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Ke:cpo’c)\ou.o 1

AL ochs:‘co"cv]‘coc W OLL Tcpo’)‘cou

ocpmf)yoi

1.1 To obvolo TwV ocxt-:pod.cov

H otouyewddng Yewplo aprudy acyoheiton ue ) UEAETN TwV WLOTHTWY TOL GUVOAOL
N ={1,2,3,...} twv detxdv axecpalwv (ahhdde, Quoxay aptduny). Oo ypelaoTel
va BAénovue to N coav uTtocvoho Tou cLVOAOL Z TwV axepalwy apLdudy 1 xat Tou
cuvorou Q twv pnidy apdudy. Ba yedgouue ZT A NU {0} yia t0 chvolo twv un
apvnTix@y axepalwv. Me R cuuBoiilovue 10 6OVOLO Twv Tpay ATy aptdudy, xou
pe € 10 6UVORO TV ULYadXY apLiumy.

H ovotney Yepeliwon tou cuvdrou N twv guoxay aptdumy yivetor uéow twv
aZiwudtenv tou Peano. 'Eyovtac dedouévo to N xou éyovtag oploel Tic mpdleic tng
Tp6oleang xou ToU TOAATAACLACHOD XodidS o TN SLATAEN TWV QUOLXGY JPLIUGY,
HTOPOVUE VoL SOGOLUE ALGTNEY XATAGKELY) TOU Z %ot Tou Q. OewpoluEe OTL 0 avary V-
otne elvor e€oXELWUEVOC UE TIS BLOTNTES TV TPAEE®Y ot Ti¢ WLOTNTES TN StdTadng
070 Z xat oto Q. Xe auth Tt oUvtoun mapdypapo aming ureviuullovue xdmoleg
Boowée apyéc.

Oevdpnua 1.1.1 (Apyh tou ehaylotov): KdOe un kevd ovrodo S un aprnuikdr
axepalwy éxer eddyioto aroryelo. Ankadr), vrdpyer a € S e tyy 0iwdtnTa a < b ya
kdOe b€ S. O
ITapATHPHSH: H apyr| Tou ehaylotou €xel wg ouvémela tny e€nig mpdtaon:

Aev undpyet dnetpn yvnolwe @divovoa oxohovdio un apynTxdy axepal-
wv.

IMpdryuortt, ag utodéoovue 6Tt LTGEYEL Utal axohovHa ng > ng > ... > Ny > gy >
...ot0 ZF. Ané v apyf Tou ehaylotou, To chvoho S = {ny, : k € N} éyeL ehdytoto
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OTOLYElD Ny, YO XdTOLOY M € N, 'OUWC, N1 < Ny, XA N1 € S, TO OT0L0 Elvor
dtoTo.

H opyny tou ehayiotou Yo yenouwwonoundel apxetéc gopéc otn uerétn woc. I
70 Moyo autd, divouue xdmola tptar TopadelyUaTa EQapUOYc TNE (oXxomde Hag dev
elva vor YEUEMMDOOVUE UGTNEE T GUVOAO TWV QUOLXWY, dhAd Var EZOLXELWDIOVUE UE
70 €{80¢ TWY EMYELPNUATWY TOU YENOLULOTOLOVVTAL CUVADWS).

DAPAAEITMA: O 1 elvan o uwpdtepoc guowxde apdude (1). Av unhpyxe a € N ye
0 < a <1, téte  axohovdla ny = a® Yo amotelobvVTaY amd puoolg aprtuole xon
Vo Aoy yvnoloe gdivovoo: ngp1 = a* -a < a¥ -1 = ny. Ané tnv nponyoluevn
ToEATHENOT), AT Elvon dToTo.

Oedpnuo 1.1.2 (Apywndeta Widtnta) Av a kar b elvar 6o guoikol apidpot, vndp-
XE€L PUOLKGS aptiids n tétolog dote na > b.

Andden: Av unodéoovue 6tL To Vedpnua dev toylet, undpyouy a,b € N tétowot
dote na < by xdde n € N. Autd onualver 6tL 10 obvoro

(1.1.1) S={b—na|neN}

anoteheiton amd Yetnolg axepatoug. Ao tny apy ) Tou ehaylotou, 0 S Exel eNdyloTo
otolyelo To onolo Ypdpetar ot wopyh b —ma yia xdmowov m € N. Tapatneolue 6Tt
ob—(m+1)a €S xu

(1.1.2) b—(m+1)a=(b—ma)—a<b—ma,

70 onolo elvon dromo. Apa, 1 Apyrundeta WdotnTaL Loy eL. o
Enuetwon: Av vnodéoovue yvwotéd (1) bt o 1 elvar o uixpdtepog pualxds aprdude,
té1e 1) an6deln elvon oAb amholoTepn: av tdpouue n = b éyouvue a > 1 => ba > b.
Oehpnua 1.1.3 (Apy g nenepaouévne enaywyhc) Eotww S éva ovvolo Oetikdy
akepalwv e Tg €€ng 1016TtnTeg:

1. O1 aviker oo S.

2. Avke S twitek+1€S.
Téte, To S €lvar to oUvodo AAwv Twy Quotkdy aptipdy.
Anéderdn: Oétrovue T = N\ S xan unodétouue bt to T elvar un xevéd. And tnv
apyY) Tou ehayioTou, To T €yel eNdyioto oTolyelo To onolo cuufoiilouue ue a. Apod

1 €S, avayxaotxd éyovue a > 1 ondte a —1 € N Agod o a Hrav t0 eAdyLoTo
otowyelo tou T, éyoupe a —1 € S. And tnv unddeon (2),

(1.1.3) a=(a—1)+1€S.

KotahiZaue oe dtomo, dpa to T elvon to xevé civoro. Enouévwe, S = N. O



H opyni tne nenepaopévng enaywyhc NS EMLTRETEL VO ATOSEXVOOUE OTL XAmOoLL
npbtaon P(n) mou agopd toug guotxols aptduoic toylet yio xdde n € N Apxel va
ehéyZouue 6t n P(1) woyler (auth elvon n Bdon s enaywyris) xat var anodel&ovue
™ ovvenaywy P(k) = P(k + 1) (awtd elvor 10 emaywyikd fripa). Iopadelyuo-
ToL TPOTACEWY ToL amodewxviovton UE T «Uédodo Tng padnuatixAc enaywyncy Yo
ouVAVTAUE GE OAN TN didipxeLa Tou ParduATOC.

AZ{Zer var avapépouue dbo maparlayéc Tou BOewpruatoc 1.1.3. H anddel&y) toug
QPAVETOL OaY doXNoT YLoL TOV avayveotn (undeite Ty mponyoluevn amddelln -
XENOLLOTOLAGTE TNV p)) TOL EAay(oTOU).

Ocvpnua 1.1.4 Eotw m € Z kar S éva oUvodo akepalwr pe Tig €€ng 1016tnteg:
meSkaavkeStrek+1e€S. Tore, SO{ne€eZ:n>m}={mm+1,...}.
a

Ocevpnua 1.1.5 Eotw S éva ovrolo Jetikdy axepaiwv pe T €€ng ioiétnres: 1 € S
katav1l,... k€S trtek+1€S. Tore, S =N. ]

ITAPAAEITMA: H axolovia twv apifudy tov Lucas opiletat avadpouixd we e€hc.
O¢tovue a1 =1, as = 3 xo, yio xdde n > 3,

(1.1.4) an = Apn_1 + Gn_s.

Yxonde uog elvon va det€ovue 6Tt UTdpyEL TporyUaTixoe aptdude © > 0 ue v BtétnTa
an < z" vy x&de n € N. H anddeién o Seiel 61 xdde © > V3 (Yot Topdderyua, o
z = 7/4) wavornowel to Intoduevo.

Ocewpotue v mpbdtaon P(n) : an, < 2. H P(1) wyler av 1 < z, eved n P(2)
oybet av 3 < 22, Srnhadf av V3 < z.

Oa YeNOLLOTOGOLUE TNV aPY Y| TNS ETAYWYHE TN Lop@Y) ToL Oswerjuatog 1.1.5:

unodétouue hotndy 6t k > 3 xon 61t ov P(1),..., P(k — 1) woybouv. Edwdtepa,
(1.1.5) ap_1 < ¥ 71 won ap_o < 2F72.

Torte,

(1.1.6) ap = ap1 + ap_o < 271 4 k2,

Snhadh, ar, < =¥ av woyler n oviobétna 8L + 2872 < 2 1) omola elvon 10od0voun
HE TNV

(1.1.7) 2 —z—1>0.

H (1.1.7) woyler av o Yetixde apudude = eivor ueyahhtepog amd (1+v/5)/2. Anhad,
T0 emaywY6 emyelpnua SouheleL av

(1.1.8) x> max{1,v3, (1 +v5)/2} = V3.

Av z > /3, 1 mpbTacn P(n) woylel yio xdde n € N. O



1.2  Avalpeor

‘Eotww a,b € Z. Aéue 61 0 a Suowgel tov b xou ypdpouue a | b, av undpyel © € Z
Tétoloc WoTe b = az. Xe auth TNV nepintwon Yo Aue 6Tl 0 a elvor Srowpétng Tou b
7 6Tt 0 b elvat TOAAaAdGLo ToU a. ATAEC GUVERELEC TOL OplooU elvan oL e€ng:

a|ayxdde a € Z.

a|0 yw xdde a € Z.

+1|a vy x&de a € Z.

0] a ov xo wévo av a = 0.
Aval|bxoub|ctoealec.
Ava|bxoalctotealbr+cy yiaxdde z,y € Z.

Av a,b € Z\{0} xou a | b 1€ |a| < |b|.

N R b =

8. a|£1 av xou wévo av a = £1.

H anédeln twv 1 we 8 agriveton wg doxnon.

Oehpnua 1.2.1 (Tavtémra tne Stadlpeone) Trnodérovpe 6tia € N karb € Z. Tére,
vndpyovy povadikol q,r € Z térowol ote b=aq+r ka1 0 <r < a.

«lewpetpikn améderény: 'Evoc anhdg YEWUETPLXOS TPOTOS YL VO OXEQTOUNCTE TNV
TawtétnTa e dalpeong elvan o e€nc: pavtalouaocTte TNy mpaydatixr evdelo Thvew
oTNV omolo €YOVUE CNUELDOEL UE XOLXIBEC TOUC axepafous. XNUELWOVOLUE UE TLO
oxoVpeS xoux(deg o ToAhamAdola Tou a. Aladoyixés oxolpes xoUxISES €youv amod-
otaot axpPag ton ue a. Tote, éva and ta dbo cuuPBaivet:

1. O axéparog b népTel ndvw oe xdmoLa omd UTES T oxoVpES xoux(dee, ondte o
b eiva tolamhdioro tou a xon r = 0.

2. O axépanog b Beloxeton avdueoa o d0o dadoynés oxolpeg xouxideg, dnAady
avdueoa oe 800 dLadoyLnd TOMNATAIGCLAL TOL @, XAl 1) ATOCTACT] ' AVSIETH GTOV
b xou T0 UEYOADTEPO TOAATAGLO ToU @ Tou elvor UxpEdTEPO amd Tov b elvon
évag Vetinde axéponog Tou dev Eenepvdel Tov a — 1.

H awotnpr anddetén nov Yo Swcoupe nopoxdto Bacileton ot auth Ty Wdéa: Yewpolue
70 6OVoho S TV «amooTAGEWVY b—as Tou b and Tic oxolpeg xoux(Bec Tou BploxovTal
aplotepd tou. E€acpaiilouue ot elvon un xevé, dpa €yl edytoto otolyelo b—ag. H
xoux(Ba ag elvon auTh Tov BeloxeTtar auéows Tply and Tov b, xou 1 andotaon r = b—ag
TpémeL va elval LixpoTERT Ao a.

Anddein tov Oewpfuatog 1.2.1: Anodewxviovue mpwta TV Onapdn aprdudy
g, € Z mou wowvoroody To {ntoluevo. Bewpoliue o Ghvolo

(1.2.1) S={b-as:s€Z}NZ*



TWY U1 devNTX®y axepalnv g wopphc b — as. Aev eivon dUoxolo va Sobue 61t 10
S etvow un %evé: av b >0, 6te b—a-0€ S. Av b < 0, Yewpolue axepalouc s tng
wopghc —a-n 6mov n € N. Téte, b —as = b+ a’n o ond v Apyuideta BLdna
undpyet n € N tétotogc Bote a’n > (—b).

Ané v apyy| Tou ehagyloTou o S €yeL eNdyLoTo oToLKElD, TO ontolo cuUBoAilovue
pe r. Ané tov oploud tou S €youue r > 0 xou undpyel ¢ € Z tétolog kote b—ag =r.
Mével va Set€ovue 6t 7 < a. Ag vnodéoouue 6t r > a. Tote,

(1.2.2) b—a(g+1)=b—ag—a=r—a>0,

dnhadh, b—a(g+1) € S. Ouwcb—a(g+1) =r—a < r, o onolo elvan dtono oo
o T fTay 10 EAdYLoTO GToLYElo Tou S.
Anodewviouue thpa TN wovadixétnTa Twv ¢ xa . A¢ unodécouue 6T

(1.2.3) b=aq +r =ag + 12,
o6mov 0 < 7ry,7ry < a. Tore,
(1.2.4) |1 —r2| = algz — @]

Av 1 # @2, 161€ a|g2 — q1]| > a evdd |r1 — r2| < a. ‘Eyxouvue avtigaon, dpea ¢1 = ¢2
xat o v (1.2.3) éneton 6t = 7. m|

ITAPAAEITMA: Ano to Oewdpnua 1.2.1, xdde axéparog b ypdpetar Lovociuavta ot
HopeR b = 2g+r yio xdmotov ¢ € Z xou xdnowov r € {0,1}. Aéue 6t o b elvon dptiog
avr =0. Avr =1, téte Mue 6t 0 b elvar mepireds. Hopatnpriote dtL onotadhirote
dUvauT TEPLTTOL axePAoL ElVOL TEQLTTOC AXEPOLOS.

Yxondg pog elvon va det€ovue 6t oy oL un apvnTixol axépotol a, b xaL ¢ avo-
mooly Ty e&lowaon

(1.2.5) a® + 205 = 4c°,

Wwiea=b=c=0.

Aréderdn: T x&de Aoon e (1.2.5) Jewpodue To Un apvnTixd axépoto
(1.2.6) d := max{a,b,c}.

Ac vnodéoouue 6t n eZlowon (1.2.5) éxer wa un tetpruuévn Aon (a1, b1, c1) oto
Z*F. Anhadi, TouldyioTov évac and Toug ar, by, ¢1 elvon puoxde apriude. Téte,

(1.2.7) dy = max{ay,b,c1} > 0.

Hopatnpolue 6L 0 a8 = 4c§ —2b elvor dptiog, dpat 0 ay etvor dptioc. TdpyeL homdy
as € 71 tétoloc dote a1 = 2as. Avtixadiotdvtoc oty (1.2.5) nodpvoupe

(1.2.8) 64a$ + 2b$ = 4 = b$ = 2¢§ — 3245,

‘Emeton 6Tt 0 by elvon dptiog, dpa ypdpetar ot woppn b1 = 2bs yia xdmotov by € /al
Avtxadiotdvtac oty (1.2.8) nalpvoupe

(1.2.9) 6405 = 2c8 — 3205 = ¢§ = 3205 + 16a5.
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Apat, 0 ¢1 elvon %t aLTHC EPTLOC XAl YPPETAL 6T LOpPH €1 = 2¢2 YL xdmotov ¢z € Z™T.
Hoapoatnpotue 6t oL as, by xou ¢ txavomoloty v (1.2.5) xou

(1210) 0< d2 = max{ag,bg,CQ} = max{al,bl,cl}/Q = d1/2 < dl.

Yuveyilovtag ue Tov (dto tpdmo, xataoxevdlouue uia dretpn Yvnolwe edivovoa axo-
houvda Quoxay apdudy: di > dy > ... > dy, > dpy1 > ... Auto elvon dromo and
™V apyh Tou ehayiotou. Apa, 1 uévn MNon tne (1.2.5) oto ZT elvon 1 tetpluuévn
a=b=c=0. |

Xpnotuomoldvtag TNy TauTéTnTa TS Stalpeone xan T uédodo tne HodnuaTixedc
enaywyNs UtopolUE va amodel&ouue Ty Oopdn xon TN UOVASIXOTNTA TWV M-adLXOY
AUVATAPUCTACEWY TWV OXEPULWV.

Ocopnua 1.2.2 Eotw m évag axépaiog, m > 2. Kdle puoikds apifuds n avara-
plotatal katd povadiké Tpdmo ot UopPn

(1.2.11) n=ag+am+asm®+ -+ agm®,

érov k elvar o un apvnuixés axépaios ya tov omoio mF < n < mAtl kar o
ag, @i, .. ., a €lvar axépaiot mov tkavorowoly sl <ap <m—-1xkar0<a; <m—1
yia kd0e i =0,1,...,k —1.

H (1.2.11) Aéyeton m-adixrj avarapdotaon touv n. Ov axéparol a; elvar Tow Pngla tov
n ue Bdon tov m. Oo YeelaoTOVUE EVaL AmAd AAUUAL.
Adupa 1.2.1 Eow m axépatog, m > 2. I'ia kd0e n € N vndpyet povadikdg un
apvnuikés axépaiog k térowog dote mbF < n < mFtt,

Anéderdn: Me enoywyn unopolue vo detovue 61t m® > (1+1)° > 1+ s yia xdde
s € Z*. "Apa, yia x&de n € N éyouue m™ > n.

Ocewpolue tuydévta n € N xar opllovpe S = {s € N: m® > n}. Agob n € S,
To0 S elvon un xevéd oOvoro puoxwy aprdudy xat €yel eEAdyloto oTtoyelo so To omolo
Ypdpeton ot uopgh so = k + 1 yio xdmowov k € Zt. Téte, k ¢ S dpo mF < n xon
k+1€S dpan <mbtl. H uovadixétnra agphveton we doxnon. O

Anéderldn tov Oewperuatog 1.2.2: T xdde k > 0 ovoudlovue P(k) tnv e€ig
TpdTaon: x&e guotxde nue mb < n < mAFL éyer povadued m-adu avamapdoTao.
Ou anodeiZovue 6t n P(k) woylel yio x&de k > 0 ue ) uédodo e uadnuotiic
enaywyhc (ot woppr Tou Oewphiuatoc 1.1.5).

H npétaon P(0) wylel yotl av 1 < n < m, té1e nn = ag elvan 1 wovadix m-odixy
avomopdotaon tou n (eEnyrote).

Eotw k > 1 xou ac unodécovue 61t toybouy ol npotdoec P(0), P(1),..., P(k —1).
Oa amodetfouue 6t oyler n P(k). Eotw mkF <n < mkFrl. Anéd tnv tautémnta tne
Srapeone tou n ue m*, urdpyouy ay, xon T ue 0 < r < m* étol dote

(1.2.12) n = apm® +r.
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Tore,

(1.2.13) 0<mt —r<n—r=amt<n<mbtt

k

Awonp®dvtag auth Ty aviaotnta he m© nafpvouue 0 < ar < m. Agol oL m xat ay

elvar océpanol, BAénouue ot

(1.2.14) 1<ap<m-—1.

Av r =0, t6te nn = apmF elvon uor m-adixr avamopdotaon tov n. Av r > 1, téte
9 ¢ = 4

an6 10 Afupa 1.2.1 éyouvue m! < r < m'tl yia xdmolov un apvnTind axépano | <
k—1. Ané ty enaywywd utddeon n P(1) woyle, dpa o 1 el m-adix avanapdotoon
e poppric

(1.2.15) r=ag+am+--+ap_m,

o6mov 0 < a; <m—1yaaxdde i =0,1,...,k — 1. Téte, o n avanoplotatat ot
Hopp

(1.2.16) n=ap+am-+--+ap_1m* 1+ apmk.

Oo delouue 6Tl auTh N avanopdotaoy elvar Lovady. Eotw
(1.2.17) n=by+bm+---+bsm?

Lo AN m-aduxr| avamopdiotach Tou n, 6mov 0 < b; <m—1ywxdde j =0,1,...,s
o bg > 1. Av s > k+ 1, téte

(1.2.18) n < mhtt <b;m® <n,

T0 omolo dev umopel vo cuufBatvel. Av s < k — 1, and g avedteg by < m — 1
rafpvouue
n = by+bm+---+bym?
< m-D+m-1m+---+(m-1m’

= m' —1<mf <n,

T0 onolo enlong dev umopel va cuuPBaivet. Apa, k =s. Av ap < by, t61E

k-1
n = a+am-+---+a_1m + apm

(m—=1)+(m—1)m+---+(m—1)m* 1 +am
= (mF—1)+amk
< (ap + D)m*F < bpmF <n,

k

k

IN

T0 omolo eivon adlvato. Apa, by < ap. Me avdhoyo emyelpnuo delyvouue ot
ay < b, dpo ay, = by, Tore,

n—akmk = a0+a1m+a2m2+---+ak_1m

= bo+bim+bym®+-+bp_ymF!

< m*.

k—1
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Ané v enaywyw unddeon, éyouue a; = b; Yot =0,1,...,k—1. "Apa, n m-oduxy
avomopdotaon Tou N uTdpyel xou elvar uovadixr, xt outéd amodewxviel Ty P(k).
Tougwva ue v apy| Tne uadnuotudic enaywyic, n P(k) woyler vy x&de k > 0.
Ané 1o Afupa 1.2.1 x&de puowde aprduds n avixer oe xdmowo ddoTnua TS
uoppic [m*, mF+1), doa 1 anddelln etvor TARenC. O

ITAPAAEITMATA: H 2-08u¢r} avamapdotaon tou 100 etvor
100=1-2241-2°4+1.25
xan 1) 3-adunr| avarmapdiotacn tou 100 etvon

100=1+2-3%+1-3%

1.3 MEeyLoTog %0LVOg BLOLEETNG

Eotw a xou b 30o guowol aprduol. O a xar b €youv ToLAdYLoTOV Evary XOW6 BLapéTn,
Tov 1. ¥xondg pog elvar va anodetfouvue 611 UTdpyEL LEYLoTOC QUOXSS apLiuos d o
omnotog dtonpel Toug @ xou b. H éa nlow and v anddeign nouv Yo ddoovue elvar va
Yewprioovue 0 oOVOAO I Ghwv Twv VeTx®dY akepalwy ovvdvaoudy aw+ bv twv a, b,
6mov u,v € Z. Tétowol Yetixol cuvduaouol undpyouv: yia tapdderyud, a = a-14b-0.
H Boower mapatipnon elvon 6tL xdde xowde dtonpétne k twv a, b Sianpel xdde otolyelo
Tou I (WudtnTa 6 Tne StonpetéTNTOC), dpor dev Eemepvdel To eAdytoTo ototyelo Tou I.
Av delZouvue 6Tt T0 eNdyioTto oTouyelo Tou I elvar xowde Slapétne Twv a, b, téte Ya
elval 0 «UEYLoTOC XOWVAC BLoLEETNCy TOUC.

Ocopnua 1.3.1 Eow a,b € N. Yrdpyer povadikés d € N o onolog ikavoroiel ta
€€

1. d|akard]b.

2. Av ya kdrowr k € N éxouvue k| a kat k | b, tére k | d. Eidikdrepa, k < d.

EmnAéov, vndpyovy x,y € Z térowol dote d = ax + by.

Anddegn: Oewpolue t0 clvolo
(1.3.1) I={au+b:u,veZ}NN

Eivow @avepd 6t 1o T elvon un xevéd (yio mopdderyua, a,b € I). And v apyn tou
ehayiotou, To I €xel ehdyroto otoyelo d to onolo ypdgeta ot poper d = ax + by
yLal xdnotoug ¢,y € Z.

Oa delouue 6t 0 d dronpel xde ototyelo Tou I. Ag unodécouvye 6Tl 2 = au+bv €
I. Anb o Oewpnua 1.2.1 undpyouvv ¢,7 € Z ue 0 < r < d xoau z = dg + r.
[Mopatneodue 6Tt

(1.3.2) r=z—dq=au+bv— (ax+by)g =alu—xzq) +b(v —yq) € I.
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Av ftav 0 < r < d t61€ 0 1 Yo Yyt oToLyeio tou I uixpdtepo and tov d, dtono and
ToV Tp6T0 oplouol tou d. Apa 7 = 0, T0 onolo amodetxviel 6Tt o d donpel Tov 2.

Agol a,b € I, o d Swoupel toug a xou b. Autdc elvon 0 Tp®dTOS LoyLELoUOS TOU
Yewphiuatos. T tov deltepo, tapatnpolue 6t av k | a xou k | b t6te

(1.3.3) k| ax + by = d.

[t wovadixdtntar tou d mapatnerote 6Tl av oL Quotxol apuduol di xar dy tovo-
mowoly o 1 xou 2, t6te dy | dy xou dp | dy. Edwétepa di < dy xou dy < dy, dpo
dy = ds. O

O apuiuoe d mou opiletar and 10 Oewpnuo 1.3.1 AMyeton WwEYLOTOG X0OLVOG
Sraupétng twv a xou b, xou ovuPoriletar ue d = (a,b). Aéue 6 doo aprduol
a,b € N elvar oxetixd npodtor av (a,b) = 1. T topddeyua, ot 8 xou 15 eivan
oyetwxd tpwrot: (8,15) = 1.

IMapatienon: Eivow yprowuo va duudtar xovelc 6t 0 UEYLoTog xowog dtonpétng
(a,b) twv puowdy apriuny a xou b elvon o eddyiotog Jetikds axépaiog ovvduaouds
TOuC:

(a,b) = min{au 4+ bv : u,v € Z}NN.

O ayoprdog tou Euxheldn uoc divel Evay mpaxtixd TpOTo LTOAOYLOHOU TOU
LEYLOTOU %000 SLonpéTrn S0 YUY dELIUOY. Eexwvdue Ue dVo puoole apLduoie
a < b. Ané v TavtémTa e Sadlpeong €yovue

b=uaq +r1

yLoo xdmotoug ((ovoohuovta optouévous) g1 € Nxaw 0 < rp < a. Avry =0
OTOUATAUE, IANOS YPAPOLUE THY TAUTOTNTA TNE SLalpecng Tou a UE Tov T:

a=r1q2 +ra,

Yo xdmooug (ovooruavta opouévouc) g2 € N xaw 0 < rp < 71. Zuveyllovue
He Tov (Bo tpdmo. H dwodiracio mpénel xdmotar oty var xatolfiel o UTOAOLTO
nt1 = 0. ANodg, O elyaue uta dmelpn yvnolwe @divovoa axoroudia QuaLxdY
apiudv: @ > 11 > T > ... > 1y > Tpgr > ... To enduevo Yedpnua delyver o6t
0 UEYLoTOC %0WdC Donp€tng Twv a xou b elvar to teleutalo un undevind undoino:
(a,b) =1y (av r1 =0, té1€ @ | b xon (a,b) = a).

Ocwpnua 1.3.2 Trobdérouue du a,b € N kata < b. Ag vnoOéooupe 6t éyove Ppel
Qs sqn+1 €ENkarry,...,rp ENpue 0<r, <rp1 <---<r <akat

b = aqi + 1,
a = Ti1q2 + 712,
i = T3 +7T3,
Tpno2 = Tp_1qn + Tn,
Tm—1 = TnQqn+1-

Téze, (a,b) = ry.
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Andderdn: Oo dellouue 6T
(1.3.4) (a,b) = (a,r1).

O¢touue di = (a,b) xaw ds = (a,r1). Eyovue dy | axou dy | b, dpody | b—aq =ry.
Agol dy | a xau dy | r1, T0 Oedpnua 1.3.1 delyver 6

(135) d1 | (a,rl) = d2.

Anb v SN Thevpd, da | a xou da | 1, dparda | agi +71 =b. Apol ds | a xon da | b,
T0 Oewpnua 1.3.1 delyvel 6T

(136) d2 | (a,b) = dl.

Anb e (1.3.5) xou (1.3.6) ouunepaivouue 6t di = dp. Emavoloufdvovtac to (do
emyelpnuo, Tolpvouue

(1.3.7) (a,b) = (a,m1) = (r1,72) = - = (Fn_1,Tn).

Ouwc,

(1.3.8) (rn—1,7n) = (FaGn+1,7n) = n-

Anhadn, (a,b) = ry,. g

IIAPAAEITMA. Oa unoloyloouue tov (391, 2533). Me dodoyixés Slonpéoelc malpvou-
uE

2533 = 391-6+ 187,
391 = 187-2+17,
187 = 17-11.

Anb 1o Oewpnua 1.3.2 (ue a = 391 xon b = 2533) ouunepaivouue 6t (391,2533) =
17. Tlopatnprote 6t 1 (Do Sradixacior pag emitpénel va Bpolue axepaloue T oL Y
yta Toug onoloug 17 = 391z + 2533y. Eyouvue

17 = 391—187-2
= 391 —(2533—391-6)-2
= 391-13+2533- (-2),

dnAad”h, £ = 13 xon y = —2. o

‘Eva mohl yeYiowo anotéleouo oyeTixd e Tn doupetdtnTa elvar to e€ig.

Ocwpnua 1.3.3 Eoww a kat b 6vo oxetikd npdror puotkol aptduol. Ag vrodéoouvpe
dnt w | ab ywa kdnowov guoiké apiué w. Tére, vndpyxovy povadikol u,v € N téroio
dote u | a, v | b, katw = uv.
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Anéderdn: Oewpolue Toug aptduolc u = (w,a) xou v = (w,b). Ilpogavids, u | a xou
v | b. Ané 1o Oedpnua 1.3.1 undpyouvy X1, Y1, T2, Y2 € Z TETOLOL HOTE U = WT1 + ayy
xau v = wxs + bys. Apa,

(1.3.9)  wv = (wzy + ayr) (wze + bys) = w(wzy T2 + ay1 T2 + bx1y2) + aby1ys.
Agolb w | ab, n (1.3.9) delyver 6T
(1.3.10) w | uv.

Ané v &N mheupd, agol (a,b) = 1, undpyouy z,y € Z tétolol Wote ax + by = 1.
Torte,

(1.3.11) w = wax + wby.

Mopatneodue 6t u | a xou v | w, dpat uv | waz. Ouolws, u | w xav v | b, dpa
uv | wby. Ané v (1.3.11) cvunepaivouye 6t

(1.3.12) uv | w.

Aol oL u, v xou w elvar guotxol aprduol, oL w | uv xou uv | w delyvouy 6Tt w = uw.

T ) wovadxénta, ag unoVécovue Tt w = w11, 6oL ur | a xou vy | b.
And tc ur | w xon ur | a, Brénovue 6t uy | (w,a) = u. Ouolwe, and g v | w
xat vy | b, Bhémovue 6t v | (w,b) = v. Av elyope u1 # u, 61 Yo nalpvaue
w=wuv <uv; <uv =w 10 onolo elvan dromo. Apa, u; = u. Ouolwg, v; =v. O

1.4 AvdAuoTm Ot YLVOUEVO OO TWY TARALYOVIWY

‘Eotw a > 1 évac guowde aprduds. Ba Aéue 6Tt 0 a elvor mpddTog av et axpLBng dVo
Yetixolg donpétes, Tov 1 xon tov a. Av o a dev elvan tp®tog, Yo Aéyeton obvdeTog.
T ddpopous Aoyoug elvon BoAwd var uny xatotdéouue tov 1 00te 6TOUC TRHOTOUG
oUTe oToLS oUVIETOUC CpLiOovC.

Ye 6t axohouvlel, ue to cbuBoro p Yo evvoolue mdvTa XAmoloy Te®To apLdud.
To mpdto pag anotéheoua etvon amhf cuvénela Tov Oewpruatog 1.3.1.

Ocdenua 1.4.1 Eoww a,b € N kar p évag mpdros apuds. Av p | ab, tdre elre
planplb.

Anoden: 'Eotw 6t o p dev dtoupel tov a. Aol oL uévou dtonpéteg tou p elvar o 1
xaL o p, éxovue (a,p) = 1. And 1o Oedpnuo 1.3.1 undpyouv x,y € Z TéTolol HOTE
1=az + py. Apa,

(14.1) b = abx + pby.
Aol p| ab, and v (1.4.1) éneton 6t p | b. O

Me enaywyn we npoc k nalpvouue v e€Xc yevixeuon,.
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Oedpnua 1.4.2 Eoww ay,...,ar € N kat p évag npdtog apuds. Avp|ay---ayg,
téte p | a; yia tovddyiotov éva j € {1,...,k}. O

To Yeperimddeg Fedpnua Tng aptdunTixng Hog Aéel 6Tl xdde puotxde apLiuodg
avoAVETAL (OUCLAUOTIXG) LOVOGHUAYTA OE YLVOUEVO TROTWY TARUYOVTWY.

Ocswpnua 1.4.3 KdOe guoikds apiduds n > 1 avarapiotatar oa ywopero mpddtwy
apOuddv. H avanapdotaon avtn elvar povadikn av ayvonoouvue tn Oudtaén twy ma-
PAYOVTWY TOU YLVOUEVOU.

Enuelwon: Kéde npdtoc Yewpeltar yvduevo npdtwy (e évay 6po). Evac Baowde
A6voc ou Sev Yewpolue 6Tt o 1 elvon mpdtog elvar yior var eacpaiicovye tn Lovadt-
x6tnToL oe owTé To Oedpnuo (AN, Yo elyoue yio mapddetyuo 6 =2-3 =1-2-3).
Anddeldn: Acelyvouue mpdta He enaywyl we Tpog 1 OTL xdde axéponog n > 2
yodpeton oot Yvouevo mewtwy. O 2 elvor mpoavds yvéuevo tpdtwy. H emorywyu
unoVeon elvar 6Tt xdde m € N ue 2 < m < n ypd@eton oo YIVOUEVO TE@TwY. AV 0
n elvar mpdTog, dev €yovue tinota va deifovue. Av o n elvar cbvietog, undpyouv
ni,n2 € Nue 2 <nq,ny < n t€tool GOTE n = ning. And ty enaywywxr unddeon,
xWEVAS OO TOUC Nq, Mo AVATUPIOTATAL GX YWVOUEVO Tp®TwY, ONOTE To (3lo Loy lel
XOUL YLOL TOV I = 1Mo

Aelyvovue tdpa TN povadixotnta. A utoldécouue 6Tt

(1.4.2) N=p1...Dr =q1---qs,

omovorpy <...<pruotq <... < gselvon mpdtoL. Aol py | ¢ .. . s, TO Oedpnua
1.4.2 delyvel 6Tt undpyet j < s tétol0¢ Wote p1 | ¢j. Aol ol py xan g; elvon mpdToL,
VLY XAOTIXA EYOVUE p1 = gj. Opolwe, ool ¢1 | p1...pr uTdpyet i < r Tétolog
OOTE ¢1 | pi, am’ 6moL Tadpvouue g1 = p;. Hapatnpodue dtu

(1.4.3) DL =q; 2 q1 =Dp;i 2D,

dpot p1 = q1. Tdpa, n (1.4.2) nolpvel T Lopph

(1.4.4) P2 Pr=q2...¢s.

EravolauBdvovtag tny (B Stadixacio nenepacuéveg to mAnloc @opéc, cuurepal-
VOUUE OTL T = s XL p; = q; YLaxde i =1,...,r. |

Av ndpouue xatd ouddec toug (coug TEWTOLS TOL EUPAVI{OVTOL GTNV AVATAPACTIO
Tou Oewpriuatog 1.4.2, nalpvouyue auéong to e€ng.

Ocwpnua 1.4.4 Kde puoikds apidudsn > 2 avanaplotatal povoonjparta ot Hop-
1)

(1.4.5) n= p’fl opkr,

omov p; < -+ < pp €lvar npddtor aptiuol kat ki, ... kyr € N. O

Ou Nue otL 1 avamapdotaon e (1.4.5) elvon ) kavovikn avarapdotacn Tov QUOLXOD
apLtduol n.
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1.5 H aneipla TV TpoTHY %ol To Y@L TWV TEO-
TV apLiumy

H mpddtn onuavtiny cuvéneta Tou Yeuelddouc Yewpruatog Tne aptduntixhc elvon to

Yewpnua Tov Euxheldn yio tny anetpla Twv Tpdtwy aprduoy.

Ocewpnua 1.5.1 Trdpyovr dreor npdror aptijiol.

Ou dwoovue téooeplc dapopeTinés anodellels autol tou Yewpruatoc. Ou Tpelg te-
Aevtaleg e€aoparilouy Ty anelpla TV TEMTWY, dVouv OUWC XL TEPLEGOTEPES TAN-
pogopleg Yio TNV dretpn axoloviia Twv TEWGTWY oELIUOY.

IIpdtn anddergn: To emvyeipnua elvar autd mou ypnotuonolnoe o Evxheldne. Ac
unoYécouye 6TL LTy oLV Tenepacuévol To TARlog TpwToL apruol, oL pr < ... < py.
OewpoluEe Tov Quod apLduod

(1.5.1) n=p...pr+1

O n elvar peyaldtepog and 1, dpa €xel mpdto Swonpétn. Agob o {p1,...,pr} elvar
10 6OVONO OAWY WY TEHOTWY aptdudy, Lndpyel § < r tétolog Gote p; | n. Ouwc,
pj | p1--.pr, S

(1.5.2) pj|(n—pi...p;) Snhodf pj|1l.

Auté elvorn droro, dpar UTdPYOLY dNELPOL TPGOTOL. |
H enduevn anddelln yenowwonotel toug aptiuoivs tov Fermat.

Acevtepn andédetgn: [ xdde n =0,1,2,. .. opilovue

(1.5.3) F,=2" +1.

Ou aprduol Fy, Myovton apriuol tov Fermat. Aol Fy, > 2 ywo xdde n > 0, x&de Fy,
EYEL TOLUASYLOTOV Evay TPOTO SLoEETY gp. Qo delfouvue ot

(1.5.3) n#m= (F,, F,)=1.
Omotowdrinote 8Vo aprduol Tou Fermat elvar oyetixd mpdTot, dpa

(1.5.4) n#m = qn 7 ¢m-

(yratl;) ‘Eneton 6t oL gn, n > 0, elvor Staxexpiuévol mpotot, To onolo delyver Ty
ametplor TV TEOTWY apLiUOY.

[ v anddetgn tne (1.5.3) delyvouue mpdta ue enaywyh 1o e€fc: av n > 1,
T6TE

n—1
(1.5.5) [[E=F.-2
j=0
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H (1.5.5) wybetavn =1: Fy =3 =5—-2 = F —2. Av deytolue 6t Loylet ya
n =k, t61€

k—1
HFj = HF]- F, = (F, —2)-F,
=0

22 -1 +1)=22" -1
= Fpy1 —2,

dnhadh n (1.5.5) woyler vy n =k + 1.
‘Eotw topa 0 < m < n o €o0tw d évag xowde etinde dtoupétne twv Fy, xon
F,. Tore,

n—1
(1.5.6) d| Fo | [[Fi=Fa-2
=0
Spod | Fryxoud | (Fr—2). Eneton 6t d | 2,8pad =1%d = 2. Apod dhot o aprduot
tou Fermat elvor mepittol, o d 8ev unopel va toolbtan ue 2. Apa, (Fy,, Frp) = 1. O
H npdtn anddetén (tou Euxheidn) eivar mtold mo oOvtoun xow xoudn. Koutd-

Covtog Guwe TN debtepn anddetln mopatneolue To &g av pr < p2 < ... < pp <
D1 < ... elvon 1 dmelpn axolouvdla Twv TEOTWY opLdUGY, TOTE

(1.5.7) P < Fo1 =22 41

v xdde n € N Ipdyuatt, ou Fy, Fi,..., Fp_1 €ouv n SLaXEXPULEVOLSC TRMTOUS
OLOUEETES Dhy s - - - 5 Py 5 G

(158) Pn S max{pkl,. . 7pkn} S maX{FOa F17 s 7Fn—1} = Fn—l-

H mapatipnon ot pag odnyel otov optoud uiag cuvdpetnone m: R = R, ue
(1.5.9) m(z) = 1o TAidoc twv TpdTwY apLdudy p < .

H 7 elvon adZovoa, xan BéBona m(z) = 0 av & < 2. Hoapotnpolue bti: av z > 2 xou
av n = n(z) evor o ueyahltepoc un dpvntixde axépatog Yio Tov onoto 227 +1 < z,
61

(1.5.10) m(z) > 722 +1) >n+ 1.

Ané v &y mAeupd, 22" > g dpo log, (logy ) < n + 1. ‘Eyouue howndv 10 eZrc
xdtw Qedyua yior Ty m(x).

IMpotaoy 1.5.1 Ia kdle mpaypatiké aptopd x > 2 wyvetl n avioétnza
(1.5.11) m(z) > log,(log, x).

Ewbikdrepa, m(z) — +00 kadds to x — 400, dpa vrndpyovr drepol mpdot. |
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Me dhha Moyia, 1 dedtepn anddelin uag divel emmAéov TAnpooples yio o TARdog
TV TEGTWY optduey ot éva Sudotnua tne Lopehic [0, z], dtou z elvar évag «ueYdhocy
Yetnde mpoyuatinde apduds. H emduevn anddeln mouv Yo ddoovue diver axduo
XoNOTEPO XAt PEdryMa yiar T ouvdptnon m(z).

Teitn anodeln: Oecwpolue Ty (evdeyouévne enepaoiévn) oxoloudio Twy Tpo-
Ty aptduey o adovoa Sdtaln: p1 < p2 < ... < pi < .... Av f(t) = 1/t, 6t
yioe xdde n > 2 xou yra xdde n < x < n + 1 €yovue

T 1 2 1 3 1 n+1 1
1 = —dt < —dt —dt+--- —dt
ne /1 : _/1 ; +/2 r + +/n ;

1 1 1

< 14+4-4.--4+-< § el

< +2+ +n_ )
meA(x)

6mou A(x) elvat 10 GUVORO GAWY TWV PUOLXGDY apLIULGBY TOL GAOL Ol TPGTOL SLoLEETES
Touc elvar Uxpdtepol 1 toot and x. To cbvoro A(z) mepiypdpeton Ue T BorRdeta Tou
Yeuehddoug Yewpruatog tng apudunTixhc:

w(x)
(1.5.12) Az) = {n = I »i:me > 0}.
k=1

Mopatnperiote 61t o 1 mpoxdnTeL av TdpovuEe 6houg Toug extétee 1y, (ooug pe 0. Xpnot-
HOTOLWVTAC TNHY ENYIEPLOTIXT WLOTNTA TOL TOANATAAGLACHO) WE TEOC TNV TPodaleo
EAEYYOLUE OTL

(1.5.13) 3 % _ ﬁ) (i i) :

S
meA(z) k=1 \s=0 Pk

Ty mopévieot) €YOLUE Uia YEWUETEXT Oelpd Ue Adyo 1/py, dpat

o0
1 1
(1.5.14) - = P
s=0 pk 1- p_k P = 1
"Encton 671
s Y43
(1.5.15) Inz <
U=

Ané v mpogoavh aviebdtnTa pr > k + 1 BAénovue ot

1.5.16 =1+ <14+ —=—.
( ) pr+1 pr—17 k k
Enotpépovtac otny (1.5.15) nadpvoupe

w(x)
kE+1
(1.5.17) mz <[] % =m(z) + 1.

Anhadn, éyovue anodeiel v e€hc Bedtiwon e [pdtaong 1.5.1.
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IMpotaoy 1.5.2 Ia kdle mpaypatiké aptiud x > 2 1wy vetl n avioétnza
(1.5.18) m(z) > Inz — 1.

Eibikdrepa, m(x) — +00 kadds to x — 400, dpa vrndpyovr drepol mpdot. |

H tekevtalo anédel&n mouv Yo ddcouvue e€aoparilel Ty anetplor TV TEGTWY UE
Tov e€¥g TpbdTo: 1) oELPd

(1.5.19) > %

peP

anoxhiver (P elvar 10 o0volo v Tpdtwy aprdudy). Enouévwe, to mhidoc twy tpo-
oletéwy (Inhadn, to TARBoC TV TpdTwY apriumy) amoxheleTon Va elvol TENEPAUOUEVO.
H npdtn anddeln autol tou anoteréopatoc 860nxe and tov Euler. Ent tn euxanpla,
ureviuuilovue tov opoud xat Tig Booés WETNTES TG GUVEPTNONS TOU aXEPALOL
uépouc.

Ogiopds: Eotw € R To axépono mépog [x] tou x elvar o povadinds axépatog
m mou wavornotel T avioétntee m < ¢ < m+ 1. H anewdvion z — [z] Myeton
ouvdpTnoT TOU akepalov Hépovs.

IatoTHTES: T xd&de x,y € R toybouv ta e€nic.

l.z—-1<[z]<zxn0<z—[z] <1

2. Avz > 0, t6t€ 0 [z] woltow pe t0 TARBOS TwY QUOLXGY Tov dev Eemepvoly
Tov . Anhadi),

[z] = Z 1.
1<n<lz

T xdde k € Z éyovue [x + k] = [z] + k.
[2] + [y] < [o +y] <[] + [y] + 1.

Av iz € Z<6te [z] + [—2] =0,eved> av z ¢ Z <ot [z] + [—2] = —1.

o et s W

Av iz >0xu k €N, t6t€ [2/k] elvow t0 A 00og twv Tolamhaciwy Tou k Tou
dev Eemepvoly Tov .

H anédelln autdv twv WSothtwy elvor amhh xoL aprvetal we doxnon YLol TOV ovo-
YVOOTN.

Téraptn andderln (Erdss): Eotw P = {p1,p2,...} 10 clvolo twv tpdtwy aptd-
UV, toug omoloug Yewpolue ce adfouoa ddtaln. Ag unodécouue 6Tl 1 oElPd
dis1 p% ouyxAivel. Téte, undpyetl uowds aprdude k ue Ty WLOTHTA

1

ishy P

(1.5.20) <

DN | =
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Qo héue 6TL oL Py, ..., Pg elval oL uLxpol TEdOTOL, EVE OL Piy1, ... Elvol oL EY&AoL
npodtot. o xdde puoxd apriud N €youvue
N N
(1.5.21) — < =
; pi 2
i>k+1

Fpdpovue Ny yioo 0 mAfdog twv guoxdy n < N 1ou £Y0UV TOUAIYLGTOV €Vay
HeYdho mpwTo Sonpétn, xou Ny yia 1o mAjdog twv guowdy n < N mou 6loL o
TpdToL Stanpéteg Toug elvan Utxpol. And tov optoud Twy Ny xor Ng €youue

(1.5.22) Ny + N, = N.

Mopatnpodue 6t 1o MARlog Twv puox@y n < N mou elvor TOAATALGLYL XATOLOU
TewToL p; tooltan ue [N/p;]. Apa, yenotuonowdvtag xar tny (1.5.21) naipvouue

(1.5.23) Ny< > [ﬂ} < NN

i>ky1 LD i>ky1 Pi 2
Ac dolue thpa e umopel xavelc vo ppdéet Tov Ny. Kdide guowdc n < N mou €yet
H6VO Uxpolc TpdhToug Slanpétec, YpdpeTon oTN Uoph n = anbZ, 6Tou o a, elvon
YWVOUEVO BLOXEXPULEVWY TpMTwY (doxnon). Agpob avtol oL tphtot elvon xdmotoL and
TOUC P1, - -+, Pk, E)OULE T TOMD 28 emhovéc Yo Tov ay,. Emmiéov, b2 <n < N dpo

bn < VN. Anhad, éyovue o tohd VN emhoyée yio tov by,. Erneton 61
(1.5.24) N, < 2"V/N.

Ané g mponyolueves Tpelc oyéoelc modpvouue

(1.5.25) N=N,+N, < g + 28N,
Snhad¥,
(1.5.26) VN < 281,

Auto buwg dev umopel va toylel yia xdde Quowd apdud N: téte 1o N do Aoy
dvw geayuévo. Katahhgaue oe dromno, dpa 1 oepd Y.~ p%_ anoxhivel. EWwdtepa,
UTGPYOLY ATELPOL TTPGTOL. ad
To meélAnua Te AoLUTTWTIXAS CUUTEPLYORSS NS ouvdptnone m(x) xadde To
T — 400 anacyohnoe éviova Toug dodnuotixolc xatd Tov 190 auwva. O Legendre
(1798) éxave v ewxaoio 6Tt Yo ueydha 2 o aprdude m(x) elvon meplnou loog ue

T

onou A ~ 1.08366. O Gauss mpoTEVE TNV TEOGEYYLOM

1
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To ohoxhpwua oto 8e€Ld uéhog elvan ovotaotixd (oo ue x/ Inx yio weydha z, ondte
Lol Loyupy| ewxactio tou tpoxdnTeL and TNy (1.5.28) elvon 1)

m(x)Inx

(1.5.29) lim =1.

Tr—00 xr
O Chebyshev (1848) €dei&e 6t av 10 6pto otny (1.5.29) undpyet, téte Yo elvar uno-
yeewtxd (oo ue 1. Alyo apydtepa (1850) €deile dtL undpyouv dvo Yetirée otaldepéc
€1 0L C2 TETOLEC OTE

x by
1.5. — < <cy—
(1.5.30) cllnx_ﬂ'(m)_chnx
yia x&de x > 2. Anhady, n owoth t¢&n ueyédouc tou w(z) elvor x/ Inx (ouyxplvete
UE To oAU ao¥evéotepo xdtw gpdyua Ina — 1 mou diver 1 Ipdraon 1.5.2).
IToh0 vwpitepa, o Euler (1740) elye etoaydyel ) ouvdptnon

(1.5.31) ((s) = ni

n=1

YO TROYMATUXES TUWULES TNG METABANTAC s xou elye mapatnerioet 6TL avanaploTaTar ooy
UTELPOYLVOUEVO:

(1.5.32) ) =1] (1 - l) - .

S
peEP p

O Riemann (1860) napatfenoe 6t auth n tawtdtnra Yo unopoloe var odnyrioel oe
YENOLU CUUTERACUOTA YLOL TNV XATOUVOUT TWY TEOTWY aptdumy av Yewpoloe xavelg
TN oLVEETNON ( CaY GUVETNOT WLaC ULYOSIXAC UETABANTAC 8 XaL YENOLULOTOL0V0E TIg
ued6douc e pryadiic avdduone. O ouuBoioude ((s) ogeileton otov Riemann,
xOL 1) CLVAETNOT ALTY ElVOL YVWOTY UE TO dvoua «ouvdptnor Zhta Tou Riemanny.

To 1896, o Hadamard xou de la Vallée Poussin €dei&av aveldptnta xou oyedov
Tautéypova 6t o bplo oty (1.5.29) undpyel xou elvan (oo ye 1. To anotélecua
autd elvat YVwoTto we to «Oedpnuo v Te®Twy aptdudvy. And 1 doukeld Tou
de la Vallée Poussin énetor 6t 1o ohoxhMipwua (1.5.29) tou npdtewve o Gauss diver
xahOTERN TPOGEYYLoT Yo TNV T Tou (x) an’ dtu Sivel n (1.5.28), 6mota T nL oy
doxuudoel xavelg yia ) otodepd A.

1.6 Boaouxd MUUATR dLALEETOTNTAG

Ye auth ) olvToun nopdypapo ATOSELXVOOUUE XAMOLO GTOLYELWST olhd TOAD PBo-
OWd MAUMOTA GYETXE UE TN SLonpeToOTNHTA, Tor ontolal Yol YeNoLUOToloOUE GUY VA oTN
CUVEYELOL.

Adupa 1.6.1 Av a,b,c € N, tére (ca,cb) = c(a,b).
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Amnédeldn: Oétouvue di = (ca,cb) xou dy = (a,b). Trndpyouvv axéponol & xou y
TETOLOL DOTE
(1.6.1) di = cax + cby.
Mapatnpotyue 6t dy | a = cdy | ca xou da | b= eds | cb. ‘Apa,
(1.6.2) cds | (cax + cby) = d;.
Ané v dAn Thevpd, LUTEEYOLY UXEPOLOL U XL V TETOLOL WOTE
(1.6.3) dy = au + bv.
Ago0 d; | ca xou dy | ¢b, maipvouue
(1.6.4) dy | (cau + cbv) = cds.
AelEoue 61t cdy | dy xon dy | edz, dpa di = cds. O

Adppa 1.6.2 Eotw 11,12 € N e (r,rm2) = 1. Av ry | rem ya kdrnowr m € N,
Téte 1 | m.

Anoden: Trdpyouy axépotol & xat y TéTowoL WoTe M + ray = 1. Apa,

(1.6.5) rimx + romy = m.

Ouwe, r1 | rima xou 1 | rem = ry | ramy. ‘Apa, 71 | (rima + ramy) = m. O
ITAPAAEITMA: Av 8| 3m, t6te 8 | m.

Adppa 1.6.3 Eotw r1,r3 € N pe (ry,r3) = 1. Avry | m kat r2 | m ya kdnoor
m € N, tére rirs | m.

Anodedn: Tndpyouv axépotol T xaL y TéTolol Wote M + ray = 1. Apa,
(1.6.6) rIMT + Tomy = m.

Aol ry | m éyouue Ty | Tymz xau agod T | m éyouue Ty | romy. ‘Apa,
rirs | (rma + romy) = m. O

ITAPAAEITMA: T va delZouue 61t 24 | m, apxel va detovue 6Tt 8 | m xou 3 | m.

Afppa 1.6.4 Eoto a,b € N pe (a,b) = 1. Av w | ab, téte 0 w ypdgpetar otn
Hoper) w = uv, émov u | a, v | b kar (u,v) = 1.

Anodedn: ‘Aueor ouvénela touv Oedpruatog 1.3.3. Elyoue anodeiel dtL undpyouv
povadixol puoxol u xou v tétolol hote w = uv, w | @ xou v | b. Ac dolue yiotl
(u,v) = 1: o (u,v) doupel Tov u, dpo dowpel Tov a. Ouolwe, o (u,v) doupel Tov v,
dpor Sronpel tov b. ‘Eneton 6t (u,v) | (a,b) = 1, ondte (u,v) = 1. |
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1.7 Mo yeouuixy) dStogavtixy eglowaon

Me tov 6po dgavtikn eiowon evvoolue uia e€lowon e Lop@nc
(1.7.1) flzr,...,zp) = b,

yia v omola Py vouue AGELS 6TOUE PNTONE, TOUG UXEPALOUS 1) TOUC U1} ApYNTLXOVS
axépanoug aptduoic. Aniady, oL TWES TwV UETUBANTOY T1,. .., Tk elvar oto @, 0
Z " 7o ZT avtiotoryo. TuvAdwe, N cuvdptnon f elvar éva tohumvuuo UE prtolc A
AXEPAUOUS CUVTEAECTEG.

e aut TV Topdypao Yo UEAETHCOLUE TN Ypouxy) Stogavtixy e€lowan

(1.7.2) arry + - 4 aprp = b,
OTOL ai,...,ak,b € Z. Mag evdlopépel vo doUE TOTE LUTHPYOUY axEPALEC AVGELS
e (1.7.2), dnhadh axépatol xq,..., Ty oL onolot Ny wavorotoly. T'a amhétnta

uroVétouue 6Tt k = 2 xou 6Tt ag,a2 € N (n tehevtaia vnddeon dev nepopiler ™
YEVIXOTNTA - YtoTl;).

Oekpnua 1.7.1 Eoww ay,as puowkol apduol. Av b € Z, tdte vndpyour axépaiot
T1, T TETOLOL DOTE

(173) a1 + QT2 = b

av kar uévo av o b elvar moAanAdoto tov (a1, az). Eibikdtepa, n eflowon éxer Avon
ya kd9e b € Z av kar puévo av (a1,az) = 1.

Anéderdn: Oérovue d = (a1,a2). Ag unodéoovue 61t Yo xdmotov b € Z 1 e&iowon
el axépona NOom, Toug o1, T2. Aol d | a1 xou d | az, éyovue

(174) d | a1T1 + a2y = b,

dnhadh o b elvon moMamhdowo tou (a1, as). Avtiotpopa, av b = kd vy xdmotov
k € Z, 9a dellouue 61l 1 ellowon éxel axépona Aoon. Amd to Osdpnua 1.3.1,
UTPEYOLY Y1, Y2 € Z TéTolol BOTE a1y1 + asys = d. Ouwg to1e,

(175) a1 (ylk) + G,Q(ka‘) = (a1y1 + a2y2)k =dk = b,

dnhadn oL axépanol 1 = Y1k xon 22 = Yok elvon ylo Moo e (1.7.3).

Ané v mponyoluevn wooduvaula, 1 e&lowon €xel axéparar Moo yia xdde b € Z
av xou U6vo av (a1, as) | b yio xdde b € Z. ‘Ouwg, o ubdvoc puoxds aprduds mov
Stonpel Ghouc toug axepalous elvar o 1 (yatl;). ‘Apa, n ediowon Eyer axépoua oo
yia xéde b € Z av xou wévo av (ag,az) = 1. O

To Oewpnua 1.7.1 diver TAHEN andvtnoTn 610 €pWTAUA oV LTEEYOLY AOCELS TNG
a171+aszy = b. H anddei&n tou pog diver xan uta uédodo yia va Boloxovue pio tétota
Aoon. ‘Eyovue b = (a1, az)k yia xdmolov axépato k. Xenouuonoudvtog tov oly6ptduo
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tou Euxheldn Bploxouue oxepaiouc y; xat Y2 tétolouc OGOTE a1y + azy2 = (a1, az).
Téte, oL 1 = y1k xat o = yok dlvouv uio Moo

‘Eva guotohoyixd eptdtnua elvar thpa to e€Xc: Twe UTopoVUE va Bpolue GAEg
T Aboetg e e€lowone av yvwpllovue o Ao te. H amdvinon divetar and to
enduevo Yedpnud.

Ochpnua 1.7.2 Eoww ar,as guowkol apiduol. Av o b € Z elvar moAamAdoo tov
d = (a1,az), kat av oL aképaiol Ty, Tz LKAVOTOOUY TNV

(1.7.6) a1T1 + asxe = b,

Téte o aképaiot Yy Kat ys elvar Avon tng (1.7.6) av kar pérvo av
(1.7.7) y1 = o1 + (az/d)t ka1 y2 = x2 — (ay/d)t
yia kdrowv t € Z.

Anoédelln: 'Eow t € Z. Torte,

aas " a1 as
d d

(1.7.8) ay(z1 + (az/d)t) + az(z2 — (a1 /d)t) = a121 + aszs + t=>o,

dnhadf oL y1 = 1 + (a2/d)t xou ya = x2 — (a1/d)t elvan Moon e eZlowone.
AvtioTtpoga: ag vnodécouue 6L

(179) 121 + a2y = b = a1y1 + a2ys

Yo xdmotoug axepatous Y1 xou ya. Tote,

(1.7.10) ai1(y1 — z1) = aa(z2 — y2),
dipo
(1.7.11) r1(y1 — z1) = r2(22 — y2),

6mouv r1 = a1 /d xaL ry = as/d. Hapotnpolue 61, and to AMuua 1.6.1,
(1.7.12) d = (a1,az) = (dry,dry) = d(ry,r2),

dnhadh (r1,r2) = 1. Aol 7o | r1(y1 — 1), and 1o Afuua 1.6.2 cuurnepalvoude 6Tt
ro | (Y1 — 1). Apa, undpyeL t € Z tétolog WoTE Y1 — T1 = rat. Emotpépoviac otny
(1.7.11) éyouvue 1ot = r2(T2 — Y2), NN Y2 = @2 — rit. T Ty TUy0LoA Ao
y1,Y2 e (1.7.6) Bprxape t € Z tétolov ote Y1 = 1 + rot = x1 + (az/d)t xou
Y2 = 2z — rit = 29 — (a1 /d)t. ‘Apa, bheg oL Mooel glvon awTAS TNG LOPYRc. O

ITAPAAEITMA: ©élouue va Boolue 6heg Tic axépates Aooelg tne elowong

(1.7.13) 1722 + 20y = 1000.
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Brua 1: Troloyilouue t0 Uéyioto xowd dtonpétn twv 172 xar 20.

172 = 20-8+12
20 = 12-148
12 = 8-1+4
8§ = 4.2

Apar, (172,20) = 4.
Brjua 2: Agob 4 | 1000, n eZlowaon éxel axépateg AUoELS.
Bnua 3: Bploxouue pio Abon e e€iowonc.
4 = 12-8=12-(20—-12)=12-2-20
= (172-20-8)-2-20=172-2-20-16 — 20
172-2+420- (—17).
ITohhamhaotdlovtog ent 1000/4=250 taipvouvue
172 - 500 + 20 - (—4250) = 1000.

Anhadn, uta Aoon g e€lowong elvan ov z1 = 500 xou x2 = —4250.
Brjua 4: ‘Eyouvue 1 = 172/4 = 43 xou o = 20/4 = 5.

Bnjua 5: O Mooewc tne eé&lowong etvon ta Levydpta
y1 = 500 + 5t xow yo2 = —4250 — 43¢

OTIOL O t JLATPEYEL TOUS UXEPOLOUG.

Smueiwon: Ac vnodécovue ot Uag {nrody g un apvntixés R e VeTiés axépoteg
Nooewg wag ypouuwe Sogavtixnc e€lowone. ‘Eyovtag Bpel ) yevun) uopen twv
axépatwy ACEWY TS e&lowong, apxel Théov var AOGoLUE €val GOOTNUOL JVICDOEWY.
Y10 ouyxeEXPUIEVO TopddeELya, Yo var Bpolue Tig Yetinég axéponeg Aooewg tng 172z +
20y = 1000, Abvoupe o choTNU

500+5t > 0
—4250—-43t > 0

we mpog t € Z. Zntdue t > —100 xon t < —4250/43 ~ —98.83.... O uovadixée
axéponog mou Lxavorotel i 800 aviedTNTES elvar o tg = —99, yio Tov omolo Talpvouue
T povadix Yetin) Ao

2o =500+5-(—=99) =5 xow yo = —4250+43-99 = 7.

Mpdryuatt, 1725420 - 7 = 860 + 140 = 1000. |
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1.8 ITudaydpereg tpLddeg xow to «teAeuTtalo Yewpr-
wow tou Fermat

ITudaybpera TpLdda elvar ULor TELESA QUOLXDY aELIUMY T, Y XAl 2 TOU XAVOTOLO)V
v e&lowon 22 4+ y? = 22 ITpogave, av TOMATAACLACOLUE TOUG T, Y XOL 2 UE TOV
(o puoxd apuiud k, Yo ndpouue wiar véa Hudaydpeta toidda: v 1 = kz, y1 = ky
xan 21 = kz. Qo Aéue howndy ot n Hudaydpeta tpudda z,y, 2 elval TEWTAEYLXY OV
0 UEYLOTOS XOWOG DLNEETNG TWY T, Y XL 2 toolton Ue 1.

To mpdéBAnua mou Yo uac anacyorfioet elvon va Bpolue €vay TEOTO VoL «XATUOXEVS-
Couue cuotnuatxdy Tpwtopyxés Iuvdaydpeies TpLddec.

Avdérvom: Ag unodéocouue 6t 224+y? =22 xa 6T 0 LEYLOTOC XOWOC SLoLpETNg TV
z,y xou z wwobton e 1. Tote, omolowdnrote d0o and toug &,y o z elvon oYeTId
npdtoL. T mopdderyua, ag utodécouue 6t d | o xon d | y. Toéte, d? | 22 + y? = 22,
dpo d | z (dounon). Apa, o d elvon xowde dlanpétng twv x,y xar z, dnhadh d = 1.
‘Ouora detyvouue 6t (z,2) =1 xou (y,2) = 1.

EWlwoétepa, touldyiotov dbo and toug z,y xou z elvon mepittol. Av dlo and
autolg NTav dpTiol, ToTE dev Vo Atav oyeTd mpwrtol. Emlong, ol z,y xau z dev
unopoly va etvor dho meptttol. Téte, o 22 + y? Yo Aoy dpTiog evd o 22 Yo Aoy
nepLttoc. Enouévag, axpBog évag and toug ,y xan 2 elvan dpTiog.

H enduevn nopatripnon eivar 6tL o z dev unopel va lvon dptiog. Aol to teTpd-
Ywvo evég meptttol apriuol elvon tng wopenic 4k + 1, av o z fray detiog Yo elyoue
22 = 4m xa. 2% + y? = 45 + 2, 70 onolo elvon droro.

Mmnopolue hotndy var unodécovue, aAAGLOVTAC TN GELRPSL TWY T XOL Y AV YPELAUOTEL,
ot LoyLeL To €Erc.

Afupa 1.8.1 Av z,y,2 elvar e npwtapyikr) Hudaydpela tpidda, téte o z elva
TEPITTOS Kat, Xwpls PAAPN tns yevikdTntag, o T elvar dptiog kal 0 y mePLrTos. |

Cpdgpovrac 22 = 2% — y? xoL TopaYOVIOTOLOVTOC, ToPVOUUE
(1.8.1) 22 = (z4+y)(z —y).

A ’ 4 4 ’ 4 7 z 4
(ol oL ¥, z elvon mepLTTol, oL x, 2 + Y xaL z — y elvon 6ot dptiol. Yrdpyouv hotndy
puowol u, v xoL w TETOLOL WOTE

(1.8.2) r=2u,z+y=2v,2z—y=2w.

Ané v (1.8.1) éyovue 4u? = dvw, Inhodh

(1.8.3) u? = vw.

Enlone, (v,w) = 1 ywtl (v,w) | v+w = 2z, (v,w) | v —w =y xa (2,y) = L.

Oa yenowsonolioovue to eEAC amhd AMuua (1 onddelsn Tou aphveTa WS doxno -
YENOLUOTIOLACTE TLG XAUVOVLXES OVOTUPOCTACELS TWY U, U XOL W).
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Adppa 1.8.2 Eotw u,v kar w guoikol aptiuol pe u? = vw kat (v,w) = 1. Tdre,
oL v ket w efvar Télewa Tetpdywva: vrdpyovr m kat s € N téroor dote v = m? ka

w = s>. O

Ov v xar w elvar hotmdv TéAeLo TETPAYWVA, EMOUEVWS, UTHRPYOUY QUOLXOl m %ol
s TétoloL wote v = m? xow w = s2. Emnhéov, agol (v,w) = 1 éyouue (m,s) = 1.
Topa,
(1.8.4) z=v+w=m?+s"xony=v—w=m?—-s,
dpar m > s xat, agod ol z,y elvan mepLtTol, 0 €vag and Toug m, s elvon dETLOC XoL O
dAhog mepittoc. Téhog,

(1.8.5) 22 =22 —y? =m* + 2m?s? + s* — m* + 2m?s? — s* = dm?s? = (2ms)?,
dInhady

(1.8.6) r = 2ms.

Me diho MoyLa, €youue anodellel to enc.

Ocwpnua 1.8.1 Av pag ool ya npwrapxikn Ivdaydpea tpidda, pmopolue va
Bpolue guotkols m kat s pe m > s kar (m,s) = 1, tov évav mepirtd kar tov dAAov
dptio, éTol dote n tpidda va armotedelrar and tovg T = 2ms,y = m? — s ka1 z =

m? + s2. o

‘Onwe delyvel 1o enduevo Oemdpnua, UE TNV AVIAUCT TOU XAVUUE EYOVUE XATUANEEL
o€ évay amhd TEOTO KXATAGKEUTICY GAWY TwV TpwTapyx®y [Tudaydpelwy toLddwy.

Oewpnuo 1.8.2 Fotw m xar s guotkol apiduol pe m > s xar (m,s) = 1. Yro-
Oérovpe enlong éut évag and tovg m, s elvar mepirtds kat o dAdog dptiog. Tote, o

apiipol 2ms, m? — s? kar m? + s* oxnuarilovr a rpwtapxikn Mulaydpeaa tprdda.

Anodergn: Iopatnpolue mpodta OTL
(1.8.6) (2ms)? + (m? — s*)? = (m? + s%)°.

Av 3elfouue 6t (2ms, m? — s?) = 1, 161 1) TpL8da Vot efvon mpwtopyed (yrot;). Ac
vrodéoovue 6L d = (2ms, m? — s?) > 1. Téte, o d éxel évay TpHTO ToEdYOVTA P, O
onolog dev unopel var toolton ue 2 yiol Stonpel tov neptttéd aprdud m? — s2. Agol
p | 2ms, o p dronpel xdmotov and Touc m xor 5. Av o p Sioupet Tov m, t6TE p | M2 xou
p | (m? —s?), dpa p | 8%, Snhadh p | 5. ‘Ouwc oL m, s elvor oyetxd TpdTOL, OTHTE
xoTaAfiyouue oe dromo. Me Tov (310 TpOTO XATAAAYOUUE OE dTomo av UTOYECOLUE
6Tt 0 p dronpel Tov s.

EiSaue 61t (2ms, m? —s%) = 1, x autéd anodewcviet 6t oL 2ms, m? — 52, m? + 52
oynuatilouv mpwtapywxh Iudoaydeeia toLdda. o

Me Bdion ta 800 mponyolueva Yewpruota UtopoUUEe TOAD EUXONA VoL TIoRdyOUUE OAES
e mpwrtopyxéc Hudayodpetec tpLddes, Eextvdvtag and TLe KUXPOTEPESY:
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m=2xaus=1larx=4y=3,2=5

m=3xus=2x=12,y=5,2=13
m=4xaus=12x=8y=15 2z=17
m=4xus=3 x=24,y="7,2=25
m=93oxus=2x=20,y=21,2z=29
m=5oxus=4x=40,y=9, z =41
m=6xus=12x=12,y =35, 2 =37
m=6xus=5 x=060,y=11, z=061
m=7Txus=2:x=28 y=45,2z =53
m="T7xus=4: x=>56,y=233,2=65
1. m=Txuws=6:c=84,y=13,2=285

xo o0tw xardednc.

© ® N o ok W e

._.
e

Ta oploydvio Tplywva Tou €xouy TAEVEES UE URXN &,y xot z Tou oynuatilovy
Mudarydpera tpLdda Aéyovion ITudaydpeta Telywva xar £xouy evdiapépouces tBLO-
e, ‘Eva mopdderyua eivon 1o e€rc.

ITAPAAEITMA: Oewpolue éva Iudaydpelo tolywvo pe TAevpéc Tou €youvy Uhnn , y
xou z € N Téte, n axtiva p Tou eyyeypoUEVou x0XAOU TOL TELYOVOU Efval QUGLXOS
aprdude.

Do Ty am6derin unopolue var utodécouue 6t 2% + y? = 22 xou 6L 1 TpLdda

z,y, z elvon mpwtopywe] (yratl;). Evdvovtac 1o xévtpo tou eyyeypaiuévou xOxAou
He Tic Tpelc xopuEéc Tou, ywpllouue To apyxd Telywvo ot tela Tplywva ue OPog p
xou avtiotolyec Bdoelc =,y xon 2.

Agol 1o apyxd Tplywvo elvar opdoy®vio, to gufadov tou exppdleton pe d0o
TedTOC:

Anhodn,
(1.8.8) zy = p(z+y+2).

Ané o Oedpnua 1.8.1 undpyouy m,s € N ue m > s, tétool BGOTE T = 2ms,

y=m?—s? xou z =m? + s2. Avuxadiotdvroag oty (1.8.8) talpvovue

(1.8.9) 2ms(m? — s%) = p(2ms + m? — s> + m? 4+ 5%) = p- 2m(m + s),

an’ 6Tov cuunepatvouue OTL

(1.8.10) p=s(m—s)eN

To «televtalo Fedpnuar tov Fermat: H eZicwon 22 +y* = 22 éyet, 6noc eldo-

e, dmelpec Aoels atoug guotxols aptduols. To (anodedetyuévo mhéov) teleutalio
Yedpnua tou Fermat eivon o e€¥g Loyuptoude.
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Oedpnuo 1.8.3 (Wiles) I'a kdle n > 2, n eflowon =™ + y™ = 2" dev éyer AVon
oTOUS PUOLKOUS aptdnous.

Yxonde pog €3 elvon amhde va det€ovue Ty amddelln autol Tou LoYVELEUOU
otny meplntwon n = 4.

Ocvpnua 1.8.4 H etlowon z* + yt = 2 Sev éya Adon arous guatkots apiipols.

Mopatnpodue mpdta 611 10 Oewpnua 1.8.4 elvar dueon cuvénela TOL TAPAUXSTW
Yewprjuatog.

Ocwpnua 1.8.5 H etlowon z* + y = 22 Sev éya Adon arous guatkots aptipols.

Mpdyuatt, av oL puowxol T,y o z avorooly Ty ot +y* = 2*

T,y xou w = 2% woavorooly Ty ot + yt = w?.

oty anddeln tou Oewpruatog 1.8.5 Yo ypnowuonotioovue tn «uédodo g
dmetpne xod630Ly, 1 onola mepLypdipeTon ws e€fc: Av Véloupe vo detovue dtL dev
UTdipyEL YUOLXOS T oL Vo Eyel xdmota Wbt (P), apxel vor anodelfouvue ty e&ic

CUVETAY WYY

, TOTE oL puotxol

Av o n € N éyer tnv Wibtnra (P), téte undpyer guoxés m < n mou
€yl xt autds Y WidtnTa (P).

Téte, odnyoluaote ot dtono we eifc. Oewpolue ni mou éxer v Wibtnta (P).
Trdpyet na < ny mou Eyel Ty WOt (P), ng < na mou éyel v Wotta (P)
xan 00T xode€nc. ‘Ouwg €tol QTidyvouue wia dnelpn yvnolwe @divouca axoroudio
PUOLXDY M > Ng > - -+ > Ny > Nggq > - -+, T0 onolo elvon dTomo.

Yy meplntwof, poc 1 xatdhAnhn Wiétnta elvor n e€fic: To tETpdywvo n? Tou
puowol n Ypdpetar oav ddpolcuc dVo TETAPTWY SUVAUEWY PUOLXWY apLtuwy. BOu
unodécouue 6T yia xdmowov z € N undpyouy z,y € N tétolo Bote 2t + y* = 22
Yo Bpodue 80o dhhoug puowole X, Y Tétoloug waote X4+ vt<at+ y4 = 22 xou
X1+ V1 = w? vy xdnowov w € N. Tére, o w éyer Tnv WBi6TnTaL 0L TEPLYPSPOULE,
xo w < z. Lougwva ue 1 Uédodo tne dnetpne xod680u, XATUARYOLUE GE dTOTO.
Anddeldn touv Oewpfuatog 1.8.5: Eotw z,y, 2 puoxol apriuol mou txavorolody
v 2t + yt = 22 Tére, o 22, y? xou z oynuotilouv Mudaydpeta tetddo xou,
SLaLpOVTIC UE TO UEYLOTO XOW6 BLapETr Toug, UTopoVUE VoL UTOYETOLUE 6TL 1) TELABAL
elvar mpwtopy . ‘Enetat 6t oL,y xou 2 elvon avd 300 oyetnd tpwtot. AANELovtog
TN OELPd TWY T XOL Y oV YPELOTEL, UTopoUKE Vo UoVECOLUE 6Tt 0 22 (dpa xou o )
elvan dpTiog, evey o y? (dpa xan o y) elvan TepLttéc. Ao o Oedenuo 1.8.1,

2

T = 2ms
y2 - m2_ g2
z = m>+ 52,

6mov m > s > 0, (m,s) = 1 xou oL m, s elvar 0 évac TEPLTTOC XA 0 AANOC dpTLoc.
Ané tn debtepn bt napvouue

(1.8.11) y? + 5% =m?,
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xaL omb v (m,s) = 1 énetan 61t oL y, s,m oynuatilovv mpwtoapyixr Hudaydpeia
Towdda.  EwWduxdtepa, cuunepaivouue 61t 0 m elvon meplttdc xou o s elvan dpTiog.
‘Eneton 6Tt

s = 2ab
y = Cl2 _ b2
m = a®+b%

6mov a > b > 0, (a,b) = 1 xou oL a,b elvow 0 évag TepLTTOC XL 0 dANOS dpTLoC.
Iopatneodue 6t

(1.8.12) 7 = 2ms = 4(ab)(a® + b*) = (2/2)* = (ab)(a® + b?).

Anhad, 0 Yvouevo Twy ab xat a® + b? elvon téhewo TeTpdywvo. ‘Ouwe, amd tny
(a,b) = 1 Brérovue edxoha 6Tt (ab,a® + b*) = 1. And o Afuua 1.8.2 ou ab xou
a® + b? elvon téhera teTpdywvo. T8 amd to Aduuo 1.8.2, apol (a,b) = 1 o o ab

elvar Téheto teTpdywvo, xadévag and toug a xou b elvar Télelo teTpdywvo. Anhady),
undpyouvv X, Y xow w € N tétolol dote

(1.8.13) a= X% b=Y?xuad® + b = w’.
Ané v (1.8.13),
(1.8.14) w? =a® + b = X'+ Y4,

dnhadn| To TETEdYWVO ToL W YEdYEToL ooy dpoloua 800 TETAPTWY SUVAUEWY PUOLXEY
apLiucdv, xon

(1.8.15) Xt4vt=a>+0=m<m?> +s2=z< 22 =21 + ¢,

dnhadh, w < z. H uédodog tne dmepng xadodou cuumhnodvel Ty anddelén. a

1.9 Aoxnoelg

1. (o) AciZte 6t
(2n)!
n!

2.6-10-14.--(4n — 2) =

yioe x&e n € N.
(B) Xpnowonotdvtac to (o) detéte 6t 2™ (n!)? < (2n)! yio xdde n > 1.
2. Me ) uédodo tne enoywyhc del&te ot

yia x&de n > 1.
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3. Anodei&te Tic WidtnTec 1 we 8 e §1.2 (oehida 8).

4. Xpnowonowwvtog ™y towtdtnTo e dalpeong dellte ot

(o) To tetpdywvo evoc axepalou elvar mdvto g wopphc 3k 1 3k + 1.

(B) O x0Boc evéec axepatou elvar ndvta tne wopehc 9k, 9k + 1 f 9k + 8.
(v) H tétaptn SOvoun evée axepatou elvar ndvta g wopgric 5k 1 5k + 1.

5. Aceilte 6t av évac oxépatog elval TauTtoYpova TETPAYwvo ot x0Bog (6Twe Yo
Topdderyua o 64 = 82 = 43), té1e pémer var elvon g wopghc Tk A Tk + 1.

6. Aci&te v e€ic popph Tne tawtéTnTag Tng dadpeong: av a,b € Z xan a # 0,
uTdiPy oLV UoVadLXOL axépatol ¢ xaL T TéTolol Wote b = ag+r xou —|al/2 < r < |al/2.

7. O oplouds TOU UEYLGTOU XOWOoU Doupétn YEWXeVETL we e€hc: av k > 2 xau
ai,...,ar € Z xoL TOVAIYLOTOV EVag amd TOUS ai, - . ., Gy Oev elvon UNdév, opllovue
(@1, ..., ar) excivov tov 9etxd axépoato d mou txavorolel tor eZAC:

1. d|ajyaaxdde j=1,... k.
2. Av s € Z xau s | aj yo xdde j, t6te s < d.

(o) Ael&te 6t (a1,...,ar) = (lai], ..., |ak|) o bt undpyouv axépatol xy,. .., Ty
T€t0l0L OOTE (A1, ...,a8) = @11 + - -+ + apTk-

(B) Aeigte 6t ((a1,...,ak-1),ar) = (a1,...,ax).
8. 'Ectw a,b € N. Av (a,b) = ax + by yw xdrowoug z,y € Z, deiéte 6t (z,y) = 1.

9. T xdde a € Z delEte 6L

(2a+1,9a+4) =1 xa (5a+2,7a+3) =1.

10. Anodel&te Tic mopoxdte WLOTNTES TOL HEYLOTOL XOWOoL SLanpéth.
1. Av (a,b) =1 xou (a,c) = 1 w61t (a,bec) = 1.
Av (a,b) =1 xow ¢ | a t61€ (b,c) = 1.
3. Av (a,b) =1 t6t€ (ac,b) = (c,b).
4. Av (a,b) =1 t6te (a®,b?) = 1.
Ye 6ha ta epwTiuate utodétovue 6Tl a,b,c € N.

11. Eow a, b xau ¢ guowol apiuol. AelZte 6t (ab,c) = 1 av xar uévo av
(a,6) = (b,c) = 1
12. Eotww a xou b guowol aptduol. Acei&te 6t (a,bec) = (a,b)(a,c) yia xdde ¢ € N

av xat wévo av (a,b) =1

13. Eoww d,n € N. Avd|n, t6tc (22 —1) | (2" — 1). [Trddaén: Xpnowonohote
v twtétnra et — 1= (z—)(@* L+ 282+ -+ 2+ 1)]
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14. T xd¥e n € N xou 0 < k < n, optlouvue oV SLwvuuLxd GUVTENECTH

<n>:n(n—1)---(n—k+1) nl

k ! G

(o) Buugwvoiue 6t 0! =1 xou (8) =1. Acet&te 611, yia xdde n € N,

(5)=() =
(=)0

(B) AciZte 6Tt to Yvduevo k dadoyixmy guowxdy Sapelton we k. [Trédeién: Aelite
ue emaywy?h 6t o (}) elvon oxépanoc.]

pe )

15. Aci&te 6t 0 n? + 4 elvon oOvdetoc Yo xdde n > 2.

16. Acei&te 6t oL tpelg puatxol aptiuol n, n+2, n+4 dev unopody va elvor TauTtoy POV
TEWTOL, EXTOC AV N = 3.

17. Eow p > 3 évac npodtog aptdude.

(o) E&nyfote yratl p =6k +1 4 p = 6k — 1 yio xdmotov k € N.

(B) AclEe 6w 24 | (p* — 1).

18. Acigte 61 24 | n(n? — 1) yio %80 meprttéo n € N

19. Acl&te 6t yia xdde puoxd aprdud n > 2 Toukdylotoy évag amd toug 2" — 1 xan
2™ + 1 elvar oOVYeToC.

20. 'Eotww a,b,c € N.

(o) Aet&te 6L av 3| (a® + b?) t6te 3| ab.

(B) ActZte 6T av 9| (a® + b% + ¢3) t61e 3 | abe.

21. (o) Eotww a,b € N xou éotw a = Hpepprp, b= Hpeppsp Ol XOVOVIXEC OLVOTIOL-
paoTdoes Ty a,b. Aeilte 6t (a,b) = Hpeppkp, omov kp = min{ry, sp} yio xdde
peP.

(B) Eoww a,b,c € N. Anodel&te tor mopodte ywpelc Vo pnouLOTOMOETE TLS XOVOVL-
XEC AVOUTAPACTACELS TV a, b, c.

1. (ac,be) = c(a,b).
2. (a,be) = (a, (a,b)c).
3. (a%,b?) = (a,b)%.

Tpar, anodel€te tar (Bl TEYUATA YPNOULOTOLOVTIC TIC XAVOVLXES OVATUPAUCTACELS
Ty a,b,c.

22. (o) Eow a,b € N. Acel&te bt undpyet povadixés m € N o onolog wavornotel
Ta e&hC:
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1. a|m xo b|m.

2. AvzeNxaalz b|z, tétem|z.
[Trddeién: Oeswpfiote to S ={r € N:a |z xoub|z}. Acilte 6t elvar un xevd xon
TdpTE cay m 10 eNdyLloTo oTolyelo Tou.]
(B) O m Ayeton eddyroto ko moAamAdoto wwv a xou b, xor cuufBohiletor ue [a, b].
Meprypdipte tov [a, b] ue ) foRdela TwV XAVOVIXGDY AVITHUPACTACEWDY TV G XL b.
23. Eow a,b,c € N. Oplote 10 eNdytoTto x0wd Tolanhdoto [a, b, ] twy a, b, ¢ xou
del&te ot
(@) (a,b) - [a,b] = ab.

[a,b,c]? _ (a,b,c)?
(B) la,b][a,c][b,c] — (a,b)(a,c)(b,c)"
24. Aei&te 6t (a,b) = (a + b, [a,b]) yio x&de a,b € N.
25. 'Eotw a,m,n € Nyue a > 1. Acilte 6n (™ —1,a" — 1) = almn) _ 1.
26. Eotw a,b € N xau p évac npdroc apriude. Aeilte 6t av p | [a,b] xou p | a + b,
t6te p | (a,d).
27. Ael€te 61 undpyouv drepol TpwToL T Lopyhc 4n — 1. [Trédaén: Mundeite
0 emyelpnua tou Euxeldn.]

28. Trnodétouue 61l 0 27 + 1 elvar mpdTog Yo xdmotov 1 > 2 (0L TEWTOL AVTAHS TNS
woppric Aéyovtar mpedtor tou Fermat). Acilte 6t o n glvon dovourn tou 2.

29. YTrodétouvue 6L 0 2™ — 1 elvor pddTog yLa xdmotov n € N (oL TpdToL aLTHS TNE
Lopprc Aéyovtal mpedTol Tou Mersenne). Aeite 61t 0 n elvor TpGOTOC.
30. 'Ectwn € N, n > 2.

(o) Trodétouue 6Tt Yo x&de Tpwto p < /1 o n Sev elvow tolamAdoto tou p. Aelfte
6Tl 0 n elvol TPWTOC.

(B) E€etdote av ot guowxol 509, 2093 eivon mpdtol. Bpelte v xavovixh toug avo-
TOPAGTAO).

31. 'Eotw p évag mpotog apluoe. Acellte 6L o (/p elvan dppnroc.

32. Aclfte 6Tt 0 f(n) = n? +n+41 elvor tpdTog yran =0,1,...,39. Tu ouuPoive

oty n = 40;

33. AciZte 611 dev umdipyel Toudvuuo f(z) = ap +asr+ -+ +arz®, k> 1, ar #0,
E cLVTEAECTES axepaioug, yia To omolo ot oL aprduol |f(n)], n > 0 va elvor TpdTOL.

34. Eotwwn > 2. AciZte 6t o (n+ 1)+ k elvon oOvdetoc yra xdde k = 2,...,n+ 1.
Auté amodeviet 6L uTdpyoLY 0cOdTTOTE HoaxpELd Stac AT SLadoytXwY COVIETWY
aprdudy.

35. AetZte 61 2" | (n+ 1)(n+2)---(2n) yio x&de n € N.

36. Aci&te 611 xdde puoxdg apriude n > 12 etvon ddpoloua d0o civietwy apriumy.
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37. Bpelte 6houg Toug TpwTouS P Yo Toug omotouc o 29p + 1 etvon téhelo TeTEdYWVO.

38. O mpddrot aprduol p xor g Aéyovtor didupol tpdtol av |p — g| = 2. Ael&te 6T
av oL p, g elvar Tp@TOL, T6TE 0 pg + 1 elvar TéNELO TETPAYWVO av oL UOVO AV OL P Xall
q elvar diduuol wpodToL.

39. To «altnua Tou Bertrandy, to omolo anodelydnxe ainidéc and tov Chebyshev
T0 1850, oyupileton 6t yio xde QUOXS M > 2 LTEPYEL TOVAGYLOTOV EVOC TRKTOG
p T€To0c Wote n < p < 2n.

(o) Xpnowonowwvtog to aftnua tou Bertrand delfte 6t v xdde puowd n > 3
UTPYEL TEWTOG P TETOLOE WOTE p < N < 2p.

(B) Xpnowonowdvtag to aitnua tou Bertrand del€te 6t p, < 2" yio xdde n > 2,
6oL Py, Elvol 0 N-00THEC TPADTOC, o BOOTE XATW PEAYUAL YLl TN oLVEPTNON T(T).

40. 'Ectww p, 0 n-061t6¢ npwtoc. Xpnowwomowdvias to altnua tou Bertrand del&te
oL

Pn <p1+p2t-+paa
yia xdde n > 3.

41. Eow n > 2. Acel&te 61t 0 n! dev elvan téhelo tetpdywvo: dev undpyet m € N

wétoloc wote n! = m?2.

42. Av n > 2 dei&te 6t t0 ddpotoua

| =

n
k=1
dev elvon axépanoc.

43. Ilotéc and tic nopoxdte dlopavTixéc eElo@oels dev éyouv axépateg Aooelg; Eén-
YHOTE.

1. 6z + 51y = 22.
2. 33z + 14y = 115.
3. 14z + 35y = 93.

44. Bpelte dheg tic axépates Aooelc tne dtogavtixic ellowong 24w + 138y = 18.

45. Bpelte ke tic Yeunée axéponec Aboelg tne Stogavuxrc e€lowone 123z + 360y =
99.

46. Bpelte dheg Tic un apyntixée axépotes AoELS NG dogavTtxhc eElowang
2x + Ty = 53.
47. Bpelte dheg Tic un apyntinég axéponec AUoelg g dogavtixhc e&lowong

28z + 35y = 136.



36

48. Ava,b € Nxo (a,b) = 1, 8el&te 6t 1 ypapuwxn Sogoavxt eglowon az —by = ¢
€yeL dmetpec to nAfoc Yetinée axéponeg ADoELS.

49. 'Eoww n > 2. Acellte 6t n ellowon y™ = 22" dev €xet Moo oTtoug QUOLXols
aprduole.

50. Ael&te ot undpyouv drelpec tpwtapyés [Tudaydpeiec Tolddec.

51. Bpelite oha to ITudarydpeta tplywva mou to euBaddv toug toobton ue Ty Tepluetpd
TOuG.

52. Ael&te 6t ya xde puoxd aprdud n utdpyet IIvdayodpeo tplywvo mou Exet Ty
axtival Tou eYYEYPAUUEVOU xUXAOU Tou (om UE N.
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Ynodellelg - anavifoetg

1. (o) Me enaywyR: étav n =1 n wétnra yiveton

!
4~1—2:2:&.
1

YTroYétovue 6t 2-6-10- - (4k — 2) = (2k)!/k!. Tére,

2.6-10- (4h—2) (A(k+1)—2) = %.(4“2):%.2(2“1)
(k) 2k+1)(2k+1)
TR E+1
(2K)!(2k + 1)(2k + 2)
B Kl(k +1)
_ QF+1)
k+1)!

(B) Ané o (o), yia x&de n € N éyouvue

(2n))  2.6-10---(4n—2) 2"-1-3-5---(2n—1)
2n(nl)2 2nnl N 2nn!
- 1.§_§__2n—1>1.
1 2 3 n -

2. 'Otav n =1 éyovue 1 =2 — 1. Trodétovue 6T

1 1 1
4 <o -,
Ereteat  tTrsi-g
Tote,
LI S SO S o1, 1
127927 32 2 (k+1)2 = k' (k+1)2
o K HE+1 1
R +k)(k+1) =" k+1

3. (o) T xdde a € Z éyovue a =a -1, dpa a | a.
(

)
¥) T xdde a € Z éyovue a =1-a xow a = (—1) - (—a), dpa £1 | a.
3) And o (B) éxovue 0 | 0. Avtiotpoga, av 0 | a yia xdnowov a € Z, t61e undpyeL ¢ € Z
ctolog wote a = 0 - x, ondte a = 0.
€) Trodétouue 6Tt a | b xow b | c¢. Tote, undpyouy z,y € Z této0L HGote b = a - & xou
c=b-y. Apa, ¢c =a- (zy) xou apold zy € Z cuunepalvovue 6L a | c.
(¥) TroYétoupue 6t a | b xow a | ¢. Tote, undpyouy u,v € Z tétoloL O6TE b = a - u xou
c=a-v. Avz,y € Z,t6t€ bx + cy = a - (uz + vy) dnhadh a | bx + cy.
(n) AoV a | bxow a,b# 0, undpyet z € Zue z # 0 xaw b =a - z. Téte, |b| = |a| - |z| > |a]
ool |z| > 1.
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(9) And to () éxovue £1 | £1. Avtiotpoga, av a | £1 téte a # 0 xau |a| < 1 and o (n),
dnhodn a = 1.

4. (a) Bow a € Z. O a ypdyeton otn wopp a = 3q +r, 6nov r € {0,1,2}. Apa,
a’= (3¢ +1r)? =9¢* +6qr +r? =3z + r? yo xdmotov = € Z. Tapatnpolue bti: av r = 0
trea’ =3, avr=11t6tca’ =3cx+1,evdavr =2 1t6tc a® =3 +4 =3(x +1) + 1.
Ye xdde nepintwon, o a? eivon g wopphc 3k 1 3k + 1.

(B) Eow a € Z. O a ypdyetor otn Lopyh a = 3q + 7, 6mouv r € {0,1,2}. Apa, a® =
(3q + 1) = 27¢% 4+ 27¢°r + 9gr® + 1* = 9z + 13 yia xdnowov & € Z. Agol r® = 0,1 1 8 av
r=0,112 avtiotoya, éyovue to {nrolduevo.

(Y) Eow a € Z. O a ypdpeton otn Hwopeh a = 5q + r, émou r € {0,1,2,3,4}. Apa, a® =
(5q+7)* = 5z +r* yio xdnowv & € Z. Tapatnpodue 6t 0* =0,1* =1,2* =16 = 5-3+1,
32 =81=5-16+1,4* =256 = 5- 51 + 1. e x4de nepintwon, r* =0 % r* =5y + 1 ya
xémowv y € Z. Apa, a* =5z fa* =5(x+y) + 1.

5. 'Eotw m = a® = b® yia xdmowouc a,b € Z. AciEte 6t 0 a® elvon g wopphc 7k 7k +1
A7k +2 % Tk +4, evd o b® elvan tng woperc Tk 1 7k + 1 4 Tk + 6. Apa, To LTGAOLTO TNG
Sualpeong tou m e 7 umopel va mépel wévo Tic Tuuée 0 xou 1 (napadelyuator o my = 7°
xou 0 my = 64).

6. Eotww a,b € Zyea # 0. And ty tawtdmnta g dtalpeons, uTdpy oLy Lovadixol axépatot
g1 xou 1 tétowol wote b = |algr + 11 xow 0 < 1y < a|. Av r; < al/2, nalpvovue ¢ = eqi
xou r = r1 6mov £ To TEdoNUo Tou a. Téte, b=aq+r xou —|a|/2 < 0 <r < |al/2.

‘Eotw 6t |a|/2 < r1 < |a|. Téte, —l|al/2 = |a|/2 —|a| < 1 —|a|] < 0 xou b =
lal(g1 + 1) + (r1 — |a|), ondte av ndpovue ¢ = (g1 +1) xou r =r; — |a| éxovue b =aq+r
xaw —lal/2 <r <0< |al/2.

Ye xdde neplntwon, undpyouvy ¢,r € Z ue —|al/2 <1 <la|/2 xouw b = ag+ 7. T
uwovaduotnta epyalduacte Omws otny anddelin e TavtdnTag Tne dlalpeons.

7. (o) Aelyvouue tpdta v Onapén tou (|ai],. .., |ak|). Oewpoldue To chvoro
I = {|a1|u1 —+ o4 |ak|uk Tu; € Z}ﬂN.

Aot ot a; 8ev elvar dhol undév, xdmotoc |ai,| € N. Ouwe |ai,| € I (yiatl;) dpa to I elvon
un xevé. And v apyy| tou elaylotou, to I éxel ehdyroto otowyeio d to omolo ypdpeTan
ot Yopph d = |ar|z1 + -+ - + |ag|zk Yo xdmooug x; € Z.

Oa deifouue 6t o d droupel xdde otoyelo Tou I. Ac vrodécouvue 6t z = |ay|uy +- -+
|ak|ur € I. Trdpyouv q,r € Z ue 0 <r < d xou z = dg + r. Hopatnpodue ot

r=z—dq=lai|(u1 —qx1) + -+ |ar|(ur — qzr) € I.

Av Atav 0 < r < d t6te 0 r Yo Rrav otoyelo tou I uixpdtepo and tov d, drono and Tov
Tp6TOo 0ptool tou d. Apa r = 0, to onolo anodewxviel 6Tl o d Sonpel Tov 2.

Av a; # 0 t67€ |ai| € I, emouévos d | |ai| yio xdde ¢ =1,...,k. Av s € N xow s | |ai]
yio xde i, tote

s|lalzr + -+ + |ak|zr = d.

EWlwotepa, s < d. H povadixétnta tou d anodetxvietol eOXoAA.

Do va 8et&ovue 6t (at,...,ar) = (Jai],. .-, |ax|) cpxel va napatneicovue 6t yevind
a|bavxa uévo av a | |b|, ondte 10 cOVORO TV OGOV VETLXDY BLOLPETOY TV ai, . . ., ak
GUUTITTEL UE TO GUVOAD T®V XOLVOY FETLXMOV SLatpetdy twv |ail, ..., |akl.
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(8) ©¢érouue di = ((a1,...,ar-1),ar) xou d = (a1,...,ar). Téte, di | (a1,...,ar—1) xon
dy | ak, dpo d | |a;| yia xdde i < k. And 1o (a),

d1 | (|a1|,...,|ak|) = (al,...,ak) =d.

Avtiotpoga, d | |a;| ywaxdde i < k—1, &pad | (lai],...,|ar-1]) = (a1,...,ar—1). Exnlong,
| |ak|, dpa

d| (|(ar, .., ax-1)l,lax]) = ((a1,. .., ar-1),ax) = di.
Agol d,d; € Nxaw dy | d, d | dy, nadpvouue di = d.

8. Dvwpllouue 6t o (a,b) elvan 1o eNdyoto otolyelo tou cuvéhou I = {au + bv : u,v €
Z}NN. Eow 6t (a,b) = ax + by vy xdrowoug z,y € Z ve (z,y) = d > 1. Tére, av
Yéoovue u = x/d xou v = y/d, €yovue u,v € Z xou

ax +by _ (a,b)
d — d

Anhadd, au+bv € I xow au + bv < (a,b). Atoro, yiatl o (a,b) elvor 10 eEXdyioto otoLyelo
tou I. ‘Apa, av (a,b) = az+by yia xdnowoug z,y € Z téte, unoypewtnd éyovue (z,y) = 1.

0<au+bv= < (a,b).

9. (o) Eoww d = (2a+ 1,9a +4). Téte,d | 2a+1=d| 92a+1) = 18a + 9 xu
d]9a+4=d|2(9a+4) =18a+8. Apa, d |1 = (18a +9) — (18a +8). Apa, d = 1.

(B) Eow d = (ba +2,7a + 3). Téte, d | ba+2 = d | 7(5a + 2) = 3ba + 14 xo
d|7a+3=d|5(7a+3) =350+ 15. Apx, d | 1 = (35a + 15) — (35a + 14). Apoa,, d = 1.

10. (o) Agot (a,b) =1 xou (a,c) = 1, vrdpyouy z,y,u,v € Z tétooL OotE ax + by =1
xou au + cv = 1. ITolanhaotdlovrtog xatd péhn nalpvouue

a(azu + cvz + byu) + be(yv) = 1.

Apa, (a,be) | 1 an’ dnou éreton 6t (a,be) = 1.
(B) Avd=(bc) oted|bxad]|c|a,ondted]| (ba)=1 Apa,d=1.
(v) ©érouue di = (ac,b) xau d2 = (¢, b). 'Eyovue di | ac xou dy | b | be, dpa dy | (ac,be) =
(a,b)c = c. Aol di | b xow dy | ¢, malpvovue di | (b, c) = da, Snhadh di < d.
Avtilotpoga, da | b xon da | ¢ | ac, dpa d2 | (byac) = di ondte d2 < di.
Anéb tc di < dz xou d2 < di ovunepaivouue 6t di = ds.
(8) YTroVétovue 61t (a?,b%) = d > 1. Téte, o d éxer évay Tpdhto Swonpétn p. T Tov p
éxovue p|d|a® =>p|laxuwp|d|b®> =>p|b. Apa, p|(a,b) =1 10 onolo eivar §romo.
Enouévag, (a?,b?) = 1.

11. YTrodétouvue npta 6t (ab,c) = 1. Iapatnpodue 6t (a,c) | ab xou (a,c) | ¢, dpa
(a,c) | (ab,c) = 1. Ereton 61 (a,c) = 1. Ouolwg, (b,c) = 1.
Avtlotpopa: av (a,c) =1 xou (b, c) = 1, undpyouv axépotol T, y, u xou v TETOLOL WOTE

ar+cy=1 xou bu+cv=1.
IToMamhaotdlovrog xatd UéNn naipvouue
ab(zu) + c(byu + azxv + cyv) = 1.

Agot (ab,c) | ab xau (ab,c) | ¢, cuunepaivouue 6t (ab,c) | 1. ‘Apa, (ab,c) = 1.
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12. Trodétovue npdta 6t (a,be) = (a,b)(a,c) yia x&de ¢ € N. Oétovtac ¢ = a naipvovue
a = (a,ba) = (a,b)(a,a) = (a,b)a, dpa (a,b) =1.

Avtiotpoga: éotww 6t (a,b) = 1. Oa delfovue 6t (a,bc) = (a,c) v x&de ¢ € N.
IMopatnpolue 6t (a,bc) | a = (a,bc) | ac. Exnlong, (a,be) | be, dpa (a,be) | (ac,be) =
c(a,b) = c. Aol (a,be) | ¢ xau (a,be) | a, éneton 6t (a,be) | (a,c). Enlong, (a,c) | a xon
(a,c) | ¢ = (a,c) | be, dpa (a,c) | (a,be). Aol (a,be) | (a,c) xou (a,c) | (a,be), Brénovue
6t (a,be) = (a,c) = (a,b)(a,c).

13. Agol d,n € N xou d | n, undpyet k € N tétooc dote n = dk. Xpnowuonowdvtag tny
towtbtnra zf — 1= (z — D@ P+ 22+ 424+ 1) ue z = 2¢, nalpvouyue

o 1 =2k 1= (20 _1=(2¢_1). (2‘“’“*1) + 940k=2) +-~~+2d+1).
Aot 24— 9dk=2) 4 ... 4 99 1 1 € N, ouunepaivouue 6t (24 — 1) | (2" — 1).

14. (o) Mopatnpodue ot

E! El(n —k)! T E(n—k)

(n) _nn—-1)---(n—k+1) nn-1)---(n—k+1)-(n—k)! n!
k

Madpvovtag autdy cav opopsd tou (}) oy tepintwon k = 0, éxouue

" —L!—lxou " —n—!—l
0/ 0n! n)  nlol

agol 0! = 1. ITapatnpriote enlong 6Tt

Avn>2xul<k<n-—1, t6te

(n—1>+(n—1> _ =Dkt Dk (=1 (n—k+1)

k k-1 k! (k—1)!
_ (n—l)---(n—k+1)(n—k)+(n—1)---(n—k+1)k
E! E!
_ (n=1)---(n—k+1)[(n — k) + k]
k!
_onn-1)---(n—-k+1) [n
N k! T \k)

(B) Xenowonowdvtac Ty tekeutala oyéor, Selyvouue ue enaywyh oc Tpoc n > 2 v eEXC
npétaon P(n): v xdde 1 <k <n—1, 0 (}) eivor axéponog.

Av tdpa pog ddoovy k Sadoyxols guoxols apduols (K > 2) xow av n elvoe o
ueyohitepog and avtolc, Téte T0 YWoUEVs toug toobtaw ue @ =n-(n—1)--- (n —k +1).
Agob o

k T

(n)zn-(n—l)---(n—k+1) Q
k! k!
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elvaw axépanoc, cuunepalvouue 6t k! | Q.

15. Tpdgpouue
ntra=n'4+4n +4—an’ =0’ +2)° —4n’ = (n® 4+ 2n +2)(n® — 2n +2),

xow mapatneodue 6t 1 < n? +2n+2xa 1 < n® —2n+2 ywtl (n —1)2 >0 av n > 2.
Apa, 0 n* + 4 elvon cOvdetoc yia x&de n > 2.

16. Avn =1, téte ov 1, 3 xou 5 dev elvor 6ot mpdoL (0 1 dev elvon Tpdtog). Av n = 2,
tote ot 2, 4 xau 6 dev elvan 6hot TpwToL. LNy neplntwon n = 3 nalpvouue TNV TELAdA TWV
TEOTWY 3, 5 xou 7.

Eotww n > 3. Awxplvovue tpelc TEpLTtdoels, avdhoya UE To undlotno tne Slalpeong
oLV N UE 3:
(o) Av n =3k, t6te k > 1 dpa o n elvan odvetoc.
(B) Avn=3k+1,t6tc o n+2=3k+3=3(k+1) elvax cOvIetoc.
(v) Avn=3k+2,t6tc o n+4 =3k +6 = 3(k + 2) elvar cOvdetoc.

e xdlde neplntwon, av n > 3 xdnotog and Toug n, n + 2 xou n + 4 elvan cdvdetoc.

17. (o) O p Sev unopel va elvon tne woprc 6k ¥ 6k +2 =2(3k+ 1) ¥ 6k +3 =3(2k+ 1)
fi 6k + 4 = 2(3k + 2) yiatl Yo oy oOvdetog. Apa elvon tng vopehc 6k +1 A 6k +5 =
6(k+1)—1=06K —1.
(B) Av p =6k + 1 t61¢ p? — 1 = 36k + 12k = 12k(3k + 1). Hopatnpodue 61t o k(3k + 1)
elvan mévta dptiog (e€nyrote, Staxplvovtag Tig nepintdoeg k =dptiog xou k =neptttds),
dpa 0 p? — 1 elvor toANamhdoto tou 24.

Ay p =6k —1 t6te p? — 1 = 36k? — 12k = 12k(3k — 1). Tapatnpodue 6t o k(3k — 1)
elvan évta dpTiog, dpo o p® — 1 efvon Tohhamhdow tou 24.

18. ZOueova ue o Baoud Muuata tne §1.6, apxel va det€ouue 6t 3 | n(n® — 1) xou
8| n(n® —1).

(@) Avn =3k t6te 3 | n| n(n®—1). Avn =3k+1%n =3k+2, 16 3 | (n?—1) | n(n®—1).
Ye xdde nepintwon, 3 | n(n® — 1).

(B) O n elvar neprrtée, dpa n = 2k — 1 yia xdmowov k € N. Téte, n(n® — 1) = (2k —
1)(4k* — 4k) = 4(2k — 1)k(k — 1). Ouwg, o k(k — 1) eivar dptiog (% 0), dpa 0 n(n® — 1)
elvar ToAamidoto tou 8.

19. Awxpivouye tig teptntwoec n = 2k xou n = 2k + 1.

(@) Avn =2k, téte k > 1 agod n > 2, xar 2" — 1 = (2%)2 — 1 = (2F — 1)(2*¥ + 1). Ago0
1<28+1xml<2%—1, 02" —1 elvon cOvdetoc.

B)Avn=2k+1,t6e 2" +1 =2 41 =2+ 1)2%% =27~ 4 ... —241). Agod
1<3<2"+1,02" +1 elvar cbvdetoc.

20. (o) Av xavévac and toug a xou b dev elvar moAhamhdowo tou 3, téte ot a? xon b elvon
e uopyhc 3k + 1, ondte 0 a® + b elvon tng uoppric 3k + 2, Snhadr dev Sionpeitar ye 3.
Av hownév 3 | (a® +b?), té1e xdmotog and Toug a xau b Sionpeiton ue 3, onéte 3 | ab.

(B) Av xavévag ané toug a, b xa ¢ Sev Stanpeitar ue 3, téte oL a®, b xan ¢ elvar Tng wopprg
9k + 1 % 9k + 8 (Aoxnon 4). Av 6ot eivon tng popghc 9k + 1, téte 0 a® + b + ¢ elvow
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e poperc 9%k + 3, dromo. Av éhot elvor g popphc 9k + 8, téte 0 a® + b + ¢ elvan

e wopenc 9k + 24 = 9(k + 2) + 6, drono. Av 800 elvon tne vopprc 9k + 1 xon évac tne
wopghic 9k +8, téte 0 a® +b% + ¢ elvor g wopenhc 9k +10 = 9(k + 1) + 1, dromo. Av Sto
elvor g uopenic 9k + 8 xar évag tng wopphc 9k + 1, téte 0 a® + b + ¢ elvor g wopgrc
9k +17 = 9(k +1) + 8, dromo. Av hownév 9| (a® +b® + c?), 161 xdmorog ané toug a, b xou
¢ Sionpelton ue 3, ondte 3 | abe.

21. (o) Agod ky < 7y o ky < 5, Yo x&de p € P, éyovue p*r | p'r xou p*r | p* yio xdde

p € P. "Apa,
[T 1 [ =axe []0" 1 []p" =0,
peEP pEP pEP pEP
onoTE
(%) [I7" I (ab).
pEP

Eow d = [[,cpp"? 0 péyiotog xowoe Stoupéne twv a xou b. Ané v ¢* | d | a =
[I,cpp™ émeton btL ¢*e | ¢"¢ Snhadif) ug < rg Yo xdde ¢ € P. Ouolog, ug < sq yia xéde
q € P. Apa, up < kp = min{ry, sp} yio x&de p € P, ondte

(++) d=T]» | []0".

pPEP pEP

Arnd tic (%) xou (x%) Brénovue 61t (a,b) = Hpeppkp.
(8-1) Eoww d = (a,b). Téte, d | a xou d | b dpa cd | ca xau cd | cb, ondte cd | (ac,be).
Avtiotpoga, undpyouy x,y € Z tétowol Hote ax + by = d, dpa acx + bey = cd. Aol
(ac,be) | ac xau (ac,be) | be, natlpvovue (ac,be) | ace + bey = cd. Aol ed | (ac,be) xon
(ac,be) | ed, maipvouyue (ac, be) = cd = c(a,b).
(8-2) Eotww d = (a,b). Tote (a,dc) | a xou d | b = (a,dc) | de | be, dpa (a,dc) | (a,bc).
Avtiotpoga, undpyouv x,y € Z tétowl wote d = ax + by, dpa dc = acx + bey. Tote,
(a,bc) | a xou (a,be) | be, dpa (a,be) | acx + bey = de. Agob (a,be) | a xou (a,be) | de,
napvouyue (a,be) | (a,dc).
(B-3) Trodétovue npdTa 6L (a,b) = 1. Téte, av d = (a?,b?) > 1 Yewpolue évav tphTo
p | dxow éyovue p | a® =>p|axap|b> = p|b dadip| (a,b) = 1, dromo. Apa,
(a27b2) =1=(a,b).

Y yevu nepintwon, Vétovue w = (a,b) xau ypdgovue a = wzr xoa b = wy énou
(z,y) =1. And o (B-1) éxovue

(a®,0) = (w”2®, w’y?) = v’ (2", y*) = w’ = (a,0)’,
vt (22,y%) = 1 ané 1o nponyoluevo Bruo.
(v) Tedgovpe a = [[,cpp™, b = [[,cpp® xu c = Hpepptp. Tote, ac = [[,epp

xou be = HPEPpSPHP. Apa,

(ac, bC) — H pmin{rp+tp,sp+tp} — H pmin{rp,sp}ptp — H pmin{rp,sp} H ptp — (a,b)c.
peEP peEP pEP pEP

rp+itp

Me tov (3to Tpéno uropeite va arodellete Toug dAhoug 0o LoyLELeU00C.

22. (o) Oewpolue 10 cvoro S ={z € N:a |z xou b | z}. To S elvaw un xevod, agpol
ab € S. "Apu, é€yeL ehdyloto otolyelo to onolo cuuPoAiilovue ue m. Agod m € S, elvan
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@avepd 6tL a | m xaw b | m. 'Eotww z € S. Anb tov opioud tou m éyovue z > m. Oa
unodéocovue 61t 0 x Bev elvon mohhamAdolo tou m xor Yo xatahhovue oe drtomo. Amd
My towtdémta e dadpeons, £ = mg 41 61ov ¢ € Nxaw 0 < 7 < m. Av o x Sev elvoe
nolharmhdowo tou m, té6te 7 € Nxaw r < m. Enlong, a |z —mg=r ywtia | z xau a | m.
Ouolwg, b | r dpar € S. Auté elvon drorno yiatl r < m xou 0 m Atav To eENdyioto otoLyelo
tou S. Apa, m | z v xdde z € S.

(B) Acetéte 6w [a,b] = Hpeppmax{”’s?}, omov a =[[,cpp™® xa b =[] pp°. Mundelre
v anddelln otnv Aoxnon 21(a).

23. Optlovue cav erdytoto xowd tolhanidowo [a,b,c] v a,b, ¢ € N 10 povadixd guoixd
aprdué mou Lxavornolel ta e€ng:

1. a|la,b,c], b|[a,b,c] x c|[a,b,c].

2. AvzeNxwal|z, bl|z,cl|e, t6t€ [a,b,c] | x.
(o) Bow a =[] ,cp p* xoub = Hpeppbf’. Avd = (a,b) xaum = [a,b], té6te d = Hpeppdf’
xw m = [],cpp™. T va Sei€oupe 61t ab = dm, apxel va Selfovye 6L Yo xdde p € P
woyleL prpP = pdrp™r Snhady

ap + bp = dp + myp.

Ouwg, dp = min{ap,bp} xow mp = max{ap,bp}, onéte to {nroduevo éncton and TNy
ToUTOTNTA

z +y = min{z, y} + max{z,y},
n onola woyvel yio x&de z,y € R (eEnyrote).
(B) Onwe oto mponyoluevo epwdtnua, yedgouvue a = [[,pp™, b = Hpeppb”, c =
[I,ep P Exgpdlovue toug undhotmoug apuduobe tne doxnone ooy Yvoueve Suviueny
TEWTWY Ue ex¥€TeC CUVAPTATELS TWVY ap, by xat ¢p. Do mopddetypa, to eNdyloto xowod
ToOMaTAdGL TV b xou ¢ ypdwetow [b,c] = Hpgppmax{b”’c”}. Téte, 1 wooTnTa TV {NTdUE
elva cuvémeta g

max{ay, by, Cp}2 min{ay, by} min{a,, cp} min{by, cp }

— min{ay, by, ¢, }* max{ay, by} max{a,, ey} max{hy, c,}

v xéde p € P. Abyw ovuuetplog unopodue vo vnodéocovue 6t ap < by < cp, OmoTE N
{nroduevn wdtnta avdyetaw oty

2 2 2, 2
cpapbp = a,byc,

n omnolo Loy LeL.

24. Ou del&ovue 6t av (a,b) = 1 téte (a + b,[a,b]) = 1. And v Aoxnon 23 éyovue
[a,b] = ab, dpa Intdue (a+b,ab) = 1. 'Ectw 6t p | (a+b,ab) yia xdnotov npdto p. Tére,
plabdpaceite p|lafp|b. Avp|a téte égovue xau p | (a +b) —a =b, dnhadh p | a xou
p | b, To onolo elvan dtomo aod (a,b) =1. O (a+b,[a,b]) dev éxeL TpdToug Stanpétes, dpa
toolton ue 1.

Dwa tn yevu neplntwon, yedgovue a = dz, b = dy émov d = (a,b) o (z,y) = 1.
Tore,
d’xy

d

(a+b,[a,0]) = (dz +dy, ) = d(w +y,zy) = d = (a,b),
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apol (z +y,zy) = 1.

25. Oa del&ouvue 6tL av m =gn +r énov m > n, q,r € Zxow 0 < r < n, 161
(@™ —=1,a" —=1)=(a" = 1,a" = 1).
Avd=(a"™ —1,a" — 1), t61€ ypnowonowdvioc ty a” — 1| a?" — 1 Brénovyue 6T
dla" (@ =1)+ (" —1)=a""" —1=0a™ -1,
dpad | (a™ —1,a" —1). Avtlotpoga, av di = (a™ —1,a™ —1), éxovue dy | a™ —1 | a?" —1,
dpat
di|a™—-1—-a"(a™ —1)=a" — 1.

Enouévec, di | (a™ —1,a" — 1) =d.
Topa ypnoluomotoLue tov arydprduo tou Euxheldn. YTrnodétovue 6t m > n. Av

n | m to cuunépacua elvar TEOPavES, CAMKDS UTOPOVUE Vo BpodUE g1, ..., gn+1 € N xon
Ty ooy Tn ENUE O <1 <Tpo1 < --- <71 < N éTOL OOTE
= nq +ri,
n = rig2+r2,
ry = Tr2q3+7s,
Tn—2 = Tn—1qn + Tn,

Tn—1 = Tndn+1,
xou (m,n) =rp. O nponyoluevos culloyioude Selyvel 6T

(@ —-1,a"—-1) = (@ —1a"—-1)=(@" —-1,a?-1)=---(a""'—1,a" —1)

= am—-1=a"" —1.

26. Eyovue p | [a,b] | ab, dpa elte p | a fp | b. Av vrnodécovue 6t p | a téte, Aol
pla+béyovue p| (a+b)—a=>b. Apa, p | (a,b). Ouolwc, av unodécovue 6t p | b
BAémovyue 6L p | a, dpa p | (a,b).

27. Ac vnodéoouue 6Tl uTdpy oLy neEnEpacHévoL To TA YoS Tp®ToL TS Uop@hc 4n — 1, ot
q1,q2,- .., qn (UndpyeL TOLAGYLETOV évac TETOLOC TPMTOC, 0 3). Oewpolue tov aptdud

S:4q1q2...qN—1.

O S elvon peyahdtepog and 1, dpo éxer xavovix avdhuon S = pit---p* o€ yduevo
TEWTWY SLAEETWY, 6ToL 1 > 1 xat 6hot oL p; elvon meptttol aod o S elvon meptttds. Av
ohot oL p; Atav tng wopphc 4k + 1, 161€ TO YWWOUEVS TOoug Vo HTAY XL QTS TNG UOPPNS
4k 4+ 1 (yeatl;) eved o S elvon g wopphc 4k — 1. "Apa, 0 S éxel TouNdyLoTOY EVay TRMOTO
dronpétn p g wopnc 4n — 1.

Aol q1,q2,...,qn elvon dhoL oL tpwToL TG Uopehc 4n — 1, cuunepalvouue 6Tl p = ¢;
yioe xémotov @ < N. Ouwc t6te, p | 4q1q2 .. .qn xoup | S, dpap | S —4qiq>...qn =1, t0
omolo elvar drtomo.

To dromo Belyvel 6tL LTdpyoLY dneLpol TEOTOL TNS LopENS 4n — 1.
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28. YTno¥étouvue 6tL 0 2™ + 1 elvon mpwrtog YL xdmowov n > 2. Av o n Sev elvan SOvoun

oL 2, téte yedpetar wovoshuavta otn popeR n = 2Fs, brnou s > 1 tepittéc guoikde. Av
ke ’

r =22, t6te

4l=a"+1=(z+1)@" ' -z 24—z +1).

Agpob 1 <z +1<2®+1, 02" +1 elvar obvietog. Katahh€ope oe dromo, dpa o n elvar
d0vaun tou 2.

29. TroYérovue 61t 0 2™ — 1 elvon mpwrog Yo xdmotov n > 2. Av o n dev elvon mpdrog,
t6te undpyouy d, k > 1 tétowol Gote n = dk. And tny ‘Aoxnon 13,

29 — 12" —1.

Agob 1 <24 —1< 2™ —1, 02" — 1 evar oOVdetog. KatohiEaue oe §romno, dpa o n elvow
TPOTOC.

Snueloon: Aey woyle 10 aviiotpogo. O p = 11 eivon tpdtog, odh& o 2 — 1 = 2047 =
23 - 89 elvor oOvidetoc.

30. (o) Trovétouue 6Tt 0 n elvar oOVdetog. Tote, undpyouv 1 < k < m < n tétoloL Bote
n=km. Ané myv k < m éretar 6t n > k2 Snhadh k < /n. Apod k > 2, 0 k éyeL évay
npdTo dtonpétn p. Téte, p | k| nxow p <k < /n.
(B) "Exouue [V509] = 22. Z0ugwva ue to (o), av o 509 eivor cdvdetoc o Sionpeiton ye
xdmotov npddto p < 22, dnhadr ue xdmotov and toug 2,3,5,7,11,13,17,19. Kdvovtac oxtd
dranpéoeic BAEmovpe 6Tt 0 509 elvan mphTog.

Ouolug, [V2093] = 45. Hapatnpolue 61t 2093 = 7 - 299. T va Bpodue Ty avdhuon
0L 299, Yewpolue tov [V299] = 17. Tapatpotue 6t 299 = 13 - 23 xor 6t ot 13 xor 23
elvon mpddtoL. Apa, 1 xavovixy avarapdotacy) tou 2093 etvor 2093 = 7 - 13 - 23.

31. Ac urnodéoouue 6t \/p = m/n v xdnowvg m,n € N Av r = m/(m,n) xou
s =mn/(m,n), t6t€ \/p=r/s xu (r,s) = 1.

Téte, p = r2/s* Snhadh p | ps® = r2. Agol o p eivan mpdrog, malpvouye p | r, dpa
r = px v xdnotov € N.

Emotpégovtag otny ps® = 12 éxouue ps® = p’z® = pa® = s°. ‘Onwg tpw, p | pa® =
s2, doap| s.

‘Ouws tote p | (1,5) = 1, dtomo. Apa, o /p eivon dppnroc.

32. Xpnowornowbvtoag ™y Aoxnon 30 uropsite va ehéyEete 6t 0 n? +n+ 41 elvor mpdTog
yian=0,1,...,39 (Yo yperactoldy tohég mpdleic!). Ouwg,
£(40) = 40° +40 +41 = 40" +2-40 + 1 = (40 +1)* = 41°,
dnhadh o f(40) elvan cOvetoc.
33. Trodétouue 61t yia 10 TOAUGVLUO f() = ao + arx + - + arx’, k > 1, ap # 0,
éyxouvue |f(n)| =npdrog yia x&de n. Edwdtepa,
lFWl=p
6mou p npitoc. Iapatnpoldue 6tL yia xde s € N,

F(l+sp) =ao+ai(l1+sp)+---+ar(l+sp)* =ao+ar-14---+ax-1"+Bp = f(1)+ Bp,
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6nov Be€Z. Apa, p | f(1) + Bp = f(1+sp) | |f(1+ sp)|. Ouwc |f(1+sp)|=gq€ P and
v unddeon, xou ool p | g éneton 6T p = q. Anhadn,

[f(1+sp)|=p

yio xdde s € N Auté elvon drono, apod lims oo |f(1 + sp)| = co. [H f elvor mohudvuuo
Baduo k > 1, dpa lim, o0 | f(2)]| = 00.]

34. T xde k=2,...,n+1éyxovuc k | (n+ 1) xaw k | k, dpa k | (n + 1)! + k. Anhady,
o (n+ 1)! + k elvon oOvdetoc yia xdde k= 2,...,n+ 1.

Ot(n+)!+2, (n+1)!+3,...,(n+ 1)+ (n+ 1) elvor n Stadoyixol cOVIeToL QuoLxol
apriuol.

35. Me emayoyh: av n =1 {ntdue v 2' | 2, n onola tpopavds oyveL.

Yrodétouue bt 2% | (k+1)(k +2)--- (2k), Snhadh (k+1)(k+2)--- (2k) = 2"m yua
xémotov m € N, O Seifovue 6t o (k+2)(k +3) -+ (2k + 2) elvow moMamidoto tou 28+,
T'edpovue

(k+2)(k+3)---(2k+2) = (k+2)(k+3)---(2k)(2k+1)(2k +2)
2k +1)(k+2)(k+3)---(2k)(2k+1)
2-2%m . (2k +1)
= 22k +1).

Apa, 281 | (B + 1) (k +2) - - - (2K).

36. Tro¥étovue mpdta 6TL 0 N elvan dpTiog, dnhadh n = 2k yia xdnowov k > 6. Torte,
n=2k—3)+6

xow ot 2(k — 3), 6 elvar cOvidetot aprduol.
‘Eotw tdpa 6Tt 0 n elvon mepittos. Tote, ypdpouue

n=Mm-9)+9

%o mapatneolue 6t 0 9 = 37 elvor chvdetog xou 0 n — 9 elvar dptiog peyahhtepog ¥ (oog
Tou 4, dpo oOvieToC.
e xdde nepintwon, o n > 12 ypdgpeta cav ddpooua 300 chvietwy apriumy.

Inueiwon: Elvaw owotd 6t xdde dptiog apdudc n > 4 ypdgetonw cav ddpoiocua SGo
etV oplduny; Autd elvon éval and o o YVeotd avowtd npofiiuata tne Yewplas twv
apududy, 1 evxacio Touv Goldbach.

37. Ac unodéoouue b1L yia xdmotov Tedho p Loyler 29p + 1 = 52, émou s € N, Tére,
2Wp=s5"—1=(s—1)(s+1).

IMopatneodue 6t (s + 1) | 29p xow étL oL ubdvor Sionpéteg touv 29p elvar oL 1, p, 29 xou 29p

(yrotl 0 29 elvan mpddtoc). Yrdpyouv howndy ta e€¥c evBeyduevar

(a) s+1 =1, 1o onolo anopplrtetar yiotl s > 0.

(B) s+ 1 = 29p, 1o onolo anoppintetan yiatl té6te s —1 = 1 dpa s = 2 xou tét€ 29p =
22 —1 = 3, 10 onolo elvar dromo.
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(v) s+ 1 =29, to onolo anoppintetar yiati téte 27 = s — 1 = p, 10 onolo dev unopel va
ocvuPalvel agol o p elvar TpWTOC.

(8) s+1=p, onbéte s —1 =29 dpa p =29 + 2 = 31.

O p = 31 elvan mpdTog xon 29 - 31 + 1 = 900 = 30%. And tn culhtnon mou tponyidnxe, o
31 elvor 0 pbéVOC TP®TOC Yo Tov omolo 0 29p + 1 elvoe TéAElo TETPAYWVO.

38. Eotww 6t ot p xau ¢ elvon dlduuol npdtol. Mnopobue va unodécouvue 6t ¢ = p + 2.
Tore,
2 2
pg+1=p(p+2)+1=p +2p+1=(p+1)7,
dnhadn o pg + 1 elvon téheto teETEdAYWVO.

Avtiotpoga: utodétouue 6Tt oL p, q elvor TpdToL xat 6Tt pg+1 = s yia xdmotov s € N.
Téte, pg = s —1 = (s — 1)(s + 1), xow apol oL pévoL Sonpétec Tou p; elvon ot 1, p, ¢ xou
pq, Vndpyouy ta eEfc evdeyduEvaL:

(o) s+1 =1, o onolo anopplrtetar yiotl s > 0.

(B) s+1 = pq, o onolo anoppintetor Yrati t61€ s—1 = 1 dpar s = 2 xou 1616 pg = 22 —1 = 3,
10 omolo elvan dtomo agol o 3 elvar TpToC.

(v) s+1l=p,onéte gq=s—1=p—2, dnhad |p — q| = 2.

(8) s+1l=gq,onétep=s—1=q—2, dnhadh |[p—q| = 2.

EiSoue 6t av oL p,q eivor TpdTol xou pg + 1 = 8%, t61e ouuPaiver éva amd ta () xon (3).
e xadeuia and avtéc e dbo nepintddoe, |p — g = 2.

39. (o) Eotw p o yeyohdiepoc np@tog Tou elvar uixpbtepoc and tov n. Trodétouue 6T
2p < n xo Yo xatohRZovue o€ dtono. And to altnua tou Bertrand undpyet tpdtog g ue
p < g < 2p (ndpte otn ¥éon tov n tov p). Tére,

p<qg<2p<m,

dnhady, o g elvan TEGOTOS UxpdTEPOS amd Tov N xan ¢ > p. Autd elvon dtono agod o p Hray
0 UEYOADTEPOC TPMTOC «XATWY ATO TOV M.
(B) Me enaywyh, apyiloviac and n = 2: p» = 3 < 4 = 22, Trodérovue 6t pi < 2. Ané
0 altnua tou Bertrand, avdueoa otov 2F xon otov 28 undpyer mpdroc p;. Aol py < 2F
xa pj > 2% éyouvue § > k (av hrav j < k Yo elyaue p; < pr < 2%). Apa, k+1 < j, 0
omolo onualvel 6T
pra1 <pj < 2VFN

Avtéd anodewxviet 1o enaywywxd Priuc.

Eotw 2 > 4. Trdpyet uovadixée k > 2 téroroc dote 2F <z < 281, Tére, and my
pr < 28 éxouue m(2%) > k xow agol n m elvor abEouoa, Taipvoupe

w(z) > w(2") > k.

And v &\ mhevpd,
x < 2M!

= log,z < k+1.
‘Apa,

m(z) >k >log,x — 1.

40. Me enaywyh o¢ mtpoc n. T n = 3 {ntdue v 5 < 2+ 3 1 onola woydel. Trodétouue
ot
Pk SpL+p2+- P



48

yio xdmowov k > 3. YTrdpyel mpdtoc pj e Pr < pj < 2prp %O, OTWS OTNY TEOTYOVUEVN
doxnon, éxovue j > k Spo pry1 < pj < 2pk. And v enaywyxy unddeon Enetat OTL

Pr1 <2pr =pr +pr <pr+p2+--- +pr-1+ pr.

7

Avtéd anodewxviet o emaywyixd Pua.

41. Yrodétouvue npdta 6t 0 m elvon dptioc. Téte, (n/2) € N xou and to aitnua tou
Bertrand vndpyel tpdtog p pe n/2 < p < n. Hopatnpodue 6tL o p dev Siowpel xavévay
x < m eXTOC amd Tov EALTO TOV: Ta TOAAATAdCLa Tou p elvon oL apwluol p, 2p, 3p, . .., xou
gxovue kp > n vy xdde k > 2.

Apa, oty xavovix| avanopdotaon tov n! = 2-3---n o p Yo eupaviletar ue exdétn
1, dnhadn ue meptttd exdétn. Térte, o n! dev unopel va elvan téhelo TeTpdywvo: av Hray,
6hot oL TpddToL dronpéteg Tou Vo elyay dotio exdétn, dpa xon o p.

Avn =2s+1, Bploxovue npdto p ue s < p < 2s. IIdh, p > s+1 dpa 2p > 25+2 > n,
ondte eQapUbleTon To TponyoLUEVo emtyelpnuo: o p dev Sionpel xavévay © < n extdg and
TOV EQUTO TOL, dpal 0 eXVETNG Tou elval 1 otny xavovixr avarapdotaon tou n!.

42. Eotw n > 2. Trdpye. povadés s > 1 tétorog dote 2° < n < 251, Eniong, optlovue
B 10 Ywouevo Ohwv twv TepLTT®Y puody m < n. ITapaterote 6t o B elvon meplttoc.
z 7 n 1 7
Ag unodéoovue 6T Y p_, ¢ € N. Tore,

", 2"1B =1
=2"'BY -~ eN
% ;ke

k=1
Av k < noxow k # 2%, t6te 0 k ypdweton uovoohuavta ot wopgh k = 2'm, 6mou 0 <1 < s
xou 0 m elvon TepLttéc (yatiy). Apa, k| 2°71B. ‘Eneton 61

B 27'B 2°"'B 2°"'B
R DL R Dt
k=1 k#28

Avuté elvan drono aod o B elvon mepLttoc.

43. (a) O uéyiotoc xowde dronpétng twv 6 xou 51 elvar o (6,51) = 3. Aol o 3 dev Sronpel
tov 22, 1 e€lowon dev €xel axépateg Aboels.

(B) O uéyiotoc xowde Sanpétne twv 33 xou 14 elvon 0 (33,14) = 1. Ago0 1 | 115, n eliowon
ExeL axépaneg AOoELS.

(v) O péyotoc xowdce dronpétne twv 14 xon 35 elvon o (14,35) = 7. Aol o 7 dev Sronpel
tov 93, 1 egiowon dev €xer axépaneg AoeLs.

44. Yroloyilovue TpdTa T0 UEYLOTO XOWO BLonpétn twv 24 xar 138.

138 = 24-5418
24 = 18-1+6
18 = 6-3

Apa, (24,138) = 6.
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Agot 6| 18, 1 eZlowon éxet axéponec Aooelc. Bploxovue uta Aon tne elicworng.

6 = 24—18=24—(138—-24-5)=24—138+24.5
2464138 - (—1).

IoMarhaotdlovrog exl 18/6=3 maipvouue
2418 +138-(—3) =18.
Anhadn, pto Aoon g e€lowong elvan oL £o = 18 ot yo = —3.
‘Eyovue ry = 24/6 = 4 xoury = 138/6 = 23. Apa, oL Miceic e e&lowong elvan ta Leuydpta
=18 +23t xou y=—-3—4t

6mou o t BLatpéyeL Toug axepaloug.

45. Trohoyilovue Tpdta To UEYLoTo Xowd danpétn twv 123 o 360.

360 = 123-24114
123 = 114-1+49
114 = 9-12+6

9 = 6-1+3

6 = 3-2

Apa, (123,360) = 3.
Agol 399, 1 e&lowon éxer axéponeg Nooelg. Bploxouue uta Mor tng edloworng.
3 = 9-6=9—(114—9-12)=9-13 — 114 = (123 — 114) - 13 — 114

= 123-13—114-14=123-13 — (360 — 123-2) - 14
= 12341+ 360(—14).

IToManhaotdlovtag ent 99/3=33 nalpvouue
123 - 1353 + 360 - (—462) = 99.
Arnhadh, o Aoom g e&iowong elvan ov zo = 1353 xaw yo = —462.

‘Eyxovue r1 = 123/3 = 41 xou 12 = 360/3 = 120. Apa, oL MNoewg g e&lowong elvar To
Cevydpra
r = 1353 + 120t xow y = —462 — 41t

6mou o t Suatpéyel Toug axepatovs. I'ia va Bpodue T Jetinée axépates ANooels tne 123z +
360y = 99, Aovouue to cbotnua

1353 +120t > O
—462 —41t > 0

wc mpoc t € Z. Zmtdpe t > —1353/120 = t > —11 xon t < —462/41 = ¢t < —12, dpa dev
undpyeL et Abon e e€lowong.
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46. O uéylotog xowoe Slonpétng Twv 2 xau 7 tooltan ue 1, dpa n eglowon €yel axéponeg
Mooewe. T va Bpodue uta hoon tne e&lowonge, ypdgpouue 1 = 2-(—=3) 4+ 7-1 xou torhamho-
owdlovtag enl 53 naipvouue
2-(=159) + 753 = 53.
Anhadn, ua Mo e e&iowong elvon ou g = —159 xou yo = 53.
"Apa, ot Noec e e&lowong elvon tar Leuydipta

r=—159+ 7t xou y =153 —2¢

6mou o t Slatpéyel toug axepatouvs. T'ia va Bpobue g un apvnuxés axépotes AOoELS TS
2z + 7y = 53, Movouue 1o cbotnua
—159 4+ 7t

2
53 -2t >

wc npoct € Z. Zntdue t > 159/7 =t > 23 xau t < 53/2 =t < 26, dpa undpyoLY TEooERLS
un apvnuxég Aoews tng e&lowong:

=23 , y=
=16 , Y=
=9 —

47. O uéywostoc xowdc dlatpétne twv 28 xau 35 elvar o 7, o omolog dev Sowpel tov 136.
Apa, n e&lowon dev éyel axépateg MoeLS.

48. Ocewpolue Vv e&lowon ar + bw = c. Agod (a,b) = 1, n e&lowon éxer axépareg
Moewg. Enlong, av z,w elvon uto Aoon g az + bw = ¢, téte oL x,y = —w elvon Abon g
axr — by = c.

‘Eoctw o, wo Wla ANoon g ax + bw = c. Téte, ot Moewg avtic e e&lowong elvon
e Wopphc ¢ = xo + bt xaw w = wo — at, 6mov o t Siatpéyel toug axepalovs. OEtovue
Yo = —wo. Téte ot xo, yo elvar Aoon tng ax — by = ¢, xou yia xdde t € Z, oL & = xo + bt
xou y = —(wo — at) = yo + at Slvouv dhec tic Moec e ax — by = c. Hapatnpodue bt
a,b > 0, dpa undpyeL to € N tétolog wote: yio xdde t > to va €xovpue xo + bt > 0 xou
yo +at > 0 (and Ty Apywundeia Widtntor o to Yo e€optdton and Toug T xau Yo). Apa, 1
ar — by = c éyeL dnelpec o tANYoc Vetixéc axépanec Aooels: T = xo + bt, y = yo + at
vyt =to,to+1,....

49. Trodétovue 6tL undpyouy =,y € N tétowol wote y" = 2z". Av d = (x,y), o1
urndpyouy r,s € Nue z = rd, y = sd xau (r,s) = 1. Aviwahotdviag oy y* = 2z
€youue s" = 2r" xou (r,s) = 1. Téte, r™ | s™, an’ 6nov nalpvovue r | s. Agob (r,s) =1,
avayxaotxd r = 1 xou s" = 2. Edwdtepn 2 | s" = 2 | 5. Ouwcg t61€, s > 2 dpa
s" > 2 agob n > 2. Katahhoue oe dtono, dpa n y™ = 22™ dev €yel Aborn 610Ug QUOLXOUS
apriuoie.

50. D x&de m > s énou (m,s) = 1 xou évag and toug m, s elvar dptiog eved 0 dhhog
TepLTTéE, M TELdda £ = 2ms, y = m® — 5% xou z = m® + 57 elvon npwtapyA Mudaydpera
TpLadaL.
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Ewlwotepa, yia xdde mepltttd mpdto p unopodue vo emAéEouue s = 2 xou vo Yewpr-
GOLUE TNV TELASA
ey =dp, yp=p"—4, z=p’ +4.
Trdpyouv dretpol mepLttol TEMTOL Xot oL TELESES Tp, Yp, 2p Elvor Blagopetinés avd Vo (o
dptiog xdde teLddac elvan 0 4p). ‘Apa, LTdpyoLY dnelpec TpwTapyxés ITudaydpeles ToLddeC.

51. Yrodétovue 61t 1o ITudaydpeto tplywvo avtiotolyel oe xdnota teLdda x,y, 2. Tote,
undpyouvy d xoav m > s Ue (m,s) = 1, o évag dptiog xo 0 dhhog mepLtTdg, TéTOLoL MOTE
r =2msd, y = (m* —s*)d, z = (m*> + s)d xw d = (z,y,2). Apod 10 cuPaddv tou
TELYOVOU LooUTAL UE TNV TERIUETEO TOL, EYOLUE

zy =2(x +y+ 2) = 2ms(m” — s°)d* = 4m(m + s)d,
dpo

ds(m — s) = 2.

Agpob o m — s elvon mepLttoOC Haw dronpel tov 2, éyovue m —s = 1. Enlong, s =114 s = 2.
lNa s = 2 nafpvovpe d = 1 xou m = 3, dnhadh v tpLddo ¢ = 12, y = 5 xou 2z = 13. T
s =1 mafpvovue m = 2 xou d = 2, dnhadn Ty teLddo z =8, y =6, z = 10.

52. Av z,y, z elvon ot {NTto0UEVES TAEVPES TOU TELYDVOU XOL T 1) X TIVAL TOL EYYEYPULUEVOU
xOxhov, TEEneL vau Loy VEL 1)

() n=z+y—=z

Mpdyuart, urdpyouy d xor m > s Ue (m, s) = 1, 0 évag dpTiog xon 0 dAhog TEELTTOS, TéToLoL
Gote © = 2msd, y = (m® —s%)d, z = (m® + s%)d xar d = (z,y,z). Tére,

t+y—z=2ms+m’ -5 —m’ —s°)d = (2ms — 25”)d = 2s(m — s)d.

And v &N mhevpd, eldoe 6L N axtiva Tou evyeEYpauUévou xOxAou Looltat ue s(m—s)d,
%t owtd anodeviel Ty (*).

Zntde howndy pia ITudaybpeta tpLdda ue © +y — z = 2n. Aoxtudote toug y = 2n+1,
 =2n> 4+ 2n xou z = 2n% + 2n + 1:

(2n® 4+ 2n +1)% = (2n® + 2n)® + 2(20° 4+ 2n) + 1 = (2n° + 2n)® + (2n + 1)°

pidein
2n+1+42n" +2n — (2n° +2n+ 1) = 2n.
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Ke:cpo’c)\ou.o 2

ApLUUNTLXES GUVAOTHOELS

2.1 Ewaywym

Opwowol. Kdie cuvdptnon f : N = C Aéyeton aprduntixn ouvdptnon. Aéue
ot wa apuduntixd cuvdpetnon f : N = C elvor moAAamAacLacTixn ov yio xdde
Ceuydp puotdv apdumdy m,n ue (m,n) = 1 wylbe

(2.1.1) f(mn) = f(m)f(n).

ITAPAAEITMATA: Ot mopoxdtw optduntixés cuvapthoec malpvouy Twég oto N 1
670 7 xou divouv uia mpdTn W Yo To eldog Twv apriunTIXdY CUVAPTACEWY TOU
TapoLGLELouy evdLapépoy ot Vewplol TwV apLiumy.

1. Howdptnon U : N - Nue U(n) = 1 ya xdde n € N. H U elvor mpopavide
roMamhactaotix: yior Ty axplBeta, U(mn) = 1 = U(m)U(n) v xéde m,n € N.
H U elvar mApwg TOAAATAACLAGTLXY.

2. Houvdptnon I : N — Nue I(n) = n yw xdde n € N. H I elvar npogoveds TAfowe
roMamhaotaotixh: yia xéde m,n € N éyovue I(mn) = mn = I(m)I(n).

3. H ouvdptnon d : N — N, 6mou d(n) eivor 1o mAdoc twv Jetixddv Slanpetddv tou
n. Hapatnpiote 6t

(2.1.2) dn) =) 1.

k|n

4. H ouvdptnon o : N = N, émou o(n) elvar 1o ddpotoua towv FeTindv SLatpetdy tou
n. Iapatnphote 6t

(2.1.3) o(n)=> k.

k|n
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5. H ouvdptnon ¢ : N = N, 6nou ¢(n) elvor to thidoc twv guody z < n mou elvat
oyetxd npwtot e tov n. H ¢ Aéyeton ouvdptnor touv Euler.

6. H ouvdptnon v : N = Z™, 6mou v(n) elvor 1o ThAdog Tov Sloxexpuléveny Tphiwy
TOEOYOVTWV GTNY XAVOVLXY| OVATORIGTACY) TOU N.

7. H ouvdpmon p : N = Z nou optleton and tny

0 , v 0 n Blonpelton Ue xdmolo téhelo TeTpdywvo m* > 1
pu(n) =
(=1)*™  Javn=pips.. - Py(n) OTOL P; BLUXEXPLUEVOL TOTOL
elvan o aprduntued ouvdptnon. H p Aéyetow ouvdptnomn touv Mobius.

Ye autéd 1o Kegpdharo Yo ueletrioouvue tig Bacixéc apuduntixés cUVaPTAoELS Xl
g weto€d toug oyéoelg. ‘Eva mpdto epdtnua €lvol av Ol GUVAPTACELS TIOU UONG
oplooue elvar morhamhaciaotinés. To enduevo Yedpnua divel éva YEVixd xpLtrplo
ToL Yo uoc avel apxeTd Ypenoudo.

Ocopnua 2.1.1 Yrobérovue du n ovvdptnon f: N = C elvar toAdarAaoiaotikn.
Tére, n ovvdptnon g : N = C nov opilerar ané tnv

(2.1.4) g(n) = f(k)

k|n
elvar enfong moAdarAaoiaotikr).
ArédetEn: Eotw m,n € N ye (m,n) = 1. Ac vnodéoovue 6u k | mn. And o
Ocwpnua 1.3.3, 0 k ypdpetar Lovoohuavta ot Lopeh k = kiks émov ki | m, xou
k2 | n. Avtiotpoga, av ki | m xou ks | n téte 0 k = kiks Sonpel tov mn. Me dha

oYLl 1) amEWOVLOT] TTOU OTEAVEL €val LeuYdipl SLOLPETWY TWY M XAl 1 OTO YLVOUEVS
Toug elvar éva Tpog éval xo enl TOU GUVOAOL TWY BLOLPETHDY TOL MN:

Kadog ot ki, ks «Statpéyouvy Toug SLoLpeTes Twv m,n, 0 k1ks «dtatpé-
YEL» TOUC DLOLPETEC TOU MN.

Mmnopolue Aotrdv va ypddouue
(2.1.5) glmn) =Y f(k) =D Y flkiks).
k|mn k1|m kz2|n

Hopoatnpotue 6t av ki | m xon ko | n téte (ki, k2) = 1. Aol n f elvor moMamha-
otaoth, Exovue f(kiks) = f(k1)f(k2). Emotpépovioac oty (2.1.5) naipvouyue

(2.1.6) glmn) =D " flka)flke) = | D Fll) | | Y flka) | = g(m)g(n).

k1|mk2|n kl\m k2|n

Anhadn, 1 g elvor TOAATAAGLAGTLXY. o
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2.2 Ou cuvaptvoelg d xow o

To yeyovog 6Tt oL d xan o elvar TOANATAAGLAGTLXES GUVIPTOELS Elva dueom cuvEneLa
oL Oewpruartog 2.1.1.

Ocwpnua 2.2.1 Ot ovvaptioes d kat o €lvar ToAAanAaolaotikés.

AmnddelEn: ‘Eyouvue
(2.2.1) din) =Y 1= Uk)xno(n)=> k=Y I(k).

Agob oL U xou I elvar TOAATAAGLOGTINES, TO GUUTEPAOHO ERETOL OO TO Oedpnua
2.1.1. O

To Oewpnua 2.2.1 uog emtpénel vo ddoouue «tiToy Yo Tic d(n) xou o(n) cu-
VOPTACEL TNG XAVOVXAC avamapdotaons Tou n. lHapatnerote 6t av f elvon o

roMamhactaoTtol cuvdptnon xou n = Pk .. pkr évac puobe peyolbtepoc and
1, téte
(2.2.2) Fln) = fr)F05%) -+ fpln).

H wotnro auth anodewvieton ue Bdon v nopatfpnon 6t (pit, ph? - pkr) = 1 xou
amAy) enaywyy. Av Aowndy Yélovue va Swoouue tOno Yo Ty f, apxel vo utohoyi-
covue v Ty f(p*) énou p mpdroc xon k € N.

Ocwpnua 2.2.2 Eoww n > 2 kat éotw n = p'f1p§2 - -pkr n kavoviki Tov avarapd-
otaon. Tore,

(2.2.3) d(n) = JJ(1 +k;)

j=1
Kat
k1+1 ko+1
(224) U(n) _ p11+ _ 1p22+ -1 o p:fr+1 -1
pp—1 pa—1 pr—1

AnédelEn: Iopatnpolue 6Tt oL Slonpétec evoe guotxol Trg popgrc p* etvar ol
Lp,p?, ...,p" Anadn,

(2:2.5) dp*) =k +1
pdeih

pk+1 -1
(2.2.6) a(pk):1+p+..._+_pk:

p—1 "~
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Aol oL d xou o elvar TOMATAAGLICTIXES GUVAPTAHOELS, antd TNy (2.2.2) €yovue

(2.2.7) d(n) = H d(py’) = [[ 1+ k)

j=1
s
k141 k2+1 kr+1

1 Py — 1 p5 -1 Dy -1
2.2.8 o(n :cfpklapl”2 ---apff" =
(228) o) = ol )o(f) o) = B P
Yo xdde n > 2 ue xavovix| avarapdotacn Ty n = phiph> .. pkr Ay =1, téte
d(n) =1 xo o(n) = 1. m|

Oproude. ‘Evag guotxde apuduoe n héyetar Télerog av o(n) = 2n. Anhadi, av to
dlpotoua Twv YriAciwr dialpetdy Touv n (TwV SLaLpETHY ToL ToL elvar ULXPGTEPOL ATd
autdy) oobton ue n. Hopadelyuota téhewwy aptdudy uac divouy oL n = 6 xow n = 28
(ropotnprfiote 61t 6 =1+2+3 xou 28 =1+ 2+4 + 7+ 14). Aev elvon yvwotd av
urdpyouy mepLttol TéleloL aprduot. To enduevo duwe Yewdpnua divel Thripn teptypopy
TWV JPTIWY TEAELWY apLiumy.

Oehpnua 2.2.3 (Euxheldne-Euler) Eotw m € N térowg dote 0 2™ — 1 va elvar
npatos. Tére, 0 2™ H(2™ — 1) efvar téhetos apiiuds. Kdde dptiog tédelog aprduds
elvar avtrs g HopPinis.

Smueiwon: Lty ‘Aoxnon 1.29 eldaue 6t av 0 2™ — 1 elvon npddtog, T6TE 0 M Elvan
TpoToc. Anhad, oL dpTiol Téhetol aprduol elvon oL puoLxol g Lopphc 2P (2P — 1)
6mou p mpwTog xat 2P — 1 mpwToc.

AnédetEn: YTrodétouue pdhta 6T n = 2M 71 (2™ — 1), bmou 0 2™ — 1 elvor TpGTOC.
Mopotneodue 6t (2™, 2™ — 1) = 1 o1 YPNoLLOTOLOVTIC TO YEYOVHS GTL 1) 0 glvo
TOAATAAGLAGTLXY| TAUPVOUUE

2m —1
(2.2.9) o(n) =o(2™ Ho(2™ -1) = 51 - om
agol a(p) = p+ 1 ywa xdde mpito p. Apa,

(2.2.10) o(n) =2-2m71(2m — 1) = 2n,

T0 onolo delyvet 6t o n elvon TéAeLoC.

Avtiotpoga, ag unodécovue dtu n elvar évoc dptioc Téhetog aprdude. Tote, o n
YpdeTan ot Wopph n = 2™k, énou m > 1 xor o k elvor mepittdc. Oa delfouue
otk =2" —1 xou 61t 0 k elvon mpddToc.

Agol o n elvar téhetog xou (2™, k) = 1, éyovue

(2.2.11) 2n =o(n) =o(2™ Ho(k) = (2™ — 1)o(k),
dInhadn
(2.2.12) o(k) = o g
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Agol o(k) € N, BAénovue 6t o k/(2™ — 1) elvar guotxds xan BéPonor Stonpel tov
k. 1o dedid uéhog e (2.2.12) éyouue o ddpotopa 800 Vetixdv Sonpetdv tou k
EVE® OTO apLoTEPS UENOS €YOLUE TO QUpoloud OAWY TwY VETXWY SLOLPETOY ToL k.
Avayxoaouxd, o k xou k/(2™ — 1) elvow o ubvou Yetxol Stopétes tou k, Snhadh o
k etvor mpwtog xon k/(2™ — 1) = 1, 1o onolo Selyver 6t k = 2™ — 1. 'Enetor 6T
n=2m"1(2"m — 1) ue tov 2™ — 1 pTO. 0

To emduevo mpdBAnua mou Ja uoc amaoyolfoel elvar va SWooLUE PpdyuoTa
yioe ) ouvdptnon d(n). Ilapatnerote bt yia xdde mpodto p €xovue d(p) = 2 xou
apol LTdpYouY 0codYToTE UEYdAoL TpwToL aptduot, N d(n) cuvunepLpépeTon USANOV
axavévieTa 6Tay 0 N — 00. To gpdtnua elvar Aotndy va Sododv dve edryuata yio

mv d(n).
To npddTo Hog arotéleoua Sely Vel 6TL Bev UTOPOVUE Vo TEPLUEVOUUE Aoy aptduLxd
dvew QEdryUaL.

Ocwpnua 2.2.4 Ta xdle k € N kat kd0e C' > 0 vrdpyet n € N tétowog bdote
(2.2.13) d(n) > C(lnn)*.

Anéderdn: OEAOLUE VO XUTUOXEVACOUUE PUOIXOUE N UE UEYEAO (o€ oyéom UE TO
n) mhidog donpetddv. Oewpoliue toug (k + 1) wxpdtepous mpktous aptduolc pr <
P2 < - < P < Prg1 xot SoxudLovUe QUOIXONC N TNS LOPYTC

n= (p1p2 o 'pkpk+1)m,

6mou 0 m Yo emAeyel xatdAAnia. And 1o Oebdpnua 2.2.2 éyovue

k+1
(2.2.14) dn) = [[m+1) = (m + 1)k
j=1
pigei
(2.2.15) C(ln n)k = ka(ln(p1p2 - 'Pk+1))k.
Ay
(2.2.16) m* > CmP (In(paps - prya))

10 onolo e€aopaiileton av emAééovue m > C’(ln(plpg---pkﬂ))k, téte d(n) =
(m + 1)kt > mAtl > C(lnn)k. O

Trdpyouv Aoindv uotxol ue Thdog dlonpetdy UeyaAbTepo and onotadrnote do-
ouévn S0vaun tou hoyoplduou tous. And tnv SN Thevpd, T0 TARYOC TV SLoLPETGOY
eVOC QuoLxol dev umopel var efvon ToAD Ueydio.

Ochdpnua 2.2.5 Ia kdde € > 0 vadpyer otalepd C(€) > 0 térowa dote
(2.2.17) d(n) < C(e)n®

ya kdle n € N. AnAadn), to nAndog twy dapetdy tov n «ppdooetaty and ne.
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Anddedn: Xwplic neplopioud tne yevixotntog urodétovue 6Tt 0 < € < 1. T xdde
n > 2 ue xavovux avamopdotaon Y n = pkt - plr | éyouue

din) _1+k 14k

€ ek o ck,
n P Pr

(2.2.18)

Oupi,...,pr ywpllovton oe 0o ouddeg. Av xdmolog p; wavorotel Ty 2 < p; < 21/¢
10T€

1+k; 1+k7j_ 1+k; < 1+ k; < 1

p;_kf AL en2)ek; = 1+ (In2)ek; ~ (In2)e’

(2.2.19)

yiatt 1+ (In2)ek; > (In2)e(1 + k5).
Av mé pj > 21/, tote

1+k‘j < 1+k‘j

p;k]‘ — 2kj

(2.2.20) <1

Ané g mponyolueves oyéoelc BAénovue dtu

d(n) 1
2. < =:
(2.2.21) < 11 2 Cle),
{peP:p<2t/c}

6mou 1 otodepd C'e) elaptdran wévo amd To € av uac dodel o € Bploxouvue ndoot
pdToL Sev Eenepvoly tov 2/¢ xon udvouue tov 1/[e(In2)] oe auth T Sovaun. O

[t o ddpoloua o (n) twv YTy SLonpeTtv ToU 1 €YOUIUE To EEAC ATA dve (PEdy oL
Ocwpnua 2.2.6 I'a xdle n € N wyve n aviodtnta

(2.2.22) o(n) <n(l+Inn).
Anodergn: I'pdgouue

n "1
(2.2.23) a(n):%k:;ESn;;,

XpnoulonowdvTac Ty Tapathpnon 6t o n/k Siatpéyel Toug VeTinolc donpéTes Tou n
6tav o k Statpéyel Toug JeTinols SLonpETES TOU N.
Ouwg,

n 2 n n
1 dt dt dt
2.2.24 E -<1+ -+t — =1+ —=1+1nn.
( ) =5 1t /n—lt /1 t

Apa, o(n) < n(l+Inn). O
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2.3 H ouvdptnor tou Mobius

H cuvdptnon p: N — Z tou Mobius opileton and tnv

0 , v 0 n Slonpeitor Ue xdmolo TéAelo teTpdywvo m? > 1

p(n) =
(=1)*™ oy =pips.. - Pu(n) OTOL P; BLAXEXPLUEVOL TWTOL.

Mopatnefote 6L oty nepintwon n = 1 éyouue v(1) = 0, ondte p(l) = (1) = 1.
Eniong, ané tov tpémo optouol g p éyouvue p(n) = 0 av xou uévo av undpyet TeWTog
p tétoloc wote p? | n. ‘Evac guowdc aprdude n héyetor eNeddepog TETRAY VWY AV
dev LTdpPYEL TEMTOS TOL TO TETPAYWVO Tou va Sanpel Tov n. Me auty| Tnv oporoyia,
o n elvor eAéudepog TETPaAY VWY av xou u6vo av p(n) = £1.

[ va xaravorioet xavelc to xlvnteo yia Tov oploud tne cuvdetnone Tou Mobius,
TpémeL var wekethoet Baditepa T ouvdptnon {fita tou Riemann (BAéne §1.5). H ou-
véptnom p(n) oplleton étol wote, ue tn Bordeld tng, Vo «aVTLOTPEPETALY 1) CUVPTNON
Ot o ouyxexpuuéva, Tehelws TuTixd, oy Vel 1 TauToTHTA

(2.3.1) (i ni) . (g:l ) —1

i Z p(k)

n=1{k,m:km=n}

p(n)
nS
yioe x&de s. Ipdyupart,

22) %)

m=1 k=1

I
N
N
=
=
3

ondte 1 (2.3.1) woyler av delfouvue ot

1 ,avn=1,
Zu(k)Z{

kn 0 ,avn>1.

Y ouvéyeta Yo del€ouue tig Baoxés WLétnteg e ouvdptnong tou Mébius (avd-
HECS TOUC Xo AUTH TNV TAUTHTNTAL).

IMpdétaom 2.3.1 H ovvdptnon tov Mébius elvar molardaotaotikr).

Ano6dedn: 'Eow m,n € N ue (m,n) = 1. Av xdnotoc and tougc m xow n Sev
elvow eheviepoc teTpaydvmy, TéTE To (Blo toyleL xat yior Tov mn, dpo p(mn) =0 =
u(m)pu(n).

Av ou m xou n elvar ehedlepoL TETRAYDOVWY, TOTE OL SLUXEXPULEVOL TEMTOL TP
Yovtee Twv m xou n elvon Sapopetixol, yiatl (m,n) = 1. Apa, o mn elvar eniong
ehevdepoc teTporyOVWLY o v(mn) = v(m) + v(n). Ereton 6t

(23.2)  plmn) = (~1)(™ = (=100 = (1) 1) = (m)u(n).
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e xde meplntwon, (m,n) =1 = p(mn) = p(m)wu(n). ‘Apa, n 1 elvar ToAaT -
CLIGTLXY| GLVEETNOT,. o

H enduevn mpdtaom anodewxvier T Baolxy| TaUTOTHTA TOU LXAVOTOLEL 1) CUVAETNOT L.

Ilpotaoy 2.3.2 I'a kdde n € N éyovpe

1 ,arn=1,
Zu(k)Z{

kn 0 ,arn>1.

AnodelEn: Oeswpolue TN cuvdptnom

(23.3) g(n) = 3" k).

k|n

Ago0 1 p elvon tohhamhactaotixd, To Gewenua 2.1.1 Seiyver 6t 1 g elvar toAhamha-
otaotxf]. Av p elvon évag mpdtog apiude, téte Yo xdde k > 1 éyouvue

(23.4) g(") = p(1) + p(p) + p(P*) + -+ p(P*) =1+ (=1) + 0+ - +0=0.

[Av k£ = 1 éyouue ubvo toug 3o mpwTtoug dpous oto ddpooua]. Agod n g elvan

roMomhaoLaet, av n = pipk? - pr elvor évac puoxbe ueyakhtepoc 1 isoc Tou
2, téte

(2:3.5) g(n) = gp1")g@s*) -+ g(P*") = 0.

Téhog, g(1) = p(1) = 1. m|

Xpnowonowdvtog ) Boow tavtétnta e Hpdtaone 2.3.2 unopolue vo anodetovue
Tov TUTO AvTLeTEOPYS Tou Mobius.

Oedpnua 2.3.1 (O toroc aviiotpoprc Tov Mébius). Eotw f: N — C a apid-
unukn ovvdptnon. Opilovue g : N — C e

(2:3.6) g(n) = 3 f(k).
k|n
Tdre,
(2.3.7) fn) =Y nkyg (7) = (%) 9th)
k|n k|n

yia kd0e n € N.
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Anodedn: I'odgpouue

Soubg (7)) = Y wk) (Zf(d)>= S ulk)f(d)

k|n k|n d| % {k,d:kd|n}

= Y f(d) (Z u(k)>
dn

k| g
= f(n),
yiatl, and v Hpdtaocy 2.3.2, €yovue Zk|g (k) = 0 extéc av d = n ondte To
didpotoua awtd woltar pe 1. H debtepn wobdtnta elvan govept|: apxel va napatnenoete
6t o n/k Swatpéyel Toug Slonpéteg Tou N btay o k Slatpéyel Toug Stanpéteg Tou n. O

IoyGet xan To avtiotpogo:

Ocwpnua 2.3.2 Eow g : N = C a apifunuixr ovvdptnon. Av yia tyr f : N —
C woxver

(2.3.8) fm) =Y u(3) 9
k|n
ya kdle n € N, tére
(2:39) g(n) = 3" (b)
k|n
yia kdOen € N.

Anodedn: I'odgpouue

> k) = Zf(%)zZ(Zu(%)g(d))

k|n k|n kln \d|%

= S (S () - S (S0
dn dn

klG klG
= g(n),
yenotuomoldvtag ndAL Ty Ilpdtaon 2.3.2. |

"Aueco ndptoua Tou TOTOL avToTEoPRc Tou MEbius elvor To avtioTpopo Tou Oewpr-
potog 2.1.1.

Iépropa 2.3.1 Eoww f : N = C ua aprunuxn ovvdptnon. Trobérovue dt n
owvvdptnon g : N = C rnov opiletar ané tny

(2:3.10) o) = 3" F(K)
k|n

etvar toAarmdacaonikr). Tére, n f elvar moAdanAaoiaotikn.
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Amnddeln: And tov tOno avuotporc tou Mobius,
n
(2.3.11) ) =Y ukyg (7)-
k|n

‘Eotww m,n € N ue (m,n) = 1. Ilapatnpodue 6t 6tav ol ki, ks Statpéyouv toug Ve-
o0 dlotpéteg Twv m,n avtlotolya, Tote 0 ki ks dtatpéyetl toug Yetixole Slanpéteg
twov mn. Eniong, (k1,k2) = 1 xou (m/k1,n/ks) = 1, apol (m,n) = 1. Xpnowo-
TOLWOVTOC XL TO YEYOVOC OTL OL [1, g Evol TOMATAACLAOTIXES, YPAPOLUE

fmm) =3 kg (57)

k|mn

=y (2

kl \m kz‘n

SO k) u(ks)g <kﬂl> g (/%)

kl \m kz‘n

> ulkr)g (%) D wka)g (%)

k1lm ka|n
= f(m)f(n),

dpa m f elvor mOAAATAAGLAGTLXY. o

IMopathpnon ndve otny ddeoron: Ltic tponyoldUueves anodel€elc YeeldoTnxe vo
ahhGEovue TN oelpd g dpotong Yo adpolouata TS LopeRc

(2.3.12) S O>Ak,a),

kln d|2

6mov A wa cuvdptnon opouévn oto N x N. T var utohoyioovue to mopandve
ddpotoua, mpdta adpoilovue tic Twwéc e A(k,-) mdvw and dhoug toug Yetxolc
Stonpétec touv n/k, 6mov k otadeponomuévoc Yetinde danpétne touv n. To mpdto
aut6 ddpotopa e€aptdtan and o k, xou xatémy adpollovue mhvw amd Ghoug Toug
Yetixolc Sonpétes tou n. Iloapatnprote 6t av d | (n/k) tote o d elvar Swoupétng
Tou n. Av hownév d | n, oto napandvew ddpoloua cuuuetéyouy ot twée A(k, d) tou
avTioTolyoly oTouc puolxolc k yior toug onotouc k | n xaw d | (n/k). Avtol elvan
axpBe oL guowxol k mou ixavorowoy Ty k | (n/d) (yiatl;). Oo xatahhZovue hotndy
070 (8l axp e anotéAeoua av uToloyloouvue To

(2.3.13) SN Ak, d).
dn k|3
H woétnta

(2.3.14) SN Ak, d) =Y Ak, d)

kln d|2 din k|2
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xenotuonotidnxe apxetés Qopéc oe ot TNy Tapdypapo (BAéne Tic anodelfelc Twy
Ocwpnudtov 2.3.1 xat 2.3.2).

2.4 H ouvdgtnor tou Euler

H ouvdptnon ¢ : N = N opiletan we e€ric: yio xdde n € N 9étouvue ¢(n) to nhdog
wwv x € {1,...,n} v toug omoloug (z,n) = 1. H ¢ Aéyetor cuvdptnon Tou
Euler. To yeyovéc 6t 1 ¢ elvar molhamhaolaotixy] cuvdptnon elvon cUVETELA TN
EMOUEVNG TTORATHRTONG.

Oceopnua 2.4.1 Ia kde guoké apiud n 1wyvel n tavtéTnta

(2.4.1) > o(k) =n.

k|n
Anodergn: I xdde Jetind dwonpétn k Tou n Yewpolue o GUVOLO
(2.4.2) B ={z:1<z<nxu(z,n)=k}.

Ta cOvoha By, elvan Eéva xon 1 évwaot) toug elvan to {1,...,n}. Av hoindy cuufBohi-
oouue e |A| to TAflog twv otouyelwy evég tenepacuévou cuvdlou A, tte

(2.4.3) > B =n.

k|n
[ xdde Yetind dranpétn k tou n Yewpolue tpa T0 chvolo
(2.4.4) Cr={y:1<y<n/kxu (y,n/k)=1}.

Mapatnpotyue 6t & € By av xat uévo av z/k € Ci. Ilpdyuat, av & € By téte
z < nxo (z,n) =k, dpa x/k € N, z/k < n/k, xu (z/k,n/k) = (z,n)/k = 1.
Avtiotpoga, av y € C, t61€ ky < n xou (ky,n) = (ky, k(n/k)) = k(y,n/k) = k,
dnhadf ky € By. Enouévwe, n anewéwion g : By — Cy ue gi(x) = z/k elvor éva
mpog éva xou enl. A tov oplopd tou O €neton 6T

(2.4.5) Bil =10 = ¢ ()

v x&de k. Emotpépovtac otny (2.4.3) nadpvoupe

(2:4.6) S0tk =Y (7)) =D 1= Y 1Bl =n,

k|n k|n k|n k|n

ToL oy To {NTOVUEVO. O

IIopropa 2.4.1 H ouvdptnon ¢ elvar moddanAaoiaotikn.
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Anéden: H ouvdptnon I(n) = n elvor TOAATAAOLAGTIXY), OTOTE TO CUUTEPOGUSL
éneton dueca and 1o Osdpnua 2.4.1 xou to [épioua 2.3.1. O

IMépropa 2.4.2 Ta kdOe puoiké apridud n wyvel n tavtéTnta

(2.4.7) d(n) = Z,u(k)% =n) @

k|n k|n

Arnédeldn: Aueor ouvénela Tou TOTOL AVTLOTEOYHC Tou Mdbius (Oedpnua 2.3.1).
a

Agob 1 ouvdptnon ¢ elvar TOMATAAGLACTUXY, UTOPOUUE VO SOCOUUE «TUTO» YLl
™Y P(n) CUVOPTACEL TNS XAVOVIXTC AVATAPAOTAONS TOU M.

Ochdpnua 2.4.2 Eotw n > 2 pe kavonikl) avarapdotacn v n = piiphz ... pkr.

Tdre,

(2.4.8) d(n)=n H (1 - i) 17w -v.

pi) i

Anddeign: H deltepn todtnta yivetow @avepr] av YRSPOUUE TOV 1 GTNY XAVOVLXY) TOU
.k
MopgT pr* - Py

(2.4.9) 1j1p§j : f[ <1 - i) = ﬁpff <1 - i) T P (py - ).

Jj=1 Pj j=1 Pj Jj=1

[ v mpddtn Yo yenoruonoticouvue to Hépioua 2.4.2 xou o yeyovde 6Tl 0 ¢ elvon
noAamAdcloo TN, Av p elvan évac tpotoc aptdude xou k > 1, tdte

(2.4.10) d(p*) =" @ =p" (ﬁ + %) =p* <1 - 1) :

d|p* 1 p

yiott (1) = 1, pu(p) = =1 xow pu(p®) = 0av s > 2. 'Enetan briavn = phiphz ... phr >
2, téte
,

(2.4.11)  ¢(n) = [[ »}’ (1—]3%) = ﬁlp?j‘ﬁl@_plj) :",ﬁl <1_pij>'

j=1
H televtaia todtnor ohoxhnpdvel tny amddelln. O

Téhog, Sivouue xdmoteg extiunfoets yioo v ¢(n). Iapatneriote bt ¢(n) <n —1
yiaxdde n > 2, ue .odtnTa oy o n elvon Tpcdtog. Autd elvar Aotndy 0 xaNITERO YEVLXS
dve Qedyua Tou UmopoluE va dwoovue. Mtnyv avtidetn xatedduvor, nopatneodue
OTL amd TOV 0pLoUd TWV CUVOPTACEWY @ XaL 0, AUTO Tou TEpLUEVEL avelc elvar &TL 1|
Twh @(n) o elvar UeYEAN oE oyéon UE To i oy 0 1 ExEL «Alyoucy Sonpétes, Snhadt
av 1o ddpoloua o(n) TV SLLEETOY Tou n elvol «Uixpdy o oyéon ue 0 n. To
enduevo Yedpnua Selyvel 6Tt oL 300 GUVIPTAGELS KLGOPPOTIOLYY UE UEY AN oxpBeta:
10 Ywouevo ¢(n)o(n) etvon tévta «mepinov (oo» ue n?.
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Ocwpnua 2.4.3 I'a kdle puoiké aptdud n wydovy o1 aviodenres

¢(n)o(n)

<1.
n? -

1
(2.4.12) S <

2
Arédeldn: Etny neplntwon n = 1 elvar ¢(n) = o(n) = 1, ondte éyovue oot
ot0 3e€L6 péhoc. Tnodétovue Aotmdy 6Tt > 2 xou VEWPOVUE TNV XAVOVLXY] ovoumo-
odotaon n = plpks .. pkr Tére,

r p/f!j+1 1

241 = S
(24.13) o) = [ —

j=1
Xt

T k-1
(2.4.14) o) =[] p;" (i 1),

j=1
dipot
Tk k T2k 1
k;—1 e +1 _ 2k;
(2.4.15) ompm) =[] ry "7 —1) =[] r; <1 - k—+1> ’
=1 j=1 pj
dnhadn
- 1
(2.4.16) a(n)¢(n) =n’ ] (1 - k—H> :
j=1 Dj

To ywouevo oto de€id uélog elvar Tpogavie Uxpdtepo 1 (oo and 1, dpa
(2.4.17) améln)

n

T v aplotept) aviodtnTa 1oV YewpHUATOS, TUPATNEOUUE OTL

- 1 - 1 = 1
11 (1—W> > H(l——2> > 1 <1_W>
j=1 b; j=1 p m=2
T m+l yym-1_n+l 1 n+l 1
— H . H — il > -,
m m 2 n 2n 2
m=2 m=2
an’ 6mou mpoxinteL 1y o (n)g(n)/n® > 1/2. O

Ye ouvduaoud ue 1o dve pedyua o(n) < n(l + Inn) tov Oewphuatos 2.2.6, nalp-
VOUUE oUESLS €VOL XATw QEEyUa YLl TNV ¢(n).

IMépropa 2.4.3 Ia kdle n € N woyver n aviodtnta
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Anddern: And 1o Oetdpnua 2.4.3 xou 10 Oedpnua 2.2.6 Eyouue
1 < o(n)p(n) < d(n)n(l1+1lnn)

2 n? - n?

(2.4.19)

yia xdde n € N,

2.5 Aoxvoeg

1. AciEte 6t

Hk = nd)/2,

kln
2. Acel&te 61t 0 d(n) elvon meptttodg oy xon U6Vo av o n elvar TEAEL0 TETPAYWVO.
3. Aciéte 6T

Y dk)® = | D d(k)

k|n k|n
. Acei&te 6t d(n) < d(2™ — 1) yio xdde Quoxd n.
. Trodétouue 6Tt 0 n elvon oOvdetoc. Aclte 6t o(n) > n + /n.

. Acef&te 6TL 0 ubvog eAellepog TETPAYWOVWY TENELOG PUOLXOS apLdude elvon o 6.

o oUW

‘Eotw n évac téhetog aprdude. Aeléte 6Tt

1
ZE:Z

k|n

8. Ectw 61t undpy el xdmoLog neptttd TERELoC Quotnds n. Ael&te 6TL 0 n EyEL TOLURG-
YLoTOV 300 TPHOTOUC TUPEYOVTES Ol OTL AXELBWS EVAC od TOUC TEMTOUS TPy OVTES

TOU N EYEL TEPLTTO EXVETY OTNY XAVOVLXY| AVATOPAOTAGY] TOU N.

9. 'Eow a € N ehediepog tetpay®dvwy Ue dptio mhloc mpodtwy mapayoviwy: On-
AadY), @ = pipa -+ - Pg, OTOL D; SLAEXPUUEVOL TEAOTOL Xat k dpTioc. Bewpolue 6houc

Toug YeTixolg dronpétec k Tou a mou elvor pixpdTepoL amd v/a. Aellte 4t

Z w(k) =0.
k

10. Aet&te 6t nouvdptnon f(n) = (—=1)" ! elvor todhamhactaoTins xot uTtohoyioTe

10 ddpoloua

h(m) = 3 (-1 (3)
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yia x&de n € N.
11. Aci&te 6T

>t (2) =n

k|n
yia x&de n € N.
12. Aci&te 6T

IR

(k,n)=1
yia x&de n € N.

13. Eow n € N ye v Bwdmra é(n) | n. Aetfte 67 n = 223° yia xdnolouc
a,beZt.

14. Trodétouvue 6L p < po < --- < pn elvon dhot oL pedToL aptduol. Aceigte ot
d(p1p2---pN) = 1 xon xotahigte oe drono (€tot, molpvete GAAN uta omddeLln yLo
™V amneplol Twv TE@TWY aptduoy).

15. Aci&te 6T

yioe x&e n € N.

16. Aei&te 61t o(n) + ¢(n) = nd(n) av xot uévo av o n elvar TEOTOC.
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Ynodellelg - anavifoetg

1. Otav o k Swatpéyer toug Yetinolc dapéteg tou n, t61e 0 n/k Slatpéyel xi aUTOS TOUG
Yetixole Stanpétec Tou n. Apa,

2

[15) =TT =TTn =

kln kn kn kn

apol to TARdoc Twv Yetndy Sonpetdv Tou 1 woltan ue d(n). ‘Eneton ot

1/2
[Ix= (nd(n>> — pdm)/2

kln

2. Avn =1, t6te d(n) = 1 xou 10 {nrodpevo wyder: o 1 elvan téhelo TETREAYWVO XL 0
d(1) neprrtéc. Trodérouue houndy bt n > 2 xou bt n = phiph? .. phr eivan 1 wavovuxs

avanapdotoon tou n. Tote,
d(n) = (kv + (k2 + 1) -+~ (ke + 1),

dpa o d(n) elvon TepLTtdc av xa L6vo av ot ot kj elvan dptiot (av xdmoloc kj elvan teptttoe
t61¢ 0 d(n) Sionpeltan ue Tov dptio kj + 1, SnhadA elvan dptiog). And tnv dhhn Thevpd, dhoL
ot k; elvow dptiol av xan u6vo av o n elvar téheto tetpdywvo. [pdyuart, av k; = 2s; tote

n=m? émov m = p1p52 - pir. To avtioTpogo ehéyyetaL evieAds avdhoya.

3. Optlouvue tic aptduntixéc cuVUPTHoELS

A(n) =Y _d(k)® xou B(n) = d(k).

kln kn

Acgiyvouue npdta 61l o A xou B elvon tohhamhaoctactxés: av (m,n) =1, té6te yior = 1,3
€YovuEe

> d(k) S dlkaks)" =Y d(ki) d(ks)"

klmn k1|m ko|n ki|m ka|n
= [ D dk)" ) | D dka)" |,
ki|m k2|n

6TOL YENOLLOTOLACAUE TO OTL N d Elvall TOAAATAAGLAGTLX oL TO OTL 6Tay ot ki, k2 Stortpé-
¥0LY Toug VeTixols Stonpéteg TwV m,n avtiotowya, ToTe o kiks Statpéyel toug Vetnola
dionpéteg Tov mn, xou (ki,k2) =1 agod (m,n) = 1.

Aol 1 B eivor mnolamhactactixd, o (8o oyler xou yio Ty B2, Apxel hownédv va
eréyEouyue 6t A(p*) = B*(p*). Eyouue:

APY) =d)? +dp)® + - +dp")P =1+ 2+ + (kK +1)®

o
2

B(p") = (d(1) +d(p) + - +dp")) = (1+2+ -+ (k+1)).
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Ouwce,

1)° 2)”
13+23+---+(k+1)3:w:(1+2+---+(k+1))2,

1o onolo amodewxviet to {nroduevo.

4. 'Ectw A 10 60voho 1wV Yetxdy SLatpetdv tou 1 xat B 10 6Ovolo twv Yetixdy Slopetdy
Tou 2" — 1. Opilovyue pLa anewxévion g : A — B ue g(k) = 2" —1. H g elvar xohd opLopévn:
av k| n téte (28 —1) | (2™ — 1). H g eivor mpopavds éva mpog éva, dpa 10 A éyel 10 TOAD
t6oa otouyela 6oa €xel 1o B. Me dhha Aoy, d(n) < d(2™ —1).

5. O n elvar oOvdetog, dpa vmdpyovy m > s > 1 ttolol dote n = ms. Eulduxdtepa,
n < m? Srhadh m > /n. Enetow 6t

on)>n+m+1>n+vn+1>n+n.

6. TYTrodétouue 6TL 0 m = p1 - pr elvon TéNELOG, 6TOL p1 < -+ < pr (ToOpaTNEOTE OTL
r > 2: évag tpitog apudude dev uropel va elvon éhelog). Aol o n elvon téheLog, Exovue
o(n) = 2n dnhady
(pr+1)---(pr +1) =2p1-p;.
Aelyvouue mpdta 61t p1 = 2. Av oy, t61€ 10 aplotepd uéloc donpeltar ue 4 (yiotl x&de
pi + 1 elvon dptiog xon r > 2) evd 1 weyohltepn SOvaun tou 2 mouv dtoupel to 8edLd uéhog
elvar 0 2 (10 YwoPEVO p1 - - - pr elvon TEPLTTOC aptdds). Autd odnyel oe dtoro.
Aol p1 = 2, éyovue

3(p2+1)---(pr +1) =4p2-- - py.

Aol 3 | 4p2 - - pr, undpyet 2 < i < 1 téToL0C ote 3 | ps, To onolo unopel va cupPel ubvo
av p; = 3 (0 p; elvar TpwTOC). Apar, p2 = 3.

Av vmhpye . dhhoc mpdtoc dloupétng, m.Y. O p3, Tov n t6te Va elyoue (p3 + 1) |
dps - - - pr, ondte (p3 + 1) | 4 to onolo anoxheleton vyt ps +1>5+1=6%(ps+1) | p:
yio xdmotov ¢ > 3 1o onolo anoxheletal yatl o p3 + 1 elvon dptiog eved Ghot ot pi, © > 3
nepLtTol.

Apa, 0 n mpénel va €xel u6vo 0o TpWToLS dlatpéTes, TOLS P1 = 2 xat p2 = 3. Edxola
ENEYYOLUE OTL 0 m = 2 -3 = 6 elvon Téhewog, dpa auTdS elvar o Lovadixdg eleliepog
TETPAYDOVOY TENELOG APLIUOC.

7. Apol o n elvar téhelog, €yovue
o(n) = Z k=2n.
kln
Ouwce,
n 1

Sr=yroayl

kln k|n k|n
And Tic 300 mponyolueves oyéoels BAémovue 6L

1

kn
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8. 'BEotw n = pft - pfr téheiog aprdude, bmov p1 < --- < pr nepLttol TpdToL. Actyvouus
mpdTa bt > 2. Av frav n = p¥| brov p > 3, Da elyopue

pk+1 -1

o1 = 2",

o(n) =2n =

an’ émou Vu nadpvaye pFtt = 2pF — 1. Autéd buwc elvan dromo, apol
PP >3k > 2pF — 1.

O n éyeL howndy touhdytotov dVo (nepLttolc) Tpdtouc Satpétec. Aol o n elvar téleloc,
€YovuEe
(Lbprt o pi) (L pe 4+ p7) =207y

IMapatnpodue 6tL av o k; elvon teptttoc tote o 3 =1+ p; + - —+—pf" elva dptiog, eved av
o k; elvon dptiog T6TE 0 5; elvon mepLttoc (o0 s; elvon ddpotoua ki + 1 mepttTdV aprdudv).
Apa, T0 aplotepd pENoc Stanpelton pe 2% av x and toug ki elvan mepLttol, xou elvon mepLtttdg
aptduds av 6hot oL k; elvon dptiot. Aol to delld uéhoc elvar g LopPRC 2 X m UE TOV
m TepLTto, avayxoaotxd éxovue z = 1 (yatl;). Anhadd, axpBds évag and toug p; el
TEPLTTé eXVETN OTNY XAVOVLXY) AVATUPACTACY) TOU N.

9. Topatnpodue ot yia xdde Jetind Sionpétn d tou a woyde pu(d) = pla/d). Hedyuati: o
d elvon TG LOPYAC Piy - - - Pi, xoL 0 a/k Tng LopYhc pj, - - - Pj,. 6mou s+ 1 = k dnhady dptiog
aprdude (xdmotol and Toug TpWToug dtanpéteg Tou a oynuatilouv Tov d xou oL udlolTol

tov a/d). Tére,
u(d) = (1) = (=1)*/(=1)" = 1/p(a/d),

dhadh o u(d) xou p(a/d) etvor oudonuor. Agol u(d),pu(a/d) = £1, éreton 6T pu(d) =
u(a/d).

©étovue A ={d | a:d < +a} xu B={u]|a:u> a}. O a dev elvo téheto
TETPdYWVO, dpa To A U B elvaw 10 60voho SAwv twy JeTdy Slotpetdv Tou a. Emniéov,
B ={a/d:d e A} ywtl av d elvow évac Yetinde Sronpétng Tou a ixpdtepoc and /a, téte
o a/d elvor Yetixde Bonpétne Tou a ueyahlTEPOS amd /a ol avTloTPdPLC.

Ané tny Hpbraon 2.3.2 €éyovue

> u(d) =0,

dla
ouwe
Dould) = pld) + Y pd) =2 p(d).
dla deA deB deA
Apa,
> ud) =0.
{dla:d</a}

10. Eoctw m,n € N ue (m,n) = 1. ©élovue va detouue 4t
(_1)mn71 — (_1)m71(_1)n71

dMadh étt o mn—m—n+1=(m—1)(n—1) elvor dptog. Autd dev Yo unopoloe va
toy el uévo av oL m,n Hray xo oL 300 deTioL, o onolo anoxheleton ool vrnodéooue Ot
(m,n) = 1. Apa, n f(n) = (=1)" ! elvar toMamhactacTLn.
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H ocuvdptnon
_ k-l (T n
h(n) = ;( D" () ;f(k)u (%)
elvar modhamhaotaotiny (yuatl ou f, p elvor TOMNATAAGLAGTIXES, EXOULUE YENOULOTOLACEL
spxetéc popéc auth to emyelpnua). Yrohoyilovue mpdta Ty A h(p®), énou p mpdrog
xou k > 1. 'Exouvue

_ _ k—1_ k_
hp") = p@") + D7)+ CDT T ) + (=17 T e()
-1 k k—1 k
= ()" TEDHEDT T =D )P
‘Ouwe av o p elvor tepLttéc npdtog téte 0 pF ! elvan mepittéc xow o p* — 1 elvan dptiog,
evh av p = 2 éyouvue 1o aviideto. Xe xdde meplntwon, h(p*) = 0. Agod n h eivon
roMamhdotaoTed, Yo xdde n > 2 éyouvue h(n) = 0. Téhog, h(1) = (—=1)°u(1) = 1.

11. Eyouue o(n) = 32y, I(k), 6nov I(k) = k. Ané tov t0no avriotpogric Tou Mobius

nalpvouue
n=1I(n)= Zu(k)a (%) .

k|n

12. Tapotnpotue 6t av 1 <k < n téte (k,n) =1 av xow uévo av (n — k,n) = 1. Apa,

3
3

"Eneton 6t

13. Oa unodéoouue 6TL N = 2“3”1033 —opFr6mou a,b > 0 xan ki > 0, elvan N XUVOVLXT
avamapdoTtacy Tou n, xo Yo xatahhEovue oe dtono. Av a,b > 0, éyouue

$(n) =2"7"3""1 2. p5* (s — 1) pr T (pr — 1),
xow and TNy unédeon,
2°3" (ps —1) - (pr — 1) | 2°8"p3 -y

Ouwe, n ueyarbtepn d0vaun tou 2 mou dionpel to 8e&ld uéhog elvar 2% eved to aplotepd
uéhog donpeitar pe 2T agot oL ps — 1,...,pr — 1 elvon dotior (eEnyhoTe).
"Ectw 6TL n = 2“p§3 —opfr bmoua >0, pi > 5 xon ki > 0. ‘Onwe ey, Talpvovue

2 'ps— 1) (pr —1) [ 2°p3 -+ pr => (ps — 1) -~ (pr — 1) | 2p3 - pr.

Ouwc t6t€ (p3—1) | 2p2 - - - pr, 10 onolo etvon drono yratl Yo elyaue (p3—1) | 2% (p3—1) | p;
yia xdmotov j, dromo agol o p3 — 1 elvon dptiog xan Ueyahltepog B (oog Tou 4.

Me avdhoyo tpOTO XATAANAYOLUE OE QTOTO OV LTOVECOLUE OTL N = 3t’p'§3 —plrbrou
b>0,pi >5xuk; >0ﬁn=p§3---p’f”,énoupi > 5 xou k; > 0.
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14. Eotww 1 < x < p1p2...pn. Toéte, 0 x €xel touhdytotov évay mpdto Stonpétn, o omolog
elvaw xdmotog and toug pi, ¢ = 1,..., N (éyouue unodéoet bt autol elvon dhot ot Tpdtol).
Apa, (z,pip2...pN) > 1. Encton 610

d(pip2...py) =1

(amb 6hovg touc 1 <z < p1p2 ... PN, LOVO 0 1 elvor oxETXE TEWTOC TPOS TOV PiP2 ... PN ).
And v &N mhevpd, N ¢ elvon tolhamhaotaotixy, deo

d(p1p2 - ..pNn) = o(p1)p(p2) ... d(pN) > ¢(2)p(3) =1-2 =2

(ou mp®TOL 800 amd TOug P, ..., pN elvan ou p1 = 2 xou p2 = 3!).
KataliEoue oe dromno, dpa undpyouy dmetpot mpddTtot aprduol.

15. XpnouwlomoldvTag To YEYOVOS OTL oL ¢, 0 xou d elva TOMATAACLACTIXES CUVAPTNOELS,
ehéyyouue 6Tt ou nd(n) xou h(n) = Zk|n o(k)p () etvor TOMATAACLACTINES CUVAPTATELS.
Apxel howndv va ehéyZouue 6tL h(p”) = p"d(p"). 'Exovue

hp*) = o(Wp(@) +o@e(® )+ + @ bP) + o )b(1)
= 1p" - D+ @+pp" P -D+ o+ Qtpto 0" - 1)
+(1+p+---+p")
e A B (A e R R Y O e AR
(r+1Dp" =p"d@p").

16. Av o n elvan npdtog, 16t€ o(n) =n+1, ¢(n) =n — 1 xou d(n) = 2. Apa,
o(n) +¢(n) =n+14+n—1=2n=nd(n).

Avtiotpoga, av unodécovue 61l o(n)+¢(n) = nd(n), and Ty tponyodUEeYY doxnoT ExoLUE
n
o(n) +9(n) = o(m)p(L) + o(Dp(n) = Yo (k) (%)

k|n

And vy tedhevtala wodtnta yivetar oavepd 6Tl to ddpoloua oto de&Ld uéhog anoteheltan
©6vo and touc 8o bpouc ou eugavilovtar 6o aptotepd LENog (aAhde, To delld péhog Yo
fitay YvAola ueyohltepo). Ouwe autd onualvel 6Tt o 1 éyel wévo d0o Jetixolg Sanpérec:
tov 1 xat tov n. Anhady, o n elvar tpdToc.



74



Ke:cpo’c)\ou.o 3

lootiuieg

3.1 Ewcaywyy

‘Eotww m € N. Av a,b € Z, Ya Mue 6t 0 a elvar 10dtipog () 1006Uvajios 1 wwoindor-
mog) UE Tov b we mpog m xa Yo ypdwouue a = b (mod m) av m | (a — b).

ITAPAAEITMA: Oétouue m = 7. EXéyEte 6t

3=24 (mod7), —31=11(mod 7), —15= —64 (mod 7).
H wotwia (mod m) elvar oyéon tooduvauloc, dnwe delyvet n enduevn amh Mpdtaon.

IIgdétaoy 3.1.1 Eow m € N kat éoww a,b,c € Z. Tdre,
(1) a = a (mod m).
(2) Ay a = b (mod m), téte b = a (mod m).

(3) Av a = b (mod m) ka1 b = ¢ (mod m), tére a = ¢ (mod m). |

Ouundeite 61t av m € N xan a € Z, t61€ undpyouv uovadwol ¢,r € Z tétolol
wotea=mg+7rxn0<r <m. Arnd tov oploud nou dwooue, oL a xat r etvor
lob6ToL wg mpog m. Aéue 6tL o 7 elvan 10 eddytoTo unddoino Tov 6 w§ TPO§ M AL
OTL 0 a avijkel oty KAdon Tov T ws mpos m (0 a avhxer oty xh\don r (mod m)).
Trdpyouv hotndy m xA\doeic mod m, ot r (mod m), r =0,1,...,m — 1.

IIpétaon 3.1.2 Eoww m € N kai éotw a,b € Z. Tére, a = b (mod m) av kat udvo
av ot a kat b avijkovr oTnv (dia kKAdon vrololnwy ws Tpog m.

Amnéderdn: YTrodétouvue mowta 6t a = b (mod m) xou 6Tt 0 a avixel oty xhdon
r (mod m) y xdmotov 0 < r < m. Autd onuaivet 6Tt @ = mq + T YL xdROLOV

q € Z. And v & mhevpd, ool a = b (mod m), éyovue m | (@ — b) dnhady
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urdpyeL s € Z tétolog wote b = a+ ms. ‘Enetw 61 b = a + ms = m(qg+s) +r,
dnhadh 0 b avixel xt autde oty xhdon r (mod m).

Avtiotpoga, av unodécovue dtL oL a xau b avixovy oty Bta ¥Adon r (mod m),
161 LUTdPYOLY ¢, € Z TEToL KOOTE @ = mq + r xoat b = ms + r. ‘Ouwsg TotE,
a—b=m(qg—s) dhadfm | (a—b). Apa, a = b (mod m). O

Me &\ Moyia, xdde guoxds m opllel war oyéon woduvauiag cto Z, Tty
a~b<= a=>b(mod m), oo de x\doeic tooduvaulog elvar axplBdc oL xAdoELC
r (mod m) mou anotelolvton and GAoUC Toug axepalous ToL 1 dlalpeoT) Toug UE M
apnhver uméhotto , oo =0,1,...,m — 1.

Ou endueveg d0o Ilpotdoelg divouv Baoixéc WBLOTNTES TWV LGOTULOY, TIC OTolEg
Yol YeNOLUOTOLOUUE GUY VAL G GUVEYELAL.

Ilpétaom 3.1.3 Eotw m € N kat é0tw a1,as,b1,bs € Z. Av a; = by (mod m) ka
as = be (mod m), tdre

(o) a1 + a2 = by + b2 (mod m).
(B) araz = biby (mod m).
(v) a¥ = b¥ (mod m) yra kdOe k € N.

Anédedn: (o) And my unddeon éxyovue m | (ap — b1) xou m | (az — ba), dpa
m | (a1 — bl) + (02 — bg) AY])\O(BT'], m | [(a1 + ag) — (b1 + bg)]

(B) 'Exouue araz — bibs = (a1 — b1)az + bi(az — b2). Av hownév m | (a3 — by) xon
m | (02 - bg), t6tem | ((11@2 - blbg).

(v) Hpoximter ebxolo and 1o (B) ue enaywyT. O

IIpétaom 3.1.4 Eoww m € N kat a,b,c € Z pe c # 0.
(o) Av ac = be (mod m), tdre a = b (mod m/(c,m)).

(B) Av ac = be (mod m) ka1 (¢,m) =1, tére a = b (mod m).

Anédel&n: () Eotw d = (¢,m). Eyovue m | c(a —b), dpo % | 5 - (a —b). Ouwe
|

|
) = < = 1. Ané to Afupa 1.6.2 cuunepaivouye 6t 2

(m,€) = (m,c) a—b. Anhady,
a = b (mod m/(e,m)).
(B) Apeon ouvéneta tou (o). O

3.2 XYuoTiuata UTOAOITWY XAl TO WULXEO VEWPNU
Tou Fermat

Eotww m € N. To obvoho M = {0,1,...,m — 1} Myetor eAdyioto mAripes ovotnpa
vnodoinwy ws mpog m. O 6po¢ «mAfpeC cboTNUNY eEnyelton and T0 YEYOVOC 6Tl xde
axépanog a elva LooTiuog ue axpt3og éva otolyeio ou M we tpog m. Ilo yevixd, éva
ocbvolo S axepalwv mou €xeL m otolyela AéyeTal TANpeS ovoTnia vrodolnwy w§ mpog
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m av ya xdde axépoto a undpyet Lovadixd ¢ € S ue v Womta & = a (mod m).
T mapddetyua, o obvoho S = {2,4,6} elvar éva mAfpeg cbotnuo UTOAOITWY WS
Tpocg 3.

AskHzH. Eva cOvoho S axepaiwy elvar mhipeg cUoTNUA UTONOITWY WS TROS M oY
xot uévo av 1o S €yel m otoyelo xon ¢ Zy (mod m) av ¢ # y 610 S.

Ocwpolue 10 obvoro M* = {a € M : (a,m) = 1}. To M* éyer ¢(m) otol-
yeto. 'Eva olvolo T axepaiwy nou €xel ¢(m) otoyelo Aéyetor avnyuévo odotnua
urodoinwy ws mpog m av yior xde axépono a € M™* undpyel uovadixd © € T ue v
Wibtnta z = a (mod m). T topdderyua, to obvoho S = {1,15} elvon éva avnyuévo
obotnua utoholtwy we Tpog 4.

AskHzH. Eva cOvoho T axepaiwy eivar avnyuévo cOotnua UTOAOITWY WS TOg 1M av
xo u6vo av 1o T €xel ¢p(m) otouyela oyeTnd TpwTa Tpog Tov m xor & Z y (mod m)
av & #y oto S.

Ilpétaon 3.2.1 Fotw m € N ka1 k € Z\{0} pe (k,m) =1. Tdre,

(o) Orar o x datpéyear éva TARpes ovotnua vrololtwy ws mpog m, o kx datpéyel ki
avtds éva TAnpes ovotnua vrodolnwy ws Tpos m.

(B) Ozav o x datpéxer éva avnyuévo obotnua vrodoinwy ws mpos m, o kx datpéyetl
KL autos €va avnypuéro oloTnua vrodoinwy w§ mpos m.

Anédedn: (o) Eotw S éva mifpec obotnua unoholnwy we tpoc m. Av z,y € S
xo kz = ky (mod m), téte 1 unddeon 6t (k,m) = 1 xou n Ipbtaon 3.1.4 Selyvouy
6t ¢ = y (mod m), dpa & = y. Autd delyver 6t 10 olvoho kS := {kx : x € S}
amotelelton and m axepatoug mou avd dVo dev elvon LooTWOL W PO M, dNAadY| TO
kS etvan éva mAipeg cUOTNUA UTONOITIWY WS TROC M.

(B) Eotww T éva avnyuévo cbotnua utoholnwy w¢ tpog m. ‘Onwg tplv, av &,y €
T xou kx = ky (mod m), téte nunddeon 6t (k,m) = 1 xon n Ipdraon 3.1.4 Selyvouy
6Tt x = y (mod m), dpa x = y. Autéd delyvel 6Tt 10 oVvoro kT = {kz : z € T}
anoteeltan and m axepatoug mou avd dVo Bev elvan WwdHTOL We Tpog m. Emmiéoy,
a6 v (k,m) = 1 éneton 6t (kz,m) = 1 vy x&¥e x € T, dnhadh ta otoyela
Tou kT elvon oyetixd npwta npog tov m. ‘Apa, to kT elvon éva avnyuévo cbotnua
vnololnwy we Tpog m. O

ITp6taon 3.2.2 Eow m,n € N pe (m,n) = 1. Tote,

(o) Orav o x datpéyel éva mAnpes ovoTnua vToAoltwy ws Tpos m Kat o y datpéyet
éva mAnpes ovoTnua vrololnwy ws Tpos n, 0 nx +my datpéyel éva TAnpes ovotnua
unodoimwy ws mpog mn.

(B) Orav o x datpéyer éva avnyuévo obotnua vrodolnwy ws mpos m kat o y Slatpéyet
éva avnyuévo odotnua vroloinwy wg mpog n, o nx + my Owatpéyel éva avnyuévo
ovotnua vroloinwy ws mpog mn.

Anoden: (o) Eow S1 = {z1,...,2m} éva TAfpec cbotnua uTOMOLTWY WS TPOC
m xat Sz = {y1,...,Yn} évo TApeC cOGTNUA UTONOITLY WE TIPS N AV nx; +my; =
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nx,+mys (mod mn), té6te nz; = nx, (mod m) (yioti;). Agod (m,n) = 1, éneton 61t
z; = 2, (mod m), dnhadn x; = x,. ‘Ouota BAénouvue 6Tt y; = ys. Autd anodetxviel
6t 10 oOvoho S = {nx +my : x € Sy,y € Sa} anotehelton and mn oxepaioug ot
omolot avd 300 dev elvar odTLUOL WS Tpog mn. Apa, To S elvon Eva TAfpes choTNU
UTIOAOLTIY WS TPOS M.

() Botw Ty = {z1,...,T4m)} éva avnypévo chotnua LTOAOLTKLY KS TPOC m
xou Ty = {Y1, .-, Yp(n)} €vo WNyUEVO GUGTHUA UTOMOITWY KOS Tog 1. ‘Owe mpw
BAémovue 6L av nx; + my; = nx, + mys (mod mn), téte T; = T, XU Y; = Ys.
Aut6 anodewviel 6t 1o olvoro T' = {nz + my : x € T,y € T} anotehelton and
p(m)p(n) = ¢(mn) axepaioug (n ¢ elvar Tolamhactaotixnd xot (m,n) = 1), oL onolot
avd d0o dev elvon odTIOL we Tpog mn. Emmhéov, av x € T1 xou y € T €youue

(nx + my,m) = (nz,m) = (x,m) =1
%o
(nz +my,n) = (my,n) = (y,n) =1

yiatt (m,n) = 1. Erlong, and tic dVo mponyolueves oyéoec xau ty (m,n) = 1
BAémovue 6t (nx + my,mn) = 1, dnhadr ta otouyela tov T’ elvor oyetixd mpdTa
npog tov mn. Apa, 10 S elvar éva TApeg GUGTNUN LTOAOITWY WS TEOC Mn. o

Egopuoyn tne Hpoétaong 3.2.1 elvon 10 Oewpnua Fermat-Euler.

Oehpnua 3.2.1 Eotw m € N kat a € Z\{0} térows dote (a,m) = 1. Tdre,

(3.2.1) a®™ =1 (mod m).
Anédel&n: Eoto T = {z1,...,Z4(m)} éva avnyévo ohotnua UTOAOITWY K TEOS
m. An6 tny Hpétoon 3.2.1 (8), T0 oOvoro al' = {axy,...,aT4(m)} slvon L auté éva

avnyévo cbotnua utololnwy ws tpog m. And tny Hpbtaon 3.1.3 (B), naipvouue
(3.2.2) Ty Tgmy = (ax1) - (aZg(m)) = a® My, ... Ty(m) (mod m).

Ouwe (zi,m) = 1yl xdde i = 1,...,¢(m), doa (71 Ty(m),m) = 1. Ané tny
(3.2.2) xou tnv Hpdraocn 3.1.4 (B) éneton to {nroduevo. O

Ewu neplntwor tou Oewpriuatog 3.2.1 elvar to «ulxpd Yedpnuo tou Fermaty.

Ocwpnua 3.2.2 FEotw p évag mpdtos aptduds kat éotw a € 7 TéToio§ doTe 0 p va
uny dwapel tov a. Tére, a?~! =1 (mod p).

ArnédetEn: Agol o p elvar mpdtog xon dev donpel tov a, €yovue (a,p) = 1 xou
#(p) = p — 1. To Yewpnua tpoxirTeL Aotndy dueca and to Yewpnua Fermat-Euler
UE m = p. O
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3.3 T'popuixég Lootiuleg

To yevixd mpdBAnua ue to omolo Yo acyohndolue o aUTAY XL TNV EROUEVY TopEd-
Yoo elvar to e€fc. Alvovtan évo TOAVGVLHO f 1 Z — 7 UE ax€paous GUVTEAECTES
xou évog QUoOS apLduoe m. Mag evdiagépel To TARYoC Twv Aoewy TNe LooTwulag
f(z) = 0 (mod m): ye awtd evvoolue 1o TAAYOS TwV cTolyElwY 2 EVOC TAPOUS
GUCTAUATOS LTOAOITWY W TPOS M Ta oTtolal LXavoToloUy Ty tootuula.

Auto elvar xou to evdiapépov epdtnua, Yot av  elvar €vag axépatog Tou Xavo-
notel v f(z) =0 (mod m) xou y = = (mod m), t6te f(y) =0 (mod m). Mpdyuatt,
av f(z) = cpzb + -+ 1z +¢o bm0L ¢; € Z xou ¢, # 0, and Ty y = & (mod m)
€youue

(3.3.1) y' = ' (mod m), dpa ¢y’ = iz’ (mod m)
vy x&de i =0,1,...,k xou tpocdétovac T tootiule talpvouue
(3.3.2) f(y) = f(z) =0 (mod m).

Moic evdiapéper Aotmoy va SolUE TOoEC AUGELS KOVIOOTUUES WS TPOG My UTEE)OUV.

e auth Ty nopdypapo Yo EEXVACOVUE UE TN UEAETN TWV YROULXDY LOOTLULLY
(tnv mepintwon tou f(z) = az — b). H m\ipne andvinon oto npdBinua diveton and
TO ENOUEVO VEDETUAL.

Ocohenua 3.3.1 Eoww m € N kat a,b € Z. H woniula
(3.3.3) ax = b (mod m)

éxer Avoes av kar uévo av (a,m) | b. Tdre, to nAnlog twrv Aloewr 1woltat pe
d = (a,m) ka1 G eg o1 AVoeis avijkouy oty (Ba kKAdon vrodoltwy ws tpos m/d.

Anédergn: O z € Z wavornoel v ax = b (mod m) av xat uévo av undpyet y € Z
T€T010¢ KOoTe axr — b = my, SnAadh av xou Uovo av 1 yYpouu] Sogavtixy eglowon
ar —my = b éye axépanec Aooelc. To Oedpnuar 1.7.1 delyver 6Tt autd cuuBalver av
xat u6vo av (a,m) | b. Autd anodetxviel 10 tpdto Uépoc Tou VewphHuaTog.

Eow 61t d = (a,m) | b xou éotw z1,x2 d00 Nooewc e (3.3.3). Toéte, m |
a(zy —x2) on’ 6mou éneton 6T 7§ | 4(21 —x —2). Aol (a/d,m/d) = (a,m)/d =1,
autd onuaivel 6t (m/d) | &1 — z2. Anhadr, dhec ot Nooetg tne (3.3.3) avixouy oty
(Bl xhdom uroholnwy we Tpog m/d.

Mével va del&ouue 6Tt o TARdoc Twv Acewv e tootilog toobton ue d. Yto-
Yepornotolue ulor Aoon xp xon Vewpolue Toug axepaloug

2m (d—1)m

(3.3.4) 0, %0 + 0 + 20 d

d a7
I xdde 0 < s < d— 1 éyovue

(3.3.5) a(a:0+$) :am0+%s -m = axg = b (mod m),
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dnhadry 6oL autol oL axéponot txavorotoly Ty (3.3.3). Ou detZovue bt avixouy e
dtapopetinéc xAdoelc utololnwy we mpoc m. Av yia xdmowoug 0 < 51,8y < d —1
oy Vet

(3.3.6) xo + %31 =1 + %32 (mod m),
tote m | (51 —s2) Inhadh d | (s1 — s2), To omolo umopel vo cLUBEL u6vo av 51 = 52
apol |s1 — s2| < d.

Befxapue d to mijdoc ANoels avtobtiues we tpog m, dpa 1 (3.3.3) €xet Touldyt-
otov d Nooelg. Oa dellouue 6Tt xdde AN Ao elvor LodTyuT UE %dmoLa and oUTEG
w¢ TEog m, To onolo Vo ohoxhnpwaoel Ty anddelén. ‘Onwe eldoue, xdde dAAn Aoon
elvan g popric wo + Fr Y xdmolov r € Z. A tov ahydpriuo tng dalpeong,
undpyouy uovadol ¢ € Z xan 0 < s < d tétolol ote r = qd + s. Torte,

(3.3.7) zo + By = zo + m(qd+ s) =xo + = mq = xo + Sl (mod m),

d d d d
dInhad”y avixel otny (Bla xAdon unoholnwy wg TEoc m e xdmota and g d AVGELS
oty (3.3.4). m|

ITAPAAEITMATA: H anddeién tou nponyoluevou Jewprjuatog Sivel tautodypova Evay
ahy6prduo umoloylouol Twv Aocewy. Oa Tov egapubécouue ot d0o TapadelyuaTa.
1. No Avdel n ypouuu wotia 5z = 2 (mod 26).

Mopatnpodue 6t d = (5,26) = 1. Apa, n wotulo éxer oxpBaide uia Aoon.
[ vou t Bpolue, apxel va AoGouue 1 ypouux dogavtixr e&lowon dr — 26y =
2. Tedgouvue 1 = 5 (=5) — 26 - (—1) xou moramhaotdlovtog ent 2 malpvouue
5-(—10) — 26 - (—2) = 2, dnhadh 5 - (—10) = 2 (mod 26). H uovaduxi Mon glvon 7
—10 (mod 26), | ahhiddc, 1 16 (mod 26).

2. No Audel 7 ypauuw tootia 6z = 15 (mod 21).

Mopatneodue 6t d = (6,21) = 3| 15. Apa, n wootyuia €xel axpBoe tpelc Aooete.
[ v Bpodue uiar and autée, apxel va Abcouue T yeouixr dogavtr eglowon
6z — 21y = 15. Dpdgovue 3 = 6 - (—3) — 21 - (—1) xor norharhaotdlovtoc ent 5
nabpvovue 6 - (—15) — 21 - (—5) = 15, dnhadn 6 - (—15) = 15 (mod 21). Apa, ula
ANoon elvon 1 —15 (mod 21), | adhude, 1 6 (mod 21).

‘Exouue m/d = 21/3 =7, dpa ot tpeic Moewg tne wootwulog elvon o

6 (mod 21), 13 (mod 21), 20 (mod 21).

To enduevo anotérecua, 10 Kiwvéliko Uedpnua vroloitwy, pac divelr uédodo
UTOAOYLOUOD XOWNE ANIGTC EVOS GUOTAUATOS YeouuLxwy tootiutwy. H ypnowodtntd
Tou yiveton xatavonth and ty e&hc Hpdtaon.

IMpétaon 3.3.1 Eotw f : Z — Z ToAVDGYUUO HE aképalous OUVTEAEOTES Kkal é0Tw
my, Ma, ..., M, QuoLkol aptduol, oyetikd mpddtor avd dVo. Av m = mims - - My,
Tdte kdOe Avon tng

f(z) =0 (mod m)



81

elvar Avon tov ouotiuatog

flx) = 0 (modm;y),
flz) = 0 (mod my),
flz) = 0 (modm,)

Kat avTotpigas.

Anodedn: Av f(x) = 0 (mod m), éyovue m | f(z). Ouwe, m; | m yio x&de
i=1,...,7, &pam; | f(z). Enetaw 6t f(x) =0 (mod m;) yaxdde i =1,...,r.
Avtiotpoga, av o x elvar Aon tou cuosthuatos f(xz) = 0 (mod m;), téte m; |
f(z) yaxdde i = 1,...,r. Agod oL m; elvar avd 800 OYETXA TPDTOL, TO YLVOUEVO
m = mymsz - --m, Stonpel xt autd tov f(x). Apa, f(z) =0 (mod m). ad

Yougove ue v Mpdtaon 3.3.1, av m = piiph? ... pkr mooxeyuévou va Acouue

v f(z) = 0 (mod m) apxel va Bpolue dhec Tic Moetc v f(z) = 0 (modp¥?) xau,
XaToOTLWY, Yo x80e r-8dat (c1, - . -, ¢p) ANIGEWY ATV TWY ' LOOTYULGY Vo Bpolue xAdom
z (mod m) n onola va ixavorotel To cboTHUA

¢1 (mod p’fl),

= ¢ (mod p’2“2),

r = ¢, (modph).

Tére, 1 x\don z (mod m) o wavoroel Tautdypova tic f(z) = 0 (mod pf'), xou
and v Hpbdtaon 3.3.1 Yo elvon Moon e f(z) = 0 (mod m).

To Kuwéluo Yedpnua vrorolnwy eZacpolilet 6t xde cOoTNUO YRUUULXMY LGO-
TULOY OIS Topamdve Exel wovadixny Abor.

Oevpnua 3.3.2 Eotw mi,ma, ..., my guotkol apidpol pe (mg;,m;) =1 av i # j.
Av m =mimy---m,, téte ya kdOe c1,...,c, € Z to oloTnHa

= ¢ (mod my),

¢y (mod my),

x = ¢ (modm,).
éxel povadikny Avon x (mod m).
Anoden: T xdde i = 1,...,r opllovue M; = m/m;. Téte,
1. Av j # i éyovue m; | M;.
2. (M;,m;) =1 yia xdde 4.
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Abyw tne deltepng WoTNTAC, 1 Yoauuxy tooTtiuia
(3.3.8) My =1 (mod my;)

el Lovad Aoon, v b; (mod m;). Opilouue

(339) T = ClMlbl + -+ CTMrbT.
D xdde i =1,...,7r éovue
(3310) ClMlbl = C; (HlOd ml)

Aoy e Mib; = 1 (mod my;), xou

(3.3.11) ¢jM;b; = 0 (mod my;)

av j # i, Moyw e mj | M;. Ilpocdétovtac nalpvouyue

(3.3.12) x=ciMiby + -+ ¢, M.b. = ¢; (mod m;)

v xdde i =1,...,r. Anhady, o z elvar Moo touv cuoThuatoc. Av y elvar uta GAAN
Noom, téte m; | (& — y) yia x80e i, xou ol oL m; elvon avd dVo oyYETIXE TEGTOL
ouunEpalvouUE 6Tl m = mima - - -m, | (x—y). Apa, n Noon & elvon yovadix modulo
m: ¢ =y (mod m). O

3.4 Ilohvwvuuixég LooTLuieg

Yrodétouue 6Tt f(z) = cpz™ + - - - + 12 + ¢o elvon éva TohudvLUo Baduol n > 2 ue
ax€palous GLUVTEAESTEC ¢; (¢ # 0). Eotw m = p’f1 - phr évac puolxde peyalitepoc
1 {oog tou 2. Ané v Ilpbdtaon 3.3.1, yia va Aooouue tny ootwlo f(z) = 0 (mod m)

apxel vor AOCOLUE Tig
(3.4.1) f(x) =0 (mod p¥), i=1,...,rn

To Oedpnua mou axoloudel divel évay ahydpriuo UE TOV OO0 UTOPOUUE VoL ova-
ydolue amd to TpdPBAnua e enthuone e f(z) = 0 (mod p*) oto amholotepo
npéBAnua g enlhuong e f(z) = 0 (mod p).

Ou ypeLtaotolUE €va amhd AL

Aupa 3.4.1 Eotw f(x) = cpa™+---+crz+c elvar éva nodvdvupo Patpovn > 2
pe axépaious ourtedeotés ¢; (cp, #0). TIa kde a,b € 7 éyovue

(3.4.2) fla+b) = f(a) + bf'(a) + b%s,

drnov s € Z kar f'(a) elvar n mapdywyos tng f oo a.
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Anodedn: T xdde i > 2 o duwvuuinog tonog divet
(3.4.3) (a+b) =a' +iba'™" +b%s;

Yo xdmotov s; € Z. Apa,

n

fla+b) = Zci(a-i—b)i—l-cl(a-{—b) + co
i=2

= Z ci(at + bia"™ " +b%s;) + c1(a+b) + ¢
i=2

= Z cia® + bz icia’! 4+ b? Z CiSi
i=0 i=1 =2
= f(a) +bf'(a) +b%s,

OTOL § = €389 + -+ + Cp Sy, € Z. a

Ochdpnua 3.4.1 FEow f(z) =cpz™ + -+ + 1o + o éva moAvdrupo Baduot n > 2
H€ aképaious ouvTedeoTés ¢; (e # 0), kat éotw p mpddtog apiduds kat k > 2. Téte, n
kAdon z (mod p*) efvar Avon s f(x) = 0 (mod p*) av kat uévo av x = z + yp*—!
yia kdrooug akepaiovs 0 < z < p*~1 ka1 0 <y < p ot omoior 1kavomooVy Tig

(3.4.4) f(z) =0 (mod p*1)
(3.4.5) IJ: ,ffz +yf'(2) = 0 (mod p).

AnédeEn: Eotw 6t f(z) = 0 (mod p*). Ané tov akydprduo e Stadpeornc undp-
YLV povadixol axépanol z xou w tétoloL Hote & = wpF Tl 42 xon 0 < 2 < pFTLl And
o Afuuo 3.4.1 undpyel s € Z TéT0L0¢ HOTE

(3.4.6) f@) = f(z+wp*™h) = f(2) + wp®™ ' (2) + (wp*™")?s,
xa ot pF1 | pk | f(x), ouunepaivouue bt pFl | f(2), Sphadh
(3.4.7) f(2) =0 (mod p*~1).

An6 my (3.4.6) éyouue

(3.4.8) f) = f(2) +wp® 1 f'(z) + p** 2w’s = 0 (mod p),
2k—2

ot ool pF | p (rapatnpriote 6t 2k — 2 > k) éyouue

(3.4.9) f(2) +wp® 1 f'(2) = 0 (mod p*).
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Enione pF~1 | f(2) and tnv (3.4.7), dpo

(3.4.10) IJ: ,ffz +wf'(2) = 0 (mod p).

Aol xde axéponog g Lop@hc y = w+gp elvar eniong Aoon tne (3.4.10), unopolue
va Bpolue 0 < y < p TéTolov WOTE

(3.4.10) IJ: ,ffz +yf'(2) = 0 (mod p).

V=2 +wp® 1 + ¢p* wavorotel v

(3.4.11) f(z1) = f(z +wp*~1) = f(z) =0 (mod p*),

Snhadh oty xhdon z (mod p*) undpyer 1 Tne LopErc Tou VéNUE.
H avtiotpoen xatebduvon elvor amhf: av oo 0 < z < ph~t
wavorooly Tic (3.4.4) xau (3.4.5), t61¢

Téhoc, Topatneolue 6Tt 0 71 = z + yp*~

xu 0 <y <p

(3.4.12) f(2) +yp"" f'(2) = 0 (mod p*),
dipot
(3.4.13) f+yp* ) = f(z) +yp* 1 (2) + p** s = 0 (mod p*),

1

dnhadh o x = z + yp*~! wavornoel Ty f(z) = 0 (modpk). O

Ac vnodéoouue étL oc dlveton pia tootiula e wopehc f(x) = 0 (mod p*), émou
k > 2. Me dwdoyxés epapuoyéc tou Oewpruatog 3.4.1 unopobue var avoydolue
oty enflvon g ootlac f(z) = 0 (mod p) xou XEMOLWY YEUUULXDY LGOTUILDY
(rapadelypota Yo Sodolv otic aoxfioels). [epvdue howndv puolohoyixd oto npdBAn-
uo e emihuong wotudy e wopphc f(z) = 0 (mod p), émou p elvon €vag TpwTog
aprduds. To mpwto uog anotéhecua delyvel 6Tl UTopOVUE TdvVTA var UTOUETOUUE OTL
o Bodude tou f elvon uxpdtepog amd p.

IMpotaocy 3.4.1 Eotww f : Z — Z éva moAudvuuo e aképaiovg ouvteAeotés. Yndp-
XE€L TOAVOVYULO g @ L — 7 e axépalous ouvTedeotéS kal faOud pikpdtepo amé p,
TéTo10 DOTE

f(z) = g(z) (mod p)
yia kdOe x € 7.

Arnédeldn: Eotw f(x) = cpx™ + -+ + 1@ + o €val TONUGDVUUO UE OXEPOOUS GUV-
teheoTéc xou ¢ # 0. 'Eotw 61t n < p (cdhude 8ev €youpe tinota va del&ouue).
Toyvetlbuaote 6t yio xdde p < j < nundpyer 1 < r =r(j) < p—1 té1010¢ BGoTE
2/ =270 (mod p) yio xdde = € Z.

I t0 oxomd autd TaPATNEOVUUE OTL O § YESPETOL UOVOCHUAVTA GTT LOpQY| j =
(p—1)q(j) +r(j) 6mov q(j),r(j) € Nxoaw 1 < 7(j) < p—1 (o) elvon amhfj cuvénera
0L aAyopLiuou e Swalpeong). Téte, av (z,p) = 1 éyovue

2l = (zP 1)1 ) = 100 g7 () = 27 (mod p)
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and to uxpd Yedpnua touv Fermat, eve av p | z éyovue
2/ =0=2"" (mod p).

Todpa, Yo xdde = € Z €youvue

n p—1 n p—1
F@) =Y cal + 3 cal =Y e + 3 ¢jal = g(x) (mod p),
j=p j=0 j=p j=0

X0l TO TOAVWVUHO g €YEL TPoYavKdS Bardud Utxpdtepo and p. O

Y1n ouvéyela AoLmoY UTOPOUUE VoL OGXEPTOUAGTE OTL 0 Bordude Tou TOAUWYOUOU
f elvan uixpdtepog and p.

Oevpnua 3.4.2 (Lagrange) Eotw f(z) = cpa™ + -+ + c1@ + ¢p éva moAvdrupo
1€ aképalovg ourTeAeoTéS kat €0tw p €vag mpdtos aptduds. Ymolétovue étt o p dev
diapel to ourteeothj ¢,. Téte, n woniula f(z) =0 (mod p) éyer to moAV n Aoe.

Anoédelgn: Me enaywyn wg mpog To Bodud n tou ToALKVOUOU.

Av n = 0, ¥élovue amhode va det€ovue 61t dev toylel n ¢g = 0 (mod p), o onolo
elvar aAndéc aov, and tnv undeon, o p dev Sanpel Tov ¢, = co.

Av n =1, ¥éhovue va delfouue 6Tt 1) Ypoyluix!) wootwia c1& = —cg (mod p) éxe to
moAG ulor Moom. ‘Ouwe o p dev dtonpel tov ¢, dpa d = (¢1,p) = 1 xou 10 {nroduevo
gneton and 10 Odpnua 3.3.1.

Trodétouue 6Tl T0 Oewpnua €xel anodeydel yior xdde moludvuuo Boduol ui-
xpbTEPOL amd N xo YewpoVUE Eval TOALWYLUO f(x) = cpa™ +- - - +cr1z+co Paduold n.
Oo unodéoouvue 6tL 1 f(z) =0 (mod p) éxer n + 1 Aboewc xg, 1, . . ., Tn AVLOOTUIES
W< TPo¢ p oL Yo xatahREoLUE oE dtomo.

Mapatnpolue 6t o x&de = € Z,

fz) = f(xo) = (cpa™ + -+ 1z + o) — (cnxf + -+ + c1xo + o) = (& — x9)g(x),

OTIOU g TOAUWVULO UE UXEPOLOUS GUVTEAECTES, TO omolo €xel Bodud uxpdtepo 1 (oo
and n — 1. Ouwg, vy xdde j =1,...,n éyovue

(xj —w0)g(x;) = f(x;) — f(wo) = 0 (mod p),
xalL ool o TE®ToC p dev Sanpel Tov T; — Xy cLUTEPAVOUUE 6TL
9(z;) = 0 (mod p)
vy xdde j = 1,...,n. Ouwc t6te 1 wotwia g(z) = 0 (mod p) €yer TovAdy LoTOV
n AOOELC OVLOOTLUESC WS Tpoc P, To omolo elvan dtomo (topatneRote 6TL T0 g €yEL

GUVTEAECTH| TOL UEYLOTOBAIULOL 6POL TOV Cpy X0l EQUPUOCTE TNV ETUY WYX UTOVEST).
O
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Oedpnua 3.4.3 Eotw f(r) = cpx™ + -+ + 12 + ¢ €va molvdvupo pe aképaiovg
oUrTEAeaTéS Kkar éotw p évag mpdtog aptduds. Ymodérovue drt n wonpia f(x) =
0 (mod p) éyar mepoodrepes and n Avoes. Téte, p | ¢; ya kdde j =0,1,...,n.

ArnédelEn: Eyovue p | cp: dtagopetixd, and 1o Oedpnuo tou Lagrange n wootiuia
f(z) =0 (mod p) Yo elye to ToAb n AoeLc.
Aol p | ¢y, éyouue

9(z) = cpo12™ ' 4+ a1z + o = f(z) (mod p)

v xdde x € Z. "Apa, n wootwia g(x) = 0 (mod p) éxel neplocdrepes and n AooeLe,
xat 6mwe mew Brénovue 6T p | cp_1.

Yoveyilovtag duota, Brénouue bt GhoL 0L GUVTEAEGTES Cp, Cp—1, - - -, C1,Co ElvaL
TOAMOATAAOLA TOL P. O

Yuvénea tou Oewpruatog 3.4.3 elvar to Oewpnua tou Wilson.

Ocopnua 3.4.4 Ia kdOe mpdto apiiud p wxve n
(p—1!'= -1 (mod p).
Anddegn: To {nroduevo elvon mpogavég av p = 2, unopolue Aotndy vor untodécovue
6TL 0 p efvon TEPLTTOC TPWTOS. OEWPOUUE TO TOAUWVULO
p—1
f@) =@ = 1)~ [[@@—h).
k=1

O Bodude tou f elvan p — 2 (napatneriote 6L ov Suvduerc #P~! ota P! — 1 %o
Hi: (x — k) adknroavarpolvtat). ‘Ouwe, and to uxpd dedpnua tou Fermat, yia
xe k=1,...,p— 1 €youue

f(k) = kP! —1 =0 (mod p),

dnhadh n wotiuta f(z) = 0 (mod p) éxel neplocdrepes and p — 2 Nooelc. Enouévoc,
0 p dtaupel GAOUE TOUS CGUVTEAETTES TOU ToALWVOUOL. Eldixdtepa, Stanpel to otoepd

bpo cg = —1 — (=1)P"1(p—1)! = =1 — (p — 1)!, 7o omolo onuoiver 6Tt —1 =
(p — 1)! (mod p). m|

Avtlotpoga, ac vrodéoouue 6Tt Yo xdmolo pualxd apdud n > 2 wylel n (n —
)= -1 (mod n). Téte, (n — 1)+ 1 = nz v xdnoov z € N. Av o n dev

elvar mpdTog, TéTE ExEl éva mpdTo dtanpétn p. Agod p < n, o p dowpel xou ToOV
(n — 1)1, dpo p | 1, dromo. Auth 1 topathienon oe cuvduacud ue to Yedpnuo Tou
Wilson delyvel 61l évac guowxde aptduog n elvar mpdTog av kat jévo av xavonotel
my (n —1)! = —1 (mod n). Alvel Snhadr xpLthpLo Yiot T0 av 0 N elvol TEMTOS 1 dyL.
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3.5 Aoxvoeig

1. Aci&te 6 éva alvolo S axepalwy elvon TAHpeC cOoTNUA UTOAOITWY WS TEOS M
oV xat 1évo av to S éyer m otouyelo xou & Z y (mod m) av x # y oto S.

2. AciZte 6t éva alvolo T axepaiwy elvar avnyuévo cloTNUA UTOAOITWY WS TPOG
m ov xoL u6vo av 1o T éyel ¢(m) otolyelo oyeTixd mpoTA TEOS TOV M XL T FE
y (mod m) av z # y oto S.

3. Acifte 6t av a = b (mod n1) xow a = ¢ (mod ns), 1617€ b = ¢ (mod n), dérou
n = (ny,n).

4. Eotww m > 2. Aeifte 6n o 12,22,...,m? dev oynuatilouv mhipec ovotnua
vnololnwy we Tpog m.

5. Aetfte 61 7| (327! + 2F2) v xdde n € N.
6. Bpelte 6houc Toug guoLxolg n Yol Toug omoloug nld=n (mod 1365).
7. Av p xou g elvor Sroxexpuuévol tpdTol, del&te 6t
p" ' +¢" ! =1 (mod pg).
8. Eotww p tpdtog xou a,b € N Ael&te 6t (a + b)P = a? + bP (mod p).

9. Eow p > 2 mpdroc xou a,b € N Aei&te 61t av a? + P = 0 (mod p), téte
a? + b* =0 (mod p?).

10. No Avdolv ot ypouixés LooTuuleg
140z = 133 (mod 301) xou 34z = 60 (mod 98).

11. No Avdel To cboTnua YeoULXGY LOOTUILDY
z =5 (mod 6), =4 (mod 11), z =3 (mod 17).

12. 'Eva xahddt teptéyet n avyd. Av Bydhouue to awyd and to xohddt taipvoviog

2,3,4,5 1 6 x&e popd, oto xohd amouévouy 1,2,3,4 | 5 auyd avtiotorya. Av

natpvouue 7 auyd xde Qopd, tote dev meplooelel xavéva. [loude etvon o uixpdtepog

duvartog aptdudg ALYV Tou UTopEl var TEPLEYEL TO XAASL;

13. 'Eotw p évag mpdtog xou €0Tw 6Tt (a,p) = 1 yia xdmowo puowxd a. AelZte oty

x\don x = aP~2b (mod p) elvon Moon tne ypapupixhc wootloc az = b (mod p).
Xpnowonotdvtag to napandve, Aote Tic wotuies 6z = 5 (mod 11) xaw 3z =

17 (mod 29).

14. No Audel 1 wootwita 7z* 4+ 192 + 25 = 0 (mod 27).

15. Bpeite 6houc toug guoxole n yLa Toug onotouc o (n — 1)1+ 1 elvow SOvaun tou
n.

16. Eotw p évac neptttoc Tpodtog xot éotw ¢ = (p — 1) /2. AelEte 6t

(g")? + (=1)? = 0 (mod p).

17. Aceilte 6t av 0 m elvor cOvdetog xan m # 4, t61e (m — 1)! = 0 (mod m).
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Ynodellelg - anavifoetg

3. Agol n = (n1,n2) éxovue
n|ni|a—bxu ninz|a—ec
Apa, n| (a—b) — (a—c)=c—0b. Anhady,

b = ¢ (mod n).

4. Ou1%,22,...,m? elvor m 1o mhdoc. Av oynudrtlav TAhpec cOCTRUA LTOAOITLY GC
npoc m Vo énpene va elvoe avioodtipot mod m. Ouws, m — 1 > 1 yiatl m > 2, xoun

(m—=1°=m’>-2m+1=1=1> (mod m).

5. Iopatnpodue 6t 9 = 2 (mod 7), dpa
3%t =3.3"" =3.9" =3-2" (mod 7).
Enouévwg,
3t L 9nt? —3.9" 1 4.2"=3.2"44-2"=7-2" =0 (mod 7).
Anadn, 7| (32" F 4 272,
6. Iopatnpoldue 6t 1365 = 3-5-7-13. Aol ¢(3) = 2, ¢(5) =4, ¢(7) = 6 xou ¢(13) = 12,
€xovue

$(3), ¢(5), ¢(7), ¢(13) | 12.

Ané to Yedpnua tou Euler, yia xdde n € N éyouvue

n'® = (0% n=n(mod3)
n'® = ("% n=n(mod5)
n'? = (n®? -n=n(mod7)
n'® = n".n=n(mod13).

Aol o n'® —n Sranpeitar ue Toug Tpdtoug 3,5, 7, 13, Yo Stanpeitor xon Ue TO YIvOUEVS TOUC.
Anadi, n
n'® = n (mod 1365)

oy Vel Yo xdde puoxd n.

7. Agol (p,q) =1, and 1o uwxpd Yedpnua tou Fermat éyovue
p?" ' =1 (mod ¢) xar ¢°~' =1 (mod p).
Apa,
g—1 p—1 _ qg-—1 __ g—1 p—1 _ p—1 _
p +¢" =p?” =1 (modq) xu p' +¢" =¢" =1 (modp).
Amé tc p,q | (P71 +¢P7Y) — 1 éneton 6t pg | (P77 + 4¢P — 1, Snhady

" +¢" =1 (mod pg).
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8. And o uxpd Jewpnua tou Fermat éyouvue
(a +b)" =a+b (mod p).

[Av (a +b,p) = 1 161 (a +b)P"* =1 (mod p) dpa (a + b)? = a + b (mod p), evd av
p | a+b tote xou ta d0o wéln elvon oty xhdon 0 (mod p).]
Ouolwg, a? = a (mod p) o b¥ = b (mod p), dpa

a? + v’ =a+b=(a+0b)? (mod p).

9. Ané tnv mponyoluevn doxnon, av a”’ +b” = 0 (mod p) t6t€ (a + b)? = 0 (mod p).
Anpadi p | (@ +b)?, dpap | a+Db (o p elvan mpdtoc). ‘Enetan ot

P’ | p" | (a+Db)”,
Snhady (a + b)P = 0 (mod p?).
10. (o) Hapatneolue 6t (140,301) = 7| 133. "Apa, ) 140z = 133 (mod 301) éyer 7 MooeLg

oL omoleg avixouy otny Bla xhdon ws npog 301/7 = 43.
Il va Bpolue uta Moo, yenoiuonowolue tov Euxdeldeio alydprduo: €yxovue

301 = 2-140+421
140 = 6-21+14
21 = 1-14+7
14 = 2.7,

dpa
7=21-14=21-1404+6-21=7-21-140 =7- (301 —2-140) — 140 = 7- 301 — 15 - 140.
TToMamhaoidlovtoc ent 19 nalpvouue

140 - (—285) + 301 - 133 = 133,

Shadh
140 - 16 = 140 - (—285) = 133(mod 301).

Mo Moor tng wootiulag elvon 1 = 16 (mod 301), ondte oL hoelg elvan
16 (mod 301), 59 (mod 301), 102 (mod 301), 145 (mod 301),

188 (mod 301), 231 (mod 301), 274 (mod 301).

(8) Hapatnpotue étu (34,98) = 2| 60. Apa, n 34z = 60 (mod 98) éyetL 2 Aoewc oL onoleg
avixouv otny Bla xhdon we pog 98/2 = 49.
I va Bpotue pla Aoom, yenowuonotoue tov Euxkeldeto alydprduo: éyovue

98 = 2-34+30
34 = 1-30+4
30 = 7-442

4 = 2.2
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dipa
2=30-7-4=30—-7-344+7-30=8-30—-7-34=8-98 —23-34.
IMolamhaoidlovtag ent 30 nalpvouue

34 - (—690) + 98 - 240 = 60,

Snhadt
34 . (—4) = 34 - (—690) = 60(mod 98).

M Aoom tng wootiulag elvoe n 21 = —4 (mod 98), ondte oL Moelg elvan

45 (mod 98), 94 (mod 98).

11. Optlovue My =11-17=187, M> =6 -17 = 102 xou M3 =6 - 11 = 66.
H wotnpio 187y =1 (mod 6) éxe Aoon v by = 1.
H wotnpio 102y =1 (mod 11) éye Aoon tnv by = 4.
H wotnpia 66y =1 (mod 17) éxet Aoon v by = 8.
Apa, 0
x = c1M1b1 + coMaby + caM3zbs =5-187-1+4-102-4+43-66 - 8 = 4151

elvaw AOom) tou ouoTAuatos. Anhady, Aoor elvan 1 xAdorn 785 (mod 1122).

12. Adote 1o cbotnua

8 8 B 8 8 8
(1Tl
S T s W N =

xenotuonotwvtac to Kivélixo dedpnua unorolnwy. Télog, Beelte tn uixpdtepn Jetixnr Mbon
TOU GUGTAUATOG.

13. Aol (a,p) = 1 éyouvue a? "' =1 (mod p). Av hownév 2 = a?~?b (mod p), téte
azx = a? 'b = b (mod p).

Ané to nopandvew Prénovue edxola GTL:
() H wotia 62 = 5 (mod 11) éyer Moon ty ¢ = 6° - 5 (mod 11). Aol 6 = 216 =
7 (mod 11), éyouue 6° = 7% = 343 = 2 (mod 11). Apa, 6° - 5 = 10 (mod 11) eivow 1 Abon.
(B) H wotylo 3z = 17 (mod 29) éye. Mon my ¢ = 3*7 - 17 (mod 29). Thea, 3% = 27° =
(=2)? =2°.(~16) =3 - (—16) = —48 = 10 (mod 29). Apa,

3% .17 =170 = 25 (mod 29)

elvow  Moon.
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16. Iopotnpolue 6t p — k = —k (mod p) yia xdde k =1,...,q = 251, Apa,

(-D%q)® = ¢ (—)(—g+1)(-)=qlp—-a)p—g+1)-(p-1)=(@p—1)
—1 (mod p)

ané to Yedpnua tov Wilson. Anhadh, p| 1+ (=1)%(¢!)%.
‘Eneton 6t p | (—1)7 (1 + (—l)q(q!)Q) = (=1)? 4+ (¢")?. Me dho Aéyia,

(a)* + (=1)" = 0 (mod p).

17. 'Eotww m évag ocOvdetoc guoxéc. Av o m Sev elvon téleto tetpdywvo, téte Ypdpeton
o uoppnm =d -k 6mov 1 <d <k <m. Torte, ov d xou k elva 0o amd toug Quotxolg
nou eugavilovtat oto ywéuevo (m — 1)l =1-2---(m —1). Apa, m=d -k | (m —1).

'Eotw 6t m = d? xou m # 4. Téte, d > 2 dpo d < 2d < d* = m. ‘Onwg wpw, ot d xou
2d etvan 800 and Toug Yuoxols tou eugavilovtat oto ywouevo (m—1)!=1-2..- (m—1).
Apa, m=d? | d-(2d) | (m — 1)\

e e neplntwon, av o m elvaw cdvdetog xaw m # 4 t6te (m — 1)! = 0 (mod m).
Otav m =4 éyouue 3! =6 = 2 (mod 4) (awth elvow 1 wévn e€alpeon).



Ke:cpo’c)\ou.o 4

O teTpaywVLXOG VOUOG
AVTLGTROPNS

4.1 H td&n evog axepalov wg npog n

‘Eow n > 1 évac guoixde aprdusdg. To dedpnua tou Euler pog Méel 6t av a € Z
xat (a,n) =1, tote

(4.1.1) a®™ =1 (mod n)
onou ¢ elvar 1 cuvdptnor tou Euler. Ymdpyouv dnhadh ndvta duvduels Touv a Tou

elvow obTES UE 1 wg mpog n.
Opiowds. Eomw n > 1 xaw a € Z ye (a,n) = 1. H td&n 10U @ we tpog n elvor o
Up6TEPOC YuOLXGE k Yt Tov omoto af =1 (mod n). Hopatnpriote 61t o 1 éyet Té&n
1 w¢ mpog x&e n.
ITAPAAEITMA: Ac¢ uno¥éoouue 6t n = 7 xou a = 2. Troloyilovtag tic duvduelg
Tou 2 nalpvouue TiC LooTuleg

20=2922=4,22=1,21=2,2°=4,20=1, ...
wc npoc 7. Emouévic o 2 éyel t¢én 3 we mpog 7.
Iapatneoerg: (o) Av a = b (mod n) té1t€ a® = b° (mod n) yio x&de s > 1.
‘Eneton edxoha 6Tt oL a xou b €youy tny Blar T8N wg npog n.

(B) Av (a,n) =d > 1, téte n ypauuxn lootiula
(4.1.2) ax =1 (mod n)

dev €yel Aoon. Autd ouwc onualver 6Tl dev umdpyel s > 1 tétolog dote a® =
1 (mod n): ytl t61e, 0 £ = a® 1 Yo Aray Moo tne (4.1.2). Autéc elvor o hoyog
mou anattobue Ty (a,n) = 1 tpoxeluévou va oploovue TNV TEEN TOL a WS TPOS N.
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(v) Xto mopdderyua mou ddooue mopandvw, N TEEn Tou @ = 2 frov k = 3, evd
p(n) = ¢(7) = 6. Anhadni, k | ¢(n). Autd woylel tekelwe yeviud dnwe delyvel to
enduevo Vedpnua.

Oedpnua 4.1.1 Eotwn > 1 kara € Z e (a,n) = 1. Av o a éyer tdén k ws mpog
n, Tote

(4.1.3) a® =1 (modn) av kat uévo av k| s.

Eibikdrepa, k | ¢p(n).

AnédelEn: Av s = kx Yy xdmotov guowd x, téte amd tyy afF = 1 (mod n)
nolpvouue
(4.1.4) a® = (a¥)® =1 =1 (mod n).

Avtiotpoga, ac vrnodécovue 6t a® = 1 (mod n). [pdgovue s = kg + r 6mov
0 <r < k. Téte a* =1 (mod n), dpa

(4.1.5) a" = afa” = a® =1 (mod n).

Aol 1 té&n tou a eivar k xon 0 < r < k, avaryxaotixd €youpe = 0. Anhadn, o s
elvar ToAamAdoto Tou k.
Eduétepa, agod a®™ =1 (mod n) ouurepaivouue 6t k | ¢(n). O

IMopatneRoeis: (o) Lougwva ue 0 Oedpnua 4.1.1, av yia napdderyuo Yérovue
va Bpolue v TdEn tov 2 we mpog 13, apxel vo doxtudoouue toug exdétec s =
1,2,3,4,6,12 (touc donpétec tou @(13) = 12). Mrnopeite vo enoindedoete 6t 1)
T8EN oL 2 W mpog 13 elvon lon ue k = 12.

(B) Eva «avtictpogo gpdtnuay mou npoxintel and 1o Oetpnua 4.1.1 elvar to e€hc.
Alvovtor n > 1 xou k | ¢(n). Eivow ndvta cwotd 6t undpyet a € Z ue (a,n) =1 o
omolog €yet tén lon we k; H andvinon elvon apynundy: av n = 12 téte ¢(12) = 4.
O xNdoewc ou elvan Tptdtes mpog tov 12 eivar ot 1,5,7,11 (mod 12). Iapatnpodue
6t 11 =1 (mod 12) xou 52 = 72 = 112 = 1 (mod 12). Anhadn, eved 4 | ¢(12) dev
urdpyetl a € Z o omnotog va €yeL TéEr lon ue 4.

(-)t-:mp'qp.oc 4.1.2 Eotwn > 1 kata € Z pe (a,n) =1. Av 0 a éya tdén k ws mpog
n, téte a' = a’/ (mod n) av kat pévo av i = j (mod k).

AnédetEn: Trodétovue mpdta 61t i > j xon a® = @’ (mod n). Téte, n | o’ (a*~7 —1)
xor ool (af,n) = 1 Brénouvue 6t n | (a7 —1). Agos a' 7 = 1 (mod n), o
Ocwpnua 4.1.1 delyver 6w k | (§ — 1), Bn)\u8n Jj =i (mod k).

Avtiotpoga, av i = j + kq t6te a' = (aF)?a? = 1%a/ = @’ (mod n). O

Ilépiopa 4.1.1 Eotwn > 1 kara € Z pe (a,n) = 1. Av o0 a éxea tdén k wg npog

n, ToTE 01 a, (12 (lk elvar auwonyoz mod n.
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To enduevo epdtnua mouv Yo pog anacyolroet elval oy UTopolUE AUECWS VoL
unohoyloovue Ty TEEN ToL a® wg TEOC N oY YVWEl{ovue TNV TAEN TOL @ WS TPOG M.

Ocdenua 4.1.3 Eotwn > 1 kata € Z ue (a,n) = 1. Av o a éyer tdén k ws mpog
n, tote n tdén tov a® ws tpog n woltar ue k/(k,s).

Anédergn: Tpdgovue d = (k, s) xou cuuPolilovue ue r tny té¢&n tou a®. YTrdpyouv
k1,51 € Nyue (k1,s1) = 1 tétowol dote k = kid xou s = s1d. Hoapatnpolue 6t

(4.1.6) (a®)* = (a®*H)*/? = (aF)** =1 (mod n).

Ané 10 Oedpnua 4.1.1,

k k
4.1. = - =
(LD L A ¥
And v & mhevpd, apod
(4.1.8) a’ = (a®)" =1 (mod n),

éyouue k | st dnhadn kid | sidr. Autd onuaiver 6t ky | s1r xon agol (ki,s1) =1
ovunepaivovue 6t k/(k,s) =k/d =k | r. O

Il6piopa 4.1.2 Eotwn > 1 kata € Z e (a,n) = 1. Av 0 a éyea tdén k ws mpog
n, tote 0 a® éyel ki autds tdén k ws mpos n av kar pdvo av (k,s) = 1. O

4.2 Ilpwtapyixeg pileg

‘Eow n > 1xw a € Z ue (a,n) = 1. O a Myetow mpwtapytxf pila tou n av n
TE&EN 0L @ WS Tpog n elvon {on ue G(n).

IMapatnenoerg: Eivar edxolo va ehéyete 61l o 3 elvan mpwtapyxn pilo touv 7. H
TéEn Tou elvon fon we 6 = (7). Tevixdrepa, Ya dobue 6Tt av o n elvon TpKTOC TOTE
€xeL mpwtopyinés pllec.

Trdpyouvv obvietor aprduol mou €youvy mpwtapyixés pllec: yio mopddetyua, o
9 = 32 éyeL mpwtapyxh pila Tov 2. Ou SoVUE dUKS OTL oL «TEPLOTATEPOLY PUOLXOL
dev éxouv mpwtapyréc pllec. AxpBéotepa, oL UGVOL PUALXOL TTOU EYOUV TPWTUPYLIXES
ollec elvor ot 2,4, p*, 2p* 6mou p TepLtTéc TEGOTOC N0 K > 1.

IIpwv TpoyweHooLUE GTNY AMOBELEN AWTWV TWY LOYLRLOUWDY, as SOUUE ULa A
EQUPUOYY TWY TEWTAPY XDV pLLMOV.

Ilpétaom 4.2.1 Av (a,n) =1 kat 0 a elvar Tpwtapyikri pila tov n, téte o1 aképaiot
a,a?,...,a%™ oxynuatilovr éva Tiipes avnyuévo obonua vrodoitwy ws Tpos n.
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AnédelEn: Ané o bpoua 4.1.1 oL a,a?, ..., a®"™ eivor avisétiuol we wpoc n. To
mhfdog Toug Loobton Ue ¢(n) xou and v (a,n) = 1 éneton bt elvon bhot oyetxd
TpddTOoL TWROg Tov N ‘Apa, oynuatilovy éva TApES vy UEVO GUGTNUC UTONOLTWY (S
TEOg N. O

Aceiyvouue mpodta 6Tl xdde TpwTog p Exel npwtapyxéc pllec. H uédodoc oyetileton
WE uta amhy) cuvéneta Tou Yewphuatog tou Lagrange.

Aupa 4.2.1 Eotw p repirtds npdtos kat d | (p — 1). Tdte, n wotiuia
(4.2.1) 2% —1 =0 (mod p)

éxet axpifas d Adoes.

Andédeln: ‘Eyovue p — 1 = dk yua xdmowov uowd k. ‘Apa,

(4.2.2) 2Pl —1=(2? - 1)g(),

6mou g(x) = 24*=1 4. 4 2% 4 1 elvon évar moudvuLo Baduol dk —d = p—1 —d.
A6 to uwpd dedpnua tou Fermat, n 2P~ — 1 = 0 (mod p) éyer oxpBoe p — 1
Noogie. Ao 1o Yedpnua touv Lagrange, n g(z) = 0 (mod p) éyet to tohb p —1 —d
AoeLe.

‘Ouwe and Ty (4.2.2) Brénovue 6L x&de Aoon tne P~ —1 = 0 (mod p) Tou dev
etvor Aoon g g(x) = 0 (mod p) etvor Moo g 2% — 1 = 0 (mod p) (yenowonothote
0 yeyovée 6t o p ebvan mpdToc). ‘Eneton 6t ad — 1 = 0 (mod p) éyer Toukdytotoy
p—1—(p—1—d)=d NoseLc.

Téhoc, and to Yewpnuo tou Lagrange, to mAfdoc twv Moewv tne z¢ — 1
0 (mod p) elvor 0 mOAD (00 Ue d ot AUTO GUUTANPEWYVEL TNV ATODELEN.

ol

Oevpnua 4.2.1 Fotw p tepirtds npditos kat éotw d | (p—1). Tdre vrdpyovr ¢(d)
aképaiot, anodTIUOL WS TPOS P, o1 omolol éxovy Ttdén lon e d.

Anédedn: T xdde d | (p—1) 9étouue P(d) to tidoctwv z € S, :={1,...,p—1}
mou éyouv TN lon ue d. Agol ¢(p) = p — 1, n 18&n xdde oroyelov & Tou S, elvon
dranpétne tou p — 1. Anady, ot diowpéteg d tou p — 1 endryouv uia Stauéplon tou Sp.
Me & Aéyia,

(4.2.3) p—1=> ¢(d).
d|p—1

Ané v AN mhevpd, To Oedpnua 2.4.1 delyvel 6Tt

(4.2.4) p—1=Y ¢(d).

d|p—1

Av det€ouue 61t (d) < @(d) vy xdde d | p — 1, téte o (4.2.3) xou (4.2.4) Selyvouv
6t P(d) = ¢(d) vy xdde d | p — 1, Inhadr Tov LoyLploud ToL OEWPHUITOC.
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Avaxplivouye 300 TEpLTTOOEL:
(o) Av ¢(d) =0, tote mpogavae Y(d) < ¢(d).
(B) Eow 6w ¢(d) > 0. Tére, undpyer a € Sp o onolog €yel té&n lon ue d. Ot

puowol a,a?, ..., a? elvon avioédTILOL OC TPOC P X0 Yo x&de s = 1,...,d éyovue
(4.2.5) (a®)? = (a®)* = 1 (mod p).
Anadi, ou a,a?, ..., a elvor dhec oL MNoec g ¢ — 1 = 0 (mod p).

Ané 1o napandve €neton 6L av k € S, xan 1 t8€n oL k wg npog p elvar (o ue
d, t6te 0 k elvor Aoon e % — 1 = 0 (mod p) dpo mpémel Vo avixeL oty xhdon
xdmowov af, s = 1,...,d. Me dhha Moy, 1(d) elvon to Thvdoc twv a®, 1 < s < d
oL €youv TdEN lon ue d. ‘Ouwng, to Jewpnuo 4.1.3 delyvel 6Tt 0 a® €yel T8N d oty xou
(évo av d/(d, s) = d, dnhadh (d,s) = 1. To mhidoc 1wy 1 < s < d nou xavonotody
v (d,s) = 1 elvow €€’ optouot (oo ue ¢(d). Apa, oe avth T neplntwon €yovue

¥(d) = ¢(d). =
Ocwpnua 4.2.2 Kde nepirtds npdtos p éxel mpwtapytkés piles.

Aréderdn: And 1o nponyolduevo Yewpnua utdpyouy ¢(p — 1) = ¢(P(p)) axéparor,
AVLOOTLUOL G TPOS P, oL omolol €youy TdEn lon ue p — 1. Kadévag and autolc eivon
mpwtapyLxy plla Tou p. a
To enduevo Yedpnua Selyvet ool puoixol aptduol éyouv tpwtapyxés pllec.
Ocdpnua 4.2.3 Av o n > 1 éya mpwtapyirés piles, torten =2 An =4 fnn = p*
B n = 2p*, érov p tepirTds TpddTos Kar k > 1.

An68eLEn: Oewpolue Ty xavovixi avanapdotaonn = pit - pkr tou n xau Hétouue

m; = pfi vy i =1,...,r. Enlong, dewpolue 10 eAdyLtoTo %06 TOMATALCLO TWV
¢(m;)
(4.2.6) L =[p(m1),...,¢(m,)].
'Eyouue
(4.2.7) ¢(n) = ¢(my) - - p(m),
dpor L | ¢(n).

Trodétouvue 6t 0 a elvan mpwtopyx plla tou n. Ilopatnpolue 6t (a,m;) =1
yio xéde i, dpar a®™) = 1 (mod m;) anéd to Vedpnua tou Euler. Emeton 6t
a’ =1 (mod m;) vy x&9e i = 1,...,7 xoL apol oL m; ebvor avd 0o oyeTxd TEGOTOL

ouunepalvouue 6T
(4.2.8) a’ =1 (mod n).

Ané v &M mhevpd, o a elvan TpwTopy L pllo Tou 1 dpo N TEEN TOL @ WS TPOS T
elvow ¢(n). Anéd v (4.2.8) naipvovue ¢(n) | L. Anhady,

(4.2.9) 6(n) = $(my) - d(m,) = L= [g(m1), .., d(m,)].
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[ va woyler i (4.2.9), ou ¢(m;) mpénet va elvon avd dbo oyetxd tpwtot (yiotl;).
Autég o nepoploude eltvar dmwe Yo Sodue ToRD Loyupedc:

() Av 0 n éyet S0o TEpLTTOUC TEGTOUC dLanpéTec P; oL pj, ToTE 0 P(my) = H(p) =
P (p; — 1) elvon dpTioc xa, opolwe, o ¢(m;) elvor dpTioc.

(B) Apa, 0 n umopel var Exel [lor and Tig THUPAXATL UOPPEC.

(B1) n = p*, 6mou p meprtToc TEGTOC MO K > 1.

(B2) n = 2°p*, émou p mepLTTOC TPGOTOC MO 8,k > 1. Av buwe s > 2, tH1E 0 9(2°) =
25~ 1 elvon diptiog xon dev umopel va elvan oyeTixd mpdToc we Tov ¢(pk) = pFt (p—1).
Anhadi, 1 wévn duvarth teplntwon e8¢ elvar 1 n = 2pk.

(B3) n = 2%, 6mou s > 1. IMapatneodue 6Tt ot 2,4 éyouv Tpwtapyxéc pilec: o 1
elvor mpwtapyLxh pilo Tou 2 xat o 3 npwtapyxl plla tou 4 (yiatl;). Oa detouye 61t
auTéC elvor oL UOVeES «BUVAUELS TOU 2y ToL EYOLY TPWTAPYXES pllec, anodelxvbovTag
otL av s > 3 tote, yio xdde neplttd a € Z,

(4.2.10) a®5 = 1 (mod 2%).

(ou mepLtTol axépatol elvar ot ubvol uroPgloL yior Tpwtopyxée piles utac duvoung
Tou 2). Iopatnpriote 6t ¢(2%)/2 = 2572, 'Eotw a tepirtoc. Ta s = 3 éyouue

(4.2.11) a®> =1 (mod 8)
doxnon). Trodétovue 6T
non u
(4.2.12) a> " =1 (mod 27).
Téte, a® =1+1-2" dpa
(4.2.12) @ = (14t-27) =1+¢ 27" +42.22" =1 (mod 2").

Auté amodetxvieL Tov LoYLELOUS LS UE ETAYWYT.

Tuvodilovtac o cuvurepdoupata twv (B1)-(B3) éxouvue btL oL ubvol guowxol n > 1
oL Yo utopoloay va éyouy TpwTopyxéc pilec evor oo mn =2 A n =4 An = p* A
n = 2p*, 6mou p TepLTTHC TEGOTOC N K > 1. O

Enuetwon: Aviiotpoga amodetvietor btiotn = 2, n =4, n = p¥ n = 2pk, énou p
TEPLTTOC TEWTOS Mo k > 1, éyouv bhot mpwtapyixés pilec (1 anddelin napohelneton).

4.3 Tetpaywvixd vnololna xou 0 cOUBoro Tou Le-
gendre

‘Eotww p évac neptttdc npwtoc xat €0tw a,b,¢ € Z ue (a,p) = 1. Oewpolue tnv

wooTuio

(4.3.1) az® + bz + ¢ = 0 (mod p).
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Agob (a,p) = 1 xor o p elvon mepittoe, éyovue (4a,p) = 1. Apa, n (4.3.1) elvar
LoodUvVoUT HE TNV

(4.3.2) 4a(az® + br + ¢) = 0 (mod p).
Ouwg
(4.3.3) da(az® + bz + ¢) = (2ax + b)* — (b* — 4ac),

onéte Vétoviac y = 2az + b xou s = b* — dac avoryduacte oty entluon g amhol-
OTEPNC TETPAYWVIXNS LooTw oG y? = s (mod p). Av auth éyer Mo y, xatdmy
apxel vor Nooouue T ypauuw wotuia 2az + b = y (mod p) we npog .

To npdéBAnua hotndy ue to omolo Yo acyohndolue ot auTh TNV Tapdypapo eivar
T0 €. Alvovtan évag TEpLTTOC TEDTOC P xol EVAS IXEPALOS @ Xal VENOUUE Vo SoVUE
néoec AOoeLC ExEL 1) LooTiuia

(4.3.4) 22 = a (mod p).

Mrnopolue oéons var X8vouUEe xdmoleg amhés mopotneroels. And to Yedpnua tou
Lagrange, n (4.3.4) éyeL 1o moA0 800 Moew. Enlong, av p | a téte N wovaduei Aoon
e (4.3.4) elvaw n z = 0 (mod p).

Av topa (a,p) = 1 xou undpyeL o TéTotog Kote 23 = a (mod p), toTE

(4.3.5) (p — m0)? = p* — 2pxo + 23 = 23 = a (mod p).

Enlong, ou zg xat p — xo elvon avioétiuor mod p: adhhide Vo elyae p | 2z, T0 onolo
elvow drtomo agol (zg,p) = 1 %o o p elvon TepLTToC.

O mponyoluevoc culhoyioude delyver 6t av (a,p) = 1 t61e 1) (4.3.4) €xer dbo
Aooelc 1 xouplo Ao,
Opiopds. 'Eotw p évog meptttoc nptdtog xo é0ww a € Z Ve (a,p) = 1.
0 a elvou TeTPaywVLxd LTGAOLRO Tou p av 1 22 = a (mod p) éxer (3Vo
AN, MNue 6tL o a dev elvon TeTpaywVLXd UTOAOLTO TOU P.
ITAPAAEITMA: O&louue va Solue Ttowd elvar ta TETpaywvixd utdhotta Tou 13. Ap-
xel va Bpoldue ta undhona e Salpeong TV TETpAY®VLY Twv 1,2,...,12 e 13.
Iopatneodue 6t

1?=12> = 1 (mod 13)
22 =117 = 4 (mod 13)
32=10> = 9 (mod 13)
42=9% = 3 (mod 13)
52=82 = 12 (mod 13)
6°=7> = 10 (mod 13).
"Apa, o tETpatYWwVXd LTdAoLTe Tou 13 elvor ot 1,3,4,9,10,12 (mod 13). Hapatner-
oTe OTL UTdEYoLY 6 = 132_1 TETpAYWVLXE uTdhoita Tou 13. Enlong, tor umbéhoina g
Sadpeone Twy 12,22 ... ,6% = (%)2 ue 13 elvon Stapopetind avd 0o (xon pog 8i-

YOV 6hat Ta TETEAY VXS UToAoLTL Tou 13). OL Topatnphoelc auTés Loy bouy Telelng
Yevxd, omwe Selyvel to emduevo Yewpnua.
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Oedpnua 4.3.1 Eotw p évag nepirtds mptog. Trdpyovr akpipos (p —1)/2 an-
oétiua w§ mPos P TeTpaywvikd vrédoima Tov p, Ta omola avarapioTavtatr and Toug

2
1202 (P21
b b b 2

Anodeln: Eow ag,...,a, T T€TpAYOILXE UTOAOLTA TOU p. Xe xdle a; AvVTLoTOL-
¥oLv dbo Aboewg Tne 2 = q; (mod p), ot z;1 xou xzp. Hopatnpodue 6t av i # j
t6t€ @i Z x (mod p) yro x89e k, 1 = 1,2 (odhddc Jo elyaue a; = 22, = m?l =
a; (mod p)). Me dhha Aoyia, toL 7 TETpay wvixd udrotna Tou p opllouv 2r dapope-
wwéc xhdoee (mod p) nou elvan enlong Staopetinéc and v 0 (mod p). ‘Enetor 61t
2r <p-1.

Avtlotpoga, detyvouue mpwta 61t oL 12,22, ..., (%)2 elva aviodTLUOL WS TEOC
p. YTrodétouue 6T yio xdmowoug 1 < < y < (p— 1)/2 wyler y? = 2% (mod p).
Téote,p|y> —a?=(y+a)(y—x). Ouwg, 1 <y—ax<y+x<p—1daopdev
SLonpet xavévay amd toug y — o, y + z. Katahhfoue oe dromo, dpa oL 12,.. ., (prl)2
aVAxoLY OE BLAPOPETIXES XNIOELS WG Tpog P, dNAadY) opilovy (p — 1)/2 dapopeTtixd
TETPOYWYLXE UTONOLTL ToL p. AuTé onuaiver 6t r > (p — 1)/2 xan 1 andderln elvon

TAeng. O
To enduevo Yedpnua (xprthAero touv Euler) poc divet, Touldytotoy Yewpntixd, évoy

Te6TO Vo amogacilovue av o a elvon 1) Sev elvon TETpaAYWILXG UTOAOLTO TOL P.

Oedpnua 4.3.2 Eotw p évag nepirtds npddtog kat éotw a € Z e (a,p) = 1. Tdre,
0 a €lval TerpaywviKké VTAolmo Tov p av kat puévo av

(4.3.6) a"= =1 (mod p).
Ye avtifetn nepintwon, wyvel avaykaotikd n
(4.3.7) a"= = —1 (mod p).

Anodelln: Trodétovue mpdta 6Tl 0 a elvar TETpAYWYIXS UTdholto tou p. Téte
undpyeL x e (z,p) = 1 o onolog wavorotel Ty z° = a (mod p). ‘Enetor 61

(4.3.8) P l=q"T (mod p).
‘Ouwe, zP~! = 1 (mod p) amd 10 wxpd Yedpnuo Tou Fermat, ondte mpoximnteL 1)
(4.3.6).
INa v avtiotpogn xatedduvon TapatneolUe TE®To OTL N
(4.3.9) 2Pl —1=(2"7 —1)(2"2 +1)=0 (mod p)
éxel axpBide p — 1 Nooewg and 1o wxpd Yedpnua tou Fermat. Opilovue
A = {a:1<a<p—1xwuaTetpaywixd viéAOLTO TOU P},
B = {a:1<a<p—1xua by etpaywixd LTOAOLTO ToU P},
c = {a:lgagp—lxoaap_;l—IEO(modp)},
D = {a:lSaSp—lquaL;l+1£0(m0dp)}.
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Mapatnpotue 6t AU B = {1,...,p — 1} xou xadéva and to A, B éyel axplPdg
(p—1)/2 otouyelo and 0 Octdpnua 4.3.1. And v (4.3.9) yivetor pavepd 61t CUD =
{1,....,p—1}. [Av1<a<p-—1réte

(4.3.10) plaP "l —1=(a"T - 1)(a"T +1),
dipot
(4.3.11) pla™ —14p|a™ +1.

Emniéov, uévo ula anéd tic napandve oyéoels unopel va toyOet, ohhuidg Yo elyaue p |
2 (ywtl;) to omnolo elvon drono.] Enilong, to Yedpnua tou Lagrange uoc e€aogokilet
6t xadéva and 1o C, D éyer to ol (p — 1)/2 otowyelo. Yuvdudlovtag ue o
Tponyolueva cuunepaivouue 6Tt xaéva and ta C, D éyet axplode (p—1)/2 otouyela
(evolhoxtixd, o tehevtalog Loyvplopde elvon dueon ouvénela tov Afuuartog 4.2.1).

Téhog, and 10 mpodTo Yépog e anddeling éyovue A C C, dpa D C B. Xuyxpi-
vovtog tAndapliuoue talpvouue A = C xow B = D mou elvon axptBids to {ntoduevo.
O

Oprowds. ‘Eotww p évac teplttoc tpotog xot Eotww a € Z ue (a,p) = 1. To cduBolro

Touv Legendre (%) optleton we ene:

1 , AV O @ ElVaL TETPAYWYIXG UTIOAOLTIO TOU P
<a>

p —1 , av o a dev elvon TeTpaywVLXd UTOAOLTO TOU P.

Avp | a, Yétovue (%) = 0. Me autr T oOufoon, yia xdde a € Z o apududg 14 (%)
toolTa Ue To TAAYoC Twv AOGEWY TNG 22 =a (mod p). Ot Baowéc BLétntes Tou
ocuufohou tou Legendre amodewxviovion oty enduevn npdtaom.

IIpétaom 4.3.1 Eotw p évag nepirtds mpdtos kat éotw a,b € Z e (a,p) = (b,p) =
1. Ioxvovr ta €€ng:

(o) Av a = b (mod p) tdre (%) = (%)

Anéde&n: (o) Av a = b (mod p) t6t€ ot wotiec 2 = a (mod p) xou z? =

b (mod p) éyouv axpBie tig (dieg Aooelg, dnhadY o a elvar teTporywvxd vndrotno
TOU P A xoL UOVOo av 0 b elval TETPAYWVIXG UTOAOLTIO TOU p.
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(B) H 22 = a® (mod p) éyeL npogovh Aoon v = = a. Aol (a,p) = 1 éyouue xou
(a?,p) = 1. "Apa, 0 a® glvar TETPAYWYLXS LTOAOLTO TOU P.

(v) ‘Exouue (%) =1 av xou wo6vo av o a elvar TETpAYWVLXd UTOAOLTO TOL P, TO
ornolo and o xpithpo Tou Euler woylel av o uévo av o' =1 (mod p). Evtehde
avdhoya, Exouvue (%) = —1 av xou uévo av a®= = —1 (mod p). Se xdde TEplnTLOo,
(4.3.12) (9> =a"T (mod p).
p

(3) XpnoyonoldvTag To TEonYoUUEVo cuUTEpaoU BAETOLUE 6L

b p— p— p— b
(4.3.13) <G—> = (ab)*T = T b'T = (9> (—) (mod p).

p p p
Aol

i ()00 = (2)-()C)er

AVALYXAOTLXE €Y OVUE

)-6)0)

() H mpodyin wodtnta ebvon ouvéneta tou (8) agod 1 = 12, Tia tn Sedtepn nopatnpolue
ot

(4.3.16) <_71> = (-1)*= (mod p)

XOL YENOLULOTOLOVUE OTWC TPV TO YEYOVOC OTL

(4.3.17) p <_?1> —(-1)" €{-2,0,2}

xoL o p elvon mepLtTodC. O

Ou Wiotnteg mou anodetlaue oty Ilpdtaon 4.3.1 elvon TOAD YpEHOLUES Lot TOV UTO-
royloud cuuPérwy tou Legendre.

ITAPAAEITMA: ©élouue va Solue av 1 tootiubo 22 = —38 (mod 13) éyel Aoeic.
[Ipoomadolue va utohoyicovue o

e (D)-E)E) -0 0)-()

Q¢ €36 ypnowonotioaue Tic WiétnTee (3) xou (g). Tdpa, ypnowuonotdvias v (o)
nafpvouue

w1 ()= (2)



103

xaL yenotuonolwvtas T (8) xou (B) Bré

(4.3.20) (1?) ( ) <_> <%>:<%>

, , , 3 ,
Apxel hownéy va umohoyioouue to (). Ouwc,

(4.3.21) (1—?;)) =3%=(27)2 =1 (mod 13),
dipat
-38 3
4.3.22 — | =(=)=1
4322 ()= () -+
dnhadn 1 wootulo €yel d0o AooeLc. ad

To enduevo Yewdponua (Afupe Tov Gauss) poc dlvel évay dhho tpdmo v Bhé-
mouue to cOUBoAo tou Legendre.

Oceopnua 4.3.3 Eotw p évag temrtds npdtog kat a évag axépaios ue (a,p) = 1.
Ocwpoijie to ovvolo

1
(4.3.23) Sz{a,?-a,...,p—-a}.

Av n elvar to mAndos twy otoweilwy tou S mou agrivouy undloimo peyadivtepo and
p/2 otn daipeori tous e tov p, tdte

(4.3.24) (%) = (-1)".

Ano6deln: Elvaw edxolo va eléyiete 6t o a,2 - a, ..., pgl - a glvon TpWTOL TPOC
TOV P %oL aVleOTIUOL WS Tpog p. Emouévewe ta uméhoina tng dalpeoric Toug UE p
ywpllovtor oe dbo ouddec:

(o) Tt 71, .., Ty T OOl tOVOTIOLOOY TNV 0 < 73 < p/2.

(B) T 81, .-, Sy T omolar xavomooly TN p/2 < s < p.

[O p/2 Bev elvan axéponog, dpor dev umopel va elvar utdrotro]. Ou 7 xow s5 avixouvy
o SLUPOPETINES HAAOELS WS TPOS P, dpal

~1
(4.3.25) m+n = pT,

600¢ dnAadh elvar o TAnddprduoc tou S. BOswpolue Tpa Toug apLduols T, P — Sj,
ot onofot Bploxovtar 6ot oto {1,...,(p — 1)/2}. Ilapatnpodue 6Tt

(4.3.26) Ty P —Sj
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yaxddei=1,...,mxuj=1,...,n. Hpdyuot, urdpyouvu,v € {1,...,(p—1)/2}
tétolol Bote 1; = ua (mod p) xou s; = va (mod p). Av r; =p — s, 6T€

(4.3.27) p=ri+s;|(u+v)a
xar ool (a,p) = 1 mpémer va woylel n p | (u + v), To onolo amoxheleton apol
2<u+v<p-—1 "Ereton 6t 10 6Ovoho {ri,...,"m,P — S1,...,D — Sp} CUUTITTEL

we o {1,...,(p—1)/2}.
Auté éyel oa ouvénela (yratl;) Ty
(4.3.28)

(1%1» =11 rm(P=51) (P —5p) = (=1)"r1 -+ Tpsy -+ 5y (mod p).

Ané v SN TheLpd, oL T, 55 AVTLOTOLYOUV GTLS XNAUCELS UTONOITIWY TV GTOLYElWY
tou S. Apa,

(p=1)/2 b (p—1
(4.3.29) Ty TmS1- - Sp = ul:Il (ua) =a 2 <T>' (mod p).

Ané e (4.3.28) xou (4.3.29) Brénovyue btu

(4.3.30) (’%) !

XOL Alpov ((%)!,p) = 1 matpvouue

(0ras (251! Gmod )

(4.3.31) (-1)"a"= =1 (mod p).
‘Eneton 6t
a Pl
(4.3.32) <5> =a 2 =(-1)" (mod p)
and tny Hpbtoon 4.3.1 (). O

Mo mpddytn epopuoyr Tou Afupoatos Tou Gauss Siver to enduevo Yedpnuo, oto

. ’ 7 ’ 2
omnoio unoloyileton 1 TLu” Tou GUUPOIOUL (5).

Ocsvpnua 4.3.4 Eotw p évag nepittos mpwtos. Tote,

(4.3.33) <3> — (1)

p

Anladn, (%) =larp=8kx1 ka1 (%) =—1avp=28k+3.
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Anodedn: And to Afuua tou Gauss €youue

2
4.3.34 2) = (-1,
(4334 (2)-cv
6mou n 1o Tidoc v © € S = {2,4,6,...,p— 1} mou apvouy udhoLro UeYURITERO

and p/2 oty Swdpeoh toug we p. Aol dha ta oTouyela Tou S XavoToLOY TNV
0 <z < p, apxel va uetprioovue méoa amd autd elvon ueyolbtepa and p/2.

Anhady), pwtdue ya mod 1 < k < (p — 1)/2 wyder 2k > p/2 f wodlvoua
k > p/4. Hpogavix,

(4.3.35) n = p%l - [g] .

Avaxpivovue téooepic nepintioelc (o p elvon TEpLTTOC):

(o) Av p =8k +1, t61¢

n=—— 1

8k 8k +1
2

]:419—214::2]4:.

(B) Av p =8k + 3, t6t¢

8k + 2 [8k+3
n= -

5 4] 4k +1) — 2k =2k +

(v) Av p =8k + 5, t6te

8k + 4 [8k+5
n= -

5 7 ]:(4k+2)—(2k+1):2k+1.

(d) Avp=8k+17, t6t

n_8k+6_ 8k +7
T2 4

]:(4k+3)—(2k+1):2k+2.

Enouévwe, (—1)" =1 étav p = 8k £ 1 xon (—1)" = —1 6tav p = 8k £ 3. Téhog,

2
TapATNEOTE OTL 0 % elva dptiog otay p = 8k £ 1 xan mepLttog dtav p = 8k £ 3,

on6te 10 ouunépaoua utopel va Statutwiel eviala uéow e (4.3.33). o

4.4 O TETPAYWYLXOG VOLOG AVTLGTROYPNS

‘Eotw p xau g 8o neptrtol mpidtol. Térte, ta cbuBola tou Legendre (%) xou (%)

optlovtan xan ta dVo. O TETPAYWYLXOG VOUOG AVTLOTRPOPNG UIC EMTEENEL VOl
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umohoyilovue to éva amd ta 300 av yvweilovue Ty Y Tou dAou. Ioylel tdvta
loéTnTa

(4.4.1) (g) <%> — (—1)5= 5

‘Onwe Yo dolue, ouvdudloviog aUTd TO ATOTEAECUN UE TO ATOTEAECUOTA TNG TEON)-
YOUUEVNS Ttopaty pdpou, UTopoVUE E0XOAA Xou YRTYOopa va ano@acilovUe av o a elvor
TETPAYWYLXG UTONOLTIO TOU TEPLTTOV TPMTOL P yia xdde oxéparo a ue (a,p) = 1.

O ddoouue utar anddelin TOU TETPAYWYLXOLD VOUOU avTloTporc tou Bacileton
oty e€nc ouvénela tou Afjuuartog tou Gauss.

Adupa 4.4.1 Av p elvar évag mepittds mptos kat a e€lval évag mepittos aképalog
pe (a,p) = 1, tdre

(4.4.2) <9> = (=¥,
émou
(4.4.3) N= (pz%/z [lﬂ .

k=1

Anddelgn: 'Onweg otny anddelén touv BOewprjuartog 4.3.3, Yewpolue 10 chvoro

(4.4.4) S:{a,2-a,...,p%1-a}.

T xdde k=1,...,(p—1)/2 ypdpovue
(4.4.5) ka = qep + t,

omouv q € Z xo 1 <ty <p—1. Tére,

ka
4.4.6 {—] =
(4.4.6) ’

v xdde k, dpat
(4.4.7) ka = [ka/plp + ti.

Me 1o ouuoiioud tng anddeling Tou Oewphuatos 4.3.3, av t < p/2 o ty elvar évag
OO TOUC T, .« oy Tyny EVO OV g > p/2 0t elvor €vac amd ToUg S1, ..., Spe
Ipoo¥€tovtag Aotmdy xatd UEAT Talpovouue

(p—1)/2

Z [ka/plp + Zri + ZSJ

k=1

(p=1)/2
(4.4.8) > ka
k=1
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Ouwg, oty anddetén tov Oewpriuatoc 4.3.3 elBoue 6Tt oL ry, ..., Iy, P—S1,...,P—58n
elvor pta avadidtaZn v 1,2,..., (p — 1)/2. "Apa,

(p—1)/2 m n m n
(4.4.9) Z k:Zri+Z(p—sj):pn+2ri—Zsj.
k=1 i=1 j=1 i=1 Jj=1
Agarpdivtoc Tic d0o TeleuTales LOOTNTES XUTE UENY), TOPVOUUE
(p—1)/2 (p—1)/2 n
(4.4.10) (a=1) > k=p| > [ka/pl—n|+2> s;.
k=1 k=1 j=1

Tdpa yenotuomolUE 10 YEYOVOS OTL oL p xat a elvar eptttol: malpvovtog xhdoelg
s mpog 2 oty (4.4.10) éyouue

(r—1)/2 (p—1)/2

(4.4.11) 0- > k=1-{ Y [ka/p]—n| (mod2).

k=1 k=1
Anhadn,

(p=D)/2 0y
(4.4.12) n=N= {—] (mod 2).
k=1

Apa,

(4.4.13) (9> = (=)™ = (-)V,

6Tou N TEWTN WoTNTA efvon axplBie To cuunépaoua Tou Oewpruatog 4.4.3. a

Oevpnua 4.4.1 (Tetpaywvixds vopog avtiotpopng, Gauss) Av p kai g elva
daxexpipévorl mepirTol TPATOL, TOTE

(4.4.14) (g) (%) — (1)

Aréderdn: Oewpolue t0 oploydvio oo zy-eminedo mou éyel xopueéc ta (0,0),
(p/2,0), (0,q/2) xou (p/2,q/2). Me R ouuBolilovue to eowtepind tou opdoywviou
(dev ouumephouBdvovTaLl oL TheLpés Tov).

Metpdue to mAfloc twv onuelwv (n,m) ue axépotec cLUVTETAYUEVES To ontola
avipxouy oto R. Agol ol p xau ¢ elvon mepittol, éxovue (n,m) € R av xat uévo av
wavorotovtar ot 1 < < (p—1)/2 xaw 1 < m < (¢ — 1)/2. Anhadn, to TAfdoc
AUTOY TWV oNuelwy elvar

(4.4.15) p=2—-.1"2
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Tdpa Yewpodue t dtary@dvio Tou R mou cuvdéet ta (0,0) xan (p/2,¢/2). H eZlowon
authe tne evdelog elvar y = (g/p)z, dnhadh py = qz. Av xdmoto and ta onuela (n, m)
avixe ot Staywvio, Yo elyaue pm = gn. Aol (p,q) = 1 Yo malpvaue g | m xou
p | n, t0 omolo elvon adlvato agod 1 <n < (p—1)/2xul<m < (¢—1)/2. Apa,
o onuela (n, m) avixouy oe éva and ta dbo tplywva T1 (xdtw and ) Sorydvio) xow
T (ndvew amd n dtaydwio) ota omolo ywellel n Stoydviog to R.

Tepar, Eavauetpdue ta axépanar onuela (n,m) tou R wc eghc. T xdde onuelo
(k,0), 1 <k < (p—1)/2, ta axépara onuela mou Bploxoviow oty xotaxdpupn Tou
optlet 1o (k,0) xou uéoa oto T elvon exelva ta (k,y) yio to omola 0 < y < kq/p.
Apat, To TAYoc Toug elvan (oo e [kg/p]. Mpocdétovtac we npog k BAénouue otL T0
mAdoc Ty axepaiwy onuelwy oto T wwolton Ue

(r=1)/2
(4.4.16) > [ka/pl.

k=1
Evtehde avdhoya BAénovue 6L to mhdog twv axepaiwy onueiwy oto Th toodton ue

(4=1)/2
(4.4.17) > [w/al.

=1
Apa, 1o Thdoc L tewv axepaiwy onuelwy oto R wavomolel tny

(4.4.18) b=l a-1_ (p§/2[k (a=1)/2
- B - afpl+ Y [n/al.

2 2
k=1 =1

Ané 1o Afuua 4.4.1 Brénovyue 6t

() ()

q—1)/2

(_1)21(:1 (tp/al(—1) W5V ka/p)

= (-1) a2 1p/ g1+ 25D 2 [k /1)
= (—1) prl.% .
Autoc elvar axptBoe 0 TETpoywVndS YOUOS avTLoTROPHC. O

ITAPAAEIPMA: Yrohoy(louue o oufBolo tou Legendre (122): Awadoyixd éyouue

(4.4.19) (12%(;) N <%>

yiotl 196 = 23 - 8 + 12, xon

a0 (5)-(5)()-E)

Apxel howndv va utohoyloovue to (%) Ané Tov teTpaywvind vouUo avTloTpo@nic,

(4.4.21) (%) <2—;> =(-D" =-1.



109

Eriorng,
23 2

4.4.22 —)=(=]1=2=-1
(4.4.22) (3) (3) (mod 3)
dnhadn

23
4.4.23 — ) =-1
(4.4.23) (%)
Apa,

4.5 Aoxnoeig

1. Anodel&te tic mopaxdte TEoTdoeL:

(o) Av 0 a éyeL T8En 2k we mpog Tov TEpLTTo TPGTO P, T6TE af = —1 (mod p).

(B) Av 0 a éyel td&n n — 1 w¢ npoc Tov n, TéTE 0 N elvon TEHOTOS.

2. Eotww n > 1. Ael&te bt 6hot oL nepittol mp@toL SLonpéteg Tou n? + 1 elvoe ™me
Hopptic 4k + 1.

3. Eoto r pla tpwtapywu plla tou n. Aelfte 6t o 7k

av xat wévo av (k, ¢(n)) = 1.

elvar mpwtapyx pila Tou n

4. Eotw r wa npotapyu) pila tou neptttod npdtou p. Aellte otu
() Av p =1 (mod 4) téte 0 —r elvar enione npwtopyx pilo ToL P.
(B) Av p =3 (mod 4) t6t€ 0 —r €yeL 8&N (p — 1)/2 wc wpog p.

5. No Avdolv ot teTpaywvixée tootiuleg

2% + 7z +10 = 0 (mod 11)

pigei
522 + 62 4+ 1 =0 (mod 23).

6. Avop=2F+1c¢iva TpdTOog, delTe bTL *dle axéparog o dev elvon TETPAYWVLXO
unéhoLno Tou p elvar Tpwtapyix plla Tou p.

7. Tnoloylote Ty Ty Twv cuuBdiwy tou Legendre

=) &) G) &) &)
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8. 'Eotww p évoc neptttoc mpodtog xat a évac axépatos we (a,p) = 1. Aellte 6w n
Awogavtixn e€lowon
2 +py+a=0
a

el oncéponor AOom av xou U6vo o (;) =1
P

9. (o) Eotw p évag meptttdc TpdTog XL €6Tw a,b € Z mphtol tpoc Tov p. Aellte
6Tl TOLASYLOTOV €vag amd Toug a, b xou ab elvon TeTparywvixd utéloLno Tou p.

(B) AciZte 6t yra xdde Tpwto p udpyeL n € N tétolog Wote

p| (n? —2)(n® —3)(n* - 6).

10. Av o meptttdc npdtoc p txavorotel v p = 1 (mod 4), dei&te 6n

(r—1)/2 a
()
p

a=1

[Trédeén: (%) = (p;“).]

11. 'Eoww p évoc meplttoc npwtoc. Av

/N

a — 4 7
5) = —1, 8¢iZte 6T

ZkL;l =0 (mod p).

kla

12. Av ot p xau g elvor meptttol TRGTOL X eavoTololyY Ty p = ¢ + 42 yLo xdmolov

O(XEpO(L() 1‘, Bsié € OTL
p q

13. No Audel 1 tetparywvih wwotylo 2 = 11 (mod 35).

14. No Bpedolv dlot ot mepLttol TEwTOL P YLa Toug onoloug (%3) =1

15. No Bpedolv Aol ot TepLtTol TE®TOL TOL €YUV TETPAYWVIXG UTOAOLTO TOV 5.

16. 'Eotw p évac neptttoc mpodtoc. Av p = 1 (mod 4), detlte 6t

Te(5)=

o

(k/p)=1
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Ynodellelg - anavifoetg

1. (o) A6 tnyv urddeon éxovue
pla®® —1=(>"-1)" +1).

‘Ouwc o p dev unopel va Sanpel tov a® — 1 (0 a Do elye T8En wixpbtepn # ion Tou k evd
éxouue unodéoel 6L 1 TéEN ToL WS Tpog p elvor (on ue 2k). Apa, p | af + 1, o onolo
onuaiver 6t a® = —1 (mod p).

(B) Av o n elvar oOvietoc, téte p(n) < n — 1 (yiatl;). And to Yedpnua touv Euler, av
(a,n) = 1 téte a®™ =1 (mod n), dpa 0 a éyeL T4EN xdmotov Sronpétn tou G(n), Snhadh
%xdmoLov PuoLxd YVHoLa UxpdTeEpo ToLu 1t — 1.

2. 'Eotw p évag neprrtég mpdtog Satpétng tou n? + 1. Téte n? = —1 (mod p), dpa

n' = (n*)? = (-=1)® =1 (mod p).

‘Eneton 6tL 1 tédén 10U n wc mpoc p oovtan ue 4 (yratl;). Apa 4 | ¢(p) = p — 1, ondte
untdpyel k € Z tétotog wote p — 1 = 4k.

3. Zépouyue 6tL M téEn tou ¥ we Tpog n etvar ton we d/(k, d) émou d n téEn ToL r WS TEOS
n. Apol o r elvar tpwtapyxy pila tou n éyouue d = ¢(n). Anhadh 1 tédén tov r" we npog
n eivon on ye ¢(n)/(k, #(n)). O r* da eivar % autdc mpwTapyxh pila ToL 1 av xon Ubvo
av ¢(n)/(k, p(n)) = ¢(n), dnhadh av xa uévo av (k,p(n)) = 1.

4. (a) 'Eotw k n 18&n tou —r wg npog p. Tote, k | ¢p(p) = p — 1 xou Sev umopolue va
éxovue k= (p—1)/2 ywatl o (p — 1)/2 elvon dptiog ondte Yo elyoque

p@-D/2 _ (_r)(p_l)/2 =1 (mod p),

t0 omolo dev toyleL agol o T elvon mpwtapyx plla tou p. Av howtdy k # p — 1, tote
k< (p—1)/2 ondte 2k < p — 1 xon

r** = [(-r)" ]’ = 1% =1 (mod p),

10 onolo elvar wéhL drtomo. ‘Eneton 6t k = p— 1, dnhadn o —r elvon mpwrtopyixn plla tou p.

(B) Onwg mpwy PAémovue 6Tt 1) Téén k Tou —1 wg pog p dev uropel va elvar uixpdtepy) and
(p —1)/2. Enlong, o (p — 1)/2 elvan mepLttoc dpat

(=) P=D/2 = =1/,
Apxel howndy va Seifouue bt rP~1/2 = —1 (mod p). Auté npoxintel and v
p| P o1 = (V2 D2 4,
O p dev Sroupel tov 7P 1/2 1 (yiati n 1é4En tou T we npoc p etvar p—1), dpap | r@H/2 41,
5. () H 2% + 72 + 10 = 0 (mod 11) efvor 1cod0vaun ue v
4z + 28z +40 = (2 +7)° —9 =0 (mod 11)

yiott (4,11) = 1. Oérouvye y = 2z + 7 xou Movovyue v y> = 9 (mod 11) 7 onola éxet Tic
npogavelc Aoewc y = 3 (mod 11) xou y = —3 (mod 11).
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Apxel hotndv va Aooovue Tig
2z +7 =3 (mod 11) xou 2z +7 = —3 (mod 11).
Isod0vapua, Tic
2¢ = -4 =7 (mod 11) xou 2z = —10 =1 (mod 11).
O Nooewe toug elvan ov £ =9 (mod 11) xow z = 6 (mod 11).

(B) Ouota.

7. Xernouwonowlue tig Baoixés Wiotntes Tou cuuBorou tou Legendre xau tov TETPAYWVLXO
VOUO AVTLOTROPYG.

==
wlo
~
I
—~
Gl
~
—~
Gl
~
I

)= (%
(8 = (8) = ()" (3) = (
) ) =1

B =@ =@d=1

Tao unéroina obuPoha tou Legendre urohoyilovton ue tov (3to tpodTo.

8. Av umdpyouy axépatol x,y tétowt Gote T 4+ py +a = 0, t61e 2 +a = 0 (mod p)

Shady n tetpaywvixh wotiula 2° = —a (mod p) éxel Moec. Enouévoc, (‘Tfl) =1.

a

Avtiotpoga, av (77) =1, 161 undpyeL x € Z té10t0¢ dote x> = —a (mod p), Snhadh

p | £24a. Apa, undpyel axéponog y Tétoog HGote w2 +a = py. ‘Encton 6t 2’ +p(—y)+a = 0.

9. () Aol ou a,b elvar TpdToL TPOS TOV P Loy VEL X 1| (ab, p) = 1. Tvwellouvue ot

2)-06)

Aol o tpeic avtol aprduol talpvouy Tic Tyée £1, Sev unopolyv va elvor dhot (oot ue —1
(Vo elyape —1 = 1). "Apa, xdnoto and to tpla cbuPBora tov Legendre nalpver ty s 1,
dnhodn TovAdyLoToY €vag and Toug a,b xow ab elvan TETPAYWVIXG LTOAOLTO TOUL P.

(B) Av p # 2,3, naipvovue a = 2 xau b = 3 oto (o). Kdmowog and toug 2,3 xaw 2-3 =6
elvon teparywvixd véhotno tou p. ‘Apa, vndpyel n € N tétolog wote

pln® =2 % p|n®=3 % p|n®—6.

Ye xdde meplntwon,
p| (@ =2)(n* =3)(n” - 6).

Avp =21 p=3 10 {ntoduevo woybel ye n =2 K n = 3 avtiotouya.
10. O (p—1)/2 elvoun dptiog, dpa yia xdde a =1,...,(p —1)/2 éyovpe
(p— a)(Pfl)/2 = (_a)(pfl)/2 = g 1)/2 (mod p).

Anb o xpitrplo tou Euler éneton 61t
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Enouévwg,

Y ()0 (50)-5 ()

a=1 a=1 a=1

‘Ouwc 1o obuBoro (%) nadpvet tic twéc 1 xow —1 and (p—1)/2 popéc xaddc 1o a xivelton
and 1 wg p— 1 (ov uicég TLéc Tou a elvor TETPAYWVLXE LTONOLTA TOL P X oL GANEG LoEC
oyL). Apa, to tehevtalo ddpooua elvan (oo ue undév. ‘Eneton to {nroduevo.

11. 'Otav o k Satpéyet toug Sanpétec tou a, o k/a Siatpéyet Touc dronpétec Tou a xou
(0) () -(0) o ()=-(2).
p p p p p

-5 £ -

kla kla kla

Apa,

Eniong, and to xpithipeto tou Euler,
p—1 k
[ <—> (mod p).

‘Apa,
p—1
E k™2 =0 (mod p).

kla



