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Eisagwg�

K�rioc skop	c tou bibl�ou e�nai h mel
th thc zw�c kai tou arijmojewrhtiko� 
rgou

twn Fermat� Euler� Lagrange kai Legendre Ja melet�soume dhlad� thn istor�a kai ta

apotel
smata thc Jewr�ac Arijm�n pou anakal�fjhkan kat� ton ��o kai ��o ai�na

Se m�a per�odo 	pou �lloi kl�doi twn Majhmatik�n anapt�ssontai ragda�a kai o anta�

gwnism	c proterai	thtac e�nai pol� meg�loc� h Jewr�a Arijm�n exel�ssetai me brade�c

rujmo�c kai se erasiteqnik� b�sh

St	qoc mac den e�nai na d�soume komy
c apode�xeic� k�ti pou sun�jwc g�netai se k��

je eisagwgik	 m�jhma Jewr�ac Arijm�n� all� periss	tero na de�xoume th diadikas�a

an�ptuxhc twn ide�n kaj�c kai tic prosp�jeiec pou 
ginan m
qri th swst� diat�pwsh

kai ap	deixh twn apotelesm�twn Apeujun	maste se foitht
c Majhmatik�n kai �llwn

sunaf�n proc ta Majhmatik� Tmhm�twn kaj�c kai se majht
c Luke�ou pou agapo�n ta

Majhmatik� kai eidik	tera thn Jewr�a Arijm�n Elp�zoume h mel
th tou perieqom
nou

tou bibl�ou na d�sei se pollo�c n
ouc mac to 
nausma thc ep
ktashc twn gn�sewc touc

se 
nan ap	 touc arqai	terouc kai elkustik	terouc kl�douc twn Majhmatik�n

To bibl�o ekd�detai m
sw tou progr�mmatoc EPEAEK ��PROMHJEAS�� tou Panepi�

sthm�ou Kr�thc Jerm
c euqarist�ec qrwst� ston upe�juno tou progr�mmatoc An

Kajhtht� k�rio Gi�rgo Tzir�ta T
loc ja �jela na euqarist�sw ton majht� mou Ja�

n�sh B
ssh kai ton David J� McClurkin gia thn hlektronik� epexergas�a tou keim
nou

Gi�nnhc A Antwni�dhc� Kajhght�c

Hr�kleio� Okt�brioc ����

iv



Kef�laio �

Prwto�stor�a

S�mfwna me ton Jacobi h jewr�a twn elleiptik�n sunart�sewn genn�jhke an�mesa stic

���������� kai ��������� Thn pr�th hmeromhn�a h Akadhm�a twn Episthm�n tou

Berol�nou par
dwse ston Euler to d�tomo 
rgo tou Fagnano� Produzioni Mathematiche

to opo�o e�qe ekdoje� �dh ap	 to ���� O Euler 
prepe na exet�sei to 
rgo kai na gr�yei

kai 
na euqarist�rio gr�mma ston Fagnano Thn de�terh hmeromhn�a o Euler xekin�ntac

ap	 thn ergas�a tou Fagnano gia to lemniscate �Lhmn�sko� anako�nwse sthn Akadhm�a

Episthm�n tou Berol�nou ta apotel
smata mi�c seir�c ergasi�n tou� 	pou apode�knue

ta jewr�mata thc pr	sjeshc kai tou pollaplasiasmo� elleiptik�n oloklhrwm�twn

An prospaj�sei kane�c� 	pwc gia tic elleiptik
c sunart�seic� na brei p	te genn�jhke h

Jewr�a twn Arijm�n� ja diapist�sei 	ti� 	pwc kai o B�kqoc� genn�jhke d�o for
c H

pr�th g
nnhsh ja pr
pei na 
qei sumbe� metax� ���� kai ���� Sta ���� dhmosie�jhkan

ta Arijmhtik� tou Di	fantou ap	 ton Bachet sto ellhnik	 prwt	tupo� maz� me latinik�

met�frash kai ektetam
na sq	lia P	te 
pese sta q
ria tou Fermat aut	 to bibl�o

den mac e�nai gnwst	 Ap	 thn allhlograf�a tou Fermat 	mwc bga�nei to sump
rasma

	ti m
qri to ���� 	qi m	no to e�qe melet�sei prosektik� all� e�qe �dh anapt�xei kai

dik
c tou id
ec p�nw se 
na swr	 j
mata pou diapragmate�ontai ta Arijmhtik� tou

Di	fantou

�



� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

O Fermat prosp�jhse na pe�sei meriko�c f�louc tou� 	pwc o Huygens� o Pascal ka� na

asqolhjo�n kai auto� me ton agaphm
no tou kl�do� all� den ta kat�fere O Fermat

p
jane sta ���� O gui	c tou Samuel ex
dwse to bibl�o tou Bachet sta ���� maz�

me tic parathr�seic pou pros
jese o pat
rac tou sto perij�rio kai arg	tera ������

dhmos�euse kai m
roc thc allhlograf�ac tou M
qri na ft�soume sto shme�o na 
qoun

oi ekd	seic aut
c k�poia ep�drash sta Majhmatik� thc epoq�c p
rase mis	c ai�nac kai

sto di�sthma aut	 fain	tan san na e�qe pej�nei h Jewr�a twn Arijm�n

To p�c xanagenn�jhke h Jewr�a Arijm�n to x
roume t�ra epakrib�c Sta ���� o

Euler �tan m
loc thc Akadhm�ac thc Ag�ac Petro�polhc O f�loc tou Goldbach �tan

sthn M	sqa H allhlograf�a touc diathr�jhke prosektik� kai ekd	jhke sta ���� Se


na ap	 ta gr�mmat� tou o Goldbach �erasit
qnhc majhmatik	c� diat�pwse thn gnwst�

s�mera eikas�a tou Goldbach �ja anaferjo�me arg	tera s� aut�n� Thn ���������

o Goldbach r�thse ton Euler t� gn�mh 
qei sqetik� me thn eikas�a tou Fermat 	ti 	loi

oi ak
raioi arijmo� thc morf�c

��
n

� �� n � �� �� �� � � �

e�nai pr�toi Sthn ap�nths� tou o Euler ex
frase k�poiec amfibol�ec all� t�pote to

kaino�rgio den emfan�sthke m
qri thn �h Ioun�ou op	te o Euler an
fere 	ti aut	n ton

kair	 diab�zei Fermat kai 	ti e�nai pol� entupwsiasm
noc ap	 thn eikas�a tou Fermat

	ti k�je ak
raioc mpore� na grafe� san �jroisma tess�rwn tetrag�nwn Ap	 aut� thn

hm
ra arq�zei m�a pol� g	nimh per�odoc sth Jewr�a twn Arijm�n ap	 ton Euler h opo�a

suneq�sthke ap	 touc Lagrange� Legendre gia na fj�sei� me ton Gauss� se pol� uyhl	

ep�pedo an�ptuxhc

To 	ti o Fermat ephre�sthke ap	 
na �Ellhna majhmatik	 tou �ou met� Qrist	 ai�na�

�rje arg	tera sto fwc Oi gn�seic mac gia ta majhmatik� twn arqa�wn aux�nontan

m
ra me th m
ra Oi gn�seic mac pq gia to 
rgo tou Arqim�dh aux�jhkan pol� me

thn anak�luyh thc pergamhn�c thc Kwnstantinoup	lewc sta ���� Arqik� aut	 pou

e�qe epiz�sei ap	 ton Di	fanto �tan � kef�laia ���bibl�a��� par� to 	ti sthn eisagwg�

anaf
rontai �� Sto metax� pr	sfata anakal�fjhke 
na ak	ma bibl�o tou Skop	c mac



� Prwto�stor�a �

b
baia den e�nai na gur�soume p�sw sta Majhmatik� thc Ind�ac� thc Mesopotam�ac � thc

K�nac Den mporo�me 	mwc na parale�youme na anaf
roume to gegon	c 	ti o Eukle�dhc

afi
rwse tr�a kef�laia ���bibl�a��� ap	 ta Stoiqe�a tou sth Jewr�a twn Arijm�n kai

sugkekrim
na ta VII� VIII kai IX

Oi 
nnoiec tou pr�tou arijmo�� tou diair
th en	c akera�ou kaj�c kai tou elaq�stou

koino� pollaplas�ou pr
pei na emfan�sthkan arket� nwr�c O Pl�twn stouc N	mouc

tou melet�ei ton arijm	 ���� kai br�skei pq 	ti 
qei �� diair
tec ekt	c tou eauto�

tou Fa�netai 	ti sthn Akadhm�a tou Pl�twna k�ti gn�rizan oi majhmatiko� gia thn

paragontopo�hsh twn akera�wn all� e�nai d�skolo na diatup�soume akrib�c to e�roc

aut�c thc gn�shc

Ap	 ton Eukle�dh� t�ra mporo�me na anaf
roume ton om�numo alg�rijm� tou �Eukl

VII� ���� kaj�c kai thn pr	tash 	ti uprqoun peiroi pr�toi �Eukl IX� ����

��Oi pr�toi arijmo� ple�ouc eis� pant�c tou protaj�ntoc pl�jouc

pr�twn arijm�n���

To jemeli�dec je�rhma thc arijmhtik�c gia m�a meg�lh kl�sh arijm�n �Eukl IQ� ���

Magik
c kai mustikistik
c idi	thtec twn arijm�n emfan�zontai se pollo�c politismo�c

�Etsi or�zontai oi t�leioi arijmo�� eke�noi oi ak
raioi po� e�nai �soi me to �jroisma twn

gnhs�wn diairet�n touc To teleuta�o je�rhma sto kef�laio IX �Eukl IX� ���� �swc

to pio spouda�o ap	 thn doulei� tou Eukle�dh� e�nai h

Pr�tash ��� O �n��n�� � �	 e�nai t�leioc� �tan o �n�� � � e�nai pr�toc�

Ap�deixh� �Estw p o pr�toc �n�� � � O �n��n�� � �	 t	te gr�fetai a � �np Oi

diair
tec tou a e�nai

�� �� ��� � � � � �n� p� �p� � � � � �np

kai to �jroism� touc e�nai
�n�� � �

�� �
� �p� �	 � �a�



� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

dhlad� o a e�nai t
leioc ut

Apl
c diofantik
c exis�seic pr�tou bajmo�� dhlad� exis�seic thc morf�c

aX � bY � m� �a� b�m � Z	

twn opo�wn zhto�ntai oi ak
raiec l�seic x� y� emfan�zontai sto Di	fanto� all� 
qou�

n pro�stor�a Ja xanagur�soume p�sw s� aut
c 	tan anaferjo�me sth m�jodo thc

kaj�dou tou Fermat

�Ena �llo pr	blhma e�nai h e�resh twn leg	menwn pujagore�wn tridwn� dhlad�

akera�wn arijm�n x� y� z t
toiwn �ste

x� � y� � z� ����

H pio ��apl��� tri�da e�nai �x� y� z	 � �
� �� �	 �Enac p�nakac pou peri
qei �� pujag	reiec

tri�dec e�nai o pali	c p�nakac thc Babul�nac Plimpton ��� pou ekd	jhke ap	 touc

O� Neugebauer kai A� Sachs Mathematical Cuneiform Texts New Haven ���� pp�


���� kai qronologe�tai metax� twn et�n ���� kai ���� pQ Den e�nai gnwst	 pwc

upolog�sthkan aut
c oi tri�dec H l�sh p�ntwc tou probl�matoc �tan gnwst� ston

Eukle�dh �Eukl Q��� L�mma ��

E�resh twn pujagore�wn tri�dwn

E�nai profan
c 	ti an �x� y� z	 e�nai l�sh thc ���� kai � � Z t	te kai ��x� �y� �z	 e�nai

l�sh Arke� loip	n na bro�me to s�nolo twn prwtarqik�n �primitive� l�sewn� dhlad�

eke�nwn gia tic opo�ec �x� y� z	 � �

An �x� y� z	 � � l�sh thc ���� t	te e�kola sumpera�nei kane�c 	ti �x� y	 � �y� z	 �

�x� z	 � �� oi x kai y den mporo�n sugqr	nwc na e�nai �rtioi �di	ti t	te kai o z ja

�tan �rtioc� dhlad� �x� y� z	 � �� �topo� o�te kai oi d�o peritto� di	ti t	te ja e�qame

z� � � �mod �	� �topo

�Estw x � � �mod�	 kai y � � �mod�	 � z� � � �mod �	 � z peritt	c Gr�foume

x� � z� � y� � �z � y	�z � y	 �Estw z � y � �u� z � y � �v � z � u� v� y � u� v



� Prwto�stor�a �

�z � y� z � y	 � ��z� y	 � � � �u� v	 � � An u kai v sugqr	nwc peritto� t	te z� y

�rtioi� �topo �Ara� 
nac ap	 touc u� v e�nai �rtioc kai o �lloc peritt	c T�ra h sq
sh�x
�

��
�

z � y

�
� z � y

�
� uv kai �u� v	 � � d�nei u � S�� v � T �� �S� T 	 � � 
nac �rtioc

kai o �lloc peritt	c

�Wste an �x� y� z	 e�nai m�a prwtarqik� pujag	reia tri�da t	te ��S� T 	 � Z�Z me

�S� T 	 � � o 
nac �rtioc kai o �lloc peritt	c 
tsi �ste

x � �ST� y � S� � T �� z � S� � T ��

Antistr�fwc� An �S� T 	 � Z� Z� 
nac �rtioc o �lloc peritt	c� t	te o x e�nai �rtioc

y� z e�nai peritto� kai m�lista �x� y	 � �y� z	 � �x� z	 � �� dhlad� �x� y� z	 � � Apl�

epal�jeush mac d�nei x� � y� � z�

Je�rhma ��� �Olec oi pujag�reiec tri	dec d�nontai ap�

x � ��ST� y � ��S� � T �	� z � ��S� � T �	

me � � Z� �S� T 	 � Z� Z� �S� T 	 � � �nac 	rtioc kai o 	lloc peritt�c�

To apot
lesma aut	 pern�ei ap	 ton Eukle�dh sto Di	fanto kai arg	tera� sta �����

emfan�zetai sthn �Algebra tou Bambelli �to tr�to bibl�o thc opo�ac sthr�zetai sta

Arijmhtik� tou Di	fantou� kaj�c kai sto 
rgo tou Vi�ete

An t�ra� ant� na zhto�me pujag	reiec tri�dec� prospaj�soume na l�soume k�poio ge�

nik	tero pr	blhma� dhlad� poio� fusiko� arijmo� gr�fontai san �jroisma d�o tetrag��

nwn� t	te pol� qr�simh e�nai h taut	thta

�x� � y�	�z� � t�	 � �xz � yt	� � �xt	 yz	�� ����

L	gw twn d�o dunatot�twn pou 
qoume wc proc ta pr	shma sthn taut	thta �����

qrhsimopoie�tai suqn� gia na kataskeu�soume arijmo�c pou gr�fontai san �jroisma

tetrag�nwn kat� d�o diaforetiko�c tr	pouc Gia z � t � � 
qoume

��x� � y�	 � �x � y	� � �x� y	� ����



� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

h opo�a �tan �dh gnwst� ston Eukle�dh �Eukl II� �����

H ���� ja pr
pei na �tan gnwst� ston Di	fanto 	pwc fa�netai ap	 thn parak�tw

parat�rhs� tou �dec ����� sel�da ����

��E�nai sthn f�sh tou arijmo� �� 	ti mpore� na grafe� san �jroisma d�o

tetrag�nwn kat� d�o diaforetiko�c tr	pouc� �� � �� kai �� � � Aut	

sumba�nei di	ti o �� e�nai gin	meno twn �
 kai � pou e�nai �jroisma d�o

tetrag�nwn��

Up�rqei loip	n h eikas�a 	ti h ���� �tan k�poio ap	 ta qam
na por�smata tou Di	�

fantou Ap	deixh p�ntwc thc taut	thtac ���� emfan�zetai sto Bibl�o tou Fibonacci

�Leonardo Pisano� Liber Quadratorum pou ekd	jhke to ���� �Xanaekd	jhke sta

���� ap	 ton ekdotik	 o�ko Academic Press� Se ant�jesh me to pio dhmofil
c �la�k	�


rgo tou Fibonacci Liber Abaci to Liber Quadratorum �tan xeqasm
no kai duse�reto

Ekd	jhke� gia pr�th for� met� to ����� ap	 ton Boncompagni sta ����

Proto� po�me d�o l
xeic gia to bibl�o tou Fibonacci� ac shmei�soume ed� 	ti o Vi�ete

qrhsimopoio�se thn taut	thta ���� 
tsi �ste ap	 dosm
na orjog�nia tr�gwna na pa�

r�gei �lla kai parat�rhse th sq
sh thc taut	thtac ���� me touc t�pouc ajro�smatoc

kai diafor�c twn trigwnometrik�n sunart�sewn O Vi�ete endiafer	tan pio pol� gia thn

�lgebra kai thn trigwnometr�a par� gia thn Jewr�a Arijm�n

E�n

x � r cos a� y � r sin a� z � s cos b� t � s sin b�

t	te

xz � yt � rs cos�a	 b	� xt	 yz � rs sin�a	 b		�

O Fibonacci tax�deye pol�� �tan 
mporoc� kai gn�rise touc politismo�c twn Ar�bwn�

twn Ell�nwn kai twn Lat�nwn kaj�c kai ta majhmatik� thc epoq�c tou K�pote tou

zht�jhke na bre� tr�a t
leia tetr�gwna san diadoqiko�c 	rouc arijmhtik�c pro	dou me

l	go �� dhlad� na l�sei stouc rhto�c to s�sthma

y� � x� � z� � y� � �



� Prwto�stor�a �

�� isod�nama� na l�sei stouc akera�ouc to s�sthma

Y � �X� � Z� � Y � � �T ��

Aut	 e�nai to antike�meno to opo�o diapragmate�etai sto Liber Quadratorum Pro�

bl�mata pou aforo�san t
leia tetr�gwna se arijmhtik
c pro	douc e�nai arket� pali�

l	gw thc taut	thtac ���� To na bre� kane�c t
toia tetr�gwna e�nai isod�namo me to

na bre� pujag	reiec tri�dec

Pr�gmati� an X�� Y �� Z� br�skontai se arijmhtik� pr	odo t	te

Y � �
�

�
�X� � Z�	 � U� � V ��

	pou

U �
�

�
�X � Z	� V �

�

�
�Z �X	

kai h diafor� �l	goc� Y � � X� � Z� � Y � 
qei tim�
�

�
�Z� � X�	 � �UV � dhlad��

tetrapl�sia tou embado� tou trig�nou �U� V� Y 	

Den up�rqei kan
na stoiqe�o pou na mac de�qnei 	ti o Leonardo gn�rize thn teleuta�a

parat�rhsh all� se k�poio buzantin	 qeir	grafo tou ��ou � ��ou ai�na up�rqei to

pr	blhma�

Na breje� pujag�reia trida embado� �m��

Eik�zetai loip	n 	ti o Fibonacci ja to e�qe dei kat� thn paramon� tou sthn Kwnstan�

tino�polh Aut	c pou 
jese to pr	blhma e�qe �dh apode�xei 	ti m�a arijmhtik� pr	odoc

�tan h 
��� ���� ��� �Elp�zoume s� aut	 to pr	blhma na mac doje� h eukair�a na epistr
�

youme arg	tera kai na do�me ta apotel
smata pou up�rqoun m
qri s�mera� An t�ra

genike�soume to pr	blhma kai zht�soume na do�me poio� fusiko� arijmo� par�stantai

ap	 thn tetragwnik� morf�

X� 	NY �

	pou N dosm
noc fusik	c arijm	c� t	te oi taut	thtec pou qreiaz	maste e�nai

�X� �NY �	�Z� �NT �	 � �XZ �NY T 	� � �XT � Y Z	� ����

�X� �NY �	�Z� �NT �	 � �XZ �NY T 	� �N�XT 	 Y Z	� ����



� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

Ap	 mont
rna algebrik� skopi� den diaf
roun ap	 tic taut	thtec ����� all� aut	 
gine

antilhpt	 gia pr�th for� ton ��o ai�na

O pio apl	c �swc tr	poc gia na tic apode�xoume e�nai na gr�youme

�X � Y
p
N	�Z � T

p
N	 � �XZ �NY T 	� �XT � Y Z	

p
N

kai thn �dia taut	thta me to
p�N kai na pollaplasi�soume me tic suzuge�c parast�seic�

dhlad� to
p�N to antikajisto�me me to �p�N  H ap	deixh aut� emfan�zetai gia

pr�th for� sto bibl�o tou Euler� Algebra pou ekd	jhke sta ����

Mia kai o Eukle�dhc afier�nei ol	klhro to kef�laio X stic �rrhtec pos	thtec deut
rou

bajmo�� mpore� na fantaste� kane�c 	ti o Eukle�dhc � oi ��di�doqo��� tou ja pr
pei na

e�qan apode�xei an�loga tic taut	thtec ����� ���� � 
stw eidik
c peript�seic aut�n

S�gouro e�nai 	ti o Eukle�dhc gn�rize thn taut	thta �
p
r �

p
s	�
p
r �p

s	 � r � s kai

	ti h
�p

r �
p
s
�

p
r

r � s
�

p
s

r � s
����

�Eukl Q� ����

Dustuq�c to k�nhtro tou Eukle�dh sto X bibl�o e�nai h dhmiourg�a jewr�ac gia thn

kataskeu� kanonik�n polug�nwn kai polu
drwn kai 	qi h algebrik� jewr�a twn te�

tragwnik�n swm�twn 	pwc ja 
kanan oi mont
rnoi majhmatiko� Apom
nei loip	n na

upoj
soume 	ti o�te sthn arqai	thta o�te arg	tera qrhsimopoi�jhkan taut	thtec me

tetragwnik� r�za gia skopo�c thc arijmhtik�c S�gouro e�nai 	ti oi Euler kai Lagrange

sta t
lh tou ��ou ai�na sugqa�roun o 
nac ton �llo gia thn faein� id
a na qrhsimopoi�

�soun migadik
c tetragwnik
c r�zec sthn Jewr�a Arijm�n

Exis�seic thc morf�c x� �Ny� � �m� 	pou m�N dosm
noi fusiko� arijmo�� ja pr
pei

na e�qan emfaniste� sta 
rga arqa�wn Ell�nwn pol� pijan	 se s�ndesh me to pr	blhma

thc kal�c rht�c pros
ggishc tou �rrhtou
p
N  E�nai profan
c 	ti an x� �Ny� � �m

kai ta x� y e�nai meg�la se s�gkrish proc to m t	te o l	goc
x

y
mac d�nei m�a kal�

pros
ggish thc
p
N 	pwc fa�netai ap	 thn taut	thta

x

y
�
p
N �

�

y
� x

� �Ny�

x� y
p
N
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h opo�a e�nai eidik� per�ptwsh thc ���� tou �Eukl X� ����

�Etsi 	tan o Eut	kioc sta sq	li� tou ston Arqim�dh j
lei na epalhje�sei tic proseg�

g�seic tou Arqim�dh ������
 kai �
������ gia ton arijm	
p

� gr�fei�

���� � 
 � ��
� � ��� �
��� � 
 � ���� � ��

H taut	thta ���� t�ra d�nei m�a e�kolh m
jodo kataskeu�c mi�c l�shc thc

X� �NY � � �m

an k�poioc gnwr�zei �dh m�a �llh l�sh thcX��NY � � �m kai m�a l�sh thc ���N�� �

�� � �merik
c for
c� thc �� �N�� � ��

An p�roume sthn ���� N � 
� Z � �� T � 
 br�skoume

��X � �Y 	� � 
�
X � �Y 	� � ���X� � 
Y �	�

An t�ra X� � 
Y � � �� t	te oi X kai Y pr
pei na e�nai kai oi d�o peritto�� op	te

�X � �Y kai 
X � �Y ja e�nai �rtioi� dhlad� ja 
qoume

�
�X � �Y

�

��

� 


�

X � �Y

�

��

� ��

M�a l�sh thc X� � 
Y � � �� e�nai X � �� Y � 
 op	te

�X � �Y

�
� ���


X � �Y

�
� ��

e�nai l�sh thc X� � 
Y � � � Ap	 thn parap�nw taut	thta prok�ptei 	ti

��X � �Y 	� � 
�
X � �Y 	� � ��

kai gia X � ��� Y � �� br�skoume 	ti

x � �X � �Y � ���� kai y � 
Q� �U � ��


e�nai l�sh thc x� � 
y� � �� op	te

X �
�x � �y

�
� �
��� kai Y �


x� �y

�
� ���
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e�nai l�sh thc X� � 
Y � � � Suneq�zoume 	moia kai br�skoume 	sec l�seic j
loume

�Ena �llo par�deigma� me thn �dia m
jodo� �swc palai	tero ap	 to prohgo�meno� to

opo�o emfan�zetai ton de�tero mQ ai�na ap	 ton J�wna ton Smurna�o� e�nai h

e�resh diadoqik�n l�sewn thc

X� � �Y � � ���

Xekino�me ap	 thn profan� l�sh x � y � � kai k�noume diadoqik� tic antikatast�seic

�x� y	 
� �x � �y� x� y	

H m
jodoc doule�ei ed� l	gw thc taut	thtac

�x� �y	� � ��x� y	� � ��x� � �y�	

h opo�a prok�ptei ap	 thn ���� gia N � �� Z � T � �

�Iqnh twn tautot�twn pou melet�same up�rqoun ston Di	fanto all� kai p�li m
nei

anap�nthto an oi taut	thtec ���� kai ���� 
qoun thn arq� touc sthn Ell�da ��swc sta

qam
na bibl�a tou Di	fantou� S�gouro e�nai p�ntwc 	ti h taut	thta ���� emfan�zetai

sto 
rgo tou Indo� majhmatiko� Brahmagupta ��oc mQ ai�nac� kai m�lista se s�ndesh

me probl�mata e�reshc akera�wn l�sewn thc ex�swshc x� �Ny� � �m

O German	c logot
qnhc Lessing dhmos�euse sta ���� 
na ep�gramma apotelo�meno

ap	 �� st�qouc Pr	keitai gia 
na majhmatik	 pr	blhma pou 
steile o Arqim�dhc

stouc majhmatiko�c thc Alex�ndreiac

To pr	blhma odhge� sth l�sh mi�c ex�swshc tou Pell� dhlad� diofantik�c ex�swshc

thc morf�c

x� �Ny� � � � � ��

Aut	 shma�nei 	ti o Arqim�dhc endiafer	tan gia l�seic t
toiwn exis�sewn Pijan	n

m�lista na e�qe brei kai tr	po ap	 m�a l�sh na br�skei �llec k�ti pou fusik� pro poj
tei

th gn�sh thc taut	thtac ����

Exis�seic tou t�pou x� � Ny� � � emfan�zontai ston Di	fanto� all� aut	c zht�ei

rht�c l�seic� par� to 	ti entel�c sumpwmatik� br�skei kai ak
raiec l�seic� 	pwc pq
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gia

N � m� � �� br�skei l�seic y � �m� x � �m� � ��

Xanagur�zoume p�sw ston Brahmagupta kai stic exis�seic thc morf�c x� �Ny� � m�

	pou N fusik	c kaim ak
raioc O Brahmagupta 
graye thn taut	thta ���� san k�poio

��n	mo s�njeshc��

��x� y�m	� �z� t�n		 �� �xz �Nyt� xt� yz�mn	

kai de�qnei pwc m�a l�sh thc x��Ny� � m maz� me thn s�njesh mi�c l�shc �p� q� �	 thc

x� �Ny� � � d�nei peirec l�seic thc

x� �Ny� � m�

�Omoia� an k�poioc p�rei m�a tri�da �x� y�m	 kai thn pollaplasi�sei me ton eaut	 thc

ja brei m�a l�sh �X� Y�m�	 op	te

�
X

m
�
Y

m
� �

�
ja e�nai m�a rht� l�sh thc ex�swshc tou

Pell

x� �Ny� � �

kai an
X

m
�
Y

m
ak
raioi ja e�nai

�
X

m
�
Y

m
� �

�
m�a tri�da

Genik	tera ap	 thn tri�da �X� Y �M	 pa�rnoume m�a

�
X

m
�
Y

m
��

�
� 	tan M � �m� kai

X

m
�
Y

m
ak
raioi

Aut
c oi parathr�seic ep
treyan ston Brahmagupta na l�sei arket
c exis�seic tou Pell

x� � Ny� � � �	pwc pq gia N � ��� N � �
� kai na d�sei k�poio ��kan	na�� l�sewc

an e�nai gnwst� m�a l�sh thc x� �Ny� � m 	pou m � ����� � � �

An �p� q�m	 e�nai m�a l�sh thc x��Ny� � m kaim � ����� t	te m�a l�sh thc ex�swshc

tou Pell e�nai

�
p� �Nq�� �pq� �

�
�

�
�

�
�p� �Nq�	� pq� �

�
antisto�qwc�

An t�ra p rtioc kai m � �� t	te l�sh e�nai h ��
�
�p� �Nq�	� �

�
pq� �	
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An 	mwc p peritt�c t	te ja pr
pei na sqhmat�soume thn s�njesh thc �p� q�m	 me ton

eaut	 thc d�o for
c� dhlad�

�p� q�m	 � �p� q�m	 � �p� q�m	 � �P�Q���	

kai� an to apot
lesma e�nai �P�Q���	� na xanasunj
soume thn �P�Q���	 me ton eaut	

thc

O Brahmagupta d�nei t�pouc oi opo�oi apotelo�ntai ap	 polu�numa wc proc p kai q�

bajmo� � sthn pr�th per�ptwsh kai bajmo� �ou sth de�terh per�ptwsh

Oi parap�nw parathr�seic tou Brahmagupta ap
qoun pol� ap	 to na d�soun genik�

l�sh Mi� m
jodoc e�reshc thc genik�c l�shc emfan�zetai ton ��o ai�na apo ton Jaya�

dera �Ind�a� kai sqed	n panomoi	tuph ap	 ton Bh�askara ���oc ai�nac� H m
jodoc aut�

l
getai m
jodoc thc kuklik�c diadikas�ac �cakrav�ala� �Opwc se poll
c spouda��

ec anakal�yeic 
tsi kai sthn per�ptwsh thc kuklik�c diadikas�ac mpore� kane�c ek twn

ust
rwn na parathr�sei 	ti �tan fusiologik� ex
lixh twn �dh uparq	ntwn apotelesm��

twn

Gia dosm
no N � upoj
toume 	ti 
qoume m�a tri�da �p� q�m	� 	pou m ��sqetik��� mikr	c

J
loume t�ra na bro�me m�a �llh l�sh Kataskeu�zoume m�a tri�da �x� y�M	 me

M � mm� kai m� mikr	 Pa�rnoume t�ra to gin	meno

�p� q�m	 � �x� y�M	 � �X� Y �m�m�	�

An sumbe� mjX kai mjY t	te 
qoume m�a tri�da �p�� q��m�	� 	pou p� �
X

m
� q� �

Y

m


Suneq�zoume omo�wc me thn elp�da na katal�xoume se m�a tri�da �u� v� �	

Sthn cakrav�ala aut	 epite�qjhke wc ex�c Pa�rnoume y � �� op	te M � x� � N kai

zhto�me kat�llhlh eklog� To gin	meno twn tri�dwn t�ra e�nai�

�p� q�m	 � �x� ��M	 � �X� Y �Mm	 me X � px �Nq� Y � p� qx�

Qwr�c periorism	 thc genik	thtac upoj
toume 	ti �q�m	 � � di	ti an �q�m	 � �� 
petai

	ti d � �p� q	 � � op	te l	gw thc p� � Nq� � m � d�jm kai h tri�da �p� q�m	 mpore�

na antikatastaje� ap	 thn
�p
d
�
q

d
�
m

d�

�
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Dial
goume t�ra to x �modm	 
tsi �ste

Y � p� qx � � �modm	�

H l�sh twn isodunami�n �tan pol� pio nwr�tera gnwst� Gr�foume

q�M � q�x� �Nq� � q�x� � p� �m � m �
�
qx� p

m
��qx� p	 � �

�

kai bl
poume am
swc 	ti mjM di	ti �q�m	 � �

Ap	 th sq
sh t�ra X� � NY � �mM � m�jX�� sunep�getai 	ti mjX Kat� aut	 ton

tr	po kataskeu�same m�a kaino�rgia tri�da �p�� q��m�	� X � mp�� Y � mq�� M � mm�

Gia na fti�xoume tom� mikr	 dial
goume ap	 thn kl�sh tou x�modm	 san antipr	swpo

eke�no to X gia to opo�o isq�ei X �
p
N � X � jmj Upoj
toume 	ti o m e�nai sqetik�

mikr	c� dhlad� 	ti jmj � �
p
N  Aut	 shma�nei 	ti

p
N �Q  �� op	te

� � M � N � x� � �
p
N � x	�

p
N � x	 � �jmj

p
N �� jm�j � �

p
N�

Efarm	zoume thn �dia diadikas�a sthn tri�da �p�� q�� m�	 kai br�skoume m�a �llh tri�da

�p��� q���m��	 me jm��j � �
p
N kai o�tw kaj� ex�c Epeid� oi ak
raioi m�m�� m��� � � � e�nai

fragm
noi� ja pr
pei na epanalamb�nontai kai gi� aut	 �swc onom�zetai h diadikas�a

kuklik� Fusik� oi Indo� gn�rizan thn m
jodo m	no peiramatik� Den up�rqei t�pota

pou na de�qnei 	ti e�qan apode�xeic Ak	ma� gia na doul
yei h m
jodoc� qreiaz	maste m�a

tri�da �p� q�m	 me jmj � �
p
N san arq� San t
toia tri�da auto� 
pairnan �p�� ��m�	

	pou p�� e�nai to pio kontin	 sto N t
leio tetr�gwno e�te ap	 p�nw e�te ap	 k�tw tou

N � op	te jm�j � �
p
N 

�Otan o Fermat �rqise thn ��kari
ra�� tou san arijmojewrhtik	c l�ga e�qe sthn di�jes�

tou gia mel
th Ekt	c ap	 ta Stoiqe�a tou Eukle�dh e�qe ak	mh ta Arijmhtik� tou

Di	fantou sth 
kdosh tou Bachet kai thn parous�ash meg�lou m
rouc tou 
rgou tou

Di	fantou m
sa sta Zetetica tou Vi�ete

Ta pi	 poll� ap	 ta probl�mata tou Di	fantou an�gontai sthn e�resh k�poiou shme�ou

me jetik
c rht�c suntetagm
nec mi�c algebrik�c kamp�lhc g�nouc � � � pou d�netai



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

ap	 m�a � periss	terec exis�seic Ed� parap
mpoume ton endiafer	meno anagn�sth

sto bibl�o� Gi�nnh A Antwni�dh� Arijmhtik� Elleiptik�n Kampul�n� to Je�rhma tou

Mordell� �Ekdosh EPEAEK ��PROMHJEAS��� Hr�kleio ����

Up�rqoun 	mwc kai �lla probl�mata twn arijmhtik�n pou asqolo�ntai me di�fora

j
mata Se 
na pr	blhma rwt�ei o Di	fantoc p	te 
nac arijm	c A � �a� � mpore� na

parastaje� san �jroisma d�o tetrag�nwn �A � x��y�� Se �llo 
qoume to ant�stoiqo

pr	blhma gia to e�n 
nac arijm	c thc morf�c A � 
a�� gr�fetai san �jroisma tri�n

tetrag�nwn A � x��y��z� H ap�nthsh tou Di	fantou e�nai 	ti ja pr
pei A �� �n��

Se �lla probl�mata upoj
tei 	ti k�je dosm
noc fusik	c arijm	c mpore� na grafe�

san �jroisma tess�swn tetrag�nwn fusik�n arijm�n �Iswc aut	 den e�nai idia�terh


kplhxh� di	ti isq�ei gia ta arijmhtik� dedom
na aut�n twn problhm�twn

H ap�nthsh loip	n sto er�thma ti �xere o Di	fantoc kai oi progen
stero� tou sqetik�

me to pr	blhma thc par�stashc en	c fusiko� arijmo� san �jroisma �� � � � tetrag�nwn

ja mporo�se na �tan 	ti e�qe peiramatik� b�sh

Oi pr�tec apode�xeic sqetik� me to pr	blhma thc par�stashc fusiko� arijmo� m
sw

tetragwnik�n morf�n an�koun ston Fermat All� per� auto� sto ep	meno kef�laio



Kef�laio �

Pierre de Fermat 	�
����

�

Genn�jhke sthn Beaumont de Lomagne� mikr� p	lh thc n	tiac Gall�ac� 	qi pol� makri�

ap	 thn p	lh Toulouse� sta ���� Prin to ���� p
rase merik� ap	 ta qr	nia thc zw�c

tou sto Bordeaux Sta ���� dior�sthke s�mbouloc �councilor� sto ��Koinobo�lio�� thc

Toulo�zhc� j
sh po� antistoiqe� s�mera me aut� tou anwt�tou dioikhtiko� upall�lou

Sth j
sh aut� 
meine m
qri ton j�nat	 tou ��� Ianouar�ou ����� To ep�ggelm� tou to�

�fhne pol� qr	no na asqolhje� me ta Majhmatik� P�re pol� kal� klasik� paide�a

Gn�rize �rista Latinik�� Ellhnik�� Italik� kai Ispanik� Thn epoq� aut� zwntan�

episthmonik� zw� 
qei h Ital�a �Galileo� Cavalieri� Ricci� Torricelli� Arketo� f�loi tou

�Carcavi� Mersenne� episk
fjhkan thn Ital�a Aut	c pot
 den 
fuge makri� ap	 thn

perioq� pou zo�se Den 
qoume akrib� stoiqe�a gia to p	te �rqise na endiaf
retai

gia ta Majhmatik�� all� aut	 ja pr
pei na 
gine sta t
lh thc dekaet�ac tou ����

sto Bordeaux Eke� 
gine f�loc me ton dikast� �magistrate�� Etienne d� Espagnet

Upot�jetai 	ti aut	c ton enj�rrune sta pr�ta �majhmatik�� tou b�mata E�qe sthn

katoq� tou mh dhmosieum
nh ergas�a tou Vi�ete kai thn par
dwse ston Fermat Pijan	n

na kate�qe thn pl�rh sullog� tou 
rgou tou Vi�ete� k�ti pou �tan d�skolo na breje�

sthn epoq� aut�

Toul�qiston m
qri to ���� o Fermat antall�ssei sk
yeic g�rw ap	 ta Majhmatik� me

ton Beaugrand G�netai f�loc me ton Pierre Carcavi o opo�oc ap	 to ���� m
qri to ����

��
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meine sthn Toulo�zh Sta ���� o Carcavi p�re met�jesh gia to Par�si kai prosq�rhse

ston k�klo twn Mersenne� E� Pascal kai Roberval Thn per�odo aut� arq�zei kai h

allhlograf�a tou Fermat me ton Mersenne� Poll� ap	 ta Majhmatik� tou Fermat

peri
qontai sthn allhlograf�a tou me ton Mersenne �Oso zo�se �jele na ekd�sei


na bibl�o majhmatiko� perieqom
nou� all� telik� den kat�fere na pragmatopoi�sei to

	neir	 tou O gi	c tou� Samuel Fermat ex
dwse ta Arijmhtik� tou Di	fantou �
kdosh

Bachet�s tou ����� maz� me tic parathr�seic pou e�qe prosj
sei o Pat
rac tou sto

perij�rio tou bibl�ou Ston t	mo aut	 pr	sjese o Ihsou!thc Jacques de Billy� f�loc

tou Bachet kai d�skaloc twn Majhmatik�n sthn Dijon� m�a ��diatrib��� �� sel�dwn� thn

Doctrinae Analyticae Inventum Novum h opo�a sthriz	tan se aposp�smata thc

allhlograf�ac tou Fermat

Sta ���� akolo�jhse h 
kdosh tou Varia Opera �apotele�tai ap	 grapt� tou Fermat

sqetik� me Gewmetr�a� Algebra� Diaforik	 kai Oloklhrwtik	 Logism	 kai gr�mmat�

tou proc Mersenne� Roberval� Etienne Pascal� Frenicle� Blaise Pascal� Carcavi� Digby�

Gassendi� Poll� ap	 ta gr�mmata tou Fermat den peri
qontai sthn sullog� gia ton

profan� l	go 	ti den st�ljhkan ap	 touc apod
ktec ston gi	 tou Fermat� Samuel

S�mera� me thn dhmos�eush twn �pantwn tou Fermat ap	 touc P� Tannery kai Ch� Henry

�Par�si ���������� � t	moi� to Sumpl�rwma �Supplement� tou C� de Waard� ���� kai

tou J� E� Hofmann Neues �uber Fermats Zahlentheoretische Herausforderungen tou

����� Abh� Preuss Akad� d� Wissenschaften ���
���� e�maste sqed	n pepeism
noi 	ti

kat
qoume to s�nolo tou 
rgou tou Fermat

To st�l thc doulei�c tou Fermat e�nai arg	� ta gr�mmat� tou� ta opo�a peri
qoun 	lec

tic spouda�ec ergas�ec tou sthn Jewr�a Arijm�n� e�nai lakwnik� kai xer� Pot
 den


dwse apode�xeic kai m	no m�a for� upodeikn�ei th m
jodo thc ap	deixhc Aut	 kajist�

d�skolo ton kajorism	 twn prot�sewn pou pr�gmati ap	deixe kai eke�nwn pou �tan

eikas�ec sthrigm
nec ston upologism	 paradeigm�twn Ja do�me 	ti poll� ap	 ta

jewr�mat� tou den mporo�n na apodeiqjo�n e�kola kai 	ti pr�thc t�xewc majhmatiko�

	pwc o Euler kop�asan arket� gia na ta apode�xoun Ap	 thn �llh meri� den up�rqei



� Pierre de Fermat ��

amfibol�a 	ti o Fermat gn�rize tic apode�xeic twn pi	 poll�n jewrhm�twn tou Sth

sun
qeia ja anaferjo�me se merik� ap	 ta probl�mata me ta opo�a asqol�jhke o

Fermat

F� � �Iswc oi duwnumiko� suntelest
c na an�koun pio pol� sthn Algebra par� sthn Je�

wr�a Arijm�n par� to 	ti o Fermat perigr�fontac 
na ap	 to pr�ta tou apotel
smata

sqetik� me duwnumiko�c suntelest
c shmei�nei 	ti�

��d�skola mpore� na breje� poi� �morfo kai pi� genik� je�rhma

twn arijm�n���

Oi sundiasmo� or�zontai ap	 ton anadromik	 t�po�
n�m

m��

�
�

�
n�m��

m

�
�

�
n�m��

m��

�
�

nX
r��

�
r�m��

m

�

kai to je�rhma tou Fermat den e�nai t�pote periss	tero ap	 thn taut	thta

n

�
n�m��

m��

�
� m

�
n�m��

m

�
�

Arg	tera� sta ����� h taut	thta aut� br�ke efarmog� se apotel
smata tou Fermat

sth Jewr�a Pijanot�twn Sth dekaet�a 	mwc tou ���� o Fermat thn qrhsimopoie� gia

na upolog�sei ajro�smata tou t�pou

Sm�N	 �
NX
n��

nm

�� pio genik�� ajro�smata thc morf�c

NX
n��

�an � b	m�

Sundu�zontac th sq
sh �
N�m

m��

�
�

NX
n��

�
n�m��

m

�

me to je�rhm� tou� 
graye�
n�m��

m

�
�

�

m�
n�n� �	 � � � �n �m� �	

�
�

m�
�nm � A�n

m�� � � � �� An
m��	
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me �arijmhtiko�c� suntelest
c A�� A�� � � � � Am��� op	te

Sm�N	 � A�Sm���N	 � � � �� Am��S��N	 �
�

m� �
N�N � �	 � � � �N �m	

kai epom
nwc� efarm	zontac epagwg� wc proc m� mporo�me na bro�me touc t�pouc

twn ajroism�twn Sm�N	 Gia m � �� o t�poc �tan gnwst	c ston Arqim�dh kai gia

m � 
 ston Bachet O Jacob Bernoulli 
kane arg	tera thn �dia anak�luyh pou ton

od�ghse ston orism	 twn s�mera gnwst�n arijm�n tou Bernoulli kai poluwn�mwn

tou Bernoulli twn opo�wn h spoudai	thta gia thn Jewr�a twn Arijm�n emfan�zetai

arg	tera me th doulei� tou Euler

F� 	 Sta ���� o Frenicle r�thse ton Fermat �m
sw Mersenne� an up�rqoun t
leioi

arijmo� an�mesa stouc ���� kai ���� Fusik� to er�thma aforo�se �rtiouc t
leiouc

arijmo�c� dhlad� arijmo�c thc morf�c�

�n����n � �	�

m�a kai den �tan gnwsto� peritto� t
leioi arijmo� �	pwc kai s�mera"�

H ���� � �n����n� �	 � ���� mac d�nei 
� � n � 
� Gia na e�nai o �n����n� �	 t
leioc�

ja pr
pei o �n � � na e�nai pr�toc Epeid� de o �n � � den e�nai pr�toc gia n s�njeto�

o Frenicle ousiastik� r�thse an o ��� � � e�nai pr�toc O Fermat br�ke 	ti

��� � � � �
��
���
��� � ��
 � ���
�����

kai epom
nwc den up�rqei t
leioc arijm	c eke� an�mesa sta ���� kai ����

H m
jodoc pou ef�rmose gia na paragontopoi�sei ton arijm	 ��� � � perigr�fetai ap	

ton �dio ston Mersenne �Io�nioc ����� Bohj�jhke ap	 tic parak�tw prot�seic�

I An o n den e�nai pr�toc� t	te o �n � � e�nai s�njetoc

II An o n e�nai pr�toc� t	te �nj�n � �

III An o n e�nai pr�toc kai p pr�toc diair
thc tou �n � �� t	te njp� �
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H I e�nai profan�c Oi II kai III e�nai tupik
c peript�seic auto� pou s�mera l
meMikr�

Je�rhma tou Fermat�

��An p pr�toc arijm�c kai �� a� a�� � � � tuqo�sa gewmetrik� pr�odoc
t�te o p diaire� kpoion arijm� thc morf�c an � � me njp� �� An

t�ra N e�nai opoiod�pote pollaplsio tou elqistou fusiko� n

gia ton opo�o isq�ei h parapnw pr�tash t�te pjaN � ����

H al�jeia aut�c thc pr	tashc epalhje�thke kat� arq�n peiramatik �pq gia a � ��

Peiramatik� thn epal�jeuse kai o Leibnitz �an�mesa sta ����������� to �dio 
kane kai

o Euler sta ���� D�skola ja mporo�se na amfib�llei kane�c 	ti o Fermat akolo�jhse

kai aut	c thn parap�nw peiramatik� m
jodo� par� to 	ti sta ���� isqur�zetai 	ti 
qei

m�a ap	deixh thn opo�a ja 
stelne ston Frenicle an den fob	tan 	ti ja �tan arket�

makroskel�c

Up�rqoun d�o apode�xeic tou mikro� jewr�matoc tou Fermat�

Ap�deixh �h �Euler� �����

Gia a � ��

�p � �� � �	p � � �
�p
�

�
�
�p
�

�
� � � ��

�
p

p��

�
� �

E�kola apodeikn�etai 	ti

p j
�p
�

�
� �� � �� �� � � � � p� ��

�Ara �p � ��mod p	 T�ra �a��	p � ap���mod p	 kai sunep�c suneq�zoume epagwgik�

ut

Ap�deixh �h �Euler� �����

To s�nolo twn pr�twn kl�sewn upolo�pwn �mod p	 apotele� pollaplasiastik� om�da

t�xewc p� � Sunep�c gia k�je a � Z� p � a� 
qoume 	ti ap�� � � �mod p	 ut

H de�terh ap	deixh e�nai kal�terh� shmei�nei o Euler� di	ti genike�etai sthn pr	tash�

a � Z� m � N � �a�m	 � � �� a�	m
 � � �modm	
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�	 h gnwst� sun�rthsh tou Euler�

O Fermat ap
deixe 	ti o ��� � � den e�nai pr�toc wc ex�c�

An pj��� � � t	te o �� diaire� ton p � �� sunep�c p � � �mod
�	 kai epom
nwc p �
� �mod��	 O Fermat t�ra dok�mase ton p � ��� kai e�de 	ti den diaire� ton ��� � �

P�re ton ep	meno p � ��
 kai p
tuqe

Askhsh� An an � � e�nai pr�toc� n � � kai a � � t	te a � � kai n pr�toc

Askhsh� An o arijm	c an � � e�nai pr�toc kai a � �� n � � t	te o a e�nai �rtioc kai

o n � �r gia r � N 

Gia a � � kai n � �r� r � �� �� �� 
� � o Fermat diap�stwse 	ti o ��
r

� � e�nai pr�toc


� �� ��� ���� ���
� Se 
na gr�mma tou ston Frenicle sta ���� 
dwse kai tic tim
c twn

��
r

� � gia r � �� pou e�nai ���������� kai gia r � �� pou e�nai ����������
���������

kai diat�pwse thn eikas�a 	ti gia k�je fusik	 arijm	 r� o ��
r

� � e�nai pr�toc

E�nai l�go par�xeno to 	ti den dok�mase th m
jodo pou ef�rmose gia ton ��� � � gia

na dei 	ti o ��� � � den e�nai pr�toc To mikr	 je�rhma tou Fermat mac d�nei 	ti oi

pijano� diair
tec tou arijmo� ja e�nai thc morf�c p � ��mod��	 kai sunep�c ja 
prepe

na dokim�sei touc ��
� ���� ���� ���� ��� kok� all� �dh ja diap�stwne 	ti o ��� diaire�

ton ��� � � sunep�c o ��� � � den e�nai pr�toc Pr�gmati�

��� � � � �� � �� � � �� � ���� �� �� � ��� � ����� �	� � t � ��� � �� t � Z�

Ep�shc

��� � �� � �� � �� � ���� �� � ����� ��	��� � � �mod ���	� ���j��� � ��

Gia r � � isq�ei� ������j��� � � ��skhsh�

Stic �� Septembr�ou ���� o Richard Crandall anako�nwse 	ti se sunergas�a me touc

Ernst Meyer kai I�sona Papad	poulo ap
deixan 	ti o arijm	c tou Fermat F�� e�nai

s�njetoc M
qri stigm�c 	mwc kan
nac pr�toc par�gontac den e�nai gnwst	c O arij�

m	c 
qei� sto dekadik	 s�sthma� periss	tera ap	 p
nte ekatomm�ria yhf�a Met� ton

F� 	loi oi arijmo� tou Fermat pou 
qoun elegqje� m
qri s�mera e�nai s�njetoi Prin
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ap	 ton F�� apode�qjhke to ���� 	ti o F�� e�nai s�njetoc Gia meriko�c arijmo�c tou

Fermat p
ran tou de�kth �� 
qei breje� 	ti 
qoun k�poio mikr	 pr�to par�gonta O

endiafer	menoc anagn�sthc mpore� na brei sqetik
c plhrofor�ec sto diad�ktuo sthn

die�junsh�

http���vamri�xray�ufl�edu�proths�fermat�html

H ep	menh pr	klhsh e�nai o F�� o opo�oc 
qei periss	tera ap	 ��� ekatomm�ria dekadik�

yhf�a

F� 
 Sta qr	nia ap	 to ���� m
qri to ���� o Fermat asqole�tai kur�wc me diofantik
c

exis�seic kai to pr	blhma tou ajro�smatoc twn d�o tetrag�nwn

H ex�swsh x� � y� � ��x � y	z � z� den 
qei mh�tetrimm
nec ak
raiec l�seic J
toume

t � z � x � y op	te h ex�swsh gr�fetai �x� � �xy � �y� � t� Qwr�c periorism	 thc

genik	thtac upoj
toume 	ti �x� y� t	 � � �Eqoume �jt op	te x� y den mporo�n na e�nai

sugqr	nwc kai oi d�o �rtioi All� x��xy�y� � � �t��� �topo Dhlad� den 
qoume l�sh

thc isodunam�ac �mod�	 H m
jodoc aut� e�nai h pio apl� m
jodoc gia na apode�xoume

	ti m�a diofantik� ex�swsh den 
qei l�sh

Sta ���� o Fermat isqur�zetai �se gr�mma tou ston Roberval� 	ti an �a� b	 � � den

up�rqei pr�toc arijm	c thc morf�c �n � � pou na diaire� ton a� � b� H ap	deixh tou

Fermat ja pr
pei na �tan h �dia me thn ap	deixh pou anak�luye o Euler 
nan ai�na

arg	tera� sta ����

Upoj
toume 	ti o pr�toc p � �n� � diaire� ton a� � b�� 	pou �a� b	 � � Profan�c ja

pr
pei �p� a	 � �p� b	 � � �Eqoume a� � �b� �mod p	 J
toume m � �n� �� p� � � �m�

op	te br�skoume a�m � �b�m �mod p	� k�ti to opo�o 	mwc e�nai �topo di	ti s�mfwna me

to mikr	 je�rhma tou Fermat a�m � b�m � � �mod p	

H per�ptwsh p � �n� � dusk	leye pio pol� ton Fermat� 	pwc arg	tera kai ton Euler

Sthn pragmatik	thta 	qi m	no k�je pr�toc thc morf�c �n� � diaire� k�poio �jroisma

thc morf�c a��b�� all� kai k�je pr�toc p � �n�� gr�fetai san �jroisma � tetrag�nwn

kai m�lista kat� tr	po monadik�
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H pr�th ap	deixh ofe�letai ston Euler� all� o Fermat diat�pwse aut�n thn pr	tash

�dh sta ���� �Olec oi gnwst
c apode�xeic arq�zoun me thn ap	deixh tou 	ti o �� e�nai

tetragwnik	 up	loipo �mod p	 �	tan p � �n � �� O Fermat ja pr
pei na e�qe sto

mual	 tou m�a ap	deixh an�logh m� aut�n pou 
dwse o Euler

Ap�deixh� �Estw p � �n � � Gia opoiousd�pote akera�ouc x kai y pr�touc proc ton

p� j
toume a � xn kai b � yn op	te �a� � b�	�a� � b�	 � x�n � y�n

S�mfwna me to je�rhma tou Fermat

x�n � y�n � xp�� � yp�� � � �mod p	 �� pja� � b� � x�n � y�n � pja� � b��

An t�ra o p den diaire� kan
na arijm	 thc morf�c a��b� me �p� a	 � �p� b	 � � ja diaire�

	louc touc arijmo�c thc morf�c x�n�y�n� sunep�c gia y � � ja e�qame x�n � ��mod p	

gia 	louc touc x� � � x � p � � Gnwr�zoume 	mwc �ap	 Euler� Lagrange� 	ti m�a

isodunam�a bajmo� d den mpore� na 
qei pio poll
c ap	 d l�seic sto IFp Sthn per�ptws�

mac h isodunam�a

x�n � � �mod p	

den mpore� na 
qei p� � � �n l�seic ut

To apot
lesma 	mwc gia to pl�joc twn l�sewn mi�c isodunam�ac den �tan gnwst	 ston

Fermat Eik�zetai 	ti o Fermat to je�rhse san swst	 me b�sh arijmhtik� dedom
na

Fusik� sth Gewmetr�a tou Descartes ������ up�rqei h pr	tash 	ti h ex�swsh f�x	 � �

bajmo�m� den 
qei periss	terec ap	m l�seic sto s�ma R Sta ���� o Euler diap�stwse

	ti h ap	deixh metaf
retai ap	 to R sto IFp

Ac gr�youme thn pr	tash pou qreiast�kame sthn ex�c morf��

�Estw p pr�toc� Den uprqei m � p � � t�toio �ste o am � �

na e�nai pollaplsio tou p gia �louc touc akera�ouc a gia touc

opo�ouc �a� p	 � ��

Sta ���� o Euler 
dwse m�a diaforetik� ap	deixh aut�c thc pr	tashc Qrhsimoipo�hse

ton telest� diafor�n

�Df	�x	 � f�x� �	� f�x	�
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Epagwgik� wc proc m apodeikn�etai 	ti Dmf�x	 e�nai grammik	c sundiasm	c twn f�x	�

f�x� �	�    � f�x�m	 me akera�ouc suntelest
c An loip	n gia k�poio m � p� � o p

diaire� ton am � � gia 	la ta a� � � a � p� � ja pr
pei na diaire� kai to Dmf��	 gia

f�x	 � xm � � All�� 	pwc gn�rize kai o Eukle�dhc �epagwg��� Dmf��	 � m� op	te

ja 
prepe pjm�� pou e�nai �topo di	ti m � p� � ut

M�a �llh ap	deixh gia ton tetragwnik	 qarakt�ra tou �� d	jhke ap	 ton Lagrange

sta ���� h opo�a den exart�tai ap	 thn prohgo�menh pr	tash� all� ap	 to je�rhma

tou Wilson�

�p� �	� � �� �mod p	� gia k�je pr�to p�

Gia p � �m� �

�p� �	� � �� � � � � �m	�p� �	�p� �	 � � � �p�m	

� m����	mm�

� ���	m�m�	� �mod p	

op	te� an p � �n� �� 
qoume 	ti m � �n dhlad� pj�m�	� � �

Se l�go ja apode�xoume 	ti k�je pr�toc p thc morf�c �n�� gr�fetai monos�manta san

�jroisma d�o tetrag�nwn k�nontac qr�sh thc arijmhtik�c tou s�matoc Q �i	 B
baia oi

migadiko� arijmo� up�rqan �dh sth Algebra tou Bombelli tou ���� all� den up�rqei h

paramikr� 
ndeixh 	ti o Fermat mel
thse to bibl�o tou Bombelli Ak	mh kai 
na ai�na

arg	tera o Euler� par� to 	ti qrhsimopo�hse suqn� touc migadiko�c se probl�mata

an�lushc� m	no proc to t
loc thc zw�c tou qrhsimopo�hse migadiko�c kai sthn Jewr�a

twn Arijm�n �Otan loip	n o Fermat 
grafe� ta Qristo�genna tou ���� ston Mersenne�

	ti k�je pr�toc p � � �mod�	 gr�fetai monos�manta san �jroisma � tetrag�nwn

s�goura e�qe m�a diaforetik� ap	deixh sto mual	 tou Eutuq�c mac 
dwse m�a id
a

thc mej	dou tou arg	tera sta ���� sthn allhlograf�a tou me ton Huygens Thn

m
jod	 tou thn onom�zei ��m�jodo thc kaj�dou�� kai isqur�zetai 	ti an up�rqei pr�toc

p � � �mod�	� 	pou p �� a� � b� t	te mpore� na brei pr�to p� � p� p� � � �mod �	 t
toio

�ste p� �� a��b� ��kai o�tw kaj� ex�c m
qri na ft�sw sto ���� �topo O Huygens s�goura
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kat�labe l�ga ap	 th m
jodo Eme�c 	mwc e�maste tuqero� di	ti o Euler �an�mesa sta

���� kai ����� mac 
dwse m�a ap	deixh pou h id
a thc e�nai akrib�c 	moia thc id
ac tou

Fermat

Ap�deixh� �Estw p pr�toc thc morf�c p � �n�� �Eqoume �dh apode�xei 	ti up�rqoun

ak
raioi a� b� pr�toi proc ton p� t
toioi �ste pja� � b� �Estw r o mikr	teroc jetik	c

antipr	swpoc thc kl�shc a �mod p	 �to up	loipo thc dia�reshc tou a me ton p� An

r � �n j
toume a� � r alli�c isq�ei � � p� r � �n op	te j
toume a� � p� r �Omoia

kataskeu�zoume to b� ap	 to b kai antikajisto�me ta a� b me ta a�� b� �Eqoume pja�� b��

a � �� b � � kai a� b �
p

�
op	te a� � b� �

p�

�
 To �dio isq�ei� an touc arijmo�c a

kai b touc diair
soume me �a� b	 op	te� qwr�c periorism	 thc genik	thtac� mporo�me na

upoj
soume 	ti �a� b	 � � Gr�foume N � a� � b� An q pr�toc� qjN � q �� p t	te

q �
N

p
�

p���

p
�

p

�
�

�Omwc qjN � a� � b� sunep�c q � � � q � �m � �

Ja de�xoume t�ra 	ti�

An �loi oi pr�toi pargontec q �� p tou N e�nai jroisma d�o

tetrag�nwn� to �dio isq�ei kai gia ton p�

O Euler to ap
deixe me tic d�o parak�tw mej	douc

�h m�jodoc� L	gw thc taut	thtac

�a� � b�	�x� � y�	 � �ax� by	� � �ay 	 bx	� ����

kai epeid� �qjN� q �� p� o q gr�fetai san �jroisma duo tetrag�nwn� 
qoume
N

p
� x��y��

op	te�

p �
a� � b�

x� � y�
�

�
ax� by

x� � y�

��

�

�
ay 	 bx

x� � y�

��

�

�h m�jodoc� An N � a� � b� kai N � � c� � d�� 
qoume NN � � �ac� bd	� � �ad� bc	�

H teleuta�a par�stash tou NN � san �jroisma d�o tetrag�nwn ja l
me 	ti apotele�

thn s�njesh twn parast�sewn tou N kai N � T	te isq�ei�
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Gia kje N � a� � b� kai q � x� � y� pr�toc pou diaire� ton N � o N
q

�qei m�a parstash thc morf�c u� � v� t�toia �ste h parstash

tou N e�nai h s�njesh twn parastsewn twn N
q
kai q�

Ap�deixh thc pr�tashc� H taut	thta ���� d�nei

Nq � �ax� by	� � �ay 	 bx	�� ����

O qjNy� � b�q � a�y� � b�x� � �ay � bx	�ay � bx	� sunep�c o q diaire� 
nan ap	 touc

duo arijmo�c ay � bx kai ay � bx

Dial
goume kat�llhla to pr	shmo sthn ���� kai 
qoume 	ti o q diaire� to Nq kai ton

dexi	 	ro tou ajro�smatoc� �ra diaire� kai ton arister	 	ro �Eqoume loip	n

ax� by � qu� ay 	 bx � qv ����

Epom
nwc

N

q
�

Nq

q�
�

�
ax� by

q

��

�

�
ay 	 bx

q

��

� u� � v��

L�noume thn ���� wc proc a kai b kai br�skoume

a � ux� vy� b � ��uy � vx	

dhlad� h pr	tash ut

T�ra suneq�zoume 	pwc kai pio mprost� O p e�nai o pio meg�loc diair
thc tou N �

a� � b� me �a� b	 � � kai 	loi oi pr�toi diair
tec tou N ekt	c tou p e�nai thc morf�c

x� � y� Efarm	zoume thn prohgo�menh pr	tash gia k�je pr�to q� qjN � q �� N met�

gia k�je pr�to diair
th tou
N

q
di�foro tou p kok m
qri pou na katal�xoume se m�a

par�stash tou p san �jroisma d�o tetrag�nwn ut

San telik	 sump
rasma ap	 ta parap�nw bga�nei 	ti

o n � s�n� e�nai jroisma d�o tetrag�nwn an kai m�non ean kje

pr�toc p pou diaire� ton n� e�nai p � � � p � � �mod �	�
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O Fermat �dh ap	 to ���� j
tei to er�thma kai gia to pl�joc twn parast�sewn N �

x� � y� 	pou sto m
trhma to pr�shmo twn x� y kai h seir touc den pa�zoun kan
na

r	lo

Mia par�stash ja l
getai gn�sia an kai m	no an �x� y	 � �

An h par�stash N � x� � y� den e�nai gn�sia� t	te x � dx�� y � dy�� N � d�N � kai

x�� y� e�nai gn�sia par�stash tou N � T�ra an o N � x��y� 
qei m�a gn�sia par�stash

oi peritto� pr�toi par�gont
c tou ja pr
pei na e�nai thc morf�c �n � � Sugqr	nwc o

N den mpore� na e�nai pollapl�sio tou �� di	ti alli�c ja 
prepe �j�x� y	 An p�li �tan

N � �N � me N � peritt	 t	te k�je par�stash tou N � � x�� � y�� d�nei m�a par�stash

tou N � x� � y� me x � x� � y� kai y � x� � y� kai antistr	fwc� an N � x� � y�� t	te

x� y peritto� op	te j
toume x� �
x � y

�
� y� �

x� y

�
kai N � � x�� � y�� �Eqoume dhlad�

m�a amfimonos�manth antistoiq�a an�mesa stic parast�seic twn N kai N �

Arke� loip	n na melet�soume parast�seic peritt�n akera�wn H pr�th parat�rhsh

tou Fermat e�nai 	ti an p pr�toc �soc me �n � � t	te 
qei monadik� par�stash thc

morf�c

p � x� � y��

Ap�deixh� Aut	 prok�ptei am
swc ap	 thn prohgo�menh pr	tash Pa�rnoume N � q

T	te
N

q
� � � u� � v� � �u� v	 � ���� �	 � �����	

op	te oi t�poi ��a � ux � vy� b � ��uy � vx	� or�zoun thn �dia par�stash tou q m�a

kai h �x� y	 e�nai� profan�c� gn�sia ut

Ap	 thn prohgo�menh pr	tash prok�ptei 	ti k�je par�stash en	c akera�ou N prok�ptei

san s�njesh parast�sewn twn pr�twn parag	ntwn auto�

Arg	tera ja anaferjo�me se 
na t�po pou mac d�nei to pl�joc twn parast�sewn en	c

fusiko� arijmo� N san �jroisma d�o tetrag�nwn

Th m
jodo thc kaj	dou �in�nite descent� qrhsimopo�hse o Fermat gia na apode�xei 	ti�

Den uprqei pujag�reio orjog�nio tr�gwno to opo�o na �qei em�
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bad� t�leio tetrgwno � to diplsio tele�ou tetrag�nou�

O Fermat gr�fei� ��An to embad	 en	c t
toiou trig�nou �tan t
leio tetr�gwno t	te ja

up�rqe k�poio mikr	tero me thn �dia idi	thta kai o�tw kaj� ex�c� to opo�o e�nai ad�nato��

Ap�deixh� �Estw �x� y� z	 pujag	reia tri�da� 	pou �x� y� z	 � � T	te up�rqoun �s� t	 �
Z� Z� �s� t	 � �� o 
nac �rtioc kai o �lloc peritt	c t
toioi �ste

x � �st� y � s� � t�� z � s� � t�� s � t�

To embad	 tou trig�nou me pleur
c x� y� z e�nai st�s � t	�s� t	 	pou k�je par�gontac

e�nai pr�toc proc touc �llouc treic An loip	n to embad	 �tan t
leio tetr�gwno ja


prepe 	loi oi par�gontec na �tan t
leia tetr�gwna� sunep�c

s � a�� t � b�� s� t � c�� s� t � d�

me c� d peritto�c kai �c� d	 � � Oi arijmo� loip	n a� b kai f � cd e�nai l�sh thc ex�swshc

a� � b� � f �

kai d�� a�� c� e�nai diadoqiko� 	roi arijmhtik�c pro	dou me l	go b� � t �Ara

�b� � c� � d� �� �b� � �c� d	�c� d	�

Epeid� de �c� d� c � d	 � ��c� d	 
petai 	ti 
nac ap	 touc c � d� c� d e�nai thc morf�c

�k�� op	te mporo�me na gr�youme

c � k� � ���� �d � k� � ���� b � �k�

�� a� �
�

�
�c� � d�	 � k� � ���

epom
nwc h �k�� ���� a	 e�nai m�a pujag	reia tri�da embado� �k�	� thc opo�ac h upote�nou�

sa e�nai mikr	terh ap	 thn upote�nousa z� tou arqiko� trig�nou kai aut	 sumplhr�nei

pl�rwc thc ap	deixh me th m
jodo thc kaj	dou

An t�ra upoj
soume 	ti to embad	 e�nai d�o for
c k�poio t
leio tetr�gwno t	te gr��

foume kai p�li

�s� t � c�� s� t � d�	 kai
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�s � a�� t � �b�	 � �s � �a�� t � b�	�

Epeid� c kai d e�nai peritto� kai �s � c� � d�� o s pr
pei na e�nai peritt	c op	te �s �

a�� t � �b�	 T	te �b� � c� � d� � �c� d	�c � d	 kai� l	gw tou 	ti �c � d� c� d	 � ��


qoume

c� d � �k�� c� d � ���� c � k� � ��� d � k� � ��

op	te x� � �
�
�c� � d�	 � k� � ��

To �pujag	reio� tr�gwno �k�� ��� x	 
qei embad	 ��
k�

�
	� kai� 	pwc kai parap�nw� telei��

same ut

Parathr�seic�

� Oi exis�seic x� � y� � z� den 
qoun mh�tetrimm
nec l�seic

� Se m�a pujag	reia tri�da �x� y� z	 den mpore� x kai y na e�nai sugqr	nwc t
leia

tetr�gwna di	ti t	te to embad	 ja �tan
xy

�
� to dipl�sio en	c tetrag�nou Ta x

kai z den mporo�n ep�shc na e�nai sugqr	nwc t
leia tetr�gwna di	ti gia x � a��

z � b� ja e�qame b� � a� � y�

Ap	 thn teleuta�a parat�rhsh bg�zoume to ex�c sump
rasma�

Den up�rqei trigwnik�c arijm	c diaforetik	c tou � o opo�oc na e�nai k��

poia tet�rth d�namh Trigwniko� arijmo� l
gontai oi arijmo� thc morf�c

�

�
n�n � �	� n � �� �� 
� � � �

An loip	n

�

�
n�n� �	 � x� �� n�n � �	 � �x� �� fn� n� �g � fs�� �t�g

op	te ja e�qame

s� � �t� � ���
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An s � �� jewro�me to pujag	reio tr�gwno

a � s�� b �
�

�
�s� � �	� c �

�

�
�s� � �	�

An s� � �t� � �� t	te a kai b t
leia tetr�gwna

An s� � �t� � ��� t	te a kai c t
leia tetr�gwna� k�ti pou antif�skei stic parap�nw

parathr�seic An t�ra jewr�soume to tr�gwno

a � s���� b �
�

�
�s� � ��	� c �

�

�
�s� � ��	

bl
poume 	ti h ex�swsh s� � �� � ��� den 
qei mh�tetrimm
nh l�sh k�ti pou antistoiqe�

sthn ap	deixh pou 
dwse o Euler sta ����

Proto� suneq�soume ja d�soume m�a �llh ap	deixh thc pr	tashc tou ajro�smatoc d�o

tetrag�nwn Ja qreiasto�me 	mwc pio mprost� na melet�soume thn perioq� tou Gauss

Z�i�

Oi ak�raioi tou Gauss

�Estw n � N kai x� y � Z t
toioi �ste x� � y� � n Gr�foume �x � iy	�x� iy	 � n

To s�nolo Z�i� � fx � iyjx� y � Zg ja to l
me s�nolo twn akera�wn tou Gauss� kai

touc migadiko�c arijmo�c thc morf�c x� iy � Z�i� akera�ouc tou Gauss Profan�c

Z�i� e�nai ak
raia perioq� kai ja thn l
me ap	 dw kai p
ra perioq� tou Gauss

An 
 � x� iy opoiosd�pote migadik	c� o suzug�c tou ja e�nai o 
� � x� iy Or�zoume

thn norm tou 
� N�
	 � 
�
�

Isq�oun�

�i� H N�
	 e�nai mh�arnhtik	c pragmatik	c arijm	c

�ii� N�
	 � � t	te kai m	no t	te 	tan 
 � �

�iii� Isq�ei N�
�	 � N�
	N��	� gia k�je 
� � � Z�i�
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�iv� An 
 � Z�i� t	te N�
	 � Z

�v� An 
 � Z�i� t	te o 
 e�nai monda tou Z�i�� an kai m	no an N�
	 � �

�vi� H om�da twn mon�dwn tou Z�i� e�nai E�Z�i�	 � f����ig ��skhsh�

Ja prospaj�soume t�ra na kataskeu�soume m�a jewr�a diairet	thtac kai monos�man�

thc an�lushc sthn perioq� tou Gauss� entel�c an�loghc m� eke�nh twn akera�wn

�Estw 
� � � Z�i� Ja l
me 	ti o 
 diaire� ton � �
j�� an kai m	no an up�rqei � � Z�i�

t
toioc �ste � � 
�� alli�c ja l
me 	ti o 
 den diaire� ton � �
 � �� pq � � ij� � i

To m
gejoc en	c akera�ou tou Gauss metri
tai m
sw thc norm tou To an�logo tou

alg	rijmou thc dia�reshc me up	loipo ja e�nai�

�Estw 
� � � Z�i�� � �� � Up�rqoun ��  � Z�i� t
toioi �ste


 � �� � � kai � � N�	 � N��	�

Ap�deixh� �Eqoume 
 � a� bi� � � c� di� 	pou a� b� c� d � Z




�
�

a� bi

c� di

c� di

c� di
�

ac� bd

c� � d�
�
bc� ad

c� � d�
i � e� fi

	pou e� f � Q

e �
ac � bd

c� � d�
� f �

bc� ad

c� � d�
�

Up�rqoun g� h � Z t
toia �ste jg � ej � �
�
� jh � f j � �

�
 J
toume � � g � hi kai

br�skoume




�
� � � �e� g	 � �f � h	i �� 
 � �� � f�e� g	 � �f � h	ig��

�Estw  �� f�e � g	 � �f � h	ig� T	te 
 � �� �  Epeid� � � Z�i�� 
qoume  �


� �� � Z�i� T�ra�

N�	 � N��e� g	 � �f � h	i	N��	 � N��	 � f�e� g	� � �f � h	�g

� N��f�
�
�

�

�
g � �

�
N��	 � N��	
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di	ti N��	 �� � kaj� 	son � �� � ut

Or�zoume t�ra� entel�c an�loga� ton m
gisto koin	 diair
th twn akera�wn tou Gauss


 kai � wc ex�c� � � �
� �	 an kai m	no an

� �j
 kai �j�

� An  � Z�i�� kai j
� j� t	te j�

H diafor� me ton m
gisto koin	 diair
th twn akera�wn e�nai 	ti zhto�me o m
gistoc

koin	c diair
thc sto Z na e�nai jetik	c Aut	 den mporo�me na to k�noume sto Z�i� kai

aut	 
qei san sun
peia o m
gistoc koin	c diair
thc sto Z�i� na mhn e�nai monadik�c

D�o ak
raioi tou Gauss 
� � ja l
gontai sunetairiko� an kai m	no e�n up�rqei � �
E�Z�i�	 
tsi �ste 
 � ��� dhlad� o 
 kai � e�nai sunetairiko� sunep�c an kai m	no an

o 
 e�nai k�poioc ap	 touc ����� i���i�

An pli 
� � � Z�i�� 
� �� �� t�te opoioid�pote m�gistoi koino�

diair�tec twn 
� � e�nai metax� touc sunetairiko��

Ap�deixh� �Estw 
 �� � kai ��� �� d�o m
gistoi koino� diair
tec twn 
 kai � Ex orismo�

tou m
gistou koino� diair
th 
qoume

��j
� ��j�� ��j
� ��j�

kaj�c kai ��j��� ��j�� Epeid� 
 �� �� 
qoume

�� �� �� �� � h��� �� � ���� h� � � Z�i��

Sunep�c �� � h���� dhlad� h� � �� � �
�

h
� Z�i� Epom
nwc �� h�� E�Z�i�	� dhlad�

ta ��� �� e�nai sunetairik� ut

Sth sun
qeia ja apode�xoume thn �parxh tou m
gistou koino� diair
th

�Estw 
� � � Z�i�� 
� � �� � kai

S � f
�� �h j �� h � Z�i�g�
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Epeid� 
 � 
 � � � � � � kai � � 
 � � � � � � � S� 
petai 	ti to S peri
qei mh�mhdeniko�c

arijmo�c Dial
goume � � S t
toio �ste N��	 na e�nai o el�qistoc fusik	c �giat�

mporo�me na bro�me ton �#� Isqur�zomai 	ti o � e�nai 
nac m
gistoc koin	c diair
thc

twn 
 kai �

Pr�gmati� to gegon	c 	ti � � S� sunep�getai 	ti up�rqoun ��� �� � Z�i� t
toioi �ste

� � a�� � ���

An loip	n j
 kai j�� 
qoume 
 � �� � � �� op	te � � ���� � ���	� sunep�c j�

Ja de�xoume t�ra 	ti k�je stoiqe�o tou S �kai sunep�c kai ta 
� �� e�nai pollapl�sio

tou �

Kat� arq�n parathro�me 	ti an �� � � S kai � � Z�i� t	te �� �� � S

Pr�gmati� �Estw � � 
�� � ���� � � 
�� � ��� T	te

�� �� � 
��� � ���	 � ���� � ���	 � S�

�Estw t�ra � tuqa�o stoiqe�o tou S Gr�foume � � �� � �� �� � � Z�i�� � � N��	 �

N��	 Epeid� � kai � � S� 
petai 	ti���� � S� dhlad� � � S op	te� l	gw thc eklog�c

tou �� N��	 � � sunep�c � � � �Ara � � ��� to opo�o shma�nei �ex orismo�� 	ti �j�

�Amesh sun
peia twn parap�nw e�nai 	ti an 
� � � Z�i�� 
� �� � kai � 
nac m
gistoc

koin	c diair
thc twn 
 kai �� up�rqoun � kai � � Z�i� t
toioi �ste

� � 
� � ���

Sthn sun
qeia ja or�soume pr�touc arijmo�c sthn perioq� tou Gauss Kat� arq�c

parathro�me 	ti k�je ak
raioc tou Gauss � diaire�tai ap	 tic mon�dec ����i kai touc
sunetairiko�c tou ����i�

� �Enac ak
raioc tou Gauss � ja l
getai pr�toc� an kai m	no an den e�nai mon�da

kai oi m	noi diair
tec tou e�nai oi mon�dec tou daktul�ou Z�i� kai oi sunetairiko�

tou �

� �Estw � ak
raioc tou Gauss t
toioc �ste N��	 � p� 	pou p pr�toc arijm	c

E�kola fa�netai 	ti o � e�nai pr�toc
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Pr�gmati� 
stw j� T	te � � �� 	pou � � Z�i� Sunep�c

N��	 � N�	N��	 �� p � N�	N��	 �� N��	 � �� � N�	 � ��

Epom
nwc � �  e�nai mon�da� dhlad�  � ����i������i

T�ra ja de�xoume 	ti�

An � pr�toc tou Z�i� kai 
� � ak�raioi tou Gauss t�te

��j
� �� �ja � �j�	�

Pr�gmati� 
stw 	ti �j
�� all� � � � Ja de�xoume 	ti �j
 Oi m	noi diair
tec tou � e�nai

����i��� kai �i� Epeid� � � �� 
petai 	ti 
nac m
gistoc koin	c diair
thc ��� �	 e�nai

m�a mon�da tou Z�i�� dhlad� 
nac m
gistoc koin	c diair
thc ��� �	 � �� op	te up�rqoun

�� � � Z�i� t
toioi �ste � � �� � ��� dhlad� 
 � ���
	 � �
�	� Epeid� �j
�� 
petai
	ti �j
 ut

Ac prospaj�soume t�ra na paragontopoi�soume akera�ouc tou Gauss se gin	meno pr��

twn Opwc den paragontopoio�me to ���� sto Z 
tsi den paragontopoio�me ������i
ston Z�i� Ja apode�xoume 	ti

Kje ak�raioc tou Gauss � �� ������i anal�etai se gin�meno pr��

twn parag�ntwn�

Pr�gmati� ja to apode�xoume epagwgik� wc proc thn N��	 Profan�c N��	  � An

N��	 � � t	te �s�mfwna me thn prohgo�menh parat�rhsh� o � e�nai pr�toc

Upoj
toume t�ra 	tiN��	 � � kai 	ti k�je ak
raioc tou Gauss pou 
qei norm mikr	terh

thc norm tou �� anal�etai se gin	meno pr�twn parag	ntwn An o � e�nai pr�toc�

telei�same �Estw 	ti o � den e�nai pr�toc T	te up�rqoun 
� � � Z�i� 	qi mon�dec

t
toioi �ste � � 
� T	te � � N�
	� N��	 � N��	 kai� l	gw thc up	jeshc thc

majhmatik�c epagwg�c�


 � ���� � � ��s� � � ���� � � � �t
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	pou �i� �j pr�toi tou Z�i� Sunep�c

� � 
� � ���� � � ��s���� � � ��t�

ut

Sth sun
qeia ja exet�soume an h an�lush aut� e�nai monos�manth �monadik�� B
baia�

an 
qoume m�a an�lush mporo�me na b�loume mon�dec m
sa sto gin	meno� all� aut�n

thn an�lush den ja thn jewro�me diaforetik� Ep�shc den zhto�me h seir� twn pr�twn

parag	ntwn na e�nai h �dia Ja apode�xoume loip	n 	ti�

�Estw � ak
raioc tou Gauss diaforetik	c twn ������i

O � gr�fetai san gin	meno pr�twn An

� � ���� � � ��s � ���� � � � �t

d�o anal�seic tou � se gin	meno pr�twn� t	te s � t kai� all�zontac �swc thn seir� twn

��� ��� � � � � �s� 
qoume ��� �� e�nai sunetairiko�� ��� �� e�nai sunetairiko�� � � � � �s� �s e�nai

sunaiteriko�

Ap�deixh� Epagwg� wc proc thn N��� �Estw � �� ������i T	te N��	  � An

N��	 � � t	te o � e�nai pr�toc op	te � � �� � ��� isq�ei Upoj
toume 	ti N��	 � �

kai 	ti h pr	tash e�nai alhj�c gia 	louc touc akera�ouc tou Gauss me norm mikr	terh

thc N��	 Qwr�c periorism	 thc genik	thtac mporo�me na upoj
soume 	ti s � � T	te

��j���� � � ��s � ��j���� � � � �t� dhlad� ��j�j gia k�poio j Ac to onom�soume aut	 ���

dhlad� ��j�� Epeid� �� pr�toc sunep�getai 	ti �� � ���� � mon�da tou Z�i�� dhlad�

��� �� e�nai sunetairik� H sq
sh � � ���� � � ��s � ���� � � � �t gr�fetai

���� � � ��s � ����	�� � � ��t�

Epeid� N���	  � kai s � � 
petai

� � N����� � � ��s	 � N����� � � ��s	 � N��	�
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L	gw thc up	jeshc thc majhmatik�c epagwg�c 
qoume s � � � t � � kai� all�zontac

�swc thn j
sh� ���� ��	� � � � � ��s� �s	 sunetairik� ut

Ja d�soume t�ra m�a kaino�rgia ap	deixh tou probl�matoc� poio� fusiko� mporo�n na

grafo�n san �jroisma d�o tetrag�nwn akera�wn arijm�n

�Estw x� � y� � n T	te �x� iy	�x� iy	 � n� op	te to pr	blhma g�netai�

Na brejo�n 	loi oi ak
raioi tou Gauss me

N�x � iy	 � x� � y� � n�

Gia na l�soume aut	 to pr	blhma ja pr
pei na perigr�youme epakrib�c 	louc touc

pr�touc tou Z�i� Epeid� k�je sunetairik	c pr�tou e�nai ep�shc pr�toc� ja melet�soume

touc pr�touc kat� pros
ggish sunetairik�n

�Estw � pr�toc tou Z�i� T	te up�rqei akrib�c 
nac pr�toc tou Z� p

t
toioc �ste �jp

Ap�deixh� �Eqoume N��	 � Z sunep�c N��	 � p�p� � � � pt� pi � Z� pr�toi Epeid�

N��	 � ��� 
petai �jp�p� � � � pt dhlad� �jpi gia k�poio i Den mpore� na diaire� kan
nan

�llo� di	ti an �jp kai �jq me p �� q t	te � � px � qy sunep�c �jpx � qy � � epom
nwc

�� � � �ra � �
�

�
e�nai ak
raioc tou Gauss� pou shma�nei 	ti o � e�nai mon�da� �topo

ut

Arke� loip	n na paragontopoi�soume 	louc touc akera�ouc ston Z�i� An p � � t	te

� � �i��� i	� kai �� i e�nai pr�toc tou Z�i�� di	ti N��� i	 � � Dhlad� 	loi oi pr�toi

tou Z�i�� �j� e�nai sunetairiko� tou � � i

�Estw t�ra p peritt	c pr�toc kai 
stw � � x � iyjp� dhlad� o p gr�fetai p � ��� � �
Z�i� Epom
nwc

p� � N�p	 � N��	N��	 �� N��	 � p � p��

Epeid� x� � y� � �� �� � �mod p	� den mpore� na isq�ei x� � y� � p 	tan p � 
 �mod�	

S� aut� thn per�ptwsh ja pr
pei na isq�ei x� � y� � p�� epom
nwc

p� � N�p	 � N��	N��	 � p�N��	 �� N��	 � �



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

dhlad� � mon�da tou Z�i� Epom
nwc� an p � 
 �mod �	 t	te � kai p e�nai sunetairik�

�Estw t�ra p � � �mod �	 H isodunam�a z� � �� �mod p	 ��	 
qei l�sh �Estw z� m�a

l�sh thc ��	 T	te

pjz�� � �� �jz�� � �� �j�z� � i	�z� � i	� �jz� � i � �jz� � i�

Shmei�noume t�ra 	ti p � z� i kai p � z� i di	ti
�

p
z� �

p
i �� Z�i� Aut	 shma�nei 	ti sthn

per�ptwsh p � ��mod �	 oi � kai p den e�nai sunetairiko� Epom
nwc N��	 �� N�p	 � p�

dhlad� N��	 � p �ra ��� � p kai sunep�c o p diaire�tai ap	 touc � kai �� Gia na

prosdior�soume pl�rwc 	louc touc pr�touc tou Z�i�� ja pr
pei na do�me p	te oi � kai

�� e�nai sunetairiko� �Estw loip	n � � x � iy t
toioc �ste N��	 � x� � y� � p

Upoj
toume 	ti � kai �� e�nai sunetairik�� dhlad� � � ���� � � ����i� �� � x� iy

An � � � t	te x�iy � x�iy dhlad� y � � t	te x� � p� �topo �Omoia an � � ��� x � �

kai y� � p� �topo

An � � i t	te x � iy � i�x � iy	 � y � ix� dhlad� x � y kai p � x� � x� � �x�� �topo

An � � �i t	te x � �y op	te �x� � p� �topo

Apode�xame loip	n to ex�c

Je�rhma ��� �Estw p pr�toc arijm�c� H an	lush tou p sthn perioq
 tou Gauss e�nai�

� An p � �� t�te p � �i��� �pou � pr�toc tou Z�i� kai N��	 � ��

� An p � 
 �mod �	� t�te p � � e�nai pr�toc kai N��	 � p��

� An p � � �mod �	� t�te p � ���� �pou � kai �� pr�toi mh�sunetairiko� kai N��	 �

N���	 � p�

Xanagur�zoume t�ra sto pr	blhma tou kajorismo� twn jetik�n akera�wn arijm�n pou

e�nai norm akera�wn tou daktul�ou tou Gauss �Estw 
 �� ������i Anal�oume ton 


se gin	meno pr�twn stoiqe�wn tou Z�i� �Estw 
 � ���� � � ��s� 	pou �i pr�toi tou Z�i�

T	te N�
	 � N���	N���	 � � �N��s	 Upoj
toume 	ti �ijpi� i � �� �� � � � � s� pi pr�toc
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ak
raioc T	te N�
	 � pa�� p
a�
� � � �pass � 	pou��

	 ai � �� an pi � 
 �mod�	

ai � �� an pi � � � pi � � �mod�	


�
�

Bl
poume loip	n 	ti N�
	 � m�q�q� � � � qt� m � Z kai q�� q�� � � � � qt pr�toi arijmo�

diakekrim
noi metax� touc kai �soi me � � isod�namoi me � �mod �	

Isq�ei kai to ant�strofo� 	ti dhlad� k�je t
toioc fusik	c arijm	c gr�fetai san �jroi�

sma duo tetrag�nwn D�same epom
nwc m�a �llh ap	deixh thc pr	tashc thc sel�dac

��

Xanagur�zoume 	mwc p�sw ston Fermat

F� � Sta ���� o Fermat anaf
rei merik
c ap	 tic anakal�yeic tou sqetik� me touc

��arijmo�c�� ston Pascal Asqole�tai me tic tetragwnik
c morf
c x� � �y�� x� � 
y��

anaf
rei 
na ��genik	 kan	na�� e�reshc d�o arijm�n a� b t
toiwn �ste p � a� � b� �p

pr�toc� p � � �mod�	� kai parathre� 	ti

��Kje arijm�c thc morf�c 
n� � par�statai ap� thn x� � 
y���

kaj�c kai 	ti

��Kje arijm�c thc morf�c �n��� �n�
 par�statai ap� thn x���y����

Gr�foume tic taut	thtec ����� ����� sel�da � maz��

�x� � Ay�	�z� � At�	 � �xz � Ayt	� � A�xt	 yz	�

	pou t�ra A � Z Parathro�me 	ti h pr	tash thc sel�dac �� metaf
retai auto�sia gia

thn morf� x� � Ay� kai k�je A � Z Oi t�poi ���� thc sel�dac �� t�ra d�noun

ax� Aby � qu� ay 	 bx � qv

a � ux� Avy� b � ��uy � vx	�



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

To sump
rasma loip	n e�nai� 	pwc kai pio mprost� gia A � �� 	ti kai gia A � � 
nac

pr�toc q den mpore� na parastaje� ap	 thn x� � Ay� kat� periss	terouc ap	 �nan

tr	pouc di	ti t	te gia k�je N � q ja e�qame � � u� � Av� h opo�a 
qei monadik�

l�sh �u � ��� v � �� An A � � t	te odhgo�maste kai p�li sthn ex�swsh tou Pell�

x� � ��A	y� � �

Entel�c 	moia� 	pwc pio mprost�� apodeikn�oume 	ti an o pr�toc arijm	c pjN � a� �

Ab� kai an upoj
tontac 	ti k�je �lloc pr�toc diair
thc tou N mpore� na grafte� san

x� � Ay�� t	te to �dio isq�ei kai gia ton p

Ap�deixh� Ja l
me 	ti o peritt	c pr�toc p e�nai 
nac pr�toc diair�thc thc morf�c

x� �Ay�� an kai m	no an o p diaire� k�poion N � a� � Ab� me �a� p	 � �b� p	 � � Aut	

sumba�nei t	te kai m	non t	te 	tan o �A e�nai tetragwnik	 up	loipo �mod p	

�Estw loip	n p 
nac t
toioc pr�toc kai a� b pr�toi proc ton p t
toioi �ste pja� � Ab�

�Estw r t	 up	loipo thc dia�reshc tou a me p J
toume a� � r � p � r an�loga me to

poi	c e�nai mikr	teroc �Omoia or�zoume to b� Antikajisto�me ta a� b me ta a�� b� kai

diairo�me me to m
gisto koin	 diair
th touc Qwr�c periorim	 thc genik	thtac loip	n

upoj
toume 	ti a� b e�nai pr�toi metax� touc kai mikr	teroi tou
p

�
 �Estw N � a��Ab�

An A � � t	te N �

p�

�
kai epom
nwc 	loi oi pr�toi diair
tec tou N � �ekt	c tou p�

e�nai mikr	teroi tou

p

�
 Upoj
toume 	ti 	loi auto� mporo�n na grafto�n sthn morf�

x���y� �kai o � an�kei s� aut� thn kat�gor�a an N �rtioc� Efarm	zoume thn pr	tash

thc sel�dac �� kai 
qoume telei�sei ut

Askhsh� K�nte to �dio gia A � 
��� Profan�c k�je arijm	c thc morf�c x��
y� pou

den diaire�tai me 
 e�nai isod�namoc � �mod 
	 op	te h �skhsh d�nei th m�a kate�junsh

thc�

K�je pr�toc diair�thc thc x� � 
y� e�nai thc morf�c 
n � �

Ja apode�xoume thn �llh kate�junsh thc isodunam�ac Gr�foume p � 
n�� kai k�noume

qr�sh thc

x�n � � � �xn � �	�x�n � xn � �	�
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Gia k�je x� gia ton opo�o �x� p	 � � o p diaire� to arister	 m
loc �mikr	 je�rhma

tou Fermat� L	gw thc pr	tashc thc sel�dac �� 
petai 	ti up�rqei k�poioc pr�toc x

pr�toc proc ton p� t
toioc �ste o p diaire� ton x�n � xn � � Epom
nwc o p diaire� ton

��x�n � xn � �	 � ��xn � �	� � 
� dhlad� e�nai 
nac pr�toc diair
thc thc x� � 
y� ut

Sta ���� o Fermat pr	teine proc l�sh to ak	loujo pr	blhma�

Na breje� kpoioc arijm�c pou na e�nai tr�th d�namh akera�ou

�k�boc� kai to jroisma twn diairet�n tou na e�nai t�leio tetr�

gwno�

Pardeigma� O �� 
qei �jroisma diairet�n � � � � �� � �� � ���

An loip	n 
qoume p� 	pou p pr�toc arijm	c t	te gia na apotel
sei l�sh sto pr	blhma

tou Fermat ja pr
pei

� � p� p� � p� � �p� �	�p� � �	 � x�� x � Z�

Afo� to � den apotele� l�sh 
petai 	ti �p� �� p� � �	 � �� sunep�c

p� � � �s�� p� � � � �t�

	pou �s� t	 e�nai l�sh thc ��X� � �	� � �Y � � �

O Fermat 
graye ston Huygens sta ���� 	ti h teleuta�a ex�swsh den 
qei �llec l�seic

ekt	c twn ������	 kai ������	 Aut	 apode�qjhke ap	 ton Genochi ������ k�nontac

qr�sh tou gegon	toc 	ti h ex�swsh

X� � Y � � �Z�

den 
qei mh�tetrimm
nec ak
raiec l�seic �k�ti pou gn�rize o Euler kai �swc kai o Fermat�

O Fermat mel
thse ep�shc thn ex�swsh tou PellX��NY � � �� tic diofantik
c exis�seic

X��� � Y �� X��� � Y �� to pr	blhma thc e�reshc twn pleur�n orjogwn�ou trig�nou

�Q�U� Z	� me Z kai Q � U t
leia tetr�gwna �h pio mikr� l�sh d	jhke ap	 ton Fermat

Q � �������������� U � ���������
���� Z � ��������������
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Per�fhmh e�nai h eikas�a tou Fermat �� kai meg�lo ��je�rhma�� tou Fermat	 	ti h

ex�swsh�

Xn � Y n � Zn� n � N � n  


den 
qei mh�tetrimm
nh �dhlad� gia XY Z �� ��� ak
raia l�sh

H eikas�a tou Fermat apode�qjhke telik� sta ���� ap	 ton A� Wiles H ap	deixh sth�

r�zetai se m�a id
a tou G� Frey na sund
sei to pr	blhma me �llo anoiqt	 pr	blhma

thc jewr�ac twn elleiptik�n kamp�lwn �Eikas�a Shimura�Taniyama� kai se shmanti�

k� endi�mesa apotel
smata twn G� Frey� J��P� Serre� K� Ribet kai �llwn P�ra pol�

shmantik� �tan kai h suneisfor� tou Richard Taylor� majht� tou A� Wiles� sth sw�

st� ap	deixh epim
rouc apotel
smatoc to opo�o den e�qe diatupwje� orj� ap	 ton A�

Wiles H ap	deixh 
qei dhmosieuje� to ���� sto periodik	 Annals of Mathematics

Gia thn ap	deixh thc eikas�ac tou Fermat apaite�tai h isq�c m
rouc m	no thc eikas�ac

twn Shimura�Taniyama H pl�rhc eikas�a Shimura�Taniyama apode�qjhke f
toc� to

swt�rion 
toc ����



Kef�laio �

Leonhard Euler 	����������

O pat
rac tou Leonhard� Paul Euler e�qe spoud�sei Jeolog�a sto Panepist�mio thc

Basile�ac �Basel	� all� kat� th di�rkeia twn spoud�n tou parakoloujo�se kai tic

parad	seic tou Jacob Bernoulli Epijum�a tou �tan na g�nei kai o gui	c tou pap�c 	pwc

kai o �dioc

�Otan genn�jhke o L� Euler sta ���� o Jacob Bernoulli e�qe pej�nei kai ton e�qe diadeqje�

o Johann Bernoulli ta paidi� tou opo�ou �Nicolas kai Daniel� akolo�jhsan thn par�dosh

thc oikog
neiac kai asqol�jhkan kai auto� me ta Majhmatik� O Euler 
gine f�loc twn

Nicolas kai Daniel Bernoulli kai majht�c tou Johann Bernoulli

Treic mon�rqec 
paixan apofasistik	 r	lo sthn stadiodrom�a tou Euler O P
troc o

M
gac� o Freider�koc o M
gac kai h Aikater�nh h Meg�lh O P
troc o M
gac p
jane

sta ���� en� e�qe k�nei �dh sq
dia gia th dhmiourg�a mi�c Akadhm�ac twn Episthm�n�

sth n
a tou prwte�ousa thn Petro�polh� sq
dia ta opo�a ektel
sthkan pist� ap	 th

q�ra tou To ���� proskl�jhkan oi Nicolas kai Daniel Bernoulli sthn Petro�polh kai

ton �dio qr	no 
fjase kai o Euler Htan mikr	teroc ap	 �� qr	nwn all� e�qe kerd�sei 
na

brabe�o sth Nauphgik� qwr�c na de� pot
 
na plo�o na taxide�ei Sta ���� p�re th j
sh

tou Daniel Bernoulli �o opo�oc xanag�rise sth Basile�a� sthn Akadhm�a twn Episthm�n

H episthmonik� paragwg� tou� par� th sqetik� tou apom	nwsh sthn Petro�polh �l	gw

��



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

thc anaq�rhshc tou Daniel Bernoulli� xepern�ei k�je prosdok�a Diak	ptetai gia l�go

l	gw k�poiac sobar�c asj
neiac h opo�a tou kost�zei to tou 
na m�ti H f�mh tou

apl�netai sig��sig� s� 	lh thn Eur�ph Me to j�nato thc Tsar�nac h Kub
rnhsh

adiafore� gia thn Akadhm�a ki 
tsi o Euler d
qetai thn pr	sklhsh tou Freider�kou tou

II na g�nei m
loc thc neo�druje�shc Akadhm�ac twn Episthm�n thc Prwss�ac �Berol�no�

����� Sto Berol�no ze� �� ap	 ta up	loipa qr	nia thc zw�c tou Sugqr	nwc kr�thse

kai thn idi	tht� tou san m
louc thc Akadhm�ac Episthm�n thc Petro�polhc To pl�joc

twn ergasi�n tou kat� thn per�odo aut� xepern�ei tic ��� Asqole�tai me 	louc touc

kl�douc twn kajar�n kai efarmosm
nwn Majhmatik�n Oso perno�san ta qr	nia oi

sq
seic tou Euler me ton Freider�ko ton II 	lo kai qeirot
reuan O mon�rqhc� jaumast�c

thc gallik�c koulto�rac� �jele na f
rei ton d�Alembert kai na ton j
sei epikefal�c

thc Akadhm�ac Ap	 to ���� o Euler arq�zei na sk
petai na epistr
yei sthn Rws�a

Sta ���� aneba�nei ston jr	no thc Rws�ac h Aikater�nh h Meg�lh Ap	 touc pr�touc

thc st	qouc e�nai kai to na epanaf
rei thn Akadhm�a sthn pali� thc d	xa Aut	 e�nai

sqed	n taut	shmo �sun�numo� me thn epistrof� tou Euler

Oi diapragmate�seic krato�n tr�a qr	nia Sta ���� o Euler� par� thn prosp�jeia tou

Freider�kou na ton krat�sei �sto metax� kat�labe ti q�nei�� epistr
fei sthn Petro��

polh

Aut� thn per�odo prosb�lletai kai to �llo tou m�ti ap	 katarr�kth kai 
tsi o Euler

q�nei to f�c tou O �dioc� apant�ntac se 
na gr�mma tou Lagrange sta ���� gr�fei�

��Mou dibasan �louc touc logariasmo�c pou knate gia na l��

sete thn ex�swsh ��� � p���
q� kai e�mai ap�luta pepeism�noc �ti

e�nai swsto�� Epeid� �mwc den mpor� o�te na diabsw o�te na

gryw� ja pr�pei na omolog�sw �ti den mpor� me thn fantas�a

mou na parakolouj�sw thn logik� �lwn twn bhmtwn thc ap��

deixhc� o�te na sugkrat�sw �louc touc sumbolismo�c sac sto

mual� mou� E�nai al�jeia �ti h enasq�lhsh me t�toia j�mata

�tan gia m�na palai�tera m�a idia�terh euqar�sthsh kai �ti di��
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jesa pol� qr�no asqolo�menoc m� aut� T�ra �mwc asqolo�mai

me �j�mata� pou mpor� na knw me to mual� mou an kai suqn

ja pr�pei na upoqrewj� se kpoio f�lo gia na mou knei touc

logariasmo�c pou qreizomai���

�Ezhse ta telauta�a qr	nia thc zw�c tou tim�menoc kai ektim�menoc To pl�joc twn

ergasi�n tou aut�c thc peri	dou xepern�ei kat� pol� tic ���� arijm	c ikan	c gia na

gem�zei tic sel�dec tou periodiko� thc Akadhm�ac gia poll� ak	mh qr	nia met� to j�nat	

tou� 	pwc 
lege kai o �dioc P
jane stic �� Septembr�ou ����

To 
rgo tou Euler sth Jewr�a Arijm�n kal�ptei m	no � t	mouc ap	 touc periss	terouc

twn �� pou kal�ptoun ta �pant� tou Kai m	no aut	 ja �tan arket	 gia na me�nei o

Euler sthn Istor�a thc Epist�mhc san 
nac ap	 touc pio meg�louc majhmatiko�c 	lwn

twn epoq�n H Jewr�a Arijm�n anapt�ssetai ragda�a ton ��o ai�na se ant�jesh me

ton ��o Merik
c ap	 tic apode�xeic tou Euler tic 
qoume �dh anaf
rei sto prohgo�meno

Kef�laio

To endiaf
ron tou Euler gia thn Jewr�a Arijm�n arq�zei me to er�thma tou Goldbach

������������� an h eikas�a tou Fermat 	ti 	loi oi arijmo� thc morf�c ��
n

� � e�nai

pr�toi

L�go arg	tera o Goldbach isqur�zetai 	ti ap
deixe 	ti den up�rqei tr�gwnoc arijm	c

pou na e�nai t
leio tetr�gwno �dec Kef�laio �� O Euler br�skei am
swc to l�joc

J
tei x � �n � � kai br�skei 	ti to pr	blhma e�nai isod�namo me thn e�resh l�shc thc

ex�swshc tou Pell x� � �y� � �� h opo�a 
qei profan�c ak
raiec l�seic pq x � ���

y � �

Qronologik� ta kuri	tera j
mata me ta opo�a asqol�jhke e�nai ta ex�c�

�i� To �mikr	� je�rhma tou Fermat� h pollaplasiastik� om�da twn akera�wn �modN	

kai stoiqe�a thc Jewr�ac Om�dwn

�ii� �Ajroisma tetrag�nwn kai ��oiqei�dhc�� jewr�a twn tetragwnik�n morf�n



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

�iii� Diofantik
c exis�seic �ou bajmo�

�iv� Diofantik
c exis�seic �ou kai �ou bajmo�

�v� Elleiptik� oloklhr�mata

�vi� Suneq� kl�smata� ex�swsh tou Pell kai anadromik
c akolouj�ec �seir
c�

�vii� H ��sun�rthsh� h tim� thc gia tim� thc metablht�c �rtio fusik	 kai �llec sunar�

t�seic pou sqet�zontai me thn �

�viii� To ��Partitio numerorum�� kai tupik
c seir
c dun�mewn

�ix� Pr�toi diair
tec tetragwnik�n morf�n

�x� Meg�loi pr�toi arijmo�

Me merik� ap	 ta parap�nw ja asqolhjo�me sta ep	mena

K�nontac qr�sh tou �mikro�� jewr�matoc tou Fermat kai thc parat�rhshc 	ti gia

p � �n � � pr�to h x�n � � �mod p	 den epalhje�etai gia k�je x� � � x � p � �� o

Euler apodeikn�ei sta ���� 	ti�

An p � mn � � e�nai pr�toc arijm�c kai pj�am � �	 t�te o a e�nai

n�ost� up�loipo �mod p	�

Pr�gmati� an am � � �mod p	 kai gr�youme thn taut	thta

xmn � am � �xn � a	�x	m��
n � ax	m��
n � � � �� am��	

	pou mn � p � �� to mikr	 je�rhma tou Fermat d�nei 	ti to arister	 m
loc e�nai

pollapl�sio tou p gia 	la ta x ta pr�ta proc ton p� en� h pr	tash tou Euler gia

to pl�joc twn l�sewn thc isodunam�ac mac d�nei 	ti o de�teroc par�gontac tou dexio�

m
louc den mpore� na 
qei aut� thn idi	thta Sunep�c gia k�poio x �pr�to proc ton p�

ja isq�ei kat� an�gkh xn � a �mod p	
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Gia a � �� kai n � � h pr	tash aut� e�nai aut	 pou 
leipe kat� tic prohgo�menec

prosp�jeiec gia na apodeiqje� to je�rhma tou Fermat gia to �jroisma twn d�o tetra�

g�nwn Pa�rnontac kour�gio �d�namh� ap	 aut� tou thn epituq�a kai ap	 thn epituq�a

pou e�qe to bibl�o tou Introductio in Analysin In�nitorum ������� o Euler erg�zetai

p�nw sthn Jewr�a Arijm�n kai etoim�zei 
na bibl�o� Eisagwg� sthn Jewr�a Arijm�n

Gr�fei �� ��kef�laia�� kai stamat�ei Ekd	jhke sta ���� k�tw ap	 ton t�tlo Tracta�

tus de numerorum doctrina Moi�zei arket� me to perieq	meno twn tri�n pr�twn

kefala�wn tou bibl�ou tou Gauss� Disquisitiones Arithmeticae �dec ����

Eis�gei kat� arq�n thn 	 �sun�rthsh tou Euler� h opo�a mac d�nei to pl�joc twn fusik�n

arijm�n twn mikrot
rwn proc to n kai pr�twn proc ton n Sth sun
qeia akolouje� m�a

stoiqei�dhc perigraf� auto� pou o Gauss arg	tera onom�zei isodunam�a wc proc


na modulus H ant�stoiqh l
xh tou Euler e�nai ��o diair
thc�� Gia k�poio diair
th

d� 	loi oi ak
raioi r � dx ja l
me 	ti an�koun sthn �dia ��kl�sh�� kai ja jewro�ntai

wc ��isod�namoi�� K�je antipr	swpoc thc kl�sewc en	c akera�ou a ja kale�tai ��
na

up	loipo�� tou a H apeik	nish tou a sthn kl�sh tou 
qei idi	thtec t
toiec pou s�mera

or�zoun ton omomorfism	 daktul�wn

Gia k�poio diair
th d sqhmat�zoume thn arijmhtik� pr	odo a� a�b� a��b� � � � �se s�gqro�
nh gl�ssa� tic pleurik
c om�dec thc upoom�dac pou par�getai ap	 to b sthn prosjetik�

om�da �mod d	� �Etsi br�skei to m
gisto koin	 diair
th twn b kai d kai l�nei thn iso�

dunam�a bx � m �mod d	 Sth sun
qeia ereun� thn pollaplasiastik� om�da �modd	

kai de�qnei 	ti an �b� d	 � � ta up	loipa pou pa�rnoume ap	 thn �� b� b�� � � � sqhmat�zoun
s�nolo kleist	 proc ton pollaplasiasm	 kai thn dia�resh �mod d	� dhlad� 	ti aut� h

om�da peri
qetai sthn om�da twn akera�wn �modd	 pr�twn proc ton d kai katal�gei

sthn

d j b�	d
���

to gnwst	 je�rhma tou Euler

Ed� xanajum�zoume 	ti o Euler parat�rhse 	ti h ap	deixh tou Descartes� 	ti m�a ex�swsh

f�x	 � � bajmo� n 
qei to pol� n r�zec� metaf
retai se opoiod�pote s�ma



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

An a r�za thc f�x	 � � diairo�me to f�x	 me x � a kai gr�foume f�x	 � �x� a	f��x	

Oi r�zec thc f�x	 � � e�nai x � a kai oi r�zec thc f��x	 � � O bajm	c deg f��x	 � n��

�kai k�nontac qr�sh thc majhmatik�c epagwg�c�� telei�same

O Euler parathre� 	ti an a e�nai m�a l�sh thc isodunam�ac f�x	 � � �mod p	� t	te

gr�foume f�a	 � mp� m � Z op	te to a e�nai m�a r�za thc ex�swshc f�x	 � mp � �

Gr�foume loip	n f�x	�mp � �x� a	f��x	 kai suneq�zoume epagwgik�

To je�rhma aut	 qrhsimopoie�tai sth sun
qeia gia na apode�xei thn �parxh prwtarqi�

k�n riz�n �mod p	

�Olh tou thn zw� endiafer	tan gia thn par�stash twn fusik�n arijm�n san �jroisma

� terag�nwn � m
sw tetragwnik�n morf�n thc morf�c X� �NY � � ak	ma genik	tera

thc morf�c �X� � �Y � me N� �� � � Z Me th genik� per�ptwsh aX� � bXY � CY �

asqol�jhke m	no ta teleuta�a qr	nia thc zw�c tou kai m�lista �stera ap	 ep�drash tou

Lagrange o opo�oc asqol�jhke entatik� m� aut� Me thn par�stash fusik�n arijm�n

m
sw tetragwnik�n morf�n ja asqolhjo�me arg	tera

Ed� anaf
roume m	no thn apl� parat�rhsh tou Fermat 	ti

� o�te o �mn�m� �

� o�te o �mn�m� n� �� m�n � N

mporo�n na e�nai t
leio teter�gwno� 
stw a�� di	ti aut	 ja e�qe san sun
peia

m��n� �	 � � � a�� ��m� �	��n� �	 � � � �a��

dhlad� k�poioc arijm	c thc morf�c �n� � ja diairo�se 
na �jroisma d�o tetrag�nwn

x� � y� me �x� y	 � � k�ti pou e�nai ad�nato kai pou �tan �dh gnwst	 ston Fermat

Sta gr�mmat� tou o Euler asqole�tai me th dunat	thta par�stashc en	c fusiko� arij�

mo� san �jroisma tri�n � tess�rwn tetrag�nwn Pragmatik� pr	odo k�nei s� aut� ta

probl�mata to ���� 	tan anakal�ptei 	ti to gin	meno d�o arijm�n pou e�nai �jroisma

tess�rwn tetrag�nwn e�nai ep�shc �jroisma tess�rwn tetrag�nwn Isq�ei loip	n h

taut	thta�
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An

m � a� � b� � c� � d� kai n � p� � q� � r� � s�

t	te

mn � A� �B� � C� �D��

	pou

A � ap� bq � cr � ds� B � aq � bp� cs� dr�

C � ar � bs� cp� dq� D � as� br � cq � dp�

Profan�c isq�ei kai

m

n
�

�
A

n

��

�

�
B

n

��

�

�
C

n

��

�

�
D

n

��

�

Ton ep	meno qr	no 
qei �dh l�sei to pr	blhma tou ajro�smatoc d�o tetrag�nwn kai

prospaje� na apode�xei 	ti

Kje fusik�c arijm�c grfetai san jroisma tessrwn terag��

nwn

k�nontac qr�sh thc mej	dou pou qrhsimopo�hse gia to �jroisma d�o teterag�nwn kai

thc parap�nw taut	thtac pou 
qei anakal�yei Sthn arq� apodeikn�ei 	ti k�je pr�toc

p diaire� k�poio �jroisma tess�rwn tetrag�nwn Apodeikn�ei k�ti parap�nw� 	ti

dhlad� gia k�je pr�to p h isodunam�a

x� � y� � z� � � �mod p	


qei m�a mh tetrimm�nh l�sh �dhl �x� y� z	 �� ��� �� �	� kai� l�go arg	tera� genike�ei�

apodeikn�ontac 	ti h isodunam�a

�x� � �y� � �z� � � �mod p	


qei mh tetrimm�nh l�sh
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H parat�rhsh tou Euler e�nai 	ti h sun�rthsh x 
� �x� �mod p	 pa�rnei
p� �

�
dia�

foretik
c tim
c �thn tim� � kai
p� �

�
mh�isod�nama tetragwnik� up	loipa �mod p	

�dec ���� To �dio k�nei kai h sun�rthsh x 
� ��x� � � An 	lec oi l�seic �tan me�

tax� touc diaforetik
c t	te h isodunam�a ja e�qe periss	terec ap	 p l�seic� �topo

�Ara up�rqei m�a koin� l�sh� dhlad� m�a mh�tetrimm
nh l�sh �x� y� �	 thc isodunam�ac

�x� � �y� � �z� � � �mod p	

Sth sun
qei prospaje� na de�xei 	ti k�je pr�toc p pou diaire� 
na �jroisma a��b��c��d�

me �a� b� c� d	 � � �meriko� ap	 touc a� b� c� d mpore� na e�nai �� e�nai kai o �dioc �jroi�

sma tess�rwn tetrag�nwn Aut	 pou kataf
rnei e�nai na apode�xei 	ti e�nai �jroisma

tess�rwn rht�n tetrag�nwn

Pr�gmati� 
stw 	ti aut	 den isq�ei kai 
stw p o el�qistoc pr�toc pou den mpore� na

grafte� san �jroisma tess�rwn rht�n tetrag�nwn �Estw �a� b� c	 m�a mh�tetrimm
nh

l�sh thc x�� y�� z� � � �mod p	 Opwc kai sto �jroisma d�o tetrag�nwn mpro�me na

upoj
soume 	ti � � a� b� c �
p

�
 J
toume N � a� � b� � c� � pN �� op	te N �




�
p� kai

N � � p �Oloi oi pr�toi par�gontec tou N � e�nai mikr	teroi tou p Sunep�c gr�fontai

san �jroisma tess�rwn rht�n tetrag�nwn kai sunep�c kai o N �� l	gw thc gnwst�c

taut	thtac� op	te p �
N

N �
� �jroisma tess�rwn rht�n tetrag�nwn

Sta ���� �periss	tero ap	 �� qr	nia arg	tera� p�re o Euler thn pl�rh ap	deixh pou

tou 
steile o Lagrange O Euler xanapi�netai me to j
ma kai se m�a jaum�sia ergas�a

sto Nova Acta Eruditorium tou ����� afo� sugqa�rei kat� arq�n ton Lagrange gia

thn epituq�a tou kai afo� qarakthr�zei thn ap	deixh tou Lagrange �far�fetched and

laborious d�nei thn dik� tou komy� ap	deixh

Ap�deixh� �Estw p peritt	c pr�toc o opo�oc diaire� to
�X

i��

a�i � �a�� a�� a�� a�	 � � kai

� � ai �
p

�
 Gr�foume

�X
i��

a�i � pm kai 
qoume m � p An m � � t	te ja pr
pei d�o

ap	 touc ai na e�nai �rtioi kai d�o peritto�� op	te

p �

�
a� � a�

�

��

�

�
a� � a�

�

��

�

�
a� � a�

�

��

�

�
a� � a�

�

��

�



� Leonhard Euler ��

�Estw t�ra 	ti m � � Gia k�je i gr�foume

ai � bi �mci� jbij � m

�
�

�X
i��

b�i � � �modm	� 
stw
�X

i��

b�i � mn�

Epeid� �a�� a�� a�� a�	 � �� 
petai 	ti den mpore� na e�nai 	la ta bi � � � �p

�
 Epom
nwc

� �
�X

i��

b�i � m� �� � � n � m�

Efarm	zoume t�ra thn taut	thta tou Euler sta ajro�smata
P�

i�� a
�
i �
P�

i�� b
�
i kai br��

skoume

m�pn �
�X

i��

A�
i � me A� �

�X
i��

aibi� kai

A� � a�b� � a�b� � a�b� � a�b� � m�c�b� � c�b� � c�b� � c�b�	

�	moioi t�poi proc to A� gia A� kai A�� Epeid� m�jA�
�� A

�
�� A

�
� kai m�pn� 
petai 	ti

m�jA�
�� op	te Ai � mBi kai pn �

�X
i��

B�
i 

An d �� �B�� B�� B�� B�	� Bi � da�i� t	te d
�jpn Epeid� � � n � m � p to d ja pr
pei na

e�nai pr�to proc to p kai to d� ja pr
pei na diaire� to n J
toume n � d�m�� op	te pm� �
�X

i��

a�i
� �jroisma tess�rwn tetrag�nwn �a��� a

�
�� a

�
�� a

�
�	 � � kai pm� � pm Suneq�zoume

	moia m
qri pou m� � �� dhlad� to p �jroisma tess�rwn akera�wn tetrag�nwn ut

Periss	tero ap	 
nan ai�na met� thn ap	deixh tou Euler� o Hurwicz 
dwse m�a ap	deixh

thc pr	tashc k�nontac qr�sh tetradik�n arijm�n �quaternions� Sthn pragmatik	thta

pr	keitai gia m�a metafor� thc ap	deixhc tou Euler sth gl�ssa twn quaternions

Gia ta apotel
smata tou Euler sth l�sh exis�sewn tou Pell ja anaferjo�me sto ep	�

meno Kef�laio

Me ton Euler genn�jhke o kl�doc thc Jewr�ac twn Arijm�n pou qrhsimopoie� analutik
c

mej	douc kai� wc ek to�tou� onom�sthke Analutik� Jewr�a Arijm�n

Kat� arq�n e�nai gnwst� h gewmetrik� seir�

� � x � x� � � � � � �

�� x
� gia jxj � �� ����



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

An antikatast�soume to x me to �x 
qoume

�� x � x� � x� � x� � � � � � �

� � x
� gia jxj � �� ����

Pa�rnontac to a	risto olokl�rwma kai twn d�o mel�n thc teleuta�ac br�skoume

log�� � x	 � x� x�

�
�
x�



� � � � � gia jxj � �� ����

Jum	maste t�ra to je�rhma or�ou tou Abel �Abel�s limit theorem� Abel�

scher Grenzwertsatz� �Estw
�X
n��

a�n	Xn dunamoseir� me akt�na s�gklishc � kai


stw f�x	 �
�X
n��

a�n	Xn gia jXj � � An h seir� sugkl�nei kai gia X � � �dhlad� an h

seir�
�X
n��

a�n	 sugkl�nei� t	te

lim
x���

f�x	 �
�X
n��

a�n	�

Efarm	zoume t�ra to je�rhma aut	 gia thn sun�rthsh f�x	 � log�� � x	 kai� afou
�X
�

���	n�� � �
n

sugkl�nei� 
qoume

log��	 � �� �

�
�

�



� � � � ����

An gr�youme p�li thn ���� gia to x� pa�rnoume�

�

� � x�
� �� x� � x� � x� � � � � � jxj � ��

H olokl�rwsh twn d�o mel�n mac d�nei

arctanx � x� x�

�
�
x

�
� � � � � jxj � � ����

kai efarm	zontac kai p�li to parap�nw je�rhma tou Abel prok�ptei 	ti

�

�
� arctan � � �� �



�

�

�
� �

�
� � � �

�X
n��

���	n �

�n� �
� ����

Ac jewr�soume t�ra tic seir
c

��s	 �
�X
n��

�

ns
kai L�s	 �

�X
n��

���	n
��n� �	s

� �s � R	�
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H ���� mac d�nei thn tim� L��	 � �
�


H ��sunrthsh ��s	 profan�c apokl�nei gia s � � Apodeikn�etai e�kola 	ti h

��s	 �
�X
n��

�

ns
sugkl�nei gia s � � kai apokl�nei gia s � � H ap	deixh af�netai san

�skhsh ston anagn�sth

Genni
tai loip	n to er�thma poi� e�nai h tim� twn ��s	 kai L�s	 gia s � �� 
� �� � � � Pr	�
keitai gia 
na klasik	 er�thma me to opo�o asqol�jhkan oi Leibnitz kai oi aderfo�

Bernoulli prin ap	 ton Euler� qwr�c 	mwc epituq�a Ak	mh kai h e�resh k�poiac pro�

seggistik�c tim�c gia to ��n	 �tan d�skolh l	gw thc arg�c s�gklishc thc parap�nw

dunamoseir�c

Sta ���� o Daniel Bernoulli grfei ston Goldbach �ti to jroisma thc

seirc ���	 e�nai ��pol� kont sto �

���

OGoldbach qrhsimopoie� m�a pol� stoiqei�dh m
jodo kai apant� 	ti to ���	�� br�sketai

an�mesa stic tim
c
����


�����
kai


����

�����
�

dhlad� �� ��
� � ���	� � � �� ���


O Euler g�netai gn�sthc tou perieqom
nou thc allhlograf�ac twn D� Bernoulli kai

Goldbach kai s�ntoma d�nei m�a pol� kal�terh ekt�mhsh

���	 � �� ����
�

k�nontac idiofu� qr�sh tou oloklhrwtiko� logismo� Arg	tera d�nei pol� kal�terh

ekt�mhsh tou ���	 me �� dekadik� yhf�a�

���	 � �� ����
�����������
��� � � �

D�nei ep�shc tim
c twn ��
	 me �� dekadik� yhf�a� ���	 me �� dekadik� yhf�a kaj�c

kai thn s�mera onomaz	menh ��stajer� tou Euler�� me �� yhf�a kai to � me �� dekadik�

yhf�a

Sta ���� o Euler gr�fei�



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

��Pol� doulei �qei g�nei gia th seir ��s	 kai fa�netai �ti e�nai

d�skolo na brei kane�c kti kaino�rgio� Kai eg� o �dioc� par

tic epaneillhm�nec prospjei�c mou� den mp�resa na br� t�pote

periss�tero ap� proseggistik�c tim�c gia merik n� Aut� m�qri

pr�sfata� pou� eke� pou den to per�mene kane�c� anakluya �na

pol� �morfo t�po gia to ���	���

O t�poc pou anak�luye o Euler �tan

���	 �
��

�
�

L�go arg	tera anak�luye t�pouc thc tim�c thc ��s	 gia 	louc touc rtiouc fusiko�c

�n

All� ac p�roume ta pr�gmata me th seir� �Estw f�z	 �
z

ez � �
� 	pou z ed� migadik�c

arijm	c H sun�rthsh e�nai analutik� gia jzj � �� kai sunep�c mporo�me na bro�me

to an�ptugma Taylor aut�c gia z � ��

f�z	 �
�X
n��

Bn

n
zn�

Orism�c ��� Touc suntelest�c Bn ja touc l�me arijmo�c tou Bernoulli sth mn
�

mh tou Jacob Bernoulli��

Ap	

� �


�X
n��

zn

�n � �	

�
�


�X
n��

Bn

n
zn

�

kai l	gw tou gnwsto� jewr�matoc pou mac l
ei 	ti mporo�me na pollaplasi�soume d�o

apol�twc sugkl�nousec seir
c 	pwc kai ta polu�numa� prok�ptei� B� � � kai gia k�je

n  �

cn �
nX

k��

Bk

k�
� �

�n� k � �	�
� � �� Bn � �

n��X
k��

Bk

k�
� n�

�n� k � �	�
����

�Eqoume loip	n 
nan anadromik� t�po ap	 ton opo�o bga�nei to sump
rasma 	ti oi

arijmo� tou Bernoulli e�nai rhto� arijmo�
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Ac upolog�soume meriko�c ap� auto�c�

B� � �� B� � ��

�
� B� �

�

�
� B� � �� B� � � �


�

B � �� B� �
�

��
� B� � �� B� � � �


�
� B� � �

B�� �
�

��
� B�� � �� B�� � � ���

��
�
� � � �

O Euler upol	gise 	louc touc Bk gia k � 
� Oi arijmo� tou Bernoulli qrhsimopoio�ntai

	qi m	no se p�ra poll� kef�laia thc Jewr�ac twn Arijm�n� all� kai se �llouc kl�douc

twn Majhmatik�n� 	pwc pq h Algebrik� Topolog�a Epikrate� h a�sjhsh 	ti 
qoun

na k�noun me p�ra pol� baji� kai spouda�a probl�mata

An t�ra pollaplasi�soume th sq
sh

nX
k��

�

k��n� k � �	
Bk � � me �n� �	�

br�skoume
nX

k��

�
n��

k

�
Bk � � gia k�je n  �� ����

An t�ra gia P �X	 �
nX

k��

akX
k qrhsimopoi�soume ton sumbolism	

P �B	 ��
nX

k��

akBk

t	te h ���� mpore� na grafte��

�� �B	n�� � Bn�� � �� n  �� ����

Ap	 ton p�naka twn Bn fa�netai 	ti ja pr
pei na isq�ei�

Bn � � gia k�je peritt� n � �� �����

Ap�deixh� �Eqoume

z

ez � �
�

�X
k��

Bk

k�
zk op	te

�z
e�z � �

�
�X
k��

Bk

k�
���	kzk�
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Afair�ntac kat� m
lh pa�rnoume

z

ez � �
� �z
e�z � �

� �
�X

k��	�
 k��

Bk

k�
zk � �z � �

�X
k��	�
 k��

Bk

k�
zk�

Epeid�

z

ez � �
� �z
e�z � �

�
z

ez � �
�

zez

�� ez
�

z

ez � �
� zez

ez � �

�
z��� ez	

ez � �
� �z �� �

�X
k��	�
 k��

Bk

k�
zk � �

�� Bn � �� gia k�je peritt	 n� n � �

ut

Oi arijmo� tou Bernoulli emfan�sthkan gia pr�th for� ston t�po�

�k � �k � � � �� �n� �	k �
�

k � �
��n�B	k�� � Bk��	� �����

Gia k � �� �� 
 o t�poc aut	c d�dei ant�stoiqa ajro�smata

�

�
�n� �	n�

�

�
n�n� �	��n� �	�

�

�
n��n� �	��

Ap�deixh� �Eqoume

enz � �

z
� z

ez � �
�

n��X
r��

erz �
n��X
r��

�X
k��

rk

k�
zk �

�X
k��

�
n��X
r��

rk

k�
	zk�

Ap	 thn �llh meri�� k�nontac qr�sh tou ginom
nou seir�n br�skoume�

enz � �

z
� z

ez � �
�


�X
s��

ns��zs

�s� �	�

�
�


�X
t��

Bt

t�
zt

�

�
�X
k��


kX

s��

ns��Bk�s

�s� �	��k � s	�

�
zk�

Sugkr�nontac ta apotel
smata br�skoume

n��X
r��

rk

k�
�

kX
s��

ns��Bk�s

�s� �	��k � s	�
�
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Pollaplasi�zoume me k� kai pa�rnoume

n��X
r��

rk �
�

�k � �	

kX
s��

�k � �	�

�s� �	��k � s	�
ns��Bk�s

�
�

�k � �	

kX
s��

�
k��

s��

�
ns��Bk�s �

�

�k � �	
��n�B	k�� � Bk��	�

Erq	maste t�ra sto pio fhmism
no je�rhma tou Euler

Je�rhma ��� Isq�ei

���k	 �
�X
n��

�

n�k
�

��k��jB�kj
��k	�

��k

gia k	je k � �� �� 
� � � � Idia�tera gia k � �� �� 
 �qoume

�X
n��

�

n�
�

��

�
�

�X
n��

�

n�
�

��

��
�

�X
n��

�

n�
�

��

���
�

Ap�deixh� Ja qrhsimopoi�soume �qwr�c ap	deixh� 
na apot
lesma thc jewr�ac twn

migadik�n sunart�sewn� gia thn sunefaptom
nh

� cot�z �
�

z
�

�X
n��

�
�

z � n
�

�

z � n

�
�

�O endiafer	menoc anagn�sthc mpore� na de� to ���� sel�da ���� J
toume z � �ix sthn
z

ez � �
kai br�skoume

�ix

e�ix � �
�

�X
k��

Bk

k�
��ix	k �

�X
k��

�kikBk

k�
xk

� �� ix �
�X
k��

��k���	kBk

��k	�
x�k�

di	ti Bk � � gia k�je k peritt	 kai gnhs�wc megal�tero tou �

Ap	 thn �llh meri�

x cot x � x
cos x

sin x
� x �

�
eix�e�ix

�

�
�
eix�e�ix

�i

�
� ix � � � e�ix � �

e�ix � �
�

�ix

e�ix � �
� ix
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kai epom
nwc�

x cot x � � �
�X
k��

��k���	kB�k

��k	�
x�k�

Gia x � �z� gr�foume t�ra�

x cot x � �z�cot �z	 � � � z
�X
n��

�
�

z � n
�

�

z � n

�

� � �
x

�

�X
n��

�
�

x
�
� n

�
�

x
�
� n

�
� � � x

�X
n��

�
�

x� �n
�

�

x� �n

�

� � � �
�X
n��

x�

x� � ��n�
� �� �

�X
n��

x�

n���


�

�� x�

n���

�

� ��
�X
n��

x�

n���


�X
k��

x�k

n�k��k

�
�gewmetrik� pr	odoc�

� �� �
�X
k��


�X
n��

�

n�k��

�
x�k��

��k��
�ap	luth s�gklish�

� �� �
�X
k��


�X
n��

�

n�k

�
x�k

��k
�

Sugkr�nontac touc suntelest
c twn d�o parast�sewn thc x cot x� pa�rnoume�

�X
n��

�

n�k
�

��k����k���	k��B�k

��k	�
�

ut

Pr	sfata� o Apery ap
deixe 	ti o ��
	 e�nai �rrhtoc ������ Gia thn tim� thc � sun�r�

thshc ��n	 	pou n peritt	c� 
qoume ��ma�ra mes�nuqta�� m
qri s�mera

O Euler ap
deixe 	ti �gia s � ��

��s	 �
Y

p pr�toc

�

�� �
ps

kai qrhsimopo�hse aut� th sq
sh gia na apode�xei 	ti up�rqoun peiroi pr�toi arijmo�

K�je par�gontac tou de�terou m
louc thc parap�nw is	thtac gr�fetai�

�

�� �
ps

� � �
�

ps
�

�

p�s
� � � �� �

prs
� � � �
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h opo�a profan�c sugkl�nei ap	luta gia p � p�� p�� p�� � � � 	pou

� � p� � 
 � p� � p� � � � �

h akolouj�a twn pr�twn

Kat� arq�c parathro�me 	ti

� �
Y
p�n

�

�� �
ps

�
Y
p�n

�
� �

�

ps
�

�

ps � �ps � �	

�

�
Y
p�n

�
� �

�

ps

�
� e�

P
p�n

�
ps

n���� ��

Ap	 thn �llh meri� isq�ei�

Y
p�n

�

�� �
ps

�
X

	a��a������ak
	Nk

�

�pa�� p
a�
� � � � pakk 	s

�����

	pou p�� p�� � � � � pk oi pr�toi arijmo� oi mikr	teroi � �soi me n To jemeli�dec je�rhma

thc arijmhtik�c m�c exasfal�zei 	ti

� �
�

�s
�

�


s
� � � �� �

ns
�
Y
p�n

�

�� �
ps

� ��s	 ��

op	te ��s	 �
Y
p

�

�� �
ps

�

An t�ra up�rqan m	no peperasm�nou pl�jouc pr�toi arijmo� t	te�

Y
p

�
�� �

p

���
���

Ap	 thn �llh meri� 	mwc

Y
p

�
�� �

p

���
�
Y
p

�
� � p�� � p�� � � � �� � �X

n��

�

n
���

To �topo aut	 mac d�nei �llh m�a ap	deixh 	ti up�rqoun peiroi pr�toi arijmo� ut

Mpore� ak	mh na apode�xei kane�c 	ti h seir�
X
p	IP

�

p
apokl�nei

Mia �mesh sun
peia auto� e�nai 	ti oi pr�toi arijmo� e�nai pi	 pukno� ap	 ta t
leia

tetr�gwna� di	ti
�X
n��

�

n�
�

��

�
��



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

Fusik� h seir�
X
p	IP

�

p
apokl�nei pol� arg� To merik	 �jroisma met� ap	 �� ekatomm�ria

	rouc e�nai ak	mh mikr	tero tou �

�Ena pol� spouda�o pr	blhma e�nai to pr	blhma thc katanom�c twn pr�twn arijm�n

�Estw x � � kai ��x	 h sun�rthsh pou mac d�nei to pl�joc twn pr�twn arijm�n pou den

xeperno�n ton x Profan�c ��x	 � � kaj�c x � � di	ti up�rqoun �peiroi pr�toi

arijmo� H sumperifor� thc ��x	 san sun�rthsh tou x apet
lese antike�meno mel
thc

fhmism
nwn Majhmatik�n �dh ap	 ton ��o ai�na Ap	 p�nakec pou 
ftiaxan gia na doun

thn sumperifor� thc ��x	 oi Gauss ������ kai Legendre ������ diat�pwsan thn eikas�a

	ti h ��x	 e�nai asumptwtik� proc thn
x

logx
dhlad�

lim
x��

��x	�
x

log x

� � ��

Gia pr�th for� apode�qthke sta ���� ap	 ton Hadamard kai ton de la Vall�ee Poussin

me qr�sh m
swn thc migadik�c an�lushc M�a stoiqei�dhc ap	deixh d	jhke sta ����

ap	 ton A� Selberg kai� anex�rthta� ap	 ton P� Erd�os

Sthn prosp�jei� tou na l�sei to pr	blhma tou ajro�smatoc twn tess�rwn tetrag�nwn

o Euler jewre� th seir� f�x	 �
�X
n��

xn
�

� h opo�a profan�c sugkl�nei gia jxj � � kai

pa�rnei thn f�x	� �
�X
n��

��n	xn H ��n	 mac de�qnei kat� p	souc tr	pouc mpore� na

grafte� o n san �jroisma tess�rwn tetrag�nwn Gia na apode�xoume loip	n 	ti k�je

fusik	c arijm	c e�nai �jroisma tess�rwn tetrag�nwn arke� na de�xoume to isod�namo

��n	 � �� �n � N �

Aut	 den to kat�fere o Euler To ap
deixe o C� G� Jacobi ���oc ai�nac� k�nontac

qr�sh thc jewr�ac twn elleiptik�n sunart�sewn Bl
poume p�ntwc pwc 
na kajar�

arijmhtik	 pr	blhma metaf
retai se 
na analutik	 pr	blhma

H id
a 	mwc tou Euler e�nai pol� pi	 genik� M�a diam�rish en	c fusiko� arijmo� e�nai

m�a par�stash tou arijmo� san �jroisma fusik�n arijm�n D�o diamer�seic ja e�nai
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�diec an diaf
roun m	no sth seir� twn prosjet
wn Mporo�me loip	n na upoj
soume

	ti se m�a diam
rish tou n � n� � n� � � �� nk isq�ei n�  n�  � � �  nk

�Estw p�n	 to pl�joc twn diamer�sewn tou n �pq p��	 � �� p�
	 � 
� p��	 � �� p��	 �

�� H 
nnoia thc diam
rishc or�sthke se 
na gr�mma tou Leibnitz proc ton J� Bernoulli

������ E�nai p�ra pol� d�skolo na upolog�soume to p�n	 gia tuqa�o n H p�n	 e�nai

m�a arijmhtik� sun�rthsh Se k�je arijmhtik� sun�rthsh f � N � N o Euler or�zei m�a

generating function thc f

F �x	 ��
�X
n��

f�n	xn� me f��	 �� ��

An h f�n	 den plhsi�zei proc to� kaj�c megal�nei to n� h seir� 
qei m�a jetik� akt�na

s�gklishc Gia f � p h akt�na s�gklishc e�nai � O Euler ap
deixe to

Je�rhma ��� Gia jxj � �� isq�ei

�X
n��

p�n	xn �
�Y

m��

�

�� xm
�p��	 � �	�

kai merik� qr	nia arg	tera� to

Je�rhma ��	

�Y
m��

��� xm	 �
��X

k���

���	kx �k��k
� �

O Jacobi �tan kai p�li aut	c pou 
dwse thn pr�th ��fusik��� ap	deixh tou teleuta�ou

jewr�matoc kai aut	 
gine kai p�li me thn qr�sh thc jewr�ac twn elleiptik�n sunart��

sewn

M�a parat�rhsh tou Euler �tan 	ti oi arijmo�

d � �� �� 
� �� �� �� �� �� �� ��� ��� �
� ��� ��� ��� ��� � � � � �
��� �
��� ����

�to pl�joc touc e�nai ��� 
qoun thn ex�c idi	thta�
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An ab � d kai an kpoioc arijm�c grfetai kat tr�po monadik�

san ax� � by� me �ax� by	 � � t�te o arijm�c aut�c ja e�nai thc

morf�c p� �p � �k �pou p pr�toc arijm�c�

Idia�tera k�je peritt	c arijm	c megal�teroc tou � pou gr�fetai monadik� kat� aut	 ton

tr	po e�nai pr�toc O Euler mac d�nei to par�deigma d � �� O ������
 gr�fetai

monadik� san �� � �� � 
 � ����� sunep�c e�nai pr�toc Gia d � ���� o �������� 
qei

monadik� par�stash ���� � ���� � ����� dhlad� e�nai pr�toc

Oi arijmo� auto� d l
gontai numeri idonei M
qri s�mera e�nai �gnwsto an up�rqoun

kai �lloi� ekt	c twn �� gnwst�n� numeri idonei

M�a �llh parat�rhsh tou Euler �tan 	ti oi tim
c tou poluwn�mou

x� � x� ��

gia x � �� �� �� � � � � 
� e�nai pr�toi arijmo� To fain	meno ja exhghje� sto ep	meno

kef�laio

San teleuta�o anaf
roume thn eikas�a tou Euler �ti h diofantik� ex�swsh x� �

y� � z� � w� den �qei jetik� ak�raia l�sh� apode�qthke pr�sfata ljoc O

Noam Elkies k�nontac qr�sh tou computer tou Harvard br�ke m�a l�sh to ����� thn�

�������� � ��
���
�� � ��������� � �������
��

Thn �dia qroni� o Roger Frye k�nontac kai aut	c qr�sh hlektroniko� upologist�� br�ke

thn pi	 mikr� l�sh thc parap�nw ex�swshc

������ � ������� � ������� � ��������



Kef�laio �

Josef Louis Lagrange 	���
�������

Adrie�Marie Legendre 	���������

O Lagrange genn�jhke sta ���� sto Tour�no O pat
rac tou e�qe gallik� katagwg�

kai h mht
ra tou italik� To endiaf
ron tou perioriz	tan sthn arq� sthn mel
th twn

klasik�n glwss�n� �spou 
pese sta q
ria tou m�a ergas�a tou Halley Se s�ntomo

qronik	 di�sthma mel
thse se pl�toc kai se b�joc 	lh thn an�lush thc epoq�c Sta ��

tou qr	nia 
gine kajhght�c thc Basilik�c Sqol�c Puroboliko� tou Tour�no� 	pou kai


meine per� ta �� qr	nia H paramon� tou sto Tour�no diak	phke m	no ap	 
na tax�di

pou 
kane per� ta t
lh tou ���� sto Par�si 	pou kai gnwr�sthke me 	louc touc G�llouc

Majhmatiko�c thc epoq�c 	pwc Clairaut Lalande d� Alembert Condorcet O Clairaut

perigr�fei ton Lagrange se 
na gr�mma tou proc ton Daniel Bernoulli� wc ex�c�

�Enac near�c� axiopr�sektoc �qi m�no gia to tal�nto tou all kai

gia thn tapeinofros�nh tou� To tamperam�nto tou e�nai �remo kai

melagqolik�� Den gnwr�zei llh euqar�sthsh ekt�c thc mel�thc�

Me ton d� Alembert �rqise allhlograf�a h opo�a kr�thse m
qri to j�nato tou d�

Alembert sta ���� Me pr	tash tou d� Alembert� diad
qjhke o Lagrange ton Euler

sthn Akadhm�a Episthm�n thc Prwss�ac �Berol�no� sta ���� Sta ���� egkat
leiye

��
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to Berol�no gia thn Akadhm�a twn Paris�wn Ejewre�to� met� ton j�nato tou Euler� o

pio meg�loc en zw� Majhmatik	c

Kat� th di�rkeia thc Gallik�c Epan�stashc 
qase d�o ap	 touc kal�terouc f�louc tou�

ton Lavoisier kai ton Condorcet H suneisfor� tou up�rxe shmantik� sthn An�lush kai

idia�tera stouc kl�douc tou logismo� metabol�n� diaforik�n exis�sewn kai mhqanik�c

Sto Par�si den asqole�tai me thn 
reuna� all� did�skei sthn Ecole Normale kai sthn

Ecole Polytechnique maj�mata prwtoporiak� gia thn epoq� touc 	pwc�

� Theorie des Fonctions Analytiques ������

� Le�cons sur le Calcul des Fonctions ������

Proc ta telauta�a qr	nia thc zw�c tou analamb�nei na xanagr�yei thn

� Mechanique Analytique ������� all� den prolaba�nei na telei�sei to 
rgo tou

P
jane stic � April�ou tou ����� tim�jhke idia�tera ap	 ton Napol
onta kai t�fhke

sto P�njeo

Se ant�jesh proc ton enjousiasm	 tou Euler proc tic anakal�yeic tou� o Lagrange

qair	tan pi	 pol� tic anakal�yeic twn �llwn Se 
na gr�mma tou ston Laplace� gr�fei�

Pol� megal�terh qar mou d�nei h doulei twn llwn� se ant�je�

sh me thn proswpik� mou doulei ap� thn opo�a pot� den e�mai

euqaristhm�noc�

H doulei� tou sthn Jewr�a Arijm�n 
gine kat� ta qr	nia thc paramon�c tou sto Be�

rol�no Pr	keitai gia kur�wc � ergas�ec�

� Solution d� un probleme d� arithmetique ������� sthn apo�a o Lagrange melet�

thn ex�swsh x� � dy� � �
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� Demonstration d� un theor�eme d� arithmetique ������� 	pou d�nei thn pr�th ap	�

deixh 	ti k�je fusik	c gr�fetai san �jroisma tess�rwn tetrag�nwn� akera�wn

arijm�n

� Recherches d� arithmetique ������� sthn opo�a o Lagrange anapt�ssei thn genik�

jewr�a twn tetragwnik�n morf�n ap	 thn opo�a san eidik
c peript�seic d�nei ta

apotel
smata tou Fermat gia thn par�stash pr�twn arijm�n ap	 tic morf
c

x� � �y� kai x� � 
y�

Ja xekin�soume ap	 thn teleuta�a ergas�a tou sthn opo�a anapt�ssetai susthmatik�

m�a pl�rhc arijmhtik� jewr�a h ep�drash thc opo�ac sthn an�ptuxh thc Jewr�ac twn

Arijm�n kai thc �Algebrac den mpore� na paragnwriste� Eikosip
nte qr	nia arg	tera

h jewr�a twn �binary� tetragwnik�n morf�n p�re apo ton Gauss �sqed	n� thn telik�

thc morf� Sthn an�ptuxh thc jewr�ac ja qrhsimopoi�soume thn orolog�a tou Gauss

O Lagrange loip	n parat�rhse 	ti mpore� kane�c na melet�sei to pr	blhma thc par��

stashc en	c fusiko� arijmo� m
sw mi�c tetragwnik�c morf�c

q�X� Y 	 � aX� � bXY � cY �� �a� b� c � Z	�

Genik�� Ja l
me 	ti o arijm	c m par�statai ap	 thn tetragwnik� morf� q�X� Y 	 t	te

kai m	non t	te 	tan

��x� y	 � Z� Z � q�x� y	 � m�

Sqed	n antigr�fontac l
xh proc l
xh ton Lagrange apodeikn�oume to

Je�rhma 	�� �Estw �ti o r e�nai �nac diair�thc k	poiou arijmo� pou par�statai ap�

thn tetragwnik
 morf
 q�X� Y 	 � aX� � bXY � cY � gia X � x�� Y � y�� �x�� y�	 � ��

T�te kai o r mpore� na parastaje� m�sw mi	c tetragwnik
c morf
c Q�X� Y 	 � AX� �

BXY � CY � gia X � X�� Y � Y�� �X�� Y�	 � �� Isq�ei de kai B� � �AC � b� � �ac�

Ap�deixh� �Estw rs � ax��� bx�y�� cy�� kai 
stw t � �s� y�	� dhlad�� s � tu� y� � tX�

kai �u�X�	 � � Aut	 mac d�nei�

rtu � ax�� � bx�tX� � ct�X�
� �
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dhlad� tjax�� Epeid� �x�� y�	 � �� 
petai 	ti �t� x�	 � � Aut	 shma�nei 	ti kat� an�gkh

tja� 
stw a � et An t�ra diair
soume kai ta d�o m
lh me t br�skoume

ru � ex�� � bx�X� � ctX�
� �

Epeid� u kai X� e�nai pr�toi metax� touc mporo�me na gr�youme to x� sth morf�

x� � uY� � wX�

op	te h teleuta�a ex�swsh g�netai

ru � e�uY� � wX�	
� � b�uY� � wX�	X� � ctX�

�

� �ew� � bw � ct	X�
� � ��euw � bu	X�Y� � eu�Y �

� �

Epeid� �u�X�	 � � kai uj�ew� � bw � ct	X�
� prok�ptei 	ti ujew� � bw � ct �Estw

A ��
eu� � bw � ct

u
� B �� �ew � b� C �� ew�

H teleuta�a sq
sh gr�fetai

r � AX�
� �BX�Y� � CY �

� me �X�� Y�	 � ��

dhlad� o r par�statai ap	 thn tetragwnik� morf� Q�X� Y 	 � AX� � BXY � CY �

E�kola diapist�nei kane�c 	ti �AC � B� � �ac� b� ut

Ja l
me 	ti o m par�statai gn�sia ap	 thn tetragwnik� morf� q�X� Y 	� an up�rqoun

�x� y	 � Z� Z� �x� y	 � � t
toioi �ste m � q�x� y	

O m ja l
getai diair�thc thc tetragwnik�c morf�c q�X� Y 	 	tan o m e�nai diair
thc

k�poiou arijmo� s pou par�statai gn�sia ap	 thn q�X� Y 	 H 
kfrash �ac � b� ja

l
getai diakr�nousa thc tetragwnik�c morf�c q�X� Y 	

To je�rhma �� mpore� t�ra na grafe� wc ex�c�

Je�rhma 	���� An o m e�nai 
nac diair
thc thc teragwnik�c morf�c q�X� Y 	 t	te kai

o m par�statai gn�sia ap	 m�a tetragwnik� morf� thc �diac diakr�nousac
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Sta ep	mena ant� thc tetragwnik�c morf�c aX� � bXY � cY � ja jewro�me thn pio

eidik� tetragwnik� morf�

aX� � �bXY � cY ��

To je�rhma ��� ��� isq�ei di	ti o B e�nai �rtioc an kai m	no e�n o b e�nai �rtioc m�a

kai B � �ew � b

Mporo�me t�ra na gr�youme thn tetragwnik� morf� san gin	meno pin�kwn�

aX� � �bXY � cY � � �X� Y 	

�
a

b

b

c

��
X

Y

�
�

Parathro�me 	ti k�je tetragwnik� morf� perigr�fetai pl�rwc ap	 touc suntelest
c

thc a� b� c � kal�tera m
sw en	c �� � p�naka twn suntelest�n Me q�X� Y 	 ja sumbo�

l�zoume thn tetragwnik� morf� aX� � �bXY � cY � kai me

� �� det

�
a

c

b

c

�
� ac� b��

Sta ep	mena ja upoj
toume p�nta 	ti � �� �

D�o tetragwnik
c q�x� y	 kai Q�X� Y 	 ja l
gontai isod�namec an h m�a mpore� na

d�sei thn �llh m
sw en	c antistr
yimou ak
raiou grammiko� metasqhmatismo� twn

metablht�n� dhlad� ��
	 X � 
x� �y

Y � �x� y


�
� me

�



�

�



�
� GL��Z	

	pou GL��Z	 e�nia h om�da twn antistrey�mwn akera�wn �� � pin�kwn

Oi tetragwnik
c morf
c ja l
gontai gn�sia isod�namec an isq�oun ta parap�nw gia

p�nakec�



�

�



�
� SL��Z	� dhlad�

�



�

�



�
� GL��Z	 kai det

�



�

�



�
� ��

Up	 morf� p�naka� o metasqhmatism	c gr�fetai�

�
X

Y

�
�

�



�

�



��
x

y

�
� op	te
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�X� Y 	

�
A

B

B

C

��
X

Y

�
� �x� y	

�



�

�



��
A

B

B

C

��



�

�



��
x

y

�

� �x� y	

�
a

b

b

c

��
x

y

�

�Wste d�o p�nakec

�
a

b

b

c

�
�

�
A

B

B

C

�
or�zoun isod�namec �gn�sia isod�namec�

tetragwnik
c morf
c t	te kai m	no t	te 	tan

Up�rqei T � GL��Z	 �T � SL��Z		 t
toio �ste�
A

B

B

C

�
� T t

�
a

b

b

c

�
T�

	pou T t o anstrofoc tou T 

H 
nnoia thc isodunam�ac �ant�stoiqa gn�siac isodunam�ac� e�nai sq
sh isodunam�ac

H ap	deixh af�netai san �skhsh ston anagn�sth Isod�namec morf
c paristo�n touc

�diouc arijmo�c kai 
qoun thn �dia diakr�nousa di	ti isq�ei �detT 	� � �

M�a tetragwnik� morf� q�x� y	 � ax� � bxy � cy� ja l
getai jetik� �arnhtik�� an

q�x� y	  �� �x� y � Z �q�x� y	 � �� �x� y � Z� An m�a morf� e�nai jetik� � arnhtik�

ja l
getai de�nite� alli�c ja l
getai inde�nite

An gr�youme

q�x� y	 � ax� � �bxy � cy� � a�x �
b

a
y	� � cy� � b�

a
y�

bl
poume 	ti h q�x� y	 e�nai jetik� an kai m	no e�n �� � � kai a � �� ant�stoiqa �q�x� y	

e�nai arnhtik� an kai m	no e�n � � � kai a � ��� en� q�x� y	 e�nai inde�nite an kai m	no

e�n � � �

Sta ep	mena ja perioristo�me m	no se de�nite tetragwnik
c morf
c O l	goc e�nai 	ti

oi inde�nite sumperif
rontai entel�c diaforetik� ap	 tic de�nite

An t�ra q�x� y	 � ax� � �bxy � cy� jetik�� tetragwnik� morf�� t	te � � � kai a � �

An thn pollaplasi�soume me to �� br�skoume thn tetragwnik� morf� q��x� y	 � �ax��
�bxy � cy� me thn �dia diakr�nousa � � ac � b� � � kai a� � �a � �� dhlad� q��x� y	

e�nai arnhtik�
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Parathro�me 	ti an q�x� y	 e�nai jetik� t	te kai k�je gn�sia isod�namh proc aut�n

e�nai ep�shc jetik� Arke� loip	n na melet�soume tic klseic isodunam�ac jetik�n

tetragwnik�n morf�n

Ja endiafer	mastan na 
qoume 
na pl�rec s�sthma antipros�pwn twn kl�sewn� dhlad�

m�a m
jodo me thn opo�a ap	 k�je kl�sh ja mporo�same na dial
goume akrib�c m�a

tetragwnik� morf�

Or�zoume kat� arq�n angwgec tetragwnik�c morf�c eke�nec twn opo�wn ta stoiqe�a

tou p�naka

�
a

b

b

c

�
plhro�n tic sq
seic �a

�
� b � a

�
� a � c kai� an a � c t	te

� � b � a
�


Je�rhma 	�� K	je jetik
 tetragwnik
 morf
 Q�X� Y 	 e�nai gn
sia isod�namh proc

m�a an	gwgh kai se k	je kl	sh isodunam�ac up	rqei akrib�c m�a an	gwgh� T�loc isq�ei

�ti

a � �

r
�



�� �� ac� b�	�

Ap�deixh� �Estw Q�X� Y 	 tetragwnik� morf� pou d�netai ap	 ton p�naka

�
A

B

B

C

�
kai


stw 	ti o a e�nai o elqistoc fusik	c arijm	c� di�foroc tou mhden	c� pou par�statai

ap	 thn Q Dhlad� up�rqoun �X�� Y�	 � Z � Z� a � AX�
� � BX�Y� � CY �

�  L	gw

thc up	jeshc gia ton a ja 
qoume �X�� Y�	 � �� dhlad� h par�stash ja e�nai gn�sia

Epom
nwc up�rqoun �
� �	 � Z� Z t
toia �ste 
X� � �Y� � � kai epom
nwc

T �

�
X�

��
Y�



�
� SL��Z	�

op	te br�skoume k�poion kaino�rgio p�naka pou or�zei gn�sia isod�namh tetragwnik�

morf�� ton

T

�
A

B

B

C

�
T t �

�
X�

��
Y�



��
A

B

B

C

��
X�

Y�

��



�
�

�
a

B�

B�

C �

�

me B�� C � � Z Epanalamb�noume to �dio t�ra me k�poio p�naka

�
�

k

�

�

�
� SL��Z	�

k � Z �Eqoume �
�

k

�

�

��
a

B�

B�

C �

��
�

�

k

�

�
�

�
a

B��ak

B��ka

�
�
�
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Dial
goume to k � Z 
tsi �ste �a
�

� B� � ka � a
�

kai j
toume b �� B� � ka�

c � �� op	te o p�nakac

�
a

b

b

c

�
e�nai� l	gw kataskeu�c� gn�sia isod�namoc proc ton�

A

B

B

C

�
� plhro� tic �a

�
� b � a

�
kai a � c �h teleuta�a anis	thta� di	ti o c par�statai

ap	 thn Q�X� Y 	 gia X � �� Y � �� en� o a e�nai o el�qistoc m� aut� thn idi	thta� An

t�ra sumbe� a � c kai e�nai b � � t	te qrhsomopoio�me ton p�naka

�
�

�

��
�

�
� SL��Z	 �

�
�

�

��
�

��
a

b

b

a

��
�

��
�

�

�
�

�
a

�b
�b
a

�

kai o teleuta�oc e�nai gn�sia isod�namoc proc

�
A

B

B

C

�
me �a

�
� b � a

�
� a � c kai an

a � c� t	te b � �

Apode�xame loip	n m
qri stigm�c 	ti kje jetik� tetragwnik� morf� e�nai isod�namh

proc m�a angwgh

Ja apode�xoume t�ra kai th monadik�thta �Oti dhlad� an d�o jetik
c tetragwnik
c

morf
c e�nai an�gwgec kai gn�sia isod�namec� t	te kat� an�gkh oi p�nakec e�nai �soi

Kat� arq�n apodeikn�oume 	ti� an

�
a

b

b

c

�
an�gwgoc� t	te o a e�nai o el�qistoc fu�

sik	c arijm	c� diaforetik	c tou mhden	c� pou par�statai ap	 thn tetragwnik� morf�

Q�X� Y 	 � aX� � bXY � cY �� dhlad� o a or�zetai monos�manta

Pr�gmati� an

�
a

c

b

d

�
an�gwgoc� t	te h tetragwnik� morf� Q�X� Y 	 d�nei tim
c

Q�x� y	  a gia x� y � Z kai aut	 di	ti

� Gia � � jxj � jyj 
petai 	ti �bxy � cy�  a� dhlad� Q�x� y	  ax�  a

� Gia � � jyj � jxj sunep�getai ax� � �bxy  �� epom
nwc Q�x� y	  cy�  a

� Gia x � � � y � � 
petai 	ti Q�x� y	  a

Gia x � ��� y � � br�skoume t�ra 	ti par�gmati o a e�nai o el�qistoc fusik	c pou

par�statai ap	 thn Q�X� Y 	

An t�ra isq�ei a � c t	te oi tim
c x � ��� y � � e�nai oi m	nec tim
c pou mac epitr
poun

na p�roume san tim� thc tetragwnik�c morf�c thn el�qisth tim� a kai aut	 di	ti
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� Gia jxj � � kai y � � 
petai 	ti Q�x� y	 � ax� � a

� Gia x� y �� �� an x  y  � 
qoume ax���bxy�cy�  cy�  a� en� an jyj  jxj  ��

isq�ei ax� � �bxy � cy�  ax�  a

�Estw t�ra 	ti oi tetragwnik
c morf
c pou antistoiqo�n stouc p�nakec�
a

B

B

C

�
kai

�
a

c

b

d

�

e�nai an�gwgec kai gn�sia isod�namec Up�rqei loip	n 
nac p�nakac

�



�

�



�
� SL��Z	

t
toioc �ste �
a

B

B

C

�
�

�



�

�



��
a

c

b

d

��



�

�



�

�

�
a
���b
���c��

�
�
�
�

�� a � a
� � �b
� � c�� �� �� � �� 
 � ��	�

Epom
nwc �
a

B

B

C

�
�

���
�

�

��
��

a

c

b

d

����
�

�

��
�

�

�
a

�
b� �a

�
�
�

Epeid� de kai oi d�o p�nakec

�
a

B

B

C

�
kai

�
a

c

b

d

�
e�nai an�gwgoi� 
petai 	ti �a

�
� b�

B � a
�
� op	te ja pr
pei � � �� d�lad� B � b

Ap	 th sq
sh t
loc AC � B� � ac� b� 
petai 	ti c � C dhlad��
A

B

B

C

�
�

�
a

b

b

c

�
�

Ja apode�xoume t�ra to �dio sthn per�ptwsh 	pou a � c� � � b �
a
�
 Ed� h el�qisth

tim� a ��pi�netai�� 	tan �x � ��� y � �� kai �x � �� y � ��	 H gn�sia isodunam�a

metax� twn

�
a

B

B

C

�
kai

�
a

b

b

c

�
ekfr�zetai t�ra wc ex�c�

�
a

B

B

C

�
�

���
�

�

	�
��

a

b

b

a

����
�

�

��
�

��
a

B

B

C

�
�

�
�

	�
��
�

��
a

b

b

a

��
�

��
	�
�

�
�
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op	te br�skoume B � �a� � b� B � �aB � b Oi anis	thtec � � b� B � a
�
t�ra d�noun

p�li � � �� kai sunep�c �
a

B

B

C

�
�

�
a

b

b

c

�
�

An t
loc a � c kai b �
a
�
t	te a � c � �b kai o p�nakac e�nai�

�
a

b

b

c

�
� b

�
�

�

�

�

�
�

Arke� loip	n na jewr�soume ton p�naka

�
�

�

�

�

�
 H el�qisth tim� � d�netai t�ra gia tic

tim
c �x � ��� y � �	� �x � �� y � ��	� �x � ��� y � 	�	 Kai p�li to sump
rasma

e�nai B � b kai C � c

Apode�xame loip	n kai thn monadik	thta

Oi � � ac� b�� jbj � a
�
kai a � c d�noun

�a� � �ac � ��� � b�	 � �� � �b� � �� � �
a�

�
� �� � a��

Epom
nwc ap	 thn 
a� � � sunep�getai 	ti a �
q

�
�


P�risma 	�� Up	rqoun peperasm�nou pl
jouc gn
siec� kl	seic isodunam�ac te�

tragwnik�n morf�n dosm�nhc diakr�nousac ��

Ap�deixh� S�mfwna me to je�rhma� se k�je kl�sh isodunam�ac antistoiqe� m�a akri�

b�c an�gwgh tetragwnik� morf�

�
a

b

b

c

�
 �Eqoume �dh de�xei 	ti a � �

r
�



� dhlad�

up�rqoun peperasm
nou pl�jouc a Ap	 th sq
sh�a
�
� b � a

�

petai 	ti jbj � a

�
epom
�

nwc jbj �
r

�



� dhlad� up�rqoun peperasm
nou pl�jouc b T
loc h sq
sh � � ac� b�

mac d�nei peperasm
nou pl�jouc c ut

Pardeigma� �Estw � � ac� b� � � �Eqoume �
q

�
�
� �

p

 �per�pou 
� �� Epom
nwc

gia to a 
qoume treic dunat	thtec a � �� �� 
 T�ra jbj �
q

�
�
epom
nwc jbj � �� ��

dhlad� b � ��� �� � en� ja pr
pei �a
�
� b � a

�


An a � � t	te ��

�
� b � �

�
� �ra b � �
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An a � � t	te �� � b � �� �ra b � �� �

An a � 
 t	te �


�
� b � 


�
� �ra b � ��� �� �

a b � � ac� b� � c �
�� b�

a
� Z

� � c � �

� �� � c � � gia b � � �H b � � den d�nei c � Z�


 ��� �� �� c � 
� gia b � �

Epom
nwc oi tetragwnik
c morf
c e�nai

�
a

b

b

c

�
�

�
�

�

�

�

�
�

�
�

�

�

�

�
�

�



�

�




�
�

� Jetik
c an�gwgec tetragwnik
c morf
c

�

�
�

�

�

�

�

�

�
�

�

�

�

�




�
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�
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�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

Sth sun
qeia o Lagrange ere�nhse to pr	blhma poio� pr�toi arijmo� par�stantai ap	

thn tetragwnik� morf� x� � ay�� a � Z�f�g Di
krine d�o peript�seic an�loga me to

an p � �n� � � p � �n� � Kat� arq�n ap
deixe to�

Je�rhma 	�	 �Estw a � Z� f�g� O pr�toc arijm�c p � �n � � e�nai diair�thc thc

morf
c x� � ay� t�te kai m�no t�te �tan o p den e�nai diair�thc thc morf
c x� � ay��

Ap�deixh� �Estw 	ti p � �n�� e�nai o diair
thc thc x��ay� T	te up�rqoun �x�� y�	 �
Z�Z� t
toioi �ste �x�� y�	 � � pou ikanopoio�n thn isodunam�a x�� � ay���mod p	 Epeid�

�y�� p	 � �� 
petai 	ti o a e�nai tetragwnik	 up	loipo �mod p	 An o p �tan diair
thc kai

thc teragwnik�c morf�c x�� ay�� t	te kai o arijm	c �a ja �tan tetragwnik	 up	loipo

�mod p	 Kat� sun
peia o �� ja �tan tetragwnik	 up	loipo �mod p	� �topo di	ti

p � �n� � Epom
nwc an o p diaire� thn x� � ay� t	te den ja diaire� thn x� � ay�

�Estw t�ra 	ti o p den diaire� thn x� � ay� Ja pr
pei na de�xoume 	ti t	te ja diaire�

thn x��ay�� dhlad� 	ti o �a e�nai tetragwnik	 up	loipo �mod p	� up	 thn pro p	jesh

	ti o a den e�nai To krit�rio tou Euler�
a
p

�
� a

p��
� �mod p	

mac d�nei t�ra 	ti arke� na apode�xoume pj� � a
p��
�  Epeid�

ap�� � � �
�
a
�p���

� � �
��

a
�p���

� � �
�
� � �mod p	 �mikr	 je�rhma Fermat�

arke� na de�xoume 	ti o p den diaire� ton a
p��
� � �

�Estw 	ti pja �p���
� � � Ja isq�ei loip	n

xp�� � � � xp�� � a
�p���

� �mod p	�

To polu�numo 	mwc xp�� � � � �x�	
p��
� � a

p��
� diaire�tai me to x� � a T	 xp�� � �

anal�etai se gin	meno grammik�n parag	ntwn sto s�ma IFp �Ara kai to x� � a ja

k�nei to �dio� dhlad� h isodunam�a x� � a � � �mod p	 
qei l�sh Epom
nwc up�rqei

x� � Z t
toio �ste o p na diaire� to x�� � a dhlad� o p e�nai diair
thc thc x� � ay� �gia

x � x�� y � ��� �topo ut

Entel�c an�loga� mpore� kane�c na apode�xei 	ti�
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Je�rhma 	�� K	je inde�nite tetragwnik
 morf
 e�nai gn
sia isod�namh proc m�a thc

opo�ac o p�nakac

�
a

b

b

c

�
�qei stoiqe�a pou plhro�n tic parak	tw sq�seic�

jaj � jcj� jbj � a

�
�

Shme�wsh� En g
nei h an�gwgh morf� mi�c inde�nite tetragwnik�c morf�c den e�nai

monos�manta orism
nh Epeid� � � ac�b� � � 
petai 	ti ac � � kai sunep�c j�j  �b��

dhlad� jbj �
r
j�j
�



�Opwc kai stic jetik
c tetragwnik
c morf
c mporo�me na fti�xoume 
na p�naka�

� An�gwgec inde�nite tetr morf
c �	qi kat� an�gkh mh isod�namec�

��
�
�

�

�

��
�
�

���
�

�

�

�

�

�
�

�

�

�

�
�

���
�

�




�

��
�
�

�

�

��
�
�

���
�

�

�

�
�

�
�

�

�

��
�
�

���
�

�

�

�

��
�
�

�

�

��
�
�

���
�

�

�

�
�

�
�

�

�

�

�
�

���
�

�




�

Ja d�soume t�ra merik
c efarmog�c�

�i� Kje pr�toc thc morf�c p � �n � 
 par�statai ap� thn tetragwnik�

morf� X� � �Y ��

�ii� Kje pr�toc thc morf�c p � ��n � � par�statai ap� thn tetragwnik�

morf� X� � 
Y ��

�iii� Kje pr�toc thc morf�c p � ��n � � par�statai ap� thn tetragwnik�

morf� X� � �Y ��

Ap�deixh�



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

�i� �Estw 	ti o p e�nai diair
thc thc X�� �Y � S�mfwna me to Je�rhma ��� up�rqei

tetragwnik� morf� me �dia diakr�nousa pou parist� ton p S�mfwna me ton p�naka

o p ja par�statai ap	 tetragwnik� morf� X� � �Y � � �X� � �Y � H X� � �Y �

d�nei 	mwc �mod �	 �� kai 	qi 
 �to �dio kai h �X� � �Y �� �Ara o p den e�nai

diair
thc thc X� � �Y � sunep�c o p e�nai diair
thc thc X� � �Y � H diakr�nousa

thc teleuta�ac e�nai � Epeid� de up�rqei m	no m�a kl�sh 
petai 	ti o p par�statai

ap	 thn X� � �Y �

�ii� �Estw 	ti o pr�toc p � ��n � � e�nai gn�sioc diair
thc thc X� � 
Y � Ja par��

statai lop	n ap	 thn X� � 
Y � � �X� � 
Y � An jewr�soume tic tetragwnik
c

morf
c �mod ��	 ta dunat� peritt� up	loipa �mod ��	 e�nai �������
 all� 	qi

� Epom
nwc o p den e�nai diair
thc thc X� � 
Y � kai� s�mfwna me to teleuta�o

je�rhma� ja e�nai k�poioc diair
thc thc X� � 
Y � �H �llh an�gwgh tetragwnik�

morf� diakr�nousac �� �X� � �XY � �Y � parist� m	no �rtiouc� Wste�

K�je pr�toc p � ��n� � par�statai ap	 thn X� � 
Y �

�iii� Upoj
toume 	ti o p � ��n � � e�nai 
nac diair
thc thc X� � �Y � T	te �dec

prohgo�meno p�naka� ja par�statai ap	 k�poia twn tetragwnik�n morf�n

��X� � �Y �	� � � ��X� � 
Y �	�

E�kola bl
pei kane�c 	ti aut
c oi tetragwnik
c morf
c den d�noun � �mod ��	

Epom
nwc o p par�statai ap	 thn X� � �Y � � �X� � 
Y � H de�terh den d�nei

� �mod��	 sunep�c o p par�statai ap	 thn X� � �Y � ut

An�loga o Lagrange apodeikn�ei 	ti� an o p e�nai thc morf�c p � �n� �� t	te o p e�nai

diair
thc thc X� � aY � an kai m	no an o p e�nai diair
thc thc X� � aY � kai bg�zei

sumper�smata 	pwc�

� K�je pr�toc arijm	c thc morf�c p � �n� � par�statai ap	 thn X� � �Y �

� K�je pr�toc arijm	c thc morf�c p � ��n� � par�statai ap	 thn X� � 
Y �
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� K�je pr�toc arijm	c thc morf�c p � ��n� � par�statai ap	 thn X� � �Y �

�Estw t�ra Q jetik� tetragwnik� morf� parist�menh ap	 ton p�naka M  �Enac p�nakac

T � GL��Z	 ja l
getai m�a monda �� 
nac automorfism�c� thc Q an kai m	no an

T tMT � M � dhlad� 	tan o T st
lnei thn Q ston eaut	 thc

M�a monda �automorfism�c� thc Q ja l
getai gn�sia an det�T 	 � � To s��

nolo twn gnhs�wn mon�dwn thc Q apotele� upoom�da thc SL��Z	� 
stw UQ An d�o

tetragwnik
c morf
c Q kai Q� pou par�stantai ap	 touc p�nakec M kai N e�nai gn�sia

isod�namec� dhlad�

M � U tNU� me U � SL��Z	

t	te h sun�rthsh T � UTU�� e�nai isomorfism�c metax� twn om�dwn UQ kai UQ�

H ap	deixh tou teleuta�ou isqurismo� af�netai san �skhsh ston anagn�sth

Qwr�c periorism	 thc genik	thtac t�ra mporo�me na upoj
soume 	ti hQ e�nai angwgh

Isq�ei to ex�c� �qwr�c ap	deixh� dec 	mwc thn ap	deixh tou Jewr�matoc ��

Je�rhma 	�
 Oi gn
siec mon	dec thc Q�X� Y 	 � a�X� � Y �	 e�nai

�
�
�

�

�

�

�
kai

�
�

	�
��
�

�
�

Thc Q�X� Y 	 � a�X� � �XY � Y �	 e�nai

�
�
�

�

�

�

�
�

�
�

��
	�
�

�
kai

���
	�

��
�

�
�

K	je 	llh an	gwgh tetragwnik
 morf
 �qei mon	dec �
�
�

�

�

�

�
�

�Ena �llo pr	blhma me to opo�o asqol�jhke o Lagrange �tan h ex�swsh �tou Fermat�

x� � dy� � ��

Gia na l�sei aut	 to pr	blhma o Lagrange k�nei qr�sh kai epekte�nei th jewr�a twn

suneq�n klasm�twn Ac jewr�soume kat� arq�n thn tetragwnik� morf� pou par�statai



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

ap	 ton p�naka�

�
�

�

�

�d
�
 T	te o

�
x

y

u

v

�
� GL��Z	 e�nai monda an kai m	no an

�x
u

y

v

���

�

�

�d
��

x

y

u

v

�
�

�
�

�

�

�d
�

dhlad�

�
x

y

u

v

�
monda t	te kai m	no t	te 	tan

x� � dy� � �� xu� dyv � �� u� � dv� � �d�

Gia �x � ��� y � �	 br�skoume u � �� v � �� Gia x� y �� � 
qoume

u �
dyv

x
� �d �

d�y�v�

x�
� dv��

Sunep�c

dy�v� � v�x� � �x� �� v��x� � dy�	 � x�

�� v� � x� �� v � �x�

Epom
nwc kai u � �dy Oi mon�dec loip	n e�nai

�
�
�

�

�

�

�
� �

�
�

�

�

��
�
�

�
x

y

dy

x

�
�

�
x

y

�dy
�x

�

kai oi mon�dec me or�zousa �

�
�
�

�

�

�

�
�

�
x

y

dy

x

�

O Lagrange an
ptuxe kat� susthmatik	 tr	po th jewr�a twn suneq�n klasm�twn

�Estw � � R An � �� Z or�zoume � �� a� �
�
��

me a� �� ���� �� � � Suneq�zoume 	moia�

�� �� a� �
�

��
� me a� �� ����� �� � � an �� �� Z�

�n �� an �
�

�n��
� me an �� ��n�� �n�� � � an �n �� Z�

Mporo�me loip	n na gr�youme

� � a� �
�

a� �
�

a�� 
� �

an�
�

�n��



� Josef Louis Lagrange Adrie�Marie Legendre ��

H akolouj�a a�� a�� a�� � � � kale�tai to anptugma tou � se suneq�c klsma

Ed� ja asqolhjo�me en suntom�a me ta apotel
smata thc jewr�ac O endiafer	menoc

mpore� na bre� tic apode�xeic sto ��� � sto ���

S�K� � To an�ptugma se suneq
c kl�sma tou arijmo� � e�nai peperasm�no an kai

m	no an � � Q 

Suneq� kl�smata twn

� � 
� �� ��� �� ��
� � � �

e � �� �� �� �� �� �� �� �� �� �� � � �
p
� � �� �� �� �� � � �

p

 � �� �� �� �� �� �� � � �

p
� � �� �� �� �� � � �

p
� � �� �� �� �� �� �� � � �

An a�� a�� � � � � an � R� a�� a�� � � � � an  � gr�foume

ha�� a�� � � � � ani �� a� �
�

a� �
�

a�� 
� �

an���
�
an

An an � � mpro�me na gr�youme an � an � � � �
�
� op	te

ha�� a�� a�� � � � � ani � ha�� a�� � � � � an��� an��� �i �

To suneq
c kl�sma� loip	n� rhto� arijmo� e�nai monos�manta orism
no� all� 
qei� kat�

bo�lhsh� �rtio � peritt	 m�koc

S�K� �� An ha�� a�� � � � � ami � hb�� b�� � � � � bni� ai� bj � Z� ai  �� bj  � kai am� bn � �

t	te m � n kai ai � bi gia k�je i � �� �� 
 � � � � m An 
 � ha�� a�� � � �ani to suneq
c

kl�sma rhto� arjmo� �an � �� t	te o rht	c arijm	c
Pi

Qi

� hao� a�� � � � � aii ja l
getai i�

ost�c sugkl�nwn tou suneqo�c kl�smatoc J
toume P�� � Q�� � �� P�� � Q�� � �



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

S�K� �� Isq�ei� ��
	 Pi � aiPi�� � Pi��

Qi � aiQi�� �Qi��


�
� � � i � n�

S�K� 	� Isq�oun ta ak	louja�

�i� PkQk�� �QkPk�� � ���	k��� gia � � k � n

�ii� Gia k�je k t
toio �ste � � k � n� isq�ei �Pk� Qk	 � �

�iii�
Pk

Qk

� Pk��

Qk��
�

���	k��
QkQk��



�iv�
Pk

Qk

� Pk��

Qk��
�

���	kak
QkQk��



�v� Qi  Qi��� gia k�je i� � � i � n �m�lista de me austhr�c jetik� anis	thta gia

i � �� op	te prok�ptei 	ti Qi � i gia k�je i � �� �� � � � � n�

�vi�

P�

Q�
�

P�

Q�
� � � � � Pn

Qn

� � � � � P�

Q�
�

P�

Q�

�vii� Gia k�je i� � � i � n isq�ei�

j
� Pi

Qi

j � j
� Pi��

Qi��

j kai j
Qi � Pij � j
Qi�� � Pi��j�

Shme�wsh� �Olec oi idi	thtec thc SK � isq�oun kai gia peira suneq� kl�smata�

arke� na egkatale�youme ta �nw fr�gmata gia touc de�ktec

Pa�rnoume thn akolouj�a

�
P�k

Q�k

�
k��

h opo�a e�nai a�xousa kai fragm
nh ap	 p�nw kai�
P�k��

Q�k��

�
k��

h opo�a e�nai fj�nousa kai fragm
nh ap	 k�tw An

lim
k��

P�k

Q�k
� S kai lim

k��

P�k��

Q�k��
� T

apodeikn�etai 	ti S � T � dhlad� kje peiro suneq
c kl�sma ha�� a�� � � � � an� � � �i
parist� 
na pragmatik	 arjm	 �profan�c l	gw SK �� �rrhto�
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Isq�ei de kai to ant�strofo� dhlad� 	ti

S�K� �� K�je �rrhtoc arijm	c� par�statai san suneq
c kl�sma kat� tr	po monadik�

K�je suneq
c kl�sma thc morf�c ha�� a�� � � � � an��� b�� b�� � � � � bk� b�� b�� � � � � bk� � � �i ja l
�

getai periodik� �gr�fetai
�
a�� a�� � � � � an��� b�� b�� � � � � bk

�
�

Isq�ei�

S�K� 
� O � � R anapt�ssetai se periodik	 suneq
c kl�sma an kai m	no an � �


 � �
p
d� 
� � � Q kai d � N � d 	qi t
leio tetr�gwno

E�n t�ra h per�odoc arq�zei ap	 thn arq�� d�lad� � � ha�� a�� � � � � an��i t	te to suneq
c

kl�sma l
getai kajar periodik� Isq�ei de

S�K� �� O � � 
� �
p
d anapt�ssetai se kajar� periodik	 kl�sma t	te kai m	no t	te

	tan � � � kai �� � �� � � 	pou �� � 
� �
p
d

Me thn bo�jeia t�ra twn parap�nw apodeikn�etai to

Je�rhma 	�� �Olec oi jetik�c l�seic thc x��dy� � �� d�nontai ap� touc sugkl�nontec

tou anapt�gmatoc tou suneqo�c kl	smatoc tou arijmo�
p
d� An n e�nai to m
koc thc

peri�dou tou suneqo�c kl	smatoc
p
d kai o n e�nai 	rtioc t�te h x� � dy� � �� den

�qei l�sh� S� aut
 thn per�ptwsh �lec oi jetik�c l�seic thc x� � dy� � � d�nontai ap�

x � Pnj��� y � Qnj�� gia j � �� �� 
� � � �� An t�ra o n e�nai peritt�c� �lec oi jetik�c

l�seic thc x�� dy� � �� d�nontai ap� x � Pnj�� kai y � Qnj��� j � �� 
� �� � � � kai �lec

oi jetik�c l�seic thc x� � dy� � � ap� x � Pnj��� y � Qnj��� gia j � �� �� �� � � �

Isq�ei ak	mh kai to

Je�rhma 	�� �Estw �x�� y�	 h el	qisth l�sh thc x��dy� � �� �Olec oi jetik�c l�seic

t�te d�nontai ap� tic sq�seic

xn � yn
p
d � �x� � y�

p
d	n n � �� �� 
� � � �

Parade�gmata�
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��� �Estw d � �� dhlad� 
qoume thn ex�swsh x� � �y� � � Isq�ei�

p
� � � � �

p
�� �	 � � �

�p
� � �

� � �
�

� � �
p
�� �	

�
�
�� �
�
�

O n � �� peritt	c Epom
nwc 	lec oi l�seic d�nontai ap	

x � Pj��� y � Qj��� j � �� �� �� � � �

H pio mikr� x � P�� y � Q�

�� �� � � �

ai � � �

Pi � � � 
 �

Qi � � � � �

Epom
nwc �� � 
 �
p
� kai xn � yn

p
� � �
 � �

p
�	n� n � �� �� 
� � � �

��� �Estw d � 

�
p


 � ��� �� �� �� ��� kai n � � �rtioc

�� �� � � � 
 �

ai � � � � ��

Pi � � � � �� �
 ���

Qi � � � � 
 � �


Oi l�seic ja e�nai�

x � P�j��� y � Q�j���

H mikr	terh x � P� � �
� y � Q� � � �Ara 	lec oi �llec xn � yn
p
d �

��
 � �
p


	n� n � N 
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O Adrien�Marie Legendre genn�jhke sto Par�si to ���� �Opwc kai o Lagrange up�rxe

g	noc plo�siac oikogene�ac Sta ���� �rqise tic spoud
c tou sta Majhmatik� kai th

Fusik� �Htan oikonomik� anex�rthtoc kai 
tsi mporo�se na afier�nei ton qr	no tou

sthn 
reuna Ap	 to ���� m
qri to ���� �tan d�skaloc thc Ecole Militaire sto Par�si

Met� to ���� katalamb�nei di�forec j
seic sth Gallik� Akadhm�a� sthn arq� san

di�doqoc tou Laplace san �adjoint mecanicien kai arg	tera ap	 to ���� san �associe 

To ���� k
rdise 
na brabe�o thc Akadhm�ac tou Berol�nou me m�a ergas�a me j
ma ap	

thn perioq� thc Ballistik�c Aut	 up�rxe kai h ait�a pou ton pr	sexe o Lagrange

Arg	tera dhmos�euse ergas�ec p�nw sthn Jewr�a Arijm�n� Our�nio Mhqanik� kai sth

Jewr�a twn Elleiptik�n Sunart�sewn Kat� th Gallik� Epan�stash 
qase 	lh tou

thn perious�a kai upoqre�jhke na paraithje� ap	 th j
sh tou sthn Akadhm�a Ap	 to

���� m
qri to ���� �tan exetast�c thc Ecole Polytechnique Ap	 to ���� kai m
qri to

j�nat	 tou to ���� diad
qjhke ton Lagrange sto Bureau des Longitudes

To 
rgo tou sth Jewr�a twn Arijm�n apotele�tai ap	 m�a ergas�a me t�tlo �Recherches

d� Analyse Ind�etermin�ees pou 
gine dekt� sthn Gallik� Akadhm�a to ���� �dhmosie��

jhke sta ����� ��Otan o Gauss anak�luye thn ergas�a aut� sth biblioj�kh tou Pane�

pisthm�ou tou G�ottingen� 
graye ston d�skal	 tou Zimmerman ton ex�c qarakthrism	

gia to bibl�o �eine vortre�iche Abhandlung� kai 
na bibl�o Jewr�ac Arijm�n to

opo�a ekd	jhke sta ���� me ton t�tlo� Essai sur la theorie des nombres Sto bibl�o

perigr�fei tic gn�seic Jewr�ac Arijm�n thc epoq�c �metax� �llwn apotel
smata twn

Euler Lagrange� kaj�c kai pollo�c p�nakec gia na de�xei apotel
smata pou p�steue

thn al�jeia touc all� den mporo�se na apode�xei To 
rgo xanaekd	jhke me poll
c

prosj�kec sta ���� kai� d�tomo� sta ���� me t�tlo ��Jewr�a Arijm�n�� Ja pr
pei �swc

na parathr�sei kane�c 	ti to perieq	meno tou bibl�ou uperker�sthke ap	 to sta ����

ekdoj
n bibl�o tou Gauss �Disquisitiones Arithmeticae 

�Ena ap	 ta basik� jewr�mata pou ap
deixe o Legendre sto tr�to m
roc twn Recherches

tou e�nai to ak	loujo�

Je�rhma 	�� �Estw �ti a� b� c e�nai ak�raioi �qi kai oi treic me to �dio pr�shmo kai
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abc ele�jerou tetrag�nou� H ex�swsh aX� � bY � � cZ� � � �qei m�a ak�raia l�sh me

�x� y� z	 �� ��� �� �	 t�te kai m�no t�te �tan �bc��ca��ab e�nai tetragwnik	 up�loipa

�mod jaj	� �mod jbj	 kai �mod jcj	 ant�stoiqa�

M�a ap	deixh tou jewr�matoc auto� ja d�soume arg	tera

Sto t
tarto m
roc thc ergas�ac tou �Recherches� o Legendre qrhsimopoie� to je�rhma

aut	 sthn prosp�jei� tou na apode�xei ton gnwst	 s�mera san tetragwnik� n�mo

antistrof�c �Opwc e�nai gnwst	� pr	keitai gia m�a sq
sh an�mesa sto leg	meno

s�mera s�mbolo tou Legendre
�p
q

�
kai
�q
p

�
to opo�o eis�qjh ap	 ton Legendre sta

���� Sthn prosp�jei� tou aut� o Legendre e�qe m	no merik� epituq�a Aut	 pou k�nei

e�nai na xeqwr�zei � peript�seic an�loga me tic tim
c twn p kai q �mod�	 kai thc tim�c�p
q

�
 To �dio epiqe�rhma qrhsimopoie� kai o Gauss sthn pr�th tou ap	deixh �dec ����

�rjro ���� Se k�je m�a ap	 aut
c tic peript�seic o Legendre eis�gei m�a kat�llhlh

ex�swsh thc morf�c aX��bY ��cZ� � � me a � b � c � ��mod�	 H ex�swsh aut� den


qei mh�tetrimm
nh l�sh di	ti h isodunam�a aX�� bY �� cZ� � � �mod �	 den 
qei l�sh

S�mfwna loip	n me to prohgo�meno je�rhma� den mporo�n oi arijmo� �bc��ca��ab na
e�nai kai oi tre�c tetragwnik� up	loipa �mod jaj	� �mod jbj	 kai �mod jcj	 antisto�qwc
Se k�je par�ptwsh o Legendre prospaje� na dial
xei ta a� b� c kat� t
toio tr	po �ste

na 
qei to apot
lesma pou j
lei

Pa�rnei kat� arq�n

p � � �mod�	� q � �� �mod �	�
�p
q

�
� ��

kai jewre� thn ex�swsh X� � pY � � qZ� � � L	gw thc
���
q

�
� �� 
petai

��p
q

�
� �

Epeid�
�pq
�

�
� � kai

��p
q

�
� � 
qoume

�q
p

�
� �� 	pwc pr�gmati qrei�zetai gia na

isq�ei o tetragwnik	c n	moc antistrof�c

To �dio mporo�me na k�noume gia q � q� � �� �mod�	 kai
� q
q�

�
� �� k�nontac qr�sh

thc ex�swshc

X� � qY � � q�Z� � ��
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T�ra pa�rnoume q � q� � ���mod�	�
� q
q�

�
� �� kai jewro�me thn pX��qY ��q�Z� � �

	pou o p e�nai k�poioc pr�toc pou plhro� tic sunj�kec

p � � �mod�	�
�p
q

�
� ���

� p
q�

�
� ���

Op	te� 	pwc kai parap�nw� ja pr
pei
�q�
q

�
� �� dhlad� na isq�ei kai ed� o tetragwnik	c

n	moc antistrof�c

To pr	blhma b
baia pou m
nei anoiqt	 e�nai an uprqei pr�toc me aut
c tic idi	thtec

Up�rqei t
toioc pr�toc an h arijmhtik� pr	odocn
�qq�x �mjme x � Z kai � � m � �qq� t
toio �ste m � � �mod�	��m

q

�
� ���

�m
q�

�
� ��

o
peri
qei 
nan pr�to O Legendre �tan pepeism
noc 	ti k�je arijmhtik� pr	odoc fax �

bjx � Z me �a� b	 � �g peri
qei �peirouc to pl�joc pr�touc

���Iswc e�nai anagka�o na apodeiqje� aut� prosektik��� 
grafe sta ���� ��Den

pr�pei na amfiblloume gi� aut���� 
graye sta ���� H pr�th p�ntwc ap	deixh�

an�kei ston Dirichlet ������ o opo�oc an
ptuxe m�a p
ra gia p
ra prwt	tuph m
jodo

To apot
lesma aut	 jewre�tai m�a ap	 tic pio spouda�ec suneisfor
c tou Dirichlet sta

Majhmatik�

O Legendre je�rhse to je�rhma aut	 tou Dirichlet san 
na e�doc axi�matoc kai sun
�

qise all� met� �rjan ta   qeir	tera

Ac p�roume t�ra thn per�ptwsh pou p � p� � � �mod �	� kai ac jewr�soume thn pX� �

p�Y � � qZ� � � 	pou q e�nai pr�toc arijm	c pou plhro� tic sq
seic�

q � �� �mod �	�
� q
p�

�
� ��

�p
q

�
� ��

� thn ex�swsh X� � pY � � p�qZ� � �� 	pou q pr�toc q � �� �mod�	�
�p
q

�
� �� To

pr	blhma 	mwc e�nai kai p�li an uprqei t
toioc pr�toc

K�ti t
toio ja mporo�se na �tan sun
peia tou jewr�matoc tou Dirichlet kai tou tetra�

gwniko� n	mou antistrof�c" Kat� aut	n ton tr	po ��braqukukl�jhke�� h ap	deixh tou
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Legendre� en� e�nai amf�bolo� 	pwc shme�wse kai o Gauss sto �rjro ���� an mporo�se

na apodeiqje� alli�c Aut	 	mwc to ��braquk�klwma�� den ap
treye ton Legendre ap	

to na dhl�nei pikram
noc se gr�mma tou proc ton Jacobi sta ���� 	ti �dika o Gauss

isqur�zetai 	ti anak�luye pr�toc ton tetragwnik	 n	mo antistrof�c

�Opwc e�pame kai pi	 mprost� h eikas�a tou Fermat e�qe luje� gia n � � ap	 ton �dio

ton Fermat kai gia n � 
 ap	 ton Euler Ap	 t	te to pr	blhma apotelo�se pr	klhsh

gia touc arijmojewrhtiko�c Stic ekd	seic tou ���� kai tou ���� tou bibl�ou tou o

Legendre den 
dwse t�pote periss	tero ap	 tic apode�xeic twn Fermat kai Euler gia

n � � kai 
 ant�stoiqa To endiaf
ron gia to pr	blhma xanazwnt�neye sto Par�si tic

ep	menec dekaet�ec� idia�tera met� thn anako�nwsh thc Gallik� Akadhm�ac na d�sei 
na

brabe�o se ergas�a sqetik� me th Jewr�a Arijm�n O Olbers ep
sthse thn prosoq�

tou Gauss s� aut	 to gegon	c� kai o Gauss ap�nthse 	ti den ton endiaf
rei pol� to

pr	blhma all� h l�sh tou ja prok�yei kat� th gn�mh tou� m
sw thc ep
ktashc thc

jewr�ac thc an�terhc arijmhtik�c �einer grossen Erweiterung der h�oheren Arithmetik�

Sto metax� �rqise na doule�ei sto pr	blhma h Sophie Germain kai anak�luye s�ntoma

endiaf
ronta apotel
smata

Sta ���� oi Dirichlet kai Legendre ap
deixan thn eikas�a tou Fermat gia n � � �k�no�

ntac qr�sh thc mej	dou thc kaj	dou tou Fermat� O Dirichlet ap
deixe pr�toc 	ti h

ex�swsh x � y � z � � den 
qei mh�tetrimm
nh ak
raia l�sh sthn per�ptwsh pou 
nac

ap	 touc agn�stouc e�nai pollapl�sio tou �� O Legendre qrhsimopo�hse tic teqnik
c

tou Dirichlet kai 
luse to pr	blhma qwr�c periorism	 Sto t
loc thc zw�c tou euqa�

rist�jhke idiait
rwc pou e�de th jewr�a twn elleiptik�n sunart�sewn na epekte�netai

t	so me thn suneisfor� twn Abel kai Jacobi

Ja kle�soume me th mel
th thc diofantik�c ex�swshc

ax� � by� � cz� � �

	pou oi a� b� c den diairo�ntai me to tetr�gwno pr�tou arijmo� kai �a� b	 � �b� c	 �

�a� c	 � �
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Gia na 
qei h ex�swsh mh�tetrimm
nh l�sh ja pr
pei na mhn e�nai 	loi oi a� b� c sugqr	nwc

jetiko� � 	loi sugqr	nwc arnhtiko�

�Estw m kai n mh mhdeniko� ak
raioi Me mRn sumbol�zoume thn pr	tash�

��O m e�nai tetragwnik	 up	loipo �modn	��

Epanalamb�noume to je�rhma tou Legendre�

Je�rhma 	��� �Estw a� b� c ak�raioi di	foroi tou mhden�c twn opo�wn to gin�meno den

diaire�tai me to tetr	gwno pr�tou arijmo�� Upoj�toume ak�mh �ti den e�nai kai oi treic

om�dhmoi kai �a� b	 � �b� c	 � �a� c	 � �� T�te h ex�swsh aX� � bY � � cZ� � � �qei m�a

mh�tetrimm�nh ak�raia l�sh an kai m�no an

i� �abRc

ii� �acRb

iii� �bcRa�

Kat� arq�n apodeikn�oume ta parak�tw d�o l�mmata�

L�mma 	��� �Estw �� �� � jetiko� pragmatiko� arijmo� me gin�meno ��� � m� m ak��

raioc� T�te k	je isodunam�a thc morf
c 
x��y��z � ��modm	 �qei m�a mh�tetrimm�nh

l�sh �x� y� z	� t�toia �ste jxj � �� jyj � �� jzj � ��

Ap�deixh� �Estw 	ti to x diatr
qei touc �� �� �� � � � � ���� to y touc �� �� �� � � � � ��� kai to

z touc �� �� �� � � � � ��� Sunolik� 
qoume �� � ���	�� � ���	�� � ���	 diaforetik
c tri�dec

�x� y� z	 Afo� �� � ���	�� � ���	�� � ���	 � ��� � m 
petai 	ti up�rqoun d�o tri�dec

�x�� y�� z�	 kai �x�� y�� z�	 t
toiec �ste�


x� � �y� � �z� � 
x� � �y� � �z� �modm	

�� 
�x� � x�	 � ��y� � y�	 � ��z� � z�	 � � �modm	

	pou jx� � x�j � ��� � �� jy� � y�j � �� jz� � z�j � � ut



�� Jewr�a Arijm�n kat� ton ��o kai ��o ai�na

L�mma 	��� Upoj�toume �ti h tetragwnik
 morf
 aX� � bY � � cZ� anal�etai se

gin�meno prwtob	jmiwn parag�ntwn mod m kai mod n� An �m�n	 � � t�te aX�� bY ��

cZ� anal�etai se gin�meno grammik�n parag�ntwn �modmn	�

Ap�deixh� �Eqoume

aX� � bY � � cZ� � �
�X � ��Y � ��Z	�
�X � ��Y � ��Z	 �modm	

aX� � bY � � cZ� � �
�X � ��Y � ��Z	�
�X � ��Y � ��Z	 �modn	

Dial
goume 
� �� �� 
�� � �� �� 
tsi �ste�


 � 
�� � � ��� � � ��� 

� � 
�� �

� � ��� �
� � �� �modm	


 � 
�� � � ��� � � ��� 

� � 
�� �

� � ��� �
� � �� �modn	

�je�rhma upolo�pwn tou Kin
zou� T	te h isodunam�a

aX� � bY � � cZ� � �
X � �Y � �Z	�
�X � � �Y � ��Z	

isq�ei �modm	 kai �modn	 Epom
nwc e�nai swst� kai �modmn	 ut

Ap�deixh tou jewr�matoc�

�Estw aX��bY ��cZ� � �� 
qei m�a l�sh �x�� y�� z�	 �� � Diairo�me touc x�� y�� z� me ton

m
gisto koin	 diair
th �x�� y�� z�	 kai br�skoume m�a l�sh �x�� y�� z�	 me �x�� y�� z�	 � �

Isq�ei �c� x�	 � � �Estw p pr�toc� pjc kai pjx� Afo� abc den diaire�tai me to tetr�gwno

pr�tou arijmo� 
petai 	ti o p den diaire� ton b All� pjcx� sunep�c pjby��� epom
nwc
pjy�� dhlad� p�j�ax�� � by��	 ap	 to opo�o sumpera�noume 	ti p�jcz�� dhlad� pjz�� � pjz�
Epom
nwc ja e�qame pj�x�� y�� z�	 � �� �topo

�Estw u h l�sh thc isodunam�ac ux� � � �mod c	 H ex�swsh ax�� � by�� � cz�� � �

d�nei ax�� � by�� � � �mod c	 epom
nwc u�b�y�� � �ab �mod c	 dhlad� �abRc �Omoia

apodeikn�etai 	ti �bcRa kai �acRb

Antistr	fwc� upoj
toume 	ti isq�oun oi sq
seic �i	� �ii	 kai �iii	 Profan�c den all��

zoun an ta a� b� c ta antikatast�soume me �a��b��c ant�stoiqa Qwr�c periorism	 thc
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genik	thtac loip	n upoj
toume 	ti a � �� b � �� c � �

�Estw r m�a l�sh thc isodunam�ac r� � �ab�mod c	� kai a� m�a l�sh thc aa� � ��mod c	

Epom
nwc

aX� � bY � � aa��aX
� � bY �	 � a��a

�X� � abY �	

� a��a
�X� � r�Y �	 � a��aX � rY 	�aX � rY 	

� �X � a�rY 	�aX � rY 	 �mod c	

�� aX� � bY � � cZ� � �X � a�rY 	�aX � rY 	 �mod c	�

Apode�xame loip	n 	ti to aX� � bY � � cZ� anal�etai se gin	meno d�o prwtobajm�wn

parag	ntwn �mod c	 �Omoia apodeikn�etai to �dio �mod a	 kai �mod b	 Ap	 to L�mma

�� t�ra pa�rnoume�

aX� � bY � � cZ� � �
X � �Y � �Z	�
�X � � �Y � ��Z	 �modabc	�

Efarm	zoume to L�mma � sthn isodunam�a 
X � �Y � �Z � � �modabc	 me � ��
p
bc�

� ��
pjacj� � ��

pjabj kai sumpera�noume 	ti h isodunam�a 
qei l�sh x�� y�� z� me

jx�j �
p
bc� jy�j �

p
jacj� jz�j �

p
jabj

Epeid� �b� c	 � �� parathro�me 	ti
p
bc � Z t	te kai m	no 	tan bc � � Epom
nwc

jx�j �
p
bc dhlad� x�� � bc �M�lista h is	thta x�� � bc isq�ei t	te kai m	no t	te 	tan

b � c � ��

�Omoia y�� � �ac �y�� � �ac an kai m	no an a � �� c � ���
z�� � �ab �z�� � �ab an kai m	no an a � �� b � ���
�Ara� ekt	c ap	 thn per�ptwsh b � c � ��� isq�ei ax�� � by�� � cz�� � ax�� � abc kai

ax�� � by�� � cz��  by�� � cz�� � b��ac	 � c��ab	 � ��abc�

An exair
soume loip	n thn per�ptwsh b � c � �� 
qoume

��abc � ax�� � by�� � cz�� � abc�
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H tri�da 	mwc �x�� y�� z�	 e�nai l�sh thc isodunam�ac

ax� � by� � cz� � � �modabc	 �� ax�� � by�� � cz�� � � � � abc�

Sthn pr�th per�ptwsh� h �x�� y�� z�	 e�nai l�sh thc ax� � by� � cz� � � Sthn de�terh

per�ptwsh m�a l�sh e�nai h

x� � �by� � x�z�� y� � ax� � y�z�� z� � z�� � ab�

�Estw t�ra b � c � �� T	te ��Ra Epom
nwc an R�a	 sumbol�zei to pl�joc twn

l�sewn thc isodunam�ac X� � ���mod a	� t	te R�a	 � � �Estw ak	mh Q�n	 to pl�joc

twn l�sewn thc ex�swshc X� � Y � � n� �X� Y 	 � � Qwr�c ap	deixh ed� anaf
roume

	ti isq�ei Q��	 � �� Q�n	 � �R�n	 gia n  �

�Ara Q�a	 � � Sunep�c h ex�swsh U��Z� � a 
qei k�poia l�sh y�� z� me �y�� z�	 � � H

Q � �� U � y�� Z � z� e�nai m�a mh�tetrimm
nh l�sh thc ex�swshc aX�� bY �� cZ� � �

ut

�Ena pol� spouda�o p	risma tou jewr�matoc e�nai to leg	meno ��Ax�wma tou Hasse��

Se genik
c gramm
c to ax�wma e�nai�

��H topik� �local� epilusim�thta mic ex�swshc sunepgetai thn

genik� �global� epilusim�thta���

Topik� epilusim	thta shma�nei 	ti h ex�swsh 
qei m�a mh�tetrimm
nh l�shmodulo pm gia

	louc touc pr�touc arijmo�c p kai 	louc touc jetiko�c akera�ouc m kai m�a pragmatik��

sto s�ma R� l�sh

Genik� epilusim	thta shma�nei 	ti 
qei l�sh stouc akera�ouc

To ax�wma tou Hasse isq�ei gia tetragwnik
c morf
c all� e�nai� en g
nei� l�joc gia

exis�seic bajmo� anwt
rou tou d�o Parade�gmatoc q�rin� ja mporo�se na apode�xei

kane�c 	ti h ex�swsh X� � ��Y � � �Z� 
qei mh�tetrimm
nh l�sh modulo pm gia k�je

pr�to p kai jetik	 m kai m�a pragmatik� l�sh� all� den 
qei l�sh stouc akera�ouc

�����



� Josef Louis Lagrange Adrie�Marie Legendre ��

P�risma 	��� �Estw a� b� c ak�raioi twn opo�wn to gin�meno den diaire�tai me to te�

tr	gwno pr�tou arijmo�� Upoj�toume ak�mh �ti den e�nai �loi touc om�shmoi kai �ti

�a� b	 � �b� c	 � �c� a	 � �� An h isodunam�a aX�� bY �� cZ� � � �mod pm	 �qei ak�raia

l�sh x� y� z gia k	je d�namh pm� �pou o pr�toc p den diaire� ton m�gisto koin� diair�th

�x� y� z	� t�te h aX� � bY � � cZ� � � �qei mh�tetrimm�nh akera�a l�sh�

Ap�deixh� �Estw m � � kai pja T	te an �x� y� z	 e�nai m�a l�sh� s�mfwna me tic

upoj
seic tou por�smatoc� ja de�xoume 	ti o p den diaire� to yz

An pjy t	te pjcz� kai epom
nwc� afo� �a� c	 � �� 
qoume pjz Wste p�jax� kai afo� o

p den diaire� to x 
petai 	ti p�ja� �topo Sunep�c p � y �Omoia apodeikn�etai 	ti kai

p � z� dhlad� p � yz

Epom
nwc by� � cz� � � �mod p	 Afo� �p� z	 � �� 
petai 	ti up�rqei u t
toio �ste

uz � � �mod p	 Pollaplasi�zoume me u�b kai br�skoume

u�b�y� � bcu�z� � � �mod p	 �� �uby	� � �bc �mod p	 �� �bcRp�

E�nai gnwst	 	ti an �m�n	 � � t	te aRm kai aRn sunep�getai 	ti aRmn H ap	deixh

af�netai san �skhsh ston anagn�sth Epeid� t�ra �bcRp isq�ei gia k�je pr�to diai�

r
th p tou a kai a ele�jeroc tetrag�nou� 
qoume �bcRa Epom
nwc 
qoume �bcRa
�Omoia br�skoume 	ti �abRa kai �acRa To p	risma e�nai �mesh sun
peia tou jewr��

matoc ut

TELOS
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