
ÐáíåðéóôÞìéï ÊñÞôçò, ÔìÞìá Ìáèçìáôéêþí Èåùñßá Äáêôõëßùí êáé Modules (M 222)

ÅîÝôáóç Éïõíßïõ 2010 ÅîåôáóôÞò: ÄçìÞôñéïò ÍôáÞò

ÁÐÁÍÔÇÓÅÉÓ ÄÏÈÅÍÔÙÍ ÈÅÌÁÔÙÍ

ÈÅÌÁ 1ï Âë. èåþñçìá 2.5.20 (óôéò óçìåéþóåéò). ¤

ÈÅÌÁ 2ï Âë. åäÜöéá 3.3.1, 3.3.2, 3.3.14 êáé 3.3.19. ¤

ÈÅÌÁ 3ï Âë. èåþñçìá 4.1.15. ¤

ÈÅÌÁ 4ï (i) Âë. ðñüôáóç 2.3.5. (ii) Âë. èåþñçìá 5.4.21. ¤

ÈÅÌÁ 5ï Âë. èåþñçìá 5.6.3. ¤

ÈÅÌÁ 6ï Áò õðïèÝóïõìå üôé õðÜñ·åé êÜðïéïò ìåôáèåôéêüò äáêôýëéïò R ìå ìïíáäéáßï óôïé·åßï, ìå ôçí ðïëëáðëá-
óéáóôéêÞ ïìÜäá ôùí áíôéóôåøßìùí óôïé·åßùí ôïõ (R×, ·) Ý·ïõóá ôÜîç

¯̄
R× ¯̄ = 5. ÅðåéäÞ ôï 5 åßíáé ðñþ-

ôïò áñéèìüò, êáôÜ ôï (iii) (ôÞò äïèåßóáò óçìåéþóåùò) ç R× åßíáé êõêëéêÞ ïìÜäá. Áò õðïèÝóïõìå üôé ôï
a ∈ R× åßíáé Ýíáò ãåííÞôïñáò áõôÞò. Ðñïöáíþò, a5 = 1R êáé a 6= 1R (äéüôé ç (R×, ·) åßíáé ìç ôåôñéì-
ìÝíç) êáé R× = {1R, a, a2, a3, a4}. Ùò ãíùóôüí, 0R /∈ R× êáé {±1R} ⊆ R× (âë. åäÜöéï 1.2.9). ÅðåéäÞ
(−1R)2 = 1R, Ý·ïõìå ord(−1R) ∈ {1, 2} (âÜóåé ôïý ïñéóìïý ôÞò ôÜîåùò óôïé·åßïõ êáé ôïý (i) ôÞò äï-
èåßóáò óçìåéþóåùò). ÅðåéäÞ ord(−1R) | 5 (âë. ôï (ii) ôÞò äïèåßóáò óçìåéþóåùò), Ý·ïõìå êáô' áíÜãêçí
ord(−1R) = 1, ïðüôå−1R = 1R (= ôï ïõäÝôåñï óôïé·åßï ôÞò (R×, ·)). Áõôü óçìáßíåé üôé 2 ·1R = 0R, áð'
üðïõ Ýðåôáé üôé ·áñ(R) = 2 (âë. 1.4.2 (iii) êáé ðñüôáóç 1.4.3). ÐñïêåéìÝíïõ íá êáôáëÞîïõìåóåÜôïðï,áñ-
êåß íá ðñïóäéïñßóïõìå êÜðïéï óôïé·åßï b ∈ R× ôÞò ìïñöÞò b = 1R+c(a+1R), c ∈ R×r{1}, ìå bk = 1R,
ãéá êÜðïéï k ∈ {2, 3, 4}. ÐñÜãìáôé° õðïèÝôïíôáò üôé õðÜñ·åé Ýíá ôÝôïéï b, èá éó·ýåé ord(b) | k (âë. ôï (i)
ôÞò äïèåßóáò óçìåéþóåùò) êáé, ùò åê ôïýôïõ, ord(b) ∈ {1, 2, 3, 4}. Ç ðåñßðôùóç üðïõ ord(b) 6= 1 áðï-
êëåßåôáé, êáèüóïí ôïýôï èá áíôÝöáóêå ðñïò ôï (ii) ôÞò äïèåßóáò óçìåéþóåùò (áöïý 2 - 5, 3 - 5 êáé 4 - 5).
¢ñá

ord(b) = 1⇒ b = 1R ⇒ c(a+ 1R) = 0R

⇒ a+ 1R = c−1(c(a+ 1R)) = c−1 · 0R = 0R
⇒ a = −1R = 1R,

ðñÜãìá Üôïðï, áöïý a 6= 1R. Ï ðñïóäéïñéóìüò åíüò ôÝôïéïõ b ãßíåôáé ìå äïêéìÝò ãéá ôéò ôéìÝò ôïý c,

õøþóåéò óå êÜðïéá áðü ôéò ôñåéò åðéôñåðôÝò äõíÜìåéò êáé ·ñÞóç ôïý ãåãïíüôïò üôé ï äáêôýëéüò ìáò Ý·åé
·áñáêôçñéóôéêÞ 2. Åðß ðáñáäåßãìáôé, ïñßæïíôáò ùò b ôï b := 1R + a2(a + 1R) (ìå c := a2 ∈ R×r{1},
êáé ·ùñßò íá ãíùñßæïõìå åê ôùí ðñïôÝñùí üôé ôï åí ëüãù b áíÞêåé óôçí R×), ëáìâÜíïõìå (ýóôåñá áðü
ýøùóç óôçí ôñßôç äýíáìç)

b3 =
¡
1R + a2 + a3

¢3
= 1R + 3a

2 + 3a3 + 3a4 + 6a5 + 4a6 + 3a7 + 3a8 + a9

= 1R + a2 + a3 + a4 + a7 + a8 + a9 = 1R + a2 + a3 + a4 + a2 + a3 + a4

= 1R + 2(a
2 + a3 + a4) = 1R.

ÅðåéäÞ b3 = b · b2 = 1R, Ý·ïõìå b ∈ R× ìå b−1 = b2. Åäþ áðïðåñáôïýôáé ç áðüäåéîç! ¤

ÈÅÌÁ 7ï (i) Ãéá êÜèå a+ b
√
−5 ∈ Z[

√
−5] (a, b ∈ Z) ïñßæïõìå ôçí åðéññéðôéêÞ áðåéêüíéóç

f : Z[
√
−5] −→ Z7, f(a+ b

√
−5) := [a+ 4b]7 .
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Ãéá ïéïõóäÞðïôå a, b, c, d ∈ Z Ý·ïõìå

f((a+ b
√
−5) + (c+ d

√
−5)) = f((a+ c) + (b+ d)

√
−5) = [(a+ c) + 4(b+ d)]7

= [a+ 4b]7 + [c+ 4d]7

= f(a+ b
√
−5) + f(c+ d

√
−5)

êáé

f((a+ b
√
−5)(c+ d

√
−5)) = f((ac− 5bd) + (ad+ bc)

√
−5)

= [(ac− 5bd) + 4(ad+ bc)]7

= [ac− 5bd]7 + [4(ad+ bc)]7

= [ac]7 + ([−5]7 · [bd]7) + [4(ad+ bc)]7

= [ac]7 + ([16]7 · [bd]7) + [4(ad+ bc)]7

= [ac+ 16bd]7 + [4(ad+ bc)]7

= [(ac+ 16bd) + 4(ad+ bc)]7

= [(a+ 4b)(c+ 4d)]7

= [a+ 4b]7 [c+ 4d]7

= f(a+ b
√
−5)f(c+ d

√
−5),

ïðüôå ç f åßíáé Ýíáò åðéìïñöéóìüò äáêôõëßùí. Óýìöùíá ìå ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí
3.3.2,

Z[
√
−5]/Ker(f) ∼= Z7.

ÅðåéäÞ f(7) = [7 + 4 · 0]7 = [7]7 = [0]7 êáé f(4−
√
−5) = [4 + 4 · (−1)]7 = [0]7 , Ý·ïõìå

7 ∈ Ker(f), 4−
√
−5 ∈ Ker(f)⇒

­
7, 4−

√
−5
®
⊆ Ker(f).

Êáé áíôéóôñüöùò° ãéá ôõ·üí a+ b
√
−5 ∈ Ker(f) (a, b ∈ Z) Ý·ïõìå 7 | a+ 4b, ïðüôå

a+ b
√
−5 = 7

µ
a+ 4b

7

¶
−
¡
4−

√
−5
¢
b,

áð' üðïõ Ýðåôáé êáé ï áíôßóôñïöïò åãêëåéóìüò Ker(f) ⊆
­
7, 4−

√
−5
®
. ¤

(ii) Áò õðïèÝóïõìå üôé õðÜñ·åé êÜðïéïò éóïìïñöéóìüò äáêôõëßùí ϑ : Z[X] −→ Q[X]. ÅðåéäÞ Ý·ïõìå
ðñïöáíþò ϑ(1) ∈ Q[X] ⇒ 1

2
ϑ(1) ∈ Q[X] êáé åðåéäÞ ç áðåéêüíéóç f åßíáé åðéññéðôéêÞ, õðÜñ·åé êÜðïéï

f(X) ∈ Z[X], ôÝôïéï þóôå íá éó·ýåé ç éóüôçôá ϑ(f(X)) = 1
2
ϑ(1). ÅðïìÝíùò,

ϑ(2f(X)) = ϑ(f(X) + f(X)) = ϑ(f(X)) + ϑ(f(X)) =
1

2
ϑ(1) +

1

2
ϑ(1) = ϑ(1).

ÅðåéäÞ ç áðåéêüíéóç åßíáé åíñéðôéêÞ, Ý·ïõìå 2f(X) = 1. ÅÜí

f(X) =
mX
i=0

aiX
i ∈ Z[X],

ôüôå 2a0 = 1⇒ a0 =
1
2 ∈ QrZ. ¢ôïðï! ¤

ÈÅÌÁ 8ï (á) (i)⇒(ii) ÅÜí n ∈ Zr{0} êáé In = hf(X)i , ãéá êÜðïéï f(X) ∈ Z[X], ôüôå õðÜñ·ïõí ðïëõþíõìá
g(X), h(X) ∈ Z[X], ôÝôïéá þóôå íá éó·ýïõí ïé éóüôçôåò n = f(X)g(X) êáé X = f(X)h(X). ÅðåéäÞ ï Z êáé,
êáô' åðÝêôáóéí êáé ï Z[X], åßíáé áêåñáßá ðåñéï·Þ, Ý·ïõìå

0 = deg(f(X)g(X)) = deg(f(X)) + deg(g(X))⇒ deg(f(X)) = deg(g(X)) = 0

(âë. ðñüôáóç 1.3.9), ïðüôå f(X) = a ∈ Zr{0}. ÅðéðñïóèÝôùò,

1 = deg(f(X)h(X)) = deg(f(X)) + deg(h(X)) = deg(h(X)),
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ïðüôå ∃b, c ∈ Z : h(X) = bX+ c. ÊáôÜ óõíÝðåéáí,

X = f(X)h(X)⇒ X = a(bX+ c)⇒ ab = 1, c = 0⇒ a ∈ Z× = {±1}.

Áðü ôçí Üëëç ìåñéÜ, f(X) ∈ In := hn,Xi , ïðüôå ∃θ1(X), θ2(X) ∈ Z[X] :

f(X) = nθ1(X) + Xθ2(X)⇒ θ2(X) = 0Z[X], θ1(X) = d ∈ Z.

¢ñá {±1} 3 a = f(X) = nd⇒ n, d ∈ {±1}.

(ii)⇒(i) ÅÜí n = 0, ôüôå In = hXi . ÅÜí n ∈ {±1}, ôüôå In = Z[X]. ¢ñá óå áìöüôåñåò ôéò ðåñéðôþóåéò ôï
In åßíáé êýñéï éäåþäåò ôïý Z[X]. ¤

(â) ¸óôù n ∈ N, n ≥ 2. Èåùñïýìå ôïõò åðéìïñöéóìïýò äáêôõëßùí

Z[X] 3
mX
i=0

aiX
i β7−→ a0 ∈ Z, Z 3 k

γ7−→ [k]n ∈ Zn.

Ç óýíèåóÞ ôïõò γ ◦ β : Z[X] −→ Zn åßíáé Ýíáò åðéìïñöéóìüò äáêôõëßùí Ý·ùí ùò ðõñÞíá ôïõ ôï éäåþäåò

Ker(γ ◦ β) =

(
mX
i=0

aiX
i ∈ Z[X]

¯̄̄̄
¯ [a0]n = [0]n

)

=

(
mX
i=0

aiX
i ∈ Z[X]

¯̄̄̄
¯n | a0

)

=

(
nk + X

Ã
mX
i=1

aiX
i−1

!
∈ Z[X]

¯̄̄̄
¯ k ∈ Z

)
= hn,Xi =: In.

Óýìöùíá ìå ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí 3.3.2,

Z[X]/In ∼= Zn.

(i)⇒(ii) ÅÜí ôo In åßíáé ìåãéóôéêü éäåþäåò ôïý Z [X] , ôüôå ôï In åßíáé ðñþôï éäåþäåò ôïý Z [X] , äéüôé ï
Z [X] åßíáé ìåôáèåôéêüò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï (âë. èåþñçìá 2.5.22).

(ii)⇒(iii) ÅÜí ôï In åßíáé ðñþôï éäåþäåò ôïý Z [X] , ôüôå ï ðçëéêïäáêôýëéïò Z[X]/In êáé, êáô' åðÝêôáóéí,

êáé ï Zn åßíáé áêåñáßá ðåñéï·Þ (âë. èåþñçìá 2.6.4 êáé ðüñéóìá 3.1.10 (i)). ¢ñá ï n åßíáé ðñþôïò áñéèìüò

åðß ôç âÜóåé ôïý ðïñßóìáôïò 1.2.27.

(iii)⇒(i) ÅÜí ï n åßíáé ðñþôïò áñéèìüò, ôüôå ï Zn êáé , êáô' åðÝêôáóéí, êáé ï ðçëéêïäáêôýëéïò Z[X]/In
åßíáé óþìá (âë. ðüñéóìá 1.2.27. êáé ðüñéóìá 3.1.10 (iii)). ¢ñá ôï éäåþäåò In åßíáé ìåãéóôéêü éäåþäåò ôïý

Z [X] åðß ôç âÜóåé ôïý (ii) ôïý ðïñßóìáôïò 2.6.5. ¤

ÈÅÌÁ 9ï (i) Áò õðïèÝóïõìå üôé ôï a+ b
√
−6, a, b ∈ Z, åßíáé Ýíáò ãíÞóéïò äéáéñÝôçò ôïý 2 (êáé áíôéóôïß·ùò, ôïý 5)

åíôüò ôÞò Z[
√
−6]. Áðü ôá (iii), (vi) êáé (vii) ôÞò ðñïôÜóåùò 5.2.39 Ýðåôáé üôé

N
¡
a+ b

√
−6
¢
| N(2) = 4

N
¡
a+ b

√
−6
¢
6= ±1

N
¡
a+ b

√
−6
¢
6=N(2) = 4

⎫⎪⎪⎬⎪⎪⎭ =⇒ N
¡
a+ b

√
−6
¢
= 2,

êáé áíôéóôïß·ùò,

N
¡
a+ b

√
−6
¢
| N(5) = 25

N
¡
a+ b

√
−6
¢
6= ±1

N
¡
a+ b

√
−6
¢
6=N(5) = 25

⎫⎪⎬⎪⎭ =⇒N
¡
a+ b

√
−6
¢
= 5,

ïðüôå a2 + 6b2 = 2 (êáé áíôéóôïß·ùò, a2 + 6b2 = 5). ÁõôÝò ïé äéïöáíôéêÝò åîéóþóåéò äåí åðéäÝ·ïíôáé
áêÝñáéåò ëýóåéò. ¢ñá ôï 2 (êáé áíôéóôïß·ùò, ôï 5) äåí äéáèÝôåé ãíÞóéïõò äéáéñÝôåò, ïðüôå åßíáé áíÜãùãï
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óôïé·åßï (âë. ôï (viii) ôÞò ðñïôÜóåùò 5.3.4). Êáô' áíáëïãßáí, åÜí ôï a+b
√
−6, a, b ∈ Z, åßíáé Ýíáò ãíÞóéïò

äéáéñÝôçò ôïý 2−
√
−6, ôüôå

N
¡
a+ b

√
−6
¢
| N(2−

√
−6) = 10

N
¡
a+ b

√
−6
¢
6= ±1

N
¡
a+ b

√
−6
¢
6=N(2−

√
−6) = 10

⎫⎪⎬⎪⎭ =⇒N
¡
a+ b

√
−6
¢
∈ {2, 5},

Þôïé êÜôé ðïõ (üðùò Ý·ïõìå Þäç áðïäåßîåé) åßíáé áäýíáôï. ¢ñá êáé ôï 2−
√
−6 åßíáé áíÜãùãï óôïé·åßï

ôÞòZ[
√
−6].Áðü ôçí Üëëç ìåñéÜ, Ý·ïõìå 2 | 6 = (i

√
6)(−i

√
6) áëëÜ 2 - ±i

√
6, ïðüôå ôï 2 äåí åßíáé ðñþôï.

Êáô' áíáëïãßáí, ôï 5 åßíáé äéáéñÝôçò ôïý (2 +
√
−6)(2 −

√
−6) áëëÜ 5 - 2±

√
−6 êáé ôï 2 −

√
−6 åßíáé

äéáéñÝôçò ôïý 2 · 5 áëëÜ 2 −
√
−6 - 2 êáé 2 −

√
−6 - 5. ¢ñá ôá 2, 5, 2 −

√
−6 åßíáé ðñþôá óôïé·åßá ôÞò

Z[
√
−6].

(ii) ¸óôù d ∈ÌÊÄZ[√−6](5, 2 +
√
−6). Ôüôå (ëáìâáíïìÝíïõ õð' üøéí ôïý (i)) Ý·ïõìå

d | 5⇒N (d) | N(5) = 25
d | 2 +

√
−6⇒N (d) | N(2 +

√
−6) = 10

N (d) | ìêä(10, 25) = 5

⎫⎪⎬⎪⎭ =⇒N (d) = 1.

¼ìùò ôïýôï óçìáßíåé üôé d ∈ {±1}⇒ 1 ∈ÌÊÄZ[√−6](5, 2 +
√
−6). Áðü ôçí Üëëç ìåñéÜ,­

5, 2 +
√
−6
®
$ Z[

√
−6]⇒ 1 /∈

­
5, 2 +

√
−6
®
.

(iii) Áò õðïèÝóïõìå üôé ÌÊÄZ[√−6](10, 4 + 2
√
−6) 6= ∅ êáé üôé d ∈ÌÊÄZ[√−6](10, 4 + 2

√
−6). Ôüôå

d | 10⇒ N (d) | N(10) = 100
d | 4 + 2

√
−6⇒N (d) | N(4 + 2

√
−6) = 40

)
=⇒N (d) | ìêä(100, 40) = 20.

ÅðåéäÞ 2 | 10 êáé 2 | 4 + 2
√
−6 Ý·ïõìå 2 | d (âë. 5.2.9). Êáô' áíáëïãßáí, åðåéäÞ 2 +

√
−6 | 10 êáé

2 +
√
−6 | 4 + 2

√
−6 Ý·ïõìå 2 +

√
−6 | d. ÅðïìÝíùò,

N (2) = 4 | N (d)
N(2 +

√
−6) = 10 | N (d)

N (d) ≥ 1, N (d) | 20

⎫⎪⎬⎪⎭ =⇒N (d) = 20.

ÅÜí d = x+ y
√
−6, x, y ∈ Z, ôüôå x2 + 6y2 = 20. Ðñïöáíþò, |x| ≤ 4 êáé |y| ≤ 1 Áðü ôïí ðßíáêá üëùí

ôùí äõíáôþí ôéìþí ëáìâÜíïõìå

|x| |y| x2 + 6y2

0 0 0

0 1 6

1 0 1

1 1 7

2 0 4

|x| |y| x2 + 6y2

2 1 10

3 0 9

3 1 15

4 0 16

4 1 22

ïðüôå ç x2 + 6y2 = 20 äåí äéáèÝôåé êáíÝíá æåýãïò (x, y) ∈ Z2 ùò ëýóç ôçò. ¢ôïðï!

(iv) Ôï óôïé·åßï 10 ìðïñåß íá ãñáöåß ùò åîÞò

10 = 2 · 5 = (2 +
√
−6)(2−

√
−6),

üðïõ

2 6∼
óõí.
2±

√
−6, 5 6∼

óõí.
2±

√
−6,

üðùò äéáðéóôþíåôáé Üìåóá (ìå áðëÝò ðñÜîåéò). ¤
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ÈÅÌÁ 10ï (á) Äßäïíôáé ôá åîÞò éäåþäç ôïý äáêôõëßïõ Q [X1,X2]:

(i)
­
X21
®
, (iv)

­
X21 − 1

®
,

(ii) hX1 − 2,X2 − 3i , (v) hX1 + X2i ,
(iii)

­
X21 + 1

®
, (vi) hX1X2i .

Èá åîåôÜóïõìå ðïéá åî áõôþí åßíáé ðñþôá êáé ðïéá ìåãéóôéêÜ. ÅðåéäÞ ï äáêôýëéïòQ [X1,X2] åßíáé ìåôá-
èåôéêüò, Ýíá éäåþäåò p $ Q [X1,X2] åßíáé ðñþôï åÜí êáé ìüíïí åÜí éó·ýåé ç óõíåðáãùãÞ

[f(X1,X2)g(X1,X2) ∈ p =⇒ åßôå f(X1,X2) ∈ p åßôå g(X1,X2) ∈ p],

ãéá ïéáäÞðïôå f(X1,X2), g(X1,X2) ∈ Q [X1,X2] (âë. ðñüôáóç 2.5.2). ÅðéðñïóèÝôùò, åðåéäÞ ï Q [X1,X2]
åßíáé äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï, êÜèå ìåãéóôéêü éäåþäåò ôïõ åßíáé êáô' áíÜãêçí ðñþôï (âë. èåþ-
ñçìá 2.5.22).

(i) ÅðåéäÞ X21 = X1 · X1 ∈
­
X21
®
áëëÜ X1 /∈

­
X21
®
, ôï

­
X21
®
äåí åßíáé ïýôå ðñþôï ïýôå ìåãéóôéêü éäåþäåò.

(ii) ÅÜí ïñßóïõìå ôïí ïìïìïñöéóìü äáêôõëßùí

ϑ : Q [X1,X2] −→ Q, f(X1,X2) 7−→ f(2, 3),

ðáñáôçñïýìå üôé ï ϑ åßíáé åðéìïñöéóìüò. (Ãéá êÜèå λ ∈ Q, õðÜñ·åé Ýíá ðïëõþíõìï

fλ(X1,X2) := (X1 − 2) + (X2 − 3) + λ,

ãéá ôï ïðïßï éó·ýåé ϑ (fλ(X1,X2)) = λ). μñçóéìïðïéþíôáò ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí 3.3.2
ó·çìáôßæïõìå Ýíáí éóïìïñöéóìü

Q [X1,X2] /Ker(ϑ) ∼= Q.

Ï åãêëåéóìüò

hX1 − 2,X2 − 3i ⊆ Ker(ϑ) = { f(X1,X2) ∈ Q [X1,X2] | f(2, 3) = 0}

åßíáé ðñïöáíÞò. Ï áíôßóôñïöïò åãêëåéóìüò ‘‘⊇'' Ýðåôáé áðü ôï üôé êÜèå

f(X1,X2) =
X
i,j

aijX
i
1X

j
2 ∈ Q [X1,X2]

ìå f(2, 3) = 0 ìðïñåß íá ãñáöåß ùò

f(X1,X2) =
X
i,j

aij(2 + X1 − 2)i(3 + X2 − 3)j

=
X
i,j

aij

"
iX

k=0

¡
i
k

¢
2k(X1 − 2)i−k

# "
jX

l=0

¡
j
l

¢
3l(X2 − 3)j−l

#

Þôïé ùò áèñïßóìáôá ñçôþí áñéèìþí ðïëëáðëáóéáæïìÝíùí ìå äõíÜìåéò ôùí X1 − 2 êáé X2 − 3. EðåéäÞ
ôï Q åßíáé óþìá, ï ðçëéêïäáêôýëéïò Q [X1,X2] / hX1 − 2,X2 − 3i åßíáé ùóáýôùò óþìá êáé ôï éäåþäåò
hX1 − 2,X2 − 3i ìåãéóôéêü (êáé, êáô' åðÝêôáóéí, ðñþôï), âë. ðüñéóìá 1.2.27. êáé ðüñéóìá 3.1.10 (iii).

(iii) ÅðåéäÞ ôï X21 + 1 åßíáé áíÜãùãï ðïëõþíõìï óôïí Q [X1] , ôï
­
X21 + 1

®
åßíáé ðñþôï éäåþäåò (ôüóïí

ôïý Q [X1] üóïí êáé ôïý1 Q [X1,X2]), áëëÜ äåí åßíáé ìåãéóôéêü éäåþäåò, êáèüôé, ð.·.,­
X21 + 1

®
$
­
X21 + 1,X2 − 3

®
$ Q [X1,X2] .

(iv) ÅðåéäÞ X21 − 1 = (X1 − 1)(X1 + 1), ôï X21 − 1 äåí åßíáé áíÜãùãï, ïðüôå ôï
­
X21 − 1

®
äåí åßíáé ïýôå

ðñþôï ïýôå ìåãéóôéêü éäåþäåò.

1Ôüóïí ïQ [X1] üóïí êáé ïQ [X1,X2] åßíáé Ð.Ì.Ð., ïðüôå êÜèå áíÜãùãï óôïé·åßï ôïõò åßíáé êáé ðñþôï óôïé·åßï (ôï ïðïßï
ðáñÜãåé Ýíá ðñþôï éäåþäåò, âë. èåþñçìá 5.6.3 êáé ðñüôáóç 5.3.4. (i)).
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(v) Ôï X1 + X2 åßíáé áíÜãùãï ðïëõþíõìï êáé, ùò åê ôïýôïõ, ðñþôï óôïé·åßï ôïý Q [X1,X2] , ïðüôå ôï
hX1 + X2i åßíáé ðñþôï éäåþäåò. Ùóôüóï, ôï hX1 + X2i äåí åßíáé ìåãéóôéêü, äéüôé ð.·.

hX1 + X2i $ hX1,X2i $ Q [X1,X2] .

(vi) ÅðåéäÞ X1X2 ∈ hX1X2i áëëÜ X1 /∈ hX1X2i êáé X2 /∈ hX1X2i , ôï hX1X2i äåí åßíáé ïýôå ðñþôï ïýôå
ìåãéóôéêü éäåþäåò. ¤

(â) Äßäïíôáé ôá åîÞò óôïé·åßá ôïý äáêôõëßïõ Z2 [X1,X2,X3]:

(i) f(X1,X2,X3) := X
2
1 + X

2
2 + X

2
3,

(ii) g(X1,X2,X3) := X1X2 + X2X3 + X3X1.

Èá åîåôÜóïõìå ðïéá åî áõôþí åßíáé áíÜãùãá.

(i) ÅðåéäÞ

f(X1,X2,X3) = (X1 + X2 + X3)
2 ,

ìå ôï X1 + X2 + X3 ìç óôáèåñü ðïëõþíõìï, ôï f(X1,X2,X3) äåí åßíáé áíÜãùãï.

(ii) Áò õðïèÝóïõìå üôé ôï g(X1,X2,X3) ãñÜöåôáé ùò ãéíüìåíï äýï ìç óôáèåñþí ðïëõùíýìùí
h1(X1,X2,X3) êáéh2(X1,X2,X3) ∈ Z2 [X1,X2,X3] .ÅðåéäÞ ôï g(X1,X2,X3) äåí ðåñéÝ·åé êáìßá ìåôáâëçôÞ
õøùìÝíç óå êÜðïéá äýíáìç ≥ 2 êáé ï óôáèåñüò ôïõ üñïò åßíáé = 0, ôá h1(X1,X2,X3) êáé h2(X1,X2,X3)
äåí ìðïñïýí íá ðåñéÝ·ïõí ìç ìçäåíéêïýò óôáèåñïýò üñïõò, ïýôå üñïõò ðïõ ðåñéëáìâÜíïõí ðåñéóóüôå-
ñåò ôÞò ìßáò ìåôáâëçôÞò, ïýôå üñïõò ðïõ ðåñéëáìâÜíïõí ìßá ìåôáâëçôÞ õøùìÝíç óå êÜðïéá äýíáìç≥ 2.
ÊáôÜ óõíÝðåéáí, ôá h1(X1,X2,X3) êáé h2(X1,X2,X3) åßíáé ôÞò ìïñöÞò

h1(X1,X2,X3) = [a1]2 X1 + [a2]2 X2 + [a3]2 X3,

h2(X1,X2,X3) = [b1]2 X1 + [b2]2 X2 + [b3]2 X3,

ãéá êÜðïéïõò a1, a2, a3, b1, b2, b3 ∈ {0, 1}. Áðü ôçí éóüôçôá

X1X2 + X2X3 + X3X1 = h1(X1,X2,X3)h2(X1,X2,X3)

Ýðåôáé üôé

[a1]2 [b1]2 = [a2]2 [b2]2 = [a3]2 [b3]2 = [0]2 ,

[a1]2 [b2]2 + [a2]2 [b1]2 = [1]2 ,

[a1]2 [b3]2 + [a3]2 [b1]2 = [1]2 ,

[a2]2 [b3]2 + [a3]2 [b2]2 = [1]2 .

ÂÜóåé ôùí ðñþôùí óõíèçêþí, åßôå aj = 0 åßôå bj = 0, ãéá êÜèå j ∈ {1, 2, 3}. Áò õðïèÝóïõìå üôé a1 = 0.

Ôüôå a2 = a3 = b1 = 1, ïðüôå b2 = b3 = 0, ðñÜãìá Üôïðï ëüãù ôÞò ôåëåõôáßáò éóüôçôáò. Ðáñï-

ìïßùò êáôáëÞãïõìå óå Üôïðï õðïèÝôïíôáò üôé a2 = 0 Þ a3 = 0. Êáô' áíáëïãßáí, êáôáëÞãïõìå óå Üôïðï

õðïèÝôïíôáò üôé Ýíáò åê ôùí b1, b2, b3 åßíáé = 0. ¢ñá ôï g(X1,X2,X3) åßíáé áíÜãùãï ðïëõþíõìï. ¤

---------------------------------------------------
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