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ÓÕÍÏÐÔÉÊÅÓ ÁÐÁÍÔÇÓÅÉÓ ÈÅÌÁÔÙÍ

ÈÅÌÁ 1ï Âë. èåþñçìá 2.3.1 (áðü ôéò óçìåéþóåéò ðáñáäüóåùí ôïý äéäÜóêïíôïò).

ÈÅÌÁ 2ï Âë. èåþñçìá 4.3.9.

ÈÅÌÁ 3ï Âë. 4.4.11 êáé 6.4.9.

ÈÅÌÁ 4ï Âë. èåþñçìá 5.1.2.

ÈÅÌÁ 5ï Âë. èåþñçìá 5.2.4.

ÈÅÌÁ 6ï (i) ¸óôù wn :=
(z+2)n−1
(n+1)34n

. Ôüôå wn+1 =
(z+2)n

(n+2)34n+1
.ÊáôÜ óõíÝðåéáí, óå ïðïéïäÞðïôå óçìåßï åêôüò ôïý

z = −2 (üðïõ ç äïèåßóá óåéñÜ ðñïöáíþò óõãêëßíåé), Ý·ïõìå

lim
n→∞

¯̄̄̄
wn+1

wn

¯̄̄̄
= lim

n→∞

¯̄̄̄
(z + 2)

4

(n+ 1)3

(n+ 2)3

¯̄̄̄
=
|z + 2|
4

.

¢ñá ç óåéñÜ óõãêëßíåé (áðïëýôùò) üôáí |z+2|
4

< 1, äçëáäÞ üôáí |z + 2| < 4, åíþ áðïêëßíåé üôáí
|z + 2| > 4 (âë. êñéôÞñéï ôïý ëüãïõ 1.9.5). ÓçìåéùôÝïí üôé ôï z = −2 éêáíïðïéåß ôçí áíéóüôçôá
|z + 2| < 4.Áñêåß ëïéðüí íá åîåôáóèåß ç äïèåßóá óåéñÜ ùò ðñïò ôç óýãêëéóç óôá óçìåßá z ∈ C(−2; 4).
ÅðåéäÞ (óå áõôÞí ôçí ðåñßðôùóç)¯̄̄̄

(z + 2)n−1

(n+ 1)34n

¯̄̄̄
=
|z + 2|n−1
(n+ 1)34n

=
4n−1

(n+ 1)34n
=

1

4(n+ 1)3
≤ 1

n3

êáé
P∞

n=1

¯̄
1
n3

¯̄
< ∞ óõíÜãïõìå üôé áõôÞ óõãêëßíåé (áðïëýôùò êáé -ùò åê ôïýôïõ- êáé óçìåéáêþò, âë.

1.9.3) óå êÜèå óçìåßï ôïý êýêëïõ C(−2; 4). Ôåëéêü óõìðÝñáóìá: Ç äïèåßóá óåéñÜ óõãêëßíåé åÜí êáé
ìüíïí åÜí z ∈ D(−2; 4).
(ii) Ðñïöáíþò,

¯̄
z3 + 1

¯̄ ≥ ¯̄z3 ¯̄ − 1 êáé ¯̄e2z ¯̄ = e2Re(z) ≤ e2|z| (âë. 1.1.15 (iv), 3.3.6 (i) êáé 3.3.8). ¢ñá ãéá
|z| = 3 Ý·ïõìå ¯̄̄̄

e2z

z3 + 1

¯̄̄̄
≤ e6

33 − 1 =
e6

26
.

Áðü ôï èåþñçìá 4.2.23 ëáìâÜíïõìå¯̄̄̄
¯̄̄ Z
C(0;3)

e2z

z3 + 1
dz

¯̄̄̄
¯̄̄ < L(C(0; 3)) sup

½¯̄̄̄
e2z

z3 + 1

¯̄̄̄
: z ∈ C(0; 3)

¾
≤ 2π · 3 · e

6

26
=
3π

13
e6 <

3π

12
e6 =

πe6

4
.

(iii) Ç óõíÜñôçóç f(z) := ez

(z2+π2)2
= ez

(z−πi)2(z+πi)2 äéáèÝôåé ùò ìåìïíùìÝíá éäéþìáôá ìüíïí äýï

ðüëïõò (ôÜîåùò 2), Þôïé ôïõò z = ±πi. ÊáôÜ ôçí ðñüôáóç 6.1.3 (iii),

Resπi(f) =
1

1!

d

dz

¡
(z − πi)2 f(z)

¢¯̄̄̄
z=πi

=
1

1!

d

dz

µ
ez

(z + πi)2

¶¯̄̄̄
z=πi

=

µ
ez

(z + πi)2
− 2ez

(z + πi)3

¶¯̄̄̄
z=πi

=
π + i

4π3
.

Êáô' áíáëïãßáí,

Res−πi(f) =
π − i

4π3
.
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ÅðåéäÞ

indC(0;4)(πi) =
1

2πi

Z
C(0;4)

1

ζ − πi
dζ = 1 =

1

2πi

Z
C(0;4)

1

ζ + πi
dζ = indC(0;4)(−πi)

(âë. 4.2.16 êáé 6.2.1), äõíÜìåé ôïý èåùñÞìáôïò ôùí ïëïêëçñùôéêþí õðïëïßðùí 6.4.1 ëáìâÜíïõìåZ
C(0;4)

ez

(z2 + π2)2
dz = 2πi(Resπi(f) +Res−πi(f)) = 2πi

µ
π + i

4π3
+

π − i

4π3

¶
=

i

π
.

(iv) ÅÜí z ∈ Cr{0}, ôüôå (ðñâë. 3.3.1, 3.3.2):

e
1
z =

∞X
n=0

1

n!
(
1

z
)n =⇒ e

2
z =

∞X
n=0

1

n!
(
2

z
)n

=⇒ zke
2
z =

∞X
n=0

2n

n!
zk−n = zk + 2zk−1 +

22

2!
zk−2 + · · ·+ 2k

k!
+

∞X
n=k+1

2n

n!
zk−n,

ïðüôå ç óõíÜñôçóç z 7−→ zke
2
z Ý·åé ôï 0 ùò ôï ìüíï (ìåìïíùìÝíï) éäßùìÜ ôçò. ÌÜëéóôá, êáôÜ ôï

èåþñçìá 5.3.11 (iii), áõôü åßíáé ïõóéþäåò éäßùìá. ÅðåéäÞ

indC(0;1)(0) =
1

2πi

Z
C(0;1)

1

ζ
dζ = 1

(âë. 4.2.16 êáé 6.2.1), äõíÜìåé ôïý èåùñÞìáôïò ôùí ïëïêëçñùôéêþí õðïëïßðùí 6.4.1 ëáìâÜíïõìåZ
C(0;1)

zke
2
z dz = 2πi(Res0(zke

2
z )) = 2πi

µ
2k+1

(k + 1)!

¶
=
2k+2πi

(k + 1)!
.

ÈÅÌÁ 7ï ¸óôù P (z) ∈ C[z] Ýíá ðïëõþíõìï âáèìïý deg(P (z)) = 3 ìå ôéò èÝóåéò ìçäåíéóìïý ôïõ ρ1,ρ2,ρ3 äéáöï-
ñåôéêÝò áíÜ äýï êáé åõñéóêüìåíåò óôïí êëåéóôü äßóêïD(0; 1). Ôüôå ôï P (z) èá ãñÜöåôáé õðü ôç ìïñöÞ
P (z) = ξ(z − ρ1)(z − ρ2)(z − ρ3), ãéá êÜðïéïí ξ ∈ Cr{0}. Ðñïöáíþò,

1

(z − ρ1)(z − ρ2)
=

1

ρ1 − ρ2

µ
1

z − ρ1
− 1

z − ρ2

¶
êáé

1

(z − ρ1)(z − ρ2)(z − ρ3)
=

1

ρ1 − ρ2

µ
1

z − ρ1
− 1

z − ρ2

¶
1

z − ρ3

=
1

ρ1 − ρ2

µ
1

(z − ρ1)(z − ρ3)
− 1

(z − ρ2)(z − ρ3)

¶
=

1

ρ1 − ρ2

µ
1

ρ1 − ρ3

µ
1

z − ρ1
− 1

z − ρ3

¶
− 1

ρ2 − ρ3

µ
1

z − ρ2
− 1

z − ρ3

¶¶
= 1

(ρ1−ρ2)(ρ1−ρ3)

µ
1

z − ρ1
− 1

z − ρ3

¶
− 1

(ρ1−ρ2)(ρ2−ρ3)

µ
1

z − ρ2
− 1

z − ρ3

¶
ÅÜí ãéá êÜèå j ∈ {1, 2, 3} åöáñìüóïõìå ôïí ïëïêëçñùôéêü ôýðï ôïý Cauchy (âë. 4.4.1)Z

C(0;r)

f(z)

z − ρj
dz = f(ρj)

ãéá ôç óôáèåñÞ óõíÜñôçóç f(z) := 1,∀z ∈ G, üðïõ G ôõ·üí ·ùñßï ôïý C ìå D(0; r) ⊂ G, r > 1,

ëáìâÜíïõìå Z
C(0;r)

1

z − ρj
dz = 2πi.

2



ÅðåéäÞ (ãéá γ(t) := reit, ∀t ∈ [0, 2π])Z
γ

1

P (z)
dz =

1

ξ

Z
γ

1

(z − ρ1)(z − ρ2)(z − ρ3)
dz

=
1

ξ

⎛⎜⎝ 1
(ρ1−ρ2)(ρ1−ρ3)

Z
C(0;r)

µ
1

z − ρ1
− 1

z − ρ3

¶
dz − 1

(ρ1−ρ2)(ρ2−ρ3)

Z
C(0;r)

µ
1

z − ρ2
− 1

z − ρ3

¶
dz

⎞⎟⎠ ,

Ý·ïõìå ôåëéêþò
Z
γ

1

P (z)
dz = 0.

ÈÅÌÁ 8ï ¸óôù f ìéá áêåñáßá óõíÜñôçóç ìå
¯̄̄
f (2)(z)

¯̄̄
≤ |z|2 , ∀z ∈ C. Áò õðïèÝóïõìå üôé ç f áíáðôýóóåôáé ùò

äõíáìïóåéñÜ ðåñß ôï 0 ùò åîÞò: f(z) =
P∞

n=0 αnz
n. Ôüôå

f 0(z) =
∞X
n=1

nαnz
n−1 =⇒ f 00(z) = f (2)(z) =

∞X
n=2

n(n− 1)αnzn−2 =
∞X
n=0

βnz
n,

üðïõ βn := (n+ 2)(n+ 1)αn+2, ∀n ∈ N0.Ïé «åêôéìÞóåéò Cauchy» ãéá ôçí f (2) (âë. ðïñßóìáôá 3.2.5 êáé
4.4.7) ãñÜöïíôáé ùò áêïëïýèùò:

|βn| ≤
sup

n¯̄̄
f (2)(z)

¯̄̄
: z ∈ D(0; r)

o
rn

.

ÅðåéäÞ
¯̄̄
f (2)(z)

¯̄̄
≤ |z|2 ãéá êÜèå z ∈ C, áðü ôçí áíùôÝñù áíéóïúóüôçôá Ýðåôáé üôé

|βn| ≤
r2

rn
= r2−n,

ãéá êÜèå r > 0. ÅÜí n > 2, ôüôå lim
r→∞

r2−n = 0. ÊáôÜ óõíÝðåéáí,

βn = 0, ∀n > 2 =⇒ αn+2 = 0, ∀n > 2 =⇒ αn = 0, ∀n > 4.

ÅÜí n = 1, ôüôå

|β1| ≤ r =⇒ |β1| ≤ lim
r→0

r = 0 =⇒ β1 = 0 =⇒ α3 = 0.

ÅðéðñïóèÝôùò,
¯̄̄
f (2)(0)

¯̄̄
≤ |0|2 = 0 =⇒ f (2)(0) = 0 =⇒ α2 = 0. ¢ñá

f(z) = a+ bz + cz4,

üðïõ a = α0, b = α1, c = α4. ÔÝëïò, ãéá n = 2, Ý·ïõìå

|β2| ≤ 1 =⇒ |4 · 3 · α4| ≤ 1 =⇒ |c| = |α4| ≤ 1

12
.

ÈÅÌÁ 9ï ¸óôù f ∈ O(D(0; 2)). ÕðïèÝôïõìå üôé

f(x)4 − 2f(x)2x2 + x4 = 0, ∀x ∈ (0, 1),

êáé üôé Z
γ

f(z)z2

z − 1 dz = 1,

üðïõ γ(t) := reit, ∀t ∈ [0, 2π], 1 < r < 2.Áðü ôçí ðñþôç éóüôçôá óõìðåñáßíïõìå üôé ãéá êÜèå x ∈ (0, 1)
éó·ýåé

(f(x)2 − x2)2 = 0 =⇒ f(x)2 − x2 = (f(x)− x)(f(x) + x) = 0,
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ïðüôå ãéá êÜèå x ∈ (0, 1) åßôå f(x) = x åßôå f(x) = −x.
(á)Êáô' áñ·Üò ðáñáôçñïýìå üôé éó·ýåé êÜôé ðéï éó·õñü: Åßôå f(x) = x ãéá êÜèåx ∈ (0, 1) åßôå f(x) = −x
ãéá êÜèå x ∈ (0, 1). ÐñÜãìáôé° åÜí õðÞñ·áí x1, x2 ∈ (0, 1), x1 6= x2, ìå f(x1) = x1, f(x2) = −x2, êáé
õðïèÝôáìå (äß·ùò âëÜâç ôÞò ãåíéêüôçôáò) üôé x1 < x2, ôüôå (áðü ôçí éäéüôçôá ôÞò åíäéáìÝóïõ ôéìÞò, âë.
1.7.12) èá õðÞñ·å êÜðïéï x0 ∈ (x1, x2), ôåôïéï þóôå íá éó·ýåé f(x0) = 0 (êáèüôé 0 ∈ (−x2, x1)). Ôïýôï
üìùò èá Þôáí Üôïðï, äéüôé êáô' áíÜãêçí x0 = 0 /∈ (x1, x2).
(â) Êáôüðéí ôïýôïõ áðïäåéêíýïõìå üôé äåí ìðïñåß íá éó·ýåé f(x) = −x ãéá êÜèå x ∈ (0, 1). ÐñÜãìáôé°
åÜí õðïèÝôáìå üôé áõôü åßíáé áëçèÝò, ôüôå, åöáñìüæïíôáò ôïí ïëïêëçñùôéêü ôýðï ôïý Cauchy (âë. 4.4.1)
ãéá ôç óõíÜñôçóç h : D(0; 2) −→ C, h(z) := f(z)z2, èá åß·áìå

1 =

Z
C(0;r)

f(z)z2

z − 1 dz =

Z
C(0;r)

h(z)

z − 1dz = h(1) = f(1) =⇒ f(1) = 1.

H f, ùò ïëüìïñöç, åßíáé êáé óõíå·Þò (âë. 2.2.9), ïðüôå èá êáôáëÞãáìå óôçí áêüëïõèç áíôßöáóç:

−1 = lim
x→1

(−x) = lim
x→1

f(x) = f(1) = 1.

(ã) Áðü ôá (á) êáé (â) ãíùñßæïõìå üôé ãéá ôç óõíÜñôçóç f ∈ O(D(0; 2)) éó·ýåé f(x) = x ãéá êÜèå
x ∈ (0, 1). ¸óôù g := IdD(0;2). Ôüôå g ∈ O(D(0; 2)) êáé

(0, 1) ⊂ Z(f − g) := {z ∈ C : f(z) = g(z)} .

Áñêåß ëïéðüí íá áðïäåé·èåß üôé

Z(f − g)0 ∩D(0; 2) 6= ∅,

äçëáäÞ üôé ôïZ(f−g) Ý·åé êÜðïéï óçìåßï óõóóùñåýóåùò áíÞêïí óôïí áíïéêôü äßóêïD(0; 2), äéüôé ôüôå
f(z) = g(z) = z, ∀z ∈ D(0; 2), åðß ôç âÜóåé ôïý èåùñÞìáôïò ôÞò ôáõôßóåùò 4.6.3. Ðñïò ôïýôï èåùñïýìå
ôçí áêïëïõèßá zn :=

1
2
+ 1

n
, n ≥ 3. Ðñïöáíþò,

zn ∈ (0, 1)r{ 12} ⊂ Z(f − g)r{ 1
2
}, ∀n ≥ 3,

êáé lim
n→∞

zn =
1
2
∈ D(0; 2), ïðüôå 1

2
∈ Z(f − g)0 ∩D(0; 2) (âë. ðñüôáóç 1.5.9).

ÈÅÌÁ 10ï (i) Æçôåßôáé íá ðñïóäéïñéóèåß ôï ðëÞèïò ôùí èÝóåùí ìçäåíéóìïý (óõìðåñéëáìâáíïìÝíùí ôùí ðïëëá-
ðëïôÞôùí ôïõò) ôÞò óõíáñôÞóåùò f(z) = 3z4 − 7z + 2 åíôüò ôÞò äáêôõëéáêÞò ðåñéï·Þò

D(0; 1,
3

2
) =

½
z ∈ C : 1 < |z| < 3

2

¾
.

Ãéá êÜèå z ∈ C ìå |z| = 3
2
Ý·ïõìå

|−7z + 2| ≤ 7 |z|+ 2 = 21

2
+ 2 =

25

2
< 3

µ
3

2

¶4
=
¯̄
3z4
¯̄
.

ÊáôÜ ôï èåþñçìá 6.4.8 ôïý Rouchª,

`
³
Z(f)|D(0; 32 )

´
= `

³
Z(3z4)

¯̄
D(0; 32 )

´
= 4.

ÅîÜëëïõ, ãéá êÜèå z ∈ C ìå |z| = 1 Ý·ïõìå¯̄
3z4 + 2

¯̄ ≤ 3 |z|4 + 2 = 3 + 2 = 5 < 7 = |−7z| .

ÊáôÜ ôï èåþñçìá 6.4.8 ôïý Rouchª,

`
³
Z(f)|D(0;1)

´
= `

³
Z(−7z)|D(0;1)

´
= 1.
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ÅðéðñïóèÝôùò, áðü ôçí áíùôÝñù áíïóüôçôá óõìðåñáßíïõìå üôé ç f(z) äåí äéáèÝôåé êáìßá èÝóç ìçäå-
íéóìïý áíÞêïõóá óôïí êýêëï C(0; 1). ¢ñá ôåëéêþò

`
³
Z(f)|D(0;1, 3

2
)

´
= 4− 1 = 3.

(ii) Ãéá êÜèå z ∈ C ìå |z| ≥ 2 Ý·ïõìå

|P (z)| = ¯̄z3(z4 − 5) + 7¯̄ ≥ |z|3 ¯̄z4 − 5¯̄− 7 ≥ |z|3 ¡|z|4 − 5¢− 7 ≥ 8 · (16− 5)− 7 = 81 > 0,
ïðüôå üëåò ïé èÝóåéò ìçäåíéóìïý ôïý ðïëõùíýìïõ P (z) = z7 − 5z3 + 7 áíÞêïõí óôïí áíïéêôü äßóêï
D(0; 2) êáé -ùò åê ôïýôïõ- k ≤ 2.¸óôù f(z) := −5z3 + 7 êáé g(z) := z7. Ãéá êÜèå z ∈ C(0; 1) Ý·ïõìå

|g(z)| = ¯̄z7 ¯̄ = |z|7 = 1 < 7− 5 = 7− 5 |z|3 ≤ ¯̄7− 5z3 ¯̄ = ¯̄−5z3 + 7¯̄ = |f(z)| .
ÊáôÜ ôï èåþñçìá 6.4.8 ôïý Rouchª,

`
³
Z(P )|D(0;1)

´
= `

³
Z(f + g)|D(0;1)

´
= `

³
Z(f)|D(0;1)

´
= 3 < 7.

¢ñá ôåëéêþò k = 2.

—————————————————
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