
ÊÅÖÁËÁÉÏ 9

AâåëéáíÝò ïìÜäåò

Ôï ðáñüí êåöÜëáéï åóôéÜæåôáé áðïêëåéóôéêþò óôçí êëÜóç ôùí áâåëéáíþí ïìÜäùí.
ÁõôÞ ·ùñßæåôáé óå ôñåéò õðïêëÜóåéò:

(i) ÐåðåñáóìÝíåò áâåëéáíÝò ïìÜäåò.

(ii) ¢ðåéñåò áëëÜ -ôáõôï·ñüíùò- ðåðåñáóìÝíùò ðáñáãüìåíåò áâåëéáíÝò ïìÜäåò.

(iii) Ìç ðåðåñáóìÝíùò ðáñáãüìåíåò áâåëéáíÝò ïìÜäåò.

Ç ìÝ·ñéò éóïìïñöéóìïý ôáîéíüìçóç ôùí êõêëéêþí ïìÜäùí (ðåðåñáóìÝíùí êáé

Üðåéñùí) êáé ç ðåñéãñáöÞ ôùí õðïïìÜäùí ôïõò êáé ôÞò ïìÜäáò ôùí áõôïìïñöé-

óìþí ôïõò Ý·ïõí Þäçðáñïõóéáóèåß óôï êåöÜëáéï 2 (Âë. èåþñçìá 2.4.23, ðüñéóìá

2.4.26 êáé èåþñçìá 2.4.32.) Ôá åí ëüãùèåùñçôéêÜáðïôåëÝóìáôá ãåíéêåýïíôáé êá-

ôáëëÞëùò êáé ãéá ôéò áíùôÝñù õðïêëÜóåéò (i) êáé (ii) ôÞò êëÜóåùò ôùí áâåëéáíþí
ïìÜäùí, êáèþò êÜèå ïìÜäá áíÞêïõóá óå áõôÝò åßíáé éóüìïñöç ìå ôï åõèý Üèñïé-

óìáðåðåñáóìÝíïõðëÞèïõò (ðñïóèåôéêþí) êõêëéêþíïìÜäùí. (Âë. ôá èåùñÞìáôá

9.1.19, 9.1.25, 9.2.2, 9.2.4, 9.3.8 êáé 9.6.7, 9.6.10 êáé 9.6.11, áíôéóôïß·ùò.)

ÉäéáéôÝñùò, êÜèå ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá åßíáé éóüìïñöç ìå

ôï åõèý Üèñïéóìá äýï ïìÜäùí: Ç ðñþôç åî áõôþí åßíáé ðåðåñáóìÝíç êáé ç äåý-
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ôåñç åëåýèåñç ðåðåñáóìÝíçò âáèìßäáò. (Ôï óçìåßï óõíáíôÞóåùò ôùí äýï ñüìâùí

ôïý áíùôÝñù ó·Þìáôïò õðïäçëïß ôçí ôåôñéììÝíç.) Ãåíéêüôåñá, ãéá ôõ·ïýóåò áâå-
ëéáíÝò ïìÜäåò áðïäåéêíýïíôáé ôá åîÞò:

(á) ÊÜèå áâåëéáíÞ ïìÜäá åßíáé éóüìïñöç ìå ðçëéêïïìÜäåò ðïõ ðñïêýðôïõí

ýóôåñá áðü «äéáßñåóç» åëåýèåñùí áâåëéáíþí ïìÜäùí äéÜ êáôáëëÞëùí õðïïìÜ-

äùí ôïõò. (Âë. èåþñçìá 9.5.35.)

(â) ÊÜèå áâåëéáíÞ ïìÜäá åßíáé ðÜíôïôå åìöõôåýóéìç åíôüò êÜðïéáò äéáéñåôÞò.
(Âë. èåþñçìá 9.7.19.)

(ã) ÊÜèå áâåëéáíÞ ïìÜäá åßíáé éóüìïñöç ìå ôï åõèý Üèñïéóìá äýï ïìÜäùí: Ç

ðñþôç åî áõôþí åßíáé äéáéñåôÞ (ãéá íá êõñéïëåêôïýìå, ç ìÝãéóôç äéáéñåôÞ ) êáé ç
äåýôåñç áíçãìÝíç. (Âë. èåþñçìá 9.7.40.) ÓçìåéùôÝïí üôé ôï äéáéñåôü ìÝñïò ôùí

ïìÜäùí ôùí áíçêïõóþí óôéò õðïêëÜóåéò (i) êáé (ii) åßíáé ôåôñéììÝíï.

Ùò åê ôïýôïõ, ïé ìç ôåôñéììÝíåò äéáéñåôÝò áâåëéáíÝò ïìÜäåò áíÞêïõí óôçí õðï-

êëÜóç (iii) ôùí ìç ðåðåñáóìÝíùò ðáñáãïìÝíùí.

Ïé äéáéñåôÝò áâåëéáíÝò ïìÜäåò åßíáé ðëÞñùò ôáîéíïìÞóéìåò ìÝ·ñéò éóïìïñöéóìïý.

(Âë. èåþñçìá 9.7.35.) Áðü ôçí Üëëç ìåñéÜ, ç ìåëÝôç ôÞò ïéêïãåíåßáò ôùí áíçã-

ìÝíùí, ìç ðåðåñáóìÝíùò ðáñáãïìÝíùí áâåëéáíþí ïìÜäùí åßíáé áðáéôçôéêüôåñç,
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êáèþò ðñïûðïèÝôåé åîïéêåßùóç ìå ôå·íéêÜ ìÝóá ðñïåñ·üìåíá áðü ôçí «ðñïêå·ù-

ñçìÝíç» Èåùñßá Óõíüëùí, áðü ôçí ÏìïëïãéêÞ ¢ëãåâñá êáé áðü ôçí Ôïðïëïãßá.

Ãé' áõôüí ôïí ëüãï èá ðåñéïñéóèïýìå óôçí ðáñÜèåóç ìüíïí êÜðïéùí åíäåéêôéêþí

ðáñáäåéãìÜôùí, ðáñáðÝìðïíôáò ôïõò åíäéáöåñüìåíïõò áíáãíþóôåò óôï äßôïìï

Ýñãï [89]-[90] ôïý László Fuchs ãéá ìéá êëáóéêÞ åéóáãùãÞ óôç Èåùñßá ¢ðåéñùí

Áâåëéáíþí ÏìÜäùí.

Óõìâïëéóìüò. ÅðåéäÞ áñêåôÝò óçìáíôéêÝò áâåëéáíÝò ïìÜäåò ìðïñïýí íá ôáõôé-

óèïýí ìå ôéò ðñïóèåôéêÝò ïìÜäåò ïñéóìÝíùí äéáíõóìáôéêþí ·þñùí êáé åðåéäÞ, ãå-
íéêüôåñá, ãéá ôçí Ýêöñáóç åíüò óôïé·åßïõ ôõ·ïýóáò áâåëéáíÞò ïìÜäáò óõíáñôÞ-
óåé åíüò óõóôÞìáôïò ãåííçôüñùí ôçò åßíáé ðñïóöïñüôåñç ç èåþñçóç «áêåñáßùí

ãñáììéêþí óõíäõáóìþí», óôï ðáñüí êåöÜëáéï èá ·ñçóéìïðïéçèåß êáôÜ êáíüíá 1

ï ðñïóèåôéêüò óõìâïëéóìüò. Ï êÜôùèé êáôÜëïãïò Ý·åé ùò óôü·ï ôçí õðüìíçóç

ôùí åêÜóôïôå áêïëïõèïýìåíùí óõìâïëéóôéêþí ôñïðïðïéÞóåùí.

Ðïëëáðëáóéáóôéêüò

óõìâïëéóìüò

Ðñïóèåôéêüò

óõìâïëéóìüò

( ·) (+)

 0
−1 −
12 1 + 2
1

−1
2 1 − 2

Q
=1


P
=1



( ∈ Z)  ( ∈ Z)
 (êáé áíô.)  + (êáé áíô., + )

  +

1 ×2 1 ⊕2

 =  ×åó.   =  ⊕åó. 

Q
∈

 (êáé áíô.,
Q
∈

ðåñ.)
L
∈

 (êáé áíô.,
L
∈

ðåñ.)

 =
Q
∈

åó.
 =

L
∈

åó.

1ÖõóéêÜ, èá åîáéñïýíôáé (üôáí ðáñáôßèåíôáé ùò ðáñáäåßãìáôá) ïé óõãêåêñéìÝíåò, åê êáôáóêåõÞò ðïëëáðëáóéáóôé-
êÝò áâåëéáíÝò ïìÜäåò (Z× ·) (Qr{0} ·)  (Rr{0} ·)  (Q0 ·) (R0 ·)  (Cr{0} ·)  (× ·) (üðïõ (+ ·)
óþìá) ê.Ü.
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9.1 ÔÁÎÉÍÏÌÇÓÇ ÐÅÐÅÑÁÓÌÅÍÙÍ

ÁÂÅËÉÁÍÙÍ ÏÌÁÄÙÍ

Ç ôáîéíüìçóç ôùí ðåðåñáóìÝíùí áâåëéáíþí ïìÜäùí (ìÝ·ñéò éóïìïñöéóìïý, ìå

ôç âïÞèåéá ôùí ëåãïìÝíùí óôïé·åéùäþí äéáéñåôþí, âë. èåþñçìá 9.1.19) åðåôåý·èç

ôï 1879 óå ìéá êïéíÞ åñãáóßá2 äýï ìáèçìáôéêþí: ôïý Ãåñìáíïý Ferdinand Georg

Frobenius (1849-1917) êáé ôïý Åëâåôïý Ludwig Stickelberger (1850-1936).

9.1.1 ËÞììá. ¸óôù  Ýíáò ðñþôïò áñéèìüò êáé Ýóôù (+) ìéá ðåðåñáóìÝíç ìç
ôåôñéììÝíç áâåëéáíÞ -ïìÜäá. ÅÜí ôï  ∈  åßíáé Ýíá óôïé·åßï ôÜîåùò

ord() = max {ord()|  ∈ } (= exp() âë. 2.3.26)
ôüôå

∃ ∈ Subg() :  ⊕åó. hi = 

Áðïäåéîç. ÊáôÜ ôï ðüñéóìá 5.7.3, ∃ ∈ N : || =   Èá ·ñçóéìïðïéÞóïõìå

ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  Ãéá  = 1 ï éó·õ-

ñéóìüò åßíáé áëçèÞò, êáèüôé ç  åßíáé êõêëéêÞ (âë. 4.1.33) êáé áñêåß íá èÝóïõìå

 := {0}. Ãéá   1 õðïèÝôïõìå üôé áõôüò åßíáé áëçèÞò ãéá êÜèå ìç ôåôñéììÝíç
ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ôÜîåùò  üðïõ  ∈ N    Ç ôÜîç ôïý  (ëüãù

ôïý èåùñÞìáôïò 4.1.22 ôïý Lagrange) éóïýôáé ìå  ãéá êÜðïéïí  ∈ {1 }
ÅðéðñïóèÝôùò, ord() ≤  ãéá êÜèå  ∈  ÅîåôÜæïõìå äýï åíäå·üìåíá ·ùñé-

óôÜ:

Ðåñßðôùóç ðñþôç. ÅÜí  =  ôüôå  = hi  ïðüôå áñêåß íá èÝóïõìå  := {0}
Ðåñßðôùóç äåýôåñç. ÅÜí    ôüôå èåùñïýìå Ýíá  ∈  ôÝôïéï þóôå íá éó·ýåé

ord() = min {ord()|  ∈ r hi} 
(Áõôü óçìáßíåé üôé ãéá êÜèå  ∈  ìå ord()  ord() Ý·ïõìå  ∈ hi ) Êáô' áñ·Üò

ðáñáôçñïýìå üôé

hi ∩ hi = {0} (9.1)

ÐñÜãìáôé° åðåéäÞ ord() = ord()
  ord() ⇒  ∈ hi  õðÜñ·åé êÜðïéïò  ∈ Z

ôÝôïéïò þóôå íá éó·ýåé ç éóüôçôá  =  ÅîÜëëïõ, åðåéäÞ ord() =  êáé ôï 

äéáèÝôåé åî ïñéóìïý ôç ìÝãéóôç äõíáôÞ ôÜîç, Ý·ïõìå

0 =  = −1() = −1()⇒ ord() ≤ −1

ÊáôÜ óõíÝðåéáí, ôï  äåí ðáñÜãåé ôçí êõêëéêÞ ïìÜäá hi  áð' üðïõ Ýðåôáé üôé

ìêä()  1 (ëüãù ôïý ðïñßóìáôïò 2.3.17) êáé, êáô' åðÝêôáóç, üôé  |  ¢ñá

∃ ∈ Z :  =  êáé

 =  = ⇒ (−+ ) = 0
 ∈ hi⇒ −+  ∈ hi

¾
⇒ ord(−+ ) = 

2G. Frobenius & L. Stickelberger: Über Gruppen von vertauschbaren Elementen, Journal für die reine
und angewandte Mathematik 86 (1879) 217-262
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ÅðåéäÞ ôï  åðåëÝãç íá Ý·åé ôçí åëÜ·éóôç äõíáôÞ ôÜîç ìåôáîý ôùí óôïé·åßùí ôïý

r hi  Ý·ïõìå êáô' áíÜãêçí ord(−+ ) =  = ord() Åî áõôïý Ýðåôáé ç éóü-

ôçôá3 (9.1). Åðáíåñ·üìáóôå ôþñá óôçí êõñßùò áðüäåéîç èåùñþíôáò ôü óôïé·åßïe := + hi ôÞò ðçëéêïïìÜäáò e :=  hi Ðñïöáíþò,

ord(e) = min { ∈ N|  ∈ hi} =⇒
(9.1)

ord(e) = ord() = 

Êáôüðéí åöáñìïãÞò ôïý (iv) ôÞò ðñïôÜóåùò 2.4.3 ãéá ôïí öõóéêü åðéìïñöéóìü

hi :  −→ e  7−→ e
óõìðåñáßíïõìå üôé

ord(e) | ord() ∀ ∈  (e :=  + hi ) ⇒ ord(e) = max{ord(e)| e ∈ e}
Ùò åê ôïýôïõ, Ý·ïõìå ôç äõíáôüôçôá åöáñìïãÞò ôÞò åðáãùãéêÞò õðïèÝóåùò ãéá

ôçí ðçëéêïïìÜäá e êáé ôï e ÂÜóåé áõôÞò, ∃ e v e : e ⊕åó. hei = e ¼ìùò ç e

ïýóá õðïïìÜäá ôÞò e ïöåßëåé íá åßíáé ôÞò ìïñöÞò e =  hi  üðïõ  êÜðïéá

õðïïìÜäá ôÞò  ìå hi v  (Bë. 4.4.15). Óõíåðþò, || = 
¯̄̄ e ¯̄̄ êáé

|| = |hi|
¯̄̄ e¯̄̄ = 

¯̄̄ e¯̄̄ = 
¯̄̄ e ¯̄̄ |hei| = ||  = || |hi|⇒  =  + hi 

ÁðïìÝíåé ëïéðüí íá áðïäåé·èåß üôé ∩ hi = {0}¸óôù  ∈  ∩ hi  Ôüôå
e ⊕åó. hei = e⇒ e ∩ hei = {0 e } = {hi}

+ hi ∈ e ⊕åó. hei
⎫⎬⎭⇒  ∈ hi   ∈ hi

hi ∩ hi = {0}
¾
⇒  = 0

¢ñá ôåëéêþò ⊕åó. hi =  ¤

9.1.2 ËÞììá. ¸óôù  Ýíáò ðñþôïò áñéèìüò êáé Ýóôù (+) ìéá ðåðåñáóìÝíç ìç
ôåôñéììÝíç áâåëéáíÞ -ïìÜäá. Ôüôå

 =
L

=1

åó. (9.2)

üðïõ  ∈ N êáé ïé 12  åßíáé ìç ôåôñéììÝíåò êõêëéêÝò õðïïìÜäåò ôÞò  ìå

|1| ≤ |2| ≤ · · · ≤ ||  (9.3)

Áðïäåéîç. Èá ·ñçóéìïðïéÞóïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò

ùò ðñïò ôçí ôÜîç || ÅÜí || ∈ {2 3} ôüôå ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò.
Ãéá ||  3 õðïèÝôïõìå üôé áõôüò åßíáé áëçèÞò ãéá êÜèå ìç ôåôñéììÝíç ðåðåñá-
óìÝíç áâåëéáíÞ ïìÜäá ôÜîåùò  ||  ÌÝóù ôïý ëÞììáôïò 9.1.1 äéáóöáëßæåôáé ç

ýðáñîç åíüò óôïé·åßïõ  ∈  ìåãßóôçò ôÜîåùò êáé ìéáò õðïïìÜäáò  ôÞò  ïý-

ôùò þóôå íá éó·ýåé  ⊕åó. hi =  ÅÜí ôï  åßíáé Ýíá óôïé·åßï ìåãßóôçò ôÜîåùò

3ÅðåéäÞ |hi ∩ hi| | ord() = |hi| =  Ý·ïõìå |hi ∩ hi| = 1 (äéüôé åÜí ßó·õå |hi ∩ hi| =  ôüôå èá

êáôáëÞãáìå óôï üôé hi ∩ hi = hi⇒ hi v hi  Þôïé óå êÜôé ðïõ èá áíôÝêåéôï óôïí ïñéóìü ôïý ).
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åíôüò ôÞò  ôüôå ord() ≤ ord() ÅÜí  = {0} ôüôå áðëþò èÝôïõìå  := 1

1 :=  = hi  ÅÜí ç  åßíáé ìç ôåôñéììÝíç, ôüôå êáôÜ ôçí åðáãùãéêÞ õðüèåóç

∃ ∈ N  ≥ 2 êáèþò êáé ìç ôåôñéììÝíåò êõêëéêÝò õðïïìÜäåò1 −1 ôÞò ìå

 = 1 ⊕åó. · · ·⊕åó. −1 êáé |1| ≤ · · · ≤ |−1| 

ÈÝôïíôáò  := hi ëáìâÜíïõìå ôç æçôïõìÝíç Ýêöñáóç ôÞò ïìÜäáò  ùò åóù-

ôåñéêïý åõèÝïò áèñïßóìáôïò ìç ôåôñéììÝíùí êõêëéêþí õðïïìÜäùí ôçò, êáèüóïí

|−1| ≤ ||  ¤

9.1.3 Óõìâïëéóìüò. Ãéá êÜèå áâåëéáíÞ ïìÜäá (+) êáé êÜèå ∈ N èÝôïõìå

 := { | ∈ } êáé [] := { ∈  | = 0 } 

9.1.4 Ðñüôáóç. Ôá áíùôÝñù  êáé [] áðïôåëïýí õðïïìÜäåò ôÞò ïìÜäáò 
êáé [] ∼= 

Áðïäåéîç. Êáô' áñ·Üò,0 = 0 ÅðåéäÞ ãéá ïéáäÞðïôå óôïé·åßá 1 2 ∈ 

1 +(−2) =  (1 − 2)⇒ 1 +(−2) ∈ 

êáé ãéá ïéáäÞðïôå óôïé·åßá 1 2 ∈ []

 (1 − 2) = 1 −2 = 0 ⇒ 1 − 2 ∈ []

Ý·ïõìå  v  êáé [] v  (Bë. 2.1.16 (iii)). ÅðéðñïóèÝôùò, ç áðåéêüíéóç

 3  7−→  ∈  åßíáé Ýíáò åíäïìïñöéóìüò ôÞò  ïìÜäùí Ý·ùí ùò åéêüíá

ôïõ ôçí  êáé ùò ðõñÞíá ôïõ ôçí [] ¢ñá [] ∼=  åðß ôç âÜóåé ôïý

èåùñÞìáôïò 4.5.2. ¤

9.1.5 Óçìåßùóç. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò áñéè-

ìüò.

(i) Åðß ôÞò [] = {0} ∪ { ∈  |ord() = } ïñßæåôáé êáëþò ç áðåéêüíéóç

Z ×[] −→ [] ([] ) 7−→  ∀ ∈ Z (9.4)

(ÐñÜãìáôé° õðïèÝôïíôáò üôé  ∈ [] êáé 1 2 ∈ Z ìå [1] = [2] Ý·ïõìå

 | 1 − 2 ïðüôå (1 − 2) = 0 ⇒ 1 = 2 Âë. 2.3.8.) H ([]+) ìáæß

ìå ôçí åðéðñüóèåôç (åí ãÝíåé åîùôåñéêÞ) ðñÜîç (9.4) («áñéèìçôéêü ðïëëáðëáóéá-

óìü»), êáèßóôáôáé äéáíõóìáôéêüò ·þñïò õðåñÜíù ôïý óþìáôïò Z (Åßíáé Üìåóïò
ï Ýëåã·ïò üôé ðëçñïýíôáé ôá áîéþìáôá ôïý ïñéóìïý ôïý äéáíõóìáôéêïý ·þñïõ).

Óôçí åéäéêÞ ðåñßðôùóç üðïõ  = {0} Ý·ïõìå  = [] ïðüôå ôá ðñïáíáöåñ-

èÝíôá éó·ýïõí ãéá ôçí ßäéá ôçí 

(ii) Ãåíéêüôåñá, áêüìç êáé üôáí  6= {0} ç

Z × −→  ([] + ) 7−→ [](+ ) := +  (9.5)
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( ∈ Z) åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç. (ÐñÜãìáôé° õðïèÝôïíôáò üôé 1 2 ∈ 

êáé 1 2 ∈ Z ìå 1 +  = 2 +  êáé [1] = [2] õðÜñ·ïõí  ∈  êáé  ∈ Z
ôÝôïéá þóôå 1 − 2 =  êáé 1 − 2 =  ïðüôå

11 − 22 = 1 + 12 − 22 = 1 + (1 − 2)2

= 1 + 2 = (1 + 2) ∈ 

áð' üðïõ Ýðåôáé üôé 11 +  = 22 + ) H (+) åöïäéáæüìåíç ìå

ôçí åðéðñüóèåôç ðñÜîç (9.5) («áñéèìçôéêü ðïëëáðëáóéáóìü»), êáèßóôáôáé Z-
äéáíõóìáôéêüò ·þñïò.

9.1.6 ËÞììá. ¸óôù (+)ìéá áâåëéáíÞ ïìÜäá. ÅÜí ∼= 1⊕· · ·⊕ (ãéá êÜðïéåò
áâåëéáíÝò ïìÜäåò 1    ∈ N) êáé ∈ N ôüôå ∼= 1 ⊕ · · ·⊕

Áðïäåéîç. ¸óôù  : 
∼=−→ 1 ⊕ · · · ⊕  Ýíáò éóïìïñöéóìüò. Ïñßæïõìå åíäï-

ìïñöéóìïýò [] ∈ End() êáé [] ∈ End() ìÝóù ôùí ôýðùí

 3 
[]7−→  ∈   3 

[]7−→  ∈  ∀ ∈ {1  }
(ìå Ker([] ) = [] êáé Ker([]) = []) êáé ðáñáôçñïýìå üôé õößóôáôáé êá-

íïíéóôéêüò éóïìïñöéóìüò

[] = Ker([] )
∼=−→
ðçë.

(1 ⊕ · · ·⊕)([]) (9.6)

(Âë. 4.5.5 êáé 4.5.8 (ii).) Ç åéêüíá () ïéïõäÞðïôå óôïé·åßïõ  ∈ [] ìÝóù ôïý

 ãñÜöåôáé ùò () = 1 + 2 + · · · +  ãéá êÜðïéá (ìïíïóçìÜíôùò ïñéóìÝíá

óôïé·åßá) 1 ∈ 1 2 ∈ 2   ∈  Åî áõôïý Ýðåôáé üôé

0 = ⇒ 0Im(ðçë.) = (0) = 1 + · · ·+ ⇒ 1 = 01   = 0 

Þôïé üôé  ∈ [] ãéá êÜèå  ∈ {1  }Áõôü óçìáßíåé üôé ç õðïïìÜäá ([])

åìðåñéÝ·åôáé óôçí1[]⊕· · ·⊕[]Ðáñïìïßùò áðïäåéêíýåôáé êáé ï áíôßóôñï-

öïò åãêëåéóìüò. ¢ñá ([])) = 1[]⊕ · · ·⊕ [] êáé

(1 ⊕ · · ·⊕)([]) = (1 ⊕ · · ·⊕)(1[]⊕ · · ·⊕[])

∼=
7.1.57 (iv)

(11[])⊕ · · ·⊕ ([])
(9.7)

ÅðåéäÞ [] ∼=
9.1.4

 ãéá êÜèå  ∈ {1  } ïé (9.6) êáé (9.7) äßäïõí

 ∼=
9.1.4

[] ∼=
7.1.55 (v)

1 ⊕ · · ·⊕

ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò. ¤

9.1.7 Óçìåßùóç. Ôï ëÞììá 9.1.2 ãåíéêåýåôáé Üìåóá êáé ãéá Üðåéñá (áðåñéüóôá Þ

ðåñéïñéóìÝíá) åõèÝá áèñïßóìáôá áâåëéáíþí ïìÜäùí: ÅÜí  ∼= L
∈

 (êáé áíôé-

óôïß·ùò,  ∼=L
∈

ðåñ.), ôüôå ∼=L
∈

 (êáé áíôéóôïß·ùò, ∼=L
∈

ðåñ.).
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9.1.8 Ðñüôáóç. ¸óôù  Ýíáò ðñþôïò áñéèìüò êáé Ýóôù (+) ìéá ðåðåñáóìÝíç ìç
ôåôñéììÝíç áâåëéáíÞ -ïìÜäá. Ôüôå || =   ãéá êÜðïéïí  ∈ N êáé éó·ýïõí ôá
åîÞò :

(i) ∃ ∈ N êáé 4 ∃ (1 2 ) ∈ Π ()  ïýôùò þóôå íá õößóôáôáé éóïìïñöéóìüò

 ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z  (9.8)

(ii) Ç Ýêöñáóç (9.8) åßíáé ìïíïóçìÜíôùò ïñéóìÝíç õðü ôçí åîÞò Ýííïéá :

ÅÜí ∃ ∈ N êáé åÜí ∃ (1 2 ) ∈ Π ()  ïýôùò þóôå íá õößóôáôáé éóïìïñöéóìüò
 ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z 

ôüôå  =  êáé  =  ãéá êÜèå  ∈ {1 }
Áðïäåéîç ôïõ (i). Ôï ëÞììá 9.1.2 ìáò ðëçñïöïñåß üôé ç ãñÜöåôáé õðü ôç ìïñöÞ

(9.2) õðü ôç óõíèÞêç (9.3). Ãéá êÜèå  ∈ {1  } çùò ìç ôåôñéììÝíç õðïïìÜäá

ôÞò  Ý·åé ùò ôÜîç ôçò Ýíáí èåôéêü äéáéñÝôç ôïý  ðïõ åßíáé ≥ 2 (Âë. 4.1.22.)

¢ñá ∃ ∈ N :  ≤  ïýôùò þóôå íá éó·ýåé || =   ÅðåéäÞ || = Q
=1 || 

ëáìâÜíïõìå 1 + · · · +  =  êáé (ëüãù ôÞò (9.3)) 1 ≤ 2 ≤ · · · ≤  ÊáôÜ

óõíÝðåéáí, (1 2 ) ∈ Π () ÔÝëïò, åðåéäÞ ç åßíáé êõêëéêÞ ïìÜäá, Ý·ïõìå


∼= Z (âë. 2.4.23 (ii)) êáé

 =
L

=1

åó.
∼=

7.1.85 (ii)

L
=1


∼=

7.1.55 (v)

L
=1
Z 

Ðñùôçáðïäåéîç ôïõ (ii). ÈÝôïõìå := Z1⊕Z2⊕· · ·⊕Z Èá ·ñçóéìïðïéÞ-

óïõìå ôç äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  Ãéá  = 1 ï

éó·õñéóìüò åßíáé áëçèÞò, êáèüôé ç åßíáé êõêëéêÞ. (Âë. 4.1.33). Ãéá   1 õðïèÝ-

ôïõìå üôé áõôüò åßíáé áëçèÞò ãéá êÜèå ìç ôåôñéììÝíç ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá
ôÜîåùò  üðïõ  ∈ N    Åí ðñþôïéò ðáñáôçñïýìå üôé ãéá êÜèå  ∈ {1 }
éó·ýåé

Z =
D
[1]

E
=⇒ Z :=

n

¯̄̄
 ∈ Z

o
=
D
[]

E


ïðüôå ç Z åßíáé ìéá êõêëéêÞ ïìÜäá ôÜîåùò 

ìêä( )
= −1 üôáí   1 (âë.

2.3.10 (i)), êáé ôåôñéììÝíç ïìÜäá üôáí  = 1

Ðåñßðôùóç ðñþôç. ÅÜí [] =  ôüôå5 1 = · · · =  = 1 êáé  =  ÅðåéäÞ

(åî õðïèÝóåùò)  ∼=  êÜèå óôïé·åßï ôÞò  äéáöïñåôéêü ôïý ïõäåôÝñïõ ïöåßëåé

(óýìöùíá ìå ôï (iv) ôÞò ðñïôÜóåùò 2.4.19) íá Ý·åé ôÜîç  ïðüôå [] =  êáé

1 = · · · =  = 1 êáé, ùò åê ôïýôïõ, || =  =  = ||⇒  = 

4Õðåíèýìéóç óõìâïëéóìïý: Π () :=

(
(1 ) ∈ N

¯̄̄̄
¯ 1 ≤ · · · ≤  ìå

P
=1

 = 

)
(âë. 5.3.1).

5ÅðåéäÞ ç éóüôçôá[] =  óçìáßíåé üôé êÜèå óôïé·åßï ôÞò äéáöïñåôéêü ôïý ïõäåôÝñïõ Ý·åé ôÜîç  êáé ç ôÜîç

ïéïõäÞðïôå óôïé·åßïõ ôÞòZ
1
⊕· · ·⊕Z


äéáöïñåôéêïý ôïý ïõäåôÝñïõ éóïýôáé ìå ôï åëÜ·éóôï êïéíü ðïëëáðëÜóéï

ôùí ôÜîåùí ôùí «óõíôåôáãìÝíùí» ôïõ (âë. 7.1.59 (i)), Ý·ïõìå êáô' áíÜãêçí 1 = · · · =  = 1 (ëüãù ôÞò ðñïôÜóåùò

B.3.20).
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Ðåñßðôùóç äåýôåñç. ÅÜí ç[] åßíáé ãíÞóéá õðïïìÜäá ôÞò (êáé, êáô' åðÝêôáóç,
ç[] ãíÞóéá õðïïìÜäá ôÞò), ôüôå èÝôïõìå

 := card ({ ∈ N | ∈ {1 } :  = 1})   := card ({ ∈ N | ∈ {1 } :  = 1}) 

üðïõ ∈ {0 1  − 1} êáé  ∈ {0 1  − 1} ÅðåéäÞ 1 ≤ · · · ≤  Ý·ïõìå

 ∼=
9.1.6

(Z1 )⊕ (Z2 )⊕ · · ·⊕ (Z )
∼= (Z+1 )⊕ (Z+2 )⊕ · · ·⊕ (Z ) ∼= Z+1−1 ⊕ Z+2−1 ⊕ · · ·⊕ Z−1 

üðïõ êáíåßò åê ôùí åõèÝùí ðñïóèåôÝùí ôùí äýï ôåëåõôáßùí åêöñÜóåùí äåí åßíáé

ôåôñéììÝíïò. Êáô' áíáëïãßáí, åðåéäÞ 1 ≤ · · · ≤ 

 ∼= Z+1−1 ⊕ Z+2−1 ⊕ · · ·⊕ Z−1 

Åî õðïèÝóåùò, õößóôáôáé éóïìïñöéóìüò  : 
∼=−→  Ðñïöáíþò,

() = () =  ⇒  ∼=  ⇒ || = || 

ÅðåéäÞ || = (+1−1)+···+(−1) = (+1−1)+···+(−1) = ||  || =  

Ý·ïõìå ôç äõíáôüôçôá åöáñìïãÞò ôÞò åðáãùãéêÞò õðïèÝóåùò ãéá ôç ìç ôåôñéììÝíç

áâåëéáíÞ -ïìÜäá ÁõôÞ äßäåé

− = −  +1 = +1 +2 = +2   = 

Áðü ôçí Üëëç ìåñéÜ, || = 1+2+···+ = 1+2+···+ = ||  êé åðåéäÞ (åî õðï-

èÝóåùò) 1 = · · · =  = 1 = 1 = · · · =  ëáìâÜíïõìå

+ (+1 + · · ·+ ) = + (+1 + · · ·+ )⇒  = 

ïðüôå  =  Ùò åê ôïýôïõ, ï éó·õñéóìüò åßíáé áëçèÞò ãéá êÜèå  ≥ 1
Äåõôåñç áðïäåéîç ôïõ (ii). Åî õðïèÝóåùò, õðÜñ·ïõí éóïìïñöéóìïß

1 : Z1 ⊕ · · ·⊕ Z
∼=−→  êáé 2 : Z1 ⊕ · · ·⊕ Z

∼=−→ 

ïðüôå  = 1(Z1 ) ⊕ · · · ⊕ 1(Z ) = 2(Z1 ) ⊕ · · · ⊕ 2(Z ) êáé ïé ïìÜäåò
1(Z ) ∼= Z êáé 2(Z ) ∼= Z åßíáé áíáðïóõíèÝóéìåò õðïïìÜäåò ôÞò 

(äõíÜìåé ôÞò ðñïôÜóåùò 7.1.34) ãéá êÜèå  ∈ {1  } êáé ãéá êÜèå  ∈ {1 }
Óýìöùíá ìå ôï èåþñçìá 7.2.25 ôùí Krull, Remak êáé Schmidt,  =  êáé õðÜñ·åé

ìåôÜôáîç  ∈ S êáèþò êáé áõôïìïñöéóìüò  ôÞò  ìå (2(Z() )) = 1(Z )
ãéá êÜèå  ∈ {1  } ÅðïìÝíùò,

() =
¯̄̄
Z

()

¯̄̄
=
¯̄̄
2(Z() )

¯̄̄
=
¯̄̄
(2(Z() ))

¯̄̄
=
¯̄̄
1(Z )

¯̄̄
=
¯̄̄
Z

¯̄̄
=  ⇒ () =   ∀ ∈ {1  }

Åí óõíå·åßá, ëáìâÜíïõìå õð' üøéí üôé 1 ≤ 2 ≤ · · · ≤  êáé 1 ≤ 2 ≤ · · · ≤ 
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Ðåñßðôùóç ðñþôç. ÅÜí 1 = 2 = · · · =  ôüôå 1 = 2 = · · · =  êáé ï

éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò.

Ðåñßðôùóç äåýôåñç. ÅÜí  ≥ 2 êáé õðÜñ·ïõí  0 ∈ {1  } ìå   0 êáé   0 

ôüôå ()  (0) ïðüôå (êáô' áíÜãêçí
6)  =  ãéá êÜèå  ∈ {1 } ¤

9.1.9 Ïñéóìüò. ÊÜèå áâåëéáíÞ ïìÜäá (+) ôÜîåùò   üðïõ  êÜðïéïò ðñþôïò

áñéèìüò êáé  ∈ N áðïóõíôéèÝìåíç ùò åõèý Üèñïéóìá (9.8) êõêëéêþí ïìÜäùí,

ïíïìÜæåôáé áâåëéáíÞ -ïìÜäá ôýðïõ7 (1 2 )  Ïé ìïíïóçìÜíôùò ïñéóìÝíïé

(õðü ôçí Ýííïéá ôïý 9.1.8 (ii)) åõèåßò ðñïóèåôÝïé Z1 Z2 Z ôÞò åêöñÜ-

óåùò (9.8) êáëïýíôáé óôïé·åéþäåéò êõêëéêïß ðñïóèåôÝïé ôÞò ïé äå ôÜîåéò áõôþí

1  2   óôïé·åéþäåéò äéáéñÝôåò ôÞò 

9.1.10 Óçìåßùóç. ¸óôù (+) åßíáé ìéá áâåëéáíÞ ïìÜäá ôÜîåùò   üðïõ  êÜ-

ðïéïò ðñþôïò áñéèìüò êáé  ∈ N
(i) ÅÜí ç  åßíáé ôïý ôýðïõ (  | {z }

 öïñÝò

) üðïõ  = 
  ôüôå

 = dimZ(
+1) ∀ ∈ {0 1   − 1}

äçëáäÞ ôï ðëÞèïò ôùí óôïé·åéùäþí êõêëéêþí ðñïóèåôÝùí óôçí (9.8) éóïýôáé ìå

ôç äéÜóôáóç ôïý Z-äéáíõóìáôéêïý ·þñïõ () (Âë. 9.1.5 (ii).) ÐñÜãìáôé°

åí ôïéáýôç ðåñéðôþóåé,

 ∼= Z ⊕ Z ⊕ · · ·⊕ Z| {z }
 öïñÝò



+1 ∼= +1Z ⊕ +1Z ⊕ · · ·⊕ +1Z| {z }
 öïñÝò



(âë. 9.1.6), ïðüôå +1 ∼=
7.1.57 (iv)

(Z)(+1Z)⊕ · · ·⊕ (Z)(+1Z)| {z }
 öïñÝò



ÅðåéäÞ Z =
D£

¤


E
ìå
¯̄
Z

¯̄
= 

ìêä()
= − (âë. 2.3.10 (i)), Ý·ïõìå

Z ∼= Z− êáé, êáô' áíáëïãßáí, +1Z ∼= Z−(+1)  ÅîÜëëïõ,

|Z− |¯̄̄
Z
−(+1)

¯̄̄ = −

−(+1) =  =⇒
4.1.33

(Z)(+1Z) ∼= Z

ïðüôå +1 ∼= Z ⊕ Z ⊕ · · ·⊕ Z| {z }
 öïñÝò



(ii) ÅÜí ç  åßíáé ôïý ôýðïõ (1 2 )   ≥ 2 êáé åÜí ôïõëÜ·éóôïí äýï åê

6Ðñïöáíþò,  ({  ∈ {1  }|  = }) = {  ∈ {1  }|  = } ãéá êÜèå (äõíáôü)  ∈ {1  }
7ÊÜèå áâåëéáíÞ -ïìÜäá ôýðïõ (1 1 1) êáëåßôáé, éäéáéôÝñùò, óôïé·åéþäçò áâåëéáíÞ -ïìÜäá.
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ôùí 1  åßíáé äéáöïñåôéêïß, ôüôå èåùñïýìå åêåßíï ôï (ìïíïóçìÜíôùò êáèïñé-

æüìåíï) õðïóýíïëï äåéêôþí {1 } ⊆ {1 } (ìå  ≥ 2 êáé 1 ≥ 1  = )

ãéá ôï ïðïßï éó·ýåé

1 = · · · = 1  1+1 = · · · = 2  · · · · · ·  −1+1 = · · · =  = 

êáé ïñßæïõìå ôïõò 0 := 0 êáé  :=  − −1 ∀ ∈ {1 } ìå
P

=1  = 

ÈÝôïíôáò  := Z ⊕ Z ⊕ · · ·⊕ Z| {z }
 öïñÝò

 ãíùñßæïõìå (áðü ôï (i)) üôé éó·ýåé ç

éóüôçôá  = dimZ(
−1) ∀ ∈ {1 } ÅðåéäÞ

 ∼= 1 ⊕ 2 ⊕ · · ·⊕ 

=⇒
9.1.6

−1 ∼= −11 ⊕ −12 ⊕ · · ·⊕ −1

∼= −1 ⊕ −1+1 ⊕ · · ·⊕ −1

(áöïý ç  åßíáé ôåôñéììÝíç ãéá  ≥ ) êáé, êáô' áíáëïãßáí,

 ∼= +1 ⊕ +2 ⊕ · · ·⊕ 

Ý·ïõìå8 −1 ∼=
L

=

¡
−1

¢
 áð' üðïõ Ýðåôáé üôé

dimZ(
−1) =

P
=

dimZ(
−1) =

P
=

 (9.9)

ãéá  ≤  êáé

dimZ(
+1−1+1) =

P
=+1

dimZ(
−1) =

P
=+1

 (9.10)

ãéá  ≤  − 1 (ìå +1 = +1). Áöáéñþíôáò ãéá êÜèå  ∈ {1  − 1} êáôÜ ìÝëç

ôçí (9.10) áðü ôçí (9.9) ëáìâÜíïõìå

 = dimZ(
−1)− dimZ(+1−1+1)

åíþ ãéá  =   = dimZ(
−1)

9.1.11 Ðüñéóìá. ¸óôù  êÜðïéïò ðñþôïò áñéèìüò êáé Ýóôù  ∈ N Ãéá äõï áâåëéá-
íÝò ïìÜäåò 12 ôÜîåùò  ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) 1 ∼= 2

(ii) Ïé 1 2 äéáèÝôïõí ôïõò ßäéïõò óôïé·åéþäåéò äéáéñÝôåò.

(iii) 
[]
 (1) = 

[]
 (2) ãéá êÜèå  ∈ N0 üðïõ 9

[] () := dimZ(


+1)− dimZ(+1
+2)  ∈ {1 2}

8H  (ãéá  = ) åßíáé ôåôñéììÝíç.

9Ç äéáöïñÜ [] () ∈ N0 éóïýôáé ìå ôï ðëÞèïò ôùí êõêëéêþí ïìÜäùí ôÜîåùò +1ôùí åìöáíéæïìÝíùí ùò åõèåßò

ðñïóèåôÝïé óôçí (9.8) ãéá ôçí
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Áðüäåéîç. Ç áìößðëåõñç óõíåðáãùãÞ (i)⇔(ii) Ýðåôáé Üìåóá áðü ôçí ðñüôáóç

9.1.8.

(i)⇒(iii) Åî õðïèÝóåùò, õößóôáôáé éóïìïñöéóìüò  : 1
∼=−→ 2 ÅðåéäÞ éó·ýåé

(1) = 2 ç áðåéêüíéóç

1
+11 3 + +11 7−→ () + +12 ∈ 2

+12

áðïôåëåß ôüóïí éóïìïñöéóìü ïìÜäùí üóïí êáé éóïìïñöéóìü Z-äéáíõóìáôéêþí
·þñùí, ïðüôå 

[]
 (1) = 

[]
 (2) ãéá êÜèå  ∈ N0

(iii)⇒(i) ÅÜí 
[]
 (1) = 

[]
 (2) ∀ ∈ N0 ôüôå (óýìöùíá ìå ôá ðñïáíáöåèÝíôá

óôç óçìåßùóç 9.1.10) ïé ðëçèéêïß áñéèìïß ôùí êõêëéêþí ïìÜäùí ßäéáò ôÜîåùò, ïé

ïðïßåò åìöáíßæïíôáé ùò åõèåßò ðñïóèåôÝïé óôçí (9.8) ãéá ôçí1 åßíáé ßóïé ìå ôïõò

áíôßóôïé·ïõò ãéá ôçí2Ùò åê ôïýôïõ, åßíáé ðñüäçëïò ï ôñüðïò êáôáóêåõÞò åíüò

éóïìïñöéóìïý  : 1
∼=−→ 2 ¤

9.1.12 Ðüñéóìá. ÅÜí  åßíáé êÜðïéïò ðñþôïò áñéèìüò êáé  ∈ N ôüôå ôï ðëÞèïò
ôùí áíÜ æåýãç ìç éóïìüñöùí ðåðåñáóìÝíùí áâåëéáíþí ïìÜäùí ôÜîåùò  éóïýôáé
ìå ôïí ðëçèéêü áñéèìü() ôùí äéáìåñßóåùí ôïý  (âë. 5.3.1).

9.1.13 Ðáñáäåßãìáôá. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ïé áíÜ æåýãç ìç éóüìïñöåò

-áâåëéáíÝò ïìÜäåò ïé Ý·ïõóåò ôÜîç 2 åßíáé ïé

Ôýðïé ÁâåëéáíÝò ïìÜäåò

(1 1) Z ⊕ Z
(2) Z2

ïé Ý·ïõóåò ôÜîç 3 åßíáé ïé

Ôýðïé ÁâåëéáíÝò ïìÜäåò

(1 1 1) Z ⊕ Z ⊕ Z
(1 2) Z ⊕ Z2
(3) Z3

êáé ïé Ý·ïõóåò ôÜîç 4 åßíáé ïé

Ôýðïé ÁâåëéáíÝò ïìÜäåò

(1 1 1 1) Z ⊕ Z ⊕ Z ⊕ Z
(1 1 2) Z ⊕ Z ⊕ Z2
(1 3) Z ⊕ Z3
(2 2) Z2 ⊕ Z2
(4) Z4

9.1.14 Ðáñáäåßãìáôá. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ôï ðëÞèïò () ôùí áíÜ

æåýãç ìç éóïìüñöùí -áâåëéáíþí ïìÜäùí ôÜîåùò   üðïõ  ∈ {5  16} äßäåôáé
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óôïõò åîÞò êáôáëüãïõò:

 ()

5 7

6 11

7 15

8 22

9 30

10 42

 ()

11 56

12 77

13 101

14 135

15 176

16 231

9.1.15 Ðüñéóìá. ¸óôù (+ ·) ôõ·üí ðåðåñáóìÝíï óþìá. Ùò ãíùóôüí (âë. 5.7.6),
éó·ýåé card( ) =  ãéá êÜðïéïí ðñþôï áñéèìü  êáé ãéá êÜðïéïí  ∈ N ÅðéðëÝïí,
ç ðñïóèåôéêÞ ïìÜäá (+) ôïý  åßíáé ìéá óôïé·åéþäçò áâåëéáíÞ -ïìÜäá, êáèþò
åßíáé éóüìïñöç ôÞò Z ⊕ Z ⊕ · · ·⊕ Z| {z }

 öïñÝò



Áðïäåéîç. Ç (+) åßíáé ìéá áâåëéáíÞ -ïìÜäá. ÅðïìÝíùò õðÜñ·ïõí  ∈ N êáé

(1 2 ) ∈ Π ()  ïýôùò þóôå íá õößóôáôáé éóïìïñöéóìüò


∼=−→ Z1 ⊕ Z2 ⊕ · · ·⊕ Z  (9.11)

ÅðåéäÞ ôï óþìá (+ ·) Ý·åé ·áñáêôçñéóôéêÞ  (âë. C.2.16 (iv)), éó·ýåé

 = ( · 1 ) ·  = 0 ·  = 0  ∀ ∈ 

ïðüôå êÜèå óôïé·åßï  ∈ r{0 } Ý·åé ôÜîç  åíôüò ôÞò (+) êáé áðåéêïíßæåôáé

ìÝóù ôïý éóïìïñöéóìïý (9.11) óå áêñéâþò Ýíá óôïé·åßï

([1]1  [] ) ∈ Z1 ⊕ · · ·⊕ Zr([0]1  [0] )
ôÜîåùò  (Âë. 2.4.19 (iv).) ÅÜí õðïèÝóïõìå üôé ∃0 ∈ {1  } : 0 ≥ 2 ôüôå
êáôáëÞãïõìå óå Üôïðï, äéüôé åí ôïéáýôç ðåñéðôþóåé ôï

 :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
([1]1  [0]2  [0] ) üôáí 0 = 1

([0]1  [0]0−1  [1]0  [0]0+1  [0] ) üôáí 2 ≤ 0 ≤ − 1
([0]1  [0]−1  [1] )  üôáí 0 = 

èá Ýðñåðå íá áðïôåëåß ôçí åéêüíá (áêñéâþò) åíüò  ∈ r{0 } ìÝóù ôïý (9.11),

ðñÜãìá áäýíáôï, êáèüóïí  [1]

0

= []

0

6= [0]

0
⇒  6= ([0]1  [0] )

ÅðïìÝíùò, 1 = · · · =  = 1 êáé  =  ¤

9.1.16 ËÞììá. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá ôÜîåùò  üðïõ  ∈ N êáé 
Ýíáò ðñþôïò áñéèìüò ìå  -  ÅÜí

 :=
©
 ∈ |∃ ∈ {0 1 } : ord() = 

ª
  := { ∈ | ord() | } 

ôüôå éó·ýïõí ôá áêüëïõèá :

(i) v  êáé v 

(ii)  =  ⊕åó. 

(iii) || =  êáé || = 



526 áâåëéáíåò ïìáäåò

Áðïäåéîç. (i) Ðñïöáíþò, 0 ∈  êáé ãéá ïéáäÞðïôå   ∈  Ý·ïõìå

(− ) = −  = 0 ⇒ −  ∈ 

ïðüôå v  (Bë. 2.1.16 (iii)). Ðáñïìïßùò áðïäåéêíýïõìå üôé v 

(ii) Åí ðñþôïéò éó·ýåé ç éóüôçôá  + = ÐñÜãìáôé° åðåéäÞ (êáôÜ ôï ðüñéóìá

B.2.8) áðü ôçí éóüôçôá ìêä( ) = 1 óõíÜãåôáé üôé

∃  ∈ Z :  +  = 1⇒  = ( + ) = () + () ∀ ∈ 

ãéá êÜèå óôïé·åßï  ∈  Ý·ïõìå

|| = ⇒ () = 0 ⇒ () ∈ 

() = 0 ⇒ () ∈ 

¾
⇒  ∈  +

Åí óõíå·åßá, èåùñïýìå ôõ·üí  ∈  ∩ Ðñïöáíþò, ord() |  êáé ord() | 

êáé ôï ðüñéóìá B.2.6 äßäåé ord() | ìêä( ) = 1⇒ ord() = 1 ⇒  = 0 ¢ñá

 =  ⊕åó. 

(iii) ÅðåéäÞ ç  åßíáé áâåëéáíÞ, åÜí ï  äéáéñïýóå ôçí ôÜîç ôçò ||  ôüôå, óýì-
öùíá ìå ôï èåþñçìá 4.4.21, èá õðÞñ·å êÜðïéï óôïé·åßï ôÞò  ôÜîåùò  ðñÜãìá

áäýíáôï, êáèüóïí ìêä( ) = 1 Åê ðáñáëëÞëïõ, ç ôÜîç || ôÞò  åßíáé áäý-

íáôï íá Ý·åé êÜðïéïí ðñþôï äéáéñÝôç äéÜöïñï ôïý ÅðåéäÞ ëïéðüí || = || || 
Ý·ïõìå êáô' áíÜãêçí || =  êáé || =  ¤

9.1.17 Ðñüôáóç. ¸óôù (+) ìéá ìç ôåôñéììÝíç ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá.
ÅÜí || = 11 22 · · ·  ( ∈ N 1  ∈ N) åßíáé ç êáíïíéêÞ ðáñÜ-
óôáóç (B.19) ôÞò ôÜîåþò ôçò ùò ãéíïìÝíïõ (êáôÜëëçëùí äõíÜìåùí) ðñþôùí áñéè-
ìþí 1  ìå 1  · · ·   êáé

 () := { ∈ |∃ ∈ {0 1 } : ord() = } (9.12)

ãéá êÜèå  ∈ {1 } ôüôå

 =  (1)⊕åó.  (2)⊕åó. · · ·⊕åó.  ()  (9.13)

êáé | ()| = 

  ∀ ∈ {1 }

Áðïäåéîç. ¸ðåôáé ýóôåñá áðü äéáäï·éêÞ åöáñìïãÞ ôïý ëÞììáôïò 9.1.16 ( − 1
öïñÝò). ¤

9.1.18 Ïñéóìüò. Ç ðáñÜóôáóç (9.13) êáëåßôáé ðñùôåýïõóá áðïóýíèåóç ôÞò 

êáé ïé ïìÜäåò  ()   ∈ {1 } êáëïýíôáé ðñùôåýïõóåò óõíéóôþóåò ôÞò 

9.1.19 Èåþñçìá. (1o èåìåëéþäåò èåþñçìá ðåñß ðåðåñáóìÝíùí áâåëéáíþí ïìÜäùí.)

¸óôù (+) ìéá ìç ôåôñéììÝíç ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá. ÅÜí

|| = 11 · · ·   ( ∈ N 1  ∈ N)
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åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôÞò ôÜîåþò ôçò ùò ãéíïìÝíïõ (êáôÜëëçëùí äõ-
íÜìåùí) ðñþôùí áñéèìþí 1  ìå 1  · · ·   ôüôå

∃ ∈ {1 } êáé ∃(()1  
()
2  () ) ∈ Π ()

ãéá êÜèå  ∈ {1 } ïýôùò þóôå íá õößóôáíôáé éóïìïñöéóìïß

 ∼=
L

=1
 () ∼=

Ã
1L

1=1
Z


(1)
1
1

!
⊕
Ã

2L
2=1

Z


(2)
2
2

!
⊕ · · ·⊕

Ã
L

=1
Z


()



!


ÅðéðñïóèÝôùò, ïé åêöñÜóåéò áõôÝò åßíáé ìïíïóçìÜíôùò ïñéóìÝíåò.

Áðïäåéîç. Ï ðñþôïò éóïìïñöéóìüò Ýðåôáé Üìåóá áðü ôçí ðñüôáóç 9.1.8 êáé ôï

(ii) ôïý èåùñÞìáôïò 7.1.85, êáé ï äåýôåñïò áðü ôçí ðñüôáóç 9.1.17 êáé ôï (v) ôÞò

ðñïôÜóåùò 7.1.55. ¤

9.1.20 Ïñéóìüò. ÅÜí (+) åßíáé ìéá ìç ôåôñéììÝíç ðåðåñáóìÝíç áâåëéáíÞ

ïìÜäá, ôüôå (ãåíéêåýïíôáò ôïí ïñéóìü 9.1.9) êáëïýìå ôïõò



(1)
1
1   

(1)1
1  


(2)
1
2   

(2)2
2   


()
1
   

()
 (9.14)

(ôïõò åìöáíéæüìåíïõò óôï èåþñçìá 9.1.19) óôïé·åéþäåéò äéáéñÝôåò ôÞò 

9.1.21 Ðüñéóìá. Äõï ðåðåñáóìÝíåò ìç ôåôñéììÝíåò áâåëéáíÝò ïìÜäåò ßóùí ôÜîåùí
åßíáé éóüìïñöåò åÜí êáé ìüíïí åÜí äéáèÝôïõí ôïõò ßäéïõò óôïé·åéþäåéò äéáéñÝôåò.

9.1.22 Ðüñéóìá. ÔïðëÞèïò ôùí áíÜ æåýãç ìç éóïìüñöùíðåðåñáóìÝíùíáâåëéáíþí
ïìÜäùí ôÜîåùò 11 · · ·  ( ∈ N 1  ∈ N) üðïõ ïé 1  åßíáé óáöþò
äéáêåêñéìÝíïé ðñþôïé áñéèìïß, éóïýôáé ìå

Y
=1

()

Þôïé ìå ôï ãéíüìåíï ôùí ðëçèéêþí áñéèìþí ôùí óõíüëùí ôùí äéáìåñßóåùí ôùí
1  (âë. 5.3.1).

9.1.23 ÐáñÜäåéãìá. Ôï ðëÞèïò ôùí áíÜ æåýãç ìç éóïìüñöùí ðåðåñáóìÝíùí áâå-

ëéáíþí ïìÜäùí ôÜîåùò 3528 = 23 · 32 · 72 éóïýôáé ìå(3)(2)2 = 3 · 22 = 12Áðü

ôïí êáôÜëïãï



   ∈ {1 2 3} Ôýðïé ÁâåëéáíÝò -ïìÜäåò

23 (1 1 1) (1 2) (3) Z2 ⊕ Z2 ⊕ Z2 Z2 ⊕ Z4Z8
32 (1 1) (2) Z3 ⊕ Z3 Z9
72 (1 1) (2) Z7 ⊕ Z7 Z49
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óõíÜãåôáé üôé áõôÝò ïé 12 ïìÜäåò åßíáé ïé åîÞò:

ÁâåëéáíÝò ïìÜäåò ôÜîåùò 3528

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z3 ⊕ Z3 ⊕ Z7 ⊕ Z7
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z9 ⊕ Z7 ⊕ Z7
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z3 ⊕ Z3 ⊕ Z49
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z9 ⊕ Z49
Z2 ⊕ Z4 ⊕ Z3 ⊕ Z3 ⊕ Z7 ⊕ Z7
Z2 ⊕ Z4 ⊕ Z9 ⊕ Z7 ⊕ Z7

Z2 ⊕ Z4 ⊕ Z3 ⊕ Z3 ⊕ Z49
Z2 ⊕ Z4 ⊕ Z9 ⊕ Z49
Z8 ⊕ Z3 ⊕ Z3 ⊕ Z7 ⊕ Z7
Z8 ⊕ Z9 ⊕ Z7 ⊕ Z7
Z8 ⊕ Z3 ⊕ Z3 ⊕ Z49
Z8 ⊕ Z9 ⊕ Z49

9.1.24 Èåþñçìá. (Åìöýôåõóç åíôüò ôÞò Z×) Ãéá êÜèå ðåðåñáóìÝíç áâåëéáíÞ
ïìÜäá (+) õðÜñ·åé  ∈ N ïýôùò þóôå áõôÞ íá åßíáé åìöõôåýóéìç åíôüò ôÞò
ïìÜäáò Z×

Áðïäåéîç. ¸óôù (+) ôõ·ïýóá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ôÜîåùò  ÅÜí

 = 1 ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. Áò õðïèÝóïõìå üôé  ≥ 2
Ðåñßðôùóç ðñþôç. ÅÜí ç  åßíáé êõêëéêÞ, ôüôå âÜóåé ôïý èåùñÞìáôïò B.3.13 ôïý

Dirichlet õðÜñ·åé êÜðïéïò ðñþôïò áñéèìüò  ôÞò ìïñöÞò  = 1+   ∈ N ïðüôå
 |  − 1 Ç Z×  ïýóá êõêëéêÞ ôÜîåùò  − 1 äéáèÝôåé ìßá (êáé ìüíïí) êõêëéêÞ

õðïïìÜäá ôÜîåùò  (Bë. 7.3.7 êáé 2.3.21 (ii).) ÅðïìÝíùò,  ∼=  v Z× 
Ðåñßðôùóç äåýôåñç. ÅÜí ç  åßíáé ìç êõêëéêÞ êáé  ∼=

L
=1

 ()  Ý·ïõóá ôïõò

(9.14) ùò óôïé·åéþäåéò äéáéñÝôåò ôçò (üðùò óôï èåþñçìá 9.1.19), ôüôå óýìöùíá ìå

ôï èåþñçìá B.3.13 ôïý Dirichlet Ý·ïõìå ôç äõíáôüôçôá åðéëïãÞò ðñþôùí áñéèìþí

11 12  11  21 22  22   1 2    (9.15)

ôÝôïéùí þóôå  ≡ 1(mod 

()


 ) ∀ ∈ {1  } êáé ∀ ∈ {1  } ÌÜëéóôá,

åðåéäÞ õðÜñ·ïõí Üðåéñïé ðñþôïé áñéèìïß  áõôïý ôïý åßäïõò, ìðïñïýìå äß·ùò

âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå üôé ïé åðéëåãüìåíïé (9.15) åßíáé óáöþò äéá-

êåêñéìÝíïé. Õðü áõôÞí ôçí ðñïûðüèåóç, èÝôïíôáò  :=
Q

=1

³Q
=1 

´
êáé

ëáìâÜíïíôáò õð' üøéí üôé Z× ∼=
7.3.2

Q
=1

³Q
=1 Z×

´
êáé üôé

∃ ∈ Subg(Z× ) : 
∼= Z



()



 ∀ ∈ {1  } êáé ∀ ∈ {1  }

(üðùò óôçí ðñþôç ðåñßðôùóç), óõìðåñáßíïõìå üôé  ∼=
L
=1

Ã
L
=1



!
v Z× ¤

9.1.25 Èåþñçìá. (2o èåìåëéþäåò èåþñçìá ðåñß ðåðåñáóìÝíùí áâåëéáíþí ïìÜäùí.)

ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá, ôüôå éó·ýïõí ôá
áêüëïõèá :

(i) YðÜñ·ïõí Ýíáò  ∈ N êáé (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíïé) öõóéêïß
áñéèìïß12 ïé ïðïßïé åßíáé ≥ 2 êáé ôÝôïéïé, þóôå

 ∼= Z1
⊕ Z2

⊕ · · ·⊕ Z
 ìå  | +1 ∀ ∈ {1  − 1} (9.16)
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(ii)ÇÝêöñáóç (9.16) åßíáé ìïíïóçìÜíôùò ïñéóìÝíç õðü ôçí åîÞò Ýííïéá : ÅÜí õðÜñ-
·ïõí Ýíáò  ∈ N êáé (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíïé) öõóéêïß áñéèìïß
0
1

0
2

0
 ïé ïðïßïé åßíáé ≥ 2 êáé ôÝôïéïé, þóôå

 ∼= Z0
1
⊕ Z0

2
⊕ · · ·⊕ Z0


 ìå 0

 | 0
+1 ∀ ∈ {1  − 1}

ôüôå  =  êáé0
 =  ãéá êÜèå  ∈ {1 }

Áðïäåéîç. (i) ÅÜí || = 11 · · ·   ( ∈ N 1  ∈ N) åßíáé ç êáíïíéêÞ ðá-

ñÜóôáóç (B.19) ôÞò ôÜîåùò ôÞò  ùò ãéíïìÝíïõ (êáôÜëëçëùí äõíÜìåùí) ðñþôùí

áñéèìþí 1  ìå 1  · · ·   ôüôå ìÝóù ôïý èåùñÞìáôïò 9.1.19 áðïêôïýìå

ôïõò óôïé·åéþäåéò äéáéñÝôåò



(1)
1
1   

(1)1
1  


(2)
1
2   

(2)2
2   


()
1
   

()


ôÞò  üðïõ (
()
1  

()
2  

()
 ) ∈ Π () ãéá êÜèå  ∈ {1 } Èåùñïýìå ôïí

(× )-ðßíáêá ⎛⎜⎝

11
1 

12
2 · · · 

1



21
1 

22
2 

2


.

.

.
.
.
.


1
1 

2
2 · · · 




⎞⎟⎠ ∈Mat×(N) (9.17)

üðïõ  := max{1  } êáé

 :=

(
0 üôáí    êáé  ∈ {1  − }

()
−(−) üôáí  ∈ {−  + 1  }

Ðñïöáíþò, ãéá êÜèå  ∈ {1  } éó·ýåé 0 ≤ 1 ≤ 2 ≤ · · · ≤   üðïõ

 ≥ 1 ãéá ôïõëÜ·éóôïí Ýíáí  ∈ {1  } Ïñßæïíôáò ùò

 := 
1
1 

2
2 · · · 

ôï ãéíüìåíï ôùí åããñáöþí ôÞò -ïóôÞò ãñáììÞò ôïý (9.17) ãéá êÜèå  ∈ {1  }
ëáìâÜíïõìå

[ ≥ 2 ∀ ∈ {1  }] êáé [ | +1 ∀ ∈ {1  − 1}] 

êáé  ∼= Z1
⊕ Z2

⊕ · · ·⊕ Z
(ìÝóù ôïý (ii) ôÞò ðñïôÜóåùò 7.1.55).

(ii) ÅÜí  ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z
∼= Z0

1
⊕ Z0

2
⊕ · · ·⊕ Z0


 üðïõ

[ ≥ 2 ∀ ∈ {1  }] êáé [ | +1 ∀ ∈ {1  − 1}]  (9.18)

êáé, ôáõôï·ñüíùò,£
0
 ≥ 2 ∀ ∈ {1  }

¤
êáé

£
0
 | 0

+1 ∀ ∈ {1  − 1}
¤
 (9.19)
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ôüôå1 · · · = 0
1 · · ·0

 = 11 · · ·   ïðüôå

1 = 
11
1 

12
2 · · · 1 0

1 = 
11
1 

12
2 · · · 1

2 = 
21
1 

22
2 · · · 2 0

2 = 
21
1 

22
2 · · · 2

...
...

 = 
1
1 

2
2 · · ·  0

 = 
1
1 

2
2 · · · 

ìå    ∈ N0 : [ ≤  ∀ ∈ {1  }] êáé [ ≤  ∀ ∈ {1  }] ãéá
êÜèå  ∈ {1  } (Âë. ëÞììá B.3.14.) Áðü ôéò óõíèÞêåò (9.18) êáé (9.19) óõìðå-

ñáßíïõìå üôé

0 ≤ 1 ≤ 2 ≤ · · · ≤  êáé 0 ≤ 1 ≤ 2 ≤ · · · ≤  

ìå ôïõëÜ·éóôïí Ýíáí åê ôùí 1    (êáé áíôéóôïß·ùò, ìå ôïõëÜ·éóôïí Ýíáí åê

ôùí 1   ) äéÜöïñï ôïý ìçäåíüò ãéá êÜèå  ∈ {1  } ÅîÜëëïõ,
L

=1

Ã
L

=1
Z




!
∼=

7.1.63

L
=1
Z

∼=  ∼=
L

=1

Z0


∼=
7.1.63

L
=1

Ã
L

=1
Z




!
 (9.20)

ïðüôå

L
=1
Z




∼= () ∼=
L

=1

Z




 ∀ ∈ {1  }

ÅðåéäÞ

2 ≤ 1 ≤ · · · ≤  ⇒ [∃• ∈ {1  } : 1 ≤ 1• ≤ 2• ≤ · · · ≤ • ]

ôï
L

=1
Z

•
•

Ý·åé  ìç ôåôñéììÝíïõò åõèåßò ðñïóèåôÝïõò, ïðüôå

L
=1
Z

•
•

∼=
L

=1

Z

•
•

=⇒
9.1.8 (ii)

"
ôï
L

=1 Z••
Ý·åé  ìç ôåôñéì-

ìÝíïõò åõèåßò ðñïóèåôÝïõò

#


ÅðïìÝíùò,  ≤  Êáô' áíáëïãßáí, åðåéäÞ 2 ≤ 0
1 ≤ · · · ≤ 0

 Ý·ïõìå  ≤  ¢ñá

ôåëéêþò  =  êáé áðü ôçí (9.20) êáé ôï èåþñçìá 9.1.19 óõíÜãåôáé üôé

 =   ∀( ) ∈ {1  } × {1  }
áð' üðïõ ðñïêýðôåé üôé0

 =  ãéá êÜèå  ∈ {1 } ¤

9.1.26 Ïñéóìüò. ÅÜí (+) åßíáé ìéá ìç ôåôñéììÝíç ðåðåñáóìÝíç áâåëéáíÞ

ïìÜäá, ôüôå ïé ìïíïóçìÜíôùò ïñéóìÝíïé öõóéêïß áñéèìïß1 óôçí ÝêöñáóÞ

ôçò (9.16) ùò åõèÝïò áèñïßóìáôïò êõêëéêþí ïìÜäùí êáëïýíôáé áíáëëïßùôïé ðá-

ñÜãïíôÝò ôçò.

9.1.27 Ðüñéóìá. Äõï ðåðåñáóìÝíåò ìç ôåôñéììÝíåò áâåëéáíÝò ïìÜäåò ßóùí ôÜîåùí
åßíáé éóüìïñöåò åÜí êáé ìüíïí åÜí äéáèÝôïõí ôïõò ßäéïõò áíáëëïßùôïõò ðáñÜãïíôåò.
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9.1.28 Ðáñáäåßãìáôá. (i) Z3 ⊕ Z9 ⊕ Z27 À Z27 ⊕ Z27
(ii) Z2 ⊕ Z8 ⊕ Z8 ⊕ Z32 À Z4 ⊕ Z4 ⊕ Z8 ⊕ Z32 (ðáñÜ ôï ãåãïíüò üôé áìöüôåñåò ïé

ïìÜäåò äéáèÝôïõí ôï ßäéï ðëÞèïò áíáëëïßùôùí ðáñáãüíôùí êáé äýï êïéíïýò).

9.1.29 Óçìåßùóç. ÅÜí õðïèÝóïõìå üôé ãéá ìéá äïèåßóá ðåðåñáóìÝíç ìç ôåôñéì-

ìÝíç áâåëéáíÞ ïìÜäá åßíáé ãíùóôïß ïé áíáëëïßùôïé ðáñÜãïíôåò1 ôüôå ïé

óôïé·åéþäåéò äéáéñÝôåò ôçò áðïêôþíôáé áðåõèåßáò áðü ôçí êáíïíéêÞ ðáñÜóôáóç

êáèåíüò åê ôùí 1 ùò ãéíïìÝíïõ ðñþôùí áñéèìþí. Êáé áíôéóôñüöùò° åÜí

õðïôåèåß üôé åßíáé ãíùóôïß ïé óôïé·åéþäåéò äéáéñÝôåò ôçò, ãéá ôçí åýñåóç ôùí áíáë-

ëïßùôùí ðáñáãüíôùí ôçò áñêåß íá ó·çìáôßóïõìå ôá ãéíüìåíá ôùí åããñáöþí ôùí

ãñáììþí ôïý ðßíáêá (9.17).

9.1.30 ÐáñÜäåéãìá. ¸óôù ç áâåëéáíÞ ïìÜäá ôÜîåùò 3528ðïõ Ý·åé ôïõò 2 42 42

ùò áíáëëïßùôïõò ðáñÜãïíôÝò ôçò. ÅðåéäÞ 42 = 2 · 3 · 7 êáé
 ∼= Z2 ⊕ Z42 ⊕ Z42
∼=

7.1.63
Z2 ⊕ (Z2 ⊕ Z3 ⊕ Z7)⊕ (Z2 ⊕ Z3 ⊕ Z7)

∼=
7.1.55 (ii)

(Z2 ⊕ Z2 ⊕ Z2)⊕ (Z3 ⊕ Z3)⊕ (Z7 ⊕ Z7)

ïé óôïé·åéþäåéò äéáéñÝôåò åßíáé ïé 2 2 2 3 3 7 7 êáé ç ç ðñþôç åê ôùí áâåëéáíþí

ïìÜäùí ôïý äåõôÝñïõ êáôáëüãïõ ôïý åäáößïõ 9.1.23.

9.1.31 ÐáñÜäåéãìá. Èåùñïýìå ôçí áâåëéáíÞ ïìÜäá  := Z6 ⊕ Z10 ôÜîåùò 60

ÅðåéäÞ

 ∼=
7.1.63

(Z2 ⊕ Z3)⊕ (Z2 ⊕ Z5) ∼=
7.1.55 (ii)

(Z2 ⊕ Z2)⊕ (Z3 ⊕ Z5) 

ïé óôïé·åéþäåéò äéáéñÝôåò ôÞò  åßíáé ïé 2 2 3 5 μñçóéìïðïéþíôáò ôüí ðßíáêá³
21 30 50

21 31 51

´
äéáðéóôþíïõìå üôé ïé 2 · 1 · 1 = 2 êáé 2 · 3 · 5 = 30 åßíáé ïé áíáëëïßùôïé ðáñÜãïíôåò
ôÞò  ïðüôå  ∼= Z2 ⊕ Z30

9.1.32 ÐáñÜäåéãìá. Èåùñïýìå ôçí  := Z5 ⊕ Z15 ⊕ Z25 ⊕ Z36 ⊕ Z1134 ôÜîåùò

76 545 000 ÅðåéäÞ

 = Z5 ⊕ (Z3 ⊕ Z5)⊕ Z52 ⊕ (Z22 ⊕ Z32)⊕ (Z2 ⊕ Z34 ⊕ Z7)
∼=

7.1.55 (ii)
(Z2 ⊕ Z22)⊕ (Z3 ⊕ Z32 ⊕ Z34)⊕ (Z5 ⊕ Z5 ⊕ Z52)⊕ Z7

ïé óôïé·åéþäåéò äéáéñÝôåò ôÞò  åßíáé ïé 2 22 3 32 34 5 5 52 7 μñçóéìïðïéþíôáò

ôüí ðßíáêá µ
20 31 51 70

21 32 51 70

22 34 52 71

¶
äéáðéóôþíïõìå üôé ïé 1 · 3 · 5 · 1 = 15 2 · 32 · 5 · 1 = 90 êáé 22 · 34 · 52 · 7 = 56 700
åßíáé ïé áíáëëïßùôïé ðáñÜãïíôåò ôÞò  ïðüôå  ∼= Z15 ⊕ Z90 ⊕ Z56 700
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I Áîéïóçìåßùôá ðïñßóìáôá ðñïêýðôïíôá áðü ôï èåþñçìá 9.1.25. ÁõôÜ óõìðå-

ñéëáìâÜíïõí, ìåôáîý Üëëùí, ôïí õðïëïãéóìü ôïý åêèÝôç ìéáò ðåðåñáóìÝíçò ìç

ôåôñéììÝíçò áâåëéáíÞò ïìÜäáò êáé ôçí áðüäåéîç ôÞò «êõêëéêüôçôáò» êÜèå ðåðå-

ñáóìÝíçò õðïïìÜäáò ôÞò ðïëëáðëáóéáóôéêÞò ïìÜäáò ôõ·üíôïò óþìáôïò.

9.1.33 Ðüñéóìá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá
Ý·ïõóá ùò áíáëëïßùôïõò ðáñÜãïíôÝò ôçò ôïõò1 (âë. (9.16)), ôüôå

exp() = 

Áðïäåéîç. Óýìöùíá ìå ôï ðüñéóìá 4.1.29, exp(Z) =  ãéá êÜèå  ∈ {1  }
Áðü ôï èåþñçìá 7.1.61 ëáìâÜíïõìå exp() = åêð(1 ) EðåéäÞ | +1

ãéá êÜèå  ∈ {1  − 1} óõìðåñáßíïõìå üôé exp() =  ¤

9.1.34 Ðüñéóìá. Ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá (+) åßíáé

êõêëéêÞ⇐⇒ exp() = || 

Áðïäåéîç. ‘‘⇒'' ¸·åé Þäç áðïäåé·èåß óôï ðüñéóìá 4.1.29.

‘‘⇐'' ¼ôáí || = 1 ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. ¼ôáí || ≥ 2 êáé ïé

áíáëëïßùôïé ðáñÜãïíôåò ôÞò  åßíáé ïé1ôüôå áðü ôéò éóüôçôåò

 =
9.1.33

exp() = || =
Q

=1
 (üðïõ  ≥ 2 ∀ ∈ {1  })

ðñïêýðôåé üôé  = 1 êáé || = 1 ⇒  ∼= Z1  (Åíáëëáêôéêþò, èá ìðïñïýóå
êáíåßò íá åðé·åéñçìáôïëïãÞóåé ùò åîÞò: ÅÜí  ≥ 2 ôüôå

[ | +1 ∀ ∈ {1  − 1}]⇒ [ìêä(+1) =  ≥ 2 ∀ ∈ {1  − 1}]

ïðüôå ç  åßíáé ìç êõêëéêÞ åðß ôç âÜóåé ôïý èåùñÞìáôïò 7.1.64.) ¤

9.1.35 Ðüñéóìá. ÊÜèå ðåðåñáóìÝíç õðïïìÜäá ôÞò ðïëëáðëáóéáóôéêÞò ïìÜäáò
(× ·)  × = r{0 } (ôùí áíôéóôñåøßìùí óôïé·åßùí ) åíüò óþìáôïò (+ ·)
åßíáé êõêëéêÞ. (ÉäéáéôÝñùò, ç ðïëëáðëáóéáóôéêÞ ïìÜäá åíüò ðåðåñáóìÝíïõ óþìá-
ôïò åßíáé êõêëéêÞ.)

Áðïäåéîç. ¸óôù (+ ·) ôõ·üí óþìá êáé Ýóôù ìéá ðåðåñáóìÝíç õðïïìÜäá ôÞò

(× ·)  Ç ( ·) åßíáé áâåëéáíÞ, ïðüôå åßíáé åßôå ôåôñéììÝíç åßôå õðÜñ·ïõí Ýíáò

 ∈ N êáé (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíïé) öõóéêïß áñéèìïß 1 ïé

ïðïßïé åßíáé ≥ 2 êáé ôÝôïéïé, þóôå

 ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z  ìå  | +1 ∀ ∈ {1  − 1}

(Âë. 9.1.25.) Óôçí ðñþôç ðåñßðôùóç ç  åßíáé ðñïöáíþò êõêëéêÞ. Óôç äåýôåñç

ðåñßðôùóç ôï ðüñéóìá 9.1.33 ìáò ðëçñïöïñåß üôé exp() =  Áðü ôïí ïñéóìü

ôïý åêèÝôç ãéá ôçí ðïëëáðëáóéáóôéêÞ ïìÜäá  Ýðåôáé üôé  = 1 ∀ ∈ ¢ñá

ôï ðëÞèïò ôùí èÝóåùí ìçäåíéóìïý ôïý ðïëõùíýìïõ X − 1 ∈  [X]r{0 [X]}
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åßíáé ≥ || =
Q

=1
 ÅðåéäÞ üìùò áõôü ôï ðïëõþíõìï, óýìöùíá ìå ôï ðüñéóìá

C.2.27, äéáèÝôåé ôï ðïëý  èÝóåéò ìçäåíéóìïý, Ý·ïõìå êáô' áíÜãêçí  = 1 êáé

 ∼= Z1
 ¤

9.1.36 Ðüñéóìá. ¸óôù (+ ·) ôõ·üí ðåðåñáóìÝíï óþìá êáé Ýóôù  ∈ NÙò ãíù-
óôüí, õößóôáôáé éóïìïñöéóìüò óùìÜôùí ìåôáîý áõôïý êáé ôïý óþìáôïò F (ìå
card( ) = ) üðïõ  =    êÜðïéïò ðñþôïò áñéèìüò êáé  ∈ N (Bë. C.2.15

(ii) êáé C.2.16 (i).) Ôï êÝíôñï

(SL( )) ∼= (SL(F)) = {I| ∈ F×   = 1F}

ôÞò åéäéêÞò ãñáììéêÞò ïìÜäáò âáèìïý  õðåñÜíù áõôïý åßíáé (ðñïöáíþò) éóü-
ìïñöï ìå ôçí õðïïìÜäá

©
 ∈ F×

¯̄
 = 1F

ª
ôÞò ðïëëáðëáóéáóôéêÞò ïìÜäáò

(F×  ·) (Âë. ðñüôáóç 5.4.12.) Ùò åê ôïýôïõ, ç ôÜîç ôïõ éóïýôáé ìå

|(SL(F))| = ìêä(  − 1) (9.21)

Áðïäåéîç. Óýìöùíá ìå ôï ðüñéóìá 9.1.35, ç (F×  ·) åßíáé êõêëéêÞ êáé, êáô' åðÝ-

êôáóç, ç õðïïìÜäá ôçò  :=
©
 ∈ F×

¯̄
 = 1F

ª
åßíáé ùóáýôùò êõêëéêÞ. ÈÝôï-

íôáò  := ìêä(  − 1) ðáñáôçñïýìå üôé ãéá êÜèå  ∈ F× éó·ýåé

 = 1F ⇐⇒  = 1F 

ÐñÜãìáôé° åÜí  = 1F  ôüôå

 | ⇒  = ()

 = (1F)


 = 1F 

Êáé áíôéóôñüöùò° åÜí  = 1F  ôüôå ∃  ∈ Z:  = + (−1) (âë. B.2.5), ïðüôå

 = +(−1) = () (−1) =
¡
1F
¢
(−1) = (−1) = (1F )

 = 1F 

äéüôé
¯̄
F×
¯̄
=  − 1 =⇒

4.1.28
−1 = 1F  ÊáôÜ óõíÝðåéáí,  =

n
 ∈ F×

¯̄
 = 1F

o


ÅðåéäÞ  |  − 1 ôï ðüñéóìá 2.3.22 ìáò ðëçñïöïñåß üôé ç  åßíáé ç ìïíáäéêÞ

õðïïìÜäá ôÞò (F×  ·) ðïõ Ý·åé ôÜîç  (ÅÜí ∗ ∈ F× åßíáé Ýíáò ãåííÞôïñáò ôÞò

(F×  ·) ôüôå  =
−1
∗  ) ¢ñá ç (9.21) åßíáé áëçèÞò. ¤

I Ôáîéíüìçóç ðåðåñáóìÝíùí áâåëéáíþí ïìÜäùí ôÜîåùò ≤ 100 Ç åí ëüãù ôá-

îéíüìçóç (ìÝ·ñéò éóïìïñöéóìïý) åðéôõã·Üíåôáé ìå ôç âïÞèåéá ôùí óôïé·åéùäþí

äéáéñåôþí Þ, éóïäõíÜìùò, ôùí áíáëëïéþôùí ðáñáãüíôùí, äß·ùò éäéáßôåñç õðïëï-

ãéóôéêÞ äõóêïëßá (êáé áðåõèåßáò).

9.1.37 ËÞììá. Ôï ðëÞèïò ôùí áíÜ æåýãç ìç éóïìüñöùí ðåðåñáóìÝíùí áâåëéáíþí
ïìÜäùí  ôÜîåùò ≤ 100 (óçìåéïýìåíï ùò ‘‘Ðë.'') åßíáé áõôü ðïõ êáôá·ùñßæåôáé
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óôïí êáôÜëïãï

|| 1 2 3 4 5 6 7 8 9 10

Ðë. 1 1 1 2 1 1 1 3 2 1

|| 11 12 13 14 15 16 17 18 19 20

Ðë. 1 2 1 1 1 5 1 2 1 2

|| 21 22 23 24 25 26 27 28 29 30

Ðë. 1 1 1 3 2 1 3 2 1 1

|| 31 32 33 34 35 36 37 38 39 40

Ðë. 1 7 1 1 1 4 1 1 1 3

|| 41 42 43 44 45 46 47 48 49 50

Ðë. 1 1 1 2 2 1 1 5 2 2

üôáí 1 ≤ || ≤ 50 êáé, áíôéóôïß·ùò, áõôü ðïõ êáôá·ùñßæåôáé óôïí êáôÜëïãï
|| 51 52 53 54 55 56 57 58 59 60

Ðë. 1 2 1 3 1 3 1 1 1 2

|| 61 62 63 64 65 66 67 68 69 70

Ðë. 1 1 2 11 1 1 1 2 1 1

|| 71 72 73 74 75 76 77 78 79 80

Ðë. 1 6 1 1 2 2 1 1 1 5

|| 81 82 83 84 85 86 87 88 89 90

Ðë. 5 1 1 2 1 1 1 3 1 2

|| 91 92 93 94 95 96 97 98 99 100

Ðë. 1 2 1 1 1 7 1 2 2 4

üôáí 51 ≤ || ≤ 100
Áðïäåéîç. ¸óôù  ôõ·ïýóá ìç ôåôñéììÝíç ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ôÜ-

îåùò ≤ 100 êáé Ýóôù || = 11 · · ·   ( ∈ N 1  ∈ N) ç êáíï-

íéêÞ ðáñÜóôáóç (B.19) ôÞò ôÜîåþò ôçò ùò ãéíïìÝíïõ ðñþôùí áñéèìþí 1  ìå

1  · · ·   Áðü ôïí êáôÜëïãï ôïý åäáößïõ B.3.9 ãíùñßæïõìå üôé  ∈ {1 2 3}
êáé üôé max{1 } ∈ {1 2 3 4 5 6} (üðïõ ç ìÝãéóôç ôéìÞ 6 ëáìâÜíåôáé ìüíïí

üôáí  = 1 1 = 2 êáé || = 64 = 26). ÅðåéäÞ
(1) = 1 (2) = 2 (3) = 3 (4) = 5 (5) = 7 (6) = 11

ïé áíùôÝñù êáôÜëïãïé ðñïêýðôïõí Üìåóá áðü áõôüí ôïý åäáößïõ B.3.9 êáé ôï

ðüñéóìá 9.1.22. ¤

9.1.38 Èåþñçìá. (Ôáîéíüìçóç áâåëéáíþí ïìÜäùí ôÜîåùò ≤ 100)
¸óôù  ìéá áâåëéáíÞ ïìÜäá ôÜîåùò ≤ 100 ÅÜí

|| ∈

⎧⎪⎪⎨⎪⎪⎩
1 2 3 5 6 7 10 11 13 14 15 17 19 21 22 23 26

29 30 31 33 34 35 37 38 39 41 42 43 46 47 51

53 55 57 58 59 61 62 65 66 67 69 70 71 73 74

77 78 79 82 83 85 86 87 89 91 93 94 95 97

⎫⎪⎪⎬⎪⎪⎭  (9.22)
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ôüôå áõôÞ åßíáé êõêëéêÞ (êáé, ùò åê ôïýôïõ, éóüìïñöç ìå ôçíZ||). Ãéá ôïõò ëïéðïýò
áñéèìïýò ç ôáîéíüìçóç (ìÝ·ñéò éóïìïñöéóìïý) äßäåôáé óôïí êáôÜëïãï

|| 

4 Z2 ⊕ Z2 (∼= V)  Z4
8 Z2 ⊕ Z2 ⊕ Z2 Z2 ⊕ Z4 Z8
9 Z3 ⊕ Z3 Z9
12

Z2 ⊕ Z2 ⊕ Z3 (∼= Z2 ⊕ Z6) 
Z4 ⊕ Z3 (∼= Z12)

16
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 Z2 ⊕ Z2 ⊕ Z4

Z2 ⊕ Z8 Z4 ⊕ Z4 Z16
18

Z2 ⊕ Z3 ⊕ Z3 (∼= Z3 ⊕ Z6) 
Z2 ⊕ Z9 (∼= Z18)

20
Z2 ⊕ Z2 ⊕ Z5 (∼= Z2 ⊕ Z10) 

Z4 ⊕ Z5 (∼= Z20)
24

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z3 (∼= Z2 ⊕ Z2 ⊕ Z6) 
Z2 ⊕ Z4 ⊕ Z3 (∼= Z2 ⊕ Z12)  Z8 ⊕ Z3 (∼= Z24)

üôáí 4 ≤ || ≤ 24 óôïí êáôÜëïãï
|| 

25 Z5 ⊕ Z5 Z25
27 Z3 ⊕ Z3 ⊕ Z3 Z3 ⊕ Z9 Z27
28 Z2 ⊕ Z2 ⊕ Z7 (∼= Z2 ⊕ Z14)  Z4 ⊕ Z7 (∼= Z28)

32

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 Z2 ⊕ Z2 ⊕ Z2 ⊕ Z4
Z2 ⊕ Z2 ⊕ Z8 Z2 ⊕ Z4 ⊕ Z4
Z2 ⊕ Z16 Z4 ⊕ Z8 Z32

36

Z2 ⊕ Z2 ⊕ Z3 ⊕ Z3 (∼= Z6 ⊕ Z6) 
Z2 ⊕ Z2 ⊕ Z9 (∼= Z2 ⊕ Z18) 

Z4 ⊕ Z3 ⊕ Z3 (∼= Z3 ⊕ Z12)  Z4 ⊕ Z9 (∼= Z36)
40

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z5 (∼= Z2 ⊕ Z2 ⊕ Z10) 
Z2 ⊕ Z4 ⊕ Z5 (∼= Z2 ⊕ Z20)  Z40

44 Z2 ⊕ Z2 ⊕ Z11 (∼= Z2 ⊕ Z22)  Z4 ⊕ Z11 (∼= Z44)
45 Z3 ⊕ Z3 ⊕ Z5 (∼= Z3 ⊕ Z15)  Z9 ⊕ Z5 (∼= Z45)

üôáí 25 ≤ || ≤ 45 óôïí êáôÜëïãï
|| 

48

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z3 (∼= Z2 ⊕ Z2 ⊕ Z2 ⊕ Z6) 
Z2 ⊕ Z2 ⊕ Z4 ⊕ Z3 (∼= Z2 ⊕ Z2 ⊕ Z12) 

Z2 ⊕ Z8 ⊕ Z3 (∼= Z2 ⊕ Z24)  Z16 ⊕ Z3 (∼= Z48)
49 Z7 ⊕ Z7 Z49
50 Z2 ⊕ Z5 ⊕ Z5 (∼= Z5 ⊕ Z10)  Z2 ⊕ Z25 (∼= Z50)
52 Z2 ⊕ Z2 ⊕ Z13 (∼= Z2 ⊕ Z26)  Z4 ⊕ Z13 (∼= Z52)
54

Z2 ⊕ Z3 ⊕ Z3 ⊕ Z3 (∼= Z3 ⊕ Z3 ⊕ Z6) 
Z2 ⊕ Z3 ⊕ Z9 (∼= Z3 ⊕ Z18)  Z2 ⊕ Z27 (∼= Z54)

56
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z7 (∼= Z2 ⊕ Z2 ⊕ Z14) 

Z2 ⊕ Z4 ⊕ Z7 (∼= Z2 ⊕ Z28)  Z8 ⊕ Z7 (∼= Z56)
60 Z2 ⊕ Z2 ⊕ Z3 ⊕ Z5 (∼= Z2 ⊕ Z30)  Z4 ⊕ Z3 ⊕ Z5 (∼= Z60)
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üôáí 48 ≤ || ≤ 60 óôïí êáôÜëïãï
|| 

63 Z3 ⊕ Z3 ⊕ Z7 (∼= Z3 ⊕ Z21)  Z9 ⊕ Z7 (∼= Z63)

64

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z4 Z2 ⊕ Z2 ⊕ Z2 ⊕ Z8

Z2 ⊕ Z2 ⊕ Z4 ⊕ Z4 Z2 ⊕ Z2 ⊕ Z16 Z2 ⊕ Z4 ⊕ Z8
Z2 ⊕ Z32 Z4 ⊕ Z4 ⊕ Z4 Z4 ⊕ Z16 Z8 ⊕ Z8 Z64

68 Z2 ⊕ Z2 ⊕ Z17 (∼= Z2 ⊕ Z34)  Z4 ⊕ Z17 (∼= Z48)

72

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z3 ⊕ Z3 (∼= Z2 ⊕ Z6 ⊕ Z6) 
Z2 ⊕ Z4 ⊕ Z3 ⊕ Z3 (∼= Z6 ⊕ Z12) 

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z9 (∼= Z2 ⊕ Z2 ⊕ Z18) 
Z2 ⊕ Z4 ⊕ Z9 (∼= Z2 ⊕ Z36) 

Z8 ⊕ Z3 ⊕ Z3 (∼= Z3 ⊕ Z24)  Z8 ⊕ Z9 (∼= Z72)
75 Z3 ⊕ Z5 ⊕ Z5 (∼= Z3 ⊕ Z15)  Z3 ⊕ Z25 (∼= Z75)
76 Z2 ⊕ Z2 ⊕ Z19 (∼= Z2 ⊕ Z38)  Z4 ⊕ Z19 (∼= Z76)

80

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z5 (∼= Z2 ⊕ Z2 ⊕ Z2 ⊕ Z10) 
Z2 ⊕ Z2 ⊕ Z4 ⊕ Z5 (∼= Z2 ⊕ Z2 ⊕ Z20) 

Z2 ⊕ Z8 ⊕ Z5 (∼= Z2 ⊕ Z40)  Z16 ⊕ Z5 (∼= Z80)
üôáí 63 ≤ || ≤ 80 óôïí êáôÜëïãï

|| 

81
Z3 ⊕ Z3 ⊕ Z3 ⊕ Z3 Z3 ⊕ Z3 ⊕ Z9

Z3 ⊕ Z27 Z9 ⊕ Z9 Z81
84 Z2 ⊕ Z2 ⊕ Z3 ⊕ Z7 (∼= Z2 ⊕ Z42)  Z4 ⊕ Z3 ⊕ Z7 (∼= Z84)
88

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z11 (∼= Z2 ⊕ Z2 ⊕ Z22) 
Z2 ⊕ Z4 ⊕ Z11 (∼= Z2 ⊕ Z44)  Z8 ⊕ Z11 (∼= Z88)

90 Z2 ⊕ Z3 ⊕ Z3 ⊕ Z5 (∼= Z3 ⊕ Z30)  Z2 ⊕ Z9 ⊕ Z5 (∼= Z90)
üôáí 81 ≤ || ≤ 90 êáé, áíôéóôïß·ùò, óôïí êáôÜëïãï

|| 

92 Z2 ⊕ Z2 ⊕ Z23 (∼= Z2 ⊕ Z46)  Z4 ⊕ Z23 (∼= Z92)

96

Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z3 (∼= Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z6)
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z4 ⊕ Z3 (∼= Z2 ⊕ Z2 ⊕ Z2 ⊕ Z12) 

Z2 ⊕ Z2 ⊕ Z8 ⊕ Z3 (∼= Z2 ⊕ Z2 ⊕ Z24) 
Z2 ⊕ Z4 ⊕ Z4 ⊕ Z3 (∼= Z2 ⊕ Z4 ⊕ Z12) 

Z2 ⊕ Z16 ⊕ Z3 (∼= Z2 ⊕ Z48) 
Z4 ⊕ Z8 ⊕ Z3 (∼= Z4 ⊕ Z24)  Z32 ⊕ Z3 (∼= Z96)

98 Z2 ⊕ Z7 ⊕ Z7 (∼= Z7 ⊕ Z14)  Z2 ⊕ Z49 (∼= Z98)
99 Z3 ⊕ Z3 ⊕ Z11 (∼= Z3 ⊕ Z33)  Z9 ⊕ Z11 (∼= Z99)

100

Z2 ⊕ Z2 ⊕ Z5 ⊕ Z5 (∼= Z10 ⊕ Z10) 
Z2 ⊕ Z2 ⊕ Z25 (∼= Z2 ⊕ Z50) 

Z4 ⊕ Z5 ⊕ Z5 (∼= Z5 ⊕ Z20)  Z4 ⊕ Z25 (∼= Z100)
üôáí 92 ≤ || ≤ 100
Áðïäåéîç. Ïé áñéèìïß ôïý êáôáëüãïõ (9.22) åßíáé áêñéâþò áõôïß ãéá ôïõò ïðïßïõò

ôï ‘‘Ðë.'' óôï ëÞììá 9.1.37 éóïýôáé ìå 1 (ÅðåéäÞ ãéá êÜèå öõóéêü áñéèìü  õöß-

óôáôáé -ìÝ·ñéò éóïìïñöéóìïý- ðÜíôïôå ìßá êáé ìüíïí êõêëéêÞ ïìÜäá ôÜîåùò  ïé
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áâåëéáíÝò ïìÜäåò, ïé ôÜîåéò ôùí ïðïßùí óõãêáôáëÝãïíôáé óå áõôïýò ôïõò 61 áñéè-

ìïýò, åßíáé êáô' áíÜãêçí êõêëéêÝò.) Ãéá ôéò õðïëåéðüìåíåò 39 ôéìÝò ìÝ·ñé ôï 100

üëïé äõíáôïß óôïé·åéþäåéò äéáéñÝôåò êáé ïé áíáëëïßùôïé ðáñÜãïíôåò ðñïêýðôïõí

Üìåóá áðü ôï ëÞììá 9.1.37, ôïí êáôÜëïãï ôïý åäáößïõ B.3.9 êáé ôá èåìåëéþäç

èåùñÞìáôá 9.1.19 êáé 9.1.25. ¤

I Ãéá ðïéïõò  ∈ N  ≥ 2 åßíáé üëåò ïé ïìÜäåò ôÜîåùò  áâåëéáíÝò; Ôï åñþ-

ôçìá áõôü, äéáôõðùèÝí ãéá êõêëéêÝò ïìÜäåò, Ý·åé Þäç áðáíôçèåß óôçí §7.4. Éäïý

ç áðÜíôçóÞ ôïõ (ç ïöåéëüìåíç óôïí L.E. Dickson10) êáé ãéá áâåëéáíÝò ïìÜäåò:

9.1.39 Èåþñçìá. (L.E. Dickson, 1905) ÄïèÝíôïò åíüò  ∈ N  ≥ 2 ïé áêüëïõèåò
óõíèÞêåò åßíáé éóïäýíáìåò :

(i)¼ëåò ïé ïìÜäåò ôÜîåùò  åßíáé áâåëéáíÝò

(ii)  = 11 · · ·    ∈ N  ∈ {1 2}∀ ∈ {1 } üðïõ 1  åßíáé óáöþò
äéáêåêñéìÝíïé ðñþôïé áñéèìïß ãéá ôïõò ïðïßïõò éó·ýåé  6≡ 1(mod ) ãéá ïéïõó-
äÞðïôå   ∈ {1 }  6=  êáé  ∈ N 1 ≤  ≤  üôáí  ≥ 2
Ìéá áðüäåéîç ôïý èåùñÞìáôïò 9.1.39 èá äïèåß óôçí §??. (Bë. óåëßäá ??.)

9.2 ÕÐÏÏÌÁÄÅÓ ÐÅÐÅÑÁÓÌÅÍÙÍ

ÁÂÅËÉÁÍÙÍ ÏÌÁÄÙÍ

ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíç áâåëéáíÞ õðïïìÜäá, ôüôå åßíáé ðñïöáíÝò üôé

êÜèå õðïïìÜäá ôçò  åßíáé áâåëéáíÞ. ÅÜí áìöüôåñåò ïé  êáé  åßíáé ìç ôåôñéì-

ìÝíåò, ôüôå ïé óôïé·åéþäåéò äéáéñÝôåò êáé ïé áíáëëïßùôïé ðáñÜãïíôåò ôÞò ó·åôß-

æïíôáé êáôÜ ôñüðï öõóéêü ìå åêåßíïõò ôÞò 

I Óôïé·åéþäåéò äéáéñÝôåò õðïïìÜäùí. ¸óôù || = 11 22 · · ·  ç êáíïíéêÞ ðá-

ñÜóôáóç (B.19) ôÞò ôÜîåùò ôÞò  ùò ãéíïìÝíïõ (êáôÜëëçëùí äõíÜìåùí) ðñþôùí

áñéèìþí 1  ìå 1  · · ·   êáé Ýóôù

 =  (1)⊕åó.  (2)⊕åó. · · ·⊕åó.  ()

ç ðñùôåýïõóá áðïóýíèåóç ôÞò  ìå | ()| = 

  ∀ ∈ {1 } (Âë. ðñüôáóç

9.1.17.) ÅðåéäÞ (óýìöùíá ìå ôï 7.1.85 (ii))  ∼=  (1)⊕ · · ·⊕ () êáé

Subg( (1)⊕ · · ·⊕ ()) = Subg( (1))× · · · × Subg( ())
(êáôüðéí åðáíáëçðôéêÞò åöáñìïãÞò ôïý ðïñßóìáôïò 7.1.11), ï ðñïóäéïñéóìüò ôùí

õðïïìÜäùí ôÞò  áíÜãåôáé óôïí ðñïóäéïñéóìü ôùí õðïïìÜäùí êáèåìéÜò åê ôùí

 ()   ∈ {1 } Ï ôåëåõôáßïò åßíáé åöéêôüò êáôüðéí åöáñìïãÞò ôïý èåùñÞ-

ìáôïò 9.2.2 (ãéá êáèåìéÜ åî áõôþí ôùí ðñùôåõïõóþí óõíéóôùóþí ôÞò ). Ðáñå-

ìðéðôüíôùò, áîßæåé íá åðéóçìáíèåß üôé

card(Subg()) =
Q

=1
card(Subg( ())) (9.23)

10L.E. Dickson: Definitions of a group and a field by independent postulates, Trans. A.M.S. 6 (1905), 198-204 [Âë.,
éäéáéôÝñùò, óåë. 200.]
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êáé, êáô' åðÝêôáóç11, ëüãù ôïý èåùñÞìáôïò 7.1.64,

card(CSubg()) =
Q

=1
card(CSubg( ())) (9.24)

9.2.1 ËÞììá. ¸óôù (+) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ôÜîåùò   üðïõ 
ðñþôïò êáé  ∈ N ÅÜí ïé 1  2   åßíáé ïé óôïé·åéþäåéò äéáéñÝôåò ôÞò (Þôïé
(1 2 ) ∈ Π () êáé ∼= Z1 ⊕Z2 ⊕ · · ·⊕Z ç ìïíïóçìÜíôùò ïñéóìÝíç
Ýêöñáóç (9.8) ôÞò ðñïôÜóåùò 9.1.8), ôüôå |[]| = 

Áðïäåéîç. ÅðåéäÞ [] ∼=
9.1.4

 êáé

 ∼=
9.1.6

Z1 ⊕ · · ·⊕ Z ∼= Z1−1 ⊕ · · ·⊕ Z−1 

ëáìâÜíïõìå |[]| = ||
|| =



(1+···+)− =


− =  ¤

9.2.2 Èåþñçìá. ¸óôù (+) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ôÜîåùò   üðïõ 
ðñþôïò êáé  ∈ N ÅÜí ïé 1  2   åßíáé ïé óôïé·åéþäåéò äéáéñÝôåò ôÞò ôüôå
ôá áêüëïõèá åßíáé éóïäýíáìá :

(i) ∃ ∈ Subg()r{{}} ìå ôïõò 1  2   ùò óôïé·åéþäåéò äéáéñÝôåò ôçò.
(ii)  ≤  êáé 1 ≤ −+1 2 ≤ −+2  ≤ 

Áðïäåéîç. (i)⇒(ii) ¸óôù  ∈ Subg()r{{}} Ý·ïõóá ùò óôïé·åéþäåéò äéáé-

ñÝôåò ôçò ôïõò 1  2    üðïõ  ∈ N êáé (1  ) ∈ N ìå 1 + · · · +  ≤ 

ÅðåéäÞ [] v [] ôï ëÞììá 9.2.1 (åöáñìïæüìåíï ãéá áìöüôåñåò ôéò  êáé )

äßäåé |[]| =  |  = |[]|  ïðüôå  ≤  Èá áðïäåßîïõìå üôé ïé ëïéðÝò áíé-

óïúóüôçôåò éêáíïðïéïýíôáé êÜíïíôáò ·ñÞóç ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí

 ¼ôáí  = 1 ôïýôï åßíáé ðñïöáíÝò (êáèþò  = ). ¸óôù üôé  ≥ 2 êáé üôé ï
éó·õñéóìüò åßíáé áëçèÞò ãéá êÜèå ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ôÜîåùò  üðïõ

 ∈ N   

Ðåñßðôùóç ðñþôç. ÅÜí [] =  ôüôå 1 = · · · =  = 1  =  êáé [] v []

ïðüôå12 1 = · · · =  = 1

Ðåñßðôùóç äåýôåñç. ÅÜí [] @  êáé 1 = · · · =  = 1 ôüôå ïé ëïéðÝò áíéóïúóü-

ôçôåò éêáíïðïéïýíôáé áõôïìÜôùò, äéüôé −+1 ≥ 1   ≥ 1
Ðåñßðôùóç ôñßôç. ÅÜí ç [] åßíáé ãíÞóéá õðïïìÜäá ôÞò  êáé ôïõëÜ·éóôïí Ýíáò
åê ôùí 1   åßíáé  1 ôüôå èÝôïõìå

0 := card ({ ∈ N | ∈ {1 } :  = 1})  0 := card ({ ∈ N | ∈ {1 } :  = 1}) 
11Õðåíèýìéóç óõìâïëéóìïý: Ãéá êÜèå ïìÜäáCSubg() := { ∈ Subg()| êõêëéêÞ}  (Âë. 2.2.15.)
12Ç[] =  åßíáé éóüìïñöç ôÞò Z ⊕ Z ⊕ · · ·⊕ Z| {z }

 öïñÝò

ôüóïí ùò ïìÜäá üóïí êáé ùò Z-äéáíõóìáôéêüò ·þñïò. (Âë.

9.1.5 (i).) ¢ñá ç[] (ùò ãñáììéêüò õðü·ùñüò ôçò) åßíáé éóüìïñöç ôÞò Z ⊕ Z ⊕ · · ·⊕ Z| {z }
 öïñÝò

.
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üðïõ 0 ∈ {0 1  − 1} êáé 0 ∈ {0 1  − 1}Ðñïöáíþò,  v  ìå ôçí 

Ý·ïõóá ùò óôïé·åéþäåéò äéáéñÝôåò ôçò ôïõò13 0+1−1 −1 êáé ìå ôçí  Ý·ïõóá

ùò óôïé·åéþäåéò äéáéñÝôåò ôçò ôïõò 0+1−1 −1 ÅðåéäÞ

|| = (0+1−1)+···+(−1)  || =  

Ý·ïõìå ôç äõíáôüôçôá åöáñìïãÞò ôÞò åðáãùãéêÞò õðïèÝóåùò ãéá ôéò  êáé 
ÂÜóåé áõôÞò, − 0 ≤ − 0 êáé

 − 1 ≤  − 1 ⇒ 1   ≤ 

−1 − 1 ≤ −1 − 1 ⇒ 1  −1 ≤ −1
...

...

0+1 − 1 ≤ −(−0)+1 − 1 ⇒ 1  0+1 ≤ −(−0)+1

ÅðåéäÞ 1 = · · · = 0 = 1 = 1 = · · · = 0  áñêåß íá äåé·èåß üôé 0 ≤ 0 Áò

õðïèÝóïõìå üôé 0  0 Ôüôå  − 0   − 0 ⇒  − ( − 0) + 1   − ( − 0) + 1
ïðüôå 1  0+1 ≤ −(−0)+1 ≤ −(−0)+1 ⇒ − (− 0) + 1  0 +1⇒   ¢ôïðï!

Ùò åê ôïýôïõ, ï éó·õñéóìüò åßíáé áëçèÞò ãéá êÜèå  ≥ 1
(ii)⇒(i) EÜí  ∈ {1  } êáé  ∈ {1  }∀ ∈ {1  } ôüôå 1+···+ |  êáé

ç ýðáñîç õðïïìÜäùí ôÞò  ôÜîåùò 1+···+ åßíáé åîáóöáëéóìÝíç áðü ôï èåþ-

ñçìá 4.4.22. Ôï üôé ôïõëÜ·éóôïí ìßá åî áõôþí Ý·åé ôïõò 1   ùò óôïé·åéþäåéò

äéáéñÝôåò ôçò åßíáé ðñïöáíÝò (ëüãù ôÞò ðñïôÜóåùò 9.1.8 ãéá ôçí  ôïý (i) ôïý

èåùñÞìáôïò 2.3.21 êáé ôïý (iii) ôÞò ðñïôÜóåùò 7.1.57). ¤

I Áíáëëïßùôïé ðáñÜãïíôåò õðïïìÜäùí. Ôï áíôßóôïé·ï èåþñçìá ðåñß ôùí áíáë-

ëïéþôùí ðáñáãüíôùí ôùí õðïïìÜäùí ôõ·ïõóþí ðåðåñáóìÝíùí ìç ôåôñéììÝíùí

áâåëéáíþí ïìÜäùí åßíáé ôï 9.2.4.

9.2.3 ËÞììá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá êáé  ∈ N ôüôå

 = {0}⇐⇒ || | 

Áðïäåéîç. ‘‘⇒'' ÅðåéäÞ ç (+) åßíáé ðåðåñáóìÝíç êáé êõêëéêÞ, õðÜñ·åé êÜðïéï

 ∈  ôÝôïéï þóôå  = hi ìå ord() = ||  (Âë. ðñüôáóç 2.3.7.) ÅÜí ëïéðüí

õðïôåèåß üôé  = {0} ãéá êÜðïéïí  ∈ N ôüôå  = 0 =⇒
2.3.8

ord() = || | 
‘‘⇐'' ÅÜí || |  ôüôå ãéá êÜèå  ∈  Ý·ïõìå  = 

||(||) =
4.1.28


||0 = 0

ïðüôå  = {0} ¤

9.2.4 Èåþñçìá. ¸óôù (+) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá.
ÅÜí ïé 12 åßíáé ïé áíáëëïßùôïé ðáñÜãïíôåò ôÞò  (âë. 9.1.26), ôüôå ôá
áêüëïõèá åßíáé éóïäýíáìá :

(i) ∃ ∈ Subg()r{{}} ìå ôïõò 1 2   ùò áíáëëïßùôïõò ðáñÜãïíôÝò ôçò.
(ii)  ≤  êáé −+1 | −+1 ãéá êÜèå  ∈ {1  }
13 ∼= (Z

1
)⊕ · · ·⊕ (Z


) ∼= (Z


0+1 )⊕ · · ·⊕ (Z ) ∼= Z


0+1−1 ⊕ · · ·⊕ Z−1 
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Áðïäåéîç. (i)⇒(ii) ¸óôù  ∈ Subg()r{{}} Ý·ïõóá ùò áíáëëïßùôïõò ðá-

ñÜãïíôÝò ôçò ôïõò 1 2   ( ∈ N). Èá åñãáóèïýìå ìå «åéò Üôïðïí áðáãù-

ãÞ». ÕðïèÝôïõìå üôé ï éó·õñéóìüò åßíáé åóöáëìÝíïò. Ôüôå åßôå õðÜñ·åé êÜðïéïò
äåßêôçò • ∈ {1  } ìå −•+1 - −•+1 åßôå   

Ðåñßðôùóç ðñþôç. ¸óôù üôé ∃• ∈ {1  } : −•+1 - −•+1 ÈÝôïõìå

 :=
¯̄
−•+1Z−•+1

¯̄
ÊáôÜ ôï ëÞììá 9.2.3,   1 Åí óõíå·åßá, èÝôïõìå

̆ := −•+1[] = { ∈ −•+1 | = 0 } 

ÅðåéäÞ ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z ìå  | +1 ∀ ∈ {1   − 1} ç ðåñéÝ·åé

ìéá õðïïìÜäá 
∼= Z−•+1 ãéá êÜèå  ∈ { − • + 1  } äéüôé14 −•+1 | 

ÊáôÜ óõíÝðåéáí,


∼= Z−•+1 ⇒ −•+1

∼= −•+1Z−•+1

=⇒
9.2.3

∙
ç (−•+1) ∼= (−•+1Z−•+1)

åßíáé ôåôñéììÝíç

¸


ïðüôå−•+1 v ̆ ∀ ∈ { − • + 1  } êáé

(−•+1−•+1)⊕åó. (−•+1−•+2)⊕åó. · · ·⊕åó. (−•+1) v ̆

Åî áõôïý Ýðåôáé üôé ç (−•+1−•+1)⊕åó. · · ·⊕åó. (−•+1) Ý·åé ôÜîç¯̄̄̄
¯ L
=−•+1

(−•+1)

¯̄̄̄
¯ = Q

=−•+1
|−•+1| = −(−•+1)+1 = • ≤

¯̄̄
̆
¯̄̄
 (9.25)

êáèüóïí |−•+1| =  ∀ ∈ { − • + 1  } Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ

 ∼= Z1 ⊕ Z2 ⊕ · · ·⊕ Z  ìå  | +1 ∀ ∈ {1  − 1}

ôï ëÞììá 9.1.6 ìáò ðëçñïöïñåß üôé

−•+1 ∼= (−•+1Z1)⊕ (−•+1Z2)⊕ · · ·⊕ (−•+1Z)

üðïõ−•+1Z−+1 = {[0]−+1} ãéá êÜèå  ∈ {• •+1  } áöïý−+1 |
−•+1 (Âë. 9.2.3.) ÅðïìÝíùò, åßôå • = 1 êáé = {0} åßôå •  1 êáé

−•+1 ∼= (−•+1Z−•+2)⊕ (−•+1Z−•+3)⊕ · · ·⊕ (−•+1Z)

(Ðñâë. 7.1.55 (iv).) ÅÜí • = 1 êáé  = {0} ôüôå ̆ = {0} ⇒
¯̄̄
̆
¯̄̄
= 1

ðñÜãìá Üôïðï, äéüôé
¯̄̄
̆
¯̄̄
≥   1 (Âë. (9.25).) ¢ñá •  1. ¸óôù

 : −•+1
∼=−→ −•+1Z−•+2 ⊕ · · ·⊕−•+1Z

14Ãéá êÜèå èåôéêü áêÝñáéï äéáéñÝôç ôÞò ôÜîåùò ìéáò ðåðåñáóìÝíçò êõêëéêÞò ïìÜäáò õößóôáôáé ìßá (êáô' áíÜãêçí

êõêëéêÞ) õðïïìÜäá áõôÞò Ý·ïõóá ùò ôÜîç ôçò ôïí èåùñïýìåíï äéáéñÝôç. (Âë. èåþñçìá 2.3.21.)
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Ýíáò éóïìïñöéóìüò. Èåùñïýìå ôõ·üí óôïé·åßï  ∈ ̆ Ç åéêüíá ôïõ ìÝóù ôïý 

ãñÜöåôáé ùò () = 1 + 2 + · · ·+ •−1 ãéá êÜðïéá (ìïíïóçìÜíôùò ïñéóìÝíá)

1 ∈ −•+1Z−•+2  2 ∈ −•+1Z−•+3   •−1 ∈ −•+1Z 

Åî áõôïý Ýðåôáé üôé

0 = ⇒ (0) = 1 + · · ·+ •−1 ⇒ 1 = · · · = •−1 = (0)

Þôïé üôé −1(1) −1(2)  −1(•−1) ∈ ̆ ÅðïìÝíùò,

̆ v (−1(−•+1Z−•+2) ∩ ̆)⊕ · · ·⊕ (−1(−•+1Z
) ∩ ̆) (9.26)

ÅðåéäÞ ç −•+1Z (ùò õðïïìÜäá ôÞò êõêëéêÞò ïìÜäáò Z) åßíáé êõêëéêÞ,

ôüóïí ç −1(−•+1Z) üóïí êáé ç ôïìÞ −1(−•+1Z) ∩ ̆ åßíáé êõêëéêÞ

ãéá êÜèå  ∈ { − • + 2  } (Âë. 2.4.19 (iii) êáé 2.2.19 (ii).) ÌÜëéóôá, ãéá

ïéïíäÞðïôå ãåííÞôïñá  ôÞò 
−1(−•+1Z

) ∩ ̆ Ý·ïõìå

 = 0 ⇒
¯̄̄
−1(−•+1Z) ∩ ̆

¯̄̄
≤  ∀ ∈ {− • + 2  } (9.27)

Áðü ôéò (9.26) êáé (9.27) ðñïêýðôåé üôé¯̄̄
̆
¯̄̄
≤ •−1 (9.28)

êáé áðü ôéò (9.25) êáé (9.28) üôé • ≤ •−1 ðñÜãìá Üôïðï, äéüôé   1

Ðåñßðôùóç äåýôåñç. ÅÜí    ôüôå ç  ðåñéÝ·åé ìéá õðïïìÜäá 
∼= Z− 

ãéá êÜèå  ∈ { −   } äéüôé − |  ÊáôÜ ôï ëÞììá 9.2.3, ç − åßíáé

ôåôñéììÝíç, ïðüôå v [−] ãéá êÜèå  ∈ { −   } êáé

− ⊕åó. −+1 ⊕åó. · · ·⊕åó.  v [−]⇒ +1− ≤ |[−]|  (9.29)

¸óôù  : 
∼=−→ Z1 ⊕ · · · ⊕ Z Ýíáò éóïìïñöéóìüò. ¼ðùò êáé óôçí ðñþôç

ðåñßðôùóç äåß·íïõìå üôé

[−] v
L

=1
(−1(Z) ∩[−])⇒ |[−]| ≤ − (9.30)

êáé áðü ôéò (9.29) êáé (9.30) ïäçãïýìåèá åê íÝïõ óå Üôïðï.

(ii)⇒(i) ÅÜí ïé  êáé 1 2   éêáíïðïéïýí ôéò áíáãñáöüìåíåò óõíèÞêåò, ôüôåP
=1  | || êáé ç ýðáñîçõðïïìÜäùí ôÞò ôÜîåùò

P
=1  åßíáé åîáóöáëéóìÝíç

áðü ôï èåþñçìá 4.4.22. Ôï üôé ôïõëÜ·éóôïí ìßá åî áõôþí Ý·åé ôïõò 1 2   ùò

áíáëëïßùôïõò ðáñÜãïíôÝò ôçò åßíáé ðñïöáíÝò (ëüãù ôïý èåùñÞìáôïò 9.1.25 ãéá
ôçí  ôïý (i) ôïý èåùñÞìáôïò 2.3.21 êáé ôïý (iii) ôÞò ðñïôÜóåùò 7.1.57). ¤

9.2.5 Ðáñáäåßãìáôá. Ç ïìÜäá Z4 ⊕ Z4 ⊕Z4 äåí ìðïñåß íá åßíáé éóüìïñöç ìå êÜ-

ðïéá õðïïìÜäá ôÞò ïìÜäáòZ2⊕Z2⊕Z2⊕Z4⊕Z8Ðáñïìïßùò, çZ3⊕Z9⊕Z9⊕Z27
äåí ìðïñåß íá åßíáé éóüìïñöç ìå êÜðïéá õðïïìÜäá ôÞò Z3 ⊕Z3 ⊕Z3 ⊕Z27 ⊕Z27
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IÕðïëïãéóìüò áñéèìïý êõêëéêþí õðïïìÜäùí. Ï áñéèìüò ôùí (êáô' áíÜãêçí

êõêëéêþí) õðïïìÜäùí ìéáò ðåðåñáóìÝíçò êõêëéêÞò ïìÜäáò  éóïýôáé ìå15 ôïí

card(D||) (Âë. 2.4.26 (ii).) Ç ìÝèïäïò ðñïóäéïñéóìïý ôïý áñéèìïý ôùí êõêëéêþí

õðïïìÜäùí ìéáò ðåðåñáóìÝíçò áâåëéáíÞò ïìÜäáò åßíáé êáôÜ ôé ðéï óýíèåôç. Áò

õðïèÝóïõìå üôé ïé 1   åßíáé ôõ·üíôåò öõóéêïß áñéèìïß ( ∈ N). ÈÝôïíôáò

c(1  ) := card(CSubg(Z1 ⊕ · · ·⊕ Z ))
c(1  ) := card({ ∈ CSubg(Z1 ⊕ · · ·⊕ Z) : || = })

o(1  ) := card({ ∈ Z1 ⊕ · · ·⊕ Z : ord() = })
(üðïõ  ∈ N : 1 ≤  ≤ 1 · · ·) ðáñáôçñïýìå üôé

c(1  ) =
o(1  )

 ()
 (9.31)

üðïõ  ç óõíÜñôçóç öé ôïý Euler (âë. B.4.15), äéüôé êÜèå êõêëéêÞ ïìÜäá ôÜîåùò 

äéáèÝôåé  () ãåííÞôïñåò. (Âë. ðüñéóìá 2.3.17.) ÅîÜëëïõ, åðåéäÞ ãéá êÜèå ïìÜäá

 ∈ CSubg(Z1 ⊕ · · ·⊕ Z) ôÜîåùò || =  éó·ýåé

 =
9.1.34

exp() | exp(Z1 ⊕ · · ·⊕ Z ) =
7.1.61

åêð(1  )

(âë. 2.3.25 (iii)), óõìðåñáßíïõìå üôé

c(1  ) =
X

∈Dåêð(1)

c(1  ) (9.32)

ÌÝóùôïý êÜôùèé èåùñÞìáôïò 9.2.7 ôïýLászló Tóth16 (ôïý âáóéæüìåíïõóôï ëÞììá

9.2.6) ï c(1  ) ìðïñåß íá õðïëïãéóèåß ìå ôç âïÞèåéá ôÞò óõíáñôÞóåùò  êáé

ôùí èåôéêþí áêåñáßùí äéáéñåôþí ôùí 1  

9.2.6 ËÞììá. Ãéá êÜèå  ∈ Dåêð(1) éó·ýïõí ïé éóüôçôåò

o(1  ) =
X
∈D



µ




¶
ìêä( 1) · · · ìêä( ) (9.33)

=
X

1∈D1  ∈D ìå åêð(1)=

(1) · · ·() (9.34)

üðïõ  ç óõíÜñôçóç ìé ôïý Mbius. (Âë. B.4.32.)

Áðïäåéîç. ÅÜí  := ([1]1  []) ∈ Z1 ⊕ · · ·⊕ Z êáé  := åêð(1 ) 

ôüôå

ord() =
7.1.60

åêð
³

1
ìêä(11)

 
ìêä()

´
= åêð

µ


ìêä
³
1

1
1

´  
ìêä(

)

¶
= 

ìêä
³
1
1

 
´ 

15Õðåíèýìéóç óõìâïëéóìïý: Ãéá êÜèå  ∈ ND := { ∈ N :  | }  (Âë. B.2.34.)
16L. Tóth: On the number of cyclic subgroups of a finite abelian group, Bull. Math. Soc. Sci. Math. Roumanie, Tome

55 (103) No. 4 (2012) 423-428
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¼ðùò ðñïáíáöÝñáìå, ord() =  ãéá êÜðïéïí  ∈ D Ãéá ðáãéùìÝíïí  ∈ D

ëáìâÜíïõìå

ìêä
³
1
1

    
´
= 

 ⇒
h
∃ ∈ Z :  =


  ∀ ∈ {1  }

i
ìå  =




 ïðüôå ìêä(1   ) = 1 (âë. B.2.14 (ii)) êáé  ≡ 0(mod)

Ý·ïõóá ùò ëýóåéò ôçò êáôÜ ìüäéï  ôéò  =


ìêä()
  ∈ {1  ìêä( )} ãéá

êÜèå  ∈ {1  } (Âë. B.4.45 êáé B.4.46.) Êáô' áõôüí ôïí ôñüðï ðñïêýðôåé ç

áìößññéøç

½
 ∈ Z1 ⊕ · · ·⊕ Z

ìå ord() = 

¾
←→

⎧⎪⎪⎨⎪⎪⎩
(1  ) ∈ N :
(i)  ≤ ìêä ( ) ∀ ∈ {1  }
(ii) ìêä

³
1

ìêä(1)
  

ìêä()
 
´
= 1

⎫⎪⎪⎬⎪⎪⎭
ÓçìåéùôÝïí üôé ãéá ïéáäÞðïôå -Üäá (1  ) ∈ N ìå ôçí éäéüôçôá (i) Ý·ïõìå

Dìêä(1ìêä(1)ìêä()) = D ∩D1ìêä(1) ∩ · · · ∩Dìêä()

(âë. B.2.37) êáé, óå ü,ôé áöïñÜ óôç (ii),

ìêä
³

1
ìêä(1)

  
ìêä()

 
´
= 1 ⇐⇒

B.4.33

X
∈Dìêä(1ìêä(1)ìêä())

 () = 1

Ùò åê ôïýôïõ, ï æçôïýìåíïò áñéèìüò ìðïñåß íá åêöñáóèåß ùò áêïëïýèùò:

o(1  ) =

ìêä(1)X
1=1

· · ·
ìêä()X
=1

X
∈Dìêä(1ìêä(1)ìêä())

 ()

=
X
∈D

 ()
X

∈D1ìêä(1)
 1≤ ìêä(1)

· · ·
X

∈Dìêä() ≤ ìêä()

1

Ðñïöáíþò,  ∈ Dìêä() ⇔ 
ìêä()

 ≡ 0(mod ) êáé áõôÞ ç éóïôéìßá äéáèÝ-

ôåé ìêä
³


ìêä()

 
´
ëýóåéò (ùò ðñïò ôïí ) êáôÜ ìüäéï  ÓõãêåêñéìÝíá, ôéò

 =
0

ìêä
³


ìêä()

 
´  0 ∈

n
1  ìêä

³


ìêä()
 
´o



(Âë. B.4.45 êáé B.4.46.) Ç áîßùóç ãéá ôïí ðåñéïñéóìü ìáò ìüíïí óå üóåò åê ôùí

ìêä
³


ìêä()

 
´
ëýóåùí áíÞêïõí óôï óýíïëï {1  ìêä( )} ìáò ïäçãåß óôéò

ó·Ýóåéò

0

ìêä
³


ìêä()

 
´ ≤ ìêä ( )⇒ 1 ≤ 0 ≤ ìêä()

 ìêä
³


ìêä()

 
´
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¢ñá ãéá êÜèå  ∈ {1  } ôï Üèñïéóìá
P

∈Dìêä()
 ≤ ìêä()

1 éóïýôáé ìå

ìêä()
 ìêä

³


ìêä()
 
´

=
B.2.14 (i)

ìêä
¡

  ìêä ( )

¢
=

B.2.16
ìêä

¡

   

¢
= ìêä

¡

  

¢


Ãé' áõôüí ôïí ëüãï,

o(1  ) =
X
∈D

 () ìêä

µ



 1

¶
· · · ìêä

µ



 

¶
=

X
∈D



µ




¶
ìêä ( 1) · · · ìêä ( )

êáé ç (9.33) åßíáé áëçèÞò17. Áðü ôçí Üëëç ìåñéÜ, óýìöùíá ìå ôçí ðñüôáóç B.4.31,

ìêä ( ) =
X

∈Dìêä()

 () =
B.2.37

X
∈D∩D

 ()  ∀ ∈ {1  }

ïðüôå18

o(1  ) =
X
∈D



µ




¶⎛⎝ X
1∈D∩D1

 (1)

⎞⎠ · · ·
⎛⎝ X
∈D∩D

 ()

⎞⎠
=

X
1∈D1  ∈D

(1) · · · ()
X

∈D 
åêð(1)

 () 

üðïõ ôï äåýôåñï Üèñïéóìá óôçí ôåëåõôáßá ðáñÜóôáóç ôïý o(1  ) åßíáé= 1

üôáí åêð(1  ) =  êáé= 0 üôáí åêð(1  ) 6=  (Âë. ðñüôáóç B.4.33.) Åî

áõôïý åîÜãåôáé ç (9.34). ¤

9.2.7 Èåþñçìá. (L. Tóth, 2012) H ïìÜäá Z1 ⊕ · · ·⊕ Z äéáèÝôåé

c(1  ) =
X

1∈D1  ∈D

(1) · · ·()
(åêð(1  ))

(9.35)

êõêëéêÝò õðïïìÜäåò.

Áðïäåéîç. Ç (9.35) ðñïêýðôåé áðü ôéò (9.32), (9.31) êáé (9.34). ¤

¼ôáí  = 2 ç (9.35) áðëïõóôåýåôáé ùò áêïëïýèùò:

17¼ôáí ï  äéáôñÝ·åé üëïõò ôïõò èåôéêïýò áêÝñáéïõò äéáéñÝôåò ôïý  ôüôå ï 
 äéáôñÝ·åé ùóáýôùò üëïõò ôïõò èåôéêïýò

áêÝñáéïõò äéáéñÝôåò ôïý  Ìå Üëëá ëüãéá, ç áðåéêüíéóç D 3  7−→ 
 ∈ D åßíáé áìöéññéðôéêÞ. Åî ïõ êáé ç

ôåëåõôáßá éóüôçôá.

18Áéôéïëüãçóç ôÞò äåýôåñçò éóüôçôáò: ¸óôù  ∈ D ÅÜí 1 |    |  ôüôå åêð(1  ) |  (Âë. B.2.25
(ii).) ÅðïìÝíùò, ∃ ∈ N:  = åêð(1  ) êáé 

åêð(1)
= 

⇒ 
 ∈ D 

åêð(1)
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9.2.8 Ðüñéóìá. Ï áñéèìüò ôùí êõêëéêþí õðïïìÜäùí ôÞò Z1 ⊕ Z2 åßíáé ï

c(1 2) =
X

1∈D1  2∈D2

(ìêä(1 2))

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï èåþñçìá 9.2.7 êáé ôï ðüñéóìá B.4.30. ¤

9.2.9 ÐáñÜäåéãìá. Ç áâåëéáíÞ ïìÜäá Z4 ⊕ Z12 (ôÜîåùò 48) äéáèÝôåé
c(4 12) =

X
1∈{124} 2∈{1234612}

(ìêä(1 2))

=
X

∈{1234612}
(ìêä(1 )) +

X
∈{1234612}

(ìêä(2 )) +
X

∈{1234612}
(ìêä(4 ))

= 6(1) + (2(1) + 4(2)) + (2(1) + 2(2) + 2(4))

= 10(1) + 6(2) + 2(4) = 20

êõêëéêÝò õðïïìÜäåò.

9.2.10 Ðüñéóìá. ÅÜí  åßíáé Ýíáò ðñþôïò áñéèìüò êáé 1 = 1    =  ãéá
êÜðïéïõò 1   ∈ N ôüôå

c(1   ) =

max{1}X
=0

c (
1    ) (9.36)

üðïõ ãéá êÜèå 19  ∈ {1 max{1  }}

c (
1   ) = 1

−1(−1)
³

P

=1min{} − 
P

=1min{−1}
´
 (9.37)

Áðïäåéîç. ÅðåéäÞ êÜèå  ∈ N ìå  | åêð(1    ) =
B.3.20

max{1} åßíáé ôÞò

ìïñöÞò  =   ãéá êÜðïéïí  ∈ {0 1 max{1  }} (âë. B.3.14), ç (9.36)

ðñïêýðôåé Üìåóá áðü ôçí (9.32). Ôþñá ãéá êÜèå  ∈ {1 max{1  }} ç

(9.33) äßäåé

c (
1   ) =

(9.31)

o (
1   )

()

=
B.4.19

1
−1(−1)

X
=0


¡
−

¢
ìêä( 1) · · · ìêä( )

ÅðåéäÞ ìêä( ) =
B.3.16

min{} ãéá êÜèå ( ) ∈ {0 1  } × {1  } êáé


¡
−

¢
=

B.4.32

⎧⎨⎩
1 üôáí  = 

−1 üôáí  =  − 1
0 üôáí  ≤  − 2

19¼ôáí  = 0 ôüôå c1(
1    ) = 1 êáèþò ç ìüíç õðïïìÜäá ôÞò Z1 ⊕ · · · ⊕ Z ôÜîåùò 1 åßíáé ç

ôåôñéììÝíç.
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ç (9.37) åßíáé ðñïöáíÞò. ¤

Ïáñéèìüò ôùí êõêëéêþí õðïïìÜäùí ôõ·ïýóáò ðåðåñáóìÝíçò ìç ôåôñéììÝíçò áâå-
ëéáíÞò ïìÜäáò éóïýôáé ìå ôï ãéíüìåíï ôùí áñéèìþí ôùí êõêëéêþí õðïïìÜäùí êá-

èåìéÜò åê ôùí ðñùôåõïõóþí óõíéóôùóþí ôçò. (Âë. (9.24).) ÅðïìÝíùò, åÜí ëçöèåß

õð' üøéí ç ðñùôåýïõóá áðïóýíèåóÞ ôçò, åßíáé áñêåôü (ãéá ôïí õðïëïãéóìü ôïõ)

íá ·ñçóéìïðïéçèåß ôï åðüìåíï ðüñéóìá.

9.2.11 Ðüñéóìá. ¸óôù  Ýíáò ðñþôïò áñéèìüò êáé Ýóôù (+) ìéá ðåðåñáóìÝíç
ìç ôåôñéììÝíç áâåëéáíÞ -ïìÜäá. Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí ç  åßíáé ôïý ôýðïõ (  | {z }
 öïñÝò

)  ≥ 1 ôüôå

card(CSubg()) = 1 + −1
−1

X
=1

(−1)(−1)

(ii) ÅÜí ç  åßíáé ôïý ôýðïõ (1 2 )   ≥ 2 êáé åÜí ôïõëÜ·éóôïí äýï åê ôùí
1  åßíáé äéáöïñåôéêïß, ôüôå èåùñïýìå åêåßíï ôï (ìïíïóçìÜíôùò êáèïñéæüìåíï)
õðïóýíïëï {1 } ⊆ {1 } (ìå  ≥ 2 êáé 1 ≥ 1  = ) ãéá ôï ïðïßï éó·ýåé

1 = · · · = 1  1+1 = · · · = 2  · · · · · ·  −1+1 = · · · =  = 

êáé ïñßæïõìå ôïõò 0 := 0 êáé  := −−1 ∀ ∈ {1 } ìå 1+2+· · ·+ = 

Åí ôïéáýôç ðåñéðôþóåé 20,

card(CSubg())=1+

−1X
=0


+1++−1

−1
X

≤+1

11+···++(−1)(+1+···+−1)

Áðïäåéîç. (i) Ðñïöáíþò, c1(
  | {z }
 öïñÝò

) = 1 åíþ ãéá êÜèå  ∈ {1  } ç (9.37)

(åöáñìïæüìåíç ãéá  =  êáé 1 = · · · =  = ) äßäåé

c (
  | {z }
 öïñÝò

) = 1
−1(−1)

¡
 min{} −  min{−1}

¢
= 1

−1(−1)
¡
 − (−1)

¢
=

(−1)(−1)
−1(−1) = −1

−1 
(−1)(−1)

ÊáôÜ óõíÝðåéáí,

card(CSubg()) = c(  | {z }
 öïñÝò

) =
X

=0

c (
  | {z }
 öïñÝò

) = 1 + −1
−1

X
=1

(−1)(−1)

20Óýìâáóç : Óôï Üèñïéóìá ãéá  = 0 èÝôïõìå 0 = 0 := 0
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(ii) Ðñïöáíþò, c1(
1   ) = 1 êáé

card(CSubg()) = c(1   )

=

X
=0

c (
1   ) = 1 +

−1X
=0

X
≤+1

c (
1   )

Ãéá êÜèå  ∈ {0 1  −1} êáé21    ≤ +1 ç (9.37) (åöáñìïæüìåíç ãéá  = 

êáé 1 = 1  = ) äßäåé

c (
1   ) = 1

(−1)−1
¡
min{1}+···+min{} − min{−11}+···+min{−1}

¢
= 1

(−1)−1 (
11+···++(+1+···+) − 11+···++(−1)(+1+···+))

= 11+···++(−1)(+1+···+)

(−1)−1 (+1+···+ − 1)

= +1+···+−1
−1 11+···++(−1)(+1+···+−1)

ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò. ¤

9.2.12 ÐáñáôÞñçóç. Ocard(CSubg()) åßíáé óå áìöüôåñåò ðåñéðôþóåéò22 ç áðï-

ôßìçóç åíüò ðïëõùíýìïõ (ìéáò áðñïóäéïñßóôïõ) óôï  (Âë. C.2.22.)

IÕðïëïãéóìüò áñéèìïý õðïïìÜäùí (óå åéäéêÝò ðåñéðôþóåéò). Ï áêñéâÞò ðñïó-

äéïñéóìüò ôïý áñéèìïý üëùí ôùí õðïïìÜäùí ôïý åõèÝïò áèñïßóìáôïò äýï Þ ôñéþí
êõêëéêþí ïìÜäùí åßíáé åöéêôüò (óýìöùíá ìå ôá èåùñÞìáôá 9.2.14 êáé 9.2.19

ðïõ áêïëïõèïýí, êáé ìÜëéóôá ìÝóù áðëþí «êëåéóôþí» äéáôõðùìÜôùí) êÜíïíôáò

·ñÞóç áñêïýíôùò óôïé·åéùäþí áñéèìïèåùñçôéêþí åðé·åéñçìÜôùí23.

9.2.13 ËÞììá. Ãéá êÜèå æåýãïò (1 2) ∈ N×N ïñßæïõìå ôï óýíïëï

12 :=

½
(1 2 ) ∈ N×N×N0

¯̄̄̄
1 ∈ D1  2 ∈ D2

êáé  ≤ ìêä(1
2
2
)− 1

¾
êáé ãéá êÜèå (1 2 ) ∈ 12 ôï

12 :=

(µh
1 +

1
ìêä(122)

i
1

 [2]2

¶ ¯̄̄̄
¯  ∈ {0 

1
1
− 1}

 ∈ {0  22 − 1}

)


Ôï 12 áðïôåëåß ôï õðïêåßìåíï óýíïëï ìéáò õðïïìÜäáò ôÞò Z1 ⊕ Z2 ôÜîåùò
|12| = 12

12
êáé ç áðåéêüíéóç

12 3 (1 2 ) 7−→ 12 ∈ Subg(Z1 ⊕ Z2)
åßíáé áìöéññéðôéêÞ.
21ÓçìåéùôÝïí üôé    ≤ +1 ⇒  ≤  − 1 ≤ +1 − 1  +1 

22Ðñïöáíþò, 
−1
−1 = 1 + + · · ·+ −1 êáé 

+1+···+−1
−1 = 1 + + · · ·+ +1+···+−1

23Ç áðüäåéîç ôïý èåùñÞìáôïò 9.2.14 åäüèç óôçí åñãáóßá ôùí M. Hampejs, N. Holighaus, L. Toth & Ch. Wiesmeyr:

On the subgroups of the group Z × Z arXiv:12111797 (v2 December 2013)
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Áðïäåéîç. Ï ðñþôïò éó·õñéóìüò åßíáé åýêïëá åðáëçèåýóéìïò. Ãéá íá áðïäåé·èåß

ç áìöéññéðôéêüôçôá ôÞò áíùôÝñù áðåéêïíßóåùò áñêåß íá èåùñÞóïõìå ôõ·ïýóá

 ∈ Subg(Z1 ⊕ Z2) êáé íá äåßîïõìå üôé áõôÞ åßíáé ôÞò åðéèõìçôÞò ìïñöÞò. Ç

åéêüíá pr2() ôÞò ìÝóù ôÞò äåýôåñçò öõóéêÞò ðñïâïëÞò pr2 : Z1⊕Z2 −→ Z2
áðïôåëåß ìéá õðïïìÜäá ôÞò Z2  ïðüôå (óýìöùíá ìå ôï (ii) ôïý èåùñÞìáôïò 2.4.26)

õðÜñ·åé áêñéâþò Ýíáò 2 ∈ D2 ìå

pr2() = h[2]2i =
n
[2]2

¯̄̄
 ∈ {0  22 − 1}

o


Êáô' áíáëïãßáí, ç áíôßóôñïöç åéêüíá −11 () ôÞò  ìÝóù ôÞò ðñþôçò öõóé-

êÞò åìöõôåýóåùò 1 : Z1 → Z1 ⊕ Z2 áðïôåëåß ìéá õðïïìÜäá ôÞò ïìÜäáò

Z1  ïðüôå õðÜñ·åé áêñéâþò Ýíáò 1 ∈ D1 ìå −11 () = h[1]1i  ÈÝôïíôáò

 := min{ ∈ N0| ([]1  [2]2) ∈ } èá äåßîïõìå åí ðñþôïéò üôé

 =
©
([ 1 +  ]1  [2]2) |( ) ∈ Z× Z

ª
 (9.38)

Ãéá êÜèå ( ) ∈ Z× Z Ý·ïõìå

([ 1 +  ]1  [2]2) =  ([ 1]1  [0]2)| {z }
=1([1]1

)

+ ([]1  [2]2)| {z }
∈

∈ 

Êáé áíôéóôñüöùò° ãéá êÜèå ([1]1  [2]2) ∈ 

[2]2 ∈ pr2()⇒ ∃ ∈ Z : [2]2 =  [2]2 = [2]2

êáé ([1]1 −  []1  [0]2) = ([1]1  [2]2)| {z }
∈

− ([]1  [2]2)| {z }
∈

∈  ïðüôå

[1]1 −  []1 ∈ −11 ()⇒ ∃ ∈ Z : [1]1 = [ 1 +  ]1 

¢ñá ç éóüôçôá (9.38) åßíáé üíôùò áëçèÞò. Ãéá íá ðåñéãñÜøïõìå ôçí  óå «áíçã-

ìÝíç» ìïñöÞ ðáñáôçñïýìå êáô' áñ·Üò üôé ([ 22 ]1  [0]2) ∈  (Áñêåß íá èåùñÞ-

óïõìå ôéò åéäéêÝò ôéìÝò  = 0 êáé  = 2
2
). Áõôü óçìáßíåé üôé

[ 22 ]1 ∈ −11 ()⇒  ∈ Z : [ 22 ]1 = [ 1]1
⇒ 1 | 22 −  1

1 | 1 1 |  1

⎫⎪⎪⎬⎪⎪⎭⇒ 1 | 22 

Þ, éóïäõíÜìùò, üôé 1
ìêä(1

2
2
)
|  ¢ñá ∃ 0 ∈ N0 :  = 1

ìêä(1
2
2
)
êáé 2

2
= 01

Ãéá ïéïäÞðïôå æåýãïò ( ) ∈ Z × Z õðÜñ·ïõí (óýìöùíá ìå ôï èåþñçìá B.1.6)

ìïíïóçìÜíôùò ïñéóìÝíá æåýãç ( 0) (0 0) ∈ Z× Z ïýôùò þóôå íá éó·ýåé

 = 0 22 + 0 üðïõ 0 ≤ 0 ≤ 2
2
− 1 êáé

+ 00 =  11 + 0 üðïõ 0 ≤ 0 ≤ 1
1
− 1
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ÅðåéäÞ 2 = (
0 2
2
+ 0)2 = 02 + 02 êáé

 1 +   = ( 11 + 0 − 00)1 + (0 22 + 0)

= 1 + 01 − 001 + 0 22 + 0 = 1 + 01 + 0

ôï óôïé·åßï ([ 1 +  ]1  [2]2) ôÞò  éóïýôáé ìå ôï ([0 1 + 0 ]1  [
02]2)

ïðüôå åíôüò ôùí áãêßóôñùí ôïý äåîéïý ìÝëïõò ôÞò (9.38) ç óõíèÞêç ( ) ∈ Z× Z
ìðïñåß íá áíôéêáôáóôáèåß ìå ôçí ( ) ∈ {0  11 −1}×{0  22 −1}Õðïëåßðå-

ôáé ï êáèïñéóìüò áíÜëïãçò ðåñéïñéóôéêÞò óõíèÞêçò êáé ãéá ôïí  Äéáéñþíôáò ôü

 äéÜ ôïý 1 ëáìâÜíïõìå  = 001 + 0 ãéá êÜðïéï (00 0) ∈ Z× Z ìå 0 ≤ 0  1

ÅðåéäÞ ([0]1  [2]2) = ([]1  [2]2)| {z }
∈

−00 ([1]1  [0]2)| {z }
∈

∈  áðü ôïí ïñéóìü ôïý

 óõìðåñáßíïõìå üôé 1
ìêä(1

2
2
)
=  ≤ 0  1 ⇒  ∈ {0  ìêä(1 22 ) − 1}

Ôåëéêþò ëïéðüí, = 12 ¤

9.2.14 Èåþñçìá. ÅÜí 1 2 ∈ N ôüôå ï áñéèìüò ôùí õðïïìÜäùí ôÞò Z1 ⊕ Z2
åßíáé ï

card(Subg(Z1 ⊕ Z2)) =
X

1∈D1  2∈D2

ìêä(1 2) (9.39)

Áðïäåéîç. Ï åí ëüãù áñéèìüò éóïýôáé (óýìöùíá ìå ôï ëÞììá 9.2.13) ìå

card(12) =
X

1∈D1  2∈D2

X
0≤≤ ìêä(1

2
2

)−1
1 =

X
1∈D1  2∈D2

ìêä(1
2
2
)

üðïõ áõôü ôï ôåëåõôáßï Üèñïéóìá éóïýôáé ìå ôï äåîéü ìÝëïò ôÞò (9.39) (êáèþò ç

áðåéêüíéóçD2 3 2 7−→ 2
2
∈ D2 åßíáé áìöéññéðôéêÞ). ¤

9.2.15 Óçìåßùóç. ÅðåéäÞ
X

∈Dìêä(12)

() =
(B.47)

ìêä(1 2) ôï Üèñïéóìá (9.39)

ìðïñåß íá åðáíåêöñáóèåß ùò áêïëïýèùò24:X
1∈D1  2∈D2

X
∈D ìêä(12)

() =
X

1=11 2=22

X
=1 =2

()

=
X

 1=1 2=2

() =
X

 =1 =2

()
X

1= 2=

1

=
X

 =1 =2

() card(D) card(D)

=
X

∈D ìêä(12)

() card(D1

) card(D2


) =

X
∈D ìêä(12)

 card(D12
2

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(9.40)

24Ôá12     ·ñçóéìïðïéïýíôáé êáôÜ ôñüðï åìöáíÞ (ð.·., 1 ∈ D1 ⇔ ∃1 : 1 = 11) ðñïêåéìÝ-
íïõ íá ãßíåé åõêïëüôåñá áíôéëçðôÞ ç óõã·þíåõóç Þ ç äéÜóðáóç ôùí åêÜóôïôå óõíáíôþìåíùí áèñïéóìÜôùí.
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üðïõ ç ôåëåõôáßá éóüôçôá åîÜãåôáé áðü ôç ëåãïìÝíç ôáõôüôçôá ôùí Busche êáé
Ramanujan 25.

9.2.16 Ðüñéóìá. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ï áñéèìüò ôùí õðïïìÜäùí ïéáó-
äÞðïôå ðåðåñáóìÝíçò áâåëéáíÞò -ïìÜäáò (+) Ý·ïõóáò ôýðï (1 2) ãñÜöåôáé
ùò åîÞò :

card(Subg()) = (2−1+1)1+2−(2−1−1)1+1−(1+2+3)+(1+2+1)
(−1)2  (9.41)

Áðïäåéîç. ÅðåéäÞ  ∼= Z1 ⊕ Z2 êáé 1 ≤ 2 Ý·ïõìå ìêä(
1  2) =

B.3.16
1

êáé ï áñéèìüò ôùí õðïïìÜäùí ôÞò  (ëüãù ôÞò (9.40)) åßíáé ï26

1X
=0

 card(D1+2−2) =
B.3.15 (i)

1X
=0

 (1 + 2 − 2+ 1)

= (1 + 2 + 1)

1X
=0

 − 2
Ã

1X
=1

−1
!


μñçóéìïðïéþíôáò ôéò éóüôçôåò

1X
=0

 = 1+1−1
−1 êáé

1X
=1

−1 = 1−(1+1)1+11+1
(−1)2

êáôáëÞãïõìå (ýóôåñá áðü áðëÝò ðñÜîåéò) óôçí (9.41). ¤

9.2.17 ÐáñÜäåéãìá. Ç 3-ïìÜäá Z3 ⊕ Z9 (ôÜîåùò 27 êáé ôýðïõ (1 2)) äéáèÝôåé
(2−1+1)33−(2−1−1)32−3(1+2+3)+(1+2+1)

22
= 10

õðïïìÜäåò. ÁõôÝò ôéò Ý·ïõìå Þäç ðñïóäéïñßóåé åðáêñéâþò óôï åäÜöéï 7.1.13.

9.2.18 Óçìåßùóç. (i) ÅíáëëáêôéêÝò áðïäåßîåéò ôÞò (9.41) Ý·ïõí äïèåß êáé áðü ôïõò

G. Călugăreanu27 êáé J. Petrillo28 (ìÝóù åöáñìïãÞò ôïý èåùñÞìáôïò 7.1.10 ôùí

Goursat êáé Remak), êáèþò êáé áðü ôïí M. Tărnăuceanu29 (ìÝóù ôÞò ·ñÞóåùò

ïñéæïõóþí êÜðïéùí ðéíÜêùí ðïõ êáôáóêåõÜæïíôáé ìå ôç âïÞèåéá ôùí áíáëëïéþ-

ôùí ðáñáãüíôùí).

25Áñêåß íá åöáñìïóèåß ãéá ôç óõíÜñôçóçN 3  7−→ card(D) ∈ N (ôçí êëáóéêÞ óõíÜñôçóç ‘‘0'') ôï (ii) ôïý ðïñß-
óìáôïò ôïý èåùñÞìáôïò 13 (óôç óåëßäá 225) ôïý Üñèñïõ ôùí D. Redmond êáé R. Sivaramakrishnan: Some properties
of specially multiplicative functions, Journal of Number Theory 13 (1981) 210-227

26KÜèå èåôéêüò áêÝñáéïò äéáéñÝôçò  ôïý 1 åßíáé (óýìöùíá ìå ôï ëÞììá B.3.14) ôÞò ìïñöÞò  =  ãéá êÜðïéïí

 ∈ {0 1  1}
27G. Călugăreanu: The total number of subgroups of a finite abelian group, Sci. Math. Japon. 60 (2004) 157-167

28J. Petrillo: Counting subgroups in a direct product of finite cyclic groups, College Math J. 42 (2011) 215-222

29M. Tărnăuceanu: An arithmetic method of counting the subgroups of a finite abelian group, Bull. Math. Soc. Sci.

Math. Roumanie (N.S.), 53 [101] (2010) 373-386
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(ii) Ôá áíÜëïãá ôïý èåùñÞìáôïò 9.2.14 êáé ôïý ðïñßóìáôïò 9.2.16 (ìÝóù êáôÜëëç-

ëçò ðñïóáñìïãÞò ôÞò áíùôÝñù ðáñáôåèåßóáò áðïäåéêôéêÞò ìåèüäïõ) ãéá ôï åõèý

Üèñïéóìá ôñéþí êõêëéêþí ïìÜäùí åßíáé ôá èåùñÞìáôá 9.2.19 êáé 9.2.20, ïöåéëü-

ìåíá óôïõòM. Hampejs & L. Tóth30 êáé óôïí J.-M. Oh31, áíôéóôïß·ùò.

9.2.19 Èåþñçìá. (M. Hampejs & L. Tóth 2013) ÅÜí 1 2 3 ∈ N ôüôå

card(Subg(Z1 ⊕ Z2 ⊕ Z3)) =
X

1∈D1 2∈D2 3∈D3



2

Ã
X
=1

ìêä()

!


üðïõ  := ìêä(1
2
2
)  := ìêä(2

3
3
)  := ìêä(1

3
3
)  := 

ìêä(133 )


9.2.20 Èåþñçìá. (J.-M. Oh, 2013) Ï áñéèìüò ôùí õðïïìÜäùí ïéáóäÞðïôå ðå-
ðåñáóìÝíçò áâåëéáíÞò -ïìÜäáò (+) Ý·ïõóáò ôýðï (1 2 3) åêöñÜæåôáé ùò
åîÞò :

card(Subg()) = (2+3−21+4)121+(2+3−21+2)121+1
2−1

− (2+3−51+7)21+(2+3−51+5)21+1−(1+2+3−1)−(1+2+3+1)
(2−1)2

− 6(21+21+1−3−2)
(2−1)3 + (1+1)((3−2+1)1+2+1−(2+3−21+3)21 )

−1

+ 2(1+1)(
1+2+1−21 )
(−1)2 

(9.42)

9.2.21 ÐáñÜäåéãìá. Ç 2-ïìÜäáZ2⊕Z4⊕Z8 (ôÜîåùò 64 êáé ôýðïõ (1 2 3)) äéáèÝôåé
81 õðïïìÜäåò.

IÕðïëïãéóìüò áñéèìïý õðïïìÜäùí (óôç ãåíéêÞ ðåñßðôùóç). Ãéá ôïí õðïëï-

ãéóìü ôïý áñéèìïý ôùí õðïïìÜäùí ôõ·ïýóáò ðåðåñáóìÝíçò ìç ôåôñéììÝíçò áâå-

ëéáíÞò ïìÜäáò áñêåß (ëüãù ôÞò (9.23)) íá õðïëïãéóèåß ï áñéèìüò ôùí õðïïìÜäùí

êáèåìéÜò åê ôùí ðñùôåõïõóþí óõíéóôùóþí ôçò. ÅðïìÝíùò, ôï üëï ðñüâëçìá áíÜ-

ãåôáé óôïí ðñïóäéïñéóìü ôïý áñéèìïý ôùí õðïïìÜäùí ôõ·ïýóáò ðåðåñáóìÝíçò

ìç ôåôñéììÝíçò áâåëéáíÞò -ïìÜäáò. Ï Garrett Birkhoff (1911-1996) Þôáí åêåßíïò

ðïõ (ôï Ýôïò 1934) êáôáóêåýáóå ìéá ëåðôïìåñÞ áìößññéøç ìåôáîý ìéáò ïéêïãå-

íåßáò ðïëõðáñáìåôñéêþí ðéíÜêùí êáé ôïý óõíüëïõ áõôþí ôùí õðïïìÜäùí, äéåõ-

êïëýíïíôáò áéóèçôÜ ôç ìåëÝôç êáé ôçí áðáñßèìçóÞ ôïõò32. ¸êôïôå (êáé ìÝ·ñé

ôï 1950) åßäáí ôï öùò ôÞò äçìïóéüôçôáò áñêåôÝò ó·åôéêÝò åñãáóßåò, üðùò áõôÝò

30M. Hampejs & L. Tóth: On the subgroups of finite groups of rank 3 Annales Univ. Sci. Budapest, Sect. Comp.

39 (2013) 111-124

31J.-M. Oh: An explicit formula for the number of subgroups of a finite abelian -group up to rank 3Commun. Korean

Math. Soc. 28 No. 4 (2013) 649-667

32G. Birkhoff: Subgroups of abelian groups, Proceedings of the London Math. Soc. (2) 38 (1934-35) 385-401 (Âë.,
éäéáéôÝñùò, Thm. 81 óåë. 390)
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ôùí G.A. Miller33, S. Delsarte34, P.E. Dyubyuk35, Y. Yeh36 êáé Y. Kinosita37, óôéò

ïðïßåò åäüèçóáí äéåîïäéêÝò áëëÜ ðåñßðëïêåò ðåñéãñáöÝò ôïý åí ëüãù áñéèìïý

(Üëëïôå ìÝóù åðáãùãéêþí åðé·åéñçìÜôùí êáé Üëëïôå ìÝóù ·ñÞóåùò åéäéêþí áñéè-

ìçôéêþí óõíáñôÞóåùí). Áñãüôåñá, êáôÜ ôç äåêáåôßá 1985-1995 ïé L.M. Butler38

êáé Th. Stehling39, åêêéíþíôáò áðü ôçí áñ·éêÞ åñãáóßá ôïý Birkhoff, óõíÝäåóáí

ôá ðñïçãçèÝíôá áðïôåëÝóìáôá ìå âáèýôåñåò ôå·íéêÝò ôÞò ÁëãåâñéêÞò Óõíäõáóôé-

êÞò (äéáãñÜììáôá ôïý Ferrer, ðïëõþíõìá ôïý Hall, äéÜöïñåò óõììåôñéêÝò óõíáñ-

ôÞóåéò ê.Ü.). Åäþ èá õéïèåôçèåß (ìå åëÜ·éóôåò ôñïðïðïéÞóåéò, áðïóêïðïýóåò óå

ðåñáéôÝñù áðëïõóôåýóåéò) ìéá ìÝèïäïò óýíôïìçò ðáñïõóéÜóåùò ôÞò åðéëýóåùò

ôïý ðñïâëÞìáôïò, ïöåéëüìåíç óôïí M. Farrokhi40, óôçí ïðïßá äåí õðåéóÝñ·ïíôáé

«ðñïêå·ùñçìÝíá» áëãåâñéêÜ ìÝóá. (Âë. èåþñçìá 9.2.29.)

9.2.22 Óõìâïëéóìüò. ÄïèÝíôùí åíüò ðñþôïõ áñéèìïý  êáé åíüò  ∈ N ãéá êÜèå

-Üäá k = (1  ) ∈ N ìå 1 ≤ · · · ≤  èÝôïõìå (ãéá äéåõêüëõíóÞ ìáò)

k := Z1 ⊕ Z2 ⊕ · · ·⊕ Z 
Åî ïñéóìïý, ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ -ïìÜäá (+) åßíáé ôïý
ôýðïõ k üôáí ∼= kÅí ôïéáýôç ðåñéðôþóåé, ôï èåþñçìá 9.2.2 ìáò ðëçñïöïñåß
üôé ôï Subg()r{{}} áðáñôßæåôáé áðü õðïïìÜäåò ∼= l l ∈S(k) üðïõ
S(k) := © l = (1  ) ∈ N ¯̄  ≤  1 ≤ · · · ≤  1 ≤ −+1 2 ≤ −+2  ≤ 

ª


ÅðåéäÞ card(Subg()) = card(Subg(k)) áñêåß (ãéá ôçí åðßëõóç ôïý ôéèÝìå-

íïõ ðñïâëÞìáôïò) íá áðáñéèìçèïýí ôá óôïé·åßá ôïý Subg(k)Ðñïò ôïýôï èá

·ñçóéìïðïéçèïýí ïé ðëçèéêïß áñéèìïß ôùí óõíüëùí

U(k; l) :=

⎧⎪⎨⎪⎩(1  ) ∈ k ××k| {z }
 öïñÝò

¯̄̄̄
¯ |hi| =  ∀ ∈ {1  }

êáé h1  i ∼= l

⎫⎪⎬⎪⎭
ãéá êÜèå l = (1  ) ∈ S(k) êáèþò êáé ç áðåéêüíéóç

{m = (1 ) ∈ N|1 ≤ · · · ≤ } ×N0 3 (m ) 7−→ E(m) ∈ N0
üðïõ  ∈ N

E(m) :=

⎧⎨⎩
 üôáí   1

1 + · · ·+d() + ( − d()) üôáí1 ≤  ≤ 

1 + · · ·+ üôáí   

33G.A. Miller: Number of the subgroups of any abelian group, Proc. Nat. Acad. Sci. U.S.A. 25 (1939) 256-262
34S. Delsarte: Fonctions de Mbius sur les groupes abeliens finis, Annals of Mathematics 49 (1948) 600-609
35P.E. Dyubyuk: On the number of subgroups of a finite abelian group, Izv. Akad. Nauk SSR Ser. Mat. 12 (1948)
351-378 Translated in: Soviet Math. 2 (1961) 298-300
36Y. Yeh: On prime power abelian groups, Bull. Amer. Math. Soc. 54 (1948) 323-327
37Y. Kinosita: On an enumeration of certain subgroups of a p-group, J. Osaka Inst. Sci. Tech., Part I, 1 (1949) 13-20
38L.M. Butler: A unimodality result in the enumeration of subgroups of a finite abelian group, Proceedings of the Amer.

Math. Soc., Vol. 101 No 4 (1987) 771-775 êáé

L.M. Butler: SubgroupLattices and Symmetric Functions, Memoirs of theAmer. Math. Soc., Vol. 112No 539 (1994)
39Th. Stehling: On computing the number of subgroups of a finite abelian group, Combinatorica 12 (1992) 475-479
40M. Farrokhi: Factorization numbers of finite abelian groups, International Journal of Group Theory 2 (2013) 1-8
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êáé d() := max { ∈ {1  }| ≤ } (üôáí1 ≤  ≤ ).

9.2.23 ËÞììá. Ãéá êÜèå  ∈ N0 êáé êÜèåm = (1 ) ∈ N ìå1 ≤ · · · ≤ 

Ý·ïõìå ¯̄
m[

]
¯̄
= E(m)

Áðïäåéîç. ÅðåéäÞ m
∼=

9.1.6
 Z1 ⊕  Z2 ⊕ · · ·⊕  Z êáé

Z =
D
[1]

E
⇒  Z =

D£

¤


E
 ∀ ∈ {1  } 

ç  Z åßíáé êõêëéêÞ ôÜîåùò



ìêä(  )
= −min{ }

(âë. 2.3.10 (i)), ïðüôå

mm[
] ∼=

9.1.4
m

|m| = 

³P

=1


´

¯̄
m

¯̄
= 

Ã P
=1



!
−
Ã P
=1

min{ }
!

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
⇒
¯̄̄
m[

]
¯̄̄
= 

Ã P
=1

min{ }
!


üðïõ
P

=1min{  } = E(m) ¤

9.2.24 Ðñüôáóç. Ãéá êÜèå k = (1  ) ∈ N ìå 1 ≤ · · · ≤  êáé êÜèå -Üäá
l = (1  ) ∈ S(k) ï ðëçèéêüò áñéèìüò ôïý óõíüëïõ U(k; l) åßíáé ï

card(U(k; l))=

⎛⎝ −1Y
=1

(
E − (k) − 

E −−1(k)+E − (l())−E −−1(l()))

⎞⎠ (
E 

(k) − 
E −1(k))

üðïõ l() := (−+1  ) [Óôçí ðåñßðôùóç üðïõ  = 1 ôï
Q−1

=1 · · · ðáñáëåßðåôáé.]
Áðïäåéîç. ÅÜí èåùñÞóïõìå 1   ∈ k ìå |hi| =  ∀ ∈ {1  } êáé
h1  i ∼= l ôüôå ùò  ìðïñåß íá åðéëåãåß ïéïäÞðïôå óôïé·åßï ôÞò äéáöïñÜò

k[
 ]rk[

−1] êáé, êáô' áíáëïãßáí, üôáí  ≥ 2 ùò − ïéïäÞðïôå óôïé·åßï
ôÞò äéáöïñÜò

k[
− ]rk[

−−1] h−+1  −1 i  ∀ ∈ {1  − 1}
ÊáôÜ óõíÝðåéáí, ôï ðëÞèïò ôùí -Üäùí (1  ) áõôïý ôïý åßäïõò éóïýôáé ìå

−1Y
=1

³
k[

− ]rk[
−−1] h−+1  −1 i

´ ³¯̄̄
k[

 ]
¯̄̄
−
¯̄̄
k[

−1]
¯̄̄´



ÅðåéäÞ

k[
− ]rk[

−−1] h−+1  i = k[
−−1]rk[

−−1] h−+1  i [− ]
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êáé (ìÝóù ôïý ôýðïõ (4.35) ôïý ãéíïìÝíïõ41)¯̄
k[

−−1] h−+1  i [− ]
¯̄
=
|k[

−−1] ||h−+1i[− ]|
|h−+1i[−−1]| 

ôï ðëÞèïò ôùí åí ëüãù -Üäùí (1  ) éóïýôáé ìå

−1Q
=1

Ã¯̄̄
k[

− ]
¯̄̄
−

¯̄̄
k[

−−1]
¯̄̄ ¯̄̄̄
l()

[
− ]

¯̄̄̄
¯̄̄̄
l()

[
−−1]

¯̄̄̄
! ³¯̄̄

k[
 ]
¯̄̄
−
¯̄̄
k[

−1]
¯̄̄´



äéüôé h−+1  i ∼= l()  Áñêåß ëïéðüí ç åöáñìïãÞ ôïý 9.2.23 (ìå ôá k l()
óôç èÝóç ôïým êáé ìå ôïõò áíùôÝñù óõíáíôþìåíïõò åêèÝôåò ôïý  ùò ). ¤

9.2.25 Ðüñéóìá. Ãéá êÜèå k = (1  ) ∈ N ìå 1 ≤ · · · ≤  éó·ýåé

card (U(k;k)) = |Aut(k)|  (9.43)

Áðïäåéîç. ÅðåéäÞk = h1  i ìå |hi| =  ∀ ∈ {1  } ç áðåéêüíéóç

Aut(k) 3  7−→ ((1)  ()) ∈ U(k;k)
åßíáé áìöéññéðôéêÞ. ¤

9.2.26 ËÞììá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ -ïìÜäá
ìå ôýðï k = (1 )  ôüôå ï áñéèìüò ôùí õðïïìÜäùí ôçò ïé ïðïßåò Ý·ïõí ôýðï
l = (1  ) ∈ S(k) éóïýôáé ìå 42 card(U(k;l))

card(U(l;l))


Áðïäåéîç. Ôï óýíïëï U(k; l) áðáñôßæåôáé áðü üëåò ôéò äõíáôÝò -Üäåò (1  )
óôïé·åßùí ôÞò k

∼=  ôá ïðïßá ðáñÜãïõí ìéá õðïïìÜäá éóüìïñöç ôÞò l

ÅðåéäÞ éó·ýåé

h1  i = h01  0i ∼= l ⇐⇒ ∃ ∈ Aut(l) : 
0
1 = (1)  

0
 = ()

ï áñéèìüò ôùí õðïïìÜäùí ôÞò k
∼=  ðïõ Ý·ïõí ôýðï l = (1  ) ∈ S(k)

éóïýôáé ìå ôïí ðëçèéêü áñéèìü ôïý U(k; l) äéçñçìÝíï äéÜ ôÞò ôÜîåùò ôÞò Aut(l)

(ðïõ õðïëïãßæåôáé ìÝóù ôïý ðïñßóìáôïò 9.2.25 èÝôïíôáò ôï l óôç èÝóç ôïý k). ¤

9.2.27 ÐáñÜäåéãìá. Ç 3-ïìÜäá Z3⊕Z9⊕Z27 (ôÜîåùò 729 êáé ôýðïõ (1 2 3)) äéá-
èÝôåé

card(U3((123);(12)))
card(U3((12);(12)))

= 5184
108

= 48

õðïïìÜäåò ôïý ôýðïõ (1 2) äéüôé

E1(1 2 3) = 3E0(1 2 3) = 0E1(2) = 1E0(2) = 0

E2(1 2 3) = 5E1(1 2 3) = 3

⇒ card(U3((1 2 3); (1 2))) = (3
3 − 30+1−0)(35 − 33) = 24 · 216 = 5184

41ÓçìåéùôÝïí üôék[
−−1] ∩ h−+1  i [− ] = h−+1  i [−−1]

42Ðñïóï·Þ! ¼ëåò ïé õðïïìÜäåò ôÞò  ðïõ Ý·ïõí ôïí ßäéï ôýðï l åßíáé (óýìöùíá ìå ôçí ðñüôáóç 9.1.8) éóüìïñöåò
ìå ôçíl ·ùñßò ùóôüóï íá åßíáé êáô' áíÜãêçí (óõíïëïèåùñçôéêþò) ßóåò. Åäþ ðñïóìåôñÜôáé ôï ðëÞèïò üóùí äåí

åßíáé (áíÜ æåýãç) ßóåò.
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êáé

E1(1 2) = 2E0(1 2) = 0E1(2) = 1E0(2) = 0

E2(1 2) = 3E1(1 2) = 2

⇒ card(U3((1 2); (1 2))) = (3
2 − 30+1−0)(33 − 32) = 6 · 18 = 108

9.2.28 Èåþñçìá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ -
ïìÜäá Ý·ïõóá ôýðï k = (1 ), äçëáäÞ åÜí  ∼= k ôüôå ï áñéèìüò ôùí
õðïïìÜäùí ôçò ðïõ Ý·ïõí ôÜîç  (ãéá êÜðïéïí öõóéêü áñéèìü  ≤ 1 +  + )

åßíáé ï

card(
©
 ∈ Subg() : || = 

ª
) =

X
l=(1)∈S(k)∩Π()

³
card(U(k;l))
card(U(l;l))

´

(õðïëïãéæüìåíïò ìÝóù ôÞò ðñïôÜóåùò 9.2.24).

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï ëÞììá 9.2.26. ¤

9.2.29 Èåþñçìá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ -
ïìÜäá Ý·ïõóá ôýðï k = (1 ), äçëáäÞ åÜí  ∼= k ôüôå ï áñéèìüò üëùí
ôùí õðïïìÜäùí ôçò åßíáé ï

card(Subg()) = 1 +
X
l∈S(k)

µ
card(U(k; l))

card(U(l; l))

¶
(9.44)

(õðïëïãéæüìåíïò ìÝóù ôÞò ðñïôÜóåùò 9.2.24).

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï ëÞììá 9.2.26. ¤

9.2.30 Óçìåßùóç. (i) Ôï ðëÞèïò ôùí ðñïóèåôÝùí óôï Üèñïéóìá (9.44) éóïýôáé ìå

card(S(k)) =
X

=1

Y
=−+1



Èá Þôáí ìéá êáëÞ åîÜóêçóç ãéá ôïí áíáãíþóôç åÜí ðñïóðáèïýóå íá åîáãÜãåé

ãéá ôéò ôéìÝò  = 2 êáé  = 3 ôéò (9.41) êáé (9.42), áíôéóôïß·ùò, áðåõèåßáò áðü ôï

(9.44).

(ii) ÐáñÜ ôï ãåãïíüò üôé ïé (9.41), (9.42) êáé (9.44) åêöñÜæïõí ôïí card(Subg())

ùò áðïôßìçóç ìéáò ñçôÞò óõíáñôÞóåùò óôï  åßíáé äõíáôüí íá áðïäåé·èåß (üðùò

óõìâáßíåé êáé ìå ôïí card(CSubg()) âë. 9.2.12) üôé ï card(Subg()) éóïýôáé

ìå ôçí áðïôßìçóç åíüò ðïëõùíýìïõ (ìéáò áðñïóäéïñßóôïõ, ìå áêåñáßïõò óõíôå-

ëåóôÝò) óôï  (ÊáèÝíá åê ôùí êëáóìÜôùí
card(U(k;l))
card(U(l;l))

õðïëïãßæåôáé óõíáñôÞóåé

ôùí ëåãïìÝíùí ãêáïõóéáíþí äéùíõìéêþí óõíôåëåóôþí, ïé ïðïßïé, ùò ãíùóôüí, åß-
íáé ðïëõùíõìéêïß.)
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9.3 ÁÕÔÏÌÏÑÖÉÓÌÏÉ ÐÅÐÅÑÁÓÌÅÍÙÍ

ÁÂÅËÉÁÍÙÍ ÏÌÁÄÙÍ

¸óôù || = 11 · · ·  ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôÞò ôÜîåùò ôõ·ïýóáò ðå-

ðåñáóìÝíçò ìç ôåôñéììÝíçò áâåëéáíÞò ïìÜäáò  ùò ãéíïìÝíïõ (êáôÜëëçëùí äõ-

íÜìåùí) ðñþôùí áñéèìþí 1  ìå 1  · · ·   êáé Ýóôù

 =  (1)⊕åó.  (2)⊕åó. · · ·⊕åó.  ()

ç ðñùôåýïõóá áðïóýíèåóç ôÞò  ìå | ()| = 

  ∀ ∈ {1 } (Âë. ðñüôáóç

9.1.17.) ÅðåéäÞ (óýìöùíá ìå ôï 7.1.85 (ii))  ∼=  (1)⊕ · · ·⊕ () êáé

Aut( (1)⊕ · · ·⊕ ()) ∼= Aut( (1))× · · · ×Aut( ()) (9.45)

(êáôüðéí åöáñìïãÞò ôÞò ðñïôÜóåùò 7.1.76), ç ìåëÝôç ôÞò ïìÜäáò ôùí áõôïìïñöé-

óìþí ôÞò áíÜãåôáé óôç ìåëÝôç ôÞò ïìÜäáò ôùí áõôïìïñöéóìþí êáèåìéÜò åê ôùí

 ()   ∈ {1 }
I Õðïëïãéóìüò ôïý áñéèìïý ôùí áõôïìïñöéóìþí. Êáô' áñ·Üò èá õðïëïãßóïõìå

ôçí ôÜîç

|Aut()| =
Y

=1

|Aut( ())|

ôÞò Aut() åöáñìüæïíôáò ôï áêüëïõèï èåþñçìá (ãéá êáèåìéÜ åê ôùí ðñùôåõïõ-

óþí óõíéóôùóþí ôçò).

9.3.1 Èåþñçìá. (Áðáñßèìçóç áõôïìïñöéóìþí) ¸óôù  Ýíáò ðñþôïò áñéèìüò.
Ãéá êÜèå ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ -ïìÜäá (+) éó·ýïõí ôá åîÞò :
(i) ÅÜí ç  åßíáé ôïý ôýðïõ k = (  | {z }

 öïñÝò

)  ≥ 1 ôüôå 43

|Aut()| =
Y

=1

( − (−1)+−1) = 
2(−1)

Y
=1

( − −1)

(ii) ÅÜí ç  åßíáé ôïý ôýðïõ k = (1 2 )   ≥ 2 êáé åÜí ôïõëÜ·éóôïí äýï
åê ôùí 1  åßíáé äéáöïñåôéêïß, ôüôå èåùñïýìå åêåßíï ôï õðïóýíïëï äåéêôþí
{1 } ⊆ {1 } (ìå  ≥ 2 êáé 1 ≥ 1  = ) ãéá ôï ïðïßï éó·ýåé

1 = · · · = 1  1+1 = · · · = 2  · · · · · ·  −1+1 = · · · =  = 

êáé ïñßæïõìå ôïõò 0 := 0 êáé  :=  − −1 ∀ ∈ {1 } ìå 1 + · · · +  = 
Åí ôïéáýôç ðåñéðôþóåé,

|Aut()| =
Y

=1

( (2(−)+)−)
Y
=1

( − −1)

43Åéäéêüôåñá, üôáí ç åßíáé óôïé·åéþäçò áâåëéáíÞ (äçëáäÞ üôáí  = 1), Ý·ïõìå |Aut()| =
Y

=1

( − −1)
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Áðïäåéîç. (i) ÅÜí ç  åßíáé ôïý ôýðïõ k = (  | {z }
 öïñÝò

) ôüôå, åðåéäÞ

|Aut()| = |Aut(k)| =
(9.43)

card (U(k;k)) 

åßíáé áñêåôü (ãéá ôïí õðïëïãéóìü ôÞò ôÜîåùò ôÞò Aut()) íá ·ñçóéìïðïéçèåß ç

ðñüôáóç 9.2.24 (óôçí åéäéêÞ ðåñßðôùóç üðïõ  =  êáé l = k). ÓçìåéùôÝïí üôé

E(k) = E−1(k) = ( − 1) êáé üôáí  ≥ 2

E(k()) = ( − 1) E−1(k()) = ( − 1)( − 1) ∀ ∈ {1  − 1}

(ii) ÅÜí ç åßíáé ôïý ôýðïõ k = (1 2 )   ≥ 2 êáé ôïõëÜ·éóôïí äýï åê ôùí

1 2  åßíáé äéáöïñåôéêïß, ôüôå  ∼= k
∼= k1 ⊕ k2 ⊕ · · · ⊕k êáé,

ùò åê ôïýôïõ,

Aut() ∼= Aut(k) ∼=Aut

Ã
L

=1
k

!


üðïõ k := (    | {z }
 öïñÝò

) ∀ ∈ {1 } ÅðåéäÞ ïé oìÜäåò k1   k äåí

äéáèÝôïõí áíÜ äýï êïéíïýò åõèåßò ðñïóèåôÝïõò, åßíáé äõíáôüí íá åöáñìïóèåß ôï

èåþñçìá 7.1.77 ôïý Bidwell ãéá ôçí ïìÜäá Aut() Åî áõôïý Ýðåôáé üôé

|Aut()| =
Y

=1

|Aut(k)|
Y

1≤0≤ 6=0
|Hom(k  (k0 )| {z }

=k0

)| (9.46)

Ãéá êÜèå  ∈ {1 } éó·ýåé (ëüãù ôïý (i))

|Aut(k)| = 
2
 (−1)

Y
=1

¡
 − −1

¢
 (9.47)

Áðü ôçí Üëëç ìåñéÜ, ãéá  0 ∈ {1 }  6= 0 Ý·ïõìå

Hom(k  k0 ) = Hom(Z


⊕ · · ·⊕ Z


| {z }

 öïñÝò

Z

0 ⊕ · · ·⊕ Z0| {z }

0 öïñÝò

)

∼= Hom(Z



Z

0 )⊕ · · ·⊕ Hom(Z




Z

0 )| {z }

0 öïñÝò

êáé Hom(Z



Z

0 )

∼= Z
ìêä(

 
0 )

 üðïõ ìêä(  0 ) =
B.3.16

min{ 0 }

(Âë. áóêÞóåéò 7-54 êáé 4-48) ÅðïìÝíùò,¯̄
Hom(k  k0 )

¯̄
= min{ 0 }0
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êáé44⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Y
1≤0≤6=0

¯̄
Hom(k  k0 )

¯̄
=

Y
1≤0≤6=0

min{ 0 }0

=
Y

1≤0≤
2min{ 0 }0 =

Y
1≤0≤

20 =

Y
=1

2(−)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (9.48)

Ç ôÜîç |Aut()| ôÞò Aut() õðïëïãßæåôáé ìÝóù ôùí (9.46), (9.47) êáé (9.48). ¤

9.3.2 ÐáñÜäåéãìá. Ç 2-ïìÜäá Z2⊕Z2⊕Z2⊕Z4⊕Z8⊕Z8 (ôÜîåùò 2048 êáé ôýðïõ
(1 1 1 2 3 3)) äéáèÝôåé áêñéâþò¡

23(1(2(6−3)+3)−3)(23 − 1)(23 − 2)(23 − 22)¢
× ¡21(2(2(6−4)+1)−1)(2− 1)¢× ¡22(3(2(6−6)+2)−2)(22 − 1)(22 − 2)¢
= 44 040 192 · 512 · 1536 = 34 634 616 274 944

áõôïìïñöéóìïýò!

9.3.3 Ðüñéóìá. (M.J. Curran, R. Heffernan & D. MacHale 2011) ¸óôù (+) ìéá
ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá. ÅÜí éó·ýåé |Aut()| = ||  ôüôå 45
åßôå  ∼= Z2 ⊕ Z2 ãéá êÜðïéïí  ≥ 2 åßôå  ∼= Z2 ⊕ Z2 ⊕ Z3 ãéá êÜðïéïí  ≥ 1

9.3.4 Óçìåßùóç. Ç ìåëÝôç ôÞò ïìÜäáò áõôïìïñöéóìþí (áõôÞò êáèåáõôÞò, ü·é

áðëþò ôÞò ôÜîåþò ôçò) ìéáò ðåðåñáóìÝíçò ìç ôåôñéììÝíçò áâåëéáíÞò -ïìÜäáò

(ìÝóù êáôáëëÞëùí ðéíÜêùí) óõíáíôÜôáé ãéá ðñþôç öïñÜ (óå ðëÞñç ãåíéêüôçôá)

óå Ýíá Üñèñï ôïý A. Ranum46 ôï 1907 Áñãüôåñá, êáôÜ ôç äåêáåôßá ôïý 1920

ðáñüìïéá áðïôåëÝóìáôá (âáóéæüìåíá, üìùò, óå äéáöïñåôéêÝò áðïäåéêôéêÝò ìåèü-

äïõò) åìöáíßæïíôáé óå ìéá ìïíïãñáößá ôïý A. Chatelet47 êáé óå Ýíá Üñèñï ôïý K.

Shoda48. Åðßóçò, ìéá Üëëç ðñïóÝããéóç (êáé åðÝêôáóç) ôùí áðïôåëåóìÜôùí ôïý

Ranum åíôïðßæåôáé óå Ýíá åêôåíÝò Üñèñï ôïýK. Latt49 (ôïý 1970). Óå íåüôåñåò ó·å-

ôéêÝò åñãáóßåò ôùí C.J. Hillar &D.L. Rhea50 êáéM. Golasiński & D.L. Gonçalves51

Ýìöáóç äßäåôáé óôçí áðëïýóôåõóç ôÞò ïñïëïãßáò êáé ôùí áðïäåßîåùí, êáé óôçí

ðñüôáîç ôÞò ðåñéãñáöÞò ôïý äáêôõëßïõ ôùí åíäïìïñöéóìþí ôùí ïìÜäùí áíáöï-

ñÜò.

44Ç ôñßôç åê ôùí éóïôÞôùí (9.48) Ýðåôáé áðü ôï üôé [  0 ⇒   0 ] êáé ç ôÝôáñôç ýóôåñá áðü áíáðáñáìÝ-

ôñçóç ôùí åêèåôþí (ëáìâáíïìÝíïõ õð' üøéí ôïý üôé  = 1 + · · ·+ ∀ ∈ {1 }).
45Ç áðüäåéîç äåí åßíáé äýóêïëç êáé ìðïñåß íá äéáâáóèåß áðåõèåßáò áðü ôï ðñùôüôõðï Üñèñï ôùí M.J. Curran, R.

Heffernan & D. MacHale: On the order of the automorphism group of a finite group, Communications in Algebra 39
(2011), 3616-3624
46A. Ranum: The group of classes of congruent matrices with application to the group of isomorphisms of any abelian
group, Transactions of the Amer. Math. Soc. 8 (1907) 71-91
47A. Chatelet: Les groupes abªliens finis et les modules de points entiers, Lille 1925
48K. Shoda: Über die Automorphismen einer endlichen Abelschen Gruppe, Mathematische Annalen 100
(1928) 674-686
49K. Latt: Zur Konstruktion der Automorphismen einer endlichen Abelschen Gruppe, Mathematische Nachrichten 45
(1970) 101-142
50C.J. Hillar & D.L. Rhea: Automorphisms of finite abelian groups, American Math. Monthly 11 (2007) 917-923
51M. Golasiński & D.L. Gonçalves: Onautomorphisms of finite abelian -groups, Mathematica Solvaca58 (2008)
405-412
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I ÐåñéãñáöÞ ôïý äáêôõëßïõ ôùí åíäïìïñöéóìþí. ¸óôù  Ýíáò ðñþôïò áñéèìüò

êáé Ýóôù (+) ôõ·ïýóá ðåðåñáóìÝíç ìç ôåôñéììÝíç áâåëéáíÞ -ïìÜäá ôïý ôýðïõ

k = (1 ). Ôüôå

 ∼= k := Z1 ⊕ · · ·⊕ Z =

([1]1   [1] )

®
êáé êÜèå óôïé·åßï ôÞò k åßíáé ôÞò ìïñöÞò ([1]1   [] ) ãéá êÜðïéïõò

1  ∈ Z¸óôù  : Z −→ Z ï åðéìïñöéóìüò 7−→ () := [] (ãéá

êÜèå  ∈ {1  }) êáé Ýóôù

 : Z⊕ Z⊕ · · ·⊕ Z| {z }
 öïñÝò

−→ k (1 )
7−→ (1(1)  ())

ï åðéìïñöéóìüò ï åðáãüìåíïò åðß ôÞò k

9.3.5 ËÞììá. ÅÜí  ∈ End(k) êáé åÜí

([1]1  [0]2  [0]3   [0] ) = ([11]1  [12]2   [1] )

([0]1  [1]2  [0]3   [0] ) = ([21]1  [22]2   [2] )
...

([0]1  [0]2   [0]−1  [1] ) = ([1]1  [2]2   [] )

üðïõ 0 ≤    ∀( ) ∈ {1  } × {1  } ôüôå ç åéêüíá ïéïõäÞðïôå óôïé-
·åßïõ ([1]1   [] ) ∈ k ìÝóù ôïý  åßíáé ç

([1]1   [] ) = ((1 )A) (9.49)

üðïõ

A :=

⎛⎜⎝
11 12 · · · 1
21 22 · · · 2
...

...
...

1 2 · · · 

⎞⎟⎠ ∈Mat× (Z)  (9.50)

Áðïäåéîç. Ðñïöáíþò,

([1]1   [] ) =
P

=1

([0]1    [1]   [0] )

=
P

=1

([1]1  [2]2   [] ) =
P

=1

(1(1)  ())

=
P

=1

(1  ) = 

µ
P

=1

(1  )

¶


áð' üðïõ Ýðåôáé ç éóüôçôá (9.49). ¤

Åßíáé åýêïëï íá áðïäåé·èåß üôé ôï

Rk :=

⎧⎨⎩A = ()1≤≤ ∈Mat× (Z)

¯̄̄̄
¯̄  ≡ 0(mod 

−)
ãéá ïéïõóäÞðïôå   ∈ {1  }
ìå 1 ≤  ≤  ≤ 

⎫⎬⎭ 
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åöïäéáæüìåíï ìå ôç óõíÞèç ðñüóèåóç êáé ìå ôïí óõíÞèç ðïëëáðëáóéáóìü ðéíÜ-

êùí, áðïôåëåß Ýíáí õðïäáêôýëéï ôïý äáêôõëßïõMat× (Z) ìå ôïí I ùò ìïíáäéáßï
ôïõ óôïé·åßï. ¼ðùò èá äïýìå óôï èåþñçìá 9.3.7, ìÝóù ôïý Rk åßíáé äõíáôÞ ìéá

öõóéêÞ ðåñéãñáöÞ (ìÝ·ñéò éóïìïñöéóìïý) ôïý äáêôõëßïõ End(k) (âë. 2.4.30

(ii)), ï ïðïßïò åßíáé éóüìïñöïò ôïý End()

9.3.6 ËÞììá. Ç áðåéêüíéóç

h : Rk −→ End(k) A 7−→ h(A)

h(A)([1]1   [] ) := ((1 )A)

áðïôåëåß Ýíáí åðéìïñöéóìü äáêôõëßùí.

Áðïäåéîç. ÅÜíA = ()1≤≤ ∈ Rk êáé

([1]1   [] ) = ([
0
1]1   [

0
] )

ãéá êÜðïéïõò1 
0
1 

0
 ∈ Z ôüôå  |  −0

 ∀ ∈ {1  } êáé



µ
P

=1


¶
− 

µ
P

=1
0


¶
= 

µ
P

=1
 −

P
=1

0


¶
=

P
=1



³


−
− ( −0

)
´
= ([0]1  [0]2   [0] )

äéüôé  | − ( −0
) üôáí  ∈ {  } êáé  | −0

 üôáí  ∈ {1   − 1}
¢ñá ((1 )A) = ((0

1 
0
)A) êáé ç áíùôÝñù h(A) åßíáé êáëþò ïñéóìÝíç

áðåéêüíéóç áðü ôçí k óôçí k ÅðåéäÞ äå,

h(A)
³
([1]1   [] ) + ([0

1]1   [
0
] )

´
= h(A)([1 +0

1]1   [ +0
] )

= ((1 +0
1  +0

)A) = ((1 )A) + ((0
1 

0
)A)

= h(A)([1]1   [] ) + h(A)([0
1]1   [

0
] )

ãéá ïéïõóäÞðïôå 1 
0
1 

0
 ∈ Z ç h(A) åßíáé Ýíáò åíäïìïñöéóìüò ôÞò

k Ðáñïìïßùò áðïäåéêíýåôáé üôé

h(A+B) = h(A) + h(B) h(AB) = h(A) ◦ h(B) h(I) = idk 

ãéá ïéïõóäÞðïôå AB ∈ Rk ïðüôå ç h áðïôåëåß ïìïìïñöéóìü äáêôõëßùí (ìå

ìïíáäéáßï óôïé·åßï). ¸óôù ôþñá ôõ·þí  ∈ End(k) ÅðåéäÞ ãéá ïéïõóäÞðïôå

1  ∈ Z Ý·ïõìå

([1]1   [] ) = ((1 )A) (9.51)

üðïõA = ()1≤≤ ï ðßíáêáò (9.50) ï ïñéóèåßò óôï ëÞììá 9.3.5, êáé ãéá êÜèå
 ∈ {1  } éó·ýåé

0k = ([0]
1

  [0]


) = ([0]
1

  [0]

−1  [

 ]


 [0]

+1

 [0]


)

= ([0]
1

  [0]

−1  [1]  [0]+1  [0] ) =  ([1]1   [] )

= ([1]1   [
] )⇒  |  ∀( ) ∈ {1  } × {1  }
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óõìðåñáßíïõìå üôé − |  üôáí52 1 ≤  ≤  ≤  ÅðïìÝíùò, A ∈ Rk Aðü

ôçí (9.51) ðñïêýðôåé üôé h(A) =  Þôïé üôé ç h åßíáé åðéññéðôéêÞ. ¤

9.3.7 Èåþñçìá. (μáñáêôçñéóìüò åíäïìïñöéóìþí.) Ç áðåéêüíéóç

RkKer(h) −→ End(k) (∼= End())

A+Ker(h) 7−→ h(A)

áðïôåëåß Ýíáí éóïìïñöéóìü äáêôõëßùí, üðïõ

Ker(h) =

½
A = ()1≤≤ ∈ Rk

¯̄̄̄
 ≡ 0(mod  )
∀( ) ∈ {1  } × {1  }

¾
 (9.52)

Áðïäåéîç. Áñêåß íá ðñïóäéïñéóèåß ï Ker(h) ¸óôù A = ()1≤≤ ∈ Rk
ôÝôïéïò þóôå íá éó·ýåé  |  ∀( ) ∈ {1  } × {1  } Ôüôå ãéá êÜèå
([1]1   [] ) ∈ k Ý·ïõìå

h(A)([1]1   [] ) =
P

=1

h(A)([0]1    [1]   [0] )

=
P

=1

(1(1)  ()) =
P

=1

([1]1   [] )

= ([0]1   [0] ) = 0k ⇒ A ∈ Ker(h)

Êáé áíôéóôñüöùò° åÜíA = ()1≤≤ ∈Ker(h) ôüôå ãéá êÜèå  ∈ {1  } éó·ýåé
0k = ([0]1   [0] ) = h(A)([0]1    [1]   [0] )

= (1(1)  ()) = ([1]1   [] )

⇒  |   ∀ ∈ {1  }

ïðüôå ç éóüôçôá (9.52) åßíáé áëçèÞò. ¤

I ÐåñéãñáöÞ ôÞò ïìÜäáò ôùí áõôïìïñöéóìþí. Äéáôçñþíôáò ôüí áíùôÝñù åé-

óá·èÝíôá óõìâïëéóìü Ý·ïõìå ôç äõíáôüôçôá íá ðåñéãñÜøïõìå åðáêñéâþò ôï ðüôå

Ýíáò åíäïìïñöéóìüò ôÞò  ∼= k åßíáé áõôïìïñöéóìüò.

9.3.8 Èåþñçìá. (Ðåñß ôÞò Aut()) ¸óôù  = h(A) ∈ End(k) (∼= End())

Ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò 53:

(i)  ∈ Aut(k)

(ii) [A] ∈ GL(Z)
Ùò åê ôïýôïõ,

Aut() ∼= Aut(k) = { ∈ End(k) |[A] ∈ GL(Z)} 
52Åî õðïèÝóåùò, 1 ≤  ≤  ≤ ⇒  ≤  

53Ãéá êÜèåA = ()1≤≤ ∈Mat×(Z) èÝôïõìå [A] := ([ ])1≤≤ ∈Mat×(Z)
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Áðïäåéîç. (i)⇒(ii) ¸óôù  ∈ Aut(k) ÅðåéäÞ  = h(A) êáé 
−1 = h(A−1)

Ý·ïõìå h(AA−1 − I) = h(A◦−1) − h(I) = h(I) − h(I) = 0End(k) ïðüôå

AA−1 − I ∈ Ker(h) ÅðåéäÞ åî õðïèÝóåùò  ≥ 1 ∀ ∈ {1  } áðü ôçí

ðåñéãñáöÞ (9.52) ôïýKer(h) óõìðåñáßíïõìå üôé üëåò ïé åããñáöÝò ôïýAA−1−I
åßíáé äéáéñåôÝò äéá ôïý  ÅðïìÝíùò, [AA−1 ] = [I] êáé

[1] = [det(AA−1)] =
D.2.11

[det(A) det(A−1)] = [det(A)] [det(A−1)] 

Åî áõôïý Ýðåôáé üôé [det(A)] 6= [0] (⇔ [A] ∈ GL(Z))

(ii)⇒(i) Áò õðïèÝóïõìå, áíôéóôñüöùò, üôé  - det(A). Ôüôå ìêä(det(A) ) = 1

êáé, êáô' åðÝêôáóç, ìêä(det(A) 
) = 1 (Âë. ðüñéóìá B.2.13.) ÅðéëÝãïõìå

 ∈ Z : [] [det(A)] = [1]  (Âë. ðñüôáóç B.4.43.) Ðñïöáíþò,

det(A) ≡ 1(mod ) =⇒
≤

[det(A) ≡ 1(mod  )∀ ∈ {1  }]

êáé ïñßæåôáé ï ðßíáêáò C :=  adj(A) ∈ Rk (üðïõ adj(A) ï ðßíáêáò ï

ðñïóáñôçìÝíïò óôïíA, âë. D.2.12). ÄõíÜìåé ôïý èåùñÞìáôïò D.2.15,

h(A) ◦ h(C) = h(AC) = h(CA) = h(C) ◦ h(A)

= h(det(A)I) = h(I) = idk 

êáèüôé det(A)I −I = (det(A)− 1) I ∈ Ker(h) ¢ñá  = h(A) ∈ Aut(k)

(Ý·ùí ùò áíôßóôñïöü ôïõ ôïí −1 = h(C)). ¤

9.3.9 Óçìåßùóç. Ç ïìÜäá Aut(k) åßíáé ìç áâåëéáíÞ üôáí  ≥ 2ÐñÜãìáôé° åÜí

èåùñÞóïõìå ôïõò ðßíáêåò

A1 :=

⎛⎜⎜⎜⎜⎜⎝
1 2−1 0 · · · · · · 0

0 1 0 · · · · · · 0

0 0 1
.
.
.

.

.

.

.

.

.
.
.
.

. . .
. . . 0 0

0 0 · · · 0 1 0

0 0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎠A2 :=

⎛⎜⎜⎜⎜⎜⎝
1 0 0 · · · · · · 0

1 1 0 · · · · · · 0

0 0 1
.
.
.

.

.

.

.

.

.
.
.
.

. . .
. . . 0 0

0 0 · · · 0 1 0

0 0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎠∈ Rk

ôüôå, óýìöùíá ìå ôï ëÞììá 9.3.6, õðÜñ·ïõí 1 2 ∈ End(k) ìå 1 = h(A1) êáé

2 = h(A2)Ðáñáôçñïýìå üôé

A1 −A2 =

⎛⎜⎜⎜⎜⎜⎝
0 2−1 0 · · · · · · 0

−1 0 0 · · · · · · 0

0 0 0
.
.
.

.

.

.

.

.

.
.
.
.

. . .
. . . 0 0

0 0 · · · 0 0 0

0 0 · · · · · · 0 0

⎞⎟⎟⎟⎟⎟⎠
ìå 2 - 2−1 (äéüôé 1 ≥ 1), ïðüôå A1 −A2 ∈ Ker(h) ⇒ 1 6= 2 (Âë. (9.52).)
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ÅðéðñïóèÝôùò,

A1A2 =

⎛⎜⎜⎜⎜⎜⎝
1 + 2−1 2−1 0 · · · · · · 0

1 1 0 · · · · · · 0

0 0 1
.
.
.

.

.

.

.

.

.
.
.
.

. . .
. . . 0 0

0 0 · · · 0 1 0

0 0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎠

6=

⎛⎜⎜⎜⎜⎜⎝
1 2−1 0 · · · · · · 0

1 1 + 2−1 0 · · · · · · 0

0 0 1
.
.
.

.

.

.

.

.

.
.
.
.

. . .
. . . 0 0

0 0 · · · 0 1 0

0 0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎠ = A2A1

ìå

A1A2 −A2A1 ∈ Ker(h)⇒ 1 ◦ 2 = h(A1A2) 6= h(A2A1) = 2 ◦ 1

ÔÝëïò, 1 2 ∈ Aut(k) äéüôé
54 [A1] [A2] ∈ GL(Z)

9.3.10 Ðüñéóìá. ÇïìÜäááõôïìïñöéóìþí ïéáóäÞðïôå ðåðåñáóìÝíçò ìç êõêëéêÞò
áâåëéáíÞò ïìÜäáò åßíáé ìç áâåëéáíÞ.

Áðïäåéîç. ¸óôù (+) ìéá ðåðåñáóìÝíç ìç êõêëéêÞ áâåëéáíÞ ïìÜäá. ÔïõëÜ·é-

óôïí ìßá åê ôùí ðñùôåõïõóþí óõíéóôùóþí ôçò ïöåßëåé íá åßíáé ìç êõêëéêÞ. (ÅÜí
üëåò ïé ðñùôåýïõóåò óõíéóôþóåò ôçò Þôáí êõêëéêÝò, ôüôå èá Þôáí êáé ç ßäéá êõ-

êëéêÞ ëüãù ôïý ðïñßóìáôïò 7.1.63.) Ùò åê ôïýôïõ, ç Aut() (ëüãù ôÞò (9.45), ôïý

(ii) ôÞò ðñïôÜóåùò 7.1.57 êáé ôùí üóùí ðñïáíáöÝñèçóáí óôç óçìåßùóç 9.3.9) åß-

íáé êáô' áíÜãêçí ìç áâåëéáíÞ. ¤

9.3.11 Ðüñéóìá. Ç ìïíáäéêÞ (ìÝ·ñéò éóïìïñöéóìïý) ðåðåñáóìÝíç áâåëéáíÞ
ïìÜäá, ç ïðïßá åßíáé éóüìïñöç ìå ôçí ïìÜäá ôùí áõôïìïñöéóìþí ôçò, åßíáé ç ôå-
ôñéììÝíç.

Áðïäåéîç. ¸óôù (+) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá ìå Aut() ∼=  Áò

õðïèÝóïõìå üôé ç  äåí åßíáé ôåôñéììÝíç. Ç  äåí ìðïñåß íá åßíáé êõêëéêÞ, äéüôé,

åí ôïéáýôç ðåñéðôþóåé, èá ßó·õå

|Aut()| = (||)

(üðïõ  ç óõíÜñôçóç öé ôïý Euler, âë. 2.1.7 (iii) êáé 2.4.32 (ii)), åíþ -ùò ãíùóôüí-

 () 6=  ãéá êÜèå   1 ÅðïìÝíùò ç  åßíáé áâåëéáíÞ ìç êõêëéêÞ Ý·ïõóá (êáô'

áíÜãêçí) ùò ïìÜäá áõôïìïñöéóìþí ôçò ìéá ìç áâåëéáíÞ ïìÜäá. (Âë. 9.3.10.)

¢ôïðï (ëüãù ôïý (ii) ôÞò ðñïôÜóåùò 2.4.19)! ¢ñá ç  åßíáé ôåôñéììÝíç. ¤

54Ðñïöáíþò, det([A1]) = det([A2]) = [1]. (Âë. ðñüôáóç D.2.10.)
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9.4 ÁÂÅËÉÁÍÅÓ ÏÌÁÄÅÓ ÓÔÑÅØÅÙÓ

Ç êëÜóç ôùí ðåðåñáóìÝíùí áâåëéáíþí ïìÜäùí ðåñéÝ·åôáé óôçí åõñýôåñç êëÜóç

ôùí áâåëéáíþí ïìÜäùí óôñÝøåùò.

9.4.1 Ïñéóìüò. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá êáé Ýóôù

tors() := { ∈  | = 0 ãéá êÜðïéïí  ∈ N}

ôï óýíïëï óôñÝøåþò ôçò ôï áðáñôéæüìåíï áðü üëá ôá óôïé·åßá ôÞò  ðïõ Ý·ïõí

ðåðåñáóìÝíç ôÜîç. (Âë. 2.3.1.) ÅðåéäÞ ç  åßíáé áâåëéáíÞ, áõôü áðïôåëåß ìéá

õðïïìÜäá ôçò, ôç ëåãüìåíç õðïïìÜäá óôñÝøåùò ôÞò  ¼ôáí tors() =  ôüôå

ëÝìå üôé ç åßíáé ïìÜäá óôñÝøåùò (Þ ðåñéïäéêÞ ïìÜäá) åíþ üôáí tors() = {0}
ëÝìå üôé ç  äåí äéáèÝôåé óôñÝøç Þ üôé ç  óôåñåßôáé óôñÝøåùò.

9.4.2 Ðáñáäåßãìáôá. (i) Ïé ïìÜäåò (Z+) (Q+) (R+) êáé (C+) óôåñïýíôáé
óôñÝøåùò, êáèþò, ìå åîáßñåóç ôï 0 äåí äéáèÝôïõí óôïé·åßá ðåðåñáóìÝíçò ôÜîåùò.

(ii) Ïé ðåðåñáóìÝíåò áâåëéáíÝò ïìÜäåò åßíáé ïìÜäåò óôñÝøåùò. (Âë. 9.4.3.)

(iii) H ðïëëáðëáóéáóôéêÞ ïìÜäá (E∞ ·) üëùí ôùí ñéæþí ôÞò ìïíÜäáò áðïôåëåß ðá-
ñÜäåéãìá Üðåéñçò áâåëéáíÞò ïìÜäáò óôñÝøåùò. (Âë. 2.3.6 (i).)

(iv) Åßíáé ðñïöáíÝò üôé ç E∞ åßíáé ç õðïïìÜäá óôñÝøåùò tors(Cr{0}) ôÞò ðïëëá-
ðëáóéáóôéêÞò áâåëéáíÞò ïìÜäáò (Cr{0} ·) 
(v) Ç õðïïìÜäá óôñÝøåùò ôÞò ðïëëáðëáóéáóôéêÞò áâåëéáíÞò ïìÜäáò (Rr{0} ·)
åßíáé ç tors(Rr{0}) = { ∈ Rr{0}| = 1 ãéá êÜðïéïí  ∈ N} = {±1}  áöïý

 − 1 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(− 1)(+ 1)


2
−1Q

=1

(2 − 2 cos( 2

)+ 1) üôáí  ≡ 0(mod 2)

(− 1)
−1
2Q

=1

(2 − 2 cos( 2

)+ 1) üôáí  ≡ 1(mod 2)

9.4.3 Ðñüôáóç. Ãéá ìéá áâåëéáíÞ ïìÜäá (+) ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäý-
íáìåò :

(i) Ç  åßíáé ðåðåñáóìÝíç.

(ii) Ç  åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç ïìÜäá óôñÝøåùò.

Áðïäåéîç. (i)⇒(ii) ÅÜí || ∞ ôüôå ç  åßíáé ðñïäÞëùò ðåðåñáóìÝíùò ðáñá-

ãüìåíç. Åðßóçò, ãéá êÜèå  ∈ 

[ord() = |hi| | ||⇒ ord() ≤ || ∞]⇒ tors() = 

(ii)⇒(i) ¸óôù {1  } êÜðïéï ðåðåñáóìÝíï óýóôçìá ãåííçôüñùí ôçò. KÜèå
óôïé·åßï  ∈  ãñÜöåôáé õðü ôç ìïñöÞ

 = 11 + · · ·+  ãéá êÜðïéïõò 1   ∈ Z
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Åî õðïèÝóåùò, ord() =  ∈ N ∀ ∈ {1  } Äéáéñþíôáò ôüí  äéÜ ôïý 
ëáìâÜíïõìå Ýíá ìïíïóçìÜíôùò ïñéóìÝíï æåýãïò ( ) ∈ Z× Z ìå

 =  +  0 ≤  ≤  − 1 ∀ ∈ {1  }
(Âë. B.1.6.) ÅðåéäÞ  = 0 ⇒  =  ∀ ∈ {1  } Ý·ïõìå

 =

½
P
=1



¯̄̄̄
 ∈ {0 1   − 1}

¾
áð' üðïõ Ýðåôáé üôé || ≤

Q
=1

 ∞ ¤

9.4.4 Ðüñéóìá. ÊÜèå Üðåéñç áâåëéáíÞ ïìÜäáóôñÝøåùò åßíáé ìçðåðåñáóìÝíùòðá-
ñáãüìåíç.

9.4.5 Ðñüôáóç. Ãéá êÜèå áâåëéáíÞ ïìÜäá (+) ç ðçëéêïïìÜäátors() óôåñåß-
ôáé óôñÝøåùò.

Áðïäåéîç. ¸óôù + tors() ∈ tors() Ýíá óôïé·åßï ôÞò ðçëéêïïìÜäáò

tors() ðïõ Ý·åé ôÜîç  ∈ N Ôüôå
( + tors()) =  + tors() = 0tors() = tors()⇒  ∈ tors()

ïðüôå

∃ ∈ N : () = () = 0 ⇒  ∈ tors()⇒  + tors() = tors() = 0tors()

ÊáôÜ óõíÝðåéáí, tors(tors()) = {0tors()} ¤

9.4.6 Óçìåßùóç. Åßèéóôáé íá ëÝìå åí óõíôïìßá üôé ç ðçëéêïïìÜäátors() áðï-

ôåëåß ôï Üóôñåðôï ìÝñïò ôÞò 

9.4.7 ËÞììá. ÅÜí  : 1 −→ 2 åßíáé Ýíáò ïìïìïñöéóìüò (ðñïóèåôéêþí) áâå-
ëéáíþí ïìÜäùí, ôüôå (tors(1)) v tors(2) êáé, ùò åê ôïýôïõ, ïñßæåôáé êáëþò ï
«êáíïíéóôéêüò» ïìïìïñöéóìüò

ðçë. : 1tors(1) −→ 2tors(2)

 + tors(1) 7−→ ðçë.( + tors(1)) := () + tors(2)

ï ïðïßïò êáèéóôÜ ôï äéÜãñáììá

1


1
tors(1)

²²
ª

 // 2


2
tors(2)

²²
1tors(1)

ðçë.

//___ 2tors(2)

ìåôáèåôéêü. ÅðéðñïóèÝôùò, éó·ýïõí ôá áêüëïõèá :

(a) O ðçë. åßíáé ìïíïìïñöéóìüò⇐⇒ tors(1) = −1(tors(2))
(b) O ðçë. åßíáé åðéìïñöéóìüò⇐⇒ Im() + tors(2) = 2
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Áðïäåéîç. ÅÜí  ∈ 1 ìå  = 01 ãéá êÜðïéïí  ∈ N ôüôå Ý·ïõìå
() = () = (01

) = 02
⇒ () ∈ tors(2)

ÅðïìÝíùò, (tors(1)) v tors(2)Ïé ëïéðïß éó·õñéóìïß åßíáé áëçèåßò äõíÜìåé ôïý

èåùñÞìáôïò 4.5.5. ¤

9.4.8 Ðñüôáóç. ¸óôù üôé 1 2 åßíáé äõï (ðñïóèåôéêÝò) áâåëéáíÝò ïìÜäåò. ÅÜí
1 ∼= 2 ôüôå éó·ýïõí ôá åîÞò:

(i) tors(1) ∼= tors(2)

(ii) 1tors(1) ∼= 2tors(2).

Áðïäåéîç. ¸óôù  : 1
∼=−→ 2 Ýíáò éóïìïñöéóìüò.

(i) Åöáñìüæïíôáò ôï ëÞììá 9.4.7 ôüóïí ãéá ôïí  üóïí êáé ãéá ôïí −1 ëáìâÜíïõìå

(tors(1)) v tors(2)

−1(tors(2)) v tors(1)

)
⇒ (tors(1)) = tors(2) (9.53)

ïðüôå ç  |tors(1)
: tors(1) −→ tors(2) åßíáé éóïìïñöéóìüò ìå ôïí −1

¯̄
tors(2)

ùò

áíôßóôñïöü ôïõ.

(ii) Ëüãù ôÞò éóüôçôáò (9.53) ðëçñïýôáé ç óõíèÞêç (a) ôïý ëÞììáôïò 9.4.7 ãéá ôïí

ðçë. ÅðåéäÞ äå Im() = 2ðëçñïýôáé êáé ç óõíèÞêç (b) ôïý ëÞììáôïò 9.4.7 ãéá

ôïí ðçë.¢ñá ï ðçë. åßíáé éóïìïñöéóìüò. ¤

9.4.9 Ðñüôáóç. ¸óôù ()∈ ìéá ïéêïãÝíåéá (ðñïóèåôéêþí) áâåëéáíþí ïìÜäùí
( 6= ∅) ÅÜí  :=

Lðåñ.
∈  ôüôå tors() =

Lðåñ.
∈ tors() ÉäéáéôÝñùò, ç  åß-

íáé ïìÜäá óôñÝøåùò åÜí êáé ìüíïí åÜí ç  åßíáé ïìÜäá óôñÝøåùò ãéá êÜèå  ∈ 

Áðïäåéîç. ÁöÞíåôáé ùò Üóêçóç. ¤

9.4.10 Óçìåßùóç. Ðñïóï·Þ! ÅÜí  :=
L

∈  (üðïõ  êÜðïéï áðåéñïóýíïëï ),
ôüôå tors() ⊆ L

∈ tors() Ùò åê ôïýôïõ, åÜí ç  óôåñåßôáé óôñÝøåùò ãéá

êÜèå  ∈  ôüôå êáé ç ßäéá ç  óôåñåßôáé óôñÝøåùò. Ùóôüóï, ï åãêëåéóìüò áõ-

ôüò åíäÝ·åôáé íá åßíáé áõóôçñüò. Åðß ðáñáäåßãìáôé, êÜèå åõèýò ðñïóèåôÝïò ôÞò
 :=

L∞
=2 Z åßíáé ìéá ìç ôåôñéììÝíç ïìÜäá óôñÝøåùò. ¼ìùò

([1]2 [1]3  [1] [1]+1 ) ∈ rtors()

äéüôé [1]+1 6= [0]+1∀ ∈ N

9.4.11 Óõìâïëéóìüò. ÅÜí (+) åßíáé ìéá áâåëéáíÞ ïìÜäá êáé  Ýíáò ðñþôïò

áñéèìüò, ôüôå ùò

() := { ∈ |  = 0 ãéá êÜðïéïí  ∈ N0}

èá óõìâïëßæïõìå ôçí õðïïìÜäá ôÞò  ôçí áðáñôéæüìåíç áðü åêåßíá ôá óôïé·åßá,

ïé ôÜîåéò ôùí ïðïßùí åßíáé ßóåò ìå êÜðïéá (ìç áñíçôéêÞ áêåñáßá) äýíáìç ôïý 
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9.4.12 Èåþñçìá. ÅÜí (+) åßíáé ìéá ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá, ôüôå

tors() =
Måó.

 ðñþôïò
() 

Áðïäåéîç. ¸óôù ôõ·üí  ∈ r{0} Ðñïöáíþò, ord() =:  ≥ 2 Áò õðïèÝ-

óïõìå üôé  = 11 · · ·  ( ∈ N 1  ∈ N) åßíáé ç êáíïíéêÞ ðáñÜóôáóç

(B.19) ôïý  ùò ãéíïìÝíïõ (êáôÜëëçëùí äõíÜìåùí) ðñþôùí áñéèìþí 1  ìå

1  · · ·   êáé  :=





ãéá êÜèå  ∈ {1  } Ôüôå

ìêä(1  ) = 1 =⇒
B.2.8

∙
∃ (1  ) ∈ Z :

P
=1

 = 1

¸
 (9.54)

ÅðåéäÞ  () = (

 )  =  = () = 0 = 0 Ý·ïõìå

 ∈ () ∀ ∈ {1  }
ÊáôÜ óõíÝðåéáí,  =

(9.54)
11+· · ·+ ∈ h{()|  ðñþôïò}i Áñêåß ëïéðüí íá

áðïäåé·èåß üôé () ∩ h{()|  ðñþôïò  6= }i = {0} ãéá êÜèå ðñþôïí áñéèìü
 (Âë. 7.1.97.) ¸óôù  Ýíá óôïé·åßï áíÞêïí óå áõôÞí ôçí ôïìÞ. ÅðåéäÞ  ∈ ()
õðÜñ·åé  ∈ N0 ôÝôïéïò þóôå íá éó·ýåé  = 0Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ

 ∈ h{()|  ðñþôïò  6= }i =
2.2.6

½
1 + · · ·+ 

¯̄̄̄
 ∈ ()  ðñþôïò,

 6=  ∀ ∈ {1  }  ∈ N
¾


ôï óôïé·åßï  åßíáé ôÞò ìïñöÞò  = 1 + · · · + 

ìå 



  = 0 ãéá êÜðïéïí

 ∈ N0∀ ∈ {1  }
Ðåñßðôùóç ðñþôç. ÅÜí1 = · · · =  = 0 ôüôå 1 = · · · =  = 0 ⇒  = 0

Ðåñßðôùóç äåýôåñç. ÅÜí ∃{1  } ⊆ {1  }  ∈ {1  } :  ≥ 1 ãéá êÜèå

 ∈ {1  } ôüôå  = 1 + · · · +  ÈÝôïíôáò  :=
Q

=1 



ðáñáôçñïýìå üôé

 = 0 êáé üôé

[ 6=  ∀ ∈ {1  }]⇒ ìêä( ) = 1

=⇒
B.2.8

[∃ (1 2) ∈ Z× Z : 1 + 2 = 1] 

ÅðïìÝíùò,  = (1
 + 2) = 1 (

) + 2() = 10 + 20 = 0 ¤

9.4.13 Óçìåßùóç. EÜí ç (+) åßíáé ìéá ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá óôñÝøåùò,
ôüôå

 = tors() =
Måó.

 ðñþôïò
() (9.55)

Ç (9.55) êáëåßôáé ðñùôåýïõóá áðïóýíèåóç ôÞò  êáé ç  () -ðñùôåýïõóá óõ-

íéóôþóá55 ôÞò Óôçí åéäéêÞ ðåñßðôùóç üðïõ ç åßíáé ðåðåñáóìÝíç, ç áðïóýí-

èåóç (9.55) ôáõôßæåôáé ìå ôçí áðïóýíèåóç (9.13) ðïõ åß·áìå ðñïóäéïñßóåé óôçí

ðñüôáóç 9.1.17 (êáé ç ðáñïýóá ãåíßêåõóç ôÞò ïñïëïãßáò ôÞò åéóá·èåßóáò óôï åäÜ-

öéï 9.1.18 åßíáé áðïëýôùò óõìâáôÞ).

55ÖõóéêÜ, êáèþò ï  äéáôñÝ·åé ôï óýíïëï üëùí ôùí ðñþôùí áñéèìþí, åíäÝ·åôáé êÜðïéåò åê ôùí ðñùôåõïõóþí óõ-
íéóôùóþí ôÞò  íá åßíáé ôåôñéììÝíåò. (Åí ôïéáýôç ðåñéðôþóåé, åÜí áõôÝò ãéá ìéá óõãêåêñéìÝíç  åßíáé ãíùóôÝò,

åßèéóôáé íá ôéò ðáñáëåßðïõìå.)
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9.4.14 ËÞììá. ÅÜí  :  −→  åßíáé Ýíáò ïìïìïñöéóìüò (ðñïóèåôéêþí) áâåëéá-
íþí ïìÜäùí, ôüôå (()) v () ãéá êÜèå ðñþôïí áñéèìü  ÅðéðñïóèÝôùò, óôçí
ðåñßðôùóç üðïõ ï  åßíáé éóïìïñöéóìüò, (()) = ()

Áðïäåéîç. ÅÜí  ∈ () ôüôå  = 0 ãéá êÜðïéïí  ∈ N0 ïðüôå

() = () = (0) = 0 ⇒ () ∈ ()

Óôçí ðåñßðôùóç üðïõ ï  åßíáé éóïìïñöéóìüò, Ý·ïõìå

(()) v ()

−1(()) v ()

)
⇒ (()) = ()

ïðüôå ç  |() :() −→() åßíáé éóïìïñöéóìüò ìå ôïí −1
¯̄
()

ùò áíôßóôñïöü

ôïõ. ¤

9.4.15 Èåþñçìá. ÅÜí åßíáé äõï (ðñïóèåôéêÝò) ìç ôåôñéììÝíåò áâåëéáíÝò ïìÜ-
äåò óôñÝøåùò, ôüôå

 ∼=  ⇐⇒ [() ∼= () ãéá êÜèå ðñþôïí áñéèìü ]

Áðïäåéîç. ÇóõíåðáãùãÞ ‘‘⇒'' Ýðåôáé Üìåóááðü ôïðñïçãçèÝí ëÞììá 9.4.14. Ãéá

ôçí ‘‘⇐'' õðïèÝôïõìå üôé õðÜñ·ïõí éóïìïñöéóìïß () : ()
∼=−→ () ãéá êÜèå

ðñþôïí áñéèìü ÌÝóù áõôþí, ìÝóù ôùí ðñùôåõïõóþí áðïóõíèÝóåùí (9.55) êáé
ìÝóù ôùí éóïìïñöéóìþí ôïý (ii) ôïý èåùñÞìáôïò 7.1.100 åðÜãåôáé éóïìïñöéóìüò

 =
Låó.

 ðñþôïò ()
∼=Lðåñ.

 ðñþôïò ()
∼=−→


Lðåñ.
 ðñþôïò ()

∼=Låó.
 ðñþôïò () = 

üðïõ (() ðñþôïò) := (()()) ðñþôïò ¤

9.5 ÅËÅÕÈÅÑÅÓ ÁÂÅËÉÁÍÅÓ ÏÌÁÄÅÓ

ÌÝ·ñé óôéãìÞò Ý·ïõìå åêìåôáëëåõèåß ðïéêéëïôñüðùò ôçí éäéüôçôá ïñéóìÝíùí åéäé-
êþí áâåëéáíþí ïìÜäùí Þ ðçëéêïïìÜäùí íá ìðïñïýí íá åöïäéÜæïíôáé êáé ìå ôç
äïìÞ åíüò Z-äéáíõóìáôéêïý ·þñïõ (ãéá êÜðïéïí ðñþôï áñéèìü ). Ùóôüóï, ãéá

ôõ·ïýóåò áâåëéáíÝò ïìÜäåò (+) ôïýôï äåí åßíáé åöéêôü, êáèþò ç ìüíç äéáèÝ-

óéìç (åí ãÝíåé åîùôåñéêÞ) ðñÜîç (ðïõ èá ìðïñïýóå íá áðïôåëÝóåé ôï áíÜëïãï ôïý

áñéèìçôéêïý Þ âáèìùôïý ðïëëáðëáóéáóìïý åíüò äéáíõóìáôéêïý ·þñïõ) åßíáé ç

Z× 3 ( ) 7−→  ∈ 

Ðáñüôé åßíáé äõíáôüí íá áíôéêáôáóôáèïýí ïé óõíÞèåéò ãñáììéêïß óõíäõáóìïß (ìå
óõíôåëåóôÝò åéëçììÝíïõò áðü êÜðïéï óþìá) ìå Z-ãñáììéêïýò óõíäõáóìïýò (ìå

áêåñáßïõò óõíôåëåóôÝò) êáé íá ïñéóèïýí (êáôÜ ôá åéùèüôá) Z-ãñáììéêþò áíå-
îÜñôçôá õðïóýíïëá êáé Z-âÜóåéò (âë. 9.5.1 êáé 9.5.3), ðáñáôçñåßôáé äéáöïñï-

ðïßçóç ìåôáîý áñêåôþí áðïôåëåóìÜôùí ôÞò Èåùñßáò Äéáíõóìáôéêþíμþñùí êáé
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ôùí áíôéóôïß·ùí ôÞò Èåùñßáò Áâåëéáíþí ÏìÜäùí. Åí ðñþôïéò, õößóôáíôáé áâå-

ëéáíÝò ïìÜäåò ·ùñßò Z-âÜóåéò. Åêåßíåò ðïõ äéáèÝôïõí (ôïõëÜ·éóôïí ìßá) Z-âÜóç
åßíáé ïé ëåãüìåíåò åëåýèåñåò áâåëéáíÝò ïìÜäåò. (Âë. èåþñçìá 9.5.13.) ÁëëÜ êáé
åíôüò ôÞò êëÜóåùò ôùí åëåýèåñùí áâåëéáíþí ïìÜäùí, ç äéáöïñïðïßçóç ðáñáìÝ-

íåé áéóèçôÞ. Åðß ðáñáäåßãìáôé:

(i) ÕðÜñ·ïõí óõóôÞìáôá ãåííçôüñùí åëåýèåñùí áâåëéáíþí ïìÜäùí ôá ïðïßá äåí
ðåñéÝ·ïõí êáìßá Z-âÜóç. (Âë. 9.5.7 (i).)
(ii) ÕðÜñ·ïõí Z-ãñáììéêþò áíåîÜñôçôá õðïóýíïëá åëåýèåñùí áâåëéáíþí ïìÜ-

äùí ôá ïðïßá äåí åßíáé åðåêôÜóéìá óå Z-âÜóåéò. (Âë. 9.5.7 (ii).)
(iii) ÕðÜñ·ïõí ìç ôåôñéììÝíåò õðïïìÜäåò åëåýèåñùí áâåëéáíþí ïìÜäùí ïé ïðïßåò

äåí äéáèÝôïõí óõìðëçñþìáôá. (Âë. 9.5.38.)

(iv)¢ëëåò éäéüôçôåò ôÞò äéáóôÜóåùò (äéáíõóìáôéêþí ·þñùí) äéáôçñïýíôáé áðü ôç
âáèìßäá åëåýèåñùí áâåëéáíþí ïìÜäùí (ðïõ áðïôåëåß ôï áíÜëïãü ôçò) êáé Üëëåò

ü·é. (Âë. 9.5.28, 9.5.31, 9.5.39 êáé 9.5.40.)

Ìïëáôáýôá, ç äéåîïäéêÞ ìåëÝôç ôùí åëåýèåñùí áâåëéáíþí ïìÜäùí åßíáé åðéâåâëç-

ìÝíç, ôïõëÜ·éóôïí ãéá ôïõò åîÞò ëüãïõò:

(i) Ïé éäéüôçôåò ôùí äéáíõóìáôéêþí ·þñùí ðïõ «ðåñéóþæïíôáé» óôéò åëåýèåñåò

áâåëéáíÝò ïìÜäåò äåí åßíáé äéüëïõ áìåëçôÝåò (ìïíïóÞìáíôç Ýêöñáóç óôïé·åßùí

ôïõò ùò Z-ãñáììéêþí óõíäõáóìþí óôïé·åßùí ïéáóäÞðïôå Z-âÜóåùò, ìåôáöïñÜ Z-
âÜóåùí óå Z-âÜóåéò ìÝóù éóïìïñöéóìþí, éóïðëçèéêüôçôá ôùí Z-âÜóåùí ê.Ü.).
(ii) ÊÜèå áâåëéáíÞ ïìÜäá åßíáé éóüìïñöç ìå ðçëéêïïìÜäåò ðïõ ðñïêýðôïõí

ýóôåñá áðü «äéáßñåóç» åëåýèåñùí áâåëéáíþí ïìÜäùí äéÜ êáôáëëÞëùí õðïïìÜ-

äùí ôïõò. (Âë. èåþñçìá 9.5.35.)

(iii) Ïé åëåýèåñåò áâåëéáíÝò ïìÜäåò ðåðåñáóìÝíçò âáèìßäáò õðåéóÝ·ïíôáé êáôÜ

ôñüðï ïõóéáóôéêü óôçí ôáîéíüìçóç (ìÝ·ñéò éóïìïñöéóìïý) ôùí ìç ðåðåñáóìÝíùí

áëëÜ ðåðåñáóìÝíùò ðáñáãïìÝíùí áâåëéáíþí ïìÜäùí. (Âë. èåþñçìá 9.6.7.)

(iv) Ïé åëåýèåñåò áâåëéáíÝò ïìÜäåò áðïôåëïýí ôïõò ðñïðïìðïýò ôùí ëåãïìÝíùí

åëåýèåñùí ïìÜäùí (ü·é êáô' áíÜãêçí áâåëéáíþí), ïé ïðïßåò ïñßæïíôáé ìÝóù ìéáò

êáèïëéêÞò éäéüôçôáò áíÜëïãçò åêåßíçò ôÞò ðñïôÜóåùò 9.5.29 êáé åßíáé áðáñáßôç-

ôåò ãéá ôç åéóáãùãÞ ôÞò åííïßáò ôÞò ðáñáóôÜóåùò ïìÜäáò.

9.5.1 Ïñéóìüò. ¸óôù (+) ôõ·ïýóá áâåëéáíÞ ïìÜäá êáé Ýóôù  ⊆  Óôçí

ðåñßðôùóç üðïõ  6= ∅ ëÝìå üôé Ýíá  ∈  åßíáé Z-ãñáììéêüò óõíäõáóìüò óôïé-
·åßùí ôïý  üôáí õðÜñ·ïõí (ðåðåñáóìÝíïõ ðëÞèïõò) óôïé·åßá 1   ôïý 

êáé 1   ∈ Z ïýôùò þóôå íá éó·ýåé  =
P

=1  Åí ãÝíåé èÝôïõìå:

LinZ() :=

⎧⎪⎪⎨⎪⎪⎩
{0} üôáí = ∅½

üëïé ïé Z-ãñáììéêïß
óõíäõáóìïß óôïé·åßùí ôïý

¾
 üôáí 6= ∅

9.5.2 Ðñüôáóç. ÅÜí (+) åßíáé ìéá áâåëéáíÞ ïìÜäá êáé ⊆  ôüôå

LinZ() = hi (=
T { ∈ Subg()| ⊆ }) 
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Áðïäåéîç. ¼ôáí  = ∅ åßíáé ðñïöáíÝò üôé ç åëÜ·éóôç (ùò ðñïò ôç ó·Ýóç

ôïý óõíïëïèåùñçôéêïý åãêëåéóìïý) õðïïìÜäá ôÞò  ðïõ ðåñéÝ·åé ôï ∅ åßíáé ç

ôåôñéììÝíç õðïïìÜäá {0} ¸óôù üôé  6= ∅ Ðñïöáíþò, 0 ∈ LinZ() (äéüôé

0 = 0∀ ∈ ). Êáé åÜí 1 2 ∈ LinZ() ôüôå

1 =
1P
=1

 êáé 2 =
2P
=1

 

ãéá êÜðïéá 1  1  1  2 ∈  êáé êÜðïéïõò 1  1 1 2 ∈ Z
ïðüôå

1 − 2 =
1P
=1

 −
2P
=1

 ∈ LinZ()

ÊáôÜ óõíÝðåéáí, LinZ() ∈ Subg() (âë. 2.1.16 (iii)) êáé  ⊆ LinZ() (äéüôé

 = 1 · ∀ ∈ ). ÅðåéäÞ ç ïìÜäá hi áðïôåëåß ôçí åëÜ·éóôç õðïïìÜäá ôÞò 

ðïõ ðåñéÝ·åé ôï  Ý·ïõìå hi ⊆ LinZ() Áðü ôçí Üëëç ìåñéÜ, åßíáé ðñïöáíÝò

üôé êÜèå Z-ãñáììéêüò óõíäõáóìüò óôïé·åßùí ôïý áíÞêåé óå êÜèå õðïïìÜäá ôÞò

 ðïõ ðåñéÝ·åé ôï ïðüôå LinZ() ⊆ hi  Ôåëéêþò ëïéðüí, LinZ() = hi  ¤

9.5.3 Ïñéóìüò. ¸óôù (+) ôõ·ïýóá áâåëéáíÞ ïìÜäá.

(i) ËÝìå üôé Ýíá õðïóýíïëï  ⊆  åßíáé Z-ãñáììéêþò áíåîÜñôçôï üôáí56 åßôå

 = ∅ åßôå 6= ∅ êáé ãéá ïéïäÞðïôå ðåðåñáóìÝíï õðïóýíïëï {1  } ôïý
êáé 1   ∈ Z éó·ýåé ç óõíåðáãùãÞ57

P
=1

 = 0 ⇒ [ = 0 ∀ ∈ {1  }] 

(ii) ÊÜèåZ-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ⊆  ôï ïðïßï áðïôåëåß óýóôçìá

ãåííçôüñùí ôÞò  (äçë., hi = LinZ() = ) êáëåßôáé Z-âÜóç58 ôÞò 

9.5.4 Ðñüôáóç. ÊÜèå áâåëéáíÞ ïìÜäá äéáèÝôåé (ôïõëÜ·éóôïí Ýíá) ìåãéóôéêü Z-
ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ùò ðñïò ôç ó·Ýóç ‘‘⊆'' ôïý óõíïëïèåùñçôéêïý
åãêëåéóìïý (Âë. A.2.10 (i).)

Áðïäåéîç. ÅÜí (+) åßíáé ôõ·ïýóá áâåëéáíÞ ïìÜäá, ôüôå ôï (X⊆) üðïõ
X := { ∈ P()| Z-ãñáììéêþò áíåîÜñôçôï}

åßíáé ìåñéêþò äéáôåôáãìÝíï óýíïëï. (ÓçìåéùôÝïí üôé X 6= ∅ äéüôé {∅} ∈ X)

¸óôù C = {|  ∈ } ôõ·ïýóá áëõóßäá ôïý (X⊆) (Âë. A.2.18 (i).)

Éó·õñéóìüò. Ç Ýíùóç ôùí ìåëþí ôçò
S
∈  ⊆  åßíáé Z-ãñáììéêþò áíåîÜñôçôï.

ÐñÜãìáôé° åÜí {1  } åßíáé Ýíá ðåðåñáóìÝíï õðïóýíïëï ôïý
S
∈  (ðëç-

èéêïý áñéèìïý  ∈ N), ôüôå õðÜñ·åé Ýíá óýíïëï äåéêôþí {1  } ôÝôïéï þóôå

56¼ôáí äåí ðëçñïýôáé êáìßá åî áõôþí ôùí óõíèçêþí, ôüôå ëÝìå üôé ôï åßíáé Z-ãñáììéêþò åîáñôçìÝíï.
57Ìå Üëëá ëüãéá, åÜí Ýíáò Z-ãñáììéêüò óõíäõáóìüò óôïé·åßùí ôïý  éóïýôáé ìå ôï 0 ôüôå üëïé ïé óõíôåëåóôÝò
áõôïý ïöåßëïõí íá åßíáé ßóïé ìå ôï ìçäÝí.

58Ðñïöáíþò, ôï ∅ áðïôåëåß Z-âÜóç ôÞò åÜí êáé ìüíïí åÜí ç åßíáé ôåôñéììÝíç.
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íá éó·ýåé  ∈  ãéá êÜèå  ∈ {1  } ÅðåéäÞ ôï (C⊆) åßíáé ïëéêþò äéáôåôáã-
ìÝíï óýíïëï, õðÜñ·åé êÜðïéïò äåßêôçò • ∈  ïýôùò þóôå íá éó·ýåé  ⊆ ∗
ãéá êÜèå  ∈ {1  } ÅðïìÝíùò, {1  } ⊆ ∗ ìå ôï ∗ ∈ C Ýíá (åî õðïèÝ-

óåùò) Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò  ¢ñá êáé ôï ßäéï ôï {1  }
åßíáé Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò ÅðåéäÞ êÜèå ðåðåñáóìÝíï õðï-

óýíïëï ôïý
S
∈  åßíáé Z-ãñáììéêþò áíåîÜñôçôï, êáé ôï ßäéï ôï

S
∈  åßíáé

Z-ãñáììéêþò áíåîÜñôçôï êáé ï éó·õñéóìüò åßíáé áëçèÞò.

ÅöáñìïãÞ ôïý ëÞììáôïò ôïý Zorn. ÅðåéäÞ ôï
S
∈  åßíáé Üíù öñÜãìá ôÞò C ôï

(X⊆) åßíáé åðáãùãéêþò äéáôåôáãìÝíï. To ëÞììá A.2.20 ôïý Zorn åããõÜôáé ôçí

ýðáñîç êÜðïéïõ ìåãéóôéêïý Z-ãñáììéêþò áíåîÜñôçôïõ õðïóõíüëïõ• ôÞò  ¤

9.5.5 Ðñüôáóç. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá êáé Ýóôù ∅ 6=  ⊆  Ôüôå ïé
áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) To åßíáé ìéá Z-âÜóç ôÞò 
(ii) ÊÜèå óôïé·åßï ôÞò  ãñÜöåôáé êáôÜ ôñüðï ìïíïóÞìáíôï ùò Z-ãñáììéêüò óõí-
äõáóìüò óôïé·åßùí ôïý

Áðïäåéîç. (i)⇒(ii) Åî ïñéóìïý, êÜèå óôïé·åßï ôÞò  ãñÜöåôáé ùò Z-ãñáììéêüò
óõíäõáóìüò óôïé·åßùí ôïý  ÕðïèÝôïõìå üôé ãéá êÜðïéï  ∈  õößóôáôáé ðåðå-

ñáóìÝíï õðïóýíïëï {1  } ôïý  êáé 1  1  ∈ Z ïýôùò þóôå
íá éó·ýåé

 =
P

=1
 =

P
=1

 ⇒
P

=1
( −) = 0

ÅðåéäÞ ôï  åßíáé åî õðïèÝóåùò Z-ãñáììéêþò áíåîÜñôçôï, Ý·ïõìå êáô' áíÜãêçí
 =  ãéá êÜèå  ∈ {1  }
(ii)⇒(i) Áñêåß íá áðïäåé·èåß üôé ôï  åßíáé Ýíá Z-ãñáììéêþò áíåîÜñôçôï õðïóý-

íïëï ôÞòÐñïò ôïýôï èåùñïýìå ôõ·üí ðåðåñáóìÝíï õðïóýíïëï {1  } ôïý
Áðü êÜèå ó·Ýóç ôÞò ìïñöÞò

P
=1  = 0 (ìå 1   ∈ Z) ðñïêýðôåé üôé

P
=1

 = 0 =
P

=1
0 ⇒ [ = 0 ∀ ∈ {1  }]

ëüãù ôÞò ðñïûðïôåèåßóáò ìïíáäéêüôçôáò ôÞò ðáñáóôÜóåùò ïéïõäÞðïôå óôïé·åßïõ

ôÞò  ùò Z-ãñáììéêïý óõíäõáóìïý óôïé·åßùí ôïý ¤

9.5.6 Ðñüôáóç. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá êáé Ýóôù  ⊆  ÅÜí õðïôåèåß
üôé ôï åßíáé ìéá Z-âÜóç ôÞò  ôüôå éó·ýïõí ôá åîÞò :
(i) To åßíáé Ýíá åëá·éóôéêü óýóôçìá ãåííçôüñùí 59 ôÞò 

(ii) To åßíáé Ýíá ìåãéóôéêü Z-ãñáììéêþò áíåîÜñôçôï 60 õðïóýíïëï ôÞò 
59Áõôü óçìáßíåé üôé ôï õðïóýíïëï  ⊆  áðïôåëåß Ýíá åëá·éóôéêü óôïé·åßï ôïý ìåñéêþò äéáôåôáãìÝíïõ óõíüëïõ

({ ∈ P()| hi = } ⊆) Âë. A.2.10 (ii).

60Âë. ðñüôáóç 9.5.4.
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Áðïäåéîç. Èá ·ñçóéìïðïéÞóïõìå «åéò Üôïðïí áðáãùãÞ».

(i) ¸óôù üôé ôï  äåí åßíáé åëá·éóôéêü óýóôçìá ãåííçôüñùí ôÞò  Ôüôå  6= ∅
êáé õðÜñ·åé êÜðïéï  ∈ P() : h i =  ìå  $  ¸óôù  ∈ r ÅðåéäÞ
 ∈  = h i  õðÜñ·ïõí 1   ∈  ( ∈ N) êáé1  ∈ Z ïýôùò þóôå íá
éó·ýåé

 =
P

=1
 ⇒ 1 · +

P
=1
(−) = 0 ( { 1  } ⊆ )

¢ñá ôï åßíáé Z-ãñáììéêþò åîáñôçìÝíï õðïóýíïëï ôÞò  ¢ôïðï!

(ii) ÅÜí  = ∅ ôüôå ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. Áò õðïèÝóïõìå üôé

 6= ∅ êáé üôé ôï  äåí åßíáé ìåãéóôéêü Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò

 Ôüôå õðÜñ·åé êÜðïéï Z-ãñáììéêþò áíåîÜñôçôï  ∈ P() :  $  ¸óôù üôé

 ∈ r ÅðåéäÞ (åî õðïèÝóåùò)  = hi 3  õðÜñ·ïõí 1   ∈  ( ∈ N)
êáé1  ∈ Z ïýôùò þóôå íá éó·ýåé

 =
P

=1
 ⇒ 1 ·  +

P
=1
(−) = 0 ( { 1  } ⊆  )

¢ñá ôï  åßíáé Z-ãñáììéêþò åîáñôçìÝíï õðïóýíïëï ôÞò  ¢ôïðï! ¤

9.5.7 Óçìåßùóç. (i) Ôï {1} áðïôåëåß (ðñïöáíþò) Z-âÜóç ôÞò áâåëéáíÞò ïìÜäáò

(Z+) Ùóôüóï, õðÜñ·ïõí óõóôÞìáôá ãåííçôüñùí áõôÞò ôá ïðïßá äåí ðåñéÝ·ïõí
êáìßá Z-âÜóç. Åðß ðáñáäåßãìáôé, h{2 3}i = Z (äéüôé 3−2 =  ãéá êÜèå  ∈ Z)
áëëÜ êáíÝíá åê ôùí ìïíïóõíüëùí {2} {3} äåí áðïôåëåßZ-âÜóç61 ôÞò (Z+) (äéüôé
h2i = 2Z $ Z êáé h3i = 3Z $ Z).
(ii) Áò èåùñÞóïõìå êáé ðÜëé ôçí (Z+) Ôï ìïíïóýíïëï {2} åßíáé Z-ãñáììéêþò
áíåîÜñôçôï õðïóýíïëï. (EÜí  åßíáé Ýíáò áêÝñáéïò, ôÝôïéïò þóôå íá éó·ýåé

 · 2 = 0 ôüôå  = 0.) Ùóôüóï, áõôü äåí ìðïñåß íá óõìðëçñùèåß (åðåêôáèåß) êá-

ôáëëÞëùò, ïýôùò þóôå íá ðñïêýøåé ìéá Z-âÜóç. ÐñÜãìáôé° ãéá íá åðåêôåßíïõìå

ôï {2} óå Ýíá óýóôçìá ãåííçôüñùí ôÞò (Z+) èá ðñÝðåé íá ðñïóáñôÞóïõìå ôïõ-

ëÜ·éóôïí Ýíáí ðåñéôôü áêÝñáéï áñéèìü 2 + 1 ( ∈ Z). ¼ìùò ôï {2 2 + 1} (êáé
ïéïäÞðïôå õðåñóýíïëï áõôïý áðïôåëïýìåíï áðü áêåñáßïõò) äåí ìðïñåß íá êáôá-
óôåß Z-âÜóç ôÞò (Z+) äéüôé ôï 1 (åí áíôéèÝóåé ðñïò ü,ôé åðéôÜóóåé ç óõíèÞêç

(ii) ôÞò ðñïôÜóåùò 9.5.5) ìðïñåß íá ãñáöåß êáôÜ äýï äéáöïñåôéêïýò ôñüðïõò ùò

Z-ãñáììéêüò óõíäõáóìüò ôùí 2 êáé 2 + 1:

1 = ( + 1) · 2 + (−1) · (2 + 1) = (−) · 2 + 1 · (2 + 1)

9.5.8 Ðñüôáóç. ÅÜí  : 1
∼=−→ 2 åßíáé Ýíáò éóïìïñöéóìüò ìåôáîý äõï áâåëéáíþí

ïìÜäùí 1 2 êáé  ìéá Z-âÜóç ôÞò 1 ôüôå ç åéêüíá áõôÞò () ìÝóù ôïý 
áðïôåëåß ìéá Z-âÜóç ôÞò 2

61To ßäéï ôï {2 3} åßíáé Z-ãñáììéêþò åîáñôçìÝíï, êáèþò éó·ýåé 3 · 2 + (−2) · 3 = 0
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Áðïäåéîç. ÅðåéäÞ 2 = (1) = (hi) = h()i  ç åéêüíá () áðïôåëåß

óýóôçìá ãåííçôüñùí ôÞò 2 ÅÜí  = ∅ ôüôå áìöüôåñåò ïé 12 åßíáé ôåôñéì-
ìÝíåò êáé (∅) = ∅ ÅÜí  6= ∅ ôüôå ãéá ïéïäÞðïôå ðåðåñáóìÝíï õðïóýíïëï

{(1)  ()} ôÞò åéêüíáò () êáé 1   ∈ Z ìå

P
=1

() = 02

"
⇔ (

P
=1

) = 02 ⇔
P

=1
 ∈ Ker()

#
Ý·ïõìå

P
=1  = 01 (äéüôé Ker() = {01}), ïðüôå  = 0 ∀ ∈ {1  }

ëüãù ôïý üôé ôï  åßíáé Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò 1 ¢ñá êáé ç

åéêüíá () åßíáé Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò 2 ¤

9.5.9 Ïñéóìüò. ¸óôù ôõ·üí óýíïëï êáé Ýóôù

Z() :=
©
 ∈ Z ¯̄ card(supp()) ∞ª

ç áâåëéáíÞ ïìÜäá ç Ý·ïõóá ùò ðñÜîç ôçò ôçí

Z() × Z() 3 (1 2) 7−→ 1 + 2 ∈ Z()
üðïõ62 (1 + 2) () := 1() + 2() ãéá êÜèå  ∈  êáé

supp() := { ∈ | () 6= 0} ∀ ∈ Z()
(Ðñâë. åä.63 7.1.94 (ii).) ËÝìå üôé ç (Z()+) åßíáé ç åëåýèåñç áâåëéáíÞ ïìÜäá
(ç ïñéæüìåíç) åðß ôïý

9.5.10 Ðñüôáóç. ¸óôù ôõ·üí ìç êåíü óýíïëï. Ç åíñéðôéêÞ 64 áðåéêüíéóç

 :  −→ Z()  7−→ 

 3  7−→ () :=

½
1 üôáí  = 

0 üôáí  6= 

(9.56)

Ý·åé ôéò åîÞò éäéüôçôåò :

(i) Ç åéêüíá Im() = {| ∈ } ôÞò  áðïôåëåß ìéá Z-âÜóç ôÞò Z()
(ii) Ãéá êÜèå áâåëéáíÞ ïìÜäá (+) êáé ãéá êÜèå áðåéêüíéóç  :  −→  õðÜñ·åé
ìïíïóçìÜíôùò ïñéóìÝíïò ïìïìïñöéóìüò ïìÜäùí e : Z() −→  ïýôùò þóôå ôï
áêüëïõèï äéÜãñáììá íá êáèßóôáôáé ìåôáèåôéêü :


Â Ä  //


""EE

EEE
EEE

E Z()

e
²²


62Ôï 1() + 2() óõìâïëßæåé ôï óýíçèåò Üèñïéóìá ôùí áêåñáßùí áñéèìþí 1() êáé 2()

63¼ðùò áíáöÝñáìå êáé óå áõôü, üôáí = ∅ ç Z(∅ ) èåùñåßôáé üôé åßíáé ìéá ôåôñéììÝíç ïìÜäá, åíþ üôáí ôï åßíáé

Ýíá ìïíïóýíïëï, ç Z() ôáõôßæåôáé ìå ôçí ßäéá ôçí Z
64ÅÜí 1 = 2  ôüôå 1 () = 2 ()∀ ∈  ïðüôå ãéá  = 1 ⇒ 1 = 1 (1) = 2 (1)⇒ 2 = 1
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Áðïäåéîç. (i) ¸óôù  ∈ Z() Ãéá êÜèå  ∈  èÝôïõìå  := () ÅðåéäÞ

card(supp())  ∞ ôï Üèñïéóìá
P

∈  åßíáé ðåðåñáóìÝíï (Þôïé äéáèÝôåé

ôï ðïëý ðåðåñáóìÝíïõ ðëÞèïõò ðñïóèåôÝïõò äéÜöïñïõò ôïý 0Z()) êáé ãéá êÜèå
 ∈  éó·ýåéµ P

∈


¶
() =

P
∈

() = ()⇒  =
P
∈



¢ñá ç  ãñÜöåôáé ùò Z-ãñáììéêüò óõíäõáóìüò óôïé·åßùí ôÞò Im() Áò õðïèÝ-
óïõìå üôé ç  åßíáé åêöñÜóéìç êáé ùò  =

P
∈  ãéá êÜðïéïõò  ∈ ZÔüôåP

∈  =
P

∈  ïðüôå ãéá êÜèå  ∈  Ý·ïõìå

0 =
P
∈

( −) () =

½
 − üôáí  = 

0 üôáí  6= 

áð' üðïõ Ýðåôáé üôé  =  ∀ ∈  Óýìöùíá ìå ôçí ðñüôáóç 9.5.5 ç Im()

áðïôåëåß ìéá Z-âÜóç ôÞò Z()
(ii) Ïñßæïõìå ìéá áðåéêüíéóç e : Z() −→  ùò åîÞò65:

e() := P
∈

()() ∀ ∈ Z() (9.57)

ÅðåéäÞ ãéá ôõ·ïýóåò 1 2 ∈ Z() éó·ýåé
e(1 + 2) =

P
∈

(1 + 2) ()() =
P
∈

(1() + 2())()

=
P
∈

1()() +
P
∈

2()() = e(1) + e(2)
Ý·ïõìå e ∈ Hom(Z()) êáé e() = P

∈
()() = () ãéá êÜèå  ∈ 

ïðüôå e ◦  = ÁðïìÝíåé ëïéðüí íá äåé·èåß ç ìïíáäéêüôçôá ôïý e (ìå áõôÞí ôçí
éäéüôçôá). Áò õðïèÝóïõìå üôé õðÜñ·åé e0 ∈Hom(Z()) ìå e0 ◦  =  Ôüôå

 =
P
∈

() ⇒ e0() = P
∈

()e0() = P
∈

()() = e()
ãéá êÜèå  ∈ Z() ïðüôå e0 = e êáé ç áðüäåéîç ëÞãåé åäþ. ¤

9.5.11 Óçìåßùóç. ¸óôù  ∈ N êáé Ýóôù  = {1  } ïéïäÞðïôå óýíïëï ìå
card() =  Ôüôå ç áðåéêüíéóç

Z() 3
P

=1

 7−→ (1  ) ∈ Z := Z⊕ · · ·⊕ Z| {z }
 öïñÝò

áðïôåëåß Ýíáí éóïìïñöéóìü.

9.5.12 Ïñéóìüò. Ìéá áâåëéáíÞ ïìÜäá (+) êáëåßôáé åëåýèåñç áâåëéáíÞ ïìÜäá

üôáí õößóôáôáé êÜðïéï óýíïëï ôÝôïéï þóôå íá éó·ýåé66  ∼= Z()
65Êáé åäþ ôï Üèñïéóìá áõôü åßíáé ðåðåñáóìÝíï, äéüôé card(supp()) ∞

66ÅÜí  ∼= Z() ôüôå Ý·ïõìå || = 1 üôáí  = ∅  || = ℵ0 üôáí ôï óýíïëï  åßíáé ðåðåñáóìÝíï êáé

|| = max{ℵ0card()} üôáí ôï åßíáé Üðåéñï.
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9.5.13 Èåþñçìá. Ãéá ìéá áâåëéáíÞ ïìÜäá (+) ïé áêüëïõèåò óõíèÞêåò åßíáé éóï-
äýíáìåò :

(i) Ç  åßíáé åëåýèåñç áâåëéáíÞ ïìÜäá.

(ii) Ç  äéáèÝôåé ôïõëÜ·éóôïí ìßá Z-âÜóç.

Áðïäåéîç. (i)⇒(ii) Áò õðïèÝóïõìå üôé õößóôáôáé êÜðïéï óýíïëï  ôÝôïéï þóôå

íá éó·ýåé  ∼= Z() ÅÜí  = ∅ ôüôå ç  åßíáé ôåôñéììÝíç Ý·ïõóá (åî ïñéóìïý)

ôï êåíü óýíïëï ùò (ìüíç) Z-âÜóç ôçò. ÅÜí 6= ∅ ôüôå ç åéêüíá Im() ôÞò (9.56)

åßíáé ìéá Z-âÜóç ôÞò Z() ÅðïìÝíùò, ç åéêüíá áõôÞò ìÝóù ïéïõäÞðïôå éóïìïñ-

öéóìïý ìåôáîý ôÞò Z() êáé ôÞò  áðïôåëåß (óýìöùíá ìå ôçí ðñüôáóç 9.5.8) ìéá

Z-âÜóç ôÞò 

(ii)⇒(i)¸óôù ìéáZ-âÜóç ôÞòÅÜí = ∅ ôüôå åßíáé ðñïöáíÝò üôé ∼= Z(∅)
ÅÜí  6= ∅ ôüôå (óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 9.5.10) õðÜñ·åé ìïíïóçìÜ-

íôùò ïñéóìÝíïòe ∈Hom(Z() ) ôÝôïéïò þóôå íá éó·ýåée◦ =  üðïõ  :  → 

ç óõíÞèçò Ýíèåóç. ÅðåéäÞ ç åéêüíá Im(e) ôïýe åßíáé ìéá õðïïìÜäá ôÞò  ðïõ ðå-

ñéÝ·åé ôï  êáé LinZ() =  ç ðñüôáóç 9.5.2 ìáò ðëçñïöïñåß üôé

LinZ() ⊆ Im(e)⇒ Im(e) = 

ïðüôå ïe åßíáé åðéìïñöéóìüò. Áðü ôçí Üëëç ìåñéÜ, åðåéäÞ

e() := P
∈

()() =
P
∈

() ∀ ∈ Z()

(âë. (9.57)), ãéá êÜèå  ∈ Ker(e) ëáìâÜíïõìåP
∈

() = e() = 0 ⇒ [() = 0 ∀ ∈ ]⇒ supp() = ∅⇒  = 0Z() 

äéüôé ôï  åßíáé Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò  ÊáôÜ óõíÝðåéáí,

Ker(e) = {0Z()} êáé ï e åßíáé ìïíïìïñöéóìüò. (Âë. ðñüôáóç 2.4.15.) Ôåëéêþò

ëïéðüí ï e åßíáé éóïìïñöéóìüò êáé, ùò åê ôïýôïõ, ç  åßíáé åëåýèåñç áâåëéáíÞ

ïìÜäá. ¤

9.5.14 Ðüñéóìá. ÅÜí (+) åßíáé áâåëéáíÞ ïìÜäá Ý·ïõóá ôï ⊆ ùò ìéáZ-âÜóç
ôçò, ôüôå  ∼= Z()

9.5.15 Ðüñéóìá. Ãéá ìéá ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá (+) ïé áêüëïõèåò óõí-
èÞêåò åßíáé éóïäýíáìåò :

(i) Ç  åßíáé åëåýèåñç áâåëéáíÞ ïìÜäá.

(ii) ÕðÜñ·åé ∅ 6=  ⊆  ôÝôïéï þóôå ç áðåéêüíéóç Z 3  7−→  ∈ hi íá åßíáé
éóïìïñöéóìüò ãéá êÜèå  ∈  êáé íá éó·ýåé  =

L
∈

åó. hi 

Áðïäåéîç. (i)⇒(ii) ÊáôÜ ôï èåþñçìá 9.5.13 õðÜñ·åé êÜðïéá Z-âÜóç  ôÞò 

ÅðåéäÞ ç  åßíáé ìç ôåôñéììÝíç,  6= ∅ ÊÜèå óôïé·åßï ôÞò  ãñÜöåôáé ùò Z-
ãñáììéêüò óõíäõáóìüò óôïé·åßùí ôïý  (êáé ìÜëéóôá, óýìöùíá ìå ôçí ðñüôáóç
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9.5.5, êáôÜ ôñüðï ìïíïóÞìáíôï), ïðüôå áðü ôç óõíåðáãùãÞ (b)⇒(a) ôïý èåùñÞ-

ìáôïò 7.1.98 Ýðåôáé üôé  =
L
∈

åó. hi. Åðßóçò, ãéá êÜèå  ∈  ç áðåéêüíéóç

Z 3  7−→  ∈ hi åßíáé (ðñïöáíþò) åðéìïñöéóìüò. Ç åíñéðôéêüôçôÜ ôçò Ýðåôáé

Üìåóá áðü ôï ãåãïíüò üôé ôï ìïíïóýíïëï {} åßíáé Z-ãñáììéêþò áíåîÜñôçôï
(ii)⇒(i) Ðñïöáíþò,  =

L
∈

åó. hi ⇒  = hi  ÅðåéäÞ ç Z 3  7−→  ∈ hi
åßíáé éóïìïñöéóìüò, ôï ìïíïóýíïëï {} åßíáé Z-ãñáììéêþò áíåîÜñôçôï ãéá êÜèå
 ∈ ¸óôù {1  } ôõ·üí ðåðåñáóìÝíï õðïóýíïëï ôïýÅÜí 1   ∈ Z
åßíáé ôÝôïéïé, þóôå íá éó·ýåé

P
=1  = 0 ôüôå

P
=1

|{z}
∈hi

= 0 = 0 + · · ·+ 0| {z }
 öïñÝò

 =
L
∈

åó. hi  ∀ ∈ {1  }

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ =⇒
7.1.98 (a)⇒(b)

 = 0∀ ∈ {1  }

ïðüôå = 0 (áöïý ôï {} åßíáéZ-ãñáììéêþò áíåîÜñôçôï) ãéá êÜèå  ∈ {1  }
¢ñá ôï  åßíáé (êáè' ïëïêëçñßáí) Z-ãñáììéêþò áíåîÜñôçôï êáé, êáô' åðÝêôáóç,

ìéá Z-âÜóç ôÞò  ÊáôÜ óõíÝðåéáí, ç  åßíáé åëåýèåñç áâåëéáíÞ ïìÜäá (åê íÝïõ

äõíÜìåé ôïý èåùñÞìáôïò 9.5.13). ¤

9.5.16 Ðüñéóìá. ÊÜèå åëåýèåñç áâåëéáíÞ ïìÜäá óôåñåßôáé óôñÝøåùò.

Áðïäåéîç. ¸óôù (+) ìéá åëåýèåñç áâåëéáíÞ ïìÜäá. Óýìöùíá ìå ôï èåþñçìá
9.5.13 õðÜñ·åé êÜðïéáZ-âÜóç áõôÞò. ÅÜí = ∅ ôüôå ç åßíáé ôåôñéììÝíç êáé
ï éó·õñéóìüò ðñïäÞëùò áëçèÞò. ÅÜí 6= ∅ êáé  ∈  åßíáé Ýíá óôïé·åßï ðåðåñá-
óìÝíçò ôÜîåùò, ôüôå (åî ïñéóìïý) õðÜñ·ïõí  ∈ N êáé1   ∈ Z 1   ∈ 
ìå  =

P
=1   Ðñïöáíþò,

0 = ord() =
P

=1

(ord())

0 = 0 · 1 + · · ·+ 0 · 

⎫⎪⎬⎪⎭ =⇒
9.5.5

ord() = 0 ∀ ∈ {1  }

ïðüôå [ = 0∀ ∈ {1  }]⇒  = 0 ÅðïìÝíùò, tors() = {0} ¤

9.5.17 Óçìåßùóç. Ôï áíôßóôñïöï ôïý ðïñßóìáôïò 9.5.16 äåí åßíáé ðÜíôïôå áëç-

èÝò. Åðß ðáñáäåßãìáôé, ç áâåëéáíÞ ïìÜäá (Q+) óôåñåßôáé óôñÝøåùò áëëÜ äåí

åßíáé åëåýèåñç. (Âë. 9.5.23 (iii).) Ùóôüóï, üðùò èá äïýìå óôï èåþñçìá 9.6.1, åß-

íáé äõíáôüí íá áðïäåé·èåß Ýíá ìåñéêü áíôßóôñïöï áõôïý. Áðü ôçí Üëëç ìåñéÜ,

ôï èåþñçìá 9.5.53 ðåñéãñÜöåé åðáêñéâþò ôï ðüôå ìéá áñéèìÞóéìç áâåëéáíÞ ïìÜäá

·ùñßò óôñÝøç åßíáé åëåýèåñç.

9.5.18 Ðüñéóìá. Äåí õößóôáôáé êáìßá ðåðåñáóìÝíç ìç ôåôñéììÝíç åëåýèåñç áâå-
ëéáíÞ ïìÜäá (êáé, ãåíéêüôåñá, êáìßá ìç ôåôñéììÝíç åëåýèåñç áâåëéáíÞ ïìÜäá
Ý·ïõóá êÜðïéï óôïé·åßï, äéÜöïñï ôïý ïõäåôÝñïõ, ìå ðåðåñáóìÝíç ôÜîç).

9.5.19 ÐáñÜäåéãìá. Ç Üðåéñç áâåëéáíÞ ðçëéêïïìÜäá (QZ+) äåí åßíáé åëåý-

èåñç, äéüôé (üðùò Ý·ïõìå áðïäåßîåé óôï åäÜöéï 4.4.11) åßíáé ðåñéïäéêÞ (= ïìÜäá

óôñÝøåùò).
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9.5.20 Ðñüôáóç. ¸óôù (+) ìéá åëåýèåñç áâåëéáíÞ ïìÜäá. ÅÜí  åßíáé ìéá Z-
âÜóç ôÞò   ⊆  êáé  := h i ç åëåýèåñç õðïïìÜäá ç ðáñáãüìåíç áðü ôï 67
 ôüôå ç ðçëéêïïìÜäá  åßíáé ìéá åëåýèåñç áâåëéáíÞ ïìÜäá Ý·ïõóá ôï óýíïëï
{+| ∈ r } ùò ìéá Z-âÜóç ôçò.
Áðïäåéîç. ÁöÞíåôáé ùò Üóêçóç. ¤

9.5.21 Ðñüôáóç. ¸óôù (+) ìéá åëåýèåñç ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá êáé
Ýóôù ìéá Z-âÜóç áõôÞò. ÅÜí  ∈  êáé  ∈ Zr{0±1} ôüôå @ ∈  :  = 

Áðïäåéîç. Áò õðïèÝóïõìå üôé ∃ ∈  :  =  ÅðåéäÞ  = hi  èá õðÜñ·åé

êÜðïéï ðåðåñáóìÝíï õðïóýíïëï {1  } ôïý  êáé 1  1  ∈ Z
ïýôùò þóôå íá éó·ýåé

 =
P

=1
 êáé  =

P
=1

 

ÅðåéäÞ ∈  êáé = 1· åßíáé ìéáðáñÜóôáóç ôïýùòZ-ãñáììéêïý óõíäõáóìïý
(ôïý ßäéïõ ôïý ) áðü ôçí ðñüôáóç 9.5.5 óõíÜãåôáé üôé ∃• ∈ {1  } :  = 0

ãéá êÜèå  ∈ {1  }r{•} êáé • = 1  = •  ÅðïìÝíùò,

 = ⇒
P

=1
() = • ⇒  = 0∀ ∈ {1  }r{•} êáé • = 1

¼ìùò @• ∈ Z : • = 1 ¢ôïðï! ¤

9.5.22 Ðñüôáóç. ¸óôù (+) ìéá åëåýèåñç ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá êáé
Ýóôù  ∈ r{0}. Ôüôå ôï óýíïëï { ∈ Z|∃0 ∈  :  = 0} åßíáé ðåðåñáóìÝíï.
Áðïäåéîç. ÅðåéäÞ ç  äåí åßíáé ôåôñéììÝíç, õößóôáôáé (åî ïñéóìïý) éóïìïñöé-

óìüò  : 
∼=−→ Z() ãéá êÜðïéï ìç êåíü óýíïëï  ÅÜí () =  = ()∈ 

ôüôå  6= 0Z() êáé, ùò åê ôïýôïõ, õðÜñ·åé êÜðïéïò 0 ∈  ôÝôïéïò þóôå íá éó·ýåé

0 6= 0 Ãéá ïéïíäÞðïôå  ∈ Z ãéá ôïí ïðïßï õðÜñ·åé êÜðïéï 0 ∈ r{0} ìå

 = 0 êáé (0) = 0 = (0)∈  ëáìâÜíïõìå

 = () = (0) = (0) = 0 ⇒ 0 = 00 ⇒  | 0 

ÅðåéäÞ ôï ðëÞèïò ôï áêåñáßùí äéáéñåôþí ôïý ìç ìçäåíéêïý áêåñáßïõ 0 åßíáé

ðåðåñáóìÝíï, ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. ¤

9.5.23 Ðáñáäåßãìáôá. (i) Ðñïöáíþò, ç áâåëéáíÞ ïìÜäá (Z+) åßíáé åëåýèåñç.
(ii) Ãåíéêüôåñá, ç (Z+) åßíáé åëåýèåñç ãéá êÜèå  ∈ N (Âë. 9.5.11.)
(iii) Ç áâåëéáíÞ ïìÜäá (Q+) äåí åßíáé åëåýèåñç. (ÅÜí áõôÞ äéÝèåôå êÜðïéá Z-
âÜóç  êáé  ∈   ∈ Zr{0±1} ôüôå ç åîßóùóç  =  èá åß·å ðÜíôïôå ìßá
ñçôÞ ëýóç  óõãêåêñéìÝíá ôçí  = 

 êÜôé ðïõ èá áíôÝêåéôï óå ü,ôé áðåäåß·èç

óôçí ðñüôáóç 9.5.21.)

67Åßíáé ðñïöáíÝò üôé ôï  áðïôåëåß ìéá Z-âÜóç ôÞò
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(iv) Áðü ôçí Üëëç ìåñéÜ, ç ðïëëáðëáóéáóôéêÞ áâåëéáíÞ ïìÜäá (Q0 ·) åßíáé åëåý-
èåñç, Ý·ïõóá ôï óýíïëï ôùí ðñþôùí áñéèìþí ùò ìéá Z-âÜóç ôçò. (Âë. B.3.10 êáé

9.5.5, êÜíïíôáò ·ñÞóç ôïý ðïëëáðëáóéáóôéêïý óõìâïëéóìïý.)

(v) Ç ðïëëáðëáóéáóôéêÞ áâåëéáíÞ ïìÜäá (R0 ·) äåí åßíáé åëåýèåñç. (ÅÜí áõôÞ

äéÝèåôå êÜðïéá Z-âÜóç  êáé  ∈  ôüôå ç ìÝóù ôïý ðïëëáðëáóéáóôéêïý óõì-

âïëéóìïý åêöñáæüìåíç åîßóùóç 2 =  èá åß·å ðÜíôïôå ìßá èåôéêÞ ðñáãìáôéêÞ

ëýóç  óõãêåêñéìÝíá ôçí  =
√
êÜôé ðïõ èá áíôÝêåéôï óôï ðüñéóìá 9.5.21.)

(vi) Ç áâåëéáíÞ ïìÜäá (Z [X] +) ôùí ðïëõùíýìùí ìéáò áðñïóäéïñßóôïõX ìå áêå-

ñáßïõò óõíôåëåóôÝò (ôáõôéæüìåíç ìå ôçí (Z(N0)+) âë. åä. C.1.17) åßíáé åëåýèåñç.
(ÌÜëéóôá, ùò «óõíçèÝóôåñç» Z-âÜóç ôçò ìðïñåß íá èåùñçèåß ç {X | ∈ N0} )
(vii) ÌÝóù ôÞò ðñïôÜóåùò 9.5.22 áðïäåéêíýåôáé üôé ç (ZN+) äåí åßíáé åëåýèåñç.
(Âë. èåþñçìá 9.5.58.)

9.5.24 Óçìåßùóç. Ãéá ïéïäÞðïôå óýíïëï êáé ãéá ïéïíäÞðïôå ðñþôïí áñéèìü  ç

áâåëéáíÞ ðçëéêïïìÜäá Z()Z() ∼= (ZZ)() ∼= Z() ìðïñåß íá éäùèåß (êáôÜ

ôá ðñáíáöåñèÝíôá óôï åä. 9.1.5) ùò Ýíáò Z-äéáíõóìáôéêüò ·þñïò. ÅðåéäÞ áõôüò

Ý·åé åßôå ôï ∅ (üôáí = ∅) åßôå ôï óýíïëï { +  hi| ∈ } (üôáí 6= ∅) ùò
âÜóç ôïõ (õðü ôç óõíÞèç Ýííïéá), Ý·ïõìå

dimZ(Z()Z()) = card ()  (9.58)

9.5.25 Ðñüôáóç. (Éóïðëçèéêüôçôá Z-âÜóåùí.) ¼ëåò ïé Z-âÜóåéò ìéáò åëåýèåñçò
áâåëéáíÞò ïìÜäáò (+) åßíáé éóïðëçèåßò.

Áðïäåéîç. ¸óôù üôé ïé  åßíáé ôõ·ïýóåò Z-âÜóåéò ôÞò  Ôüôå

Z() ∼=  ∼= Z( ) =⇒
9.1.7

Z() ∼= Z( ) =⇒
4.5.8 (ii)

Z( )Z( ) ∼= Z( )Z( )

Ï ôåëåõôáßïò éóïìïñöéóìüò ïìÜäùí åßíáé êáé éóïìïñöéóìüò Z-äéáíõóìáôéêþí
·þñùí, ïðüôå

card() =
(9.58)

dimZ(Z()Z()) = dimZ(Z( )Z( )) =
(9.58)

card( ) 

¢ñá ïé êáé  åßíáé éóïðëçèåßò. ¤

9.5.26 Ïñéóìüò. («Âáèìßäá» åëåýèåñçò áâåëéáíÞò ïìÜäáò.) Ï ðëçèéêüò áñéè-

ìüò ïéáóäÞðïôå Z-âÜóåùò ìéáò åëåýèåñçò áâåëéáíÞò ïìÜäáò  êáëåßôáé âáèìßäá

ôÞò  êáé óõìâïëßæåôáé ùò rankZ()

9.5.27 Ðáñáäåßãìáôá. (i) Ãéá êÜèå  ∈ N0 Ý·ïõìå rankZ(Z) = 

(ii) Ðñïöáíþò, ç ðïëëáðëáóéáóôéêÞ åëåýèåñç áâåëéáíÞ ïìÜäá (Q0 ·) Ý·åé âáè-
ìßäá rankZ(Q0) = ℵ0 (Âë. 9.5.23 (iv).)
(iii) Ðáñïìïßùò, rankZ(Z [X]) = ℵ0 (Âë. 9.5.23 (vi).)
(iv) rankZ(Z(R)) = c
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9.5.28 ÐáñáôÞñçóç. ¸óôù  ìéá åëåýèåñç áâåëéáíÞ ïìÜäá.

(i) ÅÜí rankZ() =  ∈ N ôüôå Ýíá Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï  ôÞò

 ìå card() =  äåí åßíáé êáô' áíÜãêçí Z-âÜóç áõôÞò! (Ð.·., ôï ìïíïóýíïëï

 = {2} åßíáé Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò (Z+) áëëÜ äåí åßíáé Z-
âÜóç ôçò.)

(ii) ¼ðùò Ý·åé Þäç ðñïáíáöåñèåß (óôï åä. 9.5.7 (i)), åíäÝ·åôáé íá õðÜñ·ïõí óõ-

óôÞìáôá ãåííçôüñùí ôÞò  ôá ïðïßá äåí ðåñéÝ·ïõí Z-âÜóåéò áõôÞò. Ùóôüóï,

åÜí ç  åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç, áò ðïýìå áðü Ýíá õðïóýíïëï  ìå

card() =  ∈ N ôüôå rankZ() ≤ 

9.5.29 Ðñüôáóç. («ÊáèïëéêÞ éäéüôçôá» åëåýèåñùí áâåëéáíþí ïìÜäùí.)

¸óôù 1 ìéá åëåýèåñç ìç ôåôñéììÝíç áâåëéáíÞ ïìÜäá êáé Ýóôù  ìéá Z-âÜóç áõ-
ôÞò. ÅÜí  :  −→ 2 åßíáé ìéá áðåéêüíéóç áðü ôï  óå ìéá ôõ·ïýóá áâåëéáíÞ
ïìÜäá2 ôüôå õðÜñ·åé ìïíïóçìÜíôùò ïñéóìÝíïò  ∈Hom(1 2) ôÝôïéïò þóôå
íá éó·ýåé () = ()∀ ∈  Þôïé  | = 

Áðïäåéîç. ¸óôù ôõ·üí  ∈ 1 Óýìöùíá ìå ôçí ðñüôáóç 9.5.5 ôï  ãñÜöåôáé

êáôÜ ôñüðï ìïíïóÞìáíôï ùò Z-ãñáììéêüò óõíäõáóìüò  =
P

=1  óôïé·åßùí

1   ôïý Ïñßæïõìå ôçí áðåéêüíéóç

 : 1 −→ 2  7−→ () :=
P

=1
()

Åßíáé åýêïëï íá åëåã·èåß üôé ç  åßíáé ïìïìïñöéóìüò êáé üôé  | =  ÁðïìÝíåé
ëïéðüí íá äåé·èåß ç ìïíáäéêüôçôá ôïý  (ìå áõôÞí ôçí éäéüôçôá). Áò õðïèÝóïõìå
üôé õðÜñ·åé  0 ∈Hom(12) ìå 

0| =  Ôüôå

 0() =  0
Ã

P
=1



!
=

P
=1


0() =

P
=1

()

=
P

=1

() = 

Ã
P

=1



!
= ()

ãéá êÜèå  =
P

=1  ∈ 1 ïðüôå 
0 =  êáé ç áðüäåéîç ëÞãåé åäþ. ¤

9.5.30 Ðüñéóìá. ÅÜí12 åßíáé äõï ìç êåíÜ óýíïëá êáé  : 1 −→ 2 ôõ·ïýóá
áðåéêüíéóç, ôüôå éó·ýïõí ôá åîÞò :

(i) ÕðÜñ·åé ìïíïóçìÜíôùò ïñéóìÝíïò  ∈ Hom(Z(1)Z(2)) ïýôùò þóôå ôï áêü-
ëïõèï äéÜãñáììá íá êáèßóôáôáé ìåôáèåôéêü :

Im((1))



²²
©

Â Ä 1 // Z(1)



²²
Im((2))

Â Ä
2

// Z(2)

(Åí ðñïêåéìÝíù, ãéá  = 1 2 ç () :  −→ Z() åßíáé ç Ýíñéøç (9.56) ãéá ôï

   : Im(
()) → Z() ç óõíÞèçò Ýíèåóç êáé  : Im((1)) −→ Im((2)) ç
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áðåéêüíéóç ((1)
 ) := 

(2)

() ∀ ∈ 1)

(ii) ÅÜí ç  åßíáé åíñéðôéêÞ, ôüôå ï  åßíáé ìïíïìïñöéóìüò.

(iii) ÅÜí ç  åßíáé áìöéññéðôéêÞ, ôüôå ï  åßíáé éóïìïñöéóìüò.

Áðïäåéîç. (i) Ï æçôïýìåíïò  ∈Hom(Z(1)Z(2)) ðñïêýðôåé ýóôåñá áðü åöáñ-

ìïãÞ ôÞò ðñïôÜóåùò 9.5.29 (ìå ôéò Z(1)Z(2) óôç èÝóç ôùí1 2 áíôéóôïß·ùò,

ìå ôçí åéêüíá Im((1)) óôç èÝóç ôïý åêåß ðáñáôåèÝíôïò  êáé ìå ôçí 2 ◦  óôç

èÝóç ôÞò åêåß êëçèåßóáò ).

(ii) ÅÜí ç  åßíáé åíñéðôéêÞ êáé  ôõ·üí óôïé·åßï ôïý ðõñÞíá ôïý áíùôÝñù êáôá-

óêåõáóèÝíôïò  ∈Hom(Z(1)Z(2)) ôüôå  =
P

=1 
(1)
 ãéá êÜðïéï ðåðåñá-

óìÝíï õðïóýíïëï {1  } ôïý1 êáé êÜðïéïõò 1   ∈ Z ïðüôå

0Z(2) = () =
P

=1
(

(1)
 ) =

P
=1

(
(1)
 ) =

P
=1


(2)

()
 (9.59)

ÅðåéäÞ () 6= (0) ãéá  0 ∈ {1  } ìå  6= 0 ç (9.59) óå óõíäõáóìü ìå ôç

Z-ãñáììéêÞ áíåîáñôçóßá ôïý Im((2)) äßäåé

[ = 0 ∀ ∈ {1  }]⇒  = 0Z(1) 

(iii) ÅÜí ç åßíáé áìöéññéðôéêÞ, ôüôå êáé ç åßíáé áìöéññéðôéêÞ êáé åê íÝïõ åöáñ-
ìïãÞ ôÞò ðñïôÜóåùò 9.5.29 (ìå ôéò Z(2)Z(1) óôç èÝóç ôùí1 2 áíôéóôïß·ùò,

ìå ôçí åéêüíá Im((2)) óôç èÝóç ôïý åêåß ðáñáôåèÝíôïò êáé ìå ôçí 1 ◦−1 óôç
èÝóç ôÞò åêåß êëçèåßóáò ) ìáò ïäçãåß óôçí êáôáóêåõÞ ìïíïóçìÜíôùò ïñéóìÝíïõ
 0 ∈Hom(Z(2)Z(1)) ìå ôçí éäéüôçôá  0|Im((2)) =  0 ◦ 2 = 1 ◦−1ÅðïìÝíùò,

( 0 ◦ )|Im((1)) =  0 ◦  ◦ 1 =  0 ◦ 2 ◦  = −1 ◦  = idIm((1))

( ◦  0)|Im((2)) =  ◦  0 ◦ 2 =  ◦ 1 ◦ −1 =  ◦ −1 = idIm((2))

ÅðåéäÞ
D
Im((1))

E
= Z(1) êáé

D
Im((2))

E
= Z(2) Ý·ïõìå  0 ◦  = idZ(1) êáé

 ◦  0 = idZ(2)  (Âë. 2.4.9 (ii).) ¢ñá ï  åßíáé éóïìïñöéóìüò êáé  0 = −1 ¤

9.5.31 Èåþñçìá. Ãéá åëåýèåñåò áâåëéáíÝò ïìÜäåò 1 2 éó·ýåé ç áìößðëåõñç óõ-
íåðáãùãÞ:

1 ∼= 2 ⇐⇒ rankZ(1) = rankZ(2)

Áðïäåéîç. ‘‘⇒'' ¸óôù  : 1
∼=−→ 2 Ýíáò éóïìïñöéóìüò. ÅÜí 1 åßíáé ìéá Z-

âÜóç ôÞò 1 ôüôå (óýìöùíá ìå ôçí ðñüôáóç 9.5.8) ç åéêüíá 2 := (1) ôÞò 1

ìÝóù ôïý  áðïôåëåß ìéá Z-âÜóç ôÞò 2 ïðüôå

card(1) = card(2)⇒ rankZ(1) = rankZ(2)

‘‘⇐'' ÅÜí ç êïéíÞ âáèìßäá ôùí 12 åßíáé ßóç ìå ôï 0 ôüôå áìöüôåñåò ïé 12
åßíáé ðñïäÞëùò ôåôñéììÝíåò (êáé, ùò åê ôïýôïõ, éóüìïñöåò). Áò õðïèÝóïõìå üôé ç
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êïéíÞ âáèìßäá ôùí 1 2 åßíáé  0 ÅÜí 1 åßíáé ìéá Z-âÜóç ôÞò 1 ôüôå (óýì-

öùíá ìå ôï ðüñéóìá 9.5.14) 1 ∼= Z(1) êáé rankZ(1) = card(1) ¸óôù 2

ôõ·ïýóá Z-âÜóç ôÞò 2 Åî õðïèÝóåùò,

card(1) = rankZ(1) = rankZ(2) = card(2)

ïðüôå õðÜñ·åé êÜðïéá áìößññéøç  : 1 −→ 2ÊáôÜ ôo ðüñéóìá 9.5.30 õðÜñ·åé

éóïìïñöéóìüò  : Z(1)
∼=−→ Z(2)¢ñá 1 ∼= Z(1)

∼=−→

Z(2) ∼= 2 ¤

9.5.32 Ðüñéóìá. Ãéá êÜèå åëåýèåñç áâåëéáíÞ  ïìÜäá ìå rankZ() =  ∈ N0
Ý·ïõìå  ∼= Z

9.5.33 Ðüñéóìá. ÅÜí 1 2 ∈ N0 ôüôå Z1 ∼= Z2 ⇐⇒ 1 = 2

9.5.34 Ðüñéóìá. ÅÜí 1 2 ∈ N0 êáé1 2 åßíáé åëåýèåñåò áâåëéáíÝò ïìÜäåò âáè-
ìßäáò 1 êáé 2 áíôéóôïß·ùò, ôüôå ç 1 ⊕2 åßíáé åëåýèåñç âáèìßäáò 1 + 2

Áðüäåéîç. Ðñïöáíþò, [1 ∼= Z1 êáé 2 ∼= Z2 ]⇒ 1 ⊕2 ∼= Z1+2  ¤

9.5.35 Èåþñçìá. ÊÜèå áâåëéáíÞ ïìÜäá (+) åßíáé éóüìïñöç ìå ôçí ðçëéêïïìÜäá
Z()/ üðïõ ⊆  åßíáé ïéïäÞðïôå óýóôçìá ãåííçôüñùí ôÞò êáé êáôÜëëçëç
õðïìÜäá ôÞò Z() åîáñôþìåíç áðü áõôü.

Áðïäåéîç. ÅÜí ç åßíáé ôåôñéììÝíç, ôüôå ∼= Z(∅)ÅÜí ç åßíáé ìç ôåôñéììÝíç,

èåùñïýìå ôõ·üí óýóôçìá ãåííçôüñùí68  ôÞò  ¸óôù  :  −→ Z() ç Ýíñéøç

(9.56). Ïñßæïõìå ôçí áðåéêüíéóç

 : Im() −→   7−→ () :=  ∀ ∈ 

ÅðåéäÞ ç åéêüíá Im() ôÞò  áðïôåëåß ìéá Z-âÜóç ôÞò Z() (âë. 9.5.10 (i)), ç ðñü-
ôáóç 9.5.29 ìáò åããõÜôáé ôçí ýðáñîç åíüò êáé ìüíïí  ∈ Hom(Z() ) ïýôùò
þóôå íá éó·ýåé () = () :=  ∀ ∈  ¸óôù ôõ·üí  ∈  Åî ïñéóìïý,
õðÜñ·ïõí  ∈ N êáé 1   ∈ Z 1   ∈  ìå  =

P
=1   Áõôü óçìáß-

íåé üôé



Ã
P

=1



!
=

P
=1

( ) =
P

=1

( ) =
P

=1

 = 

Þôïé üôé ï  åßíáé åðéìïñöéóìüò. ÅðïìÝíùò,  ∼= Z()/ üðïõ  := Ker() (Âë.

èåþñçìá 4.5.2.) ¤

I ÕðïïìÜäåò. Ïé õðïïìÜäåò åëåýèåñùí áâåëéáíþí ïìÜäùí åßíáé ùóáýôùò åëåý-

èåñåò êáé ðåñéãñÜøéìåò (ìÝ·ñéò éóïìïñöéóìïý) ìÝóù ôïý èåùñÞìáôïò 9.5.39.

9.5.36 ËÞììá. Ãéá êÜèå åðéìïñöéóìü  :  −→  áðü ìéá áâåëéáíÞ ïìÜäá  åðß
ìéáò åëåýèåñçò áâåëéáíÞò ïìÜäáò

∃ 0 ∈ Hom() : [ ◦  0 = id êáé  = Ker()⊕åó. Im(
0)]

68Ôï ðëÝïí ðñïöáíÝò (áëëÜ êáôÜ êáíüíá «áíïéêïíüìçôï») óýóôçìá ãåííçôüñùí ôÞò åßíáé ôï = 
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Áðïäåéîç. ¼ôáí ç  åßíáé ôåôñéììÝíç, ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò.

¸óôù üôé {0} @  êáé üôé  åßíáé ìéá Z-âÜóç ôÞò  Åî õðïèÝóåùò, ãéá êÜèå

óôïé·åßï  ∈  õðÜñ·åé êÜðïéï  ∈  ôÝôïéï þóôå íá éó·ýåé () =  Èåù-

ñïýìå ôçí áðåéêüíéóç

 :  −→   7−→ () := 

ÄõíÜìåé ôÞò ðñïôÜóåùò 9.5.29 õðÜñ·åé Ýíáò (êáé ìüíïí)  0 ∈ Hom() ìå ôçí
éäéüôçôá  0() = () :=  ∀ ∈  Ðñïöáíþò,

[( ◦  0)() = () = ∀ ∈ ]⇒  ◦  0 ¯̄

= id =⇒

2.4.9 (ii)
 ◦  0 = id 

Áõôü óçìáßíåé üôé ï  0 åßíáé ìïíïìïñöéóìüò êáé ç áðåéêüíéóç b 0 :  −→ Im( 0)
(ðïõ ðñïêýðôåé ýóôåñá áðü ðåñéïñéóìü ôïý ðåäßïõ ôéìþí ôïý  0 óôçí åéêüíá ôïõ)

åßíáé éóïìïñöéóìüò, Ý·ùí ôïí ðåñéïñéóìü  |Im( 0) : Im( 0)
∼=−→  ôïý  åðß ôÞò

Im( 0) ùò áíôßóôñïöü ôïõ. Áðü ôçí åíñéðôéêüôçôá áõôïý ôïý ðåñéïñéóìïý Ýðåôáé,

éäéáéôÝñùò, üôé

Ker() ∩ Im( 0) = Ker( |Im( 0)) = {0} (9.60)

Áðü ôçí Üëëç ìåñéÜ, ãéá êÜèå  ∈  éó·ýåé

 = ( −  0(()))| {z }
∈ Ker()

+  0(())| {z }
∈Im( 0)

 (9.61)

äéüôé (− 0(())) = ()−( ◦ 0)(()) = ()− id(()) = ()− () = 0 

Áðü ôéò (9.60) êáé (9.61) óõíÜãåôáé üôé  = Ker()⊕åó. Im(
0) ¤

9.5.37 Ðñüôáóç. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá. ÅÜí åßíáé ìéá õðïïìÜäá áõ-
ôÞò, ôÝôïéá þóôå ç áâåëéáíÞ ðçëéêïïìÜäá íá åßíáé åëåýèåñç, ôüôå ç äéáèÝôåé
êÜðïéï óõìðëÞñùìá (âë. 7.6.42 (ii)), Þôïé

∃ ∈ Subg() :  =  ⊕åó. 

Áðïäåéîç. Áñêåß íá åöáñìïóèåß ôï ëÞììá 9.5.36 ãéá ôïí öõóéêü åðéìïñöéóìü

 :  −→  (ìå Ker() = ) êáé íá ôåèåß := Im(()
0) ¤

9.5.38 ÐáñáôÞñçóç. ÅÜí ç  äåí åßíáé åëåýèåñç, ôüôå ç  åíäÝ·åôáé íá ìçí

äéáèÝôåé êáíÝíá óõìðëÞñùìá (áêüìç êáé üôáí ç ßäéá ç  åßíáé åëåýèåñç). Åðß

ðáñáäåßãìáôé, åÜí èåùñÞóïõìå ôçí õðïïìÜäá 2Z ôùí áñôßùí áêåñáßùí ôÞò åëåý-

èåñçò áâåëéáíÞò ïìÜäáò (Z+) êáé õðïèÝóïõìå üôé ∃ ∈ Subg(Z) : Z = 2Z⊕åó.

èá ðñÝðåé íá éó·ýåé  ∼=
7.1.29

Z2Z ∼= Z2 ðñÜãìá áäýíáôï (êáèüóïí êÜèå ìç ôå-

ôñéììÝíç õðïïìÜäá ôÞò (Z+) åßíáé, óýìöùíá ìå ôá ðñïáíáöåñèÝíôá óôï (i) ôÞò

ðñïôÜóåùò 2.2.19, Üðåéñç ).

9.5.39 Èåþñçìá. ÅÜí (+) åßíáé ìéá åëåýèåñç áâåëéáíÞ ïìÜäá, ôüôå éó·ýïõí ôá
åîÞò :

(i) KÜèå ∈ Subg() åßíáé åëåýèåñç êáé rankZ() ≤ rankZ()

(ii) ÊÜèå åëåýèåñç áâåëéáíÞ ïìÜäáZ( ) åðß åíüò óõíüëïõ  ìå card( ) ≤ rankZ()

åßíáé éóüìïñöç ìå ìéá õðïïìÜäá ôÞò 
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Áðïäåéîh toy (i). Ðåñßðôùóç ðñþôç. ÅÜí rankZ() = 0 ôüôå ç  åßíáé ôåôñéì-

ìÝíç êáé äåí äéáèÝôåé Üëëç õðïïìÜäá ðÝñáí ôïý åáõôïý ôçò.

Ðåñßðôùóç äåýôåñç. ÅÜí rankZ() =  ∈ N ôüôå ·ñçóéìïðïéïýìå ìáèçìáôéêÞ

åðáãùãÞ ùò ðñïò ôïí  ÅÜí  = 1 ôüôå ∼= Z êáé êÜèå ∈ Subg() åßíáé∼= Z
ãéá êÜðïéïí  ∈ N0 (Âë. 2.2.19 (i).) ÅðåéäÞ Ý·ïõìå Z ∼= Z∀ ∈ N (âë. ôï (iii) ôïý

åä. 2.4.11), êÜèå ∈ Subg() åßíáé åëåýèåñç âáèìßäáò rankZ() ∈ {0 1}¸óôù

ôþñá üôé  ≥ 2 êáé üôé ï éó·õñéóìüò åßíáé áëçèÞò ãéá üëåò ôéò åëåýèåñåò áâåëéáíÝò

ïìÜäåò âáèìßäáò≤ −1Èåùñïýìå ìéá Z-âÜóç {1  } ôÞò Óýìöùíá ìå ôï

ðüñéóìá 9.5.15,  = h1i⊕åó. · · ·⊕åó. hi  ÈÝôïíôáò

 := h1i⊕åó. · · ·⊕åó. h−1i ∈ Subg()

ðáñáôçñïýìå üôé ç áðåéêüíéóç

 3P
=1  7−→  ∈ hi

(1   ∈ Z) åßíáé åðéìïñöéóìüò Ý·ùí ôçí  ùò ðõñÞíá ôïõ. ¢ñá õößóôáíôáé

éóïìïñöéóìïß


∼=−→

4.5.2
hi êáé hi

∼=−→ Z

P
=1  + 7−→  êáé  7−→ 

¸óôù  ∈ Subg() ÅðåéäÞ rankZ() =  − 1 êáé  :=  ∩ ∈ Subg() ç 

(óýìöùíá ìå ôçí åðáãùãéêÞ õðüèåóç) åßíáé åëåýèåñç âáèìßäáò ≤ − 1 Åðéðñï-
óèÝôùò, o ðõñÞíáò ôïý ðåñéïñéóìïý 



¯̄̄

:  −→  ôïý öõóéêïý åðéìïñöé-

óìïý 

:  −→  åðß ôÞò  åßíáé ç ïìÜäá

Ker
³



¯̄


´
= Ker(


) ∩ =  ∩ = 

ïðüôå ∼=
4.5.2

Im
³



¯̄̄


´
v  ∼= Z üðïõ ç  åßíáé åëåýèåñç âáèìßäáò 1.

ÊáôÜ óõíÝðåéáí, ç ðçëéêïïìÜäá (ïýóá éóüìïñöç ìå êÜðïéá õðïïìÜäá ìéáò

åëåýèåñçò áâåëéáíÞò ïìÜäáò âáèìßäáò 1) åßíáé åëåýèåñç Ý·ïõóá âáèìßäá åßôå 0

åßôå 1 êáé (ìÝóù ôÞò ðñïôÜóåùò 9.5.37)

∃ ∈ Subg() :  =  ⊕åó.  ∼=
7.1.43 (ii)

 ⊕

ÅðåéäÞ ∼=
7.1.29

 ç (ëüãù ôïý ðïñßóìáôïò 9.5.34) åßíáé ùóáýôùò åëåýèåñç,

Ý·ïõóá âáèìßäá rankZ() = rankZ()+ rankZ() ≤ ( − 1) + 1 =  ¢ñá ï

áñ·éêüò éó·õñéóìüò åßíáé áëçèÞò ãéá êÜèå  ≥ 1
Ðåñßðôùóç ôñßôç. ÕðïèÝôïõìå üôé rankZ() ≥ ℵ0. ÅÜí  = {0} ôüôå ç  Ý·åé

ôï ∅ ùò Z-âÜóç ôçò êáé åßíáé åëåýèåñç Ý·ïõóá âáèìßäá 0 ÅÜí {0} 6=  v 

ôüôå èåùñïýìå ìéá Z-âÜóç {|  ∈ } ôÞò  (ìå card() = rankZ()) êáé ãéá êÜèå

õðïóýíïëï  ⊆  èÝôïõìå  := h{ |  ∈ }i êáé  :=  ∩
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Éó·õñéóìüò ðñþôïò. Ç áêüëïõèç ïéêïãÝíåéá ôñéÜäùí åßíáé ìç êåíÞ:

N :=

½
(  0 )

¯̄̄̄
 0 ⊆  ⊆  êáé  :  0 −→  áðåéêüíéóç ôÝôïéá,

þóôå ç {()|  ∈  0} íá åßíáé ìéá Z-âÜóç ôÞò

¾


Áðüäåéîç ðñþôïõ éó·õñéóìïý. ÅðåéäÞ  6= {0} õðÜñ·åé êÜðïéï  ∈ r{0}
Áõôü ãñÜöåôáé ùò Z-ãñáììéêüò óõíäõáóìüò  = 11+ · · ·+ óôïé·åßùí ôÞò

{|  ∈ } (ìå ôïõëÜ·éóôïí Ýíáí åê ôùí óõíôåëåóôþí 6= 0). ÅðïìÝíùò,  ∈  

üðïõ  := {1  } $  Áõôü óçìáßíåé üôé  6= {0} êáé üôé ç  åßíáé ìéá

åëåýèåñç áâåëéáíÞ ïìÜäá Ý·ïõóá âáèìßäá rankZ() ≤   ∞ Óýìöùíá ìå ôá

ðñïáíáöåñèÝíôá óôç äåýôåñç ðåñßðôùóç, ç åßíáé ùóáýôùò åëåýèåñç áâåëéáíÞ

ïìÜäá Ý·ïõóá âáèìßäá

1 ≤ rankZ() =:  ≤ rankZ() ≤  ∞

¸óôù {1  } ìéá Z-âÜóç ôÞò   ÈÝôïíôáò  0 := {1  } ⊆  êáé

 :  0 −→    7−→ () :=  ∀ ∈ {1  }
ðáñáôçñïýìå üôé ç (óõãêåêñéìÝíç) ôñéÜäá (  0 ) áíÞêåé óôçí N

ÅöáñìïãÞ ôïý ëÞììáôïò ôïý Zorn. Ç ïéêïãÝíåéá N 6= ∅ êáèßóôáôáé ìåñéêþò äéá-

ôåôáãìÝíï óýíïëï ùò ðñïò ôçí áêüëïõèç ‘‘¹'':
(  0 ) ¹ (0 )⇐⇒

ïñó
[ ⊆   0 ⊆ 0 êáé |0 = ]

Ãéá êÜèå áëõóßäá ( 
0
 )∈Λ ôïý (N¹) ç ôñéÜäá

¡S
∈Λ 

S
∈Λ 

0
Φ

¢
ìå

Φ|0 =  åßíáé Ýíá Üíù öñÜãìá áõôÞò, ïðüôå ôï (N¹) åßíáé åðáãùãéêþò äéáôå-
ôáãìÝíï. ÄõíÜìåé ôïý ëÞììáôïò A.2.20 ôïý Zorn ôï (N¹) äéáèÝôåé êÜðïéï ìåãé-

óôéêü óôïé·åßï (•  0• •) 

Éó·õñéóìüò äåýôåñïò. • = 

Áðüäåéîç äåýôåñïõ éó·õñéóìïý. Áò õðïèÝóïõìå üôé • $  áò åðéëÝîïõìå Ýíá

• ∈ r• êáé áò èÝóïõìå • := • ∪ {•} ÅÜí • = •  ôüôå éó·ýåé

(•  0• •)
≺
6= (• 

0• •)  êÜôé ðïõ áíôßêåéôáé óôç ìåãéóôéêüôçôá ôÞò ôñéÜäáò

(•  0• •) åíôüò ôÞò N¢ñá• @ • êáé

• (• ∩•)
∼= (• +•)• v •• = h• +•i 

Ç ðçëéêïïìÜäá (• + •)• (ùò ìç ôåôñéììÝíç õðïïìÜäá ìéáò åëåýèåñçò

áâåëéáíÞò ïìÜäáò âáèìßäáò 1) åßíáé åëåýèåñç êõêëéêÞ Ý·ïõóá ôï ìïíïóýíïëï

{• +•} (ãéá êÜðïéïí  ∈ N) ùò ìéá Z-âÜóç ôçò. ÅðéëÝãïíôáò Ýíá  ∈ • 

ôÝôïéï þóôå  = • +  ãéá êÜðïéï  ∈ •  ëáìâÜíïõìå

(• +•)• = h +•i 
Åí óõíå·åßá, èÝôïíôáò 0• :=  0• ∪ {•} êáé ïñßæïíôáò ôçí áðåéêüíéóç

• : 0• −→ •   7−→ •() :=
½

•() üôáí  ∈  0•
 üôáí  = •
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ðáñáôçñïýìå üôé ãéá êÜèå  ∈ • éó·ýåé +• =  +• ãéá êÜðïéïí  ∈ Z
ïðüôå

−  ∈ • ∩ =: •

h{•()|  ∈  0•}i = •

)
⇒ −  = 1•(1) + · · ·+•()

ãéá êÜðïéïõò1  ∈ Z êáé {1  } ⊆  0• ÅðïìÝíùò,

 = •(•) +1•(1) + · · ·+•()⇒ h{•()|  ∈ 0•}i = • 

Áðü ôçí Üëëç ìåñéÜ, áðü êÜèå ó·Ýóç ôÞò ìïñöÞò

0 •(•)| {z }
=

+1•(1) + · · ·+•() = 0 (9.62)

(ãéá êÜðïéïõò01  ∈ Z êáé {• 1  } ⊆ 0•) ðñïêýðôåé üôé

0• = −(0 +1•(1) + · · ·+•())⇒ 0• ∈ • ∩ h•i = {0}

ÅðåéäÞ ôï {|  ∈ } åßíáé Z-âÜóç ôÞò  Ý·ïõìå

0• = 0 ⇒ 0 = 0 =⇒
6=0

0 = 0

ïðüôå

1•(1) + · · ·+•() = 0

êáé ôï {•()|  ∈  0•} åßíáé Z-âÜóç ôÞò•

)
⇒ 1 = · · · =  = 0 (9.63)

Áðü ôéò (9.62) êáé (9.63) óõíÜãåôáé üôé ôï {•()|  ∈ 0•} áðïôåëåß ìéá Z-âÜóç ôÞò

• Áõôü óçìáßíåé üôé (•  0• •)
≺
6= (• 

0
• •)  êÜôé ðïõ áíôßêåéôáé åê íÝïõ óôç

ìåãéóôéêüôçôá ôÞò ôñéÜäáò (•  0• •) åíôüò ôÞòN ¢ôïðï!

ÁðïðåñÜôùóç áðïäåßîåùò. ÅðåéäÞ • =  Ý·ïõìå • =  • =  êáé ôï

{•()|  ∈  0} áðïôåëåß ìéá Z-âÜóç ôÞò  ¢ñá ç  åßíáé åëåýèåñç áâåëéáíÞ

ïìÜäá êáé rankZ() = card( 0) ≤ card() = rankZ()

Áðïäåéîh toy (ii). ¸óôù  Ýíá óýíïëï ìå card( ) ≤ rankZ() êáé Ýóôù  ôõ-

·ïýóá Z-âÜóç ôÞò  ÅðåéäÞ  ∼= Z() Ý·ïõìå
card( ) ≤ rankZ() = card()

ïðüôå õößóôáôáé êÜðïéá Ýíñéøç  :  −→  Óýìöùíá ìå ôï (ii) ôïý ðïñßóìáôïò

9.5.30 ï åðáãüìåíïò ïìïìïñöéóìüò  : Z( ) −→ Z() åßíáé ìïíïìïñöéóìüò, ïðüôå
Z( ) ∼= (Z( )) v Z() ∼=  ¤

9.5.40 ÐáñáôÞñçóç. ÅÜí rankZ() ∈ N êáé rankZ() = rankZ() ãéá êÜðïéá

 ∈ Subg() ôüôå äåí åßíáé áðáñáßôçôï69 íá Ý·ïõìå =  (ðáñÜ ôï ãåãïíüò üôé

 ∼=
9.5.31

). Åðß ðáñáäåßãìáôé, 2Z @ Z ìå 2Z ∼= Z êáé rankZ(2Z) = rankZ(Z) = 1

69ÁíôéèÝôùò, åÜí  åßíáé Ýíáò äéáíõóìáôéêüò ·þñïò ðåðåñáóìÝíçò äéáóôÜóåùò (ïñéóìÝíïò õðåñÜíù åíüò óþìáôïò

 ) êáé  Ýíáò ãñáììéêüò õðü·ùñïò áõôïý, ôÝôïéïò þóôå íá éó·ýåé dim () = dim ( ) ôüôå  = 
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I «Åëåýèåñç = ðñïâïëéêÞ». Ìéá åíäéáöÝñïõóá éêáíÞ êáé áíáãêáßá óõíèÞêç

ãéá íá åßíáé ìéá áâåëéáíÞ ïìÜäá åëåýèåñç äßäåôáé óôï èåþñçìá 9.5.42.

9.5.41 Ïñéóìüò. ËÝìå üôé ìéá áâåëéáíÞ ïìÜäá  åßíáé ðñïâïëéêÞ üôáí ãéá êÜèå

åðéìïñöéóìü áâåëéáíþí ïìÜäùí  :  −→  êáé êÜèå  ∈ Hom() õðÜñ·åé

 ∈Hom() ðïõ êáèéóôÜ ôï áêüëïõèï äéÜãñáììá ìåôáèåôéêü.




~~~
~
~
~



ÃÃ@
@@

@@
@@

ª




// 

9.5.42 Èåþñçìá. (S. Mac Lane, 1950) Ìéá áâåëéáíÞ ïìÜäá åßíáé åëåýèåñç åÜí
êáé ìüíïí åßíáé ðñïâïëéêÞ.

Áðïäåéîç70. Áò õðïèÝóïõìå üôé (+) åßíáé ìéá åëåýèåñç áâåëéáíÞ ïìÜäá,

 :  −→  Ýíáò åðéìïñöéóìüò áâåëéáíþí ïìÜäùí êáé  ∈ Hom()  ÅÜí

ç  åßíáé ôåôñéììÝíç êáé  :  →  ç (0) := 0  ôüôå ðñïöáíþò  ◦  = 

Óôçí ðåñßðôùóç üðïõ ç  åßíáé ìç ôåôñéììÝíç, èåùñïýìå ìéá Z-âÜóç ôçò  ôç

óõíÞèç Ýíèåóç  :  →  êáé ôçí áðåéêüíéóç  :  −→  ôçí ïñéæüìåíç

ùò áêïëïýèùò: ÅÜí  ∈  ôüôå () ∈  êáé, åðåéäÞ ï  åßíáé åðéìïñöéóìüò,

∃ ∈  : () =  ()  ÈÝôïõìå () :=  ÊáôÜ ôçí ðñüôáóç 9.5.29 õðÜñ·åé

Ýíáò (êáé ìüíïí) ïìïìïñöéóìüò  ∈ Hom() ìå  ◦  = ¸óôù  ôõ·üí óôïé-

·åßï ôÞò  ÅðåéäÞ ôï åßíáé Z-âÜóç ôÞò  ôï  ðáñéóôÜôáé (ìïíïóçìÜíôùò) ùò

Z-ãñáììéêüò óõíäõáóìüò

 =
P

=1
 =

P
=1

() ( ∈ N 1   ∈ Z {1  } ⊆ )

ïðüôå

( ◦ ) () = (()) =
P

=1

((())) =
P

=1

(())

=
P

=1

() = 

Ã
P

=1



!
= ()

ÊáôÜ óõíÝðåéáí,  ◦  =  êáé ç  åßíáé ðñïâïëéêÞ.

Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå üôé (+) åßíáé ìéá ðñïâïëéêÞáâåëéáíÞ ïìÜäá,

ôüôå, óýìöùíá ìå ôá ðñïáíáöåñèÝíôá óôçí áðüäåéîç ôïý èåùñÞìáôïò 9.5.35, ãéá

êÜèå óýóôçìá ãåííçôüñùí  êáôáóêåõÜæåôáé åðéìïñöéóìüò  : Z() −→ 

ïðüôå õðÜñ·åé  ∈ Hom(Z()) ðïõ êáèéóôÜ ôï áêüëïõèï äéÜãñáììá ìåôáèå-

ôéêü.




}}z
z
z
z

id

ÂÂ?
???

???
?

ª

Z() 
// 

70Âë. S. Mac Lane: Duality for groups, Bulletin of American Math. Soc. 56 (1950) 485-516
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Áðü ôçí éóüôçôá◦ = id Ýðåôáé üôé ï  åßíáé ìïíïìïñöéóìüò êáé, êáô' åðÝêôáóç,

üôé Ker() = {0} =⇒
4.5.2

 ∼= Im() v Z() ÅðåéäÞ ç Z() åßíáé åëåýèåñç, êáé ç
Im() ∼=  ïöåßëåé íá åßíáé åëåýèåñç ëüãù ôïý (i) ôïý èåùñÞìáôïò 9.5.39. ¤

I «¢óôñåðôç âáèìßäá» êáé ôï èåþñçìá ôïý Pontryagin. Ãåíéêåýïíôáò êáôáë-
ëÞëùò ôçí Ýííïéá ôÞò âáèìßäáò ãéá ôéò (ü·é êáô' áíÜãêçí åëåýèåñåò) áâåëéáíÝò

ïìÜäåò ·ùñßò óôñÝøç Ý·ïõìå ôç äõíáôüôçôá íá äéáôõðþóïõìå êáé íá áðïäåßîïõìå

ôï èåþñçìá 9.5.53 ôïý Pontryagin, ìÝóù ôïý ïðïßïõ äßäåôáé Ýíá åýëçðôï «êñéôÞñéï

åëåõèåñßáò» áñéèìÞóéìùí áâåëéáíþí ïìÜäùí ·ùñßò óôñÝøç.

9.5.43 ËÞììá. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá óôåñïýìåíç óôñÝøåùò êáé Ýóôù
 = ()∈ ⊆  (ìå  6= ∅) Ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò 71:
(i) Ôï åßíáé Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï.
(ii) hi =L

∈
åó. hi 

Áðïäåéîç. (i)⇒(ii) ÅÜí  ∈  êáé  ∈ hi ∩ h{hi|  ∈ r{}}i  ôüôå õðÜñ·åé
 ∈ Z :  =  êáé õðÜñ·åé êÜðïéï ðåðåñáóìÝíï õðïóýíïëï {1  } ôïý

r{} êáé 1    ∈ Z ïýôùò þóôå íá éó·ýåé  =
P

=1   ÅðïìÝíùò, ëüãù

ôÞò ðñïûðïôéèÝìåíçò Z-ãñáììéêÞò áíåîáñôçóßáò ôïý Ý·ïõìå

 +
P
=1

(−) = 0 ⇒  = 1 = · · · =  = 0⇒  = 0

ïðüôå hi =L
∈

åó. hi  (Âë. 7.1.97.)

(ii)⇒(i) ÅÜí, áíôéóôñüöùò, hi =L
∈

åó. hi  ôüôå ôï 0 ∈ hi ãñÜöåôáé ìïíïóç-
ìÜíôùò (ìÝ·ñéò áíáäéáôÜîåùò ôùí äåéêôþí) õðü ôç ìïñöÞ

0 = 11 + · · ·+  (1    ∈ Z)

ãéá êÜðïéïí  ∈ N üðïõ ïé äåßêôåò 1   ∈  åßíáé óáöþò äéáêåêñéìÝíïé. (Âë.

7.1.98 (iii).) ÅðåéäÞ 0 = 0 + · · ·+ 0| {z }
 öïñÝò

 ëáìâÜíïõìå

11 = · · · =  = 0

1 6= 0  6= 0
tors() = {0}

⎫⎪⎪⎬⎪⎪⎭⇒ 1 = · · · =  = 0

ïðüôå ôï åßíáé üíôùò Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò  ¤

9.5.44 ËÞììá. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá óôåñïýìåíç óôñÝøåùò. ÅÜí áõôÞ
äéáèÝôåé Ýíá ðåðåñáóìÝíï ìåãéóôéêü Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï  ôüôå
card( ) ≤ card() ãéá ïéïäÞðïôå Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëü ôçò 
71Ç ðñïûðüèåóç ‘‘tors() = {0}'' áðáéôåßôáé ìüíïí ãéá ôçí áðüäåéîç ôÞò óõíåðáãùãÞò ‘‘(ii)⇒(i)''.
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Áðïäåéîç. ¸óôù üôé  = {1  } êáé üôé  = ()∈ åßíáé Ýíá Z-ãñáììéêþò
áíåîÜñôçôï õðïóýíïëï ôÞò  (ìå card( ) = card()). Èåùñïýìå ôõ·üí  ∈ 

Ëüãù ôÞò Z-ãñáììéêÞò áíåîáñôçóßáò ôïý  Ý·ïõìå  6= 0 ÅÜí ôï  äåí áíÞêåé
óôï ôüôå ôï ∪ {} åßíáé Z-ãñáììéêþò åîáñôçìÝíï, ïðüôå

 +
P

=1
 = 0 ⇒  =

P
=1

(−) ∈ hi 

ãéá êÜðïéïõò  1   ∈ Z ìå ôïõëÜ·éóôïí Ýíáí åî áõôþí 6= 0Ìåôáîý åêåßíùí

ôùí óõíôåëåóôþí ðïõ åßíáé 6= 0 óõãêáôáëÝãåôáé72 ï  ÈÝôïíôáò ëïéðüí

 :=

⎧⎨⎩
1 üôáí  ∈ 

 üôáí  ∈ 

ëáìâÜíïõìå  ∈ hi ìå  6= 0 (áöïý tors() = {0}) ãéá êÜèå  ∈  To

{|  ∈ } åßíáé Z-ãñáììéêþò áíåîÜñôçôï73, ïðüôåL
∈

åó. hi = h{|  ∈ }i v hi = L
1≤≤

åó. hi 

(Âë. ëÞììá 9.5.43.) ÊáèÝíá åê ôùí   ∈  1   (ùò ìç ìçäåíéêü óôïé·åßï

ìéáò áâåëéáíÞò ïìÜäáò ·ùñßò óôñÝøç) Ý·åé Üðåéñç ôÜîç, ïðüôå ðáñÜãåé ìéá Üðåéñç

êõêëéêÞ ïìÜäá (∼= Z). ÊáôÜ óõíÝðåéáí, ç åëåýèåñç ïìÜäá74 hi ∼= Z Ý·åé ôçí

h{|  ∈ }i ∼= Zcard() ùò õðïïìÜäá ôçò, áð' üðïõ Ýðåôáé üôé card() ≤  (Âë.

ôï (i) ôïý èåùñÞìáôïò 9.5.39.) ¤
Ãéá ôçí åîÝôáóç ôïý ôé óõìâáßíåé óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ôï ìåãéóôéêü Z-
ãñáììéêþò áíåîÜñôçôï õðïóýíïëï áíáöïñÜò ìáò åßíáé Üðåéñï, ðñïôÜóóïõìå äýï
óôïé·åéþäç ëÞììáôá áðü ôç Èåùñßá Óõíüëùí.

9.5.45 ËÞììá. ÅÜí ôï  åßíáé Ýíá áðåéñïóýíïëï, ôüôå card(×) = card() êáé,
ãåíéêüôåñá, card() = card() ãéá êÜèå  ∈ N

9.5.46 ËÞììá. ÅÜí ôá  åßíáé äõï áðåéñïóýíïëá, ôüôå

(card() card() :=) card(×) = max{card() card()}
Áðïäåéîç. Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé éó·ýåé75

card() ≤ card() Ðñïöáíþò,

card() ≤ card(×) ≤ card( ×) =
9.5.45

card()

72ÅÜí  = 0 ôüôå èá Ýðñåðå íá éó·ýåé 1 = · · · =  = 0 ëüãù ôÞò Z-ãñáììéêÞò áíåîáñôçóßáò ôïý
73ÐñÜãìáôé° ãéá ïéïäÞðïôå ðåðåñáóìÝíï óýíïëï äåéêôþí {1  } ⊆  êáé 1   ∈ Z ãéá ôïõò ïðïßïõò

éó·ýåé
P
=1

  = 0 ëáìâÜíïõìå 11 = · · · =  = 0 (ëüãù ôÞò Z-ãñáììéêÞò áíåîáñôçóßáò ôïý  )

êáé, êáô' åðÝêôáóç, 1 = · · · =  = 0 äéüôé  6= 0 ∀ ∈ {1 }
74Ç ïìÜäá hi åßíáé åëåýèåñç, äéüôé äéáèÝôåé ôï ùò ìéá Z-âÜóç ôçò. (Âë. èåþñçìá 9.5.13.)

75Ãéá ôõ·üíôá óýíïëá  éó·ýåé åßôå card() ≤ card() åßôå card() ≤ card() (Ôïýôï áðïäåéêíýåôáé óôç
Èåùñßá Óõíüëùí ìå ôç âïÞèåéá ôïý ëÞììáôïò A.2.20 ôïý Zorn.)
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ÌÝóù áõôþí êáôáëÞãïõìå óôçí éóüôçôá card(×) = card() (äõíÜìåé ôïý èåù-

ñÞìáôïò ôùí Schrder êáé Bernstein76). ¤

9.5.47 ËÞììá. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá óôåñïýìåíç óôñÝøåùò. ÅÜí áõôÞ
äéáèÝôåé Ýíá Üðåéñï ìåãéóôéêü Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï  ôüôå éó·ýåé
ç éóüôçôá card() = || 
Áðïäåéîç. ÅÜí  = ()∈ ⊆  åßíáé Ýíá Üðåéñï ìåãéóôéêü Z-ãñáììéêþò áíå-
îÜñôçôï õðïóýíïëï (ìå card() = card()), ôüôå ãéá êÜèå  ∈ r{0} õðÜñ·ïõí
() 1()  () ∈ Zr{0} êáé äåßêôåò 1()  () ∈  (ãéá êÜðïéïí  ∈ N),
ïýôùò þóôå íá éó·ýåé

0 6= () = 1()1() + · · ·+ ()() (9.64)

ÐñÜãìáôé° åÜí  =  ∈  (ãéá êÜðïéï  ∈ ), ôüôå áñêåß íá èÝóïõìå () := 1

 := 1 1() := 1 êáé 1 :=  ÅÜí  ∈  ôüôå ôï ∪ {} åßíáé Z-ãñáììéêþò åîáñ-
ôçìÝíï, ïðüôå õðÜñ·åé êÜðïéïò Z-ãñáììéêüò óõíäõáóìüò ôïý  êáé ôùí óôïé·åßùí
êÜðïéïõ ðåðåñáóìÝíïõ õðïóõíüëïõ  0 ôïý  ðïõ éóïýôáé ìå ôï 0 ìå ôïõëÜ·é-

óôïí Ýíáí åê ôùí óõíôåëåóôþí 6= 0 Ìåôáîý åêåßíùí ôùí óõíôåëåóôþí ðïõ åßíáé

6= 0 óõãêáôáëÝãåôáé (ëüãù ôÞò Z-ãñáììéêÞò áíåîáñôçóßáò ôïý ) ï óõíôåëåóôÞò

ôïý  (ôïí ïðïßï êáëïýìå ()). ÅðåéäÞ tors() = {0} ⇒ () 6= 0 ôïõëÜ-

·éóôïí Ýíáò åê ôùí óõíôåëåóôþí ôùí óôïé·åßùí ôïý  0 ïöåßëåé íá åßíáé 6= 0 ÅÜí

êñáôÞóïõìå ìüíïí åêåßíá ôá óôïé·åßá ôïý  0 ðïõ åìöáíßæïíôáé ìå óõíôåëåóôÝò

6= 0 (êáëþíôáò ôá 1()  ()) êáôáëÞãïõìå óôçí (9.64). Åí óõíå·åßá, ðáñá-

ôçñïýìå üôé ãéá êÜèå  ∈ N ôï óýíïëïA := {}× (Zr{0})+1×  Ý·åé ðëçèéêü

áñéèìü

card(A) = card((Zr{0})+1) card()
=

9.5.45
card(Zr{0}) card() = ℵ0 card() =

9.5.46
card()

äéüôé (åî õðïèÝóåùò) card() ≥ ℵ0 ÌÝóù ôùí óõíôåëåóôþí êáé ôùí äåéêôþí ôùí

åìöáíéæïìÝíùí óôçí (9.64) êáôáóêåõÜæåôáé ç áðåéêüíéóç

 : r{0} −→
S
∈N

A

µ
=

̀∈N
A

¶


 7−→ () := ( (() 1()  ()) (1()  ())) ∈ A

ÁõôÞ åßíáé åíñéðôéêÞ, äéüôé åÜí éó·ýåé () = (0) ôüôå () = (0) êáé

()( − 0) = 0

tors() = {0}

)
⇒  = 0

76Èåþñçìá ôùí Schr−der êáé Bernstein: Ãéá ôõ·üíôá óýíïëá éó·ýåé ç áêüëïõèç óõíåðáãùãÞ:

[card() ≤ card() êáé card() ≤ card()] =⇒ card() = card()
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ÊáôÜ óõíÝðåéáí,

|| = card(r{0}) ≤ ℵ0 (ℵ0 card()) = ℵ0 card() = card()

Áðü ôçí Üëëç ìåñéÜ, åßíáé ðñïöáíÝò üôé card() ≤ ||  ¢ñá card() = || (äõíÜ-
ìåé ôïý èåùñÞìáôïò ôùí Schrder êáé Bernstein). ¤

9.5.48 Ðñüôáóç. ÅÜí (+) åßíáé ìéá áâåëéáíÞ ïìÜäá óôåñïýìåíç óôñÝøåùò, ôüôå
üëá ôá ìåãéóôéêÜ Z-ãñáììéêþò áíåîÜñôçôá õðïóýíïëÜ ôçò åßíáé éóïðëçèÞ.

Áðïäåéîç. Ôçí ýðáñîç ìåãéóôéêþí Z-ãñáììéêþò áíåîáñôÞôùí õðïóõíüëùí ôÞò

 ôçí åããõÜôáé ç ðñüôáóç 9.5.4. Áò õðïèÝóïõìå üôé ç åßíáé ìç ôåôñéììÝíç77 êáé

üôé åßíáé äõï ìåãéóôéêÜ Z-ãñáììéêþò áíåîÜñôçôá õðïóýíïëÜ ôçò.

Ðåñßðôùóç ðñþôç. ÅÜí ôï  åßíáé ðåðåñáóìÝíï, ôüôå ôï ëÞììá 9.5.44 ìáò ðëç-

ñïöïñåß üôé ôï  ïöåßëåé íá åßíáé ùóáýôùò ðåðåñáóìÝíï ìå card( ) ≤ card()

Ëüãù ôÞò ìåãéóôéêüôçôáò ôïý  Ý·ïõìå ôï äéêáßùìá åíáëëáãÞò ôùí ñüëùí ôùí

êáé ÅðïìÝíùò, card() ≤ card( )Áðü ôï èåþñçìá ôùí Schrder êáé Bernstein

Ýðåôáé üôé card() = card( )

Ðåñßðôùóç äåýôåñç. ÅÜí ôï  åßíáé Üðåéñï, ôüôå ôï  ïöåßëåé íá åßíáé ùóáýôùò

Üðåéñï78, ïðüôå card() = || = card( ) äõíÜìåé ôïý ëÞììáôïò 9.5.47. ¤

9.5.49 Ïñéóìüò. (i) Ï ðëçèéêüò áñéèìüò ïéïõäÞðïôå ìåãéóôéêïýZ-ãñáììéêþò áíå-
îáñôÞôïõ õðïóõíüëïõ ìéáò áâåëéáíÞò ïìÜäáò (+) óôåñïýìåíçò óôñÝøåùò êá-

ëåßôáé Üóôñåðôç âáèìßäá ôÞò  êáé óõìâïëßæåôáé ùò tf-rankZ()

(ii) Ãåíéêüôåñá, ãéá ôõ·ïýóá áâåëéáíÞ ïìÜäá (+) ç Üóôñåðôç âáèìßäá ïñßæåôáé

ùò åîÞò: tf-rankZ() := tf-rankZ(tors())

9.5.50 ÐáñáôÞñçóç. Ôá êÜôùèé åßíáé Üìåóá åðáêüëïõèá ôïý ïñéóìïý 9.5.49.

(i) tf-rankZ() ≤ tf-rankZ() ∀ ∈ Subg()
(ii) ÅÜí ç  åßíáé åëåýèåñç, ôüôå tf-rankZ() = rankZ()

(iii) tf-rankZ() = 0⇔ ç  åßíáé79 ïìÜäá óôñÝøåùò.

9.5.51 ÐáñÜäåéãìá. ÅÜí 1
1
 22 ∈ Q (1 2 ∈ Z 1 2 ∈ Zr{0}), ôüôå

21

µ
1
1

¶
+ (−12)

µ
2
2

¶
= 0

ïðüôå ç (ìç åëåýèåñç) (Q+) Ý·åé Üóôñåðôç âáèìßäá tf-rankZ(Q) = 1

9.5.52 ËÞììá. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá. ÅÜí v  ôüôå

tf-rankZ() = tf-rankZ() + tf-rankZ()

77ÅÜí ç åßíáé ôåôñéììÝíç, ôüôå ôï ìüíï Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëü ôçò åßíáé ôï êåíü.

78ÅÜí ôï  Þôáí ðåðåñáóìÝíï, ôüôå êáé ôï èá Þôáí ðåðåñáóìÝíï (êáèþò èá åìðßðôáìå óôçí ðñþôç ðåñßðôùóç).

79ÉäéáéôÝñùò, åÜí ç óôåñåßôáé óôñÝøåùò, ôüôå tf-rankZ() = 0⇔ ç åßíáé ôåôñéììÝíç.
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Áðïäåéîç. ÁöÞíåôáé ùò Üóêçóç. ¤

9.5.53 Èåþñçìá. (L.S. Pontryagin, 1934) ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá óôå-
ñïýìåíç óôñÝøåùò. ÅÜí || = ℵ0 ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò 80:
(i) Ç  åßíáé åëåýèåñç.

(ii) ÊÜèå õðïïìÜäá ôÞò  Ý·ïõóá ðåðåñáóìÝíç Üóôñåðôç âáèìßäá åßíáé åëåýèåñç.

Áðïäåéîç. (i)⇒(ii) Ôïýôï åßíáé ðñïöáíÝò ëüãù ôïý 9.5.39 (i).

(ii)⇒(i) Ðñïöáíþò, tf-rankZ() ≤ || = ℵ0 ÅÜí ç Üóôñåðôç âáèìßäá ôÞò 

åßíáé ðåðåñáóìÝíç, ôüôå ç  åßíáé (åê ôÞò õðïèÝóåþò ìáò) åëåýèåñç. Ãé' áõôüí

ôïí ëüãï èá õðïèÝóïõìå (áðü åäþ êáé óôï åîÞò ) üôé tf-rankZ() = ℵ0 ¸óôù

{1 2   +1 } Ýíá (êáô' áíÜãêçí áñéèìÞóéìï ) ìåãéóôéêü Z-ãñáììéêþò
áíåîÜñôçôï õðïóýíïëï ôÞò  ÈÝôïõìå 0 := {0} êáé

 := { ∈ |∃ ∈ N :  ∈ h1  i}  ∀ ∈ N

Åßíáé Üìåóïò ï Ýëåã·ïò ôïý üôé  @ +1 ãéá êÜèå  ∈ N0 êáèþò êáé ôïý üôé
 =

S
∈N0  (ëüãù ôÞò ìåãéóôéêüôçôáò ôïý {1 2   +1 }) Ç ïìÜäá

1 := { ∈ |∃ ∈ N :  ∈ h1i} Ý·åé Üóôñåðôç âáèìßäá81 tf-rankZ(1) = 1
ïðüôå (ëüãù ôÞò ðñïûðïôéèÝìåíçò óõíèÞêçò (ii)) åßíáé åëåýèåñç áâåëéáíÞ ïìÜäá
ìå rankZ(1) = 1 ⇒ 1 ∼= Z ÅîÜëëïõ, åßíáé åýêïëï íá åëåã·èåß åðáãùãéêþò82

üôé tf-rankZ() =  áð' üðïõ Ýðåôáé (åê ôÞò õðïèÝóåþò ìáò) üôé ç  åßíáé åëåý-
èåñç âáèìßäáò  (êáé, éäéáéôÝñùò, ðåðåñáóìÝíùò ðáñáãüìåíç) ãéá êÜèå  ∈ NÔï
ëÞììá 9.5.52 äßäåé

 + 1 = tf-rankZ(+1) = tf-rankZ(+1) + tf-rankZ()

= tf-rankZ(+1) + ⇒ tf-rankZ(+1) = 1 ∀ ∈ N

Áðü ôçí Üëëç ìåñéÜ, ç ðçëéêïïìÜäá  óôåñåßôáé óôñÝøåùò83 êáé Ý·åé ôÜîç84

|| = ℵ0Ç õðïïìÜäá+1 v  (ùò ðåðåñáóìÝíùò ðáñáãüìåíç êáé

óôåñïýìåíç óôñÝøåùò) åßíáé åëåýèåñç85. ¢ñá

rankZ(+1) = tf-rankZ(+1) = 1⇒ +1
∼= Z ∀ ∈ N

80Âë. L.S. Pontryagin: The theory of topological commutative groups, Annals of Mathematics 35 (1934) 361-388

81Ç1 äåí åßíáé ôåôñéììÝíç, äéüôé 0 6= 1 ∈ 1 ÅÜí  
0 ∈ 1 ôüôå õðÜñ·ïõí0  0 ∈ N ôÝôïéïé þóôå

íá éó·ýåé = 1 êáé00 = 01 ïðüôå (0)− (0)0 = (0)1 − (0)1 = 0

82¸óôù  ∈ NÏéáäÞðïôå + 2 óôïé·åßá ôÞò+1 åßíáé Z-ãñáììéêþò åîáñôçìÝíá. ¢ñá tf-rankZ(+1) ≤ +1
ÅðåéäÞ  @ +1 êáé (áðü ôçí åðáãùãéêÞ õðüèåóç) tf-rankZ() =  Ý·ïõìå tf-rankZ(+1)∈ {  + 1} 
Ç áðüäåéîç ôïý üôé tf-rankZ(+1) 6=  áöÞíåôáé ùò Üóêçóç.

83¸óôù  + ∈  ( ∈ ) ôõ·üí óôïé·åßï ðåðåñáóìÝíçò ôÜîåùò. Ôüôå ∃ ∈ N :  ( +) =  ïðüôå
  ∈  ÅðïìÝíùò, ∃ ∈ N 1   ∈ N :   = 11 + · · · +  ⇒  ∈  áð' üðïõ Ýðåôáé üôé

 + =  = 0  ÊáôÜ óõíÝðåéáí, tors() = {0}
84Ç åðéññéðôéêüôçôá ôÞò 

:  −→  äßäåé ℵ0 = || ≥ ||  ÅÜí ç  Þôáí ðåðåñáóìÝíç, ôüôå

èá Þôáí ôåôñéììÝíç (áöïý óôåñåßôáé óôñÝøåùò), ïðüôå èá åß·áìå = 
∼= Z ⇒ tf-rankZ() = rankZ() = 

ðñÜãìá áäýíáôï, äéüôé Ý·ïõìå ðñïûðïèÝóåé üôé tf-rankZ() = ℵ0
85Ãéá ôéò áðïäåßîåéò (óå ðëÞñç ãåíéêüôçôá) ôïý üôé êÜèå ðçëéêïïìÜäá ðåðåñáóìÝíùò ðáñáãüìåíçò ïìÜäáò åßíáé ðå-
ðåñáóìÝíùò ðáñáãüìåíç êáé ôïý üôé êÜèå ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá ðïõ äåí äéáèÝôåé óôñÝøç åßíáé
åëåýèåñç, âë. ëÞììá 9.6.3 êáé èåþñçìá 9.6.1.
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Óýìöùíá ìå ôçí ðñüôáóç 9.5.37, ∃+1 ∈ Subg(+1) : +1 =  ⊕+1 ìå

+1
∼= Z ¸óôù 1 Ýíáò ãåííÞôïñáò ôÞò 1 êáé +1 Ýíáò ãåííÞôïñáò ôÞò +1

ãéá êÜèå  ∈ N Ôüôå ôï óýíïëï {1 2   +1 } áðïôåëåß ìéá Z-âÜóç ôÞò

ÐñÜãìáôé° åÜí õðÞñ·áí 1   ∈ Z ìå

P
=1

 = 0 êáé  6= 0 ãéá êÜðïéïí  ∈ N

ôüôå èá Ýðñåðå íá éó·ýåé  + −1 =  ( +−1) = −1 êÜôé ðïõ åßíáé

áäýíáôïí (áöïý ç −1 åßíáé Üðåéñç êõêëéêÞ Ý·ïõóá ôï  + −1 ùò ãåí-

íÞôïñÜ ôçò). ¢ñá ôï {1 2   +1 } åßíáé Z-ãñáììéêþò áíåîÜñôçôï. Åðé-
ðñïóèÝôùò,  = h1 2  i (åðáãùãéêþò, ãéá êÜèå  ∈ N) êáé, ùò åê ôïýôïõ,

 =
L
∈N

åó. hi  Ôåëéêþò ëïéðüí ç  åßíáé åëåýèåñç áâåëéáíÞ ïìÜäá (äõíÜìåé ôïý

èåùñÞìáôïò 9.5.13). ¤
¼ðùò äåß·íåé ôï èåþñçìá 9.5.60 ôùí Baer êáé Specker ðïõ áêïëïõèåß, ôï èåþñçìá

9.5.53 ôïý Pontryagin ðáýåé íá éó·ýåé ãéá ïìÜäåò ìå (áêüìç) ìåãáëýôåñåò ôÜîåéò.

Ôá áðïôåëÝóìáôá ôùí Baer êáé Specker âáóßæïíôáé óôç ìåëÝôç ôùí éäéïôÞôùí ôÞò

áâåëéáíÞò ïìÜäáò86 (ZN+) (Þôïé ôïý áðåñéïñßóôïõ åîùôåñéêïý åõèÝïò áèñïßóìá-
ôïò áñéèìçóßìùí áíôéôýðùí ôÞò (Z+)).

9.5.54 Óçìåßùóç. ÅðåéäÞ êÜèå óôïé·åßï  = ()∈N ôÞò ZN äåí åßíáé ðáñÜ ìéá

áêïëïõèßá áêåñáßùí áñéèìþí, åßèéóôáé íá ãñÜöïõìå

 = (1 2   +1 )

ìå ôï  Ý·ïí ôïí  ùò «-ïóôÞ óõíôåôáãìÝíç ôïõ» ãéá êÜèå  ∈ N

9.5.55 Ïñéóìüò. ËÝìå üôé Ýíá óôïé·åßï  = (1   +1 ) ôÞò ZN åßíáé ìéá

ðïëëáðëáóéáóôéêÞ áêïëïõèßá üôáí87
+1

∈ Zr{±1} ãéá êÜèå  ∈ N êáé óõìâï-

ëßæïõìå ôï óýíïëï üëùí ôùí ðïëëáðëáóéáóôéêþí áêïëïõèéþí ðïõ áíÞêïõí óôçí

ZN ùòMS(ZN)

9.5.56 Ðáñáäåßãìáôá. Ïé (1! 2!  ! (+1)! ) êáé (2 4 8  2 2+1 ) åßíáé

ðïëëáðëáóéáóôéêÝò áêïëïõèßåò.

9.5.57 ËÞììá. Ôï óýíïëï MS(ZN) åßíáé õðåñáñéèìÞóéìï.

Áðïäåéîç. Ôï óýíïëï B :=
©
(1   +1 ) ∈ ZN : ||  1 ∀ ∈ N

ª
åßíáé

õðåñáñéèìÞóéìï88. ÅðåéäÞ ç áðåéêüíéóç

B 3 (1 2   ) 7−→ (1 12 
Q
=1

  ) ∈MS(ZN)

åßíáé åíñéðôéêÞ, Ý·ïõìå ℵ0  card(B) ≤ card(MS(ZN)) ¤
86Ðñâë. S. Schrer: Baer' result: The infinite product of the integers has no bases, The AmericanMathematical Monthly
115 (2008) 660-663
87Åî áõôÞò ôÞò óõíèÞêçò Ýðåôáé, éäéáéôÝñùò, üôé  6= 0∀ ∈ N
88Ð.·., {2 3}N ⊆ B êáé card({2 3}N) = 2ℵ0  ℵ0
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9.5.58 Èåþñçìá. Ç áâåëéáíÞ ïìÜäá (ZN+) (ôÜîåùò
¯̄
ZN
¯̄
= ℵℵ00  ℵ0) äåí åßíáé

åëåýèåñç.

Áðïäåéîç. Èá åñãáóèïýìå ìå «åéò Üôïðïí áðáãùãÞ». Áò õðïèÝóïõìå üôé ç ZN
åßíáé åëåýèåñç. Ôüôå áõôÞ (óýìöùíá ìå ôï èåþñçìá 9.5.13) äéáèÝôåé êÜðïéá Z-
âÜóç  (êáé ZN ∼= Z()). ÌÜëéóôá, åðåéäÞ ç ßäéá ç ZN åßíáé õðåñáñéèìÞóéìç êáé

óôåñåßôáé óôñÝøåùò (âë. 9.4.10), Ý·ïõìå card() =
¯̄
ZN
¯̄
 ïðüôå êáé ôï  åßíáé

õðåñáñéèìÞóéìï. (Âë. ëÞììá 9.5.47.) ¸óôù  : ZN
∼=−→ Z() Ýíáò éóïìïñöéóìüò

êáé Ýóôù  := (0 0  0 1|{z}
-ïóôÞ èÝóç

 0 0 ) ãéá êÜèå  ∈ NÇ åéêüíá () ôïý 

ìÝóù ôïý  ãñÜöåôáé ùò Z-ãñáììéêüò óõíäõáóìüò () =
P

∈   ∈ Z
üðïõ ôï  := { ∈ |  6= 0} åßíáé ðåðåñáóìÝíï ãéá êÜèå  ∈ N ÈÝôïíôáò

 :=
S
∈N  êáé  := h i ðáñáôçñïýìå üôé ç ðçëéêïïïìÜäá Z() åßíáé

åëåýèåñç Ý·ïõóá (êáôÜ ôçí ðñüôáóç 9.5.20) ôï {+| ∈ r }ùò ìéá Z-âÜóç
ôçò, ìå89

card()  ℵ0
card( ) = ℵ0

)
⇒ card(r )  ℵ0 ⇒

¯̄̄
Z()

¯̄̄
 ℵ0

êáé (Z(N)) v  (äéüôé éó·ýåéZ(N) = h{| ∈ N}i êáé () ∈ ∀ ∈ N). Åí óõ-
íå·åßá, ðáñáôçñïýìå üôé õðÜñ·åé ðÜíôïôå êÜðïéá ðïëëáðëáóéáóôéêÞ áêïëïõèßá

∗ = (∗1  
∗
 
∗
+1 ) ∈MS(ZN) ìå (∗) ∈  (⇔ (∗) + 6= ), äéüôé

|| = ℵ0 êáé card((MS(ZN))) = card(MS(ZN)) 
9.5.57

ℵ0

ÅðåéäÞ (Z(N)) v  ôï () := (
P

=1 
∗
) = (∗1  ∗ 0 0  0 ) åßíáé

Ýíá óôïé·åßï ôÞò ãéá êÜèå  ∈ N ÅðåéäÞ ãéá ôï

() := (0 0  0 0| {z }
 öïñÝò


∗+1
∗


∗+2
∗


∗+3
∗

 ) ∈ Z()

⇒ ∗() = (0 0  0 0| {z }
 öïñÝò

 ∗+1 
∗
+2 

∗
+3 )

Ý·ïõìå ∗() = (∗)− () ∈ (∗) + ⇒ (∗) + = ∗(() +) ãéá êÜèå
 ∈ N ôï óýíïëïn

 ∈ Z|∃ + ∈ Z()  ∈ Z() : (∗) + = ( +)
o

äåí åßíáé ðåðåñáóìÝíï. Ôïýôï áíôßêåéôáé óå ü,ôé áðåäåß·èç óôçí ðñüôáóç 9.5.22

(ìå ôçí Z() óôç èÝóç ôÞò åêåß ðáñáôåèåßóáò ). ¢ñá ç Z() êáé, êáô'

åðÝêôáóç, ç ZN äåí åßíáé åëåýèåñç. ¤
89ÓçìåéùôÝïí üôé ôï  åßíáé áñéèìÞóéìï ùò Ýíùóç áñéèìçóßìïõ ðëÞèïõò ðåðåñáóìÝíùí óõíüëùí. (Ùò åê ôïýôïõ, êáé

ç åëåýèåñç ïìÜäá ∼= Z( ) åßíáé áñéèìÞóéìç.)
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9.5.59 Óçìåßùóç. Ç ìç åëåýèåñç áâåëéáíÞ ïìÜäá (ZN+) êÜíåé áéóèçôÞ ôçí ðá-

ñïõóßá ôçò êáé óôçí ÁëãåâñéêÞ Ôïðïëïãßá. Åðß ðáñáäåßãìáôé, ãéá ôçí (õðåñá-

ñéèìÞóéìç, ìç áâåëéáíÞ) èåìåëéþäç ïìÜäá 1(H) ôïý (ìïíïäéÜóôáôïõ, ôïðéêþò

äñïìïóõíåêôéêïý, ìåôñéêïý) ôïðïëïãéêïý õðü·ùñïõ

H :=
S
∈N

  :=
©
( ) ∈ R2¯̄ (− 1

)
2 + 2 = 1

2

ª
 ∀ ∈ N

ôïý åõêëåéäåßïõ åðéðÝäïõ, ãíùóôïý õðü ôçí ïíïìáóßá ·áâáíÝæéêï óêïõëáñßêé, ïñß-
æåôáé ç áðåéêüíéóç

Hom(1(H)Z) 3  7−→ ((l1) (l2)  (l) ) ∈ ZN
üðïõ l åßíáé Ýíáò ãåííÞôïñáò ôÞò èåìåëéþäïõò ïìÜäáò 1() ∼= Z ôïý êýêëïõ

 ãéá êÜèå  ∈ N

ÁõôÞ áðïäåéêíýåôáé90 üôé åßíáé Ýíáò ìïíïìïñöéóìüò ïìÜäùí Ý·ùí ùò åéêüíá ôïõ

ôçí (áñéèìÞóéìç) åëåýèåñç áâåëéáíÞ ïìÜäá Z(N)

9.5.60 Èåþñçìá. (R. Baer, 1937 /E. Specker, 1950) ÅÜí  åßíáé ôõ·üí áðåéñï-
óýíïëï, ôüôå ç ïìÜäá

¡
Z +

¢
(ôÜîåùò

¯̄
Z
¯̄
= ℵcard()0 ) Ý·åé ôéò åîÞò éäéüôçôåò 91:

(i) H Z åßíáé ìç åëåýèåñç áâåëéáíÞ ïìÜäá ·ùñßò óôñÝøç.
(ii) ÊÜèå ðåðåñáóìÝíï õðïóýíïëï ôÞò Z ðåñéÝ·åôáé óå ìéá ðåðåñáóìÝíùò ðáñá-
ãüìåíç õðïïìÜäá ôçò, ç ïðïßá äéáèÝôåé óõìðëÞñùìá (åíôüò áõôÞò) ðïõ åßíáé éóü-
ìïñöï ìå ôï áðåñéüñéóôï åîùôåñéêü åõèý Üèñïéóìá ìéáò ïéêïãåíåßáò Üðåéñùí êõ-
êëéêþí ïìÜäùí.

(iii) ÊÜèå õðïïìÜäá ôÞò Z Ý·ïõóá ôÜîç ≤ ℵ0 åßíáé åëåýèåñç.
Áðïäåéîç. (i) Ôï üôé ç Z äåí äéáèÝôåé óôñÝøç åßíáé ðñïöáíÝò. (Âë. 9.4.10.)

ÅðåéäÞ ℵ0 ≤ card() õðÜñ·åé ìéá åíñéðôéêÞ áðåéêüíéóç N →  ÌÝóù áõôÞò

90Âë. B. de Smith: The fundamental group of the Hawaiian earring is not free, International Journal of Algebra and

Computation 2 (1992) 33-37 êáé

J.W. Cannon &G.R. Conner: The combinatorial structure of the Hawaiian earring group, Topology and its Applications

106 (2000) 225-271

91Âë. R. Baer: Abelian groups without elements of finite order, Duke Mathematical Journal 3 (1937) 68-122

êáé E. Specker: Additive Gruppen von Folgen ganzer Zahlen, Portugaliae Mathematica 9 (1950) 131-140

Åðßóçò, ãéá ìéá ëåðôïìåñÝóôåñç ìåëÝôç ôùí åëåõèÝñùí õðïïìÜäùí ôÞò (Z +) âë.
A. Blass & J. Irwin: Free subgroups of the Baer-Specker group, Communications in Algebra 29 (2001) 5769-5794
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åðÜãåôáé ìïíïìïñöéóìüò ZN → Z  ÅðïìÝíùò, ç ZN åßíáé éóüìïñöç ìå ìéá õðïï-

ìÜäá ôÞò Z  ÅÜí ç ïìÜäá Z Þôáí åëåýèåñç, ôüôå (óýìöùíá ìå ôï (i) ôïý èåùñÞ-

ìáôïò 9.5.39) èá Þôáí åëåýèåñç êáé ç ZN êÜôé ðïõ èá áíôÝêåéôï óå ü,ôé áðåäåß·èç

óôï èåþñçìá 9.5.58.

(ii) ¸óôù := Ker(pr) ï ðõñÞíáò ôÞò öõóéêÞò ðñïâïëÞò

pr : Z −→ Z ()∈ 7−→ 

ãéá êÜèå  ∈  êáé Ýóôù {(1) (2)  ()} Ýíá ðåðåñáóìÝíï õðïóýíïëï ôÞò Z 
Çáðüäåéîç èáãßíåé ìå ôç âïÞèåéá ôÞò ìáèçìáôéêÞò åðáãùãÞòùòðñïò ôïí¼ôáí

 = 1 ìðïñïýìå íá õðïèÝóïõìå üôé92 (1) = (
(1)
 )∈ 6= 0ZN  íá èåùñÞóïõìå ôïí

 := min
n¯̄̄
(1)

¯̄̄
:  ∈

n
 ∈ 

¯̄̄
(1) 6= 0

oo
∈ N

êáé íá ·ñçóéìïðïéÞóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò áõôüí. ÅÜí  = 1 ôüôå

åßíáé ðñïöáíÝò üôé ∃0 ∈  : 
(1)
0 ∈ {±1} êáé Z =


(1)

® ⊕åó. 0  üðïõ

0
∼= Zr{0} ÅÜí  ≥ 2 êáé åÜí õðïèÝóïõìå üôé ï éó·õñéóìüò åßíáé áëç-

èÞò ãéá üëá óôïé·åßá ôÞò Z ôá Ý·ïíôá åëÜ·éóôç áðüëõôç ôéìÞ ôùí ìç ìçäåíé-

êþí óõíôåôáãìÝíùí ôïõò   ôüôå ãéá êÜèå  ∈  ìðïñïýìå íá ãñÜøïõìå ôï


(1)
 õðü ôç ìïñöÞ 

(1)
 =  +  ãéá êÜðïéï (ìïíïóçìÜíôùò ïñéóìÝíï) æåýãïò

( ) ∈ Z×Z ìå 0 ≤    (âë. B.1.6) êáé íá ïñßóïõìå ôá óôïé·åßá  = ()∈
êáé  = ()∈ ∈ Z  Ðñïöáíþò, (1) =  +  ÅðåéäÞ ∃0 ∈  : 

(1)
0 ∈ {±}

ìå 0 ∈ {±1} êáé 0 = 0 Ý·ïõìå |0 | = 1 êáé ìðïñïýìå íá åöáñìüóïõìå ü,ôé

ðñïçãÞèçêå (óôçí ðåñßðôùóç üðïõ  = 1 áëëÜ ìå ôï 0 óôç èÝóç ôïý åêåß åì-
öáíéóèÝíôïò 

(1)
0 ), êáôáëÞãïíôáò óôï óõìðÝñáóìá üôé Z = hi⊕åó. 0  ÅðåéäÞ

0 = 0⇒  ∈ 0 êáé min {|| :  ∈ { ∈  | 6= 0}}   õðÜñ·ïõí (êáôÜ ôçí

åðáãùãéêÞ ìáò õðüèåóç)  ∈ Subg(Z) ìå 0 =  ⊕åó.  üðïõ ç  åßíáé

ðåðåñáóìÝíùò ðáñáãüìåíç êáé ðåñéÝ·åé ôï  êáé ç åßíáé éóüìïñöç ìå ôçí Z 
ãéá êÜðïéï  $  ÅðïìÝíùò, (1) =  +  ∈ hi⊕åó. 0 êáé

Z = hi⊕åó. 0 = hi⊕åó. ⊕åó. 

Åí óõíå·åßá, ïëïêëçñþíïõìå ôï åðáãùãéêü ìáò åðé·åßñçìá ùò ðñïò ôïí  Õðï-

èÝôïõìå üôé  ≥ 2 üôé ôá (1)  (−1) ðåñéÝ·ïíôáé óå ìéá ðåðåñáóìÝíùò ðáñáãü-

ìåíç 1 v Z êáé üôé Z = 1 ⊕åó. 2 ãéá êÜðïéá 2 ∈ Subg(Z) ìå 2
∼= Z

( $ ). Ôï () ãñÜöåôáé ìïíïóçìÜíôùò õðü ôç ìïñöÞ () = 0() + 00()
üðïõ 0() ∈ 1 êáé 

00() ∈ 2 Åöáñìüæïíôáò ü,ôé ðñïçãÞèçêå (óôçí ðåñßðôùóç

üðïõ  = 1 áëëÜ ìå ôï 00() óôç èÝóç ôïý åêåß èåùñçèÝíôïò (1)), óõìðåñáß-
íïõìå üôé ôï 00() áíÞêåé óå ìéá ðåðåñáóìÝíùò ðáñáãüìåíç 3 v Z êáé üôé

2 = 3 ⊕åó. 4 ãéá êÜðïéá 4 ∈ Subg(Z) ìå 4
∼= Z ( $ ). ÊáôÜ óõ-

íÝðåéáí, Z = 1 ⊕åó. 3 ⊕åó. 4 üðïõ ôá (1)  (−1) () ðåñéÝ·ïíôáé óôçí
1 ⊕åó. 3

(iii) Áò õðïèÝóïõìå üôé õðÜñ·åé êÜðïéá ìç åëåýèåñç õðïïìÜäá  ôÞò Z ôÜîåùò

≤ ℵ0 Ôüôå (óýìöùíá ìå ôï èåþñçìá 9.5.53 ôïý Pontryagin) õðÜñ·åé êÜðïéá ìç

92Ôï 0ZN áíÞêåé óå êÜèå õðïïìÜäá ôÞò Z 
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åëåýèåñç õðïïìÜäá  ôÞò  Ý·ïõóá ðåðåñáóìÝíç Üóôñåðôç âáèìßäá. ¸óôù 

Ýíá ìåãéóôéêü Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò  ÅðåéäÞ ôï  åßíáé ðå-

ðåñáóìÝíï, õðÜñ·ïõí (óýìöùíá ìå ôá áðïäåé·èÝíôá óôï (ii)) õðïïìÜäåò 1 2
ôÞò Z ìå Z = 1 ⊕åó. 2 üðïõ ç 1 åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç êáé ðå-

ñéÝ·åé ôï  êáé 2 ∼= Z0
( 0 $ ). Ãéá ïéïäÞðïôå óôïé·åßï  ∈  õðÜñ·åé

êÜðïéïò  ∈ N ôÝôïéïò þóôå íá éó·ýåé  ∈ hi v 1 ÅðåéäÞ ç ðçëéêïïìÜäá

Z /1 (∼= 2 ∼= Z0
) óôåñåßôáé óôñÝøåùò êáé ( + 1) = +1 = 1 = 0Z1 

ëáìâÜíïõìå +1 = 1 ⇒  ∈ 1 ïðüôå v 1Ç 1 (ùò õðïïìÜäá ôÞòZ) óôå-

ñåßôáé óôñÝøåùò êáé åßíáé (åê ôïý ïñéóìïý ôçò) ðåðåñáóìÝíùò ðáñáãüìåíç. ¢ñá

ç 1 åßíáé åëåýèåñç
93. ÄõíÜìåé ôïý (i) ôïý èåùñÞìáôïò 9.5.39 ç  åßíáé ùóáýôùò

åëåýèåñç. ¢ôïðï! ¢ñá êÜèå õðïïìÜäá ôÞò Z ôÜîåùò ≤ ℵ0 åßíáé êáô' áíÜãêçí
åëåýèåñç. ¤

I Åíäïìïñöéóìïß åëåýèåñùí áâåëéáíþí ïìÜäùí ðåðåñáóìÝíçò âáèìßäáò. ÅÜí
(+) åßíáé ìéá åëåýèåñç áâåëéáíÞ ïìÜäá Ý·ïõóá âáèìßäá rankZ() =  ∈ N
ôüôå ï äáêôýëéïò (End()+ ◦) ôùí åíäïìïñöéóìþí ôÞò åßíáé éóüìïñöïò ìå ôïí

äáêôýëéï (Mat×(Z)+ ·) ôùí (× )-ðéíÜêùí ìå áêÝñáéåò åããñáöÝò. ÐñÜãìáôé°

åÜí  = {1  } åßíáé ìéá Z-âÜóç ôÞò  êáé  ∈ End() ôüôå ç åéêüíá  ()

ôïý  ãñÜöåôáé êáôÜ ôñüðï ìïíïóÞìáíôï ùò Z-ãñáììéêüò óõíäõáóìüò

 () =
X

=1

  ∈ Z

ôùí 1   ãéá êÜèå  ∈ {1  } ÈÝôïõìå

A :=

⎛⎜⎝
11 12 · · · 1
21 22 · · · 2
.
.
.

.

.

.
.
.
.

1 2 · · · 

⎞⎟⎠ ∈Mat×(Z)

9.5.61 Èåþñçìá. Ç áðåéêüíéóç

 : End() −→Mat×(Z)  7−→ () := A 

áðïôåëåß éóïìïñöéóìü äáêôõëßùí ãéá êÜèå Z-âÜóç  = {1  } ôÞò 
Áðïäåéîç. ÅÜí  0 ∈ End() êáé

 () =
X

=1

 0 () =
X

=1

0

ôüôå A = ()1≤≤A0 = (
0
)1≤≤ êáé

(+ 0) = A+0 = A +A0 = () + (
0) (9.65)

93ÊÜèå ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá ðïõ äåí äéáèÝôåé óôñÝøç åßíáé åëåýèåñç. (Âë. èåþñçìá 9.6.1.)



§ 9.5 åëåõèåñåò áâåëéáíåò ïìáäåò 597

ÅðåéäÞ (åéóÜãïíôáò -ãéá åõíüçôïõò ëüãïõò- Ýíáí ôñßôï âïçèçôéêü äåßêôç ) Ý·ïõìå
A0 = (0)1≤≤ õðïèÝôïíôáò üôé

¡
 ◦ 0¢ () = P

=1 (Þôïé üôé

A◦0 = ()1≤≤), ëáìâÜíïõìå

( ◦ 0) () = 

Ã
P

=1

0

!
=

P
=1

0()

=
P

=1

0

µ
P
=1



¶
=

P
=1

Ã
P

=1


0


!


Åî áõôïý (ãéá 1 ≤   ≤ ) Ýðåôáé üôé

 =

X
=1


0
 ⇒ ( ◦ 0) = A◦0 = AA0 = ()(

0) (9.66)

ïðüôå (ëüãù ôùí (9.65) êáé (9.66)) ç  åßíáé ïìïìïñöéóìüò äáêôõëßùí. Åðéðñï-
óèÝôùò, (id) = I êáé åðåéäÞ

Ker( ) = { ∈ End()|A = I} = { ∈ End()| () =  ∀ ∈ {1  }}
=
©
 ∈ End() : | = id|

ª
= {id}

ç áðåéêüíéóç  åßíáé ìïíïìïñöéóìüò äáêôõëßùí. ÔÝëïò, ïñßæïíôáò ãéá êÜèå ðß-

íáêáA = ()1≤≤ ∈Mat×(Z) ôçí áðåéêüíéóç

A :  −→   7−→ A() :=
P

=1
 ∀ ∈ {1  }

ãíùñßæïõìå (áðü ôçí ðñüôáóç 9.5.29) üôé õðÜñ·åé A ∈ Hom() (= End())

ìå A| = A ïðüôå

(A) = AA = A (9.67)

(êáèþò éó·ýåé A() = A() =
P

=1  ãéá êÜèå  ∈ {1  }). Áðü ôçí

(9.67) óõíÜãåôáé üôé ç  åßíáé, óõí ôïéò Üëëïéò, êáé åðéññéðôéêÞ êáé, ùò åê ôïýôïõ,

éóïìïñöéóìüò äáêôõëßùí. ¤

IÁõôïìïñöéóìïß åëåýèåñùí áâåëéáíþí ïìÜäùí ðåðåñáóìÝíçò âáèìßäáò. ÅðåéäÞ
Aut() = End()× (âë. 2.4.30 (i)), êáôáëÞãïõìå óôï áêüëïõèï:

9.5.62 Èåþñçìá. ÅÜí (+) åßíáé ìéá åëåýèåñç áâåëéáíÞ ïìÜäá Ý·ïõóá âáèìßäá
rankZ() =  ∈ N ôüôå ãéá êÜèå Z-âÜóç  ôÞò  ï ðåñéïñéóìüò

 |Aut() : Aut() −→ GL(Z)  7−→ () := A 

áðïôåëåß éóïìïñöéóìü ïìÜäùí, ïðüôå

Aut() = { ∈ End()|det (A) ∈ {±1}} ∼= GL(Z)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï üôé

 (Aut()) =  (End()
×) = (  (End()))× =

9.5.61
(Mat×(Z))×

= GL(Z) = {A ∈Mat×(Z)|det (A) ∈ {±1}} 
(Âë. èåþñçìá D.2.18.) ¤
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9.6 ÐÅÐÅÑÁÓÌÅÍÙÓ ÐÁÑÁÃÏÌÅÍÅÓ

ÁÂÅËÉÁÍÅÓ ÏÌÁÄÅÓ

Ç êëÜóç ôùí ðåðåñáóìÝíùí áâåëéáíþí ïìÜäùí ðåñéÝ·åôáé êáé óå ìéá äåýôåñç,

åõñýôåñç êëÜóç, Þôïé åêåßíç ôùí ðåðåñáóìÝíùò ðáñáãïìÝíùí áâåëéáíþí ïìÜäùí.
¼óåò åê ôùí ïìÜäùí áõôÞò ôÞò åõñýôåñçò êëÜóåùò óôåñïýíôáé óôñÝøåùò åßíáé

åëåýèåñåò êáé Ý·ïõí ðåðåñáóìÝíç âáèìßäá. Ïé ðåðåñáóìÝíùò ðáñáãüìåíåò áâå-

ëéáíÝò ïìÜäåò åßíáé éóüìïñöåò ìå ôï åõèý Üèñïéóìá ôùí õðïïìÜäùíóôñÝøåþò ôïõò

êáé ôùí Üóôñåðôùí ìåñþí ôïõò, êÜôé ðïõ äéåõêïëýíåé ôçí (ìÝ·ñéò éóïìïñöéóìïý)

ôáîéíüìçóÞ ôïõò êáé ôç ìåëÝôç ôùí õðïïìÜäùí êáé ôùí áõôïìïñöéóìþí ôïõò.

9.6.1 Èåþñçìá. ÊÜèå ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá ðïõ äåí äéáèÝ-
ôåé óôñÝøç åßíáé åëåýèåñç êáé Ý·åé ðåðåñáóìÝíç âáèìßäá.

Áðïäåéîç. ¸óôù (+) ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá ìå

tors() = {0} êáé Ýóôù  Ýíá ðåðåñáóìÝíï óýóôçìá ãåííçôüñùí áõôÞò. ÅÜí

 = {0} ôüôå ç  åßíáé ôåôñéììÝíç êáé, ùò åê ôïýôïõ, åëåýèåñç ìå âáèìßäá 0

ÅÜí card() ≥ 1 êáé  6= {0} ôüôå ç  åßíáé ìç ôåôñéììÝíç êáé ç ïéêïãÝíåéá

V := { ∈ P()r{∅}| Z-ãñáììéêþò áíåîÜñôçôï}

üëùí ôùí ìç êåíþí Z-ãñáììéêþò áíåîáñôÞôùí õðïóõíüëùí  ⊆  ðïõ ðåñéÝ-

·ïíôáé óôï  åßíáé ìç êåíÞ 94. ÈÝôïõìå  := max{card( )| ∈ V} êáé èåù-

ñïýìå Ýíá óýíïëï {1 } áíÞêïí óôçí V êáé Ý·ïí ðëçèéêü áñéèìü  ÅðåéäÞ

tors() = {0} ïé åðéìïñöéóìïß Z 3  7−→  ∈ hi   ∈ {1  } åß-
íáé éóïìïñöéóìïß, ïðüôå ç  := h1i ⊕åó. · · · ⊕åó. hi v  åßíáé åëåýèåñç áâå-

ëéáíÞ ïìÜäá Ý·ïõóá âáèìßäá  (Âë. ðüñéóìá 9.5.15.) Èá áðïäåßîïõìå üôé ç 

åßíáé ùóáýôùò åëåýèåñç Ý·ïõóá âáèìßäá rankZ() =  Óôçí ðåñßðôùóç üðïõ

 =  ôïýôï åßíáé ðñïöáíÝò. Áò õðïèÝóïõìå üôé  @  Ôüôå95  *  Èåù-

ñïýìå ôõ·üí  ∈ r{1 } Ëüãù ôïý ôñüðïõ ïñéóìïý ôïý {1 } ôï
{ 1 } ⊆  åßíáé êáô' áíÜãêçí Z-ãñáììéêþò åîáñôçìÝíï õðïóýíïëï, êÜôé

ðïõ óçìáßíåé üôé õðÜñ·ïõí  1   ∈ Z ìå êÜðïéïí Þ êÜðïéïõò åî áõôþí 6= 0
ïýôùò þóôå íá éó·ýåé

+ 11 + · · ·+  = 0 ⇒  = −(11 + · · ·+ ) ∈ 

ÓçìåéùôÝïí üôé o  óõãêáôáëÝãåôáé ðÜíôïôå óå åêåßíïõò ôïõò óõíôåëåóôÝò ðïõ

åßíáé 6= 0 (ÅÜí ßó·õå  = 0 ôüôå èá åß·áìå 11 + · · ·+  = 0 áð' üðïõ èá

Ýðåôï üôé 1 = · · · =  = 0 ëüãù ôÞò Z-ãñáììéêÞò áíåîáñôçóßáò ôïý {1 })
ÅðåéäÞ ôï åßíáé ðåðåñáóìÝíï, ïñßæåôáé êáëþò ï áêÝñáéïò

 :=
Q

∈r{1}
 ∈ Zr{0}

94ÅðåéäÞ tors() = {0} {} ∈ V ãéá êÜèå  ∈ r{0}
95ÅÜí ⊆  ôüôå èá åß·áìå = LinZ () ⊆ LinZ() =  ⇒  = 
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Ðñïöáíþò,  ∈ hi v  ⇒  hi v  ãéá êÜèå  ∈ r{1 } ÊáôÜ
óõíÝðåéáí,

 =
L
∈

åó. hi⇒ =
³Låó.

∈r{1} hi
´
⊕åó.  v 

êáé ç áðåéêüíéóç  :  −→   7−→ () :=  åßíáé ìïíïìïñöéóìüò ïìÜäùí.

(Ç åíñéðôéêüôçôÜ ôçò ïöåßëåôáé óôçí áðïõóßá óôñÝøåùò.) ¢ñá Ker() = {0}
êáé ∼= Im() =  v  ÅðåéäÞ ç åßíáé åëåýèåñç âáèìßäáò  ç êáé, êáô'

åðÝêôáóç, êáé ç  ∼=  åßíáé ùóáýôùò åëåýèåñç ìå

rankZ() = rankZ() =:  ≤  (9.68)

(Âë. 9.5.39 êáé 9.5.31.) Áðü ôçí Üëëç ìåñéÜ,  @  =⇒
9.5.39

 ≤  ïðüôå ç (9.68)

äßäåé  =  ¤

9.6.2 Óçìåßùóç. Óôçí ðñïçãçèåßóá áðüäåéîç ç ïìÜäá (ïýóá åëåýèåñç âáè-
ìßäáò  ≥ 1) äéáèÝôåé ôïõëÜ·éóôïí ìßá Z-âÜóç {1 } ãéá êÜðïéá
1   ∈  Áîßæåé íá åðéóçìáíèåß üôé ôï óýíïëï {1  } áðïôåëåß ìéá Z-
âÜóç ôÞò  ÐñÜãìáôé° åÜí 1   ∈ Z åßíáé ôÝôïéïé, þóôå

P
=1  = 0 ôüôå

P
=1

() = 0 = 0

{1 } Z-âÜóç ôÞò

⎫⎪⎬⎪⎭ =⇒  = 0 ∀ ∈ {1  }

ÅðéðñïóèÝôùò, ãéá êÜèå  ∈ 

 ∈  = h1 i⇒ [∃1   ∈ Z :  =
P

=1

()]

⇒
⎧⎨⎩ ( −

P
=1

) = 0

 6= 0

⎫⎬⎭ =⇒
tors()={0}

 =
P

=1

 

ïðüôå  = h1  i  (ÖõóéêÜ, üðùò ðñïáíáöÝñáìå,  =  := ìÝãéóôï ðëÞèïò

Z-ãñáììéêþò áíåîáñôÞôùí óôïé·åßùí ôÞò )

I Ôáîéíüìçóç ìÝ·ñéò éóïìïñöéóìïý. Ãéá ôéò ðåðåñáóìÝíùò ðáñáãüìåíåò áâåëéá-

íÝò ïìÜäåò áõôÞ áíÜãåôáé (ìÝóù ôïý èåùñÞìáôïò 9.6.7) óôéò ãíùóôÝò ôáîéíïìÞóåéò

ôùí óõóôáôéêþí ìåñþí ôïõò.

9.6.3 ËÞììá. ÅÜí åßíáé ìéá õðïïìÜäá ìéáò ðåðåñáóìÝíùò ðáñáãüìåíçò áâåëéá-
íÞò ïìÜäáò (+) ôüôå ç ðçëéêïïìÜäá  åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç.

Áðïäåéîç. ÅÜí {1  } åßíáé êÜðïéï ðåðåñáóìÝíï óýóôçìá ãåííçôüñùí ôÞò

 ôüôå ôï {1 +   +} áðïôåëåß Ýíá óýóôçìá ãåííçôüñùí96 ôÞò ðçëéêïï-

ìÜäáò  (Âë. ðñüôáóç 4.4.18.) ¤

9.6.4 ËÞììá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá,
ôüôå ç ðçëéêïïìÜäá tors() åßíáé åëåýèåñç êáé Ý·åé âáèìßäá  ∈ N0
96Ï ðëçèéêüò áñéèìüò áõôïý ôïý óõóôÞìáôïò ãåííçôüñùí ôÞò åßíáé≤ 
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Áðïäåéîç. Ç tors() (óýìöùíá ìå ôçí ðñüôáóç 9.4.5 êáé ôï ëÞììá 9.6.3) äåí

äéáèÝôåé óôñÝøç êáé åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç. Ï éó·õñéóìüò åßíáé áëçèÞò

äõíÜìåé ôïý èåùñÞìáôïò 9.6.1. ¤

9.6.5 ËÞììá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá,
ôüôå

 ∼= tors()⊕ (tors()) ∼= tors()⊕ Z

üðïõ  := rankZ (tors()) ∈ N0
Áðïäåéîç. ÅðåéäÞ (êáôÜ ôï ëÞììá 9.6.4) ç ðçëéêïïïìÜäá tors() åßíáé åëåý-

èåñç Ý·ïõóá âáèìßäá  ∈ N0

∃ ∈ Subg() :  = tors()⊕åó.  ∼=
7.1.43 (ii)

tors()⊕

üðïõ ∼= tors() ∼= Z (Âë. ðñïôÜóåéò 9.5.37 êáé 7.1.29.) ¤

9.6.6 Ðñüôáóç. ÅÜí 12 åßíáé äõï ðåðåñáóìÝíùò ðáñáãüìåíåò áâåëéáíÝò ïìÜ-
äåò, ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) 1 ∼= 2

(ii) tors(1) ∼= tors(2) êáé rankZ (1tors(1)) = rankZ(2tors(2))

Áðïäåéîç. (i)⇒(ii) Óýìöùíá ìå ôçí ðñüôáóç 9.4.8, éó·ýåé tors(1) ∼= tors(2)

êáé1tors(1) ∼= 2tors(2). Ïé ôåëåõôáßåò åßíáé åëåýèåñåò. (Âë. 9.6.4.) Ôï üôé

ïé âáèìßäåò ôïõò åßíáé ßóåò Ýðåôáé áðü ôï èåþñçìá 9.5.31.

(ii)⇒(i) ÅÜí tors(1) ∼= tors(2) êáé

rankZ (1tors(1)) = rankZ(2tors(2)) =⇒
9.5.31

1tors(1) ∼= 2tors(2)

ôüôå 1 ∼= tors(1) ⊕ (1tors(1)) ∼= tors(2) ⊕ (2tors(2)) ∼= 2 ëüãù ôïý

ëÞììáôïò 9.6.5 êáé ôïý (v) ôÞò ðñïôÜóåùò 7.1.55. ¤

9.6.7 Èåþñçìá. (Èåìåëéþäåò èåþñçìá ðåñß ðåð. ðáñáãïìÝíùí áâåëéáíþí ïìÜäùí.)

(a) ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá, ôüôå

 ∼= tors()⊕ Z üðïõ |tors()| ∞ êáé  := rankZ (tors()) ∈ N0

(b) ÅÜí 1 2 åßíáé äõï ðåðåñáóìÝíùò ðáñáãüìåíåò áâåëéáíÝò ïìÜäåò êáé

1 ∼= tors(1)⊕ Z1  2 ∼= tors(2)⊕ Z2 

ôüôå 1 ∼= 2 åÜí êáé ìüíïí åÜí éêáíïðïéïýíôáé ïé áêüëïõèåò óõíèÞêåò :

(i) 1 = 2

(ii) |tors(1)| = |tors(2)| êáé ïé ïìÜäåò tors(1) tors(2) Ý·ïõí (óôçí ðåñßðôùóç
üðïõ áõôÝò åßíáé ìç ôåôñéììÝíåò) ôïõò ßäéïõò óôïé·åéþäåéò äéáéñÝôåò (Þ, åíáëëáêôé-
êþò, ôïõò ßäéïõò áíáëëïßùôïõò ðáñÜãïíôåò).
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Áðïäåéîç. (a) Ôïýôï Ýðåôáé áðü ôï ëÞììá 9.6.5 êáé ôçí ðñüôáóç 9.4.3.

(b) Áñêåß íá åöáñìïóèåß ç ðñüôáóç 9.6.6 óå óõíäõáóìü ìå ôï ðüñéóìá 9.1.21 (Þ,

åíáëëáêôéêþò, ìå ôï ðüñéóìá 9.1.27). ¤

I ÕðïïìÜäåò. Ç éäéüôçôá ôïý ðåðåñáóìÝíùò ðáñáãïìÝíïõ ìéáò áâåëéáíÞò ïìÜ-

äáò äéáôçñåßôáé óôéò õðïïìÜäåò áõôÞò. Ãé' áõôüí ôïí ëüãï ï (ìÝ·ñéò éóïìïñöéóìïý)

ðñïóäéïñéóìüò ôùí õðïïìÜäùí ìéáò ðåðåñáóìÝíùò ðáñáãüìåíçò áâåëéáíÞò ïìÜ-

äáò áíÜãåôáé (äõíÜìåé ôïý èåùñÞìáôïò 9.6.10) óôïí ðñïóäéïñéóìü ôùí õðïïìÜ-

äùí ôÞò õðïïìÜäáò óôñÝøåþò ôçò êáé ôùí õðïïìÜäùí ôïý Üóôñåðôïõ ìÝñïõò ôçò

(ðïõ åßíáé åöéêôüò ìÝóù ôùí èåùñçìÜôùí 9.2.2, 9.2.4 êáé 9.5.39).

9.6.8 ËÞììá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá,
ôüôå õößóôáôáé åðéìïñöéóìüò  : Z −→  ãéá êÜðïéïí  ∈ N
Áðïäåéîç. ÅÜí {1  } åßíáé êÜðïéï ðåðåñáóìÝíï óýóôçìá ãåííçôüñùí ôÞò

 ôüôå ç áðåéêüíéóç  : Z −→  (1  ) 7−→ (1  ) :=
P

=1
 åßíáé

Ýíáò åðéìïñöéóìüò áðü ôçí åëåýèåñç áâåëéáíÞ ïìÜäá Z åðß ôÞò  ¤

9.6.9 Ðñüôáóç. ÊÜèå õðïïìÜäá ìéáò ðåðåñáóìÝíùò ðáñáãüìåíçò áâåëéáíÞò ïìÜ-
äáò (+) åßíáé áö' åáõôÞò ðåðåñáóìÝíùò ðáñáãüìåíç.

Áðïäåéîç. ¸óôù  ∈ Subg() Ôï ëÞììá 9.6.8 åããõÜôáé ôçí ýðáñîç åíüò åðé-

ìïñöéóìïý  : Z −→  ãéá êÜðïéïí  ∈ N Ç áíôßóôñïöç åéêüíá −1() ôÞò
 ìÝóù áõôïý áðïôåëåß ìéá õðïïìÜäá ôÞò åëåýèåñçò áâåëéáíÞò ïìÜäáò Z Óýì-
öùíá ìå ôï èåþñçìá 9.5.39 ç −1() åßíáé åëåýèåñç ìå âáèìßäá  ≤ 

Ðåñßðôùóç ðñþôç. ÅÜí  = 0 ôüôå ïé −1()  = (−1()) åßíáé ôåôñéììÝíåò.

Ðåñßðôùóç äåýôåñç. ÅÜí  ≥ 1 ôüôå èåùñïýìå ìéá Z-âÜóç  = {1  } ôÞò

−1() ÅðåéäÞ −1() = h i  Ý·ïõìå

 = (−1()) = (h i) = (h1  i) =
2.4.9 (i)

h(1)  ()i 

ïðüôå ç äéáèÝôåé Ýíá ðåðåñáóìÝíï óýóôçìá ãåííçôüñùí. ¤

9.6.10 Èåþñçìá. ÅÜí (+) åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ
ïìÜäá, ôüôå éó·ýïõí ôá åîÞò :

(i) ÅÜí  ∈ Subg() ôüôå  ∼= 1 ⊕ 2 ãéá êÜðïéåò 1 ∈ Subg(tors()) êáé
2 ∈ Subg(tors())
(ii) ÅÜí 1 ∈ Subg(tors()) êáé 2 ∈ Subg(tors()) ôüôå ç 1 ⊕ 2 åßíáé
éóüìïñöç ìå êÜðïéá õðïïìÜäá ôÞò 

Áðïäåéîç. (i) ¸óôù  ∈ Subg() êáé Ýóôù  :  →  ç óõíÞèçò Ýíèåóç.

ÅðåéäÞ ç  åßíáé ìïíïìïñöéóìüò, ôï ëÞììá 9.4.7 ìáò ðëçñïöïñåß áö' åíüò ìåí üôé

(tors()) v tors()⇒ tors() ∼= |tors() (tors()) =: 1 v tors()
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áö' åôÝñïõ äå üôé ï åðáãüìåíïò ïìïìïñöéóìüò ðçë. : tors() −→ tors()

åßíáé ìïíïìïñöéóìüò, áð' üðïõ Ýðåôáé üôé ðçë.(tors()) =: 2 v tors()

Óýìöùíá ìå ôçí ðñüôáóç 9.6.9 ç åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç, ïðüôå

 ∼=
9.6.5

tors()⊕ (tors()) ∼= 1 ⊕2

(ii) ÅÜí1 ∈ Subg(tors()) êáé2 ∈ Subg(tors()) ôüôå

1 ⊕2 v
7.1.6 (i)

tors()⊕ (tors()) ∼= 

ïðüôå ôï åõèý Üèñïéóìá1 ⊕2 åßíáé éóüìïñöï ìå êÜðïéá õðïïìÜäá ôÞò  ¤

I Áõôïìïñöéóìïß. Ç ïìÜäá áõôïìïñöéóìþí ìéáò ðåðåñáóìÝíùò ðáñáãüìåíçò
áâåëéáíÞò ïìÜäáò áðïêôÜôáé áðü ôçí ïìÜäá áõôïìïñöéóìþí ôÞò õðïïìÜäáò

óôñÝøåþò ôçò êáé áðü ôçí ïìÜäá áõôïìïñöéóìþí ôïý Üóôñåðôïõ ìÝñïõò ôçò (ôéò

ïðïßåò ãíùñßæïõìå áðü ôá èåùñÞìáôá 9.3.8 êáé 9.5.62), ýóôåñááðü êáôáóêåõÞ êá-

ôÜëëçëïõ çìéåõèÝïò ãéíïìÝíïõ (ìå ðñþôï ôïõ ðáñÜãïíôá ôçí ïìÜäá ôùí ïìïìïñ-

öéóìþí áðü ôï Üóôñåðôï ìÝñïò ôçò óôçí ïìÜäá óôñÝøåþò ôçò êáé äåýôåñü ôïõ ðá-
ñÜãïíôá ôï åõèý ãéíüìåíï ôùí ðñïáíáöåñèåéóþí ïìÜäùí áõôïìïñöéóìþí). Óõ-

ãêåêñéìÝíá, éó·ýåé ôï áêüëïõèï:

9.6.11 Èåþñçìá. (M. Golasiński & D.L. Gonçalves, 2008) ÅÜí (+) åßíáé
ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá, ôüôå ìÝóù ôïý éóïìïñöéóìïý


∼=−→

9.6.5
tors()⊕ (tors())

åðÜãåôáé (óå åðßðåäï ïìÜäùí áõôïìïñöéóìþí) Ýíáò éóïìïñöéóìüò 97

Aut() ∼= Hom(tors() tors())o (Aut(tors())×Aut(tors())) 

üðïõ Hom(tors()tors()) ∼= (tors())  := rankZ (tors()) ∈ N0 êáé
ãéá 98  ≥ 1 ôï áíùôÝñù åîùôåñéêü çìéåõèý ãéíüìåíï åßíáé áõôü ðïõ êáôáóêåõÜæåôáé
ìå ôç âïÞèåéá ôïý ïìïìïñöéóìïý

 : Aut(tors())×Aut(tors()) −→ Aut(Hom(tors() tors()))

(1 2) 7−→ (12)

Hom(tors() tors()) 3  7−→ (12)() := 1 ◦  ◦ 2
97Ï åí ëüãù éóïìïñöéóìüò ðñïêýðôåé áðü ôç âñá·åßá áêñéâÞ áêïëïõèßá

0 −→ Hom(tors() tors()) −→ Aut() −→ Aut(tors())× Aut(tors()) −→ 0

Âë. Corollary 6 óåë. 411 óôï Üñèñï ôùíM. Golasiński & D.L. Gonçalves: On automorphisms of finite abelian
-groups, Mathematica Solvaca 58 (2008) 405-412

98ÅÜí  = 0 ôüôå = tors()⇒ Aut() = Aut(tors())
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ôïý õëïðïéïýìåíïõ ìÝóù ôïý ìåôáèåôéêïý äéáãñÜììáôïò

tors()

©

1 // tors()

tors()



OO

tors()
2

oo

(12)()

OO

êáé ôïý èåóðßæïíôïò, ùò åê ôïýôïõ, ôçí åóùôåñéêÞ ðñÜîç¡
( (1 2)) (

0 (01 
0
2))
¢ 7−→ ( ◦ (12)(0) (1 ◦ 01 2 ◦ 02))

9.7 ÄÉÁÉÑÅÔÅÓ ÊÁÉ ÁÍÇÃÌÅÍÅÓ

ÁÂÅËÉÁÍÅÓ ÏÌÁÄÅÓ

ÊÜèå áâåëéáíÞ ïìÜäá (+) äéáóðÜôáé óå Ýíá äéáéñåôü ìÝñïò div() êáé óå Ýíá

áíçãìÝíï ìÝñïò. (Âë. èåþñçìá 9.7.40.) Ôï ðñþôï åî áõôþí ìðïñåß íá èåùñçèåß

ùò ãíùóôü, äéüôé ïé äéáéñåôÝò áâåëéáíÝò ïìÜäåò åßíáé ðëÞñùò ðåñéãñÜøéìåò ìÝ·ñéò
éóïìïñöéóìïý (ìÝóù ôïý èåùñÞìáôïò 9.7.35). Ùò ðñïò ôï äåýôåñï, óå ü,ôé áöïñÜ

óôéò ìç ðåðåñáóìÝíùò ðáñáãüìåíåò áíçãìÝíåò áâåëéáíÝò ïìÜäåò, ðåñéïñéæüìáóôå
óôçí ðáñÜèåóç ìüíïí êÜðïéùí ·áñáêôçñéóôéêþí ðáñáäåéãìÜôùí. Ùóôüóï, áîßæåé

íá åðéóçìáíèåß üôé êÜèå áâåëéáíÞ ïìÜäá åßíáé åìöõôåýóéìç åíôüò êÜðïéáò äéáé-

ñåôÞò. (Âë. èåþñçìá 9.7.19.)

9.7.1 Ïñéóìüò. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá. ËÝìå üôé Ýíá óôïé·åßï  ∈ 

åßíáé äéáéñåôü üôáí ãéá êÜèå  ∈ N õðÜñ·åé  ∈  ôÝôïéï þóôå íá éó·ýåé  = 

Ôï óýíïëï

Div() := { ∈ |  äéáéñåôü} = T
∈N

 (9.69)

ùò ôïìÞ õðïïìÜäùí, áðïôåëåß ìéá õðïïìÜäá ôÞò 

9.7.2 Ðñüôáóç. Ãéá ìéá áâåëéáíÞ ïìÜäá (+) ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäý-
íáìåò :

(i) Div() = 

(ii)  =  ∀ ∈ N
Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí éóüôçôá (9.69). ¤

9.7.3 Ïñéóìüò. Ìéá áâåëéáíÞ ïìÜäá (+) êáëåßôáé äéáéñåôÞ üôáí ãé' áõôÞí éêá-

íïðïéïýíôáé ïé óõíèÞêåò ôÞò ðñïôÜóåùò 9.7.2.

9.7.4 Ðáñáäåßãìáôá. (i) Ç áâåëéáíÞ ïìÜäá (Q+) åßíáé äéáéñåôÞ. (ÐñÜãìáôé° ãéá

êÜèå  ∈ N êáé ãéá êÜèå  = 
 ∈ Q üðïõ  ∈ Z  ∈ Zr{0} Ý·ïõìå  = 0 üðïõ

0 := 
 ∈ Q) Êáé ãåíéêüôåñá, ç ðñïóèåôéêÞ ïìÜäá (+) ïéïõäÞðïôå óþìáôïò
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(+ ·) ·áñáêôçñéóôéêÞò ìçäÝí åßíáé äéáéñåôÞ.
(ii) Åí áíôéèÝóåé ðñïò ü,ôé óõìâáßíåé ìå ôéò åëåýèåñåò áâåëéáíÝò ïìÜäåò (âë. èåþ-

ñçìá 9.5.39), ìéá ìç ôåôñéììÝíç õðïïìÜäá ìéáò äéáéñåôÞò áâåëéáíÞò ïìÜäáò äåí

åßíáé êáô' áíÜãêçí äéáéñåôÞ. (Ð.·., ç (Q+) åßíáé äéáéñåôÞ, åíþ ç (Z+) äåí åß-

íáé99.)

(iii) ÊÜèå ìç ôåôñéììÝíç ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá åßíáé ìç äéáéñåôÞ. (ÐñÜã-

ìáôé° åÜí (+) åßíáé ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá, ôüôå ãéá êÜèå  ∈ N Ý·ïõìå

 =  ∼=
9.1.4

[] ïðüôå ç [] := { ∈  | = 0 } åßíáé ç ôåôñéììÝíç õðïï-

ìÜäá ôÞò  Áõôü óçìáßíåé åßôå üôé ç  åßíáé ôåôñéììÝíç åßôå üôé ç  ðåñéÝ·åé êÜ-

ðïéï óôïé·åßï Üðåéñçò ôÜîåùò.)

(iv) ÊÜèå ìç ôåôñéììÝíç êõêëéêÞ ïìÜäá åßíáé ìç äéáéñåôÞ (êáèþò åßíáé åßôå ðåðå-

ñáóìÝíç åßôå ∼= Z).
(v) Ç ðïëëáðëáóéáóôéêÞ áâåëéáíÞ ïìÜäá (Cr{0} ·) åßíáé äéáéñåôÞ, äéüôé êÜèå ìç
ìçäåíéêüò ìéãáäéêüò áñéèìüò äéáèÝôåé -ïóôÝò ñßæåò100 ãéá êÜèå  ∈ N

9.7.5 Ïñéóìüò. ¸óôù  Ýíáò ðñþôïò áñéèìüò. Ìéá áâåëéáíÞ ïìÜäá (+) êáëåß-

ôáé -äéáéñåôÞ üôáí  =  ãéá êÜèå  ∈ N

9.7.6 Ðñüôáóç. ÊÜèå áâåëéáíÞ ïìÜäá (+) ìå  =  (ãéá êÜðïéïí ðñþôï
áñéèìü ) åßíáé -äéáéñåôÞ.

Áðïäåéîç. ¸óôù (+) ìéá áâåëéáíÞ ïìÜäá ìå  =  Ðñïöáíþò Ý·ïõìå

2 = () =  = ÅÜí ëïéðüí ãéá  ∈ N  ≥ 3 õðïèÝóïõìå üôé −1 = 

ôüôå  = (−1) =  = ¢ñá ç  åßíáé -äéáéñåôÞ. ¤

9.7.7 ÐáñÜäåéãìá. Ç õðïïìÜäá Z[ 1 ] :=
n




¯̄̄
 ∈ Z  ∈ N0

o
ôÞò (Q+) üðïõ 

ôõ·þí ðñþôïò áñéèìüò, åßíáé -äéáéñåôÞ, äéüôé ãéá êÜèå óôïé·åßï 
 ∈ Z[ 1 ] Ý·ïõìå


 = 

³


+1

´
⇒ Z[ 1 ] = Z[

1
 ] Ùóôüóï, äåí åßíáé äéáéñåôÞ! (Âë. åä. 9.7.47.)

9.7.8 Ðñüôáóç. Ìéá áâåëéáíÞ ïìÜäá (+) åßíáé äéáéñåôÞ åÜí êáé ìüíïí åÜí åßíáé
-äéáéñåôÞ ãéá êÜèå ðñþôïí áñéèìü 

Áðïäåéîç. ÅÜí ç  åßíáé äéáéñåôÞ, ôüôå åßíáé (åî ïñéóìïý) -äéáéñåôÞ ãéá êÜèå

ðñþôïí áñéèìü  Êáé áíôéóôñüöùò° åÜí ç  åßíáé -äéáéñåôÞ ãéá êÜèå ðñþôïí

áñéèìü   ∈ N  ≥ 2 êáé  = 11 22 · · ·  ( ∈ N 1  ∈ N) ç êáíïíéêÞ

ðáñÜóôáóç (B.19) ôïý  ùò ãéíïìÝíïõ (êáôÜëëçëùí äõíÜìåùí) ðñþôùí áñéèìþí

1  ôüôå  = (
1
1 · · · −1−1 ) (


 ) = (11 · · · ) −1−1  = · · · = 11  = 

ïðüôå ç  åßíáé äéáéñåôÞ. ¤
IÊýñéåò éäéüôçôåò ôùí äéáéñåôþí áâåëéáíþí ïìÜäùí. ÁõôÝò äéáôõðþíïíôáé óôéò

ðñïôÜóåéò 9.7.9, 9.7.14 êáé 9.7.27 êáé óôá ðïñßóìáôÜ ôïõò, êáèþò êáé óôï èåþñçìá

99Ð.·., 1 ∈ Z 2 ∈ N áëëÜ @ ∈ Z : 1 = 2

100ÅÜí  ∈ Cr{0} ôüôå ç  =  äéáèÝôåé áêñéâþò  ëýóåéò. (ÓõãêåêñéìÝíá, åÜí  = (cos() +  sin())

 ∈ R0  ∈ R ôüôå áõôÝò åßíáé ïé  = 
1
 (cos(

2+
 ) +  sin( 2+ ))  ∈ {0  − 1})
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9.7.19, ìÝóù ôïý ïðïßïõ äéáóöáëßæåôáé ç åìöõôåõóéìüôçôá ïéáóäÞðïôå áâåëéáíÞò
ïìÜäáò óå êÜðïéá äéáéñåôÞ.

9.7.9 Ðñüôáóç. ÅÜí  :  −→  åßíáé Ýíáò ïìïìïñöéóìüò ìåôáîý (ðñïóèåôéêþí)
áâåëéáíþí ïìÜäùí êáé ç  äéáéñåôÞ, ôüôå êáé ç åéêüíá áõôÞò () = Im() ìÝóù
ôïý  åßíáé äéáéñåôÞ.

Áðïäåéîç. ¸óôù  ∈ Im() êáé Ýóôù  ∈ N Ôüôå õðÜñ·åé  ∈  ôÝôïéï þóôå íá

éó·ýåé  = () Åî õðïèÝóåùò, ∃ ∈  :  = ÊáôÜ óõíÝðåéáí,  = () ¤

9.7.10 Ðüñéóìá. ÅÜí (+) åßíáé ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá êáé ∈ Subg()
ôüôå ç ðçëéêïïìÜäá  åßíáé äéáéñåôÞ.

Áðïäåéîç. Áñêåß íá åöáñìïóèåß ç ðñüôáóç 9.7.9 ãéá ôïí öõóéêü åðéìïñöéóìü

 :  −→  ¤

9.7.11 Ðáñáäåßãìáôá. Ïé áâåëéáíÝò ïìÜäåò (RZ+) êáé (QZ+) åßíáé äéáéñåôÝò.

9.7.12 Ðüñéóìá. ÅÜí (+) åßíáé ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá, ôüôå êáé êÜèå
ïìÜäá, ç ïðïßá åßíáé éóüìïñöç ìå áõôÞí, åßíáé äéáéñåôÞ.

9.7.13 Ðáñáäåßãìáôá. Ïé ðïëëáðëáóéáóôéêÝò áâåëéáíÝò ïìÜäåò (S1 ·) êáé (E∞ ·)
(âë. 2.1.21 (vi) êáé 2.3.6) åßíáé äéáéñåôÝò, äéüôé RZ ∼= S1 êáé QZ ∼= E∞ (Âë. ôï
(ii) ôïý åä. 4.5.3 êáé ôçí Üóêçóç 4-42.)

9.7.14 Ðñüôáóç. ¸óôù ()∈ ìéá ïéêïãÝíåéá (ðñïóèåôéêþí) áâåëéáíþí ïìÜäùí
( 6= ∅) ÅÜí  :=L∈  (êáé áíôéóôïß·ùò, åÜí  :=

Lðåñ.
∈ ) ôüôå

Div() =
L

∈ Div() (êáé áíôéóôïß·ùò, Div() =
Lðåñ.

∈ Div())

¢ñá ç  åßíáé äéáéñåôÞ åÜí êáé ìüíïí åÜí ç  åßíáé äéáéñåôÞ ãéá êÜèå  ∈ 

Áðïäåéîç. ÅÜí  :=
L

∈   = ()∈ ∈ Div() êáé  ∈ N ôüôå õðÜñ·åé
 = ()∈ ∈  ôÝôïéï þóôå íá éó·ýåé  =  Þ, éóïäõíÜìùò,  =  ãéá êÜèå

 ∈  ïðüôå [ ∈ Div()∀ ∈ ] ⇒  ∈ L∈ Div() Êáé áíôéóôñüöùò° åÜí

 = ()∈ ∈
L

∈ Div() êáé  ∈ N ôüôå õðÜñ·åé óôïé·åßï  ∈  ôÝôïéï

þóôå íá éó·ýåé  =  ãéá êÜèå  ∈  ïðüôå ôï  := ()∈ ∈  éêáíïðïéåß ôçí

 =  êáé  ∈ Div() ¢ñá Div() =
L

∈Div() ÅÜí õðïèÝóïõìå üôé ç 

åßíáé äéáéñåôÞ ãéá êÜèå  ∈  ôüôå

[Div() =  ∀ ∈ ]⇒ Div() =
L
∈

Div() =
L
∈

 = 

ïðüôå êáé ç åßíáé äéáéñåôÞ. Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå üôé ç åßíáé äéáé-

ñåôÞ êáé üôé õðÜñ·åé  ∈  ìå Div() @   ôüôå êáôáëÞãïõìå óå Üôïðï, êáèþò

 = Div() =

Ã L
∈r{}

Div()

!
⊕Div() @

L
∈

 = 

¢ñá ç  åßíáé äéáéñåôÞ ãéá êÜèå  ∈  (Óôçí ðåñßðôùóç üðïõ  :=
Lðåñ.

∈  ç

áðüäåéîç åßíáé ðáñüìïéá.) ¤
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9.7.15 Ðáñáäåßãìáôá. Ôüóïí ïé (Q +) (R +) (Z(∞) +) ((RZ) +) êáé
((QZ) +) üóïí êáé ïé

(Q()+) (R()+) (Z(∞)()+) ((RZ)()+) êáé ((QZ)()+)

(êáèþò êáé ôï åõèý Üèñïéóìá ïéùíäÞðïôå åî áõôþí) åßíáé äéáéñåôÝò áâåëéáíÝò

ïìÜäåò ãéá êÜèå óýíïëï 

9.7.16 Ðüñéóìá. Áò õðïèÝóïõìå üôé  åßíáé Ýíá ìç êåíü óýíïëï êáé ()∈ ìéá
ïéêïãÝíåéá õðïïìÜäùí ìéáò áâåëéáíÞò ïìÜäáò (+) ìå ôïõò äåßêôåò ôçò åéëçììÝ-
íïõò áðü ôï  ôÝôïéá þóôå íá éó·ýåé =

Låó.
∈  Ôüôå ç åßíáé äéáéñåôÞ åÜí êáé

ìüíïí åÜí ç åßíáé äéáéñåôÞ ãéá êÜèå  ∈ 

Áðïäåéîç. ÅðåéäÞ  ∼=
7.1.100 (ii)

Lðåñ.
∈  ôïýôï Ýðåôáé áðü ôçí ðñüôáóç 9.7.14 êáé

ôï ðüñéóìá 9.7.12. ¤

9.7.17 Ðüñéóìá. ÅÜí  åßíáé Ýíáò ðñþôïò áñéèìüò, ôüôå ç -ó·åäüí êõêëéêÞ ïìÜäá

Z(∞) := Z[ 1 ]Z =
n


 + Z

¯̄̄
 ∈ Z  ∈ N0

o
@ QZ

(ðñâë. Üóêçóç 4-41) åßíáé äéáéñåôÞ.

Áðïäåéîç101. Ùò ãíùóôüí, ç (QZ+) åßíáé ïìÜäá óôñÝøåùò. (Âë. 4.4.11.) ¢ñá

QZ =
(9.55)

Måó.

 ðñþôïò
(QZ)() =

Måó.

 ðñþôïò
Z(∞)

äéüôé ç -ðñùôåýïõóá óõíéóôþóá ôÞò QZ åßíáé ç

(QZ)() := { + Z ∈ QZ|  ∈ Q êáé ( + Z) = Z ãéá êÜðïéïí  ∈ N0}
= { + Z ∈ QZ|  ∈ Q êáé  =  ãéá êÜðïéïõò  ∈ Z êáé  ∈ N0}

=
n



+ Z

¯̄̄
 ∈ Z  ∈ N0

o
= Z(∞)

ãéá êÜèå ðñþôïí áñéèìü  ÅðåéäÞ ç (QZ+) åßíáé äéáéñåôÞ, ç (Z(∞)+) åßíáé
ùóáýôùò äéáéñåôÞ ãéá êÜèå ðñþôïí áñéèìü  (âÜóåé ôïý ðïñßóìáôïò 9.7.16). ¤

9.7.18 Ðüñéóìá. ÊÜèå ìç ôåôñéììÝíç äéáéñåôÞ áâåëéáíÞ ïìÜäá åßíáé ìç ðåðåñáóìÝ-
íùò ðáñáãüìåíç.

Áðïäåéîç. ¸óôù (+) ìéá ðåðåñáóìÝíùò ðáñáãüìåíç äéáéñåôÞ áâåëéáíÞ

ïìÜäá. Ôüôå  ∼= tors() ⊕ Z üðïõ  ∈ N0 êáé |tors()|  ∞ (Âë. èåþñçìá

9.6.7.) Óýìöùíá ìå ôçí ðñüôáóç 9.7.14 áìöüôåñåò ïé tors() êáé Z ïöåßëïõí íá

åßíáé äéáéñåôÝò. Áõôü óçìáßíåé üôé tors() = {0} (âë. 9.7.4 (iii)) êáé üôé  = 0

(Ï  åê íÝïõ ëüãù ôÞò ðñïôÜóåùò 9.7.14, äåí ìðïñåß íá åßíáé ≥ 1 äéüôé ç (Z+)
äåí åßíáé äéáéñåôÞ.) ¢ñá êáé ç ßäéá ç  åßíáé ôåôñéììÝíç. ¤
101ÅðåéäÞ ç Z[ 1 ] äåí åßíáé äéáéñåôÞ (âë. 9.7.47), ãéá ôçí áðüäåéîç ôïý üôé ç ðçëéêïïìÜäá Z(∞) := Z[ 1 ]Z åßíáé

äéáéñåôÞ äåí åßíáé äõíáôüí íá åöáñìïóèåß ôï ðüñéóìá 9.7.10.
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9.7.19 Èåþñçìá. ÊÜèå áâåëéáíÞ ïìÜäá (+) åßíáé åìöõôåýóéìç åíôüò ìéáò äéáé-
ñåôÞò áâåëéáíÞò ïìÜäáò.

Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 9.5.35  ∼= Z()Ker() üðïõ  ⊆ 

åßíáé ïéïäÞðïôå óýóôçìá ãåííçôüñùí ôÞò  êáé  : Z() −→  åðéìïñöé-

óìüò. ¸óôù  : Z() → Q() ç óõíÞèçò Ýíèåóç. Ï åðáãüìåíïò ïìïìïñöéóìüò

ðçë. : Z()Ker() −→ Q()Ker() (óå åðßðåäï ðçëéêïïìÜäùí, âë. 4.5.5) åßíáé

ìïíïìïñöéóìüò. ÅðåéäÞ ç Q() åßíáé äéáéñåôÞ, êáé ç ðçëéêïïìÜäá Q()Ker()
(åíôüò ôÞò ïðïßáò åìöõôåýåôáé ç ) åßíáé äéáéñåôÞ. (Âë. ðüñéóìá 9.7.10.) ¤

I «ÄéáéñåôÞ = åìâïëéêÞ». Óôï åäÜöéï 9.5.41 åäüèç ï ïñéóìüò ôÞò ðñïâïëéêÞò
áâåëéáíÞò ïìÜäáò êáé óôï èåþñçìá 9.5.42 áðåäåß·èç üôé ïé Ýííïéåò åëåýèåñç êáé

ðñïâïëéêÞ áâåëéáíÞ ïìÜäá åßíáé éóïäýíáìåò. Ôï ßäéï óõìâáßíåé êáé ìå ôéò Ýííïéåò

äéáéñåôÞ êáé åìâïëéêÞ, üðïõ ç ôåëåõôáßá åßíáé äõúêÞ (ôñüðïí ôéíÜ102) ôÞò ðñïâï-
ëéêÞò. (Âë. èåþñçìá 9.7.22.)

9.7.20 Ïñéóìüò. ËÝìå üôé ìéá áâåëéáíÞ ïìÜäá (+) åßíáé åìâïëéêÞ üôáí ãéá êÜèå

ìïíïìïñöéóìü áâåëéáíþí ïìÜäùí  :  →  êáé ãéá êÜèå  ∈Hom() õðÜñ-

·åé  ∈Hom() ðïõ êáèéóôÜ ôï áêüëïõèï äéÜãñáììá ìåôáèåôéêü.



ª
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9.7.21 Èåþñçìá. (KñéôÞñéï ôïý R. Baer, 1940) Ãéá ìéá áâåëéáíÞ ïìÜäá (+)
ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) H  åßíáé åìâïëéêÞ.

(ii) Ãéá êÜèå õðïïìÜäá  ôÞò ïìÜäáò (Z+) êáé êÜèå  ∈ Hom() õðÜñ·åé
 ∈ Hom(Z )  ïýôùò þóôå íá éó·ýåé  | =  (Þ, éóïäõíÜìùò,  ◦  =  üðïõ
 : → Z ç óõíÞèçò Ýíèåóç ).

Áðïäåéîç103. (i)⇒(ii) Ôïýôï åßíáé ðñïöáíÝò áðü ôïí ïñéóìü 9.7.20. (Áñêåß óå

áõôüí íá ôåèåß  :=  := Z êáé   êáé  áíôß ôùí   êáé  áíôéóôïß·ùò.)

(ii)⇒(i)¸óôù  :  →  Ýíáò ìïíïìïñöéóìüò (ðñïóèåôéêþí) áâåëéáíþí ïìÜäùí

êáé Ýóôù  ∈ Hom()  Èá äåßîïõìå üôé õðÜñ·åé êÜðïéïò  ∈ Hom() ìå

◦ = Áòóõìâïëßóïõìå ùò b :  ∼=−→ Im() ôïí éóïìïñöéóìü ôïí ðñïêýðôïíôá

ýóôåñá áðü ðåñéïñéóìü ôïý ðåäßïõ ôéìþí ôïý  åðß ôÞò Im()

Ðåñßðôùóç ðñþôç. ÅÜí Im() =  ôüôå b =  êáé áñêåß íá ôåèåß  :=  ◦ −1
102ÅÜí óôï ìåôáèåôéêü äéÜãñáììá ôïý åäáößïõ 9.5.41 áíôéêáôáóôÞóïõìå ôïí åðéìïñöéóìü  ìå ìïíïìïñöéóìü, åíáë-

ëÜîïõìå ôïõò  êáé  êáé áíôéóôñÝøïõìå ôç öïñÜ ôùí âåëþí, ôüôå áðïêôïýìå ôï ìåôáèåôéêü äéÜãñáììá ôïý åäáößïõ

9.7.20.

103Âë. R. Baer: Abelian groups that are direct summands of every containing abelian group, Bulletin of the American

Math. Soc. 46 (1940) 800-806
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Ðåñßðôùóç äåýôåñç. ÅÜí Im() @  ôüôå èåùñïýìå ôçí ïéêïãÝíåéá æåõãþí

L :=
n
( )

¯̄̄
Im() v  v  üðïõ  ∈ Hom () :  ◦  ◦ b = 

o


ìå

 : Im() →   () 7−→ ( ()) :=  ()  ∀ ∈ 

ÁõôÞ åßíáé ìç êåíÞ (äéüôé ðñïöáíþò (Im() ◦b−1) ∈ L) êáé êáèßóôáôáé ìåñéêþò
äéáôåôáãìÝíï óýíïëï ùò ðñïò ôçí áêüëïõèç ‘‘¹'':

(1 1) ¹ (2 2)⇐⇒
ïñó

[1 ⊆ 2 êáé 2 |1 = 1 ]

Ãéá êÜèå áëõóßäá ( )∈Λ ôïý (L¹) ôï æåýãïò (h{| ∈ Λ}i Φ) ìå104

Φ| =  åßíáé Ýíá Üíù öñÜãìá áõôÞò, ïðüôå ôï (L¹) åßíáé åðáãùãéêþò äéá-
ôåôáãìÝíï. ÄõíÜìåé ôïý ëÞììáôïò A.2.20 ôïý Zorn ôï (L¹) äéáèÝôåé êÜðïéï ìå-

ãéóôéêü óôïé·åßï (• •)  Áñêåß ëïéðüí íá áðïäåßîïõìå üôé • =  Èá ·ñç-

óéìïðïéÞóïõìå «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé • @  åðéëÝãïõìå Ýíá

 ∈ r• êáé èåùñïýìå ôçí := { ∈ Z| ∈ •} @ Z Åí óõíå·åßá, ïñßæïõìå

ôçí áðåéêüíéóç

 : −→   7−→ () := •()

êáé ðáñáôçñïýìå üôé  ∈Hom()  äéüôé ãéá ïéïõóäÞðïôå 1 2 ∈ Ý·ïõìå

(1 + 2) := •((1 + 2)) = •(1+ 2) = (1) + (2)

Åî õðïèÝóåùò õðÜñ·åé  ∈ Hom(Z )  ïýôùò þóôå íá éó·ýåé  ◦  =  üðïõ

 : → Z ç óõíÞèçò Ýíèåóç. ÅðéðñïóèÝôùò, åÜí èÝóïõìå e• := • + hi  ç
e• : e• −→  e•( + ) := •() + () ∀ ∈ • êáé ∀ ∈ Z

åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç105, äéüôé åÜí  +  = 0 + 0 ôüôå

(− 0) = 0 −  ∈ • ⇒ − 0 ∈

⇒ •(
0)− •() = •(

0 − ) = •((− 0)) = (− 0)

= (− 0) = ()− (0)⇒ •() + () = •(
0) + (0)

Åðßóçò, ãéá 1 2 ∈ • êáé 1 2 ∈ Z Ý·ïõìå

e•((1 + 2) + (1 + 2)) = •(1 + 2) + (1 + 2)

= •(1) + •(2) + (1) + (2) = •(1) + (1) + •(2) + (2)

= e•(1 + 1) + e•(2 + 2)⇒ e• ∈ Hom(e• )
104ÅðåéäÞ ç

¡
 

¢
∈Λ åßíáé áëõóßäá, ïñßæåôáé ðÜíôïôå «êïéíÞ» åðÝêôáóç Φ ôùí ïìïìïñöéóìþí   (ÅÜí

 ∈ h{| ∈ Λ}i  ôüôå  ∈  ãéá êÜðïéï  ∈ Λ êáé áñêåß íá èÝóïõìåΦ() :=  ())

105Åí ðñïêåéìÝíù, ôï «ôÝ·íáóìá» óôçí áðüäåéîç Ýãêåéôáé óôçí êáôáóêåõÞ ôÞò  e• êáôÜ ôÝôïéïí ôñüðï, þóôå ïé ôéìÝò

ôçò íá óõìðßðôïõí ìå åêåßíåò ðïõ ëáìâÜíåé ç • êáé óå üðïéá ðïëëáðëÜóéá ôïý  ôõã·Üíåé íá ïñßæåôáé. Ç äåí

åßíáé ôßðïôå Üëëï ðáñÜ ç óõëëïãÞ áõôþí ôùí «êáôÜëëçëùí» áêåñáßùí óõíôåëåóôþí.
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ÅðåéäÞe•() = •()∀ ∈ • óõìðåñáßíïõìå üôé e•
¯̄̄
•
= • ⇒ (e• e•) ∈ L

Káôüðéí ðñïóáñôÞóåùò ôïý e• ôï áêüëïõèï äéÜãñáììá ðáñáìÝíåé ìåôáèåôéêü.

Ðñïöáíþò, (• •)
≺
6= (e• e•) êÜôé ðïõ áíôßêåéôáé óôç ìåãéóôéêüôçôá ôïý

(• •) åíôüò ôÞò L ¢ôïðï! ¢ñá • =  êáé áñêåß íá ôåèåß  :=   ¤

9.7.22 Èåþñçìá. Ìéá áâåëéáíÞ ïìÜäá åßíáé äéáéñåôÞ åÜí êáé ìüíïí åÜí åßíáé åìâï-
ëéêÞ.

Áðïäåéîç. ¸óôù üôé (+) åßíáé ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá,  := Z = hi
ãéá êÜðïéïí  ∈ N0 êáé  ∈ Hom()  Ôüôå () ∈  êáé ∃ ∈  : () = 

Èåùñþíôáò ôüí ïìïìïñöéóìü  : Z −→   7−→ () :=  ðáñáôçñïýìå üôé

() = () = () = () ãéá êÜèå  ∈ Z. ÊáôÜ óõíÝðåéáí,  | = 

ïðüôå (ìÝóù ôÞò óõíåðáãùãÞò (ii)⇒(i) óôï èåþñçìá 9.7.21) ç  åßíáé åìâïëéêÞ.

Êáé áíôéóôñüöùò° õðïèÝôïíôáò üôé (+) åßíáé ìéá åìâïëéêÞ áâåëéáíÞ ïìÜäá,

 ∈   ∈ N êáé := Z = hi  ïñßæïõìå ôïí ïìïìïñöéóìü

 : −→   7−→  () := 

êáôáóêåõÜæïõìå (ìÝóù ôÞò óõíåðáãùãÞò (i)⇒(ii) óôï èåþñçìá 9.7.21) Ýíáí ïìï-

ìïñöéóìü  ∈ Hom(Z) ìå 
¯̄

=  êáé, åí óõíå·åßá, èÝôïíôáò  := (1)

äéáðéóôþíïõìå üôé  =  () = () = ( · 1) = (1) = Áõôü óçìáßíåé

üôé ç  åßíáé äéáéñåôÞ. ¤

9.7.23 Ðüñéóìá. ÅÜí (+) åßíáé ìéá áâåëéáíÞ ïìÜäá, ôüôå êÜèå äéáéñåôÞ õðïï-
ìÜäá  áõôÞò äéáèÝôåé êÜðïéï óõìðëÞñùìá (âë. 7.6.42 (ii)), Þôïé

∃ ∈ Subg() :  =  ⊕åó. 

Áðïäåéîç. ÅðåéäÞ ç  (ùò äéáéñåôÞ) åßíáé (óýìöùíá ìå ôï èåþñçìá 9.7.22) åì-

âïëéêÞ, ãéá ôç óõíÞèç Ýíèåóç  :  →  êáé ãéá ôçí ôáõôïôéêÞ id :  −→ 
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õðÜñ·åé (óýìöùíá ìå ôïí ïñéóìü106 9.7.20) êÜðïéïò  ∈Hom() ðïõ êáèéóôÜ

ôï áêüëïõèï äéÜãñáììá ìåôáèåôéêü.



ª



id

==||||||||Â Ä


// 


``@
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@
@

ÅðïìÝíùò,  ◦  = id (Þ, éóïäõíÜìùò,  | = id) êáé, ùò åê ôïýôïõ, Im() = 

ÈÝôïíôáò  := Ker() ðáñáôçñïýìå åí ðñþôïéò üôé  =  + ÐñÜãìáôé° åÜí

 ∈  êáé  := () ôüôå

() =  = id() = ( ◦ )() = (()) = ()⇒ ( − ) = 0

⇒  −  ∈  ⇒ [∃ ∈  :  = + ]⇒  =  +

Åí óõíå·åßá äéáðéóôþíïõìå üôé  ∩ = {0} (ÐñÜãìáôé° åÜí  ∈  ∩ ôüôå

Ý·ïõìå ðñïöáíþò 0 = () = (()) = id() =  ïðüôå ç  ∩  åßíáé

ôåôñéììÝíç.) Ôåëéêü óõìðÝñáóìá:  =  ⊕åó.  ¤

9.7.24 Ðüñéóìá. Ìéá áâåëéáíÞ ïìÜäá åßíáé äéáéñåôÞ åÜí êáé ìüíïí åÜí åßíáé åõèýò
ðñïóèåôÝïò ïéáóäÞðïôå áâåëéáíÞò ïìÜäáò ðïõ ôçí ðåñéÝ·åé.

Áðïäåéîç. ¸óôù  ìéá áâåëéáíÞ ïìÜäá ðïõ ðåñéÝ·åôáé óå êÜðïéá áâåëéáíÞ

ïìÜäá (+) ÅÜí ç  åßíáé äéáéñåôÞ, ôüôå õðÜñ·åé  v  ìå  = ⊕åó.  (Âë.

ðüñéóìá 9.7.23.) Êáé áíôéóôñüöùò° åÜí  åßíáé ìéá áâåëéáíÞ ïìÜäá êáé õðÜñ·åé

 v  ìå  =  ⊕åó.  ãéá êÜèå áâåëéáíÞ ïìÜäá (+) ãéá ôçí ïðïßá éó·ýåé

 v  ôüôå ìðïñïýìå (äõíÜìåé ôïý èåùñÞìáôïò 9.7.19) íá õðïèÝóïõìå üôé ç 

åßíáé äéáéñåôÞ, ïðüôå êáé ç  åßíáé äéáéñåôÞ (ùò åõèýò ðñïóèåôÝïò äéáéñåôÞò). ¤

I ÄéáéñåôÝò õðïïìÜäåò. ¼ðùò Ý·åé Þäç ðñïáíáöåñèåß óôï åäÜöéï 9.7.4 (ii), ìéá

ìç ôåôñéììÝíç õðïïìÜäá ìéáò äéáéñåôÞò áâåëéáíÞò ïìÜäáò äåí åßíáé êáô' áíÜãêçí

äéáéñåôÞ. Ùóôüóï, ìåôáîý åêåßíùí ôùí õðïïìÜäùí ðïõ ðáñáìÝíïõí äéáéñåôÝò óõ-

ãêáôáëÝãïíôáé ðÜíôïôå ïé áìéãåßò õðïïìÜäåò. (Ìßá åî áõôþí åßíáé ç õðïïìÜäá

óôñÝøåùò.) Åðßóçò, ïé äéáéñåôÝò õðïïìÜäåò åìðåñéÝ·ïíôáé óå ìßá êáé ìüíïí («ìÝ-

ãéóôç») äéáéñåôÞ õðïïìÜäá.

9.7.25 Ïñéóìüò. Ìéá õðïïìÜäá  ìéáò áâåëéáíÞò õðïïìÜäáò (+) êáëåßôáé

áìéãÞò õðïïìÜäá üôáí107  ∩  =  ∀ ∈ N

9.7.26 Ðñüôáóç. ÊÜèå áìéãÞò õðïïìÜäá ìéáò äéáéñåôÞò áâåëéáíÞò ïìÜäáò (+)
åßíáé äéáéñåôÞ.

Áðïäåéîç. Ãéá áìéãåßò v  Ý·ïõìå =  ∩ =  ∩  =  ∀ ∈ N ¤
106Åäþ åöáñìüæåôáé ï ïñéóìüò 9.7.20 ìå ôéò  óôç èÝóç ôùí óå áõôüí ðáñáôåèåéóþí ïìÜäùí  êáé 
áíôéóôïß·ùò, êáé ìå  :=  êáé  := id 

107Ï åãêëåéóìüò  ⊆  ∩  éó·ýåé ãéá êÜèå  v 
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9.7.27 Ðüñéóìá. Ç õðïïìÜäá óôñÝøåùò tors() ïéáóäÞðïôå äéáéñåôÞò áâåëéáíÞò
ïìÜäáò (+) åßíáé áìéãÞò êáé, ùò åê ôïýôïõ, äéáéñåôÞ.

Áðïäåéîç. ¸óôù  ∈ N êáé Ýóôù  ∈ tors()∩ Ôüôå õðÜñ·åé  ∈  :  = 

ÅÜí ord() =  ôüôå éó·ýåé () = () =  = 0 ⇒ ord() ≤  ïðüôå

 ∈ tors()⇒  ∈  ¤

9.7.28 Óõìâïëéóìüò. ÅÜí (+) åßíáé ìéá áâåëéáíÞ ïìÜäá, ôüôå èÝôïõìå

div() := h{ ∈ Subg()| äéáéñåôÞ}i 

9.7.29 Ðñüôáóç. Ç div() áðïôåëåß ôç ìÝãéóôç 108 äéáéñåôÞ õðïïìÜäá ôÞò 

Áðïäåéîç. Ãéá äéåõêüëõíóÞ ìáò áò óõìâïëßóïõìå ùò ()∈ ôçí ïéêïãÝíåéá üëùí

ôùí äéáéñåôþí õðïïìÜäùí ôÞò (üðïõ  êáôÜëëçëï óýíïëï äåéêôþí). ÅðåéäÞ ç

åßíáé áâåëéáíÞ, ç óõíèÞêç (ii) ôïý ëÞììáôïò 7.1.99 éêáíïðïéåßôáé áõôïìÜôùò êáé ç

áðåéêüíéóç ()∈ :
Lðåñ.

∈  −→  (âë. (7.31)) åßíáé (ëüãù êáé ôïý (i) ôïý ßäéïõ

ëÞììáôïò) Ýíáò ïìïìïñöéóìüò ìå åéêüíá ôïõ ôçí

Im(()∈ ) = h{|  ∈ }i =: div()
ÅðåéäÞ ç åßíáé äéáéñåôÞ ãéá êÜèå  ∈  ôï ðåñéïñéóìÝíï Üèñïéóìá

Lðåñ.
∈  åß-

íáé ìéá äéáéñåôÞ ïìÜäá (ëüãù ôÞò ðñïôÜóåùò 9.7.14). ¢ñá ç div() ïýóá ç åéêüíá

ôïý ()∈  åßíáé äéáéñåôÞ õðïïìÜäá ôÞò  (Âë. ðñüôáóç 9.7.9.) Åî ïñéóìïý, ç

div() ðåñéÝ·åé üëåò ôéò äéáéñåôÝò õðïïìÜäåò ôÞò  (Âë. 2.2.2 (ii).) ¤

9.7.30 Óçìåßùóç. (i) Åßèéóôáé íá ëÝìå åí óõíôïìßá üôé ç õðïïìÜäá div() áðïôå-

ëåß ôï äéáéñåôü ìÝñïò ôÞò 

(ii) Ï åãêëåéóìüò div() ⊆Div() åíäÝ·åôáé íá åßíáé áõóôçñüò109. (ÖõóéêÜ, ç ßäéá

ç  åßíáé äéáéñåôÞ⇔ div() = Div() = )

9.7.31 Ðñüôáóç. ÅÜí  : 1 −→ 2 åßíáé Ýíáò ïìïìïñöéóìüò (ðñïóèåôéêþí) áâå-
ëéáíþí ïìÜäùí, ôüôå (div(1)) v div(2) êáé, ùò åê ôïýôïõ, ïñßæåôáé êáëþò ï
«êáíïíéóôéêüò» ïìïìïñöéóìüò

ðçë. : 1div(1) −→ 2div(2)

 + div(1) 7−→ ðçë.( + div(1)) := () + div(2)

ï ïðïßïò êáèéóôÜ ôï äéÜãñáììá

1


1
div(1)

²²
ª

 // 2


2
div(2)

²²
1div(1)

ðçë.

//___ 2div(2)

108Åäþ, «ìÝãéóôç» = «ìïíáäéêÞ ìåãéóôéêÞ» ùò ðñïò ôçí ‘‘v'' ìå ôçí åí ëüãù éäéüôçôá. (Ðñâë. 2.1.36.)
109Ãéá ôçí êáôáóêåõÞ åíüò (äýóêïëïõ) ðáñáäåßãìáôïò ìéáò ìå div() $ Div() âë. Hofmann K.H. &Morris S.A.:

The Structure of Compact Groups, second ed., De Gruyter Studies in Mathematics, Vol. 25, Walter de Gruyter, 2006
Thm. A132 óåë. 652-654
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ìåôáèåôéêü. ÅðéðñïóèÝôùò, éó·ýïõí ôá áêüëïõèá :

(a) O ðçë. åßíáé ìïíïìïñöéóìüò⇐⇒ div(1) = −1(div(2))
(b) O ðçë. åßíáé åðéìïñöéóìüò⇐⇒ Im()+ div(2) = 2

Áðïäåéîç. ÅÜí  åßíáé ìéá äéáéñåôÞ õðïïìÜäá ôÞò 1 ôüôå ç åéêüíá ôçò

 | () = () ìÝóù ôïý  | :  −→ 2 åßíáé äéáéñåôÞ õðïïìÜäá ôÞò 2 (âë.

9.7.9 êáé 2.4.4 (i)), ïðüôå

(div(1)) = h{() ∈ Subg(2)| ∈ Subg(1) äéáéñåôÞ}i
v h{ ∈ Subg(2)| äéáéñåôÞ}i = div(2)

Ïé ëïéðïß éó·õñéóìïß åßíáé áëçèåßò äõíÜìåé ôïý èåùñÞìáôïò 4.5.5. ¤
I ÄéáéñåôÝò áâåëéáíÝò ïìÜäåò óôñÝøåùò. Ôï èåþñçìá 9.7.33 ìáò ðëçñïöïñåß üôé

áõôÝò «ïéêïäïìïýíôáé» ìå ôç âïÞèåéá ôÞò ïéêïãåíåßáò { (Z(∞)+)|  ðñþôïò}.

9.7.32 ËÞììá. ÊÜèå äéáéñåôÞ áâåëéáíÞ -ïìÜäá óôñÝøåùò ( ðñþôïò) åßíáé éóü-
ìïñöç ìå ôçí (Z(∞)()+) ãéá êÜðïéï (êáôÜëëçëï) óýíïëï

Áðïäåéîç. ¸óôù (+) ìéá äéáéñåôÞ áâåëéáíÞ -ïìÜäá. ÅÜí ç  åßíáé ôåôñéì-

ìÝíç, ôüôå ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. Áò õðïèÝóïõìå üôé {0} @ 

ÂÞìá 1ï. ÅðåéäÞ ç[] := { ∈  | = 0 } v  (óýìöùíá ìå ôá ðñïáíáöåñèÝ-

íôá óôï åäÜöéï 9.1.5 (i)) åßíáé åöïäéáóìÝíç ìå ôç äïìÞ äéáíõóìáôéêïý ·þñïõ õðå-

ñÜíù ôïý óþìáôïò Z ìðïñïýìå íá èåùñÞóïõìå ìéá âÜóç áõôïý  ⊆ [] (õðü

ôç óõíÞèç Ýííïéá). Ãéá êÜèå  ∈  êáôáóêåõÜæïõìå ìéá áêïëïõèßá óôïé·åßùí ôÞò

 ùò áêïëïýèùò: ÈÝôïõìå 0 := 0 êáé 1 :=  (Ðñïöáíþò, ôï  ùò óôïé·åßï

ôÞò âÜóåùò  åßíáé 6= 0 Áðü ôçí Üëëç ìåñéÜ,  ∈ [] ⇒  = 0) EðåéäÞ

(åî õðïèÝóåùò) ç  åßíáé äéáéñåôÞ, Ý·ïõìå110  =  ïðüôå ∃2 ∈  : 2 = 1

Åí óõíå·åßá, åðáíáëáìâÜíïíôáò áõôÞí ôç äéáäéêáóßá (ìå ôï 2 óôç èÝóç ôïý 1
ê.ï.ê.) åðéëÝãïõìå 3 4  ìå  = −1 ãéá êÜèå  ∈ N ÅÜí  0 ∈ Z êáé

 0 ∈ N0 åßíáé ôÝôïéïé, þóôå íá éó·ýåé 
 =

0
0 (åíôüò ôÞò Z[

1
 ]) êáé õðïèÝóïõìå

(äß·ùò âëÜâç ôÞò ãåíéêüôçôáò) üôé  ≤ 0 ôüôå

[
0− = 0]⇒ 00 = 

0−0 = 
0−−10−1

= 
0−−20−2 = · · · = 

0−−(0−−1)0−(0−−1) = +1 = 

ïðüôå ïñßæåôáé êáëþò ç áðåéêüíéóç

 : Z[ 1 ] −→  
 7−→ (


 ) := 

ÁõôÞ åßíáé ïìïìïñöéóìüò ïìÜäùí, äéüôé ãéá 
 


 ∈ Z[ 1 ] ìå  ≤ 

(

 +


 ) = (

−+
 ) = (− + )

= − +  = (
−
 ) + (


 ) = (


 ) + (


 )

110Ðñïóï·Þ! Ôï üôé éó·ýåé [] ∼=
9.1.4

 =  äåí óçìáßíåé üôé ç [] åßíáé ôåôñéììÝíç, êáèþò ç  (ùò ìç

ôåôñéììÝíç êáé äéáéñåôÞ) åßíáé Üðåéñç! (Ðñâë. ðáñÜäåéãìá 4.5.3 (iv).)
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ÅðéðñïóèÝôùò, Ker() = Z (ÐñÜãìáôé° ï åãêëåéóìüò Z ⊆ Ker() åßíáé ðñïöá-

íÞò, äéüôé

(1) = (

) = 1 =  = 0

Áò õðïèÝóïõìå üôé Z $ Ker() Ôüôå õðÜñ·ïõí  ∈ Zr{0} êáé  ∈ N ìå  - 
ïýôùò þóôå íá éó·ýåé (


 ) =  = 0 ÅðåéäÞ

ìêä( ) = 1 =⇒
B.2.13

ìêä( ) = 1 =⇒
B.2.8

[∃  ∈ Z : +  = 1]

Ý·ïõìå  = () +  =  0 +  = 
¡


¢
 üðïõ

 = −1() = −1−1 = −2−2 = · · · = −(−1)−(−1) = 1 =  = 0

¢ñá  = 0 ¼ìùò −1 = 1 =  6= 0 ⇒  6= 0 ¢ôïðï!) ÅðïìÝíùò

õößóôáôáé ìïíáäéêüò éóïìïñöéóìüò

Z(∞) : = Z[ 1 ]Z 3 
 + Z

̂7−→ ̂(

 + Z) ∈ Im()

ìå ̂(

 +Z) = (


 ) (âë. 4.5.2) êáé ç åéêüíá ôïõ Im() = h{|  ∈ N}i ∼= Z(∞)

åßíáé ìéá õðïïìÜäá ôÞò  ðåñéÝ·ïõóá ôï  (äéüôé  = (
1
)) ÓçìåéùôÝïí üôé

Im()[] = h{|  ∈ N :  = 0}i = h{|  ∈ N : −1 = 0}i = h1i = hi 

ÂÞìá 2ï. Êáô' áñ·Üò ðáñáôçñïýìå üôéLðåñ.
∈ Im()[] =

Lðåñ.
∈ hi ∼=

7.1.100 (ii)

Låó
∈ hi = [] (9.70)

Åí óõíå·åßá, ïñßæïõìå ôïí ïìïìïñöéóìü111

β :
Mðåñ.

∈
Im() −→   = ()∈ 7−→ β() :=

⎧⎪⎨⎪⎩
0 üôáí  = 0P
∈ supp()

 üôáí  6= 0

ìå åéêüíá ôïõ ôçí Im(β) = h{ Im()| ∈ }i  Þôïé ìéá äéáéñåôÞ112 õðïïìÜäá ôÞò

 Ï ðåñéïñéóìüò ôïõ

β|Lðåñ.

∈ Im()[]
:
Lðåñ.

∈ Im()[]
∼=−→ [] (9.71)

åßíáé ï éóïìïñöéóìüò (9.70). ÊáôÜ ôï ðüñéóìá 9.7.23 õðÜñ·åé êÜðïéá  v  ìå

 = Im(β)⊕åó.  ÅðïìÝíùò,

[] = Im(β)[]⊕åó. []

111Ðñüêåéôáé ãéá ôïí ïìïìïñöéóìü (7.31) (ýóôåñá áðü êáôÜëëçëç áëëáãÞ ôïý óõìâïëéóìïý).

112H Im() ∼= Z(∞) åßíáé äéáéñåôÞ ãéá êÜèå ðñþôï áñéèìü  (Âë. ðïñßóìáôá 9.7.17 êáé 9.7.12.) ÅðïìÝíùò, ëüãù

ôùí ðñïôÜóåùí 9.7.14 êáé 9.7.9, ïé
L ðåñ.

∈ Im() êáé Im(β) åßíáé ùóáýôùò äéáéñåôÝò.
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ÅðåéäÞ üìùò

Im(β)[] = h{ Im()[]| ∈ }i = h{hi| ∈ }i =Låó
∈ hi = []

Ý·ïõìå[] = {0} áð' üðïõ Ýðåôáé üôé113  = {0} êáé üôé ï β åßíáé åðéìïñöé-

óìüò. ¸óôù ôþñá  = ()∈ ∈Ker(β)ÅÜí õðïèÝóïõìå üôé  6= 0 êáé èÝóïõìå

 := max { ∈ N| ord() =    ∈ supp()}
êáé Λ() := { ∈ supp()| ord() = }  ôüôå

β() = 0 ⇒ 0 = −1β() = β(−1) =
P

∈ supp()

−1 =
P

∈Λ()

−1

Ãéá êÜèå  ∈  Ý·ïõìå (−1) =  = 0 ⇒ −1 ∈ Im()[] Ùò åê

ôïýôïõ,

0 =
P

∈ Λ()
−1 = β(−1) = β|Lðåñ.

∈ Im()[]
(−1)

⇒ −1 ∈ Ker(β|Lðåñ.

∈ Im()[]
) =
(9.71)

{0}⇒ −1 = 0

⇒ [−1 = 0 ∀ ∈ supp()]

ÉäéáéôÝñùò, ãéá êÜèå  ∈ Λ() −1 = 0 ⇒ ord() ≤ −1 ¢ôïðï! ¢ñá

 = 0 êáé Ker(β) = {0} ÊáôÜ óõíÝðåéáí, ç óýíèåóç

Z(∞)()
$$

L
∈ ̂ //Lðåñ.

∈Im()
β // 

åßíáé éóïìïñöéóìüò ôüóïí ïìÜäùí üóïí êáé Z-äéáíõóìáôéêþí ·þñùí. ¤

9.7.33 Èåþñçìá. Ìéá áâåëéáíÞ ïìÜäá (+) åßíáé äéáéñåôÞ ïìÜäá óôñÝøåùò åÜí
êáé ìüíïí åÜí

 ∼=
Mðåñ.

 ðñþôïò
Z(∞)() (9.72)

ãéá êÜðïéá óýíïëá

Áðïäåéîç. ÅÜí (+) åßíáé ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá óôñÝøåùò, ôüôå

 =
(9.55)

Måó.

 ðñþôïò
() ∼=

7.1.100 (ii)

Mðåñ.

 ðñþôïò
() ∼=

Mðåñ.

 ðñþôïò
Z(∞)()

äéüôé ç -ðñùôåýïõóá óõíéóôþóá () ôÞò  åßíáé (ùò åõèýò ðñïóèåôÝïò äéáé-

ñåôÞò) äéáéñåôÞ (âë. 9.7.14) êáé (ëüãù ôïý ëÞììáôïò 9.7.32) éóüìïñöç ìå ôçí

Z(∞)() üðïõ  åßíáé ïéáäÞðïôå âÜóç ôïý Z-äéáíõóìáôéêïý ·þñïõ [] ãéá

113ÅÜí  ∈  ôüôå õðÜñ·åé êÜðïéïò  ∈ N :  = 0 äéüôé ç  åßíáé -ïìÜäá. ÅðåéäÞ[] = {0} Ý·ïõìå
−1 = 0 ⇒ −2 = 0 ⇒ · · ·⇒  = 0
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êÜèå ðñþôïí áñéèìü  Êáé áíôéóôñüöùò° åÜí ãéá ìéá áâåëéáíÞ ïìÜäá (+)

éó·ýåé ç (9.72) ãéá ôõ·üíôá óýíïëá ôüôå áõôÞ åßíáé äéáéñåôÞ ïìÜäá óôñÝøåùò

ëüãù ôùí ðïñéóìÜôùí 9.7.12 êáé 9.7.17, êáé ôùí ðñïôÜóåùí 9.7.14 êáé 9.4.9. ¤
I ÄéáéñåôÝò áâåëéáíÝò ïìÜäåò óôåñïýìåíåò óôñÝøåùò. ÁõôÝò äåí åßíáé ôßðïôá

Üëëï ðáñÜ ïé ðñïóèåôéêÝò ïìÜäåò ôùí Q-äéáíõóìáôéêþí ·þñùí.

9.7.34 Èåþñçìá. ÅÜí (+) åßíáé ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá ·ùñßò óôñÝøç, ôüôå
éó·ýïõí ôá åîÞò :

(i) ÅÜí ãéá êÜèå  ∈  èåùñÞóïõìå ôïí ïìïìïñöéóìü

 : Z −→   7−→ () := 

ôüôå õðÜñ·åé áêñéâþò Ýíáò  ∈Hom(Q ) ìå |Z = 

(ii) Ç ôñéÜäá (+ ·) üðïõ ôï ‘‘·'' óõìâïëßæåé ôïí «áñéèìçôéêü ðïëëáðëáóéáóìü»

Q× −→  ( ) 7−→  ·  := ()

áðïôåëåß Ýíáí äéáíõóìáôéêü ·þñï õðåñÜíù ôïý óþìáôïò ôùí ñçôþí áñéèìþí.

(iii) ÅÜí  ⊆  ôüôå ôï  åßíáé ìåãéóôéêü Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôÞò
 åÜí êáé ìüíïí åÜí åßíáé âÜóç (õðü ôç óõíÞèç Ýííïéá) ôïý áíùôÝñù äéáíõóìáôéêïý
·þñïõ. ÊáôÜ óõíÝðåéáí, õðÜñ·åé ðÜíôïôå êÜðïéï óýíïëï  ôÝôïéï þóôå íá éó·ýåé

 ∼= Q( ) (9.73)

Êáé áíôéóôñüöùò ° åÜí (+) åßíáé ìéá áâåëéáíÞ ïìÜäá éóüìïñöç ôÞòQ( ) üðïõ 
ôõ·üí óýíïëï, ôüôå áõôÞ åßíáé äéáéñåôÞ êáé äåí äéáèÝôåé óôñÝøç.

Áðïäåéîç. ¸óôù (+) ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá ·ùñßò óôñÝøç.

(i) ÅðåéäÞ ç  (ùò äéáéñåôÞ) åßíáé åìâïëéêÞ, õðÜñ·åé êÜðïéïò  ∈ Hom(Q ) ìå
|Z =  ãéá êÜèå  ∈  ÅÜí Ýíáò  0 ∈ Hom(Q ) Ý·åé ôçí éäéüôçôá  0

¯̄
Z = 

ãéá êÜèå  ∈  ôüôå ãéá êÜèå  = 
 ( ∈ Z  ∈ Zr{0}) Ý·ïõìå


¡
 0()− ()

¢
=  0()− ()

=  0()− () = ()− () = 0

tors() = {0}

⎫⎪⎪⎬⎪⎪⎭⇒  0() = ()

(ii) Êáô' áñ·Üò, 1 ·  = () = () =  ∀ ∈  Åðßóçò, ãéá 1 2 ∈ Q
(1 + 2) ·  = (1 + 2) = (1) + (2) = 1 ·  + 2 ·  ∀ ∈ 

Åí óõíå·åßá, åðåéäÞ (ãéá ïéáäÞðïôå 1 2 ∈ ) áìöüôåñïé ïé ïìïìïñöéóìïß

Q −→   7−→  · (1 + 2) êáé  7−→  · 1 +  · 2
áðïôåëïýí åðåêôÜóåéò ôïý ïìïìïñöéóìïý

1+2 : Z −→  7−→ 1+2() = (1 + 2) = 1 + 2
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óõìðåñáßíïõìå üôé  ·(1+2) =  ·1+ ·2 ãéá êÜèå  ∈ Q (ìÝóù ôÞò éäéüôçôáò ôÞò
ìïíáäéêüôçôáò ôùí åðåêôÜóåùí ôÞò áðïäåé·èåßóáò óôï (i)). ÔÝëïò, åÜí 1 =

1
1



2 =
2
2

 üðïõ 1 2 ∈ Z 12 ∈ Zr{0} êáé  ∈  ôüôå Ý·ïõìå áö' åíüò ìåí

12(12) = (1122) = (12) = (12) = (12) = 1(2)

áö' åôÝñïõ äå

122·(1) = 22·(11) = 22·(1) = 22·(1) = 21(2 · )
= 1(2(2)) = 1(22) = 1(2) = 1(2) = 1(2)

áð' üðïõ ðñïêýðôåé üôé

|12| ((12)− 2·(1)) = 0

tors() = {0}

)
⇒ (12) = 2·(1)

Þôïé üôé (12) ·  = 1 · (2 · )
(iii) ÊÜèå ìåãéóôéêü Z-ãñáììéêþò áíåîÜñôçôï õðïóýíïëï  ôÞò  áðïôåëåß ìåãé-

óôéêü ãñáììéêþò áíåîÜñôçôï õðïóýíïëï êáé, ùò åê ôïýôïõ, âÜóç (õðü ôç óõíÞèç

Ýííïéá) ôïýQ-äéáíõóìáôéêïý ·þñïõ ôïý ïñéóèÝíôïò óôï (ii) êáé ôáíÜðáëéí. ÐñÜã-

ìáôé° åÜí 1   ∈  ( ∈ N), ôüôå áðü êÜèå ó·Ýóç ôÞò ìïñöÞò

P
=1

 = 0 (üðïõ 1 =
1
1

   =



 1   ∈ Z1  ∈ Zr{0})

ëáìâÜíïõìå
P

=1 = 0 (üðïõ  :=
Q

=1) êáé, ðñïûðïôåèåßóáò ôÞò

Z-ãñáììéêÞò áíåîáñôçóßáò ôïý 
P

=1

|{z}
∈Z

Ã Q
∈{1}r{}



!
| {z }

∈Zr{0}

 = 0 ⇒ 1 = · · · =  = 0⇒ 1 = · · · =  = 0

¢ñá ôï  åßíáé üíôùò ãñáììéêþò áíåîÜñôçôï õðïóýíïëï ôïý áíôßóôïé·ïõ Q-
äéáíõóìáôéêïý ·þñïõ (êáé åìöáíþò ìåãéóôéêü ìå áõôÞí ôçí éäéüôçôá ùò ðñïò ôç

ó·Ýóç åãêëåéóìïý) êáé, ùò åê ôïýôïõ, âÜóç áõôïý. (Ôï áíôßóôñïöï åßíáé ðñïöá-

íÝò.) ¸ôóé, ìÝóù ïéáóäÞðïôå âÜóåþò ôïõ  ìÝóù ôùí114

 3  7−→ () :=

½
1 üôáí  = 

0 üôáí  6= 

êáé ìÝóù Q-ãñáììéêÞò åðåêôÜóåùò äçìéïõñãåßôáé Ýíáò éóïìïñöéóìüò (9.73):

 =
Lðåñ.

∈ Q
∼=−→ Q( ) ()∈ 7−→ ()∈ 

ôüóïí ïìÜäùí üóïí êáé Q-äéáíõóìáôéêþí ·þñùí.
Êáé áíôéóôñüöùò° åÜí (+) åßíáé ìéá áâåëéáíÞ ïìÜäá ìå ∼= Q( ) üðïõ  ôõ·üí
óýíïëï, ôüôå ç åßíáé äéáéñåôÞ ·ùñßò óôñÝøç ëüãù ôïý ðïñßóìáôïò 9.7.12 êáé ôùí

ðñïôÜóåùí 9.7.14 êáé 9.4.9. ¤
I Ôáîéíüìçóç äéáéñåôþí áâåëéáíþí ïìÜäùí ìÝ·ñéò éóïìïñöéóìïý. ËáìâÜíïíôáò

õð' üøéí ôá ìÝ·ñé óôéãìÞò áðïäåé·èÝíôá êáôáëÞãïõìå óôï áêüëïõèï:

114Ç ïéêïãÝíåéá ()∈ áðïôåëåß ôç «óõíÞèç» âÜóç ôïý Q-äéáíõóìáôéêïý ·þñïõ Q( )
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9.7.35 Èåþñçìá. (Èåìåëéþäåò èåþñçìá ðåñß ôùí äéáéñåôþí áâåëéáíþí ïìÜäùí.)

(a) ÅÜí (+) åßíáé ìéá äéáéñåôÞ áâåëéáíÞ ïìÜäá, ôüôå

 ∼=
µMðåñ.

 ðñþôïò
Z(∞)()

¶
⊕Q( ) ãéá êÜðïéá óýíïëá êáé 

(b) Áò õðïèÝóïõìå üôé 1 2 åßíáé äõï äéáéñåôÝò áâåëéáíÝò ïìÜäåò ìå

1
∼=
µLðåñ.

 ðñþôïò Z(
∞)(

[1]
 )

¶
⊕Q( [1]) 2

∼=
µLðåñ.

 ðñþôïò Z(
∞)(

[2]
 )

¶
⊕Q( [2])

Ôüôå 1 ∼= 2 åÜí êáé ìüíïí åÜí éêáíïðïéïýíôáé ïé áêüëïõèåò óõíèÞêåò :

(i) card(
[1]
 ) = card(

[2]
 ) ãéá êÜèå ðñþôïí áñéèìü 

(ii) card( [1]) = card( [2])

Áðïäåéîç. (a) Óýìöùíá ìå ôï ðüñéóìá 9.7.27 ç tors() åßíáé äéáéñåôÞ. ¢ñá
õðÜñ·åé  v  ìå  = tors() ⊕åó.  (Âë. ðüñéóìá 9.7.23.) Ùò ãíùóôüí,
 ∼= tors() êáé ç  óôåñåßôáé óôñÝøåùò. (Âë. ðñïôÜóåéò 7.1.29 êáé 9.4.5.)
ÊáôÜ óõíÝðåéáí, áðü ôá èåùñÞìáôá 9.7.33 êáé 9.7.34 Ýðåôáé üôé

 ∼= tors()⊕ ∼= tors()⊕ (tors()) ∼=
³Lðåñ.

 ðñþôïò Z(
∞)()

´
⊕Q( )

ãéá êÜðïéá óýíïëá êáé 

(b) ÅÜí 1 ∼= 2 ôüôå, óýìöùíá ìå ôçí ðñüôáóç 9.4.8,Lðåñ.
 ðñþôïò Z(

∞)(
[1]
 ) ∼= tors(1) ∼= tors(2) ∼=

Lðåñ.
 ðñþôïò Z(

∞)(
[2]
 )

(9.74)

êáé

Q(
[1]) ∼= 1tors(1) ∼= 2tors(2) ∼= Q(

[2]) (9.75)

Áðü ôïõò éóïìïñöéóìïýò (9.74) êáé áðü ôï èåþñçìá 9.4.15 Ýðåôáé üôé

Z(∞)(
[1]
 ) ∼= Z(∞)([2]

 )
(9.76)

ãéá êÜèå ðñþôïí áñéèìü  ÅðåéäÞ ïé éóïìïñöéóìïß ïìÜäùí (9.76) åßíáé êáé éóï-
ìïñöéóìïß Z-äéáíõóìáôéêþí ·þñùí, Ý·ïõìå

card( [1]
 ) = dimZ(Z(∞)

([1]
 )
) = dimZ(Z(∞)

([2]
 )
) = card( [2]

 )

ãéá êÜèå ðñþôïí áñéèìü  Êáô' áíáëïãßáí, åðåéäÞ ïé (9.75) åßíáé êáé éóïìïñöé-
óìïß Q-äéáíõóìáôéêþí ·þñùí, Ý·ïõìå

card( [1]) = dimQ(Q(
[1])) = dimQ(Q(

[1])) = card( [2])

Ôï áíôßóôñïöï åßíáé ðñïöáíÝò. ¤

9.7.36 ÐáñáôÞñçóç. ÅÜí  6= ∅ ôüôå ¯̄Q( )¯̄ = max{ℵ0card( )} êáé åÜí 6= ∅
ãéá ôïõëÜ·éóôïí Ýíáí ðñþôï  ôüôå¯̄̄̄Mðåñ.

 ðñþôïò
Z(∞)()

¯̄̄̄
=

Y
 ðñþôïò:  6=∅

max{ℵ0 card()}
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9.7.37 Ðáñáäåßãìáôá. (i) ÅðåéäÞ ç (R+) åßíáé äéáéñåôÞ êáé ·ùñßò óôñÝøç, ëáì-

âÜíïõìå R ∼= Q( ) üðïõ  ïéïäÞðïôå óýíïëï Ý·ïí (êáô' áíÜãêçí) ôçí éó·ý ôïý
óõíå·ïýò c = card(R)Ùóôüóï, ôï ßäéï éó·ýåé êáé êáé ãéá ôçí (C+)! ÅðïìÝíùò115,

R ∼= C =
7.1.24

R⊕åó. R ∼=
7.1.43 (ii)

R⊕R

Êáé, ãåíéêüôåñá, R ∼= R ãéá ïéïõóäÞðïôå  ∈ N (áêüìç êáé üôáí  6= )!

Ôïýôï Ýãêåéôáé óôéò éäéáéôåñüôçôåò ôïý ëïãéóìïý ìå «ìåãÜëïõò» ðëçèéêïýò áñéè-

ìïýò116. Ôï óýìâïëï ‘‘∼='' õðïäçëïß åäþ éóïìïñöéóìü ïìÜäùí êáé éóïìïñöéóìüQ-
äéáíõóìáôéêþí ·þñùí (áëëÜ ü·é éóïìïñöéóìü R-äéáíõóìáôéêþí ·þñùí). ¼ôáí

 6=  ôá R êáé R (ìå ôéò óõíÞèåéò ðñÜîåéò ðñïóèÝóåùò êáé áñéèìçôéêïý ðïë-

ëáðëáóéáóìïý) åßíáé ìç éóüìïñöïé R-äéáíõóìáôéêïß ·þñïé áëëÜ éóüìïñöïé Q-
äéáíõóìáôéêïß ·þñïé!

(ii) ÅðåéäÞ117 tors(RZ) = QZ êáé (ðñïöáíþò) tors(Cr{0}) = E∞ éäïý êÜðïéïé

åðéðñüóèåôïé åíäéáöÝñïíôåò éóïìïñöéóìïß118:

S1 ∼= RZ ∼= tors(RZ)⊕ (RZ)tors(RZ) ∼= QZ⊕RQ
∼= QZ⊕R ∼= E∞ ⊕R ∼= tors(Cr{0})⊕R ∼= Cr{0}

(Ð.·., ç äéáéñåôÞ ðïëëáðëáóéáóôéêÞ ïìÜäá (Cr{0} ·) ôùí ìç ìçäåíéêþí ìéãáäé-
êþí áñéèìþí åßíáé éóüìïñöç ìå ôç ãíÞóéá õðïïìÜäá ôçò (S1 ·) ôï õðïêåßìåíï

óýíïëï ôÞò ïðïßáò åßíáé ï ìïíáäéáßïò êýêëïò.)

IÁíçãìÝíåò áâåëéáíÝò ïìÜäåò. Óôïí áíôßðïäá ôùí äéáéñåôþí áâåëéáíþí ïìÜäùí

âñßóêïíôáé ïé áíçãìÝíåò.

9.7.38 Ïñéóìüò. ËÝìå üôé ìéá áâåëéáíÞ ïìÜäá (+) åßíáé áíçãìÝíç üôáí119

div() = {0} äçëáäÞ üôáí ðÝñáí ôÞò ôåôñéììÝíçò äåí äéáèÝôåé Üëëåò äéáéñåôÝò

õðïïìÜäåò.

9.7.39 Ðñüôáóç. ¸óôù ìéá (+) áâåëéáíÞ ïìÜäá. ÅÜí Div() = {0} ôüôå ç 
åßíáé áíçãìÝíç.
115¸óôù  ìéá âÜóç ôïý R ùò Q-äéáíõóìáôéêïý ·þñïõ. (Ôåôïéåò âÜóåéò ïíïìÜæïíôáé åíßïôå êáé âÜóåéò ôïý Hamel.)
Ôüôå card( ) = c êáé õðÜñ·åé áìößññéøç ìåôáîý ôÞò  êáé ôïý  0 := ( ×{0})∪ ({0}× ) Þôïé åíüò óõíüëïõ

ðïõ ìðïñåß íá èåùñçèåß ùò âÜóç ôïý Q-äéáíõóìáôéêïý ·þñïõ R ⊕ R Ðñïöáíþò, Q(
0) ∼= Q( ) ÖõóéêÜ, üëá

áõôÜ éó·ýïõí ìüíïí õðü ôçí ðñïûðüèåóç üôé ·ñçóéìïðïéïýìå ôï óýóôçìá áîéùìÜôùí ZF+AC. Bë. åä. A.2.21. (Ç

ýðáñîç âÜóåùò áðïäåéêíýåôáé ìå ôç âïÞèåéá ôïý ëÞììáôïò A.2.20 ôïý Zorn ôï ïðïßï åßíáé éóïäýíáìï ìå ôï Áîßùìá

ôÞò ÅðéëïãÞò.) Ðñâë. C.J. Ash: A consequence of the axiom of choice, Journal of Australian Math. Soc 19 (1975)
303-308
116card(R) = card(R) = c ãéá êÜèå  ∈ N
117ÅðåéäÞQZ v RZ⇒QZ =

4.4.11
tors(QZ) v tors(RZ) áñêåß íá áðïäåé·èåß ï áíôßóôñïöïò åãêëåéóìüò. ¸óôù

+ Z ∈ RZ ôÜîåùò  ∈ N Ôüôå  ∈ Z ïðüôå õðÜñ·åé  ∈ Z ìå  =  ⇒  = 
 ∈ Q

118Ãéá ôïí ðñþôï éóïìïñöéóìü: (S1 ·)∼= (RZ+)  âë. åä. 4.5.3 (ii). Ï äåýôåñïò ðñïêýðôåé áðü ôá ðñïáíáöåñèÝíôá

óôï 9.7.35 êáé ï ôñßôïò áðü ôï üôé tors(RZ) = QZ êáé (RZ)tors(RZ) = (RZ)(QZ) ∼= RQ ÅðåéäÞ

dimQ(RQ) + dimQ(Q) = dimQ(RQ) + 1 = dimQ(R) = c ⇒ dimQ(RQ) = c

Ý·ïõìå R ∼= Q( )∼= RQ ìå card( ) = c áð' üðïõ Ýðåôáé ï ôÝôáñôïò. Ï ôåëåõôáßïò Ýðåôáé áðü ôï 9.7.35, êáèþò ôï

Üóôñåðôï ìÝñïò ôÞò Cr{0} ïöåßëåé íá Ý·åé ôçí éó·ý c ôïý óõíå·ïýò (áöïý |QZ| =
¯̄̄L ðåñ.

 ðñþôïò
Z(∞)

¯̄̄
= ℵ0).

119Ðñïöáíþò, ìéá áâåëéáíÞ ïìÜäá åßíáé ôáõôï·ñüíùò áíçãìÝíç êáé äéáéñåôÞ åÜí êáé ìüíïí åÜí åßíáé ôåôñéììÝíç.
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Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï üôé div() v Div() ¤

9.7.40 Èåþñçìá. (a) ÊÜèå áâåëéáíÞ ïìÜäá (+) ãñÜöåôáé ùò åóùôåñéêü Üèñïé-
óìá

 = div()⊕åó.  ( ∼=
7.1.43 (ii)

div()⊕)

ôÞò div() êáé êÜðïéáò áíçãìÝíçò õðïïìÜäáò ôçò 120 

(b) Áò õðïèÝóïõìå üôé 12 åßíáé äõï áâåëéáíÝò ïìÜäåò. Ôüôå 1 ∼= 2 åÜí êáé
ìüíïí åÜí éêáíïðïéïýíôáé ïé áêüëïõèåò óõíèÞêåò :

(i) div(1) ∼= div(2)

(ii) 1div(1) ∼= 2div(2).

Áðïäåéîç. (a) Óýìöùíá ìå ôï ðüñéóìá 9.7.23 ç div() (ùò äéáéñåôÞ õðïïìÜäá ôÞò

) äéáèÝôåé êÜðïéï óõìðëÞñùìá  åíôüò ôÞò  ÅÜí  åßíáé ôõ·ïýóá äéáéñåôÞ

õðïïìÜäá ôÞò ôüôå v div() (Âë. ðñüôáóç 9.7.29.) Åî áõôïý Ýðåôáé üôé

 v div() ∩ = {0}⇒  = {0}⇒ div() = {0} = {0}

ïðüôå ç åßíáé áíçãìÝíç.

(b) ¸óôù  : 1
∼=−→ 2 Ýíáò éóïìïñöéóìüò.

(i) Åöáñìüæïíôáò ôçí ðñüôáóç 9.7.31 ôüóïí ãéá ôïí  üóïí êáé ãéá ôïí −1 ëáì-
âÜíïõìå

(div(1)) v div(2)

−1(div(2)) v div(1)

)
⇒ (div(1)) = div(2) (9.77)

ïðüôå ç  |div(1)
: div(1) −→ div(2) åßíáé éóïìïñöéóìüò ìå ôïí −1

¯̄
div(2)

ùò

áíôßóôñïöü ôïõ.

(ii) Ëüãù ôÞò éóüôçôáò (9.77) ðëçñïýôáé ç óõíèÞêç (a) ôÞò ðñïôÜóåùò 9.7.31 ãéá

ôïí ðçë. ÅðåéäÞ äå Im() = 2ðëçñïýôáé êáé ç óõíèÞêç 9.7.31 (b) ãéá ôïí ðçë.

¢ñá ï ðçë. åßíáé éóïìïñöéóìüò.

Áíôéóôñüöùò ôþñá° åÜí éêáíïðïéïýíôáé ïé óõíèÞêåò (i) êáé (ii), õðÜñ·ïõí (óýì-

öùíá ìå ôï (a)) áíçãìÝíåò1 v 1 êáé2 v 2 ìå

1 = div(1)⊕åó. 1 2 = div(2)⊕åó. 2

ÅðïìÝíùò, 1 ∼= div(1) ⊕ 1
∼= div(2) ⊕ 2

∼= 2 (äéüôé 
∼= div()

 = 1 2 âë. 7.1.29). ¤
120H div() åßíáé ìéá ìïíïóçìÜíôùò ïñéóìÝíç õðïïìÜäá ôÞòÁíôéèÝôùò, ôá áíçãìÝíá óõìðëçñþìáôÜ ôçò åßíáé

ìïíïóçìÜíôùò ïñéóìÝíá ìüíïí ìÝ·ñéò éóïìïñöéóìïý. (Âë. 7.6.42 (i).)
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9.7.41 Óçìåßùóç. (i) ÅÜí (+) åßíáé ôõ·ïýóá áâåëéáíÞ ïìÜäá, åßèéóôáé íá ëÝìå

åí óõíôïìßá üôé ç ðçëéêïïìÜäádiv()áðïôåëåß ôï áíçãìÝíï ìÝñïò ôÞòÊáôÜ

ôï èåþñçìá 9.7.40, äõï áâåëéáíÝò ïìÜäåò åßíáé éóüìïñöåò åÜí êáé ìüíïí åÜí áõôÝò

äéáèÝôïõí éóüìïñöá äéáéñåôÜ êáé éóüìïñöá áíçãìÝíá ìÝñç.

(ii) Ôï äéáéñåôü ìÝñïò ôüóïí ôùí ðåðåñáóìÝíùò ðáñáãïìÝíùí üóïí êáé (üëùí)

ôùí åëåõèÝñùí áâåëéáíþí ïìÜäùí åßíáé ôåôñéììÝíï. (Âë. ðñüôáóç 9.7.42 êáé ðü-

ñéóìá 9.7.44.)

(iii) Ðáñáäåßãìáôá áíçãìÝíùí ïìÜäùí óôñÝøåùò êáé áíçãìÝíùí ïìÜäùí ·ùñßò

óôñÝøç äßäïíôáé óôï ðüñéóìá 9.7.45 êáé óôéò ðñïôÜóåéò 9.7.46 êáé 9.7.50, áíôéóôïß-

·ùò. ÔÝëïò, Ýíá ðáñÜäåéãìá ìéáò áíçãìÝíçò, ìéêôÞò êáé ìç äéáóðþìåíçò áâåëéá-
íÞò ïìÜäáò äßäåôáé óôçí ðñüôáóç 9.7.55.

9.7.42 Ðñüôáóç. ÊÜèå ðåðåñáóìÝíùòðáñáãüìåíç áâåëéáíÞ ïìÜäá åßíáé áíçãìÝíç.

Áðïäåéîç. ¸óôù (+) ìéá ðåðåñáóìÝíùò ðáñáãüìåíç áâåëéáíÞ ïìÜäá. Óýì-

öùíá ìå ôçí ðñüôáóç 9.6.9 ç div() åßíáé ùóáýôùò ðåðåñáóìÝíùò ðáñáãüìåíç.

ÅðïìÝíùò, div() = {0} (Âë. ðüñéóìá 9.7.18.) ¤

9.7.43 Ðñüôáóç. ¸óôù ()∈ ìéá ïéêïãÝíåéá (ðñïóèåôéêþí) áâåëéáíþí ïìÜäùí
( 6= ∅) ÅÜí  :=

L
∈  (êáé áíôéóôïß·ùò, åÜí  :=

Lðåñ.
∈ ) ôüôå ç  åßíáé

áíçãìÝíç åÜí êáé ìüíïí åÜí ç  åßíáé áíçãìÝíç ãéá êÜèå  ∈ 

Áðïäåéîç. Áò õðïèÝóïõìå üôé  :=
L

∈  ÅÜí ç  åßíáé ìç áíçãìÝíç, ôüôå

õðÜñ·åé êÜðïéá äéáéñåôÞ ìç ôåôñéììÝíç õðïïìÜäá ôÞò¢ñá õðÜñ·åé êÜðïéïò

äåßêôçò  ∈  ôÝôïéïò þóôå ç åéêüíá pr() ôÞò  ìÝóù ôÞò -ïóôÞò öõóéêÞò ðñï-

âïëÞò pr :  −→  íá åßíáé ìéá ìç ôåôñéììÝíç õðïïìÜäá ôÞò   ÅðåéäÞ ç pr
åßíáé åðéìïñöéóìüò, ç pr() åßíáé äéáéñåôÞ (ëüãù ôÞò ðñïôÜóåùò 9.7.9) êáé, ùò

åê ôïýôïõ, ìç áíçãìÝíç. Êáé áíôéóôñüöùò° åÜí õðÜñ·åé êÜðïéïò äåßêôçò  ∈ 

ôÝôïéïò þóôå ç íá åßíáé ìç áíçãìÝíç, ôüôå ç äéáèÝôåé êÜðïéá äéáéñåôÞ ìç ôå-

ôñéììÝíç õðïïìÜäá  ÅðåéäÞ ç åéêüíá () ôÞò  ìÝóù ôÞò -ïóôÞò öõóéêÞò

åìöõôåýóåùò  :  −→  åßíáé ìéá õðïïìÜäá ôÞò (éóüìïñöç ôÞò), ç ()

åßíáé ìç ôåôñéììÝíç êáé äéáéñåôÞ, ïðüôå ç  åßíáé ìç áíçãìÝíç. (Óôçí ðåñßðôùóç

üðïõ  :=
Lðåñ.

∈  ç áðüäåéîç åßíáé ðáñüìïéá.) ¤

9.7.44 Ðüñéóìá. ÊÜèå åëåýèåñç áâåëéáíÞ ïìÜäá åßíáé áíçãìÝíç.

Áðïäåéîç. ÊÜèå åëåýèåñç áâåëéáíÞ ïìÜäá åßíáé (åî ïñéóìïý) éóüìïñöç ìå ôçí

Z() ãéá êÜðïéï óýíïëï  ÅðåéäÞ ç (Z+) (ùò êõêëéêÞ) åßíáé áíçãìÝíç, êÜèå
åëåýèåñç áâåëéáíÞ ïìÜäá åßíáé áíçãìÝíç (äõíÜìåé ôÞò ðñïôÜóåùò 9.7.43 üôáí121

 6= ∅). ¤

9.7.45 Ðüñéóìá. Ç (
Lðåñ.

 ðñþôïò Z+) åßíáé ìéá (ìç ðåðåñáóìÝíùò ðáñáãüìåíç 122)
áíçãìÝíç áâåëéáíÞ ïìÜäá óôñÝøåùò.
121ÅÜí = ∅  ôüôå ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò.

122ÅðåéäÞ áõôÞ åßíáé Üðåéñç ïìÜäá, Üðáî êáé Ý·åé áðïäåé·èåß üôé åßíáé ïìÜäá óôñÝøåùò, ôï üôé äåí åßíáé ðåðåñáóìÝíùò
ðáñáãüìåíç Ýðåôáé áðü ôçí ðñüôáóç 9.4.3.
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Áðïäåéîç. Ç (Z+) (ùò ðåðåñáóìÝíç êõêëéêÞ) åßíáé áíçãìÝíç áâåëéáíÞ ïìÜäá

óôñÝøåùò ãéá êÜèå ðñþôïí áñéèìü ÁõôÞ ç éäéüôçôá ìåôáöÝñåôáé (ìÝóù ôùí ðñï-

ôÜóåùí 9.4.9 êáé 9.7.43) êáé óôï ðåñéïñéóìÝíï åõèý Üèñïéóìá
Lðåñ.

 ðñþôïò Z ¤

9.7.46 Ðñüôáóç. ÊÜèå ãíÞóéá õðïïìÜäá ôÞò (äéáéñåôÞò áâåëéáíÞò ïìÜäáò ) (Q+)
åßíáé áíçãìÝíç (·ùñßò óôñÝøç 123).

Áðïäåéîç. ¸óôù @ QÁò õðïèÝóïõìå üôé {0} @ div() Ôüôå õðÜñ·åé êÜðïéï

 = 
 ∈ div() üðïõ   ∈ Zr{0} ¸óôù ôõ·üí  = 

 ∈ Q ( ∈ Z  ∈ Zr{0})
ÅðåéäÞ ç ßäéá ç div() åßíáé äéáéñåôÞ êáé  6= 0 õðÜñ·åé êÜðïéï  ∈ div()

ôÝôïéï þóôå íá éó·ýåé  = ||  ÅðïìÝíùò,

 = 
|||| =

sign()
|| ∈ div()⇒  = (sign()sign()| {z }

∈Z

) ∈ div()

áð' üðïõ Ýðåôáé üôé Q v div() v  @ Q ¢ôïðï! ¢ñá div() = {0}  ¤

9.7.47 ÐáñÜäåéãìá. Ç -äéáéñåôÞ õðïïìÜäá Z[ 1 ] ôÞò ïìÜäáò (Q+) (üðïõ  ðñþ-
ôïò, âë. 9.7.7) åßíáé ìç ôåôñéììÝíç êáé ãíÞóéá124, ïðüôå åßíáé áíçãìÝíç êáé ìç äéáé-
ñåôÞ (·ùñßò óôñÝøç ). Åðßóçò, åßíáé ìç åëåýèåñç (üðùò êáíåßò äéáðéóôþíåé åýêïëá
ìÝóù ôïý ðïñßóìáôïò 9.5.21) êáé, ùò åê ôïýôïõ, ìç ðåðåñáóìÝíùò ðáñáãüìåíç 125.

¸íáò åýêïëïò ôñüðïò êáôáóêåõÞò ðïëëþí ðáñáäåéãìÜôùí áâåëéáíþí ïìÜäùí

·ùñßò óôñÝøç õðïäåéêíýåôáé áðü ôçí áêüëïõèç:

9.7.48 Ðñüôáóç. ÅÜí ïé  åßíáé äõï (ðñïóèåôéêÝò) áâåëéáíÝò ïìÜäåò ìå ôçí 
äéáéñåôÞ, ôüôå ç Hom() óôåñåßôáé óôñÝøåùò.

Áðïäåéîç. ¸óôù  ∈ Hom() ìå ord() =  ∈ N êáé Ýóôù ôõ·üí  ∈ 

ÅðåéäÞ ç  åßíáé äéáéñåôÞ, ∃ ∈  :  =  ÅðïìÝíùò,

 = 0Hom() ⇒ () = 0Hom()() = 0

⇒ 0 = () = () = ()⇒  = 0Hom()

êáé, ùò åê ôïýôïõ, tors(Hom()) = {0Hom()} ¤

9.7.49 Óõìâïëéóìüò. Ãéá êÜèå ðñþôïí áñéèìü  óõìâïëßæïõìå ùò

J := Hom(Z(∞)Z(∞)) = End(Z(∞))

ôï õðïêåßìåíï óýíïëï ôÞò ðñïóèåôéêÞò ïìÜäáò ôïý äáêôõëßïõ ôùí åíäïìïñöéóìþí

ôÞò -ó·åäüí êõêëéêÞò ïìÜäáò Z(∞)
123ÅÜí v Q ôüôå tors() v tors(Q) = {0}⇒ tors() = {0}
124Ð.·., 1

+1 ∈ QrZ[ 1 ]
125ÅðåéäÞ ç Z[ 1 ] äåí äéáèÝôåé óôñÝøç, åÜí Þôáí ðåðåñáóìÝíùò ðáñáãüìåíç, ôüôå (óýìöùíá ìå ôï èåþñçìá 9.6.1) èá

Ýðñåðå íá åßíáé åëåýèåñç.
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9.7.50 Ðñüôáóç. Ç áâåëéáíÞ ïìÜäá (J+) åßíáé áíçãìÝíç (·ùñßò óôñÝøç ) ãéá
êÜèå ðñþôïí áñéèìü 

Áðïäåéîç. ¸óôù  ∈ T∈N0 
J êáé Ýóôù ôõ·üí óôïé·åßï 

 +Z ∈ Z(∞) (üðïõ
 ∈ Z  ∈ N0) ÅðåéäÞ  ∈ J õðÜñ·åé  0 ∈ J :  =  0ÊáôÜ óõíÝðåéáí,

(  + Z) =  0(  + Z) =  0((  + Z))
=  0(+ Z) =  0(Z) =  0(0Z(∞)) = 0Z(∞) ⇒  = 0J 

¢ñá
T
∈N0 

J = {0J} êáé Div(J) v
T
∈N0 

J ⇒ Div(J) = {0J} áð' üðïõ
Ýðåôáé üôé ç (åê êáôáóêåõÞò óôåñïýìåíç óôñÝøåùò) áâåëéáíÞ ïìÜäá (J+) åßíáé
áíçãìÝíç. (Âë. ðñïôÜóåéò 9.7.48 êáé 9.7.39.) ¤

9.7.51 Óçìåßùóç. ÅðåéäÞ Z(∞) =
Dn

1
 + Z

¯̄̄
 ∈ N0

oE
 êÜèå åíäïìïñöéóìüò

 ∈ J êáèïñßæåôáé áðü ôéò ôéìÝò ðïõ ëáìâÜíåé óå êáèÝíáí åî áõôþí ôùí ãåí-

íçôüñùí. (Âë. 2.4.9 (i).) H êõêëéêÞ õðïïìÜäá
D
1
 + Z

E
(ôÜîåùò ) ôÞò Z(∞)

åßíáé ðëÞñùò áíáëëïßùôç ãéá êÜèå  ∈ N0 (Âë. ðñüôáóç 6.2.5.) ÊáôÜ óõíÝðåéáí,

ãéá êÜèå  ∈ J êáé ãéá êÜèå  ∈ N0 Ý·ïõìå
( 1 + Z) = (

1
 + Z) =


 + Z

ãéá êÜðïéïí  ∈ {0 1   − 1} (Ðñïöáíþò, 0 = 0) ÅðïìÝíùò, ãéá  ≥ 1
+1
 + Z = (+1+1 + Z) = ( 1

+1 + Z) = (( 1
+1 + Z))

= ( 1 + Z) =

 + Z⇒ +1−

 ∈ Z⇒ +1 ≡ (mod 
)

êáé ç áðåéêüíéóç J 3  7−→ k = ([])∈N =
³P−1

=0 

´
∈N
∈ Z-adic êáèïñßæåé

Ýíáí éóïìïñöéóìü ôüóïí ïìÜäùí üóïí êáé áêåñáßùí ðåñéï·þí :

J
∼=−→ Z-adic (9.78)

üðïõ  :=
+1−

 ∈ Z ∀ ∈ N0 (ìå 0 := 0) êáé ï  ∈ {0 1   − 1} ðñï-

êýðôåé áðü ôïí  ýóôåñá áðü áíáãùãÞ ôïõ mod  ∀ ∈ N (Âë. åä. C.2.31.) Ï

áíôßóôñïöüò ôïõ åßíáé ï

Z-adic 3
³P−1

=0 

´
∈N

7−→  ∈ J

üðïõ ( 1 + Z) :=
1


³P−1
=0 


´
+ Z ∀ ∈ N

Ï(9.78), ðåñéïñéæüìåíïò óôéò ðïëëáðëáóéáóôéêÝò ïìÜäåò ôùíáíôéóôñåøßìùíóôïé-

·åßùí ôùí áíùôÝñù äáêôõëßùí, äßäåé Ýíáí éóïìïñöéóìü ïìÜäùí

Aut(Z(∞))
∼=−→ Z×-adic

ìåôáîý ôÞò ïìÜäáò ôùí áõôïìïñöéóìþí ôÞò (Z(∞)+) êáé ôÞò ïìÜäáò (Z×-adic ·)
ôùí -áäéêþí áêåñáßùí áñéèìþí ðïõ äéáèÝôïõí ìç ìçäåíéêü óôáèåñü üñï (óôï

-áäéêü ôïõò áíÜðôõãìá). Âë. åä. C.2.33.
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IÌç äéáóðþìåíåò ìéêôÝò áíçãìÝíåò áâåëéáíÝò ïìÜäåò. Ç êëÜóç ôùí ìéêôþí,
ìç ðåðåñáóìÝíùò ðáñáãïìÝíùí êáé áíçãìÝíùí áâåëéáíþí ïìÜäùí (+) (Þôïé

ìå {0} 6= tors() @ ) åßíáé åõñýôáôç126. ÌÜëéóôá, åíôüò áõôÞò õößóôáôáé ðëç-

èþñá ïìÜäùí ðïõ åßíáé ìç äéáóðþìåíåò. ¸íá áðëü ðáñÜäåéãìá áõôïý ôïý åßäïõò

äßäåôáé óôçí ðñüôáóç 9.7.55.

9.7.52 Ïñéóìüò. Ìéá ìéêôÞ áâåëéáíÞ ïìÜäá êáëåßôáé äéáóðþìåíç üôáí ç õðïï-

ìÜäá óôñÝøåþò ôçò äéáèÝôåé êÜðïéï óõìðëÞñùìá åíôüò áõôÞò.

9.7.53 Ðáñáäåßãìáôá. Ïé ìéêôÝò ðåðåñáóìÝíùò ðáñáãüìåíåò êáé ïé ìéêôÝò äéáéñå-

ôÝò áâåëéáíÝò ïìÜäåò åßíáé äéáóðþìåíåò.

9.7.54 ËÞììá. Áò õðïèÝóïõìå üôé () ðñþôïò åßíáé ìéá ïéêïãÝíåéá (ðñïóèåôéêþí)
áâåëéáíþí ïìÜäùí ìå ôïõò äåßêôåò ôçò åéëçììÝíïõò áðü ôï óýíïëï ôùí ðñþôùí
áñéèìþí. ÅÜí ç  åßíáé -ïìÜäá ãéá êÜèå ðñþôïí áñéèìü  ôüôå ç ðçëéêïïìÜäá
(
L

 ðñþôïò)(
Lðåñ.

 ðñþôïò) åßíáé äéáéñåôÞ.

Áðïäåéîç. ¸óôù +
Lðåñ.

 ðñþôïò  ∈ (L ðñþôïò )(
Lðåñ.

 ðñþôïò ) êáé Ýóôù  ∈ N
Áñêåß íá áðïäåßîïõìå üôé õðÜñ·åé  0 ∈L ðñþôïò ôÝôïéï þóôå íá éó·ýåé

 +
Lðåñ.

 ðñþôïò =  0 +
Lðåñ.

 ðñþôïò

³
⇔  0 −  ∈Lðåñ.

 ðñþôïò

´
 (9.79)

Ãéá êÜèå ðñþôïí áñéèìü  ôï () áíÞêåé óôçí  êáé Ý·åé ùò ôÜîç ôïõ êÜðïéá

äýíáìç ôïý  áò ðïýìå ôçí () (() ∈ N0) Èá ðñïóäéïñßóïõìå ôï æçôïýìåíï

óôïé·åßï  0 ïñßæïíôáò ôï  0() ãéá êÜèå ðñþôïí áñéèìü  Óôçí ðåñßðôùóç üðïõ

 - 

ìêä( ) = 1 =⇒
B.2.13

ìêä( ()) = 1 =⇒
B.2.8

h
∃ ( ) ∈ Z× Z : + () = 1

i


ÈÝôïíôáò ëïéðüí • := min{ || | ( ) ∈ Z×Z : + () = 1} ïñßæïõìå ôï  0ùò
áêïëïýèùò:½

ðñþôïé

áñéèìïß

¾
3 

 07−→  0() ∈  
0() :=

(
0  üôáí  | 
•() üôáí  - 

Éó·õñéóìüò : supp( 0 − ) ⊆ { ðñþôïò :  | } Ãéá êÜèå ðñþôïí áñéèìü  ðïõ

äåí äéáéñåß ôïí  Ý·ïõìå

( 0 − ) () =  0()− () = (• − 1)() = 
³
()()

´
=  0 = 0 

ïðüôå  ∈ supp( 0 − ) êáé ï éó·õñéóìüò åßíáé áëçèÞò. ¢ñá supp( 0 − ) ∞

áð' üðïõ Ýðåôáé ç (9.79). ¤
126Ðñïöáíþò, ïé (

L ðåñ.

 ðñþôïò
Z)⊕ Z[ 1 ] êáé (

L ðåñ.

 ðñþôïò
Z)⊕ J áíÞêïõí óå áõôÞí ãéá êÜèå ðñþôïí áñéèìü 



624 áâåëéáíåò ïìáäåò

9.7.55 Ðñüôáóç. Ç áâåëéáíÞ ïìÜäá (
L

 ðñþôïò Z+) åßíáé áíçãìÝíç, ìéêôÞ êáé ìç
äéáóðþìåíç, Ý·ïõóá ùò õðïïìÜäá óôñÝøåþò ôçò ôçí

tors(
L

 ðñþôïò Z) =
Lðåñ.

 ðñþôïò Z (9.80)

Áðïäåéîç. ÅðåéäÞ ç (Z+) (ùò ðåðåñáóìÝíç êõêëéêÞ) åßíáé áíçãìÝíç ãéá êÜèå

ðñþôïí áñéèìü  ç
L

 ðñþôïò Z åßíáé áíçãìÝíç. (Âë. ðñüôáóç 9.7.43.) Áðü ôçí

Üëëç ìåñéÜ, ãíùñßæïõìå (áðü ôï ðüñéóìá 9.7.45) üôé ç
Lðåñ.

 ðñþôïò Z åßíáé ïìÜäá

óôñÝøåùò (êáé ãíÞóéá õðïïìÜäá ôÞò
L

 ðñþôïò Z), ïðüôåLðåñ.
 ðñþôïò Z ⊆ tors(

L
 ðñþôïò Z)

Èáäåßîïõìå üôé éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò. Ðñïò ôïýôï èåùñïýìå ôõ·üí

óôïé·åßï  ∈ tors(
L

 ðñþôïò Z) Ðñïöáíþò, ord() =  ∈ N Áñêåß íá äåé·èåß üôé

ï öïñÝáò supp() := { ðñþôïò| () 6= [0]} ôïý  åßíáé ðåðåñáóìÝíïò. Ãéá êÜèå

 ∈ supp() Ý·ïõìå () ∈ Zr{[0]} ïðüôå ord(()) =  (åíôüò ôÞò Z) êáé

 = 0Lðåñ.

 ðñþôïò
Z
⇒ () = [0] =⇒

2.3.8
 | 

áð' üðïõ Ýðåôáé üôé supp()  ∞ (äéüôé õðÜñ·ïõí ìüíïí ðåðåñáóìÝíïõ ðëÞèïõò

ðñþôïé äéáéñÝôåò ôïý ). ¢ñá ç éóüôçôá (9.80) åßíáé áëçèÞò êáé ç
L

 ðñþôïò Z
ìéêôÞ. ÅÜí ç õðïïìÜäá óôñÝøåùò áõôÞò äéÝèåôå êÜðïéï óõìðëÞñùìá, äçëáäÞ åÜí

∃ ∈ Subg(L ðñþôïò Z) :
L

 ðñþôïò Z =
Lðåñ.

 ðñþôïò Z ⊕åó. 

ôüôå èá ßó·õå  ∼= (
L

 ðñþôïò Z)(
Lðåñ.

 ðñþôïò Z) êáé ç  èá Þôáí ìéá ìç ôåôñéì-
ìÝíç êáé (óýìöùíá ìå ôï ëÞììá 9.7.54) äéáéñåôÞ õðïïìÜäá ôÞò áíçãìÝíçò ïìÜäáòL

 ðñþôïò Z êÜôé ðïõ åßíáé áäýíáôï. ¢ñá ç
L

 ðñþôïò Z åßíáé ìç äéáóðþìåíç. ¤


