
ÁËÃÅÂÑÁ: 9oò ÊÁÔÁËÏÃÏÓÐÑÏÔÅÉÍÏÌÅÍÙÍÁÓÊÇÓÅÙÍ

1. Íá áðïäåé·èåß üôé ïé ìüíïé åíäïìïñöéóìïß ôïý äáêôõëßïõZ ôùí áêåñáßùí áñéèìþí åßíáé ï ôáõôï-
ôéêüò êáé ï ìçäåíéêüò.

2. Íá áðïäåé·èåß üôé ïé ìüíïé åíäïìïñöéóìïß ôïý óþìáôïò Q ôùí ñçôþí áñéèìþí åßíáé ï ôáõôïôéêüò
êáé ï ìçäåíéêüò.

3. Íá åîåôáóèåß ôï êáôÜ ðüóïí ôá õðïóþìáôá Q(
√
5) êáé Q(

√
7) ôïý óþìáôïò R ôùí ðñáãìáôéêþí

áñéèìþí åßíáé Þ äåí åßíáé ìåôáîý ôïõò éóüìïñöá.

4. Íá áðïäåé·èåß üôé ï ìüíïò áõôïìïñöéóìüò ôïý óþìáôïò R ôùí ðñáãìáôéêþí áñéèìþí åßíáé ï ôáõ-
ôïôéêüò. (Õðüäåéîç: Íá áðïäåé·èåß åí ðñþôïéò üôé ãéá ïéïíäÞðïôå áõôïìïñöéóìü f ôïý óþìáôïò
R Ý·ïõìå f |Q= idQ. Åí óõíå·åßá, íá ·ñçóéìïðïéçèåß ôï ãåãïíüò üôé êÜèå ðñáãìáôéêüò áñéèìüò
ìðïñåß íá èåùñçèåß ùò ôï üñéï ìéáò áêïëïõèßáò ñçôþí áñéèìþí.)

5. ¸óôùK Ýíá óþìá ìå ·áñ(K) = p > 0.

(i) Íá áðïäåé·èåß üôé ç áðåéêüíéóç

f : K −→ K, x 7−→ f(x) := xp,

åßíáé Ýíáò åíäïìïñöéóìüò. Ç f êáëåßôáé, éäéáéôÝñùò, áðåéêüíéóç ôïý Frobenius.

(ii) Íá áðïäåé·èåß üôé çáðåéêüíéóçôïýFrobenius åßíáé Ýíáò áõôïìïñöéóìüò ôïýK üôáí ôïK åßíáé
ðåðåñáóìÝíï óþìá.

6. Íá áðïäåé·èåß üôé ôï óýíïëï

I =

(Ã
0 x

0 y

! ¯̄̄̄
¯ x, y ∈ R

)
åßíáé Ýíá áñéóôåñü ìç áìößðëåõñï éäåþäåò êáé ôï óýíïëï

J =

(Ã
x y

0 0

! ¯̄̄̄
¯ x, y ∈ R

)
Ýíá äåîéü ìç áìößðëåõñï éäåþäåò ôïý äáêôõëßïõMat2×2(R).

7. ÅÜíïR åßíáé Ýíáò äáêôýëéïò êáé ôï a Ýíá óôïé·åßï ôïõ, íá áðïäåé·èåß üôé ôï I = {r ∈ R | ra = 0R}
åßíáé Ýíá áñéóôåñü êáé ôï J = {r ∈ R | ar = 0R} Ýíá äåîéü éäåþäåò ôïýR.

8. Áò õðïèÝóïõìå üôé ç (In)n∈N åßíáé ìéá (áñéèìÞóéìç) ïéêïãÝíåéá éäåùäþí åíüò äáêôõëßïõR êáé üôé

I1 ⊆ I2 ⊆ I3 ⊆ · · · ⊆ In ⊆ In+1 ⊆ · · ·

Íá áðïäåé·èåß üôé ç Ýíùóç
∞[
n=1

In áðïôåëåß Ýíá éäåþäåò ôïýR.

9. ÅÜí ôï I åßíáé éäåþäåò åíüò äáêôõëßïõR, íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ï ðçëéêïäáêôýëéïòR/I äåí ðåñéÝ·åé ìçäåíïäéáéñÝôåò åÜí êáé ìüíïí åÜí ãéá ïéáäÞðïôå a, b ∈ R,

ãéá ôá ïðïßá éó·ýåé ab ∈ I , Ý·ïõìå åßôå a ∈ I åßôå b ∈ I.

(ii) Ï ðçëéêïäáêôýëéïòR/I åßíáé ìåôáèåôéêüò åÜí êáé ìüíïí åÜí ab−ba ∈ I ãéá ïéáäÞðïôå a, b ∈ R.

(iii) Ï ðçëéêïäáêôýëéïò R/I Ý·åé ìïíáäéáßï óôïé·åßï åÜí êáé ìüíïí åÜí õðÜñ·åé êÜðïéï óôïé·åßï
e ∈ R, ôÝôïéï þóôå íá éó·ýåé

ae− a ∈ I êáé ea− a ∈ I, ∀a ∈ R.
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10. ÅÜí ï R åßíáé Ýíáò ìåôáèåôéêüò 1-äáêôýëéïò. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÅÜí a, b ∈ R êáé am = 0R = bn ãéá êÜðïéïõò m,n ∈ N, ôüôå õðÜñ·åé l ∈ N, ôÝôïéïò þóôå
(a+ b)

l
= 0R.

(ii) Ôï óýíïëï Nil(R) ôùí ìçäåíïäõíÜìùí óôïé·åßùí ôïýR áðïôåëåß Ýíá éäåþäåò ôïýR.

(iii) Ï ðçëéêïäáêôýëéïò R/Nil(R) äåí äéáèÝôåé ìçäåíïäýíáìá óôïé·åßá ðÝñáí ôïý 0R/Nil(R) =

Nil(R).

11. ÅÜí ïé R êáé S åßíáé äõï äáêôýëéïé êáé I = { (r, 0S) | r ∈ R}, íá áðïäåé·èåß üôé ôï I åßíáé éäåþäåò
ôïýR× S êáé üôé

(R× S) /I ∼= S.

12. ÅÜí ïém,n åßíáé öõóéêïß áñéèìïß ≥ 2, íá áðïäåé·èåß üôé

(Z× Z) / (mZ× nZ) ∼= Zm × Zn.

13. ¸óôùM Ýíá ìç êåíü óýíïëï êáé Ýóôù (P (M) ,+, ·) ï äáêôýëéïò ðïõ ïñßóèçêå óôçí Üóêçóç 4 ôïý
8ïõ êáôáëüãïõ ðñïôåéíïìÝíùí áóêÞóåùí. Íá áðïäåé·èïýí ôá áêüëïõèá ãéá ïéïäÞðïôå óýíïëï
E ⊆M :

(i) ToP (E) åßíáé Ýíá éäåþäåò ôïýP (M) .

(ii) Ç áðåéêüíéóç

fE : P (M) −→ P (M) , A 7−→ fE (A) := A ∩ (MrE)

åßíáé ïìïìïñöéóìüò.

(iii)P (M) /P (E) ∼= P (MrE) .

14. ¸óôù R ï äáêôýëéïò

R =

(Ã
a b

c d

!
∈Mat2×2(R)

¯̄̄̄
¯ c = 0

)
êáé

I =

(Ã
a b

c d

!
∈Mat2×2(R)

¯̄̄̄
¯ a = c = d = 0

)
.

Ná áðïäåé·èåß üôé ôï I åßíáé Ýíá éäåþäåò ôïýR êáé üôé

R/I ∼= R×R.

15. ÅÜí ï p åßíáé Ýíáò ðñþôïò áñéèìüò êáé

Zhpi =
n
r ∈ Q | r = a

b
, (a, b) ∈ Z× (Zr{0}) , ìå ìêä (a, b) = 1 êáé p - b

o
ï äáêôýëéïò ôùíp-áäéêþíêëáóìÜôùí(âë. Üóêçóç8 ôïý8ïõêáôáëüãïõðñïôåéíïìÝíùíáóêÞóåùí),
íá áðïäåé·èåß üôé ôï

I =
n
r ∈ Q | r = a

b
, (a, b) ∈ Z× (Zr{0}) , ìå ìêä (a, b) = 1 êáé p - b, p | a

o
åßíáé éäåþäåò ôïý Zhpi êáé üôé

Zhpi/I ∼= Zp.
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