
ÐáñÜñôçìá D

Ðßíáêåò

Ëßáí ·ñÞóéìåò (ðïëëáðëáóéáóôéêÝò) ïìÜäåò ðéíÜêùí ðñïêýðôïõí ùò (åéäéêÞò

öýóåùò) õðïïìÜäåò ôÞò ïìÜäáò ôùí áíôéóôñåøßìùí óôïé·åßùí ôïý äáêôõëßïõ

Mat× () ôùí ôåôñáãùíéêþí ðéíÜêùí ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü Ýíáí

ìç ôåôñéììÝíï äáêôýëéï  ìå ìïíáäéáßï óôïé·åßï.

D.1 ÈÅÌÅËÉÙÄÅÉÓ ÏÑÉÓÌÏÉ ÊÁÉ ÉÄÉÏÔÇÔÅÓ

¸óôù (+ ·) ôõ·þí äáêôýëéïò. Ãéá ïéïäÞðïôå æåýãïò () ∈ N× N èåùñïýìå

ôï óýíïëï Mat×() ôùí (× )-ðéíÜêùí ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü

ôïí  (âë. 1.3.6). ÊÜèå ðßíáêáò

A = () 1≤≤
1≤≤

∈Mat×() (D.1)

äéáèÝôåé ãñáììÝò1

Ãñ(A) := (1 2 · · ·  −1  ) ∈Mat1×()  ∈ {1}
êáé  óôÞëåò

Óô(A) :=

⎛⎝ 1
.
.
.



⎞⎠ ∈Mat×1()  ∈ {1 }

(H Ãñ(A) êáëåßôáé -ïóôÞ ãñáììÞ êáé ç Óô(A) -ïóôÞ óôÞëç ôïýA) Ðñïöáíþò,

A = (Óô1(A) · · · Óô(A)) =
⎛⎝ Ãñ1(A)

.

.

.

Ãñ(A)

⎞⎠ (D.2)

1Óõ·íÜ ·ñçóéìïðïéåßôáé ç ôáýôéóç ôïý Mat1×() ìå ôï  (ïðüôå ïé ãñáììÝò áðïôåëïýíôáé áðü äéáôåôáãìÝíåò

-Üäåò óôïé·åßùí ôïý).
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• Ãéá ïéïõóäÞðïôå ðßíáêåò

A = () 1≤≤
1≤≤

∈Mat×() B = () 1≤≤
1≤≤

∈Mat×() (D.3)

éó·ýåé (ðñïöáíþò) ç áìößðëåõñç óõíåðáãùãÞ

A = B⇐⇒  =   ∀ ( ) ∈ {1} × {1 }
• ÅÜí  ∈  ôüôå ãéá ïéïíäÞðïôå ðßíáêá (D.1) èÝôïõìå

A : = () 1≤≤
1≤≤



• Ôï Mat×() êáèßóôáôáé áâåëéáíÞ ïìÜäá ìå ìÝóù ôÞò ðñïóèåôéêÞò ðñÜîåùò2

A+B : = ( + ) 1≤≤
1≤≤ (D.4)

ãéá ïéoõóäÞðïôå ðßíáêåò (D.3) (Ðñâë. 1.3.6).

• ÊÜèå ðßíáêáò (D.1) Ý·ùí ôï ßäéï ðëÞèïò ãñáììþí êáé óôçëþí (Þôïé  = )

êáëåßôáé ôåôñáãùíéêüò ðßíáêáò. To õðïóýíïëï åããñáöþí {|  ∈ {1 }}
åíüò ðßíáêá A = ()1≤≤ ∈ Mat×() êáëåßôáé êõñßá äéáãþíéïò êáé ôï

{+1−|  ∈ {1 }} äåõôåñåýïõóá äéáãþíéïò ôïýA

D.1.1 Ïñéóìüò. (ÁíÜóôñïöïò ðßíáêá) Ï áíÜóôñïöïò åíüò ( × )-ðßíáêá (D.1)

åßíáé ï (×)-ðßíáêáò

A| = (0) 1≤≤
1≤≤

∈Mat×()

üðïõ 0 :=  ãéá êÜèå æåýãïò ( ) ∈ {1 } × {1} ÓçìåéùôÝïí üôé3

Ãñ(A
|) = Óô(A)

| Óô(A
|) = Ãñ(A)

| ∀ ( ) ∈ {1  } × {1 } (D.5)

D.1.2 Ðñüôáóç. ÅÜíAB ∈Mat×() êáé  ∈  ôüôå éó·ýïõí ôá åîÞò :

(i) (A|)| = A

(ii) (A)| =  (A|) 

(iii) (A+B)
|
= A| +B| 

Áðïäåéîç. (i) Ôïýôï Ýðåôáé Üìåóá áðü ôéò éóüôçôåò (D.5).

(ii)-(iii) ÅÜíA = () 1≤≤
1≤≤

 B = () 1≤≤
1≤≤

êáé

 :=    :=  +   ∀ ( ) ∈ {1} × {1 }
ôüôå (A)| = (0) 1≤≤

1≤≤
 (A+B)| = (0) 1≤≤

1≤≤
 ìå

0 =  =  
0
 =  =  +  ∀ ( ) ∈ {1 } × {1}

ÅðïìÝíùò, (A)| =  (A|) êáé (A+B)| = A| +B|  ¤
2Ôï ïõäÝôåñï óôïé·åßï 0Mat×() áõôÞò ôÞò ïìÜäáò åßíáé ï (× )-ðßíáêáò, üëåò ïé åããñáöÝò ôïý ïðïßïõ åßíáé

ßóåò ìå ôï 0 (êáé åßèéóôáé íá óçìåéþíåôáé åí óõíôïìßá ùò 0×).
3Óôçí åéäéêÞ ðåñßðôùóç üðïõ  =  ïé åããñáöÝò ôïýA| áðïêôþíôáé ýóôåñá áðü êáôïðôñéóìü ôùí åããñáöþí

ôïýA ùò ðñïò ôçí êõñßá äéáãþíéü ôïõ.
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D.1.3 Ïñéóìüò. Óôçí åéäéêÞ ðåñßðôùóç üðïõ =  ôï óýíïëï Mat× () (Þôïé
ôï óýíïëï ôùí ôåôñáãùíéêþí ðéíÜêùí ) êáèßóôáôáé äáêôýëéïò ìÝóù ôÞò ðñïóèåôé-

êÞò ðñÜîåùò (D.4) êáé ôÞò ðïëëáðëáóéáóôéêÞò ðñÜîåùò

AB :=

µ
P

=1

  

¶
1≤≤



ãéá ïéïõóäÞðïôå A = ()1≤≤ êáé B = ()1≤≤ ∈ Mat× ()  ÅÜí ï

 Ý·åé ìïíáäéáßï óôïé·åßï, ôüôå êáé ï Mat× () Ý·åé ìïíáäéáßï óôïé·åßï. Áõôü

åßíáé ï ëåãüìåíïò ìïíáäéáßïò ðßíáêáò

I :=

⎛⎜⎜⎝
1 0 · · · 0 0
0 1 · · · 0 0
.
.
.

.

.

.
. . .

.

.

.
.
.
.

0 0 · · · 1 0
0 0 · · · 0 1

⎞⎟⎟⎠
ìå üëåò ôéò åããñáöÝò ôéò áíÞêïõóåò óôçí êõñßá äéáãþíéü ôïõ ßóåò ìå ôï 1 êáé ìå

ôéò ëïéðÝò åããñáöÝò ôïõ ßóåò ìå ôï 0 Ðñïöáíþò,

I = ()1≤≤ üðïõ  :=
½
1 üôáí  = 

0 üôáí  6= 

åßíáé ôï ëåãüìåíï óýìâïëï ôïý Kronecker.

D.1.4 Óçìåßùóç. (i) ÅÜí õðïèÝóïõìå üôé ï  Ý·åé ìïíáäéáßï óôïé·åßï êáé åÜí ãéá

êÜèå æåýãïò ( ) ∈ {1 } × {1 } ïñßóïõìå ôïí ðßíáêá

E := ()1≤≤ ∈Mat×()

Þôïé ôïí ðßíáêá ôïí Ý·ïíôá ùò åããñáöÞ ôïõ óôçí -ïóôÞ ãñáììÞ êáé óôçí -ïóôÞ

óôÞëç ôï 1 êáé ùò ëïéðÝò åããñáöÝò ôïõ ôï 0 ôüôå ðáñáôçñïýìå üôé êÜèå ôåôñá-
ãùíéêüò ðßíáêáòA = ()1≤≤ ∈Mat×() ãñÜöåôáé ùò åîÞò:

A =
X
=1

X
=1

E 

(ii) ÅÜí ï  åßíáé ìç ôåôñéììÝíïò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï, ôüôå ãéá êÜèå
  1 ï äáêôýëéïò Mat× () äåí åßíáé ìåôáèåôéêüò, áêüìç êáé üôáí ï ßäéïò ï 

åßíáé. (Âë. D.2.19.)

D.1.5 Ðñüôáóç. Ãéá ïéïõóäÞðïôå ðßíáêåòAB ∈Mat×() éó·ýåé ç éóüôçôá

(AB)| = B|A| 

Áðïäåéîç. ÁöÞíåôáé ùò Üóêçóç. ¤
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D.1.6 Ðáñáäåßãìáôá. (Åéäéêïß ôåôñáãùíéêïß ðßíáêåò) ¸óôù Ýíáò ìç ôåôñéììÝ-

íïò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï.

(i) ¸íáò ðßíáêáò

A = ()1≤≤ ∈Mat× () (D.6)

êáëåßôáé äéáãþíéïò ðßíáêáò üôáí õðÜñ·åé êÜðïéá -Üäá (1 ) ∈  ôÝôïéá

þóôå íá éó·ýåé

 =  =

½
 üôáí  = 

0 üôáí  6= 

(Åí ôïéáýôç ðåñéðôþóåé, óçìåéþíïõìå ôïíA åí óõíôïìßá ùò diag(1 )) Ðñï-

öáíþò, I = diag(1 1 1 1) Tï óýíïëï ôùí äéáãùíßùí ðéíÜêùí ôï óõìâï-

ëßæïõìå ùò

Diag() := {diag(1 ) | (1 ) ∈ } 

(ii) ¸íáò ðßíáêáò (D.6) êáëåßôáé Üíù ôñéãùíéêüò (êáé áíôéóôïß·ùò, êÜôù ôñéãù-
íéêüò) üôáí éó·ýåé  = 0 ãéá    (êáé áíôéóôïß·ùò, ãéá   ), Þôïé üôáí åßíáé
ôÞò ìïñöÞò

A =

⎛⎜⎜⎜⎜⎜⎜⎝

11 12 13 · · · 1

0 22 23
. . .

.

.

.

.

.

.
. . .

. . .
. . . −2

.

.

.
. . .

. . . −1
0 · · · · · · 0 

⎞⎟⎟⎟⎟⎟⎟⎠ êáéA =

⎛⎜⎜⎜⎜⎜⎜⎝

11 0 · · · · · · 0

21 22 0

.

.

.

31 32
. . .

. . .
.
.
.

.

.

.
. . .

. . .
. . . 0

1 · · · −2 −1 

⎞⎟⎟⎟⎟⎟⎟⎠

áíôéóôïß·ùò, êáé áõóôçñþò Üíù ôñéãùíéêüò (êáé áíôéóôïß·ùò, áõóôçñþò êÜôù ôñé-
ãùíéêüò) üôáí  = 0 ãéá  ≥  (êáé áíôéóôïß·ùò, ãéá  ≤ ), Þôïé üôáí åßíáé ôÞò
ìïñöÞò

A =

⎛⎜⎜⎜⎜⎜⎜⎝

0 12 13 · · · 1

0 0 23
. . .

.

.

.

.

.

.
. . .

. . .
. . . −2

.

.

.
. . .

. . . −1
0 · · · · · · 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ êáéA =

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 · · · · · · 0

21 0 0

.

.

.

31 32
. . .

. . .
.
.
.

.

.

.
. . .

. . .
. . . 0

1 · · · −2 −1 0

⎞⎟⎟⎟⎟⎟⎟⎠

áíôéóôïß·ùò. Ôá óýíïëá ôùí Üíù, êÜôù, áõóôçñþò Üíù êáé áõóôçñþò êÜôù ðéíÜ-

êùí ôá óõìâïëßæïõìå ùò

UT ()  LT ()  SUT () êáé SLT () 

áíôéóôïß·ùò4.

4Ïé âñá·õãñáößåò Diag, UT, LT, SUT êáé SLT åðåëÝãçóáí êáôÜ ôÝôïéïí ôñüðï, þóôå íá èõìßæïõí ôá áñ·éêÜ ôùí

üñùí diagonal, upper triangular, lower triangular, strictly upper triangular, strictly lower triangular.
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(iii) ¸íáò ðßíáêáò (D.6) êáëåßôáé ìïíáäéáßùò Üíù ôñéãùíéêüò (êáé áíôéóôïß·ùò,
ìïíáäéáßùò êÜôù ôñéãùíéêüò) üôáí åßíáé ôÞò ìïñöÞò

A =

⎛⎜⎜⎜⎜⎜⎜⎝

1 12 13 · · · 1

0 1 23
. . .

.

.

.

.

.

.
. . .

. . .
. . . −2

.

.

.
. . .

. . . −1
0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎠ êáéA =

⎛⎜⎜⎜⎜⎜⎜⎝

1 0 · · · · · · 0

21 1 0

.

.

.

31 32
. . .

. . .
.
.
.

.

.

.
. . .

. . .
. . . 0

1 · · · −2 −1 1

⎞⎟⎟⎟⎟⎟⎟⎠

áíôéóôïß·ùò. Ôá óýíïëá áõôþí ôùí ðéíÜêùí ôá óõìâïëßæïõìå ùò UT
[1]
 () êáé

LT
[1]
 ()  áíôéóôïß·ùò.

D.1.7 Óçìåßùóç. (i) Ôá () UT ()  LT ()  SUT () êáé SLT ()

áðïôåëïýí õðïäáêôõëßïõò ôïý äáêôõëßïõ Mat× () Ïé Diag()UT () êáé

LT () Ý·ïõí ôïí I ùò ìïíáäéáßï ôïõò óôïé·åßï. (ÁíôéèÝôùò, ïé SUT () êáé

SLT () åßíáé äáêôýëéïé ·ùñßò ìïíáäéáßï óôïé·åßï.)

(ii) Ôï SUT () åßíáé Ýíáò õðïäáêôýëéïò ôïý äáêôõëßïõ UT () 

(iii) Ôï SLT () åßíáé Ýíáò õðïäáêôýëéïò ôïý äáêôõëßïõ LT () 

(iv) Ôï Diag() åßíáé Ýíáò õðïäáêôýëéïò ôïý äáêôõëßïõ UT ()∩ LT () 

(v) Ïé êÜôùèé áìößðëåõñåò óõíåðáãùãÝò åßíáé ðñïöáíåßò:⎧⎪⎪⎨⎪⎪⎩
A ∈ UT ()⇔ A| ∈ LT () 

A ∈ SUT ()⇔ A| ∈ SLT () 

A ∈ UT
[1]
 ()⇔ A| ∈ LT

[1]
 () 

⎫⎪⎪⎬⎪⎪⎭
D.2 ÏÑÉÆÏÕÓÅÓ

ÊÁÉ ÓÇÌÁÍÔÉÊÅÓ ÏÌÁÄÅÓ ÐÉÍÁÊÙÍ

¸óôù  Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï êáé

Ýóôù  ∈ NÇ ïìÜäá ôùí áíôéóôñåøßìùí óôïé·åßùí (áíôéóôñåøßìùí ðéíÜêùí ) ôïý
äáêôõëßïõ Mat× () (ðïõ êáëåßôáé, éäéáéôÝñùò, ãåíéêÞ ãñáììéêÞ ïìÜäá âáèìïý

 õðåñÜíù ôïý  êáé óõìâïëßæåôáé ùò GL()) ìðïñåß íá ðåñéãñáöåß (ìÝóù ôïý

èåùñÞìáôïò D.2.18) ìå ôç âïÞèåéá ôùí ïñéæïõóþí ôùí ðéíÜêùí ôùí áíçêüíôùí óå
áõôüí. Ãé' áõôüí ôïí ëüãï åßíáé áðáñáßôçôç çðáñÜèåóç ôùíêýñéùí éäéïôÞôùí ôùí
ïñéæïõóþí. Åðéðñüóèåôåò óçìáíôéêÝò ïìÜäåò ðéíÜêùí ðñïêýðôïõíùò õðïïìÜäåò
ôÞò ðñïáíáöåñèåßóáò ïìÜäáò.

D.2.1 Ïñéóìüò. ¸óôù ôõ·þí ðßíáêáò A = ()1≤≤ ∈ Mat× ()  Ôï óôïé-

·åßï

det(A) :=

¯̄̄̄
¯̄̄ 11 · · · 1

...
. . .

...

1 · · · 

¯̄̄̄
¯̄̄ := P

∈S

sgn()

µ
Q
=1

 ()

¶
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ôïý êáëåßôáé ïñßæïõóá ôïýA (üðïõS ç óõììåôñéêÞ ïìÜäá êáé sgn() ç åéêüíá

ïéáóäÞðïôå  ∈ S ìÝóù ôÞò áðåéêoíßóåùò ðñïóçìÜíóåùò sgn: S −→ {±1} âë.
3.1.1 êáé 3.3.1).

D.2.2 Ðáñáäåßãìáôá. Ãéá  = 2 ëáìâÜíïõìå

¯̄̄̄
11 12
21 22

¯̄̄̄
= 1122 − 1221 êáé

ãéá  = 3¯̄̄̄
¯ 11 12 13
21 22 23
31 31 33

¯̄̄̄
¯ = 112233+122331+132132−132231−112332−122133

D.2.3 Ðñüôáóç. Ãéá êÜèåA ∈Mat×() éó·ýåé ç éóüôçôá

det(A|) = det(A) (D.7)

äçëáäÞ ç ïñßæïõóá ïéïõäÞðïôå ôåôñáãùíéêïý ðßíáêá éóïýôáé ìå ôçí ïñßæïõóá ôïý
áíáóôñüöïõ ôïõ.

Áðïäåéîç. ÅÜíA = ()1≤≤ ôüôåA| = (0)1≤≤ üðïõ

0 :=  ∀( ) ∈ {1 } × {1 }

Ðáñáôçñïýìå üôé

det(A|) =
P

∈S

sgn()

µ
Q
=1

0 ()

¶
=

P
∈S

sgn()

µ
Q
=1

() 

¶

=
P

∈S

sgn()

Ã
Q
=1

 −1()

!
=

P
∈S

sgn(−1)

Ã
Q
=1

 −1()

!

=
P

∈S

sgn()

Ã
Q
=1

 ()

!
= det(A)

üðïõ ç ôÝôáñôç éóüôçôá Ýðåôáé áðü ôï üôé sign() = sign(−1) ãéá êÜèå  ∈ S

(âë. 3.3.5 (ii)) êáé ç ðÝìðôç áðü ôï üôé ç áðåéêüíéóç S 3  7−→ −1 ∈ S åßíáé

áìöéññéðôéêÞ. ¤

D.2.4 Óçìåßùóç. Ëüãù ôÞò (D.7) ç ïñßæïõóá ôïýA ìðïñåß íá ãñáöåß êáé õðü ôç

ìïñöÞ

det(A) =
P

∈S

sgn()

µ
Q
=1

() 

¶
 (D.8)

D.2.5 Ðñüôáóç. ÅÜí üëåò ïé åããñáöÝò êÜðïéáò ãñáììÞò (êáé áíôéóôïß·ùò, êÜ-
ðïéáò óôÞëçò ) åíüò ðßíáêá A = ()1≤≤ ∈ Mat× () åßíáé ßóåò ìå 0 ôüôå
det (A) = 0
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Áðïäåéîç. ÅÜí ∃ ∈ {1 }: Ãñ (A) = 01× (:= 0Mat1×()) ôüôå

det(A) =
X
∈S

sgn()

⎛⎜⎝
⎛⎝ Y
∈{1}r{}

 ()

⎞⎠  ()| {z }
=0

⎞⎟⎠ = 0

ÅÜí ∃ ∈ {1 }: Óô (A) = 0×1 ôüôå det(A) = det(A|) = 0 ëüãù ôÞò

ðñïôÜóåùò D.2.3, ôÞò éóüôçôáò Óô (A) = Ãñ (A
|) êáé ôÞò ðñïçãçèåßóáò åðé·åé-

ñçìáôïëïãßáò. ¤

D.2.6 Ðüñéóìá. det(0×) = 0 ∀ ∈ N
Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç D.2.5. ¤

D.2.7 Ðñüôáóç. ÅÜíA = ()1≤≤ ∈Mat× () ( ≥ 2) ìå Óô(A) = Óô(A)

(êáé áíôéóôïß·ùò, ìå Ãñ(A) = Ãñ(A)) ãéá êÜðïéïõò   ∈ {1 }    ôüôå
det (A) = 0

Áðïäåéîç. ÅÜí Óô(A) = Óô(A) ãéá êÜðïéïõò   ∈ {1 }    ôüôå èÝôï-

íôáò  := [ ] êáé ëáìâÜíïíôáò õð' üøéí üôé

S = A
`
(A ◦ )

(âë. áðüäåéîç ôÞò ðñïôÜóåùò 3.3.9), óõìðåñáßíïõìå üôé

det(A) =
P

∈S

sgn()

µ
Q
=1

 ()

¶
=

P
∈A

µ
Q
=1

 ()

¶
− P

∈A◦

µ
Q
=1

 ()

¶
=

P
∈A

µ
Q
=1

 ()

¶
− P

∈A

µ
Q
=1

 (())

¶


ÅðåéäÞ  () =   () =  êáé  () =  ∀ ∈ {1  }r{ } Ý·ïõìå ãéá êÜèå

ìåôÜôáîç  ∈ A
Q
=1

 (()) =  (()) (())
Q

∈{1}r{}
 (())

=  () ()
Q

∈{1}r{}
 ()

=  () ()
Q

∈{1}r{}
 () =

Q
=1

 ()

(ìå ôçí ðñïôåëåõôáßá éóüôçôá ïöåéëüìåíç óôï üôé Óô(A) = Óô(A)), ïðüôå

det(A) = 0 ÅÜí Ãñ(A) = Ãñ(A) ãéá êÜðïéïõò   ∈ {1 }    ôüôå

Óô(A
|) = Óô(A

|) ïðüôå âÜóåé ôÞò ðñïçãçèåßóáò åðé·åéñçìáôïëïãßáò (áëëÜ

ìå ôïí A| óôç èÝóç ôïý A) ëáìâÜíïõìå det (A|) = 0 êáé, êáô' åðÝêôáóç,

det (A) = 0 (ìÝóù ôÞò (D.7)). ¤



776 ðéíáêåò

D.2.8 ËÞììá. ÅÜíA = ()1≤≤ ∈Mat× ()  b = (1 ) ∈Mat1× () 
êáé  0 ∈  ôüôå

det

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)

...
Ãñ−1(A)

Ãñ(A) + 0b
Ãñ+1(A)

...
Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=  det(A) + 0 det

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)

...
Ãñ−1(A)

b
Ãñ+1(A)

...
Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
êáé

det (Óô1(A) · · · Óô−1(A) (Óô(A) + 0b|)Óô+1(A) · · · Óô(A))
=  det(A) + 0 det (Óô1(A) · · · Óô−1(A)b| Óô+1(A) · · · Óô(A))

ãéá êÜèå 5  ∈ {1  }

Áðïäåéîç. Ãéá ïéïíäÞðïôå  ∈ {1  } ç ïñßæïõóá ôïý ðßíáêá

()1≤≤ = C :=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)

.

.

.

Ãñ−1(A)

Ãñ(A) + 0b
Ãñ+1(A)

.

.

.

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈Mat× ()

ãñÜöåôáé ùò áêïëïýèùò:

det(C) =
P

∈S

sgn()

µ
Q
=1

 ()

¶

=
P

∈S

sgn()

Ã Q
∈{1}r{}

 ()

!
( () + 0())

= 

Ã P
∈S

sgn()

µ
Q
=1

 ()

¶!
+ 0

Ã P
∈S

sgn()

Ã Q
∈{1}r{}

 ()

!
()

!


ïðüôå ç ðñþôç éóüôçôá åßíáé áëçèÞò. Ç äåýôåñç éóüôçôá áðïäåéêíýåôáé ðáñï-

ìïßùò. ¤

D.2.9 Ðñüôáóç. Ãéá êÜèåA ∈Mat× () éó·ýïõí ôá åîÞò :

5¼ôáí  = 1(êáé áíôéóôïß·ùò, üôáí  = ) ç åéäéêÞò öýóåùò ãñáììÞ (óôÞëç) ôïðïèåôåßôáé óôçí ðñþôç (êáé
áíôéóôïß·ùò, óôçí -ïóôÞ) èÝóç êáé ïé ãñáììÝò (óôÞëåò) ìå äåßêôåò 1 Ýùò −1 (êáé áíôéóôïß·ùò, ìå äåßêôåò +1Ýùò
) ðáñáëåßðïíôáé.
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(i) (a) ÅÜí  ≥ 2 êáé   ∈ {1  } ìå  6=  ôüôå ãéá êÜèå  ∈  Ý·ïõìå

det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)

...
Ãñ−1(A)

Ãñ(A) + Ãñ(A)

Ãñ+1(A)

...
Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= det(A)

(b) ÅÜí  ∈ {1  } êáé  ∈  ôüôå

det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)

...
Ãñ−1(A)

Ãñ(A)

Ãñ+1(A)

...
Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=  det(A)

(ii) (a) ÅÜí  ≥ 2 êáé   ∈ {1  } ìå  6=  ôüôå ãéá êÜèå  ∈  Ý·ïõìå

det (Óô1(A) · · · Óô−1(A) (Óô(A) + Óô(A))Óô+1(A) · · · Óô(A)) = det(A)
(b) ÅÜí  ∈ {1  } êáé  ∈  ôüôå

det (Óô1(A) · · · Óô−1(A) (Óô(A))Óô+1(A) · · · Óô(A)) =  det(A)

(iii) Ãéá êÜèå  ∈  éó·ýåé ç éóüôçôá

det(A) =  det(A)

(iv) Ãéá êÜèå  ∈ S éó·ýïõí ïé éóüôçôåò

det

⎛⎜⎜⎝
Ãñ(1)(A)

...

...
Ãñ()(A)

⎞⎟⎟⎠ = det
¡
Óô(1)(A) · · · Óô()(A)

¢
= sgn() det(A)

Áðïäåéîç. (i) (a) Ðñïöáíþò,

det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)

.

.

.
Ãñ−1(A)

Ãñ(A) + Ãñ(A)

Ãñ+1(A)

.

.

.

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= det(A) +  det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ãñ1(A)

.

.

.
Ãñ−1(A)

Ãñ(A)

Ãñ+1(A)

.

.

.

Ãñ(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= det(A)

ìå ôçí ðñþôç éóüôçôá óõíáãüìåíç áðü ôï ëÞììá D.2.8 êáé ôç äåýôåñç áðü ôï üôé

ç Ãñ(A) åìöáíßæåôáé (óôïí äåýôåñï ðñïóèåôÝï) ôüóïí óôç èÝóç  üóïí êáé óôç

èÝóç  (âë. ðñüôáóç D.2.7).
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(b) ¸ðåôáé êáôüðéí åöáñìïãÞò ôïý ëÞììáôïò D.2.8 (ãéá 0 = 0).

(ii) Ôá (a) êáé (b) ðñïêýðôïõí Üìåóá áðü ôá (a) êáé (b) ôïý (i) (ëáìâÜíïíôáò õð'

üøéí ôçí ðñüôáóç D.2.3).

(iii) Áñêåß íá åöáñìïóèåß  öïñÝò ôï (i) (b) (ãéá ôéò  ãñáììÝò ôïý A).

(iv) ¸óôù ôõ·ïýóá ìåôÜôáîç  ∈ S Ç áðåéêüíéóç S 3  7−→  ◦  ∈ S åßíáé

áìöéññéðôéêÞ (Ý·ïõóá ôçíS 3  7−→ −1 ◦ ∈ S ùò áíôßóôñïöü ôçò). Åðßóçò,

ãéá êÜèå  ∈ S Ý·ïõìå

sgn() = sgn()2sgn() = sgn(2 ◦ ) = sgn()sgn( ◦ ) (D.9)

(Âë. 3.3.5 (i).) H ïñßæïõóá ôïý ðßíáêá

()1≤≤ = B :=

⎛⎜⎜⎝
Ãñ(1)(A)

.

.

.

.

.

.

Ãñ()(A)

⎞⎟⎟⎠ ∈Mat× ()

(ìå  = ()  ∀ ( ) ∈ {1 } × {1 }) ãñÜöåôáé ùò áêïëïýèùò:

det(B) =
(D.8)

P
∈S

sgn()

µ
Q
=1

() 

¶
=

P
∈S

sgn()

µ
Q
=1

(()) 

¶
=

(D.9)
sgn()

P
∈S

sgn( ◦ )
µ

Q
=1

(◦)() 

¶
= sgn()

P
∈S

sgn()

µ
Q
=1

() 

¶
=

(D.8)
sgn()det(A)

Ç äåýôåñç éóüôçôá (ðïõ áöïñÜ óôéò óôÞëåò) áðïäåéêíýåôáé ðáñïìïßùò. ¤

D.2.10 Ðñüôáóç. (Ïñßæïõóá Üíù/êÜôù ôñéãùíéêïý ðßíáêá) Ç ïñßæïõóá ïéïõäÞ-
ðïôå A = ()1≤≤ ∈ UT ()∪ LT () éóïýôáé ìå ôï ãéíüìåíï ôùí åããñáöþí
ôÞò êõñßáò äéáãùíßïõ ôïõ :

det (A) =
Q
=1

 (D.10)

ÉäéáéôÝñùò, det(diag(1 )) =
Q
=1

∀(1 ) ∈  êáé det(I) = 1

Áðïäåéîç. ÅÜíA = ()1≤≤ ∈UT ()  ôüôå  = 0 ãéá üëïõò ôïõò äåßêôåò

  ∈ {1 } ìå    Ãéá  = 1 ç (D.10) åßíáé ðñïöáíÞò. Ãéá  ≥ 2 êáé ãéá êÜèå

 6= id õðÜñ·åé êáô' áíÜãêçí êÜðïéïò  ∈ {1 } ìå    ()  ïðüôå

det(A) =
Q
=1

 +
X

∈Sr{id}
sgn()

⎛⎜⎝
⎛⎝ Y
∈{1}r{}

 ()

⎞⎠  ()| {z }
=0

⎞⎟⎠ =
Q
=1


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¢ñá ç (D.10) åßíáé áëçèÞò êáé ãéá  ≥ 2 ÅÜíA = ()1≤≤ ∈ LT ()  ôüôå

det(A) = det(A|) =
Q
=1



ëüãù ôÞò ðñïôÜóåùò D.2.3 êáé ôïý üôéA| ∈UT ()  ¤

D.2.11 Èåþñçìá. (Ôýðïò ãéíïìÝíïõ) Ç ïñßæïõóá ôïý ãéíïìÝíïõ äýï ðéíÜêùí
AB ∈Mat× () éóïýôáé ìå ôï ãéíüìåíï ôùí ïñéæïõóþí ôïõò, Þôïé

det (AB) = det (A) det (B)  (D.11)

Ùò åê ôïýôïõ, det (AB) = det (BA) 

Áðïäåéîç. ÅÜí  = 1 ôüôå ç (D.11) åßíáé ðñïöáíÞò. ÅÜí  ≥ 2 ôüôå èÝôïíôáò
C := AB üðïõ B := ()1≤≤ ðáñáôçñïýìå üôé ãéá êÜèå  ∈ {1  } éó·ýåé
ç éóüôçôá

Óô (C) =
X

=1

Óô (A) 

ÅðïìÝíùò,

det(C) = det (Óô1(C)Óô2(C) · · · Óô(C))

= det

ÃÃ
P

1=1

11Óô1 (A)

!
Óô2(C) · · · Óô(C)

!
=

D.2.8

P
1=1

11 det (Óô1 (A) Óô2(C) · · · Óô(C))

=
P

1=1

11 det

Ã
Óô1 (A)

Ã
P

2=1

22Óô2 (A)

!
Óô3(C) · · · Óô(C)

!
=

P
1=1

P
2=1

1122 det (Óô1 (A) Óô2 (A) Óô3(C) · · · Óô(C))

= · · · =
P

1=1

P
2=1

· · ·
P

=1

Ã
Q
=1



!
det (Óô1 (A) Óô2 (A) · · · Óô (A)) 

To áíùôÝñù ðïëëáðëü Üèñïéóìá ðåñéÝ·åé  ðñïóèåôÝïõò! Åíôïýôïéò, ðïëëïß åî

áõôþí ìçäåíßæïíôáé. ÐñÜãìáôé° êÜèå ðñïóèåôÝïò áíôéóôïé·åß óôçí åðéëïãÞ ìßáò

(êáé ìüíïí) äéáôåôáãìÝíçò -Üäáò

(1 ) ∈ {1 } × · · · × {1 }| {z }
 öïñÝò

 (D.12)

Ãéá ôïõò ðñïóèåôÝïõò ðïõ áíôéóôïé·ïýí óå -Üäåò (D.12) ìå  =  ãéá êÜðïéïõò

  ∈ {1  }    Ý·ïõìå det (Óô1 (A) Óô2 (A) · · · Óô (A)) = 0 (Âë.

ðñüôáóç D.2.7.) ÅðïìÝíùò, õðïëåßðïíôáé ìüíïí ïé ðñïóèåôÝïé ðïõ áíôéóôïé·ïýí

óå -Üäåò (D.12) ãéá ôéò ïðïßåò (ãéá ïéïäÞðïôå ( ) ∈ {1 }×{1 }) éó·ýåé
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ç óõíåðáãùãÞ  6=  =⇒  6=   Ôïýôç éóïäõíáìåß ìå ôçí åíñéðôéêüôçôá ôÞò

áðåéêïíßóåùò

{1 } 3  7−→  ∈ {1 }
ÅðåéäÞ êÜèå åíñéðôéêÞ áðåéêüíéóç áðü Ýíá ðåðåñáóìÝíï óýíïëï óôïí åáõôü

ôïõ åßíáé êáô' áíÜãêçí áìöéññéðôéêÞ êáé ïé áìöéññéðôéêÝò áðåéêïíßóåéò áðü ôï

{1 } åðß ôïý {1 } åßíáé (åî ïñéóìïý) ôá óôïé·åßá ôÞò S áñêåß (ãéá ôïí

ðñïóäéïñéóìü ôÞò ïñßæïõóáò det(C) ∈ ) íá áíôéêáôáóôÞóïõìå ôï áíùôÝñù ðïë-

ëáðëü Üèñïéóìá ìå Ýíá Üèñïéóìá ðïõ íá ðåñéëáìâÜíåé ìüíïí åêåßíåò ôéò -Üäåò

(1 ) ãéá ôéò ïðïßåò ∃ ∈ S :  =  ()  ∀ ∈ {1 } Ùò åê ôïýôïõ,

det(C) =
X
∈S

Ã
Q
=1

() 

!
det

¡
Óô(1) (A) Óô(2) (A) · · · Óô() (A)

¢
=

D.2.9 (iv)

X
∈S

Ã
Q
=1

() 

!
sgn() det(A) =

X
∈S

sgn()

Ã
Q
=1

() 

!
det(A)

=
(D.8)

det(B) det(A) = det(A) det(B)

êáé ç (D.11) åßíáé áëçèÞò. ¤

D.2.12 Ïñéóìüò. ¸óôù ôõ·þí ðßíáêáò A = ()1≤≤ ∈ Mat×() ( ≥ 2).

Ãéá êÜèå äéáôåôáãìÝíï æåýãïò ( ) ∈ {1 } × {1 } óõìâïëßæïõìå ùò

A
[] ∈Mat(−1)×(−1) ()

ôïí õðïðßíáêá ôïý A ôïí ðñïêýðôïíôá ýóôåñá áðü äéáãñáöÞ ôÞò -ïóôÞò ãñáì-

ìÞò Ãñ(A) êáé ôÞò -ïóôÞò óôÞëçò Óô(A):⎛⎜⎜⎜⎜⎜⎜⎜⎝

11 · · · 1−1 1 1+1 · · · 1
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

−11 · · · −1−1 −1 −1+1 · · · −1
1 · · · −1  +1 · · · 
+11 · · · +1−1 +1 +1+1 · · · +1

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

1 · · · −1  +1 · · · 

⎞⎟⎟⎟⎟⎟⎟⎟⎠


Þôïé ôïíA
[] := (


)1≤≤−1 üðïõ

 :=

⎧⎪⎪⎨⎪⎪⎩
 üôáí 1 ≤  ≤ − 1 êáé 1 ≤  ≤  − 1
+1 üôáí  ≤  ≤ − 1 êáé 1 ≤  ≤  − 1
+1 üôáí 1 ≤  ≤ − 1 êáé  ≤  ≤ − 1
+1+1 üôáí  ≤  ≤ − 1 êáé  ≤  ≤ − 1

Tï óôïé·åßï

cof(A) := (−1)+ det(A
[]) ∈ 
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ôïý äáêôõëßïõ áíáöïñÜò ïíïìÜæåôáé óõìðáñÜãïíôáò (Þ áëãåâñéêü óõìðëÞñùìá)

ôïýA ùò ðñïò ôï æåýãïò äåéêôþí   êáé ï

adj (A) := ((cof(A))1≤≤)| ∈Mat× ()

ï ðßíáêáò ï ðñïóáñôçìÝíïò óôïíA

D.2.13 ËÞììá. ¸óôù A = ()1≤≤ ∈ Mat×() ( ≥ 2). Ãéá ïéïõóäÞðïôå
  ∈ {1  } éó·ýåé ç óõíåðáãùãÞ

[ = 0 ∀ ∈ {1  }r{}]⇒ det(A) = (−1)+  det(A
[]) = cof(A)

Áðïäåéîç. Ãéá êÜèå ìåôÜôáîç  ∈ S ãéá ôçí ïðïßá éó·ýåé  () =  ç

 : {1  − 1} −→ {1  − 1} () := () ∀ ∈ {1  − 1}

åßíáé ìéá ìåôÜôáîç áíÞêïõóá óôçíS−1 ìå sgn() = sgn() êáé ç áðåéêüíéóç

{ ∈ S| () = } −→ S−1  7−→ 

éóïìïñöéóìüò ïìÜäùí. ÈÝôïíôáò

 :=

∙
1   − 1
1   − 1



 + 1

 + 1  − 1
 + 2  





¸
∈ S

ðáñáôçñïýìå üôé  = [ ]◦[ −1]◦· · ·◦[ +2]◦[ +1] ïðüôå sgn() = (−1)− 
(Âë. 3.3.3 êáé 3.3.5 (i).) Ï ðßíáêáò

B :=
¡
Óô(1) (A) Óô(2) (A) · · · Óô() (A)

¢
Ý·åé ùò ïñßæïõóÜ ôïõ ôçí det(B) =

D.2.9 (iv)
sgn() det(A) = (−1)− det(A) ÈÝôï-

íôáò, êáô' áíáëïãßáí,

 :=

∙
1  − 1
1  − 1



+ 1

+ 1  − 1
+ 2  





¸
∈ S

ðáñáôçñïýìå üôé  = [ ]◦ [ −1]◦ · · ·◦ [ +2]◦ [ +1] ïðüôå sgn() = (−1)− 
Ï ðßíáêáò

()1≤≤ = C :=

⎛⎜⎜⎝
Ãñ(1)(B)

.

.

.

.

.

.
Ãñ()(B)

⎞⎟⎟⎠
Ý·åé ùò ïñßæïõóÜ ôïõ ôçí det(C) =

D.2.9 (iv)
sgn() det(B) = (−1)− (−1)− det(A)

ïðüôå

det(A) = (−1)+ det(C) (D.13)
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ÅðåéäÞ

[ = 0 ∀ ∈ {1  }r{}]⇒ [ = 0 ∀ ∈ {1  − 1}] 

Ý·ïõìå

det(C) =
P

∈S

sgn()

µ
Q
=1

 ()

¶
=

P
{∈S|()=}

sgn()

µ
−1Q
=1

 ()

¶


= 

Ã P
∈S−1

sgn()

µ
−1Q
=1

 ()

¶!
=  det(C


[])

Áñêåß ëïéðüí íá ·ñçóéìïðïéçèåß ç (D.13) óå óõíäõáóìü ìå ôéò éóüôçôåò  = 
êáéC

[] = A

[] ¤

D.2.14 Ðñüôáóç. ¸óôù ôõ·þíA = ()1≤≤ ∈Mat×() ( ≥ 2).
(i) ÅÜí  ∈ {1 } ôüôå

det(A) =
P

=1

 cof(A) =
P

=1

(−1)+  det(A
[]) (D.14)

(ÁíÜðôõãìá ôÞò det(A) ùò ðñïò ôéò åããñáöÝò ôÞò óôÞëçò Óô(A).)

(ii) ÅÜí  ∈ {1 } ôüôå

det(A) =
P

=1

 cof(A) =
P

=1

(−1)+  det(A
[]) (D.15)

(ÁíÜðôõãìá ôÞò det(A) ùò ðñïò ôéò åããñáöÝò ôÞò ãñáììÞò Ãñ(A))

Áðïäåéîç. (i) Èåùñïýìå ôá  óôïé·åßá

e := (0 0 1|{z}
-ïóôÞ óõíôåôáãìÝíç

 0 0) ∈   ∈ {1 }

êáé åöñÜæïõìå ìÝóù áõôþí ôçí -ïóôÞ óôÞëç ôïýA ùò áêïëïýèùò:

Óô(A) =
X

=1

e
|


Ðñïöáíþò,

det(A) = det

µ
Óô1(A) · · · Óô−1(A)

µ
P

=1

e
|


¶
Óô+1(A) · · · Óô(A)

¶
=

D.2.8

P
=1

 det (Óô1(A) · · · Óô−1(A) e
|
 Óô+1(A) · · · Óô(A))

=
D.2.13

P
=1



³
(−1)+ · 1 · det(A

[])
´
=

P
=1

(−1)+  det(A
[])
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(ii) ÅðåéäÞ A| = (0)1≤≤ üðïõ 0 :=  ∀( ) ∈ {1 } × {1 }
Ý·ïõìå (êáôüðéí áíáðôýîåùò ôÞò det(A|) ùò ðñïò ôéò åããñáöÝò ôÞò Óô(A|))

det(A) =
(D.7)

det(A|) =
(i)

P
=1

(−1)+ 0 det((A|)[])

=
P

=1

(−1)+  det((A|)[]) =
P

=1

(−1)+  det((A
[])

|)

=
(D.7)

P
=1

(−1)+  det((A
[]))

¢ñá áìöüôåñåò ïé (D.14) êáé (D.15) åßíáé áëçèåßò. ¤

D.2.15 Èåþñçìá. Ãéá êÜèå A = ()1≤≤ ∈ Mat×() ( ≥ 2) éó·ýïõí ïé
éóüôçôåò

adj (A) A = det (A) I = Aadj (A)  (D.16)

Áðïäåéîç. Ãéá ïéïõóäÞðïôå   ∈ {1  } ç åããñáöÞ ôïý ðßíáêá adj (A) A ç
åõñéóêüìåíç óôçí -óôÞ ôïõ ãñáììÞ êáé óôçí -ïóôÞ ôïõ óôÞëç åßíáé ç

P
=1

(−1)+  det(A
[]

)

=
(∗)

⎧⎪⎪⎨⎪⎪⎩
det (Óô1(A) · · · Óô−1(A)Óô(A) Óô+1(A) · · · Óô−1(A)Óô(A) Óô+1(A) · · · Óô(A)) 
üôáí  ≤  êáé
det (Óô1(A) · · · Óô−1(A)Óô(A) Óô+1(A) · · · Óô−1(A)Óô(A) Óô+1(A) · · · Óô(A)) 
üôáí  ≤ 

=

½
det(A) üôáí  = 
0 üôáí  6=  (âë. ðñüôáóç D.2.7)

(Ç ïñßæïõóá ôïý äåîéïý ìÝëïõò óôçí (∗) Ý·åé ôï Üèñïéóìá ôïý áñéóôåñïý ìÝëïõò ùò

áíÜðôõãìá ùò ðñïò ôçí -ïóôÞ óôÞëç.) ¢ñá adj (A) A = det (A) I Ç éóüôçôá

Aadj (A) = det (A) I áðïäåéêíýåôáé ðáñïìïßùò (êÜíïíôáò ·ñÞóç ôïý (ii) ôÞò

ðñïôÜóåùò D.2.14). ¤

D.2.16 Ïñéóìüò. ¸óôù  Ýíáò ìç ôåôñéììÝíïò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï

êáé Ýóôù  ∈ NÌÝóù ôïý ìïíïåéäïýò (Mat× ()  ·) ïñßæåôáé ç (ðïëëáðëáóéá-

óôéêÞ) ïìÜäá ôùí áíôéóôñåøßìùí ðéíÜêùí

GL () := (Mat×())×

ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü ôïí  ç ïðïßá êáëåßôáé, éäéáéôÝñùò, ãåíéêÞ

ãñáììéêÞ ïìÜäá (âáèìïý  õðåñÜíù ôïý )

D.2.17 Ðñüôáóç. Ãéá êÜèåA ∈GL () (üðïõ ôõ·þí ìç ôåôñéììÝíïò äáêôýëéïò
ìå ìïíáäéáßï óôïé·åßï) Ý·ïõìåA| ∈ GL () êáé

(A|)−1 = (A−1)| 
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Áðïäåéîç. ÅðåéäÞ AA−1 = A−1A = I êáé (ðñïöáíþò) (I)
| = I áðü ôçí

ðñüôáóç D.1.5 ðñïêýðôåé üôé

(A−1)| A| =
¡
AA−1

¢|
= I =

¡
A−1A

¢|
= A| (A−1)| 

ïðüôå ïA| åßíáé áíôéóôñÝøéìïò êáé (A|)−1 = (A−1)|  ¤

D.2.18 Èåþñçìá. Ãéá êÜèå ìç ôåôñéììÝíï ìåôáèåôéêü äáêôýëéï  ìå ìïíáäéáßï
óôïé·åßï êáé ãéá êÜèå  ∈ N éó·ýåé ç éóüôçôá

GL () = {A ∈Mat×() | det (A) ∈ × }  (D.17)

ÅðéðñïóèÝôùò, ãéá êÜèåA ∈ GL () 

det(A−1) = det(A)−1 (D.18)

êáé ãéá  ≥ 2

A−1 = det(A)−1adj (A)  (D.19)

Áðïäåéîç. Ãéá  = 1 ïé éóüôçôåò (D.17) êáé (D.18) åßíáé ðñïöáíåßò. Áò õðï-

èÝóïõìå üôé  ≥ 2 ÅÜí A ∈ Mat×() êáé det(A) ∈ × ôüôå èÝôïíôáò

B := det(A)−1adj (A) óõíÜãïõìå ìÝóù ôÞò (D.16) üôé

AB = I = BA⇒ A ∈ GL () 

Êáé áíôéóôñüöùò° åÜí A ∈ GL ()  ôüôå õðÜñ·åé áíôßóôñïöï óôïé·åßï A−1 ôïý
A ÊáôÜ ôï èåþñçìá D.2.11 êáé ôçí ðñüôáóç D.2.10,

AA−1 = I = A−1A⇒ det(A) · det(A−1) = 1 = det(A−1) · det(A)
ïðüôå det(A) ∈ × êáé det(A)−1 = det(A−1) (Ç éóüôçôá (D.19) Ýðåôáé Üìåóá

áðü ôçí (D.16).) ¤

D.2.19 Óçìåßùóç. ÇãåíéêÞ ãñáììéêÞ ïìÜäáGL() äåí åßíáé áâåëéáíÞ óôçí ðå-

ñßðôùóç üðïõ  ≥ 2 Åðß ðáñáäåßãìáôé, èåùñþíôáò ôïýò áíôéóôñÝøéìïõò ðßíáêåò
A := E12 +E21 B := E11 +E12 +E22

(üðïõ E ∈Mat×() üðùò ïñßóèçêáí óôï D.1.4 (i)), äéáðéóôþíïõìå üôé

AB = E12 +E21 +E22 6= E11 +E12 +E21 = BA

D.2.20 Ðáñáäåßãìáôá. (i) GL ( ) = {A ∈Mat×( ) | det (A) 6= 0 } ãéá êÜèå

óþìá  (äéüôé × = r{0 }).
(ii) ÅðåéäÞ card(GL (R)) = card(Rr{0}) = card(R) = c  ℵ0 ç GL (R) åßíáé
ïìÜäá Üðåéñç (êáé ìÜëéóôá õðåñáñéèìÞóéìç ).

(iii) GL (Z) = {A ∈Mat×(Z) | det (A) ∈ {±1}} 
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D.2.21 Ðüñéóìá. ÅÜí  åßíáé Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìï-
íáäéáßï óôïé·åßï, ôüôå ïé ïìÜäåò ôùí áíôéóôñåøßìùí óôïé·åßùí ôùí õðïäáêôõëßùí
UT () êáé LT () ôïý Mat× () (âë. D.1.6 (ii) êáé D.1.7 (i)) åßíáé ïé

UT ()
× =

©
A = ()1≤≤ ∈ UT ()

¯̄
 ∈ × ∀ ∈ {1 }ª

êáé

LT ()
× =

©
A = ()1≤≤ ∈ LT ()

¯̄
 ∈ × ∀ ∈ {1 }ª 

Áðïäåéîç. ÅðåéäÞ UT ()
× ⊆GL ()∩UT () (âë. D.1.7 (i) êáé C.1.13 (v)),

ãéá êÜèå áíôéóôñÝøéìï Üíù ôñéãùíéêü ðßíáêáA = ()1≤≤ éó·ýåé

det (A) =
(D.10)

Q
=1

 ∈ × =⇒
C.1.13 (iv)

[ ∈ ×∀ ∈ {1 }]

ÅðïìÝíùò, UT ()
× ⊆ {A = ()1≤≤ ∈ UT () |  ∈ × ∀ ∈ {1 }}.

Ï áíôßóôñïöïò åãêëåéóìüò ‘‘⊇'' åßíáé ðñïöáíÞò. Ç äåýôåñç éóüôçôá (ðïõ áöïñÜ

óôïõò áíôéóôñÝøéìïõò êÜôù ôñéãùíéêïýò ðßíáêåò) áðïäåéêíýåôáé ðáñïìïßùò. ¤

D.2.22 Ðñüôáóç. ÅÜí  åßíáé Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìï-
íáäéáßï óôïé·åßï, ôüôå ôï óýíïëï

SL () := {A ∈ GL () | det (A) = 1 }

áðïôåëåß ìéá õðïïìÜäá ôÞò GL () (ôç ëåãüìåíç åéäéêÞ ãñáììéêÞ ïìÜäá âáèìïý 
õðåñÜíù ôïý ) ðïõ åßíáé ãíÞóéá üôáí 1 6= −1
Áðïäåéîç. Ðñïöáíþò, I ∈ SL () êáé ãéá ïéïõóäÞðïôå ðßíáêåòAB ∈ SL ()
Ý·ïõìå

det
¡
AB−1

¢
= det (A)det

¡
B−1

¢
= det (A) det (B)

−1
= 1

(äõíÜìåé ôùí (D.11) êáé (D.18)), ïðüôå SL () v GL () (âë. ðñüôáóç 2.1.16).

ÅîÜëëïõ, üôáí 1 6= −1 Ý·ïõìå6⎛⎜⎜⎝
−1 0 · · · 0 0
0 1 · · · 0 0
.
.
.

.

.

.
. . .

.

.

.
.
.
.

0 0 · · · 1 0
0 0 · · · 0 1

⎞⎟⎟⎠ ∈ GL ()rSL () 

áð' üðïõ Ýðåôáé üôé SL () @ GL ()  ¤

D.2.23 Ðñüôáóç. ÅÜí åßíáé Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìïíá-
äéáßï óôïé·åßï, ôüôå ôï óýíïëï UT

[1]
 () (êáé áíôéóôïß·ùò, ôï LT

[1]
 ()  âë. D.1.6

(iii)), åöïäéáæüìåíï ìå ôïí ðïëëáðëáóéáóìü ôåôñáãùíéêþí ðéíÜêùí, áðïôåëåß ìéá
õðïïìÜäá ôÞò SL () (ôç ëåãüìåíç ïìÜäá ôùí ìïíáäéáßùò Üíù, êáé áíôéóôïß·ùò,
ôùí ìïíáäéáßùò êÜôù ôñéãùíéêþí (× )-ðéíÜêùí õðåñÜíù ôïý ).

6ÁíôéèÝôùò, ãéá ôï óþìá Z2 ·áñáêôçñéóôéêÞò 2 ëáìâÜíïõìå SL2 (Z2) =GL2 (Z2) 
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Áðïäåéîç. Áñêåß íá ·ñçóéìïðïéçèåß åê íÝïõ ç ðñüôáóç D.2.10. ¤

D.2.24 ÐáñÜäåéãìá. Ãéá ïéïíäÞðïôå ìç ôåôñéììÝíï ìåôáèåôéêü äáêôýëéï  ìå ìï-

íáäéáßï óôïé·åßï ç ïìÜäá ôùí ìïíáäéáßùò Üíù ôñéãùíéêþí (3× 3)-ðéíÜêùí

Heis() := UT
[1]
3 () =

½µ
1  
0 1 
0 0 1

¶¯̄̄̄
   ∈ 

¾
êáëåßôáé (êëáóéêÞ) ïìÜäá ôïý Heisenberg õðåñÜíù ôïý 

D.2.25 Ïñéóìüò. ¸óôù  Ýíáò ìç ôåôñéììÝíïò ìåôáèåôéêüò äáêôýëéïò ìå ìïíá-

äéáßï óôïé·åßï. ¸íáò ðßíáêáò A ∈ Mat× () êáëåßôáé ìåôáôáêôéêüò ðßíáêáò
üôáí áêñéâþò ìßá åê ôùí åããñáöþí ïéáóäÞðïôå óôÞëçò ôïõ êáé ïéáóäÞðïôå ãñáì-

ìÞò ôïõ éóïýôáé ìå ôï 1 åíþ ïé ëïéðÝò åããñáöÝò ôçò åßíáé ßóåò ìå ôï 0Ôï óýíïëï

ôùí (× )-ìåôáôáêôéêþí ðéíÜêùí óçìåéþíåôáé ìå ôï óýìâïëï PMat×()

D.2.26 ÐáñáôÞñçóç. Ðñïöáíþò, card(PMat×()) = ! ÅðéðñïóèÝôùò, ãéá

êÜèå ìåôÜôáîç  ∈ S ïñßæåôáé ï ðßíáêáò

P := ( ())1≤≤ = (e
|
(1) e

|
(2) · · · e|()) ∈ PMat×()

üðïõ e := (0 0 1|{z}
-ïóôÞ óõíôåôáãìÝíç

 0 0) ∈  ∀ ∈ {1 } ÊáôÜ ôï

(iv) ôÞò ðñïôÜóåùò D.2.9,

det(P) = sgn() det(I) ∈ {±1} ⊆ × =⇒
(D.17)

P ∈ GL () 

D.2.27 Ðñüôáóç. Ôï óýíïëï PMat×() ôùí ìåôáôáêôéêþí ðéíÜêùí áðïôåëåß
ìéá õðïïìÜäá ôÞò ãåíéêÞò ãñáììéêÞò ïìÜäáò (GL ()  ·) êáé ç áðåéêüíéóç

S 3  7−→ P ∈ PMat×() (D.20)

Ýíáí éóïìïñöéóìü ïìÜäùí. Ùò åê ôïýôïõ, ç óõììåôñéêÞ ïìÜäá S åßíáé åìöõôåý-
óéìç óôç ãåíéêÞ ãñáììéêÞ ïìÜäá (GL ()  ·) (Âë. 2.4.14 êáé 2.4.17.)
Áðïäåéîç. Ç áðåéêüíéóç S 3  7−→ P ∈ GL () åßíáé ìïíïìïñöéóìüò ïìÜ-

äùí. ÐñÜãìáôé° ãéá ïéåóäÞðïôå ìåôáôÜîåéò   ∈ S Ý·ïõìå

P◦ = (e|((1)) e
|
((2)) · · · e|(()))

= (e|(1) e
|
(2) · · · e|())(e|(1) e|(2) · · · e|()) = P ·P

êáé { ∈ S|P = I} =
n
 ∈ S| (e|(1) · · · e|()) = (e|1 · · · e|)

o
= {id} ¢ñá

çáðåéêüíéóç 7−→ P êáèïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôÞòS êáé ôÞò åéêüíáò

ôçò. Ç åéêüíá ôçò ðåñéÝ·åôáé óôï PMat×() êáé Ý·åé ôÜîç ! ïðüôå éóïýôáé êáô'
áíÜãêçí ìå ôï PMat×() Eßíáé ðñïöáíÝò üôé PMat×() v GL () (âë. ôï

(i) ôÞò ðñïôÜóåùò 2.4.6) êáé üôé ç (D.20) åßíáé éóïìïñöéóìüò ïìÜäùí. ¤
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D.2.28 Óçìåßùóç. (i) Ç åìöýôåõóç S → GL () ·ñçóéìïðïéåßôáé (ðñáêôéêþò)

ùò åðß ôï ðëåßóôïí óôçí ðåñßðôùóç üðïõ åßôå  = Z åßôå ï  åßíáé óþìá.

(ii) Ï ðåñéïñéóìüò ôÞò  7−→ P åðß ôÞò åíáëëÜóóïõóáò ïìÜäáò A äßäåé ìéá

åìöýôåõóç A → SL ()  êáèþò Ý·ïõìå

{P| ∈ A} = PMat×() ∩ SL () 

D.2.29 Ïñéóìüò. ÌÝóù ôùí ðñïôÜóåùí D.1.5, D.2.17 êáé 2.1.16 åßíáé Üìåóïò ï

Ýëåã·ïò ôïý üôé ôï óýíïëï

O ( ) :=
©
A ∈ GL ( )

¯̄
A| = A−1

ª
áðïôåëåß ìéá õðïïìÜäá ôÞò (GL ( )  ·) ãéá ïéïäÞðïôå óþìá ÁõôÞ ç õðïïìÜäá

êáëåßôáé, éäéáéôÝñùò, ïñèïãþíéá ïìÜäá âáèìïý  (êáé ôá óôïé·åßá ôçò ïñèïãþíéïé

ðßíáêåò) õðåñÜíù ôïý  åíþ ç ïìÜäá

SO ( ) := O ( ) ∩ SL ( )

êáëåßôáé åéäéêÞ ïñèïãþíéá ïìÜäá âáèìïý  õðåñÜíù ôïý 

D.2.30 Ïñéóìüò. Ãéá ïéïäÞðïôå óþìá  ïñßæïõìå ôïí (2× 2)-ðßíáêá

bI := ³ 0× I
−I 0×

´
∈ GL2 ( ) 

Ôï óýíïëï7

Sp ( ) :=
n
A ∈ GL2 ( )

¯̄̄
A| ·bI = bI ·A−1o

áðïôåëåß ìéá õðïïìÜäá ôÞò (GL2 ( )  ·) ôç ëåãüìåíç óõìðëåêôéêÞ ïìÜäá âáè-

ìïý  õðåñÜíù ôïý  (Ôá óôïé·åßá ôÞò Sp ( ) êáëïýíôáé óõìðëåêôéêïß ðßíáêåò

õðåñÜíù ôïý )

D.2.31 ÐáñáôÞñçóç. (i)A ∈ Sp ( )⇐⇒ A| ∈ Sp ( ) (äéüôé bI−1 = −bI).
(ii) ÅÜí  = 1 ôüôå Sp1 ( ) = SL2 ( )  ÐñÜãìáôé° ãéá êÜèåA =

¡
 
 

¢ ∈ GL2 ( )

Ý·ïõìå áö' åíüò ìåí

A| ·bI1 = ³  
 

´³
0 1
−1 0

´
=
³ − 
− 

´


áö' åôÝñïõ äå

bI1 ·A−1 = ³ 0 1
−1 0

´³
 
 

´−1
= (− )−1

³ − 
− 

´


Ðñïöáíþò,A| ·bI1 = bI1 ·A−1 ⇔ (− )−1 = 1 ⇔ −  = 1 

7Ðñïóï·Þ! ÏñéóìÝíïé óõããñáöåßò ·ñçóéìïðïéïýí ôï óýìâïëï Sp2 ( ) áíôß ôïý Sp ( ) 
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D.2.32 Ïñéóìüò. ÅÜí ùò  óõìâïëßóïõìå ôïí óõæõãÞ ïéïõäÞðïôå ìéãáäéêïý áñéè-

ìïý  êáéA = ()1≤≤ ∈Mat×(C) ôüôå ëÝìå üôé ï ðßíáêáòA := ()1≤≤
åßíáé ï óõæõãÞò êáé ï ðßíáêáòA

|
ï áíáóôñïöïóõæõãÞò ôïýA.

D.2.33 Ðñüôáóç. ÅÜíAB ∈Mat×(C) êáé  ∈ C ôüôå éó·ýïõí ôá êÜôùèé :
(i)A+B = A+B A = A êáéA ·B = A ·B
(ii)A| = A

|


(iii) ÅÜíA ∈ GL(C) ôüôåA ∈ GL(C) êáé (A)−1 = A−1

Áðïäåéîç. ÁöÞíåôáé ùò Üóêçóç. ¤

D.2.34 Ïñéóìüò. ÌÝóù ôùí ðñïôÜóåùí D.1.5, D.2.17, D.2.33 êáé 2.1.16 åßíáé Üìå-

óïò ï Ýëåã·ïò ôïý üôé ôï óýíïëï

U (C) :=
n
A ∈ GL (C)

¯̄̄
A
|
= A−1

o
áðïôåëåß ìéá õðïïìÜäá ôÞò (GL (C)  ·) ÁõôÞ ç õðïïìÜäá êáëåßôáé, éäéáéôÝñùò,

ìïíáäéáêÞ ïìÜäá âáèìïý  (êáé ôá óôïé·åßá ôçò ìïíáäéáêïß ðßíáêåò) õðåñÜíù

ôïý C åíþ ç ïìÜäá

SU (C) := U (C) ∩ SL (C)

êáëåßôáé åéäéêÞ ìïíáäéáêÞ ïìÜäá âáèìïý  õðåñÜíù ôïý C

D.2.35 ÐáñáôÞñçóç. ÅÜí ·ñçóéìïðïéÞóïõìå ôç óõíÞèç «ôáýôéóç» ôùí C êáé

R2 ìÝóù ôÞò áìöéññßøåùò

C 3 (1  ) 7−→ (1   1  ) ∈ R2

üðïõ  :=  +   ∀ ∈ {1  } ôüôå ìðïñïýìå íá ôáõôßóïõìå ôçí GL (C) ìå
ìéá õðïïìÜäá ôÞò GL2 (R) êáé íá óõìðåñÜíïõìå üôé

U (C) = O2 (R) ∩GL (C) = O2 (R) ∩ Sp (R) = GL (C) ∩ Sp (R) 




