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11.1 ÈÅÙÑÇÌÁÔÁ ÔÏÕ SYLOW

Ôá èåùñÞìáôá áõôÜ (ôñßá ôïí áñéèìü) áðåäåß·èçóáí áñ·éêþò áðü ôïí Íïñâçãü

ìáèçìáôéêüL. Sylow (1832-1918), äçìïóéåýèçóáí ôï Ýôïò1 1872 êáé äéáäñáìÜôéóáí

Ýêôïôå Ýíáí êáèïñéóôéêü ñüëï óôçí áíÜðôõîç ôÞò Èåùñßáò ÐåðåñáóìÝíùí ÏìÜ-

äùí. Ôï 1ï èåþñçìá ôïý Sylow 11.1.2 ãåíéêåýåé ôï èåþñçìá 5.7.1 ôïý Cauchy êáé

ôï ðüñéóìá 5.6.6 (êáé áðïôåëåß Ýíá ìåñéêü áíôßóôñïöï ôïý èåùñÞìáôïò 4.1.22 ôïý

Lagrange), êáèþò äéáóöáëßæåé ôçí ýðáñîç õðïïìÜäùí ôÜîåùò   ∈ {1 }
ïéáóäÞðïôå ðåðåñáóìÝíçò ïìÜäáò  ôÜîåùò  =  üðïõ  ∈ N êáé  Ýíáò

ðñþôïò áñéèìüò ìå  -  ÅíáëëáêôéêÝò áðïäåßîåéò áõôïý ôïý èåùñÞìáôïò2 åðñï-

ôÜèçóáí ôï 1878 áðü ôïõò E. Netto3 (1846-1919), ï ïðïßïò ·ñçóéìïðïßçóå óõíäõá-

óôéêÜ åðé·åéñÞìáôá áðü ôç èåùñßá ôùí ìåôáôÜîåùí, êáé A. Capelli4 (1855-1910),

ï ïðïßïò áêïëïýèçóå ìéá äéáöïñåôéêÞ ôå·íéêÞ åìðåñéÝ·ïõóá åí óðÝñìáôé ôçí Ýí-

íïéá ôÞò äñÜóåùò ôÞò ïìÜäáò áíáöïñÜò åðß åíüò êáôÜëëçëïõ äéáìåëéóìïý ôïý

õðïêåéìÝíïõ óõíüëïõ ôçò óå õðïóýíïëá, êáèÝíá ôùí ïðïßùí Ý·åé  óôïé·åßá. Ôï

1887 ï F.G. Frobenius (1849-1917) ðñïóÝèåóå ìßá áêüìç áðüäåéîç5, ç ïðïßá Ýêáíå

·ñÞóç ôïý èåùñÞìáôïò 4.4.21 êáé ôÞò åîéóþóåùò êëÜóåùí óõæõãßáò (5.64). Ç

(ðïëý êïìøÞ) áðüäåéîç ôïý Frobenius åðÝæçóå êáô' ïõóßáí ìÝ·ñé ôùí çìåñþí ìáò

(ìå åëÜ·éóôåò ðáñáëëáãÝò êáé ðñïóèÞêåò, êáé áöïý åß·å óõìðåñéëçöèåß óôá óõã-

ãñÜììáôá ¢ëãåâñáò ôùí H. Weber6 (1842-1913), E. Netto7, êáé R. Fricke8 (1860-

1930) ôá åìöáíéóèÝíôá óôá ôÝëç ôïý 19ïõ êáé óôéò áñ·Ýò ôïý 20ïõ áéþíá). Áðü

ôçí Üëëç ìåñéÜ, ç (êáôÜ ôé ðåñßðëïêç) ôå·íéêÞ ôïý Capelli Ýôõ·å êÜðïéáò âåëôéþ-

óåùò óå Ýíá Üñèñï ôïý G.A. Miller9 (1863-1951) äçìïóéåõèÝí ôï 1915. Ùóôüóï, ç

(ôüôå äéáèÝóéìç) áðüäåéîç ðáñÝìåíå ìáêñïóêåëÞò. Ç ðñþôç óýíôïìç áðüäåéîç

ðïõ óôçñßæåôáé ìüíïí óôï èåþñçìá ôñï·éþí êáé óôáèåñïðïéçôþí 10.2.5 ùò ðñïò

ìéá êáôáëëÞëùò åðéëåãìÝíç äñÜóç ôÞò  êáé óå êÜðïéá áñéèìçôéêÞ éäéüôçôá ôïý

äéùíõìéêïý óõíôåëåóôÞ
¡



¢
, ·ùñßò íá êáôáöåýãåé óå åðáãùãéêÜ åðé·åéñÞìáôá Þ

óôç ·ñÞóç ôùí èåùñçìÜôùí 4.4.21 Þ 5.7.1, åßäå ôï öùò ôÞò äçìïóéüôçôáò ôï 1959

êáé ïöåßëåôáé óôïí H. Wielandt10 (1910-2001). Óôçí ðáñïýóá åíüôçôá ðáñáèÝ-

ôïõìå ôüóïí ôçí áðüäåéîç ôïý Frobenius üóïí êáé åêåßíçí ôïý Wielandt.

Ãéá ôï 2ï êáé ôï 3ï èåþñçìá ôïý Sylow, ôá ïðïßá áöïñïýí óôéò éäéüôçôåò ôùí

ìåãéóôéêþí -õðïïìÜäùí ìéáò ðåðåñáóìÝíçò ïìÜäáò, üðïõ  åßíáé Ýíáò ðñþôïò

áñéèìüò ðïõ äéáéñåß ôçí ôÜîç ôçò, ðáñáèÝôïõìå áðïäåßîåéò óôéò ïðïßåò õðåéóÝñ-

·ïíôáé åê íÝïõ êáôÜëëçëåò äñÜóåéò ôÞò ïìÜäáò. ÁõôÝò áêïëïõèïýí åí ðïëëïßò

1Âë. L. Sylow: Théorèmes sur les groupes de substitutions , Math. Ann. 5, (1872), 584-594

2Âë. W.C. Waterhouse: Early Proofs of Sylow's Theorem, Archive for History of Ex. Sc., Vol. 21 (1980), 279-290

3E. Netto: Neuer Beweis eines Fundamentaltheorems aus der Theorie der Substitutionenlehre, Math. Ann. 13 (1878),
249-250

4A. Capelli: Sopra l'isomorphismo dei gruppi di sostituzioni, Giornale di Math. 16 (1878), 32-87

5F.G. Frobenius: Neuer Beweis des Sylowschen Satzes, Jour. reine angew. Math. 100 (1887), 179-181

6H. Weber: Lehrbuch der Algebra, Bd. II, Braunschweig, 1889 óåë. 135-136
7E. Netto: Gruppen- und Substitutionentheorie, Leipzig, 1908
8R. Fricke: Lehrbuch der Algebra, Bd. I, Braunschweig 1924 óåë. 291-293.
9G.Á. Miller: New Proof of Sylow's Theorem, The Annals of Mathematics, Second Series, Vol. 16, (1915) 169-171.

10H. Wielandt: Ein Beweis für die Existenz der Sylowgruppen , Archiv derMath. (Basel) 10 (1959), 401-402
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ôç ìÝèïäï ôïý Wielandt, ìå êÜðïéåò óõìðëçñþóåéò ïöåéëüìåíåò óôïõò W. Krull11

(1899-1971) êáé P.X. Gallagher12.

ÐñïôÜóóïõìå ôï áñéèìïèåùñçôéêü ëÞììá 11.1.1 óôï ïðïßï âáóßæåôáé ç äåýôåñç

áðüäåéîç ôïý èåùñÞìáôïò 11.1.2.

11.1.1 ËÞììá. ÅÜí  =  üðïõ  ∈ N êáé  Ýíáò ðñþôïò áñéèìüò ìå  - 

ôüôå ãéá êÜèå  ∈ {1 } õðÜñ·åé êÜðïéïò  ∈ N ìå  ≡ 1(mod ) ïýôùò þóôå íá
éó·ýåé µ





¶
= −

Áðïäåéîç. Ðñïöáíþò,µ




¶
=

(− 1) · · · (−  + 1)

!

=



· (− 1)(− 2) · · · ((− 1)− (

 − 1) + 1)
( − 1)!

=




µ
− 1
 − 1

¶
= −

µ
− 1
 − 1

¶
= −

üðïõ  :=
¡
−1
−1

¢ ∈ N Åí óõíå·åßá, ðáñáôçñïýìå üôé

 =
(− 1)(− 2) · · · ((− 1)− ( − 1) + 1)

( − 1)( − 2) · · · ( − ( − 1)) =

−1Y
=1

− 

 − 


ÊÜèå  ∈ {1  − 1} ãñÜöåôáé õðü ôç ìïñöÞ  =    üðïõ

 := max { ∈ N0 | |  } êáé  :=





ÊáôÜ óõíÝðåéáí,

 =

−1Y
=1

−− 
− − 

 (11.1)

üðïõ  −   0 êáé  −   0 ãéá êÜèå  ∈ {1  − 1} Êáôüðéí õðïëïãéóìïý

ôïý ãéíïìÝíïõ ôïý äåîéïý ìÝëïõò ôÞò (11.1) ëáìâÜíïõìå

 =
+ 

+ 
 (11.2)

11W. Krull: Über die p-Untergruppen endlicher Gruppen , Archiv der Math. (Basel) 12 (1961), 1-6

12P.X. Gallagher: On the -subgroups of finite groups, Archiv der Math. (Basel) 18 (1967), 469
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ãéá êáôÜëëçëïõò áêåñáßïõò áñéèìïýò    üðïõ

 =

−1Y
=1

(−) = (−1)
−1

−1Y
=1

  (11.3)

Ç (11.2) ãñÜöåôáé ùò åîÞò:

( − 1) = (− ) (11.4)

ÅðåéäÞ (åî ïñéóìïý) ìêä( ) = 1 ∀ ∈ {1  − 1} Ý·ïõìå (ëüãù ôÞò (11.3)

êáé ôïý ëÞììáôïò 7.3.1) ìêä( ) = 1Áðü ôçí (11.4) Ýðåôáé üôé

 | ( − 1)
ìêä( ) = 1

¾
=⇒
B.2.9

 |  − 1

äçëáäÞ üôé  ≡ 1(mod ) ¤

11.1.2 Ðñþôï èåþñçìá ôïý Sylow. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò  =  üðïõ
 ∈ N êáé  Ýíáò ðñþôïò áñéèìüò ìå  -  Ôüôå ãéá êÜèå  ∈ {1 } õðÜñ·åé
ôïõëÜ·éóôïí ìßá õðïïìÜäá ôÞò  ôÜîåùò 

Ðñùôç áðïäåéîç. ÅÜí ç  åßíáé áâåëéáíÞ, ôüôå ï éó·õñéóìüò åßíáé áëçèÞò (âë.

èåþñçìá 4.4.22). Áò õðïèÝóïõìå ëïéðüí üôé ç  åßíáé ìç áâåëéáíÞ êáé üôé ôá

1  åßíáé åêðñüóùðïé åêåßíùí ôùí óáöþò äéáêåêñéìÝíùí êëÜóåùí óõæõãßáò

ðïõ äåí ðåñéÝ·ïíôáé óôï êÝíôñï () Ôüôå ç (5.64) ãñÜöåôáé ùò åîÞò:

|| = |()|+
X

=1

| : C()| = |()|+
X

=1

||
|C()| 

Èá ·ñçóéìïðïéÞóïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôçí

ôÜîç ôÞòÇ åðáãùãÞ îåêéíÜ áðü ôï 6 êáèþò çS3 åßíáé ç ìïíáäéêÞ (ìÝ·ñéò éóï-

ìïñöéóìïý) ìç áâåëéáíÞ ïìÜäá ìå ôç ìéêñüôåñç äõíáôÞ ôÜîç. EðåéäÞ ïé 2 êáé 3

åßíáé ïé ìüíïé ðñþôïé äéáéñÝôåò ôïý 6 áñêåß ç õðüìíçóç ôïý üôé çS3 äéáèÝôåé ôñßá

óôïé·åßá ôÜîåùò 2 êáé äýï óôïé·åßá ôÜîåùò 3 (Ðñâë. 3.2.2 êáé 4.1.42.) Èåùñïýìå

ïéáäÞðïôå ìç áâåëéáíÞ ïìÜäá  ôÜîåùò || =  =   6 êáé õðïèÝôïõìå üôé

ãéá üëåò ôéò ìç áâåëéáíÝò ïìÜäåò ôÜîåùò  || ï éó·õñéóìüò åßíáé áëçèÞò. Äéáêñß-
íïõìå äýï ðåñéðôþóåéò:

Ðåñßðôùóç ðñþôç. ÅÜí

 | | : C()|  ∀ ∈ {1 }

ôüôå  | |()| (äéüôé åî õðïèÝóåùò  | ||). ¼ìùò ôï êÝíôñï () ùò áâåëéáíÞ

ïìÜäá, ðåñéÝ·åé êÜðïéï  ∈ ()r{} ôÜîåùò  åíôüò ôïý () (âë. 4.4.21). Ç

êõêëéêÞ ïìÜäá hi åßíáé õðïïìÜäá ôïý êÝíôñïõ () ôÜîåùò |hi| =  ÊáôÜ ôï

(i) ôÞò ðñïôÜóåùò 5.4.19, hi E  Ùò åê ôïýôïõ, ïñßæåôáé ç ðçëéêïïìÜäá  hi
ôÜîåùò | hi| = −1 Åî áõôïý óõíÜãïõìå üôé ãéá êÜèå  ∈ {1 } õðÜñ·åé
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êÜðïéá õðïïìÜäá  ôÞò  hi ôÜîåùò13 −1 (ÐñÜãìáôé° ãéá   1 åÜí ç  hi
åßíáé áâåëéáíÞ, ôïýôï Ýðåôáé áðü ôï èåþñçìá 4.4.22, åíþ åÜí ç  hi åßíáé ìç
áâåëéáíÞ, ôïýôï Ýðåôáé áðü ôçí åðáãùãéêÞ ìáò õðüèåóç, êáèüóïí | hi|  ||.)
Ôïðüñéóìá 4.4.15 ìáòðëçñïöïñåß üôé ç ïöåßëåé íá åßíáé ôÞò ìïñöÞò =  hi 
ãéá êÜðïéá õðïïìÜäá  ôÞò  ðïõ ðåñéÝ·åé ôçí hi  ÅðïìÝíùò,

−1 = || = | hi| = ||
|hi| =

||

⇒ || = 

êáé ï éó·õñéóìüò åßíáé áëçèÞò êáé ãéá ôçí ßäéá ôçí 

Ðåñßðôùóç äåýôåñç. ÅÜí ∃0 ∈ {1 } :  - | : C(0)|  ôüôå
 = | : C(0)| |C(0)|

 - | : C(0)|

⎫⎬⎭⇒  | |C(0)| 

ãéá êÜèå  ∈ {1 } ÅðåéäÞ
0 ∈ ()⇒ | : C(0)|  1⇒ |C(0)|  || 

ç C(0) äéáèÝôåé êÜðïéá õðïïìÜäá  ôÜîåùò  ãéá ïéïíäÞðïôå  ∈ {1 }
(êÜôé ðïõ Ýðåôáé åê íÝïõ áðü ôï èåþñçìá 4.4.22 üôáí ç C(0) åßíáé áâåëéáíÞ

êáé áðü ôçí åðáãùãéêÞ ìáò õðüèåóç üôáí ç C(0) åßíáé ìç áâåëéáíÞ). ÅðåéäÞ

 v C(0) v 

ï éó·õñéóìüò åßíáé êáé óå áõôÞí ôçí ðåñßðôùóç áëçèÞò ãéá ôçí  ¤
Äåõôåñç áðïäåéîç. ¸óôù  ∈ {1 } êáé Ýóôù14

 :=
©
 ∈ P() ¯̄card() = 

ª ³
ìå card () =

¡



¢´


ÅðåéäÞ ãéá êÜèå  ∈  êáé êÜèå  ∈ P()r{∅} Ý·ïõìå card() = card()  ç 

äñá åðß ôïý ìÝóù ðïëëáðëáóéáóìïý åî áñéóôåñþí:

× 3 () 7−→  • :=  = { | ∈ } ∈ 

áöïý  • =  êáé 1 • (2 •) = (12)• ãéá ïéáäÞðïôå 1 2 ∈  êáé ∈ 

Áò õðïèÝóïõìå üôé ôï {1 } åßíáé Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí ôïý 

ùò ðñïò ôçí ‘‘³'' Ôüôå

 =
a

=1

Orb()⇒ card () =
¡



¢
=

X
=1

card(Orb())

üðïõ, óýìöùíá ìå ôï ëÞììá 11.1.1,

∃ ∈ N :  ≡ 1(mod ) ìå
¡



¢
= −

13Ãéá  = 1 ôïýôï åßíáé ðñïöáíÝò.

14Ç éóüôçôá card() =
¡ 


¢
Ýðåôáé Üìåóá áðü ôï ëÞììá 5.3.13.
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ÅÜí ï ðëçèéêüò áñéèìüò êáèåìéÜò åê ôùí ôñï·éþí ôùí1  Þôáí äéáéñåôüò äéÜ

ôïý −+1 ôüôå èá ðñïÝêõðôå áíôßöáóç, äéüôé

−+1 | ¡ ¢⇐⇒  |  ⇐⇒ åßôå  |  åßôå  | 

ÊáôÜ óõíÝðåéáí, ∃0 ∈ {1 } ïýôùò þóôå ãéá ôç ìÝãéóôç äýíáìç   ∈ N0
ôïý  ðïõ äéáéñåß ôïí ðëçèéêü áñéèìü card(Orb(0)) íá Ý·ïõìå  ≤ − ¸óôù

 := Stab(0) ï óôáèåñïðïéçôÞò ôïý 0  ÊáôÜ ôï èåþñçìá ôñï·éþí êáé óôá-

èåñïðïéçôþí 10.2.5,

card(Orb(0)) = | : | = 

ãéá êÜðïéïí  ∈ N ìå ìêä( ) = 1 Áðü ôï èåþñçìá 4.1.22 ôïý Lagrange ðñïêý-

ðôåé üôé

 =  = | : | || =  ||⇒ || = −


(ìå  | )

ÅðïìÝíùò,

 =  =  || ≤ − ||⇒ || ≥ 


≥  (11.5)

¸óôù ôþñá ôõ·üí óôïé·åßï  ∈ 0  Áðü ôïí ïñéóìü ôïý óôáèåñïðïéçôÞ êáé ôçí

ðñüôáóç 4.1.12 óõíÜãïõìå üôé

0 = 0 ⇒  ⊆ 0 ⇒ || = card() ≤ card(0) =  (11.6)

Ïé (11.5) êáé (11.6) äßäïõí || =  (êáé ç  åßíáé ç æçôïýìåíç õðïïìÜäá ôÞò 

ôÜîåùò ). ¤

11.1.3 ÐáñáôÞñçóç. ÅðåéäÞ ç äåýôåñç áðüäåéîç ôïý èåùñÞìáôïò 11.1.2 äåí ·ñç-

óéìïðïéåß ôá èåùñÞìáôá 4.4.21 Þ 5.7.1, áõôÜ ìðïñïýí íá éäùèïýí êáé ùò ðïñß-
óìáôá ôïý èåùñÞìáôïò 11.1.2!

11.1.4 Ïñéóìüò. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò áñéèìüò. Ìéá

õðïïìÜäá v  êáëåßôáé -õðïïìÜäá ôïý Sylow üôáí éó·ýïõí ôá åîÞò:

(i) Ç åßíáé ìéá -ïìÜäá (õðü ôçí Ýííïéá ôïý ïñéóìïý 5.7.2).

(ii) ÅÜí ç åßíáé ìéá -õðïïìÜäá15 ôÞò  ìå v  ôüôå = 

(Ùò åê ôïýôïõ, ïé -õðïïìÜäåò ôïý Sylow åßíáé ìåãéóôéêÜ óôïé·åßá ôïý óõíüëïõ

üëùí ôùí -õðïïìÜäùí ôÞòùòðñïò ôçí ‘‘v'') Ôïóýíïëï üëùí ôùí -õðïïìÜäùí
ôïý Sylow óõìâïëßæåôáé ùò åîÞò:

Syl() := { ∈ Subg() | -õðïïìÜäá ôïý Sylow}
15Áõôü óçìáßíåé üôé v  êáé üôé ç åßíáé áö' åáõôÞò ìéá -ïìÜäá.
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11.1.5 Ðñüôáóç. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò
áñéèìüò. Ôüôå

 ∈ Syl()⇐⇒ ∃ ∈ N0 : || =  êáé ìêä (| : |  ) = 1
Áðïäåéîç. ‘‘⇒'' ÅÜí  ∈ Syl() ôüôå ç õðïïìÜäá  åßíáé ìéá -ïìÜäá, ïðüôå

∃ ∈ N0 : || =  (åðß ôç âÜóåé ôïý ðïñßóìáôïò 5.7.3). Áò õðïèÝóïõìå üôé

ìêä(| : |  )  1 Êáô' áíÜãêçí,

ìêä (| : |  ) = ⇒ ∃ ∈ N :    êáé || =   - 

ÊáôÜ ôï 1ï èåþñçìá ôïý Sylow 11.1.2 ∃ v  : || =  Ç  åßíáé ìéá -

õðïïìÜäá ôÞò  (åê íÝïõ ëüãù ôïý ðïñßóìáôïò 5.7.3) êáé  @  êÜôé ðïõ áíôé-

öÜóêåé ðñïò ôçí 11.1.4 (ii). ¢ñá ìêä(| : |  ) = 1
‘‘⇐'' ÅÜí ∃ ∈ N0 : || =  êáé ìêä(| : |  ) = 1 ôüôå óýìöùíá ìå ôï ðüñéóìá

5.7.3 ç åßíáé ìéá -ïìÜäá° åðéðñïóèÝôùò, åÜí ç åßíáé ìéá -õðïïìÜäá ôÞò ìå

 v  v  ôüôå (åê íÝïõ ëüãù ôïý ðïñßóìáôïò 5.7.3) ∃ ∈ N0 : || =  ïðüôå

(âÜóåé ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange)

|| =  |  = ⇒  ≤  ⇒ || =  |  = ||⇒ || ≤ || 
áð' üðïõ Ýðåôáé üôé ⊆  ⇒  =  ¢ñá ∈ Syl() ¤

11.1.6 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò  =  üðïõ  ∈ N0 ∈ N êáé
 Ýíáò ðñþôïò áñéèìüò ìå  -  Ôüôå

Syl() = { ∈ Subg() : || = } 

11.1.7 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò  =  üðïõ  ∈ N0 ∈ N êáé
 Ýíáò ðñþôïò áñéèìüò ìå  -  Ôüôå Syl() 6= ∅ Þôïé ç  äéáèÝôåé ôïõëÜ·éóôïí
ìßá -õðïïìÜäá ôïý Sylow.

Áðïäåéîç. ÅÜí  = 0 ôüôå Syl() = {} 6= ∅ ÅÜí  ≥ 1 ôüôå óýìöùíá ìå ôï

1ï èåþñçìá ôïý Sylow 11.1.2 ∃ v  : || =  ÁõôÞ ç åßíáé -õðïïìÜäá ôïý

Sylow åðß ôç âÜóåé ôïý ðïñßóìáôïò 11.1.6. ¤

11.1.8 Èåþñçìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò
áñéèìüò. ÅÜí ∈ Syl() êáé E  ôüôå éó·ýïõí ôá åîÞò :

(i) ∈ Syl()

(ii) Syl() = { | ∈ Syl()} 
(iii) ∩ ∈ Syl()

(iv) Syl() = { ∩ | ∈ Syl()} 
Áðïäåéîç. ÅðåéäÞ  E  =⇒

4.2.19
 E hi  Ý·ïõìå  = hi =  êáé

 ∩ E  (âë. ëÞììá 4.5.12). Åðßóçò,

 ∈ Syl() =⇒
11.1.5

∃ ∈ N0 : || =  êáé ìêä (| : |  ) = 1
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(i) Óýìöùíá ìå ôï 2ï èåþñçìá éóïìïñöéóìþí 4.5.13,

 ∩ ∼=  ⇒  = || | ∩|
=⇒
B.3.14

∃ ∈ {0 1 } : || = 
(11.7)

Ôï èåþñçìá 4.1.50 äßäåé áö' åíüò ìåí

| : | = | : | | : |

ìêä (| : |  ) = 1

⎫⎬⎭⇒ ìêä (| : |  ) = 1

áö' åôÝñïõ äå

|| = | : | = | : | | : | = | : | || 
ïðüôå

ìêä (| : |  ) = ìêä (| : |  ) = 1 (11.8)

Áðü ôéò (11.7) êáé (11.8) ðñïêýðôåé üôé ∈ Syl() (âë. 11.1.5)

(ii) Ëüãù ôïý (i) ï åãêëåéóìüò { | ∈ Syl()} ⊆ Syl() åßíáé ðñï-

öáíÞò. Ãéá ôçí áðüäåéîç ôÞò éó·ýïò ôïý áíôéóôñüöïõ åãêëåéóìïý èåùñïýìå

ôõ·ïýóá  ∈ Syl() êáé ôïí öõóéêü åðéìïñöéóìü  :  → 

ÅðåéäÞ éó·ýåé
¯̄
 : ()

−1()
¯̄
= | : | (âë. 4.4.15 (vi)), Ý·ïõìå ðñïöáíþò

ìêä
¡¯̄
 : ()

−1()
¯̄
 
¢
= 1 ÅðéëÝãïõìå ìéá  ∈ Syl(

−1
 ()) êáé ðáñáôçñïýìå

üôé

| : | = ¯̄ : ()−1()¯̄ ¯̄()−1() : ¯̄
ìêä

¡¯̄
 : ()

−1()
¯̄
 
¢
= 1

ìêä
¡¯̄
()

−1() : 
¯̄
 
¢
= 1

⎫⎪⎪⎬⎪⎪⎭⇒ ìêä (| : |  ) = 1

ïðüôå  ∈ Syl() (âÜóåé ôÞò ðñïôÜóåùò 11.1.5). ÅðåéäÞ  ∈ Syl()
(ëüãù ôïý (i), ìå ôçí  óôç èÝóç ôÞò) Ý·ïõìå êáô' áíÜãêçí

4.5.19 (ii)⇒  = () v (
−1
 ()) =  ∈ Syl()

 ∈ Syl()

)
=⇒  = 

(iii) ÅðåéäÞ | ∩| = − (âë. (11.7)) åßíáé áñêåôü (ëüãù ôÞò ðñïôÜóåùò 11.1.5)

íá áðïäåßîïõìå üôé ìêä(| :  ∩|  ) = 1 Åöáñìüæïíôáò åê íÝïõ ôï èåþñçìá

4.1.50 ëáìâÜíïõìå

| : | | :  ∩| = | :  ∩|
| : | | :  ∩| = | :  ∩|

|| = | ∩|

⎫⎪⎪⎬⎪⎪⎭⇒ | :  ∩| = | : | 

áð' üðïõ Ýðåôáé üôé

| : | = | : | | : |

ìêä (| : |  ) = 1

⎫⎬⎭⇒ ìêä (| :  ∩|  ) = 1
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¢ñá ôåëéêþò ∩ ∈ Syl()

(iv) Ëüãù ôïý (iii) ï åãêëåéóìüò { ∩ | ∈ Syl()} ⊆ Syl() åßíáé ðñïöá-

íÞò. Ãéá ôçí áðüäåéîç ôÞò éó·ýïò ôïý áíôéóôñüöïõ åãêëåéóìïý èåùñïýìå ôõ·ïýóá

õðïïìÜäá  ∈ Syl() Ôüôå ç  åßíáé ìéá -ïìÜäá, ïðüôå ∃ ∈ Syl() :  v 

¢ñá (ëüãù ôïý (iii), ìå ôçí  óôç èÝóç ôÞò)

[ v  êáé  v ] =⇒  v  ∩ ∈ Syl()

ÅðïìÝíùò,

 ∈ Syl() êáé  ∩ ∈ Syl()

 v  ∩ v 

)
=⇒  =  ∩

áð' üðïõ Ýðåôáé ôï æçôïýìåíï. ¤

11.1.9 Ðñüôáóç. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò
áñéèìüò. ÅÜí ∈ Syl() ôüôå Syl(N()) = {}
Áðïäåéîç. Ç Ý·åé åî ïñéóìïýùò ôÜîç ôçò ìéá äýíáìç ôïý ÅðåéäÞ EN()

(âë. 5.2.4 (ii)) êáé

| : | = | : N()| |N() : |

ìêä (| : |  ) = 1

⎫⎬⎭⇒ ìêä (|N() : |  ) = 1

Ý·ïõìå (ëüãù ôÞò ðñïôÜóåùò 11.1.5)  ∈ Syl(N()) Åí óõíå·åßá èåùñïýìå

ôõ·ïýóá  ∈ Syl(N())Ï ôýðïò ôïý ãéíïìÝíïõ 4.5.9 äßäåé

card() =
|| | |
| ∩  | 

ÅðåéäÞ áìöüôåñåò ïé ôÜîåéò || êáé | | åßíáé äõíÜìåéò ôïý ðñþôïõ áñéèìïý  ï

ðëçèéêüò áñéèìüò card() åßíáé ùóáýôùò ìéá äýíáìç ôïý Áðü ôçí Üëëç ìåñéÜ,

ç ôÜîç || ôÞò éóïýôáé ìå ôç ìåãßóôç äýíáìç ôïý  ðïõ äéáéñåß ôçí ôÜîç || ôÞò
ÊáôÜ óõíÝðåéáí, card() = ||⇒  =  ¤

11.1.10 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá êáé Ýóôù  Ýíáò
ðñþôïò áñéèìüò. Ôüôå ç  Ý·åé ìßá êáé ìüíïí -õðïïìÜäá ôïý Sylow.

Áðïäåéîç. ÐñïöáíÞò (âÜóåé ôÞò ðñïôÜóåùò 11.1.9) áöïý ãéá ïéáäÞðïôå õðïï-

ìÜäá ∈ Syl() Ý·ïõìå N() =  ¤

11.1.11 Ðñüôáóç. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò
áñéèìüò. Ôüôå éó·ýïõí ôá åîÞò :

(i) ÅÜí ç  åßíáé ìéá -õðïïìÜäá ôÞò  ôüôå êÜèå õðïïìÜäá ôÞò  ðïõ åßíáé óõ-
æõãÞò ðñïò ôçí  (õðü ôçí Ýííïéá ôïý ïñéóìïý 5.1.4) åßíáé ìéá -õðïïìÜäá ôÞò 

(ii) ÅÜí ∈ Syl() ôüôå ãéá êÜèå õðïïìÜäá ôÞò ç ïðïßá åßíáé óõæõãÞò ðñïò
ôçí Ý·ïõìå ∈ Syl()
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Áðïäåéîç. ¸óôù üôé ∈ Subg() ìå () ∈ R
óõæ.

¯̄̄
Subg()×Subg()

 Ôüôå

õðÜñ·åé êÜðïéï  ∈  ôÝôïéï þóôå íá éó·ýåé = −1

(i) Áò õðïèÝóïõìå üôé ç åßíáé ìéá -õðïïìÜäá ôÞò ïìÜäáò Tüôå êÜèå óôïé·åßï

ôçò Ý·åé ùò ôÜîç ôïõ ìéá (ìç áñíçôéêÞ áêåñáßá) äýíáìç ôïý  Èåùñïýìå ôõ·üí

óôïé·åßï  ∈ Ôüôå ∃ ∈  :  = −1ÊáôÜ ôï (ii) ôÞò ðñïôÜóåùò 2.3.9 Ý·ïõìå

ord() = ord()¢ñá ç ôÜîç ôïý  åßíáé ìéá (ìç áñíçôéêÞ áêåñáßá) äýíáìç ôïý 

Ùò åê ôïýôïõ, ç åßíáé ìéá -õðïïìÜäá ôÞò 

(ii) Áò õðïèÝóïõìå üôé ∈ Syl()Ôüôå ç (ëüãù ôïý (i)) åßíáé ìéá -õðïïìÜäá

ôÞò ¸óôù  ìéá -õðïïìÜäá ôÞò  ìå v  Ôüôå

 = −1 v ⇒  v −1 = −1
¡
−1

¢−1


H −1
¡
−1

¢−1
 ïýóá óõæõãÞò ðñïò ôçí  åßíáé ìéá -õðïïìÜäá ôÞò  (ëüãù

ôïý (i)). ÅðåéäÞ ∈ Syl() Ý·ïõìå êáô' áíÜãêçí

 = −1 ⇒  = −1 = (−1)−1 = 

ïðüôå ∈ Syl() ¤

11.1.12 Óõìâïëéóìüò. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ïìÜäá êáé Ýóôù  Ýíáò ðñþ-

ôïò áñéèìüò. Ôüôå óõìâïëßæïõìå ùò

s() := card(Syl())

ôï ðëÞèïò ôùí -õðïïìÜäùí ôïý Sylow ôÞò 

11.1.13 Äåýôåñï èåþñçìá ôïý Sylow. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò  = 

üðïõ  ∈ N êáé  Ýíáò ðñþôïò áñéèìüò ìå  -  Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  ∈ Syl() ôüôå ãéá êÜèå -õðïïìÜäá  ôÞò  Ý·ïõìå  v  üðïõ ç 
åßíáé ìéá õðïïìÜäá ôÞò  óõæõãÞò ðñïò ôçí 

(ii) Óôçí  üëåò ïé -õðïïìÜäåò ôïý Sylow åßíáé óõæõãåßò (êáé, ùò åê ôïýôïõ, éóü-
ìïñöåò ), Ý·ïõóåò (óýìöùíá ìå ôï ðüñéóìá 11.1.6) ôÜîç   Åî áõôïý Ýðåôáé üôé

s() |  (11.9)

Áðïäåéîç. (i) ¸óôù ∈ Syl() Ôüôå || =  (âë. 11.1.6). Áò õðïèÝóïõìå üôé

ç åßíáé ìéá -õðïïìÜäá ôÞò  êé áò èåùñÞóïõìå ôï óýíïëï

 := R = { |  ∈ }
ôùí áñéóôåñþí ðëåõñéêþí êëÜóåùí ôÞò åíôüò ôÞò Ç áðåéêüíéóç

 × 3 ( ) 7−→  • () := () ∈ 

ïñßæåé ìéá äñÜóç ôÞò åðß ôïý áöïý  • () =  • () =  êáé

1 • (2 • ()) = 1 • ((2)) = (12) = (12) • () 
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ãéá ïéáäÞðïôå 1 2 ∈  êáé  ∈  ¸óôù {1 } Ýíá ðëÞñåò óýóôçìá

åêðñïóþðùí ôïý  ùò ðñïò ôçí ‘‘³ '' ¾óôåñá áðü åöáñìïãÞ ôïý ðïñßóìáôïò

10.2.10 ãéá ôçí  óõíÜãïõìå üôé

card() ≡ card(Fix())(mod )

 -  = 
 =

||
|| = | : | = card ()

⎫⎪⎬⎪⎭⇒ Fix() 6= ∅

¢ñá ∃0 ∈ {1 } : 0 ∈ Fix() áð' üðïõ Ýðåôáé üôé

Orb(0) = {0}⇒ (0) =  • (0) = 0 ∀ ∈ 

⇒ 0
−1
0
∈  ∀ ∈  ⇒ 0−10 v 

Áñêåß ëïéðüí íá èÝóïõìå  := 0−10 

(ii) ¸óôù ∈ Syl() ÅÜí ∈ Syl() ôüôå || = || =  (âë. 11.1.6) êáé, âÜ-

óåé ôùí ðñïáíáöåñèÝíôùí óôï (i), ∃0 ∈  ôÝôïéï þóôå ç  := 0−10 íá åßíáé

õðïïìÜäá ôÞòÅðåéäÞ || = || = || (âë. ëÞììá 4.2.16), Ý·ïõìå êáô' áíÜãêçí

 =  ïðüôå ïé êáé åßíáé óõæõãåßò õðïïìÜäåò ôÞò¢ñá ôï óýíïëï Syl()

áíÞêåé óå ìßá (êáé ìüíïí) êëÜóç óõæõãßáò õðïïìÜäùí åíôüò ôïý Subg() Áðü

ôçí Üëëç ìåñéÜ, óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 11.1.11, êÜèå õðïïìÜäá ôÞò

 ðïõ åßíáé óõæõãÞò ðñïò êÜðïéá -õðïïìÜäá ôïý Sylow ïöåßëåé íá áíÞêåé óôï

Syl()ÅðïìÝíùò ôï óýíïëï Syl() óõãêñïôåß áö' åáõôïý ìßá (êáé ìüíïí) êëÜóç
óõæõãßáò õðïïìÜäùí åíôüò ôïý Subg() êáé ìðïñïýìå íá åöáñìüóïõìå ôï ðüñé-

óìá 5.2.9 êáé íá ëÜâïõìå

s() = | : N()|
| : N()| |N() : | = | : | = 

)
⇒ s() | 

¢ñá ç óõíèÞêç äéáéñåôüôçôáò (11.9) åßíáé áëçèÞò. ¤

11.1.14 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäá êáé Ýóôù 

Ýíáò ðñþôïò áñéèìüò ìå  | ||  ÅÜí ∈ Syl() ôüôå

s() = | : N()| êáé s() | | : |  (11.10)

ÉäéáéôÝñùò,

s() | ||  (11.11)

Áðïäåéîç. Ïé óõíèÞêåò (11.10) åßíáé ðñïöáíåßò áðü ôá ðñïáíáöåñèÝíôá óôçí

áðüäåéîç ôïý 11.1.13 (ii). Åðßóçò, åðåéäÞ (êáôÜ ôï ðüñéóìá 11.1.7) Syl() 6= ∅
õðÜñ·åé ôïõëÜ·éóôïí ìßá  ∈ Syl() (ç ïðïßá, âåâáßùò, ôéò ðëçñïß). Ç (11.11)

Ýðåôáé Üìåóá áðü ïéáäÞðïôå åê ôùí óõíèçêþí (11.10). ¤
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11.1.15 Ðüñéóìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäá êáé Ýóôù 

Ýíáò ðñþôïò áñéèìüò ìå  | ||  ÅÜí  ∈ Syl() ôüôå ôá áêüëïõèá åßíáé éóïäý-
íáìá :

(i) E 

(ii) Syl() = {}
Áðïäåéîç. (i)⇒(ii) Ôïýôï Ýðåôáé áðü ôï (ii) ôïý èåùñÞìáôïò 11.1.13 êáé ôï ãåãï-

íüò üôé ç ùò ïñèüèåôç õðïïìÜäá ôÞò éóïýôáé ìå êÜèå óõæõãÞ ôçò õðïïìÜäá.

(ii)⇒(i) ¸óôù ôõ·üí  ∈ Ç õðïïìÜäá −1 åßíáé óõæõãÞò ðñïò ôçí ïðüôå,

óýìöùíá ìå (ii) ôÞò ðñïôÜóåùò 11.1.11, −1 ∈ Syl() ÅðåéäÞ Syl() = {}
Ý·ïõìå −1 =  ⇒  E  ¤

11.1.16 ËÞììá. ¸óôù ( ·)ìéáðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäáêáé Ýóôù  Ýíáò
ðñþôïò áñéèìüò ðïõ åßíáé äéáéñÝôçò ôÞò ôÜîåþò ôçò. ÅÜí  ∈ Syl() êáé åÜí ç
ôÜîç ìéáò ðëåõñéêÞò êëÜóåùò  ∈ N() éóïýôáé ìå ìéá (ìç áñíçôéêÞ áêå-
ñáßá) äýíáìç ôïý  ôüôå  ∈ 

Áðïäåéîç. Åî õðïèÝóåùò, ∃ ∈ N : || =  êáé ∃ ∈ N0 : ord() =
|hi| =  ïðüôå ç êõêëéêÞ ïìÜäá hi åßíáé ìéá -õðïïìÜäá ôÞò ðçëéêïïìÜ-
äáò N() Ôï ðüñéóìá 4.4.15 ìáò ðëçñïöïñåß üôé ç hi ïöåßëåé íá åßíáé ôÞò
ìïñöÞò hi =  ãéá êÜðïéá õðïïìÜäá ôïý ïñèïèÝôç N() ðïõ ðåñéÝ·åé
ôçí ÅðåéäÞ

|| = || || = |hi| || = + ⇒ ç åßíáé -õðïïìÜäá

 v 

)
=⇒

11.1.4 (ii)
 = 

ç åßíáé ôåôñéììÝíç, ïðüôå  ∈  ¤

11.1.17 ËÞììá. ¸óôù ( ·)ìéáðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäáêáé Ýóôù  Ýíáò
ðñþôïò áñéèìüò ðïõ åßíáé äéáéñÝôçò ôÞò ôÜîåþò ôçò. ÅÜí ∈ Syl() êáé åÜí ôï 
åßíáé Ýíá óôïé·åßï ôÞò Ý·ïí ùò ôÜîç ôïõ ìéá (ìç áñíçôéêÞ áêåñáßá) äýíáìç ôïý 
êáé −1 =  ôüôå  ∈ 

Áðïäåéîç. Åî õðïèÝóåùò, ∃ ∈ N0 : ord() =  Ùò ãíùóôüí,  E N() (âë.

5.2.4 (ii)), ïðüôå ïñßæåôáé ç ðçëéêïïìÜäá N() êáé ï öõóéêüò åðéìïñöéóìüò


N()
 : N() −→N() ÅðåéäÞ −1 =  ⇒  ∈ N() Ý·ïõìå (ëüãù

ôïý 2.4.3 (iv))

ord(
N()
 ()) = ord() | ord() =  =⇒

B.3.14
∃ ∈ N0  ≤  : ord() = 

Óýìöùíá ìå ôï ðñïçãçèÝí ëÞììá 11.1.16 Ý·ïõìå  ∈  ¤

11.1.18 Ôñßôï èåþñçìá ôïý Sylow. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç
ïìÜäáêáé Ýóôù  Ýíáò ðñþôïò áñéèìüò ìå  | || Ôüôå ôï ðëÞèïò ôùí -õðïïìÜäùí
ôïý Sylow áöÞíåé õðüëïéðï 1 äéáéñïýìåíï äéÜ ôïý  äçëáäÞ

s() ≡ 1(mod ) (11.12)
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Áðïäåéîç. Áò õðïèÝóïõìå üôé ïé01s()−1 åßíáé ïé (óáöþò äéáêåêñéìÝ-
íåò) -õðïïìÜäåò ôïý Sylow. (ÁõôÝò, óýìöùíá ìå ôï (ii) ôïý èåùñÞìáôïò 11.1.13,

åßíáé óõæõãåßò.) Ðáãéþíïõìå ìßá åî áõôþí, áò ðïýìå ôçí0 êáé èÝôïõìå áðü åäþ

êáé óôï åîÞò  := 0 Ç ïìÜäá  Ý·åé ôÜîç || =  (ãéá êÜðïéïí  ∈ N0) êáé
äñá åðß ôïý óõíüëïõ

 := Syl() = {01s()−1} = {−1
¯̄
 ∈ }

ìÝóù óõæõãßáò:

 × 3 () 7−→  • := 
−1 ∈  ∀ ∈ {0 1  s()− 1}

áöïý  • =  • =  êáé

1 • (2 •) = 1 • (2
−1
2 ) = 1(2

−1
2 )

−1
1 = (12) (12)

−1

= (12) •  ∀ ∈ {0 1  s()− 1}

¾óôåñá áðü åöáñìïãÞ ôïý ðïñßóìáôïò 10.2.10 ãéá ôçí  óõíÜãïõìå üôé

s() = card() ≡ card(Fix())(mod ) (11.13)

Åí óõíå·åßá, ðáñáôçñïýìå üôé ãéá  ∈ {0 1  s() − 1} éó·ýåé ç áìößðëåõñç

óõíåðáãùãÞ

Stab() =  ⇐⇒  = 0 (11.14)

ÐñÜãìáôé° åÜí õðÜñ·åé  ∈ {0 1  s()− 1} ìå Stab() =  ôüôå16

[
−1 =   ∀ ∈ ] =⇒

11.1.17
[ ∈   ∀ ∈ ]⇒  v  =⇒

11.1.4 (ii)
 =  (= 0)

ïðüôå Ý·ïõìå êáô' áíÜãêçí üôé  = 0 åðáëçèåýïíôáò ôç óõíåðáãùãÞ ‘‘⇒'' óôçí

(11.14). ¼ìùò éó·ýåé êáé ç áíôßóôñïöç óõíåðáãùãÞ, êáèüôé ãéá  = 0 Ý·ïõìå

Stab(0) = Stab() :=
©
 ∈ 

¯̄
−1 = 

ª
= 

ÊáôÜ óõíÝðåéáí,  ∈ Fix() (Þ, éóïäõíÜìùò, Stab() = ) åÜí êáé ìüíïí
åÜí  = 0 ïðüôå

Fix() = {0} = {}⇒ card(Fix()) = 1 (11.15)

H éóïôéìßá (11.12) ðñïêýðôåé áðü ôéò (11.13) êáé (11.15). ¤

16Åí ðñïêåéìÝíù, åöáñìüæåôáé ôï ëÞììá 11.1.17 ìå ôï óôç èÝóç ôïý (åêåß ðáñáôåèÝíôïò)  êáé ôçí óôç èÝóç ôÞò
(êáèþò ôï  Ý·åé ðñïöáíþò ùò ôÜîç ôïõ ìéá äýíáìç ôïý ). Åíáëëáêôéêþò ìðïñåß íá ·ñçóéìïðïéçèåß ç óõíåðáãùãÞ
[

−1 =   ∀ ∈ ]⇒  v N() óå óõíäõáóìü ìå ôçí ðñüôáóç 11.1.9 (åöáñìïæüìåíç ìå ôçí óôç

èÝóç ôÞò åêåß ðáñáôåèåßóáò).


