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10.1 Ç ÅÍÍÏÉÁ ÔÇÓ ÄÑÁÓÅÙÓ ÌÉÁÓ ÏÌÁÄÁÓ

10.1.1 Ïñéóìüò. ¸óôù ( ∗) ìéá ïìÜäá êáé Ýóôù  Ýíá ìç êåíü óýíïëï. Ìéá åî

áñéóôåñþí äñÜóç ôÞò  åðß ôïý êáèïñßæåôáé áðü ìéá áðåéêüíéóç

 : × −→  ( ) 7−→ ( ) (10.1)

(Þôïé áðü ìéá -åí ãÝíåé- åîùôåñéêÞ ðñÜîç åðß ôïý) ìå ôéò áêüëïõèåò éäéüôçôåò:

(i) (1 ∗ 2 ) = (1 (2 )) ∀ (1 2) ∈ × êáé ∀ ∈  êáé

(ii) ( ) =  ∀ ∈ 

Êáô' áíáëïãßáí, ìéá åê äåîéþí äñÜóç ôÞò åðß ôïý êáèïñßæåôáé áðü ìéá áðåé-

êüíéóç

f :  × −→  ( ) 7−→ f( ) (10.2)

ìå ôéò áêüëïõèåò éäéüôçôåò:

(i)0 f( 1 ∗ 2) = f(f( 1) 2) ∀ (1 2) ∈ × êáé ∀ ∈  êáé

(ii)0 f( ) =  ∀ ∈ 

Åí ôïéáýôç ðåñéðôþóåé ëÝìå üôé ôï  åßíáé Ýíá åî áñéóôåñþí (êáé áíôéóôïß·ùò,

Ýíá åê äåîéþí)-óýíïëï ùò ðñïò ôçí (10.1) (êáé áíôéóôïß·ùò, ùò ðñïò ôçí (10.2)).

ÅÜí ( ) =  (êáé áíôéóôïß·ùò, åÜí f( ) = ) ãéá êÜèå æåýãïò ( ) ∈ ×

ôüôå ëÝìå üôé ç èåùñïýìåíç äñÜóç ôÞò  åðß ôïý åßíáé ôåôñéììÝíç.

10.1.2 ÐáñáôÞñçóç. ÅÜí ç ( ∗) äñá åî áñéóôåñþí (êáé áíôéóôïß·ùò, åê äåîéþí)

åðß ôïý ìÝóù ôÞò (10.1) (êáé áíôéóôïß·ùò, ìÝóù ôÞò (10.2)), ôüôå êÜèå  ∈  äßäåé

ôï Ýíáõóìá ãéá ôïí ïñéóìü ìéáò áðåéêïíßóåùò

() :  −→   7−→ ()() := ( )

(êáé áíô., (f) :  −→   7−→ (f)() := f( 
−1))

Ðñïöáíþò, ç () (êáé áíôéóôïß·ùò, ç (f)) áðïôåëåß ìéá áìößññéøç, Þôïé

() ∈ S (êáé áíôéóôïß·ùò, (f) ∈ S), äéüôé

−1() ◦ () = id = () ◦ −1() (ìå ()−1 = −1())

êáé, áíôéóôïß·ùò,

−1(f) ◦ (f) = id = (f) ◦ −1(f) (ìå (f)−1 = −1(f))

ÅðéðñïóèÝôùò, () = (f) = id êáé

1() ◦ 2() = 1∗2() 1(f) ◦ 2(f) = 1∗2(f)

ãéá êÜèå æåýãïò (1 2) ∈ × äéüôé

1∗2()() = (1 ∗ 2 ) = (1 (2 )) = (1 2()())

= 1()(2()()) = (1() ◦ 2())()
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êáé, áíôéóôïß·ùò,

1∗2(f)() = f( (1 ∗ 2)−1) = f( −12 ∗ −11 ) = f(f( −12 ) −11 )

= 1(f)(f( 
−1
2 )) = 1()(2()()) = (1() ◦ 2())()

ãéá êÜèå  ∈  ÅðïìÝíùò ïñßæïíôáé ïìïìïñöéóìïß ïìÜäùí

() :  −→ S   7−→ () êáé (f) :  −→ S   7−→ (f)

(Åßèéóôáé íá ëÝìå üôé ï () (êáé áíôéóôïß·ùò, o (f)) åßíáé ç ìåôáôáêôéêÞ áíáðá-

ñÜóôáóç ôÞò ùò ðñïò ôç èåùñïýìåíç äñÜóç.) Êáé áíôéóôñüöùò° ãéá ïéïíäÞðïôå

ïìïìïñöéóìü  ∈Hom(S) ïñßæïíôáé áðåéêïíßóåéò

() : × −→  ( ) 7−→ ()( ) := ()()

êáé

f() :  × −→  ( ) 7−→ f()( ) := (−1)()

ÈÝôïíôáò

ÄÑáñ.() :=

½
áðåéêïíßóåéò (10.1)

ìå ôéò éäéüôçôåò (i), (ii)

¾
êáé

ÄÑäåî.() :=

½
áðåéêïíßóåéò (10.2)

ìå ôéò éäéüôçôåò (i)0, (ii)0

¾
êáôáëÞãïõìå óôçí áêüëïõèç:

10.1.3 Ðñüôáóç. Ç áðåéêüíéóç

ÄÑáñ.() 3  7−→ () ∈ Hom(S) (10.3)

åßíáé áìöéññéðôéêÞ, Ý·ïõóá ôçí

Hom(S) 3  7−→ () ∈ ÄÑáñ.() (10.4)

ùò áíôßóôñïöü ôçò. Êáô' áíáëïãßáí, ç áðåéêüíéóç

ÄÑäåî.() 3 f 7−→ (f) ∈ Hom(S) (10.5)

åßíáé áìöéññéðôéêÞ, Ý·ïõóá ôçí

Hom(S) 3  7−→ f() ∈ ÄÑäåî.() (10.6)

ùò áíôßóôñïöü ôçò 1.
1Ëüãù ôùí êáíïíéóôéêþí áìöéññßøåùí (10.4) êáé (10.6) áñêåôïß óõããñáöåßò ïñßæïõí ùò äñÜóç ìéáò ïìÜäáò  åðß
åíüò ìç êåíïý óõíüëïõ  Ýíáí ïìïìïñöéóìü () ∈ Hom(S)
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Áðïäåéîç. ÂÜóåé ôùí ðñïçãçèÝíôùí ó·ïëßùí ïé (10.3) êáé (10.5) åßíáé êáëþò ïñé-
óìÝíåò áðåéêïíßóåéò. ÅîÜëëïõ, ãéá êÜèå  ∈Hom(S) ç () Ý·åé ôéò éäéüôçôåò

10.1.1 (i) êáé (ii), äéüôé ãéá êÜèå  ∈  êáé êÜèå æåýãïò (1 2) ∈  ×  Ý·ïõìå

áö' åíüò ìåí ()( ) = ()() = id() =  áö' åôÝñïõ äå

()(1 ∗ 2 ) = (1 ∗ 2)() = (1 ∗ 2)() = ((1) ◦ (2))()
= (1)((2)()) = (1)(()(2 )) = ()(1 ()(2 ))

¢ñá () ∈ ÄÑáñ.() (êáé ðáñïìïßùò, f() ∈ ÄÑäåî.()). Áõôü óçìáßíåé

üôé ïé (10.4) êáé (10.6) åßíáé ùóáýôùò êáëþò ïñéóìÝíåò áðåéêïíßóåéò. Åí óõíå·åßá

ðáñáôçñïýìå üôé

(())( ) = (())( ) = ()()() = ()() = ( )

∀ ∈ Hom(S)∀ ∈ ÄÑáñ.() êáé ∀( ) ∈  × Þôïé üôé (()) = 

(Ðáñïìïßùò áðïäåéêíýåôáé üôé f((f)) = f ãéá êÜèå f ∈ ÄÑäåî.()) Áðü ôçí

Üëëç ìåñéÜ, äéáðéóôþíïõìå üôé

(())()() = (())() = ()( ) = ()()

∀ ∈ Hom(S)∀ ∈ ÄÑáñ.() êáé ∀( ) ∈  × Þôïé üôé (()) = 

(Ðáñïìïßùò áðïäåéêíýåôáé üôé (f()) =  ãéá êÜèå f ∈ ÄÑäåî.()) ÅðïìÝ-

íùò ç áðåéêüíéóç (10.3) óõíôéèÝìåíç ìå ôçí (10.4) äßäåé ôçí ôáõôïôéêÞ áðåéêüíéóç

idÄÑáñ.() (êáé áíôéóôïß·ùò, ç (10.5) óõíôéèÝìåíç ìå ôçí (10.6) äßäåé ôçí ôáõôïôéêÞ

áðåéêüíéóç idÄÑäåî.()). Áðü ôçí Üëëç ìåñéÜ, ç (10.4) óõíôéèÝìåíç ìå ôçí (10.3)

(êáé áíôéóôïß·ùò, ç (10.6) óõíôéèÝìåíç ìå ôçí (10.5)) äßäåé ôçí ôáõôïôéêÞ áðåéêü-

íéóç idHom(S) Ùò åê ôïýôïõ, áìöüôåñåò ïé (10.3) êáé (10.4) (êáé áíôéóôïß·ùò,

áìöüôåñåò ïé (10.5) êáé (10.6)) åßíáé áìöéññéðôéêÝò (êáé ç ìßá áíôßóôñïöïò ôÞò

Üëëçò). ¤

10.1.4 Óçìåßùóç. Óýìöùíá ìå ôçí ðñüôáóç 10.1.3, óå êÜèå åî áñéóôåñþí äñÜóç

ôÞò åðß ôïý êáèïñéæüìåíçò áðü ìéá áðåéêüíéóç  (âë. (10.1)) áíôéóôïé·ßæåôáé

ç åê äåîéþí äñÜóç ç êáèïñéæüìåíç áðü ôçí

f(()) :  × −→  ( ) 7−→ f(())( ) = (−1 )

Êáé áíôéóôñüöùò° óå êÜèå åê äåîéþí äñÜóç ôÞò åðß ôïý êáèïñéæüìåíçò áðü ìéá

áðåéêüíéóç f (âë. (10.2)) áíôéóôïé·ßæåôáé ç åî áñéóôåñþí äñÜóç ç êáèïñéæüìåíç

áðü ôçí

((f)) : × −→  ( ) 7−→ ((f))( ) = f( −1)

10.1.5 Ðáñáäåßãìáôá. ¸óôù ( ·) ôõ·ïýóá (ðïëëáðëáóéáóôéêÞ) ïìÜäá.

(i) ÅÜí v  ôüôå ç äñá åî áñéóôåñþí åðß ôïý óõíüëïõR ôùí áñéóôåñþí

ðëåõñéêþí êëÜóåùí ôÞò  åíôüò ôÞò  ùò åîÞò:

× (R) −→ R (1 2) 7−→ (12) (10.7)
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(Âë. 4.1.7 êáé (4.7).) Ç áíôéóôïé·éæüìåíç åê äåîéþí äñÜóç åßíáé ç

(R)× −→ R (1 2) 7−→ (−12 1)

Êáô' áíáëïãßáí, ç äñá åê äåîéþí åðß ôïý óõíüëïõR ôùí äåîéþí ðëåõñéêþí

êëÜóåùí ôÞò åíôüò ôÞò  ùò åîÞò:

(R)× −→ R  (1 2) 7−→ (12)

Ç áíôßóôïé·ç åî áñéóôåñþí äñÜóç åßíáé ç

× (R) −→ R  (12) 7−→ 
¡
2
−1
1

¢


(ii) Ç  äñá åî áñéóôåñþí åðß ôïý åáõôïý ôçò

× −→  (1 2) 7−→ 12 = 1(2) (10.8)

Ý·ïõóá ùò ìåôáôáêôéêÞ áíáðáñÜóôáóÞ ôçò ôçí  3  7−→  ∈ S (Þôïé ôçí åî
áñéóôåñþí ìåôáöïñÜ ìÝóù ôïý )Ç áíôßóôïé·ç åê äåîéþí äñÜóç åßíáé ç

× −→  (1 2) 7−→ −12 1 = −12
(1) = 1(

−1
2 )

Êáô' áíáëïãßáí, ç  äñá åê äåîéþí åðß ôïý åáõôïý ôçò êáé ùò áêïëïýèùò:

× −→  (1 2) 7−→ 12 = 2(1)

Ý·ïõóá ùò ìåôáôáêôéêÞ áíáðáñÜóôáóÞ ôçò ôçí  3  7−→ −1 ∈ S (Þôïé ôçí

åê äåîéþí ìåôáöïñÜ ìÝóù ôïý −1) Ç áíôßóôïé·ç åî áñéóôåñþí äñÜóç åßíáé ç

× −→  (1 2) 7−→ 2
−1
1 = 2(

−1
1 ) = −11

(2)

(iii) ÅÜí  v  ôüôå ç  äñá åî áñéóôåñþí åðß ôÞò  (ýóôåñá áðü ðåñéïñéóìü

ôÞò (10.8)) ùò åîÞò:

 × −→  ( ) 7−→  = ()

(Ðáñïìïßùò ìåôáôñÝðåé êáíåßò êáé ôéò ëïéðÝò äñÜóåéò ôïý (ii) óå äñÜóåéò ôÞò åðß

ôÞò ) Ãåíéêüôåñá, åÜí E  ôüôå ïñßæåôáé ç åî áñéóôåñþí äñÜóç

 × () −→  ( ) 7−→ () (10.9)

ôÞò åðß ôÞò ðçëéêïïìÜäáò 

(iv) ÌÝóù óõæõãßáò äçìéïõñãåßôáé Üëëç ìßá åî áñéóôåñþí äñÜóç ôÞò  åðß ôïý

åáõôïý ôçò:

× −→  ( ) 7−→ −1 = γ() (10.10)

ÁõôÞ Ý·åé ùò ìåôáôáêôéêÞ áíáðáñÜóôáóÞ ôçò ôçí

 3  7−→ γ ∈ Inn() v S
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(Âë. 5.4.21 êáé 5.4.23.) Ç áíôßóôïé·ç åê äåîéþí äñÜóç åßíáé ç

× −→  ( ) 7−→ −1 = γ−1()

(v) H  äñá ìÝóù óõæõãßáò åî áñéóôåñþí ôüóïí åðß ôïý Subg():

× Subg() −→ Subg() () 7−→ −1 (10.11)

üóïí êáé åðß ôïýP ()r{∅}:

× (P ()r{∅}) −→ P ()r{∅} () 7−→ −1 (10.12)

(Âë. §5.1.)

(vi) ÅÜí E  ôüôå ç  äñá ìÝóù óõæõãßáò åî áñéóôåñþí åðß ôÞò :

× −→  ( ) 7−→ −1 = γ() (10.13)

(vii) Ç ïìÜäá áõôïìïñöéóìþí Aut() ôÞò  äñá åî áñéóôåñþí åðß ôÞò  ìÝóù

áðïôéìÞóåùò :

Aut()× −→  ( ) 7−→ () (10.14)

10.1.6 Óõìâïëéóìüò. ¸·ïíôáò åîçãÞóåé ôïí ôñüðï óõó·åôéóìïý åî áñéóôåñþí êáé

åê äåîéþí äñÜóåùí, êáé Ý·ïíôáò ðáñáèÝóåé êÜðïéá ·áñáêôçñéóôéêÜ ðáñáäåßã-

ìáôá, ðñïôéèÝìåèá íá ðñïâïýìå óå áðëïýóôåõóç ôïý ·ñçóéìïðïéïýìåíïõ óõìâï-

ëéóìïý êáé ôÞò ïñïëïãßáò óå ü,ôé èá áêïëïõèÞóåé. Ïìéëþíôáò ðåñß «äñÜóåùò ôÞò

 åðß ôïý » èá åííïïýìå (·ùñßò ïõóéáóôéêÞ âëÜâç ôÞò ãåíéêüôçôáò) äñÜóç åî
áñéóôåñþí êáé èá ãñÜöïõìå  •  (ìå ðá·åßá âïýëá -bullet- åíäéáìÝóùò) áíôß ôïý

( ) Åðßóçò, èá áíáöÝñïõìå ôç ìåôáôáêôéêÞ áíáðáñÜóôáóç ôÞò  ùò  êáé

ôçí ôéìÞ ôçò óå Ýíá  ∈  ùò  (áíôß íá ãñÜöïõìå () êáé () áíôéóôïß·ùò).

ÅÜí ãéá ôçí åóùôåñéêÞðñÜîç ôÞò ïìÜäááíáöïñÜò äéáôçñÞóïõìå ôïí óõíÞèçðïë-
ëáðëáóéáóôéêü óõìâïëéóìü, ïé éäéüôçôåò (i) êáé (ii) ôïý ïñéóìïý 10.1.1 ãñÜöïíôáé

áðëïýóôåñá ùò åîÞò:

(i) (12) •  = 1 • (2 • ) ∀ (1 2) ∈ × êáé ∀ ∈  êáé

(ii)  •  =  ∀ ∈ 

10.1.7 Ðáñáäåßãìáôá. (i) Äýï äéáöïñåôéêÝò äñÜóåéò ôÞò ïìÜäáò (Z+) åðß ôïý óõ-
íüëïõ R ôùí ðñáãìáôéêþí áñéèìþí åßíáé ïé

Z×R −→ R ( ) 7−→  •  := +  (10.15)

êáé

Z×R −→ R ( ) 7−→  •  := (−1) (10.16)

(ii) Ç äéåäñéêÞ ïìÜäáD3 = h i @ SE3 ìå

() :=   () := 3 ∀ ∈ E3
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äñá åðß ôïý óõíüëïõ E3 = {1 3 23} ôùí êïñõöþí ôïý êáíïíéêïý ôñéãþíïõ (üðïõ

3 := exp
¡
2
3

¢
) ùò áêïëïýèùò:

D3 × E3 −→ E3 ( ◦   3) 7−→
¡
 ◦ ¢ • 3 := ((3)) (10.17)

∀(  ) ∈ {0 1} × {0 1 2} × {0 1 2}

(Ðáñïìïßùò ïñßæåôáé ç áíôßóôïé·ç äñÜóç ôïý D åðß ôïý óõíüëïõ E ôùí êïñõ-

öþí ôïý êáíïíéêïý -ãþíïõ êáé ãéá êÜèå  ≥ 4)
(iii) ÅÜí  ∈ N êáé  v S ôüôå ç  äñá åðß ôïý óõíüëïõ {1  } ìÝóù áðïôé-
ìÞóåùò :

 × {1  } −→ {1  } ( ) 7−→  •  := () ∀ ∈ {1  } (10.18)

(iv) ÅÜí ∈ N êáé ôõ·üí óþìá, ôüôå êÜèå vGL( ) äñá (êáôÜ ôñüðïöõóéêü)

åðß ôïý :

 ×  −→  (A (1  )
|) 7−→ A(1  )

| 

(v) ÅÜí  ∈ N  ôõ·üí óþìá êáéA ∈GL( ) êÜðïéïò ðáãéùìÝíïò ðßíáêáò, ôüôå

ç (Z+) äñá åðß ôïý  ùò áêïëïýèùò:

Z×  −→  ( (1  )
|) 7−→  • (1  )| := A(1  )

| 

10.2 ÈÅÙÑÇÌÁ ÔÑÏμÉÙÍ ÊÁÉ ÓÔÁÈÅÑÏÐÏÉÇÔÙÍ

10.2.1 Ïñéóìüò. Áò õðïèÝóïõìå üôé ç× 3 ( ) 7−→  •  ∈  êáèïñßæåé ìéá

äñÜóç ìéáò ïìÜäáò ( ·) åðß åíüò ìç êåíïý óõíüëïõ  Åðß ôïý  ïñßæïõìå ìéá

äéìåëÞ ó·Ýóç ³⊆  × ùò áêïëïýèùò:

1 ³ 2 ⇐⇒
ïñó

[∃ ∈  :  • 1 = 2]

10.2.2 Ðñüôáóç. Ç ‘‘³'' áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïý
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Áðïäåéîç. H ‘‘³'' åßíáé áõôïðáèÞò, äéüôé • =  ãéá êÜèå  ∈  óõììåôñéêÞ,
äéüôé ãéá ïéáäÞðïôå 1 2 ∈  ìå 1 ³ 2

∃ ∈  :  • 1 = 2 ⇒ −1 • 2 = 1 ⇒ 2 ³ 1

êáé, ôÝëïò, ìåôáâáôéêÞ, äéüôé ãéá 1 2 3 ∈  ìå 1 ³ 2 êáé 2 ³ 3

∃1 ∈  : 1 • 1 = 2
∃2 ∈  : 2 • 2 = 3

¾
⇒ (21) • 1 = 2 • (1 • 1) = 2 • 2 = 3

ïðüôå 1 ³ 3 ¤

10.2.3 Ïñéóìüò. Áò õðïèÝóïõìå üôé ç

× 3 ( ) 7−→  •  ∈  (10.19)

êáèïñßæåé ìéá äñÜóç ìéáò ïìÜäáò ( ·) åðß åíüò ìç êåíïý óõíüëïõ

(i) Ç êëÜóç éóïäõíáìßáò åíüò óôïé·åßïõ  ∈  ùò ðñïò ôçí ‘‘³'' êáëåßôáé ôñï·éÜ

ôïý  ùò ðñïò ôçí (10.19) Þ áðëþò -ôñï·éÜ ôïý  êáé óõìâïëßæåôáé ùò åîÞò2:

Orb() := { ∈  | ³ } = { •  |  ∈ }

(ii) Ôï óýíïëï

 ³= {Orb() |  ∈ }

êáëåßôáé óýíïëï ôñï·éþí Þ ôñï·éáêüò ·þñïò ôïý ùò ðñïò ôç äñþóá ïìÜäá 

(iii) ¸óôù  ∈ ËÝìå üôé ôï  ðáñáìÝíåé óôáèåñü (Þ üôé óôáèåñïðïéåßôáé) õðü ôç

äñÜóç åíüò óôïé·åßïõ  ∈  Þ üôé ôï  óôáèåñïðïéåß ôï  äñþíôáò åð' áõôïý üôáí

 •  =  Ôï óýíïëï3

Stab() := { ∈  |  •  = }

üëùí ôùí óôïé·åßùí ôÞò  ðïõ óôáèåñïðïéïýí ôï  êáëåßôáé óôáèåñïðïéçôÞò ôïý

 ÅðåéäÞ  ∈ Stab() êáé ãéá ïéáäÞðïôå 1 2 ∈ Stab() éó·ýåé
4

1 •  =  2 •  =  (⇒ −12 •  = )

Ý·ïõìå ¡
1
−1
2

¢ •  = 1 •
¡
−12 • ¢ = 1 •  = ⇒ 1

−1
2 ∈ Stab()

2Ôï ðñüèåìá ‘‘Orb'' ðñïÝñ·åôáé áðü ôá ðñþôá ôñßá ãñÜììáôá ôÞò ëÝîåùò orbit (= ôñï·éÜ). ÏñéóìÝíïé óõããñáöåßò

ðñïôéìïýí íá óõìâïëßæïõí ôçí ôñï·éÜ ôïý  ùò • 
3Ôï ðñüèåìá ‘‘Stab'' ðñïÝñ·åôáé áðü ôá ðñþôá ôÝóóåñá ãñÜììáôá ôÞò ëÝîåùò stabilizer (= óôáèåñïðïéçôÞò). Óôç

âéâëéïãñáößá, áíôß ôïý Stab() ·ñçóéìïðïéåßôáé óõ·íÜ êáé ôï óýìâïëï

4Ðñïöáíþò, −12 •  = −12 • (2 • ) =
³
2
−1
2

´
•  =  •  = 
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ïðüôå Stab() v  (Bë. 2.1.16 (iii).) Ãé' áõôüí ôïí ëüãï, áíôß ôïý üñïõ «óôáèå-

ñïðïéçôÞò» ·ñçóéìïðïéåßôáé åíßïôå êáé ï üñïò óôáèåñïðïéïýóá õðïïìÜäá ôïý 

(Þ ïìÜäá éóïôñïðßáò ôïý ).

(iv) ËÝìå üôé ôï  åßíáé Ýíá åëåýèåñï -óýíïëï Þ üôé ç ïìÜäá  äñá åëåõèÝñùò

åðß ôïý  (ìÝóù ôÞò (10.19)) üôáí

Stab() = {} ∀ ∈  (⇔ [ •  = ⇒  = ]  ∀ ∈ )

(v) ¸óôù  ∈  ËÝìå üôé ôï  ðáñáìÝíåé óôáèåñü (Þ üôé óôáèåñïðïéåßôáé) õðü

ôç äñÜóç (ïëüêëçñçò) ôÞò  üôáí Orb() = {} Ôï óýíïëï ôùí óôïé·åßùí

ôïý  ðïõ ðáñáìÝíïõí óôáèåñÜ õðü ôç äñÜóç ôÞò  óõìâïëßæåôáé ùò Fix().

ÓçìåéùôÝïí üôé

Fix() =
\
∈

Fix() = { ∈  | Stab() = }

üðïõ ãéá êÜèå  ∈  ·ñçóéìïðïéïýìå ôïí óõìâïëéóìü5

Fix() := { ∈  |  •  = }

Ðñïöáíþò,  ∈ Fix()⇔ Stab() = ⇔ Orb() = {}

10.2.4 Ðáñáäåßãìáôá. (i) Ãéá ôç äñÜóç (10.7) ôÞò  åðß ôïý óõíüëïõ R ôùí

áñéóôåñþí ðëåõñéêþí êëÜóåùí ìéáò v  åíôüò ôÞò  Ý·ïõìå6

Orb() = {(0) |0 ∈ } Stab() = −1 ∀ ∈ 

êáé Fix(R) = { ∈ R
¯̄
−1 = }

(ii) Ãéá ôç äñÜóç (10.8) ôÞò  åðß ôïý åáõôïý ôçò Ý·ïõìå

Orb() =  Stab() = {} ∀ ∈ 

êáé

Fix() =

½
∅ üôáí ç  åßíáé ìç ôåôñéììÝíç,

 üôáí ç  åßíáé ôåôñéììÝíç.

(iii) Ãéá ôç äñÜóç (10.9) ôÞò v  åðß ôÞò ðçëéêïïìÜäáò  Ý·ïõìå

Orb() = {() |  ∈  } Stab() = (−1) ∩ ∀ ∈ 

êáé Fix() = ∅ üôáí 6= 

(iv) Ãéá ôç äñÜóç (10.10) ôÞò  åðß ôïý åáõôïý ôçò (ìÝóù óõæõãßáò) Ý·ïõìå

Orb() = êëó() Stab() = C() ∀ ∈ 

5Áíôß ôïý Fix() ·ñçóéìïðïéåßôáé åíßïôå ôï óýìâïëï

6ÅðåéäÞ Stab() = { ∈  | () =  } ãéá êÜèå  ∈ Stab() õðÜñ·ïõí  
0 ∈  ôÝôïéá þóôå

 = 0 ïðüôå  = (0−1)−1 ∈ −1Êáé áíôéóôñüöùò° ãéá êÜèå  ∈ −1 õðÜñ·åé êÜðïéï  ∈ 
ôÝôïéo þóôå  = −1 ⇒  =  ïðüôå () = () =  ⇒  ∈ Stab()
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êáé [Fix() = C()∀ ∈ ]⇒ Fix() = () (Âë. 5.1.5, 5.2.7 (ii) êáé 5.1.1.)

(v) Ãéá ôç äñÜóç (10.11) ôÞò åðß ôïý óõíüëïõ Subg() (ìÝóù óõæõãßáò) Ý·ïõìå

Orb() = êëó() Stab() = N() ∀ ∈ Subg()
êáé Fix(Subg()) = { ∈ Subg() | N() = } =

5.2.4 (iii)
NSubg() (Âë.

åäÜöéá 5.1.4, 5.2.3 êáé 4.2.25.) Êáô' áíáëïãßáí, ãéá ôç äñÜóç (10.12) ôÞò  åðß
ôïýP ()r{∅} (ìÝóù óõæõãßáò) ëáìâÜíïõìå

Orb() = {−1
¯̄
 ∈ } Stab() = N() ∀ ∈ P ()r{∅}

êáé Fix(P ()r{∅}) = {ïñèüèåôá õðïóýíïëá ôïý }
(vi) Ãéá ôç äñÜóç (10.13) ôÞò  åðß ìéáò E  (ìÝóù óõæõãßáò) Ý·ïõìå

Orb() = êëó() Stab() = C() ∀ ∈ 

êáé Fix() = { ∈  : C() = }
(vii) Ãéá ôç äñÜóç (10.14) ôÞò Aut() åðß ôÞò  (ìÝóù áðïôéìÞóåùò) Ý·ïõìå

OrbAut()() = {()| ∈ Aut()} StabAut()() = { ∈ Aut() : () = }

ãéá êÜèå  ∈  êáé Fix() = { ∈ |() = } ãéá êÜèå  ∈ Aut()

(viii) Ãéá ôç äñÜóç (10.15) ôÞò (Z+) åðß ôïý R Ý·ïõìå

OrbZ() = {+ | ∈ Z} StabZ() = {0} ∀ ∈ R
êáé FixZ(R) = ∅ äéüôé

Fix(R) =
½
∅ üôáí  ∈ Zr{0}
R üôáí  = 0

åíþ ãéá ôç äñÜóç (10.16) ëáìâÜíïõìå

OrbZ() =

½ {−} üôáí  ∈ Rr{0}
{0} üôáí  = 0

 StabZ() =

½
2Z üôáí  ∈ Rr{0}
Z üôáí  = 0

êáé FixZ(R) = {0} êáèüóïí

Fix(R) =
½ {0} üôáí  ∈ Zr2Z
R üôáí  ∈ 2Z

(ix) Ãéá ôç äñÜóç (10.17) ôÞò D3 = h i @ SE3 åðß ôïý E3 = {1 3 23} Ý·ïõìå
FixD3(E3) = ∅ äéüôé

OrbD3(

3) = E3∀ ∈ {0 1 2} StabD3(1) = {idE3  }

StabD3(3) = {idE3   ◦ } StabD3(
2
3) = {idE3   ◦ 2}

(x) Ãéá ôç äñÜóç (10.18) ìéáò v S åðß ôïý {1  } (ìÝóùáðïôéìÞóåùò) Ý·ïõìå

Orb() = {()|  ∈ } Stab() = { ∈  : () = }

ãéá êÜèå  ∈ {1  } êáé Fix({1  }) = { ∈ {1  } : () = ∀ ∈ }
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10.2.5 Èåþñçìá. («Èåþñçìá ôñï·éþí êáé óôáèåñïðïéçôþí»)

ÅÜí ìéá ïìÜäá ( ·) äñá åðß åíüò óõíüëïõ 6= ∅ ôüôå

card (Orb()) = | : Stab()|  ∀ ∈  (10.20)

Áðïäåéîç. ¸óôù ôõ·üí  ∈  Ïñßæïõìå ôçí

 : Stab()R = { Stab() |  ∈ } −→ Orb()

áðü ôï óýíïëï ôùí áñéóôåñþí ðëåõñéêþí êëÜóåùí ôïý óôáèåñïðïéçôÞ Stab()

ôïý  åíôüò ôÞò  óôçí ôñï·éÜ ôïý  ìÝóù ôïý ôýðïõ

( Stab()) :=  •  ∀ ∈ 

Ðñïöáíþò, ãéá ïéáäÞðïôå 1 2 ∈  éó·ýïõí ïé áìößðëåõñåò óõíåðáãùãÝò

1 Stab() = 2 Stab()⇔ −11 2 ∈ Stab()

⇔  =
¡
−11 2

¢ •  = −11 • (2 • )⇔ 1 •  = 2 • 
Áêïëïõèþíôáò áõôÝò ðñïò ôç (äåîéÜ) êáôåýèõíóç ‘‘⇒'' äéáðéóôþíïõìå üôé ç èåù-

ñçèåßóá  åßíáé ìéá êáëþò ïñéóìÝíç áðåéêüíéóç. Áêïëïõèþíôáò ôåò ðñïò ôçí

(áñéóôåñÞ) êáôåýèõíóç ‘‘⇐'' óõìðåñáßíïõìå üôé ç  åßíáé åíñéðôéêÞ áðåéêüíéóç.

ÅðåéäÞ ãéá êÜèå óôïé·åßï  ∈Orb() õðÜñ·åé êÜðïéï óôïé·åßï  ∈  ìå  =  •
êáé ( Stab()) =  ç  åßíáé åðéññéðôéêÞ êáé, êáô' åðÝêôáóç, áìöéññéðôéêÞ.

ËáìâÜíïíôáò õð' üøéí üôé card
¡
Stab()R

¢
= | : Stab()| (âë. 4.1.17), óõìðå-

ñáßíïõìå üôé card(Orb()) = | : Stab()|  ¤

10.2.6 Ðáñáäåßãìáôá. Åöáñìüæïíôáò ôçí (10.20) ãéá ôéò äñÜóåéò (10.12), (10.11)

êáé (10.10) ëáìâÜíïõìå (ìÝóù ôùí ðñïáíáöåñèÝíôùí óôá (v) êáé (iv) ôïý åä. 10.2

.4) ôéò éóüôçôåò ôéò áðïäåé·èåßóåò óôçí ðñüôáóç 5.2.8 êáé óôá ðïñßóìáôá 5.2.9 êáé

5.2.10, áíôéóôïß·ùò.

10.2.7 Èåþñçìá. ¸óôù ( ·) ìéá ïìÜäá êáé Ýóôù  Ýíá ðåðåñáóìÝíï -óýíïëï.
Ôüôå éó·ýïõí ôá åîÞò :

(i) ÅÜí Fix() $  êáé ôï {1 } ⊆  åßíáé Ýíá ðëÞñåò óýóôçìá åêðñï-
óþðùí ôïýrFix() ùò ðñïò ôïí ðåñéïñéóìü ôÞò ó·Ýóåùò éóïäõíáìßáò³ åðß
ôïýrFix() ôüôå

card() = card(Fix()) +
X
=1

card (Orb())  (10.21)

(ii) ÅÜí ôï  åßíáé Ýíá åëåýèåñï -óýíïëï êáé ç  ìç ôåôñéììÝíç, ôüôå ç  åßíáé
ðåðåñáóìÝíç êáé

card() = card( ³) ||  (10.22)



636 äñáóåéò ïìáäùí

Áðïäåéîç. (i) ÅðåéäÞ Orb() = {} ãéá êÜèå  ∈ Fix() Ý·ïõìå

 = Fix()
`Ã ̀

=1
Orb()

!
(âë. A.1.12), ïðüôå ç (10.21) åßíáé ðñïöáíÞò.

(ii) ÅÜí ç  äñá åëåõèÝñùò åðß ôïý  êáé äåí åßíáé ç ôåôñéììÝíç ïìÜäá, ôüôå

Fix() = ∅ êáé ãéá ïéïäÞðïôå  ∈  ç áðåéêüíéóç

 −→ Orb()  7−→  • 
åßíáé áìöéññéðôéêÞ, äéüôé åßíáé ðñïöáíþò åðéññéðôéêÞ êáé ãéá êÜèå (1 2) ∈ ×
éó·ýïõí ïé óõíåðáãùãÝò

1 •  = 2 •  =⇒
¡
−12 1

¢ •  =  =⇒ −12 1 =  =⇒ 1 = 2

ÅðïìÝíùò, || = card(Orb())  card() ãéá êÜèå  ∈  ïðüôå || ∞ êáé

card() =
X
=1

card(Orb()) =  || 

üðïõ = card( ³) åßíáé ôï ðëÞèïò ôùí -ôñï·éþí åíôüò ôïý ¤

10.2.8 ÐáñÜäåéãìá. ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç ôåôñéììÝíç ïìÜäá êáé Ýóôù

 ∈ Subg() ÁöÞíïíôáò ôçí  íá äñÜóåé åðß ôÞò  êáôÜ ôïí ðëÝïí öõóéêü

ôñüðï:

 × −→  ( ) 7−→  •  := 

ðáñáôçñïýìå üôé ãéá êÜèå  ∈  éó·ýåé

Orb() =  = { |  ∈  } 
Stab() = { ∈  |  =  } = {} = {}

ÅðåéäÞ ëïéðüí ç  ìðïñåß íá éäùèåß ùò Ýíá åëåýèåñï -óýíïëï, áðü ôçí (10.22)

(ìå ôçí  óôç èÝóç ôïý  êáé ôçí  óôç èÝóç ôÞò ) åðáíáêôïýìå ôï êëáóéêü
èåþñçìá 7 4.1.22 ôïý Lagrange !

10.2.9 ÐáñÜäåéãìá. ¸óôù ( ·) ìéá ìç áâåëéáíÞ ðåðåñáóìÝíç ïìÜäá. Åöáñìü-

æïíôáò ôçí (10.21) ãéá ôç äñÜóç (10.10) áõôÞò åðß ôïý åáõôïý ôçò (ìÝóù óõæõãßáò)

êáôáëÞãïõìå (ëáìâÜíïíôáò õð' üøéí ôá ðñïáíáöåñèÝíôá óôï åäÜöéï 10.2.4 (iv)

êáé óôï èåþñçìá 10.2.5) óôç ãíùóôÞ ìáò åîßóùóç êëÜóåùí óõæõãßáò (5.64).

10.2.10 Ðüñéóìá. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò || =  üðïõ  ∈ N0 êáé  Ýíáò
ðñþôïò áñéèìüò. ÅÜí åßíáé Ýíá ðåðåñáóìÝíï -óýíïëï, ôüôå

card() ≡ card(Fix())(mod ) (10.23)

7Óôçí ðåñßðôùóç üðïõ ç åßíáé ôåôñéììÝíç, ôï èåþñçìá ôïý Lagrange åßíáé ðñïöáíÝò.
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Áðïäåéîç. ÅÜí  = Fix() (üðùò, ð.·., óôçí ðåñßðôùóç üðïõ  = 0), ôüôå ç

(10.23) åßíáé ðñïöáíÞò. ÅÜí  ≥ 1 Fix() $  êáé ôï {1 } ⊆  åßíáé

Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí ôïý rFix() ùò ðñïò ôïí ðåñéïñéóìü ôÞò

ó·Ýóåùò éóïäõíáìßáò ³ åðß ôïýrFix() ôüôå ç (10.21) ãñÜöåôáé ùò

card()− card(Fix()) =
X
=1

card (Orb()) =
X
=1

| : Stab()| 

üðïõ | : Stab()| ≥ 2 êáé | : Stab()| | || =  ãéá êÜèå  ∈ {1 }
ÅðïìÝíùò,

∃ ∈ {1  } : | : Stab()| =   ∀ ∈ {1 }

áð' üðïõ Ýðåôáé ç (10.23), äéüôé card()− card(Fix()) = 

Ã
P
=1

−1
!
 ¤


