
ÐáíåðéóôÞìéï ÊñÞôçò, ÔìÞìá Ìáèçìáôéêþí ÃñáììéêÞ ¢ëãåâñá ÉIÉ (M 2211)

μåéìåñéíü ÅîÜìçíï 2011-2012, ÅîÝôáóç Éáíïõáñßïõ ÅîåôáóôÞò: ÄçìÞôñéïò ÍôáÞò

ÁÐÁÍÔÇÓÅÉÓ ÄÏÈÅÍÔÙÍÈÅÌÁÔÙÍ

ÈÅÌÁÔÁ 1-5 Ïé áðïäåßîåéò ôïõò åß·áí ðáñïõóéáóèåß óôéò ðáñáäüóåéò ôïý ìáèÞìáôïò. ¤

ÈÅÌÁ 6ï (i) ¸óôù üôé ôï ·áñáêôçñéóôéêü ðïëõþíõìï A(X) := det (A− XI) ôïýA åßíáé ôï

A(X) = (−1) X + −1X
−1

+ · · ·+ 1X+ det(A)

êáé üôéC :=

Ã
 −
 

!
 Ðñïöáíþò,

(A− I)
2 + 2I = (A− I)

2 − (I)2 = (A− I − I)(A− I + I)

=⇒ det((A− I)
2 + 2I) = det(A− (+ )I) det(A− (− )I)

=⇒ det((A− I)
2 + 2I) = A(+ )A(− )

êáé

A(C) = (−1)C
+ −1C

−1
+ · · ·+ 1C+ det(A)

µ
1 0

0 1

¶


Ïé éäéïôéìÝò ôïý ðßíáêáC åßíáé ïé +  êáé −  êáèüóïí

C(Y) = C(Y) = Y
2 − 2Y + 

2
+ 

2
= (Y − (+ )) (Y − (− ))

êáé åßíáé äéáãþíéïò üôáí  = 0 êáé äéáãùíéïðïéÞóéìïò õðåñÜíù ôïý C üôáí  6= 0 (äõíÜìåé ôïý 2ïõ

êñéôçñßïõ äéáãùíéïðïéçóéìüôçôáò). ÓõãêåêñéìÝíá,

P ·C ·P−1 =
µ

+  0

0 − 

¶
 üðïõP :=

µ
1 

1 −

¶
 P

−1
=

µ
1
2

1
2

− 1
2
 1

2


¶


ÅðïìÝíùò,

P ·C ·P−1 =
µ
(+ ) 0

0 (− )

¶
 ∀ ∈ {0 1     }

êáé, ùò åê ôïýôïõ,

P · A(C) ·P−1 = A

µ
+  0

0 − 

¶
⇒ det(A(C)) = det(P · A(C) ·P−1) = det(A

µ
+  0

0 − 

¶
)

= det

µ
A(+ ) 0

0 A(− )

¶
= A(+ )A(− )

= det((A− I)
2 + 2I)

ïðüôå ï áñ·éêüò éó·õñéóìüò åßíáé üíôùò áëçèÞò.

(ii) ¸óôù ()∈N0 ∈ R
N0 ç áêïëïõèßá ðñáãìáôéêþí áñéèìþí, ïé üñïé ôÞò ïðïßáò éêáíïðïéïýí ôéò óõí-

èÞêåò

0 = 2 1 = 8 +
√
7  =

√
3−1 + 5−2  ≥ 2
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ÈÝôïíôáòU :=
¡


−1

¢
êáé

A :=

Ã √
3 5

1 0

!
∈Mat2×2(R)

ðáñáôçñïýìå üôé

U = A ·U−1 = A
2 ·U−2 = · · · = A−1 ·U1 = A

−1 · ¡8+√7
2

¢
êáé üôé ïé éäéïôéìÝò ôïýA åßíáé ïé

1 =
1

2

√
3 +

1

2

√
23 2 =

1

2

√
3− 1

2

√
23

óôéò ïðïßåò áíôéóôïé·ïýí ïé éäéü·ùñïé ôïýA

ÉÄμ(A;1) = Lin({(1 1)}) ÉÄμ(A;2) = Lin({(2 1)})

¢ñá ïA åßíáé äéáãùíéïðïéÞóéìïò. ÓõãêåêñéìÝíá,Ã
1 0

0 2

!
= P ·A ·P−1 üðïõP := 1

1−2

µ
1 −2
−1 1

¶
 P

−1
=

µ
1 2

1 1

¶


ïðüôå

A = P−1 ·
Ã

1 0

0 2

!
·P⇒ A−1 = P−1 ·

Ã
−11 0

0 −12

!
·P

⇒ A−1 =

µ
1 2

1 1

¶
·
Ã

−11 0

0 −12

!
· 1
1−2

µ
1 −2
−1 1

¶
⇒ A−1 = 1

1−2

Ã
1 − 2 1


2 − 2


1

−11 − −12 1
−1
2 − 2

−1
1

!


ÊáôÜ óõíÝðåéáí,

U =
¡


−1

¢
= A−1 · ¡8+√7

2

¢⇒  =
1

1−2
¡
1 (8 +

√
7− 22) + 2 (21 − 8−

√
7))
¢

⇒  =
1√
23

¡
( 1
2

√
3 + 1

2

√
23)(8 +

√
7−√3 +√23)) + ( 1

2

√
3− 1

2

√
23)(

√
3 +

√
23− 8−√7))¢

ãéá êÜèå  ∈ N0 ¤

ÈÅÌÁ 7ï Ôï ·áñáêôçñéóôéêü ðïëõþíõìï ôïý ðßíáêá

A :=

⎛⎝ 3 0 −2
−2 0 1

2 1 0

⎞⎠ ∈Mat3×3(Q)

åßíáé ôï A(X) = −(X−1)3 ïðüôå ïA åßíáé ôñéãùíéêïðïéÞóéìïò õðåñÜíù ôïýQÏðñïóäéïñéóìüò åíüò

P ∈GL3(Q) þóôå ïP ·A ·P−1 íá åßíáé Üíù ôñéãùíéêüò, ãßíåôáé (óå äýï âÞìáôá) ìÝóù ôÞò ìåèüäïõðïõ

ðáñïõóéÜóèçêå óôéò ðáñáäüóåéò.

ÂÞìá 1ï. Èåùñïýìå ôç óõíÞèç äéáôåôáãìÝíç âÜóç B1 := (e
[3]
1  e

[3]
2  e

[3]
3 ) ôïý 1 := Q3 ÅðåéäÞ

ÉÄμ(A; 1) = Lin({(1−1 1)}) èÝôïõìå v1 := (1−1 1) 1 = 1 êáé áðïêôïýìå ìéá íÝá âÜóç B2 :=
(v1 e

[3]
2  e

[3]
3 ) ôïý1 Åí óõíå·åßá, èÝôïõìå

Q1 := T
B1
B2 =

⎛⎝ 1 0 0

1 1 0

−1 0 1

⎞⎠ ìå Q−11 =

⎛⎝ 1 0 0

−1 1 0

1 0 1

⎞⎠

2



êáéA2 :=M
B2
B2(A) êáé ðáñáôçñïýìå üôé

A2 = Q1 ·A ·Q−11 =

⎛⎝ 1 0 −2
0

0

0 −1
1 2

⎞⎠ A
0
2 :=

µ
0 −1
1 2

¶


ÂÞìá 2ï. Åêêéíïýìå áðü ôç äéáôåôáãìåíç âÜóç B02 := (e
[3]
2  e

[3]
3 ) ôïý ãñáììéêïý õðï·þñïõ 2 :=

Lin({e[3]2  e
[3]
3 }) ôïý1 êáé áðü ôïí A|2 ∈ End(2) Ðñïöáíþò,

A0
2
(X) =  A|2

(X) = (X− 1)2 

ÅðåéäÞ ÉÄμ(A|2 ; 1) = Lin({(0 1−1)}) ⊆ 1 èÝôïõìå v2 := (0 1−1) 2 := 2 êáé åðåêôåßíïõìå ôçí
B03 := (v2 e[3]3 ) óå ìéá íÝá äéáôåôáãìÝíç âÜóçB3 := (v1v2 e[3]3 ) ôïýQ3 Êáôüðéí ôïýôïõ èÝôïõìå

Q2 := T
B1
B3 =

⎛⎝ 1 0 0

1 1 0

0 1 1

⎞⎠ ìå Q−12 =

⎛⎝ 1 0 0

−1 1 0

1 −1 1

⎞⎠

üðïõ

Q
−1
2 = T

B3
B1 = T

B2
B1 ·T

B3
B2 =

⎛⎝ 1 0 0

−1 1 0

1 0 1

⎞⎠⎛⎝ 1 0 0

0 1 0

0 −1 1

⎞⎠

êáéA3 :=M
B3
B3(A) OA ôñéãùíéêïðïéåßôáé (üðùò Þôáí áíáìåíüìåíï) ìÝóù ôïýP := Q2 êáèüóïí

A3 = P ·A ·P−1 =
⎛⎝ 1 2 −2

0 1 −1
0 0 1

⎞⎠ (1)

(ìå A0
3 = (1)). ¤

ÈÅÌÁ 8ï Ôï ·áñáêôçñéóôéêü (êáé áíôéóôïß·ùò, ôï åëÜ·éóôï) ðïëõþíõìï ôïý ðßíáêá

A :=

⎛⎝ 1 1 0

−1 3 0

−1 1 2

⎞⎠ ∈Mat3×3(Q)

åßíáé ôï A(X) = −(X − 2)3 (êáé áíôéóôïß·ùò, ôï A(X) = (X − 2)2). Ðñïöáíþò, A =ME
E(A) üðïõ

E := (e[3]1  e
[3]
2  e

[3]
3 ) ç óõíÞèçò äéáôåôáãìÝíç âÜóç ôïýQ3 êáé

A : Q
3 −→ Q3 (  ) 7→ A(  ) := (  )A

|
= (+ −+ 3−+  + 2) 

Áðü ôç ãåíéêÞ èåùñßá åßíáé ãíùóôü üôé õðÜñ·åé ìéá äéáôåôáãìÝíç âÜóçB ôïýQ3 ôÝôïéá þóôå

M
B
B(A) =

M
=1

J (2)

ìå 1 = 2 2 ≥ · · · ≥  ≥ 1 êáé 1 + · · · +  = 3 ÅðïìÝíùò  = 2 1 = 2 êáé 2 = 1 ¢ñá ç ç äéåõ-

èåôçìÝíç ìïñöÞ Jordan ôïýA åßíáé êáô' áíÜãêçí ï (ìÝ·ñéò áíáäéáôÜîåùò ôùí äýï åõèÝùí ðñïóèåôÝùí

ìïíïóçìÜíôùò ïñéóìÝíïò) ðßíáêáò

M
B
B(A) = J2(2)⊕ J1(2) =

⎛⎝ 2 1

0 2

0

0

0 0 2

⎞⎠
êáé

A =M
E
E(A) = T

B
E ·MB

B(A) ·TE
B = T

B
E ·MB

B(A) · (TB
E )
−1
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Ùò åê ôïýôïõ,

A

= T

B
E ·
⎛⎝ 2 1

0 2

0

0

0 0 2

⎞⎠

· (TB
E )
−1
 ∀ ∈ N

Õðïëïãßæïíôáò ôéò ðñþôåò äõíÜìåéò ôïý J2(2)µ
2 1

0 2

¶2
=

µ
4 4

0 4

¶
=

µ
22 2 · 2
0 22

¶
µ
2 1

0 2

¶3
=

µ
8 12

0 8

¶
=

µ
23 22 · 3
0 23

¶
µ
2 1

0 2

¶4
=

µ
16 32

0 16

¶
=

µ
24 23 · 4
0 24

¶
µ
2 1

0 2

¶5
=

µ
32 80

0 32

¶
=

µ
25 24 · 5
0 25

¶
åéêÜæïõìå êáé áðïäåéêíýïõìå (Üìåóá ìå ôç âïÞèåéá ìáèçìáôéêÞò åðáãùãÞò) üôé

J2(2)

=

µ
2 2−1
0 2

¶


ïðüôå

A

= T

B
E ·
⎛⎝ 2 2−1

0 2
0

0

0 0 2

⎞⎠ · (TB
E )
−1
 ∀ ∈ N

Áñêåß ëïéðüííáðñïóäéïñéóèåß ìéáêáôÜëëçëçB (Áõôü ìðïñåß íáãßíåé ·ùñßò íáêáôáöýãïõìå óôçãåíéêÞ

èåùñßá.) ÁöïýÝ·ïõìå äýï óôïé·åéþäåéò ðßíáêåò Jordan, áõôÞçäéáôåôáãìÝíçâÜóçåßíáé öõóéêÞóýæåõîç

B = (B1B2) äýï ìéêñüôåñùí, ìå ôçí B1 Ý·ïõóá ðëçèéêü áñéèìü 2 êáé ôçí B2 Ý·ïõóá ðëçèéêü áñéèìü 1

ÅÜí B1 = (v1v2) êáé B2 = (v3) áñêåß íá áðáéôÞóïõìå áðü ôï v1 íá áíÞêåé óôçí ôïìÞ

Im(A − 2idQ3) ∩ ÉÄμ(A; 2) üðïõ ÉÄμ(A; 2) = Lin({(1 1 0) (0 0 1)})

êáé áðü ôïv2 íá ìçíáíÞêåé óôïíLin({v1}) êáé íá éêáíïðïéåß ôçóõíèÞêçA(v2) = 2v2+v1ÌéáöõóéêÞ

åðéëïãÞ åßíáé ç åîÞò: v1 = (1 1 1) êáé v2 = (1 2 1) Ãéá íá ó·çìáôßóïõìå ôçB áðïìÝíåé íá åðéëÝîïõìå

Ýíá v3 ∈ ÉÄμ(A; 2) ôÝôïéï þóôå ôï {v1v2v3} íá åßíáé ãñáììéêþò áíåîÜñôçôï. Ð.·., ôï v3 = (1 1 0)

åßíáé åðéôñåðôü. Ï áíôßóôïé·ïò ðßíáêáò ìåôáâÜóåùò áðü ôçí B óôçí E åßíáé ï

T
B
E =

⎛⎝ 1 1 1

1 2 1

1 1 0

⎞⎠ ìå áíôßóôñïöü ôïõ ôïí (TB
E )
−1
=

⎛⎝ 1 −1 1

−1 1 0

1 0 −1

⎞⎠

ÊáôÜ óõíÝðåéáí,

A

= T

B
E ·
⎛⎝ 2 2−1

0 2
0

0

0 0 2

⎞⎠ · (TB
E )
−1
=

⎛⎝ 2 − 2−1 2−1 0

−2−1 2−1 + 2 0

−2−1 2−1 2

⎞⎠
ãéá êÜèå  ∈ N ¤

ÈÅÌÁ 9ï (i) ÅÜí v1 := 1v2 := X êáé v3 := X
2 ôüôå åêêéíþíôáò áðü ôç âÜóç B := {v1v2v3} êáôáóêåõÜæïõìå

(ìÝóù ôÞò ìåèüäïõôùíGramêáé Schmidt) ìéá ïñèïêáíïíéêÞâÜóçB0 = {v01v02v03} ôïýR[X]≤2 èÝôïíôáò
äéáäï·éêþò

v
0
1 =

1
kv1kv1 w2 = v2 −


v2v

0
1

®
v
0
1 v

0
2 =

1
kw2kw2

êáé

w3 = v3 −

v3v

0
2

®
v
0
2 −


v3v

0
1

®
v
0
1 v

0
3 =

1
kw3kw3
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Ðñïöáíþò, v01 =
1

kv1kv1 = 1

w2 = v2 −

v2v

0
1

®
v
0
1 = X−

µZ 1

0

( · 1)
¶
· 1 = X− £ 1

2

2
¤1
0
= X− 1

2


êáé

kw2k2 =

X− 1

2
X− 1

2

®
=
R 1
0
(− 1

2
)2(− 1

2
)

= 1
3

£
(− 1

2
)3
¤1
0
= 1

3

³¡
1− 1

2

¢3 − ¡0− 1
2

¢3´
= 1

12
⇒ kw2k = 1

2
√
3


ïðüôå v02 =
1

kw2kw2 = 2
√
3(X− 1

2
) =

√
3(2X− 1) ÅðéðñïóèÝôùò,

w3 = v3 −

v3v

0
2

®
v
0
2 −


v3v

0
1

®
v
0
1

= X
2 −

D
X
2

√
3(2X− 1)

E
(
√
3(2X− 1))− X2 1® 

üðïõ

X2
√
3(2X− 1)® (√3(2X− 1)) = 3 X2 2X− 1® (2X− 1) ìå


X
2
 2X− 1® =

Z 1

0


2
(2− 1) = 2

Z 1

0


3
−

Z 1

0


2


= 2
£
1
4

4
¤1
0
− £ 1

3

3
¤1
0
= 1

2
− 1

3
= 1

6

êáé

X2 1

®
=
R 1
0
2 =

£
1
3
3
¤1
0
= 1

3
 ïðüôå

w3 = X
2 − 1

2
(2X− 1)− 1

3
= X

2 − X+ 1
6

êáé

kw3k2 =

X2 − X+ 1

6
X2 − X+ 1

6

®
=
R 1
0
(2 − + 1

6
)2

=
R 1
0
(4 − 23 + 4

3
2 − 1

3
+ 1

36
)

=
£
1
5
5
¤1
0
− 2 £ 1

4
4
¤1
0
+ 4

3

£
1
3
3
¤1
0
− 1

3

£
1
2
2
¤1
0
+ 1

36
[]
1

0

= 1
5
− 1

2
+ 4

9
− 1

6
+ 1

36
= 1

180
⇒ kw3k = 1√

180


Åí êáôáêëåßäé, v03 =
1

kw3kw3 =
1√
180
(X2 − X+ 1

6
) êáé

B0 = {1
√
3(2X− 1) 1√

180
(X

2 − X+ 1
6
)}

(ii) ¸óôù  ∈ NÇ áðåéêüíéóç

Mat×(C)×Mat×(C) 3 (AB) 7−→ hABi := tr(A ·B∗) ∈ C

üðïõ B∗ := (B)|  áðïôåëåß Ýíá åóùôåñéêü ãéíüìåíï (äçëáäÞ ìéá åñìéôéáíÞ, èåôéêþò ïñéóìÝíç çìßïëç

ìïñöÞ) åðß ôïýMat×(C) ÐñÜãìáôé1°

hAB+Ci = tr(A · (B+C)∗) = tr(A · (B∗ +C∗))
= tr((A ·B∗) + (A ·C∗)) = tr(A ·B∗) + tr(A ·C∗) = hABi+ hACi

êáé

hA+BCi = tr((A+B) ·C∗) = tr((A ·C∗) + (B ·C∗))
= tr(A ·C∗) + tr(B ·C∗) = hACi+ hBCi

1ÅÜíA = ()1≤≤ êáéB = ()1≤≤ ôüôå

tr(A+B) =

X
=1

( + ) =

X
=1

 +

X
=1

 = tr(A) + tr(B)

êáé tr(A ·B) =P
=1

P
=1  = tr(B ·A)

5



ãéá ïéïõóäÞðïôå ABC ∈Mat×(C) Åðßóçò,

hABi = tr((A) ·B∗) = tr((A ·B∗)) =  tr(A ·B∗) =  hABi 
hA Bi = tr((A · (B)∗) = tr(A · (B∗)) = tr((A ·B∗)) =  hABi 

ãéá ïéïõóäÞðïôå AB ∈Mat×(C) êáé ïéïäÞðïôå  ∈ CÇ h· ·i åßíáé åñìéôéáíÞ, äéüôé

hBAi = tr(B ·A∗) = tr(A ·B∗) = hABi  ∀(AB) ∈Mat×(C)
2


êáé èåôéêþò ïñéóìÝíç, äéüôé ãéá êÜèå A = ()1≤≤ ∈Mat×(C)

hAAi = tr(A ·A∗) =
X
=1

X
=1

 =

X
=1

X
=1

| |2 ∈ R≥0

êáé hAAi = 0⇔ A = 0× ÔÝëïò, ãéá ôá óôïé·åßá ôÞò óõíÞèïõò âÜóåùò

E := {E | 1 ≤   ≤ } (E := ()1≤≤  ∀ ( ) ∈ {1     } × {1     })

ôïýMat×(C) Ý·ïõìå

hE Ei = tr(E ·E
∗
) = tr(E ·E) =

(
1 üôáí  =   = 

0 åí åíáíôßá ðåñéðôþóåé

ïðüôå çE åßíáé ïñèïêáíïíéêÞ ùò ðñïò ôï h· ·i  ¤

ÈÅÌÁ 10ï (i)  ∈ EndR( ) äéüôé ãéá ïéáäÞðïôå v1v2v ∈  êáé  ∈ R Ý·ïõìå

(v1 + v2) = 2

Ã
X
=1

huv1 + v2iu
!
− (v1 + v2)

=

Ã
2

Ã
X
=1

huv1iu
!
− v1

!
+

Ã
2

Ã
X
=1

huv2iu
!
− v2

!
= (v1) + (v2)

êáé

(v) = 2

Ã
X
=1

hu viu
!
− v = 

Ã
2

Ã
X
=1

huviu
!
− v

!
= (v)

(ii) Êáô' áñ·Üò, k(v)k2 = kvk2 ãéá êÜèå v ∈  ÐñÜãìáôé°

k(v)k2 =
°°°°2µ P

=1

huviu
¶
− v

°°°°2
=

°°°°2µ P
=1

huviu
¶°°°°2 + kvk2 − 2¿2µ P

=1

huviu
¶
v

À
= 4

°°°° P
=1

huviu
°°°°2 + kvk2 − 4¿ P

=1

huviuv
À

áðü ôïí ðõèáãüñåéï ôýðï, üðïõ (ëüãù äéãñáììéêüôçôáò ôïý åóùôåñéêïý ãéíïìÝíïõ)*
X
=1

huviuv
+
=

X
=1

huvi huvi =
X
=1

huvi2 

Åðßóçò, åðáãùãéêþò áðïäåéêíýåôáé üôé°°°° P
=1

huviu
°°°°2 = X

=1

huvi2 kuk2 =
X
=1

huvi2 
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äéüôé (åî õðïèÝóåùò) huui = 1 êáé huui = 0 ãéá  6=  ¢ñá

k(v)k2 = kvk2  ∀v ∈  (*)

Åí óõíå·åßá, ãéá êÜèå æåýãïò (vv0) ∈  × Ý·ïõìå (ëüãù ôïý (i), ôÞò äéãñáììéêüôçôáò ôïý åóùôåñéêïý

ãéíïìÝíïõ êáé ôÞò (*) ãéá ôï v− v0)

h(v) (v)i− 2 (v) (v0)®+ (v0) (v0)® =

(v)− (v

0
) (v)− (v

0
)
®

=
°°(v)− (v

0
)
°°2

=
°°(v− v0)°°2 = °°v− v0°°2

=

v− v0v− v0®

= hvvi− 2 vv0®+ v0v0® 
ïðüôå áðü ôéò éóüôçôåò

h(v) (v)i = k(v)k2 = kvk2 = hvvi 
(v

0
) (v

0
)
®

=
°°(v0)°°2 = °°v0°°2 = v0v0®

Ýðåôáé ôåëéêþò üôé h(v) (v0)i = hvv0i 
(iii) Óôçí ðåñßðôùóç üðïõ  = R3

 = Lin({u1u2}) u1 = e[3]1  u2 = e
[3]
2 

êáé h· ·i ôï óýíçèåò åóùôåñéêü ãéíüìåíï, Ý·ïõìå ãéá êÜèå v = (  ) ∈ R3

(v) = 2 (hu1viu1 + hu2viu2)− v = 2
³D
e
[3]
1 v

E
e
[3]
1 +

D
e
[3]
2 v

E
e
[3]
2

´
− v

= 2e
[3]
1 + 2e

[3]
2 − (e[3]1 + e

[3]
2 + e

[3]
3 ) = e

[3]
1 + e

[3]
2 − e

[3]
3

= ( −)

ïðüôå ç  åêöñÜæåé ãåùìåôñéêþò ôïí êáôïðôñéóìü ôïý v = (  ) ùò ðñïò ôï åðßðåäï  ¤

---------------------------------------------------
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