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ÁÐÁÍÔÇÓÅÉÓ ÄÏÈÅÍÔÙÍ ÈÅÌÁÔÙÍ

ÈÅÌÁ 1ï Èåùñïýìå ôï óýíïëï

S :=

(
nP
j=1

λjaj

¯̄̄̄
¯ λ1, . . . , λn ∈ Z

)
.

ÈÝôïíôáò

εj,l :=

(
1, üôáí j = l,

0, üôáí j 6= l,

ãéá êÜèå j, l ∈ {1, . . . , n}, Ý·ïõìå ðñïöáíþò

al =
nP
j=1

εj,laj ∈ S, ∀l ∈ {1, . . . , n}.

ÅÜí êÜðïéïò åê ôùí a1, . . . , an åßíáé > 0, ôüôå S ∩ N 6= ∅ . Ùóôüóï, ôï üôé S ∩ N 6= ∅ åßíáé ðÜíôïôå

áëçèÝò, äéüôé áêüìç êáé åÜí al < 0 ãéá êÜèå l ∈ {1, . . . , n}, Ý·ïõìå −al =
nP
j=1

(−εj,l) aj ∈ S ∩ N. Ùò åê

ôïýôïõ, ôï S ∩ N äéáèÝôåé åëÜ·éóôï óôïé·åßï, áò ðïýìå ôï d0 =
Pn

j=1 kjaj . Èá áðïäåßîïõìå üôé d0 = d.

ÐñÜãìáôé° ãéá ïéïäÞðïôå óôïé·åßï m =
Pn

j=1 λjaj ôïý S õðÜñ·åé Ýíá ìïíïóçìÜíôùò ïñéóìÝíï æåýãïò
(q, r) ∈ Z× Z, ïýôùò þóôå íá éó·ýåé

m = qd0 + r, üðïõ 0 ≤ r < d0.

ÕðïèÝôïíôáò üôé r > 0 êáôáëÞãïõìå óå êÜôé ôï Üôïðï, êáèüóïí d0 > r =
nP
j=1

(λj − kjq) aj ∈ S. ¢ñá

r = 0 =⇒ d0 | m êáé, åéäéêüôåñá, d0 | aj ãéá êÜèå j ∈ {1, . . . , n}. ÅðéðñïóèÝôùò, ãéá ïéïíäÞðïôå δ ∈ N ,
ãéá ôïí ïðïßï éó·ýåé δ | a1, . . . , δ | an, Ý·ïõìå

[δ | k1a1, . . . , δ | knan] =⇒ δ | d0 =⇒ δ ≤ d0,

ïðüôå ôåëéêþò d0 = d. ¤

ÈÅÌÁ 2ï ‘‘⇒'': ¸óôù ôõ·üí x ∈ HK. Ôüôå x = hk ãéá êÜðïéá h ∈ H êáé k ∈ K.ÅðåéäÞ ôïHK åßíáé åî õðïèÝóåùò
õðïïìÜäá ôÞò G, Ý·ïõìå x−1 ∈ HK (âë. 3.2.15 (ii) (c)). ¢ñá x−1 = h0k0 ãéá êÜðïéá h0 ∈ H êáé k0 ∈ K,

êáé

x =
¡
x−1

¢−1 ⇒ x = (h0k0)−1 = (k0)−1(h0)−1

k0 ∈ K ⇒ (k0)−1 ∈ K êáé h0 ∈ H ⇒ (h0)−1 ∈ H

)
⇒ x = (k0)−1(h0)−1 ∈ KH.

Ôïýôï óçìáßíåé üôéHK ⊆ KH. Ãéá ôçí áðüäåéîç ôïý áíôéóôñüöïõ åãêëåéóìïý èåùñïýìå ôõ·üí y ∈ KH.

Ðñïöáíþò, y = kh ãéá êÜðïéá k ∈ K êáé h ∈ H, êáé

h ∈ H ⇒ h−1 ∈ H êáé k ∈ K ⇒ k−1 ∈ K

y−1 = (kh)−1 = h−1k−1

)
⇒ y−1 ∈ HK.

ÅðåéäÞ ôïHK õðåôÝèç üôé åßíáé õðïïìÜäá ôÞòG, Ý·ïõìå
¡
y−1

¢−1
= y ∈ HK.¢ñá éó·ýåé êáé áíôßóôñï-

öïò åãêëåéóìüòHK ⊇ KH.
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‘‘⇐'': ÅðåéäÞ ôáH êáéK åßíáé õðïïìÜäåò ôÞò G, Ý·ïõìå eG ∈ H êáé eG ∈ K, ïðüôå eGeG = eG ∈ HK.

Åí óõíå·åßá èåùñïýìå ôõ·üíôá óôïé·åßá x1, x2 ∈ HK. Åî ïñéóìïý õðÜñ·ïõí h1, h2 ∈ H êáé k1, k2 ∈ K,

ôÝôïéá þóôå íá éó·ýïõí ïé éóüôçôåò x1 = h1k1 êáé x2 = h2k2. ÅðéðñïóèÝôùò,

k1h2 ∈ KH = HK ⇒ ∃h3 ∈ H êáé ∃k3 ∈ K : k1h2 = h3k3.

ÊáôÜ óõíÝðåéáí,

x1x2 = (h1k1) (h2k2) = h1 (k1h2) k2

= h1 (h3k3) k2 = (h1h3| {z }
∈H

)(k3k2|{z}
∈K

) ∈ HK.

ÔÝëïò, ãéá ïéïäÞðïôå x ∈ HK õðÜñ·ïõí h ∈ H êáé k ∈ K, ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá x = hk,

ïðüôå

x−1 = (hk)−1 = k−1h−1 ∈ KH = HK.

Óýìöùíá ìå ãíùóôÞ ðñüôáóç (3.2.15 (ii)) ôï óýíïëïHK åßíáé õðïïìÜäá ôÞò G. ¤

ÈÅÌÁ 3ï Èåþñçìá ôïý Cayley. ÊÜèå ïìÜäá (G, ·) åßíáé éóüìïñöç ìå ìéá õðïïìÜäá ôÞò ïìÜäáò (SG, ◦).
Áðüäåéîç. ¸óôù (G, ·) ôõ·ïýóá ïìÜäá (ìå ïõäÝôåñü ôçò óôïé·åßï ôï eG). Óå êÜèå óôïé·åßï g ôÞò G
áíôéóôïé·ïýìå ìéá ìåôÜôáîç Lg ïñéæüìåíç ùò åîÞò:

Lg : G −→ G, Lg(x) = gx.

(Ç áðåéêüíéóç Lg åßíáé åíñéðôéêÞ, äéüôé

Lg (x) = Lg (y) =⇒ gx = gy =⇒ g−1gx = g−1gy =⇒ eGx = eGy =⇒ x = y,

áëëÜ êáé åðéññéðôéêÞ, äéüôé åÜí z ∈ G, ôüôå Lg
¡
g−1z

¢
= gg−1z = eGz = z). H Lg ïíïìÜæåôáé åî

áñéóôåñþí ìåôáöïñÜ ìÝóù ôïý g. ¸óôù ôþñá G0 ôï õðïóýíïëï {Lg | g ∈ G} ôÞò SG. Ç ðñÜîç ìå ôçí
ïðïßá åßíáé åöïäéáóìÝíç çSG åßíáé ç óýíèåóç áðåéêïíßóåùí. Ùò åê ôïýôïõ, Ý·ïõìå

(Lg ◦ Lh) (x) = Lg (Lh (x)) = Lg (hx) = ghx = Lgh(x), ∀x ∈ G.

ÊáôÜóõíÝðåéáí, ôï ãéíüìåíï äõï ôõ·üíôùí óôïé·åßùí ôïýG0 áíÞêåé óôïG0.Ôï ôáõôïôéêü óôïé·åßï idG ôÞò
SG áíÞêåé óôïG0 äéüôé éóïýôáé ìå ôçí LeG , åíþ ôï áíôßóôñïöï ôÞò Lg åíôüò ôÞòSG éóïýôáé ìå ôçí Lg−1
êáé áíÞêåé êáé áõôü óôï G0. Ôïýôï óçìáßíåé üôé ôï óýíïëï G0 áðïôåëåß ìéá õðïïìÜäá ôÞò SG äõíÜìåé
ãíùóôÞò ðñïôÜóåùò (âë. 3.2.15 (ii)). Ç áðåéêüíéóç

G −→ G0, g 7−→ Lg,

åßíáé ðñïöáíþò åðéññéðôéêÞ êáé ìåôáöÝñåé ôïí ðïëëáðëáóéáóìü ôÞòG óôç óýíèåóç áðåéêïíßóåùí ôÞòG0

(gh 7−→ Lgh = Lg ◦ Lh). ÅîÜëëïõ, ç åí ëüãù áðåéêüíéóç åßíáé êáé åíñéðôéêÞ, áöïý áðü ôçí Lg = Lh

Ýðåôáé üôé g = Lg(eG) = Lh(eG) = h. Êáô' áõôüí ôïí ôñüðï êáôáóêåõÜóáìå Ýíáí éóïìïñöéóìü ìåôáîý

ôÞò G êáé ôÞò õðïïìÜäáò G0 ôÞò ïìÜäáòSG. ¤

ÈÅÌÁ 4ï 1ï Èåþñçìá Éóïìïñöéóìþí Äáêôõëßùí. ¸óôù f : R −→ S Ýíáò ïìïìïñöéóìüò äáêôõëßùí. Ôüôå

R/Ker(f) ∼= Im (f) = f (R) .

3ï Èåþñçìá Éóïìïñöéóìþí Äáêôõëßùí. ÅÜí ï R åßíáé Ýíáò äáêôýëéïò êáé ôá I, J éäåþäç ôïý R ìå I ⊆ J,

ôüôå Ý·ïõìå

R/J ∼= (R/I) / (J/I) .

Áðïäåéîç.¸óôù f ç áðåéêüíéóç

f : R −→ (R/I) / (J/I) , a 7−→ (a+ I) + (J/I), ∀a ∈ R.
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ÅðåéäÞ f = π2 ◦ π1, üðïõ π1 : R −→ (R/I) êáé π2 : R/I −→ (R/I) / (J/I) ïé öõóéêïß åðéìïñöéóìïß, ç
f åßíáé Ýíáò (êáëþò ïñéóìÝíïò) åðéìïñöéóìüò äáêôõëßùí. Óýìöùíá ìå ôï 1ï èåþñçìá éóïìïñöéóìþí,

R/Ker (f) ∼= (R/I) / (J/I) .

¼ìùò

Ker(f) =
©
a ∈ R | f(a) = 0(R/I) / (J/I)

ª
=

©
a ∈ R | π2(π1(a)) = 0(R/I) / (J/I)

ª
=

©
a ∈ R | π2(a+ I) = 0(R/I) / (J/I)

ª
= {a ∈ R | a+ I ∈ Ker (π2)}
= {a ∈ R | a+ I ∈ (J/I)} = J,

áð' üðïõ Ýðåôáé ôï æçôïýìåíï. ¤

ÈÅÌÁ 5ï (i) ÅÜí f(X) =
Pn

j=0 ajX
j ∈ Z[X]r{0Z[X]} ìå an 6= 0, ôüôå ï áñéèìüò

cont(f(X)) := ìêä(a0, a1, . . . , an)

êáëåßôáé ðåñéå·üìåíï ôïý ðïëõùíýìïõ f(X).ÊÜèå ôÝôïéïõ åßäïõò ðïëõþíõìï ìå cont(f(X)) = 1 êáëåßôáé
ðñùôáñ·éêü ðïëõþíõìï.

ËÞììá ôïý Gauss. Ôï ãéíüìåíï äõï ðñùôáñ·éêþí ðïëõùíýìùí (áíçêüíôùí óôï Z[X]r{0Z[X]}) åßíáé ðÜ-
íôïôå Ýíá ðñùôáñ·éêü ðïëõþíõìï.

Áðüäåéîç. ¸óôù üôé ôá f(X), g(X) ∈ Z[X]r{0Z[X]} åßíáé äõï ðñùôáñ·éêÜ ðïëõþíõìá. Áò õðïèÝóïõìå
üôé ôï ãéíüìåíü ôïõò f(X)g(X) äåí åßíáé ðñùôáñ·éêü ðïëõþíõìï. ¸óôù p Ýíáò ðñþôïò áñéèìüò ðïõ äéáé-
ñåß ôï cont(f(X)g(X)) êáé Ýóôù

Ψp : Z[X] −→ Zp[X]

ï ïìïìïñöéóìüò äáêôõëßùí ï ïñéæüìåíïò ìÝóù ôïý ôýðïõ

Ψp(
nP
j=0

ajX
j) :=

nP
j=0

[aj ]pX
j , ∀

nP
j=0

ajX
j ∈ Z[X].

Ôüôå Ý·ïõìå ðñïöáíþò Ψp(f(X)), Ψp(g(X)) ∈ Zp[X] êáé

Ψp(f(X))Ψp(g(X)) = Ψp(f(X)g(X)) = 0Zp[X],

ïðüôå åßôå ï p äéáéñåß êÜèå óõíôåëåóôÞ ôïý ðïëõùíýìïõ f(X) åßôå ï p äéáéñåß êÜèå óõíôåëåóôÞ ôïý ðï-
ëõùíýìïõ g(X). Áõôü óçìáßíåé üôé åßôå ôï f(X) åßôå ôï g(X) äåí åßíáé ðñùôáñ·éêü. ¢ôïðï! ¤
(ii) Ðñüôáóç. ÅÜí Ýíá ðïëõþíõìï f(X) ∈ Z[X] åßíáé áíÜãùãï åíôüò ôïý ðïëõùíõìéêïý äáêôõëßïõ Z[X],
ôüôå åßíáé áíÜãùãï êáé åíôüò ôïý Q[X].

Áðüäåéîç. Áò õðïèÝóïõìå üôé ôï f(X) ∈ Z[X] äåí áíÜãùãï åíôüò ôïý Q[X]. Ôüôå õðÜñ·ïõí ðïëõþíõìá
g(X), h(X) ∈ Q[X] âáèìïý ≥ 1, ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá f(X) = g(X)h(X). Äß·ùò âëÜâç ôÞò
ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé ôï f(X) åßíáé ðñùôáñ·éêü (åéäÜëëùò èåùñïýìå áíô' áõôïý ôï

1
cont(f(X))f(X)). ¸óôù a (êáé áíôéóôïß·ùò, b) ôï åêð ôùí ðáñïíïìáóôþí ôùí óõíôåëåóôþí ôïý g(X) (êáé
áíôéóôïß·ùò, ôïý h(X)). Ôüôå

a g(X), b h(X) ∈ Z[X]⇒ ab f(X) = (a g(X))(b h(X)) ∈ Z[X].

ÈÝôïíôáò c1 := cont(a g(X)) êáé c2 := cont(b h(X)) Ý·ïõìå

a g(X) = c1 eg(X), b h(X) = c2 eh(X),
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ãéá êÜðïéá eg(X),eh(X) ∈ Z[X] âáèìïý ≥ 1 ìå cont(eg(X)) = cont(eh(X)) = 1. Ðñïöáíþò,

ab f(X) = c1c2 eg(X)eh(X),
cont(f(X)) = 1 =⇒ cont(ab f(X)) = ab,

cont(eg(X)eh(X)) (Gauss)
= 1 =⇒ cont(c1c2 eg(X)eh(X)) = c1c2,

⎫⎪⎬⎪⎭ =⇒ ab = c1c2,

ïðüôå f(t) = eg(t)eh(t) ∈ Z[t], ðñÜãìá ðïõ óçìáßíåé üôé ôï f(t) äåí áíÜãùãï ïýôå åíôüò ôïý Z[t]. ¤

ÈÅÌÁ 6ï (i) ÅðåéäÞ ìêä(m,n) = 1, ôï èåþñçìá 2.4.21 ôïý Euler ðåñß éóïôéìéþí äßäåé

mϕ(n) ≡ 1(modn)
nϕ(m) ≡ 1(modm)

)
⇒ mn |

³
mϕ(n) − 1

´
(nϕ(m) − 1),

ïðüôåmn | mϕ(n)nϕ(m)−(mϕ(n)+nϕ(m)−1)⇒mn | mϕ(n)+nϕ(m)−1⇒mϕ(n)+nϕ(m) ≡ 1 (modmn) .

(ii) ÅðåéäÞ ìêä(5, 24) = 1, ç ãñáììéêÞ éóïôéìßá 5x ≡ 3(mod 24) äéáèÝôåé áêñéâþò ìßá ëýóç x0 êáôÜ

ìüäéï m (âë. 2.4.35). ÃñÜöïíôáò 24 = 23 · 3, ìÝóù ãíùóôïý ôýðïõ (âë. 2.4.19) ðñïóäéïñßæïõìå ôçí

ôéìÞ ϕ (24) = (23 − 22)(3 − 1) = 8. ÅðåéäÞ (êáôÜ ôï èåþñçìá 2.4.21 ôïý Euler ðåñß éóïôéìéþí) Ý·ïõìå

5ϕ(24) ≡ 1(mod 24), ìðïñïýìå íá èÝóïõìå ùò x0 := 5ϕ(24)−1 · 3 = 57 · 3 = 234 375. Ùóôüóï, åßèéóôáé íá

ðáñÝ·ïõìå ôç æçôïýìåíç ëýóç óôçí áíçãìÝíç ôçò ìïñöÞ. ÅðåéäÞ ëïéðüí 234 375 = 9765 · 24+ 15, Ý·ïõìå
[x0]24 = [15]24, ïðüôå 5 · 15 ≡ 3(mod 24). (Åíáëëáêôéêþò, ãéá íá ìçí êáôáöýãïõìå óå äéáßñåóç ìå Ýíáí

ôüóï ìåãÜëï áñéèìü, Ý·ïõìå ôç äõíáôüôçôá íá åðé·åéñçìáôïëïãÞóïõìå ùò åîÞò: 52 ≡ 1(mod 24), ïðüôå
56 ≡ 1(mod 24)⇒ 57 ≡ 5(mod 24)⇒ 57 · 3 ≡ 15(mod 24).)

ÈÅÌÁ 7ï (i) ¸óôùH ìéá ðåðåñáóìÝíùò ðáñáãüìåíç õðïïìÜäá ôÞò (Q,+).¸óôù üôé

H =

¿
a1
d1

,
a2
d2

, . . . ,
ar
dr

À
,

üðïõ r ∈ N, aj ∈ Z, dj ∈ Zr{0}, ∀j ∈ {1, ..., r}. ÅÜí d :=
rQ

j=1

dj , ôüôå

a1
d1
= a1d2···dr

d
∈

1
d

®
...

ar
dr
=

ard1···dr−1
d

∈

1
d

®
⎫⎪⎪⎬⎪⎪⎭ =⇒ H ⊆

¿
1

d

À
,

êáé çH -ùò õðïïìÜäá ìéáò êõêëéêÞò ïìÜäáò- ïöåßëåé íá åßíáé êõêëéêÞ (âë. 3.2.29 (i)).

(ii) Áò õðïèÝóïõìå üôé ç (Q,+) åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç. Ôüôå, âÜóåé ôïý (i) êáé ôïý üôé äåí åßíáé
ôåôñéììÝíç, èá éó·ýåé Q =


a
b

®
ãéá êÜðïéá a, b ∈ Zr{0}. ÅðåéäÞ a

2b ∈ Q èá ðñÝðåé íá õðÜñ·åé n ∈ Z,
ôÝôïéï þóôå íá éó·ýåé

a

2b
= n

a

b
=⇒ n =

1

2
/∈ Z,

ðñÜãìá Üôïðï. ÊáôÜ óõíÝðåéáí, ç (Q,+) äåí åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç.

(iii) ÅðåéäÞ ãéá êÜèå öõóéêü áñéèìü i ≥ 1, 1
i!
= (i+ 1) 1

(i+1)!
∈ Hi+1 êáé 1

(i+1)!
/∈ Hi, Ý·ïõìå ðñïöáíþò

Hi $ Hi+1. Ãéá íá äåßîïõìå üôé Q =
S
n≥1Hn, áñêåß íá äåßîïõìå üôé ãéá êÜèå ñçôü áñéèìü a

b ∈ Q
õðÜñ·åé i0 ≥ 1 ìå a

b
∈ Hi0 . Ôïýôï üìùò Ýðåôáé áðü ôï üôé (èÝôïíôáò ùò i0 ôï |b|) ëáìâÜíïõìå

a

b
=

a

sign(b) |b| =
sign(b)a
|b| = (|b|− 1)! sign(b)a 1

|b|! ∈ H|b|.

(iv) Ôï U ðåñéÝ·åé ôï 0 êáé åßíáé êëåéóôü ùò ðñïò ôçí ðñüóèåóç (üðùò êáíåßò ìðïñåß Üìåóá íá äéáðéóôþ-
óåé). ÅðéðñïóèÝôùò, åÜí a

b
∈ U, ôüôå êáé −a

b
∈ U, êáèüôé ï −a åßíáé Üñôéïò êáé ï b ðåñéôôüò áñéèìüò.

Óõíåðþò ôï U óõãêñïôåß ìéá (ðñïöáíþò ìç ôåôñéììÝíç ) õðïïìÜäá ôÞò (Q,+). ÌÜëéóôá, U $ Q, áöïý
ð.·. 1

3
∈ QrU. (ÅÜí 1

3
=a

b
, ìå a Üñôéï êáé b ðåñéôôü, èá êáôáëÞãáìå óå Üôïðï óõìðÝñáóìá ôïý ôýðïõ:
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Üñôéïò = ðåñéôôüò.) ÁðïìÝíåé íá äåßîïõìå üôé ç U äåí åßíáé êõêëéêÞ. ÅÜí õðÞñ·å x = a
b
∈ U, a 6= 0, ìå

U = hxi , ôüôå ð.·. a
3b
∈ U (êáèüôé ôï 3b ðáñáìÝíåé ðåñéôôüò), ïðüôå èá õðÞñ·å êÜðïéïò n ∈ Z, ôÝôïéïò

þóôå íá éó·ýåé

a

3b
= nx = n

a

b
=⇒ n =

1

3
/∈ Z,

ðñÜãìá Üôïðï. ÊáôÜ óõíÝðåéáí, ç U äåí åßíáé êõêëéêÞ. ¤

ÈÅÌÁ 8ï (i) Êáô' áñ·Üò áðïäåéêíýïõìå üôé ôï êÝíôñïZ(G) := {g ∈ G | xg = gx, ∀x ∈ G} ìéáò ïìÜäáòGáðïôåëåß
ìéá õðïïìÜäá ôÞò G. Ðñïöáíþò, eG ∈ Z(G). ÅðéðñïóèÝôùò, ãéá ôõ·üíôá g, h ∈ Z(G) êáé x ∈ G Ý·ïõìå
(ëüãù ôÞò ðñïóåôáéñéóôéêÞò éäéüôçôáò êáé ôïý ïñéóìïý ôïý Z(G))

xh = hx⇒ h−1 (xh) =
¡
h−1h

¢
x = eGx = x⇒ h−1x = h−1 (xh)h−1 = xh−1

êáé

x(gh−1) = (xg)h−1 = (gx)h−1 = g(xh−1) = g(h−1x) = (gh−1)x⇒ gh−1 ∈ Z(G).

¢ñá ôï êÝíôñï Z(G) åßíáé üíôùò ìéá õðïïìÜäá ôÞò G (âë. 3.2.15 (iii)). Åí óõíå·åßá, áðïäåéêíýïõìå üôé
áõôü ðñüêåéôáé ãéá ìéá ïñèüèåôç õðïïìÜäá ôÞò G. Ðñïò ôïýôï áñêåß íá èåùñçèïýí ôõ·üíôá óôïé·åßá
g ∈ Z(G) êáé x ∈ G êáé íá ëçöèåß õð' üøéí üôé

xg = gx⇒ xgx−1 = gxx−1 = g ⇒ xZ(G)x−1 ⊆ Z(G).

(ii) ÅÜí ç ðçëéêïïìÜäá G/Z(G) åßíáé êõêëéêÞ, ôüôå õðÜñ·åé êÜðïéï g ∈ G, ôÝôïéï þóôå íá éó·ýåé
G/Z(G) = hgZ(G)i . Èåùñïýìå ôõ·üíôá óôïé·åßá a, b ∈ G. Ôüôå õðÜñ·ïõím,n ∈ Z :

aZ(G) = (gZ(G))m = gmZ(G)

bZ(G) = (gZ(G))n = gnZ(G)

)
⇒ ∃h1, h2 ∈ Z(G) : a = gmh1, b = gnh2.

¢ñá

ab = (gmh1) (g
nh2) = gm (h1g

n)h2 = gm (gnh1)h2 = gm+nh1h2

ba = (gnh2) (g
mh1) = gn (h2g

m)h1 = gn (gmh2)h1 = gm+nh2h1

h1, h2 ∈ Z(G)⇒ h1h2 = h2h1

⎫⎪⎬⎪⎭⇒ ab = ba

êáé ç G åßíáé áâåëéáíÞ (êáé, ùò åê ôïýôïõ, ç G/Z(G) åßíáé ôåôñéììÝíç).

(iii) Ç ïìÜäá ôùí ôåôñáíßùí, Þôïé ç õðïïìÜäáQ ôÞò SU2 (C) ç ðáñáãüìåíç áðü ôïõò ðßíáêåò j êáé k, Ý·åé
ôÜîç 8, êáèüôé

Q = {±I2,±i,±j,±k}, (i := jk).

ÓçìåéùôÝïí üôé çQ äåí åßíáé áâåëéáíÞ (áöïý ð.·. kj 6= jk), ïðüôå Z(Q) $ Q. ÅðéðñïóèÝôùò, åêôüò ôïý
I2 êáé ôï −I2 áíÞêåé óôï êÝíôñï ôÞòQ,äéüôé ãéá êÜèå ðßíáêáA áíÞêïíôá óôçíQ Ý·ïõìå

A · (−I2) = (−A) · I2 = I2 · (−A) = (−I2) ·A.

Óõíåðþò, {±I2} ⊆ Z(Q). (Ôï üôé ôï êÝíôñï Z(Q) ôÞòQ åßíáé ìç ôåôñéììÝíç õðïïìÜäá ôÞòQ ìðïñåß íá
áðïäåé·èåß êáé åíáëëáêôéêþò êÜíïíôáò ·ñÞóç ôïý èåùñÞìáôïò 3.7.8, áöïý |Q| = 23.) ÅðåéäÞ ëïéðüí ôï
êÝíôñï Z(Q) ôÞò Q åßíáé ìéá ìç ôåôñéììÝíç, ãíÞóéá êáé ïñèüèåôç õðïïìÜäá ôÞò Q, ôï èåþñçìá 3.5.18
ôïý Lagrange ìÜò ðëçñïöïñåß üôé |Z(Q)| ∈ {2, 4}, ïðüôå |Q/Z(Q)| = |Q|

|Z(Q)| ∈ {2, 4}. Ùò ãíùóôüí,
êÜèå ïìÜäá ôÜîåùò 2 åßíáé êõêëéêÞ êáé éóüìïñöç ôÞò (Z2,+) (âë. ðüñéóìá 3.5.21 êáé èåþñçìá 3.3.15
(ii)). ÊáôÜ óõíÝðåéáí, åÜí õðïèÝôáìå üôé |Q/Z(Q)| = 2, èá åß·áìåQ/Z(Q) ∼= Z2 êáé âÜóåé ôïý (ii) èá
óõìðåñáßíáìå üôé ç ßäéá çQ åßíáé áâåëéáíÞ, Þôïé êÜôé ôï åóöáëìÝíï. Ùò åê ôïýôïõ,

|Q/Z(Q)| = 4⇒ |Z(Q)| = 2⇒ Z(Q) ∼= Z2.

(ÌÜëéóôá, âÜóåé ôùí ðñïáíáöåñèÝíôùí, Z(Q) = {±I2}.)

5



(iv) Åñãáæüìáóôå ìå «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé õðÜñ·åé êÜðïéï óôïé·åßï σ ∈ Snr{id},
ôÝôïéï þóôå íá éó·ýåé σ ◦ τ = τ ◦ σ Þ -éóïäõíÜìùò- σ ◦ τ ◦ σ−1 = τ , ãéá êÜèå τ ∈ Sn. Ôï σ (óýìöùíá
ìå ãíùóôü èåþñçìá, âë. 3.4.13) ãñÜöåôáé õðï ôç ìïñöÞ åðáëëÞëùí óõíèÝóåùí (ðåðåñáóìÝíïõ ðëÞèïõò)
áíÜ äýï îÝíùí ìåôáîý ôïõò êýêëùí ìÞêïõò≥ 2, áò ðïýìå σ = c1◦c2◦· · ·◦cν .¸óôùüôé c1 = [a1 a2 · · · ak],
ãéá êÜðïéïí k ∈ N, 2 ≤ k ≤ n. ÅîåôÜæïõìå äýï ðåñéðôþóåéò ·ùñéóôÜ:

Ðåñßðôùóç ðñþôç. ÅÜí k ≥ 3, ôüôå èåùñþíôáò ùò τ ôïí 2-êýêëï [a1 a2] êáôáëÞãïõìå óå Üôïðï, êáèüóïí

σ ◦ τ ◦ σ−1 = σ ◦ [a1 a2] ◦ σ−1 = [σ(a1) σ(a2)] = [a2 a3] 6= [a1 a2] = τ .

Ðåñßðôùóç äåýôåñç. ÅÜí k = 2, ôüôå èåùñþíôáò ùò τ ôïí 3-êýêëï [a1 a2 a3] êáôáëÞãïõìå åê íÝïõ óå
Üôïðï, êáèüóïí

σ ◦ τ ◦ σ−1 = σ ◦ [a1 a2 a3] ◦ σ−1 = [σ(a1) σ(a2) σ (a3)] = [a2 a1 σ (a3)],

üðïõ σ (a3) /∈ {a1, a2} êáé
¡
σ ◦ τ ◦ σ−1

¢
(a2) = a1 6= a3 = τ(a2). ¢ñá ôåëéêþò Z(Sn) ∼= {id} ãéá êÜèå

öõóéêü áñéèìü n ≥ 3. ¤

ÈÅÌÁ 9ï ¸óôù üôé ôá K êáé L åßíáé äõï óþìáôá, ç ·áñáêôçñéóôéêÞ ôùí ïðïßùí äåí éóïýôáé ïýôå ìå 2 ïýôå ìå 3.
ÅÜí ç f : K −→ L åßíáé ìéá áðåéêüíéóç ðïõ ðëçñïß ôéò óõíèÞêåò

f(x+ y) = f(x) + f(y), ∀x, y ∈ K, f(1K) = 1L, f(x3) = f(x)3, ∀x ∈ K,

æçôåßôáé íá áðïäåé·èåß üôé ç f åßíáé Ýíáò ïìïìïñöéóìüò óùìÜôùí, äçëáäÞ üôé

f(xy) = f(x)f(y), ∀x, y ∈ K.

Áðïäåéîç. ÂÞìá 1ï. Êáô' áñ·Üò éó·ýåé ç éóüôçôá

f(x2) = f(x)2, ∀x ∈ K. ( )

ÐñÜãìáôé° ëüãù ôÞò ôñßôçò åê ôùí áíùôÝñù óõíèçêþí Ý·ïõìå ãéá êÜèå x ∈ K:

f((x+ 1K)
3) = f(x+ 1K)

3.

ÌÝóù ôùí áíùôÝñù óõíèçêþí ôï áñéóôåñü ìÝëïò ôÞò ôåëåõôáßáò éóüôçôáò ãñÜöåôáé ùò

f(x3 + 3x2 + 3x+ 1K) = f(x3) + 3f(x2) + 3f(x) + f(1K) = f(x)3 + 3f(x2) + 3f(x) + 1L.

êáé ôï äåîéü ôçò ìÝëïò ùò

f(x+ 1K)
3 = (f(x) + f(1K))

3 = (f(x) + 1L)
3 = f(x)3 + 3f(x)2 + 3f(x) + 1L.

ÊáôÜ óõíÝðåéáí,

3
¡
f(x2)− f(x)2

¢
= (1L + 1L + 1L)

¡
f(x2)− f(x)2

¢
= 0L

·áñ(L) 6= 3⇒ 1L + 1L + 1L 6= 0L

)
⇒ f(x2) = f(x)2.

ÂÞìá 2ï. Èåùñïýìå ôõ·üíôá óôïé·åßá x, y ∈ K. ÅðåéäÞ 2xy = (x+ y)2−x2− y2, ýóôåñá áðü åöáñìïãÞ
ôÞò f óå áìöüôåñá ôá ìÝëç áõôÞò ôÞò éóüôçôáò ç ( ) äßäåé

2f(xy) = f((x+ y)2)− f(x2)− f(y2) = f(x+ y)2 − f(x)2 − f(y)2

= (f(x) + f(y))2 − f(x)2 − f(y)2 = 2f(x)f(y)

ïðüôå

2 (f(xy)− f(x)f(y)) = (1L + 1L) (f(xy)− f(x)f(y)) = 0L

·áñ(L) 6= 2⇒ 1L + 1L 6= 0L

)
⇒ f(xy) = f(x)f(y)

êáé ç f åßíáé üíôùò Ýíáò ïìïìïñöéóìüò óùìÜôùí. ¤
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ÈÅÌÁ 10ï (i) Äßäåôáé ôï ðïëõþíõìï g(X) = X4+5X3−9X2− 14X+24 ∈ Z[X].¸óôù r ∈ Q,ôÝôïéïò þóôå íá éó·ýåé
ç éóüôçôá g(r) = 0. Éó·õñéóìüò: r = −6 .

Ðñùôç áðïäåéîç éó·õñéóìïý. ÅêöñÜæïíôáò ôïí r õðü ôç ìïñöÞ r = λ
μ
, üðïõ λ ∈ Z, μ ∈ Zr{0} êáé

ìêä(λ, μ) = 1, ôï êñéôÞñéï ñçôþí èÝóåùí ìçäåíéóìïý 5.5.1 ìáò ðëçñïöïñåß üôé

λ | 24 êáé μ | 1,

ïðüôå λ ∈ {±1,±2,±3,±4,±6,±8,±12,±24}, μ ∈ {±1} ⇒ r ∈ {±1,±2,±3,±4,±6,±8,±12,±24}.
Åêôåëþíôáò áðåõèåßáò ðñÜîåéò äéáðéóôþíïõìå üôé

g(1) = 7 6= 0, g(−1) = 25 6= 0, g(2) = 16 6= 0, g(−2) = −8 6= 0,
g(3) = 117 6= 0, g(−3) = −69 6= 0, g(4) = 400 6= 0, g(−4) = −128 6= 0,
g(6) = 1992 6= 0, g(−6) = 0, g(8) = 5992 6= 0, g(−8) = 1096 6= 0,
g(12) = 27 936 6= 0, g(−12) = 10 992 6= 0, g(24) = 395 400 6= 0, g(−24) = 257 832 6= 0.

Äåõôåñçáðïäåéîç éó·õñéóìïý. Ãéá íá áðïöýãïõìå ôéò ðïëëÝò ðñÜîåéò åðé·åéñçìáôïëïãïýìåùò åîÞò:
Ðñïöáíþò, r ∈ Z, äéüôé ôï g(X) åßíáé ìïíéêü. ÊáôÜ ôï (ii) ôÞò ðñïôÜóåùò 5.3.2,

g(r) = 0⇒ X− r | g(X)⇒ ∃h(X) ∈ Z[X] : g(X) = (X− r)h(X),

ïðüôå g(1) = 7 = (1 − r)h(1) ⇒ 1 − r | 7 ⇒ 1 − r ∈ {±1,±7}. ¢ñá r ∈ {0, 2,−6, 8}. Áñêåß íá
ðáñáôçñÞóïõìå üôé

g(0) = 24 6= 0, g(2) = 16 6= 0, g(−6) = 0, g(8) = 5992 6= 0

(ii) ÄïèÝíôùí äõï áêåñáßùí áñéèìþí a, b, èåùñïýìå ôï ðïëõþíõìï

f(X) = X4 + aX2 + b2 ∈ Z[X].

Æçôåßôáé íá áðïäåé·èåß üôé ôï f(X) äåí åßíáé áíÜãùãï åíôüò ôïýQ[X] åÜí êáé ìüíïí åÜí ôïõëÜ·éóôïí Ýíáò
åê ôùí a2 − 4b2, 2b− a,−2b− a éóïýôáé ìå ôï ôåôñÜãùíï êÜðïéïõ áêåñáßïõ áñéèìïý.

Áðïäåéîç. ‘‘⇐'' ÅÜí ∃c ∈ Z : a2 − 4b2 = c2, ôüôå

f(X) =
³
X2 − a

2

´2
−
³ c
2

´2
=
³
X2 −

³a− c

2

´´ ³
X2 −

³a+ c

2

´´
.

ÅÜí ∃c ∈ Z : 2b− a = c2, ôüôå

f(X) =
¡
X2 + cX+ b

¢ ¡
X2 − cX+ b

¢
.

ÔÝëïò, åÜí ∃c ∈ Z : −2b− a = c2, ôüôå

f(X) =
¡
X2 + cX− b

¢ ¡
X2 − cX− b

¢
.

‘‘⇒'' ÕðïèÝôïõìå üôé ôï f(X) äåí åßíáé áíÜãùãï åíôüò ôïý Q[X]. Ôï f(X) èá äéáèÝôåé êÜðïéï ðïëõþíõìï
(áíÞêïí óôïí Q[X]) âáèìïý 1 Þ 2 ùò ðáñÜãïíôÜ ôïõ. ÅÜí ôï ðïëõþíõìï áõôü åßíáé âáèìïý 1, ôüôå ôï
f(X) Ý·åé ðñïöáíþò ìéá èÝóç ìçäåíéóìïý r ∈ Q. ÅÜí r = 0, ôüôå b = 0, ïðüôå ôï a2 − 4b2 = a2 åßíáé ôï
ôåôñÜãùíï ôïý áêåñáßïõ áñéèìïý a. ÅÜí r 6= 0, ôüôå r 6= −r êáé f(r) = f(−r) = 0, ïðüôå (óýìöùíá ìå
ôá 5.3.2 (ii) êáé 5.3.3)

X− r | f(X)
X+ r | f(X)

)
⇒ (X− r) (X+ r) = X2 − r2 | f(X).

Áõôü óçìáßíåé üôé üôáí ôï f(X) Ý·åé Ýíáí ðñùôïâÜèìéï ðáñÜãïíôá (åíôüò ôïý Q[X]) êáé X - f(X), ôüôå
ôï f(X) Ý·åé êáô' áíÜãêçí êáé êÜðïéï äåõôåñïâÜèìéï ðïëõþíõìï ùò ðáñÜãïíôÜ ôïõ (åíôüò ôïý Q[X]).
Ùò åê ôïýôïõ, ìðïñïýìå áðü ôïýäå êáé óôï åîÞò (äß·ùò âëÜâç ôÞò ãåíéêüôçôáò) íá õðïèÝóïõìå (êáôÜ ôçí
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õðïëåéðüìåíç áðïäåéêôéêÞ ðïñåßá) üôé ôï f(X) Ý·åé êÜðïéï äåõôåñïâÜèìéï ðïëõþíõìï ùò ðáñÜãïíôÜ ôïõ
(åíôüò ôïý Q[X]), Þôïé üôé

∃g(X), h(X) ∈ Q[X] : f(X) = g(X)h(X),

ìå deg(g(X)) = deg(h(X)) = 2.¸óôù κ (êáé áíôéóôïß·ùò, λ) ôï åêð ôùí ðáñïíïìáóôþí ôùí óõíôåëåóôþí
ôïý g(X) (êáé áíôéóôïß·ùò, ôïý h(X)). Ôüôå

f(t) = eg(t)eh(t), eg(X),eh(X) ∈ Z[X],
üðïõ eg(X) := 1

cont(κ g(X))
κg(X), eh(X) := 1

cont(λ h(X))
λh(X) (üðùò óôçí áðüäåéîç ôïý (ii) ôïý èÝìáôïò 5), ìå

deg(eg(X)) = deg(eh(X)) = 2. ÅðåéäÞ ôï f(X) åßíáé ìïíéêü, ôá eg(X),eh(X) èá ãñÜöïíôáé õðü ôçí ìïñöÞ

eg(X) = X2 + sX+ t, eh(X) = X2 + uX+ v,

üðïõ s, t, u, v åßíáé êáôÜëëçëïé áêÝñáéïé, ïðüôå ôï f(X) èá ðáñáãïíôïðïéåßôáé åí ôÝëåé åíôüò ôïý Z[X] ùò
åîÞò:

f(X) =
¡
X2 + sX+ t

¢ ¡
X2 + uX+ v

¢
.

Åîéóþíïíôáò ôïõò óõíôåëåóôÝò ôïý X3 óôá äýï ìÝëç ëáìâÜíïõìå u = −s. ÅðïìÝíùò, êáôüðéí åîéóþóåùò
ôùí óõíôåëåóôþí ôùí 1,X,X2 óôá äýï ìÝëç óõìðåñáßíïõìå üôé

vt = b2, s(v − t) = 0, t+ v = s2 + a.

ÅÜí s = 0, ôüôå a2 − 4b2 = (t+ v)2 − 4vt = (t − v)2, Þôïé ôï a2 − 4b2 éóïýôáé ìå ôï ôåôñÜãùíï ôïý
áêåñáßïõ áñéèìïý t − v. ÅÜí s 6= 0, ôüôå v = t ⇒ t2 = b2 ⇒ t = ±b. Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá
v = t = b Ý·ïõìå 2b − a = s2 (= ôï ôåôñÜãùíï ôïý áêåñáßïõ s), åíþ óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá
v = t = −b Ý·ïõìå−2b− a = s2 (= ôï ôåôñÜãùíï ôïý áêåñáßïõ s). ¤

---------------------------------------------------

• Ôá èåùñçôéêÜ èÝìáôá 1, 2, 3, 4 êáé 5 åß·áí äéäá·èåß êáôÜ ôç äéÜñêåéá ôùí ðáñáäüóåùí.

• Ôá (i) êáé (ii) ôïý èÝìáôïò 6 åß·áí äïèåß ùò áóêÞóåéò êáé ëõèåß áðü ôïí âïçèü óôéò þñåò ôùí öñïíôéóôç-
ñßùí (âë. áóêÞóåéò 11 êáé 13 (ii) ôïý 4ïõ êáôáëüãïõ ðñïôåéíïìÝíùí áóêÞóåùí).

• Ôï èÝìá 7 áðáéôïýóå ìüíïí ôç ãíþóç ôïý ôé åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç ïìÜäá, ôïý üôé êÜèå
õðïïìÜäá ìéáò êõêëéêÞò ïìÜäáò åßíáé êõêëéêÞ, êáèþò êáé êÜðïéá óôïé·åéþäç áñéèìïèåùñçôéêÜ åðé·åé-

ñÞìáôá.

• Óôï èÝìá 10 õðåéóÞñ·ïíôï áñêåôÝò ðñÜîåéò êáé ðáñáãïíôïðïéÞóåéò. Ùóôüóï, ôá áðáéôïýìåíá êñéôÞñéá
áíáãùãéìüôçôáò ðïëõùíýìùí (ìå óõíôåëåóôÝò åéëçììÝíïõò áðü ôïõò áêåñáßïõò êáé ôïõò ñçôïýò) Þôáí

ôá ðëÝïí ·ñçóôéêÜ (êáé åí ðïëëïßò êïéíüôïðá).

• Ôá èÝìáôá 8 êáé 9 Þôáí êÜðùò ðéï áðáéôçôéêÜ. Ôï 8 ðñïûðÝèåôå êáëÞ ãíþóç ôïý êåöáëáßïõ ðåñß ïìÜäùí
êáé óõíäõáóìü áñêåôþí èåùñçôéêþí áðïôåëåóìÜôùí, åíþ ôï 9 ðñïûðÝèåôå Ýíáí êÜðïéï âáèìü åõñçìá-

ôéêüôçôáò (ãéá ôçí åöáñìïãÞ ôïý «ëõôñùôéêïý» ôå·íÜóìáôïò ôïý ðñþôïõ âÞìáôïò).
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