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1 Introduction

A smooth compact complex surface X is called a del Pezzo surface if its anticanonical divisor —Kx is ample,
i.e. if the rational map @-mk,| : X --» P(] - mKx|) associated to a base point free linear system | - mKx| be-
comes a closed embedding with Ox(-mKy) = CDI*_ mKyl (Op(-mky)) (1)), for a suitable positive integer m, where
Ox(-mKy) is the corresponding invertible sheaf and Op(-mk,|)(1) the standard twisting sheaf. (Pasquale del
Pezzo [16] initiated the study of these surfaces in 1887.) The degree deg(X) of a del Pezzo surface X is defined
to be the self-intersection number (-Kx)2. The main classification result about these surfaces can be stated
as follows, see [32, Theorem 24.4, pp. 119-121]:

Theorem 1.1. Let X be a del Pezzo surface of degree d := deg(X). Then 1 < d <9, and X is classified by d:

(i) Ifd =9, then X is isomorphic to the projective plane IP?C.
(ii) Ifd = 8, then X is isomorphic either to lPé X IP}C or to the blow-up of the projective plane IP?C at one point.
(iii) If1 < d < 7, then X is isomorphic to the blow-up of the projective plane ]P‘ZC at 9 — d points.

For 6 < d < 9, such an X is toric, i.e. it contains a 2-dimensional algebraic torus T as a dense open subset,
and is equipped with an algebraic action of T on X which extends the natural action of T on itself. Taking into
account the description of smooth compact toric surfaces by the (Z-weighted) circular graphs (introduced in
[37, Chapter I, §8], [38, pp. 42-46] as well as [3, Proposition 6] and [41, Proposition 2.7]), Oda expresses in [38,
Proposition 2.21, pp. 88-89] this fact in the language of toric geometry as follows:

Theorem 1.2. There exist five distinct toric del Pezzo surfaces up to isomorphism. They correspond to the circu-
lar graphs (with weights -1, 0, 1) shown in Figure 1. They are (i) PZ, (ii) P{ x P{ (= Fo), (iii) the Hirzebruch
surface Ty, (iv) the equivariant blow-up of IP‘%: at two of the T-fixed points, and (v) the equivariant blow-up of
PZ at the three T-fixed points.

Note 1.3. The Hirzebruch surfaces
Fi:={([z0: 21 : 22], [t1 : ©2]) € PE x PL | z1 85 = 2,85} withk € Zso

introduced in [26, §2] are toric. Usually Fy is identified with the total space ]P((f)]P}C @O]P}C (x)) of the IP(}:-bundle of
degree k over ]P}C. Furthermore, every smooth compact toric surface which has Picard number 2 is necessarily
isomorphic to a Hirzebruch surface; cf. [38, Corollary 1.29, p. 45].
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The singular analogues. A normal compact complex surface X with at worst log terminal singularities, i.e.
quotient singularities, is called a log del Pezzo surface if its anticanonical Weil divisor —Ky is a Q-Cartier
ample divisor. The index of such an X is defined to be the smallest positive integer ¢ for which —¢Ky is a
Cartier divisor. The family of log del Pezzo surfaces of fixed index € is known to be bounded; see Nikulin [34],
[35], [36], and Borisov [6, Theorem 2.1, p. 332]. Consequently, it seems to be rather interesting to classify log
del Pezzo surfaces of given index £. This has been done for £ = 1 by Hidaka & Watanabe [25] (by a direct
generalization of Theorem 1.1) and Ye [42], and for £ = 2 by Alexeev & Nikulin [1], [2] (in terms of diagrams
of exceptional curves with respect to a suitable resolution of singularities). Related results are due to Kojima
[31] (whenever the Picard number equals 1) and Nakayama [33] (whose techniques apply even if one replaces
C with an algebraically closed field of arbitrary characteristic). Based on Nakayama’s arguments, Fujita &
Yasutake [22] succeeded recently to extend the classification to £ = 3. But for £ > 4 the situation turns out to
be much more complicated, and (apart from some partial results as those in [21], [20]) it is hard to expect a
complete characterization of these surfaces in this degree of generality.

On the other hand, if we restrict our study to the subclass of toric log del Pezzo surfaces, the classification
problem becomes considerably simpler: a) The only singularities which can occur are cyclic quotient singular-
ities. b) To classify (not necessarily smooth) compact toric surfaces up to isomorphism it is enough to use the
graph-theoretic method proposed in [12, §5] (which generalizes Oda’s graphs mentioned above): Two com-
pact toric surfaces are isomorphic to each other if and only if their vertex singly- and edge doubly-weighted
circular graphs (WVE2c-graphs, for short) are isomorphic; see Theorem 3.3 below. A detailed examination of
the number-theoretic properties of the weights of these graphs led to the classification of all toric log del Pezzo
surfaces having Picard number 1 and index ¢ < 3 in [12, §6] and [13]. In fact, the purely combinatorial part
of the classification problem can be further simplified because it can be reduced to the classification of the
so-called LDP-polygons (introduced in [15]) up to unimodular transformation. For £ = 1 these are the sixteen
reflexive polygons (which were discovered by Batyrev in the 1980’s). More recently, Kasprzyk, Kreuzer & Nill
[28, §6] developed a particular algorithm by means of which one creates an LDP-polygon (for given € > 2) by
fixing a “special” edge and following a prescribed successive addition of vertices; they produced in this way
the long lists of all LDP-polygons for £ < 17. (Details for each of these 15346 LDP-polygons are available on
the webpage [8].)

Restrictions on the singularities. At this point we mention some remarkable results concerning the singular-
ities of log del Pezzo surfaces having Picard number 1: Belousov proved in [4], [5] that each of these surfaces
admits at most 4 singularities, Kojima [30] described the nature of the exceptional divisors with respect to the
minimal resolution of those possessing exactly one singularity, and Elagin [17] constructed certain (non-toric)
surfaces of this kind, realized as hypersurfaces of degree 4n — 2 in IP?E(l, 2,2n -1, 4n - 3), and proved the
existence of full exceptional sets of coherent sheaves over them.

Obviously, the maximal number of the singularities of a toric log del Pezzo surface equals the number
of the edges of the corresponding LDP-polygon; for an upper bound of this number see [15, Lemma 3.1]. In
the present paper we classify all toric log del Pezzo surfaces with exactly one singularity (without imposing a
priori any restrictions on the Picard number or on the index) up to isomorphism.
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Theorem 1.4. Let X be a toric log del Pezzo surface (associated to an LDP-polygon Q) with exactly one singu-
larity. Then the following hold true:

(i) The Picard number p(Xq) of Xq can take only the values 1, 2 and 3.
(ii) Define for every integer p > O the LDP-polygons

where “conv” denotes the convex hull. Then for k € {1, 2,3} we have p(Xq) = k if, and only if, there
exists aninteger p > O such that Xq = X Qs and the WVE?c-graphs &, o are those depicted in Figure 2.

(iif) Xou is isomorphic to the weighted projective plane P2 ¢(1, 1, p + 1) and is obtained by contracting the
00- lisectzon IP(O]P1 (p + 1)) of Fp41. The surface X 12 is obtained by blowing up a Hirzebruch surface T,
at one T-fixed point, and contracting afterwards its co-section. X Q! is obtained by blowing up X 12 at
one non-singular T-fixed point.

(iv) If Xq has index € > 1 and Picard number p(Xq) = k € {1, 2, 3}, then for odd ¢ > 3 either X = XQLli]l or

Xq =X, ,whereas for € e {1} U2Z we have Xq = X 1 .
Qs Q301

(p,p+1) (pp+1) (p,p+1)

p+1 p—1

Figure 2

Equations defining closed embeddings. For every del Pezzo surface X of degree d with 3 < d < 9 the an-
ticanonical divisor —Ky is already very ample, and @|_g,| gives rise to a realization of X as a subvariety of
projective degree d in IPg:. (For d = 1 and d = 2, one has to work with -3Kx and -2Ky instead to obtain
realizations of X as a subvariety of degree 9, and of degree 8 in P2, respectively.) Generalizations of these
(or similar but more “economic”) embeddings of log del Pezzo surfaces of index 1 and 2 (in appropriate pro-
jective or weighted projective spaces) appear in [25] and [27]. Since every ample divisor on a compact toric
surface is very ample (cf. [19] or [11, Corollary 2.2.19 (b), p. 71, and Proposition 6.1.10, pp. 269-270 ]), the map
(D|—€KXQ| associated to the linear system | — €Kx,| on a toric log del Pezzo surface Xq of index ¢ becomes a
closed embedding. Koelman’s Theorem [29] and standard lattice point enumeration techniques enable us to
describe CD|_gKXQ |(Xq) for the surfaces X classified in Theorem 1.4 as follows:

Theorem 1.5. Let X be a toric log del Pezzo surface of index € > 1 with exactly one singularity. Then the image
of X=X o under the closed embedding
p

Dy-eky,| : Xq — P(| - €Kx,l)

3 ol
is isomorphic to a subvariety of IP‘C of projective degree d Q which can be expressed as an intersection of

finitely many quadrics, where & Qi and d ol are given in the followmg table:
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No. p k dQLk] JQLk]

() odd 1 Fp+1)(p+3)? s(p+3)

(i) even 1 (p+1)(p+3)? Lip+2)(p+3)?

(i) odd 2 I(p+1)(p*+5p+8) L(p+3)(p2+5p+8) (LD
(ivy even 2 (p+1)(p%+5p+8) 2(p+2)(p? +5p+8)

() odd 3 F(p+1(p2+4p+7) L(p+3)(pr+4p+7)

(i) even 3  (p+1)(p%+4p+7) Tp+2)(p?+4p+7)

The cardinality ﬁQm of any minimal system of quadrics (generating the ideal which determines this subvariety)
P
is given by

No. p k ‘ [)'Q‘[Dk]

@ odd 1 5P+ 1)(p +3)2(p> + 11p? + 43p + 25)

(i) even 1 3(p+3)2(p* +10p> +37p? + 50p + 24)

(i) odd 2 | di(p+1)(p2+5p+8)(p>+10p? +37p +16) (1.2)
(ivy even 2 L(p? +5p +8)(p* + 9p> +32p% + 42p + 20)

vV odd 3 g+ 1D(P2+4p+7)(p> +9p2 +31p +7)

(vi) even 3 L(p? +4p +7)(p* +8p> +27p? + 34p + 16)

and the sectional genus 8k of X ol Is given by the following table:
P p

No. p k gQLk]

() odd 1 L(p+D(p?+4p-1)

(i) even 1 I(p+2)(p?+4p-1)

(i) odd 2 Ip(p+1)(p+3) (1.3)
(iv) even 2 1(pP+5p2+8p+2)

vy odd 3 tp+1)?

(vi) even 3  1(pP+4p2+7p+2)

The paper is organized as follows: In Section 2 we focus on the two non-negative, relatively prime integers
p = psand g = g, parametrizing the 2-dimensional, rational, strongly convex polyhedral cones o, and
we explain how they characterize the 2-dimensional toric singularities. In Sections 3 and 4 we recall some
auxiliary geometric properties of compact toric surfaces and of those which are log del Pezzo. The proofs of
Theorems 1.4 and 1.5 are given in Sections 5 and 6, respectively. We use only tools from discrete and classical
toric geometry, adopting the standard terminology from [11], [18], [23], and [38] (and mostly the notation
introduced in [12]).

2 Two-dimensional toric singularities

Let 0 = Ryon + Ryon’ ¢ R? be a 2-dimensional, rational, strongly convex polyhedral cone. Without loss of
generality we may assume that
n=(9), n'=(ez’

and that both n and n’ are primitive elements of Z?2, i.e. gcd(a, b) = 1 and gcd(c, d) = 1.

Lemma 2.1. Consider x,A € Z such that xa — Ab = 1. If q := |ad — bc| and p is the unique integer with
0O<p<qgandkc—-Ad=p (mod q), then gcd(p, q) = 1 and there exists a primitive element n' € Z? such that
n' = pn + qn' and {n,n"} is a Z-basis of Z*. Moreover, there is a unimodular transformation ¥ : R> — R?,
Y(x) := Ex with £ € GL,(Z), such that

¥(0) = Reo(g) + Reo ().
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Proof. See [13, Lemma 2.1 and Lemma 2.2]. O

Henceforth, we call o a (p, q)-cone. By U, := Spec(C[oVnZ?]) we denote the affine toric variety associated
to o (by means of the monoid ¢V n Z?, where ¢V is the dual of ¢) and by orb(¢) the single point being fixed
under the usual action of the algebraic torus T := Homy(Z2, C*) on Uy.

Proposition 2.2. The following conditions are equivalent:
(i) {n,n'}is a Z-basis of Z>.
(ii) g = 1 (and consequently, p = 0).
(iii) conv({0,n,n’})nZ2 = {0, n,n'}.
(iv) U, = C2.
Proof. Let T be the triangle conv({0, n, n'}). The implication (i)=(ii) is obvious because q = |det(n,n’)| =
2area(T). By Pick’s formula, cf. [23, p. 113], we obtain

g = area(T) = #(int(T) N Z?) + %u(a(T) nz?* -1,

where “int” and 0 are abbreviations for interior and boundary, respectively. If g = 1, then §(0(T) n Z?) > 3,
hence (int(T)nZ?) = 0 and necessarily §(0(T)NZ?) = 3. Hence (ii)=(iii) is also true. The implication (iii)= (i)
follows from [24, Theorem 4, p. 20]. For the equivalence of (i) and (iv) see [38, Theorem 1.10, p. 15]. O

If the conditions of Proposition 2.2 are satisfied, then ¢ is said to be a basic cone. On the other hand,
whenever g > 1 we have the following:

Proposition 2.3. The point orb(o) € Uy is a cyclic quotient singularity. In particular,
Us = C*/G = Spec(Clz1, 221,
where G ¢ GL(2, C) denotes the cyclic group of order q that is generated by the diagonal matrix diag(({;p » $g)s
with g := exp(2mvV-1/q), and acts on C* = Spec(C|[z1, z5]) linearly and effectively.
Proof. See [11, Proposition 10.1.2, pp. 460-461], [23, §2.2, pp. 32-34] and [38, Proposition 1.24, p.30]. m]

By Proposition 2.4 these two numbers p = p, and g = g, parametrize uniquely the isomorphism class
of the germ(Uy, orb(0)), up to replacement of p by its socius p (which corresponds just to the interchange
of the coordinates); the socius p of p is defined to be the uniquely determined integer such that 0 < p < g,
gcd(p,q) =1and pp =1 (mod gq).

Proposition 2.4. Let 0,7 ¢ R? be two 2-dimensional, rational, strongly convex polyhedral cones. Then the
following conditions are equivalent:
(i) There is a T-equivariant isomorphism U, = U; mapping orb(o) onto orb(1).
(ii) There is a unimodular transformation ¥ : R? — R?, ¥(X) := Ex with £ € GL,(Z), such that ¥(o) = T.
(iii) The numbers pg, P+, 4o, qr associated to o, T (by Lemma 2.1) satisfy q: = q, and either p; = py or
Dt = Do
Proof. See [13, Proposition 2.4]. O

3 Compact toric surfaces

Every compact toric surface is a 2-dimensional toric variety X, associated to a complete fan A in R?, i.e. a fan
having 2-dimensional cones as maximal cones and whose support |4] is the entire R?; see [38, Theorem 1.11,
p. 16]. Consider a complete fan A in R? and suppose that

0i = Ryon; + Ryonyy1, i€{l,...,v}, (3.1)
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are its 2-dimensional cones (with v > 3 and n; € Z? primitive for alli € {1,...,v}), enumerated in such a
waythatny, ..., n, go anticlockwise around the origin exactly once in this order (under the usual convention:
n,;1 := Ny, Ng := n,). The variety X, is obtained by gluing the affine charts Uy, along the open subsets defined
by the rays 0; N 0y, withi € {1,...,v}; cf. [38, Theorem 1.4, p. 7. Since A is simplicial, the Picard number
p(Xa) of X, i.e. the rank of its Picard group Pic(X,) equals

pXp) =v-2, (3.2)
see [23, p. 65]. Now suppose that o; is a (p;, q;)-cone for all i € {1, ..., v} and introduce the notation
Ip:={ief{l,...,v}|qi>1}, Ja:={ie{l,...,v}|qi=1}, (33)

to separate the indices corresponding to non-basic cones from those corresponding to basic cones. By Propo-
sitions 2.2 and 2.3 the singular locus of X, equals

Sing(X,) = {orb(o;) | i € I}.

For all i € I consider the negative-regular continued fraction expansion of

gi  _ b _ 1
qi — pPi @ 1
by -

o 1
si—1 bg)
and define ug) = n;, u(li) = %((qi — pi)n; +nj41), and

@ ._ 3,0, 0) (1) . .
u, o= b]. wl-u, forallje{1,...,s;}.

It is easy to see that ug)ﬂ = n;,1 and that the b](.i) are integers > 2, for all indicesj € {1, ..., s;}. According to

[12, Proposition 4.9, p. 99], the self-intersection number of the canonical divisor Kx, of X, equals

Si

2 i=pit+l i=pi+l (@)

K3, :12—V+Z(%+%—2+Z(bj’ -3)). (3.4)
iely j=1

By construction, the birational morphism f : X5 — X, induced by the refinement A of A consisting of the

cones {0; | i € Ja} and {]Rzou](.') + leou,(-1+)1 |i€lsjed0,1,...,s;}} together with their faces is the minimal

desingularization of X,. The exceptional divisor
. Si 5
ED =Y EY, iely,
j=1

replacing orb(o;) via f has the closures
E := orb;(Rooui”) (=PE) withje{1,2,...,si}

(i.e. the closures of the orbits of the new rays with respect to A) as its components, and the self-intersection
number (El@)2 = —b)(.’). Moreover,

C; := orbz(Rxon;)

is the strict transform of C; := orbs(Rson;) with respect to f for everyie{l,2,...,v}h
Definition 3.1. Fori € {1, ..., v} we introduce integers r; uniquely determined by the conditions:
ul D +d?, ifiel,,
e u?,  ifiel, (35)

(i-1) ars !
ug . +ngq, ifie],,

Ty "
ni_i +n;q, ifie],,
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where
Iy:={iely|gi>1}, Ij:={ielp|qi1=1},
and
Jpe={ielalqi1>1},  J):={ieJalqi-1 =1},
with I, J as in (3.3). By [12, Lemma 4.3], —r; is the self-intersection number Eiz of Cifori € {1,...,v}. The

triples (p;, qi, ri) with i € {1, 2, ..., v} are used to define the wvE? c-graph &,.

Definition 3.2. A circular graph is a plane graph whose vertices are points on a circle and whose edges are the
corresponding arcs (on this circle, each of which connects two consecutive vertices). We say that a circular
graph & is Z-weighted at its vertices and double Z-weighted at its edges (and call it WVE2c-graph, for short) if
it is accompanied by two maps

{Vertices of &} — 7, {Edges of &} — 72,

assigning to each vertex an integer and to each edge a pair of integers, respectively. To every complete fan A
in R? (as described above) we associate an anticlockwise directed wve?c-graph ¢, with

{Vertices of &4} = {vq,...,v,} and {Edgesof &,}={vivy,...,V,V{},
(Vy41 := V1), by defining its “weights” as follows:
Vi ~Ti,  ViViy1 — (pi, qi), forie{l,...,vh

The reverse graph &V of &, is the directed WvE>c-graph which is obtained by changing the double weight
(pi, qi) of the edge v;v;,; into (p;, q;) and reversing the initial anticlockwise direction of &, into clockwise
direction; see Figure 3.

(PQ, qg)

Figure 3

Theorem 3.3. Let A and A’ be two complete fans in R%. Then the following conditions are equivalent:

(i) The compact toric surfaces X, and X, are isomorphic.
(ii) Either Gy £ G 0or 64 & ™,
gr. . . . . . e . .

Here = indicates graph-theoretic isomorphism (i.e. a bijection between the sets of vertices which preserves
the corresponding weights). For further details and for the proof of Theorem 3.3 (which can be viewed as
an appropriate generalization of Proposition 2.4 for complete fans in R?) the reader is referred to [12, §5].
[Convention: To be absolutely compatible with Oda’s circular graphs we omit the weights of the edges which
are equal to (0, 1), i.e. those corresponding to basic cones, whenever we draw a WvE2c-graph.]



128 — Dais, Toric log del Pezzo surfaces with one singularity DE GRUYTER

4 Toric log del Pezzo surfaces and LDP-polygons

Definition 4.1. Let Q c R? be a convex polygon. Denote by V(Q) and F(Q) the set of its vertices and the set of
its facets (edges), respectively. Q is called an LDP-polygon if it contains the origin in its interior, and its vertices
belong to Z? and are primitive. (Obviously, the image of an LDP-polygon under a unimodular transformation
is again an LDP-polygon.)

If Q is an LDP-polygon, we denote by X the compact toric surface X,, constructed by means of the fan
Aq := {the cones or together with their faces | F € F(Q)},

where of := {Ax | x € Fand A € Ry} for all F € F(Q).

Proposition 4.2. (i) A compact toric surface is a log del Pezzo surface if and only if it is isomorphic to Xq
for some LDP-polygon Q.
(ii) There is a one-to-one correspondence [Q] — [Xq] between the lattice-equivalence classes of LDP-
polytopes Q and the isomorphism classes [Xq] of toric log del Pezzo surfaces.

Proof. (i) This follows from [12, Remark 6.7, p. 107].
(ii) If Q is an LDP-polygon, if ¥ : R? — R?, ¥(x) := Ex with & € GL,(Z), is a unimodular transformation,
and if Q' := ¥(Q), then

G4, £ ®,, whenever det(£) =1, and &y, £ Qizeg’ whenever det(5) = -1.

By Theorem 3.3, X and X are isomorphic. And conversely, if X and X' are isomorphic for some LDP-
polygons Q, Q', then
. gr gr
either &4, = &4, or &, , = 62‘2’. (4.0)

Thus by (4.1) there exists an automorphism  of the lattice 2 = Z(}) ® Z(%) with

1, inthe first case,
det(w) =
-1, in the second case,

such that @r(4q) = Ag' (preserving/reversing the ordering of the cones), where
R = @ ®z idR : ]Rz —> IRZ

denotes its scalar extension. Obviously, @r(Q) = Q'. O

Note 4.3. Let Q be an arbitrary LDP-polygon. For each F € F(Q) assume that or is a (pfr, gr)-cone. Then from
[12, Lemma 6.8] one concludes that the index ¢ of X equals

qr

¢=lem{ly | Fe F(Q)} with lpi= ——— .
Ur | @} P ged(gr, pr-1)

(4.2)
We denote by 0 := {y € Homgr(R?,R) | (v,x) > —1forallx € Q} the polar polygon of Q, where (., -):
Homp(R?, R) x R*> — R is the usual inner product. Then 0O contains the origin in its interior, and the index
¢ of X equals

¢ =min{k € Z.¢ | V(Ké) C ZZ}, where KO ={ky|ye é}.

Moreover, if F € F(Q), denoting by 1, the unique primitive n € Z? satisfying (g, x) = I for every x € F,
we have 1
V(@) = {EnF’F e5(Q}. (4.3)



DE GRUYTER Dais, Toric log del Pezzo surfaces with one singularity = 129

5 Proof of the Classification Theorem 1.4

Let Q be an LDP-polygon with vertex set V(Q) = {ny, ..., n,}, v > 3. Assume that 0;, i € {1, ..., v}, are the 2-
dimensional cones of A, defined and ordered (anticlockwise) as in (3.1), and that only one of these cones, say
01, is anon-basic (p, q)-cone (i.e. g > 1). By Lemma 2.1 there is a unimodular transformation ¥; : R*> — R?,
¥, (x) := Ex with £ € GL,(Z), such that

¥1(01) = Reo(g) + Rxo(}).

Without loss of generality we may assume that det(Z) = 1 (because otherwise the proof of Theorem 1.4
which follows can be performed similarly if one works with the vertices ordered clockwise). This means that

Yi(n) = ((1)) and ¥;(n,) = (q). We set w; := P1(n;) foralli € {1,...,v} (and w,,1 := wy). Since all cones of
Ay, () are strongly convex and |Ay, q)| = R?, there exists an index u € {3, ..., v} such that

wy=(5) e {() e R? | x < 0} nZ2. (5.1)
Lemma 5.1. (i) The cones RxoWy + RyoW1 and RyoW> + R>oW,, are basic.

(ii) g = p + 1 (and consequently, p = p and w, = (j)).
Proof. (i) Using Proposition 2.2 it suffices to prove that
conv({0, Wy, Wi}) N Z? = {0, w,, w1} and conv({0, Wy, Wy, }) N Z* = {0, W, Wy, }. (5.2)
Obviously, V(¥1(Q)) \ {wy, w1, W} is either empty or a subset of (U; U U) N 7?2, where
U :={(}) e R? | y <0,y <x, and gx - (p - D)y < q},

and
U :={(}) e R® | gx < py,y > x, and gx - (p - 1)y < q}.

The set {(’y‘) € R? | gx - (p - 1)y = q} is the supporting line of the edge conv({w, w;}) of ¥1(Q). If
conv({wy, wi}) € F(¥1(Q)), i.e. if u = v, the first equality in (5.2) is obvious (because ¥ (0,) is basic by
definition). If conv({wy, w1}) ¢ F(¥1(Q)), then V(¥1(Q)) N U; # @, and the existence of an element

m € (conv({0, wy, W1}) N Z%) \ {0, Wy, W1}
would imply that
m ¢ (conv({0, Ws_1, Wg}) N 7))\ {0, We1, Wb forsomeé e{u+1,pu+2,...,v,v+1},

which leads to a contradiction (because ¥1(0_1) is basic by definition). Similar arguments (using U, instead
of U;) show that the second equality in (5.2) is also true.

(ii) By (i) we have | det(w, wy)| = | det(w,, wy)| = 1, i.e. b € {+1}, and one of the following conditions is
satisfied:

b=1 and agq-p=1, (5.3)
b=1 and aq-p=-1, (5.4)
b=-1 and aq+p-=1, (5.5)
b=-1 and aq+p=-1. (5.6)

Condition (5.3) gives a = 1% > 0 which is not true, because a < 0 by (5.1). Similarly, (5.4) is not true, as we
would have a = ‘%1 > 0. In Case (5.5) we have a = #, hence g divides p — 1; thisyieldsp < g < p -1,
which is absurd.

Therefore, (5.6) is necessarily true and a = —‘%1. Nowsinceq | p+1and p < g, we have g = p + 1, hence
a =-1and b = 1. This implies that w,, = (j). From p + 1 | (p? - 1) we infer that p = p. O
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Lemma 5.2. There exists a unimodular transformation ¥> : R?> — RR? such that
¥, (¥1(01)) = Roo( ) + Rso(}),
with l1112((1)) = (—11)’ ljpz(p{'ﬁ) = () and lI'Z(j) = (701)'
Proof. Itis enough to define ¥, (x) := ( % ¢)x forall x € R%. ]

Next, wesetY := ¥, o ¥, Vv; := Y(n;) foreveryi € {1, ..., v} (and v, := vy). Starting with the minimal
generators v, = (_11), v = (¥) of the unique non-basic cone Y(01) of Ay(q), and with v, = (‘01) € V(Y (Q)), we
study in detail the restrictions on the location of the remaining vertices of Y (Q).

Lemma 5.3. There is no convex polygon having three collinear vertices.

Proof. This is due to the fact that the vertices of a convex polygon are its extreme points; see e.g. [7, p. 30 and
p. 45]. O

Lemma 5.4. The LDP-polygon Y (Q), with V(Y (Q)) = {v1, ..., Vy}, has the following properties:

(i) Settingk :=v-2,wehavek € {1, 2, 3}. Moreover, Y(Q) = Q;[,k] for k € {1, 3}, and either Y (Q) = QI[,Z] or
Y(Q) = QLZ] for k = 2, where QI[,”, Ql[,z], QE I are the polygons defined in Theorem 1.4(ii) and

Q! = conv({(1)), (&), (), (D)
(ii) The polygons QI[,Z] and QI[,Z] are lattice-equivalent.

Proof. (i) IfU! := {(;) € ¥,(Uy | y < -2}, we claim that U} N V(Y(Q)) = @.If vyuq € U N V(Y(Q)), then we
would have | det(vy, vy,1)| = 2, which is a contradiction to the basicness of the cone Y (o). If

Vie1 €{(}) € Z*|x<0,y=-1} and vy, €U nV(Y(Q),

then we would have | det(v,1, Vy4+2)| = 2, which is a contradiction to the basicness of the cone Y(0,1). Re-
peating successively this procedure (until we arrive at v,)) we bear out our assertion, as well as the implication

psv-1={velp+1<&<vic{()) ez’ Ix<0,y=-1}.
For U}, := {(;) € ¥,(Uy) | y > 2} we show, analogously, that U}, N V(Y (Q)) = @ and and that
pzb={ve|3<&<pu-1c{() ez’ |x<p-1,y=1}.
Hence V(Y(Q)) \ {v1, V2, v/} is either empty or a subset of
{()ez? | x<0andy=-1}u{(}) ez’ |x<p-1landy=1}.
Taking into account Lemma 5.3 we conclude that
V1, V2, v} € V(Y(Q) € {v1,v2, (P71, v, (%)}

Therefore, k € {1, 2, 3} and there are only the following possibilities:
o If k=1, thenv=p=3andY(Q) = conv({vy, V2, V3}) = QE].
« Ifk =2, then v = 4 and either Y(Q) = Q}', u = 4, or Y(Q) = Q), u = 3.

e Ifk=3,thenv=>5,u=4and Y(Q) = Q5.
(ii) The polygon Q]E,Z] is mapped onto OLZ] under the unimodular transformation

1 1-p

9 : R? — R?, @(x)::(o i )x for all x € R?,

and Y(v1) = v2, D(v2) = v, V() = (1) DN = (%) O
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Note 5.5. The set conv({v, V,}) N Z? is empty if p is even, and it consists of the single lattice point (%(p +1)) if
p is odd. Thus, the number of the lattice points belonging to the boundary of Qp ], k €{1,2, 3}, equals k + 2
whenever p is even and k + 3 whenever p is odd. Since area(Qy(]) = p +k 1 1, Pick’s formula gives

p
#(int(Qp") N 2?) = { 2

1, if p is even,
+1, ifpisodd.

Proof of Theorem 1.4. (i)—(ii) Up to isomorphism, every toric log del Pezzo surface with exactly one singularity
is of the form X with Q as above. By (3.2), Lemma 5.4 and Proposition 4.2 we infer that the Picard number
p(Xq) of Xq can take only the values 1, 2 and 3, and that for k € {1, 2, 3} we have p(Xq) = k if and only if

Xg = for some p € Z.(. Note that for k = 2, ) induces a graph-theoretic isomorphism &,_ a2 4 62\9"[2],
%

Q[k]
meaning that X 21 = Xz,
Qp Q,

Thefan A QW which is used to construct the minimal desingularization of X i (as explained in Section 3)

Q)
contains just one additional ray (compared with Ay ) namely ]R>0( ). The closure of its orbit constitutes the

single exceptional divisor, say E, with respect to thls desingularization, with E? = —(p + 1). Setting ug := ((1))
we compute the integers ry, i € {1, ..., k + 2}, defined in (3.5) in the three different cases:

« Case (a):Ifk =1, thenvy = (1), v5 = (¢),v3 = (), and
Vs +ug=0,vo+vi=-(p+1)vz] > 11 =12 =0,13 = =(p + 1).
« Case (b): Ifk =2, thenvy = (), va=(]), v3 = (°;"), v4 = (), and

V;+Up=0,ug+V3 =V

=r1=0,r,=r3=1,r4 =-p.
V) +V4 =V3,V3 +V] =—-pVy

« Case(c):Ifk =3, thenvy = (1), va=(®), v3 = (*]"), va = (), vs = (°), and

Vs +Ug =V1,Ug +V3 =V)
> ’ 3 P t=>ri=r=r3=rs=1,r,=—(p-1).
V) +V4=V3,V3+Vs =—(p+1)Vy,Vy +Vy = Vs

Hence, the wvE?c-graphs QﬁAQm are indeed those depicted in Figure 2.
4
(iii) For every integer p > 0, let ©, be the complete fan consisting of the four cones ]RZO(_ll) + IRZO((l)),
Rx0(5) + Rx0(%), Rso(}) + Reo( ) and Rao () + Rso( ) together with their faces. We see that Xp, = Fp.1,
having orbyp, (IRzo(o)) as its co-section. The surfaces X ol are characterized as follows:
P
e Case(a): Ifk =1, then X Qi = ]P(Zc(l, 1, p + 1), see [13, Lemma 6.1], and it is obtained by contracting the
oco-section of Xp,. In fact, since Xp, = Xj . is the minimal desingularization of X Qs the surface X Qi
D

is nothing but the anticanonical model of X, in the sense of Sakai [39].

Case (b): If k = 2, then the star subdivision of D,_; with respect to the cone Rxo(g) + Ro(”;") induces
the equivariant blow-up X5z =~ — Xp, , with the orbit of this cone as centre; cf. [11, Proposition 3.3.15,

[Z]
p. 130], [37, Corollary 7.5, p. 45] or [18, Theorem VI.7.2, pp. 249-250]. Thus the surface X o is obtained by
contracting the strict transform of the co-section of X, , on the surface X3 o

QP

Case (c): If k = 3, we construct the surface Xo Bl from X 2 by using the equivariant birational morphism

induced by the star subdivision of ©,_4 w1th respect to the cone Ruo(7)) + Rso( ), i.e. by blowing up its
orbit (which is a non-singular T-fixed point of X Qm).
P

Taking into account that we pass from X5 b1 0 XD, (and vice versa) by an elementary transformation, cf.
[12, Remark 6.3, pp. 105-106], we illustrate in Figure 4 how the equivariant birational morphisms connecting
all the above mentioned compact toric surfaces affect their wve?c-graphs.

(iv)Sinceg=p+1landged(p+1,p—-1) = ged(p + 1, 2) € {1, 2}, Formula (4.2) shows that the index € of
Xo=X QW equals 5= *1 whenever p is odd and p + 1 whenever p is even. This bears out our assertion about £. O



132 — Dais, Toric log del Pezzo surfaces with one singularity DE GRUYTER

(pp+1)
-1 -1
-1 -1
p-1
blow up
(pp+1) -(p+1) (p.p+1)
0 0
~1 0
(<] B
contraction
P -1 p
p+1
blow up blow down
contraction
-p —-(p+1)
0 0 -——————————— > 0 0
elementary transformation
p p+1

Figure 4

Remark 5.6. Among the LDP-polygons Qy‘], only Q[lll, Q[f], Q[13 Iare reflexive (with index ¢ = 1 and a unique
Gorenstein singularity).

6 Defining equations
Let Q be an arbitrary LDP-polygon. Since the Cartier divisor —£Kx, on Xq is very ample, setting
8 :=1((tQ) nZ?) -1,

the complete linear system | — £Kx, | induces the closed embedding CD|_gKXQ I

Di_exy, |
l Q 8
' (\)(Q(/ ]PCQ
with
6 s
T>t— (CD|7€KXQ| o)) =1l iz s ... ](i,j)e(éé)nlz € IPCQ, Z(i,j) = )((l’])(t),

where T denotes the algebraic torus Homz(Z2, C*) and X(i’j) : T — C* is the character associated to the
lattice point (i, j) € (BO) N Z?2. The image (D|_gKXQ|(XQ) of the surface X under ‘Dl—foQI is the Zariski closure

of Im((D|_(KXQ| ol)in IP('E:Q and can be viewed as the projective variety Proj(S eé), where

(o0}

Sip=clcenz) =B ( @ cx®s),

k=0 (i,)ex(eQ)nz?
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with C(£Q) := {(Ay1, Ay2,A) | A € Ry and (V1,Y2) € 20}, is the semigroup algebra which is naturally graded
by setting deg(y())s¥) := k; for a detailed exposition see [11, Theorem 2.3.1, p. 75; Proposition 5.4.7, pp. 237~
238; Theorem 5.4.8, pp. 239-240, and Theorem 7.1.13, pp. 325-326]. Equivalently, it can be viewed as the zero
set V(I4,) C ]P?CQ of the homogeneous ideal 14, := Ker(ng), where

Aq = {,5, 1) | (i,j) € Q) nZ*} c 2* x {1} c 2°

and 7 is the C-algebra homomorphism

g ;s
Cl...:z4j:... ](i,j)e(eé)nlz — Cl... ,X(l’]’l), o d@inedes  Za,) I—>)((” D
Furthermore, the projective degree dq := deg(V(I.4,)) of V(I.4,), i.e. the double of the leading coefficient of
the Hilbert polynomial of the homogeneous coordinate ring C[. . . : z(,j) : ... |4, eedynzz 1A, 1s given by
dg = 2area(2Q); (6.1)

see Sturmfels [40, Theorem 4.16, pp. 36-37, and p. 131] and [11, Proposition 9.4.3, pp. 432-433].

Theorem 6.1 (Koelman [29]). Ifﬁ(d(Eé) N Z?) > 4, then I 4, is generated by all possible quadratic binomials,
i.e. we have

(i1, j1)s (12, j2), (i}, 1), (i), 3) € (6Q) n 22 }>

e <{Z(“”'”Z("”'” TEGAEGI | with (i, 1) + (12, 2) = (85, 3) + (5, /3)

Corollary 6.2 (Castryck & Cools [9, Section 2]). If $(d(¢Q) N Z2) > 4 and if we denote by Bq the cardinality of
any minimal system of quadrics generating the ideal I 4., then
Ba = (4% - 126 n2?), 6.2)

Proof. Let HPZ(IPZQ) be the set of all homogeneous polynomials in §y + 1 variables of degree 2. Then the
C-vector space homomorphism

6 . . . . .
f:HPy(P) — C[x*!, y*'] mapping z(, j,)Z(,,j,) to x1+2yl1 2

has the C-vector space of homogeneous polynomials of degree 2 belonging to I 4, as kernel Ker(f), and the
linear span of {xy/ | (i, ) € 2(€é) N Z?} is the image Im(f), because every lattice point in 2(€é) is the sum of
two lattice points of L’é, cf. [11, Theorem 2.2.12, pp. 68-69]. Taking into account Koelman’s Theorem 6.1, [40,
Lemma 4.1, p. 31], and the fact that V(I 4,) is not contained in any hyperplane of IP('SCQ, the equality

dimc(Ker(f)) = dlmC(sz(]P ) = dimc(Im(f))
gives (6.2). u

Back to toric log del Pezzo surfaces with one singularity. Let Q be an LDP-polygon such that X has exactly
one singularity. By Theorem 1.4 there exist p € Z,o and k € {1, 2, 3} such that Xq = X,/ 14 with index ¢ = 2= 1
if pisodd and ¢ = p + 1 if p is even. For thls reason, to apply Corollary 6.2 and to prove Theorem 1.5 we shall
take a closer look at the dilated polars €Q I'of the polygons Qp defined in Theorem 1.4(ii).

Lemma 6.3. The vertex sets of the polygons €Q[k] k € {1, 2, 3}, are the following:

1)/2 . .
{((p 1)/2) ( ((I;J:l))é/Z)’ ((p;ii/Z)} lfp 1S Odd,

V(edy) =
{620, Lo Ghyl if p is even,
V(eél[,zl) _ { { (v- 1)/2 (p+1)/2) ( ;p(;}r)l/)Z/z), ((p;i)l/z)} if pisodd,
{( @ﬂ) , p;il 2&:11) } if p is even,
V(L’QB]) _ { {(p 1/2 p+1)/2) (_;p(;}rl/)z/z) (i } ) (pﬁ)/z)} if pis odd,
{( ) @+1) (_pp;},l) (ﬁii),(pfl)} if pis even.
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Proof. Since Qy] = conv({vy, v, v3}) with vy = (1), v2 = (¢), v3 = (};), we have

Meomv, v = () with (), (1) = £= (), B)),

-1t
p+1

2¢
[ p+t (1 (-1
Neonv(ivy,voh) = (e )’ Neonv(ivy,vah) = p+1 > Meonv(ivs,vih) = )
p+1

where leconv(v,,v,}) = €5 leonv(ivy,vs}) = leonv(ivs,vy) = 1, and (4.3) gives

2
sl _ TPl 1 1
w645 ) (Coan) ()F

p+1

2¢
p+1

hence x = andy = — (and similarly with the others). Thus

Analogously, we conclude that

=M GIEF e -{(E) GO0

p+1 p+1

After multiplication with the index ¢ we get V(Eéy‘]) for k € {1, 2, 3}. m

Lemma 6.4. The number of lattice points on a(t’é},k]) is given in the following table:

No. p Kk 3(2(eQ))nz?) No. p Kk 3(3(eQ)) nz?)
@ odd 1 lp+3)? (iv)y even 2 p2+5p+8
(i) even 1 (p + 3)? v odd 3 1pr+ap+7)
(i) odd 2 Ll(p2+5p+8) (vi) even 3 pZ+4p +7

Proof. Since the number of lattice points lying on the boundary of a lattice-polygon (with respect to Z?) is
computed by the sum of the greatest common divisors of the differences of the vertex-coordinates of its edges,
the above table is produced directly by using Lemma 6.3. O

Remark 6.5. Since ﬁ(a(féy(]) nz?) > 6forall p € Z.gandall k € {1, 2, 3}, Theorem 6.1 and Corollary 6.2 can

be applied for the LDP-polygons Qy‘].

Lemma 6.6. The projective degree de of V(I A ) is given in the following table:
P p

No. p k dQLk] No. p k dQ’[,k]

() odd 1 Lp+1)(p+3)? (ivy even 2 (p+1)(p?>+5p+8)
(i) even 1 (p+1)(p +3)? v odd 3 F(p+1)(p2+4p+7)
(i) odd 2 F(p+1)(p*+5p+8) (vi) even 3 (p+1)(p2+4p+7)

Proof. To determine the area of £Q) Lk] one may work with its vertex set given in Lemma 6.3. Alternatively, using
[38, Proposition 2.10, p. 79] and Formula (3.4) for X gl We deduce that
P

2area(Q)) =K} =6-k+p+ 4

o p+1
and we read off d ;i easier via Formula (6.1) which gives d ;i = 02K3 . ]
14 P Qp

Lemma 6.7. The dimension § QW of the projective space in which V(I A ) is embedded equals
P p

By = %(doék] +10(eQh n z2)). (6.3)
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Proof. Equation (6.3) is an immediate consequence of Pick’s formula. O

Lemma 6.8. The number 8 QW of the elements of any minimal generating system of I A u is given by
P p

B = 3B qm + DBy +2) = Qdgm +1(3(€Qp") N 22) + 1. (6.4)

Proof. By the main properties of the Ehrhart polynomial of the lattice polygon EQ[k]

p. 433], we obtain

cf. [11, Example 9.4.4,

1260 N 7?) = 4area(eQ) + $(2(£QY) N Z?) + 1.

Hence, (6.4) follows from (6.2) and (6.1). O

8k
Hyperplanes J{ ¢ P o give curves V(I 4 [k]) N H which are linearly equivalent to —¢€K. Xopa For generic

hyperplanes H the intersection Cyl k5= V(4 k]) N 3 is (by Bertini’s Theorem) a smooth connected curve in

is called the sectional genus 8qw of X
p

k]«
Q-

the smooth locus of V(14 ) = Q[k] The genus of GQm
Qp P P

Lemma 6.9. The sectional genus of X is
P
8 = Bg - 100N n 2?) + 1. (6.5)

Proof. Equation (6.5) follows from the fact that gl = ﬁ(int(@él[,k] )yNZ?); see [11, Proposition 10.5.8, p. 509]. O

Proof of Theorem 1.5. The number ﬁ(a(fé )nZz) and the projective degree d « are known from Lemmas 6.4
and 6.6, respectively, while & QW is computed via Formula (6.3), leading to Table (1.1), and consequently to
Table (1.2) by making use of Formula (6.4). Finally, one obtains Table (1.3) by means of the Formula (6.5). O

Note 6.10. See [10] for a Magma code to compute a minimal generating system of the ideal defining the projec-
tive toric surface associated to an arbitrary lattice polygon. In our particular case (we deal only with quadrics)
it is enough to collect all vectorial relations (i1, j1) + (i2, j2) = (i}, j}) + (i}, j5) and to determine a C-linearly
independent subset of the set of the corresponding quadratic binomials z, j,)2(,,j,) — 2 j)Z(,.j,) bY simply
applying Gaussian elimination. For a short routine written in Python see [14].

1)1
Examples 6.11. (i) Theideal I Ay o (With V(I 4 o2 ) c P/ ¢) is minimally generated by the following 14 quadrics:

Z(-1,0)2(1,-1) ~ 2(0,-1)2(0,0)>  2(-1,0)2(1,0) ~ 2(0,-1)2(0,1)> 2(21,0) —Z(1,1)2(1,-1)»

Z(-1,0)2(1,1) ~ 2(0,0)2(0,1)» Z(1,1)2(1,0) ~ 2(1,2)2(1,-1)» Z<21,1) ~Z(1,2)2(1,0)5
2(20,1) ~2(-1,0)2(1,2)» Z(0,1)2(1,-1) ~ 2(0,-1)Z(1,1),  £(0,1)2(1,0) ~ Z(0,-1)2(1,2)»
Z(0,1)2(1,1) — 2(0,0)2(1,2) Z(0,0)2(1,-1) — 2(0,-1)Z(1,0)>  2(0,0)Z(1,0) — 2(0,-1)2(1,1)»
Z(0,002(1,1) ~ 2(0,-1)2(1,2)> Z<Zo,0) ~Z(0,-1)2(0,1)

(ii) Correspondingly, the 9 quadrics

Z(-1,0)2(1,0) ~ 2(0,1)2(0,-1)» 2(21,0) —Z(1,1)2(1,-1)> 2(-1,0)2(1,-1) ~ 2(0,0)2(0,-1)»
Z(-1,0)2(1,1) ~ 2(0,1)2(0,0)>  2(0,-1)Z(1,0) ~ 2(0,0)2(1,-1)>  Z(0,-1)2(1,1) ~ 2(0,1)Z(1,-1)>
2(0,0)2(1,0) ~ 2(0,1)2(1,-1)>  2(0,0)2(1,1) ~ 2(0,1)2(1,0)> Z(Zo,()) ~Z2(0,1)2(0,-1)

form a minimal set of generators of the ideal I 4 R and V(I4 [3]) C lP6 The surface X Q¥ is obtained by

blowing up X Q? at one non-singular point, cf. Flgure 5.

(iii) The next example is much more complicated; it is created by the LDP-polygon Q?] , cf. Figure 6, in which
26[33] N Z? consists of 22 lattice points, and V(Ia ) P
3
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Using [14] we see that I Al is minimally generated by the following 182 quadrics:
3

2(0,-2)2(2,-2) — 2(1,-4)2(1,0)»
Z(-1,1)2(1,-4) — 2(0,-2)2(0,-1)»
Z(0,-2)2(2,-3) ~ 2(0,0)2(2,-5)>
2(0,-2)%(2,-5) ~ Z(0,-1)2(2,-6)>
Z(-1,1)2(2,1) — 2(0,2)2(1,0)»
Z(1,-4)2(2,1) — 2(1,-1)2(2,-2)»
Z(0,0)2(2,2) — 2(0,2)2(2,0)»
Z(1,-4)2(2,0) ~ 2(1,1)2(2,-5)»
Z(2,-2)2(2,2) ~ 2(22,0)’
2(-1,1)2(2,-2) — 2(0,-2)2(1,1)»
Z(1,-4)2(2,0) — 2(1,-3)2(2,-1)>
Z(1,1)2(2,2) ~— 2(1,2)2(2,1)»
Z(-1,1)2(2,-1) ~ 2(0,0)2(1,0)»
Z(0,-2)2(2,-4) — 2(0,-1)2(2,-5)»
Z(-1,1)2(2,-2) ~ 2(0,2)2(1,-3)»
2(0,1)2(2,2) ~ 2(0,2)2(2,1)»
2(0,-2)2(2,0) ~ 2(0,1)2(2,-3)»
2(0,-2)2(2,0) — Z(1,-4)2(1,2)»

2(0,-2)2(2,1) ~ 2(1,-1)2(1,0)»

2(1,-4)2(2,-4) — 2(1,-2)2(2,-6)»
Z(1,-4)2(2,-1) — 2(1,-1)2(2,-4)»
Z(-1,1)2(2,0) ~ 2(0,2)2(1,-1)»
2(1,-4)2(2,2) — 2(1,-1)2(2,-1)»
2(-1,1)2(2,-3) ~ 2(0,1)2(1,-3)»
Z(1,-4)2(2,-3) — 2(1,-1)2(2,-6)>»
Z(-1,1)2(2,-4) — 2(0,1)2(1,-4)>
2(1,-4)2(2,-2) — 2(1,0)2(2,-6) >
2(1,-3)2(2,2) — 2(1,-2)2(2,1)»
2(2,-6)2(2,-2) — 2(2,-4)Z(2,-4)»
2(0,-2)2(2,-3) — 2(1,-3)2(1,-2)>
2(2,-4)2(2,2) — 2(2,-3)2(2,1)»
Z(-1,1)2(2,0) — 2(0,-1)2(1,2)»
2(0,-2)2(2,1) ~ 2(1,-2)Z(1,1)»
2(0,-2)2(2,-1) ~ 2(1,-3)2(1,0)>
2(1,-4)2(2,2) — 2(1,2)2(2,-4)»
Z(0,-2)2(2,-4) ~ 2(21,_3>,
2(0,-2)2(2,0) ~ Z(1,-2)Z(1,0)>

2(-1,1)2(2,-3) ~ 2(0,0)2(1,-2)>

Z(-1,1)2(1,-1) ~ 2(0,-2)2(0,2)»
2(0,-2)2(2,-4) ~ Z(1,-4)2(1,-2)>
Z(0,-1)2(2,2) ~ 2(0,0)2(2,1)»
Z(1,-4)2(2,1) ~ 2(1,0)2(2,-3)»
Z(-1,1)2(2,-5) — 2(0,-1)2(1,-3)»
Z(1,-4)2(2,2) ~— 2(1,-3)2(2,1)»
Z(1,-3)2(2,2) — 2(1,0)2(2,-1)»
2(2,-6)2(2,-1) — 2(2,-4)2(2,-3)»
2(0,0)2(2,2) — 2(0,1)2(2,1)»
Z(1,-1)2(2,2) — 2(1,1)2(2,0)»
Z(0,-2)2(2,2) — 2(0,1)2(2,-1)»
2(2,-6)2(2,2) — 2(2,-3)2(2,-1)»
Z(1,-4)2(2,0) ~ 2(1,0)2(2,-4)»
Z(-1,1)2(2,0) ~ 2(0,0)2(1,1)»
Z(-1,1)2(1,-2) ~ 2(0,-1)2(0,0)»
2(2,-2)2(2,2) — 2(2,-1)2(2,1)»
Z(1,-4)2(2,-1) — 2(1,1)2(2,-6)>»
2(0,-2)2(2,1) ~ 2(0,-1)2(2,0)»

Z(-1,1)2(2,-2) ~ 2(0,0)2(1,-1)>

2(0,-2)2(2,0) — 2(1,-1)2(1,-1)>
Z(2,-6)2(2,-1) ~— 2(2,-5)2(2,-2)»
Z(-1,1)2(2,-6) ~ 2(0,-1)2(1,-4)>
Z(-1,1)2(2,-5) ~ 2(0,-2)2(1,-2)»
Z(1,-4)Z2(2,0) — 2(1,-2)2(2,-2)»
Z(-1,1)2(2,-1) — 2(0,1)2(1,-1)»
2(0,-2)2(2,-2) — 2(21,_2),
2(2,-6)2(2,2) — 2(2,-4)2(2,0)»
Z(1,-1)2(2,2) ~— 2(1,2)2(2,-1)»
Z(-1,1)2(2,-4) — 2(0,-1)2(1,-2)»
Z(1,-4)2(2,2) — 2(1,1)2(2,-3)»
2(2,-4)2(2,2) — 2(2,-2)2(2,0)»
Z(-1,1)2(2,-4) — 2(0,0)2(1,-3)»
Z(2,-6)2(2,1) ~ 2(2,-5)2(2,0)»
Z(1,-2)2(2,2) ~ 2(1,0)2(2,0)»
2(1,-4)2(2,2) — 2(1,0)2(2,-2)»
Z(1,-4)2(2,-3) ~— 2(1,-3)2(2,-4)»
2(1,-4)2(2,-2) ~ 2(1,-1)2(2,-5)»

2(0,-2)2(2,-1) ~ Z(1,-2)Z(1,-1)»
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2(2,-6)2(2,-4) ~ Z<22,—5)’
2(0,-2)2(2,2) — 2(0,-1)2(2,1)»
Z(-1,1)2(1,1) ~ Z(ZO,I)’
2(0,-2)2(2,1) — 2(1,-3)2(1,2)»
Z(1,-4)2(2,1) — Z2(1,1)2(2,-4)»
Z(1,-3)2(2,2) — 2(1,-1)2(2,0)»
2(0,-1)2(2,2) — 2(0,1)2(2,0)»
Z(-1,1)2(1,1) — 2(0,0)2(0,2)»
Z(1,-3)2(2,2) — 2(1,2)2(2,-3)»
2(0,-2)2(2,-3) ~ 2(0,-1)2(2,-4)»
Z(-1,1)2(2,2) — 2(0,2)2(1,1)»
Z(-1,1)2(1,-2) ~ 2(0,-2)2(0,1)»
Z(-1,1)2(1,-3) — 2(0,-2)Z(0,0)»
Z(-1,12(1,-3) ~ Z<Zo,71)’
2(0,-1)2(2,2) — 2(0,2)2(2,-1)»
2(0,0)2(2,2) — 2(1,0)2(1,2)»
2(0,-2)2(2,-2) — 2(0,-1)2(2,-3)>
2(1,0)2(2,2) — 2(1,2)2(2,0)»
2(1,-2)2(2,2) — 2(1,2)2(2,-2)»
Z(0,-2)2(2,2) — 2(0,2)2(2,-2)»
Z(1,-4)2(2,-3) — 2(1,-2)2(2,-5)>
2(2,-6)2(2,-3) ~ 2(2,-5)2(2,-4)»
2(2,-6)2(2,1) — 2(2,-4)2(2,-1)»
Z(-1,1)2(1,-1) — 2(0,-1)2(0,1)»
2(0,-2)2(2,-3) ~ 2(0,1)2(2,-6)>»
Z(2,-6)2(2,0) — 2(2,-5)2(2,-1)»

Z(1,-1)%(2,2) ~ Z(1,002(2,1)»
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