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KE®AAAIO 1

AOATOMOL, OXEQULES TLEQLOYES
2oL COUOATO

H alyeBorxn doun evoc daxtvdiov ! nabopileton péom To0 epodiaouod evog un #e-
VOO OVVOAOV e dV0 eowTepinés models. Qg TEOG TNV TEMTN €E QVTMV TO HEWQEODV-
uevo oUvoho ogethel va oxnuotiCer wo afeliaviy oudda* wg mEOg T deVTEQT, (oL
guioudoa. EmmooBétwg, amartelital ®aL M 1oy g TOV ETLUEQLOTIXDY VOUWY YLOL TOV
ovoyeTLoUS TV eV AOYm TEAEemv. OLaxépaies mepLoyés elvan EXETVOL OL U1 TETQLU-
uévol uetafetirol doxtolol pe povodiaio atotyelo oL omotol dev droBétouv unde-
vodiaupétes. Ta oduara?, amd v GAAN uepLd, Guy*QOTOUV Wi e101%Y VITORAGOT
™G #AAOEMS TV OARTUAIWV" TTOORELTOL, VL0 VO AXOLBOAOYOUVUE, VIO TNV VTTORAGOT
exelvov TV dtagetindv daxtvdiov, oL omolol GVUPAIVEL VL ELVOL -TOUTOYQOVOG-
%ol UeTOBETIXOL.

[1.1] AAKTYAIOI KAI YIIOAAKTYAIOI

1.1.1 Ogwopés. "Evog daxtorog (R, +, ) elvou éva un xevo oivoro R epodioouévo
ue 000 ecwteQLrég TEAEELS “+” na “-”, Tov nahovvTa (xan ovpPorifoviol wg) Ted-
obean noL moAamdaciacuds, OVTLOTOLY WS, 0OVTWS MOTE

(1) To Levyos (R, +) va elvon o afehavii oudda,

(ii) To Cevyog (R, -) va elvar wa nuioudda, o

'H évvoua 100 daxtvdiov ewotixdn amé tov David Hilbert (1862-1943) 610 Téhog T00 dexdtov evaTou atdva, ahhé o
TelMrds xabegwbels (pooualotindg) opLouds s eupaviodnxre meol o péoa Tig dexaetiog Tov 1920.

2H ewcaywyi 100 600v odua (veou. Korper) opeiheton otoug Leopold Kronecker (1823-1891) #ou Richard Dedekind
(1831-1916), av xow m telxii evvolohdyNon tov (Tov enexdtnoe éxtote) amodidetar otov Heinrich Weber (1842-1913).



2 AAKTYAIOI, AKEPAIEZ ITEPIOXEX KAI ZQMATA

(iii) m “” va elvow 1600V €& apLoTEQDY OO0V KO €% OeEIDV EMIUEQLOTIXTG MG TTOOG
™y “+7, dNhadn yio ®GBe a, b xou ¢ € R vo Loy Vel

a-(b+c)=a-b+a-c, (a+b)-c=a-c+b-c.

To ovdétepo otoryeio tig ouddag (R, +) rohelton undevird orovyeio 100 R %o
onuetdvetor ue 1 0. EGv n nuouddo (R,-) dwobéter uovadiaio (= moldamia-
olaoTixds ovdétepo) otoiyeio (onuelotuevo g 1r), dradn edv n (R, -) elvon éva
uovoeldég, Tote o 0 R radeltal daxtoiog pe povadiaio otoryeio (1) 1-dantdiog).

1.1.2 Inueioon. o Aoyoug ouvtouiag, Tohhés poéc avil tov a - b Ba yodgpouue
ab, evd 6tov Ba owhotue yLo ®AoLov «doxTOAMO R», B vtovooiue Tt Bemdonomn
wog touddas (R, +, -) 6mwg otov ogoud 1.1.1 xweig Sdumg ®at vo T ONUELDOVOUUE.
Eniong, eav? n € N xow €dv 1 ay, . . . , a, elvar otouxeio evoc dantviiov R, 161e
XONOWOTTOLOVUE EVIOTE TIS PO VYQOPLES

n
Zai::al—i—-n—i—an, Hai::al ...... Q.
=1 =1

1.1.3 Ogropég. “Evog dantoliog R Aéyetol petadenindg 6tav n wodEn 100 mohha-
ThaoLaopo¥ Tov eivor uetadeTing, dMrodi 6tav ab = ba yio #d0e a, b € R.

1.1.4 Iagadeiyparo. (i) Ta ovvora Z, Q, R now C tov axepoinv, Tmv onTodv, Tmv
TQOY UOLTLXADV ROL TOV ULYUOLRDV AQLBUMV, AVTLOTOIY MG, EPOOLALOUEVOL UE TLS CUVT]-
Beic mEAEeLS T TEOOBETEWS ®OL TOU TOALATAQOLAOUOD, ATTOTEAOTVV TOL TTLO ALTTAG
TOQOElYUATO UETAOETIRMV OURTUAIWV Ue HOVaOLALO OTOLYELO.

(ii) "Eotw (R, +, 1) tuxdv daxtoriog. Edv ta I, J eivar duo un »evd memegaouéva
vroovvoha toU N, 101e #G0e amendvion

fiIxJ—R (1.1)

ovoudLetar (card(1) x card(J))-mivaxag (] unreeio) ue Tig «eyyQopéct» Tov eihnu-
uéveg ard tov R. Avti 100 (1.1) elBioton va ypdpouue

(aij)ijyerx.a, Omov a;; :== f(i,7), Yo naOe (i,7) € I x J.
O ogLoudg avtds epooudtetol wg et To TAeoTOV 0TV €L0LXY TTEQITTWON OOV
I={1,... ,m} now J={1,... ,n},
yio vdmotovg m, n € N. Kabe ameindvion

f:AL... ,myx{1,... ,n} — R (1.2)

3Qc ouviboc, oupfohiCovue wg N, Ng to. GUVOLA TV (UOLRMV XOL TWV W) COVITIRAY axeQaimV aoBudv, avioTol-
pls
401 eyyooagpéc (ayyA. entries) evdg mivaro (1.1) eivon to otoreia g ewdvag Tov.
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elvar évag (m x n)-mivaxrag () (m X n)-puteeio) ue Tig €yyYQAPES TOU EMNUUEVES
artd tov R. Kaw edd, avil 1ol oyetnog dvoyonotov cuufoiiouod (1.2) yodpouue
QITADG

aii a2 a1n—1 a1n

azi a2 Tt az2n—1 azn
Am—11 Am—12 Am—1n—1 Am—1n

Am 1 Am 2 Am n—1 aAmn

N (a;5) 1<i<m , OTTOV
7 ( ”)@3337’

aij =a;; = f(i,7), V(,7) €{l,...,m} x{1,... ,n}

To ovoho SAwV TV (M X n)-mvdnmv (UE TLg EYYQOPES TOUS eMuuéves amd To R)
Ba ovupohritetar wg Mat,, x, (R). o olovodnjmote mivaneg

A= (aij) c Matmxn(R), B = (bw) 1<i<m € Matmxn(R) (13)

1<i<m
1<5<n 1Z5<n

Loy VEL (TTEOPOVAG) 1 AUPITAEVQY CUVETOY YN
A =B < aq;; =by, V(i,j) €{l,...,m} x{1,... ,n}.

KaBe mivanag A = (a;5) € Mat,,, x,(R) OuaBéter m yoapuég

1<i<m
1<j<n

F@z(A) = (aﬂ ;2 " Aip—1 am) € Mathn(R), 1€ {1, v ,m},
oL 71 OTHAES

aij
ZT]'(A) = S Matmxl(R), _] S {1, .. ,TL}.
A j

(HTg;(A) naheitan i-oot yoopus xown Zt;(A) j-ooti otiin 100 A.) ITpogavag,

To1(A)
A= (St(A) - Zt,(A)) = :
Tom (A)

Edv r € R, to1e Y100 00V moTE A = (a45) 1<i<m € Mat,, xr (R) 0€toupe
125<n

rA = (raij) iélfg: .

To Mat,, ., (R) ®abiotatar afehavij ouddo ue uéow i mpoodetinic mpdEeme’

A+ B : = (ai; + b;)

1<i<m
1<i<n

3To 0vdéTEQD TTOLYED OMat,,, » ,, (R) VTS THG OMddOg lvan 0 (e X n)-mivamag, Gheg oL eyyQupég T00 omoiov efvan
toeg ue 1o O g (now etBLOTOUL VO ONUELDVETAL EV OVVTOWO WG Oy ¢ 1, )-
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v orovodnmote mivaxes (1.3). Zwnv edwni| meptntwon éwov m = n, 10 0VVOLO
Mat,, x (R) (1iToL T0 0UVOLO TV TETEAYOVIROV TvaxrOV) ®oBioTaTon SaKTOAOG
uéom auTig THg TEooBeTniic TEAEEMS xal TS TOALATAAOLAOTIRHGS TOAEEWS

n
AB = E a; k:bkj N
k=1 1<i,j<n
v 0lovodmote A = (aij)1<ij<n %0 B = (bjj)1<ij<n € Mat,x,, (R). Edvo R
€yeL wovadlato otoyelo, T0Te noL 0 Mat,, ., (R) €xel novadiaio atouyeto, jtoL Tov
uovadiaio (n X n)-mivaxa

1r Or ORr Or

Or 1p --- Or Or
I, =

Or Op --- 1r Ogr

Or Or -+ Or 1gr

Znuetwtéov 61l 0 daxrtihog Mat, ., (R) dev elvon ot ovdyrnv uetabenxdc,
oxoun row 6tav o (dlog o R etvar edv m.y. o R uetafetindg ue povadiaio otot-
xelo 1 # Og, 10T 0 Mat,,«,, (R) Ogv eivon uetofetinds otV meQimTOOon RATd TNV
omota n > 1, agov

Or 1r 1 1r \_( Or 1gr 1 1r \_( 1r 1r Or 1r

1R OR OR lR - 1R 1R # 1R OR - OR 1R 1R OR :
(O évvoleg: vmomivaxag mivaxa, TeUayLOUEVOL Tivares, EAGOOOVES TIVaKRES AT
optCovran 6mwg now ot ovviOn Foouwns Ahyepoa. oty eumédwon twv amo-
QALTNTWV WOLOTHTWV TWV 00ICOVTDY TVAX WY TOU OVROUV 0TOV Mat,, «,, (R) , 6mtov
R namowog petabetindg dantiliog pe povadiaio otowyelo 1z # Or, TOQOTQUVOUUE
TOV VOLYVOOTY), 0TO ONuUeElo avTd, va emhioeL TNy doxnon 1-19).
(iii) To oOvolo 2Z = {2k | k € Z} twv dotwv axegaimv aglBudv ue g ouvioeLg
TEAEELS elval évag uetaBetindg daxrTOMOg Yweic wovadiaio otouyeio.
(iv) "Eotm m évag puowrds aobuds > 1. H duelg oxéomn wootuiog

a ~m b <= [0 m duongel T draopd a — b
000
amotelel o oxéon ooduvauiag ext To0 cuvoéhov Z twv axegoimv. o va ddoovue
éugpaon oty eEGotnon amtd to m ovuPoritovue wg
5 [ 2, [= 1], 5 [0)ins (U (2], - -

LG ®AAOELS LOOOUVOUIOG TV axeQaimv aolBu®v (wg TEOS TV “ ~,y, 7) noL Mg
Loy, := L] ~p,TO 0OVOLO TV 2AATEWY VITOAOITWV (] ®AdOEWY L00TINIAG) TV Qxe-
oaiwv xatd uédio m (§ modulo m). To Z,, yodpeton oe «ovnyuévn® nooei» g

“

Totto onuaivel 6TL T, EVIOS TV AYRIGTQOY VO QUPOLLEVD. GTOLKELCL EIVOL Tagas dtaxexouéva (1HTor ové 800 dia-
POQETLXA, ATTOXAELOVTOG TNV ETAVAANYPY RATOLOV EE QUTMV).
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axohov0wc’:

\Zm = {[0],,,,[1],,,,--- ,[m—1],} \

now ootehel évav petabetnd daxtoho (ue o 1], ws povadiaio otouyeio®) faoe
TV ovviBwv medEewv

la],, +[0],, =[a+0],, no [a], -[b],, :=[ab],,

yio ®dBe Cevyos (a,b) € Z x Z.

(v) ‘Eoto X éva un nevo avvoro now €0t R évag dontiiog. Tote 1o 00voho Twv
amewovioewv RY = {amewmovioeg f: X — R} naBiotator doxtilog uéom
TOV «ONUELOXDV» TEAEEWV

f+g9: X — R,z f(z)+g(x)
fr9:X—R, x> f(x) g(x)

ISutépwg, v X = {1,...,n} C N, 161e wrrogovue va. TavtiCovue 10 R e 1o
xaTeolové yvouevo R X R X --- x R X R, 10 omoto amoxtd t™) dourj o0 dortu-

n QoQég
Mov uéow Twv TEaEewv

(5517332,... ’$n)+(y17y2,--- ayn) = ($1+917$2+y2a-~- 7xn+yn)a
(1,2, .. yxn) - (Y1, Y2, -« s Un) = (T1 Y1, %2 - Y2y« Tn " Yn)

ue ovdéteQo oToLyelo wg Eog TV mEdobeomn to (Og, ... ,0r). EEGAAOV, d0BEvVTwV
n avBapétwg emheyuévov daxntuhiov Ry, Ry, ... , R, umogolue vo ogicovue )
doun evog dontuliov emi T00 xapTeoiavod W (eEwteoixo ) evbéog yrvouévov Toug

H1 Rj:= Ry x--- X Ry (1.4)
i

ue Tig avdroyeg modEels xatd mwodyovies. O dontiilog (1.4) eivon uetabetinds edv
%naL WOvov eqv noBévag Tov ToQaydvImy Tou elval uetabetirds. EmmpooBétmg, o
(1.4) éxeL novadiaio otoLyeto eav na uOVov 4y ®oBEVAGS TV TAEOYOVIWY TOV £XEL
uovadiato otovyeto. (Mdahota, 6tov o (1.4) €éxer novadiaio ototyeio, T0TE OVTO

etvaw 10 (1g,,...,1g,).) Kav avahoylov, edv 1 (R;) cs elvar wa un xevij owxo-
vévela dontudiov, umogoiue va ogicovue ) dopun) daxtuliov ent 100 [[ R; uéow
jeJ

TV TEdEEwV

(zj)jer + Wi)jes = (x5 +yj)ier, (@))jer - (Ys)jer = (zj - yj)jes

"Ene\dij xa0e a € 7 umoQet var yoagel vitd ™ woeeh a = gm + r, 6mov T g xow T givor katdAAnlot axégaiot
aoBuot xaw 0 < r < m (MroL To 7 elvar To vtdhowo g drapéoemg ToU a did Tov m), haupdvouvue TV LOGTNTAL
[a]lm = [T]m . EE avtot cuvdyetow 6t oL oagpds Siaxexoiuéves »haoews .ooduvauiog mov diabétovpe ivon oL pdvov
oL [0]771, [l]m,; B [m - 1]771‘

80tav m = 1, éxovue [0], =[1]; -
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(vi) Eav 1o R elvou éva wovoovoho, tdte umopet va BewonBet natd tod6mo TeToLu-
uévo wg daxtOMOg %o YU aUTO OVOUGLETOL TETOLUREVOS daXTOAMOG. S€ QUTHYV TNV
meptmtwon €xovue mpopavas Or = 1k.

(vii) Exmuvavtag amd tov (Z, +, -) umogoiue va xataoxevdoouvue Evav dllo ueta-
BeTind domtiAo ue novadiaio otouyeio (Z,H, D) uéow twv mpdEewv

alBb:=a+b—-1, aldb:=a+b—ab.

To aElomepiegyo edd eivar OTL TO OVOETEQO GTOLYEIO QLVTOU TOU dAXTUAIOV WG TOOG
™V ntpdoBeon H elvan to 1, evd 1o povadiaio oToLyelo wg TEOS TOV TOAMATAAOLOL-
ouo [ elvar to 0.

(viii) Téhog, Ba GELCe vor avaepepBel 6TL VTG oLV %o Uy ueTaBeTivot daxnToALOL, O
omoiot dev duaBétovv povadiaio otovyeto. Exl mapadeiyuat, o

R={(§ §)]abeZ} S Matn@)

(g O TIg oVVNBELS TEAEELS TV 2 X 2 TLVAXMYV) 1) arOun »ow 0 (dLog 0 Mats o (2Z)
givon dantoAol autod Tov eldoug.

1.1.5 Hgértaon. Eotw R évag daxtvhog. Tote toyvovv ta e&ng:
(i) 0Ora=a0gr =0g, yadlataac R.

(ii) (—a)b=a(—=b) = —(ab), yadlataa,bc R.

(iii) (—a) (=b) = ab, ywa 6da ta a,b € R.

(iv) Iia m,n € N xau yia otadimote otoryeia a, . .. ,am, b1, ... b, 100 R éyovue

(v) Eav yia otadfimote a € Rxarn € Z yonowuomojoovue ) foayvyoapia

ata+---+a+a

n-Qoeég

, 6otav n >0

nai=] (COH(R () (-a)

(—n)-pogég

otav n<0

i

Or, otav n=20

amé ) Bewoia Twv TEooOeTIXOY afielavdv ouddwv, TéTE
(na)b = a(nb) =n(ab)
yia 6Aa ta n € 7 xai 6Aa ta a,b € R.

(vi) Eav o daxtvhiog R éxet uovadiaio otoryeio xai diabétel meptoo0teQa T0U vOg
oroiyeia, 10te 1r # OR.
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ATIOAEIEH. (i) Oga = (0g +0r)a = 0ra+0gra = Ora = Or. Ouolwg delyvel
noveic 6t aOr = Op.

(ii) Moogpavag, ab + a(—=b) = a(b+ (b)) = aO0r = 0p = a(-b) = —(ad). H
0e0TEQN LOOTNTO ATOOELRVVETAL UE OVALOYO TOOTTO.

(iii) Mogavag, (—a) (—=b) = —(—a) b = —(—(a b)) = ab [VoTeQa amwd duThj eaQ-
uoyn wig (if)].

(iv) ®emEoilue TOo M MG TAYLWUEVO ROL {ONOLUOTOLOVUE UAONUCLTIXT ETOYMOYT (G
o 1oV 1. [l n = 1 N avotéom LodTNTA YOAPETOL G

(a1 + -+ am)by = arby + -+ amb

®o glvor aAnBng Moym thg emueguotivig tddTTag To0 Tolhariaotoaouot 100 R
g TEOG TNV TEdoBeom. Ag vmoBéoovue OTL, Yoo d00EVTES M, N, LOYVEL M) LOHTNTOL

Jj=1

Epooudtovtog ex vEou TV eTLUEQLOTLXT LOLOTNTAL, O€ GUVOVAOUO UE TNV ETTAYWYLXY

uag vdeon, Aaupdavovue
n+1 m n
> bk> =13 q < b, +bn+1)
k=1 j=1 k=1

(v) Tovto €metan Gueco amd to (iv).
(vi) Ent ) paoel tig vmoBéoems nag, R~{0r} # &. Aga yia #dbe a € R~{0g}
éxyouvue 1ra = a, ondte 1 # Op. ]

1.1.6 Ogopég. T #GBe otoyeto a evog daxtvdiov R wou évav n € N, Bétovue

=a-a-:-"-a-a
N——
n oQEg

nar a’ := 1g, 6Tav 0 R dwabéter povadwaio otoyeto. Ioopavog a™a™ = a™ " nau
(a™)" = a™ yu 6hovg TOVg PuoLrOUS AELBUOUS M, n.

1.1.7 IIpétaon. (Avovopxroi tomor) [ia xdls un aovytind axépaio agibuod n ag
ovuPolicovue wgn! = 1-2 - - - n 10 mapayovxéd tov n,étavn > 1,0étovrag 0! = 1,
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xarws (}) = #Lk), ToV SlwvvuLxd ovvtedeoTi Tob n vIepdvw Tov k, émov k € 7,
0 < k < n. Yrobérovrag 61t 0 R eivar évag daxtoliog ue uovadiaio atoiyeio, o n
évag mayiwuévos puaixos aplbuog, xat (yia xdmowov v € N) ta a,b,aq,as, ... ,a,,
oatowyeia 1o R, éqovue:

(i) Eav ab = ba, tote

(@a+d)" =3 (7)ab o+ (1.5)
k=0

(ii) Edv a;a; = a;a; yia 6dovg tovg Seintes 1 <14, j < v, 101¢€
n!
(ix!) (i2!) -~ (i)

omov to dbooroua Aaufdverar vregdvem Swv Twv v-ddwv (iy, iz, ... ,i,) € (Ng)”
YIQ TIG OTOIES 1OYVEL i1 + g + -+ + 1, = n.

alt a¥ - al (1.6)

(a1 +as+-+a) =)

ATIOAEIZH. (i) Oa ¥0NOLUOTOLOOVUE TNV «TOLYVLXT] TowtdTnTa ToU Pascal», itol
™mv:

(7}) + (311) = (7111) (1.7)

yioo vde 5,0 < § < n, now B egyaoBovue pe nadnuatiny Eoywyr wg TEOS TOV
n. o n = 0 n (1.5) elvan mpogavic. YmoBétovrag 6t n (1.5) elvar alndig yia
®dmolov n > 1, Aappdvouvue uéow g emUEQLOTIRNS LOLOTNTOC:

(@+0)" = (a+b) > (7)ak bt

k=0
=3 (Mt ek (D) bR [enedi ab = ba)
=0 k=0

n—1 n
)an+1 + kgo (Z) qk+1 pn—k +,§1 (Z) ak pn—k+1 4 (3) pr+l
i}) qntl Jrnil (7;) @it pntD)=(G+1)

=0
5 () @ (1) e

n—1 . )
= (M) a4 ]EO ((?) + (]ﬁl)) @I+ pHD=(+1) () et

(1‘7) n n nl n j n —(4 n n
= (HE) atl 4+ ; (JLl) @i+ pn+1)—=(+1) +( 31) pntl

— a3 () a0y e =S () kg
k=0 =0

(ii) Twat v 0mt6delEn 100 tomov (1.6) aoxel vo epapudoovue padnuotiny exoywyn
g OGS TOV TANOL1S 0pBUS v Twv TEooBeTémy. Tl v = 1 o0 (1.6) eivon mEopavi|g,
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eV Yo v = 2 ovusimrel ue tov (1.5), agov
(@ +a)" =% (afa™ = 3 ghaial.
k=0 (k,j)ENZ:k+j=n

Edv vrtoBéoovue 6t 0 (1.6) elvor alnb1g yia ndmotov v > 2, téte Ba elvor alnb1ig
®OL YLoLTOV v + 1, 0oL

(a1+a2+"'+a1/+au+l)n = ((al +a2+"'+au)+a1/+1)n
:Z(Z)(a1+...+au)ka:;f: Z k?_;g(al+"'+ay)kai+1,
=0 (k,j)EN3:k+j=n

6o 10 TeEhevTalo ABooLoUa LOOVTOL Ue

n! k! i1 92 @ J
E , il E : [GDESTD R U IR IS
(k,j)ENZ:k+j=n (i1500500 ) E(No )V ti1 4+ +ip =k

_ nlk! i1 dn . iy
= > > R @) & G2 Ay’ @y 1
(k.j)ENGrktj=n \(i1,.,1)E(No)¥ i1+ i =k

_ n! i1 %2 iy o J
o Z Z G - (ngh 1 G2 G0

(k) ENZiktj=n  \ (i1,..,in)ENo)” i1+ iy =k

_ n! i1 d2 i, Ty41
- Z ) NG 21 @2 @y Gy 4y
(i15esivsi1) €NV Thidg oo iy +iy 1=n
VOTEQA ATTO TNV AVTLXOTAOTOOT TOU AVTLOTOIY OV TOTOV YL0 ¥ TQOOOETEOVS. |

1.1.8 Inueiowon. Aedouévmv Twv ouvONrOV ouoLlPaiog UETABETROTNTAS TV OQWV
nog, averotodntes mogarhayés twv (1.5) xan (1.6) magauévouv woybovoes andun
%ot 0Tov 0 dontoog R dev droBétel povadiaio atolyeio. Zvyrexouuéva, o€ avTiV
™V TEQiMTWON, Urogovue va yodyouue ovti g (1.5),

n—1

(a+b)"=a"+ 3> (})a o™ F+b"

k=1
(nou, avtiotolywg, va unv eupovioovue xabotov oty (1.6) Toug madyovtes IOV
etval vpopévol oty undeviryy dvaun). Qotdéoo, Ba TEEmeL va Exovue TAVIOTE 0TO
vou pog 6L, 6tav évag daxtihog avagopds R dev duabétel povadiaio otouyeto, 10
na, 0mov n € Z nou a € R, etval otouyeto to0 R, yweic duwg 10 na vo virodniot
-gv yével- mohhamhaotaoud d0o otolyeiwv evrog tov R. AviBétmg, 6tav o R &l-
vau daxtohog ue wovadiatio, tdte 10 na vrodnhot mavrote tolhariaciooud 000
otouyelwv eviog To0 R, ®0B0TL autd yodepetor wg na = (n - 1) a.
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1.1.9 Ogwopés. "Evo un xevo vrootvoro S (1o vroxewévov ouvolov R) evég da-
ntuliov (R, +, -) nadeiton vrodaxtdiog 100 (R, +, ) 6tav 10 S elvar ®hewotd wg
7TEOS AUPATEQES TLG TEAEELS “+” now “”” xou rabiotaton ag’ ecvtol dantihog (g
7TQOG TOV TEQLOQLOUS TV €V AOYW TRAEEWYV €T’ AUTOD).

1.1.10 gértaon. Eva un xevé vrootvolo S evos daxtviiov R eivar vwodaxtiliog
70V R edv xau uévov edv ixavomoiovvrar ot axdlovles ovvonixeg:

()a—0b:=a+ (-b) € S,yia ndbe a,b € S.

(ii) ab € S, y1a xdbe a,b € S.

1.1.11 Hagadeiypazo. (i) O doxtdlog Z eivar vrodaxtiiog 100 Q, o Q vrmoda-
%®TOMOG 100 R %o 0 R eivow vrodantiiiog 100 C. Entong, o 27 eivon vitodaxtoilog
100 Z now 10 {[0]10, [2]10, [4]10, [6]10, [8]10} VITOda®TOAOG TOU Z1p.

(ii) O danTOMog TOV axegaiov To¥ Gauss (1| «yXOOVOLOVOV AXEQUIMV»)

|2[i) = {a+bi |a,b €2} S C]| (1.8)

ue mEa&els tg (ovviifels modEelg 100 C):
(a4bi)+ (c+di):=(a+c)+ (b+d)i, (a+bi)- (c+di):= (ac — bd) + (ad + bc)i,

OTOV ¢ 1 «AVTOOTIRY» HoVAda, elvar (uetaBetndg) VTodanTiA0g T0U dorTUAiOU
TOV WYodr®dv ooV, evd megLéyel Tov Z mg vodaxtiid tov. Fevindtepa, 10

| 2ly/m) = {a+bym |a,be 2} S C| (1.9)

6mov 10 m € Z dev elvor téhelo teTodywvo (dnhadn +/|m| ¢ Q), nabictoton vro-
dantodog To0 R, dtav m € N, »ow vrodaxtoliog tov C, 6tav m € Z~Ny, »a0011
Yo oLoVedNTOTE @ + by/m, o’ + b'\/m € Z[\/m], éxovue

{ (a+bym) = (a' +V'v/m) = (a — a') + (b = V') /m € Z[Vm],
(a+ by/m) (¢/ +b'/m) = (ad’ + bmb') + (ab’ + ba’) \/m € Z[\/m].

(iii) KaBe doaxtihog R €xel mavtote mg vodarTtuAlovg ToV €auTd TOV %Al TOV TE-
Toupuéve vodaxtoMo {Or}. ‘Evag vmodaxtidog S evog danturiov Rue S G R
AéyeTon yvijorog vtodaxrtoMog 10U R.

1.1.12 Inueioon. ‘Eotw S évag vrodantiiog evog doxtuiiov R. Edv o R elva
uetafetindg, t1ote elval mpopavég ot nat o S etvor uetobetinds. otdoo, edv o
R elvar un petafBenndg now 0 S yviotog vodoxrtolds tov, o S evoéyetan va elval
uetafeTinds, OTWGC, ;.Y., CUUPAIVEL TNV TEQLTTWON IOV

S:z{( a b ) eR} b:c:o}, R := Matyy»(Z).

c
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1.1.13 Inpeivon. Yadayovv vwodaxtioiol S doxtuhiwv R mov CupTeQupéovTol
0O®ETA TARAEEVA GO0V 0poQd 0TV VITOEEN 1| un povadiaiov otovyetov.

(i) O S eivou duvatdv vo uny €xer povadiaio otoryeto, evdd o R va €xel, 6Tmg ..
ovupaiver otoug S = 2Z, R =7.

(ii) Emilong, 0 S umoget va €yl novadiaio otoryeio, evid o R va unv €xeL, 0mwg ..
ovuPaiver otovg S = {0} x R, R =2Z x R.

(iii) EGv o R éyeL povadiaio otoyeio 10 1z now 1z € S, 101€ 15 = 1.

(iv) Téhog, evoéyetan xai oL Ovo Tovug va. £xouv povadiaio otovxeta 1g xan 15, ovi-
otolymg, ywolc avtd va elvar (oo ueta&0 tovg. Ily., 0 R = Z x Z éxgL wg uovodiaio
Tov atotygto o (1,1), evd o vrwodaxrtiibds Tov S = Z x {0} 7o (1,0).

1.1.14 leéraon. Eav 1 (S;),c ; evar pua un xevij o1xoyéveia vrodaxtvriov evog
daxtvriov R, tote n tousj () S; amotelel évay vwodaxtivAio Tov R.
JjeJ
ATIOAEIZH. Emteldn O € S; ywa naBe j € J, éxovue O € () S}, omoTe 1) TOUT| QUTH
JjEJ
dev elvau neviy. Edv a,b € [ S;, t01e
jeJ
[a,be S;, VieJ = [a—beS;,VjeJ=a—-be S
Jj€d
o [a, b€ Sj, VjeJ) = [abe S;, VjeJ = ab e () S;. Aoan () S; elvan
JjEeJ jeJ
Ovtwg évag vrodontiiog tov R. (Bh. mpdtaon 1.1.10). O

1.1.15 Oguopés. "Eotw R évag daxtilog ue povodiaio otoryelo xouw éotw S C R
€vag vrodanTOMOg avTol XMV WS HoVadLato Tov otolyeto 1o 1z. Edv @ £ A C R,
161 (Lo T mEotdoews 1.1.14) opiletan 0 eddytotos (wg mEog ™ oxéam Tov
oVvoroBemENTXOU €yrRAELOUOD) VTTOdARTOALOG

. U vmodaxtilog to0 R
Sl4] -—ﬂ{ ‘ ueSCUnw ACU }

T00 R (éymv wg povadioio tov otowyeio 1o 1) mwov mepLéyel TOO0V T0 VITOOTVVOAO A
600V 7ow Tov S (g VTodaxTOMG Tov). Aéue 0L 0 S[A] elvar 0 vtodaxrtiiog To0 R
(1 n eméxtaon Tov S evrdg 100 R) mov mEOXVTTEL VOTEQX 0O TQOCAQTNON TOV
A gtov S. Ztnv eldunn] meptmtmon 6mov to A eivol €vol TETEQAOUEVO VTTOOVVOLO
{a1,...,ar} 100 R, 1618 0Vl 100 S[A] Yodpovue anhig S|ay, ..., ax].

1.1.16 Ilgétaon. Edv otov ogoud 1.1.15 0 S eivau uerabetinog xar 1o a € R éva
atotyeio, TETOI0 WOTE va LoyVEL as = sa yia xdbe s € S, 10t¢

Sla] = Zsjaj v € No #o Sg, ..., Sy €S ). (1.10)
=0
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ATNOAEIEH. Emeldi| o S eivan (e§ vmobéoems) uetabennds now as = sa yuo nG0g

s € S, 10 otvoho T := { > sja’|v € Ng nou s, ..., s, € S p (MOyo Tig mQOT4-
j=0

oeng 1.1.10) elvan évag vrodoxtiiog To0 R 0 omotog mepiéyel 10 1g = 1. Emeldn

a = (lg)a € Tnow S C T (ddm spa’ = so(1g) = sp Yoo %GB 59 € S), Exovue

Sla] C T. And v GAAN uepLd, elvar mEoavés OTL 0 T opelheL VO TEQLEXETAL OE

76.0g vTodaxTOAO T00 R 0ToV 0molo aviirovy o 1, a xou S. Enouévws, T C Slal

zow M wootnta (1.10) etvon alndic. O

1.1.17 Nogadevypa. EGv R = Qo S = Z, t61e Z[1] = { 2|k € Z,n € No } .

1.1.18 Iagadeiypata. Otov R = C now S = Z, 4000xTNOLOTIRA TaQadelyuota
eivon to eENg:

(1) Twa @ = i (6mov i M «pavraoTxi» povada) Aaupdvouvue tov doxtoho (1.8) twv
YRAOVOLOVOV axegatmv. (Qg ex tovtov, o Z[i] elvor 0 ehdylotog VITodaxTiAMOg ToU
C mov mepiéyel o ¢ nan Z.) Fevindrtepa, eav to m € Z dev etval 1éhelo teTodymvo,
toTE Y1t @ = /m hauPdvouue tov doxtoho (1.9). (Qg ex tovToV, 0 Z[1/m]| glvan o
ehdyLotog vrodoaxtiliog 100 C mov meQLéyel Ta v/m nou Z.)

(i) EGv ¢,, := exp () = cos (&) +isin (£),Vn € N, 16te yian > 3xona = ¢,

n n

haupavovue tov daxtiio

n—2
Z[¢,) = Zsjgﬁl S0y ey Sn—2 €Z
7=0
. . n—2
dom ¢4 = ¢, 6tav j > nuanj =i(modn), 0 <i < n,wan (" =— S0 ¢
k=0

[1.2] AKEPAIEX IIEPIOXEL KAI TQMATA

1.2.1 Ogwpég. ‘Eotw R évag daxtihos. "Eva otovxelo a € R~{0gr} nohelton de-
ELdg (no ovTLoTotywe, agLotegds) undevodiogétng otov vdoyel évo b € RN {0r}
(avt. ¢ € R~{0Rr}), 1010 0TE ba = O (nou avuotoiyws, ac = Ogr). "Eva otot-
¥elo 100? R~{0r} naleiton apnginmdevgog undevodiorgémg 1 amhme undevodiargé-
g 0Tav autd elvar TauToxedvwe ®oL 0EL0g ot apLoteeds undevodiapétns. To
0UvVoLO OAV TV uUndevodilonetmdv evag daxtuiiov R Ba ovuforitetor wg Zdv(R) .

1.2.2 Iapaderypa. Ztov daxtiho Matoys (R), 6mov R évag daxtOhog ue puova-
dwato atouyeto, Exovue

( On On ) € Zdv(Matays (R))

“TIpoooyt! OQLOPEVOL GUYYQAPELS TVYRATUAEYOUY %at To 0 g GTOVS UNdeVOSLaLETES TV R (XAQorTnoitovide To mg
TOV «TETOLUUEVO» undevodianétn to0 R). Qotdoo, 10Ut 1 ovufacy dev Bo vioBetnBel edd!
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AoTL

1zp Ogr Or Ogr _ Or Or
Or Or 1r Or — \ Or Or )’
Or Ogr Or Or _ Or Or
1r Or Or 1r )~ \ Or Ogr /J°

1.2.3 Hagarfienon. Ztovg uerabetixovs daxtuhiovg ®A0e apLoTeQds UNdevodLoL-

étng eivon OeELOS 1oL avTLOTEOPWS. Qg ex ToUTOV, dev yeldletal va yivetal did-
%OLOM UETAED TV dV0 AUTAV EVVOLDV.

®o

1.2.4 Mpétaon. Ztov daxtvro Z,,, m > 1, Eyovue

|ZdV(Zm):{[k]m€Zm [1<k<m—1, uxd(k,m) >1}‘

AMNOAEIEH. ‘Otav m = 1, n woétnta elvon mpogavig, apot Zdv(Z,,) = &. And
€0 nau 07to Enig Ba vtoBéTovue St m > 2.
“2 7 Boww [k],, € Zpm, 0mov1l <k <m—1,ued:=pund(k,m) > 1. Tote

K, (fm/d],,) = [km/d],, = [(k/d)m],, =[k/d],, [m],,
= [k/d],, [0],, = [0],, = [Kl,, € Zdv (Z,) .

“C 7 Autd Ba meoxipel dueoa amd TNV ®ATWg YeVIROTEQN Tdtaon 1.2.17. O

1.2.5 Hgétaon. (Nopog doygognis) Eotw R évag daxtirios. Tote o R dev Exet
0e€1ovg undevodiaipétes eav xar uovov av yia 6ia ta otoryeia a,b € R xat 6la ta
¢ € R~ {0g} toxvet o e&fig vouog tijs draypoapis :

ca=cb=—=a=0.

Kat’ avaloyviav, o R dev éxer aptotepots undevodtaipétes edv xai uévov eav yia.
6da ta otoyeia a,b € R xat 6da ta ¢ € R~ {0r} toyver o axdrovBos véuos tijs

Ouayoaqrs:
ac=bc= a=0.

Katd ovvémeiav, o R dev éxet 0vte 0e€lovic 0vte apLatepois undevodiaipétes eav xai
uovov eav yia 6la ta oroixeia a,b € R xai 6Aa ta ¢ € R~ {0g} toyvet 0 &n¢ vouos

TIjg OLayQaqrs :

~

[ca=cb | ac=bc]=a=0.

(Zrovg uetabetinovs daxtvAiovs ot 6o TEATOL VOUOL OLaYQOPHS EVOWUATDVOVTAL
mEodHAwS o€ évav.)
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ANOAEIEH. Edv o R eivon évag dontilog yweic deElolc (oL aviiototyms, ym-
otg apLoTtepovs) undevodianpétes vaw ¢ € R~ {0}, tdte N wodtntaL ca = ¢b (now
OVTLOTOLY WG, N L0OTNTO ac = be) yodpetow g c(a — b) = O0p (®oL AvILOTOlY WG,
s (@ — b)c = 0g), modyua wov onuaivel 0t a — b = Op, MNhadh a = b. Ko
OVTLOTEOPMGS TEOVTOBETOVTAS TNV oYU TOU TEMTOV (ROL OVTLOTOIXWS, TOU OgV-
TEQOV) €% TV VoUWV g drarypapric, aoxel va detEovue ot Lo oladnmote oToL-
xela ¢,d € R, cd = Or onuaivel 01l [c # 0p = d = Og] (ou aviloTolywg, OTL
[d # 0 = ¢ = 0g]). oGyuat eav ¢ # Og, t0te éyovue cd = O = ¢ - O, omdte
ot Tov TEMTO vORo tg darypapiic Aaupdvouvue d = Og, evd eav d # Or, TOTE M
cd = 0g = 0g - d pog dtder (rat’ avaroyiov, péom 100 delvtegou vouou tig droryoa-
PNg) ¢ = Og. O

1.2.6 Iapaderypa. Ztov 0arTOMO Zg deV LoYVEL O VOUOS THGS OLaryQappic. (EmueLw-
téov 6L [2] [3]g = [6]¢ = [0]4, omOTe o1 [2]4 ®nou [3]; elvaw undevodioupétes. MAL-
ota, ovugpwva ue Ty meodtaon 1.2.4, Zdv(Zs) = {[2]4, 3]s [4ls}-)

1.2.7 Oguopés. ‘Eotm R évag doxtilog ue povadiaio otouyeto'’ 1z # 0x. ‘Eva
OTOLXELO a € R xoheltol €€ aguotegdv (koL avILoTol MG, €% OEELDV) avILOTEEYLIO
6tav 3b € R (rouw aviiotolyws, dc € R), T€1010 0O0TE ba = 1g (oL AVILOTOLY WG,
ac = 1r). ‘Evatétoob € R (avt. c € R) Méyeton aproted (1ot avtiotoiyms, 6eELd)
avtiorgogo'! 100 a. ‘Evo otoryeio 100 R noheltol apgurdetong oviiotoéyiuo 1
OTTADG avTLoTEéYLo OTOV QUTO Elval TAUTOXEOVIS %ol €E AQLOTEQMY 1o eX JEELDV
ovtioteéYPLuo. To oUvoro HAWV TV AVILOTOEYPIUWY OTOLYEIWV EVOS UM TETOLUUEVOU
daxtuliov R ue povadiaio otoryelo Ba ovupolriCetar mg R*.

1.2.8 Ilgétaon. Eotw R évag un tetoiuuévos daxtoriog ue uovadiaio atoryeio xai
éotw a € R*. Eav 10 a d1abétel T0 b wg éva apiatepod avtioToopsd Tov xal To ¢ wg
éva 0e&Lo avtioTeoeo tov, Tote b = c.

ATIOAEIZH. XQNOowwomolovtag Tig Lodtntes ba = 1p = ac ovumepaivovpue Queoa
6te= 1gec = (ba)ce =blac) =blr =b. O

1.2.9 Tupporiopés. "Eotw R Evog un tetolupuévog dantiMog ue Lovadloio otoryelo
nat €0t a € R*. Tote vdyel ®dmwowo ototyelo 100 R, o t0 woUUE b, TETOLO MOTE
ba = 1 = ab (ent T PpaoeL 100 ogLopov 1.2.7 now g mpotdoews 1.2.8). To b elvou
70 uovo otoyelo Tov R wov wAnot avtiv tnv ot ta, dLoTL yia owodfmote b’ € R
ue b'a = 1 = ab’ égovue b = b’ (agpov 1o b eival 0QLoTeEd avtioTEopo »at o b’

OH ouvBiixn 1z # 0z 100dUvauEl ue T0 6TL 0 R eV elvoL TETQUINEVOS (BA. 1.1.4 (vi)). HpGyuotr edv 1 = Og, T0TE
Yy n@be a € Réxovue a = 1g - a = Or - a = Or, ondte 0 R ogellel va etvan tetouuuévos. To avtiotpogo elvar
TEOPAVES.

gocoyi! H 700N evig 0010TeQot avilotodpov evos a € R dev eyyvdtan avtoudrog v OmagEn #dmotov deElon
avToTEAPOL Tov R Tovamaiy. Emiong, dev amoxheieton éva mayiwuévo a € R vo duaBétel deEud (raw avuotoiyws,
QQLOTEQG) OVTiOTROWO TTEQLTOOTEQ TOY €vos. Tovta (6mws deiyvetar ota eddpia 1.2.8 xow 1.2.9) aldlovv Godnv
dtav meQLOQLLOUNOTE OTOL (AUPLTAEVQWGS) AVTIOTOEYIUA OTOLYELA.
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OeEL0 avTioTEOPO TOU @ %o TAVATOALY). AvTtd T0 b ROAE(TOL AVTioTEQOQPO OTOLYE(D
100 a xon Bo. ovpPoritetan epeEiic wg a . (Tlgogavag, 15" = 1g, {£1z} C RX,
Or ¢ R* nouwywo xdBe a € R* égovue —a € R* ue (—a)~t = —a~1.) Exlong, Yo
%GO oToyElo a € R* nou xGOe n € N, Ba yodpouvue ev ovvrouio a =™ = (a~1)™.
(TToPh. 1.1.6).

1.2.10 Ilgétaon. Eotw R évac un tetouuuévos daxtorios ue uovadiaio otoryeio.
Torte 1o Cevyos (R, -) amotelel ua morAdamraaciaotixn oudda.

ATIOAEIEH. Emewdf) 1p € R*, égovue R* # &. EmmpooBétmg, yio oladfmote
a,b € R* éyovue

(b taab=1g=ab(b"'a™) = (ab) " =b"'a"! = ab € R*

(ue (ab)™" = b la Y rawata = 1z = aa! = o' € R*. Katd ovvéneiay,

to Cevyog (R, -) amotehetl wo mohhamhaoiaotiny) oudda (ue 10 1z mg ovdétepo
oToLyeto g). O

1.2.11 Ogiopds. "Eotm R évag un tetouuuévog dartoAlog ue povadiaio otovyeio. H
oudda R* naleltol opdda Tov aviioteepiponv orotyeinv ol R.

1.2.12 Inpeiovon. (i) H R* etval duvatdv va elvar afehiavy axdun row 6tov o R
dev eivou uetaBetinde, moPAh. donnon 1-26 (v)).

(i) AMote  R* éxeLmemepaouévy T1aEN, Omwg oty mepintwon Bempnoemg tov da-
HTOMOV R = Zy, m > 2, ue 25, = {[k],,, € Zp, |1 <E<m—1, und(k,m)=1}
rnou |ZX| = ¢ (m), 6mov ¢ m ouvdetnon 10 Euler, xon dhhote dreon. Ent mago-
delynatt,

ZIV2)* = {j:(1+\/§)k \keZ}

elvou dmelon apdufoun (BA. onueioon 5.2.41) xow n (Mat,, ., (R))™ dmeon vie-
papOuiowun (BA. mpdtaon 1.2.14).

(iii) EGv o S elvar évag un tetouuuévog vrodaxrtilog (ue povadiaio otolyeio 1g)
evog daxtuhiov R pe povadiaio otowyeio 1 = 1g, téte S* C R* N S, xwoig va
amoxeietol o eyrhelopds va elvan avoteds. Emil mapadeiyuat, 6tav R = R now
S=27Z,tte2 € R* =R~ {0} ol 2 ¢ S* = {£1}.

(iv) Eav o S etvan évag un tetolupévog vodoxtiiog (e povadiato otoyelo 1g)
evog daxtuliov R ue povadiaio otolyelo 1 # 1g, totE £VOEYETAL VO VTLAQYEL KO-
TTOLO OTOLYELO TOV .S OV elval OVTLOTEEYLUO EVTOS TOU .S ROl U1 AVTLOTOEYLUO EVTOG

100 R. Eni mogadeliyuatt, 6tov R := Matyyo (R) now S = { < i z ) T e R} ,

1R—(é‘1’)¢( )—15

101¢

[SIENIE
[SIENIE
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now Yo xdfe z € R~ {0} éxouvue

(2 2)(% £)-n(

(7 2)es wna (2 7)¢R NS ={AES |det(A)#0}(=2),

x

i~ £k

i &
i &
~
—
8 8
8 8
~—

omote

omov wg det (A) ovppoirifovue v opifovoa tov A.

1.2.13 Oguopés. "Eotm R évag un tetotuuévog daxtilog ue uovadioio otovyeto xot
¢otw n € N. H ouddo twv aviiotoepipwv mvanmv

GL, (R) := (Mat,x,(R))*

To0 Mat,, x , (R) naieltar, 1Olontéomg, yeviry yoapuxi opndda (Pabpod n vrepdve
t00 R).

1.2.14 Ilgétaom. Ila xdbe un tetoiuuévo uetabetiné daxtolo R ue povadiaio
ortouyeio nai yia #dbs n € N woyver n 106yt

GL, (R) = {A € Mat,xn(R) | det (A) € R*}. (1.11)

Emmpoobétwg, yia xdbe A € GL,, (R),

det(A~1) = det(A)~! (1.12)

raryian > 2,

A~ =det(A)"ladj(A), (1.13)

omov wg det (A) ovuforiCovue v opitovoa tov A xar ws adj (A) Tov mivaxa tov
TEOTaQTNUEVO OTOV A.

ANOAEIEH. Twn = 1 ou (1.11) now (1.12) etvor mpopaveis. Ag vmobBéoovue 6TL
n > 2xo 0Tt A € Mat,, . (R) nouw det(A) € R*. Oétovtag B := det(A)tadj (A)
Aaupavovue péow tg (1.23) (tov (viii) g aonijoemg 1-19) 6t

AB=1,=BA= AcGL,(R).

Ko avtioteégng ev A € GL,, (R), tdte vidoyel aviiotoopo otouyeio A~1 1ot
A. Katd 1o (vi) mig aonijosmg 1-19,

AA =T1,=A1A = det(A) -det(A™!) = 1z = det(A™1) - det(A),

omote det(A) € RX now det(A)~ = det(A~1). (H wémta (1.13) émetan Gueoa
anéd v (1.23).) O
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1.2.15 Oguopés. “Eva otovyeio a evog daxtuhiov R Aéyetar pndevodivapo 4tov
wyveL a” = Og yuo #amowov n € N. To o0voro SAwv Twv undevoduvaumy otot-
xelwv 100 R Ba ovuporiCetar wg Nil(R) . (Qg deixtng evoc a € Nil(R) opileton o
v:=min{n € N|a” =0g}.)

1.2.16 Iagdaderypo. Ztov doxtoAo R = Matay o (Z) €xovue
2
(0 o) =(00)=0r=(5 o) eNil(R) (uedeinm2).

1.2.17 lgétaon. Ila »dbs un tetoyuuévo daxtvlo R ue wovadiaio otoiyeio
LOYDOVY OL EYXAELOTINES TYETELS:

| {1r} C R* C R\Zdv(R) C (R~Nil(R)) U{0z} C R|

xaolt

| Nil(R)~ {0} C Zdv(R) € R~R* C R|

ATOAEIEH. "Eotw tuydv otovyeio a € Nil(R) \ {0g} . Edv 10 a éyel detxtn v, 10T
(moogavag) a*~! # 0g naw a” = a*"ta = aa’"! = 0p = a € Zdv(R). Eotw
toa 6T b € Zdv(R), dhadi) 6T vadoyovv ¢,d € R~{0gr} ue ¢cb = bd = Og.
Edv vroBéoovue 6 b € R*, tote Ba vdoyovv otoveia e,g € R, té€tola Ot
eb = bg = 1g. Avutd Suwg pog odnyel o€ £va ATOTO CVUTEQAOUNL, QPO
Or = (Or) g=(cb) g=c(bg) =c(lr) =c¢c, 1
OR == e(OR):e (bd)z eb) d= 1R) d=d.

Emouévmg, Zdv(R) N R* = @. O hourég eyrhelotinég oyéoels elvor mpogpaveis. [

1.2.18 Oguopég. (i) KdaBe petoBetinds un tetouuuévog dantiiog R ue povadiaio
otouyeio naw Zdv(R) = @ noheltol anegaia megroyn 2.

(i) KaBe un tetoupuévog daxtohiog R ue povadiato otoryelio ®ow R* = RN {0r}
nohelton SranpeTnés'® daxtohog 1 oteeprd ocopa's.

(iii) KdaBe petabetinds duanpetinds dantiAlog volelTol odpa.

]ZHropowd)g, évag un tetouuuévog uetabetnds dantiliog R pe povodiaio otouyeio eivar axegaio meQuoyh edv xan
uévov edv og avtdv LoYOeL 0 vouog Tig dtarypagiig (BA. medtaon 1.2.5) 1, 1ooduvaums, edv xat uévov edv omd Ty
woémta ab = Or (6mov a, b € R) énetan »ot’ avayrny ot elte a = Og elte b = OR.

BBH ovopaoio «dtongemnds dantohog» (1 «daxrtoMog e SLaipeon») TEOEQYETOL S TO YEYOVOE TOU GTL OE TETOLOU
eldoug dantuhiovg 0piletal mavToTe 10 ab ™!, yia xdfe a € Ruonb € R~ {Or}.

14Hropavd)g, 0 TANBOs aEBuss TO0 VIToREWEVOU CUVOROL wog oxeQaiag TTEQLOYTHS 1 evOg aTEeProl oduatos R
elvan > 2 (agpod megiéyel 1ooov 10 1 r 600V row 10 O (# 1R)).
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1.2.19 Hegadeiypata. (i) O dontohor Q, R xaw C amotehotv oduata. Amd v
GAAM uepLd, 6mmg eidaue ota 1.1.4 (ii) xon 1.2.2, 0 dantohog Mats o (R) , 6tov 10
R eivon évag ex tov Z, Q, R, C, dev umwopel va ivol 00Te ®av oxeQaiol TeEQLOYT.

(ii) 'Eotw Hg := {al + bi + ¢j + dk | (a,b,c,d) € R* } 0 vmodoxtiog 100 dantu-
AMov Mats 2 (C€) 0 00LL6UEVOS UECH TV TOOYUATIXMY YOAUUKRDY CUVIVOOUMY TMV
1600400V TVaxwVY

L=L= (g 1 )i=(o % )k=( 0 5 ) i=ik=(1 )

O Hg yodpeton mg eENg:

_ a+bi c+di )
HR_{< —c+di a—b )‘ (a,b,c,d) € R } .

O Hr €&l 10 Ipat, o (c) = I wg povadiaio Tov otoryeio. Qot600, dev elvar uetobe-
Twndg, Lot .y 1 # —i = kj. Oewpdvtag £va 0ToL El0 TOU

a+ bl c+ di 7& 0 O
—c+di a—0bi o o0 )
€vag TOVAGYLOTOV €X TOV a, b, ¢, d opelhel va eivon # 0, TEdyuo Tov onuaiver 6t

%o 1 00tCoVod Tov, N oTtoia LoovTon ue a? + b2 + % + d?, Ba elvan # 0. TIpogpavac,
0 avTioTEOPAS TOV TTEVOROG

TIOTT ( ch et ) € (Matzx» (C))”

aviixer oty oudda HY . Aga o Hy amotehel évav dawpetiné daxtidio 1, o omoiog
ovoudletau daxtohog Tov tetgaviov!’ vregdve 100 cdpotog'® R.

1.2.20 TIgéraom. Kdbe un tetoiuuévos vmodaxtvlos S uiag axepaias meotoyis R,
yia Tov omoiov 1 € S, eivar axegaia megLoyd.

ATNOAEIEH. Emeld) S C R, égovue 1g = 1z wouw Zdv(S) C Zdv(R) = @. O

bH Aeyouevn opdda Q tav tetgaviav, 1 omoia mapdyetan and o oTovyela j rau k, veloéQyeTon ovoLmdms oTNV
TaELVOUN 0T TWV TETEQAOUEVOV OUGdWY TAEEWS 8.

150 Hy, eivan £OdLOOUEVOS O Ue T1) douT| VOGS TETEALATTATOV TYAYUATIXOD JLAVVOUATIXOD XDQEOV, APOD OL TIVORES
I, i, j, k elvan zow yoapundg aveEdotntot vregdvm o0 R.

T, «tetdvion emvor@nzav amé tov William Royal Hamilton (1805-1865) o étog 1843 mg éva. ahyePoind coomua
7eQLéYoV 10 odua C v uyadundy agudy (yv oavtd Aéyovar xat «viepuryadirol aotBuoi»). To otoephd odua Hy,
TEQAY THS OUYVIG XONOEDS TOV 0TN Alovuopatiny) AVAAUOT, VTTELGEQYETAL ROl OF EQAQUOYES TOTOV THG CUYXQ0VNG
Ahyepownnig Tomoroyiog 60ov ron tg MaBnuatxic Puowmic.

BEviote, ex16g 100 1di0v 100 Hi , %0N0WOTOL00VTAL (08 SLAPOQES EQUOUOYES) %Ot VTTOSUKTOMOL OUTOT
Hp := {aI+bi+cj+dk (a,b,c,d) € R4} C Hg

ooLLopevol veEdvm dtapdowv vtodaxtuhinv R 1ol oduatog R. (Ta otowyeio 100 Hz vahovvto, diontéows, axégara
teredvia o 100 Hy ened tetpdavia.)
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1.2.21 Hagarienon. O vrodaxtOiog 2Z 100 daxtuliov Z dev eivor axegaio me-
oLoyN, maEdtL Zdv(2Z) = &, agpot dev diebétel povadiaio otoyelo.

1.2.22 Tlégropa. Kdbe un tetoiuuévos vmodaxtilios S evos aouaros K, yia tov
omoiov 1 € S, eilvar axeopaia megioyr. (Eidixdtega, xdbe odua eivar axeoaio me-

oLox1.)

1.2.23 Tlagdderypa. Ymdoyouvv axépoies meQloyxés mov dev eivar odpata. Ta
OTTAOUOTEQO TTOQADELYUATO UOG TOL TOREYOUV O OARTUMOS Z TV arveQOLmV (UE TS
ovviBelg mEAEeLg), apot Zdv(Z) = @ nwouw Z2* = {-1,+1} & Z~{0}, o o do-
#tOMOG Z[i] Twv axegaiwv 100 Gauss (PA. doxnon 1-43), agot Zdv(Z[i]) = & nou
Zli)* = {=1,+1,—i,i} G Z[i]\{0}. Amé TV GAMN PEQLE., Y10l TETEQAOUEVOVS We-
taBeTinoUg dantuliovg pe wovadiaio ototyeio 1z # Or oL évvoleg axrepoia TeEQLOYN
row odpo tavtigovrae. (Bh. mpdtaon 1.2.26).

1.2.24 Inpeioon. Eav R eivor puo axegaio meoloyt ®oL o S vmodontiMds TG Ue
HovadLOLLo 0TOLYELO, 0 0TTOL0Gg CUUPAIVEL VO ElVaL arEQOLLXL TTEQLOY T (G TTQOG TLG (OLES
mEhEeLs, Tote 0 S xoleiton vromeguoyn s axegaiog meoloxig R. (‘Otav o S ei-
vou vtomeoloyy g R, éxovue »at’ avdyxnv 1lg = 1. BA. doxnon 1-24.) Ent
moadeiyuatt, 10 R := { s €Q ‘ a€l,ne NO} (g mEOg T oVVHBelg TEAEELS
TR00BE0cEMS HOL TOAAATAOCLOOUOD ENTMV aELBUMV) elvan vtomepLoyy T00 Q nou
Z S R C Q. (B Goxnon 1-31).

1.2.25 Inueiwon. Eav to L elvan éva odua o 10 K €vog vmodaxtiiog 100 L
ue uovadloio oToLyElo, o omotog ovupalvel va ivol oOUO MG TEOG TIS (OLES TOA-
Eelg, 1ot 10 K naheltan veéoopa 100 L xaw 1o L (copotxt) enéxtaon 100 K. (Ev
TOLoOTN TEQLILTMOEL, 11, = 1x.) Ent mapadelynot, to Q eivor vrdowua tov R o
10 R vréowua 1ot C.

1.2.26 Ilgétaon. Kdbe memepaouévos un tetoiuuévos daxtiriog ue uovaotaio otoi-
x&l0, 0 omoiog dev d1abéter 00TE AQLITEQOVS 0UTE 051006 Undevodiaiétes, eivar diai-
oetinds. Eidinoteoa, xd0e memepaouévy axepaia meoloxn eivar odua.

ATIOAEIZEH. Eotw R €évog memeQaouévog un TeTouuuévog dantihog xmoig 0eElotc M
00LoTeEOUS undevodionétes naw a € R\{0gr}. Aoxel va mpoodioplobel éva otol-
xelo b € R ue ab = ba = 1. Oewovue TV amerdvion S : R — R, v oollduevn
uéom g S (¢) := ac (non, avuototyws, uéow tig S (¢) := ca) ywa 6o Tt ¢ € R.
Zougava pe tov vouo g dwaryoapis 1.2.5, yia ¢, ¢’ € R ue () = B(c), haupa-
vouue ¢ = . Aga 1 3, wg evourtxy amewdvion, Oa eivor xau emeoLTTiKy. AuTto
onuaiver 0Tl yuo 10 1 Ba viagyel £vo agyétumo uéow g 5, dMrady| éva b € R,
tétol0 0ote 5 (b) = 1. ((Onwg éxovue 10N TEOOVOPEQEL, T OLOTEQN 1O OeELdL
OVTIOTEOPO. EVOS AVTLOTREYIUOU OTOLYEIOV a £VHS TéTOLOU R TovtiCovtal.) ]
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1.2.27 Mégropa. Ot axdrovles ovvBixes yia tov 0axtOAo Ly, m > 2, €ivat 10000-
VAUES:

(i) O m eivar mpwrog aLOUbS.

(ii) O Z,, eivas pia axepaio megroy.

(iii) O Z,,, amotelei éva ovua.

ATNOAEIEH. H ovveraywyt (i) = (ii) émeton amwd tnv medtaon 1.2.4,  (ii) = (iii)
artd v medtaot 1.2.26, xow 1 (iii) = (ii) and v wpdtaon 1.2.22. Téhog, yia ™
ovvertayoy (i) = (i) ag vroBéoovue 6Tl 0 m eivan oUvBeTog aEBUdS, Onhadi) 6T
YOAPETOL WG YLVOUEVO m = pg 0V0 GAAWV axreQaiwy p, g, 6tov 1 < p, ¢ < m. Avtd
Oa oquawve 6t [m),, = (0], = [pl,, [d],, we p # 0 #aw g # 0, TEAYUA TOV AVTIXELTOL
oty (ii). O

1.2.28 Oedpnpo. (Wedderburn, 1905) Kdbe memepaouévos dtaioetinis daxtiliog
eivar odua.

ATIOAEIZH. BA. T.W. Hungerford: Algebra, Graduate Texts in Math., Vol. 73,
Springer-Verlag, fifth printing, 1989, Ch. IX, Cor. 6.9, p. 462. g

1.2.29 Ogiopés. ‘Eotw L éva ooua ol éotm K C L éva vréomuo avtov. Edv
@ # A C L, tdte 0piletan 10 eAdytoto (g mOg T 0% TOU GUVOAOBEMENTLROU
€YRAELOUOV) VITOCOUOL

K(A) :=N{U|U vrécouc to0 Lue KUACU}

100 L mov megLéyel 10oov 1o vtooivoro A doov xai 1o K. (IToPh. donnon 1-42.)
Aéue 6n 10 K(A) elvon to veéoope tod L (| n exéxtaon tod K eviog tod L) mov
mEoxVTTEL VOTEQA 0O TEOTAQTNON TO¥ A 010 K. STV eldni| mepimtwon 4mov
10 A elvoun éva memepaouévo vmwoovvoho {ay,...,ar} t00 L, té1€ 0vi o0 K(A)
yodpouvue amhds K(aq, ..., ax).

1.2.30 Znueiwon. Aoupdavovrog v’ Yy tov opoud 1.1.15, dwamotdvouvue 6T
K[A] € K(A), 1oL 61t 0 vwodaxtirios K[A] to0 L mov mpoxrvmteL VoTeQa amd
100dTNoN T00 A 010 K mepLéyeton (evOexouévmg xat yvnotws) evidg to0 vmro-
oduatos K(A) 100 L mov mpoxvmtel Votea ard 1poodotot 100 A oto K (didt
0 doxtiohog K[A] dev elval »at’ avayrny ooua).

1.2.31 Hagadeiypazo. (i) Eotw m évag anégaiog aouBuds mov dev elvar télelo te-
Toaywvo (dnhadij /|m| ¢ Q). Eivan etnoho vo. deuyBet 6Tt 0 vrodontiiog?

Qym] ={r+sym |r,scQ}SC (1.14)

YT mv agyu a6deEn pA. JH.M. Wedderburn: A theorem on finite algebras, Trans. Amer. Math. Soc. 6 (1905),
349-352.

DH io6mra (1.14) mooridnter dueca amtd Ty (1.10).
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100 onpatog C wov mporvmtel VoteQa and TEOoAQETNON T0U /m 010 Q elvon vd-
owpa 100 C (BA. 10 (iv) ™g aorfoeng 1-44), onde?!

Znuelmtéov 6Tl Lovovy oL axdhovbol eyrAeLouol:

7S ZVm) S Q(vVm), ZS QS Q(vm).

(i) AvtBétmg, yio tov vrodoxtiilo 100 aduatog R mov mporimtel Votepa amd
TEOCAQTNON ToU m = 3, 14159... (}T0oL ToU AGYOU TOU WirOVS THG TEQLPEQELOS EVOG
r0%AOV 1TROG TN dLAUeTEO TOov) 010 Q €xouue

Q] (W10 jz:(:)rjwj v € Nognwouro,...,r, € Q p G Q(7),

dwon 7t € Q(m)\Q[r] (Moyw THg vrepPaTirdTNTOS TOU ).

1.2.32 Inpeivon. Kotd ta mooavogepbévia, elvar epuwti wa vrodiaigeon g
®AGoewg OV TV daxTUALWY 08 VITOXAAOELS, BOOILOUEVT O€ £VVOLES ALTTOQQREOVOES
0Tt0 TS TEMOTOYLKES LOLOTNTES THS TOAATAAOLOLOTIRNS TEAEEWCS, TNV VITaEN 1 un
UNOEVOOLALQETMV %O TO «€VQOG» THS TOMATAAOLOAOTINAS OGNS TWV OVTLOTQE-
Pipwv otoryeimv. O ev Aoy VTorAAOELS, OBDG RO XAQARTNOLOTIXA TOQOOELY-
uoto daxTUAMlmV aviirovio og ®dbe uia €€ avtv, ratoyweilovior 0to axdrovbo
duayoouuo:

H xAdom 6Awv tov daxtudiov

MeraBetixoi daxtiiioL

27 *Z Aaxtohol pe povadiaio
ArEQOUES TEQLOYES * Matsx2(R)
o7
Zopara Mn petad. otpeAG odpato
¢« o7 s o [H R

* Matyy2(2Z)

2l Aut6 10 oGpa umogei vo 1dmBEL ®aw wg VoW TOT TOUATOS R Twv TEAYUOTROV aBu@v 6tav m > 0.
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[1.3] AAKTYAIOI IIOAYQNYMOQN
KAI ENITYIIQN AYNAMOZXEIPQN

AoBévtog evog un tetouuuévou daxtuliov R e povadioio atouyeto Bempoiue 1o
otvoro RNo Ghawv Twv axohovOwdv (ag, ai, as, . ... .. Juetaa; € Ri=0,1,2,...,
#000g xon 1o otvoho RMN0) 6hawv twv axorovbidv (ag, at,az, . . . . . . Yueta a; € R,
i =0,1,2,..., yio. Tig OTOLES VILAQYOVV TO 7TOAD TEMEQATUEVOV TAROOVS @; TOU
elvan dudpopa 101 0. KaBe otoryeio ¢ 100 RMN0) yodpetow vid ) noopi

Y = (ao,al,ag,... ,a",OR,OR,...)
yia xdmorov axrépato aplbud n > 0. Ipogavog, dvo otoyeio
Y = (ao,al,ag,... ,an,...), ’(/JZ (b07b17b2,... ,bn,...)

100 RN givar {oa (¢ = v) 6tav a; = b;,Vi € Ny. Exi 100 R0 opifovue modEelg
mpo0bécews now moAamdaotacuot wg onohovmg:

((10,(11,(12,...)+(bo,bl,bg,...) = (a0+b0,a1+b1,a2+b2,...),
(ao,al,ag,...)'(bo,bl,bg,...) = (CO,C],CQ,‘.‘),
Omov
Cm =Y ibj = aobm + arbm_1 + -+ + ambo, ¥m € Ny, (1.15)
i+j=m

H touado (RN, +,-) amotehel évav daxtoho ue undevind Tov GTOKEIO TO
(Ogr,0R,...) %o uwovadiaio tov otoweio 0 (1g,0g,0g,...) %ow M TOLAO
(RMNo) ) évav vmodantiho 100 (RN, +,-) (ue povadwio otorelo tov to
(1g,0g,0g,...)). Exiong, ravtiCovrac ndbe a € R ue 10 (a,0r,0g,...) éovue
™ duvardmTo Bewoiioeng 100 (R, +, -) 0g évav vrodaxtilo tov (RN + ). Ei-
odyovtog éva véo aOuPoAo

X:= (0g,1r,0r,0r;...)
TaEOTNEOVUE OTL, BAOEL TV WS AV TEAEEWY,
X2 = (ORvoRa 1R70R7 OR, A ) ,
X3 = (0g,0r,0R,1%,0R,0R,...),
o, YEVIROTEQQ,

Xn:(OR,OR,...,OR, 1r ,OR,OR,...), Vn € Np.
~~

n+1 0éon
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Eniong, Moym g avitéom TauTtioems, yio ®a0e a € R haupdvouvue

aX":X”a:(OR,OR,...,OR, a ,OR,OR,...), vn € Np.
n—+1 0éon

EGv Aoutov 1o (ag, ar, as, . . . ) eivow Tuxdv otouyeto o0 RN 161e wrogoiue va. yod-
Pouue

00
(ao,al,ag,...):a0+a1X+a2X2+-~-+anX”+u~:;Zaixi.

Kav avahoyiav, edv 1o (ag, a1, az, . . . ) elvor Tuxév otoryeio 100 daxtviiov RN,
O0mov a; = Or,ywo G0 i > n, yia ®dmolov moytwuévo n € Ny, 1oTe urogovue vo
yodyouue

(ao,ahag,.“ ,(Ln,OR,OR,..‘) :a0+a1X—|—a2X2+~-~+anX" = Zalxl

1.3.1 Oguopdg. (i) O daxtihog RNe cuuBorileton ouviBwg wg R[X] xou noheiton
daxtolog exitumOV dUVAROCELQRAV (1] TUTOLS dSVVANOGELRDV) LGS B.TTEOTOLOQIGTOV
X ne ovvieheotés elhnuuévoug amtd tov R. Ta otouyelo tov ovoudtovtol exitumeg
duvapooeég xow onueldvovial wg o(X), ¥ (X), .. ®.AT., EVAO TO EXAOTOTE OVOLYQO-
QOUEVQ. ag, a1, Az, . . . OVOUALOVTOL CUVTELEGTES TWV EMITUTTOV QUVOUOOELQMYV.

(i) O daxtidog RMo) guuPohiteton cuvijBme g R [X] o #akeiton daxtoiog wo-
Aovipev (1] kohvovopuxos daxtiiog) Uoc arxgoodtogiotov X Ue CUVTELEOTES EL-
Muuévoug amd tov R. Ta otouyeia Tov ovoudlovtal ToAvdVURa ROl ONUELDVOVTOL
g ©(X), Y(X), .. ®.AT., EVO TO. EKACTOTE ALVOLYQOPOUEVA ag, A1, G2, . . . OVOUALOVTOL
OUVTELEOTES TV TOAVMVOUMV.

1.3.2 Hagariignon. Bdoel 100 001ouo0 100 TOAMATAACLAOUOV TOAWVIUW®Y (KoL
OVTLOTOlY WG, ETLTVTTMVY OUVAHOOELOMV) elval oaés Tt 0 dartiliog R[X] (o avii-

oToiyws, 0 dantodog R[X]) eivan uetaBetindg edv xaw pdvov eav o idtog o R elvan
uetabeTinoe.

1.3.3 Inueiwon. Ex tov avotéow ovumepaivovue 6Tl o emitumes SOUVOUOOELQES

ZaZXZeR ZbXZeR

elvar toeg (yodpoviog ¢(X) = (X)) edv now pévov eav a; = b;, Vi € Ny. Kar’
ovahoyiav, duo ToAVMOVUULL

ZaZXZeR ZbXJGR
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elvan toa (o(X) = ¥(X)) edv nou uévov edv eite augotega eivar oo ue 1o O g ite
max {7 € {0,... ,n}|a; #0r} =max{j € {0,... ,m}|b; # Or} (=: k)
nowa; = b;, Vi€ {0,...,k}

1.3.4 Ogiopés. ‘Eotw R évag un tetouuuévog dontollog ue povodiaio otouyeto.
Edv

o(X) = Zaixi € R[X]~{0gxy} »ow n:=min{k € Np|ax # Or},

i=0
to1e Mpe 6t 0 0EBuds ord(p(X)) = n eivor N TGEN TS EmiTURING dUVOUOOELQAS
©(X) nar 0 ap 0 0100eQdg 600g TS P(X). TNV mEQiTTWON 6TTOV P(X) = OR[X]
elvar n pundevixy) emitumn dvvapooergd, Oétovue €€ optouot ord(p(X)) := oo, vd
ToVv 600 6T BeomiCovue T ovuPaon?: 0o > n, VYn € Ny. Kot avtdv Tov 106mo n
TAEN TV eniTUTOV SUVAUOCELQWDV WITOQEL VoL EXANOEl Mg wa aelrdvion
ord : R[X] — Ny U {0} .

1.3.5 Aupa. Eotw R évag un tetouuuévos daxtirios ue uovadiaio otoryeio. Ta
oteodnmote emitvmes Svvauooelpés o(X), ¥ (X) € R[X] toyxvovy ta e&ig:

(i) ord(p(X) + 1(X)) = min{ord(¢(X)) , ord(¢(X))}-
(ii) ord(p(X)¥(X)) > ord(¢(X)) + ord((X)).
(iiif) Edv (X), (X) € R[X]~{0g[xy} #ar ord(p(X)) # ord(¢(X)), ré7e

ord (p(X) + 9(X)) = min{ord (¢(X)) , ord(¢(X)) }-

(iv) Edv o R eivar arepaia mepioyt, tote

ord ((X) - (X)) = ord (X)) + ord(1x(X)).

ATIOAEIZH. Edv tovhdyiotov wia ex twv ¢(X), ¥ (X) etvar ton ue v Ogpxy, T0Te
ta (i), (i) now (iv) eivow mpogoavmg ainbi. Apxel howdv va vmoBéoovue 6Tl
e(X),»(X) € R[[X]]\{OR[[X]]} no 0Tl

P(X) =) " a:X!, ni=ord(p(X)), $(X)=>_ bX', m:=ord(1(X)).
i=0 i=0
(i) Alywg PPN g yevidTnTog umogovue vo virobéoovue 6t n < m. Tote 1o
aBpowoua p(X) + ¥(X) wwovton ue

- _ ap X+ > (a;i+ b)) X, 6tavn < m,
(@i +b)X' =9 sy (1.16)
=0 > (a; +by) XY, 6tav n = m,

i=n

2ZEJTE()ng, 010 Ng U {c0} BEtovue 0o + 00 := 00, 00 + 00 1= 00 RO 00 + N 1= 00, 00 - N := 00, Vn € Ny.
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omt61e? ord(¢(X) + (X)) > n = min{ord(¢ (X)), ord(:/(X))}.
(ii) Baoer g (1.15) to yivéuevo twv 00 eniTumtmv duvoUooELRMV UTOQEL VoL Y-
el mg

oo k
PB(X) = 3 (Z aibk_z) X",

k=0 \i=0
Omov
s anbpm, OtOVE=mn+m,
; b = { Or, Otovk<n+m—1. (1.17)

Kotd ovvérerav?, ord(o(X) (X)) > n +m = ord(p(X)) + ord((X)).

(iii) Alywg PAapn g yevirdtntag wrogovue vo vrobéoovue 6 n < m. Tote
€xovue a,, + b, = a, # O0r now amd v (1.16) émeton 6L

ord (p(X) + 9(X)) = n = minford (¢(X)) , ord(¢:(X))}-

(iv) Emeldm| an by, # Og, Maupdvovue ord(¢o(X)1p (X)) = ord(p(X)) + ord((X)) amd
mv (1.17). O

1.3.6 Ogiopés. ‘Eotw R évog un tetouupuévog dantiilog ue uovadiaio otouyeto.
Edv

p(X) = Zaixi € RIX|\{Ogrp} »av a, # O,
i=0

to1e Méue 6t 0 0eBuds deg (p(X)) := n elvar o fadbuog 100 Tohvwvinov ¢(X), To
ap 0 otaBe@dg 6gog 00 p(X) now 0 LC(p(X)) := a, 0 emxe@olils ouvrelearig
() o peyrotofaduog ovvrereotiig) To0 p(X). ‘'Otav LC(p(X)) = 1g, 161€ 10 P(X)
noheltol povid odvdvupo. Xty mepintmon 67mov ¢(X) = 0gx] elval To undevird
rolvdvupo, Bétovpe €€ ogLonov deg(p(X)) := —oo, vtd Tov 600 6L BeomiTovue ™
odupaon®: —oo < n, ¥n € Ny. Kar’ avtév tov 10610 0 aduds tTwv Tolvnviumy
UIoQet va. exAnpOel mg wa amewmdvion

deg : R[X] — Ny U {—o0}.

"Eva molvdvuuo ¢(X) € R[X] AMéyeton otabegd morvdvopo dtov deg(o(X)) < 0.

2 . 2 - . z P 2 i
Bgogavie, v 1oyveL W yyioia avicOTTR EGY KL LGVOV EGY 1 = T RO Gy = —byy .
24Aurr’| LOYVEL WG YVoLa OVIGOTNTA EGV ROL UOVOV €AV @y by, = OR.

BEniong, 010 Ng U {—oco} Bétouue (—oo) + (—o0) := —o0, (—0) - (—o0) := —oo xat (—o0) + n = n,
(—o0) - n:= —o0,Vn € Np.
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1.3.7 Afupe. Eotw R évag un tetoyuuévos daxtilios ue povadiaio otoyeio. Ta
owadfmote molvavvua p(X), (X) € R[X] toyvovy ta e&hg:

(i) deg (¢(X) + ¥(X)) < max{deg (¢(X)) ,deg(¥(X))}.
(if) deg (o(X) - (X)) < deg (p(X)) + deg(s(X)).
(iii) Eav deg (¢(X)) # deg(¥(X)), tdte

deg (#(X) + ¥(X)) = max{deg (¢(X)) , deg(s(X))}.

(iv) Edv LC(p(X))- LC(¥(X)) # O, TOTE

deg (¢(X) - (X)) = deg (¢(X)) + deg(4(X)).

ATOAEIEH. Edv tovAdyiotov éva ex tov ¢(X), 1 (X) elvol to undevirnd morvdvuuo,
tote ta (i)-(iii) elvan mpogpavag aind. Ag vroBécovue oL

o(X) = zn:aixi € R[X], an #0r, ¥(X)= ibjxj € R[X], by # Og,
i=0 j=0

®ow ag ogtoovue a; == Og yioe ®G0e ¢ > n naw b := O Yo #GOe j > m.
(i) Alyowg BAapn g yevirdtntag nrogovue vo vroféoovue 6t n > m. Tote

n

P(X) +9(X) = (ai+b) X, (1.18)

=0

om6te deg (#(X) + 1 (X)) < n = max{deg (¢(X)), deg(¢»(X))}.
(ii) Baoel g (1.15) 10 yivéuevo tmv 000 Tolvmviumy UroQet va yoopel wg

k
p(X) - (X) =) (Z aﬂ’kz‘) X"

k>0 \i=0
omov
- nbm, otavk =n+m
; aibg—; = { iio a;bg—i + i_éﬂ aiby_i =Op, O6tavk>n4+m-+1 (1.19)

Kartd ovvémeiay, deg (p(X) - (X)) < n+m = deg (¢(X)) + deg(1p(X)).
(iii) Alywg PAapn g yevirdtntag wrogovue vo vrobéoovue 6t n > m. Tote
éxovue a,, + b, = a, # O o amd v (1.18) émeton 6T

deg (¢(X) + ¢(X)) = n = max{deg (¢(X)), deg(¥(X))}.

(iv) Emeldn anby, = LC(o(X))- LC(¥(X)) # Og, amd v iodtnta (1.19) haupdvovue
deg (¢(X) - (X)) = deg (#(X)) + deg(s(X)). O
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1.3.8 Hagadeiypata. ZnuelmTtéov GTL OL AVOTEQW AVIOOICOTNTES UTOQOVV TOAY-
UATL VAL Lo U0UV RO OG QUOTNEES AVIOOTNTES.

(1) EGv o(X) = 2X + 1, (X) = —2X + 1 € Z[X], t6te

0 = deg (¢(X) + (X)) < max{deg (¢(X)),deg(¥(X))} = 1.
(i) Eav o(X) = [2], X + [1],, ¥(X) = [-2], X + [1], € Z4[X], 10T

P(X) - p(X) = [-4], X* + [1], = [1,,
mov onpaiver 6t 0 = deg (¢(X) - (X)) < deg (p(X)) + deg(¥(X)) = 2.
1.3.9 Toéraon. Eotw R ua axeoaia weowoyy. Tote ioybovy ta e&ic:
(i) Ia owadimote molvdvvua ¢(X), 9 (X) € RIX]N{0px} éxovue
deg (¢(X) - (X)) = deg (p(X)) + deg(4(X))

xat yia oteooijmote exitvmes ovvauooeoés o(X), ¥ (X) € RIX]N{0gx)} éxovue

ord (p(X) - (X)) = ord (¢(X)) + ord(s(X)).

(i) Ot daxtvdior RIX] xau R[X] efvar axéoaues megioyé.
(iii) Exovue R X = R* (1ot ta avtiotoéypiua molvdvvua tov R [X] eivar ta ota-
O0d moAvavvua s uooens o(X) = ag € R*) xat

e(X) =Y X' € RIX]* <= ap € R*.
=0

AMNOAEIEH. (i)-(ii) Ov R[X] naw R[X] elvor un tetouuuévol, uetabennot doxrtiioL
ue wovadiaio tovg otouyeto to 1x. Edv ¢(X), ¥(X) € R[X]\{0gx}, 10TE

LC(¢(X)) - LC(9(X)) # O,

dLoTL 0 R Oev droBéter undevodiougéteg, omdte amd to 1.3.7 (iv) €éxovue

deg (¢(X) - (X)) = deg (¢(X)) + deg(4/(X)) € No.

Zuvenag, p(X) - ¥(X) # Opx), omdte ovte 0 R[X] dev €xer undevodiongéres. Ev
ovveyeia Bewpodue p(X), 1 (X) € RIX]N{0g[x) }- A6 1o 1.3.5 (iv) €xovue

ord (¢(X) - (X)) = ord (¢(X)) 4 ord((X)) € No.
Zuvenag, o(X) - ¢ (X) # 0gpx], omdte 00te 0 R[X] dev €xel undevodionéreg.
(iii) Eav to ¢(X) eivon évo avtiotoéyiuo ototyeto 100 R[X], téte vrdoyel éva mo-

AMdvopo ¥(X) € R[X], étowo dote va woyder o(X)(X) = 1. Ta ¢(X), 9 (X)
elvor un undevind, x0T 1z = 1 # Or = Og[x- An6 70 (i) OVVAyETOL OTL

0 = deg (p(X)¥ (X)) = deg (¢(X)) + deg(¢ (X)) = deg (p(X)) = deg(¥(X)) =0,
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om6te ta (X)), 1 (X) elvor rat’ avayxrnv aviioteéyiua ototyeio 100 R. Edv thoa
p(X) = ;X" € R[X],
i=0

€yovue
e(X) € R[X]* < ag € R*.
[Modypoty edv vreaoyer (X) = Y b Xt € R[X] ue o(X)1(X) = 1g, 101€ agby = 1g,
i=0

ométe ap € R*. Kol oavtiotedpmg: edv ag € R*, 10Te uogotue vao 1gocdlogicovue
dadoynadg by, by, - .. , by, bir1, ... € R, 00Tmg ®OTE VoL LOYVOUV OL LOSTNTES

boag = 1g,
birag + boar = Og,

b;ag + b;_1a1 + - - - + bga; = OR,

Ioogovaog, by = ay L “Eoto tuxdv guowmdg aobude i € N. Yrobétovtag ot
éyovue 101 mpoodopioet ta b, j € {0,1,... i — 1}, oplCovue wg b; To

b; == *aal(bi_l(h + -+ boai).

O¢tovtag ¥(X) = > b X%, haupdvovue p(X)h(X) = 1g »non 0 WO0YVELWOUOS elvar
i=0

alnOnic. O
1.3.10 Iégiopa. Eotw K éva odua. Tote toyvovy ta e&ng:
(i) Eav o(X),(X) € K[X]~{0kx}, 767¢

deg (¢(X) - (X)) = deg (#(X)) + deg(s(X))
xau K [X]" = K> = Kx\{0x} = {9 (X) € K[X] | deg(p(X)) =0}
(i) Eav o(X), ¢ (X) € K[X]~{0x[x)}, ToTE

ord (¢(X) - (X)) = ord (¢(X)) + ord(4(X))
xat

KIX]* = {¢ (X) € K[X] | ord(p(X)) = 0}.
Emimpootétwg, xdbe enitvmn dvvauooepd p(X) € K[X|[N{0kx)} vodperar vré
T1] OQY]

p(X) = XDy (X),

yia xdmota (Hovoonudviwg ogtouévny) exitvan dvvauoaeiod x(X) € K[X]*.
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ATIOAEIZEH. O woyvoiouot mtepl twv Pabudv tov yvouévou d0o un undevindv
TOAVWVOUMY, el TV TadEewv 000 un undevirdv emitumwy SUVOUOOELQMY KoL
7eQl TV OUAd MV TWV OVTLOTEEYIUWY oToL LV elva TEodHAmS ahnBels faoeL Twv
60wV amedelyOnoav otny mpdtaon 1.3.9. "Eotw tdoa tuyovoa exitumn duvoauo-
oeLpd

p(X) = Zaixi € K[X[~{O0xx}

oo}

ue n := ord(¢(X)). ®tovtag x(X) := Y a; X" haufdavovue p(X) = X*x(X). H

entttumn duvapooelpd x(X) € K[X] glvou ovToTeéyLun, 0ot 0 0Tafepde Tg 6QOg
ap, gtvan # O, omote avinel oty oudda K= = K~ {0k }. O

1.3.11 Inpeiwon. Zto oyohelo elBioton va aviuetomrifovue 1o TOAMDOVIUA WS OU-
v Beig «amenovioeis» (emeldn) exel yivetan xvpimg xoMon twv doxtuiiony Q xow R).
Qo1t600, 6TV ®Ovelg Bewet TvydvTes dantuhiovg R ue novadiaio otolyelo, ®at
Té1010 Oev givan ev yéver alnbég. Eav p(X) = 31 a; X' € R[X], ) amewévion 1
emayouévn amod to p(X) elvol €€ oplopov 1
Vo)t R—— R, 7+ v,x)(r):=(r):= Zairl.
i=0

Ouwg N R [X] —AI(R, R) = RE, ¢(X) — v,(x), dev elvon »at’ avayxnv évoupn.
Eni mopadetyuart, edv R = Zs now

P (X) = [ X+ [1; X%, »(X) = [2]; X,
101E 10 @ (X) HOow 1 (X) -mg ToAv@vvua- ivor drapogetind (PA. 1.3.3), evad

b ([0]3) = [0]5 = vy x) ([0]5),

o) ([13) = [213 = vy ([15),
o) ([2]3) = [1l3 = vyx)([2]3),

TOAYUOL TTOU ONUOLVEL OTL B ,(x) = Dyy(x)-

» Metafoon otis morrés ampoadiogiotovs. Avuti| xaBiotatal epurty VoTEQa OTtd
emavainym tig dradiraotag rataoxevic twv R[X] xaw R[X], 6mov o idtog o R elvan
€vag danTOMOG TOAVMVIUMY oL Vg ORTUAOG ETLTUTWY OUVOUOTELQMY, OVTL-
otolywg, axohovBovuevn amd avadgownd ooLoud.

1.3.12 Oguopds. "Eotm R évag dantihog pe novadioio otouyeio.

(1) O daxtohiog (R[X1]) [X2] tov enitumwy duvopuooelodv uiog argoodlogioToy
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Xo pe ovvteheotéc elhnuuévous amd tov R[X;] nokeiton daxntdhog emitvmav dv-
VOPOOELQDY 000 (aveEEAQTATOV) aEOTdL0QIoTOV X ®at X UE CUVTEAEOTES ELAUUE-
voug amtd tov R naw ouupohiletan wg R[X1, Xz]. Kdabe o(X1, Xa) € R[X1, X2] elvon
TS HORPYS
(X1, X2) = > ayXiX], ai; € R.
(i.5)ENG
Kot avahoyiov, o daxtohog (R[X:]) [X2] Twv molvovinwmy plag amrpoadiogiotov
X2 ue ouvteheotés ethnuuévoug amd tov R[X;] noheltan doxtiiog molvovipov
000 (oveEapTitov) amoodiogiotwv X; ®or Xy ue ouvieheoTtés etnuuévoug amd
tov R now ovuforiCeton wg R[X;, Xa]. Kdbe otouyelo (X1, X2) € R[X1, Xz] elvar
™S HORPYS
(,9(X1,X2) = Z al-inX%, aij € R, AC N(Q), card(A) < 0.
(i,5)EA

(TToopavax, o R[X1, Xz] etvar vrodoxtihog to0 R[Xq, Xs] o extl ™) Pdoer twv
ovviBwv tovtioewv Wy 1rix, x,] = 1Rr[x,,X.] = 1R-)

(ii) Tevixdtepa, yia 0LovOfmote puowrd aBud n > 2, o doxtohog R[Xq, ... , X,]
exiTumOV duvapooelE®v n (aveEaQTqTOV) amEoodLogiotov Xi, ... , X, UE OUVTE-
Aeotég eLhnuuévoug amtd tov R optletal avadgounms mg

R[X1,..., Xn] == R[X1, ... , Xn_1][Xn]-

Kot avahoyiav, o daxtohMog R [X1,. .. , X,] molvevipoev n (aveEagtitov) angoo-
dwogiotov Xi,... X, ue ovvteleotés etlnuuévoug amd tov R oplletal avadoout-
#ie g eERCZ:

RIX1,...  Xa] := R[Xq, ... s Xp1] [Xn] -

1.4| H XAPAKTHPIXTIKH TQN AAKTYAIQN

1.4.1 Ogropég. "Eotw R évag daxtohiog. Ag vmoBéoovue 6t vdpyel évag m € N
ue TV WLoTNTAL

ma =0gr, Vaé€ R.

Edv on € N glvar o ehdylotog puowmdg aoBuds ue avtiv v iidtnta, tote o n
Aéyetan yagaxrnerotixi) o0 daxtuliov R. Edv dev vagyel navévag m € N ue thv
ovoTEQM OLOTNTA, TOHTE AEUE OTL 0 donTOMIOG R éxeL yagaxrtnowonxf 0. H yapoxtn-
oLoTrt| evog doxtudiov R Bo ovufolriCetar wg yoo(R).

%0 R X1,...,Xy] (row avuotoiyws, 0 R[X1, ... , X,]) elvow uetabetindg €dv vow pdvov edv o idog o R elvan
UETOOETLRAG.
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1.4.2 ITagadeiyparo. (i) OvZ, Q, R naw C €xovv yapontnorotny 0.
(ii) O Z,, €xeL YoQorTNOLOTLRY ™.
(iii) Mogavag, xao(R) = 1 <= o R eivor tetouuuévog doxTOAOG.

1.4.3 Ipértaon. Eotw R évag daxtiriog ue uovadiaio aroiyeio. Tote
oo (R)=n>0<=n=min{meN |m-1p=0,}.

ATIOAEIZH. “=" EE opLouo0, eav o R £xeL yopartnolotxy n > 0, 101e na = O
vy xdfe a € R, ondte n - 1 = 0. Edv vmioye ®amolog axnéoarog m, 0 < m < n,
T€T0L0g MOTE va LoVeL m - 1p = OR, 101e O elyoue

ma=m(lg-a)=(m-1g)a=0gr-a=0g, Ya€<R,

ONAadY| naTL Tov B AvTEQPAOoRE TEOS TO YEYOVHS OTL O 1 ELVOL O EAAYLOTOG QPUOLRAG
0LBud¢ yia tov omolov na = O Yo ndBe a € R.

“«<="EqQv o n glval 0 eAdyLotog puoLrds aptBuds yia tov otolov n - 1 = Og, toTE
yio ®G0e a € R éyovue

na=n(lg-a)=(n-1r)a=0x -a=0g,

ométe xoo(R) = k, yua xdmowov puownd abud k, 6mov 0 < k < n. Enedn duwg
tote Ba Loy veL vow N LloOTTA k - 1 = OR, B0 TEémeL (fAaoel T vToBécems uog) va
éxovue k = n. O

1.4.4 Mogaderypa. "Eotw R évag daxtihog ue povadiaio otoryeto. Tote

xoQ (R) = xae (RIX]) = xae (R[X]).-
Ac amodeiEovue v momdtn woodTto. (H amddelEn g devteonc elvar mapduora.)
Hegintwon medy. x0o(R[X]) = n > 0. Téte n =min{m € N|m - 1px = Ogpx} -
Emeidi) 10 1r (xou avuotoiywg, to 0r) Tavtileton (watd 1o euwbota) ue 1o 1xx)
(wow avToTolywg, ue 10 Ogx)), Aaupdvovue xao(R) = n.
Hepintwon devteon. "Eotw 6t xa(R[X]) = 0. Edv vrobétaue 6t yao(R) =n > 0,
toTE (YONOLWOTOLOVTOS TNV (Ol emuyetonuortoroyia) Ba etyaue xoo(R[X]) = n now
Ba ratahjyaue o dtomo. Aga xoQ(R) = 0.

1.4.5 Ilgétaon. H yapaxtnoiotixnij oiaodfmote axepaias mepioyns R eivau eite un-
Oév eite évag modTog apifuoc.

ATIOAEIZEH. "‘Eotm 611 xao(R) = n # 0. YmoBétovue mwg o n elvar o0vOeTog
0Bude, dnhadn 6t yodpetar wg yivouevo n = ki 800 puotr®dv aolBudv k nou I,
omovl < k,l <n.ToteO0gp =n-1g = (kl)-1gp = (k-1g) (I 1g), now emeldn) 0
R dev duaBéter undevodionpéteg haupdvouvue (k- 1) = 0g M (I 1z) = Or, mEAyUA
OV AVILQEAOHREL TOOS TO YEYOVOS OTL 0 n elvol 0 eddyiatos uotrds aQLBudS ue
ovtiv TV owotnta. (BA. modtaon 1.4.3). Aga teMudg 0 1 opethel va elvol TOMTOG
aoBuog. |
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1.4.6 Ilpétaon. Eotw R o axepaio meoroyy).

(1) Eav xoo(R) = 0, t0te 2d0e un undevixod ororyeio tis mpoobetixnis ouddas (R, +)
Exel dmelon taén.

(i) Eav yao(R) = p (p medt05), T0TE 260 Uy Undevinod otoryeio s TEOOOETINNAS
oudoas (R, +) éxet taén p.

AMNOAEI=H. (i) Edv yoo(R) = 0 »nou edv Bsmprjoovpe éva a € R~{0r} now vwobé-
oovue Tws avtd etvol TaEeweg m € N, tote

Or=ma=(m-1g)a= m-1g =0pg,

NToL ®dTL 10 0dUVaTO. AQO TO a OPEtAeL Vo ExeL ATteLOT TAEN.

(ii) Edv xao(R) = p (p mpmdtog) nou e6v Bewpnoovue éva a € R~{0g}, t61e amd
TOV 00LOUO TG X0EORTNELOTLRIG ToU R mpoxvmtel 0t ord(a) < p. Ouwg 1 lodTnToL
Or =ord(a)a = (ord (a) - 1g) a dtdeL naw wdAL ord(a) - 1g = O (SLOTL 0 darTOALOG
R otepetton undevodiotpetdv), modyua mov onuaiver 6w ord(a) > p duvauel Tig
mpotdoews 1.4.3. Zuvenmg, ord(a) = p. O

1.4.7 Hoerope. Eav R eivar wa memepaouévy axeoaia megioxh (frot éva memeoa-
OUEVO TODUQ), TOTE N XAEAXTNOLOTIXN TNS Ba eival évag mEwTog alfuds.

1.4.8 Ilpétaon. Eav R eivai uia axeoaio weQioxi e yaoaxTnoloTixg Evay TomTo
aptlué p, Tote yia oLadfmoTe a,b,aq,. .. ,a, € R éyovue:

(i) (a £ b)P = aP £ bP.

(i) (a £ b)?" = a?” £ b yia #d0e v € N.

(iii) (a1 + -+ an)? =ai +-- -+ al.

(iv) (a1 + -+ an)? =a +-- +a?’ ya xdbe v € N.

Aoxrnfoelg

1-1. "Eotw (R, +, -) évog dantiilog. XoNnoLuomoldvtas tov ouupfoioud Tov eLoa-
¥x0évta oo eddpra 1.1.5 (v) now 1.1.6, vo amoderyBel 6t Loy touy oL androvBeg
LoOTNTES:

(1) n(ab) = (na)b, ywo. nabe n € Z now n40e (a,b) € R x R.

(ii) n(ab) = a(nb), yio #aBe n € Z now vdbe (a,b) € R x R.

(iii) (ma)(nb) = (mn)(ab), ywa vG0e (m,n) € Z* nor ®G0e (a,b) € R x R.
(iv) (ma)™ = m™a™, ywo. owadfmote m € Z,n € Nnowa € R.

() (—a)*" = a2", yua %60 a € R now y10. %60 n € N xon

(vi) (—a)*" ! = —a2"*1 yio ndBe a € R now yua %60e n € Ny,
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1-2.

1-3.

1-4.

1-5.

"Eoww (R, +, ) évag daxtiliog xou é0tw (a,b) € R x R. EGv ab = ba, va
artodelyBet OTL LoDoVY oL andrhovBeg LOOTNTES:

(i) (a+b)? = a® + 2ab + b2, (a — b)? = a® — 2ab + b?,
(i) a®> =% = (a — b)(a +b) = (a + b)(a — b),
(iii) T #60e puownd aEBud 7 > 3,

n—1
a — bt = (CL _ b) a1 + Z a?ipi—1 + pn—1
j=2
n—1 o
= a™ ! —i—z:a"_]b]_1 Ny (a—0),
Jj=2
(iv) T #G0e puord aplBud n > 1,
a2n+1 + b2n+1 — (CL + b) (a2n _ a2n—1b+ RS a2b2n—2 _ aan—l + b2n)

— (a2n _ a2n71b+ S a2b2n72 _ CLb2n71 T b2n) (a + b),
(v) Twat @B puowrd aplbud n > 2,

a2n _ b2n — (CL + b) (aQn—l _ a2n—2b o — a2b2n—3 + aan—Q _ b2n—1)

— (a2n71 _ a2n72b+ . a2b2n73 + ab2n72 _ b2n71) (CL 4 b) .

Edav (m,n) € N x N pe uxd(m,n) = 1 xnow a, b etvar ovuotoéyua otoyeio
evog dontuhiov R e povadiaio otoyelo, t€Tolo MoTe Vo Loy el ™ = b™ na
a™ = b", va amoderyOel 6tL a = b.

"Eotw (R, +, ) évag daxtihos. Aéue 6t o dontohog (R, +, *) 0 0otllouevog
ent 1oV ouvohou R, pe v (Ota TV “+” g TEdEN TEooHEaemg nat TV

RxR> (a,b)—axb:=b-a€R

g TEAEN TOANATAAOLOUOD, ELVOL 0 avTixeipevog daxtolog tov R. Ev ovu-
vtouia, o daxtihog avtdg cuufolriCetan ouviBmg mg ROPP. Na artoderyBovv
Ta ardlovba:

(i) (ROPPYOPP = R,

(ii) R°PP = R edv now pévov edv o R elvar petafetinde.

(iii) EGv o R éxeL povadiaio atoryeto, 10te na 0 R°PP €xel uovadiaio otovyetor
emLTEO00ETWG, 1o = 1R.

"Eotm R évag SoxTOMOG Yia ToV 0Tt0t0 1oy UEL 1) LodTHTaL

2> =z, V€ R.
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1-6.

1-8.

1-9.

1-10.

1-11.

1-12.

Na amodeyfel 611 22z = OR, Vo € R, now 6L 0 ev Ay daxtOliog opeliel va
etvar petabetinde. EmumpooBétmg, oty meglimtwon xatd v omoia o R €xel
TOUAdLOTOV TOt OTOoLYElD, Vo amoderyOel 6Tl 0 R drabétel undevodiapétes.
(Avto?0 t0o0 €tdovug oL daxtiAoL ovoudiovtol daxtohor tov Boole).

"Eotm R évag SoxTOMOG Yia ToV 0Ttot0 oy VEL 1) LodTnToL
x? =2z, Vx € R.

No amodewydet 6t 2® = O, Vo € R.

. "Eotw R évag dantihog ue Hovadioio oToLyelo yia Tov 0Ttoto Loy VeL 1 LodTnTa

3=z, Yz €R.

Na anodeuyBet (i) 6t 62 = Op, Vo € R, nou (ii) 61t 0 R elvar xat’ avayunv
uetaBeTinde.

"Eotow R évag domtohog. Oétovtas [a,b] := ab — ba, V(a,b) € R X R, va
arodelyBel n TavtéTnTa Tov Jacobi:

[a, [b,c]] + [b, [c,a]] + [e, [a,b]] = OR, V(a,b,c) € R X R X R.

"Eotw M évo. un »evé avvoro row éotm P (M) 1o duvauootvord tov. Na
amodetyBeil 6L 1 ToLdda (P (M), A,N), dmov

A A B:=(ANB)U(B~A), Y (A,B) € P (M) x B (M),

1 ovppetoxl] daoed tov A war B, amotehel Evav puetafetnd daxntilo 100
Boole pe povadiaio otouyeio.

Eav n (G, +) elvar wo mpooBetixy afeloviy opudda, va amoderyBet 6t M
touddo (End(G) , +, o), 6ov End(G) 10 60volo tmv evdouoppLoudv g G,
“+” 1 ouviOng (ratd onuelo) mEdoBeom naw “o” N oVVNONC TEAEN TS OUV-
Béoemg amewrovioewy, amotelet Evav daxtOlo ue v idg og povadiaio tov
otouyelo.

"Eotm p mpdtog aptbuds kot @, := { [a]? | [a] » € Zp} TO 0VVOAO TMV TETQOL-
YOVOY TV OTOLYELOV TOU Zp.

(i) ITowog tvar 0 TANOWwoS aEBuds card(Q),) 100 Q,;

(i) No awodeyBel 6t 0 Cevyos (@, +) elvan wia viwooudda tg (Z,, +) uo-
vov otav p = 2.

(iii) o owadNmote u, v € Zp\Qp, Vo amodetyBel 6T uv € Q).

"Eoto p mpdtog apfuds. No amodery el 611 #dOe atouyeio t00 Z,, umogei va
magaotabel wg dBootoua tetpaydvwy d0o atovyelmy 100 Z,. (Yrdédetn: Na
viver ratdAinin xorjon g aorfjoemg 1-11.)
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1-13.
1-14.

1-15.

1-16.

1-17.

1-18.

Noa amwoderyBel  mpdtaon 1.1.10.

Edv R elvar tuydv doxtiliog, vo omodewyBel o to { (r,7) | » € R} amwotehel
évav vrodantiho 100 R X R.

Noa eEeraobel mora ex Twv axohoBwy cuvolwv givar vrtodaxtilor To0 Q:

. o =2 (a,b) € Zx (Z~{0}),
(i) S := {T €Q e mﬁf)l&a b) = 1 now b = 1(mod 2) } ’

r=2% (a,b) € Zx (Z~{0}),

(if) 52 := {T €Q ‘ ue uxéb(a b) = 1 nan b = 0(mod 2) } ’
%, (a,b) € Zx (Z~{0}), }

ue uxd (a,b) = 1nowa = 1(mod2) [
. o r=2% (a,b) € Zx (Z~{0}),
(iv) S := {r €Q ue uxd lEa,b) = 1now a = 0(mod 2) } '
(V) S5:=Qs0:={reQ| r>0}.
(vi) Sg == {r? | reQ}.

I olovdfote TodTo aplBud p opiCouvue to oivolo

(iii) S5 = {r €Q ‘

Zgy :={reQ|r=4%, (a,b) € Zx (Z~{0}), ue uxd (a,b) = 1navpfb}.

Na amodery el 6T 10 Zpy eivor vrodaxtihog 100 Q. (To Z,y ovoudteton
daxTOMOS TOV P-0ddV ®haopdrov xal moiler Evav Wlaitego pdlo oty
Alyepownt Oswoio AgLBumv.)

No eEetaoBel mowa ex Twv oaxolovBwy cuvohwy givar vTodaxrTOAoL TOU
RO,

(i) S1:={feROY ]| f(g) =0,vg € QN[0,1]}.

x) = Zijj,Vac € [0,1],

j=0
omov v € Ny o sg, ..., s, € R

f(z) = 0 udévov yio U {Ogo}
nemepaouévoy tinbovs = € [0, 1] R

(ii) Sy := { f € RO

(iii) S5 := { f € RO

(iv) Sy == {f € RO | f(z) = 0 yua Gergor z € [0,1] } .
() S5 :={ f e ROV | lim,_y f(= _0}

(i) Sg := { f e RO fz) = Z risin(m;x) + Z sjcos(n;x),

=1 j=1
v #dimowovg 13, 85 € Q uanw my,n; € No, k,l €N

Noa 1poodLogLe8otv Aot oL VTodaxTUALOL TOU danTVAlOL Z3 X Zs.
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1-19. Edv n eivan évag puowmdg aolBudg now R évag uetaBetinds un tetoLupuévog

daxtOMog e povadiaio otoyeto, Tote  0gitovoa det (A) evig mivana
A = (aij)i<ij<n € Mat,xn (R)

opiCetan uéom tov TOmov 100 Leibniz:

det (A) = Z Sgn(a) A15(1)025(2) """ Ano(n) (120)
ceG,

Ue T0 AOQOLOUC EXTELVOUEVO VTTEQAV® OAMV TV UETATAEEMY o TOU CUVOAOU
{1,2,...,n},non

sgn(o) = [ A=W e (g1}
1<i<j<n

Noa amoderyBotv to ardlovbo:
(i) Two #a0e A € Mat,, ., (R) woyveL 1 1ot det(AT) = det(A), émov AT
elvau 0 avaotoqog®’ To0 mivaxa A.
(i) EGv 6heg oL eyyQapéc ®ATOLOg YOUUUNS (ROL OVTLOTOLY WS, RATOLOS OTH-
Ang) evig mivaro A = (a;j)1<ij<n € Mat,y, (R) elvou (oeg ue Og, tétE
det (A) = OR.
(111) Eav A = (aij)lgi’jgn S Matan (R) (’I’L > 2) Ue Z‘CZ<A) = Z‘C](A) (%(XL
avuototywg, ue I'o;(A) =T, (A)) yia xdmowovg i, j € {1,... ,n}, i < j, 10T€
det (A) = OR.
(IV) Edav A = (aij)lgi)jgn & Matan (R) s b = (bl, A ,bn) (S Mathn (R),
wouvr, v’ € R, 10T

To1(A) To1(A)
FQk—.l (A) ng_‘l(A)
det | rrona)++b | =7rdet(A)+ 7" det b
For+1(A) Tok+1(A)
To.(A) To. (A)

2O
det (Z11(A) -+ Zt_1(A) (rZt(A) + r'bT) Zt 41 (A) -+ - 21, (A))
=rdet(A) +r'det (Zt1(A) -+ Z1_1(A)bT Z1441(A) -+ Z1,,(A))

v nG0e® k € {1,...,n}.

70, eyyoapés 100 AT ammoxtdvton VOTEQ AN XATOTTOIOUS TOV EYYQOPMV TOU A MG TEOS TNV ®VEl0 StorydVLS TOV.
Snuewwtéov 6t (AT)T = A xon (rA)T = r (A7) yio#Gbe r € R. Emungoobétng, (A + B)T = AT + BT nau
(AB)T = BT AT yuwo owovodijote A, B € Mat,, x , (R).

BOtav k = 1(nonw ovuotolyws, 6tav k = n), n ediig pooews yoouuy (otiin) tomobeteitan oty TEMTY (RO
AVTLOTOY WG, OTNV n-00TH) BEoM %o o yoauués (othheg) ue delnteg 1 éwg k — 1 (naw avuiotoiyws, ue detrtes k + 1
éwg n) mogahelmovrat.
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(v) o vGBe A € Mat,, ., (R) woy0ovv 1o eEfg:
(a) Eévn >2um k,l € {1,....,n} ue k #1, téte

To1(A)
Tor_1(A)

det | Tow(A)+rTa(A) | =det(A), Vr € R.
Tor+1(A)

To. (A)
(b)Eavk e {1,...,n}nour € R, 161¢
To1(A)
Tox 1 (A)

det | rlox(A) = rdet(A).
Tor+1(A)

FQn:(A)

(c)Edvn >2re Ruawk,l € {1,...,n} ue k # 1, 10t

det (ST1(A) -+ Stp_1(A) (STk(A) + r31(A)) Stis1 (A) -+ S1,(A)) = det(A).

(d) Eav k € {1,....,n} nour € R, 161€

det (St (A) -+ Sth_1(A) (rZ1h(A)) 2tii1(A) -+ 1, (A)) = rdet(A).
(e) T'ia ndBe r € R woyver ) wodtnra det(rA) = r™ det(A).
(f) Twa #a0e 7 € &,, LWoyVoOUVV OL LOOTNTES
Tor(1)(A)
det = det (Zt,(1)(A) -+ Z1,(n)(A)) = sgn(7) det(A).

FQT(’IL) (A)

(g) EGvai; =0yt > j (rou avtiotolyws, ywoi < j), totedet (A) = [T as;.
=1
Idwautéowe, det(I,) = 1.

(vi) To ywvéuevo tmv ogliovo®@v dvo mvdxmv A, B € Mat,, ., (R) 1000taL ue
™V o0pitovoa Tov yvouévou tovg, §rot Loyvel N wétra’’

| det (A) det (B) = det (AB) .| (1.21)

Q¢ ex 100T00, det (AB) = det (BA) .
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1-20.

(vil) Edv A = (aij)1<ij<n € Mat,xn, (R), 6movn > 1, tote yia i, 5 € N ue
1 < 4,5 < n, opiCouvue ToV «eMAOCOVOL TTIVOHO»

arl aij—1 ai jt1 ain
L @i—11  ccc Gi—1j—1 Gi—1j41 ' Gi—in
A
[i,4] @if11 v G411 Ait1j+1 0 Gitln
an1 ce An j—1 An j+1 ce Ann

oV oxnuattliopuevo amd Tov A 1oteQa artd TN dLory Qo TG 1-00THS TOV YOO~
uig %o THS j-00THg Tov otiAng. To otouyeto

cofi; (A) := (=1)"" det(A, ) (1.22)

100 R ovoudletar ovpmapdyovrag (] alyefoné ovpmijoopa) tov A ot
Béom (¢, 7) now o

adj (A) == (cof;; (A))

T
1<i,5<n

o mivoxag o moooagtnuévog otov A. H opiCovoo to0 A expodletor wg
axolovbwg:

n n X
det(A) = 3 aicofi(A) = 3 (1) F ai det(Af, ).
k=1 k=1 ’

(Avt6g 0 TOTog Méyeton Timmog avamtiyuatos i det (A) wg meog Ty i-00TH
yoauun.) Kot avaloyiov,

n n Ly
det(A) = > ag;cofy;(A) = > (_1)kﬂ Ak det(A?kJ])'
k=1 k=1

(TYmog avamtvyuatos tis det (A) wg meog Ty j-00ThH OTHAN.)
(viii) Twa oLovdnmote puord aLBud n nat yia oovdfote A € Mat,, ., (R)
Lo VOUV oL LoGTNTES

|det (A) T, = Aadj (A) = adj (A) A. | (1.23)

"Eotm R évog daxtihog. Q¢ xévrgo to0 R 0piletol 10 60vVoAo

|Z(R)::{a€R\ ar = ra, VT‘GR}.‘

(i) No amoderyBet 6 Z (R) = R €dv nouw povov €dv o R elvon petabetindc.
(ii) No amodeiy0el 6t 1o Z (R) amotehel £vav vrodoaxtiilo to0 R.
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1-21.

1-22.

1-23.

1-24.

1-25.

(iii) Eav o R éxeL uovadiaio otovyeto, tote 10 (810 LoveL %o Yo tov Z (R)
naL udhota 1z(g) = 1g.

(iv) Eav n € N naw edv o R eivon évog daxtilog pe wovadiaio otolyelo, oo
etvan to #évipo Z(Mat,, «,, (R)) T00 daxtuliov Mat,, ., (R) ;

(v) EGv o R eivow duanpemndg dantiiog, va amoderybel 6t to Z (R) eivon
omuaL.

(vi) ITowo etvan 10 #évtpo Z(Hg) to0 drapetinot daxtuiiov Hyi tov tetoo-
viwv;

(vii) No amoderyBel 6w 1o {al +bi | a,b € R} elvaun évag vrodontihog to0
Hg mov arotehel Eva amdua un eotexduevo eviog 100 Z(Hy).

"BEoto R évag daxtilog yia Tov omoio wyteL 72 — r € Z(R) yia nébe r € R.
No amwodeydel 6T 0 R elvon petabetinos.

Edv ta R now S elvon dvo axépates megLoyés (oL, avilotoiymws, duo oauata),
elvan now To naTeoLaVO Toug YLvouevo R x S (ue tig ouviiBelg mpdEelg mopo-
00éoewg nou woAlamhaoiaouov, PA. 1.1.4 (v)) axepata megroxh (rot, oviL-
01Oy WG, OOU);

INa oodnmote € € Ry optCovue 0 U 1= {£| € € R, [¢] < &}, ®aBdg non
TOL OUVOAQL
Cn(U.) = {f eRY
C>®(U.):={feR

e (Ue) = {f € RY

[ n gooés ouveyds magaywyiown},Vn € N,
f amelpdnig Jw@(xyooyiomn} ,

f avamagaotdown wg dOuvanooeLQd
mepl to 0 ue axtiva ovyxiiocewg > ¢ |-

Noa amodery et 011 #dBe uéhog g axorovBiog dLodoyLrmdg eyrAELOUEVOV OV-
vOLwv

CY(U)SC®WU) S SCer(U) et (U) S-S CH(U.) SRY:

elvan virodonTiALog T0U eouévou tov (€€ apLoTep®dv mtog ta deEld). Ev ov-
veyeia, va amoderyfel 6t o C¥ (U, ) dev éxel undevodionétes, vd dLot oL vd-
AoLmol €xouv.

"Eotm S évag vrodaxtilog evog daxturiov R. Eav augdtegol ov S o R
draBétovv povadiaio otoryeio »aw 1g # 1g, vo amoderyBel 6 to 1g etvan
évag undevodlaéng eviog 100 R.

‘Eoto R évag un tetouuuévog daxtoilog pe povadiato otoryeto. No amodet-
¥00o0v ta axdrovbo:

(i) Eav a,b € R now ab = ba, 1018

a”b" =b"a™, (ab)" = a"b",
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1-26.

1-27.

1-28.

1-29.

1-30.

1-31.

1-32.

yio #dBe Cevyog (m, n) € Ny x Np.

(i) EGv a,b € R* »ou ab = ba, tét€ a™b™ = b"a™, (ab)" = a™b"™, yio ®GOe
Cevyog (m,n) € Z x Z. (Bh. 1.2.9).

(i) (™)™ = (@™) 7Y, a" = (a7') ", Ya € R* wou Vn € Z. (BL. 1.2.9).

"Eotm R évag un tetouuuévog darntihog pe povadiaio otowyeio. YmoBétovtag
™V UmoeEn Vo otouelwv a,b € R, Yo ta omoio Loy 0ouV oL LoOTNTES

ab+ba=1p, a*b+ ba® = a,
va ortodely et 0TLa € R* ue 1o 2b og aviioteopd Tov.

"Eotm R évag un tetouuuévog dartihog pe povadiaio otowyeio. YmoBétovtog
6t ta otouyela z,y € R eivon deELd aviiotoopa evos u € R (oL 0T uz =
uy = 1g), va amoderyBel (i) 6TL xar 10 xu + y — 1 elvan deELd avtioTEoo
T00 u, ®ow (ii) 6T T0 u drabétel dmerpa deELd avtioTEopa HTaY & # Y.

‘Eotm R évog pn tetouuuévog dantihog ue povadiaio otovgeto. Eavtoa € R
elvan éva undevoduvauo otovxeto to0 R, va amodewyBet 6t to 1x + a elvan
OVTLOTOEYLUO.

‘Eotw R évag un tetouuuévog doxtiMog ue povadlaio otoLyeio xot €0Tm Tu-
¥Ov z € R. Na amodetyBoiv ta androvba

(i) To 1z — z elvor ovTLOTEEYLHO pe avTioTEOEd TOV T0 1p +y < Jy € R :
Yy — T =Yy =Y.

(ii) "o orodnmote y € R, 10 15 — zy elvol ovTLOTEEYLUO <= T0 1 g — Y elvan
AVTLOTEEYLUO.

(iii) To 1z — zy elvon avtiotoéYuo Yo #6Be y € R <= 10 1 — zzy elvan
OVTLOTOEYLUO YL OLOONTTOTE ¥, 2 € R.

Eavn € Nuawow Ry, ..., R, eval un tetoiuuévor doxtiiol ue povadiaio
otouyelo, vo. amodey0el 6t (Ry x -+ x R,)™ = R x -+ x RY.

"Eotw 10 00voho R := { % € Q| a € Z, n € Ny} epodlaouévo pe g ouvii-
Be1g mEAEeLs mpoobéoemg raw molhamhaoioouol gntdv aoBudv. Na asro-
OeLyBo0v o axdrovbo:

(i) To R elvon dantdhog van Z & R G Q,
(ii)) To R elvaw axepalo weQLoy.
(i) R* ={x 2" | v e Z}.

“Eotw

Ri={( ¢ })eMate (@) c=0}.
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1-33.

1-34.

1-35.

(i) Na amwoderyBel 611 10 R glvor vrodantihog 100 Matay o (Z) ue novodioio
OTOLYEO TOV TO IMaty, 5 (2)-

(ii) No deryBei 6tL 0 daxntoiiog R Oev eivar uetofetinds.

(iii) Na mpoodiopiobei m ouddo R*.

"Eotm m évag gpuowrndc aBuds > 2 now £0tm

Rem{ (e ) M| 6, -0,

Na amodetyBouv ta axdlovba:

(i) To oUvoro R eivan vtodontihog to0 Matsy s (Zy,) ue povadiaio ototyeto
TOU TO IMaty o (Z,)-

(ii) O R dev etval uetaBetinde.
(iii) Ioyver n augimheven ovvemoymyy

(i ) e R = (lal,, €2 v [d],, €23).

(iv) |R*| = m ¢ (m)? , 6mov ¢ 1 ouvéptnon ¢ ot Euler.
(v) Edv m = 2, tdte | mohhamhaociaotxny oudda (R, -) elvor .oduooen ue
™mv (Zg,+).

-

Eva otoyeto a evog doxtuhiov R xoleitar tovrodiovapo 6tav a® = a. (To
o 0VOLo OAV TV TOUTOdUVAU®Y oToLyelmY 100 R onueidvetal wg Idem(R).)
Noa amwoderyBovv to axdrovbo:

(i) "Eotw R tuydv daxtolog. Kabe a € Idem(R)~{0r} eivar un undevodv-
VOuo.

(ii) EGv o R elvou o axepaio mepoy, tote Idem(R)~{0r} = {1r}.
(iii) Eav o R etvau évog doxtohog ue povadiato otovyeto xat a, b € Idem(R),
t01€ a + b € Idem(R) edv now udvov edv ab = ba now 2ab = Op.

(iv) EGv o R eivon évag daxtihog ue novadiaio otovxeio now a, b € Idem(R),
t0te o — b € Idem(R) edv now udévov edv ab = ba row 2(1g — a)b = Og.

(v) Eév dvo tautodivauo otovyeta a, b evog doxtuhiov R e povadiaio otot-
xeto petariBevion apopaimg, ftol ab = ba, T0TE TO

ab, a-+0b— ab, (afb)2 =a-+b—2ab

etvou toutodvvaua.

"Eotm R évag un tetouuévog daxTOALOG YL TOV OTTOL0 LOY(VEL 1] CUVETOLYOYN:
[T #60e v € R pe 2 = 0g = = = Og.

Noa amwoderyBeil 6t ®G0e TOVTOdIVAUO OTOLYELO TOU OVIREL OTO KEVTQO TOV.
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1-36.

1-37.

1-38.

1-39.

1-40.

1-41.

1-42.

Eavm € N, m > 2, va 1pocdLoLofet

(i) o ovvoho Nil(Z,,,) Twv undevodivoumv oToLyelwv T00 Z,, ®oL

(ii) To ovvoro Idem(Z,,, ) Twv Tavtodivaumy otoLxelmv 100 Zy,.

Eivau 0 doxtihog C ([0,1]) := { f € RO | f ouvveyiic} (wg moog Tig mod-
Eelg TG ®atd onuelo mpooBEéoeme xa TOMATAOCLOAOU0V) axeQaio TEQLOYN;

Iowa etvan ta ovvoha Nil(C ([0, 1])) now Idem(C ([0, 1])); oo efvor 1 oudda
C([0,1])";

"Eotw R évag daxtihog. Edv o R eivan petabBenrdg, va amodewyet 6t
T0 GBgotouo 0V0 undevoduvaumy otolyelmv Tou givor undevodivvauo. Ev
ovveyela, va 1eoodloloBotv 000 undevodivaua otovyeta 100 daxtuliov
Mata 2 (Z) , to d8potoua tmwv omoiwv dev eival undevodivauo.

"Eotm R évog un tetouupévog dantohog. Yrotubeuévou 6t 1 «eElomon»
ar=>=

elvaw emhvowun yio owadnmote a,b € R~{0g}, vo amoderyBel 6T o R elvon
0TEERAS oD,

Noa amodetyBet 6tL o€ ®A0e 010ePAO oDhua R 1over n LlodTnto
1 1 -1\t
aba:a—(a_ +(b_ —a) ) ,

v owadfmote a, b € RN{0g} uea # b=1.

‘Eotw R évag dontOMog ue Tovhdylotov dvo otolyeia. YmoBétovrog 4tL yia
%40e a € R~{0r} vrdoyeL éva uovoanudviws ogiouévo b € R, T€T0L0 MOTE
va 1oy veL aba = a, vo amodelyBoiv to ardlovbo:

(1) O R dgv draBéteL undevodioQéTes.

(ii) bab = b, Ya € R~{OR}.

(iii) O R éyer novadiaio (rorramhaoiaotind) otouyelo.

(iv) O R elvow otoePAd odua.

Edv 10 K eivar éva odpa now 10 L éva vmtooUvord Tov Tov eQLEYEL TOUAGL-

¥LoTov V0 otouyeta, vo amoderyBel 6t to L eivor vtdomuo 100 K edv not
UOvoV eav LravomolovvTal oL axdhovbec ouvOtreg:

(i) 1x € Lnova —b € L, yio oloadfmote a, b € L,
(i) ab~! € L, yia #G0e a € L now nGBe b € L~{0k }.

Ev ovveyeia, va amoderyBet 6L 1 Toun Twv ueAdV oLeodNToTE UN REVINS OLXO-
YEVELOS VITOCOUATWY (Lj)j <7 EVOS ouatog K givon £vo vtbomua tov K.
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1-43.

1-44.

1-45.

1-46.

Noa amwodery et Aemtoueds 6t 0 dantiiiog Z [i] twv axegaiwv 100 Gauss (.
1.1.11 (ii)) etvon axepaio meoloyt aAld Gyl vow oHOUAL.

T olovdnmote axégao m o omotog dev eivor télelo teTedywvo (dnhadi

VIm| ¢ Q), va amoderyBovv ta ondhovba:

(i) T owadfote oToLKEla a + by/m o ¢ + dy/m 100 daxtvhiov Z[/m] (A

(1.9)) woyveL 1 apgpimheven cvveTOyOYH
a+bym=c+dym<=a=cnou b=d.

(ii) O dantohog Z[v/m] (BA. (1.9)) elvon axepaia megroxy.

(iil) Two #G0e r + s/m € Q[v/m] (PA. (1.14)) woydeL  augizhevon cuvema-
yoynr? —ms? =0<=r=s5=0.

(iv) O daxtohog Q[y/m] eivar vréowua 100 C, ondte Q[/m] = Q (v/m).

(v) Emtedn o m yodgetar wg yivouevo m = m'k 300 povoonuavtmg ooLoué-
vov axgpalmv m’ xow k > 1, 6mov o uev m’ otepeiton tetporydvov?, o 8¢ k
etvou TELELO TETQAYWVO, LOYVOUV OL LOGTNTES

ZlVm) = ZVm/] »on Q(vm) = Q(vm’).

(Tv awtdv Tov Adyo elBotar otov 0pLopd avt®v va vtobétovpe 5oy Ot
T0 VTOEELLO m oTegeitar TeTeaydvwy. Ev tolaitn meoumtdoel, Aéue 6Tl 0
Z[\/m] elvou 1 tetgayovir aguOuntixt meguoyf 1 ovTLoTOLLLOUEVY OTOV ™M
%o, ®aw avaroyiov, 6t 1o odua Q (1/m) elvon 1o TeTgayOVIXG 0oLOUNTIXG
0O, TO AVTLOTOLYLLOUEVO OTOV 1m.)

(vi) Edv o1 mq, mo elvor ox€QaLOL TOU 0TEQOVVTOL TETQAYMV®V, TOTE
[Z[y/m1] = Z[yma] < m1 = my]
raw [Q(y/m1) = Q(y/mz) < my = mal.
Na eEetao0el edv To. o0voha A := {a + by/2 | a,b € Q} now
B = {a+b\?/§+cx3/§‘ a,b,c € Q}
QITOTEAOVV VITOCMUOTA TOU OMUATOS R TOV TQAYUATIRMOY 0LLOUMV.

(i) Eav

r={(1 2)| whea)

30Aép.s 6m évag anépaiog aoubuds d oregeiton tergaydvev 6tav d € Z~ {0,1} xar fic € N, ¢ > 2, té1010 dhoTe v
oy0eL ¢ | d. Autd onuaivel 6w eite d = —1 &ite |d| = p1 - - - pr, 6mov k € Nuow ol p1, ... ,py eivon medTOL
aouBuol (capds diaxexoiuévor 6tav k > 2), dnhadi ond € {—1,+2, +3, £5, £6, £7, £10, £11, £13,...}.
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1-47.
1-48.

1-49.

1-50.

1-51.

1-52.

va amoderyfel 6T to R elvor petabetinde vwodontiiiog to0 Matsy s (Q) ue
uovadLaio oToLElo Tov TO Iy, , (@) #O, ETWTQOCOETWG, MU

(ii) Edv

Bo={( 5, .Y )€Mato®)|zyeR}, keR,

va amodeLyOel 6T 10 Ry eivol uetaBetinds vmwodoxtiilog 100 Matay s (R) ue

uovadLaio OTOLElO TO Iag, 5 (R), YIO %GO K € R, o vo wooodiopLoboiv ot
Tég ToU k Yo TLg omoieg 0 Ry eivol omua.

No amoderyBet ) 0tapEn oduatog pe 4 otouyela.

"Eotm R évag un TeToLUUEVOS TETEQAOUEVOS UETADETLRAG daUTUALOG WIS UN-
devodiapétes. Na amoderyBovv ta axdrovba:

(1) O R éyeL novadiato otouyelo.

(ii)) O R elvar odua.

Edav n € N, méoa (capng draneroluéva) molvdvoua fabuod < n megLéyo-
vTow evtog 100 daxtuhiov Zs [X] ;

No amodeydel 611 0 0T00800¢ 60g 0LOVdTTOTE TOAMWVIROVL P(X) € Zy [X]*
toovtaw eite ue 1o [1], elte ue 1o [3],. Ev ovveyelo, vo amoderyOel Gtu ue-
TaED TV avuoTeeiuwv otoueiwv to0 daxtuliov Z4 [X] ovyrotaléyovio
na (omelQotin0m) tolvdvuua Betinot fabuo?.

"Eotw K éva odpo. No amoderyBel 6t ou anégares meproxés K [X] wan K[X]
dev glval ohuatoL.

AoBévtog evog un tetoLupuévou doxtuliov R ue pnovadiaio otolyelio Bempoipe
10 00voA0 RZ 6hav TV aohovOudv

( ...... ,A-3,0_2,0_1,00,01,02,...... ), a; € R, YieZ,

2a00¢ %o 10 VToovolo £ 100 R 10 amaoTLOUEVO amtd EXEIVES TIC ARONOV-
Bieg vy Tig omoleg VILAEYOVV T0 TOAD TemeQaouévov mAnbovs a;, i < 0, TOV
givaw # Og. Ent 100 R” opiCovrtar mpdEelg mpoohéoews wan moldamiaoia-
ouot wg axohovbwg:

(..,(1717(10,041, ) + (..7b71,b0,b1, ) = ( ..,a-1+b_1,a0 +bo,a1 + b1, .. .),

( ,a,l,ao,al,...) . ( ,bfl,bo,bl,...) = ( 7Cfl,CQ,Cl,...),
Omov ¢, 1= > a;bj, Ym € Z (ue 1o mtMibog Twv un undevindv
(6,1) EZXLii+j=m
no0feTéwV 100 ¢,y TO MOAY memeoaouévo3l). Na amoderyBovv to axd-
m .
AovBa:

S Emeidn (eE viroBéoeng) nabéva ex v owvdhov {i € Z|i < 0 xawa; # Op}non {j € Z|j < 0 noub; # Or}
elvou eite xevo elte memepaouévo, 1o oUvoho { (4, 5) € Z X Z] i + j = m noia;b; # Or} opeiher va eivor To TOAD
TEMEQUOUEVO YLa xdOe m € 7.
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(i) H toudda (R%, +,-) amotehel évav damtohio ue undevird tov oToLl-
yeto 1w (..,0r,0g,0r,0r,0R,...) %ot wovadioio TOV OTOLKEIO TO
(...,0r, 1r ,0Rp,...) »ow m toWdo (£,4,-) évav vmodaxtiilo
~—~
Béom pe detwtn O
100 (R%, +, ) (ne 10 (10 povadiaio otoueio). Eqv

X:= (...,OR, OR 5 1R ,OR,OR,...)7
~—~ ~—~
6éom ue deixtn O Ofom pe detwtn 1

ToTE, fAOEL TOV G AV TEAEEWV, ®AOE OTOLYEIO
(cevnnn ,0Rr,0R, G _p,... ,0_3,6_2,a_1,00,01,02,...... ),

100 £ (67ov a; = Or Yo %GO oxéQauov i < —n) yodpetaL Vo T LOQYPH

A X " Fa, X e X g X aoXP 4= Y X
Snueiwon: O doxtohog (£, +, ) ovuPoriletar og Laurp [XF1] now vadeiton
doxtoMog Tav exitvnov oewp@v Laurent uiog ampogdiogiotov) X e ouvte-
AeoTég elAnuuévoug amd Ttov R.

(ii) KdBe otoyeio tov Laurg[XF1] tig noognic ¢(X) = Yoi0 . a; X! ywa 10
omoto

Jm € Ny : a; = 0r yo ndBe axépoov i > m

noeital exitumo ToAvdvupo Laurent uiog amgoodiogiotov X pe ouvteheotég
elAnuuévoug amtd tov R. To 00voro autdv TV morlvmvinmy cuuporiletor mg
R [X, X7 | R[X*!], anotehel vrodoxtihio 100 Laur g [X*1] (ue to (810 pova-
dato otouyelo) now xaheiton daxtiog Tov exituvrev Tolvovopwv Laurent
oS ateoodlogiotov X pe ouvteheotés elAnuuévoug amd tov R.

(iii) EGv o R eivor petaBetindg, 10te #naw or R[X*!] wou Laurg[X*T1] eivau ue-
TafeTLnol.

(iv) EGv o R eivou anegaio megroxn, Tote vow ov R[X*!] nou Laur g [X*1] eivou
OxEQUILES TTEQLOYEC.

(v) xe0(R) = xoo(Laur[X*']) = xao(R[X*)).

(vi) EGv o R eivan axegaio meguoxn, tote éva otougeto o(X) € R[XH!] eivou
AVTLOTEEPLMO €GV ®ow uOVOV €6y Ja € RX now k € Z : o(X) = a Xk,

(vii) EGv o R eivaw oxepato weouoxn, éva o(X) = Yoo ;X" € Laurg[X*!]
Ue a_,, # Og (n € N) elvow avtioteéyLpo edv xa uévov edv a_,, € R*.

(viii) Ov R[X], R[X*1] naw R[X] 8ev eivou moté 0ToefAd oduato | oduota.
(ix) O daxtoMog Laur g[X*!] eivou 0teAé 0hUO (#oL AvVTLOTOIX WS, THOUR)
eav rnat uovov edv o R elvar otoefrod amdua (ratL avIloToliyms, COU).
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1-53.

1-54.

1-55.

1-56.

1-57.

1-58.

1-59.

1-60.

"Eotm R évog uetaBetinds 0axtihog ue povadiaio ototyeio xot £0tw S €vag
VToduxTOMOG aUTOU £V wg povadiaio Tov otorxeto to 1g. Eav {a1, ..., ax}
elvan éva memeaouévo vtoovoho to0 R, va amodetyBel 6t 0 daxtiiiog mov
o VTTEL ¥oTEQA Otd TROCGQTNON awtol otov S (PA. €d. 1.1.15) elvow o

Sla, ..., ar] = { (a1, ...;ar) € Rl p(X1,... , Xx) € S [Xq,..., Xg]}-

(i) Na amoderyBel n modtaon 1.4.8.

(if) EGv o p etvaun évag mpdtog 0oBuds, vo amodeiyel 6t
(X)) = ©(XP), Vo(X) € Zp [X].

Edv 1o K elvar éva oopa yooaxrtnotowxis p > 0 row o n évag otabepds
Quodc apdude, vo amodewyel 6t 1o L == {z € K | 2P" = x} eivan éva
vréowua 10 K.

Na 1poodioplofel yapoxtnolotiny 100 daxtviiov Mats o (Z,, ), m € N, »a-
g naL 1 x0EOXTNELOTLRY TOU OLatEeTnov daxTuAiov Hy twv TeTQ0ViOV.

No amoderyBel 6tL 1 Y0QAXTNOLOTIRY OLACONTTOTE VITOTEQLOXNG WO OIXE-
patag meploymg R elvor tom pe ™) yoportnototxy g R.

Edv o R elvon évog doxtihog ue povadiaio otouyeto, xoo(R) ¢ {1,2} now ue
™V opddo (R*,-) TOV AVILOTQEPIUMV OTOLYELMV TOU ®urhxt, Vo arodery Oet
6nn (R*,-) etvaw memepaouévn tdEewe |[R*| = 0 (mod 2) .

Edv 1o R now S elvon dvo daxtolot, va amoderyBoiv ta axdlovba Yo tov
daxtoho R x S (BA. 1.1.4 (v)):

(i) Edv yoo(R) = m € Nrowyoo(R) = n € N, 10t 00(R x S) =eun(m,n).
(ii) Edv évog tovhdylotov ex twv R, S €xeL yoQoxrTNOLoTRY (0N Ue TO UNdEv,
toTE HAL O R X S €xeL YaQaxrTHOLOTIXY (01 Ue To undév.

Edvn € N, o p elvaw évag mpmdtog aoBuds »ot o R évag daxtiAog ue wovol-
dLato oToLyelo XaaxrTNELOTIXAG P, va. amoderyBovv ta axdrovba:

(i) Eavr € R, 101e 10 1 g — 1 €lvan undevodvUvauo edv o udvov edv to r etval
oVTLOTEEYLUO %ol 1) TAEN 100 r evtdg THg R toovton pe uia dvvaun too p.
(ii) Eav Nil(R) = {Og} now edv 10 @ € R* elvar éva otouyelo memeQaouévng
TaEemg, 16te Und(p, ord(a)) = 1.
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L10emON %ol TNALXOOAKTUALOL

To deddn ! evog doxtudiov R eivor eldic guoemg vrodaxtiior 100 R mov «o-
7T0QEOWOVV» OLAAN TTOTE YLVOUEVO OTOLYEIWV TOUG UE OTOLYEID TOV R %ol GUUTTEQLYE-
povToL «LOEWOIMS» 0€ 6,TL pod 0T dOUNON THAL0daxTVAiwY, o€ TAYON avahoyio
ue 6,tTL ovupaivel ue T 09860etes vmoouddes pag dedouévng ouddas.

IAEQAH

2.1.1 Ogwopods. ‘Eoto (R, +, ) évag dantilog. "Eva vrootvolo & # I C R, yio
t0 omoto to Cevyog (I, +) amotelel wo viroopdda thg teoobetiniic ouddas (R, +),
naAElTOL

e 0QLoTeQd 1OeMdEg Otav ra € Iy naBer € Ruowwdbe a € 1,

® 0€eEL0 10eDdeg OO ar € I yio ®aBe r € R nal ®abe a € I,noun

o apPiTAEVQO LOEMOES 1) ATTAMS LOEMOES €AV TO I ElVaLL GUYYOOVIS RO CLOLOTEQD KL
OeEL0 10emdeC.

2.1.2 Mogarignon. (i) Kabe (aptoted, 0eELd 1 aupinmievoo) 1deddeg evog dontu-
AMov etvan vrodaxtihog ovtov. QoT600, VITAEYOVY VITOdAXTIAMOL SAXTUAWYV TTOU
dev givou 1emdn tovg. (BA., m.y., 2.1.4 (ii).)

(ii) Ze uetaBeTroUg darTUAIOUS OL Evvoleg 0ELoTeQd, OeELS rauw aupimAevo LWeMOES
TowtiCovrat.

'To 1847 o Ernst Eduard Kummer (1810-1893) ewofyoye «1deddeig wyadinods agiBuois» oty moomdded tov
vo. dLortnEHoeL TV WGTNTA THG HOVOSTUOVTING TTOQAYOVTOTOOEWS 08 ®ATOLovg darTuAiovs ahyefourdv aolBudy.
Qot600, Ntav o Richard Dedekind (1831-1916) xaw  Emmy Noether (1882-1935) avtol mov eyrouviacay Ty x01ion
«AAEMIDV» g EdOTS VITOdaXTUALOVG % peTeEEMEAY TN G Bewia Tovg, 0UTWS MOTE 0 MOYLOUAS UE OVTE VOL KOLTO-
oTel évo ol Ta o amaQaiTNTa TEXVIXG Bondiuata Tmv oUYyeoveY alyefoLoTdy.
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2.1.3 goraon. Eotw (R,+,-) évag daxtilog. Eva un »xevo vroovvolo I tod R
eivatr éva apiatepd (xai avtiatoiyws, OeEtojaupinievoo) tdeddes edv xat uovov edv
Loyvovy ta e§Ng:

(1) a — b € I, yia owadfmore a,b € I.

(i) ra € I (xat avuoroiyws, ar € I [ ra,ar € I) yia owadimore a € I, v € R.

ATIOAEIEH. TTgogavag 1 (i) woduvauet ue 1o 6t 10 Cevyos (I, +) amotehel wa
vroopdda g meoohetiniic ouddag (R, +) tov daxtuliov (R, +, ). O
2.1.4 Iogadeiypata. (i) ['o naBe axéooro n N ®vurAirni vroouddo

nZ={nk |keZ}

™S (Z, +) amotehel éva 10e®deg 100 daxtuhiov (Z, +,-) .

(ii) O vtodortiMog Z 100 Q dev eivar (00Te OeELS 0UTE 01OLOTEQ 0UTE AUPLTAEVQO)
10eddeg 100 Q, Sém Ty, 5+ € Quon7 € Z, aMG 3 -7T=7-1 ¢ Z.
(iii) OptCovue ta

1={(5 ¢)|aber}CMato®)

Hol
J={( §)|abeRr} C Matpo(®),

To I sivon €L WOe®deg 100 Matyy2(R), ddTL yiar owovodfmote a,b,a’,b’ € R

éyouvue
a b a b a—a  b-—1b
(o 0)*(0 0):( 0 0 )GI

%O YLt OLOVOONTTOTE a, b, ¢, d, e, f € R,

a b c d o ca+eb ad+bf
(6 6)(s 7)=(mi i )er

Q01600, t0 I deVv eivar 0LoTeEd WOeDdes T00 Matsy o (R), dtoTL ..

(1 1)(oo)=(11)er
Kot avaloyiav, amodewmvietor 6T 10 J eivor Eva aQuoted, un 0eELd 1deddeg tov
Matgxg(R).
(iv) Kabe dantohog R éxer mavrote tov €autd tou xoi to {Or} wg 1deddn
tou. To {0r} Aéyeton terouupévo’ (1f pndevind) 1deddeg, evd #GOe (aQL-
01eQ0/0eE16/appimievgo) 1W0eddes [ tov R ue I S R Aéyetoar yviiowo (aot-
01e006/0810/aupinlevoo) 1d0eddes.

2Tgoooyh! Ootouévor ouyyapeic (T 000AOYiC TwV OTOiWV deV rOLOVBOTUE EV TQOXEWEV®) XAQUXTNOILOVY 1S
TeTouuuéva 10eddn evog dantuhiov R auporeoa ta {Og } »ou R.
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(v) E&v R etvau évag dontohog ®ot a € R, 10T €lvon moogavég 6Tl To 6VVoLo

|Ra::{ra|r€R}|

givor éva apLoted ®aL To GVVOAO

|aR::{ar|r€R}|

€va 8eELd 10emdeg ToU R.

(vi) ‘Eoto R évag dontdhog xot éotm S ; R évag yvinolog vodoxtilog Tov.
Bewpovue £va un xevo vroovvoro I C S. Edv to I eivon éva (aploted/ 0eELd/ au-
@imhevo) 10eddeg ToU R, TOTE 0 I eivan éva (aLoteed/deELd/augpimhevgo) 1demdeg
To0 S. AviBétmg, edv 1o I givon éva (apLotepd/deELd/augpimhevgo) Wemdeg 00 S,
téte 10 I dev elvan »at” avayxnv éva ouoeldéc 10eddec to0 R. Eni mopadelyuatt,
edv R := Mata2(R) non

={(¢ 3)|serpc{(s !)| abeccr}=5CR

t61e 10 1 glvou éva (aupimievgo) W¥eddeg 100 S, dL0TL Y a, b, ¢, s, 8" € R éxovue

(5 5)-(00)=(8 3" )er
(6 e)(oa)=(o®)(os)(ar)=(05)er

Amd v dAA peoid, to I dev elivon (appimievoo) demdes 100 R, 6T .y,

11 0 1 0 1
(1 1)(0 o):(o 1)¢I'
2.1.5 Mporaon. Eotw {I) |\ € A} wa oixoyéveia apLotepdv (ot avtiotoiyws, oe-

E1v/aupurdedowv) 10ewddv evés daxtvliov R. Tote i touny () I twv ueldv e
AEA
amotelel éva apLotepd (wat avtiotoiyws, de€ibjaupinievoo) tdeddes 100 R.

nol

ANOAEIEH. Edav n {I) | A € A} wo owoyévelo 0QLotepmdv (na ovtiotoiyme, de-

ELav/appLrietgmv) 10emddv evog dantuliov R, »owr € R, a,b € () I, tote
AEA

a—bely

bel,, VAeA
(a,b € I, € )[Aﬁimg}{ ra (avt., ar € Iy / ra,ar € 1)

},V)\EA,

omdte wow M tou [ I amotehel évo aQLoted (now avtiotolymg, évo OeELd/ augpi-
A€A
hevo) 1Oemdeg To R. O
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2.1.6 Iporaon. Eotw R évag un tetoyuuévos daxtiriog ue uovadiaio ororyeio. Eqy
10 I eivau éva yvioio (apLotepd/deiojaupinievgo) tdeddes tob R, t6TE TO I Ogv
TeQiéyel xavéva (e§ apLotepdw/ ex 0eliaw | aupimAevows) avtioTeéyio atolyeio
700 R.

ATNOAEIEH. Edv to I elvar éva yviowo (aplotepd/deELd/augpimhevgo) 1demdeg tov
R »ou edv vwoBécovue 6L vyl #dmowo a € IN{0g}, 00Twe doTE VoL Loy VEL

ba=1p (avt,ab=1p /ab=ba = 1p),

v #4mowo b € RN{0g}, 16te 0rtd tov 00Lopd evos (aptotepot/ deELov/ augLien-
00v) eMdoUg elvar TEAGINAO ATL ®oL TaL YLvoueva avtd (ov eivol toa ue 1) ogel-
Aovv va aviirovy oto 1. Aga

lgpel= NVreR:r-1g=re€l, ovt,lgp -7 =7r]= 1 =R,

TOAYUOL TTOV EXOVUE EX TV TQOTEQWV OTTORAELOEL. O

2.1.7 Ilégwopa. Eotw R évag un tetoiuuévos daxtirios ue uovadiaio atotyeio. Eqv
70 I eivau éva yvijoio (apiotepd/ de&id/ augpinievoo) 1deddes 100 R, tote t0 I Ogv
weptéxeL to 1.

2.1.8 Ilgotaon. Eotw R évag un tetoyuuévos daxtiros ue uovaoilaio atoryeio.
Tote oL axdlovbes ovvbixes eival 100dVvauEs

(1) O R eivau Stougetinog daxtvdiog.
(i) Ta uova aprotepd 10edn tov R eivar to {Or} xat 0 idtog o R.
(iii) Ta uova de&id 1dewdn tov R eivar 1o {0} »at 0 idiog o R.

ATIOAEIEH. (i)<(ii) Edv o R eivon duongetinds doxtiohog xat I éva 0gLoted LOem-
deg awtov ue {Or} G I, 16Te vIAQyeL #amowo a € I~{0r}. EE 0pionov, 1o a diobétel
avtioteoo a~ 1. Enewdi 1g = a~'la € I, éxovue I = R. Ko avtiotodpug: vio-
Bétovtag 0t Tor uova 0LoTeRd WedOM ToU R elvan to {0z} nau o (dog 0 R, ®ou
BewodvTog oodnote otoryelo a € RN\{0g} ®0L T0 0QLOTEQD, U1 TETQUUUEVO LOEM-
0eg Ra 100 R, mo.gotnoovue 0Tt

1RER:RCL:>E|b€R\{OR}Zba:1R7

1toL 6 10 oToLYElO a OLaBETelL ®ATTOLO €€ CLOLOTEQMV AVTIOTEOO OTOLYElO b. Emeldn
b € R~{0r}, emavalauPavoviog TV avoTtéQm EMLYELONUATOLOYI VIO TO b GUNTTE-
paivoupe OTL

1r GR:Rb:HCER\{OR}ZCble,
ftoL 6L to b SLaBéTEL HATOLO €S AOLOTEQMV AVTLOTEOPO oToLKElO c. Emetdn to b €xel
TO a WG €x OEELDV avTIoTEOPS TOV aToLYELD, Exouue AT avdyxrny a = ¢ (BA. mE6-

taon 1.2.8) now ab = 1 = ba = a € R*, ondte 0 R elvan doetinds 0antiMoc.
H woodvvauia (i)<(iii) amwodetnvietor TaQopotns. O
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2.1.9 Ioégwopa. Ta uova aupirdevoa tdedon evos otaietixov daxtviiov R eival to
{O0r} »at 0 idiog 0 R.

2.1.10 Hogorignon. Ymdaoyovv un uetabetixoi, un diaipetixoi doxtohol R, H1tmg
elvar 0 R = Matyy2(R) (BA. medtaon 2.3.4), o omolot dev draBétouv dhho aupi-
mhevpa WemdN mépav Twv {0r} nau R.

2.1.11 Iégropa. Eotw R évac un tetouuuévos, uetabetinds daxtirios ue uova-

Otaio otouyeio. Tote o R eivar odua edv xat uoévov eav ta uova au@inlevoa tdemon
Tov eivat 7o {Or} a1 0 idos o R.

IAEQAH ITAPATOMENA AIIO LYNOAA

Mua ouviBng uéBodog rataoreunc LOemIDV evdg doBévtog daxtuliov elvar | notd
PUOLXS TEAOTIO «TTAEAYWYT] TOUS» 0Tt TUYOVTO VITOCUVOLA TOU dOUTUALOV.

2.2.1 Ogwopods. ‘Eoto (R, +, ) évog daxtOhiog not éotm A C R. Aéue 6tL 1 Topn

(A) == {Wewddn I 100 R|ID A}

TOV UeA®V THS otroyevelog OAwV TV WEMIDV aUTOU, TO OO0 TEQLEXOUY TO A,
€ivoL T0 10eDOES TO TaQayONEVO Até TO A 1) TO LOEDOES e YEVVIITOQES TCL OTOLYELD
100 A. Otav A = &, to1e (A) = {0r}. KdBe 10edOeg 100 R mOV WITtoQet vor yooupet
vt ™ wooen (A), 6mov A C R eival RATOLO TETEQOOUEVO VITOGVVOLO QUTOU, OG
mobpe 10 A = {aq,...,a;} (6mov k € N), xoleltol mexeQuonévog maQayouevo
10eddeg naw ovuforitetan amhovotega wg {(aq, . . . , ai). Téhog, ®dbe WOeddeg 100 R
70V Wtoel yoopel vtd T uoEeY {(a) , Yo ®amolo a € R, xalelton #0010 1deddeg
(éx0v 10 a wg YEVVHTOQA TOV).

2.2.2 Tlgoraon. Eotw R évag daxtiAios xat éotw & # A C R.

(1) To t0edeg (A) To mapayduevo amd to A amoteleitar améd Ao ta otoyeia g
HoQpng

K 7 v 3

! "1 "
E 7;0;8; + g riah + E aysy + E N, (2.1)
i=1 j=1 k=1 o=1

Ti, iy T, Sy € R, aj,a},a),a, € A xar ny € Z,
Vie{l,...k}, Vje{l,..,u}, Yeke{1,..,v}, Yoe{1,...£&},

Omov K, 1, v, € eivat Oetixol axépaior aptBuoi.



52 IAEQAH KAI ITHAIKOAAKTYAIOI

(if) Edv o R eivar daxtihog ue povadiaio ototyeio, tote
K
(A) = {Z TiQ; S;
i=1
(iii) Eav o R eivat petabetinos daxtvliog, tote
K E

(A) = {Z ria; + ana’g

i=1 o=1

(iv) Edv o R eivar uetabetinds daxntvlog ue povaoiaio oroiyeio, 16te

(A4) = {Z T @

=1

T1yeer yTryS1ye-- Sk € Ry a1,...,a, € A, HGN}.

Ti,..., T« €R, ny,... ,neg €7,
al,...,ama’l,...,a'g,e A, k,£eN

T1,.c. T € R, a1,... a5 € A, HGN}.

AMNOAEIZH. (i) "Eotw I to vtooivolro to0 R 10 amagtiiéuevo amd Oha to otoLyeio
TS woons (2.1). Téoo n dagoed dvo atoyelwv Tig woephs (2.1) 600 rou to
ywvouevo evog r € R ue owodfmote otoyelo Tig uoepng (2.1) elvon xow i g
wooeng (2.1). Aga to I elvar éva 1demdeg 100 R mov megLéyel 1o A (ool -Adym
ToU televtaiov abpoiopatoc- 1za = a € I, ywa ndbe a € A). Katd ovvémeiav,
(A) C I. Kot ovtiotodgog: ®a0e 1deddeg mov mepLéyel to A opeilel va meQLéyeL na
ta afgoiopata Tig uoepng (2.1), omtdte éxovue I C (A).

(ii) Edv o R elvau évag dantiliog ue povadiaio otovyelo, t0te T00 abBoionata g
nooeNs (2.1) umoolv va «oupsTuyBoiv» (ROTA TO AvoryQOPOUEVAL), 0oV

ra=ralr, as=aslg, Ya€ A, V(r,s) € R xR,

wouna =n(lga) = (nlg)(alr), ¥n € ZroVa € A.

(iii) Eav o R elvan évag uetafetindg dontoiiog, 1ote Tar afpoiouata g Looeng
(2.1) pwogovv xaw maAL va «ouustTuyBo0V» (ROTA TAL VoY QOPOUEVAL), ALPOD

ras = (rs)a, ra=ar, Ya € A, ¥(r,s) € R x R.

(iv) Téhog, eav o R elvon évog petafetivdg dantOlog ue povadiato otovyeto, T0Te
evoouatdvouue 0to (A) ot to 300 €idN «OUUTTOEEMV» THE LOEPNS TWV GTOLYEIMV
OV TTeQLYApaue TEOoNyouuévmg ota (ii) xouw (iii). O

2.2.3 Inueioon. Edav o R eivor évog doxtolog xat A C R, tOTE UTOQEL RAVELS VO
optoeL xa ta 9eELG/0LoTEQd LOEMOM

(A)ge = m { aplotepd Weddn I tov R| I D A}
2O

(A)g = m {8eELd Wewdn I o0 R| 1D A},

OVTLOTOLX WG, Ta Tapaydueva, amé 1o A, nou vo. amodelEel tg WOt Tég TOvg OV
ovohoyolv o€ aVTéS Tov Eoavapéodnray oty mpdtaon 2.2.2 yia to (A).
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2.2.4 Mogwopa. Eotw R évag daxtilios xat éotw a € R.
(1) To #Vo10 1deddeg {a) amotedeitar amb 6ha ta aroLyeia THe UOPTHS

k
E rias;+ra+as+na,
Jj=1

TS, T1ye yTkyS1,... .5k € R, k€ Nxarn € Z.

(i) Eav o R eivau daxtirog ue uovadiaio atoryeio, tote
k
(a) = E Tias; | ri,... Tk, 81,...,85, € R, kEN
j=1

(iii) Edv o R eivat uetabetinoc daxtiolios, t6te (a) = {ra+na |r € R, n €Z}.

(iv) Edv o R eivar uetabetinds daxntvlog ue povaoiaio oroiyeio, 16te
(a) =Ra={ra|reR}.

2.2.5 Tlagatignon. Otavo R elval uetabetinds alrd dev duabétel povodiaio atol-
xelo now a € R, ta 10eddN tov (a) »ow Ra dev glvor not’ avdyxnyv ioa. Exi mago-
detyuat, 6tov R = 2Z, t61¢e (2) # (2Z) 2, 61 2 € (2), evdd 2 ¢ (2Z) 2.

2.2.6 Ilgotaon. Kdbe 1dewdes 100 daxtvriov Z twv axeoaiowv aotudv evar t)g
uoo@ns (ny = nZ, é6mov n € Z. (Ot ev Adyw yewnropes n eival, Pfefaiwg, dvva-
7OV va mepLootabovy ota atoiyeia To0 ovvéiov Ny, xabott pia evdeyouevy arlayn
TQOONUOV TOV EXAOTOTE OeWQEOTVUEVOV N OEV ETUPEQEL DLAPOQOTOMNAN TOV XVEIOV
10edoovs (n).) Qg ex T0VTOV, #A0e 10OEC TOU daxTvAiov 7 eivar xULo 10edieg.

ATIOAEIZH. "Eoto I évo 19eddeg 100 Z. Edv I = {0}, t6éte I = (0). Eav {0} & I,
toTE VITAQYEL ®ATOLOC anépauog n € IN{0}. Aga nou 0 aviifetdg Tov —n avijxeL 0To
I~{0} (oot —n =0 —npue 0 € T roun € I). Qg ex 10010V, 240 U TETQLUUEVO
10emOeg I 100 Z mepLéyel Oetixovs axepaiovs. "Eotm

nog:=min{n € N| n e I}.

Ba detEovpe 6t I = (ng) . pdypott é0tw a Tuydv otovyeio tov I. Tote 10 a dat-
QOUVUEVO UE TO ng OLVEL VITOLOLTTO 7, 6OV @ = ngq + 7, ¢, 7 € Z, 0 < 1 < ng, OTOTE

qE€Z, nOEI:>n0q€I:I>a—n0q:7‘EI,
a€c

o’ 6mov €xetan 6tL = 0 (OLdTL adlidg Ba TagovoLaloHTaY OVILPOON WG TEOS TNV
emhoyn T00 ng). Agd a = ngg € (no), oL I C (ng) . Amd v AN ueoLd,

(ng) = {kno | k€ Z} C I.

Apa tehnidg I = (ng) = (—ng) . O
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AAKTYAIOI ME «AITA» IAEQAH

Yrdgyovv daxtiMol ue wxed apitfud tdewddv, ov omoiol a&iCovv diaiteong
uvetog.

2.3.1 Ogwopés. ‘Evog un tetouuuévog daxtohog R ovoudleton amhdég dantiiiog?
otav dev draBétel (appimrevoa) WeddN méoav 100 {0g } now T00 R.

2.3.2 Ilgotaon. Kdbe diarpetixds daxtvriog eivar amAdg.

ATIOAEIZH. Aueon ovvémela To0 wopiouotog 2.1.11. |

2.3.3 Iporaon. Evag un tetouuuévos uetabetinés daxtvlos R ue povadiaio atoi-
x€io givar odua eav xat uoévov eqv eivar amrog.

ATIOAEIZH. ApeoT ovvémelo ToU mogiowotog 2.1.9. O

2.3.4 Tlgotaon. Edv o R eivar évag Otaugetiniés oaxtolos xar n € N, 10t€ 0
Mat,,«, (R) eivar évag amAds daxtivrog.

AMNOAEI=H. ‘Eotww E;; € Mat,,»,,(R) o fondnundg ntvarag o €xnv g eyyoapt
TOU OTNV 3-00TH YQOUWN RO OTNV j-00TH OTHAN TO 11 *OL WG AOLTTES €YYQAPES TOV
10 Or. Znueiwtéov 6t yia oovdfmote A € Mat, «,, (R) 0w 0Lovodfjmote delnteg
i,7 € {1,...,n} égovue

Io,(A), otov k =1,
(Og,...,0r), Otav k€ {1,...,n}~{i},

RO
21;(A), otav k =j,

(Og,...,0r)T, Ot0v k€ {1,....,n}~{j}.

T v amddelEn g mpotdosmg Bempovue éva 10eddes I To0 Mat,, « ,, (R) dudpopo
100 TeToLuuévov. Tote vdoyel Evag mivarag A = (ajk)1§j7k§n € In{OmMat,,..(rR) }»
omdTe VYIoTOVTIOL Jo, ko € {1,...,n} UE aj,k, 7 Or. Tl naBe Ocintn | € {1,...,n} oL
(2.2) o (2.3) pag 0dnyovv oto cuumépaouo ottt

n n
Ejj, AEL,; = Ey, (Z aikgEik()) = Z aiko Erjo Eiky = ajor, Eu-

i=1 i=1

30 ev M6yw 0010UGE Eivan avaroyog exelvou Twv addv ouddwy.

‘0 nivorag ajg ko Eu ol aoibunrixd nollardaociaoud 100 Eyp We 10V aj k, now elvon -wg e T00Tov- 0 ivarag
mov £yl wg eyyoap Tov ot B€om (1, 1) 10 aj K, oL ot Oheg TG Ghheg BEoels eyyQupés mov elvan {ogg ue 10 OR.
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Enedi A € I nou Eyj, Epy; € Mat, ., (R), toUTt0 onuaiver 6t ajox, Ey € 1. Emi-

100 0éTmG, emeldn o R eivor droupetindg dantiiiog, opiletan To OVTioTQOPO GTOL-
. 1 , ,

Xel0 a ;. TOU ajok,. Qg ex T0UTOV,

ajokoEll el, . ( 1 ) _
—1 E; € Matan(R) } = (ajokOE”) ajokoE” =Eyel,

Ljoko

o’ 6mov £meTon OTL

1 Or --- Or Opr
Orp 1r -+ Or Or n
I, = : . . : = E E; e 1.
Or Or -+ 1r Ogr =1
Or Op --- Or 1r

Emeldi) to novadiaio otoryeio I, 100 Mat,, «,, (R) avijrer 0to 1demdeg I, égovue rat’
ovayunv I = Mat,,«,,(R). O

2.3.5 Iporaon. Kdabe axepaio meoioxy R, n omoia dtabéter uovov évav memega-
ouévo apifuo 10ewdwv, eivar odua.

ATIOAEIEH. ‘Eotw a € R~{0p}. ®@emoolue ta xioia deddn (a), (a?), (a?), ...
Emeud

[ak+1 = ad e <ak>, Vk € N] S [<ak+1> - <ak>, vk € N} ,
oynuatiCeton 1 €ENg arolovdia SLadoyLrmde eYRAELOUEVMV ®VQIWV LOEMIGDV:
(@) 2 (a?) 2 (a?) 2

Enedn n axepata megoyy) R duabétel udvov évav memepaouévo aolfud demdav,
Ba vrdipyeL nAmoLog n € N, TéTolog MOTE va Loy UEL

(a") = (a"*")y = [(Ir € R) : a" = ra"""].

‘Ouwg 10010 €xer wg ovvémela 0tL a™(1g — ra) = Og, TO 0mOL0, CUVOVALOUEVO U
t0 611 a™ € R~{0Rr} now 10 611 0 R elvon €& vobéoews axnegaia megLoyy, uag di-
deL ra = 1g, ondte t0 r givorl (oAhamhaotootind) avitoTeoo ToU (avBalétng
emAeyuévov) un undevirot otoyelov a. O

AOTTIEMOX ME IAEQAH

To 10e®dN evog daxtuliov wrootv va meootedovv, va moAlarlaolaoBovy 1 -oe
OQLOUEVEG TTEQLITTOOELS- oL Vo dtoeeBovv. H eEowrelwon ue 1ov «hoyloud pe 1dedm-
o1 Ba awofel x oM oLun TO00 YLoL 0QLOUEVO TUNUATO THS avarttvooduevng Bemoplag
000 %AL YO TNV EVYEQETTEQT ETIAVOY ALORTOEWV.
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2.4.1 Ogwopés. "Eotw 6110 R eivon évag dontohog vowta I, ... , I,,n € Nyn > 2,
0QLoTERG (ran avtiotoiyme, deEld/aupinievoa) WOeddN tov. Opilovue 10 GBgoL-
OLLO° %O TO YLVEIEVS TOVC (G

L+ 41, =% I ={a+-+a, |aj€1;, Vj 1<j<n}
j=1

®o

afpotopato Tg LoEPNS

k
Z a1,502.5° " Qpj, WE Qp j € Ig, 1<p<n, keN
Jj=1

avuotoiywe®. Eivow ginolo vo diamotwbel 6t 1600 10 I} + - -+ + I, 660 %aL T0
I --- I, amotehel éva aploteQd (ro avtotolymgs, £va deELd/aupimievgo) Ldemdes
00 R.

2.4.2 Impeioon. (i) Eqvtaly,... I, etvar 1deddn evog doxtuiiov R pe uovadioio
otowyelo, ToTe

L+ +1,=(0LU---UL,).

odyuatr amd tov oguoud 100 I; + - - - + I, 0 eyrheioude “C” elvon mpogavic. Ko
ereldn to 1W0eddeg (I; U -+ - U I,) tooUToL ue

K
E TiG; Si| Ty . yTryS1y--- ,8¢ € R, a1,..,ax € [ U---UIL,, k€N,
i=1

%G0e x € (I U--- U I,) umogel (evdeyouévimng 00tepa amd xamoia avodidtaEn det-

RTDOV) VO YQOPEL VTS T WOQYT & = T1+ X2+« -+ Ty, OOV YA RGO § € {1,... ,n},
Kj
T; = E Ti@iSiy, Ty >Tk;>S15--- ,8x; € R,
i=1

5To G0gotopa wwoQet v 0QLOBEL oL Y10, TvyoUoES OOYEVeLES OEWdDV (Ix)rea T00 R (ue A # &) g arohotBng:

Z I::{a,\1+-<-+akk

AEA

aj € Ij, Vj € {1, Ai}s
yiootodfmote {A1, ..., A\ } CT A, k€N '

TIgocoy! Mn cuyyéete To ywouevo 1J = { Z;?'Zl a; bj| aj €I,bj € J, k€ N} dvo Wewdmv I, J 100 R pe
10 ovvoho {abla € I,b € J}! To tehevtaio evdéyxeton va uny eivar ideddeg (axrdun xou ov o R elvar uetabetindg
ue povadiaio otowyelo). Exnt magadeiypat, edv otov R = R[Xq, X2] Bempioovue ta I = J = (X1, Xz) , t0t€ 100
otougeion X2 now X3 avijrowv 010 { (X1, X2)1 (X1, X2)| (X1, Xa) € I, (X1, Xs) € J} . Qot600, T0 G8g0LoNd
Toug X2+ X3 dev avijnel o auto.



§2.4 AOI'IEMOZX ME IAEQAH 57

Y0 RATOMNAGL a1, ..., ax; € I now k£ € N Aga €ovue now
(LU---UL)C L +--+1,.

(i) Ag onuewwBel 6L -ev aviBéoel mEOg TV TouN- 1 évwarn Ovo LWOEWOMV evds da-
#TUMOV Wrogel va. uny amotelel 1deddeg T00 Bempotuevov daxtvriov’. Eni mapa-
detyuatt, N évoon 3Z U 5Z twv »uolmv 10emdav (3) = 3Z naw (5) = 5Z 100 Z dev
etvor 10emOEg 10U Z, dLoTL TO00V TO 3 GO0V %ol TO 5 avirovv oty 3Z U 57, okl
evtoutolg2 =5 — 3 ¢ 3Z U 5Z.

(iii) Ztnv meplmrwon xatd v omota I; = --- = I, = I, cvuPohifouvpe to yLvo-
uevo Iy - -+ I, nowwg I™ (ol ev etdel «duvauems»), TEOTEXOVTAS -OUMS- VAL UV TO
ovyyéovue e To OQTETLAVO YLvouevo 10U I (n poeég) ue tov eautd tov! o ndbe
10emdeg I evog dantuhiov R moonUmtel o oxoAovdio SLodoyLrmg eyrAelouévov
1emddv

IDIPPDEBD---DI°DI" D... Ve N
Entl mopadetypott, evidg 100 daxtuiiov Z twv axregaiwy (toPh. 2.4.13 (iii)), éxovue

224 2@)2--2(2%) 22" 2., VkeN.

O mpotdoelg 2.4.3, 2.4.4, 2.4.5 nou 2.4.14, o omoieg arolovBovv, éxovv wg 0ToHY0
TNV TEQLYQOLPT] OQLOUEVOV BAOLRMY 0QXDV TOU «hoYLOUOU UE LOEDON».

2.4.3 Igoraon. Edav o R eivau évag uetabetinds daxtioliog ue uovadiaio otoryeio
xat a,b € R, 10T¢

(1) (@) + (b) ={za+yb| z,y € R}, »au

(ii) (a) (b) = (ab).

ATOAEIEZH. (i) Enedn éxovue (a) = Ra nou (b) = Rb, 10070 €meTon dueco and 10

2.4.2 (i).

(i) ITpogavac,
(a) () =

(rja) (s;b) | r1,... ,TksS1,..., 5, € R, keN

k
=1

J

k
g rjs; lab| ri,... 7%, 81,...,8: € R, k€N
j=1

= Rab,
6mov Rab = (ab) . O

"Eivou £0%0ho vor oodetyBei 6T m évwon I U J dvo 1demddv I, J evog daxtuhiov R amotehel 1deddeg avtol ey xau
uévov eav eite I C Jelte J C I.
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2.4.4 Igéraon. Eotw ot 0 R eivau évag daxtihos xat Iy, I, I3, I téo0epa (aoi-
otepd, 0gkid 1 aupinievoa) tdeddn tov. Tote toyvovv ta e&ng:

() (I1 + L) + I3 =11 + (I2 + I3) ,

(i) (L L) Is=1 (Ix13),

(i) Iy (I2+I3) = (I I2) + (1 I3) , (I1 + I2) I3 = (11 I3) + (12 13) .

AMNOAEI=H. (i) "Eotw twydv a € (I1 + 1) + I3. To a ypdgpetan wg dBgowoua ¢ + as,
Omovc € I1+1Is nonas € I3, ®0LTO ¢ = a1 +ag, 0OV a1 € I1 ®avas € I>. Emouévmg,
MY THG TEOOETALQLOTIXN G LOLOTNTOS THS TEO0BETEMG,

a=(a1+ag)+as=a1+ (ax+a3z) €1 +(I2+I3),

Ntow (I + I2)+1I3 C I1 + (12 + I3) . Kaw avuiotedpme: edv b € Iy + (I + I3), tote 10
b yodpetol wg dBgowopa by +d, 6ov by € I woud € Ir+ I3, nouto d = by +bsz, 6wov
by € Iy nan bs € Is. Emopévog, now mdh AOym TG TQOCETAULQLOTLXRYG WOLOTNTOS THS
meooBéoewg,

b=">b1+ (ba +b3) = (b1 +b2) + b3 € (I1 + I2) + Is.
Katd ovvémeway, (I + L) + Is = I + (I + I3).
(ii) "Eotw tvyov = € (I 1) Is. Tote

k
J;:ijcj, omovkeN, z; e 1 I, ¢;j €l Yje{l,... k}
j=1

Mogouoiwe, yia #abe j € {1,... ,k},

Sj
T = Zajlbjl, omov S5 € N, aj; € Il, bjl ely, Ve {1,.‘. ,Sj}.
=1

Enouévmg, Moyw g emueoLotinis dtntag,

Avaldywg amoderrvieton naw 1 eyrhewonry oxéon Iy (Ix I3) C (I L) Is.
(iii) "Eotw tuxov z € I (Iz + I3). Tote

k
szaj(bj—i-cj), omov k € N, ajell, bjE I, C]‘EI;)” V]G{L ,k},
i=1

omdTE, MOV THG EMUEQLOTLXNG LOLOTNTAG,

k k
Xr = E ajbj+ E ajcj,
Jj=1 Jj=1

N——
€l I €l I3
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am’ 6mov émeton 0T Iy (1o + I3) € (11 I2) + ({1 I3) . Avordywg ammrodenvOeToL *ai
N avtioteopn eyrhelotnn oxéon, rabog o (I1 + I2) If = (I I5) + (I 15) . O

2.4.5 Tlgoraon. Eotw 61t 0 R eivar évag daxtilios xat ta Iy, Iz, I3 10eddn tov.

Tote toyvovy ta e&ng
L1, ChHNDb.

(i) (1 + 1) (1 +13) C L+ 1 I3 C Iy + (Io N I3).
ATIOAEIEH. (i) Edv x € I; I, to1e

k
xzzajbj, omovk €N, a; €I, bj €y, Vje{l,... k}.
j=1

‘Oumg, amd tov 0pLoud ToU Wendovg,

(aj el; C R) - (a_,'bj S 12) =z €l
(bjEIggR)z(ajbjefl):>$€I1 —zehnl
(ii) ‘Eotw tvyov = € (I + I>) (I + I3). Tote

k
=Y yjz, OonovkeN, y e+, z €l +1s Vje{l,... k},
j=1

omdte, MOy TG EMUEQLOTIXNGS LOLOTNTOC %O TOV OTL

yj =a; +b;, z; =c;+dj,

ywrdnow a; € I1,b; € In,¢; € I, d; € I3, V5 € {1,... , k}, éovue
k k
x=| Y (aje; +ajdj +bjc;)+ > bjd; | € i+ Ia I,
J=1 j=1
N——
el €l I3

Mhadn (11 + I) (I1 + I3) C I1 +15 I3s. H de0teon eynheonnn oyéomn meton Gueoo
and v (i). O

2.4.6 Impeinon. Ou eynhewopol (i) »ou (i) ¢ meotdoems 2.4.5 umogoiv va ei-
VoL VOTNEOL axOUN oL Y10, UETABETIXOUS doTUALOUS Ue povadiaio otoyeio. Emt
ToQadelyuaTL, edv evtdg ToU daxtuhiov Z twv axegainv aolumv Bempioovue ta
Weddn Iy, I, ue I = I := (2), t61e

LL=@WCShNL=(2).
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Eniong, yia o 10eddn I; := (12), I := (20), I3 := (30) éxouvue
(i +12) (I +13) = (24) G [ + I 13 = (12)
o Yot WeddN Iy := (24) | I := (4), I := (6) éxovue
LA LIy =(24) G I + (I N I3) = (12) .
(ITePA. méoLoua 2.4.13).

2.4.7 Movaon. Eotw 671 0 R eivar évag uetabetinis daxtvrogs ue uovadiaio atoi-
xeio xau ta I, I3 dvo 10eddn tov ue I + I, = R. Tote

LIL,=IN1I.

ATIOAEIZEH. Katd 1o (i) tig mpotdoews 2.4.5, I Is C I N 1. "Eotm tuydv otouyelo
a € I1 NIy Exewdn I1 + Is = R, vdoyovv b € I; nou ¢ € I3, TETOL0 DOTE VAL Loy VEL
N ot b + ¢ = 1g, onoTE

a=a-1lg=alb+c)=ab+ac
a € IQ,bE L=abelh [ =1 1 :>a611]2,
a€ L,ce Ihy=acel, I,

ot GITOV ETETOL KO O AVTIOTQOYOS eyrAelouds I; NI C Ih Is. O

2.4.8 Ogwopog. KaBe 1demdeg I evog dantuhiov R, yua to omoio
IneN:I"={0r},

noAElTOL undeEVOdVVapo 1deDdES.

2.4.9 Iporaon. Kabe otoryeio evos undevodvvauov tdeddovs I evés daxtvdiov R
eivar undevodvvauo otoryeio t1ob R (Ph. 1.2.15), dnladn I C Nil(R).

ATIOAEIZH. Edv to I eivan éva undevodivauo 10emdeg evog doxtuliov R, toTe
n
vadeyer n € N : I"™ = {0g}, ondte [] a; = Ogr Yo oladWOTE Ay, ... ,a, € I.

1=1
Idwautépwe, yioe ®GBe a € I, a™ = Og, ondte a € Nil(R). a

2.4.10 Iqpeioon. Edv to I eivor 1deddec evog doxtvhiov R ue I C Nil(R), to
dev elvou nat’ avdyxnv undevodivapo Wemdes. (T'a va ovupaiver avtd, Bo meémel
VO TANQOVVTOL RATOLES EMLTQOTOETES TUVOTXES, GG EXEIVES TTOV TTEQLYQAPOVTOL
oty medtaon 2.4.11.) Ent mogadsiyuatt, Bewpdvtoag té I := Nil(R) (mov elvon

o0
Wemdeg Paoel THg aoxrnoems 2-6) evtdg to0 uetabetirol daxtvhiov R = [] Zov

v=1
(BA. 1.1.4 (iv) now (v)), mogotnotue 6t to I dev etvar undevodivouo Ldemoes.
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Mpdyuotr vrtobétovrag v VmaeEn »dmowov n € N : I™ = {0r}, Oa émpemne va
wyveLa™ = Og y1a xabe otoyelo a € I, mpdrypa adivato, OLOTL TT.). Yol T OToLYElO

Qn = ([0]2; [0}2% SRR [0]2"*17 [0]2"’ [2]2"+17 [0]2"+27 [0]2"+3a e ) €ER

(to 0QuZoueva yio xG0e n € N), éxovue a1 = 0p now a” # Og.

2.4.11 Hgoraon. Edv to I eivar éva memeaouévas magayouevo t0edoes evog ueta-
Oeti00 daxtvliov R ue uovadiaio ororyeio nar I C Nil(R), tote to I eivar undevo-
Ovauo LOEDOES.

ATOAEIEH. Edv I = (ay,... ,ax), 101e (¢€ vnobéoemg) In; € N : a’ = Op

vy #éfe j € {1,... ,k}. ' Eotw n := max{n;|j € {1,...,x}} nou éotm 2 TUYOV
ototyeio 100 1. TTpogpavag,

a =O0p, Vj € {1,... ,k}. (2.4)

Koarté 7o (iii) tig mpotdoewg 2.2.2 vtdoyouV 71, . .. , T € R, TETOLO DOTE VO LOYVEL
nwomta z = Z';:l rja; . Emeidn o R elvon petobetindg dontiiog pe uovadioio
otouyeto, éxovue (MY T00 0LoU0T TOU 1, TV LOOTHTWV (2.4) now To¥ Tomov (1.6))

p KN
eraj =0r = 2™ =0g, Vo € I
j=1
Znuerwtéov 0t yia ®aBe m € N woyveL (€€ ogropov) n lodtnta
Im

<{a‘i1ai2 alm|1 < ilviQa"' aim < R})

< aytay? - ay (A Aa, ., A) ENG Y N =m >
j=1

Ewwndtepa, yio m = kn haufdvovue

I*””":< artay? - ad (A, Aa, o, M) ENG Y DN =k >
j=1

Ba amodetEovue 6n 1" = {0gr}. [Igog ToUTO CExrel va amodeiEouvue 6tL Ghot o
yevvitopeg ToU 15" etval (oot ue to Ogr. ‘Ouwg ndbe yevvitopds tov (fdoel Twv
TEOVOPEQDEVTMV) ElvaL THS LOOPNS ai\lc@? - adr, 6mov

(>\17)\23"~ 7)\;{) S NS : Z)\j = KN.
Jj=1
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Q¢ ex ToUTOV, VITAQYEL TOVAd)LoTOY évag deintng € € {1,... ,k} ued A\¢ > n, aw’
Omov €metan 0T

. — M Ag—1 Ae Act1
al a2 ...a = al ...a/g_l a&_ a&_+1 ...a

A1 Ag—1 (n Ae—n) Aeyr A
al agil a€a£ a€+1 el

A —
— ai\l...agill (ORaé_ )a§+1 ceear :OR'

Aga tehnmg I = {0g}. O

2.4.12 Oguopés. "Eotm 611 0 R etvan évag petabetinds dontolog xow to I, J dvo
10e®dn tov. To mmAiro I : J 100 I 34 100 J opiletar wg

[I:J={rcR|racl yaxibeacJ}={rcR|r]CI}|

%o aoteret £va 10e®Oeg ToU R.

O «tdEelg» mov ogioaue el TV 13DV ueTabeTrdv daxtuliny, epaouoloue-
Veg 0TOV dOUTUMO Z, CUUTEQLPEQOVTOL G AROAOVOMG:

2.4.13 Mogwopa. Edav (m) xat (n) eivar dvo un tetoyuuéva 1dedon tod daxtviiov 7
TV axeoainy, 6mov m,n € Z~{0}, téte toyvovy ta e&ng:

(i) (m) N (n) = (enm(m,n)),

(ii) (m) + (n) = (und(m,n))

(iii) (m) (n) = (mn),

(i) {m) : (n) = ( xtiey )

ANOAEIEH. (i) ‘Eotw tuydv a € (m) N (n). Téte a € (m) »ow a € (n), ondte
a = Am = Kn, Y10 RATOWOVE A, k € Z. "Eotw d := uxd(m, n). [lgogavacg,

M7 i=r(G)a=2(F) ==(3) = 3 (T):
wemerdn und (%, %) = 1, éovue Z| A = A = v 2, yia xdnowov v € Z. Katd
OVVETELQLY,
n

a=Am=v Jm= (%) v = sign (mn) exxt (m,n) v => a € (exxn(m,n)),

ntot (m) N (n) C (exm(m,n)) . Ko aviotedpng edv a € (exm(m,n)) , 10Te €(0oVue
a = penst(m,n), yuo xamowv u € Z, onote’

ity () - (5B,

8 AMMdg B elyaue i A < kn.

T xGBe n € Z Bétoupe sign(n) := 1 6tavn > 0 xousign(n) := —1 6tavn < 0.
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omoy LSEtmlin| o 7y pigniml ¢ 7 syvendc éyovue a € (m) N (n), dnhadi

#d(m,n) uxd(m,n)

(exmt(m,n)) g (m)yN{(n).

(iif) Katd to (i) iig mpotdoewg 2.4.3, (m) + (n) = {am +yn | =,y € Z}. Enewdn o
UEYLOTOG HOLVOS OLALQETNG TMV 111 RO 1 YQAPETAL WG OREQOLOS YOAUMHKOS GUVOVOL-
OuOg TV M 1AL 1, EXOVUE

wd(m, n) € ((m) + (n)) == (Wd(m, n)) € (m) + (n).

Ko avuotedpme edv d := uxd(m, n) ®ow a € (m) + (n), tote

A
(a = km + An, m,)\eZ):a:(%_FFn)d’

omov & 4+ A € 7, omdte a € (und(m,n)). Tovto onuaiver 6t (m) + (n) C (d).
(iii) ITpogavég emi ) Pdoel 100 (ii) Ths mpotdoswg 2.4.3.
(iv) Ag vmoBéoovue 6tLr € (m) : (n). Tote -€€ 0QLOUOU- ra € (m) yio vGBe oToLYElO
a € (n). Idutépws, rn € (m) = [Fb € Z :rn=0bm]. Edv d := und(m, n), t01e
und(Z, &) = 1, omdte

r n_ b m

n m n n
d-"ad E‘bﬁﬁﬁlb:b”_

d?
yia namolov ¢ € Z. Apa.

n o nm — o m o m — c m
"a7°d4d " _Cpmé(m,n) " urd(m,n) /’
ot (m) : (n) C <ﬁ> Kot avtiotedpng edv s € <W>, 0te 5 = K,
Omov K € Z nowd := und(m, n), onote yio xdbe atoLyeio An 100 (n) (A € Z), éxovue

sAn = (Iﬁ;%) An = (/{)\%) m € (m) = s € (m):(n),

fito <W> C (m) : (n). O

2.4.14 Mgoraon. Eotw 67t 0 R eivau évag uetabetixds daxtvhos xat 11, I, I3 toia
10edon tov. Tote toyvovy ta e&ng:

)LL)+ I3) S (1 + L) : I,

()L :(L+ 1) =(L:L)N(I L), (WNEL):Is= I : )N (L 1),

(i) (I1 : ;) L, C L, I C((L2): L),

(V)([1: L) : Is=1: (Ix13) = (I1: I3) : Ls.
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ATNOAEI=H. (i) Eotw tuyév otowyetor € (I : Is)+ (I : I3) . Tote r = r1 4172, 07OV
r1 € (I : I3) vawre € (I : I3) . Qg ex 10010V,

rilz3 €I

= (r1+1r2) I3 C 1) + Iy,
rolz C Ip

o’ 6mov ovvayetaw 6t r € (I + Io) : I3, 0m0te (I : I3)+ (12 : I3) C (I + 1) : 1.
(ii) 'Eoww tuxovr € I : (I2 + I3). Téte ra € I, Ya € Iy + Is. Emouévog, haufd-
vovtog v’ OYwv Ot Iy C Is + I3 wou Is C Iy + I3, ovumepaivouue 6t
ra € I1, Ya € I (gfg+f3) } TG(Ililz)
=

}:>T'€(11112)m([12[3).
raGIl, Vaefg (g [2+[3)

Agaly : (I2+I3) C (11 : L) N (I : I3). Kow avtiotodpwg: edv
r e (Il : IQ) n (I1 : Ig) = rly C I, now i3 C I,

onéterly +rls =r(Io+13) Ch+ 1 =1 =r e€l: (Is+ I3). Ev ovveyeio,
vroBétovue OtLr € (I; N 1s) : Is, oL 6t woyxver rls C 1N L. Eredi 1N C L
wor L NIy C I, éXOUMS rl3 C I wowrls C I, 67])\&67/] r e (Il ZI3) N (IQ : Ig)
Ko avuotpbégwg edv r € (I : I3) N (I : I3), 10te I3 C I mouw rl3 C I, omdte
rlsCILiNly=rc¢ (Ilﬁlg)lfg.

(iii) "Eotw tuydv r € (I : Iz) Io. Tote

k
r:Zajbj, omovk €N, a; € (I : L), bj €, Vje{l,... ,k},
j=1
omote
Iy C
[ a]é2;§1 }:>a]-bj611, VjE{l,...,k}er[l :>(11:12)12§11.
j 2

Ev ouveyeta vroBétovue 6t r € Ih. [lpogavag, ra € I Iy, Ya € Is. Avtd on-
uoiver avtoudtwg 0t r € ((Ih I2) : I2), omdte woyveL ®ow 1 eyrhelotiny oyéon
Il g ((Il IQ) . I2)
(iv) 'Eotw tuyovr € (I1 : Iz) : I3. Tote ra € I : I, Ya € I3, omdte

[(ra)b = (Tb)a S 11, Va € 13, Vb € 12} — [Tb cl: 13, Vb € 12]:> re (11 : 13) s

Aga (I1 : Iz) : I3 C (I1 : I3) : Io. Kow avuotodpmg edv r € (I : I3) : I, 10te

ra € I : I3, yia ndBe a € Iy, omdte
[(ra)b=(rb)a € 1, Va € I, Vb€ I3]=[rb€ I, : I3, Vb€ Is] = r € (I, : I2) : Is,

art’ 6mtov £metal OTL (Il : 13) : IQ - (Il : IQ) : I3. AQ(X (Il : IQ) : I3 = (Il : 13) : _[2.
Yrohetmeton va deiEovue Ty wodtto J; = Ja, 6mov

Jl = Il ;(]'2]'3>7 JQ = (Il 2]2)2[3.
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Méow 100 0pLopo¥ 100 INAiROU WeMIDV 1ot THS ueToBeTndTNTOS TOU darTUAIOU
avapodgs uag Aaupdvouue

Ji(I213) C I (Jils) I. C I Jils C I : Iz J1 CJp
= = = ,
Jols C L Iz (J2I3) 1o C I Jo (I2I3) € I J2 C
omnote 6viwg J; = Jo. O

IIPQTA KAI METILTIKA IAEQAH

2.5.1 Ogwopos. ‘Eotw R évog doxtohog. "Eva 10eddeg p to0 R xoheltol mohro
Weddeg 6Tav p G R #ouw Yo owadimote Weddn I, J 100 R 1oy 0eL ) cuvemoywyn

[I[JCp=c¢ite [ Cp elte JCp.

2.5.2 lgéraon. Eotw p & R éva 1deddeg evos daxtvriov R. Edv yia otodijmote
Cevyos (a,b) € R x Rioyder n ovveraywyn

[ab € p = elte a € p eite b € p), (2.5)

T07€ 70 P elvau mewTo. Kaou avtiotedpws: edv 1o p elvar éva medTo 1OEDOES EVOS
daxtvliov R xat o R eivar uetabetinds, 16te 10 p ixavomorel tyy (2.5).

ATIOAEIZEH. Ag vmoBéoovue ev mpdtolg 6t 1 ouvOfxn (2.5) wwavomoleiton. Edv
ta I, J eivon 13e®dn 100 R ue IJ C prow I € p, 10T vAQYEL RATOLO GTOLXELO
a € I~p. T »dBe b € J érovue ab € IJ C p, ondte €€ vmobéoewg eite a € p &ite
b € p. Emeldn a ¢ p, ovtd onuaiver 6w b € p yia »dbe b € J. Aga J C p »ou 10
p etval 1o 1¥e®dES 100 R. Ko aviiotodewe eav to p eivor éva medto 10eddeg
evog puetafenno? doxtuhiov R rau ab € p, 10Te T0 %0010 10eMOES (ab) meQLéyetal
010 p. Adyw tic netabetirdtnrag 100 R (PA. 2.2.4 (iii)) éxovue

(a) (b) € (ab) Cp

{ - { -
b TOGTO 1EGOES } = ¢eite (a) Cp elte (b) Cp,

ométe €lte a € p elte b € p oL o p wavomolet v (2.5). a

2.5.3 Hogadeiypara. (i) To teTrouuévo 1deddes {0k} oodfmote axepaiag megto-
215 R elvon mo®dTto, dLoTL yia oladntote a, b € R 1oy 0eL 1) AUgpiTAEVON CUVETAY WYY

ab=0gr < ¢ilte a = Og elte b = Op.

(ii) To 1demdeg (10) Tov daxturiov Z dev eivar mEmTo, ®aBoT 2 - 5 € (10) adld
2 ¢ (10) »row 5 ¢ (10). To oUvoro TV TEMOTWV WEMODY T0U Z 1oodiogiteTol
TAMjoWs 0TV TEOTOON 2.5.4.
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(iii) To

I:= { Zn: a; X" € Z[X]

elvar €va un x0Lo Weddeg To0 Z[X]. (Bh. dounon 2-7). Emouévag, I & Z[X].
Emmpoobétwe, 1o I elvon mpdto demddeg. Tlodyuat edv to

n € Ny, ag = O(mon)}

m

o(X) = Zaixi e ZX], ¥(X) = ijxj € Z[X]

elvar mohvdvupa, tétolo @ote p(X)y(X) € I, 10te 0 otabepds 6p0g apby TOU
(X)(X) opether va eivor Gotiog anéparog aBpds. Kot avayxnv ooy, eite
ag = 0(mod 2) (dnhadi ¢(X) € I) elte by = 0(mod 2) (dnhadh ¥(X) € I).

(iv) H uetaBenndtnta 100 daxntuhiov R eivol avayxaia yuo vo Loy0eL TO OvTi-
0T100Q0 OTNV TEHTaoN 2.5.2. Eni mapadeiyuat, o R = Mat,, ., (S) (6mov S évog
dropeTndg dantiMog), n > 2, elvar pun uetaletnds, amhds dantihog (BA. TEo-
toon 2.3.4), omdte tar udva Tov e eivan 10 {0g} non 0 R. Qg ex tovTov, edv
ta I, J etvar 10eddn to0 R ue IJ C {0g}, éxovue not avayuny eite I = {Ogr} elte
J = {0gr}. Avtd onuaivel 6t to TeTELUUEVO LWeMdES {0k } elvan TpdTo 1WOe®MOES TOV
R. Qotbéoo, emeldn o R dtoBétel undevodiongétee, 1 ouvOnxrn (2.5) dev wwavomoLel-
To!

2.5.4 Tlgoraon. (Ilpdta WWed@dn 100 Z.) To givolo twv mEdTWY LdEWdDV TOD da-
xTVAiov Z tv axepaiov agifudv amagTtiCeTal amod T0 TETQUUEVO 10EDOES xal TA
»>0o1a LOedON TS poe@ns (p) , 6mov p xdmoitog TEWTOS APLOUDS.

ATIOAEIZH. Emeldn o dontohog Z elvon axegaio meguoyy, to {0} eivor mpdto 1ded-
ogg tov. EAv o p elvan évag mpdtog aglBuds xat ou a, b € Z, TETololL doTe va Loy el
ab € (p), to1e

plab=¢ettep|acitep| b= ¢ite a € (p) eite be (p),

omdte o ®0ELo Wewdes (p) elvaw mpdto (PA. mEdTaom 2.5.2). Zdpgpova ue v
mpdToom 2.2.6 ®G0e un teToLUUéVo LWEMOES TOU Z eivar TG LWoRp1S (n) yiot ®ATOLoV
n € N. Eqv o n elvar o0vBetog aplBuds, 10te n = ning Yo ®ATOLOVS QUOLLOVG
0QLBUolg ny,mo ue 1 < ny < nuot 1 < ng < n. Katd ovvéneav, n = ning € (n)
oMG ny ¢ (n) wowny ¢ (n) (SLOTL navels ex TV ny, ny OEV UTOQEEL VL LOOVTAL UE
%G7t0L0 TOMOATAGGLO TOU 1). Avtd onuaiver ot 10 1W0emdeg (n) dev elvon mpmdTo.[

2.5.5 Tlagationon. Qcyvmotdv, 1 toun dvo 1dewdnv evog daxtuiiov amotehet Eva
Weddeg avtov. (BA. mpdtaon 2.1.5). Qotdéoo, N tour dvo TEOTMV LMDV dev
glval ®ot avayxny Tedto Wemdes. Exl magadelynatt, ovugpovo ye Ty 1edtaom
2.5.4 nou 1o (i) t00 mogiouatog 2.4.13, ta WOeddN (3) xow (5) elvar mEdTa LWeMdIN
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100 dontVALov Z Toov anegaiwv aBudv adlld n toun tovg (3) N (5) = (15) dev elva
o010 0eMdes. (IToPA. ue to (i) Tig aoxnoewg 2-32.)

2.5.6 Ogiopodg. ‘Eva 10emdeg m & R evig dantuhiov R naheital peyiomxnd (1 pe-
YLOTOTLHG) LOEMOES OTOV LOYVEL 1] CUVETTOY WYY

mCnCR . .
. . . = ¢elten=m elte n=R
yia ®AmoLo 1emdeg n T00 R
2.5.7 Nagodeiyparo. (i) Towdeddegm := {(z,2y) | x,y € Z} 100 dorTtuAiov Z X Z
etva ueyrotnd. Iodyuoty edv 1o n elva évo 1de®deg TOU Z X Z, Y10l TO OTT0L0 Loy VEL
m ;Ct n C Z x Z, t161e vrdoyel »AmoLo otoryelo g noopis (a, 2b + 1) evtdg 100 n,
Omov a, b natdhAnhol axépaior alBuoi. Emouévmg,

(a,2b+1) en

(a,2b) em S n }:>(a,2b+1)—(a,2b):(0’1) €n,

now emewdn (1,0) € m, éxovue (0,1) + (1,0) = (1,1) = lzxz eEn=n=Z x Z.
(i) To 1emdeg

m={(5 o) averfSrR={(1 })eMate®)|c=0}

ToU daxtuliov R eivon peyiotxd. Tlodyuot edv to n eivor éva 1deddeg to0 R, yio
70 omoto wyveL m G n C R, T161e VIAQXEL XATOLO OTOLYEIO

( o Z)En\m, uea,b € R, d < R~{0}.

Emouévoc,

(iii) Evtog to0 daxtuhiov Zfi] = {a + bi € C | a,b € Z} twv axegoiwv 100 Gauss
Bewovue To LOEDdN

I,:={a+bic€Zi] : p|anow p|b}, 6mov p wEQLTTOS TOEMTOG.

To I3 etvon peyrotnd 1W0eddeg to0 Z[i]. Ipdyuoty edv to J eivan évo 1demddeg To0
Z[i], yvo. to omolo woyvel I3 G J C Z[i], 1oTe vdyeL #Amoto otouyelo a+bi € J\ 13
UE TOUAGYLOTOV VO EX TV a, b va. unv elval oxéealo morhamhdolo tol 3. Atyxwg
BAGPN TG YevirdTnTog vTtoBéTovue OTL 3 1 a xou Wwyveltouaote 6t 3 1 a? + b2,
T v anddelEn avtot 100 wyveouot Ba eEetdoovue xwELotd g £EL duvatég
TEQUILTMOELS TTOV TTQORVITTOUV OTOY ROVEIS EQYATETOL UE TLG KAAOELS VTOLOITOV TV
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a, b notd uddwo 3.
Hodwty wegintwon: EGv a = 1(mod 3) »ow b = 0(mod 3), td1e
[a® = a(mod 3), b* = 0(mod 3)] => a® +b* = a =1 # 0(mod 3).
Aevteon megintwon: Edv a = 1(mod 3) xaw b = 1(mod 3), téte
[a® = a(mod 3), b* = b(mod 3)] = a* +b*> = a+ b= 2 # 0(mod 3).

Toity megimtwon : Edv a = 1(mod 3) ®ow b = 2(mod 3), 101e

[a* = a(mod 3), b® = 2b(mod 3)] => a® +b* = a+2b=5=2 # 0(mod 3).
Téraptn megintwon : Edv a = 2(mod 3) ®ou b = 0(mod 3), 16t

[a® = 2a(mod 3), b* = 0(mod 3)] = a® + b =2a =4 =1 # 0(mod 3).

Héumtn wepintwon : EGv a = 2(mod 3) #ow b = 1(mod 3), 16te

[a® = 2a(mod 3), b* = b(mod3)] = a* +b* =2a+b=5=2 # 0(mod 3).
Extn megintwon: Edv a = 2(mod 3) xow b = 2(mod 3), 16t

[a® = 2a(mod 3), b* = 2b(mod 3)] => a”® +b* = 2a + 2b =8 = 2 # 0(mod 3).
Eneldij howtov 3 1 a? +b? = uxd(3, a? + b?) = 1, vdoyovv 80o axéoator aoLbuot
k, 1, této101 GOTE vau 1o OeL 1 woota k (a® + b%) + 31 = 1. Qg ex ToUTOV,
a+bi€J, a—bi€Zli]= (a+bi)(a—bi)=a’>+b>€J
now
keZ G Ll = k(a®>+b%) € J }:>k(a2+b2)+3lzleJ,
1eZSZi]=3lelz3GJ

o’ émov €neton 6t J = Z[i] now 6w to I3 givan éva pueyonnd 10emdeg to0 Zi).
Qo1600, agoonueimwto etvar 1o 6TL To I5 dev etvar peyiotxd! Ipdyuat To ®igLo
Wemdes I = (2 + i) 100 Z[i] meoléyel yvnoiwg 1o I5, agol yio vdbe a + ib € I
€yovue

a+ib=(2+1) (2% + (262)4) , omov 24kb 2=t ¢ 7,

now 2 40 € Ig\Ts. Oa det€ovue o I S Z[i] 1, woodvvdpwg, 6t 1 ¢ I5. Edv 10
1 avixe oto If, 16te Ba émpene va vAQYoVV ¢, d € Z, TETOLoL MOTE Va. LoYVEL M
ooTNTOL

2c—d=1

— - ; _2 g—_1
1—(2+Z)(c+dz)<:>{c+2d_0}:>C—5,d 5
antd v omota B xotaAyoue og atomo, oo Ba eixoue ¢, d € Q\Z.

(iv) To #0010 1deddeg (X) To0 Z[X] dev eivar ueyrotnd, agot (X) S I S Z[X], bmov

I 10 10e®dec T0 0pLOOEV OTO €ddpLo 2.5.3 (iii).
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2.5.8 eéraon. Eva yvijoto 1deides m S R evog daxtviiov R eivar ueyiotiné edv
xnat uoévov edv m + (a) = R, Ya € R~m.

ATIOAEIZH. ‘Eotw m & R éva peyotixd Wemdeg evog daxtvhiov R. Téte yio ndde
a € R~m éyovpe

mGm+ (a) CR=m+ (a) = R.

Kar avuiotedgms edv o m & R eivar éva yviolo 10eddeg evig dantuhiov R xau
m+ (a) = Ry #nd0e a € R~m, 101€ y1a 01001 7oTe 10eMIeS n 100 R, Yo T0 0T0{0
Lo 0OV OL eyrRAELOUOL M ; n C R, Ba vagyeL »amolo b € nxm. Qg ex tovTtov,

mSm+(b) Cn

C — R.
bennmC RRm=m+ (b)) =R }:>R_n:>n R

Apa to m glvar pueylomnd 1emdeg 100 R. O

2.5.9 Iagaderypa. ‘Eotw R = 27 0 dantiAog TV 0Tl axegainyv. Oemooiue
70 13eMdeg m = (4) . Zopgpova pe to (iii) 100 mogiouatog 2.2.4, avutd To »0ELo LED-
dgg ol va. TeQLYQApEL Mg aroAoVBMmC:

m=(4)={4dr+4n| r €2Z, n € Z} (=4Z).

"Eotm a Tuyév otouyeto to0 2Z~m. To a ogelhel va ivor ®AmoL0g GQTLOS ArEQOLOG
un drowgovtuevog did 100 4. Katd ovvémeiay, Ba eivol Tig opeis a = 4X + 2, yio
®amowov A € Z. Emedn

2=4(-N)4+aem+ (a) = (2) Cm+ (a)

wow (2) ={2r+2n| r€2Z, ncZ} (=2Z), éovue m + (a) = 2Z, ondte duvdapuel
T motdoeng 2.5.8 to m = (4) elvon peyrotnd 1Weddeg To0 dontTuriov 27Z.

> ‘YragEn peyrotzdv wewddv. O ogouds 2.5.6 twv ueylonrdv 1emddv etval
auryds ovvolobewontixds. Mahoto, odupwva ue 10 ®dtwbr Bewdonua 2.5.20, 1
Dmapln ueyloTmdv Wewddv oe daxtvliovs ue uovadiaio atoryeio eEacpaliletal
uéow tov Aeyouévov Ajuuartos tov Zorn mov woodvvauei pe to aioua tis emido-
yis. (ITpovmoBétovue 6TL 0 TeEhevtaio ouyrataléyetor oto AoLd oEiduoto g
Bewotag ZUVOAMV TOV (ONOLUOTOLOUUE CLOITNQMGS.)

2.5.10 Ogwopos. ‘Eotw A éva un xevé ovvorho. Mo dwuedic oxéon R C A x A
Aéyetan oyéon peguxils dotdEews (M amhdg pegur ddragn) ent tov A dtov m
R eivor automadng, aVILOVUUETOLUT 1Ol UETOLOTLAY. ZE QUTHY TNV TEQITTWOT TO
Cevyog (A, R) ovoudleton pegunids datetaypévo ovvoro. Zuvibmg, avti to0 R,
wo oéon ueourng dlotdEems avamaoLotdtol uEow o0 ovuforionot “<”. (Exiong
XONOLWOTTOLELTOL VY VA ®OL O CUUPBOMOUOS «<» UETAED TV oTOoLYElMV TOU A, dItov
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x < y amotehel ouvtouoyoapio tol (x <X yrowx # y)). "Evo ueounig diatetayuévo
oUvoho (A, <) Aéyeton oMxdg (1) yoopmuxzdg) datetaynévo ovvoro 6tav OAA TaL
otouyxeta o0 A eivor uetaEv toug avd dvo ovyxpiowa, dhadh Gtov

(Ve,y € A) [r 2y hy =1

2.5.11 Hogoedeiypata. (i) To Tevyog (R, <), dmwov 10 “<” ouuPolriCer T ovvion
oy€om 100 «UWrEATEQO 1) (00», ATOTELEL EVOL OMUWDE OLATETAYUEVO GVVOMO.
(ii) To Cevyog (Z, <), 6mov “<” 1 ouviOng

e 210 <CI2<3 <
N N axdérovbn aovviong:
0<-1<1<-2<2<-3<3<--

OLATOEN TV ArEQAUIMV, ATOTELEL EVAL OMKDS OLATETAYUEVO GVVOAO.

(iii) "Eotw C éva ovvohro. Ogitovtag ent 100 duvapoouvérov tov P(C) t oyéon

A=<B <OQ:0> AC B, VY(A,B) € B(C) x PB(C),

dramotdvouue 6t to (P(C), =) elvon Eva peguris diatetaryuévo ovvoro. Znuew-
téov 6n 10 (P(C), <) dev elvan ev yéver onds dwatetayuévo. Eni mopadelyuatt,
Bétovtag C := Nuxaw A := {1}, B := {2}, ta A now B dev elvaw ueto§0 tovg ov-
yrotlooL.

(iv) "Oyr uévov to duvapooivoro evog doBévtog ouvohov, arld -yevindteQa- xdbe
00VOLO UE oUvodla mg oToLyela Tov ®oBloTaTHL UEQLRMS OLATETAYUEVO WG TTEOS TN
oyéon eyrhewopov “C”.

2.5.12 Ogiopods. ‘Eotw 6T 10 (A, <) eivon éva ueouudg dtotetoryuévo o0voro %ot
10 B éva, vitoovolo To0 ouvolov A.

(i) "Evo otowyelo z € A naheltan ver gedype to0 B (evtdg 100 A) g mog Ty “<”
otovy <z, Yy € B.

(i) "Eva otowyelo z € A noheltanr »dro @edypa 100 B (evtdg o0 A) wg moog v
“<X?”oétave Ry, Yy € B.

2.5.13 Ogwopods. ‘Eoto (A4, <) éva uegurdg duatetaryuévo ovoho.

(i) "Eva otowelo x € A noheltan peyonnd (1) peyototxd) orovyeio tov A (wg
OGS TV “=") 6tav yia nGOe otovxelo y € A yua 10 omoto woyveL x < y €XOvue
z = y. (Zmv neplntwon 0mov -evtdg 100 A- VTAQYEL UovoY éva x UE OQUTHV TNV
Lo 10, Aéue TGS TO €V AOYW x €lval To péytoto arotyeio Tov A.)

(ii) "Eva otowyelo x € A noheiton ehayronrd (1) ehayrotonind) otovyeio 100 A (wg
TEOGS TV “=”) dtav yLor ®A0e oToLKElo ¥y € A Yo 10 0molo WoyVeL y =< x €xouvue
x = y. (Zmv neplntwon 0mov -evtds 100 A- VTAQYEL UovoY éva x UE OQUTHV TV
Lo 10, Aéue TS TO €V MOy = €lval TO EAdYLOTO OTOLYELO TOU A.)
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2.5.14 Magaderypa. Edv eni to0 ovvorhov A = {1,2,3,4,5,6, 7,8} opioovue ) di-
ueAn oyxéonz < y < (y = kx ywa xdmowov k € Z) , 101e 10 Levyog (A, <) amotehel
0Q0

€val ueQLHMS, aALG O nal OMKOS OLATETAYUEVO OVVOLO. Ag onuelwBel oTL To 0TOL-
xela 5,6, 7,8 eivow ueylotnd otoyelo tov A, evdd 1o 1 eival to ehdyLoto otoyelo
o0 A.

2.5.15 Ogwopds. ‘Eva pegurag diatetoryuévo ovvoho (A, <) Aéyetol emayoyindg
droreraypévo 6tav xabe olxmg dwatetaryuévo? vroovvold Tov (wg mEog TV “<”)
droBétel Eévo v podyua (evtog tov A).

2.5.16 Hogadeiypara. (i) To (R, <), 6mov “<” glvan  ouviOng dudtagn twv moay-
UOTLRMY 00UV, ELVAL ETOYMYLRMOG SLATETOYUEVO.

(ii) To (PB(A4), ©)), 6mov A éva un nevd oUvoro, dev elval %ot avaryrny emoy wywrag
dwatetayuévo. Qot1600, #40e vtoovvoro t00 P(A) g woovic {B1, Ba, Bs, ...},
6mov By C By C By C - - -, givon emoyoywdg Stotetayuévo!! (wg moog ty “C”).

To andéhovbo Afuua o Zorn'? epooudleton oe wo A0 amrodeiEeny Oem-
ONUATOVY OYETILOUEVMOV UE TNV VITOQEN UEYLOTIROV aToLXElV (¢ TEOG dedouéve
oyéoelg dlotdEemg):

2.5.17 AMjupa to0 Zorn. Edv 1o (A, =) eivar éva emaywyinds olatetayuévo ov-
volo, 16T yia otodfimote a € A vmdoxel TovAdyiatov éva ueyiotixd atoiyeio m
EVTOS TOV A, yia To omoio toyveL a = m.

210 mhatowo g Oewotag Zuvohmv amodenvietar (ue T Ponbeta Tig Aeyouévng
VITEQMETEQAOUEVNG ETQYWYHG ) TO EENC:

2.5.18 Oedonua. To Aduua tov Zorn givar t16odbvauo o0 a&iduatogs The emloyig.
2.5.19 Hogorigenon. (i) ' Eotw R évag dontdiog xat £0Tm

Sk = {Weddn I 00 R | I S R}.
To Sg elvar pegurdg diatetayuévo oUVoOho g OGS T 0E0T eyrAeLoUov “C” (BA.

2.5.11 (iv)), omtdte éva 1deddeg m ;Cé R 100 R elval ueylomnd edv nal udvov eav eivon
ueytotxo orotyeio 100 (Sg, C) vtd v évvola ToU oglopov 2.5.13.

(ii) Ztov ogioud 2.5.6 vrobéoaue 6tL to m elvor oupinhevoo Wemdes. LQoT600,

0T0 ohndig Sratetaryuéva vootvora 100 (A, <) ®ahovvTaw eVioTe ®aw aAVOTdES.

USnuewtéov 6 70 idio 1o {B1, Ba, Bs, ...} éxetto |J Bi € P(A) og 6vm @by Tov.
keN

2y V€N peyLotzot otouelov amodideton ouvijBwg otov Max August Zorn (1906-1993) Aéym tig ex uégovg touv
duootevoemg g oe £va GeBo oto megLodikd Bulletin of A.M.S. to 1935 (ue titho: A remark on method of trasfinite
algebra). Qo1600, aVT6 T0 «Mjpna» (1| Woddvaueg Toarhayés Tov) HTay XOOVIO TV YVOOTO 0mtd EQYOOIES TV
uaBnuotindv R.L. Moore (1882-1974) zou K. Kuratowski (1896-1980).
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7ot Tov {010 TEOTO umoel novelg vo. 0pioel naw apiotepd/debid (6L ot ova-
VRNV QUPLITAEVQQL) ueytotixd 10edon (edv, Pefatmg, voBéoel 6T 1 amoLToVUEVY
OUVETOYOYT Loy VEL Yio ®A0€ apioTepd /&6 10eddeg n to0 R).

2.5.20 Oedgnua. Kdabe un tetoiuuévos daxtorios R ue uovadiaio otoryeio diabétet
TavTote ueytoTind 10eddn. Mdliata, 1oyver xdti axoun mio toyveo . Kdbe yvijoro
10edOEs TOU R megiéyetal o€ #Amoto ueytotixd 10ewdes tov R.

ATIOAEIZH. ‘Eotw I & R éva 1deddeg 100 R wan éoto’?
Sr(I):={1Weddn J 100 R| I CJ S R}.

To Sk (1) eivon # & (ao¥ I € Sk (1)) nan uegLrdg SLATETAYUEVO OVVOAO G TTEOG
™ oxéon eyrhelonot “C” (BA. 2.5.11 (iv)). Oa amodeiEovue 6T 10 (SR (1), C) elvan
rnow emaywyros datetayuévo (Ph. 2.5.15). Tlpog tovto Bewpoitue TUXOV OAMKRMG

drateTaryuévo vtooivoho B # & 100 Sg (I) now ogifovue to ovvolo
s(B):=|J{J€Sr(I)| J€ B},

IMoopavag, J C s(B) yio »60e J € B. Oa anodetEovue 6t s(B) € Sg (I) (ot
ot 10 5(B) elvar tdedddes 100 Rue I C 5(B) S R). Tlagateovue, #at agyds, 6t
I C s(B) (g§ opiouov). EEGMNOv, €dv z,y € s(B), To z avinel o€ ndmow J, € B
#ow 0 y o€ namoto J, € B. Adym g oMxig dtotdEemg To0 B 0 mog T 0x€on
gyrnhewopov “C”, ette J, C Jy, elte J, C J,. Eav J, C J,, 10T apgpdtego to &,y
avirouv oto J,, not eneldn to J,, elvon 1emdeg Tov R €xovue

z—ye€J, Cs(B)

re,xr,ry,yr € J, € s(B),Vr € R } = s(B) Weddeg 100 R.

Me tov {310 Tdmo amodewviouvue 6t 10 s(B) elvor 1demddeg o0 R andun row dtov
Jy C J,. Emmpoctétwg,

[JGR,VJ€ Bl = [lr¢J, VJ € Bl = 1g ¢ s(B) = s(B) G R.

SUVETMG,

JCs(B),VJEB
s(B) 10emdeg 00 R » = 10 s(B) eivauw dvw podyua 100 B
7ov ovireL 010 S (1)

(BA. 2.5.12 (i)). Apa to (Sg (1), C) elvow 6vTmg emaywyrdg diotetarywévo. Avva-
ueL o0 Afuuatog 2.5.17 1ot Zorn vrdoyet (Touhdytotov éva) ueylotind otoryeio m
evtog to0 Sg (1) ue I € m. To m whnpot moopavog tig emBuuntés ovvOiues. O

Bhia I = {0r} éxovue Sk ({0r}) = Sr, 610V Sk 10 GTHVOLO OV OpiGANE 0TO 2.5.19 (i).
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2.5.21 Hogorienon. (i) To Bedonua 2.5.20 mapauével ev 1oy axdun xoL eqv 1o-
Velg avTRaTooTHoEL Ta (auimievoa) ueylotrd Wedom (Thg SLaTuIMdoemg ®oL THS
0todelEede Tov) ue 0QLoTEQA UEYLOTIXA LOe®OT (noL avTloToly e, we deELd ueyL-
T4 LOEMAN) XONOLUWOTOLMVTOS TG TTooavapeeBévta oto eddplo 2.5.19 (ii).

(i) To Bemdonua 2.5.20 dev umopsl va yevirnevBel yior Tuyovieg daxtviiovs ywois
uovadiaio aroryeio. To amhovoTeQO OvTLITAQAdELYUO Elval TO €ETS: Bempoiue TV
mpooBetixy) oudda (Q, +) Twv ENTdY aEBUDY ®ou epodidiovue To Q ue Tov TeTEIU-

TR

uévo moramdaoiaoud “x":
QxQ>3(a,b)—axb:=0€Q.

Elvow Gueoog o éheyyog 100 6t 1 totdda (Q, +, ) amotehel Evav daxtiio. Emi-
1p00BETmg, ®GBe vrooudda g (Q, +) amotehet £va WOeddeg ToU (Q, +, %) ®oL TO-
vasoiv. Agnel howmdv va amoderyBel 6t n (Q, +) otegeitar ueyiotixdv vwooud-
Sdav* (0ot oodfmote ueylotnd Weddeg 100 (Q, +, ) Ba 6pethe va elvor peyt-
ot vrooudda s (Q, +)). Ag vmoBéoovue 6t M (Q, +) daBétel ndmola ueyi-
omx vooudda H & Q now 6m & € Q~ H, yio ndmoovg r, s € Z~{0}. Tote

H;H+<£>§Q=>H+<£>=@7 (2.6)

omov (L) n vmooudda n magayduevn amd 1o L. Emmgoodétwe, H # {0} (dudtu m..
{0} & Z S Q). Katd ovvémeiav, vdoyow a,b € Z~{0} : ¢ € Hueb($) =a € H.
Enewdij £ - L € Q, n (2.6) duaopahiler v maoEn xdmotov h € H 0w ®Amolov
t € Z, 00twg MOTE vo. Loy Vel 1) LoOTNTO

f.i:h_i_t(f) @i:(as)h—&—(t?”)a.

S as S S

Emewdi

as €Z, he H= (as)he H

treZ. acH(tr)acH }:>(as)h+(tr)a€H

ratahyovue 0to OTL £ € H, fjTOL 08 ®GTL OV OVTLRAO®EL TQOG TNV VILODEOT pag.

> LUOYETIONOS TEATOV %O UEYLOTRDV We0ddv. Sta eddgia 2.5.22, 2.5.23 now
2.5.24 dooapnviCetar 0 TROTOC CUOYETIOUOD TWV EVVOLDV TODTO KO UEYLOTIXO
10edOes eVOG ueTabeTinot doxTuliov.

2.5.22 Oedgnuo. Edv o R eivar évag uetabetinds 0axtiAog, yio Tov 0moio toyvEL
RR = R (6nwg, 7.y., oty wegintwon xatd tny omoia o R diabéte uovadiaio ator-
x€i0), TOTE %GO peyioTind 10eddeg m 10V R eivar modro.

“Eotm (G, +) wa opuddo. Mo vroopddo g H xoheitor peyronxs vroopdda 6tov dev vpiotavtal vroouddes K
Tig (G, H)ue HS K G G.



74 IAEQAH KAI ITHAIKOAAKTYAIOI

ATIOAEIZEH. 'Eotm m éva peyiotind 10eddeg 100 R. YmoBétovtag 6t vmdoyouvv
a,b € R, yuo 0. omotaL Loy VgL ab € m, 61ov a ¢ m now b ¢ m, éxovue

m S m+ (a)
= R=m+ (a) =m+ (b)
m G m+ (b)

(Moyw g «pueylomrdtnToc» to0 m). EEGAlov, emeldn] o R elivor petabetindg xou
ab € m, ovumepaivovue Ot

(a)(b) < (ab) CmGR
2.2.4 (iii)
‘Ouwe, emed] R = RR, natémv epoouoyig tov (ii) tig mpotdoewg 2.4.5 Aappd-
VOUUE

R=RR=(m+ (a)) (m+ (b)) Cm+ (a)(b) Cm,

Ntot ®dT To AToTo, *aBd6coV m g R. Kotd ovvémelay, eite a € m elte b € m, omdte
to m gfvan TEMTO WeMdeg ToU R. (BA. mpdtaon 2.5.2). O

2.5.23 Mogodeiypara. Yragyovy, fefaiwg, modta 1deddn, To omoio dev eivol pe-
YIoT*d. AVO0 oToLyELdhdN Tapadelypota eivol To eENG:

(1) Ztov dontiho Z twv oxegaimv 1o TeToLuuévo Wemdes {0} etvar momdto, alld
dev eivar peywonnd, dom {0} G nZ G 7, Vn € Z~{0,1}. Qot600, dmwg Bo dovue
otV 1edtaom 2.5.25, ta howtd wedTo. 1Oe®ON ToU Z eivar ueyLoTIxd.

(ii) Emeld1| o Z dev €xer undevodiongétes, 1o Wemdeg I = Z x {0} = { (k,0) | k € Z}
T00 Z X Z glvar meopovmg momdto. Qotdoo, dev elval xat ueylotird, oot

IGZX2LG L x L.

2.5.24 Tmpeioon. H ovvOinn RR = R elvon avayxaia yiwo vo LoyVeL T0 Bedonuo
2.5.22. Eadw, ent mopadelyuott, Beworoovue 1o 10eddes m = (4) 100 doxtuliov 27
TOV 0TV axneatmv, Tote To m elvar peytonnd (PA. eddglo 2.5.9) alhd dev eivau
TEDTO, nABO00V Exovue 2 - 6 € m, TOEOTL 2 ¢ m »oL 6 ¢ m.

2.5.25 Ilgotaon. (Meyotixd We®ddn to0 Z.) To 0vvolo twv ueylotixdv t0ewdav
700 daxTvliov Z twv axepainv aptfudv amaotiCetal amb Ta xoia 10eon THS HoQ-
@1ig (p) , 6oV p *ATOLOG TEDTOG APLOUOG.

ATIOAEIZH. ZUugpmvo ue o tpoavagegbévta ota eddgia 2.5.4, 2.5.22 nouw 2.5.23
(i), T0 00VOLO TV UEYLOTIXADV LOEMODV TOU ok TULIOV Z TTEQLEYETOL OTO GVVOAO TV
2VOlmV 1OEWADV TS HoEYPHS (p) , 6OV p ®ATOLOS TEMTOG 0ELBUAS. Aprel hoLdv
va deryBel 0 aviiotoogpog eyrieiouds. TIpog TovTo Bempolue 10 1WeMOES (p) , GOV
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D TUYDY TEMTOS AELBUAS, ®al vitobéTovue 6T To n elvan éva LOeMOES 100 Z, Y To
omoio wyvel (p) S n C Z. Katd mv medtaon 2.2.6, n = (n) , 6mov n ratdAAnlog
puowdg aBuds. Tlpogpavag,

pen=n)=3FkeN:p=kn=clte[k=p, n=1¢elte[k =1, n=p|

To devrepo evdeySuevo amonheteton, xadocov (p) S n. Agan = 1, an’ dmov Emeta
onn = (1) = Z. Aut6 onuaiver 6t To ®0L0 LOeMOES (p) elvol UEYLOTIHO. O

ITHAIKOAAKTYAIOI

‘Eoto (R, +, ) évag doxtohog xan é0tm I éva 10eddeg Tov. Emeldn n mpoobetinyi
oudda (R, +) eivow apehovi, 1o Cevyos (I, +|;, ;) amotehel wa 00860t mE00HE-
Ty vroouddo . Emouévmg vrdoyer wo xahdg oguopévn oudda mnhixwv R/ 1
ue mpdoeon:

(a+I)+(b+1I):=(a+b)+1, yioowdinote a,b € R. (2.7)
To ovdérego orovyelo 0r/r Ts (R/I, +) elvou moogavag 1o Or + I = I. EEGAlov,
yia owadfmote a,b € Réyovuea+ I =b+ 1< a—-bel.

2.6.1 Iporaon. Eotw R évag daxtilos xat éatw I éva 1deddeg avtod. Tote n moo-
oBetinn oudda wnrinwv R/ I umooei va epodiaobei ue tn doun evég daxtviiov étav
yia owaonmote a,b € R opicovue tov «worhamiaciaoud»:

(a+1I) (b+1I):=(ab)+1TI. (2.8)

ATNOAEIEH. H pd&n 100 «molhamiaciaopov» (2.8) etvar rahdg ogouévy. TIody-
uote gdv vobéoovue 0tta+ I =a' + I, b+ 1 =0 + I, yia vdmowa a,a’, b, b € R,
totead =a+ruud =b+ s,y namowa r, s € I. Emouévog,

adb=(a+r)b+s)=ab+as+rb+rs=db/ —ab=as+rb+rsel,

o’ 6mov ovvdyetan 6t ab + I = 'V + I. Emumpoobétwg, 1 ev Adym medEn (2.8)
elva mpooetaiotatixg, Aot

((a+1I) b+ 1) (c+I)=((ab)+1I)(c+1I)=(ab)c+1I
=albe)+I=(a+I)((bc)+1I)=(a+I) (b+I)(c+1)),

%o TO00V €€ apLaTeQ@Y GO0V ®OW ex V&1V EMIUEQLOTIXYG MG TTEOS TNV TEOCHEOM
(2.7), duomu

(a+I)(b+1)+(c+ID)=(a+I)((b+c)+ 1)
=alb+c)+I=(ab+ac)+ 1= (ab+ 1)+ (ac+1)
={(a+1I)(b+1)+ ((a+1I) (c+1))

Ba4+1:={a+r|recl},VacR.
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no
((a+1)+O+1)(c+D)=((a+b)+1I)(c+ 1)
=(a+b)c+1I=(ac+bc)+ 1= ((ac)+1I)+ ((bc)+1)
={(a+1I) (c+ D)+ ((b+1I) (c+1)),

v oLadMtote a, b, ¢ € R. O

2.6.2 Ogopds. O dantohog R/ I ovoudleton enixodaxtoiog (1| doxtdrog »Ad-
ge0v vroroinov) 10U R wg mog to 1.

2.6.3 Iporaon. Eotw I éva 10eddeg evos daxtvriov R. Tote toyvovv ta e&hg:
(1) Edv o R eivau puetabetinds, tote xat o R/ I eivau uetabetixos.

(i) Edv o R éxet uovadiaio orouyeio, tote xat o R/I €xer uovadiaio ororyeio, xau
udrora 1, = 1g + 1.

(iii) Eav o R éyet uovadiaio otoiyeio xar a € R* 16te a+1 € (R/I)” | »au pdiiora
(a+I)t=at+1

(ivyEava € R,t6te a + I € Nil(R/I) <= In e N:a" € I.

(V) Edv a € R, t61¢ 10 a + I eivar tavtodvvauo ororyeio o0 mnlixodaxtvriov
R/l <= a®>—ac€l.

ATNOAEIEH. (i) Edv o R etvow uetaBenirdg, 10Te yior olodnmote a, b € R €xovue
(a+I)b+1)=(ab)+ 1= (ba)+I=(b+1)(a+I).
(ii) Eav o R éyeL novadiaio otoyeio, ToTe Lo ®40e a € R €yovue
(a+D)(Ag+I)=(a-1r)+I1=a+T=(g-a)+1=Ar+I)(a+1I).

(iii) E&v o R €yer povadiaio otouyeto vaw a € R*, t0te 15,5 = 1g + I #ow vwdoyet
10 avtioTEos a~ ! Tov a, omdTe

(a+ D@ t+D=(aa)+I=1g+T=@ ' -a)+I=(a" +I)(a+1).
(iv) Eav a € R, 101

a+I€Nil(R/I)<:)EInEN:(a+I)n:OR/I:I
<~ dneN:qg"+I=1<=3dneN:a" el

(V) 'Eotw a € R. To a + I glvon tavtodtvauo otovyeio to0 tnhrodaxtuiiov R/ T
€dv »aL udvov eav

(0t P+ () + D)= Opyr =1 = (a2 + 1)+ () + 1) =1
= (a®—a)+I=1+=d*—-acl,

0TOTE AL AUTH 1) QUPLITAEVOY] CUVETAYWYT ElVoL AANOTG. O
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2.6.4 Osdonuo. Edv o R eivai évag uetabetinds daxtoliog ue uovaoiaio otoiyeio
xat 1o P éva 10eddes TovV R, 16TE T axdlovba eivar toodtvaua :

() p & Rxat 10 p elvar md o 10eddeg T0V R.

(i) O wplixodaxtodos R/p eivar axepaio mepLox.

ANOAEIEH. O mtnhxodoxtohog R/p elvor petodetinds ue 1 O + p wg undevind

%ot 0 1 + p o5 povadioio Tov aToLyElo.

(i)=(ii): Edv 1o p elvon éva med1o 10eddeg 100 R, T61€ 1 4+ p # p agol p & R.

T ovodmorte a, b € R, yio ta omoia 1oyveL  wodtnta (a + p) (b + p) = p, éxovue
ab+p=p=abep=[elteacpeltebep] = [eltea+p=pelreb+p=1p|.

Apa o tnhxodoxtihog R/p elvor o axegaia meoLoy.
(i))=-(i): Eav o R/p eival axegaio megroxn, 10te 1z +p # O + p, ax’ dmov EmeTon
onlp ¢ p=pS R Edvtdeaa,bec Ruavab € p, Exovue

ab+p=p=(a+p)(b+p) =p.

Emeldn) o aninodaxtiiog R/p dev duabéter undevodiaipéteg, amd v tehevtaia
ouTi LooOTNTA oVVAYETAL OTL

[elte a+p=p elte b+p=p] = [elte a €p &lte bep],

TEAYUOL TTOV ONuUoiveL 6Tl To P elval TEMTO 10e®OES TOU daxTtuhiov R Pacel Tvg
mpotdoewg 2.5.2. |

2.6.5 Iogwopa. Eotw méva i0eddeg evos un tetoiuuévov daxtvriov R ue povadiaio
aroiyeio. Tote toyvovy ta axdrovla:

(1) Eav 1o m eivat ueyiotixd xat o R uetabetinds, 1ote o mplixodaxtorloc R/m eivas
odua.

(ii) Eav o mnhixodaxtvrios R/m eivar diaipetinds daxtidios (=0t0efAé odua),
76TE TO M givaL UeYIOTING LOEDOES.

ATOAEIEH. (i) Z0upwva e to Bedonua 2.5.22, 1o m, dviog € vrobéoews ueyt-
otwd, Ba efvar zot TEMTO Weddeg 10U daxtuliov R. Zvvendc, fdoel Tov Bewon-
uotog 2.6.4, o enhirodoaxtoliog R/m elvan wo axepola meoloyy. Agxel Aowmdv vo
detEovue TV 1oEN TOMATAACLAOTIHOD AVTLOTEOPOU (EvTOS TOU R/m) Yo 0Lo-
Ofmote otowyelo a + m € R/m, ue a € R~m. Emeldn 1o m eivon éva ueyomnd
1eddec ToU R, yia orodnmote un undevird otoryeto a + m 100 R/m €yxovue

mGm+(a) CR = m+(a)=R

3 11 = .
Ruewﬁsu%ég}:[TEvaem r="b+ra)

Emouévwg, 1g — ra = b € m, omdte

lg+m=(ra+b)+m=ra+m=(r+m)(a+m),
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o’ 6rov €metal OTL TO  + m (VoL TOAMATAACLAOTIXG AVTIOTOOPO TOV a + m. AQa
0 TnArodaxtoliog R/m elvow omdua.

(ii)) Eav o mnlxodontodog R/m elvar dtougetnds dantilog, maQotnoovue ev
ool 6t lp+m # Op+m = lgp ¢ m = m g R. Ev ovveyeia, vmodé-
Tovue 6L 10 n elvan €va 10eMdeg 00 R uem G n C R. ‘Eotw twydv a € nxm. To
a+m éyel (€€ vmoBéoems) MOAMATAAOLAOTIRG OVTEOTQOWO, OC TO TOVUE b+m, EVTOS
t00 R/m. Zuvemmg,

(a+m)(b+m)=ab+m=1g+m=ab—1lg="ccm&n,

%O
aeEn=—-abéen
}:>cab_1R€n:>n—R.
cen
Apa 10 m givor ueytotxd Wemdeg tov R. O

2.6.6 Impeinon. To 2.6.5 (i) dev elvon mdvtote aAnBég yio dantuhiovg xweig wo-
vodraio otowyeto. Ent mapadeiyuatt, o (uetobennds) daxtiliog Tov agtimv axe-
atwv 27 meQLéyeL To UEYLOTIRO 10eMOEs m = (4) | Ol -OUmSs- 0 OVTIOTOLY0G TNAL-
200X TOMOG 27Z/m vo. elvor odua 1 axdun xor oxegaio eptox. [odyuaty evedg
TOU TNAMROIOUTUAIOV VITAQYOUV UNOEVOILOLQETES, OTTMG TT.. TO OTOLYE(O 2+m # m,
a@o? Loyvouvy oL .odTTeg (2 +m) (2+m) =4+ m =m = Oyz /.

TOIIIKOI AAKTYAIOI

2.7.1 Ilgotaon. Eotw R évag un tetoiuuévos uetabetixds daxtoAog ue uovadtaio
atolyeio xal E0Tw

m, := R\NR*.

Tote o1 axdlovBeg avvbnxes eival Lo0ODVauES :

(1) a—bem, yiandbe a,bem,.

(ii) To m,, eivar éva 10eddes oV R.

(iii) To m,, eivau éva ueyiotixnd 1deddes Tov R.

(iv) [ta #dbe a € R éxovue eite a € R* eite 1p —a € R*.

ATIOAEIEH. (i)=-(ii): Otwpolue TuxdvTo otoLyela a € m, now r € R. Agxel va
amodeiEovpe 0t ra € m,,. Edv elyoue ra ¢ m,, 101€ ra € R*, ondte Oo vinoye
b € Rye (ra)b = a(rb) = 1. Tovto Ba ofjuaive 6L a € R*. Atomo! Aga ra € m,,.
(il)=-(iii): Abéyw 100 (ii) ToV mopiouatog 2.6.5 apxel TEog TovTo Vo deyBel 6L o

anrodaxtoog R/m,, elvor oduo. Mahota, eneidn

R/m, ={r+m,|re R U{0gr}},
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givan axeto va deybel o r +my, € (R/m,)”™ yuoanébe r € R*. Tovto émeton amd
7o (iii) g mEotdoemg 2.6.3.

(iii)=-(iv): "Eotw tuydv ototyeto a € R. Edv {oyvea € m, »ow 1lg —a € m,,, 10T
Ba ratahjyaue oty avitgaon: a+ (lg —a) =1lg €m,, = m, = R.

(iv)=(>i): AgvmoBéoouvue 6t vdoyovy a,b € m, uea —b ¢ m,. Té6tea — b € R*,
ondte 3¢ € R : (a —b)c = ac + (—bec) = 1i. E§ vnobéoews, eite ac € R* &ite
—bc € R*.Edv ac € R*, t01¢

a=a-1r = (ac)(a—1b) y
ac € R*,a—be R~ = achin.
Atomo! Avahdywg, rataliyovue oe dtomo edv vrroféoovue 6t —be € R*. O

2.7.2 Oguopds. KaBe un tetoiuuévos uetabetindg dantoiog R ue povadioio atot-
¥€lo, 0 omotog wANEol uia (at, XOT ETERTAON, ROL TLS TECOEQELS) EX TWV OUVONUDV
(i)-(iv) Thg mpotdoewg 2.7.1, ovoudletal romndg daxtoirog.

2.7.3 Nogadeiypara. (i) Kabe odua K eivar évag tomixnds daxtiiiog, dLOTL TO
K~K* = {0k} etvaw 10eddeg Tov.

(ii) O dantihog
a
Ly = {r €Qlr=7. (a.b) € Zx (Z{0}), peped (a,b) = 1 %atp)[b}

TOV p-adr®dV ®AaoUdTOV (670U p TEAOTOG, PA. donnon 1-16, oeh. 35) eivor Tomirdg
dantihog, ®aB6TL To (v0QL0) LOEMOES

ZipyNZy,y = Ly

etva ueyrotxrd (omdte tAnoovtan | ovvOfxy (iii) Tig mtpotdoems 2.7.1). pdyuaty:
edv 10 I etvon évo 10eddeg ToU Z gy ue pZyy G I, 10Te

Irel:r¢ply =r= %, (a,b) € Zx (Z~{0}), ue uxd (a,b) =1, pta, ptb.

Kotd ovvéneway, 2 € Zyy = r=1€l=1="17,.

(iii) O dantiMog Z twv axegaimv aotBudv dev eivor Tomxrds 0axtiAog, dLdTL To
00VOLO ZNZ™ = Z~{ %1} (epoduoouévo pe v TodEn g ouvijfovs tpooBéoeng
oxepaimv) Ogv etvar 00Te nav vtooudda g ouddog (Z, +), e AToTELETU VO UV
wavorotettan 1 ouvOnxry (i) g meotdoewe 2.7.1.

(iv) ‘Eotw K éva odua. O doxtiiog K [X] tov molvmvinmy wog argoodlogliotov
ue ovvTeAEOTES ELANUUEVOUS 0t auTd eV elvar TOTTIROS doxTOAMOG, dLOTL TO GUVOLO

K XINK X = {0k x} U{e (X) € K[X] | deg(¢(X)) > 1}
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(epodiaopévo ue v mEAEN s ouviiBous TEooBécems TOAMMVIRMY aVNROVIWY
otov K [X]) dev elvar ote »av vrrooudda tig ouddog (K [X], +). Avubétmg, o da-
1tOMog doxtiliog K [X] v emitummy Suvouooelodv (g arreoadlogiotou pe ou-
vteheoTtég elhnuuévoug amd 10 K eivar tomnds daxtohog. Iodyuaty éva otoyeio
to0 K[X] elvon aviioteéyiuo étav o otabepds tov 6006 eivan # 0. Emouévog, 1o
ovvoho K[XNK[X]* amagtiletol and exeives Tig enitTumes SUVOUOOELQES, O OTO-
Bepd¢ 600g TwV omotwv eivar = Ok (PA. to (iii) g mpotdoews 1.3.9), xouw 1oovTon
ue

K[X]NK[X]* = {99(X) = Zaixi e K[X]

ag = OK} = <X>

Mot ue 1o Wemdeg To maayduevo artd to X. (Aga 1 ovvOixn 2.7.1 (ii) wavomorei-
T row 1o (X) etvan »at avayxnv ueylotxd Wemdes tov K [X]). evindrepa, o do-
HTOMOG TV EXLTUTTWV OUVAUOCELQMY N ALTTEOOALOQIOTOV Xy, ... , X,, UE OUVTELE-
otéc ethnuuévoug amd 1o K eivar 1omnds dontilog, #aboTL

K[X1, .o Ko NE X1, o X = (Xe, o X))

2.7.4 Tlégwopa. ‘Evag un tetouuuévos uetabetinis oaxtoiios R ue uovadiaio otot-
x€l0 elvau TOTINOG EGV xaL UOVOY QY OLaOETEL Eva nat UOVoY ueylatiné 10eddeg (fTot
T0 My).

ATIOAEIZEH. YmoBétovue ev momdtolg 0tL 0 R eival tomnrdg dontiog rat 6t to
m elvar éva peyonnd tov Wemdes. Emeldi) €€ oguopnod m & R, 1o m dev meQuéyel
ravéva avtloteéYuo atotyelo o0 R. Apam C m,, ;Cé R. Katd tov ogioud 2.7.2
»ow 7o (iii) g meotdoews 2.7.1 to m,, eivan éva peyotnd Wemdeg to0 R. Kotd
OUVETELOYY, M = m .

Kau avtiotodgpme edv vtoBéoovue 6tL 0 R elvor évag un tetoluuévog netode-
TROG dOUTOMOG U HOVOILALLO OTOLYELO TTEQLEXMV EVOL KOl UOVOV UEYLOTIXG 1OEDDES
m %ol edv m, := RNRX, 161€ y1a #dfe a € m,, éyovue (a) S R (O10TL TQOQOVAG
a ¢ R* = 1p ¢ (a)). Z0upova ue to Bedonua 2.5.20 1o 1demddeg (a) opetiel va
TEQLEYETOL O RATOLO UEYLOTHO L0eMOES TOV R. ‘Ouwmg € vrobéoeme o m elval to
wovo ueytotrd 1Wendeg tov R. Aga

(a)gng:>a6m:>mR§ng.

Edv vmioye b € m~m,, 101€ Oa elyaue b € R* Nm, mpdyuo dtomo, »ofocov Loy veL
mG R= R*Nm = @. Aga teMxdg T0 m, = m elval ueylomnnd 10emdeg xar o R
TOTTXOG OURTOMOG. O

2.7.5 Imueioon. (i) EEoutiag tov mopiouatog 2.7.4 molhol cuyypapeic ogitovy
TOVUG TOTULXOUG OUXRTUAIOUG G «EXEVOVS TOVG U TETOLUUEVOUS UeTafeTIvovg da-
®TUALOVG ne wovadlaio atotyelo wov dabétouv Eva now UOVoV PeyYLoTIHO LOEDIES"
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etBLoTa, uahota, 1 avapoEd og XATOLOV CUYXRERQLUEVO TOTILRG o TOALO VO OUVO-
dgveTaL ad TNV TaVTOY oV TORABeo ToU v Adym 1deddoug Tov.

(i) EGv o R eivou évag tomndg dontihog, TdTe To 10edes m, elvan o uéyiato orot-
x€lo 100 ovvohov Sk TV YVNolwv W0ewd®V 100 R wg oS T 0%€0m £yrAELOUOD
“C” (Bh. 2.5.13 (i) »ou 2.5.19 (i)).

2.7.6 Tlgotaon. H yapaxtnotatixy otovofmote Tomixot daxtvliov toovtal eite ue
0 eite ue p¥, 6mov p mpwrog aptbuds xar v € N.

ATIOAEIZH. "Eotw R tuy®dv tomnds dontiiiog ue xao(R) = n > 0. [Tgogavag,
n > 2 (apov o R elvar un tetouuuévog). Ag vmobéoovpe 4Tl VITAQYOUV TEADTOL
oQLBuot p, g ue p | n, q | nxow p # q. Hapoatneoiue ot

pln=3keN:n=kp
=0=n-1lp=k(p-1g) =>p-lg € Zdv(R) C R~R* =m

R

(BA. mootdoes 1.4.3 now 1.2.17). Kot avaroyiov, amodeixvietor 6t g - 1 € m,,.
Emeldn) und(p, ¢) = 1, Ba vdoyovv s,t € Z : sp + tq = 1, ondte

lp=(sp+tq)-1lr=s(p-1r) +t(q 1r)
s€Z,p-lpem,=s(p-lgp)em, p»=>1lgem, =>m, =R.
teZ,q-lpem, =1t(q-1g) Em,

Atomo! Katd ovvémeiav, vtdoyel évag xat uévov modtog oouBuds p wov dLoel
TOV 1, OTOTE O N LOOVTOL RAT OVAY®NY UE p¥, Omov v € N, |

Aoxrnoelg

2-1. "Eoww (R, +, -) Tux®v daxtihog row éotw & # X C R. To ovvolo

Amng(X)y :={r € Rlra=0g,Ya € X}

naleltol agLotepds undevioriis tov X eviog o R xoL 10 GOVOAO

Anng(X)s:={r € Rlar =0g,Va € X}

deELog undeviotig 100 X evrog to0 R. 'Oty 0 dartOMOG elvol uetabetindc,
ovtd ta dvo alvola TowtiCovral. e ouTHV TNV TEQITTMWOT, T0 0QLLOUeEVO
o0volo xahettol amhdg undeviotig 100 X evtég tod R xow cvpPohrileton mg
Anng(X). Na amoderyBoiv ta axndrovba:

(i) To Anng(X), etvar éva aplotepd 1demdeg 100 R.
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2-2.

2-3.

2-4.

(ii) To Anng(X)s elvow évor 9eEL6 1OeMdEg TOV R.
(iii) Eav X C X', 16t¢ Anng(X')q C Anng(X), nou

ADHR(X/)5 - ADHR(X)ﬁ.

(iv) X C Anng(Anng(X)q)s ®ow X C Anng(Anng(X)s)a-
(V) Anng(X)q = Anng(Anng(Anng(X)e)s)o ®ow

Anng(X)s = Anng(Anng(Anng(X)s)a)s-

(vi) Eav to I eivon évo 0lotepd Wemdes to0 R, téte t0 Anng (1), givan éva
10eddeg 10U R.

(vii) Eav to I eivon éva 8eEL6 10etddeg to0 R, td1e T0 Annp (1) elvol éva 1dedm-
dgg 100 R.

(viii) EGv 1o I elvow éva 1deddeg 100 R, tote aupdtega tor Anng (), ®ou
Anng(I)s etvar 1de®dn 100 R. (EWduxn meplmtwon: ‘Otov o R efvon uetabeti-
%6¢, éxovue Anng(l) = {Og} : I.)
(ix) EGv o R éxeL uovadiaio ototyeto, t0te Anng(R), = Anng(R)s = {Or}.
xX)Edvm e Nym > 2 vowk € N: 1 <k < muyek | m, va anoderydei 6t o
unoevioTig

Anng,, ([k]m) = {[l];m € Zm |l € Z : [K]m[l]m = [O]m }
00 Hovoouvolov { [k, } evtog 100 Z,, elvar odua edv naw uévov edv o k etvait
TEMTOg aEONOG ue und(k, ) = 1.
Edv to I eivon éva 0eEL0 %o to J éva apuoted 1demdeg evog daxtuiiov R,

tétow wote I N J = {0r}, vo amwoderyBel  .odTTOL

ab=0g, V(a,b) el xJ.

Eav ta I, J etvar dvo 1dendn evog doxtuiiov R ue I C J, va amodeybel ot
to I etvon évo. 1demdeg 10V J.

‘Eotw
R:= {% cQ ) (a,6) € Zx (Z{0}) e wed (a,b) = 1 man b = 1(mod 2) }
%o £0TW
a
I':{E ER‘@:O(mod2)}.

No amoderyfel 6T to R elvon wa vomegoyt tov oduatog Q n omoio dev
etvar vwoowua avtov. Katdmv tovtov, vo amoderyBet 6t 1o I eivor éva
emdeg g axepaiog mepLoync R to omolo dev elvar 1deddeg 100 Q.
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2-5.

2-6.

2-7.

2-8.

2-9.

2-10.

Eav m (1,,),,cn elvar wo anolovBio (0Qioteedv/deE1dv/aupLrietomy) Wdem-
dmV evog dantuhiov R pe

LCLC--CL, Sl &

)

o0
va amwoderyOet on  évoon I = |J I; v uehdv avtig amotehet Eva (aot-
=1

01eQ6/deEL0/aupimhevo) Ldemdeg 100 R.

No amoderyfet 6T to ovvoro Nil( R) tov undevodivaumv otoryetmv evog ue-
tafennov daxtuliov R etvan éva 1deddeg to0 R. Ev ovveyeia, va dobel ma-
0Gderypo un uetaBenvov daxtuiiov R, evidg tov omoiov to Nil(R) dev elvan
10emOEC.

Noa amodeyBei 6t To ovvolo

I:= {iaixi € Z[X]

elvau évo 1demOeg ToU Z[X] mov dev eivor ®vLo.

n € Ng, ag = 0(m0d2)}

"Eotw 6t 0 m glvow évag guowds apbuds > 5 ue /m ¢ Z now 6t o p
etvar évag medTog aBuds 0 0molog travomolel Tig axdhovbeg ouvOrnes:
p<m, plm+1, p>tm+1. Eav

R:= { ( 4:/5 b\gm ) € Mato2(R) ‘ a,be Z}
O

JIp ::{( —(py-fz)\/m (py+;:)\/ﬁ ) EMatgxg(R)‘ :L’,yEZ},

va amodelyBovv ta andhovba:

(i) To ovvoho R amotehel évov uetofetnd vwodaxtiio 100 Mata,2(R) ue
uovadiaio otouelo 1r = Iypat, o (r) (WG QOGS TIG CUVYBELS TEAEELS).

(ii) O R etvou (ouv tolg GALOLG) oW areQAiOL TTEQLOYT.

(iif) To ovvoho J, etvar éva 1demddeg T00 R.

(iv) To J, dev etvauw #0010 10emOES.

Edv 1o I now J glvow duo 10eddn evég doxtuiiov R, vo amoderyOel n augi-
mhevon ovvenayoyh [ +J = J <=1 C J.

‘Eotw R évag uetabetinds dantoliog ue povadiaio otowyeto. Eav aq,. .. ,ag,
b1,...,b € R, 0mov k,l € N, vo. amwoderyBel ) aupimheven ouvemaymymn

<a1,‘.. ,ak> - <b1,.‘. ,bl> <~ [aj S <b1,‘.. ,bl>, VjG{l, ,]ﬂ}]
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2-11.

2-12.

2-13.

2-14.

2-15.

2-16.

No amwoderyBovv to axdrovba:
(i) Evtog T amepaiog mepuoxic Z[yv/—5] 1oytouv oL .o6tnteg
(2,14 V=5) =(2,-1 - V=5) = (2,1 - V=5).
(i) Evtog mic anegaiag meouoxic Z[v/2] woybel n ioémro,
(24V2) +(6+v2) = (v2).
(i) Evtoc mic anegaiog meouoxic Z[v/2] toyiouy oL oot teg

I+J:<3,\/§>, 1J:<\/§>,
omov I := (34+ /2,3 — V2) non J 1= (24+ /2,2 — V/2).

Edv ta I now J givor dvo deELd (1] dvo apuotepd) 1demddn evog daxtuiiov R,
toTE dev LoyvelL xat’ avayxnyv 1 woétnta I J = J I. Na emoalnbevbei oavtdg o
Lo VOLOUAS HECM THS TOQOYNG RATOAANAOV TaLpadelyuatog.

Edav Ry, Ry givon dvo daxtilol pe povadiaio otovyeto, va amoderybel ot
%G0e 1OeMdeg 100 Ry X Ry eivon T oo I1 X Iz, 6mov I; elvon évo 1dedOeg
00 Ry now I éva 1deddeg o0 Ro.

Eav I, J eivon 6vo 1deddn evog uetabetinot daxtuliov R, vo amoderyBovv to
oxdrovbaL:

(i) Eav I C Nil(R) »ow J C Nil(R), t6te I + J C Nil(R).

(ii) Eav augdtega ta I, J elvar undevodivoua 1dewdn (PA. 0. 2.4.8), 10te
nan to I + J elvow undevodivapo 1demdeg 100 R.

Noa amwoderyfel 6T 1 xapaxrtnoLoTrd olovdnmote arhot daxtuiiov R elva
elte undév elte évog mpdTog 0ELBude.

"Eotm R tuydv doxtihiog xot éotm n € N. No amoderyBo0v o ardlovbo:

(i) Eév 1o I etvar éva aplotepd 1d0emddeg 10U R, 10T 0 dontiAlog Mat,, «,, (1)
elvan éva apLotepd Wemdeg tov Mat,, x, (R).

(ii) Edv 1o I elvou éva deEL6 1dedeg 100 R, 16te 0 dantOMOg Mat,, «,, (1) elvon
éva OeEL0 10emdeg 100 Mat,, »,, (R).

(iii) Eav to I elvau évo 1deddeg tov R, tote 0 dontiMog Mat,, ., (1) elvon éva
10emOES To0 Mat,, «r, (R).

(iv) Ou amernovioeig

[ o B | f (1) i Mty (1) € 908G

100 Mat,, xn (R)

{ SeE1d 18emdN

o 0eELa 1LdemOM
00 R }3[}—»@5([) .7Matnxn(1)€{ }

100 Mat,, xr (R)
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2-17.

2-18.

no

{1de®dN 100 R} 3 I —— @ (1) := Mat, (1) € {10e®ddn 100 Mat, x»(R)}

ELVOL EVOLTTTIXEG MO OLaTNEODY TN OYE0N EyxAelTUOD, ONA. YLOL OLOONTOTE QLOL-
01eQd (nau aviotoiymg, deEld/aupimievoa) 10ewdn 1,1’ 1o Rue I C I’
éyxouvue O, (1) C @ (I') (nouw avriotoiyme, s (1) C O (I') / @ (1) C @ (I')).
(v) Ou amewmovioelg D, nar Py dev elvan »at’ avdyrny emQOLITTRES (ardun
naL 0tav o R €xel povadiaio atoyeto).

(vi) Edv o R éxeL uovadioio otoyeio, tote @ elvor aupLlooLmtixny amewnd-
vion.

(vii) ‘Otav o R dev éygL povadiaio otoryeto, | @ dev eivor ot avayxny em-
QLITTLXY| ATTELROVLO).

-

Eotww R évag daxtihog ue povadiaio otoyeto wow éotw n € N. Eav ta I, I
etvan dvo 1¥e®ON 100 R, v awodetyBovv oL axdrovBes LodTNTEC:

(1) Mat,, x (11 N I5) = Mat,, «,, (11)N Mat,, «,, (I2).

(i) Mat,, «, (I1 + I2) = Mat,,,,(I1)+ Mat,, s, (I2).

(iii) Mat,, x (I1I2) = Mat, x, (I1) Mat, x, (I2).

(g ex tovTOV, N aupiooypn P 1 optoBeico oty doxrnon 2-16 diatnoei Toués,
abpoiouata wow yrvoueva WOemdmV 100 R.)

Ev ovveyeta, edv I eivor éva 10eddeg 100 R, va amwodetyBel  augpimhevon
OUVETOYWYN:

to I elvon TEd 1o 10 Mat,, «,, () elvon mpdto
10e®deg TOo0 R Wemdeg Tov Mat,, ., (R)

"‘Eotw R tuydv dantoliog xat é0tw n € N, n > 2. "Evag mivarog
A = (aij)i<ij<n € Matyy, (R)

®noheltol Gve ToLyovirdg (xal aviotolyws, ®aTo Teryovirdg) 6tav a;; = Or
vyt i > § (row avTioTolymg, Yo i < j), ROl GuoTNEds Gve TELymvirds (rou
aVTLOTOY WG, aVOTNEds ®ATO TELYOVIRdS) OTav a;; = Op Yo ¢ > j (o
aVTLOTOlY WS, Yo i < 7). ZuppolriCovue wg UT,, (R), LT, (R), SUT,, (R) nou
SLT,, (R) ta 00voha TV Gvm, ®ATm, QUOTNEMS GVK KL QVOTHEADS RATW TL-
VAWV TOV ovijrovv 0to Mat,, ., (R) . Na amoderyBoiv 1o eEvig:

(1) Ta UT,, (R),LT, (R),SUT, (R) #»ouSLT,, (R) artotehotv vrodaxtuiiovg
100 donturiov Mat,,«,, (R) .

(ii) To SUT,, (R) elvon éva deddeg 100 dantuiiov UT,, (R) .
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2-19.

2-20.

2-21.

2-22.

2-23.

(iii) To SLT,, (R) elvaw évo 1deddeg 00 daxtuiiov LT, (R) .
(iv) KaOe mivaxrog A € SUT,, (R) U SLT,, (R) elvow undevodivauog (o pd-
MoTa 1oy DeL, WLUTEQWS, N 100TNTO A" = Oy, (R))-

(v) Eév o R éyer povadiaio otoyelo, t0te
uT,, (R)X = {A = (aij)lgid'gn c UT, (R) | a;; € R* ,Vi c {1, . ,TL}}
%o, ¥t avohoyiov,

LT, (R)X = {A = (aij)lgid'sn eLT, (R) i Q;; € R* ,V’L S {]., . ,n}} .

"Eotw n évog puowrde aobuds > 2. Edv ta I, . .. , I, eivon 10eddn evog ue-
tafennol daxTuAiov R, va amoderyOel N lodTnTO!

(I - L) =1 --- I, Vi eN.

‘Eotw 6w ta 1, J elval dvo 10emdon evog daxtuhiov R pe novadioio otouyeto.
Eav I + J = R, va amodewyBet 6tL I"™ + J"™ = R yia orovodnmote m, n € N.

"Eotw n évag puowmds apbuds > 2. Eav ta I, . .. , I, eivon 10eddn evog ue-
tafetinov dantuhiov R ue uovadiaio otowyelo o I; + J; = R yo »d0e
i€ {l,...,n}, 6mov J; := N{;|j€{l,... ,n}~{i}}, va amoderyBoiv ot
womreg It N---N I = (L - I,)"= (L, Nn--- N1,)", Vk e N.

-

Eotw 611 R eivaw évag uetabetndg dontoiog o ta 11, I, I3 tota 10eddn
tov. Na aroderyfovv ta axdlovba:

L CLh=D5L:I3CIL:Ignonls:1; DI5: I,

(@)L : I = (L 13): L= (I, : L) : I3, Vn €N,

(i) [1 : o =1 : (I1 + I1) .

(iv) Edv o R éyeL povadiaio otowyeio, 10te Iy C I; <= I, : [ = R.

Edv R eivan évag uetabetinos doxtohog xow to I éva 1deddeg Tov, opitovue
T0 0UVOAO

Rad(I) :={a € R | a™ € I yio ndmotov Bewnd oxépoto m }

g to EL&wé 100 1. EGv 1o I, J ovuporiCovv 1deddn 100 R, vo amoderyBovv
To €ERC:

(i) To Rad([) elvou évo 1deddeg tov R »ow I C Rad(7).

(i) I™ C J, ywo vdmowov n € N = Rad(/) C Rad(/J),

(iii) Rad(Rad(I)) = Rad(I),
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2-24.

2-25.

2-26.

2-27.

2-28.

2-29.

2-30.

(iv) Rad(I*) = Rad(I),Vk € N,

(v) Rad(I) + Rad(J) C ad(Rad(I) + Rad(J)) = Rad(I + J),
(vi) Rad(I)nRad(J) =Rad(I NnJ) =Rad(I J),

(vii) Rad(7) Rad(J) C Ra d( J) = Rad(Rad(I) Rad(/J)),

(viii) Rad(I) : Rad(J) D Rad(I : J).

(%) I = Rad(I) <= Nil(R/I) = {051} (= {I}).

‘Eotwom € N,m > 2. Edvm = p{*---p;*, k € N,vy,...,vp € N, elvan
1] RKOVOVIXY| TALEACTACN TOU T MG YLVOUEVOU ROTAAANAWY dUVAUEDV Oap®g
OLOHENQLUEVOV TTQDTMV ALOLBUDY p1, . .. , P, VO 0Tt0dELBOVY T avdlovBa:
(i) Nil(Z,,) = {[0],,} ®vi=---=v, =1

(i) To ol 100 rVElov WeMddoUg (M) ToU dantuliov Z twv axegaiwy Loov-
taw pue Rad({m)) = Rad({—m)) = (p1-- - px) -

Edv 1o I eivon 10emdeg evog danturiov R, vo amoderyfo0v ta andlovba:

(1) Zdv(R/I) = @ eGv »ow uévov edv yio. oladfmote a,b € R, yuo ta omoio
woeLab € I, €qovue elte a € I elte b € 1.

(ii) O mnhrodaxtohog R/ I elvon petabetindg edv now udvov edv ab — ba € I
yLo olodMTote a, b € R.

(iii) O TmArodantoiog R/ I €xel novadilaio otolyelo 6y xal povov eqy vdQ-
YEL #ATTOLO OTOLYKELO e € R, TETOLO MOTE VoL LOYVEL

ae—a €l navea—ael, Yac€eR.

"Eoto R évag petabetindg dantilog pe povadioio otouyxeto. Na amoderyOel

OtL ToL oxdAovBaL el Vol LOOdVVOLUOL:
(i) O R etvan axegaio meoLoy.
(ii) To teToluuévo 10eddes {0} 10U R elvor modTo 10eddec.

No amodeiyBel 6tL 10 #0oL0 Weddeg ((X — 1) (X —2)) tov Q[X] dev elvar
TEMOTO LOEDES.

No amoderyBei 6t 0 mnhrodantohos Za[X]/ (X? 4 [1]2) dev eivou axegaio

Loy . (R x 10010V, T0 ®VELO WEDdES (X + [1]2) TiS ameQaiag TeQLOY TS
Z»[X] dev elvon mpmdTo. BA. Bedonua 2.6.4.)

Noa amodety et OTL OL EVVOLES TEDTO KOL UEYLOTIXO LOEDDES OLOVOTTTOTE TTETE-
oaouévov petafenrot dontuiiov ue povadiato otoryeto TavtiCoval.

"Eoto R évag daxrtihog 100 Boole (fA. doxnom 1-5). Na amoderybovv ta
eEric:
(i) Ka0e memepaouévmg mapoyduevo 1demdeg tol R elvar ®0oLo 1demdec.
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(ii) "Eotw I éva un tetoluuévo yviolo 1deddeg tov R. Téte to I elvor mpdTto
€qv 1oL VoV edv elval LeYLOTIHO.

2-31. "Ectw M éva un »evoé otvoro xat éotw (P (M), A,N) o daxtdiog Boole o

2-32.

2-33.

2-34.

2-35.

opLoBeic otnv doxnon 1-9. Na amwodetyHoiv ta Eng:

(1) Kabe nioio 10eddeg 100 dantvhiov P (M) yodgetor vd ) HoQ®1
B (M), 6mov @ # M' C M.
(ii) To P (M ~A{x}) etvor ueyiotind 10eddeg 100 P (M) yio »60e © € M.

"Eotm R évog uetafetnds dantihog. Na amoderyBoiv o eEng:

(i) Eav o p1 now po eivor dvo momdta 1de®dn 100 R, T0TE 1) TOUT| P1 N P2 elvan
TEWMTO LOEDOES TOU R <= &ite p1 C po eltE P C P

(i) EGvm (pr) yca Elvow o adveida modtwv 1demddv 100 R, fitot io. un ®evi
OLHOYEVELD TOMTOV LWOEMODV TOU R éyovoa TV LOLOTHTAL!:

[EETS P - Pre elte Py c p)q]? v()‘1a /\2) € A x A7

t01E TO0OV M évioon |J pa 600V xow M Toun| () pa TV UEADV TNG arroTeE
AEA A€A
éva TEMTO 1OEDdES TOV R.

‘Eotw R évog uetabetinds 0antoAog xoL £0Tm p £vo TEAOTO 10emdOeg AvTov.

Edv n € Nuawedv ta Iy, ... , I, elvar 18eddn to0 R, vo amwoderyBel 6tL oL
oxdrovbeg oVVOrES ElvaL LOOOVVAUES:

(i)Jje{l,...,n}:I; Cp.
)y LN---NI, Cp.
(iii) Iy -+ I, C p.

"Eotw R évag puetabetinds dontihog now £otm I éva 1demdeg avtov. Eav ta

n
P1,-..,Pn, n € N, elvon modta 10e@dN 100 R, tétowa wote I C | py, va
i=1

amodewyBei 6w Ij € {1,... ,n}: I Cp;.

"Eoto R évog uetafetnds dantihog ue povadiaio otoryelio xan é0tm n € N,

n > 2. Eavvmotebel 6t my, ..., m,, elvar n pueyomnd 1deddn tod R ue m; # m;
v oovodnmote i, § € {1,...,n}, i # j, va amwoderyBouv ta EHG:

(i) m; + my = R.

(i) my N my = myms.

(iii) (my N ---Nmy,—1) + m, = R.

(iV)myN---Nm, =mqg---my,.

Ev ovveyeia, vmotBeuévov 6t o R elvol uo amelpomAning axegolio megLoym

€xovoo TeEMEQUOUEVOU TANBOUG AVTLOTEEYLUOL OTOLYELQ, VO ATtodELBOTV HOL
T axdrovba
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2-36.

2-37.

(v) Rad({0r}) = {O0r}.

(vi) O R doBéteL Arerpa oopag SLoneRQLUEVOL UEYLOTIXA LOEMON.

(vii) Ztnv eWdri| mepimtwon 6mov R = Z, and to (vi) eEdyeton pa (emLmoo-
00en) amdOELEN YL TO GTL TO OVVOAO TV TEDTWV 0QLBUDV ElvaL ATTELQO.

"Eotm R évag uetabetinds dontilog pe povadiaio otouyeto. Qc medro @a-
opa tov R opiCeton 10 00voLo GAV TV TEHT®Y WemdDV T00 R, cuufoiio-
uevo wg Spec(R). T #G0e 10eddeg I 100 R eL0dyovue Tov ovufoioud:

V() :={p €Spec(R) [p21}.

Noa amwoderyBov to axdrovbo:

(i) Spec(R) = @ <= 0 R &iva TeTOLUEVOG daRTUMOG.

(i) Edv 1o I, J elvon dvo 1deddn tov R, t01e I C J = V(I) D V(J).
(i) V(I) =@ < I =R.

(iv) V({0}) = Spec(R).

(v) Eévn € Nraveav ta Iy, ... , I, elvar 18eddn 100 R, 101

V(I)U---UV(,) =Vl - L,)=V(LNn---N1,).

(vi) EGv n {Ix}rena elvow po otnoyévera 1demdav tov R, tote
NV =v(Tn).
AeA AEA

[Zyueiwon : Eivow mpddnro ex tov avwtéom 6t to Spec(R) epodidletal ue
uio tomodoyia éxovoa to uéhn g owmoyeveiog {V(I) | I 1deddeg to0 R} wg
xAetotd ovvoda. H ev Moyw tomoloyia naleitan toxoroyio Zariski eni 100
Spec(R) »au dadpapatiCer onuovtivd g6ho oty Metabetiny Ahyefoa xan
otV AlyeBowri Fempetpia.]

"Eoto R évag uetofetinds dantioiog pe uovadiaio otowyeio. "Eva vtooivolo
@ # S C R nolelton ®oALOTAACLOOTIXROS %AELOTO 0VVOLo OTavV 1 € S %o
ab € S yiwa owodfmote a, b € S. Na amoderyBovv to axdrovbo:

(1) Eav 10 S C R glvou évo ToAAOTTAQOLOOTIXOG HAELGTO OUVOAO xaw To I éval
10eddeg T00 Rue I NS = &, tote

dp eSpec(R):p2 I nou pNS=0.
[Yroden : NoemalnBevbet 6ti to

({J | J Weddect00 Rue J D I won JNS=2},C)
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2-38.

2-39.

2-40.

elvan emoymyrdg dtotetayuévo »ou vo epoouoodet to Muuo 2.5.17 100
Zorn.]

(if) Ta #G0e WOewdeg I 100 R woybelr 1 wodémta Rad(I) = N{p |[p e V() }.
Enuewwtéov oty I = {Og},

Nil (R) = Rad ({0z}) = [){p | p € Spec(R) }.

[YrodeEn : Two v amtddel&n to0 aviiotoopov eyxheiouot “2” va, vitotedel
ot vrdyer otovxetoa € ({p |p € V(I) } ue a ¢Rad(I) now va eaopuoodel
70 (i) yiat T0 TOAMATACOLOOTIHGDG ®AELOTO 0UVOAO S := {a" | n € Ny }, 0Utwg
MOTE VO TQOXVYPEL AVTIQPOON.]

"Eoto R évag uetofetinds dantiohiog pe uovadiaio otoyelo. Eavta I, J etvan

13eddN T00 R, va arodelyBoiv to androvbo:
1) V() CV(J) <= Rad(J) D Rad(]).

(i) V(I) = V(J) < Rad(I) =Rad(J).
(iif) V(I) = Spec(R) < I C Nil(R).

No amoderyBeil 6TL Tar udvo tavtodvvoua otoryeia evog tomxov daxtuliov R
givor ta O nat 1.

‘Eotow m € N, m > 2. Na amodeuyBet 611 0 daxtihog Z,, (o ootoBels oto

eddpro 1.1.4 (iv)) elvon Tomrdg eav noL udvov edv m = p*, 6oV p RATOLOG
TEOTOS 0ELBUdS oL v € N.



KE®AAAIO 3

Ouopoogropnoi 00xTVALOV

O amewrovioelg petaEt dvo daxtulimv, oL 0Toteg TUYYGVEL VO UETOPEQOVV TLS EXAL-
otote Bewpovueveg TEAEELS TEOGOHETEMS ROl TOMATAACIOOUOD ROTE TQOTO GUU-
Batd, rarotvral ououoepiouoi daxtvliov. O guputevoers doxTulMwv eVtog Gh-
AoV OLaopaAiCovTol UESM RATAOKEVTS UOVOUOQPLOUDY, TOL EVOLITTLXMV OUOUOQ-
pou@v. O TveRves TMV OUOUOQPLOUMY OAXTUAIMY amoTeEAOTUV LOEMON 1oL RAOE
10eMOES VO darTUMOU WIToEEL Vo LOWBEL g TVET VG TOU AeYOUEVOU QUaLX0V Eti-
uoopiouov. To Oewonua avriotoryioews TeQLYQAPEL TOV TOOTO CUCGKETIOUOV TWV
10emdDV evic danTuhiov pe ta dEDON THGS EOVAS AUTOU UECM EVOS ETLUOQPLOUOD.
Télog, T0 Bewonuato 1oouoe@Loudy NAg TAQEXOUV XOOLUES TTAQOPOQIES YLOL TLG
TEQUILTMOELS «TOUTLOEMS» OQLOUEVMV YOLQOXTNOLOTIRMY dOXTUALOV %ol TNAR0d0-
ATUALOV, ot avaroyioy mEog 6,TL ovuPalivel ue To Cuvavuna Bemeiuota TeQt oud-
dwv.

3.1] ©EMEAIQAEIL OPIZMOI KAI IAIOTHTEX
3.1.1 Ogwopos. Eav ou (Ry, +1,-1) ®ou (Rg, +2, -2) €ivow dvo daxtiilol now
f:Ri — Ry

uoL oTtELROVION, TOTE M f *ohelToL opopog@Londs (daxtvrinv) dtov

[flatib)=F@+fB) ] ma [flaab)=Ff@-f0B)] G

yia 6ha toL a, b € R.

"Evog opopoopioude doxtudiov f 1 Ry — R ovoudletou
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LOVORLOQPLONOG = amemdvion f elvou evolmTixny,
EMLULOQPLOLOG %} N ameovion f elval emLooLITTLny,
LOONLOQYLOLOG %} N ameovion f eivol appLOOLITTLRY,
evdopopLopds (tov R;) %} Ri = Ry,

avTOpOQ@LONGS (Tov Ry) ﬁ» N f elvon oumLoLtinds vOouoomLoude.

(Puord, 0VTEC OL EVVOLES EUTTEQLEXOVY TIS AVTLOTOLYES EVVOLES YLOL TLG €7t UEQOUG
douég, ONhad exeives TV EXAOTOTE HETEYOVOWMV ALBEAAVADV TEOOHETIRMDY OUAdMY
2O TTOMAATAOCLOOTLIRMV NULOUAIMV).

3.1.2 Imueinon. (Arhovorevon ovupoiopot.) Katd xovova (yio Aoyovg cuvto-
utag) ot detnteg 1, 2 (1| omoradfmote AAAT eLdwnT ofjuovon) Ba mapalteimovrar atov
ovupohloud tov mEdEewv. Qotdo0, Ba TEETEL RAVElS VO £YEL TAVTO HOTA VOU TO
JTOLO “+” %ol TOLO - VITOVOE(TOL RATA TEQLTTTOOM.

3.1.3 Hogadeiypata. (i) 'Eotw m évag puowmds aptBuds. Opilovue tv amemd-
VIO

[:2 — Ly, nr—[n],, .

Eivou ebnoho va amoderyBet 0tL n f elvon €vog empoo@Llonds daxtuliny.

(i) H amewoévion f : Z — 27 m ogLopévn uéow tov tomov f (n) := 2n Oev &i-
vatr opopoQELoUAS daxrTulimv, TaQOTL eival LOOUOEMLOUOS UETAED TOV AVTLOTOLX WV
71000 0ETIHDV OUddwV!

(iii) "Eotw (2 Z, 4+, *) 0 daxTOAMOG 0 AtoTELOVUEVOS 0TI TOUS 0QTIOVS OREQALOVG UE
™ ouviOn TEAeOeoN ®ow TOV arOAOVO0 «TQOTOTOLNUEVO» TTOALATAAOLAOUS:

m-n
m*xn .= ———.

2

Toéten f : Z — 27 m ooilouévn uéow tov tomov f (n) := 2n (dmwg now 010 (ii))
antotelel toouoopLouéd daxtvliow.

(iv) EGv 1o K eivan éva odpo pe xao(K) = p > 0, 10Te 1) ametnévion
i K— K, z+— f(z):=2",

etva évag evoouoepLouds (toPh. mpdtaon 1.4.8 (i) xow nateitan, WOLatémg, amer-
®6vion 1oV Frobenius.

(v) O ououogpLouds

C—C, z=a+ib—a—1ib=7Z,

gival £vag auToproQELOUOS TOU OMUOTOS TWV ULYOILXOV AoLOUMY.
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(vi) "Eotm m évog oxéQaiog 0otBuds 0TEQOUUEVOS TETQAYMVMY KL
Q(vm) ={a+b/m |a,beQ} S C

TO aQLBUNTLRO TETQOYMVIRO CMUA TO OVTLOTOLLEOUEVO 0ToV M (BA. Goxnon 1-44).
Tote n amemdvion

[ Q(/m) — Q(Vm), fla+bym)=a—by/m,

amotehel Evav avtopoopioud to0 Q(v/m) (BA. Gonnon 3-5).

(vii) H undevixi ameixovion f : R — S peto&0 dvo daxtvhMov R rau S, 6mov
f(a) = 0g Yo #G0e a € R, eivonw évog opouoeponds daxtuhiowv (o heyduevog
undevixog opopogLopdg). Enuelwtéov 0tL Otov navels ex Twv R, S dev elvou te-
TOWUEVOG, 0 UNdeVIXOS ouonoEPLOoUOS dev glvol 00Te EVOLITTIXOC 0V TE ETLQQOLITTLXRAG.
(viii) Eav f : R — S elvau évag opopoogplonds dantuhinv xon

inlm(f)as : Im(f) — Sv S —— inlm(f)’s(s) =,

n ovviiing évBeon g erdvag Tov evidg ToU S, TOTE f = iy, (), © f, 6mov

J:R—Tm(f), r— f(r) = f(r),

0 EMLUOQPLONGS 0 ETAYONEVOS NECO TOU f.

3.1.4 Igoraon. Eotw f: R — R’ évag ououoopiouds daxtviiov. Eav n € N xa
edv 1a ay, ..., ay, €ival otolyeia Tov R, 10TE

n

FO a)=> fla;)  xa  f(J]a) =]] f(ay).
Jj=1 j=1 j=1

Jj=1

ATIOAEIZH. "Emeton »otémy x01oemg tov .ootitov (3.1) xou pabnuonxic emoyw-
YNG WG TOOG TOV 7. O

3.1.5 Hpéraon. Evas ououoopiouds daxtvdiov f : R — R’ éyer ug e€rjc 1016tn-
TEG:

(@) f (Or) = O0r: xar f(—a) = —f(a), Va € R.

(ii) Ita #abe a € R 1oyvovy o1 106TNTES !

f(na) =nf(a), Vn € Z, xau f(a™) = f(a)", Vn € N.

(iii) Eav o S eivar évag vmodaxtihos to0 R, tote 5 eixova tov f (S) uéow s f
elvat évac vmodaxtidioc tov R .

(iv) Eav o S’ eivau évag vrodaxtidios tov R, téte 5 avriotoopi tov exdva f~1 (S7)
uéow g f eivar évag vmodaxtvAiog tov R.
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(V) Eav o R eivau évag daxtivlios ue uovadiaio ototyeio, tote xat o f(R) eivar da-
#T0AoG ue wovadiaio orouyeio, xar udiiota oyvel n toétnra f (1g) = 14 (g).

(vi) Edv o R eivat évag daxtvhiog ue povadiaio otoryeio, 1 | un undevixds ououoo-
@Louos xat o R duawpetinog daxtvriog 1 axeoaia meoioyy, tote f (1g) = 1gr.

(vii) Eav o R eivar évag uetabetinds daxtiros, tote xat o f (R) eivar uetabetinos.

(viii) Eav o R eivat évag un tetouuuévog daxtoriogs ue uovadiaio atoiyeio xarn f un
UNOEVIHOS OUOUOQPLOUOS, TOTE

flah) e f®)*, fla)=[f (@), VaeR",
AL, YEVIXOTEQQ,
f(@") = f(a)", Va € R* xau Vn € Z.

(ix) Eav n f eivar uovouopprouos xai o R axepaia meoioxs (xat avtiotoiyws, ote-
PAG odualodua), tote xat o f(R) eivar axepaia metoy (xat avtiotoiyws, 0TeEPAO
oouajlodua,).

AMNOAEI=H. (i) Tgogoavas, f (0r) = f (0g +0g) = f (0g) + f (0r), omdte LWOYVEL N
womta f (0r) = 0r. EEGMOU, yio #G0e a € R, €xovue
Or = f(Or) = fla+(=a)) = f(a) + f(—a) = f(—a) = —f(a).

(i) H amw6delEn émetan amd tnv mpdtaom 3.1.4 now ) devtepn wodtnta tov (i).
(iii) EGv b1,by € f(.59), 10te vdoyovv aj,as € S, ol wote f(ay) = by xou
f(a2) = be. Emewdij 0 S etvau évag vrodoantihog 100 R,
a1—a2€5,} {b1—b2=f(a1)—f(a2)=f(a1—a2)Ef(S)a
=
bibz = f(a1)[f(az) = f(araz2) € f(5),
omdte N ewdva f(S) to0 S uéow g f eival dviwg évag vtodantiliog tov R’

(iv) Eav a1,a2 € f71(9’), 10t f(a1) € S nou f(az) € S'. Kuemewdn o S elvon
vrodoxTOMOC TOo0 R,

flar —a2) = f(a1) — f(a2) € 5, } { a1—02€f71(5/);
=
flaraz) = f(a1)f(az) € 5’ aray € f71(9"),

aias € S

ftou xar M aviioteogy Tov ewmdve 1 (S') uéow Tig f elvar évag vrodaxtiiog
t00 donturiov R.

(v) "Eotw b tuyév otorygio 100 f(R). Téte vdoyel évaa € R, T€T010 DOTE VoL Loy VEL
N wotta f(a) = b. Aga

f(r)f(a) = f(1ra) = f(a), f(a)f(1r) = f(algr) = f(a),
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ondéte 0 f(R) elvou dantdhog ue povadiaio otovyeio xan f (1r) = 1y(g).

(vi) Emterdn -eE vmoBéoeme- o f dev elvar o undevirdc opouoopLonds, Bo vdaoyet
éva a € R, 11010 0071e f(a) # Or/. EE avtov émeton 61L

f(a) - 1r = f(a) = f(a-1gr) = f(a)f(1r) = f(a) (f (1r) — 1r') = Or'.

EGv o R’ elvar Suonetinds doxtihiog, ToTe vitdyel 1o avtioteoqo f(a) ! 100 f(a),
€ TO OTTOLO WITOQOVUE VO TOALATAACLACOUNUE OUPOTEQQ TOL UEAN THG AVITEQM LOO-
ttag xou va Mapovue f (1g) = 1. Edv, and v dAAn puepid, o R’ eivan anegaio
7EQLOY T, TOTE WITOQOVUE VO XATOAGEOUUE OTO (010 CUUITEQAOUO RAVOVTOS YON oM
ToU vouou Tig draryoapiig 1.2.5.

(vii) IToopavag, yia ®aBe a, b € R, éyovue

fa)f(b) = f(ab) = f(ba) = f(b)[(a).
(viii) 't #GBe @ € R* €xovue
fla)f(a™") = f(aa™") = f(1r) = f(a™ a) = f(a™") f(a).

Ki emedi) (Moym 1o (v)) wyder f (1r) = lyry # Or/, €xovue f(a) # Or now
fla=h) =1[f (a)]_1 € f(R)™ . H detteon 106t a amodernvietar e0xoha uécm uo-
Onuatinig emoywyne.

(ix) "TEotw 6m o f elvon povouopglopds xow o R axepoio meguoyxyj. IToopavaog,
emewdn 1g # Og, 10 f(1r) = 1y(r) elvau dGgoo 100 f(Or) = Opr/. Edv voBé-
oovue 6t f(a), f(b) € f(R), yio vdmowat a, b € R, TETOLOL DOTE VO LOYVEL

f(a)f(b) = 0pr) <= f(ab) = O0¢r) = f (Or),

1618 ab = OR, omoTe @ = Or 1) b = Og. Zvvenag, f(a) = 0¢r) N f(b) = Of(r). Ao
»xat 0 f(R) elvan axegato TeQLoy.

Ev ovveyeia, ag vrobBéoovue 6T 0 f elvar povouoeplouds xan 0 R otoefAd obua.
IMpogavag, enewd) 1g # Or, t0 f(1r) = 1yr) elvaw ddpogo 100 f(0r) = Og.
Apuel Aowrtdv vo detEovue 6tL f(R)* = f(R)~{0g }. O eyxhewouds “C” etvan moo-
dhog. Ag Bemwonoovue Tuxov b € f(R)~{0g }. Toéte vndoyel évaa € R~{Or}, Té-
T00 ote b = f(a). Ouwg -€€ vrobéoews- R~ {0r} = R*, ondte a € R*, modyua
mov onuaiver 6tL vEdEyeL (Tolamhaotaotnd) aviioTeogo a~ ! Tol a, yio To 0roio
wyteL fla=t) = [f(a)]”" € f(R)* (Bdoel Tov (viii)). Aga b € f(R)*, %o, ¢ %
toUtov, 0 f(R) elvar oteePfrd odua. (ZTnv meinTwon ®otd TV omola o f elva
UOVOUOQMLOUOS ®ow 0 R odua, 0OUEL Va XOMNOLUOTOLGOVUE O,TL TQOELTAUE OE OUV-
dvaopo ue to (vii).) O

3.1.6 Ilgétaon. Eavor f : R — R xat g : R — R eivar dvo ououooprouoi
(xau avTioToiyws, HOVOUOQPLOUOLIETIU0QPLOUOIIGouoQpLouol ) daxTvrivy, xat 1
ovvlear tovg go f : R — R’ Ba eivau ououoopiouds (xar avtioroiywg, uovo-
UOOPLOUOGETULOQPLOUOS/100U0QPIOUOS ) daxTVAIWY.
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ATIOAEIEZH. Edv ot f »au g giva opopooionoi daxtuliov, tote yio dha 1o a, b € R
Lo VOV OL LOOTNTES

(go f)(a+b)=g(f(a+b)=g(f(a)+ [ ()
=9(f(a)) +9(f (1)) = (90 f)(a) + (g0 f) (b)

nolL
(go f)(ab) = g(f (ab)) = g(f (a) f (b))
=g(f (a)g(f (b)) = (go f)(a)(go f)(b),

omdte ®ow 1) 0VVOEOT Toug g o f elvan évag oponoeplouds dantuhinv. H amddelEn
amtomegotovTal Aaufdvovtag vt v to yeyovog 0t 1 ovvBeon dvo evoipemv
(rouw avtioTolywe, empEipewmv/onploeiyewy) elvar wor Evoryn (1oL avTLoTolymg,
wa eiQEUp/apiooupn). 0

3.1.7 Ogwopés. Eav o R xow R’ givon dvo doxtihol, 16te yodgouvue! R = R’ nau
Méue 6tL 0 R eivan woopogepos pne tov R’ (M 6tLov R xan R givor woépoggor) dtov
VIaEYEL ®ATOLOG LoopoppLouds daxtviiov f : R — R'. (Kot avahoyiov, 1o
ovuporo R 2 R’ dnhoi 6L 0 daxtihiog R dev eivar 106uoopos ue tov R'.)

3.1.8 Iagadeiypata. (i) H axepaio meoioxn Z[v2] (BA. doxnomn 1-44) eivar 106-
wo®n ue Tov oxdAovo dOXTOAMO 2 X 2-TUVARWV:

Ri={( 4 !)]abez} S Mat.@)
208600V VPIOTATAL LOOUOQEPLOUGS dARTULIMV:

ZVAsa+tVI— (5, L) eR

(i) "Exovue Z[v/2] 2 Z[\/3], Si6m e6v vioye 100uoopLouds doxntuhiny
fZV2) — Z[V3,
Oa émpeme va Loy Vel
V2?2 =f(VD?) = f@) = A+ 1) =2f(1) =2 = f(V2) € {£V2},
%G1l TOL B0 AVTEQOORE TTOC TO OTL ++/2 ¢ Z[V/3].

(iii) Ta ooduato C xow R dev eivor loduoppa, diot edv vnEye €vog LooUoELoUAdS
f: C — R, 101e Ba €mpeme vo. Loy Vel

—1=—f(1) = f(=1) = f(*) = (i)’

(6mov ¢ M pavtooTry wovdda), xdTL Tov Bo aviépaore TEog to 6Tl f (i) € R.

emeldi| (ot Bempia Ouddmv) yonowomooaue To idto oVUPOAO xar YioL TOVG LOOUOEPLOUOUS ouddwy, opellovue
va gfpaote Widtepa mpooextxol (wofh. 3.1.3 mapdderyua (ii)). Ze meQinTmOoeLs 0TS 0Toles eVOEETAL VO TQOKANOEL

00YyVoN, Ba UTTOQOVOE RAVELS VO XONOLUOTTOLOEL ToL (RAmTmwg duouetaxivnta) ovufora =2 xor =, aviloTolyms.
dant. opad.
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3.1.9 Ilgéraon. Iia owovadimote daxtviiovs R, R, R ioytvovy ta &g

() R=R,
(i) R~ R = R' >R,
(i) [R= R »xat R~ R'] = R=R".

ATIOAEIZH. (i) H tovtotnny) amewévion idg : R — R elvan mpogovog évag Loo-
HOQPLOUAG OORTUALWV.

(i) Eavo f : R — R’ elvou évag .oouoeprouds 0axtuhimv, TOTE, 1S AUmLOQLITTIXY
aTELROVLOT, Bl SLaBETel pol (LOVOONUAVTIG OQLOUEVT], QUMLOQLITTLXY ) OVTIOTQOMO
f~L. Apxel houov va amodewydei 6t m f~1 amotelel oponopproud doxtuiimy.
EdGv z,y € R, téte vdoyovy a,b € Rue x = f(a) ®owy = f(b). Emouévag,

{.f1@+y)—f1Qﬂ®+f®»—f](ﬂa+®)—a+b—f10w+fWw,
fHay) =71 (f@)f () = f7H (fab)) = ab= f~" (2) ' (1),

(oot ou f, £~ augrooLrTinég) xow 1 f 1 glvan Gving ououopLopds daxTuliny.

(iii)) Eavou f : R — R'noug : R — R eivou dvo .oopoppiouol daxtuliov, tote,
oOupwva ue v meodtaon 3.1.6, xar  o0vBeot Toug g o f elval £vog LoouoEELoNAs
dantuhimyv. O

3.1.10 Impeioon. Z0pgwva pe v medtaon 3.1.9, n duelijc oxéon “=” opiCel o
oyxéom woodvvauiag emtt oLovdrmote GUVOLOU oo TILOUEVOU 0td donTuAiovs (1] el
¢ NBG-«xAdoews» 6dwv twv daxtulinv). O xhdoelg tooduvauiag wg mpog v
“=>” gvopdovtol #xhdoerg toopoggias. Avo doxtihor Aoyifovtor mg (daxTtuilo-
BewonTrdg) TavTiCouevor Gtav gival UETOED TOUS LOOKOQEPOL, HTOL GTAV OVIiXOUVY
otV idua ®AGom oopopiog. Qg ex T0UToV, 0 daxTVALOBEWENTIXOS TEOOILOQLOUSS
walg owxoyevetag doxTulioy, Ta uéhn Tig omolag £xouv wa edixs WL0TNTA, LOOdV-
VOUEL UE TNV TaEWounon twv WEADV TG UEYOLS LOOUOQPLOILOT 2.

3.1.11 égwope. Edv or R xar R’ eivar dvo daxtiror xar R = R’ téte 1oydovy ta,
egijs :

(1) O R eivai axepaia meotoyy < o R’ eivar axeoaia mwegioyi.

(i) O R eivar 0tefAo odua < o R’ eivar oteflo adua.

(iii) O R eivat odua < o R’ eivar odua.

ATIOAEIEH. Edv 1 f : R — R’ elvaun évag 1oopuoo@ionds daxtuhiny, T0Tte agxel vo
£a.ouoobsi o (ix) Tig meotdoews 3.1.5 yio aupotepes Tig f #ar f~1. (TIoPA. ue to
(ii) g mpotdoewg 3.1.9.) O

ZH oGom «TaEWOUNoN UEXQIS LOOUOQMLOUOT» 1) «UE OXQIPELRL LOORORELOWOD» (up to isomorphism) dnAoi T «did-
%10 (daxtuhinv) ue uGvo xELTHOLO TOVTIoEMS TN SLAUETOAGPNON RATOLOV LGOUOQPLOUOTV».
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3.1.12 Hgoraon. Eavo f: K — R eivaui évag ouopuooptouds daxtvriov, émov o
K eivau évag Siaugetinos daxtirog (= otoefAo obua), tote o f eivar1j o undevixds
OUOUOOPLOUOG 1] EVAS UOVOUOQPLOUOG.

ATIOAEIZEH. EdGv o R eival tetouuuévog dantohog, tote o f elval xat” avdyxny o
undevirdg opopoepiopds. Edv o R eivor un teTolupuévog 0axrtoilog xan o f dev elvan
0 undevirog opuopoeeLopds (tot dev woyver f(a) = Og, yia xdbe a € K), now eGv
-emEooBétmg- vtoBécovue 6t f(z) = f(y) Yo namowa z, y € K, tote

f@—y) = f(z) = f(y) = Or. (3.2)

EGv z—y # 0f, t0te 10 = — 3 Bt SraféTer moMaTAao10oTno avTioTEoo (2 —y) L.

Av1d, notd to (viii) T mpotdoews 3.1.5, onuaiver 6T

flla—y ™) e fE)", flz—y™")=(fl@-y)™" (3.3)
Az6 ng (3.2) »ou (3.3) ovvayeton 6 0 = f(z — y)(f(z — y)) ! = 1g, mdyua
atomo. Emouévag, x = y, now o f elval #at’ avayrnv novouooplondc. |

3.1.13 Moégwopa. Kdabe empoopiouds oroefriov owudrwv f : K — L eivat 1o0-
UOQPLOUOG.

ATIOAEIZEH. Emeid o mAnOwos aoBudg 1ol L eivor > 2 %o 0 f empuooplopds, o
f aduvartel va givon o tetolupévog opopooponds. Katd ovvémeiay, o f opeilet vo
givon xatr evolmTvdg entt ) Paoel g mpotdoewg 3.1.12. |

3.1.14 Ogwopds. Eavo f : R — R’ eivou évag opopoo@onds doaxtuhimy, tote o
vrodoxtihog Ker(f) := f~1({0x'}) t00 R ovoudLetor mughvag to0 f.

3.1.15 Horaon. O mvonvas Ker(f) evos ouopuoopiouod daxtviiov f : R — R
amotelel éva 10eddec Tov R.

ATIOAEIEH. ‘Eotw 6tL 7 € R nwow 6t a, b € Ker(f). Tote
fla=0b) = f(a) = f(b) = 0r = Or = O/,
flar) = f(a)f(r) =0g f(r) =0g/, p =>a—0, ar, ra € Ker(f).
f(ra) = f(r)f(a) = f(r)0r = Or
Apa o Ker(f) eivon €€ optopot éva 10eddeg toU R. O
3.1.16 Mgoéraon. Eotw f : R — R’ évag ououoopiouds daxtviiov. Tote o

| elvar povouoppiouos <— Ker (f) = {0g} .
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ATIOAEI=ZH. Edv o f elvau povouopplouds doxtuhiov xo a eivor £va tuydv otouyeto
to0 uenva Ker(f), tote

f(a) =0 = f(OR) — a= Og.-
[ évenpm
Aga Ker(f) = {0r}. Ko aviiotedpug: edv woyvel Ker(f) = {0z} now vtoBéoovue
on f(z) = f(y), yia ndmowa z, y € R, tote

flx—y)=f(z) - f(y) =0r = = —y € Ker(f) = {Or} = = —y = Og,

ONAadY| 0 opouopLouds f etvor eVoLITTIROG. O

3.1.17 Ogwopos. Aéue 6tL o dontihog R umoget vo gpgpurtevdet (1 6t eival ep-
putevopog) ot £vav dontohMo R’ dtov vdoyel £vag novouoeLouds doxtulimv
f:R— R.

3.1.18 Ilgoroon. Evag daxtirios R eivar supuredoos o€ évav daxtiiio R’ edv
xaL uévov edv o R eivar 1o6uoo@os ue évay vrodaxtiiio tov R'.

ATIOAEIEH. Edv évog doxtohog R eivor eugputedouog oe évay daxtoho R/, tote
vplotator ®dmwolog wovouoeelouds f : B — R'. Emouévag, o uéom avtod emo-
youevog emuoopLoude f : R — Im(f) (BA. 3.1.3 (viii)) eivon ioouopgioude. Kat
avTLOTEOPMS GV 0 R glvor lo6uopog ue évav vrodaxtoio S 100 R/, tote voi-
OTOTOL RATOL0G LOOUOQPLOUOS [ : R — S. Oempdvtag (RaTdmLY ENEXTACEMS) MG
medio Tpmv thg amewovicens f to R’ Aaupdvouus Tov povouooetoud doxtuiinwv
R>r+— f(r) e R. O

3.1.19 poraon. Kdbe daxtvAios R umoei va euputevbel (6yt povoonudviwg) oe
évay daxtolio R’ ue uovadiaio oroyeio. Mdaiiota, o R’ umogei va emideyei xard
Tét010v T06TO, oTE YoQ(R') = 017 Yao(R') = xoo(R).

ATIOAEIZEH. OewEovue 10 ®aQTecLoV0 Yivouevo R := Z x R, 6mov Z o daxtOAog
TV axegaiwv aobudv. Ent 100 R’ opiCoviot mpdEels mpooBéaems xa woAlatho-
oLoopov Mg axorlovBwe:

(1) (m,a) + (n,b) := (m+n,a+1b),

(ii) (m, a) - (n,b) := (mn, mb + na + ab),

v owadnmorte (m, a), (n,b) € R'. H toudda (R, +, ) amotehet évav dontiiio yo-
paxtnototxis 0 ue povadiaio tov otovyeto to (1,0r), ®ow N asTerOVIoN

f:R— R, ar—(0,a),

etvar évag povopoppiouds. Eav yao(R) = k > 0, 10te umopotue vo Oewpiioovue
wg R’ to »o0teclavd yivouevo R’ := Zj X R epodioouévo ue Tig medEeis:

(@) ([m],,a) + ([n]),, b) := ([m +n], ,a +b),
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(ii) ([m]k ,a) - ([n]k ;) = ([mn}k: ;mb+ na + ab),
v %60 ([m], ,a), ([n],,b) € R'. Htoudda (R, +,-) amotehel Evav dontiAo yo-
oontnootriig k ue wovadiato tov otouyelo to ([1], , 0r), nouw n amerndévion

f:R— R, a—([0],,a),
givor na TAM £vog LOVOUoQELOUOG. O

3.1.20 Impeioon. ITohhéc popéc ovuPaiver «edixoi» daxrTOAOL VO EIVOL EUPUTED-
uévor o€ darTuMoug «OMyOTEQO €1dOVG». Emi magadeiyuott, oduato evoéyeton
vou glval eupUTEVUEVOL EVTOS OTEEPADV COUATWYV, KOl OXEQULES TTEQLOYES EVTOG Oat-
ntuhimv ue undevodiongétes (PA. 3.1.21 (i) »ou (ii)). Qot600, 67T B dovue oTnVY
evotnra 3.5 (BA. medtaom 3.5.7), xdbe anepola meQLoy UTOQEL VoL EUUTEVOEL ROTA
TEOTO PUOLKO O€ VA CMOUAL.

3.1.21 Hogodeiypata. (i) To ocouo C twv pryodikdv aolBudv elval eugputevuévo
oto oteefrd omdua Hy tov (tooyuotrmv) tetgoviov (omdte 1o Hy umogel, vmd
uta oy, va Bewpeital wg «puowry enéxtoon» toU C) uéow Tl androvbov po-
VOUOQ@PLOROU:

C — Hg, a+bin—>aI+bJ:<a+bZ 0 )

0 a—bi

6mov ot I xaw J elvon ou mivaneg ou elooyBévteg oto 1.2.19 (ii).

(ii) EGv otv mpdtaon 3.1.19 Béoovue R := Z now R’ := Z x Z (ne ) doun| do-
®TUAOV TNV 0pLoBeloa rotd TV amoderntiry dadaocial), tote o R elvol axregalo
7EQLOY T, EVD 0 R’ dev eivau, SidT m.y. yia GBe n € Z~{0} woyveL n .odTTOL!:

(—2,2) (0,2n) = (0,0 — 4n + 4n) = (0,0).

» [InAxodaxtodor xa @uoxoi empoggiopoi. Eotw R évag dontilog ot £0tm
I évo 10emdeg ovtov. Bewpovue tov Tnhixodaxtiiio R/I (Pi. 2.6.1 non 2.6.2). H
QIELROVLON

R — R/I, 7l (r):=r+1,Vr e R, (34)

€(VaLL TQOPAVMG ETLOOLITTLXY.

3.1.22 Afqupa. H (3.4) anotedel évay empoopioud daxtvliow.

ATIOAEIZH. ‘Emeton Gueca amd g (2.7) now (2.8). O

3.1.23 Ogiwopds. H (3.4) naheltal guowrnds empoggiopds (1 emipuoQ@ionds »Ad-
age0v vrohointwv) toU R ent 100 inhrodaxtuiiov R/1.
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H emduevn mpdtaon dnhot -xat’ ovoiov- 6Tl oL EVVOLES «TTUQTVAS OUOUOQPLOUOD
OOrTUMWV» RO «LOEDOES» UTOQOVV VO XONOLUWOTOLOUVTAL 1 Uuiat ovti THg GAANG
XWOIG TEQULTEQW TTEQLOQLOUOVG.

3.1.24 Ilgoraon. Eotw R tvxav daxtilos. Tote éva vrooivoro @ # I C R amo-
tedel éva 10eddes ToU R edv xat uovov edv to I eivar o muoivag evos ououoo@Lounot
daxtvdiwv f : R — S (yia »dmotov xatdlinlo daxtidio S).

ATIOAEIZH. EGv @ # I C R elvan éva éva 1dedOeg to0 R, T0TE 0 puomOg EMUOQ-
qpuouds (3.4) éxer wg mugriva tov tov Ker(nf) = {re R| r+1 = I} = I. To
avttoTEoQo elval Aueom ovvémela Tg mpotdoews 3.1.15. |

3.1.25 Mogwopa. O @uoixds emuoopronds (3.4) eilvar ioouoopiouds eav xat uoévoy
edv I = {0gr}.

ATOAEIEZH. Zougwva pe v ntpdtaon 3.1.16 o 7f : R — R/T eivouw povouoogt-
oudg edv nat pdvov edv o TuEHvag Tov (mtov toovton ue to I) efval To TETQLUUEVO
10emOeC. a

3.1.26 Iogwopa. Edv o R eivar évag uetabetixds daxtioAos ue uovaoiaio ototyeio,
TOTE 01 ArOlovBes aVVONxES eival LO0ODVaUES :

(i) O R eivau éva odua.

(i) Ta uéva 16eddn tob R eivar to {0} »at 0 idiog o R.

(iii) To {OR} eivau ueytotiné 10edes 100 R.

(iv) Kabe un undevinos ouopuoopiouds daxtvdiov [ : R — R’ eivar uovouooqt-
ouos.

ATIOAEIZH. H augpimievon ovveraywyn (i)<(ii) éneton amd o méoiouo 2.1.11, 1
(i)« (iii) oo to wéowoua 2.6.5 (oot R = R/{0g}, PA. 3.1.11 (iii) now 3.1.25) now n
ovvemoyoyn (1)=(iv) and v tpdtaon 3.1.12. Ta v axddelEn Tig ovveraywynig
(iv)=-(ii) anel va Bemgijoovue Tvydy 10eddeg I & R %Ow TOV QUOLKO EMUOQPLOUO
7. R — R/I, 0 omotog elvon un undevindg pe Ker(r¥) = I. Eqv vwoBéoovue 6t
o & elvaw uovopopgouds, éxovue I = {0z}, ondte o R dev duabéter Ghha yviiowo
1OeddN mépav 100 Tetolupévov. H amddel&n Afyer axohovBmvrag tig ouveraywyEg
(iv)=(i1)=(1). O

OEQPHMA ANTIZLTOIXIZEQL IAEQAQN

3.2.1 AMjupa. Eotw [ : R — S évag ououoopiouds daxtvliov. Edv vmotelei
ot o I eivar éva (apLotepd/deio/aupinievgo) ideddes o R xat o J éva (apt-
01e06/08816/aupinievgo) 10eddes T00 S, TéTE 1oYDOVY TA axdrovba

(i) H eixova f(I) 100 I uéow 100 f eivar éva (aototepd/de&id/oaupinievoo ) ideddes
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700 daxtvdiov f(R).
(il) H avriotgogn exova f~1(J) 100 J uéow 100 [ eivar éva (apiotepd] de-
E1ojauginlevgo ) 1deddes Tov R.

ATIOAEIEH. (i) ©gmpovue Tuxovta otowyeia s € f(R) waw z,y € f(I). Eneldn to
I elvan (0QLoTe0/0eEL6/aupimievo) Weddeg TV R, vdgyovv r € R, a,b € I,
tétola 0ote s = f(r), z = f(a) vy = f(b), now Loyvovv To androvbo:

z—y=fla) = f(b) = fla=b) € f(I), }
st = [f(r)f(a) = f(ra) € f(I) | ws = f(ar) € f(I) | sz,xs € f(I)

o’ 6mov émeton O 1 ewrdva f(I) 100 I uéow 1ot f eivan éva (0QLoTeEQD %L, AVTL-
oToly WS, deELd/aupimievgo) Wemdes Tov danturiov f(R).

(i) ®ewoovue TVXOVTO OTOKElCL 1 € R#on a,b € f~1 (J) . Tote, emewdi] 1o J eivon
(apLoted rau, aviotoiyme, deELd/aupintievoo) Wemdeg Tov S,

fla=0b) = f(a) = f(b) € J, }
f(ra) = f(r)f(a) e J | flar)=f(a)f(r) € J | f(ra), f(ar) € J

arm’ 6mov émeton 6tLa — b, ra | ar | ra,ar € f71(J). Aga to f~1(J) elvon €€
00LoU0U éva opoeldég LdEMOES ToU R. O

3.2.2 Inpeioon. Eav vrotedet 6t to I etvar éva (0ouotepd/deEd/aupinievo)
10eddec 100 R no 6tL 0 f dev eivan empooplouds, n ewmdva f(I) 100 I uéow to
f elvon éva opoeldés 1emdeg To0 dontuhiov f(R) ahhd Gyl »ot avdyxnv zow To0
S. Eni mopadelyuat, Oewpdvtag T ovviOn évBeon inz g : Z — Q, n emdva 1o
Weddoug I := 27 100 doxTuAiov Z TV axegoimv ooBudv uéow avtig eival to
Voo UVOAO 2Z to0 Q mov dev eivar 10eddeg TOU CMUATOS TWV ONTAOV 0RLOUMV (*aL-
0611 ta pdva We®dIN tov Q etvan Ta {0} xow Q, fA. méotoua 2.1.11).

3.2.3 Moraon. Eotw I éva (aptotepd/de&id/aupinlevo ) ideddes evog daxtviiov
Rxauéotw J éva (aototepd/deEid/oupinievoo ) ideddeg evés daxtviiov S. Na xdbe
ououoeeLoué daxtviiov f : R — S oyvovv ta e&ng

@O fINfH) = fI) N

(i) f (71 (1)) =Im(f) N J.

(i) S~ (S + f(D) = fH(I) + 1.

(iv) f~1 (f(1)) = Ker(f) + 1.

ANOAEIZH. (i) T %60 r € f~1 (J) éovue f(r) € J, ondte f (f~1(J)) C J
Emeidn) ou oxéoeig eyrAeLopo0 TOQOUEVOUV €V LOYD RATOTLY EPAQUOYTS THS OLTTEL-
novioemg f, Exovue

FANFHD) € FU)

Inf () crand.
f(Iﬂf‘1<J))Cf(f—1(J))}:>f< ) i
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"Eotw toga tuydv s € f(I)NJ. IIgopavag, s € J nar s = f(r) Yo »AT0oL0 0ToLyelo
r € I.Enedi f(r) € J éxovpes € f (1IN f~1(J)), ombte 1oy veL ®ow 0 avTioTQOgpOg
eyrhelonog

fnJcfInf ).

(ii) Aonel va epapuoodel to (i) oV eduxn mepimtwon émov I = R.

(iii) Twa #GBe a € T éxovue f(a) € f(I). Emouévag, I C f=1 (f(I)). Ané To (ii) »on
artd To YEYOVOS OTL OL OYETELS EYHAELOUOU TOAQAUEVOUYV €V LOYV ROTOTLY BEmEN OEMG
OVTLOTEOPMV EOVOV TTQORVITTEL OTL

A HICF(fEHD+D) = (FEHI) +£D) ST+ ).

"Eotw 1 txov r € f~H(J + f(I)). Exewdy f(r) € J + f(I), vrdoyouvv s € J
nou b € I, tétowa dote f(r) = s+ f(b). Katd ovvéneiay,

fr+(=b)=seJ=r+(=b)ef ') Cf'(J)=ref(J)+1,
0TTOTE LOYVEL ROL O OVTIOTQOPOS EYRAELOUOS
I+ S+ I
(iv) Apxel va epapuooBel to (iii) otnv elduxn mepimtwon 6mov J = {0g}. O
3.2.4 Oedgnua tis avuorovyiocews. EFotw f : R — S évag emiuoopiouds daxtv-

Mav xou éotw W := Ker(f). Téte n

10e®dN T00 R

0LOTEQG/OEELG/appimhevoa }
7oV TTEQLEYOVV TOV W

0QLOTEQC/JEELG/aupimhevoal
- { 10emdn 100 S

1 0p1&ouevy amd tov Tomo

I — a(l) = f(I)

eivat pia aupiootyn mov datnoel Tovs eyxielouovs, oniads yia otadnmote 1d0emon
11, I 00 R 10yVeL n ovvemaywyn

W - .[1 ; I2 - Ck(Il) ; O[(IQ).
ATIOAEIZEH. Ogwoue TV

10emON 100 R

Ttov meQLEovy tov W

0L0TEQG/OeELd/aupimievoa
10emdn tov S

00L0TEQA/EELG/aupimhevoa
=

™V 0pLouevn amd Tov TOTo

J— B(J) = f1(T).
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To 6t oL v, B elvan ®ohig 0QLouéveg amerrovioelg émeton amd to Mjuua 3.2.1. T
2G0¢ (0L0TeEQRd/deELS/appimhevo) Wemddes J T00 S haufdvouue

a(B())) = a(f7H(I) = f(fH () =Im(f)nT=SNJ =]

(BA. 3.2.3 (ii)). Kotd ovvémeiay,

a(B(J)) = J. (3.5)

Amd TV AAAY uegLd, Yo xdbe 10eddeg (0pLoted/deELd/aupinmievoo) 1Wdemdeg I To¥
R mov mepLéyel tov upfva W 1ot f haufdvovue

Bla() =p(fI) = fH(fU)=W+I=1
(BA. 3.2.3 (iv)). Katd ovvémeray,
Bla(l)) =1. (3.6)

Amd g (3.5) nou (3.6) ovumegaivouue OTL 1 ATTELROVION v ECVOL OUPLOQLITTIXY
éyovoa v [ wg aviiotpopd te. Téhog, ag vroBéoovue 6t T 11, I elvar dvo
(aoLoTeRd/deELd/aupimievoa) 1WOe®ON 100 R ta omoio mepiéyouvy tov W na yio o
omoio. Loy Vel o eyrhewouds I G Ir. Tlgogavag, f(11) C f(I2). Kuemedn

f() = f(l) = L= (f(I) = T (f(I2) = I,
éXOUMﬁ a(Il) = f(Il) ; f(IQ) = 04(11). O

3.2.5 Mogwopa. Eotw I éva ideddeg evog daxtvriov R. Tote xdbe ideddeg to0 mnii-
rodaxtvdiov R/I eivar ths noogtis J/1, 6mov J xdmoto (LovoonuavTwsg 0oiouévo)
10edOes ToU R 10 omoio meptéyel to 1.

ATIOAEIZH. OgwQolue 1oV Quowrd emuopopd 7k : R — R/I (BA. (3.4)). Baos
T00 BeweRuatog 3.2.4 thg aviiotolyioemg Wewdhv xdle 1WOeddeg T00 R/ I etvan Thg
uoeeng 7t (J), 6mov J #Gmoro (Lovoonuavtwg opLouévo) Weddes 100 R 1o 0moio
negiéyerto I = Ker(7F) (BL. modtaom 3.1.24). To I givar naw avtd évo 1deddeg 100
J (6tav 1o J BewonBel ag’ eavtol mg SorTOAMOS avapodg), evd 1 ewdva mk (J)
LOOUTOL UE

i () ={nf(a)| acJ}={a+I|acJ}=J/I,
o’ 6ov €meTon To LnTovuevo. |

3.2.6 Iagaderypo. Too R = Z now I = mZ, m € N, 10 60voho TV 1dewd®dV 100
TINAMROSARTUAIOV Z /mZ glvor To

{dZ/mZ| d e Nnowd|m }.
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OEQPHMATA IZOMOP®IZMON

Avtd eivou Tota yogoxtnototird Bewenuota (BA. 3.3.3, 3.3.16 ®wou 3.3.21) to omoia
TEQLYQAPOVY TOV TEOTO SLOLOUVOECENS TWV OUOUOQPLOUMV dOXTUAIOYV, TOV LOEM-
0V doxtulionv xou v Tnhxrodoxturiny. Ta €€ avtdv eEaydueva moptouato gi-
Vo ToMIToinLAOL ®oL Aoy xonouua.

3.3.1 Aupoa. Edv ta A, B eivar un xeva obvola xarn m : A — B uia ameixovion,
1018 TO axéAovla eivar ioodvvaua :

(i) H 7 eivau emipoimtinyj ameinovion.

(i) Yraoyet »amota ameixévion v : B — A, 00tws d0Te va toyvel oy = idp.
(iii) H 7 elvau «ex 0e&rdw drayodypiun», onlads yia otodnmote un xevo ovvolo C xau
oteodnmote ametxovioels hy : B — C xat he : B — C 1oy¥eL  ovvemaywyn

hiom=hgom = h; = hs.

ATIOAEIZH. (i)=-(ii) Edv 1 7 elvou emipoLmtiny| amewdvion, tote yia xdfbe otovyeto
y € B =Im(n) = n(A) emAéyovue éva x, € A, 00T0G DOTE Vo LOoYVEL T(Ty) = Y,
now optCovue TV amewoévion v : B — A, y — y(y) = z,. Tote

(moy) (y) =7(v(y) =7 (zy) =y =1idp(y) = moy =idp.

(ii)=-(iii) YmoB&tovue 6L vtdoyeL ramolo amewmdvion v : B — A, 00twg doTe vo
woyveL o v = idg. I oleodfmote amewmovioewg hy : B — Cnawhe : B — C
YLOL TS OTTOlES Lo UEL N LoOTNTA hy o T = he o ™ Aaufdvouue

hior = hyom=(hjom)oy=(hyom) oy
= hyo(moy)=hyo(mon)
= hy=hioidg = hgoidpg = hs.

(iii)=-(i) YmoBérovue 6t n 7 elvon «en deEudv drarypdpiun». Edv 1o B glvow povo-
00vVoLo, TOTE N 7 eival TEOdMAMS emLpELTTLrT. EQv 10 B megLéyel Ttouhayiotov §10
OTOLXEL Y1, Yo UE Y1 F Y2, TOTE 0QICOVUE TIS ALTTELROVIOELS

y, Otavy € Im(m), y, otavy € Im(n),
h = h =
1) { y1, otavy ¢ Im(m), 2(v) Y2, Ot0vy ¢ Im(m).

Hoogavag, hy (m(z)) = m(x) = ha(m(x)) yio #dbe x € X, ondte
hiom=hgom = hy = hs.

Edv vrnoye »dmowo y € BN Im(w), téte Ba {oyve
ha(y) = ha(y) = y1 = yo,

NToL xdTL wov Bal aviéxrelto mEog TV vtdOeon nag. Erouévwg, B = Im(w). |
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3.3.2 Ozagnuo. («KabBolxi Wiétnre nhrodoxtvriov») Eotw I éva 1deddeg
evog daxtvriov R. Téte yia xdbe ououooproué daxtvliov g : R — S yia tov
omoiov toyver I C Ker(g),n

h:R/I — S, a+I+— h(a+1):=g(a), Ya € R,

eivat xadwg 0ptouévy ameixdvion xar amotelel Evay ououoopioud daxtviiov. Av-
706 eivat o uovog ououoepLouds amé tov anlixodaxtilio R/ 1 otov daxtirio S wov
xa6LoTd T0 dLdyoauua

R—2 g

R/I

uetabetind (1jtor ho mf = g). Emmeoobétwg, toyvovy ta axdlovba:
(1) O h eivau povouoogrouos < I = Ker(g).
(i) O h elvat empoppLouds <= o g eivai emULOQPLIOUOS.

ATIOAEIZEH. Kot agydg M h eivol #oA®dg 00Louévn amerdvion, 0ot edv EXovue
a+1=0b+1I,yandmow a,b € R, 10T

a—belC Ker(g) = g(a—0b)=g(a) - g(b) = 0rr = g(a) = g(b).
Emiong, ho 7F = g, naB6t 1oy veL
h(nf(a)) =h(a+1)=g(a), Va€R.

To 6t 1 h glvow ®ow ouoUoEEPLOUOS darTVAIWY ouvayeTal amd TG axdhovbeg Loo-
TNTEG:

h(la+D)+O+1)=h((a+b)+1)=gla+b)
=g(a)+g() =h(a+I)+h(b+1I),
h((a+I)(b+1I))=h(ab+1I)= g(ab)

) ( =
= g(a)g(d) = h(a+I)h(b+1), ¥(a,b) € R x R.

O opopoeLouds A gtvar o uévog opuouooeLouds amd tov R/I otov S mov xabiotd
70 WG Avw ddryoaupo petabetnd. Modyuoty edv h' : R/I — S elvon Toydv ouo-
uoeELopos daxtuhiov ue b’ o 1 = g, 1618 (0VUPVA pe T ovvemaywyy (i)=(iii)
To0 Mjupoartog 3.3.1)

horf =W onf = h="1.
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(1) Yrobétovue 6t o h etvar povouopprouds. "Eotw tuxdv a € Ker(g). Tote

h(a+1)=g(a)=0s=h(0g;)=h(I) = a+I=1=acl.
[h évoupn]

Apa Ker(g) C I. Ku emedn (e§ vobéoemg) I C Ker(g), éxovue Ker(g) = I.
Ko avtiotodgpmg edv vroBéoovue 6t Ker(g) = I, apxel va detEovue (el ™) faoet

g mEoTdoewg 3.1.16) 6t Ker(h) = {O0g/r}. "Eotw howtdv tuxdv a + I € Ker(h).
Tote

gla)=h(a+1)=0s=ac Ker(g)=1=a+1=1=0g,

am’ 6mov €metal oL mdyuatt Ker(h) = {0g/1}.

(i) Eav o h glvou empoo@uouds, 10te #aw 0 g = ho wl elvon empoopiouds (mg ovv-
Beom 800 empopLondv). Ko aviiotodews edv o g = h o 7t givan emuoopronog
®oL s € S, 1o1e VIAYEL ®ATOL0 1 € R, 1€T010 MOTE vaL LoyleL g(r) = s. Aga 10

7l (r) amewovieton péow Tig h 070 s xow 0 h elvon eTUoEPLONOS. O

3.3.3 Ilpdto Oedonua Ioopoggropdv. Eotw f: R — S évag ououoopiouds da-
xtvliov. Tote

R/Ker(f) = Im (f) = f(R).

JvyrexQiuéva, 1 ameovion

h: R/Ker(f) — Im(f) = f(R)
a+ Ker(f) — h(a+ Ker(f)) := f(a),

eivat (0 uovog) 1oopuoepitouds daxtviiov mov xabiatd to didyoauua

rR——L—— m(p)

O

R
TRer(£)

R/Ker(f)

UETABETING, b0V f 0 eMO0PIOUGS 0 emayduevos uéow tov f (PA. 3.1.3 (viii)).

ATNOAEIZEH. Egapudétouvue to Bedonua 3.3.2 yia to 1deddeg I := Ker(f) to0 R nou
Y10 Tov emuoo@Loud g == f. (Ev mpoxeévw, 1 mpoimotedeion ouvOxn autod
100 Bemprjuatog iavomoteitor, Siom Ker( f) = Ker(f).) Méota, 0 oTao%evolo-
UEVOS OUOUOQPLOUOS h elval povouooelouds. Amd tnv dAAn ueoLd, 1 amerdvion
h glvau, ouv To1g GALOLS, oL ETLEELITTLXT, ®aBOoOV Yo ®dBe s € Tm(f) vdoyet

®namow r € Rue s = f(r) = f(r), ondte h(r+ Ker(f)) = s. g
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3.3.4 Hogadeiypara. (i) 'Eotw m € Nxowéotm [ o emuooonds daxtuiinv
[ 2 — Ly, n+—[n],,, Yn€Z.
Tote

Ker(f) = {reZz| f(r)=[0],}={reZ]l, =[0],}
= {reZ|lr=km, keZ}={km|keZ}=mZ,

®al, oVupmvo. ue 1 lo Bedonua wopoopioudv 3.3.3, Z/mZ = Z,,. EEGAlov,
eneldn mZ = —mZ yw »40e m € Z~{0}, éxovue yevindrepa

| ZJMZ = Ly, ¥ € Zn{0}. ‘ (3.7)

(i) "Eotm R o vwodaxtiohog tov Matsy o (R) 0 00lLouevog wg eEfgc:

we{(3 )] wses),

%o €0TW f 1) ETLQOLITTIRY QTTELROVION
a b
fiR— R, ( o ) — a.
a

Tote -6mwg naveic umwopet evnoha vo ehéyEel- 1 f elvor ououooELouds daxTuhiny,
omdTe, duvauel 10U 1ov BewEnuaTog LwopoepLoumy 3.3.3,

R/I >R,

o6mov
I=ker(n={(5 §)| ver}.

(iii) "Eotw R 0 vwodaxtiiiog 100 oduotog Q tov ontdv agtBudv o 0olLoUevos wg
eBric:

R::{%EQ‘ a€Z, beZ~J0} nouw uxd(a,b) =1, bEl(mon)}.

H empoumtinn ametndvion

[0],, Otava = 0(mod?2),

f:R— Zo, %Hf(%) 1:{ [1]27 6tav a = 1(mod 2),

elvan opopopLouds daxtulimv ot (Bdoel 100 Bempnuatog 3.3.3)

R/{%cR| a=0(mod2)} = Z.
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(iv) O empoopLouds donTuhimy

ZIX] 3> X v ag € Z
=0

€YEL S TVENVA TOV TO ®VOLO LOEMIES

{ i aiXi S Z[X]

a0:0}2<x>,

omote

| zX)/(x) =z |

Ent tn Baoer tov (i) now (iii) To0 moplouatog 3.1.11, to0 Beworuatog 2.6.4 ot to0
mopionatog 2.6.5 1o (X) elvar mpdTo, un peyotxd Wemddes tov Z[X].

3.3.5 Oedgnua. (Metagopd opopoQ@LoLoy 08 «EXITEDO TNAMXOOIRTUAIOV>)
Eotw f: R — S évag ououoopiouds daxtvriov. Edv I eivar éva 1deddes o0 R
xat J éva 10ewdes 100 S,10T¢E 01 €E1G OVVONKES EIVAL LOOODVAUES :

(i) Ypiorarar évac xat uévov opuouoopiousés f™ : R/I1 — S/.J o omoiog xabiotd
70 OLdyoauua.

RIT- 5 8/7

UETAOETING, NTOL O «HOAVOVIOTINOG» OUOUOQPLOUOS O ETAYOUEVOS ATTo TOV [ IOV 0Qi-
Cetar amo tov TOmo

fm])».(r_'__[) = f(r) + J, Vr € R.

(if) /(1) C .
EmimpooOétwg, otny mepintwon »xatd v omoia ixavomoiovvral oL avwTéQm OVY-
Onxeg, Loyvovy Ta axdiovba :

(@) O f™ eivau povouooprousds <= I = f~1(J).
(b) O ™ eivar emuoopiouds <= Im(f) +.J = S.
ATOAEIZH. Egaguotouvue to Bedonua 3.3.2 yio Tov ouopoo@ioud 75 o f (ue Tovg

R, I,S/J ot 6éom tov exel mogotebévimv R, I xou S, 0VTLOTOL WS, RO UE TOV 7r§of
ot Béom 100 exel mopateBévtog ououooeLouot f). Znuelmtéov ot

Ker(r5of)={reR|f(r)+J=J}={reR|f(r)eJ}=f"()).
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Eav houtov (I =) Ker(rF) C Ker(r5 o f), w6t f(I) C f(f~1(J)) C J. Kon avu-
oteopwe edv f(I) C J, tote

IC () S f71(J) =Ker(nFo f).

Ao n ovotéom ovvOixrn (ii) Looduvaypel, v mpoxrelwévm, ue T ovvBxn ™) dobeioa
oto Bewpnua 3.3.2. Ev ovveyeio, vroBétovtag 6t txavomotovvton ot (i), (ii), Ba
amodetEovue Tic aupimievpec ovvemaywyéc (a) xol (b) Yo TOV ououoo@Loud ™.

(a) Emedn

Ker(f™ ) ={r+I€R/I|f(r)+J=J}={r+I1€R/I|f(r)e ]}
={r+IecR/I|ref*J)}=F"N/I

o f™ (Méyw Tiig meotdoeng 3.1.16) eival povouopprouds <= I = f~1(J).

(b) Eneldq Im(f™) = {f(r) + J|r € R}, 0 f™ eivar emuoQplopnds edv #au ud-
VOV gQv

(VseS)(FreR: f(r)+J=s+J)& VseS)@reR: f(r)—seJ),

dnhadn edv nan uévov edv Im(f) + J = S. O

3.3.6 logwopa. Eotw 6tio f : R — S eivar évag emuoopiouos daxtvliov xar to
I éva 10eddes 100 R, tétoio wote Ker(f) C I. Tore

| R/T=5/7(1). |

ATIOAEIEH. Agxet va epapuocBet to Bedpnua 3.3.5. Tlgopavag, o rataoreva-
COUEVOC «HOVOVIOTIZOC» OUOMOQPLOUSS f™ elvon empoopLonds. Amd v GAln
UEQLA, ETTELDT|

FH(fD) = Ker(f) + 1 (B 3.2.3 (iv)) B
Ker(f) C I (€€ vmoBéoemc) } =1=["(f)),

o f™ glvau xar LOVOUOQPLOUOC. O

3.3.7 égwopo. Eotw 6ti o f : R — S eivar évag emuoopiouds daxtvriov xar 1o
J éva 10ewdec tov S. Tote

| R/f1())= 5/ |

ATIOAEIZEH. Apxet va epapouooBel to Bedwonua 3.3.5. (Ev mooxewwévm, o noto-
O%EVALOUEVOC «HOVOVIOTIHOC» OUOUOQPLOUOS [ lval LOOUOQPLOUAC.) O
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3.3.8 llogwopa. Eotw 6tto f : R — S eivat évag emyuoopiouds uetabetixdv da-
xTVAiwv ue povadiaia otoryeia. Tote toyvovy ta &g :

(i) Eav 7o p eivat éva medto 10eddes 10V R mov wepiéyel Tov mvenva tov f, téte 10
f(p) elvar éva modto 1deddeg Tov S.

(il) Eav to q eivau éva mpdto 1deddes Tov S, toTe TO f1(q) evau éva medTo 1deddeg
700 R mov mepiéyel tov mvonva tov f.

ATIOAEIZH. (i) Edv to p eivon éva mpdto 10eddes ToU daxtuliov R mov mepLé-
Y€l Tov muenfva 100 f, 10te 0 Tnhxodontohog R/p eivow axegalo meoLoxh xo
R/p = S/f(p) (Moyw 00 Bewpiuatog 2.6.4 xow t00 mogiouatos 3.3.6). Aga rou
0 nirodaxtohog S/ f(p) eivan axepaia megroy (oVugpova ue to (i) Tov moQi-
opatog 3.1.11). Avtd onuaiver 6t 1o f(p) ogelhel va eivor TodTO WOeMOES TOU S
(ex véov Loyw T00 Bempnuatog 2.6.4).

(ii) EGv to g elvon éva mpdto 1deddeg to0 daxtuiiov S, tdte 0 TNAMAOdOXTIMOG
S/q eivan axegaia megoxq xow S/q = R/f~1(q) (Mym 100 Bempiuatog 2.6.4, 100
moptouatog 3.3.7 now 100 (i) g meotdoems 3.1.9). Aga xow 0 TNAxrodarTOMOGC
R/ f~1(q) elvan omepaia wepwoyh (BA. To (i) T00 mopiouatog 3.1.11). Avtd onuaiver
ot to f1(q) opether va givou TEMTO WeMdES TOU dorTudiov R (ex vEou Aoym TOU
Bempnuatog 2.6.4). Emumpoobétme, {05} C q, omote Ker(f) C f1(q). O

3.3.9 IIogiopa. (Oedonua OVTLOTOLYICEWS YLO TEATA LOEDOT).)
Eotw f : R — S évag emuooptouos uetabetixdv daxtvriov ue uovadiaia otot-
xela. Oérovue W = Ker(f) »at Oewgoiue ta modra pdouara

Spec(R) := {p| p modt0 WWeddeg 100 R}, Spec(S) := {q| q modTto 10eddeg T00 S}

twv R xar S (PA. doxnon 2-36). Edv Spec(S) # @, tote n

V(W) :={p € Spec(R) [p2W} — Spec(S)
(3.8)
p —  f(p)

elval auELEQLTTTIXT ATTEIROVION 1] OTTOIO OLATNQEL TNV EYHAELOTINT) OXEON, HTOL

W Cp1 Gpe= f(p1) & f(p2)

ATMOAEIEH. Katd to méowoua 3.3.8, yia #dbe p € V(W) éxouvue f(p) € Spec(S)
naw ywo %G0e q € Spec(S) éxovue f~1(q) € V(W). Enedii p = f~1(f(p)) yia »G0e
pe VW) xawq = f(f1(q)) Yo #60e q € Spec(S) (BA. am6delEn 100 Bempnua-
t0g 3.2.4), 1 (3.8) elvan apgLoouttiny] ametxdvion (rol UdALoTo, EX ROTAOREVNS, O
TEQLOQLONOS () TS a THig oQuoBeloag oo Bedonua 3.2.4 ent tov V(W)). H
daTiioNon g eyrhelotinng oxéoems amodervietal OTws oto Bedonua 3.2.4. [
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3.3.10 Inueioon. Edvo f : R — S évag ouonoo@Londs (OxL ®ot” oveyrny emL-
uooeprouds!) uetabetndv daxtvhinv ue povadiaia otowyeio wan f(1g) = 1g, 10TE

f7"(a) € Spec(R), Vq € Spec(S),

omtdte, vtd TV mEoUTTGOe0N dTL Spec(S) # I, 0 f EMAYEL ULOL «ROVOVLOTIRT» CLTTEL-
2rOVIoN (O¢ eninedo TEDTWY PACUATOV):

Spec(S) 3 q— f~'(q) € Spec(R).

[Modypot n aviiotgogn ewmdva f~1(q) oovdimote q € Spec(S) eivon Eva 1deddeg
o0 R (PA. 3.2.1 (ii)), o enhrodoxtoiiog S/q elvar anegaia meguoyn (BA. Bedonua
2.6.4) nou m epaouoyn Tov lov Bewevjuatog toouoeproumy 3.3.3 yua ™ ovvBeon
75 o f TV OUOUoQEIoUDY

foo ™
R— S % S/q
dtdeL Tov LoopoeLoud
R/Ker(wf of)= Im(wf of)CS/qg.

Enedn) (cOugpova pe to (iii) g mpotdoews 3.1.5) n exdva Im(ﬂqs o f) elvon évag
VOO TUMOG THG oneQOlas TEQLOYTS S/ q nat

]-S/q =lg + q= ﬂ—qs(]'s) = ﬂ-qs(f(lR)) = (ﬂ-qs o f)(]-R) = ]-Im(ﬂ'qsof)

(BM. 3.1.5 (v)), n medtaon 1.2.20 pog wineogoet dtL 1 Im(qu o f) elvaw axegaia
TEQLOY T, OTTOTE %Al O TNALROdaKTOMOS R/ Ker(wag o f) elvou axepaio megLoyn (ovu-
pova ue 1o (i) 100 mogiopatos 3.1.11). Emwgoobétws, emeldn

Ker(w;?Of) = {reRr| Wf(f(r))ZOS/q}
{reR| f(r)+a=a}
= {reR| f(r)eaq}t= "),

o Inhrodaxtohog R/ f~1(q) elvon wo axepato wepLoyy, omdTe £ovue ®at av-
yrnv f71(q) € Spec(R) (BA. Bedonua 2.6.4).

3.3.11 Ooégwopa. Eotw I éva yvijoio 1dewdes evog uetabetizod daxtvriov R ue po-
vadiaio otouyeio. Tote xdbe medT0 10OES TOV THAtodaxTVAiov R/ 1 ivau TG 1oo-
@fic p/1, 6mov p xdmolo (LovooHUAVTWS 0QLOUEVD) TEWTO 10EDOES TOU R TO 0mM0io
meptéyeL to 1.

ATOAEI=ZH. "Emetal dueoa and ta moptopata 3.3.9 now 3.2.5. O
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3.3.12 Il6gwopa. Eotw o6t o f : R — S eivar évag emiuoopionos uetabetixnmy
oaxtvdiowy ue uovaoiaio atoryeia. Tote toyvovy ta e&ng:

(i) Eav to m eivar éva ueyiotixé 10eddeg o0 R mov megiéyel tov mupiva tov f, tote
70 f(m) eivau éva ueyiotino 1deddes tov S.

(il) Eav to w’ eivar éva ueyiotixnd ideddeg tov S, téte o 1 (m') eivau éva peyiotiné
10edd¢eg ToU R mov meptéyel Tov mugnva tov f.

ATIOAEIZH. (i) EGv to m etvon éva peyiotnd 1dedoeg o0 R mov JTEQLEYEL TOV TTL-
ofiva 100 f, 10te 0 mnlrodontilog R/m elvar odua xaw R/m = S/ f(m) (Moyw
TV TogLoudtov 2.6.5 xou 3.3.6). Aga o o mniiwodaxtilog S/ f(m) elvar coua
(BA. 7o (iii) Tov mopiouatog 3.1.11). Avtd onpaiver 6t to f(m) ogpeiler va eivor
ueyLotnd 1emdeg To0 S (ex véou Aoyw tol mopiouatog 2.6.5).

(ii) Edv to m’ elvan évo ueyomnd 1demdeg 100 S, téte 0 mnhrodantoiiog S/m’ elvor
obdpaxon S/m’ = R/ f~1(m’) (Moym Tov mogroudtov 2.6.5 xou 3.3.6, xow 100 (ii) g
notdoews 3.1.9). Aga xow 0 Inhrodaxtohog R/ f~1(m’) eivan odua (BA. To (iii)
100 mopiouatog 3.1.11). Avtd onuaiver 6t to £~ (m') ogeilel va givar peylonxd
1Oemdes 100 R (ex véou Mdyw T00 mopiouatog 2.6.5). Emumpoobétmg, {0s} C w',
omote Ker(f) C f~1(m'). O

Ev ovveyela, magabétovue éva mdéoiopa avarhoyo tov 3.3.9 yia ueytotixd i0edon.

3.3.13 Il6piopa. (OedENUo AVILGTOLYIOEMS YLO. LLEYLOTLIRA LOEDOT).)
Eotw f : R — S évag emiuoopiouds uetabetindy daxtviiov ue uovadiaia otot-
yela. Oétovue W := Ker(f) xat Ocwpotue ta ueyiorind pdouara

m UEYLoTIHO

Max-Spec(F) := {m 1Oemdeg To0 R

} , Max-Spec(S) := {n

n ueylomxo
1demdeg To0 S

twv Rxat S. Eav o S eivar un tetoiuuévog, 10te

{m € Max-Spec(R) jm O W } — Max-Spec(S)
(3.9)
m — f(m)

elval auELEQLTTTIXT] ATTEIROVION 1] OTTOIO OLATNQEL TNV EYHAELOTINT] OXEON, HTOL
WCm Gme = f(m) & f(ma).

ANOAEIEH. Katd to méoioua 3.3.12, n emdva f(m) eivan éva peyrotnd 1demdeg
100 dorTuhiov S Yo #GOe ueylotxd Weddec m 1o R ue m O W naw to f~1(m')
elvar ueylotrd 1emdes 100 R meguéyov tov W yia ndbe peyionxrd 1deddec m’ too
S. Exewdi m = f~1(f(m)) yio #G0e ueyrotnd 1deddeg m 100 R ue m 2 W nou
m = f(f~1(m)) yia xG0e peyrotnd Weddeg m’ 100 S (BA. amwddelEn 100 Oewoi-
uatog 3.2.4), 1 (3.9) elvor auprooLtiny] ametrdvion (xoL WAAMOTa, EX RATOUOXEVTS,
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0 TEQLOPLOUOS THS @ TG opLoBetoag oto Bemonua 3.2.4 eni 100 ouvOAOU TV pe-
YIOTROV 10ewd®Y TV R mov megiéyouvv tov W). H dwotionon tig eyrAeLoTinig
oyéoewg amodevietol OTTmg 0to Bedonua 3.2.4. O

3.3.14 Iqpeioon. ‘Eoto f : R — S évog opopoo@Londs UETOOETIXDV dUXTUALWV
ue wovadiaio otowyeio »at f(1g) = lg. Edv o f dev elvon empoppionde, tote,
o€ avtiBeon pe 6,tL ovuPaivel oty TEQIMTWON BeWENOEMS OVTLOTEOPWYV EUOVWV
1MtV WEMdDV (BA. 3.3.10), n aviiotoopn ewmdvo. evog ueyLotro Wed@dovg Tov
S uéow tov f dev eivar xat avayxrnv ueylotind 10emoeg o0 R. Eni mogadelyuatl,
Bewpmvtag T ouviOn évOeon inz g : Z — Q, magatnovue 6t M ing g elvol povo-
uopLopde, Oev elvon emuoEELonds, ing o(1) = 1, to tetowuuévo Wdemdeg {0} tov Q
etvar ueyotnd (PA. méowopa 2.1.11), ahhé n avtiotoopn emdva ini’}Q({O}) = {0}
to0 {0} elvon o TETOLUUEVO LOEDDES TOV OAXTUAIOV Z TV axeQaimV alOu®V Tov
Oev eivau ueytotiné 10eddes (Ph. 2.5.23 (i)).

3.3.15 oégropa. Eotw I éva yvijoio 10edOes evos uetabetixod daxtviiov R ue po-
vadiaio arowyeio. Tote xdbe ueyiotixd 10eddes 1oV nnlixodaxtvliov R/I eivar tijc
uoo@ric m/ I, 6mwov m xAmOL0 (LOVOOHUAVTWG 0QLOUEVD) UEYIOTIXG 10EDOES TOV R TO
omoio meptéyel To 1.

ATIOAEIZH. ‘Emetan dueca and to wopiouata 3.3.13 now 3.2.5. O

3.3.16 Agvtego Oedonuo Ioopoggropav. Eotw 61t 0 R eivar évag daxtiliog, o S
évag vmodaxtilog tod R xat to I éva idewdes tov R. Tote

(1) to S N I eivau éva 1deddes T0V S,
(i)to S+I:={s+a]| s€S, ac l}evaévasvmodaxtirostod Rue S C S+1,
(iii) 7o I eivau éva 10eddeg Tov S + I xau

(iv) vpioTatar toouoopLouds daxTviivy

S/(SNT)=(S+1)/I.

ATIOAEIZH. (i) Emedn 1o I etvan évo 1demdeg tov R, €xovue
{05} = {OR} csSnIlIcCs.

Eniong, o S N I amotehel mpoobetnt| vrooudda g (apehavic) ouddas (S, +).
"Eotm thpa tuxdv a € SN I. Tlgogavag, a € Sxara € I. Enetda € S vowo S
etvan vrodaxtoMog To0 R, 1oy lel

sa €S, as€ S, Vs € S,

Aoy g ®AeloTOTNTOS THGS TEAEEWS TOU TOALATAAOLOUOU eVTog ToU S. Amd TV
G nepLd, emetdi| to I eivor 1demdeg to0 R,

sa€l, as € I.
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Enopévwg, sa,as € SN T yurdbe s € S nowxrdbe a € SN I. EE avtdv Emeton 6tL
70 S NI glval éva 10emdeg To0 S.

(i) Eav s € S, t6te mpogavag s + 0g € S + I, ool 0g € I. Aga S C S+ 1. Ev
ovveyeia, ag vroBéoovue OTL 1, x2 € S + 1. Ta x1, 9 YoAPOVTIOL WG 1 = S1 + a1
UL To = Sg + G2, YO RATOLA. S1, S2 € S nOW a1, as € I. Emouévog,

T1T2 = S182 + S1G2 + a182 + aiag,
s189 € 5, — x110 €S+ 1,
s1a9 + a189 +ajas € 1

®o

T — T = (31 —52)+(a1 *02),
$1— 89 €8, == a1 —ax2€ S+ 1.
ar —ag €1
Apa teMnmdg t0 S + I elvan évag vtodaxtiiiog o0 Rue S C S+ 1.
(iii) ' Eotw 61t a,b € Twawx = s+c € S+ 1,06movs € Snouwc € I. Tote o
LoyvELopdg etvor alnBng AMoym Thg ouvemaymyng:
a—bel (0ot 1o I elvon dedeg Tov R)

sa € I (6t s € Rnowto I eivan 10eddeg 100 R) » = a—b, za € I.

ca € I (0u0TL 70 I givan vtodontiiog 100 R)
(iv) "Eoto f n amewmdvion

f:S—(S+1D)/I, s—s+1I, Vse&b.

Hoopavag, f = 77 o 4, 6mov 75+ S+ T — (S + I)/I o emuoopLoudg

rAdoewv vorolmwy xan j : S — S+ 1 ovvnOng évBeon s — s (+0g). Katd 1o
lo Bewpnua woopopgopmy 3.3.3, S/Ker(f) = f(5). Oa amodelEovue ev medTOLS
ot Ker(f) = S NI "Eotw howndv tuydv s € Ker(f). Tote

+

f(8)=s+I=0r+]=s€l

—sesSnlI.
se S

Ko avtiotpdépmg edv s € SN I, 10te f(s) = s+ 1 =0+ [ =1 = s € Ker(f).
Apa modyuoan Ker(f) = SN I. Qg ex tovtov, agrel vo amoderybet n wodtnTa:
f(S)=(S+1I)/I (hror b6t f eivon empoirtnd). Eotw tvydvdb+ 1 € (S +1)/1.
Tote b = s + a, yia ndmowa s € S nouw a € 1. Emouévmg,

I>(s+a)—s=a= f(s)=s+I=s+a+I1=b+1,

TEAYUA OV eMPEPALDVEL TNV ETLEOLITTLROTNTA THS f. O
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3.3.17 Oogwopa. Eotw 6t 0 R eivar évag daxtvros xat ta 1,J dvo 10eddn Tov.
Téte vpioTavral LoOUOEPLOUOI :

I/(IND) =T +J)/)]

xaot

I+D)/In)=2((I+)/)x((IT+T)/I) =T/ INT)xI/(INJ)).

ATIOAEIZH. O mo®Tog LoouoQ@Louds eival duecog duvduel o0 20v Bempiuotog
woopoeelou@v 3.3.16. Twa v anddelEn twv dilwv d00 LoouoQELoUmY 0Qilovue
™mv

Fil+d—(T+D)/Dx(I+))]), a— (a+I,a+J),Vael+J.

Eivow gdrohog o éheyyog to0 6t 1 f amotehel ouopouooeloud daxtuiinv. O mu-
ENVag TG LOOVTOL TTQOPAVMG UE

Ker(f) {aeT+J] fla) =0ra/nxarn,n}
{acl+J| (a+Ta+tJ]) =(J)}

= {a€l+J|acl,acJ}=1INJ

Ev ovveyela, Oa detEovue 6tL 1 f elvon empoutiny). ‘Eotw tuydv
(a+Lb+N)e(+N)/DHx(T+)/JT).
To1e ta a, b yodgoviow wg afgotouato
a=u+v, b=w+z,
yia At A u, w € I vou v, z € J. Katd ovvémelay,

f(’l)) = (’U—‘,—I,U—i—J) = (U+IvOI+J+J)7
flw) = (wH+TLw+J)= 0145+ Lw+J),

o’ 6wov ovuseQaivovue Ot
flotw)=f)+flw)=@w+Lw+J)=@u+tv+Lw+z+J)=(a+1b+J),
IMradn 6t m f elvon empopponds ue Ker(f) = I N J. Agxet n epoouoyi 100 lov
Bewofjuatog woouopploudv. Téhog, 0 TITOg -raTd CELRAV- LOOUOQPLOUOS ETTETOL

notoOTLV atevBelag epaouoys To0 20v Bempjuatog toouopplonmv 3.3.16 oe au-
POTEQOVS TOUG TTOLRAYOVTES TOU UETEYOVTOS HAQTEGLAVOD YLVOUEVOU doxTulioy. [
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3.3.18 Hagaderypo. Edv R = Znow I = (m), J = (n), 6mov m,n € Z~{0}, t0te,
haufavovtag v’ oY T 6oo amodeiEaue ota 2.4.13 (i), (ii), oL LOOUOEPLOUOL OL
BeomoBévteg uéow tov mopiouatog 3.3.17 yodgovtat Vo T LoeEy:

(m) / (enat(m,n)) = (und(m,n)) / (n)

%O, AVTLOTOLY WG,

(uud(m,n)) / {enm(m,n)) = ((ued(m,n)) / (m)) x ({wud(m,n)) / (n))
({n) / (exat(m,n))) x ({m) / (ensu(m,n))).

1%

3.3.19 Ogwopos. Eav ta I, J elivor duo 1deddn evog dantuhiov R xaw LoyveL 1) 1o6-
™mta R =1+ J, tote Mpe 6t ta I »al J elval ouumedra.

3.3.20 Oogwopa. Edav ta I, J eivar ovumodta 10eddn evos daxtvriov R, tote

R/(INJ)= (R/I) % (R]J).

3.3.21 Toito Oedonua Ioopoggropdv. Edv o R eivar évas daxtiolios xat ta I,J
yvioia 10ewon o0 Rue I C J, téte éyovue

R/ J = (R/T) [ (J/T).

ATIOAEIZH. "Eotm f 1 amewdvion
f:R— (R/I) /(J/I), ar— (a+ 1)+ (J/I), Va € R.

Emedn) f = 71'?//[1 ork, é6movf : R — (R/I) nou 71'?//[1 :R/I — (R/I) /] (J/I)
0L QUOLROL EMLUOQEPLOUOL, 1 f elval €vog eTLUOQPLONOS SAXRTVALWY. ZVUQOVO UE TO
1o Bedonua toopwoppLou®y 3.3.3,

R/Ker (f) = (R/T) [ (J/T) .

Ouong
Ker(f) = {a€R| f(a) =0/, wm}
= {ac Rl =/} (@) = 0mm) im |

R/I
= {ae R}/ @+ D) =0mm s |

{aeR| a+feKer(w{}//{)}
{a€R|a+Ie(J/)} =1,

o’ 6mov €meTon To Tnrovuevo. |
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3.3.22 Nagdderypa. Edv R = Znow I = (12) = 12Z G J = (3) = 37Z, 10T, emeldn
10 10emOeg 3Z /127 100 dantuhiov Z /127 meQiéyel exeives Tig ®AAOELS VITOAOlTTOV
100 Z /127, 01 exTto60mITOL TWV 0OV 0v®oVV 070 J = 3Z, 1jToL elvar ToANATAG-
ol 100 3, éxovue J/I ={I, 3+ 1, 6 +1, 9+ I} nou

@) ] (J/I) ={k+T+ (/D) | keZ, 0<k<11}.

Enueltmtéov OTL VITAEYOVY TOAATTAES eupavioels uetad oavtdv Twv dMIexa oTOL-
xetwv, naBdét

(k1) — (ks + 1) € J/I == (k1 — ko) + T € J/I
;)’3|]€1—k2

Qg ex toUTOoV, 0 dartOhog (Z/1) /(J/I) ovviotaton amd oxopds TEES Capds
dLonenQUUEVES RAAOELS LOOTLULOLGS:

(Z/1) [ (J/I) ={k+1+ (J/I)| keZ, 0<Fk<2}.
Koatd to 1o »ow to 30 Bedponua ioouoppioudv (BA. 3.3.3 now 3.3.21),

Zy = {[0)y, (U, 205} = 2/32 = (2/1) / (J/T) = {(J/1, 1+ (J/T),2+ (J/])}.

E®PAPMOT'H: AYZEIX YITHMATON
T'PAMMIKOQN IZOTIMIQN

Ztv evomta 3.3 maeTéONoav 0QLOUEVA TEMTH TOQOOEIYUATO EPAQUOYNS TWV
Bewonudtwv toopoopoumv daxtuiiov (BA. 3.3.4, 3.3.18 nar 3.3.22). Ed® Oa ma-
povolaoBet po emLrEOoBeTy, 0QROVVTMS ONUAVTILRY EQPAOUOYT atOuoBewonTinysg
@Uoews OYETILOUEVY UE TOV TTEOGOLOQLOUS TOU OUVOLOU TwV MIcEMY CUOTHUATWV
TETEQAOUEVOU TANBOUG YoOUUKRMV LooTUADV (ne évav dyvwoto). To xniolo Bed-
onua tg mapovoag evotntag eivol to 3.4.10, To emovouatouevo Kivétixo Osdonua®
W) Bedonua tov Nixoudyov 100 T'spoaonvoi 4, yia. 1o omoio divovue pa #afabg «da-
rntuloBewontixi» arnddelEn (av now ot yevirnevot tov 3.4.15 dev mapaheimovue
ROL TNV TOQABEDT] ULOLS TTLO «OTOLYELDAOVS» TEOOPACEWC).

3 Topdw oty fiphioyoapio eivor yvwotd wg Chinese remainder theorem, mBavohoyeiton g ov KivéCow uadnuatixoi
700 30u u.X. awdva, ot omoiol Edwoav uo TarTny uEB0do emAIoEMS EVOS GUOTHUATOS TOLDV YQOUUKMY LOOTLULDYV,
elyav Mafel yvdron 1ot égyov 100 Nixoudyov to0 I'egaonvod, agot 1o ev Adym odotnua megLéyet Tovg (dlovg aptBuoisg
ue exeivovg 100 Nivoudyov! H momdtn ohoxinowuévn amddelEn tot Bewonuatog 3.4.10 opetietan otov L. Euler, evd
wa vedteen amddelEn avaxrahipdnxre (udihov aveEaptitng) and tov C.-F. Gauss megl o étog 1801.

40 quhdoogog xar podMuaTndg Nixduayos o Tepaoqis (amd ta Tégaoa, wo agyonoehhnvind w6An omyv Mo-
hawotivn, 30 uilko votoovatohxd g Aipvng Tifeoddog, Woubetoa and tov M. ArEEavdo) Ba meémel -€E Gomv
yvmeitovue- va éLnoe o€ ndmoto didotnuo uetaEl 100 uécov tot 1ov xat 100 péoov 100 20v w.X. awdva. [égav Tig
YVOOoTig Tov «AgtBuntirig Etooywync» elye ovyyodyet xon tohhd dhha €0ya, ex Tmv omolwv ehdyLota Tuquote die-
odOnoav. Ze éva ouws €€ oavtdv tagotifeton ) Aiom To0 cvoTHuatog TV WoTwdv z = 2(mod 3), z = 3(mod 5)
row z = 2(mod 7). (T va tv mpoodopioete, epaoudote 6 3.4.10!)
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» Dooppuxés wonpieg. "Eotw 6t 0 m elivon Evag puotrds aBude xat o a, b dvo
axépatol aplBuot. Kébe wwotipta tg poogpnc

ax = b(modm), (3.10)

UE TO & TEOOALOQLOTED EVTIOS TOU GUVOLOU TV AREQAULMV aLOLOUMV, ROAE(TAL YQO -
et wonpio (L dyvwoto s Tov x). Aéue 0T évag zg € Z mAnooi (1 emainOever )
v (3.10) 6tav azg = b(mod m). Ev tola0th TEQUITTOOEL, 2t 010007TOTE GAAOG €N~
TEO0WIOG THS ®AACEWS VITOLOITTWV [20],, TOV 2 emainOever v (3.10). ModyuaTy
eav y € [xo),, , T0T€ [y],, = [0],, , am’ 6oL Emetan 6Tl Yy = xo(mod m), owdTe

ay = axg = b(mod m).

Qg ex tovTOU, OOV OoMAOUE YioL e Aven zo € Z g (3.10) natd poédo m, ev-
vooUue OAOxANEN’ TV ®AGOM [T0],, , 67OV 0 T TANEOL TV (3.10). Exiong, Gtav go-
YOLOUOOTE UE CUYREHQLUEVOL TOLQAOELYLOTOL RO CUVOVTOVUE ULoL AVom [z, , TOOTL-
UOUUE VO TOQUOETOVIE TOV Uovadixd exTEOCMTO () THS RAACEWS VITOAOITTOV [2¢],,
0 omoiog aviireL 0to oUvoro {0,1,... ,m — 1}, §T0L VO »OTOPEVYOUUE O avaywyr
T0U o ROTA UOOLO M HOTOHTLY SLOEETEMS TOV dLA TOU M.

Znuelmtéov 6Tl VITAQYXOVV YQUUULKES LOOTLUEES OL omoieg dev déyovtal rauio
oxegaio Ao, 6mwg .. N 2z = 3(mod 4), agpot yio #a0e k € Z o anéparog 2k — 3
elva wepLttog vow emouévog 4 + 2k — 3. H mpdtaom mov axorovBel pog yvmotomolet
TV LXOVT] ®OL ovaryrato ouvexn yua tv 0o En axepatov Aoewv thg (3.10) o,
emLITEO0BETWC, TTEQLYQAPEL T1 LOEPY OA®V TV dUVaTOY AMOoEWV.

3.4.1 goraon. dobévrwv evés m € N xat dvo axepaivv a,b, a # 0, n yoauuixn
tootipia (3.10) dwabéter Aoeis x € Z natd uédto m edv xau puovov eav und (a, m)|b.
Emmooobétwg, 6tav urd (a, m)|b,niootiuio (3.10) drabéter axoifis und(a, m) oa-
QaG Olanenoiuéves AVoels © € Z »xatd uooio m, oL Ooieg eivat THs HoQeHg

r=x0+k
ux

_m
o (a,m)’

omov x ia et Avon tig (3.10).

ke{0,1,...,uxd (a,m) — 1}, (3.11)

ATNOAEIEH. Edv 1 (3.10) déyeton wat Moon = € Z #otd pédio m, tote
ax =bmod m) = m |ax —b= 3k €Z:b=azx —km).
Emouévog,

uxd (a,m) | a

und (a,m) | m } = wxd (a,m) | ax — km (= b).

STV autév Tov A6yo, duo anégaieg Aioeg 1 xat z2 Mg (3.10) hoyilovia wg dagogetinés 6tav £1Zx2(mod m).
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Ko ovtioteépws: edv und(a, m) | b, tote b = und(a, m) b’ yio »dmowov b’ € Z.
Emedn

uxo (—m (o) —WE)(TZ)WO =1= (3/@, ANEZ: /iwé(a m + /\uné = 1) ,

happdvouue

b= Huué(a m) + )\uuﬁ(a m) (lib/) +m ()‘b/) ==a (Hb/) = b(mod m),

omdte N ®hdom woonpiag To0 kb’ ratd uddio m etvan wa Aoon g (3.10).

Ev ovveyglo vmroBétovue ot 10 zo (1, axoipéotega, M #Adom [zo],,) elvar po
orytopévn (eduxn) Avon g (3.10). Tloopavag,

m ak .
a <£)3() + km) = arg + <M) m = b(mod m),

omtdte ov axéponot (3.11) amotehovv mpdyuott Adoels g (3.10). Ouv axéporot av-
Tot glvan avd 800 aviodTuol #aTd udOLo m, ®oBOTL YLoL OLOVCONTOTE OREQOLOUG
aoBuote k, k' € {0,1,..., uxd(a,m) — 1} ue k # k', éyovue

)(”"0 + u%f‘)’r(r:zlfm)) - (”30 + Tbla, m))‘ Ik = K| Etammy <

apo? |k — k'| < uxd(a, m) . Zuvendg,
m{ (”30 + unﬁ?ffm)) - (”30 + Tbla, m))

(3;0 + m) % (mo + #{flm)) (mod m).

Amouével howtdv va amoderyfel 6T now ®aBe dGAAn AMiom y € Z g (3.10) etvon
LoéTLUN ue vamota ex Tov (3.11) xatd pédo m. Emedn

azo = b(mod m)

= axg = ay(mod m) = m | a(y — zp),
ay = b(mod m)

ovumeQaivouue Ot

a

Wé(rZ,m) | wnd(a,m) (y - $o)

_— __m | Y — To
. uxd(a,m)
u%6 (pmé (a,m)” uné(yz’,m)) =1 U

(aueZ:y—xozm)'

Atonp@dvtag tov v 0ud 100 urd(a, m) haupdvouvue éva povoonudvtmg optouévo Lev-
Y05 (q,7) € Z° ue

v=wnd(a,m)qg+r, 0<r<uxd(a,m)—1.
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Qg ex ToVTOV,

m(und(a,m I8 r _ T
Yy—To= (u;ué(a,nit)1+ L= mq + uué(zn,m) = uxé(::m) (mOd m)a
ONOTE Y = To + T 5oy (mod m), Vr € {0,1,..., und(a, m) — 1}. O

3.4.2 Mogwopa. dobévrwy evés m € N xar dvo axepaiov a,b, a # 0, n yoauuixn
tootiuia (3.10) dabérer axoifas uia Avon xy xatd uédio m eav xar uévov edv
uxd (a,m) = 1.

3.4.3 Inueiwon. Otav uxd(a,m) = 1, évag 10605 voroyowov g AMioews
2ratd w6do m draoarifetor uéow THS TEOOPUYNS UOg OToV *haowd evxieideto
alyéotuo (1oL 0TV TEOGdLOELOUS eVig Letyous (zf, i) € Z2 Yo to omoio oy e
axy — mys = 1, opttovtog wg zg 10 xo := bxf). "Evag dAlog 10605 vItoroylouo
™G AMVoEWS xg elval OuvaTOg ROTOTLY EQPAQUOYNG TOV Beworuatos tob Euler mepi
tootyidy. Zoupnva ue avutd, (Aoym g ouvOfung uxd(a, m) = 1) éxovue

a?™ = 1(mod m),

Omov ¢ 1 ovvaETon ¢L to¥ Euler. Qg ex tovtov, apxel vo Béoouvue

zo = a?(M~1p, (3.12)

VO, EPOQUOCOVUE TOV YVIOTO TOTO eVEEceEmS ToU ¢ (m) yia tov doBévta puowd
aQLBud m %ot vo SLEveEQYHoOUUE avarymyn ®aTd uddLo m.

3.4.4 Nogaderypa. Emeldi) und(5,24) = 1, n yoopuuxy wootuio 5z = 3(mod 24)
dabéteL axoBac wia Noom xg xatd uddio m. Todgoviag 24 = 23.3, Suumotdvouue
dueoa om ¢ (24) = (23 — 22)(3 — 1) = 8. Katd tov (3.12), wrwrogodue va. Oécovue
g o := 5" - 3 = 234 375. Emeldn 234 375 = 9765 - 24 + 15, éxovue [xo)y, = [15]24,
ométe 5 - 15 = 3(mod 24).

>

H ebdpeon twv Moswv g yvevirig yoouwxrng tootuiog (3.10) avdyestor -xat
ovotav- otV eldLr1 TEQITTWON OV TeQLypdypaue ota 3.4.2 now 3.4.3, mg oxohov-
Owg:

3.4.5 Ilégwopa. Aobévtwv evoc m € N xou ovo axegaiov a,b, a # 0, ue
uxd (a, m)| b, n yoouuixy tootuia (3.10) dabérer pnd(a, m) Aboeis © € 7Z xatd
uodto m, ot omoies eivau tiis poeens (3.11), émov xy n wovadixy Aon xatd uodio
.uué(n;m) S

(st ) 2 = (atry) (mod (imstmy ))- (3.13)
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ATIOAEIZH. @FT0VT0G @ = s, b = WZW ROL = ot €youpe
und(a, m) = 1, naBdg now TG anOAOVOES OUPLTAEVQES CUVETOY DYES:

ax =b (mod m) <= uxd (a,m)azx = uxd (a, m)b (mod uxd (a, m) m)

< Gz = b (mod m)
= () * = (wotem ) (mod (Gtazy ).

OoTL uxd(a, m) # 0, omdte 1 (3.13) woduvvapet pe v (3.10). O

3.4.6 Ilagaderypa. H yoouwxn wootuio
62 = 3(mod 21)

draBéteL und (6, 21) = 3 Aboelg natd uddio 21 tig oEYNS xo, zo + 7, zo + 14, 6OV
olugpova ue to tooloua 3.4.5 to g elvan ) povadwwn Moom g 2z = 1(mod 7) rotd
u6dwo 7. Epapuotovtag tov tomo (3.12) Bétovue

zo =291 = 25 = 32 = 4(mod 7).
Apa oL Aoelg Thg aywng etvon ot 4, 11, 18 #atd udowo 21.

> Xvotiuote yoopmux@dv wotudv. Eotw & € N, £ > 2. AoBévtov k Quowmmv
aoBuUdV my, ... ,my wou 2k oxepaimv aglbudv ai, ... ,ag, bi,... , bk, VO TOlES
ovvOT e elval TO 0VOTHUO TOV YOULUULXDV LOOTLULDV

arx = by (mod my)

arz = by (mod my)

emAvono; Kat g, tAnoovuévav tav ev Aoym ouvOnrmv, elvat duvatdy va Teoo-
OLopLoBel emaxQLp®g To oVvoro Mioewv awtov; Katd tnv mopeia wov o axorov-
B1covue TEOKELUEVOU VO RATAANEOVUE OF TTATQELS ATTAVTHOELS O€ QUTA TOL EQWTH-
uota (uéow tov Bempnuoatog 3.4.16) Ba xonomwoTotjoovue ®oTdAANAOVS toouoQ-
@LoUovs daxtvdiow.

3.4.7 Afqppo. Eotw R évag daxtiolios ue uovaoiaio atotyeio. Edv n € N, n > 2,
xareavta Iy, Is, ..., I, eivar avd 6vo ovumodta tdewdn tob R, ftot tétola, dote

Li+I,=RVY(j,k)eEN* 1<jk<n, j#k,
T0TE

R=I+ (] I VjeN 1<j<n
1<k<n, k#j
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ATIOAEIZH. Oa ndvouue xoMomn podnuotris exaymyns wg meog tov n. [an = 2
0 LoYVELoUAS etvol TEOopavag aindng. Ymobétovue howmdv OtL elval alnbfg non
yia ®amowov n = [ > 2 rou eEetdlovue v megimtwon émov n = [ + 1. Emedd| o
R givou Saxtohog pe povadiaio otovyeio, éxovue® R = RR. Katd ovvémeiay, yio
nBej e N, 1 <j<Il+1,

R=RR= L+ () L|W+La)<hLi+ () I
1<k<l, k#j 1<k<I+1, k#j

ue T devteEN LoGTHTA LOYVOVOO MY ETAy WYL VTTOOETEMS RO TNV ETOROAOVOT
eyrhelotnt oxéon amopeéovoa amd v mpdtaot 2.4.5 (ii). Emedn ouws to deEi6

uéhog eumeQiéyetal otov R, éxovpe R = I; + N I,. |
1<k<I+1, k)

3.4.8 Ozwonuo. Eotw R évag daxtidiog ue uovadiaio orowyeio. Edvn € N, n > 2,
xaweav ta Iy, Iz, . .., I, elvar avd 0vo ovumedta tdewon tov R, ftot tétota dote

i+ I, =R V(j,k) €N, 1 <j,k<n, j#k,

10TE éYOUVUE

R/ﬂf =~ (R/I) x --- x (R/I,,).

ITPQTH ATIOAEIZH. T m = 2 0 woyvoLtouds eivor alndng ext ) fdoer To0U ToQi-
opatog 3.3.20. Eqv vroteBel dtL n > 3 o 6L owtdg etval aAndng yio n — 1 6povg,
TOTE LECW UAONUATIRG ETTOYWOYTG RO EPAQUOYTS TOU Afuuatog 3.4.7 (Yo j = n)
happdvouue

3.3.20

R/ L=R/(N NL) = (R/”mlfj> X R/I,
] =1 j=1
>~ (R/I) x -+ x (R/I,).

AEYTEPH ATIOAEIZH. Avuti 1 addelEn eivar »aBaomg xataoxevaotixt. Lo vaOe
j€{l,...,n} oplCouue v amevdvion

fiR— (R/I}) % - x (R/I,)

v f(r) = (nf (1), () = (0 4+ Dy 7+ 1)

H f elvow mpogpavdg opopoopiouds daxtviimv xow Ker(f) = ﬂ I;. ©a. delEovue
on m f elvow non emoourtiny). 'Eotwy = (y1,... ,yn) € (R/Il) -+ X (R/1,).

T SoxToMovg Ywois novadiaio xd tétowo dev woyver ev yéve! Eni magodeiyuat, (22) (27) G (22).
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Emeldn nd0e wﬁ elval EmEQOLITTIXY OTTEOVION, VITAQYEL T; € R, TETOL0 MOTE
R _ z 2
T (x;) = yj. Kot 1o Mjupo 3.4.7,

(EU]'EI]‘) ®ol (31}]'6 m Ik):Uj+Uj:1R
1<k<n, k#j
Qg ex toUTOV, v; — 1R € I nowv; € I, Vk € {1,... ,n}~{j}, o’ 6mov émeton 6L

1 +I él(lV k=j
R R k> .77
T ) — 9. [, =

k (vj) Yi k { Ik, otav k 7&]

SZUVETTMG,
f (Zl xjvj> = (ﬂ'ﬁ(zle’l)j), e ﬂri(zlxjvj)) (3.14)
i= i= i=

= (Wﬁ(zl),... 77(}1(1’71)) =Y,

nat 1 f elvan dvtog empoumTiny). Agxet Aowdv va epauoodel to 1o Bedonua Loo-
uoooudv 3.3.3, 00twg MoTE Vo eLoTEAEOVUE EVOV «ATTTO» LOOUOQPLOUO

R/ﬁfj = (R/L) x -+ x (R/1,)
j=1

" (3.15)
r+ ﬂfj — f(r)=(+15,...,r+1,)
j=1
UeToEV TV 000 BewENBEVIMV TNALROOANTUAIWY. O

3.4.9 Ilégwopa. Eotw n évag puotnds aptbuds > 2 xat é0tw
n=p'ps°pt, kEN,

1 %QVOVIRY TAQAOTAON TOV N WG YIVOUEVOV GAPDSG OLAXEXQUUEVWY TTODTWY QQLOUDY
D1y--- Dk, VYOUEVQY O xaTAAARAES Ovvduels vy, . .. vy € N. Tote éxovue

Z) (nZ) = T (B'L) x - x T} (p{*T).

ATIOAEIEH. Edv k = 1, tovto eivon mpopoavés. "Eotm 6n k > 2 now ot [ := p;jZ
vy xdBe j € {1,...,k}. Enedi

wed(py’,pyt) =1,V (5,0) e N*, 1 <Gl <k, j#l,
VTLAQYOVV A, it € Z, TETOLOL DOTE /\p;-'j +up/t = 1. Avtd onuaiver 6T yio ®60e x € Z
é&yovue

T = a:)\p;j +appt € I; + 1.
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Apa
Li+1=27,Y(j,)) eN*, 1 <Gl <k, j#l

Ev ovveyeta, Bo amodetEovue v todtnTo.

k
nZ =1
j=1

"Eotm tvx0v = € (n) = nZ. Téte x = Ap'py> - - - pp* Yo ndmoo A € Z, omdte

k
wel, Vie{l,...,kl =z ()1

j=1
k
Kav avuiotpégog ev « € () I;, 6t & = pyp]' = -+ = ppr" Yo ®amo
j=1
Wiy s g, € Z. ZUVETMG,
p |z, Vjie{l,... k} k
Diy.e- 2Dk :>n:Hp;"$:>m€<n):nZ.
oopMOG SLOUERQLUEVOL j=1
Aoxetl Aoutdv va epagudoovue To Bedonua 3.4.8. |
3.4.10 II6gropa. (Kwvétivo Oedpnuo 1 Oedpnua tov Nizopdyov to0 I'egaonvov)
Eotw k € N, k > 2. Aobévtwv k puoixav agifudv my, ... ,my xat k axeoaiov
aptBuav by, . .. , by, yia Tovs omoiovs toyvel

wed (mjmy) =1, ¥ (j,1) €N?, 1 < j, 1 <, j#L,
70 OVOTNUC TV YOOUUIXDV LOOTIULDY

x = by (mod my)
: (3.16)
x = bg(mod my)
eivau emiAvolo. Maliota, dv to o eivar wia Avon tov (3.16), tote auty eivar novo-
k
ONUAVTOG 0QLOUEVN #aTh WOdW0 m = [ m;. Q¢ ex TovTOV, TO OVVOAO TV AVOEWY

j=1

tov ovotiuaros (3.16) eivar n xAdon vrodoimav’

xo+mZ (€ Z/(mZ)).

TEv mtooxelnévam, umoQotue va tavtifovue ™V o + mZ € Z/ (mZ) ue v #hGon woompuiag [z0],, € Zm uéow
00 toouoepLouov (3.7).
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ATIOAEI=ZH. Edv yia nd0e puowmd apBud n rno ®abe mpdto aolbud p ogicovue wg

| Tov enbét mg ueyiotg duvarig
vp(n) = { duvaueng 100 p TOU SLOLREL TOV 1 € No,

tO1E, oVUPva pe to toégLopa 3.4.9,

7] (mZ) = H Z/(pup(m1)Z) N, H Z/(pup(mk)Z%

p mEAOTOS, plma P TEATOG, plmy

%o ETTELON

mi= [ o™, vie{l,... Kk}

p mEMTOG, plm;
ovumeQaivouue 6t
Z)(mZ) 2 Z/(mZ) X -+ X L] (miZ).

Edv, udirota, Mapel navelg v’ oYy 1o 3.4.9 »now tov (3.15), o tdmog optouod avto
0V LOOUoEPLoONOU elvol Yvwotog, ToL 0

Z)(mZ) > X+ mZr— A+ miZ,... , \+miZ) € Z/(miZ) X --- X Z/(mZ). (3.17)

Idwawtépwg, to (b +maZ,... by + mpZ) € Z/(miZ) X -+ X Z/(miZ) duobétel
€VOL UOVOOUAYTWG 0QLOUEVO QQYETVTTO

xo+mZ € L/mZL = Ly,
(noTd u6dLo m, 6oV xy € Z), uéow tov (3.17), omdte £xovue
xo + ij = b]' + ij, Vj e {1, ey k;},

NtoL k 1odTNTES OV LooduvauoUv ue ™) AVom to0 cvoTiuatog wotydy (3.16) ®otd
uodo m. O

3.4.11 Impeioon. oty edpeon uag Aoewg g 100 cvotiuatog (3.16) axel, yio
%d0¢e deintn j € {1, ..., k}, va mpoodioploBotv

uj € (my), v; € (mj) = ﬂ (my),

1<I<k, l#j
omov

m; = H my,
1<I<k, I#]

TETOL0L DOTE uj + v; = 1, 1| Lo0dVVANWE- (y;, 2j) € Z2, TéTola (HOTE

myy; +mfz; =1, Vj € {1,...,k}.



§3.4 E®APMOIH: AYZEIZ SYSTHMATQN T’PAMMIKON IZOTIMIQN 127

Emeld1} Sumg dev Oa yoerac0oiue ovoLoo TS TO. /5, AOHEL VO TEOTOLOQIOOVUE TV
uovaduxy #oté podwo m; Avon z; € Z g wootuiog

m/jz; = 1(mod my)
paoel twv 6omv mpoavagéoaue ot onueiwon 3.4.3. Edv, exl mopadelyuatt, eo-

yooOoUue ue to Bedpnuo Tov Euler, t6te urwogovue va Oéoovue z; = m;.¢(mj)*1.
And to dedouéva pag (BA. (3.14), (3.15) nou (3.17)) éneton 6TL 1O

k k k
bizim )
To = E jmj. = E bjm;»zj = E bjm3,¢(m]) (3.18)
j=1 j=1

j=1 J

-avnyuévo ratd uodo m- givor wo AMoon tov ovotiuatog wwotdv (3.16), eved
%40 AAAn AMOom tov meoxvmTeL ®aTOTLY aBpoioemg (o€ awtd) evog anepaiov ToA-
Aahaoiov To0 m.

3.4.12 Hoegadaderypa. To oUvolo TV MICEMY TOU CUGTAUATOS YOOUULADY LOOTLULDV

x = 1(mod 3)
x = 2(mod 4)
x = 3(mod 5)
etval 1) ®xAdon vohoimwv 58 + 60Z (€ Z/60Z), diow (ratd tov timo (3.18))
zo = 1-2090) 42.15°% 4+ 3.1290) =1.202+2-15%2+3.12*

= 1-400+2-22543-20736 = 63058 = 58(mod 60).

Toa 6v0 Bewpnuata 3.4.15 o 3.4.16 ov arorovBovv aroTeEAOVV ATTAES YEVIREVOELS
700 3.4.10. Méom autd@v 10 TedfANUa TS EMAVOENMS YQUUULXDY LOOTULDV (UE Evav
GyVwOoTO) AVILUETOTLETOL OE AN YevirdTHTA.

3.4.13 Afppo. Eav my,ms € Nxat by,be € 7Z, t61¢ vAQYEL axépatog aifuos x
ue x = by(mod my) xar x = by(mod ms) edv xat uévov edv und (mq, msa) | by — by.

ATNOAEIEH. Edv x € Z pe x = by (mod my) naw x = by (mod mg) , 10te
m1|x—b1 } u%é(ml,mg)\x—bl
=

}:u%ﬁ(ml,mz)xbl(:ﬂbz).
m2|x7b2

M%é (7)117 mz) ‘ xr — bz
Ko avtiotedpns edv d := uxd(mq, ma) ®oud | ba—by, Y0Gpovtog Tov d g axéQolo
yoouuxd cuvdvaoud

d=kimq+ k’2m2, k‘l, ko € Z,

7]““’2([1’1) , happdvouue

no Bétovtag v =
miv = (d — kamy) (b%bl) = by — by (modmy),

oTtdTE VL0 TOV O%EQOULO QOO = := by + myv Loy VOVY oL LooTIUiES = = by (mod my)
rot & = by + (by — b1) = ba(mod mo). O
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3.4.14 Afqupo. Eotw k € N, k > 2. dobévtwv k gpuotxav aotbuwv my, ... ,my
éxovue

uxd (exm (mq, ... ,mg_1),mg) = exmw (Urd (my, mg), ... ,und (mr_1, mg))

3.4.15 Qedgnpa. Eotw k € N, k > 2. Aobévtwv k puoixav aptudv my, ... ,my
xat k anepaiwv aptBuwv by, . .. , by, To 0VOTHUA TOV YOOUUIXDY LOOTLULDY

z = by (mod my)

: (3.19)
x = bg(mod my)
eivat emidvouo edv xai uévov edv
wrd (mj, ) | b; —bi, V(j,0) €N, 1<l <k, j#L (3.20)

Mdliora, eav to x eivar wa Avon tod (3.19), téTe avTh givar pOVOoNUAVTOG OQL-
ouévn ot uddLo

m = euT (M1, Ma, ..., Mg) .

Q¢ ex ToVTOV, 6TAV 1MAOTTOLOVVTAL 0L oVVBires (3.20), To oVvolo Twv Aboewy ToU
ovotjuarog (3.19) eivar n xAdon vmoloinwv

xo+mZ (€ Z/ (mZ)).

ATIOAEIEH. (i) "Eotm xg elvow wo Aoon 100 (3.19). Tdte yio dbe 5,1 € {1,...,k}
ue j # I éyovue
To = bj (mod mj) m; ‘ To — bj M%6 (mj,ml) | xro — bj
— — = (3.20).
xo = by (mod my) my | zo — b wnd (mj, my) | zo — by
Kou avtiotedgpms: ag vroBécovue tv 1oy twv ouvOnxav (3.20).
Epyalouevol emaywywmdg Ba wotaorevdoovue yio xdbe j € {1,...  k} évav axé-

010 aELOUOS ¥, 0VTWG MOTE VO LOYVOVY OL LOOTLUIES

y; = by (mod my)

yj = bj(mod my)

Kat agydg optfovue wg y1 £vav exmedommo tg xhaoewg vroroirwv [b1],, . Edv
Jj € {1,...,k — 1} now vroBEéoovpe 6L OL AREQOUOL Y1, . . . ,Y; €xOVV 1{ON 0QLOBEL,
HOTOOHEVATOVUE HOTAMNAO anEQOUO Yj 41 WG axoloBwg: Emed]

y; = b (mod my), VIie{l,..., j},
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€yovue
[mu [y — b, VEe{1,... 5} = [Wrd (mu, myq1) | y; — b, VEE{L,... 7}
E& vobéoemg,
wnd (my,mjt1) | by — b1, Vi€ {1,..., 5}
Apa
ud (mu, myt1) | (y; — bi) + (b — bjy1) = y; — bja, VL€ {1,... j}
%O, WG EX TOVTOV,
entt (Wnd (ma, mjt1),. .., uxd (mj, mj11)) [ y; — bjs1.
Egapuélovrog howdv to Aquua 3.4.14 ovumegaivovue 6t
uxd (enrw (ma, ... ,m;) ,mjp1) | y; — bjga.
Katd ovvémerav, faoel tov Mjuuatog 3.4.13 vrdoyel €vog yj+1 € Z, TETol0g MOTE
Yi+1 =y; (mod exmw(ma, ... ,my)) g1 = bjs1 (mod mjyq),
omote
[my | exst (ma,..,m;), Yl € {1,..,5}] = yj+1 = y; = by (mod my) ,Vl € {1,..,5}.

(ii) "Eoto tdoa m := exw(my, ma, ..., my) ®oL E0TO xo 0 (LOVOIKOS) EXTOOOMITOS
g ®Adoewg VITOAOITTOV [yi],, ue0 < zo < m. Edv o x elvon évag anéooiog apbudg,
0 omotog whnot tg k wotutes (3.19), tote €rovue

[z = b = o (mod my),¥0 € {1,... ,k}],
omnote
[me|zo—x, Ve {l,... k}] = m|xy— 2= x9— 2 € MZ.

Ko ovtiotodgmgs edv x € Z now x = g (mod m) , 1dTe €(ovpe TEOQPAVAS Yo HAOE

Ce{l,... k}:z=by = xo(mod my). O
3.4.16 Oedgnpa. Eotw k € N, k > 2. Aobévtwv k puoixav aptudv my, ... ,my
xat 2k axepaiwv apibuv aq, . .. ,ag, by, ... ,bg, T0o CVOTHUA TOV YOOUUIXDY LGOTL-
ULy

a1z = by (mod my)
(3.21)

arx = by, (mod my,)
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Oev eival emAV oo edv Ogv 1xavoToL0DVTAL TAVTOYEOVWS OL CVVOXES
mcé (aj,mj) ‘ bj, VJ S {1, ,k} (322)

Ao v dAAn ueoid, 6tav ot ovvbnxes (3.22) ixavomotovvrat, 1o 0Vvolo twv Avoewy
70V ovotiuatos (3.21) tavtiCetar ue 10 ovvolo twv AVoewy 10V CVOTHUATOS TWV
YOOUUIHDY LOOTLULDY

x = ¢1 (mod my)

(3.23)
z = ¢ (mod m})
omov
o= ()" g
®au
ati=m——pr = __ b m; = U,

P wd (ag,my)T T wmd (ag,my)” T wed (ag,my)
yia xdbe j € {1, ..., k} xat ¢ 5 ovvdotyon tod Euler.

ATIOAEIEH. [ va vrtdoyouv »owvég AMioels 100 ovotiuatog (3.21) Bo moémel Ttov-
Aayrotov rabeuld Twv LooTLULMY Tov vo. givor o’ eavtig emthioun. Tovto on-
uatver (emt ™ Paoel g meotdoewg 3.4.1) 6t und(aj, m;) | b; v #dbe deintn
Jj €{1,....,k}. And v dAAn ueoLd, edv oL ouvOfres (3.22) travomolovvTaL, epaguo-
Covue 10 mooLopa 3.4.5 yio vABe uia ex TOV 0QY LXMDY LOOTLUMY ROl CUUTEQAIVOUUE
6t 1o (3.21) Wooduvaypel ue to cvoTHUO

ajz = by (mod my)
(3.24)

ajz = by (mod mj)

Enewdn uxd(a},m}) = 1, n yooumi wootuio ajz = b% (mod m7}) duabéte pova-
dunr Moom »otd uodio m3, fror my z = ¢j(mod m7) (Br. 3.4.3), ondte t0 GVVOAO
TOV AMOGEMV TOU CUOTHUATOS TOV YOUUUKOV LooTLudV (3.24) tavtiCeton ue 1o ov-
VOAO TV Mioewv 10U cvotiuatog (3.23). O

3.4.17 Hogotienon. IToogavmg, To mESHPAnua Tg evpéoems ToU GuvOLlov TV AU-
oemv 100 (3.21) avdyetar 0to mEOPANU THS EVEEcEMS TOU CUVOLOU TV AMICEMV
to0 (3.23), froL evig ovotiuatog tov Tomov (3.19), omtdte avtipetwmiCetar fdoel
Twv 60wV eléxOnoav oto Bemonua 3.4.15.
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3.4.18 Iogaderypa. Ag Bempnoovue 10 andAovB0o GVOTNUM TOLDV YOUUULRDYV LOO-
TLLOV:

2z = 4 (mod 8)
6z = 12 (mod 9)
x = 14 (mod 12)

Emedn uxd(2,8) = 2 | 4, und(6,9) = 3 | 12 wouw und(1,12) = 1 | 14, avtd elvan
L000UVVaUO UE TO

x =2 (mod 4)
22 = 4 (mod 3)
x = 14 (mod 12)

H 06ge0teon wootuio éxel mg Avom g v #Adom vrohointwv 2 + 3Z (€ Z/37),
d16m 29631 . 4 = 8 = 2(mod 3) . Q¢ ex TovTOV, PAoEL TOU Bewoijuatog 3.4.16 T0
avoOTEQM CVOTNUO ECVOL LOOSVVOUO UE TO

x =2 (mod 4)
x = 2 (mod 3) ,
x = 14 (mod 12)

70 omoio OuaBétel povadunn Avon xotd uddo enm(4, 3, 12) = 12, oot
urd (4,3) =14 -3, und(12,3) =3 |14 -2, uxd(12,4) =4|14—2

(BA. Bedonua 3.4.15). Emedn €éxovue uxd(4,3) = 1, n povadwmn Aoon zg (ratd
u6dLo 4 - 3 = 12) tmv 800 TEMOTWV LoOTYLOV TEoodLopitetan uéow Tl BewEHUOTOG
3.4.10. Mpdyuoty ®otd tov Tomo (3.18),

zo =23 £ 2.4%3) = 50 = 2 (mod 12),

Aoom, n omota emainBever (vat’ avayrnv!) xar v TOlTY €% TOV AVOTEQW LOOTL-
wov (PA. Bedpnua 3.4.15).

3.5] XQMA KAAXMATQN AKEPATAX ITEPIOXHX

To odpata, axd tov (8o Toug Tov 0pLoud, xoigouvv Alav gvdectmy LOLOTHTWY,
o, el mapadeiyuarty, elvor 1 VTaEEN avIloTEOPOL Yo #GOE un undevird oToL-
¥€lo TOvg. AVTIrEIUEVO THG TAQOVOOS EVOTNTOS ELvaL M ArtdOEEN TOU OTL %dbe one-
oala mwepLoxn umopel va eugputevdet xatd Teomo puoixd o €vo. odua. Avty emL-
TUYYXAVETOL UECM THG YEVIXEVOEMS THS YVWOTHS UEDOOOV RATAOREVNS TOV ONTOV
00LBUMV 0T TOUG AREQALOVC.
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3.5.1 Ogwopds. "Eotw R tuyotoa axepaia meguoyh. Eni 100 R x (R~{0gr}) opl-
Covue pat duuehi) ox€om “~” mg anorovBmg:

(a,b) ~ (¢,d) < ad = bc.

000

3.5.2 Mporaon. H “~” amotelei pa oyéon ioodvvauiog.
ATIOAEIZH. H “~” givow avaxiaotixs, S0t
ab =ba = (a,b) ~ (a,b), V(a,b) € R x (R~{0r}),
ovuueTorxn, Aot Yo owodnote Cevyn (a, b), (¢, d) € R x (R~{0gr}) éxovue
(a,b) ~ (¢,d) = ad =bc = ¢b=da = (¢,d) ~ (a,b),
now, TENOG, uetafatind, agov yio oladmote (a,b), (a', V'), (a”,b") € R x (R~{0r})
ue
(a:b) ~ (a, V) nou (@', H) ~ (a",1")
éyovue ab’ = ba’ raw @'t = b'a”, ondte
ab//b/ — ablb/l — ba/b// — bb/al/ — ba//b/
%O, G EX TOVTOV,
(ab” — ba" )b/ =0g
V' #0r
(Ue TV TEWOTN EX TWV AVOTEQW CUVETOYWYMV OPELLOUEVT 0TO OTL 0 dantOAog R
elvan axepala meoLoyy). O

} = ab”’ = ba" = (a,b) ~ (a”,b")

3.5.3 Ogwopés. ‘Eoto R tuyxotoa axregoaia meoLoxy. Qg

| Fr(R) := (R x (R~{0r})) / ~|

ovuforiCovue to ovvolo xAdoewv Wwoduvauiog wg meog TV “~”. To xhdopa evog
a € R «dmonuévou» did evog b € R~{0gr} elvar n ®haon wooduvapiog

a
7 = @ 0)] = {(z,y) € Rx (B~{0r}) | (z,y) ~ (a,0)}.
To Fr(R) emdéyetar mpdobeon xow moAlamhaolaoud:
a n c . ad+cb
b d bd ’
@ . a
b d ~  bd
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3.5.4 Tlgoraon. Or ev Aoyw modé&eis eivar xalas opLouéve.

ATOAEIEH. Edv yia xdmowa Cetvyn (a, b) , (a’,b') wou (¢, d) , (¢/,d’) € R x (R~{0gr})
éxovpe [(a,b)] = [(a',0)] xau [(¢,d)] = [(¢, d)], TOTe

a/ Cl a/ /
= 1+ nau

Le a c
d b d b d UV d°

S e

ITodyuaty emeldy| €€ vroHéoemg

(a,b) ~ (a',b) N ab = ba N ab'dd’ = ba'dd’
cd =dd cd'bb) =dcvy |’

(rotomy mpooBéoems natd uéln) Emetan OtL
ab'dd’ + cd'bb’ = ba'dd’ + dc'bY = (ad + cb) b'd’ = (a'd' + V') bd,
ftoL 6T

ad+cb _ o' d' +'b a c _ a_’ c_’

d — vd b Tad—wv T
EEaMhov, molhamhaoioouds xotd uéhn udg odnyet oty 1odtto ab’cd’ = ba'dc/,
o’ 6mov happdvovue

’

(ac) (V'd') = (bd) (ad) —> 45 = e

, ’ /
nwovy - <=4-5. ]

alo

3.5.5 Oeagnpo. To ovvolo Fr(R) twv xlacudtwv wag axeoaias weoioyis R aro-
TeAEl Eva ODUa WG TEOS TIG WG Avw 0pLoBeioes Ted&els TEOOOEoEws xau moAamAa-
otaauod. (I’ avtév tov Adyo to Fr(R) ovoudietar odua »Aagudrov tig axeoaiog
mepLoxns R.)

ATIOAEI=H. (i) H “4-” elvow moooetatpiotixnn xat uetabetixns, 1Ot

(+5)+5 = 2y - adlihprad

_ %ff%d)b:%+%:%+(ﬁ+?>

a c _ adtchb _ cbtad _ ¢ a 4 4 a ¢ e
naw g + ¢ = 4507 = St = ¢+ § Yo owdmote xhdopota ¢, 4, 7 € Fr(R).

(i) To undevixé aroryeio (= ovdETeEOD OTOLYXEID WS TTEOS TNV “+7) 100 Fr(R) eivan
©0° Opy(r) = 1, B16TL YL ®GBe whdopa ¢ € Fr(R) éxovue

a4 Op — (@lp)+(0O0r) _ o _ brb)+(ra) _ O 4 a
b T 1 bin b Trb g T b

SZnMSL(DTéDV Ouyia xabe b € R~{0Rr} éyovue Qéi = %%_
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(iii) Kabe xhdoua ¢ € Fr(R) éxe 1o #haoua =% wg avtifetd Tov wg meog Ty “+7,
®aBoTL

44 o= et ferCOl _ otCe) _ 0s = 22 = Ope(r)
et
S8 o= (Coiteb  (Cojtalh _ (calte _ Op 92 = Ope(r)-

(iv) H «-” elvan mpooetaiototint) xau petabetixs, S0t

(g.g).g:(@).g:(ac)eza(ce):g (2>:g.(§.
b d/ f b f (bd) f b(df) df d
woL g - G =99 = 9 = 5 7 Y owdrjmote xAdouato ¢, 7€ Fr(R).

(v) H «.” gtvan 1600V 85 apLaTeE@y 000V now x 0e&1dVv emueQLoTIXG (S TEOG TNV

“+7. Emeldn n “” elvon uetabetint), aorel wpog to0To va eheyy el n emueQotind-
. . . . 0@ ¢ e .

o uovov ex deElv. Io owadfmote xhdouata ¢, 5, 7€ Fr(R) éyovue

(g + E) e _ (adJrcb) e _ (ad+cb)e _ adedcbe __ ade cbe

b " d)TF — bd i ®d)f  — ~ bdf _bdf+bdf

= Hrs=(25)+(54)
(vi) To 1py(r) := lR elvow wovadiaio otoryeio® (= ovdéTeQo oTOLYEIO S TEOE TNV
“”) 100 Fr(R), 6L01:L Yo xGBe vhdouo ¢ € Fr(R) woyxdouvv oL lodtnTeg

lgp _alrp _a _ lga _ 1lgp  a

-1 =2 = 1 =1 .a
Fr(R) = TR b1r b TR TR D Fr(R) " %

(vii) Ex tov (i)-(Vi) ovvayetar 6t m tordda (Fr(R), +, -) etvan évag petabetindg da-
®TOMOG ue novadiaio atoryeto. Emouévwg, yio va amodetEovue, emmpoodétmg, ot
autdg 0 donTOMOG elval ®ow odua, apnel vo amodeiEovue 6T OLoéfmors nhaouo
2 € Fr(R)~{0py(r) } elvon avriotoéyo. Emeldn amd m ouvbiun ¢ # 7 J’s 7TEONV-
TTEL OTL

a=a-1p #0r b=0r = L € Fr(R),

EX TV LOOTHTWV

a. b _ab _ab_ 1 _ —ba_ba _Db. a
b —ba—ab—1R—1F‘r(R)—ba—ab—ab
. 2 b .- . .
OVUTTEQAIVOUNE OTL TO 2 EIVOL TO aVTIOTEOPO TOU 7. O

3.5.6 ogadeiynata. (i) [Hoogavaog, Fr(Z) = Q.

(i) Eév 1o K elvan éva odua, to

| K(X) := Fr(K[X)) |

I Snuetwtéov 6T yia xdbe ¢ € R~ {Or} &ovue £=1gr(r)-
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HOAELTOL COUA TOV QNTAV CUVUQTIOEMV 1| TOV ONTOV EXPQACEWV WOS OITQO0-
drogiorov X vrepave tov K. Kat’ avaloyiav, to

‘ K (X1, Xp) = Fr(K [Xq,..., X)) |

€(VOL TO OONE TOV ENTAV CUVAQTHOEWV 7 ATEOCOLOPLOTOV X1, .., X,, VTEQEVEO TOD
K.

(iii) Evtog tic axepaiag meproxhs C[Z] tov enitummv duvapooslomv wog uyadi-
%1g artpoodiogiotov Z (toL wag arpoodiopiotov Z vrepdvm to0 C) ogiCeton M
VITOTEQLOY N

i=0 =0

C{z} = {iaizi e C[Z]

o0
Z a;z" ouyrhivovoo yio xGBe z € C } .

Q¢ yvwotov!?, C{Z} = O(C), 6mov

‘ O(C) := {ovvagtihoes f : C — C|f ohéuooen } |

1 OXEQAIO TTEQLOYN TV AEYOUEVOIV OXEQAIOV CUVEQTAOEWV LA ULYOOLXAC UETOL-
PAnTic. To omdua ®Aaoudtmy g

| M(C) = Fr(0(C)) |

roAeltol odpa Twv pegopdepov ovvagtioeny ent tov C (%o ta otolyelo Tov pe-
oopnog@es ovvagtioels eni ToU C, Tig omoleg ouvavtoiue ovyvd oto uddnua Tg
Muyaduic Avarioemg).

(iv) "Eotw R wa axepalo weproxy. Tote

| Fr(R[X]) = Fr(R)(X) (:= Fr(Fr(R)[X))), |

oo éyovue o’ evog uev

ao+ a1 X+ -+ a, X"
bo +b1X+ - 4 by X

Fr(r ) = {

m,n € Ng,ag,... ,an,b0,... ,b;m € R
ue b; # Or ya vamowov j € {0,... ,m} [’

o’ eTépov dg

Fr(R)(X)

ro+7] Xty X
S0 FsIXF T X

m,n € No,70,... ,Tn,80,.-. ,5m € Fr(R)
ue s; # Ope(r) Y10 #Gmowov j € {0,... ,m}
ri =5t s =gk
dmov (qu',, bz), (Cj7dj) € R x (R\{OR}) X
v(i,5) € {0,... ,n} x {0,... ,m}

e

= Fr(R[X)),

K68 ol6uoopn ovvagrnon f : C — C (1oL %GB ovvigmon f : C — C drabétovoa wyadu Tagdymyo oe
%G0e onueio 100 C) eivon magaotdowun wg ovyxiivovoa ovvauooelod.
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ue TNV TeEAevTOia LOHTNTO TTQORVITTOVOO VOTEQO ATTO ALTTAAOLPY] TTOLQOVOUALTTMV.
(v) E&v 10 K givou évo adua, TOTE TO GOUA TOV RAACUATOV THG AREQOLOS TEQLOYNG
K[X] tov enitunmv duvauooelpdv wag amoodiogiotov X pue ovvteheatés ethnu-
uévoug amd to K ovuPoriletal ouvioums mg axohotbmg:

| K(X) = Fr(K[X]). |

Znuetwtéov Ot

| K(X) = Laurg [X*] |

(BA. donnon 1-52). Ipdyuott yuo Tuxdv otoLyeto
2 i aiX’
Zfio b X!
mapatneovue ta e€fg: EGv by # Ok, t6te .o b; X! € K[X]* (Bh. 1.3.9 (iii)) non

%@OOZZXZ (Z x1> (Zb%’) € K[X].

Edv by = O, 1618 | := ord(} o, b;X") > 1 (BA. 1.3.4), ondte

€ K(X)

o0 .
bo=---=b_1 =0k, b #0xg = > X € K[X]*
i=l
nolL
-1

Z aiXi Z aiXi Z (J,Z‘Xi Z aiXi (Z biXi_l>
i=0 =0 i=0 =0 i=l

=) =S ) - l

1=0 =l =l

Koatd ovvémeiay,

k() = { =

c; € K, Vi € Ny, ZGN}

I—
= {chle‘f’Zclel

=0 i=l
= Laurg[X*!'].

c; € K, Vi € Ny, leN}

3.5.7 Mporaon. Kdabe axepaio meoioyn upuTedeTal 070 OOUA TWV YAATUATOV THG.
ATIOAEIZH. "Eotm R tvyovoa axegoaio megroyy. Tote o opouoppronds
j:R—Fr(R), a— ja):= %, (3.25)

glvou évag povouoepuopds, St éxerto {a € R| 1+ = %%} = {0} wg N va Tov
(B\. modtoom 3.1.16). O
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3.5.8 Igétaon. (“Kaborxf wiétnra” 100 Fr(R).) Eotw R wa axepaia me-
otoyn. Toéte yia xabe povouoopioud f : R — K, omov K éva ooua, vpiotatal
évag xau uovov uovouoepiouds ooudtav 1 : Fr(R) — K o omoiog xabiotd to
oLayoauuc,

uetabetiné (Hrot f =no j), 6mov j o uovouooprouos (3.25).
ATNOAEIEH. OpiCovue v 7 : Fr(R) — K péow to0 T0mov
n(§):=f(a)f(0)", V§ € Fr(R).
H 7 elvan xaddg ootouévn amerndvion, SOt yia. 7, ‘;—f cFr(R)ue § = ‘;—,/ gxovue
ab’ = ba' = f(a)f(V') = f(ab') = f(ba') = f(b)f(d),

omote

1

F0), F(V) € Fr(R)* = (%) = f(a) f(0) " = f(a) f (V)" = (%)

a

H 7 elvou ououooprouds, »abot yio oodijmote ¢, 5 € Fr(R) €yovue
n(§+§) = n(55®) = f(ad+cb) f (bd)

= (f@)f(@d) + f()f () F(b)f(d)~!
= f@f®)~" + () fd) =n(g) +n(3)

2ol
(g8 = (59 = fac) f (bd)™
= (f@f®)™") (f() f@)7)
= n(3n(g)-
H 7 elvou evourtixg, Sidm edv ¢, 5 € Fr(R) uen(g) = n(5), 10te

ntoL

d) = f(b — d=cb— % = <.
f(ad) = J(be) [févenwn]a ¢ b d
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o’ 6mov €metan OTL M 7 elvon TEAYUOTL Evog Uovouoo@iouods. Tlpopavag,

(no3) (a) =n(j(a)) =n(%) = fa)f(1r)"" = f(a) - 1k = f(a)

vy ®40e @ € R, omdte f = n o j. Téhog, edv vmotebel OTL VPIOTATOL HATOLOG
uovouoeiouds 7' : Fr(R) — K yio tov omoio woyveL  wootnta f = 1’ o j, 101e
yio nd0e ¢ € Fr(R) éxovue

7(3) = 7'(5(a)id™") =1'(j(ad™")) = (1 o j)(ad™)
flab™) = f(a)f(b)~" =n($),
ot Owov Emetan oty = 7). O

3.5.9 Ilégwopa. Edv n R eivau pia axepaio mepioxn megieyouevn o€ éva ovua K,
TOTE TO

R:={ab”"|(a,b) € R x (R~N{OR})} C K

eivat to gddyioto vroéowua tov K (wg moog 1 oyéon 1ot eyxdeiouod ) to omoio
meotéyer v R xar R = Fr(R).

ATIOAEIEH. ‘Eotw ¢ : R — K 1 ouviidng évBeomn. Emeldn m ¢ elvan povopoopioude,
N medTaom 3.5.8 pag mAneoopel 6TL vepioTatal Evag ®aL WOVOV LOVOUOQPLOUAS
cwudtwv 7 : Fr(R) — K pe 1 = n o j, 6mov j o povouoeetouds (3.25). T ndbe
(a,b) € R x (R~{0gr}) éxovue

(%) =1(j(@)j®™1) =n(i(ad™)) = (noj)(ab™") = e(ab™") = ab™",

onéte R = Im(n) = Fr(R). Emouévag, to R eivou ag’ savtot oduo (BA. 3.1.11 (iii))
ue R C R.’Eotm tdpa Tux6v vréowua L 100 K meoléyxov v oxegaio meooxq R.
To L megiéxer to b~ yuo #G0e b € R~{0g}. Katd ovvémewav, 1o L megiéyel oha
0. oTouyeto Ts noiig ab~t, 6mov (a,b) € R x (R~{0g}). Avtd onuaiver 6Tt
RCLCR=~=Fr(R). O

3.5.10 Magdderypa. H oxeoaio meproxq Z[v/2] meoiéxetal (€€ 0oopot) 6To ohuc
Q(v/2) (BA. Gonnon 1-44). Enouévac,

Z[V2| C Z[V2] = Fr(Z[V2]) C Q(V2).

Am6 ™V G neold, x6e otouyelo 100 Q(v/2)
r,s € Q. I'pdpovtog ta r, s mg ¥hdouato r =
(a,b), (¢c,d) € Z x (Z~{0}), magaTnoovue OTL

r4sV2 =%+ £V2 = o2 e Fr(2[v2)) = Q(v2) C Fr(Z[V3).
Ex tov avotéom émeton 6n Fr(Z[v/2]) = Q(v2).

Vo mg woepg r + sv/2, 6mov

o
2,5 = <, Yo natdAAnho Cevyn
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3.5.11 Iogwopa. la xdbe odua K vpiotarar toouoppioués K =2 Fr(K).

ATIOAEIEH. "Emeton dueco votego amd epoouoym to0 mopiouatog 3.5.9 oty &t-
dunn mepimTmwon xotd ™V omoia R = K (rafécov K = K). O
3.5.12 Ilgotaon. Eotw f : Ri — Ry évag ououoo@pLlouos axepaiwv mwepLoymy.

Téte n ameindévion

Fr(f) : Fr(R1) — Fr(Rs), Fr(f)(2) := L4V (a,b) € Ry x (Ri~{0r, }),

1 emayouévn uéow tov f eivai ououoepLouds cwudtwy. Emmrooobétwgs, toyvovy ta
egijs :

(1) Edv o f eivar uovouoopioudg, tote xat o Fr(f) eivar povouooprouds.

(ii) Eav o f eivou emuoppionds, tote xat o Fr(f) eivar emuoopiouds.

(iii) Edv o f eivar toouoo@iouds, téte xat o Fr(f) eivar icopogpiouds, omnore
R =2 Ry = FI‘(R1) FI‘(RQ)

ATIOAEIZEH. H Fr( f) elvaw ououooprouds coudtmv, Sty ¢, 5 € Fr(R;) éxovue

ee) L adichy _ fladtet) _ flad)tf(ch) _ f@f(d)+F(Of()
Fe(NG+3) = B = Toa = Sror@ = 7007
0 _

= L8+ LS = Fr(f)(§) + Fr(£)(9)

2O
a.c)y = ey — flae) _ fla)f(c)
= LGRS =G
Edv elvau evourtiny, tote xaw 1 amewdvion Fr(f) eivor evoumtxy, dtotL edv
% S € Fr(Ry) ue Fr(f)(%) = Fr(5), t6te ﬂ f(a%, o’ 4mov émeton Ot

F@f(d) = f(e)f(0) = flad) = f(ch) = ad=ch=>2=5.

[f evouttind]

(i) Eav n f eivou emppumnry, 1ote now ) Fr(f) elvon empoumtiny, ot yior ®abe
S € Fr(Ry) vrdyel Cevyog (a,b) € Ry x (R1~{0r,}), T€T010 GOTE va. LOYVEL

[f(a)=c, f(b)=d = Fr(f)(§) = i,

frov Fr(f)(§) = 5. To (iii) elvouw dueon ovvémera twv (i) #ou (ii). O
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3.6] IIPQTA TQMATA

"Eoto L éva vtoomuo 100 odpatog Q tov ontdv agbudyv. Emxeldn vrdoyer nd-
vToTE ®4mowo a € L~{0}, n -€€ ogiouo?v eyyuvnBeica- vmapEn 100 (tollamhaoio-
0Tx00) avTLOTEOQOL Tov a ! el g emandhovbo To 6T

ata=1; =1g € L.

Qg en ToUTOV, Yo ®G0E anépono n € Z woyvern =n-1p =n-1g € L, ondte £xovue
1At avayrnv Ty eyriewotnn oxéon Z C L C Q. ‘Ouwg, ovugpovo. ue 10 t0oLouo
3.5.9, 70 Q = Fr (Z) eivaw 10 L 10T0 0DU0 (G TEOG TN 0XE0N TOU £YRAELOUODV) TO
0TToi0 TEQLEXEL TNV axeQAia TeQLOYY| Z. Aga telnids L = Q. H wdidtnta avty 100
Q 10 2001074 T0 TAEOV TUTILKG TOQADELYUO TV AEYOUEVOV «TTOMTOV COUATMV».

3.6.1 Ogwopos. ‘Eva odpa K noheitol mg@dto odpe Otoy dev meQLEYEL RaVEVOL YV -
Ol0 VITOCMUQL.

3.6.2 Iagaderypa. ITépav to0 Q, éva GAAO TEMTO oMU elval 10 Z,, 6TV p TEM-
tog apbuds. Ipdyuaty edv 1o L etvau évo vrdéompa 100 Zy,, t1ote 1 (TpoobeTixn)
vrooudda (L, +) tg ouddog (Z,, +) elvor memepaouévn ue taEn g évav duou-
oétn 100 p (AOym 10U Bempnuatog tov Lagrange). Emetd Aowmdv o p elvon mpadtog,
|L| = 11 |L| = p. H mpdyty mepimtmon amoxheietan, »abot 10 L -og odua- ExEL
T4EN |L| > 2. Enouévwg, |L| = p, ondte vov’ avaywny L = Z,,.

3.6.3 Oevgnua. Kdabe ooua K mepiéyel éva xai uévov modto vréowua.
ATIOAEIZH. To oduo
Ky := ﬂ{S | S vaéowua tov K} C K

givan éva mpmto vtdéomua 100 K. ITpdyuatr edv to L gtvor éva vrdomua 100 K,
tote 10 L glvar now vrdéomuo 100 K, ondte Ky C L, arx’ dmov ovurepaivovue Ot
L = Ky. Ynoheimeton 1 awddelEn g novadwmodmtog 1ot Ky. Ymotbeuévig tg
VIGEEemg evog dAlov mEdTOV VToomuatog K| 100 odpatog K, 1o Koy N K| elvon
vadowpa 100 K now Ko N K| C Ky, Ko N K| C K{. Enouévag, Ko N K| = Ky nou
Ky N K = K|, modyna mwov onpoaivel on Ky = K. O

3.6.4 Oeadgnuoa. (i) Kabe modto odua yaoaxtnoiotixis undév eivar 1Loouoopo ue
70 owua Q twv onTav aglbuwy.

(ii) KdBe mowto odua yooaxtnolotixys p (6mov p modtos agtbuos) eival iIo6uoQpo
ue 10 odua L, Twv xAACEY LOOTIUIOV 20T UOOLO P.

ATIOAEIZH. "Eotw L éva mpdto odpo. OgiCovue TV ametkovion

f:Z— 1L, f(n):=n-1g, VneZ.



§3.6 IIPQTA SQMATA 141

Emewd

{ fm+n)=(m+n)-1p=m-1p +n-1p = f(m) + f(n),
fmn) = (mn)-1p=m(n-15) = (m- 1) (n 1) = f(m)f(n),

yia olovodnmote m,n € Z,  f eivon évog ououoeplopds daxtulinyv. Bdaoel 100
1lov Bempfjuatog toopoppLoumy 3.3.3,

Z[Ker (f) = 1Im (f) = f(Z),
6mov
Ker(f)={n€Z|n-1,=0.}.
(i) Edv 1o L éxeL yapommowotxd undév, tote Ker(f) = {0}, ondre
Z/Ker (f) = Z/{0} = Z = Tm (f) = f(Z).

Qg ex toUtov, 1 Im (f) elvan wa axegaio wegroxn (LoOUoQEN ue Tov Z) ®aL, eneldi
Im (f) C L, égovpe

Fr (Im (/) = { no Ly

m-lL

(n,m) € Zx (z\{o})} CFr(L)~L,

ontdte L 2 Fr (L) =Fr (Im (f)) 2 Fr (Z) = Q (A6ym g motdoemg 3.5.12 xou tov
Ot 10 L elvol meoto omua).

(i) Edv 1o L éyxelL yopoxtnolotxy p, 6TTov p medtog aolbuds, tote, BAosL T mo-
tdoemg 1.4.3 éxovue

p=min{|k| e N| k € Z~{0} pe k-1, =0},

onote p € Ker(f) = pZ = (p) C Ker(f). AAMAG xouw yio wG0e A € Ker(f), yodepo-
VoG

A=up+r, u,rez, 0<r<p-1,
happdvouue
OLZ)\-lL:u<p'1L)+(T-1L):0L+7”~1L:’I“-lL,

ftoL wa .odTTo 1) omoio (AGYw T we dvew ovvBung ehayiotov mov TANOL To p)
woyveL uoévov 6tav r = 0. Emouévag, A € (p), ondte Ker(f) C pZ = (p). Tehndg
howmtdv Ker(f) = pZ = (p) nou

LIy =2, = Im(f) = f(Z) = {n-1p | ne{0,1,... p—1}} C L,

o’ 6mov ovuregatvovpe 0t L = Im (f) = Zj, duot 1o L eivan mpwto oopo. O
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3.6.5 Ilégwopa. Kdabe coua K mepiéyet éva vmoéowua L, tétoto dote:

{ Q. Gravyao(K) =0,
L

12

Z,, O6tovyoe(K)=p>0.

3.6.6 Mogatignon. Z0ugpnva pe 6o avapéoaue oty amddelEn 100 Beweiuatog
3.6.4, edv to L eivou €éva mpdto ooua, TOTe

L= {(n-12)(m-1)"" | (nm) € Zx (Z~{0})}, 6tavyae(L) =0,
nol

L= {n-1|ne{0,1,... ,p—1}}, O6tavyao(L)=p > 0.

Aoxrnfoelg

3-1. Tloleg ex Twv axohoVBwv amewrovicewv f : R — R’ eivow opouogpiouot
doxTuhiwv;

() R=Z, R’ = Zy, (m € N) zon
k— f(k) = [k, -
(i) R = Z, R’ = Z,, (m € N) zau
k— f(k) = [k+1]

m

(iii) R = Matyx2(Z), R’ = Z now

(2 8)—r((z 4)m
(2 8)—s((2 4))mara

(V) R =Matoy2(Z), R = Z noun

(o 5)—r((s %)) =ad—te

(vi) R=7Z, R’ = Matayx2(Zy,) (m € N) nou
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3-2.

3-3.

3-4.

3-7.

3-8.

(i) Na amoderyBet 6T 1 amerndvion

f:Z — Z3 x Zs, n+— f(n):= ([n];, [n]5),
elvau empoeLopnds o vo teoodioglobel o mupfvag Ker(f).
(ii) No tpoodioguoBoiv 6Aot oL opouoepLonol f : Zg — Zqs.

No amwoderyBet L oL udvor evdopooeiouot to0 Z etvar o undevirdg ououoQ-
PLopog %atL 0 TovToTLrdg idy.

‘Eotw m € N. Na amodeiyfet 6tu ®a0e evdopoppiouds f : Z,, — Z,, 100
Zy, 00tCeTON UECW EVOS TOTOV THS LOOPNC

f(K],,) = lal,, [K,,,» Yk € Z,

Y10 XAITTOLOV arEQOLO @, TETOLOV DOTE TO OTOLXELO [al,, € Zpy, Va. Vol TavTo-
dUvauo.

. Na amodetyBel 6tL Yo #dBe anéQao m OTEQOVUEVOV TETQAYDVWV 1) ALTTERS-

vion

Q(vm) 3 a+ bym — a—bym € Q(v/m), a,b€Z,
glvo autopoeLopds tot odpotos Q(v/m) (BA. to (iv) tig aonfjoewg 1-44).

. ‘Eotw K éva odpa pe xao(K) = p > 0 not é0tm

fK— K, z+ f(z):=2P,

1N amewrdvion to0 Frobenius. (BA. 3.1.3 (iv).) Na amodetyBoiv ta eEg:

(i) H f eivou povouopeiopds. [YrédeEn : BA. mpdtaon 3.1.12.]

(ii) ‘Otav 10 K elvon memegaouévo omua, tote 1 f elvar toopopiouds (Yjtot
ovtouoepLouds tot K).

(iii) Otav 10 K eivor amelgominBég, t0te 1 f etval Ogv elvol ®ot avayxnv
woouoepLouds. [YrédeEn : Na eEetacbel v ovupaiver oty megimtwon xatd
™V omota T0 K elval 10 odua Zy,(X) Tmv onTtdv OUVaQTHOEWV VITEQAV® TOV
oDUOTOS Zp. |

"Eotm R évag daxtihog xat éotw f : R — R évog evdopoelouds autov.
Na amoderyet 6t to S := {r € R| f(r) = r} elvon évag vrodantiiiog 100 R.

"Eotm R évag un tetouuuévog daxtohog ue novodiaio otouxeto. EGv a € R*,
va aoderyBel 6L 1 amerdvIo

fo:R— R, r+— f,(r) :==ara™",

elvou évag ovtopoepLopds to0 R.
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3-9.

3-10.

3-11.

Edvorf: R— R nouwg: R — R” etvar Ovo oponooeLouot daxtuiiny,
va ortodeyBet OTL Lo DOVY OL EYRAELOUOL:

Ker(f) € Ker(go f), Im(go f) € Im(g).

%o OTL €€ auTdVv £ToVToL AUECO OL CUVETTOYMYES

g o f novouogpouds = f uovouopELouds

AOLL
go f empuooplouds = g EmMUOQPLOUAS.
Ev ouveyeia, va maateBoiv maQadelyuoto OpouoQepLopmy
f:R— R nowg: R — R,

00TWE MOTE

(i) n o0vBeom g o f va elval ®ow 0 g va unv eivol LovouoLouog,

(ii) n ovvBeon g o f vo elvan xa 0 f va unv etvar emuoepLopuds, ®ou

(iii) n g o f va elvon LoOUOQELOUAS KAl RAVELS EX TV f, g VO UMV E(VOL LOOUOQ-
PLonoG.

"Eoto f : R — R’ évag empoppiouds doxtuhiwv. Nao amoderyBoiv ta Efc:
() f(Z(R)) C Z(R'). (B\. Goxnon 1-20.)

(ii) Edv 10 a € R elvouw tavtodivouo otouyelo, tote ®ou to f(a) € R’ eivon
TaVTOdVVaUO.

(iii) Edv 10 @ € R elvaw undevodivapo otoryeto, tote now 1o f(a) € R’ elvan
undevodivapo (omdte f(Nil(R)) C Nil(R')).

Ev ouveyeta, va. 80000V maoadelyuota EmUOQQPLOUMY dOXTUALWV YL TOUG
omotovug o gyrhelouds ato (i) elvan avotnEdg xat ta aviiotoopa twv (i) xon
(iii) avaAnoy.

‘Eoto [ : R — S évog empoppiouds dantuhiov. Edv ta 1, J eivol 10eddn
00 R, vo. artodery et 1 1oy Og Tov arolotBmy 1OL0THTOV:

O fUI+T)=fT)+f(]),

(i) fF(IJ)=fU) f(J]),

(i) f(INJ) C f(I) N f(J) (ue t oxéon avty Loyvovoo wg LodTnTe GTOV
Ker(f) € I Ker(f) < J).

(iv) Edv o R (xou -»nat’ eméxtaon- xat o S, Moym tig 3.1.5 (vii)) etvon petabe-
Twrog, tote f (I :J) C f(I) : f(J) (ue T oxéon avth Loytovoo wg LoOTNTO
6tav Ker(f) C 1).

(v) Edv o R elvou petoBennds, tote f(Rad(I)) C Rad(f (1)) (ue t oxéon avti
woytovoa wg wdtyta dtav Ker(f) C 1).
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3-12.

3-13.

3-14.
3-15.

3-16.

3-17.

3-18.

3-19.
3-20.

3-21.

‘Eoto [ : R — S évag empopproude dantuhiov. Edv 1o I, J eival 10eddn

T00 S, va amodery el 1 1oy UG TV axroloVBwV LOLOTHTWV:

W) f(T+0) = fH (D + £ (),

@) f7Y(IJ) 2 L) f71(J), (ue ™ oxéon avti wyviovoa wg LOHTTO
Srav Ker(f) € (1) £~ (),

(i) £ (I0.J) = £~ (1) N £ ().

(iv) Eav o R eivan uetoBennde, tote f~1 (1:J) = f~1 (1) : f71(J).

(v) Eav o R givau petabetinde, 1ote f~1(Rad(I)) = Rad(f~1(1)) .

‘Eoww f : R — R évog opopoppronds daxtviiov. YmotuBeuévov ot

¥0Q(R) > 0, va amwoderyBei 0L xoo(f(R)) < yoo(R).
Noa amoderyBel 6t LoduoEot daxTOALOL £XOVV [0ES YOULQUKRTNOLOTIES.

Edv R now R’ givor dvo daxtolor pue povadioio otovyeto, va amodery et otu
dev vpiotavton opopoppropol f : R — R ue f(1g) = 1 0Tav LROVOTTOLEL-
Tou puio ex TV ®ATOOL CUVONUOV:

(i) xaQ(R) > 0 = yoQ(R').

(if) xoe(R) > 0, xa(R') > 0 now xaQ(R') { xoQ(R).

Eav f : K — L eivou évog opopoopLouds UETOED OTQEPADY OCOUATOV UE
f(1r) = 1g/, vo amodewyBel 6t xop(K) = yao(L).

"Eoto f : R — R’ évag empoppiouds doxtuhiwv. Nao amoderyBoiv ta Efc:

(i) O R’ elvon axepalo megoyh edv xan udévov edv o mvprvog Ker(f) tov f
elvan TomTo 1eMdeg ToU R.

(i) O R’ etvar oopa edv xnan pdvov edv o mupnvag Ker(f) 100 f eivon peyt-
otxd 10emdeg Tov R.

No arodery et 611 dev vpioTavtan opopogpiopot f: C — S (amd 1o ohuo
TOV Wyodrdv aolBudv ot évav daxtoho S) ue Ker(f) = Z.

Na amodevyOet 611 Z[/3] 2 Z[vV/5] now Z[X] 2 Q[X].

‘Eoto f : R — S évag ioopoopionds daxtuiiov ue povodiaio ototyeio. No
artodelyBovv To androvbo:

(i) 'Eotwr € R. Téter € R* < f(r) € S*.

(i) H amewdvion R 5 r — f(r) € S* givol apugLoourtixy.

"Eoto R évog daxtolog pe uovadiaio ototyeio. Edv vmotedel 6t #G0e vmo-
darTUMOGg 10U R elval 1demdeg, vo amodelyBel 6tL 0 R elvon €ite TETQLUUE-
VoG €iTe LOOUOQYPOC UE TOV dOKTUMO Z TV OXEQALWV &iTE LOOUOQPOS UE TOV
OoUTOMO Z,y,, Omov m € N, m > 2. [YrodeEn: Na yonowomownOel o opo-
uwoeLopds daxtvdiov f : Z — R, n — f(n) := n - 1g, 10 1o Bedonua
toopopLoumv 3.3.3 now n mpdtaon 2.2.6.]
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3-22.

3-23.

3-24.

3-25.

3-26.

"Eotm M évo. un #evo o0voro xow éotw (B (M), A, N) 0 dortiiog 0 optobeig

otV doxnon 1-9. Na amoderyBoiv ta axdrovba yio orodfmote £ C M:
(1) To B (E) etvau éva 10emddeg 100 P (M) .

(ii)) H amewdvion
fE:PM)—P(M), Ar— fr(A):=AN(M\E)

elvol ouopopLopnas.

(iii) B (M) /B (E) = B (MNE).

"Eotw m évag anégatog aBuds otegovuevos tetgaydvmy. Na amoderyBoiv

T axéhovdba:

(i) To ovvoho

{1

antotehet Evay vtodorTiMO T00 Maty o (Z).

a,bGZ}

(ii) H amewdvion f : Z[/m] — S 1 ootllduevn amd tov 1070

mb a

Z[m]9a+bmi>< “ b)eS

etvar évag .oopoepLonds daxtuhinv. Qg ex ToUTOV, 0 S €lvoL uLa aregaio
meowoy . (BA. doxnom 1-44 xau 1o (i) Tov moptopatog 3.1.11.)

No anodeyet 6t R[X]/ (X?) = S, 6mov

=100

[YrodeEn : Na deryBel 6T 1) ametndvion
- ;i ap Qi
R[X] > a; X" — es
x> (o)

glvo emUOQPLOUGS daxTuAiV £xwV TO ®OLO WeMdes (X?) wg TuEfva Tov
no vou poouocBet to 1o Bemonua toopoopropwv 3.3.3.]

a,bGR}.

Edv I := (X? + 1) non J := (X? 4 2) S R[X], vo amodeybei 6t

RIX]/I 2 R[X]/J nouw I # J.

Noa amoderyBovv ta andlovba:
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3-27.

3-28.

(1) To Wemdes (X1, Xz) eival TEMTO WeMIeS TOU Z[X1, Xo] ahhd dev eiva pe-
YLoTLHO.

(i) To 10emdeg (X1, X2) elvon peyrotnd 1deddeg o0 Q[Xq, Xa].
[Yrodekn: Eav R € {Z,Q}, va deyBei 6L ) ametndvion

R[Xl,XQ] = Za”X11X§ — ago € R

elvan empoeLouds doxtuhinv €xmv mg mueriva tov to (X1, Xs) . Katdmyv
To0TOV, VO €oouoabet to 1o Bedonua woouopproudv 3.3.3 oe cuvdvaoud
ue to Bewonua 2.6.4 now 1o wéoLoua 2.6.5.]

(iii) 'Eotw tuxov ¢ € [0,1]. Totetome := { f € C([0,1]) | f(&) = 0} eivan éva
ueyLotd 1eddeg tov danTuAiov

c(lo,1)):={ s e R | f ouveic})
(BA. onnon 1-37). [YrodeEn : Na xonowwomownBel o ououooplouds
e :C([0,1]) — R

0 0QLE6ueEvog amd 1oV TOTO P (f) 1= f(&), nabdg xou 10 1o BedEnua Loopoe-
ponav 3.3.3.]

(iv) "Eva 1demdeg I 100 C ([0, 1]) etvan peyionnd v xan pévov edv 3¢ € [0, 1]
I = m¢. [YrodeEn : No yiver notdAAnin xo1jon tg ovumdyetog 100 #Aetotod
draotiuarog [0,1].]

"Eotw m évog Oetinds anéQalog 0TEQOUVUEVOS TETQAYDVMV RO 0TW

I(vm) = {a+by/m € Z[\ym] |ue p|anou p|b} SR,

OmoV p TEQLTTOS TEMTOGS Ue p + m. Naw arwodetyBovv ta eEng:

(i) To I,,(v/m) elvaw éva 1deddeg T00 Z[\/m].

(i) EGv n? # m(mod p), Vn € Z, t0t€ 10 I,,(1/m) eivar éva peyionnd 1deddeg
100 Z[/m] mow 0 inhrodaxtohog Z[y/ml/I,(y/m) éva oduo ue p? otouyeia.
Eav ta I4,. .. , I, elvon 10eddn evog doxtuhiov R (6movn € N; n > 2), 101e
to dBgowoud tovg I = I + -+ + I,, noheltan (ecwtegund) ev06 Gdgolopa,
oNUeLOVUEVO UECw TOU €OV cLUPOov I; & - - - & I, 610V ®dbe oToLyelo
a € I enpaletol uovoonudviws mg

a=ai+---+an, a; €I;, Vje{l,... ,n}.

Noa amodeyBet 1 loodvvauio tTmv aroloBmwy cuvOnrmV:

(i) To I elvou to €vO0 dBpotoua tv I, ... , I,.
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3-29.

3-30.

3-31.

(ii) EGv Or = a1 + - - + an, Omov a; € I;, Vj e {l,... ,n}, tote
a1:-~=an:0R.

(i) I; N ( > I;) ={0g}, Vje{l1,... ,n}
ke{l,... n}~{j}
Noa amoderyBovv ta andlovba:
(i) Eav R = Ry x - -+ x R, glvou 10 €080 yvouevo n doxtoMwv Ry, ..., R,
(6movn € N, n > 2), nou
Ej = { (ORI,... ,Oijl,aj,OR_Hl 70Rn) €R | a; € Rj},

w6te R=R, @ --- @ R, 6mov 1o Ej now R elval .o6uogpot wg SaxTuALOL.
(ii) Edv ta I4, . .. , I, etvon 1deddn evog daxntuhiov R (6movn € N, n > 2),
wuwR=01® &I, 01

R=T, x--x1,,

ue xoBéva twv I, . .. , I, Bewpoiuevo wg «avtdvopog» daxtiiog (Tol ®g To
«eEwTeQLrd» VBV yivouevo tov Iy, ..., I,).
‘Eotw R = Ry X - -+ X Ry 10 €uB0 ywvouevo n daxtvdMimwv Ry, ... , R, ue po-

vadwaio otovyeta (6mov n € N, n > 2). Na amwodetyBoiv ta eEng:
(i) Tva naBe j € {1,... ,n} N gpuown weoPorij pr; Tod R eni Tov R; n 0ollo-
uevn ad Tov TUTo

pI'j R — Rj, (al,.‘. ,(Ln) Hpr]—(al,... ,an) = aj,

elvol emLUoQELORAG dORTUA V.
(i) KaOe 10eddeg I 100 R eivan THg uopeng

[I=ho oL, =L x xI,|

6mov I; namoo Wemddeg 100 R, yia ndbe j € {1,... ,n}. [Yaooebn: Agnel
vo. teBet I; = pr;(I).]
(iii) "Eva yvijolo 1demdeg I o0 R elvou ueyLtotirnd edv xow uovov edv avto eivo
™S noePNg

I = Ri®--OR_1xmi®ORj11D--- DR,

= R1X"'XRj_lijXRj+1X"'XR7l,

6mov to m; elvan évar ueylotind Wemddeg 100 R; yio xdmowov j € {1,...,n}.
Edv ta I, I givor duo 10e®dn evog dantuhiov R ol R = I & I, va otodeL-
xOel 6L

R/Il = Ig nol R/IQ = Il.



AZKHZEIZ

149

3-32.

3-33.

3-34.

3-35.

3-36.

‘Eotmw R = Ry X -+ X R, T0 €vB0 ywvopevo n daxtuMwv Ry, ... , R, (6mov

n € N, n > 2). Eqv 1o I; eivou éva 10emdeg 100 R; yia n6be j € {1,..

woul :=1 & - P I,,vo amoderyOel 6t

[R/T=(Ri/1) & & (Ru/1). |

[Yrodekn : TwandBe j € {1,... ,n} va deiyBel 6T n amendvion

fiR— (Ri/I1) X+ x (R, /1) 2 (R1/1)® -+ & (Ry/ 1)

(a1, ... an) — flar,... ,a,) = (Wﬁl(a1)7... ,ﬂ'i"(an))

.,n}

elvau empopLonds daxtviiwv ue mupiva Ker(f) = I now va epaouooabei to

1o Bedpnua toopoppLonmv 3.3.3.]

(i) Eav ov R now S etvon dvo dantohor row I = {(r,0g) | r € R}, va omodel-

¥0et 6t to I etvon 10eddeg ToU R X S now 6T
(RxS8)/I=5.
(ii) Eav m,n € N, va amoderyBet 6t

(Z XZ) ] (MZ X nZ) = Ly X L.

-

otowyeto c. Edv
I'={a€R|ac=0gr}, J:={a€R|ac=a},

va otodelyBovv Ta axdrlovba:

(1) To I vow J glvon 10e®dn 100 R.
(i) J = {c).

(i) R=T x J.

(iv) IJ = {OR}.

-

Eotw R évag puetafetnds dantilog o omolog megLéyel €va ToutodUvouo

Eotw 6110 R eivan évag dantolog, 0 S €vag umodaxtilog to0 R xat to I éva

eddeg to0 R. Edv SN I = {0r}, va amwodewyBet 6110 S elvor LoOUoQpog ue
évav vtodortiMo to0 Tnhxodoxtuiiov R/I. [YrodeEy: No yonowwomoin-

Bel to 20 BedENUa LoopogpLoudv 3.3.16.]

No mpoodioolofotv Gha To TEMTA %KoL T UEYLOTLXRA LOEMON 10U daxTuliov
Z/mZ = Loy, (Yroo0vdfmote m € N), ro0dg ®a 1 Toun) OAwV TV UEYLOTIROY

10ewdDOV avTo0.
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3-37. "Eotm R évag daxtihog ue novadiaio otouyelo xan éatm tuxov f(X) € R[X].
Edv

p(X) =D aXi € RIX],

TOTE YEOW TNHG ATTELROVIOEMG
n .
box) i R— R, 7= v0,0(r):=@(r):= Zair’.
i=1

THS emoryouévng amd 1o ¢(X) optteton n ametvdvion
R[X] — ATl (R, R) = R", ¢(X) — v,x)-

1ABMS KOL 1] ATELROVION TOAVOVUILXTG OTOTIHOENS 08 €va (TAYLWUEVO)
otowyeio r € R:

e RIX] — R, ¢(X) — &, (@(X)) 1= 0yx)(r) := ()

(BA. 1.3.11). No amoderyBovv ta androvba:

() H R[X] 3 ¢(X) — v,x) € R elvan opopogpionds dantuhiov xat eivo,
Wiatéowg, empoppLouds 6tav R = Z,, 6mov p modtog aotduds, evd dev
elvan empopplouds 6tov R = R. [Znueiwon: ‘Onwg €xel 0N emonuovOel
o010 0o 1.3.11, n R([X] 3 ¢(X) — vy,x) € R dev elvon xav aviyxnv
UovopoopLoUdS »at, mwg ex 100Tov, o R [X] dev elval mavtote eugutedoLuog
otov RE.]

(ii)) H e, elvan empoppionds yio »abe r € R.

3-38. AoBévtog evoc opuonoppopot f : R — S puetofetindv doxtuhiwv pe pova-
dwala otowyeia van f(1g) = 1g, va amoderyBel 6L oL amernovioelg

6" - RIX] — S[X], 07 R[X] — SIX],
G(f?’) : RIXF — S[X*], 9504) : Laurp[X*'] — Laurg[X*'],

oL 0QLCouEVES UEOM TV TOTWV

o )
RIX] 3 0 aXi s SO fla)Xt € S[X], n € Ny,

0@ )
RIX] 3 320 aiX? o 3072 flai)X! € S[X],
o 0® )
RXF 33" X s 3 f(a)X € S[XFY, m,n €N,
(4)
Laurg[X*'] 3 300 a; X+ 30 f(a:)X? € Laurg[X*'], n € N,
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3-39.

elvan opopoLouot doxrTuAlmv ue chj)(lR) = 1g now vo. TeoodlopLoBovv ot
TUETVES Ker(Q;j)) yuoo v@0e j € {1,2,3,4} (BA. 1.3.1 now dounon 1-52). Ev
ovveyela, va emalnBevBoiv yia vdbe j € {1,2,3,4} oL androvbBeg aupimhev-
Q€G OCUVETAYWYEC:

(i) H chj) glvol LovouopeLonds < o f eivat LovouoeeLouog.

(i) H 95;7) elvou EMUOQEELONAS < 0 f elvol EMLUOQPLOUAG.

"Eotm R évog un tetouuuévog uetabetinds daxtilog pe povadiaio otouyeto
nou €0TM

p(X) =) X' € RIX].
=0

No amoderyBel 1 androvdn apgimievon ovveraywyn (n oolo YeVIrEDEL TO
mpmTo amotédeouo ToV (iii) Thg mpotdoems 1.3.9 mov megrydpel TV ouddo
RIX]* omv elduxn mepimrwon 6mov o R eivon axepaia meotoys] ):

©(X) € RIX]* <= ap € R* nouw a; € Nil(R), Vj € {1,... ,n}.

[YrédeiEn: T v rotedBuvon “<=” va xenoomrotnBoiv ov aorioes 2-6
na 1-28. T Ty amddelEn g ovvemaywyns “=" va amodelyBel amevheiog
Ot ag € R™ non vo BewpnBet tuyov modto 1Weddes p 100 R, 0 puordg emi-
nopLouds 7rff : R — R/p nau 0 emayduevog emuoooLonos

052 RIX] — (R/p)IX] ue 052(1r) = Lrjp = Lo+ p.

(B\. doxnon 3-38.) Zougpmvo pe 1o Bedpnua 2.6.4 o anixodaxrtoiog R/p
elvon axegaio megLoyn. Qg ex tovtov, o (R/p)[X] elvon moaitwg axegalo mwe-
otoxn (PA. 1.3.9 (i)). Katd o (viii) g mpotdoemg 3.1.5,

> wi @)X e (R/p)X)*,

i=0
omdTe epaUOCoVTaS YL 0vTd TO TOAVMVUUO TO TEMTO rToTéAeoua ToU (iii)
™G meotdoemg 1.3.9 haupdvouue

my (a0) € (R/P)IX)*, m(a;) = Orpp =p. Vj € {1,...,n}.

And ug tehevtates oot TES Emetan 6tL a; € p, V5 € {1,... ,n}. Emedn 1o p
elvan avBapétmg emheyuévo mpmdTo Weddes 00 R, ouumegaivovue TelrMOS
ot

a; € (){p | p € Spec(R)} = Nil(R), Vj € {1,... ,n},

undvovtag xenom tov (ii) g aorfoswg 2-37.]
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3-40.

3-41.

3-42.

3-43.

3-44.

No amoderyBel 6t yia oovdfimote daxtiho R ot owovdmote n € N 1) ael-
®OVIOT

Mat,,x, (RPP) 5 A — AT € (Mat,,xn(R))

elvan LoopoeLouds, 6ov ROPP gfvar o daxrtilog o avitxeinevog 100 R (BA.
donnon 1-4) now AT 0 avdoteogpos to0 mivaxo A (wov mEoxrvmTeEL And TOV
A 6tov naBLoTovuE TS YOOUUES TOU OTHAES (RO TIG OTHAES TOV YQOUUES)).

No amoderyBel 6T yioo olovdnmote daxtilo R pe povadiaio otouyelo rou
otovdnmote n € N vloTOVTOL ROVOVIOTIROL LOOUOQLOUOT

| Mat, ., (R)[X] = Mat, ., (R[X]) | %01 | Matyn (R)[X] 2 Mat, ., (R[X]). |

AoBévtog evog ouonopelonol daxtuhiov f 1 R — S now evogn € N va
ortodelyBel OTL N amerndvion

Mat,, x (f)
— 7 (

Mty (R) 2 (aj) < o F(@1)) 1< pen € Matusn(S),

etvan opopoeLouds daxtuhimv xou €xel Tig eERg LdTNTES:
(i) H Mat,, ., (f) etvar povouoplouds < o f elvor LovopooeLopds.
(ii) H Mat,, «, (f) eivon empooplonds < o f eivor empnoomoude.

"Eoto I éva 1demdeg evog dantuliov R. Na amodewyBet 6t yio vdbe n € N
VPLOTATOL RAVOVIOTIROG LOOUOQEPLOUSS OaRTUALWY

| Mat, ., (R) / Mat, (1) = Mat, (R/]) |

[Yr6deiEn : No amoderyBel 6t 0 emipnoopionde
Mat,, s (77) : Maty,sn (R) — Mat, ., (R/1)

(0 opoBeic oty doxrnom 3-42) €xel wg TuEHVA TOU TO LOeMdES Mat,, ,, (1) no
va epaouoodel 1o 10 Bedenuo loopoeplopmy 3.3.3.]

‘Eotw R tuxdv doxtihog xal €0tm n évag puoirds aotBudg > 2. T wdbe n-
ada (r1,...,r,) € R™ onuewdvovpe wg diag(ry, ... ,r,) TOV dtaydvio mivaxa,
(ajk)1§j7k§n S Matnxn(R) ue S‘YYQOL(pég TS

ri, owwvj=k,
Ak = J . .
J Or, Otavj # k.

(i) Na amwoderyBet 6TL T0 00VOrO TV dLorywvimV TLvarRmY

Diag, (R) := {diag(r1,... ,m) | (r1,... ,m) € R"}
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3-45.

3-46.

3-47.

3-48.
3-49.

etvan évog vodaxrtilog 100 Mat,, ., (R) mov elvol Loduoegog ue tov R™.

(i) Zoupwva ue v doxnon 2-18, o SUT,, (R) etvan éva 10eddeg 100 dontu-
AMov UT,, (R) »ow o LUT,, (R) éva W0eddeg 100 daxtuiiov LT, (R) . No amo-
OgLyBet 6T

UT, (R) /SUT, (R) = Diag,(R) < LT, (R) /LUT, (R).
Na mpoodiopiaBoiv 6ha to 1e®dN 100 dantuhiov Mat, «,(Z12) (n € N).

[YrédeiEn : Na yonoiuomownBet to eddpro 3.2.6 og ovvdvaoud ue to (vi) tig
oorfoemg 2-16.]

Noa mpoodiopto000v o0 0UVoLa MICEMY TWV CUOTNUATOV YQOUWKDV LOOTL-
Uav:

x =2 (mod 3)
x =3 (modb5)
x =2 (mod7)
%o
5z =6 (mod8)

8x =10 (mod 14)
10z =5 (mod 15)

Baoel Tmv texVIR®Y TOV TaRETEOMOAV oTNV evotTnTa 3.4.

"Eotw m évag évag axréporog aolfuds otepotuevog tetparydvwv. Na amodet-
x0et 6L Fr (Z[y/m]) = Q(y/m). [YaédeiEn : Na yevireuhoiv natarhihlwg to
mpoavapeeBévta oto mapdderyua 3.5.10.]

"Eotw R wa axegaia megroxn. No amoderydel 6t xoo(Fr(R)) = xao(R).

Noa amoderyBovv ta andlovba:

(i) "Eotw K éva ooua xot €atm Ky 1o (Lovadixd) mpdto vndéowuo t1o0 K (BA.
Beonua 3.6.3). Edvo f: K — K eivou évog ovtopooplonds 1ol K, 10te

f(a) =a, Ya € K.

EE avtoi émetan, eL01x0TEQQ, OTL 1) TAVTOTLXT ATTEOVLOT ElVoL 0 UOVOG QLUTO-
HoQ@LoUAS evég TEMTOV oMuatos. [YaddeEn: No yonowwomownOel 1 mapo-
thonon 3.6.6.]

(ii) Aev vmaEyouvv GAiol avtouopplopot Tov ohuatog R tov mooyuatindv
oV mégav to¥ tavtoTvoV. [YaddeEy : Elval ebnolog o éleyyog tol 6T
ndBe avtopoepouds f @ R — R 100 R éxer v wbiomra: flg = idg (Bd-
oel 100 (i)) now dratneel ™ ovviBn ddtaEn 100 R. Na xonowwomrownBet to
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3-50.

veyovog 0Tl ®60e moayuatinds aplBuds elvar to 6o mag (ovyxriivovoog)
oxolovbiag oNTOV 0ELOUMmV. ]

(iii) To (ii) dev etvan aAnBég yia to odpa C now yio 1o oteepro oduo Hg. (Ap-
uel 1 TapdBeon evog U TOVTOTLROU OLUTOUOQMLOUOU YLOL ROBEVOY €E QUTAV.)

"Eotw R wa axegata wegrox xou €é0tw p € Spec(R). To

R, :={4% € Fr(R)|a € R,b € R~p}

xnahettol Tomxomoinen 1o R aro p. No amwoderyfovv ta eENg:
(i) To R, eivou évag vrodaxtiiog o0 ompatog Fr(R) mepiéyxwv tov R.
(il) Fr(R) = Fr(Ry).
(iii) O R, etvon Tomxdg daxtiMog €xwv T0 mp, = pR, 0g 10 (LOVOdLKO)
UEYLOTIHO TOU LOEMAEC.
(iv) Ry/pR, = Fr(R/p).
(V) Otav R = Znow p = (p) = pZ, 6T0V p RATOL0G TEMTOS 0otbuds, o R,
elvo 0 daxTOMOg TV p-addV RAAOUATWV Z (1) 0 0Q10bElg 0TV donnon 1-16
(oeh. 35) ue

my, = pLyp) = Z<p>\Z<Xp> = { eQ ‘ uxd (a,b) = 1nouptb, p| a}

¢
b
(woPA. 2.7.3 (ii)) now Zyy /2y = L.



KE®AAAIO 4

AORTOAMOL TTOV LRAVOITTOLOVYV
ovvOnregs aAvoionv

270 REPAMALO QUTO UELETDOVTOL OL XUQLES LOLOTNTES OARTUAIMV TTOV LXAVOTTOLOVY TIG
Leyoueves ovvbijxes (OVIOVOMV 1| XATLOVODV) alvoidwy.

NAITEPIANOI AAKTYAIOI

4.1.1 Ogwopés. "Eotw {1,|n € N} éva apBunowo o0volo aQLotegdv (1oL ovTL-
otoiymg, OeELdv) 1Wemdwv evog daxturiov R. H axohovBio {I,},cn ®ohelton
avioveo. aAvoida 0QLoTEQMV (1o aVTLOTOlY ™S, OeELDV) LWeMOMY T0U R dtav Loy eL
o eyxhewoudg I, C I, 47 ywo #d0e n € N. Mo aviovoa ahvoida {1, }nen ®oheiton
otaowun tav vrdyel vdmolos k € N ywa tov omoio woyvel I, = I, yio ®a0e puond
oouo n > k.

4.1.2 Ogwopos. Aéue 6tL évag 0anTOAOS R 11aVOTTOLEL TN CUVOR®Y TOV aVIOVe@V
aAvoidwv el T0Y GUVOLOV TWV CLOLOTEQMV (KO OVTLOTOIX WG, TV JEELDV) LEMOMV
Tov 0tV 2dfe aviovod aAvoida agLotepdV (koL avTloTolywe, OeELdV) WemdDV
auToU glvol OTAoLu.

4.1.3 Ozaonuo. Eotw R évag daxtvros. Tote ta axdlovba eivar toodvvaua :

(i) O R ixavomouei Ty ovvOixn twv aviovodv alvoidwy exti 10V ovvélov Twv agLoTe-
0DV (xat avtioToiyws, Twv &) 1dewddv Tov.

(ii) KdBe un »evo avvolo aptoteodw (xat avtiotoiyws, 0e6tdv) tdewddv tov R me-
otéyel (TovAdyLatov) éva ueyiotixd otoLyeio (wg TEOg Tov Vv eyxleioud).
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AMOAEIEH. (i)=(ii) "Eotw S éva un xevo o0voho aQLotepdv (oL aviototyms, de-
ELdv) Wewdmdv 100 R. Tdte vrtdoyel »dmolo otoryelo, ag o movue 1, eviog to0 S.
Edv to I; etvan peyiotind otoryeto to0 S, 10te €xeL nahds. Elddilwe, Bo vrdoyel
namowo Iy € S, 1é€1010 dote va oyvel I; C I5. EGv to I3 elvan ueyiomind otouyeto
T00 S, toTE EYEL ®OMDGS. Edahhwg, Bo vtdoyel ndmoro Is € S, T€T0L0 MOTE VoL Lo VEL
I, C I5. Epapuélovtag »ot’ emavaAnyuy Ty idua (eorywyns) GCuAMAOYLOTLRY OY1-
uotiCovpe wa oviooo aAvcida deELDV (oL AVTLOTOlYMS, AOLOTEQMV) LOEMIDY TOU
R

LCLC - CIyCluy1 C -

ovnrovtov oto S, 1 omoia givon € vitobéoews aTdoun, HToL VITdQyEL ®ATOLOG
k € N yiwo tov omoto woyvel I, = I ywo na0e puownd aobud n > k. To aguoted
(non avtiotoiyws, To 8eEL6) 10emdeg 1) elvor ueyotnd ototyeio tov S (PA. 2.5.13
(1)). Iopdyuat edv 1o I elivor 01001 TOTE COLOTEQD (ROL AVTLOTOLX MG, OLOOYTTOTE
OeEL0) Wemdeg avirov oto S Yo 10 omoto LoVl I, C I, tote (AMdym o0 TdTOU
ROTOOREVIC THS WS AV ohvoidag) Ba vdeyel ®amowog v € Nue I C [, omdte

{Iglyglk, otovy <k

ICI, =1, o6tvyr>k }:>Ik:I‘

Apa 10 I elvar Oviog ueytotind otoyeio 100 S.

(il)=-(i) ®ewolue Tvyovoa aviovoo alvoido
LCLC---CI,Clh1 C--

0QLOTEQMV (RO avTioTolyme, deELdV) Wewdwv 100 R. EE vmobéoewg, to ovvolo
{I.|n € N} tov ueh@v autig megLéxel ®AToL0 HeYLOTHO OTOLYElO, 05 TOVUE TO I;,
(g mEOog tov ouvi O eyrhewoud). Ta wGbe puowd aEBud n > m €xovue I, C I,
(86T M BewpnBetoa arvaida elvan aviovoa), ondte 1, = I, (MOyw 100 6Tt 0 1,
etvan ueyrotxd otouyeto tov {I,|n € N}). Aoa o R wavomoiel ) ouvOnxy tov
aVIOVODY oMWV E7t{ TOU CUVOLOU TV CLOLOTEQMV (RO AVTLOTOLX WS, TV OEELDHV)
1emdDV TOU. O

4.1.4 Ogwopos. KaBe dontdhog R, o omolog travomolet pio (oL, wg ex T0UTov,
7oL TG 000) ex Twv ouvOnuav (i), (ii) Tov Bewefuatog 4.1.3, ovoudletol €& aguote-
OV (nou avToTolyme, €% deEl@v) daxtilog tils Noether 7 £ agLoteQdv (nou
avuiotoiymg, ex deEldv) varreguavés daxrvhog'. ‘Evac doxtohoc R naheiton
VOLTEQLOVOS darTOMOG OHTaV ElVOL TOUTOYQOVIS XL €S OQLOTEQWV KO EX DEELDV
vouteguavos. (Ilgogpavmg, yuo Tovg uetabetixois dantulhiovg ou évvoleg «eE aQL-
OTEQMV VALTEQLOVOGC», «EX OEELDV VOLTEQLAVOS» AL «VOLTEQLAVOS» TAVTILOVTOL, EVHD
yia Toug un uetabetinovs daxtuliovg eivor ev yével duapopetiréc.) Téhog, ®aBe

Moog v i Emmy Noether (1882-1935), n omroia uehétnoe (meol ) dexcetio. 100 1920) g 1dL6TTES TV AAGTSW0Y
1W0emdMV rou xatédele T BemEnTns onuacia Tous.
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vouteQLaVOg doUTUAOG, O 0TTOLOC TUYXGVEL VA Elvan oxeQMio. TEQLOYY, OVOUATETOL
VaLTEQLAVY] TTEQLOYN].

4.1.5 Mgoraon. Eavy f : R — S eivau évag emuoopiouos daxtvdiov xat o R
eivar €€ apLotepdv (xar avriotoiyws, ex 0e&idv) vairtepiavés daxtiAiog, Tote xat o
S eivat €& apiotepdv (xat avtiotoiywg, ex de&idv) vaiteotavog.

ATIOAEIZH. "Eoctw

wo. aviovoo oAotdo AELOTEQMV (R AVTLOTOLX WS, OEELDV) 10emIDYV ToU S. BfTOo-
viag I, == f~1(J,) yiandBe v € N, oynuotiovue o aviotoo cAvoido aoLotepdv
(non avtiotolymg, deELiv)

LCLC--CI,Clypr &

00 R (PA. 3.2.1 (ii)). Emeldn) o R etvou €5 aiototepdv (now ovtiotolyme, ex deEidv)
vouteQLavog, N ev Adym ahvoida eivonl atdoiun, fitow vrtdoyel k € N pe I, = I yuo
%a0e puowd aplBud n > k. EEGlhov, emeldn) €€ vtoBéoems N amewwdvion f etvon
ermpouttnyy, éxovue J, = f(f~1(J,)) = f(I,) yua #G0e v € N (BA. amddelEn 100
Bewonuatog 3.2.4), omdte vow ) ahvotda (4.1) elvor ®ot avayxrny otdowun. Qg ex
TOUTOU, %0t 0 S elval €€ aQLoTEQMV (How avTLOTOlYX WG, £% deELMV) vauteglavos. O

4.1.6 Mogwopa. Edv ot R xar S eivar dvo toouoppor daxtvior xat o évag €€ avtav
e& apLotepy (xar avtiotoiywg, ex 0eLdv) vaurtegiavdg, Tote xat o dlhog eivar €5
AQLOTEQWDY (xaUL AVTLOTOIYWG, €% OeELdV) vauTeQLAVOG.

4.1.7 Tlégwopa. Eotw R évag €€ aptatepdv (xat avtiotoiywe, évag ex de€uiv) vai-
TEQLAVOG daxTUMOG ®at 0T I éva 1deddes 1oV R. Tote nat 0 anixodaxtiros R/ T
eivat €& apLatepav (xat avtiotoiywg, ex 0e&idv) vartepiavig.

ATIOAEIZEH. ‘Emeton dueca votepa amd epaguoyy tg mpotdoews 4.1.5 yua tov
puowé emuoppuoud 7 1 R — R/I. O

4.1.8 Afupe. Eoto f : R — S évag emuoopiouds daxtvriov. Edv ta I, J eivat
0vo (apLotepd, 0e&Ld 1 aupinievoa) 1dewon tov R ue

ICJ, InKer(f)=JnKer(f) naw f(I)=f(J),
tote [ = J.

ATIOAEIZEH. Apxet va amodewyBet 6tv J C 1. "Eotm tux6v otovxeio a € J. Tote
f(a) € f(J) = f(I), ombte vLAEyEL ®ATOWO b € T, TETOLO DOTE VOL LOYVEL

f(a) = f(b) = f(a —b) =05 = a — b € Ker(f).
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Enedn b € I C J, éxovue
abcJ=a-beJ=a—-be JnKer(f)=InKer(f) CI.
Emouévog, b e Inona—bel = (a—b)+b=aecl.AgadviogJ C I. O

4.1.9 Igoraon. Eotw f : R — S évag emuoopiouds daxtviiov. Edv aueote-
oot ot Ker(f) »ar S eivau €& aptotepdv (xar avtiotoiyws, ex debidv) vautepravoi
daxtvhol, 161 QUL 0 (0105 0 R eivar €€ apLotepdv (xat aviiotoiyws, ex Oeidv)
VaLTEQLAVOG.

ATIOAEIZH. Ogwolue tvyovioa ovioUo0 0AVCIO0 0QLOTEQMV (KO OVTLOTOlY®G,
deELmv) Wewdmdv 100 R

LCLC---CI,CI4q C---
EE vrobéoemg, n aviovoo alvoido aLotegdv (1oL avilotolymg, 0eELdv) 1demddv
I NnKer(f) C LnKer(f) C--- CTI,NnKer(f) C I,41NKer(f)C---
to0 Ker(f) opeilel va elvan otdowun, omdte
Jv e N: I, nKer(f) = I, NnKer(f)

vy ®x40e puownd apBud n > v. Kat avaloyiav, n aviovco alvoida aQLotegnv
(non avtiototymg, deELv) Wewdmv Tov S

F(I) € F(I) C o C f(I) € fInsn) C -+

ogellel va elvar otdowun, ondte 3¢ € N : f(I,) = f(Le) ywa ®dOe puotnd agiud
n > £ ©ftovtag k := max{v, {}, mapatnoovue ot

I, CI,, IpnKer(f)=1I,NnKer(f) nan f(Ix)= f(In),

yia #d0e puowrd agbud n > k. To meonyndév AMjuua 4.1.8 nog whngooet 6t
I, = Ij, ywo ®a0e puowd aplBud n > k, omdte now n aQyrag Bewenbeioa aviovoo
alvotda apLotep®v (ot avtotolyms, deELdv) Wewdmdv tov R elval otdowuy. Avtd
onuatver 6t %o o tdlog o dantihog R eivon €€ apLotep®dV (oL OVTLOTOlYWS, EX
OeELv) vautepLovag. O

4.1.10 II6gropa. Eotw R évag daxtvkos. Edv éva ideddes avtot I (1dwuévo wg
«aQUTOVOUOG» daxTOA0G) xau 0 Tnlixodaxtilios R/1 eivar €& aptotepdw (xar avti-
otoixws, ex 0e&idv) vauteotavol, Tote xat o idtog o R eivar €& apLotepdw (xai avi-
oroiywg, ex 0e&1dv) vartepiavos daxtiAiog.

ATIOAEIZH. ‘Emeton dueca votepa amd epaguoyy tg mpotdoews 4.1.9 yua tov
puowé emuoppuoud 7 1 R — R/I. O
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4.1.11 Oedonuo. [ia évav uetabetiné daxtvro R ta axdlovba sivar icoddvaua :
(1) O R eivat vauteptavog 0axTvAlog.

(i) Kabe 10eddeg to0 R eivar memepaouévas maoayduevo, tor umogei va maay el
amé memepaouévov mAbovs otoryeia Tov R.

ATIOAEIEH. (i)=-(ii) "Eotw I tvxév Wemdeg 100 R. Edv to I elvar ®igLo 10emdeg,
toTE OWTO TOEAYETAL €E 0QLOUOD atd Eva oTolyelo To0 R. Ztnv mepimtwon xatd
mv omoia (r) G I yia xdbe r € I, Bewpdvtag €va otouxelo a; € T xou éva oToLElo
as € I\ {a1) happdvouue

(a1) ; (a1,a2) C 1.

Eav I = (a1, as), 101€ 10 I €(voL TEOONANG TETEQUOUEVIS TOQAYOUEVO. ZTNV TTE-
olmtwon zatd mv omola (a1,as) G I, Bewodvrag éva otovelo az € I (a1, az)
happdvouue

<a1> ; (al,a2> ; <(L1,(L2,(L3> g 1.

Eav I = (a1, as,a3), 1078 T0 I €lvon modNAwg memepoouévog magayduevo. Ewddh-
A, emavalaufdavovue Ty idua duadiwacio Bewpdviog xdmow ay € I (a1, az, as)
%.0.%. [Tpogpavmg, avty mepatovtal 10TEQN and TemeQaouévoy TAifovg frinata,
fror 3k € N: T = (ay, ... ,ax), 00T alhiddg Bo oy duvatdv va ratoorevaodel
wo un otdout aviotoo alvotdo 1demdmv 100 R

(a1) G (a1,a2) G-~ G (an, .. an) G (ar, .. an,an41) G-,

omdte Ba noTaMjyoue o€ avTiQoo.
(ii)=-(i) Oewpoiue Tvyovoa oviovoa arlvotda Wewdwv To0 R

IlgIQQ"'gIngIn-‘rlg"' (42)

H évoon |J I, eivan 10eddeg 100 doxtuliov R (BA. Gonnom 2-5), odte (€€ vobé-

n=1
o0
oewc) 3k € Nuavay, ... ,a; € R, tétowa vote |J I, = (a1, ... ,ax) . Emeldn
n=1
Rt . .
ai,...,a € U Iy = [3j1,... ,jk €N:ay € I;,,... ,a; € I, ],
n=1
0étovtog v := max {j1, ... , ji } haupdvouue
o0
al,...,ap €, = J I, CI,.
n=1

‘Onwg 1o I, givar évo ex Tmv WemdMV Tov ouYrEOToUV TV alvaida (4.2), omdte

éyxouvue v eyrhewonry oxéon I, C |J I,,. Qg ex 100t0U,

n=1

L=UL=[L=0L1=ILi2=--]= 1 (42)elvor otdown

n=1
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%ot 0 R elvar vouteouavog dantihocg. O

4.1.12 Togedeiypata. (i) O dontOAog Z Twv axeQaimv aotBudy elval vortegLavi
meoox (PA. modtaon 2.2.6).

(i) KaBe odua elvar mpogavag varteguavy megloxn (apot duaBéter uévov dvo
10eddN, o oTTolaL etval ®VLOL LOEDON).

(iii) O daxtvilog

C(R):={feR*| f ovvexiic}

dev elvar voutepravds, duot Bétovrog I, = {f eCR) : f |[0 1] = O} ,Vn € N,
ta I, elvor 10eddn 100 C (R) ue

LhELSG - ShLChina S

(iv) O@ewpovue tov un petadetnd daxTiMOo

R={(§ !)|acznnbececn} s Matru@):

Oa amrodeiEovue 6t 0 R eivor ex deELdv vorteguavos ahhd dev elvan €€ aplotepmdv
vouteplavog. To vroovvoro

1={(¢ !)eRa=c=0nnbeq}

amotelet (aupimievpo) Wemdes 100 R, OLdTL Yo oadNmote a € Z now b, b/, c € Q
éyouvue

nol

0o v a b _ 0 Ve
(0 8)(6 e)=(0")er
Etvaw ebnolo vo duamiotmBet 6t ta pdva debid 1demddn 100 R mov meQLéYovTaL 0T0

T glvon to (aupimrevoa) 1eddn {Or} ®ow I. Aga 10 I (LO0MUEVO MG «OUTOVOUOS»
dontoMog) eivan ex debtdv voutepLavog dontohogs. H amerndvion

f:R—>ZXQ,(8 g)»—>f((g i)) = (a,c),

etvau emmpoopLouds dontuhinwv ue Ker(f) = I. Zoupwva ue 1o 1o Bedonuo toopo-
poudv 3.3.3, R/I = 7 x Q. Eneidn (votd ta (i) »ou (ii)) ou Z now Q elvon (uetobeTi-
%ol) voutepLovol OarTUALOL %ot -LOLLTEQMG- € OELMV VaLTEQLOVOL, 0 Z X Q elva ex
deEumv vauteguavog (PA. doxrnon 4-3). Kot eméntaon, xaw o mnhxodoaxtoiog R/ T
etva ex 0eELv vautepovog (BA. moéotoua 4.1.7). And to négioua 4.1.10 Emeton 6tL
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%ot 0 (0Log 0 R eivon ex deELmdv vouteguavos. Amd tnv GAln nepld, yio »abe j € N
TOL VITOOVVOLQL
m

L={(5 §)ellmmez:o=2}CR

ooteA0UV aptotepd 1WeMdN T00 R, dioTL Yoo owedNmote a,m € Z %ou b,c € Q

€yovue
a b 0o = o 0 4= )
(5 2)(0 %)=(0 F)en

Emumoobétwg, I; G Ij11, dom

0 F\_ (0 FH I, 0 T [N
o 0 )T o Yo )Eh+ o Yo ) €L,

yio #wdBe m € Z non vd0e j € N. Katd ovvémeiav, oxnuatiCetor wo un otdowun
oviovoo olvoido aLoTeQmV LWeMIDV 00 R

LChLG LGl G

Avtd onuaiver 6t 0 R dev eivon €€ apotepdv varteplavds. (Iagouoiwg roto-
onevateton xow éva madderyua evog daxtudiov mov elvan €€ apLoTEQMV aANG Oyl
ro ex 9eELdv vauteplavoe. Bh. doxnom 4-1.)

4.1.13 Ilgdétaon. Eotw m évags axépatog apiBuds otepovuevos tetoaywvay. Tote
xA0e 10eDOES THS TETQAYWVIXTG ALOUNTIXNS TEQLOYXNS

Zlyml={a+by/meZ|abeZ} SC

(BA. Gomnom 1-44) umogei va mapaybei ané 0o (Ot xat’ avayxny diapogetind)
ototyeia. (¢ ex tovtov, N Z[\/m] eivar vaiteoiavij mweoLoyi.)

ATIOAEIEH. "Eotm I tuydv 10eddeg t00 Z[/m]. @étovtog
L:=1INZ, I,:={beZ]|a+b/méeI, yuranowvacZ},

N amddelEN TS TEoTdoEms amogéel amd ta axdrovba:
(1) Ta I, nou I elivon 18e®dn o0 Z.
(i) I; C L.

(iii) Zopgpwva pe v medtaon 2.2.6 vIdoyowy r1, 7y € Z, tétow dote I; = (rq),
I, = (ry). Emmpoofétmg, emedn ro € I, vmdoyel »Amowo ¢ € Z, T€Tol0 MOTE
¢+ roy/m € 1. To I woolton pe

I=(ri,ctraym) = ZIVm]r + Z[Vm] (c+rav/m). 43)
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Amodeikn tod (i): Edv aq,as € I, to1e, €meldn 0 Z elvor daxtOMog xo 10 1 1deddeg
100 Z[\/m], éxouvue

a1,00 EZ = a1 —as € 7

= a; —ag € 1.
al,aQEI:al—aQEI} ! 2 !

Ko edv k € Z now a € I, tot€, 20T avaloyiov,

k,a€eZ = kacZ

kael = kaecl }:>ka611.

Apa 1o I etvan 10eddeg ToU Z. Amo TV GAAN UEQLE, €AV by, be € I3, TOTE VITAQYOVV
a1, as € Z, 00T0G MOTE
a1 +biyvymel
as +boy/m eI
Kavedv k € Znow b € Iy, 1618 UIGQYEL 0 € Z, 00TWS DOTE

a+bymel
k € Z C Z[y/m]

}:>(al—a2)+(b1—b2)\/ﬁ€I:>b1—b2EIQ.

}:>ka+kb\/ﬁe.7:>kbelg.

Apa xat to I glval 10emdeg TOU Z.
Anodeién tov (ii): Ta owodNmote a € I; éxovue a € Z rara € 1. Aga

ael
vm € Z[\/m]

AmodeiEn Tov (iii): Kat’ agyds magotnoiue 6t

}:Hm/ﬁelzmzelg.

rmelh=—=mr el
C+T2\/m€l

"Eotw 1000 TuXOV 7 + sy/m € I, 7, s € Z. Enewdn s € I = (ra), vaQyeL ®ATOLO
otouyeto s’ € Z C Z[\/m] ue s = s'ry. EEGMOV, emerdn

}:><r1,c+7’2\/m> clrI

r+symel , o
s’(c—&—rg\/ﬁ)el}:}r—'_sm s(c—l—rgx/ﬁ)—r scel,

rovr — s'c € Z, éxovue r — s'c € I1 = (r1) , omdTe VIAQYEL t € Z, TETOLO DOTE
r—sc=tri=r=tr +5c.
Qc ex ToUTOV,
r+sym=tri+s (c+rav/m) € (ri,c+rov/my = 1C (ri,c+ra/m),

om6te ev TéheL oL LodTnTeg (4.3) elvar ahnBelc. O
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4.1.14 Impeioon. Ou vrodoxrtOlol vouteQLaviv daxtuliony dev elval amaQoLti-
Tog vouteoLavoi. TovTo €yxrertor 0to OTL £val 10eMOeg VOGS VITOOAXRTUALOV gV elval
2ot avayxrnv W0e®deg ko ohoxANov 100 doxtuhiov avapopds. Exi mopadely-
uorty, yio ®abe n € N optletan wa axegaio ouvaemon (1Tot uie oAduoQepn oLvva-
™oM Wog UETOPANTHC optouévn ent ohonAfoov 100 C) uéow tol aTeLQoyLVouUEVoy

 TT (102 (1 2
Ful2) - kun(Hk)(l k),\mec,

(ue f1(z) = sin(wz)), ywo. TV omoio Loy Ve
fa(z)=0<=ze {0} U{Etn,£t(n+1),£(n+2),...}.
Emedn

(1) S (RGNS S () & (fan() & -

N axepata meproyxn O (C) etvar un voutegravog doxtoiiog (BA. 3.5.6 (iii)), modtt
etvan gugutevuévn oto ooua tov xiaoudtov ts M (C) = Fr(O (C)), ftoL 010
ohua Twv uegoudppwv ovvagtiocwv (eni ohorhigov tov C), xaw 1o M (C) elvon
(moogavag) varteptavog donTOALOG.

4.1.15 Oedgnuo. (Oedgnua Baosewg to0 Hilbert) Eotw R évag uetabetixos da-
xTVMOog ue uovadiaio otoiyeio. Edv o R eivar vautegiavog, tote xai 0 moAvwvouinos
daxtihiog R[X] eivar vaiteoiavog.

ATIOAEIZH?. YmoBétovtog 6t o R[X] dev eivol vourtepuovog Santiog Ba deiEouvue
6t %ot 0 {0Log 0 R dev elvar varteptovos. "Eotw Aowmdv T éva 1deddeg o0 R[X] un
nenEQAOUEVIS Topayouevo. Tote, eqv

p1(X) € 1, pe deg(py(X)) = min { deg(¢(X))| 9(X) € IN{O0rx}} »
UTOQOTLE VO 0QITOVE dLadOYIKMS TOMGVIGL
Prr1(X) € IN(pr(X), .. (X))
ue
deg (g 41(X)) = min {deg(p(X))[ p(X) € I (@1 (X), ..., 0r(X))},

vk = 1,2,3,..., now va Bécovue ny = deg (¢, (X)), R > ar := LC(p,(X)).
Kot autév tov 19610 100 00Louot TV ¢ (X), p5(X), ... dwaopahifeton agp’ evog
UEV 1 LOY VS TV AVIOOICOTHTWV

ny<mg << SNy <o

2 Avti) n o0vToun o ToAD xoupi arGdeEN T00 Bewoiuatog faoens Tov Hilbert opeiheton ot podnuanxé H. Sarges.
(Ein Beweis des Hilbertschen Basissatzes, J. reine ang. Math. 283/284 (1976), 436-437.)
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0@’ €100V de 1 oYU TV 0XOMOVOWYV EYRAELOTIRMV OYECEWY
(a1) C (a1, a2) C (a1,az,a3) C -+ C(a1,... ,ax) C (ay,...,ax, arpq1) C -

Oa detEovue 6T T N aviotoa ahvoida WemdMV Tov R dev elvar otdowun. Iody-
uaty €AV yLa ®ATOoLoV UOLRS aLBud k eiyoue

(a1, ... ,ar) ={a1,... 0k, Qkt1) ,

TOTE TO ay1 B0 EYQAPETO WG
k
k41 = Zbiai; (bieR, Vi, 1<i<k),
i=1
0mOTE TO TOAVDVUUO

k
IN{or(X),- 0 (X) 20 (X)) = g (X) — Zb XMy (X)

k
= (app X ) — Zbi XM+ (g XM )

=1

Ba elye pabuo deg (1(X)) < deg (@51 (X)) , mEdyno dromo eni T PaoeL g emho-
YIS 10U ¢y 1 (X). Emouévag, n ev Adym ahvoida dOewddv dev elvar 0tdoiun 1o, 0g
ex T00ToV, 0 R dgv glval vourteguovog SanToAL0G. a

4.1.16 Mogwopa. Eotw R évag uetabetinds daxtirios ue uovaiaio otoryeio. Edv
0 R eivau vautepiavig, tote xat 0 daxtilios R[Xq, ... , X,] eivar vautegravig.

ATIOAEIZH. Apuxet va epoouooBel to Bedonua 4.1.15 xow paBnuatiny| emoywyn g
OGS TOV M. |

4.1.17 Afqppe. Eoto R évas uetabetinos daxtolios ue povadiaio arowyeio. Eavyia
xabe m € Ny Oéoovue

Im = {p(X) € R[X][ ord(p(X)) = m}, (4.4)
107 T0 Jyp, amotelel Eva 10eddes T00 daxtvAiov R[X]. Extmgoobétws, Jpy, = (X™) .

ATIOAEIZEH. Edv ¢(X), (X)) € Jp, tote —p(X) € J,p, (ord(—1p(X)) = ord(—y(X))
rnow o(X) — (X) € Jp, O1OTL

ord (p(X) — ¥(X)) = min{ord (¢(X)) , ord(=¢ (X))} = m.
(BA. 1.3.5 (i).) EEGMMov, eav p(X) € Jy nar p(X) € Jyp, 10T (X)) (X) € Jyp, SLOTL

ord (p(X)¥ (X)) = ord (p(X)) + ord(¥(X)) = ord (p(X)) +m = m.
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(BA. 1.3.5 (ii).) Aga t0 Jyy, elvon 0vimg éva deddes 100 R[X]. Emurtooobétmg,
[e(X) € Jy < ord (p(X)) > 0] = Jo = R[X]

now ywem € Nuow p(X) = 00 a; Xt € J,, épovue ap = a3 = -+ = apm—1 = O,
omoTE

o(X) = X™x(X), 6mov x(X) =Y a; X"
ue ord(x (X)) > 0. Emouévwg, J,, = (X™). O

4.1.18 Oedgnua. Eotw R évag uetabetinos daxtilios ue uovadiaio otoyeio. Edv
0 R eivat vautepiavds, t6te xat 0 0axtiliog twv exitvawv dvvauooeipdv R[X] ue
oVvTeEAEOTES etdnuuévovs amd Ttov R eivar vaitegiavo.

ATIOAEIZH. "Eotw Z tuxdv 1demdeg 100 dantviiov R[X]. Eav Z = {0ppx)}, T0te
7= <ORHX]]> . EGv 10 T dgv eivou teTouupuévo, tote Yo ®40e j € Ny Bétouue

= {SjGR ;(X) € RIX] : ord(¢;(X)) > j }

now s; X7 +9;(X) € T
To I; amotehei éva 1WOeddeg 100 R. [Tpdynaty eav s;, s € 1, T0TE VAQYOLV EMITL-
meg duvapooenés ¥, (X), ¢_’i (X) € R[X], tétoieg dOTE VO LOYVEL

ord(¢;(X)) > j nouw  s;X7 +9;(X) € Z,
ord(¢}(X)) > j wan X +¢5(X) € L.
Apa (stj —|—1/Jj(X)) — (s}Xj —|—1Z);-(X)) = (sj — s;) X7+ (wj(X) — w;(X)) € T nou
ord(¢);(X) — ¢ (X)) minford (¢, (X)) , ord(v;(X))} > 5,

arw’ 6mov €meton Ot s; — s € I;. Emmhéov, v r € R naw s; € I, 10T€ vwhoyeL
eniTumn duvapooeld ¥, (X) € RIX], tétowa doTe vo toy el

lord(y;(X)) >j  wouw ;X7 +14p;(X) € I]
= Jord(ry;(X)) > j wnon 7rs;XI +r9;(X) € I],
ontdte rs; € I;. Inuewntéov Ot yio owodimote s; € I; vrdgyer ¢, (X) € R[X] ue
[ord(y;(X)) > j non ;X7 4 1p,(X) € Z]
= ford(¢;(X)X) > j +1 non s;XF +4p, (X)X € 7],

am’ émov €meton 6t s; € Ij = I; C I;41. Emeldn o R eivou €€ vmobéoemg vaute-
oLovog %o

LhCchChC --CLiClip1C--,
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vraEyer m € Ny, Tétolog doTe vo loyVeL I; = I, yia #6Be j > m. Emumpoobétmg,
raBéva ex TV LOEWdOV Iy, ..., I, elvan nemegaouévog moayouevo. (BA. Bedonuo
4.1.11.) Ago. ywa #60e j € {0, ..., m} vVTEAQYOVY 5; 1, ..., ik, € R (k; € N) ue
I]‘ = <Sj’1, veey S]"kj> .
[doutéoug, ywa ndbe i € {1, ..., k; } vwdgyovv ¢, ;(X) € R[X] ue
ord(; ;(X)) > j non ¢, ,;(X) := 55X + V(X)) €T

Toyvotouos: To 19emdeg Z elvan TEMEQUOUEVIS TOAQAYOUEVO. ZVYREXQLUEVOL,

7= < U {5200 s, <><>}> . (45)
j=0
O wyveLouds Bo eainBevbet o do friuata. 1o TEMTO €& aVTMV Bor awoderyOel
6t 10 Weddeg Z N J,, 100 R[X] (6mov J,,, 10 18eddeg T0 0QLobév uéow g (4.4))
elvalL TETEQAOUEVIIS TOQOAYOUEVO.

Bijue lo. "Eotm tuyotoa ¢(X) € Z N J,,. ©Oétoviag n := ord(¢(X)) avty uwopet
va yoapel vrd ™ woepn p(X) = sX™ 4 1(X), dmou

s € Rn{0gr} naw ¢(X) € R[X] : ord(¢)(X)) > n > m.

%

IMoogavag, s € I,, = Ip,. ExewdN I, = (Sm. 1, s S k) »
k

m
F(r11s 0 1k, ) € RE 05 =31 5.
i=1

k
Oftovtag x4 (X) :=

Zm 1. X", (X), éxovue x1(X) € T no, wg ex T00T0V,
i=1 i
(X) =x1(X) €T pe ord(p(X) = x;(X)) =:n1 > n >m.
Emavahaupdvovtag tv ida dadiracio (ue tnv ¢(X) — x1 (X) otn Béom tig ¢ (X))
UWITOQOVUE VOL OQLOOUVUE ULOL ETTLTUTTY OUVOAUOTELQG

km
X2(X) = 421T27ixn17m<pm,i(x)
YU RATAAANADL 72 1, ..., T2 &, € R ue ©(X) — x1(X) — x2(X) € T »ou
ord(p(X) = x1(X) = x2(X)) =:ng 2 1 2 n = m.
Kot avtév tov todémo amoxtotue (avadoourrdg) wo oxohovdio exitummy duva-
nooelpaVv (x,, (X)), en opllovtag

Km
Xy (X) 5= 20 1 X0 i(X)

(2
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Y0 ROTOAMACL 7 1, o, Tk, € RE 9(X) = 3001 X, (X) € T o
Ord(p(X) — 32 xy(90) =1y By B 0> m,
o=1

Eav yionaBe i € {1, ..., k; } Oewpiioovue v enttumn duvouooeipd

Wi(X) = 3 1y XM € RIX],
v=1
101E
P00 = 3% 1 (X)) = 900 = S ).

Enedn} n anolovbic twv t6Eewv n, := ord(p(X) — 3571 X, (X)), v = 1,2, ... elvan
yvyoiog avEovoa, haupdvovue

[e%s) Eum
P(X) = X, (X) = Oppx) = @(X) = lez-(x)wm,i(x)-
v=1 1=
Katd cvvémelay,
n Jm = <(pm,1(x)7 s (pm,km (X)> . (46)

Bijua 20. Ztnv mepintmon 6ov m = 0, 1 1odtnta (4.5) elvor mpodfiimg ahndiig
Aoy g (4.6). Ag vroBéoouvue 6tLm > 1 ®L og BewEioovue wo exiTumTy duvouo-
oelpd ¢(X) € T éxovoa tdEn ord(¢(X)) = j yio »dmowov j € {0,...,m — 1}. Avti
urooet va. yooel vid t woepn ¢(X) = sX™ + 1(X), 6mov

s € Rn{0gr} nou (X)) € R[X] : ord(x)(X)) > 7 + 1.
Enouévag, s € I; = s = Zfil 71,085, YL ROTAAMAQL 71 1, ..., 71 1, € R. O€TOVTOG
k;j
, m—1
T= < U {saj,1<><>,...,goj,kj<><>}> xow v1(X) == 3 r1,i05,(X),

j=0 i=1

maatneodue 6t v1(X) € I’ G 7 pe ord(p(X) — v1(X)) =: j1 > j+ 1 > j. Edv
71 < m, 10te emovaraufdvovtog v idia dadinacia (ue v p(X) — v1(X) ot
08éom s (X)) umogovtue va optoove wa exiTLITY OUVOUOCELQA

k;
’UQ(X) = Z’/‘Q,i@jhi(X) el
i=1

YU ROTOMNAL 72 1, -, Tk, € R UE p(X) —v1(X) —v2(X) € TV G T o

ord(p(X) —v1(X) —va(X)) =1 ja > 1 +1>5+1> 3.
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Eav jo < m, 101e emavarappdvouvue T dwadiwacio, opttovue vs(X), v4(X), ... avi-
%OVOES 0T0 Z' %.0.%., £0g HTOV CUVAVTNOOUUE EXELVOV TOV EAAYLOTO PUOLXS aLOLOUO
v Y10, TOV OTtOL0 Lo VEL

ord((X) — (u1(X) + va(X) + -+ + v, (X)) = m.
To aBgowouo v(X) := vy (X) + - - + v, (X) avijrer 010 Z' S 7. Qg ex 10010V,
[p(X) — v(X) € T noword(p(X) — v(X)) > m] = o(X) —v(X) € ZN Jp,

zdaTL ov (og ovvduaoud ue v (4.6)) onuatver 6t n wdtnTa (4.5) eivow xar oe
QUTHV TNV TEQRITTWOoN alnOns. O

4.1.19 Iégwopa. Eotw R évag uetabetinds daxtologs ue povadiaio aroryeio. Eqv
0 R eivar vautepiavig, tote xat o daxtilios R[X, ... , X, ] eivar vaitegiavig.

ATIOAEIEH. Agxet va epapuooBei 1o Bedponua 4.1.18 xou padnuatinny eraywyn mg
TOG TOV M. ]

[4.2] AAKTYAIOI KYPIQN IAEQAQN

4.2.1 Ogwopos. "Evog dontoliog naheiton doxtoMog ®xvoiov dewddv (=: AK.IL)
otav ndbe Wemdeg Tov elvan ®voLo. Emiong, ®dbe daxtiliog »uoimv 10emdidv, o
0TTOL0g TUYYAVEL VO, EIVOL -TOUTOYQOVIG- HOL OXEQALLCL TTEQLOYT], ROAEITOL TTEQLOYNA
®rvgiov 1Wendov (=: ILK.L).

4.2.2 Tlgbéraon. Kdbe I1.K.I. eivar vairteoiavij mepLoyd.

ATIOAEIZH. "Emeton dueco amtd 1o Bemwonuo 4.1.11. ]

4.2.3 Movaon. Kabe odua eivar ILK.1 xar xd0e 0tefAd odua A.K.L.

ATIOAEIZEH. Ta pdva Wde®ddrn oovdfmote 0teAoU oduatog (= OLaQeTnot da-
#tuliov) elvon to TeTELuuéVOo 1OeMdeg naw o eavtds tov (BA. 2.1.9), Ta omoio elvon
TEOPAVAGS ®UELO LOEMN. EmmpooBétwe, emeldn »dbe odua elvon axegaio megroxy
(BM. 1.2.22), ogethel va givouw rot” avayxny xow TLK.L O

4.2.4 Tlgoraon. O daxtvrios 7 twv axeoaiwv eivar ILKI.

ATOAEIZH. "Emeton Gueoa amd tnv mpdtoon 2.2.6. O

4.2.5 Tlgotaon. Ag vmobéoovue o1t R eivau évag uetabetinds daxtioAog ue uova-
otaio atowyeio xaw f : R — S évag emuoopiouods daxtvriov. Eav o R eivar A.K L,
T0TE ®aL 0 S eivar A. K.
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ATIOAEIZH. "Eotm J Tuy0v 10eddeg 100 S. Tote 0 demdes I = f~1(J) eivaw xiguo,
ag mwovpe 10 I = (a) = Ra, ywo #dmowo a € R. Ioyvoiltduoaote 6t

Modyuotr edv b € J, 101€ b = f(c) Yo vdmowo ¢ € I. EE avto? émeton 6n ¢ = ra
vy xdmowo r € R, ondte b = f(c) = f(ra) = f(r)f(a) € f(a)S. Aga J = f(a)S.O

4.2.6 Ilégwopa. Eotw R évag uetabetinis daxtilios ue uovadiaio otoryeio. Edv o
R eivau A.K 1., t0t€ »ai 0 mphixodaxtilos R/1, omov I otodfmote 1deddes T0V R,
eivar A.K.I.

ATIOAEIZEH. Agxel M epoouoyr] TS TEOTAoEmS 4.2.5 Y10l TOV (UOLRO ETUOQPLOUO
R — R/I O

4.2.7 Méguopea. Edv m € Z~{0,+1}, tote 0 mnhixnodaxtiiios 7/ mZL = Ly, eivar
ILK I, 6tav o |m| eivar modtog aptbuds, ot A.K.1. (aAdé 6yt xai I1.K.1.), 6tav o |m|
eivar ovvhetog aibuds.

ATIOAEIZH. TTpogaviig duvauel twv 1.2.27, 4.2.3, 3.3.4, 2.2.6, »00dg now to0 moQi-
ouatog 4.2.6. O

4.2.8 Inueioon. Méow 100 mopiouatog 4.2.7 dramotdvouue OtL 10 4.2.6 dev etvou
avtote alnBég yia mepoyéc ®votwv Wewddv: Edv to I eivor évo un tetoluuévo
Wemdeg wag ILK.I. R, t0te 0 mmhirodoxntihog R/I (mwov etvan AK.I.) dev eivan
not’ avayxnv ILK.I.

4.2.9 Mogadeiypara. 10 enduevo vepdiaro Bo amodeiEovue 6TL oL doxTOALOL

Zpy (p moOTOG, PA. dounon 1-16),  K[X], K[X] (K odua)
elval megLoyés nuptmv Wemddv (PA. eddpro 5.4.22).
4.2.10 Ogiopods. I'io vaBe = € R opiCovtal oL axépotol

|z] :=max{n €Z| n<z}, [z]:=min{necZ|n>uz},

nou {z} =2 — |z]. O |z] ovoudCetal o ddmedo 100 x, 0 [2]| M 0goPH) TOV = %O
o {z} o xhaopanné pégog Tov x. O 0nEQUOG {T }eyy 0 EYYUTEQOS TOV , 0QITETOL
g axoAovBmG:

{aen == e+ 3] = [ - 3]

4.2.11 Ilgétaon. O daxtvdiog Z[i] & C twv axegaiwv tov Gauss eivar ILK.I.
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ATIOAEIZH. O daxtohog Z[i] elvan axepaia meouoxh (Pr. doxnomn 1-43). "Eotw 1
éva 19eddeg 100 Z[i]. Edv I = {0}, 16te I = (0). Eav {0} S I, 161e vdoyet #daroro
z € IN{0}. EmAéyovue ooy éva. zg € I~{0} yio to omoio Loyvel 1 lodtnTo

|z0] := min{|z| | z € I~{0}}.

Oa amodelEovue 6T I = (zp) . [Tpdypat edv zp = a + bi, yio vdmowovg a,b € Z
(ue Tovhdayrotov évay €5 autdv # 0), Tote Yo oLodtote ototyeio w = a’ +b'i € 1,
a', b € Z, 10 »hdoua w/ zg yodepeton wg eENG:

w ad +bi (a4 Vi) (a—bi)
20 a+bi  (a+bi)(a—bi)
! b/ N _ b
= HPIEN) i ) = Be(2l),
oMoV 1 1= L4 o ) yoy 5 1= LELD ¢ Q. Oewo i .
= e = Y . QOUUE TOVG «EYYUTEQOUG» ORE
0alovg p 1= {T}eyy RO ¢ 1= {S}eyy TOV 7 %OL 5, AVTLOTOLYOG, OTOTE LOYVOLV OL
OVLO0L0OTNTEG:

1 1
0<|r—pl <=, 0<|s—q| <=
<|r M—T <ls ﬂ_T

now 0piCovue wg € := p + qi € Z[i]. Tote

w 2 2 1 1 1
o e O Y b Rt (47)

"Eotw ¢ := w— zp§. Emewdn zo, w € T non & € Z[i] éxovue ¢ € 1. AgvmoBéoovue ot
¢ # 0. Oérovtag o epaouoyh v (4.7) haupfdvouue:

(5]

mEdyua dromo Moy ToU aEyrol TdToV emAOYNG TOU 2o (el T PdoeL THg vITo-
Béoemg mept ehaylotng amdhuTng TIWHG). ZUVETAG,

¢l = [w = 20| =

w
__g‘ < |ZO|,
20

(=0=w=2¢=1C (2).
EEdAhov, (z9) = {czo | ¢ € Z][i]} C I. Aga tehnids I = (z) . O

4.2.12 Inueiowon. Fevirdtega, n Z[y/m] etvon ILK.L dtav m € {—2,-1,2,3,6,7}.
(BA. modtaom 5.4.16 now eddpro 5.4.22.)

4.2.13 Hogadaderypo. Ymaoyel, pefatmg, not TANODOA TETQAYMVIROV AQLOUNTIRDV
meQLOY MV, ot omoieg dev elvan IL.K.I. Eni mopadelyuatt, n axegaia megroxm

ZIV=5={x+yv/-5| 2,y Z} SC
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dev eivou TLK.IL, d6w 1o I := (2,14 +/=5) dev elvar xoolo deddec. IModypaty
vroBétovtag Ot vmdyovv ®Amowol a,b € Z (ue évov Tovhdylotov €€ autdv did-
0QO ToU uNdevag), T€ToLoL MOTE

I= <a+b\/—_5> = Z[V=5] (a+b\/—_5)a
AOTOAM]YOUUE OF ®GTL TO GTOTO WS axoroVBwe: Emeldq 1 + /=5 € I, Ba 1oy vet
1+V=5= (z+yv=5) (a+bvV=5) = (ax — 5y) + (bx + ay) V-5,
yio ®dmolovs x, y € Z. Katd ovvémeiay,
{‘”3_59:1’}:{96:%’}. (4.8)
br+ay=1 Y= #5[71;2

Awaxgivoupe Toews egurtdoes: (i) a = b. Téte z = L, nou eneldij = € Z, ouvdyeton
0t a = +1, omdte a + by/=5 = + (1 + +/=5) . Enewdij 1o 2 avijxer 010 1, Bo moémet
va Loy UeL 1 .odT T

2 = (1 + \/—_5) (u + 1/\/—_5) , (4.9)

YLOL RATTOLOVG 1, v € Z. Oewedviog 100g outuyels nat ota d0o uéhn tg (4.9) na-
TaMjyouue otV

2=(1-v-5) (u—vv-5). (4.10)
MolamhaoidCovtag xatd uén tg (4.9) zouw (4.10) haupdvovue
4=6(p* +507). (4.11)

‘Ouwe 1 wotta (4.11) elvon advvatn, xaBoTL 1o 8eEL6 ™G uérog elvar mEopavie
> 4, 6tav ToVAAYLoTOV Ve EX TV 1, v €lval OLdpoo o0 undevog, xou eivor = 0,
otavu =v=0.

(ii) a # bnow b # 0. e avtiv TV TEQLTTWON,

la — bl

2 2 2 2 = —_——
L< o=t <la| +[b] < a® +0° <a® +56° = 0 < [y| = ——5

<1,

(BA. (4.8)), moGyua dromo, Sttt -€€ vobéoeme- y € Z.
(iii) a # b non b = 0. Ztnv tehevtaio ovth meptntwon éxovue (Adyw twv (4.8)):

1
Za‘f:y:—:}a:ﬂ:l:}aﬁ-b\/— ::|Z1:>].€I,
a

(omote I = Z[v/—5]). Totto 6uwg toodvvauel pe 1o 6t
1=2(a+V=58)+ (1+V-5) (y+ vV-55), (4.12)
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yia xatdhAniovg axepoiovg aoBuovc a, 8,7y, 6. And v (4.12) émeton 6T

200+ v — 56 =1,
28+7+6=0

} = 2a+ 108+ 6y = 1. (4.13)

AMG 2w M oyg TG (4.13) eivor adOvartr, 8600V T0 apLoTeEd TG UELOG elvan
évag aTLog xo To 8eEL0 TN UEAOG £vag TeQLTTOS AréQALOg aELOUAG.

4.2.14 Mogodeiypara. AALo TOQAIEIYUATO AV ROVTO OTNY RAACH TOV AXEQOLWOV
megroy v mov dev elvaw ILK.L: O doaxtdhog o oguobeic otnv doxnon 2-8, o mo-
Movowndg dantirog Z[X] (BA. dornon 2-7) o, yevirdtepa, o R[X], 6mov R wo
axepaia TeQLoyy ov dev elvar omua, oL daxtodol K [Xq, ..., X,], K[X,...,X;]
(6mov n > 2 now K odua, fA. mogiouata 5.4.25 wou 5.4.27) ».4.

4.2.15 Ilgdétaon. Eav wa axepaia meotoyn R eivar I1L.K L, 10te éva un tetowuuévo
LOEDOES TNG EvaL TEATO EAV %Al UOVOV EQV EIVAL UEYLOTIXO.

ATIOAEIZEH. Katd 1o Bemonua 2.5.22 #dbe pn tetolupuévo ueyotnd 19emdeg g
oxegaiog megoxfc R elvan mpdto. "Eotw tdhoa I €va un TETOLUUEVO TEDTO LOEMOES
Tig R #ou €0tm J éva 10eddeg Tig R, i To omoto woyver I & J € R. Emewdfn R
etvon ILK.IL., vrdoyovv a,b € R~{0g}, tétoia dote I = (a) non J = (b) . Emeldj
a € (a) G (b), vrdoyel namowo ¢ € R\{0r} ue a = be. IMogoarnoodue 6t b ¢ (a)
(du6tL adhids Ba elyoue (b) C (a)), omdte

ce€fay=[3d € R: c=ad] = a = bc = bad = abd.

KaBdg a # Og, avtd onuaivel 61t 1z = bd (BA. medtoom 1.2.5), ondte €xovue
1g € (b) = J = R.Aga. 1o I eivar ueylotxd 10eddec. O

(4.3] APTINIANOI AAKTYAIOI

4.3.1 Ogwopos. ‘Eotw { I,|n € N} éva agiBunowno o0vorho 0QLoteQdv (KoL ovTL-
oTolyws, deELv) 1Wemd@V evog daxtviiov R. H anolovbia {1, },en noheiton »a-
L0000 aAVGIda 0OLOTEQMV (ROl OVTLOTOLY WS, OEELDV) LWOeMIDV TOU R dtav Loy VEL
o0 eyrhewonds I, O I,,1+1 yia xdbe n € N. Mua ratotoo alvotda {1, },en ®ohelton
ardowun 6tov vrdEyeL ®dmotog k € N yio tov omoto woyvel I, = I, yuo e puowrd
apbud n > k.

4.3.2 Oguopog. Aéue 6t évag doantiMog R iwovoTTOLED T ouvOf®n TOV %aTLoVedV
aAvoidv enl T00 CUVOLOU TOV ALOLOTEQMV (%Ol AVTLOTOIYMS, TV dEELDV) LOewdDY
Tov 0tO 2dfe natovoa alvoido apLoTeQMV (roL avTLoTol MG, deELMV) LOEMIDV
autoU glvor oTaoLun.

H anddel&n 100 Bempruatog 4.3.3 eivor mapduora exeivng tov Bewpnuotos 4.1.3.



§4.3 APTINIANOI AAKTYAIOI 173

4.3.3 Ozaonuo. Eotw R évag daxtvros. Toéte ta axdlovba sivar toodvvaua :

(1) O R ixavomouel Ty ovvBijxn twv xatiovody aAvoidwy exti To0 ovVoAov Twv agt-
oTepdV (xat avtioToixwg, twv 0e&idv) tdewdv Tov.

(i) Kabe un »evé ovvolo apioteodw (rar avtiotoiyws, 0e&idv) 1dewddv tov R me-
otéyetl (tovAdyiotov) éva elaytotixé atowyeio (ws TEOG TOV TUVAOY eYXAELTUO).

4.3.4 Ogwopos. KaBe dontohog R, 0 omolog travomolet wio (#oL, wg ex 100Tov,
zow TG 900) ex tv ouvOnxrav (i), (i) Tov Bewpnuatog 4.3.3, ovoudleton €€ agi-
0TEQOV (ROL OVTLOTOlY WG, &% OEEL@V) daxnTOMog To¥ Artin 1 € ogQiotegdv (non
avTioToiyng, ex deELdv) aptviavés daxtohog’. Evoc daxtihoc R noheiton ag-
Tviavog daxTOMog OTOV elval TAVTOYEOVMS RO €S 0QLOTEQMV %O €X OEELMDV QLQTL-
viovog. (TTgogavas, yia Toug uetabetinots damTUAOUS OL EVVOLES «EE 0QLOTEQMV
QQTLVLOVOG», «€X OEELMV AQTLVLAVOS» RO «OQTLVLOVOS» TAUTICOVTOL, EVM YLOL TOUG
un uerabetinovs dontvliovg elvon ev yéver duapogetnéc.) Téhog, ndbe agtivia-
vOg 0axTOMOG, 0 0TTOlog TVYYAVEL Va elval axepaio TtegLoyr, ovoudietal agriviavi

meQLOYN.-

O\ amodeikelg Twv mpotdoewy 4.3.5 now 4.3.8, nou twv mogloudtwv 4.3.6 xou 4.3.7
givol ToopnoLeg exeivov Twv mpotdoemy 4.1.5 naw 4.1.9, xow twv woploudtwy 4.1.6
non 4.1.7, avtiototymg.

4.3.5 Mporaon. Eavy f : R — S eivau évag emuoopiouos daxtvdiov xat o R
eivat e€ apLotepdv (xat avtiotoiywg, ex de&ldv) aptiviavos daxtiiiog, Téte xat o S
elvat €& apLotepv (wat avtiotoiyws, ex 0esiw) aptiviavog.

4.3.6 Iogwopa. Edv ot R xaut S eivar dvo toouoppor daxtvlor xat o évag €€ avtav
e& apLotepdv (xar avtiotoiyws, ex 0e&idv) aptviavig, Téte xar o dAlog eivar €&
AQLOTEQWY (xauL aVTLOTOIX WG, €% 0e&1V) apTIviavig.

4.3.7 llogwopa. Eotw R évag €& aptotepdv (xat avtiotoiyws, évag ex de&idv) ap-
TVavos daxtidiog xat éotw 1 éva 1deddes ToV R. Tote xat o wnhixodaxtviios R/ 1
elvat €& apLotepv (wat avtiotoiyws, ex debiw) aptiviavog.

4.3.8 Iporaon. Eotw f: R — S évag emuoopiouos daxtvliov. EQv aupoétegor
ot Ker(f) nat S eivar €€ agioreodv (rat avtiotoiyws, ex de&idv) aprviavoi daxto-
Mo, ToTE 2L 0 i0106 0 R eivau €& apitatepaw (xat avtiotoiywg, ex 0e§Ldv) apTiviavdg.

4.3.9 Ilgoroon. Kabe aptiviavii meoloys eivar ooua.

3Tgog tiwijv Tov Emil Artin (1898-1962), 0 omr0iog uehémoe 18LaITéQmg TG LOLGTNTES TOV XaTLOVIGY GAIGIONY LOEW-
dv.
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ATNOAEIEH. "Eotw R tuyotvoa agtuviavy meguoyy. Ta owodfmote r € R~{0g}
Lo 0OVV oL eyrheLouol

(2?22 20" 2(" )2 VneN.
Ened) n meguoyf R wovomolel ) ouvOixn Tov ®atovo®v ahuoidmv, vidoyel
ramolwog k € N yia tov omoto woyter I, = I yia ®60e puowmd agbud n > k. EE
ovtov £meTol OTL

rk e <rk> = <rk+1> =3JaecR:rF= arkﬂ,

ondte [rk(lR—aT) =0g, ¥ # OR] = ar = 1lgp = r € R* (Pr. 1.2.5). Katd
ovvénelov, R* = R~{0g} nou n R elvow odua. O

4.3.10 ogodeiypata. (i) KaBe omdua eivol moopavog agtiviavy meotoyy (oo
duaBétel puoévov 8o koo LWeddN). Mdhliota, odupwva pe v medtaon 4.3.9,
Loy Vel xat To avTioTEoPo (RATL TTOV OeV LoYDEL VL0 VOLTEQLAVES TTEQLOYEG)!

(i) "Eoto R évag daxtihog ue povadiaio otoyelo xat éotm n € N. EGv o R eivou
VOUTEQLAVOS (%Ol AVTLOTOLY WS, AQTLVIOVOS), TOTE %ot 0 daxtOMOg Mat,, «,, (R) elvou
VOLTEQLAVOS (RO OVTLOTOIY ™S, AQTLVLOVAG), OLOTL VPloTATAL WO AUPTOEUPN UETAED
00 OUVOAOV TV LOEMAMV TV R %ot 100 ouvolou Twv 0ewdmV T00 Mat,, ., (R) N
omota drortneel ) oyéon eyrnhelopov (BA. doxnon 2-16, (iv) xow (vi)). Idwortépmg,
v xdfe odua K, 0 dontohog Mat,, «, (K) elvol tavtoyodvws vourtepLovog #o a-
TVLOVOG.

(iii) Zwnv doxnon 4-5 dideton éva modaderyua evog daxTuhiov o elvar ex deELMdV
oMAG Oy wau €E 0QLOTEQMY 0QTIVLAVOC.

(iv) Ztnv doxnomn 4-6 didetou éva mopdderyua evog doxtuhiov mov elival €€ apLote-
0V aALG Gyl now ex OeELDV aQTVIOVAG.

(v) O daxtihog Z twv anegaimv etvar vouteouovog (BA. 4.2.4) olhd dev etvan a-
Tviovog, dLoTL 1

2228 2--2@2@m 22" 2+, vneN

elval wo un otdown xototod ahuoida LEWdIMY Tov.

(vi) T orodnmote oduo K o dantohog K[X] etvar vauteguavodg (o0upmva ue to
Bedonua 4.1.15) alhd dev elivor aTviavog, oot 1

KX 2 (X) 2 (X?) 2 - 2(X") 2(X"1) 2... ' VneN

elvolL pLa u oTaolun ®otovoo ahuctdo 1OEwOmV Tov.

(vii) Ztnv donnon 4-8 dtdetan Eva mapdderyua evog donTuhiov Tov eivor 0QTLVIOVAG
ahAd dev elvor vouteQLavog.
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(viii) Edv yio otovdfjmote Betind moarypotind aotbud p Bewpioouvue 1o 1deddeg
I, = {f € R¥| f(z) = 0 yia xGBe x € [—p, p]}

100 daxtuhiov R® tote -+ G I3 G L G 1 & I GIi G Is & omdren
LGI GGG GGl VneN

etval wo un otdown aviovoo arvoida Wemddv xoL m
h2L2L2 26, 2L 2, VneN

elvau wo. un otdoun ratovoa alvcida emddv Tov RE. Apa o Saxtiiog RR dev
elvar 00Te vouteQLovog 00TE 0QTVIAVOS. (ZnuetwTéov OtL Oha ToL LOEDON 1, TeQLE-
xovtaL oTo peylonixnd Weddes { f € R¥| £(0) =0} .)

ITapd to yeyovog 6t dev vpiotator ®Amolo aElouvnuoveutn oxéon dlouovvoEoemg
YEVIXDV VOLTEQLOVADV ROL OQTIVLAVAV dOXTUAIWV, T TOGYUOTO OLa@OQOTOLOVVTaL
Ootav ravelg meguopitetar oty xAdan Twv uetabetixdv daxtviiov ue uovadiaio

oroiyeio. KaBe aptviavog petabetindg doxntilog pe povadiaio otoyeto eivol ®ot’
ovayxNV vautepLavog! Zuyxenouuéva, Loy Vel To eENG:

4.3.11 Oedgnuoa. (Y. Akizuki & C. Hopkins, 1939) Eotw R évag uetabetixnis da-
xTOMOG ue povadiaio atoryeio. Tote ot axdAovbes avvbixes eivar 1o0dUvaues:

(1) O R eivar aptiviavog.
(ii) O R eivar vauitepiavog xat x40e T To 10EOES TOV Eival UEYLOTIXO.

ATIOAEIZH. BA\., m.y., I.S. Cohen: Commutative rings with restricted minimum
condition, Duke Math. Journal 17 (1950), 27-42. O

Aoxrnfoelg

4-1. No amodeyBet 1L 0 (un uetaBetindg) dontiiog

Ri={(§ !)|abeznu ccQ} S Mat(Q.

etvaw €€ apLotepmdv vouteouavog ahdd dev elval ex deELdv vorteguavoc.

4-2. No amoderyBet dtL #Abe 1deDdeg evHg vauTeQLavoy daxTtuhiov R megLéyel éva
yvéuevo memepaouévoy mAjfovg medTmv Wewddv 100 R. [Yrodetn: No
vrotedel 6L To 0VVOLO TV LMDV ToV R, ta omoia dev TeQLEYOUV RAVEVQL
YIVOUEVO TTEMEQAOUEVOU TAO0US TEOTMV LWOEMIMY TOU R, elval un #evo nou
va yonotuorown et eig dromov amorymyn oe ovvdvaoud pe o Bemponua 4.1.3.]
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4-3.

4-4.

4-5.

"Eotw n € N. AoBévtov n daxtuhiov Ry, ... , R,, va omodeuydet 6t 0 donto-
Mog Ry X - - - X Ry, elvau €€ 0QLoteQmdv (o avilotoiyws, ex deELdv) vourtepLa-
vOg €dv %ol uOvov eGv ®oBévag ex Twv Ry, ... , R, elval €€ aglotepmdv (o

OVTLOTOLY WG, €% OEELDV) VouTEQLAVOGS.

(i) Na amoderyBet to Beddonua 4.3.3.

(ii) Na amwodewyBotv oL mpotdoeis 4.3.5 now 4.3.8, »ow ta mwopiouata 4.3.6 wat
4.3.7.

Noa amwoderyBel 6T 0 (un uetabetinds) dantilog
Ri={(§ ! )|acQuaubecer} S Matro(®).

etvan ex deELdV aTviavdg ohhd Oev elval €€ apLoTeQdV apTviavos.

. No amodeuyBet 6T o (un uetodeTindg) dontiilog

R::{( o l: )’a,bERme cGQ} S Matyyo(R).

elvan €€ apLotep®Vv 0TIVIOVOS alhd dev eival ex deELDV apTLviavos.

"Eotw n € N. AoBévtov n doxtuMwv Ry, ... , Ry, va amoderyOet 6tL 0 danto-
Mog Ry X - - + X Ry, €lva €€ Lo tepv (1oL avilotoiyms, ex OeELmdVv) oQuviavog
eqv noL WOvov eav nabévog ex twv Ry, ... , R, elvon €€ 0QLotepdv (oL aviL-

oToiymg, ex 0eELMV) aTLVIOVOS.

. "Eotw p évag mpoidtog apBudg xot €0tm

Z(p*) = {%

n,m € Ng xou m<p"} S Q

To otvoro Z(p>) naBiotaton uetaBetindg dantihog (ywols povadiaio otot-
¥€l0) uéow Twv TEAEEWV ¢ «mtEoobécemg mod 1»

’ ’
mp'n. +m/pn , mpn +m/pn
m+m' L W’ O’EOWOSW<1,
n n n’ Ion . n’ /on
p p w_L valgw<2’

pn+n’ pn+n’

!/ /. z
vien,n',m,m’ € No, ue m < p™,m’ < p™, now 100 «TETQLUUEVOV» TTOAAQL-
TAOCLAOUOV

a*xb:=0, ¥(a,b) € Z(p™) x Z(p).

No amodetyBet 6tL avtdg 0 darTOALOg eival 0QTVIOVOg aAAG dev elva voute-
oLavog.
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4-9.

4-10.

‘Eotw n € N, n > 2 7o £0tw R évag petabenndc doaxtihog ue povadiaio

otolyelo o0 0moiog meQLéyeL n LOEWON 1, . .. , I, TETOLOL DOTE VO LOYVEL M) LOO-
mra l;N---NI, = {Or}. YroBétovtag 6t vabévag ex TV Tnhrodaxtuiinv
R/I,...,R/I, elvar vauteQuavog (1o aviotolyms, AoTviovis), Vo otodeL-

¥0el 6T 0 R elvar moaitmg vouteQlavog (1oL avIloTolymg, aQTviavog).

"Eoto R évag daxtiMog xat éotw f : R — R évog evdopooelouds autov.

Noa amwoderyBovv to axdrovbo:

(1) Edv o R elvou ex deELdv vauteguavdg ®ou o f emuoooonds, Tote o f eivol
wopoprouds. [Yrodeln: Ker(f) C Ker(f?).]

(i) Eav o R etval ex deELDV 0QTIVIOVOS %Ol O f LOVOUOQELOUAS, TOTE O f elval
woopo@Louds. [YaodeEy : Tm(f) 2 Im(f?).]






