
ÁËÃÅÂÑÁ: 1oò ÊÁÔÁËÏÃÏÓÐÑÏÔÅÉÍÏÌÅÍÙÍÁÓÊÇÓÅÙÍ

1. Áò õðïèÝóïõìå üôé ôá A,B êáé C åßíáé ôõ·üíôá óýíïëá. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) A ∩B ⊆ A, A ⊆ A ∪B,
(ii) A ∩B = B ∩A, A ∪B = B ∪A (Ìåôáèåôéêïß íüìïé)

(iii) A ∩ (B ∩C) = (A ∩B) ∩ C, A ∪ (B ∪ C) = (A ∪B) ∪ C (Ðñïóåôáéñéóôéêïß íüìïé)

(iv) A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C) , A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C) (Åðéìåñéóôéêïß íüìïé)

2. ¸óôù üôé ôáA,B,C åßíáé ôñßá óýíïëá. Íá áðïäåé·èåß üôé éó·ýåé ç áêüëïõèçáìößðëåõñçóõíåðá-
ãùãÞ:

A ∪B = B ∩ C ⇐⇒ A ⊆ B ⊆ C.

3. ¸óôù I Ýíá ìç êåíü óýíïëï. Áò õðïèÝóïõìå üôé ãéá êÜèå i ∈ I äéáèÝôïõìå Ýíá óýíïëï Ai êáé üôé
J êáéK åßíáé äõï ìç êåíÜ õðïóýíïëá ôïý I . Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ãéá ïéïíäÞðïôå ðáãéùìÝíï äåßêôç i0 ∈ I ,\
i∈I

Ai ⊆ Ai0 , Ai0 ⊆
[
i∈I

Ai.

(ii)
S
i∈J

Ai ⊆
S
i∈I

Ai,
T
i∈I

Ai ⊆
\
i∈J

Ai,

(iii)
µ S
i∈J

Ai

¶
∪
µ S
i∈K

Ai

¶
=

S
i∈J∪K

Ai,

(iv)
µ T
i∈J

Ai

¶
∩
µ T
i∈K

Ai

¶
=

T
i∈J∪K

Ai.

4. ¸óôù I Ýíá ìç êåíü óýíïëï. Áò õðïèÝóïõìå üôé ãéá êÜèå i ∈ I äéáèÝôïõìå Ýíá óýíïëï Ai êáé üôé
ôï B åßíáé Ýíá ôõ·üí óýíïëï. Íá áðïäåé·èåß ç éó·ýò ôùí éóïôÞôùí

Ã[
i∈I

Ai

!
∩B =

[
i∈I
(Ai ∩B) ,

Ã\
i∈I

Ai

!
∪B =

\
i∈I
(Ai ∪B) .

5. ¸óôù üôé ôá A,B,C êáé D åßíáé ôõ·üíôá óýíïëá. Íá áðïäåé·èïýí ïé áêüëïõèåò éäéüôçôåò:

(i) ArB ⊆ A,

(ii) (ArB) ∩B = ∅,
(iii) (ArB) ∪B = A ∪B,
(iv) Ar (B ∩ C) = (ArB) ∪ (ArC) ,
(v) Ar (B ∪ C) = (ArB) ∩ (ArC) ,
(vi) A ⊆ B êáé C ⊆ D =⇒ ArD ⊆ BrC.

6. ¸óôù üôé ôá A,B êáé C åßíáé ôõ·üíôá óýíïëá. Íá áðïäåé·èïýí ïé áêüëïõèåò éäéüôçôåò:

(i) (A ∪B)rC = (ArC) ∪ (BrC) ,
(ii) (A ∩B)rC = (ArC) ∩ (BrC) ,
(iii) (A ∪B)rB = ArB = Ar (A ∩B) ,
(iv) ArB = A⇐⇒ A ∩B = ∅, ArB = BrA⇐⇒ A = B,

(v) (ArB)rC = Ar (B ∪ C) , Ar (BrC) = ArB ∪ (A ∩ C) ,
(vi) Ar (ArB) = A ∩B.
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7. ¸óôù üôé ôá A,B,C êáé D åßíáé ôõ·üíôá óýíïëá. Íá áðïäåé·èåß üôé ôï êáñôåóéáíü ãéíüìåíï Ý·åé
ôéò åîÞò éäéüôçôåò:

(i) A ⊆ B êáé C ⊆ D =⇒ A× C ⊆ B ×D,

(ii) A×∅ = ∅×A = ∅,

(iii) A 6= ∅ êáé B 6= ∅ =⇒ (A×B = B ×A⇐⇒ A = B) ,

(iv) A× (B ∩C) = (A×B) ∩ (A× C) , A× (B ∪ C) = (A×B) ∪ (A× C) ,

(v) (A×B) ∩ (C ×D) = (A ∩ C)× (B ∩D) ,
(vi) (A×B) ∪ (C ×D) ⊆ (A ∪C) × (B ∪D), ìå ôçí éóüôçôá éó·ýïõóá åÜí êáé ìüíïí åÜí ôá åí
ëüãù óýíïëá ðëçñïýí ôïõëÜ·éóôïí ìßá åê ôùí áêïëïýèùí óõíèçêþí:

a) A = C,

b) B = D,

c) A ⊆ C êáé B ⊆ D,

d) C ⊆ A êáéD ⊆ B,

(vii) (A×B)r (C ×D) = ((ArC)×B)∪ (C × (BrD)) .

8. Ùò óõììåôñéêÞ äéáöïñÜ A4B äõï óõíüëùíA,B ïñßæåôáé ôï óýíïëï

A4B := (ArB) ∪ (BrA) .

ÅÜí ôáA,B,C åßíáé ôõ·üíôá óýíïëá, íá áðïäåé·èïýí ïé áêüëïõèåò éäéüôçôåò ôÞò óõììåôñéêÞò äéá-
öïñÜò:

(i) A4∅ = A êáé A4B = B4A,

(ii) A4B = (A ∪B)r (A ∩B) = (ArB)4 (BrA) ,
(iii) A4B = ∅⇐⇒ A = B,

(iv) A4C = B4 C =⇒ A = B,

(v) A4 (B 4C) = (A4B)4C,

(vi) A ∩ (B4 C) = (A ∩B)4 (A ∩ C),
(vii) A4B4 (A ∩B) = A ∪B,
(viii) (A ∪B ∪ C)r((A ∩B) ∪ (A ∩ C)) = (A4B) ∩ (A4C).

9. ÅÜí ôáA,B åßíáé äõï ôõ·üíôá óýíïëá, íá áðïäåé·èïýíïé áêüëïõèåò éäéüôçôåò ôïýäõíáìïóõíüëïõ:

(i) A ⊆ B ⇐⇒ P (A) ⊆ P (B) ,
(ii) P (A ∩B) = P (A) ∩P (B) ,
(iii)P (A) ∪P (B) ⊆ P (A ∪B) ,
(iv)P (A) ∪P (B) = P (A ∪B)⇐⇒ (A ⊆ B Þ B ⊆ A) ,

(v)P (ArB) = (P (A)rP (B)) ∪ {∅}.

10. ¸óôù ïôé ç f : A −→ B åßíáé ìéá áðåéêüíéóç, ôá C,D õðïóýíïëá ôïýA, ç (Ci)i∈I ìéá ïéêïãÝíåéá
õðïóõíüëùí ôïýA, ôáE,F õðïóýíïëá ôïýB, êáé ç (Ej)j∈J ìéá ïéêïãÝíåéá õðïóõíüëùí ôïýB.Íá
áðïäåé·èïýí ôá åîÞò:

(i) f(∅) = ∅ = f−1 (∅) .

(ii) C ⊆ D =⇒ f(C) ⊆ f (D) . Êáé áíôéóôïß·ùò, E ⊆ F =⇒ f−1(E) ⊆ f−1 (F ) .

(iii) C ⊆ f−1 (f (C)) êáé f
¡
f−1 (E)

¢
⊆ E.

(iv) f (C ∪D) = f(C) ∪ f(D) êáé f−1 (E ∪ F ) = f−1(E) ∪ f−1(F ).
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(v) f (C ∩D) ⊆ f(C) ∩ f(D), åíþ f−1 (E ∩ F ) = f−1(E) ∩ f−1(F ).
(vi) f(C)rf(D) ⊆ f(CrD).

(vii) F ⊆ E =⇒ f−1 (ErF ) = f−1(E)rf−1(F ).

Ãåíéêüôåñá:

(viii) f(
S
i∈I

Ci) =
S
i∈I

f(Ci) êáé f−1(
S
j∈J

Ej) =
S
j∈J

f−1(Ej).

(ix) f(
T
i∈I

Ci) ⊆
T
i∈I

f(Ci), åíþ f−1(
T
j∈J

Ej) =
T
j∈J

f−1(Ej).

11. ¸óôù f : R∗ −→ R∗ ç áðåéêüíéóç

f(x) = x+
1

x
, ∀x ∈ R∗,

üðïõR∗ := Rr{0}. Íá áðïäåé·èåß üôé ç f äåí åßíáé ïýôå åíñéðôéêÞ ïýôå åðéññéðôéêÞ.

12. Íá åîåôáóèåß ôï ðïéåò åê ôùí áêïëïýèùí áðåéêïíßóåùí f : A −→ B åßíáé åíñéðôéêÝò êáé ðïéåò
åðéññéðôéêÝò:

(i) A = Z, B = Q, f(x) = 2x+ 1,

(ii) A = Z, B = Z× Z, f(x) = (x− 1, 1),
(iii) A = R, B = R, f(x) = x3,

(iv) A = R, B = R, f(x) = |x|, üðïõ ìå ôï |x| óõìâïëßæïõìå (ùò óõíÞèùò) ôçí áðüëõôç ôéìÞ ôïý
ðñáãìáôéêïý áñéèìïý x, êáé

(v) A = R, B = R, f(x) = x2 + x+ 1.

13. ¸óôù a Ýíáò ðáãéùìÝíïò ðñáãìáôéêüò áñéèìüò êáé f : R2 −→ R2 ç áðåéêüíéóç ðïõ ïñßæåôáé ìåóù
ôïý ôýðïõ

f(x, y) := (ax+ 4y, x+ 2y), ∀(x, y) ∈ R2.

Íá áðïäåé·èåß ç éóïäõíáìßá ôùí êÜôùèé óõíèçêþí:

(i) ç f åßíáé åðéññéðôéêÞ,

(ii) ç f åßíáé åíñéðôéêÞ,

(iii) a ∈ Rr{2}.

14. ¸óôù f : R −→ R ç áðåéêüíéóç f(x) = x · |x| , ∀x ∈ R. Íá áðïäåé·èåß üôé ç f åßíáé ìéá áìößññéøç
êáé íá ðñïóäéïñéóèåß ç áíôßóôñïöüò ôçò f−1.

15. ¸óôù f : N −→ N ç áðåéêüíéóç f(n) := n2 êáé Ýóôù g : N −→ N ç áðåéêüíéóç ðïõ ïñßæåôáé áðü
ôïí ôýðï

g(k) :=

( √
k, üôáí ï k åßíáé ôÝëåéï ôåôñÜãùíï,

1, üôáí ï k äåí åßíáé ôÝëåéï ôåôñÜãùíï.

Íá áðïäåé·èåß üôé ïé f, g äåí áíôéóôñÝöïíôáé ðáñüôé ç óýíèåóç g ◦ f áíôéóôñÝöåôáé.
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