
ÁËÃÅÂÑÁ: 7oò ÊÁÔÁËÏÃÏÓ ÐÑÏÔÅÉÍÏÌÅÍÙÍ ÁÓÊÇÓÅÙÍ

1. Íá ðñïóäéïñéóèïýí üëåò ïé õðïïìÜäåò ôÞò ïìÜäáòS3. Ðïéåò åî áõôþí åßíáé ïñèüèåôåò;

2. ÅÜí ìéá ìåôÜôáîç σ ∈ Sn, n ≥ 2, ãñáöåß ùò ìéá ðåðåñáóìÝíç áêïëïõèßá

σ = τ1 ◦ τ2 ◦ · · · ◦ τ s

sóõíôéèÝìåíùí -áíÜ äýï îÝíùí ìåôáîý ôïõò- êýêëùí τ1, . . . , τs ìå ìÞêç k1, . . . , ks≥ 2, áíôéóôïß·ùò,
íá áðïäåé·èåß üôé

ord (σ) = åêð(k1, . . . , ks).

3. Äßäåôáé ç ìåôÜôáîç

σ :=

"
1 2 3

3 5 4

4

1

5 6 7

7 10 2
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6
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9 8

#
∈ S10.

Íá ðñïóäéïñéóèåß ç ìåôÜôáîç

σ100 = σ ◦ σ ◦ · · · ◦ σ| {z }
100 öïñÝò

.

4. ÅÜí ï [α1 α2 · · · αk] åßíáé Ýíáò k-êýêëïò ôÞò Sn, 1 ≤ k ≤ n, íá áðïäåé·èåß üôé

σ ◦ [α1 α2 · · · αk] ◦ σ−1 = [σ (α1) σ (α2) · · · σ (αk)], ∀σ ∈ Sn.

5. ¸óôù n Ýíáò öõóéêüò áñéèìüò ≥ 3. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ç åíáëëÜóóïõóá ïìÜäá An ðáñÜãåôáé áðü ôï óýíïëï

{ [i j] ◦ [k l] | 1 ≤ i < j ≤ n, 1 ≤ k < l ≤ n} .

(ii) Ç An ðáñÜãåôáé áðü üëïõò ôïõò 3-êýêëïõò.

(iii) Ç An ðáñÜãåôáé áðü ôï åîÞò óýíïëï n− 2 êýêëùí ìÞêïõò 3:

{ [1 2 j] | 3 ≤ j ≤ n} .

6. (i) ÅÜí ïñßóïõìå ôç äéåäñéêÞ ïìÜäáDn, n ∈ N, n ≥ 2, ùò ôçí õðïïìÜäá

Dn := ha, bi $ Sn

ôÞò óõììåôñéêÞò ïìÜäáòSn ôçí ðáñáãüìåíç áðü ôéò ìåôáôÜîåéò

a := [1 2 . . . n] , b :=

"
1 2 3

1 n n− 1
. . .

. . .

n− 1
3

n

2

#
,

íá áðïäåé·èåß üôé

an = b2 = (ab)2 = id, ak 6= id, ∀k ∈ {1, . . . , n− 1}.

(ii) ÌÝóù ôùí ó·Ýóåùí (i) íá áðïäåé·èåß üôé

Dn =
©
aibj

¯̄
0 ≤ i ≤ n− 1, 0 ≤ j ≤ 1

ª
ìå ôÜîç |Dn| = 2n, êáé üôé hai C Dn.
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7. ÅÜí ïém êáé n åßíáé äõï öõóéêïß áñéèìïß êáém ≥ 2, íá áðïäåé·èåß üôé

n |ϕ (mn − 1)

üðïõ ϕ ç óõíÜñôçóç ôïý Euler. (Õðüäåéîç: Íá åöáñìïóèåß ôï èåþñçìá ôïý Lagrange ãéá ìéá
õðïïìÜäá ôÜîåùò n ìéáò «êáôÜëëçëçò» ïìÜäáò ôÜîåùò ϕ (mn − 1).)

8. ¢ò õðïèÝóïõìå üôé ïé m êáé n åßíáé äõï öõóéêïß áñéèìïß ≥ 2 êáé üôé ìêä(m,n) = 1. Åí óõíå·åßá,
áò åðéëÝîïõìå äõï áêåñáßïõò áñéèìïýò κ, λ, ôÝôïéïõò ùóôå íá éó·ýåé ç éóüôçôá κm+λn = 1.μñç-
óéìïðïéþíôáò ôüí óõìâïëéóìü ôïí åéóá·èÝíôá óôçí Üóêçóç 1 ôïý 6ïõ êáôáëüãïõ ðñïôåéíïìÝíùí
áóêÞóåùí íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÌÝóù ôïý ôýðïõ f([a]m , [b]n) := [κmb+ λna]mn ïñßæåôáé Ýíáò éóïìïñöéóìüò ïìÜäùí

f : Z×m × Z×n
∼=−→ Z×mn

(üðïõ óôï ðåäßï ïñéóìïý ç äïìÞ ôÞò ïìÜäáò åßíáé ç óõíÞèçò äïìÞ ðïõ äßäåôáé óå Ýíá êáñôåóéáíü
ãéíüìåíï ïìÜäùí, ðñâë. Üóêçóç 9 ôïý 5ïõ êáôáëüãïõ ðñïôåéíïìÝíùí áóêÞóåùí).

(ii) Ç óõíÜñôçóç ϕ ôïý Euler åßíáé ðïëëáðëáóéáóôéêÞ, Þôïé éó·ýåé

ϕ (mn) = ϕ (m)ϕ (n) .

(Ðñüêåéôáé ãéá ìéá ïìáäïèåùñçôéêÞ áðüäåéîç ôïý ëÞììáôïò 2.4.17.)

9. ¸óôù (G, ·) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá êáé Ýóôù u :=
Q

g∈G g ôï ãéíüìåíï üëùí ôùí óôïé-
·åßùí ôçò. Íá áðïäåé·èåß üôé:

(i) ÅÜí ç G äéáèÝôåé áêñéâþò Ýíá óôïé·åßï a ôÜîåùò 2, ôüôå u = a (åéäÜëëùò u = eG).

(ii) Ãéá êÜèå ðñþôï áñéèìü p éó·ýåé ç éóïôéìßá

(p− 1)! ≡ −1 (mod p) .

(Õðüäåéîç: Íá ·ñçóéìïðïéçèåß ôï (i) ãéá ôçí ïìÜäáG = (Zp)× .Ðñüêåéôáé ãéá ìéá ïìáäïèåùñçôéêÞ
áðüäåéîç ôïý èåþñçìáôïò 2.4.40 ôïý Wilson.)

10. ¸óôù H := {σ ∈ Sn | σ (n) = n} . Íá áðïäåé·èåß üôé ôï H åßíáé õðïïìÜäá ôÞò Sn êáé íá ðñïó-
äéïñéóèåß ï äåßêôçò |Sn : H| .

11. Íá äïèïýí ðáñáäåßãìáôá ïìÜäùí G êáé õðïïìÜäùíH ⊆ G, ïýôùò þóôå:

(i) |H| <∞ êáé |G : H| <∞,

(ii) |H| =∞ êáé |G : H| <∞,

(iii) |H| <∞ êáé |G : H| =∞,

(iv) |H| =∞ êáé |G : H| =∞.
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12. Ç õðïïìÜäá (Z,+) ôÞò (áâåëéáíÞò ïìÜäáò) (Q,+) åßíáé ðñïöáíþò ïñèüèåôç, ïðüôå ïñßæåôáé ç
ðçëéêïïìÜäá Q/Z. Íá áðïäåé·èåß üôé

Q =
a

λ∈[0,1)∩Q
(λ+ Z) =⇒ Q/Z = {λ+ Z | λ ∈ [0, 1) ∩Q}

(ïðüôå ùò óýíïëï ôï Q/Z åßíáé Üðåéñï áñéèìÞóéìï ) êáé üôé üëá ôá óôïé·åßá ôÞò (Q/Z,+) Ý·ïõí
ðåðåñáóìÝíç ôÜîç.

13. ÅÜí ç H åßíáé ìéá õðïïìÜäá ìéáò ïìÜäáò G ìå |G : H| = 2, íá áðïäåé·èåß üôé g2 ∈ H ãéá êÜèå
g ∈ G.

14. ¸óôù SL2(C) ç åéäéêÞ ãñáììéêÞ ïìÜäá (2× 2)-ðéíÜêùí ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü ôï
óþìá ôùí ìéãáäéêþí áñéèìþí C. ÅÜí

i :=

Ã
0 i

i 0

!
, j :=

Ã
i 0

0 −i

!
, k :=

Ã
0 1

−1 0

!
,

ôüôå ç õðïïìÜäá

Q := hj,ki ⊂ SL2(C)

ç ðáñáãüìåíç áðü ôïõò j êáé k, êáëåßôáé ïìÜäá ôùí ôåôñáíßùí êáé (üðùò äéáðéóôþíåôáé åýêïëá)
Ý·åé ôÜîç 8, êáèüôé

Q =

(
j, j2 = k2 = −I2, j3 = −j, j4 = k4 = I2, k,

k3 = −k, jk = i, jk3 = kj = −jk

)
.

ÓçìåéùôÝïí üôé ç Q äåí åßíáé áâåëéáíÞ (áöïý kj 6= jk) êáé üôé

hii = {I2, i, i2 = −I2, i3 = −i}, hji = {I2, j, j2, j3}, hki = {I2,k,k2,k3},

ìå

hii ∩ hji = hji ∩ hki = hii ∩ hki = {±I2}.

(i) Íá áðïäåé·èåß üôé üëåò ïé õðïïìÜäåò ôÞò Q åßíáé ïñèüèåôåò.

(ii) Íá ðñïóäéïñéóèïýí üëåò ïé õðïïìÜäåò ôÞò Q.

· I2 −I2 i −i j −j k −k
I2 I2 −I2 i −i j −j k −k
−I2 −I2 I2 −i i −j j −k k

i i −i −I2 I2 k −k −j j

−i −i i I2 −I2 −k k j −j
j j −j −k k −I2 I2 i −i
−j −j j k −k I2 −I2 −i i

k k −k j −j −i i −I2 I2

−k −k k −j j i −i I2 −I2
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15. ÅÜí ïé K êáé H åßíáé äõï õðïïìÜäåò ìéáò ïìÜäáò G, êáé åÜí ç H åßíáé õðïïìÜäá ðåðåñáóìÝíïõ
äåßêôç åíôüò ôÞòG, íá áðïäåé·èåß üôé êáé çK ∩H åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç åíôüò ôÞò
K, êáé üôé -åðéðñïóèÝôùò- éó·ýåé ç áíéóïúóüôçôá:

|K : K ∩H| ≤ |G : H| .

16. ¸óôù G ìéá ïìÜäá ãéá ôçí ïðïßá õðÜñ·åé Ýíáò n ∈ N, ôÝôïéïò þóôå íá éó·ýåé

(xy)n = xnyn, ∀ (x, y) ∈ G×G.

Ïñßæïõìå ôá óýíïëá

G(n) := {x ∈ G | xn = eG} , G(n) := {xn | x ∈ G} .

Íá áðïäåé·èåß üôé G(n) E G, G(n) E G êáé üôé

|G(n)| =
¯̄
G : G(n)

¯̄
.

17. ÅêëáìâÜíïíôáò ôçíS3 (êáôÜ öõóéêü ôñüðï) ùò õðïïìÜäá ôÞòS4 íá áðïäåé·èïýí ôá áêüëïõèá:

(i)S3 ∩ V = {id},
(ii) S3V/V ∼= S3,êáé
(iii)S3V = S4, üðïõ ùò

V := {id, [1 2] ◦ [3 4] , [1 3] ◦ [2 4] , [1 4] ◦ [2 3]} C S4

óõìâïëßæåôáé ç ëåãïìÝíç ïìÜäá ôùí ôåóóÜñùí óôïé·åßùí ôïý Klein.

18. ¸óôù G ôõ·ïýóá ïìÜäá êáé Ýóôù (Aut(G), ◦) ç ïìÜäá ôùí áõôïìïñöéóìþí ôçò. Ôï õðïóýíïëï
Inn(G) ôÞò Aut(G) ôùí åóùôåñéêþí áõôïìïñöéóìþí ôÞòG áðïôåëåßôáé áðü üëïõò ôïõò áõôïìïñöé-
óìïýò ôÞò ìïñöÞò

φh : G −→ G, φh(g) = h−1gh, ∀g, g ∈ G,

üðïõ h ∈ G. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ôï æåýãïò (Inn(G), ◦) åßíáé ìéá ïñèüèåôç õðïïìÜäá ôÞò (Aut(G), ◦). (Ç ðçëéêïïìÜäá
Aut(G)/Inn(G) ïíïìÜæåôáé ïìÜäá ôùí åîùôåñéêþí áõôïìïñöéóìþí ôÞò G.)

(ii) Ç áðåéêüíéóç

f : G −→ Inn(G), f (h) = φh, ∀h, h ∈ G,

åßíáé Ýíáò åðéìïñöéóìüò ïìÜäùí ìå ðõñÞíá ôïõ ôïí Ker(f) = Z(G), üðïõ

Z(G) := {g ∈ G | xg = gx, ∀x, x ∈ G}

åßíáé ôï ëåãüìåíï êÝíôñï ôÞò ïìÜäáò G êáé, ùò åê ôïýôïõ,

G/Z (G) ∼= Inn(G).

(iii) ÅÜí ç ïìÜäá Inn(G) åßíáé êõêëéêÞ, ôüôå ç G åßíáé áâåëéáíÞ êáé ç Inn(G) êáô' áíÜãêçí ôåôñéì-
ìÝíç.

(iv) Íá áðïäåé·èåß üôé Inn(Q) ∼= Z2 × Z2, üðïõ Q ç ïìÜäá ôùí ôåôñáíßùí (âë. Üóê. 14).
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19. ¸óôùG ìéá ïìÜäá êáé ÝóôùK ìéá õðïïìÜäá ôçò. ÕðïèÝôïíôáò üôé ïéH1,H2 åßíáé äõï õðïïìÜäåò
ôÞòG ìåH1 ⊆ H2 êáéH1 E G, íá áðïäåé·èåß üôéK ∩H1 E K ∩H2 êáé üôé çK ∩H2/K ∩H1 åßíáé
éóüìïñöç ìå êÜðïéá õðïïìÜäá ôÞòH2/H1.

20. ¸óôù üôé ç áðåéêüíéóç f : G1 −→ G2 åßíáé Ýíáò éóïìïñöéóìüò ïìÜäùí êáé üôé H1 E G1 êáé
H2 := f(H1) E G2. Íá áðïäåé·èåß üôé

G1/H1
∼= G2/H2.
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