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1. Introduction

Smooth compact toric surfaces belong to the basics in the framework of toric
geometry. They are rational surfaces (i.e., of Kodaira dimension —oo) defined by
2-dimensional complete fans which are composed of basic cones, and can therefore
be studied by means of handy combinatorics (see [20, Theorem 1.28, pp. 42-43]).
Of course, unlike the smooth compact complex surfaces having Kodaira dimension
> 0, they do not possess uniquely determined minimal models. Nevertheless, the
set of their minimal models consists of the projective plane IP’(% together with the
Hirzebruch surfaces

FH = {([ZQ A ZQL[tl : tg]) € P% X P%: | thlf = thg}, K € ZZO’

for k #£ 1 (cf. [12], [10, §2.5], [20, §1.7]), and it is known how one can pass from one
minimal model to another by a finite succession of elementary transformations.
In contrast to this classical point of view, taking into account the fact that
the anti-Kodaira dimension of smooth compact toric surfaces is 2, and switching
to the so-called antiminimal and anticanonical models (in the sense of Sakai [22,
§7], [23, Appendix]), one obtains surfaces which are uniquely determined up to
isomorphism. However, since these models are mostly singular, in order to follow
this choice we need a more systematic study of singular compact toric surfaces.
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A graph-theoretic method of classifying (not necessarily smooth) compact
toric surfaces up to isomorphism (generalizing Oda’s graphs [20, pp. 44-46]) has
been proposed in [7, §5]: Two compact toric surfaces are isomorphic to each other if
and only if their vertex singly- and edge doubly-weighted circular graphs (WVE2C-
graphs, for short) are isomorphic (see below Theorem 4.4). In addition, by [21, The-
orem 4.3, pp. 398-399] the anticanonical models of smooth compact toric surfaces
have to be “log Del Pezzo surfaces”.

A compact complex surface X with at worst log terminal singularities, i.e.,
quotient singularities, is called log Del Pezzo surface if its anticanonical divisor
—Kx is a Q-Cartier ample divisor. The indez of such a surface is defined to be the
smallest positive integer ¢ for which —¢Kx is a Cartier divisor. The family of log
Del Pezzo surfaces of fixed index ¢ is known to be bounded (see Nikulin [17-19],
and Borisov [4, Theorem 2.1, p. 332])). The classification problem of log Del Pezzo
surfaces of index ¢ < 2 has been solved by Alexeev and Nikulin in [2] and [3]. (Other
related results for the case of index 2 are due to Kojima [14] and Nakayama [16].)
It is hard to expect a complete classification for higher indices in such generality.
On the other hand, as it is explained in [7, §6], there is a realistic hope to classify
the toric log Del Pezzo surfaces of given index £ > 3 up to isomorphism (based on
their special structure and on the possibility to work with the wvE2c-graphs or,
equivalently, with the associated LDP-polygons).

A first attempt to understand the combinatorial complexity of this prob-
lem includes naturally the investigation of the case in which the Picard number
p(Xa) := rank(Pic(Xa)) of surfaces X of this kind (associated to complete fans
A in R?) equals 1. In this case, Xa’s turn out to be weighted projective planes or
quotients thereof by a finite abelian group. Let us first recall what is known for
indices £ < 2:

Theorem 1.1. Up to isomorphism, there are exactly 5 toric log del Pezzo surfaces
with Picard number 1 and index £ = 1, namely

No. [ (@) (ii) (ii) (iv) (v)
Xa || P2 | P2/(z/32) | P2(1,1,2) | P2(1,1,2)/(Z/2Z) | P2(1,2,3)

whose WVE?C-graphs are illustrated in [7, Figure 8, p. 108].

Theorem 1.2. Up to isomorphism, there are exactly 7 toric log del Pezzo surfaces
with Picard number 1 and index £ = 2, namely

[No.|  Xa [ No. | Xa |
(i) | P2(1,1,4) | (v) | P2(1,2,3)/(Z/2Z)
(i) | P2(1,4,5) | (v) | PE(1,1,2)/(Z/4Z)
(i) | P2(1,3,8) | (vi) | P&(1,2,1)/(Z/4Z)

(vii) | P2(1,1,4)/(Z/3Z)

whose WVE2C-graphs are illustrated in [7, Figure 11, p. 111].
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In the present paper we extend these results also for index 3 by the following:

Theorem 1.3. Up to isomorphism, there are exactly 18 toric log del Pezzo surfaces
with Picard number 1 and index £ = 3, namely

| No. | Xa | No. | Xa |
(i) P%(1,1,3) (x) P%(1,5,9)

(i) P2(1,3,4) (xi) F2(1,2,9)

(iii) P%4(2,3,5) (xii) PZ4(1,2, )/(Z/SZ)

(iv) | PA(1,1,2)/(Z/37Z) | (xiii) | PA(1,1,2)/(Z/2Z) x (Z/37)
(v) P%(1,1,6) (xiv) P%(1,1,6)/(2/22)

(vi) P2(1,6,7) (xv) P2(1,4,15)

(vii) | PA(1,3,4)/(Z/2Z) | (xvi) IE”( 1,3)/(Z/5Z)
(vii) | PA(1,2,3)/(Z/37Z) | (xvii) P2(1,2,9)/(Z/27)

(ix) P2/(Z/97) (xviii) P2(1,1,6)/(Z/AZ)

whose WVE2C-graphs are illustrated below in Figure 3.

The paper is organized as follows: In Section 2 we focus on the properties
of the two non-negative, relatively prime integers p = p, and ¢ = ¢, which pa-
rametrize the 2-dimensional, rational, strongly convex polyhedral cones o, and
recall how they are involved in Hirzebruch’s minimal desingularization [13] of the
2-dimensional cyclic quotient singularities orb(c) € Spec(C[o¥ N Z?]) for ¢ > 1.
In Section 3 we give necessary and sufficient arithmetical conditions for the local
indices I = I, to be 1 or 3. Sections 4 and 5 are devoted to a detailed descrip-
tion of compact toric surfaces and of those which are log Del Pezzo surfaces. Some
key-lemmas of combinatorial nature concerning compact toric surfaces with Picard
number 1 are presented in Section 6. Based on the results of Section 3—Section 6
we explain how the classification method works in Section 7. The proof of Theo-
rem 1.3 (which is somewhat longer than that of 1.1 and 1.2) follows in four steps
(in Section 8-Section 11). The first three include the case by case determination
of all “amissible” of triples of pairs (p;,¢;),1 < i < 3, so that the induced toric
log Del Pezzo surfaces Xa with Picard number p(Xa) = 1 have index ¢ = 3. A
minimal set of pairwise non-isomorphic surfaces of this kind is sorted out in the
fourth step.

We use tools only from the classical toric geometry, adopting the standard
terminology from [9,10], and [20] (and mostly the notation introduced in [7]).

2. Two-dimensional toric singularities

Let 0 = R>on+R>on’ C R? be a 2-dimensional, rational, strongly convex polyhe-
dral cone. Without loss of generality we may assume that n = (7), n’ = (§) € Z2,
and that both n and n’ are primitive elements of Z2, i.e., ged(a,b) = 1 and
ged(e,d) = 1.
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Lemma 2.1. Consider k,\ € Z, such that ka — A\b = 1. If q := |ad — bc|, and p is
the unique integer with

0<p<gq and kc—Ad =p(mod q),
then ged(p, q) = 1, and there exists a primitive element n” = (;) € Z2, such that
n’ = pn +qn” and {n,n"} is a Z-basis of Z>.

Proof. We define ¢ := sign(ad — be) and write ke — Ad = vq + p, v € Z. Setting
g :=¢ek +vb and e := e\ + ya, we get

gc—ed=¢(kc—Ad) +v(bc —ad) = e (vqg+p) +v(—¢eq) =ep,
i.e.,, p=¢(gc— ed). On the other hand,

a e
det (b g) =ag—eb=c¢c(ka—Ab) =¢,

which means that n” is primitive, {n,n”} a Z-basis of Z, and (¢ ) = (% $)(4 ")
i.e., n' = pn + gn”, because
pa + ge = € (gca — eda) + € (ad — bc) e = ce (ga — be) = ¢

and
pb+qg = e (gcb — edb) + € (ad — bc) g = ed (ag — be) = d.
Since ged(p, ¢) divides both ¢ and d, and ged(c, d) = 1, we obtain ged(p,q) = 1. O

Lemma 2.2. There is a linear map ® : R? — R? ® (x) 1= Ex, with = € GLa(Z),

such that
B (0) = Roo( ) + Ro(?
o) = .
>0{ >o0{,
. e(d—bp) e(ap—c)
Proof. Tt it enough to define as = := ( q q ) O

—eb ea

Henceforth, we call o a (p, q)-cone. Denoting by U, := Spec(C[o¥ N Z?]) the
affine toric variety associated to o (by means of the monoid o¥ N Z?, where oV is
the dual of o) and by orb(c) the single point being fixed under the usual action of
the algebraic torus T := Homgz(Z?2, C*) on U,, it is easy to see that U, = C? only
if ¢ = 1. (In this case, o is said to be a basic cone.) On the other hand, whenever
q > 1 we have the following:

Proposition 2.3. orb(c) € U, is a cyclic quotient singularity. In particular,
Uo’ = C2/G = Spec((C[zl, ZQ]G) )

with G C GL(2,C) denoting the cyclic group G of order q which is generated by
diag(¢; 7, ) (¢q == exp(2mv/—1/q)) and acts on C* = Spec(C|z1, 22]) linearly and
effectively.

Proof. See [10, § 2.2, pp. 32-34] or [20, Proposition 1.24, p. 30]. O
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In fact, U, is the toric variety Xa_ defined by the fan
A, := {0 together with its faces},

and by Proposition 2.4 these two numbers p = p, and ¢ = g, parametrize uniquely
the isomorphism class of the germ (U,, orb (¢)), up to replacement of p by its
socius p (which corresponds just to the interchange of the coordinates). [The socius
p of p is defined to be the uniquely determined integer, so that 0 < p < g,
ged(p,q) =1, and pp = 1(mod gq).]
Proposition 2.4. Let 0,7 C R? be two 2-dimensional, rational, stronly convex poly-
hedral cones. Then the following conditions are equivalent:
(i) There is a T-equivariant isomorphism U, = U, mapping orb(c) onto orb(r).
(ii) There exists a linear map ® : R? — R?, ® (x) := =x, with = € GLy(%Z),
such that ® (o) = 7.
(iii) For the numbers py, pr, qo, qr associated to o,7 (by Lemma 2.1) we have

qr = 4o and either p; = p, or p; = ﬁa'

Proof. For the equivalence (1)< (ii) see Ewald [9, Ch. VI, Thm. 2.11, pp. 222-223].
For proving (ii)<(iii) we may w.l.0.g. consider (by virtue of Lemma 2.2) the cones

1 - 1 T
7:=Rxg +R>o p and T:=R>g +Rxo b
0 4o O qr

instead of o, 7.
(ii)=(iii): If there is a linear map ® : R? — R2, & (x) := Zx, with = €
GL2(Z), such that ® (5) =7, then either

*((0)) =) = 2(()=()
*((o) = () a2 ()= 0):

_ 1 prq;pa _ pr l—z;g pPr
== or == 4 .
O qr q _ Po qr
90 T 4o

In the first case det(Z) has to be equal to 1, which means that ¢, = ¢, and
pr — po =0 (mod ¢,), i.e., pr = ps (because 0 < p,, pr < g» = ¢-). In the second
case, det(Z) = —1; hence, ¢, = ¢, and 1 — p, pr =0 (mod ¢,), i.e., pr = Do

(iii)=-(ii): If ¢» = ¢, and p, = p,, we define ® := idge. Otherwise, ¢, = ¢,
and p, = p,, and

1—po pr
D (x) := br 9o " , v 1) e r? ,
o —Po T2 X2

is an R-vector space isomorphism with the desired property. O

or

Thus, either
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To construct the minimal desingularization of U, for a (p, ¢)-cone
o =Rson+Rson’ CR?  (with ¢ > 1)

we consider the negative-regular continued fraction expansion of

q 1
H:[[bhb27.”’b3]]::bl_b2— 1 ’

1
bs—l b,

and define up := n, u; := £((¢ — p)n+n’), and lattice points {u; [2<j <s+1}

q
by the formulae
U1 = bjuj—uj,l, Vj € {1,...,8}.

It is easy to see that us41 = n’, and that the integers b; are > 2, for all indices
j€{l,...,s}. Next, we subdivide o into s + 1 smaller basic cones by introducing
new rays passing through the points uy, ..., us.

Theorem 2.5 (Toric version of Hirzebruch’s desingularization). The refinement
A, = {{Rsou; + Rspujq1 | 0<j<s} together with their faces}

of A, := {otogether with its faces} consists of basic cones, is the coarsest refine-
ment of A, with this property, and induces the minimal T-equivariant resolution
Xﬁa — Xa, = U, of the singular point orb(c). Moreover, the exceptional divisor
is B = ijlEj, having

Ej:= orbz (R>ou;) (¥ PY), Vie{l,...,s},

(i.e., the closures of the T-orbits of the new rays w.r.t. Eg) as its components,
with self-intersection number (E;)? = —b;.

Proof. See Hirzebruch [13, pp. 15-20] who constructs Xz by resolving the unique
singularity lying over 0 € C? in the normalization of the hypersurface

{(21722723) S (C3| 2(11 —ZQZg_p = 0}’

and Oda [20, pp. 24-30] for a proof which uses only the tools of toric geometry. O

3. Local indices

Let 0 C R? be a (p, q)-cone. We define the local index | = I, of o to be the positive
integer

| 1, if ¢g=1, (3.1)
| min{ k€ N| kK(E) is a Cartier divisor}, if ¢>1, ’
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where K (E) denotes the local canonical divisor of Xz at orb(c) (in the sense
of [7, p. 75]) w.r.t. the minimal resolution X5 — Xa, of orb(c) constructed in
Theorem 2.5. It can be shown that
q
ged(q,p— 1)
cf. [7, Note 3.19, p. 89, and Prop. 4.4, pp. 94-95], and that the self-intersection
number of K(E) equals

(3.2)

K(E)? = — 2_(:% + i(bj —9), (3.3)

j=1
cf. [7, Corollary 4.6, p. 96]. For the proof of Theorem 1.3 we need to know under
which restrictions on p and ¢ we have [ € {1, 3}.

Lemma 3.1. If o C R? is a (p, q)-cone, then

either p=0 and q¢q=1,

or p=1 and q>2, (3.4)

=1« {

Proof. By (3.2),1 =1 < ¢ = ged(q,q — p + 1), and therefore ¢ | p — 1. Since
p—1<p<gq, pand g satisfy conditions (3.4). O

Lemma 3.2. If o C R? is a (p,q)-cone, then

- either (p,q) € A,
=3+ {Or (p.q) € B, (3.5)
where
A:={(p,q) eNxN| ¢=3(p—1), p>2, 3{p},
and

3
Bi={ () €N XN | = S(p-1), podd 25, 34p}.

Moreover, if (p,q) € A and (p',q) € B, then
p’ = P (= the socius of p) <= pp’ = 1(mod ¢) <= ¢ = 0(mod 9) .

Proof. | = 3 means that ¢ = 3m, where m := ged(q,p—1). Write p—1 = am. Since
1 < p < g, we have a € {1,2}. Since ged(p,g) = 1, in the case in which a = 1, we
get ged(3m,m+1) =1 <= ged(3,p) =1 < 31p, i.e. (p,q) € A, whereas in the
case in which a = 2, we get ged(3m,2m + 1) =1 < gcd(3,p) =1 <= 31 p, and
p odd > 5, i.e. (p,q) € B. Hence, (3.5) is true. The last assertion can be verified
easily. ([

Note 3.3. It is worthwhile to take a closer look at the sets A and B, and to the
corresponding negative-regular continued fraction expansions.
Set A :

pl2[4[5 ] 7[8]10]11]13]14][16]17]- |
q[3]9]12[18[21[27[30]36[39]45[48]--- ]

|
|
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e First case: Whenever we have p = p and

3, if p=2, ¢=3,

qa [2,4,2], if p=5, ¢g=12,

q—p 2,3, 2,...,2 ,3,2], if p>8, ¢g>21.
——

( ‘7;—3 —2) -times

e Second case: Whenever we have p=2p — 1 and

[2,5], if p=4, ¢=9
4 ! [2,3 2.2 .4, if p>7, ¢>18.
q—p AL
(g 72) -times

Set B :
(p[5[ 7111517192325 2951 [35] -]
[q[6]9]15][18[24]27[33]36[42]45][51]-- ]

e First case: Whenever we have p = p and
6, if p=5, ¢=6
—— =< [4, 2,...,2 4], if p>11, ¢=>15.
——

(‘19;5 —1) -times

e Second case: Whenever we have p= %(p+ 1) and
[5,2], if p=7, ¢q=09,
- = [[47 27"'72 73a2]]a if p2137 QZ18
——
(%—2)—times

These continued fraction expansions will be useful in what follows in Section 7.

4. Compact toric surfaces

Every compact toric surface is a 2-dimensional toric variety Xa associated to a
complete fan A in R?, ie., a fan having 2-dimensional cones as maximal cones
and whose support |A| is the entire R? (see [20, Theorem 1.11, p. 16]). Consider
a complete fan A in R? and suppose that

0; :Rzoni+R20ni+1, 1€ {17...,V}7 (41)
are its 2-dimensional cones (with v > 3 and n; primitive for all ¢ € {1,...,v}),
enumerated in such a way that nq,...,n, go anticlockwise around the origin ex-

actly once in this order (under the usual convention: n, 1 := ny, ng := n, ). Since
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A is simplicial, the Picard number p(Xa) of XA (i.e., the rank of its Picard group
Pic(Xa)) equals
p(Xa)=v -2, (4.2)

(see [10, p. 65]). Now suppose that o; is a (p;, g;)-cone for all ¢ € {1,...,v} and
introduce the notation

In={ie{l,....v} | >1}, Ja:={ie{l,....v}|q=1}, (4.3)
to separate the indices corresponding to non-basic from those corresponding to
basic cones. By [20, Theorem 1.10, p. 15] the singular locus of X equals

Sing(Xa) = {orb(o;)| i € In},

and its subset

{orb(oy)| i € In}, with [a:={i€Ia|p;=1}, (4.4)
constitutes the set of the Gorenstein singularities of Xa. For all i € In write
G () () (4)
—— =[b; ", by, ..., (4.5)
p— [61", b5 /1

and, in accordance with what is already mentioned for a single 2-dimensional non-
basic cone in Section 2, define

i i 1
ug) =n;, ug) = f((%‘ —pi)n; + ni+1) )
and
uﬁl = b;l)uy) - ug-l)l , Vje{l,...,;s;} (with ug?-u =n;1).

By construction, the proper birational map f : X3 — X induced by the refine-
ment

the cones {o; | i € Ja} and
A= {Rzoug,z’) +Rsoul?, ‘ icln, je {0,1,...,3i}}, ,
together with their faces
of the fan A is the minimal desingularization of X . Defining
EY = orbx(Rxpul’), Vieln and Vje{l,2,...,s},
C; == orbz (R>on;), vie{l,2,...,v},

one observes that C; is the strict transform of C; := orba(R>on;) wr.t. f,
(i) ._ = (4)
O 5
j=1
the exceptional divisor replacing orb(c;) via f (with (EJ@)2 = —bg»i), Vi € In and
Vie{l,2,...,s;}), and
Kx, —["Kx,= », 6 K(EY) (4.6)

iEIA\fA
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the discrepancy divisor w.r.t. f. (By Kx,, K x, we denote the canonical divisors

of XA and X3, respectively.)
Proposition 4.1. The Picard number of X5 equals
p(Xz) =Y si+(v-2)=10-K3, — > K(ED)?
i€la i€la~Ia
Proof. The first equality follows from (4.2) and from the fact that
p(Xz) = p(Xa) + #{exceptional prime divisors w.r.t. f}.
(4.6) implies
K%, =Kx,+ >, KEY)?.
ieIa~ta

Substituting this expression for K2 A into Noether’s formula

K)z(A =10 - p(XZ) )

we obtain the second equality of (4.7).

Definition 4.2 (The additional characteristic numbers r;). For every i € {1,...

we introduce integers r; uniquely determined by the conditions:

ul TV +d? i ey,
rin; = n1(;'7_11;’— ugz) s if i€ Ig,
u;,Fl +n;41, if i€ J/A s
n,_i+n;, if ieJy,
where
In:={i€la| g1>1}, Ix:={i€lal ¢-1=1},
and

J’AZ:{Z'GJA|(]Z;1>1}, JXZ:{Z'GJA|(]Z',1:1},
with I, Ja as in (4.3).

(4.8)

By [7, Lemma 4.3], for i € {1,...,v}, —r; is nothing but the self-intersection

—2 . — . .
number C; of the strict transform C; of C; w.r.t. f. The triples (p;,qi,74), ¢ €

{1,2,...,v}, are used to define the WvE2C-graph ®a.

Definition 4.3. A circular graph is a plane graph whose vertices are points on a
circle and whose edges are the corresponding arcs (on this circle, each of which
connects two consecutive vertices). We say that a circular graph & is Z-weighted
at its vertices and double Z-weighted at its edges (and call it WVE2C-graph, for

short) if it is accompanied by two maps

{Vertices of &} —— Z, {Edges of &} — Z?,
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assigning to each vertex an integer and to each edge a pair of integers, respectively.
To every complete fan A in R? (as described above) we associate an anticlockwise
directed WvE2C-graph B with

{Vertices of &a} = {vi,...,v,} and {Edgesof &a} ={v1vs,...,V,Vi},
(Vg1 := v1), by defining its “weights” as follows:
Vir— =1, Vivig—— (pi,q), Vie{l,...,v}.

The reverse graph &%V of & is the directed WvE2C-graph which is obtained by
changing the double weight (p;,¢;) of the edge V;v;11 into (pi, ;) and reversing
the initial anticlockwise direction of A into clockwise direction (see Figure 1).

(P2, 92)

FIGURE 1.

Theorem 4.4 (Classification up to isomorphism). Let A, A’ be two complete fans
in R2. Then the following conditions are equivalent:

(i) The compact toric surfaces Xa and Xa: are isomorphic.

11 1 % gi rev
(ii) Either Bar = Ga or Gar = BRV.

gr.

Here “27” indicates graph-theoretic isomorphism (i.e., a bijection between
the sets of vertices which preserves the corresponding weights). For further details
and for the proof of Theorem 4.4 the reader is referred to [7, §5].

5. Toric log Del Pezzo surfaces

Let XA be a compact toric surface defined by a complete fan A in R? having (4.1)
as its 2-dimensional cones. (Throughout this section we maintain the notation
introduced in Section 4.) It is known that Xa is a log Del Pezzo surface if and
only if the minimal generators ny,...,n, of the rays of A are vertices of a lattice
polygon Qa (cf. [7, Remark 6.7, p. 107]).
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Definition 5.1. A polygon Q C R? is called LDP-polygon if it contains the origin
in its interior, and its vertices are primitive elements of Z2.

In fact, there is a one-to-one correspondence

isomorphism classes lattice-equivalence
of toric log Del Pezzo » 3 [Xa] — [Qa] € classes
surfaces of LDP-polygons

Indeed, if XA & X/, then by Theorem 4.4 there exists a unimodular trasformation
® : R? — R? with ®(Qa) = Qas. The inverse of the above correspondence is
given by mapping the lattice-equivalence class [@] of any LDP-polygon @ onto
[X AQ} , where

Aq = { the cones R>oF together with their faces | F € F(Q)},
and F(Q) := {facets (edges) of Q}. (If Q is an LDP-polygon,
d:R? —R? ®&(x):=E=x, VxcR? with = CGlLyZ),

Ir.

and Q' := ®(Q), then A, & &a, whenever det(Z) = 1, and S, XZ;
whenever det(Z) = —1.)

Therefore, the classification of toric log Del Pezzo surfaces (up to isomor-
phism) is equivalent to the classification of LDP-polygons (up to unimodular trans-
formations). Since the number of lattice-equivalence classes of LDP-polygons Qa
for all those Xa’s having fized index ¢ (with ¢ as defined in Section 1) is finite,
as it follows from results appearing in [1,5,11] and [15], it is reasonable (for any
systematic approach to the classification problem) to focus on ¢. By (3.1), (3.2),
(4.4) and (4.6) we obtain:

IR%E

Lemma 5.2. The index ¢ of a toric log Del Pezzo surface Xa equals
/= lcm{ll| iEIA} (:lcm{ll| iEIA\fA}), if IA#Q,
1, if In=9,
where l; = 15, is the local index of o; (cf. (3.2)).

(5.1)

Remark 5.3. In geometric terms, ¢ = min{ k € N|kQ?} is a lattice polygon}, where
QA denotes the polar of the polygon Qa. In other words, ¢ equals the least common
multiple of the (smallest) denominators of the (rational) coordinates of the vertices
of Q4. Moreover, for ¢ > 2, v = #{vertices of Qa} < 4¢ + 1 (see [8, Lemma 3.1]).

Proposition 5.4. For any toric log Del Pezzo surface Xa of index £ > 1 the fol-
lowing inequality holds:

; 1
Z 5 <12 — Z K(EW)? — (1 + g) v. (5.2)
1€la i€la~NIa
Proof. (5.2) follows from (4.7) and K%, > % (see [8, proof of Lemma 3.2]). O

An additional necessary condition for a compact toric surface Xa to be log
Del Pezzo is dictated by the convexity of the necessarily existing LDP-polygon Qa:
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Proposition 5.5. For any toric log Del Pezzo surface Xa of index £ > 2 we have
Sa<| 2 (1-2)a| - (w-ts) +5. (5.3)
~ . l;
i€la i€la~Ia
Proof. Since
ﬁ(int(conv({ni,ni+1}) ﬂZ2)> = ged(qi,pi—1)—1, Vie{l,...,v},

we obtain
10QANZ?) = v+ Z ﬁ(int(conv({m7 ni1}) HZQ)) = Z ged(gi, pi—1). (5.4)
i=1 i=1

(9, int, and conv are used as abbreviations for boundary, interior, and convex hull,
respectively.) Furthermore, since

area(Qa) = Zarea(conv({O,ni,niH})) = % (Z qi> ,

i=1

using Pick’s formula (cf. [10, p. 113], [20, p. 101]):

HQa N7Z%) = area(@a) + 5H0Qa NZ2) +1,

we get
: 1<
ﬁ(lnt(QA) n ZQ) =5 (Z (qi —ged(qi, pi — 1))) +1. (5.5)
i=1
Finally, since ¢ > 2, Scott’s inequality [24] can be written as
1(0Qa NZ%) < 24(int(Qa) NZ*) + 7. (5.6)

By (5.4), (5.5), (5.6) and (3.2) we infer that
(2
S (F-1)uss.
i=1 N\

which can be rewritten (by keeping the involved ¢;’s with non-negative coefficients)
in the form (5.3). O

6. Compact toric surfaces with Picard number 1

By virtue of (4.2) the compact toric surfaces with Picard number 1 are defined
by complete fans A in R? with exactly three 2-dimensional cones. Let A be a
complete fan of this kind and

o1 =Rson; +R>onz, o2 =R>ons +Ryons, o3 =R>onz+Rsen;, (6.1)
be its 2-dimensional cones, with n; primitive and o; a (p;, ¢;)-cone for i € {1,2,3}.

Lemma 6.1. XA is isomorphic to the quotient space P%(q1,q2,q3)/Ha, where Ha
is a finite abelian group of order ged(q1, q2,qs).
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Proof. Since ¢; = |det(n;, n;41)| for i € {1,2,3}, using Cramer’s rule we obtain
qin3 + g2ny +gsng = 0.

By [6, Proposition 4.7, p. 224] we have Xa = PZ(q1,q2,q3)/Ha, where Ha is a
group isomorphic to Z?/(®3_,Zn;). By

|Ha| = #({fundamental perallelepiped of @®7_; Zn;} NZ?) = det(d)_,Zn;),
and the fact that det(®3_,Zn;) = ged(q1, g2, q3), the assertion is true. O

Since we are interested in describing Xa up to isomorphism (cf. Lemma 2.2
and Theorem 4.4) we may henceforth assume, without loss of generality, that
n; = ((1)) and ny = @1) As all cones of A are strongly convex, ng belongs (as
shown in Figure 2) necessarily to the set

()

qlx<y<0}.
P1

FIGURE 2.

Lemma 6.2. We have

ng = <_(CI2 +P1(J3)/(J1) , (6.2)

—43
and therefore q1 | g2 + p1gs and ged((q2 + p1gs)/q1,q3) = 1. Moreover,
Q192 | 192 + p2q1 + g3, (6.3)
and
143 | 193 +P3q1 + 2 - (6.4)

Proof. We use Lemma 2.2. Since o9 is a (pa,g2)-cone and o3 is a (ps, g3)-cone,
setting n3 = (z), we have

[det (y &) = g2,

:> —_ = — . 6.5
(z) < M } QT —py g2 (6.5)
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on the one hand, and
jdet (50)] = as,
- Y= —qs,
(5) € M
y
on the other. Hence, (6.5) gives z = —q%(q2 + p1g3). Moreover, by the definition
of py there exists an integer A\ such that
pip1— A =1.
This means that
. 1
p1 <—q1(qQ +p1Q3)> = A(—g3) = p2(mod g2),
i.e., there is a pu € Z with ugs = ps + qil(ﬁl (g2 + p1g3) — Agzq1). Consequently,

pq1g2 = P1g2 + @3(P1p1 — Aq1) + p2q1 = P1ge + p2q1 + g3,

u € N, and the divisibility condition (6.3) is true. Next, by Lemma 2.2 there is a
smallmatrix (¢ %) € GLy(Z) such that () (z) =(})and (28)()) = (22)7 ie.,
a=ps, ¢=gqs, and

BT+ =qgr—03=0=0=u0,

= — :1 A~
s+ by = ps —bgs }=>x:pg—mq3, for some k € N.

x <0
By (6.5),
@1z —p1y = q1 (P3 — K£g3) + p1gs = —q2 = Kq1G3 = P1g3 + P3q1 + G2,
leading to the divisibility condition (6.4). O

The converse is also true.

Lemma 6.3. Given a triple of pairs {(pi,q:;)|1 <i < 3} of non-negative integers
with p; < q; and ged(pi, ;) =1 fori € {1,2,3}, and such that
192 | P1g2 +p2q1 + g3 and  qiqs | p1gs + P3q1 + g2,

the 2-dimensional cones

1 _
01 :R>0< ) +R>O<pl> 5 () :RZO <p1> +R>0( (q2+p1qg)/(h) ,
0 « ' —qs3
- 1
and o3 =R>o< (42 +p1q3)/q1) +R>o< >

—q3 0
(written by means of their minimal generators) compose, together with their faces,
a complete fan in R? and o; is a (p;, q;)-cone, fori € {1,2,3}.
Proof. Obviously, oy is a (p1, g1)-cone and

det <p1 —(g2 +p1Q3)/Q1> — ¢, det (—(QQ +p1as)/ 1) .
Qn —q3 —q3 0
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Furthermore,

—(q2 +p1Q3)/Q1> c ZQ,

@1q3 | P1g3 +DP3q1 + @2 = 1 | @2 + 1z = ( a3
and setting  := ged(ge + p1¢s, ¢193) we obtain

0| pigs +D3q1 + g2 = 9 | psqn = J | D3p3qa -

Since there exists an integer v with p3ps — vq3 = 1, we have

Sl (vas+ 1)@ }
e ) .
0| @3q1 = 0 | vqzqn |

This divisibility condition is equivalent to: ged (qi1 (g2+p193),q3) = 1, and therefore

(7(q2+_p;f?’)/q1) is primitive. On the other hand,

01q2 | P1g2 +p2qy + g3 = Ip €N pg1g2 = prgz + p2g1 + g3 -
Since there exists an integer A with p1p; — Ag1 = 1, and
1q192 = P12 + q3(P1p1 — Aq1) + P2
R 1
= D1 (-q(é& +p1Q3)) — A(—g3) = p2(mod ¢2) ,
1

09 is a (p2, g2)-cone. Finally,

0143 | p1a3 +P3q1 + @2 = Ik € N: Kkqigs = prgzs + D31 + @2, i.e.,

~ 1
@1 (D3 — Kg3) +P1gs = —2 =1 <ql(lI2 +p1Q3)> + p1gs3

1 ~
== *a(% +p1g3) = D3 — kg3,
(ps o (paps — 1) — HP3> (—qll(fh +P1Q3)) _ (1>
q3 D3 — kg3 —qs3 0/’
(ps o (p3ps — 1) — ffps) <1) _ <;D3>
q3 D3 — Kq3 0 q3

Hence, as it is explained in the proof of Proposition 2.4, the cone o3 has to be a
(ps, g3)-cone. O

giving

and

Lemma 6.4. Every compact toric surface Xa having Picard number p(Xa) =1 is
a log Del Pezzo surface.

Proof. If XA is a compact toric surface with p(Xa) = 1, then the minimal gen-
erators nj, ng, ng of the tree cones (6.1) of A have to be in general position be-
cause the cones are strongly convex. Hence, conv({ni,ns,nz}) has to be an LDP-
triangle. O
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Note 6.5. Compact toric surfaces Xa having Picard number p(Xa) > 2 are not
always log Del Pezzo surfaces. For instance, the smooth compact surfaces X with
p(Xa) = 2 are the Hirzebruch surfaces F,;, k > 0 (cf. [20, Corollary 1.29, p. 45]);
among them, only Fy & P} x PL and F; (i.e., a PZ blown up at one point) are
Del Pezzo surfaces (see [20, Proposition 2.21, p. 88] or [9, Theorem V.8.2, p. 192]).
The geometric reason for that is actually very simple: Since F,, can be viewed as

the toric surface associated to the fan having ((1)), ((1)), (_01) and (;1) as minimal

generators of its rays, setting T := conv({((l)), (_01), (_Hl)}) we see that ((1)) SoM N
for k =2, and ((1)) € int(T) for k > 3.

7. Classification strategy for p(X,) =1 and ¢ =3
Definition 7.1. We call a triple of pairs
{(piai) eZ?|1<i <3}, 0<pi<uq,
with ng(pia%') = ]-7 Vi e {132a3}v (71)

admissible whenever it satisfies both divisibility conditions

’ 0192 | P1g2 + P21 + g3 ‘ (7.2)

and

’ q193 | p1gs + DP3q1 + @2 ‘ (7.3)

To classify all toric log Del Pezzo surfaces XA having Picard number 1 and
index ¢ = 3 up to isomorphism it suffices (by Lemmas 6.2, 6.3, and 6.4, and
Theorem 4.4) to determine all admissible triples of pairs, and consequently the
fans A having

o1 =Ryon; +Ryonz, 02 =Ryonz +Ryonz, o3 =Ryon3z +Ryony,
as 2-dimensional cones, with n; = (é),ng = (5;)7 ns = (—(q2+_p;;13)/q1
generators, and Qa = conv({nj,ns,n3}) as their LDP-polygons, so that

I =1, €{1,3}, Vie{l,23},
and [ =3 for at least one k € {1,2,3}, (7.4)

) as minimal

(see (5.1)). From now on we may assume w.l.o.g that Iy = 3. We also keep in mind
the two auxiliary conditions

s1+s2+s3 < =) K(E®)2 +38 (7.5)

iEIA\fA

(where, for our convenience, we set s; := 0 for i € Ja, cf. (4.3)), and

Ziequi S %Zie[A\fAQi + Ij(IA) +95 (76)
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(following from (5.2) and (5.3), respectively, for v = ¢ = 3) which have to be
satisfied because of Lemma 6.4. By assumption, each pair (p;,¢;) (belonging to
a triple (7.1) which will be considered as “candidate” for being admissible) is
necessarily of a specific type. All possible types are determined by conditions (7.4),
(3.4) and (3.5), and are listed in Table 1. (Since Iy = 3, (p1,4q1) can be of type
1,2,3,40r5.)

TABLE 1.
[ Types | i | b [ o [ s | K@)
1 2 2 3 1 %
2 3 +2 pi 9 +3 | &+ 2 %
3 3¢ +1 2p; — 1 (=6& +1) 9¢: &G+1 2
4 6 +5 Di 9 +6 | &+1 %
5 65 +1| L(pi+1) (=36+1) 9¢; &+ 1 2
6 1 1 >2 | g—1 0
7 0 0 1 0 —

Here, &; denotes an integer which is positive for types 2, 3 and 5, and non-
negative for type 4. (In particular, the entries of the last two columns are com-
puted by the continued fraction expansions mentioned in Note 3.3 and by the
formula (3.3).) Although the pairs (p;, ¢;) of type 2 (resp., of type 3,4,5 or 6) are
infinitely many, conditions (7.2), (7.3), (7.5) and (7.6) force the testable triples of
pairs (7.1) to be admissible only in finitely many cases.

Note 7.2. If orb(os) is a non-Gorenstein singularity, then (7.2) implies

’ D192 + p2q1 + q3lg =0 ‘ (7.7)

(where [t], denotes the remainder in the division of a t € Z by 9) because 3 | ¢; and
3| g2. Analogously, if orb(os) is a non-Gorenstein singularity, then (7.3) implies

’ [P1g3 + DP3q1 + g2 = 0. ‘ (7.8)

These weaker, necessary conditions (7.7) and (7.8) turn out to be very useful in
proving that several triples of pairs (7.1) are not admissible.

The proof of Theorem 1.3 will follow in four steps:
» Step 1: We determine which of the triples of pairs (7.1) corresponding to the 125
(= 5?) possible type combinations (a1, asz, az), with a1, ag, a3 € {1,2,3,4,5}, are
admissible, i.e., those Xa’s with exactly three non-Gorenstein singularities.
» Step 2: We determine which of the triples of pairs (7.1) corresponding to the
100 (= 2-(5%-2)) type combinations (a1, as, a3), with oy € {1,2,3,4,5} and

(az,a3) € ({1,2,3,4,5} x {6,7}) U ({6,7} x {1,2,3,4,5}),

are admissible, i.e., those Xa’s with exactly two non-Gorenstein singularities.
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» Step 3: We do the same for the triples of pairs (7.1) corresponding to the 20
type combinations (aq, ag, as), with ag € {1,2,8,4,5} and as, a3 € {6,7}, i.e.,
for those Xa’s with exactly one non-Gorenstein singularity.

» Step 4: We find out the WvE2C-graphs &a for those Xa’s determined in steps
1-3, and then, using Theorem 4.4, we pick out a suitable, minimal set of repre-
sentatives of Xa’s all of whose members are pairwise non-isomorphic. Finally, we
identify the chosen Xa’s with weighted projective planes or quotients thereof by
applying Lemma 6.1.

8. Proof of Theorem 1.3: Step 1

Lemma 8.1. Among the 125 possible combinations (a1, s, as) of types of triples
of pairs (7.1), with oy, s, a3 € {1,2,3,4,5}, there are only 32 satisfying simul-
taneously conditions (7.7) and (7.8); namely,

(173’ 4)7 (1’47 5)’ (2’ 374)7 (2747 5)7

(3,3,3), (3,3,5), (3,5,5), (5,5,5

~—

b

together with their permutations.

Proof. By Table 2 there are 38 combinations (a1, e, as) of types of triples (7.1),
with aq, a9, a3 € {1,2,3,4,5}, satisfying condition (7.7).

TABLE 2.
Case 1] (a1] [pa] lazlo | (Praz +paarly | () IS true
9 1lo p2lg q2jg pP1g2 P241]9 only if
(1,1, a3) 2 3 2 3 3 az =4
(1,2, a3) 2 3 € {2,5,8 3 3 a3 =4
(1,3, as) 2 3 € {1,4,7 0 3 as =4
(1,4, as) 2 3 € {2,5,8 6 0 a3 € {3,5})
(1,5, a3) 2 3 c{1,4,7 0 3 as =4
(2,1,a3) | €{2,5,8 3 2 3 3 as =4
(2,2,a3) | €{2,5,8 3 €1{2,5,8 3 3 as =4
(2,3,a3) | €1{2,5,8 3 €1{1,4,7 0 3 as = 4
(2,4,a3) | €1{2,5,8 3 c€{2,5,8 6 0 a3 € {3,5]
(2,5,a3) | €{2,5,8 3 c{1,4,7 0 3 as =4
(3,1, a3) | €{1,4,7 0 2 3 3 as =4
(3,2,a3) | €{1,4,7 0 c{2,5,8 3 3 as =4
(3,3,a3) | €{1,4,7 0 c{1,4,7 0 0 a3z € {3,5
(3,4, a3) | €{1,4,7 0 €1{2,5,8 6 6 az € {1,2
(3,5,a3) | €{1,4,7 0 €1{1,4,7 0 0 a3 € {3,5
(4,1,03) | €{2,5,8 6 2 3 0 as € {3,5
(4,2,a3) | €{2,5,8 6 € {2,5,87) 3 0 a3 € {3,5
(4,3,a3) | €{2,5,8 6 c{1,4,7} 0 6 az € {1,2
(4,4,a3) | €1{2,5,8 6 € {2,5,8} 6 6 az € {1,2
(4,5,a3) | €1{2,5,8 6 c{1,4,7} 0 6 a3 € {1,2
(5,1,a3) | €{1,4,7 0 2 3 3 az =4
(5,2,a3) | €{1,4,7 0 € {2,5,8 3 3 as = 4
(5,3,a3) | € {1,4,7 0 c{1,4,7 0 0 a3 € {3,5
(5,4, a3) | €{1,4,7 0 c{2,5,8 6 6 asz € {1,2
(5,5,a3) | € {1,4,7 0 € {1,4,7 0 0 a3 € {3,5
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TABLE 3.

| cme | il lalo | aly | sy | mras+maaly | O I
(1,a2,1) 2 3 2 3 3 ag =4
(T,a2,2) 2 3 €1{2,5,8 3 3 as =4
(I,a2,3) 2 3 €1{1,4,7 0 3 as =4
(T,a2,4) 2 3 €1{2,5,8 6 0 as € {3,5)
(1,a2,5) 2 3 €{1,4,7 0 3 az =4
(2,02,1) | €{2,5,8 3 2 3 3 as =4
(2,02,2) | €1{2,5,8 3 €{2,5,8 3 3 an =4
(2,02,8) | €{2,5,8 3 € {1,4,7 0 3 as =4
(2,00,4) | €1{2,5,8 3 €1{2,5,8 6 0 oz € {3,5)
(2,02,5) | €{2,5,8 3 €1{1,4,7 0 3 ag =4
(3,a2,1) | €{1,4,7 0 2 3 3 an =4
(3,02,2) | €1{1,4,7 0 €12,5,8 3 3 an =4
(3,02,8) | € {1,4,7 0 €1{1,4,7 0 0 as €{3,5
(3,00,4) | €{1,4,7 0 €1{2,5,8 6 6 as € {1,2
(3,00,5) | € {1,4,7 0 € {1,4,7 0 0 as € {3,5
(4,00,1) | €1{2,5,8 6 2 3 0 as € {3,5
(4,02,2) | €1{2,5,8 6 €1{2,5,8 3 0 as € {3,5
(4,02,3) | €{2,5,8 6 c{1,4,7 0 6 as € {1,2
(@,00,4) | €12,5,8 6 €1{2,5,8 4 4 as € {1,2
(4,02,5) | €{2,5,8 6 €1{1,4,7 0 6 as € {1,2
(B,00,1) | €{1,4,7 0 2 3 3 as =
(5,00,2) | € {1,4,7 0 €1{2,5,8 3 3 Qs =
(5,02,8) | € {1,4,7 0 €{1,4,7 0 0 as € {3,5
(5,00,4) | € {1,4,7 0 €1{2,5,8 6 6 as € {1,2
(5,02,5) | €4{1,4,7 0 c{1,4,7 0 0 as € {3,5

Correspondingly, Table 3 shows that there are 38 combinations (aq, as, ar3)
of types of triples (7.1), with oy, a9, a3 € {1,2,3,4,5}, satisfying condition (7.8).
Obviously, the combinations (a1, aa, a3) of types of triples of pairs (7.1), with
aq, 0, a3 € {1,2,3,4,5}, satisfying both (7.7) and (7.8), are the 32 combinations

given in the statement of lemma.

O

Lemma 8.2. There are no admissible triples of pairs (7.1) among those correspond-
ing to the 125 type combinations (a1, ag, as) with a1, as, a3 € {1,2,3,4,5}.

Sketch of proof. First, we express the triples of pairs {(p;,¢;) € ZQ} 1<i<3}
corresponding to the 32 type combinations (a1, a2, as) found in Lemma 8.1 in

terms of &; for ¢ € {1,2,3} as in Table 1. Setting

A= {({1,52,53) YA

for j € {1,2,3},

Aj i = {(51752753) YA

for j,k € {1,2,3}, j # k, and
Bi={ (&,6,8) €2 |G+ &+ 86 <11, &,6,8 > 1},

we explain what condition (7.5) means for each of these 32 cases in Table 4.

and £, >1,

§1+&+&§ <10, § >0, }

and &, >1,

Vk € {1,2, 3} {j}

§1+§2+§3§105 5]:055k207 }
Ve {1,2,33\{j,k} [’
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TABLE 4.

| Case [ Condition (7.5) | Case | Condition (7.5) |

(£1,62,83) €13 | (4,1,3) | (£1,62,83) € Az
(€1,82,83) €A1 2 | (4,1,5) | (€1,62,83) € Ao
(
(

§1,62,83) €2 | (4,2,8) | (61,62,8) €
(51752753) €2
(£1,62,63) € Az
(£1,82,83) €2

£1>§27§3) € 9[1,3 (472>5

( ) )

( ) )

( ) )

( ) )

( ) (51752,53) € As (47 37 1)

( )| (&1,€2,83) €A | (4,3,2)

( ) | (€1,62,63) €™Aa | (4,5,1) | (£1,62,&3) €Uz

(2,5,4) | (£1,62,83) €U3 | (4,5,2) | (£1,62,83) €2

E ; (£1,82,€3) € Aoz | (5,1,4) | (£1,62,83) € A3
)

( ) )

( ) )

( ) )

( ) )

( ) )

( ) )

(€1,€2,&3) € A3 | (5,2,4) | (1,62,83) €™Us
(£1,€2,€3) €B | (5,3,3) | (£1,62,83)€DB
(61762753) €B (57375 (51752553) €’B
(&1,82,8&3) € Uz | (5,4,1) | (£1,62,&3) € As 2
(€1,€2,83) €Az | (5,4,2) | (£1,62,83) €A
(61762763) €B (57573 (61752553) €’B
(51752,53) €B (57575 (51752753) €8

Note that
A () (it 165, 4(2) =55 £(B) = (1) = 165
)= (") e (7)) = e = = () <16

One can, of course, test directly the validity of (7.2) and (7.3) for all these possi-
bilities. Nevertheless, there is a more economic way to proceed by using reductio
ad absurdum. Let us discuss it exemplarily in the case (2,3,4) in which

I | | e [ e | P2 Jae] ps | P3| @ |
[Ba+2[36+2[96 +3[36+1[66+1]9 [66+5][66+5][9+6]

for a 3-tuple (&1,&2,&3) € ™As. If { (pirqi) € Z2‘ 1<i< 3} were an admissible triple
of pairs, then (7.2) would give

(961 + 3) (9&2) = 27& + 81&1& | 961 + 278 + 9&3 + 546162+ 9, e,

3B&+ 1) | &1 +36+E+6686+1=3(36 +1)&—36&+6+&+1, (8.1)
meaning that
3B&G + 16 366 -G —&— 1.
Therefore,
3616 -6 —&—1<0
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(because otherwise we would deduce that 3&s + 9182 < 36162 — & — &3 — 1, ie.,
that 10 < & 4 3& + &5 + 6£1&2 < —1, a contradiction). Consequently,

3165 -1<6+G<10-L=4< 36+ 1) <11
= (€Ia£2) € {(171)a(172)?<271)a(351)} . (82)

Since 0 < & < 8, (8.1) and (8.2) would determine the values of &5 as follows:

[ &8 [m o e ps]a] as | pe+psa+aqe]

(I,1,1) | 5 [12] 9 [11] 15 180 216
(1,2,4) | 5 | 12| 18| 29 | 42 | 504 576
(2,1,3) | 8 [21] 9 [ 2333 693 756
(3,1,5) |11 30| 9 | 35|51 | 1530 1620

Hence, these four 3-tuples (£1,&2,&3) € A3 would provide numbers p1, g1, 2, Ps3,
g3 which do not satisfy (7.3)! Using analogous arguments one shows that none of
the remaining 31 cases leads to admissible triples of pairs. O

9. Proof of Theorem 1.3: Step 2

Lemma 9.1. There are no admissible triples of pairs (7.1) among those correspond-
ing to the type combinations (o, as, a3) with oy € {1,2,3,4,5} and

(a2, 03) € ({1,2,3,4,5} x {7}) U ({7} x {1,2,3,4,5}) .
Proof. If ay, a0 € {1,2,3,4,5} and a3 = 7, then

[D1g2 + p2q1)y € {0,3,6}
(cf. the sixth column of Table 2) and g3 =1, i.e.,

[271(]2 + poqa + q3]9 € {1’477}'

Thus, condition (7.7) is not satisfied. Analogously, one shows that condition (7.8)
is not satisfied whenever ay, a3 € {1,2,3,4,5} and ap = 7. O

Lemma 9.2. There exist exactly 10 admissible triples of pairs (7.1) among those
corresponding to the type combinations (o, ag, as) with oy € {1,2,3,4,5} and

(a2, 3) € ({1,2,3,4,5} x {6}) U ({6} x {1,2,3,4,5}).

Sketch of proof. For aq,as € {1,2,3,4,5} and a3 = 6 we build Table 5. In its
second column we tabulate [p1g2 + p2qi1]y (cf. the sixth column of Table 2). After
having expressed ¢1, g2 in terms of £1,&> (as in Table 1) we write the restrictions
(inequalities) coming from (7.5) in its third column. The fourth column contains
the values of g3 so that both (7.5) and (7.7) are true. (In particular, in the case
(2,2,6) the expected value g3 = 6 is impossible because £1,& > 1.) Finally, the
last column informs us whether (7.8) is true for these g3’s.
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TABLE 5.
_ 7.5) is true 7.5) & (7.7) true Is (7.8) true
’ Case ‘ [Praz + p2a1lo (wh)enever (onl))/ if (53 eziuals for Ehes)e q3’s?
(1,1,6) 3 2<qg3<7 6 YES
(1,2,6) 3 3< €3 +aq3 <7 6 YES
(1.3.6) 3 3< € Ta3 <0 6 NO
(1,4,6) 0 2< & +4q3 <10 9 YES
(1,5.6) 3 3<&1a3 <0 6 NO
(2,1,6) 3 3< €1 +q3 <7 6 YES
(2,2,6) 3 4<& +& +a3 <7 6 (impossible) f—
(2,3,6) 3 4<& +8 +q3<9 6 NO
(2,4,6) 0 3< & T & ta3 <10 9 YES
(2.5,6) 3 T<& 1673 <9 6 NO
(3,1,6) 3 3<& +a3 <9 6 NO
(3.2.6) 3 T<& +& +az <0 6 NO
(3,3,6) 0 T<& T8 a3 <1l 9 YES
(3,4,6) 6 3<& +8 +q3 <11 3 YES
(3,5,6) 0 1< € + 6 +a3 <11 9 YES
(4,1,6) 0 2< & +4q3 < 10 9 YES
(4,2,6) 0 3<& +&2+4g3 <10 9 YES
(4,3,6) 6 3<& +& +4q3 <11 3 NO
(4,4,6) 6 2< €, & fq3 <12 3 or 12 YES
(4,5,6) 6 3< € &2 tq3 <1l 3 NO
(5,1,6) 3 3<& +a3<9 6 NO
(5,2,6) 3 4<& +8 +q3<9 6 NO
(5,3.6) 0 T<& & ta3 <11 9 YES
(5,4,6) 6 3<& +&2+4g3 <11 3 YES
(5,5,6) 0 4<& +& +4q3 <11 9 YES

Next, we analyze in detail the 14 cases for which the answer is “YES”.
e In the case (1,1,6) we have g3 = 6 and we obtain just one admissible triple of
pairs:

(9.1)

e In cases (1,2,6) and (2,1,6) we have {3 = 1,5 = 6, and & = 1,q3 = 6,
respectively, and (7.2) cannot be satisfied (because 36 1 45). Hence, there are no
admissible triples of pairs.

e In cases (1,4,6) and (4,1,6) we have & € {0,1},95 =9, and & € {0,1},¢3 =9,
respectively, and (7.2) cannot be satisfied for & = 1, resp. for & = 1 (because
45 1 72). For this reason, the only triples of pairs which are admissible (i.e., for
which both (7.2) and (7.3) are satified) are

;pl‘Q1‘p2‘Q2‘p3‘Q3} (9.2)

2[3]5]6[1]9

and

(9.3)

’pl“h‘pQ‘QQ‘pS‘QZ’)‘
[5]6[2]3[1]9]

e In cases (2,4,6) and (4,2,6) we have necessarily & = 1, & = 0, g3 = 9, and
&1 =0,& =1, g3 =9, respectively, and (7.2) cannot be satisfied (because 72 1 99).
Hence, there are no admissible triples of pairs.
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e In cases (3,3,6) and (5,5,6) we have necessarily & =& =1, g3 =9, and (7.2)
cannot be satisfied (because 81 { 108). Therefore, there are no admissible triples
of pairs.

o In cases (3,4,6) and (5,4,6) we have g3 =3 and {1 +&2 € {1,...,8} with & > 1
and & > 0. If (7.2) were true, then in particular ¢; | p1g2 + g3, i.e.,

fl | 524—]_:;(51,52)6{ (1vj)| 0 S ] S 7}U{(27 1)a (273)7 (275)a (372)7 (3a5)7 (473)} .

As for everyone of the 14 possible values of (£1,&2) at least one of the divisibility
conditions (7.2) and (7.3) is violated, there are no admissible triples of pairs.

e Case (3,5,6): & = & = 1, g3 = 9, and (7.2) cannot be satisfied (because
81 1 135); no admissible triples of pairs occur.

e Case (4,4,6): Here, either & = & =0, g3 = 12, giving the admissible triple of
pairs:

RArarararara
[5[6[5[6]1[12]
or g3 =3and & +& €{0,1,...,9} with &,& > 0. If in the latter case (7.2) were
true, then, in particular, q; | p1¢g2 + g3, i.e.,
981 +6 | (66 +5)(92 +6) +3 =36 +2| (36 +2)(66&2+4) + 3 +3
=36 +2|36+3=34+2|&L+1, ie.,

(51752) € {(07 1)» (07 3)7 (Oa 5)7 (07 7)7 (0’ 9)’ (174)1 (27 7)} .

As for everyone of the 7 possible values of (£1,£2) at least one of the divisibility
conditions (7.2) and (7.3) is violated, there are no further admissible triples of
pairs.
e Case (5,3,6): & = & =1, g3 = 9, and we obtain just one admissible triple of
pairs:

(9.4)

’pl\m\pz\(p\pﬂ a3

|
(9.5)
[7[o[afo]1]9]
Working symmetrically with type combinations (a1, as, ag), where
ay,a3 €4{1,2,3,4,5} and a3 =86,
we determine the admissible triples of pairs:
’pl\m\pﬂfh\m\%‘ (9.6)
[(2[3[1[6]2]3]
in the case (1,6,1),
’pl\m\pz\%\ps\qg\ (9.7)
[2[3]1[9[5]6]
in the case (1,6,4),
’1\1\102\%\1)3\(]3‘ (9.8)
(491 [9]7[9]
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in the case (3,6,5)

| |

(561 1[9[2]3] o
in the case (4,6,1), and

’pl \Ch\pz\th \p3\Q3\

516 [1[1]5 0] 10
in the case (4,6,4). O

10. Proof of Theorem 1.3: Step 3

Lemma 10.1. There exist exactly 23 admissible triples of pairs (7.1) among those
corresponding to the type combinations (a1, as,a3) with a1 € {1,2,3,4,5} and
Q9,03 € {6,7}

Proof. For every ay € {1,2,3,4,5} we consider the combinations

| Case [po| @2 [p3=03] a5 |

(01,6,6) | 1 | >2 1 > 2
(a1,6,7) | 1 | >2 0 1
(a1,7,6) | 0 | 1 1 >2
(a,7,7) ] 0| 1 0 1

and examine what happens in each of the twenty cases separately.

e Case (1,6, 6): Here, and for the next three cases, py = p1 =2, ¢; =3 and s; = 1.
By (7.5) and (7.6) the pair (gz,¢3) has to be chosen from the 21 elements of the
set

{(g2,43) €Z%| g2 > 2, q3 > 2, and g2 + g3 < 9} .
Taking into account the divisibility conditions (7.2), (7.3), i.e., 3¢2 | 2¢2 + g3 + 3
and 3¢z | 2¢3 + g2 + 3, we obtain (¢2,q3) € {(2,5),(5,2)}. Hence, there are two
admissible triples of pairs, namely

S e
. (a7 [ 5 6]

D1 P2 | 42 q3

s[5 1]2] o2

e Case (1,6,7): By (7.5) (or (7.6)) we have g < 8. By (7.3), 3 | ¢2 — 1, ie,
g2 € {4,7}. The Value g2 = 7 does not satisty (7.2): 3¢z | 2g2 + 4. Hence, there is
only one admissible triple of pairs:

(10.3)
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e Case (1,7,6): Analogously, we find just one admissible triple of pairs:

’pl\%\pﬂ%\ps\%\

[(2[3]0f1]1]4]
e Case (1,7,7): In this case both divisibility conditions (7.2) and (7.3) are satisfied
automatically and lead to the admissible triple of pairs:

(10.4)

(pilai [p2 e[ ps]as]
(2]3]0J1]O0]1]

e Case (2,6,6): Here, and for the next three cases, p1 =p1 = 3£ +2, ¢1 = 9§ +3
and s; = & + 2 for an integer & > 1. By (7.5) we have & + g2 + ¢35 < 9. Condition
(7.2) reads as

3(361+1)g2 | (361 +2)g2+ (961 +3) +a3 = 3(361 +1)g2 — 65192 — g2+ (961 +3) + g3,
ie.,

3(3&1 +1)g2 | 661g2 + g2 — (961 +3) — g3 with  6£1g2 + g2 — (961 +3) —¢3 < 0.
Since 1 < & <5,

(6614+1)g2 <961 +3+¢3 <961 +3+(9— & — g2) = (6§1+2)g2 < 81 +12 <52,
implying

8 < (3¢ + 1)ga < 26.

These inequalities are satisfied if and only if

(51, Q2) € {(17 2)7 (173)7 (174)’ (17 5)7 (17 6)7 (27 2)7 (21 3)7 (274)1 (37 2)} .

Since 2 < g3 < 9— (&1 + g2), the divisibility condition (7.2) is true only for & =1,
g2 = 3 and g3 = 2. (For these values (7.3) is also true.) Hence, the only admissible
triple of pairs is the following:

]p1\ql\p2\q2\p3\q3\
[p[12]1]2]1]2]
e Case (2,6,7): By (7.5) we have & + ¢2 < 8. Condition (7.3) gives
38361+ 1) 134 +2+qg=3|qg—1 and 3&+1|g+1.

But this means that (£1,42) € {(1,7),(2,6)}. (2,6) is not permitted because 21 { 14
and (1,7) violates (7.2), so there are no admissible triples of pairs.

e Case (2,7,6): As in the case (2,6,7) one shows that there are no admissible
triples of pairs.

e Case (2,7,7): Conditions (7.2) and (7.3) give ¢ =3(p1—1) | p1+1,ie,p; =2,
but in this case p; > 5. Hence, there are no admissible triples of pairs.

e Case (3,6,6): Here, and for the next three cases, p1 = 3§ + 1, p1 = 6& + 1,
g1 = 9¢& and s; = & + 1 for an integer & > 1. By (7.5) we have & +¢2 + g3 < 11.
Condition (7.2) reads as

91q2 | (661 + 1)g2 + 981 + g3 = 96192 — 3192 + q2 + 961 + g3,
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ie.,
91g2 | 3§1g2 —q2 — 981 — g3 with  381g2 — g2 — 961 — g3 < 0.
Since 1 < & <7,
3192 < g2+ g3+ 96 < 11488 <67=—=2<1q2 <22
Since 2 < g3 < 11 — (& + ¢2), the divisibility conditions (7.2) and (7.3) are true
only for &1 =1, g2 =6, g3 = 3, or &1 = 2, g2 = 4, q3 = 2, leading to two admissible
triple of pairs, namely

’Pl\m\pﬂ@\ps\%\
[4[9]1[6]1]3]

(10.5)

and

(e pa]ps]a]
[7lw8[1]4]t]2]
e Case (3,6,7): By (7.5) we have & + g2 < 10. Condition (7.3) gives
951|3£1+1+Q2:>9€1|6£1—QQ—1, with 661—q2—1§0.

(10.6)

Thus,
11
6£1SQQ+1§11—£1:>£1§7:>51:1

Since 2 < g2 < 9, condition (7.2) (i.e., 9g2 | 7Tg2 + 10) implies g3 = 5. The
corresponding admissible triple of pairs is the following;:

(e [p2]aps]as]
[4]9]1[5[0]1]
e Case (3,7,6): By (7.5) we have & + g3 < 10. Condition (7.2) gives
€166 +14q3 =93¢ —qz3—1, with 3¢ —g3—1<0.

(10.7)

Thus,
11
31 <g+1<11-§ =6 < 1 = & e {12},

Since 2 < g3 < 9, condition (7.2) implies (£1,43) € {(1,2),(2,5)}. (2,5) is not
permitted because it violates (7.3). For this reason, the only admissible triple of
pairs is the following:

(10.8)

!p1\q1\p2\qﬂp3\q:s\
[4f[9Jof1]1]2]
e Case (3,7,7): Condition (7.3) gives ¢1 = 3(p1 — 1) | p1 + 1, i.e., p1 =2, but in
this case p; > 4. Hence, there are no admissible triples of pairs.

e Case (4,6, 6): Here, and for the next three cases, p; =p; = 61 +5, @1 =9 +6
and s; = & +1 for an integer & > 0. By (7.5) we have £ +¢2+¢3 < 11. Condition
(7.2) reads as

(961 +6)g2 | (651 +5)g2 +9&1 + 6+ g3 = (91 +6)g2 — (31 + 1)g2 + 961 +6 + g3,

1.€.

3

(961 +6)q2 | (361 +1)g2 —9& —6 — g3 with (3§ +1)g2 — 961 — 6 —¢3 < 0.
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Since 1 < & < 7, we obtain
(361 +1)g2 <961 +6+ (11 — g2 — &) = (361 +2)q2 < 17+ 85 < 73,

ie, 4 < (38 +2)ge < 73. Since 2 < g3 < 11 — (&1 + ¢2), the divisibility conditions
(7.2) and (7.3) are satisfied only for & € {0,1,2}. In particular, for £&; = 0 we
obtain (go,g3) € {(8,2),(2,8)} and the admissible triples of pairs

’pl\m\pﬂfh\m\%‘
[(5]6]1[8[1]2]

(10.9)

and

’pl\%\pﬂ@\ps\%\
[5[6[1]2][1]8]

For £&; = 1 we have necessarily g2 = g3 = 5 and the admissible triple of pairs:

(10.10)

(pi[av [p2]ae|ps]as]
(1[5 1[5 ]1]5]

Finally, for & = 2 we have necessarily go = g3 = 4 and the admissible triple of
pairs:

!p1\Q1\p2\q2\p3\q3\
[17]24[1]4]1]4]
e Case (4,6,7): By (7.5) we have & + g2 < 10. Condition (7.3) gives
961 +6 |66 +5+¢ =96 +6]36+1—¢q, with 3§ +1—¢2 <0.

Thus, 36 < g —1<9-& = & < 2 = & € {0,1,2}. Since 2 < ¢ < 10,
condition (7.3) implies

(517 q2) € {(Oa 7)3 (17 4)7 (2a 7)} .
(2,7) is not permitted because it violates (7.2); therefore, the admissible triples of
pairs are

(10.11)

’pl\m\pz\%\ps\qg\
[(5[6]t]7[0]1]

and

(a2 ]aps]as]

[(T1[15] 1 [4]0]1]
e Case (4,7,6): As in the case (4,6,7) one proves that there are two admissible
triples of pairs, namely

(10.12)

(10.13)

;pl\%\pﬂ@\ps\%}

and

(10.14)
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e Case (4,7,7): Conditions (7.2) and (7.3) give ¢1 = 3(p1 —1) | p1 +1, ie., p1 = 5.
Thus, we find just one admissible triple of pairs:

’Pl\fh\}?z\ 2\103\(13‘
[5[6]of1]Oo]T]

e Case (5,6,6): Here, and for the next three cases, p; = 6§; + 1, p1 = 3§ + 1,
g1 = 9& and s; = & + 1 for an integer & > 1. By (7.5) we have & + g2 +¢3 < 11.
Condition (7.2) reads as

981q2 | (3&1 +1)g2 + 961 + g3 = 96192 — 68192 + ¢2 + 961 + g3,
ie.,
91q2 | 66192 — g2 — 961 — g3 with 66192 — g2 —9§1 — g3 < 0.
Since 1 < & <7,
66192 < g2 +q3 +96 < 11488 < 67— 2<&1q2 < 11.

Since 2 < g3 < 11— (&1 +¢2), the divisibility conditions (7.2) and (7.3) are satisfied
only for £&1 =1, g2 =3, g3 =6, or & = 2, g3 = 2, g3 = 4, leading to two admissible
triple of pairs, namely

SEERER s
and
(o [a e a]ps|as] (10.16)

[BJ18[1]2]1]4]
e Case (5,6,7): By (7.5) we have & + ¢2 < 10. Condition (7.3) gives

91166 +1+q =936 —qe—1, with 3§ —ge—1<0.
Thus,
11
351SQ2+1§11—§1:>€1§Z$§1€{1,2}~

Since 2 < g2 < 9, condition (7.3) implies &5 = 1 and ¢ = 2. The result is the
following admissible triple of pairs:

(pilai [p2 a2 [ps]as]
[ 7[9]1]2]0]1]

(10.17)

e Case (5,7,6): By (7.5), & + g3 < 10. Now (7.2) reads as
961|361 +1+4q3 =96 66 —gs —1, with 6 —g3—1<0.
Thus,

11
651SQ3+1§11—§1:>§1§7$§1=1-
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Since 2 < g3 < 9, condition (7.2) implies g5 = 5. The corresponding admissible
triple of pairs is the following:

’pl\(h\pﬂfh\m\%\
[ 7]19]0[1][1]5]
e Case (5,7,7): Condition (7.3) gives ¢ = 3(p1 — 1) | p1 + 1, i.e,, py <5, but in
this case p; > 7. Hence, there are no admissible triples of pairs. O

(10.18)

Remark 10.2. The majority of the admissible triples of pairs induce toric log
Del Pezzo surfaces admitting at least one Gorenstein singularity. This is due to
the fact that the ¢;’s corresponding to Gorenstein singularities can be viewed as
parameters moving freely between 2 and an upper bound dictated by conditions
(7.5) and (7.6), without any further restrictions.

11. Proof of Theorem 1.3: Step 4
Lemma 11.1. The toric log Del Pezzo surfaces induced by the following admissible
triples of pairs (a) and (b):

(a) | (9.1) (9.4) (9.5) (10.1) | (10.3) | (10.5)
(b) | (9.6) (9.10) (9.8) (10.2) | (10.4) | (10.15)

(a) | (10.6) | (10.8) | (10.7) | (10.9) | (10.11) | (10.12)
(b) | (10.16) | (10.17) | (10.18) | (10.10) | (10.13) | (10.14)

are isomorphic to each other. The same is true for the four surfaces induced by
the following admissible triples of pairs:

L@ [ () | (¢) [ (d) ]
192 [(93)]9.7)](9.9) |

(The admissible triples of pairs are given by their reference numbers.)

Proof. It Xn (resp., X A(b)) is the toric Del Pezzo surface induced by the ad-

missible triple of pairs (a) (resp., (b)) in the first list, then &a £ &4, Cor-
respondingly, if XA, XAy, Xae,, XAy, are the four surfaces induced by the
admissible triples of pairs in the second list, then we obtain
gr. gr. gr.
Gan, = rAe<Vb> = er&vc) =Gaq -
It is therefore enough to apply Theorem 4.4. ([

Note 11.2. By Lemmas 8.2, 9.1, 9.2 and 10.1 we proved that among all possible
triples of pairs there exist exactly 33 which are admissible. Lemma 11.1 informs
us that, in fact, for the classification of toric Del Pezzo surfaces XA having Picard
number p (Xa) = 1 and index £ = 3 up to isomorphism, we need only 18 out of
them. (The Xa’s induced by such a choice of 18 admissible triples of pairs are
obviously pairwise non-isomorphic.)
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End of the proof of Theorem 1.3. We consider 18 representatives of admissible
triple of pairs inducing pairwise non-isomorphic toric Del Pezzo surfaces X with
p(Xa) =1 and index ¢ = 3, and we enumerate them, e.g., as in the Table 6. The
coordinates of the third minimal generator ns is computed by (6.2). The integers

ri = —C.,i €{1,2,3}, are computed directly via (4.8).

TABLE 6.
| No. | Case [pi[aqi[p2]qe]ps]oas] ns [ [ rs ]
O | L7 2][3]0]1]0]1] (—L-1 [0]o0]-3
(i) |(1,7,6) | 2 | 3|01 ]1|4] (-3,-4 |1]-1] 0
(i) |(1,6,6) ] 2|3 | 1]2]1]5] (—4-5 |1]0]1
(v) |(1,1,6) | 2 |3 231 6] (=56 |1]0]1
v |@77)|5]6]0[1]0]1] (-1,-1) 0] 0]-6
(Vi) |(4,76) 560|117 (=6,—7) |1 ]|-1]0
(vi) [(4,6,6) | 5 |6 |1 |8]1|2] (-=3,-2 |0 1] 1
(vit) |(1,4,6) | 2 | 3|5 |61 ]9 (-8,-9 | 1] 0] 1
(ix) [(5,36) 794919 (-=8-9 |1]1]1
x | 3B,7.6 790115 (45 |1]|o0]-1
(xi) [(3,7,6)] 490|112 (-1,-2) |10 |4
(xii) |(3,6,6) | 49 | 1]6]1]3] (—2-8 |1]1]1
(xiii) | (4,4,6) | 5 | 6 | 5|6 | 1 |12](-11,-12) | 1] 0 | 1
(xiv) [(2,6,6) | 5 |12| 1 | 2| 1|2 (-1,-2) | 1] 1 |-2
(xv) | (4,7,6) |11 |15 0 | 1 |1 | 4| (-=3,—4) |1]| 0 |-3
(xvi) | (4,6,6) |11 |15 | 1 |5 | 1|5 | (—4-5) | 1] 1|1
(xvi) | (3,6,6) | 7 |18 | 1 |4 | 1] 2] (-1,—2) | 1] 1 |-1
(xviil) | (4,6,6) |17 |24 | 1 | 4 | 1] 4] (-=3,-4) [ 1] 1] 0

The WVE2C-graphs & (associated to the 18 A’s) are depicted in Figure 3 in
this order. (The reference to the double weight (0,1) at an edge of B is always
omitted.) Finally, we may identify the corresponding Xa’s with weighted projec-
tive planes or quotients thereof by a finite abelian group Ha via Lemma 6.1. (In
the statement of the Theorem we have w.l.o.g. rearranged the weights in ascend-
ing order. Computing the Smith normal form, Ha turns out to be cyclic for the
surfaces (ix) and (xviii)). O
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