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IIpoioyog

H Tpoppikny ArlyeBpa amoterei, pali pe tmv Avdivon, to Oepéiio tov padn-
HOTIKOV GTOLOMV. XTIG AVl XEIpOUg ONUELDCELS HEAETMVTAL Ol BACIKEG EVVOLEC TNG
pappixng AlyeBpag, ot omoigg eival anapaitnTeg yio Tig 6movdég ota Mabnpartt-
k. [Taparinio vrapyovv ToAAEG epapproyéc e I pappikne AlyeBpac. H emidvon
podnpatikodv tpofAnpatov pe T fondeia vroloyloTdV 0dNYEL, KaTd Kavova, TNV
EMIALOTN YPOUUK®OV GLOTNUATOV. ALTA Ta OEHOTO ATOTEAODY TO GVTIIKEILEVO TNG
ApOuntikng poppikng Alyefpag, evog kKAGdov g AptBuntikng Avaivong, Kat
dev 0a Hog amacyoAcoLY £0M TUPA LOVO EVKAULPLAKAL.

Avtikeipevo ¢ Ipoppuikng AlyeBpag aroteloby ol YPOUUIKOL XMPOoL Kal, TPO
TOVTOG, Ol YPOUUUIKES ATEIKOVITELS HETAED YPOUUUIKDV Y DPOV.

Ovo1aoTIKEG S10p0pEC LETOED TOV LAPOP®Y KAAS®V TV MuONUaTiKdV eV LITap-
youv. Ta elcaymykd podnpota yopilovial cuvnBmg e dVo HEPN: TOV ATELPOGTIKO
Aoyiopo kar ™ Ipappikn AkyeBpa. O dtaymplopdg eival Teyvntog Kot £ &l EKTOL-
devtikd yapaktnpa. H Pacikn dtapopd petatd I'pappikng AlyeBpag kar Ameipo-
oTikob Aoyiouob cuvictotal 6To 0Tt ot I pappikn ArlyeBpa dev yivetatl ¥ pnon e
£vvolag Tov opiov, evd avtn akpiPdg n £vvola Tailel ToV TPpOTAY®VICTIKO POLO GTOV
Amelpootikd Aoyiopd.

Ye mo mpoywpnpéva pobnpota ol Baocikég Evvoleg g I'pappikng Alyeppog kot
T0L ATELPOGTIKOV AOYIGHOU, ONANIT O YPUUULKOL Y DPOL KOl O YPUUULKES UTELKO-
VIGELG 0@’ VOGS Kal Ta OpLa. o’ ETEPOL, GLVATAVIOVTAL, TOILovV QeP’ ELMELV TPOTUP-
xd polo otn Luvoptnolokn Avaivon, oAl epeoavilovtol okoun kot otnv Apib-
untikn Ipoppikn AlyeBpa k.Aw.

Mio Tp®TN HOPPT TOV CNUEIDGEMV QVTOV YpapTnke 10 1984, Y10 TOLG TPpWTOE-
telg ortnTéG Tov Tunpatoc Mabnpatikov tov Ioavemotnuiov Kpntng. ‘Extote ot
CNUELDCELS X PNOILOTOINON KAV, KOTE KA1pOVG, Ao S1APOPOLS GLVUIEAPOVLS GTA Lo~
ONpata Touvg, Kupimg oto Iavemotquio Kpntne. Etnv napodco popen ot GnUeL®d-
GELG YPAPTNKOV Y10 TOVE TPMTOETELG pOo1TNTEG TOL TunHatog Mabdnpoatikdy Kat Xto-

T16TIkNG Tov [Mavemiotnuiov Kdnpov.



Ot onueldoelg Tpokvyay anod TN S1d0cKAALN TOL elcay®YLKov padnuatog I'pap-
HIKN G AAyeBpac Kol YpapTNKaV Yo £VOV CLYKEKPIUEVO OKOTO, Y10 VA OLELKOAVVOLY
TOVG TPMTOETELG POLTNTEG OTNV KATOVONGT TV TAEOV BaciKdV oTotyeiwv g I pap-
kN ALlyeBpag. Aev tav erriodolia Hog vo SOGOVUE Vo TAT peG OYYpappa I'pap-
kN ArlyeBpag kat d0ev cuume plAGfape TOALA, WOlaitepa oNUOVTIKG, Oépata I'papt-
pikng Ahyefpoac.

Ot onpetwoelg meptrapfdvovy evveéa KEQAAULNL. XTO TPAOTO, TPOKATUPKTIKNG PO-
GEeMG, KEPAAU10 glo(yovpe GUUPBOALGHS, KLPIMG Yo GOVOLN KOl ATELKOVIGELS, KO-
0odc kol TNV évvola TOL GOUNTOS, M omoia Toilel onuaviikd pOLO GTN GULVEYEL.
To debTEPO KAl TO TPITO KEPAAULO UPLEPDVOVTAL GTOVG YPOUUULKODS X DPOLS KOL TIG
YPOUUIKESG amelkovioelg HETAED TV, aVTIGTOLX, TO PUCIKO AVTIKEINEVO UEAETNC
¢ Ipappukng AhyeBpag. Xto té€tapto KEPAAALo divovpe d1bpopes 1016TNTES TLVA-
K®V, TOL CNUOVTIKOTEPOL 16m¢ epyareiov g I pappikng AAyeBpac, Kol 6To TEUTTO
KEQALALO LEAETAUE TIG OYEGELS HETAED YPOUUKDV anelkovVice®V Kal Tvakov. To
£KTO KEPAAOLO AQPOPA TO YPOUUUIKE GUGTAHOTA, ONACOT TN HEAETN YPOUUUIKOV “EE1-
CAOGEMV" 0€ YPOUUUIKOVS YDPOLE TEMEPAGUEVNG O1AcTOONG. XTO £BOONO KEPALULO
elwoayetal Eva GAAo xpNoipo epyareio, n opilovoa, Kol HEAETMOVTAL O1APOPES 1010-
™Mtéc TG, To Y000 KEPAANLO APLEPDOVETUL GE YPUUULKOVG Y DPOLS UE ECOTEPIKO
YIVOUEVO, Kal, TEAOG, TO £VOTO KOl TEAELTOLO OTIG OLOTIUESG KAl TO 1O10OLAVOGHOTO,

YPOUUIKOV OTEIKOVIGEDV KUl TIVAK®OV.

YentépuPproc 2001
I'. Axpifing
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1. Tlpokatapktikd: XOVoOLO, ATEIKOVIGELS, LONATO

>T0 TPOKUTAPKTIKNG PUOEMS 0VTO KEQAAUL0 Ba elcaydyovus cuUPoAilopd kot Ho
avoeepBolie oe peptkég OepeAdIELS £VVOLEG TV GUYY pOVOV MaONUaTIKOV: CUYKE-
Kpéva, Ba Bopunbodue opiopévo cOvora kot Bo 0pioOLEE TIC EVVOLEG TNG ATELKOVL-
O1MG, TNG OHAdAC KOl TOL OMUATOS. Ol ypappikol ydpot, Tov arotelovyv T faon 6
perétn e Fpoppikng AlyeBpac, opiovtar pe ™ Bondeta coudtov. To chpoata
7oL Taifovv oNUAVTIKO POAO GTIG EQUPUOYES Elval dVO, TO COUO TOV TPAYHOTIKOV
apOuav R kot 1o copa tov pryadikov aptuonv C pe tig suvnbeig npdelg tpdobeon

KOl TOAALOTAQGLOCUO.

1.1. Xvvora

Avtn M evotnto avoeépetol o€ pio £vvola, n oroia mailel TOAD oNUAVTIKO pOAO
6t0 GOy pova Mobnpotikd, tnv £€vvola Tov cuvolov. Edm Oa sicaydyovps amimg
ovppoiiopod kot Ba opicovpe opiopéveg Pacikég Evvoleg, ol onoieg oyetilovtal pE
GOVOAQ.

"Evag amAog kot akpifng tpoOnog eloaymyng Tov 0pov avvolo (set) ota MabOnpoti-
K@ dev gival SuaTLY MG YVOGTOC. 'Evog axpifng opiopog, pe ta onuepiva dedopéva,
elvol GKOTHOG HOVO O€ £va TPOY®PNUEVO GTASLO TOV HAONUATIK®V oTovddv. [a
™ Ipoppikny AlyeBpa Kot TIG €QAPUOYES TNG APKOVV, ELTLYMG, LEPIKH Tapadely-
pata GuvoAwv, pe ™ Pondela TV onoimv Hropody Vo CYMNUATIGTOVV VEN GUVOAQ.
Ta menepacpéva cOvora, ONACON T0 CLVOAN e TETEPAGUEVO TANO0G oTol)El®V,
umopovyv Bewpntikd vo 0000V avaypleoviag Ta aTolyeio Tovg. ZupPoiilovue mo-
padeiypotog yapwv pe {1, ..., x,}, Y10 KATolov puotkod aptuod n, 1o GHVOLO LE GTOL-
YEW 1, ..., T,, TO OTTOLO OEV E1VOL KOT avayknV dtopopetika peta&d tovg. To Mo
anAO uUn TEMEPATUEVO GOVOAO €1Vl TO GOVOAO T®V QLUGIK®V 0PLOU®V, TO OTO10 GULLL-

BoAilovpe pe N,

N:={1,2,... }.
1



2 1. IPOKATAPKTIKA: SYNOAA, AIIEIKONIZEIZ, SQMATA
Avaeépovpe akdun 10 cHVOLO TOV PLCIKAOV 0ptOu®V pall pe to undév Ny,
Np :={0,1,2,...},
TO GUVOAO TMOV AKEPUI®V UPLOU®V Z,
Z = {0,4+1,£2,...},
K0l TO GOVOAO TV pNTOV apliudv Q,
Q:= {g : p,q axépawor, ¢ # 0}.

To cbvoro TV TpayHatikdv aptdpumv cuoppoiiletal pe R, 10 GOVOLO TOV HUIYAIIKOV
apOuov pe C.

2vuforiguoi:

‘Eotow X éva cOvoro. To x € X onuaivetl 0t 1o  givar otoryeio tov X. 'Ecto P
pia widtnta- tote dr € X P(x) onpaivel 6t vmdpyetl éva 6Totyelo & Tov cuvoioL X
10 omoio £yl v wWiotnta P. Avtictoya Vo € X P(z) onuaivetl 6Tt kébe otoryeio
TOL GLVOAOL X, cLVETMG OAa Ta GToLyEln Tov X, Eyxovv tnv Wdotnta P. Ta coppo-
Ao 3 xar V Aéyovtol mooodeixteg, To 3 vrapllarxds mocodeiktng Kot 10 YV xabolikog
TOGOJEIKTNG.

Av xa0e otoryeio evog cuvorov Y elval xat ototryeio Tov cuvorov X, T0TE T0 Y
Aéyetar vmoabvolo tov X, cupforilopndg Y C X. Av 1o Y egival vmoovvoro tov X,
Y C X, xot, eni mAéov, vmapy el KAmolo 6Tolyelo Tov X mov devV AVNKEL GTO Y, TOTE
10 Y Aéyetal yviaio vmoabvolo tov X, cupufoiiouoc Y ; X.

Awaypoon Tov aveotépo cLUPOLOV dINAOVEL ApVNGT, TAPAdETYHATOS APV TO b &
X onuoivel 6t 1o 5 dev elval ototyeio Tov X.

‘Ecto I évo ocbvoho (6Ovolo deikt®dv), kot yio kabe ¢ € I éva cvvoro X;. Tote
opilovpe TV évaan twv GLVOL®V X, € I, ®GTO GLVOAO LLE GTOLYELD OAN TOL GTOLYELN
oLV TV X;, ONA0dN o eENG
UX,:={x:3Jjel zeX;}
i€l
KOl TNV Toun Tov ocuvorwv X;, i € I, ®g 10 cbhvolo pe otolyeia ta Kowvd ototyeia
oLV TV X;, ONA0dN o eENG
NX,:={z:Vjel veX;}

el



1.1. ZYNOAA 3

Yy mepintwon mov to I givar menepacpévo, I = {1,2,...,n}, ypnoponotodpe

EMIGNG TOLVG GLUPOALGHOVC

X1UX2UUXn: U Xz: U Xi7

i=1 il
Kot

i=1 il

"Ecto tdhpa 000 cvvora X, Y. H diapopd tov cuvorov Y and to cbvoro X opiletal
G

X\Y ={reX: 2gY},

anoteAeital OnAadn and 6la to ototyeia Tov X Ta omoia dev eivot otolyeia Tov Y.
To cbvolro

X xY ={(r,y):zxe X, yeY},

TOV dratetayuéva (evywy AEyetal kapteaiavo yivouevo tov X el Y. H yapaktnplotikn
151010 TOV dratetayuévov (evymv eivatl 6t o (7, y) Kot (', y') elval T1oTe Kot povo
16T€ 100, av 16YVEL oLy POvec = = =’ kot y = . (AkpiPpng opiopnds pe ™ Pondeia
ouvorov (z,y) = {z,{x,y}}.) Avaroya opiletal Kot TO KUPTESLOVO YIVOUEVO TMOV
ocuvorwv X1, Xo, ..., X,

Xy x Xox oo x Xy i={(x1,29,...,2,) 1, € Xgyi=1,...,n},

®G TO CLVOAO TOV JLUTETAYUEVOV VOAO®V. XTNV €101KN Tepintwon Xy = Xy = -+ =
X, = X, 6tav onradn 6Ao ta cOvora gival ica petald tov, ypaeovpue eniong X"
aviiyto X x X x --- x X.

ENUEIOVOLUE OTL £VO GUVOAO TEPLYPAPETAL TANPWOS OO TO, GTOLYELD TO OTOla
nePLEYEL, GAAG OKOUN KOl Eva povoabvolo, dNhadn €vo GOVOLO TOL TEPLEYEL £VO.
povo ototyeio, 6ev tavtileTal Le TO GTOLYELO TO OMOio MEPLEYEL PEP’ €1mELV TO 0 KOL
10 {0} eivol SlopopeTIKA TPpayHaTa.

Télog, t0 KEVH GUVOAO, dNAGON TO GUVOAO ToL deV €Y el oTolyEld, TO GUUPBOAL-
Covpe pe 0.



4 1. IPOKATAPKTIKA: SYNOAA, ATIEIKONIZEIZ, SOMATA
1.2. Arnewkovicelg

Mia dAAn Bacikn €vvolo tov Mobnupatikov, n évvolo g aneitkdviong, eivol
TO OVTIKEIUEVO OLTNC TNG evotnTag. Oa elcaydyovue amelkovioelg kot Oa dovue
OPLOUEVES ELOIKOTEPEG TEPITTAOGELS OMEIKOVIGEMV.

‘Ecto X kot Y ovvora. Mia mpodiaypaen f, n omoia aviictolyilel o€ kabe otot-
xelo x Tov X axpificrc éva otoryeio tov Y, 10 omoio kat cupforilovpe pe f(x), Aéyetar

aneikovian (map) and 1o X 6to Y. Xaplv cuvtopiog ypaeovpe
f:X—Y

Mia aneikovion and 1o X 610 Y gival Aowmov, yia va akpifoAroyodue, £va vToGHVOo-
Lo touv X X Y, 1o onoio yio k6OBe z € X mepiéyet va edyog e TPMTO GTOLYELO TO X,
Kot dev meptEy el Levyn Ue 10 1010 TPADTO GTOLYELO KO S10POPETIKA dEVTEPA OTOLY ELOL.
To f(z) Aéyetar emova tov = pécw g f. To X Aéyetar medio opiopod kol 10 Y
neolo Ty TG omekoOviong f.
‘Ecto f : X — Y plo anewodvion kot M, N vrtoovvoro tov X, Y, aviicTolyo.

To oVvvoro
fM):={yeY :3reMy=f(z)},

10 omoio €lval PLGIKA LTOGUVOLO ToL Y, KaAeital eixdva Tov M pécm g f, xatl 1o
GOVOAO 1

f(N)={zeX:f(z)e N},
Aéyetar avtiatpopn eicova tov N pEGm NG f, KAl lval TPpoeavmg LITOGHVOAO Tov X.

INo arewkovicelg pe 1010itEPE GNUAVTIKEG 1O1OTNTESC Y PNOIULOTOLOVUE E101KOVG
opovs. 'Eocto f : X — Y plo anewodvion. H f Aéyetar épeon (ameixcovion ent,
surjection), av 1 e1kéva tov X pécm g f gival to Y, dniadn f(X) = Y, ondte yia
kG0e y € Y vnapyetx € X 1o omoio N f aneikovilel 6to i, ONANON E1vVOL TETOLO DOTE
y = f().

H f Aéyetan évean (éva mpog éva, injection), av and x,x’ € X kot f(x) = f(a)
énetar x = x’, pe GAha Adylo av x kot ' elval dtapopeTikd oTotyeio Tov X, TOTE Kot
10 f(z) kou f(2') elvar Srapopetikd ototyeio Tov Y.

H f Aéyetar aupiuovoanuavey (aupican, bijection), av eivotl cuyypoOveOg EVEGT Kal

£peom, OnNhodn £va TPog £vo. Kot ETL.



1.2. ATIEIKONIZEIZ 5

Av n arnewkdvion f : X — Y eivol apeipovocsnuovn, tote yio ke y € Y
T0 GOVOAO ]_“1 ({y}), dniadn n avtictpoen eukdva Tov GuvoroL {y}, £xel akpLPog
évo, ototyeio, To omoio cupPolriovpe pe 1 (y). Kot avtdv tov tpomo opiletor pia
amelkdvion
.y —X,
yr— [7Hy),
n omola kaAeital avtiatpopn TG f.

-1
Hapazipnon 1.1 'Ecto f: X — Y pila angwovion kot y € Y. To obvoro f ({y})
éxel évvora yia k@be f xat givor vroohvoro tov X. To f~1(y) opiletar péovo av n
f elvar apeipovoonpavin, kot gival otoryeio tov X. Xapiv Guvtopiog ypagouvpe
—1 -1
nolrég popég f (y) aviiywa f ({y}).
‘Eoto f: X — Yxug:Y — Z H anewkdvion

gof : X — Z,

x> g(f(r)),

Aéyetar avvlean tov f xal g. [lapatnpfote 6Tt Yo va opiletal n cbvBeon go f {ntdpe
TO €010 OPLOUOL TNG g VA E1VAL TO TESLO TIHAOV TNG f. ENUELDVOLUE aKOUO OTL TEDLO

opLopoL NG g o f elval To medio oplopod TN¢ f, Eved TESLO TIHMOV TNG €ival TO TEdIO
TILAV NG g.
Hapaoeiyuaza 1.1

1. H areikdvion idy,
idX X — X,

T —>x,
Aéyetal tavtotiky anelkdviomn Tov X, M Tavtotyta 610 X.
2. Tnvanewkovion f : [0,2] — R, f(x) := 1, av z pntodg, kot f(z) := 0, av x appnToc,
d&V UTOPOVUE VO TNV TAPAGT|COVIE YPUPLKA.

3. H mpodiaypaopn
[0,1] — [-1,1],

T — 14/,

dev glval ametkovion, ylati, dedopévov evog © # 0, to ++/x dev opiletal povoosnua-
VTaL.



6 1. TPOKATAPKTIKA: XYNOAA, AIIEIKONIZEIZ, ZOMATA

Avtifeta, ) Tpodiaypapn
[O, 1] — [07 1]7

T — /7,
elvor arewdvion, kot HaAeTo €lval 1 avTiGTPOPN TNG UTEIKOVIGEMG
[0,1] — [0, 1],

ZE”—>I2.

Ocwpobpe pio aneikdévion f : X — Y kot €va vmocObvoro M tov X. H aneiko-

vion
g: M—Y,
r— f(x),

Aéyetan mepropiouds g f oto M xar cvpPoriletar pe f |y . Ot amewkovicelg f
Kot g Ola@EPouy VO MG TPOS TO TEDIO OPIGHOY TV, EKEL TOL opilovTal Kot ot 30O
happévouv Tig 101e¢ TIpéC.

Eotwg: M — Y, M C X, xat f : X — Y 000 aneikovicelg. Av yio k0e
r € M woybet f(z) = g(z), 16te N f Aéyetar enéitaon ™G g.

1.3. Xopata
O 6poc gaua €xel BepeM®dOn onpocio Yo Tov opiopd evOog YPOUUUIKOD Y MPOV.
ITpv opicovpe T0 GOUW, E1GAYOLIE TNV EVVOLD TNG OUAONS.

Opiaudg 1.1 Mia oudda (group) eivar éva (evyog (G, +) amoteAodpevo and Eva Un Kevo

oOvoAro G kot pio TpdEn - oto G, dNAadN pia anelkdvion
G x G — G,
(a,b) —> a-b,
He T1g €ENg 1010t Teg (afLdpota opddag):
(O1) (a-b)-c=a-(b-c)yxdbe a,b,c € G (TPOGETUIPLGTIKOG VOLOG).

(O2) Yrapyet éva otoryeio e € G (ovoétepo otoryeio tov G), TE£TO10 M®OTE
(Og0) e-a=aywkdbe a € G,
(Og) Yo k60e a € G vrapyel a’ € G (avtiarpopo TOL a), TETOLO ACTE VA LoYOEL

a-a=e.



1.3. ZOMATA 7

Mia opdda (G, -) Aéyetar afiedavy (Tpog TV Tov dtdonpov Nopfnyov padnpa-
ko0 Niels Henrik Abel), av yia ké0e a, b € G 1oy vel

a-b=">0-a (avtipetadeTikdg vOUOQ).

Av ce pio opdda (G, -) n mpaén - eival Tpoeavig 1 Gvev onpaciag, TOTE YPAPOLUE
ariovotepa G avti yia (G, -), Kot ab avti ylo a - b.

Oa dovue TOPO PEPIKEG UTAEC 1010TNTEG OHAdMV. XvyKekpipuéva, Ba dodue Ot
av 1o d’ €lval avIieTPOPo TOoL a, TOTE Kal TO a ELVOL GVTIGTPOPO TOL d’, OTL TO AVTi-
GTPOPO £V otolyeiov opileTol LOVOGUAVTO, OTL LTAPYEL AKPLPOS £Vo, OLOETEPO
otolyelo, Kot 6Tt Yo TO OLOETEPO GTOLYELO EKTOG TOL ea = a LOYVEL KUl ae = a Yl

KG0e otolyeio a TNG opadac.

Afppa 1.1 Eoto G pia opdda. Tote 1aybovy:

1. Avd' € G eivar avtiaTpopo atoryeio Tov a, T0TE 1YVel Kat aa’ = e.
2. I'ta éva ovoétepo atoiyeio e € G ioyvel ae = a yia kabe a € G.

3. Yrdpyetr axpifag éva ovoétepo atotyeio e € G.

4. Ta kdbe a € G vrapyer axpifac éva avtiotpopo atoryeio a' € G, 10 omoio avufoli-

Covue pe a™t.

Amooeiln.
1. 'Ecto a” éva avtiotpogo tov a’ (to onoio vrapyetl cOpemvo, pe v (Og)). Tote
Quotkd Oo toyvel a’ad’ = e, xal emopEvmg

aa' = e(ad’) = (a"a’)(ad") = a"(d'(aa"))

=d"((d'a)d') =d"(ed) = d"d =e,

OTOL M TPATN KAl 1 TPOTEAELTALN 10OTNTO 1GYOOLY AOY® NG (Oy,), M debTEPN KOL
N televtaio Aoy g a’a’ = e, n Tpitn kar N tétaptn AdY® ™G (O1), Kot, TEAOG, M
TEUTTN AOY® TOL YEYOVOTOG OTL d'a = e.

2. 'Exovpe

ae = a(d'a) = (aad’)a = ea = a,
OTOL 1 TPMTT LOOTNTO 1GYVEL AOY® TOL YEYOVOTOC OTL d'a = e, 1 debTEPN AOY® TNG

(O1), m tpitn ko M T€TAPTN AOY® TOL 1. TO OMOl0 HOALG amodeiape, Kat, TEAOC, M
terevtoio AOY® TG (Ogy).
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3.’Ecto e, ¢’ € G 800 ovdétepa otoryeia. Tote Eyovpe

e =ed =ce=ce,

OTOL M TPOTN 1COTNTO, LGYVEL ENELON TO e €lval oLVOETEPO GTOLYELO, I OEVTEPN TPO-
KOUTITEL Y PTNCUOTOLDVTIAS TO YEYOVOS OTL TO € €ival, COUPMVO LE TNV TPATN GYECT,
avVTiGTPOPO TOL €' Kol PTOPOVUE VO ¥ PNOILOTOLNGOVHE TO 1. TOoL amodei&ope Tpon-
YOLUEVMC, KOL T TEAELTALO LOOTNTO LOYVEL ETELON TO € glval 0LOETEPO GTOLYELO.

4. 'Eocto d',d” € G avtiotpoea tov a. Tote Ba £xovpe
a// — a//e — a//<aa/) — (a//a)a/ — ea/ — a//’

OTOL M| TPAOTN 1GOTNTA 1GYVEL AOY® TOL 2. TOL ATOJEIEANE TPONYOLUEVAGS, 1 OeVTEPT
MOY® TG aad’ = e, n Tpitn AOY® ™G (O1), N mpoterevtaia Aoy® T a’a = e, Kat,
Téh0C, 1 Terevtaia Aoym TS (Og). O

21 ovvéyeto Ba dodpe 0Tt t0 (O2) oTOV 0PGSO piog opddag eival 1GOOOVALO LE
TO YEYOVOG OT1 €£10MCELG OGS CLYKEKPIUEVNG LOPONG £ 0oLV TThvTa pio AOoT. AKOUN

Ba dovpe OTL OLTEG 01 AOGELS €lval HOVOOIKEC.

Afppa 1.2 Eotow G éva un kevé abvoro, G # 0, kar - pia npdén ato G. Téte o (G, -)

efvar oudoa, av kai povo av ioyver to (01 ) xkat yia kdbe a,b € G o1 e€iocaerg
(1.1) xa=1>b, ay=0>,

Eyovv Maeig v,y € G. Enl mAéov ae avth TNy TEPInTan o1 ADGelg x,y eival LoVOTHUAVTA
OPIGUEVES.
Amndoerén. @ vrobécovpe kat’ apynv 6t to (G, ) eivar opdda Kot Ba arodei&ovpe
ot ot e€lodoeic (1.1) éxovv pia akpifag Aon. Mpaypatikd, pe z = ba™! ka1 y =
a~tb &yovpe

ra = (ba t)a = b(a"'a) = be = b,
Ko

ay = a(a™'b) = (aa™ )b =eb = b,
emopévag kabe pia and T1g e€lo®oelg pag €Y el TOLAAYLGTOV pia Avor. 'Eocto tdhpa
kar ',y € G Moglg, onradn 2'a = b, ay = b. Oa anodeiovpe 6TL = 2’ Kal
y =y Ilpaypatikd €yovue

v =a'e=12"(aat) = ('a)a™ =ba"t =z,
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Ko
y =ey =(ata)y =a(ay) =ab=y.

[Tpoywpovue Tdpa oto avtictpoeo: Ba vrobécovpe 611 o1 e€lomoeig (1.1) Eyxovv
Mooelg yua k6Be a,b € G kot o amodeiovpe 611 10 (G, -) eivar opdda. 'Eote a éva
otoryeio tov G. Tote, obpemva pe TNV VTOBECT Hag, LIAPYEL VO GTOLYELO € TOV
G 1é1010 O0TE ea = a (M Abon g eElcwong za = a). Eni nhéov, yio k6be b € G

vrnapyel y € G této10 wote ay = b. 'Etco1 cuunepaivoovpe 611

eb = e(ay) = (ea)y = ay = b,

omoOTE TO € £1val 0VOETEPO oToLYELD, ONAON LoyveL N (Og,). Eniong, apov 1 eEicwon
xa = e £Yel Mo, €0T® d’, VIAPYEL TO AVIIGTPOPO GTOLYELO TOL a, Yia Kabe a € G.

Yuvendc oyt kot M (Og). ZuVorlkd avto pog Aéet 6tL to (G, ) eivat opdda. O

Aivovpe Topa optouéva mapadeiypato opddov. Ot arnodei&elg eival amAég Kot

QTN VOVTOL OG OCKNGELG.

Hapaoeiyuata 1.2

1. To (Z,+), 6nov 10 + cvuPorilel v mpodcbeon, eivar afeiiavn opdda. Ovdé-
TEPO GTOlYElO €lval To UnNodév, “aviioTpoPoc” tov akepaiov n eivar o —n. Eniong
10 (Q,4), (R, +) eivar aferiavég opddeg, evod to (N, +) dev eivor opdda, a@od dev
wavornotet tnv (Oy).

2. Boto Q" :=Q\ {0}, R":=R\ {0},Qt :={z€Q:2>0},Rt :={z € R:2 > 0}.
Ta evyn (Q, ), (QF, ), (R*,-), kot (RT, ) pe tov cuvhbn morlaniaciacud eivol
afeMavEC OHAdEG.

Ta Cebyn (Z7,-), (N, ), ue Z* :=7Z\ {0}, dev eivor opadec.

[Tpoywpodue TOPO GTOV OPIGUO TOL GWUATOS. LTOV OPLOUO TOL CMUATOS ¥ PELULO-
naote 000 TpaEelg (evd oTnV opada apkovGe pia), kKot Tpia afldpata, To 600 TPATH
avoeépovial o€ Kabe pia mpacn Eexwpiotd, Eva TO TPiTo KoL 0TIG dVO TPALELC.
Opiouog 1.2 Evo awpa (field) eivor pia tprada (K, +, -) arotehodpevn anod £€va GOVOLO
K ka1 dvo mpa&elg + kot - oto K, dnAadn dvo anelkovioelg

4 KxK—K,
(a,b) — a + b,
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Kol
K xK — K,

(a,b) — a- b,
HE T1g €ENG 1010TNTEG (AELOUOTA COUUTOC):
(1) To (K, +) eivor afeiiavn opdada.
(To ovdétepo oToryeio To cupforilovpe pe 0, To AVIIGTPOPO £VOG GTOLYEIOL € €

K g mpog v npdén + pe —a, kot Bo 1o arokalovpe 6T cuvEyeLla avtifeto Tov a.)
(2) To (K*, ), pe K* := K\ {0}, eivat afeiiavn opdda.
(To ovdétepo aroryeio To cupPorilovpe pe 1, To AVIIGTPOPO EVOC GTOLYEIOL a €
K w¢ mpog tnv mpdén - pe at.)
(Z3) ' a, b, ¢ € K {ntovue va toydovv
a(b+ c) = (ab) + (ac)
Ko
(a+b)c = (ac) + (bc)
(empeprotikol vopor).
EINUELOVOLUE OTL, OTMOC OLUTIGTMVEL KAVELG AUECMG, OV LOYVEL EVOG ATO TOVG ETL-
HEPLGTIKOVE VOHOULGS, TOTE oY VEL KOL O AALOC.

INa va atiovotedcovpe 10 cLUPBOAIGUO amopebyovTag TG TOAAEG TapeVOECELC,
GUUQ®MVOLVUE OTL O TOAAUTAUGLUCUOC GLVOEEL LoyLPOTEPA amd TNV Tpdcbeon. ‘Etol

Ol EMUEPLOTIKOL VOUOL YPAPOVTUL GTT LOPPN
a(b+c)=ab+ac, (a+b)c=ac+ bc.
Eniong ypaeovpe a — b avti yia a + (—b), kat § avti yio ab™".

Oa dovpe TOP PEPIKEG ATAEG 101OTNTEC COUATOV. ZuyKeKpLUEVa Ba dodue Ot
TO YIVOUEVO 000 GTOlYEI®V EVOC GMUATOG UNdeVILETAL, AV KOl HOVO 0V TOLAGYLOTOV

£VaG amod Tovg TopayovTes eivatl undév, kat akoun ot a(—b) = (—a)b = —ab.

Anqppo 1.3 ia tov noAlanlaciacuo oe éva amua K 1aydovy:
1. T'a kals a € K épovue 0-a = a -0 = 0, oniadn to yivouevo tov unoevog ue rkdle
aTOLYELO EIVAL UNOEV.

2. Ava,b € Kkat ab = 0, tot¢ gite a = 0 gite b = 0.
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3. I'aa,b € Kioyder a(—b) = (—a)b = —(ab).
Amrooeiln.
1. Kat’ apynv éxovpe

0-a=0+0)-a=0-a+0-a,
kot pe Baon 1o Afppa 1.2 cvunepaivoope 611 0-a = 0. To a - 0 = 0 awodeikvoeTal
avaroya (€metotl OU®G Kot amd To NOM 0modely0Ey, emeldn n opdda eivatl afeiiavn.)
2. Av vrnoBécovpe 6t a # 0 kar b # 0, 101e cOHPOVA PE TO (Z2) GLUUTEPAivOLUE OTL
Ba woyver xat ab # 0, dtomo.
3. 'Eyovpue
ab+a(=b) =a(b+ (=b)) =a(b—b) =a-0=0,
Kot ovpnepaivovpe 6t a(—b) = —(ab). Avtictorya
ab+ (—a)b=(a+(—a))b=0-b=0,

emopévag (—a)b = —(ab). O
Tapaoeiyuaza 1.3
Ta (Q,+,), (R,+,-) kot (C, +, ) pe 11¢ ovvnbeig mpa&eig tpdocbeomn Kot Torrania-

oclacpd givar copata. To (Z, 4+, -) dev elvar copa, aov to (Z*, ) dev eivat opdda.
1.4. Aoknosig

1.1. TIpocdiopicte To GOVOAO pE GToryeia TIg Moelg tng eéicwong 22 — 5z + 6 = 0.
1.2. Eoto X évo cOvolro. IIpocdiopicte To Kaptestovo yivopuevo X X ().

1.3. Twati dev vhpy el To “cOVOAD” OA®V T®V GLVOL®V; [AV cupufoAiicovpe avTd TO
“oOvolo” pe X, kot pe Y 10 bToo\LVOAO TOV, TO OTO10 amoTeEAEiTUL 0O OAL T GOVOAN
TOL JEV TEPLEYOLV TOV EQVTO TOLG MG GTOLYELO, delETE OTL IoYVEL GLYY POV Y € Y
kot Y € Y]

1.4. Ocwpovpe T gvvdptyan, SNAAdN ATELKOVIOT HLE TPOUYHATIKEG TIHEG, f @ R —
R, z +— 22. IToo eivar to medio opiopol g, T0 TESLO TIHAOY TG, Kal Tola 1 E1KOVOL

™mg, ONAad”n N €1Kk6va Tov R pécm g f;

1.5. Eoto Q" :== Q\ {0}, R* =R\ {0}, Q" = {z € Q: 2 > 0}, R" := {z €
R : z > 0}. Anodei&re 6t ta Lebyn (Q%, ), (QF, ), (R, ), kat (R*,-) pe tov cuvnon



12 1. IPOKATAPKTIKA: SYNOAA, ATIEIKONIZEIZ, SOMATA
noAAaTAOCIOCHO Eival afeliaveég opadec, evad ta fevyn (25, -), (N, -), ue Z* := Z\{0},
dev elvatl opddec.

1.6. Armodei&te 6tL 10 (Q, +, -), (R, +, ) xar (C, +, -) pe tig cuvnbeig npaeig npdcbe-
oM Kol TOAAATAOGLACUO E1VOL GOUOTO, EVD TO (Z, +, -) dEV €1val GO,

1.7. 'Ecto (K, +, ) évao ocopa. Anodei&te 6TL 1o cOvoro K mepiéy el tovhdyiotov 800

GTOlYELO.



2. TI'poppikoi Xmpor

Y€ avto 1o Kepdhato Oa eloayayovpe pia Pacikn €vvola g I'pappikng Alye-
Bpoag, TNV £€vvola Tov ypauurod ywpov, o dovpe pePIKEG ATAES 1O1OTNTES YPUUUKDOV
YOPp®V, Oo elcaydyovpe opiopéves OepeAldOELg EVVOLEG OE YPOUUULKODS X MDPOVE, TIG
EVVOLEC TNG YPAUUIKNG EEAPTNONG, TNG PAong Kot Tng dtbotaons, Kabdg Kat TNV Ev-
VOl0l TOVL LITOYMPOL EVOC YPUUULKOD Y DPOL KOl TOL A POiCUUTOS YPOUUIKDV Y OPOV.
®au yvopioovpe eniong oplopéveg Pacikég 1010TNTES YPUUUIKOV X OPOV Kal Bo dm-
GOLUE PEPLKA TOPASETYUATO Y PUUUIKADV Y DPOV.

Ot ypappikoi ympot mtoilovv Kabopiotikd poro yevikdTepa oto. MaOnpatikd, n

xPNoM tovg dev mepropiletal katd kavéva tpomo povo ot IKpappikn Alyeppa.

2.1. H évvouwa tov ypappikov yopov

Y€ avth TNV evoTNTo B0 0OpiGOLUE TNV £VVOLA TOL YPUUULKOD Y HPOL KOl TOL LTO-
LDOPOL EVOG YPAUULKOD Y dPpOoL, o do0lE OPIGUEVA TAPASETYHATO YPAUUIKADV X DPOV
Kot Oa yvopicovpe pHepkéc PaotkKEC 1O10TNTEG YPUUUIKDV Y DOPOV.

Opiouog 2.1 'Eoto K éva copa. 'Evac K—ypauuirxog ywpog, | ypouuixog ywpog navw
aro K, eivar pia tprada (X, +, -) arotelovpevn and £va cvvoro X, pia tpaén + oto
X (mpocbeon)
+ X xX—X,

(z,y) — z +y,

Kot pia TpdEn - (moArlanhoctlacpuds pe otoryeio tov K)
Kx X — X,

(AN x) — A\,
HeE T1g €ENG 1010t TEC (AELdpOTA YPOUULKOD Y DPOL):
(T'X1) To (X,+) eivar aferiiavn opdda.

(To ovdétepo ortoryeio 0 Aéyetan unoeviko dStvocua.)
13
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(I'X2) Twz,ye X xu A pu € Kioyvovv

(a) Atp) z=0A2)+(n )
(b) Ar+y)=QA-2)+(A-y)
() (Ap) -z =X (1)
(d) l-oz=u.

ZUVAOVLUA LE TO YPOUULKO X MDPO Y PNOLUOTOLELTOL KOl O OPOG JIAVOGUATIKOS Y DPOS
(linear space, vector space). Epiotovpe tTnv Tpocoy | Tov avoyvmdoTtn GTn X PNoT TOV
1diov cupPfdArov, Tov 0, TOGO Y10 TO OLIETEPO GTOLYELO TOL GMONATOS K, 650 KOt Yo
TO UNoeVIKS dtavuopa Tov X, Kabmg Kat Tov GUUPOLOL + Yia TV Tpdchesn TOGO GTO
K 600 kat otov X. H guneipia £xer deifer 6t pukpn povo e£doknon apkel yio vo
amokAeicel kaBe GOYYLOMN TOL EVIEYOUEVMG TPOKUAEL QLTOC O GLUUPOAIOUOS GTOVC

un e£oKELOMUEVOLS AVAYVAOGTEC.

Av ol tpaelg + kot - elval mpogaveig 1 dvev onuaciag, TOTe LY VA YPAPOLUE
X avtiyuw (X, +,-). Eriongavtiyia A -z, pe A € K,z € X, suvnbog ypaoovpe Ax.

Mo va aroeevyovpe Ti¢ TOAAEG TapeEVOETELS, CLUP®VOLUE OTL O TOAAATANGLO-
opdsg evog otoryeiov tov K pe éva ototyeio tov X cuvoéel 1oyvpotepa and v
npocbeon oto X, dNA0dN TPAOTA YivOVTUL TETOLOL TOALATAACLIAGHOL KOl £TOVTAL Ol
TPocHEGELS GTOLYEIMV TOV YPUUUIKOD XDPOV, TO AT + y onpaivel (Ax) + y.

ZT1G EQUPUOYEC O YPUUULKOL Y dpot opilovtot oy eddv ThvTa £1TE TAV® GTO GO
TOV TPAYHOTIKOV aptBpdv R gite 6to odpo tov pryadikov aptbuov C. I'a to Aoyo
aLTOV KOl ETELON TO OTOTEAECUATO UTOPOLY TOAD EDVKOAN VO, YEVIKELOOVV, G€ AVTEG
TIG ONUELDGELS B 0oy 0ANB0VUE HOVO HE TPAYHOTIKOVS Y PUUUIKOVS Y DPOLG (dNAadn
tétoovg mote K = R) eite pe pyadikovg ypappikovg yodpovg (K = C). Otav ot
ovvéyeta Oa LAGLE Y10 YPOUULIKOVG X DPOLVGS, Ba evvoodue Tpaypatikobs YPOUUtKoHg
ADPOLG” GTNV TEPITTOGT TOL Y PNGLLOTOLOVUE ULYAIIKOVS Y PUUULIKOVS Y dpovs Ba to
tovifovpe ®oTE Vo KabioTUTOL COPEC.

Hapatnpnon 2.1 Ta otoryeia €vOg YPAUUIKOD YOPOL AEYOVTOL OIAVOGUATA 1| OHUELA

TOL YPOUUHIKOD ydpov. EE opiopol, Aowndv, Eva dtdvucpa ival Eva atolyeio evog

VUG UATIKOD Y MPOL.
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Tapaoeiyuaza 2.1

1. 'Eoto n évag euoikog aptfpds. To kA0GG1KO Tapadelya Y10 EVay YPapptKd ympo
eivatl o yopog R™ tov dtatetayuévav voldmv TpaylatiKkav apldudy, ctov onoio 1

TPpOcHecn KoL O TOAAUTAUGLOOUOG LE TPAYUOTIKOVS aplOpove opilovrtal og €ENg

(T1sesn) + Wy Yn) = (X1 + Y15 T+ Yn)

Ko
Mz, .omy) = (A, .., Ay).

INUel®VOLpE OTL To. aTolyelo Tov R Ba ta ypheovue eite o Ypapuuég €ite g

GTNAEG, avOAOYa pe TO TL KABE Popd d1eLKOAOVEL TO GLUPBOALIGUO.

2. 'Ecto a kat b 000 mpaypatikol apibpol tétolor dote a < b. XvpPfoiilovpe pe
C'la, b] to chvoro TOV GLVEXOV GLVOPTHCE®YV, TOoL opilovTal 6To ddotnua [a, b] kot
naipvovv mpaypatikég Tipég, Cla,b) == {z : [a,b)] — R / = ovveync}. (To C o¢
aLTOV TO0 GUUPOAMGCUO TPOEPYETAUL ATTO TOV OVTIOTOLY O AYYALKO Opo “continuous” TOL

onuaivel “coveyxng”.) Me 1ig Tpaeig
v,y € Cla,b] (x+7y)(s) = a(s) +y(s), s € a,b],

Kot
AER z € Cla,b] (Ax)(s) := Ax(s), s € [a, ],

o Cla, b] elvar ypappikodg yopoc. 'Etot pio cuveyng cuvaptnon o éva dtdotnpa [a, b]
elvatl kat diavuopa, ®g oTolyElo Tov YpappkoL ydpov Cla, bl! Aniadn, dtovdcuato

dev givat pévo avtd mov pabaivovpe otn devtepoPaduia ekmaidevon.

¥10 gnopevo Aqppa Ba dovpe OTL TO YIVOUEVO EVOG TPUYUATIKOV aplOpol e Eva
dtdvucua undeviletal, av Kat LOvVo av o Tpayratikds aplfpdg f to dtdvucua (1 opL-

@otepa) eivar undév. Emiong Oa dovpe 611 10 (—1)x givor avtifeto Tov .

Afppa 2.1 Eoto (X, +, -) évag mpaypatikog ypauuikoc yapog. Tote iayvovy:
1. To yvouevo evog mpayuatikot aptOuodb ue Eva oldvoaua eivar To UNOEVIKO JLAVOGLLA, AV
KAl LWovo av eite 0 aplOuog eivar unoév eite To d1avoaua. EIVal T0 UNOEVIKO, ONAaoN

VeeX 0-2z=0

(M)
VAER X-0=0
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Kal, avtiaTpopa,

(ii) (VAeR, ze€X, X=0 = A=0n2=0).

2. To ywvouevo tov aptOuod —1 ue éva oravooua x givar to avtibeto tov x, oniadn to —x,

Vee X (—1)z=-—uz.

Amooeiln.
1. 1) 'Eotw = € X. Tote Oa éxovpe 0@’ evoc0- 2= (040)-2=0-z+ 0 -z, dnhadn
0-2=0-240-=z,
KoL a@’ €TEPOV
0-2=04+0-x.

A6 TG 000 OVTEG GYEGELG TPOKLTTEL, CUUP®VA, e To Afpupa 1.2, 0z = 0, eneldn to
(X, +) etvar opada.

AxpiBog avaroya Exovpe A-0=A-(0+0)=A-0+A-0xat A-0=0+ X0, kot
odnyovpacte 610 cuUnEpacpa A - 0 = 0.
(i1) AvtioTpoga topa, vrobétovtag 6Tt A # O xat A -z = 0, éyovpe x = 1 -2z =
A Nz =21 Az)=X"1-0=0.
2. Topa €xovpe

r+(-lzx=1-z2+(-lzx=(1+(-1)z=1-1)z=0-2=0,

omote, GLUE®VO. pe To Afqppo 1.2, woyvel (—1)z = —x. O

H enépevn Bacikn évvotlo mov BEAOLIE v 1GAYAYOVUE ELVOL OVTT) TOL DTOYWDPOD.
Opiouoc 2.2 'Eocto (X, +, -) évag ypoppkds yopog Kot Y éva un kevd uToGHVOAO TOV
X,Y C X. ToY Aéyetar vmoymwpog Tov X, av 160O0OLV:
(YX1) ToY eivar kAe1otd ©¢ mpog TNV npocheon, dniadn av npocHécovpe 600

otolyela Tov maipvovpe Eava ototryeio tov,

Ve,yeY xz+4+yeY.

(YX2) ToY eival kAe16Td ©G TPOG TOV TOALATAACLIACHS HUE TPAYHOTIKOVS 0p1B-
pHovg, dNA0ON, AV TOAAOTAACIAGOVUE VOV TPAYHOTIKO aplOud pe éva oTolyelo Tov

Y, maipvovpe Eavd ototyeio tov Y,

VAeRVreY MeY.
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duoikd, av o Ypaputkodg xmpog £y el opiobel mvm o éva copo K, 16te T0 pOLO

TOV TPAYHATIKOV aplOU®dV GTOV TPOoNnyoLUEVO optcud Ttailovy ta atotyeia Tov K.

Afppa 2.2 Eoto (X, +,:) évag ypapuixos yopog kar'Y évag vroywpog tov X. Tote o
(Y, +, -), ue mpaceig tovg mepropiopods twv npdlewv atov X oe atoryeia tov Y, eival ypayu-

HIKOG Y pog.

Arooeiln. To a&lopo (I'X2) 1oydel tpopavag otov Y, apol 1oybel otov X. O avti-
HETABETIKOG KOl O TPOCETULPLOTIKOG VOLOG 15 VoLY GTOV Y, 0ol 1oybovy ctov X.
AoV 10 Y eival un kevo, €xet €va ototyeio y € Y. Emopévmg 1o undevikd didvocpa,
0 =0-y, avikel Aoy tov (YX2) oto Y. 'Ecto topa y € Y. TTait Aoym tov (YX2)
Exovpe —y = (—1)y € Y. Enueidvovpe 0Tt 6€ aLTN TNV ATOSEIEN Y PNOLULOTOINGULE
To Aqupa 2.1. O

Aivovpe topa opiopéva tapadeiypoto vroydpmv. Ot amodei&elc eival eOKoAEg
KOl TOPOAEITOVTAL. XVLVIGTATOL OTOLG QOLTNTEG VO GKEPTOUV Tl TAPLGTAVEL O LTTO-
LOPOG GTO OEVTEPO TUPASELYLO, KL VUL ODCOVV GUYKEKPLUEVO TOPUOETYIATA YL TNV

TpiTn MEPIMTTOOT, GTAV O YPUPULKOC Y DPOC eivar pep’ simeiv o R

THapaoeiyuaza 2.2

1. 'Ecto X évag ypappikog xdpog kat 0 to undevikod diavovopa tov X. To Y = {0}
€lval 0 undevikdg LLOY®POS Tov X.

2. 'Eoto A € R évog otabepdg mpaypatikdg aptdudc. To cdvoro {(z,y) € R? : y =
Az} elvat évag vmdympog Tov R

3. 'Ecto Y7, Y5 dvo vndywpot tov X. H toun tovg i N Y; elvar eniong vndywpog tov

X, evo avtifeta n Evoon tovg Y1 U Y; 0ev elval yevikd vtdympog tov X.

Evkola pmopet kaveic vo dMOEL TOPASELYLOTO VTOGLUVOL®OV YPUUULKOV Y DPOV T
omoia &yovv tnv 0O TA (YX1) aAdd Oyt tnv (YX2), N aviioTpopa, GUVET®SG deV
elval voywpot evog yodpov X, BA. Acknon 2.2.

2.2. Ipappikn) e€dptnon, paon, ordotaon

YKOTmOG PG GE GLTN TNV EVOTNTO ELVOL N E1GAY®YT TOL OPOL dLdaTacy, EVOG LE-

TpoL Yo T0 “uéyefog” evog ypappkov yopov. Ilptv umopécovpe va gloaydyovpus
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avth v évvola, Bo piAncovpe yio ypoppikn e&dptnon 1 aveaptnoio StovVuGHa-
TV, 0o yvopicovpe dtdeopeg cuVONKES Y10 avTEC, Kal Ba eloaydyovpus tnv £vvola
™™g Bhong evog YPUUHKOD Y MPOv.

Opiouog 2.2 'Eoto X €vac YpOoUUKOg YOPOG, 1, ..., Ty € X KA1 Aq, ..., Ay € R Mia
EKQPACN TNG HOPPTG

=1

AEYETAL YPOUUIKOG TVVOVAGUOS TOV OLUVUCUATOV X1, . . ., Ty

Opiouog 2.3 'Ecto X €vog YpoppiKos xopog Kol Ty, . .., Ty, € X.

1. Ta dtavbopata y, . . . , o, AEyovtal ypauuird e€aptnuéva, oV VITAPYEL U1 TETPLUUE-
VOG YPOUUIKOS GUVOLAGHOC TOLE TTOL €ival UNdEV, ONAAST AV LTTAPYOLY TPUYUOTIKOT

aplOpol Aq, ..., A\, €K TOV OTOL®V TOLAGYLOTOV £VaG deV lval Undév, TETOL0L MOTE

Vo 16 VEL

)\1I1+—|—)\m$m20

ii. Ta dtavoopata xy, ..., Ty, AEYOVTOL ppauuikd aveCaptnta, v OEV €1VOL YPOUUULIKA
eCaptnuéva, dNAadn av n160TTe A2y + - - - + A&y, = 0 1GYVEL HOVO Y10 Ay = -+ - =
)\m = 07 f]

M1+ A, =0 — AN =---=),=0.

Aivovpe Tdpa EVOV EDKOAO LEV Y PNOLUO O€ YAPAKTNPLOUS YPAUUIKNG EAPTNONG.

Ipétaon 2.1 Ta dwaviouata v, . . . , Ty, Evar ypaupika eCoptnuéva, av Kal Hovo av TovAd-

YIGTOV V0, AT0 AVTA UTOPEL VA, YPAPEL (OC VPOUUIKOS TOVODATLOE TWV DIOAOITDV.

Arooeiln. YnoBétovpe kat apynv 6TL T0 x4, . . . , T, ELVOL Ypappika eEaptnuéva. To-
1€ Bo vTapyel un uNdevikd otoryeio (A, ..., \,) € R™ 161010 DoTe
2.1 AMxy+ o+ ApTy, = 0.

Emopévagurnapyetj € {1,...,m} tétoto d@ote A; # 0. I'paoovpe v (2.1) ot popon

m
Aj[Ej = — E Azxz
i=1

i#]



2.2. TPAMMIKH EZAPTHZXZH, BAXH, AIAXTAXH 19

Kot toAramdactafovpe avt T oyéon pe 1/A; vy va odnynbovpe otnyv

=
]
GTNV 0Toia PUGLKE TO =, EKPPALETUL WG YPUUUIKOS GLVILAGHOG TV LTOAOITAV dla-
VUG UATOV.
Avtictpoga Tdpa, av vtobécovpe 0T, Yo kanoto j € {1,...,m}, 10 x; YpaQETAL

®G YPOUUIKOG GUVOLACHOG TMV LITOAOITOV dlaVLGHATOV, Ba £xovpe

m
.I'j = — E iy,
i=1

i#]

omote pE fj := 1 AapPhvovpe tn oyéon

pay =+ - A i T = 0,

cOpeva pe TNV onoia, Adym tov Ot 1 # 0, Ta 21, . . ., 2, Elvan ypoppkd eEaptnpé-
vo. O
Ilpogoyn! Av xamoto S10vOGUATO X1, . . ., T,y €LVAL YPOPUIKE €EapTNUEVE, AVLTO deV

onpoaivel kot avayknv ot kabéva and avtd propel va ypoeel ©¢ YPAUULKOG GUV-
Svacpég Tov vroroinmyv. Ttov R?, mopadeiypotog yapiy, To SLOVOGHOTA X1, T, T3 L€
r1 = (1,0),29 = (2,0) koar 3 = (0,1) elvar ypappikd e€aptnpéva, 10 3 OUOS deV

unopel va ypogel og yPAUUIKOS GCLVOLACUOS TOV T1 KOl To.

Tapaoeiyuaza 2.3

1. Ta dwavbopata x, y, 2 + Yy OTOLOLONTOTE TPUYUATIKOV YPOUUULKOD ydpov X eival
YPOUULKE EEAPTNHEVA, OPOV

20 +y+ (—1)(2z +y) = 0.

2. Idwaitepo poio otn cvvéyeta Bo taifovv ta dtavicuata tov R”, Ta onoia £yovv
OLEG TIC GUVIGTMOGES TOVG 1GEC UE TO UNOEV, TANV Hiag 1 OToid 1GoUTAL LE TN HOVEAda.
INoj e {1,...,n}, coppoiriCovpe pe e; o dtdvuspo Tov R™ Tov omoiov N cvvicTdOow
ot 0éom j elvar povada kot OLeg ot vmorowneg eivar undév, e; = (0,...,0,1,0,...,0)

KoL M povaoda eival otn Béon j.
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Ta dtavoopata ey, . . ., e, € R" eival ypoppikd aveEaptnta. [paypotikd n oyxéon
e+ -+ e, =0
YPAPETAL IGOSVVOLO OTN LOPOT
(AM,...,\) =0€ R,

M omoid PLOIKA HOG dIVEL GUECDG A = - -+ = A, = 0.

INa va ypayovpe TIG CLVICTOGEG EVOG d10VOGHATOG €; KOUWOTEPQ, ELGOYOYOVLE
éva oOuPoro to omoio eival xpnoipo yevikotepa ata Madnpotikd Kot AEyetot adu-
foio tov Kronecker 1| 6éAta tov Kronecker. I'ta 600 TuyOVTEG OKEPALOVG ¢ KA j TO 0;;

LO0OVTOL LE TN HOVAdW OV i = j KOl e UNOEV S10pOPETIKA, ONANOT

1, av 1=,
51']' —
0, av i#j.

Me avtov 10 cvpolopd pmopovpe va Ypayouvpe to dtavoucpa e; € R™ otn popen
€; = (51j7 e 75nj)'

3. T évav euotkd aptBuod n, cupforilovpe pe P, 10 cOHVOLO TOV TOALOVOU®V P0G
petafAntg Babpov to moll n,

P, :={p : R — R / p ntolvdvopo Baduov 1o Tord n}.

A6 1o Ogpeliddeg Oempnpa tg AhyeBpac yvopilovpe 6t Eva Tolvmdvopo Babuod
n €yet akpiPog n pileg, o1 omoieg eivatl YevikKd piyodikéc Kat otnv apibunon Aappd-
VOULUE LT OYLV Kal TNV TOAAATAOTNTA TV pLi®V.

Qa. dobpe Tdpa OTL T0, TOALVOVVHA p;, pi(t) == t', 1 = 0,...,m, ue m < n, givar
ypappikd avegaptnta otov P,. Ipaypatikd, Kat’ apynv A0y Tov 0Tt m < n £YOVUE
pi € Pp,i=0,...,m. Av tdpo vroBécovpe 6TL £vag Ypappitkdg GLVOLOGHOS ¢ TOV P;,
q = A\p1+- -+ A\nPm, €lvor undév, ¢ = 0, TOTE GUUTEPUIVOLHE OTL A\, = --- = \,,, = 0.
Mo va to dodpe avtd, vrobéTovpe TPog To TapPOV OTL KATOL0 A; €1val d1A.POPO TOL
unodevog, ondte 1o q Ba £xel, cOUPVa pe To Bepeiiddeg Bedpnuo tng AlyePpag, To
oAV m pilec, dtomo apod ¢ = 0, dnAadn ¢(t) = 0 yia kGOe t € R, ondte 10 g )8l
arelpec pileg.
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Opiouog 2.4 ' Ectm X évag ypopptkog yopog. Aépe 01t ta S10vOGUAT X1, . . ., Ty € X

Tapayovy 10 YOPO < Ty, ..., Ty > UE
m
<Xy, Ty >={rzeX i x= Z)‘ixi’ i € R},
i=1

0 omoiog BEPata aroterel vIOYWPO TOL X.
®a dovpe TOPA EVaV aKOUN Y PNOILO XOPUKTNPIGHO YPAUUUIKNG aveapTnoiag.

Ilpoétaon 2.2 Eatw X évag ypappiog ymwpog Kat Ty, . . . , T, otavbouata tov X. Tote ta

axoiovba givar 1coovvaua:

1. Taxq, ..., x, eval ypauuirxd aveldptnta.
1. Kale x €< xy,...,%, > UTOPEL VA YPAPEL KATA EVAV KAL [LOVO TPOTO (G VPOUUIKOS
TUVOLATUOGS TV T, . . ., Ty

Arooeiln. YrmoBétovpe kot apynv 6Tt toydel 1o 1. kot Bo anodeifovpe O6TL 1oy HEL

Kot To 1. Av dev 1oy 0¢el 10 1., TOTE KAMOl0 © €< Ty, ..., T, > 00 propel va ypaeel
K0Té 600 TOLAGYIGTOV TPOTOLG OC YPUUUIKOS GUVOLUCUOC TOV L1, . . . , Ly, OTOTE Ol
Eyovpe

=1 =1

ne (A1, ..o Am) # (p1, -+, i) ATd ™ (2.2) Spog Enetan

ZO\@ — pi)zi =0,
i=1
KoL AOY® TNG YPOUUIKN G aveEopTNoiag TOV Ty, . . . , Ty, 00N YOOUAGTE GTO CUUTEPAGLLOL

XNi—p; =0,0=0,...,m, ONAadN (A1, ..., ) = (i1, .-, i), GTOTO. ETOPEVOS TO 1.
1oy VEL.
AvticTtpopo Tdpa vTtohEéTovpe OTL 1oy vEL TO 1i. Kat Ba anodeifovpe OTL LG VEL KOt

10 1. Kat’ apynv BéPara £xovue
O-21+---+0-2,, =0.

Av vroBéoovpe mpog 1o TapdV OTL T T, . . ., T,y ELVAL YPOUUIKA EEaPTNUEVA, OTOTE

0o vrtapyet (A1, ..., \n) # 0 € R™ té€t010 ®oTE

ATy Ay = 0,
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ONAad” 10 uUndevikd d1avuGHa UTOPEL Vo YPOUPEL KATE dVO TPOTOLE MG YPUUUIKOG
GULVOLAGUOC TOV Z1, . . ., Ty, TO OTO10 €lVOL GOUP®VA LE TO 11. GTOTO. Apa 1GYVEL KOl

T01. O

ISwaitepn onuocio Exovv ypappitkd avefdptnto 1ovOGUATH To OTola TapdyoLvV
évav ypappiko ympo. Kébe tétolo cvvoro dtavucpdtov arotelel pia faon Tov yo-

pov.

Opiouog 2.5 'Eva cOvoro {z1, ...,z } S1avoopdtev evog ypappitkod xopov X Aéyetat

Paan tov, av 1edovv:

(B1) X =< 21,0 >
Kot
(B2) (B2) tazy,...,T, eival ypoppkd aveEdptnta.

OO0 dDGOVLUE TOPA OPLOUEVE TOPUOELYHOTO BACEDV YPOUUKOV Y OPp®V. Ou yp1n-

GLUOTTOLNGOVLE TO GUUPBOALOUO ToL elcaydyape ota [Mapadeiypata 2.3.

Hapaoeiyuata 2.4
1. To cOvolro {ey, ..., e,} anoterel Baomn tov R™. [Ipaypatikd Exovpe 1oM d€t OTL Ta
€1, ..., e, elvar ypoppikd avegaptnrta. Exiong, kabe a = (aq,...,a,) € R" ypaoetal,

OT®G OLUMIGTAOVEL KAVELG OUECWOS, TN LOPPN
a=ae; + -+ ape,.

Ytov R" vrapyovv moArég Bhoels. Avth Tov avaeEpeTot €00 £ L 1OLOLTEPT ONHOGIN

Kot KaAeitol kavoviky Baon tov R™.
2. To cOvoro {po, ..., pn} amoterel Baon tov P,. [Tpaypatikd, tn ypoppkn aveéop-
oia TOV po, - . ., Pn TNV ExOLRE NOM deieL, kKot eni TAEOV KGO TOALVOVLLO p Babuod

T0 TOAO N, p € Py,
p(t) = ait’
=0

YPUPETAL GTN HOPPN

n

b= Z Qaipi.

1=0
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Aivovpe 611 GLVEYELN OPLGIEVOLS Y OPAKTTPLOUOVS Y10 VO OTOTEAEL £VO, GOVOAO

Baon evog ydpov.

Ipotaon 2.3 Eotw X évag un unoevikog ypauuirog ywpog, X # {0}, xat x1,. .., x,
owavbauata tov X. Tote ta axolovla givar 1coovvaua:

i {x1,..., Ty} eivar fdon tov X.

. Ta xq,...,x,, wapdyovy tov X, eV, av APaipéaove Eva ano avtd, 0Ga ATOUEVODY OEV

rapdyovy tov X, onlaon < xi,..., T, >= X ka yplaxdle j € {1,...,m} oyder
<1y -3 %51, Tj41, -+ - T >7’é X.

. Ta xq,...,x, evar ypopuuikd aveCaptnta Kal av GOUTEPIAGLOVUE G AVTA EVa. 0TLO10-
onmote arlo atoryeio Tov X TPoKOTTOLY Ypauuikd eCaptnuéva oravbouata, oniaon yia
omo10dnTotTE VILOGVUVOA0 {y1, . . ., Yn } TOO X TO 0TOI0 Eivar yvijaio vrepabvolo tov {xy, . . .,
T by TO YL, - - -, Y EIVAL PpOpyuiKd eCapTnuéva.

. Taxy,...,x, tapdyovy tov X, kal kdle x € X umopel va. ypagei Katd Evay Hovo tpomo

¢ YPOAUUIKOS GOVOVAGUOS TV X1, . . ., Tp.

Arnoderiln. Oo anodeiovpe OTL 1O 11. €meTor and TO 1., TO 1. €mMeTAl AnO TO ii., TO 1V.
€meTol amo TO iil., KAl 1o 1. £€meTal and 1o iv. AvTo amodelkvOEL TNV LGOJLVANLN TOV
0&Ahovpe, Y1otl aKOAOLODVTOG KUKALKT TPOY L HTOPOVUE OO OTOLOONTTOTE ANO ALTA
vo 0dnynbovue e omo1odNTOTE AAAO.

YnobBétovpe kot apynv 0Tl 1oy vEL TO 1. Kot Ba anodeiovpe OTL 1GYLEL KOl TO 1.
YroOétovpe mpog To TapoOV OTL TO 1i. deV 1Y LEL Kol OKOTHG Hag ivat va 0dnynbodue

o¢ Gromo. Duoikd, av dev 1oy vEL To ii., B vrtapyet j € {1,...,m} té1010 OoTE
< T1ye 3 X1, Tjtly - ooy Ty >= X.

Topo t0 z; wg otoryeio tov X Oa ypheetar g YPAPULKOS GLVOLAGUOG TOV T, . . .,

Tj—1,Tj41y- -5 T, 81]7\,(151',]

m

=1

i#]
Avto dpmc onpaivel 6Tt To SOVOGUATA T, - . . , Ty ELVAL YPOUUIKE ECapTNUEVO, AP
10 {z1,..., T} 0ev elvarl Baon Tov X, T0 0mOi0 aVTiKELTAL OTO 1. TOL LTOBECUpE OTL

1oy VEL, Kot £Tol 00MNyNONKoe og dTomo.
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YnoBétovpe Tdpa 6T 1oy el TO 1i. kKot Ba anodeifovpe Ot 1oy v Kat To iil. [Tpod-
ta B0 amodeiEovpe OTL TO X1, . . ., T,y €LVOL YPOUUIKA aveEdptnta. Av m = 1, avtd

elvat mpopavég, aeov, Adym tov 6Tt X # {0}, Oa éyovpe x; # 0. Eoto Aondv 611

m > 2. Av 10 x1, ..., T, €lvol ypappuika egaptnuéva, 0o vdpyel, COLE®VA HE TNV
[Mpoétaon 2.1, éva j € {1,...,m} 161010 OGTE TO T; Vo elval YPApPPIIKOG GLVILAGHOG
TOV X1, ..., Tj-1,Ljt1,- - -, Tm, OTOTE Oa logLE KON
LTy 3 1, Tl - -5 Ty =< Ty ey, Ty >= X,
artomo.
‘Ectotopay; & {z1,...,zn}. Enewdn tazy, ..., z, mapbyovv tov X, 6o vrapyovv
npaypotikol aptpot Ay, ..., A, T€TO101 OGTE
m
Yj = E il
i=1
Ermopévog ta dtovoopota i, ..., Ty, y; elvar ypappuikd eEoptnuévo, onoTe Kal ta

Y, - - -, Yo €lvar ypappikd eEaptmpéva, agov {xy, ..., Tm, Y} C {y1, ..., Yn}-

21N ovvéyelo vtobETovpe OTL 1oy vEL TO 1il. Katl Ba amodeiovpe OTL 16y LEL KAl
10 iv. 'Ect® Y 0 y®pog TOV OTO10V TUPAYOLV TA L1, ..., Ty, Y =< Tyy..., Ty > .
IMpota 0o arodeifovue 60t X = Y. [Ipopavag toyder Y C X. I'o va odnynBodue
GTO CLUTEPAGUA UG apKEL GLUVETMG va. amodeifovpe 0tL X C Y. 'Eotm Aowmov = €
X, 2#0.Ave € {xy,...,2,} 1618 o 1oybet puokd ko x € Y. Ave & {z1,..., 2},

TOTE TA OLOLVOGUATA Z1, . . . , Ty, T O Elvarl ypappikd eEaptnuéva, Oo toyvel dnAadn

(2.3) A4 Y Xwi =0, (A, A) #0.

i=1
Av topa A = 0, tote N (2.3) divel
Z/\ZZ'Z:O, (Al,...,)\m)%(),
i=1

ONAadn OTL T X1, . . ., T,y VAL YpOppIKa eCoptnuéva, dtono. Erouévog A # 0, xat

ovpuemvo pe ™ (2.3) Ba 1oydet

nradnz € Y. Apa X =Y.
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Eni mAéov, obppwva pe tnv [potaon 2.2, kabe x € X ypapetal katd Evav 1o
TOAD TPOTO G YPUUUIKOG GLVOLUGUOG TOV OLAVUGUATOV T, . . . , Ty, APOV ALTA E1VOL
YPOoupkd avegaptnta. ARG, a@ov Ta x1, . . ., T, Topdyovy Tov X, kabe x € X ypa-
QETAL MG YPOUUIKOS GLVOLOGHOG TOVG. LVUTEPACHATIKA, KaOe x € X yphoetal kot
Evav axplpmg TPOTO MG YPUUUIKOS GLVOLAGUOG TOV SLOVUGUATOV X1, . . ., Ty,

Térog, ovppwva pe v Ipdtacn 2.2, to 1. énetar and 1o iv., Kol Kot ovtdv ToV

TPOTO OAOKANPAOVETAL O KUKAOG. [
Q¢ pia amin cvvEmELn Tov TpoNnyovuévov Aempnuatoc, Bo dodue tdpa 6TL And
€V GUVOAO OLOVUGUATMOV TOL TTAPAYOLY EVOV YOPO UTOPOVHE Vi EMAEEOVIE OpPL-

GUEVH TOL aToTEAOVV Béom TOV.

[Hopwope 2.1 Eotw X évag un undevicog ypouuicog yopos, X # {0}, kat z1,..., Ty

€ X dwvbouara mov mapayovy to ywpo X. Tote vrdpyer éva vmoabvolo {iq,. .., i,} 00
{1,...,m} téroio ate to abvolo {z;,, ..., x;, } va eivar faan tov X.
Anodoerén. Av ta xq,...,x, € X eival ypoappikd ave&aptnra, t6te 10 {1, ..., Ty}

anoteAel Baomn tov X.

Avta xy, ..., 2, € X elvar ypoappikd eEoptnpéva, 16TE TOLAGYLGTOV £Vva €E OL-
TOV YPAQETAL MG YPAUUIKOG GUVOLUCUOS TMV LITOAOIT®V. X®PIC TEPLOPIGUO TNG YE-
VikOTNTOg Pmopovpe va deybovpe 6TL 10 Xy, E1VOL YPAUUIKOG GUVOLOGHOS TOV X1, . . . ,
Tpm—1, YIOTL QUTO EMTLYYAVETOL TAVTA LE OALAYN TNG apiBunong. Toéte ta zy, ..., Ty 1
Oa mapdyovv puoikd tov X, < x4, ...,T,_1 >= X. Emavalappdavoope topa v id1a
dtadikacia. Avto propel va emavainedei to Todld m — 1 eopég, yiati vrobécape 6Tt
0 X &glval pun pndevikog YpoppUtKos Yopog, onote o€ Kanoto otddio o odnynbovue
o€ YpopuuKa avegdptnta dtavbcpata z;,, . . ., x;, T0 onoia emnpocOeta Oo mapdyovv

tov X, omote 1o oOvoro {z;,,...,x; } Oo elvar Baon tov X. O

H Baocikn évvola mov BELovpe va 160 YA YOVIE GTT GLVEYELD ELVOL OLTT TNG OId-
ataons €vOg YPOUUIKOL ydpov, N omtoia aroterel Eva pétpo tov “peyéBovg” evdg
yopov. H dibotaon eival to tAnbog tov crotyeinv piog Bdong tov yopov, yio vao
umopet Opmg vo opltabel mpémet vo anodeiEovpe Tpdta 6TL OAEG o1 PAGELG EVOS YPULL-

H1KOU Y ®dPov £xovV To 1010 TANB0G GToY EIWV.
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®a tpoywpnoovue ce Tpia Ppata. To Ttpdta dvo Ba pog dSOGOLY TPOKATUPKTIKA
amoteAéopata, Ta onoia €v cvveyeia Ba pog 0dnynoovy ebkola 6to eNOLUNTO Amo-
TEALECHO OTL TPAYUATL OAEG O1 PACELS EVOG YPAUULKOD Y MPOL £y 0ovV TO 1010 TAN00g
ctolyelov.

2OUEOVO LE TO TPMTO TPOKATUPKTIKO UTOTEALEGHA, EEKIVOVTOG amd pia fdon Kat
avTiKaf1oTOVTOG Vo GTOLYELD TNG HE VAV YPUUUKO GUVOLUGHO TOV GTOLYEI®V TNG
Baong otov omoiov to apylKd oTolKEl0 TG PACNC CLVEICPEPEL OLCLAGTIKA, UE EV-
vol0 oL yivetal Gagng otd ANppa Tov akolovbei, odnyodbracte ToAl e Bdomn tov
LDOPOL HOG. XTO deDTEPO TPOKATAPKTIKO ATOTEAET A Bo dovUE OTL UTOPOVUE VO ALVTL-
KOTAGTHOOVHE TEPLOGOTEPA GTOLYELN Hlag PAong pe KaTAAANAQ GALO oTol el Kat
va Eavandpovpe Baomn. Avtd to TeEAELTALO UTOTEAEG A ATOTEAEL TO OLGLACTIKO PB1)-
Ho 6TV TPOooTAOELd HOG, AIEST) CLVETELR TOL €ival HETA TO YEYOVOG OTL Ol PBACELS

&y ovv 1o 1d10 TANnBog cTotyeimv.

Anppa 2.3 Eoto X évag ypaupikog ycopog kar {xy, . .., Ty} pio faon tov X. Eotw y €
X,

Av \; # 0 oty mapdotacy (2.4), yia kdroto j € {1,...,m}, 10te ka1 To GHvolo mov mpo-
Kbmter ano ) fdon aviikabioTdvTag To T e TO Y, ONAAON TO {X1, . . ., Tj_1, Y, Tjt1, - - - s Tm |,

anotelet Eava faan Tov X.

Anooeiln. Xopig BAEPN Tng yevikdtnTag propovpe va deyBodpe 6t j = 1, yioti avtd
EMTLYYAVETAL TAVTO Pe aAAayT) TG apibunons. Aeyxdpacte Aomov 6t Ay # 0, kot
0élovpe va anodeifovpe 6Tt T0 GOVOLO {y, Xa, . . ., T, } amoterel Paon tov X. Kat’
apynv n (2.4) diver topa

(2.5) Ty = iy + Z(_ﬁ)%

‘Ecto x € X. Téte guoikd to = ypaeeTal oG YPAUUIKOS GUVOLACUOS TOV T, . . .,

xm7

(2.6) T =T+ A+ Uy Lo,
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Xpnotponoidvrog Ty (2.5) oty (2.6) Aappdvovpe

M1 - Ai

2.7 xr = — + i — - x’i?
2.7) Ny ;(u m)

KOl GUUTEPOIVOLUE OTL TO OLAVOGUATA Y, T, - - . , Ly TAPAYOLV TOV X, < Y, X2, . . .,
Ty >= X.

Amopével topa va amodeiEovpe T YPOUUIKT aveEapTNoid TOV ¥y, Lo, . . . , Tpy. EOTO
0Tl
(2.8) ay + aoxo + - + Ay, = 0.

Xpnowonotwdvtac v (2.4) otnv (2.8) AapPdavovue

(29) ()4)\1%1 + z:((l//\Z + Oli>$i = 0.

i=2
AOY® ™G YPORIKNG aveEoptnoiag TOV Ty, ..., Ty, N (2.9) divel al; = 0 kar a); +
a; = 0,1 = 2,...,m. AauBévovtog v’ Oyt tnv vobeon pog \; # 0, Guumepaivov-
pe apécwc 6tt o = 0, = 0,7 = 2,...,m, INAAON T0 Y, T2, . . ., Tpy ELVAL TPAYHATL
ypappikd avegaptnta. O

Axolovfei To de0TEPO KAl OLGLUCTIKO TPOKUTUPKTIKO UTOTEALETLAL.

Ocopnpo 2.1 Eotw {z1, ..., x,} uia fdon evog ypauuxod ywpov X, kat yi, ..., Ym €
X ypourd aveCaptnta owavbouata. Tote woyber m < n, Kal VLAPYOLY j1, ..., Jm €
{1,...,n} térota wate avrixabiotwvtag oty faon o xj, He TO Y1, kai 00t Kal’ eEig, Kai
T0 T, HE TO Yy, TpoxvTTEL SOV pia faon Tov X. AALdovTag Katdiinia tyy apiOunon, av
yperaletal, étar wate j1 = 1, ..., jm = m, waipvovue ™ faon {y1, ..., Ym, Tmil,--->Tn}
o0 X.

Arooeiln. H andder&n 0a 600l enaywyikd wg tpog m. ' m = 1 10 anotélecpa
anodeiyOnke oto Afupa 2.3. YroOétovpe otn cuvéyela OTL TO ATOTEAECUA 1GYVEL
oo m — 1 kat Ba amodeifovpe T 1oy el kKot Yo m. Ta StavOGHATO Y1, - . ., Ym—1 ELVOL
YPOUUKE aveEEAPTNTA, COUPOVO PE TNV LTOOEST, Kol pe KOTAAANAN apibunon Tov
OLOVUGUAT®V 1, . .., Ly TO GOVOAO {Y1, ..\ Ym—1, Tm, - - -, Tpn} ATOTELEL flom TOL X,
Kol eUGIKA toyverm — 1 < n.

Av topa ioyve m — 1 = n, 10te 10 6OVOAO {Y1,. .., Ym—1} Oa NTav Baon Tov X,

Kot, cOpeova pe v [pdtaon 2.3 iii., To SLOVOCUATO ¥, - . ., Y 00 NTAV YPOPULKE



28 2. TPAMMIKOI XQPOI

eEaptnuéva. Avtd dpmg avtikettal otny vrdbeon pog, apa eival ATono, OnoTE m —
1 < n, ocvvenwdgm < n.
AQoU TOPA < Y1, -y Ym—1, Ty - - -, Ty >= X, UTAPYOLY TPOYHATIKOL ap1lOpol Aq,

..., A\p TETOLO1 OOTE

(210) Ym = )‘lyl + T+ Am—lym—l + Amxm +e 4+ )\nxn
> (2.10) dev propei va toydet A, = -+ = A, = 0, 0000 TA Y1, - - -, Yy ELVOL YPAUULKA
aveEaptnto. Me KataAAnAn apibunon tov z,,, . . . , £, LTOPOVUE VO, ETITOYOVUE N, F

0. Zopoova pe to AMppo 2.3 umopodie TOPO. VO, AVTIKOTUGT|GOVUE TO Xy HUE TO Uiy
KOLTO {Y1, - s Yms Tmtl, - - -, Tn } VO ATOTELEL fAOT TOL X, YEYOVOS TOL OAOKAN POVEL
mv anddelgn. O

Eipaote tdpa £tolporl va arodeiovpe 0T 000 PAGELS EVOS YPOUUUKOD Y DPOL

£y ovv 1o 1010 TANBog GTotyelmv.

Hopwopa 2.2 Eotw {x1,...,2,} kat {yi1,...,Ym} 000 Pdaeig evog ypauuixod ywpov X.

Tote 1gy0et m = n.

Anooeiln. Aeov to cvvoro {z1,...,x,} elvar Baon tov X kot 1@ y1,...,Yn € X
elvatl ypappikd avegaptnta, copeova pe 1o @cmpnua 2.1 8a 1oyder m < n. Axpipog

avtiotolya Oa toybet karn < m,ond0te m =n. 0O

Zopgpova pe 1o Oeopnua 2.1 xat to [Mopiopa 2.2, eivar Tpoeavég 0Tt, av oe Evayv
vYpapuikd yopo X vrapyet pia Baon {x1,...,x,}, 10te dAeg 01 Phoelg Tov X €yovv
n otoryela, kot otov X dev vmapyovv n + 1 ypappkd avecdptnto dtavocpata. Me
Baomn ovtd To OTOTEAECHOTO LTOPOVUE TOPA VA, ELCAYAYOVUE TNV £VVvola TNG d1d.oTa-
onG.

Opiouog 2.6 'Ecto X évag ypappikog xyopos. Tote to dim X,
0, av X ={0}
n, avourdpyetl pia Bdon tov X pe n otoryeia,

dim X :=
00, av ywa kabe m € N vnapyovv m

ypappikd aveEaptnta dtovocuate Tov X,
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Aéyetar owdataay (dimension) TOL YPOUKOD y®pov X. TNV TEPITTOOTN TOL N O10-
GTOOT EVOG YPUUULKOD Y DPOL E1val UNOEV I £vag QLOTIKOC aplOuog, Aépe 6TL 0 Y MPOC

elvol memepaouévne 10.6TAONG, OLOPOPETIKA O YDOPOG AEYETAL ATELPOOIATTATOG.

Onog eidape ota [Mopadeiypata 2.4, yio n € N, 10 cOvodro {ey, ..., e,} amotelel

Baon tov R". Eropévamg n dtdotaon tov R” eival n, dimR" = n.
Apeon ovvéneto Tov Oempnuatog 2.1 eivatl kot To ETOUEVO ATOTEAEGA.

Ozopnpo 2.2 Eotw X €vag ypauiikos ympog Tenepaciuévyg olaataans. Av yr, ..., Ym €
X elvar ypauuikd aveldptyta otaviauata, tote vrapyel faan tov X n omoia mepiéyel ta,

Yls ooy Ym- O

H e0xoAn anddelEn tov enoUEVOL ATOTEAEGUATOC APNVETAL OC doknon, BA. TNV

Aoknon 2.7.

ANppa 2.4 Eatw X évag ypouuixog ywpog oraataang n. Tote iaybovy:
1. Avyy, ..., yn € X eivar ypaupird avelaptnra owaviouaza, tote {y1, ..., yn} eivar fdon
00 X.
2. Eotw Y évag vroywpog tov X. Tore:
1. dimY < dim X.
. AvdimY =dim X, tote Y = X. O

Ilpocoyn! Xe mepinton anelpodldcTatov y®pov X, To il. 610 debTEPO UEPOG TOL
Anppotog 2.4 dev 1oyvel. Anhadn vrdpyovv yvinclol voywpot Y tov X tétolol

wote dimY = dim X = oo.

2.3. AGporopa kar £v0 GOporcpa YpoppIKOV OP®V

Y€ ouTn TNV evOTNTA Ba 100 YAYOLLE TIC £VVOLEG TOL abpoiouatos Kol Tov evbéog
alpoiauarog, kol Bo dovpe 0pLoPEVEG G ECELG LETAED TMOV JLACTAGE®V TV AVTIGTOL-

YOV YPOUUUIKDV Y DPOV.

Opiouog 2.7 Eoto X €vag ypoppkog xopogs, kot Y, Z vnoympot tov X. O yopoc Y +7,
Y+Z:={zeX :x=y+zpeyeY ku z € 2},

Aéyetar dOpoioua tov Y kot Z. OY + Z elvar mpoeovmg vtdympog Tov X.
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Ilpocoyn! To aBpoiopa 000 YPAUUIKOV X DPOV OEV TPETEL VAL GUYYEETAL LE TNV EVOOT
YUZ ToY UZ dev eivan yevika ypappikdg yodpogs, PA. Acknon 2.3.

‘Ocov apopd ™ 0140TAcT TOL AOPOIGHATOC YPUUULKAOV Y OP®V, £XOVUE TO EENG

OTOTELECOL:

IIpotaocn 2.4 Eotw X évag ypoupikog xwpog TEREPATUEVNS O1ATTATHG, Kal Y, Z DOy mpol

tov X. Tote 1oyvel

dim (Y + 7)) =dimY +dim Z — dim (Y N Z).

Andoerén. 'Eoto 6t ta oOvora Y kot Z €yovv un undevikn toun, Y N Z # {0},

kol é0to {z1,...,z,} po Baon tov Y N Z. Lopeova pe 1o O@cdpnua 2.1 vndpyovv
Yty Ye €Y KO 21,...,2, € Z T£T010 OOTE TO GOVOMDL {T1, ..., Tp, Y1, ..., Yr} KOL
{z1,...,2n, 21, ..., Zm} VO amOTELOVY BACELS TOV Y KOl Z, AVIIGTOLYO.

Apxel topa va amodeifovpe 6T1 T0 GOVOLO
{T1, o Ty Yty o Yty 215 ey Zm )
anoteAel Bdon Tov Y + Z, yiati 16te Oa £y 0vpe TPOPOUVAOS
dm(Y +Z)=n+l+m=L+n)+(m+n)—n=dimY +dimZ —dim (Y N Z).
IMpdra Bo anodeiovpe 6Tt
Y+ 72 C< Ty, Ty Yty s Yty By ey B >

"Eocto Lowndv évax € Y + Z. Tote 10 x B yphoetar otn popon z =y + 2z, uey € Y

Kol z € Z, OmOTE OV
Yy =M1+ AT+ pays o peye
Kot
z=MNazy 4+ N, +ph 4+ zm,
Oa &yovpe
r =M+ Az A+ A An + )0+ s £ e+ 2 2,

EMOUEVOIC T €< X1y TnyY1ye - - Yty 21y e - - 5 Zm > -
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Mévetl tdpa vo amOdEIEOVUE OTLTO T1, -+« -y Ty Yy -+« 3 Yty 215« - - 5 Zm ELVOL YPAPPKEL

ave&aptnrta. 'Ectom Lowmdv ot
M@y A AT s e ey 2 A 2, = 0.

®&tovtag
(2.11) Y=zt AT+ payn + -+ ey,
1N TPOMNYOVUEVT] GYECT Hag OlVeEL
(2.12) y=—(hz+ -+ zm).
Ot (2.11) xon (2.12) divovv y € Y xau y € Z, avtictoly, onote uoilkd y € Y N Z.
2VVENADS LLAPYOLY TPAYUATIKOL 0ptBpol Aj, ..., A TéTO101 OOTE
(2.13) y =N+ + X,

AOY® ™G YPAUUIKNG aveEapTNOLUG TOV X1, .. ., Tpy Y1, - - - , Yo, TO Y YPOAPETOL, GOUP®-
va pe v Ipdtaon 2.2., katd povadikd TpOTo OC YPUUUKOS GUVOLUCUOS TOVS, KOl

emopéveg ot (2.11) kot (2.13) divouv
(2.14) N=X, i=1,...,n, xor p;=0, i=1,... 0

Avrtictoyo, AOY® TNG YPUUUIKNG AVEEAPTNOIUG TOV T, ..., Ty, 21, - - - Zm, OTO TIC
(2.12) ko (2.13) LapPavovpe

(2.15) Ny=oo= N =g ==y, = 0.

Ot (2.14) kot (2.15) pog divouv TN YPOPUIKN aveEoptnoic TOV X1, ..., T, Y1, - - -, Y,
Zlyeeey Zm-
Xy nepintoon Y N Z = {0} n anddei&n eivar avaroyn. O

Opiouog 2.8 'Eoto X évac ypopupikds ympog, xat Y, Z vrdywpot Tov X. Av 11 Toun
Tov Y kot Z givor pundevikn, Y N Z = {0}, t6te 10 dBpoiopa tov Y kot Z Aéyetal
evlv dbporgua kar copPoriletol pe Y @ 7.

21 ovvéyeta Bo dovpe Evav yapakTnplopod yio va gival éva afpotoua gvhv. Xv-
yxekpipéva Oa anodeiovpe 611 £va dOpolopa eivar vy, av kat pdévo av kabe otot-
y€lo Tov abpoicpatog ypheetal Katd povadiko TpdTo Mg GOPOIGHA GTOLYEI®V TMOV

YDOPWOV TOL TPOGHETOLLE.
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IIpotaon 2.5 Eatw X évag ypauuirxog ywpog kar 'Y, Z vroywpot tov X. Tote ta axoiovla
elval 1goovvaua:

LX=Y®Z

1. lia kdOe x € X vmdpyer axpifas éva y € Y kar axpifas éva z € Z tétoia wote

r=y+z.

Arooeién. Ynobétovpe Kat apynv 0Tl 1oy vel To 1. Katl Oo amodeifovpe 6T 1y vEL Kat
10 ii. YrnoOétovpe dnrodn 6t Y NZ = {0}. 'Eoto Aowmdv z € X. H OmopEn y € Y kot
z € Z T€T010V OOTE x = Y + 2 £neTAl and Tov 0plopd tov abpoicpatog. Yrobétovpe
TOpa OTL LITApPYoLY Kat y' € Y kot 2/ € Z tétowa dote x = ¢y + 2'. Tote puoika Oo

Exovpe y + z =y + 2/, emopévac
(2.16) y—1y =2 —z.

210 0p1oTteEpPd HEAOG NG (2.16) £xovue Tpoeavdg £va oTolyelo Tov Y kot 6to 0eE10
NG HEAOC €Va GTOLYELO TOL Z, GLVENMMG KOl GTA OVO UEAT TNG EYOLUE £VO, GTOLYELO
™G TOUNG TV Y kot Z, Y N Z. Eredon n ev A0ym toun mepté€yetl HOVO 10 UNdEVIKS
dtdvoopa, copmepaivoope 0TLy —y = 2/ — 2z = 0, ondte y = ' koL z = 2/, yeyovog
TOL ATOOEIKVOEL TO ii.

AvticTpopo Tdpa vToBEToLE OTL oY LEL TO 1i. Kal Ba anodeiovpe OTL LGYVEL KOl
10 1. Av 10 GBpotopa dev Ty VOV, N Toun TV Y kol Z Ba mepieiye Eva un undevikd
octowyelo z,x € Y NZ. Tote 6pwg 0 = 040 ka1 0 = x — x, to omwolo avrikeltal 61o Ii.,

apa eivarl atono. Emopévag Y N Z = {0}, ondte 10 GBpotcpa eival evbv. O

H anddei&n tov emopévovu anotelécpatog Emetal apésmg suvovaiovtag Tig [1po-

tdoelc 2.4 kot 2.5, Kal yioutd moporeineTal.

IIpotaon 2.6 Eatw X évag ypappikog ympog TENEPATUEVNS O1aTTATEWS Kal Y, 7 vroyw-
pot tov X. Tote ta axdlovla eivar icoobvaua:

LX=Y®Z

. X =Y+ Zkardim X =dimY + dim Z.

. YNZ ={0} kardim X =dimY +dimZ. 0O

®a dobpe TOpa 0Tl av X gival Evog YPUpUIKOS X MPOG TENEPUCUEVNS OLACTACTG

Kol Y évag uvmtdywpdg Tov, ToTE LTAPYEL LIOYX®POS Z Tov X TETOL0C OGTE TO X Va
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ypapeTatl o¢ Y aBpotopa tov Y kot Z. Ilapte og X tov R? kot évav katdrlinio Y

Y10 va teloteite OTL 0 Z dev opileTal LOVOGTLAVTA.

IIpotaon 2.7 Eotw Y évag vmdywpog evog ypauuikod ympov X TEREPATUEVNE O1ATTATHC.
Tote vrapyer vdywpos Z tov X térotog wote X =Y & Z.

Amnooeién. 'Eoto {xy, ...,z } pla fdon tov Y. Zopeova pe to @sdpnpua 2.1, vndpyovv
Til, - - -, L TETOWL OGTE TO GOVOAO {1, ..., 2, } va anotekel faon tov X. EmAéyo-

VT0G Z =< Tpmits- - - Ly > OLOTIGTOVOLUE APECHOC OTL 1IGYVEL TO UMOTELEGHA. [

2.4. Acknosig

2.1. 'Ecto X évag ypappikdg xOPOS KoL 1, - . Loy Y1,y - - -, Yn € X. ATOOELETE OTL:
() Av éva and ta x4, . .., T, elval pndév, TOTE Ta SLAVOCUATA L1, . . . , Ty ELVOL VPO~

pKd eEaptnuéva.

(B) Av 6o and to 1, . . . , T, €lval 1010, TOTE TO OLUVOGUATA X1, . . . , Ty, ELVOL YPOUULKA
eCaptnuéva.
() Av 10 z1, ..., %, €lval Ypopptkd eEapTNUEVA, TOTE KOL TO T1, ..., Ty, Yls - - -5 Yn

elvatl ypappikd eEaptnuéva.

2.2. 'Eoto A\, A1 K0t Ay TPEIC UN undevikol mpaypotikol aptbpoi, A # Ao Ztov R?,
Oswpodpe ta cOvora X; = {(z,y) : = > 0,y = \x} ko Xs := {(z,y) : x € R,
y=MxnN y = dx} Anodeifte 011 100 X; ko1 Xy tkavorotobv ta (YX1) kar (YX2),
avtictolya, BA. Tov Opiopd 2.2, ahrd Sev eivar voympot Tov R2.

2.3. 'Ecto X kot X5 undympot evog ypopupikod yodpov X. Av n éveoon tovg, X; U X,

etval voOywPog tov X, anodeifte Ot eite X C X, eite Xy C Xj.

2.4. 'Eoto X évag ypappkog x®pog Kot {xy, . .., r,, } pia faon tov. Av éva dtdvocopa
Y OVNKEL GTO YMPO TOL MOUPAYETAL OO TOL X1, ..., Ty 1, Y E< T, ..., L1 >, ATO-
del&te OTL 0 YDPOG TOL TAPAYOLY T X1, . .., Tpy_1, Y ELVOL YVAOLOG LTOY®POG TOL X,

ONAadN LTOYOPOS KAl YVIGLO VTTOGVVOAO TOV X, < X1, ..., Ty 1,y >F X.

2.5. Anodeitte 611 10 ovvoro {(1,3), (5,7)} amoterel Péon tov R?, evd ta Stavicpo-

ta (1,3),(5,7),(2,3) eivar ypoppikd eEaptnuéva.

2.6. Amodei&te OTL 01 GLVAPTNGELS 7, Y, () 1= s, y(s) := €°, elval YpappKa aveEap-
mreg otov CI1, 2].
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2.7. 'Ecto X évag ypappikdg ydpog dtaotaong n, dim X = n. Tdte 1oydovv:
1. Avy, ...y, € X elvorn ypappikd aveEaptnto dtavdcouata tov X, 16te 10 GOVOALO
{y1,...,yn} €lvar Baon tov X.
2.'Ecto Y évog vnoywpog tov X. Tote:

() H dtaotaomn tov Y dev vmepPaiver tn didotacmn tov X.

(B) Av ot X ka1 Y €yovv tnv 1d1a didotacmn, dimY = dim X, tote tavtifovrat,
Y =X.

2.8. Anodei&te o0 Osdpnua 2.2.

2.9. Anodei&te v [Ipotaon 2.6.



3. D'poppikég Anerkovioels

"Evog amd toug onUavTiKOTEPOLG AOYOLS, Y10 TOVS OTOLOVG Ol YPUUULIKOL X MPOl
elvar xpnoipot, eivot to yeyovog 0Tt petagd Toug umopody va optsBovv ypopptkég
aneikovicelg. H pedétn tov ypopkov anetkovicewy givotl ToAd mo eVKOAN and
eKelVN UM YPOUUK®OV OTEIKOVIGE®V, Kal, GUVETAOGC, N Bewpia Tovg €ivotl TOAD To
TAOVG10 KOl OAOKAN POUEVT. & aLTO TO KEPAANLO B0 E1GAYAYOLE TNV EVVOld TNG
YPOUUIKNG ATEIKOVIGE®S KOl Oa YVOPIGOLHUE OPLOUEVEG 1OLOTNTES YPOUUUIKDV UTEL-

KOVICEWV.

3.1. H évvowa tng YPOPPIKNG UTELKOVIGEMS

Ye autn TV evotnto Bo yvopicovpe v £vvola TG YPOUUKNG ATEIKOVIGE®MG,
Oa dovpe OTL N dLaoTaoT TNG EKOVAC YPUUUIK®DV ATEIKOVIGE®V 0ev vtepPaivel N
d1deTao™ Tov TESIOL OPIGUOL TOV, KOOMS Kol OTL Uid, YPOUULKY] OTEKOVIGT UETAED
ADPOV TETEPAGUEVNC OLACTOCNG TEPLYPAPETAL TANPWOS OO TIG TIUEG TNG GTO GTOL-
yela pog Boewc Tov mediov OpLoHOL TNG.
Opiouoc 3.1 'Eocto X, Y 600 mpaypatikol ypopptkol yopot. Mio aneikdévion L
X — Y Aéyeton ypouuaxn, av yuo kabe x,y € X kot A € R ioydovv

L(x+vy)=Lx+ Ly
L(A\x) = A\Lzx.

Ot dvo cvvnkec otov Opiopd 3.1 puropolv va YpapovV 1GodUVALN GTT LOPON
LAz +y) = ALz + Ly.

ENUEIOVOLHE ETLONG OTL Y10 YPURUIKES ATEIKOVIGELS YPAPOLUE GLVROWE L avTi Yo
L(z).

Hapatnpnan 3.1 Zrov Opiopd 3.1 gival onpoavtiko va 16 bovy Kot ol V0 GLVONKEG
mov Béoape, yia vo eival pio omelkovien YPaUULKN.
35
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Dep’ ewnely, opéong Slamotdvel koveic 6tin aneikovion L : R? — R? L(x) :=
Lrywry #0ka L(z) == 0y zs = 0, 2 = (21, 72), tkavorotet tn devtepn oyéon,
omiadn L(Ax) = AL(z) yuo A € R, aAAé Oyt TNV TpdTN, 0pov, Tapudeiylatog xapLy,
Yoz = (1,2) kory = (2,1) éxovpe L(x + y) = (3,3) kou L(z) + L(y) = (4.5, 3).

Mo va dooovpe Tdpo Eva Tapadetypa un yPOUUKNAG ATEIKOVIGTC TOL IKAVOTTOLET
mv npodT™ cvvOnkn otov Opiopd 3.1, Bewpodue v aneikéovion L : C — C,
L(z) := a — ib, 61ov a ka1 b €lvol TO TPAYUATIKO KOl TO QAVIOCTIKO HEPOG TOVL I,

avtictovya. [Ipaypatikd, ywo z,y € C, x = a + b kot y = ¢ + id, £€xovpe
Liz+y)=La+c+ilb+d) =a+c—i(b+d) = (a—1ib) + (c —id) = L(z) + L(y),

evo, Y., L(ix) = L(—b+ ia) = —b — ia kot iL(z) = i(a — ib) = b + ia, dniadn
L(ix) # 1L(x), yuo x # 0.

210 ANppo mov akoAovdel divovpe pepPKEC POCIKES LOLOTNTES YPOUUULKDOV ATEL-
KOViGE®V, 01 OToieg €ival GUeEST aAmTOPPOLE TOL OPLCUOL TMV KOl Y1aLTO 1 AmddeIEn
0a 000el cvvorntikd. ToviCovpe dtoiTEPO TN ONUAVTIKY 1510TNTO OTL 1] dLACTAGT
NG E1KOVOG HL0G YPOUUIKNG ATEIKOVIONG 0EV UTOPEL vo vrepPaivel tn d10GTOON TOL
nedlov OPIGHOY TNE. ZTN GLVEYELD HaAlaTo Bo dovue pio akpiféotepn oyxéomn mov
GLVOEEL QVTEG TIG OLACTACELG, TOV AEYOUEVO TUTTO TV AlATTATE®Y, £VA ATO T foct-

kotepa anoterécuata tng Ipappikng AlyeBpac.

Afqppo 3.1 Earw X, Y obo npayuatixoi ypouuixoi yoporkar L : X — Y uia ypopuixn
aneixovion. Tote 1ayvovy:

1. L0 =0 xa yra kdbe v,y € X L(x —y) = Lx — Ly.

. Eortw x1,...,x, € X. Av ta x1,...,2T, evar ypouuikd eCaptnuéva, TOTE KAl T
Lxq, ..., Lz, eival ypoura eCaptyuéva. Av ta Lz, ..., L, eivai ypauuixad aveldptnta,
TOTE KAl TO, L1, - . . , Ty, EIVAL YpapUIKG aveCApTHTA.

iii. Av X ka1 Y eivar vnéywpor twv X kar'Y, avtiotoiya, téte kar ot L(X) kar I (Y) eivar
vroywpol twv'Y kar X, avtiatoiya.

iv. dim L(X) < dim X.

Amooeiln.

1. Kat’ apynv, tpoeavog,

LO=L(0-0)=0-L0=0.



3.1. H ENNOIA THX TPAMMIKHX AIIEIKONIZEQX 37

(Zta péAN avTnNg TNG 1o0TNTAC 0T OTTold eUPavileTatl VO Popég To 0, TNV TPMOTN
@opa lval 0 TPOYUATIKOG aplOUOC UnoEV Kat TN debTEPN TO UNdEVIKS O1AVLCLAL.)

Eniong, ywoz,y € X £yovpe
L(z —y) = L(x + (-1)y) = Lo + (~=1)Ly = Lz — Ly.

ii. ' Eoto 6Tt M1+ - -+ Az, = 0. Tote, mpopavag, L(Ajzi+- -+ N\x,) = L0 = 0, dpa
MLz +- -+ N, Lz, = 0, emopéveg av 1o x1, . . ., T, elval ypoppikd eEoptnpéva, TOTE
Kol ta Laq, ..., Lz, eivor ypoppikd eEoptnuéva. To vmdrotno HéPog Tov 1GYLPIGUOV
elvot Loyikd 16000 Vapo e To oM amodelybeév.

iii. TTpopavag 0 € X, emopévog 0 = L0 € L(X). 'Eoto tdpa v,y € L(X). Tote Oa
vrapyovy z, 2’ € X tétown dhote Lo = y kor L’ = /. Tovendcy +y' = La + La' =
L(z+2') € L(X), apob mpopavac z+ 2’ € X. Eni mhéov, ylo A € Rxoiy € Y éyovpe
Ay = ALx = L(\z) € L(X), enedy \z € X

To 6t o0 },1 (f/) elvat vToywpog Tov X apnvetal g aoknon, PA. Acknon 3.1.

iv. To anotéAleopa eivol Gueomn ocvvéneto Tov ii. xat iiil. Ipayuatikd, kat’ apynyv,

oOpe®va pe 1o ii.,, o L(X) gival ypappikog yopoc. Xtig nepintocelc X = {0} 1

dim X = oo dev vrapyetl k4t mpog anddeiEn. ‘Eotw, Aownodv, {yi,...,yn} pnia Baon
tov L(X). 'Ecto z1,...,2, € X té€t010 ®0Te Lr; = 33, @ = 1,..., m. ZOUQ®VO. LE TO
., 10 o1, . .., Ty €LVOL YPORPIKE aveEapTnTa, OTOTE

dmL(X)=m<dmX. O

Aivovpe TOpa LEPIKA TOPASETYUOTO YPUUUIKAOV OTELKOVIGEMV.

THapaoeiyuaza 3.1

1. 'Ecto X évag ypappikoc x®pog Kat A £Vog TPoyHaTikog aptOpoc. Ot amelkovicelg

(1) 0: X — {0},
idX X — X,
(i)
xr—x,
X — X,
(111)
T — Ar,

elval ypoppKéG.
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‘Ecto 29 € X, x9# 0. H aneikdvion

X — X,
T — X,
dev elvOl YPOUULKT.
2.’Bowwa;; €R, t=1,....,m, j=1,...,n. Harnewkévion L : R" — R™,

n n
Lx = L(xl, L. ’xn) = (Z G,ljl'j, ceey Z@m3$])7
j=1 J=1

OTOV Z1, . . ., T, ELVOL Ol GLVIGTAOGES TOVL &, = = (X1,. .., Ty,), €lval ypapukn. Tétolag
HOPONG YPOUUKES OTEIKOVIOELS B0 LEAETGOVUE AETTOUEPDOG GTA EMOUEVO KEPA-
haa.

210 akoAovBo arotéAeopa Bo dovpe 6T av X eivat Evag YpoupKkog yd®Pog Tene-
POoUEVNG OLACTACNG, TOTE LTAPYEL AKPLP®G pio Ypoupkn anetkovion L @ X — Y,
n omoio aneikovilel Ta otoryeia piog dobeiong Pdong tov X oe mpokabopiouéva

ototyeia tov Y. Eniong Oa yvopicovpe opiopévec 1610TNTEG TETOLOV UTEIKOVICEMV.

Ipotaon 3.1 Eotw X kar Y dbo ypopuaroi yopor, {xy,...,x,} pia faon tov X kai
Y1, Yn € Y. TOte vRapyel axpifag pio ypauuixny aneikovion L : X — Y tétota
wote Lr; =y;, i=1,...,n. Enioncnexova L(X) tov X péow e L mapdyetar ané ta
OLOVOTUATA Y1, - - Yn, L(X) =< y1,...,yn > . Aoun n L eivar évean (dnlaon éva mpog

&va,), akpifarg ToTe, av TA Yy, - . . , Yn EVAL YpapuiKd aveldpTnTa.

Arnooerin. Kot apynv Oo arodeifovpe 0Tt vapyel To TOAD pia T£TO10 ATEIKOVION.
‘Ecto Lowndv = € X. Tote vrmbpyovv mpayuatikol apbuoi Aq, ..., A\, TETO10L ®OTE
r = \x1 + - + A\, Emopévog Oa €xovpe Lr = M Lxy + -+ + N\, Lz, q Lo =
AMyr 4 -+ AYn. ZVETOG Yo kabe x € X 1o Lxr € Y gival LOVOGHUAVTO OPLOUEVO,
OTOTE PLCLKA OEV HTOPOVV VO, LTTAPYOLY OVO SLAPOPETIKEG AMEIKOVIGELG LE AVTEG TIG
100TNTEG.

®a amodeifovpe TOpa OrapEn pag tétotog aneikovions. Moz € X, x = \jxy +
4+ Ay, opilovpe

Lx =X y1 + -+ A\n.

H aneikovion avtn eivol mpoeovadg YPOUUIKN Kol 1Kavorolel Tig oyéoelg Lr; =

Yi, 1=1,...,n.
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"Eoto thpaY =< y1,...,y, > . [Ipogavéc L(X) C Y, 0ot kafe © € X yphoetat
GTN LOPON T = A\ &1+ - -+ ATy, ONOTE L = M L1+ - -+ N, Lxy, = Myr +- - -+ A\
EE aAlov, av y € 17, TOTE Y = A\y1 + -+ + A\pYn, OMOTE Yy = N Lay + --- + N\, Lx, M
y=L\z1+ -4 M), MAadf y € L(X). Apa Y C L(X), ondte GUVOALKA £)00pE
L(X)=Y.

‘Eototodpaz, 2’ € X, x = Nz1+- -+ Ay, @' = Ny +- -+ N, z,,. TOTE, obpoova

LLE TO. TPOTYOVUE VO,
(3.1) Lo — Lo’ = (A = NJys + - + (Ao = N,

KOl AUECOS OLATLOTOVOVUE OTLAV TA 1, - . . , Y, ELVOAL YPUPUIKE OVEEAPTNTA KA T # X,
16te Kol Lz # Lx'. Avtiotpoea, av vrapyovv z,x' € X, = # 2/, t1é€to10 ®ote Lr =
Lx', t6te pe Baon v (3.1) dlamieTOVOLHE OUECMG OTL TO. Y1, . . . , Yr ELVAL YPOUULKE

eCoptnuéva. O

3.2. IMvpnvoeg kot gtkova

YKOmOG HOG o€ ALt TNV evOTNTA €ival va €16aYAYOLIE 000 Pacikéc £VVOleg yia

YPOUUIKES OTELKOVIGELS, TNV £VVOL0. TOL TUPHYVA KO TNV EVVOLL TNG EIKOVAS P0G Y POLLL-
pikng anewkdédvions. O mupnvag arotereital amd Ta otolryeia Tov TEdIOL OPIGHOY,
TO. OTOL0L M YPOUUUIKT ATEIKOVIOT ATELKOVILEL GTO UNOEVIKO OLAVLOUM, KOl 1) E1KO-
Vo amoTEAELTAL ATO TO, GTOLYXELN TOL TESIOL TIHMOV TNG YPOUUUIKNG ATEIKOVIONG, GTO
omolo amelKovifeTal KATOL0 GTOLYELO TOL TEJIOL OPIGHOY TNG. Akoua, Ba yvopi-
GOVLUE TOV TOTO TO®V dl00TAGEWV, £va and ta Bacikdtepa anotelécpata Tng I pappt-
KNS ALyeBpac, COLEMOVA [LE TOV OTO10 TO AOPOIGUA TOV OLACTACE®MY TOL TLPT VA KOl
NG EKOVAG PG YPOUULKN G OTEIKOVIOEMG, LETAED YOP®V TETEPUGUEVNC O10GTAONG,
1ooUTal [E TN 0100TAGT) TOL TEGIOVL OPLoHOU TNG.
Opiouoc 3.2 'Eoto X kot Y dvo ypappikoi yopot kat L @ X — Y pio ypoppikn
angwkovion. To cbvoro Ker L ::_L1 (0) (= {x € X : Lz = 0}) Léyetan moprvag
(kernel) Tng ypappkng aneikoéviong L. Tooovoro ImL := L(X) (={y €Y : dzr €
X Lz = y}) Aéyetan emova (image) tng L.

Tbooo o mupnvag 660 Kot N €1KOVA PLOG YPUUUIKNG ATEIKOVIONG E1Val YPOUULKOL
LDOPOL, O TPMDTOG LTOYWPOS TOL TELOL OPLGHOV TNG KAl M deVTEPT LTOYWPOS TOV

nediov TIH®V t™C. [Na v ekova £xovpe oM ddoel TNV anddelEn oto Anupa 3.1, ya
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TOV TUPN VA aG Bewproovpe Evay TPAYHATIKO aplOud A Kat 600 d1avOCUATA X1, Ty TOV
nopAva g L, z1,xe € Ker L. Tote Oa Eyovue L(A\xy+x9) = ALz + Lxs = X-0+0 =
0, oLVETAC KoL TO Ax1 + 29 €ivor ototyeio tov Ker L, yeyovdg mov amodelkvoel To

{ntovpevo.

¥10 akOAovbo amotélespa Bo dovpe Tt pia ypappik aretkdvion eivat Eva Tpog

€va, 0V KoL LOVO AV 0 TUPNVOG TNG TEPLEYEL LOVO TO UNOEVIKO SLAVLCLO.

IIpotaocn 3.2 Eotw X ka1 Y 0bo ypauuixoi ywpor kar L : X — Y upia ypouuixn

aneucovian. Tote n L eivar éva mpog éva, av kar uévo av Ker L = {0}.

Arnodein. YnoBétovpe xkat’ apynv 6t n L eivor éva mpog éva. Av x € Ker L, t6t¢
ouolkd Lx = 0, xat, eneldn navro L0 = 0, copumepaivovpe 6Tt & = 0.

‘Eoto topa, avtictpoga, 6tt Ker L = {0}. Av zq, 22 € X givar té€1010 ©cTe Loy =
Lzo, 161€ O £xovpe L(xy — z5) = 0, ouvendg 7 — xo € Ker L. Xpnowponoidvtag tnv

Ld0ECN HOG CLUTEPAIVOLUE OTL 1 = To, ONAXON OTL M L gival évo mpog éva. O

Hapaoeryua 3.2
‘Ecto y éva dtvuopa tov R™. H aneikovion
L :R— R",
A — Ay,

elvol Tpoeavag ypoppikn. Ttnv nepintoon y = 0 éxovpe Ker L = R kot Im L = {0},
eved oty nepintoon y # 0 Eyovpe Ker L = {0} kan ImL ={z € R" : z=ay, a¢€

R}, 6Twg Samiotdvel KOVELG AUECMG.

ZOppomva pe to tehevtaio anotédesua tov Anpatog 3.1, n dbeTacn g E1KOVIG
LG YPOUUIKNG anelkdviong 0ev vepPaiverl tn 0100TACT] TOL TESIOL 0PLGHOD TG,
onAadn dim X —dimIm L > 0. £10 endpevo Ocdpnua, GTNV TEPITTOGT TOL O YDOPOG
X elvol Temepacpuévng dldotaons, divetal akpifnc TAnpogopia yia cvTy TN dtapopd
TOV JUCTAGE®V: GUYKEKPIUEVO UTOOEIKVVETAL OTL 1 €V AOY® d1apOopl 1G0o0TAL LE
™ 616GTACT TOL TLPNVA TNG YPOUUULKNG ATELKOVIONS. Me dAlo AOyia, dEOOUEVOL
TOL TEOIOL OPIGHOV HOG YPUUUIKNG OTEIKOVIONG, ALTN £)EL TOGO TTLO LEYAAN E1KOVA
0G0 1o HiKpOG elvar 0 Tupnvag TNG. Avtn N oy éon eival £va KeEVIPIKO UNOTEAECHA
¢ Ipappikng AlyeBpog Kat eivol YVOGTN ®G TUTTOC TV l0aTAoEMY. LNUELDOVOVIE

aKOUN OTL O TUPNVOG HLAG YPUUUIKNG anelkdviong L amotedeital and T1g AVGELS TNG
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opoyevovg eElomwong Lx = 0, kot 1 yvdon TNG d10TUGNS TOL TaPOovGLileL 10104TEPO
eVOLaQEpPov.

Ozopnpa 3.1 Eotw X ka1 Y 0bo ypauuiroi ywpor, dim X < oo, kar L : X — Y uia

Ypauuiky areixoviay. Tote 1ayvel o NG TOTOS TWY 100 TATEDY

(3.2) dim X = dim Ker L + dim Im L.

Arnooeiln. Onwg avagpépape non, copeovo pe to Aqppa 3.1, toydet dimIm L <
dim X. 'Eoto {z1,...,z,} po Baon tov Ker L, xot {yi,...,yn} pro Baon g Im L.
OcwpoVUE TOPA Tpi1, ..., Torm € X Té€TOW OCTE Ly = y;, ©=1,...,m. Oa aro-
dei&ovpe 6TL T0 GOVOLO {71, . .., Trim} OmOTELEL PlOm TOL X, YEYOVOG OO TO OTOl0
EMETAL OUEGMOC O TOUTTOG TOV OLUCTACEMV.

Kat” apynv 6o amodeifovpe O6T1 10 21, . . ., Trpym Tapdyovv Tov X. 'Ecteo Aoindv
x € X. Tote vrdpyovv mpayuatikol aptBpol A, ..., A\, té€tolor wote Lxr = Ay, +
o 4 AU

Lz = L(M@op1 + -+ An@om)-

A7 avti ™ oyécon ovumepaivovpe 0Tt 10 & — (A Zep1 + -+ + AnTorm) ELVAL GTOL-
€10 TOL TLPN VA TNG L, KOl GLVETADG LILAPYOLY TPAYUOUTIKOL OPLOUOL fi1, .. ., fip TE-

TOl01 OOTE

T — (MTpr + -+ Apoem) = iz + - -+ pey,

EMOUEVOG X C< Ty, ..., Tprm > - ANMNA T T, . . ., Tpiy €1VOL GTOLYELD TOL X, OTOTE
amd Ta TPONYOVUEVE GUUTEPOUIVOLUE OTL X =< Ty, ..., Tppim > -
IMa va oloxAnpodcovpe TNV anddelEn, HEvel va anodeifovpe OTL T0 Ty, . . ., Trim

eivar ypappikd avegaptnta. Eotm Aoimdy 611
(33) )\1(151 + -+ Aé—l—mxé—f—m =0.

Toéte Oa Eyovpe
Aoyt + 0+ ApmlYm =
= N1 Lxgpr + -+ Mgy Ly
= L(A\e1Zes1 + - + NsmTotm)
= LMz + -+ MwemToem)
— L0 =0,
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OTOL GTNV TPOTPOTEAELTALN IGOTNTA Y PN CILOTOICANE TO YEYOVOS OTL L(Ax1+- - -+
Aexg) = 0. 'Eyovpe emopéves A\pr1y1 + -+ + AogmYm = 0, 0TOTE AOY® TNG YPOUUIKNG
aveEoptNoiag TOV ¥y, - - . , Ym 0ONYOVUACTE GTO GUUTEPACHAL Apr1 = -+ = Appp = 0.

Topa n (3.3) AapPaver tn popen A\jzy + -« - + Apxp = 0, Kol N YpApPIKN aveEap-
oia TV 1, ..., T, oG 00NYEl GTO CUUTEPACHA OTL A1 = -+ - = Ny = 0, yeYOovHG TOL
OAOKAMPOVEL TNV amdOEE. [

‘Ecto tdpa 0Tt €yovpe 30O YPAUULKOVS Y DPOLG TETEPAGUEVNC dtdoTtaong X Kat
Y. Mia Gueom cuvEmelo TOv TOTOL TOV JUGTACEMY €ival To. €ENG: AV LITAPYEL pia
YPOUUKN anetkdvion and tov X otov Y n omoia eivat €ntt, 16te dimY < dim X. Av
eNl TAEOV N amelkdVIoT elval £va TPOS £Va, OTOTE GLVOALKA Ba E1VaL AUPTLLOVOGT L0
VTN, 0 TUPNVaG TG Ba amoteleital povo and To undevikod dtavocoua, o £xet OnAadn
dtbotaomn undév, ondte dim Y = dim X.

Eniong, avtictpoea, av dimY = dim X, tote, obppwva pe tmv I[podtaon 3.1,
LTLAPYEL Pl QUELLOVOGTILAVTT YPOUULKT] aTEIKOVIOT and Tov X otov Y.

A0 TUTTAOVOLLE GTT GLVEYELD OLTA T amoTeEAETHaTa LTTO popen TTopiouatoc.

Ioprwopa 3.1 Metalv ovo ypauuixav yopwv X kot Y menepacguévns olaatacns vTapyel
TOTE KAL LLOVO TOTE UG GUPLLOVOTHUAVTY YPOUUIKT ATELKOVIGT], GV 01 Y(POL EXOVLY TNV I01a

odatacny, dim X =dimY. O
3.3. Acknosig

3.1. 'Eoto X kot Y 0o ypoppikoi yoporkat L : X — Y plo ypoppikn anetkovi-
-1

on. Amodeifte 6t av Y’ gival évag vtoympog tov Y, 16te 0 L (Y') elvor vmoympog

Tov X.

3.2. 'Eoto X xat Y 800 ypoppikoi ydpot, {1, ..., x,} pia paon tov X kot v, ..., Y,
€ Y. Tote vmapyetr axkpifog pia ypappkn oneikoéOvion L : X — Y té€1010 GTE
L(z;) =y, i = 1,...,n. Anodei&te 6ti n L givor akpifog t1ote €veon, dniadn Eva

TPOG VA, AV TO Y1, - - . , Yp ELVAL YPOUULKA OVEEAPTNTA.

3.3. E€ethote Katé TOGOV 01 aKOAOLOEC aMEIKOVIOELS E1VAL YPAUUIKES
_ L, :R® — R?
(@)

T = (3617302,533) — (951352,352301),
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LQ : Pn — ]P)Zna
(i)
T -,
Ly : P, —P,,
(iii) )
x— x”,

omov x’ kot 2”7 glvarl  TPpOTN Kot 1 dEVTEPT TUPAYDYOS TNG CLVAPTNONG X, AVTICTOL-
xOL.
3.4. 'Eocto C?[0,1] := {z : [0,1] — R/ x 800 Qopég GLVEYDS TAPAYWYIGIUN GTO
[0,1]}. Ava,b € C0, 1], elvor n anetkdvion

L :C?*[0,1] — C[0,1],

x+— 2" — ax’ + bz,

Y POHHLKN;
3.5. Ipocdiopiote pia Péaomn Tov ypappukod ydpov L(R®), dtav M ypappuiky onetko-
vion L : R® — R’ opiletat g eENG: Ly, 9, 23, 24, 5) = (209 + 414, 13 + 25 —

Ty, Ty — X1, T4 + 3T5 — XTo, T1 + T4 — 333'2).






4. Ilivokeg

Ot wivaxeg amoteAodV TO0 GNUAVTIKOTEPO 10MG EPYOAELDO Y10 TNV EMIALCT TTPO-
BAnpbtov Ipoppikng Alyefpog. Xe avtd to Kepdiato Ba dodue oplopéva Paocikd
npdypoto yio Tivakesg, 0o opicovpe to Babud TIVAK®OV OC TPOG TIG YPUUUES TOVS KoL
WG TPOG TIG OTNAEG TOVG, Ba PIANGOoLUE Yo KAHOK®OTOUS TTivakeg, Ba dobue Evav
TPOTO Y1 va eAEyyovpe ntoHTe n drovdopato tov R™ anoteloby Bhon tov, Kal Ba €1-

caydyovpe TpaEelg LETAED KATAAANA®V TIVAK®V.

4.1. I'evikd ywo mtivakeg

Xe outn TNV evotnta Ba elcoydyovpe Tivakeg, 0o LANCOLUE Y10, GTOLYELDOELG
LETAGYNUATICHOVS YPOUUOV TVaK®V, Ba opicovpe to Babpd evog mivaka o mpog
TIG YPAPUES TOV, O avapepBovue 6e KAUAK®OTOOG Tivakeg, kKot O dobe ToOg, e TN
Bonbeta mvakmv, propode va ehéyEovpe, Katd tdécov n dtovicpata tov R anote-

Aovv Bdon tov.

‘Ecto m xat n d0o guoikoi apiBpoi. ‘Eva opfoydvio untpmo tg popeng

ayj; a2 ... Qip
A — Qo1  A22 ... Qgp
Al Ama - Gmn
ne a;; € R, | yevikotepa a;; € K, omov K éva copo, i = 1,...,m, j =1,...,n,
Aéyeton mivarag (matrix). Ta a;; AEyovtat atoryeio Tov Tivoka.
Ta a; == (an,...,ai) € R" i =1,...m, Aéyovtot ypauués ToL Tivaka Kot To
alj
aj = , j=1,...,n,
(myj
gTHAEC TOV.

45
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‘Evag mivaxkag A pe m ypappég kot n otYAeg Oa Aépe 6Tt elval évag m X n Tivakag,
ovppoiiopog A € R™"™. Xdapiv cvvtopiog Oa ypapovue cuyve A = (aij)ﬂgz_ll ..... "

2V mepintmon m = n WAGUE Y10, TETPAYDYIKODE TIVOKESG, KOl TOTE to"‘&dvocua
(11,92, - . . , Qpp) AEYETAL d1aYDVIOS TOL Tivaka A. Av OAa To un daydvia ctotyeia

tov A glval undév, a;; = 0, ywa @ # j, o mivaxog AEyeTal orayviog.

Opiouoc 4.1 'Eoto évag mivakag A € R™". Ot akdrlovbec avakatata&els ypapuudv
TOL A AEYOVTUL OTOLYEINOELS UETATYNUATITUOL YPOLUUDY TOV A:
1. Tw évav pn pndevikd mpaypotikd aptbud A kot kanowo i € {1,...,m}, aviikadi-

oTOVNE TNV i—0TN YPARU TOV A, (a1, - - -, Qin), HE (A4, - - ., Ay ), COUPOALKE

a; | — | \a;

ii. AvtikoOiotovpe v i—otn ypauun tov A pe 1o dBpoicuo g i—GTNG KoL TNG

J—OTNG YPUHUNG TOV,

a; a; + aj

. AvtikaBiotodpue TV i—oTN ypapun tov A pe 1o afpoisua TG i—oTNG Kol TOL

TOAAATTAGGLOL TNG J—OTNG YPOUUUNG TOL T £vay TPAYHOTIKO aptOpd A,

a; a; + )\aj

a; a;

1V. AVTaAAGGGOVE TNV i—GTN KOl TN j—OCTH YPOUUUT TOL A,
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INUELOVOLUE OTL Ol CTOLYELMOELS HETACYNUATIGHOL YPAUUDV 1. KOl IV. GTOV
TPONYOOUEVO OPLOUO TPOKVLTTOLV UE ETMAVEIANUUEVT EQUPUOYTN HETUCYNUATICUOV

NG HOPPNC 1. KOt 1i., OTOC UTOPOVUE EVKOAN VA dlamicT®covue, BA. Acknon 4.1.

Opiouog 4.2 Oswpovpe évav mivaka A € R™". O ypoppikog x®pog Tov mopiyeTal
amo TIG YPOUUUES TOV, < a1, ..., Ay >, AMEYETAL Ypos TV ypauucy tov A kot 0o tov
ocvuPorilovpe pe IXT(A). Avtictotya o IXE(A), TXZ(A):=< a',...,a" >, Méyetal
xwpos twv athiav Tov A. H dtdotaon tov I'XT(A) Aéyetar fabudg tov A wg mpog Tig
ypouués, BI'(A), n dtdotaon tov I'XE(A) Aéyetar fabudg tov A w¢ mpog Tig atnieg,
BX(A).

211 ovvéyeta Ba dOVUE OTL O1 GTOLYELMOELS LETAGYNHUOTIOUOL YPUUUDY dEV ETTN-

pelovV TO YOPO YPAUUDY EVOC TIVOKO.

Aqppo 4.1 Eagtw A kar B 0vo m X n mivakeg. Av o B mpokvntel and tov A uetd amo
TETEPATUEVOD TTANOOVS GTOLYEIDOEIS UETATYNUATITUOVS VPOUUDY, TOTE 01 YDPOL YPOLLLDY
twv A kat B avurintovy, TXI'(A) = TXT(B).

Arnoderiln. TOppmva pe T onueioon apécwng petd tov Opiopd 4.1, apkel va amodei-
EOLUE TOV 1GYLPLOUS YO HETAGYNUATIOUOVS YPUUUDV TG LOPONG 1. kot 1. Eniong,
TPOPAVAC, OPKEL VAL OTOOEIEOVILE TO ATOTEAEGHA Y10 VAV LETUCYNUATICUS, KOL ETA-
VELANUUEVT EQOPUOYT ALTOD HOG OLVEL HETE TO YEVIKOTEPO ATOTEAECLO.

‘Ecto kot’ apynv 6tt 0 B wpok\ntel and Tov A pe £vov PHETAGYNUATICUO TNG
popong i. T'a z € TXIT(A) vrapyovv mtpaypotikol apBuotl i, . . ., fy, TETOLOL OCTE

T =101 + -+ + G, OTOTE TPOPAVOG

aj:/"blal_‘__{_%()\al)_‘__‘_,umam)
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enopévag ¢ € I'XIT'(B). Mg tov 1610 Tpémo anodeikvoetat 6t av x € XT(B) tote
kot z € I'XT(A), kot avtd oLokAnpdVEL TNV 0mOSEEN Y10 LETOCYNUATIGHOVG TNG
HOPPNG 1.

‘Ecto topa 611 0 B TpokLuntTel and tov A pe évov HETUCYNUATICNS TNG LOPPNG
. Tz € TXI'(A) vrapyovv mpaypatikol aptOpol py,. .., fy, TETOLOlL OCTE T =

piay + -+ i@ s pag s Gy, OTOTE TPOQAVAG
r =+ 4 pila +aj)+ -+ (0 — pa)ag+ -+ G,

enopévas ¢ € I'XT(B). Mg tov 1610 1pomo anodetkvietatl 6t av z € I'XT(B) tote

kot z € I'XT(A), ko n anddegn eivar tAnpng. O

Opiauoc 4.3 'Evag m x n nivakag A AEyETOL KAUAKWTOS OV
1. Ot un undeviKéC YpappéG TOL ERPAVICOVTAL TPLV ATO TIC UNOEVIKES YPOUUUEG.
il. To mpdTO PN uNndevikod otoryeio k€be un undevikng ypappung epeoviletor de&io-

TEPO TOL TPAOTOL UM UNOEVIKOD GTOLYELOL TNG TPONYOVUEVNC Y PUUUNG.

Mrmnopotpe mord gvKoAa Vo Tpocsdtopicovpe to Babpd £vOog KAUAK®TOD TivaKa

®¢ TPOG T1G Ypoupéc. Ipaypatikd, Eyovpe 1o akOA0LO0 UTOTEAEG A

Ipotaon 4.1 Eotw B évag KxApaxmtog mivaxag Kal by, ..., b; o1 un unoevikés ypapués
tov. Tote to avvolo {by, ..., b;} anotelel faan tov yapov ypaucdv tov B, TXT(B), kai

aVVETE 0 Pabuog ypauucv tov B eivat i.

Arooein. TIpopavag, apkel va anrodeiovpue 0Tl Td by, . . ., b; €lvot Ypoapuutkd aveldp-

mro. Eoto Aowndv npaypatikol aptBpol Ay, ..., \; T€T0101 ®OTE

Avbyy = =byj_1 =0karby; # 0, yo kGnoto j (Kot €100 j LRaPyEL TAVTA, EKTOC
av o B givol o undevikdg mivakag, 0AAL GE OUTN TNV TEPITTOGCT) OV LTAPYEL KATL
npog anodeEn), 101e O woybert kaL by = -+ = by = 0, £ = 2,...,4, ondTE ONO TNV
(4.1) ovpnepaivoope 0Tt A1by; = 0, Nradn Ay = 0. Zvveyilovrtag pe tov idto tpoéTO
OUMIGTOVOVUE OTL Ay = --- = \; = 0. O

Opiouog 4.4 Abo m x n mivakeg A kar B Aéyovtal ypaupoiocoddvauot, o 0 £€vag UTopel

Vo TPOKOYEL amd TOV GAAOV LE TETEPUCUEVOL TANOOVEC GTOLYELDMOELG LETATYNUATL-
GUOUG Y POUUUDV.
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>t ovvéyeta Ba dodpe 6tL kaBe m X n Tivokog ivol YPApUOToodOVOIOG e Evay
KAMpokoto tivoko. H dtadikacia pe tnv onoia Ba 0dnynbodue ce avtd 10 anotédre-
GO OTOTEAEL TO TPAOTO GTAJLO, TN AEYOUEV TPIYWVOTOINGY, GE Pid TOAD Y PNOIUN
péBodOo Yo TNV EMIALOT YPOUUIK®OV GLGTNHATOV, TN HEBodO anaroteng Tov Gauss,

néBodo otnv omoia Ba emavérBovpe oto £kto Kepdiato.

IIpotaon 4.2 Kdbe m X n wivakag eivar ypapoicoovvopuos Ue Evay KAUAKWTO m X n

TIVaKa.

Anéderén. To peyaddtepn capnivela otovg cupforiopoids Oétovpe AM = A

Av o mivakag A gival o undevikdg, dSnradn av dAa ta ototyeia Tov eival unodév, tote
dev ypetdletal va KAVOLe KATL. AlapopeTiKd, 1 51001K0Gi0 TPOYMPAEL GE OLAPO P
Brpota. Lto mpdto Prpa Tpocdlopilovpe KAT apynNVv TNV TPAOTN UN UNOEVIKN GTN-
An tov A, é0t® OTL vt €ivol M /—oTY, KoL, HE KOTOAANAESG EVAALAYES YPOAUUDY,
QEPVOLUE GTNV TPAOTN YPOUUN, Oniadn otn 0éon (1,4), éva un undevikd croryeio
™G. YnoBétovtag, ympic meplopiord e YevikOTNTOG, OTL a%) # 0, 610 Tp®TO Prua
LETATPEMOVUE, PUE KOUTOAAANAOVS LETAGYNUOTIOUOVS YPOUUUDV, OAO TO GTOLYELD TNG

{—0oTNG OTANG €KTOG amd To TPdTO o€ undevikd. Avtd yivetar wg eEng: Opilovue

KOT 0PNV TOVG TOALATTAGGIATTES Mg, © = 2, ..., M, OC
oD

4.2) Mg ::%, i1=2,....,m.
ayy

Kotonmy moAlanAactalovpe TNV TPpOTN YPOUUUT TOVL Tivako €Tl M , 0QAUIPOVUE TO
ATOTEAECHO OO TNV i—CTN YPOUUN TOL Kol avTIKOOGTOOUE TNV i—GTH YPOUUN HE
eKelvN TOL TPOKVLTITEL e ALTOHV TOV TPOTO. ALTd yivetar yio @ = 2, ..., m. Mg avthv
™ Studikacio petd to TpdTO PARA 0dNyoLpAcTE GTOV Ypappoicodvvapo tov Al
nivaxa AP pe
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(1) 1 1) (1)

S N R U
2 2
o ... 0 a;zﬂ - agn)
AR .— ’
0 o 0 ag?zﬂ . ag%

1OV Omoiov o1 TpdTEC £ — 1 oTALEG Elvat, Ommg kot exeiveg Tov A pndevikéc kot

@ ._ @ (1) L -
Q;; = — Mg 4y 1=2,....m, j=4L,...,n.
Kat” avtdv tov 1péTo “analeipovue” to GTOWYELD Gip, i = 2, ..., M, TNG {—OTNG OTN-

Ang tov mivaka A, yioutd kat 1 pEBodog avapépetal og pEBodoc analoleng.
[Mpoywpovpe tdpa oto devtepo Prpa. EEetalovpe tov (m — 1) x (n — 1) vromi-
vaka A® tov A pe crovgeia
A2 . (2)
210 de0TEPO PO KAVOLUE OKPIPOC Ta 1010 TPAYUATA TOL KAVOAUE OTO TPAOTO Prua,
avth TN Popd dpwc otov mivaka A®. Kat’ autdv Tov TpOmo 0dNyoOpacTE G EVaV
nivaxa A®) e popeng

* R
* *

0 * |,
0 0 % *

6mov ot dVo mpdTeg Ypappés tov A®) givar ot idteg pe TIC dV0 TPMTES YPUUUES TOV
AP n §ehtepn 0TV TEPITTOON TOL SEV AMUITELTAL EVAALAYT] YPOUHUDY GTO SEVTEPO
Prina.
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H dwadikacia mpoywpel katd tov idrov akpifdg tpémo. To enaywyikd Prpa Exet

o¢ e&ng: Katd to Apa 7, 1 <7 < min(m,n) — 1, éyxovpe évav nivaxa A ypappoi-
GOOLVALO TOL A, TNG LOPPONG

1 1 1
O M

ajy . : : .ay,
0 ag) . . . . agl)
0
AT = : aﬁlﬁ_l
0 ag;) ag])
0 0 0 al) ... alh

Oecwpolie Tov vITOTiVaKO

A(T) = (aE;)) /L'.:T' ..... m
Av o mivakag A givar pndevikode, n Swudikacia tedeldvel og avTo TO oNpEio. Ata-
PopeTikd, £6Tm £ N TPGOTN PN pndevikn othin tov AT . Me katdAnieg evalhayéc
ypappdy tov tivaka AT pépvovpe otn 0éom (r, 57) éva un unodevikd otoryeio. ‘Eotm,
YOPLG TEPLOPIGUS TNG YEVIKOTNTAGS, OTL afﬂ? # 0. Topa yiaxa0e i, r+1 <1 <m,

TOALATAAGIALOVHE TV 7—0TN Ypopupuy Tov A7) eni tov toAdarlaciacty my; ,

o)

4.3) my; = éﬁ), r+1<i<m,
a' -
rl

QQULPOVLE TO ATOTEAECUO, OO TNV i —G TN YPULUUTN TOV, KOL OVTIKAOIGTOVUE TNV i—GTN
YPOUUN HE TN VEQ TOL TPOKVLTTEL LE ALLTOV TOV TPOTO.

Kotaiiyovpe €11 6to véo mivaka AT nédvia ypoppoicodvvapo tov apy koo,
omov ot TpdTeG 7 Ypappéc tov AT tautiovion pe tig avtiotoryeg tov AT ko emi
nAéov
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"™ =0, r+l1<i<m, 1<j</,

ij

a§;+1): ag;)_migag’;) , r+1<1<m, g~+1§j§n.

(4.4)

Edd teleidvel 1o r—otd Ppa. Metd and 1o toAd r = min(m,n) — 1 Prpota, o

YPOPLOIGOSVVALOG TOV apy kol mivakag AT givar kMpokotdég. O

Xpnowonotdvtag to Anuua 4.1 xar tnv [pdtaon 4.2 propodpe vo 0OGOLUE Evay
TPOTO Y10 VO EAEYYOLIE KATA TOGO dEJOUEVH SLAVOCUOTA T, . . . , T, TOL R" amote-
Aovv Bdaomn tov, | akdun xar va wtpocotopilovpe Bdon Tov ydpov mov mapdyovv.
[MapaBétovpe 10 TpdTO amotérecua og [Topiopa, Katl yia Tov Tposdloploud Pacemy
nopoanéunovpe otig Aoknoels, PA. Acknoeig 4.2, 4.3, 4.4. Ewdikotepa, umopovue
Vo Tpocdtopicovpe pio BAcn TG E1KOVOG ULOG YPUUUIKNG anelkovioems and tov R"
otov R™, BA. Acknon 4.5.

Mopwopa 4.1 Eotw x4, . . ., x, dtavdouaza tov R"™. To gvvolo {x1,. .., x,} anotelet fdon
o0 R"™, av Kat uévo av o n X n nivaKag we YPOUIUES TA T, . . . , Ty,
L1
)
Tn

elvar ypapuoicoovvauos Ue Evay v TPIYWVIKO TIVAKG

onlaon térorov wate xy; = 0 y1a i > j, T0ov omoiov dla ta diaydvia atoiyeia givar un
unoevika. 0
4.2. Tlpaceig pe mivakeg

Xe avtn TV evotnta Ba opicovpe mpdEelg petald KOTAAANA®V TIVAK®V, KoM

KOl TOV TOAALUTAQGIONO aplOuod enl Tivaka.

‘Ecto m katr n guoikol apiBpoi. O R™" givatl o x®pog TOV m X n TVOK®OV LE

otolyela mpaypatikovg aptbuove. Xtov R™™ opilovpe tnv npodcHeon kabdg kot tov
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TOAAATAAGIOGHO [LE TPAYUOTIKOVS 0ptBpove og eENg

.....

K1 mapdfeon TV oTolyEl®V Toug, ol ydpot R™™ katr R™ gival 10101, N YPOUUIKN

amelkdvion
a1 a12 . A1y
921 a99 ... Qon
A: . . . '_>(alla-"aalnaa217-"7a2n7-"7am17"'7amn)
Am1 Am2 ... (Omn

eivatr apeipovoonpavtn. To pundevikd croiyxeio tov R™™ givol 0 m X n TIVOKOG
pe undevikd otovyeia, avrifetog tov A = (a;;) eivar 0 —A = (—a;;). To cOvolo
{l; eR™" :i=1,...,m, j=1,...,n}, 6nov o mivakag [;; £yl 6Au Ta cTOLYElD TOV
undevikd, extodg and pio povada ot 0éomn (i,7), dniadn oty “toun” g i—oTNG
YPOUUNG KOL TNG j—OTNG GTNANG, amoterel fdon tov R™™.

O mivakag AT = (b;;) € R™™ pe b;; := aj; AMEyetar avaatpopog tov nivako A =

(a;;) € R™". Apéomg Slamotdvel kavelg 0Tt 1o TOLG AVAGTPOPOLS TiVAKES 1Y DOV

(A+B)T=A"+ BT, (AT =)AT, (AT = A

TlollarAagiacudc wivarxwy

Ievikd o€ drovuopaTIKOVG Y MPOLG 0eV opileTal TO YIVOUEVO SLOVUGUATOV G
otolyeio Tov yopov. Opiletal OPHMG 0 TOAAUTANGLOGUOS HETALD TIVAK®Y OPLOUE-
VNG HOPPNG.

@copobpe o mivakeg A = (a;;) € R™" ko1 B = (b;) € R™, énov o devrepog
&y el to 1010 mTAN00g Ypappdv pe to TAN00¢ 6TNADV ToL TpdToL. O M X ¢ mivakag C'
He oToV el ¢, i = a;1bij+ Qiobaj + - - - + ainbyj, KOAELTAL Prvduevo TV MvaKmv A kot
B ka1 cvpPoriletar pe AB. Eplotobpe TNV T1pocoyn Tov avayvacTn 6T YEYOVOS OTL
£y el onpoocia n oELPA LE TNV OTOL0 AVAPEPOLVIE TOVE TIVOKEG GTO CYNUATIOUS TOL
YIVOUEVOL TOVG: YeVIKA TO BA pmopet va unv opiletat (Kat dgv opiletal av ol TivakKeg

dev glval TETPAYOVIKOL) 0ALE, akOUN Kol GTNV TEPINTOSN Tov opiletal, unopei va
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eivat dtapopetikd tov AB. Dep’ eimely Eyovpe

10 0 1 01 , 01 10 0 0
= ,  EVO = :
0 0 0 0 00 0 0 00 0 0
Tovilovpe akoun, OT®MG PAivETAL KOl ATTO TO TEAELTOLO TAPASELYHA, OTL TO YIVOUEVO

JVO U1 UNOEVIKDOV TIVAK®OV UTOPEL VO E1VOL O UNOEVIKOC TIVOKAGS.

Afqppa 4.2 Eotw A, A" € R™™, B,B' € R™, C,C" € R" kai \ évac mpayuatixég
aptOuog. Tote 1aybovy:
1. Ot emuepiotikoi vopol

A(B+ B')=AB+ AB’

(A+ A)B = AB + A'B.

ii. AAB) = (M)B = A\(AB).
iii. A(BC) = (AB)C (mpoaetaipiotiKdg vouog).
iv. (AB)T = BT AT.

Arooeiéy. Tai. xat ii. glval Tpoeavn.
iii. 'Eotow A = (a;;) xor B = (by;). Tote AB = (cj;), pe

kot (AB)C = (d;;), pe

l
dig:= Y ey = D (D awbu) ey

v=1 v=1 pu=1

Eniong woyber BC = (c};), pe
¢
C;/J = Zbil,cl,j,
v=1
kv A(BC) = (d};), pe
n n ¢
diy = Y ity = D ai (D bucy;)
pn=1 p=1 v=1

Zuvenag (AB)C = A(BC).
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iv. ' Eotw A = (CLU) Ko B = (blj) Tote AB = (Cij); ne

n
Cij ‘= E aiubuja
p=1

emopévag kat (AB)" = (d);), pe ¢j; = cij.
Eniong woyver BT = (b;), pe bj; = bj; xar A" = (al;), pe a; = aj;, apa BTAT =
(dij) ne

n

n n
L ror _ — =c
dij =Y V,a,, = > buaj, = Y apby = c;i=dj,
v=1 v=1

v=1

ovvenag (AB)T = BTAT. O
4.3. Acknosig

4.1. Amodei&te OTL O1 GTOLYELMOELS LETOGYNUOTIOUOL YPAUUDV TNG LOPPNG 1il. KOl 1V.
TPOKVTTTOLY O EMOVEIANUUEVNG EQUPUOYNG LETAGYNUATICUOV TNG LOPONG 1. KOt ii.,

BA. Tov Oplopd 4.1.

4.2. @copodue ta davoopata a; = (0,0,1,2,0),as := (1,3,0,2,5),a3 := (2,6, 1,4,5)
Kot ag == (2,6,0,4,4). [Ipocdiopicte T S1GGTACT TOL YPOUULKOD X DPOL, TOV OO0

TOPAYOLV TU a1, A, A3, Ag, < A1, A2, A3, Ay >, KAODC Kl pio, fdon tov.

43. 'Eocto a; = (4,3,1,2),as := (5,7,0,1),a3 := (1,5,3,5) xot ag := (0,1,4,6).

E&etdote koté TOGOV T0 S10VOGHATO a1, A2, A3, G4 ELVOL YPUUUIKE OVEEAPTNTA.

4.4. Oswpovpe n dravdouata ay, . . ., a, tov R". Arodeite 611 10 6Ovoro {ay, ..., a,}
armotelel Bdon tov R™, av Kot pévo av o n X n Tivakog UE YPOUUES a1, . . . , Ay,
ay
%
7
a,

UTopel HE GTOLYELDOELS LETOCYNUATICUOVE YPUUUDV VO HETAGYNUATIGOEL og Evayv
vo Tpryovikd mivaxa A, dSnladn tétoov wote a;; = 0y > j, 4,7 = 1,...,n, pue

OA0 TO. O1OYDVIO GTOLYELD TOL UM UNOEVIKAL.



56 4. IIINAKEZ

4.5. TIpocdiopicte pia Pacn tov xdpov L(R?), 6mov N ypappikn areikévion L :
R® — R* opiletar oc e€Ng: La = (2xy + 4xy, T3 + 5 — T4, Ty — T1, 39 — X3 + T4)
Yz = (21,22, T3, Ty, T5).

[ Yrooeiln: Tpoeavag éxovpe Lr = x1(0,0,—1,0) + x9(2,0,1,3) + x3(0,1,0,—1)+
x4(4,—1,0,1). Enopévac, o ydpog L(R®) eivar o < (0,0, —1,0),(2,0,1,3), (0,1,0, —1),
(4,—1,0,1) > . Apkei, cuvendc, vo Tpocdlopicovpe pia fion Tov YO®POL, TOV 0Toio
nopdyovv ta dtavoopata (0,0,—1,0),(2,0,1,3),(0,1,0,—1), (4,—1,0,1).]

4.6. 'Evog n x n nivaxag A = (a;;) MEYeTol dve Tprywvikdg, av To GTOLYElR TOV KAT®
amo tn dty®dvio elvar undevikd, oniadn a;; = 0y i > j. Atodeifte 6TL TO YLvopevo

dV0 VO TPLYOVIK®OV 1 X 1 TIVAK®OV €1vol ETIGNG AVO TPLY®OVIKOC TiVAKOG.

4.7. 'Evac nxn mivoxkac A = (a;;) AEYETAL O10)DVIOC, OV TO U1 OLOYDVIO GTOLYELO ELVOL
J 14

undevikd, onradn a;; = 0 yia i # j. 'Eoto B £vag n x n mivaxag. Tt cupPaivet, moto

elval ONAad” To ATOTEAEG A, OTAV TOAAOTAACIAGOVE TOV Tivaka B and apietepd

pe évav dlaymvio Tivako A Kat Tt 0Tav TOV TOAAOTANGLAGoVHE and 0Ll



5. TI'pappikég Anekovioerg ko Iivakeg

> avTO T0 KEPAANLO LEAETANE GYEGELS LETOED YPAUUIKDV ATEIKOVICE®V KA TT1-
vaxov. [dwaitepa Ba dovpe 0Tt KGOE YPAPUIKT ATEIKOVIOT HETAED Y PUUUIKDV YD POV
TEMEPACUEVNG O1AGTUCNG UTOPEL VO TEPLYPAPEL PE EVOV TIVOKO. XE OLTO TO YEYO-
vog opeiletal, e oNUOVTIKO Babud, n peyain onuacio tov mvakmv ot [pappikn
AlyeBpo.

5.1. O rmivokog puog YpoppKg 0TELKOVIGE®MS

Ocwpolpe SVO YPUUUIKOVE Y DPOVLE TETEPAGUEVNS OLAGTAOTC KOl 000 TUYOVGEC,
allé otabepéc, Bacelg Tovg. Onwg Ba dobue 6 avTn TNV EVOTNTA, KAOE YPAUUIKN
amelKOVIOT HETUED OULTAV TOV YOP®V TEPLYPAPETUL ATO VAV TIVOKW, KO, OVIIGTPO-
oo, € KaOe mivoko, KATAIAANA®V d100TAGE®V, OVIIGTOLYEL Hio TETOL0 ATELKOVIOT).
Eniong Ba dodpe 611 0 mivakag tg cvvheonc dVO YPUUUIKAOV OTELKOVIGEMY €1Vl TO

YIVOUEVO TV AVTICTOLY®V TIVOK®V.

‘Ecto X xat Y dvo ypappikol ydpot menepacpuévng dtdotaong, dim X = n xat
dimY = m. @swpovpe kat 800 Baoeig B = {z1, ...,z xar B = {y1,...,ym} 10V X
kot Y, avtictouyo.

‘Eoto topa L pia ypoppikn aneikoévion and tov X ctovY, L : X — Y. T
j=1,...,n, éovue Lz; € Y, cuvenag

m

Lz; = Z AijYi

=1

LE HOVOGTHOVTO OPLGUEVOLS TTPUYHATIKOVG 0pltOpovs a,;. O mivakag

Méyetan mivaxag tns L wg npog tig fdoeic B kar B'.

Avtictpoga, Eexivadvtag and évav m X n mivokad A = (a;;)

Ui = >, aijyi, ooppova pe v Ipotacn 3.2 vrdpyel aKpLB&g pio ypoppkn
57
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anetkovion petafd X kot Y, tnv onoia cupPorilovpe pe Ly, t€t010 d0TE Loz, =
¥j, j=1,...,n,dnAhadn

m

LA.CL’]': Z Qi5Yi, jzl,,n

i=1
Ortav Lowndv o€ k4Oe Evav amd TOLG YPAUULKOVS Y DPOLG TETEPACTUEVNG d1doTaon G X
kot Y mpoxabopicovpe pia Baon, tote o€ kGO ypopkn oneikovien L : X — Y
avtiotoryel évag dimY x dim X wivokog, kot o€ k40e dimY x dim X wivoko avti-
otolyel pia ypapuikn arewkovien L : X — Y.

Mo dtapopetikég Baoelg, oty 1010 ATEIKOVIGT OVIIGTOLY 0LV YEVIKA SLAPOPETL-

Kol Tivakec.

‘Eoto XY, Z tpeig ypappikol yopot, dim X = n, dimY = m, dimZ = ¢, xat
By = {x1,...,x0}, Bo = {y1,. ., ym} kot By = {z1,..., 2} Bhoeg tov X, Y kot Z,
avtictolya. ' Ecto L : X — Yk M : Y — Z 000 YpOUUIKEC ATEIKOVIGELG,
kat A € R™" o nivaxog g L o¢ npog By, By kot B € RY™ o mivakag g M og mpog
By, Bs. 'Ecto C' o mivakag g M o L wg mpog By kot Bs. Tote, pe A = (a;5), B =
(bij), C = (ci5), 1oydet:

LZIZ'] :Zaijyi7 ]: 1,...,”,
=1
14

Myl:Zbkizk, 1=1,....,m

(MoL)x ch]zk,J—l

Emnpdobeta £xovpe

(MoL)xj=M(Lz;) =M Z a;jY; = Z aij My;
=1
m l m
= Z a;j ( Z bkizk) = Z ( Z bkiaij)zka
i=1 k=1 k=1 i=1

ocvvenadg C' = BA.

Hapaderyua 5.1 Boto L : R* — R? L(xy,x9,73) = (21 + 29 — 23,271 + 23),

ue x = (x1, xa, r3). O TIVOKAG TNG YPUUUIKNG OTEIKOVIGEMS L ™G TPOG TIG KAVOVIKEG
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1 1 -1
20 1)
‘BEoto tdpo B := {(1,0,-1),(1,1,1),(1,0,0)} kar B := {(1,0),(0,1)} Baceic tov R

ka1 R?, avtictoiya. Tote

Baceig tov R? xar R? givar

L(1,0,—1) = (2,1) = 2(1,0) + (0, 1)
) =

)= (
L(1,1,1) = (1,3) = (1,0) + 3(0,1)
L(1,0,0) = (1,2) = (1,0) +2(0, 1)

EMOUEVOG O Tivakag TG L o¢ mpog B kot B’ eivat

2 11
13 2)
5.2. BaBpog pog ypoppikig anElkovicems, LoopopeLlopol, aiiayn faoccmg

Ye avtn TNV evotnta Bo opicovpe to Pabud pag YPOUUIKNG OTEIKOVIGE®MS, HE
ned10 OPLOUOL EVAV Y MDPO TETEPUGUEVNC O1AOTACTC, KOl B0 LEAETIGOVIE LGOHOPPL-
GHoUG, ONANON GUPILOVOCTUAVTES YPOUUUKES OTEIKOVIGELS, HETAED YPOUUKDV Y O-
pov. Axoun o PANGOLUE Y10, AVTIGTPEYIHOLS TTivakeg, kKot Oa avapepBovpe otnv
aAAGYM BAoewg GE Evay Y OPO TEMEPUCUEVC OLAGTUOTC.

Opiouoc 5.1 'Eoto X, Y 000 ypappikol yopot. Mia ypappikn atewkdédvion L : X —
Y Aéyetat tgopuoppiouog, av eival apu@ILOVOGTHOVTY, ONAadn éva Tpog £va Kot Emi.
Av petagd Vo YpopKkov yopmv X kot Y vrdpyetl £vac .oopopPLoUOS, TOTE aUTol
AEyovTal igopoppol.

Opiouog 5.2 'Ecto X, Y 000 ypappikoi yopot, dimX < oo,k L : X — Y
pio ypappikn aneikovion. Babuos g L Aéyetor n dibotacn g €1Kovag g L,
Babuodg(L) = dimIm L.

Mia ypoppikn aneikéovion L : X — Y, dim X = dimY < oo, glvat, mpoeavag,
aKpL®g T0TE 1GOHOPPLGUOGS, oV Badudg(L) = dim Y (= dim X).

‘Eoto X évag ypoppkds yodpog kat {xy,...,x,} pia Baon tov X. Tote kabe
r € X umopel va ypagel HOVOCHUOVTIA ®OG YPOUUKOS CUVOLUCUOS TOV T, . . ., Ty,
T = 1Ty + -+ QpTy, LE TPUYUATIKOVG aplOpoDS v, . . ., . Ol aptBpol ag, ...,y

AEYOVTAL GUVIGTMGES | GOVTETAYUEVES TOV T OC TPOG TU Tq, - - ., Tpy-
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‘Eoto A = (aj)i=1...n £VOG M X N TPAYROTIKOS TIVOKUG, KO Ol YPOHULIKOL XDpOot
Jj=1,..., n

R" ka1t R™ pe 116 kavovikég toug Baoeig B = {ey, ... e,k B = {¢},... e/, }. Avta

dtavoopota tov R™ kot R™ ta ypdyovpe wg GTAAES, TOTE Y10 TN YPOUULIKT ATEIKOVIOT

L 4 mov avtioTtoly el otov mivaka A o¢ Tpog Tig facelg B kot B woybel Laxr = Az, yia

kG0e x € R", apov

0
Qa1j
0 : =
Aej — = ay : ++amy O :Zaijeg, j:l,,n
: 1=1
Amj
J 0 1

Xaptv anrotntog ypagovpe A avti yio L4, onAadn ocvpPorilovpe pe A 1600 tov

m X n mivaka 660 Kal TN YPpoupkn anetkovion Ly : R” — R™, = — Ax.

‘Eoto X évag ypappikog ydpog Kot {zy,...,x,} C X. Tote, ocbupova pe myv
ITpotaon 3.1, vrapyet akpiBdg pio YPOUUKN omelkdvion

R" — X

(1, . ) = a1y + -+ apxy,.

H ypoppikn avtr aneikdvion eivot, OTmg Sl0mIGTOVEL KAVELG EOKOAM, LGOUOPPLOHOG

axppag tote, av {zy,...,x,} elvor faon tov X.

‘Ecto X, Y dvo ypapuikol yopot, dim X =n, dimY =m,xat L : X — Y pia
YPOUUIKN ATELKOVIGT). ZKOTOG LG €00 €ival vo ddoovpe pia pEB0do TpocsdloptGrov
uog Baong g ewovag e L, Im L. Kat’ avtdv tov 1poémo tpocdiopilovpue puotkd
Kot TN d1doTOaon TG E1KOVAG TNG L, omdTe, pe T fonbeta Tov TOUTOL TV H10.6TACE®V,
Kat ™ dudotacn tov mupnva g L. ‘Eoto B = {zy,...,x,} xou B = {y1,...,ym}
Bacelg tov X kot Y, avtiotoyo, kot A € R™" o nivaxag g L og npog B, B'. Tote

opilovpe TIg YPOUUIKES ATEIKOVIOELS,
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L : X — R"

T — e, 1=1,...,n,
A:R" — R™

r — Ax,

Ly, :R"™" — Y

! .

e; = Y, t=1...,m,
omov {ey,...,e,} kau {e, ... e} ot kavovikéc Bacels tov R™ kot R™, avtictoiya.
INUELDVOLUE OTL HOAOVOTL Oploape TNV aneEKOVIon Ly HOVO Y10 TO. T, . . . , Ty, CQUTN

eivat, oopemva pe v Ipodtaon 3.1, koAmdg oplopévn oe dAov Tov X+ avtictorya

1o voLY Kol Yid TNV anekovion Lo. Topa £xovpe

(Lyo Ao Ly)x; = (Lyo A)(Lrz;) = (Ly o A)e; = La(Ae;)
= Lg(aljell + o+ amje;n) = ale2€,1 + e+ amjLQQ;n

:a1]y1+...+&mjym:ij’ j:1’...,n,

eMONEVDG Lo o Ao Ly = L.

Enedn L1(X) = R" xow n Ls givatl toopopeiopds, apkei va vroloyicovpe pia
Baon {vi,..., v} tov A(R™), ondte 10 0OVOAO {Lavy, ..., Lovs} Bo amotehel Paon
tov L1 (A(R™)), apa tov L(X). Kat’ avtov tov t1pdmo emitdyape vo ovoyCyovpe to
TPOPANUA pag oto akOAovbo €101k6 TpoPAnua: 'Eotw A € R™" A : R" — R™,
x +— Az. Na npocdiopiofei pio faon tov A(R™).

o v aneikévion A woydet, Tpogavdg, Ae; = af, dmov ¢’ givar n j—oth oTiin
tov mivoka A, cvvendg < al, ..., a" >C Im A. EE GAhov, av z € R”, t0te & = \jeg +

oo Apen, Gpa

Ax = \MAey + - + M Ae, = \al + -+ \a”,

L...,a" > . Zuvolikd dnhadn

dniudn Az €< al,...,a" >, enopévec ImA C< a
éyovpe ImA =< al, ..., a" > . Mia Baon 6pmc tov ypappkod ydpov < at, ..., a" >
umopovue va Tpocdlopicovpe eOkoAo pe ™ pnéBodo amaroltpng tov Gauss, av TNV

gpappdcovpe otov mivaka AT
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YOHQOVO PE Ta TPOMNYOOUEVA, O BaBrdg TNG YPAUUIKNG anelkovioemg A givot o
Babuds otnhdv tov mivaka A, BE(A), BA. tov Opiopo 4.2, tov omoio KoAovpe eniong

Pabuo tov wivarxa A, Babpog(A).

Hapdderyua 5.2’ Boto L : R* — R®) L(xy, 29, w3, 24) = (0, 20 — 3, — 219+ 213, 201 +
To + T3 + Ty, —T1 — T3 + 214), pe x = (71, T2, T3, T4). O TIVOKOG TNG YPAUULIKNG OTEL-
Kovicewg L o¢ mpog Ti¢ kKavovikés Bacelg tov R? kat R® eivat

0 0 00
0 1 -1 0
A= 0 -2 20
2 1 11
-1 0 -1 2
KOL QUGTKA €Y OLUE
0 0 0 2
oo 121 0
0o -1 21 -1
o 0 01 2
O AT givor ypappoicodbvapog tov
01 -2 1
00 01
00 0 -5 |’
0 0 0 0

Kol OpESMG GLUTEpaivovpe 0Tt 0 Babudg tng L eivat 3, kot 6Tt To cHVOLO
{(0,1,-2,1,0),(0,0,0,1,2),(0,0,0,0,—5)}
eivar Baon tov L(RY).

210 anoTéAeopo mov okoAoLOETL delyvovpe OTL Y100 va €lval 1GOHOPPIOHOG [Lo
YPOUUIKN ATEIKOVIGT HETALD Y OP®V TNG 1010 TETEPUGUEVTC O10GTACT G, APKEL QLT
va eival gite éva mpog éva gite emi. YmevOopilovpe 6tL petald ypoppIK®OV Y OPOV
APOPETIKNG O1AGTACTC dEV LTLAPYOLY PLCTIK(A LGopopPLopol. To anotéAesua avtd
pag 6ivet pio dSuvaTOTNTA Yo VO, EAEYYOVHUE KATO TOGOV Ui0 YPOUUIKY] ATEKOVION

€lval LIGOHOPPIGUOC.
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ANppa 5.1 Eotw X kar Y 0bo ypauuirol ywpot tg iotag nenepacuévns ordataong, dim X =
dimY <oo. Av L : X — Y eivai puia ypoppixy aneikovian, T0Te eival 1G000VaUa.:

1. H L givai évean, onlaon éva mpog éva.

1. H L eivai épean, oniaon eni.

. H L eivar aupiuovoanuavty, oniaon 16opopeiouos.

Arooeién. H amddel&n eival Gueon cuvEmTELo TOL TOTOL TOV OLUCTACEWDV
dim X = dimIm L 4 dim Ker L,

BA. Oesopnua 3.1, kot g IpdTaong 3.2, cOuepmvoe pe tnv onoia n L eivar éveon
aKpLPOC TOTE, AV 0 TLPN VUG TNG TEPLEYEL LOVO TO UNOEVIKO dtdvoopo. [

SOUQOVO LE TO TPONYOVUEVO UTOTEAEGHA, Pid YPAPUIKY anekovion L @ X —
Y petagd 0vo ypapuikdv yopov X xatr Y, pe dim X = dimY = n, €ival tcopopoet-
opdG, av katl poévo av o Babuog tov tivaka g L, oniadn o fabuodg otnAdv avtod Tov
nivoka, elvot emiong n.

Hapaodeiyuata 5.3
1. Mio ypappkn oneikévion L : R® — R? §ev pmopei va eivat 16opopeiopoc,
0oV 01 d1AGTACELG TOL TEOIOV OPLGHOV TNG KOl TOL TESIOL TIUMV TNG Elval dlapope-
TIKEG.
2. Eivounanewkévion L : R® — R® L(xy, 29, 3) := (21 +29, 221 +4a3, 1 —29+13),
LGOHOPPIGHOC;

H L eival mpopoavdg ypappikn anetkdvion Kot ot Sl TAGELS TOL TEGIOL OPLGHOV
NG Kot Tov TEdiov TIH®Y TG elvar idtec. Emmpdobeta, o mivakag A tng L oG mpog

™mVv kavovikn Bacmn tov R? givat

1
A= 2 0
1 -1 1
KOl QUGIKA £YOLUE
1 2 1
AT=110 -1

]
=~ O
—
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O AT givar ypappoicodivapog Tov

1 2 1 1 2 1
0 -2 -2, 0o -2 =21,
0o 4 1 o 0 3

apa o Pudpoc e L eivar tpio, copmintel Sniadn pe t didotacn tov R, emopéveg

n L givol tcopop@iopoc.

Opiauocg 5.3 'Evag tetpayovikdg tivaxkag A € R™™ Aéyetar avtiatpéyiuog, av vmapyet

nivakag A € R™" tétoloc wote vo toyvet A/A = AA = 1,.

H gbkxoAn anddeién g enduevng mapatnpnong aenvetol og Asknon, PA. Ackn-
on S5.4.

Hapatipnon 5.1 To gvvoto GL,(R) twv n x n avtiotpéyiuwyv mivikwv, GL,(R) =

{A € R"" : A avuatpéyiuoc} eivar ue mpdln tov moALanAaciacio nivikmy opdoa. O

Evkola tdpa 0dnyovpeda 6To GUUTEPACUE OTL O AVTICTPOPOG EVOC AVTIOTPEYL-

LoV TivaKa €1val LOVOGTLOVTO OPLGUEVOG:

[Mopwopa 5.1 Av A € R™" évag avtiotpéyiog mivarxag, tote vIApyeL aKpifas Evag miva-

rac A € R™", téroiog wote va oyver AA = AA = 1,.

Arooeién. H anddeign eivar dueon cvvéneta g [apatnpnong 5.1 kar tov Afqppa-
tog 1.1. O

Tov, ocoppwva pe T0 TPONYOOUEVO ATOTEAEGUM, LOVOGTHOVTIO OPLOUEVO AVTi-

GTPOPO £VOG aVTIGTPEYIHOL Tivaka A 0o tov cupfoiilovpe pe AL

v axkdrovdn [IpodTaon divovpe Evav yapakTnpiopd Yo oVIIGTPEYILOVS Tiva-

KEG:

IIpétaon 5.1 Evac tetpaywvikog n x n wivakag A € R™" eivar avtigtpéyiuog, av kai

1ovo av o Pabuog tov A wg npog tig atiieg, BE(A), eivar n.

Andédeiln. Yno0étovpe kot apynv Ot o mivaxag ivol aviioTpéyipog, Kot £otm A1
0 avtiotpoeodg tov. Tote ot ancikoviceig A @ R® — R" z — Az, ka1 A™1

R" — R", o~ A 'z, eivar ypopptkéc, Kal ol aviicTolyol Tivakig Toug Mg TPOG
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Vv Kavovikn Baon tov R” givar A ka1t A7, avtictorya. To ™ cbhvheon A~Lo A

Loy VEL:
Ao A R" — R, (A 'oA)r=AYAz) = (A Az = Iz =z,

GLVETAC M A glval éva Tpog €va, omdTe, Kotd To Afupa 5.1, elval LGOROPPLOUOC, Kol
emopévag £yovpe BE(A) = n.

Avrtictpogo tdpa, av BE(A) = n, 1ote | answkdvion A eivar emi, ondte, Eava
oOpueovo, pe to Aqupa 5.1, eivat 1oopopeiopds. Enopévoc vdpyel n avtictpoen
aneikdévion e A, n A~L O mivakog tng areikoviong A~ o A og Tpog TNV Kavovikn
Baon tov R” eivar A1 A, kot ene1dn A1 o A givar n tovtdtnta otov R” Oo éxovpe

A7TA = I,. AxprBdg avtictoryo anodetkvoetal kat 6tt AA™ =1,. O

>nv akoiovdn [potacn divovpe pio tkavn cuvONKn Yo vo, eivot Evog TETPAY®-
Vvik6g Tivokog avtiotpéyipog. To anotélecua avtd Topovcldletl evolapEpov, yioti
T€T0101 Tivokeg epeavifovial cuyva oTig epapuoyéc. H ebkoAin anddeién apnvetal
o¢ Aoknon, BA. Acknon 6.2.

IIpotaon 5.2 Eotw A évag n X n wivaxag, A € R™". Av igyber

n

(51) Z|a”|< |aii|7 izl,...,n,
j=1

J#i

10t¢ 0 mivaxag A eival avtioTpéyiog. 0O

ITivaxeg mov 1kavomoloby v (5.1) Aéyovtat diaymvia vréptepor GLVAOVLUO AEUE

OTL £YOVV AVGTHPA KVPIAPYIKT OLOYDVIO.

‘Ecto X kot Y 600 ypappikol yopot Tng idwag didotaong, dim X = dimY = n,
kot By = {z1,..., 2.}, Bo = {y1,...,yn}, Paoeig tov X kot Y, avtictoryo. Eoto
eniong L : X — Y pio apeipovosnpavin ypappikn aneikdévion. Av A givor o
nivaxag g L, tote, Omog damiotdvel kaveic ebkoha, o mivakac tng L1, o¢ mpog

T1¢ i81e¢ Paoeig, eivatl o avtiotpogog Tov A, A~L

IIpotaon 5.3 Eotw X xar Y obo ypauuixoi ywpor, dim X = dimY = n, kar B; =
{z1,.. . 2}, Bo = {y1,...,Yn}, Pdoeic twv X kar Y, avtioroiya. Eotw eniong L
X — Y uia aupiuovoanuavey ypouuixy areixovion. Av A eivai o mivaxag g L, tote

o mivaxac e L™, we npoc tic idies Paoeig, eivar AL,
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Andédeiln. Eotw B o mivakoeg tng L=t Tote, o wivakag g anetkdéviong L o L1
n omoia gival euoikd N tavtdtTa otov X, eivon AB, cuvendg AB = I,,. Axpiog

avtictoryo PAémetl kaveic Ot kow BA = I, onote B=A"1. O

AAdayn faoews. X1n cvvéyetlo Ba aoyoinbovue pe tnv aAlayn Bdoewms. Xvykekpt-
péva, Bo pog amacyoincet to eENg tpoPfanua: ‘Ecto X évag ypappikdg x®pog, Kot

{z1,.. .,z ko {y1,...,yn} Paoeigctov X. Ave € X, © = aqzy + -+ - + apTy, T0TE
TOLEG €1VOL Ol GLVIGTMGES TOL = OC TPog TN Péon {y1,. .., Yn};
2V mpaén T Y1, - . ., Y OLVOVIOL OC YPUUULKOL GUVOLOGHOL TOV X1, ..., Ty Y10

avToV 10 AOY0 B acyoAnBovpe e T0 AVOTEP® TPOPAN O CE ALTN TNV ELOIKT TEPL-
ntoon. 'Eoto Aowndv

n

Yj :Zaisz, j=1,...,n.

i=1
Av Gy, ..., B, elvar o1 (6yveoTEG TPOG TO TAPOV) CLVIGTAOGES TOL T WG TPOG Y1, - - - » Yn,

Ba &yovpe:
Tr = Zﬂjyj = Zﬁj(zaijxi)
j=1 j=1 i=1
=3 (= D (S

i=1  j=1 i=1  j=1

GUVETMG, L€

ai; aiz2 ... Q1n
21 QA22 ... QAon,
A =
ap1 Ap2 ... Ay,
Eyovpe
aq I
(5.2) | =4l

oy, Bn
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®&tovpe TOpO

bll b12 B bln
bnl bn2 s bnn

pe GyvooTtov autr T eopd tivako B Kot
n
Ty = E bijyi7 j:17"'7n7
=1

Ko, 6mtmg otV (5.2), Ba £xovue

I aq
(5.3) | =B
B U
Amo 11 (5.2) ko (5.3) Aapfavovpe opEGMC
Bl /61 aq (o7}
(5.4) : = BA : , : = AB :
ﬁn /Bn (07 (07
Aoyo Tov 611 M (5.4) woyvel yia toyovTa dtavoopata (g, ..., ay), (B, ..., 0) € R",

ocvunepaivovpe 6tt B = A7 ka1 n (5.3) yphoetat otn popon
B aq
(5.5) Pl =AT]
/87’1 an
Mo vo anaviqoovpe oto apyikd pog tpdPAnua, Aomov, apkel va TpocdlopicovpEe
tov mivoka AL Me avtd to 0épa Oa Exovpe TNV evkoipia vo acyoindodue otn ov-

VEYELN.
Inpetdvouvpe Taviog 6t M (5.5) ypheetal 10000VOLN GTN HOPOT

(5.6) Al | =

H oyéon avtn eivatl oA KataAANAOTEPN Yo TNV TPAEN, Onwg Ba dodue otn ov-

VEYELD, APOV O LTLOAOYIGHOG TOL ([, . .., 3,) OTULTEL TOPO LOVO TNV EMiALGT £VOG
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YPOUUIKOD GUGTNHOTOG, Y10 TNV OTola TapATEUTOLIE 0TO emopevo Kepdiato, aArd
OYL TNV AVTIoTPOPN €VOC Tivaka. Apyotepa Ba dOVUE OTL | AVTIGTPOPT £VOG TTivaka

elvat oA damavnpodtepn dadikacio and TNy enilvomn evog YPAUUULKOD CLOTNHOTOG.

5.3. Acknosig

5.1. Eéetdote katd moécov N anewkdvion L : RP — R L(xy, 29, 23) := (21,21 +
Ty — T3,3T1 + 5Ty, 4xe — 2x3), eivar ypappukn. [Ipocsdiopicte tov mivaka e L g
TPOG TIG kavovikég Bacelg tov R? kat R?, to Bubuod g kat pio BAon Tov ypapptkod
xopov L(R?).

5.2. 'Boto L n anewkovion L : R® — R? L(xy, 29, 23) = (21 + 229 + 323, 29 —
2x3), kou B = {(1,2,0),(1,0,1),(1,1,1)} c R* Eivar 1o cvvoro B Baon tov R?;
IMpocdiopicte Tov mivaka ¢ L o¢ mpoc B katl tnv kavovikh Péon tov R2.

5.3. EEethote katd tocov 1 ypappikn aneikévion L : RY — R L(zy, x5, 23, 24) =
(l’l + 21’2 + 4ZE3, T + 31’3 + 21’4, 2[E1 — To — T3 + 41‘4, —5ZE1 + 7ZE2 — 3[E3 + 1’4), givat
LGOHOPPIGHOC.

5.4. Anodei&te 611 t0 obvoro GL,(R) tov n x n aviiotpéyipmv mvakev, GL,(R) =

{A € R™ : A avtiotpéyipoc} eivatl pe mpaén tov ToOAAATAACIOGHO TIVAK®OV OpAda.

5.5. 'Ecto X,Y 600 ypoppikol ydpot, Kol €6t OTL pio YPOUUKN anelkovion L

X — Y glvat teopopeiopds. Av xq, . .., x, eivoal dtavdcuata tov X, anodeifte OTtL,
avto Lxy,. .., Lz, elval ypappuikd eEaptnuéva, TOTE KAl T X1, . . . , T, ELVOL YPOUUIKO
eCaptnuéva.

5.6. Ocopovpe T ypopukn aneikévion L : R* — R L(z,y,2) == (x+2y— 2,y +
2z,3x + z). EEgtdote Kotd mOGOV 16 vovY o akolovda:

i. Av x1, 29 € R?, ka1 ta Lz, Lx, sivat ypoppikd eEaptmuéva, TOTe Ko Ta 21, T £ival
YPOUUKE eEapTnUEVa.

ii. Av 21,29, 23 € R, w1 1o Loy, Ly, Las eivar ypappikd sEaptnpéva, TOTe Kot Ta

X1, To, T3 VAL YPOUUKO CapTnUéva.



6. I'poppika Xvetipoto

Y€ aUTO TO KEPAAULO LEAETAUE YPOUUUIKO CUCTAUATO, ONACOT YPOUUIKES “eElom-
6e1g” pHetalLy xmpwv TeENEpAcHEVN S Otaotaonc. [1€pa and ) BewpnTiky| TOLG GNUO-
Gl0, YPOUUIKA CUGTNHOTO ELEAVILOVTOL TOAD GLY VA GTIG EQAPUOYES, | TPOGEYYIGN
NG AOGN G TOAVTAOK®V TPOPANUAT®V OVAYETAUL, KOTO KAVOVA, GTNV ETIALGT YPOUML-
KOV GUGTNHLATOV.

‘Eoto m kot n 800 guowol apbpot, a;; € R, ¢ = 1,...,m, 7 = 1,...,n, kot

b e R, i=1,...,m."Eva cootnpo e§locdce®Vv TG HLOPPNS

a;ry + appxrs + te +aint, = b1
A21X1 + Q222+ -+ +QopT, = bg
6.1)
A1 T + ApaTo+ -+ QupTy, = by
AEYETOL YPOLUUIKO TUGTHUA PLE OLYVDOTOVS T, - . . , T,. O Tivakag A,
ayp ... A1n
A= ,
Am1 .- Qmnp

AEYETAL TTIVaKAS GOVTEAETTAV N ATTADG TIVaKaAS TOL YPauutKkob cuotnuatog (6.1). To
dtdvoopa b,
by
b = |l eR™,
b

Aéyetar atabepoc opog Tov cuoTuotog (6.1). Me

Ty
T = | eR”

69
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10 cvoTnHa (6.1) ypheetol 6Tt popen
(6.1) Ax = 0.
‘Eva dibvuopa z € R" Aéyeton Aban tov cuotipotog (6.1), av woydel Az = b.
[Tpwv mpoywpnoovpe ot UEAETN YPOUUKDV GUGTNUATOV, CNUELOVOLUE OTL TO
YPOUUIKO cuotnua (6.1) ypapetal 1GOdVVOUO TN HOPPN

ai A1n by

Avto pog 00MYEL OpECMG GE VO TOAD EVKOLO UEV, OYEOOV TAVTOAOYIM, GUUTE PAGLOL,
TO OTMO10 OUMC GLUVTEAEL OLGLAGTIKG GTNV KATOVOTGT TOL TEPLEXOUEVOL ALLTOV TOL
Kegpalaiov, dniadn oto 0Tl T0 Ypappikd cbotnuo (6.1) £xetl axpifmg tote AVON, AV
10 d1Gvucpa b pmopel va Ypoaeel g YPApULKOS CLVOLACUOS TOV GTNADV TOL TiVaKQ

A TOL GLGTNHATOG.

6.1. Opoyevi) YPOPPIKE GUGTIROTO

Kat’ apynv 0o aoyoinbodue pe ouoyevy ypappikd GUGTAUOTA, ONAAON HE YPOL-

UK cvothpoto pe otadepd 0po undév,

anry +apre+ - +apr, =0
(62) (211 + Q929 + ce + a9n Ty, = 0
Am1T1 + Ap2lo+ -0+ AppTy = 0

Xchpog Aboewy 1oL YpoppKov cuotpatog (6.2) Aéyetal to cbvoro A = {z € R" :
Az = 0}. Ze avti v evotTa Ba S0VE SLAPOPES 1OLOTNTES TOV Y DOPOL AOCEMV OLLO-

YEVAV Y PUUUIKDOV GUGTNHATOV.

211 cuvéyetlo Ba dovpE OTL O YMPOG ADGEMV TOL OUOYEVOLG YPUUULIKOD GLGTN-
natog (6.2) eival YpoppKog xmpog, kot Bo mpocsdiopicovpe pio oyéon Peta&d TG

d16TaoN G TOL Kot Tov Babpod tov mivaka A.

Ipétacn 6.1 Eotw A = (a;;) évac m X n mivaxas. O ympog IVGEwY TOL 0UOYEVODS
ypapucod avatiuatos (6.2), A = {x € R" : Az = 0}, eivar vndywpog tov R", ka1 yia
™ drdataat tov 1oyber dim A = n — Pabpdg(A).
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Arooeién. O A glval Tpoeavdg 0 TLPNVOG TNG YPOUUUIKNG arelkoviong A @ R" —
R™, x +— Az. Enopévmg o A givar vtodywpog tov R”, kot n {ntoduevn oyéon yio

d16oTOGN TOL £METOL ATO TOV TUTO TOV dlaoTAGEWY, PA. Oedpnuo 3.1. O

YKOTOG P TOPO E1val va ddcovpe pia pEB0d0 TPosdloplood OA®V TOV AVCEMV
EVOC YPOUULIKOD GUGTNHOTOG. XTNV TEPIMTMOOT EVOS OPLOYEVOUS YPUUULKOD GUGTT L0
T0G, a.pkel vo mpoadtopicovpe pia Baon {ui, .. ., us} ToL xOpov AOGEDY TOL A, PO,
Qvoikd, N Baon kabopilel TANP®S TO YPAUUIKS Y DPO.

Booikd poéio otn dtodikacio eniAvong YPOUUKOV cLOTNHATOV Tailel TO aKO-
hovbBo amotélecpa:

Afqppo 6.1 Eotw A évagc m X n mivaxag kar S évag avtiarpéyiuog m X m nivaxag. Tote

Ta ypapuixd cvatipata Az = 0 kai (SA)x = 0 Eyovv Tovg 101008 YDPOVE AbGEDY.

Andoerén. 'Eoto x pia Abom tov ypoppikov cvotipotog Ax = 0. Tote, (SA)z =
S(Ax) = S0 =0, dnAadn o z elval Abom Kat Tov de0TEPOL GUGTAIATOG.
AvticTtpoga tdpa, {oto x pio Abon tov (SA)z = 0. Tote, Az = (S715) Az =

S7H(SAz) = S710 = 0, dnhadn to z gival ADoT KAl TOL TPATOL CLGTANATOS. O

Opiouog 6.1 Avo ypopukd cvotnuata Arz = b kot Bx = ¢ Aéyovtol igoobvaua, oV
K@0e LGN TOL EVOC glval KoL AVGT TOv AALOV.

Av A évacm xn mivakog kol S £€vog avIioTpEYIHLOS m X m Tivakag, ToTe, GOUP®VO,

pe to Anppa 6.1, to ypoppkd cvotquate Ax = 0 kot SAx = 0 gival i1oodbvapa.

Oecmpovue TO®PO TIVOKES Si(/\),Qf e R™ 4,5 =1,....m,j # 1, pe A # 0, TNg
eENG popeng

(6.3) Si(\) = A ,
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onAadn évav dtaydvio Tivaka pe A otn 0€om (7, 7) kot povadec OAa To. GAAL GTOolY el

™G Olaymviov, Kot

(6.4) Q) = ,

0 1

onAadn évav mivoka pe povadeg otn daydvio kot otn 0€om (4, 7) Kot undevika dAa
o GAAo GTOLYELD TOV. APEGMG SLOTIGTOVOLRE OTL Ol TIVAKEG ALTOL E1VOL OVTIGTPE-

Y101, K01 O1 AVTIGTPOPOi TOVg givat (Si()\))_l = Si(5) kau

1 0

0 1

‘Ocov apopd ™ dpdomn TV TvaKkov TG popeng (6.3) kat (6.4), evkoia PAEmovue
0Tl TOAAATAACLOGHOG £vOC Tivaka A amd aplotepd pe tov mivaka S;(A) onpoivet
TOAAATAAGIOGUO TNG i—CTNG YPUUUNG TOL A €Ml A, €VD TOAAUTAUGLIOGUOG HE TOV
Tivoko Qf, Y. j # i, onuaivel Tpocbecn TG j—6TNG YPOUUNG Tov A oty i—otn
YpOpun tov,

a1 a1

am am
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ai ay
a; a; —+ CL]'
Q’ =
(A
a; a;
A U

Kat’ avtov tov 1pomo eKQpacape AOITOV TOUG OTOLYELMIELS LETUCY N LOTIGHOVG Y PO~
OV TNG HOPONG 1. KOl il. ®¢ TOAAATAAGIOGHO and aploTEPE PE EVOV KATAAANAO
nivoka. Enaveilnuuévn epoappoyn pog 6ivetl, LKA, Kol TOVG GTOLYELDMOELS LETA-
GYNUOTICUOOS YPOUUU®Y TG LOPPNG 1il. KoL 1V..

ITivaxec tng popeng (6.3) kot (6.4) kaOOS Kot o1 avTioTpoPoi Tovg KaloOVTal gTol-

AELWDOELC.

AvaLoyo [Le TOVG GTOLYELMOELS LETATY NUATIGHOVS YPOUUUDY ELGAYOVHE TMPO KoL

TOVG GTOLYELMOELG LETOGYNUOTIOUOVG GTNADV.

Opiouog 6.2 'Eoto évag mivakoag A € R™™. Ot axdAiovleg avakatatdelg GTnADV TOL
A AEYOVTUL GTOLYEIMOEIS UETATYNUATITUOL GTHADY TOL A:
1. [ évav un undevikd npoypatikd apbud A kot kamowo j € {1,...,m}, aviikadi-

GTOVUE TNV j—OTN GTNAAT TOL A,

ayj
Amj
ne
/\alj
)
)\amj
ouuPoiika

(..a”...)— (.. A ).

ii. AvtikoOiotobue TNV i—GTn oTAAN ToLv A pe to GBpolcua TG i—OTNHG KAl TNG

Jj—GTNG GTNANG TOV,

(...ai...aj...) — (...ai—i—aj...aj...).
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1. Avtikafiotovpe v i—oTn oTNAN tov A pe to Gbfpoloua TG i—OTNG KOl TOL

TOAAATAGGLOL TNG j—OTNG GTNANG TOL €T VAV TPAYUATIKO aptOuo A,
(..a"...al ) — (..ad+ X AL,

1v. AVTOAALOGGOVLUE TNV i—CTN KOl TN j—GTH GTNAN Tov A,
(..a"...d..)— (...d ... d...).

ZNUELOVOLUE OTL, OTMC KAl TNV TEPIMTOOT GTOLYELMODV LETAGYNUATICUDV Y POLLL-
LAV, O1 GTOLY ELMOELS LETOCYNUOTIOUOL GTNADV 1il. KAl 1V. TPOKVTTOLV UE EMAVELAT -
HEVT EQAPUOYT] LETACYNHATIGUAV TNG HLOPONG 1. KOl ii..

Emniong, {avd 0T Kol 6TV TEPITTOOT GTOLYELMIDV UETUCYNUATICUDY YPULL-
LAV, Ol GTOLYELMOELS HETACYKNUATIGHOT CTNADY TNG HOPPNG 1. KOl 1l. PUTOopovV va
eKQPacHobV MG TOALUTANCIACUOC, ALTN TN QOoPa ard deE1d, He EVOV KATAAANAO Ti-
vaxa TN popeng (6.3) N (6.4). Ipayuatikd, tollantrlactacpndg evog mivoko A and de-
Eud pe tov mivaka S;(A) onpaivel ToAlomloclacpud g i—oTg oTAANG Tov A emti A,
EVO TOALATAACLAGHOG LE TOV VKO Q;, Yo j # i, onuaivel tpdobeon g j—oTNG

GTNANG Tov A 61NV i—0TH GTHAN TOv,
(a'...a" ...a")Si(\) = (a' ... \d" ... a"),
(@ ...a...d. .. aQi=(a"...a+d ...d ... d"),
6mov ce avtN TV nEpinTOoN, Puoikd, S;(A), Q5 € R™™ 4,5 = 1,...,n,j # i ma-
PUTNPNOTE OTL AVOPEPOUUCTE GTOV TOAALATAACIGHS amd de&1d pe Q; Kot Oyl pe Q{ :
Enovellnuuévn epoppoyn pog divetl, QLGIKA, KOl TOUS CTOLYEIMOELS LETAGYNUATL-

GHOUG GTNAMV TNG LOPPNC 1il. KO 1V..

®au dovue TOPa 6TL 0 TOAAOTAACIGUOS EVOG TivaKa Le Tivakeg NG Hopeng (6.3)
Kot (6.4), eite and aplotepd ite anod de&1d, apnvel 1o fabrd Tov Tivako WG TPOG TIG

GTNAEC UVOAAOL®TO.

Ipétacn 6.2 Eotw A = (a;;) évag m x n mivaxag, kat S;(\), Qf nivaxeg ts popeng (6.3)
Kar (6.4). Tote o1 mivaxes S;(N)A, AS;(N\), Q1 A, AQ! éyovv tov id10 Palué ws mpos i

oTHAEC 1e Tov wivaxa A.

Anooeiln. Kat’ apynv, molhanrlactacpnog tov A and de&ia pe évav mivaka S;(A) 1

Q] €€l OG GLVETELN £VOV GTOLYELMON HETUOYNUATIOUO 6TNAGOV Tov A. ETopévag ot
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It . It r 4 ’ 7
JLOVUGHATIKOL Y DPOL TOLG OTOLOVG TALPAYOLY 0L GTAAES TOV TVAK®OV AS; (), AQ] xat
A GUUTITTOLY, GLUVETMG KUl Ol OLLCTACELS TOVG lval 101eC.

Tevikd yio évay aviletpéyipo m X m nivako S, Exovpe, pe A = (a' ... a"), SA =
(Sa' ... Sa"), ka1, eneld) n aneikdvion S R™ — R™ givar i1copop@iopde,

1oy 0el
dim < a' ... a" >=dim < Sa' ... Sa" >,

YEYOVOG TOL OTOOELKVVEL KO TO LTTOAOITO uépog tng [podtaong. O

®a dovue TOpa 0Tl 0 Pabuog evdg Tivako OC TPOG TG GTNAES, GLVETMG KAl O
Babuoc tov mivaka, kot 0 BaBUOS TOL MG TPOS TIC YPAUUES CUUTITTOLY, OTOTE GTN

cuvvéyeta Ba pmopovue va PAGpE omA®g Yo To Babud evog mivaka.

IIpétacn 6.3 Eotw A = (a;;) évac m x n mivaxag. Tote o Pabuoc tov A wg mpog tig

aTHAES 1o00TaL pE TO Pabud Tov WS TPOS TIC YPOLUES.

Arnoodeiln. 'Ecto B €vog KMPOK®OTOC Tivakag, Ypoppoicodbvapog tov A. Tote, mpo-
Qovaig, ot A kot B €yovv tov 1010 Babud o¢ mpog TIC YPUUUES, Kal, EMTPOcheTa,
ovpeovo, pe v Ipodtaon 6.2, £xovv kot tov id10 Pabrd wg mpog T1g GTNAES, £0TWO
r. Tov B umopodue 10Te, e KATAAANAOLG LETUCYNUATIGHOVE GTNAMV, 01 oToiot Bé-

Bata apnvouv Tov Babud tov og Tpog TIg GTNAESG AVOAAOIOTO, VO TOV YPAWYOLLE GTN

Hopen
I, 0
0 0/’

KOl apéomg GuUTe paivovpe 0Tt kKot 0 Babuog Tov B o¢ Tpog TIC YPAUUES Elval ETLONC
r. Emopévag, o1 Babpoi tov A, 1660 ©¢ TPpog TIg YPAURES OGO KOl OC TPOG TIG GTNAEG,

sivarr. O

‘Ecto tdhpa éva opoyevég ypappikd cvotnua Az = 0 pe A € R™". To cbotnua

avTo givat teodvvapo pe Eva cvotnuo Br = 0 pe B évav kKMpokmtd tivaka,
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blj1 *
b2j2 *

b3j3

byj,

0
OTOL O1 TPATEG T YPOUUUES £1val Un UNOEVIKEG, O1 LTOAOITEG UNOEVIKEG, KAl TO TPDOTO,
ji — 1 otolyela TNG i—o TG YPOUUNG elval Emiong Undév, Y i = 1,...,r. ZOHQOva L
116 [Ipotaoeig 6.1 kat 6.3, n S140TAGT TOL ¥ M®POL AVGEWV A TOL YPUUUIKOD GUG T

t0¢ Bx = 0, 0 onolog eivat, puoikd, Kol yopog Avcewv tov Az = 0, eivor n — r,
(6.5) dimA =n—r.

[Tpog anhomoincmn T®V GUUBOALCU®V, KOl X ®PIC TEPLOPLOUS TNE YEVIKOTNTAC, LTTOOE-
TOVHE OTLj1 = 1, ..., j, = 7, a@OV avTO propel va emitevyBel e KataAANAN EVOALay)
oTNAGV, dNAadN peE KATaAANAN 0pibunon tov ayvootov. O ntivakac B Oa eivol tote

NG HOPPNG

bll *
b22 *
bs3
B =
bT’T’
0
Me p1:=n —rxkat Aq,..., N, € R, elvar edxoro va dovpe 611 vdpy el axppag Eva
reR"uexr = (21,...,2,,A1,...,Ay) € A Ipaypatikd, n e€lowomn r ToL GLGTHHATOS

Bz = 0 etvot bypxy 4+ by p 1 A1 + - -+ b\, = 0, ka1, @00 b, # 0, vrapyetl axpiPog Evo
2, TOL IKAVOTOlEl avT™ TN oy éon. Ano v eicwon r— 1 tpocdiopiletatl povoonua-
V1O, TO T, Kal ouTm Kab’ eENg, kat, TEA0C, and TV TpmTn e£icwaon ntpocdiopiletal

HOVOCTLOVTO TO T7.
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‘Exovpe dniadn pio ypoppkn anetkovion
G : Rt — R"
()\1""7)\N) — ([L’l,...,[lfr,)\l,...,)\u)
n omoia gival éva mpog €va Kal yia TV omoia toyvet G(R*) C A. Emeidnq n dud-
otaom Tov A givatl, TpoEAvVAOC, t, COUEOVA LE TOV TUTO TOV 0l0cTOGE®V O 15y vEL
dim G(R*) = u, covenog G(R*) = A.
Avlownov {eq, ..., e,} nkavovikn faon tov R*, t61e {G(e1),...,G(e,)} elvar pia

Baon tov A.

THapdderypa 6.1 Oc@poOE TO OLOYEVES YPOUUUKO GOGTN LA

(25 + 2z4 — x5 — 4dzg =0

T3 — Xy — Ts + 22 + z; = 0

(6.6) T + 2x4 + x5 — 26 0
T3 — X4 + 22 — a7 = 0

L T2 + T3 + x4 + 7 = 0

O mivakog CLVTEAECGTAOV CLTOV TOL YPAUULKOD GCUCTHIATOG E1VOL

010 2 -1 -4 0
001 -1 -1 2 1
A=1010 2 1 -2 0],
001 -1 0 2 -1
011 1 0 0 1

0 0Toi0¢ €ival YPAPHUOIGOOVVALOG LE TOV KALUAK®OTO TIVOK

010 2 -1 —40
001 -1 -1 21
B=fooo0o 0 1 10
0oo0o0 0 0 1 2
o000 0 0 00

Enopévmg, n d1dotacmn tov y®pov AOGEMV TOL YPUUUIKOD cuoTHHatog Ax = 0 glval
p = T—Pabuog(A) = 7—Babuog(B) = 7 — 4 = 3. To cbotTnpa €ival 16GodOVANO TPOG
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10 cvotnuo Bx = 0, dnAadn Tpog to

To + 2z4 — x5 — 4dzg =0
T3 — Xy — Ts + 2x¢ + x7 =0

6.7) 3 4 5 6 7
Trs + T =0

Teg + 21‘7 =0

Me 21 = A, x4 = A Kol 27 = A3 (LVNUOVIKOG KAVOVOG: GTNV TPMTY, GTNV TETAPTN
Kot otV £Bdoun oTNAN Tov B dev eppavifovtal pun Undevikd GTolyEl0 0TI YOVIEG
™G KMPOKOG) £XOVUE ATO AVTO TO YPUUUIKO CUGTN LU

( Tg = —21'7 = —2/\3

Ty = —Tg — 2)\3
(6.8)

$3:$4+I5—2[E6—$7:A2+5/\3

To = —2]74 + x5 + 433'6 = —2)\2 — 6)\3 .

\

O ydpog Mocemv A givat ETOUEVOC 1 E1KOVO, TNG YPOUULKNG ATELKOVIOTG
G:R— R’
(A, Ao, A3) = (A, =29 — 63, Aa + 53, Ao, 203, —2A3, \3)
n onoia givat éva mpog Eva. Mg
G(1,0,0) = (1,0,0,0,0,0,0) =: uy
G(0,1,0) =(0,—2,1,1,0,0,0) =: us
G(0,0,1) = (0,—6,5,0,2,—2,1) =: ug,
EYOLUE EMOUEVOG A =< Uy, U, Uz > .
To yeyovog avtd puropel Kaveig vo To SaTUTMOEL e AL AOY10 ¢ €ENG: ZOUP®-

va pe TV (6.8), pe Tuyaieg mopapteéTPOus A1, Ao KO A3, 01 ADGELG TOL CLGTNHOTOG (6.7)

YPapovTal 6T LOPPN (A1, —2Xs — 63, Ao + 53, Ao, 2A3, —2A3, A3). Todpa
(A1, =20 — 63, Ao + BAg, Aoy 20g, —203, \g) =
= 1(1,0,0,0,0,0,0) + A2(0,—2,1,1,0,0,0) + A3(0,—6,5,0,2,—2,1) =
= MUy + s + Azus,

8117\(16ﬁ A =< uy,ug,ug > .
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6.2. Oponapariniikoi VTOYOPOL KOL P1] OROYEVT] YPOUPPLKE GUGTINATA

Ye autn TV evotNTa B HEAETNGOVE YEVIKA, Ol KOT OVAYKT OLOYEVT], YPOUULLL-
KO cvoTipato Kot 0o Yvopicovpe d1APopeg 1OLOTNTES TOV ADGEMY TOVG.
‘Eocto
T by
AeR™ z=| ¢ | , xu b=
Tn b
To ypapuikd cvotnpa Az = b Aéyetar un ouoyevég, av b # 0. To cbvoro Acewv
{z € R" : Az = b} dev elvar vroympog Tov R", av b # 0.

Opiouog 6.3 'Ecto X évag ypoppikog yodpog, kat Y évo vtoovvoro tov X. To YV Aé-
YETAL OUOTAPALANAIKOG VIO Y POS TOL X, oV LITAPYOLY Eva iy € X KOl EVAC LTTOYM®POS

Y] tov X, 161 ®oTE va 1oy vEL

Y=y+Y1={yeX :y=y+z,2 €Y}

Oaua dobpe apESOS TMPA OTL O LTOY®POG Y7, TOL AVTICTOLYEL GE KATOLOV OUOTO-
POAANALKO LTTOY PO OTMOG GTOV AVOTEP® OPLopd, opileTal povoonuavta: aviifeta

T0 Y1 Wmopel va elvatl £va 0mo1todnmoTe Gtotyeio tov Y.

ANppo 6.2 Eatw X évag ypouuixog ywpog, Yy évag vroywpos tov X kary, € X. I'a tov
OUOTLAPOUAINAIKO VoY Wpo Y = y1 + Y] 1a)dovV:

L. lakdley €YY =y+ Y.

. Av Y1, Y5 vmoywpor tov X kai yr,ys € X étor wate Y = y1 + Y1 = ys + Ys, 107€
Yi=Yorkary —y2 € Y1.

Amooeiln.

1. Apob y € Y, vmapyel 2’ € Y; tétoto dote y = i + 2'. 'Ecto topa u € Y. Tote 10 10

Oa yphoetal ot HopON u = Y + &, U & € Y], emopévac u = y + (x — 2’), Kat, apov

oY) eivat ypappuikdg yopog, x — 2’ € Yy, nhadnu € y + Y, ApaY C y + Y.
Avtictpoga, av u € y + Yj, 10T€ T0 u Bo YpapeTAl GTN HOPON u = Y + X, UE

r € Yy, emopévoc u = y; + (z + '), Nhadn u € y; + Y] = Y, cvovendgy + Y, C Y.

Yvumepacpotika, y + Y, =Y.

ii. ' Eoto Z := {u—u : u,v € Y}. Apéong dtomcstovovpe 611 Z = Y] ka1 Z = Y.

Enmopévag Y = Ys.
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EmunpocOeta, and tmv 16o0tta v + Y1 = y2 + Yo cvunepaivovpe apéowng o1t

VTAPYEL T € Y] TETOO OGTE Yo = Y1 + 2, OMOTE Yo — Y1 =T € Y. [

YOUEOVO PLE TO TPOTYOUUEVO OTOTEAEGO UTOPOVUE TOPA VO SMTOVIE TOV OKO-

AovBo opiopod:

Opiouog 6.4 'Eoto X €vag ypoppikog ympog, Kat Y, Y = y; + Y7, évag opomapaiinit-

KOG VO WPOC Tov X. Q¢ didataay Ttov Y opiletor n didotacm tov Yy, dimY = dim Y;.

210 eMOUEVO ATOTEAECHO OIVETAL 1] G ECT LETOED OUOTAPAAANAK®OV LTOYMDPWOV
KOl TOVL YOPOL AVGE®V HOG YPOUKN S eEicwong Lx = y, pe L pio YpOppIK” anel-
kovion. Ewdwn nepintoon eival puoikd To ypoppikd GUGTHUATO, TO, OTOL0 oG OTo-

G OAOVV £0M.

IIpotaon 6.4 Eotw X, Y ovo ypauuikoi ywpoirkar L © X — Y uio ypoppixy aneikovi-
-1
on. o xabey € Y, 10 abvolo L (y) eival eite KeVo eite €vag ouomapaiiniikog vaoywpog
-1
tov X. Avz € L (y), t0te 10y Vel

-1

(6.9) L (y) =z +KerL.

Amnoodeién. Av 10 cOVOAO il (y) elvar kevo, dnAadn to y eival Tétolo ®ote 1 e&iocwon
Lx = y va unv €yet Ao, 10te dev vrdpy el Timote npog anddelgn. Eotw Aowndv
ot il (y) # 0, xar x € il (y). Avu € il (y), t0te u = = + (u — x) xou L(u — z) =
Lu—Lr=y—y=0,4pau—x € KerL, dniadnq u € = + Ker L.

Avtictpoga, avu = x+x' € v+ Ker L, 16te Lu = Lx + Lz’ = y+ 0 = y, Guven®g

—1
vel (y). O

[opwopa 6.1 Egrw A € R™" ka1 b € R™. Oecwpovue to ypauuixo avatque Ax = b ka
70 avtiotoryo opoyevés, Ax = 0. Eatw A := {x € R" : Az = b} 0 ydpog Lbaewv Tov
Ar = bkt N = {z € R" . Ax = 0} o yopog Abaewv tov avtiatoryov opoyevols
ovotiuatos Ax = 0. Av 1o gbotnua Ax = b éyel Avon, onlaon A # 0, kat x € A, tdte
wyber N = x + N, oniaon o A eivar évag opomapaliniikoc vroywpos tov R". Eniong
woyber dim A = n — Babuog(A).

Arnoodeiln. Oewpodpe Tnv aneikdédvion L : R" — R™, z — Ax. Tote éyovue

(6.10) N=KerL=1 (0) kau A=L (b)
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Ta aroterécpata topa Erovial and v Ilpdtacn 6.4- n oxéon yo ) ddotocn

anodeiytnke otnv [Ipotaon 6.1. O
‘Ecto Az = b éva ypoppikd cbotnpa, A € R™" xar b € R™. O nivakag

ayr ... ai, b
(A,b) = : : I
Ami -+ Qmn bm
Aéyetan emavlnuévog nivakag avToO TOL GUGTNATOG.
®a dovpe ToOpa OTL Eva Ypappikd cOotno Ax = b (Yo €vo GUYKEKPIUEVO d1VL-
oua b) €xet Abom, av Kot pdévo av o Tivakdg Tov A Kol 0 ETaVENUEVOS TIVOKAS TOL
(A, b) éyovv ToV 1810 Pabud. Avtd onpoivel OTADG OTL 01 GTNAES TOL A A’ VOGS Kal
ot otnAeg Tov A pali pe to dibvocua b o’ eT€pov Taplyovy ToV 1010 Y®PO, OTOTE
QLO1KG TO b o givar YpapplKdg GLVOLAGHOG TOV GTNADV Tov A, YEYOVOS TOL Elval

1000UVOHO P TO VO £XEL TO YPaupIKO cOotnpo Ax = b Abon.

Ocopnpa 6.1 To ypauuiro cvatnua Ax = b éyer Aban, av kai uovo av Bobpog(A) =
BaBpoOG(A, D).

Amnéoerén. Lrovg mivaxeg A xor A := (A, b) avTioTor o0V 01 ATEIKOVICELG

A:R" — R", x— Az,

Kot

AR R™ o Az,
avtictoya. ‘Eotw {ei,...,e,} kot {ef,... e, } ot kavovikég Baoeig tov R kot
R Téte woyver Aey = A'el), ..., Ae, = Alel, ka1 A'e, 1 = b. Avtd onpoivel 6t1b €

Im A, ko1 n epdtTnon gival katd Tocov woyvel b € Im A. Kat’ apynv €xovpe Im A C
Im A’ dpa Babuoc(A) < PBabuog(A’). Zvvenmg n oyxéon Pabuog(A) = Pabudg(A)
eival 1oodbvoun pe v PBabuog(A) > Babuog(A’), dnradn pe v Im A" C Im A.
YOUe®Va PE Ta TPOMNYOLHEVE N TeEAELTALN oY éom lval toodvvaun pe v b € Im A,

dnAadn pe tnv drapén Avong tov GuGTHHATOG Ax =b. O

[witepa evdlapépovoa eival  mepinT®on GTNV OMOl0 TO YPAUUIKO GUGTNUA
Ar = b, A € R™" ko b € R™, éyel Moon ywa kaBe b € R™, dnhadn n anekodOvion
A:R" — R™ x — Az, eivar épeon, onladn eni. Avtd cuopPaivet, uoikad, OTav

ol oTHAEG TOL A Tapayovyv 0Aov Tov R™, dnAadn 6tav o fabuoc tov A eivar m.
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Afqppa 6.3 Eotw A évac m X n nivaxag. Tote o ypauuixo abotnua Az = b éyer Aban yia

Kkdbe b € R™ av kat uévo av o fabucs tov A eivar m, Babpog(A) = m.

Arooeiln. Ynobétovpe TpdTA OTL TO YPapUUIKO cOatnpo Az = b £xel AOon yio ka0e
b € R™. Avtd onpaivel puoikd 01t N avtictolyn oaneikovion A eivor eni, onote
A(R™) = R™, ocvvenag Pabudc(A) = dim A(R") = dimR™ = m.

Avtictpoea, av o Babuog tov A givar m, tote dim A(R") = m, dnradn dim A(R")
= dim R™, ondte, hapPfavovtog v’ Oy Kot to yeyovog 6tt A(R") € R™, cvunepai-
voupe 01t A(R") = R™, dnAadn yia kabe b € R™ vrapyet =z € R" této10 dote Ax = b,

OTOTE TO YPAUULKO cvotnua Az = b €xel Avon Y kabe b € R™. O

Evxola tdpa 0dnyovpacte o€ pio 1kovn Kot avoykaio covOnkn yio va €xet Eva
YPOUUIKO cvotnua akpifong pia Avomn. I'vopilovpe 1oM 611 10 cbotnpo Ax = b £xel
AOom, av kot povo av Babpog(A) = Badudg(A, b). T va givar n Abon avth povedikn
TPEMEL TO AVTIoTOLY 0 OpOYEVEG cUaTNHa Az = 0 va £x el pdvo TNV TETPIUUEVT AOGT,
dnAadn o mupnvag ™G YPOUKNG arnetkdéviong A : R" — R™ x — Az, va
TEPLEYEL LOVO TO UNOEVIKO dLEVLGHA, OTTOTE Ud TOV TOTO TOV dl0GTAGE®Y TAipVOL-
pe dim Im A = n, ondte Pabuog(A) = n. Zovolikd dnAiadn Oa Exovue Babuog(A) =
Babuog(A, b) = n.

Afqppa 6.4 Eotw A évagc m x n mivaxag kar b € R™. Tote to ypouuixo abotyua Az = b
Eyer arxpifiog pia Aban, av kar uovo av Bubpog(A) = Badbudc(A,b) = n.

Arooeiln. Toppova pe 1o Oedpnua 6.1, to ypopptkd cvotnuo Ax = b £yel Abon,
av Kot povo av Babuoc(A) = Babuodg(A, b). EmmpodcOeta, n oyxéon Pabuog(A) = n
onuoiver dim A(R") = n, ondte 0 TOMOG TV drooTtdoemv pag diver dim Ker A = 0,
onradn Ker A = {0}.

YrnoBétovpe mpota 611 Pabuog(A) = Pabudg(A,b) = n. Tote, cbupova pe ta
nponyobueva, 10 cvotnua Axr = b €xel TovAdyloTov pio Avom, kot av A givol o
XOPOG AoedV Tov Kot = € A, 101e 1oyvel A = x + Ker A, ovvendg A = {z}, dnradn
TO CLOTNHA £YEL aKPLPOG pio AVo.

Avtiotpoga, av to Ypoppukd cvotnuo Az = b €xel akpifog pio Abon z, 10TE
A ={z}, onote n oxéon A = x4 Ker A diver Ker A = {0}, cvvendg, cOppova pe tov

TOTO TV dlaotdoenv, dim A(R™) = n, dpa Babuog(A) =n. O



6.3. H ME®OAOZ AITAAOIPHY TOY GAUSS 83

[d1oitepa ONUAVTIKY OTIG EQOUPUOYES ELVAL N TEPIMTOGT YPUUUK®DOV GUGTNHATOV
pe 1010 tAnbog eElomdcemVy Kol oyvootmv. Apeon andppota Tov ANppatog 6.4 Kot g
[Tpotdoemc 5.1 eivatl o akOAoLOO ATOTEAEGHA, COUPOVA LE TO OTOLO0 £VO. YPUUULKO
ocvotnua Az = b, 6mov A évog n x n mivakag, £xel pia Kot HOvo AOom akplpog ToTe,

av o A glval avTioTpEYIIOG TivVaKOG.

IIpétaon 6.5 Eagtw A évag n X n nivakag kar b € R"™. Tote to ypouuixo avatnua Ax = b

&yel axpifars uia Aban, av Kat wovo av o wivaxag A eivar avtiaTpéyyog. O

6.3. H péBooog amaroriig tov Gauss

Aivovpe topa pia “mpaktikn” péBodo emiAvong YPOUUK®OV GUGTNUATOV. ATo-
KoAEoape T HEOOSO LT TPOUKTIKN, YLATL OLTH, KOl dLAPOPES TUPAALAYEC TNG, Ol
OTolEC Y PNOIHOTOLOOVTAL Y10, AOYOUG OV OEV €1VOL GTOLE GKOTOVE OLTMOV TOV GN-
petdcoe®v vo eEnyndovv, xpnoiponotlodvtol ToAL otny TPasn, kKupimg Yo Oyl ToAD
HeYaAQ YPOUULKE CLGTN AT,

‘Eocto A € R™" ka1 b € R™. To tpdPAnpa mov pog omacyorel eivat vo Tpocdto-
plooLUE TIG AVGELS, ONAAOT TOV Y DPO ADGEMV, TOL YPAUUIKOD cLOTHUATOC Ax = b.

H pébodog amarorpng tov Gauss anmoteAeital and dVO GTAdLN, TNV TPLYDVOTOINTH

KoL TNV omiafoopounan. to TPpMTO GTAOL0 YPAPOLHE TO cVLOTNUA Ax = b 1GOdVVAU

GTN LOPON

(6.11) AW g = p¥),
pe KMUHOKOTO Tivoka cvvieleotdv AV = (ag;')), waitepa AomOV TETOLOV DGTE
al(-;’) =0y i > j, pe v < min(m, n), kot 6to 6e0HTEPO GTASLO EMAVOVUE TO TEAELTALO

avtd cOGTNHO EEKvvVTog amd TNV televtaia e§icmOON KAl TPOY®PAOVIAS TPOS T

Tiow.

6.3.1. Tpryovonoinen. Me tovg cLUPOAIGHOUE TOL ¥ PN CIUOTOLNGUNE GTNV UTO-
de1En ¢ [Ipodtaong 4.2, otnyv omoio vAOTOIONKE TO HEPOG TNG TPLYOVOTTOLNGNG TOV
apopd Tov mivaka A Kot pével To HEPOC Tov apopd To dthvucua b, 0étovpe b = b,

Kat, katd 1o Prpa r, opilovpe o b wg eéng, PA. Vv (4.4),

Y =" 1<i<,

7 3

(6.12)
B = b — b r+1<i<m.

i 7 r
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Kat’ avtdv tov tpémo, petd and to moAd min(m,n) — 1 fApota, 10 GOGTNUE Hog
YpapeTal oTNV emBLUNTA popoen (6.11).

6.3.2. Omo0oopounon. o va arlonolcovpe Tovg GUUBOALCHOVE, YPAEOVLLE TO
ocvompa (6.11) og Bz = ¢ kot todpa 0 enavEnuévog tivakas (B, ¢) Oa givatl tng pop-
g
bij, * . 1

boj,  * o Cy

b3j3 . C3

ijr e Cr

Cr41

0 Cm
ne byj, #0,...,b, # 0. Topa, o Babpog tov A eivar 7, kot eneldn ot nivakeg (A, b)
Kat (B, c¢) égovv tov 1610 Pabud, cuumepaivovpe e0KOAN OTL TO VO £YOLV Ol TIVAKEG
(A,b) ka1 A tov 1810 Babpod eivatl 1GOSVVOUO HE TO Cppg = -+ - = ¢y, = 0.

Yoppava pe 1o Osodpnua 6.1, 0 x®Pog AOGE®VY TOL YPOUULKOD CLOTNHATOC AT = b
elvol cuvendg akpPog TOTE UN KEVOS, OV ¢y = -+ = ¢, = 0. TNV mepintoon
r = m, eV gupoavifovtotl KaBOAOL T Cpy1, .. ., Cp, KOL, OTOG €1d0pE 0TO ANppa 6.3,
10 cvoTNUO Ax = b €yel Ao Yo kébe b € R™.

YnoOétovpe tOpa OTL ¢pyp = -+ = ¢, = 0. OTOC KO GTNV TEPINTOCT OUOYE-
VOV YPOUHIKOV CUCTNUAT®V, Ot HETUPANTEG x; pe j & {Jj1,...,Jr} elvar ehevBepeg
napapetpot. [Ipog anrlomoinomn Tov Guufoilcudy vTOOBETOLUE KoL ALTH TN POPE OTL
j1=1,..., 4, = r. T va tpocdiopicovpe pia €161k AOGN TOL U1 OHOYEVOUS Y POUULLL-
KoL cvothpatog Ax = b, 0étovpe 2,4 = -+ = x, = 0. Ano6 TNV r—o1 e£icwomn tov
Bz = ¢ hapPavovpe 101€ by = ¢, KAl and €00 LTOAOYILOLUE TO .. [IMyaivovTag
HETE TPOG T TIG® LTOAOYILOVUE TA Ty 1, . . . , T1, KOL TALPVOLUE GUVOAKE pio €101KT
AMonu = (z1,...,2,,0,...,0) T00 Bz = ¢. Apov o Tivokag (B, ¢) TpOKVLTTEL OO TOV
(A,b) petd and menepacuéVov TANOOLE GTOLYEIMIELG HETACYNUATIGHODS YVPAUUADV,
VTTAPYEL EVAG AVTIGTPEYIHOG 1 X n Tivakag S, Tétolog mate (B, c) = S(A,b), dnhadn
(B,c) = (SA, Sb). Enopévag éyovpe

Au = S"'SAu = S"'Bu=S"tc=0b,
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ONAadn to u eivar eniong AVOM TOL YPAPUIKOD cLoTHHOTOC Az = b.
Topa, pe ™ yvoot pog pébodo, vroroyilovue 10 xyOpo Abcemv A’ Tov opoyevong

YPOUULKOD GLGTAUATOC Ax = 0, 0moTE 0 Y DPoc Avcewv A Tov Ax = beivar A = u+A'.
THapdderypa 6.2 Oc@PoVUE TO U1 OUOYEVES YPUUULKO GOGTN O

T — 2x9 + 13 =
(613) rKT — 2%2 — Xy = 2

T3 + Ty = -1
Epapuolovtag oToryeltdoelg HETOGYNUOTICUOVS YPUUU®OV GTOV ENAVENUEVO TIVOKO
OLTOU TOVL YPUUUIKOD GLOTNUATOC,

(Ab)=11 -2 0 -1 2],

happévovpe Tovg TivaKeg

1 -2 1 0 1 1 -2 1 0 1
o 0 -1 -1 1},10 O -1 -1 1/,
0 0 1 1 -1 0 0 0 0 0

Eme1dn ot mivaxeg (A, b) kat A éxovv tov id1o Babud, 2 =: r, 1o cvonua Az = b €yet
room. O yopog Mcewv A €xel dtaotacn 6vo, dimA = n —r = 4 — 2 = 2. Ernilong
Exovpe j; = 1,jo = 3. Me g = 24 = 0, éyovpe 3 = —lkorzy = 1 — 23 = 2, dpa
u=(2,0,—1,0) elvar pia Abon tov Az = b.

INa va tpocdlopicovpe 10 xdpo Aboemv tov Axr = b, Tpocdlopilovpe TPAOTA TO
YOPo Moewv A’ Tov avTioTol oV OHOYEVOUE YPUUUIKOL GuaTHuaTog Az = 0, | TOL
10000VapoL TPpog avtd Br = 0, dnAadn Tov

T1 — 219 + X3 =0

(6.14)
Tr3 + 24 =0
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Me x5 = A\; K01 x4 = Ay €XOVUE T3 = — Ao KOL X1 = 21 + Ag. O ydpog Acemv A’ givar
EMOUEVOC M €1KOVOL TNG YPUUULKNG OTEIKOVIGNG

G:R — R*
(A1, A2) = (2A1 + Ao, Ar, — A2, A\a)
N omoia givat £va TPog Eva, dNAadN EYOVUE ETOUEVOS
N =< G(1,0),G(0,1) >=<(2,1,0,0),(1,0,—1,1) > .
YUVET®G, 0 XM®POG AVGEMV A TOL YPUUUIKOD GUGTNHOTOC Ar = b diveTal g €ENG
A=u+AN =(2,0,—1,0)+ < (2,1,0,0),(1,0,—1,1) > .
Me aAla Adyia, ot AVGELS TOL YPUUULKOD cuaTnpatog (6.13) eival ta dravicuata
(2,0,=1,0) 4+ A1(2,1,0,0) 4+ Ao(1,0, —1,1) = (2 + 2X\1 + Ao, A, —1 — Ao, Aa)

OTOL Ol TUPAUETPOL A KOL Ag SLATPEYOLY OAOVE TOLG TPAYHATIKOVG aplOpovg.

6.4. Acknosig

6.1. I1pocdtopicTte TOLE Y OPOLG AVCEMV TOV EENG OUOYEVAV YPUUULKDV CLCTNUATOV

ry + 229 — 23 + x4 = 0
21‘1 — To + X3 —+ Ty = 0
r1 — X9 + x3 + 224 = 0
T + 21’2 — I3 =
2[E1 — To + X3 =

3$1+ To + X3 =

6.2. 'Ecto A = (a;;) € R™ évog dtaydvia vréptepog mivakag, dniadn mivakog pe
aLGTN PG KLPLAPYIKT dlay®VIo, ONANdT TETOL0G MGTE

Z lai;] <law|, i=1,...,n.

ot
Amoodeigte 611 0 A givar avtiotpéyipog, PA. [TpodTaon 5.2.
[Yrodeiln: YroBéate OTL TO opoyeVvES Ypappikd cvotnue Az = 0 £yxel pia pun TeTpii-
pnévn Aoon z, cupPoricte pe x; pio KAt amOALTO TIUN HEYLGTN GLVIGTOGCH TNG, KOl
odnynbeite og Grtomo.]
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6.3. 'Ecto
4 2
3 1
2 0

73

"Exet 10 cbotnpa Az = b yua k60 b € R? Lbon;

N W W

6

5 7
6 5
3 8
13 13

6.4. E€etdote, yopic va 10 AVCETE, KOTO TOGOV TO YPUUULKO GOGTN O

N NN DN
T = Ot W N W
S © Ot N s
© ~J O 00 = ot

&y el axkppog pia Avon.

xy
X2
xs3

Xyq

6.5. No Abcete, ONAadn va TpocdlopiceTe TO YHOPO AMDGEDY TOV, TO YPUUUIKO GVOTN-

Lo
((0x; + a9 + 2z4 —
r3 — T4 —
To + 2z4 +
r3 — X4
L To + x3 + x4

X5
X5

X5

— 4uxg = =2
+ 2z¢ + x7 = 2
— 2x4 = 2
+ 2z — x7 = 1

+ x; = 4

6.6. [1pocdlopioTte TIC TIHEC TNE TAPAUETPOL A, Y10 TIC OTOLEC TO CLOTNUA

or + 2y —

z

2¢ + 3y + 4z
dr — By + Az

= 1
= 7
= A5

Exelr Avom. o avtéc Tic TiHéG Tov A, va AVGETE TO YPOUULKS GOGTNHA, ONACON Vo

TPOGOLOPIGETE TO Y DPO ADGEDV TOV.

6.7. 'Ecto A évag n X n Tpaypatikdsg, Gve TpLymviKOS TivVaKG e 1N UNOEVIKA dia-

yovia ototyeia. Amodeifte 6t1 0 A €lval avTIGTPEYIHOG, KOl OTL O AVIIGTPOPOS TOV

elval emiong Avo TPLY®VIKOC TiVOKOGS.
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6.8. Anoodci&te tnv [IpoTaon 6.5.

6.9. Amnodeifte 011 €vac n X n mivakag A glval avIiGTPEYIHOG, OV Kol HOVO OV TO
OUOYEVEG YPOUUKO cvotnua Az = 0 £xel pOVO TNV TETPLUREVT Abom, = = 0.

6.10. 'Eotow A xatr B 600 n x n mpaypatikol nivakec. Anodeifre 6t o mivakag AB

€lVOL OVTIGTPEYIHOG, AV Kot LOVO av Katl 01 dVO Tivakeg A kol B gival aviioTpéyipot.

6.11. MeAetnote ) pnéBodo anarotpng tov Gauss oTnV €101KN, GAAG 1OL0iTEPA Y PN-

GLUN OTIG EQPAPHOYEG, TEPIMTOST, OTOL TO YPUUUEKO CUCTNHA £YEL TO 1010 TANO0G

6. TPAMMIKA XYZTHMATA

e£10MOEMV KOl 0y VOCT®V KOl O TIVAKAS TOL £1val OVTIGTPEYIHOC.

6.12. I1pocdlopicTe TIG AVGELG TOV YPOUUULKOD GUGTHUATOG

(

T + X9
T3

T2
Zs3
\ i) + T3

_|_

2%4
Ty
2%4
Ty

Xy

Iy —
Iy +
Ty +

6.13. I16ceg ADGELC €Y €L TO YPOUUULKO CUGTT U0

(1514
20z, + T3
Trog — 30x3
T2
T3
T3
L 20y + 4w

6.14. Ocwpovpe Eva OPOYEVES YPOUUIKO GUGTNHO HE M EEIGAGELS KOL 1 0Ly VAGTOVC.

YrnoBétovpe 60TL n > m. Anodeigte 6TL N d16GTAON TOL X M®POL AOGEMV TOL GLGTN O

TOG €1val TOLAGYIGTOV N — M.

+

54
Ty
10z,
2514
Ty
Ty

Lyq

+ o+ 4+

Zs
Ty
Ts
Ty
20I5

2I5

4$6

— 4z
+  2xg
— 2z
— 2z
+  Txg
+ 2Txg

X

X7

X

+

€T

X
X7
19$7

— o= s O W

|
o 0o o0 o o o o

I



7. Opilovoeg

Y€ autd T0 KePGAaLo Ba elcaydyovpe Eva aAlo ypnotpo epyaieio g Ipappikng
AlyeBpag, TNV opilovaa tetpoyovikod tivaka. H opilovca eivar pia aneikdvion, n
omnola avtiotolyilel o kaOe TPayUaTIKS TETPAYOVIKS TIVAKA VAV TPUYUATIKO 0p1O-
no. Oo peleTMoOLEE O1APOPES 1010TNTEG 0pLlovo®V, Kul Bu dovpe Tmg e tn Ponberd
TOLG UTOPOVE VO, SMCOLUE Pidt KOUYN TAPAGTAGT) TG AVGN G EVOG Y PUUULKOD CLGTY-
patog pe id1o tAnbog eElodoewv kot ayvootmv. Idtoitepa onuavtikd poro tailovv
ot opilovoeg e TpofANpaTa 1OLOTIH®V, BN TO omoio Ba pag anacyoAncel 6To £va-
10 Kepalato.

7.1. Opropoc, vrapcn Kot povosnpevo g opilovcag

Ye autn TV evotnta 0o ddcovpe Evay yevikd optopd g opilovoag, o dodue dTL
Kot auTOV TOoV TPpOTO N opilovca eival Kard opiopévn, Kat Ba yvopicovpe dtdpopeg
1016t TEC 0p1LOVCHOV.

Kabe mivaka A € R™" o tov cupfoiilovpe Kat g
a1

G

OTovL a; €lval 1 1—GTN YPAUUT| TOV.

Opiouoc 7.1 'Eoto n évag puoikdg apbuoc. Mia aneikdédvion det @ R™™ — R

Aéyetar opilovaa (determinant), av 16 OOLV:

D1 H det givatl ypappikn og tpog kébe ypopun. Avoaivtikdtepa avtd onuaivel OTL,
Yo A € R" xari € {1,...,n}, oydovv
89
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i. Ava; = a + a, t6te
deti|a, | =det | o' | +det | o
7 [

ii. Av a; = \a}, t101¢

det | a; | = Adet | o

D2 Av dvo ypoppéc tov n x n mivakog A £y et dVo YpaupUéES Tov 1d1eg, TOTE N opilovod

ToL glval undév, det A = 0.

D3 H opifovoa tov n X n povadiaiov mivaxka .covtal ue tn povada, det 7, = 1.

O opiopog dev eEacoariletl, puoikd, TNV vLapEn g opilovoasc. TN GuvEYELL
0o amodeiovpe VTTAPEN KoL LOVASIKOTNTA, ONANOT OTL LTAPYEL AKPLPOC Pid amelkd-
vion pe tig wiotnteg D1, D2 xar D3.

Evtelmg avaloyo pnopovv va optoBodv opilovoeg kot yia nivakeg and to K™
omov K éva copa. Ot opilovcseg BpioKouy 1 CNUAVTIKOTEPTN EQUPHOYN TOLG GTO.
TPoPANHOTO OLOTIHAOV, pE Ta. ontoia Bo acyoinbovue cto Kepdhato 9, dmov Kat
Oa xpnoponotncovpe opilovceg Yo P1yadikovg TETPAymVIKOUS Tivakes. Eniong ot
opilovoeg Hog d1ELKOADVOLY VO, TAPAUGTIICOVIE UE KOUWYO TPOTO TN AVCT Y POUUUIKOV
GULGTNUATOV e TO 1010 TAN00G e£10MOEMV KOl AYVOGT®V, KAl AVTICTPEYIUO TIVOKO

CUVTEAECTOV.

[Tpwv mpoywpnioovpe otV anddelgn vrapEng Kot LovadlkdOTNTS Yo OpilovsEg,
GNUELOVOVLUE OPLOUEVES OTTAEG 1OLOTNTEG TOVG, Ol OTOLEG £1Val AUEST ATOPPOLL TOV

0pPLGHOD TOV 0PLLOVCGAOV.

Afupa 7.1 Eotw A € R™",

a1

Tote 16 b0vv:
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1. Av avtaiialovue oo ypauués tov mivara, 1ote 5 opilovaa ailalel mpoanuo,

det

= —det

a;

. Av g¢ uia ypauun tov mivaxa npoclécovue éva ToALATAATIO LGS AAANS YPOUUNS TOV,

n opilovoa uével avaliioiwty,

det

a; —I— )\aj

= det

. Av o nivaxag Eyel wio unoevikn ypauur, tote n opilovad tov eivar unoév, oniaon av

a; = 0 prakanoro i € {1,...,n}, téte det A = 0.

1v. Av moAdanlaaidaovue Tov wivaka eni A, Tote i opilovad tov moALaniacialetar eni A",

det (AA) = A\"det A.

Amooeiln.
1. 'Eyovue

a;

det | : | +det

a;

ai—l—aj

a;

Q;

= det
Qa;
+ det

+ det

ai—i—aj

a; a;
+det | :
a; a;
a; + a;
= det
a; + a;

+ det
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OTOL GTNV TPAOTN 16HTNTA Y PNCLHOTOINcapE 000 Popég tnv D2, otn devTtepn kot

otV tpitn v D1 xat otnv tedevtaio Eava tnv D2.

ii. 'Exovpe
a; + Aa; a; Aa;
det : =det | : | +det
aj aj aj
a; Q5 a;
=det | : | +Adet | : | =det | : |,
a; a; a;

OTOL GTNV TPATN Kol 6TN devTEPN 16dHTNTA Y pnoponomoape v DI kot otnyv te-
Aevtaio tnv D2.
i, [ évav un undevikd mpoypatiko aptfuo A Eyovpe

det [0] =det [ X-0]| =Adet |O] ,

Omov oTN deVTEPN 160TNTA Y pnoonomacape tnv DI. To arotériecpa topa £metal
apECMG amd VTN TN CYXECT.

v. Mo évav pun undevikd mpaypatikd aptdpd A Exovue, ypnoponotdvrac tnyv DI,

Aaq ay ay
Ay Ao as

det(M)=det | ~ | =Xdet| | =---=A'det| | =A'detA. O
G, Aay, an

Opioués 7.2 'Boto A = (a;;) € R™ évag mivaxag. O mivaxag A;; € R o

0TO10¢ TPOKVUTTEL OO TOV A av 1oy plyovue TNV i—GTN YPAUUT TOL KAl TNV j—OGTN
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GTNAN Tov, AEYETUL eAdoomY mivakag Tov GTolKElov a;;. Tov oTolyEiov a;;. O ¢;; =

(—1)"*det A;; Aéyeton adyefpucd aounpwua | eounapdyovrag Tov a;;.

Ozopnpa 7.1 Yrdpyer axpifaos pia aneikovieon D - R™" — R, n onoia ikavomorel Tig
avvOnies DI, D2 ka1 D3.

Amooeiln.
Yrapln. Oewpovpe €vo toyxoio, aAdd otabepd otn cuvvéyewn, j € {1,...,n}, Ko

opilovpe avadpopLKa TNV ATELKOVIO)
det :R"™" — R

A= (alk) c R" — Zaij(—l)”j det Az’j ,
=1

pe det (a) := a, ywo 1 x 1 mivakeg pe otoryeio Evav Tpaypotiko aptbpd a. O@a amnodei-

Eovpe TMPA, ETAYOYIKA OC TPOG 1, 0TL N det 1kavomoiel Tig cuvOnkeg DI, D2 kar D3.

a11 a2
A = ,
Q21 A22

kot j € {1,2}, éxovpe det A = ajjass — aq2a91, Kot StomioTOVOLNE ApESHS OTL 1 det

INon =2,

Exel Tig wdTTEC D1, D2 xa D3.
Y10 gnaymykd Ppo vroBétovpe 6tTL 1 det £xel Tig 1016t teg D1, D2 xot D3 yia

n — 1, ka1 B amodeifovpe 6TL £x el ALTEG TIC 1016TNTEC KOt Yo n. Me

ay
a1
Am—1
A= |a,, kot B =] la, |,
Gm+1
a’?’l
Qp,

A 6t00epdG TPAYHOTIKOG aplOUdS, £y ovpe
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det B = Z bij(—1)"* det By;

(7.1)
= by (—1)™* det B,,,; + Z bij(—1)"* det By;

z;ﬁm
Topa, by; = Aapj,det B,,; = det A,,;, ko1, cOupova pe TV vrodecN NG ETOYOYNG,

det B;; = Adet A;;, © # m. Enopévagn (7.1) diver

det B = Aay,;(—1)™" det A,,; + Z a;(—1)" det A;;] = Adet A.

i=1

i#m
"Eocto topa
ai ai
a1
Am—1 Am—1
A=lan,|,B=| b, kot C'=|a,,+b,
Am+1 Am+1
an
Qp Qp,

Tote 1oyveL

detC' = Zcm 1)+ det Cy;

(7.2)
= i (—1)"H detij+Zc” 1) det C;; .

'LZ;/—"!}L
Topo, ¢pnj = am; + by, detCy,; = detA,,; = detB,,;, ¢;; = a;j, yio i # m, Ko,
cOpeva pe TNV vtdbeomn g enaywyng, det C;; = det A;; +det B;; . Enopévacn (7.2)
divet
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det C' = (A + bm;)(—1)"H det A,,,; + Z a;j(—1)"™7 (det A;; + det By))

L;ém

= Z a;;(—1)" det A;; + Z bij(—1)" det By;

=1

=det A+ detB.
YUVETMC, LEYPL TOpa ociEape 0Tt M det ikavorotlel tnv D1 xat ya n.
‘Eoto
aq
Qay
A=1+ [ eR™
Am
Qn

évag mivokag pe 800 1d1eg YPaupES, ap = an,. Tote det A = Y7 a;;(—1)" det A;;.
Topa, yro i # ¢, m, ot mivakeg A;; eivar (n—1) x (n— 1) kat €xovv 800 ypappég idieg,
apa, coppova pe tnv vrobeon tng enaywyng, det A;; = 0 yia ¢ # £, m. Eropuévog
Eyxovpe

det A = ag;(—1)" det Agj + @i (—1)™" det A,

(7.3) N 4
= ag; (1) [det Ay + (—1)™ “det A,.,5] -

O nivakag A,,; tpoxdntel and tov Ay , av tn ypoppr tov £ tnv aviaridovpe tpmta
pe v £+ 1, peté pe v £ + 2, ka1 odto ko’ €ENg, Kat, t€Aog pe v m — 1, dpa
det A,,; = (—=1)m=D=*det Ay;, ko1 n (7.3) Siver det A = 0. Zvvendg n det kavomoiet
v D2 kot yia n.

Télog, yia A = I, £yovpe, AapPavovtog v’ OYLy 10 YeYovog 0Tt a;; = 0 Yo i # j

Kol €V ouveyeia 1o 0Tt a;; = 1 Kal v emoywyikn veddeon,
_ +
det I, E aij(—1)"7 det Ay

=1- (— )Z+l det[n,1 = 1,
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onAadn n det tkavomotei kot tnv D3 kot ya n.

Movadikotnyta. 'Eocto 6t o1 aneikovicelg D, D' : R™ — R ixavomolodv Kot
T1g Tpelg ovvOnkeg D1, D2 kar D3. Oa anodeiovpe 611 D = D'. @étovue Loimov
A := D — D’ kot apkei va arodei&ovpe 6Tt A(A) = 0 yo kabe wivaka A € R™™. Av
{e1,...,en} M xavovikn Baon tov R", t6te 1 i—0TN Ypappun a; Tov nivoka A ypaeetal

oTN LOPON

n
a = (ail, P ,am) = Zaijej.
j=1

H A givatl ypoppuikn og mpog tic ypappég tov A, og drapopd tov D kot D’ yio T1g
omoiec vtoBécape 6tL Eyovv avtn TNV Wd10TNTO. ETopévag éyovpe

Zn W e €1
j1=1%171%5 n Zn
_ . _ Jo=1 "4J2-]2 o o
A(A)—A : = E alle . ==
n Jji=1 :
SN g, €
Jn=1 "TIn"Jn n
(7.4) > =1 W15, €,
n €
= E aljl a2j2 cee anjnA
J1,525--50n=1
€
Topa, av 600 and Tovg deIKTES Jj1, - - ., jn ELVAL 1GOL, TOTE TPOPAVDS
€1
(7.51) Al + | =0,
€jn
a@ov ot D, D’ éyovv ovTth TNV 131OTNTA.
Av 01 0€1KTEC J1, - - - , Jn ElVaL aVA 0DO SlapopeTIKOl HETAED TOVG, TOTE, EEKIVOVTUG

amd TOV VKO
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UmTopoOue pe m, m < n, EVAAAAYEG YPUUUOV Vo 0dNnyNnOovpe GTov povediaio Tivaka
I,

omOTE, POV o€ KAOe eVOALAYN YPAUU®DV 0AAGLOLY T Tpoonuo Tov D xal D', cuve-
TG Kal TG A, Oa Eyovpe

€j1
(7.51) A i | =(-1)"A(L,) = (-1)"(D(,) — D'(I,)) = (-1)™(1—1) =0.

€jn
AapBavovtog topa v’ Sy v (7.5), n (7.4) diver apéowg A(A) = 0, ywo kéBe A €
R™" ocvvenog D =D'. O

YUUTEPACUATIKA, AOITOV, COUPOVA LLE TA TPONYOVUEVA, N opilovcsa EVOC N X n

nivako A opiletal, emaywykd o¢ tpog n, og eENg: o n = 1 kot A = (a) Bétovpe

det A :=a, kot yian > 1, pe éva toyxaio j € {1,...,n}, 0étovpe
(76) det A := Z Clij(—l)H—j det Aij ,
=1

omov A;; elvat 0 AoV Tivakag Tov oTotyeiov a;;, dnAadn o (n—1) x (n—1) mivakag
TOL TPOKVLTTEL Ud TOV A, 0V o yYPAWYOLHE TNV i—GCTH YPOUUN TOL KOl TNV j—GTN
otAn tov. H oyéon (7.6) Aéyetar avantuypa tg opilovcac ¢ mTpog T GTNAN J.
To yeyovdg 6t 10 e€ayduevo eival avedptnto tov j, €lval auecn andppola Tov

Ocopnportog 6.1.

Aivovpe Tdpa vo BonOntikd arotédecpa, 0Tl kGO AvVTIOTPEYIHOG TIVAKAG UTO-
pel va avalvbel o€ YIVOUEVO GTOLYELMOMV TIVAK®OV, TO OTO10 Oo ¥ PNOIUOTOINGOVUE
otV anodelén g enduevng [pdtaonc.

Afppa 7.2 Eotw A € R™" évag avtiarpéwipog nivaxag. Tote vmdpyel Evag puaikog

aptOuoc r kai atoryelmoelg wivaxeg Ey, . .. | E,. tétolol wate
(7.7) A=FE, ---E,.

Anooeiln. T'vopilovpe oM O0TL ToV Tivoko A umopel koveig, Le KATAAANAOLG HETA-

GYMUATIGUOVG YPOUUUDV, ONANON UE TOAAUTAACIAGHO OO APLOTEPE UE TIVUKES TG
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Hopoeng Si(A), {, VO TOV HETATPEYEL OE VD TPLY®OVIKO TTivaka Pe un undevikd dio-

YOV10 GTOlYElD, OTTOTE

Al Kx %
A2
E,.---EA =B = )
0 An
Topa,
1 « % *
1 1 ~ * *
1 n
0 1

Me kat@AANAoVg HETACYNHATIGHLOVS YPOUUU®V, TOAAATAOGLALoVTAC PEP’ ELTELY TNV
TEAELTALO YPOUUN HE KOTOAANAOLS 0plOHOVE KAl apalp®VTAG and Kae pio and Tig
TPONYOOUEVES YPAUUES £TCL OGTE VO UNdEVIGTOOV OAa To GTOlY el TNG TEAELTALNC
GTNANG EKTOC OO TO TEAELTALO KOl TPOYM®PMVTAS OVTIGTOLY M TPOG TO TLC®, HTOPOV-
LE Vo TETVYOVUE TO EENG

B BB = I,

2ovovalovtag To TPOoNYOUUEVH KOTOANYOVUE GTO OMOTELECLO

~ ~ 1 1
El...qul()\_l)...

To anotérlecpa TOPA TPOKLTTEL AREGMOG TOALATAACLALOVTAG ATO TA APLOTEPH TPDOTA
ue (E1)7', ev ovveyeio pe (Ey) ™!, kot obto ko gENg, kat téhog pe (E,) ™1, kot hop-
Bavovtog v’ OYLv TO YEYOVOS OTL OAOL Ol TIVAKEG ILE TOLG OTOLOVG TOAAUTAUCIACULE

elvotl otolyew®dels. O

Opiopéveg GALeg xpNOIUES 1010TNTEG Opliovo®dV divovtal otnv akdiovdn I1po-

Ta0M.

IIpotaon 7.1 Eatw A € R™". Tote iaybovy:
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1. Av o A eivai dveo tprywvikdc mivaxag, oniaon a;; = 0 yia i > j, ondte ypdpetar ot

Hopo]

Al x X% *
4 Aoy * * |
0 An

70TE N 0pILOvTA TOV EIVAL TO YIVOUEVO TWYV JLAYDVIQWY aToLyeiwy Tov A, oniaon det A =
AL A

. Avaq, ..., a, gvat o1 ypauuéc tov A, 1ote n opilovaa tov A eivar unoév, av Kar Lovo av
70, OLOVOGUATO, A1, . . . , Ay EIVAL YpOptKd eCapTnuéva.

1. Evag tetpaymvikog wivarKag eival avtiaTpéWLog, av Kal [ovo av n opilovad tov oev
elvar unoév.

1v. H opilovaa tov yvouévov ovo n X n mTvAKwY 1G0UTAL UE TO YIVOUEVO TV 0pLLovaV
TV Ovo mvdkwv. Eidikotepa, av A eivar évag avtiatpéyuog mivakag, tote B opilovaa
Tov avtiaTpdpov tov, det A™1, 1oovtar pe tov avtiotpopo g opilovaag tov A, det A1 =
1/det A.

v. H opilovaa tov avdotpopov evig mivaxa icobtar pue tny opilovaa tov nivarxa, det AT =
det A.

Amrooeiln.

1. H an6dein yivetar enayoyikd og tpog n. 'ia n = 2 n oyxéon eival Tpoeavng
KoL, av deyBolpe 0Tt 1oy vEL Y10 n — 1 Kot avantOEOLHE TNV n X n 0pilovoo MG TPOC
MV TPOTN GTHAT, OTOTE HOVO 0 TPAOTOG OPOG elval Un UNOEVIKOG Kal EYOvpe pio
(n—1) x (n — 1) opifovca g 1d10g LOPPNG, LUTIGTOVOVUE AUESMG OTL 1| GYECT
Lo VEL KOL Y1d N

il. Mg KatdAANAOVG HETAGYNUOTICHOVS YPOUUAOV TOV HLOPPAOV 1il. Kot iv., PA. TV

[TIpotaon 4.2, and tov mivako A TpokOnTEL £vag Avm TpLyovikdg Tivaxag B,

M x X L. %
B — Ao x ... %
0 An

Av yivouv m petacynuatiopol g Hopeng iv., tote Exovpe det A = (—1)"det B, emo-

HEVOG, GOUE®VA HE TO 1., det A = (—1)™A; - -+ \,. YnoBETtovtag topa 6tL 1 det A givat
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JLAPOPETIKT TOL UNdEVAS, YEYOVOG TOL GMHOLIVEL OTL OA0 Ta A; €lval pn pundevikd,
ONA. o Babuodg Tov B, cuvendg Kal Tov A, ®¢ TPOG TIG YPAUUES €1Vl n, GUUTE PALVOL-
He OTL T0 SLAVOOUOTA a1, . - . , Gy ELVAL YPORIKE aveEdpTnTa. AOYIKH 1GOOVVAUO HE
avTo gival to yeyovog 6t 1 opilovsa tov A undeviletal, av Kot HOVO AV Td ay, . . . , Ay
elvatl ypappikd eEaptnuéva.
1ii. 2opeava pe v [pdtaon 5.1, évag tetpaywvikdg n X n tivakag A eivotl oviieTpé-
YOG, OV Kol HOvo av o Babpog tov A o¢ Tpog Tig GTHAEG E1VOL 1. ZOUG®VO, ILE TO ii.,
ouwg, M opilovca tov A givol SLAPOPETIKN TOL UNOEVOGS, AV Kol HOVO av o Babudg
TOL G TPOG T1G YPaupES eivar n. Eme1dn ot fabuoi tov A o¢ mpog Tig Ypappés Kot g
Tpo¢ TI¢ 6TNHAEG TavtilovTal, cuunepaivovpe 6tL 1 opilovsa Tov A dev eival undév,
av Kot povo av o A eivatl aviioTpEYHoC.
1v. Amodelkvoovpe Kot opyfAV 0LTN TNV OLOTNTA GTNV TEPINTOSN Tov 0 A gival
oTolye1oNg wivakag. Katoniy ypnoiponotobpue avtd 1o anoTéEAEGHA Yo VO 0ONYT-
OovpeE GTO AMOTEAECO OTT YEVIKN TEPITTOOT).

‘Ecto howmov E € {Si(N), @7, (Q)71}, Br. 11 (6.3) kot (6.4) yio T0 cupforioud.
TOpQOVO tE To i. 1oyvet 1ote det S;(\) = A kat det @7 = 1. Emnpdcheta

by by
bi—1 bi—1
det (S;(\)B) =det | \b; | = Adet | b; | =AdetB,
bi+1 b’i+1
by, by,

KoL, copeova pe tig D1 xatr D2,
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b
: by
bi—1 :
bi 4, bi—1
det (Q/B) =det | biy1 | =det | b, | =detB
: bit1
b; :
: bn
bn

aKpLPOG avTticTolya anodetkvietatl 6Tt

det ((Q)™'B) = detB.
To mpokatapkTIKO pag ATOTEAEGHA E1val AOITOV OTL
(7.8) det (EB) = det Edet B,

otav o E gival otolyeldong mivaxkac. Av topa o mivokoag A eivol aviieTpEYHog,
omoTE, GOUEMOVA PE TO ANUUO 7.2, YPAGETOL MG YIVOUEVO GTOLYELMODV TIVAK®OV GTN

popoen (7.7), xpNOIUOTOLDOVTIAG TO TPOKATAPKTIKO HOG OTOTEAECHA EYOVIE
det (AB) =det(E;--- E, - B)
= det Fydet (Ey--- E, - B)
=det F\det Ey---det E, -det B
=det(F,--- F,)det B = det Adet B..

Téhog, av o A dev elvarl avtiotpéyipog, 1ote, cOpewva pe v iii., det Adet B = 0.
Eniong, dim A(R") < n, cvvenag, Babuods (AB) = dim AB(R") < dim A(R") < n,
onote det (AB) = 0.

v. 'Ecto kot’ apynv 0tt o A givol avtioTpéyipog, onote YpapeToL ®G YIVOUEVO GTOL-
YELWSDV TVaKoV, A = E; - - E,. Engidn npoeavag woyvet det EI = det E;, ypnoipo-
TOLDOVTAG TO 1V. £YOVLUE

detA=detE,---detE, =detE{ ---det EF
=det(E"---ET) =det(E,---E,)" =detA”.
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Av o A dev glvatl avtioTpEYLHog, T0Te 0 BabUog Tov A WG TPOG TIG YPAUUES, CLVETMG
kot o Badudc tov AT w¢ mpog Tig oTHLES, elvar pucpdTEPOC TOL N, GLVETMC Kat 0 AT

Sev eivatl avtiotpéyipog, ondte det A = det AT = 0. O

XPNGIHOTOLDOVTOG TO YEYOVOS OTL 1 0pilovaa Tov avaGTPOPOL EVOG TiVOKO 1G0V-
Ta pe tTnv opifovca Tov Tivaka, ival e0KOAO va dlamioTtdcovpe 6TL n opiovoa ival
YPOUUIKN KOl OG TPOG TIG OTNAES £VOG Tivaka, BA. tnv Acknon 7.5. Avti 1 1816t ta

Oa ypnoponoinbei otV ETOUEVT EVOTNTA.

7.2. Yroroyiopog opillouc@v Kol EQUPROYES

Ye avtn TV evotnta Bo yvopicovpe TpOTOLG LTOAOYIGHOU 0pllovcdV, KaBMG
KOl TOVL aVTIOTPOQOL €VOG Tivaka, Kol B0 SOCOLIE KOUWEG TOPUCTACELS TOGO TOL
AVTIOTPOPOL EVOG TiVOKO OGO KOl TNG AVCTNG VO YPOUULKOD GUGTHIATOS, e 1010
TAN00G e€loDGE®Y Kal AyvOGTOV, Le TN fondeia optlovsmv.

‘Eotm

11 Q12
A

Qg1  G22
Tote xat’ evbeiav and tov opiopuod ¢ opilovoog Aappdvovpe det A = aq1a99 —asaqs.
o

11 Q12 Aa13
A = Q21 Q22 G23 | >

31 a3z ass

L PNOLLOTOLOVTOS TOV OPIGHO TNG opilovcag, Exovue

iz 0413
— agldet + agldet ,

32 Aa3s3 32 A3z Q22 A23

Q22 A23 12 Q13

detA = audet

oniodn

(7-9) detA = 11022033 — A11023032 — 11021033 + G13G21033 1+ A31G12G23 — A31022013-
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To anotéheopa (7.9) TpokONTEL KOl e TOV AEYOUEVO Kavova Tov Sarrus, dnhadn mG

e&ng: Eravaioppfavoovpe t1g 600 TpdTEC GTHAEG TOL TivVAKA LETA TNV TPLTN GTNAN,

+ +  +
11 a2 @13 AaAi;x a2
Q21 Ag2 Q23 A21 (22

31 az2 A3z aAs1 Aa32

Kot oyNUotiCovpe Ta YIvOUEVE TOV TPLOV “dlayoviov” and Tdve aplotepd TPog To
KAt 0e&1a, pe BeTikd TPOGM O, KOl TOV TPLOV “Olaymviny” and KAT® aploTepPd TPOG
Ta Thve defld, pe apvnTikd TPOGNHO, OTMOC PUIVETAL OVAOTEP®, KAl TAIPVOLUE TO
aBpoiopa twv €61 dpwv mov tpokvrtovy. H onuacia tov kavdva tov Sarrus mepropi-
Cetal amd 10 YEYOVOG OTL OV LTAPYEL YEVIKELGT TNG YO0 LEYAADTEPO N, 1 > 3.

IMa yevikd n, évag tpoOTOG LITOAOYIGHOL pHag opilovsag divetal kat gvbeiav and
Tov oplopd ™G O tpdmog avtdg eivat damavnpog, analtel ToArég tpatels. "'Evag
GAAOC, EVKOAOTEPOG KOl OLKOVOULKOTEPOS TPOTOG, E1VOL VO LETATPEWYOLIE TOV Ti-
vako A, pe KOTOAANAOLE HETACYNUOTIGHOVS YPUUUDV TNG HOPONG 1ll. KOl 1V., C€
Evav YpoUHoicodOVaIO TOL (Ve TPLY®VIKO TIVOKO B, Vo X P1CGLULOTOL|GOVE T o) é-
on det A = (—1)"det B, 6tav yivoviol m HETAGYNUOTIOLOL TNG HOPPNG V., Kl Va
vroAoyicovpe TNV opilovsa Tov B ®¢ YIVOUEVO TOV d10YDVI®V GTOLYELMV TOVL. TNV
ovoia, ONAAOT, LAOTOLOVUE TO HEPOG TNE TPLY®VOTOINONS 61N HEB0SO amaloteng
tov Gauss Tov avapépeTul otov Tivaka A Katr vroioyilovpe Tnv opilovca Tov dvm

TPLY®OVIKOL TiVOKO TOL TPOKVTTEL.

7.2.1. Yrmohoyiopog tov avtietpo@ov £vog mivaka. Eotow A évagn X n aviiotpé-
yipog wivakac. Av {e!, ..., e"} eivar n kavovikf Baon tov R”, ypnoiponotovpe Gvm

deilkteg ylati Bewpovpe To S1oVOGHATO WG GTAAES, KoL

01 AVGELG TOV YPOUUKOV GUGTNHATOV

(7.10) A =e j=1,....n,
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TOTE EYOLUE
(7.11) Aut,. o u™) = (A, .. Au™) = (b, .. e") = 1,

ocuven®g o mivakag (u', ..., u™) gival o avtiotpogog tov A. Ta cvethpata. (7.10) pro-
povv va AvBovv, pep’ eimely, pe T péEBodo anarorpng tov Gauss. Pvoikd n pEBodog
€QAPUOLETAL TAVTOY POVO Y10, OAO TG, CLCTNHOTO, OPOV AVLTE £YOLV TOV 1010 TivaKa
GLVTEAEGTM®V. ALTOC €lval TPAYUATIKA EVag TPOTOG TOL Y PNGLUOTOLEITAL KAl GTNV
TPAEN, TIG EAAYLOTEC POPEC TTOL Y pELALETAUL OVTIMG O AVTIIGTPOPOG VOGS TIVIKAL.

"Evag dAhoc Tpomoc avTtioTpoeng tivaka, pe tn fondeia opt{ovomv, o omoiog pag
divel Tov avTioTpoPOo TivaKe GE KOUWYTN HLOPOT, KOTAAANAOG LOVO Yo BempnTIKOVG
GKOTOVG 00D TO LVITEPPOALKE LYNAO KOGTOC TOL KUOLGTA TN X PNCT TOL UTAYOPELTL-
KN Yo v mpakn, eivar o e€Ng: ‘Eoto A = (a;;) € R™ évag nivaxag kot C = (¢;;) €
R™™, 61OV ¢;; T0 GAYEPPLKO GUUTANPOLC TOL GTOLYEIOL ajy, ¢;; = (—1)"Tdet Aj;. Oa
amodei&ovpe OTL

CA=AC = (det A)I,,

omoTE, PUOIKE, o Exovue

1

7.12 Al = )
( ) detAC

Oétovpe D := CA, D = (d;;). Tote
n n
_ } : _ 2 : i+t
dij = CipQyj = agj<—1)l det Agi
/=1 /=1
n
= E agjdet(al,...,alfl,ez,a”l,...,a").
=1
H televtaia 1c6tTNTO TPOKOMTEL EVKOAN, OV OVATTOEEL KOVELG TNV TEAELTALN Opilov-

G0 O TPOG TNV i—0TN TNG 6TNAN. Enopévmg, Aoym T g ypopupikdtntac tng opilovcag
®G TPOG TIG OTNAES, £XOLUE

n
_ 1 i-1 ¢ itl n
dij =det(a’,...,a ,E agje ,a" ..., a")
=1

=det(a',...,a" " al,a"™, . a") = §;det A,

oniadn CA = (det A)1,,, kot ond £6® TPOKVTTEL APECHOG TO {NTOVUEVO.
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Opiouos 7.3 'Eoctow A = (a;;) € R™". O nivaxag C = (¢;;) € R™", 6mov ¢;; elvat to
alyeBpikd coumAnpopa Tov aj;, AEyetan mpogaptiuévos tov A, kot copfoiileton pe
adj A.

2Oppmva e Tov Tapandve opiopo, n (7.12) ypaeetal Tdpa 6T HOPON
1

Al =
det A
7.2.2. Enilvon ypoppikod ocvetipatog pe t pébodo tov Cramer. 'Ecto A €vog

(7.13) adj A.

n X n ovTIoTpEYIHOG Ttivakag. o tn Avomn x evdg ypappikod cuetnpotog Ax = b,

Y10, TNV oTola, PLGIKE, 1oyvel x = A~th, 0o &xovpe, cOpupmvo pe tnv (7.13),

1 bl
— dial :
detA 29 7
Tn, bn
dnAoodon
- 1)i+i Loi=1,...
T = detA det (A4;,)b;, i I O
kowpe A; = (al,... a1 b,a™ L a") avt) n oxéomn YpaeeTal 6TN HOPON
det A;
( ) x detA7 7 Y 7n

O Waitepa KOPYOS avtdg TPOTOC TAPAGTUCNS TNG AVONG VOGS YPOUUUKOD GLOTNH-
patog Aéyetar uéfodog tov Cramer. H péBodog avtn eivor oAy ypnoun yio Oewm-
PNTIKOVG OKOTOVE, OV TPEMEL OUMC VO Y PTNCIUOTOLEITAL TOTE GTNV TPAEN AOY® TOV
e pPoALKA LEYALOVL KOGTOVG VAOTOINGNG TNG, TO OTO10 OPEIAETUL OTIG TOAAEG TPA-
£e1g Tov amatTtovVIaL.

Ene16m 1 mponyoduevn mapatpnon Hog oy eTikd e 1o peyAo K6GTOog AOTOIN-
ong ¢ pebddov Tov Cramer pnopet vo Bewpnbel vrepPorikn|, avaeépovpe to ENG:
Y& TOALEG EQUPUOYEG Y PELALETAL VO EMAVCOVUE YPUUULKO GUGTAUOTO HE YLALAOEG
ayvacetoug. Agvrofécovpe 6t £xovpe vo AOGovpe Eva PIKpO YPOUUKO COGTN A, LLE
HOVo eikoot ayvadotovg. Me tn nébodo amarotpnc tov Gauss propei avtod va yivel pe
£VaV LTOAOYLGTN GE YIA0GTA Tov devTEpPoAETTOL. Opnms, n vAomoinon g pebddov
tov Cramer, aKOUN Kol [LE TOLG TUYVTEPOVS GMUEPLVOVE LITOAOYIGTEG, OV LTTOAOY1-
covpe TI¢ opifovoec otny (7.14) pe ta avantdypote OTmg opioTnkay 6To Oedpno

7.1, 8o awoitovoe TOAAOVG ULMVESG Yo £VO TETOLO YPAUULKO GOGTI !
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7.3. Acknoeig

7.1. T mpaypatikovg aptbuovg t kot s, arodeifte 6Tl

~
VA
—_

det = (t—1)(t —s)(1 —ts).

1 ts s
t ts 1

®u propovoate, YWPIG Vo KAVETE TOLG LTOAOYLIGHOVG, Va “pavtéyete” Tt To e€ayd-

Hevo mepléy el Kabévay anod Toug 600 TPATOVS TAPAYOVTIEC TOL dIVOVTUL AVOTEP®;

7.2. Ocwpovpe TPpayUaTIKog aptOpois ty, . . ., t,. Amodeigte 611

11 1
v oty
det | 2 2 ... — H (t; — ;).
. . . 1<i<j<n
A e

Opilovoec avTNG TNG LOPPNG KaAoLVTaL opilovaeg Tov Vandermonde.

[Yrodeiln: Otav 600 and ta ty,...,t, elval ica, 1 opilovca £xel dvo 1d1eg GTNHAEG,
ocvvendc unoeviletal. 'Ectm Aowmov o1t ta ty, . . ., t, €ivol ava d00 S10POPETIKA pE-
&L Toug. O®étovpe otV aveTép® opilovsa t, = t Kal opilOVHE TO TOAVMVLLO P MG

egng

1 1 o1
t oty ...t
() p(t):=det | 1 5 ... ¢
A
[Tpoeavag, To p elvarl ToAvdvupo Babpod to Tohd n — 1 kot ta ty, . . ., ¢, 1 €ivor pileg

TOL p. ZUVENAG, TO P YPAPETUL 6TN LOopON p(t) = cp(t — t1)(t —to) -+ (t — t,—1) KaL O
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HEYLIGTORAOULOG GUVTEALEGTNG TOL ¢, diveTal amd TN oy éon

S B |

ti ta ... ta
(%) ¢, :=det | 12t R

A T

Todpa T0 anoTEAECHO E1VOL TETPIUUEVO Y10 1 = 2, Kal, bToBETovTag 6Tl aAnbevet yia
n — 1, amod T1g (%) Kol (x*) cvpmepaivovpe opécmg 6Tt aAnbevet kat yia n.]

Egappoyn: Yrnoroyicte t1g opilovceg TV TVAK©OV

1 1
111
2 14 5
Ty 2z w
a9 116 25 |, |05
8 27 1 64 125 T
oy 2P ow
16 81 1 256 625

7.3. 'Eocto ay,...a, un undevikoi mpaypotikoi aptpoi, avé dvo didpopot petaly

T0vG. Amodei&te 6TL M HOVN AOGT TOL YPOUUIKOD GUGTHUATOG

a1 + A9 + + -+ + AnTy =0
alry +adrg + -+ alz, =0
ayxy +ayxe + - +anr, =0

elval n TETPLUREVT.

7.4. Xpnowonowmote v Ilpdtacn 7.1, vy va aniononcete v anddeEn g

Aocxknong 6.10.

7.5. XpNGHOTOGTE TO YEYOVOG OTL M 0pilovsa ToL avaGTPOPOL EVOS TivaKe 1GOV-
Tal pe TNV opilovsa Tov TIvVaKa, Yo Vo arodei&eTte 1d10TNTEG TNG 0pilovoag yia Tig

OTNAEG aVvAAOYEC e ekelVEC Yia TIG Ypapupéc. Edikotepa anodeilte Ta eENG:
i. H opifovoa givot ypappikn og tpog kébe otnin.

ii. Avévacgn X n mivakog £xel 000 6TNAEC 16€g, TOTE N 0pilovod Tov ival Unoév.
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iii. Av avtoAragovpe 600 6THAEG eVOG Tivaka, TOTE 1 0pilovcd Tov aALalel Tpo-
oMo.

iv. Av cg pio GTAAN €vO¢ Tivaka TPocHECOLE £VO, TOAAUTAAGLO PiOG GAANG
GTNANG, TOTE M opilovoa pévetl avaiioimT.

v. Av évag n X n mivokog £xel pio unoevikn GTNAN, t0te N opilovcd Tov givat

uUnoév.
vi. Aval, ..., a" eivan o1 6TRkeg evog n X n mivaxa A, 10te 1 opilovsa tov A ivar
undév, av kot pdvov av ta dtavoopata al, ..., a” eivar ypappikd eEaptnpéva.

7.6. Adote pia AOon g Acknong 6.7 pe t fondeta optlovsav kot e pebdoov tov
Cramer.

[Yrodeiln: Tlapatnpiote Ot o wivakag A; == (al,... a1 el att ... a") elvar, Y
i > j, v TpLY®VIKOG Kal To ototyeio tov atn 8€on (4,4) eivar undév, cuvemdS Kot M

opilovcd tov eival ion pe undév.]

7.7. IIpocdiopicte TIg AOGELS TOV YPUUUIKOD GUOTHUATOC

(

Ty + x2 + T3 + T4 + rs = 0
T, 4+ 2xy +  4xs + 8ry + 16z 0
ry 4+ 3z + 9x3 + 27x4 + 8luxs 0
ry + 4xy 4+ 16x3 + 64x4 + 256z = O
( 1 + D72 + 25x3 + 125z4 + 62525 = O

7.8. 'Ecto z,y, 2, u, v ka1 w wpaypoatikol aptbpoi. IIpocdiopicte tnv opilovcsa tov

Tivako

1 1 2z 1 4«2 w 1
r oy 221 vt v w?
22 oy 21 Wb v wt

A= 2% ¢* 22 1 «® o7 b
gt oyt 51wl o wd
25 P 81 w2 Ml 0
26 b T 1wt 13 2



8. Xapot pe Ecotepiko I'ivopevo

Ta teplocdTEPA ATO TAL PEYPL TOPO. OTOTEAEGLOTO OLOTLTOON KAV Y10 TPAYUATL-
KOUG YPOUULIKOVG X DPOVS, UTOoPOoLV OU®G VKON VO YEVIKELOOLV Y1d Y DPOLG TAVE®
ce éva Ty ov copa K. Ta aroteAéopata avtod Tov Ke@oAaiov 16 HOLVV, HOVO AV TO
oopa ival €iTe T0 COUO TOV TPAYUATIKOV oplOpmv R £ite T0 COUHO TOV HIYOIIKOV
apBuav C. Oa copporilovpe Aomdv €0t to copo pe K kot Ba evvoovue mavta eite
MK =Relte ot K =C.

e avtd 10 KeEEALUL0 O gloaydyovpe OLAPOPES Y PNCIUES EVVOLES, EVIEAMG O10-
QOPETIKEG Umd QLTEC TOL Y pnolponotioaue pEypt topa. Kat’ apynyv Ba etocaydyov-
pe TNV évvola tng vOpuag, pia yeViKeLon TG ATOALTNG TIUNG TPAYHOTIKAOV 0.plOu®dV
GE YPOUUULIKOVG Y DPOLS, 1| OTOl0 avTloToyilel o€ Kabe dtavucua Evav pUn apvnTiko
aplOuo kot pog emtpénetl €11 vo petphpe 1o “puéyebog” evog dtovicpatog. Ymap-
Y OLV TOAAOL TPOTOL VO OPIGEL KOVELG VOPUEG: 1OLOUTEPO EVYPTOTEC E1VOL OL VOPUES
TOL TOPAYOVTOL ATTO £VO, ECMTEPIKSO YIVOUEVO, YIOLTO KAl 6€ OLO ALTO TO KEQAAULO
Oa aoyoAnBolpe pe t€To10VC Y OPOLE. Oa HEAETNICOVUE dLAPOPES 1OLOTNTES OLTAOV
TOV Y OPp®V Kot o dovpe 0Tt optopéva TpofAnpata BEATIOTNG TPOGEYYIONG ULTOPOVV
€ TETOLOVE Y DPOVE VO AvBOOY TOAD EVKOAN, EVM LTS OEV E1val YEVIKO GOGTO OTAV

N vOpua deV TOPAYETAL OO ECOTEPIKO YIVOUEVO.

8.1. H évvowa tov yOpov pe €60TEPLKO YLVOPEVO

Mia duvatdTnTa Yo vo LETPEE “UNKN” SLAVOCUATOV G EVAV YPOUULIKO X DPO LG
divetal pe v elcaymyn g £vvotlag e vopuac. H vopua amotedel yevikevon g
ATOALTNG TIUNG Y10 TPAYHOTIKOVS aptBpovg. X avtn tnv evotnta Bo eicaydyovpe
TNV £VVOL0, TOL EGMOTEPLKOL YIVOUEVOL Kal Ba dovpe OpLGHEVES 1O1OTNTEG VOPUADV TOL

TOPAYOVTOL OO ECMTEPLKA YIVOUEVA.
Opiouog 8.1 ' Eoto X évag K—ypappikdg yopoc pe K=R 1 K= C. Mia aneikovi-

on
109
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|-]: X — R
v = [lz]l

Aéyetar vopua (atdOun, norm), av 16y VOLV:

(N1) reX |z||=0 < =0
(N2) VAeK VreX |Az] =)\ |z
(N3) Ve,ye X |z 4yl < |lz||+ |lyl] (tpryovikn avicétnto).

Av og évav K—ypappuiko ympo oplobei pio vopuo, 10te avtodg AEYETAL Ywpog e
vopua M atabuntog yawpog.

Znueioon. Xt oyxéon (N2) ypnoponotovpe, yio A € K, tnv andivto Tiun tov A,

évvola mov opiletal HdVo Yo TPUYUATIKOVG 1 Y10 Hiyad1kovg optOovg.
Hapatnpnoes 8.1

(i) Ao ta agidpate g vopuag Enetat 0Tt Yo x € X 1oybet ||z|| > 0. paypotikd

Exovpe
0=lle -zl =llz+ (=) < [zl + | = 2l = lzl| + [|=]] = 2 |l=] ,
Omov N avicoTNTa 1oy veL AOY® TG (N3) kol n Tpoteievtaia 1edHTNTA AdY® TNG (N2).
(1) Ioyvelr n Aeyouevn tpiywviksy avigotyta npog ta KATm, ONA0dN
VeyeX |z —yll > |l Iyl
IMpaypatikd Exovpe
Izl = [z —y) +yll < [lz =yl +lyll, Mradn [zl = [lyll < llz—yl|
kat avtictowya ||yl — ||z] < ||y — z|| , and T1g omoieg EmeTar apécmg To {ntovpevo.

Iapaoetyuaza 8.1
L (R, |- 1) v floll = fal ¥ €R. (T, ||-])) pe fl=) == 2| Vz€C.

2. (R - [h) pe ol = lal, o= (21,...,20) (“1 vOpua”).
=1

[Mpaypatikd 1oyvovv:
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HNDywtt  [jz]1 =0 < >0 || =0 < 2;,=0,i=1,....n < z=0.
H (N2) yiatiyia A € R, v € R" éyovpe

n

Azl =) il = Z Az = Al Z i = [A] ]l

i=1 i=1

H (N3) ywti yua x,y € R”

lz+ylli =D lei il <Y (il + wil) Z\%HZ!@/J—!IxH1+HyH1
i=1 =1

3 (R |- llso) e llzlloe := max [ai] (“Co vOpRAT).
H anddei&n 6tin || - || €lvar voppo otov R™ givat modd amin.
4. (Cla,b], |I'lle) pENflloo = max | f(z)] (voppo peyictov), 6mov —co < a < b < oo.

IMpaypatucd 1oyvovv:
H (N1) ywti yw f € Cla, b]

Ifle =0 <= max [f(z)] =0 <= f=0.
H (N2) ywoti yio A € R ko f € Cla,b] €xovpe
Al = max ()] = A max [F(@)] = M7l
H (N3) ywrtiywo f,g € Cla,b]
I£ +glloe = max |£(@) + g(a)| < ma [|f ()| + Ig(o)]

< _ '
max | f(x)| + max [g(z)] = [[flloo + llglloe

Ot m1o €VKOAEG OTN X PNOM TOVS VOPUEG Elval OCEG TAPAYOVTUL ATTO ECOTEPLKA
YIVOUEVQ.
Opiouog 8.2 'Ecto X évag K—ypappkog yopog. Mo aneikovion (-,-) : X x X —
R Aéyetar eamtepind yivouevo otov X, av €ivol YPOUUKY] ®G TPOG TNV TPDTN LETO-
BANTN ™G, CLUUETPIKY], OTNV TPOYHATIKN TEPINTTOON, Kl TETOLN OGTE Ol aplfpol
(z,y) xat (y,z) va eivar ocvluyeig, oTn Hiyadikn TepinTtoon, Kot 0eTikd oplopévn,

onAadn av ieydovv

(ET'1) (x4+y,2) = (z,2) + (y, 2) Vr,yzeX



112 8. XQPOI ME EZQTEPIKO I'INOMENO

(EI'2) Az, y) = A (z,9) Ve,ye X ViekK
(ET'3) (z,y) = (y,x) Ve,ye X
(ET4) (x,z) >0 Vze X\ {0}.

"Evag ypappikdg ydpog otov omoio €xel opiobel £va e6OTEPIKO YIVOUEVO AEYETAL
XDPOS UE ETWTEPIKO YIVOUEVO. .

TNV TEPINTMOCT TOL O YDPOG ELVAL TPUYUOTIKOC, Y PTCIHLOTOLEITAL CLVMOVLULA KOl
0 0pog EvkxAecidelog ywpog, avTi TOL TPUYUATIKOS YPOUUIKOS Y DPOG HE ECOTEPIKO
YIVOUEVO.

Avyw z,y € X woyvel (z,y) = 0, 1018 Aépe Ot T x, y €ivar ophoycdvia, Kot

YPAQOLUE CLUUPOMKE = Ly .

Hapaoeiyuata 8.2

1. Xvpporilovpe pe x = (x1,...,2,),y = (Y1, .- ., Yn) otOLYELD TOL K".

i. e K = R, opiletan dra (x,y) := 2191+ - -+ Tpyn £VO E6OTEPLKO YIVOUEVO GTOV R™,
10 Aeyouevo EvkAcidelo M kavoviko ecmTePIKO YIvopuevo Tov R". €60TEPIKO YIVOUEVO
tov R".

ii. o K = C, opietar dwa (z,y) := 2191 + - - - + TpYn £VO ECOTEPLKO YIVOUEVO GTOV
Cc".

2.’Eoto —oco <a<b<oo, kot X :={x :[a,b] — K /z ovveyng}.

. T K = R, opiletar dwa (z,y) = fabx(s)y(s)ds éva 00TEPLKO YLVOUEVO GTOV X,
onradn otov Cla, b).

ii. [a K = C, opiletor dwa (z,y) := fab z(s)y(s)ds éva ecmTEPIKO YLVOUEVO GTOV X.

Ye évav ympo pe ecmteptkd yvopevo, (X, (-, +)), opiletar pe
|l-]: X — R
x — £ (z,2),

pio vopupa. T'a tnv anddeign ypetaldpaocte t Aeyopevn avicotnto tov Cauchy—
Schwarz. H avicétnta toov Cauchy—Schwarz avaeépetol cuyva Kot ¢ avicdTnTa Tov
Schwarz, xvping otn ['eppavikn Bipiloypaeia, 1 wg avicdtnta tov Cauchy, Kupimg
ot oA likn Bipitoypaeia, 1 akdpa kot og avicdtnta tov Bunjakowski, kuping ot
Poocikn Bipriioypapia.
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Afqppa 8.1 (Avicodtnrta tov Cauchy—Schwarz.) Xe évav ywpo ue eawtepiro yvouevo,

(X , (o )), 1ayvel n aviagotnta twv Cauchy—Schwarz

8.1) Ve,ye X |(x,y)] < Vi, x) VY, y) -

Arooeiln. v nepintoon y = 0, n (8.1) woydel npopavog. 'Ecto Aowndv y # 0. Na
A € K 1woyvet, puoikd, (x — Ay, = — \y) > 0, ka1 enewdn

Oa &xovpe (z,7) — A (z,y) — X (z,9) + Ay, y) > 0. Eidikotepa, yio A := 853, 0o
gyxovpe
(z,9) (z,) (z,y) (z,y)
r,T) — x,Y) — x,y)+ ———-=2>0,
(@) (y,y)< v) (y,y)( v) (v, v)

Gpa (v,2) — E0ED > 0 3nradn (o, y)(z, ) < (x,2)(y,y), onére

(@, y)I” < (@,2) (. 9),

Kot £Tol odnyovuacte apécmg otny (8.1), Aappdvovtag v’ dyiv To yeyovog 6TL
eCaymyn teTpaymvikng pilog eivat yvnoilo avEovsa Guvaptnom, oo N Tapdywydg
¢ elvan Betikn. O

Znueioon. Xtnv mepintoon Evkieideiov ydpov, dNAadN TPUyHATIKOD YPUUUIKOD
YDOPOL e €0MTEPLKO Yivouevo, N avicotnta Tov Cauchy-Schwarz amodeikvdetal
andovotepo ¢ e€Ng: o A € R m oyxéon (x — Ay, * — Ay) > 0 ypaoetar ot
Hopon

(2, 2) = 2(z, y)A + (y,9)A* > 0.
Mo va ainbeder n tedevtaia avicoOTNTA Yo KaOe Tpayuatikd aplbud A mpénetl

dlaKpivousa Tov TPLOVOUOL Vo elval un 0eTikn, dnAadn

A= [(x,y)* = (z,2)(y,y)] <O,

Kot and €00 £metal apécws n {ntoduevn avicotnto. O
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Ot ovvnbiopéveg avicdtnteg Yo abpoicuata

}Zl’zyz‘ < Z|JJ1 1/2 Z’ |)1/2,
i=1

yio pyadikovs aptOuols z;, y;, @ = , M, KOOADG KOl Y10, OLOKAN pOUOTO

}/ax( (s)ds| < ( /|x ()] ds) 1/2/| (s)?ds)"?,

Y10, GLUVEYELG CLVOPTNCELS OPLOUEVEG GTO daoTnud [a, b], amrotedobv e1d1kég mept-

TTOCELS TG avicotntac Tov Cauchy—Schwarz, kot cuyKeKPIUEVE Y10 TOVG Y DPOLS

(C" (+,9) pe (z,y) == > xGiywr = (z1,...,2,),y = (Y1,...,yn) € C", kot
b

(C[aa b]a ('7 )) ue ($7 y) = fa J](S)y(S) ds..

Mpotaon 8.1 Eotw (X, (-,-)) évac ydpog ue eowrepucd yivéuevo. Tote ue
o]l := (z,2),  zeX,
opiletar pa vopuo atov X, n omoia Aéue 6Tl mapdyeTal amo T0 EGWTEPIKO YIVOUEVO (-, ).

Arooeién. Ot (N1) xar (N2) eivar tetpippévec. o va amodeifovpe v TpLyovikn

avVIGOTNTA, TOPATNPOVUE KAT apynV OTL Yo,y € X €yovue
lz +yll* = (@ +y, 2 +y) = |=l* + (z,9) + (y,2) + [ly]
= [|z[* + 2Re (z,y) + [ly|*,
Kot pe ) Ponbeta g avicdHtac tov Cauchy—Schwarz AapPdavovpe
-+ yl2 < =l + 2l Iyl + lyll* = (1=l + v])°,
amd TNV omoia EMETAL AUECWOG 1 TPLYOVIKY] AvVicOTNTO. [

Otav avaeepOUacTE GE Uia VOPUL G EVOV YDOPO LE ECOTEPIKO YLVOUEVO Y OPIC Vo
™V Tpocdtopilovpe, EVvooLlEe TAVTA TN VOPUO TOL TAPAYETUL OO TO ECMTEPLKO
ywoéuevo. Eniong, étav piddpe yio BEATIGTEG TPOCEYYIGELS OE Y DPOLS ULE ECOTEPLKO

YIVOUEVO, EVVOOVUE TAVTA BEATIOTEG TPOCEYYIGELS MG TPOS CLTN TN VOPLLAL.

ANppa 8.2 Xe évav ywpo ue eaatepiico yivouevo (X (o )) 1GYVEL 1] AEYOUEVN 1GOTHTA TOV
TAPALINLOYPALLLOD

(8.2) VoyeX oty +llz—yl* =2l + 2]yl
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Erniong, iwoyver to [vOayopeto Osopnua
(8.3) Va,ye X (2,y)=0 = [z +yl*= |zl + [yl
KAl YEVIKOTEPQ Y10, X1, ..., Ty € X

B4  (w2) =0, i#F] = otz = ol 4+l

Arnoodeién. TlpocOBétovtac Katd HEAN TIG G ECELS

(i) lz+yl* = (& +y, 2 +y) = 2l + (z,9) + (y.2) + ly|*

(i) e —yl|* = (x—y, z —y) = ||lz|]” = (z,9) — (y,2) + |[y|]”

happavovpe apécwg v (8.2).

INa (z,y) = 0,m (1) elvar n (8.3).

Amodeikvoovpe Topa enayoyika TN (8.4). To n = 2 1oydel, GOUEOVO pe TNV
(8.3). 'Ectw o011 woybet yio n = m — 1. Téte mpopaveds (z1 + -+ + Tpmo1, Tm) =0,
OTOTE

|21 4+ Tt + 2| = |21+ F T [P+ |2
= llza]* + - + llzml*
OTOL M TPMTN 1GOTNTA oY VEL GOUP®VO, e TNV (8.3) Kot 1 0eVTEPT COUPOVO [LE TNV

eMOy®ylkn vedébeon. O
Ye ka0e TapPaAANAOYPAUIO TO GOPOIGHA TOV TETPAYOVAOV OAOV TOV TAELPDOV TOL

1o00TOL e TO GOPOIGHO TOV TETPUYDOVOV TOV S y®VIOV TOL: GE 0VTO TO YEYOVHS

opeileTonl N ovopooia “166TNTO TOL TAPAAANAOYPAUOL” Y10, TN oY éon (8.2).

Znueioon. Kabe voppo mov mapayetol and £va €0mOTEPIKO YIVOUEVO 1KOVOTOLEL,
OT®G €10UE, TNV 1GOTNTA TOL TAPUAAANAOYpAppoL. AvTicTpoga, propel va derydet,
011 KGOe vOppa, N omola IKAVOTOLEL TNV 1IGOTNTA TOL TAPUAANAOYPAUUOL, TAPAYETOL
ano £va ECOTEPLKO YIVOUEVO, GUYKEKPIUEVO OO TO ECOTEPLKO YIVOUEVO TOL 0pile-

Tl 0O TOV TOTO

1
(8.5) VeyeX o (ay)i=g [llr+yl® = lle =yl
GTNV MEPIMTOCN TPAYUATIKOV X DPOL, KAl 0Td TOV TOTO

1 . . . .
®6)  VazyeX (ry) =7 [letyl’—llz—yl®+ille+iy]* —ile —iyl*],
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OTNV TEPITTOGT ULYAIIKOD Y DPOVL.

Me ) BonBeta tov Evkieidetov ecmtepikod yivouévov otov R"”, propoipe tdpa
vo oploovpe Oetircd opiouévovg TETPUYOVIKOVG TIVOKEG.

Opiouog 8.3 'Evag n x n mpaypatikdg nivakag A Aéyetar Oetikd opiauévog, ov yo
KGOe un undevikod ddvoopa x tov R” 1o ecwtepikd yivopevo (Ax, z) eival Oetikdcg
apBpde, (Az,z) > 0Ve € R"\ {0}.

[ToAb ebkoAn dtomioTdOVEL Kaveig 0Tl £vag BeTikd OpLopéVog Tivakag eival avTi-
otpéyipnog, BA. Acknon 8.2

211 cvvEYELO ELCAYOLUE TNV £VVOLd TNG LETPLKNG, KAl LETE opilovpe pio LETPIKN
pe ™ Bonbeta prag vopuag.
Opiouog 8.4 'Eotow X évo cOhvoro. Mia uetpikn oto X eival pio aneikovion

d: X xX — R

(z,y) = d(z,y),

av 16 vovV:

(M1) Ve,y € X d(z,y) =d(y, ) GLUUETPL

M2) Ve,y,z€ X d(x,2) < d(z,y) + d(y, z) TPLYOVIKT OVIGOTNTO
(M3) Ve,y e X d(z,y) =0 < z=uy.

IToAb eVvKOLO dlATIOTOVEL KOVELG, OTL GE £vaV YOPO HE VOPUW, 1d1aiTEPA, GLVE-
TG, GE £VAV YMOPO LE ECOTEPLKO YIVOUEVO, GTOV OTOL0 M VOPUO TOPAYETAL ATTO TO

€0MTEPLKO YIvoUEVo, dwa d(x,y) := ||z — y|| opiletor pio peTpikm.

8.2. OpBoxavovikonoinom

H evotnto avtn avagépetal ota opbopovadiaio CLGTAHATO Kol SLAPOPES EQUP-
poyég tovg. Kat’ apynv 0o opicovpe ta opbopovadiaio cLGTARATO, KOl EV GLVEYELN
Oa yvopicovpe peptkéG 1016t TEG TOVG, KABMC Kl £vav TPOTO KOTUOKELNC KATAA-
AnAov opBopovadiaimv GUGTNHATOV, EEKIVOVTAG ATO YPUUPIKAE aveEapTnTo dlavy-

ocuata. Eniong 0o avaeepBolpe ev cuvtopio e BEATIOTEC TPOCEYYITELG ATO Y DPOLE
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TEMEPACUEVNG O10GTAONG, GE YDPOLG PE ECMTEPLKS YIVOUEVO, Kl Oa dobpE TO pOAO

opBopovadiainy cuGTNUATOV GE AVTH TNV TEPITTOGT.

Opicuog 8.5 'Eocto (X, (-, )) EVag xMPog He ecmTEPLKO Yvopevo. ‘Eva cbvolo S =
{z1,...,2,} C X Aéyetar opboydrvio (opboydvio choTNHA), 0V TO GTOLYELD TOL Elval
opBoydvia petagd tovg, dNAadn av Yo i # j woydel (x;,z;) = 0. Av eni nhéov
KaOe dravoopa tov S eivat povadiaio, Snhodn |lz;|| = 1, yia x4Oe i, omdTE GLVOALKE
gxovpe (z;,7;) = 0;;, 101 10 S Aéyetar oplokavoviké (opBokavovikd choTnue) 1
opOouovaoiaio. Av évo opbokavovikd cuvoro S eivat fon tov X, 16te 10 S AéyeTon

opQokavovikn M opOouovaociaio faon tov X.

Afppa 8.3. Eotw (X, (+,-)) évac ydpoc pe ecwtepicd yvépevoxar S = {e1, ..., e,} éva

oplouovaoraio avvoio atoryeicwv tov X. Tote ta ey, ..., e, eval ypauuikd aveldptnta.

Anooeiln. 'Ecto A, ..., A\, € K kot Aeg + -+ \e, = 0. Toteyua j € {1,...,n}
Eyovpe
0= (0, ej) = (/\161 —+ 4 )\nen,ej)

:zn:/\i(ei,ej):zn:)\iéji:/\j. U
i=1 1=1

Ozopnpua 8.1 (M£00dog opBokavovikonoinong tov Gram—Schmidt.) Eotw (X , (s -))
EVAG YOPOS UE ETDTEPIKO YIVOUEVO. AV x1,...,x, € X evar ypauuirxd avecaptnra oia-
voouaza, tote vmdpyel éva opouovadiaio abatnua {ey, ..., e,}, téroio wate Kabe e; va
elvar ypauIKos aovovasiog TV T, . .., T;, Kal TG OlGVOGUATA €1, . .., €, KOl T, ..., Ty

Va. Tapayovy ToV 010 ydpo.

Arnooeiln. Emeldn ta xq,...,x, €lval ypappikd avedptnta, woyvet x; # 0, i =
1,...,n. Opilovpue Tdpa T0 Stovoouata €, ..., e, ogefngc:
/
(xQuel) /
(e, ¢€h)
/ /
/ (Inven—l) / (xn761> /
e, =Ty — €4 — =

(6, 176, ) e . (6,176,1) b
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Emeidn ta Stovoopota , ..., x;, @ < n, CUVENAOG Kot Ta. Staviouata €}, eh, ... e,

z; , elval ypappkd avegaptnta, 1oy 0l tpogavag e; # 0. Eropévag to €, opileta

KOADG, dnAadn ta €], ..., e, elval kaddg opiopéva. Exktedldvtag mpaeis, dtamotm-
. . : ;L . . ,
Voupe gvKora EMOY@YIKG 6Tt Yo i € {1,...,n}, (ej,€;) =0, j=1,...;i—1,an
OTOoVL £METAl AUESMG OTL TO GOOTNHA {€], ..., €.} eival opBoydvio. Oétovpe TOPa
/
el ,
€ = —rw, 1=1,...,n,
e

Kot Taipvovpe £va opbopovadiaio GOGTNUA, TO OTOL0 1KAVOTOLEL TOVG 1GYVPLOUOVE
Tov Bempnpartoc. O
2nueiman.

1. H anddei&n tov mponyovpuévou Bempnpotog eival KOTAGKELVOGTIKT: 0EV 0modEl-

xONke anAdg N OTAPEN TOV €4, ..., €, , 0ALE 000N KE KAl pa pEB0SOG TPOTdHLOPIGUOV
TOLG.

2. Ta eq,...,e, €€upTOVTOL TPOPAVAOC KOl ATTO TN GELPE TNG 0POBOKAVOVIKOTTOINOMG
TV Z1,...,Ty .

Apeom CLVETELD TOL TPONYOLHEVOL Oewpnpatog eival 6tL Kébe ydpog Y memepa-
GUEVNC d100TOONG HE ECMOTEPLKO YIVOUEVO €Yl (o, opBopovadtaio Baon: dtatunm-

voupe autd 1o anotédecsua vrd popoen Iopicpatog.

Iopropa 8.1 Xe kdbe ycopo X, X # {0}, nenepacuévng didotaons pue eamTepticd yrvopuevo

vrdpyet uia opQoxavoviky faoy. O

>1ov R" pe 10 EvkAeidelo ecotepikd yivopevo, 1 kavovikn tov Bdon arotelei opbo-
povadieio ot To omoio mapdyetl tov R™, eival dnhadn pio opbopovadiaio Baon

Tov R”.

8.2.1. E@appoyn: Bértiotn mpociyyion. Xvyva 0EAovpe vo TpoceyyiGovpe K-
TOl0 GTOLYELO €VOG 0EOOUEVOL GLUVOAOL HE TOV “KOADTEPO”, KOTO KATOLD £VVOld,
dvvatd tpomo. Tote wAdpe yo féitiotes npooeyyioerc. H amhobotepn mepintmon
T€TOLOV TPOoPANUaTOV, Tov gival kot | TepinTwon pe tnv onoia Oa acyoinbovue
€V CLVTOUIO £0M, TAPOLOLALETAL OTAV O Y DOPOC GTOV OO0 £PYULONUOTE ElvVOL YPOpL-
KOG X MPOG HE EGMOTEPLKO YIVOUEVO KAl TPOTEYYILOVHE OO KATOLOV LTOY®PO TOV

TEMEPUCUEVNC OLAGTACTC.
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Opioudc 8.6 Eotw (X, || -||) évag ypapptkdg xdpog pe voppa, Y Eva pn kevo vmocv-

voro tov X, kot = € X . 'Eva otorgeio y € Y (av vrdpyer), yio 10 omoio 1oy vl
VzeY |z—yll < |z -2,
Aéyetar fédtiotn mpoaéyyian Tov x and 1o Y.

Yoy Vva 6T EQPAPUOYEG TPOCEYYILOVIE TO X LE GTOLYELN LTOYDPWOV TOL X TEMEPACUE-
vng otaotacns. To Pacikd TpoPANUa 6TIC BEATIOTEG TPOGEYYIOELS E1VOL VO, ATOdETL-
Eovpe TNV VIOPEN pag BEATIOTNG TPOGEYYIONG, Vo €EETACOLIE AV €lval HOVAOIKT
Ko, TEA0G, va avoartoovpe Karég pebodovg vroroyiopuod te. To TpoPAnuUa ¢ av-
TNV TN YEVIKOTNTO £1val ApKETE SOOKOAO, TOLAAY1GTOV OGOV 0POPE TOV LTOAOYIGUS
™G BEATIOTNG TpocEyyions. Ymapyet Evac kAGoo¢ tov Epappocpévov Mabnpat-
KoV, N Aeyopevn Ocwpia [Ipoceyyicewv, Tov acyoreital pe tétowa OEpata. Xtnv
TEPINTOOT, OUMOS, TOV YOPOV LE ECOTEPLKO YIVOUEVO, IE TNV OToid Kol 0’ 0oy oAN-
Bovpue, Ba armodei&ovpe edkola LapEN KAl povadikotTnTa, Kot Oa dovue Evav TpoOmTo
Y10 TOV LTOAOYIGUO TNG BEATIOTNG TPOGEYYIONG.

‘Eoto Lowdv (X, (-, ) évag xdpog e e0®TEPLKO YIVOUEVO, KL Y €Vag LTOY®POG
tov X memepacpévne dtbotaons. Ave € X kot {ei,...,e,} poopBopovadiaio faon

TOL LITOY®POL Y, Tdte opilovue To GTOLYXELO ¥ TOL Y O EENG
(8.7) y=(z,e1) e+ + (x,e,) €, .
Topayiaj € {1,...,n} éxovue
(2 —yej) = (@,65) = (ye;) = (@, €5) — (@, e2) en, ) — - — (&, €0)e1, €0),

omote, AapPhvoviog vI'oyLy To Yeyovog Ot ta {ey,...,e,} amotehodv opbopova-

dtaio cvoTNUA,

(8.8) (x—y,e;) =0, j=1,...,n,
dniodn to x — y eivar opboydvio pe xkabévo tov e, ..., e, . AUECOS TOPU GLUTE-
paivovpe 0T T0 x — y €ivot opfoymvio pe Kabe ypapptkd GuVOLACUO TOV €1, ..., €, ,

oniodn pe xabe otoryeio tov Y,

(8.8") (x—y,z) =0, VzeY.
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Mo avtov 1o Aoy, T0 y Aéyetal oploycovia M| opO mpofoinn M ATA®G Tpofoln TOL x
GToV Y 0po Y.

®a arodeifovpe TOpo 6TL LTS TO Y elval TPAYUOTIKA wio PEATIOTN TPOGEYYIoN
T0L T 01O TOV Y Kol €v cvveyeia OTL €ivatl 7 BEATIGTN TPOGEYYIGN TOL T U TOV
Y. 'Ecto Aownov z € Y. Tote, puoikd, y — z € Y, emopuévag, coppova pe v (8.8'),

(x —y,y — z) = 0. Zuvendg, cOpemva pe to ITubaydpero Bedpnua, £xovpe
8.9 Nr—zP=l-y)+ G-I =z —yl* + lly— 2l = |z -yl

dNAadn 1o y elval Oviwg pia BEATIOTN TpOoGEYYIoN Tov x and tov Y. Emnpdcbeta, yia
z #y,Mn (8.9) diver ||z —z|| > ||z —y||, bpa vrdpy el axptPdc pia BEATIOTN TPOGEYYIoN
oL = and tov Y.

Ynueidvovpe akoUN 0tL, av 1o cOVoro {ey,...,e,} elval pio fdon tov Y pe op-
Boydvio petafd Tovg oToLKEld €1, . .., €, , TO OTOLA OEV ELVOL OVOYKAGTIKG pLovadlaio,

101 M BEATIOTN TPOGEYYIon ¥y € Y evdg oTotyeiov x diveTar amd Tov TUTO

~ (z,e1) o (x,e)
~ (e1,e1) 1t (€n,€n)

(8.7')

en -

IMapoactacelg Tov gidovg (8.7) N (8.7) Aéyovrar avantiyuata Fourier £ opQoydvia ava-
rntoyuata. H mo yvootn nepintoon eival o1 geipés Fourier TEPLOOIKOV GLUVAPTNOEWV,

pe TNV onoia Bo acyoAnbovue GLUVOTTIKA GTO ETOUEVO TAPAIELYLLAL.

Ag avagépovpe emmpocheta 0Tl TN BEATIGTN TPOGEYYIGN EVOC GTOlYElOL = OId TO
YDOPO TOL TAPEYOLY YPUUUKE aveEdpTnTo dLAVOCUOTO T, . . . , T, LTOPOVUE VO TNV
npocdlopicovpe Kat an’ evbeiag Abvovtag To AeYOUEVO abaThua TV Kavovikay ei-
owagewv, Ph. Aoxncelg 8.3 xat 8.4, TAPAKAUTTOVTAG £TCL TOV TPOCOHLOPICUS oG
opBopovadiaiog hong Tov YOPOL TOL TUPAYOLY TO X1, ..., T,. 1O TiUNHO TOPA O
glvat 0TL M Tapdotacn g PEATIOTNG TPocEyyiong dev Ba eival TAEov T6G0 Kouyn

060 1 mapactocn (8.7).

‘Eva 6 0A10 oyetikd pe Tov opiopd tov dtavusudtov e; otn péhodo opbokavoviko-
noinong tov Gram-Schmidt: Aappévovtag v’ dyv v (8.7), Brénovpe OTL 1O €]
opiotnke g M dtopopd Tov z; peiov TN PEATIOTN TPOGEYYLIGT TOL T; ANO TOV YDPO
(€],...,€e_1). "Etor n opBoyovidtnta tov €; mpog ta €, ..., e, Emetal apécws anod
v (8.8).
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Hapaderypa 8.1 ' Ectw X = Cy, = {z : [0,27] — R /2(0) = z(27),x cvveync}
0 Y®POC TV GUVSXd)V nsptoSth)v CLVOPTNOEMV e TEPLOJO 27, UE TO ECOTEPLKO

Ywvouevo (z,y) fo s)ds. O ydpog

T, :={z € Cy : z(s) =ap+ Z (v cos(is) + B;sin(is)) },
=1
ONAad TO GOVOLO TOV TPIYWVOUETPIKDV TOAVDVOU@Y PaBRov To TOAD n, €lval, TPo-
QAVMOG, LTOYM®POG ToL X.
To tpdPANua pag tdpa ivat, dedopévov = € X, vo tpocdiopicovpe ™ BEATIOT
TpocEyylon tov y and tov 1),. Ot cuvapTNcELg
1 1 1

eo(s) == ——, e9i_1(s) := —=sin(is), ey := —= cos(is), i=1,...,n,

Var Vi Vi
oynuatiovv pia opBopovadtaio Bacn tov 7,,. To yeyovdg 611 to cboTnua ival op-
Bopovadiaio anodetkvdeTal ToAh eVKOAN LITOAOYILOVTOG TA OVTIGTOLY A OAOKAT P®-
pata, Kol Hetd, ocOppmvo pe to Anuua 8.3, éyovpe kot ™ ypappikn avegoptnoia
Kot TNV 1810t to. ¢ Phoews. Emopévog, cOpemva pe 1o TponyoOUEVO YEVIKOTEPO
anotéAieopa, BA. tnv (8.7), n Abomn Tov TpoPAnpaTos pag eivar y = S,z

1 27

Snx::% i ds—l——z / i(s)ds) e;,

10 pepkd dBpotopa tng Aeyopevng aeipag Fourier tng cuvaptnong x. Ot oeipéc Fouri-
er Tapovcstalovy ToAD peydio evolapépov, 1660 and Kabapd padnUaTikig andyewg
0G0 K01 AOY® TOL TOAD CNUAVTIKOD pOLOL ToL avTég Tailovy ota Epappoopéva Ma-
Onpatikd Kol og GALEG EMOTAHEG. YTApPYEL TOAD TAoVGL0 Bewpia yia oelpég Fouri-
er, Kot £vog oOAOKANPOG KAAOO0G TNG AvaAvong, N Apuoviky Avaivan, eivol oplepope-

VOG GTN HEAETN TNG GLUTEPLPOPAS TOV LEPIKDV AOPOIGUATOV TETOL®V CELPOV.
8.3. Aoknosig

8.1. 'Ecto (X, (-, )) évag EvkAeidelog yopog, = € X, Y évag umdywpog tov X Kot
{e1,...,en} po opBopovadiaia Baon tov Y. Amodei&te 611 | cuvaptnon ¢ : R" —
R,

olag, ..., ap) = }}x—(a161+---+anen)“2,
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éxel éva povo ehbyloto otov R”, Kat pdAtota yiao
a; = (z,e;), i=1,...,n.

Avto anotelel o GAAN anddelEn yia LTaPEN Kot HovaOIKOTNTO TNG BEATIGTNG TTpO-
céyyiong, kabmg kot yio t oyéon (8.7).
[ Yrooeiln: Amodei&te OTL

Hx —(arey + - +anen)H2 = (z,2) + Z {af —2(z, ) a;} ]

8.2. 'Eoto A évog 0etikd opltopévoc n X n TPOyHATIKOC Tivakag. Amodei&te 6t1o0 A

elval avTIGTPEYIHOG.

8.3. Eoto (X, (-,-)) évag EvkAeidelog ydpog, kot z1,...,7, € X YpOpuIKd ove-
Eapnta dtavdopata. Anodeigte 611 o mivakag tov Gram G(zq,...,x,) = (gi5), HE

Gij = (z;,z;), elvan BTk opropévog.

8.4. 'Eoto (X, (-,-)) évag Evkheiderog yopog, © € X, kot z1,...,x, € X ypappikd
avegaptnta dStovocpata. Av ¢ : R" - R,

olag, ..., ap) = H:):—(alxljt---%—anxn)Hz,

anodeifte 6TL T0 GOHGTNUO
(Vo) (a1, ...,0,) =0

YPAPETAL OTN HOPPT)

(x1,21)0n + (21, 22)o0+ -+ + (21, 20), = (z,71)
(x9,21)0 + (T2, x2)g + -+ + (2o, 20), = (,22)
(xnuxl)al + (l‘n,xQ)O[Q—i‘ te +(l‘n,xn)an = (SU,.I”>

To cvotua avtd AEyeTal abatnua Ty Kavovikay eElomaewy, , Kol Kol 1 AOon Tov
nog divel n BEATIOTN TPOGEYYLGT TOL T OO TOV (X1, ..., Ty) -

[Towo popen Lapfavel To GLGTN A TOV KAVOVIK®OV €E16MGEMV OTAY TO GOVOAO {21, . . .,
z,} €ival opboydvio, kat Towa 6tav givar opbopovadiaio;

[Yrooeiln: T y, 2z € X xar a € R, éyovue

ly— ozl =(y—az, y—az) = (z,2)a® = 2(y,2) a+ (y.y) ]
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8.5. 'Ectm ¢ n ovvaptnon g Acknong 8.4. Amodei&te 6t

0
(80@ aaj)".: = 2G(21,.. ., 20) -

YuVovaoTE TOPA TIG OVO TPONYOUUEVEG ACKNOELS Yo V. OmodEiEeTe OTL AV Q. . .,

a, €lval m ADGN TOL GLOTHUATOC

(Vo) (a1,...,0,) =0,
T0T€ ¥y = 121 + -+ + a, o, €lvor n BEATIOTN TpOoGEYYIoN TOL x and Tov YV =

(xl,...,xn>.

8.6. 'Eoto (X, (+,+)) évag x®dpog [e 0OTEPLKO YIVOUEVO, Y €vag LTOY®POS ToL X Te-
TEPUCUEVNG OLaTACEMG, KAl L : X — Y m aneikovion tng opboydviag tpofoing,
oniadn, Yo x € X, Lxr € Y &gival n BEATIGTN TPOGEYYIGN TOL & ATd TOV Y®OPO Y.
Amodei&te Ot M anekoOvion L eivor ypappik.

8.7. 'Eoto (X, (-,-)) évog ydpog pe ecmteptkd yvopevo, Y évag vtdywpog tov X
TEMEPUCUEVNG Ol0ThoEMG, © € X Kol ¥y € Y 1 BEATIOTN TPOGEYYIOT TOL X UTO TOV

xopo Y. Xpnoiponomote TV (8.8') yia va amodei&ete 611
lyll < [|=]].
AxpiBéotepa, anodeifte 6TL
2] = llz = ylI* + [lyl*.

8.8. Mg toug cupforicpovg tg Acknong 8.7, av {ej,...,e,} ivarl pia opbopova-
dwaia Baomn tov Y, anodeifte OTL

IylI* = [(z, en)* + -+ |(z, ) .
8.9. (Avicotnta tov Bessel.) 'Eocto (X, (-,-)) évag x®pog pe ecOTEPIKO YIVOUEVO,

{e1,...,en} éva opbopovadiaio cvotnpe otov X, kot x € X. Zuvévdote 11 AGKNOELG

8.7 xa1 8.8, yio va amodeifete OTL

(@ e)* + -+ |, en)* < [l






9. Idwotipéc, Iorodtavoopato Kot Aloyovionoinon

Y€ avTO TO KEPAAALO LEAETANE dVO PUCIKES EVVOLEG Y10, YPOUUULIKES UTEIKOVIOELG,
QLTEG TOV WOOTIHMV Kal ToV 1dtodtavucpdtov. Eniong Oa pog amacyoincet to 0épa
NG JLY®VIOTOINONG TVAK®V, TO 0To10, 0TS 0o dOVUE, CLVOEETAL GTEVH HE TIG
npoavapepbeicec EVVoleg.

9.1. I310TIpEG KOl 1OLOOLOVOGHATA YPOUULIKADV OTELKOVIGEDV

Ye autn Vv evotnta 0o E16aYAYOLE TIG EVVOLEG TV LOLOTIHMV KOl 1010010 VUG LA~
TOV YPOUUUIKOV OATEIKOVICEWDV GE £VOV YPUUUIKO Y DPO, KAODG Kol TETPAYOVIK®V -
vakov. Eniong 0o opicovpe t0 yapaktnplotikd ToAvdvupo evog Tivaka, TV opotd-
TNTO TVOK®V, KoL TN YEOUETPIKN KOl AAYERPIKT] TOALATAOTNTA (1O 1OLOTIUNG EVOG

TivaKa.

Opiouog 9.1 'Eoto X évag ypapuikog yopog, kot L @ X — X pio YpOUUKn
aneikovion. Aéue 6t n L apnvel évav vndympo X; tov X avatloiwto, av o X
angkoviletal péow® g L 6tov eavtd Tov, dniadn av o L(X;) nepiéyetatl otov Xy,
L(X;) C X;.

Tapaoeiyuaza 9.1
1. 'Eoto X évag ypappikdg yopog. Kabe ypappikn anewkoéOvion L @ X — X
a®NVEL TOVG Loy ®povg {0} kot X availoimtov.
2. 'Eoto A évog mpaypatikde apbuoc, kot L : RP  — R L(xy, 29, 23) =
(Ax1,2X\x1 + 29, 23). H L apfvel, OTOG S10MIGTOVEL KOVELG OUECHOS, TOV LTOYMPO
X, :={z€R® : v = (21,75,0)} avarroioro.
3. 'Ecto A évag mpaypatikdg apdudc, kat L : R* — R? L(xy, 25) == (Axy, Axa).
Mo toyovro tpaypatikd apbpd k, n L aenvetl tov vmoympo X = {x = (x1,19) €
R? : zy = kx,} avalloiwro.

125
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‘Ecto topa X €vag YpoppKog ymdpog, x1 Eva un Unodevikd ddvuopd Tov, Kat
X1 0 xy®pog mov mapdyetal and 1o 1, Xy =< x; > . Mio ypoppIKY] anekovion
L : X — X apnvetr tov X; akpifog 16T€ AVOALOI®TO, OV LTAPYEL TPAYUOTL-
KOG aptBudsg A té€toloc wote vo toybel Lry = Axy, ondte, OMMG SaTIOTOVEL KOVELG
apéoms, Ba 1oyvel kot Lr = Az ywo ka0 x € X;. Avtd 1o yeyovog pag odnyel otnv
e1oay®y”n 000 TOAD BACIKAOV EVVOLDV, O1 OTTOLEC £ 0LV 1OLOITEPT) CNUACIN GTIG EQUP-
HovéG Tov Mabnuatikov otig Puoikég Emotueg, autdv Tov 1310TIHGV Kot 1010010~
VUGUATOV.

21N GLVEYELN Ol YPOUULKOL pag yopot Bo eivor eite Tpaypotikol €ite pryadikol,
K=RnK=C.

Opicuog 9.2 'Eoto X évag ypappikog yopog ndveo oto K, kot L @ X — X pia
ypappikn anekovion. Eva A € K Aéyeton dotiun (eigenvalue) tne L, av vmapyet
un pundevikod otoryeio x tov X, z € X \ {0}, této10 dote va woyvel Lxr = Ax. 'Eva
z € X \ {0}, ywo to onoio woyvel Lx = Az, Aéyetat idiodiavvoua (eigenvector) g L og

TPOC TNV LOLOTIUN A.

Av 1 givor 1010010vVGHO oG YPOURUIKNG aneltkovions L, tdte, mpoaveg, n L

AQNVEL TOV YOPO < T > AVOALOL®TO.

210 anotélecuo mTov akolovdei, Oa dovue 6Tt 1010010VOGUATO, TOL AVTIGTOLY OVV

€ avl 00O JL0POPETIKES LOLOTIHES, ELVOL YPAUUIKA OVEEAPTNTA.

ANppa 9.1 Eotw X évag ypapikog ymwpog, KaL Xy, . . . , Ty OL0OLOVOGUOTO, HIOS VPOUUIKHS
ameikoviong L+ X — X wg¢ mpog avd 000 o1apopetikég 1010TIUES A1, - . ., Ay TOTE Ta

X1y .oy Ty EVAL YpOLUUIKG AVEEAPTHTAL.

Arooeién. H anddelfn Ba d00el enaymyikd og tpog m. ['ia m = 1 0 1oyuptopdg oAn-
Bevet, TPoPAVAS, POV TO X1, MG UN UNOEVIKS d1AVLGUO, ELVOL YPUUULIKA 0vEEAPTNTO.
YroOétovpe TOpa OTL 0 IGYLPIGUOG Lo VEL Yo m — 1 Kat Ba dei§ovpe OTL Loy vEL Kat

yioom. 'Eoto 01t cyxy + - -+ + apxy, = 0. Tote Ba Eyovpe 0@’ evdg
0=An 0=\ a121 + -+ AT
KoL aQ’ €TEPOV

0=L(0)=a1Lx; 4+ -+ apLr, = A\oqzs + - + X\ T,
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Enopévag
9.1 0=0o1(Am —A)z1 + -+ Qo1 (A — Ane1) T—1-

Amo avtn T oy éomn EmeTal AuEo®S, AOYM TNG YPUUUIKNG aveEaptnoiag TOV x1,. . .,
Typ—1 KA1 TOL YEYOVOTOG OTL TO A, E1VOL OLAPOPETIKO TOV Af, ..., A1, OTL Yy = «+ - =
am—1 = 0. Emopévac, n oxéon anxy + - - - + @y = 0 YpA@ETOL GTN LOPON Oy Ty, = 0

Kot pog divetl au,, = 0. ZOVENMG, T 1, . . . , Ty, ELVOL YPOUULKAE aveEdptnTa. [
®a dovpe TOpa PEPLKES ATAES 1010TNTEG 1O10OAVUGHATOV.

ANppa 9.2 Eagtw X évag ypauuixog ywpog navw o éva couo K, L : X — X uia
ypouuirn aneiovian, kat, yia A € K IAX (L, \) := {x € X : Lx = \x}. Tote toybovv:

1. I'ta kdBe X € K, 10 IAX (L, \) givai vroywpog tov X.

ii. Eva A € K eivar id1otyun e L axpificoc tote, av to IAX (L, X) dev mepiéyer uovo to
unoeviro oavoaua, IAX (L, ) # {0}.

iii. IAX (L, A\) \ {0} &ivai to avvoio twv id10davvoudtwv s L wg mpog .

iv. ToIAX (L, \) eivai o mopivag g aneikovions L—Aidx, IAX (L, \) = Ker (L—Xidx).
v. Ta 0bo drapopetiicd A1, Ay, § toun twv IAX (L, \y) kot IAX (L, \y) mepiéyer uovo to
unoeviicé oravoaua, IAX (L, A1) NTAX (L, A2) = {0}.

Arooeiy. Tai., ii., iil., Kat iv. eival tpoeavn. To v. énetal ovclooTiKA and To ANppa
9.1. Tw va to arodeiovpe, vrobétovpe 0Tt & € IAX (L, A;) N IAX (L, A2). Tote O
gyovpe Lr = Mz Kot Lx = Aox, GUVEN®OG Mz = Aoz, OmOTE (A — Ao)x = 0, kot

EMOUEVOG, AOY® TOL OTL A\ — Ay # 0, 2 =0. O

Opilovpe TOPO 1OIOTIUES KO 101001AVOG AT TETPAYOVIKDOV TIVAK®OV, K01 GTN GL-
véyeta Ba dovpe OTL O1 IOLOTIHEG PG ATELKOVIGTC GUUTITTOVV UE TIG LOLOTIHEG TOV
OVTIGTOLY OV TiVAKO OC TPOG OTOLUONTOTE PAcT, LTOOETOVTAC PLGIKA OTL O YPULLLL-

KOG Y OPOC €lval TEMEPAGUEVNC OLAOTACTC.

Opiouog 9.3 'Eotw A €vag TeTpay®vikog, n X n, TIVOKOG HE GTOLYElD and Eva COUA
K, A € K™"."Eva A € K Aéyetat iiotiun tov A, av vmdpy el un unoeviko dtvocua
tov K", = € K" \ {0}, této10 wote va woyvel Ar = Az. 'Eva didvoopo x € K™\ {0},

Y10 TO omoio toyVel Ax = Ax, AEYETUL 1010014VVGUE TOLV A WG TPOG TNV LOLOTIUN A.
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Znueioon. 'Evog mpaypatikog, n X n mivakag A, A € R™" umopel puoikd vo. Oeo-
pnbel xar wg otoryeio Tov C™" GuVENMOC €ival OLVATOV VO LTAPYOLY KAl ULYUOIKES

LOLOTIUEG Kal PLyadtKd 101001avOCHOTA VOGS TPAYHOTIKOD TivaKd.

21 ovvéyela divovpe €va aAyeBPLKO KPLTNPLO Y10 TIG WOLOTIHEG EVOC TTIVOKO.
SOUP®VO. LLE AVTO 01 LOLOTIHES VOGS n X n Tivaxka eivatl pileg evog ToAvwvOHoL Babpov

n.

IIpotacn 9.1 Eotw A évag pryadikog, n X n, nivakag. Evag uryaducog apifuog \ eiva
axpifog tote 1otun tov A, av det (A — \,,) = 0.

Arooderién. To X elvat 1010TIUN TOL A, AV Kol LOVO AV TO YPUUULKS cvoTnuo Ax = Az,
N 160dvvapa 1o (A — Al,)z = 0, éxet un undevikn Adon. Avtd dp®g, Katd Ta YVOoTd,
ovpuPaiver akpipog téte, av o mivakag A — AL, dev lval avTioTPEYIUOS, ONANOT AV

n opilovcd tov undeviletar, det (A — AI,) =0. O

Opiouoc 9.4 Eoto A évagnxn pryadikdc tivakog, A € C™". To mroAvdvopo p, p(A) :=
det (A — A1), AéyeTal YapaKTnplatiko molvdvouo Tov A.

Evxola propel va dtamictdoet kavelg enaywyikd, 6Tt o Babudg Tov ToAv®vOpoL
p,p(A) :=det (A — \I,,), elvar n. Emopévag, chupova pe to Oepeiiddeg Oedpnpa tg
AlyeBpag, kaBe n X n pyadikdg mivakag £xel, LETPAOVTOS KAl TNV TOAAATAOTNTA

TOVG, 1 LOLOTIHEG.

‘Eoto X évag ypappikoc yopog menepacpévng otdotaons, dim X = n, xat L
X — X plo ypappikn anewovion. Av By = {zy,...,x,} xou By = {y1,...,Yn}
eivar ovo PBacelg tov X kar A, B ot mivakeg g L og mpog By xat By, aviictolya,
Oswpovrog kdbe popd v 1dto faon 610 TEdI0 0ploUOD KOl GTO TENIO TIHADV TNG,
10 TPOPANUA Tov Ba Hog UTUcYOANCEL OTN GLVEYELD €lval VO TPOGOLOPIGOLIE i
oyxéon petagd Tov mvikov A kol B.

Kat’ apynv vnépyet axkptfog pio ypoppkn anewkoéOvion Ly : X — X yio v
omoia woybet Lix; =y;, 5 =1,...,n. Tty avtictpoen L' g Ly woyber L'y, =
zj, j=1,...,n. Av S glvar o mivakog g L; g mpog tig Paoeig By kot Bs, 6to medio
0pLoUOL KOl 6TO TESI0 TIUDV TNG, OVIiGTOLY, TOTE 0 S €lval AVTIGTPEYIHOG KAl O
S~ eivar o mivaxag g L' ¢ mpog Tic Paoeig B,y kar B 610 medio opiopod kot

010 medio TIHAOV NG, avtictorya, BA. tnv [Ipotacn 5.3. Enopévac, pe S = (s;;) kot
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St = (s};) €xovue

(92) Yy = Z STy KOL  T; = Z S;jyi, j = 1, oo, n.
i=1 =1

Eniong pe toug mivakeg A kat B €yovpue

n

(93) LIJ’ = Z Q;;T; KOl Ly] = Z bijyi; j = 1, .o, n.
=1

=1
[Tpocdiopilovpe Tdpa Tov wivako g L o¢ mpog T1¢ Phoelg By kar By, 610 medio
0PLGHOY KOl OTO TENLO TIUDOV TNG, AVTIIGTOLY A, LE dVO TPOTOLS, Yo Vo 0dNnynbolue
otV entbountn oyxéon petald tov mvikov A katr B. ‘Eyovue, copeova pe t1g (9.2)
Kot (9.3),

n n

Ly; =Y by = Z bij ( Z Stie) (> subij) e,
i=1

=1 (=1 (=1 =1

n
Ly; = E sejLxy = E S¢j E Wie; ) E E AieSej) T,
(=1 i=1 ¢=1

=1

3

j = 1,...,n, enopévag évag mivakog eivar o SB kot €vag o AS, onote Ba Eyovpe
SB = AS, nhudf A = SBS~L. 'Etot odnyndnkoue otn oyéomn mov avolnTovcupE.
>e Myo Qo propécovpe va dl0TLTOGOLHE TN oy éon petatd A kol B dtapopeTikd,

HETE amd Evov KaTAAANAO OpLoUd.

Ot 1010TIHEG OG YPOUULKNG aTEIKOVIONC 0ev eEapTtodvTal, BERata, and pio Go-
YKeKPHEVT Bdom. Oa dei&ovpe Tdpa 6TL Kol o1 Tivakec A Kal B, TOL avIlGTOlLYOVV
oTNV 1010 YPOAUULIKT ATELKOVION, £ 0LV T1G 101G 1O10TIHEG.

Opiouog 9.5 Avo mivakeg A, B € K™" Aéyovtor duotor, ov vmpyel OVIIGTPEWYILOG

mivaxag S € K™" tétotoc dote A = SBS™L.

ZOUO®VO, LE TO TPOTNYOVUEV, O1 TivaKeG A Kal B TOL avVTIGTOLY0VV GE Hid YPOpL-
HIKT) anekdvion og Tpog 000 Baoels, TnV idia kKaBe popd oTo TEdi0 OPIGHOV TNG KoL

670 TEDL0 TIHMV TNG, €lvat OpoLOL.
®a dovpe TOPA OTL OPOLOL TIVAKES £ 0LV TIC 101G LOLOTIHEG.

IIpotaon 9.2 Eotw A, B € K™" dvo ouotor wivaxeg. Tote o1 A kar B Eyovv Ti¢ ideg
I010TIUES.
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Andédeiln. Eoto S € K™ avtiotpéyipog nivakag tétotog wote A = SBS™!. 'Ecto
TOpa A 1dtotiun tov A. Tote vdpyet un undeviko davoouo tov K", éotm x*, Té€1010
wote Ax* = \z*. Enopévag, Oa £xovue, (SBS™Hz* = \x*, onote S~HSBS™)a* =
AS~ra* dmhadn B(S~1z*) = M(S~1z*). Apov o S7! givar avtiotpéyipog Kot To 2* un
undevikd, kot to S~la* eivar pn pndevikod dravuopa tov K, kot and tnv tehevtaio
oy éom ovunepaivovpe 6Tl To A €ivar woTiun tov B. Mg tov 1010 axpifmg tpono

delyvovpe OTL Kot KaOe 1310TIU Tov B givat Kat 1dtoTiun tov A, O

Av X glval pio 1dtotiun tov mivaka A, tote T0 1810010vOGHATH TOL A ®g TPOg

TNV WOLOTIUN A E1VOL OL 1) TETPIUUEVES AVGELG TOL OLOYEVOUE YPUUULIKOD GUGTIUATOG

(A—A,)x=0.
T
aip ... Qip
A= ,
(07951 Ann
Eyxovpe
a; — A 12 A1n
Ao Az — A Q1n
A=)\, = .
an1 an2 App — )\

THapaoeryua 9.2 o TpocdIOPIGOLIE TIC WOLOTIHEG KAl TO 1010010VOGHATO TOVL TIVOK
A

Y

1 -1 -1
A= 1 -1 0
1 0 -1

"Eyovpe, avantdcoovTac o¢ Tpog TV TEAELTAIN GTNAN,
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EMOUEVOG
det(A— M) =—(1+X) - (1+NN=1+1)=—(1+N(\+1).

YUVETMG Ol WOLOTIUEG TOL Tivoko eivalt Ay = —1, Ay = 1,A3 = —i. ['l0 va Tpocdio-
picovpe to avtictolya 1010010vOGUATA, 0PKEL VO ADGOVLE TA OPLOYEVN Y PUUULIKE GL-

omuoto (A — \l3)z =0, j =1,2,3.

Znueioon. Av 6To Tponyovuevo tapddetypa, o nivakac A Bewpnbel og ameikdvion

tov R? 6TOV £0LTO TOL, TOTE 1) POV WOTIUY Eival TO A;.

Opiauog 9.6 'Ecto Ay, 1drotiun tov mivaka A € C™" kot p, p(A) := det (A—A1,), T0 xo-
POKTNPLOTIKO TOAVMOVLHO TOV A. AAyefpiky molianAdoTyTa TNG LOLOTIUNG A\; AEYETAL O
QLGIKOG aPLOUOG ik, Y10 TOV 01010 1oYVEL P(A) = (A — Ak ) q(N), HE g £VO TOALOVLLLO
BaBpod n — py To omoio dev undeviletal 6To g, ONAGON N TOAALATAOTNTA TOL Ag OC
pilog Tov YapaKTNPLoTIKOL TOALOVOUOL Tov Tivaka A. H yewuetpixn nollanidtyta
Pk, pr = dimIAX (A, \y) = dim{z € C" : Az = Mgz}, €ival 1o TAN00G TOV YpappLKd

aveEAPTNTOV 1010010VUCUAT®V TOL A WG TPOG .

211 ovvéyeta Bo dodpE OTL M YEOUETPIKN TOALATAOTNTA eV vtepPaiveL TNV adye-
Bpikn moAAATAOTN TO.

Ipotaon 9.3 Eotw N 1di0tiun evog nivaxa A € C™" ue alyefpicn nollaniotnza pu(N')
Kat yewpetpich rollanlotnta p(N). Totewoyver 1 < p(N) < p(N) < n.

Arnoderin. H mpdtn kot 1 teAevtoio avicdTnto eivol Tpogaveic. Apkel CLVETHS va
deiEovpe 6t p(N) < u(N). O®ftovpe p := p(N) kot p := pu(N). Eotw zt,... ,2° € C"
ypapuikd aveEaptnto 1drodiavicpate tov A og tpog N, dnhadn Azt = Nat, i =

1,...,p. Tote, ka1 t0. yvootd, veapyovv L .. 2" € C" 161010 dote {zt, ..., 2"}

va givor Baon tov C". 'Ecte S o nivaxag mov £yl oThAeS Ta Stavbopato ot ..., 2",

S = (z',..., 2"). Tote woyver det S # 0, BA. I1pdtaon 7.1, cuvendc o S givar avti-
Y 9 Y

otpéyipoc. Topa éxovpe Set = 2%, i = 1,...,p, Gpa ko ! = S~1at, 4 =1,...,p,

EMOUEVOG

STTASe' = STH At = STH(Wah) = NSt = Ve
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Yuvendg, o mivakag STLAS givar g popeng

N 0 * * ... *

!
stag= | © A

(N1, B
B 0o C |

IMa 10 yapaktnplotiKd TOALOVLUO TOL A 1GYVEL, ETOUEVOGS,

L D S
X% X ot
L D S

p(\) = det (A — \I,,) = det S~*det (A — \I,,)det S
— det (STVAS — ML) = (N — A)det (C — AL,_,),

omov o1 devTEPN 16OTNTA Y PNCIUOTOINGUUE TO YeYOVOG 0Tt det S~! = 1/det S, ov-

vemwg p < p. O

Hapaoeryua 9.3 H povn 1010t1un tov mivaka A,

S NN O
N W O O

1
2
0
0

o O O N

elvat 1o 2, pe adyefpikn molranrldtnta téocepa, pu(2) = 4. To cvopo (A—214)x =
0 éxel ydpo Aoewv < («,0,0,0) >, ue o Tpayuatikdy aptOnd. Tovende 1 YeOUETPL-
KN TOALOTAOTNTO TNG WLOTIUNAG gival éva, p(2) = 1.

9.2. Awyovionoinomn Tivakmv

Ye avtn v evotnta Bo acyoinbodue pe T daymvioroinon mvakmv, o yvo-
pioovpe didpopeg cuvOnNKeg Yo vo elval £vog TIVOKOG Ol0Y®VIOTOINGIHOG Kot Oa
avoeepBoldie 61O AeYOUEVO EALYLGTO TOAVMVLLO EVOS TETPUYOVIKOV TIVOUKOL.

‘Evog mivako D = (d;;) € C™" Aéyeton diayddviog, av woybet di; = 0 yua i # j,
ONAadn av €xet un undevikd otoryeia povo otn daymvid Tov. Av Aq, ..., A, elval ta

dtaydvia ototyeia tov D, tote cuyva ypaoovpe D = diag (A, ..., \,).
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Opiouog 9.7 'Evag wivokog A € K™" Aéyetar daywvionooyog, oV LTAPYEL AVTL-
otpéyipog mivakag S € K™ tétotog wote o mivakog STIAS va givarl draydviog,

S7tAS = D pe D daydvio mivako.

‘Eva xpitnplo, yio 1o 0T £vag TIVOKOG E1VOL Sl y®VIOTOLIGIUOC, dIVETUL GTO

akoiovbo Bempnpo.

Ozopnpa 9.1 Evag mivaxag A € K™ eivar axpifarg T0Te 010wVIOTOMoIUog, av vrapyel

&va abvo Lo 101001avoaudTy Tov A, ta onoia anoteioby faan tov K.

Arnooeiln. 'Eoto kat’ apynv 6110 A € K™" givatl dtayoviononcipog. Tote vmapyet

nivakag S € K™ S = (s!,...,s"), tét010¢ DOTE
STTAS =diag (M1, ..., \n).

Enopévag 0a £xovue AS = Sdiag (Ai,...,\,) = (A8t ..., A\,s"), omOte As' = \;s', i =
1,...,m, ONAQON T Aq, ..., A, €lval 1010TIHEG TOL A, pe avTioTolyd 101001aVOGHATO
st .., 8" Topa to s, ..., s" eivor ypapuika aveEaptnrta, PA. ti¢ [Ipotdoeic 5.1 kat
6.3, emopévag anotelovy Bacm tov K".

AvticTtpogo tdpa, av zt, ..., 2™ 18odiavicpate Tov A, ®¢ TPOS Aq, ..., Ay, TOL
anotehobv Baon tov K", tote o mivakag S = (2}, ..., 2") eival aviioTpéyipog kot
oyvet AS = (Azt, ... Az") = (Mt .o \a™) = Sdiag (A, ..., \,), Gpa STTAS =

diag (A1,...,A,), Nkadn o A givat dStayoviotooipog. O

Apeon andppota Tov Ocwpipatog 9.1 kat tov Afppatog 9.1 gival to yeyovog 6ti
Evac n X n Tivakag e avl 600 OLUPOPETIKES IOLOTIUEG Aq, . . . , A, €LVOL LA Y®VIOTOIN-

GLHOG.

IIpotaon 9.4 Eotw A € K™" évag mivaxag pe avd ovo o1apopetinég I010TIES A1, . . ., Ap.

Tote o A eival 010:yVIOTONGIUOC.

Arnooeiln. 'Eoto x1,...,x, 1810010vOGHATO TOV A ©C TPOG TIG IOLOTIHES Aq, ..., Ay,
avticTolya. XOpeova pe to Afquua 9.1 ta zq,...,x, €lval ypappikd avedptnra,

OmOTE TO OMOTEAECHO EMETOL A0 TO Ocdpnuae 9.1. O

‘Eoto A évog n x n mpaypatikdg tivakag. Oswpovue otov R”, pe tnv Kavovikn
tov Baomn, v anewkoévion Ly : R — R", = — Az. O mivaxkag, Tov aviletotyel

G€ VTN TNV aneikdévion, eivat, euoikd, o A. To epdTMUa gival Tdpa, KOTE TOGOV
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umopel N awelkovion vo tapactadel pe Evay mivako anAobeTEPNG LOPPNGS, OV ETIAE-
Eovpe AAAN, KatdAAnAn Bdon tov R". YroBétovue 611 0 A glval d10Y®OVIOTOGHOG,
STAS = D = diag(dy,...,d,) = (d;;). @ewpodpe tn Baon {Se',..., Se"} tov R",
omov puotkd Se' = s' givar M i—oTh 6TRAN ToL S. Oa deifovpe auéong TOpa OTL O
TLVOKAC, TOL OVTIGTOLXEL TNV L4 ®¢ TPog avty TN Paon, dev eival GALOG and Tov
dtaymvio wivako D, yeyovdg 6to onoio opeiletal, Kotd HEYALO HEPOG, M ONUACIA

TOV O10YOVIOTOINGIHOV TvaKkov. TTpaypatikd £xovpe

Las’ = As’ = ASe! = SS™1ASe’
= SDe’ = S(dje’) = d;Se? = d;s

(:Zdijsj), jzl,...,n,
=1

oyéon n onoia, KAt Ta YVOoTd, Hog 00MYel 6To enBuuntd anotéheca.

Opiouog 9.8 'Evag mivaxa A € C™" Aéyetan

i. epunriavéc, av A* = A, 6mov A* := AT,

1. oopUpETPIKOS, AV ELVAL TPOYHOTIKOG KOL GUUTITTEL LE TOV AVAGTPOPO Tov, A € R™"
kot AT = A,

1il. opQoywviog, ov glval TPAYUATIKOS KAl O AVAGTPOPOS TOL £ival AvTioTpoPdS TOv,
AeR"xar ATA = 1,,.

Znueioon. Kabe ocoppetpikdg mivakag eivat, Tpoeavag, kot epuntiavog. a évav
opboydvio mivaka A, A = (a',...,a") woydet (a',a’) = 6y, 1,5 = 1,...,n, WBuwitepa
0ol GTNAEC TOL €ival opBoydvieg petafd TV, YEYOVOS GTO OTOL0 OLTOL Ol TiIVOKEC

opeilovv TNV ovouacio Toug.

IIpotacn 9.5 Av A € C™" eivar évag epuntiavog mivaxag, TOTE 01 IOIOTIUES TOV EIVal TPa)-

patikol apifuoi.

Arnooeiln. 'Eotom A pio wdrotiun tov A xat x € C" €va 18todtavucua Tov A ¢ Tpog A,
Snradn z # 0 kar Az = A\z. Tote Oa 1oybel kar Az = Az, apa AT = \%. Enopévoc
(Az)T = (A\z2)T, onote 2T AT = AzT. Zuvenag éxovue 2T ATe = \zTax 27 Az = Azt
N z7(\x) = Az, apa (A — N)zTz = 0. Topa, z7x # 0, agod x # 0, ondte A — A = 0,

dnAadn o A eivar mpaypotikdg aptOpog. O
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>t ovvéyela, oto Oedpnua 9.2, Bo deifovpe OTL OL GUUUETPIKOL TIVOKES lval
dayovioromoipol. Mditota Ba dovpe 611, av A € R™™ givar évag coppuetpikdg
nivakog, T1ote vTapy el oploydviog Tivakag S, Sniad tétotog dote ST = STy
tov onoto woybel STTAS = diag (A1, ..., \,). IIpwv prnopécovpe va odnynbovue ot
avTo 10 Poocikd anotéAecpa, 0o dOGOVIE OPIGUEVA TPOKUTUPKTIKA OTOTEAEGLOTO.

Y10 GUUUETPLKOVE TIVOKEG.

Opiauog 9.9 Avo nivokeg A, B € R™" Aéyovtar opOoywvia ouotor, av vrdpyet opbo-
ydvioc mivakag S € R™" 1étotog dote B = STAS. 'Evag nivaxag A € R™" Aéyetan

opQoywvia daywvioromayog, ov eival opfoydvia OLolog e Evay d1oydVio Tivaka.

Znueioon. Aeod, yio k6Be opbBoydvio mivaka S, 0 avdcoTpoPOS TOL Elval Katl avTi-

GTPOPOC TOL, 6V0 0pBoydvia OpoLoL TivaKeS, elval OLOLOL.

2Opeova pe To aKkOAoL00, TPMOTO TPOKOUTAPKTIKO, OTOTEAEGL, 1010010 VOGLOTO.
GUUUETPIKADV TIVAK®OV, TOL AVTIGTOLYOVV GE OL0POPETIKES OLOTIUEG, Elval opBoym-

via petagLy Toug.

ANppa 9.3 Eoatw A € R™" évag oouuetpiog nivakag, A, j1 000 1010TIHES TOV KOl T,y

avtioTolya 11001avoouata. Av X # u, tote ta x, y givar opfoymvia.

Anédeién. Aeob o A eivor ovppetpucdg, éxovpe AT = A Topa Az = Az, apa
(Ax)T = (\x)T, onote 2T A = 2T, enopévog 27 Ay = (AzT)y = AaTy) = Az, y).
EminpocOeta, 27 Ay = 27 (uy) = p(aTy) = p(x,y). And t11g 800 avtéc oy éoelc cupumne-
paivoope 6t (A — p)(x,y) = 0, onote (x,y) = 0, 0o X\ # . O

YOpQoVo pe To de0TEPO TPOKATUPKTIKO ATOTEAECHO, GUUUETPIKOL TIVAKES e AvEL

dVO O10POPETIKEG 1010TIHEG Elvat opHoydVIa S10.YOVIOTOLNGLUOL.

IIpotacn 9.6 Eatw A € R™" évag aouuetpikog mivakag, pe avd 000 o1apopeTices UeTaly

TOUC IOLOTIUEG N1, . .., A\p. TOTE 0 A givar opBoymvia d10ywvIoToInaog.

Anddeiln. 'Eotm zb, ..., 2" 181081avOcHOTo TOV A OC TPOG TIG WOLOTIUES Mg, . . ., Ap,
avtictoryo. Xwpic BraPN Tng yevikdtnTag propodue vo deydovpe 6t ta zt, . .., 2"
elvar povadiaia, dnradn ||2°)| = 1, i = 1,...,n. Emnpocheta, cOppova pe to mpon-

yovpevo Afppa, ta xl, ..., 2" glval avé 8Vo opfoydvia peta&d TOL, GUVETMOG 1oy VEL
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(2%, 27) = &5, i, = 1,...,n. Tdpa, o wivakag S, S = (z!,...,2"), eivar opBoyd-

viog kot woybel STAS = ST(Azt, ..., Az™) = ST(\at, ... \a™) = STSdiag (A, .. .,
An) =diag (A, ..., \,). O

Metd and to Tponyobueva 600 TPOKATUPKTIKA ATOTEAECUOTA EIHOCTE TOPU GE
0¢éom va ddoovpe kot T0 Boctkd ATOTEALECUA. ZNUEIOVOLUE OTL 1GYDEL KOl TO AVTi-
GTPOPO OWTOV TOL ATOTEAEGUATOG, N ATOOELEN TOL OTOLOL Elval HAAOTA TOAD EVKO-

LOTEPN, PA. TNV Acknon 9.15.
OzoOpnpo 9.2 Kabe n X n oouuetpinog nivaxas eivar opBoywmvia 010 ymvionomaipog.

Arooeiln. H anddeitn Oa 600el enayoykd og tpog n. 'a n = 1 10 anotélecpa
elvol Tpoeavég. 210 enaymylkd Brpo, vrodéTovpe 6TL 0 IGYLPIOUOS UAC LOYVEL YLd
(n—1) x (n — 1) mivokeg kat Bo deifovpe OTL 1oYVEL KAl Y10 1 X 1 TIVOKEC.

‘Ecto A € R™ évog ooppetpikoc mivakac, A; pio dtotipnq tov kot ot éva avti-

otolyo povadiaio drodidvuopa. Tote vmapyovv z2,..., 2" € R" 1ét0100 BGTE TO
cbvoro {z!,..., 2"} va arotelei opBopovadiuia Baon tov R™. O wivakag S, S =
(x',...,z"), elvar opBoydviog kat 1oy vEL
Mzl ozt o0 o«
Ap (22, 2h)
STAS = ST (At Ax? ... Az™) = ’
B
A (2™, 2t)
)\1 * *
0
s . s
: B
0

émov B évag (n — 1) x (n — 1) npoypotikdg mivakag, B € R™ "1 Aol o nivakag
A givar ovppetpikde, 0a Exovpe (STAS)T = STAT(ST)T = STAS, dnhadn o STAS
€lvol COUUETPIKOG, OTOTE, CUUPOVA LLE TO TPOTNYOVHEVA, Oa EYEL TN LOPPN

A0 ... 0

0
STAS = ,
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Kot 0 B gival emiong ovppetpikds. Topa, cOppova pe tnv vmobeon g enaymyng,
vrapy et évag opBoydviog mivakag T € R* " této10¢ wote TT BT = diag (Ms, . . .,

An)- OéToVpE TOPO

10 0
0
T1 = .
: T
0
Kol €Y OVUE
A 0. 0
0
(ST)TA(ST,) = TT(STAS)T, =TT | 5 T, = diag (A, ..., \).

0

Topa, o wivaxog ST) eivat opBoydviog, Kol £T61 GUUTEPUIVOLUE OTL O 1GYVPLIGUOG

HOG 1o VEL KAl Y10 1 X N GUUUETPIKOVG TivaKeEG. [

9.2.1. To ghéyroto toAv®@vopo £vog tivaka. 'Eotw A € K™" évag mivaxkac. Enet-

] GoTaAoN T D A ™ egivar n b ‘i =0,...,n%
) dbota ov ypappkoL ydpov K™ givar n? kai ot duvaueig A 0 . n?
’ ’ 2 ’ , ’ .
eivar otoryeia tov K™" ta I,, A, ..., A" eivar ypoappikd egoptnuévo. Emopévmg
. . . , , , n2
LVTTAPYOLV Y, - . . , Az, OYL OAO, UNOEV, Té€Tola MOTE ol + 1A + -+ + a2 A" = 0,

0 € K", dnhadn vrapyet un undevikd tolvdvopo Badpod to Todd n?, Tov oroiov o
nivakac A eivor “pila”. To 0€pa mov Oa pog anacyoAncel 6T cLVEYELD Elval KOTH
OGOV LITAPYEL UN UNdEVIKO ToAVOVLEO P, Buduov pikpdtepov Tov n?, 161010 OGTE O
A va givon “pila” tov, P(A) = 0. To Bacikd anotérecpa £6d eival to Oedpnpa TV
Caley—Hamilton, cOpgova pe 1o 0moio To YOPUKTNPLIGTIKO TOAVDOVULHO EVOG TIVOKO,

Babuod n, £xetl avTN TNV OLOTNTA.

Opiouoc 9.10 'Ecto A évag n x n mivakag, A € K™". To ToAv®VOHO p TOL EAG)L-
6ToL dvvatol Babuov pe peyioTofaduio cuvteAeoTn, ONAGOT GLUVTEAEGTY TNG LEYO-
AOTEPN G SOVAUNG Tov, TN Hovada, yia To omoio toyvel p(A) = 0, Aéyetar eldyiaTo

OOV TOV A.

To gAldy1oT0 TOAL®OVLHO €VOG TTiVOKO €1Vl TPOPAVMOG LOVOCSTUAVTO OPLOUEVO.

IMpaypatikd, av veRpyxav V0 dEPOPETIKA EAAYLOTO TOAVOVLUA p KAl ¢ £VOG Tivaka
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A, 16T€ M dtapopd Tovg Ba NrTav pikpdTEpov Pabpod kot Bo tkavorolovoe TN Gy Eon

(p—q)(A) =0, dNAadn ta p Kat g dev Ba Tav ELAYLOTA TOALOVLUA, (TOTO.

Aqppa 94 Eotw A € K", p 10 eldyiato molocddvouo tov, kar P éva molvawvouo yia to

onoio wgyvel P(A) = 0. Téte 1o p dwaipet to P.

Arooeiln. Amd Tov oplopo Tov p Emetal 6Tt o Pabudg tov gival to ToAd dG0¢ Kal
0 BaBudg tov P. Emopévaog woybdel P = pg + r, Le TOAVOVLHO ¢ KOl 7 TETOL0 MOOTE
0 Babuog Tov r va gival pikpdTEPOG Tov Pabpod Tov p. Oélovue va deiEovpe 6TL TO
r elval To undevikd molAvdvupo. Av vmoBécovpe, TPOg GTIYUNV, OTL 0LTO OV glval
aAnbég, Oa eiyape a@’ evog r(A) = P(A) — p(A)q(A) = 0 kot 0@’ etépov o Pabuog

Tov 7 B NTav pKpoOTEPOG TOL BabUod Tov p, dtono. [
211 ovvéyeta Oa dovpe OTL OPOLOL TIVAKES €Y 0LV TO 1010 EAAY1OTO TOAVMOVLLLO.
ANpupa 9.5 Ouotor wivaxeg Eyovy to id10 eAdyiato molva@vouo.

Andédeiln. '‘Eoto A, B € K" dpotot mivaxeg, dnhadn B = S~1AS pe S € K™™. Avi
glval évag euotkoc apdpde i to undév, tote B = (S71AS)! = S71AS ... STTAS =
STLALS, xon, axpiPoc avtictorya, A = SB'S™!. Enopévag, av Y10 KGmTo1o Toludyu-
no p oyvelp(A) = 0, 0o xovpe eniong p(B) = S71p(A)S = S710S = 0. Avtictpoga,
av Y10 KGTo1to Tolvdvopo g woybet ¢(B) = 0, Ba éxovpe erniong q(A) = Sq(B)S™! =
S0S~! = 0. And ta avotépw énetat eOKoAa, av AAPOVUE LT’ OYLV Hag Kol TO YEYOVOC
OT1 TO EAOY1GTO TOAVMOVLHO £VOG Ttivako opileTal povosnpava, 6Tt ot Tivakeg A Kat

B €yovv 10 1810 €EAGY1GTO TOALV®OVLHO. [

Yoppova pe to akoAovbo Paocikd arotélecspa, tov Caley-Hamilton, évag miva-
koG eivar “pila”, pe évvola mov yivetal caens 6To OedPnua, TOL YAUPAKTN PLETIKOD
™G ToAvvopov. Evd Lordv péypt topa EEpape 6t1 0 PabBRog Tov AU 1IGTOL TOAL®-
VOLOL €VO¢ n X n wivako €ival To ToAd n?, tdpa 0o dodue o1t avtdg o Badudc eival
TO TOAD n.

Ozopnua 9.3 (tov Caley-Hamilton) Av p eivar 10 yapaxtypiaTiKo molv@mvouo evog mi-
vaxa A € K", téte 1oyver p(A) = 0.

Aréoeiln. ‘Eoto p(t) = (—=1)"(t" + a1t '+ -+ ap),pe o € K, i =0,...,n— 1.
Eneidn, ovpeovo pe v (7.11), woyder (A — Al,)adj (A — AL,) = det (A — \,,)1,,
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£y ovpe, AapPavovtog v’ OYLV Kal TOV OPLOHO TOL YUPAKTPLOTIKOD TOAVMVOLOV,
(9.4) (A=A, adj (A — AL,) = p(N)1,.

Topa o adj (A — A,,) €xel otoryeio moAvdvVLHe ©G TPog A Baburod to moAd n — 1,

unopel GLVETMOC VO, YPAPEL GTN LOPON

9.5) adj(A—\,) = Bo+ B A+ + B, A" L.

A6 116 (9.4) xar (9.5) happdvovpe

(9.6) (A—AL)(By+ BiA+ -+ B A" ) = (=1)"(A\" + ap i A" - Fag) .

20YKPLOT GLUVTEAEGTAOV GTa 000 UEAN NG (9.6), ONAAdT GUYKPLOT TOV CLVTEAECTOV

1010V SLVALE®V TOL A, pag divel

ABO = (—1)nOéoln
_BO -+ ABl = (—1)n061[n

[MoAramlacialovtag avtég Tic oyéoelg pe I,, A, ..., A" avtioctolya, Kol Tpochéto-

VTOG KAt PEAN Aappdvovpe
0= (—1)"(aoply + -+ a1 A"+ A",
oniadn p(A)=0. O

Yvvovafovtag to Afppa 9.4 pe 1o Oedpnua 9.3 0dNyYoLHACTE AUECHS OTO UKO-

hovBo amotéhecpa.

[opwopa 9.1 To eldyiaTo TOAVDYLLUO EVOS TIVAK O OLAIPEL TO YAPAKTHPIGTIKO TOV TOADD-

vopo. O



140 9. IAIOTIMEZ, IAIOAIANYZMATA KAI AIATQNIOITOIHXEH

9.3. Acknoslg

9.1. ITpocdiopiote TIG OLOTIUEG KAl TA, AVTIOTOLY O 1O101AVOGHOTO TNG ATELKOVIOTG
L : R — R* L(x):= Az, 6mov

1 0 -1
A= 1 2 1
-1 -1 1

9.2. 'Eoto X évag ypopukog yopog, L X — X évag 1copopplopds, A pia
wotun ™¢ L, kot z éva 1d1todtdvucpa g L og mpog TNV W0oTiun A. Amodeifte
ot 10 A givan S1dpopo tov undevoe. Ilpocdiopicte pia drotipf g L1 kan éva

1010016 VOO UG TNG OC TPOG AVTN TNV LOLOTIUT.

9.3.Ecto L : X — X pia ypappikn aneikdvion, Kat x £vo 10100tavocua g L g
npoc TNV WoTun A. IIpocdiopicte pia 1O10TIUN KOl VO AVTIOTOLYO 1310dLAVLCLO.

NG YPOPUIKAG aretkoviong L? := Lo L.
94. Eoto L, M : X — X ypappikéc aneikovioels. Avn M gival éveon, oniaon
EVa TPOG EVa, Katl x £va 1dtodtavooua TG Lo M o¢ Tpog TNV 1310TIUN A, TPOGILOPIGTE

pio 110TIUN Kot £va 0vTiGTOLY 0 101001avLucHa. TG anetkoviong M o L.

9.5. Amodei&te 0T1 évag mivakag A € R™™ givar akpiPag 16te aviioTpéyipog, av To

Unoév dev eivat 1010TIUN TOv.

9.6. 'Eoto A € R™" évog dvo Tplyovikog mivakog A € R™". Tlpocdiopicte Tig

1OL0TIUEG TOV.

9.7. IIpocdiopiote TIg 1O10TIHEG KAl T 1010010VOGHATO TOL TIVOKO,

b

I
BN W
N O
I SR
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9.8. Ilpocdiopiote TNV aAYERPIKN KAl TN YEOUETPIKN TOAALATAOTNTA TOV TPV~

TIKOV 1010TIUAV TOV Tivaka

7T -1 =2

-2 2 10

9.9. 'Ecto
3 6 6 —2
-2 -5 -6 2
2 4 5 =2
4 6 6 3

A=

[TpocdiopicTe, av vIAPYEL, EVAV dLAYDVIO TIVOKC OLOLO TOL A.

9.10. Eoton € Nxat A € R*7T2" Anodeiéte 611 0 mivakag A éyet TovAGYIGTOV

pio TPOYHOTIKNY LOLOTIUY.

9.11. 'Eoto
. 10 5 10
A= — _
B 5 14 2
10 2 —11

[Tpocdiopicte Evav dtaydvio Tivaka Opoto tov A.

9.12. Egetdote Katd TOGOV Ol TIVAKEG

3 =4 0 5
—4 1 -1 -1 I 10 1
A= 05 4 1|,B=10 3 2],xmC:=
2 -3 1 4
— 0O -1 0
0O 001

glval 410 YOVIOTOGLUOL.

9.13. (Avicotta tov Gerschgorin.) ‘Ecto A = (a;;) évag n x n mivakag kot A pio

510N Tov. Amodei&te 0Tt Yo kbmoto i € {1,...,n}, 1oydet

n
jais = A < lagg],
j=1

i
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ONnAadn kéBe 1droTiun A Bpioketal oe KATOLOV KOKAO GTO HIYAOLKO EMITEDO, e KE-
VTPO a;; Kol aKTivo Z?z la;;|. Ot kOKAot avtol Aéyovtat kvx ot Tov Gerschgorin. Me
aUTOV TOV TPOTO dEV néoc&opiéouus QLOTK( TIC WOLOTIHEG EVOG TTivaKa, OAAL £ OVIE
ot owabfeon pog pio pEBodo eviomiopuod Twv.

[Yrooeiln: 'Eotw x €éva avtictolryo 1dtodtavocua. Av x; elval pia Kot andAlvto TIUN

HEYIGTN GLVIGTMOCO, TOV =, TOTE Ba Eyovpe

n

(@i — Nx; = Z i ;]

j=1
J#i

9.14. Xvvdvdote T Aoknoelg 9.5 kat 9.13, yia va anodeiete OTL £vog mivokag,
LE OLOTNPA KLPLOPYLIKT] day®dVI0, EivOl AVTIGTPEYIHOS, VO arodei&ete dnAadn TNV
Aocknon 6.2.

9.15. 'Eoto A € R™" évag opBoydvia dtoyovioronoipog tivokas. Amodeifte 611 0

A gilvol GUPIETPIKOC.
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Evkieidero, 112

Kavoviko, 112
gv0v abpotlGpa YPapIKOVY YOpoV, 31
EvkAgideio ecmtepid yivouevo, 112
EvkAgidetoc yodpog, 112
épeon, 4

OeTikd oplopévog mivakag, 116, 122
Oeopnua

ITvBaydpeto, 115

tov Caley-Hamilton, 138

1510016 vuo o
YPOUMKNG anelkovicews, 125, 126, 140
nivoka, 127, 140, 142

1OLOTIUN
YPOUUKNG anelkovicews, 125, 126, 140
wivaxa, 127, 134, 140-142

100dVLVOND YPOUULKE cuaThpata, 71

LGOLOPPLGHOG, 59

LOOUOPPOL YpappIKol yopot, 59

100TNTA TOL To.paAAnioypdaupov, 114, 115

Kavovikn Baom, 22

KOvovikd ecmteplkd yivéuevo, 112
Kovovag tov Sarrus, 103
KOPTESLOVO YIVOUEVO, 3
KALLOK®TOG Tivokog, 48

ADOM YPOAUULKOL GLGTAHATOG, 70

pébodog

analolpng tov Gauss, 83, 88, 103, 104
opBokavovikonoinong twv Gram—Schmidt, 117
tov Cramer, 105, 108

petpikn, 116
U1 OHOYEVEG YPOUUKO cUCTN U, 79

vopua, 110

peyiotov, 111

oudda, 6

afeiavn, 7

OUOYEVEG YPOUUULKO cVoTN L, 70
opotlol mivakeg, 129
opomopuAANALKol LTOY®pPOL, 79
omic0odpouncn, 83, 84

opOn mpofoin, 120

opBoydvia dtaywvioTonolpog tivakag, 135, 136,

142

opBoydvia dravdouata, 112
opBoydvia tpofoirn, 120
opBoydvia dpotot Tivakeg, 135
opBoydvio avartuypa, 120
opBoydvio cbotnpa, 117
opboydviog mivaxag, 134
opBokavovikn Baon, 117
opBokavovikoroinom, 116
opBokavovikd cbotnua, 117
opBopovadiaia Baon, 117
opBopovadiaio cbotnua, 117
opifovoa, 89, 91, 93, 96, 98, 99, 102, 107, 108

tov Vandermonde, 106

nedio opiopoo, 4
nedio Tipov, 4

mivokog, 45

Gvo TPLry®VIKOG, 52, 99, 140
avTioTpéYipog, 142

YPOUUIKNG OTEIKOVIGE®S, 57
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dtayoviortooipog, 133, 134, 141 choTNH

Swwydviog, 141 opBoymvio, 117

epuntiavog, 134 opBokavoviko, 117

OeTikd opropévog, 116, 122 opBopovadiaio, 117

KAHOK®TOG, 48 GOOTNHO KavoVIK®V eélohoeny, 122
opBoydvia dtaywviortooipog, 135, 136, 142 copa, 9

opBoydviog, 134

GTOLELOBNE, T3 TETPAYOVIKOG Tivakag, 46

soppeTpLkde, 134-136 TpLy®ViKN avicotnta, 110, 116

GULVTEAEGTMV, 69 Tpryevonoinam, 83

o0 Gram. 122 TpLy®vomoinom nivaka, 49

TOAAATAOGLOGHOG TIVAK®V, 53 Tomog Tov dtactioeny, 41
nolAamAoclacTtég, 49 V6 OPo, 16
TOAAATAOTNTA LOLOTIUNG

aiyeBpukn, 131, 141 AAPAKTNPLGTIKO TOALOVULHO Tivaka, 128, 138,
veopeTpikn, 131, 141 139

Toc0deikTEG, 2 ADOPOG

npa&elg pe mivokeg, 52 Evkieidetog, 112

npofoin, 120 LoV Ypapptkod cuaThpatoc, 70

TpocapTNUEVOS Tivakac, 105 He ecmTEPLKO Yivopevo, 109, 112

npocheon mvdkov, 52 pe vopua, 110

IMubayodpeto Bewpnpua, 115 TOV YPUUUOV Tivoka, 47

TUPAVAS YPUUUIKAC ATEKOVIoT S, 39 TOV GTNAGOV Tivaxa, 47

ocelpég Fourier, 120

otabun, 110

otnAieg mivaxa, 45

otabepdg dpoc, 69

otofuntoc ympog, 110

otolyeia mivaxa, 45

OTOLYEIMOELG LETACYNUATIGHOL YPOUUDV, 46
OTOLYELDOELG LETOCYNHOTIONOL GTNAGY, 73
oTolYELMONG Tivakag, 73

GULUUETPLKOG Tivakoag, 134-136
ovunapdyoviag, 93

ovpPoiro tov Kronecker, 20

ovvheom, 5

obvoro, 1



