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ELGocY(oYT']

Kiploc oxondc tou BBhlou elvon 1 uekétn tng Lwhc xor tou apriuolempntixod €pyou
Twv Fermat, Euler, Lagrange xou Legendre. ©a ueheticouue dnhads tnv totopio xat to

aroteréouata TNe Ocwplac Aprludy Tou avaxalbgdnxay xatd tov 17° xar 18° audva.

Ye ula mepiodo 6mou dhhol xAddol Twy Modnuotix®y avarnticoovton paydaio xon o avTo-
YWVIOUOS TROTEPALOTNTIS Elvan TOAD Ueydhog, 1 Ocwpior Aprducv elehicoeton ue Poadeic

evduoig xou o€ epaottey VXt Bdom.

Ytoyoc uag Sev etvar va ddoouue xouéc anodeilelg, xdtt mou cuvidng Yivetar oe xd-
Ve eloaywywod udinua Ocwplog Apriuny, ahhd teplocdtepo var detlovue tn dtadixaotio
AVATTUENS TV BEWY xoWE %ol T TEOOTAVEES TTOU EYvay UEYEL TN 0woTh dlaTinwoT
xow am6deln Twv anotehecudtwy. Anevduvouacte oe gortntée Modnuatindy xar dhhwy
ouvapey Teog T Monuatd Tunudtwy xadong xo o uodntéc Auxeiou Tou ayaroly Ta
Modnuorixd xar edwdtepa Ty Oewplor Aptuwy. EArniCovue 1 uehétn Tou nepleyouévou
oL BiAlou va Swoel o€ ToAAOUE VEOUC U TO EVAUCUS TNE ETEXTACTSC TWV YVWOEWS TOUS

OE EVaY A0 TOUS GPYALOTEQOUC XAl EAXUCTIXOTEPOUS xAdBouS Twv Modnuatiwy.

To BPBhio exdideton uéow tou mpoypduuatoc EIIEAEK “IIPOMHOEAY" tou Iaven-
otnuiou Kprtne. Oepuéc euyaplotiee ypwotw otov urediuvo Tou TEoYeduuaTog Av.
Kodntnty| x0po Tideyo Tleita. Téhog Yo Hleha va evyaplothow tov uadnts uouv Oa-

vaon Béoon xou tov David J. MCClurkin yw tnv nhextpovixt| enelepyacio Tou xeyU€vou.

[évvne A, Avioviddng, Koadnyntic
Hedhelo, OxtoBploc 1999
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Kecpo’c)\ouo 1
pr‘co'éo‘coptoc

Lougova ue tov Jacobi n Yewplo Twv EAELTTIXWY GUYOETACEWY YEVWAUTXE AVAUECI OTLS
23/12/1751 xon 27/1/1752. Tnyv mpwtn nuepounvia 1 Axadnuioc twv Entotnudy tou
Bepohivou rapédwoe otov Euler 1o ditouo €pyo tou Fagnano, Produzioni Mathematiche
0 omofo elye exdovel ¥\dn and to 1750. O Euler énpene va e€etdoet to €pyo xan vor ypdiet
xaL €vaL evyaeloTiplo Yeduua otov Fagnano. Try debtepn nuepounvia o Euler Eextvivrag
and tnv epyaocia tou Fagnano yur to lemniscate (Anuvioxo) avaxoivwoe oty Axadnuio
Enotnuev tou Begolvou ta amoteléouata uide oelpds epyact®y Tou, 6Tou anodeixvue

ot Yewpriuata TS TEOGVECTC XU TOU TOMAATAAGLACUOY EAAELTTIXWY ONOXATNIOWUATOV.

Av mpoomafoet xavelc, OTw yior TI¢ EMNEITTIXES GUVIRTHOEL, Vo Bpet TOTE YeVVHINXE 1
Ocwplio Twy Apiuwy, Yo dmotwoel 6T, 6Twe xou o Bdxyog, yevvhdnxe 8o gopéc. H
TeWTN Yévynon Yo meénet va €yel ouufel uetald 1621 xan 1636. Xt 1621 dnuooctedinxoy
o Aprduntind Tou Awdgavtou and tov Bachet oto ehinvind mpwtdtuno, uall ue Aatvixt
uetdppaot xat extetauéva oyoho. Ilote énece ota yépwa tou Fermat autd to Bifiio
dev uag efvon Yvwoto. And tnv addnhoypapia Tou Fermat ouwg Byalvel 1o ouunépacua
OTL U€ypl To 1636 Oyt uévo To elye ueleTroel mpooexTixd oAAd elye 101 avamTUEEL xa

Sueég Tou Wéec mavw o€ €va owpd Yéuata mou Swmpayuatedovton ta Aptduntind Tou

Albgavtou.



2 Ocwplo Aprducdv xatd Tov 17° xou 18° audva

O Fermat mpoondinoe va neloel uepixoic giloug tou, 6w o Huygens, o Pascal x.o., va
acyohnioly xar autol Ue Tov ayamnuévo Tou xhddo, aAld dev To xatdgege. O Fermat
médave ota 1665. O yuldg tou Samuel e€édwoe to Pi3hio tou Bachet ota 1670 uall
ue Tic mapatneRoec Tou Tpoaélese o matépag Tou 6To Teptitplo xou apydtepa (1679)
dnuocicuoe xar uépog g akknhoypagloc Tou. Méypl va gtdoovue 6To onueto va €youv
oL exdooelc auTég xdmowa enidpaon ota Modnuatind tng enoyric Tépaoe UIGHC AWV Ko

0710 SLoTNUA AVTO PovdTay cav va elye teddvel 1 Oswpla Twy Apriucdv.

To e Cavayevvinxe 1 Oeswpioa Apriuwy to Eépouue Thpa emaxpBoe. Xta 1729 o
Euler #tav ué¢hog tng Axadnuiag e Aylac Iletpodmodng. O gihog tou Goldbach Arav
oty Méoya. H ahhnhoypapio toug Swatnerinxe tpocextind xon exdounxe oto 1843. e
éva and ta ypduuatd tou o Goldbach (epacttéyvne padnuatindc) Satdnwoe Ty Yvwoty
ofiuepa evxacio touv Goldbach (Va avagepolue apydtepa 6” authiv). Tnv 1/12/1729
o Goldbach potnoe tov Euler tl yvoun €yet oyetixd ue tnv exacto tou Fermat 61t 6hou

oL axépatol apiuol TN Lopehg
22" +1, n=0,1,2,...

7 4 ’ 14 4 ’ 7 4 7’

elvon Tp®TOL. XNV andvinoct| Tou o Euler e€éppace xdmoleg augiBoliec ahhd tinote T0
7. 7 4 ‘n 7’ / 7 / 7

xawvovpyto dev eugaviotnxe ugyel tnv 4" Touviou ondte o Euler avégepe 6tL autdv Tov
7 14 / s 7. z 7 7

xatpd da3dler Fermat xou 6t efvon moh) eviunwotacuévog and tny ewxacta Tou Fermat

OTL xde axéparog Umopel va ypagel cav dpotoua TEGOAP®Y TETPAYOVLY. AT6 auTh TNV

nuépa apy(let utor ToAl yovun teplodoc otn Oswpia Twv Apwuwy and tov Euler n onola

ouveylotnxe and toug Lagrange, Legendre yio va gddoet, ue tov Gauss, oc mohd umid

eninedo avdmTuéng.

To 6t o Fermat ennpedotnxe and éva Einva uadnuatid tou 3°° uetd Xplotd ouwva,
fipve apyotepa 6T0 Ywe. Ol YVvOoE Uag Yo Tar Madnuatixd v apyalwy auidvoviay
uépa ue Tt Uépa. Ol YVOOE Uag T.y. Y To €pyo Tou Apywundn aulhdnxay Tohd ue
™y avaxdhudn g tepyounvic e Kwvotavtivounolewe ota 1906. Apyixd autd mou
elye emlAoet and tov Awbgavto frav 6 xepdhato (“BBhia’) mapd to b1t 0TV EloaywYT

avapépovtar 13. Yto uetall tpdopata avaxaibginxe éva axoua BiBiio Tou. Yxondg uog



1. HpwroicTtopia 3

BéBoua dev etvan va yuploouue ntlow oto Madnuatied tng Ivdlag, tng Mecorotautac A tne
Kivac. Aev umopodue dumg vo tapaheidovue vo avagépouvue to yeyovog 61t o Euxieldng
agépwoe tolo xepdhona (“Biila’) and ta Btovyela Tou ot Oewpla Twv Aptdudy xat

ouvyxexpruéva tor VII, VIII xon IX.

Ou €vvoleg tou Tpwtou aprduol, Tou Soupétn evog axepalou xodwe xat Tou ehayloTou
xowoU Tolarhactou mpénel va eugaviotnray apxetd vwplc. O ITAdtwy otoug Nououg
Tou Ueketder Tov aprtud 5040 xou Beloxel my. OTL €yel 59 Stapétec EXTOC TOU €AUTOU
Tou. Paivetar 6Tt oty Axadnuia tou IIAdtwva xdtt yvoplay ov uadnuateol yioo Ty
TPy OVTOTOINOT TwV axepaiwy odld elvar dUox0A0 Vo SlaTuTOGOLUE axEBKOC TO EVPOC

QUTAHS TN YVWOTC.

Ané tov Euxheidn, tdpo unopolue vo avapépouue Tov oudvuuo alyoetdué tou (Euxi.

VII, 1-2) xadde xaw v mpdtoon 61t undpyovy dnetpol npwtot (Euwx. IX, 20):

“Ou mpotol apripol theloug eLol navtog Tov npotadévtog tAdoug

4 4 ,’
TEWTWY APLIU®Y.

To Yeuehiddec Vedpnua e apduntixhic yio ula ueydhn xAdon apdudy (Euxi. 1Q, 14).

Moryuég xar ULUoTUUCTIXES WOTNTEC TwV apriuwy eugavilovtoar 6 ToAoUC TOATIOUO0UC.
r 7 14 ’ Vs /7 4 7’ 7 /

ive} T T o T oMUl T
Etot opilovtar oL télerou apriuot, excivol ot axépatol mo elvon (ool ue to dipoloua Twv
yvnoiov Swupetdy toug. To teleutaio Yedpnua oto xepdioto IX (Evx. IX, 36), iowe

T0 o omoudaio and TNV Souvheld Tou Euxheldn, elvon 1)
Mpbtacn 1.1 O 2"(2" T — 1) elvar tédetoc, dray o 2" — 1 elvon moddtoc.

AnédelEn: 'Eotw p o mpdtoc 2" — 1. O 27(2"F! — 1) téte ypdgeton a = 2"p. O
dtapéteg Tou a elva

]-7 27 227 "'72n7p7 2p772np

xaL To ddpoloud Toug elvon
2n+1 -1

I 1) =2
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Onhad?| o a elvon Téleloc. O

Amhéc Swgavtinég elowoeg TewmTou Poduol, Snhadh e€LloWoE TG LopPHC
aX +bY =m, (a,bym € 7)

Twv onolwy {nrotvtar ot axépateg AUoee x,y, eugaviCoviar 6to Abgavto, ahkd €you-
v mpoiotopla. Oa Cavayvploovue mlow o autée otay avagepdolue otn wédodo Tng

xoxd680v tou Fermat.

‘Eva dhho mpéPinua etvar 1 ebpecn twv Aeyouevwy mudayopelmy TeLddwy, dnhadn

axepalwy apriumy , Y, 2 TETOLWY WOTE
o4yt =27 (1.1)

H o “omhf” tpdda etvon (x,y, 2) = (3,4, 5). 'Evag nivaxag mou neptéyet 15 nudaydpetec
TWddeg elvon o mahde mivaxag tne BaPBuiwmvag IThwntov 332 mou exdéinxe amd toug
O. Neugebauer xot A. Sachs, Mathematical Cuneiform Texts, New Haven 1945, pp.
38-41 xan ypovohoyelton uetald Ty et®v 1900 xou 1600 m.X. Aev elvon yvwotd mwg
vroloyiotnray autéc o tpiddec. H hdon ndvtwg tou mpofAfuatog HTay YVeoT 6Tov

Euxheidn (Euxh. X28, Afuua 1).

Ebpeomn twv nudayopeiwy tpLddwy

Eivow npogavée 6t av (z,y, z) etvow Moon g (1.1) xou A € Z téte xan (Az, Ay, Az) elvan
Moo Apxel howndv vo Bpodue o 6UVoLo Twy TpwTaeyLx®y (primitive) Aicewyv, Snhady

exelvwv Yy tic onoleg (z,y,2) = 1.

Av (z,y,2) = 1 hoorn tne (1.1) t6te ebxoha ouunepaivel xaveic o6t (z,y) = (y,2) =
(,2) = 1, ou x xau y dev unopolv cuyypdvwe va elvan dottot (Stott Téte xar o z Va
fray dptiog, dSnhad (x,y, 2) > 1, dromo) olte xar ot dvo neprrtol Sibtt thte Yo elyoue
2? = 2 (mod 4), droro.

'Eotw = 0 (mod2) xau y = 1 (mod2) = 2? = 1 (mod4) = z neprrtoc. Dpdyouue

?=22—-y =0Gz—-y(z+y). Bowz+y=2u, z—y=2v=z2z=u+v, y=u—0.
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(z+y,z—y) =2(zy) =2 = (u,v) = 2. Av u xa v GUYYEOVLC TEPLTTOL TOTE 2,y

deTiot, dromo. Apa, €vac and Toug u, v elvan deTlog xou o dAhog meptttoc. Topa 1 oyéon
(x>2 2ty z—-y

2) 2 2
XL 0 GANOC TEPLTTOC.

= uv xou (u,v) =1 dveru = S% v ="T2% (S,T) =1 évac dptioc

Qote av (z,y,z) eivar pio tpwtapyxs tudaydpeto tptddo tote IS, T) € Z X Z ue

(S,T) =1 o évac dptioc xat 0 A0S TEPLTTOC ETOL DOTE
r=2ST, y=5°—-T? 2=85°+T>

Avtiotpbégpuc: Ay (S,T) € Z X Z, évag dptiog o dhhog meptttde, TOTe 0 & elvar dpTlog

y, z elvon meptrtol xan udhota (z,y) = (v, 2) = (x,2) = 1, dnhadn (z,y,2) = 1. AnkA

enalidevon uac dtver 22 + y? = 22

Ochenua 1.2 OVlec o rudaydpeiec torddes Sivovran and
x=2\ST, y=\S*—T?), 2= \S*>+T?

peXN€Z, (S,T) €L XX, (S,T)=1 évac dptioc xou 0 dAhoc mepLTToC.

To anotéhecua autd mepvder and tov Euxdeldn oto Adgavto xou apydtepa, oo 1572,
eugaviletar oty ‘ANyeBpa tou Bambelli (1o tpito BBAio g onolag otnpileton ota

Aprdunted tou ALo'q)ocvrou) xadwe xau 6To €pyo Tou Viéte.

Av topa, avtl va {nrodue nudayogeteg Tetddeg, tpooToioouue VoL AOGOUUE xATOL0 YE-
Vix6TEPO TEORBANUA, dnhadh motol guoxol apruol yedpovtar cav dipoloua 800 TETEAY®-

Vv, TOTE TOAD Ypriowun elvor 1) TouTHTN T
(2® 4+ 9°) (22 + 17) = (zz £ yt)? + (at F y2)°. (1.2)

Abyo twy d0o Suvatotitwy mou €youue w¢ mPog Ta mpdonua otny Towtétnta (1.2),
YENOUWOTOLETAL GUY VS YLl VoL XATAOXEVACOVUE apLiuolg mou ypdgovtal cav ddpoloud

TETPAYOVWY %xTd 300 StapopeTinoig tpomoug. a2 =t =1 €yovue

222 + ) = (z +y)* + (z — y)? (1.3)
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1 onola Aty 13N yYvwot atov Euxdeldn (Euxk. 11, 9-10).
H (1.2) Yo npénet va Arav yvwoth otov Abgovto dnwe @aivetar ond Ty mopoxdte

ropatienon tou (dec [11], oeida 11):

“Etvow oty @lon tou apduol 65 6Tt unopel va yeagel oav ddpotoua dbo
TETRPAY WYLV Xatd 800 SaopeTtixole teomoug, 16 4+ 49 xou 64 + 1. Autd
ouufalver STt 0 65 elvan ywvouevo twv 13 xou 5 mou elvar dipotcua dbo

TETRAYOVWY.

Trdpyer howndv 1 exaotio 6tL 1 (1.2) Arav xdnow and to youévoe noplouata tou Atd-
pavtou. Anddelln ndviwe tne tawtdtnros (1.2) eugaviletar oto Biiio tou Fibonacci
(Leonardo Pisano) Liber Quadratorum nou ex860nxe to 1225. (Zavaexdédnxe ota
1987 ané tov exdotind oixo Academic Press.) Ye avtideon ue 1o mo dnuophés (haixd)
éoyo tou Fibonacci Liber Abaci to Liber Quadratorum #ray Eeyoaouévo xou SuoeipeTo.

Ex360nxe, vy tpdtn popd uetd to 1225, and tov Boncompagni cta 1856.

[Tpotol molue 8o Aé&ec Yo To BiBAlo Tou Fibonacci, ac onuewdoovue edw ot o Viéte
yenowonoloe tny towtotnta (1.2) étol hote and doouéva oploymvia Tplywvo VoL To-
edyeL dAhaL XL TUEATAENOE TN OYECT TNG TAUTOTNTAC (1.2) ue Toug TUToLS apoiouatog
2oL BLaPopdc TWV TELYWYOUETELXWY cuvapthcewy. O Vidte evdiapepdtay o mohd yia Tny
dhyePpa xou TNy TelywvoueTplo Topd Yo TV Ocwplor Apriumy.
Edv

r=rcosa, y=rsina, z=scosb, t= ssinb,
T67TE

xz £yt =rscos(aFb), xtFyz=rssin(a FDb)).
O Fibonacci tagidede mold, ftay €Unopog, XL YVOELOE TOUg TOATIOU0US TV ApdBwy,
v ENvev xou tov Aativey xoddg xon o uadnuoatixd e enoync tou. Kdmote tou
Cntidnxe va Peel tpla Télela TeTpdywva oay Stadoyxole 6poug aptdunTixhc Teoddou Ue
AoYo 5, Snhady| vor AOGEL 6TOUE PNTOUE TO GUOTNUA

v —rt=27 -y =5
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1}, tood0vaua, var AOoEL 6Toug axepatoug To cOGTNU
Y2 - X?=2%-Y?=5T%

Auté elvar to avtixeiuevo to onolo dwmpayuatevetar 6to Liber Quadratorum. Ilpo-
Briuata Tou apopolcay TEAELA TETRA YWV 08 apiuNTXéS TEoOd0ug elvar apxeTd TakLd
AMoyo e tawtotnrag (1.3). To va Peel xavels tétola tetpdywva elvat 10odivouo Ue to

va Beet mudoaydpeteg TpLddeg.

7 2 2 2 , 7 3 7
Mpdryuatt, av X2, Y%, Z° Beloxovton ot aprduntixh tpdodo t6te

1
YVP=s(XP+ 2% =P+ V7

OTOL

1 1
U=5(X+2), V=5(Z-X)

1
xar n Stogopd (Moyoc) Y2 — X2 = Z2 — Y2 éyel A 5(22 — X?) = 2UV, dnhodt,

tetpanidoto Tou euPadol tou Tprydvou (U, V,Y).

Aev urdpyel xavéva ototyeio mou va uog Setyver otL o Leonardo yvopelle v teleutala
Tapatipnon oAl o xdmowo Bulavtivo yepdypapo Tou 11°° A 12°Y cuwva umdpyet To

TEOBANUAL
Na Beedel nudayodpeia tpLddo epufadod 5m?.

Ewdleton howndy 6Tt o Fibonaccei 9o to elye det xatd tnyv nopouovi| tou oty Kevotay-
TwvoUToAn. Autdg mou €deoe o mpoBinua elye 1dN amodelletl dtL ulo aprdunTn| TEoodog
frav 1 312, 412, 492, (Exrilouue o’ awtd to mpdfBinua va uac Sodel n euxatpla vo emioTeé-
douue opYOTERA XU VoL SOUUE Tal ATOTEAEGUTA TTOU UTdPY 0Ly Uéypet ofjuepa.) Av tdhpa
YEVIXELGOUUE TO TEOBANuUa xat {nthoouue va Sovue motol puowol apriuol maploTovTon
ATO TNV TETEAYWVIXT LOPPN
X’ FNY?

omou N Soocuévog guotxdg aptdudg, TOTE oL TawTOTNTEG oL YpeetalouacTe elval

(X? = NY?)(Z? - NT?) = (XZ+NYT)*— (XT+YZ)* (1.4)

(X2 4+ NY?)(Z?+ NT?) = (XZENYT)*+ N(XT ¥YZ)? (1.5)
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Ané uovtépva ahyeBpixr oxomtd dev dwapépouy and Tic TavtétTeS (1.2), 0hAd awtd Eyive

AVTIANTTO Yo TpWTY Qopd Tov 18° andva.
O mo amhdc lowe Tedmog Yo va Tic amodetlovue elvar va ypddouue
(X +YVN)(Z+TVN)=(XZ+NYT)+ (XT+YZ)VN

xow TNV idar TawtdTNTA UE To v — N %o var TOAATAAGIIGOVUE UE TIC GLLUYELS TapaoTACEL,
dnhadh 1o vVEN To avtixadhotodue ue 1o —/EN. H anddeiln auth eugaviCeton yia
Tew TN @opd oo BBAlo Tou Euler, Algebra mou exddUrnxe ot 1770.

Mt xou 0 Euxheldng agrepwver ohdxAnpo to xepdiono X oTic dpenTtec ToooTNTES SEUTEQOL
Baduon, uropel va paviaotel xavel 6tL o Euxheldng % ov “diddoyol” tou Yo meémel va
elyav anodeilel avdhoya tic Towtomtes (1.4), (1.5) X éotw eWOEC TEPINTOOEL AUTOV.
Yiyoupo etvor 6t 0 Euxdheldne yvople v tavtdtnta (7 + /) (V1 —/s) =1 — s xau

oTL N

1 VT s

\/F+\/§:r—s_r—s (1.6)
(Euxd. X, 112).
Avotuywe to xivntpo tou Euxdeidn oto X Biffiio elvon 1 dnutovpyia Yewplag yio tnv
AATUGHEVY| XAVOVLXWY TOAUYWVOY Xal TOAVESpwY xou Oyt 1 ahyePBount| Vewpla twv Te-
TEAYWYIXWY COUATWY OTwe Yo €xavay ot uovtépvol uonuoatixol. Amouével hotmdy va
UTOVEGOVUE OTL OUTE OTNY dEYUOTNTA 00TE ARYOTERA Y PNOUOTOLAUNXAY TAUTOTNTES UE
TeTpaywvixy| pila yia oxonole g aprduntixic. Xiyoupo civar 6t ou Euler xou Lagrange
ot TEAN Tou 18°% cumva cLYYAlEOLY 0 EVAC TOV dANO YLaL TNV QUEWVT| OEA VAL YETCLLOTOL-

foouy uyadnéc TeTpaywvixée pileg otny Ocwplo Apriuny.

EZiowoeig tne uopgnic 2?2 — Ny? = +m, émov m, N docuévol guotxol apriuot, Yo teémel
va elyav eugaviotel ota pya apyalny EAAAvey oAl tdavd oe cOVEoT UE TO TEOBAT U
NC xOAfC eNTHS TPOGEYYIONE TOL dPENTOU V/N. Eivow TEOYAVES OTL oLV 22— Ny? =+m
xaL Toe o,y ebvan ueydha oe olYXpLon TEOC TO M TOTE 0 AOYOC g uog Stver ubor xahy

meocéyylon e VN 6nwe galvetar amd Ty ToautdHTN T

Ty L e =Ny
y Yy z+yVN
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1 onofa etvon el nepintwon e (1.6) tou (Euxk. X, 112).

‘Etou étav o Eutoxiog ota oyohd tou otov Apywundn Vékel va etaknieloet Ti¢ mpoocey-

yioeic Tou Apywuidn 256/153 xou 1351/780 yior tov oprdud /3, ypdpet:
2652 — 31532 = —2, 1351> —3-780% = 1.
H tautémnta (1.4) Twpa dtver ula ebxoln uédodo xataoxeuric utde Aoong e
X?=NY?=4m

av xdmotog yvwpllet A3 wio dhhn Moo tne X2 —NY? = £m xou ula Aoon tne u? — Nv? =
+1 ¥ (uepwéc popéc) e pu? — Nv? = £2.

Av ndpovue oty (1.4) N =3, Z =5, T = 3 Bploxovue
(5X +9Y)? — 3(3X +5Y)* = —2(X? — 3Y?).

Av thpa X2 —3Y? = —2 t6te ou X xou Y mpéner va elvar xan ot d0o mepittol, ondte

5X + 9Y xaw 3X + 5Y Ya elvan dptior, dnhady Yo €youue

<5X+9Y>2 ; <3X+5Y>2 _,
2 2 -

Mo Mo e X? —3Y? = =2 etve X =5, YV = 3 ondte

5X +9Y
-

3X +5Y
= -

26, 15
etvon hoon tne X2 — 3Y? = 1. And v mopamdve TautdTT TRoXUTTEL OTL
(5X +9Y)? = 3(3X +5Y)* = -2

xar Yoo X = 26, Y = 15 Bploxouvue ot

r=>5X+9Y =265, xu y=3Q+5U =153

elvow Aoon g 2?2 — 3y? = —2 onéte
5 9 3 5
X = x;r Y1351, xu Y = x; Y — 780
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etvon hoon tne X2 — 3Y? = 1. Suveyllovue duowa xar Pploxouue doec Moelc YéLouUE.

‘Eva dhlo mopdderyua, ue tnyv B uédodo, owe malatdtepo and To TEONYOLUEVO, TO
TOPAOELYMUA, UE TN ‘ ) ¢ T po ar TROTYOUUEVO,
7 7 7 4 4 14 ’ 4
omofo eugavileton tov devtepo W.X. ouwwva and tov Oéwva tov Xuupvalo, eival 1

ebpeot Stadoyx®y MoEWY TNC

X2 —2Y? = +1.

ZexvolUE and TNy Teogavh Aon & =y = 1 xou xdvouue Sladoytxd TIC AVTIXATACTACELS
(z,y) = (x+2y,x +y)
H uédodoc Soulelel €86 AOYw TNG TAVTOTNTOG
(x+2y)* = 2(z +y)? = — (2" — 2¢%)
1 onofo tpoxdnteL amd ™y (1.4) yoo N =2, Z =T = 1.

Tyvn TV TAUTOTHTOY TOU UEAETHOOUE UTHEY oLV 0ToV ALdQayTto ohhd o TEAL UEVEL
avardvtnTo av ot tawtdtntes (1.4) xou (1.5) €youv Ty apyr| Touc oty EARdda (iowe ota
youévo BBAia tou Abgavtou). Eiyoupo eivon tdvtwe ot 1 tawtdtnTa (1.4) epngavileto
o7o €pyo tou Ivdol uadnuatixob Brahmagupta (7°¢ u.X. owdvac) xat udhiota o€ oOvdeo

ue mpofMiuata elpeonc axepalnv Mcewy g elloworg 22 — Ny? = +m.

O Tepuavég hoyotéyvng Lessing Snuocieuoe ota 1773 éva emlypoyao amoteA0OUEVO
and 22 otiyoug. Ilpdxerton yior évar uodnuoatind medlinua mou €otethe o Apywundng
otoug ponuatixoue tng Aleldvdpetag.
To medhnua odnyel ot Aon wde eglowaong tou Pell, dniady Sogavtixrc edlowong
NS HopYIS

= Ny*=14 — 1.

Autd onualvel 6Tt 0o Apywuhdng evlagepdtay yia Aol TéTowwy e€lowoewy. IIdavov
udhoTa va etye Bpet xou tpoéTo amod uta Ao va Bpioxel dhheg xdtt Tou uotxd TeolrodEtel
‘ e Be EOTO ATO | on v Belo ¢ %4t TOL PuoLXd TEOUTOVET

™ yvoon e tavtdtntoc (1.4).

Efwodhoeic tou tomou 22 — Ny? = 1 eugavilovton 6tov Atbgavto, odld autodg {nTdet

eNTEg AOoeL, Tapd To OTL EVTIEA®S cuUTwUATIXG Bploxel xou axépoteg AioeELS, OTWS T.Y.
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Yo

N =m?+1, Beloxel Mcewe y =2m, x = 2m? + 1.

Eavayupilouue miow otov Brahmagupta xou 6t e€lo®oec g Uopghc 2?2 — Ny? = m,
6mou N guotxog xouw m oxéponog. O Brahmagupta éypade tnyv tautdtnta (1.4) oav xdnoto

“vouo cluvieong”
((z,y;m), (z,t;n)) = (xz £ Nyt, xt + yz;mn)

xar delyvel mwe ula Aom g 22— Ny?=m uali ue v obvieon wdg Aoorg (p,q,1) ™¢

2% — Ny? = 1 dlver dmerpeg Moeic tne
22 — Ny* = m.

‘Ouota, av xdmoog mdpet ula tptddo (2, y;m) xon TNV TOAATAACILGEL UE TOV EAUTO TS
Vo Peet uto Mom (X, Y, m?) ondte
Pell

Y
Jeed 1> Yo etvan uta e Moo g e€lowong Tou

2 —Ny’=1

X Y | , XY ) ,
xar oy —, — oxépatol Yo elvon | —, —; 1 | ula tpdda.
m’ m m'm

)

S [
Sl s

Levixdtepa and tny tedda (X,Y; M) nalpvovue uio <
X Y

—, — axépaloL.
m’ m

;u), bty M = pum? xou

Avutéc oL napatnprioeic enétpedav otov Brahmagupta va Aoet apxetéc eCiomaoelg tou Pell
2?2 — Ny? =1 (6roc .y, yro N =92, N = 83) xou v didoeL xdmowo “xavéva’ Mocewe

av elvan Yvooth ule Aon tne 22 — Ny? = m émou m = —1,+£2 4 +4.

Av (p, ¢; m) etvor ulo Moo tne 22 —Ny? = m xor m = —1, £2 t61e ula Mo e ellowone

tou Pell efvor

1
(P2 + Ng°, 2pg; 1) 1 <§(p2 + Ng¢?), pg; 1> AV TIOTOLY WC.

Av tdpo p dpTrog xou m = £4 téte Ao ebvaw 1 (3(p? + N¢?), 3pg; 1).
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Av buwc p repLttog ToTE Yo mpEnel vo oynuaticovue v oOvieon e (p, ¢; m) UE Tov

eauTO TN BV Yopéc, dnhady
(p,g;m) o (p,qg;m) o (p,¢;m) = (P, Q, £1)

xo, av to anotéheoua eivon (P, Q, —1), va Eavaouviécovue v (P, Q; —1) ue tov eautod

TT]Q.

O Brahmagupta divel TOmouc ot omolol aroteholvion amd TOALVOYLUN WS TEOS P XAl ¢,

Baduon 3 oty tpwn epintwon xou Paduod 6°V otr Seltepn teplnTWOT).

Ov mapandve mapatnefioelc Tou Brahmagupta anéyouy mold and 10 va dwoouv yevixr
Aoom. Mid uédodog ebpeone tng yevixrc Abong eugaviletar Tov 11° ardyva amo tov Jaya-
dera (Ivdia) xan oyedov navouotdtunn and tov Bhaskara (12°° cuwvoc). H uédodoc auth
Méyeton uédodoc tne xuxAixng dradixaciog (cakravala). ‘Onwe oe toAhéc omoudai-
e avoxahOelg €tol xar oty TeplnTwon TNg xuxhixrc dadxaciag UTopel xavelc ex TV
UOTERWV VoL TORATNENOEL OTL HTOY QUOLOAOYWXT| ECENEN TV 10T UTAEYOVTWY ATOTENECU-

TWV.

[ Soopévo N, unodétouvue o €yovue uio tewdda (p, ¢;m), 6mov m “oyetnd’” Uxpoc.
©éhovue twpa va Peodue ulo dAAN hor.  Kotaoxeudlovue uio tptdda (z,y; M) ue

— / ! / / ’ 7
M = mm' xouw m’ uwpo. Ilaipvouue topa T0 YvouEVO

(p,g;m) o (x,y; M) = (X, Y;m*m/).
’ 7 z , 7 / ! ! 7 / ! Y
Av ouuPet m|X xouw m|Y téte éyovue uio tpdda (p,¢';m'), énov p' = —, ¢ = —.
m m

Yuveyilovue ouolwe ue Ty ernida va xatadhZovue oe pio tpLddo (u,v;1).

Ynv cakravala autéd emredydnxe we e€nc. Ilalpvouue y = 1, ondte M = 2 — N xou

{ntolue xatdhhnin exhoyn. To ywouevo twv totddwy twea elvar:
(p,g;m)o (z,1; M) =(X,Y; Mm)ue X =pxr+ Ngq, Y =p+qx.
Xwplc meptoptoud g yevixdtnrog vrodétovue 6t (¢, m) = 1 Sttt av (¢, m) > 1, énetan

6t d = (p,q) > 1 ondte Moyw tne p* — N¢® = m = d?|m xou 1 tpéda (p, ¢, m) uropel

7’ 4 p q m
var avtxotaotadel and Ty | =, ; .

d’ d d
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Awahéyouue topa 0 = (modm) étol HoTe
Y =p+ gxr =0 (modm).

H Aom 1wy 1ooduvautsy oy oAl wo vepitepa yvwoti. [edgouvue

qr +p

EM = @22 —N§@ = @2 —p*+m = m(

(qr —p) + 1>
xou PAémoupe auéows otL m|M dot (¢, m) = 1.

Ané 1 oyéon thpa X2 = NY? +mM = m?|X?, ouvendyeton 61t m|X. Koat' autd Tov

’ ’ ’ ’ ’ / I. ! _ / _ ! _ !
TpémO xaTaoxevdooue uio xawoleyla tetdda (p', ¢sm'), X =mp', Y =mg', M = mm/.

[ var pid€ovue to m' uixpd Stohéyouue and tny xhdor tou & (mod m) cav aviinpdowno
exeivo 10 X vyt to omoio woyler X < VN < X +|m|. Trodétouvue 6t 0 m eivor oyetixd

ueée, dnhadh 6t [m| < 2v/N. Auté onuaiver 61t VN + Q > 0, ométe
0<M=N-2>=(VN-2z)(VN +2) <2lm|VN = |m'| <2VN.

Egopudélovue tny (S dtadixacior otny tedda (p', ¢', m') xou Beioxovue uio dAhn tetddo
(", q";m") ue Im"| < 2v/N %o o0t ol e€fc. Emedr) o axéponor m,m',m”, - - - eivow
ppayuévol, Vo mpénel var enavaiauBdvovtar xou YU autéd owg ovoudletar 1 Staducacto
xUXALXY. Puoixd ol Ivdol yvopellav tny uédodo udvo melpauatind. Aev undpyel tinota
mou va delyvel 6Tt elyay amodellelc. Axdua, yia va Soukéder n uédodog, yeetalduaote ula
Tpudda (p, ¢;m) ue |m| < 2V N ocav apy. Lov tétota Tpdda autol Emoupvay (po, 15 myg)
6mou p§ elvon to o xoviwd oto N tédew TETPdywvo elte and mdvw elte and xdtw Tou

N, onéte |my| < 2V/N.

‘Otav o Fermat dpyioe tnv “xoptépa’ tou cav apriuotewpntindg hiya elye otnyv diddeon
ToU Yoo UEAETY. Extoc amd ta Ytowyelo tou Euxdeldn elye axoun ta Apruntixd tou
Awbgavtou otr éxdoorn tou Bachet xau tny mapouciaon ueydhou uépouc tou €pyou Tou

Awbgavtou uéoa ota Zetetica tou Viéte.

To mé ok and ta tpofifuata Tou AtdgavTou avdyovtal oTnY EVPEST XITOLOL GNUEOU
\ \

ue Yetinéc pntég ouvteTayUéveg ULde alyeBpLxg xoktiANg Yévoug 0 1 1 tou Siveton
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anod uia 1 Teptocotepe edlomoel;. Ed® mapaméunouus Tov EVOLAPEPOUEVOD AVAYVMGTY
oto BiBiio: Tdvvn A. Avtowvddn, Apwduntue] Erkeintixedyy Kouruioy, to Oeopnua tou
Mordell, 'Exdoon EIIEAEK “I[IPOMHOEAY", Hpdxhew 1999.

Trdpyouy duwe xot dAAA TEOBAAUATY TwY dpLiunTX®Y Tou aoyololVToL UE Stdpopa
Véuata. e éva tpdinua pwtder o Awbgavtog note évag apludc A = 2a + 1 umopel va
rapaotadel ooy dbpotoua SVo teTpaydvwy (A = 22+ y?). Se dhho éyouuc to avtioTtoyo
TEOBANUA YLt To EQY €vag apriude Tng uopphc A = 3a + 1 ypdyeTon ooy dipoloua TEUHY

tetpaydvey A = 27+ y?+22. H andvinon tou Awbgavtou elvon ot Yo tpéner A # 8n+7.

Ye dhha mpoPAfuota utovétel 6Tl xdde doouévog Quotxdg aprluog unopel va ypougel
cav dpoloua TEGOUcWY TETPAYWVLY QUoXKY apuwy. Towg autd dev elvar Wraitepn

ExTANZr), StoTL Loy el Yo T aprunTd SeSoUEVa AUTWY TWY TEOBANUATODV.

H andvtnon howmév 6to gpdtnua T fiEepe 0 ALOQavTog XL oL TEOYEVEGTEPOL TOU OYETLXS
UE TO TEOPBANUL TNE TURAoTACTC EVOS PUGLX00 aptduol cay dbpotoua 2, 3 1 4 TETEAYOVWY
Yo unopoloe va fitay OTL elye meLporatixy Bdor.

O mpdyteg amodellelg oyetnd Ue T0 TEOPANUA TN TUEdoTacC PUOLXol apluol UEow

4 7, 7 4 7 / 7 7
TETEAYWVYIXWY UOROWY AVNXOVY OTOV Fermat. AM\& TEPL AUTOU OTO ETOUEVO XE(PO()\O(LO.



Kecpo’c)\ouo 2

Pierre de Fermat (1601-1665)

[evvnxe otnv Beaumont de Lomagne, uwpy tohn tne votiag I'oadhiog, oyt moAd uaxetd
am6 Ty ok Toulouse, ota 1601. TTpwv to 1631 mépaoe uepd and tar ypovia tne Lwrg
Tou 670 Bordeaux. Yta 1631 Swplotnxe cluoulog (councilor) o7o “KowoBolviw” tng
TouhoOlne, Véon mol avticToyel GHUERI UE QUTT TOU AVOTATOU StoxnTNo) LTOAAAAOU.
Yn 9éomn auth éuetve uéypet tov 9dvoto tou (12 Tavovapiou 1665). To endyyelud tou to0
dpnve mohD yeovo va acyohniel ue to Modnuatud. IIhpe mohd xahy| xhaowr Towdelo.
[vople dpota Aatvixd, EXAnvixd, Itahxd xon Iomavid. Tnv enoyn auth Lovioavy
emtotnuovixs; Lon €yet n Itakior (Galileo, Cavalieri, Ricci, Torricelli). Apxetol ¢ihot tou
(Carcavi, Mersenne) emtoxéginxay tny Itohla. Autdc moté dev €puye uoxptd and tny
nepoyy) mou Loloe. Aev €youue axpr) ototyela yia To TOTE dpyloe va evdlapépeTa
yroo toe Modmuortind, odhd autd VYo mpemer vau €yve ot TEAN g Sexaetiog tou 1620
oto Bordeaux. Exel éywe gihoc ue tov dixaoty| (magistrate), Etienne d’ Espagnet.
Trotideton b1t autds tov eviddppuve oto Tpwta (Uadnuatied) tou Bruata. Eiye oty
xatoy | Tou un dnuoctevuevr epyacta tou Viéte xar tny napédwoe otov Fermat. IIavov
va xatetye Tnv mAjen, ouhhoyt Tou éoyou Tou Viéte, xdtl mou Xtav dVoxolo va Beedel

OTNV ETOY T QUTY.

Touldytotoy uéyet to 1638 o Fermat avtodldooel oxédeic yopw and to Modnuatid ue

Tov Beaugrand. T'tveton gihog ue tov Pierre Carcavi o onolog and 1o 1632 uéyet to 1636

15
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éuewve otny ToukoOln. Xta 1636 o Carcavi nrpe uetdeon yia to [apliol xou mpooydenoe
otov x0xho twv Mersenne, E. Pascal xar Roberval. Trv mepiodo auty| apyilel xan n
alknhoypapia Tou Fermat ue tov Mersenne. IloAAd and T Modnuatixd tou Fermat
nepéyovion otny arlknhoypaplo Tou ue tov Mersenne. ‘Oco Lolce Hdehe vo exdwaoet
éva BBAlo wodnuotixol TepleyoUévou, dANS TEAXS BEV XUATAPERE VO TEOYUAUTOTOLACEL TO
6velpd tou. O yibe tou, Samuel Fermat eZédwoe tar Apriuntind tou Atdgavtou (éxdoon
Bachet’s tou 1621) uall ue Tic mapatnerioec Tou elye mpoovécel o llatépag Tou oTo
repriopto tou BiBAlou. Ytov Téuo autd mpocvese o Incouttng Jacques de Billy, gihog
Tou Bachet xau 8doxorog twv Madnuatixedy otny Dijon, uta “Swatp3h” 36 oeAldwy, tnv
Doctrinae Analyticae Inventum Novum 7 onola otnpwlétay o€ anoondouato Tne

alknhoypapiac Tou Fermat.

Yta 1679 axolovinoe n éxdoor tou Varia Opera (amoteheitar and ypantd tou Fermat
oyetwd ue lewyuetpla, AhyeBpa, Awpopnd xar Oloxdnpwtind Aoyioud xou yeduuatd
Tou Tpo¢ Mersenne, Roberval, Etienne Pascal, Frenicle, Blaise Pascal, Carcavi, Digby,
Gassendi). ITohh& and ta ypduuata tou Fermat dev nepiéyovtar otnv culhoyr yio Tov

Teogavh Aoyo OTL 8ev oTdhinxay amd Toug anodéxteg otov Y6 Tou Fermat, Samuel.

Yhuepa, Ue TV dnuocicuon Twy draviwy tou Fermat and toug P. Tannery xouw Ch. Henry
(Hopiot 1891-1912) 4 téuot, to Luunhfpwua (Supplement) tou C. de Waard, 1922 xou
tou J. E. Hofmann, Neues iiber Fermats Zahlentheoretische Herausforderungen tou
1657, Abh. Preuss Akad. d. Wissenschaften 1943-44, eluacte oyeddv neneiouévol 6Tt

xatéyouue o cOvoho Tou €pyou tou Fermat.

To otOA tng Soviewdc Tou Fermat elvon apyd, tar ypduuatd Tou, To onolo TEPLEYOLY OAEC
TIc omoudaleg gpyacieg Tou oty BOewpia Apudy, elvon Aaxwvixd xar Eepd. Iloté dev
édwoe amodelelg xar uovo ula popd uodexviel T uédodo tne anddeling. Autd xaotd
50ox0h0 TOV xoOPIOUO TWV TEOTUCEWY TOU TEAYUATL ATOOELE %ol EXEVWY TOu HTo
euxacieg otnplyuévec otov utoloyloud mopadetyudtwy. O Solue 6Tl TOAAG and Ta
Yewphiuatd Tou dev umopoly va arodetydolv ebxoha xor 6Tt TEWTNE TdEews UodnuoTixot

7/ 7 / 7 7/ / / /
onwe o Euler xontaoay apxetd yio va tor amodellouy. Armd tny dAAn ueetd Sev undpyel



2. Pierre de Fermat 17

augBorlor 6Tt 0 Fermat yvople g anodellec twv md modlodv Yewpnudtwy tou. Xt
ouvéyeta Yo avagepdolue oe uepd and ta TEoPAfuaTe UE To onola acyohiUnxe o

Fermat.

F. 1 Towc ot Suwyuutxol cuvteAeoTéc va avrixouy mo okl otny Alyefpa mapd otny Oc-
7’ 7 ’ 7/ 4 4 / 4 4
wpla Apriuny mapd To 6Tt 0 Fermat meptypdgovtag €va and 10 Te®TA ToU ATOTEAECUATA

OYETWE UE SUWYUULXOUEC GUVTEAECTES GTUELMVEL OTL:

(44 4 ’ ’ ’ 14 ’ 14 ’
duoxoAa puropel va Beedel moLd OLopPo ko O YEVLXO VewpnuUo

Ty aptduny.”’

Ov ouvdlacuol optlovtar and Tov avadpoutxd TUTO

n—+m n+m—1 n+m—1 - r+m—1
- + -y
m—+1 m m-+1 — m

xat To Yewenua tou Fermat dev elvon tinote meploodtepo and Ty tawtdTn T
<n+m—1> <n+m—1>
n =m )
m—1 m
Apyotepa, ota 1654, n tawtéTnTa oWt Perixe epapuoyy| oe arnotehéouata Tou Fermat

ot Oewpla wavothtwy. Xtn dexoetio buwe tou 1630 o Fermat tnv yencwonotel yu

vo utohoyioer adpolouata Tou TUTOUL

N
Sm(N) =) ™
n=1
1, o yevixd, adpolouato NG LOPYHC
N
Z(an +b)™.
n=1
Yuvdudlovtog T oyéon
N+m B EN: n+m—1
m+1/) — m
ue to Yewpnud tou, £ypabe
n+m—1 1
( . > = %n(nﬂLl)---(n—i-m—l)
1
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ue (aprduntixots) ouvteheotéc Aq, As, -+, Ap—1, ondTe

S(N) + A1 t(N) 4 -+ A 1S1(N) = %N(N +1)--- (N +m)

m +

AL ETOUEVLS, EQUOUOLOVTAS ETAYWYT WS TEOC M, UTopolUE va Bpoluc Toug TUToug
v adpooudtwy S, (N). Tw m = 2, o tirnog frav Yvwotés otov Apytundn xat yio
m = 3 otov Bachet. O Jacob Bernoulli éxave apydtepa tnv (Stor avaxdhudn mou tov
0d1YNoE 01OV 0pIoUS TV OHUERPA YVWOTKOVY apLtdey Tou Bernoulli xot toAvewvouemy
tou Bernoulli twv onolwv 1 oroudatotnTa Yoo Ty Ocwpla twv Aptudy eugaviCeton

apyotepa Uue Tr Sovield tou Euler.

F. 2 Yto 1640 o Frenicle pcdtnoe tov Fermat (uéow Mersenne) av undpyouv téhetot
apruol avdueoo otouc 107 xar 10%2. Puowd to pddTNUA APOPOVUGE dpTIOUC TENELOUC

apruoie, dniady| apriuoic e Lopghc:
27171(271 - 1),

uto xow dev ray yvwotol teptttol téhetor aprduot (6nwe xow ofuepal).

H 10?0 < 2"71(2" — 1) < 10* poc diver 34 < n < 37. T va elvar 0 277127 — 1) téhewog,
Vo mp€net 0 2" — 1 va elvon mpwtog. Enedr 8¢ o 2" — 1 Sev elvon mpadTog Yo n ohvieto,

o Frenicle ovolaotind podnoe av o 237 — 1 elvon mewtoc. O Fermat Porxe ot
237 — 1 = 137438953471 = 223 - 616318177

o emouévwe dev undpyet Téhelog aprdude exel avdueoo ota 1020 o 10%2.

H uédodoc mou epdpuooce Yo va tapayovionotfoet Tov aprdud 237 — 1 meprypdpeton and

Tov (3o otov Mersenne (IoUviog 1640). Bondrdnxe and tic nopaxdte tpotdoelc:

I. Av o n dev elvon mpdToc, T6te 0 2" — 1 elvan chvieToc.
II. Av o n eivon mp@tog, totE 2n|2" — 2.

III. Av o n elvon mpodTog xou p Tp®dTOC Stonpétng Tou 2" — 1, T6TE nlp — 1.
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H I etvar mpogavic. OuIT xou IIT efvar Tumtixéc mepnt@oelc auto) Tou GHUERN AEUE Muxpo

Oewpnua tov Fermat:

“Av p npdTog apLduds xan 1,a,d?, - - - TuYOVOX YEWUETPLXH Tpd0SOg
T6TE 0 p Sronpel xdnolov aptdUd tng mopphs a” — 1 pe np — 1. Ay
twpa N elvor onolodnnote TOAAATAACLO TOL EAAYLGTOL QPUGLXOL N

YL Tov ontolo Loy Vel 1 Tapandve tedTacT Tote pla’ — 1.7

H odflewo autric tne npdtaong enakniedtnxe xat’ apyfy TeLparatixd (.. i a = 2).
ewopatixd Ty enoddevoe xaw o Leibnitz (avdueoa ota 1676-1680), to (o éxave xat
o BEuler ota 1731. Aboxoha Vo uropoioe vo augBdiiet xavelg 61t o Fermat oxohodinoe
X0l QUTOC TNV TAPATAVL TELpoUaTX? UéVodo, toed To OTL ot 1640 toyuplleton 6T €yEl
uta am6deln v omola Yo €otehve otov Frenicle av dev gofotay ot Yo oy apxetd

UUXPOOXEATC.

Trdpyouy dlo anodellelc Tou Upol Jewprjuatoc Tou Fermat:

Anédedy 1M (Euler, 1742)

[oa =2:
p p p
2 =(1+1)P=1 () () 1
(1+1) +H{) Tyt b1 +

Edxoha arodewxvietor oTL

p|(§>,V)\:1,2,...,p—1.

Apa 2P = 2(modp). Tdpa (a+1)P = a?+1(mod p) xan cuvends cuveyilovue ETAYWYIXJ.
O

Arnédedyn 2" (Euler, 1750)
To cOvoho v TPdTWY ¥Adoewy utoloinwy (mod p) anotelel TolamAactaoTixr oudda

t8Zewc p — 1. Tuvernae y xédde a € Z, p 1 a, éyouue 6t a?~' =1 (mod p). 0

H Seltepn anddetln eivon xahitepn, onuewwvel o Euler, Sidtt yevixeletow otny npotao:

a€Z, meN, (a,m) =1= a*™ =1 (modm)
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(¢ 1 Yvwoth ouvdptnon tou Euler).

O Fermat anédeée 6t 0 237 — 1 dev elvon TEWTOS WS EENG:
Av p|2¥" — 1 t6te 0 37 droupet tov p — 1, ouverde p = 1 (mod 37) xou enouévec p =
1 (mod74). O Fermat tdpa Soxiuace tov p = 149 xou €ide 611 dev droupet Tov 237 — 1.

IIApe Tov enduevo p = 223 xau TETUYE.
Aocxnon: Av a" — 1 elvar mtpwtog, n > 1 xou a > 1 t61€ @ = 2 xou n Tp®TOS.

Aocxnon: Av o apuiudg a™ + 1 etvar tewtog xan a > 1, n > 0 t61€ 0 a elvon dpTlog xon

on=2"yareN

N a=2xun=2r=01234 0 Fermat driotwoe 6t 0 22" + 1 elvon mpdtoc
3,5,17,257,65537. Xe éva ypduua tou otov Frenicle ota 1640 édwoe xou T TWES TV
22" + 1 ywo r = 5, nou efvar 4294967297 xar yio 7 = 6, wov elvon 18446744073709551617

o Srotinwoe Ty evxacio 6L Yo x8de puotd apwud 7, 0 227 + 1 elvon mpdTOC.

Etvor Ayo mopdZevo o ot dev Soxduaoce ) pédodo nou epdpuooce Yo tov 237 — 1 yia

vo 8et 6Tt o 232

+ 1 8ev ctvar mpwtog. To uxed Vedpnua tou Fermat uag divel 6tL ou
mavol Stanpéteg Tou aprduol Yo elvon g wopphc p = 1 (mod 64) xor cuvendg Yo EMpETE
vae Soxwudoet Toug 193, 257, 449, 577, 641 x.0.x, oAl {31 Yo StarioTtwve 6Tt 0 641 Sanpel

Tov 232 + 1 ouverde o 22 + 1 dev elvan tpddroc. Hpdyuart,

641 =5-2"4+1=5-2"=641-1=5"-2% = (641 - 1)' =t 641 + 1, t € Z.
Ernionc

641 = 2% + 5 = 51 = 641 — 2! = (641 — 2V)2%® =1 (mod 641) = 641|2°% 4 1.
D r = 6 wylen 274177|254 + 1 (doxnon).

Y1ic 29 YenteuPplov 1999 o Richard Crandall avoxoivwoe 61t oe cuvepyaoio ue toug
Ernst Meyer xou Idcovo Ianadémovho anédeiloav 6tL o aprdude tou Fermat Foy elvon
ovietoc. Méypl otiyurc duws xavévag TewmTog Toedyovtag dev elvan Yvwotog. O aprd-
uog €yet, oto dexadind cLOTNUA, TEPLOCOTEPA antd TEVTE exatouulpla dnela. Metd tov

Fy 6hou ov aprduol tou Fermat mou €youv eheyydel uéypr ofuepa elvar civietor. Ilpw
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amd tov Fyy anodelydnxe to 1993 611 o Foy etvar odvietoc. [a uepicoie apmuoide tou
Fermat mépav tou delxtn 24 €yl Bpedel 6Tl £youy xdmowo upd mpwhto mogdyovia. O
EVOLAPEPOUEVOS avaYVOOTNS UTopEl va et oyeTinéc TAnpogopiec 6to Sadixtuo GTnV

dtetuvor:
http://vamri.xray.ufl.edu/proths/fermat.html

H enduevn npdxinom etvon o F; 0 omolog €yel neptocdtepa and 600 exatouutoto dexadixd
dneola.

F. 3 Yo ypovia and 1o 1636 uéyet to 1640 o Fermat aocyoheiton xupiwe ue Stogavtinég

edlowoelg xaL To TpOBANU Tou aeoicuaTog TwY SV0 TETPAYWMVKV.

H e&lowon 22 4+ y? = 2(z +y)z + 22 dev EYEL UN-TETPWUUEVEC axEpae ADoE. OETouuE
t = z+x +y ondte 1 ellowon ypdyetor 222 + 2zy + 2y* = 2. Xowplc neploploud g
yeviottag unodétovue 6t (z,y,t) = 1. ‘Eyouvue 2|t ondte z,y dev umopodv va eivor
GLYYPOVLC xou ot 8Uo dptior. AMNG 22 +xy+y? = 2.1, dromo. Anhady| dev €youvue Ao
¢ Lwoduvautog (mod2). H uédodog auty elvan 1) o amhr uédodog ya var arnodeilouue

oTL ula Sogavty eiowor dev Eyel Ao,

Yt 1640 o Fermat wyupiletor (o€ ypduua tou otov Roberval) 6t av (a,b) = 1 dev
LTdpEyEL TPWTOS apIUbS TNE LopPhc 4n — 1 mou va Stonpel Tov a’> +bv*. H an6deln Tou
Fermat Yo mpémer va Atay 1 (St ue tnv anddeln mou avaxdiude o Euler évay owcyva

apydTepa, otor 1742.

Trodétouue 61t o TpdToc p = 4n — 1 doupet tov a® + b2, dnou (a,b) = 1. Tpogovee Yo
npénet (p,a) = (p,b) = 1. 'Eyovue a* = —b* (mod p). Oétovue m =2n—1,p—1=2m,

2m = _b2m (

omote Bploxouue a mod p), xdtt to onolo bung elvar dtomo dtoTL GlUPWVL UE

10 uxpd Yedpnua tou Fermat a*™ = v*™ = 1 (mod p).

H repintworn p = 4n + 1 Suoxodlede mo mohd Tov Fermat, 6mwe apydtepa xon tov Euler.
LNy TeayUaTXoTnToL O)L UOVO xdVE TeWTo¢ TNE oppnc 4n 4 1 Sonpel xdmoto ddpooua
NG Uop@PNg a?4-b?, ahhd xon x&de TewTo¢ p = 4n+1 ypdyetar cav dipoloua 2 TETEUYMVKY

xaL UGAMOTA XATE TPOTO OVABLXO.
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H mpdtn anddeln ogeiheton otov Euler, odld o Fermat Siatdnwoe authv tnv mpdtaoy
#01 ot 1640. 'Ohec oL yvwotée anodeilelc apyilouv ue tny anddeiln tou 6L 0 —1 elvon
tetpaywvixd utdhowmo (modp) (6tav p = 4n + 1). O Fermat Yo npénet vo eiye oto
LA Tou ula anodetln avdhoyn U authyv mou édwoe o Euler.

Anodelén: Eotw p = 4n + 1. To omoloucdnote axepaious T xol iy TEOTOUS TEOS TOV
p, 9étouue a = 2" xou b = y" ondte (a® — b?)(a® + b?) = 2™ — y*".

Yougova ue to Yewpnua tou Fermat

4in 4in

g —y' = 2Pt — P~ =0 (mod p) = pla® — b =2 — " f pla® + b

Av tdpa 0 p Sev Srapel xavéva aprdud tne wopphc a®+b* ue (p, a) = (p,b) = 1 Vo Sronpel
6houg Toug apLduolc TNS LopYNC 22" — ", cuverde Yy = 1 da elyoue =1 (mod p)

’

v 6houg toug x, 1 < z < p—1. Dvwpllovue duwe (and Euler, Lagrange) 6t uia
twoduvaplo Boduot d Sev umopel va €yet to ToAAEC and d Aoe oo IF). Yny nepintwot)
uoc 1 tooduvauia

2*" =1 (mod p)
dev umogel va €yel p — 1 = 4n Aooei. |

To anotéleoua buws Yo T0 TARYOC TwY AoewY ULdg tooduvaulog dev ATay YVemotd 6Tov
Fermat. Euwdleton 61t 0o Fermat to Yedpnoe ocav owotéd ue Bdor aprduntixd dedouéva.
Puowd ot Iewuetpio tou Descartes (1636) undpyet 1 mpdtaon ot n eZiowon f(x) =0
Baduon m, dev €yl meplocbTeERES amd m Aboelc oto owua R. Yta 1772 o Euler Swnlotwoe
oTL 1) amoden uetaépeton and 1o R oto IF,,.

Ac¢ ypddouue v mpdTaoy Tou ypetaoTiXAUE oTNY ENC LORYT:

‘Ectw p npwtog. Aev uvndpyer m < p — 1 tétoto wote o a” — 1
’ ’ 14 ’
va elvat TOAATTAAGLO TOU P YL OAOUG TOUG axepaloug a YLaL Toug

ornoloug (a,p) = 1.

Yo 1749 o Euler édwoe uia Stapopetiny anddelln autiic tne mpdtaons. Xernotuotroinoe
TOV TEAEOTH] SLAPOPKY

(Df)(x) = flz+1) = f(x).
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Enaywywd wec npoc m anodewvietor 61t D™ f(x) elvon ypauuxde ouvdaoude twv f(x),
flx+1),..., f(x+m) ue axepaiouc ouvteheotéc. Av hotrdy Yo xdmowo m <p—1o0p
Soupel tov @™ — 1y Gha T a, 1 < a < p—1 Yo npéner vo Staupel xow 1o D™ f(1) v
flz) = 2™ — 1. AN\, omwe yvople xou o Euxdeldne (enaywyn), D™ f(1) = m! ondte

Vo énpene plm!, mou elvar dromo ddtt m < p — 1. O

Miar dAAn am6detln yio Tov TeTpaywvixd yoapoxthpa Tou —1 dddnxe and Tov Lagrange
ot 1771 1 onola 8ev e€aptdTar and TNV TEONYOVUEVT TEOTUCT], AL ard To Yewpnua

Touv Wilson:

(p—1)! = —1 (modp), ya xdde npwTO P.

lNap=2m-+1

p-0D! = 1-2--m)p=1(p—-2)(p—m)

m!(—1)"m!

(=1)™(m})*  (modp)

onote, av p = 4n + 1, éyouue bt m = 2n dnhadh p|(m!)? + 1.

Ye Ayo Yo arodetlovue 6Tt xde TEWTOC P TNC LoRPHC 4n+1 YpdpeToL UOYOCHUAVTA GOV
dpotoua 800 TETEAYWMVOY XAVOVTAC YEY|OT) TNE ApIUNTIXTC TOU COUATOC Q(i). BéBara ot
uryadol apruol ureyay %01 otn AhyeBpa tou Bombelli tou 1572 ahhd Sev undpyet 7
mopautxer] €vOelln 6Tt o Fermat uelétnoe 1o Biiio tou Bombelli. Axbun xar €vo andva
apyotepa o Euler, mapd 1o 611 yenowuonoince cuyvd toug utyadixolc ce TpoPAfuaTA
avdAuong, uévo meog to Téhog TN Lwhc Tou ypnoudonoinoe utyadixolg xat oty Ocwpeia
v Apwtuwy. ‘Otay howmdy o Fermat €ypage, ta Xpotobyevva tou 1640 otov Mersenne,
6T xde mpdroc p = 1 (mod4) ypdpetor povooruavta cav ddpoloua 2 TETPAYOVOY
otyovpa elye uia dtapopetiny| anddeln oto UVoAd Tou. Eutuyde uac édwoe uio Wéa
¢ uevddou tou apydtepa ota 1659 oty ahknioypaglo tou ue tov Huygens. Tnv
uévodd tou Ty ovoudlel “‘u€dodo tng xadddou’’ ot loyuptleTon OTL Ay UTHPYEL TEWTOS
p =1 (mod4), énou p # a® + b* téte unopet va Peet TpwTo p' < p, p = 1 (mod 4) térow

wote p’ # a?+b% “xou 00t xad g uéypl vo ¢Tdow oto 57, dtono. O Huygens oiyoupa
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xatdhafe Ayo and ™ wédodo. Euelc duwe eluacte tTuyepol Sttt o Euler (ocvdcpsooc oo
1742 xon 1747) uoc édwoe uio anddelln mou 1 Wéa tne elvar axptBde duoLa Tg €U Tou

Fermat.

Anodelén: 'Eotw p mpdtog tng wopgric p = 4n+ 1. 'Eyouue #01 anodeiel dtL undpyouy
axépouot a, b, TpdTOL TPOC TOV P, TéT0L WOTE pla® + b?. Eotw 1 o uxpdtepoc Yetinde
avTinpéontog e xhdorng a (modp) (to undhowto e dwipeonc Tou a UE Tov p). Av
r < 2n ¥tovue @’ =1 ahhdg oylel 0 < p —r < 2n ondte ¥étouue @’ = p — r. ‘Ouow
xataoxeudlouue 1o b and 1o b xor avtixahotolue Ta a, b ue o a', b ‘Eyouue pla® + b,
a > 0,b> 0 xu ab < g onbte a® + b* < %2 To B woylet, av Toug apriuoic a
xou b toug Stonpéoouue ue (a,b) ondte, ywplc TEPLOPIOUS TNC YEVIXOTNTAUC, UTOROUUE VoL

vrodéoouue 6t (a,b) = 1. Tpdgouue N = a? + b?. Av ¢ npodroc, q|N, g # p tote

Ay L )
P P 2

‘Ouwc g|N = a® +b* ouvendc ¢ =2 H g =4m + 1.
Oa deilouvue Twpa OTL:
Av 6hou oL mpwToL mapdyovies q # p tou N elvon ddpotocua dbo
TETPAYWYWY, TO (dLo LoyVEL XauL YL TOV P.
O Euler to anédeile ue tic 800 mapaxdtw uedodouc.
1" wédodog: Adyw tne TawtdTNTOC
(a® +b*)(2* + y*) = (ax £ by)* + (ay F bx)? (2.1)

N
xow enewdh Vg| N, q # p, o ¢ ypdpeton oav dpotoua Suo TETEAYOV®Y, €Y0UUE — = w242,
p

_a*+b0 faxtby 2+ ay F bx 2
p_x2+y2_ 22 4 12 w24y )

2" wédodog: Av N =a? +b? xou N’ = ¢? + d?, éyovue NN’ = (ac + bd)? + (ad — be)?.

OTOTE:

H tehevtaia napdotacn tou NN’ cav dipotoua dbo tetpaydvey Yo hEue 6Tt anotehel

™y cbuvdeor TV TopacTdcEwY Tou N xou N'. Téte Loy VEL:
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Tua xdde N = a? +b? xou ¢ = 22 + y? mpwdTog Tov Sronpel tov N, o %

éxeL plo mopdotaoy tng mopphc u? + v? Tétora Hote N TapdoTAoT

wou N elvon 1 oOVIEOT TWY TAEACTACEWY TWY % X q.

Amnoédeldy tng npdtaong: H towtomra (2.1) diver
Nq = (az + by)* + (ay F bz)*. (2.2)

O ¢q|Ny* — b*q = a*y* — b*2? = (ay — bx)(ay + bx), cuvendc o g Sroupel évay and Touc

dvo apruoic ay — bx xor ay + ba.

Atahéyouue xatdhinho 1o TpdoTUo oty (2.2) xou €youue 6Tl 0 g dtoupel o Ng xon Tov

3e€Lo bpo Tou apoiouatog, dpa darpel xon Tov aploTeEd Opo. Eyouue Aottov
ax £+ by = qu, ay F bx = qu (2.3)

Enouévemg

2 2
E:N_zq:<axj:by) +<ay$bx> 24
q q q q

Advovue v (2.3) ¢ mpog a xou b xon Beloxouue
a=ux+vy, b==x(uy —vx)

Onhady| 1 TpdTAGT). O

Topa cuveyilovue 6mwe xar mo umpootd. O p eivar o mo ueydhog dwonpétng Tou N =
a’® + b? ue (a,b) = 1 xau 6hot ot mpwtol dupéteg Tou N exTOS TOL P Elvol TS LOPYNC
2% + y?. Egopudélovue tnv mpornyoluevn Tedtaot Yo x&de mpdrto ¢, ¢|N, ¢ # N uetd
Yoo xdde TEWTO SLoLEETY TOU ; 31dpopo Tou p %.0.x. UEYPL TOL Vo xaTIAAEOVUE OF Uia

ToEdoTAcT) TOL P Gav dlpoouda 300 TETRPAYWMVWY. O

Yav Tehxd cLUTEPACU aTd TA TaPATdvVL Byalvel 6Tt

o n = s’n' elvon ddporopa §Yo TETPAYOVLY av xan LO6VoV ey x&de

Te®Tog p mov drawpel Tov 1’ elvaw p=2 A p=1(mod4).
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O Fermat 7dn and to 1640 ¥éter To epdTnua xar vl To TARdog Twv napactdocwy N =
2% + y? 6nou 670 PETETUN TO TEOONUO TV T,y X0l 1) OELE& TouC dev TaUlouV Xovéval

o0M0.

Mo napdiotoon Yo Aéyetar yvAoLa av xot uovo av (z,y) = 1.

Av 1 nopdotaon N = 2?2 + y? dev elvar yvouw, 16t © = do’, y = dy', N = d*N' x«
@',y elvan yvhoua tapdotaon tou N'. Topo av o N = z? +y? éyet ulo yvioua tapdotoon
ol tepiTTol TPWTOL ToEdYovTES Tou Vo mEéTel va efval Tng woperic 4n + 1. Luyyedves o
N Sev unopel va efvar todhanhdoto tou 4, St odhde Vo énpene 2|(z, y). Av mdh tav
N = 2N'" ye N’ nepurtd t6te %dde mapdotaoy tou N' = 2”4+ y'? diver ula TOEAOTAG)
tov N =z +y?uex =2’ +y oy =2 —y xu avtiorpdpwe, av N = 22 + %, t61e

rt+y , T—yY

z,y neptrtol ondte Vétouue &' = 5 Y = N' =2 + ¢y ‘Eyovue dnhadm

utar auuIovoGHuavTYy avTioToylo avdueca oTig Tapactdoe Twv N xat N'.

Apxel hotmév vo UEAETACOUUE TAPAOTIOEC TEQITTOVY axepalwy. H mpdtn mapathprnon
Tou Fermat eivon 611 av p mpdtog loog ue 4n + 1 16T €yEl ROVABLRY| TUPAOTUCT] TN
HoppTic

p= x? + y2.
Anodetén: Autd npoxintel auéowe and TNy Teonyoluevn tedtact. Iaiovouue N = g.
Tote

E:1:u2+v2:»(u,v):(ﬂ,o)ﬁ(o,ﬁ)

q
onéte ot tonot ((a = ux + vy, b = £(uy — vz)) opilovv Ty B Tapdotact tou ¢ uia

xou 1 (z,y) elvo, Tpogavae, yviota. O

And v mponyolueyr TpoTaoT) TEoXOTTEL OTL xdE TapdoTacT eVOC axcpatov N mpoxdnTeL

oy GOVIEDT) TUPACTICEWY TWY TEOTWY TAPAYOVIWY AUTOU.

Apydrepa Yo avageplolue oe Eva TOTo Tou uog 8ivel To TARVOC TWY TAPACTAGEWY EVOC

/ 4 7 / 7,
puotxol apruod N cav ddpooua 300 TETEAYWOVWY.

Tn uédodo e xod6dou (infinite descent) ypnotwonoinoe o Fermat yio var amodetZer dtu:

Acev vndpyer tudaydpeto opdoydvio Tplywvo To onolo va ExeL -
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’ 2 ’ ’ ’ ’ 2
Badd TEAELO TETPAYWVO N TO BLTWAACLO TEAELOL TETEAYWVOU.

O Fermat ypdgpet: “Av 10 euBadd evog TETOL0U TELYMVOL HTOY TEAELD TETRAYWVO TOTE Vo
UTARYE XATOL0 ULXpOTERPO UE TNV dtar dtdTnTar o 0UTw xard €€1g, To onoio elvon addvato.”
Anédedn: 'Eoto (r,y, z) nudaydpeta tptdda, 6mov (z,y, z) = 1. Téte undpyouv (s,t) €

Z X 7L, (s,t) =1, o évac dpTiog xat 0 A0S TEPLTTOC TETOLOL DOTE
T = 2st, ysz—tQ, =541 s>t

To euPadd tou tplydvou Ue TAeupés @, y, 2 elvon st(s +t)(s —t) 6mou xde Topdyovtac
elval TPWTOS TEOC Toug dhhoug Teee. Av Aowmdy To euPadd ftav Téleo TeTpdywvo Va

€mpETE OAOL OL TOPAYOVTES VoL TAY TEAELX TETEAY WV, CUVETKS
s=a’, t="0, s+t=c% s—t=d
ue ¢, d meptttole xan (¢, d) = 1. Ovapriuol howdy a, b xou f = cd eivon Moom g eZioworng
ot — b= f?
xar d?, a?, ¢ etvon dradoyxol dpot aprduntiniic npoddou ue hoyo b? = t. Apa
20 = ¢ — d* = 20> = (c — d)(c + d).

Enedy| 8¢ (¢ — d,c+ d) = 2(c, d) éneton 61t évag and toug ¢+ d, ¢ — d elvon tng Lopehc

2k?, onéte unopolue va ypdhouue
c=k +2)\2 £d=Fk>—2)\%, b=2k\
o Loo 4 4
—a :i(c +d%) = k" +4)
enouévec 1) (k% 2X%, a) etvou uta tudoydpeta tpudda euPoadol (kA)? e onolag 1 utotetvou-

oo elvon pxpdtepn and v urotelvouoa 2% Tou aEYIXOL TELYMOVOU XaL QUTE GUUTANPMVEL

TApwe TG anodelln ue tn uédodo tng xoodou.

A 14 fl() / / 8 7/ 7’ 8 7 / / /)\ / 7/ /
v Twpa utodécovue 6Tt To euBadd elvon 300 Popéc xdmoo TERELD TETPAYWVO TOTE YEd-
(POLUE oL TTYAL

(s+t=c" s—t=d) xu
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(s =a? t=2b")# (s =2d° t=1b).

Enewdy| ¢ xou d elvar mepirtol xon 25 = A +d* os TEETEL VoL Elval TEPLTTOC OTOTE (S =
a?, t = 2b?). Tote 40* = ¢ — d* = (¢ — d)(c + d) xou, Moyw tou 61t (¢ + d,c —d) = 2,
€y OuUE

c+d=2k c—d=2) c=k+ )\, d=k*>— \?
onéte x? = L(* + d?) = k* + AL
To (rudaydpewo) tplywvo (K2, A2, x) éyer eufBads 2(1%)2 XOL, OTWE XL TOPATAVG, TENELD-

OQUE. O

Iapatnenoers:

o Ouclonoec ot £+ y* = 2% dev €youv urn-tetpyuuévec hoec.

e Ye ufo tudaydpeta tpdda (x,y, z) dev UTOpEl T xou Yy Vo Elvol GUYYPOVWS TEAEL

4 7 4 4 7 ‘/I"y 7 4 4
TETEAYWVA SLOTL TOTE TO eUPado Yo oy 5 T dimhdoto evog tetparywvou. To x

xaw z Bev UTopoly enlong va elvan ouYypPOVKS TéAEW TETPdYwva SOTL Yo T = a?,

z = b* Yo elyoue b* — a* = 2
A6 v tehevtala mapatipnon Bydlovue To e€fc ouuTépacua

Aev undpyel TeLywvLxog apuog SlaopeTindg Tou 1 o onolog var elvan x4

mota TeTdpTn SUvoun. Terywvixol agriuol Aéyovtan ol apriuol Tne Lopphc

1
§n(n+1), n=123,...
Av howtov
1
gn(n +1) =2 =nn+1)=22" = {n,n+1} = {s*,2t*}

on6te Vo elyoue

st — ot = +1.
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Av s > 1, Yewpolue to tudayodpeo Tplywvo
1 1
2 4 4
= b= — —1 = — +1).

Av st = 2t* = 1, 161€ a xou b téhewo TETPAYWVAL
Av st — 2t* = —1, t67€ a xu ¢ Téhetn TETPAY VY, XETL TOU AVTLPACHEL OTIC TOUPATEVW

TopATNERoE. Av T Yewprcouue To Tplywvo
o 2\2 1 4 N4 _ 1 4 4
a=sX,b==(s"=)\"), c==(s"+ )\
2 2
Prénouue 6L 1 ellowon st £ A = 247 Bev éyer un-tetpuupévn Aion x4t Tou avtioTotyet
oty anddelln mou €dwoe o Euler ot 1738.

[Ipotol ouveyicouue Va dwoouue uio dhhn anddeln tne tedTacyg Tou adpolouatog dlo

TETOAYOVOY. O YPELAIOTOUUE OUWMC TLO UTE0oTA VoL LEAETACOLIUE TNV TeEptoy Tou Gauss
pay xP ME o MR M NOOLUE 11| e

Z[i].

Ou ocxépou.oz. <toL Gauss

'Eotw n € N xa 2,y € Z tétowor wote 22 4+ y* = n. T'edgouvue (z + iy)(z — iy) = n.

To obvoro Z[i] = {z + iy|lz,y € Z} Yo 1o hue clvoho twv axepainyv tou Gauss, ot
Toug utyadxolg aprduole Tne woppic x + iy € Z[i] axepatlovg tov Gauss. [Tpogavag

Z[i] etvar axéparo mepLoy ) xon Yo TRy Aéue amd dw xou mépo meproyR Tou Gauss.
\

Av a = z+1iy onoloodinote Uyadinog, o Ly tTou Ya elvon 0 o' = x —1iy. Opllovue

v norm tou o, N(a) = a-o.

Ioybouy:
(i) H N(ov) elvon un-opvntixde nporyuatixds aptude.
(ii) N(a) =0 t61e %o udVO ToTE GOV €@ = 0.

(iii) Ioyler N(af) = N(a)N(B), yw xdde o, 3 € Z[i].
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(iv) Av «a € Z[i] t6te N(«) € Z.

(v) Av a € Z[i] t6t€ 0 « eivon ovdda tou Z[i], av xou uévo av N(a) = 1.

(vi) H ouddo twv pwovddwyv tou Z[i] eivar E(Z[i]) = {£1, i} (doxnon).
O TpooTA)HCOVUE TWEA VAL XATACKEVAGOVUE io Vewpla SlatpeTdTNTUC Xl UOVOCHUAY-
¢ avdiuong otny Tepoyr) Tou Gauss, eviehwg avdhoyne U exelvr twv axepaiov.

‘Eotw «, # € Z[i]. ©a hue 6Tt o a Svowpel tov [ (] F) av xou ubévo av undpyet v € Z[i

Tét010¢ WOTE f = ay, ahhde Vo Aéue 6Tt o a dev Sroupel tov 3 (af ) my. 2 4|7 + .
To uéyedog evog axepalov tou Gauss uetptétar UEow tn¢ norm tou. To avdhoyo tou

akydpruou tne dabpeonc ue utdlowmo Yo elva:

‘Eow «, f € Zi], B # 0. Trdpyouy v,d € Z[i] ool HoTe

a=py+6, x0 < N() < N(B).

Anodelén: ‘Eyovue o = a + bi, B = ¢+ di, 6mov a,b,c,d € Z.

a a+bic—di ac+bd+bc—ad, b fi
= o 7 =€ (3
B cH+dic—di A+d*> A+ d?

omov e, f €Q
ac + bd bec — ad

e=——, [ = 5.
cre T Ere
1

Trdpyouvv g,h € Z tétow wote |g —e| < 3, |h — f| < & Oétouue v = g + hi xau

Beloxouue
%=v+(6—9)+(f—h)i:>a257+{(6—9)+(f—h)i}6-

‘Eow 0 := {(e —g) + (f — h)i}B. Téte a = py + 0. Enedh v € Z[i], éyovue 6 =

a — By € Z[i]. Topa:

N(0) = N((e—g) + (f = h)i)N(B) = N(B) - {(e — 9)* + (f — h)*}

< N3 + 7} = 5N(B) < N9
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dtott N(B) # 0 xoY” boov 5 # 0. O
Optlouue Ttopa, EVIEANDS avdAOYd, TOV UEYIOTO X0v6 Slonpétn Twv axcpainy tou Gauss
a xa 3w el v = (o, B) av xou uévo oy

o o 4|8

e Av 0 € Z[i], xou 0|, 6|0 totE I]7.
H Swagopd ue tov UEYloto xowd Stangétn twv axcpalwy elvar 6t {ntodue o U€yioTog

xow6¢ Stoupétne oto Z va elvar Yetixdc. Autd dev unopolue vor to xdvouue oto Z[i] xou

aUTH EYEL GAY GUVETELX O UEYLOTOC XOWOS SLMEETNS GTO Z[i] va Ny elvon povadixog.

Avo axépatol Tou Gauss «, § Yo Aéyovtar cuveTaLpLxol av xoL UOVo €4y UTHPYEL £ €
E(Z[i]) étor dote v = 3, dnhadny 0 o xou [ ebvon oLVETOUEIXOL GUVETDS oV xou LOVO av

0 « glval xdmotog arnd toug B, —06,103, —if3.

Av mdhe o, € Zli], af # 0, téte onorotdhrote wéyLoToL xoLvol

Srapéteg TV a, f elvon petadd Toug ocuvetaLpLxol.

Anodelén: 'Eotw a # 0 %o 1,72 800 uéyiotol xowol Stougétee Twv a xan 3. EE opiouol

TOU UEYLGTOU XOWOoU Slaupétr £youue
Tla, B, v2la, 1elB
xoDS xow Y1|v2, Y2|v1. Enedh a # 0, éyouue
7 # 0, 72 = hy1, 1= A2, b, A € Zli].

1
Yuven®dg v = hAyy, Snhadf hA =1 = A = 5 € Z[i]. Emouévee A, h, € E(Z[i]), dnhodt

o Y1, Y2 Efvon cuveTonpLxd. ad
Y ouvéyewa Ya arodeilovue Ty UTaEEY TOU UEYLGTOU XOWOD SlnpéTr).

‘Eow a, f € Z[i], a, 3 # 0 xou

S = {a\+ Bh |\ h € Z[i]}.
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Eredia=a-1+3-0xu B=a-0+F-1€ 5, €nctar 611 10 S TEPLEYEL UN-UNBEVLXOUC
apriuole.  Awkéyouvue v € S tétolo wote N(7y) va eivar o eAdylotog puowds (yrod
unopovue va Bpovue tov v°). Ioyupilouon 6Tt 0 v elvan évag Uéyiotoc xowds Sapétng

Twv a xo 3.
[pdyuatt, To yeyovoc 6t v € S, cuvendyetar 6Tt UTdPYOLY g, vy € Z[i] Tétowl hoTe
v = aXy + .
Av howdv dla xar 6|6, éyovue a = 08, [ =~( ondte v = (6 + (vp), ouvende 0|y.
Ou deifouue twpa 6Tt xde oToryeio Tou S (xaL CUVETHOS xou T @, 3) elvar ToAhaTAdGLo
TOU 7.
Kot apyhv nopatneolue bt av e, p € S xou § € Z[i] téte e —Op € S.
Hpdyuati: 'Eotw € = ali + Bri, p = ady + By, Tote

£ — Qp = Oé()\l — 9)\2) + ﬁ(Vl — 91/2) e S.
‘Eotw thpa w tuyaio ototyeio tou S. Tpdgovue w = ¢+ p, ¢,p € Z[i], 0 < N(p) <

N(7v). Eredfw xou v € S, énetan 61w —y¢ € S, dnhadh p € S ondte, Aoyw ng EXAOYHC

tou v, N(p) = 0 ouvende p = 0. Apa w = ¢, T0 onolo onuaiver (€€ oplouot) 61t v|w.

‘Aueon cuvénew Ty Tapandve eivon 6t av a, B € Zi], aff # 0 xou vy évoc uéylotog

20O SLEETNG TV ar xou 3, UTEYOLY I XL A € Z[i] térowoL wote
v =av + [\

z 7’ ’ 7. /7 ’ 14
Yy ouvéyeta Yo oploovue mpwToug apwluolc otny weployr Tou Gauss. Kat' apyde

7 7 14 7 ’ 7 7 .
TopaTnEolUE 6Tl xde axépanog Tou Gauss 7y Stoupeltan amd T uovddeg £1, 7 xon Toug

CLVETAELXOUS TOU £y, £iy.

r J4 4 ’ 7/ 7 4
e ‘Evoc axépatog tou Gauss m Yo AéyeTal mewTog, av xot Udvo av Sev elvar uovdda
7/ /’ 7’ / ’ i 7
xoL oL u6voL Slapéteg Tou elvar oL Lovddec tou Saxtuliou Z[i] xar ot cuvetatpxol

TOoLV Tr.

e 'BEotw m axéponog tou Gauss téTtolog woTE N(m) = p, 670v p TEOTOS apuUoS.

EOxoha galvetar 6Tt 0 7 elvon TR®TOG.
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Hpdyuatt, éotw §|m. Tote m = §v, 6mouv v € Z[i]. Luvenng
N(m) = N()N(y) = p=N()N(y) = N(7) =1, AN(6) = L.
Enouévwe v 1 0 eivar uovdda, dnhadh § = £, fim, £1, +4.

Topo Yo det&ovue ot

Av 1 mpdtog tov Z[i] xow «, f axéparot tou Gauss ToTE

(m|laf = 7la R 7|B).

Hpdyuortt, éotw ot m|aB, odhd 7 1 3. Oo deiouue dtL m|a. Orudvol Stoupéteg Tou m elvan
+1, 4i, 7 xon £im. Enedf 71 5, éneton 61t évac péytotog xowde dnpétne (m, §) elvan
uior uovddo tou Z[i], Snhadr évac péytotog xowde dupétne (m, ) = 1, ondte undpyouvv
v, A € Z[i] tétoor wote 1 = v + A, dnphadh a = 7(va) + (af)A. Enedy m|af, énctu

ot o 0

A¢ TpooTaiooLUE TWEA VO TOEAY OVTOTOLACOVUE axepatoug Tou Gauss ot YIVOUEVO Tpe-
Twv. Onwg dev napayoviomowolue to 0, £1 oto Z €tol Sev nopayovtonowlue 0, £1, +4

otov Z[i]. Oa anodeilovue 6t

Kade axéparog tov Gauss v # 0, £1, £i avaAdeTo G YLVOUEVO TG

TWY TLEAYOVTWY.

pdryuatt, Yo o anodeifovue enaywywd wg mpog v N (7). Hpogavide N(y) > 2. Av
N(y) =2 t61e (00uPpwva UE TNV TPONYOVUEVY] TaRTAENGT) 0 ¥ ElvaL TEWTOC.

Trodétovue tidpa 6L N(7) > 2 xan 61t xde axépatog Tou Gauss mou €yet norm UxpoTeEn
NG NOrm ToU 7y, OVUAUETOL OF YWVOUEVO TEWTWY Tapayovimyv. Av o v eivar mpwTog,
tehewdooue. Eotww ot o v dev eivan mpwtoc. Téte undpyouv a, B € Z[i] oyt wovddeg
tétoor wote ¥ = af. Téte 1 < N(a), N(B) < N(v) xor, AMoyw e unddeons e

LoMUOTLXAS ETAY WY TS,

a:ﬂ-lﬂ-Q"'ﬂ's, /8:1/11/2.-.Vt
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6mou m;, vj TedToL Tou Z[i]. Luvende
Y=af =mmy - Wslly T

O

Y1 ouvéyeta Yo eEetdoouue av 1 avdhuor outh eivon wovoouavty (Lovadxr). BéBaa,
av €yovue ulo avdAucT unopolue Vo BAAovuE LOVASEC UECH GTO YVOUEVO, AAAd qUTAY
™V avdiuor dev Yo Ty Yewpolue Stapopetin. Erniong dev {nrolue 1) oepd twv TpmdTwy

7’ Ve ’ ’ 7’ /
ToEAYOVTLY Vo elvan 1) (Bt O amodei&ouue hotmdy otu:

‘Eotw v axépatog tou Gauss dwaupopetinde twv 0, £1, 3.

7 4 7,
O v yedyeTar cay YIVOUEVO TEWTWY. Av
f)/:77'17r2...7rs:1/11/2...yt

500 avaAOOELC TOU 7Y GE YWOUEVO TPWOTWY, TOTE 5 = ¢ xat, ahhdlovTag (6w TV OElpd TwVY
V1, Vo, -+ -, Vg, EYOUVUE T, vy ElVaL GUVETOLELXOL, g, 1o Elvall cuveTALEWOL, - - -, Ty, Vs ElvVol

CLYALTERLXOL.

Amnoédeldn: Enayoyh oc tpoc tnv N(7v). Eotww v # 0,£1,+i. Tote N(y) > 2. Av
N(v) = 2 t61€ 0 7 elvar npdToC ondTE ¥ = T = V1, Wylel. Yrodétovue btL N(y) > 2
xaL 6TL 1) TedTao elvo aAndng Yo Ghoug Toug axepaioug Tou Gauss UE norm ULxpoTERT
e N(7). Xwpic nepoploud tne yevixdttag UnopolUe vo utovécovue 6t s > 1. Térte
Ty |mmg -+ Ty = Wi |Ve - - v, SMAadY) m|v; Yl xdmoto j. A¢ To ovoudoouue autod vy,
dnhodh i |v1. Emedn vy mpdroc ouvendyeton 6t vy = mie, £ Yovddo tou Z[i], dSnhadh

T, vy €lvon ouvetanpwd. H oyéon v = mmy -5 = viv - - - 1y YpdgETOL
ToTg -« - s = (E)V3 - - - 1.
Enedf N(m) > 2 xou s > 1 énetou

1 < N(momg -+ -ms) < N(mmg---7m5) = N(7).
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Adyw g urddeone g uadnuatixrc enaywyrc éyovue s — 1 = ¢ — 1 xan, ahkdlovtog

lowe v Véom, (72, v2), ..., (s, Vs) ouveTapLxd. O

Ou dwoouue Twea uia xawvolpylo anodelln Tou TeolAfuAToC, Tolol puolxol uTopolY Vo

YoapoLy cav dipoloud U0 TETPAYWVKY axEpUlwY apumy.
'Eotw 2? + y* = n. Téote (z + iy)(z — iy) = n, ondte 0 TpoBAnua yivetow:

Na Beedodv 6hot ov axépatol Tou Gauss ue

N(z +iy) = 2> + y* = n.

[ va Aooovue autd 1o mpoPBinua Vo meémel va meptypdovus emaxpBie dAoug Toug
TEWTOUS TOU Zl[i]. Enedr| xdide cuvetarpuedg mpwtou elvon eniong mpmtog, Yo UEAETHAGOUUE

TOUG TPWTOUS XATY TPOCEYYLOT] GUVETHURLXWY.

‘Eotw 7 mpoTog Tou Z[i]. Téte undpyet axpLBmg évag TewTog Tou Z, p

TETOLOC DOTE T|P.

Anoédeldn: ‘Eyouvue N(m) € Z ovvenwe N(m) = pip2---pi, pi € Z, mpwrol. Emedn
N(m) = 7’ éneton w|p1pe - - - Py Inhadn 7|p; Yia xdmowo 7. Aev umopel vo Sanpel xovévay
gAho, StotL av m|p xon w|g UE p # g téte 1 = pr + qy ovvende T|pr + qy = 1 enouévee
v =1dpav = % elvar axépanog Tou Gauss, mou onuaivel 6L o T elvon Lovdda, droro.

O

Apxel homdy var TaparyOVTOTOLAGOUUE OAOUEC TOUC AXEQIAIOUS GTOV Z[i]. Av p =2 tbte
2 = —i(1414)? xou 1 +7 elvon mpdtoc tou Z[i], Siétt N(141i) = 2. Anhads dhot ot tpdToL
Tou Z[i], 7|2 elvar cuvetonpxol tou 1 + .
‘Eotw tdpa p meptttoc tpdtog xou éotw m = & + iy|p, dnhad| o p ypdyetar p = v, v €
Z[i]. Enouévec

p'=N(p)=N(@N(y) = N(x)=p 4 p"
Eredf 2% + y* = 0,1,2 (modp), dev urnopel va toylel 2% + y> = p 6tov p = 3 (mod 4).

Y outh v epintwon Yo mpénet vou woyler 2 + y? = p?, enouévec

P = N(p) = N(mN(v) = " N(v) = N(v) =1
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dnhadr v wovdda tou Zli]. Enouévee, av p = 3 (mod 4) téte m xau p elvon cuvetarptxd.

'Eotw tpa p = 1 (mod4). H woduvapuia 22 = —1 (modp) (1) éyer Mon. 'Eotw z uia

AMoon e (1). Tére
pleg + 1= ml2) + 1= m|(20 — i) (20 + ) = |20 — i f 7|20 + i

EnuUetdVouUE Twea 6T pf 2 —i xou pf 2+ Sdt %zj: 2—)2 ¢ Z[i]. Autd onuaivel 6Tt oty
nepintwon p = 1 (mod 4) o 7 xou p Sev elvon cuvetanpixot. Enouévwe N(m) # N(p) = p?
dnhadhy N(m) = p dpa ' = p xou cuvendS o p droupeiton amd toug ™ xou 7. [ va
npoadloploovue TAfows GAoUS Toug TEhToUS Tou Z[i], Yo mpénet va Sodue ToTE oL T X
7' elvow ouvetanpiol. ‘Eotw lowmdy m = x + iy tétoloc wote N(m) = 22 + y? = p.

Trotétouue 6Tt m xan 7' elvon cuvetonpxd, dnaadh m = en’, ¢ = £1, 44, 7 = x — iy.

Ave =116te a+iy = z—iy dnhadh y = 0 téte 22 = p, drono. Ouowwave = -1, . =0
xar y% = p, dromo.
Ave=itéte z+iy =i(z —iy) = y + iz, dadf z =y xou p = 2? + 2 = 222, §romo.

Av e = —i t61€ © = —y ondTe 222 = p, dromo.

ArnodelCaue howmdy 10 €rig
Ocwpnua 2.1 Eotw p mpdtoc apjude. H avddvon tou p otny meptoyr) tov Gauss elvo:

o Ayp=2, téte p = —in?, drou T mpdTOoc ToU ZLli] xou N () = 2.

o Avp=3(modd), téte p =7 elvar mpdtoc xou N(m) = p*.

o Ayp=1(mod4), tétc p=nn', 6nov w xou ' meditor un-ouvetarptxol xaw N(m) =

N(n") = p.

Eavaryuptlouue Topa 0T0 TEOBANUA Tou X0 oploUol TwY VETUOY axepalwy apuiumy Tou

elvow norm oxepalwy Tou doxtuliou tou Gauss. ‘Eotw a # 0, £1, +i. Avakdouue tov o
7 ’ ’ . 7 ’ ’ .

o€ YWOUEVO TeWTwV oToyelwy Tou Z[i]. 'Eotww a = mmy - - - g, 10U m; TpdTol Tou Z[i].

Téte N(a) = N(m)N(mg) -+ N(ms). YTrodétouvue ot m|p;, @ = 1,2,--+,5, p; T@TOC
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axépanoc. Téte N(a) = pi'ps? - - - ple, bmou

a; =2, av p; =3 (mod4)
a;=1, av p;=2 B p; =1 (mod4)

Blénouue howndv 6tt N(a) = miquge---q, m € Z xou q1,qa, -+, q TpdTOL oprduol

Sroexpuuévol UeTaEl Toug xou (oot ue 2 1 todvauot ue 1 (mod4).

Loy el xan to avtiotpogo, 6Tt dnhadr xde tétotog uotxde aptiude yedpetar oay ddpol-
oud 8uo TETPAYWVLY. A®CUUE ETOUEVWS Ula GAAT anddelln Tne TeoTaonS TG oeABUC

25.
ZavayvpiCouue duwe tlow otov Fermat.

F. 4 Yta 1654 o Fermat avagégel uepinéc and Tic avaxahOYeS Tou oyYeTXd Ue Toug
“apiuole” otov Pascal. Aoyoleiton ue tic tetpaywvixéc woppéc a? + 2y?, x? + 3y,
avoupépel €va “yevixd xavéva’’ edpeone 8Uo apdudy a,b tétowy wote p = a® + b? (p

npwtog, p = 1 (mod 4)) xou nopatneel ot

“Kdde agrdudg tne nopgnis 3n + 1 maplotaton and v =2 + 3y*”

w3 %l OTL

“Kdde aprdunog tng moppthc 8n+1, 8n+3 noplotaton and tny 2?+2y>.”

[edpovue tic towtotntee (1.4), (1.5), oehida 7 poli:
(2% + Ay?) (2% + At?) = (vz £ Ayt)® + A(at F y2)?

omou twpa A € Z. Iapatnpolue 6Tt 1 TpdTacT Tng oeAdag 25 ueTapépeTal auToloLa Yia

Ty wopph x? + Ay? xou xdde A € Z. Ou tono (2.3) tne oehidog 25 tdpa divouy
ar + Aby = qu, ay F bx = qu

a=ux + Avy, b= *(uy — vz).
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To ouurépacua howmdv eivar, 6Twe xou To Unpootd v A = 1, 6t xan vy A > 1 évag
TewTo¢ ¢ Oev umopel va mapaotoel and Ty 2% + Ay? xatd TEQPLOGOTEQOUS ATO EvaLy
TpoTouC ot ToTE Y xde N = ¢ Vo elyaue 1 = u? + Av? 1 onola éyer povadun
Mon (u = 1, v = 0). Av A < 0 t61e 0dnyoluacte xou mdh oty eZiowon tou Pell,

22— (—A)y* =1

Evtehac uota, 6Twe o Utpoctd, anodemviovue 6Tt av o tpotog apudude p|N = a? +
Ab? o av urnodétovtoac 6Tl xdde dAloc Tewtoc dngétng Tou N umopel va ypaptel oav

2% + Ay?, 167€ 10 B0 woydel xou Yo Tov p.

Anodelgn: OuoAéue OTL 0 TEPLTTOC TEWTOC P VL EVOC LR TOG SLALRETNG TNS LOPYPNS
z? + Ay?, av xar udvo av o p dupet xdrowv N = a? + Ab* ue (a,p) = (b,p) = 1. Auté

ouuPaiver TOTE xan UGVoV TOTE dTay 0 —A elvor TeTparywvixd undhono (modp).

‘Eotw howndv p €vag T€T010¢ TEMTOS XL ¢, b Te®TOL TPog ToV P TETOL WOTE ]o|a2 + AV
’ 7 / 7 4 l _ 14 7

Eotw r 16 undhowno tng Salpeone tou a Ue p. OEtouvue a' = r 1 p — r AvdAOYd UE TO
nolo¢ etvan uixpdtepog. ‘Ouowa optlovue o 0. Avixahotodue ta a,b ue ta a', b xou
SlopolUE UE TO UEYIOTO 0o SLonpétn Toug. Xwplc TEPLOPWS TN YEVIXOTNTAC AOLTOY

4 7/ 7 4 7 7/ p r
urovétouvue 6Tt a, b etvon TpwToL UETAED TOUS XoL ULXPOTEROL TOU 3 Eotw N = a® + Ab?.
?
Av A =2 16te N < e X0l ETOUEVWS OAOL oL TpwTol Stupétes Tou N, (extdc Tou p)

3
elvon ULxpoTEQOL TOU Zp Trodétovue 6Tl Ghot auTol UTOEOLY VAL YRUPTOOY GTNY U0p®T
22 4 29 (%o 0 2 avixet 6° auth TV xathyopia av N dcpuog). Egapuolovue tnyv npotact
NG oEABAC 25 %o EYOVUE TEAELWOEL. |
Aocxnon: Kdvte 1o (dwo yro A = 3, —2. Ipogavae xdde aprdudc tne wopehc 22 +3y? mou
dev Sronpeiton pe 3 efvon wodivauog 1 (mod 3) ondte 1 doxnon Siver tn ula xateduvon

e
Kéde npodtog Srawpétng tne 22 + 3y etvon tnc wopphc 3n + 1.

Ou anodellouue TNV dAAN xatebuvorn Tne tooduvauloc. T'edgouvue p = 3n+1 xan xdvouue

Xerhon e
2 — 1= (2" — 1)(2®" + 2" + 1).
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[ xde z, yio tov onoio (x,p) = 1 o p Supel t0 aplotepd UEhog (Uxpd Vedprua
tou Fermat). Adyw tne mpdroone tne oehidog 22 éneton 6Tt UTdPYEL XATOLOC TPHOTOS &
TEMTOC TEOE TOV P, TETOOC WOTE 0 P dtanpel Tov 2 a4 1. Ermouéveg o p Sonpel tov

4(x* 4+ 2™ 4+ 1) = (22" + 1)* + 3, dnhad¥| elvou évac tpdToc drowpétne tne 2 + 3y%. O
Yta 1657 o Fermat npdtewve mpog Abor to axdhovdo mpoBinua:
No Beedel xdnmorog apdwdg mov va elvon teitn dOvaun axepolou

4 2 2 ’ 2 ’
(%VBog) xou To d¥polopa TWY FLanpETMY TOL Vo Elvor TENELO TETRA-

Y®wVvo.

Moagdderypor O 7° éyel ddpotoua Sonpetdyv 1+ 7+ 7% 4+ 75 = 202

Av howndv €youue p® 6ToL P TEMOTOC apIUdC TOTE Yol VAL ATOTEAEGEL AOGT 6TO TEOBANUA

Tou Fermat Vo mpénet
l+p+p*+pP =0+ 1)p*+1) =2 2 €Z.
Agol 7o 2 dev amotedel Mom éreton 6L (p+ 1,p* + 1) = 2, cuvenade
p+1=2s p*+1=2
6mou (s,t) elvar Moo e (2X2 —1)? =2Y2 — 1.

O Fermat éypae otov Huygens ota 1659 o1t 1 tedeutaio e€icwon Sev €yel dhheg Aoelg
extoc Ty (£1,£1) xan (£2,45). Autd anodelydnxe and tov Genochi (1883) xdvoviac

yerion tou yeyovotog 61t 1) eiowon
X1+ vyt =272
dev éyel un-tetpruuéves axépones Aoels (xdtt mou yvwpetle o Euler xou iowe xou o Fermat).

O Fermat uehétnoe enlong tnv e€icwor tou Pell X?-NY? =1, ¢ Stogavtinéc eloMoELS
X24+2=Y3 X?+4=Y?, 10 npdfBAnua tnc e0peons Twv TAEUPGY 0pY0YwYiou TELYMYOU
(Q,U,Z), ue Z . Q + U téhewa tetpdywva (1 mo uxpr hoor d60nxe and tov Fermat
Q) = 4565486027761, U = 1061652293520, Z = 4687298610289).
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Iepigpnun eivar 1 evxacia tov Fermat (1 xar yeydho “Vedpnua’ tou Fermat) 6t n
elowon:

X"+Y"=2" neNn>3
dev éyer un-tetpruuévn (Snhadn yio XY Z # 0), axépona Ao,

H ewaoctio tou Fermat anodelydnxe tehwnd ota 1993 and tov A. Wiles. H anddeln otn-
oiletan oe uia 1déa Tou G. Frey va cuvdéoel to mpdPBAnua ue dAlo avorytd meoBinua
e Vewplog twy edetntixdy xaundiwv (Ewaocio Shimura-Taniyama) xou oe onuavtt-
x4 evdidueoa arotehéouata twv G. Frey, J.-P. Serre, K. Ribet xou dhAwv. [Idpa mold
onuavtixg RTav xou 1 ouvels@opd tou Richard Taylor, uodnts Tou A. Wiles, otn ow-
oTh anddelln emuépoug anotehéouatog To onofo Sev elye Statumwiel opdd and tov A.
Wiles. H anodeiln €yer dnuooteudel to 1995 oto mepodixd Annals of Mathematics.
[ vy anédeln tne exaotac Tou Fermat armouteltan 1 w6y lg uépoug udvo g ewxaoctog
Twv Shimura-Taniyama. H mAvjong ewxactoa Shimura-Taniyama arodetyinxe ¢étog, to

owTthplov €tog 1999.



Kecpo’c)\ouo 3

Leonhard Euler (1707-1783)

O matépag tou Leonhard, Paul Euler eiye omouddoer ©colroyio oto [avemotiuto tng

Baouetag (Basel), odAd xatd tn Sdpxela v omoudmdy tou mopoxoloudoloe xol TiC
7/ L3 7 /4 7 / 4 /

Tapadooelc Tou Jacob Bernoulli. Envduuia tou Arav va yiver xow o yuldg tou mandc 6w

oL o (dloc.

‘Otav yevvinxe o L. Euler ota 1707 o Jacob Bernoulli elye netdvel xan tov elye Sradeydet
o Johann Bernoulli, ta toudid tou onoiou (Nicolas xou Daniel) axoholGinoov tv napddoaon
NG oxoyévelag xat aoyolfinxay xat autol ue o Modnuatied. O Euler éyive gihog twv

Nicolas xow Daniel Bernoulli xot padntfc Tou Johann Bernoulli.

Toeew wovdpyee €nalay anogaclotixd pdho otny otadtodpoulo Tou Euler. O IIétpog o
Méyag, o Ppedepixoc o Méyac xou 1 Awartepivy p Meydin. O Ilétpoc o Méyag médave
ot 1725 eve elye xdver 7dn oyéda Yo T dnutovpyia ude Axadnuiag v Enotniuoy,
otn véa tou Tewtebouca TNy Iletpolnoly), oyéda ta omola eExTEAEGTNXAY TUOTY ATd 1)
yhea Tou. To 1725 mpooxhdnxayv ot Nicolas xar Daniel Bernoulli otnv Iletpoimohn xou
Tov {30 ypovo épdace xon o Euler. Hrov uwxpdtepog and 20 ypdvwy akhd etye xepdioet Eva
BeaBeto otn Navmnyu ywelc va 8t moté €va mholo va taddevet. Yta 1733 nrpe tn 9éon
tou Daniel Bernoulli (o onolog Zavarylptoe oty Baoukela) otny Axodnuio twv Entotudy.

H enotnuovixf| napoywy | tou, Topd ) oyeTxy| Tou anouévwon otny Hetpoinohn (Aoyw

41
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¢ avaywenong tou Daniel Bernoulli) Cemepvdel xde mpoodoxio. AloxonteTon yor Alyo
Aoy xdmotag cofophic ac¥évetag 1 onola Tou xootilel To Tou €va udtl. H @run tou
amh@vetal otyd-oryd o” 6An v Evpwnn. Me to Vdvato tng Toopivac n KuBépvnon
adrapopel yo Ty Axadnuio x €tol o Euler déyeton tnv mpdoxinor tou Ppedepixou tou
IT vo yiver uéhoc g veoidpudeione Axadnuiog twv Entotnuay tne Hpwootiag (Bepolivo,
1741). Yto Bepohivo (el 24 and 1o undhowna ypovia tne Lwhc Tou. Tuyypdvws xpdtnoe
xow TNV WLOTNTE Tou cay Ughoug g Axadnuiag Emotnuoy tng [letpoinoing. To mikdog
TWV EPYACLOY TOL xatd TNy meplodo auth Cemepvdel Tic 200. Aoyokeiton ue dhoug Toug
xhGBoug Twv xadopy xou epapuocuévwy Madnuatixwy. Oco mepvoloay T yeodvia oL
oyéoeic Tou Euler ue tov ®pewdepixo tov II dho xon yepotépeuay. O uovdpyng, Yauuactic
™¢ Yahhiric xoultolpag, foeke va gépel tov d’Alembert xar vo Tov Yéoel emxepahic
e Axadnuiog. Anéd 1o 1763 o Euler apyiCel voo oxénetan va emtoteédetl otny Pwata.
Yo 1762 aveBaiver otov Ypdvo tne Pwotag 1 Awatepivy n Meydhn. And touc mpodtoug
¢ oTéyoug ebvar xou To var emavapépet TNV Axadnula otny mohd tng 86&o. Autod elvon

oyed6v tavtdonuo (ocuvedvuuo) ue Ty emtotpopt| Tou Euler.

Ou Srampayuatedoele xpatouy tpla yedvia. Yta 1766 o Euler, nopd tnv npoondiewa tou
Poetdepirou va tov xpatrioet (010 petadl xatdhoPe L ydvel), emotpépel otny Iletpol-

TONY).

Avtr v meplodo mpooBdiheTon xon To dAhO TOu UdTL amd xoTapEdx Ty xou €Tol o Euler

yaver To pwe tou. O Blog, aravtoviag oe éva yeduua tou Lagrange, ota 1770 yoedopet:

“Movu diaBacay 6A0UG TOUG AOYARLACLONG OV XAVATE YLt Vo AD-
cete v e&lowon 101 = p? —13¢? xow elpon andlvta TEnELoUEVOS OTL
elvoaw cwotol. Emeldr] opwg dev wnopw olvte va dtadcw olhTe va
veddw, Yo mpEnel Vo OLONOYHO W OTL SEV UTOop® WUE TNV Qaviacia
KOU VA ToeaxoAoLYGL TNV AoyLx) OA®Y TV BRudtny tng anod-
deL&ng, 00TE va oUYXPATACEL OAoLG Toug GULUUBOALGUOUG Gag GTo
@wuaho wou. Elvaw alfdera 6tL 1 evaoyoinor e tétora YEuata

ATy Yo péva tahowotepa wia Ldialtepn evyaplotnon xaw OTL Sué-
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Yeca ToAD Ypbdvo acyoloduevog W avtd. Topa ouwg acyoloduon
e (Déuarta) TOL UTOE® VO XAV UE TO UAAG LOL OV XOL GLY VA
Do MEENMEL VoL LLOYPEWU W OE XATOLO PLAO YLAL VAL [LOU XAVEL TOUG

Aoyapiacuols mov yeetdlopon.”

'Elnoe ta tehautaio ypovia g Lwhc Tou TwdUevog xat extiuwuevoc. To mifdog twv
EQYACLOY TOL aUTAC TNG TePLddou Eemepvdet xatd mold Tic 100, aprude wavog ya va
yeutlet Tic oeAldeg Tou Teplodixol Tng Axadnulog yio ToMAG axdun Yeovio UETA To Vavatd

0V, OTWe EheYe xat o Blog. TTéYave otic 18 YenteuPpiov 1783.

To €pyo tou Euler ot Ocwplo Aptducdy xahbrtel udvo 4 TOUOUC b TOUC TEPLIGCOTEQOUS
Twv 70 Tou xohiTToLY T dmavtd Tou. Kot uévo autd Vo oy apxetd yio va Ueivel o
Euler otnv Iotopla tng Emiotiung cav €vag and toug mo ueydhoug uadnuatixois ohwy
Ty emoywy. H Oewplo Aptiudy avartiooeton paydata tov 18° cuwdva oe avtideorn ue
Tov 17°. Mepuxéc and Tic anodellec Tou Euler tic £youue 1dn avagépel oto nponyoluevo

Kegdharo.

To evduagépov Tou Euler yio Ty Oewplor Apduwy apy(letl ue 1o cpwtnua tou Goldbach
(13/10/1729), av n ewxoota tou Fermat 6t dhot ov apriuol e popphc 22" + 1 elvou

TEWTOL.

Atyo apyodtepa o Goldbach woyuptleton 6Tt anédele 6TL dev undpyet Telywvog aprdude
mou vo elvan TéAeto tetpdywvo (dec Kepdhowo 2). O Euler Pploxet auéons to Addoc.
Oéter o = 2n + 1 xou Bploxel 6Tt T0 TEOPANUA elvar 1odUvouo ue Ty ebpeoT Aong TN
elowong tou Pell x? —8y? =1, 1 omola €yeL TPOPAVWS axEpaeg AUoe Ty, = = 17,

y = 6.

Xpovohoywd to xupldtepa Véuata Ue To omola acyohfinxe etvor Tor e€ng:

(i) To (uwpd) Vedpnua tou Fermat, n toloaniaciaotixs oudda twy axepaioyv (mod N)

xaL ototyelo g Oewplag Ouddwy.

(ii) Adpoloua teTpary®@VLY ot “otyetddne’’ Vewpla TV TETPOYWVIXMY LOPOOV.
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(iii) Awogavtxés ediomoerg 2% Boduoo.

(iv) Awgavtiée ellotoec 3% xat 4°° Baduo.

(v) EXewntind ohoxhnpwuorto.

(vi) Buvey xhdouata, e&iowon tou Pell xat avadpoutxéc axolovdiee (oelpéc).

(vii) H (-ouvdptnom, n Ty tne yio T tne UetaBAntic doto guotxd xot SAES cuvap-

Hoewg mou oyetilovton ue Ty (.
(vili) To “Iaptitio vuuepopul” xou TUTIXES GELRES BUVAUEWY.
(ix) I[TpoToL Slonpétee TETEAYWVIXDV UOPPOV.

(x) Meydhot mpdrot aprduof.

Me uepwd and o togamdve Yo acyohnolue 6To ETOUEVAL.

Kdvovtac yprion tou (uwpol) dewphuatog tou Fermat xou tne mopoathenong 6t yio
2n —

p = 4n + 1 tpdto 1 z** = 1 (modp) dev enodndedeton yo xdde z, 1 <z <p—1, 0

Euler arodewviel ota 1749 ot

Av p =mn + 1 elvan mpdTog aerduds xaw pl(a™ — 1) téte o a elvon

n-06té vohotro (modp).

Hedryuatt, av a™ = 1 (mod p) xou ypdhouue v TawToéTNTA
e gm = (xn . a)(l,(m—l)n + ax(m—?)n I am—l)

6mou mn = p — 1, 10 uxpd Yewpnua tou Fermat dlver 6TL T0 cploTePd LENOC Elvan
TOMATAAGIO TOU P YloL OAX ToL & TA TRPGOTA TEOS TOV P, EVW 1) TedTacT, Tou Euler yu
10 TAjY0¢ TV AVoewy Tng tooduvaulac uag divel Tt o deltepog Tapdyovtac Tou 8e€lol
uehoug dev umopel va €yeL auTH TNV WOLOTNTA. LUVETOC YL XATOW T (npo’no TPOC TOV p)

Vo oyver xat avdyxn 2" = a (modp).
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o a = —1 xaw n = 2 n npdtacy auty elvor auTd TOU EAELRE XATA TIC TEONYOVUEVES
mpoomdieleg yia vo amodetydel To Yewenua Tou Fermat yio o ddpotoua twv 800 teTpa-
yovov. Talpvovtog xovpdyto (d0vaun) and auth tou Ty emtuyio xar and v enttuyia
Tou elye 1o Bifiio tou Introductio in Analysin Infinitorum (1748), o Euler epydletou
mdvew oty Ocwela Aplumy xou etowdlet éva BBAlo, Ewwaywyr otny Oewplo Aprdunvy.
[edper 16 “xepdhona’ xan otouatdet. ExdoUnxe ota 1849 xdtw and tov titho Tracta-
tus de numerorum doctrina. Motdlel apxeTd UE TO TEQLEYOUEVO TWV TEUOY TEWTWY

xepahaiov tou BBhiov tou Gauss, Disquisitiones Arithmeticae (dec [5]).

Ewdyer xat” apyfv tnv ¢ (ouvdpmon tou Euler) 1 omolo uog divel To Thog Twv PuoLXDY
QEUIUMY TWY UXEOTERWY TEOS TO N XL TEWTWY TEOS TOV N. 2TT GUVEYELX ax0AOLVEL ula
oTOWYEWONG TEPLYpapr] awtol Tou o Gauss apYo6TEpA OVOUdLEL Looduvaio w¢ TEog
éva. modulus. H avtiotoryn Aéln tou Euler eivon “o Swnpétne”. T xdmowo Sronpéty
d, 6hot o axéponol T + dr Yo Aéue 6TL avixouy otny Bl “xhdon” xar Yo YewpodvTon
¢ “toodivauol’. Kdde avtinpdownog tng xAdoewe evog axepaiou a Yo xoheiton “Eva

vrolomo” tou a. H aneidvion tou a oty xhdor Tou €yel LOTNTEC TETOLEC TOU G UEQ

0pilouv TOV oUoUoPPLEUG SaXTUAWY.

[ xdmoto Sronpétn d oynuatilovue v aprduntxy tpbodo a, a+b, a+2b, - - - (oe clyypo-
V1 YAOGOW, TIC TAEUPLXES 0UddES TNg uToouddag Tou Tapdyeton and To b 6Tny TpocieTixt
oudda (modd)). Etol Peioxet 1o uéytoto xowd Swoupétn tov b xar d xow AOVeL Ty 160-
Suvauta br = m (modd). Xtn cuvéyewr epeuvd Ty Tohhamhaotaotixr oudda (mod d)
xaw detyver 6t av (b, d) =1 to unéhotna tou Tadpvovue and Ty 1,b, 6%, - - - oymuotilovy
o0VOAO XAEWGTO TPOS TOV Tohhamhaotaoud xot Ty dadpeor (mod d), dnhadr 6t awth 7
oudda meptéyetal otny oudda twy axcpaiwy (modd) Te®TwY TEOC ToV d Xl XATANAYEL
otV

d | b 1,

T0 YVWwoT6 Yewpnua Tov Euler.

Ed¢ EavoduuiCouue 6t o Euler napatiipnoe 61 n anddeiln tou Descartes, 6t ula e€lowon

f(z)=0 Baduol n €yel To TOAD 1 plleg, UETAPEPETAL OE OTOLOSHTOTE GWUAL.
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Av a plla e f(z) = 0 Supotue 1o f(r) ue  — a xar ypdyouue f(z) = (z — a) fi(z).
O pilec e f(z) = 0 elvon & = a xou ot pilec e fi(z) = 0. O Padude deg fi(z) =n—1

(%o xdvovtoc Yerion e wonuoteig snocyo)yr’]g), TEAELWOOUE.

O Euler napatnpeel 6t av a elvar pio Aon tne woduvaulac f(x) = 0 (modp), tdte
Yedgouue f(a) = mp, m € Z ondte 10 a eivar uio pila e eZiowone f(xz) — mp = 0.

Lpdpovue howndv f(x) — mp = (x — a) fi(x) xon ouveyilouue emorywyxd.

To Yedpnua autd yprouwonoteitor 6T cUVEYEL VLo VoL arodelel Ty UTopdn TewTAEYL-

xov etldyv (modp).

‘Oln tou Ty {wr) eVOLPEROTAY YIA TNV TORIOTACY) TWV PUOLXOY dPIUGY Gav diootoua
2 TEPUY DYWLV F UECW TETPAYWVIXAOY Loppdy Tne wopphic X2 + NY?2 f axdua yevxdrepa
e wopwhc uX? + vY? ue N,u,v € Z. Me 11 yevixh repintwon aX? + bXY + CY?
acyohfinxe udvo ta TeEreuTala ypdvia TNg {whig Tou xou UdhoTta UoTEP and ENidoacy) Tou
Lagrange o onofog acyohfiinxe evtotixd U auth. Me tny napdotact Quotx®y aptduy

UECL TETPAYWVLXWY U0p@®Y Vo acyohnolue apyoTepa.

Ed® avagépovue uovo tny amhy| mapathenon tou Fermat 6t
e oUtce o dmn—m —1

e ottcodmn—m—n—1,mnéeN

uUTopoLY vaL etvo TEAELD TETEPSYWVO, E0Tw a?, BLoTL auTd Vo elye ooy cuVERELL
m(4n —1) =1+ a, (4m —1)(4n —1) = 1 + 4a?

Onhadr| xdmolog aprhude tng woperc 4n — 1 Yo Stwpoioe Eva dpotoua 300 TETPAYOVWY

2%+ y? ue (2,y) = 1 x4t Tou elvor adlvato xou tou Arav #dn Yvwotd otov Fermat.

Yo ypduuatd tou o Euler acyoheitar ue tn SuvatdtnTa Toipdotacng EVOE Quoton apt-
uol cav dpoloua TELOY 1 TE6GdpmY TeTpaywveY. Ilpayuatind tpdodo xdvel ¢° autd Ta
meoPhfuarta To 1747 dtoy avoxahinTeL OTL To YvoueEvo 800 aptucy mou elvar dlpotoua
TEGOdpwY TETPAYWVLY elvar enlong dipoloua Tecodpwy TeTpay@VmY. loylel howmdv 1

TUUTOTNTAL
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Av
m=a*+b0++d* xou n=p*+¢+r>+s>
T0TE
mn = A? + B> + C? + D?,
OTOU

A=ap+bg+cr+ds, B=aqg—bp— cs+dr,

C=ar+bs—cp—dq, D=as—br+cq— dp.
Hpogavag wylel xar

(09

Tov enduevo ypdvo €yel HO1 Aboel to TEdPANUa Tou adpolouatoc 800 TETEAYWMVWY KoL

mpoomadel vo anodetlet Ot

Kde puotxdg aptipds yedpeton ooy ddpoLopa TEGOARLY TERPAY K-

AZONY

xdvovtag yerion e Levddou mou ypnouwonolnce Yo 1o ddpocua 300 TETEPAUYWVMY XoL
/ / /’ /7 7 /7 / / 4

NG TORATAVE TAVTOTATAS TOU EYEL avoxaADPEL. TNy apyr) amodetxviel 6Tt xde mpwTog
’ / / / 2 /7 / / /

p Srowpel xdmoto ddpoloua TEOCdPWY TETEAYWVGY. ATOSEWVOEL XdTL TUEATAVW, OTL

Onhadr| yra xde TpwTo p 1) ooduvaula
2* +y* + 2% = 0 (mod p)

yet ulor un teTpLpévn hon (Snh. (z,y, 2) # (0,0,0)) xou, Ayo apyotepa, YEVIXEVEL,

amodetxviovTag OTL 1) looduvoulo
A2 + py? + vz = 0 (mod p)

EYEL UM TETRLUUEYT AUOT).
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+1

H napatfonon tou Euler elvar 61t 1 ouvdptnon = +— Az? (modp) molpver b dtat-

popetixés Twée (tny Twh 0 xow b un-toodivoua TeTpaywvixd urélona  (modp)
(8ec [2]). To ido xdver xou 1 ouvdptnon & — —pa? — v. Av dhec oL MNoelC fToy Ue-
g0 Toug StagopeTinég TOTE 1) wwoduvauio Yo elye meplocdTepE and p AUoElE, dToTo.
‘Apa undpyet ula xowr Aor, dnhadr uio un-tetpyuuévn Aon (z,y, 1) e woduvauiog

Az? + py? + vz = 0 (mod p).

Y11 ouvéyel tpoomoel var dellel otL xde mpTog p Tou Stonpet Eva dpoloua a?+-b*+c?+d?
ue (a,b,c,d) = 1 (uepol and touc a,b, ¢, d unopel va eivar 0) elvar xou o dtog ddpot-
OUd TECOdPWY TETRPAYWVKY. AUTO Tou xatagpépvel elvor va anodellet ot etvan dlpoloua

TEGOUPWY PNTWY TETOUYOVOV.

Hpdryuatt, €é0Ttw 6Tt aUTO dev Loy lEL Xt E0TW P 0 EAAYIGTOC TEWTOC TOLU SEV UTOPEL Vo
Yeoptel oav dlpoloua tecodpny ety Tetpaydvey. Eotw (a,b, ¢) uie un-tetoruuévn
Moo TN 22 4+92+22=0 (mod p). Onwe xat 670 ddpotoua 00 TETEPAYOVWY UTROUUE Vol
vrodécovue 6t 0 < a,b,c < g O¢touue N = a? +b? + ¢ = pN’, ondte N < %pQ eell
N < p. Ohot ot tpwtoL napdyovtee tou N' eivar UtxpdTepol Tou p. LUVETHDS Yedpovtar

oay ddpoloud TEGGARMY PNTWY TETEAYOVWY Xl GUVET®S xot 0 N/, Aoyw TNe YVwoThc

N
4 7 4 4 7, 7,
TAVTOTNTAC, OTTOTE P = ﬁ, O(ﬂpOLO{J.O( TECOARWY PNTWYV TETPAYWVWY.

Yto 1772 (neproodtepo and 20 yedvia apyotepa) mhpe o Euler tny mien anddeln mou
Tou €otethe o Lagrange. O Euler Cavamdveton ue to éua xou o uta davudota cpyascto
oto Nova Acta Eruditorium tou 1773, agol cuyyalpet xat” apyrv Tov Lagrange yua
Vv emTuylo Tou xan agol yoapaxtnellel Ty anddeln tou Lagrange “far-fetched and

laborious” divel Ty duxy| Tou xoudr| anddeiln.
4

Anodelén: ‘Eotw p nepittdc npwtog o onolog danpel to E a?, (ay,as, a3, aq) = 1 xou
4 :

=1
p ’ 2 2 N 3 2 ’,
0<aq < 3 [edpouue E ai = pm xou €yovue m < p. Av m = 2 tote Yo npénet dvo
i=1
and Toug a; va elvar doTiol xou 800 TEPLTTO!, OTOTE
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‘Eotw twpa 61t m > 2. I xde 7 ypdpouue

4 4
Z b? =0 (modm), éotw Z b? = mn.
i=1

Enedn (a1, as, a3, a4) = 1, émeton 6Tt 8ev unopet va eivon 6ha ta b; = 0 A £5. Enouévec
4
0< E by <m? = 0<n<m.
i=1
7 2, 7 , 4 2 4 2 ,
Egoapudélovue topa tny toutétnta tou Euler ota adpoiouata Y. a7, > ., b7 xou Poi-

OXOUUE
4 4
m2pn = E A2, ue A, = E a;b;, xou
i=1 i=1

AQ = Cllbg — agbl — Cl3b4 + Cl4b3 = m(Cle — Cgbl — 03b4 + C4b3)
(buotor tomot mpog o Ap i Az xar Ay). Enedf m?| A3, A3, AT xon mPpn, énetar ot
4

m?2|A% ondte A; = mB; xou pn = E B2.

i=1
Av d:= (B, By, Bs, By), B; = da, t6te d*|pn. Enedf 0 < n < m < p 1o d Yo npénet vo
sizou TEMTO TPOC T0 P xot To d? Vo Tpénet vat Stanpet To n. Oétouue n = d*m’, ondte pm’ =
2 4 4 7, ’

E a;” dpoloua TE0Gpwy TETPAYOVLY (a], ab, as, ay) = 1 xoaw pm’ < pm. Luveyilouue
i=1

ouota Uéypet mouv m’ = 1, dSnhady| To p ddpoloud TECOARMY UXERAIWY TETOAYDOVWY. O
Ilepioodtepo amd Evay auwva uetd Ty anodelln tou Euler, o Hurwicz édwoe uio anddeln
NG TEOTAGNE XAvovTaS Yeron TeTpadixwy aptiumy (quaternions). Ytnv mpayuotxdTnTa

mpodxerton Yo Ui ueTapopd TN amddelng tou Euler oty YAdooo twv quaternions.

[o toe amoteléouata tou Euler otn Ao e€iomoewy tou Pell Yo avagepdoldue 6to eno-

uevo Kegdiowo.

Me tov Euler yevvinxe o xhddog trg Oswplac twv Aprdumy mou yenotuomotel avahuTixéS

ued6doug xat, we ex TUTOL, ovoudoTnxe Avahutiny Ocwplo Aprludy.
Kot" apyfv elvon yvwot 1 yewuetpxr oelpd

1
1+x+x2—|—---:1—, v |z| < 1. (3.1)
— T
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Av O(VTLXO(TO(OTY]GOU[J.S TO T UE TO —T £)0LUE

1
l—o4+2° -2+ +- =11z v x| < 1. (3.2)

Hatpvovtag to adploto ohoxhfpwua xou twv 300 uekwv tng teheutatag PBploxouue

2 3

log(l—i—x):x—%Jr%—l—---, v |z| < 1. (3.3)

OuuduacTE TWeo To VEWPNU opiou tou Abel (Abel’s limit theorem, Abel-
scher Grenzwertsatz) ‘Eotw Z n)X"™ duvauooelpd ue axtivor oUyxhione 1 xou
Eotw f(x) = Z (n)X™ vy | X| < 1. Av 1 oepd ouyxhiver xou yio X =1 (Snhadnf av 1

o0 —
oed E a(n) uyx)\wa) T61€

n=

lim f(x ia

z—1-
n=0
Egoapuélovue tdpa to Yewpnua autd yia tny ouvdetnon f(x) = log(l + x) xou, agou

1
z:(—l)”’1 - — oLYXAIVEL, £YOUUE
n

0

1 1
log2)=1— 4= — - 4
0g(2) =1- 5+ (34)

Av ypddouue Akt Ty (3.2) yio to x? modpvouue:

1
14 22

=1-a?+2* -2+, J2| <1

H oloxhipwor twv 300 uekaov uog dive

x3 2P

tans =z — - + 2 ..z <1 3.5
arctanx = x 5+7 , |z (3.5)

o €@api6lovtac xot TéAL To Topandve Yemenua tou Abel tpoxOnTel 6Tt
QapHU c P enu e

(3.6)

7r 1 1 1 >
— = t ]_:]_—— — — — . = —
;= arctan stE & gz(

Ac Yewpricouue Thpa TIC GELEC
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H (3.6) uag diver tnv twur L(1) = 7.

H ¢(-ouvéptnom ((s) npopavde amoxhiver yur s = 1. Amodewxvietar edxola 61t 1
oo
1
C(s) = Z = ouyxhiver Yy s > 1 xou amoxhiver v s < 1. H anddeiln agrivetar cav
n=1

JoANCT CTOV AVIULYVWCTY).

7

Levviétar hownéy 1o gpdtnua motd eivon 1 tuh twv ((s) xar L(s) yw s = 2,3,4, - - [Ipb-
AELTAL YL Vol xAaowd epwTNUA UE To omolo acyohiinxav ot Leibnitz xou ov adeppol
Bernoulli mptv and tov Euler, ywplc duwe emtuyla. Axdun xau n edpeor xdnotag wpo-
oeyyloTfc Thc Yo To ((n) Aoy dVoxohn Aoyw e apYAS oUYXMONG TS TORATEYVE

SLYOLOGELRAIC.

Yta 1728 o Daniel Bernoulli ypdper otov Goldbach 61t to ddporcua tng

oelpds ((2) elvon “mold xovtd oTo 7.

O Goldbach ypnowonotel uio Tohl otoryewddn uédodo xau amavtd 6t to ((2)—1 Beioxetar

AVAUECA OTLS TUULES
16223 30197

— XU —,
25200 46800
dnhadn 0,6437 < ¢(2) — 1 < 0,6453.

O Euler yivetoaw yvootng tou mepeyouévou tne arinroypagioc twv D. Bernoulli xou

Goldbach xar oOvtoua divel uior ToAD xohbTERT EXTiUnOT
((2) ~ 1,644934

®(AvovTag WU YeHon Tou 0hoXANEOTXOD hoyiouol. Apyotepa Sivelr TOAD xahlTeRT

extiunon tou ((2) ue 20 dexadxd Prplo:
C(2) ~ 1,64493406684822643647 - - -

Atver eniong Twwéc v ((3) ue 15 dexodued dnpla, ((4) ue 16 Sexadued dnpla xodde

xow TNV ofuepa ovoualouev “otodepd tou Euler” ue 16 dmelo xor 1o m ue 15 Sexadixd
dneola.

Y1a 1735 o Euler ypdoel:
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“IToAb Sovherd €yer yiver yia tn oetpd ((s) xow paivetan OTL Elvor

’ ’ ’ 4 ’ ’ ’

dVoxoho va Bpel xavelg xdtt xowvovpyro. Kow eyw o idiog, moapd
2 ’ 2 14 2 ’

TLG EMAUVELAANUEVEG TLROOTIAIELEG OV, BEV UMOpECA VoL Bpwd TLmOoTE

TEPLOCOTERO ATO TEOCEYYLOTLXES TLES YL LERLXE N. AUTO Uéypl

npbcaTa, mov, exel mou Bdev To meplpreve xavelg, avaxdAuvda Eva

ToA) 6uopgo TOTo YLa To ((2).”

O tYmoc mov ocvcxxd()\uq)s o Euler vtav

Atyo apyotepa avaxdiude TOTOUE TNE TWNC TNS C(s) Y Ghoug Touc dpTLoug (puCLX00g

2n.

AN\G ¢ népouue ta npdryuota pe T oepd. ‘Eotw f(z) = 1 6oL z €36 ULYAdLXOG

eZ _
apluog. H ouvdptnon elvon avahutixy yio |z| < 27 xou cuveETOC uTopoVUE va Bpolue

T0 avdntuyua Taylor authc yio 2 = 0:

Ogiowog 3.1 Touc ouvtedeotéc B, Ya touc Adue aprdnots Ttou Bernoulli (Orr) Uvi-

un tou Jacob Bernoulli).

[o¢] [o¢]
Z" B, ,
n n
%0t MOY® TOL YVOOTO) YEpUATOC TOL Uag AEEL OTL UTOPOVUUE VI TOANATAAGIAGOUVUE S0
amoh)TWS GUYXAVOUGES GELRES OIS XL ToL TOAUOYLUA, TeoxUTTEL: By = 1 xan yio xde

n>1

n—1

- Bk 1 Bk n!
ﬁ .

_— = Bn:— —-7.
CEES L B (n—k+1)]

Cp —

(3.7)

‘Eyouue howmév €vay avadpoutxo TOTO and Tov omoio Byalvel To GuUTERAGUI OTL OL

apruot Tou Bernoulli elvon pntot apriuot.
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Ac vnoloyiloouue uepxolc an’ autols:

1 1 1
Bi=1. B =L =Y p_0p-_1L
0 ) 1 27 2 67 3 07 4 30
1 1
B-=0 Bi— — B.—=0. Be— —— DBo—
5 =0, Bg 1w B 0, By 30" Do 0
5 691
Biy=—, B;; =0, B _ .
10 = g5 Bu , Bia 5730

O Euler uroldyioe 6houg toug By yiok < 30. O aprduol Tou Bernoulli yenoworowobvton
oYL u6vOo o Tdpa TOANS xe@dhona TNg Ocwplag Twy Aptdudy, aAld xou o dAhoug xAddoug
v Madnuotay, onwe m.y. 1 Alyeleur Tormohoyia. Emxpatel 1 aiodnorn 6t éyouv

var xdvouy Ue mdpa ToAd Bordd xou omoudaia mpoBiuaTa.

Av tdpa ToAamAACLEGOUUE TN oyEon

n

1
!  pB- 1!
Zk!(n—k+1) e=0pe (n+1)

k=0
Beloxouue
~ 1
Z (n—I: > Br =0 yw xdde n > 1. (3.8)
k=0

Av topa yo P(X) = Z ar X* yenoworotioouue tov cuuBoloud

k=0
P(B):=) B
k=0
T61€ 1) (3.8) unopel va ypapTei:
(1+B)""' —B" =0, n>1. (3.9)
Ané Tov mivaxa twv B, @aiveton 6tL Yo mpémel va oy el
B, =0 yw xdde negrtto n > 1. (3.10)

Anodelgn: ‘Eyovue

d o B N Be
ez—l_zﬁz onote 62_1—]622?(—1)2/.

0
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A(poupo’)vwg xatd uEhn Talpvouue

oo oo

63—1_6_3—1_2 Z FZ——Z+2 Z FZ
k=1(2) k>1 E=1(2) k>1
Enewdn
z -z oz n ze? oz ze?
e —1 e~z —1 e*—1 1—er e*—1 e—1
2l —e®) ~ Bi,
E=1(2) k>1

= B, =0, yw xdde neprrté n, n > 1.

Ov aprduol Tou Bernoulli eugaviotnxay yia et @opd otov T0R0:
1
P42k 4o (n—1DF = ——((n+ B)¥' — BF), (3.11)
k+1
Mok =1,2,3 o tOnog autdg didel avtioTtorya adpolouata

1 1 L, 2
§(n— 1)n, én(n— 1)(2n —1), 1" (n—1)°.

Anodelgn: ‘Eyovue

e —1 z 2. r > T
: =) 7%= Z —F = Z( —) 2k
z e? — 1 ! !

e —1 z 2L pstlys =B, ,
:  ei—1 (;(erl)!)'(ZFZ
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Holhamhaowdlovue ue k! xar taipvouue

k
1 (k+1)!
k — s+yB
2" (k+1);(s+1)!(k—s)!n s
k
1 k+1\ . 1 i
= B, = B)F — B,
(k+1) 50<s+1>n g (k+1)((n+ ) )

Epybuaote topa oto mo gruiouévo Yewmpnua tou Euler.

Ocedpnua 3.2 Ioylet

— 1 2771 Bog| oy,
R =D = "
n=1

v xae k =1,2,3,... Idwitepa yia k =1,2,3 éyouue

1_7r2 f:l_ﬂ‘l 1_7r6
n2 6’ nt 90’ né 945"

n=1 n=1 n=1

o0

Amnédeldn: Ou ypnotwonoioouue (ywpeic anddelln) éva anotélecua tne Vewplag twy

ULYOdIX®Y CUVORTHCEWY, YL TNY GUVEQATTOUEVT

" 1 1
cotmz = — .
e z+nz::1<z+n+z—n>

(O evdgpepduevog avayvodotne unopet va det to [1], oehida 189.) Oétovue z = 2ix otny

1 xat Beloxouue

ez_
2ix Br ... & ~=2F"B, ,
g1~ L m
k=0 k=0
o
= 1—23:—|—Z (2h)! )

00Tt By = 0 vy xde £ mepttto xon yvnolwe ueyakitepo tou 1.

And v dhhn uepld

eiz+e—im
cos T 2
rcotr = x =z

. ' eim_efiw
sine " ()
2+ 2 — 1 2ix .
T g2iz 1 p2iz _ | +w

= iz
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X0l ETOUEVWC:

22k BZIC 2k

xcotx—l—l—z

o 2 = 72, ypdyouue Twp:

=~ 1 1
reotr = 7TZ(COt7TZ):1+ZZ +

zZ+mn Z—n

n=1
T — 1 1 > 1 1
) S
TS \z+tn z-—n — \r+7mn T—7Nn
00 22
= 1 2 _— -2
0 2 0 2k
= 1- Z 3 Z TS (Yewuetpxh Tp6odoc)
n=1 k=0
S S 1 l’2k+2
= 1-2 Z Z ks | ok (ambhuty obyxhion)
k=0 \n=1
Yuyxplvovtog Toug GUVTEAESTEC TV 8U0 TOPACTACEWY TNE & cot &, TAlpVOUUE:
f: 1 B 22k_17T2k(—1)k+lng
— n2k (2k)!

O

[pbogata, o Apery anédee 6t o ((3) eivon dppntog (1980). I Ty twuh tne ¢ ouvdp-

7 7 7 (44 7. 4 99 Z 4
TY]GT]C ((n) OTOL T TEPLTTOC, EYOLUE ""UAVOA UECAUVLYTA " UEY QL OY][J.SPO(.

O Euler anédeie 6t (yro s > 1)

=TI —=

1
P TEWTOG p°

7 7 Z 7 4 7 2 4 7
XA YPYNOLUOTIOLNOE AUTY) TT) GYEOT) YL VA O(TEOBELEEL OTL UTLARY OLY ATLELEOL TTEWTOL O(pLﬂ{JOL.

Kdle mapdyovtag tou 8ebTEpou UEAOUC TNG TUPATAVL LOOTNTAC YEAPETAL:

1 1 1 1
T :1+_8_|_Ts_|_..._|_?_|_...

1= p’p p
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1 onola TPOYAVMS GUYXAVEL ATOALTA YL P = Pi, P2, P3, - - - OTOU
2=p1 <3=pa<p3<--
1 axoAoudia TWY TEWTWV.

Kot" apyde napatnpoiue 61t

p>n p® p>n
< I <1+3> s
> ») =

p>n

A6 v dhn ueptd oy deL:

1 1
= 3.12
H 1_% Z (ptlnpgz”_pgk)s ( )
p<n p (a1,a2,,a;)ENF
OTOL P1, P2, +, Pk OL TEwTOL apuiuol ot utxpotepol 1 iool ue n. To Yeuehndeg Vemprnuoa
e aprdunTnhc udc eCacparilel ot
1 1 1 1
Lttt < [T <c) <oo
p<n P
, 1
onote ((s) :H —T
P p
Av thpa unhpyay U6vo menepacUévou TAfIoug TewmTol apriuol ToTE:
1\ 1
H (1 — —> < 00.
> p
And v dhhn ueptd duwg
1 —1 00 1
O(-1) e spre =3t
p p p n=1 "
To dromo autd uag diver dAAn uio anddelln 6Tl utdpyouy &retpor mpwmtol aptuol. O

7 /7 ’ 7 /7 7 1 ’
MTEOpEL axoun va OLTEOSEL%EL XQVELS OTL 1) OELRA E — otoXALVEL.
pelP

M dueon ocuvénela autol etvan 6TL oL mpwToL apruol eivar mod muxvol and Ta Téhel

71.2

o0
4 4 1
TETRAY VA, OLOTL E 2= < 0.
n
n=1



58 Ocwplo Aprducdv xatd Tov 17° xou 18° audva

1
Puowd 1 oeLpd E — anoxhivet Toh0 apyd. To uepd dipooua uetd amd 50 exatouupta
4 4 /pe]P 4
OpOUC Elvar axXOUT| ULXPOTERO Tou 4.

‘Eva toh) onoudaio mpdBinua elvon 1o mpdBAnua TS xaTavouric ToV TV apumy.

‘Eotw x > 0 xou 7(x) 1 cLVdETNoT ToL Uag divel To T Yog TV TPWTWY aPWUKY Tou dev
Zemepvoly Tov . Ilpogavie m(x) — oo xadde x — oo ot UTdPYOLY ATELPOL TEWTOL
apriuol. H ovuneplpopd tne m(x) ooy cuvdpetnorn tou & anetéheae avTXelUEVO UEAETNS
pnutouévey Madnuotixwy 1817 ard tov 19° awwva. And nivaxeg mou €gtiaday yia vo Souv

v ouunepupopd e m(x) or Gauss (1792) xou Legendre (1798) dtatinwoay tnv ewxacia

’ x 4
6t m(x) elvonr ACVTTWTLXYR TEOC THY i Snhadt
0gx
tim .

T—00 T -
log x

[o mpwtn @opd amodelytnxe ota 1896 and tov Hadamard xou tov de la Vallée Poussin
ue ypron uéowv tne uryaduic avdiuong. Mio otoyeiwdng anddelrn d60nxe ota 1949

ano tov A. Selberg xau, ave€dptnrta, anéd tov P. Erdos.

Yny npoondietd Tou va MooeL To TPOBANUA Tou cpolGUATOS TWY TEGGHPWY TETRUYOVWY

oo

o Euler Yewpel ) oepd f(x) = Zx”Q, 1 omola TpoavdS cuyxhivel Y |z| < 1 xo

o0 n=0

nodpver v f(x)! = ZT(n)x" H 7(n) vac delyver xatd mécouc tpémOUC UTOpEl Vol
n=0

Yeaptel 0 n cav ddpolcua TE0GdpwY TETEAYOVWY. Tar var arodeilovue Aowmdy oTL xdie

puotxog apude elvon dipoloua TEcodpwY TETPAYWYWY apxel va del&ouue To 16odLVAUO
7(n) >0, VneN.

Auté dev 1o xotdgepe o Euler. To anédeile o C. G. Jacobi (19°¢ audvoc) xdvovtog
yerion tne Yewplag Twv eEAELTTIXWY cuvapTHoEwy. Bhénovue mdviwe mwe €vor xadapd

apuNnTXd TEOBANUA UETAPEQETAL GE EVal AVaALTXG TEOBATUAL.

H 3¢ 6uwe tou Euler etvor moAd o yevier. Mio Suauépron evog uoxol apriuol etvor

uta mapdoTaon Tou apruold cav dipotcua Puoxay apriuwy. Ao duepioec Vo elvor
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{Bieg av Sragépouy UbvVo oTr) oepd TV TpocleTéwy. Mnropolue howndy va unodécouvue

oTL oe ula Sluépton Tou n =Ny 4+ ng - - - + Ny WOYOEL Ny > Ng > - > Ny

‘Eotw p(n) 1o thidoc tov dtaueploewy tou n (n.y. p(2) =2, p(3) =3, p(4) =5, p(5) =
7). H évvola tne dtauéptone oplotnxe oe éva ypduua tou Leibnitz mpog tov J. Bernoulli
(1663). Eivow mdpa mohl dGoxolo va utohoyicovue to p(n) yio tuyoio n. H p(n) eivon
uta apriuntier cuvdptnon. e xde apruntiny| ouvdptnon f : N — N o Euler opilet uta

generating function tng f

Zf ", ue f(0) ==

Av f(n) dev TAnotdlel Tpog 10 00 xS UEYUAMVEL TO N, 1) OELRd el Wia VeTunr axtiva

obyxhone. T f = p n oxtiva obyxhong eivon 1. O Euler anédeile to

Ocwenua 3.3 a |z| < 1, woylet

XAL UEQLXA YPOVLAL 0PYOTERX, TO

Ocevpnua 3.4
nd iy 3624k
Hl—x Z(—l)kx 7 .
m=1 k=—00

O Jacobi Yoy xar mdht autog Tou €dwoe TNV TEWTY fpuowr’ anddellrn Tou TEAELTAlOU
VeWPHUATOS XAl AUTO EYIVE XaL TUAL UE TNV YeHom TNE Vewplag TV EAELTTIXWY GUYVIRTH-

OEWV.

Mo mapathenon tou Euler ¥rav 61t ov aprduol
d=1,2,34,5 6,78, 09,10, 12, 13, 15, 16, 18, 21,..., 1320, 1365, 1848

(to mAAdoc toug elvar 65) €xouy Ty eZhc WbTHTAL:
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Av ab = d xow av xdnoLog apLIdg YRAPETAL XATHL TPOTO LOVASLXO
cav az? + by? pe (az,by) = 1 téte 0 oELdUOS awtds Yo elvor Tng

poppng p, 2p N 2F 6mou p npdTog apLdubs.

[Swaitepa xdle meprttdc aprdude ueyahitepog Tou 1 mou ypdgpeTo Lovadnd xat” autd Tov
Te6T0 elvon mpwdtog. O Euler pog diver to nopdderyuo d = 57. O 1000003 ypdipeTon
uovadixd cav 19 - 82 + 3 - 5772, cuvende etvan mewtoc. o d = 1848 o 18518809 €yel
uovadxy| TapdoTao 1972 4 1848 - 1002, Onhadt| etvon Tpwroc.

Ov apriuol avtol d Aéyovtow numeri idonei. Méypl orjuepa elvon dyvwoTo av umdpyouy

%ol GAAOL, EXTOC TwV 65 YVwoTwY, numeri idonei.

Mo dAin mapathpnon tou Euler Arav 6t ol Tiuég Tou tohuwviuou
2?4+ x4+ 41

vz = 0,1,2,---,39 eivar mpcdytoL apruol. To govéuevo Vo e&nyniel oto emduevo

/
AEPAAALO.

’ Ja ’ ’ I3 ’ 4
Yav tehevtalo avagépouvue TNy exacia touv Euler 4t v dropavtixy eglowon z° +
yt+ 2t = w' Sev éyer YeTixnR axépono Moo, anodelytnxe npdopata Addog. O

Noam Elkies xdvovtag yefion tou computer tou Harvard, Berixe uta Aoon to 1987, tnv:
1682440" + 15365639 + 18796760 = 20615673".

Ty o ypovid o Roger Frye, xdvovtag xar autde ypron niextpovixol unoloyoty|, Berixe

Y o Wixpr) Aoon Tne Tapandve e&lowong

95800* + 217519* + 414560* = 422560*.
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Josef Louis Lagrange (1736-1813),
Adrie-Marie Legendre (1752-1833)

O Lagrange yevviiinxe ota 1736 6to Toupivo. O natépac tou elye yarlwr| xotaywy
xa ) untépa Tou ttokxr). To evdlagépov Tou meplopll6TaY OTNY 0Py OTNY UERETY TwV
ANACUWY YAWOOWY, Womou €nece ota yépta Tou ulo epyacia Tou Halley. e cOvtouo
Ypovd didotnua UEAETNOE ot TAdTOC Xt G Bdog OAn Ty avdAuoT Tng enoyng. Yto 19
TOL YEovia €ytve xonynTAC TS Baothiric Xy ohric TTupoPoiixol tou Toupivo, 6mou xow
¢uewve mepl tar 10 ypedvia. H mopouov tou oto Toupivo Staxdmnxe udvo amd Evar Talid
Tou éxave mepl o TEAN Tou 1763 oto Ilupiol dmou xan yvwplotnxe ue dhoug toug I'dhhoug
Modnuatixote g emoyrc 6nwg Clairaut, Lalande, d” Alembert, Condorcet. O Clairaut

mepLyedgpet Tov Lagrange oe éva ypduuo tou mpog tov Daniel Bernoulli, w¢ e&7c:

l4 L4 L4 2 L4 2 2
Evoag veapds, agLonpdoextog OYL (LOVO YL TO TAAEVTO TOL AR %ol
YL TNy TaneLvopeocivy tou. To taunepauévto Tou elvan Meero xon

EAay Y OALx6. Aev yvwellel dAAn suyaplotnoT extdg TNg UEAETNG.

Me tov d’ Alembert dpytoe adinloypagio 1 omolo xpdtnoe uéypet to Ydvoto tou d’
Alembert ota 1783. Me npotacn tou d’” Alembert, diwadéydnxe o Lagrange tov Euler
oty Axadnuia Entotnudv tne Hpewootag (Bepohivo) oto 1766. Xta 1787 eyxatéleupe

61
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T0 Bepohivo yia Ty Axadnuia twv Hapolwv. Edewpeito, uetd tov Ydvato tou Euler, o

mo ueydhog ev (o) Modnuotixdc.

Kotd tn Sdpxeta tne Faddwrc Enavdotaong €yace 800 and toug xahitepoug gihoug Tou,
Tov Lavoisier xat tov Condorcet. H cuvelsgopd tou unfple onuavtixy otny AvaluoT xou
Waitepa 0ToUC AAEABOLE TOU AoYLoUO0) UETUB0AMY, SLapopx®y eEIGMOEWY XL UMY AVIXNS.
Y10 Iaplol Sev aocyoheiton ue v €peuva, aAld diddoxer otny Ecole Normale xou otnv

Ecole Polytechnique uodfuota mpwtomoplaxd Yo TNy ET0Y T ToUS OTKC:

e Theorie des Fonctions Analytiques (1797)

e Lecons sur le Calcul des Fonctions (1806)

ITpog tar tehawtalor yedvia Tng Cwhc Tou avohoufBdver vo Covorypddel Tny

e Mechanique Analytique (1788), ahld dev npohaPaiver va TelewdoeL o €pyo Tou.

[T¢Yave otig 8 Ampuhiou tou 1813, Twurvnxe Wialtepo and tov Narmoréovta xan tdgnxe

oto I1dvdeo.

Ye avtieon npoc tov eviouctacud tou Euler mpoc tic avaxolidec tou, o Lagrange

/ / 4 7 / /7 / /
YapoTaY TO TOAD TIG avoxaAUDES Ty dAAwy. Ye éva ypduuo Tou otov Laplace, ypdepet:

IToA) peyalitepn yopd o divel 1 SoLAELL TV AAAwY, ot avTlde-
OY) KE TNV MPOCWTLXY KoL S0VAELA and TNy onola MoTE dev elpron

ELYAPLOTNUEVOG.

H Soviewd tou oty Ocwplo Aprumy €yve xatd to ypdvia TN TopaUovic Tou 6To Be-

cohivo. ITpdxerton yia xuplwe 3 epyactec:

e Solution d’ un probleme d’ arithmetique (1768), otnv anofla o Lagrange ueketd

Ty e&lowon x? — dy? = 1.



4. Josef Louis Lagrange, Adrie-Marie Legendre 63

e Demonstration d’ un theoréme d’ arithmetique (1770), 6mou diver Ty npdd TN and-
detln 6Tt xde QUOWHS YPAPETAUL oY POLoUN TEGOUPWY TETPAYWYWY, AXEQULWY

aprueY.

e Recherches d’ arithmetique (1773), otnv onofo 0 Lagrange avonticoet Ty yevixh
Vewpla TV TETPAYWVIXWY U0pQ®Y ard TNy omolo ooy EWES TEQTTWOEL Sivel Ta
aroteréouata Tou Fermat yiu tnyv mopdotaor mpdtwy dpdu®dy and TG UORPEC

2?2 + 2y% xou 2% + 3y2.

Ou Lexwvioovue and TNy Tekeutalo epyacia Tou 6TV onold AVATTUCOETOL CUOTAUATIX
uta TAfeng aprunTie Yewpla 1 entdpacr g omolag oty avdrtuln e Ocwplog TV
Aprumy xon g AhyePpog dev umopel va nopayveplotel. Ewootrmévte ypdvia apyotepa
n Yewpla twv (binary) tetpaywvixtdv uopeov thce ano tov Gauss (oyeddv) tnv telw

™G Lop@Y. LNy avdmtuln g Yewplac Yo yenotuorotioouue tnv opohoyia tou Gauss.
O Lagrange Aownov mopatfienoe 6Tt unopel xoavelc vor UEAETHOEL TO TEOPANUN NS Tod-
OTAoTG EVOS YUOLXOD aErlU0) UECW ULES TETRPAYWVLXNG (LORPNS

¢(X,Y) =aX?*+bXY +cY?, (a,b,c € 7).
Levixd: Oo Aéue bt 0 apriude m naplotaton and Ty teTpaywvxr uoper ¢(X,Y) tdte

X0l UOVOVY TOTE OTaY

x,y) ELZXZL: q(z,y) =m.

Yyedov avtrypdpovtag AEn mpog AéEn tov Lagrange amodewviouue to

Octpnua 4.1 Fotw ot o 1 elvar évag Slonpétne xdmolou aptduol mou naploTaTal ATo
v tetpaywvixt uopph q(X,Y) = aX? + bXY +cY? yia X = xo, Y = yo, (v0,90) = 1.
Téte xar o v umopel vo mopactadel UECW ULAS TETPAYWVIXTC [LOPPTC Q(X,Y)=AX 24
BXY +CY? yio X = X, Y =Y, (X, Yo) = 1. Ioylet 8¢ xou B* — 4AC = b* — 4ac.

Andbdeldn: ‘Eotw rs = axd + broyo + cyg xou éotw t = (s,yp), dnhadh, s = tu, yo = tXp

xou (u, Xo) = 1. Auto uag diver:

rtu = axj + bxotXo + ct’ Xg,
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Snhadn tlaxs. Enedf (o, yo) = 1, éneton 61t (¢, 20) = 1. Autd omuaiver 6Tt xat” avdyx

tla, éotw a = et. Av tdpo dapécovue xon T dVo UéNN ue t Bploxouue
ru = exj + brg Xy + ctXg.
Enedr) u xon Xy etvor mpcdTol uetald toug unopolue va yedhouue o gy 6Tr Uop®t
ro = uYpy + wkXy
omote 1) tehevtalo eiowor yiveto

ru = e(uYy+ wXp)® + buYy + wXo) Xy + ct X3

= (ew? +bw + ct) X§ + (2euw + bu) XYy + eu?Yy.

Eredq (u, Xo) = 1 xon ul(ew?® + bw + ct) X§ npoxintel 61t ulew? + bw + ct. 'Eotw

2+0b t
A::w, B :=2ew+b, C :=ew.
u

H teheutaia oyéon yedpeton

r=AX]+ BXY, + CYy ue (Xo,Yp) =1,
Snhadh o r maptototar and TNy Tetpaywvxh wopph Q(X,Y) = AX? 4+ BXY + CY2
EOxoha Swamtotdver xaveic 6Tt 4AC — B? = dac — b2. O

O Mue 6t 0 m maplototon yvhore and Ty tetparywvixy uopgt) ¢(X,Y), av undpyouv

(x,y) €EZ X Z, (x,y) = 1 tétot0t wote m = q(x,y).

O m Yo héyetar Srawpétng tne tetpaywvixic Loperc ¢(X,Y) 6tav o m eivon Stoupétne
xémoou opluol s tou Taplotatoar Yvhora and v ¢(X,Y). H éxgpaon dac — b* Yo

Myetaw Sraxpivovoa g tetpaywvixic Lopehc ¢(X,Y).
To Yewpnua 4.1 unopel Twpa v Ypagel we e€Rg:

Ocevpnua 4.1: Av o m elvon évag SLOLEETNS TNSG TERPAYWVIXNC LOP®TC q(X,Y) téte xou

o m moaploTtaton yviola amd ulo TETpaywvixy| Lop®h Tng (Blag Staxplvouscag.
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Yo emdueva avtl e tetpaywvixhc wopehc aX? + bXY + ¢Y? Yo Jewpolue v mo
WL TETPAYWVLXT) LORPY
aX?+20XY +cY?.

To Yewpnua 4.1, 4.1" oylel ot 0 B elvon dptiog oy xou u6vo €dv o b etvan detiog uta

xou B = 2ew + b.

Mrogolue todpa v YedDouUE THY TETPAYWVLXY) LORYT GOV YLWVOUEVO TLVAXWYV:

b\ /X
X2+ 2XY + V2= (X. V) [ ¢ .
aX”®+2b +c (X, )<b c> <Y>

[Hapatnpodue otL xdde TETPUYWVIXT UOPYT TEQLYPAPETAL TARPWS UG TOUS GUVTEAEGTEC
™e a, b, ¢ f xahltepa Uéow evic 2 X 2 mivaxa twy ouvteleotodv. Me ¢(X,Y) Yo ouuPo-

MZOLUE TNV TETPAYWVIXT| LOP®T aX?+2bXY + cY? xau ue

A = det <a b) = ac — b
c c

Yta endueva Yo urtodétovue ndvta 6Tt A # 0.

Avo tetpaywvixéc ¢(z,y) xou Q(X,Y) da Aéyoviar tooddvoueg av 1 uio umopel va
Swoel TNy AN UECw EVOC AVTIOTEEPUIOU aXEQUIOU YPUUUXOU UETACYNUATIOUO) TV

UeTABANTGY, dnhodh

X =ax+ Py <a 3
ue

€ GLy(Z)
Y =~z + 0y Y 5)

6mov G Ly (Z) eivio 1y oudda tov avtiotpediuwy axepaiomy 2 X 2 mvdxwy.

Or teTpaywVixéc Lop@Ec Yo AEYOVTAL YVHOLAL LGOSV VOLES oV LOYUOUY TA TUQATAV® YLl

mtivaxec

<j ?) € SLy(Z), dnhadr <j ?) € GLy(Z) »ou det (j ?) = 1.

Trd uop@y| Tivaxa, 0 UETACYNUATIOUOS YEAPETAL:

()= 9 G) e
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(o) () = en (S )G AE D)
- w3 ) ()

A B
Qote d0o mivaxec (Z b)) <B C> opilouy Loodlvaueg (Yvhoia toodbvaues)
c

TETPAYWVLXES LOPPEC TOTE XU UOVO TOTE HTAV

Trdpyer T € GLy(Z) (T € SLy(Z)) tétowo wote

A B a b
=T T
(5 ¢)=m(} o)7
6mou T* 0 avdotpopog tou 1.

H évvola tng wooduvapuiag (ocvriorm)(oc Yvriolog Loo&)vcxpiocg) elvar oyéon wwoduvapulog.
H anédeiln agpriveton cav doxnorn otov avayvwotr. Ioodivaues nopgéc nopiotoly Toug

t3touc aprduoie xon €youy Ty (Bta Stoxplvouca ot toylet (det T)? = 1.

Mo tetpoywvix| wopph ¢(z,y) = az? + bry + cy? da Méyeton Fetixh (opvnTixn) oy
q(z,y) >0, Vo,y € Z (q(z,y) <0, Yo,y € Z). Av uio uoper elvar Jetiaf 1 apyntxd

Ya Aéyetan definite, ol Yo Aéyeton indefinite.

Av yodhouue
2 2 b 2 o U,
q(z,y) = ax® + 2bzy + cy” = a(x + ay) + cy® — —y
BAémovue 6t g(x, y) elvar Vetier| av xan uévo €dv (A > 0 xar a > 0) avtiotorya (¢(x,y)
etvar opvTd av xon Uovo edv A > 0 xon a < 0), eved ¢(z, y) elvon indefinite av xar ubvo

edv A < 0.

7

Yta emdueva Yo tepLoptoTolue Uovo ot definite tetpaywvinéc poppéc. O Adyog elvan 6TL

ot indefinite cuurepLpépovTal eviehws dtaopeTind and Ti¢ definite.

Av twopa g(z,y) = az? + 2bzy + cy? Verxd), eTpaywvixf, Lopeh, Tote A > 0 xou a > 0.
Av v tolamhaotdoovue Ue o —1 Bploxovue Ty TeTpaywvxd wopwt| ¢'(z,y) = —az® —
2bry — cy® ue Ty B Swptvouca A = ac — b? > 0 xaw @' = —a < 0, SnhadA ¢'(z,y)

elvow apvnTiny).
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Hopatnpotue 6t av ¢(z,y) elvar Yetnh tote xou xdde yvAoia 10odivaurn mpog authv
elvon enong Vet Apxel Aotmov v UEAETHOOUUE TIC XAdoELS Looduvaiog JeTLX®Y
TETPAYWVLXDY LORPPOV.

O eVBLAPEPOUACTAY VO EYOVUE EVA TAPES GUCTNUNL AVTITPOCHOTMY TWY XAJCEWY, dNAadT
utar uédodo ue v onola and xdde xhdon Yo unopodoaue va Stahéyouue axpBng ula
TETPAYWVLXY) LORGT.

Optlouue xat apyfiy avaywYES TETEAY WVLXES LOPPES EXEIVES TWV OTOlWY Ta oToLYEld

, a b , , a a ,
Tou Tivaxa ; TANEOUY T GYECELS —3 <b< Y < ¢ xa, av a = ¢ TOTE
C

0<b< 2
2

Ocdpnua 4.2 Kde Jetva] tetpaywvier] uoppr Q(X,Y) eivar yvijouo woodbvaun mpog

ula avaywyn xon oe xaje xAdorn iooduvoulag vrdpyet axelB¢ uio avdryw Téloc Loy et
1 Ywyn n ULoxe eX PLWC | Ywyn. c oy

a§2\/% (A == ac — b*).

A B
Amnoédeldn: 'Eotw Q(X,Y) tetpaywvixs uopey| tou diveton amd tov tivaxal (B C> xa

€0Tw OTL 0 a elvan 0 ENdYLGTOG PUOXHS aprudE, SLdPopog Tou UNdeVHS, Tou TaploToTal

and ™y Q. Anhady undeyouy (Xo,Yy) € Z X Z, a = AX? + BX,Y, + CY?. Adyw
v Q. Anhadh) urdpy ) ) 0 0 A

/7

oTl

e unddeong v tov a Yo €yovue (Xo,Yy) = 1, dnhadh n napdotaon Ya eivon yviow.

Enouévoc undpyouv (a, f) € Z X Z tétow dote aXy + Yy = 1 xow enouévee

T = <i(; 52) € SLy(Z),

omote Bploxouue xdmotov xovoleylo mivoxa mou opllel YvAola 16odlvoUTn TETEAYWVIXY

uopQY|, TOV

(A B (Yo Yo\ (A B\ (X0 -8\ _(a B
B C -0 « B C Yo « B
1
ue B',C" € Z. Emavodloufdvouue 1o (B0 tdpa UE xdmoto mivoxa (k (1)> € SLy(Z),

1 0 a B\ (1 k\ ( a  B+ka
E 1)\B ¢ )\o 1) \B+ak * '

k € Z. 'Eyouue
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Awléyovue 10 k € Z €étoL Gote —% < B'+ka < % xou Oétovue b := B' + ka,

a b

¢ = *, ONOTE 0 Tivaxac (b > elvat, AOY® XATAGKEVHC, YVHOLAL LOOSUVAUOS TPOS TOV
c

B C
and Ty Q(X,Y) yiu X =0,Y =1, evd 0 a eivar 0 eNdytotoc U auth v Wdtnta). Av

) € SLy(Z) :

A B
< , Thnpot Tic —% <b< % xou a < ¢ (n teheutala aviodTTa, 6Tt 0 ¢ naploTaTa

0

Twpa ouuPel a = ¢ xou ebvan b < 0 T6TE YpnoouoToloVUE Tov Tivaxa

G )G )G =00

L, , , A B a a
xaL o tehevtalog elvar YVAGLA Lood0VaU0S TPOg B C ue —— < b < 3 a < ¢ xou av

a=c, t10te b > 0.

Arnodeiloaue hotmov uéypt oTiyunc 6Tt xade Vet TETpaYWYLXY Uop@T| elvar 1oodhvaun

TEOC Ulol vy wym.

Oa anodeilouue Topa xat T rovadixdtnta. Ot dnhadr av 500 VeTinés TeTpaywVIXéC

LopPEC elvar avdywYES xaL YVAGLA LoodUVaUES, TOTE xaT avdyxn ot nivaxeg elvan (oot

’ /4 7 7/ a/ b 4 / 7 4
Kat" apyriv arodewxviouue 61, av (b > avdywyog, TOTE 0 a elvor 0 EAIYLOTOC (PU-
c
oo aptduodg, dlaupopeTinde Tou UNBEVOS, Tou TUPloTATUL OTO TNV TETPAYWVIXT| UOP®T

QR(X,Y) =aX? 4+ bXY + cY?, dnhadf 0 a opiletar LovoohHuava.

b
Mpdryuott, ov ¢ d> avdywyoc, tote 1 tetpaywvixh uopph Q(X,Y) diver tiuéc
c

Qz,y) > a yw x,y €Z xor awtd STt

o [ 0 < |z| < |y| éneton 61t 2bzy + cy? > a, dnhadh Q(z,y) > ax? > a.

e a0 < |y| < |z| ouvendyeton az? + 2bzy > 0, enouévwe Q(z,y) > cy? > a.

e oz =07Ry=0:¢énctn 6t Q(z,y) > a.
[No z = £1, y = 0 Beloxouue tdpa OTL TapdyUATL 0 @ €lvol 0 EAAYIGTOS QUOIXOC TOU
ropiotaton and v Q(X,Y).

Av tdpa woydera < c tote oL Twéc © = £1, y = 0 elvar oL UGVES TWIEC TOU oG ETLTRETOUV

VoL THPOLUE GaY TWY| TNE TETRPAYWOVIXNC LOP®NC TNV EASYLOTY TWH a xat auTtd SLOTL
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o T |z| > 1 xou y =0 éneton 61t Q(z,y) = az? > a.

o N,y #0,avz >y > 1éyovue ax?+2bzy+cy? > cy® > a, evor ov y| > |z| > 1,

wylet ax? + 2bxy + cy® > ax® > a.
‘Eotw Topa 6Tl 0L TETRAYWVIXES [LOPYES TOL AVTIGTOLYOVY GTOUS TiVaXES
a B y a b
o
B C c d
s 14 14 7. 7 7 4 s a /8
elvon avdywyeg xou yvhota loodivoues. Trdpyel Aowndy Evag mivoxog (’Y 5
a B  [a v a b a f
B C) \p ¢ c d v oo

ac®+2bay? +cy?
* *

> € SLy(Z)

TETOLOC WOTE

— a = aa’ + 2bay + Y’ = (7 =0, a = £1).

(5 o)~ (5 S0 3)( )=

4 4 ’ a B
Enewdy| 8¢ xar o 800 mivaxeg xau elvar avdywyotl, énetat OTL —5 < b,

Enouévemg

B< g ombre Vo mpérmer § = 0, Sﬁmf] B= b.

Ané ) oyéon téhoc AC — B? =ac— b énetn 6t c =C Onhady
A B\ [(a b
B C) \b ¢)

Ou anodet&ovue tdpa To (Blo oty TepinTwon 6mov a =¢, 0 < b < %. ES® n eldytotn

T @ “mévetan’”’ dtav (x = 1, y = 0) xau (z = 0, y = £1). H yviowr wwoduvouia
UeTo) T ¢ x a b expdle pa g XY

TaZ) TV o dletan Tpa :
‘ B C b ¢ v pet o et

(o) = (5 )0 )0 L)
(5 o) = (5 )0 D7)
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omote Bploxovue B = *af +b, B = £aB —b. Ovovicdétniec 0 < b, B <

(5 e)=( 7)

z a/ 7/ 7 ’
Av téhoca=cxu b= 3 t67e @ = ¢ = 2b xou o mivoxoc slvat:

o))

2
Twée (x ==+1, y=0), (x =0, y = %1), (z = %1, y = F1). Kou mdht 10 ouunépacua

a _, ,
3 Twpa dlvouy
AL B = 0, xol GUVETWC

Apxel howndy va Yewpricouvue tov mivaxa . H eldpyprotn tyur| 2 dlvetan twpa yia tic

elvar B =b xau C = c.

Arnodeiloaue Aowmdy xon TV UovadixdTnTa.
a 1é
OLA=ac—"0* b < 5 xa < ¢ dtvouy
2

402 < dac = A(A+1?) = AA+ 412 < 4A+4‘LZ < 4A +a

Enouévewe and tny 3a? < A cuvendyetar 6t a < \/é.

IMégiopa 4.3 Yrdpyouy menepacuévou mAridouc (yvijolec) xldoeis wwoduvauioc te-

Ty WYY U0ppwy doouévne Staxpivouoas A.

Anodelgn: Yougwva ue 1o Yewenua, o xde xAdor ooduvauiag avtioTotyel ulo oxpt-
b [A

Boc avaywyn TETEAYWVIXT LOp®T (Z > ‘Eyouue 701 Seiet otL a < 2 3 dnhady
c

UTdEY oLV TETEPACUEVOL TAJouC a. And Tn oyéon —% <b< % émetan 6t || < % ETOUE-

[A

v |b] < 3 dnhadt| urdipyouv menepacuévou mhfdoug b. Télog n oyéon A = ac — b?

uog diver tenepacuevou tAfoug c. O

Moapdderypar Eotw A = ac —b* = 9. 'Eyouue 2\/§ = 2v/3 (nepinou 3,4). Enouévec

Y 10 @ éyouue Tteew duvatdtntes a = 1,2,3. Tdpa [b] < \/é emouévag [b] < 1,74

Onhadh b = —1,0,1 eved Yo mpénet —% <b< g.

1 1
Avazlro’rs—§<b§§,dpab:0.
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Ava=216t1e -1 <b<1,dpab=0,1.
3 3
Ava:3réts—§<b§§,o’(po¢b:—1,0,1.
A+ b
a b A=ac—b0 = c= + S/
a
1 0 c=9
2 0,1 c=5ywb=1(Hb=0 8ev diveL c € Z)
3 -1, 0, —1 c=3,yiab=0

Enouévwe ol tetpaywvixéc nopgég etvan

(;

D=0 () (6s)

10

OIS AVAYWYES TETPAYWYLXES LOPPEC
1 0

(o 1)

1 0

(0 2)

10 2 1

(05) (i )

10 2 0

(0 3) (5 2)

10 2 1

(0 5) (3 5)

10 2 0

(0 6) (6 5)

10 2 1

(0 7) (3 )

10 2 0 3 1
(0 5) (3 (7 5)
10 2 1 3 0
(0 5) G 5)- (0 5)
1 0 2 0

(0 10>7 (0 5>
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Ytn ouvéyeta o Lagrange epedvnoe 1o mpoPinua mowl tpwtol apriuol mapioTtavton and
Ty TETpay v Lopph 2 + ay?, a € Z — {0}. Aéxpve 0o tepntdoEC avdhoya UE TO

avp =4n—1%p=4n+ 1. Kat apyryv anédele to:

Ocdpnua 4.4 Eow a € Z — {0}. O mpdtoc qpujudc p = 4n — 1 elvon Stupétne e

roppric T — ay? TOTE X UGvo TOTE STy 0 p eV elvan Sionpétne e uoperc 1 + ay?.

AnédelEn: Eotw 6t p = 4n—1 elvar o Swupétne e 22— ay?. Téte urdpyouy (29, o) €
Z X T, tétol0L HoTE (2o, Yo) = 1 Tou txavomooly tny wwoduvouia 3 = ayg (mod p). Eneds
(y0,p) = 1, énetan 6T 0 a elvon TeTparywVIXG UTGAotmo (modp). Av o p fray Swoupétne xou
NS TepaywVixfc Lopwhic 2 + ay?, ToTe ot 0 aprdude —a Yo fTay TETEaywVIXG UTONOLTO
(modp). Kotd ouvénelr o —1 da frav tetpaywvixd unéhowno (modp), drono So

p=4n — 1. Enouévewc av o p dtoupet tv 2% — ay? téte dev do dranpel Ty 22 + ay?.

'Eotw tdpa 61t 0 p dev dapet tv 22 — ay?. O npénel va detouue ot téte Vo Sronpet
™V 7?2 + ay?, dnhad” 6Tt 0 —a elvan TeETpaywVIXG utdrotto (mod p), und Ty npotndieon

6Tt 0 a dev eivar. To xpitiplo tou Euler

(%) =a"r (mod p)

p=1
uac diver todpo 6Tt apxel vo anodeifovue p|l +a 2 . Enedn

aP7l— 1= (a(pgl) — 1) (a(pgl) + 1) =0 (modp) (uwxpd Vedprua Fermat)

p—1
apxet va del&ouue 6Tt 0 p dev Stougel Tov a2 — 1.

(p—=1)

‘Eotw 6t pla™ 2 — 1. Oa wylet howndv

Pl 1=l - g (mod p).

- p—1 p—1 , -
To moluevuuo 6uwe oPt — 1 = (22)7 —a 2 dwupelton ue 10 22 —a. Té6 2Pt — 1

AVOAJETOL GE YWOUEVO YRUUMIXGY Topay6viwy oto owua F,. Apa o 10 2% — a da
xével 1o (Bo, drhadh 1 woduvauio 22 — a = 0 (modp) éyer Mor. Enouévec undpyet
Ty € Z t€T010 WOTE 0 p Vo dLoupel To x% — a dnhadn o p elvon Sroupétng Tng % — ay? (yro

T =z, y =1), drono. O

Evtehdc avdhoya, unopel xavelc vo anodellel ot
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Ocwpnua 4.5 Kade indefinite tetoaywvir uopgr eivar yvijora toodivoun meog uia tne
a

b
b €yeL otoyela ToU TANEOUY TIC TUPUXATwW CYECELS:
c

orolac o mivaxoc (

ol <lel, b <

NS

Ynuelwon: Ev yével 1 avdywyn uopy| utde indefinite tetpaywvixrc uoppnc dev elvon

uovoouavta optouévr. Ened A = ac—b? < 0 éneton 6L ac < 0 xon suvenae |A] > 502,

S [b] < \/%.

‘Onwe xar oTtic VeTéS TETPUYWVIXES UOPQES UTOPOLUE VoL QTIAEOVUE Eval Tivaa:

A Avdywyeg indefinite tetp. uoppéc (Oyt xat” avdyxn un loodOVAUUES)
1 _
9 0 | 1 0
0 -2 0 2
3 1 0 | -1 0
0 -3 0 3
5 1 0 -1 1 2 1 -2 1
0 -5/’ 1 5)7\1 —=2)° 1 2
6 1 0 -1 0 2 0 -2 0
0 —6)° 0 6/ \0 -3/’ 0o 3

Ou BOOOLUE TOPU UEPLUES EPARILOYEG:
(i) Kdde npdtog tng popyhc p = 8n + 3 noplotaton and TNy TETEAYWYLXY
moppR X? 4 2Y2

(ii) Kdle mpdtog tng wopyhs p = 12n + 7 noplotaton and Ty TETPAYWVLXY
moppR X2+ 32

(iii) Kde mpdtog tng wopyhs p = 24n + 7 moplotaton and TNy TETPAYWYLXY
moppR X? 4 6Y2.

Anodeln:
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(i) "Eotw 6Tt o p elvor Stopetng TNne X% -2Y°2. Yougova ue 1o Oeswpnua 4.1, undpyet
TETPAYWYLXY) Uop®T UE (Bt Staxplvouca mou TaploTd Tov p. LOUQwva Ue ToV Tivoxa
o p Yo moplotaton amd teTpaywvih Lopwh X? — 2Y2 A —X? +2Y2 H X? — 2Y7?
diver 6uwe (mod8) £1 xou oyt 3 (1o do xaw 1 —X? + 2Y?). Apa 0 p dev elvan
Sronpétne tne X2 — 2Y2 ouverde o p elvon Stnpétne tne X2 + 2V H Saxplvouoa
¢ teheutadog efvon 2. Eneldy| 8¢ undpyel uévo uta xAdorn Enetar 6Tt o p ToploTaTon

amo TNV X? 4+2Y°2.

(ii) Eotw 61t 0 Tpdtoc p = 12n + 7 ebvon yvholog Snpétne e X2 — 3Y2. O mopl-
ototat homby ond Ty X2 — 3Y2 A —X2 + 3Y2. Av JewpfioouUe TIC TETPAYWVIXES
uoppéc (mod 12) ta duvartd meprttd umdrotnor (mod 12) eivon £1, +9, £3 ahhd oyt
7. Enouévwe o p dev etvon Stanpétne tng X2 —3Y? xa, oOUPWVL UE TO TEAEUTALO

Vedpnua, Yo etvor xdmotoc Srapétne tne X2 + 3Y? (H &y avdywyr tetporywvixh
uopet| Saxpivousac 3, 2X? + 2XY + 2Y? noplotd ubévo detoug). Qote:

Kéde nporoc p = 12n + 7 naptototar and tny X2 4 3Y2.

(iii) Trodétouue 6t 0 p = 24n + 7 elvon évac dwmpétne tne X2 — 6Y%. Tote (Sec

Tpornyoluevo mivaxa) Yo moploTatar and XATOLL TWY TETRPUYWVIXWY LOROMY
+(X?—6Y?%), f +(2X°—3Y?).

EOxoho PAéner xavelc 61t autée ol tetpaywvixée uoppéc dev divouv 7 (mod 24).
Erouévec o p maplotaton amd tny X2 + 6Y? 4 2X? + 3Y2 H dedtepn dev diver

7 (mod 24) suvende o p naplotator and Ty X? + 6Y2 O

Avdhoya o Lagrange amodewxviel 6tL, av o p elvon tne wopgric p = 4n + 1, téte o p elvan
Stonp€tng Tng X?2 4+ aY? av xou uévo av o p elvar Stoupétng Tng X? — aY? xou Bydle

CUUTERACUATI OTWC:

o Kdle mpwtog apriudg tne wopghc p = 8n + 1 nupiotatan and tny X2 +2Y2

o Kdle npwtog apriuog tng wopgphc p = 12n + 1 nopiotator and tny X? +3Y2.
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o Kdle npwtog apriuog tng wopgphic p = 20n + 1 nopiotatar and tny X? +5Y2.

‘Eotw topa (Q Yetint| TETparywvix Uop@n taplotouev and tov ivaxa M. Evag tivaxag
T € GLy(Z) Ya Méyetan ufo ovada (1 évoc autoproppLowosg) e @ av xou uévo ov
T'MT = M, dnhadh 6tav o T otéhvel Ty  oTov €Ut TIC.

Mio povdda (awtopoppiowosg) e @ Yo héyeton yvhore av det(17) = 1. To o0-
VOO TV YYnolwy uovddwyv e @ arotehel unoouddo g SLy(Z), éotw Ugy. Av 8bo
TETPAYWVLXESC LOPPES () xou Q)" mou maploTtavtor and toug nivaxes M xow N etvor yvAcL
16odUvaues, dnhadt

M =U'NU, ue U € SLy(Z)

tote N ouvdptnon T — UTU ™! etvor LoopopgpLowds uetall tov ouddwy Ug xou Ugr.

H anédeiln tou teleutaiou LoyueloUo) aghvETAL GV AGXNCT| OTOV AVILYVOOTH.
Xwplg TEPLOPIOUS TNE YEVIXOTNTAS TOPEM UTOROVUE VoL UTOVEGOVUE OTL 1) () elva avdy ).

Ioyter o e€hc: (ywplc anddelln, dec duwe Ty anddetln tou Oewpruotog 2)

Ochdpnua 4.6 O yvioee uovddec e Q(X,Y) = a(X? + Y?) elva
1 0 0 =1
+ .
(0 1) “ <$1 0 )

Tne Q(X,Y) = a(X?+2XY +Y?) elvau

1 0 0 F1 +1 =+£1

+ , xat .
0 1 +1 1 F1 O

1 0
Kade aldn avaywyn tetoaywvixij uoppn éxet uovades =+ (0 1).

‘Eva d0ho mpbBinua ue to omolo aoyohfidinxe o Lagrange fitav 1 eZioworn (tou Fermat)
v —dy? = 1.

[o va Aooer autd to mpdflAnua o Lagrange xdvel yprion xou enexteivel 0 Yewplo twv

GLVEY WOV XNACUITOY. A VEWPRoOUUE XaT apy iV TNV TETPAYWVIXY| L0op®T Tou TaploTotal
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GG 56 0)-=0 %)

u 2 4 4 7 7
HOVCX.SCX. TOTE XAl LOYO TOTE OTAY
v

1 0
and tov mivoxa: <0 > Téte o <x u) € GLy(Z) elvar ovado av xat u6vo av
Y

Snhodt <;”
2 —dy®* =1, zu —dyv =0, u® — dv® = —d.

[ (z = £1, y = 0) Bploxovue u =0, v = £1. T z,y # 0 éyovue

_ deQU2

dyv
u = L, —d S — dv?.
T T
YUVETOC
dy?0? — o2z = —g? ,UZ(xQ _ dy2) — 22
2 _ 2 _
- v == — v = +x.

Enouéveg xou u = £dy. Ov uovddeg howndy eivou
1 1 —
" 0 - 0 | xr dy | x dy
0 1 0 -1 Yy x y —x

xat ot wovadec ue optlovoa 1
" 1 0 , x dy
0 1 Yy

O Lagrange avéntule xatd cLUGTNUATIXG TPOTO TN Yewpla TwWY CLUVEY MY XAACUATWY.

‘Eotww § € R. Av 0 & Z optlovue 0 = ag + % ue ag = [0], 6; > 1. Suveylovue duota:

1
0, :=a; + 9—, ME  ap = [91], 0y >1 av 6 ¢ Z.
2

e ap :=1[0y], Os1 >1 ov 6, € 7.

) {

0, :=a, +

9n+1

Mmrogolue howrdvy va yeddouue

0 =ap+
O a ¥ L
112+._

1
an+ 9n+1
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H axohovdio ay, ar, ag, ... xokeitor 10 avantuypa Tov f 0 cUVEYEG XAACUL.

Ed® Yo acyohndolue ev cuvtoulo ue 1o anoteréouata tng Vewplag. O evdiagepduevog

unopel vo Beel Tic anodeiZec oto [3] 1 oto [9].

3.K. 1 To avdntuyua ce cuveyéc xhdoua tou aptduol § eival TENEpACUEVO av X

uovo av 0 € Q.

rd /
2uvEY T XNACUATA TWV

T 3,7,15,1,293,...
e: 2,1,2,1,1,4,1,1,6,1,...
V2:01,2,2,2, ...
V3: 1,1,2,1,2,1,. ..
V5 2,4,4.4,. ..
V6 2,2,4,2.4,2, ...
Av ag,a1,---,a, €ER, ay,a9,---,a, > 1 ypdpouue
_ 1
(ag,ar, -+, an) ':a0+a1—|— 1
a2+.‘
1
an—l“"%

’ ’ . 1 7
Av a, > 1 urpolue va ypddovue a, = a, — 1+ 7, ondte

<Cl0, a1, Az, - - '7an> = <a07 i, - - '7an717an_17 1> .

To cuveyéc xhdoua, Aowndy, prrol aprduol elvon uovoouavTa 0pIGUEVO, AANS EYEL, xaTd

Bolknom, detio 1 TEQLTTO UnXOC.

.K. 2: Av (ag, a1, -+, am) = (bo, b1, -+, bn), a;,b; € Z, a; > 1, b; > 1 xow Gy, by > 1

TOTE M =N X a; = b; yroo xde i =1,2,3---,m. Av o = (ag, a1, - ap) TO CUVEYES
P,

xhdoua pntol apduol (a, > 1) 161e 0 pontéc aprluds — = (ay, ar, -+, a;) Vo Aéyeton -

2
007TOG oLYXAVWLY TOU GUVEYOUC Xhdouatoc. Oétovue Py = Q1 =0, P_y = Q_5 = 1.
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2.K. 3: Ioyleu
P=a; P+ P
Qi = a;Qi—1 + Qi—2

3.K. 4: Ioybouv ta axdrovdo:

(1) PeQr_1 — QrPrr = (=) yia 1 < k < n.

(ii) T xdde k tétoo wote 0 < k < n, wylel (P, Qr) = 1.

Py Py (—1)k-t
Qr Qi1 QuQrr

& _ Pk,g _ (—1)kak
Qr Qi QrQr—2

(v) Qi > Qi—1, yroa xdde i, 1 < i < n (Udhota de Ue auoTNE®S VTN avio6TNTAL YLot

i > 1, on6te mpoxUnTeL 6Tt Q; > iy xde i = 1,2,...,n).
(vi)
h B BB A
Qo Q2 @n Qs

(vil) T xdde ¢, 1 <4 < n woybe

P, P
o — = < | — Ql 1| xu |aQ; — P| < |aQi—1 — Pi_y|.
i i1

Ynuetwon: ‘Oleg ov Wiotrree g LK. 4 1oylouy xou Yoo Anetpat GUVEY Y| xAdoUATY,
apxel va eyxatalelhovue Tar dve ppdyuoTa yior Toug SeixTeg.
H 7 )\ ,]9/ P2k ’ ’ IE 4 7/ ’

alpvouue TNV axohoudia Q— 1 omola etvar abZouoa xon PEayUEVT] amd TAVE Xal

2k ) k>0
P2k+1 7 7 1é 4 7/ ’
— 1 omola elvon @divouca xar @poryuévr amd xdtw. Av
k>0

Q2k+1

. Py . Popyy
lim —= =95 WO lim T
k=00 Qo k=00 (Qopt1

arodewxvietar 61t S = T, dnhadh xdde dnevpo ocuveyéc xhdoua (ag,ar, -, ay,. . .)

TopLoTd éva mparylatid apdud (tpogavae hoyw LK. 1, dpenro).
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Loy el 8¢ xou o aviiotpogo, dniadt 6Tt

3.K. 5: Kdde dppnroc apriude, napiototan ooy UVEYES XAdoUd XUTd TOOTO OVABLXO.

Kde ouveyée xhdoua tne wopphc (ao, ar, .. -, an_1,b1, 02, ..., bk, b1, b, ..., b, . . .) Do Aé-
yeton mepLodixod (ypdpetat <a0, aiy. .., an,l,m».

Loy et

Y.K. 6: O 0 € R avantiooetar e meplodind cuveEYES xhdoua av xal U6vo av 0 =

a+0Vd, a,3€QxundeN,d oYL TERELO TETPAYWVO.

Edv téhpa n nepiodog apyiler and tny oy, Shhady| 6 = (ag, a1, - - -, Gp_1) TOTE TO GUVEYEC
xhdoua Aéyeton xadoed mepLodixo. Ioylel de
XK. 7: 00 =a+Vdavantiooetar oc xadopdt TEQLOdING ARGoUA TOTE XL UOVO TOTE

brav @ > 1 xou —1 < 0 < 0 6mov ' = a — BVd.

Me tnv Borleia Twpa TV Tapandve amodetxviEToL TO

Ocopnua 4.7 Vlec ot Yetwiée Aboei tng 22 —dy? = £1 Sivovtar and Touc ouyxAivovtec
TOU QVATTUYUATOS TOU OUYEYOUS XAdOUATOS TOU qidUoU Vd. Ay n elva o uU1xoc e
TEQLOOOU TOU CUVEYOUS XAAOUATOS Vd xa o n elva doTio¢ TOTE 1) 2?2 —dy? = —1 Sev
Eyelt Aoon. X auth tnv nepintwon dAec ot Vetuéc Adoec tng 2 — dy? = 1 Sivovraw ané
=Py, y=0Qn 1 naj=123,.... Ay tddpa o n elvon nepittoC, OAec oL VeTixéc
Moeie e x® — dy? = =1 Svovtw and x = P 1 xowy = Quj—1, j =1,3,5,. .. xau dhec

ot Yetnéc Aoeic e a? —dy? =1 ané o = Py, y = Qnj_1, y1a j = 2,4,6,...

Loy Oer axdun xar to

Ocwenua 4.8 FEotw (x1,y1) n eddytotn Abon tne 2?2 —dy? = 1. Olec ot Yetixée Moeic

T0TE Slvovtar and Tic oyéoels

To +yVd = (z + 1Vd)"  n=1,23,...

Ioapadeiyuoto:
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(1) Eotw d = 2, dnhadr éyouue v ediowon z? — 2y = 1. Ioyleu

1 1 -
\/5:1+(\/§—1):1+\/§+1:1+m:<1,2>.

O n =1, nepurtoc. Enouéveg dhec ol hoeig divovtar amod

x:ijla y:ijla j:274767"'

H o uwery = Py, y = Q1

—2|-1|0]1]2
a; 11212
Plo| 11|37
Q110125

Enouévwe 6 = 3 + V2 o 2, + yp V2 = (3+ 2\/5)", n=12,3,...

(2) Eow d =33, V33 =[5;1,2,1,10] xou n = 4 dptioc.

2| -1]0]1]2|3]| 4
a; 50102111 10
Pl 0| 1 |5]6]|17]23]247
Q|10 |1|1|3]4]43

Ot Moee Yo etva:

r=Pyi_1, y = Quj_1.
H uwedtepn ¢ = Py = 23, y = Q3 = 4. Apa Oheg oL dAheg @, + yaVd =
(23 +4v33)", ne N.
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O Adrien-Marie Legendre yevviinxe oto Ilapiot 1o 1752. ‘Onwe xou o Aaypavye unfple
Yovog mholotag owxoyevetag. Xta 1770 doytoe Ti¢ omoudéc tou otor Madnuotind xou 1
Puowxr. "Hrav owovouxd aveldptntog xon €T0L UTOPOUGE VO APIEPWYVEL TOV YPOVO TOU
oty €peuva. Ao To 1775 uéypet to 1780 Arav ddoxarog tng Ecole Militaire oto Iapiot.
Metd to 1783 xoatahouPdver didpopec Véoeg otn Daddwr) Axadnuia, oty opyn ooy
dtddoyoc tou Laplace cav “adjoint mecanicien” xou apydtepo and 1o 1785 oav “associe”.
To 1782 xépdioe éva Bpafeio tne Axadnuiac Tou Bepohivou ue ula epyaoio ue Véua and
Vv mepoy” e Balhotidc. Autd umrple xou 1 outia mou Tov mpdoele o Lagrange.
Apydrepa dnuocieuce gpyaoctec mdvew oty Oewpla Aptdudy, Ovpdvio Mrnyoavixr xo ot
Ocwpla Twv EMetntixedyv Yuvopticewy. Katd tn 'oddw| Enavdotacn €yace oA tou
™V mepoucia xar uroypeminxe va tapartiel and ) ¥éon tou oty Axadnuia. Ané o
1799 uéyer to 1815 Arav e€etaotiic e Ecole Polytechnique. Arnd to 1813 xou uéypet to

Yavatd tou 1o 1833 dradéynxe Tov Lagrange oto Bureau des Longitudes.

To €pyo tou o1 Ocwpla Twv Apriuwy aroteheltar and ula epyaotio ue titho “Recherches
d’ Analyse Indéterminées” mou éywe dexth otnv Fodhwery Axadnuio 1o 1785 (dnuoocted-
Unxe ota 1788) (‘Otav o Gauss avaxdhude v epyasio auth otn BiBhodixn tou Iove-
motnulou Tou Gottingen, ypade otov Sdoxald Tou Zimmerman tov €¥C YULUXTNEIOUO
v o BiMlo “eine vortreffliche Abhandlung”) xat éva Bihio Oewplioc Aprdudv to
omota exd6Unxe ota 1798 ue tov titho: Essail sur la theorie des nombres. Yo Bi3Aio
TEpLYpdpEL TIC YVWoe Oewplag Aprludy tne emoyrc (psrai() GAAWY ATOTEAECUATA TWV
Euler, Lagrange) xodoe xon mohholg mivaxes yua va deiet amotehéouota mou mioteve
™V ahfdela Toug alhd dev umopoloe va anodellel. To €oyo Cavaexdolnxe ue molléc
npooifxeg ota 1808 xan, ditouo, ota 1830 ue titho “Oewpia Aprlumv”. O mpénet iowg
VoL TORATNEHOEL XAVElS OTL To Tepleyduevo tou BiBhiou unepxepdotrxe and to oto 1801

exdoVév BiBiio tou Gauss “Disquisitiones Arithmeticae”.

‘Eva and 1o faowxd Yewprjuata tou anédelle o Legendre oto tpito uépog twv Recherches

oL elvol To axdlovdo:

Ocwpnua 4.9 Eotw ot a,b, c elvon axépaior Syt xow ot tpec Ue To (B0 mpdonuUO X
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abe exetdepou tetpaydvou. H eliowon aX? +bY? + ¢Z* = 0 éyer ulo axéoana Aoon e
(z,y,2) # (0,0,0) tdte xou udvo téte b1y —be, —ca, —ab elvon teToayWVIXE UROAOLTA

(mod|al), (mod|b|) xou (mod|c|) avtiotorya.

Mo anddelln tou Vewpruatog autold Yo Swoovue apydTepa.

Y10 tétopto uépoc tne epyaotac tou (Recherches) o Legendre ypnotwonotel 1o Yedpnua
aUT6 OTNY TPooTdEWd Tou Vo amodEiEEL TOV YVWOTH GHUERA OUY TETRAYWVLXO VOO
avtiotpogng. Onwe elvar yvwoto, mpoxerton vy Ulo oyéor avaUesa 0To AEYOUEVO
orfjuepa O PBolo touv Legendre (g) xaL (%) 10 omolo elor)yUr and tov Legendre oto
1798. Ynyv npoondletd Tou awty| o Legendre elye udvo uepiny| emruyta. Autd mou xdvel
elvon vau Eeywpllel 8 MEQITTOCEL avaAhoYo UE TIC TLUES TV P XAl ¢ (mod 4) xou e TS
(g) To B emyelpnua yenowwonowel xar o Gauss oty mpwT ToU onddeln (dec [5],
dotpo 136). e xde ula and avtéc Tic nepintwoelc o Legendre ewodyet uio xatdhinin
elowaomn NS UopPhc aX?+bY?+¢Z%=0 uea=b=c=1(mod4). H eloworn autr dev
ExeL Un-TETpUUUEVN hoo BtoTL 1 wwoduvaula aX? +bY 2+ ¢Z* = 0 (mod 4) dev éyet Mo
Yougova Aottdy ue 1o mponyolUevo Yewpnud, dev UurtopoLy ol apruol —be, —ca, —ab vo
elvan xat ot Tpelc TeTpaywvixd undhono (mod |al), (mod |b|) xou (mod |¢|) avtioTolywe.
Ye xde mapintwon o Legendre mpoonodel va Stahé€er T a, b, ¢ xatd téT010 TROTO WOTE
va €yet To anoTtéhecua tou YéAeL.

atpver xat” apyhy

p=1(mod4), ¢ =—1 (mod4), (g) =-1

—1 _
xat Yewpel Ty elloworn X? 4+ pY? — ¢Z% = 0. Adoyw e (7> = —1 éneTtun (Tp> =1.
Enewdn (%) =1 xou (%) = 1 €youue <g> = —1 6mw¢ medyuaTt YeeldlETAL Yo VoL

p
oY UEL O TETPAYWVIXOC VOUOSC AVTIGTROPYS.

To B0 urnopolue va xdvouue yw ¢ = ¢' = —1 (mod4) xu (%) = 1, xdvovtag yeron
¢ e€loworng

X2 —qY?—¢Z%*=0.
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Topo naipvouue ¢ = ¢ = —1(mod 4), (%) = —1 o Yewpolue Ty pX2—qY?—¢'Z? = 0

6mou o p ebvar xdnolg TEWTOS ToL TANPEOL TS GUVITXES

p=1(mod4), (g) =1, (3,) =1

q
q/
Omnote, 6w xou ToEATdVL, Vo TEEREL (E> = 1, dnAad¥| vau Loy DEL %ot E8W O TETPAYWVIXOS

YOUOC QVTIOTROYTNG.

To mpofBhnua BéBoa Tou UEVeL avoryTO Elval av LUTAEYEL TEWTOC UE AUTES TIC IBOTNATES.

Trdpyel t€tol0¢ npwtog av 1) aprduntixy Tp6odog

{4qq’x +mluex € Z xar 0 <m < 4qq’ tétow Hote m =1 (mod4),

@)= (&)=

nepteyel Evay mpwto. O Legendre Atayv meneouévog 61t xdie apriuntiny| mpdodog {ax +

blx € Z ue (a,b) = 1} nepiéyel dnepoug o mhidog mpdTous.

“Towg elvow avaryxaio va anodetydel autd npooextixd’’, éypage ota 1785. ““Aev
npénel vau orpLBdAhove vy autd’’, éypade ota 1798. H mpdtn ndvtwg anddeiln,
avixer otov Dirichlet (1837) o omolog avéntule ulo mépa Yo mépa mpwToTUTY UEVOdO.
To arotéheoua autd Yewpelton ula and T o omoudaieg cuvels@opéc tou Dirichlet ota

Monuorind.

O Legendre Yeopnoe 1o Yewpnua autd tou Dirichlet cav éva eidog alubuartog xar ouvé-

72

YLoE ahAG UETS Hpdoy ToL. . . YELOTERAL.

Ac mépovue tHpa Ty Tepintwon mou p = p' = 1 (mod 4), xar ac Yewpricouvue Ty p X2 +

p'Y? —qZ? =0 6nou q elvon Te®TO¢ apruoS Tou TANEol TIC OYEoEL:

¢ = —1 (mod4), (1%) ~ 1, (1—’) =1

q
A v eglowon X2+ pY? — p'¢Z? = 0, 61ov ¢ mpwtoc ¢ = —1 (mod 4), (g) =—-1. To
TEOBANUAL OUWS Elva Xow AL oy UTLARYEL TETOLOC TEWTOC.

Kdtt tétolo Yo unopodoe va itav cuvénela Tou Yewprjuartog tou Dirichlet xow tou teTpa-

Ywvixol vouou avtotpoprc! Kot” autdv tov tpomo “Booyuxuxdaminxe’ n anddeln tou
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Legendre, eve elvar augifoho, dtwe onuelwoe xow o Gauss oto dpdpo 297, av unopolvce
var amodetyVel aAlwe. Autd duws to “‘Beayuxdxiwua’ dev anétpede Tov Legendre and
T0 Vo SNAGOVEL TXpaUEVog e yeduuo Tou Ttpog Tov Jacobi ota 1827 6t ddua o Gauss

oy uptleTon OTL avaxdhue TEMTOS TOV TETPAYWVIXG VOUO AVTIOTROPHS.

‘Orwe elnoue xar o unpootd 1 exacto Tou Fermat elye huvdel yio n = 4 and tov (8o
tov Fermat xou yia n = 3 anéd tov Euler. Ané téte t0 mpdAnua anoteholoe Tpdxhnom
yioe Toug apruotewentinols. T exddoelg tou 1798 xon tou 1808 Ttou BiSAlou Tou o
Legendre dev €dwoe tinote meploodtepo and Tic anodeilec twv Fermat xou Euler yua
n = 4 xau 3 avtiotoya. To evdiagépov yia To TEOBANU Cavalnwvtdvede oto Iaplol Tic
emouevee dexaetieg, Wialtepa UETS TNV avaxolvewon tng Fahhie Axadnuiag vo Scoet Eva
BeaBeto oe epyacia oyetnr) ue tn Oewplor Apluwy. O Olbers etéotnoe v npocoyn
Tou Gauss ¢’ auTd T0 Yeyovog, xar o Gauss andvinoe 6Tt dev Tov evBlaEpEL TOAD TO
TEOBANUA ok 1 Aon Tou Vo TpoxlEL XaTd TN YVOUT TOU, UECK TNC EMEXTAONS TNG

Vewplag e avdtepnc apduntixnc (einer grossen Erweiterung der héheren Arithmetik).

Y10 ueTagl dpytoe va Soukelel oto TEdBAnua 1 Sophie Germain xan avaxdiule cdvtoua

EVOLAPEPOVTA ATOTEAEGUATAL.

Yto 1825 ot Dirichlet xon Legendre anédet&ov v ewxaoia tou Fermat yio n =5 (xdvo-
vtag yeron tne uedodou tng xadddou tou Fermat). O Dirichlet anédeile npdhroc dtu n)
ellowon 2° + y° + 2° = 0 dev €yeL ur-tetpruuévn axépoto AUor 61NV TERITTWOT Tou vag
amd Toug oy vwoToug elvon mohhamAdoto tou 10. O Legendre yenowuonolnoe tic ey VIXéS
Tou Dirichlet xou éhuoe t0 mEOPAnua ywelc Tepoploud. Y10 téhog Tne {whc TOU EUY -
elothnxe Wiantépwe mou elde TN Yewplal TwV EAAELRTXWDY CUVIPTHOEWY VoL ETEXTELVETOL

TOCO UE TNV CUVELGPORY TWV Abel xou Jacobi.

Oa xheioovue ue T UERETN TNE StogavTinic e€ioworg
az® +by? +c2* =0

6mou ot a,b, ¢ dev Stoupolvion UE TO TETPAYWVO TE®ToU apuol xo (a,b) = (b,c) =

(a,c) = 1.
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[ va €yer n e€iowon un-tetpruuévn Aor Ya mpénet va unyv etvar Ghot ot a, b, ¢ cuyyEdVELC

Yetixol 1 Ghol cuYYEOVWS apVNTLXOL.

‘Eotw m xaw n un undevixol oxéparol. Me mRn cuuPolilovue tnyv mpdTao:
“O m elvar tetporywvixd undhoto (modn)”
EnavohouBdvouue to dewpnua tou Legendre:

Ocwpnua 4.10 Fotw a,b, c axéoonor Siapopor Tou undevéc twy onoiwy o yvouevo dev
Sapeiton e 0 TETPAYWVO mEWTOU apriuoy. Trovétouue axdun ot ey elvar xan oL TEELS
ouédnuor xa (a,b) = (b, c) = (a,¢) = 1. Téte 5 ellowon aX? +bY? + ¢Z? = 0 éyel ula

UN-TETOUUUEVT) axéponor AUCT oV oL [UOVO oY

(i) —abRc
(1i) —acRb
(iii) —bcRa.

Kot" apyrv anodewxviouue ta mopaxdtew 800 Afuuorto:

Aqupa 4.11 Eotw A, p, v Yetixol mpayuatixol qpriuol Ue yvoueEVO Apy = m, m oxé-
patoc. Tote xde ooduvauia tne uopgric ax+LBy+yz = 0(modm) éyet uio un-tetpyuuévn

Aon (x,y, 2), €tote dote || <A, |yl < p, |2] < wv.

Anédeldn: Eotww ot 10 x dtpéyet touc 0,1,2,...,[A], to y touc 0,1,2, ..., [1] xou t0
z touc 0,1,2,...,[v]. Luvohwd éyovue (1 + [A])(1+ [p])(1 + [v]) Swpopetinéc tpddec
(z,y,2). Aol (L 4+ A1+ [p])(1 + [v]) > Aur = m éretar 61t undpyouv dvo TpLddeg

(5U1,y1, 21) pqeds (xg,yg, 22) TETOLEC WOTE:
ary + By + 721 = ary + By + vz (modm)

= a(z1 —x2) + By —y2) +v(21 —22) =0 (modm)

6mou $1—I2|§[>\]§)\, |y1_y2|§/'ba |Zl_22|§l/- a
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Adppa 4.12 Trodétouue dt n tetpaywvixs uoppr aX? + bY? + ¢Z? avalletar oe
Yivouevo mewtofdiutwy topayéviwy uod m xow uod n. Av (m,n) =1 tdéte aX?+bY? +

cZ? avadUeTon o€ yWouEVO Yoouuxdy Tapayoviwy (modmn).

Anodelgn: ‘Eyovue

aX?+bY? +cZ? = (X + Y +n2) (X + BY +v7) (modm)

aX?+b0Y? +¢eZ° = (3X + BY +132)(uX + BY +74Z)  (modn)
Awéyouue o, 3,7, a, B, étol wore:
a = 0q, ﬁ = 517 Y=, O/ = Qpo, ﬁ, = 527 fyl =72 (mOdm)

a = a3, 55/837 Y= 73, O/ = (uy, /BI E547 ’YI =Y (mOdn)

(Vedpnua unohoinwy tou Kwélov). Téte 1 wooduvauia
aX? +0Y? +cZ° = (aX + BY +vZ) (' X + BY ++'2)

wyver (modm) xar (modn). Erouévwe eivar owoth xar (mod mn). O

Anodelgn tov Yewpruartos:

'Eotw aX?+bY2+cZ? = 0, éyer uio Moo (g, Yo, 20) 7# 0. AtoupolUe Toug 2, Yo, 2o UE TOV
UéYloTo xowo Stoupétn (Zo, Yo, 20) xou Peloxovue uio hoomn (1, y1, 21) Ue (21,1, 21) = 1.
Ioytel (¢, z1) = 1. 'Eotw p npdrog, plc xou plzi. Agol abe Sev Sronpeitar ue to teTpdywvo
TethToU apwluol énetar 6Tt 0 p dev Stapel Tov b. AN plezy ouverdc plby?, erouévec
ply1, dnhadh p?|(ax? + byi) amd 10 onolo cuurepaivouue o1t p?|czi dnhadh p|zf = plzr.
Enouévoc VYa etyoue p|(z1, y1, 21) = 1, drono.

'Eotw u 1 Mon e wodvvautac ury = 1 (mode). H eZiowon az? + by? + czi = 0
Stver az? + by? = 0 (mode) enouévoc u?b?y; = —ab (mode) dnhadf) —abRe. ‘Ouola
anodewxvietal 6Tt —beRa o —acRb.

Avtiotpbgnc, vrotdétouue bt oybouv ol oyéoew (i), (i) xan (iii). Hpogavde dev ahhd-

Couv av T @, b, ¢ T AVTIXATACTACOVUE UE —a, —b, —c avtioToya. Xwplc tepoptoud tne
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yevuotnTag Aowmdy urodétovue 6tLa > 0, b <0, ¢ < 0.
"Eotw r ula Aon g woduvaulac 72 = —ab(mod ¢), xou a; uto hoon tne aa; = 1(mod ¢).

Enouévemg

aX? +bY? aa (aX? +b0Y?) = a,(a*X? + abY?)

a1 (a®*X? —r’Y?) = ay(aX — rY)(aX + 1Y)

(X —a1rY)(aX +rY) (modc)

= aX?+bY? +cZ? = (X — arrY)(aX +rY) (modc).

AnodetZaue howmbdy 6L to aX? + bY? + ¢Z? avolbeton o€ Ywouevo 800 mpwToBadiiny

nopayéviov (modc). ‘Ouota anodewxvieton o (do (moda) xou (modb). Ané to Afuua

4.2 topa taipvouue:
aX?+bY?+cZ? = (aX + Y +72) (/X + 'Y ++'Z) (mod abe).

Eoapuélovue to Afuua 1 oty woduvauio aX + BY ++vZ = 0 (mod abe) ue A := Ve,
pi=/|ac|, v := y/|ab| xou cuunepaivouue bt 1) wwoduvaula €yet Noon x1, Y1, 21 UE

71| < Vbe, || < V]acl, |z] < V/]ab]

Enewd| (b,c) = 1, nopatnpodue 6t Vbe € Z tote xou uévo étay be = 1. Enouévwe
|21] < Vbe dnhad) 27 < be (Mdhota 1) wodtnta 23 = be woyler TOTe xou U6vo THTE HTaLy

b=c=1).

‘Ouota yi < —ac (yf = —ac av xou udovo av a = 1, ¢ = —1).

22 < —ab (2} = —ab av xou ubvo av a = 1,b = —1).

Apa, extoc and v nepintwon b = ¢ = —1, wybel ax? + by? + ¢z < ax} < abe xou
ax? + byt +czp > byl +czi > b(—ac) + c(—ab) = —2abe.

Av e€arpécouue howmdy tny nepintwon b = ¢ = —1 €youue

—2abc < ax} + by} +cz} < abe.
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H tpuddo 6uws (21, y1, z1) elvon Mon tne wwoduvauiag
ar® + by’ + cz> = 0 (mod abc) => ax} + by; +c2; =0 f — abe.

Yty mpot neptntwon, N (11, Y1, 21) etvon Moo g az® + by® + cz? = 0. Sty deltepn

nepintwon ulo Abor ebvar 7
2
r9 = —byy + 1121, Yo =axi +1121, 2o =2 + ab.

‘Eotw tdpa b = ¢ = —1. Téte —1Ra. Enouévec av R(a) cuuBoliler to mifdoc twy
Moewy e woduvouios X2 = —1(moda), téte R(a) > 0. 'Eotw axdun Q(n) to nhidoc
twv Moewy ¢ edlowone X2+ Y2 =n, (X,Y) = 1. Xwplc anddeiln edod avopépouue
6t oyvel Q(1) =4, Q(n) =4R(n) youn > 1.

Apa Q(a) > 0. Tuvenwe nellowon U?+2? = a éyel xdmowa Moon yy, 21 UE (y1,21) = 1. H
Q=1,U =y, Z = 2z elvar ulo un-tetpyuuévn Mor tne e€lowonc aX?+bY?+cZ* = 0.
O

‘Eva toAd onoudalo toptoua tou Yewprjuatog efvar to Aeyouevo “A&lwua tou Hasse’.

e yevixée ypouués to adimuo etvol:

“H tomuxy (local) emtAvoipuotnta wLds e&lowons CUVERAYETAL TNV

vevuxy (global) emAvoipoTnyTa’.

Torur emhvowdTnTa onuaiver 6t 1 e&iowon €yet uto un-tetpyuuévn Aoor modulo p™ yu
6Aoug Toug TEMTOUS aEL0OE P xaL Ghoug Toug YeTolg axepaloug m xon Ul Teoy AT,

oto owua R, Ao
Levir emAvouotnTa onuatvel 6L £yel AOoT 6TouS axepaloug.

To alioua tou Hasse woylel yio tetparywvinéc woppéc ahhd etvor, v yével, Adog yua
eClowoec Boduod avwtépou tou dho. Ilapadelyuatoc ydptv, Yo unopoloe va anodellet
xavele oL 1) ellowon X* — 17Y* = 22 éyer un-tetpruuévn Aon modulo p™ yuo xdde
TeOTO p xou Vetxd m xon ulo mporyuoatixy] Ao, ahhd dev €yl Abor otoug axepaioug

(18])-
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IIéopiopa 4.13 Eotw a,b, c axéoatol twy onolwy to ywiuevo Sev Stapeiton ue to Te-
Tedywvo mpwtou dowuol. Trodétoyue axdun 6tL dev elvar 6Aot Toug oudonuUoL XL OTL
(a,b) = (b,c) = (c,a) = 1. Av nwwoduvauia aX?+bY?+cZ? = 0 (modp™) éyer axéoana
AVon x,y, 2 Yo xdje Suvoun p™, 6mouv o mpWTos p dev diatpel Toy UEYIOTO X0 SLotEETN

(z,y,2), 61 naX? +bY? + cZ* = 0 éyer un-tetpyuuévn axepaia Alon.

Ano6deln: Eotw m = 2 xa pla. Téte av (z,y,2) elvar ula Aor, cdugwve Ue Tic

/ 7 ’ 7/ 7
urovéoelg Tou nopiouatog, Yo det&ouue otL 0 p dev dangel To Y2.

Av ply t6te plez? xou emouévwe, agol (a,c) = 1, éyovue plz. Qote p*laz® xor agol o
, 2 3 2 / ,, ’, ’, 3
p dev dapel to x €neton O p7la, dromo. Luvende p { y. ‘Ouowr anodetxvieton ot xan

iz, Srpadh ptyz.

Erouévec by? + cz? = 0 (modp). Aol (p,2) = 1, éretor 41t undpyet u téTol0 OOTE

uz = 1 (mod p). ITohanhaotdlovue ue u?b xou Bploxouvue
w?b?y? + beu’z* = 0 (mod p) = (uby)? = —be (mod p) = —bcRp.

Eivor yvwoté 6t av (m,n) = 1 téte aRm xar aRn ouvendyeton 6t aRmn. H anddeln
APHVETAL AV AOXNCT OTOV avayveoTr. Enewdn topa —beRp woylel yia xdie tpwto Stou-
eETn p Tou a xaL a eAelUEPO TETRPAYWVOU, €youue —beRa. Emouévwe €youvue —beRa.
‘Ouota Petoxovue 61t —abRa xou —acRa. To népioua elvon dueor cuvenewa tou Yewpr-

Vicadole O

TEAOX
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