
ÌÉÃÁÄÉÊÇ ÁÍÁËÕÓÇ:

7oò ÊÁÔÁËÏÃÏÓ ÐÑÏÔÅÉÍÏÌÅÍÙÍ ÁÓÊÇÓÅÙÍ

1. Íá õðïëïãéóèïýí ôá áêüëïõèá ïëïêëçñþìáôá:

(i)
Z
γ

eiz

z2
dz, üðïõ γ(t) = eit, ∀t ∈ [0, 2π].

(ii)
Z
γ

1

z − a
dz, üðïõ γ(t) = a+ reit, ∀t ∈ [0, 2π].

(iii)
Z
γ

ez − e−z

zn
dz, üðïõ n ∈ N êáé γ(t) = eit, ∀t ∈ [0, 2π].

(iv)
Z
γ

1

z2 + 1
dz, üðïõ γ(t) = 2eit, ∀t ∈ [0, 2π].

2. ¸óôù I(r) :=

Z
γ

eiz

z
dz, üðïõ γ(t) = reit, ∀t ∈ [0, π], êáé r èåôéêüò ðñáãìáôéêüò áñéèìüò. Íá

áðïäåé·èåß üôé

lim
r−→+∞I(r) = 0.

3. Íá áðïäåé·èåß üôé

+∞Z
−∞

x2

1 + x4
dx =

π√
2
.

4. Íá áðïäåé·èåß üôé

+∞Z
0

sinx

x
dx =

π

2
.

5. Íá áðïäåé·èåß üôé ãéá êÜèå ðñáãìáôéêü áñéèìü a > 1 éó·ýåé

πZ
0

1

a+ cos θ
dθ =

π√
a2 − 1 .

6. Íá áðïäåé·èåß üôé

+∞Z
0

log x

1 + x2
dx = 0.

7. Íá õðïëïãéóèïýí ôá áêüëïõèá ïëïêëçñþìáôá:

(i)

+∞Z
0

x2

x4 + x2 + 1
dx,

(ii)

πZ
0

1

(a+ cos θ)2
dθ, üðïõ a ðñáãìáôéêüò áñéèìüò > 1.
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8. ¸óôù R > 0 êáé f ∈ O(D(0;R)) ìå f(0) = 0, f 0(0) 6= 0 êáé f(z) 6= 0 ãéá êÜèå z, ôÝôïéï þóôå
0 < |z| ≤ R. ÅÜí

g : D(0; ρ) −→ C, g(w) :=
1

2πi

Z
C(0;R)

zf 0(z)
f(z)− w

dz,

üðïõ ρ := min {|f(z)| : z ∈ C(0;R)} > 0, íá áðïäåé·èåß üôé g ∈ O(D(0; ρ)).

9. ¸óôù f ∈ O(D(0; 1)) ìå |f(z)| ≤ 1 ãéá êÜèå z ∈ C(0; 1).Íá ðñïóäéïñéóèåß ôï ðëÞèïò ôùí ëýóåùí
ôÞò åîéóþóåùò f(z)−zn = 0 (óõíõðïëïãßæïíôáò ôéò ðïëëáðëüôçôåò ôùí èÝóåùí ìçäåíéóìïý) üôáí
n åßíáé ïéïóäÞðïôå èåôéêüò áêÝñáéïò áñéèìüò.

10. ÅÜí 0 < r < R êáé A := {z ∈ C : r ≤ |z| ≤ R} , íá áðïäåé·èåß ç ýðáñîç åíüò ε > 0, ôÝôïéïõ þóôå
ãéá êÜèå ðïëõþíõìï P (z) ∈ C[z] íá éó·ýåé

sup

½¯̄̄̄
P (z)− 1

z

¯̄̄̄
: z ∈ A

¾
≥ ε.

[Óçìåßùóç : Áõôü óçìáßíåé üôé ç óõíÜñôçóç A 3 z 7−→ 1
z äåí ìðïñåß íá áðïôåëåß ïìïéüìïñöï

üñéï ðïëõùíýìùí ïñéæïìÝíùí åðß ôïý A.]
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