
ÌÉÃÁÄÉÊÇ ÁÍÁËÕÓÇ:
8ïò ÊÁÔÁËÏÃÏÓ ÐÑÏÔÅÉÍÏÌÅÍÙÍ ÁÓÊÇÓÅÙÍ

1. Íá ðñïóäéïñéóèïýí üëåò ïé áêÝñáéåò óõíáñôÞóåéò f ãéá ôéò ïðïßåò éó·ýåé ç éóüôçôá

f(x) = ex, ∀x ∈ R.

2. ¸óôù G Ýíá ·ùñßï ôïý C. ÅÜí f ∈ O(G) êáé õðÜñ·åé a ∈ G, ôÝôïéï þóôå íá éó·ýåé

|f(a)| ≤ |f(z)| , ∀z ∈ G,

íá áðïäåé·èåß üôé åßôå f(a) = 0 åßôå ç f åßíáé óôáèåñÞ.

3. ÊáèåìéÜ ôùí áêïëïýèùí óõíáñôÞóåùí Ý·åé ìåìïíùìÝíï éäßùìá óôï z = 0.

(i) f(z) =
sin z

z
,

(ii) f(z) =
cos z

z
,

(iii) f(z) =
cos z − 1

z
,

(iv) f(z) = ez
−1
,

(v) f(z) =
log(z + 1)

z2
,

(vi) f(z) =
z2 + 1

z(z − 1) .

Íá åîåôáóèåß ôï êáôÜ ðüóïí áõôü ôï óçìåßï åßíáé ðüëïò, áéñüìåíï Þ ïõóéþäåò éäßùìá.

4. ¸óôù f : A −→ C ìéá óõíÜñôçóç. ÅÜí f ∈ O(ArS), üðïõ ôï S áðïôåëåßôáé áðïêëåéóôéêþò áðü
ðüëïõò, íá áðïäåé·èåß üôé ôï S äåí äéáèÝôåé êáíÝíá óçìåßï óõóóùñåýóåùò åíôüò ôïý A.

5. ¸óôù f ìéá óõíÜñôçóç Ý·ïõóá ïõóéþäåò éäßùìá óå êÜðïéï óçìåßï z0 ∈ C. ÅÜí c ∈ C êáé ε > 0,

íá áðïäåé·èåß üôé ãéá êÜèå δ > 0 õðÜñ·åé êÜðïéï a ∈ D(c; ε), ïýôùò þóôå ç åîßóùóç f(z) = a íá
äéáèÝôåé Üðåéñåò ëýóåéò åíôüò ôïý D(z0; δ).

6. ¸óôù f ìéá áêåñáßá ìç óôáèåñÞ óõíÜñôçóç. Íá áðïäåé·èåß üôé ãéá êÜèå ðñáãìáôéêü c > 0 éó·ýåé
ç éóüôçôá

{z ∈ C : |f(z)| < c} = {z ∈ C : |f(z)| ≤ c} .

7. ÅÜí R > 0, f ∈ O(D(0;R)) ìç óôáèåñÞ êáé 0 ≤ r < R, íá áðïäåé·èåß üôé ç

r 7−→M(r) := max {Re f(z) : z ∈ C(0;R)}

åßíáé ãíçóßùò áýîïõóá óõíÜñôçóç.

8. ¸óôù üôé ôï G 6= ∅ åßíáé Ýíá áíïéêôü êáé öñáãìÝíï õðïóýíïëï ôïý C êáé üôé f ∈ O(G). ÅÜí
õðïôåèåß üôé õðÜñ·åé ðñáãìáôéêüò áñéèìüòM > 0, ôÝôïéïò þóôå ãéá êÜèå w ∈ ∂G íá éó·ýåé

lim
n→∞

sup |f(zn)| ≤M

ãéá êÜèå áêïëïõèßá (zn)n∈N óôïé·åßùí ôïý G ðïõ óõãêëßíåé ðñïò ôï w, íá áðïäåé·èåß üôé

|f(z)| ≤M, ∀z ∈ G.
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9. ¸óôù f ìéá áêåñáßá óõíÜñôçóç. ÅÜí

Sn(f, ζ)(z) :=
nX

k=0

f (k)(ζ)

k!
(z − ζ)k

ãéá êÜèå n ∈ N0 êáé ãéá êÜèå ζ ∈ C, íá áðïäåé·èåß üôé

lim
n→∞

sup
ζ∈L

sup
z∈K

|Sn(f, ζ)(z)− f(z)| = 0

ãéá ïéïäÞðïôå æåýãïò óõìðáãþí õðïóõíüëùí L,K ôïý C.

10. ¸óôù U Ýíá áíïéêôü õðïóýíïëï ôïý C ðïõ ðåñéÝ·åé ôï 0 êáé Ýóôù R > 0, ôÝôïéï þóôå íá éó·ýåé
D(0;R) ⊂ U. ÅÜí f ∈ O(U) êáé

|f(z)| ≤M, ∀z ∈ D(0;R), f(0) 6= 0,

íá áðïäåé·èåß üôé

`Z
³
f |D(0;R3 )

´
≤ 1

log 2
log

µ
M

|f(0)|

¶
.

[Õðüäåéîç : ÅÜí ïé z1, . . . , zn åßíáé ïé èÝóåéò ìçäåíéóìïý ôÞò f óôïí áíïéêôü äßóêï D(0; R3 ), íá
èåùñçèåß ç óõíÜñôçóç

g(z) := f(z)
nY

k=1

µ
1− z

zk

¶−1
,

êáé íá ·ñçóéìïðïéçèåß ôï üôé g(0) = f(0).]
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