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Åáñéíü ÅîÜìçíï 2009, ÅîÝôáóç Óåðôåìâñßïõ ÅîåôáóôÞò: ÄçìÞôñéïò ÍôáÞò

ÁÐÁÍÔÇÓÅÉÓ ÄÏÈÅÍÔÙÍ ÈÅÌÁÔÙÍ

ÈÅÌÁ 1ï (i) ¸óôù k := min{m ∈ N | m ≥ 2 êáé m | n}. ÅÜí ï k Þôáí óýíèåôïò áñéèìüò, ôüôå èá õðÞñ·áí
k1, k2 ∈ N, ôÝôïéïé þóôå íá éó·ýåé 2 ≤ k1 ≤ k2 < k êáé k = k1k2, ðñÜãìá Üôïðï (áöïý k1 | k êáé k2 | k),
äéüôé ï k åßíáé åî õðïèÝóåùò ï åëÜ·éóôïò öõóéêüò ≥ 2 ìå áõôÞí ôçí éäéüôçôá. ¢ñá ï k ïöåßëåé íá åßíáé
ðñþôïò áñéèìüò.

(ii) Áò õðïèÝóïõìå üôé ôï óýíïëï ôùí ðñþôùí áñéèìþí åßíáé ðåðåñáóìÝíï, áò ðïýìå ôï {p1, p2, . . . , pk},
êé áò èåùñÞóïõìå ôïí öõóéêü áñéèìü

m := p1p2 · · · pk + 1.

Ôüôå åßíáé ðñüäçëï üôé p1 - m, p2 - m, . . . , pn - m (äéüôé åÜí õðÞñ·å êÜðïéïò j ∈ {1, ..., n} ìå pj | m, èá

åß·áìå pj | p1p2 · · · pk, ïðüôå pj | m−p1p2 · · · pk, Þôïé pj | 1, êÜôé ðïõ èá áíôÝöáóêå ðñïò ôçí áíéóüôçôá

pj ≥ 2). Ôïýôï üìùò åßíáé Üôïðï åðß ôç âÜóåé ôïý (i). ¤

ÈÅÌÁ 2ï Èåþñçìá ôïý Cayley. ÊÜèå ïìÜäá (G, ·) åßíáé éóüìïñöç ìå ìéá õðïïìÜäá ôÞò ïìÜäáò (SG, ◦).
Áðüäåéîç. ¸óôù (G, ·) ôõ·ïýóá ïìÜäá (ìå ïõäÝôåñü ôçò óôïé·åßï ôï eG). Óå êÜèå óôïé·åßï g ôÞò G
áíôéóôïé·ïýìå ìéá ìåôÜôáîç Lg ïñéæüìåíç ùò åîÞò:

Lg : G −→ G, Lg(x) = gx.

(Ç áðåéêüíéóç Lg åßíáé åíñéðôéêÞ, äéüôé

Lg (x) = Lg (y) =⇒ gx = gy =⇒ g−1gx = g−1gy =⇒ eGx = eGy =⇒ x = y,

áëëÜ êáé åðéññéðôéêÞ, äéüôé åÜí z ∈ G, ôüôå Lg
¡
g−1z

¢
= gg−1z = eGz = z). H Lg ïíïìÜæåôáé åî

áñéóôåñþí ìåôáöïñÜ ìÝóù ôïý g.¸óôù ôþñá G0 ôï õðïóýíïëï {Lg | g ∈ G} ôÞò SG. Ç ðñÜîç ìå ôçí
ïðïßá åßíáé åöïäéáóìÝíç çSG åßíáé ç óýíèåóç áðåéêïíßóåùí. Ùò åê ôïýôïõ, Ý·ïõìå

(Lg ◦ Lh) (x) = Lg (Lh (x)) = Lg (hx) = ghx = Lgh(x), ∀x ∈ G.

ÊáôÜ óõíÝðåéáí, ôï ãéíüìåíï äõï ôõ·üíôùí óôïé·åßùí ôïýG0 áíÞêåé óôïG0. Ôï ôáõôïôéêü óôïé·åßï idG
ôÞò SG áíÞêåé óôï G0 äéüôé éóïýôáé ìå ôçí LeG , åíþ ôï áíôßóôñïöï ôÞò Lg åíôüò ôÞò SG éóïýôáé ìå
ôçí Lg−1 êáé áíÞêåé êáé áõôü óôïG0. Ôïýôï óçìáßíåé üôé ôï óýíïëï G0 áðïôåëåß ìéá õðïïìÜäá ôÞòSG

äõíÜìåé ãíùóôÞò ðñïôÜóåùò (âë. 3.2.15 (ii)). Ç áðåéêüíéóç

G −→ G0, g 7−→ Lg,

åßíáé ðñïöáíþò åðéññéðôéêÞ êáé ìåôáöÝñåé ôïí ðïëëáðëáóéáóìü ôÞò G óôç óýíèåóç áðåéêïíßóåùí ôÞò

G0 (gh 7−→ Lgh = Lg ◦Lh). ÅîÜëëïõ, ç åí ëüãù áðåéêüíéóç åßíáé êáé åíñéðôéêÞ, áöïý áðü ôçí Lg = Lh

Ýðåôáé üôé g = Lg(eG) = Lh(eG) = h. Êáô' áõôüí ôïí ôñüðï êáôáóêåõÜæåôáé Ýíáò éóïìïñöéóìüò ìåôáîý

ôÞò G êáé ôÞò õðïïìÜäáò G0 ôÞò ïìÜäáòSG. ¤

ÈÅÌÁ 3ï (i) Ôïýôï Ýðåôáé áðü ôéò åîÞò áìößðëåõñåò óõíåðáãùãÝò:

g ∈ A (B ∪C) = {xy | x ∈ A êáé y ∈ B ∪ C}
⇔ g ∈ {xy | x ∈ A êáé y ∈ B Þ y ∈ C}
⇔ g ∈ {xy | x ∈ A êáé y ∈ B} Þ g ∈ {xy | x ∈ A êáé y ∈ C}
⇔ g ∈ {xy | x ∈ A êáé y ∈ B} ∪ {xy | x ∈ A êáé y ∈ C}
⇔ g ∈ AB ∪AC.
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(ii) ¸óôù Á Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò H åíôüò ôÞò G êáé Ýóôù Á0 Ýíá óýóôçìá áñéóôå-
ñþí åêðñïóþðùí ôÞò K åíôüò ôÞò H. Ôüôå

card(Á) = |G : H| êáé card(Á0) = |H : K| . (1)

Èá áðïäåßîïõìå üôé ôï ÁÁ0 ⊆ G áðïôåëåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò K åíôüò ôÞò G.
Êáô' áñ·Üò,

G =
S
g∈Á

gH =
S
g∈Á

g

Ã S
h∈Á0

hK

!
=

S
g∈Á, h∈Á0

(gh)K,

üðïõ ç ôåëåõôáßá éóüôçôá Ýðåôáé áðü ôï (i). ÅîÜëëïõ, ç ôåëåõôáßá Ýíùóç åßíáé áðïóõíäåôÞ. ÐñÜãìáôé°
åÜí g1, g2 ∈ Á êáé h1, h2 ∈ Á0, ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá (g1h1)K = (g2h2)K, ôüôå

(g1h1)KH = (g2h2)KH

K ⊆ H ⇒ KH = H

)
⇒ g1h1H = g2h2H

hj ∈ H ⇒ hjH = H, ∀j ∈ {1, 2}

)
⇒ g1H = g2H,

ïðüôå g1 = g2 (äéüôé ôï Á åßíáé åî õðïèÝóåùò Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞòH åíôüò ôÞòG).
Ôïýôï óçìáßíåé üôé ôï óýíïëï ÁÁ0 åßíáé üíôùò (åê êáôáóêåõÞò) Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí
ôÞòK åíôüò ôÞò G. ¢ñá card(ÁÁ0) = |G : K| . Åí óõíå·åßá, ðáñáôçñïýìå üôé ãéá ïéáäÞðïôå g1, g2 ∈ Á
êáé h1, h2 ∈ Á0, ãéá ôá ïðïßá g1h1 = g2h2, éó·ýïõí ïé óõíåðáãùãÝò

g1h1 = g2h2 ⇒ (g1h1)KH = (g2h2)KH ⇒ g1 = g2 ⇒ h1 = h2,

üðïõ ç ðñþôç åßíáé ðñïöáíÞò, ç äåýôåñç áðüññïéá ôùí üóùí Ý·ïõìå Þäç ðñïáíáöÝñåé êáé ç ôñßôç
Ýðåôáé áðü ôïí íüìï ôÞò äéáãñáöÞò (âë. 3.2.9 (i)). Áðü ôï ãåãïíüò ôïý üôé ôåëéêþò éó·ýåé

g1h1 = g2h2 ⇒ [g1 = g2 êáé h1 = h2]

óõìðåñáßíïõìå üôé

|G : K| = card(ÁÁ0) = card(Á ×Á0) = card(Á) · card(Á0). (2)

Ï óõíäõáóìüò ôùí (1) êáé (2) äßäåé ôçí |G : K| = |G : H| |H : K| . ¤

ÈÅÌÁ 4ï ¸óôù üôé ï R åßíáé Ýíáò äáêôýëéïò êáé ôá I, J äýï éäåþäç ôïõ. Ïñßæïõìå ôçí áðåéêüíéóç

f : I + J −→ ((I + J) /I)× ((I + J) /J) , a 7−→ (a+ I, a+ J) , ∀a ∈ I + J.

Ç f áðïôåëåß ïìïìïìïñöéóìü äáêôõëßùí, êáèüôé ãéá ïéáäÞðïôå a, b ∈ I + J Ý·ïõìå

f(a+ b) = ((a+ b) + I, (a+ b) + J) = ((a+ I) + (b+ I) , (a+ J) + (b+ J)) ,

f(ab) = (ab+ I, ab+ J) = ((a+ I) (b+ I) , (a+ J) (b+ J)) .

Ï ðõñÞíáò ôçò éóïýôáé ðñïöáíþò ìå

Ker(f) =
©
a ∈ I + J | f(a) = 0((I+J)/I)×((I+J)/J)

ª
= {a ∈ I + J | (a+ I, a+ J) = (I, J)}
= {a ∈ I + J | a ∈ I, a ∈ J} = I ∩ J.

Åí óõíå·åßá èá äåßîïõìå üôé ç f åßíáé åðéññéðôéêÞ. ¸óôù ôõ·üí óôïé·åßï

(a+ I, b+ J) ∈ ((I + J) /I)× ((I + J) /J) .

Ôüôå ôá a, b ãñÜöïíôáé ùò áèñïßóìáôá

a = u+ v, b = w + z,
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ãéá êáôÜëëçëá u,w ∈ I êáé v, z ∈ J . ÊáôÜ óõíÝðåéáí,

f(v) = (v + I, v + J) = (v + I, 0I+J + J),

f(w) = (w + I,w + J) = (0I+J + I,w + J),

áð' üðïõ óõìðåñáßíïõìå üôé

f(v + w) = f(v) + f(w) = (v + I,w + J) = (u+ v + I,w + z + J) = (a+ I, b+ J),

äçëáäÞ üôé ç f åßíáé åðéìïñöéóìüò äáêôõëßùí ìåKer(f) = I∩J.Áñêåß ç åöáñìïãÞ ôïý 1ïõ èåùñÞìáôïò

éóïìïñöéóìþí äáêôõëßùí (âë. 4.6.6). ¤

ÈÅÌÁ 5ï (i) Áëãüñéèìïò äéáéñÝóåùò. ÄïèÝíôùí äõï ðïëõùíýìùí

f(X) =
nX
i=0

aiX
i ∈ R[X] , g(X) =

mX
j=0

bjX
j ∈ R[X]

ìå ôïõò óõíôåëåóôÝò ôïõò åéëçììÝíïõò áðü ìéá áêåñáßá ðåñéï·Þ R, üðïõ lc(g) = bm ∈ R×, õðÜñ·åé
Ýíá æåýãïò ìïíïóçìÜíôùò ïñéóìÝíùí ðïëõùíýìùí q(X) êáé r(X) ∈ R[X], ôÝôïéùí þóôå íá éó·ýåé

f(X) = q(X) · g (X) + r(X), deg (r(X)) < deg (g (X)) .

(ii) Óýìöùíá ìå ôïí áëãüñéèìï ôÞò äéáéñÝóåùò (i) õðÜñ·ïõí ðïëõþíõìá q(X) êáé r(X) ∈ R[X], ôÝôïéá
þóôå íá éó·ýåé

f(X) = (X− a)q(X) + r(X), deg(r(X)) < deg(X− a) = 1.

ÅðïìÝíùò, r(X) = c ∈ R, ïðüôå

c = f(X)− (X− a)q(X) =⇒ c = f(a).

(iii) To a åßíáé ìéá èÝóç ìçäåíéóìïý ôïý f (X) (åíôüò ôïý R) åÜí êáé ìüíïí åÜí ôï õðüëïéðï ôÞò äéáéñÝ-
óåùò ôïý f(X) äéÜ ôïý X− a åßíáé 0, ðñÜãìá ðïõ óçìáßíåé üôé X− a | f(X).
(iv) ¼ôáí k = 1, áõôü åßíáé áëçèÝò ëüãù ôïý (iii). Èá åñãáóèïýìå ìå ôç âïÞèåéá ôÞò ìáèçìáôéêÞò
åðáãùãÞò. ÕðïèÝôïõìå üôé ï éó·õñéóìüò åßíáé áëçèÞò ãéá k − 1 èÝóåéò ìçäåíéóìïý, ïðüôå

f(X) = (X− a1) (X− a2) · · · (X− ak−1) g(X)

ãéá êÜðïéï g(X) ∈ R[X]. Êáôüðéí áðïôéìÞóåùò ôùí äýï ìåëþí ôÞò áíùôÝñù éóüôçôáò ãéá X = ak

ëáìâÜíïõìå

0 = f(ak) = (ak − a1) (ak − a2) · · · (ak − ak−1) g(ak),

áð' üðïõ ðñïêýðôåé üôé g(ak) = 0 (ëüãù ôÞò áñ·éêÞò õðïèÝóåþò ìáò). ¢ñá ôï ðïëõþíõìï g(X) äéáéñåß-

ôáé äéÜ ôïý X− ak, ïðüôå ï éó·õñéóìüò åßíáé åìöáíþò áëçèÞò êáé ãéá k èÝóåéò ìçäåíéóìïý. ¤

ÈÅÌÁ 6ï (i) Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò õðïèÝôïõìå üôé m < n. ¸óôù p Ýíáò ðñþôïò áñéèìüò ðïõ äéáéñåß ôïí
a2

m

+ 22
m

. Ðñïöáíþò,

a2
m ≡ −22m(mod p) =⇒

2.4.5 (iii)

³
a2

m
´2n−m ≡ ³−22m´2n−m (mod p)⇒ a2

n ≡ 22n(mod p).

ÅðåéäÞ ï a åßíáé åî õðïèÝóåùò ðåñéôôüò, Ý·ïõìå êáô' áíÜãêçí p 6= 2. ÊáôÜ óõíÝðåéáí,

22
n

+ 22
n

= 22
n+1 6≡ 0(mod p)⇒ a2

n ≡ 22n 6≡ −22n(mod p)⇒ p - a2
n

+ 22
n

.

¢ñá êáíåßò ðñþôïò áñéèìüò ðïõ äéáéñåß ôïí a2
m

+22
m

äåí äéáéñåß ôïí a2
n

+22
n

. Ôïýôï óçìáßíåé (êáôÜ
ôï ëÞììá 2.3.10) üôé

ìêä(a2
m

+ 22
m

, a2
n

+ 22
n

) = 1.
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(ii) ÅÜí ï p åßíáé Ýíáò ðñþôïò áñéèìüò ôÞò ìïñöÞò 3k + 2 (üðïõ k êÜðïéïò ìç áñíçôéêüò áêÝñáéïò) êáé
p | a2 + ab+ b2, ãéá êÜðïéïõò a, b ∈ Zr{0}, èá áðïäåßîïõìå üôé ï p ïöåßëåé íá äéáéñåß áìöüôåñïõò ôïõò
a êáé b. Áò õðïèÝóïõìå üôé p - a. Ôüôå

p | a2 + ab+ b2 ⇒ p | a3 − b3 (äéüôé a3 − b3 = (a− b)(a2 + ab+ b2)),

ïðüôå

a3 ≡ b3(mod p) =⇒
2.4.5 (iii)

a3k ≡ b3k(mod p)⇒ p - b (äéüôé áëëéþò p | a3k =⇒
2.2.10

p | a).

ÅðéðñïóèÝôùò,

a3k ≡ b3k(mod p) =⇒
2.4.5 (ii)

ba3k ≡ b3k+1(mod p).

Áðü ôçí Üëëç ìåñéÜ, åöáñìüæïíôáò ôï ìéêñü èåþñçìá 2.4.14 ôïý Fermat ãéá ôïõò a êáé b ëáìâÜíïõìå

ap−1 ≡ bp−1 ≡ 1(mod p)⇒ a3k+1 ≡ b3k+1(mod p),

ïðüôå

ba3k ≡ b3k+1 ≡ a3k+1(mod p)⇒ b · a3k ≡ a · a3k(mod p)
p - a⇒ p - a3k

)
=⇒
2.4.7

b ≡ a(mod p)⇒ a ≡ b(mod p).

Áõôü óçìáßíåé üôé

a2 + ab+ b2 ≡ 0(mod p)⇒ 3a2 ≡ 0(mod p)⇒ p | 3a2
p 6= 3

)
=⇒
2.2.10

p | a2 =⇒
2.2.10

p | a.

¢ôïðï! Ðáñïìïßùò èá êáôáëÞãáìå óå Üôïðï åÜí (áñ·éêþò) õðïèÝôáìå üôé p - b (ëüãù óõììåôñßáò). ¢ñá

ï ï p ïöåßëåé íá äéáéñåß áìöüôåñïõò ôïõò a êáé b. ¤

ÈÅÌÁ 7ï Åðß ôïý êáñôåóéáíïý ãéíïìÝíïõ G := Z× Z ïñßæåôáé ç åóùôåñéêÞ ðñÜîç

(a, b) (c, d) := (a+ (−1)b c, b+ d),

üðïõ ‘‘+'' ç óõíÞèçò ðñÜîç ôÞò ðñïóèÝóåùò åðß ôïý Z.

(i) Ôï æåýãïò (G, ) áðïôåëåß ìéá ìç áâåëéáíÞ ïìÜäá. ÐñÜãìáôé° ãéá ïéáäÞðïôå (a, b), (c, d), (e, f) ∈ G

Ý·ïõìå

((a, b) (c, d)) (e, f) =
³
a+ (−1)b c, b+ d

´
(e, f)

= (
³
a+ (−1)b c

´
+ (−1)b+d e, (b+ d) + f)

êáé

(a, b) ((c, d) (e, f)) = (a, b)
³
c+ (−1)d e, d+ f

´
= (a+ (−1)b

³
c+ (−1)d e

´
, b+ (d+ f))

= (
³
a+ (−1)b c

´
+ (−1)b+d e, b+ (d+ f)),

ïðüôå (ëüãù ôÞò éóüôçôáò (b+ d) + f = b+ (d+ f))

((a, b) (c, d)) (e, f) = (a, b) ((c, d) (e, f)) ,
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ðñÜãìá ðïõ óçìáßíåé üôé ç ðñÜîç ‘‘ '' åßíáé ðñïóåôáéñéóôéêÞ. ÅðéðñïóèÝôùò, ãéá ïéïäÞðïôå (a, b) ∈ G

éó·ýåé

(a, b) (0, 0) =
³
a+ (−1)b · 0, b+ 0

´
= (a, b)

=
¡
0 + (−1)0 a, 0 + b

¢
= (0, 0) (a, b),

ïðüôå ôï (0, 0) åßíáé ôï (êáô' áíÜãêçí ìïíïóçìÜíôùò ïñéóìÝíï) ïõäÝôåñï óôïé·åßï ùò ðñïò ôçí ðñÜîç
‘‘ ''. Áðü ôçí Üëëç ìåñéÜ, ãéá ïéïäÞðïôå (a, b) ∈ G éó·ýåé

(a, b) ((−1)b+1 a,−b) =
³
a+ (−1)b

³
(−1)b+1 a

´
, b+ (−b)

´
= (a+ (−a), b+ (−b))

= (0, 0) = ((−1)b+1 a+ (−1)−b a, (−b) + b) = ((−1)b+1 a,−b) (a, b),

ïðüôå ôï ((−1)b+1 a,−b) åßíáé ôï (êáô' áíÜãêçí ìïíïóçìÜíôùò ïñéóìÝíï) «áíôßóôñïöï» (=óõììåôñéêü)
óôïé·åßï (a, b)−1 ôïý (a, b) ùò ðñïò ôçí ðñÜîç ‘‘ ''. Ùò åê ôïýôïõ, ôï æåýãïò (G, ) áðïôåëåß ìéá ïìÜäá,
ç ïðïßá åßíáé ìç áâåëéáíÞ, äéüôé ð.·.

(0, 1) (1, 0) = (−1, 1) 6= (1, 1) = (1, 0) (0, 1) .

(ii) ÔáH := { (a, b) ∈ G | b = 0} êáé K := { (a, b) ∈ G | a = 0} áðïôåëïýí õðïïìÜäåò ôÞò (G, ), äéüôé
(0, 0) ∈ H ∩K êáé ãéá ïéáäÞðïôå óôïé·åßá (a, 0), (a0, 0) ∈ H (êáé, áíôéóôïß·ùò, ãéá ïéáäÞðïôå óôïé·åßá
(0, b), (0, b0) ∈ K) Ý·ïõìå (a, 0) (a0, 0)−1 = (a, 0) (−a0, 0) = (a+ (−a0) , 0) ∈ H (êáé, áíôéóôïß·ùò,
(0, b) (0, b0)−1 = (0, b) (0,−b0) = (0, b+ (−b0)) ∈ K). [Åí ðñïêåéìÝíù, ·ñçóéìïðïéÞèçêå ôï êñéôÞñéï
(iii) ôÞò ðñïôÜóåùò 3.2.15.].

(iii) Èåùñïýìå ôçí áðåéêüíéóç

ϑ : G −→ G, (a, b) 7−→ ϑ(a, b) := (0, b).

ÁõôÞ åßíáé åíäïìïñöéóìüò ôÞò ïìÜäáò (G, ), êáèüóïí ãéá ïéáäÞðïôå (a, b), (a0, b0) ∈ G Ý·ïõìå

ϑ
¡
(a, b) (a0, b0)

¢
= ϑ

³
a+ (−1)b a0, b+ b0

´
= (0, b+ b0)

= (0, b) (0, b0) = ϑ(a, b) ϑ(a0, b0).

Ùò ðõñÞíá ôçò Ý·åé ôçí õðïïìÜäá

Ker(ϑ) = { (a, b) ∈ G|ϑ(a, b) = (0, 0)} = { (a, b) ∈ G| (0, b) = (0, 0)}
= { (a, b) ∈ G | b = 0} = H.

¢ñáH C G (êáôÜ ôï ðüñéóìá 3.6.12). Áðü ôçí Üëëç ìåñéÜ,K 6 G, äéüôé ð.·. (0, 1) ∈ K, áëëÜ

(1, 0) (0, 1) (1, 0)−1 = (1, 0) (0, 1) (−1, 0)
= (1, 1) (−1, 0) = (1 + (−1)1(−1), 1) = (2, 1) /∈ K.

(iv) Ãéá ôïí åíäïìïñöéóìü ϑ ôÞò (G, ) ôïí ïñéóèÝíôá óôï (iii) Ý·ïõìå

Ker(ϑ) = H, Im(ϑ) = {ϑ(a, b)| (a, b) ∈ G} = { (a, b) ∈ G | a = 0} = K.

ÊáôÜ óõíÝðåéáí, áðü ôï 1ï èåþñçìá éóïìïñöéóìþí ïìÜäùí (âë. 3.6.27) Ýðåôáé ç ýðáñîç åíüò éóïìïñ-

öéóìïý G/H ∼= K. ¤

ÈÅÌÁ 8ï Èåùñïýìå ôçí áðåéêüíéóç

(Z[X],+) ϑ−→ (Q>0, ·),
nX
i=0

aiX
i = f(X) 7−→ ϑ (f(X)) :=

nY
i=0

paii ,
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üðïõ p0 = 2 < p1 = 3 < · · · < pn ïé áñ·éêïß (äéáäï·éêïß) n + 1 üñïé ôÞò áêïëïõèßáò (pν)ν∈N0 (üëùí)
ôùí ðñþôùí áñéèìþí. (ÓçìåéùôÝïí üôé -åî ïñéóìïý- ç åéêüíá ôïý ìçäåíéêïý ðïëõùíýìïõ 0Z[X] ìÝóù ôÞò
ϑ éóïýôáé ìå ôï 1.) Ç ϑ åßíáé ïìïìïñöéóìüò ïìÜäùí, êáèüôé ãéá ïéáäÞðïôå ðïëõþíõìá

f(X) =
nX
i=0

aiX
i ∈ Z[X], g(X) =

mX
j=0

bjX
j ∈ Z[X],

Ý·ïõìå (õðïèÝôïíôáò, äß·ùò âëÜâç ôÞò ãåíéêüôçôáò, üôé n ≤ m)

ϑ (f(X) + g(X)) = pa0+b00 pa1+b11 · · · pan+bnn p
bn+1
n+1 · · · pbmm

=

Ã
nY
i=0

paii

!Ã
mY
j=0

p
bj
j

!
= ϑ (f(X))ϑ (g(X)) .

¸óôù ôõ·þí r ∈ Q>0. Ï r ãñÜöåôáé ìïíïóçìÜíôùò ùò êëÜóìá r = α
β
äõï ó·åôéêþò ðñþôùí èåôéêþí

áêåñáßùí áñéèìþí α, β. ÅÜí a ≥ 2 (êáé áíôéóôïß·ùò, åÜí β ≥ 2), ôüôå, óýìöùíá ìå ôï Èåìåëéþäåò
Èåþñçìá ôÞòÁñéèìçôéêÞò 2.3.7., ïα (êáé áíôéóôïß·ùò, ïβ) ãñÜöåôáéìïíïóçìÜíôùò ùò ãéíüìåíïðñþôùí
áñéèìþí. ÅÜí ëïéðüí α, β ≥ 2, ôüôå óõìðåñáßíïõìå üôé ï r ãñÜöåôáé ìïíïóçìÜíôùò ùò

r = s
γ1
1 s

γ2
2 · · · sγll ,

üðïõ l ∈ N, ïé s1, s2, . . . , sl ðñþôïé áñéèìïß ìå s1 < s2 < · · · < sl êáé ïé γ1, γ2, . . . , γl ìç ìçäåíéêïß
áêÝñáéïé áñéèìïß. Ãéá íá óõìðåñéëÜâïõìå ôçí ðåñßðôùóç üðïõ êÜðïéïò åê ôùí α, β åßíáé= 1 êáé ãéá íá
åíôÜîïõìå ôïõò ðñþôïõò áñéèìïýò (åíôüò ôÞò áðïóõíèÝóåùò ïéïõäÞðïôå r ∈ Q>0), ïé ïðïßïé ôõã·Üíåé
íá õøïýíôáé óå ìå ìç ìçäåíéêÞ áêÝñáéá äýíáìç, óôçí áêïëïõèßá (pν)ν∈N0 (üëùí) ôùí ðñþôùí áñéèìþí,
Ý·ïõìå (ðñïöáíþò) ôç äõíáôüôçôá íá åðåêôåßíïõìå ôï áíùôÝñù óõìðÝñáóìá ùò åîÞò: ÊÜèå r ∈ Q>0

ãñÜöåôáé ùò

r = pδ00 pδ11 pδ22 · · · pδkk
üðïõ k ∈ N êáé δ0, . . . , δk (ü·é êáô' áíÜãêçí ìç ìçäåíéêïß) áêÝñáéïé áñéèìïß. Ãéá ôïõò r ∈ Q>0r{1} ç
áíùôÝñù áðïóýíèåóç êáèßóôáôáé ìïíïóÞìáíôç èÝôïíôáò ùò k := max{ν ∈ N0 : pν | r}. ÅðåéäÞ

ϑ

Ã
kX
i=0

δiX
i

!
= r

ç ϑ åßíáé åðéññéðôéêÞ. Åí óõíå·åßá ðñïóäéïñßæïõìå ôïí ðõñÞíá Ker(ϑ) ôÞò ϑ.¸óôù ôõ·üí óôïé·åßï

f(X) =
nX
i=0

aiX
i ∈ Ker(ϑ).

Ôüôå

ϑ (f(X)) =
nY
i=0

paii = 1⇒ a0 = a1 = · · · = an = 0⇒ f(X) = 0Z[X],

ïðüôå Ker(ϑ) = {0Z[X]}.Ðñïöáíþò, Z[X] ∼= Z[X]/Ker(ϑ), êáé, óýìöùíá ìå ôï 1ï èåþñçìá éóïìïñöéóìþí

ïìÜäùí (3.6.27), õößóôáôáé Ýíáò éóïìïñöéóìüò ìåôáîý ôÞò (Z[X],+) êáé ôÞò (Q>0, ·). ¤

ÈÅÌÁ 9ï ¸óôù (R,+, ·) Ýíáò äáêôýëéïò ìå ìïíáäéáßï (ðïëëáðëáóéáóôéêü) óôïé·åßï, ãéá ôïí ïðïßï éó·ýåé ç éóü-
ôçôá

x3 = x, ∀x ∈ R. (1)

(i) Ãéá ïéáäÞðïôå óôïé·åßá x, y ∈ R Ý·ïõìå (ëüãù ôÞò (1))

x+ y = (x+ y)3 = x+ x2y + xyx+ xy2 + yx2 + yxy + y2x+ y,
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ïðüôå

x2y + xyx+ xy2 + yx2 + yxy + y2x = 0R. (2)

ÈÝôïíôáò óôçí (2) −x áíôß ôïý x ëáìâÜíïõìå

x2y + xyx− xy2 + yx2 − yxy − y2x = 0R. (3)

Áðü ôéò (2) êáé (3) óõíÜãïõìå üôé

2x2y + 2xyx+ 2yx2 = 0R. (4)

Åöáñìüæïíôáò ôçí (4) ãéá y = x êáé ëáìâÜíïíôáò õð' üøéí üôé x3 = x (ëüãù ôÞò (1)) óõìðåñáßíïõìå
ôåëéêþò üôé 6x = 0R.

(ii) ÐïëëáðëáóéÜæïíôáò áìöüôåñá ôá ìÝëç ôÞò (4) åî áñéóôåñþí êáé åê äåîéþí ìå ôï x (êáé ·ñçóéìïðïéþ-
íôáò ôÞí (1)) ëáìâÜíïõìå

2xy + 2x2yx+ 2xyx2 = 0R

2x2yx+ 2xyx2 + 2yx = 0R

)
=⇒ 2xy = 2yx. (5)

ÅÜí óôçí (3) èÝóïõìå y = 1R, ôüôå

3x2 = 3x. (6)

ÅðïìÝíùò, èÝôïíôáò x+ y áíôß ôïý x óôçí (6) ëáìâÜíïõìå

3x+ 3y = 3(x+ y) = 3(x+ y)2 = 3x2 + 3y2 + 3xy + 3yx

=⇒
(6)

3xy + 3yx = 0R =⇒
(5)

2yx+ xy + 3yx = 0R

=⇒ 5yx+ xy = 0R =⇒
(i)
−yx+ xy = 0R =⇒ xy = yx,

ðñÜãìá ðïõ óçìáßíåé üôé ï R åßíáé üíôùò ìåôáèåôéêüò äáêôýëéïò. ¤

ÈÅÌÁ 10ï ¸óôù p Ýíáò ðåñéôôüò ðñþôïò. Èåùñïýìå ôï ðïëõþíõìï

fp(X) :=

p−1
2X

j=0

Ã
p

2j

!
Xp−2j(X2 − 1)j ∈ Z[X].

ÓçìåéùôÝïí üôé

(X2 − 1)j =
jX

k=0

Ã
j

k

!
(−1)j−k X2k,

ïðüôå

fp(X) =

p−1
2X

j=0

¡
p
2j

¢
Xp−2j

Ã
jX

k=0

¡
j
k

¢
(−1)j−k X2k

!
=

p−1
2X

j=0

¡
p
2j

¢Ã jX
k=0

¡
j
k

¢
(−1)j−k

!
Xp−2(j−k)

=

⎛⎜⎝ p−1
2X

j=0

¡
p
2j

¢⎞⎟⎠Xp −
⎛⎜⎝ p−1

2X
j=1

¡
p
2j

¢
j

⎞⎟⎠Xp−2 +
⎛⎜⎝ p−1

2X
j=2

¡
p
2j

¢¡
j

j−2
¢⎞⎟⎠Xp−4 − · · ·

=

pX
i=0

aiX
i,
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üðïõ

ai :=

⎧⎪⎪⎨⎪⎪⎩
(−1) p−i2

⎡⎣ p−1
2P

j= p−i
2

¡
p
2j

¢¡ j

j− 1
2
(p−i)

¢⎤⎦ , üôáí i ∈ {1, 3, 5, . . . , p− 4, p− 2, p},

0, üôáí i ∈ {0, 2, 4, . . . , p− 5, p− 3, p− 1}.

(i) Åíôüò ôïý fp(X) ï óõíôåëåóôÞò ôïý X åßíáé ï

a1 = (−1)
p−1
2

Ã
p

p− 1

!
= (−1) p−12 p. (1)

(ii) ÅðåéäÞ a0 = 0, ôï fp(X) ãñÜöåôáé õðü ôç ìïñöÞ fp(X) = Xgp(X), üðïõ

gp(X) =

p−1X
i=0

biX
i ∈ Z[X], bi := ai+1, ∀i ∈ {0, 1, . . . , p− 1}.

(iii) Êáô' áñ·Üò ðáñáôçñïýìå üôé ãéá êÜèå ν ∈ {1, ..., p− 1},Ã
p

ν

!
=

p(p− 1) · · · (p− ν + 1)

ν!| {z }
⇓

p(p− 1) · · · (p− ν + 1) = 1 · 2 · 3 · · · ν · ¡pν¢,
Ý·ïõìå

p | 1 · 2 · 3 · · · ν · ¡p
ν

¢
ìêä(p, 1 · 2 · 3 · · · ν) = 1

⎫⎪⎬⎪⎭ =⇒
(ðñâë. 2.2.10)

p | ¡pν¢. (2)

Ùò åê ôïýôïõ,

p | bi
⎛⎝= ai+1 = (−1)

p−(i+1)
2

⎡⎣ p−1
2P

j=
p−(i+1)

2

¡
p
2j

¢¡ j

j− 1
2
(p−(i+1))

¢⎤⎦⎞⎠
ãéá êÜèå i ∈ {0, 2, 4, . . . , p− 5, p− 3} (âë. 2.1.5 (vi)). ÅðåéäÞ, åðéðñïóèÝôùò,

p | 0 (= bi = ai+1), ∀i ∈ {1, 3, 5, . . . , p− 4, p− 2}

(âë. 2.1.3 (i)), óõìðåñáßíïõìå üôé

p | bi, ∀i ∈ N : 1 ≤ i ≤ p− 2. (3)

Åê ðáñáëëÞëïõ, áðü ôéò éóüôçôåò (1) Ýðåôáé Üìåóá üôé

p | a1 = b0, p2 - b0. (4)

ÔÝëïò,

p - bp−1 (= ap =

p−1
2X

j=0

Ã
p

2j

!
). (5)

[ÐñÜãìáôé° åÜí õðïèÝôáìå üôé p | P p−1
2

j=1

¡
p
2j

¢
+ 1, ôüôå èá õðÞñ·å êÜðïéïò èåôéêüò áêÝñáéïò áñéèìüò ,

ôÝôïéïò þóôå

p−1
2X

j=1

Ã
p

2j

!
+ 1 = p.
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ÅðåéäÞ p | ¡ p
2j

¢
, ∀j ∈ {1, 2, . . . , p−1

2
} (ðñâë. (2)), èá åß·áìå

2.1.5 (vi)⇒ p |P p−1
2

j=1

¡
p
2j

¢
p | p

)
=⇒

2.1.5 (vi)
p | p−

p−1
2X

j=1

Ã
p

2j

!
⇒ p | 1,

êÜôé ðïõ èá áíôÝöáóêå ð.·. ðñïò ôï üôé p ≥ 3 (ðñâë. 2.1.5 (ii)).]
Ëüãù ôùí õöéóôÜìåíùí ó·Ýóåùí äéáéñåôüôçôáò (3), (4) êáé (5) åßíáé äõíáôÞ ç åöáñìïãÞ ôïý êñéôçñßïõ

5.5.9 ôïý Eisenstein, ôï ïðïßï ìáò åîáóöáëßæåé ôçí áíáãùãéìüôçôá ôïý ðïëõùíýìïõ gp(X) åíôüò ôïý

Q[X]. ¤

—————————————————

• Ôá èåùñçôéêÜ èÝìáôá 1, 2, 3, 4 êáé 5 åß·áí äéäá·èåß êáôÜ ôç äéÜñêåéá ôùí ðáñáäüóåùí. ÌÜëéóôá,
ôá èÝìáôá 1, 2 êáé 4 åß·áí îáíáäïèåß óå ðñïçãïýìåíåò åîåôÜóåéò: ôï 1 ôïí Éïýëéï 2006, ôï 2 ôïí

Éïýíéï 2009 êáé ôï 4 ôïí ÓåðôÝìâñéï 2006.

• Ôï èÝìá 9 åß·å äïèåß ùò Üóêçóç êáé ëõèåß áðü ôïí âïçèü óôéò þñåò ôùí öñïíôéóôçñßùí (âë. Üóêçóç
3 ôïý 8ïõ êáôáëüãïõ ðñïôåéíïìÝíùí áóêÞóåùí).

• Ôï (i) ôïý èÝìáôïò 6 áíôéìåôùðéæüôáí ìå óôïé·åéþäç ìÝóá (êáô' ïõóßáí ìå ôéò ðñþôéóôåò éäéüôçôåò
äéáéñåôüôçôáò áêåñáßùí êáé éóïôéìéþí, ðñâë. 2.3.10 êáé 2.4.5). Ç õðüäåéîç ãéá ôïí ôñüðï áðïäåßîåùò

ôïý (ii) áðïôåëïýóå ìéá äéåõêïëõíôéêÞ áöåôçñßá ãéá ôçí ðáñÜèåóç ôùí áðáñáßôçôùí óõëëïãéóìþí.

• Ôï èÝìá 7 áðáéôïýóå ìüíïí ôç ãíþóç ôùí ïñéóìþí ôÞò ïìÜäáò, ôÞò áâåëéáíÞò ïìÜäáò, ôÞò õðïïìÜäáò
êáé ôÞò ïñèüèåôçò õðïïìÜäáò, êáé áðëÞ åöáñìïãÞ ôïý 1ïõ èåùñÞìáôïò éóïìïñöéóìþí ïìÜäùí (3.6.27)

ãéá ôçí áðåéêüíéóç ϑ. Ï ôñüðïò ïñéóìïý áõôÞò õðáãïñåõüôáí Üìåóá áðü ôï ôé åðéæçôåßôï ìÝóù ôïý
(iv).

• Ç ìïíáäéêÞ äõóêïëßá óôï èÝìá 10 åíÝêåéôï óôïí áêñéâÞ ðñïóäéïñéóìü ôùí óõíôåëåóôþí ôïý äïèÝíôïò
ðïëõùíýìïõ (ìÝóù ôïý äéùíõìéêïý ôýðïõ). Ùóôüóï, ýóôåñá áðü ôçí åýñåóç áõôþí, ôá (i) êáé (ii)

Þóáí ôåôñéììÝíá, åíþ ôï (iii) áíÞãåôï óôçí áðüäåéîç ôïý üôé ðëçñïýíôáé ïé óõíèÞêåò ôïý êñéôçñßïõ

áíáãùãéìüôçôáò 5.5.9 ôïý Eisenstein, êÜôé ðïõ åîáóöáëéæüôáí êÜíïíôáò ·ñÞóç áðëþí, ãíùóôþí

éäéïôÞôùí äéáéñåôüôçôáò.

• Ç Üóêçóç 8 Þôáí êáôÜ ôé ðéï áðáéôçôéêÞ, êáèüôé ðñïûðÝèåôå Ýíáí êÜðïéï âáèìü åõñçìáôéêüôçôáò
ãéá ôïí ðñïóäéïñéóìü ôïý éóïìïñöéóìïý ϑ êáé êáôÜëëçëï ·åéñéóìü ôïý Èåìåëéþäïõò ÈåùñÞìáôïò

ôÞò ÁñéèìçôéêÞò.
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