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ABSTRACT. For which finite subgroups G of SL(r,C), r > 4, are there crepant
desingularizations of the quotient space C"/G? A complete answer to this
question (also known as “Existence Problem” for such desingularizations)
would classify all those groups for which the high-dimensional versions of
McKay correspondence are valid. In the paper we consider this question in
the case of abelian finite subgroups of SL(r, C) by using techniques from toric
and discrete geometry. We give two necessary existence conditions, involv-
ing the Hilbert basis elements of the cone supporting the junior simplex, and
an Upper Bound Theorem, respectively. Moreover, to the known series of
Gorenstein abelian quotient singularities admitting projective, crepant resolu-
tions (which are briefly recapitulated) we add a new series of non-c.i. cyclic
quotient singularities having this property.

1. Introduction

The McKay correspondence can be understood as a “bridge” between the irre-
ducible representations (or, dually, the conjugacy classes) of finite subgroups G of
the special linear group SL(r,C) and the (co)homology of X ’s, for any crepant
desingularization X —>XofX=Cr /G. (Here, crepant simply means that the
canonical divisor K g of X is trivial.) Before we are going to focus on the constant
companion of this correspondence (i.e., the so-called “Existence Problem”, when-
ever r > 4), let us briefly recall some basic facts about quotient singularities and
summarize both classical and recent results concerning it.

¢ Quotient singularities. Let G be a finite subgroup of GL(r, C) which is small,
i.e., with no pseudoreflections, acting linearly on C", and let

w:C" — C"/G = Spec(C |py, . . . a?r]G)

be the quotient map. Denote by (C"/G, [0]) the corresponding quotient singularity
as germ at [0] := w (0). Quotient singularities are known to be normal and Cohen-
Macaulay (see [69] p. 129], [45] Proposition 13], and [92, Thm. 3.2]).
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PROPOSITION 1.1 (Singular locus). If G is a small finite subgroup of GL(r,C),
then the singular locus of the entire geometric quotient space C" /G equals

Sing (C"/G) =w ({z € C" | G, # {I1d} })
where G, :={g € G | g-z =12} is the isotropy group of z =(z1,...,2,) € C".

THEOREM 1.2 (Prill’s isomorphism criterion, [77, Thm. 2]). Let G1, G3 be two
small finite subgroups of GL(r,C), r > 2. Then there exists an analytic isomor-
phism (C"/G1,]0]) = (C" /G4, [0]) if and only if G1 and G3 are conjugate.

Hence, the classification of quotient singularities is reduced to the classification (up
to conjugacy) of the small finite subgroups of GL(r, C), or equivalently, to those of
U(r,C), as it follows from the next Lemma.

LeMMA 1.3 ([91, Lemma 4.2.15 (i), p. 82.]). If G is a finite subgroup of
GL(r,C) (resp., of SL(r,C)), then G is conjugate in GL(r,C) (resp., in SL(r,C))
to a finite subgroup of U(r,C) (resp., of SU(r,C)).

Subclasses of quotient singularities (C"/G, [0]) of special theoretical value are those
dictated by the hierachy of the local Noetherian rings Ocr /¢ 10) (cf. [58] §VI.3]):

(complete intersection (“c.i”)) == (Gorenstein) == (Cohen-Macaulay)

e Gorenstein quotient singularities. These are characterized as follows:
THEOREM 1.4 (cf. [44}, 99]). (C"/G,[0]) is a Gorenstein quotient singularity
if and only ifT G C SL(r,C).

NoTE 1.5 (Classification for small r). The finite subgroups of SL(r, C) have
been completely classified (up to conjugacy) only for r small. See [55], [59, Thm.
on p. 35] and [91] §4.4] for r = 2, [6, 101] for » = 3, and [40] for r = 4. In the
group theory literature there are lots of scattered results concerning this topic for
r € {5,...,10} though they are far from giving complete classifications. One of the
problems seems to be the appearance of “individual” groups. On the other hand,
there are families of finite subgroups of SL(r, C) (e.g., the abelian ones, dihedral-like
groups, imprimitive groups etc) being present in all dimensions.

REMARK 1.6. Let g be an element of a finite subgroup G of SL(r,C). By
Lemma [[3] there exists an h € SL(r, C) such that hGh= C SU(r,C). Since hgh™*
is a unitary matrix, it is known (see, e.g., [72, Thm. 10.2, p. 208]) that

(i) hgh~! is unitary similar to a diagonal matrix,

(i) the diagonal entries of this matrix are the eigenvalues of hgh~!, and
(iii) the eigenvalues of hgh™! have absolute value 1.

Thus, there is a suitable matrix k£ € U(r,C), so that

k (hgh™") k=' = (kh) g (kh)~' € SU (r,C)
is of the form
(kh) g (kh)™" = diag(e>™ =T ", .. e2™V=1 ),
for some v1,...,7% € QN [0,1).

I'Note that every finite subgroup of SL(r, C) is small (cf. [92} p. 503]).



CREPANT RESOLUTIONS OF GORENSTEIN AQ-SINGULARITIES 3

DEFINITION 1.7 (“Ages” and “heights”). (i) The agé? of an element g € G is
defined to be the sum

age(g) =1 +y2 4+ Y (1.1)

(ii) The height ht(g) of an element g € G is defined to be the rank

ht (g) := rank(g — Idg). (1.2)

PRrROPOSITION 1.8 (|2, Prop. 5.2.]). For every g € G we have
ht (g) = ht (g_l) = age(g) + age (g_l) . (1.3)

NotE 1.9. (i) Obviously, 0 < age(g) < r — 1, with age(g) = 0 < ¢ = Idg,
and age(g1) = age(g2) for all pairs (g1,¢92) € G x G of group elements belonging to
the same conjugacy class. Moreover, 2 < ht(g) < r, for all g € G\ {Idg} .

(ii) The group elements having age 1 (resp., age ¢ > 2) are usually called junior
elements (resp., senior elements) of G. (Correspondingly, by (i), we may speak of
Jungor (resp., senior) conjugacy classes, or of conjugacy classes of age ).
(iii) As it was pointed out by Ito & Reid [50, Thm. 1.3], the “Tate twist”

G(-1):= Hom(Z(1),G), (with Z(1):= lim(Z/dZ)),

(which is isomorphic to G as long as one makes a concrete choice of roots of unity)
has a canonical grading inherited by the ages of its elements, invariant under con-
jugacy in G (—1) (or G), and it is essentially used in Theorem [[.T4l

(iv) If r is even and C"/G symplectic (i.e., G C Sp(r,C)), let
Fo(ClG]) = { Fx(C[G])| k € Z=0}
denote the increasing filtration of the group algebra C[G] defined by setting
Fi(C[G]) := C-span of {g € G | ht(g) <k}, Vk € Z>o.

Fo(C[G]) is compatible with the algebra structure on C[G]. Using the induced
filtration Fo (Z@G) on the center ZG of C[G] (see [34]) one determines the associated
graded algebra

g™ (2G) i= { Fis1 (2G)/Fu(2G)| k € T30} (1.4)
whose singificance is revealed in Theorem [[.T7

¢ Quotient c.i.-singularities. In the mid 1980’s Nakajima & Watanabe [70], and
independently Gordeev [39], classified the quotient singularities which are complete
intersections (“c.i’s”) in all dimensions. Even to write down without further ado
their group lists would demand several pages. Instead, let us remind a previous

result which constitutes the foundation stone for their classification.

THEOREM 1.10 (Kac & Watanabe [51]). If (C"/G,[0]) is a quotient c.i.- sin-
gularity, then G is generated by the set {g € G| ht(g) < 2}.

2In [1}, §6] and [2} §5] the age of an element g € G is called the weight of g. Here, we shall
adopt the terminology of [50]. To the word weight we ascribe a different meaning. (See below
Definition [3])
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e McKay correspondence in dimension r = 2. In dimension 2, the classi-
cal McKay correspondence exploits the elegance of the invariant theory of finite
subgroups of SL(2,C) and the uniqueness (and simple description) of the minimal
desingularization of the quotient spaces C?/G. If G is a finite subgroup of SL(2,C)

and X = C2?/G, then the minimal (= crepant) resolution ()?,Exc(f))L (X,1]0]) of
the Gorenstein quotient singularity (X, [0]) has exceptional set Exc(f) consisting
of a configuration of rational smooth curves with self-intersection number —2. The
intersection form ( , ) : Hy(X,Z) x Hy(X,Z) — Z of Exc(f) is negative definite,
and therefore the dual graphs DG(Exc(f)) of the irreducible components of Exc(f)
are exactly the Dynkin diagrams of type A-D-E. McKay [66, 67| established a
remarkable connection between the representation theory of the finite subgroups
of SL(2,C) and these Dynkin diagrams. This was the starting point for Gonzalez-
Sprinberg, Verdier [38], and Knorrer [56], to construct a purely geometric, direct
correspondence

McK(G; f) : Irt® (G) — DG(Exc (f)) (1.5)

“of McKay-type” between the set Irr” (G) of non-trivial irreducible representations
of G and DG(Exc(f)) or, equivalently, between the irreducible representations of G

and the members of the natural base of the cohomology ring H*(X,Z) (cf. [49, §4]).
The bijection McK(G; f) induces an isomorphism between Irr® (G) and the graph
DG(Exc(f)), i.e., the product of the images of two distinct elements of Irr¥ (G)

under McK(G; f) is mapped onto the exceptional prime divisor corresponding
to the “right” graph vertex. Brylinski [10] constructed subsequently a canonical
“dual” correspondence

(1.6)

McK(G; f)dual : DG(Exc (f)) — { Non-trivial conjugacy }

classes of G

relating the natural base of H.()?, 7Z) to the set of conjugacy classes of G. Finally,
Ito & Nakamura [49] Thm. 10.4, p. 190] reinterpreted (LH) in terms of the Hilbert
scheme G-Hilb(C?) of G-clusters.

e McKay correspondence in dimension r = 3. Based on the classification table
[101] of the finite subgroups of SL(3,C), Ito [47, [48], Markushevich [62} [63], and
Roan [85] provided a constructive proof of the following:

THEOREM 1.11 (Existence Theorem in Dimension 3). All three-dimensional
Gorenstein quotient singularities possess crepant resolutions.

The resolution morphisms are unique only up to “isomorphism in codimension 1”
(i.e., up to a finite number of canonical flops, cf. [57, §6.4]), and to win projectivity
one has to make particular choices (leading to smooth “minimal models”).

THEOREM 1.12 (McKay Correspondence over Q in dimension 3; [2, Prop. 5.6],
[50, 1.5-1.6]). For any crepant desingularization f : X — X = C3/G there are
canonical one-to-one correspondences

{conjugacy classes of G of age i} «— {a basis of H*(X,Q)}. (1.7)

Besides, in analogy to the two-dimensional case, it turns out that, among all possible
projective crepant resolutions of X, the Hilbert scheme G-Hilb(C?) of G-clusters is
a distinguished choice. (See Nakamura [71], and Craw & Reid [17] for the abelian,
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and [7, B6], B7] for the non-abelian case.) More recently, Craw [16, Thm. 1.1],
working with a natural base of the cohomology ring of X with integer coefficients,
established an explicit 3-dimensional version of (LX) in the abelian case.

e McKay correspondence in higher dimensions. In lack of space we recall
only a few highlights and refer to the survey articles [61], [84] for further reading.

There are many obstructions in generalizing McKay correspondence in dimen-
sions r > 4, beginning with the Existence Problem (see comments below). But
even if one assumes the existence of crepant desingularizations f : X — X of
a given X = C"/G, it is not -as yet- clear if there might be a direct analogue of
(T3 or [T over Z (cf. [83l §1]). Most of the known results use homology and
cohomology with coefficients taken from Q or C.

THEOREM 1.13 (Batyrev [I, Thm 8.4], Denef & Loeser [27, Corollary 5.3]). If
G is a finite subgroup of SL(r,C), then for any crepant desingularization X — X
of X =C"/G we have

dimg H?*(X,Q) = t {conjugacy classes of G having age i}, (1.8)

whereas the odd dimensional cohomology groups Of)A( are trivial. In particular, the
Euler number x(X) of X equals the number of the conjugacy classes of G.

THEOREM 1.14 (Ito-Reid Correspondence, [50, Thm. 1.4]). If (C"/G,[0]) is a
Gorenstein quotient singularity, then there is a canonical one-to-one correspondence
between the junior conjugacy classes in G (—1) (or G, cf. [L9 (iii)) and the crepant
discrete valuations of C"/G.

Passing to Borel-Moore homology HBM (X, Q), [I4 indicates what the exact ex-
pectation for a high-dimensional McKay correspondence over Q ought to be.

CONJECTURE 1.15 ([84], [52] 2.8]). If G is a finite subgroup of SL(r,C), and
X — X a crepant desingularization of X = C"/G, then there is a canonical
one-to-one correspondence

{ conjugacy classes of G

BM (¥
having age i } 3 [g] «— cr(Zy) € Hy,_ (X, Q),

mapping [g] onto the fundamental class of the algebraic cycle Z,, where Z, denotes
the Zariski closure of the center of the monomial valuation (of the function field of
X) corresponding to g.

THEOREM 1.16 (Kaledin [52], 2.9]). Conjecture is true for symplectic X ’s.

In fact, in the symplectic case, working with coefficients from C, it is also possible
to confirm a multiplicative version of the high-dimensional McKay correspondence.

THEOREM 1.17 (Ginzburg & Kaledin [34] Thm. 1.2, [63] Thm. 2.4]). For
symplectic X ’s, there is a canonical graded algebra isomorphism

H*(X,C) = gr*(2G), (1.9)

with gr”*(ZQ) as defined in (L.
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e The failure of G-Hilb(C") in the role of an X for r > 4. Another serious
problem occurring in dimensions r > 4 is that, in most of the cases, and though it
has plenty of nice properties, the Hilbert scheme of G-clusters is no more suitable
for our purposes. There are namely only a few examples in which G-Hilb(C")
serves as a crepant desingularization of X = C"/G. In general, G-Hilb(C") has not
necessarily trivial canonical divisor, can be singular, or even non-normal.

e On the existence of crepant resolutions in dimensions r > 4. The presence
of terminal® Gorenstein quotient singularities in dimensions r > 4 (for which there
are no “crepant divisors” to pull out, cf. [69]) means automatically that, in contrast
to what happens in dimension 2 and 3, not all Gorenstein quotient spaces C"/G
can be desingularized by crepant birational morphisms.

» Existence Problem (cf. [50, §4.5] and [84, §7]): For which G C SL(r,C),
r >4, do there exist crepant (preferably projective) desingularizations of C"/G?

Our first guess is that if we do not move too far away from the hypersurface case,
then the existence of birational morphisms of this sort is indeed guaranteed.

CONJECTURE 1.18 ([22]). All quotient c.i.-singularities admit projective, crepant
resolutions in all dimensions.

By ([[3)) and Theorem [[.T0l we see that for every quotient c.i.-singularity (C"/G, [0])
the group G is generated by its junior elements. We believe that this property is
sufficient for the existence of the desired desingularizations of C"/G. Conjecture
is true for abelian G’s (see below Theorem [B.1). The same assertion for all
toric (not necessarily quotient) c.i.-singularities has been proven to be true in [19].

Now going beyond the “c.i.’s”, and putting the terminal ones aside, the remain-
ing Gorenstein quotient singularities have rarely resolutions of this kind. Nonethe-
less, to our surprise, the singularity series which do so, are not negligible as one
would expect at first sight. (See below {7l and §8)

Henceforth, we consider exclusively the Existence Problem for Gorenstein abe-
lian quotient singularities. There are several reasons to give priority to the abelian
ones:

(i) Abelian finite subgroups G of SL(r, C) exist in all dimensions r, their conju-
gacy classes are singletons, and their character groups are isomorphic to themselves.
Hence, letting them act linearly on C", the age and the height of any element g € G
are determined by its weights appearing in the type of (C"/G,[0]) (as long as we
fix eigencoordinates and generators; cf. B1).

(ii) For abelian G’s the Gorenstein quotient spaces C"/G can be treated by
the toric machinery and, particularly, by studying the properties of the so-called
junior simplices sg. Note that there is no loss of generality when one works in
the toric category because the existence of an arbitrary projective crepant desin-
gularization of C"/G implies the existence of a T n,,-equivariant projective crepant
desingularization, where Ty, := (C*)" /G (cf. [65] proof of Lemma 1]). Moreover,
the secondary polytope of s describes conveniently the corresponding flops.

(iii) It is expected (cf. [50], §4.6]) that abelian quotient singularities will be
good candidates for proving both Conjecture and an analogue of Theorem
[LT8 and for removing the restrictive hypothesis on C"/G (i.e., to be symplectic).

SFor the definition of terms like canonical (resp., terminal) singularities (of index i > 1),
crepant divisor etc., see [64, [80] [87].
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(iv) Given a non-abelian group G, it is also conjectured (see [82] §3]) that the
existence of crepant desingularizations of C"/G may be related to the existence of
such desingularizations for the quotients C"/H, for all mazimal cyclic (or abelian)
subgroups H contained in G.

The present paper has been written trying to be self-contained and partially
expository. In particular, it includes more background material than the average
research paper has. The new results are essentially in sections Bl B, @ and [T
together with some parts of §] and of Appendices [Al and (In §51 96l , and §7] we
summarize results from [20}, [22] and from the unpublished manuscript [21].)

More precisely, the paper is organized as follows: In §2] we recall fundamental
notions from toric geometry and introduce our notation. A detailed study of the
abelian quotient singularities as toric singularities (including various properties of
the junior and senior simplices of those which are Gorenstein) is presented in §3
In section ] we explain: (a) why the Existence Problem (in the abelian case) is
equivalent to the problem of finding junior simplices possessing basic (preferably
coherent) lattice triangulations, (b) how one can compute (L8) by means of the
Ehrhart polynomials of these simplices, and (¢) why two different maximal (partial
or full) projective crepant desingularizations of a Gorenstein abelian quotient space
C"/G can be obtained from each other by a finite succession of flops.

Wide classes of Gorenstein abelian quotient singularities admitting projective,
crepant resolutions are given in §0l 7 and §8 (In §§ we prove a long-standing
conjecture concerning the so-called GP-singularity series, cf. [21], §10].)

On the other hand, to exclude candidates for having crepant resolutions (when-
ever the available lattice points in the junior simplex are either “strangely located”
or “not enough” to triangulate suitably), we apply two necessary existence condi-
tions. The first of them (see (G.)) in §0) informs us that, provided such a resolution
is present, each of the Hilbert basis elements of the cone supporting s has to be
either a junior element or a vertex of sg. The second one (see (@2)-(@3) in §O)
states that the existence of a crepant resolution implies the boundedness of the act-
ing group order from above by a number which depends on the number of lattice
points of s¢ and of Os¢.

Next, combining our results, we outline an algorithm by means of which it is
possible to handle the Existence Problem (in the abelian case); see §I0 (and es-
pecially Figure ). Only in the last two steps of this algorithm the computational
complexity grows rapidly. In particular, Step 5 (involving the determination of
maximal coherent triangulations of s¢) is added just for excluding some “sporadic”
counterexamples which happen to “survive” after having used the above mentioned
existence criteria. (Computer programs like Puntos [24] or TOPCOM [78] offer prac-
tical assistance in this situation.)

Useful technical notions and results from the theory of subdivisions, triangula-
tions, lattice triangulations, and lattice point enumerators, are presented separately
in four appendices at the end of the paper. An extensive part of Appendix [A] is
devoted to Upper Bound Theorems (UBT’s). Apart from the UBT for the facets of
simplicial balls (Theorem [A.3]), we conjecture the validity of a more effective UBT
for the facets of geometric simplex triangulations, and give a proof of it in dimen-
sion 3 by means of PL-topological methods (see Theorem [A20)). The coherence of
triangulations and certain combinatorial properties of bistellar flips belong to the
topics covered in Appendix[Bl In Appendix [C] we explain how one passes from the
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coordinates of the h*-vector of a lattice polytope P (or, equivalently, from the
coordinates of the h-vector of any basic triangulation 7 of P) to the coefficients of
its Ehrhart polynomial. Finally, in Appendix [D] we compute the coefficients of the
Ehrhart polynomial of any junior simplex by making use of Mordell-Pommersheim
and Diaz-Robins formulae.

2. Toric Glossary

At first we recall some basic facts from the theory of toric varieties. We mostly use
the same notation as in [20} 21}, 22]. Our standard references on toric geometry
are the books of Oda [74] and Fulton [32].

e General notation. The linear hull, the affine hull, the integral affine hull, the
positive hull and the convex hull of a set B of vectors of R", r > 1, will be denoted
by lin(B), aff(B), affz (B), pos(B) (or R>gB) and conv(B), respectively. The
dimension dim(B) of a B C R" is defined to be the dimension of its affine hull.

e Lattice determinants. Let N = Z" be a free Z-module of rank » > 1. N can
be regarded as a lattice in Ng := N ®z R = R". (For fixed identification, we shall
represent the elements of Ng by column-vectors in R"). If {ny,...,n,} is a Z-basis
of N, then det (N) := |det (ny,...,n,)| is the lattice determinant. An n € N is
called primitive if conv({0,n}) N N contains no other points except 0 and n.

e Cones. Let N = Z" be as above, M := Homy, (N,Z) its dual lattice, Ng, Mg
their real scalar extensions, and (.,.) : Mg x Ng — R the natural R-bilinear pairing.
A subset o of Ny is called strongly convex polyhedral cone (s.c.p. cone, for short), if
there exist nqy,...,ng € Ng, such that o = pos({ni,...,n;}) and o N (—o) = {0}.
The dual cone of suchaciso” = {x € Mg | (x,y) >0, Vy, y €5 }. A subset 7 of
a s.c.p. cone o is called a face of o (notation: 7 < o), if 7 ={y € ¢ | (mg,y) =0},

for some mg € o¥. A s.c.p. cone o = pos({ni,...,nx}) is called simplicial (resp.,
rational) if nq,...,ny are R-linearly independent (resp., if n1,...,n, € Ng, where
N@ =N ®z Q)

e Hilbert bases. If 0 C Ng = R" is a rational s.c.p. cone, then ¢ has 0 as its
apex and the subsemigroup ¢ N N of N is a monoid.

PROPOSITION 2.1 (Gordan’s lemma). o NN is finitely generated as an additive
semigroup, t.e. there exist ny,...,n, € c NN such that

OﬁN:ZZQ nl—i—-”—l-ZZO Ny .

PROPOSITION 2.2 (Minimal generating system, [88, p. 233]). Among all the
systems of generators of o N N, there is a unique system Hlby (o) of minimal
cardinality, namely:

n cannot be expressed as
Hlby (0) =<n€onN(N~{0}) | the sum of two other vectors (2.1
belonging to o N (N ~\ {0})

DEeFINITION 2.3. Hlby (o) is called the Hilbert basis of o w.r.t. N.

THEOREM 2.4 (Sebé [90]). Given a rational s.c.p. cone o C Ng and an element
n € o NN, it is coN'P-complete to decide whether n is contained in Hlby (o).
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REMARK 2.5. Seb6’s Theorem shows the difficulty of deciding whether an inte-
gral vector is additively reducible. In general, at least r+ L%J elements of Hlby (o)
are needed to write an n € ¢ N N as non-negative integer linear combination of
elements of Hlby (o) (see [8]). For an algorithm computing Hlby (o) by the de-
termination of the Graver basis of a suitable integer matrix we refer to Sturmfels
[98] Algorithm 13.2, p. 128]. Another efficient algorithm (which relies on a project-
and-lift approach, without making use of additional variables, and is implemented
in the computer program MLP) is due to Hemmecke [41].

e Affine toric varieties. For a lattice N = Z" having M as its dual, we define an
r-dimensional algebraic torus Ty = (C*)" by setting

Ty := Homy, (M,C*) = N ®z C*.

We identify M with the character group of Ty and IV with the group of 1-parameter
subgroups of Ty . Let ¢ be a rational s.c.p. cone with

MﬂO’v:ZZO m1+ZZO m2+"'+ZZO mg.

To the finitely generated, normal, monoidal C-subalgebra C[M No"] of C[M] we
associate an affine complex variety

U, := Spec (C[M Na"])

endowed with a canonical T y-action. The analytic structure induced on U, is inde-
pendent of the semigroup generators {m1, ..., mg}. Moreover, f (Hlb,s (¢V)) (< k)
is nothing but the embedding dimension of Uy, i.e. the minimal number of genera-
tors of the maximal ideal of the local C-algebra Oy, o (cf. [74] 1.2-1.3]).

e Fans. A fan w.r.t. N 2 Z" is a finite collection A of rational s.c.p. cones in Ng,
such that the faces of any member belongs to A and such that the intersection of
any two members is a face of each of them. We denote by |A| the support, and
by A (i) the set of i-dimensional cones of A. If g is a ray of A, i.e, if p € A(1),
then there exists a unique primitive vector n (g) € N N g with ¢ = R>¢ n () and
each cone 0 € A can be therefore written as 0 =~ ,c A1), <o R>0 n(0). The set
Gen(o) :={n(o) | 0€ A(1l),0 <o} is called the set of minimal generators of o.
For A itself one defines analogously Gen (A) := Uyeca Gen (o).

e General toric varieties. The toric variety X (N, A) associated to a fan A w.r.t.
the lattice IV is by definition the identification space X (N,A) := U, cn Us / ~,
with U,, 2 w1 ~ ug € Uy, if and only if there is a 7 € A such that 7 < o1 N o and
up = ug within U,. X (N, A) is called simplicial if all cones of A are simplicial. If
X (N, A) is r-dimensional, then its topological Euler number x(X (N, A)) equals

X(X (N, A)) =4A(r). (See [32] p. 59].) (2.2)

X (N, A) is also equipped with a canonical T y-action which is compatible with the
above mentioned T y-actions on U,’s. The orbits w.r.t. this action are parametrized
by the set of all cones belonging to A. For a 7 € A, we denote by orb(7) (resp., by
V (7)) the orbit (resp., the closure of the orbit) which is associated to 7. If 7 € A,
then V (1) = X (N (1), Star (r;A)) is itself a toric variety w.r.t.

N (7):=N/N,, Star(r;A):={c |oc €A, 7 <0},

where N, denotes the sublattice of N generated (as subgroup) by the intersection
NNlin(r), and @ = (¢ + (N;)p) / (N;)g is the image of o in N (1) = Nr/ (N;)g.
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e Equivariant maps. A map of fans w : (N, A’) — (N, A) is a Z-linear homo-
morphism @ : N’ — N whose scalar extension w = wg : Ny — Np satisfies the
property: Vo' € A’ 3o € A with w(¢’) C 0. Note that the dual of the homo-
morphism w®yzides : Tyr = N @7 C* — Ty = N ®z C* induces an equivariant
holomorphic map w, : X (N',A’) — X (N,A). This map is proper if and only
if @ 1 (JA|) = |A’|. In particular, if N = N’ and A’ is a refinement of A, then
idy : X (N,A") — X (N, A) is proper and birational (cf. [74, 1.15 and 1.18]).

e Basic cones and desingularization. Let N = Z" be a lattice of rank r and
o C Nr a simplicial, rational s.c.p. cone of dimension £ < r. ¢ can be obviously
written as o = o1 + - - - + gk, for distinct 1-dimensional cones g1, ..., or. Let

Par(0) = {y € (Vo) | ¥ =

k
gjn(oj), with 0<¢e; <1, Vj, 1<j<k

Jj=1

be the fundamental (half-open) parallelotope associated to o. The multiplicity
mult(o; N) of o with respect to N is defined to be

mult (o; N) :=f (Par (¢) N N,,) .

As it turns out,
mult (o; N) = Voly, (Par (o)), (2.3)

where Vol(Par (¢)) denotes the usual volume (Lebesgue measure) of Par (o), and

Vol(Par(o det(Zn ~-@BZn
Voly, (Par (0)) := odit(?\fi))) — 2 (%16)5?%6)9 ()

its relative volume. If mult(o; N) = 1, then o is called a basic cone w.r.t. N.

PROPOSITION 2.6 ([74, Thm. 1.10 and Prop. 1.25])). The affine toric variety
U, is Q-factorial (resp., smooth) if and only if o is simplicial (resp., basic w.r.t.
N). Correspondingly, a toric variety X (N, A) is Q-factorial (resp., smooth) if and
only if it is simplicial (resp., simplicial and each s.c.p. cone o € A is basic).

One can always construct a simplicial refinement A’ of a given fan A. Since further
subdivisions of A’ reduce the multiplicities of its cones, we may arrive (after finitely
many subdivisions) at a fan A having only basic cones.

THEOREM 2.7 (Existence of Desingularizations). For every toric variety X (N, A)

there exists a refinement é of A consisting of exclusively basic cones w.r.t. N, i.e.,
such that f =id, : X(N,A) — X (N, A) is a desingularization.

3. AQS as Toric Singularities

Abelian quotient singularities (AQS, for short) can be directly investigated by
means of the theory of toric varieties. If G is a finite abelian subgroup of GL(r, C),
then (C*)" /G is automatically an algebraic torus embedded in C"/G.

e General notation. For n € N, m € Z, we denote by [m], the (uniquely
determined) integer for which 0 < [m], < n, m = [m], (mod n). If z € Q, we
define [z] (resp., |z]) to be the least integer number > z (resp., the greatest integer

number < z). “ged” and “lem” will be abbreviations for greatest common divisor

and least common multiple. Furthermore, for n € Z>2, we denote by (, := eL‘F

the “first” n-th primitive root of unity.
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e The equivalence relation “-”. For (¢,r) € (ZZQ)Q we defind®

r cd(q, a1, .., a5, o) = 1,
A(q;T) ::{(alvnva?“)6{071723“7(]_1} 5 f(oqr allll 1<7;<)7” }

and for ((aq,...,a.),(af,...,al)) € A(g;r) x A(g;r) the relation

there exists a permutation
o:{l,...,r} = {1,...,r}
(a1,...,0p) » (af,... ) <= < and an integer A, 1 <A<I-—1, 3. (3.1)
with ged (A, 1) = 1, such that
O‘Cp(i) =\, Vi, 1<i<r

It is easy to see that «~ is an equivalence relation. We denote by
Agir) == A(gr)/ -
the corresponding set of equivalent classes determined by “~”.

e The “type” of an AQS. Let G be a finite, small, abelian subgroup of GL(r, C),
r > 2, with order I = |G| > 2. Consider as “starting point” a maximal decompo-
sition of G (viewed as an abstract group) into a direct product of cyclic groups of
orders, say, q1,...,qx :

(G =(2/q2) x - x (Z/q,2) | (3.2)

and let exp (G) := lem (qi,...,qx) be the ezponent of G and &, := exp(G) - q;l,
for all p € {1,...,k}. Since G is small, it is easy to prove that G possesses at most
r — 1 generators. Therefore we may assume, from now on, that £ < min(r —1, L%J ).
Choose after this fixing in advance of isomorphism (B.2)) suitable coordinates on C”
to diagonalize the action of each factor (Z/q,Z) on C". According to Theorem 2]
and since every representation of a finite cyclic group in a C-vector space is the

direct sum of the one-dimensional representations, the action

(Z/auZ) x C" > (gp, (21, ..., %)) — diag(¢grt 21,..., (" 2,) € C (3.3)

can be uniquely determined by the choice of a generator g,, := diag( ,;2“‘1 ey ;“:”‘)
of each cyclic factor, i.e., by the choice of an r-tuple (v, 1,...,a,,) € A(gy;7) as a

representative of an equivalence class within K(q#; r) w.r.t. «~ which is defined by
BI). (Any two r-tuples from A (g,;7) belong to the same equivalence class w.r.t.
« if and only if the two associated representations of Z /¢, Z within GL(r, C), which
correspond to these two (probably different) generators of Z/q,Z, are conjugate to
each other, i.e., if and only if the corresponding quotient spaces are isomorphic; cf.
[31] Lemma 2, p. 296]). Each element g € G, identified with the diagonalization of
its image under ([B.2]), is of the form

L 51 (i1seensiie) 81 (G1seensdin)
g = diag ((e;pj(lc) I eXpJ(IG) J ) (3.4)

induced by a unique s-tuple (ji,...,Jx) € {0,1,...,q1 — 1} x---x{0,1,..., ¢, — 1},
where

8; (1. in) = [Z ju-gu~au,i1  Vie{l,...,rh (3.5)
u=1 exp(G)

4The symbol & means here that «; is omitted.
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DEFINITION 3.1. For a G having decomposition [32]) and for a given, predeter-
minated choice of the representation of the generators of its factors within GL(r, C),

as above in (B3), B4), B.H), we say that the AQS (C"/G,[0]) is of type

q% (0117170[1727...,Ollm) X ee X q%(aﬁ,,l,an,%-”van,r) (36)

(and view all the entries «; ; as its weights.) If G happens to be cyclic, then we
fix a choice of a generator of G = Z/IZ by making use of suitable exponents of
¢ (i.e., by shortening of [32), in order to have just one factor, and by suitable
diagonalization), and we omit the first subscript index of each of these regarded
weights. In this case, we simply say that (C"/G, [0]) is a cyclic quotient singularity
(CQS, for short) of type

1
7(0[17(}'2)"'70[7“)- (37)

e Abelian quotient spaces as toric varieties. Let G be a finite, small, abelian
subgroup of GL(r,C), r > 2, having order | = |G| > 2, and let

{e1 =(1,0,...,0,0)7,...,e = (0,0,...,0,1)T}

denote the standard basis of R", Ny := Z" = .!_, Ze; the standard rectangular
lattice, My its dual, and Ty, := Spec(C [rf,...,5]) = (C*)". Clearly,

G o
Ty, := Spec(C [xlﬂ,...,xril] )=(C*)" /G

is an r-dimensional algebraic torus with Ng as its 1-parameter group and with Mg
as its group of characters. Using the map

(NO)R 3 (yl’ L 7yT)T =y 0 (y) — (6(277\/—71)1/1’. N 76(27r\/—71)yr,~)T c TNU
and the injection ¢ : Ty, — GL(r, C) defined by
Tn, 2 (t1,...,t,)T — diag (t1,...,t.) € GL(r,C),
we have obviously Ng = (10 0) ™' (G) with det(Ng) = 1. In fact, using ([B4) and
B3), we get

= 1
No=No+ Y Z(— (a1, 0ur)")

p=1 e
81 (J1see e 8 (j1aeendin) \ T
=No+ > 2 (Blide) | Selinee)7 (3.
(J1s-dr)€{0,1,.0,q1 =1} X - % {0,1,...,q, —1}
and
_ =)t oot is a G-invariant . B
Me = {m € Mo | 1 aurent monomial (m = (p1,-.., 1)) (with det (Mg) =1).

If we define

gp = Ppos ({ela ) 67‘})

to be the r-dimensional positive orthant, and Ag to be the fan

Ag = {op together with its faces},
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then by the exact sequence 0 — G = Ng /Ny — Ty, — T, — 0 induced by the
canonical duality pairing My/Mg X Ng/No — Q/Z — C* (cf. [74, pp. 22-23]), we
get C" = X (Ny, Ag) — X (Ng,Ag) as projection map, where

X (Ng,Ag) = U,y =C7/G = Spec((C k1, ... ,;T]G) —Tw,

Formally, we identify [0] with orb(og). Moreover, the singular locus of X (Ng, Ag)
can be written (by Propositions [Tl and 26)) as the union

T 3 0o,
Sing (X (Na, Ag)) = {orb (a0)} 4 Spec(C[ay N Mg (7)]) | dim (r) > 2,and
mult (7; Ng) > 2
PROPOSITION 3.2. For an AQS (C"/G,|[0]) the following are equivalent:
(i) Sing(X (Ng,Ag)) = {orb (09)}, i.e., orb(op) = [0] € X (Ng, Ag) is isolated.
(ii) For all 7,7 2 09, with dim(7) > 2, we have mult(r) = 1.
DEFINITION 3.3. The splitting codimension of U,, = C"/G is defined to be
Upy 2 U, x C"7% 5.t
splecod (Uy,) :=minq t € {2,...,r} T < 0p, dim (1) = ¢
and Sing (U,) # @
If splcod(U,,) = 7, then orb(og) is called an msc-singularity, i.e., a singularity

having the maximum splitting codimension.

PROPOSITION 3.4. For an AQS (C"/G,[0]) of type B8] the following condi-
tions are equivalent:

(i) orb(oy) is a non-msc-singularity.

(ii) splcod(orb (09) ; Uy,) = 8o with 2 <y < r — 1.

(iii) There exists a subfamily {y1,y2,. .., Yr—eo} C{1,...,7}, such that
5@/1 (jla s 7jl—€) == 6.%«—1:0 (jh' .- ajf-i) - 07

for all (j1,...,jx) €{0,1,2,...,q¢1 — 1} x --- x{0,1,2,...,¢; — 1} ;
{Y1,Y2, s Yr—to } 15, in addition, the largest subfamily of {1,...,r} having this
property.

THEOREM 3.5 (Gorenstein condition). Let (C"/G,[0]) be an AQS of type ([B.0).
Then the following conditions are equivalent:

(i) X (Ng,A¢g) = C"/G is Gorenstein.
(i) Y aus = (0 mod gq,), for all p, 1 < p < k.
i=1

(iii) (X (Ng, Ag) ,orb (09)) is a canonical singularity of index 1.
PROOF. It follows from Theorem [[4] and [80, Thm. 3.1, p. 292]. |

e Junior and senior elements. Let (C"/G,[0]) be a Gorenstein AQS of type
B0). For all i € {1,...,r — 1}, we denote by

Hi ={(x1,...,2.)TER" |2y + 20+ -+ 20 =1}
the affine hyperplane of level i, and by

g[é] =0 N Hi = COnV({iela s aier})
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the (r — 1)-dimensional lattice simplex of age ¢ which lies on H;. (We adopt here
the terminology of [50, §1-2]). In particular, the junior simplex is defined to be

S¢ i= 52] =09 NHy = conv({er,...,er}).

An element g € G as in (B4) is a junior element (resp., a senior element of age 1,

in the sense of [[9 (ii)) whenever
ng belongs to s¢ N Ng  (resp., to ﬁ[g N Ng, fori e {2,...,r—1}),

where

81 (J1,--,Jn Or(J1seees i)\ T
ng = (Blirade) . Sllidel )T (3.9)

Par (0p) is nothing but the unit half-open cube in R, with

{lattice points n, representing the junior elements g of G'}

— (s N Par (00) N Ne) = (56N (Na ~ {ers....e,}) (3.10)
and
{lattice points ny representing the seniors g € G whose age is i}
= (s¥) N Par (00) N Ng) C (s8N (N ~ {ies, ... ie,})) (3:11)
forallie {2,...,r — 1} (cf. (BF)). Obviously,
Till(ﬁ(s[g'} NPar (00) N Ng)) =1 — 1. (3.12)

NOTE 3.6 (Geometric interpetation via hypersimplices). If ¢ € {1,...,r — 1},
then the (r — 1)-dimensional polytope

HypS (i,7) :=conv({e,, +---+ey, [1 <y <va<---<p; <1} (3.13)

,
=< (z1,...,2,)TER"|0<z; <1 for 1<j<r, ij =1
j=1
has () vertices, 2r facets for i € {2,...,7 — 2}, and only r facets for i € {1,7 —1}.
It is the so-called (i,7)-hypersimplex and can be viewed as the convex hull of the
barycenters of the (¢ — 1)-dimensional faces of the standard (r — 1)-dimensional
simplex (see [102] pp. 19-20]). Note that HypS(1,r) and HypS(r — 1,7) are sim-
plices. The sets 5[é] N Par (0p) can be expressed in terms of hypersimplices as
follows:
sg NPar (0g) = HypS (1,7) ~ {e1,..., e} =sg ~{e1,...,er}, (3.14)
and for ¢ € {2,...,r — 1}, respectively,
5[&] NPar (o) = HypS (4,7) ~ { x € HypS (4,7) | for all least one . (3.15)
jed{l,....,r}
REMARK 3.7. The height (I2) of an element g of G (as in [34])) equals

[ht(g) = rank(g — Idg) = £ {i [1 <i <r with & (j1,...,jx) #0}|  (3.16)

and specifies the dimension of the face of oy on which n, € N¢g lies.
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DEFINITION 3.8. Fori € {1,...,r—1} and k € {2,...,7} we define
B (i,k) == {g € G |age(g) =i, ht(g) =k} .|
LEMMA 3.9. B (i, k) = @ for k <.

PRrROOF. By Proposition [[.8] for each g € G \ {Idg} we have ht(g) > age(g). O

G ~\ {Idg} can be decomposed as follows:

G~ {ldg} = JAI(G)U SAI(G),
where
JAI(G) = U{Ba (i,k) |1 <i<k<r k#2i},
and
* r
= 2 |1<i< |-
SAL(G) : U{%c (i, 2i) ]1 <i< [ZJ } .
We call JAI(G) (resp., SAI(G)) the set of elements of G \ {Idg} with inverses of
Jumping age (resp., of stationary age), as we have:
LEMMA 3.10 (“Ping-Pong Lemma”). (i) For 1 < i < k <1, k # 2i, there is
an one-to-one correspondence
JAI(G) > Bg (i,k) 39+ g ' € Bg (k—i, k) € JAI(G)
(ii) If k = 2i and g € SAI(G), then g~! € SAI(G).
Note that JAI(G) (resp. SAI(G)) is expressed as the disjoint union of exactly

((5) = |5]) (€ 2Z) sets (resp. of exactly || sets). In addition, JAI(G) consists of

group elements the cardinality of which is always an even number.

DEFINITION 3.11. To treat the group elements on each face of 5[&]’5 separately,
for1<i<r—1,2<k<r andindices 1 <v; <rvp < -+ <y <1, we define

5[2;] (v1,v9,...,v,) = conv ({ie,, i€y, ... i€y, })

and

Bea (4, kyvi,ve,.. . vg) =

{g as in B4l), g € B¢ (i, k) ngEE[g (Vl,yg,...,yk)ﬂPar(ao)ﬂNg}.

LEMMA 3.12. For any g € G the following conditions are equivalent:

(i) g € ‘Bg(i,k;yl,yg,...,zxk).
(i) ng € int(s (1,14, ..,v)) NPar (00) N Ne.

Proor. The lattice points which belong to 8(5[&] (v1,v2,...,v)) NPar (0g) N Ng
represent group elements with height < k. (]

LEMMA 3.13 (“Refined Ping-Pong Lemma”). For 1 < i < k < r, and indices
1< <o < - <y, <7, there is an one-to-one correspondence

Be (i, k;v1, v, .., V) Sgr—g ! € Bq (k—i,k;v,va, ..., V)
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PROOF. As both g and g~! (as diagonal matrices) must have the entries which are
equal to 1 at the same positions, the assertion can be varified by Lemma B0 (i).0

LEMMA 3.14. For 1 <i<r —1 and k = 2i we have:
(i) if g € B (i,2i;v1,va,. .. ,19;), then g~ € Bg (i, 20501, va, ..., v2;), and
(ii) if I = |G| = 1 (mod 2), then Bg (i,2i;v1,va, ..., Va;) consists of an even number

of group elements. Among them there are no elements g with g = g~ '.

PROOF. For (i) we use the same argument as in the proof of Lemma[3I3l Assertion

(ii) can be shown easily as well. If B¢ (4, 24; v1, va, . . ., 2;) would contain an element
g with g = ¢g~!, then this g would have order 2 and therefore [ = 0 (mod 2) by
Lagrange Theorem. This would contradict to our assumption. (Il

PROPOSITION 3.15. For a Gorenstein AQS (C" /G, [0]) the following conditions
are equivalent:

(i) orb (09) € X (Ng, Ag) is isolated.

(i) Be (4, k;v1,v2, ... vg) =D, foralli € {1,...,r =1}, k€ {2,...,7r — 1}, and
1<y <+ <y <1, while Bg (i,r) # S for at least one i € {1,...,7 —1}.
ProoOF. It follows from Proposition and Theorem O

LEMMA 3.16. If there exists an element g € G, such that ht(g) = r, then
orb(og) is an msc-singularity. For G cyclic, the converse is also true.

PRrROOF. It follows from (BI6) and the definition of splitting codimension. O

COROLLARY 3.17. If orb(og) € X (Ng,Ag) is isolated, then orb(og) is an
msc-singularity.

ExaMPLE 3.18. Let (C*/G, [0]) be the Gorenstein CQS of type = (1,2,3,6).
This is a non-isolated msc-singularity (by Propositions [3.2] and Lemma B.10)).
If G ={g90=1d¢g,91,92,...,911} and n; := ng, denotes the lattice point of Ng
representing g;, for 1 <+¢ < 11, then, up to reenumeration of indices, we find

I T

4 1

0 (0,0,0,0)7 -+ (6,0,6,0)7

1] £(1,2,3,6)" | £(7,2,9,6)7

2| 15(2,4,6,0)7 | 5(9,6,3,6)7

3| 15 (4,8,0,07 | £(8,4,0,0)7
( )

3,6,9,6)T | £ (10,8,6,0)7

5| & (5,10,3,6)T | £ (11,10,9,6)7

Obviously, g1, 92,93, gs, g9 are juniors, ga, gs, g7, gs, g10 are seniors of age 2, and
g11 is the only senior of age 3. Furthermore,

JAL(G) = B (1,3) UBe (1,4) UBe (2,3) UBe (3.4),

SAI(G) = B¢ (1,2) UBc (2,4),
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where

%G (1’3) = %G (1,3, 17273) = {92}a %G (1a4) = {gl}y
B (27 3) = B¢ (2a 31,2, 3) = {910} B (374) = {911}7

%G (172) = %G (1727 172) U%G (1727 1u3) 5 %G (1327 172) = {93799}7
and

B (1,2;1,3) ={g6}, B (2,4) ={94,95,97,98} -
Figure [[l shows the location of the lattice points ni,...,n1; on the junior tetrahe-
dron sg = s[é] and on the two tetrahedra 5[51 and 5[31 , containing the representatives
of the junior and of the senior elements of ages 2 and 3, respectively. (For aesthetic
reasons, 5[G2} and s[é] are scaled by % and %, respectively.) The dotted lines (with
arrows at their ends) indicate how the refined Ping-Pong Lemma B3] and Lemma
[BI4] (i) are applied in practice. Note that gio—; = gi_l, for all 7, 1 <1i <6.

FIGURE 1.

e On the cardinality of B¢ (1,k). Let (C"/G, [0]) be a Gorenstein AQS of type
B36). The counting of the lattice points of N¢ representing all the elements of
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Bq (i, k;v1,v9,...,v)’s and Bg (i, k)’s (with emphasis on B¢ (1,k)) is of partic-
ular interest (cf. §9). By Lemma we get

8 (B (i, ki vr, v, . ) = $(int(s (v1,vs, ..., vx) NPar (00) N NG)),  (3.17)

and for i =1,

E(Be (1 kn,va o vn)) B2 (int(sg (vi,va, - . . ) N NG)). (3.18)
Moreover,
t (B (i,k)) = > # (B (i, kv, 00, ... 1)) (3.19)

1<vi <---<wgp<r

= 3 H(int(s" (11,1, .., v) N Par (00) N Ne))

1<v1 <---<wvp<r

and for i =1,

t(Be (1,k)) = Yoo tBe kv, m)
1<v1 < <wp<r

(3.20)
= Z #(int(sg (V1,V2,---7Vk)mNG))

1<v; <---<wgp<r

The cardinality (3I7) can be written as follows:
1(Ba (i, k;vy,v2,...,1k)) =

T

p; 0p (j1s -+ dn) =i - exp (@) and (3.21)

=4<¢Ae0,])NZ 5, ) #0, ifpe{v,...,v}
p L e 207 ifp¢{V1,,..7Vk}
forall ped{l,2,...,r}

PROPOSITION 3.19. Letr > 3,2 <k <r—1, {vn,va,...,vx} C {1,2,...,7}
be a family of indices, such that 1 < vy < --- <wvg <r, and {y{,yé,...,u;_k} =
{1,2,...,r}~A{v1,va, ..., v} e its complement. If (CT/G,[0]) is Gorenstein msc-
CQS of type BI), then the number of group elements having fixed height k and

arbitrary age equals

r—1 k—1
D 8B i kv, va, .. vw) = Y8 (Ba (i kv, ve, i)
i=1 =1

_ Z [gcd (al,i, SNy ..,ozpy,l> - 1] (3.22)

1<p1 < <py <k
with 1<y<k—2 and
{p1,pyCH{vi,va,. v}

(For k = 2 we simply omit this last sum.)
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PROOF. The first equality is clear by Lemma On the other hand,

r—1 R
Zﬁ(s[g (v1,v2,...,v;) NPar (op) N Ng)
i=1

LS
= > #(sg (v1,12,...,v) NPar (0p) N Ng)

i=1
=f4{A€Z |1<A<I-1: A =0(mod ), Vi, 1<i<r—Fk}
=ged(ay, .o 1) =1

r—k’

The sum we subtract in (3.22)) is nothing but the evaluation of the number
k—1 .
S £ (st (1, v, ..., v) N Par (o) N Ng)
i=1

of lattice points lying on the corresponding relative boundaries. (Il
REMARK 3.20. For arbitrary r > 3, the numbers § (B¢ (1,2;v4,12)) and
it (Ba (1,3;v1,v2,13)) =8 (Ba (2,3;v1,v2,13))

can be determined by the formula ([3:22); the first of them directly (because in this
case the left-hand side of ([8:22]), consists of only one summand), and the latter just
as the half of what we get from the right-hand side of [B22). For r € {3,4}, as
a byproduct of this formula and of the refined Ping-Pong Lemma B.13] one gets
a simple method to count the number of the lattice points lying in the relative
interior of each proper face of the junior simplex separately!

NoTE 3.21. One can analogously compute Z:ll t(Ba (i, k;v1,v0, ..., Vk))
whenever the acting group G is abelian but not cyclic. In this case, the formula
generalizing ([B.22]) contains denumerants of restricted weighted vectorial partitions
instead of greatest common divisors.

4. Crepant Resolutions of Gorenstein AQS

Let (C"/G,[0]), r > 3, be a Gorenstein AQS. In this section we explain how the
crepant (partial or full) Ty, -equivariant desingularizations of its underlying space
are to be studied by means of lattice triangulations of the junior simplex s¢.

DEFINITION 4.1. We denote the set of all lattice triangulations 7 of sg w.r.t.
N¢ (with vert(7) C s N Ng, cf. [C.6) by LTRy, (s¢), and define

LTRY™ (s¢;) i= {T € LTRy,, (s¢)

T is a mazimal triangulation
of sg, ie., vert(7) =scNNg [’

LTRE?:C (s¢) == {T cLT %ZX (s6) ‘ is a basic triangulation } .

of sg (see Definition [C.7)

Adding the prefix Coh- to any one of the above sets, we mean the subset of it
consisting of coherent triangulations (in the sense of [BIl). The hierarchy of lattice
triangulations of sg is given by the following inclusion diagram:

LTRYZ (sa)  ©  LTRYY (sq) < LTRx; (sq)

U U U
Coh-LTRYS (s¢) € Coh-LTRY™ (sg) C Coh-LTRn, (s¢)
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NoTE 4.2. (i) There is a bijection between the triangulations belonging to
LTRy,, (s¢) (resp., to Coh-LTR y,, (s¢)) and the vertex set of the universal poly-
tope Un(V) (resp., of the secondary polytope Sec(V)) of s¢ w.r.t. the point config-
uration V = sg N Ng; see Appendix [Bl

(ii) There exist always coherent maximal triangulations of s¢’s (see [B.2).

(iii) For r > 3 there are s¢’s admitting maximal non-coherent triangulations.

(iv) For r > 4 there are lots of s¢’s admitting maximal non-basic triangulations.
(v) It is not known, as yet, if there are s’s for which LTRE’\?;iC (sq) # @, whereas
Coh-LTRY (s¢) = @ (see [C8 (iii)).

(v) An immediate consequence of Theorem 4] is that the “Existence Problem”, as
stated in {Il is in the abelian case equivalent to the following:

» Existence Problem for Gorenstein AQS: For which abelian finite subgroups
G C SL(r,C),r > 4, do there exist triangulations T € LTRR?;IC (s¢) (and preferably
T € Coh-LTRY¥ (s¢))?

This demonstrates one more example of the interplay between algebraic and discrete

geometry. The initial problem is fairly difficult, yet once translated into discrete
geometry, it can be treated by using familiar tools.

DEFINITION 4.3. Identifying C"/G with X (Ng, Ag) as in §3] let
0s :==pos(s) C (Ng)g = R"
denote the cone supporting a simplex s of a 7 € LTR y,, (s¢). We define the fan
Ag(T)={os |s€T}
and

partial crepant T n,-equivariant
desingularizations of X (Ng, Ag)
PCDES (X (Ng,Ag)) := with overlying spaces having ,
at worst Q-factorial canonical
singularities of index 1

partial crepant T N, -equivariant
desingularizations of X (Ng, Ag)
PCDES™™ (X (Ng,Ag)) = with overlying spaces having ,
at worst Q-factorial terminal
singularities of index 1

CDES (X (N, Ac)) = { crepant Ty, -equivariant (full) }

desingularizations of X (Ng, Ag)

(Whenever we put the prefix QP- in the front of any one of them, we mean the
corresponding subset consisting of those desingularizations whose overlying spaces
are quasiprojective.)

THEOREM 4.4 (Desingularizing by triangulations, [21}, 22]). Let (C"/G,[0]) be
a Gorenstein AQS (r > 3). Then there exist one-to-one correspondences:
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(Coh-) LTRYS® (sg) <&  (QP-)CDES (X (N, Ac))
N n

(Coh-) LTRY™ (s¢) < (QP-)PCDES™ (X (Ng,Ag))
N N

(Coh-) LTRy,, (5¢) «— (QP-) PCDES (X (Ng,Ag))

which are realized by crepant T ., -equivariant birational morphisms of the fomﬁE

fr =id. : X(Ng, D¢ (T)) — X (Na, Ag) (4.1)

induced by mapping
T—Ac(T), Ag(T)— X(Ng, A (T)).

REMARK 4.5. Concerning the existence or non-existence of lattice triangu-
lations 7 € LTR]X,‘?;iC (sg) for Gorenstein AQS (C"/G,[0]) of type (B6) we can
w.l.o.g. restrict ourselves to the class of msc-AQS (as defined in B3]), because the
existence question for a non-msc-singularity is obviously reduced to the same ques-
tion for an msc-singularity of strictly smaller dimension. (The recognition of the
those which are msc-singularities follows from Proposition [3.41)

NOTE 4.6 (Exceptional prime divisors). If 7 € LTRR??C (sg), then the ex-

ceptional prime divisors D,,,) := V(o) (0 € ZE(T) (D)NAG(1)) wrt. fr are
(r — 1)-dimensional toric varieties whose topological Euler number [22)) equals

X(Dn(g)) = £{(r — 1)-dimensional simplices of star,,,y(7)}.

Moreover, Dy, is compact if and only if n (¢) € int(sg). On the other hand, if
0€ NG (T) (1) and n (o) € int(sq (v1,-..,v%))NNg, for some k, 2 < k <r—1, and
certain 1 < vy <wvp < -+ <y <7, then the non-compact Dy ,) can be viewed as
the total space of a fibration D,,(,) — C"—*. The generic fibers are isomorphic to
the (k — 1)-dimensional compact toric variety associated to the star of ¢ within

{0 €DG(T) |0 <05, s€EsG(v1,...,v)NT}

Looking at the star,,,)(7), one can often say more about the structure of D,,(,).
(For examples, see below Remark (i), Theorem [(2] and Remark (ii).)

e Cohomology dimensions. Using (BI0) and BII) we deduce from Theorem
[LT13] the following;:

5Tn fact, an arbitrary partial desingularization f = id« : X(Ng, &) — X (Ng,Ag) is
crepant if and only if Gen(&d) C Hi. (Q-factoriality is equivalent to the consideration only of
triangulations instead of more general polytopal subdivisions; cf. Proposition Furthermore,
by maximal triangulations we exhaust all crepant prime divisors).
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THEOREM 4.7. If (C"/G,[0]) is a Gorenstein AQS, then for any crepant de-
singularization X—X of X = C"/G we have dimg HO(X Q) =1,

dimg H*(X,Q) = #(s!) N Par (00) N Ng), Vie{l,...,r—1}, (4.2)
and the other cohomology groups of X are trivial. In particular, x(X ) |G| .

To determine the cohomology dimensions (£2)) you may exploit the description
BI4)-BI5) of ﬁ[é] N Par (0¢) in terms of hypersimplices HypS(é,7). But if you
don’t like to work directly with hypersimplices, here is an alternative: Compute
the coefficients of the Ehrhart polynomial of the junior simplex s by the formulae

given in Appendix [D] and then apply [3) instead of ([2).

THEOREM 4.8. Maintaining the notation and the assumptions of E1 we have

dimg H* (X, Q) = b} (sc:) = i (Z(l)”(ﬁ) (i~ 'f)j) a;j(sq), (4.3)

j=0 \k=0

for all i € {0,1,...,r — 1}, where by hI(sg) is denoted the i-th component of
the h*-vector and by a;(sg) the j-th coefficient of the Ehrhart polynomial of s,
respectively. (See and [C3)

PROOF. If there exists a crepant desingularization X—X=C¢Cr /G, then there
exists also a Ty, -equivariant crepant desingularization (@IJ) induced by a triangu-
lation 7 € LTRbaS‘C( ¢) . Using Theorem [[LI3 [2, Thm. 4.4] and Theorem [C.9]
we get for all i € {0 1,...,r =1},

dimg H* (X, Q) = dimg H* (X (Ng. A (7)), Q) = 0:(T) = b (sc).
and it suffices to apply formula (CH) (for P = sg, d =17 — 1) to obtain (@3). U

REMARK 4.9 (A simple basicness criterion). If (C"/G, [0]) is a Gorenstein AQS,
and 7 € LTRy,, (s¢), then by (A2), (C4) and (C.6) we get

sy =5 { o0 1 Zh <Zh sa) = (r = 1)1 Vollso),

simplices of 7
which implies
Fro1(T) = X(X(Na, Ag (7)) < (r = )!Vol(sg) = |G| = gatvay
cf. [22). This holds as equality:
fro1(T) = X(X (Ne. Ag (1)) = (r — 1)! Vol(sc) = [G]| (44)

if and only if T € LTPJJD\?”GSiC (s¢) (by Theorem[C9). In practice, having a concrete
maximal triangulation 7 of s¢ in hand, it suffices to compare f,_1(7) with |G|. If
these two numbers coincide, then 7 has to be basic.

e Flops. If 7,7 are two coherent lattice triangulations of s, are there “elementary
operations” whose repetitive use would geometrically describe how one can obtain
7T’ from 7 7 On the level of triangulations a satisfactory answer is given by the
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bistellar flipd® (as defined in combinatorial topology). If, in addition, 7,7 are
assumed to be maximal, this answer on the level of birational maps connecting
X(Ng,Aq (T)) with X(Ng, Ag (7)) leads to algebro-geometric flops.

THEOREM 4.10 (Bistellar flips, and flops). (i) If 7,7’ € Coh-LTRy,, (s¢),
then there exist finitely many circuits

Ci,...,C, Csg N Ng, and 7'1, R ,’TK S COh—LTRNG (5@)

such that T;41 = FLe, (T;) (i-e., such that T;41 is the bistellar flip of 7; along C;,
of. BA) for allie{l,....,x —1}, withTy =T and T, =T".
(ii) In particular, if T,T" € Coh-LTRY." (sg), then the circuits Cy,...,Cx can
be chosen in such a way that §(C;) = r + 1 and dim(conv(C;)) = r — 1 for all
i€ {l,...,k — 1}. Setting X; := X(Ng,A¢ (7)), X := X1, and X' := X, we
conclude that X and X' can be obtained from each other by a finite succession of
ﬂopsm which fit together into the following diagram:

Yl 1/2 Ynfl 9
1=<—-— = - = - = Xo<———-—-—-- Xg<——<—=Xo 1<—————— Xy
fry 13 1,4
le fr,.

X(Ng,Ac)

Here, by “flops” we mean the upper triangles of the diagram, where both w; and 9;
are small birational morphisms (i.e., their exceptional loci have codimension > 2)
and X;41 --+ X; birational maps which are isomorphisms in codimension 1.

PRroOF. We shall use the notation and the terminology introduced in Appendix [Bl

(i) Consider an edge path Vivs, Vavs,...,V._1V, on the polytope Sec(sg N Ng)
connecting vy := vy, with v, := vz, . By Theorem [B.10| one determines circuits

Ci,...,Cy C s¢NNg such that v; = vy, with 7,11 =FL¢, (T;),Vie {1,...,x — 1}.

(ii) If 7 is a maximal triangulation of s¢, and s1, sy two (r—1)-dimensional simplices

of T having s1 Nsz as (r — 2)-dimensional common face, then 71_ , is either the

triangulation Y, (C) or the triangulation Y_ (C) of conv(vert(s;)Uvert(sz)) w.r.t.
the circuit C = vert(s;)Uvert(sz) with #(C) =+ 1 (cf. Lemmal[B7). To pass from
7 to another maximal triangulation 7" it suffices to apply (i) for circuits Cy,...,Cx
only of this kind. (This follows from results of Oda & Park [75] Corollary 3.9,
Proposition 3.10, and Theorem 3.12, pp. 395-398].) After having determined such

60ne of the main reasons for adding to the triangulations involved in the above formulation of
Existence Problem the phrase “preferably coherent” is their connection by a sequence of bistellar
flips. This does not hold in general for non-coherent triangulations. For instance, Santos provided
in [87] a point set whose space of (all) triangulations is bistellarly disconnected.

"In the MMP-language (and as long as one may work in the category of quasiprojective
complex varieties) we say that the “minimal models” X and X’ are connected by a sequence of
flops whose “termination” is due to our specific setting; cf. [64, Thm. 3.4.6, p. 158]. In fact,
these flops can be conceived of as high-dimensional analogues of the original “Atiyah’s flop” (see
[64] Example 3.4.3, p. 157]).
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T’s (with T;41 = FL¢, (7;) for all ¢ € {1,...,k — 1}), it is enough to define ¥; to
be the Gorenstein toric variety associated to the fan which consists of the cones
supporting the lattice polytopes of the polytopal subdivision 7; \ (Vg (C;) * T of
s¢. By the birational morphism ¢; we contract V(og, ), where s; denotes the unique
(r — 2)-dimensional simplex of Vg (C;) with int(s;) C int(Vg (C;)), and by ¢; we
extract V(oy, ), where t; denotes the unique (r — 2)-dimensional simplex of Vg (C;)
with int(t;) C int(Vx (C;)). The ¥;’s are non-divisorial extractions, because we do
not introduce any new vertices in the triangulation 7; ;. ([l

EXERCISE 4.11. Take again the example of CQS of type 1—12 (1,2,3,6) as in[318
Working with Puntos (cf. Note[B.5) we find all 7 € Coh-LTRR>* (s¢) . These are
altogether 12 triangulations: One of them has 9 simplices, two have 10 simplices,
four have 11 simplices, and the remaining five have 12 simplices. The latter ones
are necessarily the elements of the set Coh—LTR'f\?éiC (sg) . The vertex sets of their
simplices (in the notation used in [BI8) are recorded in the following list.

l 7 l % l T l L l T l
{e2,ea,mn1,n3} | {e2,eq,n1,n3} | {e2,eq,n1,n3} | {e2,eq,n1,n3} | {e2,e4,n1,n3}
{ez,n1,n2,n6} | {es,n1,m2,n6} | {e3,n1,n2,n0} | {€3,n1,n2,n6} | {e3,n1,n2,n6}
{63,64,7117716} {637647711777/6} {63764,7117”6} {63764,711,716} {6376477117”6}
{ea,e3,ea,m1} | {e2,e3,eq,m1} | {e2,e3,eq,n1} | {e2,e3,eq,m1} | {e2,e3,e4,n1}
{e2,e3,n1,n2} | {e2,e3,n1,n2} | {e2,e3,n1,n2} | {e2,e3,m1,n2} | {e2,e3,n1,n02}
{62,711,712,716} {62,711,712,716} {63,711,”67”9} {n17n27n67n9} {n17n37n67n9}
{e1,eq,n1,n0} | {e1,es,n1,m0} | {e1,e4,n1,n0} | {€1,e4,n1,n0} | {e1,e4,n1,n0}
{e4,n1,n3,n9} | {€ea,n1,n3,n9} | {€s,n1,n3,n0} | {€s,n1,n3,n0} | {€s,n1,n3,n9}
{e1,ea,n1,m6} | {e1,ea,n1,n6} | {e1,ea,n1,n6} | {e1,eq,n1,n6} | {€1,e4,n1,n6}
{e2,n1,n3,n6} | {e2,n1,n2,n3} | {e2,n1,n2,n3} | {e2,n1,n2,n3} | {e2,n1,n2,n3}
{n1,mn3,n6,n0} | {n1,n2,n3,n0} | {n1,n2,n3,M90} | {n1,n2,n3,n0} | {N1,n2,n3,n6}
{el,nhne,ng} {61,711,712,719} {61,711,716,719} {61777»17716771'9} {617n17n67n9}

For 1 <i < j < 5,1 # j, find sequences of flops connecting X(N(;,KG (7;)) with
X (Ng,A¢ (7)), and distinguish those possessing the smallest number of flops.

5. The C.I.-Case
An evidence in support of Conjecture [ I8 is given by the following;:

THEOREM 5.1 ([22]). All abelian quotient c.i.-singularities admit projective,
crepant resolutions in all dimensions.

An extensive technical part of its proof is devoted to the rendering of the original
(purely algebraic) group classification of Watanabe [100] into graph-theoretic terms
and to a subsequent convenient description of the corresponding junior simplices.
As it turns out, an AQS is a c.i.-singularity if and only if the junior simplex s is
lattice equivalent to a Watanabe simplez w.r.t. Ng. (In addition, notice that every
abelian quotient c.i.-msc-singularity of dimension > 3 has to be non-cyclic!)

DEFINITION 5.2. Let d be an integer > 0 and N a free Z-module of rank d,
regarded as a lattice within Ng = R?. The Watanabe simplices w.r.t. N are the
lattice simplices s (w.r.t. N, of dimension < d) satisfying

affz (sNN) = aff (s) N N

which are defined inductively (starting in dimension 0) in the following manner:
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(i) Every 0-dimensional lattice simplex s = {n}, n € N, is a Watanabe simplex.
(ii) A lattice simplex s C Ng of dimension d’, 1 < d’ < d, is a Watanabe simplex if
e cither s = s1 x sy (the join of s; and s3), where s;, so are Watanabe simplices of
dimensions dy, do > 0, dy + ds = d’ — 1, with respect to sublattices Ny C aff(sy),
Ny C aff(sz) of N, such that affz (sNN) = aff (N7 U Na),

e or s is a lattice translate of some dilation As’, where A € Z, A > 2, and s’ is an
d’-dimensional Watanabe simplex with respect to V.

Theorem [B.] results from the following:

THEOREM 5.3. All Watanabe simplices w.r.t. a lattice N possess basic, coherent
triangulations.

To prove[5.3]it suffices to show that: (i) joins and dilations of coherent triangulations
of lattice polytopes remain coherent, (ii) the join of two basic simplices is basic,
and (iii) the dilation of a basic simplex by a factor k € Z, k > 2, possesses a basic
triangulation (see [22, Theorem 3.5, Lemma 3.6 and Proposition 6.1]).

ExXAMPLE 5.4. Let Hy denote the affine hyperplane arrangement of type .Zd in
R? consisting of the union of hyperplanes

{xeRz; =k}, 1<i<dreZU{{x eR|z; —a; =A},1<i<j<dAeZ}

Hy induces a basic triangulation Ty, (w.r.t. Z?) on the entire space R?. Let
Hvs: R — R denote the Heaviside function

Hvs(z) == { g

The Tpy,-support function

if x >0,
otherwise.

0<k<z;—x; z;—2;<k<0

Igdv)s(X) =) { > Hvs(z; —xz; — k) + > Hvs(k —z; + mz)},
0<i<j<d

Vx = (21,...,24) € R?, with zg := 0, is strictly upper convex. Thus, Ty, is also
coherent. Next, define sq := conv({0,e1,e1+e3,...,e1+---+eq}), and let k be an
integer > 2. Since the affine hulls of the facets of s; belong to Hy, the restriction
T (d; k) := THd|ksd of Ty, on ksg is a basic, coherent triangulation of ksq w.r.t.

Z%. The triangulation T (2;4) of 4s, is depicted in Figure

FIGURE 2.
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APPLICATION 5.5 (Hypersurface case). The underlying space of a Gorenstein
AQS (C"/G,[0]), r > 3, is embeddable as a hypersurface in C"*! if and only if G
is conjugate (within SL(r,C)) to a group of the form

G(r;k) == <{diag(1,...,1, G Clzl L., 1)1 Sigr—1}>,
~~~ ~—~
i-th pos. (i41)-pos.
with k € Z, k > 2, i.e., if and only if it is of type

%(1,1,0,...,0)><%(O,l,l,(),...,())x ...... x%(
In this case, we may identify C"/G(r;k) (or C"/G, cf. Thm. [[2) with

0,0,...,0,1,1).

{(zo,zl, oy zp) €CTTE

T
Zé = H Zi } )
i=1
and write the junior simplex s¢ as the dilation of a basic simplex (w.r.t. Ng) by
the factor k:

sg =k conv({f e1,..., + e }).

There is an affine transformation R” — R"~! x {0} C R" whose restriction on the
affine hull aff(s¢) of s is a bijection, say =, mapping the lattice aff(s¢) N Ng onto
the standard rectangular lattice Z"~! = Z"~! x {0} c R""! x {0}, and s onto
E(sg) = ksy_1. Since T (r — 1;k) (as defined in 54 with d = r — 1) is a basic
coherent triangulation of k's,_; w.r.t. Z" 1,

ferrer1k)) : X(Na, Ag(E7HT (r — 1;k))) — X (Ng, Ag) = C"/G
is a projective crepant desingularization of the quotient space C"/G = C"/G(r; k).

REMARK 5.6. If G C SL(r,C) is conjugate to G(r; k), then

(i) the star of any vertex of T (r — 1;k), belonging to the interior of ks,_1, is
constructed as the image under an appropriate integral affine transformation of the
join of the origin 0 € R™~! with the facets of the zonotope which is defined as the
convex hull of the union of the [—1, 0]-cube and the [0, 1]-cube; cf. [19]. Hence, every
compactly supported exceptional prime divisor on X (Ng, Ag(E71(T (r — 1; k))) is
a Fano manifold obtained by a T y-equivariant projective crepant desingularization
of a toric Fano variety (with at worst Gorenstein singularities). This Fano variety

turns out to be a projective variety of degree (2:) embedded in ]P’Z(;(TH).

(i) Besides Z=!(T (r — 1; k) there are lots of other basic, coherent triangulations of
s corresponding to different vertices of its secondary polytope. For instance, if G
is conjugate to G(4;2), Puntos [24] gives us 196 maximal coherent triangulations
of 5. 192 out of them are basic.

(iii) The non-trivial cohomology dimensions (£3)) of any crepant desingularization
X of X =C"/G are equal to
i

dimg H*(X,Q) = > (=)’ (7) (" 2471).

=0
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6. First Existence Criterion via Hilbert basis

A necessary condition for an arbitrary Gorenstein AQS (C"/G,[0]) to admit a
crepant resolution is described as follows:

THEOREM 6.1 (First Necessary Existence Condition). Let (C"/G,[0]) be a
Gorenstein AQS. If sg has a basic triangulation, then

’HmNcwwzsgﬂN@

(6.1)

i.e., each of the members of the Hilbert basis of og has to be either a “junior”
element or a vertex of sg.

PROOF. The inclusion “2” is always true (without any further assumption about
the existence or non-existence of such a triangulation) and is obvious by the defi-
nition of Hilbert basis. Now if there were an element n € Hlby,, (00) \ (s¢ N Ng),
then by Lemma [2.T] this would be written as a non-negative integer linear combina-
tion n = A\jng +- - -+ A, of r elements of s¢ N Ng. Since 0 ¢ Hlby,, (0g), if there
were at least one index j, € {1,...,7}, for which \j, # 0. If \;, =1 and \; =0
for all j € {1,...,7} ~{ jo}, then n = n;, € sg N Ng which would contradict our
assumption. But even the cases in which either A;, = 1 and some other \;’s were
# 0, or Aj, > 2, would be exluded as impossible because of the characterization
(ZJ) of the Hilbert basis Hlby,, (0¢) as the set of additively irreducible vectors of
00N (Ng ~ {0}). Hence, Hlby,, (0¢) C s¢ N Ng. O

NOTE 6.2. (i) For r = 2 and r = 3, condition (6.1]) is automatically satisfied.

(ii) For r > 4 there is a plethora of AQS for which (G.1]) is violated. A simple ex-
ample is the (non-terminal) CQS (C*/G, [0]) of type 1 (1,1,2,3). This singularity
cannot have any crepant, T y_-equivariant resolution, because setting

ny =1 (1,1,2,3)7, no:=1(2,2,4,6)7T, ng:=1(3,3,6,2)7,

ng=1% (4,4,1,5)7, ns:=1% (55317, ne:=1 (6,654,

we get

€1,€92,€3,€4
sqg N No = {e1,e2,€3,e4,m1} G Hlby, (00) = { - n’2 1’13 ;14 7715 :
b) b) b) b)

(iii) In §7] we shall present certain cyclic quotient singularity series of arbitrary
dimension for which condition (GI]) turns out to be also sufficient. Nevertheless,
this is not true in general for r > 4. As it has been shown in [29] §4.2, pp. 65-66]
and [30, Ex. 10, p. 213], there are exactly 10 four-dimensional Gorenstein cyclic
quotient singularities with acting group order < 100 which fulfil (6]) and possess
no crepant, Ty, -equivariant resolutions. Among them, the CQS with the smallest
possible acting group order is that one having the type % (1,5,8,25).

7. Non-C.I.’s I: 1- and 2-Parameter CQS-Series

Asking whether non-c.i. Gorenstein cyclic quotient singularities of given type (3.1)
can be resolved as desired, we begin with the examination of those CQS whose
junior simplex contains lattice points living in a convenient geometric locus (in
order to be able to keep track of how the possible maximal lattice triangulations
are built). More precisely, we consider:
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o 1-parameter CQS-series (C"/G,[0]), for which the lattice points belonging to
(sg ~{e1,...,er}) N Ng are collinear, so that the maximal lattice triangulations of
the junior simplex s5 are uniquely determined.

e 2-parameter CQS-series (C"/G,[0]), for which the lattice points belonging to
(sg ~{e1,...,er}) N Ng are coplanar, so that each of the simplices of the re-
quired maximal lattice triangulations of sg is to be described as join of a lattice
polygon (resp., a lattice segment) with an (r — 4)-dimensional (resp., an (r — 3)-
dimensional) lattice simplex.

(For the somewhat lengthy proofs of Theorems [T1] [72] [[3] and [T see [20, [21].)

THEOREM 7.1 (1-parameter CQS). If (C"/G,[0]) is a Gorenstein CQS, such
that v — 1 weights in its type are equal (with r > 3), then it is isomorphic to the

CQS of type

1
Pl L1 o) (7.1)

(r—1)-times

with | = |G| > r. Moreover, there exists a unique mazimal, coherent triangulation
T of s¢ w.r.t. Ng inducing a unique crepant Ty -equivariant partial projective
desingularization [&I)). This is a (full) desingularization (i.e., T is basic w.r.t.
N¢) if and only if condition [GJ) is satisfied. In particular, [61) is equivalent to
the following:

Either [=0mod(r—1) or [=1mod(r—1). (7.2)

THEOREM 7.2 (Exceptional prime divisors). Suppose that (C"/G,[0]), r > 3,
is a Gorenstein CQS of type (CI). If I satisfies ([L2), then the exceptional locus
of @) consists of | 15| prime divisors {Dj ’ 1<j< Y] } on X(Ng, Ag (7)),
having the following structure:

D; >~ ]P’(O]sz © Opr—> (I—(r—1)5)) (as P&-bundles over Pi.?)

for all j € {1,27..., LrilJ - 1}, and

o Pt , if I=1mod(r—1),
I = T—2 . _
|5 PE*xC , if I=0mod(r—1).

THEOREM 7.3 (2-parameter CQS). Let (C"/G,[0]) be a Gorenstein msc-CQS
of type B0) withl = |G| > r > 3, for which at least r—2 of its defining weights are
equal. Then X (Ng,Ag) = C"/G has crepant, Ty, -equivariant desingularizations
fr: X(Ng,A¢ (T)) — X (N¢, Ag) if and only if (©1) is satisfied. Moreover, at

least one of these desingularizations is projective.

Conditions equivalent to (6.1 which can be directly expressed in terms of the
defining weights occur in the following case:

THEOREM 7.4 (Arithmetic conditions for certain 2-parameter CQS). Let r be
an integer > 3 and 1l an integer > r. Write | — (r —2) = a + b, where a,b are
integers > 1. Furthermore, set t := ged(b, 1) = ged(a + (r —2),1), t' := ged(a,l),
and consider vy,v2 € N, such that v (a + (r — 2)) — 11l =t. Neat, define

vo-a—uvg-l l

Pi=——p— 4= P 7],
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and write q/p as regular continued fraction

1
T+ )
p Az +
/\3 + . . 1
1N
with \; > 2, Vi, 1 <i < k. Then, for the Gorenstein CQS of type
1
- (1,1,...,1,1, a,b),
I ———
(r—2)-times

1) is equivalent to the following:

Either gcd(a,b,l) =1 — 2,

ng (avbal) = 17 [t]r—Q = [t,]r—Q = 1’
P=P_, mod (r — 2),
or q

Ai =0mod (r—2),Vi, i € ([2,k — 1] N 2Z),

and A\; =1 mod (r — 2), whenever & is even.

29

(7.3)

(7.4)

REMARK 7.5. (i) The method of building maximal triangulations 7 of s¢ can

be roughly explained by means of Figure Bl (in which r = 4).

€3

€2

FIGURE 3.

We consider an arbitrary maximal (necessarily basic) triangulation of the lattice
polygon Q¢, and then we construct 7 by forming the joins of e; and ey with all
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of its triangles. The white point belongs to N¢g, and Q¢ itself becomes the triangle
having es, e4, and this point as its vertices, if and only if the first of conditions
(T4) is satisfied. In this case, such a maximal triangulation 7 of the entire s¢ is
automatically basic (w.r.t. Ng). If the white point does not belong to Ng, then
the basicness of such a 7 amounts to the second of conditions (7.4]).

(ii) If one of the conditions (T4 is satisfied, all compactly supported exceptional
prime divisors w.r.t. fr are the total spaces of fibrations having basis PgS, and
typical fiber isomorphic either to IF’}C or to a non-singular compact toric surface
(ie., to a PZ or to an F,, = P(Op1 & Op1 (>)), probably blown up at finitely many
points, cf. [74] Thm. 1.28, p. 42]).

EXAMPLES 7.6. (i) The subseries of non-isolated CQS with defining types
W(]wlw”a:hlug'(r_2)7€/'(’r_2))7 57 gl EN,
(r—2)-times
and ged(&,£') =1, r > 4, satisfies obviously the first of the conditions (T4).
(ii) The subseries of isolated CQS with defining types

s Ll LLo =1 (1))
(r—2)-times

and i € N, r > 4, satisfies the second of the conditions (7.4]).

8. Non-C.I.’s II: The GP-Singularity Series

Another Gorenstein non-c.i. cyclic quotient singularity series of particular interest,
admitting the required resolutions, is the so-called geometric progress singularity
series (GPSS(r; k), for short, with type (8I])). The purpose of this section is to
give a proof of the following Theorem (appearing as Conjecture 10.2 in [21]):

THEOREM 8.1. All Gorenstein CQS (C"/G,[0]) of type

-
K1
-1

admit T n, -equivariant projective, crepant resolutions for all r > 3 and all k > 2.
In particular, for k = 2, there is a unique resolution of this sort.

Lk k2R3, . kT2 k)
( ) vy ) ) ) ) ) (81)

r—1 »
REMARK 8.2. (i) Setting [ := ;}k’ = E=L for the order of G acting on C",

we see that
Ng=17Z"+1(1,k K, ...,k )7, with det(Ng) = 1.

(ii) Since ged(k%, 1) = 1, Vi € {0,...,7 — 1}, all members of the GPSS(r; k) are
isolated (and therefore msc-) singularities (cf. Proposition BI5land Corollary B.17]).

LEMMA 8.3. If we denote by W (r; k) = (wij)1<ij<r the (r X r)-matric with

wij = [kifl . kjfl]l _ [ki+j72]l
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as its entries, then
ldet(W (r k)| = (k" = 1) ' =1 (k—1)""". (8.2)
PROOF. Since
Er=(k-D)I+k =k =kP (k- 1)1+ K° V3 e Zs,

we have wy; = [k 2], = kli+i=2l. On the other hand, performing the elementary
operations

(i-th row) ~~ (i-th row) — k0~ . (first row) , Vi € {2,3,...,r},

we transfer W (r; k) into a matrix of the form

1 k k2 kr—t
0 0 0 e —k"+1
0 0 e kT 41 *
' * *
: : * : :
—k"+1 * e v *
Hence, |det(W (r; k))| is given by the formula (82). O

. —1
LEMMA 8.4. (i) Setting W (r; k) := (ﬁW(r,k)) , we have

-1 0 e 0k
0 0 ek -1
Wrk)=| @ 0 k-1 0 |, (8.3)
0 o
k -1 0 - 0
with
‘det(W (r: k))‘ —i(k—1). (8.4)
(ii) The regular linear transformation ® : R"™ — R", with
®(x) =W (r;k)x, VxeR", (8.5)
maps Ng onto
]\ufc;:{()\l,...,)\r)TEZr erl)\iEO(mod (k:—l))}, (8.6)
and the junior simplex s onto
sg =conv({w; | 1<j<r}), (8.7)

where
I B + ke, if j=1,
I —e; + kej_q, if j e {2,...,7‘},

denotes the j-th column vector of the matriz obtained by W (r; k) by interchanging
its j-th with its (r + 2 — j)-th column for all j € {2,...,r}. (This rearrangement
of the index set for enumerating the vertices of §5 will turn out to be convenient
in the subsequent Lemmas.)
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PROOF. (i) Let w; denote the i-th row of W (r; k). For all i € {1,...,r} we have
fitj-1<r—1
ori+j—22>r,
1, ifitj—1=r

k-wij —wigy 5 = k- kT2 gl 0,
Thus, W (r; k) is the matrix (83) because
k-w; —wip1 =k —1)ery1-, Vie{l,...,r — 1}, and k- w, —wy = (K" — 1) ey,
and (84) follows directly from (2.
(ii) By definition, the determinant of Ng = ®(Ng) equals k — 1, and

Ng =W (r;k)Z" + Z(k — 1,0,0,...,0,0)T.

N is included into {(/\17 N ezr

> A =0(mod (k — 1))} . But also this
i=1

lattice has determinant k — 1, leading to equality (86). (80 is obvious. O

LEMMA 8.5. We have

EGONG: {(}\1,...,)\T)T GZTZO

i=1

In particular,
f(5c N Ng) = (*177%) +r. (8.9)

PROOF. Since ¢ C {X = (x1,..., »Tr)T eR"

> xjkl},wehave
j=1

5cNNg={x=(z1,...,2,)T €Z" | xcconv({w; | 1<j<r})}.
We first observe that (k — 1)e; € §¢ N Ng, for all j € {1,...,7}. (For instance,

T L
(k—1e = > k(Jl o w;. The other inclusions follow by symmetry.) Next, we
j=1

consider an
x = (21,...,2,)7 € conv({w; | 1<j<r})n (NG\{wj |1<j< r}) .
This can be written as linear combination

T
x = (z1,...,2,)T = Y mjw;, for suitable n;’s € [0,1).
j=1

Since x € Z" we have x; > 0, for all j € {1,...,r}. Hence, x belongs to

{(xh...,xr)TGR;O ij:k—l}: conv({(k—1)e; | 1 <j<r}),
20| 2

and both equalities (B8]) and (B3] are true. O

LEMMA 8.6. Let s(e1,...,&.) C{(z1,...,2,)" € R"| Z;zlajj =k — 1} denote
the simplices
s(er,...,er) = conv({eju; + (1 —¢g;)w; | 1 <j<r}),
where ¢; € {0,1} and u; = (k—1)e;, Vj € {1,...,r}. Then there is a unique
triangulation T(r; k) of 8¢ having {u;,w;|1 < j <r} as its vertex set, namely

|Trsk) = {s(e1,--20) | (e1,--,80) € {0,117 ~{(0,0,...,0,0)}}.|  (8.10)
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PROOF. First note that s(0,0,...,0,0) = §g. Let T be an arbitrary triangulation
of the convex hull of the point set {u;,w;|1 < j <r}. If t is an (r — 1)-dimensional
simplex belonging to 7', then there is no index j € {1,...,r} such that {u;,w;} C t.
Assuming, in the contrary direction, the existence of such an index j, we would have
%uj + %u“)j € t, with

1 k-1 {u if j =1,

Euj—i-ij: w1, ifje{Q,...,T’},

which would be absurd (because t could not be an (r — 1)-dimensional simplex of
a triangulation). Hence, any triangulation of the convex hull of {u;,w;|1 < j <r}
must have {s(e1,...,&.) | (e1,...,&r) € {0,1}"~{(0,0,...,0,0)}} as maximal di-
mensional simplices. In fact, it is easy to verify that the intersection of any two
simplices of this sort is either a face of both or the empty set, and that

det (r;k) @ .
(r— 1)'| dgt(Nc) )‘ (7‘\[1 l if (617"'767‘):(0,...70)’

Vol(s(e1,...,&r)) =
Pl (k=022 i () £ (0.0,
(cf. formula (D). Since

Z Vol(s(ey,... &) = 27 (T‘ﬁ)! (Z (;) (k — 1)P>

(1,2, €{0,1}7~{(0,0....,0,0)

T k-1 (rfq)! (kT - ]')

= il = Vol(3¢),

the support of T(r; k) given in BI0) equals 8¢, and T(r; k) is therefore the unique
triangulation of §¢ having {u;,w;|1 < j < r} as vertex set. O

DEFINITION 8.7. Let ® : R” — R” be the unimodular transformation
®(x):=Lx, Vx€R",

where
1 0 0 0
0 1 0 0
L = '..
0 0 1 0
1 1 1 1
Then ® maps the hyperplane {x € R | > o1y =k—1}onto {x €R" [z, =k — 1},
with
c o =Dt (= Dy, G e 1,1},
P(u;) = { (k—1)e, (= uy), if j =r,
and
N —e1 + (k—1De,, if =1,
(I)(’Lf)j) = —ej—l—kej,l—i—(k—l)eh if j € {2,...,7”—1}.
ker—1 + (k— 1e,, ifj=r.
For all j € {1,...,7} let us use the abbreviations

ﬂj = &)(Uj), ’lT)j = EI;(’[I)J), and Ej = ’[13]‘ — (k? — 1)67«
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We observe that ® transfers the triangulation S(r; k) of §¢ onto the triangulation

@ (S(r; k) = {8(e1, - rer) | (€10 60) € {0,1}7(0,0,...,0,0)}}
of 3¢ = ® (3¢) , where
S(e1y . .,6p) = &)(s(sl, o)) =conv({egju; + (1 —¢gj)w; | 1<j5<r}),

and we define the r-dimensional (!) lattice polytope

P(r;k) = conv({{u;,w; |[1<j<r}) CR".

LEMMA 8.8. The facets of P (r; k) are exactly those belonging to the set

{s(e1,...,er) | (e1,--.,er) €{0,1}"},
where

S(e1,...,60) i=conv({eju; + (1 —¢gj)w; | 1 <j<r}).

PROOF. Since

T

Z k"_jmj =0,

j=1
the origin 0 is an interior point of P (r; k), and we may assume that the coordinates
of each point x = (z1,...,7,)" € P (r; k) satisfy inequalities of the form
T
anxj <k —1, for suitable r-tuples (11,...,n,) € R". (8.11)
j=1

Since u; € P(r;k) (vesp., w; € P(r;k)) Vj € {1,...,r}, valid inequalities for
P (r; k) of the form (BII) must satisfy

{ Zi—;qigl,VjE{l,...,r—l}, (8.12)
and
-m <k-1, (8.13)
knjoi—m; <k-1, Vje{2,...,r—1}, (8.14)
kn._1 <k-—1, (8.15)

respectively. Let F' be a facet of P (r;k). Assume that the supporting hyperplane
of F' is described by an equation

kA
Z??jl‘j =k—-1.
7j=1

If there were an index, say j € {2,...,7 — 1}, such that both %; and @, belong to
F, then we would have

nj+n =1 _
— kn;_ - = k. 8.16
knjl_nj:k_]-} 77] 1+77 ( )

Since ([BI6) is also valid for P (r;k) itself, all inequalities (812), (8I3), (814),
(BIE) would be satisfied. Hence,

BI6) &1
nj+n-=1
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and using the same argument,
N1 2l=mn22>21= - =mn_ =1L

On the other hand, (8I5) would give 7,1 < %1 < 1, leading to contradiction.
Analogously, by 812), (813), (8I14) and (BI5]) one shows that @; and w; cannot

simultaneously belong to F' even if j = 1 or j = r. Thus, F' is necessarily of the
form
F =58(ey,...,&.), for a suitable r-tuple (e1,...,&,.) € {0,1}".
It remains to prove that all 8(eq,...,e,)’s are realized as facets of P (r;k). If
(e1,...,&.) equals (0,0,...,0,0) (resp., (1,1,...,1,1)), then we get obviously the
bottom (resp., the top) facet of P (r;k). Next, choose an arbitrary simplex
s(e1,...,&r) with (eq,...,&.) € {0,1}"~{(0,0,...,0,0),(1,1,...,1,1)}

and assume without loss of generality (i.e., up to a permutation of coordinates)
that

gj=1, Vje{l,...,p}, and ¢, =0, Vie{p+1,...,7},
for some p € {1,...,7 — 1}. Defining
%a lfje{1’7p_1}a
77] = k.'r‘17/77 if] = p7

B2l ifje{p+1,...,r}

one checks easily that n;’s fulfil 812), (813), (8I4) and [BIH), and that the r

affinely independent points
{(k=1ej+(k—Der|1 <j<p},{—ej+(k—1eja|p+1<j<r—1} {kerr},
satisfy the equality

K
Z?]j[ﬂj =k—1.
7j=1

Hence, their convex hull (e, .., &,) constitutes a facet of P (r; k), as asserted. O

COROLLARY 8.9. The triangulation T(r; k) of 5¢ is coherent.
PrOOF. Using Lemma [B.8 and the projection w : R" — {x € R" |z, =k —1},
with

w(x) = (z1,22,...,2r—1, k= 1), Vx=(21,...,2,)7 €R",

we see that the set {S(e1,...,&.) | (e1,...,&r) € {0,1}"~{(0,0,...,0,0)}} consist-
ing of the facets of P (r; k) which belong to its “higher envelope” is mapped via w
onto the triangulation

w ({g(slv s 767") | (515 cee aeT) € {07 1}7“\{(0’ Oa teey Oa O)}}) = EI; ({I(Ta k))
of 5 because

w (S(e1,...,&r)) =8(e1,...,&r), Y(e1,...,er) €{0,1}"~{(0,0,...,0,0)}.
Hence, the ® (%(r; k))-support function 6 : 56 — (0,k — 1] C R defined by the
formula

0 (x) :=max{t € [0,k—1] | (z1,22,...,2,—1,1)T € P(r;k)},
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for all x = (x1,22,...,2_1,k — 1) € 3¢, is strictly upper convex. This means
that

fo® 55— (0,k—1]CR
5c
is a strictly upper convex ¥(r; k)-support function on §¢. O

REMARK 8.10. An alternative proof of Corollary can be obtained by ob-
serving that T(r; k) is actually a lexicographic triangulation, and by using the fact
that lexicographic triangulations are coherent (see Lee [60]).

EXAMPLE 8.11. The unique, coherent triangulation ®~1(%(3;4)) (with ® as
defined in (83)) of the original junior simplex sg (w.r.t. Ng) which is induced by
%(3;4) (for r = 3, k = 4), and has {<I>_1(uj),ej’ 1 <j <3} as its vertex set, is
depicted in Figure @l

e, = d7' ()
q)‘l(uz)
e = (I)‘l(ﬁ;]) €, = (P?](Wz)
FIGURE 4.

REMARK 8.12. By Remark (ii) and Lemma BH the (r — 1)-dimensional
lattice simplex

g :=s(1,1,...,1,1) = conv (§c~{w; | 1 <j<r}),

k+r—2>

(included in the interior of §; = conv({w; | 1 < j < r})) contains the (“7"]

non-vertex lattice points of 5. Since
sg=conv({u; | 1<j<r})=(k—1)-conv({e; | 1<j<r})

is the dilation of a basic simplex (w.r.t. N(;) by the factor k — 1, there is an affine
transformation R” — R"~! x {0} C R" whose restriction on the affine hull aff(55)
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of §¢ is a bijection, say T, mapping the lattice aff(§¢) N Ng onto the standard
rectangular lattice Z"1 = Z"™1 x {0} C R"~! x {0}, and 5¢ onto

T (s5g) = (k—1)-conv({0,e1,e1 +€e2,...,61 +ea+ -+ e_1}).

Hence, T=Y(T (r — 1;k — 1)) is a basic coherent triangulation of §g (w.r.t. Ng),
where T (r — 1;k — 1) denotes the triangulation of T (¢) (w.r.t. Z"~1) defined in
Example B4 (with d = r — 1).

> PROOF OF THEOREM B} (i) Basicness. Setting

s an (r —1 — p)-dimensional
conv({twy,, ...,y })*s simplex of Y™Y(T (r — 1;k — 1))
Eyl,_wyp = (together with belonging to the face
their faces) conv({u;|j € {1,..,r}x{v1,..,vp}})
of the simplex ¢

for all p € {1,...,7 — 1} and all index subfamilies 1 <1y < vy <--- <v, <71, we
define the triangulation

r—1
¢ .= U U gvl,yg,...,yp
p=1

1<vi<ve<---<v,<r

which refines T(r; k)[5, ing(se) (With T(r; k) as given in (8.10)). The set of (r —1)-
dimensional simplices of & consists of well-defined joins (cf. the proof of Lemma
BA). Glueing Y~1(T (r — 1;k — 1)) and € together we obtain a lattice triangulation
(w.r.t. Ng)

T(rik) =YY T (r-Lk-1)U¢

of the entire simplex 5. The triangulation Y=1(T (r — 1;k — 1)) itself is basic.
Since for all p € {1,...,r — 1},

aﬁz({wyl,...,wyp} U {u; | je{l,..,rix{v, . vp}})
=Ngn aff(conv({w,,,...,wy,}) Uconv({u; | j € {1,...,r}1x{vi,..,v,}})),

¢ is basic by [22] Thm. 3.5, pp. 206-207]. Thus, the entire 7 (r; k) is also basic.
(Alternatively, since

#{(r — 1)-dimensional simplices of T(r;k)} = 2" — 1,

4 { (r — 1)-dimensional simplices } — (k- 1)r—1 7

of Y™HT (r — 1;k — 1))
and, analogously, for all p € {1,...,r — 1},
(r — 1 — p)-dimensional simplices

4 of YT (r — 1;k — 1)) belonging to the face » = (k—1)" """
conv({u; | j€{1,...,r}x{v1,..,v,}}) of 55

)
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we get

(r — 1)-dimensional _ (or
: { simplices of T (r; k) [ =0

p=0
r—1 r—1
2 - =3O+ (O e-1)
p=0 p=0
r—1
= e 2o (() ) = e,
p=0

and 7 (r; k) has to be a basic triangulation of §¢ according to Remark ). We
conclude that @1 (7 (r; k)) is a basic triangulation of the junior simplex sg (w.r.t.
N¢), where @ is the regular linear transformation (83]). The basic triangulation
®~1 (7T (3;4)) of s¢ (refining that one of Example BIT)) is shown in Figure [

e, =" (w,)

e =o"(m) e, =7 (W,)

FIGURE 5.

(ii) Coherence. We define the T (r; k)-support function ¥ : 5 — R as follows:

U(r(x), if x € s,

X € ‘5V1,V2,...,Vp
for some indices

1<y <<y, <y
with pe {1,...,r — 1},

)

5¢ o> xr— U(x) =
le,l/27,,,)yp(X)’ lf

where ’(/Jge;\l,) is the function defined in B4 (with d = r — 1), and

Vi waoory (%) =t (0(D(x1))) + (1 — 1) - i D (T (x2)),
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for all x = tx; + (1 — t)x2 € conv({wy,,...,w,, }) * s belonging to |5u1,___7up| , with
t e 0,1],
x| € conv({ﬁjul, ol uv,,p}) and x5 €s € ‘T(r; k)\conv({ u \je{l,u,r}\{ul,..,vp}})‘ )

Since 6 (by Corollary [B0), as well as wge;\l,) o and ¢, .., s, are strictly upper
5

convex, and the latter ones coincide on their cgmmon domains of linearity, we de-
duce by the Patching Lemma [B.3] that also W is strictly upper convex. This means
that 7 (r; k) is a coherent triangulation of §g. Consequently, ®~! (7 (r;k)) is a
coherent triangulation of the junior simplex s¢.

(iil) The special case in which k = 2. In this case, §¢ itself is already basic (w.r.t.
N¢), and the only maximal (and necessarily basic) triangulation of the junior sim-
plex sg (w.r.t. Ng) is @1 (Z(r;k)). Its uniqueness and coherence follow from
Lemma and Corollary B9l respectively. O

NoOTE 8.13. (i) For k > 3, besides ®~! (7 (r; k)), there are lots of other basic
triangulations of s¢, due to those of ®~! (5¢); cf. Remark (it).

(ii) Open Problem: As it was proven recently by Sebestean [89] (for r =4, k = 2),
the smooth fourfold obtained by the unique projective crepant resolution of the
(non-symplectic) CQS (C*/G,[0]) of type 7(1,2,4,8) coincides with the Hilbert
scheme G-Hilb(C*) of G-clusters. It is therefore natural to ask if this is in general
true for all the members of the series GPSS(r;2) (or not) whenever r > 5.

EXERCISE 8.14. Compute the non-trivial cohomology dimensions (£2) of any
crepant resolution space of any member of the geometric progress singularity se-
ries GPSS(r; k). (Hint. Consider ®~1 (7 (r;k)) as a composite of geometrically
more “elementary” triangulations, and use the inclusion-exclusion property of lat-
tice point enumerators, combined with the multiplicative property of the polynomial
generating the h-vectors of joins of triangulations [13l, p. 466], and with Theorem

[C9 and formula (Z3)).)

REMARK 8.15. Concerning the Existence Problem, it is worthwhile stressing
the qualitative difference between the behaviour of the 1- and 2-parameter singula-
rity series discussed in §7] and that one of the geometric progress singularity series
GPSS(r; k). The one or two parameters in the types of the first mentioned singu-
larities have to obay to restrictive arithmetic conditions in order to lead to crepant
resolutions (cf. (C2)) and ([C4])), whereas the parameter k > 2 in the GP-singularity
series is unconditionally free in this respect.

9. Second Existence Criterion via UBT

Let (C"/G,|0]) be a Gorenstein AQS with [ = |G| and r > 4. The presence of basic
triangulations 7 of s (w.r.t. N¢) implies the equality [ = (r—1)!Vol(sg) = f,—1(7)
(by (@4)). Bounding the cardinality f,._1(7) of the facets of any such 7 from above
by a number depending only on the number of the available lattice points in s¢, it
is possible to obtain a second necessary existence condition which is highly effective
and of purely geometric nature. It comes as no surprise to learn that such a number
involves the cardinality f,_1 (CycP,. (f (s¢ N N¢g))) of the facets of the r-dimensional
cyclic polytope with § (s¢ N Ng) vertices, because it reminds you of the celebrated
UBT for simplicial spheres. Nevertheless, this has first to be suitably modified to
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be valid for simplicial balls (like T); see Theorem Unfortunately, even if we
use the latter upper bound, we do lose some information whenever our singularity
is non-isolated, because we are throwing away a considerable part of the individual
contributions of lattice points which belong to the boundary of sg. In fact, our
expectation concerning a general, tight upper bound for | = f,._1(7) is expressed
in the following:

CONJECTURE 9.1. Let (C"/G,[0]), r > 4, be a Gorenstein AQS with | = |G|,
and sg the corresponding junior simplex. If sg has a basic triangulation, then | has
the following upper bound:

1

I < o1 (CyeP, (8(se N Na))) = ) (r = k) (§ (B (1,K))) — 1, (9-1)

\3
|

>
U

with § (Be (1,k))’s as given in (F20).

NoOTE 9.2. For the proof of (@) it would suffice to show that UBT-Conjecture
[A18is true. In Theorem we prove (@) only for r = 4, and give the weaker
upper bound for r > 5.

THEOREM 9.3 (Second Necessary Existence Condition). Let (C"/G,[0]), r > 4,
be a Gorenstein AQS with 1 = |G|, and s¢ the corresponding junior simplex. If s¢
has a basic triangulation T, then | has as upper bound

I <§3(CycPy(f(sa N NG))) —2 (8(Be (1,2) — (#(Be (1,3))) -1 | (9.2)

forr =4, and
I< fro1 (CyeP, (§(se N Na))) — 2—: (#(Be (1,k)) -1 (9.3)
k=2

for r > 5. (The number f (s¢ N N¢) can be calculated by the formulae (D.I6) and
(D.I7) given in Appendix[Dl The numbers #(Bq (1,%)), 2 < k < r — 1, occuring
in [@2)), [@3), are computable either by B.20) and B2I)) or by using [B20) and

then counting the lattice points lying in the relative interior of each of the (k — 1)-
dimensional faces of s¢, by (C2), (D.16) and (D.17), applied for these faces instead
for s¢ itself).

PROOF. Using the notation of Appendix [Al apply (A4) (to get ([@3) for r > 5)
just by settingd=r—1, S=7,b=1f(sgNNg), bt/ = ;;; (t(Ba (1,k))) +r.
Correspondingly, to get ([@2) for » = 4, apply Theorem by setting d = 3,
s=5g, S§=7T7,b =4, and by, = §(Ba (1,k)), for k € {2,3}. Of course, for the
desingularizing space X (Ng, Ac (T)) of X (Ng, Ag) = C"/G being induced by 7,
we have [ = f,_1 (7) by (@4). O
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COROLLARY 9.4. Let (C*/G,[0]) be a Gorenstein cyclic quotient msc-singularity
of type % (a1, a0, a3,04) . Then the inequality [@2)) can be written as follows:

1< #(scNNg) (#( 5GﬁNc) 3) Zng ail) Z ged (Oti,Oéj, )+7, (9.4)
1<i<j<4

where (s N Ng) is known by the formulae (D), (D4), (D.5).

PrOOF. Obviously,
E®Ba(1,2) = Y #(Ba(L2v,m)).
1<v1<ve<4
If for any pair of indices v, s, with 1 < vy < vy < 4, we define {v3,v4} to be the
complement set {1,2,3,4} \ {v1,v2}, then
1(Be (1,2;v1,12)) = ged (ay, oy, 1) — 1 (9.5)
by (322). Analogously,
F®Be(1L3) = Y. 1(Be L 3v,,m),
1<vi<ra<wvs<4

and if for any triple of indices vy, v, v, with 1 < vy < vy < v3 < 4, {v4} denotes
the complement set {1,2,3,4} \ {v1,v2,v3}, then the number of the interior points
of each 2-face of the junior tetrahedron sg equals

1
f1(Be (1,3;11,1v9,v3)) = 3 ged (ay,,l) — 1 — Z ged (am,ayj,l) -1

3
= - |ged(ay,,l) Z ged (a0, 1) | +1 (9.6)

by the refined Ping-Pong Lemma BT3] (see Remark B20)). Substituting ([@.3), (IEI)
into formula ([@.2]) we obtain ([@.4).

EXAMPLE 9.5. Let (C*/G,[0]) be the CQS of type % (a1, a9, as, aq), with
a1 =ay =2, a3 = 3, and ay = 5. Since §(sg N Ng) = 7, and the right-hand side

of (@) equals

4
@—% [Z gcd(ai,l)} - > ged(oy,04,l)+7=14—4 =10,
i=1 1<i<j<4

it does not admit any crepant resolution because 10 < 12 = 1.

REMARK 9.6 (Comparison of the two Existence Criteria). Which of the neces-
sary conditions (6.1)) and ([@.2)-(@3) given in Theorems [6.0] and [@.3] respectively, is
better? The answer to this question depends on how one would like to interpret the
adjective “better”. Undoubtedly, (61 “kills” more candidates for having crepant
resolutions. For instance, for the CQS (C*/G,[0]) of type %(1,2,3,3) @) holds
as equality but §(5,1,6,6)T € Hlby,, (00) \(s¢ N Ng). (Hence, this CQS does not
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have any crepant resolution.) On the other hand, in view of Theorem 24| the de-
termination of the Hilbert basis is a time-consuming procedure compared with the
lattice point enumeration of the junior simplex (in particular, in high dimensions
and for acting groups with big orders).

EXERCISE 9.7. For the Gorenstein CQS of type %(1,3,3,5) show that (@.4)
holds as strict inequality, though £(3,9,9,3)T € Hlby,, (o) \(s¢ N N¢).

10. Sketching an Auxiliary Algorithm

Taking into account what we have discussed so far, it is possible, for given AQS
(C"/G, [0]) of type [BH), to outline an algorithm in order to examine whether it ad-
mits the desired resolutions, but at the cost of increasing computational complezity
(in the consecutive steps). More precisely, the auxiliary algorithm we have in mind
(summarized in Figure []) is built up as follows:

> STEP 1. If s is lattice equivalent to a Watanabe simplex, then C"/G admits
of projective crepant desingularizations according to Theorem [5.1l If not, we go to
Step 2.

> STEP 2. If (C"/G,[0]) is non-c.i but belongs to “special” singularity series (like
those 1- and 2-parameter series of 7] having weights satisfying conditions (2)),
[T4), or even the entire GP-singularities series of §g]), which have projective crepant
resolutions by construction, we stop; otherwise we proceed. (To continue increasing
our stock of “special” singularity series of this kind would be a real challenge for
future work.)

> STEP 3. We count the lattice points of the junior simplex s involved in ([@.2)),
resp., ([@.3), by the formulae given in Appendix [D] and then we check if these
inequalities for | = |G| are valid or not. We proceed only if ([@.2]) (for r = 4), resp.,
@3) (for r > 5), are indeed valid; otherwise C"/G does not admit any crepant
desingularization by Theorem

> STEP 4. We determine the Hilbert basis Hlby, (0g) (see Remark [Z3]), and
control if it satisfies condition (G.I]). We proceed to the next (final) step only if
(61) is satisfied; otherwise the quotient space C"/G does not have any crepant
desingularization by Theorem

> STEP 5. If (C"/G,[0]) happens to pass all the above tests without stop in the
one or the other stage, we have to find out all the junior lattice points

{ny € No (as in @3)| age(g) = 1} = 56 N No
(not just their cardinality!), to run Puntos [24] or TOPCOM [78] for the point config-
uration V = s N Ng in order to specify the coherent lattice triangulations of s,
to separate the mazimal ones, and then to count the number of (r — 1)-dimensional
simplices in each of them; cf. Note Projective crepant desingularizations of
C"/G are present as long as this number equals [ for at least one of them. (“Spo-
radic” counterexamples, like the isolated CQS of type % (1,5,8,25) mentioned in
Remark (iii), indicate why Step 5 or any similar computer-assisted procedure
seems -as yet- to be unavoidable.)
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Appendix A. Triangulations and Upper Bound Theorems

Triangulations (as geometric simplicial subdivisions of polytopes or polytopal com-
plexes) are treated in the classical framework of the categorial inclusions:

“regular cell
geometric polytopal complexes”
. . . C - . .
simplicial complexes complexes (i.e. regular finite
CW complexes)

e Notation. The symbol “~” between two topological spaces indicates the exis-
tence of an homeomorphism from the one onto the other. A topological space X is
called a sphere (resp., a ball) if X ~ S* (resp., X ~ BF), for some k, where S* and
B* denote the standard k-dimensional sphere S* = OB**! = {x € RF1 | ||x|| =1}
and the standard k-dimensional ball B¥ = {x € R*| ||x|| < 1}, respectively. If k
is assumed to be fixed, then we simply say that such an X is a k-sphere (resp. a
k-ball). Polytopes will be always convex, defined as in [102] Lecture 1].

e Regular cell complexes. A regular cell compler K is a finite collection of balls
¢ in a Hausdorff topological space |[K| =J{c | ¢ € K} such that

(i) the relative interiors int(c) of all ¢’s partition |K|, i.e., each element of |K| lies
in exactly one int(c), and

(ii) the relative boundary dc of every ¢ € K is a union of some members of K.

The balls ¢ € K are called the closed cells of K and their interiors int(c) the open
cells of K. |K] is called the underlying space (or the support) of K. The dimension
of a (closed) cell ¢, for which ¢ ~ B, is defined to be k. (Such a cell is particularly
called a k-cell). If ¢1,co € K and ¢1 C cqg, then c; is said to be a face of co. (We use
the notation: ¢; < cg). 0-and 1-cells are called vertices and edges, respectively. K is
defined to be pure if all maximal cells have the same dimension. X' is a subcomplex
of K if ¢ € K’ implies that every face of ¢ belongs to K’. Note that a regular cell
complex is homeomorphic to the order complex of its face poset.

e Polytopal complexes. A polytopal complex S consists of a finite family of
polytopes in R¢ such that

(i) if Pe S and F < P, then F € S, and
(ii) if Py, P, € S have non-empty intersection, then Py NPy < P, and PN Py < Ps.

Since every polytope is topologically a ball, a polytopal complex S is a regular cell
complex whose (closed) cells (called also faces) are the participating polytopes,
and whose underlying space |S| is the union of these polytopes. (If S is a polytopal
complex, we denote by vert(S) the set of its vertices. If S is, in addition, pure, we
call the dim(S)-faces facets of S.)

e Geometric simplicial complexes. A geometric simplicial complezx is by defi-
nition a polytopal complex all of whose (closed) cells are simplices. We frequently
denote the simplices of such an S by F or s instead of c¢. If |S| ~ S* (resp., if
|S| ~ BF), then S is called a simplicial k-sphere (vesp., a simplicial k-ball).

ExAMPLE A.1. Every d-polytope P together with all of its faces forms a poly-
topal d-complex Sp. For a d-polytope P the boundary complexr Syp of P is defined
to be the (d — 1)-dimensional polytopal complex consisting of the proper faces of
P together with @ and having support |Ssp| = OP. The facets of P are defined
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to be the facets of Spp. Obviously, Spp is a geometric pure simplicial complex (in
fact, a simplicial (d — 1)-sphere) if and only if P is a simplicial polytope.

e Abstract simplicial complexes. Geometric simplicial complexes can be ob-
tained as geometric realizations of “abstract” simplicial (finite) complexes. An
abstract simplicial (finite) complex S (V) with vertex set V is a finite collection of
subsets F' of V having the properties :

(i) If v € V, then {v} € S(V), and (ii) if F € S(V) and F’ C F, then F' € S (V).
The elements F' € S (V) are called abstract simplices or faces. For an F € S(V)
one defines dim(F) :=§ (F) —1 and dim(S (V)) := max{dim (F) |F € S (V) } as the
dimension of S (V). (If dim(F') = k + 1, then F is said to be an abstract k-simplex
or a k-face). A subcomplez of S (V) is an abstract simplicial complex contained
in § (V) whose vertex-set is a subset of V. (Sometimes, for F' a subset of V, one
denotes the abstract simplex with vertex set F by 2%".)

DEFINITION A.2. Let S (V) be an abstract simplicial complex with vertex set
V and ¢ : V — R? an injective map, such that

(i) the elements of the images ¢ (F') are affinely independent for all F' € S (V), and
(ii) int(conv (¢ (F))) N int(conv (¢ (F'))) = @, for all F, F' € S(V), F # F’.

Then Upes(v) int(conv (¢ (£))) is called a geometric realization of S (V) w.r.t. ¢.

Geometric realizations always exist, the underlying spaces of any two geometric
realizations of S (V) are homeomorphic to each other, and therefore any support
|S (V)| “realizing” S (V) is well-defined in the topological category. In many cases,
we shall denote both geometric and abstract simplicial complexes by the letter S.
When, for some reason, our intention is to stress what kind of complexes is meant (if
this is not clear from the context), and our starting point is a geometric simplicial
complex S, we denote by S*P* the corresponding abstract simplicial complex; and
conversely, when our starting point is an abstract simplicial complex S, we consider
a fixed realization |S|. Moreover, we mostly use V and vert(S) (for the vertex set)
interchangeably.

e f- and h-vectors. The f-vector £(S) = (-1 (S),f0o(S),...,fa(S)) of a d-
dimensional geometric or abstract simplicial complex S is defined by setting

f_1(8S) :==—1, and §; (S) := g{i-dimensional faces of S}, Vi € {0,...,d}.
The h-vector h(S) = (ho(S),h1(S),...,has1(S)) of S is defined by the equation
h(S;t) = (1-1)" £(S; 1), (A1)

d+1 ) d+1 )
where f(S;t) := > fio1(S)t" € Z>o [t] and h(S;t) :== Y b, (S)t" € Z[t]. Note,
=0 =0

in particular, thatzm gives
J .
a@® =2 (20) i(S), Vi, 0<j<d+1 (A2)

The f-vector f (P) of a simplicial polytope P is by definition the f-vector f (Spp)
of Spp (as in Example [AT]).



46 D.I. DAIS, M. HENK, AND G.M. ZIEGLER

e UBT for the facets of simplicial balls. We denote by CycP, (k) the cyclic
d-polytope with k vertices. As it is known, the number of its facets equals

fas (CyePa () = (i1 h + (1L, (A3)

This is due to Gale’s evenness condition and to the fact that CycP, (k) is |d/2]-
neighbourly (cf. [102] p. 24]).

THEOREM A.3 (UBT for the Facets of Simplicial Balls, [I8]). Let S be a sim-
plicial d-ball with fo (S) = b vertices. Suppose that fo (9S) = b'. Then:

fa (8) < fa (CycP gy (b)) — (6" —d). (A.4)

e Subdivisions. There are several kinds of subdivisions of simplicial and polytopal
complexes which correspond to the different distinctive features of the partitioning
objects and depend on the way they have to fit together. (Here we follow Stanley’s
terminology from [94, [96].)

DEFINITION A.4. Let S be an abstract simplicial complex. A topological sim-
plicial subdivision of S is a pair (S, ¢) consisting of an abstract simplicial complex
S’ together with a map ¢ : &' — S satisfying the following conditions:

(i) For every F € S, the restriction Sp := ¢! 2F) of &’ to F is a subcomplex of
&’ having a geometric realization |Sp| which is a (dim (F'))-ball.

(ii) For each F' € &', F = ¢ (F') € S if and only if F’ is an interior face of S,
i.e., if and only if |F”| is not contained in the boundary 0|S%k| = [Sk| ~ int(|S%k|).

DEFINITION A.5. Let S be an abstract simplicial complex. A topological sim-
plicial subdivision (S’,¢) of S is called quasigeometric if for every face F' of S’
there does not exist a face F' € S for which
(i) dim(F) < dim(F") and
(ii) each vertex v of F” lies on some subset of F' (depending on v).

DEFINITION A.6. Let S be a geometric simplicial complex and S** the corre-
sponding abstract simplicial complex. A geometric simplicial complex &’ is called a
geometric simplicial subdivision or a geometric triangulation or simply a triangula-
tion of S (and, respectively, S’ a geometric simplicial subdivision or a geometric
triangulation of S%°) if |S| = |S’| and every simplex in S’ is contained in some
simplex in S.

DEFINITION A.7. Let S be a polytopal complex. A polytopal complex S’
is called a polytopal subdivision of S if |S| = |S’| and every polytope in &' is
contained in some polytope in S. If 8’ is a simplicial complex, then we again say
that 8’ is a geometric simplicial subdivision or a geometric triangulation or simply
a triangulation of S.

NoTE A.8. Quasigeometric simplicial subdivisions are geometric (because of
the affine independence of the vertices of a geometric simplex) but the converse is
not always true. Moreover, not every topological simplicial subdivision is quasige-
ometric. For counterexamples we refer to [13] p. 468] and [94] p. 814].

e Working in the PL-category. For the proof of Theorem [A.20] we shall make
use of notions and propositions from “PL-topology”. Working in the PL-category,
we can take full advantage of the fact that most of the theoretic arguments do
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not depend on specific geometric realizations and that many topological operations
with PL balls or PL spheres (like starring, linking, gluing etc.) produce again other
PL balls or PL spheres (i.e., something which is not true in general within the usual
topological category). Standard references for the “PL-topology” are [35], [46), [86].

DEFINITION A.9. Let S and S be two abstract simplicial complexes. A sim-
plicial map ¢ : §; — Sa is a function ¢ : vert(S;) — vert(Sz), such that whenever
{vg, ..., vx} is an (abstract) simplex, then {¢ (v9), ..., ¢ (vk)} is an (abstract) sim-
plex too. If such a ¢ is, in addition, a homeomorphism (i.e. |¢|(|S1|) = |S2]),
then ¢ is called a simplicial homeomorphism. Passing to geometric realizations, a
simplicial map || : |S1| — |Sz| carries the vertices of S; to the vertices of Sz and
the geometrically realized simplices of S; linearly onto those of Ss.

DEFINITION A.10. Let &1 and S be two abstract simplicial complexes. A map
v : 81 — Sy is called piecewise linear (or PL map) if for some geometric realiza-
tions of & and Sz, the corresponding map |¢| : |S1| — |Sa| satisfies anyone of the
following equivalent conditions:
(i) There exist geometric triangulations Sy, S5 of the complexes S and Ss, respec-
tively, relative to which |p]| : |Si| — |S5]| is simplicial.
(ii) There is a geometric triangulation 87 of S1, relative to which [¢] : |S7| — |Ss]
is linear.

(Note that a simplicial map is a PL map but the converse is not always true).

DEFINITION A.11. (i) Two abstract simplicial complexes Sy, S are called PL
homeomorphic (denoted by Sy f?i So) if there is a PL map ¢ : S; — Sz which is
also a homeomorphism.

(ii) In particular, an abstract k-dimensional simplicial complex S is called a (sim-
plicial) PL k-ball (vesp., PL k-sphere) if S is PL homeomorphic to the k-simplex
(resp., to the boundary of the (k + 1)-simplex).

[Geometric triangulations of topological spheres (resp., balls) are not necessarily
PL spheres (resp., PL balls). It is well-known, for instance, that all geometric tri-
angulations of a k-sphere are PL k-spheres for £ < 3, whereas there exist non-PL
geometric triangulations of a k-sphere for k > 5.]

(iil) A regular cell complex S is called a PL k-ball (resp., a PL k-sphere) if the (sim-
plicial) order complex of its face poset is a simplicial PL k-ball (resp., k-sphere).

e Joins, stars and links. Let S be an abstract simplicial complex, v € vert(S),
and F a face of S. For v ¢ vert(F), v = F is defined to be the simplex with vertex
set vert(F') U {v}, i.e. the so-called join of v with F. In general, if S;, So are two
abstract simplicial complexes on disjoint vertex sets Vi, Vs, the join of §; and Sa
is defined to be the simplicial complex

S1 xSy Z:{F€V1UV2 |FQV1681 andFﬁVQGSg}

For w ¢ vert(S), w * S is nothing but the simplicial complex whose faces are
{8} U{w=*F | FeS}US, ie. the cone (with apex w) over S. If w’ ¢ S and w’
is different from w, then the double joining

{w,w'} xS :=wx (v *8)

is the suspension of S w.r.t. the additional vertices w, w’.
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e For v € vert(S), let
star, (§):={F €S8 |vevert(F)},

ast, (8) :={F eS8 |v¢vert(F)},

—_— F' facesof all F € S
P /

star, (8) := { Fes ‘ for which v € vert (F) } ’

— F’ facesof all F € S
R /

asty (S) = { Fres ’ for which v ¢ vert (F') } ’

link, (§):={F eS8 |vévert(F), v FeS},

denote the star, the antistar, the closed star, the closed antistar, and the link of v

in S, respectively. The last three form subcomplexes of S and are related as follows:
star, (S) Nast, (S) = link, (S), and star, (S) = v *link, (S).

ProroSITION A.12. For simplicial PL spheres and PL balls S we have the
following implications:

(i) S isa PL k-ball = 0S is a PL (k —1)-sphere

" g(Soisaan;Lk]:zZZm) N { the cone w * S is a PL (k + 1) -ball
and w ¢ S with boundary = SU (w * 0S)

(iii) S is a PL k-sphere = link, (S) is a PL (k — 1) -sphere

(iv) S is a PL k-sphere = star, (S) is a PL k-ball

(v) S isa PL k-sphere = ast, (S) is a PL k-ball

(vi) S is a PL k-sphere, N v#*ast, (S) is a PL (k+1)-ball

v v € vert (S) with boundary =S

PROOF. (i) This is obvious because the boundary of any simplicial subdivision of S
is the restriction of this subdivision to the boundaries of the participating simplices.

(ii) Since, in general, the join of two abstract simplicial complexes is PL homeomor-
phic to the join of the images of these complexes under any PL homeomorphisms
(see e.g. [85] IL.5, p. 22, and I1.17, p. 41]), we have w * S = w * (a k-simplex) (or
= w x (the boundary of a (k + 1) -simplex)).

(iii) See [46], proof of the Corollary 1.16, p. 24].

(iv) By (iii) and (ii) we get

star, (S) = v * link, (S) & v (the boundary of a k-simplex) ] (a k-simplex) .

(v) Since ast, (S) = S\ star, (S) and star, (S) has a PL k-ball (and consequently
a stellar k-ball) as closure (by (iv)), ast, (S) is a stellar k-ball according to [35]
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I1.15, p. 37]. From the equivalence of stellar- and PL-homeomorphism-property
(cf. [35] I1.17, p. 41]) we conclude that ast, (S) is indeed a PL k-ball.

(vi) That v * ast, (S) is a PL (k + 1)-ball follows from (ii). Its boundary equals
ast, (S) U (v 0 (ast, (S))) = ast, (S) Ustar, (S) =S
and the proof is completed. ([l

COROLLARY A.13. Let S be a (simplicial) PL k-ball, k > 2, v € vert(9S) a
vertex of its boundary, and w € vert (link, (S) N IS) a boundary vertex of its link.
Then the suspension Sy, = {v,w} * ast,, (link, (0S)) is a (simplicial) PL k-ball
and star, (08) is a subcomplex of the boundary 9S8, ..

PRroor. By Proposition [A12]

0S is a PL (k — 1)-sphere ( (
link, (08)is a PL (k — 2)-sphere (using (ii
ast,, (link, (0S)) is a PL (k — 2)-ball ( (
w * asty, (link, (0S)) isa PL (k—1)-ball  (

Hence, the first claim for S, , = v * (w * ast,, (link, (0S))) is true by (ii). The
verification of the second claim is a consequence of the fact that wx*ast,, (link, (0S))
is a PL (k — 1)-ball whose boundary is the link, (0S) (by using (vi)). O

DEFINITION A.14. Let S be an abstract simplicial complex. A subcomplex S’
of S is called induced if for any face F' € S, vert(F) C vert(S’) implies F' € §’.

DEFINITION A.15. Let s be an abstract d-simplex (considered as simplicial
complex consisting of itself together with all of its faces). An abstract simplicial
complex § is called an induced simplicial subdivision or an induced triangulation of
s if there is a PL homeomorphism ¢ : s — S such that for every face F' of s, the
image ¢ (F) is an induced subcomplex of S.

REMARK A.16. If s is an abstract d-simplex (viewed as simplicial complex),
then every induced simplicial subdivision S of s is quasigeometric (see [AF]).

PROPOSITION A.17 (Gluing PL Balls). Let S, S’ be two simplicial PL k-balls
and 8" := 8N S’. Suppose that S” C SN IS’.
(i) If 8" is a (simplicial) PL (k — 1)-ball, then the regular cell complex SUg,S’
which is obtained by gluing S with S’ along 8" is a PL k-ball.
(ii) If SUgnS’ is a subcomplex of both S, S’, and for at least one of S, S’, the
subcomplex 8" is induced, then S|Jg,S" is a simplicial complez.

PRrROOF. (i) It follows directly from [46, Corollary 1.28, p. 39].

(ii) Suppose that S” is an induced subcomplex of S. If S{Jg,S’ were a non-
simplicial complex, then, w.l.o.g. we may assume that there were a face F' of S
and a face F' of &', such that F N F’ is not a single simplex (considered itself as
simplicial complex together with all its faces). But the vertex set of FNF' C 8" is
contained in F. Thus, there is one single face F of F with vert(F) = vert(F N F’).
On the other hand, F € 8", because 8" contains all the vertices of F. But this

would mean that ' N F’ = F, which would lead to contradiction. ([l
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CONJECTURE A.18 (UBC for the facets of geometric simplex triangulations).
Let s be an d-dimensional simplex (considered as an abstract simplicial complex),
and let V C s be a finite set of § (V) = b points in s, so that by, of them are contained
in the relative interiors of the (k — 1)-dimensional faces of s, with

d+1
by=d+1, b':=b—bars and b=> b >d+1.
k=1
Then a geometric triangulation S of s with vertex set V has not more than
d

fa (CycPyq (0)) =3 (d—(k—1)) by — 1
k=2

b— [LHL b—1-—[4 _
@3 1 + 4] S ) b (0 — (1) — 1
4] gy ) =
facets (= d-faces).

REMARK A.19. (i) Conjecture[A.18lis true in dimension d = 1 because we have
f1 (CycP, (b)) = b, and it follows from Euler’s polyhedron formula for d = 2 (where
f2 (CycP4 (b)) = 2b — 4). Thus, the first “interesting” case coming into question is
that for d = 3 (where f3 (CycP, (b)) = 1b (b — 3)), corresponding to triangulations
of the tetrahedron using by additional vertices on its edges, b3 extra vertices in its
2-faces, and by more vertices in its relative interior.

(ii) [AXIR is also true (and tight) in the case in which all “additional” vertices lie

in the relative interior of s, that is, if b = bg = -+ = by = 0, because the upper
bound (A4) can be written as

fa (CycPyyy (b)) — (b2 + -+ +ba) =1 = fa (CycPyyy (b)) — (6" — (d+1)) — 1.

But whenever there are additional vertices on the boundary, the above “new”
upper bound would obviously improve ([A.4) by subtracting the “extra” summand
d—1

> (d — k) bg. This would correspond to a better estimation of a part of a “missing
k=2

correction term” involving h-vector components of 9S.

(iii) We believe that the “right” setting for a proof of Conjecture[A I8is provided by
Stanley’s theory [94] of “local h-vectors”: If S is a topological simplicial subdivision
of an abstract d-simplex s, and V the vertex set of s, then the local h-vector
by (S) = (lo(S),..., 4411 (S)) of S is defined by expanding

by (Sit) = > (=) h(Sit) € Z]
WCy
w.r.t. ¢,
Oy (Sit) = Lo (S) + Ly (S)t+ -+ + Lg (S)t4 + Lay1 (S) t4T,
and has the following properties: a) Reciprocity: {; (S) = Lq—; (S),Vi € {0,..,d+1},
b) Positivity: ¢; (S) > 0, Vi € {0,...,d + 1}, whenever is a quasigeometric subdi-
vision of s (in the sense of [AH), and c) Locality:

h(8t) =Y Lr (Spit) h(links (S);1),
Fes
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with 8§’ a topological subdivision of a pure abstract simplicial d-complex S, and
linkp (S):={F €S |FUF €S, FNF =g2}.

However, even for d = 3, this is not “for free” in our case: we would need to
establish the following upper bound for the difference between the second and the
first coordinate of the local h-vector ¢y (S) of S: €5 (S) — 41 (S) < (hlgs))7 whereas
from the results in [94), 12}, 13] we only get

£:(S) <02 (S) < <[’1(82)“> (i.e., 0(8) — b1 (8) < (‘)158)))

which is weaker than that we would like to have whenever there are boundary
vertices. In any case, to proceed along these lines depends certainly on a deep
understanding of how a)-c) could be applicable to our specific situation. Here
we restrict ourselves to present another proof for dimension d = 3 by passing to
triangulations in the category of PL subdivisions of s within which the gluing of
balls is able to work without essential obstructions and leads to the desired result.

THEOREM A.20. For d = 3, Conjecture [A.I8 holds in greater generality: any
induced triangulation S (cf. [AI9) of a tetrahedron s (considered as abstract simpli-
cial complex) using bs +bs + by additional vertices within the edges/2-faces/interior
of s possesses at most f3 (CycP, (b)) — 2by — bg — 1 facets.

PrROOF. If by = b3 = 0, then we have nothing to show. The proof will use induction
on by 4+ b3. For fixed by, bg, with by 4+ b3 > 0, assume that all induced triangulations
of tetrahedra whose number of vertices lying in the relative interior of their edges
and of their 2-faces is < bs + b3 enjoy the desired property. We shall distinguish
two cases.

> FIRST CASE. Suppose that b > 0, i.e., that there are vertices of S in the relative
interior of at least one 2-face, say F', of the tetrahedron s. For every vertex v of
F (in the simplicial PL 2-sphere dS) the closed star star, (0S) of v in 9S is a
simplicial PL 2-ball (that is, a simplicial PL disc®), cf. Proposition A12 (i) and
(iv). star, (0S) is not necessarily an induced subcomplex of dS (cf. [AI4). This
first difficulty will be removed as follows.

» CrAIM. Considering as “starting-point” an arbitrary vertex vy of the relative
interior of F, we can determine another vertex v, (also lying in the relative interior
of F), such that star,, (0S) forms an induced subcomplex of 9S.
» PROOF OF THE CLAIM. At first define
all simplicial PL discs D with vertex sets belonging
U(vg) := exclusively to F', such that vy lies in their
relative interior, and all w € vert (OD) are adjacent to vg

and
U(vg; A) = {D € th(vo) | #(vert (D)) = A},
Ao = max{A | 4 <X <f(vert (OS|r)), such that LU (vg; A) # S }.
Fix a simplicial PL disc Dg € i (vo; Ao). If Dy is not an induced subcomplex of S,

choose a vertex vy # vg of the relative interior of Dg. After that, define analogously

SWe may freely identify all simplicial discs which will occur in the arguments of our proof
with the planar graphs consisting only of their vertices and edges (i.e. with their 1-skeletons).
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all simplicial PL discs D with vertex sets belonging
U(vy) := exclusively to Dy, such that vy lies in their ,
relative interior, and all w € vert (D) are adjacent to vy

and
(v A) :={D € U(vy) | f(vert (D)) = A},

A1 = max{\ |4 < X <g(vert (Dg)), such that & (vi; ) #£ @ }.

Fix again a simplicial PL disc D; € i (v1; A1). If Dy is not an induced subcomplex
of S, choose a vertex vy # w; of the relative interior of Dy, and repeat this
construction for vy ... etc. We shall call the occuring numbers Ao, A1, Ao, ... ring
sizes of vy, v1, v, ... with respect to vg. We have:
(i) star,, (8S) C D;_q, for all 4, ¢ = 1,2, ... (This is immediate by definition).
(ii) dg > A1 > Ag > -+ > N1 > \; > --- (Since v; is contained in the triangle
formed by v;_1 together with two neighbours whose connecting edge does not belong
to star,, , (0S), we have A\;_1 > A;.)
(iii) This procedure leads (after u steps) to a vertex v,, such that all members
of 4 (v,) are PL homeomorphic to the closed star star,, (0S) (i.e., they have no
vertices in their relative interiors besides v, itself), and are induced subcomplexes of
0S (and hence of S); moreover, A, —1 equals the (graph-theoretic) degred? deg(v,)
of v, within star,, (0S). (This is clear because all \;’s are integers > 4).

Figure [T illustrates the above construction for an example in which = 2 and
Vg, V1, U2 have ring sizes (w.r.t. vg) Ao = 12, Ay = 6 and Ay = 4, respectively.

FIGURE 7.

> PROOF OF THEOREM FOR THE 1ST CASE (CONTINUED). From now on, let
v denote an (always existing, as verified above) vertex of the relative interior of
F', such that star, (0S) is an induced subcomplex of the simplicial PL 3-ball S.
Take a w € vert(F') which is adjacent to v (and hence lying on the boundary of
star, (8S)). Then link, (3S) is a (graph-theoretic) circuitl with size = deg(v), its
closed antistar ast,, (link, (0S)) (obtained by deleting w) is a path of deg(v) — 2

9The degree of a vertex in a graph (without loops) is defined to be the number of the edges
containing this vertex.

101 our special case this is synonymous to a simple closed path with the number (= size)
of its edges being equal to the number of its vertices.
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edges, and its join S, . := {v,w} * ast, (link, (0S)) with the edge {v,w} is a
simplicial PL 3—ball consisting of deg(v) — 2 > 0 tetrahedra (by Corollary [AT3)).
Gluing § and S, ., along their intersection S NS, ., = star, (0S) we obtain a
simplicial PL 3-ball

Sl =38 U Sv,w
Star, (09)

according to Proposition (i), (ii). On the other hand,
f3 (") =15 (S)+2>f5(5),

and the number of the vertices of S’ lying in the relative interior of the 2-faces of
s equals bg — 1. So we are done by induction.

> SECOND CASE. Assume that b3 = 0 but b > 0, and let v denote a subdivision
vertex on an edge Fy N Fy, for Fy, F5 two 2—faces of the original tetrahedron s
(which are adjacent to v). Consider a vertex w adjacent to v on the same edge
F1 N Fy (w may be a vertex of the original tetrahedron). In this case star, (S |F, )
is obviously an induced subcomplex of S for i = 1,2 (see Figure {).

FIGURE 8.

As above one proves that

Sl = {v,w)} % asty (link, (S

s

Fl))

is a simplicial PL 3-ball for 7 = 1, 2; gluing S and S,[f;]w along S ﬂ&[fjw = star, (0S|, )
we obtain a new simplicial PL 3-ball

S ! = S U S 1[)111) U S U 81[12,11)

star,, (88‘1:1 ) star,, (88|F2 )

with f3 (8") > §3(S) + 2 > 3(S), and the number of the vertices of S’ lying in
the relative interior of the edges of s equals bs — 1. Thus, the proof is finished by
induction. (]



54 D.I. DAIS, M. HENK, AND G.M. ZIEGLER

Appendix B. Coherent Triangulations and Secondary Polytopes

Coherent triangulations of simplices are exactly what one needs to express the
“projectivity condition” for crepant birational morphisms desingularizing (partially
or fully) Gorenstein AQS in the language of geometric combinatorics.

DEFINITION B.1. A triangulation 7 of a polytope P is called coherent (or
regular) if there exists a strictly upper convex T -support function ¢ : |T| — R, i.e.,
a piecewise-linear real function defined on the underlying space |7 |, for which

Bt x+(1—1) y) 2t o) +(1—1) ¥(y), forall x,y€[T], t€0,1],
so that its domains of linearity are the simplices of 7 having maximal dimension.

NoTE B.2. For a polytope P one can always construct coherent triangulations
7T with given vertex set (e.g., lexicographic, reverse lexicographic etc.; cf. [60] §2-
§4] and [98] Ch. 8]). On the other hand, already in dimension 2 there are lots of
examples of non-coherent triangulations.

Next Lemma is used essentially in the proof of Theorem [l

LEMMA B.3 (Patching Lemma, [9] 2.2.2, pp. 143-145], [64], 5.12, p. 115]). Let
P be a polytope, T = {s;|i € I} (with I a finite set) a coherent triangulation of P,
and T; = {s; ; |j € Ji } (J; finite, for alli € I) a coherent triangulation of s;, for all
1€ 1. If; : |T;| — R denote strictly upper convex T;-support functions, such that

Yi

sinsy = Vit |sins,  forall (i,i') e I x1,

then T := {sij| j€Jiand i€} forms a coherent triangulation of P.

e Secondary polytope. For any finite set of points V in R?, all triangulations T
of a polytope P = conv(V) with vert(7) C V are parametrized by the vertices of
a “gigantic” polytope Un(V), the so-called universal polytope of P (see [5 §3] and
[25] §1-§4]). Un(V) projects to a polytope Sec(V) whose vertices parametrize only
the coherent 7 ’s.

DEFINITION B.4. If ¥V = {ay,...,ar} and P is d-dimensional, the secondary
polytope Sec(V) of P is the (k — d — 1)-dimensional polytope

Sec (V) := conv ({v7 | 7 a triangulation of P with vert (7) C V}) C R*,

defined as the convex hull of the points

k v
v o= Z Z {Vol(s;) : a; € s;}| - e,
i=1 |j=1
where {s1,...,s,} denotes an enumeration of the d-simplices of 7 and {ey,...,ex}

the standard unit vector basis of R*. (For the main concepts of the theory of
secondary polytopes we refer to [5], [26], [33 Ch. 7], [75], and [102] Lecture 9].)
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NoOTE B.5. Sec(V) is in most of the cases also considerably “big”. In practice,
working with examples for which k is relatively small, the vertices of Sec(V) can be
easily determined by using De Loera’s Puntos™ [24] or Rambau’s TOPCOMZ [78].

e Circuits and bistellar flips. “Flipping” along circuits in a given finite set of
points V C R? is an elementary geometric procedure which enable us to move from
one vertex of Sec(V) to another.

DEFINITION B.6 (Circuits). A non-empty subset C C V is called a circuit if any
c g C is affinely independent but C itself is affinely dependent. Up to a real scalar
multiple, there is a unique real affine dependence relation among the elements of
a circuit C. In fact, one can decompose C into those elements C; occuring with
positive coefficients in this affine linear relation, and C_ :=C \ C4, so that

int (conv (C4+)) Nint (conv (C_)) # @ .
LeMMA B.7 ([23] 1.2.1]). Ewvery circuit C has only two triangulations, namely
Vi (C):={conv(C~{v})|lvels} and Y_(C):={conv(C~{v})|lvel_}.

DEFINITION B.8. Let C be a circuit and 7 a triangulation of P = conv(V)
with vert(7) C V. Suppose that there is a sign ® € {+, —} such that the following
conditions are satisfied:

(i) The triangulation Vg (C) is a simplicial subcomplex of 7.
(ii) The links of all maximal-dimensional simplices of Vg (C) within 7 coincide, i.e.,
they form the same simplicial subcomplex, say 7!, of 7.

Then we say that 7 is said to be supported on C.

DEFINITION B.9 (Bistellar Flips). Let C C V be a circuit and 7 a triangulation
of P which is supported on C. The triangulation

FL¢ (7) = {all faces of 7~ (Vs (C) * T1C)) } U {all faces of Vg (C) * T1C! }

of P, where {X} = {+—}~{®}, is called the bistellar flif @ of T along C.

THEOREM B.10 (Flipping Property, [33, Thm. 2.10, p. 233]). Let V C R?
be a finite set of points and P = conv(V). For any pair of (different) coherent
triangulations T, T" with vertex set V, the vertices v, v+ of the secondary polytope
Sec (V) corresponding to T and T’ are joined by an edge of Sec (V) if and only if
there is a circuit C of V on which both T and T’ are supported, and T' = FL¢ (T),
i.e., T' is the bistellar flip of T along C.

HAs it is pointed out in [23] Thm. 1.5.12], the computation of all coherent triangulations
of a d-polytope P = conv(V) with Puntos requires O(dRk4H /2 [(k —d — 1, (k — d)kL4/2]) n)
arithmetic operations. The symbol R denotes the number of coherent triangulations of the point
configuration V (i.e., R = fo(Sec(V))), n is the size of the matrix encoding V, and L(531, B2, 53)
denotes the number of arithmetic operations used to solve a linear system of inequalities of 31
variables, B2 constraints and input size (33.

1270pPCOM is much faster (as its written in C*t+) and has more functionalities than Puntos.

130Other alternative names used in the literature are: elementary transformation, modifica-
tion, geometric bistellar operation, surgery with respect to Z etc.
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Appendix C. Ehrhart Polynomials and Lattice Triangulations

A polytope P C RY is a lattice polytope w.r.t. a lattice N C R? if aff(P)N N # @
and vert(P) C N. We denote by Np the sublattice of N generated (as subgroup)
by aff(P) N N, and by™ Voly,, (P) := Vol(P)/ det(Np) its relative volume.

Two lattice polytopes P; C R? w.r.t. N, i = 1,2, are called lattice equivalent
to each other if there exists an affine map ® : R — R? such that its restriction
D5 IE aff(Py) — aff(P,) is a bijection mapping P; onto the (necessarily equidi-
mensional) P, every j-dimensional face of P; onto a j-dimensional face of Ps, for
all j =0,1,...,dim(P;,) = dim(P,), and Np, onto Np,. (If rank(N) = dim(P;) =
dim(P,), then these ®’s are exactly the affine integral transformations, composed
of unimodular transformations and lattice translations.)

e Ehrhart polynomials. If P C R? is a lattice d-dimensional polytope w.r.t.
NcRY d<d, and vP = {mc eRY |z e P} the v times dilated polytope P
(for v € N), then we denote the enumerating function of its lattice points by
Ehry (P,v) =4 (WPNN).
THEOREM C.1 ([3l §3.3], [42] 28.3], [97| 4.6.28]). Ehry (P,v) can be expressed
as a polynomial
Ehry (P,v) = ag (P)+a; (P) v+---+ag_1 (P) v 4a,(P) v? € Q[v] (C.1)
of degree d (the so-called Ehrhart polynomial of P).
NotE C.2. (i) To find the number of lattice points of the interior of v¥P one
uses the reciprocity law:
¢ (int(vP) N N) = (—1)*Ehry (P, —v). (C.2)

(ii) As it is well-known (cf. [3l §3.4-3.5]), the first, the last but one and the last
coefficient of Ehry (P,v) are equal to ag (P) = 1,

1
ag-1(P) = > Voly, (F), and a4 (P) = Voly, (P), (C.3)
facets F<P

respectively. (For the remaining coefficients for simplices, see below Theorem [D.8)).

(iii) a;(Py) = a;(Py), for all i € {0,1,...,dim(P;) = dim(Pz)}, whenever P; and
P, are lattice equivalent.

e Ehrhart series. W.l.o.g. we shall henceforth assume that d = d’. Let
op:={(A\Ap) ERBR? |[pe P, AeRxg}

be the (d + 1)-dimensional rational s.c.p. cone supporting P within R*+!, and
let Rp denote the subring of (C[;o,xfl, . ,;t;[l] spanned over C by all Laurent

monomials of the form g§ /" -1y, where v € Z>¢ and (p1,...,p0q) € vP N N.

1411 the main text, working with the junior simplex S (or similar (r — 1)-dimensional lattice
simplices) we often write Vol(S¢) instead of VOI(NG)SG (s@) (by abuse of notation), but it is always

clear from the context what we mean in each case.
51f g < d’, then we work with Np instead of N.
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Rp = ClopNZ4T1] is graded by setting deg(xf ri* - - r/;?) := v. Hence, the so-called
FEhrhart power series

Ehry (P;t) =1+ Z Ehry (P,v) t¥ € Q [{]

v=1

of P is the Hilbert series of the graded normal semigroup ring Rp = @ (Rp).,
v>0

and can be therefore written in the form
b5 (P)+ b7 (P) t+---+ b5, (P) t" " + by (P) t*
(1— )™

having the Fulerian Ehry (P, -)-polynomial as its numerator (see [97, §4.3]).

Ehry (P;t) =

)

DerFINITION C.3. h*(P) := (b (P),b; (P),...,h5(P)) € Z¥*! is called the
h*-vector™ of P.
TueoreM C.4 (cf. [42] §28], [93], 95]). (i) b} (P) >0,Vj € {0,1,...,d}.
(i) b5 (P) = 1, b7 (P) = Ehry (P, 1) — (d+ 1), and b3 (P) = # (int (P) N N).
(iii) The sum of all coordinates of the h*-vector of P equals
i b: (P) = d! Vol(P). (C.4)
§j=0

PROPOSITION C.5. FEach coordinate of the h*-vector of P can be expressed as
integer linear combination of the coefficients of its Ehrhart polynomial (CI)) as
follows:

d %
b (P) = (Z(_m(d:l) (i — /-;)J’) a;j(P), Vie{0,1,...,d}. (C.5)

=0 \k=0

PrOOF. We expand

1| | &
Ehry (P,v) = dime(Rp), = — | &, | =
V.

=0

d
_ bz« (P) (d+1+V(i:L)71> _ Z hz« (P) (V*&er)

d
=0 =0

~

as polynomial in the variable v and compare coefficients. O

e Lattice triangulations. These are one of our main tools in §4 and thereafter.

16\We adopt here Stanley’s notation from [95], but it appears in the literature also under
different names (e.g., as “i-vector” in [2} §4], as “d-vector” in [42] Ch. IX] etc).
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DEFINITION C.6 (Lattice subdivisions and triangulations). A lattice subdivision
S of alattice polytopémP is a polytopal subdivision of P, such that the set vert(S)
of the vertices of S belongs to the reference lattice, and vert(P) C vert(S). A lattice
triangulation of a lattice polytope P is a lattice subdivision of P which, in addition,
is a triangulation (in the sense of [A.6]).

DEFINITION C.7 (Basic triangulations). (i) A lattice polytope is called elemen-
tary if the lattice points belonging to it are exactly its vertices. A lattice simplex
s is said to be basic (or unimodular) if its vertices constitute a part of a Z-basis of
the reference lattice (that is, if its relative volume equals 1/ dim(s)!).

(ii) A lattice triangulation 7 of a lattice polytope P is defined to be basic if it
consists only of elementary basic simplices.

NotEe C.8. (i) Obviously, all basic simplices are elementary. On the other
hand, all elementary triangles are basic, but in dimensions d > 3 there exist lots
of elementary simplices which are non-basic. For instance, the so-called Reeve’s
simplices [T9]:

RS(k) := conv({0,e1,e0,...,eq4-1,(1,1,...,1,k)T}) c R?
are elementary but non-basic (w.r.t. Z%) for d > 3 and k > 2 because
d'Vol(RS(k)) = |det(e1, e2,...,e4—1,(1,1,...,1,K)T)| =k # 1.

(ii) “Basicness” is a property preserved by lattice equivalence.

(iil) Open problem: Hibi and Ohsugi [43] discovered a 9-dimensional 0/1-polytope
(with 15 vertices) having basic triangulations, but none of whose coherent triangu-
lations is basic. It is not known if such high-dimensional “pathological counterex-
amples” can be also found in the class of lattice simplices.

THEOREM C.9 (Betke & McMullen [4, Thm. 2], Stanley [93] Corollary 2.5]).
If T is a lattice triangulation of a d-dimensional lattice polytope P, then
hﬂf (P)ij (T)v vje{ov]-vvd}, (CG)

j
and T is basic if and only if (C8) hold (simultaneously) as equations.

Appendix D. Counting the Lattice Points of the Junior Simplex

In this Appendix we explain how one can count, for a given Gorenstein AQS
(C"/G,[0]) of type ([B0), the number of lattice points of the junior simplex sg
(w.r.t. Ng) by making use of Mordell-Pommersheim and Diaz-Robins formulae.

e Mordell-Pommersheim formula. By (C.3)) the first coefficient of the Ehrhart
polynomial (Cl), whose expression (as rational linear combination of relative vol-
umes of faces of P) turns out to be relatively “difficult”, is a; (s), arising already
in the case in which d = 3 and P = s is a lattice tetrahedron. In fact, by Theorem
D2 the corresponding formula (D.2) for a; (s) involves Dedekind measures of the
“dihedral angles” of s.

7L attice subdivisions, lattice triangulations and basic triangulations of the undelying point
set of simplicial complexes whose vertices are lattice points are defined similarly. (We use this
generalization only for Ty, in Example E4)

18Note that hg4+1 (7)) = 0 because P is homeomorphic to a d-ball.
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DEFINITION D.1. (i) If z € Q, we define
_Ja—|z] -3, if x¢Z,
(@) = { 0, if zeZ.

(ii) Let p,q be two integers with ¢ > 0 and ged(p,q) = 1. The Dedekind sum
DS(p, q) of p and ¢ is defined to be

o5 (2) (2)

THEOREM D.2 (Mordell-Pommersheim formula, [68) [76]). Let N C R3 be a
lattice of rank 3, ny,no,n3,ng € N four affinely independent points, and s the
tetrahedron s = conv ({n1,ng,n3,na}). Denote by

E; j :=conv({n;,n;}) , Vi,j, 1<i<j<4,
its siz edges, and by
F; :=conv ({ny,na,n3,ng} ~{n;}) , Vi, 1<i<4,
its four facets. For any fizved pair i, j, 1 <1 < j <4, let Fyr, Fy be the two facets
of s containing its edge E; ; (with {¢',j'} = {1,2,3,4} ~ {i,j}, i < j'), ny,ny
the images of ny,nj in N(E;;) := N/Ng, , under the canonical projection map
N — N(E; ;), and iy, s the primitive vectors of conv ({0, n;}) and conv ({0,n;}),
respectively, lying within the lattice N(E; ;). Set
L det(%iq%j/ )
BT At (N (B,)
Moreover, choosing a Z-basis, say {%i/,ﬁ}, of N(E; ;), and expressing %j/ as an
integer linear combination of its elements in the form njyy = \-ny +q, ;- N, define
Pij = [)\]qi = Then the number of lattice points of s is given by the formula

4
4(sN N) = Ehry (s,1) = 1+ a5 (s) + % 3" Voly,, (F) + Voly, (s),  (D.1)
i=1

and
1 .
ai(s)= Y (36 — Vi + Ds(pi,qui,j)> Volng, ; (Eij), (D-2)
1<i<j<4 i,
where
. Vol (Fy) N Voly,., (Fj/)
Y Vol (Fy) - Volny, (Fy)
and

_ 1
DS(pij,aij) = 7 — DS(Pij, qiy)

denotes the so-called “Dedekind measure” of p;; and q; ;.
COROLLARY D.3. Let (C*/G,[0]) be a 4-dimensional Gorenstein CQS of type
%(al, ag, a3, 04), and s = conv({e1, ea, e3,€e4}) the corresponding junior tetrahe-

dron. For any i, 1 <i <4, consider an (arbitrary) representation of ged(w;,1) as
integer linear combination ged (o, 1) = v; - a; +7; - I. Moreover, for any fized pair
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1,5, 1 <i<j <4, let{i,j} ={1,2,3,4} ~ {i,j} denote the complement (with
i' < j3"). Then the number of lattice points of sg is given by the formula

ﬁ(EGﬁNc)Zﬂ{AEZ

4
1<A<I-1 with Y [/\ai]l:l}+4

i=1
= EhI‘NG (5@, 1) =14+a; (5@) + a (5@) + as (sg) (D?))
with
cd(ar,1))? cd(a;r,0))? 7
ar(sc)= Y [<g G e CLICHE)) S Ds(pi,j’qm)} - ged(ar, aujr, 1)
1<i<j<4
1 (<& _
= m <Z ng (a“l)> + Z [DS (pi7j,qi7j) ~ng (Oéil,()éj/,l)} (D4)
i=1 1<i<j<4
and
a(s)—li cd(al) , as(sq) = - (D.5)
2 \~FG) — 4 v g (2] ) 3 \NG) — 6) .
where now
o l- ng(ai’vaj’al) R (772'/) C
g = ged (agr, 1) - ged(ayr, 1)’ Pij = ged (o, 1) | g,

Since our lattice Ng = Zle Zei—#Z% (a1, a0, a3, 47 is “skew” to apply Mordell-
Pommersheim formula we have to modify appropriately our “lattice data”.

LEMMA D.4. Let N C R? be a lattice and H a (d — 1)-dimensional linear
hyperplane in R, so that N := N N'H is a lattice of rank d — 1. Then there exists
an element n € N such that N = N 4+ Zn, and

euclidean distance —
det (N) = ( between 0 and n +H ) - det (N) (D-6)
PROOF. Let {ni,...,ng_1,n4} be a Z-basis of N such that {n,...,ng_1} is a

Z-basis of the lattice N, M := Homg (N, Z) the dual lattice of N, and let v denote

the normal vector of H. Then m € M because

Y V=0, Vi, 1<i<d—1, and (—"— ng)=1.
<'U,7’Ld> <U7nd>

Furthermore, it is primitive and by definition we have

< euclidean distance > ~ (v,naq) 1

between 0 and ng+H -

ol Hi

(v,ng)

Thus, setting n = ng and applying [L1, Corollary of p. 25], we get (D.G)). O

LemMA D.5 ([I5, Ch. 21, 2.E, formula (12) on p. 453]). The (standard)
volume of a regular d-dimensional simplex s of edge length /2 equals

Vd+1

Vol (s) = i

(D.7)
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PROOF OF COROLLARY Let I s in (I Ng)g be the I-times dilated junior lattice
simplex with | Ng = E?Zl Z (lei)+Z (ar,a2,as3,a4)" , and

Q = Par (RZO (l 61) + RZO (l 62) + RZO (l 63) + RZO (l 64)) N (l Ng)

{ € (INg)

= {([jal]l’[jaﬂlv[ja3]lv[ja4]l)T |]€ {0717"'7171}}'
Defining

Q; = {n = (n(l),n(Q),n(3),n(4))T €Q ’ n() = 0}, Vi, 1 <i<4,

4
n= Zsl (le;), with 0 <e; < 1, Vi, 19‘34}
i=1

it is easy to verify that
{ 8(Q;) = ged(ay,l), Vi, 1<i<4, and }
1(Q:iNQ;) = ged(as,5,0), Vi,j, 1<i<j<4
To apply [D.2 it suffices to consider [sg = conv({(le1), (lez), (les), (leq)}) w.r.t.

the lattice [ Ng := [ Ng NI 'H; of rank 3. Note that the euclidean distance between
0 and le; + M is equal to £ . Thus, by (D.6) and (23), we deduce that

(D.8)

l det(12*) 4

det (I Ng) - 9= det (I Ng), det(INg) — det(INg) — Q) =1

= det (I Ng) = det((I Ng);,,) = I°, det (INg) = det((INg),, ) =21* (D.9)

> FIRST STEP. Let F; = conv({(le1), (lea), (leg), (lea)} ~{(le;)}), 1 < i < 4,
be the facets and E; ; =conv({(le;), (lej)}), 1 < i < j < 4, the edges of the
tetrahedron lss. How does one compute their relative volumeswith respect to
I Ng ? By (D) the standard volumes are the following:

3 3
231' - % , Vol (F)) = ?F , Vol (E; ;) = V2lL. (D.10)

On the other hand, applying again Lemma [D.4] and (Z3)) for the facets and the
edges of [ s we get similarly:

Vol (I s¢) =

det (aff (F;) NI Ng) - % = det (lin (F;) NI Ng),
det() . 7 (le; 3
(de{l 2,3,4}~{i} (lej)) B l — Q) (1o ocd (as, )
det (Iin (F;) NINg) _ det (lin (F}) NI Ng)
= det (lin (F;) NI Ng) = g5 , det (aff (F;) NI Ng) = 255, (D.11)

and
det (aff (E; ;) NI Ng) - % = det (lin (E; ;) NI Ng) ,

det (Z (ley) +Z (Lejr)) 12

det (lin (E; ;) NI Ng)  det (lin (E; ;) Nl Ng)
= ﬁ(Q’L’ N Q]’) @ ng (ai/,aj/,l)
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. 2
{ det (hn (EZ,]) N lNG) = W, and } (D 12)
E— ! . .
Combining (D.I0) with (D.9), (D11), (D12), we finally obtain
. _ VOI(ZSG) _ L

Volgwgy,.,, (156) = der(iNe),, ) 6 (D.13)

- N Vol(F;) _ ged(ag,l)
VOl(lNG)Fi (Fi) = det(aff(F)NING) 2 (D.14)

7 N Vol(E; ;) o ) )

Vol(l NG)Ei,j (EZ,]) = Wm = ng(Oél/,OLJ/, l) (D15)

> SECOND STEP. We transform [sg. For all indices 7,7, 1 <i < j < 4, we define
an integer translation

si; = lsg—1le; = conv({0, l(ej —e;), l(er —e;), l(ej —e)})

and
Niﬁj = ZNG — lei

NgES

=Zl(ej —e;)+Zl (ey —e;) + Zl (ej — e;) + Z1 (a1, an, a3, 00)T — (D ) €;)
=1
Furthermore, we define a unimodular transformation ®; ; : (N; ;) — (Ni;)g by

D j(ej) =i Pijle)=ei—ej, Pijler)=eiter and i;(e;) =e+ejr,
and linear extension. @, ; transfers s; ; onto

Pij (8i,3) = cony ({ ®; 5 (1 (efieii)’jz(lz((ee?jei-)));f,(jeglzi)’ei)) = le; })

the lattice IV; ; onto

p—

Nij =@ ; (Nij)

=Zl(eji+ej)+Zle;+Zl (ey +e;)+Z > a, | ej+ayes +aj ey
1€{1,2,3,4}~{i}

= Zlej +Zlej/ +Zley + 7 (70[1‘ ej + ey + oy ej/) s
the edges E; ; onto conv({0,le;}) and the facets F; and F}, containing F; ; onto
®; ; (Fir) = conv ({0, lej, I (e +¢;)}) and @; ;(Fy) = conv({0, lej, I(ej +e;0)}),

respectively. Since ged(— oy, o, o) = ged(ay, ar, o50) = 1, it is det(ﬁi,\j) =2
On the other hand,

(I)i,j (Ei,j) N ]T]:J = conv ({0,l€j}) N ]T]:J = ﬁ(Qzl M Qj’) = ng (ay, ij/, l) s

Leg j is a primitive vector. Setting ]V:J = ZV;/(Z

. Lej
1.€e. W )) we get

ged(ayr a0l

— l A —

det(N; ;) - m = det(N; ;) = det(N; ;) =1 - ged(ar, ajr, 1).

If we denote by 7;/, 7, the images of (e +e;), l(e; + e;jr) under the canonical

epimorphism N; — N;; (i.e. ny = ley, njr = lej within N; ;), and by %i/, ﬁj, the

primitive vectors of conv({0, n; }) and conv({0,n, }) w.r.t. N, ;, then
l ——
(i)
‘ gcd(ai/7aj/,l) € ln( Z) 2,3

o
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l2 l2
i (conv({lej, L(ei +e;)})N Nl\]) ged (a7, 1)

Consequently,

=~ (lged(ayr,ay,l) = l-gcd(ai/,aj/,l)
ng; = (W (7 and analogously, ngr = W €jr | .

This means that

qQi,j =

ni

. Hnjl

_ l-ng(Oéi/705j/’l)
det (N::;) ng (ai/, l) . ng (aj/7 l)

Since

Ni,j = Zlej/ +Zley + 7 (Ozi/ ey + s 6]‘/) R
the vector 7, - (o €;7) +ged(ayr, 1) €5 belongs to ]/VTJ, and from
det(Z s/ (vir - (0 er) + ged(ajr, 1) ejr)) = 1- ged(ayr, oy, 1) = det(]m)

we conclude that {%y,%/ - (o eyr) +ged(ayr, 1) ejr } is a Z-basis of Kf; with
= l-ged(ayr,0,l —~a ) \ =
njr = (gc(dwf))) &= ((ga%l)) i+ i (Yir - (o €ir) + ged (a1, 1) ).

(_’“’)'a“] , and the proof is completed after the substitution of
.

Hence, p;,; = [m
O13), O, [OI5) into (DI, 0. .

REMARK D.6. One can analogously compute the a; (s¢)’s in the case in which
the acting group G is abelian (not necessarily cyclic), again by lattice transforming
and by Mordell-Pommersheim formula. In these more complicated expressions
the greatest common divisors are replaced by denumerants of restricted weighted
vectorial partitions.

e Diaz-Robins formula. To present Diaz-Robins formula, by means of which one
computes the coefficients of the Ehrhart polynomial of a lattice simplex of arbitrary
dimension, let us first recall the notion of Hermite normal form.

THEOREM D.7 ([73], I1.2 and I1.3, pp. 15-18]). For a given integer (or rational)
(d x d')-matriz A of full row rank, there is a unimodular matriz U € GL(d',Z),
such that AU is lower-triangular with positive diagonal elements. Each off-diagonal
element of AU is non-negative and strictly less than the diagonal element in its
column. We say that AU is in Hermite normal form. If det(A) # 0, then U is
uniquely determined, and HNF (A) := AU is the Hermite normal form of A.

Now let s C R? be a d-dimensional simplex whose vertices belong to (the standard

lattice) Z¢. W.l.o.g., we may assume that s = conv({0,n1,...,n4_1,n4}). The
matrix (ng,...,n4_1,nq) is by Theorem [D.7] left-equivalent to
M1 O -0

A2 A2 -0 O
As := HNF ((n1,n9,...,n4-1,n4)) = . . ) .

Adl Ad2 o Ada
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Consider
A = < As 0 > . with  1:=(1,1,...,1,1).
1 ————
(d+1)—times
Define
wj = H Aiiy V5, 1<j<d, and wgy1 = wq,
1<i<j
Gs:=(Z | ©Z) X (Z | w2Z) x - X (Z | waZ) .
Moreover, for each group element g = (g1,9s,---,04) € &g, set:

&5 () = (091,82, ,84),, (j-th columm of &,)).

THEOREM D.8 (Diaz-Robins formula; cf. [28] and [14] §5]). The Ehrhart poly-
nomial Ehry (s,v) = Z?:o a; (s) v' of s has the exponential generating function:

%) d+1

Bhry (s,0) ¢ 2™ = g 3 11 (L coth(E (v Te; (@) (D.16)
v=0 geEG =1

and a; (s) equals the coefficient of # in the Laurent expansion at x =0 of

i+l d+1

Yo I @+ coth(—(z+ V=T e;(0)))

Vi iy
X w
g€G, | j=1 J

i 201 |&y|

Let us now describe how can one apply Diaz-Robins formula to the case of the
simplex we are interested in. Let (C"/G,[0]), r > 4, be a Gorenstein AQS of type
38), and sg = conv({es,eq,...,e.}) the corresponding junior simplex. As our
lattice N¢g is “skew”, to count

f(sc N Ng) =14 { (J1, - Jx) € l_[1 ({0,1,..,q.}) Z:I(Si (J15 - Jw) = exp (G)} +r
n= 1=
we have to transform sg onto another appropriate simplex.
COROLLARY D.9. There exists a lattice simplex 5 w.r.t. Z"=* such that
ﬁ(EgOZT*) = ﬁ(ﬁgﬂNg), (D.17)

="

and therefore § (s N Ng) can be computed by applying formula (DI6) for (.
PRrROOF. This will be done in three steps.

> FIRST STEP. We first perform a translation in order to insert the zero point as
a vertex, and define 5¢ := s — e; = conv({0,es —e1,...,e, — e1}) with vertex set
belonging to the lattice

NG« = ZZ (ei—el)—i— Z Zqi(au—ﬁﬂel),
=2 p=1 .
where o, == (au1,...,a,,)" and 9, := >\, a,;. Obviously,
ﬁ(ﬁg ﬂNg) ={ (gg ﬂﬁg) .
> SECOND STEP. We define a unimodular transformation ® : R” — R" by

®(er) i =e1 —ea, Plez):=e1, P(ej):=e1+ej, Vj, 3<j<,
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and linear extension. ® maps s onto
_, _
55 :=® (5g) = conv ({0,ea,e0 + €3,€2 + €4,...,e2 +€,})

and Ng onto

R S r a/
Né::q)(Ng):Zeg—FZ (€2+€3)—|—~"+Z (62+€7.)+ZZJ,

e
with
o, =P (o, —Vye1) =P () =V, P (e1)
=0y —au1)es+ Z Qauj€j -
j=3
Thus,

_ " ad
Ne=Zey+Zes+ - +ZLe+ Y L
=1 dn
and we can consider both 5/, and Né within R"™! by identifying it with the set
{(z1,...,2,) €R" | 21 =0}. Moreover, { (Eé ﬂﬁé) =4(EeNNg).

> THIRD STEP. Define A to be the rational (r — 1) x (r — 1 + k)-matrix formed by
the column vectors which generate W(/;I

1

A= (627633"'7eraa

O/l""’i al).
According to Theorem [D.7] (with d = r — 1, d’ = r — 1 + k), we can determine a
unimodular matrix U such that AU = (R 0), where R is a rational, non-singular

(r — 1) x (r — 1)-matrix being in Hermite normal form. Hence, if we set

50 :=conv ({0, R e, R™" (e2+e€3), R (e2+e4a),....,R" (eater)}),

the lattice Wé is transformed onto N := R™* Wé =7Z""1, i.e., onto the standard
lattice of rank 7 — 1. But then we are done because § (54 NZ"1) = #(5; N Né),
and we can apply Theorem [D.§] for the simplex 5 C Z"~! (with d = r — 1). O
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