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ABSTRACT. Let G be a finite subgroup of SL(r,C). In dimensions r = 2 and
r = 3, McKay correspondence provides a natural bijection between the set of ir-
reducible representations of G and a cohomology-ring basis of the overlying space
of a projective, crepant desingularization of C"/G. For r = 2 this desingulariza-
tion is unique and is known to be determined by the Hilbert scheme of the G-
orbits. Similar statements (including a method of distinguishing just one among
all possible smooth minimal models of C? /@), are very probably true for all G’s
C SL(3,C) too, and recent Hilbert-scheme-techniques due to Ito, Nakamura and
Reid, are expected to lead to a new fascinating uniform theory. For dimensions
r > 4, however, to apply analogous techniques one needs extra modifications. In
addition, minimal models of C" /G are smooth only under special circumstances.
C*/ (involution), for instance, cannot have any smooth minimal model. On the
other hand, all abelian quotient spaces which are c.i.’s can always be fully resolved
by torus-equivariant, crepant, projective morphisms. Hence, from the very begin-
ning, the question whether a given Gorenstein quotient space C" /G, r > 4, admits
special desingularizations of this kind, seems to be absolutely crucial.

In the present paper, after a brief introduction to the existence-problem of such
desingularizations (for abelian G’s) from the point of view of toric geometry, we
prove that the Gorenstein cyclic quotient singularities of type

S @,...,1,0l—(r—1))

with | > r > 2, have a unique torus-equivariant projective, crepant, partial res-
olution, which is “full” iff either { = 0 mod (r —1) or I = 1 mod (r — 1). As it
turns out, if one of these two conditions is fulfilled, then the exceptional locus of
the full desingularization consists of L L J prime divisors, L L J — 1 of which are

r—

r—1
isomorphic to the total spaces of P{--bundles over ]P’E_Q. Moreover, it is shown that
intersection numbers are computable explicitly and that the resolution morphism
can be viewed as a composite of successive (normalized) blow-ups. Obviously,
the monoparametrized singularity-series of the above type contains (as its “first
member”) the well-known Gorenstein singularity defined by the origin of the affine
cone which lies over the r-tuple Veronese embedding of ]P’E_l.



1. Introduction

(a) Let f : Y — X be a birational morphism between two normal, Q-Gorenstein
complex varieties X and Y of index j. Denote by wx = O (Kx) and wy = O (Ky)
the dualizing sheaves, and by Kx and Ky representatives of canonical divisors of X

and Y, respectively. f is called crepant if w[}g > f, (ng ), or, in other words, if the

discrepancy jKy — f* (jKx) vanishes. The “prototype” for a crepant morphism
is the proper birational map which desingularizes the usual double-point-locus

X = {(z1,22,23) eC® |Z%+z§+z§:0}

by blowing up 0 € X C C?. Crepant birational morphisms were mainly used in
the past two decades in algebraic geometry to reduce the singularities of com-
plex 3-folds (and, sometimes, n-folds) to terminal (or even Q-factorial terminal)
singularities, and to treat of minimal models in high dimensions. For X being
the underlying space of a Gorenstein quotient singularity, they are “by definition”
related to McKay-type correspondences.

(b) Let 7 be an integer > 2, G a finite subgroup of GL(r,C) containing no pseu-
doreflections and acting linearly on C", and p : C" — C"/G the corresponding
quotient map. The underlying space C" /G of the (germ of the) quotient singular-
ity (C"/G,[0]), with [0] := p(0), is canonically equipped with the structure of a
normal, Cohen-Macaulay complex variety (or complex-analytic space).

e The singular locus Sing(C" /G) of C" /G itself contains always [0], but for r > 3,
it is possible to possess also other strata of C" of codimension > 2 passing through
[0] (cf. 5.1 below).

e As it was proved by Watanabe [81], C" /G is Gorenstein iff G C SL(r,C).

o If r = 2, G C GL(2,C), the quotient space C?/G admits a unique minimal
desingularization R
f:X->X=0C/G (1.1)

(“minimal” in the sence that the exceptional locus of f does not contain any curve
with self-intersection number —1, or equivalently, that there exists, up to isomor-
phism, a unique morphism A : X — X with g = f o h, for any desingularization
g: X — X of X). The description of the prime divisors (rational curves) con-
sisting the exceptional locus of the above f, as well as that of the way of how
these divisors intersect each other (tree configurations), is due to Hirzebruch [33]
(for cyclic acting groups) and Brieskorn [8] (for all the other finite subgroups G of
GL(2,0)).

e The minimal desingularization (1.1) is crepant if and only if G C SL(2,C). In
this special case, the (Gorenstein) quotient spaces C?/G are embeddable as A-
D-E hypersurfaces in C* (Klein [43], Du Val [14], [15]) and are nothing but the
rational double points treated in the classical theory of the simple hypersurface
singularities. Table 1 contains all possible finite subgroups of SL(2, C).



Dynkin’s conjugacy
Nr. groups G notation Gl * { classes of G
cyclic groups Cy,
1. of order k > 2 Ap-1 k k
binary dihedral
2. groups Dy_» Dy, 4 (k—2) k+1
with k>4
3. binary tetrahedral By o4 7
group T
n binary octahedral B 48 3
group O
5. binary icosahedral B 120 9
group I
Table 1.

More precisely, taking into account the above group classification, one obtains for
the quotient spaces C? /G, G C SL(2,C), and (1.1):

Theorem 1.1. The quotient spaces C? /G = Max-Spec ((C [pl,pg]c) , for G a fi-
nite subgroup of SL(2,C), are minimally embedded as hypersurfaces

{(21,22,23) € C* | h(21,20,23) =0}

in C3, i.e. (C[;l,;Q]G > Clz1,22,23] | (h(z1,22,23)). (The normal form for the
ideal generator in each individual case is mentioned in the third column of table
2.)

Theorem 1.2. Every quotient singularity (C*/G,[0]), with G a finite subgroup
of SL(2,C), admits a unique minimal (= crepant) resolution

1+ (C/G.E) - (©/a,[0])

(up to isomorphism) with exceptional divisor E consisting of a configuration of
rational smooth curves with self-intersection number —2. The intersection form of
E is negative definite and therefore the Dynkin diagrams of type A-D-E are the
dual graphs of the irreducible components of E. (See table 2; each “e” intimates
a smooth rational curve and each edge a transversal intersection at one point. For
details, see e.g. Lamotke [46] and Slodowy [72]).



[Nr. | G | h(z1,22,23) | Dynkin diagram of the minimal resolution |

1. Cy 224+ 22 + 2k —o—o— - — o
—_——
(k—1) vertices
.
2 2 k—1
2. | Dp—o | 27+ 25 23+ 25 o— oo .- — °
° (k vertices)
e — o — e — e — o
3. T 27+ 23 + 25 |
.
* — e — e — o — e — o
4. o 22422 + 29 23 |
.
o — o — o e — °
(by dots are meant here
5. I 22+ 23 + 23 | c '
3 additional vertices)
.
Table 2.

¢ Denoting by ® a simply-laced Dynkin diagram belonging to the fourth column
of Table 2, there is an “extended” Dynkin diagram D°*' obtained by adding one
vertex vy to © and by connecting the vertices, say vi,...,v,, of ® with vq in
the following way: Let R be the root system corresponding to ©. The vertices
Vi,...,V, give rise to simple roots ty,...,t, with respect to the system R, of the
positive roots. Furthermore, vy corresponds to tg = —6, where € is the “longest”
root (i.e., # is positive and 6 + r; non-positive for all 4, i € {1,..,v}). In D®** one
connects vg and v; by an edge if and only if (rg,t;) # 0. In the late seventies,
McKay [49] observed a remarkable connection between the representation theory
of the finite subgroups of SL(2,C) and the extended Dynkin diagrams D°<*. To
formulate it explicitly, let us point out that each vertex v; of D is accompanied
by a label ¢; € N, with go =1 and Y7 t; ¢; = 0, or equivalently, § = >, t; ¢;.

Theorem 1.3 (Classical McKay Correspondence ). Let G be a finite sub-
group of SL(2,C) and ® its Dynkin diagram. Then there is an one-to-one corre-
spondence

{vertices of @ext} 5 v p, € { equivalence classes of }

irreducible representations of G

so that p; has dimension q;. Moreover, for any two dimensional representation p’
of G in C?, there exist isomorphisms for all i, i € {0,1,...,v},

p;®p —> P »

j incident to @



e Having this theorem as starting-point, Gonzalez-Sprinberg, Verdier [25], and
later Knorrer [45], constructed a purely geometric, correspondence of “McKay-
type” bet/wgn the set of irreducible representations of GG, and the cohomology ring
of X =C2 /G via “tautological sheaves”. Recently, Ito, Nakamura [40], and Reid
[63], introduced new techniques for the study of McKay correspondence involving
Hilbert schemes of G-orbits.

e In particular, for r = 2, the main result of Ito and Nakamura [38], [39], [40], [51],
[52] can be roughly stated as follows:

Theorem 1.4. Let G be a finite subgroup of SL(2,C) with | = |G|. Then there
is a unique irreducible component H< ((C2)of the G-fixed point set H! [(C2]G of

the Hilbert scheme H! [(CQ] parametrizing all clusters of length | on C?, such that
the induced proper birational morphism

HO(C?) — /G =X

gives again the minimal resolution (1.1) of X (up to isomorphism). Moreover, the
original correspondence of [49], [25], [45], between the non-trivial representations
of G and the exceptional prime divisors of (1.1) can be reinterpreted exclusively
in terms of suitable ideals of H (C?).

e More generally, for arbitrary r, if f : X — X denotes a projective crepant
(“full”) desingularization of X = C" /G, then the expected bijections are those of
the following box:

a suitable basis

irreducible
representations LN of the COhOHlOIOgy
of the group G ring H* (X; Z)

I
conjugacy 1:1
{ classes of G } A

a suitable basis of the
homology ring H. (AA’, Z)

which is now known as Reid’s slogan :

representation theory of G “=" homology of X.
This conjecture is accompanied by the remark that the above bijections probably
satisfy certain “compatibilities” (as for r = 2) with respect to the behaviour of the
cup product, the image of the character table of G, the duality interrelation etc.
e Although on the level of “counting” dimensions of rational cohomology groups,

or even on that of providing formal correspondences between the left and the
right hand side, the required techniques are meanwhile well-understood (by toric



methods [3] for G abelian, and by recent results of Batyrev [2] involving non-
archimedian integrals, for arbitrary G’s), there are still lots of open questions of
how one might work with (co)homology groups the coefficients of which are taken
from 7Z.

e Reid’s approach to this generalized McKay-type-conjecture is two-fold. The first
idea (concerning correspondence B) relies on the application of the following Ito-
Reid theorem [41] in order to construct a suitable collection of loci within X (i.e.,

a collection of centers of monomial valuations on C(X)) generating H, (X\' ; Z).

Theorem 1.5. Let G be a finite subgroup of SL(r,C) acting linearly on C", r > 2,
and X = C"/G. Then there is a canonical one-to-one correspondence between the
Jjunior conjugacy classes in G and the crepant discrete valuations of X .

e The second idea (w.r.t. bijection A) is to consider the tautological sheaves §,
assigned to the irreducible representations p of G. Reid [63] conjectures (and proves
for several examples) that appropriate Z-linear combinations of the Chern classes

of §,’s lead to a canonical Z-basis of the cohomology ring H* ()A( ; Z). Moreover,

if X happens to be isomorphic to H (C"), then these sheaves enjoy very good
algebraic-geometric properties (they are generated by their global sections, are
vector bundles, their first Chern classes induce nef linear systems etc., cf. [63],
5.5). In particular, in this case H“ (C") is birationally distinguished among all the
other projective crepant resolutions of X.

e As both A and B are clarified in dimension 2, let us recall what is known for
r = 3. Next theorem is due to Markushevich [47], [48], Ito [35], [36], [37], and
Roan [65], [66], [67], [68].

Theorem 1.6. The underlying spaces of all 3-dimensional Gorenstein quotient
singularities possess crepant resolutions.

Conjecture 1.7. Let G be any finite subgroup of SL(3,C). Then 1% ((C3) is a
crepant resolution of C* /G.

For abelian G’s Conjecture 1.7 was proved by Nakamura [53] (for an outline of the
proof see also [63], § 7); work on the non-abelian case is in progress. The complete
verification of 1.7 would mean that for all quotients C3 /G there is always a dis-
tinguished! smooth minimal model available, satisfying all the above mentioned
peculiar properties.

¢ In dimensions r > 4, however, there are certain additional troubles already from
the very beginning and Reid’s complementary question ([62], [41], § 4.5, [63], 5.4)
still remains an unanswered enigma:

n contrast to dimension 2, in dimension 3 minimal models are unique only up to isomor-
phisms in codimension 1. Moreover, there exist lots of examples of acting groups G, for which
C3 /G has crepant, full, non-projective resolutions (see below 7.5).



Reid’s question : Under which conditions on the acting groups

G CcSL(r,C), r > 4,

do the quotient spaces C" /G have projective crepant desingularizations?

¢ Note that the existence of terminal Gorenstein singularities implies automatically
that not all Gorenstein quotient spaces C" /G, r > 4, can have such desingulariza-
tions (cf. Morrison-Stevens [50]).

e Moreover, in contrast to what is valid in the “low” dimensions 2 and 3, the
Hilbert scheme H (C") for r > 4 might be singular, even if the quotient C" /G
being under consideration is known to possess projective, crepant resolutions. (We
are indebted to I.Nakamura and M.Reid for this information?).

e On the other hand, as it was proved in [11] by making use of Watanabe’s clas-
sification [82] of all abelian quotient singularities (C"/G,[0]), G C SL(r,C), (up
to analytic isomorphism) whose underlying spaces are embeddable as complete
intersections (“c.i.’s”) of hypersurfaces into an affine complex space, and methods
of toric and discrete geometry,

Theorem 1.8. The underlying spaces of all abelian quotient c.i.-singularities ad-
mit of torus-equivariant projective, crepant resolutions (and therefore smooth min-
imal models) in all dimensions.

In particular, taking into account the specific structure of these singularities de-
pending on the free parameters of the so-called “Watanabe forests”, this theorem
guarantees the existence of infinitely many (isomorphism classes of) Gorenstein
quotient singularities in each dimension having resolutions with the required prop-
erties. Nevertheless, these c.i.-singularities are of special nature, and they form a
relatively “sparse” subclass of the class of all Gorenstein abelian quotient singular-
ities. (For instance, all Gorenstein cyclic quotient msc-singularities in dimensions
> 3 are not c.i.’s!). Thus, as “next step” it is natural to ask what happens with
respect to the non-c.i.’s. Various necessary existence-criteria working quite well in
the framework of this most general consideration, partially sufficient conditions,
and certain theoretical and algorithmic difficulties which arise from LP-feasibility
problems (cf. rem. 6.16 below), as well as further families of non-c.i. abelian quo-
tient singularities for which it is possible to apply a direct, constructive method
to obtain the desired resolutions, will be discussed in detail in [12]. In the present
paper, we shall study another special (but, again, infinite) series of Gorenstein,
non-c.i. (for r > 3), cyclic quotient singularities admitting a uniquely determined
torus-equivariant projective, crepant resolution under very simple and absolutely
well-controllable (necessary and sufficient) number-theoretic conditions. This res-
olution will be defined as an immediate generalization of the most well-known
example in the literature, namely of the “single blow-up” of the affine cone over

2Nakamura’s typical counterexample is the so-called (4;2)-hypersurface-singularity (in the
terminology of [11]), with non-smooth . This singularity has projective crepant resolutions
(cf. [11], cor. 6.3, or [66], § 5).



the [-tuple Veronese embedding of ]P’E_l at the origin. Let us first formulate it
explicitly.

Proposition 1.9. Let G be the finite cyclic group of analytic automorphisms of
C", r > 2, of order | > 2, generated by

g:C" >(z1,...,2) = (ezml/__1 Z1yeen, e zr) eC (1.2)

(i) (C"/G,[0]) is an isolated singularity, and its underlying space is embedded into

(r+l71
C\ 't J as the zero-set
{tuty -+ tw —tw bty - tw =0 | sort (uv --- w) =sort (u' v’ --- w')} |
where u, v, ... are defined as multiple index sets
u=uwujus ... uy=11...122...233...3 ... rr...r

—_—— ———r
i1-times io-times ig-times i,.-times

with

itis+-+i,=1 & 0<i; <[, V), 1<5<r,
and sort(-) denotes the sorting of any string of the alphabet {1,2,3,...,r} into
weakly increasing order.
(ii) The singularity (C"/G,0]) is

terminal <= r >1
canonical <= r >1

Gorenstein < [ |r

(iii) If Blp (C") denotes the (usual) blow-up of C" at the origin, then the action
of G on C" can be extended onto Blg (C"),

Bl, (C") /G — C" /G (1.3)

is a (full) resolution of [0] € C" /G , the exceptional prime divisor D is isomorphic
to ]PE_I, and the corresponding relative canonical divisor equals (% — ) D.
(iv) (1.3) is (the unique) crepant resolution of C" /G if and only if r =1 .

Proof. (i) is an easy exercise (one has just to compute the generators of the ring
of invariants and their relations, cf. [42], p. 40, and Sturmfels [73], p. 141, for
the explanation); (ii) follows from the general theorems of Reid [59] (cf. (1.5), p
277, (3.1), p. 292) or directly from (iii). The construction of (1.3) is due to Ueno
[75], (see also [76], pp. 199-211), who called it the “canonical resolution” of C" /G



and used it to obtain generalized Kummer manifolds by resolving special quotient
spaces defined by discrete groups acting on complex tori. (iv) was pointed out by
Hirzebruch & Hoéfer in [34], p. 257, and follows from (iii). For the uniqueness (up
to isomorphism), see e.g. Roan’s comments in [68], Ex. 1, p. 135. g

(c) For fized dimension r > 2, a “2-parameter” series of cyclic quotient singulari-
ties containing (1.2) of prop. 1.9 as its “first member” (u = 1) is that of type

7 1)17"'71>]—>/J’ 7,”21 (14)
(r—1)-times

(see 5.3 for the definition and notation). A unique “canonical desingularization”
for each of its members was given by Ueno [74], § 4, pp. 53-63, and Fujiki [21],
pp- 316-318, in the case in which the dimension equals » = 3, and turned out to
be very useful for the characterization of exceptional fibers belonging to smooth
threefolds fibered over a curve and having normally polarized abelian surfaces as
generic fibers. (This was, in fact, a direct generalization of Hirzebruch’s “contin-
ued fraction algorithm” [33], pp. 15-20, to the next coming dimension). Since
we are mainly interested in Gorenstein singularities and in the existence (or non-
existence) of projective, crepant, full resolutions in dimensions r > 4, we shall
consider for (1.4) only the case where p =1— (r — 1) (cf. 5.6, 8.1 below) and con-
sequently [ as the only available parameter. Our main motivation to work out this
series was a recent remark of Reid in [63], 5.4; namely, that the four-dimensional
cyclic singularities of type %(1, 1,1,1 — 3) with ged(l,3) = 1 are to be resolved
by a crepant morphism if and only if I = 1 mod 3. We give a generalization in
all dimensions, even without assuming the isolatedness of the corresponding sin-
gularity, show the uniqueness and projectivity of the crepant morphism, describe
the exceptional prime divisors and their intersection numbers, and compute the
cohomology dimensions of the desingularized space.

Exactly as in [11], we shall exclusively work with the machinery of toric geometry.
More precisely, the paper has the following structuring : In section 2 we give the
toric glossary which will be used in the sequel. (The reader who is familiar with
this matter may skip it). Sections 3 and 4 are complementary. (In fact, the reason
for adding in § 3 some lengthy explanations is that there is a potential for confu-
sion between the usual blow-up of a toric subvariety V (7) of an X (N, A) and the
starring subdivision w.r.t. 7. These are identical only for smooth X (N, A)’s! On
the other hand, to lend an algebraic-geometric characterization to even very simple
combinatorially motivated cone subdivisions, it is absolutely natural to blow-up
also not necessarily reduced subschemes). In § 4 we deal with a high dimensional
analogue of the so-called Hirzebruch-surfaces and make certain remarks concerning
its embeddings and intersection theory. (It turns out that all but one exceptional
prime divisors which will arise later on in our desingularizations are of this sort).
Sections 5-6 outline a first systematic approach to the general problem of the exis-
tence or non-existence of crepant (preferably projective) resolutions of Gorenstein



abelian quotient singularities of dimension > 4 by basic (and coherent) triangu-
lations of the junior simplex. In § 7 we take a closer look at the low dimensions.
Sections 8 and 9 contain our main results. Though the singularity-series which we
study is rather special, we hope at least that it will become clear how one may
apply our techniques to more demanding singularities. In particular, in section 9,
the factorization of the desingularizing morphism is reduced to a “game” with the
available simplices. Finally, in § 10 we give a foretaste of what may be done for
the series generalizing % (1,2,4) and state the GPSS-conjecture.

Terminology and general notation. By a complex variety is meant an integral,
separated algebraic scheme over C. A complex variety is therefore an irreducible,
reduced ringed space (X, Ox) with structure sheaf Ox which is locally determined
by the canonical structure sheaf of the spectrum of an affine complex coordinate
ring. Sing(X) denotes the singular locus of X, i.e., the set of all points z € X with
Ox,» a non-regular local ring. Analogously, 2 € X is normal, Cohen-Macaulay,
Gorenstein etc., if Ox , is of this type. A subvariety Y of X is a closed integral
subscheme of X. If codimy (Y) = 1, then Y is especially called a prime divisor.
By CDiv(X), WDiv(X), Pic(X) and As (X) = @r>0A (X) we denote the groups
of Cartier and Weil divisors, the Picard group, and the graded Chow ring of X, re-
spectively. (For X smooth, A* (X) = ®,>04" (X), with A% (X) = Agimx —r (X)).
Just asin [3], [11], by a desingularization (or resolution of singularities) f : XX
of a non-smooth X, we mean a “full” or “overall” desingularization (if not men-

tioned), i.e., Sing ()? ) = . When we deal with partial desingularizations, we

mention it explicitly. A birational morphism f : X' — X is projective if X' ad-
mits an f-ample Cartier divisor. The intersection numbers of Cartier divisors are
defined as in [22] (see below § 2 (i)).

2. Preliminaries from toric geometry

We recall some basic facts from the theory of toric varieties and fix the notation
which will be used in the sequel. For details the reader is referred to the standard
textbooks of Oda [54], Fulton [23], and Ewald [17], and to the lecture notes [42].

(a) The linear hull, the affine hull, the positive hull and the convex hull of a set
B of vectors of R", r > 1, will be denoted by lin(B), aff(B), pos(B) (or R>o B)
and conv(B) respectively. The dimension dim(B) of a B C R" is defined to be
the dimension of its affine hull.

(b) Polyhedral cones. Let N = Z" be a free Z—module of rank r > 1. N can
be regarded as a lattice in N := N ®z R =2 R". (For fixed identification, we shall
represent the elements of Ng by column-vectors in R"). If {nq,...,n,} is a Z-basis
of N, then

det (N) := |det (nq,...,n,)|
is the lattice determinant. Ann € N is called primitive if conv({0,n})NN contains
no other points except 0 and n.

10



Let N = Z" be as above, M := Homy, (N, Z) its dual lattice, Ng, Mg their real
scalar extensions, and (.,.) : Mg x Ng — R the natural R-bilinear pairing. (For
fixed identification Mp = R", we analogously represent the elements of Mg by row-
vectors in R"). A subset o of Ng is called strongly convex polyhedral cone (s.c.p.c.,
for short), if there exist ny,...,n; € Ng, such that o = pos({ni,...,n}) and
o N (—o) = {0}. Its relative interior int(o) (resp. its relative boundary Oc) is the
usual topological interior (resp. the usual topological boundary) of it, considered
as subset of lin(c). The dual cone of o is defined by

0_\/ ::{XEMR | (X,y>207 vY: yeg}

and satisfies: o + (—0¥) = Mg and dim(c¥) = r. A subset 7 of a s.c.p.
cone o is called a face of o (notation: 7 < o), if 7 = {y € o | (mo,y) =0}, for

some mg € oV. A s.c.p.c 0 = pos({ny,...,n}) is called simplicial (resp. ra-
tional) if ny,...,ng are R-linearly independent (resp. if ni,...,ny € Ng, where
Ng :=N ®zQ).

(c) Monoids. If o C N is a rational s.c.p. cone, then o has 0 as its apex and the
subsemigroup ¢ N N of N is a monoid. The following two propositions describe
the fundamental properties of this monoid ¢ N N and their proofs go essentially
back to Gordan [26], Hilbert [30] and van der Corput [77], [78].

Proposition 2.1 (Gordan’s lemma). o N N is finitely generated as additive
semigroup, i.e. there exist

n1,N2,...,My, €EcNN, suchthat o NN =Zsqgni +Zx>ons+--+ZLx>ony -

Proposition 2.2 (Minimal generating system). Among all systems of gener-
ators of cNN, there is a system Hlby (o) of minimal cardinality, which is uniquely
determined (up to the ordering of its elements) by the following characterization :

n cannot be expressed
as the sum of two other
vectors belonging
to o N (N~ {0})

Hlby (0) =<n € aonN (N~ {0}) (2.1)

Proof. See e.g. Schrijver [70], p. 233. o

Definition 2.3. Hlby (o) is often called the Hilbert basis of o w.r.t. N.

About algorithms for the determination of Hibert bases of pointed rational cones,
we refer to Pottier [56], [57], Sturmfels [73] (13.2, p. 128), and Henk-Weismantel
[28], and to the other references therein.

(d) Algebraic tori defined via N. Let C* be the multiplicative group of non-
zero complex numbers. For N = Z" we define an r-dimensional algebraic torus
Tn = (C*)" by :

TN = HomZ (M,(C*) - N®Z(C*.

11



Every m € M assigns a character e (m) : Ty — C* with
e(m)(t):=t(m), Vt, teTn.
We have :
e(m+m')=e(m)-e(m'), for mym' € M, and e(0)=1.
Moreover, for each n € N, we define an 1-parameter subgroup
v,:C" =Ty with ~,(\)(m):=X™" for XeC, meM,

(Yngn' = Yn® Y, for mn,n" € N). We can therefore identify M with the
character group of Ty and N with the group of 1-parameter subgroups of Ty. If
{n1,...,n,} is a Z-basis of N and {my,...,m,} the dual basis (of M) and if we
set uj :=e(m;), ¥j, 1 < j <r, then there exists an isomorphism

Tn 3t (ur () ,...,u, (1) € (C)",
and {uy,...,u,} plays the role of a coordinate system of T. Hence, to an
T T
m:ZajijM ( resp. toann:ijnj)
i=1 i=1

we associate the character (“Laurent monomial”) e (m) = uf' - uj*--- ufr

( resp. the 1-parameter subgroup v, : C* 3 A — ()\bl,...,)\b") €(CH)" ).
On the other hand, for a rational full-dimensional s.c.p.c. o with
MnNoY =Zsomi+Zsomaz+ -+ Lo my,
we associate to the finitely generated, normal, monoidal C-subalgebra C[M N V]
of C[M] an affine complex variety
U, := Max-Spec (C[M Nn¢oV]),
which can be identified with the set of semigroup homomorphisms :

UaZ{u:MmgV S ‘ w(0)=1, u(m+m')=u(m) ulm'), } |

forall m,m'e MnoV
where e (m) (u) :=u(m), Vm, m € MNoY and Yu, u € U, .
Proposition 2.4 (Embedding by binomials). In the analytic category, U,,

identified with its image under the injective map (e (my),...,e(my)) : U, — C*,
can be regarded as an analytic set determined by a system of equations of the form:
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(monomial) = (monomial). This analytic structure induced on U, is independent
of the semigroup generators {mq,...,my} and each map e (m) on U, is holomor-
phic w.r.t. it. In particular, for 7 < o, U, is an open subset of U,. Moreover, if
# (Hlbys (6v)) = d (< k), then d is nothing but the embedding dimension of Uy,
i.e. the minimal number of generators of the maximal ideal of the local C-algebra

Ou,, (oect)-

Proof. See Oda [54] prop. 1.2 and 1.3., pp. 4-7. g

(e) Fans. A fan w.rt. N =2 Z" is a finite collection A of rational s.c.p. cones in
Ng, such that :

(i) any face 7 of 0 € A belongs to A, and
(ii) for 01,09 € A, the intersection o1 Ny is a face of both ¢y and .

The union |A] := U{o | o € A} is called the support of A. Furthermore, we
define
A(i):={oc €A |dim(oc)=1i}, for 0<i<r.

If p € A(1), then there exists a unique primitive vector n(g) € N N o with
0 =R>0 n(p) and each cone o € A can be therefore written as

o= Y Reon(e)

0EA(1)
o<o

The set Gen(o) :={n(9) | 0 € A(1),0 < o} is called the set of minimal genera-
tors (within the pure first skeleton) of o. For A itself one defines analogously

Gen (A) := U Gen (o) .
ogEA

(f) Toric varieties, orbits and stars. The toric variety X (N,A) associated to a
fan A w.r.t. the lattice NV is by definition the identification space

()

with Uy, 3 u1 ~ us € U,, if and only if there is a 7 € A, such that 7 < g1 N o2
and u; = uy within U, (cf. lemma 3.1 below). As complex variety, X (N, A)
turns out to be irreducible, normal, Cohen-Macaulay and to have at most rational
singularities (cf. [23], p. 76, and [54], thm. 1.4, p. 7, and cor. 3.9, p. 125).
X (N,A) is called simplicial if all cones of A are simplicial.

e X (N,A) admits a canonical Ty-action which extends the group multiplication
of TN = U{O} .

Ty x X (N,A) 5 (t,u) — t-u € X (N,A) (2.2)
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where, for u € Uy, (t-u) (m) :=t(m)-u(m), Ym, m € MNo" . The orbits w.r.t.
the action (2.2) are parametrized by the set of all the cones belonging to A. For
a1 € A, we denote by orb(7) (resp. by V (7)) the orbit (resp. the closure of the
orbit) which is associated to 7. The spaces orb(7) and V (7) have the following
properties (cf. [23], pp. 52-55, [54], § 1.3) :
(i) For 7 € A, it is

V(1) :H{orb(a) |ceAT<0}

and
orb(r) =V ()~ |J{V(e) |rZ0o} .

(ii) If 7 € A, then V (1) = X (N (1), Star (7;A)) is itself a toric variety w.r.t.

N(r):=N/N,, N.:=Nnlin(r), Star(r;A):={c |c€A, 7<0},
where @ = (0 + (N;)p) / (N-)p denotes the image of o in N (1), = Np/ (N;)p-
(iii) For 7 € A, the closure V (1) is equipped with an affine open covering

{Us (1) [T <0}
consisting of “intermediate” subvarieties
U, (1) = orb (1) = U, (1) = U,

being defined by : U, (1) := Max-Spec(C[z¥ N M (1)]), with M (7) denoting the
dual of N (7).

(g) Smoothness and compactness criterion. Let N = Z" be a lattice of rank r
and o C Ny a simplicial, rational s.c.p.c. of dimension k& < r. ¢ can be obviously

written as ¢ = g, +- - -+ 0}, for distinct 1-dimensional cones g4, ..., 0,. We denote
by
k
Par (o) := ¢y € (No)p y:Z €j n(g]-), with 0<e; <1, Vj, 1<j<k
i=1

the fundamental (half-open) parallelotope which is associated to o. The multiplic-
ity mult(o; N) of o with respect to N is defined as

mult (o; N) := # (Par () N N, ) = Vol (Par (0) ; N,) ,
where Vol(Par (o)) denotes the usual volume of Par (o) and

Vol (Par (0) ; Ny) := %

its the relative volume w.r.t. N,.
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Proposition 2.5. The affine toric variety U, is smooth iff mult(c; N) = 1. (Cor-
respondingly, an arbitrary toric variety X (N,A) is smooth if and only if it is
simplicial and each s.c.p. cone o € A satisfies this condition.)

Proof. 1t follows from [54], thm. 1.10, p. 15. o

e For the systematic study of toric singularities it is useful to introduce the notion
of the “splitting codimension” of the closed point orb(c) of an U,. For the germ
(U,,orb (o)) of an affine r-dimensional toric variety w.r.t. a singular point orb(c),
the splitting codimension splcod(orb (o) ; U,) of orb(c) in U, is defined as :

U, 22U, x (Crix, s.t.
splcod (orb (0) ;Uy) :=min s € {2,...,7} dim (¢') = » and
Sing (Uy') # @

If splcod(orb (¢);U,) = r, then orb(c) will be called an msc-singularity, i.e. a
singularity having the maximum splitting codimension.

e Next theorem gives a necessary and sufficient condition for X (N, A) to be com-
pact.

Theorem 2.6. A toric variety X (N, A) is compact if and only if A is a complete
fan, ie., |A| = Ng.

Proof. See Oda [54], thm. 1.11, p. 16. g

(h) Order functions, support functions and divisors. If X (N, A) is a (not neces-
sarily compact) toric variety associated to a fan A w.r.t. a lattice N, M its dual,
and ¢ : Ty < X (N, A) the canonical inclusion, then ¢, (Ory) is a Ty-invariant
quasi-coherent sheaf of Ox(n a)-modules canonically embedded into the constant
sheaf C(X (N, A)) of rational functions of X (N, A). Let F #0 be a Ty-invariant
coherent sheaf of fractional ideals over X (N, A) contained in ¢, (Or, ). Fix as.c.p.
cone 0 € A, n € NNo, and consider the corresponding 1-parameter group®:

¥, : Spec (Clw,w™"]) = C* — T = Spec (C[M])

Since 3 )l‘in%) Y (A) € Uy (cf. [54], 1.6.(v), p. 10), 7,, is extendable to a map
—

7. : Spec (Clw]) = At — U, = Spec(C[M na"]) .

The coherence of F implies that F |y, is of type J (cf. [27], pp. 110-111), with
J being an M-graded complex vector-subspace of

H°(Ty,0r,) =C[M] = @) Ce(m)
meM

3Here we drop the prefix Max- because we do not work only with closed points but also with
closed subsets, and the C-scheme structure is essential for the arguments.

15



on the one hand, and a finitely generated C[M N o"]-module

qdo

Jg:Z(C[MﬂUV]-e(mg.J)), for some mga),...,m(")eM, and ¢, €N,

1o
Jj=1

on the other. The pullback 7,,*F |y, is realized via the finitely generated C[w]-

module
o

S Clu] - wl™ ™ cc(w).

Jj=1

Define the order-function w.r.t. F by
ords (n) := inf {<m§-0),n> [1<j< qg} €.

This ordr (n) is exactly the image ordg (7,, *F |v, ) under the usual order function
ordg : C(w)" = Z

of the discrete valuation ring Oy o with w as uniformizing parameter. Since the
above definition depends only on ¢, one extends ordr to the entire |A| by setting

ordr (y) := inf{<m§a),y> |1§j§q(,}, Vy, yEo, 0 €A

The order function ord r is R-valued and has the following characteristic properties:
(i) it is positively homogeneous, i.e. ordr (cy) = c ordF (y), for all ¢ € R>o,

(ii) ordgz|, is piecewise linear on each o € A,

(iii) ordr (N N|Al|) C Z, and
(

iv) for all 0 € A, ordx |, is upper convez, i.e.,
ordr |, (y +y') > ords |, (y) +ords |, (y'), for any pair y,y’ € o.
Definition 2.7. Let X (N, A) be a toric variety. A function ¢ : |[A| — R is called

integral PL-support function if it satisfies the above properties (i)-(iv). We define

. all integral PL-support
PL-SF(N,A) := { functions defined on |A|

and the sets of integral (A-linear) support functions®:

4An integral A-linear support function t is called strictly upper convez if it is upper convex
on |Al and if for any two distinct maximal-dimensional cones o and o', the linear functions m,
myr € M = Homgz (N,Z) C Homg (Ng,R) = My defining ¢ |, = (ms,e) and ¢ |,r = (m,r,e)
are different.
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SF (N,A) := {¢ € PL-SF(N,A) | ¢|, linear on each 0 € A }
U
UCSF (N, A) := {1/1 € SF (N, A)
U
._ { ‘ Y strictly upper }
SUCSF (N, A) := ¢4 € UCSF (V,A) .

convex on |A|

Y upper convex
on the whole |A]

Analogously, one defines the sets SFqg (N, A), UCSFg (V,A), SUCSFg (N, A) of
rational support functions by modifying property (iii) into : ¢ (Np N|A]) C Q.
All the above sets are equipped with the usual additive group structure.

Theorem 2.8. For a function ¢ € PL-SF(N,A), and an arbitrary cone o0 € A
define

(Jp), = @D {Ce(m) | (m,y) > (y), Vy, y€0}.
meM
The family of T -invariant sheaves {(Jy), | ¢ € A} being associated to the fam-
ily of ideals {(Jy), | o € A} can be glued together (cf. [27], Ex.I1.1.22, p. 69)
to construct a coherent sheaf Fy, of Tn-invariant fractional ideals over X (N, A)
contained in ¢, (Or, ). Moreover,

(1) OI'd]:¢ =1,
(ii) Foray is the completion of F (in Zariski’s sence);

iii) mapping F —— ordy and ¢ — F, one obtains a bijection
g ¥

PL-SF (N, A) +—

{ coherent sheaves of T-invariant }
)
1:1

complete fractional ideals over X (N, A)

(iv) F C Fy & ordyg > ¢, ords,.x = ordg + ordg,, and
(v) Fy, = Fy, (as Ox(n,a)-module sheaves) < 1, — 1), is linear.

Proof. See Saint-Donat [42], ch. I, § 2, thm. 9, pp. 28-31. o

Definition 2.9. Let X (N, A) be a toric variety and o € A. The convez interpo-
lation ¢, of a function ¢ : Gen(o) — Z is defined by

e M d R 219 )
o3y >y (y) :=inf {<m’y> ‘ ng QaenA(gT yz"ith 9(2(3)) } =

Correspondingly, by the convex interpolation of a real function ¢ : Gen(A) — Z is
meant a function ¥, : |A| = R, such that ¢ |, is the convex interpolation of 4 |,
(in the above sence) for all & € A. Obviously, such a 1,4 belongs to PL-SF(N, A),
and conversely each integral PL-support function has this form.
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e Let X be any r-dimensional normal complex variety and D € WDiv(X). The

correspondence®:

reflexive coherent
(i.p. torsion-free) sheaves

of fractional ideals
over X having rank one

A, 1 (X) 3 {D} 5 {Ox (D)} € /H (X,0%)
with Ox (D) defined by sending every non-empty open subset U of X onto
Ur— Ox (D) (U) = {p € C(X)" |(div(p) + D) [y >0},

induces a Z-module isomorphism (cf. Reid [59], App. to § 1); in fact, to avoid
torsion, one defines this Z-module structure by setting:

8 (Dy + Ds) := (Ox (D1) ® Ox (D2))"", 8 (kD) := Ox (D) = Ox (s D)"",
for any D, Dy, D> € WDiv(X) and k € Z.
e For X = X (N, A) any r-dimensional toric variety let now

Tn-WDiv(X) and Tn-CDiv(X) = Tn-WDiv (X) N CDiv (X)

denote the groups of Ty-invariant Weil and Cartier divisors, respectively. If A is
not contained in any proper subspace of Ng, then®

0 0
T T
Pic (X) o A (X)

T T
Tn-CDiv(X) <  Tn-WDiv(X)
T T
M — M
T T
0 0

is a commutative diagram with exact columns. Tn-WDiv(X) has as Z-basis:

Tn-WDiv (X) =P Z {V(0) [e€ A1)} .

5 Reflexive coherent sheaves F are those which are isomorphic to their biduals FVV (where
FY := Homp, (F,0x)). For F C C(X) of rank one they are also called divisorial.

6In particular, for X smooth and compact, Pic(X) is torsion free and the Picard number
equals #A (1) —r.
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Theorem 2.10 (Divisors and support functions). There exist one-to-one cor-
respondences:

PL-SF (N,A) +—

!

evaluation functions
9 :Gen(A) - Z

reflexive coherent (i.p. torsion-free)
sheaves of rank 1 of
Tn-WDiv (X) +— T'n-invariant, complete
fractional ideals
over X = X (N,A)
(in fact, Z-module isomorphisms), induced by mapping

'19’—>'¢1,19, 'QZJ:'QZJﬁ’—)D:Dw,

and s
D:Dw’—)f¢:OX(D) '—>Ord.7:¢7

with & as above and

Dy, === > 9(n(0) V(o) -

0€EA(L)
Moreover,

D = Dy, € Ty-CDiv (X) s —ordg, € SF(N. A)
(i.e., Fy = Ox (D) is invertible) - orary T
Proof. See Saint-Donat [42], ch. I, § 2, thm. 9, pp. 28-31. o

Theorem 2.11 (H%-generated). If X = X (N,A) is a compact toric variety
and ¢ € SF(N,A), then

Ox (Dy)is generated by its global sections <=1 € UCSF (N, A).

Proof. See Oda [54], thm. 2.7, p. 76. g

Theorem 2.12 (Ampelness). Let X = X (N, A) be a (not necessarily compact)
toric variety. Then a divisor

D =Dy € Ty-CDiv (X) (resp. D = Dy, € Tn-CDiv (X) ®z Q)
is ample if and and only if
¢ € SUCSF (N, A) (resp. ¢ € SUCSFq (N, A))

Proof. See Kempf [42], ch. I, § 3, thm. 13, p. 48. g
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Corollary 2.13 (Quasiprojectivity). Let X (N, A) be a toric variety (resp. a
compact toric variety). Then X (N, A) is quasiprojective (resp. projective) if and
only if

SUCSF (N,A) # @  (or equivalently SUCSFg (N, A) # &) .

(i) Intersection numbers of Cartier divisors on toric varieties. If X is a normal
complex variety of dimension r, and Dy, ..., D, Cartier divisors on X, such that
W := ;_, (supp (D;)) is compact, then their intersection number is defined to
be the degree

(D1 v Dr) = degW ({D1 s Dr}) €7

of the zero-cycle
{Dy-Dy ---D,}:={Dy- (D2 --- D,)} € Ag (W)

determined inductively as usual (i.e. probably after passing to the corresponding
pseudodivisors). See Fulton [22], Ch. 1-2; in particular, I.1.4, p. 13, and pp.
38-39. For X = X (N, A) a smooth toric variety, D; =V (p;), for all 4, 1 <i <r,
and p;’s pairwise distinct rays, we have

]. ) if Ql+'+Q,.EA

2.3
0 , otherwise (2:3)

(Dl---DT)z{

Moreover, one obtains by general techniques:
Lemma 2.14. Let X (N,A) be an r-dimensional smooth toric variety and
D, :V(Ql)a"'aDT :V(Qr)

divisors on X . Suppose that either X itself or at least W is compact, and that
01 = 04, while all the other rays are distinct. Then :

(i) IfT:= 04+ - -+ 0, ¢ A, the intersection number (D; --- D,) vanishes.
(ii) If T € A, there exist rays ¢', 0" € A (1) and integers ks, . . ., K, Such that

r
n(@)+n(@)+> kin(e) =0, d+7€A(r), " +TEA(r).
=2
In this case
(Dg . D3 PN DT) = Ko (2.4)

Proof. See Oda [54], p. 81. o

There are also easy generalizations for A simplicial but we shall not use them
because we shall work exclusively with intersection numbers of divisors on smooth
X (N,A)’s. Another method for the evaluation of intersection numbers is based
on mixed polytope volumes.
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Proposition 2.15. Let X (N,A) be an r-dimensional compact toric variety. If
@ € UCSF(N, A), then the self-intersection number of Dy, equals

DZ/’, = (r!) - Vol (Py) (2.5)
where
P¢ = PD¢ = {X € Mp | (x,n(g)) > 1/}(77‘(9))}

is the lattice polytope associated to the divisor D = Dy, defined in 2.10. More
generally, for r upper convex functions v ,...,,, one has

(D¢1 ---D¢T) :(T!)-VOI (P¢1,...,P¢r) (26)
where Vol(P¢1 yeres P,/,r) denotes the mixed volume of the polytopes Py ,..., Py .
Proof. See Oda [54], prop. 2.10, p. 79. o

() Euler-Poincaré characteristic. The topological Euler-Poincaré characteristic of
a (not necessarily compact) toric variety can be easily read off from the maximal
cones of the defining fan.

Proposition 2.16. Let X (N, A) be an r-dimensional toric variety associated to
A. Then the topological Euler-Poincaré characteristic

X (X (N,4)) =) (~1) dimg H' (X (N,4);Q)

=0
of X (N, A) is equal to the number of r-dimensional cones, i.e.
X (X (N, A)) =#(A(r)) (2.7)
Proof. See Fulton [23], p. 59. o
(k) Maps of fans. A map of fans w : (N',A’) — (N, A) is a Z-linear homomor-

phism @ : N' — N whose scalar extension @ : N, — Ng satisfies the property:
Vo', o' e A' Fo,0eA with w(d')Co.

wQzides : Tyt = N'®7C* — Ty = N ®7C* is a homomorphism from T+ to Ty
and the scalar extension w" : Mg — M}, of the dual Z-linear map w" : M — M’
induces an equivariant holomorphic map w, : X (N',A’) = X (N, A) as follows:
Ifw(c') Co for o€ A, o' € A, then obviously @w" (M NoY) c M'N(c"), and
the holomorphic map

wy UL = U, with . (u) (m) :=u' (@" (m)), Vm, me MNa",
is equivariant because
@ (') (m) = (' - ) (@ (m)) =
=t' (@ (m)) -u' (@" (m)) = @ (') (m) - @« (u') (m) ,

for all t € Tny, m € M NoV. After gluing together the affine charts of A and of
A" we determine a well-defined map w, : X (N',A") = X (N, A).
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Theorem 2.17 (Properness). If w : (N',A') — (N,A) is a map of fans, w,
is proper if and only if w ! (JA|) = |A'|. In particular, if N = N' and A’ is
a refinement of A, i.e. if each cone of A is a union of cones of A', then the
holomorphic map id. : X (N,A’) — X (N, A) is proper and birational.

Proof. See Oda [54], thm. 1.15, p. 20, and cor. 1.18, p. 23. g

3. Blow-ups and resolutions of toric varieties

One of the most fundamental cornerstones of various significant constructions of
birational morphisms between complex varieties is the blowing up along subvari-
eties or -more general- along closed subschemes.

(a) Local construction. Let U = Max-Spec(R) be (the closed point set of) an affine
noetherian scheme, I an ideal of R, Z = Max-Spec(R/I) and S (R,I) := @ 5, I
The homogeneous spectrum Proj(S (R, I)) of S (R, I), together with the structure
morphism

Bl; (R) := BL, (U) := Proj(S(R,I)) -5 U

is called the blow-up of U w.r.t. I or the blow-up of U along Z (or of U with
center Z). If {hg,...,h,} is a set of generators of I, then

"
Bl (U) = MaxSpec (R |20, Tw
7 (U) U ax-Spec T

=0

with R [%, cee Z—“} viewed as an R-subalgebra of Rj,. The exceptional locus of

B is Exc(8) := 7 (Z) and its contraction locus = Z. Moreover, §7 (I"™) is
invertible (with I~ denoting here the sheaf being associated to the ideal I, and
with I regarded as an R-module, cf. [27], p. 110), and 3~ ' (I™~) = S(R,I)(1)" .

(b) Globalization by gluing lemma. Let {X; | j € J} be a family of schemes.

Lemma 3.1 (Gluing schemes). If there exists a collection {X; | j,k € J} of
open sets X, of X; and isomorphisms of schemes

M5 - (xj,k,ox]— |35Jk) = (xk,jaofj |3€1”)
satisfying the conditions :
® X; =X;; and n; ; = idx;,
® 1 kOMN; = idx, ,, and
o (ko) [%sne = Mg [x50e» Where Xjpe i = X0 N0y ¢ (X j) s
then there exists a scheme W, an open cover {W; | j € J} of W, and a collection
of isomorphisms {fj : W; = X5 |je J}, such that n;, ; = fr o fj_1 |q5]k for all
ijel.
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The scheme W obtained by gluing the members of the family { X; | j € J} via
the above isomorphisms will be denoted by

v
W =]] %, orsimply by W =] %;

Nk, j
if the gluing isomorphisms are self-evident from the context.

Proof. See e.g. [27], Ex. 11.2.12, p. 80. g

Let now Z be a coherent (non-zero) sheaf of Ox-ideals over a complex variety X
and
{U; = Max-Spec (R;) | je J}

an affine cover of X. For every j € J, we have 7 |UJ. & I~ for some ideal I; of
R; (cf. [27], I1.5.4). Considering

{ﬁj; Bl (Uj) — U; € X |jeJ}
as in (a), where Z; = Max-Spec(R;/I;), and Z the closed subscheme of X defined

by
Z = supp (Ox /1) :={x € X | (Ox/I), #0} ,

we determine natural isomorphisms

B (U; N U) ni> B U N -
k,j

Applying lemma 3.1 to the family {ﬂj_l (U;j) | j € J} we construct a birational,
proper, surjective morphism = = 77

Bl (X):= [[ 8;" (U;) = Proj <@ Id> X
Mk, a=0

as the natural projection induced by Ox — Z° < D0 Z? with Proj denoting
the global homogeneous spectrum (as in [27], p. 160). (Blé (X) ,7r) is the blow-up

of X along T or the monoidal transformation w.r.t. I (with center Z). Let us
recall its main properties :

e 7 induces an isomorphism B1% (X) ~ 71 (Z) 5 X \ Z, i.e. Exc(r) = 71 (2).
e The algebraic scheme Bl (X) is a complex variety (cf. [27], IL 7.16 (a), p. 166).
e If both X and Z are smooth, then BI (X) is smooth too.

e The preimage sheaf of Z, 7717 - Ox := Im (F*I — OB%(X)), is invertible and
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determines Exc(rm). Hence, Exc(m) represents a Cartier (not necessarily prime)
divisor of BI% (X) which is isomorphic to the projectivization P (NCZ (X)) of the
normal cone

NC% (X) := Spec | @ 7¢ /17
d>0

of X along Z. The relation between BIL (X) and Exc(r) is described by the
isomorphisms

NEXC(TA’) | BIZ (X) = Opig(x) (Exc () | Bxe(m) = O]P’(NC%(X)) (-1).

In particular, if Z is a local complete intersection in X, the canonical epimorphism
from the d-th symmetrizer sheaf of Z /Z” onto the d-th part of the normal cone
graded algebra

Symd (Z/IZ) _y Zd /ZdJrl

becomes an isomorphism and therefore

Exc (r) = Proj | @) Sym? (T/7°) | =P (1/72) =P (N,x ) -
d>0

(Here N.., NV denote the corresponding normal and conormal sheaves.)

(c) Universal property of blowing up. If g : X' — X is any morphism, and Z
(resp. Z') is defined by the ideal sheaf Z (resp. by Z' := 777 - Ox/), where
m denotes the blow-up-morphism of X along Z, then composing the morphism
BL, (X') = BLL (X) xx X' with the projection to X', we get the commutative
diagram:
BL (X) 4 X
e T NPty
BLL (X') - BIL(X)xx X' — X'

If g~*7-Ox: is invertible, then it is easy to deduce an isomorhism BL, (X') = X'

Hence, there is a unique morphism h factorizing g. This means that (Blé (X) ,7r)

is universal among all pairs (X', g) having invertible ideal sheaves g='Z - Ox .

(d) Blowing up intermediate subschemes. Let Z C X, W C X be two closed
subschemes of X which are defined by the ideal sheaves 7 and J respectively,
such that Z NW = supp(Ox /T + J) # @ and Z N W is nowhere dense in W,
and let

r=m7:BI5(X) — X, 7 l|restr. : BILLG (W) — W
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denote the corresponding blow-ups. Then, by the above mentioned universality of
the morphism =, one verifies easily the following isomorphism:
BL (X) 4 X
U U
w

scheme-theoretic closure of the preimage restr.
{ ECe | = B v T

=L (W~ (ZNW)) within BI5 (X)
This closure is called the strict transform STR(W,J,n) of (W, x) under w. If we

assume that W ¢ Z and Z ¢ W, then STR(Z,Z,7z) N STR(W, J,7ny) = @ (cf.
27], Ex. 7.12, p. 171).

(e) Normalization process. Even if the complex variety X itself is normal and Z =

supp(Ox / T) smooth, with ZN Sing(X) # @, B (X) is not necessarily normal,
Using an affine cover of X

{U; = Max-Spec (R;) | j€J} and Z; =Max-Spec(R;/I;)
(as in (b)) and the (finite) normalization morphisms onto BlIij (U;) :
I; I;
vj : Notm [BLY, (U;)| — B, (U)) ,

we define the normalized blow-up (Norm [Blé (X)} , L © UI) of X wr.t. Z (or
with center Z) by patching the affine pieces together :

v
Norm [Bl% (X)] .= [[ Norm [Blgf]_ (Uj)] 1 BIL (X) 75 X

The combination of the universal property of the normalization morphism vz (see
[27], Ex. 3.8, p. 91) with that of 7z (cf. (c)) leads to the universal property of
normalized blowing up: If g : X' — X is any proper morphism, X' normal and
g ' - Ox is invertible, then there exists a unique morphism h factorizing g :

Norm [Blg (X)} TINT X
NPty
XI
(f) Some warnings. To blow up arbitrary subschemes Z of X requires great care.

e Sometimes, for different coherent ideal Ox-sheaves Z, 7' over X and

Z :=supp (Ox /1), Z':=supp(Ox/T'),

25



it is possible to have an isomorphism Bl (X) = BL, (X). For instance, for Z an
arbitrary coherent sheaf of ideals and Z' an invertible sheaf of ideals, Z and Z - 7'

give isomorphic blow-ups. The same remains true for 7 and Z¢ with d > 2 (see
[27], Ex. 7.11, p. 171).

e On the other hand, if Z is endowed with two different scheme structures

Z =supp (Ox [/Z) =supp(Ox / T), T#J,

then BL; (X) and Bl (X) are in general too far from being isomorphic to each
other.

Example 3.2. Perhaps the simplest example is to consider X = A% to be the
affine complex plane with coordinate system {z,y}, Z = {(0,0)} the zero point,
7 = (z,y) - Oy the maximal ideal of Ou2 () and J = (z,y?) - Op2. Then

BI{ (o) (AZ) =5 AZ

is the usual blow-up with exceptional set

71'51 ({(0,0)}) 2P¢ and Sing (Bl%([m)} (A(%)) — g,

In contrast to the usual blow-up case, and although the blow-up

Bl 0y (AZ) =5 AZ

w.r.t. the prime ideal J has also a smooth rational curve as exceptional set,
the singular locus of Blﬁo’o)} (AZ) is non-empty. As one may easily verify, it
consists of a single ordinary double point which lies on this rational curve. The
real parts 77" (D) and n}l (D) over a small disk ® C A2 C AZ centered at (0,0)
are illustrated in figures 1 (a) and 2. The real part of 7' (D) is used to be viewed
as a spiral staircase (whose stairs extend in both directions). Away from the origin
we get an isomorphism, and the points of Exc(wz) are in 1-1 correspondence with
the set of straight lines passing through (0,0) (see fig.1 (a)). One may, of course,
think of it just as an enlargement (Aufblasung) of the origin spreading out the
“tangent directions” (see fig.1 (b)). In fact, it can be shown that the topological
space of the real part of 7' (D) is homeomorphic to a Mobius strip, while, in the
analogous setting, W}l (D) has a marked “twisted” point which corresponds to the
occuring singularity (see fig.2). In both cases the dotted meridian line indicates
the exceptional set.
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Fig. 1 (a)

Fig. 1 (b)
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T, (D)

Fig. 2

e The closed subscheme Z of X can be in general equipped with lots of scheme
structures Oz, with Oz = Ox /T for different Z’s. There is, however, a unique
scheme structure above them, which is the “smallest one” ; namely, the reduced
induced structure Oz /Ry (supporting the same underlying topological space)
where Ry is the Oz-ideal sheaf defined by

{open sets of Z} 5 U +—— Ry (U) := {the nilradical of Oz (U)}

(see [27], I1.3.2.6, p. 86). Let Zrea = supp(Oz /NRz) denote the reduced sub-
scheme associated to Z. The singular locus” of Z can be written as

Sing (Z) = Sing (Zyea) U {non-reduced points of Z} .

From now on, the uniquely determined blow-up Bl?j d/ Rz (X) of X along this
reduced subscheme Zyeq will be denoted simply by BlgEd (X) and will be called
the usual blow-up of X along Z.

e Another notable property of a blow-up is the projectivity of its defining morphism
w7 (and consequently the projectivity of 77 o vz, because vz is finite).

“Since we allow Z to carry a non-reduced structure (in contrast to X which is assumed to be a
complex variety, and therefore always reduced), Sing(Z) might become very “big”. In particular,

in the above example 3.2, for Z = {(0,0)} = supp (OAg /.7), we obtain Z = Sing(Z)!
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Proposition 3.3. If X is quasiprojective (resp. projective), then both Blg (X)

and Norm [Blé (X )} will be quasiprojective (resp. projective) as well.

Proof. See Hartshorne [27], prop. 11.7.16, p. 166. 5

Corollary 3.4. Let X be a quasiprojective (resp. projective) complex variety
and Z = supp(Ox /I) a closed subscheme of X. If Xo := X, Zy :=Z,Ty : =1
and

{m]._l LX;=BI (X)) — Xl [1<5 < l}

is a finite sequence of blow-ups with Z; = supp ((’)XJ. /Zj), then X is also quasipro-
jective (resp. projective).

e The troubles with the projectivity begin whenever one wishes to blow up (once or
more times) “overlapping one another pieces” Uy, ..., Uy of a fixed closed (possi-
bly reducible, non-reduced or singular) subscheme Z of a quasiprojective complex
variety with Z = Ule U;, and try to glue the blown up (non-disjoint) overly-
ing parts, say Wi, ..., Wy, together. Even if this gluing procedure is absolutely
natural, the resulting morphism

v
fxX=Iwi —Xx

(with contraction locus Z) is not always projective. The two classical examples of
this kind, having as starting-point two smooth curves meeting trasversally at two
points and a curve with an ordinary double point on a smooth complete threefold,
respectively, are due to Hironaka. See Hartshorne [27], pp. 443-445, for the details
of the construction. The non-projectivity of such an f implies automatically not
only the non-quasiprojectivity of X’ but also the fact that f cannot be expressed
as a composite of finitely many blow-ups (by cor. 3.4). For another simple exam-
ple, see rem. 7.5 below.

(g) Desingularization by successive blow-ups with smooth centers. We just for-
mulate here the famous theorem of Hironaka which guarantees the ezistence of
(full) desingularizations by performing a finite number of monoidal transforma-
tions with smooth centers. (Of course, we should again stress, that not every
desingularization can be composed of finitely many blow-ups.)

Theorem 3.5. (Hironaka’s Theorem?®, [31]). Let X be any complex variety.
Then there exists always a finite sequence of blow-ups

{m2, X5 =BI7 (Y1) — X0 [1<j <1},

such that Xo = X and Sing(X;) = @, where Z; is a smooth subvariety of

8The original result of Hironaka is more general. It is valid for any equicharacteristic zero
excellent scheme X. The centers Z; are normally flat in the ambient space.
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(There are meanwhile considerable simplifications of the original proof of thm.
3.5, like those due to Villamayor [79], [80] and Bierstone & Milman [4], [5], who
introduced an appropriate discrete local invariant for points of X whose maximum
locus determines a center of blow-up, leading to constructive desingularization.)

(h) Toric blow-ups. Working within the category of toric varieties, both blow-
up and resolution are much more easier as they can be translated into purely
combinatorial operations involving specific cones of our fans.

Theorem 3.6 (Toric normalized blow-up). Let X (N,A) be a toric variety,
7 #0 a Tny-invariant coherent ideal sheaf defining a subscheme Z of X (N, A)
with F = (Ox(n,a)/Z) |z contained in v, (O1y) (where v : Ty < X (N,A)
denotes the canonical injection), and

Norm [Blg (X (N, A)| 257 x (N, A)

the normalized blow-up of X (N, A) along Z. Then 7z o vz is the Ty-equivariant
holomorphic map and the overlying space is identified with the toric variety

Norm |BL (X (N, A))] = X (N, Ap (Z; 2))

where Ap (Z; Z) denotes the following refinement of A :

the fan in Nk defined by rational s.c.p. cones
which constitute the maximal subdivision
(w.r.t. usual inclusion) of the cones of A,
so that the restriction of ord (F)
on each of them becomes an integral
linear support function

Anl(T;Z) ==

Proof. Since Ay (Z; Z) is a refinement of the initial fan A, the toric map
idy : X (N,Ap1(Z; 7)) — X (N, A)

is a proper birational morphism by thm. 2.17. Since F = (OX(NA) /Z) |z is
Tn-invariant, T acts on BLS (X (N, A)) too. F is invertible over the open set
Txn of X (N,A). Hence, the normalized blow-up is an isomorphism over Ty,

Ty = BLL (X (N, A))

is an equivariant immersion and 77 o 7 a torus-equivariant map. Combining the
universal property of the normalized blow-up (see (e)) with the fact, that for any
o € A, the inverse image of 7 restricted onto U, is an invertible sheaf if and only if
ordr |, is linear (by thm. 2.10), we deduce that id, = 7z ovz (up to isomorphism
over X (N,A)). o
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Remark 3.7. (i) If X (N, A) is smooth,
A1) =10, - 01}, Gen(A)={ny,...,n},
with n; = n(g;), for 1 <i <k,
ng :=mny+ - +ng

and

pos(no,nl,...,nj_l,nj+1,...,nk) , for ISJSI{?—I

Tj =

pos (o, N1, .-+, Nk—1) , for j=k

then, fixing a cone 7 € A, every cone o0 € A with 7 < ¢ can be written as

o=71+0', forsomeconec €A, witho N7T={0} .

Setting o :=T1; + 0, for all j, 1 < j <k, and

A" (r)y:=(AN{oeA | T-<U})U{facesof oj

cEAN T<o0
forall 7,1 <5<k

we get
X (N, A" (1)) = BIF(,) (X (N, 4))

with A* (1) = Ap (Z;V (7)) the fan “starring” 7, where Z is now the usual ideal
(with no nilpotent elements) defining the closure V () as subvariety of X (N, A)
(cf. Oda [54], prop. 1.26, pp. 38-39; see also Ewald [17], § VI.7, for an equivalent
combinatorial characterization in terms of “stellar subdivisions”.)

(ii) If X (N,A) is not smooth, then performing the above starring subdivision
w.r.t. 7, we get a normalized blow-up of X (N, A) along V (7), with V (1) being
equipped with a not necessarily reduced scheme structure! For a simple example,
see 7.2 below.

(iii) Even if X (IV, A) is smooth, applying theorem 3.6 for a non-reduced subscheme
Z as center, the resulting normal complex variety Norm [Bl% (X (N, A))] is not

necessarily smooth. The simplest example is to take N = Ze; @ Zes, i.e., the
standard lattice with e;, es the unit vectors, M = ZeY ® Zey its dual,

o =pos(er,es), U, 2C* Z=(0,0)=orb(s), and T = (e(e)),e(2ey)).
Then the blown up space corresponds to the fan consisting of the cones
o1 = pOS((Q,l)T,CQ), 02 = pPOs (615(271)-[)7

together with their faces. Obviously, mult(oq; N) = 2, and we rediscover the
second example of 3.2. (In fact, this is nothing but the so-called weighted blow-up
of the origin w.r.t. (2,1)7 in Reid’s terminology; see [59], p. 297).
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(iv) On the other hand, the normalization of the usual blow-up of a not necessarily
smooth, affine toric variety U, = Max-Spec(C[M NoV]) along a subvariety can
be described intrinsically by making use of thm. 3.6 and arguments coming from
an embedding. Next proposition treats of the case in which one blows up U, at
orb(o).

Proposition 3.8 (Usual normalized blow-up at the closed point).

Let N be a lattice of rank r, o an r-dimensional rational s.c.p. cone in N and
U, = Max-Spec (C[M Na"])
the associated affine toric variety with M = Homy, (N, Z). Moreover, let

Hlby (0¥) = {m1,...,mq}, r <d,

denote a fixed enumeration of the members of the Hilbert basis of ¥ w.r.t. M
(cf. prop. 2.2). Then

Norm I:Blzi%(a.) (UO—)] =X (N7 Abl [OI‘b (U)]) ’

where

Apy [orb (0)] = Apy (( maximal ) . oth (0)) _ { {o; |1 < j < d} together }

ideal with all their faces
with
Uj::{yea|<mi_mj)Y>20) Vi)ie{L"')j_]-:j"—]-)"':d}})

for all j, 1 < j < d. (Warning. Though the union of the above ¢;’s forms
always a fan, it might happen that o; = o or that o; is a proper face of o;:, for
certain distinct indices 7, j' belonging to {1,...,d}. In this case, we just ignore the
superfluous cones and introduce a new index-enumeration for the rest, preferably
by considering only the maximal-dimensional ones.)

Proof. Under the above assumptions, we may use prop. 2.4 and embed U, by
(e(my),...,e(mg)) “minimally” into the affine complex space

C? = Max-Spec ((C [Hﬂ 5V]) ,

where

7" = pos({mi,...,mq}) C (M)R, M:=Zm & ---®Zmg .
orb(o) is mapped onto 0 = orb(s) € C?, with

F=5"VcC (]\7) , N = Homy, (JTI,Z) ~ 74
R
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Using the embedding N — N, it is possible to describe Bl;ﬁ%(g) (Us) as the strict
transform of U, under the usual blow-up morphism of C? at the origin (i.e. just by
applying what we mentioned in (d) for Z = orb(s), W = U, and X = C?). Hence,
we obtain the following commutative diagrams of torus-equivariant holomorphic
maps:

Norm [BIS ) (U(,)]

4 e

ExC (7 |restr.) € BLgS 5 (Us) — BIF!(C?) > Exc(n)
{ 7r|restr. Uy

orb (o) e U, - 350

Since Bly“ (C?) is realized as toric variety by the d cones of the barycentric
subdivision of &,

Ti={y €5 | (mi—my,y) >0, Vi, i€ {l,....i —1,j+1,...,d}}, 1<j<d,

(cf. 3.7 (i)), the above defined o;’s are exactly the restrictions of 7;’s on ¢ and
determine obviously Apj [orb (0)] as it was given initially in thm. 3.6. g

(i) Resolutions of toric singularities. To resolve toric singularities is actually equiv-
alent to subdividing simplicial cones into others of smaller multiplicity.

Theorem 3.9 (Resolution of toric singularities. Weak version).

If X (N, A) is an arbitrary toric variety, then there exists a refinement A of A,
such that _
f=id,: X (N,A) 5 X (N, A)

is a (full) desingularization of X (N, A).

Sketch of proof. Considering the multiplicity of a simplicial cone o as a volume
and using the well-behaved volume properties under subdivisions w.r.t. lattice
points of Par (¢) N N, one can easily desingularize equivariantly any toric variety
X (N,A):

e At first we refine the cones of A in order to make it simplicial. That this is
always possible follows basically from Carathéodory’s theorem concerning convex
polyhedral cones (cf. [70], p. 94; for a simple proof see also G.Ewald [17], III 2.6,
p. 75, and V 4.2, p. 158).

¢ In the second step this new simplicial A will be subdivided further into subcones
of strictly smaller multiplicities than those of the cones of the starting-point. After
finitely many subdivisions of this kind one can construct a refinement A’ of A, so
that f = id. gives rise to a resolution of singularities of X (N, A) (by thm. 2.17
and prop. 2.5). g

If fact, for toric varieties, a single normalized blow-up of a suitable ideal sheaf is
able to provide a full resolution.
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Theorem 3.10 (Resolution of toric singularities. Strong version).
If X (N, A) is an arbitrary toric variety, then there exists a Ty-invariant coherent
sheaf T of Ox(n,a)-ideals with

Sing (X (N, A)) = supp (Ox(n,a) /L) ,
such that

mrovr=id,
Norm |BI,e(x(n,a)) (X (NaA))] — T X(N,A)

forms a (full, projective) desingularization of X (N,A). (Z is in general not
uniquely determined by this property and might contain nilpotent elements).

Proof. See Saint-Donat [42], thm. 11, pp. 32-35, and Brylinski [10], pp. 273-279.0

4. Toric P*-bundles over projective spaces

This section is a brief excursus to a part of the theory of toric bundles over pro-
jective spaces which will be used later on (in § 8) for the precise description of the
exceptional prime divisors occuring in our desingularizations.

(a) An equivariant holomorphic map w, : X (N,A) — X (N',A") of toric vari-
eties, induced by a map of fans @ : (N, A) = (N',; A’) (cf. §2 (k)), can be viewed
as the projection map of an equivariant fiber bundle (toric bundle) over X (N', A’)
with typical fiber X (N",A"), N" =Ker(w : N = N'),ifand only if w: N — N’
is surjective and the cones of A are representable as “joins” of the cones of a fan
A" (|JA"| C N§) with those of another fan A’ C A, so that the supports ‘5’

|A'| are homeomorphic to each other. (See Oda [54], prop. 1.33, p. 58, and Ewald
[17], thm. VI.6.7, p. 246). In the case in which its total space is assumed to be
smooth and compact, this criterion can be considerably simplified by means of the
notion of “primitive collections” introduced by Batyrev [1].

and

Definition 4.1. If X (N, A) is an r-dimensional smooth, compact toric variety,
then a non-empty subset M = {ny,ns,...,ni} of Gen(A), k > 2, is defined to be
a primitive collection if it satisfies anyone of the following equivalent conditions :
(i) For each n; € M, 1 < i < k, one has M\ {n;} = Gen(o;), for some o; belong-
ing to A (k —1), while ¢ itself cannot be the set of minimal generators of any
k-dimensional cone of A.

(ii) For each subset of indices {ji,...,44} C {1,...,k},1 < ¢ < k, the set
{njl yeres n]-q} coincides with the set of minimal generators of a ¢g-dimensional cone
of A, while 9 itself cannot be the set of minimal generators of any k-dimensional
cone of A.

Proposition 4.2 (Characterization of toric Pi-bundles). Let X (N, A) bea
smooth, compact toric variety of dimension r and k a positive integer < r. X (N, A
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is the total space of a toric PE-bundle over a smooth (r — k)-dimensional toric va-
riety if and only if there exists a primitive collection

N = {nl,nQ,...,nk+1} C Gen(A) R

such that
(1) ny+ng + -+ Ngy1 :ON; and
(il) MNN = @, for all primitive collections W' C Gen(A) with N #£ HN'.

Definition 4.3. Let X(N,A) be a smooth, compact toric variety. The fan A is
called a splitting fan if any two different primitive collections within Gen(A) have
no common elements.

Theorem 4.4. If A is a splitting fan, then X (N, A) is a projectivization of a
decomposable bundle over a toric variety being associated to a splitting fan of
smaller dimension.

Proof. See Batyrev [1], thm. 4.3, p. 577. o

(b) The projectivized decomposable bundles over projective spaces, having only
twisted hyperplane bundles as summands, can be easily described as toric bun-
dles in terms of splitting fans with exactly two disjoint primitive collections. In
particular, applying 4.2 and 4.4, we obtain:

Lemma 4.5. Let k and s be two positive integers, (A1, A2,..., ;) a k-tuple of

non-negative integers and N(p;x, x,,...x,) (resp. Ny) a lattice of rank r = k + s

(resp. of rank s) generated by tUN' (resp. by ') where

Ne={n,ne,....npp1}, N ={nl,nh, ... nlni,}

with the two relations
mi+ng 4 g+ ng =0, nf b+l = ng 4o Ay

If we define the r-dimensional, smooth, compact toric variety

Y (rs A, A2, - A0) = X (N ) A aenin))

by means of the fan

pos (MU N') N {ns,n}}),
Arin Aa,ng) = § forall (i,5) € {1,...,k+1} x{1,...,s+ 1}, ,
together with all their faces
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then it is isomorphic to the total space of the ]P’(’é—bundle
Y (T‘; A1, A2, e, )\k) = (O]psl © OPi ()\1) &) O]pi (/\2) ©---D O]pi (/\k)) — ]P)f:
over PL = X (N.,Al), with

s
pos ('~ {n}}) in (N))g,
Al =< forallje{l,...,s+1},
together with all their faces

Proof. By construction, 91 and 91’ are the only primitive collections within
Gen(A(r;Ah_",)\k)), and TN’ = @. Hence, Ay, .., IS a splitting fan. Since
# (Gen (AL)) = # (A’ (1)) = s + 1, the base-space of the smooth toric P-bundle
Y (r;A1,...,A;) has to be isomorphic to P&. Finally, the decomposable bundle
over X (N!,A") (whose projectivization gives the total space Y (r;A1,...,Ax)) is
isomorphic to Ops ® Ops (A1) @ - -+ @ Ops (Ax) because the fan corresponding to
the typical fiber consists of cones which are the images of the cones of A’ under
the linear map
Nz = (Noriasan)r

sending a 'y’ to (y',— (Mny + -+ + Xgng + ngt1))- o

Theorem 4.6 (Classification theorem of Kleinschmidt).

Every smooth, compact r-dimensional toric variety (r > 2) with Picard number
2, is isomorphic to one of the varieties Y (1; A1, A2, .., Ag).

Proof. See [44], § 2, pp. 256-261. g

Example 4.7 (Hirzebruch surfaces). Setting & = 1,A = Ay, and r = 2, one
gets the rational scrolls

Fy =Y (2;)) =P (OP% ® Op:1 (A))

over P, i.e. the so-called Hirzebruch surfaces whose topological, analytic and
birational properties were studied in the early fifties in [32]. (Certain birational
properties of them were already investigated by Segre and Del Pezzo around the
end of the last century in connection with other types of scrolls and ruled surfaces.
See e.g. Segre [71]). It is well-known that all Fy’s, A # 1, together with PZ,
exhaust the class of all minimal, smooth, rational, projective complex surfaces,
and that I\ can be considered as the zero-set :

{([20221222],[t1,t2]) E]P% X]P(%: | z1 'ti\—Zg't% =0 } (41)

Fo is therefore Pt x Pt , Fy is isomorphic to the usual blow-up of P at a (T,,,,-
fixed) point, and for A > 2 there exists a natural A-sheeted ramified covering
Fyn — F; over F; (see [32], p. 82). The differential-topological and diffeo-
morphism classification theory, and the deformation theory of the PE-bundles
Y (k+ 1;A1,..., ) over PL were developed in Brieskorn’s work [7] in the six-
ties. (For another, purely geometric approach to the theory of rational scrolls over
P¢, see Reid [64]).
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Generalizing the embedding (4.1) for arbitrary k& and s, one obtains :

Proposition 4.8 (Bihomogeneous binomial representation). The toric va-

. . . .o 1k .
riety Y (r; M1, ..., \x) is embeddable into the projective space ]P’((CS+ L P%; in fact,
if

{2’0, 2’171, 2’271, - :Zs+1,1:21,27 cey Zs+172, Ce ,ZLk, cey Zs+1,k:§ tl,tg, Ce ,ts+1}

denote bihomogeneous coordinates, it is representable as the zero-set

O TS S for all triples (u,v,7) with
e v 1<i<k 1<pv<s+l p#v

It is possible to embed these, sometimes called Hirzebruch-Kleinschmidt varieties,
Y (r; A1, .., ), into a single projective space by using the Segre-embedding

]P)8+1)k % ]P)(?: N Pgs+1)k+1)(s+1)_1

but as it was proved by Ewald and Schmeinck in [18], this can be done in a
more economical way (w.r.t. the degrees of the defining homogeneous binomi-
als), namely by only considering quadrics within a suitably higher dimensional
projective space.

Theorem 4.9 (Representation by quadrics).

The toric varieties Y (r; A1, ..., \r) are embeddable into the projective space ]Pg:
of dimension \
Ni+r—k+1
d=r—k
ke Y (M

i=1
(depending on \;’s) and their defining ideals (w.r.t. homogeneous coordinates
{20, 21,...,2a} of PL) are generated by the quadratic binomials

Zyy Zus — Zus Zv,, forall  (vi,va,vs,v4) € ({0,1,. LLdht .

(c) The intersection theory on the varieties Y (r;A1,..., Ax) is more complicated

compared with that on [Fy’s. For example, although for s = 1, the Chern numbers
of the total spaces of these PE-bundles over PL for fixed dimension 7 = k + 1 are
constant (cf. Brieskorn [7], Satz 2.4.(ii), p. 348), this is no more true for decom-
posable ]P’é—bundles over P with s > 2, because there is an obvious dependence on
Ai’s, i.e. on the given “twisting numbers”. On the other hand, the isomorphism
for the Picard group

Pic (Y (r;A1,...,A5) = Pic(PY) x Z=Z x Z

is in general valid (cf. [27], Ex. 7.9, p. 170), and is useful as long as one makes a
specific choice of a Z-basis and expresses each member of any examined r-tuple of
divisors as concrete Z-linear combinations of its two elements. (The most natural
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choice is to consider the classes in Pic corresponding to a typical fiber of the bundle
map and to a hyperplane section under the embedding of YV (r; A1,..., Ag) in ]Pg:
of thm. 4.9, respectively). Let us now give, in broad outline, three complementary
practical methods for the computation of intersection numbers.

e First method. For arbitrary k and s > 1, there exist two towers of birational
morphisms

Yo+—YVi+—Yoi— - —Y, 1 Y, =W,
I !
Y(T’;)q,...,)qc) Wu—l

1l

I

!
Wo = PL.

which are nothing but usual toric blow-ups with toric subvarieties of codimension
> 2 as centers. (For the precise description of this procedure in terms of con-
vex geometry, i.e. via barycentric stellar subdivisions of cones of Ag.x; x,... a)s
and the algorithmic determination of v, u > 0, the reader is referred to Klein-
schmidt [44], pp. 264-265). So the evaluation of intersection numbers of divisors
on Y (r; A1,..., ) can be reduced to another one w.r.t. divisors sitting on Pg.
The problem here is that one blows up and down subvarieties of varying dimen-
sions and must therefore control carefully the intersection behaviour of the proper
transforms of divisors in each step. The simplest example is Y (r;1) (with k£ = 1,
r = s+1) which is Pi. blown up at a (T (;1)-fixed) point (with v = 0, 4 = 1); but,
for instance, already Y (3;2) is the blow-up of PZ along an entire (T (3;2)-fixed)
curve followed by the contraction of another (T s;2)-fixed) curve (ie., v = p =1,
in this case).

e Second method. This method can be applied to any projective toric variety (or
even to any compact toric variety), but demands familiarity with mixed volumes
of “virtual” lattice polytopes. (Virtual polytopes are defined to be finite families
of suitably translated dual cones of cones of a given fan, which are equipped with
a Z-module structure w.r.t. formal addition and scalar multiplication, though
their intersection might be not a polytope in the usual sence). If all the line
bundles, being associated to the Cartier divisors whose intersection number is
to be computed, are generated by their global sections (in other words, if the
corresponding integral support functions are upper convex, cf. thm. 2.11), then
we may apply formula (2.6) and evaluate the normalized mixed volumes of the
arising lattice polytopes w.r.t. the dual lattice. For arbitrary Cartier divisors,
however, we need the combinatorial version of “moving lemma”, i.e., to write down
each of their associated support functions as the difference of two upper convex
(or even strictly upper convex) support functions, and to calculate afterwards the
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desired intersection numbers as the mixed volume of the difference of two virtual
polytopes. (See in Ewald’s book [17], thm. V.5.15, pp. 175-177, and thm. VII. 6.3,
pp. 292-295. For an intrinsic, algorithmic characterization of moving lemma of
this kind, we refer to Wessels’ thesis [83], Satz 3.2.4, p. 83, and 3.2.18, p. 89.
In contrast to [17], he works directly with “generalized” mixed volumes of virtual
polytopes the normalizations of which take integer, but not necessarily only non-
negative values). A simple example: the self-intersection number of the canonical
divisor of Y (3;2). Since Y (3;2) is a Fano 3-fold, — Ky (3,2 is ample, and it is easy
to verify that the lattice 3-polytope P_k, ., (3-polytope, in the usual sence),
induced by the anticanonical integral strictly upper convex support function, can
be realized (up to an affine integral transformation) by

( 0 -1 -1 )
1 ],( o -1
-1 -1 -1
P_ky (4.4 = CONV { CR,
-1 4 -1
U I 4
L\ 1 1 1

/

i.e., by the polar of a lattice bypiramid over a triangle or, equivalently, by a
triangular lattice prism. Fig. 3 shows —P_k, ., .
An immediate calculation gives

31
Vol (Poky ) = g = Koy = — (~Ey(s)” = —62

(by formula (2.5)).

e Third method. If £ is a locally free sheaf with ¢ = rk(€) defined over a smooth
projective complex variety Z and

7w :P(€) =Proj(Sym*® (£)) — Z

the associated projective bundle, then by Grothendieck’s direct construction of
the Chern classes of &,

ci(§) e AY(Z), i€{0,1,...,q},

i.e., by setting ¢y (£) =1 and

(-1 7€) BT =0

=0

(4.2)

(cf. Hartshorne [27], p. 429, or Fulton [22], 3.2.4, p. 55), the Chow ring A°® (P (£))
can be viewed as a free A* (Z)-module generated by the classes [1], [E], ..., [E7!],
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Fig. 3
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where here E denotes the divisor on P (€) corresponding to Op(g) (1). The rela-
tionship between the Chern polynomial of the tangent bundle of P (£) and that of
the pullback of the tangent bundle of Z follows from the relative tangent bundle
exact sequence (see Fulton [22], 3.2.11, p. 59). In particular, computing the first
Chern class, we deduce the canonical bundle formula :

Kp(g) 1:1 " (KZ + det (5)) —qF (43)

The equation (4.2) for Z = P& and € = Ops @ Ops (A1) @ - - - ® Ops (Ax) turns out
to be a quite powerful tool for manipulating intersection numbers. In the next
proposition we compute two basic self-intersection numbers for YV (s + 1;\) (as
P¢-bundle over P&) which will be used in § 8, and leave to the reader as exercise
to examine further (and more general) examples of various r-tuples of divisors by
applying the above mentioned methods.

Proposition 4.10. Fork =1,r = s+1, \y = A # 0, the self-intersection number
of the canonical divisor of the total space of the Pl.-bundle Y (s + 1;\) — P& is
given by the formula

K =§ (1) o =i a (4.4

Moreover, the self-intersection number of the divisor E = V (pos ({n2})) (in the

notation of 4.5) equals
Em=)\""1 (4.5)

Proof. For Z =Pg, & = Ops ® Op: (A), and H a divisor of P (£) associated to the
pullback 7*¢; (£), we have

E-(E-)MH)=E>-XH-E)=0 (4.6)
(by (4.2) & ¢ (£) =0) and
H" =0, (H™"-E)=1 (4.7)
(by definition). Furthermore, by the canonical bundle formula (4.3),
Ky (53 ﬁn* (Kps + det (€)) —2Eh~n—(s+1)H+>\H—2E: A—r)H —2E .

For the self-intersection number we get

r—1
r

Ky = (A=1)H—2B) =Y (

N )
i=0

) (=2)""" (A =7r)' (H'-E") (4.8)

(by the first of equations (4.7)), and applying successively (4.6) and the second of
the equations (4.7),

(H'-E) = (H-(\H)-E ) = (H - (\H) BT =

...... - (H’ C(AH) E) — il (H'™' - E) = A\l
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Thus, formula (4.4) follows directly from (4.8). Finally, (4.5) is proved similarly
via (4.6) and (4.7). o

5. Toric description of abelian quotient singularities

Abelian quotient singularities can be investigated by means of the theory of toric
varieties in a direct manner. If G is a finite subgroup of GL(r,C), then (C*)" /G
is automatically an algebraic torus embedded in C" /G.

Notation. We shall henceforth use the following extra notation. Forv e N, p € Z,
we denote by [p], the (uniquely determined) integer for which

0<[u], <v, p=[n],(modv).

If ¢ € Q, we define |¢] to be the greatest integer number < ¢q. “gcd” will be ab-

breviation for greatest common divisor, and diag(31, - - -,3,) for complex diagonal
r X r matrices having 31,...,3, as diagonal elements. Furthermore, for integers
2n /=T

v > 2, we denote by (, :=e~ »  the “first” v-th primitive root of unity.

(a) Let G be a finite subgroup of GL(r,C) which is small, i.e. with no pseudore-
flections, acting linearly on C", and p : C" — C" /G the quotient map. Denote by
(C" /G, [0]) the (germ of the) corresponding quotient singularity with [0] := p (0).

Proposition 5.1 (Singular locus). If G is a small finite subgroup of GL(r,C),
then

Sing (€' /G) =p({z € T | Go # (1))

where G, := {9 € G | g-z =z} is the isotropy group of z = (z1,...,2,) € C".
Theorem 5.2 (Prill’s group-theoretic isomorphism criterion). Let G, G2
be two small finite subgroups of GL(r,C). Then there exists an analytic isomor-

phism
(C"/Gy,[0]) = (C"/G, [0])

if and only if G; and G5 are conjugate to each other within GL(r,C).

Proof. See Prill [58], thm. 2, p. 382, and Brieskorn [8], Satz 2.3, p. 341. g

(b) Let G be a finite, small, abelian subgroup of GL(r,C), r > 2, having order
[ = |G| > 2. Define

{e; =(1,0,...,0,0)7,...,e, = (0,0,...,0,1)T}

to denote the standard basis of Z", Ny := 22:1 Ze; the standard lattice, My its
dual, and

Tn, := Max-Spec (C [;lﬂ, . ,;rﬂ]) =(C*)" .
Clearly,
TN, := Max-Spec ((C [;lﬂ, . ,;Tﬂ]G) =(CH" /G
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is an r-dimensional algebraic torus with 1-parameter group N¢g and with group of
characters M¢. Using the exponential map

T
Vol > U1 00)" =3+ exp() 1= (VT lor/ YT ey
and the injection ¢ : T, < GL(r,C) defined by
TNy D (t1,.--yt,)T =t = ¢(t) :=diag(t1,...,t,) € GL(r,C) ,

we have obviously

Ng = (to exp) ' (G) ( and determinant det (Ng) =

)

o~ =

(as long as we choose eigencoordinates to diagonalize the action of the elements
of G on C") with
™ =" -1 is a G-invariant

Me = {m € Mo Laurent monomial (m = (uy,...,4,))

} (and det (Mg) =1).

e If we define

‘0’0 := pos({e1, ..,er}) ‘

to be the r-dimensional positive orthant, and Ag to be the fan

Ag = {op together with its faces}

then by the exact sequence
0—-G=Ng/Ny = Tn, = Tn, = 0
induced by the canonical duality pairing
My/Mg x Ng/No — Q/Z — C*
(cf. [23], p. 34, and [54], pp. 22-23), we get as projection map :
C" = X (No,Aqg) —» X (Ng,Ag) ,

where

X (Ng,Ag) = Uy, = C" /G = Max-Spec ((C[;l, ... ,;T]G) < TN,
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e Formally, we identify [0] with orb(cg). Moreover, in these terms, the singular
locus of X (Ng, Ag) can be written (by 5.1 and 2.5) as the union

T 3 09,dim (1) > 2 })

and mult (7; Ng) > 2

Sing (X (Ng,Ag)) = orb(og) U (U {Uao (1)

e In particular, if the acting group G is cyclic, then, fixing diagonalization of the
action on C", we may assume that G is generated by the element

diag (¢}, ..., (')

for r integers aq,...,a, € {0,1,...,1—1}, at least 2 of which are # 0. This
r-tuple (a1, ..., ) of weights is unique only up to the usual conjugacy relations
(see 5.5 below), and Ng is to be identified with the so-called lattice of weights

1
Ng =No+ 7Z <7(a1,...,ar)T>

containing all lattice points representing the elements of
G = {diag (d*“”l,...,(?“"]l) | A€Z, 0<A<I— 1} .

Definition 5.3. Under these conditions, we say that the quotient singularity
(X (Ng,Ag) ,orb (00)) is of type

1
7 (a1, 04) (5.1)

(This is identical with the definition given in [61], § 4.2, p. 370, up to the prede-
terminated fixing of the primitive root (; of unity to be the “first” one. In fact,
this extra assumption is not a significant restriction, and by fixing in advance the
isomorphism G = N¢ /Ny one just simplifies certain technical arguments. Even
if we would let {; denote an arbitrary primitive root of unity, all results would
remain the same up to an obvious multiplication of the exponents of the diagonal-
ized elements of G by a suitable integer which would be relatively prime to [; see
also the comments in [41], at the top of p. 225.)

e The existence of torus-equivariant resolutions of cyclic quotient singularities was
proved by Ehlers [16], § 1.3 & III.1-3, along the same lines as the more general the-
orem 3.9, i.e., by appropriate subdivisions of oy into smaller cones of multiplicity
1. (Essentially the same result, expressed in the past language of gluings of affine
pieces, is due to Fujiki [21], § 1.3).

e Note that, since G is small, ged(l,a1,...,&;,...,a,) =1, for all i, 1 <i < r.
(The symbol &; means here that «; is omitted.)
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Lemma 5.4. (i) A cyclic quotient singularity of type (5.1) has splitting codimen-
sion » € {2,...,r — 1} if and only if there exists an index-subset

{vi,vo,...,vps } CA{L,...,1},
such that

y =Qyy ==y, =0,
which is, in addition, maximal w.r.t. this property.

(ii) A cyclic quotient msc-singularity of type (5.1) is isolated if and only if
ged (e, l) =1, Vi, 1<i<r.
Proof. Tt is immediate by the way we let G act on C". g

(c) For two integers [, r > 2, we define

r cd l,Oé ,..,&\i,..,ar = 1,
Al;r) ::{(al,..,ar)6{0,1,2,..,1—1} & f(()rallli 1<i<)r }

and for ((a,...,a.),(af,...,al)) € A(l;7) x A (I;7) the relation

there exists a permutation
6:{1,....r} = {1,...,r}
(ai,...,a;) « (af,...,al) <= ¢ and an integer A\, 1 <A <[ -1,
with ged (A, 1) = 1, such that
a;(i) =, Vi, 1<i<r

It is easy to see that « is an equivalence relation on A (I;7) x A (I;r).

Corollary 5.5 (Isomorphism criterion for cyclic acting groups).

Let G, G' be two small, cyclic finite subgroups of GL(r, C) acting on C", and let the
corresponding quotient singularities be of type 1 (o1, ...,a;) and & (of,...,qa})
respectively. Then there exists an analytic (torus-equivariant) isomorphism

(X (Ng,Ag) ,orb(09)) = (X (Ngr, Agr) ,orb (00))

if and only if | = 1" and (a4, ...,qa;) < (af,...,al) within A (I;r).

r

Proof. 1t follows easily from 5.2 (cf. Fujiki [21], lemma 2, p. 296). g

Proposition 5.6 (Gorenstein-condition).

Let (C"/G,[0]) = (X (Ng,Ag),orb (09)) be an abelian quotient singularity. Then
the following conditions are equivalent :

(i) X (Ng,Aq) =U,, = C" /G is Gorenstein,
(ii) G c SL(r,C),
(iii) ((1,1,....1,1),n) > 1, for all n, n € o9 N (Ng ~ {0}),
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(iv) (X (Ng,Agq),orb(oy)) is a canonical singularity of index 1.
In particular, if (C" /G, [0]) is cyclic of type 1 (ou, ..., ay), then (i)-(iv) are equiv-
alent to

Z a; =0 (mod 1)
j=1
Proof. See Watanabe [81] and Reid [59] . o

e If X (Ng,Ag) is Gorenstein, then the cone og = pos (sg) is supported by the
so-called junior lattice simplex

‘5@ = conv({e1,..,er}) ‘

(w.r.t. Ng, cf. [41], [3]). Note that up to 0 there is no other lattice point of
0o N Ng lying “under” the affine hyperplane of R” containing s. Moreover, the
lattice points representing the [ — 1 non-trivial group elements are exactly those
belonging to the intersection of a dilation Asg of sg with Par (o), for some
integer A\, 1 <A <r—1.

6. Lattice triangulations and crepant projective resolutions
of Gorenstein abelian quotient singularities

In this section we briefly formulate (and only partially prove) some general theo-
rems concerning the study of projective, crepant resolutions of Gorenstein abelian
quotient, singularities in terms of appropriate lattice triangulations of the junior
simplex. (For detailed expositions we refer to [11], [12]). Diagrams and formulae
in boxes outline actually the only essential prerequisites for the reading of the rest
of the paper.

(a) By vert(S) we denote the set of vertices of a polyhedral complex S. By a trian-
gulation T of a polyhedral complex S we mean a geometric simplicial subdivision
of S with vert(S) C vert(7). A polytope P will be, as usual, identified with the
polyhedral complex consisting of P itself together with all its faces.

(b) A triangulation 7 of an r-dimensional polyhedral complex S is called coherent
(or regular) if there exists a strictly upper convex 7-support function ¢ : |[T| — R,
i.e. a piecewise-linear real function defined on the underlying space |7 | of T, for
which

YEx+(1-t)y)2tex)+(1-1) ¢(y), forall x,y€|T|, and t€[0,1] ,

so that for every maximal simplex s of 7, there is a linear function 7, : |s| =R
satisfying 9 (x) < ng (x), for all x € |T|, with equality being valid only for those
x belonging to s. The set of all strictly upper convex 7T -support functions will be
denoted by SUCSFg (7). A useful lemma to create a new “global” strictly upper
convex support function by gluing together given “local” ones, is the following :
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Lemma 6.1 (Patching Lemma). Let P C R" bear-polytope, T ={s; |i€ I}
(with I a finite set) a coherent triangulation of P, and T; = {s;; | j € J; } (J; fi-
nite, for all i € I) a coherent triangulation of s;, for all i € I. If ¢, : |T;| = R
denote strictly upper convex T;-support functions, such that

Vi

s;Ns; — 'Qbi' s; Ns;

for all (i,i") € I x I, then
T := {all the simplices s, ; | Vj, j € J;, and Vi, i € I'}

forms a coherent triangulation of the initial polytope P (because the above ¥;’s can
be canonically “patched together” to construct an element 1) of SUCSFg (7~'))

Proof. See Bruns-Gubeladge-Trung [9], lemma 2.2.2, pp. 143-145. g

(c) Let N denote an r-dimensional lattice. By a lattice polytope (w.r.t. N) is
meant a polytope in Ng= R" with vertices belonging to N. If {ng,ny,...,ni} is a
set of k < r affinely independent lattice points, s the lattice k-dimensional simplex
s = conv({ng,n1,na,...,nx}), and Ng := lin({n1 — ng,...,nr — no}) N N, then

e we say that s is an elementary simplex if

{y—no |y€s}nNNs={0,n1 —nog,..., np —no}.

e s is basic if it has anyone of the following equivalent properties:

(i) {n1 —no,n2 —ng,...,nE —ng} is a Z-basis of Ng,
(ii) s has relative volume Vol(s; Ns) = Vols) _ L (w.r.t. Ng)
U T et (V) KL e

Lemma 6.2. (i) Every basic lattice simplex is elementary.
(ii) Elementary lattice simplices of dimension < 2 are basic.

Proof. (i) Let s = conv({ng,n1,...,n;}) be a basic lattice simplex. Since
{n1 —no,n2 —mno,...,nk —no}

is a Z-basis of Ng, if n' € sN (Ns \ {0}), then obviously n' = n; for some index
i, 1 < i <k. Thus,

{y—no |y€s}nNNs={0,n1 —nog,..., nx —no}.

(ii) The relative volume of an elementary lattice 1-simplex (resp. of an elementary
lattice 2-simplex) is always equal to 1 (resp. equal to 1/2). o
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Example 6.3. The lattice r-simplex
s = conv ({0,e1,€2,...,€r—0,€,—1,(1,1,...,1,1,2)T}) CR", r > 3,

(w.r.t. Z") serves as example of an elementary but non-basic simplex because
sNZ" = vert(s) and

rIVol (s;Z7) = |det (e1,...,ep—1,(1,1,...,1,1,2)T)| =2 # 1.

Definition 6.4. A triangulation 7 of a lattice polytope P C Ng = R" (w.r.t.
N) is called lattice triangulation if vert(P) C vert(7) C N. The set of all lattice
triangulations of a lattice polytope P (w.r.t. N) will be denoted by LTRy (P).

Definition 6.5. A lattice triangulation 7 of P C Ng = R" (w.r.t. N) is called
mazimal triangulation if vert(7) = N N P. A lattice triangulation 7 of P is
obviously maximal if and only if each simplex s of 7 is elementary. A lattice
triangulation 7 of P is said to be basic if T consists of exclusively basic simplices.
We define :

LTRY™ (P):={T e LTRy (P) | T is a maximal triangulation of P} ,
LTRY® (P) := {T € LTR®™* (P) | T is a basic triangulation of P} .

(Moreover, adding the prefix Coh- to anyone of the above sets, we shall mean the
subsets of their elements which are coherent). The hierarchy of lattice triangula-
tions of a P (as above) is given by the following inclusion-diagram:

LTRY(P) ¢ LTRY™(P) Cc  LTRy(P)

U U U
Coh-LTRY®(P) c Coh-LTRY* (P) C Coh-LTRy (P)

Proposition 6.6. For any lattice polytope P C Ng =2 R" (w.r.t. N) the set of
maximal coherent triangulations Coh-LTRN** (P) C Coh-LTRy (P) of P
is non-empty.

Proof. Consider a s.c.p. cone supported by P in R™! and then make use of [55],
cor. 3.8, p. 394. ¢

Remark 6.7. (i) Already in dimension r = 2, there are lots of examples of P’s
with

LTR3¢ (P) \ Coh-LTRY*® (P) # & .
See, for instance, 7.5 below.
(i) In addition, for lattice polytopes P, LTR3¢ (P) # & does not imply neces-
sarily _

Coh-LTRY*“(P) # & .

As it was proved recently by Hibi and Ohsugi [29], there exists a 9-dimensional

0/1-polytope (with 15 vertices) possessing basic triangulations but no coherent
and basic ones.
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(d) To pass from triangulations to desingularizations we need to introduce some
extra notation.

Definition 6.8. Let (X (Ng,Ag),orb (o)) be an r-dimensional abelian Goren-
stein quotient singularity (r > 2), and s the (r — 1)-dimensional junior simplex.
For any simplex s of a lattice triangulation 7 of s let og denote the s.c.p. cone

0s :={A\y € (Ng)p | A\€ER>o, y €s} (=pos(s) within (Ng)g)
supporting s. We define the fan
Ag(T)i={os |s€T}
of s.c.p. cones in (Ng)p = R", and

partial crepant Ty, -equivariant
desingularizations of X (Ng,Ag)
PCDES (X (Ng,Ag)) := with overlying spaces having ,
at most (Q-factorial) canonical
singularities (of index 1)

partial crepant TN, -equivariant
desingularizations of X (N¢g, Ag)
PCDES™® (X (Ng,Ag)) := with overlying spaces having ,
at most (Q-factorial) terminal
singularities (of index 1)

{ crepant Ty, -equivariant (full) }

CDES (X (Ng, Ag)) := desingularizations of X (Ng, Ag)

(Whenever we put the prefix QP- in the front of anyone of them, we shall mean
the corresponding subsets of them consisting of those desingularizations whose
overlying spaces are quasiprojective.)

Theorem 6.9 (Desingularizing by triangulations).

Let (X (Ng,Ag),orb(0g)) be an r-dimensional abelian Gorenstein quotient sin-
gularity (r > 2). Then there exist one-to-one correspondences :

LTRY: (s) <=  CDES(X (Ng,Aq))

N N
LTRY™ (s¢) ¢ PCDES™™ (X (Ng,Ag))
N N

1:1

LTRy, (s¢g) <— PCDES (X (Ng,Ag))
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as well as

1:1

Coh-LTRY* (sg) +—  QP-CDES (X (Ng,Ag))
N N
Coh-LTRY™ (s¢) += QP-PCDES™ (X (Ng,Ag))

N N
Coh-LTRy, (s¢) <5 QP-PCDES (X (Ng,Ag))

which are realized by crepant T, -equivariant birational morphisms of the form

fr=id.: X (Na, 8a(T)) — X (Ne, Ac) (6.1)

induced by mapping
T R6(T),  Ae(T)— X (No, Bs (7)) -

Sketch of proof. X (Na,Aq) is Gorenstein and has at most rational singularities,
i.e. canonical singularities of index 1. Moreover, its dualizing sheaf is trivial. Let

f=id,: X (NG, Zg) s X (Ng, Ag)

denote an arbitrary partial desingularization. Studying either the behaviour of the
highest rational differentials on X (N(;, ZE) (see [59], § 3, [61], § 4.8, [47], prop.
3, or [11], prop. 4.1), or the support function associated to KX(NG v (cf. [65],

§ 2), one proves

KX(N@,KE) - (KX(NGHAG)) = Z (((1,...,1),n(g)>—1) Dn(g) )
0€AG(1)

where Dy, :=V () =V (pos ({n (0)})). Obviously, f is crepant if and only if

r
i=1

and since the number of crepant exceptional prime divisors is independent of the
specific choice of f, the first and second 1-1 correspondences (from below) of
the first box are obvious by the adjunction-theoretic definition of terminal (resp.

Gen (BE) C {y =(y1,--,yr)" € Na)g
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canonical) singularities. In particular, all Ty, -equivariant partial crepant desingu-
larizations of X (Ng,Ag) of the form (6.1) have overlying spaces with at most Q-
factorial singularities, and conversely, each partial T, -equivariant crepant desin-
gularization with overlying space admitting at most Q-factorial singularities, has
to be of this form. (Q-factoriality is here equivalent to the consideration only of
triangulations instead of more general polyhedral subdivisions. Furthermore, by
maximal triangulations you exhaust all the crepant exceptional prime divisors).
The top 1-1 correspondence of the first box follows from the equivalence

mult (os; Ng) = 1 for the cone
T 5 s is a basic simplex <=
os € Ag (T) supporting it

It remains to prove the 1-1 correspondences of the second box. As it was explained
n [11], § 4, for every ¢ € SUCSFg (Ng, Ag (T)), the restriction ¢ |7 belongs to

SUCSFR (7)), and conversely, to any support function ¢» € SUCSFg (7), one may
canonically assign a rational (or even an integral) strictly upper convex support

function defined on the entire ‘ ZE (T)‘ To finish the proof of the theorem we
apply corollary 2.13. o

Remark 6.10. (i) Flops. Every pair of triangulations 71, 7> € Coh-LTRRYY (sq)
gives rise to the determination of a birational morphism

X (Ng, 22(71)) — X (NG, 33(7'2))

which is composed of a finite number of flops (cf. [55], § 3). Since all triangulations
of Coh-LTRy, (s¢) are parametrized by the vertices of the so-called secondary
polytope of sg, this transition-map is induced by performing successively bistel-
lar operations, i.e., by passing from the vertex of the secondary polytope of s
representing 77 to that one representing 7> following a (not necessarily uniquely
determined) path which connects these two vertices. (In dimension 3 this is noth-
ing but Danilov’s theorem [13], cf. 7.4 (vi) below). For detailed presentations of the
theory of secondary polytopes we refer to the articles of Billera-Filliman-Sturmfels
[6] and Oda-Park [55], and to the treatment of Gelfand-Kapranov-Zelevinsky [24],
ch. 7.

(ii) Factorization. The birational morphisms corresponding to members of QP-
PCDES (X (Ng,Ag)) can be decomposed into more elementary toric contrac-
tions by Reid’s toric version of “MMP” ([60], (0.2)-(0.3)). In several cases these
contractions can be directly interpreted as inversed (normalized) blow-ups. For
concrete examples see rem. 7.2 and § 9 below.

(iii) Exzceptional divisors. Each irreducible component of an exceptional divisor
w.r.t. an f = fr (as above) is a Q-Cartier prime divisor which carries itself the
structure of an (r — 1)-dimensional toric variety determined by the corresponding

star within ZE(T) (cf. above § 2 (f), (ii)). An exceptional prime divisor is

o1



compact if and only if the lattice point representing it belongs to int(og) (see thm.
2.6).

Theorem 6.11 (Number-theoretic version of McKay correspondence).

Let (X (Ng,Agq),orb(0g)) be an abelian Gorenstein quotient singularity of di-
mension r > 2,

F=id,: X (Ng,ZE) = X (Ng, Ag)

a Ty -equivariant crepant, full resolution and F : = f~1 ([0]) the central fiber over
the origin [0] = orb(oy):

F = UQEKEU) {Dn(g) | n (Q) € int (00) n NG } U
u (U {v (0) ‘ oeUlD) Mg (i) , int(o) C int (o0) }) .
Then F is a strong deformation retract of X (N(;, KE), and only the even coho-

mology groups of F are non-trivial. Their dimensions (over Q) are given by the
formulae :

1 , if i=0
dimgH?! (F;Q) = { # ((isg)NPar(so)NNg) , if 1<i<r—1 | (6.2)
0 , otherwise

In particular, the topological Euler-Poincaré characteristic of X (N(;, K;) equals:

v (X (Na,26) ) =x(F) =1 =] (6.3)

Obviously, the numbers (6.2), (6.3) are independent of the choice of triangulations
T of s by means of which we construct Ag (: Aa (’T)) (cf. (6.1)).

Proof. See Batyrev-Dais [3], thm. 5.4, p. 910, and [12] for further comments. o

Corollary 6.12. If (C"/G,[0]) = (X (Ng,Ag),orb(09)) is a Gorenstein cyclic
quotient singularity of type 1 (a1,...,,), then, maintaining the above notation
and assumption, we obtain

dimgH? (F;Q) = # {Ae[O,l)ﬂZ| ; [)\aj]l:i-l} (6.4)
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Remark 6.13. The numbers of the right hand side of (6.2) and (6.4) make sence,
even without assuming the existence of a Tn,-equivariant crepant, full desingu-
larization of X (Ng,Ag), and were used in [3] as the “correctional terms” for
introducing the formal definition of the so-called string-theoretic Hodge numbers
of Calabi-Yau varieties (or, more general, of Gorenstein compact complex varieties)
which have at most abelian quotient singularities.

(e) By theorem 6.9 it is now clear that Reid’s question (formulated in §1), re-
stricted to the category of torus-equivariant desingularizations of X (Ng,Ag),
can be restated as follows :

Question : For a Gorenstein abelian quotient singularity
(X (Ng,Ag) ,orb (09))

with junior simplex sz , what kind of conditions on the acting group G
would guarantee the existence of a basic, coherent triangulation of s57?

Though (as already mentioned in §1) this question will be treated explicitly in
[12], we at least shall explain here how a very simple necessary existence-criterion
works, and apply it efficiently in our special singularity-series in § 8.

Lemma 6.14. Let (X (Ng,Ag),orb(09)) be a Gorenstein abelian quotient sin-
gularity and s the junior simplex. If s admits a basic triangulation T, then for

alln € (Ng \ {0})Noy there exist r lattice points ny, . ..,n, belonging to s¢NNg
so that
TLEZZOTL1+"'+ZZOTLT

Proof. Since T is a basic triangulation inducing a subdivision of o into cones of
multiplicity 1, n belongs to a subcone o' of oo of the form

o' =Rso n1+---+Rso np, mult(o';Ng) =1,
and can be therefore written as a linear combination
n= Ny + -+l (1 € Ro, Vi, 1 <i <)
Now {ni,...,n,} is a Z-basis of N, which means that n can be also written as
n=ping+-c g, (€2, Vi, 1<i<r)
By linear independence we get p; = p; € ZNR>g = Z>o, Vi, 1 <i<r. o

Theorem 6.15 (Necessary Existence-Criterion).

Let (X (Ng,Ag),orb(0og)) be a Gorenstein abelian quotient singularity. If sg
admits a basic triangulation T, then

HleG (0’0) =s5a N Ng (65)
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i.e. all members of the Hilbert basis of oo have to be either “junior” elements or
to belong to {ey,...,e.}.

Proof. The inclusion “D” is always true (without any further assumption about the
existence or non-existence of such a triangulation) and is obvious by the definition
of Hilbert basis. Now if there were an element n € Hlby,, (00) \ (s¢ N Ng), then
by lemma 6.14 this could be written as a non-negative integer linear combination

n =Ny + -+ @ny

of r elements of s N Ng. Since 0 ¢ Hlby,, (00), there were at least one index
j = Je € {L,...,r}, for which p ; # 0. If p; = 1and pu; = 0 for all j,
j€{1,...,r} ~{Jo}, then n = nj, € sg N Ng which would contradict our
assumption. But even the cases in which either p ; =1 and some other p;’s were
# 0, 0r g ;, > 2, would be exluded as impossible because of the characterization
(2.1) of the Hilbert basis Hlby,, (09) as the set of additively irreducible vectors
of 0o N (Ng \ {0}). Hence, Hlby,, (00) Cs¢ N Ng. o

Remark 6.16. (i) For a long time it was expected that condition (6.5) might
be sufficient too for the existence of a basic triangulation of s, and, as we shall
see in [12], this is the case for some special choices of cyclic group actions on C”.
Nevertheless, Firla and Ziegler ([19], §4.2 & [20]) discovered recently the first coun-
terexamples. Among them, the counterexample of the 4-dimensional Gorenstein
cyclic quotient singularity with the smallest possible acting group-order, fulfilling
property (6.5) and admitting no crepant, torus-equivariant resolutions, is that of
type 55 (1,5,8,25).

(i) To apply necessary criterion 6.15 in practice, in order to exclude “candidates”
for having crepant, torus-equivariant resolutions, one has first to determine all
the elements of the Hilbert basis Hlby,, (o) and then to test if at least one of
them breaks away from the junior simplex or not. From the point of view of com-
plexity theory of algorithms, however, this procedure is in general “NP-hard” (cf.
Henk-Weismantel [28], § 3).

Exercise 6.17. For the singularity of type % (1,2,3,3) determine explicitly the
Hilbert basis Hlbp,, (0¢) and show that it does not possess any crepant torus-
equivariant resolution because condition (6.5) is violated. [Hint. Verify that
1(5,1,6,6)T € Hlby,, (d9)]-

7. Peculiarities of dimensions 2 and 3

In the low dimensions r € {2,3}, we have always

CDES (X (Ng,Ag)) = PCDES™® (X (Ng,Ag))

by lemma 6.2 (ii) and thm. 6.9. This is exactly the lemma which fails in general
if # > 4, and makes the high dimensions so exciting (cf. 6.3). However, low
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dimensional Gorenstein abelian quotient singularities are still valuable as testing
ground for lots of interesting, related problems and pave the way to systematic
generalizations.

(a) In dimension 2 we meet only the “classical” A;_;-singularities (i.e. cyclic
quotient singularities of type 1/1(1,1 — 1)).

Lemma 7.1. All 2-dimensional Gorenstein abelian quotient singularities
(X (NG) AG) ,orb (00))

are cyclic of type } (1,1 — 1) (with [ > 2). They admit a unique projective crepant
(= minimal) resolution (6.1) induced by the triangulation

’r:{conv<{%(j—Ll—(j—l))T,%(j,l—j)T}> |15j51}

and the | — 1 exceptional prime divisors

by (s ({2 - r))) 1211,

are smooth rational curves having intersection numbers

1 if Ji—jl=1
(Di-D;)={ -2 ,if i=j
0 ,if Ji—jl>2

foralli,j, 1<i<j<Il-1.

Remark 7.2. Obviously, the subdivision of gg into [ cones of multiplicity 1 in-
duced by the above 7 can be done successively in k “steps”, with 1 < k <[ -1,
i.e., by drawing in k steps the I — 1 required rays in any order you would wish.
(The possibility of drawing more than one rays in a step is not excluded). Such
a procedure gives rise to decomposing the full desingularization into a series of
partial ones. It should nevertheless be stressed that starting-points of different se-
ries of choices correspond to blow-ups of different ideal sheaves Z with orb(cg) =
supp((’)UUO /Z). (Note that in dimension 2 we do not need extra normalizations).
Consequently, there are lots of factorizations of the crepant resolution morphism
f = fr. Let us illustrate it by considering the example of the Ay-singularity
1(1,4). The morphism f admits of two different natural factorizations

f:gloggzh10h20h3oh4

which are depicted in figures 4 and 5, respectively.

(i) Since

HleG (U(\)/) = {ml = (550)7 mz = (171)7 m3 = (075)} y
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using the induced embedding ¢ : U,, < C* of U,, = X (Ng,Ag),
Uy = {(21,22,23) e | 25— 2123 = 0}, zi=e(m;), Vi, 1 <i<3,

and proposition 3.8, we obtain ¢g; and g» coming from blowing up only maximal
0-dimensional ideals:

X (Na, B (7)) = Bl ) (BISis) (Un)) 2 BIS ) (Usy) 25 Usy -
More precisely, we first subdivide o into the three subcones o1, 02, 03, with
o1 ={y €00 | (mo—my,y) >0& (ms—m1,y) >0} =pos ({(%,2)7,e2}),
72 = Ay €0 [ mi—ma,¥) 2 0.8 Gms —mz,y) 2 03 =pos (5,3)7, (5:2)7).

g3 = {y S 0o | (ml _m3>Y> Z 0)<m2 _m3>Y> Z 0} = pos ({61’ (%’%)T}) :

After that we perform again a usual blow-up, but now for the cone o5 (instead of
00) which contains the remaining two lattice points.

A A
€, 4 e
T Loy :
»
Sy f
N 1 T —~———
v 532
G Lan" =(%
0 \ \.;( 1) (/s)
AN
A . o
0 €, 0 e

Fig. 4
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(ii) In the second factorization, hy gives rise to a “starring” subdivision of og into
only two cones

e ({3 ]) e (1))

In fact,
hi B0y (Usy) — Uy,

orb(oo

is a directed blow-up w.r.t. (4/5,1/5)T. As Oy, -ideal sheaf 7 can be taken the
pullback (via ¢) of the ideal sheaf J = .J~ supporting the zz-axis of C?, with
J := (21, 22,21 23) (in C[z1, 29, 23]), because

01 = {yeao |<m2_m17Y>20 and <m37Y>20}7

o2 = {YEUO |(m1—m2,y)20 and (m1+m3—m2,y>20}.

e Another characterization of Blfrb((,o) (Us,) avoiding the embedding is provided

by the following commutative diagram due to the extension of the group action
on BIy (C?):

Blroed ((C2) — Blgrb(ao) (Uao) o Blll‘)ed ((CQ) /G

{ +
C - U, =C/G

Clearly, our blown up space is isomorphic to the quotient of the blown up C? at
the origin divided by G. For hy we proceed analogously by letting o, play the
role of o¢. Obviously, the same is valid for hs and hs. (Comparing the above two
factorizations, we see that the first one is “double speedy”.)
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€ ‘E €
.
. L
L]
GO ) /
0 € 0 €,
Thl lh4
c, A e, A
(]
L]
.
Gl .
4
0 €, 0 €
& %3
e2
L]
L]
0 e,
Fig. 5
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(iii) Finally, let us point out that also f = fr itself can be similarly regarded as a
blow-up morphism
f : Blgrb(ag) (UUU) — UGO '

As 7 one may choose the pullback of J = J~ with J the ideal
J = (21,20 20,27 25,27 20 23,21 23)  in C[z1, 29, 23],

because

4

mz—ml,}’> >0,
3my —2my,y) >0,

y €00 my +ms —2my,y) >0, - pos ({62’ (%’%)T}),

o~ o~~~

2mg —2my,y) >0

(ml—mz,}’> >0,

(2mg —mq,y) >0,

o B S (TN 1
(

2mg —m1 —ma,y) >0

and

(
{YEUO E
(

y€oo

\

and finally
(2my — 2ms3,y) >0,
(m1 +m2 —2mg3,y) >0, 4 1\T
=0 oo, (o ({G5) )
(m2 —mg3,y) >0

Exercise 7.3. To represent f as the restriction (over Uy,,) of a proper birational
morphism which comes from a single blow-up of a torus-invariant 0-dimensional
ideal of C[z1, 22, 23] supporting only 0 € U,, C C* (cf. thm. 3.10), it is enough
(instead of the the above .J) to consider

— 6 5 4.3 4 4 2 2 3 2 3
J = (Z17 21 R2, 1 R9, % R2R23, 21 %3, %1 %3, R1R223, Z9 %3, 21 %3, 2’3) .
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(From the point of view of toric geometry, this means that one has to find among
the defining monomials suitable monomials involving powers of the variables z;
and z3 separately, such that the corresponding order function becomes again linear
precisely on the above five maximal cones.)

(b) We now focus our attention to the new phenomena which arise in dimension
three.

Theorem 7.4 (What happens in the “intermediate” dimension 3 7).

Let (C*/G,[0]) = (X (Ng,Ag) ,orb (00)) a 3-dimensional Gorenstein abelian quo-
tient msc-singularity and T a maximal (and therefore basic) triangulation of the
Jjunior simplex s inducing a crepant, full resolution

X (Ng, ZZ(T)) 5 X (N, Ag) .

For any n € vert(T), let D,, denote the closure V (pos ({n})).

(i) If n € int(sg) N Ng, then D, is a rational compact surface coming from (usual)
blow-ups either of P or of a Hirzebruch surface Fy at finitely many T, (pos({n}))"
fixed points.

(ii) If 9sg N (Ng \ {e1,e2,e3}) # &, and n € conv(e;,e;,) \ {e;,,ei,}, with
{i1,i2} C {1,2,3}, i1 # iz, and {iz} = {1,2,3} \ {i1,i2}, then D, is the total
space of a ruled fibration over the “is-axis” of C?. Its fibers over the punctured
i3-axis are isomorphic to Pg.

(iii) For three distinct vertices n,n',n' of T, we have

1 ! " : _al
(Dy, - Dy - Dyr) = 1, if conv({n,n',n"}) Is a 2-simplex of T
0, otherwise

(iv) If n,n' € vert(T), conv({n,n'}) is a 1-simplex of T, but no both n and n'
belong the same face of Osq, then there exist exactly two vertices y,v' of T, such
that conv({n,n',y}), conv({n,n',n'}) are 2-simplices of T satistying a Z-linear
dependency equation of the form

kn+&'n’"+9+1py =0, for some unique k,k' € Z with s + &' = -2 (7.1)

and
k= (D.-Dy), &'= (D, D) (7.2)

Furthermore, the normal bundle of the rational intersection curve
C =V (pos({n,n'}))
splits into the direct sum:

NC/X(Ng, KX (M) = Oc (k) ®Oc (k') (7.3)
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(v) If n € int(sg) N Ng, then D,, has self-intersection number
D3 =12 — # (Gen (Star (pos ({n}),Ag))) (7.4)

(vi) For any other maximal triangulation T’ of s, there exists a birational mor-
phism (isomorphism in codimension 1)

X (Ne, Ba (7)) = X (Na, K6 (1))

which is a composite of finitely many elementary transformations (= simple flops)
w.r.t. rational smooth curves.

Proof. (i) follows from Oda’s classification of smooth compact toric surfaces ([54],
thm. 1.28), (ii) is clear by construction, and (iii) by (2.3). The vectorial Z-linear
dependency equation (7.1) of (iv) with k + ' = —2 is obvious because n, n', y, y’
are “junior” elements; (7.2) follows from (2.4) and (7.3) from the splitting principle
of holomorphic vector bundles over C' 2 P}, the normal bundle exact sequence,

and the triviality of the dualizing sheaf of X (Ng, Ag (’T)) (74) in (v) can be

proved by making use of adjunction formula, combined with Noether’s formula,
and x (Dy,Op,) = 1. For the proof of (vi) we refer to Danilov [13], prop. 2, or
Oda [54], prop. 1.30 (ii). o

Remark 7.5. In dimension three one has QP-CDES (X (Ng, Ag)) # & because
Coh-LTR}*“ (sg) = Coh-LTRN* (sq) # @

by prop. 6.6 and thm. 6.9. Nevertheless, in contrast to what takes place in di-
mension 2, there exist lots of examples of finite abelian subgroups G of SL(3,C)
acting linearly on C® whose junior simplex sz admits basic, non-coherent tri-
angulations 7, which in turn induce crepant, full, non-projective desingulariza-
tions of X (Ng,Ag). A simple example of this kind comes into being by taking
G = (Z A7) x (Z | AZ) to be defined as the abelian subroup of SL(3,C) gener-
ated by the diagonal elements diag((y, (3, 1) and diag(1,{,,(3), and T the tri-
angulation of figure 6. 7 suffers from the “whirlpool-syndrome” which makes the
application of patching lemma 6.1 impossible, though strictly upper convex sup-
port functions can be defined on each of its 2-simplices. The incompatibility of
these local strictly upper convex support functions along the intersection loci of
1-simplices can be also explained by means of their “heights” (cf. [73], p. 64); the
assertion of the existence of a global upper convex support function on |7| would
lead to a system of a finite number of inconsistent integer linear inequalities, and
hence to a contradiction.
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Fig. 6

Proposition 7.6 (Cohomology dimensions).

Let (C*/G,[0]) = (X (Ng,Ag) ,orb (og)) denote a 3-dimensional Gorenstein cyclic
quotient singularity of type 1/l (a1, s, as). Then the dimensions of the non-trivial

cohomology groups of the overlying spaces X (NG, ZE) of any T'n, -equivariant

crepant, full desingularization of X (Ng,Aq) are given by the formulae:

1

DN | =

3
dimo I (X (Na, 55)30) = l+j§gcd(aj,l) —2 i =1

3
1= ged(ag,l) | +1 , if i=2

Jj=1

\

Proof. Since # (0 (s¢) N Ng) = Z?Zl ged (e, 1) —3, the lattice points representing
the inverses of the remaining junior group elements (w.r.t. int(sg)) belong to 2 s¢,
and

# (SgﬂNG)-l-# ((25@)0Par(00)ﬁNg) =[-1,
we have

# (int (5@) N Ng) =# ((25@) N Par (00) N Ng) = % [l — Z ged (Clj,l) +1

=1

and the above formulae follow from (6.2), (6.4). o
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Exercise 7.7. Generalize prop. 7.6 for arbitrary abelian acting groups. [Hint.
Fix a splitting of G into cyclic groups. Use denumerants of weighted partitions
instead of ged’s.]

Proposition 7.8 (Uniqueness criterion in dimension 3). Up to isomorphism,
the 3-dimensional Gorenstein abelian quotient msc-singularities (C*/G,[0]) =
(X (Ng,Ag) ,orb (0¢)) which admit a unique (full) resolution, are cyclic of type
either

() = (1,1,1—2),1>3, or

(1,2,4)

N =~ =

(i)
l

e In case (i) there are BJ exceptional prime divisors

D=V (pos ({n})), 00 =7 Guit-2), 1<j<|4,

all of whose are compact up to the last one for | even (see fig. 7 and 8). In
particular, one has

The “3-dimensional” L%J X LéJ X L%J intersection-number-matrix is determined by

(0 i i Ak
[—2G+1) ,if i=j=k—1
0 Cif i=j k—j>2
24 —1 , it i+1=4=k

(D;-D; D) =4 0 Cif =k j—i>2

8 Jif i=j=k#(—-1)/2, lodd
9 ,if i=j=k=(0-1)/2,lodd
8 ,if i=j=k+#1/2, leven

[ —2 ,if i=j=k=1/2,leven

for all 1 < i < j <k < |L| (and by the usual symmetric property of intersection
numbers). Moreover, the non-trivial cohomology dimensions of the desingularizing

space equal 1, |1| and |52], respectively (by prop. 7.6).
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e In case (ii), there are three exceptional prime divisors, namely

Dy =V (pos({n})), Dw =V (pos({n'})), Dpr =V (pos ({n"})),

with 1 1 1
n:?(17274)1‘7 nl:?(27471)1‘7 nII:?

each of which is isomorphic to Fy. They intersect each other paiwise along three
rational curves which play interchangeably the roles of the fibers and of the 0-
sections of the three projectivized P{-bundles F» — P{. (see fig. 9). Obviously, in
both cases (i) and (ii) the desingularizing birational morphism is projective (by
prop. 6.6).

(47 17 2)T )

Proof. The uniqueness (up to automorphisms of aff(sg) N N¢) of the triangulation
T of s¢ (inducing a unique crepant desingularization, up to isomorphism) means
that for every 4-tuple {ny, ns,nsz,nq} of distinct elements of s N N¢,

{n1;n2;n3>n4} C conv ({nV17nV2>nV3}) ) (75)

for all {v1,v2,v3} C {1,2,3,4} (so that conv({ny,n2,n3,n4}) cannot be a convex
quadrilateral). Since
splcod (orb (0¢) ; Uy, ) = 3 (7.6)

it is easy to prove that G cannot be abelian, non-cyclic. For cyclic G’s acting
on C* by type 1/l (a1, as,a3) the uniqueness condition will be examined in two
different cases.

e If the cardinal number of s¢ N (Ng \ {e1,e2,e3}) is > 4, then (7.5) is equivalent
to say that all points of it lie on a straight line going through precisely one of
the vertices e, es, e3 of 5 (but, of course, # (9sg N (Ng \ {e1,e2,e3})) € {0,1},
because otherwise (7.6) would be violated). This occurs only in the case in which
at least two of the weights a1, as, as are equal; but then

(041,042,013) A (1, 1,1 — 2) (Within A (l,3))

(check it or see lemma 8.1 below), and therefore (C* /G, [0]) must have type of the
form (i).
o If # (sg N (Ng \ {e1,ez,e3})) < 3, then we get the inequality

3

1

3 l+z;gcd(ai,l) -2<3,
J:

which is valid only for

1 1/3 (1,1,1), 1/4 (1,1,2), 1/5 (1,1,3),
7 (o, 0,05) € 1/5 (1,2,2),1/6 (1,1,4), 1/7 (1,1,5), 1/7 (1,2,4) [
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(It suffices to assume a;+as+ag = [, because (aq, @z, az) «~ (I — ay,l — as,l — as)
within A (I; 3)). Since (1,2,2) « (1,1, 3) within A (5; 3), we see that from the above
7 possible types only (ii) 1/7 (1,2,4) is inequivalent (w.r.t. “«") to all those of the
form (i). The non-vertex lattice points of s for (C*/G,[0]) being of this “new”
type (i) satisfy obviously (7.5) and the proof is completed.

e That the || exceptional prime divisors D; have the structure given above is an
immediate consequence of the more general thm. 8.4 of the next section which
will be proved for all dimensions. The intersection numbers (D; - D; - Dy,) are
computable by (7.2), (7.4).
e Since

n+e =2n", n'+e3=2n, n'’ +e =2n',

the above assertion for the structure of the exceptional prime divisors D,,, Dy, Dy
is obvious (e.g. by 4.5). For another proof, see Roan-Yau [69], pp. 272-273. g

0 (z,-axis)

Fig. 7 (I odd)
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8. On the monoparametrized singularity-series

%a,”JJ—u—1»

This section contains our main results. Motivated by 7.1, the uniqueness crite-
rion 7.8 (i) in dimension 3, and Reid’s remark [63], 5.4, (concerning dimension 4),
we study the monoparametrized singularity-series of arbitrary dimension with the
simplest possible “lattice-geometry”, i.e. those Gorenstein cyclic quotient singu-
larities whose junior simplex encloses only lattice points lying on a single straight
line.

Lemma 8.1. Let (C"/G,[0]) = (X (Ng,Ag),orb(og)) be the Gorenstein cyclic
quotient msc-singularity of type 7 (o1,...,ap) (with | = |G| > r > 2) for which
at least r — 1 of its defining weights are equal. Then (in the notation of § 5, (c))

(a1, 0) ~(1,...;1, 1 —(r—1)) (within A(l;7)) .

Proof. Using a permutation sending the  — 1 equal defining weights of the above
singularity to the first r — 1 positions, we have

(aly"')ar) "‘(,U,---,N;C“r)

for an integer p, 1 < p < 1—1. Since G contains no pseudoreflections, ged(u, 1) = 1,
i.e. there exists an integer v, 1 < v <[ — 1, with ged(v,l) = 1, and A € Z, such
that

v+ Al=1 (8.1)

Moreover, since (C" /G, [0]) is Gorenstein, there must be an integer k, 1 < k < r—1,
such that
(r=1)p+a, =kl (8.2)

Equalities (8.1) and (8.2) imply
va,=(sv+r—1)A=1)1+(0—(r—1)) .
Hence,
(o) o (Waly e v pl s [ and) = (Lo 1 L= (r = 1)

and we are done. o

By the above lemma and cor. 5.5 we can obviously restrict ourselves to the study
of singularities of type (8.3).

Theorem 8.2 (Resolution by a unique projective, crepant morphism).

Let (C" /G, [0]) = (X (Ng, Ag) ,orb (09)) be the Gorenstein cyclic quotient singu-
larity of type
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1

S, L, = (= 1) (8.3)
[ R

(r—1)-times

with | = |G| > r > 3. Then we have :
(i) This msc-singularity is isolated if and only if ged(l,r — 1) = 1.
(ii) Up to affine integral transformation, there exists a unique triangulation

T € LTRE™ (s)

inducing a unique (isomorphism class of ) crepant Tn-equivariant partial resolution-
morphism

£:X (Noy B (T)) = X (Na, Ag)

of X (Ng,A¢q) (with overlying space Q-factorial, and maximal with respect to
non-discrepancy).

(iii) 7 € Coh-LTRRY* (sq), i.e., f is projective.

(iv) T € Coh—LTRl;\?GSic (sg) (in other words, f gives rise to a full projective,
crepant desingularization) if and only if

(1], €{0,1} (8.4)

(i.e., iff either I =0 mod(r — 1) or { = 1 mod(r — 1) .)
(v) For [ satisfying condition (8.4), the dimensions of the non-trivial cohomology

groups of the resolving space X (N(;, ﬁg) are given by the formulae :

1 , for =0
dimgH? (X (NG,AG) ;@) = LTZTIJ , for ie{l,2,...,r—2} (8.5)
UffllJ , for i=r-1

Proof. (i) This follows directly from 5.4. Note that if gcd(l,r — 1) > 2, then
Sing (X (Ng,Ag)) = Uy, (pos ({€1,€2,.-.,€r—2,6r-1})),

i.e. the singular locus of X (Ng, Ag) = C"/G is the entire “z.-axis” of C".

(i1) Let us first introduce some notation and make certain preparatory remarks.
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Define the vectors:

€r , if 7=0

i i=d
7 j:j)"')j:j:[j'(l_(r_1))][ ) if j€{1>27"'7l_1}
—_——

(r—1)-times

and denote by ngj), 1 < i < r, the i-th coordinate of each n(), 0 < j <[ —1,
within (Ng)p = R". We have

T i T . 1
Soafth > % nﬁ”+7(r—1)—1, Vi, 1<j<i-1.
=1 i=1
If for some fixed j = jo € {1,...,01—1}, >0, ngj°) > 2, then obviously
Son>2 Wk 1< <k<I-1

i=1

Since

we obtain the inclusion

. [
5GﬁNGc{61,...,er}U{n(]) ‘1§j§ L“—lJ} .

And conversely, for all j, 1 < j < |-45], wehave [j- (I — (r — 1)), =1—j-(r — 1),
which means that >, ngj ) = 1. Thus, we get the equality

5gﬂNG:{el,...,er}U{n(j) ‘ISJ‘SLLJ} (8.6)

e Construction of T. At first define

o= {6 6 €(AL2 =20 1) |6 <6< <6 ),

and . .
B (j;£17£27"'7£r72) = {n(Jil)an(J)) 651)6527"')65,_2})

as well as

s(j;£17£2)"'7£r—2) = conv (B (j;£1)£2>"')£r—2)))
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and
o (j;€17§27 - '557‘—2) = US(J';&:Ez:---’ﬁrfz) = pos (B (j;§17§27 . 7§r—2)) )

for all 7,

! 1J, and all r—1 possible (r —2)-tuples (&1,&,,...,&,_,) €5, .

1<53<
el

All lattice points nt¥), 0 < j < LTITIJ, lie on a straight line of (Ng)p = R", namely
on

conv ({n(o), n( |_7’£1J) })

and they can be ordered canonically

OB R (£ FE) I ()

via the increasing ordering of the enumerator-superscripts (j).

Next define the simplicial subdivision 7 (having support | 7| C sg) as follows :

¢ , if 1=0 (mod (r—1))
T :=
¢ U { all faces of } . otherwise
conv (Biast)
where
Biast 1= {n(|—’l‘:11J),61, €9,..., er_l} R
and

¢ all faces of the simplices ‘ forall j, 1 <5< LrlTlJ; and
' s (73616251 60) all (£,€5,.-,6,_5) €E,

e 7 is a triangulation. The proof of the assertion that the intersection of two
arbitrary simplices of 7 is either a face of both or the empty set is left as an easy
exercise to the reader.

e |T| =sgq, i.e., its support covers the entire junior simplex. It is straightforward
to show that

Vol(conv ({0},5 (j;£1,£2, .. .,fr_2))) =
% ‘det (n(jfl),n(j),egl,egw...,65“2)‘ =

11 i—1)-(I—3j 1 j- (1 j—1 1)) = 1 8.7
S G- === (=G =D -1 =1 ()
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and

[l]r—l
Irt -~
Thus the assertion is an immediate consequence of the equality :

Vol (conv ({0} ,|J {s | s simplex of T})) =

Vol(conv ({0}, Blast)) =

::%%<{rfJ-0—1%+U]p4>Zgszd®mwGOLmﬁ)-

e 7 is a maximal triangulation. This is obvious because sg N Ng = vert(7) by
the construction of 7 and (8.6).
e 7 is unique. Suppose s is an arbitrary elementary (r — 1)-simplex, such that
vert(s) C sg N Ng. Clearly, s ; sa because sg itself is non-elementary. This
implies

vert (s) N (s¢ N Ng ~{e1,...,e.}) #D .
Since n)’s are collinear and s elementary simplex, vert(s) contains at most 2
consecutive lattice points among them. Hence,

# (vert (s) N (sg N Ng ~{e1,...,er})) € {1,2} .

If this number equals 2, then s has to be of the form s (j;&;,...,&,_,), for some
jE {0, - Lﬁj} and (&,,...,&,_,) € E, (by definition). Otherwise, s possesses

only one vertex belonging to the relative interior of 5. However, since the n/)’s
are collinear and n(®) = e, we must have [ # Omod (r — 1) and s = Bi,s. Hence,
T is uniquely determined.

(iii) The coherence of 7 will be proved by induction on the number |—L;|. The

case in which this equals 1 is trivial. Suppose LﬂilJ > 1. It is easy to check that
the simplex

S:= conv ({n(l), €1y, er_1})

can be mapped by an affine integral transformation onto the junior simplex of an
equidimensional Gorenstein cyclic quotient singularity of type

1
I—(r—1)

l—(r—1) l l l
{ r—1 J_L‘—l_lJ_{r—lJ_1<L~—lJ'
By induction hypothesis and by construction we may therefore assume that the

restriction 7 |z of 7 on § is coherent. Choose a ¢ € SUCSFg (T |5) and use the
abbreviation

(1,...,1,1—2(r — 1))

with

s(1;1,2,...,7r—=3,r—2) , forv=1
s,:=< s(L;1,...,e—10+1,...,r—1) |, Vi, 2< 1 <r—2
s(1;2,3,...,r—=2,r—1) , forv=r—1
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Note that for each y € s, and ¢, 1 <1 < r — 1, there exists an y' € s, such that
y' € lin(conv({e,,y}))Ns & y=(1-t)y +te., fora te[0,1],

because of the convexity of S C s¢. Now define support functions ¢, : |T =R

by

S,

1-t)¢Y(y)+t eR.
s, ) and

s, 2y — Y, (y):= (
One verifies easily that ¢, € SUCSFg (T

¢L |§ﬂsL =1 |§ﬂsL

for all 1, 1 < < r — 1. Applying patching lemma 6.1, we get SUCSFg (T) # @&
and we are done.

e An alternative (but not directly constructive) method for showing the coherence
of T, is to combine the uniqueness of 7 with prop. 6.6.

(iv) Since 7 is uniquely determined the volume formulae in (8.7) and (8.8) show
that f is a full, crepant torus-equivariant resolution-morphism if and only if [{],_; €
{0,1}. Another, more direct way, to verify that condition (8.4) is necessary is the
following;:

If we assume that [ 1] ,._, ¢ {0,1}, the group order [ can be written as

l

[ = LTIJ =1+ [1],_,, with [[],_, €{2,...,r—2}. (8.9)

Note that

. Pr—1 l
ni 107D 19% J

and that the decreasing sequence

l
nV>n®>... > nil=)) (8.10)

has minimum element

(D) wal <Z %) _

We shall discuss the two possible cases w.r.t. the values taken by ged(l,r — 1)
separately.

I) ged(l,r — 1) = 1. Then there exists a & € {1,...,1 — 1}, such that
k(= (r—1)=1 (modl).

Clearly,

n{r) = % k(- (r—-1))], = % < n,(,L”ilJ) (8.11)
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and consequently,

l
neH—IJ +1,...,l—1}:>n(”)¢5gr‘|Ng,
_

by (8.6) and (8.10). If there were a basic triangulation of s¢, then n(®) would
not belong to Hlby,, (09) (by the equality (6.5) of thm. 6.15), but it would be
representable as a linear combination of (at least two) elements of the Hilbert basis
Hlby, (00) with positive integer coefficients. This would obviously contradict
inequality (8.11) because of (8.10).

IT) ged(l,r — 1) > 2. In this case, define k := 1/ ged(l,r — 1). Then
k(l—(r—1))=0 (modl),

and repeating the same argumentation for this new ngﬁ) = 0 as in I), we arrive
again at a contradicting conclusion.

(v) Formula (8.5) follows from (6.4). In particular,

dimoH* (X (Na,Ac) ;@) =# {je.nnz | [E2) +1<j <[]}
and the proof of the theorem is completed. o

Remark 8.3. (i) To prove the necessity of condition (8.4) for 7 to be basic,
we preferred to make use of “Hilbert-base technology” because it is generally
applicable to any Gorenstein abelian quotient singularity. Alternative ad hoc
methods (for the above special situation) are either a suitable direct manipulation
of determinants or the use of normalized-volume-bound. According to the latter
one, violation of (8.4) would imply for the topological Euler-Poincaré characteristic
of the overlying space:

¥ (X (Na,8a (M) = # (Ba (T (1) =

— # ((r —1)-simplices of 7) = (by (2.7))
=hl-#EN+1=K r-D+1=

=1-[1], ,+1<1=[q] (by (8.9))

which would be impossible for basic 7 by (6.3).

(ii) In fact, if [1], ; ¢ {0,1} (which is possible only for r > 4), the only non-
basic (r — 1)-simplex of T is conv(Biast)- If ged(l,» — 1) = 1 then the toric variety
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X (Ng,ﬁg (T)) has a Gorenstein terminal, isolated, cyclic quotient singularity
of type

1

li ].,].,...,].,1, [_(T'_].)][l] =
(] \~—>— ’

(r—1)-times

lying on the affine piece Upos(B,,.,)- Otherwise, the singular locus is not a singleton;
more precisely, it is 1-dimensional, i.e., the corresponding quotient singularity has
splitting codimension r— 1, and can be viewed as a 1-parameter “Schar” (& crowd)
of terminal singularities of type

1 1,1,...,1,1

( r—1 ) ) ) ) )
ged(l,r—1) (r—1)-times
along (the sections of the normal sheaf of) the proper transform of the “z.-axis”

STR(Uy, (pos ({ex, -, er 1)), f7) lying on X (Na, Aa (T)).

The triangulated junior terahedron of the simplest example 1/5 (1,1, 1,2) is drawn
in fig. 10. The “low” tetrahedron induces the classical involutional terminal sin-
gularity of type 1/2 (1,1,1,1).

basic simplex

non-basic, elementary

simplex

Fig. 10
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Theorem 8.4 (Exceptional prime divisors and intersection numbers).

Let (C"/G,[0]) = (X (Ng,Ag),orb(og)) denote the Gorenstein cyclic quotient
singularity of type (8.3). If | satisfies condition (8.4), then :

(i) The exceptional locus of f : X (N(;, Ag (T)) — X (Ng, Ag) consists of ||
prime divisors

D;:=D,;5 =V (T(j)) =X (NG (T(j)) ; Star ((T(j)§3G (T)))) ;1<) < IJ'lTIJ’

on X (N(;, Ac (’T)), with 1) = R>o nY) | having the following structure :

D; =P (OP”’;*Z ® OIPH’;*Z I=(r-1) ])) (as PL-bundles over Pi~?)

for all j, jE{l,Q,...,L L J—l},and

r—

Put , if [=1mod(r—1)

1%

Pl

r—1

PL?2xC , if [=0mod(r—1)

(ii) For the (highest) intersection numbers of two consecutive exceptional prime
divisors we get :

(17;71 ‘Djp)=01—-(r=1)@G+ )"

(8.12)
(D;-Di ) =(r=1)j-1""
and for the self-intersection numbers :
T72 . . .
Di=> (") " TN == -n'I--1H"  (813)
1=0

for all j, j € {1,2,..., LLJ —1}, and

r—
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" (—=r) T , if I=1mod(r—1)
(DL z J) = (8.14)
(=(r=1)"" , if 1=0mod(r—1)

Proof. (i) We distinguish three cases depending on the range of j and the divisi-
bility condition on .

First case. Let j € {1, 2,..., |5 - 1}. Obviously, there are exactly two primi-

tive collections in Gen (Star (T(j); Ac (T))), namely

{e1 + (NG), iy »---rer—1 + (Ng), )} and {n(j_l) + (Na) i) D 4 (NG)T(j)}
having no common elements. Furthermore,
nU=D 4t = 290) — ("(j_l) + (NG)T(j))+(n(j+1) + (NG)T(J')) = ONg(T(j))'

Hence, each D; has to be the total space of a P{.-bundle over an (r — 2)-dimensional
smooth, compact toric variety, and since Star (T(j); KG (’T)) is a splitting fan, it

will be, in addition, the total space of the projectivization of a decomposable
bundle (by prop. 4.2 and thm. 4.4). On the other hand,

# (Gen (Star (T(j); Ag (T)))) =r+1,

which means that D; has Picard number 2, and has therefore to be isomorphic
to the total space of the projectivization of a decomposable bundle of the form
Opr—2 @ Opr-2 () over Pr? (by Kleinschmidt’s classification theorem 4.6). For
this reason, it suffices to determine this single twisting number \ by using lemma
4.5. It is easy to verify, that we have the Z-linear dependence-relations

ertest - teste=((r-1)G+1) -1 n9+ (- —1)7) nbtY

ie.,
r—1
(e + (N&)r) = (= (r = 1)) n0*) + (Ng),0) = Oxy ) -
=1
Consequently,
D; =Y (r-11-(r—-1)j) .
Second case. Let I =1 mod(r — 1) and j = Lr+1J = fffll . Since

(e1 + (Nag)ri) +--+(erm1 + (Ng) i) + (”(j_l) + (NG)T(J')) = ONg(T(j)) )

: ~ pr—1
we have obviously D; = P .
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Third case. Let ] =0 mod(r —1) and j = LLJ = L. Since ngj) equals 0, n?)

r—1 r—1"-
lies on the facet conv({e;,...,e, 1}) of sg. This means that the star of 7() in
Ag (T) can be written as a direct product of the form

Star (T(j); Ag (7')) = Star (T(j); Ag (T) (pos (eq, -, er,l))) x (a half-line in R)
and D; splits into
X (NG (pos (e1,..,e--1)) ; Star ((T(j);ﬁg (T) (pos (e1, -, er,l))))) x C
where this first factor is isomorphic to ]P’(’E2 because
e1+---+e. 1 =(r—1) @

(ii) Since
(D Dy} = D o

i+l

equals

(V (T(j) + (NG)T(Hl)))r_l ‘X(NG(T(HU);Star((T(””?BG(T)))) ’

we obtain
— . —2
(D™ Djgr) = (= (r=1) (G +1))"
by (4.5). Similarly for (D;- D7 ); regarding D; as the total space of a P¢-
bundle over ]P’(Efz, and making this time use of the “opposite” piece of the affine
covering of its typical fiber 2 P{, we get the second formula of (8.12) by restricting

D;:ll on
D;=X (NG (T(j)) ; Star ((T(j);ﬁg (T))))

and by (4.5) after sign-change (i.e., after having identified V (7U+1) + (Ng)_ ;)
with the divisor on D; whose associated line bundle is Op, (—1)).

On the other hand, WX (Ne,Aa(T)) = OX(NG,KG(T))’ and the adjunction formula
gives

wp; = Yx(Ne,Aa(T)) ® OX(NGAG(T)) (Dj) = Op; (D;) = NDJ-/X(Ng,&G(T)) J
where NDj/X(Nc,Bc;(T)) denotes the normal sheaf of D; in X (Ng,ﬁg (T))

Hence, evaluating the highest power of the first Chern class of this sheaf at the
fundamental cycle [D;] of D;, we obtain for the self-intersection number :

D5 = (N, x(wosorry ) D) = ¢ (wn,) (D) = K3 (815)

Formula (8.13) for D7 follows from (8.15) and (4.4); formula (8.14) is obvious. o
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9. Breaking down the desingularizing morphism

The unique crepant resolution-morphism of the singularities discussed in the pre-
vious section can be factorized into (normalized) blow-ups in several ways. We
give here two canonical decompositions of f = f7 of this kind.

(a) Maintaining the notation introduced in the proof of thm. 8.2 for the construc-
tion of the unique, basic, coherent triangulation 7, besides s (j;fl,...,fr_Q)’s
(and conv(Blast), for I =1 mod(r — 1)), we define

B (j.d': 61 60ne s 6mn) = {00l e ee,onvee, )
as well as
S (4,33 €1,€0s -1 €n) 1= conv (B (4,5361,60, -, €02))
and
0 (535610 €00 1 6r0) =05 e ) = POS(B(5:075860,65,--56,)) 5

for all indices 7, j' with

0<j<j' < { l J ,
r—1
and for all » —1 possible (r — 2)-tuples (51,52, e ,§T72) € =,. Obviously,

S (j:jl;€17€27"'ﬂ€r—2) =S (jl;€17€27"'7€7‘—2)

whenever j' = j + 1. Let now « denote the positive integer

l

[% (L)J_Fl , if 1=0mod(r—1)

(171 +1)J ,if I=1mod(r—1)

r—1

(NI

r—1

e For [ = 1 mod(r — 1) we introduce the following simplicial subdivisions of the
junior simplex s¢ :

S (1;£1>£27 te )£r72) y S (1) %;617627 te 751*72) ’
3:1 = conv (Blast) =S (£:11> i:ll ; £1>£27 te >£r72) ’
for all (£,,&,,...,&,_5) € E,, together with all their faces




and

S(i,% _i+1;§17§27"'7§r—2)7
{{H_l = Tt > fOI‘ all (61)62)"')67“72) € E’l") Y
together with its faces
S (’L,'L + 1;517"'757'—2) ; S (7/+ 17% _7:;517"'757'—2) )
U s(»f-_Tll_ia%_i"_l;gl)"')ger))
forall (&,...,&,_») € Ep, together with all their faces
fork >2andalli, 1 <i<k-—1.

e Analogously, for | = 0 mod(r — 1), we define

S(I;EI)EZM")&“*Z)) s(]-)rlTl _1;617627"'761‘72)7

Il = s(rlTl_laﬁ_1;§17§27"'7§r—2)7
for all (fl, &y, ,5,,,2) € Z,., together with all their faces

and
S(i,ﬁ _i;£17€27"'7£r—2)7
Tt = TN forall (6,6,...,6 ) €5 (| Y
together with its faces
s(ii+ 16, 60 s), s(i+1,rlj —i—1;51,...,gr_2),
U s(rlTl_i_laﬁ_i;gla'“agr—Q)a
for all (fl, e ,fr_2) € Z,., together with all their faces

for k >3 and all 4, 1 <i¢ < Kk — 2, and finally

S (ﬁ?fpf%---agrﬂ) )

TK = Tm—l Y for all (61)62)"')67-—2) € E’l")
together with its faces

Next lemma is obvious by construction.

Lemma 9.1. All the above defined simplicial subdivisions ¥1,...,%, are triangu-
lations and cover the entire sq.

Proposition 9.2 (First, speedy factorization).
Let (C"/G,[0]) = (X (Ng,Ag),orb(og)) denote the Gorenstein cyclic quotient
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singularity of type (8.3) with I satisfying condition (8.4). Then the birational
resolution-morphism f = fr is the composite of the k toric morphisms

gr—1

Xo:=X(Ng,Ag) & X & Xpe— - X, & X, =X (Ng,ﬁg (T))

with R
Xi::X(N(;,AG(‘Zi)), Vi, 1<i<rk—1, and T =%, .

In particular, in algebraic-geometric terms, one has
X;41 2 Norm [Bl}eﬁ (Xi)} . Vi, 0<i<wk-—1,

with centers

orb (o) , if =0
(i) (L=t —it1) . k>2,1<i<kKk-—1,
V(pos ({n " })) , if { and [ =1mod(r—1)
Z; =
(4) (ﬁ*l) . I€23,1S’L.SI€—2,
V(pos({” " })) , i {and [ =0mod(r—1)
[ V (pos ({e1,€2,...,e,-1})) , if i=k—1 & I =0mod(r—1)

Sketch of proof. Since Ng is a “skew” lattice, it is not so convenient to work
directly with it. For this reason we consider the linear transformation

PR — R, yr—®(y) =My,

with
l 0 0 0
-1 1 0 0
-1 0 1 0
M= . . . R € GL(r,Q) .
-1 0 0 0
—(I-(r-1) 0 o - 1

The image of the lattice Ng via ® is the standard lattice Z" = Y, | Ze;. In
particular,

1 1 .
No=1L"+1 5 (1L,1,...,1,l—(r=1)" =7 7 (L1, LI=(r = 1)+ Ze;,
=2

and ® maps this Z-basis of Ng onto

@(% (1,1,...,1,l—(r—1))T> =e;, Dlex) =e€2, ..., D(e.) =e,,
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the positive orthant oo onto the cone
70 := P (09) = pos({v,es,e3,...,€:}),
with
0:=®(ey)=|1,-1,-1,...,-1,—(I—-(r—=1) | ,
—_——
(r—2)-times
and the Hilbert basis Hlby (0¢) of 0o w.r.t. N (cf. (6.5), (8.6)) onto
® (Hlby (09)) = Hlbz-(79) = conv ({v,ez,€3,...,e,})NZL" =
= {07627637"'767‘}U{0(1)70(2)7"'70(”)}7

where v := LﬁJ, and

T

y) ;:<1>(n<i>): 5,0,0,...,0,0,—j+1| , ¥j, 1<j<uw.
—_——

(r—2)-times
(For j =1, p) =¢;). The dual cone of &g equals
(7o) = pos ({e),ef +ley,....ef +ley 1, (I—(r—1)) el +le’})

(with {eY,...,e’} denoting the dual of {ej,...,e.}). For every m belonging to
the Hilbert basis Hlb(z~v ((85)") (w.r.t. the dual lattice (Z")") define

7[m]:={y €50 | (m,y) < (m',y), Vm/, m' € Hibz,v ((U_O)V)} )

e Suppose [ = 1 mod(r — 1). At first we shall show that for any fixed (r — 2)-tuple
(51,52, .. :&«—2) € =,, with {¢} ={1,2,...,r =1}~ {51,52, . ,fr_2} , we have

7[eY] if ¢g=1
P (O‘ (1;51, ... ,{rfz)) = (9.1)
T[elv+le;/] if ge{2,...,r—1}

e Moreover, for [ > r,
TleY +e/] if ¢=

o (16 6)) = { . 02

T[elv+e,\,/+(r—1) e

and finally
® (pos (Blast)) =7[(l— (r — 1)) e +1e) (9.3)
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e Proof of (9.1) : Suppose first ¢ = 1. Obviously, e} € Hlb v ((U_o)v) and for
all m € Hlb(z-)v ((a_o)v) we get

(m,e1) > (e),e1) =1 =>e1 € T[e]
and for every j € {2,...,r},
(m,e1) > (e, e;) =0=>¢; € T[e)] .

Conversely, let y denote an arbitrary element of 7 [e)]. Write

.
Y=Y e
i=1

as an Relinear combination w.r.t. the basis {ei,...,e;}. Since ey, ef +lef,
2<j<r—1,and e} + €Y belong to (75)" we obtain

(ef,y) >0, (ef +lef,y)>(e,y), (ef +el,y)>(el,y),
ie., py,.., 1, € R>o and therefore y € ® (¢ (1;2,3,...,7 — 1)) = pos({e1,..,er}) .
e Suppose now ¢ € {2,...,r — 1}. Since
(e}/ +le(\1/,n> = <e¥ +leqv,ep> =0,forpe{2,..,q—2,q—1,g+ 1,9+ 2,..,7},

and
(m,e1) > (ey +1ley,er) =1, forall me Hlb 7, ((a_o)v) ,

the inclusion “C” is obvious. Conversely, let y denote an arbitrary element of
7 [eY +1e)] and write it as R-linear combination

y = Z Hie;+ pgb.
i€{1,2,....,¢—2,¢g—1,g+1,q+2,...,r}
Since
py = (el +lef,y) >0, (ef +le),y) <(e],y) < p, >0,
and

(ef +ley,y) <(ef +ley,y) = p, >0,
for pe{2,...,q—2,q—1,q+1,q+2,...,r}, we have

yeEP(0(1;2,..,9—2,g—1,g+1,¢+2,.,r)) =pos({v,e1,..,eq—1,€q41,--,€r}) -

e Proof of (9.2) : Suppose first ¢ = 1. The inclusion “C” can be easily checked as
before. Let y be an element of 7[e} + €] and write it as linear combination

r—1

y=>_ meitp 0"

i=1
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We have

(e} +e,¥) S (elsy) = —pr+p, 0= p, 20 (byv=15L>1)

and
(e +el,y)y <(ef +e  +(r—1)ej,y) <= p; >0, Vj, 2<j<r—1,

as well as
(e +e/,y) <((l—(r—1)) ef +1e),y)

which is equivalent to
0<((I—r)ef +(I=1)efy) = (=) (y + pr)+1 = 1) (1, — p,v) = (L= 7) py,

ie., uy > 0. Hence,y € ® (O’ (1, fn_Tll; 2,3,..,r— 1)) = pos({t)(”),el,eg, ..,er,l}) .

e For ¢ € {2,...,r — 1} the proof of the inclusion “C” is again easy. To prove
“D” it is enough to consider an element y € 7 [e) +¢) + (r — 1) e)/] and write it
as linear combination

y = > i€+ pg 0+ 1, 9"
i€{1,2,....,¢—2,4—1,g+1,¢+2,...,r =1}

By definition, y satisfies the three inequalities
(ef +el +(r—1) e],y) < (ef +e/.y),

(ef +ef +(r=1) e],y) <(U—(r—1)) ef +1e),y),

and
(ef +el+(r—1)e),y) < (el +e+(r—1)ey),

forall p e {2,...,q—2,q—1,g+1,q+2,...,7}. Direct evaluation combined
with

(I—=(r=1)) el +1e’,0) =0, <(l—(r—1)) elv+le7Y,lj(”)> =l-v(r—-1)=1,
gives p; € R>o, for all ¢, 1 <14 <r, ie., y belongs to
o (U (17 :*:11727 - q = 17q + 17 "7T)) = pos ({Uan(y)aela -y €g—1,€q+1, "767‘—1}) .

e Proof of (9.3) : Since

(I=(r=D)ef +lel,0)=(U—(r—1) el +le],e;)=0,V¥j, 2<j<r—1,

we have v,es,...,e,_1 € T[(l = (r—1)) e} +1e’]. On the other hand, by the
definition of (779)",

<(l —(r—1)) ¢ +le7Y,l)(”)> =1< <m,t)(")>, VYm, m € (@5)" N (Z"~ {0}).
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Consequently,
@ (pos (Bias)) = pos ({09, e,e5,.. e 1)) Tl = (r = 1)) ef +1e)] .

To show the converse inclusion take again ay € 7[(I — (r — 1)) e + le)], write it
as linear combination

r—1

y=mo+ Y piej+u ",
=2

and use the inequalities

0 < ((I=(r=1)ef +ley)=p,,

0 S ((l—(r—l))e}/+le¥,y>:,urS(e}/+€¥,y>:(r—1)u1+,ur,
and for all j, 2 < j <r —1, the inequalities

(U= =1) el +lef,y) =p, <(ef +e +(r—1) ej,y) = —1) p; +p,.

e By (9.1), (9.2), (9.3), and lemma 9.1 we obtain

T, = U { @' (r[m]) together } |

with all their faces
mE':I)(Hle (0’0))

This means that Ag (%1) = (Ag)y, lorb (00)] by proposition 3.8, and therefore gq

is indeed the proper birational morphism corresponding to the normalized, usual

blow-up of X (Ng,Ag) at the closed point orb(oy).

e If kK > 2, in the second step we blow up (simultaneously) the (r — 2)-dimensional

common singular locus of all affine charts Ua(l Ll by Note that locally
1 i€1sE 2

a neighbourhood of such a singular point within X (Ng, KG (‘Il)) can be viewed
like a

(2—dimensi0na1 Az;172—singularity) x Cr2 .
r—1

To prove that the above defined triangulation - induces the normalization of this
blow-up, one applies theorem 3.6 and techniques similar to those used for ¥;. The
details are left as an exercise to the reader. Repeating the described procedure
altogether k — 1 times we arrive at the entire basic triangulation 7 = % ,.

e The proof in the case in which | = 0 mod(r — 1) can be done analogously and
will be omitted. The only difference is that in the last step one blows up (once) the
remaining 1-dimensional singular locus V (pos ({e1, €2,...,er_1})) inherited from
the single non-basic facet of sg. o

Figures 11 (a) and (b) show this speedy factorization of f for the singularities of
type 1/10 (1,1,8) and 1/11 (1,1,9), respectively.
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(b)

(a)



(b) A second canonical factorization of f = fr is constructed by means of the

following v = Lﬁj triangulations of the junior simplex:

5 (1;6176% tee 761*72) , conv ({n(l))e£1) BORY =7 S }) ’
for all (fl, Enyuins 5,,,2) € E,, together with all their faces

conv ({n(i),egl,. .. 7657_2}) s

1 P !
T = TN forall (€6, ,6,m) €3,
together with its faces

U{ s(i+1;§1,...,fr72), conv({n(i+1),e£1,...,657,_2}), }

forall (&,...,&,_5) € Ep, together with all their faces

and

foralli, 1 <i<v-—1.

Proposition 9.3 (Second factorization).

Let (C" /G, [0]) = (X (Na, Ag) ,orb (09)) be the Gorenstein cyclic quotient singu-
larity of type (8.3) with [ satisfying condition (8.4). Then the birational resolution-

morphism f = fr can be expressed also as the composite of v = LrljJ toric

morphisms
Xo:= X (NgyAg) & X, &2 Xy e 2 x, & X, = X (NG,AG (T))
with
X; =X (NG, Ag (Tl’)) ,Vi, 0 <i <v-1,and T = trival triangulation, ¥, = T.
In particular,
X;11 = Norm [Bl?i (Xi)} Vi, 0<i<v—1,
for appropriate Ox, -ideal sheaves Z;, such that Z; = supp(Ox, / Z;), where
( orb () , if i=0

eitherv > 2,1 <i<v-—1,
and [ =1 mod (r — 1)

Z; = orb (pos ({n(i)aela . -aer—l})) , i
orv>3,1<i<v—2,
and [ = 0 mod (r — 1)
\ V (pos ({e1,e2,..-,er—11})) , if [=0mod(r—1) & i=v-1
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(Up to the above last case and the case in which v = 1, all Z;’s are endowed with
a non-reduced scheme structure).

Moreover, one has
X;41 2 Norm [Blg‘;ﬂwi) (X (N[i];Star (ei;ﬁc (s;)))) /Gi] :
with respect to the different lattice
N[l] = Zn(’) CZei®- - DZlep_1,

and the star of the cone

either 0 <¢ <v—1,
' and [ =1 mod (r — 1)
0; := pos ({n(’),el,...,er,l}), for all ¢ with
orv>2 0<i<v-—2,
and [ = 0 mod (r — 1)

where Gy = G and G; = (g;) denotes the cyclic group of analytic automorphisms
of
X (N[z]7 Star (9“ 3(} ((lz,))) =C

generated by
9i : C" 3 (21, 20) — (lei(rfl) 215 G i(ro1) T 21y fiﬁéfﬂg“l) 'Zr) eC.

The proof of 9.3 is an immediate generalization of that of the case in which r = 2
(see 7.2 (ii)), relies on a successive application of 3.6, and is left as an exercise to
the reader. (The only difference is that whenever r > 3 and | =0 mod(r — 1), we
also blow up the remaining 1-dimensional singular locus in the last step). Figures
12 (a) and (b) illustrate the triangulations inducing the factorization of f for the
singularities of type 1/6 (1,1,4) and 1/7 (1,1, 5), respectively.
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Fig. 12
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Remark 9.4. (i) Combining propositions 9.2 and 9.3 with corollary 3.4 one may
obtain alternative proofs of the projectivity of f = fs .

(ii) The proofs of 9.2 and 9.3 work after minor modifications even if one omits the
assumption for 7 to be basic.

Exercise 9.5. Under the assumption of prop. 9.2, determine a single Ox (ng,Aq)-
ideal sheaf Z, such that Sing(X (N¢,Aq)) = supp(Ox(ng,a6)/Z) and f = fr
itself is nothing but the normalized blow-up:

£+ Norm [BEy(x (v 20 (X (Ve Ag (T))] — X (Na, Ag) = C'/G

of X (Ng,Ag) (cf. thm. 3.10 and rem. 7.2 (iii)).

10. Further remarks and a conjecture

As we already saw in 7.8 (ii), in dimension three, besides % (1,1,1 — 2)’s there is
also another “new” Gorenstein, cyclic quotient singularity having a unique, pro-
jective, crepant resolution, namely % (1,2,4). This can be generalized in arbitrary
dimensions too!

Theorem 10.1. The cyclic Gorenstein quotient singularity of type

1
2r—1

(1,2,22,23,... 272 2r=1)

can be fully resolved by a torus-equivariant projective crepant morphism in all
dimensions r > 2. Moreover, up to isomorphism, this resolution is unique.

The proof of theorem 10.1 will be given in [12]. As you guess, the required trian-
gulation 7 will be the high-dimensional analogue of that of figure 9. The details
of the proof of the uniqueness of 7 and of the fact that it is indeed basic are
somewhat lengthy, and involve binary representations, explicit Hilbert-basis de-
termination and some tricks with determinants. The coherence of 7, on the other
hand, can be shown directly by using tools from the theory of polytopes, i.e., by
avoiding both patching lemma and factorization arguments.

Forgetting completely the uniqueness-property, we believe that this single singu-
larity is again nothing but “the first member” of an infinite family of Gorenstein
cyclic quotient singularities (10.1), called for simplicity r-dimensional geometric
progress singularity-series of ratio k (in notation: GPSS(r; k)), all of whose mem-
bers admit the desired resolutions.
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Conjecture 10.2 (GPSS(r; k)-Conjecture). All cyclic Gorenstein quotient sin-
gularities of type

-
F 1
E—1

admit torus-equivariant projective, crepant, full resolutions for all r > 4 and all
k> 2.

Lk, k2 k3, .. k"2 kL
( ) Ty ’ ’ ’ ’ ) (101)

Exercise 10.3. As a first approach to 10.2 (e.g. to GPSS(4; k)-conjecture), con-
sider the example % (1,3,9,27) (with £ = 3) and normalize the blow-up of
X (Ng,Ag) at orb(og) (equipped with the reduced structure). What kind of
triangulation of the junior tetrahedron s will be induced by this procedure ?
What would you expect as “next step” ? [Hint. Relate what you “see” with the
singularities being studied in [11].]
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