1.55 (v)
 ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z 

ÅðåéäÞ ìêä( ) = 1 ãéá ïéïõóäÞðïôå   ∈ {1 }  6=  óõìðåñáßíïõìå

(ìÝóù ôïý èåùñÞìáôïò 7.1.62) üôé  ∼= Z∗  Þôïé üôé ç  åßíáé (êáé óå áõôÞí ôçí

ðåñßðôùóç) êõêëéêÞ. ¢ôïðï!

(iii)⇒(ii) ÕðïèÝôïõìå üôé üëåò ïé ïìÜäåò ðïõ Ý·ïõí ôÜîç ßóç ìå ôïí äïèÝíôá 

åßíáé êõêëéêÝò (êáé, ùò åê ôïýôïõ, éóüìïñöåò ìå ôçí (Z+)) êáé üôé ôïõëÜ·éóôïí
ìßá åê ôùí ùò Üíù (áñéèìçôéêþí) óõíèçêþí (ôïý (ii)) äåí éêáíïðïéåßôáé. (ÖõóéêÜ,

åî áõôïý Ýðåôáé üôé ï ßäéïò ï  äåí åßíáé ðñþôïò áñéèìüò.) ÅÜí õðÞñ·å ðñþôïò

áñéèìüò  ôÝôïéïò þóôå íá éó·ýåé 2 |  ôüôå èá êáôáëÞãáìå óå Üôïðï, êáèüóïí

ç ïìÜäá Z ⊕ Z

èá åß·å ôÜîç  ·ùñßò íá åßíáé êõêëéêÞ67 (âë. èåþñçìá 7.1.64).

¢ñá ï  ãñÜöåôáé ùò ãéíüìåíï (ôïõëÜ·éóôïí äýï) óáöþò äéáêåêñéìÝíùí ðñþôùí.
ÅðåéäÞ ìêä( ())  1 õðÜñ·ïõí ðñþôïé áñéèìïß   äéáéñïýíôåò ôïí  ìå   

êáé  ≡ 1(mod ) Åí ôïéáýôç ðåñéðôþóåé, ôï åõèý ãéíüìåíï L × Z 


(üðïõ L
åßíáé ç ìç áâåëéáíÞ ïìÜäá ç ïñéóèåßóá óôï åäÜöéï 5.7.13) Ý·åé ôÜîç  ·ùñßò íá

åßíáé áâåëéáíÞ (ðüóù äå ìÜëëïí êõêëéêÞ) ïìÜäá (âë. 7.1.57 (ii)). ¢ôïðï! ¤

66Ç éóüôçôá  = C() éóïäõíáìåß ìå ôï üôé  v () (âë. ðñüôáóç 5.4.3). ÅðåéäÞ ç  åßíáé êõêëéêÞ, ç

ðñüôáóç 5.4.20 ìáò ðëçñïöïñåß üôé ç åßíáé áâåëéáíÞ.

67Ðñïöáíþò, 2 | ⇒ ∃ ∈ Z :  = 2 ⇒ ìêä(  ) = ìêä( ) =   1
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7.5 μÁÌÉËÔÏÍÉÁÍÅÓ ÏÌÁÄÅÓ

Ùò ãíùóôüí, êÜèå õðïïìÜäá ìéáò áâåëéáíÞò ïìÜäáò åßíáé ïñèüèåôç. (Âë. ðñü-

ôáóç 4.2.6.) Åðßóçò, õðÜñ·ïõí ìç áâåëéáíÝò ïìÜäåò, üðùò ð.·. ç ïìÜäá Q ôùí

ôåôñáíßùí, êÜèå õðïïìÜäá ôùí ïðïßùí åßíáé ïñèüèåôç. (Âë. åä. 4.2.18.) ¸íáò

ðëÞñçò ·áñáêôçñéóìüò áõôþí ôùí (ü·é êáô' áíÜãêçí ðåðåñáóìÝíùí) ïìÜäùí äß-

äåôáé óôï èåþñçìá 7.5.3, ôï ïðïßï ïöåßëåôáé óôïí Reinhold Baer68 (1902-1979) êáé

ôï ïðïßï ãåíéêåýåé ðñïãåíÝóôåñá ó·åôéêÜ áðïôåëÝóìáôá ôùí Richard Dedekind69

(1831-1916) George Abram Miller70 (1863-1951) êáé Årnst Wendt71 (1872-1946)

7.5.1 Ïñéóìüò. Ìéá ìç áâåëéáíÞ ïìÜäá êáëåßôáé ïìÜäá ôïý Hamilton72 Þ ·áìéë-

ôïíéáíÞ ïìÜäá üôáí êÜèå õðïïìÜäá ôçò åßíáé ïñèüèåôç.

7.5.2 ËÞììá. ÅÜí ( ·) åßíáé ìéá ìç áâåëéáíÞ ïìÜäá, êÜèå êõêëéêÞ õðïïìÜäá ôÞò
ïðïßáò åßíáé ïñèüèåôç, ôüôå éó·ýïõí ôá åîÞò :

(i) Ç  åßíáé ðåñéïäéêÞ ïìÜäá.

(ii) ÊÜèå ìç áâåëéáíÞ õðïïìÜäá ôÞò  ðåñéÝ·åé ìéá õðïïìÜäá ðïõ åßíáé ∼= Q
Áðïäåéîç. (i) ¸óôù ôõ·üí  ∈  Èá áðïäåßîïõìå üôé ord() ∞

Ðåñßðôùóç ðñþôç. ÅÜí  ∈ () ôüôå õðÜñ·åé  ∈  ôÝôïéï þóôå íá éó·ýåé

 6=  ÈÝôïíôáò  := [ ] 6=  êáé ëáìâÜíïíôáò õð' üøéí üôé hi E  êáé

hi E  ðáñáôçñïýìå üôé

 = (−1| {z }
∈hi

) −1|{z}
∈hi

∈ hi

 = |{z}
∈hi

(−1−1| {z }
∈hi

) ∈ hi

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭⇒  ∈ hi ∩ hi 

áð' üðïõ Ýðåôáé üôé ∃() ∈ (Zr{0})× (Zr{0}):  =  =  ÅðïìÝíùò,

 = +1 =  ⇒  ∈ C()

 = +1 = ⇒  ∈ C()

¾
⇒  ∈ C() ∩ C()

êáé ç éóüôçôá (5.43) ôïý (ix) ôÞò ðñïôÜóåùò 5.5.2 äßäåé

 = [] = [
 ] = [ ] =  ⇒ ord() = |hi| ≤  ∞

ïðüôå ord() = |hi| ≤ 2 ∞ (äéüôé () = ).

68R. Baer: Situation der Untergruppen und Struktur der Gruppe, S.-B. Heidelberg. Akad. Wiss. 2 (1933) 12-17

69R. Dedekind: Über Gruppen, deren sämmtliche Theiler Normaltheiler sind , Mathematische Annalen 48
(1897) 548-561

70G.A. Miller: On the Hamilton groups, Bulletin of the American Mathematical Society 4 (1898) 510-515

71Å. Wendt: Hamiltonsche Gruppen, Mathematische Annalen 59 (1904) 187-192

72Ðñïò ôéìÞí ôïý William Rowan Hamilton (1805-1865) ðïõ áíáêÜëõøå ôï 1843 ôï óôñåâëü óþìá ôùí ôåôñáíßùí
(ìÝóù ôïý ïðïßïõ ïñßæåôáé ç ïìÜäá ôùí ôåôñáíßùí ).
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Ðåñßðôùóç äåýôåñç. ÅÜí  ∈ () ôüôå èåùñþíôáò Ýíá  ∈ () ðáñáôçñïýìå

üôé73  ∈ () ÊáôÜ ôá ðñïáíáöåñèÝíôá (óôçí ðñþôç ðåñßðôùóç) õðÜñ·ïõí

  ∈ N ôÝôïéïé þóôå
ord() =  êáé ord() = 

Óõíåðþò,  ∈ () ⇒  =  =⇒
2.1.12

 = ()
 =  ⇒  = − áð' üðïõ

Ýðåôáé üôé ord() = ord((−1)) =
2.3.11


ìêä() (êáèüóïí ord(−1) =

2.3.9 (i)
) êáé,

êáô' åðÝêôáóç, üôé 


ìêä() =
B.2.29

åêð() =  ⇒ ord() ≤ åêð( ) ∞

(ii) ¸óôù ìéá ìç áâåëéáíÞ õðïïìÜäá ôÞò  êáé Ýóôù

A := { (1 2) ∈ × | 12 6= 21} 
ÅðéëÝãïõìå Ýíá æåýãïò ( ) ∈ A ìå ôçí éäéüôçôá

ord() + ord() = min {ord(1) + ord(2)| (1 2) ∈ A} 
ÅðåéäÞ  ∈ () ⇒  6=  ⇒ ord() ≥ 2 õðÜñ·åé êÜðïéïò ðñþôïò áñéèìüò 
ôÝôïéïò þóôå  | ord() ÅÜí èÝóïõìå  := [ ] =  =  (üðùò ðñÜîáìå óôçí

ðñþôç ðåñßðôùóç ôïý (i)), ôüôå

ord() =
2.3.11

ord()
ìêä(ord()) =

ord()


 ord()

=⇒ ord() + ord()  ord() + ord() =⇒ ( ) ∈ A

=⇒  =  =⇒
5.5.2 (ix)

 = [
 ] = [ ] = 

ïðüôå [ord() = |hi| ≤  êáé |hi| = |hi| | |hi| = ord()]⇒ ord() =  KáôÜ

óõíÝðåéáí,

 = ord() = ord() =
2.3.11

ord()
ìêä(ord()||)  (7.56)

ïðüôå ï  åßíáé ï ìüíïò 74 ðñþôïò áñéèìüò ï ïðïßïò äéáéñåß ôçí ôÜîç ord() ôïý 

ÅðåéäÞ75  | ord() åðáíáëáìâÜíïíôáò ôçí ßäéá åðé·åéñçìáôïëïãßá (ìå ôï  óôç

73ÅÜí ßó·õå  ∈ () ôüôå èá åß·áìå −1() =  ∈ ()

74¸óôù üôé ïé ord() = 
1
1 

2
2 · · ·  êáé || = 

1
1 

2
2 · · ·  åßíáé ðáñáóôÜóåéò ôùí ord() êáé || ùò

ãéíïìÝíùí (êáôÜëëçëùí äõíÜìåùí) ðñþôùí áñéèìþí 1 2   ∈ N ïé ïðïßïé åßíáé óáöþò äéáêåêñéìÝíïé

(üôáí   1) êáé 1  1  ∈ N0 (ìå ôïõëÜ·éóôïí Ýíáí åê ôùí 1  êáô' áíÜãêçí äéÜöïñï ôïý

ìçäåíüò). Ôüôå ç (7.56), óå óõíäõáóìü ìå ôçí ðñüôáóç B.3.16, äßäåé

 =
Q
=1


−min{}
 =⇒

B.3.7

" ∃ ∈ {1  } :  ≤   ∀ ∈ {1  }r{}
ìå  =  − 1 êáé  = 

#


75Ç óõíåðáãùãÞ  | ord() =⇒  | ord() Ýðåôáé áðü ôï üôé

ord() = ord(

) = ord(


) =⇒ ord()

ìêä(ord()||) =
ord()

ìêä(ord()||) 
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èÝóç ôïý  êáé ôï  óôç èÝóç ôïý) áðïäåéêíýïõìå üôé ï  åßíáé ï ìüíïò ðñþôïò
áñéèìüò ï ïðïßïò äéáéñåß ôçí ôÜîç ord() ôïý  ÅðïìÝíùò,

∃( ) ∈ N0 ×N0 : ord() = +1 êáé ord() = +1

Ðñïöáíþò,

 = +1

ìêä(+1||) ⇒ 
 = ìêä(+1 ||)⇒

h
|| = 


 ãéá êÜðïéïí  ∈ N :  - 

i
êáé

 = +1

ìêä(+1||) ⇒ 
 = ìêä(+1 ||)⇒

h
|| = 


 ãéá êÜðïéïí  ∈ N :  - 

i


ÅðåéäÞ [] ∈ Z× (êáé áíôéóôïß·ùò, [] ∈ Z× ), õðÜñ·åé  ∈ {1   − 1} (êáé

áíôéóôïß·ùò,  ∈ {1  − 1}) ìå

[] [] = [1] ⇔  ≡ 1(mod )⇔ [∃ ∈ N0 : − 1 = ] 

êáé áíôéóôïß·ùò, ìå [] [] = [1] ⇔  ≡ 1(mod ) ⇔ [∃ ∈ N0 : − 1 = ] 

Ðñïöáíþò,

 = () = (sign())
 = (sign())

( +1 ) = (sign())
(+1)

= ((sign())
+1

)| {z }
=

)(sign())
 = ((sign()))





êáé áíôéóôïß·ùò,

 = () = (sign())
 = (sign())

( +1 ) = (sign())
(+1)

= ((sign())
+1

)| {z }
=

)(sign())
 = ((sign()))





ÈÝôïíôáò e := (sign()) e := (sign()) êáé e := (sign())(sign()) ëáìâÜíïõìå

e  =  = [ ] = e  (7.57)

êáé e = [ ](sign())(sign()) = [e e] 6=  üðïõ⎧⎪⎪⎪⎨⎪⎪⎪⎩
 - ⇒ ord(e) = ord() = +1

ìêä(+1) = +1

 - ⇒ ord(e) = ord() = +1

ìêä(+1) = +1

 - ⇒ ord( e) = ord() = 
ìêä() = 

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (7.58)

Èá áðïäåßîïõìå üôé ç := he ei v åßíáé éóüìïñöç ìå ôçí ïìÜäáQ ôùí ôåôñá-

íßùí. Êáô' áñ·Üò, óçìåéþíïõìå üôé êáíÝíáò åê ôùí   äåí ìðïñåß íá éóïýôáé ìå 0

ÅÜí, ð.·.,  = 0 ôüôå èá ßó·õå e =  = e sign()sign() = [e sign() e sign()] ïðüôå

e 1+sign() = e sign()e sign()e−sign() (7.59)



§ 7.5 ·áìéëôïíéáíåò ïìáäåò 435

ÅÜí sign() = −1 ôüôå ç (7.59) èá Ýäéäå e =  êÜôé ðïõ åßíáé áäýíáôï. ÅÜí

sign() = 1 ôüôå ôá e2 êáé e èá Þôáí óõæõãÞ, ïðüôå èá åß·áìå êáô' áíÜãêçí

 = ord(e) = ord(e 2) = 
ìêä(2) ⇒ ìêä( 2) = 1⇒  = 2

äçëáäÞ ord(e) = 2 ⇒ e2 =  êáé ç (7.59) èá Ýäéäå åê íÝïõ e =  (Ðáñïìïßùò

áðïäåéêíýåôáé üôé  6= 0) ÅðïìÝíùò, äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá

õðïèÝóïõìå üôé  ≥  ≥ 1 Ãéá ïéïíäÞðïôå  ∈ Z ôá e êáé ee äåí ìåôáôßèåíôáé

áìïéâáßùò76, ïðüôå (e ee) ∈ A êáé

ord() + ord() =
(7.58)

ord(e) + ord(e) ≤ ord(e) + ord(ee)
=⇒ ord(ee) ≥ ord(e) = +1 (7.60)

Óôçí ðåñßðôùóç üðïõ åßôå ï  åßíáé ðåñéôôüò åßôå  = 2 êáé  ≥ 2 Ý·ïõìå

ord( e−1) =
2.3.9 (i)

ord( e) =
(7.58)

 | ¡2 ¢ = (−1)
2 

ïðüôå⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
 6=

(7.60)

(ee) =
5.5.2 (x)

[e e]¡2 ¢ee =
5.5.2 (ix)

[e e]¡2 ¢ee
= ( e−1)¡2 ¢| {z }

=

ee =
(7.57)

e

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (7.61)

êáé ç (7.61) ìáò ïäçãåß óå Üôïðï åöáñìïæüìåíç ãéá  = −−  êáèþò

e− =
(7.57)



¢ñá  = 2 êáé  = 1 Ðáñïìïßùò áðïäåéêíýåôáé üôé  = 1 Ôåëéêþò ëïéðüí  = 2

 =  = 1 êáé ïé (7.58) êáé (7.57) äßäïõí ord(e) = ord(e) = 4 ord( e) = ord() = 2

ìå e 2 =  = e 2 üðïõ  := e sign()sign() ÓçìåéùôÝïí üôé77  = e (= [e e])
(áó·Ýôùò ìå ôï ðïéá åßíáé ôá sign() êáé sign()) êáé üôé ãéá ôï ãéíüìåíï  := e e
éó·ýåé

2 = (e e)(e e) = e e(e e) = (e)(e 2e)
= (e)2 ==

∈ C (e) 2e 2 = e 2 = e 2 = 

ÅðéðñïóèÝôùò, e e = 2e e = (e e) = (e e) = e 2(e e) = e 3 e = e−1 e ÅðïìÝ-
íùò,  = {   −1 e e−1 e e−1} Ý·ïõóá ùò ðïëëáðëáóéáóôéêü êáôÜëïãü

76Ðñïöáíþò, [e e] 6=  ⇒ ee 6= ee ⇒ (ee)e = e(ee) 6= e(ee) = e(ee)
77ÅðåéäÞ ord() = 2 Ý·ïõìå  = −1
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ôçò ôïí

·    −1 e e−1 e e−1
    −1 e e−1 e e−1
   −1  e−1 e e−1 e
  −1   e e−1 e−1 e
−1 −1    e−1 e e e−1e e e−1 e−1 e    −1e−1 e−1 e e e−1   −1 e e e−1 e e−1 −1   e−1 e−1 e e−1 e  −1  

Åßíáé Üìåóïò ï Ýëåã·ïò ôïý üôé ç áðåéêüíéóç

 7−→ I2  7−→ −I2  7−→ i −1 7−→ −ie 7−→ j e−1 7−→ −j e 7−→ k e−1 7−→ −k
áðü ôçí åðß ôÞòQ áðïôåëåß Ýíáí éóïìïñöéóìü ïìÜäùí. ¤

7.5.3 Èåþñçìá. (R. Baer, 1933) Ãéá ìéá ïìÜäá ( ·) ôá áêüëïõèá åßíáé éóïäý-
íáìá :

(i) Ç  åßíáé ·áìéëôïíéáíÞ ïìÜäá.

(ii)  =  ×åó.  ×åó.  üðïõ  ∼= Q  ìéá ðåñéïäéêÞ áâåëéáíÞ ïìÜäá Ý·ïõóá
åêèÝôç ≤ 2 êáé  ìéá ðåñéïäéêÞ áâåëéáíÞ ïìÜäá, êÜèå óôïé·åßï ôÞò ïðïßáò Ý·åé ùò
ôÜîç ôïõ êÜðïéïí ðåñéôôü öõóéêü áñéèìü.

Áðïäåéîç ôçó óõíåðáãùãçó (i)⇒(ii). ¸óôù  ìéá ·áìéëôïíéáíÞ ïìÜäá. Óýì-

öùíá ìå ôï (i) ôïý ëÞììáôïò 7.5.2, áõôÞ åßíáé ðåñéïäéêÞ.

ÂÞìá 1ï. Ãéá ïéáäÞðïôå   ∈  ôï üôé (åî õðïèÝóåùò) éó·ýåé hi E  êáé hi E 

Ý·åé ùò åðáêüëïõèï üôé h i = hi hi êáé üôé
 ∈ h i =⇒

4.1.22
ord() = |hi| | |h i|

|h i| |hi ∩ hi| =
(4.35)

|hi| |hi| = ord() ord()

⎫⎪⎬⎪⎭⇒ ord() | ord() ord() (7.62)

ÈÝôïíôáò  := { ∈ |∃ ∈ N0: ord() = 2} êáé  := { ∈ |ord() ≡ 1(mod 2)}
ðáñáôçñïýìå üôé  ∩  = {} êáé üôé  E  êáé  E  (ëüãù ôÞò éäéüôçôáò

(7.62)). Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ ç ôÜîç ord() ïéïõäÞðïôå óôïé·åßïõ  ∈ 

ãñÜöåôáé õðü ôç ìïñöÞ ord() = 2 ãéá êÜðïéïí  ∈ N0 êáé êÜðïéïí  ∈ N ìå

 ≡ 1(mod 2) ôï ðüñéóìá 2.3.15 ìáò ðëçñïöïñåß üôé õðÜñ·ïõí 1 ∈ hi ∩ êáé

2 ∈ hi ∩  ôÝôïéá þóôå íá éó·ýåé  = 12 üðïõ ord(1) = 2
 êáé ord(2) = 

ÊáôÜ óõíÝðåéáí,

 =⇒  = ×åó.  (7.63)

üðïõ ç  åßíáé êáô' áíÜãêçí78 áâåëéáíÞ êáé ç  ìç áâåëéáíÞ (áöïý ç ßäéá ç 

åßíáé ìç áâåëéáíÞ). ÅðéðñïóèÝôùò, ç ïöåßëåé íá ðåñéÝ·åé ìéá õðïïìÜäá ∼= Q
(Âë. 7.5.2 (ii).)

78ÅÜí ç  Þôáí ìç áâåëéáíÞ õðïïìÜäá ôÞò  ôüôå èá Ýðñåðå (óýìöùíá ìå ôï (ii) ôïý ëÞììáôïò 7.5.2) íá ðåñéÝ·åé

ìéá õðïïìÜäá∼= Q Ôïýôï üìùò åßíáé áäýíáôï, êáèüóïí êÜèå óôïé·åßï ôÞòQ äéáöïñåôéêü ôïý ïõäåôÝñïõ Ý·åé Üñôéá

ôÜîç.
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ÂÞìá 2ï. Ãéá äéåõêüëõíóÞ ìáò åðéëÝãïõìå Ýíáí éóïìïñöéóìü  : Q
∼=−→  êáé

èÝôïõìå  := (j) êáé  := (k) Ðñïöáíþò,  = (Q) = h i (áöïý Q = hjki)
êáé 4 = 4 =  =  

2 = 2 (= (−I2))  = −1 = −1 (= (−i)) Ï
êåíôñïðïéçôÞò C () = C ()∩ C () ôÞò  åíôüò ôÞò  åßíáé ìéá ïñèüèåôç

õðïïìÜäá ôÞò áöïý

 v E  êáé (åî õð.)  E  =⇒
4.2.19

 E =⇒
5.2.2 (iii)

C () E

ïðüôå ïñßæåôáé ç ðçëéêïïìÜäáC () Åðßóçò,

C () v E  êáé (åî õðïè.) C () E  =⇒
4.2.19

C () E

ÅÜí  ∈r C () ôüôå

 ∈  E  ⇒ −1 ∈ 

−1 ∈ êëó ()

)
⇒ 

−1 ∈ êëó () ∩ = êëó() = { −1}

ïðüôå

 ∈ C ()⇒ −1 6=  =⇒ −1 = −1 ⇒ −1 = −1 = 

⇒ (−1) = (−1)⇒ −1 ∈ C ()⇒  ∈ C ()

¢ñáC () = {C () C ()} êáé | : C ()| = 2 Êáô' áíáëïãßáí,

C () v E  êáé (åî õðïè.) C () E  =⇒
4.2.19

C () E

êáé åÜí  ∈r C () ôüôå

 ∈  E ⇒ −1 ∈ 

−1 ∈ êëó()

)
⇒ 

−1 ∈ êëó () ∩ = êëó() = { −1}

ïðüôå

 ∈ C ()⇒ −1 6=  =⇒ −1 = −1 = −1⇒ −1 = 

⇒ ()  =  ()⇒  ∈ C ()⇒  ∈ −1C ()

ÅðïìÝíùò, C () = {C () 
−1C ()} êáé | : C ()| = 2 ÅîÜëëïõ, åß-

íáé Üìåóïò ï Ýëåã·ïò ôïý üôé ïé ðëåõñéêÝò êëÜóåéò C () C () C ()

C () åßíáé ôÝóóåñá óáöþò äéáêåêñéìÝíá óôïé·åßá ôÞòC () Ôïýôï, óå

óõíäõáóìü ìå ôï üôé éó·ýåé

| : C ()| = | : C () ∩ C ()| ≤
(4.23)

| : C ()| | : C ()| = 4

óçìáßíåé üôéC () = {C () C () C() C ()}¸óôù  :  →

ç óõíÞèçò åìöýôåõóç (() :=  ∀ ∈ ). ÅðåéäÞ

(()) = () ⊆ C ()
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üðïõ () = ((Q)) = ((Q)) = ({±I2}) êáé

() = {()  ()  ()  ()} ∼= Inn() ∼= V

ïñßæåôáé (óýìöùíá ìå ôï èåþñçìá 4.5.5) ï êáíïíéóôéêüò ïìïìïñöéóìüò

ðçë. : () −→C ()

óå åðßðåäï ðçëéêïïìÜäùí ùò áêïëïýèùò:

()
ðçë.7−→ C ()  ()

ðçë.7−→ C ()

 ()
ðçë.7−→ C ()  ()

ðçë.7−→ C ()

ÅðåéäÞ, åí ðñïêåéìÝíù, ï ðçë. åßíáé éóïìïñöéóìüò, ëáìâÜíïõìå79

 = Im()C () =  C () (7.64)

ÂÞìá 3ï. ¸óôù ôõ·üí  ∈C ()ÅðåéäÞ  ∈ õðÜñ·åé êÜðïéïò  ∈ N0 ôÝôïéïò
þóôå íá éó·ýåé ord() = 2 ÅÜí õðïèÝóïõìå üôé  = 2 Þôïé üôé ord() = 4 ôüôå

 =  =⇒
2.1.12

()4 = 44 =  =⇒
2.3.8

ord() = |hi| | 4⇒ ord() ∈ {1 2 4}

ÅðåéäÞ  () −1 = ()−1 = ()−1 = (−1) = −1 ôá  êáé −1 åßíáé
óõæõãÞ, ïðüôå ord() = ord(−1) Ôï åíäå·üìåíï íá éó·ýåé ord() = 1 áðï-

êëåßåôáé (äéüôé åí ôïéáýôç ðåñéðôþóåé  = −1 åíþ ôï −1 = −2 Ý·åé ôÜîç 2).

ÅÜí ßó·õå ord() = 2 ôüôå èá åß·áìå hi = { } êáé

ord() = ord(−1)⇒  6= ⇒ −1 6= 

2 6=  ⇒ −1 6= ⇒ −1 6= 

( |{z}
∈hi

)−1 = −1 ∈ hi

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭⇒ hi 5 

ðñÜãìá Üôïðï, äéüôé ç  åßíáé ·áìéëôïíéáíÞ. Åðßóçò, åÜí ord() = 4 ôüôå èá

åß·áìå hi = {  ()2 ()3} êáé

ord() = ord(−1)⇒  6= ⇒ −1 6= 

2 6=  ⇒ −1 6= ⇒ −1 6= 

 6=  = −3 ⇒ −1 6= 22 = ()2

ord() = 4⇒ 2 6=  = −4 ⇒ −1 6= 33 = ()3

( |{z}
∈hi

)−1 = −1 ∈ hi

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
⇒ hi 5 

79Âë. ôï (b) óôç äéáôýðùóç ôïý èåùñÞìáôïò 4.5.5.
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ðñÜãìá Üôïðï, äéüôé ç  åßíáé ·áìéëôïíéáíÞ. ¢ñá  6= 2 Åí óõíå·åßá, åÜí õðïèÝ-

óïõìå üôé  ≥ 3 ôüôå êáôáëÞãïõìå åê íÝïõ óå Üôïðï, êáèþò

−2 ∈ C () êáé ord(−2) = 2

ìêä(22−2) =
2

2−2 = 4

(Áñêåß íá åðáíáëçöèåß ç ðñïçãïýìåíç åðé·åéñçìáôïëïãßá ìå ôï −2 óôç èÝóç

ôïý ) ÅðïìÝíùò,  ∈ {0 1}⇒ ord() ∈ {1 2} áð' üðïõ Ýðåôáé üôé ç C () åßíáé
áâåëéáíÞ. (Âë. 2.3.9 (iv).)

ÂÞìá 4ï. Ôï 2 åßíáé ôï ìüíï óôïé·åßï ôÞò  ôÜîåùò 2 Ðñïöáíþò, 2 ∈ C ()

ÅðéðñïóèÝôùò, 4 =  ⇒ 2 = −2 ïðüôå

2 = −2 = −1(−1) = −1() = (−1) = () = 2 ⇒ 2 ∈ C ()

êáé, ùò åê ôïýôïõ,

2 ∈ C () ∩ C () = C ()

¢ñá C () ∩ =

2
®
êáé exp(C ()) = 2 (Âë. 2.3.24.) ÅðåéäÞ õðÜñ·åé ìéá

õðïïìÜäá80  ôÞò C () ôÝôïéá þóôå íá éó·ýåé

C () =

2
®×åó. 

Ý·ïõìå ðñïöáíþò

 =
(7.64)

 C () = (

2
®×åó. ) = 

ËáìâáíïìÝíïõ õð' üøéí üôé  E

 v E  êáé (åî õðïè.)  E  =⇒
4.2.19

 E

êáé

2
® ∩ = {}⇒  ∩ = {} (äéüôé ôá óôïé·åßá ôïý Ý·ïõí ôÜîç ≤ 2),

óõìðåñáßíïõìå ôåëéêþò üôé81

 =  ×åó. 

 =
(7.63)

 ×åó. 

⎫⎬⎭ =⇒  =  ×åó.  ×åó. 

Áðïäåéîç ôçó óõíåðáãùãçó (ii)⇒(i). ¸óôù  ôõ·ïýóá õðïïìÜäá ôÞò ïìÜäáò

 =  ×åó.  ×åó.  êáé Ýóôù  : Q
∼=−→  Ýíáò éóïìïñöéóìüò

Ðåñßðôùóç ðñþôç. ÅÜí  v  ×åó.  ôüôå  E  ×åó.  (äéüôé ç  ×åó.  åßíáé

ìéá áâåëéáíÞ õðïïìÜäá ôÞò ) ïðüôå  E  (Bë. 4.2.6 êáé 7.1.39 (i).)

80ÅÜí åêëÜâïõìå ôçí áâåëéáíÞ ïìÜäá C () ùò Ýíáí Z2-äéáíõóìáôéêü ·þñï êáé ôçí

2
®
ùò ãñáììéêü õðü-

·ùñü ôïõ, ôüôå (üðùò åßíáé ãíùóôü áðü ôç ÃñáììéêÞ ¢ëãåâñá) õößóôáôáé êÜðïéï (ìÝ·ñéò éóïìïñöéóìïý äéáíõóìáôé-
êþí ·þñùí ìïíïóçìÜíôùò ïñéóìÝíï) óõìðëÞñùìÜ ôïõ Èåùñþíôáò ôï (áðëþò) ùò áâåëéáíÞ ïìÜäá, ëáìâÜíïõìå

C () =

2
® ×åó. 

81Ðñïöáíþò, = {}⇔ C () =

2
®
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Ðåñßðôùóç äåýôåñç. Áò õðïèÝóïõìå üôé  ∈ Subg()rSubg( ×åó. ) ÊÜèå

óôïé·åßï  ∈  ãñÜöåôáé õðü ôç ìïñöÞ

 =  (7.65)

ãéá êÜðïéá ìïíïóçìÜíôùò ïñéóìÝíá óôïé·åßá  ∈   ∈  êáé  ∈  ÅðéðñïóèÝ-

ôùò, ãéá ïéïõóäÞðïôå   ∈ Z éó·ýåé⎧⎨⎩
[7.1.25 (b) (i)⇒] () = () =⇒

2.1.12
() = ()

[ ×åó.  áâåëéáíÞ]⇒  =  =⇒
2.1.12

() = 

⎫⎬⎭  (7.66)

ÅðåéäÞ ord() = 2 + 1 ãéá êÜðïéïí  ∈ N0 áðü ôéò (7.65) êáé (7.66) ðñïêýðôåé

üôé82

2 ord() = 4+2 = (4)2(2)2+1
¡
2+1

¢2
= 2

 ∈  ⇒ 2 ord() ∈ 

)
⇒ 2 ∈  (7.67)

Ðñþôç õðïðåñßðôùóç. ÅÜí ãéá êÜðïéï  ∈  ôï  óôçí (7.65) Ý·åé ôÜîç 4 ôüôå

Ý·ïõìå êáô' áíÜãêçí  ∈ ({i−i j−jk−k}) ïðüôå (ìÝóù ôÞò (7.67)) óõìðå-

ñáßíïõìå üôé83 (−I2) ∈  Åî áõôïý Ýðåôáé üôé

0 =
7.1.83

 0 ×åó. 
0 ×åó. 

0 =
5.5.6

 0 = (Q)0

=
5.5.10

(Q0) =
5.5.13

({±I2}) = { (−I2)} ⊆ 

=⇒
2.1.20

0 v  =⇒
5.5.11

 E 

Äåýôåñç õðïðåñßðôùóç. ÅÜí ôï  óôçí (7.65) Ý·åé ôÜîç ≤ 2 ãéá êÜèå  ∈  ôüôå

 ∈ ({±I2}) =
5.4.7

((Q)) =
5.4.5

((Q)) = ()

ïðüôå

 v ()×åó.  ×åó.  = ()×åó. ()×åó. () =
7.1.82

() =⇒
5.4.19 (i)

 E 

Ôåëéêü óõìðÝñáóìá : Óå üëåò ôéò ðåñéðôþóåéò ç  åßíáé ïñèüèåôç õðïïìÜäá ôÞò

 ïðüôå ç  åßíáé ·áìéëôïíéáíÞ ïìÜäá. ¤

7.5.4 Óçìåßùóç. Ìåôáîý üëùí ôùí ðåðåñáóìÝíùí ïìÜäùí ôÜîåùò≤ 100 õößóôá-
íôáé áêñéâþò 13 ·áìéëôïíéáíÝò ïìÜäåò84.

82ÓçìåéùôÝïí üôé, õøþíïíôáò ïéïäÞðïôå óôïé·åßï ôÞòQ (êáé, êáô' åðÝêôáóç, êáé ôÞò) óôç äýíáìç 4 ëáìâÜíïõìå
ôï ïõäÝôåñï óôïé·åßï.

83ÅÜí  = (i) ôüôå 2 = (i)2 = (i2) = (−I2) ∈  Ðáñïìïßùò éó·ýåé 2 = (−I2) ∈  êáé ãéá

 ∈ ({−i j−jk−k}) (Âë. ôïí ðïëëáðëáóéáóôéêü êáôÜëïãï ôÞòQ óôï åä. 2.2.11.)

84Âë. B. Horvat, G. Jaklic & T. Pisanski: On the number of hamiltonian groups, Mathematical Communications 10
(2005) 89-94
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7.6 ÇÌÉÅÕÈÅÁ ÃÉÍÏÌÅÍÁ

Ôï åõèý ãéíüìåíï äýï ïìÜäùí ãåíéêåýåôáé êáôÜ ôñüðï öõóéêü (ôüóïí óôçí «åîù-

ôåñéêÞ» üóïí êáé óôçí «åóùôåñéêÞ» ôïõ åêäï·Þ) ìÝóù ôÞò åííïßáò ôïý çìéåõèÝïò
ãéíïìÝíïõ. (Âë. 7.6.4 êáé 7.6.44 (i).)

I «Åîùôåñéêü» çìéåõèý ãéíüìåíï äýï ïìÜäùí. ¸óôù üôé ïé (1~) êáé (2})
åßíáé ôõ·ïýóåò ïìÜäåò êáé üôé ç áðåéêüíéóç85

 : (2}) −→ (Aut(1) ◦)   7−→ 

åßíáé Ýíáò ïìïìïñöéóìüò ïìÜäùí, Þôïé86 } =  ◦ ∀ ( ) ∈ 2 ×2 Åöï-

äéÜæïõìå ôï êáñôåóéáíü ãéíüìåíï1×2 ôùí õðïêåéìÝíùí óõíüëùí ôùí èåùñïõ-

ìÝíùí ïìÜäùí ìå ôçí åóùôåñéêÞ ðñÜîç

(1 ×2)× (1 ×2) −→ 1 ×2
((1 2)  (1 2)) 7−→ (1 2)£ (1 2) :=

¡
1 ~ 2(1) 2 } 2

¢


7.6.1 Ðñüôáóç. Ôï æåýãïò (1×2£) áðïôåëåß ïìÜäá Ý·ïõóá (ùò ðñïò ôçí ïñé-
óèåßóá ðñÜîç “£”) ôï (1  2)ùò ïõäÝôåñï óôïé·åßï ôçò êáé ôï (

−1
2
(−11 ) 

−1
2 )

ùò áíôßóôñïöï (= óõììåôñéêü ) óôïé·åßï ïéïõäÞðïôå (1 2) ∈ 1×2 üðïõ −11
ôï áíôßóôñïöï óôïé·åßï ôïý 1 ∈ 1 ùò ðñïò ôçí “ ~ ” êáé −12 ôï áíôßóôñïöï
óôïé·åßï ôïý 2 ∈ 2 ùò ðñïò ôçí “} ”.

Áðïäåéîç. ÅÜí (1 2)  (1 2)  (1 2) ∈ 1 ×2 ôüôå

[(1 2)£ (1 2)]£ (1 2) =
¡
1 ~ 2(1) 2 } 2

¢
£ (1 2)

=
¡¡
1 ~ 2(1)

¢
~ 2}2(1) (2 } 2)} 2

¢
=
¡
1 ~

¡
2(1)~ 2}2(1)

¢
 (2 } 2)} 2

¢
=
¡
1 ~

¡
2(1)~

¡
2 ◦ 2

¢
(1)

¢
) 2 } (2 } 2)

¢
=
¡
1 ~

¡
2(1)~ 2

¡
2(1)

¢¢
) 2 } (2 } 2)

¢
=
¡
1 ~ 2(1 ~ 2(1)) 2 } (2 } 2)

¢
= (1 2)£

¡
1 ~ 2(1) 2 } 2

¢
= (1 2)£ [(1 2)£ (1 2)]

üðïõ ç ôñßôç éóüôçôá Ýðåôáé áðü ôçí ðñïóåôáéñéóôéêüôçôá ôÞò “ ~ ” ç ôÝôáñôç
éóüôçôá áðü ôï üôé ç  åßíáé ïìïìïñöéóìüò êáé áðü ôçí ðñïóåôáéñéóôéêüôçôá ôÞò
“} ” êáé ç Ýêôç éóüôçôá áðü ôï üôé ç 2 åßíáé áõôïìïñöéóìüò ôÞò 1 ÊáôÜ óõ-
íÝðåéáí, ç åóùôåñéêÞ ðñÜîç “£ ” åßíáé ðñïóåôáéñéóôéêÞ. Åðßóçò, ãéá ïéïäÞðïôå
óôïé·åßï (1 2) ∈ 1 ×2 Ý·ïõìå

(1 2)£ (1  2) =
¡
1 ~ 2(1) 2 } 2

¢
= (1 ~ 1  2 } 2) = (1 2) = (1 ~ 1 2 } 2)

= (1 ~ id1(1) 2 } 2) = (1 ~ 2
(1) 2 } 2)

= (1  2)£ (1 2)

85Åí ðñïêåéìÝíù, åßíáé ðñïóöïñüôåñï (ãéá åõíüçôïõò ëüãïõò) íá ·ñçóéìïðïéïýìå ôï óýìâïëï  áíôß ôïý ()

86ÓçìåéùôÝïí üôé 2
= Aut(1)

= id1 êáé üôé  =  ãéá êÜèå ( ) ∈ 2 × Z
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êáé

(1 2)£ (
−1
2
(−11 ) −12 ) =

¡
1 ~ 2(

−1
2
(−11 )) 2 } −12

¢
=
¡
1 ~ −11  2 } −12

¢
= (1  2) = (−12

(1) 2)

= (
−12

(−11 )~ 
−12

(1) 2) = (
−1
2
(−11 )~ 

−12
(1) 

−1
2 } 2)

= (−12 (
−1
1 ) −12 )£ (1 2) 

¢ñá ôï æåýãïò (1 × 2£) áðïôåëåß üíôùò ïìÜäá Ý·ïõóá ôï (1  2) ùò ïõ-

äÝôåñï óôïé·åßï ôçò êáé ôï (−12 (
−1
1 ) 

−1
2 ) ùò ôï áíôßóôñïöï óôïé·åßï ïéïõäÞðïôå

(1 2) ∈ 1 ×2 ¤

7.6.2 Ïñéóìüò. ËÝìå üôé ç ïìÜäá (1 × 2£) åßíáé ôï åîùôåñéêü çìéåõèý ãé-

íüìåíï ôùí (1~) êáé (2}) ôï êáèïñéæüìåíï ìÝóù ôïý  Ãéá ôï õðïêåßìåíï

óýíïëï áõôÞò èá ·ñçóéìïðïéoýìå åöåîÞò ôïí (ðëÝïí êáèéåñùìÝíï) óõìâïëéóìü

1 o 2

(ìÝóù ôïý ïðïßïõ äéáóöáëßæåôáé ôüóïí ç äéÜêñéóÞ ôçò áðü ôï óýíçèåò åîùôåñéêü
åõèý ãéíüìåíï87 ôùí 1 êáé 2 üóïí êáé ç áðáñáßôçôç áíáãñáöÞ ôïý ).

7.6.3 Ðñüôáóç. Ãéá ôçí 1 o 2 éó·ýïõí ôá áêüëïõèá :
(i) 1 ∼= 1 := 1 o {2

} E 1 o 2

(ii) Ç (äåýôåñç öõóéêÞ) ðñïâïëÞ

pr2 : 1 o 2 −→ 2 (1 2) 7−→ 2

åßíáé Ýíáò åðéìïñöéóìüò Ý·ùí ùò ðõñÞíá ôïõ ôçí 1 ïðüôå (1 o 2)1 ∼= 2

(iii) 2 ∼= 2 := {1}o 2 v 1 o 2

(iv) 1 o 2 = 1 £ 2

(v) 1 ∩2 = {(1  2)}

Áðïäåéîç. (i) Ç áðåéêüíéóç 1 3 1 7→ (1 2) ∈ 1 åßíáé Ýíáò éóï-
ìïñöéóìüò ïìÜäùí. ÅðéðëÝïí, (1  2) ∈ 1 êáé ãéá ïéáäÞðïôå óôïé·åßá
(1 2) (

0
1 2) ∈ 1 êáé (1 2) ∈ 1 o 2 Ý·ïõìå áö' åíüò ìåí

(1 2)£ (
0
1 2)

−1 = (1 2)£ (
−1
2

((01)
−1) −12)

= (1 ~ 2
(−12 ((

0
1)
−1)) 2 } −12)

= (1 ~ (01)−1 2) ∈ 1 =⇒
2.1.16 (iii)

1 v 1 o 2

áö' åôÝñïõ äå

(1 2)£ (1 2)£ (1 2)
−1 = (1 2)£ (1 2)£ (

−1
2
(−11 ) −12 )

=
¡
1 ~ 2(1) 2 } 2

¢
£ (

−1
2
(−11 ) −12 )

=
¡
1 ~ 2(1) 2

¢
£ (

−1
2
(−11 ) −12 )

= (1 ~ 2(1)~ 2(
−1
2
(−11 )) 2 } −12 )

= (1 ~ 2(1 ~ −12 (
−1
1 )) 2) ∈ 1 ⇒ 1 E 1 o 2

87ÓçìåéùôÝïí üôé, åí áíôéèÝóåé ðñïò ü,ôé óõìâáßíåé ìå ôï åîùôåñéêü åõèý ãéíüìåíï, ï ïñéóìüò ôïý åîùôåñéêïý çìéåõèÝïò
ãéíïìÝíïõ åîáñôÜôáé áðü ôï ðïéïí åê äýï «ðáñáãüíôùí» áíáöÝñïõìå ùò ðñþôï êáé ðïéïí ùò äåýôåñï.
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(ii) Áñêåß íá åöáñìïóèåß ôï èåþñçìá 4.5.2 ëáìâÜíïíôáò õð' üøéí üôé

Ker(pr2) = { (1 2) ∈ 1 o 2|2 = 2} = 1

(iii) Ç áðåéêüíéóç 2 3 2 7→ (1
 2) ∈ 2 åßíáé Ýíáò éóïìïñöéóìüò ïìÜäùí.

Ðñïöáíþò, (1  2) ∈ 2 Åðßóçò, ãéá ïéáäÞðïôå (1  2) (1  
0
2) ∈ 2 ëáì-

âÜíïõìå

(1  2)£ (1  
0
2)
−1 = (1  2)£ (

−1
2
(−11) (

0
2)
−1)

= (1  2)£ (
−1
2
(1) (

0
2)
−1) = (1  2)£ (1  (

0
2)
−1)

= (1 ~ 2(1) 2 } (
0
2)
−1) = (2(1) 2 } (

0
2)
−1)

= (1  2 } (02)−1) ∈ 2 =⇒
2.1.16 (iii)

2 v 1 o 2

(iv) Ðñïöáíþò,1£2 ⊆ 1o2Áðü ôçí Üëëç ìåñéÜ, ãéá ïéïäÞðïôå óôïé·åßï
(1 2) ∈ 1 o 2 Ý·ïõìå

(1 2) = (1 ~ 1  2 } 2) = (1 ~ 2
(1) 2 } 2)

= (1 2)£ (1  2) ∈ 1 £ 2 ⇒ 1 o 2 ⊆ 1 £ 2

(v) Ôïýôï åßíáé ðñïöáíÝò. ¤

7.6.4 Ðñüôáóç. Ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) Ç ôáõôïôéêÞ áðåéêüíéóç áðü ôï åîùôåñéêü çìéåõèý ãéíüìåíï 1 o 2 åðß ôïý
åîùôåñéêïý åõèÝïò ãéíïìÝíïõ 1 ×2 åßíáé ïìïìïñöéóìüò ïìÜäùí.

(ii)Ï : 2 −→Aut(1)  7−→  åßíáé ï ôåôñéììÝíïò ïìïìïñöéóìüò, Þôïé éó·ýåé
 = Aut(1) = id1 ãéá êÜèå  ∈ 2

(iii) Tï åîùôåñéêü çìéåõèý ãéíüìåíï1 o2 óõìðßðôåé ìå ôï åîùôåñéêü åõèý ãéíü-
ìåíï 1 ×2

(iv) 2 E 1 o 2

Áðïäåéîç. (i)⇒(ii) Ãéá ïéáäÞðïôå óôïé·åßá (1 2)  (1 2) ∈ 1 o 2 Ý·ïõìå

(åî õðïèÝóåùò) (1 2)£(1 2) :=
¡
1 ~ 2(1) 2 } 2

¢
= (1 ~ 1 2 } 2) 

ïðüôå 1 ~ 2(1) = 1 ~ 1 ⇒ 2(1) = 1 êáé, êáô' åðÝêôáóç, 2 = id1 

(ii)⇒(i) Êáé áíôéóôñüöùò, ãéá ïéáäÞðïôå (1 2)  (1 2) ∈ 1 o 2¡
1 ~ 2(1) 2 } 2

¢
= (1 ~ 1 2 } 2) 

(ii)⇒(iii) Ãéá ïéáäÞðïôå óôïé·åßá (1 2)  (1 2) ∈ 1 o 2 Ý·ïõìå

(1 2)£ (1 2) :=
¡
1 ~ 2(1) 2 } 2

¢
= (1 ~ id1(1) 2 } 2) = (1 ~ 1 2 } 2)

= (1 2)¡ (1 2)

(âë. 7.1.1), ïðüôå 1 o 2 = 1 ×2

(iii)⇒(iv) ÅðåéäÞ 1 o 2 = 1 ×2 ôïýôï Ýðåôáé áðü ôï 7.1.4 (ii).
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(iv)⇒(ii) ÅðåéäÞ 2 E 1 o 2 ãéá ïéáäÞðïôå  ∈ 2 êáé (1 2) ∈ 1 o 2
éó·ýåé

(1 2)£ (1  )£ (1 2)
−1 = (1 ~ 2(1) 2 } )£ (1 2)

−1

= (1 ~ 1  2 } )£ (
−1
2
(−11 ) −12 ) = (1 2 } )£ (

−1
2
(−11 ) −12 )

= (1 ~ 2}(
−1
2
(−11 )) 2 } } −12 ) = (1 ~ 2}(−12

(−11 )) 2 } } −12 )

= (1 ~ (2}}−12 (1))
−1 2 } } −12 ) ∈ 2

ïðüôå 1 ~ (2}}−12 (1))
−1 = 1 ⇒ 2}}−12

(1) = 1 êáé, êáô' åðÝêôáóç,

id1
= 2}}−12

= 2 ◦  ◦ −12 = 2 ◦  ◦ −12
⇒ 2 ◦  = 2 ⇒  = id1 

¢ñá ï  : 2 −→ Aut(1) åßíáé üíôùò ï ôåôñéììÝíïò ïìïìïñöéóìüò. ¤

7.6.5 Ðüñéóìá. Ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) Ç ïìÜäá 1 o 2 åßíáé áâåëéáíÞ.

(ii) Áìöüôåñåò ïé 1 êáé 2 åßíáé áâåëéáíÝò ïìÜäåò êáé ôï åîùôåñéêü çìéåõèý ãéíü-
ìåíï 1 o 2 óõìðßðôåé ìå ôï åîùôåñéêü åõèý ãéíüìåíï 1 ×2

Áðïäåéîç. (i)⇒(ii) ÅÜí ç 1 o 2 åßíáé áâåëéáíÞ, ôüôå 2 E 1 o 2 (Âë.

ðñüôáóç 4.2.6.) Áðü ôçí ðñüôáóç 7.6.4 óõíÜãåôáé üôé 1 o 2 = 1 × 2 êáé

áðü ôï (ii) ôÞò ðñïôÜóåùò 7.1.57 üôé áìöüôåñåò ïé 1 êáé 2 åßíáé áâåëéáíÝò.

(ii)⇒(i) ÅÜí áìöüôåñåò ïé1 êáé2 åßíáé áâåëéáíÝò êáé1o2 =1×2 ôüôå

êáé ç 1 ×2 åßíáé áâåëéáíÞ äõíÜìåé ôïý (ii) ôÞò ðñïôÜóåùò 7.1.57. ¤

I ÊñéôÞñéá õðÜñîåùò éóïìïñöéóìïý ìåôáîý åîùôåñéêþí çìéåõèÝùí ãéíïìÝíùí.
ÅÜí  ∈ Hom(2 Aut(1)) ôüôå ôá åîùôåñéêÜ çìéåõèÝá ãéíüìåíá 1 o 2
êáé 1 o 2 Ý·ïõí ßóåò ôÜîåéò áëëÜ äåí åßíáé êáô' áíÜãêçí éóüìïñöá. ÊÜðïéåò

éêáíÝò óõíèÞêåò ãéá íá åßíáé éóüìïñöá äßäïíôáé óôéò ðñïôÜóåéò 7.6.6, 7.6.7 êáé

7.6.9. Åðßóçò, ìéá áíáãêáßá óõíèÞêç (õðü åéäéêÝò ðñïûðïèÝóåéò) äßäåôáé óôçí

ðñüôáóç 7.6.12.

7.6.6 Ðñüôáóç. Ãéá êÜèå  ∈Hom(2Aut(1)) êáé êÜèå  ∈Aut(2) õößóôáôáé
(êáíïíéóôéêüò) éóïìïñöéóìüò

1 o 2
∼=−→ 1 o◦ 2

Áðïäåéîç. Ôï åîùôåñéêü çìéåõèý ãéíüìåíï1o◦2 ïñßæåôáé, êáèþò åßíáé ðñü-
äçëï üôé ç óýíèåóç  ◦  : 2 −→ Aut(1) áðïôåëåß ïìïìïñöéóìü ïìÜäùí. Ç
áðåéêüíéóç  : 1 o 2 → 1 o◦ 2 (1 2) 7→  ((1 2)) := (1 

−1(2))
åßíáé ôüóïí åíñéðôéêÞ (äéüôé ç −1 åßíáé åíñéðôéêÞ) üóïí êáé åðéññéðôéêÞ (äéüôé
ãéá êÜèå (1 2) ∈ 1 o◦ 2 éó·ýåé ç éóüôçôá  ((1 (2))) = (1 2)). Åðé-
ðñïóèÝôùò, ç  åßíáé êáé ïìïìïñöéóìüò ïìÜäùí, êáèüóïí ãéá ïéáäÞðïôå óôïé·åßá
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(1 2)  (1 2) ∈ 1 o 2 Ý·ïõìå

((1 2)£ (1 2)) = (1 ~ 2(1) 2 } 2)

= (1 ~ 2(1) 
−1(2 } 2)) = (1 ~ 2(1) 

−1(2)} −1(2))

= (1 ~ ( ◦ )−1(2)(1) −1(2)} −1(2))

=
¡
1 

−1(2)
¢
£◦

¡
1 

−1(2)
¢
= ((1 2))£◦ ((1 2))

äéüôé ( ◦ )−1(2) = (−1(2)) = 2  ∀2 ∈ 2 ¢ñá ç  åßíáé éóïìïñöéóìüò
ïìÜäùí. ¤

7.6.7 Ðñüôáóç. ÅÜí  ∈Hom(2 Aut(1)) êáé åÜí

∃ ∈ Aut(1) êáé ∃ ∈ Aut(2) : () =  ◦  ◦ −1 ∀ ∈ 2

äçëáäÞ åÜí ôï äéÜãñáììá

2



²²

ª

 // Aut(1)

óõæõãßá ◦−◦−1

²²
2


// Aut(1)

åßíáé ìåôáèåôéêü, ôüôå õößóôáôáé (êáíïíéóôéêüò) éóïìïñöéóìüò

1 o 2
∼=−→ 1 o 2

Áðïäåéîç. Ç áðåéêüíéóç

 : 1 o 2 −→ 1 o 2 (1 2) 7−→  ((1 2)) := ((1) (2))

åßíáé ïìïìïñöéóìüò ïìÜäùí, êáèüóïí ãéá ïéáäÞðïôå (1 2)  (1 2) ∈ 1o2
Ý·ïõìå

((1 2)£ (1 2)) = (1 ~ 2(1) 2 } 2)

= ((1 ~ 2(1)) (2 } 2)) = ((1)~ (2(1)) (2 } 2))

= ((1)~ ( ◦ 2 ◦ −1)((1)) (2 } 2))

= ((1)~ (2)((1)) (2)} (2))

= ((1) (2))£ ((1) (2)) = ((1 2))£ ((1 2))

Ðáñïìïßùò áðïäåéêíýåôáé üôé êáé ç áðåéêüíéóç


0 : 1 o 2 −→ 1 o 2 (1 2) 7−→ 

0 ((1 2)) :=
¡

−1(1) 

−1(2)
¢

åßíáé ïìïìïñöéóìüò ïìÜäùí. ÅðåéäÞ  ◦  0 = id1o2 êáé 
0 ◦  = id1o2  ç 

åßíáé éóïìïñöéóìüò êáé  0 = −1 ¤
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7.6.8 ËÞììá. ÅÜí  ∈ Z êáé  ∈ N  ≥ 2 åßíáé ôÝôïéïé, þóôå íá éó·ýåé  | 
êáé ìêä() = 1 ôüôå ∃0 ∈ Z : [] = [0] êáé ìêä(0 ) = 1 ÊáôÜ óõíÝðåéáí,
ç áðåéêüíéóç Z× 3 [] 7−→ [] ∈ Z× ( ∈ Z) åßíáé åðéññéðôéêÞ.
Áðïäåéîç. Åî õðïèÝóåùò, ∃ ∈ N :  =  ÅÜí èÝóïõìå  := ìêä( ) ôüôå

ìêä( ) = ìêä(ìêä( )) =
B.2.16

ìêä( ) = ìêä() = 1

(äéüôé | ), áð' üðïõ Ýðåôáé üôé

 =   | 
ìêä( ) = 1

¾
=⇒
B.2.9

 |  ⇒ ∃0 ∈ N :  = 0

¸óôù  ôï ãéíüìåíï üëùí ôùí ðñþôùí äéáéñåôþí ôïý 0 ðïõ äåí äéáéñïýí ôï  üôáí
0 ≥ 2 êáé  := 1 üôáí 0 = 1ÈÝôïõìå 0 := +  ðáñáôçñïýìå üôé [] = [

0]
èåùñïýìå ôõ·üíôá ðñþôï äéáéñÝôç  ôïý  êáé åîåôÜæïõìå 4 ðåñéðôþóåéò ·ùñéóôÜ.

Ðåñßðôùóç ðñþôç. ÅÜí  |  ôüôå ìêä() = 1⇒  - ⇒  - 0
Ðåñßðôùóç äåýôåñç. ÅÜí  -   | 0 êáé  |  ôüôå  -  (åî ïñéóìïý ôïý ), ïðüôå

[ |  êáé  | ]⇒  |  êáé [ |  êáé  - ]⇒  - 0

Ðåñßðôùóç ôñßôç. ÅÜí  -   | 0 êáé  -  ôüôå [ |  êáé  - ]⇒  - 0
Ðåñßðôùóç ôÝôáñôç. ÅÜí  -  êáé  - 0 ôüôå  |  (äéüôé  = 0), ïðüôå Ý·ïõìå
[ |  êáé  - ] ⇒  - 0 ÅðåéäÞ êáíÝíáò åê ôùí ðñþôùí äéáéñåôþí ôïý  äåí

äéáéñåß ôï 0 Ý·ïõìå ìêä(0 ) = 1 êáé, êáô' åðÝêôáóç, [0] ∈ Z×  ¤

7.6.9 Ðñüôáóç. ÅÜí ç 1 åßíáé ôõ·ïýóá ïìÜäá, ç 2 êõêëéêÞ ïìÜäá êáé

 : 2 −→ Aut(1)  : 2 −→ Aut(1)

äõï ïìïìïñöéóìïß, ïé åéêüíåò ôùí ïðïßùí åßíáé óõæõãåßò õðïïìÜäåò åíôüò ôÞò
Aut(1) ôüôå õößóôáôáé (êáíïíéóôéêüò) éóïìïñöéóìüò

1 o 2
∼=−→ 1 o 2

óôéò áêüëïõèåò äýï ðåñéðôþóåéò :

(i)¼ôáí ç 2 åßíáé ðåðåñáóìÝíç.

(ii)¼ôáí ç 2 åßíáé Üðåéñç êáé ïé  åßíáé ìïíïìïñöéóìïß.

Áðïäåéîç. ÅÜí ç2 åßíáé ôåôñéììÝíç, ôüôå ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò.

¸óôù üôé |2| ≥ 2 êáé üôé  åßíáé Ýíáò ãåííÞôïñáò ôÞò ïìÜäáò 2 Ðñïöáíþò,

2 = hi =⇒
2.4.9 (i)

[Im() = (hi) = hi êáé Im() = (hi) = hi]

ÅðåéäÞ

(Im() Im()) ∈ RAut(1)
óõæ.

¯̄̄
Subg(Aut(1))2

⇒ [∃ ∈ Aut(1) :  ◦ Im() ◦ −1 = Im()]
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Ý·ïõìå  ◦  ◦ −1 = 0 ãéá êÜðïéï 0 ∈ 2 (= hi) ïðüôå ∃ ∈ Z : 0 = 

¸óôù ôþñá ôõ·üí  ∈ 2Áõôü ãñÜöåôáé õðü ôç ìïñöÞ  =  ãéá êÜðïéïí  ∈ Z
Ôïýôï óçìáßíåé üôé

 ◦  ◦ −1 =  ◦  ◦ −1 = ( ◦  ◦ −1)
= 0 =  =  = ()

 =  =  (7.68)

(i) ¼ôáí ç2 åßíáé ðåðåñáóìÝíç, ôüôå åßíáé éóüìïñöç ìå ôçí (Z+) ãéá êÜðïéïí

 ∈ N  ≥ 2 ÅîÜëëïõ,

2Ker() ∼= Im() =⇒  = |Ker()| |Im()| 

(Âë. 4.5.2, 4.4.2 (iii) êáé 2.4.19 (i).) ÈÝôïíôáò := |Im()| ëáìâÜíïõìå

Im() = hi =
©

¯̄
 ∈ {0 1 − 1}ª = { |  ∈ {0 1 − 1}} 

Ëüãù ôïý éóïìïñöéóìïý

Im()
∼=−→ Im()  7−→  ◦  ◦ −1 =  = (


)
  ∀ ∈ {0 1 − 1}

ç Im() = hi Ý·åé ôïí áõôïìïñöéóìü  ôÞò1 ùò (Üëëïí) Ýíáí ãåííÞôïñÜ ôçò.

ÄõíÜìåé ôïý ðïñßóìáôïò 2.3.17 Ý·ïõìå ìêä() = 1 ÊáôÜ ôï ðñïçãçèÝí ëÞììá

7.6.8, ∃0 ∈ Z : [] = [0] êáé ìêä(0 ) = 1ÊáôÜ óõíÝðåéáí, [0] ∈ Z× ¸óôù

[] ôï (ðïëëáðëáóéáóôéêü) áíôßóôñïöï ôïý [0] åíôüò ôÞò Z× (ãéá êáôÜëëçëïí

 ∈ Z). Çáðåéêüíéóç : 2 −→ 2  7−→ () := 
0
 åßíáé Ýíáò áõôïìïñöéóìüò

ôÞò 2 êáèüóïí åßíáé åìöáíþò åíäïìïñöéóìüò ôÞò 2 êáé ç óýíèåóÞ ôçò (ôüóïí

åê äåîéþí üóïí êáé åî áñéóôåñþí) ìå ôïí åíäïìïñöéóìü 2 −→ 2  7−→ 

éóïýôáé ìå id2
 ÅðéðñïóèÝôùò,

 | 0 − ⇒ [
0−
 = id1 ⇒  = 

0
 = 0 = ()∀ ∈ 2] (7.69)

Áðü ôéò (7.68) êáé (7.69) óõíÜãåôáé üôé () =  ◦  ◦ −1 ∀ ∈ 2 ÅðïìÝíùò,

óýìöùíá ìå ôçí ðñüôáóç 7.6.7, ç áðåéêüíéóç

 : 1 o 2 −→ 1 o 2 (1 2) 7−→  ((1 2)) := ((1) (2))

áðïôåëåß Ýíáí (êáíïíéóôéêü) éóïìïñöéóìü ïìÜäùí.

(ii) ¼ôáí ç 2 åßíáé Üðåéñç êáé ïé  ìïíïìïñöéóìïß, ç 2 åßíáé éóüìïñöç ìå

ôçí (Z+) êáé Ý·ïõìå (ãéá êÜèå  ∈ 2)  ◦  ◦ −1 =  êáé (êáô' áíáëïãßáí)

−1 ◦  ◦  =  (ãéá êÜðïéïí  ∈ Z). Åî áõôþí ôùí éóïôÞôùí Ýðåôáé üôé

 =  = ()
 = ( ◦  ◦ −1) =  ◦  ◦ −1 = 

êáé ç åíñéðôéêüôçôá ôïý äßäåé  = ⇒ −1 = 2 ⇒  = 1⇒  =  ∈ {±1}
(äéüôé áëëéþò ç 2 äåí èá Þôáí Üðåéñç, âë. 2.2.18). Ç áðåéêüíéóç

 : 1 o 2 −→ 1 o 2 (1 2) 7−→  ((1 2)) := ((1) 

2)
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åßíáé ïìïìïñöéóìüò ïìÜäùí, êáèüóïí ãéá ïéáäÞðïôå (1 2)  (1 2) ∈ 1o2
Ý·ïõìå

((1 2)£ (1 2)) = (1 ~ 2(1) 2 } 2)

= ((1 ~ 2(1)) (2 } 2)
) = ((1)~ (2(1)) (2 } 2)

)

= ((1)~ ( ◦ 2 ◦ −1)((1)) 2 } 2 ) = ((1)~ 2((1)) 

2 } 2 )

= ((1) 

2)£ ((1) 


2 ) = ((1 2))£ ((1 2))

Ðáñïìïßùò áðïäåéêíýåôáé üôé êáé ç áðåéêüíéóç

 0 : 1 o 2 −→ 1 o 2 (1 2) 7−→  0 ((1 2)) :=
¡
−1(1) 2

¢
åßíáé ïìïìïñöéóìüò ïìÜäùí. ÅðåéäÞ  ◦  0 = id1o2 êáé 

0 ◦  = id1o2  ï 

åßíáé éóïìïñöéóìüò êáé  0 = −1 ¤

7.6.10 ËÞììá. Ãéá ôõ·ïýóåò ïìÜäåò 1 2 êáé ôõ·üíôá  ∈ Hom(2 Aut(1))

éó·ýïõí ôá åîÞò :

(i) C1o2(1) ∩2 = {1}oKer()

(ii) C1o2(2) ∩1 = N1o2(2) ∩1
Áðïäåéîç. (i) Ðñïöáíþò, (1  2) ∈ C1o2(1) ∩2 åÜí êáé ìüíïí åÜí

(1 2) = (1  2)£ (1 2)£ (1  2)
−1 = (2(1) 2)

ãéá êÜèå 1 ∈ 1 äçëáäÞ åÜí êáé ìüíïí åÜí 2 = id1 (⇔ 2 ∈ Ker()).

(ii) ÅÜí (1 2) ∈ N1o2(2) ∩1 êáé 2 ∈ 2 ôüôå

∃02 ∈ 2 : (1 2
)£ (1

 2)£ (1 2
)−1 = (1

 02) (7.70)

ÅðåéäÞ (1 2
)£(1

 2)£(1 2
)−1 = (1~2(

−1
1 ) 2) ç éóüôçôá (7.70)

äßäåé 2 = id1 êáé 2 = 02 ÅðïìÝíùò,

N1o2(2) ∩1 ⊆ C1o2(2) ∩1

Ï áíôßóôñïöïò åãêëåéóìüò ‘‘⊇'' åßíáé ðñïöáíÞò. ¤

7.6.11 ËÞììá. ÅÜí ç1 åßíáé áâåëéáíÞ êáé ç2 ôõ·ïýóá, ôüôå ãéá ïéïíäÞðïôå ïìï-
ìïñöéóìü  : 2 −→ Aut(1) éó·ýåé ç éóüôçôá

C1o2(1) = 1 £ ({1}o Ker())

Áðïäåéîç. ÊáôÜ ôï (iv) ôÞò ðñïôÜóåùò 7.6.3,

1 o 2 = 1 £ 2 =
[
∈2

1 £ (1  )

ÅðåéäÞ ç 1 ∼= 1 åßíáé áâåëéáíÞ, Ý·ïõìå 1 v C1o2(1) (Âë. 5.2.2 (ii).)

Áõôü óçìáßíåé üôé ï êåíôñïðïéçôÞò C1o2(1) ôÞò 1 åßíáé ç Ýíùóç êÜðïéùí
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ðëåõñéêþí êëÜóåùí ôÞò1 åíôüò ôÞò1o2Ç ðëåõñéêÞ êëÜóç1£ (1  )

áíÞêåé óôïí C1o2
(1) åÜí êáé ìüíïí åÜí (1

 ) ∈ C1o2
(1) ÅðïìÝíùò,

C1o2(1) =
[

(1 )∈ C1o 2 (1)∩2

1 £ (1  )

= 1 £ (C1o2(1) ∩2)

Áñêåß ëïéðüí íá åöáñìïóèåß ôï (i) ôïý ëÞììáôïò 7.6.10. ¤

7.6.12 Ðñüôáóç. ÅÜí ïé ïìÜäåò 1 2 åßíáé ðåðåñáóìÝíåò, ç 1 áâåëéáíÞ êáé
ìêä(|1|  |2|) = 1 ôüôå éó·ýïõí ôá åîÞò :
(i) Ãéá ïéïíäÞðïôå ïìïìïñöéóìü  ∈ Hom(2 Aut(1)) äåí õðÜñ·åé, ðÝñáí ôÞò
éäßáò ôÞò 1 := 1 o {2

} êáìßá Üëëç õðïïìÜäá ôïý åîùôåñéêïý çìéåõèÝïò ãé-
íïìÝíïõ 1 o 2 ðïõ íá Ý·åé ôÜîç ßóç ìå

¯̄
1
¯̄


(ii) Ãéá ïéïõóäÞðïôå  ∈Hom(2 Aut(1)) éó·ýåé ç óõíåðáãùãÞ

1 o 2 ∼= 1 o 2 =⇒ Ker() ∼= Ker()

Áðïäåéîç. (i) Áò õðïèÝóïõìå üôé ∃ ∈ Subg(1 o 2)r{1} : || =
¯̄
1
¯̄


Èåùñïýìå ôõ·üí óôïé·åßï (1 2) ∈ r1 êáé ôïí öõóéêü åðéìïñöéóìü


1o2

1
: 1 o 2 −→ (1 o 2)1 ∼= 2

Ðñïöáíþò, ord((1 2)) ≥ 2 Ùò ãíùóôüí,

ord((1 2)) | |1 o 2| = |1| |2| =
¯̄
1
¯̄ ¯̄
2
¯̄


(Âë. ðüñéóìá 4.1.27.) Áðü ôçí Üëëç ìåñéÜ, ord(
1o2

1
(1 2)) ≥ 2

ord(
1o2

1
(1 2)) |

¯̄
(1 o 2)1

¯̄
=
¯̄
2
¯̄

êáé (ëüãù ôïý (iv) ôÞò ðñïôÜóåùò 2.4.3) ord(
1o2

1
(1 2)) |ord((1 2))¸óôù

 Ýíáò ðñþôïò äéáéñÝôçò ôÞò ôÜîåùò ord(
1o2

1
(1 2)) ÅðåéäÞ

 | ord((1 2)) |
¯̄
1
¯̄ ¯̄
2
¯̄

ìêä(
¯̄
1
¯̄

¯̄
2
¯̄
) = ìêä(|1|  |2|) = 1

 | ¯̄2 ¯̄
⎫⎪⎬⎪⎭⇒  -

¯̄
1
¯̄
= || 

Ý·ïõìå ord((1 2)) -
¯̄
1
¯̄
= ||  ðñÜãìá áäýíáôï, äéüôé

(1 2) ∈  ⇒ ord((1 2)) = |h(1 2)i| | || 

(ii) ÅÜí  ∈Hom(2 Aut(1)) êáé åÜí õðÜñ·åé êÜðïéïò éóïìïñöéóìüò

 : 1 o 2
∼=−→ 1 o 2
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ôüôå áðü ôï (i) Ýðåôáé üôé (1 o {2}) = 1 o {2} êáé
(C1o2(1 o {2})) = C1o2(1 o {2})

Ùò åê ôïýôïõ, ìÝóù ôïý éóïìïñöéóìïý

 |C1o 2 (1)
: C1o2(1 o {2})

∼=−→ C1o2(1 o {2})

åðÜãåôáé, óå åðßðåäï ðçëéêïïìÜäùí, ï éóïìïñöéóìüò

C1o2(1 o {2})1 o {2}

(  |C1o 2 (1o {2}))
ðçë. ∼=

²²
C1o2

(1 o {2
})1 o {2

}

(7.71)

(Âë. èåþñçìá 4.5.5.) Áðü ôï ëÞììá 7.6.11 ãíùñßæïõìå üôé

C1o2(1 o {2}) = 1 o {2}£ ({1}o Ker())

ÊáôÜ ôï 2ï èåþñçìá éóïìïñöéóìþí 4.5.13,

C1o2
(1 o {2

})1 o {2
} ∼= {1

}o Ker() (7.72)

(äéüôé ({1}oKer()) ∩ (1 o {2}) = {(1  2)}). Êáô' áíáëïãßáí,

C1o2(1 o {2})1 o {2} ∼= {1}o Ker() (7.73)

Áðü ôïõò éóïìïñöéóìïýò (7.71), (7.72) êáé (7.73) óõìðåñáßíïõìå ôåëéêþò üôé õöß-

óôáôáé éóïìïñöéóìüò Ker()
∼=−→ Ker() ¤

7.6.13 Óçìåßùóç. (Áðëïýóôåõóç óõìâïëéóìïý.) ÌÝ·ñé óôéãìÞò ·ñçóéìïðïéÞ-

óáìå ôá óýìâïëá “~ ” “} ” “£ ” ãéá ôç óÞìáíóç ôùí åóùôåñéêþí ðñÜîåùí åðß

ôùí ïìÜäùí 12 êáé 1 o 2 áíôéóôïß·ùò, ðñïêåéìÝíïõ íá ðåñéãñÜøïõìå

åðáêñéâþò ôïõò ìåôáîý ôïõò õöéóôÜìåíïõò óõó·åôéóìïýò óôéò áðïäåßîåéò ôùí

ðñïôÜóåùí 7.6.1, 7.6.3, 7.6.4, 7.6.6, 7.6.7, 7.6.9 êáé 7.6.12. Aðü åäþ, üìùò, êáé

óôï åîÞò, èá ìåôáâïýìå óôïí áðëïõóôåõìÝíï ðïëëáðëáóéáóôéêü óõìâïëéóìü ôùí

ðñÜîåùí êáé ôùí ôñéþí ïìÜäùí 1 2 êáé 1 o 2 (ìÝóù ôïý dot88 “ · ”).
I ÐåñéïñéóôéêÝò óõíèÞêåò ðñïêýðôïõóåò áðü ôïí ïñéóìü. Ôï åîùôåñéêü åõèý
ãéíüìåíï1 ×2 ïñßæåôáé ãéá ôõ·ïýóåò ïìÜäåò1 2ÁíôéèÝôùò, ç äüìçóç ôïý

åîùôåñéêïý çìéåõèÝïò ãéíïìÝíïõ 1 o 2 äõï ïìÜäùí 1 2 åßíáé (åî ïñéóìïý)

åöéêôÞ ìüíïí üôáí ãéá áõôÝò ðëçñïýíôáé êÜðïéåò ðåñéïñéóôéêÝò óõíèÞêåò, áêüìç

êáé üôáí áìöüôåñåò ôõã·Üíåé íá åßíáé êõêëéêÝò ! Ôïýôï ðáñåìöáßíåôáé ìÝóù ôùí

ðñïôÜóåùí 7.6.14, 7.6.16 êáé 7.6.17.
88Åßíáé âåâáßùò áõôïíüçôï üôé óå ïñéóìÝíåò åöáñìïãÝò êáé óå ïñéóìÝíá ðáñáäåßãìáôá, óôá ïðïßá ìßá åê ôùí õðåé-
óåñ·ïìÝíùí ïìÜäùí Ý·åé ùò ðñÜîç ôçò ôç óýíèåóç Þ ôç (óõíÞèç) ðñüóèåóç, ôï dot (Þ ôï íïåñü dot) õðïêáèßóôáôáé

áõôïìÜôùò áðü ôá “ ◦ ” êáé “ + ”
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7.6.14 Ðñüôáóç. ¸óôù  Ýíáò ðñþôïò áñéèìüò. ÅÜí 1 åßíáé ìéá êõêëéêÞ ïìÜäá
ôÜîåùò  êáé 2 ìéá êõêëéêÞ ïìÜäá ôÜîåùò  ìå  ∈ N ôüôå ôï åîùôåñéêü
çìéåõèý ãéíüìåíï1o2 (ùò ðñïò êÜðïéïí  ∈Hom(2Aut(1))) ïñßæåôáé åÜí
êáé ìüíïí åÜí

∃ ∈ {1   − 1} :  -  êáé 
 ≡ 1(mod ) (7.74)

Áðïäåéîç. Åî õðïèÝóåùò, õðÜñ·ïõí  ∈ 1 êáé  ∈ 2 (ôÜîåùò 
 êáé  áíôé-

óôïß·ùò), ôÝôïéá þóôå1 = hi êáé2 = hi  ÅðåéäÞ Aut(1) ∼=Aut(Z) ∼= Z×
êáé, óõãêåêñéìÝíá, âÜóåé ôùí ðñïáíáöåñèÝíôùí óôçí áðüäåéîç ôïý èåùñÞìáôïò

2.4.32, éó·ýåé

Aut(1) = {|  ∈ {1   − 1} : ìêä( ) = 1}
= {|  ∈ {1   − 1} :  - }

üðïõ (
) :=  ∀ ∈ {0 1   − 1} ïé üðïéïé õöéóôÜìåíïé ïìïìïñöéóìïß

2 = hi 3 
7−→  ∈ Aut(1)  ∈ {0 1   − 1} (7.75)

èá êáèïñßæïíôáé ðëÞñùò áðü ôçí ôéìÞ  ðïõ èá ëáìâÜíïõí óôïí ãåííÞôïñá  ôÞò

2 ¸ôóé ëïéðüí, ìéá áðåéêüíéóç (7.75) åßíáé ïìïìïñöéóìüò ïìÜäùí áðü ôçí 2
óôçí Aut(1) åÜí êáé ìüíïí åÜí

∃  ∈ {1   − 1} :  -  ìå  =  êáé ord() |  (= ord())

(Âë. 2.4.3 (iv).) Ç ôåëåõôáßá óõíèÞêç äéáéñåôüôçôáò ðëçñïýôáé åÜí êáé ìüíïí

åÜí89 


 = id1 ⇔ 


=  ⇔ 
−1 = 1 ⇔ ord() =  |  − 1 üðïõ ç

ôåëåõôáßá áìößðëåõñç óõíåðáãùãÞ Ýðåôáé áðü ôçí ðñüôáóç 2.3.8. ¤

7.6.15 Ðáñáäåßãìáôá. (i) Óôçí åéäéêÞ ðåñßðôùóç üðïõ  = 1 Ý·ïõìå êáô' áíÜ-

ãêçí  = 1ÐñÜãìáôé° åÜí õðïèÝóïõìå üôé  ≥ 2 ôï «ìéêñü» èåþñçìá ôïý Fermat

(âë. B.4.13 Þ 4.1.31) êáé ç éóïôéìßá (7.74) äßäïõí

 | −1 − 1
êáé  |  − 1

¾
=⇒
B.2.6

 | ìêä(−1 − 1  − 1) =
B.2.15

ìêä(−1
) − 1

ìå (−1)(− 1)+ = 1 =⇒
B.2.8

ìêä(− 1 ) = 1 =⇒
B.2.13

ìêä(− 1 ) = 1 Þôïé  | − 1
ðñÜãìá Üôïðï, äéüôé 1     ¢ñá ãéá = 1 éó·ýåé  = 1⇒  = 1 = id1

 o

 åßíáé ï ôåôñéììÝíïò ïìïìïñöéóìüò êáé 1 o 2 = hi × hi ∼= Z ⊕ Z 
(ii) Óôçí ðåñßðôùóç üðïõ  = 1 ç (7.74) ãñÜöåôáé  ≡ 1(mod ) KÜèå  ôÞò

ìïñöÞò  = 1 + −1 üðïõ  ∈ N0    ôçí éêáíïðïéåß, áöïý

 = (1 + −1) = 1 +
X
=1

¡



¢
(−1) ≡ 1(mod )

89Ðñïöáíþò, 


 () = 
−1
 () = (

−1
 ()) = (

−2
 ()) = 

−2
 (()) = 

−2
 (

2
)

ÅðïìÝíùò, åðáíáëáìâÜíïíôáò ôçí ßäéá äéáäéêáóßá, êáôáëÞãïõìå óôï üôé 


 () = 
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(Âë. ëÞììá B.4.10.) ¢ñá ãéá êÜèå    ïñßæåôáé ôï åîùôåñéêü çìéåõèý ãéíüìåíï

1 o 2 êáé õðÜñ·ïõí äýï åíäå·üìåíá:

á)  = 0 êáé o  åßíáé ôåôñéììÝíïò (ìå 1 o 2 = hi × hi ∼= Z ⊕ Z),
â)  ∈ {1   − 1} êáé o  äåí åßíáé ôåôñéììÝíïò, åíþ ç åóùôåñéêÞ ðñÜîç («ðïë-

ëáðëáóéáóìüò») åðß ôïý 1 o 2 ìðïñåß íá ãñáöåß ùò

(1 2) (1 2) :=
¡
12(1) 22

¢


ïðüôå ïé ãåííÞôïñåò  := ( 2) êáé  := (1  ) ôùí 1 ∼= 1 êáé 2 ∼= 2

áíôéóôïß·ùò, õðüêåéíôáé (åíôüò áõôïý) óôç ó·Ýóç   = 1+
−1

 äéüôé

  = (1  )( 2) = (1() 2)

=
¡
1+−1() 

¢
= (1+

−1
 ) = 1+

−1


7.6.16 Ðñüôáóç. ÅÜí 1 = hi  2 = hi åßíáé äõï Üðåéñåò êõêëéêÝò ïìÜäåò, ôüôå
ïñßæåôáé ðÜíôïôå ôï åîùôåñéêü çìéåõèý ãéíüìåíï 1 o 2 êáé õðÜñ·ïõí äýï åí-
äå·üìåíá : Åßôå ï  åßíáé ôåôñéììÝíïò êáé 1 o 2 = hi × hi åßôå ï  åßíáé ìç
ôåôñéììÝíïò êáé   = −1  (üðïõ  := ( 2) êáé  := (1  )).

Áðïäåéîç. ÅðåéäÞ Aut(1) ∼= Aut(Z) ∼= Z2 êáé, âÜóåé ôùí ðñïáíáöåñèÝíôùí

óôçí áðüäåéîç ôïý 2.4.32, éó·ýåé Aut(1) = {id1
 } üðïõ () := − ∀ ∈ Z

Ýíáò ïìïìïñöéóìüò 2 = hi 3 
7−→  = 


 ∈ Aut(1)  ∈ Z åßíáé åßôå ï

ôåôñéììÝíïò (ìå  = id1ãéá êÜèå  ∈ Z) åßôå ï  =  (ãéá êÜèå  ∈ Z). Óôçí
ðñþôç ðåñßðôùóç, 1 o 2 = hi × hi ∼= Z⊕ Z Óôç äåýôåñç ðåñßðôùóç,

  = (1  )( 2) = (1() 2) = (() ) = (
−1 ) = −1 

ïðüôå 1 o 2 =
n
 


¯̄̄
( ) ∈ Z× Z êáé   = −1 

o
. ¤

7.6.17 Ðñüôáóç. ÅÜí 1 = hi åßíáé ìéá êõêëéêÞ ïìÜäá ôÜîåùò  ∈ N  ≥ 2

êáé 2 = hi åßíáé ìéá Üðåéñç êõêëéêÞ ïìÜäá, ôüôå ôï åîùôåñéêü çìéåõèý ãéíüìåíï
1 o 2 (ùò ðñïò êÜðïéïí  ∈ Hom(2 Aut(1))) ïñßæåôáé åÜí êáé ìüíïí åÜí

∃ ∈ {1  − 1} : ìêä( ) = 1
Åí ôïéáýôç ðåñéðôþóåé,   =   (üðïõ  := ( 2) êáé  := (1  )).

Áðïäåéîç. ÅðåéäÞ Aut(1) ∼= Aut(Z) ∼= Z× êáé, óõãêåêñéìÝíá,

Aut(1) = {|  ∈ {1  − 1} : ìêä( ) = 1}
üðïõ (

) :=  ∀ ∈ {0 1  − 1} ãéá êÜèå ïìïìïñöéóìü

2 = hi 3 
7−→  ∈ Aut(1)  ∈ {0 1  − 1}

èá õðÜñ·åé êÜðïéïò  ∈ {1  − 1} : ìêä( ) = 1 ìå  =  ÅÜí  = 1 ôüôå

1 o 2 = hi × hi ∼= Z ⊕ Z ÅÜí  ≥ 2 ôüôå ôï åîùôåñéêü çìéåõèý ãéíüìåíï

1 o 2 äåí åßíáé åõèý. Óå áìöüôåñåò ôéò ðåñéðôþóåéò,

  = (1  )( 2) = (1() 2) = (() ) = (
 ) =  
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ïðüôå 1 o 2 =
n
 


¯̄̄
( ) ∈ {0 1  − 1} × Z êáé   =  

o
. ¤

I ÃíùóôÝò ïìÜäåò ðáñéóôþìåíåò ùò åîùôåñéêü çìéåõèý ãéíüìåíï äýï ïìÜäùí.
Óôá èåùñÞìáôá 7.6.19 êáé 7.6.20 áðïäåéêíýåôáé üôé ïé ïìÜäåòVDD∞ êáé L
åßíáé éóüìïñöåò ìå åîùôåñéêÜ çìéåõèÝá ãéíüìåíá äýï êõêëéêþí ïìÜäùí.

7.6.18 Ïñéóìüò. ¸óôù ( ·) ìéá áâåëéáíÞ ïìÜäá. H ãåíéêåõìÝíç äéåäñéêÞ ïìÜäá

(ôÜîåùò 2 ||) ç åðáãüìåíç áðü ôçí  (Þ áðëþò ç äéåäñéêïðïßçóç ôÞò ) åßíáé

ôï åîùôåñéêü çìéåõèý ãéíüìåíï

Dih() := o {±1}

ôùí ( ·) êáé ({±1} ·)  üðïõ

 : ({±1} ·) −→ (Aut() ◦)   7−→ 

ï ïìïìïñöéóìüò ï áðåéêïíßæùí ôï  óôïí áõôïìïñöéóìü

 :  −→   7−→ () := 

ÊáôÜ óõíÝðåéáí, ç åóùôåñéêÞ ðñÜîç ôÞòDih() åßíáé ç

((1 2)  (1 2)) 7−→ (1
2
1  22) 

ÓçìåéùôÝïí üôé üôáí ç åßíáé åßôå Üðåéñç ìç ðåñéïäéêÞ åßôå Üðåéñç ðåñéïäéêÞ ·ù-

ñßò ðåðåðåñáóìÝíï åêèÝôç åßôå ðåñéïäéêÞ (ðåðåñáóìÝíç Þ Üðåéñç) ðåðåñáóìÝíïõ

åêèÝôç ìå exp() ≥ 3 ï ïìïìïñöéóìüò  äåí åßíáé ôåôñéììÝíïò, ïðüôå ç Dih()

(óýìöùíá ìå ôçí ðñüôáóç 7.6.4) äåí åßíáé áâåëéáíÞ!

7.6.19 Èåþñçìá. ¸óôù ( ·) ìéá ïìÜäá ðïõ åßíáé åßôå ôåôñéììÝíç åßôå éóüìïñöç
ìå ìßá åê ôùí (Z2+) (Z+)  ≥ 3 (Z+) Ôüôå ç ãåíéêåõìÝíç äéåäñéêÞ ïìÜäá
Dih() ç åðáãüìåíç áðü áõôÞí åßíáé éóüìïñöç ìå ôçí (áíôßóôïé·ç) ïìÜäá ôçí êá-
ôá·ùñéæüìåíç óôç äåîéÜ óôÞëç ôïý áêüëïõèïõ êáôáëüãïõ :

 Dih()

(i) ôåôñéììÝíç Z2
(ii) Z2 V

(iii) Z  ≥ 3 D

(iv) Z D∞

Áðïäåéîç. ÅðåéäÞ ({±1} ·) ∼= (Z2+) ôï üôé éó·ýåé Dih() ∼= Z2 óôçí ðå-

ñßðôùóç (i) Ýðåôáé Üìåóá áðü ôïí ïñéóìü 7.6.18. Óôçí ðåñßðôùóç (ii) Ý·ïõìå

Dih(Z2) ∼= Z2⊕Z2 ∼= V (âë. 7.1.67). Óôçí ðåñßðôùóç (iii) ç åóùôåñéêÞ ðñÜîç,

ìå ôçí ïðïßá åßíáé åöïäéáóìÝíç çDih(Z) åßíáé ç

(([1]  2)  ([1]  2)) 7−→ ([1 + 21]  22) 
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üðïõ 1 1 ∈ {0 1 − 1} êáé 2 2 ∈ {±1} ÊÜèå ([1]  2) ∈ Dih(Z) ãñÜ-
öåôáé õðü ôç ìïñöÞ

([1]  2) =

½
([0] −1) ([1]  1)−1  üôáí 2 = −1
([1]  1)

1  üôáí 2 = 1

üðïõ ([1]  1)
1 = ([1]  1

1) = ([1]  1) êáé ([1]  1)
−1 = (− [1]  1)  ÊáôÜ

óõíÝðåéáí,Dih(Z) = h([0] −1)  ([1]  1)i  ÅðåéäÞ ([0] −1) 6= ([0]  1) 
([0] −1)2 = ([0 + (−1) · 0]  (−1)(−1)) = ([0]  1) = Dih(Z)

êáé ([1]  1)
 = ([ · 1]  1) = ([0]  1)  ([1]  1)

 = ([]  1) 6= ([0]  1)  ãéá

êÜèå  ∈ {1  − 1} ôï óôïé·åßï ([0] −1) Ý·åé ôÜîç 2 êáé ôï óôïé·åßï ([1]  1)

Ý·åé ôÜîç  ≥ 3 ÅðéðñïóèÝôùò,
([1]  1) ([0] −1) = ([1 + 1 · 0]  1 · (−1)) = ([1] −1)

= ([0] −1) ([− 1]  1) = ([0] −1) ([1]  1)−1

Óýìöùíá ìå ôçí ðñüôáóç 3.4.7,Dih(Z) ∼= D Óôçí ðåñßðôùóç (iv) ç åóùôåñéêÞ

ðñÜîç, ìå ôçí ïðïßá åßíáé åöïäéáóìÝíç çDih(Z) åßíáé ç

((1 2)  (1 2)) 7−→ (1 + 21 22) 

üðïõ 1 1 ∈ Z êáé 2 2 ∈ {±1}μñçóéìïðïéþíôáò åðé·åéñÞìáôá áíÜëïãá åêåß-

íùí ðïõ åðéêáëåóèÞêáìå óôçí (iii) äåß·íïõìå üôéDih(Z) = h(0−1)  (1 1)i êáé üôé
éó·ýåé (1 1) (0−1) = (0−1) (1 1)−1  üðïõ ôï óôïé·åßï (0−1) Ý·åé ôÜîç 2Çìüíç

äéáöïñÜ Ýãêåéôáé óôï üôé, åí ðñïêåéìÝíù, ôï óôïé·åßï (1 1) åßíáé Üðåéñçò ôÜîåùò.

ÅðïìÝíùò,Dih(Z) ∼= D∞ (åðß ôç âÜóåé ôÞò ðñïôÜóåùò 3.4.17). ¤

7.6.20 Èåþñçìá. ¸óôù üôé   åßíáé ðñþôïé áñéèìïß ìå    êáé  ≡ 1(mod )

êáé Ýóôù

L :=
n³

[] []
[0] [1]

´
∈ GL2(Z)

¯̄̄
  ∈ Z êáé  ≡ 1(mod )

o
ç ìïíáäéêÞ (ìÝ·ñéò éóïìïñöéóìïý ) ìç áâåëéáíÞ ïìÜäá ôÜîåùò  (Bë. ðñüôáóç
5.7.15.) Ôüôå

L ∼= Z o Z

üðïõ

 : (Z+) −→ (Aut(Z) ◦)  [] 7−→ []


åßíáé ï ïìïìïñöéóìüò ï áðåéêïíßæùí ôçí êëÜóç éóïôéìßáò [] ïéïõäÞðïôå  ∈ Z
óôïí áõôïìïñöéóìü

[]
: Z −→ Z [] 7−→ []

([]) := [
] ( ∈ Z) (7.76)

êáé  := min
n
 ∈ {2  − 1}

¯̄̄
ord([]) =  åíôüò ôÞò Z×

o
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Áðïäåéîç. Êáô' áñ·Üò, åðåéäÞ ï  åßíáé ðñþôïò Ý·ïõìå
¯̄
Z×
¯̄
=  − 1 ÅðåéäÞ åî

õðïèÝóåùò  | − 1 ôï èåþñçìá 4.4.21 ôïý Cauchy ìÜò ðëçñïöïñåß üôé ôï óýíïëïn
 ∈ {2  − 1}

¯̄̄
ord([]) =  åíôüò ôÞò Z×

o
åßíáé ìç êåíü êáé, êáô' åðÝêôáóç,

ï öõóéêüò áñéèìüò  êáëþò ïñéóìÝíïò. ÅðéðñïóèÝôùò, ïé (7.76) êáé åßíáé êáëþò
ïñéóìÝíåò áðåéêïíßóåéò, äéüôé ãéá ïéïõóäÞðïôå  0 ∈ Z ìå [] = [

0] êáé ïéïõó-
äÞðïôå  0 ∈ Z ìå [] = [

0]Ý·ïõìå

[] = [
0] ⇒  | − 0

ord([]) =  (åíôüò ôÞò Z× )

)
=⇒
2.3.8

[]
−0
 = [1] ⇒ [] = [

0 ]

ïðüôå

[] = [
] [] = [

0 ] [] = [
0 ][

0] = [
0
0]

Ç []
åßíáé Ýíáò åíäïìïñöéóìüò ôÞò Z êáèüôé ãéá  0  0 ∈ Z Ý·ïõìå

([] ◦ [0])([]) = []
([

0
]) = [


0
] = [

+0] = []+[0]
([])

ÅîÜëëïõ, åðåéäÞ [] 6= [0] ( ðñþôïò), éó·ýåé

Ker([]) = {[] ∈ Z
¯̄̄
[] = [0] } = {[0]}

Ç []
åßíáé åíñéðôéêÞ êáé, êáô' åðÝêôáóç, áìöéññéðôéêÞ, ïðüôå [] ∈ Aut(Z)

ÊáôÜ óõíÝðåéáí, ïñßæåôáé ôï åîùôåñéêü çìéåõèý ãéíüìåíï Z o Z ìå ôçí ðñÜîç

(([1]  [2]) ([1]  [2])) 7−→ ([1 + 21]  [2 + 2])

ÓçìåéùôÝïí üôé ([1]  [0])([0]  [1]) = ([1]  [1]) êáé

([0]  [1])([1]  [0]) = ([]  [1])

ïðüôå ord([]) =   1 (åíôüò ôÞò Z× )⇒ ([1]  [1]) 6= ([]  [1]) Áõôü óçìáßíåé

üôé ç Z o Z åßíáé ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò ¢ñá ç Z o Z åßíáé êáô'
áíÜãêçí éóüìïñöç ìå ôçí L (åðß ôç âÜóåé ôÞò ðñïôÜóåùò 5.7.15). ¤

IÌç áâåëéáíÝò ïìÜäåò ôÜîåùò 3 ¸óôù  ôõ·þí ðñþôïò áñéèìüò. Ùò ãíùóôüí,

ïé ïìÜäåò ôÜîåùò  åßíáé êáô' áíÜãêçí êõêëéêÝò êáé ïé ïìÜäåò ôÜîåùò 2 áâåëéá-

íÝò. (Âë. ðïñßóìáôá 4.1.33 êáé 5.6.7.) Ùóôüóï, õðÜñ·ïõí ïìÜäåò ôÜîåùò 3 ðïõ
äåí åßíáé áâåëéáíÝò 90. ¸·ïõìå Þäç áðïäåßîåé üôé ãéá  = 2 õðÜñ·ïõí (ìÝ·ñéò éóï-

ìïñöéóìïý) áêñéâþò äýï ìç áâåëéáíÝò ïìÜäåò ôÜîåùò 8: ïéQ êáéD4 (Âë. 4.1.39.)

Ôï èåþñçìá 7.6.24 åðåêôåßíåé áõôÞí ôçí ôáîéíüìçóç ãéá ìç áâåëéáíÝò ïìÜäåò ôÜ-

îåùò 3 üðïõ  ≥ 3 åíþ ôï èåþñçìá 7.6.25 ìáò ðëçñïöïñåß üôé ïé åí ëüãù ïìÜäåò

åßíáé éóüìïñöåò ìå (êáôÜëëçëá) åîùôåñéêÜ çìéåõèÝá ãéíüìåíá.

90Áñãüôåñá, èá áðïäåßîïõìå üôé õðÜñ·ïõí (ìÝ·ñéò éóïìïñöéóìïý) áêñéâþò ôñåéò áâåëéáíÝò ïìÜäåò ôÜîåùò 3 Þôïé
ïé Z ⊕ Z ⊕ Z Z ⊕ Z2 êáé Z3  (Âë. åäÜöéï 9.1.13.)
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7.6.21 Óõìâïëéóìüò. ÅÜí  åßíáé ôõ·þí ðåñéôôüò ðñþôïò áñéèìüò, ôüôå èÝôïõìå

Heis(Z) := UT
[1]
3 (Z) =

⎧⎨⎩
⎛⎝ [1] [] []
[0] [1] []
[0] [0] [1]

⎞⎠¯̄̄̄¯̄    ∈ Z
⎫⎬⎭

(ãéá íá óõìâïëßóïõìå ôçí êëáóéêÞ ïìÜäá ôïý Heisenberg õðåñÜíù ôïý óþìáôïò
Z âë. D.2.24) êáé

G :=
n³

[]2 []2

[0]2 [1]2

´
∈ GL2(Z2)

¯̄̄
  ∈ Z êáé  ≡ 1(mod )

o


Åßíáé Üìåóïò ï Ýëåã·ïò ôïý üôé ôï óýíïëï G åöïäéáóìÝíï ìå ôçí ðñÜîç ðïë-

ëáðëáóéáóìïý ðéíÜêùí, áðïôåëåß ìéá õðïïìÜäá ôÞò ãåíéêÞò ãñáììéêÞò ïìÜäáò

GL2(Z2) âáèìïý 2 õðåñÜíù ôïý äáêôõëßïõ Z2  (Âë. D.2.18.)

7.6.22 Ðñüôáóç. Áìöüôåñåò ïéHeis(Z) êáéG åßíáé ìç áâåëéáíÝò ïìÜäåò ôÜîåùò
3 êáéHeis(Z) À G

Áðïäåéîç. ÅðåéäÞ (ðñïöáíþò) éó·ýåé

Heis(Z) =

(Ã
[1] [] []
[0] [1] []
[0] [0] [1]

!¯̄̄̄
¯    ∈ {0 1  − 1}

)
êáé Ã

[1] [1] [0]
[0] [1] [0]
[0] [0] [1]

!Ã
[1] [0] [0]
[0] [1] [1]
[0] [0] [1]

!
=

Ã
[1] [1] [1]
[0] [1] [1]
[0] [0] [1]

!

6=
Ã

[1] [1] [0]
[0] [1] [1]
[0] [0] [1]

!
=

Ã
[1] [0] [0]
[0] [1] [1]
[0] [0] [1]

!Ã
[1] [1] [0]
[0] [1] [0]
[0] [0] [1]

!


çHeis(Z) åßíáé ìç áâåëéáíÞ ôÜîåùò 3 Áðü ôçí Üëëç ìåñéÜ, ç êëÜóç éóïôéìßáò

[]2 óôïí ïñéóìü ôÞò G ìðïñåß íá ëÜâåé (ðñïöáíþò) ïéáäÞðïôå åê ôùí 2 óáöþò

äéáêåêñéìÝíùí ôéìþí [0]2  [1]2 
£
2 − 1¤

2
 åíþ ç êëÜóç éóïôéìßáò []2 ìðïñåß

íá ëÜâåé ìüíïí  óáöþò äéáêåêñéìÝíåò ôéìÝò. ÐñÜãìáôé° åÜí 1 2 ∈ Z ìå

1 ≡ 1(mod ) 2 ≡ 1(mod ) êáé [1]2 = [2]2 

ôüôå 1 = 1 + 1 êáé 2 = 1 + 2 ãéá êÜðïéïõò12 ∈ Z ïðüôå
[1]2 = [2]2 ⇔ [1]2 = [2]2 ⇔ 2 | (1 −2)

⇔  | 1 −2 ⇔ [1] = [2] 

ÅðåéäÞ ëïéðüí

G =
n³

[1 + ]2 []2
[0]2 [1]2

´¯̄̄
 ∈ {0 1  − 1} êáé  ∈ {0 1  2 − 1}

o
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êáé ³
[1 + ]2 [0]2
[0]2 [1]2

´³
[1]2 [1]2
[0]2 [1]2

´
=
³

[1 + ]2 [1 + ]2
[0]2 [1]2

´
6=
³

[1 + ]2 [1]2
[0]2 [1]2

´
=
³

[1]2 [1]2
[0]2 [1]2

´³
[1 + ]2 [0]2
[0]2 [1]2

´


çG åßíáé ùóáýôùò ìç áâåëéáíÞ ôÜîåùò 3 ÔÝëïò, ðáñáôçñïýìå üôé ãéá ïéïõóäÞ-

ðïôå áêåñáßïõò áñéèìïýò    éó·ýåéÃ
[1] [] []
[0] [1] []
[0] [0] [1]

!

=

Ã
[1] [0]

h
(−1)

2 
i


[0] [1] [0]
[0] [0] [1]

!
= I3

(äéüôé (−1)2 ≡ 0(mod ) áöïý ï  åßíáé ðåñéôôüò), ðñÜãìá ðïõ óçìáßíåé üôé êÜèå

óôïé·åßï ôÞòHeis(Z) äéÜöïñï ôïý ìïíáäéáßïõ ðßíáêá I3 Ý·åé ôÜîç ÁíôéèÝôùò,

ôï
³
[1]2 [1]2

[0]2 [1]2

´
∈ G Ý·åé ôÜîç 2 äéüôé

µ
[1]2 [1]2

[0]2 [1]2

¶
=

µ
[1]2 []2

[0]2 [1]2

¶
ãéá êÜèå  ∈ Z ÅðïìÝíùò, óýìöùíá ìå ôï 2.4.19 (iv),Heis(Z) À G ¤

7.6.23 ÐáñáôÞñçóç. (i) ÈÝôïíôáò

A :=

Ã
[1] [0] [0]
[0] [1] [1]
[0] [0] [1]

!
 B :=

Ã
[1] [1] [0]
[0] [1] [0]
[0] [0] [1]

!
 (7.77)

ðáñáôçñïýìå üôé ãéá ïéïõóäÞðïôå    ∈ Z éó·ýïõí ïé éóüôçôåòÃ
[1] [] []
[0] [1] []
[0] [0] [1]

!
= AB[BA] = AB[AB]− (7.78)

üðïõ [AB] åßíáé ï ìåôáèÝôçò ôùíA êáéB Åî áõôþí Ýðåôáé üôé

Heis(Z) = hAB [AB]i = hABi 

Oé áíùôÝñù ãåííÞôïñåò ôÞòHeis(Z) õðüêåéíôáé óôéò ó·Ýóåéò

A = B = [AB] = I3 A[AB]A−1 = B[AB]B−1 = [AB]

(ii) ÈÝôïíôáò

C :=
³

[1]2 [1]2
[0]2 [1]2

´
 D :=

³
[1 + ]2 [0]2
[0]2 [1]2

´
 (7.79)

ðáñáôçñïýìå üôé ãéá ïéïõóäÞðïôå  ∈ Z éó·ýïõí ïé éóüôçôåò³
[1 + ]2 []2
[0]2 [1]2

´
= CD [CD] = C− =

³
[1]2 [−]2
[0]2 [1]2

´
 (7.80)
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üðïõ [CD] åßíáé ï ìåôáèÝôçò ôùíC êáéD Åî áõôþí Ýðåôáé üôé

G = hCD [CD]i = hCDi 
Oé áíùôÝñù ãåííÞôïñåò ôÞò G õðüêåéíôáé óôéò ó·Ýóåéò

C2 = D = [CD] = I3 DCD
−1 = C+1

7.6.24 Èåþñçìá. (Ôáîéíüìçóç ìç áâåëéáíþí ïìÜäùí ôÜîåùò 3  6= 2) ÅÜí ç
( ·) åßíáé ìéá ìç áâåëéáíÞ ïìÜäá ôÜîåùò || = 3 üðïõ  ðåñéôôüò ðñþôïò áñéè-
ìüò, ôüôå åßôå

 ∼= Heis(Z) åßôå  ∼= G

Áðïäåéîç. ¸óôù ( ·) ìéá ìç áâåëéáíÞ ïìÜäá ìå áêñéâþò 3 óôïé·åßá.

ÂÞìá 1ï. Óýìöùíá ìå ôï ðüñéóìá 5.6.8, |()| =  êáé 0 = () Ôï êÝíôñï

() ôÞò áðïôåëåß ìéá êõêëéêÞ õðïïìÜäá ôÞò Táõôï·ñüíùò, ç ðçëéêïïìÜäá

() Ý·åé ôÜîç 2 êáé åßíáé, ùò åê ôïýôïõ, áâåëéáíÞ ìç êõêëéêÞ êáé éóüìïñöç

ôÞò Z ⊕Z (Âë., êáôÜ óåéñÜí, ôá ðïñßóìáôá 4.1.33 êáé 4.1.22, ôï èåþñçìá 7.1.46

êáé ôçí ðñüôáóç 5.4.17.) Åéäéêüôåñá, () = hi  ∀ ∈ ()r{} (âë. 4.1.34
(iii)⇔(ii)) êáé õðÜñ·ïõí óôïé·åßá () êáé () ôÞò () (ãéá êáôÜëëçëá

  ∈ r{}), êáèÝíá åê ôùí ïðïßùí Ý·åé ôÜîç  (åíôüò ôÞò()), êáé ãéá ôá

ïðïßá éó·ýåé91

() = h()i ×åó. h()i = h()i h()i = h() ()i  (7.81)

Éó·õñéóìüò ðñþôïò :  6=  Áõôüò èá åðáëçèåõèåß êÜíïíôáò ·ñÞóç ôÞò «åéò

ÜôïðïíáðáãùãÞò». ÅÜí õðïèÝóïõìå üôé =  êáé üôé  åßíáé ôõ·þí ãåííÞôïñáò

ôïý êÝíôñïõ () ôÞò  ôüôå (ëüãù ôÞò (7.81)) ãéá êÜèå  ∈  èá õðÜñ·ïõí

  ∈ Z ôÝôïéïé þóôå íá éó·ýåé

() = (())(()) = ()()⇒ −1() ∈ () (= hi) 
ÅðïìÝíùò, ∃ ∈ Z : −1() = − Þ, éóïäõíÜìùò,  = Èåùñþíôáò, åí

óõíå·åßá, ôõ·üíôá 1 2 ∈  êáé ãñÜöïíôáò 1 = 111 êáé 2 = 222

ãéá êáôÜëëçëïõò áêåñáßïõò 1 2 1 212 ðáñáôçñïýìå üôé

12 =
¡
11

¢
1|{z}
∈()

(
¡
22

¢
2) = 1(12)21+2

= 1(21)21+2 = 1+21+21+2

êáé

21 =
¡
22

¢
2|{z}
∈()

(
¡
11

¢
1) = 2(21)11+2

= 2(12)11+2 = 1+21+21+2 

91Áñêåß êáíåßò íá áêïëïõèÞóåé ôï äåýôåñï óêÝëïò ôÞò áðïäåßîåùò ôïý èåùñÞìáôïò 7.1.46 (ìå ôçí() óôç èÝóç

ôÞò åêåß ðáñáôåèåßóáò ïìÜäáò  êáé ìå ôá () () óôç èÝóç ôùí åêåß ðáñáôåèÝíôùí  êáé  áíôéóôïß·ùò)

êáé íá ëÜâåé õð' üøéí ôçí ðñüôáóç 4.2.24.
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üðïõ ïé ðñïôåëåõôáßåò éóüôçôåò Ýðïíôáé áðü ôçí  =  (âë. 2.1.12), ïðüôå

12 = 21 êáé ç  åßíáé áâåëéáíÞ. ¢ôïðï!

Éó·õñéóìüò äåýôåñïò : [ ] ∈ ()r{} Ï ìåôáèÝôçò [ ] := −1−1 ∈ 0

ôùí  êáé  áíÞêåé óôï êÝíôñï () ôÞò  äéüôé 0 = () Åðßóçò, âÜóåé ôùí

ðñïáíáöåñèÝíôùí,  6=  ⇒ [ ] 6=  ¢ñá êáé ï äåýôåñïò éó·õñéóìüò åßíáé

áëçèÞò êáé () = h[ ]i  (Âë. 4.1.34 (iii)⇔(ii).)

Éó·õñéóìüò ôñßôïò :  = h  [ ]i = h i ¸óôù ôõ·üí  ∈  Áðü ôçí (7.81)

Ýðåôáé üôé õðÜñ·ïõí   ∈ Z ôÝôïéïé þóôå íá éó·ýåé

() = (())(()) = ()()⇒ −1() ∈ () (= h[ ]i) 
ÅðïìÝíùò, ∃ ∈ Z : −1() = [ ]− Þ, éóïäõíÜìùò,

 =  [ ]
 ∈ h  [ ]i 

(Ç éóüôçôá  = h i ðñïêýðôåé áðü ôï üôé [ ] ∈ h i )
ÂÞìá 2ï. ÊÜèå óôïé·åßï ôÞò  Ý·åé ùò ôÜîç ôïõ Ýíáí èåôéêü äéáéñÝôç ôïý 3 (Âë.

4.1.27.) Ôï ìüíï óôïé·åßï ôÞò  ôÜîåùò 1 åßíáé ôï  ÅîÜëëïõ, äåí õößóôáôáé

êáíÝíá óôïé·åßï ôÞò  Ý·ïí ùò ôÜîç ôïõ ôïí ßäéïí ôïí 3 (Áëëéþò ç  èá Ýðñåðå

íá åßíáé êõêëéêÞ. Bë. ðñüôáóç 2.3.7.) ÊáôÜ óõíÝðåéáí, ãéá êÜèå  ∈ r{}
Ý·ïõìå ord() ∈ { 2} ÅîåôÜæïõìå ôá ôñßá åíäå·üìåíá ·ùñéóôÜ.

Ðåñßðôùóç ðñþôç : ord() = ord() =  Åí ðñïêåéìÝíù, Ý·ïíôáò ùò êßíçôñü ìáò

ôéò éóüôçôåò (7.78) èåùñïýìå ôçí

Heis(Z) 3
Ã

[1] [] []
[0] [1] []
[0] [0] [1]

!
7−→  [ ]− ∈  (7.82)

ãéá ïéáäÞðïôå ôñéÜäá (  ) ∈ Z × Z × Z Ç (7.82) åßíáé êáëþò ïñéóìÝíç

áðåéêüíéóç, äéüôé åÜí (1 1 1) ∈ Z × Z × Z êáé (2 2 2) ∈ Z × Z × Z ìå

([1] [1] [1]) = ([2] [2] [2]) ôüôå

∃(  ) ∈ Z× Z× Z : 1 =  + 2 1 =  + 2 1 = + 2

ïðüôå (ëüãù ôùí  =  =  êáé [[ ] ∈ () êáé |()| = ]⇒ [ ] = )

11 [ ]
−1 = ()2()2([ ])− [ ]−2 = 22 [ ]

−2 

Ç (7.82) åßíáé ðñïöáíþò åðéññéðôéêÞ (áðåéêïíßæïõóá ôïí ðßíáêáA óôï  êáé ôïí

B óôï ), áðïôåëåß äå êáé ïìïìïñöéóìü ïìÜäùí, êáèüóïí ãéá ïéåóäÞðïôå ôñéÜäåò

(1 1 1) ∈ Z× Z× Z êáé (2 2 2) ∈ Z× Z× Z ëáìâÜíïõìåÃ
[1] [1] [1]
[0] [1] [1]
[0] [0] [1]

!Ã
[1] [2] [2]
[0] [1] [2]
[0] [0] [1]

!
=

Ã
[1] [1 + 2] [12 + 1 + 2]
[0] [1] [1 + 2]
[0] [0] [1]

!
êáé92

[ ] ∈ ()⇒ [ ]
−1
= [ ] ∈ () =⇒

(5.43)

£
1  2

¤
= [ ]

12

⇒ 12 = [ ]
12 21 = [ ]

−12 21

92ÅðåéäÞ [ ] ∈ () =
T
∈

C() ⊆ C()∩ C() Ý·ïõìå ôç äõíáôüôçôá åöáñìïãÞò ôÞò éóüôçôáò (5.43)

ôÞò áðïäåé·èåßóáò óôï (ix) ôÞò ðñïôÜóåùò 5.5.2.
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êáé, ùò åê ôïýôïõ,³
11 [ ]

−1
´³

22 [ ]
−2
´
= (11) [ ]

−1| {z }
∈()

³
22 [ ]

−2
´

= 1(12)2 [ ]−(1+2) = 1([ ]−12 21)2 [ ]−(1+2)

= 1([ ]
−12| {z }

∈()

(21+2 [ ]
−(1+2))) = 1+21+2 [ ]

−(12+1+2) 

ÅðåéäÞ |Heis(Z)| = ||  ï åðéìïñöéóìüò (7.82) åßíáé êáô' áíÜãêçí éóïìïñöéóìüò.
Ðåñßðôùóç äåýôåñç : (ord() ord()) ∈ {(2 ) ( 2)} Äß·ùò âëÜâç ôÞò ãåíéêü-

ôçôáò (Þôïé ìÝ·ñéò åíáëëáãÞò ôùí ñüëùí ôùí  êáé ) áñêåß íá õðïèÝóïõìå üôé

ord() = 2 êáé ord() =  ÅðåéäÞ (êáé áðü ôá ðñïáíáöåñèÝíôá óôï 1ï âÞìá)

(()) = () = ()⇒  ∈ ()

ord() = 2  ⇒  6= 

¾
⇒  ∈ ()r{}

=⇒
4.1.34

() = hi = h−i

êáé () = h[ ]i  õðÜñ·åé áêÝñáéïò   6≡ 0(mod ) ôÝôïéïò þóôå íá éó·ýåé

[ ] = (−) Êé åðåéäÞ [] ∈ Z×  õðÜñ·åé  ∈ Z  6≡ 0(mod ) ôÝôïéïò þóôå ç
êëÜóç éóïôéìßáò [] íá áðïôåëåß ôï áíôßóôñïöï ôÞò êëÜóåùò éóïôéìßáò [] åíôüò

ôÞò Z×  Ðñïöáíþò,

 |  − 1⇒ [∃ ∈ Z :  − 1 = ] 

Áðü ôçí Üëëç ìåñéÜ,

[ ] ∈ () =⇒
(5.43)

[ ] = [ ] = − = −(1+) = −(
2

)(−) = −

äéüôé 
2

=  ÈÝôïíôáò ̂ :=  ðáñáôçñïýìå üôé

 6≡ 0(mod )⇒ ìêä( ) = 1 =⇒
2.3.17

[hi = ĥi êáé ord(̂) = ] 

áð' üðïõ ðñïêýðôåé üôé

 = h i = h ̂i ìå [ ̂] = − ∈ () (7.83)

¸·ïíôáò ùò êßíçôñü ìáò ôçí ðñþôç åê ôùí éóïôÞôùí (7.80) èåùñïýìå ôçí

G 3
³

[1 + ]2 []2
[0]2 [1]2

´
7−→ ̂ ∈  (7.84)

ãéá êÜèå æåýãïò () ∈ Z × Z Ç (7.84) åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç, äéüôé

åÜí (11) ∈ Z× Z êáé (22) ∈ Z× Z ìå ([1]2  [1] ) = ([2]2  [2]) ôüôå

∃( ) ∈ Z× Z : 1 = 2 + 2 1 =  +2

ïðüôå (ëüãù ôùí 
2

= ̂ = ) éó·ýåé 
1 ̂1 = (

2

)2(̂)̂2 = 2 ̂2 
Ç (7.84) åßíáé ðñïöáíþò åðéññéðôéêÞ (áðåéêïíßæïõóá ôïí ðßíáêáC óôï  êáé ôïí
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D óôï ), áðïôåëåß äå êáé ïìïìïñöéóìü ïìÜäùí, êáèüóïí ãéá ïéáäÞðïôå æåýãç
(11) ∈ Z× Z êáé (22) ∈ Z× Z ëáìâÜíïõìå

µ
[1 + 1]2 [1]2

[0]2 [1]2

¶ µ
[1 + 2]2 [2]2

[0]2 [1]2

¶
=

µ
[1 + (1 +2)]2 [12 + 1 + 2]2

[0]2 [1]2

¶
êáé

[ ̂] ∈ ()⇒ [ ̂]−1 = [̂ ] ∈ () =⇒
(5.43)

[̂1  2 ] = [̂ ]12

⇒ ̂12 = [̂ ]122 ̂1 = [ ̂]−122 ̂1

=
(7.83)

(−)(−12)2 ̂1 = 12+2

êáé, ùò åê ôïýôïõ,³

1 ̂

1

´³

2 ̂

2

´
= 

1
³
̂
1

2
´
̂
2 = 

1
12+2 ̂

2 = 
12+1+2 ̂

1+2 

ÅðåéäÞ |G| = ||  ï åðéìïñöéóìüò (7.84) åßíáé êáô' áíÜãêçí éóïìïñöéóìüò.

Ðåñßðôùóç ôñßôç : ord() = ord() = 2 ÅðåéäÞ ç () Ý·åé ôÜîç 2 êáé åßíáé

ìç êõêëéêÞ, Ý·ïõìå ãéá êÜèå  ∈ 

() = (())

= () = ()⇒  ∈ ()

ÅîÜëëïõ,

 ∈ ()

ord() = 2  ⇒  6= 

¾
⇒  ∈ ()r{} =⇒

4.1.34
() = hi 

ÅðïìÝíùò,  ∈ ()⇒ ∃ ∈ Z :  = () ÓçìåéùôÝïí üôé ç áðåéêüíéóç

 3  7−→  ∈ 

áðïôåëåß Ýíáí åíäïìïñöéóìü ôÞò ïìÜäáò [ÐñÜãìáôé° åÜí (1 2) ∈ × ôüôå

[1 2] ∈ 0 = () ïðüôå [1 2]
 =  äéüôé |()| =  ÅðéðëÝïí, åðåéäÞ

[1 2] ∈ () Ý·ïõìå ôç äõíáôüôçôá åöáñìïãÞò ôÞò éóüôçôáò (5.44) ôÞò áðïäåé-

·èåßóáò óôï (x) ôÞò ðñïôÜóåùò 5.5.2 (ãéá ôçí -ïóôÞ äýíáìç ôïý ãéíïìÝíïõ 12):

(12)
 = [2 1]

(−1)
2 


1


2 = ([1 2]

)
1−
2 


1


2 = ()

1−
2 


1


2 = 


1


2 

áð' üðïõ ðñïêýðôåé üôé (12)

= 


1


2 ] ÊáôÜ óõíÝðåéáí,

 = () ⇒ (−) = (−) = 
[ç  äåí åßíáé áâåëéáíÞ]⇒  ∈ hi⇒ − 6= 

¾
=⇒ ord(−) = 

ÈÝôïíôáò ëïéðüí e := − ëáìâÜíïõìå

 = h i = h ei ìå ord(e) = 

Óôï óçìåßï áõôü, áíôéêáèéóôþíôáò ôï óýóôçìá ãåííçôüñùí { } ôÞò  ìå ôï

{ e} åìðßðôïõìå óå ü,ôé åîåôÜóáìå ðñïçãïõìÝíùò óôç äåýôåñçðåñßðôùóç, ïðüôå
ç  åßíáé êáô' áíÜãêçí éóüìïñöç ìå ôçí G ¤
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7.6.25 Èåþñçìá. Ãéá êÜèå ðåñéôôü ðñþôï áñéèìü  Ý·ïõìå

Heis(Z) ∼= (Z ⊕ Z)o Z

üðïõ  : Z −→ Aut(Z ⊕ Z) ∼=
7.1.74

GL2(Z) [] 7−→ []
 åßíáé ï ïìïìïñöéóìüò

ï áðåéêïíßæùí ôçí êëÜóç éóïôéìßáò [] êáèåíüò  ∈ Z óôïí áõôïìïñöéóìü

[]
: Z ⊕ Z −→ Z ⊕ Z

[] 7−→ []
([]  []) := ([]  [])

³
[1] []
[0] [1]

´
 ∀( ) ∈ Z× Z

ïðüôå ç åóùôåñéêÞ ðñÜîç åðß ôÞò (Z ⊕ Z)o Z åßíáé ç

(([1]  [1]) [1]) · (([2]  [2]) [2]) := (([1 + 2]  [21 + 1 + 2]) [1 + 2])

ãéá ïéïõóäÞðïôå 1 2 1 2 1 2 ∈ Z ÅðéðñïóèÝôùò,

G
∼= Z2 o Z

üðïõ  : Z −→ Aut(Z2) ∼=
2.4.32 (ii)

Z×
2
 [] 7−→ []

 åßíáé ï ïìïìïñöéóìüò ï

áðåéêïíßæùí ôçí êëÜóç éóïôéìßáò [] êáèåíüò  ∈ Z óôïí áõôïìïñöéóìü

[]
: Z2 −→ Z2  []2 7−→ []

([]2) := [(+ 1)]2  ∀ ∈ Z

ïðüôå ç åóùôåñéêÞ ðñÜîç åðß ôÞò Z2 o Z åßíáé ç

([1]2  [1]) · ([2]2  [2]) := ([1 + (1+ 1)2]2  [1 + 2])

ãéá ïéïõóäÞðïôå 1 2 1 2 ∈ Z
Áðïäåéîç. Åßíáé Üìåóïò ï Ýëåã·ïò ôïý üôé ïé áðåéêïíßóåéò

Heis(Z) 3
Ã

[1] [] []
[0] [1] []
[0] [0] [1]

!
7−→ (([]  []) []) ∈ (Z ⊕ Z)o Z

(ãéá êÜèå ôñéÜäá (  ) ∈ Z× Z× Z) êáé

G 3
³

[1 + ]2 []2
[0]2 [1]2

´
7−→ ([]2  []) ∈ Z2 o Z

(ãéá êÜèå æåýãïò () ∈ Z× Z) áðïôåëïýí éóïìïñöéóìïýò ïìÜäùí. ¤

I ÏéêïãÝíåéåò «íÝùí» ïìÜäùí äçìéïõñãïýìåíåò ìÝóù åîùôåñéêþí çìéåõèÝùí
ãéíïìÝíùí. Ôï åîùôåñéêü çìéåõèý ãéíüìåíï (Þ êÜðïéá êáôÜëëçëç ðçëéêïïìÜäá

áõôïý) åßíáé äõíáôüí íá ·ñçóéìïðïéçèåß ãéá íá ïñéóèïýí ïëüêëçñåò ïéêïãÝíåéåò
«íÝùí» ìç áâåëéáíþí ïìÜäùí. Äåéãìáôïëçðôéêþò, èá áíáöåñèïýí ïé ïéêïãÝíåéåò

ôùí çìéäéåäñéêþí êáé ôùí äéêõêëéêþí ïìÜäùí.



§ 7.6 çìéåõèåá ãéíïìåíá 463

7.6.26 Ïñéóìüò. ¸óôù  ∈ N  ≥ 4 êáé Ýóôù ( ·) ∼= (Z2−1 +) ìéá êõêëéêÞ

ïìÜäá ôÜîåùò 2−1 Ðáãéþíïõìå Ýíáí ãåííÞôïñá  ôÞò Ç áðåéêüíéóç

 :  −→   7−→ () := (2
−2−1)  ∀ ∈ {0 1  2−1 − 1}

áðïôåëåß Ýíáí áõôïìïñöéóìü ôÞò  ôÜîåùò 2 äéüôé ìêä(2−2 − 1 2−1) = 1 êáé¡
2−2 − 1¢2 = 22(−2) − 2−1 + 1 = (2−3 − 1)2−1 + 1 ≡ 1(mod 2−1)

Ïñßæïõìå ùò (-ïóôÞ) çìéäéåäñéêÞ (Þ ó·åäüí äéåäñéêÞ) ïìÜäá ôï åîùôåñéêü

çìéåõèý ãéíüìåíï93

SD := o hi 

ôÞò  êáé ôÞò hi = {id } üðïõ  : hi → Aut() åßíáé ç óõíÞèçò Ýíèåóç94.

Ðñïöáíþò, ç SD åßíáé ìç áâåëéáíÞ95, Ý·åé ôÜîç |SD| = 2 êáé ç åóùôåñéêÞ ôçò

ðñÜîç åßíáé ç

(  ) · ( ) := (() +) (7.85)

∀( ) ∈ {0 1  2−1 − 1} × {0 1  2−1 − 1} êáé ∀() ∈ {0 1} × {0 1}

7.6.27 Ðñüôáóç. ÈÝôïíôáò a := ( ) êáé b := (−1 id) ëáìâÜíïõìå

SD = ha bi  üðïõ ord(a) = 2 ord(b) = 2−1 êáé ba = ab2
−2−1

Áðïäåéîç. Ðñïöáíþò, SD = {(  ) ¯̄ ∈ {0 1}  ∈ {0 1  2−1 − 1}}
ÅðåéäÞ ç (7.85) äßäåé

(  id) · ( id) := (+ id) (  ) · ( id) := (+(2−2−1) )
(  id) · ( ) := (+ ) (  ) · ( ) := (+(2−2−1) id)

ãéá êÜèå ( ) ∈ {0 1  2−1 − 1} × {0 1  2−1 − 1} Ý·ïõìå

(  ) = ( )
 · (−1 id) = ( ) · (2−1−1 id) = ab

ãéá êÜèå ( ) ∈ {0 1} × {0 1  2−1 − 1} ïðüôå

SD = ha bi =
©
ab

¯̄
 ∈ {0 1}  ∈ {0 1  2−1 − 1}ª 

93Ç äéáöïñÜ ìåôáîý ôÞò SD êáé ôÞò äéåäñéêÞò ïìÜäáò D2−1 := h i (ôÜîåùò ¯̄D2−1
¯̄
= 2 = |SD|)

Ýãêåéôáé óôï üôé ïé ãåííÞôïñåò ôÞòD2−1 õðüêåéíôáé óôç ó·Ýóç ◦ = ◦2−1−1 (âë. (3.16)). ÐáñÜ ôï ãåãïíüò

üôé (óýìöùíá ìå ôçíðñüôáóç 7.6.27) éó·ýåéSD = ha bi ìå ord(a) = ord() = 2 êáé ord(b) = ord() = 2−1ç

áíôßóôïé·ç ó·Ýóç ìåôáîý ôùí a êáé b åßíáé ç ba = ab2
−2−1 (Ìïëáôáýôá, áîßæåé íá åðéóçìáíèåß üôé ç çìéäéåäñéêÞ

ïìÜäá SD ôÜîåùò 2 ðåñéÝ·åé ôçí

a b2

® ∼= D2−2 ôÜîåùò 2−1 ùò ìéá ìåãéóôéêÞ ïñèüèåôç õðïïìÜäá ôçò,

êáèþò Ý·ïõìå b2a = a(b2)(2
−2−1))

94Ùò ãíùóôüí, Aut() ∼= Aut(Z2−1 ) ∼=
2.4.32 (ii)

Z×
2−1 (ðïõ åßíáé ∼=

7.3.12
Z2 ⊕ Z2−3 áöïý  ≥ 4).

95ÅðåéäÞ ç óõíÞèçò Ýíèåóç  : hi → Aut() åßíáé ìç ôåôñéììÝíïò ïìïìïñöéóìüò, ôïýôï Ýðåôáé áðü ôçí ðñüôáóç
7.6.4 êáé ôï ðüñéóìá 7.6.5.
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Åí óõíå·åßá, ðáñáôçñïýìå üôé ord(a) = 2 (êáèüóïí a 6= ( id) a2 = ( id))
êáé

b2
−1

= (2
−1−1 id)2

−1
= ((2

−1−1)2−1  id) = ( id)

åíþ b = ((2
−1−1)  id) 6= ( id) ∀ ∈ {1  2−1 − 1} ¢ñá ord(b) = 2−1

ÔÝëïò,

ab2
−2−1 = ( ) · (2−1−1 id)2−2−1 = ( ) · ((2−1−1)(2−2−1) id)

= (((2
−1−1)(2−2−1)) ) = ((2

−1−1)(2−2−1)2  ) = (−1 ) = (2
−1−1 )

= (2
−1−1id() ) = (2

−1−1 id) · ( ) = (−1 id) · ( ) = ba

äéüôé
¡
2−1 − 1¢ ¡2−2 − 1¢2 ≡ − ¡2−2 − 1¢2 (mod 2−1) ≡ −1(mod 2−1) ¤

7.6.28 ÐáñÜäåéãìá. Ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (SD4v) (üðïõ
SD4 = ha bi ôÜîåùò 16) åßíáé ôï

êáé 
a b2

® ∼= D4 hbi ∼= Z8

ab b2

® ∼= Q
ab2 b4

® ∼= V

a b4

® ∼= V

b2
® ∼= Z4 habi ∼= Z4


ab3
® ∼= Z4

ab2
® ∼= Z2 

ab6
® ∼= Z2 

ab4
® ∼= Z2 hai ∼= Z2


b4
® ∼= Z2

7.6.29 Ïñéóìüò. ¸óôù  ∈ N  ≥ 2 Ïñßæïõìå ùò (-ïóôÞ) äéêõêëéêÞ ïìÜäá

ôçí ðçëéêïïìÜäá

Dic := (Z2 o Z4) h([]2 [2]4)i
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ôç äçìéïõñãïýìåíç áðü ôï åîùôåñéêü çìéåõèý ãéíüìåíï ôùí êõêëéêþí ïìÜäùí

(Z2+) êáé (Z4+) (ýóôåñá áðü «äéáßñåóÞ» ôïõ äéÜ ôÞò êõêëéêÞò ïñèüèåôçò96

õðïïìÜäáò ôïõ ðïõ ðáñÜãåôáé áðü ôï óôïé·åßï ([]2 [2]4)) üðïõ

 : Z4 −→ Aut(Z2) ∼= Z×2 []4 7−→ []4


åßíáé ï ïìïìïñöéóìüò ï áðåéêïíßæùí ôçí êëÜóç éóïôéìßáò []4 ïéïõäÞðïôå  ∈ Z
óôïí áõôïìïñöéóìü

[]4
: Z2 −→ Z2 []2 7−→ []4

([]2) :=
£
(−1)¤

2
 ∀ ∈ Z (7.86)

H åóùôåñéêÞ ðñÜîç åðß ôÞò Z2 o Z4 åßíáé ç

([1]2  [1]4) · ([2]2  [2]4) := (
£
1 + (−1)12

¤
2

 [1 + 2]4)

êáé ([]2  []4)
−1 = (

£
(−1)+1¤

2
 [−]4) ãéá ïéïõóäÞðïôå 1 2  1 2  ∈ Z

(Ç (7.86) åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç, äéüôé ãéá ïéïõóäÞðïôå  0 ∈ Z ìå
[]4 = [

0]4 êáé ïéïõóäÞðïôå  0 ∈ Z ìå []2 = [
0]2 Ý·ïõìå

[]4 = [
0]4 ⇒ 4 |  − 0

ord([−1]2) = 2 (åíôüò ôÞò Z×2)

)
=⇒
2.3.8

[−1]−02 = [1]2 ⇒ [(−1) ]2 = [(−1)0 ]2

ïðüôå

[(−1)]2 = [(−1) ]2 []2 = [(−1)
0
]2 []2 = [(−1)

0
]2 [

0]2 = [(−1)
0
]2

Ç []4
åßíáé Ýíáò åíäïìïñöéóìüò ôÞò Z2 êáèüôé ãéá   0 ∈ Z Ý·ïõìå

([]4 ◦ [0]4)([]2) = []4
([(−1)0]2) = [(−1)+0]2 = []4+[0]4

([]2)

ÅîÜëëïõ,

Ker([]4) =
©
[]2 ∈ Z2

¯̄£
(−1)¤

2
= [0]2

ª£
(−1)¤

2
6= [0]2

)
⇒ Ker([]4) = {[0]2} 

Ç[]4
åßíáé åíñéðôéêÞ êáé, êáô' åðÝêôáóç, áìöéññéðôéêÞ, ïðüôå[]4 ∈Aut(Z2))

Ç Dic Ý·åé ôÜîç |Dic| = 4 (äéüôé |h([]2 [2]4)i| = 2). Óôçí åéäéêÞ ðåñß-

ðôùóç üðïõ = 2−2 ãéá êÜðïéïí  ∈ N  ≥ 3 ç äéêõêëéêÞ ïìÜäá

Q := Dic2−2

(ôÜîåùò |Q| = 2) êáëåßôáé, éäéáéôÝñùò, (-ïóôÞ) ãåíéêåõìÝíç ïìÜäá ôåôñáíßùí.
96ÅðåéäÞ ([]2 [2]4) ∈ (Z2 o Z4) = h[]2i⊕ h[2]4i  Ý·ïõìå

h([]2 [2]4)i v (Z2 o Z4) =⇒
5.4.19 (i)

h([]2 [2]4)i E Z2 o Z4
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7.6.30 Ðñüôáóç. ÅÜí x := ([0]2  [1]4) · (Z2 o Z4)
êáé y := ([−1]2  [0]4) · (Z2 o Z4) ôüôå ëáìâÜíïõìå

Dic = hx yi  üðïõ ord(x) = 4 ord(y) = 2 êáé y = x2 yx = xy−1

Áðïäåéîç. ÅðåéäÞ h([−1]2  [0]4)i = Z2 êáé h([0]2  [1]4)i = Z4 ôï äéóýíïëï

{x y} ðáñÜãåé ôçíDic ÅîÜëëïõ, áðü ôéò éóüôçôåò

([−1]2  [0]4) · ([0]2  [1]4) = (
£−1 + (−1)00¤

2
 [1]4) = ([−1]2  [1]4)

([0]2  [1]4) · ([−1]2  [0]4)
−1 = ([0]2  [1]4) · ([1]2  [0]4) = ([−1]2  [1]4)

([−1]2  [1]4) · ([−1]2  [1]4)
−1 = ([0]2  [0]4) ∈ h([]2 [2]4)i

Ýðåôáé üôé yx = xy−1 Åí óõíå·åßá, ðáñáôçñïýìå üôé ãéá êÜèå  ∈ Z éó·ýåé

([0]2  [1]4)
 = ([0]2  []4) êáé ([−1]2  [0]4)

 = ([−]2  [0]4)

ÅðïìÝíùò, ord(x) = 4 ord(y) = 2 êáé

([−1]2  [0]4)
 · ([0]2  [1]4)

−2 = ([]2  [0]4) · ([0]2  [2]4)

= ([]2  [2]4) ∈ h([]2 [2]4)i⇒ y = x2

ÓçìåéùôÝïí üôé

Dic = hx yi =
©
y−x | ∈ {0 1}  ∈ {0 1  2− 1}ª

=
n
xy(−1)

+1 | ∈ {0 1}  ∈ {0 1  2− 1}
o


äéüôé

([]2  []4) = ([−1]2  [0]4)
− · ([0]2  [1]4)

 = ([0]2  [1]4)
 · ([−1]2  [0]4)

(−1)+1

ãéá êÜèå æåýãïò ( ) ∈ Z× Z ¤

7.6.31 Óçìåßùóç. ÅðåéäÞ ord(y) = 2 ≥ 4  2 Ý·ïõìå yx = xy−1 6= xy áð' üðïõ
Ýðåôáé üôé çDic äåí åßíáé áâåëéáíÞ.

7.6.32 Ðñüôáóç. (Dic) = {Dic  y} êáéDic(Dic) ∼= D

Áðïäåéîç. ÅðåéäÞ y = x2 ôï y ìåôáôßèåôáé áìïéâáßùò ìå áìöüôåñïõò ôïõò

ãåííÞôïñåò x êáé y ôÞòDic êáé, êáô' åðÝêôáóç, ìå üëá ôá óôïé·åßá ôÞòDic¢ñá

y = x2 ∈ (Dic)¸óôù ôþñá ôõ·ïýóá äýíáìç y ôïý y ( ∈ Z) áíÞêïõóá óôï

(Dic) ÅðåéäÞ

y = xy−1x−1 ⇒ y =
¡
xy−1x−1

¢
= xy−x−1 (7.87)

êáé (ôáõôï·ñüíùò) y ∈ (Dic) ⇒ xy = yx ⇒ xyx−1 = y =
(7.87)

xy−x−1

ëáìâÜíïõìå y = y− ⇒ y2 = Dic =⇒ 2 | 2 ⇒  |  ïðüôå ï  ïöåßëåé

íá åßíáé êÜðïéï ðïëëáðëÜóéï ôïý (Áõôü óçìáßíåé üôé y ∈ {Dic  y}) Áðü
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ôçí Üëëç ìåñéÜ, êáíÝíá áðü ôá õðïëåéðüìåíá 2 óôïé·åßá ôÞò Dic äåí áíÞêåé

óôï êÝíôñï ôçò. ÐñÜãìáôé° õðïèÝôïíôáò üôé ∃ ∈ Z : yx ∈ (Dic) èá Ýðñåðå

íá éó·ýåé y (yx) y−1 = yx Ùóôüóï, x2 6= Dic êáé

y (yx) y−1 = y+1(xy−1) = y+1(yx) = y+2x 6= yx
Ôåëéêþò ëïéðüí, (Dic) = {Dic  y} ÅðéðñïóèÝôùò,

Dic = hx yi =⇒
4.4.18

Dic(Dic) = hx · (Dic) y · (Dic)i

êáé x ∈ (Dic) x
2 ∈ (Dic)⇒ (x · (Dic))2 = x2 · (Dic) = (Dic)

yx
¡
xy−1

¢−1
= Dic ∈ (Dic)⇒ (yx · (Dic)) =

¡
xy−1 · (Dic)

¢
⇒ (y · (Dic)) (x · (Dic)) = (x · (Dic)) (y · (Dic))−1 

åíþ ∃ ∈ Z : y ∈ (Dic) ⇔  |  ïðüôå ç ôÜîç ôÞò ðëåõñéêÞò êëÜóåùò

y · (Dic) éóïýôáé ìå Åöáñìüæïíôáò ôçí ðñüôáóç 3.4.7 äéáðéóôþíïõìå üôé ç

Dic(Dic) åßíáé éóüìïñöç ìå ôç äéåäñéêÞ ïìÜäáD (ôÜîåùò 2). ¤

7.6.33 Ðñüôáóç. ¸óôù ∈ N  ≥ 2 ÅÜí = hs ti åßíáé ìéá ïìÜäá ðáñáãüìåíç
áðü äýï óôïé·åßá ôçò s êáé t ãéá ôá ïðïßá éó·ýïõí ïé ó·Ýóåéò 97

s4 = t2 =  t
 = s2 êáé ts = st−1 (7.88)

ôüôå õößóôáôáé Ýíáò êáé ìüíïí ïìïìïñöéóìüò ïìÜäùí ̄ : Dic −→  ìå ̄(x) = s
êáé ̄(y) = t Áõôüò åßíáé êáô' áíÜãêçí åðéìïñöéóìüò. ÌÜëéóôá, óôçí ðåñßðôùóç
üðïõ || = 4 ï ̄ åßíáé éóïìïñöéóìüò.

Áðïäåéîç. ÅÜí õðÜñ·åé ïìïìïñöéóìüò ̄ : Dic −→  ìå ̄(x) = s êáé ̄(y) = t

ôüôå áõôüò åßíáé ðëÞñùò êáèïñéóìÝíïò (êáé, ùò åê ôïýôïõ, ï ìïíáäéêüò ïìïìïñöé-

óìüò ìå áõôÞí ôçí éäéüôçôá), êáèþòDic = hx yi  (Âë. 2.4.9.) Èåùñïýìå ôçí

 : Z2 o Z4 −→  ([]2  []4) := t
−s = st(−1)

+1 ∀( ) ∈ Z× Z
ÁõôÞ åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç, äéüôé s4 = t2 =  Åðßóçò, åßíáé åðéñ-
ñéðôéêÞ, äéüôé  = hs ti  s = ([0]2  [1]4) êáé t = ([−1]2  [0]4) ÔÝëïò, ç 

åßíáé êáé ïìïìïñöéóìüò, äéüôé ãéá ïéïõóäÞðïôå 1 2 1 2 ∈ Z Ý·ïõìå98

(([1]2  [1]4) · ([2]2  [2]4)) = (
£
1 + (−1)12

¤
2

 [1 + 2]4)

= t−(1+(−1)
12)s1+2 = t−1(s1t−2s−1)s1+2 = (t−1s1)(t−2s−1s1+2)

= (t−1s1)(t−2s2) = (([1]2  [1]4))(([2]2  [2]4))

97Ðñïóï·Þ! Äåí ðñïáðáéôåßôáé áðü ôçí íá åßíáé ìç áâåëéáíÞ ïýôå íá Ý·ïõìå êáô' áíÜãêçí s 6= t Åðßóçò, ïé ðñþ-

ôåò äýï åê ôùí éóïôÞôùí (7.88) äåí óçìáßíïõí áðáñáéôÞôùò üôé ord(s) = 4 Þ/êáé ord(t) = 2 (Óôçí åðéôñÝðåôáé
íá åßíáé áêüìç êáé ç ôåôñéììÝíç, åÜí s = t = !) Åäþ êáôáóêåõÜæïõìå ôïí ïìïìïñöéóìü ̄ (äåß·íïíôáò, ìÜëéóôá,

üôé åßíáé êáé åðéìïñöéóìüò). Ìüíïí óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá óõìâáßíåé íá Ý·ïõìå || = 4 ï ̄ êáèßóôáôáé

éóïìïñöéóìüò êáé ç Ý·åé ôéò ðñïáíáöåñèåßóåò éäéüôçôåò.

98Ðñïöáíþò, ãéá êÜèå  ∈ Z éó·ýåé t = st−1s−1 ⇒ t = (st−1s−1) = st−s−1 ÓçìåéùôÝïí üôé

s
2
t
−
s
−2 = s(st−s−1)s−1 = st


s
−1 = t

− = t
(−1)2+1



Ãåíéêüôåñá, åðáãùãéêþò áðïäåéêíýåôáé üôé st−s− = t(−1)
+1 ãéá êÜèå  ∈ Z
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ÅðåéäÞ ([]2 [2]4) = t
−s2 = (s−2t)−1 = (s−2s2)−1 = −1 = 

([]2 [2]4) ∈ Ker()⇒ h([]2 [2]4)i ⊆ Ker()

ôï èåìåëéþäåò èåþñçìá 4.5.1 ðåñß ðçëéêïïìÜäùí ìÜò ðëçñïöïñåß üôé õößóôáôáé

Ýíáò êáé ìüíïí åðéìïñöéóìüò ̄ : Dic −→  ôÝôïéïò þóôå  = ̄ ◦ Dich([]2[2]4)i
Óôçí ðåñßðôùóç üðïõ || = 4 = |Dic|  ï ðõñÞíáò ôïý ̄ åßíáé ç ôåôñéììÝíç

õðïïìÜäá ôÞòDic ïðüôå ï ̄ åßíáé éóïìïñöéóìüò. ¤

7.6.34 Ðüñéóìá. Dic ∼= hs ti @ SU2(C) üðïõ

s :=
³

0 1
−1 0

´
 t :=

³
2 0

0 2

´
 2 := exp(



) 2 := exp(

−

)

Áðïäåéîç. Ìðïñåß íá åëåã·èåß åýêïëá üôé ãéá ôïõò áíùôÝñù ðßíáêåò s êáé t

éó·ýïõí ïé ó·Ýóåéò (7.88). ¢ñá õößóôáôáé åðéìïñöéóìüò ̄ : Dic −→ hs ti ìå
̄(x) = s ̄(y) = t êáé |hs ti| | 4 ÅðåéäÞ hti @ hs ti ìå |hti| = 2 ëáìâÜíïõìå

|hs ti| | 4
2 | |hs ti|
|hs ti|  2

⎫⎪⎬⎪⎭ =⇒ |hs ti| = 4

ÊáôÜ óõíÝðåéáí, ï ̄ åßíáé éóïìïñöéóìüò. ¤

7.6.35 Ðüñéóìá. Ç ïìÜäá ôùí ôåôñáíßùí Q (ç ïñéóèåßóá óôï åäÜöéï 2.2.11) åßíáé
éóüìïñöç ìå ôçíQ3 := Dic2

Áðïäåéîç. Áñêåß íá åöáñìïóèåß ôï ðüñéóìá 7.6.34 ãéá ôçíQ := hk ji  ¤

I ÏìÜäåò áõôïìïñöéóìþí ðáñéóôþìåíåò ùò åîùôåñéêÜ çìéåõèÝá ãéíüìåíá. Ôï
åîùôåñéêü çìéåõèý ãéíüìåíï äåí ·ñçóéìïðïéåßôáé ìüíïí ãéá ôçí êáôáóêåõÞ ïéêïãå-

íåéþí «íÝùí» ïìÜäùí áëëÜ êáé ãéá ôçí (ìÝ·ñéò éóïìïñöéóìïý) ðåñéãñáöÞ ôÞò ïìÜ-
äáò áõôïìïñöéóìþí êÜðïéùí ïìÜäùí, üðùò áõôÞò ôùíDL êáéDic ≥ 3

7.6.36 Èåþñçìá. (ÏìÜäá áõôïìïñöéóìþí ôùí äéåäñéêþí ïìÜäùí) ¸óôù  ∈ N
 ≥ 3 Ç ïìÜäá áõôïìïñöéóìþí ôÞò -ïóôÞò äéåäñéêÞò ïìÜäáò D = h i (ôÞò
ïñéóèåßóáò óôï åäÜöéï 3.4.4) åßíáé ç

Aut(D) = {| ( ) ∈ {0 1  − 1} × {1  − 1} êáé ìêä( ) = 1}

ôÜîåùò |Aut(D)| = () üðïõ  ç óõíÜñôçóç öé ôïý Euler (âë. B.4.15) êáé

(
) :=  ( ◦ ) :=  ◦ + ∀ ∈ {0 1  − 1}

ÅðéðñïóèÝôùò,

Aut(D) ∼= Z o Z× ∼=
⎧⎨⎩
µ
[1] []
[0] []

¶
∈ GL2(Z)

¯̄̄̄
¯̄  ∈ {0 1  − 1}

 ∈ {1  − 1}
ìå ìêä( ) = 1

⎫⎬⎭ 
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üðïõ  : (Z×  ·) −→ (Aut(Z) ◦)  [] 7−→ []
 åßíáé ï ïìïìïñöéóìüò ï áðåéêï-

íßæùí ôçí êëÜóç éóïôéìßáò [] ïéïõäÞðïôå  ∈ {  ∈ {1  − 1}|ìêä( ) = 1}
óôïí áõôïìïñöéóìü

[]
: Z −→ Z [] 7−→ []

([]) := [][]

Ùò åê ôïýôïõ, ç åóùôåñéêÞ ðñÜîç åðß ôïý Z o Z× åßíáé ç

(([] []) ([] [])) 7−→ ([] + [][] [][])

ÅîÜëëïõ, Aut(D) ∼= D ⇔  ∈ {3 4 6}
Áðïäåéîç. ÂÞìá 1ï. Ïé áíùôÝñù ïñéóèåßóåò áðåéêïíßóåéò  : D −→ D åßíáé
åíäïìïñöéóìïß. ÐñÜãìáôé° óôçñéæüìåíïé óôï üôé

D =
©

¯̄
 ∈ {0 1  − 1}ª ∪ © ◦  ¯̄  ∈ {0 1  − 1}ª

åëÝã·ïõìå áðåõèåßáò üôé ãéá ïéïõóäÞðïôå   ∈ {0 1  −1} éó·ýïõí ïé éóüôçôåò
(

 ◦ ) = (
+) = (+) =  ◦  = (

) ◦ ()
(

 ◦ ¡ ◦ ¢) = (
 ◦ ¡ ◦ ¢) = ( ◦ −)

=  ◦ (−)+ =  ◦ ( ◦ +) = (
) ◦ ( ◦ )

(
¡
 ◦ ¢ ◦ ) = (

¡
 ◦ ¢ ◦ ) = ( ◦ +)

=  ◦ (+)+ = ( ◦ +) ◦  = ( ◦ ) ◦ ()
(

¡
 ◦ ¢ ◦ ¡ ◦ ¢) = ( ◦ ( ◦  ◦ )) = (

2 ◦ −)
= (

−) = (−)+ = 2 ◦ (−)+ =  ◦ (+ ◦  ◦ +)
= ( ◦ +) ◦ ( ◦ +) = ( ◦ ) ◦ ( ◦ )

ÂÞìá 2ï. Ïé åíäïìïñöéóìïß  : D −→ D åßíáé áõôïìïñöéóìïß. Êáô' áñ·Üò,

ãéá ïéïäÞðïôå (Üëëï) æåýãïò ( ) ∈ {0 1  −1}×{1  −1} ìå ìêä( ) = 1
Ý·ïõìå

( ◦ ) () = (
) =  = +(

)

( ◦ ) ( ◦ ) = ( ◦ +) =  ◦ (+)+
=  ◦ ++ = +( ◦ )

ãéá êÜèå  ∈ {0 1  − 1} ¢ñá  ◦  = + Áðü ôçí Üëëç ìåñéÜ,

01(
) = ·1 = 

01( ◦ ) =  ◦ ·1+0 =  ◦ 
∀ ∈ {0 1  − 1}

⎫⎪⎬⎪⎭ =⇒ 01 = idD 

ÅðåéäÞ ìêä( ) = 1 (âÜóåé ôïý ðïñßóìáôïò B.2.8) õðÜñ·ïõí e e ∈ Z ôÝôïéïé
þóôå e + e = 1 (Ç êëÜóç éóïôéìßáò [e] åßíáé ßóç ìå ôï áíôßóôñïöï []−1 ôÞò []
åíôüò ôÞò ïìÜäáò Z×  Bë. áðüäåéîç ôÞò ðñïôÜóåùò B.4.43.) Ðñïöáíþò,

−ee ◦  = 01 = idAut(D) =  ◦ −ee
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ïðüôå ïé  åßíáé üíôùò áõôïìïñöéóìïß (Ý·ïíôåò ôïõò −ee ùò áíôéóôñüöïõò

ôïõò). ÅÜí õðïèÝóïõìå üôé äýï åî áõôþí åßíáé ßóïé, áò ðïýìå 11 = 22  ôüôå

11() = 22()⇒ 1−2 = idE =⇒ 1 − 2 | 
⇒ [1] = [2] ⇒ 1 = 2 (äéüôé 1 2 ∈ {1  − 1})

êáé

11( ◦ ) = 22( ◦ )⇒  ◦ 1+1 =  ◦ 2+2

=⇒ 1+1 = 2+2 =⇒ (1−2)+(1−2) = idE =⇒
1−2|

1−2 = idE

=⇒ 1 − 2 | ⇒ [1] = [2] ⇒ 1 = 2 (äéüôé 1 2 ∈ {0 1  − 1}).
Óõìðåñáßíïõìå ëïéðüí üôé

11 = 22 ⇐⇒ [1 = 2 êáé 1 = 2] (7.89)

Áõôü óçìáßíåé üôé ôï õðïóýíïëï áõôþí ôùí áõôïìïñöéóìþí ôÞòD áðïôåëåß ìßá

õðïïìÜäá ôÞò Aut(D) ôÜîåùò  ()  ÊáôÜ óõíÝðåéáí,  () ≤ |Aut(D)| 
ÂÞìá 3ï. ÊÜèå áõôïìïñöéóìüò ôÞò D åßíáé ôÞò áíùôÝñù ìïñöÞò (êáé, ùò åê
ôïýôïõ, |Aut(D)| =  ()). ¸óôù ôõ·þí áõôïìïñöéóìüò  ∈ Aut(D) ÅðåéäÞ

hi @·áñ D (âë. 6.1.4), Ý·ïõìå (hi) = hi  ïðüôå ç åéêüíá () ôïý óôïé·åßïõ

 ìÝóù ôïý  åßíáé ìéá äýíáìç () =  ôïý  ãéá êÜðïéïí  ∈ {0 1   − 1}
Ôï  áðåéêïíßæåôáé ìÝóù ôïý áíôéóôñüöïõ −1 ôïý  óôï óôïé·åßï  ïðüôå áðü

ôï ðüñéóìá 2.3.11 êáé ôï (iv) ôÞò ðñïôÜóåùò 2.4.19 ëáìâÜíïõìå



ìêä( )
= ord() = ord(−1()) = ord() = 

áð' üðïõ Ýðåôáé üôé ìêä( ) = 1Áðü ôçí Üëëç ìåñéÜ, () ∈ hi (äéüôé áëëéþò ôï
 èá Þôáí ç åéêüíá êÜðïéáò äõíÜìåùò ôïý  ìÝóù ôïý −1 Þôïé åê íÝïõ ìéá äýíáìç

ôïý  ðñÜãìá áäýíáôï). ¢ñá õðÜñ·åé êáô' áíÜãêçí êÜðïéïò  ∈ {0 1  − 1}
ôÝôïéïò þóôå íá éó·ýåé () =  ◦  Ãéá ôïõò Üíùèé (ìïíïóçìÜíôùò ïñéóìÝíïõò)

 êáé  éó·ýåé ç éóüôçôá  =  áöïý⎧⎪⎪⎨⎪⎪⎩
() = () =  = (

)

( ◦ ) = () ◦ () = ( ◦ ) ◦ 

=  ◦ + = ( ◦ ) ∀ ∈ {0 1  − 1}

⎫⎪⎪⎬⎪⎪⎭
ÂÞìá 4ï. H áðåéêüíéóç

[]
: Z −→ Z [] 7−→ []

([]) := [][]

åßíáé åíäïìïñöéóìüò ôÞò Z äéüôé

[]
([] + []) = []([] + [])

= [][] + [][] = []
([]) + []

([])
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ãéá ïéåóäÞðïôå êëÜóåéò éóïôéìßáò []  [] ∈ Z ÅðåéäÞ [] ∈ Z×  ï åíäïìïñöé-

óìüò [] ôÞò ðåðåñáóìÝíçò ïìÜäáò Z åßíáé áõôïìïñöéóìüò ôçò, äéüôé

Ker([]) = { [] ∈ Z| [][] = [0]} = {[0]}

(Ðñoöáíþò,

[][] = [] = [0] ⇒  | ⇒  | ⇒ [] = [0]

äéüôé ìêä( ) = 1 Âë. ðüñéóìá B.2.9.) Åí óõíå·åßá, ðáñáôçñïýìå üôé ç

 :
¡
Z×  ·

¢ −→ (Aut(Z) ◦)  [] 7−→ []


åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç, äéüôé åÜí éó·ýåé [1] = [2]  ôüôå

[1]
([]) := [1][] = [2][] =: [2]([])

ãéá êÜèå êëÜóç éóïôéìßáò [] ∈ Z Þôïé [1] = [2]
 ÅðéðñïóèÝôùò, ç  åßíáé

êáé ïìïìïñöéóìüò ïìÜäùí, áöïý

[1][2]
= [1]

◦ [2] ∀ (1 2) ∈ Z× Z

Åê ôùí ðñïáíáöåñèÝíôùí óõíÜãåôáé üôé ïñßæåôáé ôï åîùôåñéêü çìéåõèý ãéíüìåíï

Z o Z× ôùí Z êáé Z× ìÝóù ôïý 

ÂÞìá 5ï. Èåùñïýìå ôçí áðåéêüíéóç99

 : Aut(D) −→ Z o Z×   7−→ ([] [])

ÁõôÞ åßíáé ïìïìïñöéóìüò, äéüôé

()() = ([] [])([] []) = ([] + [][] [][])

= ([+ ] []) = (+) = ( ◦ )

ÅðåéäÞ

Ker() = { ∈ Aut(D)| () = ([0] [1])}
= { ∈ Aut(D)| ([] []) = ([0] [1])} = {01} = {idD}

êáé |Aut(D)| = |Z o Z× |  ï ïìïìïñöéóìüò  åßíáé éóïìïñöéóìüò. Ï äåýôåñïò

éóïìïñöéóìüò åßíáé ï

Z o Z× 3 ([] []) 7−→
³

[1] []
[0] []

´


ÂÞìá 6ï. ÅÜí õößóôáôï éóïìïñöéóìüò Aut(D) ∼= D, ôüôå èá Ýðñåðå íá éó·ýåé

 () = 2 =⇒  () = 2 =⇒
B.4.27

 ∈ {3 4 6}
99Ôï üôé ç  åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç Ýðåôáé áðü ôç óõíåðáãùãÞ ‘‘⇒'' óôçí (7.89).
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Åñþôçìá : Õößóôáôáé üíôùò Ýíáò ôÝôïéïò éóïìïñöéóìüò ãéá áõôÝò ôéò ôñåéò ôéìÝò

ôïý ; Ç áðÜíôçóç åßíáé êáôáöáôéêÞ. Óôçí ðñáãìáôéêüôçôá, éó·ýåé êÜôé éó·õñü-

ôåñï: Áò èåùñÞóïõìå ôïõò áõôïìïñöéóìïýò 1 2 ∈ Aut(D) ôïõò ïñéæüìåíïõò

åðß ôùí ãåííçôüñùí   ôÞòD ùò åîÞò:

1() :=  ◦  =  ◦ −1 1() :=  2() :=  2() := −1

Ãéá ôïí ðñþôï åî áõôþí Ý·ïõìå

1(
) = 1()

 =   1( ◦ ) = 1() ◦ 1() =  ◦ −1 ◦  =  ◦ −1
1(

) =   1( ◦ ) = −11 ( ◦ −1) = · · · = 01( ◦ −) =  ◦ −

ãéá êÜèå  ∈ {0 1  − 1} êáé  ∈ {1  } êáé ãéá ôïí äåýôåñï

2(
) = 2()

 = −  2( ◦ ) = 2() ◦ 2() =  ◦ −

êáé 22(
) = 2((

−1)) = 2(
−1) = ((−1)−1) = 

22( ◦ ) = 2( ◦ (−1)) =  ◦ ((−1)−1) =  ◦   ∀ ∈ {0 1  − 1}

¢ñá 1 6= idD ãéá  ∈ {1  − 1} êáé

1 = 22 = idD 

¸ôóé ëïéðüí (åíôüò ôÞò Aut(D)) ï 1 Ý·åé ôÜîç  êáé ï 2 ôÜîç 2 ÅðéðëÝïí, ãéá

êÜèå  ∈ {0 1  − 1} éó·ýïõí ïé éóüôçôåò

(1 ◦ 2) () = 1(
−) = 1()

− = − = 2(
) =

¡
2 ◦ −11

¢
()

(1 ◦ 2) ( ◦ ) = 1( ◦ −) = 1() ◦ 1()− = ( ◦ −1) ◦ −

=  ◦ −(+1) = 2() ◦ 2()+1 = 2( ◦ +1) =
¡
2 ◦ −11

¢
( ◦ )

Åî áõôþí Ýðåôáé üôé 1 ◦ 2 = 2 ◦ −11  ÅÜí èÝóïõìå

 := h1 2i v Aut(D)

êáé ëÜâïõìå õð' üøéí üôé

(1 ◦ 2)() = 1() =  ◦  6= 
−1 ◦  = 2() ◦ 2() = 2( ◦ ) = (2 ◦ 1)()

(Þôïé üôé ç ïìÜäá  åßíáé ìç áâåëéáíÞ, áöïý 1 ◦ 2 6= 2 ◦ 1), óõìðåñáßíïõìå
üôé  ∼= D ìÝóù ôÞò ðñïôÜóåùò 3.4.7. ¢ñá ç Aut(D) ðåñéÝ·åé ðÜíôïôå Ýíá

«áíôßôõðï» ôÞòD êáé

 = Aut(D)⇔  () = 2⇔  () = 2⇔  ∈ {3 4 6}

(Âë. ðñüôáóç B.4.27.) ¤
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7.6.37 ÐáñáôÞñçóç. ÌÝóù ôïý èåùñÞìáôïò 7.6.36 êáé ôùíðñïáíáöåñèÝíôùíóôá

åäÜöéá 5.4.8 êáé 5.4.30 (ii) êáôáëÞãïõìå óôïí áêüëïõèï ïëïêëçñùìÝíï êáôÜëïãï:

 (D) Aut(D) Inn(D) Out(D)

3 {idE3} D3 (∼= S3) D3 ôåôñéììÝíç

4 {idE4  2} D4 V Z2

6 {idE6  3} D6 D3 Z2

ðåñéôôüò ≥ 5 {idE} Z o Z× D (Z o Z× )/D

Üñôéïò ≥ 8 {idE  

2 } Z o Z× D

2
(Z o Z× )D

2

7.6.38 Èåþñçìá. (ÏìÜäá áõôïìïñöéóìþí ôùí ïìÜäùí L) ¸óôù üôé   åßíáé
ðñþôïé áñéèìïß ìå    êáé  ≡ 1(mod ) êáé Ýóôù

L :=
n³

[] []
[0] [1]

´
∈ GL2(Z)

¯̄̄
  ∈ Z êáé  ≡ 1(mod )

o
ç ìïíáäéêÞ (ìÝ·ñéò éóïìïñöéóìïý ) ìç áâåëéáíÞ ïìÜäá ôÜîåùò  (Bë. ðñüôáóç
5.7.15). Ùò ãíùóôüí,

L = hi hi =
©


¯̄
( ) ∈ {0 1  − 1} × {0 1 − 1}ª 

üðïõ

 :=
³

[] [0]
[0] [1]

´
  :=

³
[1] [1]
[0] [1]

´
 −1 = 

(ìå ord() =  ord() = ) êáé [] ìéá êëÜóç éóïôéìßáò (åíüò  ∈ Z) Ý·ïõóá ôÜîç
 åíôüò ôÞò Z×  Ç ïìÜäá áõôïìïñöéóìþí ôÞò L Ý·åé ôÜîç ( − 1) êáé åßíáé ç

Aut(L) = {| ( ) ∈ {0 1   − 1} × {1   − 1}} 

üðïõ () :=  =  () :=  êáé, ãåíéêüôåñá,

(
) := () = ()  ∀( ) ∈ {0 1  − 1} × {0 1 − 1}

ÅðéðñïóèÝôùò,

Aut(L) ∼= Z o Z× ∼= Aut(D)

üðïõ  :
¡
Z×  ·

¢ −→ (Aut(Z) ◦)  [] 7−→ []
 åßíáé ï ïìïìïñöéóìüò ï áðåéêï-

íßæùí ôçí êëÜóç éóïôéìßáò [] ïéïõäÞðïôå  ∈ {1   − 1} óôïí áõôïìïñöéóìü
[]

: Z −→ Z [] 7−→ []
([]) := [][]
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Áðïäåéîç. ÂÞìá 1ï. Ïé áíùôÝñù ïñéóèåßóåò áðåéêïíßóåéò  : L −→ L åßíáé
åíäïìïñöéóìïß. ÐñÜãìáôé° êÜíïíôáò ·ñÞóç ìáèçìáôéêÞò åðáãùãÞò (óõíÞèïõò êáé

ìå ïðéóèïðïñåßá, ùò ðñïò ôïí  êáé ùò ðñïò ôïí ) áðïäåéêíýïõìå åí ðñþôïéò

(ìÝóù ôÞò ó·Ýóåùò −1 = ) üôé

 = 
 ∀( ) ∈ Z× Z (7.90)

Ãéá ( ) ∈ {0 1 −1}×{0 1 −1} (0 0) ∈ {0 1 −1}×{0 1 −1}
êáé ( ) ∈ {0 1   − 1} × {1   − 1} Ý·ïõìå

()(
0


0
) = (

0
)

0
= (

0)
0
= +

0+
0

(7.91)

êáé (åî ïñéóìïý)

(
+0+

0
) = (+

0)()+
0
= ((

0
)


())()
0
 (7.92)

Åí óõíå·åßá, áðïäåéêíýïõìå (åðáãùãéêþò, ùò ðñïò ôïí ) üôé

(
0
)


() = ()
0
 (7.93)

Ç (7.93) åßíáé áëçèÞò ôüóïí ãéá  = 0 (ðñïäÞëùò) üóïí êáé ãéá  = 1 äéüôé

(
0
)() = (

0
)() = (+

0) = +
0
= ()

0

(ëüãù ôÞò (7.90)). ÅÜí õðïèÝóïõìå üôé ç (7.93) åßíáé áëçèÞò ãéá êÜðïéïí åêèÝôç

 ∈ {1  − 2} ôüôå

(
0
)
+1

()+1 = ((
0
)


)()()

= (()
0
(())−1)()()

= ()(
0
)(())−1)()()

= ()(
0
)() (7.94)

ÅðåéäÞ

(
0
)() = (

0
)() = (

0+) = 
0+ = ()

0
 (7.95)

ïé (7.94) êáé (7.95) äßäïõí

(
0
)
+1

()+1 = ()(
0
)() = ()+1

0


ïðüôå ç (7.93) åßíáé áëçèÞò êáé ãéá ôïí  + 1 Áðü ôéò (7.91), (7.92) êáé (7.93)

ðñïêýðôåé üôé

((
)(

0


0
)) = (

+0+
0
) = (()

0
)()

0

= (())(
0
()

0
) = (

)(
0

0
)

ÂÞìá 2ï. Ïé åíäïìïñöéóìïß L −→ L åßíáé áõôïìïñöéóìïß. Êáô' áñ·Üò, ãéá
ïéïäÞðïôå (Üëëï) æåýãïò ( ) ∈ {0 1   − 1} × {1   − 1} Ý·ïõìå
( ◦ ) () = (

()) = 
(()) = 

(+) = +(


)
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ãéá êÜèå ( ) ∈ {0 1  − 1} × {0 1 − 1} ¢ñá  ◦  = + Áðü

ôçí Üëëç ìåñéÜ, 01 = idL  ÅðåéäÞ ìêä( ) = 1 õðÜñ·ïõí e e ∈ Z ôÝôïéïé þóôå
e + e = 1 (Ç êëÜóç éóïôéìßáò [e] åßíáé ßóç ìå ôï áíôßóôñïöï []−1 ôÞò [] åíôüò

ôÞò ïìÜäáò Z× ) Ðñïöáíþò, −ee ◦ = 01 =idAut(L) =  ◦−ee ïðüôå ïé
 åßíáé üíôùò áõôïìïñöéóìïß (Ý·ïíôåò ôïõò −ee ùò áíôéóôñüöïõò ôïõò). ÅÜí
õðïèÝóïõìå üôé äýï åî áõôþí åßíáé ßóïé, áò ðïýìå 11 = 22  ôüôå

11() = 22()⇒ 
1 = 

2 ⇒ 
1−2 = I2 ⇒ 1 − 2 |  ⇒ 1 = 2

(äéüôé 1 2 ∈ {0 1   − 1}) êáé
11() = 22()⇒ 1 = 2 ⇒ 1−2 = I2
⇒ 1 − 2 |  ⇒ 1 = 2 (äéüôé 1 2 ∈ {1   − 1})

Óõìðåñáßíïõìå ëïéðüí üôé 11 = 22 ⇐⇒ [1 = 2 êáé 1 = 2]Áõôü óçìáßíåé

üôé ôï õðïóýíïëï áõôþí ôùí áõôïìïñöéóìþí ôÞò L áðïôåëåß ìéá õðïïìÜäá ôÞò

Aut(L) ôÜîåùò ( − 1)ÊáôÜ óõíÝðåéáí, ( − 1) ≤ |Aut(L)| 
ÂÞìá 3ï. ÊÜèå áõôïìïñöéóìüò ôÞò L åßíáé ôÞò áíùôÝñù ìïñöÞò (êáé, ùò åê
ôïýôïõ, |Aut(L)| = (−1)). Ç êõêëéêÞ ïìÜäá hi (ôÜîåùò ) åßíáé ìéá ïñèüèåôç

õðïïìÜäá ôÞòL äéüôé ãéá ïéïõóäÞðïôå   ∈ {0 1 −1} êáé  ∈ {0 1 −1}
ç (7.90) äßäåé ()()−1 = 

 ∈ hi  Þôïé
hi C L =⇒

4.2.24
L = hi hi = hi hi 

ÅðéðñïóèÝôùò, ç hi åßíáé êáé ·áñáêôçñéóôéêÞ õðïïìÜäá ôÞò L äéüôé

ìêä(|hi|  |L : hi|) = ìêä( ) = 1

(Âë. ðñüôáóç 6.1.9.) ¸óôù ôþñá ôõ·þí áõôïìïñöéóìüò  ∈ Aut(L) ÅðåéäÞ

(hi) = hi  ç åéêüíá () ôïý óôïé·åßïõ  ìÝóù ôïý  åßíáé ìéá äýíáìç  ôïý  ãéá

êÜðïéïí  ∈ {0 1   − 1} Ôï  áðåéêïíßæåôáé ìÝóù ôïý áíôéóôñüöïõ −1 ôïý 
óôï  ïðüôå áðü ôï ðüñéóìá 2.3.11 êáé ôï (iv) ôÞò ðñïôÜóåùò 2.4.19 ëáìâÜíïõìå



ìêä( )
= ord() = ord(−1()) = ord() = 

áð' üðïõ Ýðåôáé üôé ìêä( ) = 1 ⇒  6= 0 Áðü ôçí Üëëç ìåñéÜ, () ∈ hi (äéüôé
áëëéþò ôï óôïé·åßï  èá Þôáí ç åéêüíá êÜðïéáò äõíÜìåùò ôïý óôïé·åßïõ  ìÝóù ôïý

−1 Þôïé åê íÝïõ ìéá äýíáìç ôïý  ðñÜãìá áäýíáôï). ¢ñá õðÜñ·åé êáô' áíÜãêçí

êÜðïéïò  ∈ {0 1   − 1} êáé êÜðïéïò  ∈ {1  − 1} ïýôùò þóôå íá éó·ýåé

(hi hi)r hi 3 () =  ÅðåéäÞ

−1 =  ⇒ ()()()−1 = () ⇒ ()()−1 = 

⇒ −− =  ⇒ − =  =⇒
(7.90)


 =  ⇒ (

−1−1) = I2

=⇒
2.3.8

 | (−1 − 1) =⇒
1≤

 | (−1 − 1)

Åî ïñéóìïý (ôïý ) ([])
 = [] = [1] ⇒  | − 1 ÅÜí ôï  Þôáí äéáéñÝôçò ôïý

 ôüôå èá Þôáí äéáéñÝôçò êáé ôïý  êáé, êáô' åðÝêôáóç, êáé ôïý  − ( − 1) = 1
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ðñÜãìá áäýíáôï. ÅðïìÝíùò, [ | (−1 − 1) êáé  - ] ⇒  | −1 − 1 ÅðåéäÞ
üìùòmin{ ∈ N :  | −1} =  êáé 0 ≤ −1     óõìðåñáßíïõìå ôåëéêþò üôé

 = 1 êáé () =  Ãéá ôïõò Üíùèé (ìïíïóçìÜíôùò ïñéóìÝíïõò)  êáé  éó·ýåé ç

éóüôçôá  =  áöïý(
() = ()() = () = (

)

∀( ) ∈ {0 1  − 1} × {0 1 − 1}

)

ÂÞìá 4ï. H áðåéêüíéóç []
åßíáé åíäïìïñöéóìüò ôÞò Z êáé ç  ïìïìïñöéóìüò

ïìÜäùí. (Ðñâë. ìå ôï 4ï âÞìá ôÞò áðïäåßîåùò ôïý èåùñÞìáôïò 7.6.36.) ¢ñá

ïñßæåôáé ôï åîùôåñéêü çìéåõèý ãéíüìåíï Z o Z× 
ÂÞìá 5ï. H áðåéêüíéóç  : Aut(L) −→ Z o Z×   7−→ ([] []) åßíáé éóï-

ìïñöéóìüò ïìÜäùí. (Ôï åí ëüãù åîùôåñéêü çìéåõèý ãéíüìåíï ôáõôßæåôáé ìå åêåßíï

ôïý èåùñÞìáôïò 7.6.36 óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá  = ) ¤

Ðáñïìïßùò áðïäåéêíýåôáé êáé ôï áêüëïõèï:

7.6.39 Èåþñçìá. (ÏìÜäá áõôïìïñöéóìþí ôùí Dic ãéá  ≥ 3)
¸óôù ∈ N  ≥ 3 êáé Ýóôù

Dic = hx yi =
©
y−

¯̄
 ∈ {0 1  2− 1}ª ∪ ©xy | ∈ {0 1  2− 1}ª

ç-ïóôÞ äéêõêëéêÞ ïìÜäá, üðïõ x êáé y üðùò óôçí ðñüôáóç 7.6.30, ìå

ord(x) = 4 ord(y) = 2 êáé y = x2 yx = xy−1

Ç ïìÜäá ôùí áõôïìïñöéóìþí ôÞòDic åßíáé ç

Aut(Dic) = {| ( ) ∈ {0 1  2− 1} × {1  2− 1} êáé ìêä( 2) = 1}

ôÜîåùò |Aut(Dic)| = 2(2) üðïõ  ç óõíÜñôçóç öé ôïý Euler êáé

(y
−) := y− (xy) := xy− = y−x ∀ ∈ {0 1  2− 1}

ÅðéðñïóèÝôùò,

Aut(Dic) ∼= Z2 o Z×2 ∼= Aut(D2)

üðïõ  :
¡
Z×2 ·

¢ −→ (Aut(Z2) ◦)  []2 7−→ []2
 åßíáé ï ïìïìïñöéóìüò ï

áðåéêïíßæùí ôçí êëÜóç []2 ïéïõäÞðïôå  ∈ {  ∈ {1  2− 1}|ìêä( 2) = 1}
óôïí áõôïìïñöéóìü []2 : Z2 −→ Z2 []2 7−→ []2

([]2) := []2[]2

7.6.40 Óçìåßùóç. Óôçí åéäéêÞ ðåñßðôùóç üðïõ  = 2 ç ïìÜäá áõôïìïñöéóìþí

ôÞò Dic2 ∼= Q (ìç åìðßðôïõóá óôçí áíùôÝñù ìÝèïäï õðïëïãéóìïý) äßäåôáé óôçí

Üóêçóç 7-78

I «Åóùôåñéêü» çìéåõèý ãéíüìåíï äýï õðïïìÜäùí ìéáò ïìÜäáò. Ùò áöåôçñßá ìáò

èá èåùñÞóïõìå ôçí Ýííïéá ôïý óõìðëçñþìáôïò.
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7.6.41 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá. ¼ôáí, äïèåßóáò ìéáò ∈ Subg() õöß-
óôáôáé êÜðïéá ∈ Subg() ïýôùò þóôå íá éó·ýåé  =  êáé ∩ = {}
ôüôå ëÝìå üôé ç áðïôåëåß Ýíá óõìðëÞñùìá ôÞò (åíôüò ôÞò ).

7.6.42 Óçìåßùóç. (i) Áêüìç êáé ìéá ïñèüèåôç õðïïìÜäá  ôÞò  äåí äéáèÝôåé

êáô' áíÜãêçí êÜðïéï óõìðëÞñùìá. ÁëëÜ êáé üôáí äéáèÝôåé, áõôü äåí åßíáé êáô'

áíÜãêçí Ýíá êáé ìüíï. (Åðß ðáñáäåßãìáôé, åíôüò ôÞòS3 êÜèå õðïïìÜäá ôÜîåùò 2

áðïôåëåß óõìðëÞñùìá ôÞò A3) Ùóôüóï, äõï ôõ·üíôá óõìðëçñþìáôá12 ìéáò

 E  åßíáé ðÜíôïôå éóüìïñöá ìåôáîý ôïõò, áöïý

1
∼=

4.4.5
1{1} =

2.1.18
1{} = 1 ∩1

∼=
4.5.13

1 = 

= 2 ∼=
4.5.13

2 ∩2 = 2{} =
2.1.18

2{2} ∼=
4.4.5

2

(ii) ÅÜí E  êáé E  ôüôå ç áðïôåëåß óõìðëÞñùìá ôÞò åíôüò ôÞò åÜí

êáé ìüíïí åÜí  =  ×åó.  Ùóôüóï, üðùò èá äïýìå åõèýò áìÝóùò, åîßóïõ (áí

ü·é ðåñéóóüôåñï) óçìáíôéêÞ åßíáé êáé ç ìåëÝôç ôùí óõìðëçñùìÜôùí ìéáò E 

ðïõ äåí åßíáé áðáñáéôÞôùò ïñèüèåôá.

Ï ïñéóìüò 7.1.21 ãåíéêåýåôáé ùò áêïëïýèùò:

7.6.43 Ïñéóìüò. ¸óôù üôé ç ( ·) åßíáé ìéá ïìÜäá êáé üôé  v  êáé  v 

ËÝìå üôé ç  åßíáé ôï åóùôåñéêü çìéåõèý ãéíüìåíï ôùí õðïïìÜäùí  êáé (êáé

ãñÜöïõìå  =  o) üôáí ðëçñïýíôáé ïé áêüëïõèåò óõíèÞêåò:

(i) E 

(ii)  = hi ( =
4.2.24

 = ) êáé

(iii) ∩ = {}

7.6.44 Óçìåßùóç. (i) Ðñïöáíþò,  E  ⇐⇒  =  ×åó.  (¼ôáí  5  ç

 = o êáëåßôáé, éäéáéôÝñùò, ìç ôåôñéììÝíï åóùôåñéêü çìéåõèý ãéíüìåíï ôùí

 êáé)

(ii) Áðü ôéò óõíèÞêåò (ii) êáé (iii) ôïý ïñéóìïý 7.6.43 Ýðåôáé üôé ç  áðïôåëåß óõ-

ìðëÞñùìá ôÞò  åíôüò ôÞò  êáé üôé êÜèå  ∈  ãñÜöåôáé ùò  =  ãéá êÜðïéá

ìïíïóçìÜíôùò ïñéóìÝíá 100 óôïé·åßá  ∈  êáé  ∈  Åðßóçò, áîßæåé íá ôïíéóèåß

üôé üôáí ç  =  o  åßíáé ìç ôåôñéììÝíï åóùôåñéêü çìéåõèý ãéíüìåíï ôùí 

êáé  (êáé ðáñÜ ôï ãåãïíüò üôé  =  = ), õðÜñ·ïõí ðÜíôïôå êÜðïéá

 ∈   ∈  ìå101  6= 

7.6.45 Èåþñçìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  Ôüôå ôá áêüëïõèá åßíáé
éóïäýíáìá :

(i) Ç ïìÜäá äéáèÝôåé êÜðïéï óõìðëÞñùìá v  åíôüò ôÞò  (Þôïé  =  o

100ÅÜí  = 00 ãéá êÜðïéá 0 ∈  êáé 0 ∈  ôüôå  = 00 ⇒  3 −10 = 0−1 ∈  êáé åðåéäÞ

 ∩ = {} Ý·ïõìå  = 0 êáé  = 0
101ÅÜí  =  ∀ ∈  êáé ∀ ∈  ôüôå =  ×åó.  (Âë. 7.1.26 (b)⇒(a).)
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ìå ∼= ).

(ii) ÕðÜñ·åé ìéá v  ôÝôïéá þóôå êÜèå  ∈  íá ãñÜöåôáé ùò  =  ãéá êÜðïéá
ìïíïóçìÜíôùò ïñéóìÝíá óôïé·åßá  ∈  êáé  ∈ 

(iii) ÕðÜñ·åé ïìïìïñöéóìüò  :  −→  ãéá ôïí ïðïßï éó·ýåé  ◦  = id 

üðïõ  :  −→  ï öõóéêüò åðéìïñöéóìüò.

(iv) ÕðÜñ·åé Ýíáò  ∈ End() ìå Ker() =  êáé () =  ∀ ∈ Im()

Áðïäåéîç. (i)⇒(ii) Âë. 7.6.44 (ii).

(ii)⇒(iii) ¸óôù ôõ·üí  ∈  Áõôü ãñÜöåôáé åî õðïèÝóåùò ùò  =  ãéá êÜðïéá

ìïíïóçìÜíôùò ïñéóìÝíá óôïé·åßá  ∈  êáé  ∈  ¢ñá ãéá ôçí ðëåõñéêÞ ôïõ

êëÜóç åíôüò ôÞò ðçëéêïïìÜäáò  Ý·ïõìå =  = Èåùñïýìå ôçí

 :  −→   7−→ 

H  åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç (äéüôé ðñïöáíþò ãéá 1 = 11 2 = 22
ìå 1 = 2 ëáìâÜíïõìå 1 = 2 ïðüôå 1

−1
2 ∈  ∩  = {} Þôïé

1 = 2). ÅðéðëÝïí, åßíáé êáé ïìïìïñöéóìüò, êáèüóïí ãéá 1 = 11 2 = 22

(1)(2) = 12 = (12) = ((1)(2)) = (12)

ÔÝëïò, ( ◦ )() = () =  =  =  ãéá êÜèå  =  ∈ 

(iii)⇒(iv) Ïñßæïõìå ôïí åíäïìïñöéóìü  :=  ◦  ôÞò  ¸óôù ôõ·üí óôïé·åßï

 ∈ Im() Ôüôå ∃ ∈  :  = () Ðñïöáíþò,

() = (()) = ( ◦ ) () = ¡¡ ◦ ¢ ◦ ¡ ◦ ¢¢ ()
= ( ◦ ( ◦ | {z }

= id

) ◦ )() =
¡
 ◦ 

¢
() = () = 

ÅÜí  ∈  ôüôå éó·ýåé () = ( ◦ )() = () = () = () =  ïðüôå

 ∈ Ker() ¢ñá  ⊆ Ker() Êáé áíôéóôñüöùò° åÜí  ∈ Ker() ôüôå Ý·ïõìå

() = () =  = () = ( ◦ )() = () ÅðåéäÞ  ◦  = id  ç

 åßíáé åíñéðôéêÞ áðåéêüíéóç. ÊáôÜ óõíÝðåéáí,  =  ⇒  ∈  Ùò åê ôïýôïõ,

éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò Ker() ⊆ 

(iv)⇒(i) ÈÝôïõìå  := Im() ÅÜí  ∈  ∩ ôüôå () =  êáé (ôáõôï·ñüíùò)

() =  ÅðïìÝíùò,  =  êáé  ∩ = {} ÅîÜëëïõ, åÜí  ∈  ôüôå

((−1)) = ()((−1)| {z }
∈ Im()

) = ()(−1) = (−1| {z }
=

) = 

ïðüôå (−1) ∈ Ker() =  Ôï  ãñÜöåôáé ùò áêïëïýèùò:

 =  = () = (−1) = ((−1)| {z }
∈

)()|{z}
∈



¢ñá  =  êáé ç áðïôåëåß Ýíá óõìðëÞñùìá ôÞò  åíôüò ôÞò  ¤
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7.6.46 Èåþñçìá. ¸óôù üôé ç ( ·) åßíáé ìéá ðåðåñáóìÝíç ïìÜäá êáé üôé  E 

êáé v  ÅÜí || =  êáé || =  || =  üðïõ ∈ N ìå ìêä() = 1

ôüôå  =  o

Áðïäåéîç. Ðáíïìïéüôõðç åêåßíçò ôïý èåùñÞìáôïò 7.1.48. ¤

7.6.47 ÐáñÜäåéãìá. ¸óôù  ∈ N  ≥ 3 Ç åíáëëÜóóïõóá ïìÜäá A åßíáé ìéá

ïñèüèåôç õðïïìÜäá ôÞòS (Âë. 4.2.14 Þ 4.2.32 (i)). ¸óôù çêõêëéêÞ õðïïìÜäá

h[1 2]i = {id [1 2]} ôÞò S ç ðáñáãüìåíç áðü ôçí áíôéìåôÜèåóç [1 2] ÊáôÜ ôï

èåþñçìá 7.6.46,

S = A o h[1 2]i 

Áõôü ôï åóùôåñéêü çìéåõèý ãéíüìåíï äåí åßíáé åõèý, êáèüôé Ý·ïõìå  5 S (Bë.

èåþñçìá 4.3.12.)

7.6.48 ÐáñÜäåéãìá. ÅÜí  := { ∈ S4 | (4) = 4}  ôüôå  ∼= S3 V C S4 êáé

(óýìöùíá ìå ôï èåþñçìá 7.6.46)

S4 = Vo

Áõôü ôï åóùôåñéêü çìéåõèý ãéíüìåíï äåí åßíáé åõèý, äçëáäÞ åßíáé ìç ôåôñéììÝíï,
êáèüôé Ý·ïõìå 5 S4 (Bë. åäÜöéï 7.1.28 (iii).)

7.6.49 ÐáñÜäåéãìá. ¸óôù  := h[1 2 3]i ç êõêëéêÞ õðïïìÜäá (ôÜîåùò 3) ôÞò A4
ç ðáñáãüìåíç áðü ôïí 3-êýêëï [1 2 3] ÅðåéäÞ V C A4 (âë. 4.2.21), ìÝóù ôïý

èåùñÞìáôïò 7.6.46 óõìðåñáßíïõìå üôé

A4 = Vo h[1 2 3]i 

Áõôü ôï åóùôåñéêü çìéåõèý ãéíüìåíï åßíáé ìç ôåôñéììÝíï, êáèüóïí

([1 2] ◦ [3 4]) ◦ [1 2 3] ◦ ([1 2] ◦ [3 4])−1 = [2 4 3] ◦ ([1 2] ◦ [3 4])
= [1 4 2] ∈  (= {id [1 2 3] [1 3 2]})⇒  5 A4

7.6.50 ÐáñÜäåéãìá. ¸óôù üôé   åßíáé ðñþôïé áñéèìïß ìå    êáé  ≡ 1(mod )
êáé Ýóôù L ç ìïíáäéêÞ (ìÝ·ñéò éóïìïñöéóìïý) ìç áâåëéáíÞ ïìÜäá ôÜîåùò 

(Bë. ðñüôáóç 5.7.15.) Óýìöùíá ìå ôï èåþñçìá 7.6.20, ç L åßíáé éóüìïñöç ìå

Ýíá (êáôÜëëçëï) åîùôåñéêü çìéåõèý ãéíüìåíï ôùí êõêëéêþí ïìÜäùí Z êáé Z
Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ L = hi hi êáé hi ∩ hi = {I2} üðïõ

 :=
³

[] [0]
[0] [1]

´
  :=

³
[1] [1]
[0] [1]

´
(ìå ord([]) =  åíôüò ôÞò Z× ) êáé hi C L Ý·ïõìå hi ∼= Z hi ∼= Z êáé (ìÝóù
ôïý èåùñÞìáôïò 7.6.46)

L = hio hi 
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7.6.51 ÐáñÜäåéãìá. ¸óôù  ôõ·þí ðåñéôôüò ðñþôïò áñéèìüò. Óýìöùíá ìå ôï èåþ-

ñçìá 7.6.25, ïé ïìÜäåòHeis(Z) êáé G (Þôïé ïé -ìÝ·ñéò éóïìïñöéóìïý- ìïíáäéêÝò

ìç áâåëéáíÝò ïìÜäåò ôÜîåùò 3) åßíáé éóüìïñöåò ìå (êáôÜëëçëá) åîùôåñéêÜ çìéåõ-

èÝá ãéíüìåíá áâåëéáíþí ïìÜäùí. Áðü ôçí Üëëç ìåñéÜ, êÜíïíôáò ·ñÞóç ôùí ãåí-

íçôüñùíáõôþíABC êáéD (ôùí ïñéóèÝíôùíóôéò (7.77) êáé (7.79)), åßíáé åýêïëï

íá åëÝãîåé êáíåßò üôé

Heis(Z) = hA [AB]io hBi = hB [AB]io hAi êáé G = hCio hDi 

ðáñüôé, åí ðñïêåéìÝíù, äåí ìðïñåß íá åöáñìïóèåß ôï èåþñçìá 7.6.46!

7.6.52 ÐáñÜäåéãìá. ¸óôù  ∈ N  ≥ 2 Èåùñïýìå ôéò (Üðåéñåò) ïìÜäåò102

GL+ (R) := {A ∈ GL(R) | det (A)  0} C GL(R)

SO(R) := {A ∈ O(R) | det (A) = 1} C O(R) @ GL(R)

êáèþò êáé ôçí (êõêëéêÞ õðïïìÜäá ôÞò O(R) ôÜîåùò 2)

 :=

½ {I−I} üôáí ï  åßíáé ðåñéôôüò,

{IJ} üôáí ï  åßíáé Üñôéïò,

üðïõ

I :=

⎛⎜⎜⎜⎜⎜⎜⎝

1

1 0
...

0 1
1

⎞⎟⎟⎟⎟⎟⎟⎠ J :=

⎛⎜⎜⎜⎜⎜⎜⎝

1

1 0
.. .

0 1
−1

⎞⎟⎟⎟⎟⎟⎟⎠

Ðñïöáíþò, GL+ (R) ∩ = SO(R) ∩ = {I} Åðßóçò,¯̄
GL(R) : GL+ (R)

¯̄
= 2 = |O(R) : SO(R)| 

ìå

GL(R) =

(
GL+ (R)

`
((−I)GL+ (R))  üôáí ï  åßíáé ðåñéôôüò,

GL+ (R)
`
(JGL+ (R))  üôáí ï  åßíáé Üñôéïò,

êáé, êáô' áíáëïãßáí,

O(R) =

(
SO(R)

`
((−I)SO(R))  üôáí ï  åßíáé ðåñéôôüò,

SO(R)
`
(J SO(R))  üôáí ï  åßíáé Üñôéïò,

102ÅðåéäÞ det(I) = 1  0 êáé det
¡
AB−1

¢
= det(A)det

¡
B−1

¢
= det(A)

det(B)  0 ãéá êÜèåAB ∈ GL+ (R) Ý·ïõìå
GL+ (R) @ GL(R) (âë. 2.1.16 (iii)). Åðßóçò, åðåéäÞ det

¡
BAB−1

¢
= det (A) ãéá êÜèåA ∈ GL+ (R) êáé êÜèå

B ∈ GL(R) Ý·ïõìå GL+ (R)C GL(R) Ôï üôé SO(R)C O(R) Ý·åé Þäç áðïäåé·èåß óôï åäÜöéï 4.2.32 (iii).
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ïðüôå GL(R) = GL+ (R) êáé O(R) = SO(R) Åí óõíå·åßá, åîåôÜæïõìå

ôéò äýï ðåñéðôþóåéò ·ùñéóôÜ:

(i) ÅÜí ï  åßíáé ðåñéôôüò, ôüôå

AIA
−1 = I ∈ 

êáéA(−In)A−1 = −I ∈ 

∀A ∈ GL(R) (êáé áíô., ∀A ∈ O(R))

⎫⎬⎭⇒  C GL(R) êáé C O(R)

ïðüôå (âÜóåé ôùí 7.1.21 êáé 7.1.43 (ii)) Ý·ïõìå

GL(R) = GL+ (R)×åó. 
∼=GL+ (R)×

êáé

O(R) = SO(R)×åó. 
∼= SO(R)×

(ii) ÅÜí ï  åßíáé Üñôéïò, ôüôå

GL(R) = GL+ (R)o êáé O(R) = SO(R)o

Åí ôïéáýôç ðåñéðôþóåé, ôá áíùôÝñù åóùôåñéêÜ çìéåõèÝá ãéíüìåíá äåí åßíáé åõèÝá,
êáèüôé  5 GL(R) êáé  5 O(R) (Ôïýôï åßíáé áñêåôü íá áðïäåé·èåß ãéá

 = 2 Ð.·., ãéá ôïí ðßíáêáA :=
¡
0
1
−1
0

¢
Ý·ïõìåAJ2A

−1 = −J2 ∈ 2)

7.6.53 ÐáñÜäåéãìá. Áðü ôá (i) êáé (iii) ôïý èåùñÞìáôïò 6.4.8 Ýðåôáé üôé ôï ïëü-
ìïñöï Hol() ïéáóäÞðïôå ïìÜäáò  åßíáé åóùôåñéêü çìéåõèý ãéíüìåíï:

Hol() = ()oAut() = ()oAut()

7.6.54 ÐáñÜäåéãìá. Ùò ãíùóôüí, ãéá ïéïíäÞðïôå ìç åóùôåñéêü áõôïìïñöéóìü 

ôÞòS6 Ý·ïõìå

Aut(A6) ∼= Aut(S6) ∼= S6 o hi ∼= S6 oZ2
(Âë. 6.3.9 êáé 6.3.19.)

7.6.55 ÐáñÜäåéãìá. ¸óôù  ∈ N  ≥ 2 êáé Ýóôù  ìéá áíáðïóõíèÝóéìç ìç áâå-

ëéáíÞ ðåðåñáóìÝíç ïìÜäá. Ï J.N.S. Bidwell áðÝäåéîå103 üôé

Aut() ∼= AoS

üðïõ A ç ïìÜäá ç ïñéóèåßóá óôï èåþñçìá 7.1.77 (ìå 1 = · · · =  =: ). Óç-

ìåéùôÝïí üôé ç ôÜîç ôÞò Aut() éóïýôáé ìå

|Aut()| = |Aut()| |Hom(())|(−1) !
Ð.·., åðåéäÞ Aut(D4) ∼= D4 êáé Hom(D4 (D4)) ∼= Z2 ⊕ Z2 Ý·ïõìå

|Aut(D4 ×D4 ×D4)| = 83463! = 12582912
103Âë. Thm. 3.1 óôï Üñèñï ôïý J.N.S. Bidwell: Automorphisms of direct products of finite groups II, Archiv der Math.

(Basel) 91 (2008) 111-121
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I Óõó·åôéóìüò åîùôåñéêïý êáé åóùôåñéêïý çìéåõèÝïò ãéíïìÝíïõ. Áõôüò áðïóá-

öçíßæåôáé óôï áêüëïõèï:

7.6.56 Èåþñçìá. (i) ÅÜí 1 2 åßíáé äõï ïìÜäåò,  : 2 −→ Aut(1) Ýíáò ïìï-
ìïñöéóìüò êáé 1 := 1 o {2} 2 := {1}o 2 ôüôå

1 o2 = 1 o 2

(ii) ÅÜí  êáé  åßíáé õðïïìÜäåò ìéáò ïìÜäáò ( ·) ìå  E  ôÝôïéåò þóôå íá
éó·ýåé  =  o ôüôå

∃ ∈ Hom(Aut()) :  o  ∼=  =  o (7.96)

ÌÜëéóôá, ùò Ýíáò ôÝôïéïò  :  −→ Aut()  7−→  ìðïñåß íá åðéëåãåß ï ïìï-
ìïñöéóìüò ï áíôéóôïé·ßæùí óå êÜèå  ∈  ôïí áõôïìïñöéóìü

 = γ
¯̄

:  −→  γ() = −1 ∀ ∈ 

ôÞò õðïïìÜäáò  ðïõ ðñïêýðôåé ùò ðåñéïñéóìüò ôïý åóùôåñéêïý áõôïìïñöé-
óìïý 104 γ ∈ Inn() ôÞò  åðß ôÞò  êáé óôÝëíåé êÜèå óôïé·åßï ôÞò  íá áðåé-
êïíéóèåß óôï óõæõãÝò ôïõ ôï äçìéïõñãïýìåíï ìÝóù ôïý  (Âë. 5.4.21 êáé 5.4.23.)

Áðïäåéîç. (i) Ôïýôï Ýðåôáé áðü ôá (i), (iii), (iv) êáé (v) ôÞò ðñïôÜóåùò 7.6.3.

(ii) ÅÜí  =  o  ôüôå ãéá ôïí  :  −→ Aut()  7−→  := γ
¯̄

 ç

(ðñïöáíþò åðéññéðôéêÞ) áðåéêüíéóç

 :  o  −→  (=  =  o) ( ) 7−→ (( )) := 

åßíáé åðéìïñöéóìüò ïìÜäùí, äéüôé ãéá ïéáäÞðïôå (1 1) (2 2) ∈ o éó·ýåé

((1 1)(2 2)) = (11(2) 12) = (1γ1(2) 12) = (1γ1(2))(12)

= (112
−1
1 )(12) = (11)(22) = ((1 1))((2 2))

êáé Ý·åé ùò ðõñÞíá ôïí

Ker() = { ( ) ∈  o | = }
= { ( ) ∈  o | =  = } = ( ) = o 

(Ç äåýôåñç éóüôçôá Ýðåôáé áðü ôï üôé  =  =  ⇒  =  =  Þôïé áðü ôç

ìïíáäéêüôçôá ôÞò ðáñáóôÜóåùò ôïý ïõäåôÝñïõ óôïé·åßïõ  ôÞò  ùò ãéíïìÝíïõ

åíüò óôïé·åßïõ ôÞò  êáé åíüò óôïé·åßïõ ôÞò  Âë. 7.6.44 (ii).) ¢ñá ç  åßíáé

éóïìïñöéóìüò ïìÜäùí. (ÖõóéêÜ, ï óõãêåêñéìÝíïò  ìå  := γ
¯̄

 ∀ ∈ 

ìðïñåß íá åßíáé ï ðëÝïí «êáôÜëëçëïò» ïìïìïñöéóìüò áðü ôçí óôçí Aut() ìå

áõôÞí ôçí éäéüôçôá, áëëÜ äåí åßíáé êáô' áíÜãêçí êáé ï ìüíïò! Åðß ðáñáäåßãìáôé,

104Ãéá êÜèå  ∈  Ý·ïõìå γ() =  (äéüôé, åî õðïèÝóåùò,  E , âë. 5.4.24), ïðüôå ìÝóù ôïý γ åðÜãåôáé ï

áõôïìïñöéóìüò γ
¯̄

∈Aut() ôÞòÙóôüóï áõôüò äåí åßíáé êáô' áíÜãêçí åóùôåñéêüò áõôïìïñöéóìüò ôÞò ßäéáò

ôÞò
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åÜí ç2 äéáèÝôåé ìç ôåôñéììÝíç ïìÜäá áõôïìïñöéóìþí, ôüôå êáé üëåò ïé óõíèÝóåéò
 ◦   ∈ Aut(2)r{id2

} Ý·ïõí ôçí ßäéá éäéüôçôá105. Âë. ðñüôáóç 7.6.6.) ¤

7.6.57 Óçìåßùóç. (i) Ôï åóùôåñéêü çìéåõèý ãéíüìåíï åîáñôÜôáé (ìÝ·ñéò éóïìïñ-
öéóìïý) áðü ôïí ïìïìïñöéóìü (7.96) õðü ôçí åîÞò Ýííïéá: ¸óôù üôé ç ( ·) åßíáé
ìéá ïìÜäá ãéá ôçí ïðïßá áðëþò ãíùñßæïõìå ôçí ýðáñîç ìéáò  C  êáé ìéáò

 @  ïýôùò þóôå íá éó·ýåé  =  o Áêüìç êé áí ïé  êáé  åßíáé åýêïëá

(êáé, ìÝ·ñéò éóïìïñöéóìïý, ìïíïóçìÜíôùò) ðåñéãñÜøéìåò (ð.·., êõêëéêÝò), ï ìÝ·ñéò

éóïìïñöéóìïý ðñïóäéïñéóìüò ôÞò åßíáé åöéêôüò ìüíïí êáôüðéí äéåîïäéêÞò ìåëÝ-

ôçò ôùí ïìïìïñöéóìþí  −→ Aut() Åðß ðáñáäåßãìáôé, åÜí õðïèÝóïõìå üôé ç

 åßíáé êõêëéêÞ ôÜîåùò 3 êáé ç  êõêëéêÞ ôÜîåùò 2 ôüôå  ∼= Z3 êáé  ∼= Z2
(âë. 2.4.23 (ii)). Ùóôüóï, áõôÞ ç ðëçñïöïñßá (áðü ìüíç ôçò) äåí áñêåß ãéá ôïí

ìÝ·ñéò éóïìïñöéóìïý ðñïóäéïñéóìü ôÞò êáèþò106 Hom(Aut()) ∼= Z2 Óôçí
ðåñßðôùóç üðïõ  C  ï (áíôßóôïé·ïò)  åßíáé (êáôÜ ôçí ðñüôáóç 7.6.4) ï ôå-

ôñéììÝíïò ïìïìïñöéóìüò êáé Ý·ïõìå

 =  ×åó.  ∼=
7.1.43 (ii)

 × ∼=
7.1.55 (v)

Z3 ⊕ Z2 ∼=
7.1.62

Z6

ïðüôå êáé ç ßäéá ç åßíáé êõêëéêÞ. ¼ìùò üôáí 5  ï  åßíáé ï (ìïíáäéêüò) ìç
ôåôñéììÝíïò ïìïìïñöéóìüò áðü ôçí óôçíAut() ïðüôå ç (êáôÜ ôçí ðñüôáóç

7.6.4 êáé ôï ðüñéóìá 7.6.5) åßíáé ìç áâåëéáíÞ êáé, ùò åê ôïýôïõ,  ∼= S3
107 (Âë.

èåþñçìá 4.1.37.)

(ii) Áðü ôçí Üëëç ìåñéÜ, åßíáé áõôÞ áêñéâþò ç åîÜñôçóç (ìüíïí) áðü ôïõò ïìïìïñ-

öéóìïýò  ðïõ êáèéóôÜ ôï èåþñçìá 7.6.56 áñêïýíôùò âïçèçôéêü ãéá ôçí (ìÝ·ñéò

éóïìïñöéóìïý) ôáîéíüìçóç ïñéóìÝíùí åéäéêþí ðåðåñáóìÝíùí ïìÜäùí: Áò õðï-

èÝóïõìå üôé Ýíáò  ∈ N åßíáé ôÝôïéïò, þóôå ãéá ïéáäÞðïôå ïìÜäá ( ·) ôÜîåùò
|| =  õðÜñ·ïõí (ü·é êáô' áíÜãêçí ìïíïóçìÜíôùò ïñéóìÝíåò) C  êáé @ 

ìå ôéò éäéüôçôåò C   =  êáé ∩ = {} Þôïé ìå ôéò óõìðëçñþìáôá

ôùí Ç ôáîéíüìçóç åðéôõã·Üíåôáé ùò åîÞò:

ÂÞìá 1ï. ÅðéëÝãïõìå êáôÜëëçëïõò (âïëéêïýò) åêðñïóþðïõò üëùí ôùí (óáöþò

äéáêåêñéìÝíùí) êëÜóåùí éóïìïñößáò ôùí  êáé

ÂÞìá 2ï. Ãéá êÜèå æåýãïò ̂ ̂ (ìå  ∼= ̂ êáé  ∼= ̂) ðïõ Ý·ïõìå âñåé óôï 1ï

âÞìá ðñïóäéïñßæïõìå üëïõò ôïõò äõíáôïýò ïìïìïñöéóìïýò ∈Hom(̂Aut(̂))

ÂÞìá 3ï. Ãéá êÜèå ôñéÜäá ̂ ̂  ðïõ Ý·ïõìå âñåé óôï 2ï âÞìá ó·çìáôßæïõìå ôá

åîùôåñéêÜ çìéåõèÝá ãéíüìåíá ̂ o ̂ (ïðüôå êÜèå ïìÜäá  ôÜîåùò  åßíáé éóü-

ìïñöç ìå ìßá åî áõôþí ôùí äéåîïäéêþò êáôáóêåõáæüìåíùí ïìÜäùí) êáé, åí óõíå-

·åßá, åëÝã·ïõìå ðïéá áðü ôá åí ëüãù åîùôåñéêÜ çìéåõèÝá ãéíüìåíá åßíáé ìåôáîý

105Ìïëáôáýôá, ãéá êÜèå  ∈ Hom( Aut()) ï «êáíüíáò ðïëëáðëáóéáóìïý óôïé·åßùí» åíôüò ôïý o  äßäåé
(  )( )(  )

−1 =
2.1.18

( )( )( )
−1 = (() )( 

−1) = (() ) ∀ ∈  êáé

∀ ∈  Ìå Üëëá ëüãéá, ãéá êÜèå  ∈ Hom( Aut()) ôï óôïé·åßï (() ) ∈  o  éóïýôáé ìå ôçí

åéêüíá γ ()
( ) ôïý ( ) ìÝóù ôïý åóùôåñéêïý áõôïìïñöéóìïý γ ()

∈ Inn( o ) ôïý éäßïõ ôïý
 o !
106ÅðåéäÞ Aut(Z3) ∼=

2.4.32 (ii)
Z×3 ∼=

4.1.33
Z2 Ý·ïõìå Hom( Aut()) ∼= Hom(Z2Z2) ∼= Z2 (ðñâë. 2.4.13 (ii)), üðïõ

Hom(Z2Z2) = {1 2} ìå 1([0]2) = 1([1]2) = [0]2 êáé 2([0]2) = [0]2 2([1]2) = [1]2

107Ð.·.,S3 = A3 o h[1 2]i  üðïõ A3 ∼= Z3 êáé h[1 2]i ∼= Z2 (Âë. 7.6.47.)
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ôïõò éóüìïñöá. Êáô' áõôüí ôïí ôñüðï ðñïêýðôåé ï ôåëéêüò êáôÜëïãïò ôùí (áíÜ

æåýãç ìç éóïìüñöùí) ïìÜäùí ôÜîåùò 

7.6.58 ÐáñÜäåéãìá. ¸óôù  ìéá ïìÜäá ôÜîåùò 18 = 2 · 32 Åßíáé åýêïëï íá äåé-

·èåß108 üôé ç  ðåñéÝ·åé ìßá êáé ìüíïí ïñèüèåôç õðïïìÜäá  ôÜîåùò 9 êáèþò

êáé (êÜðïéåò) õðïïìÜäåò ôÜîåùò 2¸óôù ôõ·ïýóá õðïïìÜäá ôÜîåùò 2 ÅðåéäÞ

 C  ôï áðïôåëåß ìéá õðïïìÜäá ôÞò (Âë. ðñüôáóç 4.2.24.) Áðü ôï èåþ-

ñçìá 7.6.46 Ýðåôáé üôé  =  o  ÅðåéäÞ (äõíÜìåé ôïý èåùñÞìáôïò 7.1.46 êáé

ôïý (ii) ôïý èåùñÞìáôïò 2.4.23) Ý·ïõìå åßôå  ∼= Z9 åßôå  ∼= Z3⊕Z3 êáé ∼= Z2
óõíÜãåôáé üôé

åßôå ∃ ∈ Hom(Z2 Aut(Z9)) :  ∼= Z9 o Z2
åßôå ∃ ∈ Hom(Z2 Aut(Z3 ⊕ Z3)) :  ∼= (Z3 ⊕ Z3)o Z2

Óôçí ðñþôç ðåñßðôùóç, Aut(Z9) ∼=
2.4.32 (ii)

Z×9 ∼=
7.3.9

Z6 êáé Hom(Z2Z6) ∼= Z2 ïðüôå

åßôå  ∼= Z9 ⊕ Z2 åßôå  ∼= Z9 o Z2 ∼=
7.6.19 (iii)

D9

üðïõ ï (ìïíáäéêüò) ìç ìçäåíéêüò ïìïìïñöéóìüò. Óôç äåýôåñç ðåñßðôùóç Ý·ïõìå

Aut(Z3 ⊕ Z3) ∼=
7.1.74

GL2(Z3)

êáé åêðñüóùðïé ôùí ïìïìïñöéóìþí Z2 −→ GL2(Z3) ðïõ êáèïñßæïõí (áíÜ äýï)

ìç éóüìïñöá åîùôåñéêÜ çìéåõèÝá ãéíüìåíá åßíáé ïé åîÞò109:

[]2
ôåôñ. ïì.7−→

³
[1]3 [0]3
[0]3 [1]3

´
 []2

17−→
³

[1]3 [0]3
[0]3 [−1]3

´
 []2

27−→
³

[−1]3 [0]3
[0]3 [−1]3

´


ãéá êÜèå  ∈ Z Ùò åê ôïýôïõ,

åßôå  ∼= (Z3 ⊕ Z3)⊕ Z2 åßôå  ∼= (Z3 ⊕ Z3)o1
Z2 åßôå  ∼= (Z3 ⊕ Z3)o2

Z2

(ÓçìåéùôÝïí üôé ôï åõèý ãéíüìåíïS3×Z3 åßíáé ìéá ïìÜäá ôÜîåùò 18 ìçðåñéÝ·ïõóá

óôïé·åßá ôÜîåùò 9 ïðüôå åìðßðôåé óôç äåýôåñç ðåñßðôùóç. ÅðåéäÞ äå, åßíáé ìç

áâåëéáíÞ êáé ðåñéÝ·åé 3 óôïé·åßá ôÜîåùò 2 åßíáé êáô' áíÜãêçí éóüìïñöç ìå ôçí

(Z3 ⊕Z3)o1
Z2) ÓõìðÝñáóìá: ÌÝ·ñéò éóïìïñöéóìïý õðÜñ·ïõí ìüíïí 5 ïìÜäåò

ôÜîåùò 18

7.6.59 Óçìåßùóç. (Ðåñß ôùí õðïïìÜäùí ôïý çìéåõèÝïò ãéíïìÝíïõ.)

(i) Ãéá õðïïìÜäåò êáé ìéáò ïìÜäáò ( ·) ìå E  ôÝôïéåò þóôå =  o

ôá óýíïëá Subg() êáéNSubg() ôùí õðïïìÜäùí êáé ôùí ïñèüèåôùí õðïïìÜ-

äùí ôÞò  Ý·ïõí ðåñéãñáöåß (ìÝóù åéäéêþí óõíèçêþí ðïõ ïöåßëïõí íá ðëçñïý-

íôáé áðü êáôÜëëçëåò ðëåõñéêÝò êëÜóåéò) óå Üñèñá ôùí K. Rosenbaum110 êáé L.

108Âë. 11.1.2, 11.1.6, 11.1.15 êáé 11.1.18.

109Ãéá ôçí åýñåóç áõôþí ·ñçóéìïðïéåßôáé ç ðñüôáóç 7.6.7.

110K. Rosenbaum: Die Untergruppen von halbdirekten Produkten, Rostock. Math. Kolloq. 35 (1988), 21-30
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Gutierrez-Barrios111, áíôéóôïß·ùò.

(ii) Ìéá ìåñéêÞ ãåíßêåõóç ôùí èåùñçìÜôùí 7.1.10 êáé 7.1.14 ôùí Goursat êáé

Remak ãéá ôï åîùôåñéêü çìéåõèý ãéíüìåíï 1 o 2 äõï ôõ·ïõóþí ïìÜäùí 1
êáé 2 (ôï êáèïñéæüìåíï ìÝóù åíüò  ∈ Hom(2 Aut(1))) åäüèç ôï 1991 áðü

ôïí V.M. Usenko112. Óå áõôÞí ãßíåôáé ·ñÞóç ôÞò åííïßáò ôïý ëåãïìÝíïõ «óôáõñù-

ôïý ïìïìïñöéóìïý» (crossed homomorphism).

I Ðåñß ôùí Aut( o) êáé Autc( o) Óôçí ðåñßðôùóç üðïõ ç  =  o

åßíáé ðåðåñáóìÝíç êáé éêáíïðïéïýíôáé êÜðïéåò åðéðñüóèåôåò óõíèÞêåò, ïé ïìÜ-

äåò ôùí áõôïìïñöéóìþí êáé ôùí êåíôñéêþí áõôïìïñöéóìþí ôÞò  åßíáé åýêïëá

ðñïóäéïñßóéìåò, üðùò äåß·íïõí ôá áêüëïõèá èåùñÞìáôá113:

7.6.60 Èåþñçìá. (F. Zhou êáé H. Liu, 2008) ¸óôù üôé ïé êáé åßíáé õðïïìÜ-
äåò ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·) ìå E  ôÝôïéåò þóôå íá éó·ýåé = o

Èåùñïýìå ôéò õðïïìÜäåò

CAut()() := { ∈ Aut() | () =  ∀ ∈  } 
CAut()() := { ∈ Aut() | () =  ∀ ∈  }

ôÞò Aut() Ôüôå

Aut() = CAut()() ◦ CAut(G)()

åÜí êáé ìüíïí åÜí

 ∩ () = {} êáé
©
−1() |  ∈ 

ª® v C() ∀ ∈ Aut()

7.6.61 Óçìåßùóç. Óôçí ðåñßðôùóç üðïõ  =  o (ü·é áðáñáéôÞôùò ðåðåñá-

óìÝíç) åßíáé ôÝôïéá, þóôå  v·áñ  ï J.Dietz114 ðåñéÝãñáøå ïñéóìÝíåò åíäéáöÝ-

ñïõóåò éêáíÝò óõíèÞêåò ðñïêåéìÝíïõ ç Aut() íá åßíáé áö' åáõôÞò Ýíá (åóùôå-

ñéêü) çìéåõèý ãéíüìåíï.

7.6.62 Èåþñçìá. (H. Mousavi êáé A. Somali, 2013) ¸óôù üôé ïé  êáé  åßíáé
õðïïìÜäåò ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·) ìå  E  ôÝôïéåò þóôå íá éó·ýåé
 =  o ÅÜí ìêä(||  ||) = 1 ôüôå | ∈ Autc() êáé | ∈ Autc() ãéá
êÜèå  ∈ Autc() êáé

Autc() = {| :  ∈ Autc()} × {| :  ∈ Autc()} 

111L. Gutierrez-Barrios: Die Normalteiler von halbdirekten Produkten, Wiss. Z. Padagog. Hochsch. Erfurt/Muhlhausen

Math.-Natur. Reihe, Bd. 25 (1989), Ío. 2, 108-114.

112Âë. V.M. Usenko: Subgroups of semidirect products, Ukrainian Math. J. 43 (1991), Ío. 7-8 982-988

113Âë. F. Zhou & H. Liu: Automorphism groups of semidirect products, Archiv der Math. 91 (2008), 193-198 êáé

Ç. Mousavi & A. Somali: Central automorphisms of semidirect products, Bull. Malaysian Math. Sci. Soc. (2) 36
(2013), No. 3 709-716

114Âë. J.Dietz: Automorphism groups of semi-direct products, Communications in Algebra 40 (2012), 3308-3316
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7.7 ÏÌÁÄÅÓ ÔÁÎÅÙÓ ≤ 15
¢ðáî êáé Ý·ïõìå óôç äéÜèåóÞ ìáò ôá ôå·íéêÜ ìÝóá ôïý åõèÝïò êáé çìéåõèÝïò ãéíï-

ìÝíïõ, åßíáé äõíáôüí íá åðåêôåßíïõìå ôçí ôáîéíüìçóç üëùí ôùí ïìÜäùí ôÜîåùò

≤ 7 (ôïý èåùñÞìáôïò 4.1.38) óôçí ôáîéíüìçóç üëùí ôùí ïìÜäùí ôÜîåùò ≤ 15

Ðñïò ôïýôï, ëüãù ôÞò ðñïåñãáóßáò ðïõ Ý·åé ìåóïëáâÞóåé óôá ðñïçãïýìåíá êå-

öÜëáéá, áñêåß íá óõìðëçñùèåß êáôáëëÞëùò ç ôáîéíüìçóç ôùí ïìÜäùí ôÜîåùò

8 (ðïõ Ý·åé Þäç îåêéíÞóåé ìå ôï èåþñçìá 4.1.39) êáé íá ãßíåé êáè' ïëïêëçñßáí ç

ôáîéíüìçóç ôùí ïìÜäùí ôÜîåùò 12 ÓçìåéùôÝïí üôé ãéá ôçí ôáîéíüìçóç ôùí ïìÜ-

äùí ôÜîåùò 12 ðïõ åßíáé, üðùò èá äïýìå åõèýò áìÝóùò, ç ðëÝïí óýíèåôç, äåí åß-

íáé áðáñáßôçôï íá ·ñçóéìïðïéçèïýí ôá èåùñÞìáôá ôïý Sylow ôïý êåöáëáßïõ 11

Áíô' áõôþí åßíáé áñêåôü íá ·ñçóéìïðïéçèïýí ôá ëÞììáôá 7.7.3, 7.7.4 êáé 7.7.5,

ïé áðïäåßîåéò ôùí ïðïßùí óôçñßæïíôáé ìüíïí óôçí ðñüôáóç 5.4.17, óôçí åîßóùóç

êëÜóåùí óõæõãßáò (5.64), óôï èåþñçìá 5.7.1 ôïý Cauchy êáé óôï ôÝ·íáóìá 4.4.23

ôïý Poincarª.

I ÏìÜäåò ôÜîåùò 8 Ãéá ôïí ðëÞñç ðñïóäéïñéóìü áõôþí áñêåß íá ëÜâïõìå õð'

üøéí ôï áêüëïõèï ëÞììá:

7.7.1 ËÞììá. (Ôáîéíüìçóç áâåëéáíþí ïìÜäùí ôÜîåùò 8) ÊÜèå áâåëéáíÞ ïìÜäá
ôÜîåùò 8 åßíáé åßôå êõêëéêÞ åßôå éóüìïñöç ìå ìßá åê ôùí Z4 ⊕ Z2Z2 ⊕ Z2 ⊕ Z2

Áðïäåéîç. ¸óôù ( ·) ìéá áâåëéáíÞ ïìÜäá ôÜîåùò 8 êáé Ýóôù  ∈  Áðü ôo

ðüñéóìá 4.1.27 Ýðåôáé üôé ord() = |hi| ∈ {1 2 4 8} ÅÜí ord() = 8 ôüôå

 = hi ∼= Z8 (Âë. 2.4.23 (ii).) ÅÜí áõôü äåí óõìâáßíåé, ôüôå ïé ôÜîåéò üëùí
ôùí óôïé·åßùí ôÞò åßíáé≤ 4 êáé êáôáöåýãïõìå óôçí áêüëïõèç êáôÜ ðåñßðôùóç

åîÝôáóç ôÞò ìïñöÞò ôùí óôïé·åßùí ôÞò 

Ðåñßðôùóç ðñþôç : ∃ ∈ r{} : ord() = 4 ÊáôÜ ôï èåþñçìá 4.1.22 ôïý

Lagrange ï äåßêôçò ôÞò êõêëéêÞò ïìÜäáò hi = {  2 3} åíôüò ôÞò  åßíáé

ßóïò ìå 2 ÅðéëÝãïõìå ôõ·üí  ∈ r hi  Ðñïöáíþò,

 = hi` hi  = {  2 3}`{  2 3}
êáé -ôáõôï·ñüíùò-  = hi`  hi = {  2 3}

`{  2 3} ïðüôå
 hi = hi  ÉäéáéôÝñùò,  ∈ hi  ⇒ −1 ∈ hi = {  2 3} ìå

ord(−1) = ord() = 4 (âë. 2.3.9 (ii)). ÅðåéäÞ ord() = 1 ord(2) = 2 êáé

ord(3) = 4 (âë. 2.3.10 (i)), óõìðåñáßíïõìå üôé −1 ∈ { 3}
(a) Ôï åíäå·üìåíï íá Ý·ïõìå −1 = 3 áðïêëåßåôáé, äéüôé ç éó·ýò áõôÞò ôÞò

éóüôçôáò èá óÞìáéíå üôé

−1 = 3 = −1 ⇒ −1−1 = (−1)−1 = ⇒  = −1

ÅðåéäÞ ç  åßíáé åî õðïèÝóåùò áâåëéáíÞ,  = −1 =  ⇒ 2 =  ðñÜãìá

áäýíáôï, áöïý ord() = 4
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(b) Ç éóüôçôá −1 =  (Þ, éóïäõíÜìùò, ç  = ) åßíáé ðÜíôïôå áëçèÞò (äéüôé

ç  åßíáé åî õðïèÝóåùò áâåëéáíÞ) êáé ç áðåéêüíéóç

 −→ Z4 ⊕ Z2  7−→ ([]4 []2) ∀( ) ∈ {0 1 2 3} × {0 1}

áðïôåëåß Ýíáí éóïìïñöéóìü ïìÜäùí, ïðüôå  ∼= Z4 ⊕ Z2
Ðåñßðôùóç äåýôåñç : ¼ëá ôá óôïé·åßá ôá áíÞêïíôá óôç äéáöïñÜ r{} Ý·ïõí
ôÜîç 2 Åí ôïéáýôç ðåñéðôþóåé, åðéëÝãïõìå ôñßá óáöþò äéáêåêñéìÝíá óôïé·åßá

   ∈ r{} ïýôùò þóôå íá éó·ýåé  6=  Ç õðïïìÜäá  := {   }
ôÞò  åßíáé éóüìïñöç ôÞò Z2 ⊕ Z2 êáèüóïí ç áðåéêüíéóç

 −→ Z2 ⊕ Z2  7−→ ([]2 []2) ∀( ) ∈ {0 1} × {0 1}

åßíáé ðñïäÞëùò Ýíáò éóïìïñöéóìüò. Åí óõíå·åßá, èÝôïõìå  := hi (ìå  ∼= Z2)
êáé ðáñáôçñïýìå üôé ∩ = {} êáé115

r = {   }⇒  = {       } = 

Óýìöùíá ìå ôï èåþñçìá 7.1.26 êáé ôï (ii) ôïý èåùñÞìáôïò 7.1.43 Ý·ïõìå

 =  ×åó.  ∼=  × ∼=
7.1.55 (v)

(Z2 ⊕ Z2)⊕ Z2 ∼=
7.1.55 (iii)

Z2 ⊕ Z2 ⊕ Z2

êáé ç áðüäåéîç ëÞãåé åäþ. ¤

7.7.2 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò 8) ÊÜèå ïìÜäá ôÜîåùò 8 åßíáé éóü-
ìïñöç ìå ìßá åê ôùí Z8 Z4 ⊕ Z2 Z2 ⊕ Z2 ⊕ Z2 D4 Q

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï ëÞììá 7.7.1 êáé ôï èåþñçìá 4.1.39. ¤

I ÏìÜäåò ôÜîåùò 12 Ãéá ôïí ðëÞñç ðñïóäéïñéóìü áõôþí (âë. èåþñçìá 7.7.6)

áñêåß íá ëÜâïõìå õð' üøéí üôé ü·é ìüíïí ç A4 (âë. 7.6.49) áëëÜ êáé êáèåìéÜ ôùí
õðïëïßðùí ïìÜäùí ôÜîåùò 12 (ðïõ äåí åßíáé éóüìïñöåò ìå ôçíA4) ìðïñåß íá ðáñá-

óôáèåß ùò åóùôåñéêü çìéåõèý ãéíüìåíï êáôÜëëçëùí õðïïìÜäùí ôçò (êáé íá åöáñ-

ìüóïõìå ôç ìÝèïäï ôçí ðñïôáèåßóá óôï åäÜöéï 7.6.57 (ii)).

7.7.3 ËÞììá. |()| ∈ {1 2 3} ãéá êÜèå ìç áâåëéáíÞ ïìÜäá  ôÜîåùò 12
Áðïäåéîç. ¸óôù  ôõ·ïýóá ìç áâåëéáíÞ ïìÜäá ìå áêñéâþò 12 óôïé·åßá. Ôüôå

() C  êáé (ëüãù ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange) |()| ∈ {1 2 3 4 6}
ÅÜí ßó·õå |()| ∈ {4 6} ôüôå ç ôÜîç ôÞò ðçëéêïïìÜäáò () èá Þôáí ßóç

åßôå ìå 3 åßôå ìå 2 ïðüôå ç () èá Þôáí êõêëéêÞ êáé ç  áâåëéáíÞ (ëüãù ôÞò

ðñïôÜóåùò 5.4.17), êáé èá êáôáëÞãáìå óå Üôïðï. ¤

7.7.4 ËÞììá. ÊÜèå ïìÜäá ôÜîåùò 12 Ý·åé ôïõëÜ·éóôïí ìßá õðïïìÜäá ôÜîåùò 4
115Åî õðïèÝóåùò,  ∈  ∪ {  } êáé ç éóüôçôá  ∩  = {} åßíáé ðñïöáíÞò. ÅðéðëÝïí, Ý·ïõìå

 6=  = −1 ⇒  6=   6=  ⇒  6=   6=  = −1 ⇒  6=   6=  ⇒  6= 

 6=  ⇒  6=   6=  ⇒  6=   6=  ⇒  6=  ⇒  6=  ïðüôå  ∈  ∪ {  }
Ðáñïìïßùò,  ∈  ∪ {  } êáé  ∈  ∪ {  }
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Áðïäåéîç. ¸óôù ( ·) ìéá ïìÜäá ìå áêñéâþò 12 óôïé·åßá.

Ðåñßðôùóç ðñþôç. ÅÜí ç åßíáé áâåëéáíÞ, ôüôå ï éó·õñéóìüò åßíáé áëçèÞò äõíÜ-

ìåé ôïý èåùñÞìáôïò 4.4.22 (äéüôé 4 | 12).
Ðåñßðôùóç äåýôåñç. ÅÜí ç åßíáé ìç áâåëéáíÞ êáé ôá 1  åßíáé åêðñüóùðïé

åêåßíùí ôùí óáöþò äéáêåêñéìÝíùí êëÜóåùí óõæõãßáò ðïõ äåí ðåñéÝ·ïíôáé óôï

êÝíôñï ôçò, ôüôå ç åîßóùóç êëÜóåùí óõæõãßáò (5.64) ãñÜöåôáé ùò åîÞò:

12 = |()|+
X
=1

| : C()| = |()|+
X
=1

12

|C()| 

áðëïðïéïýìåíç Ýôé ðåñáéôÝñù ìÝóù ôïý ëÞììáôïò 7.7.3:

X
=1

12

|C()| =
⎧⎨⎩
11 üôáí |()| = 1
10 üôáí |()| = 2
9 üôáí |()| = 3

(7.97)

ÓçìåéùôÝïí üôé  ∈ ()⇒ | : C()|  1⇒ |C()|  12 ïðüôå

| : C()| ∈ {2 3 4 6 12} ∀ ∈ {1} (7.98)

ÅÜí õðïèÝóïõìå üôé ãéá êÜèå  ∈ {1} éó·ýåé 2 | | : C()|  ôüôå ôï Üèñïé-

óìá ôïý áñéóôåñïý ìÝëïõò ôÞò (7.97) (ùò Üñôéïò èåôéêüò áêÝñáéïò) éóïýôáé êáô'

áíÜãêçí ìå 10 êáé |()| = 2 ⇒ Z2 ∼= () C  Ùò åê ôïýôïõ, ïñßæåôáé ç ðçëé-

êïïìÜäá () ôÜîåùò |()| = 6 ÌÜëéóôá116, () ∼= S3 Ðñïöáíþò,

õðÜñ·åé êÜðïéá õðïïìÜäá  ôÞò() ôÜîåùò 2 Ôï ðüñéóìá 4.4.15 ìáò ðëçñï-

öïñåß üôé ç  ïöåßëåé íá åßíáé ôÞò ìïñöÞò  = () ãéá êÜðïéá õðïïìÜäá

ôÞò  ðïõ ðåñéÝ·åé ôçí () ÅðïìÝíùò,

2 = || = |()| = ||
|()| =

||
2
⇒ || = 4

êáé ï áñ·éêüò éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. Áðü ôçí Üëëç ìåñéÜ, åÜí

∃0 ∈ {1} : 2 - | : C(0)| 

ôüôå ç (7.98) äßäåé | : C(0)| = 3 =⇒ |C(0)| = 4 êáé ç (7.97) ãñÜöåôáé ùò

áêïëïýèùò:

X
∈{1}r{0}

12

|C()| =
⎧⎨⎩
8 üôáí |()| = 1
7 üôáí |()| = 2
6 üôáí |()| = 3

(7.99)

Ç (7.99) åßíáé äõíáôüí íá äéáèÝôåé ëýóåéò (ð.·., 2 + 2 + 2 + 2 = 8 ãéá  = 5 êáé

2 + 2 + 3 = 7 êáé 2 + 2 + 2 = 6 ãéá = 4), ïðüôå êáé óå áõôÞí ôçí ðåñßðôùóç ç

 := C(0) åßíáé ìéá ðñïóÞêïõóá õðïïìÜäá ôÞò  (ôÜîåùò 4). ¤
116ÕðÜñ·ïõí äýï åíäå·üìåíá: Åßôå () ∼= S3 åßôå () ∼= Z6 (Âë. èåþñçìá 4.1.37.) Ôï äåýôåñï áðï-

êëåßåôáé, äéüôé ç õðåôÝèç üôé åßíáé ìç áâåëéáíÞ. (Âë. 5.4.17.)
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7.7.5 ËÞììá. ÊÜèå ïìÜäá ôÜîåùò 12 ðïõ äåí åßíáé éóüìïñöç ìå ôçí A4 ðåñéÝ·åé
ôïõëÜ·éóôïí ìßá ïñèüèåôç õðïïìÜäá ôÜîåùò 3

Áðïäåéîç. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò 12 ìå  À A4 ÊáôÜ ôï èåþñçìá ôïý

Cauchy (âë. 5.7.1), ∃ ∈  : |hi| = 3 (äéüôé ôï 3 åßíáé ðñþôïò êáé äéáéñåß ôï 12).

Ç ïìÜäá  := hi åßíáé êõêëéêÞ êáé Ý·åé äåßêôç | : | = 4 åíôüò ôÞò  ¸óôù

{1 2 3 4} ôõ·üí óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò åíôüò ôÞò

Óýìöùíá ìå ôï èåþñçìá 4.4.23, ïñßæåôáé Ýíáò ïìïìïñöéóìüò

Θ :  −→ S{1234} ∼= S4  7−→ Θ () := 

ìå () :=  ∀ ∈ {1 2 3 4} ãéá ôïí ïðïßï éó·ýåé Ker(Θ) v  ÅðåéäÞ

ç  Ý·åé ôÜîç 3 Ý·ïõìå åßôå Ker(Θ) = {} åßôå Ker(Θ) =  ÅÜí ßó·õå ç

éóüôçôá Ker(Θ) = {} ôüôå çΘ èá Þôáí ìïíïìïñöéóìüò êáé ç (∼= Im(Θ))

èá åìöõôåõüôáí åíôüò ôÞò S4 Ôïýôï üìùò èá ïäçãïýóå óå Üôïðï, äéüôé ï äåßêôçò

ôçò åíôüò ôÞò S4 èá Þôáí 2 ïðüôå áõôÞ (âÜóåé ôÞò ðñïôÜóåùò 4.2.13) èá üöåéëå

íá åßíáé ïñèüèåôç õðïïìÜäá. (Ùò ãíùóôüí, ç ìüíç ïñèüèåôç õðïïìÜäá ôÞò S4
ôÜîåùò 12 åßíáé ç A4 Âë. ëÞììá 6.3.15.) ÅðïìÝíùò, Ker(Θ) =  C

4.2.31
 ¤

7.7.6 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò 12)

¸óôù ( ·) ìéá ïìÜäá ôÜîåùò 12 Ôüôå éó·ýïõí ôá åîÞò:
(i) ÅÜí ç  åßíáé áâåëéáíÞ, ôüôå åßôå  ∼= Z12 åßôå  ∼= Z3 ×V ∼= Z3 ⊕ (Z2 ⊕ Z2)
(ii)ÅÜí ç åßíáé ìç áâåëéáíÞ, ôüôå åßíáé éóüìïñöç åßôå ìå ôçí åíáëëÜóóïõóá ïìÜäá
A4 åßôå ìå ôç äéåäñéêÞ ïìÜäáD6 åßôå ìå ôç äéêõêëéêÞ ïìÜäáDic3 (âë. 7.6.29).
(ÁõôÝò åßíáé áíÜ äýï ìç éóüìïñöåò.)

Áðïäåéîç. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò 12 ðïõ äåí åßíáé éóüìïñöç ìå ôçí åíáë-

ëÜóóïõóá ïìÜäáA4ÌÝóù ôùí ëçììÜôùí 7.7.4 êáé 7.7.5 åîáóöáëßæåôáé ç ýðáñîç

ìéáò ∈ NSubg() ôÜîåùò 3 êáé ìéáò ∈ Subg() ôÜîåùò 4 Áðü ôï èåþñçìá

7.6.46 Ýðåôáé üôé  =  o ÅðåéäÞ (äõíÜìåé ôïý (ii) ôïý èåùñÞìáôïò 2.4.23 êáé

ôïý èåùñÞìáôïò 3.5.6) éó·ýåé  ∼= Z3 êáé åßôå  ∼= Z4 åßôå  ∼= V ∼=
7.1.67

Z2 ⊕ Z2
óõíÜãåôáé üôé

åßôå ∃ ∈ Hom(Z4 Aut(Z3)) :  ∼= Z3 o Z4

åßôå ∃ ∈ Hom(Z2 ⊕ Z2 Aut(Z3)) :  ∼= Z3 o (Z2 ⊕ Z2)
üðïõ Aut(Z3) = {idZ3  } ìå ([0]3) := [0]3 ([1]3) := [2]3 ([2]3) := [1]3 (Ðñâë.

7.6.57 (ii).) Óôçí ðñþôç ðåñßðôùóç ï  åßíáé åßôå ï ôåôñéììÝíïò ïìïìïñöéóìüò

([]4 = idZ3  ∀ ∈ Z), ïðüôå  ∼= Z3 ⊕ Z4 ∼= Z12 åßôå áõôüò ãéá ôïí ïðïßï éó·ýåé

[]4 =   ∀ ∈ Z ïðüôå ç åóùôåñéêÞ ðñÜîç åðß ôïý Z3 o Z4 åßíáé ç

([1]3 [1]4)([2]3 [2]4) := ([1]3 + [1]4([2]3)| {z }
=1 ([2]3)

 [1 + 2]4)

ãéá ïéïõóäÞðïôå 1 1 2 2 ∈ Z êáé  ∼= Z3 o Z4 = hui hsi = hs ui  üðïõ
u := ([1]3 [0]4) êáé s := ([0]3 [1]4). ÓçìåéùôÝïí üôé

Z3 o Z4 =
©
u s

¯̄
( ) ∈ {0 1 2} × {0 1 2 3} êáé su = u2s

ª
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äéüôé s = ([0]3 [1]4)
 = ([0]3 []4) êáé

u2 = ([1]3 [0]4)([1]3 [0]4) = ([1]3 + 0([1]3) [0]4) = ([1]3 + [1]3 [0]4) = ([2]3 [0]4)

u3 = ([2]3 [0]4)([1]3 [0]4) = ([2]3 + 0([1]3) [0]4) = ([3]3 [0]4) = ([0]3 [0]4) = Z3oZ4 

su = ([0]3 [1]4)([1]3 [0]4) = ([0]3 + ([1]3) [1]4) = ([2]3 [1]4)

= ([2]3 + [0]3 [1]4) = ([2]3 + 0([0]3) [1]4) = ([2]3 [0]4)([0]3 [1]4) = u
2s

Ìåôáâáßíïíôáò áðü ôï óýóôçìá ãåííçôüñùí {s u} ôÞò Z3 o Z4 óôï {s t} üðïõ
t := us2 ëáìâÜíïõìå

t3 = (us2)3 = us(su)s2us2 = us(u2s)s2us2 = u(su)us3us2

= u(u2s)us3us2 = (su)s3us2 = (u2s)s3us2 = u2us2 = s2

êáé t6 =
¡
t3
¢2
= (s2)2 = Z3oZ4 

tst = (us2)s(us2) = (us2)(su)s2 = (us2)(u2s)s2 = (us)(su)us3

= (us)(u2s)us3 = u(su)(us)us3 = u(u2s)(us)us3 = (su) (su) s3 = (su)2s3

= (u2s)2s3 = (u2s)(u2s)s3 = (u2s)u2 = (su)u2 = s =⇒ ts = st−1

ïðüôå ç ðñüôáóç 7.6.33 ìáò ðëçñïöïñåß üôé

 ∼= Z3 o Z4 = hs ti ∼= Dic3 (áöïý |hs ti| = 12)

Óôç äåýôåñç ðåñßðôùóç,

Hom(Z2 ⊕ Z2 Aut(Z3)) ∼= Hom(Z2 ⊕ Z2 Z2)
∼= Hom(Z2 Z2)⊕Hom(Z2 Z2) ∼= Z2 ⊕ Z2

êáé, óõãêåêñéìÝíá, Hom(Z2 ⊕ Z2 Aut(Z3)) = {0 00 000} üðïõ ï  åßíáé ï

ôåôñéììÝíïò ïìïìïñöéóìüò (([1]4[2]4) = idZ3  ∀(1 2) ∈ Z× Z), ïðüôå

Z3 o (Z2 ⊕ Z2) = Z3 ⊕ (Z2 ⊕ Z2) ∼= Z3 ×V

êáé 0([0]2[0]2) = 00([0]2[0]2) = 000([0]2[0]2) = idZ3 

0([1]2[0]2) := idZ3 

0([0]2[1]2) := 

0([1]2[1]2) := 

00([1]2[0]2) := 

00([0]2[1]2) := idZ3 

00([1]2[1]2) := 

000([1]2[0]2) := 

000([0]2[1]2) := 

000([1]2[1]2) := idZ3 

Ïñßæïõìå áõôïìïñöéóìïýò  0 00 ∈ Aut(Z2 ⊕ Z2) ùò áêïëïýèùò:
([0]2 [0]2) := ([0]2 [0]2)
([1]2 [0]2) := ([0]2 [1]2)
([0]2 [1]2) := ([1]2 [0]2)
([1]2 [1]2) := ([1]2 [1]2

0([0]2 [0]2) := ([0]2 [0]2)
0([1]2 [0]2) := ([1]2 [0]2)
0([0]2 [1]2) := ([1]2 [1]2)
0([1]2 [1]2) := ([0]2 [1]2)

00([0]2 [0]2) := ([0]2 [0]2)
00([1]2 [0]2) := ([1]2 [1]2)
00([0]2 [1]2) := ([0]2 [1]2)
00([1]2 [1]2) := ([1]2 [0]2)

Åê êáôáóêåõÞò, 0 ◦  = 00 00 ◦ 0 = 000 êáé 000 ◦ 00 = 0

Áðü ôçí ðñüôáóç 7.6.7 óõìðåñáßíïõìå üôé

Z3 o0 (Z2 ⊕ Z2) ∼= Z3 o00 (Z2 ⊕ Z2) ∼= Z3 o000 (Z2 ⊕ Z2)
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ÅðåéäÞ ç åóùôåñéêÞ ðñÜîç åðß ôÞò (ìç áâåëéáíÞò) Z3 o0 (Z2 ⊕ Z2) åßíáé ç
([1]3 ([1]2 [1]2))([2]3 ([2]2 [2]2)) := ([1]3 + 

0
([1]2[1]2)

([2]3) ([1 + 2]2 [1 + 2]2))

ãéá ïéïõóäÞðïôå 1 1 1 2 2 2 ∈ Z èÝôïíôáò
 := ([1]3 ([0]2 [0]2)) 1 := ([0]3 ([1]2 [0]2)) êáé 2 := ([0]3 ([0]2 [1]2))

äéáðéóôþíïõìå üôé

Z3 o0 (Z2 ⊕ Z2) = h 1 2i = hih1 2i = h1 2ihi

=

½
1


2



¯̄̄̄
(  ) ∈ {0 1} × {0 1} × {0 1 2 3}

êáé 1 = 1 2 = 22

¾


êáèþò Ý·ïõìå

21 = ([0]3 ([1]2 [0]2))
2 = ([0]3 + 0([1]2[0]2)([0]3) ([2]2 [0]2))

= ([0]3 ([0]2 [0]2)) = Z3o0 (Z2⊕Z2) = 22 = (12)
2


2 = ([1]3 ([0]2 [0]2))
2 = ([1]3 + 0([0]2[0]2)([1]3) ([0]2 [0]2)) = ([2]3 ([0]2 [0]2))

3 = ([1]3 ([0]2 [0]2))([2]3 ([0]2 [0]2)) = ([3]3 ([0]2 [0]2)) = ([0]3 ([0]2 [0]2))

êáé

1 = ([0]3 ([1]2 [0]2))([1]3 ([0]2 [0]2)) = ([0]3 + 0([1]2[0]2)([1]3) ([1]2 [0]2))

= ([1]3 ([1]2 [0]2)) = ([1]3 + 0([0]2[0]2)([0]3) ([1]2 [0]2))

= ([1]3 ([0]2 [0]2))([0]3 ([1]2 [0]2)) = 1

2 = ([0]3 ([0]2 [1]2))([1]3 ([0]2 [0]2)) = ([0]3 + 0([0]2[1]2)([1]3) ([0]2 [1]2))

= ([2]3 ([0]2 [1]2)) = ([2]3 + 0([0]2[0]2)([0]3) ([0]2 [1]2))

= ([2]3 ([0]2 [0]2))([0]3 ([0]2 [1]2)) = 22

Ìåôáâáßíïíôáò áðü ôï óýóôçìá ãåííçôüñùí {1 2 } ôÞòZ3o0 (Z2⊕Z2) óôï117
{ } üðïõ  := 12 (= 21) êáé  := 1 ëáìâÜíïõìå 

2 = Z3o0 (Z2⊕Z2)

2 = (1)
2 = (1)1 = 2 3 = 2(1) = 1 

4 = 4 = 

5 =  = (1) = 1
2 6 = (3)2 = 21 = Z3o0 (Z2⊕Z2)

 = (1)(12) = 212 = 2 = (22
−1) = 2

−1 = 2
2

= 212
2 = 1(12)

2 = 1(21)
2 = (1

2) = 5 = −1

ÊáôÜ ôçí ðñüôáóç 3.4.7, Z3 o0 (Z2 ⊕ Z2) = h i ∼= D6 ¢ñá üôáí ç  åßíáé ìç

áâåëéáíÞ, åßôå  ∼= Dic3 åßôå  ∼= D6 Ç áðüäåéîç ëÞãåé ðáñáôçñþíôáò üôé118

Dic3 À D6 êáèüóïí ç hs ti ∼= Dic3 äéáèÝôåé 6 óôïé·åßá ôÜîåùò 4 (óõãêåêñéìÝíá,

ôá s s3 ts ts3 t2s t2s3) åíþ çD6 äåí ðåñéÝ·åé êáíÝíá óôïé·åßï119 ôÜîåùò 4 ¤
117Ðñïöáíþò,  ∈ h 1 2i êáé  ∈ h 1 2i  Áðü ôçí Üëëç ìåñéÜ, 1 = 3 ∈ h i  2 = 3 ∈ h i êáé
 = 4 ∈ h i  ÅðïìÝíùò, h 1 2i = h i = Z3 o0 (Z2 ⊕ Z2)
118Ôï üôé êáìßá åê ôùíDic3D6 äåí åßíáé éóüìïñöç ìå ôçí A4 åßíáé ðñïöáíÝò (áöïý êáìßá åê ôùí ôåóóÜñùí õðïï-

ìÜäùí ôÞò A4 ðïõ Ý·ïõí ôÜîç 3 äåí åßíáé ïñèüèåôç).

119Ùò ãíùóôüí, ç D6 áðáñôßæåôáé áðü ôï ïõäÝôåñü ôçò óôïé·åßï, 7 óôïé·åßá ôÜîåùò 2 2 óôïé·åßá ôÜîåùò 3 êáé 2
óôïé·åßá ôÜîåùò 6 (Ðñâë. ôïí êáôÜëïãï óôï åä. 5.1.10 (ii).)
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I ÏìÜäåò ôÜîåùò ≤ 15 ÓõëëÝãïíôáò ôþñá ôá ìÝ·ñé óôéãìÞò áðïäåé·èÝíôá, êáôá-

ëÞãïõìå óôï áêüëïõèï:

7.7.7 Èåþñçìá. (Ôáîéíüìçóç ïìÜäùí ôÜîåùò ≤ 15) Ç ôáîéíüìçóç ôùí ïìÜäùí
 ìå || ≤ 15 ìÝ·ñéò éóïìïñöéóìïý åßíáé áõôÞ ðïõ êáôá·ùñßæåôáé óôïí åîÞò êáôÜ-
ëïãï :

TÜîç AâåëéáíÝò  Mç áâåëéáíÝò  Bë. åä.

1 ôåôñéììÝíç −−−− 2.4.24

2 Z2 −−−− 4.1.33, 2.4.23

3 Z3 −−−− 4.1.33, 2.4.23

4 Z4 V ( ∼= Z2 ⊕ Z2) −−−− 3.5.6, 7.1.67

5 Z5 −−−− 4.1.33, 2.4.23

6 Z6 D3 (∼= S3) 4.1.37

7 Z7 −−−− 4.1.33, 2.4.23

8 Z8 Z4 ⊕ Z2 Z2 ⊕ Z2 ⊕ Z2 D4 Q 7.7.2

9 Z9 Z3 ⊕ Z3 −−−− 7.1.46, 7.1.47

10 Z10 D5 5.7.18

11 Z11 −−−− 4.1.33, 2.4.23

12 Z12 Z3 ×V ( ∼= Z3 ⊕ (Z2 ⊕ Z2)) A4 D6 Dic3 7.7.6

13 Z13 −−−− 4.1.33, 2.4.23

14 Z14 D7 5.7.18

15 Z15 −−−− 5.7.11, 2.4.23

7.8 ÓÔÅÖÁÍÉÁÉÁ ÃÉÍÏÌÅÍÁ

¸óôù  Ýíá (ü·é êáô' áíÜãêçí ðåðåñáóìÝíï) óýíïëï ìå card() ≥ 2 êáé Ýóôù ( ·)
ôõ·ïýóá ïìÜäá. Èåùñïýìå ôüóïí ôï ðåñéïñéóìÝíï åîùôåñéêü åõèý ãéíüìåíï ()

üóïí êáé ôï áðåñéüñéóôï åîùôåñéêü åõèý ãéíüìåíï  ôÞò ïéêïãåíåßáò ïìÜäùí ìå

äåßêôåò åéëçììÝíïõò áðü ôï  êáèåìéÜ åê ôùí ïðïßùí éóïýôáé ìå ôçí ßäéá ôçí 

(Âë. 7.1.94 (ii).) Ôáõôßæïíôáò êÜèå óôïé·åßï ôïý () (êáé áíôéóôïß·ùò, ôïý )

ìå ìéá áðåéêüíéóç  :  −→  ìå ðåðåñáóìÝíï öïñÝá (êáé áíôéóôïß·ùò, ìå ìéá

áðåéêüíéóç  :  −→ ) ðáñáôçñïýìå üôé êÜèå ìåôÜôáîç  ∈ S ôïý  äßäåé ôï

Ýíáõóìá ãéá ôïí ïñéóìü åíüò áõôïìïñöéóìïý  ∈ Aut(()) (êáé áíôéóôïß·ùò,

åíüò  ∈ Aut()) ìÝóù «ìåôáôÜîåùò óõíôåôáãìÝíùí»120:

 7−→ () :=  ◦ −1 üðïõ ()() := (−1()) ∀ ∈ 

Ãéá ïéáäÞðïôå õðïïìÜäá  v S ç áðåéêüíéóç  3 
7−→  ∈ Aut(()) (êáé

áíôéóôïß·ùò, ç áðåéêüíéóç  3 
7−→  ∈ Aut()) áðïôåëåß ïìïìïñöéóìü

ïìÜäùí, äéüôé ãéá   ∈  êáé  ∈ () (êáé áíôéóôïß·ùò,  ∈ ) ëáìâÜíïõìå

◦ () :=  ◦ ( ◦ )−1 = ( ◦ −1) ◦ −1 =  () ◦ −1 = ( ()) = ( ◦  )()
120Ðñïöáíþò, ç  åßíáé áìöéññéðôéêÞ êáé

(12) = (12) ◦ −1 = (1 ◦ −1)(2 ◦ −1) = (1) ◦ (2)

ãéá ïéåóäÞðïôå 1 2 ∈ () (êáé áíôéóôïß·ùò, ãéá ïéåóäÞðïôå 1 2 ∈ ).
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ïðüôå ( ◦ ) = ◦ =  ◦  = () ◦ ()

7.8.1 Ïñéóìüò. (i) Ùò ðåñéïñéóìÝíï óôåöáíéáßï ãéíüìåíï ôùí êáé (ìå óýíïëï

äåéêôþí  êáé âÜóç ôï ()) ïñßæåôáé ôï åîùôåñéêü çìéåõèý ãéíüìåíï

 o  := () o 

(ii) Ùò áðåñéüñéóôï (Þ ðëÞñåò) óôåöáíéáßï ãéíüìåíï ôùí  êáé  (ìå óýíïëï

äåéêôþí  êáé âÜóç ôï ) ïñßæåôáé ôï åîùôåñéêü çìéåõèý ãéíüìåíï

 oo :=  o 

7.8.2 ÐáñáôÞñçóç. (i) Ç åóùôåñéêÞ ðñÜîç åðß ôïý  o  (êáé áíôéóôïß·ùò, åðß

ôïý  oo) åßíáé ç

(1 1)(2 2) := (11(2) 1 ◦ 2) = (1(2 ◦ −11 ) 1 ◦ 2)

ãéá ïéáäÞðïôå 1 2 ∈  êáé 1 2 ∈ () (êáé áíôéóôïß·ùò, 1 2 ∈ ).

(ii) Ðñïöáíþò, | oo| = ||card() || 
(ii) ÅÜí ôï  åßíáé ðåðåñáóìÝío, ôüôå  o  =  oo

7.8.3 Óçìåßùóç. (ÅéäéêÞ ðåñßðôùóç) ÅÜí ùò óýíïëï äåéêôþí èåùñÞóïõìå ôï

õðïêåßìåíï óýíïëï ìéáò ïìÜäáò ( ∗)  ôüôå ïñßæïõìå ùò êáíïíéêü óôåöáíéáßï
ãéíüìåíï ôùí  êáé ôï

 o :=  o ()

êáé ùò êáíïíéêü áðåñéüñéóôï óôåöáíéáßï ãéíüìåíï ôùí  êáé ôï

 oo :=  oo()

üðïõ () := { |  ∈ } ∼=  ç åî áñéóôåñþí êáíïíéêÞ áíáðáñÜóôáóç ôÞò

åíôüò ôÞò S ç åéóá·èåßóá óôï èåþñçìá 3.5.1 ôïý Cayley (ìå () :=  ∗  ãéá

êÜèå æåýãïò ( ) ∈  ×). Ç åóùôåñéêÞ ðñÜîç åðß ôïý  o (êáé áíôéóôïß·ùò,

åðß ôïý  oo) åßíáé ç

(1 1)(2 2) := (1(2 ◦ −11 ) 1∗2)

ãéá ïéáäÞðïôå 1 2 ∈  êáé 1 2 ∈ () (êáé áíôéóôïß·ùò, 1 2 ∈ ).

7.8.4 ÐáñÜäåéãìá. (Ç D4 ùò êáíïíéêü óôåöáíéáßï ãéíüìåíï.) ÅÜí  =  = Z2
ôüôå ç ïìÜäá ZZ22 = {1 2 3 4} ìå 1 := idZ2 

Z2
2−→ Z2

[0]2 7→ [1]2
[1]2 7→ [0]2

Z2
3−→ Z2

[0]2 7→ [0]2
[1]2 7→ [0]2

Z2
4−→ Z2

[0]2 7→ [1]2
[1]2 7→ [1]2
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ùò ðñïò ôçí ðñÜîç ZZ22 × ZZ22 3 ( ) 7−→  ∈ ZZ22    ∈ {1 2 3 4} üðïõ

([]2) := ([]2) + ([]2) ∀ ∈ {0 1}

Ý·åé ùò ïõäÝôåñï óôïé·åßï ôçò ZZ22
ôçí 3 åíþ ôï êáíïíéêü óôåöáíéáßï ãéíüìåíï

Z2 o Z2 Ý·åé ôÜîç 8 ÅðåéäÞ [0]2 = idZ2 êáé [−1]2 = [1]2  ãéá ôïí ïìïìïñöéóìü

Z2 ∼= SZ2 ∼= (Z2)
−→ Aut(ZZ22 ) ìå [0]2 = idZ2

= 
Aut(ZZ22 )

= idZZ22

éó·ýïõí ïé éóüôçôåò

[1]2 ()([0]2) = ( ◦ [−1]2)([0]2) = ( ◦ [1]2)([0]2) = ([1]2)

[1]2
()([1]2) = ( ◦ [−1]2)([1]2) = ( ◦ [1]2)([1]2) = ([0]2)

ãéá êÜèå  ∈ {1 2 3 4} ïðüôå ç åóùôåñéêÞ ðñÜîç åðß ôïý Z2 oZ2 êáèïñßæåôáé áðü
ôéò

( [0]2)(  [0]2) := (  idZ2)

( [0]2)(  [1]2) := (  [1]2)

( [1]2)(  [0]2) := (( ◦ [1]2) [1]2)
( [1]2)(  [1]2) := (( ◦ [1]2) idZ2)

ãéá ïéïõóäÞðïôå   ∈ {1 2 3 4} åíþ ôï ïõäÝôåñï óôïé·åßï ôïõ åßíáé ôï

Z2oZ2 = (3 [0]2) = (3 idZ2)

ÅðåéäÞ ãéá   ∈ {1 2 3 4} Ý·ïõìå
([0]2) = ([0]2) + ([0]2) ([1]2) = ([1]2) + ([1]2)

( ◦ [1]2)([0]2) = ([0]2) + ([1]2) ( ◦ [1]2)([1]2) = ([1]2) + ([0]2)

ïé «ðïëëáðëáóéáóìoß» ôùí áðåéêïíßóåùí  êáé    ◦ [1]2 åíôüò ôÞò ZZ22 êáôá-

·ùñßæïíôáé óôïí êáôÜëïãï121:

· 1 2 3 4 1 ◦ [1]2 2 ◦ [1]2 3 ◦ [1]2 4 ◦ [1]2
1 3 4 1 2 4 3 1 2

2 4 3 2 1 3 4 2 1

3 1 2 3 4 2 1 3 4

4 2 1 4 3 1 2 4 3

121Áñêåß ç åêôÝëåóç áðëþí ðñÜîåùí. Åðß ðáñáäåßãìáôé, 21 = 4 êáé 2(1 ◦ [1]2 ) = 3 äéüôé

21([0]2) = 1([0]2) + 2([0]2) = [0]2 + [1]2 = [1]2 = 4([0]2)

21([1]2) = 1([1]2) + 2([1]2) = [1]2 + [0]2 = [1]2 = 4([1]2)

êáé

2(1 ◦ [1]2 )([0]2) = 2([0]2) + 1([1]2) = [1]2 + [1]2 = [0]2 = 3([0]2)

2(1 ◦ [1]2 )([1]2) = 2([1]2) + 1([0]2) = [0]2 + [0]2 = [0]2 = 3([1]2)
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ÌÝóù áõôïý ó·çìáôßæïõìå ôïí ðëÞñç ðïëëáðëáóéáóôéêü êáôÜëïãï ôïý êáíïíé-
êïý óôåöáíéáßïõ ãéíïìÝíïõ Z2 o Z2 ùò áêïëïýèùò:

· (1 [0]2) (1 [1]2) (2 [0]2) (2 [1]2)

(1 [0]2) (3idZ2) (3 [1]2) (4idZ2) (4 [1]2)

(1 [1]2) (4 [1]2) (4idZ2) (3 [1]2) (3idZ2)

(2 [0]2) (4idZ2) (4 [1]2) (3idZ2) (3 [1]2)

(2 [1]2) (3 [1]2) (3idZ2) (4 [1]2) (4idZ2)

(3 [0]2) (1idZ2) (1 [1]2) (2idZ2) (2 [1]2)

(3 [1]2) (2 [1]2) (2idZ2) (1 [1]2) (1idZ2)

(4 [0]2) (2idZ2) (2 [1]2) (1idZ2) (1 [1]2)

(4 [1]2) (1 [1]2) (1idZ2) (2 [1]2) (2idZ2)

· (3 [0]2) (3 [1]2) (4 [0]2) (4 [1]2)

(1 [0]2) (1idZ2) (1 [1]2) (2idZ2) (2 [1]2)

(1 [1]2) (1 [1]2) (1idZ2) (2 [1]2) (2idZ2)

(2 [0]2) (2idZ2) (2 [1]2) (1idZ2) (1 [1]2)

(2 [1]2) (2 [1]2) (2idZ2) (1 [1]2) (1idZ2)

(3 [0]2) (3idZ2) (3 [1]2) (4idZ2) (4 [1]2)

(3 [1]2) (3 [1]2) (3idZ2) (4 [1]2) (4idZ2)

(4 [0]2) (4idZ2) (4 [1]2) (3idZ2) (3 [1]2)

(4 [1]2) (4 [1]2) (4idZ2) (3 [1]2) (3idZ2)

Åí óõíå·åßá, ðáñáôçñïýìå üôé Z2 o Z2 =

(3 [1]2) (1 [1]2)

®
 üðïõ

(3 [1]2)
2 = (3 [1]2)(3 [1]2) = (3 idZ2) = Z2oZ2 

(1 [1]2)
4 = (1 [1]2)

2(1 [1]2)
2 = (4 idZ2)(4 idZ2) = (3 idZ2) = Z2oZ2

ìå (1 [1]2)
 6= Z2oZ2  ∀ ∈ {1 2 3} êáé

(1 [1]2)(3 [1]2) = (1 idZ2) 6= (2 idZ2) = (3 [1]2)(1 [1]2)
(1 [1]2)(3 [1]2) = (1 idZ2) = (2 idZ2)(4 idZ2)

= (3 [1]2)(1 [1]2)(4 idZ2) = (3 [1]2)(1 [1]2)
3 = (3 [1]2)(1 [1]2)

−1

Áðü ôçí ðñüôáóç 3.4.7 óõìðåñáßíïõìå üôé Z2 o Z2 ∼= D4

7.8.5 ÐáñÜäåéãìá. (Ç ïìÜäá ôïý öáíáíÜöôç.) ÅÜí  = Z2  = Z ôüôå ç

ïìÜäá Z(Z)2 ùò ðñïò ôçí ðñÜîç

Z(Z)2 × Z(Z)2 3 (1 2) 7−→ 12 ∈ Z(Z)2
ìå 12() := 1() + 2() ∀ ∈ Z Ý·åé ùò ïõäÝôåñï óôïé·åßï ôçò Z(Z)2

ôçí

áðåéêüíéóç ðïõ óôÝëíåé êÜèå áêÝñáéï áñéèìü óôï [0]2 ¢ñá ôï êáíïíéêü óôåöá-

íéáßï ãéíüìåíï Z2 o Z := Z2 oZ (Z) Ý·åé Üðåéñç ôÜîç ìå åóùôåñéêÞ ðñÜîç ôçí

(1 1)(2 2) := (1(2 ◦ −1) 1+2) (7.100)

üðïõ 1 2 ∈ Z êáé ïõäÝôåñï óôïé·åßï ôï Z2oZ = (Z(Z)2
 0) ÊÜèå óôïé·åßï

() ∈ Z2 o Z äéáèÝôåé ùò «ôåôìçìÝíç» ôïõ ìéá áðåéêüíéóç  ∈ Z(Z)2 ðïõ óôÝëíåé
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ôï ðïëý ðåðåñáóìÝíïõ ðëÞèïõò áêåñáßïõò óôï [1]2 êáé ôïõò õðïëïßðïõò óôï [0]2
(êáé, ùò åê ôïýôïõ, ðñïóäéïñßæåôáé ðëÞñùò üôáí åßíáé ãíùóôüò ï öïñÝáò122 áõôÞò)

êáé ùò «ôåôáãìÝíç» ôïõ ôçí áðåéêüíéóç 7−→ +Ç Z2 oZ êáëåßôáé ïìÜäá ôïý

öáíáíÜöôç123 ãéá ôïí åîÞò ëüãï: ÐáñïìïéÜæïíôáò ôçí ðñáãìáôéêÞ åõèåßá ìå ìéá

«áðåéñïìÞêç» ïäü ìéáò ðüëåùò, óôá áêÝñáéá óçìåßá ôÞò ïðïßáò åßíáé ôïðïèåôçìÝ-

íïé öáíïß öùôéóìïý, õðïèÝôïõìå üôé êÜèå óôïé·åßï ( ) ∈ Z2 oZ êáèïñßæåé ðïéïé

åî áõôþí åßíáé áíáììÝíïé êáé ìðñïóôÜ óå ðïéïí óôÝêåôáé Ýíáò öáíáíÜöôçò ùò

áêïëïýèùò: Ïé ìüíïé áíáììÝíïé öáíïß åßíáé åêåßíïé ðïõ âñßóêïíôáé óôá áêÝñáéá

óçìåßá ôá áíÞêïíôá óôïí supp() êáé ï öáíáíÜöôçò âñßóêåôáé óôç èÝóç  (Éäéáé-

ôÝñùò, ôï Z2oZ áíôéóôïé·åß óå ðáíôåëþò óâçóìÝíïõò öáíïýò, ìå ôïí öáíáíÜöôç åõ-
ñéóêüìåíïí óôï 0) Åðß ðáñáäåßãìáôé, ôï (1 1) üðïõ supp(1) = {−3−1 1 2}
ìðïñåß íá åêöñáóèåß ó·çìáôéêþò ùò

(1 1) :

· · · ¥ ¤ ¥ ¤ ¥ ¤ ¤ ¥ ¥ · · ·
↑

· · · −4 −3 −2 −1 0 1 2 3 4 · · ·

ìå êÜèå ¥ íá óõìâïëßæåé Ýíáí óâçóìÝíï êáé êÜèå ¤ Ýíáí áíáììÝíï öáíü, êáé ìå

ôï âåëÜêé íá äçëïß ôç èÝóç ôïý öáíáíÜöôç. ÐïëëáðëáóéÜæïíôáò áõôü (ìÝóù ôÞò

(7.100)) ìå ôï (2 −3) üðïõ supp(2) = {−2 0 2} Þôïé ìå ôï

(2 −3) :
· · · ¥ ¥ ¤ ¥ ¤ ¥ ¤ ¥ ¥ · · ·

↑
· · · −4 −3 −2 −1 0 1 2 3 4 · · ·

ëáìâÜíïõìå «mod2»

1 · · · ¥ ¤ ¥ ¤ ¥ ¤ ¤ ¥ ¥ · · ·
2 ◦ −1 · · · ¥ ¥ ¥ ¤ ¥ ¤ ¥ ¤ ¥ · · ·

1(2 ◦ −1) · · · ¥ ¤ ¥ ¥ ¥ ¥ ¤ ¤ ¥ · · ·

êáé ôåëéêþò

(1 1)(2 2) :

· · · ¥ ¤ ¥ ¥ ¥ ¥ ¤ ¤ ¥ · · ·
↑

· · · −4 −3 −2 −1 0 1 2 3 4 · · ·

ÓçìåéùôÝïí üôé

Z2 o Z = hs ti  üðïõ s := (Z(Z)2
 1) t := ( b 0)

122Õðåíèýìéóç: supp() := { ∈ Z| () = [1]2}
123Ð.·., óôçí ðáëáéÜ ÁèÞíá (êáôÜ ôïí 19ï áéþíá) õðÞñ·áí äçìïôéêïß õðÜëëçëïé ðïõ Þôáí åðéôåôñáììÝíïé ãéá íá
áíÜâïõí ôá âñÜäéá ôïýò öáíïýò ôïýöùôéóìïý ôùí äñüìùí ôÞò ðüëåùò (áñ·éêþò ëáäïöÜíáñá êáé áðü ôï1856 ëÜìðåò
öùôáåñßïõ) êáé êÜðïéïé Üëëïé ãéá íá ôïõò êáèáñßæïõí êáé íá ôïõò óõíôçñïýí. Ïé ðñþôïé êáëïýíôï öáíáíÜöôåò (ôï
áíôßóôïé·ï ôùí êáíôçëáíáöôþí ðïõ åñãÜæïíôáé óôéò åêêëçóßåò êáé óôá êïéìçôÞñéá) êáé ïé äåýôåñïé öáíïêüñïé. Ç

çëåêôñïäüôçóç, üðùò Þôáí öõóéêü, ïäÞãçóå óôçí åîáöÜíéóç ôùí åéäéêþí áõôþí åíáó·ïëÞóåùí.
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êáé b(0) := [1]2 b() := [0]2 ∀ ∈ Zr{0} ÐñÜãìáôé° ãéá ïéïäÞðïôå óôïé·åßï

() ∈ Z2 o Zr{Z2oZ} ìå supp() = {1 } éó·ýåé ç éóüôçôá

( ) = (s
1 ts−1) · · · (sts−)s

¸·ïíôáò áõôïýò ôïõò ãåííÞôïñåò óôç äéÜèåóÞ ìáò ìðïñïýìå íá åêöñÜóïõìå ôï

óôïé·åßï ôïý Z2 oZ ðïõ áíôéóôïé·åß óå äïèÝí ó·Þìá óõíáñôÞóåé áõôþí åêêéíþíôáò
áðü ôï Z2oZ = (Z(Z)2

 0) Ð.·., åêêéíþíôáò áðü óâçóìÝíïõò öáíïýò êáé ìå ôïí

öáíáíÜöôç óôï 0 êáôáëÞãïõìå óôï

· · · ¥ ¥ ¥ ¥ ¥ ¤ ¥ ¤ ¥ · · ·
↑

· · · −4 −3 −2 −1 0 1 2 3 4 · · ·

(ìå ìüíïí ôïõò õð. áñ. 1 êáé 3 öáíïýò áíáììÝíïõò) ùò åîÞò:

(i) Êéíïýìå ôïí öáíáíÜöôç êáôÜ 3 èÝóåéò ðñïò ôá äåîéÜ.

(ii) Áõôüò áíÜâåé ôïí öáíü óôç èÝóç 3

(iii) Ôïí ìåôáêéíïýìå êáôÜ äýï èÝóåéò ðñïò ôá áñéóôåñÜ.

(iv) Áõôüò áíÜâåé ôïí öáíü óôç èÝóç 1

(v) ÔÝëïò, ôïí ìåôáöÝñïõìå êáôÜ ìßá èÝóç ðñïò ôá äåîéÜ. ÁõôÞ ç äéáäéêáóßá ìÜò

äßäåé ôï s3ts−2ts ÖõóéêÜ, ôïýôï èá ìðïñïýóå íá ãßíåé êáé ìå äéáöïñåôéêü ôñüðï:

(i) Êéíïýìå ôïí öáíáíÜöôç ìßá èÝóç ðñïò ôá äåîéÜ.

(ii) Áõôüò áíÜâåé ôïí öáíü óôç èÝóç 1.

(iii) Ôïí ìåôáêéíïýìå êáôÜ äýï èÝóåéò ðñïò ôá äåîéÜ.

(iv) Áõôüò áíÜâåé ôïí öáíü óôç èÝóç 3

(v) ÔÝëïò, ôïí ìåôáöÝñïõìå êáôÜ ìßá èÝóç ðñïò ôá áñéóôåñÜ. ÁõôÞ ç äåýôåñç

äéáäéêáóßá ìÜò äßäåé ôï sts2ts−1 ÅðïìÝíùò ïé ãåííÞôïñåò õðüêåéíôáé óôç ó·Ýóç

s3ts−2ts = sts2ts−1

ÁóêÞóåéò

7-1. Íá äåé·èåß áðåõèåßáò üôé Z8 À Z2 ⊕ Z4 êáé Z8 À Z2 ⊕ Z2 ⊕ Z2
7-2. Íá áðïäåé·èåß üôé Z2 À Z ⊕ Z ãéá êÜèå ∈ N  ≥ 2
7-3. Íá áðïäåé·èåß üôé Z5 × Z×5 ∼= Z20
7-4. Íá áðïäåé·èåß üôé Z×960 ∼= Z2 ⊕ Z2 ⊕ Z4 ⊕ Z16
7-5. Íá áðïäåé·èåß üôé ç õðïïìÜäá := h3 6i ôÞò (Qr{0} ·) åßíáé éóüìïñöç ìå

ôçí Z⊕ Z
7-6. Ðïéá åßíáé ç ôÜîç ôïý óôïé·åßïõ ([8]12 [4]60 [10]24) ∈ Z12 ⊕ Z60 ⊕ Z24;
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7-7. Ðïéï åßíáé ôï ðëÞèïò ôùí óôïé·åßùí ôÞò Z5 ⊕ Z25 ðïõ Ý·ïõí ôÜîç 5;

7-8. Ðïéï åßíáé ôï ðëÞèïò ôùí óôïé·åßùí ôÞò Z×720 ðïõ Ý·ïõí ôÜîç 12;

7-9. Ðüóåò êõêëéêÝò õðïïìÜäåò ôÜîåùò 10 äéáèÝôåé ç Z25 ⊕ Z100;
7-10. (i) Ðïéïò åßíáé ï åêèÝôçò ôÞò ïìÜäáò  := Z120 ×D9 ×S7;

(ii)Ðïéá åßíáé (åíôüò áõôÞò) ç ôÜîç ôïýóôïé·åßïõ ([64]120 
6 [1 2 4]◦[3 7 5 6]);

(iii) Ðüóá óôïé·åßá ôÜîåùò 3 äéáèÝôåé ç ;

7-11. Ðüóåò õðïïìÜäåò ôÜîåùò 2 êáé ðüóåò ôÜîåùò 4 äéáèÝôåé ç Z2 ⊕ Z2 ⊕ Z2;
7-12. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ðüóá óôïé·åßá ôÜîåùò  ðüóá óôïé·åßá ôÜ-

îåùò 2 êáé ðüóá óôïé·åßá ôÜîåùò 3 äéáèÝôåé ç ïìÜäá Z ⊕ Z2 ⊕ Z3 ;
7-13. Íá ðñïóäéïñéóèåß ìéá êõêëéêÞ õðïïìÜäá  ôïý åîùôåñéêïý åõèÝïò ãéíïìÝ-

íïõD5 × Z2 ôÜîåùò || = 10
7-14. ÅÜí 1 2 åßíáé äõï ïìÜäåò êáé 1 2 ∈ Subg(1 × 2) íá áðïäåé·èåß

(ìå äéáôÞñçóç ôùí óõìâïëéóìþí ôùí åéóá·èÝíôùí óôï èåþñçìá 7.1.10) üôé
éó·ýåé 1 v 2 åÜí êáé ìüíïí åÜí éêáíïðïéïýíôáé ïé êÜôùèé óõíèÞêåò:

(i) pr(1) v pr(2) êáé pr( ∩ 1) v pr( ∩ 2) ãéá  = 1 2

(ii) Ï éóïìïñöéóìüò 1 áðåéêïíßæåé ôçí pr1(1)∩ pr1(1 ∩ 2)pr1(1 ∩ 1) óôçí

1 (pr1(1) ∩ pr1(1 ∩ 2)pr1(1 ∩ 1)) = (pr2(1) ∩ pr2(2 ∩ 2))pr2(2 ∩ 1)

(iii) O éóïìïñöéóìüò 2 áðåéêïíßæåé ôçí (pr1(1)pr1(1 ∩2))pr1(1 ∩2) óôçí

2 ((pr1(1)pr1(1 ∩ 2))pr1(1 ∩ 2)) = (pr2(1)pr2(2 ∩ 2))pr2(2 ∩ 2)

(iv) ÅÜí]2 åßíáé ï ðåñéïñéóìüò ôïý 2 óôçí (pr1(1)pr1(1 ∩2))pr1(1 ∩2)
ôüôå ôï áêüëïõèï äéÜãñáììá åßíáé ìåôáèåôéêü:

(pr1(1)pr1(1 ∩ 2))pr1(1 ∩ 2)
]2

∼= // (pr2(1)pr2(2 ∩ 2))pr2(2 ∩ 2)

pr1(1)(pr1(1) ∩ pr1(1 ∩ 2))

∼=

OO

]1

∼= // pr2(1)(pr2(1) ∩ pr2(2 ∩ 2))

∼=

OO

[Óçìåßùóç. Åí ðñïêåéìÝíù, ï éóïìïñöéóìüò]1 ïñßæåôáé ùò åîÞò: ÅðåéäÞ

åßíáé ðñïöáíÝò üôé pr1(1 ∩ 1) E pr1(1) êáé

pr1(1 ∩ 1) v pr1(1) ∩ pr1(1 ∩ 2) E pr1(1)

éó·ýåé (pr1(1)∩ pr1(1 ∩ 2))/pr1(1 ∩ 1) E pr1(1)/pr1(1 ∩ 1) (âë. 4.4.15
(i)), ïðüôå õößóôáôáé éóïìïñöéóìüò

pr1(1)(pr1(1) ∩ pr1(1 ∩ 2)) ∼=−→
1

³
pr1(1)

pr1(1∩1)

´

³

pr1(1)∩ pr1(1∩2)
pr1(1∩1)

´
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âÜóåé ôïý èåùñÞìáôïò 4.5.21. Êáô' áíáëïãßáí, õößóôáôáé éóïìïñöéóìüò

pr2(1)(pr2(1) ∩ pr2(2 ∩ 2)) ∼=−→
2

³
pr2(1)

pr2(2∩1)

´

³

pr2(1)∩ pr2(2∩2)
pr2(2∩1)

´


ÅðéðñïóèÝôùò, ìÝóù ôïý éóïìïñöéóìïý 1 :
pr1(1)

pr1(1∩1)
∼=−→ pr2(1)

pr2(2∩1) åðÜ-
ãåôáé éóïìïñöéóìüò³

pr1(1)

pr1(1∩1)

´

³

pr1(1)∩ pr1(1∩2)
pr1(1∩1)

´ ∼=−→

ðçë.
1

³
pr2(1)

pr2(2∩1)

´

³

pr2(1)∩ pr2(2∩2)
pr2(2∩1)

´

êáôüðéí ìåôáöïñÜò óå «åðßðåäï ðçëéêïïìÜäùí». (Âë. èåþñçìá 4.5.5.) Åî

ïñéóìïý,]1 := −12 ◦ ðçë.
1
◦1Áðü ôçí Üëëç ìåñéÜ, ïé äýï éóïìïñöéóìïß ïé

õðïäçëïýìåíïé óôï äéÜãñáììá ìÝóù ôùí êáôáêüñõöùí âåëþí ðñïêýðôïõí

áðü ôï èåþñçìá 4.5.13.]

7-15. Ðïéï åßíáé ôï óýíïëï ôùí õðïïìÜäùí ôÞò ïìÜäáò Z4 × V êáé ðïéï ôï äéÜ-

ãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(Z4 ×V)v);
7-16. Ðïéï åßíáé ôï óýíïëï ôùí õðïïìÜäùí ôÞò ïìÜäáò Z3 ×S3 êáé ðïéï ôï äéÜ-

ãñáììá ôïý Hasse ãéá ôïí óýíäåóìï (Subg(Z3 ×S3)v);
7-17. ÅÜí  ∈ N ìå  ≥ 3 íá ðñïóäéïñéóèåß ôï óýíïëï ôùí õðïïìÜäùí ôÞò

ïìÜäáò Z2×D êáé íá ó·åäéáóèåß ôï äéÜãñáììá ôïý Hasse ãéá ôïí óýíäå-

óìï (Subg(Z4 ×D4)v) (üôáí = 2 êáé  = 4).

7-18. Íá ðñïóäéïñéóèïýí ïé õðïïìÜäåò êáé ïé ïñèüèåôåò õðïïìÜäåò ôÞòD4×D6

7-19. ¸óôù üôé   åßíáé äõï ðåñéôôïß ðñþôïé áñéèìïß êáé  ∈ N Ãéá ðïéïí

ëüãï äåí åßíáé ôï åîùôåñéêü åõèý ãéíüìåíï Z× ×Z× êõêëéêÞ ïìÜäá (ðáñÜ

ôï ãåãïíüò üôé êáèåìéÜ åê ôùí Z× Z× åßíáé êõêëéêÞ âÜóåé ôÞò ðñïôÜóåùò

7.3.9);

7-20. ¸óôù (+ ·) Ýíá óþìá êáé Ýóôù

Heis( ) :=

½µ
1  

0 1 

0 0 1

¶¯̄̄̄
   ∈ 

¾
ç ïìÜäá ôïý Heisenberg õðåñÜíù áõôïý. (Âë. åä. D.2.24.) Íá áðïäåé·èåß

üôé ç ìåôáèÝôñéá õðïïìÜäá ôÞò Heis( ) éóïýôáé ìå ôï êÝíôñï (Heis( ))

áõôÞò êáé üôé åßíáé éóüìïñöç ìå ôçí ðñïóèåôéêÞ ïìÜäá (+) êáèþò êáé ôï

üôé õößóôáôáé éóïìïñöéóìüò

Heis( )(Heis( )) ∼=  ⊕ 

7-21. Íá áðïäåé·èåß üôé ôï óýíïëï ðéíÜêùí

 :=

½µ
[1]3 []3 []3
[0]3 [1]3 [0]3
[0]3 [0]3 [1]3

¶¯̄̄̄
  ∈ Z

¾
áðïôåëåß ìéá áâåëéáíÞ õðïïìÜäá ôÞò Heis(Z3) ôÜîåùò 9 Ìå ðïéá åê ôùí

Z9Z3 ⊕ Z3 åßíáé éóüìïñöç ç; (Ðñâë. åä. 7.1.46 êáé 7.1.47.)
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7-22. Ðïéï åßíáé ôï êÝíôñï êáé ðïéá ç ìåôáèÝôñéá õðïïìÜäá ôÞòD6 ×S4;

7-23. Íá áðïäåé·èåß üôé ãéá ïéïõóäÞðïôå 1 2 ∈ N ôï åîùôåñéêü åõèý ãéíüìåíï

S1 ×S2 åßíáé åìöõôåýóéìï åíôüò ôÞòS1+2 

7-24. Åßíáé ôï åîùôåñéêü åõèý ãéíüìåíï S3 ×S4 åìöõôåýóéìï åíôüò ôÞòS6;

7-25. ¸óôù ( ·) ìéá ïìÜäá. ÈÝôïíôáò ∆ := { ( )|  ∈ } ⊆  ×  íá áðï-

äåé·èåß üôé ∆ v  ×  (ÁõôÞ êáëåßôáé, éäéáéôÝñùò, äéáãþíéïò õðïïìÜäá

ôÞò ×) Åí óõíå·åßá, íá áðïäåé·èïýí ôá áêüëïõèá:

(i)∆
∼= 

(ii) ∆ E ×⇔ ç  åßíáé áâåëéáíÞ.

(iii) N×(∆) =∆ ⇔ () = {}

7-26. ¸óôù üôé 1 2 åßíáé äõï ïìÜäåò êáé  := 1 ×2 Íá áðïäåé·èåß üôé ìéá

áðåéêüíéóç  : 1 −→ 2 åßíáé ïìïìïñöéóìüò ïìÜäùí åÜí êáé ìüíïí åÜí

{ ( ())| ∈ 1} v 

7-27. ÅÜí 1 2 åßíáé äõï ïìÜäåò êáé  := 1 ×2 íá áðïäåé·èïýí ôá åîÞò:

(i) ÅÜíáìöüôåñåò ïé1 êáé2 åßíáé ðåñéïäéêÝò, ôüôå êáé ç åßíáé ðåñéïäéêÞ.

(ii) ÅÜí áìöüôåñåò ïé1 êáé2 óôåñïýíôáé óôñÝøåùò, ôüôå êáé ç óôåñåßôáé

óôñÝøåùò.

7-28. ¸óôù üôé12 åßíáé äõï ïìÜäåò êáé := 1×2Íá äåé·èåß üôé ï êåíôñï-

ðïéçôÞò C((1 2)) êÜèå óôïé·åßïõ (1 2) ∈  éóïýôáé ìå ôï åõèý åîùôå-

ñéêü ãéíüìåíï C1(1)× C2(2) ôùí êåíôñïðïéçôþí ôùí «óõíôåôáãìÝíùí»

ôïõ êáé üôé, ùò åê ôïýôïõ, éó·ýåé

K() = K(1)K(2)

7-29. ¸óôù üôé 1 2 åßíáé äõï ïìÜäåò,  := 1 ×2 êáé  E 

(i) Íá áðïäåé·èåß üôé åßôå ç  åßíáé áâåëéáíÞ åßôå ç ôïìÞ ôçò ìå (ôïõëÜ·é-

óôïí) ìßá åê ôùí 1 2 åßíáé ìç ôåôñéììÝíç.

(ii) ÅÜí áìöüôåñåò ïé 1 êáé 2 åßíáé ìç áâåëéáíÝò êáé áðëÝò, íá ðñïóäéï-

ñéóèïýí ïé ïñèüèåôåò õðïïìÜäåò ôÞò 

7-30. ¸óôù üôé 1 2 åßíáé ïìÜäåò êáé  := 1 ×2 Íá áðïäåé·èïýí ôá åîÞò:

(i) ÅÜí 1 1 ∈ 1 êáé 2 2 ∈ 2 ôüôå åíôüò ôÞò  éó·ýåé ç éóüôçôá

[(1 2) (1 2)] = ([1 1] [2 2])

(ii) ÅÜí11 ∈ Subg(1) êáé22 ∈ Subg(2) ôüôå

[1 ×21 ×2] = [11]× [22]
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7-31. ¸óôù üôé 12 åßíáé äõï ïìÜäåò êáé  := 1 × 2 Ìéá  v  êáëåßôáé

õðïåõèý ãéíüìåíï ôùí 1 êáé 2 üôáí pr1() = 1 êáé pr2() = 2 Íá

áðïäåé·èïýí ôá áêüëïõèá:

(i) Ìéá õðïïìÜäá  ôÞò  åßíáé õðïåõèý ãéíüìåíï ôùí 1 êáé 2 åÜí êáé

ìüíïí åÜí 1 =  = 2 üðïõ 1 := Im(1) êáé 2 := Im(2)

(ii) ÅÜí  ∈ Subg() åßíáé Ýíá õðïåõèý ãéíüìåíï ôùí 1 êáé 2 ôüôå

 E ⇐⇒ 0 v 

7-32. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé ∈ NSubg() íá áðïäåé·èïýí ôá åîÞò:

(i) Ç áðåéêüíéóç

 :  −→ ()× ()   7−→ () := ( )

åßíáé ïìïìïñöéóìüò ïìÜäùí êáé Ker() =  ∩.

(ii) Ç ∩ åßíáé åìöõôåýóéìç óôçí ()× () ìÝóù ôïý ìïíïìïñ-

öéóìïý

̂ :  ∩ −→ ()× ()  ( ∩) ̂7−→ ( )

(ii) Ç åéêüíá Im(̂) áðïôåëåß Ýíá õðïåõèý ãéíüìåíï ôùí  êáé 

(iii) ÅÜí áìöüôåñåò ïé  êáé  åßíáé áâåëéáíÝò, ôüôå êáé ç  ∩ 
åßíáé áâåëéáíÞ.

(iv) ÅÜí  6=  êáé | : | = | : | = 2 ôüôå éó·ýåé | :  ∩| = 4 êáé
 ∩ ∼= V

7-33. ÅÜí ( ·) åßíáé ìéá ïìÜäá,  ∈ N  ≥ 2 êáé 1  ∈ NSubg() íá
áðïäåé·èïýí ôá åîÞò ãéá ôçí áðåéêüíéóç

 :  −→
Q

=1
  

7−→ (1  )

(i) H  áðïôåëåß Ýíáí ïìïìïñöéóìü ïìÜäùí êáé Ker() =
T
=1 

(ii) ÅÜí | :  | ∞ ∀ ∈ {1  } êáé
ìêä(| :  |  | : 0 |) = 1 ∀( 0) ∈ {1  } × {1  } ìå  6= 0

ôüôå ç  åßíáé åðéìïñöéóìüò êáé ç

̂ : 
T
=1 −→

Q
=1

  (
T
=1)

̂7−→ (1  )

éóïìïñöéóìüò ïìÜäùí.

7-34. Íá áðïäåé·èïýí ôá åîÞò:

(i) (Z2 ⊕ Z4)/h([0]2 [1]4)i ∼= Z2
(ii) (Z2 ⊕ Z4) h([0]2 [2]4)i ∼= Z2 ⊕ Z2
(iii) (Z2 ⊕ Z4) h([1]2 [2]4)i ∼= Z4
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7-35. Íá áðïäåé·èïýí ôá åîÞò:

(i) (Z4 ⊕ Z6)/h([0]4 [1]6)i ∼= Z4
(ii) (Z4 ⊕ Z6) h([0]4 [2]6)i ∼= Z4 ⊕ Z2
(iii) (Z4 ⊕ Z6) h([2]4 [3]6)i ∼= Z4 ⊕ Z3 ∼= Z12

7-36. Íá áðïäåé·èåß üôé (Z⊕Z)/(h( 0)i⊕ h(0 )i) ∼= Z⊕Z ∀() ∈ N×N
7-37. Íá áðïäåé·èåß üôé (Z⊕ Z⊕ Z8)/h(0 4 [0]8)i ∼= Z⊕ Z4 ⊕ Z8
7-38. Åßíáé ç ðçëéêïïìÜäá (Z⊕ Z)/h(4 2)i Üðåéñç; ÊõêëéêÞ;

7-39. Íá áðïäåé·èåß üôé ãéá êÜèå  ∈ N  ≥ 2 õößóôáôáé éóïìïñöéóìüò

Z⊕ Z⊕ · · ·⊕ Z| {z }
 öïñÝò



*
(   | {z }

 öïñÝò

)

+
∼= Z ⊕ Z⊕ · · ·⊕ Z| {z }

−1 öïñÝò



7-40. Íá ðñïóäéïñéóèåß ç ôÜîç ôïý óôïé·åßïõ

(i) ([2]3 [1]6) + h([1]3 [1]6)i åíôüò ôÞò (Z3 ⊕ Z6) h([1]4 [1]6)i 
(ii) ([2]6 [0]8) + h([4]6 [4]8)i åíôüò ôÞò (Z6 ⊕ Z8) h([4]6 [4]8)i 

7-41. ÅÜí  := Z4 ⊕ Z4  := {([0]4 [0]4) ([2]4 [0]4) ([0]4 [2]4) ([2]4 [2]4)} êáé

 := h([1]4 [2]4)i  ôüôå (ðñïöáíþò) || = || = 4 Ìå ðïéá åê ôùí

Z4 Z2 ⊕ Z2 (∼= V) åßíáé éóüìïñöç ç ðçëéêïïìÜäá  êáé ìå ðïéá ç ;

(Ðñâë. èåþñçìá 7.1.46.)

7-42. Íá ôáîéíïìçèïýí ìÝ·ñéò éóïìïñöéóìïý ïé áâåëéáíÝò ïìÜäåò ôÜîåùò 22

üðïõ   åßíáé äõï ðñþôïé áñéèìïß ìå  6=  [Õðüäåéîç : Âë. èåùñÞìáôá

7.1.49 êáé 7.1.46.]

7-43. Íáðñïóäéïñéóèåß ìéá ìç ïñèüèåôç õðïïìÜäá ôïý åîùôåñéêïý åõèÝïò ãéíïìÝ-

íïõQ×Z4 (ÐáñÜ ôï ãåãïíüò üôé êÜèå õðïïìÜäá ôüóïí ôÞòQ üóïí êáé ôÞò

Z4 åßíáé ïñèüèåôç, ç ïìÜäá Q× Z4 åßíáé ìç ·áìéëôïíéáíÞ. Ðñâë. èåþñçìá

7.5.3.)

7-44. ¸óôù üôé12 åßíáé äõï ïìÜäåò êáé 1 v (1) 2 v (2)ÕðïôéèåìÝ-

íïõ üôé õößóôáôáé éóïìïñöéóìüò  : 1
∼=−→ 2 ïñßæåôáé ç ïñèüèåôç 124 õðïï-

ìÜäáW :=
©
( ()−1)

¯̄
 ∈ 1

ª
ôïý åîùôåñéêïý åõèÝïò ãéíïìÝíïõ1×2

ôùí 1 êáé 2 êáé, ùò åê ôïýôïõ, ç ðçëéêïïìÜäá

1
(12)

£
cent.

2 := 1 ×2W

ç ïðïßá êáëåßôáé, éäéáéôÝñùò, êåíôñéêü ãéíüìåíï ôùí 1 êáé 2 (ùò ðñïò

ôçí ôñéÜäá (1 2 )).

124Ðñïöáíþò, U v (1)× (2) =
7.1.57 (i)

(1 ×2) =⇒
5.4.19 (i)

U E 1 ×2
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(i) ÅÜí 1 := Im(1) 2 := Im(2) êáé

 = 1×2

W : 1 ×2 −→ 1
(12)

£
cent.

2

ï öõóéêüò åðéìïñöéóìüò, íá áðïäåé·èåß üôé

1 ∼= (1) ∩ (2) v (1
(12)

£
cent.

2)

êáèþò êáé üôé¯̄̄̄
¯1 (12)£

cent.
2

¯̄̄̄
¯ = |1| |2 : 2| = |2| |1 : 1| 

(ii) Íá áðïäåé·èåß üôé

Z4
(h[2]4ih−I2i)

£
cent.

Q ∼= Z4
(h[2]4ih2i 0)

£
cent.

D4

üðïõ ([0]4) := I2 ([2]4) := −I2  0([0]4) := idE4   0([2]4) := 2

(iii) Íá áðïäåé·èåß üôé

D4

(h2ih−I2i)
£

cent.
Q À D4

(h2ih2i idh2i)
£

cent.
D4

üðïõ (idE4) := I2 (
2) := −I2

7-45. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé 12  åßíáé  ðåðåñáóìÝíåò ïìÜäåò ìå

ìêä(||  | |) = 1 ãéá ïéïõóäÞðïôå   ∈ {1  }  6=  íá áðïäåé·èåß üôé

ãéá êÜèå  vQ
=1 éó·ýåé

 =
Q

=1
pr( ∩ )

üðïõ pr :
Q

=1
 →  (êáé áíôéóôïß·ùò,  :  →

Q
=1

) ç -ïóôÞ öõóéêÞ

ðñïâïëÞ (êáé áíôéóôïß·ùò, ç -ïóôÞ öõóéêÞ åìöýôåõóç) êáé  := Im()

áð' üðïõ Ýðåôáé üôé

Subg(1)× Subg(2)× · · · × Subg() = Subg(1 ×2 × · · · ×)

7-46. Íá áðïäåé·èåß üôé ôá êÜôùèé óýíïëá

1 :=
©
 ∈ ZN¯̄  () ∈ Z ∀ ∈ N

ª
( ∈ N0 åîáñôþìåíïò áðü ôïí )

2 :=
©
 ∈ ZN¯̄  () ≡ ()(mod 2) ∀( ) ∈ N×Nª 

3 :=
©
 ∈ ZN¯̄∃ =  ∈ N :  () = () üôáí  ≡ (mod )

ª


åßíáé õðïïìÜäåò ôÞò Üðåéñçò ïìÜäáò ZN = {áðåéêïíßóåéò  : N −→ Z}
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7-47. Íá äïèåß ç áðüäåéîç ôÞò ðñïôÜóåùò 7.1.90.

7-48. Íá äïèåß ç áðüäåéîç ôÞò ðñïôÜóåùò 7.1.96.

7-49. ÅÜí ( ·) åßíáé ìéá ïìÜäá êáé   äýï ìç êåíÜ éóïðëçèÞ óýíïëá (ü·é êáô'

áíÜãêçí ðåðåðåñáóìÝíá), íá áðïäåé·èïýí ôá åîÞò:

(i)  ∼=   (Âë. åä. 7.1.94 (ii).) (ii) () ∼= ()

7-50. Íá áðïäåé·èåß üôé ãéá ôõ·ïýóá ïìÜäá ( ·) éó·ýïõí ôá áêüëïõèá125:

(i) ×(N0) ∼= (N0) (ii) (N0) ×(N0) ∼= (N0)

7-51. Íá äïèåß ðáñÜäåéãìá ìéáò Üðåéñçò ðåñéïäéêÞò ïìÜäáò, åíôüò ôÞò ïðïßáò ãéá

êÜèå  ∈ N õößóôáôáé óôïé·åßï ôÜîåùò 

7-52. ÕðïôéèåìÝíïõ üôé  åßíáé Ýíá ìç êåíü óýíïëï, ()∈  ()∈ ïéêïãÝíåéåò

ïìÜäùí ìå ôïõò äåßêôåò ôïõò åéëçììÝíïõò áðü ôï  êáé  :  −→  ïìï-

ìïñöéóìïß ãéá êÜèå  ∈  ïñßæïíôáé ïé áðåéêïíßóåéòQ
∈

 :
Q
∈

 −→
Q
∈

  = ()∈ 7−→ (
Q
∈

)()

êáé Q
∈

ðåñ. :
Q
∈

ðåñ. −→
Q
∈

ðåñ.  = ()∈ 7−→ (
Q
∈

ðåñ.)()

üðïõ (
Q
∈

)()() := () êáé (
Q
∈

ðåñ.)()() := () ∀ ∈  Íá áðï-

äåé·èïýí ôá åîÞò:

(i) Áìöüôåñåò ïé
Q
∈

 êáé
Q
∈

ðåñ. åßíáé ïìïìïñöéóìïß.

(ii) [Ç
Q
∈

 åßíáé ìïíïìïñöéóìüò]⇔ [ïé  åßíáé ìïíïìïñöéóìïß, ∀ ∈ ].

(iii) [Ç
Q
∈

 åßíáé åðéìïñöéóìüò]⇔ [ïé  åßíáé åðéìïñöéóìïß, ∀ ∈ ].

(iv) [Ïé  åßíáé ìïíïìïñöéóìïß, ∀ ∈ ]⇒ [ç
Q
∈

ðåñ. åßíáé ìïíïìïñöéóìüò].

(v) [Ïé  åßíáé åðéìïñöéóìïß, ∀ ∈ ]⇒ [ç
Q
∈

ðåñ. åßíáé åðéìïñöéóìüò].

7-53. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù ()∈ ôõ·ïýóá ïéêïãÝíåéá ïìÜäùí

ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï  Íá áðïäåé·èïýí ôá åîÞò:

(i) (
Q
∈

) =
Q
∈

() êáé (
Q
∈

ðåñ.) =
Q
∈

ðåñ.()

(ii) (
Q
∈

)
0 v Q

∈
0 êáé (

Q
∈

ðåñ.)
0 v Q

∈
ðåñ.0

(iii) ÅÜí ç  óôåñåßôáé óôñÝøåùò ãéá êÜèå äåßêôç  ∈  ôüôå áìöüôåñåò ïéQ
∈

 êáé
Q
∈

ðåñ. óôåñïýíôáé óôñÝøåùò.

125Ãéá ïéáäÞðïôå ðåðåñáóìÝíç ïìÜäá  éó·ýåé ðñïöáíþò  ×  ∼=  åÜí êáé ìüíïí åÜí ç  åßíáé ôåôñéììÝíç.
Åíôïýôïéò, õðÜñ·åé ðëçèþñá áðëþí ðáñáäåéãìÜôùí (üðùò áõôü ôïý (ii) ôÞò ðáñïýóáò áóêÞóåùò, üôáí ç åßíáé ìç

ôåôñéììÝíç) Üðåéñùí ïìÜäùí ãéá ôéò ïðïßåò åßíáé äõíáôüí íá õößóôáôáé éóïìïñöéóìüò × ∼= 
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(iv) ÅÜí ç åßíáé ðåñéïäéêÞ ãéá êÜèå  ∈  ôüôå êáé ç
Q
∈

ðåñ. åßíáé ðåñéï-

äéêÞ.

(v) ÅÜí  åßíáé Ýíáò ðñþôïò áñéèìüò êáé ç  ìéá -ïìÜäá ãéá êÜèå äåßêôç

 ∈  ôüôå êáé ç
Q
∈

ðåñ. åßíáé ìéá -ïìÜäá.

(vi) ÅÜí exp() =  ∈ N ãéá êÜèå äåßêôç  ∈  ôüôå exp(
Q
∈

ðåñ.) = 

7-54. ÅÜí  åßíáé äõï áâåëéáíÝò ïìÜäåò êáé ()∈  ()∈ äõï ïéêïãÝíåéåò

áâåëéáíþí ïìÜäùí (ìå  6= ∅ êáé  6= ∅), íá äåé·èåß üôé õößóôáíôáé éóïìïñ-

öéóìïß126

Hom(
Q
∈

ðåñ.) ∼=
Q
∈

Hom()

êáé

Hom(
Q
∈

) ∼=
Q
∈

Hom()

7-55. Ðïéåò åßíáé ïé ïìÜäåò áõôïìïñöéóìþí Aut(D1 × D2) (üðïõ 1 2 åßíáé

èåôéêïß áêÝñáéïé≥ 3) êáéAut(D1×S2) (üðïõ1 2 åßíáé èåôéêïß áêÝñáéïé

≥ 3 êáé 2 6= 6) êáé ðïéåò ïé ôÜîåéò áõôþí;
7-56. ¸óôù ( ·) ìéá êõêëéêÞ ïìÜäá ôÜîåùò || =  üðïõ  ∈ N êáé

ìêä() = 1 ÅÜí  åßíáé Ýíáò ãåííÞôïñÜò ôçò, íá äåé·èåß üôé áõôÞ ðá-

ñéóôÜôáé ùò  = hi ×åó. hi 
7-57. ¸óôù (+ ·) Ýíá óþìá êáé Ýóôù (Mat2×2( )+) ç ðñïóèåôéêÞ ïìÜäá ôùí

2× 2-ðéíÜêùí ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü ôï  Íá áðïäåé·èåß üôé

Mat2×2( ) =  ⊕åó.  üðïõ

 :=
n³

 

0 0

´¯̄̄
  ∈ 

o
êáé  :=

n³
0 0
 

´¯̄̄
  ∈ 

o


7-58. Ãéá ôéò õðïïìÜäåò := h3 6 10i êáé := h3 6 12i ôÞò ðïëëáðëáóéáóôéêÞò
ïìÜäáò (Qr{0} ·) íá äåé·èåß üôé

 = h3i ×åó. h6i ×åó. h10i êáé  6= h3i ×åó. h6i ×åó. h12i 

7-59. ¸óôù üôé ïé  åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò ( ·) ÅÜí õðïôåèåß üôé

 =  êáé üôé áìöüôåñåò ïé  åßíáé ïñèüèåôåò, íá áðïäåé·èåß üôé

 ∩ = ( ∩)×åó. ( ∩)
Åí óõíå·åßá, íá äåé·èåß ìÝóù êáôáëëÞëïõ ðáñáäåßãìáôïò üôé ôïýôï ìðïñåß

íá ìçí éó·ýåé óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ç ìßá åê ôùí õðïïìÜäùí

åßíáé ïñèüèåôç êáé ç Üëëç äåí åßíáé.

126Åéäéêþò, üôáí  =  = {1 2} Ý·ïõìå Hom(1 ×2) ∼= Hom(1)×Hom(2) êáé

Hom(1 ×2) ∼= Hom(1)× Hom(2)
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7-60. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù E  ÅÜí õðïôåèåß üôé ç åßíáé ðëÞñçò

ïìÜäá, íá áðïäåé·èåß üôé  = ×åó.C()

7-61. (i) ÅÜí ( ·) åßíáé ìéá ðëÞñçò ïìÜäá ìå ôçí ab ìç ôåôñéììÝíç, íá äåé·èåß

üôé ç äåí ìðïñåß íá åßíáé ç ìåôáèÝôñéá õðïïìÜäá ìéáò ïìÜäáò.

(ii) Íá äåé·èåß üôé ãéá ïéïíäÞðïôå  ∈ N ìå  ≥ 3 êáé  6= 6 ç óõììåôñéêÞ

ïìÜäáS äåí ìðïñåß íá åßíáé ç ìåôáèÝôñéá õðïïìÜäá ìéáò ïìÜäáò.

7-62. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí õðÜñ·ïõí  ∈ NSubg() ôÝôïéåò þóôå íá
éó·ýåé =  ×åó.  êáé åÜí  åßíáé ìéá ðëÞñùò áíáëëïßùôç õðïïìÜäá ôÞò

 íá áðïäåé·èïýí ôá áêüëïõèá:

(i)  = ( ∩)×åó. ( ∩)
(ii)  = ()×åó. ()

7-63. ¸íáò åíäïìïñöéóìüò  ìéáò ïìÜäáò ( ·) êáëåßôáé êåíôñéêüò åíäïìïñöé-
óìüò üôáí −1() ∈ () ∀ ∈  Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÊÜèå êåíôñéêüò åíäïìïñöéóìüò ìéáò ïìÜäáò åßíáé ïñèüèåôïò.

(ii) ÊÜèå åðéññéðôéêüò ïñèüèåôïò åíäïìïñöéóìüò ìéáò ïìÜäáò åßíáé êåíôñé-

êüò.

(iii) ÊÜèå åíäïìïñöéóìüò ìéáò áâåëéáíÞò ïìÜäáò åßíáé êåíôñéêüò.

(iv) ÅÜí õðïôåèåß üôé  åßíáé Ýíáò êåíôñéêüò åíäïìïñöéóìüò ìéáò ïìÜäáò

( ·) êáé  ∈ Aut() ôüôå ï åíäïìïñöéóìüò  ◦  ◦ −1 åßíáé êåíôñéêüò.
(v) ¸íáò áõôïìïñöéóìüò ìéáò ïìÜäáò åßíáé ïñèüèåôïò åÜí êáé ìüíïí åÜí åß-

íáé êåíôñéêüò.

7-64. Íá áðïäåé·èåß üôé ç (Q+) åßíáé áíáðïóõíèÝóéìç ïìÜäá.

7-65. Íá áðïäåé·èåß üôé ôüóïí ç (Üðåéñç, áâåëéáíÞ) -ó·åäüí êõêëéêÞ ïìÜäá

Z(∞) (üðïõ  ôõ·þí ðñþôïò áñéèìüò, âë. Üóêçóç 4-41) üóïí êáé ïé óõììå-
ôñéêÝò ïìÜäåòS  ≥ 2 åßíáé áíáðïóõíèÝóéìåò ïìÜäåò.

7-66. Ãéá ïìÜäåò  íá ·ñçóéìïðïéçèåß êáôáëëÞëùò ôï èåþñçìá 7.2.25

ôùí Krull, Remak êáé Schmidt, ïýôùò þóôå íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÅÜí ç ðëçñïß ôüóïí ôç Ó.Á.Á. üóïí êáé ôç Ó.Ê.Á. åðß ôïýNSubg()

êáé × ∼=  × ôüôå  ∼= 

(ii) ÅÜí  ∼=  ×  êáé  ∼=  ×  êáé åÜí ç  ðëçñïß ôüóïí ôç Ó.Á.Á.

üóïí êáé ôç Ó.Ê.Á. åðß ôïýNSubg() ôüôå127  ∼= 

127ÓçìåéùôÝïí üôé ï R. Hirshon áðÝäåéîå (óôï Üñèñï ôïõ õðü ôïí ôßôëï On cancellation in groups, The American

Mathematical Monthly 76 No. 9 (1969) 1037-1039) üôé ãéá ìéá ðåðåñáóìÝíç ïìÜäá êáé ôõ·ïýóåò ïìÜäåò

éó·ýåé ç óõíåðáãùãÞ:  ×  ∼=  ×  ⇒  ∼=  Áñãüôåñá ï ßäéïò åðåîÝôåéíå ôá áðïôåëÝóìáôÜ ôïõ åðß ôïý

ðñïâëÞìáôïò ôÞò áðáëïéöÞò óå åõèÝá ãéíüìåíá êáé ãéá Üëëåò (Üðåéñåò) ïìÜäåò (ãéá ôéò ïðïßåò äåí åßíáé äõíáôüí íá

·ñçóéìïðïéçèåß ôï èåþñçìá 7.2.25) óôá åîÞò Üñèñá:

• Cancellation of groups with maximal condition, Proceedings of the American Math. Society 24 (1970) 401-403

• Some new groups admitting essentially unique directly indecomposable decompositions, Mathematische Annalen 194
(1971) 123-125

• The cancellation of an infinite cyclic group in direct products, Archiv der Mathematik 26 (1975) 134-138
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7-67. ¸óôù  Ýíá ìç êåíü óýíïëï êáé Ýóôù ()∈ ìéá ïéêïãÝíåéá õðïïìÜäùí

ìéáò ïìÜäáò ( ·) ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï  ïýôùò þóôå íá

éó·ýåé  =
Q
∈

åó. ÅÜí  E  ãéá êÜðïéïí äåßêôç  ∈  íá áðïäåé·èåß

üôé  E 

7-68. ÕðïôéèåìÝíïõ üôé ìéá ìç ôåôñéììÝíç ïìÜäá ( ·) åßíáé ôÝôïéá, þóôå íá éó·ýåé

() = {} êáé  = 1 ×åó. · · · ×åó.  ( ∈ N  ≥ 2), üðïõ êáèåìéÜ åî

áõôþí ôùí ïñèüèåôùí õðïïìÜäùí ôçò åßíáé áðëÞ, íá áðïäåé·èïýí ôá åîÞò:

(i)Min-NSubg() = {1 }
(ii) Ãéá êÜèå {} 6=  E  õðÜñ·åé Ýíá õðïóýíïëï {1  } j {1  }
(ìå 1 ≤  ≤ ), ïýôùò þóôå íá éó·ýåé = 1 ×åó. · · · ×åó.  

7-69. ÅÜí  åßíáé Ýíáò ðñþôïò áñéèìüò êáé  ∈ N íá äåé·èåß üôé ç áâåëéáíÞ -

ïìÜäá Z ⊕ Z ⊕ · · ·⊕ Z ⊕ Z| {z }
 öïñÝò

åßíáé ·áñáêôçñéóôéêþò áðëÞ.

7-70. Íá áðïäåé·èåß üôé ãéá ìéá ìç ôåôñéììÝíç ðåðåñáóìÝíç ïìÜäá ( ·) ïé áêü-
ëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò:

(i) H  åßíáé ·áñáêôçñéóôéêþò áðëÞ.

(ii) H  åßíáé åßôå áö' åáõôÞò áðëÞ åßôå ôï åóùôåñéêü åõèý ãéíüìåíï  ïñèü-

èåôùí õðïïìÜäùí ôçò ( ∈ N  ≥ 2), üðïõ êáèåìéÜ åî áõôþí åßíáé áðëÞ êáé

éóüìïñöç ìå ïéáäÞðïôå åê ôùí õðïëïßðùí. [Õðüäåéîç : Íá ·ñçóéìïðïéçèïýí

êáôáëëÞëùò ïé áóêÞóåéò 7-67, 7-68 êáé 7-69]

7-71. ¸óôù (+ ·) Ýíá óþìá. ÈÝôïíôáò

 :=
n³

 

0 

´¯̄̄
  ∈ r{0 }  ∈ 

o
@ GL2( )

íá áðïäåé·èåß üôé ôá

 :=
n³

1 

0 1

´¯̄̄
 ∈ 

o
êáé  :=

n³
 0
0 

´¯̄̄
  ∈ r{0 }

o
áðïôåëïýí õðïïìÜäåò ôÞò  üôé C   5  êáé üôé  =  o

7-72. ¸óôù (+ ·) Ýíá óþìá êáé Ýóôù AGL( ) ç óõó·åôéêÞ (ãåíéêÞ ãñáììéêÞ)

ïìÜäá âáèìïý  õðåñÜíù áõôïý. (Âë. Üóêçóç 4-53) Íá áðïäåé·èåß üôé

AGL( ) = Trans()oGL( )

7-73. ÅÜí12 åßíáé äõï (ðïëëáðëáóéáóôéêÝò) áâåëéáíÝò ïìÜäåò ìå åêèÝôåò 6= 2
êáé  : 1 −→ 2 Ýíáò ïìïìïñöéóìüò, ôüôå ïñßæåôáé ìéá áðåéêüíéóç

∗ : Dih(1) −→ Dih(2) ( ) 7−→ ∗( ) := (() )

(üðïõ  ∈   ∈ {±1}) áðü ôç äéåäñéêïðïßçóç ôÞò ðñþôçò óôç äéåäñéêï-

ðïßçóç ôÞò äåýôåñçò. (Âë. åä. 7.6.18.) Íá áðïäåé·èïýí ôá áêüëïõèá:
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(i) H ∗ åßíáé ïìïìïñöéóìüò.

(ii) ÅÜí ï  åßíáé ìïíïìïñöéóìüò, ôüôå êáé ï ∗åßíáé ìïíïìïñöéóìüò.

(iii) ÅÜí ï  åßíáé åðéìïñöéóìüò, ôüôå êáé ï ∗åßíáé åðéìïñöéóìüò.

7-74. ÅÜí ( ·) åßíáé ìéá áâåëéáíÞ ïìÜäá ìå exp() 6= 2 íá áðïäåé·èïýí ôá åîÞò:

(i) (Dih()) =
©
( 1)|  ∈  êáé 2 = 

ª


(ii) ÅÜí v  ìå exp() 6= 2 ôüôå

Dih() { ( 1)| ∈ } ∼= Dih()

(iii) Subg({ ( 1)|  ∈ }) ⊆NSubg(Dih())
(iv) ÅÜí õðïôåèåß üôé ãéá êÜèå  ∈  õðÜñ·åé êÜðïéï  ∈  ìå  = 2 ôüôå

Dih()0 =
©
(2 1)

¯̄
 ∈ 

ª
êáé êÜèå ãíÞóéá ïñèüèåôç õðïïìÜäá ôÞò Dih() áðïôåëåß õðïïìÜäá ôÞò

{ ( 1)|  ∈ } 
7-75. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) (Dih(Z(2∞))) ∼= Z2 êáéDih(Z(2∞))/(Dih(Z(2∞))) ∼= Dih(Z(2∞))
(ii) ÇD∞ åßíáé åìöõôåýóéìç åíôüò ôÞòDih(Q)

7-76. Íá áðïäåé·èåß üôé Aut(D∞) ∼= D∞
7-77. Íá äïèåß äéåîïäéêÞ áðüäåéîç ôïý èåùñÞìáôïò 7.6.39.

7-78. Íá áðïäåé·èåß üôé Aut(Q) ∼= S4
7-79. ¸óôù  ∈ N  ≥ 2 êáé Ýóôù  ∈ N  ≥ 4 Íá ðñïóäéïñéóèåß ç ôÜîç ôÞò

ïìÜäáò áõôïìïñöéóìþí

Aut(A × A × · · · ×A × A| {z }
 öïñÝò

)

êáé íá ðáñáôåèåß ï êáôÜëïãïò ôùí óõãêåêñéìÝíùí ôéìþí ðïõ ëáìâÜíåé áõôÞ

üôáí ( ) ∈ {2  8} × {4  10} [Õðüäåéîç : Âë. åä. 7.6.55.]
7-80. Íá äåé·èåß üôé ôï êáíïíéêü óôåöáíéáßï ãéíüìåíï ðåðåñáóìÝíùí ïìÜäùí äåí

åßíáé (åí ãÝíåé) «ðñïóåôáéñéóôéêü» õðü ôçí åîÞò Ýííïéá: ÅÜí  åßíáé

ôñåéò ðåðåñáóìÝíåò ïìÜäåò, ôüôå ôï  o ( o) äåí éóïýôáé êáô' áíÜãêçí ìå

ôï ( o) o


