
ÁËÃÅÂÑÁ: 2oò ÊÁÔÁËÏÃÏÓÐÑÏÔÅÉÍÏÌÅÍÙÍÁÓÊÇÓÅÙÍ

1. ¸óôù üôé ïé Ri ⊆ N × N, i = 1, 2, 3, åßíáé ïé äéìåëåßò ó·Ýóåéò åðß ôïý N ïé ïðïßåò ïñßæïíôáé ùò
åîÞò:

(i) (x, y) ∈ R1 ⇐⇒
ïñó

Ôï x åßíáé ðïëëáðëÜóéï ôïý y.

(ii) (x, y) ∈ R2 ⇐⇒
ïñó

x = y − 1.

(iii) (x, y) ∈ R3 ⇐⇒
ïñó

Ôï x Ý·åé ôï ßäéï ðëÞèïò øçößùí ìå ôï y.

Ðïéåò åî áõôþí åßíáé á) áíáêëáóôêÝò, â) óõììåôñéêÝò, ã) ìåôáâáôéêÝò;

2. ¸óôùR ⊆ Q∗ ×Q∗ ç äéìåëÞò ó·Ýóç åðß ôïýQ∗ := Qr{0} ç ïðïßá ïñßæåôáé ùò åîÞò:

(x, y) ∈ R⇐⇒
ïñó

x+
1

x
= y +

1

y
.

Íá áðïäåé·èåß üôé çR áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïý êáé åí óõíå·åßá íá ðñïóäéïñéóèåß
ç êëÜóç éóïäõíáìßáò ôïý 5

2 ∈ Q∗.

3. ¸óôùR ⊆ R∗ ×R∗ ç äéìåëÞò ó·Ýóç åðß ôïýR∗ := Rr{0} ç ïðïßá ïñßæåôáé ùò åîÞò:

(x, y) ∈ R⇐⇒
ïñó

xy > 0.

Íááðïäåé·èåß üôé çR áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïýR∗ êáé åíóõíå·åßá íá ðåñéãñáöïýí
ïé êëÜóåéò ôçò.

4. Åðß ôïý óõíüëïõC ôùí ìéãáäéêþí áñéèìþí ïñßæåôáé ç äéìåëÞò ó·Ýóç

(z, w) ∈ R⇐⇒
ïñó

w − z ∈ R.

Íá áðïäåé·èåß üôé çR áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïýC êáé åí óõíå·åßá íá ðåñéãñáöïýí
ïé êëÜóåéò ôçò.

5. ¸óôù A = R∗ ×R∗ êáé ÝóôùR ç äéìåëÞò ó·Ýóç åðß ôïýA ç ïðïßá ïñßæåôáé ùò åîÞò:

((x1, y1) , (x2, y2)) ∈ R⇐⇒
ïñó

x1y1
¡
x22 − y22

¢
= x2y2

¡
x21 − y21

¢
.

Íá áðïäåé·èåß üôé çR áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïýA êáé üôé, åÜí ôï (x0, y0) åßíáé Ýíá
ðáãéùìÝíï óôïé·åßï ôïýA, ôüôå

((x, y) , (x0, y0)) ∈ R⇐⇒
y

x
=

y0
x0

Þ
y

x
= −x0

y0
.

Åðßóçò, íá äïèåß çãåùìåôñéêÞåñìçíåßá ôÞò êëÜóåùò éóïäõíáìßáò ôïýäéáôåôáãìÝíïõæåýãïõò (2, 1)
(ùò ðñïò ôçíR).

6. ÅÜí ïéR1 êáéR2 åßíáé äõï ó·Ýóåéò éóïäõíáìßáò åðß åíüò óõíüëïõA, íá áðïäåé·èåß üôé

(i) ç ôïìÞ ôïõòR1 ∩R2 åßíáé êáé áõôÞ ìéá ó·Ýóç éóïäõíáìßáò, êáé

(ii) üôé ç ÝíùóÞ ôïõò R1 ∪R2 äåí åßíáé êáô' áíÜãêçí ìéá ó·Ýóç éóïäõíáìßáò. ÅðéðñïóèÝôùò, íá
äïèåß Ýíá (åéäéêü) ðáñÜäåéãìá ó·Ýóåùí éóïäõíáìßáò R1 êáé R2 åðß åíüò êáôáëëÞëïõ óõíüëïõA,
ïýôùò þóôå íá éó·ýåéR1 6= R2 êáé ç ÝíùóçR1 ∪R2 íá åßíáé ìéá ó·Ýóç éóïäõíáìßáò.
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7. ÅÜíçR1 åßíáé ìéá ó·Ýóç éóïäõíáìßáò åðß åíüò óõíüëïõA êáé çR2 ìéá ó·Ýóç éóïäõíáìßáò åðß åíüò
óõíüëïõB, íá áðïäåé·èåß üôé ç äéìåëÞò ó·ÝóçR åðß ôïýA×B, ç ïðïßá ïñßæåôáé ùò áêïëïýèùò:

((x1, y1) , (x2, y2)) ∈ R⇐⇒
ïñó

(x1, x2) ∈ R1 êáé (y1, y2) ∈ R2,

åßíáé ìéá ó·Ýóç éóïäõíáìßáò åðß ôïýA×B.

8. ¸óôù f : A −→ B ôõ·ïýóá áðåéêüíéóç. Íá áðïäåé·èåß ç ýðáñîç

(i) ìéáò ó·Ýóåùò éóïäõíáìßáòRf (:=∼f ) åðß ôïýA,
(ii) ìéáò åðéññßøåùò ϕ : A −→ A/Rf , êáé

(iii) ìéáò åíñßøåùò h : A/Rf −→ B,

ïýôùò þóôå íá éó·ýåé: f = h ◦ ϕ. (Õðüäåéîç: Íá ïñéóèåß ùò «∼f» ç a ∼f a0 ⇐⇒
ïñó

f(a) = f(a0), ç ϕ

ìÝóù ôïý ôýðïõ ϕ(a) := [a]∼f êáé ç h ìÝóù ôïý ôýðïõ h([a]∼f ) := f(a).)

9. ¸óôù A Ýíá ìç êåíü óýíïëï êáé

R = { (x, y) ∈ A×A | x = y}

ç ëåãïìÝíç äéáãþíéüò ôïõ. Íá áðïäåé·èåß üôé çR åßíáé ôáõôï·ñüíùò êáé ó·Ýóç éóïäõíáìßáò êáé
ó·Ýóç (ïëéêÞò) äéáôÜîåùò° åí óõíå·åßá, íá áðïäåé·èåß üôé ç äéáãþíéïò ôïýA åßíáé ç ìüíç äéìåëÞò
ó·Ýóç åðß ôïýA ìå áõôÞí ôçí éäéüôçôá.

10. ¸óôù A ôï óýíïëï A := {a, b, c, d, e} êáé ÝóôùR ⊆ A×A ç äéìåëÞò ó·Ýóç

R = {(a, c) , (b, c), (d, e)} ∪ { (x, y) ∈ A×A | x = y}

åð' áõôïý. Íá áðïäåé·èåß üôé ôï æåýãïò (A,R) áðïôåëåß Ýíá ìåñéêþò, áëëÜ ü·é êáé ïëéêþò äéáôå-
ôáãìÝíï óýíïëï. Åðßóçò, íá áðïäåé·èåß üôé ôï A äéáèÝôåé äýï ìåãéóôïôéêÜ êáé ôñßá åëá·éóôïôéêÜ
óôïé·åßá (ùò ðñïò ôçíR).

11. Åðß ôïý óõíüëïõR[0,1] ïñßæåôáé ç äéìåëÞò ó·Ýóç

(f, g) ∈ R⇐⇒
ïñó

f(x)− g(x) ≥ 0, ∀x ∈ [0, 1].

Íá áðïäåé·èåß üôé ôï æåýãïò (R[0,1],R) áðïôåëåß Ýíá ìåñéêþò, áëëÜ ü·é êáé ïëéêþò äéáôåôáãìÝíï
óýíïëï.

12. Íá áðïäåé·èåß üôé, åÜí ôá A1, A2, . . . , An åßíáé ðåðåñáóìÝíá óýíïëá, ôüôå

card (A1 ×A2 × · · · ×An) = card (A1) · card (A2) · · · · · card (An) .

13. Íá áðïäåé·èåß üôé, åÜí ôá A1, A2, . . . , An åßíáé ðåðåñáóìÝíá óýíïëá, ôüôå

card (A1 ∪ · · · ∪An) =
nP

k=1

P
1≤j1<···<jk≤n

(−1)k−1 card (Aj1 ∩ · · · ∩Ajk) .

ÉäéáéôÝñùò, åÜí ôá A1, A2, . . . , An åßíáé ðåðåñáóìÝíá óýíïëá êáé áíá äýï îÝíá, ôüôå

card (A1 ∪ · · · ∪An) = card(
ǹ

j=1
Aj) = card (A1) + · · ·+ card (An) .
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14. ¸óôù A Ýíá ðåðåñáóìÝíï óýíïëï ìå ðëçèéêü áñéèìü n = card(A) . Íá áðïäåé·èåß üôé ôï äõíáìï-
óýíïëïP(A) ôïýA åßíáé ðåðåñáóìÝíï êáé Ý·åé ðëçèéêü áñéèìü

card (P(A)) = 2n.

(Õðüäåéîç: μñçóéìïðïéÞóôå ìáèçìáôéêÞ åðáãùãÞ åðß ôïý n.)

15. (i) Íá áðïäåé·èåß ðùò, ðáñüôé (−1, 1) $ R, ôá áðåéñïóýíïëá

(−1, 1) := {x ∈ R | − 1 < x < 1}

êáé R Ý·ïõí ôçí ßäéá éó·ý. (Õðüäåéîç: ÈåùñÞóôå ôÞí áðåéêüíéóç

f : R −→ (−1, 1)

ôçí ïñéæoìÝíç ìÝóù ôïý ôýðïõ: f (x) =
x

1 + |x| .)

(ii) Íá áðïäåé·èåß üôé ôï áíïéêôü äéÜóôçìá (−1, 1) Ý·åé ôçí ßäéá éó·ý ìå ïéïäÞðïôå Üëëï áíïéêôü
äéÜóôçìá

(a, b) := {x ∈ R | a < x < b}

ôÞò ðñáãìáôéêÞò åõèåßáò, üðïõ a, b ∈ R êáé a < b. (Õðüäåéîç: ÈåùñÞóôå ôÞí áðåéêüíéóç

f : (−1, 1) −→ (a, b)

ôçí ïñéæïìÝíç ìÝóù ôïý ôýðïõ: f (x) = b−a
2 x+ b+a

2 .)
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