IHogdagotnuo A

LYECELS LOOOVVOLOG
ROL OYECELS OLATAEEMS

210 TadETNUA UTO £X0UV ROTOYWOLOOEL ®AToLES BeueA®OELS EvvoLeg ®at LOLOTY-
TES WOV ALPOQOVY OTIS OYECELS LoOdVVAULaG ®OL dLoTAEEWC.

LXEZEILZ IXOAYNAMIAZ
A.1.1 Ogwopods. ‘Eotw A éva ovvoro. Aéue 6t po duueriic oxéon R C A x A efvan
(1) avromadfs (1 avoxraonxn) otav (z,z) € R, Va € A,
(ii) ovppeToxn 6tav yia OLOONTOTE , y € A LOYVEL 1] CUVETTOY WY
(z,y) e R= (y,z) € R,

(iii) avoiovppeTouxei] 6tav yio olodNTOTE ., y € A Loy VEL | CUVETOY WYY

(z,y) ER »au (y,x) E R =z =y,
zat (iv) perafatirf 6tav yio olodimote z, y, z € A 1oyUeL N ouveToyoyN

(z,y) € R v (y,2) € R = (z,2) € R.

A.1.2 Ogwopds. ‘Eotw A éva oOvoho. Mua Ouelic oxéon R € A x A nohelton
oyéon wwodvvapiag eni 100 A OTOV E(VOL AUTOTAONG, CUUUETOLXY| HOL UETOLOTLRT.
Edv n R eival wa oxéon ioodvvapiag eni 1o A vowx € A, 10te 0piCovue mg #hdom
wwodvvapiag To0 x wg mEog TNV R T0 0VVOLO

[] :={y € A| (z,y) € R}. (A1)
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(‘Otav egyatouaote pe dropoetirés oxéoels Looduvauiog (A.1) xow voiototon ®iv-
duvog ovyyoemg ToU T ogetiel va onuaivel To ovuforo [x], T0Te yodgouue [z]r
ovtt 100 [z].) KdBe otoryelo tov [x] nolelton exmpdomnmog g ®hdoews tooduvo-
utag [x]. Téhog, mg

A/R ={[z]| =z € A}

ovupohrifouvpe 10 Hvoro TV xAdoewv wwodvvaniog (wg TEOS TV R).

A.1.3 Ilegatignon. "Eotm A éva un xevé ovvoho. Edv ol
G+ARCAxA O#+#R CAxA
eivar dvo oyéoelg Looduvauiog ext o0 A, Tdte 0L andlovBeg cuvONreS Elval LGOJDV-
VOUES:
()RCR.
(i) [z]r C [z]r’, V2 € A.

Otav R G R, Mue 6 1 oxéon wodvvauiag R eivou ewrdregn tiig R’ (1 61 R/
elval adgotegn g R).

A.1.4 Inueioon. (Evahhaxtirnég ovppohopog) Eviote, yio Adyovs ouvupohloti-
®Hg ovvtoptag, xonowwomototue otov ooloud A.1.2 1o ovuporo “~” avii 100 R
now yodipovue x ~ y avtl 100 (z,y) € R, z ~ y ovil 100 (z,y) ¢ R, [z]. avil
t00 [z]r now A/ ~ avil 100 A/R (ovoudovtog 10 A/ ~ «aUvolo TV ®AAOEWV
Looduvaulog wg Teog Ty “~»).

A.1.5 Ogwopds. ‘Eotw A éva un zevd ovvoro. "Eva vtooivoro X to0 duvouoov-
vohov P (A) 100 A ovoudleton dopehopés' 100 cuvéhov A dtav ThnEovvTaL oL
axolovBeg ouvOnrec:

(i) B# @, VB e X.
(i) T'o owodfmwote B, B’ € X oy el n apgpimhevon ovvenaywyn
BNB' # @<+ B=D0D.
(iii) A={B| B € Xx}.
A.1.6 Tlogadeiypota. "Eotm A éva un nevé ovvoho.
(1) To {A} amotehet évav dropehopd 100 A.
i) Eav A 2 A’ # @, 161 10 {A', AN A’} givan dopuehoude tov A.
(ii) 2 : ; uehoudg
(iii) EGv ta X now X’ etvoun dvo duapehopol 100 A, tdte *ot 10
3:={C|3IBeXx, BeXx:9#BnB =C}

givon drapeonds 1o A.

LAvT autot xonouomoteitan evVioTe %ow 0 60g «SLapéQLony».
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H emtéuevn modtoom pog wtAnoopopsel 6t xdbe oxéon ooduvvauiag emt evog un xe-
voU ouvOLov TtEoodLopitel (ratd puord 1e6mo) £vav dropueMoud autov.

«“_»

A.1.7 Mgovaon. Eotw A éva un xevé ovvolro. Edv n “~” eivar ua ayéon toodvva-
uiag emi Tov A, tote Loyvovy ta €& :

(i) [z] # @ yia xabe © € A.

(ii) Edv z,y € A, t0te  ~ y <= [z] = [y].

(iii) Edv z,y € A, 1616 T 20 y <= [z] N [y] = 2.

«_

(iv) To otvoro A/ ~:= {[z] | © € A} twv xAdoewv t0odvvauios ws meog Ty “~
elvau évag draueliouds tov A.

ATNOAEIEH. (i) "Eotw tuxév z € A. TOte, enedn x ~ x, éxovue x € [z] = [z] # @.
(ii) EGv = ~ y nou z € [x], 10Te, AOY® TG CUUUETOIRNG o THS uetafotirng iudt-

Tag, £XOVUE

T~Z= T
= z~y=y~z=— 2z €[],
ROLT ~ Y

omtdte [x] C [y]. EGv evalhdEouvue Toug QOAOUG TV T RO Y KoL EPOQUOCOUVUE THV
(do emyetonuatoroyia, tdte ouumegatvovue 6t [y] C [x]. Aga tehMnds [z] = [y].
Ko avtioteégwg edv [x] = [y], t0te z ~ 3, SldTL Y € [y].

(iii) EGv x ~ y now edv vrobéoovue 6t 3z € [x] N [y], TOTE, AOY® THG CUUUETOLRNG
%ot THS UeTafatiric udTnTag, Exovue

Yy~=z

—Yy~T =T ~Y.
HOALT ~ 2= 2~

Atomo! Aga [z]N[y] = @. Kaw aviiotedpns: edv [z] N [y] = @ now edv vtoBécovue
Otz ~ g, TOTE

vy Bl =l =RInkl=[kl~2
1 (l)

Artomo! Katd ovvémeiay, © ~ .

(iv) Amo ta avotépm (i), (i) nou (iii) émeron 6TL TO0 OVVOLO
Af ~i={[z]| z € A} CP(A)
ol g ovvOnreg (i) »ow (ii) To0 optouov A.1.5. Amd tnv GAAN ueoLd, emeldn
[z] C A, VxGA:U{[x} |ze A} C A
nouyta xdbe z € A,z € [z] € J{[z] | z € A} = A C|Y{[z]| = € A}, ovumepai-

voupe telnig 0t A = | J{ [z] | =z € A}, ondte 1o A/ ~ mhngol xar ) ouvOun (iii)
oV ogLopov A.1.5. |
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A.1.8 ITegationon. H emavellnuuévog nol Torthotodmms YONOLUOTOLOVUEVY) EX-
POOLON, OTL OVELS «TOVTICEL> OUYHEXQLUEVA OTOLY el EVHS dedOUEVOL Un ®EVOD OV-
vOAOU A, Ta 0T0l0l £X0VV RATOLES «TEOOLALYEYQAUUEVES» LOLOTNTES, LOOJUVANEL e
™ uetdfaon amd 1o A 0to A/ ~, dmov N “~” glvon wa ®atdAAnAn oxéomn wwodvva-
utag.

A.1.9 Hogaderypa. ‘Eotw A = {6hot o dvBowmor tic yns}. Edv ogloovue tv
oxdhovdn oxéomn wwoduvaplog “~” ent tov A:

x ~ y <> (oLx nou y yevviOnxav oto (8o »pdtog) ,
0Q0

T01€ T0 0OUVOAO A/ ~ uag TOQEYXEL ULOL TTOQAUETONON TV RQUTAOV THS YNS (aBoTL
%d0e xhdon wodvvouiog amaQtiletal amd TOUg ®ATOIROVS TAS YNG TOUS YEVVHOE-
VTEG O€ €VOL CUYREXQLUEVO RQATOG).

A.1.10 Mapaderypa. "Eotw A éva pn xevo ovvoro. Edv oploovue thv axndlovbn
oyxéom wodvvautag “~” ent 100 A: & ~ y <= x = y, TOTe N ®AAON Woduvoulog
0Q0

[x] olovdfiote € A givar To wovoovvoro {z}. Aga

Al ~={{z}| z € A}, A:U{{x}|x€A}:{x|x€A}.

IMpocoyn! To A/ ~ elvow vroovvolo tov P (A) now dev Ba mEémer navels vo To
ovYyéeL, €V TQOREWWEV®, UE TO (OL0 TO OUVOLO A.

A.1.11 Ogwopog. (i) H évoon A U B dvo ouvvohwv A xzow B ovoudletou
(ovvoroBempnTini) amoovvdeti) Eévmon twv A naw B 6tav AN B = @. (Ev towait
meQutdoel Aéue OtL ta A now B etvan Eéva ueta& tovg.)

(i) "Eoww I éva un xevd ovvoho. Me tov 600 (ouvvoroBempntirf) amoouvdeTi
Evoon TV UEADY wag owoyevelag ouvohwv (A;);.; evvooldue v évoon? |J A;

i€l
otav woxver A; N A; = @, yia xdbe (i,j) € I x I, # j, ftoL 6tav to puéAn g
TEOREWEVNS owroyevetag elvor avd dvo (dmhadn avd Cedyn ) Eéva ueta& tovs. Ta
va emonudvouvpue 6t ®4molo 000év ovoho A glvar 1 awoouvdeT évwon wog oL-
novyevelog ouvormv (4;), . ; navouue ¥e1on ToU 0ol ovuBoiouot

A=]]A.

el

i€

(iii) Tevixdtepa, edv to S eivon éva ovvolo, To atoLyeta 100 omolov etval ovvola,
toten évoon U S := {z| z € A yuaxdnowo A € S} naheiton (ovvohoBemgnrixi)
amoovvdeTy évoon (ovupollduevn, Wiotéowe, wg [ S) 6tav ta ototyeia 100 S
givan ova 0vo Eéva uetakd toue.

U Aii={z| el xc A}
i€l
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A.1.12 Iqpeioon. Edv n “~” elvan o ox€omn ioodvvauiog ent evog un #evov ov-
vohovu A, 10te, Ommg amedelyOn oty medtaon A.1.7, to {[z] | x € A} amotehel
évav dapeioud tov A. Mapdt minoovvial or ouvBfxes A.1.7 (i)-(iv), To A dev
eivar xat’ avayxny amoguvdeTh évwon TV uEAOV g owoyevelog { [z] | = € A},
Lo dev éyouvue amoxieioer oNTOS TNV (evOeyOUeEV) eEmavdlnyny OQLOUEVWYV €E av-
V! Qg ex ToUTOV, YL VO YOOUPEL TO A G ATOOUVIETH EVIDOT OITALTELTOL VXL TTEQLO-
o10BoiE € VoL VITOGTHVOLS ToU A pe Ty eEng Widtra: Tia otadnmote oToyeia
z,y € A oyve n ovveraywyn © #y = [z] # [y] . Ev Tol00TY TTEQLITTMOEL,

A=][{lz]| = € A}.

Kda0e vroouvoho 100 A mov €xer avtiv v WidTnTa ®oAeltal TAfEEs oVOTHRA

EXTROCOTOV TOU A wg mEOg TV “~7.

AoBévtog evig diapelonot evog un xevol ouvorov elvar duvatdv vo oglobel e’
ovto¥ (Tov ouvorov) o oxéon wwoduvaulog éxovaa tov ev Adym droueloud mwg
O0UVOLO TV AVTLOTOY WV RAACEMY LOOOUVOULOS.

A.1.13 Hporaon. Eotw X C P (A) évag drauehouds evég un xevod ovvéiov A. Eni
700 A 0piCovue ™0 duuern oxéon “ ~x 7 ws axolovbwg :

T ~vx Yy < (IB € X : appdTeQd ToL T ®OL Y AVHROUV 0T0 B) .
0Q0

Tote toyvovy ta e&ng
(i) H “ ~x Yelvas pua oxéon toodvvauiog emi tov A.
(i) A/ ~x = X.

ATIOAEIEH. (i) Katd 1o A.1.5 (iii) vréoyel yia #a0e x € A ndmowo B € X yex € B,
ondte T ~x T oL M “ ~x 7 glvow avtomadng. To 6t m “ ~x 7 elvor xow CUUUETOLY
givol TEoavég amd Tov ogLoud ™e. Ymoleimeton va amoderyBel ot m “ ~x 7 etvon
uetaponny). IIpog tovto Bewpolue =,y,z € A yuo Ta 0mola LoXVOVY OL T ~x ¥
®noLy ~x z. E§ oguopov, vrdoyovy B, B’ € X ue x,y € Buawy,z € B'. Exeldn
y € BN B, égovue BN B’ # &, ondte B = B’ (duvduel tov A.1.5 (ii)). Eropévag,
r,2 € B=>1x~y 2.

(ii) "Eotw txdv = € A. Oemgodue tv xhGom wodvvauiog tov [z] € A/ ~x .
Katd to A.1.5 (iii) vdeyel vdmowo B € X ye z € B. IIgogavag, yio olodfqmote
y € A 1o 00VV OL QUPITAEVQES CUVETOY OYES

y€lz]., &z ~xy (§ogwnot) & IB' € X :x,y € B (e§ oguopov)
s yeB (6L(’m:z:eBﬁB’:BmB’;é@Aﬁ?__)BzB’).
10 (1n
Aga [z] . = B € X nau, g ex 10010V, A/ ~xC X.
Kot avtiotpdewe edv B € X, t6te (o0upmva ue to A.1.5 (i)) vrdoygl #dmolo

x € B. Xonowwomoudvtag v tponyndelioa emygionuatoroyio (Gtav delyvaue tov
gyxhewoud “C”) ratahijyovue 0to 6w B = [z]_, . Aoa 1ox0eL xou 0 aviiotQogog
eyrhewopog A/ ~x 2 X. O
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H «tatnon» twv oxéoewv iooduvauiog twv 0olLouévmy et evog un xevol ouvoAo
2oL TOV SLOUEMOUDV 0UTOU VLOTTOLEITOL UECM UL RATAAMANANG au@iooipews wg
oxoA0V0mG:

A.1.14 Ozdonpo. (Avriotoryio NETOED OYXECEQV LOOOUVANIOGS %Ol OLOUEAMOUAOV)
Eotw A éva un xevé ovvoro. Tote n ametnovion

oyéoelg Looduvauiog v, drapelopot
opLléueves emi 100 A 00 A

n opi&ouevy amé Tov THmo

e U(~) = A

eivau o appiooym Exovoa Ty ameinovion

duapehouol T, oy€0eLg Looduvauiog
o0 A ootZoueves el 100 A

™V 00150uEVn aTto Tov TUTO

X— YT(X):=r~2x

WG avTioTEoYo TN6.

ATIOAEIZEH. Agxet va amodetyBel 0L oL ovvBéoeig Yol xow oY elvol oL ToutoTirég
amewovioels. "Eotm “~” tvyovoa oyxéon tooduvauiag emi 1ov A. Tote

T(W(~) =T(A) ~) =~a/~) -

b2

Oa amodeiEovue OTL M “ ~ (4 0y 7 Elvar N agyog Bewenbeioa ¢ ~ 7 (am’ 6o
émeton O Y o ¥ elvon M tawtoTry| amewdvion). Ilpog tovto eivor apretd vo
eheyyBel 6T yia owodfmote =,y € A LOoYVEL 1] CLUPITTAEVQN CUVETOY DY

xwy:}xwm/w) Y.

Edv z ~ y, tdte (ratd to A.1.7 (i) [z] = [y], omdte Bewpmdvtag wg B v »hdon
wodvvauiog [z] = [y] € A/ ~ aupdtepa To  ®aL y AVAROVY 0T0 B, TEdyud Tov
ONUALVEL OTL T ~(4/~) Y- KoL 0vTLOTEOQWG €AV T ~(4/~) ¥, TOTE VITAQYEL KATOLO
z € A, T€T010 MOTE APPOTEQA TAL T KOL Y VO AVHROUV OTNV RAAOT LOOOUVOULOS TOV
(B:=)[z] € A/ ~ . Qg ento0t0V, [2] = [2] = [y], OWOTE T ~ Y.

Ev ovveyeta Bewpotue tvydvra dwapuehoud X 100 A. Ilgogavac,
UT(X) =T (~x)=A) ~x .

Zougova pe to (i) g mpotdoews A.1.13 to ovvoho TV ®AdoemV LWooduvauiog
A/ ~x glvar o agynig BemonBeic diapehopos X 100 A. Agan ¥ o T elvon 1 tav-
TOTLXY ATTELROVLOT). |
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IXEXZEIZ AIATAZEQX KAI LYNAEZMOI

A.2.1 Ogwopds. ‘Eotm X éva un xevé ovvoho. Mua dtueliic oxéon R C X x X Méye-
ToL oyéon pegxils dotdEews (1 amhog peguxn dudragn) ext oV X dtov n R elvan
ovtomadng, aviiovuuetoury xan uetofotvy (PA. A.1.1). Ev towaitn meguutdoet
t0 Cetyog (X, R) ovoudletal peguedg dratetaynévo ovvoro. Zuvibmg, avil 100 R,
v ot ox€om nepLriic dtatdEeme yonotuomoleitat o cvupoionds “<”. (T ™) o0-
Y®QLOM oToLyelwv ToU X elBlotol vo xoNoLmwomolotvToL oupdTeEQOL 0L CUUPOALOUOL
“<” o “<”, 6mov & < y amotelel ovvropoypapio T00 (z <X y now z # y)). ‘Eva
ueoLrag drortetaryuévo oivoro (X, <) Aéyetar ohxdg (1 yoopmuxdg) datetayuévo
ovvoro (rnow M “<” gyxéon ohMxfg dardEewg) 6tav 6ha ta otolyeio o0 X elvou
uetaEv toug ava 8o ovyxpiowa, diadi dtav

(Vr,yeX) [z2y hy=2a].

A.2.2 Mogodeiypata. (i) "Eotw Q éva ovvoro. To (P(NR), C) elvon éva peprmdg

dratetaryuévo ovvoro. Enuelwtéov 6tLto (P(N2), C) dev elvar ohrdg drateTaryuévo

6tav card(2) > 2.

(ii) 'OyL uwévov to duvouooivoro d0Bévtog ouvohov, ahhd -yevirdtepa- xdbe ov-

VOAO Ue ovvoda g otouxelo Tov roB{oTATOL UEQLRMS SLOTETAYUEVO WG TTEOS T

oyéon eyrhewopov “C”.

(iii) Ta Cevyn (X, <), 6mov X € {N,Ny, Z, Q, R} now “<” n ovviidng aoiBuntini

LaTakn, amwotehoUV TaQUOEYUOTA OMXMG ALATETAYUEVMY CUVOLMY.

(iv) ‘Eoto (X, =) tuydv ueowag diatetoryuévo aivoro. Edv 1o X epodiocbel ue v

avdotpopn Owweln oyéon e =y <—y <z, V(z,y) € X x X, téte 10 (X, =) elvan
0Q0

WoaUTmg PEQAS dratetayuévo ahvolo, To Aeyouevo avastgogpo oo (X, <).

A.2.3 Ogwopos. "Eotm 611 10 (X, =) elvon éva uegunmg diatetoryuévo ovvoro. Edv
(z,y) € X x X ue & < y, t01€ T0 T AEYETOL TQONYOVUEVO TOV Y XAL TO Y ETOUEVO
100 = (g oG TV “=<”). Ev tot00Tn megLtdoel To y Aéyetat, LOLTéQWE, auéswg
emopevo To0 T ®OL TO T auéCwg TEONYOUIEVO TOV Y (G TTEOS TV “=<”) dtav

Xz <z<y.

A.2.4 Ogwopos. ‘Eotw (X, X) éva pegurag dwotetayuévo ovvoro. ‘Otav 10 X &l-
VoL TTETEQOOUEVO, TOTE €(BLOTAL VO «OTTTIXOTTOLOVUE» TOV TEOTO dLatdEeme TV
OTOLYELV TOV UECW VOGS ELOLXOT OLaryQAUUATOS, TOU Aeyouévou draypdupatog Tov
Hasse® 1 7o (X, <). Avtd rataorevdletal wg axorotbwe: ‘Ola To oToLyelo 100
X tomoBeToUvTaL 010 entimedo oyedidoems rou yia ®a0e Cevyog (z,y) € X x X, 6mov
10 y elvar auéomg emduevo 10U x (g TEOg TV “=<7), To & ROl Yy CUVOEOVTOL UE Vol
€VBVYQAUUO TUNUD, EVA TO ¥ TiBETOU VYAGTEQa T0U . KOt avtdv tov 10670, Yo
%d0¢e Cevyog (z,w) € X x X, 6mov 1o w etval emduevo 100 2z (0g Tog TV “=”), Ta

3 TIpog v t00 T'eguavot padnuanxod Helmut Hasse (1898-1979) o omoiog elonyoye ®ot ONOLUOTOINoe ot To
drarypduuoto.
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z now w ouvOEovTOL EVTOS TOU dLoryQauUUaTtog LEGM ALadOYIRMY EVBUYQAUUWMY TUT-
ATV,

A.2.5 Tlogaderypa. To diayoauua To0 Hasse yio o uegunmg dLatetaryuévo ovvoro
(B(Q),Q), 6mov Q := {M, &, O}, eivar 10

Q
/QL\

{&, 0} (%, Q)
| |
{#} {&}
{0}

\ | /
2z

A.2.6 Ogopos. ‘Eotw 6t 10 (X, <) elvor éva ueouuds dlatetayuévo oOVOAO %ol
ou@ #9 C X. Tote 10 (Y, 2|y ) amotehel ueounds SLATETAYUEVO GVVOLO (G TTQOS
™mv “ j|g 7, 6mov 5|Ln ==N (Y xY)n peowni) ddratn 1 exayopévn emi Tov
9. (Ev towatt megurtdoet Aépe 6T 1o (), =<|y)) elvar pegunds draretaypévo vimo-
o6volo o0 (X, <). Eviote yohgovue amhdg “ <7 avil 100 “ |y 7, 1000€)0VTag
-ex TAQOAANAOU- VO ElVOL ROTAVONTO TO TL VITOVOELTOL 0Tt T EXAOTOTE CUUPQOL-
Céueva.)

A.2.7 Ogwopos. "Eotm 6t ta (X1, <1) now (X2, <2) elvan duo ueounmg drotetayuéva
ovOvoha. Aéue OTL wa amewdvion f @ X1 — Xo elvan wedrovn (1) 61 dratnoel TG
ueowrés dLaTdEels auTv) 6tav yio oladNToTe x, y € X1 Loy VEL 1] CUVETTAYWYT

21y = fz) 22 fy),

zot OTL elvan avritovn () O0TL avtioteéper TG UeoLrés dLaTdEels avtdv) dtav yuo
oladNote x, y € X1 LOYVEL 1] CUVETTOY WYY

z 21y = fy) 22 f(2).

A.2.8 Iogodeiypata. ‘Eotw Q éva ovvolo xat éotw X € P (). Oswpolue t0
ueourg drartetaryuévo ovvoro (P (Q), C) (PA. A.2.2 (i)). H amewmdvion

fiB(Q) — B(Q), Ar— f(A)=ANX,
etvat .oétovy, evar m f - P () — P (), A+— f(A) := QN A, elvaw aviitovn.

A.2.9 Ogiopds. "Eotm 6t ta (X1, <1) nou (X2, <2) elvan duo ueounmg drotetaryuéva
ovvoha. Mwatadtovy augiooyn f: X1 — Xo €xovoa to6Tovy avtioTeo®o ROAEl-
TOL LOOROQPLONOS NEQLRDG drateTayRévOY ouvOAmv. Aéue 6Tl Ovo neQLrdg diate-
Tayuéva oOvora (X1, <1) o (X2, <o) elvor oépopga dtav veiotatol £vag TETolog
LOOUOQPLOUAS UETOED QUTOV.
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A.2.10 Ogwopods. ‘Eoto (X, <) éva uegurmg dtortetoryuévo oivoro.

(i) "Eva otouelo © € X noheltan peyronind (1 peyrorotxd) orovyeio 100 X (wg
OGS TNV “=<”) dtav dev etval mEoNyovuevo ravevdg otolyelov tov X, ol dtov
yio ®60e otoyelo y € X yia 1o omolo LoyVeL = y £xovue © = y.

(ii) "Eva otouyeto z € X noheiton ehayronind (1 ehayrorotnd) otovyeio 100 X (wg
OGS TNV “=”) dtarv Oev efval emduevo rovevog otoryetov 100 X, ol dtav yio ®afe
otolyelo y € X yia to omolo oyveL y = x £XOVUE T = y.

A.2.11 Ogwopéds. "Eotm (X, <) éva pegunag drortetaryuévo oivohro.
(i) "Eva otouyeto z € X naheltan péyroro  otoryeio tov X (g mpog v “<”) dtav

y=<ux, VyeX.
(ii) "Eva otovygeio z € X nahetton ehdyproto ororyeio to0 X (wg wog v “=<”) dtov
x =y, VyeX

A.2.12 Mogodeiypota. YTAQXOUV UEQLRMDS OLATETOYUEVO GUVOAML Y WEIG UEYLOTO
fi/xa ehdyioto otoxeio. Eni nagadeiyuan, 1o {L|n € N} (o¢ moog m ouvin
dLatakn Tmv ontdv) €xeL to 1 wg uéyLoto atoryeto adld Oev €xel ehdyroto. Emiong,
0P (Q) ~{Q, 2}, 6mov Q := {1,2,3,4,5}, dev draBéteL 0Ute uéyLoto 0vTe EMAYLOTO
otouyeto (g Eog TN oxéon eyrhelouot “C”).

A.2.13 Tgéraon. Eva ueoixds dtatetayuévo ovvoro (X, =) diabéter to molv éva
UEYLTTO natL TO TOAD éva eddytoto otouyeio. (AnAadn étav vrdoyel uéytoto (xot
avriotoiyws, eAdytato) ororyeio 1ov (X, R), T0TE QVTO €ival HOVOOUAVTWS 0Q!-
ouévo*.)

ATOAEIZEH. Edv éva uepunig dwatetaypévo ovvoro (X, <) duébete 1o z, 2’ € X wg
uéyrota otowyeto tov, 1ote x = a’. Ilpdyuot €€ oplouovl, y < x yuo xdbe y € X
nowy < ' yia ndfe y € X. Epooudlovtag thyv modtn €€ autdv tov ouvinrdv yuo
y = x’ now N 0gvteEN Yoy = z Aappdvouvue 2’ < zxorz < 2’. Adyw Tig avtiovu-
ueTourNg WLdTNTaS TS “<” ouvdyouvue ot x = z’. H amddelEn g novadwmdtnrog
T00 ghaylotov atoryetov (Gtov avtd vdEyEL) elval TOVOUOLOTUTTY. O

A.2.14 Togatienon. (i) Eav éva ueownmg diatetaypévo ovvoro (X, <) duabétel ué-
YLOTO (%O AVTLOTOLYX WG, EAAYLOTO) OTOLYELO, TOTE QUTO ELVOL TQOPAVAOS TO UOVadixd
ueylonxd (no ovtotolyme, 1o povadixé ehoylotnd) otoryelo Tov (wg TEOGg TV
“=<7). 'Oumg éva peylonrd (ot ovtoToiywe, £évo ehaylonrnd) otovyeto dev elvau
2aT avAyxrnV UéyLoto (now avtiototywe, ehdyloto) otowyelo. (ITopA. B.2.33 (i).)

(i) Mpogavag, ®dBe odixdg diatetayuévo memepacuévo ovvoro dLobétel TavToTe
ot UEYLOTO xat ENAYLOTO OTOLYED. RL0THOO, EVa OARMGS dloteTtayuévo 0 UVOLo Tov
OLaBéTeL xar PEYLOTO xat EMAYLOTO OTOLYEIO SEV EIVOLL ATOQOLTNHTMG TETEQAUOUEVO.

* Avté eiBlotan vo oupPohileton g max< (X) (xow aviotoixwg, mg min< (X)) 1 amhdg wg max(X) (ko aviotoi-
%0g, 05 min(X)) dtav vrovoeital oo givon 1 “=<”.
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(TTapGderyua: To xhewotd didotnua [0, 1] eviog 100 R elvou éva amelpootvolo to
07010 €xeL 10 0 g ELAYLOTO %Al UE TO 1 g UEYLOTO OTOLYELO TOV MG TEOS TN CVVHOM
duatagn tov mooypatndv aBumyv.) Enxtong, oe olixds dwotetoryuéva ovvora o
€vvoLeg UeyLoTnd ®ow UEYLOTO OTOLYELD (RO AVTLOTOLY MG, OL €VVOLES EAAYLOTLRO RO
€AAYLOTO OTOLYE(0) oLUTITTTOUY.

A.2.15 Ogiopods. "Eotm 6t to (X, <) elvon éva peouruds dtotetoryuévo oUOVoLo %o
70 ) éva un xevo vtoovvoro tov X.

(i) "Eva otowyeio = € X nahelton ave @edypa to0 ) evidg 100 X wg mog v “=<”
Ootavy 2 z,Vy € 9.

(ii) "Evo ototygio z € X noleiton #dro godyna 100 Q) evidg 100 X wg mog v “=”
otov x Xy, Vy € . Qg

AD(Y; X) := {z € X|z dvo podyna 100 Y (evtdg 100 X) wg moog Ty “ <7}
ovuforiCovue To0 GUVOLO TV GVD PEOYUGAT®Y TOV ) KoL WG
KO(; X) := {z € X|z ndtw podyua 100 ) (evtdg 100 X) wg moog v “ < 7}

70 0UVOAO TV RATW PEayudtwv 100 ) wg meog TV “=X”. 'Otav AD(Y; X) # O
(now avtiotoiyme, KO(Y; X) # ), 101e Aépe 6t 10 ) eivan goaynévo ex tov Gve
(o avTLOTOLY WG, PEAYUEVO EX TOV RAT®).

(iii) EGv to peguas dotetayuévo o0voho (AD(Y; X), X |aq(y,x)) EXeL EAGXL1OTO
oTouyeto, TOTe avtd nadeltan eEAdyoto ave @edypa (¥ supremum) tod ) evidg
o0 X.

(iv) Ev to pegueds dortetaryuévo 60voro (KD(; X), =[xy, x)) EXELUEYLOTO OTOL-
x€lo, 10te avtd roheltar péyroto rdro @oedypo (1 infimum) rod Q) evidg 1ol X.

A.2.16 TIgoraon. Eotw (X, =) éva ueoixds diatetayuévo avvolo xat éotw ) éva
un xevé vwoaivolo tod X. Otav vadoyet eAdyioto dvw godyua (xat avTioTtoiyws,
UEYLOTO xATW QEAyUQ) TOV ) evTtos ToU X wg moog Ty “=X”, T61E QUTO €ivau uovo-
oNUAVTOS 0QLOUEVOD?,

ATIOAEIZEH. Avty| émetou dueca amd v mpdtaon A.2.13. |

A.2.17 Hagadeiypara. Mio and tg Paocindtepes WOOTNTes 100 (R, <) elvan 6t
n0e @ # P C R mov eivor poayuévo ex tv avm dtobétel ehdyloTo dvw
podyua. T to (Q, <) avtd dev elvar ev yéver alnbés. Emi mapadeiypat, 1o
Y = {q €eQ | ¢ < 2} VoL UEV ELVAL ROL €X TV GV %OL EX TWV HATO QQAYUEVO
oG dev duaBéTeL 0UTE EMAYLOTO GV PEAYUO OV TE UEYLOTO RATW POAY UL EVTOS TOD
ovvorov Q! (Ta éva GO evdlogpégov madderypo aplBpuobemonTirig @ioems BA.
B.2.33 (ii).)

3 AuT6 £iBoTan vo oupBoriletan g sup<(2; X) (xow avuotolyws, wg inf<(Y; X)) 1 anhds og sup(Y; X) (o
avototyws, wg inf (Y ; X)) dtav vrovoeiton oo elvan n “=<7.
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A.2.18 Ogiwopods. ‘Eoto (X, <) éva uegurmg dtotetoryuévo oivoro.

(1) KdBe un %evo vootvodro ) 1ot X mov elvar t€tot0, dote 10 (Y, 2|y ) va amo-
tehel olixag duatetoryuévo ovvoho, raieitor ahvoida to0 (X, <).

(ii) Aéue 6tL 0 (X, <) elvan emayoyrdg dotetaypnévo dtav xdbe alvoida tov eivor
QPOAYUEVT] EX TV AV.

A.2.19 Hogaedeiypara. (i) To (R, <), 6mov “<” eivor ) ovviOng dudtaEn tov moory-
UOTLRMY 0QBUADYV, ETVaL ETOYMYLRMOG SLATETOYUEVO.

(ii) To (P(N2), ©)), 6mov 2 Eva un xevd 6UVOAO, deV elvaL RAT AVAYRNY ETOY WYWHAG
dwatetarypévo. Qot1600, #40e vtogivolo 100 P(Q) g woowvic { B, Ba, Bs, ...},
6mov By € By C By C - - -, givow emoryoywdg Sotetayuévo’ (wg wpog v “C”).

To axérovBo Ajuua 00 Zorn” epoaoudleton ot wo TANOha amodeiEewy Bewon-
UGtV oyeTnLouévmy ue TV UTaEEN ueyloTdv ototyelmv (og Tog dedouéves oyé-
oelg dlotaEemg):

A.2.20 Afupe to0 Zorn. Kdbe emaywyinos datetayuévo abvolo diabétel Tovdd-
XLOTOV Eva UeyloTino atoLyEio.

A.2.21 Impeioon. 2to whaiowo Tig Oesweiog Zvvolwv amodewvietor (ue ™) Por-
Berol T Aeyouévng vrepmeneoaouévns exaywyns ) étL to Mjuuo tov Zorn giva Loo-
d0vapo ue to agiwua tis emidoyrs. (IlpovmoBétovue 6L To TELeVTAlO CUYRATOAEYE-
o ot houd? aEuduate g Oswoiag SVVOLmV TOV YONOLUOTOLOVUE CLmTNENOC’.)

A.2.22 Ogwopdg. “Eva ueounag dwotetaryuévo aivolo (X, %) xaheiton odvdeopog
otav ywo oadiote otovgeta z,y € X vmdoyeL TOOOV TO UEYLOTO HATW PQAYUCL
600V %ol T0 EMAYLOTO GV EAayuo tov {x,y} evtds o0 X wg meog v “<”. Ta
Poayuota ovtd dNAovVTOL UECW TV CVUPBOAOV = A y ROl = V Y, AVTLOTOIY0G.

A.2.23 Tagadeiypara. (i) "Eotw Q2 éva otvoro. To pegurdg diatetayuévo ohvoho
(B(Q), C) (PA. A.2.2 (1)) elvon ovvdeopog. Mahiota, Yo otadfote A, B € P()
éxovue ANB=ANB, AVB=AUB.

(ii) KaBe odixag datetaypévo ovvoro (X, X) (6mwg, m.x., o Ledyn ta avaped-
ueva ato (iii) Tov edapiov A.2.2) elvar avtoudtwg ovvdeouos. Ev mponeiuévo, edv

O Snuewwtéov 61 70 idto T0 { By, Ba, Bs, ...} éxet0 |J Bi € P(Q) 0g dvo godyua tov.
kEN

TH t7aQEN ueytonxot otolyelov amodidetar cuviiBog otov Max August Zorn (1906-1993) Aéym g ex uéoug tov
duootetoemg g oe £vo GeBo oto megLodixd Bulletin of A.M.S. to 1935 (ue titho: A remark on method of trasfinite
algebra). Qo1600, aVT6 T0 «Mjpna» (| Woddvaueg Toaurhayés Tov) HTay XOOVIO TV YVOOTO 0rtd EQYOOIES TV
uabnuotindv R.L. Moore (1882-1974) xou K. Kuratowski (1896-1980).

8TTg6mertan yio tor oEuduara twv Zermelo %o Fraenkel, vitot to aiduata: (i) mig entdoens, (if) Tig eEeduetoewg,
(iii) Tov (un dwotetayuévmv) Cevydv, (iv) Tig evoemg, (V) T00 duvauoouvvorov, (vi) 1ol amelpov, (Vii) Tg avurato-
otdoews xow (viii) Tig vavoviréttag (IToPh. P. Halmos: Naive Set Theory, Springer-Verlag, 1960. Avtd to xhaowxd
OUYYQaUUO RUXAOPOQEL now 0T EMANVIRG, 0€ netdpoaon I Kohétoov, amd tg exdioels «Zgaipa-Exxgeuéc», vid tov
Titho Apedic Zvvolobewpia, ABTva, 2002.)

9 X onopomotovpe 1o ovotnua aiwpdtny ZF+AC (now ovapeEouaote uévov axobymg oe NBG-«xhdoeis», ol

xAdoels Vo TV évvola Tg eveUtepns Oemptag twv von Neumann, Bernays xow Godel, 6tav, w.y., yivetow Adyog yo
™V owoyévela 6wy twv opuddwyv, Tmv nwouddwv x.6. TIoBA. 2.1.4 now 2.4.22).
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r,2ye Xz Ry, 0tex Ay =znonxVy=y.
(iii) To ueurdg (MG Gy xow ohxndg) dratetayuévo Cevyog (RE, <), dmov

f2g<=I[f(x) <g(x), Yz € R]|, V(f,g) € R* x R¥,

000

atotelel Evav o0vdeouo, 6Tov f A g xan [V g givon ou eENg moayuaTixég ouvaQTi-
oelg:

(f Ag)(x) == min{f(z),g(z)}, (fVg)(x) := max{f(z),g(z)}, Vo €R.

(iv) ‘Eotw (%, <) tux@v ovvdeouos. Tdte 1o avaotoogo ueuris dLotetoryuévo ov-
voho (X, =) (to oploBév ato A.2.2 (v)) eivar wooitmg o0vdeouog (rabdtL 1 “>=”
OUVETLPEQEL TNV EVAALAYT| TV 0OV TV “A” nan “V”) xal naheltal avaotgogog
100 ovvdéopov (X, <).

A.2.24 Iqpeioon. (i) Edvto (X, <) eivow évog ovvdeonog nat z, y, z € X, tote elva
e0nolo vo arrodeyBet 0tL avtdg Exel Tig eEng LWOLoTNTEC:

| | IdwotnTeg | og ovupolxn yoagn |

toutoduvauio rANz=2z, zVr==x
uetafeTLvdTNTA cANy=yAz, zVy=yVz
(@AY ANz=xA(YAz),
(xVy)Vz=zV(yVz)
QITOQEOPN TLRATN TAL zA(xVy) ==z, zV(xAy) ==z

1
2
3. | mpooeTaELOTIRATYTA
4

(ii) Kabe memepaopévo vrootvoro {x1, s, ..., x,} T00 vonewwévoy ovvélov X
evog ovvdéouou (X, <) dlaBétel uéyLoto natm pedayua

LI ANT2 N ATy =21 A (T2 A oo AZy)
%O EMAYLOTO AV POAYUOL
21 VTV Va, =21V (xaV..Vz,)

evtog autov. (Emaywywmds oplopde.) Qotéoo, 6tav to X elvar amelgooivolo, Eva
AteLQo Voo UVOLS ToU ) dev dLaBéTel xaT avAyrNV aUTd TO POAYUOLTOL.

(iii) "Evog otvdeopog (X, <) naheltor mifens ovvdeopog dtav xdbe vtootvord
Tov ) dLabéTeL UEYLOTO RATW PEAYUO oL EAdLOTO dve podyua. (Ev toladtn me-
QLITTMOEL T Podynata avtd ovufoiitovrol mwg A QY xou \/ 2, avriotolymg.)

A.2.25 Oguopés. "Eotw (X, <) évag o0voeouog xo €0tm ) éva un xevd vtoohvoho
100 X. TGte 10 pegurag duatetayuévo oivoro (), =X) (M -axngipéotega- 1o (), < ‘m ),
woPh. A.2.6) naieiton vroovvdeopos tov (X, <) dtav yio owadimote z,y € 2
gxovuez Ay € Prowx Vy €9.
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A.2.26 Ogiopos. ‘Eoto 6t 1o (X1, <1) nou (X2, <o) etvar dvo ovvdeouor. "Evag
LOOUOQYLOUOS (TWV VTORELUEVIIV) UEQLRMG OLATETAYUEVWY GUVOA®Y f @ X1 — X9
(vrtd v évvora 10U opLonov A.2.9) noheital toopoggropés ovvdéopmv. Aéue ot
dvo ovvdeouor (X1, <1) now (X2, <2) elvar woépoggor 6tav vpiototol EVag TETOLoG
LOOUOQYLOUOS UETAED AUTOV.

A.2.27 Ilgoraon. Eotw ot ta (X1, =1) xaw (X2, X2) eivar dvo ovvdeouor. Tia o
aupioowyn f : X1 — X o1 axdlovles ovvOixes eivar toodbvaues :

(i) H f eivau toouoopiouods ovvoéouwy.
(i) f(z Ay) = f(@) A f(y),V(z,y) € X1 x X
(iii) f(z Vy) = f(z) VI(y),Y(z,y) € X1 x X1

ATOAEIEH. (i)=-(ii) Edv n f elvow toopoogprouds ovvdéopmv ot (z,y) € X1 x X4,
018

s Ay 1zraz Ay 21y= fxAy) 22 f(z)nou f(zAy) =2 fy),

ontdte 10 f(z A y) amotelel éva rdtw @edyua 100 {f(z), f(y)} evidg to0 X2 wg
7ROg TV ¢ <5 7. "Eotm tdea & tuydv ndtm podyua tov {f(z), f(y)} evidg 100 Xo
g TROS TNV “ =<5 . Emeldn 1 f elvol oupLooLutTing ommetnovion), vtdoyel axoLmg
éva atolyelo z € X1, 11010 oTe va. LoyveL f(z) = &. Tlpopavag,

€22 flw) o =2 fy) = 2z 21 [T (f() =z naz <1 [T (f(y) = v,

0TtdTE T0 2 0TToTELEL Eva RATW PEAYU TOV {z, y} €vids 100 X1 wg mog Ty “ <1 7.
Avt6 onuaivel 6L z <1 = Ay, i’ 6mtov €metan Ot

f(z) =€ =22 flany) = flxny) = f(x) A fy).

(ii)=-(i) ' orodnmote Tevyog (z,y) € X1 x X1 ue x <1 y €Yovue z A y = x, OnOTE

f(@) = fxny) = f@) A fly) = f(z) 22 fy)-

EE avtov énetan 6t 1 f elvon Lodtovn. Amo thv GAAN uepLd, Yo oLodmmote Cevyog
(u,w) € X3 x Xg pe u <o w VAAEYOVV UOVOONUAVIWG optouéva .,y € X1, TéTol
®oTte va oyvel f(x) = ura f(y) = w. Katd ovvémeay,

f@)=uv=unw=f(z)A[fly) = flzAry),
o’ 6wov ovuseQaivovue Ot
e=f1f@) = (fleAy)=zAry=z =1y,

frou 6t f~1(u) =1 fF~H(w). Aga wow M avtioteopog £~ tig f elvar 1oétovn xad,
g g1 T00TOV, 1 f elval loopopLopds ovvdéoumv. H wooduvauio (i)<(iii) omwodet-
UVOETOL TTAQOUOLMG. O






