
ÐáñÜñôçìá B

Áêñéâåßò áêïëïõèßåò êáé ìüäéïé

ïìïëïãßáò êáé óõíïìïëïãßáò

Óôá ðáñáñôÞìáôá Â, C êáé D åéóÜãïíôáé ìüíïí ïñéóìÝíåò èåìåëéþäåéò Ýííïéåò êáé
áðïäåéêíýïíôáé ìüíïí êÜðïéá âáóéêÜ èåùñÞìáôá áðü ôç ëåãoìÝíçÏìïëïãéêÞ ¢ë-
ãåâñá 1 ðïõ áðáéôïýíôáé ãéá ôçí áðñüóêïðôç áíÜãíùóç ôùí êåöáëáßùí 3 Ýùò 7

B.1 ÁÊÑÉÂÅÉÓ ÁÊÏËÏÕÈÉÅÓ

Áêïëïõèßåò -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí êáëïýíôáé áêñéâåßò üôáí ï

ðõñÞíáò êáèåíüò ôùí õðåéóåñ·üìåíùí ïìïìïñöéóìþí éóïýôáé ìå ôçí åéêüíá ôïý

ðñïçãïýìåíïõ ïìïìïñöéóìïý. ÔÝôïéïõ åßäïõò áêïëïõèßåò óõíáíôþíôáé êáôÜ

ôñüðï öõóéêü óå ðëçèþñá óçìáíôéêþí èåùñçìÜôùí ôÞò ÏìïëïãéêÞò ¢ëãåâñáò

êáé ôÞò ÁëãåâñéêÞò Ôïðïëïãßáò.

B.1.1 Ïñéóìüò. Ìéá áêïëïõèßá

· · · −2 // −1
−1 // 

 // +1
+1 // +2

+2 // · · · (B.1)

-ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí, ç ïðïßá åßíáé åßôå ðåðåñáóìÝíç (êáé

äéáèÝôåé ôïõëÜ·éóôïí ôñåéò -ìïäßïõò) åßôå ìïíïðëåýñùò Þ áìöéðëåýñùò áðåß-

ñùò åêôåéíüìåíç, êáëåßôáé áêñéâÞò óôçí -ïóôÞ èÝóç  (üðïõ  ∈ Z) üôáí

1Ãéá ôç óõããñáöÞ ôùí ðáñáñôçìÜôùí B, C êáé D ·ñçóéìïðïéÞèçêáí êáôÜ êýñéï ëüãï ïé óçìåéþóåéò ðáñáäüóåùí

[85] (áðü ôá «ÈÝìáôá ¢ëãåâñáò» ôá äéäá·èÝíôá êáôÜ ôï ·åéìåñéíü åîÜìçíï 2006-2007). Ùò åéóáãùãéêÜ âéâëßá Ïìï-

ëïãéêÞò ¢ëãåâñáò óõíéóôþíôáé, ãéá ðåñáéôÝñù ìåëÝôç, áõôÜ ôùí Hu [51] êáé Vermani [121]. Ãéá ðéï ðñïêå·ùñçìÝíá

óõããñÜììáôá, âë. Cartan & Eilenberg [16], Hilton & Stammbach [47], Mac Lane [69], Rotman [103] êáé Weibel [124].
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Im(−1) = Ker() Ç (B.1) ëÝãåôáé áêñéâÞò áêïëïõèßá üôáí åßíáé áêñéâÞò óå

êÜèå ìç ëçêôéêü (åê ôùí Üíù Þ åê ôùí êÜôù) -ìüäéï.

B.1.2 Óçìåßùóç. (i) Ðñïöáíþò,

Im(−1) = Ker()⇔ [ ◦ −1 = 0 êáé Ker() ⊆ Im(−1)]

(ii) Ï ïñéóìüò B.1.1 ðáñáìÝíåé åí éó·ý áêüìç êáé üôáí ïé äåßêôåò åßíáé «êáôéüíôåò»,

áñêåß ï ðõñÞíáò êáèåíüò ïìïìïñöéóìïý íá éóïýôáé ìå ôçí åéêüíá ôïý ðñïçãïõ-

ìÝíïõ ôïõ. Åðßóçò, ïñéóìÝíåò öïñÝò (óå äéáãñÜììáôá) ïé áêñéâåßò áêïëïõèßåò

ðáñáôßèåíôáé êáôáêïñýöùò åí åßäåé «óôçëþí».

(iii) ÏéáäÞðïôå áêñéâÞò áêïëïõèßá ôÞò ìïñöÞò2

{0} −→ 0 −→
−→ 00 −→ {0}

êáëåßôáé âñá·åßá áêñéâÞò áêïëïõèßá.

B.1.3 Ðáñáäåßãìáôá. (i) ¸íáò ïìïìïñöéóìüò -ìïäßùí  : −→  åßíáé

• ìïíïìïñöéóìüò ⇐⇒ ç {0} −→
−→  åßíáé áêñéâÞò,

• åðéìïñöéóìüò ⇐⇒ ç
−→  −→ {0} åßíáé áêñéâÞò,

• éóïìïñöéóìüò ⇐⇒ ç {0} −→
−→  −→ {0} åßíáé áêñéâÞò.

Åðßóçò, åÜí ìéá áêïëïõèßá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí

· · · −→
−→ 

−→ · · ·
åßíáé áêñéâÞò, ôüôå ï  åßíáé

• ìïíïìïñöéóìüò ⇐⇒  = 0

• åðéìïñöéóìüò ⇐⇒  = 0

• éóïìïñöéóìüò ⇐⇒ [ = 0 êáé  = 0]

(ii) ÅÜí  : −→  åßíáé Ýíáò ïìïìïñöéóìüò-ìïäßùí, ôüôå õößóôáíôáé ðÜíôïôå

äýï âñá·åßåò áêïëïõèßåò: Ç

{0} // Ker() Â
Ä  // 

Ker() // Coim() // {0} 

üðïõ  ç óõíÞèçò Ýíèåóç êáé Coim() :=Ker() ç ëåãüìåíç óõíåéêüíá ôïý 

êáé ç

{0} // Im() Â
Ä // 

Im() // Coker() // {0} 
2Ùò {0} −→ 0 óõìâïëßæåôáé ç óõíÞèçò Ýíèåóç (ðïõ áðåéêïíßæåé ôï ìïíáäéêü óôïé·åßï åíüò ôåôñéììÝíïõ-ìïäßïõ

óôï 00 ) êáé ùò  00 −→ {0} ï ìçäåíéêüò ïìïìïñöéóìüò (ðïõ áðåéêïíßæåé êÜèå óôïé·åßï ôïý  00 óôï ìïíáäéêü

óôïé·åßï åíüò ôåôñéììÝíïõ-ìïäßïõ).
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üðïõ Coker() := Im() åßíáé o ëåãüìåíïò óõìðõñÞíáò ôïý  Åî áõôþí ðñï-

êýðôåé êáé ç áêñéâÞò áêïëïõèßá

{0} // Ker() Â
Ä  // 

 // 
Im() // Coker() // {0}  (B.2)

(iii) ¸óôù  ∈ N  ≥ 2 ÅÜí åðéëÝîïõìå Ýíáí ãåííÞôïñá [] ôÞò (ðñïóèåôéêÞò,

áâåëéáíÞò) ïìÜäáò Z êáé Ýíáí ãåííÞôïñá []2 ôÞò Z2  ôüôå ó·çìáôßæåôáé ìéá

âñá·åßá áêñéâÞò áêïëïõèßá Z-ìïäßùí êáé ïìïìïñöéóìþí Z-ìïäßùí

{0} −→ Z
−→ Z2

−→ Z −→ {0} 
üðïõ ([]) := []2 (áðåéêüíéóç åðåêôåéíüìåíç ãñáììéêþò åðß ïëïêëÞñïõ ôïý

Z-ìïäßïõ Z) êáé ([]2) := [] (åðåêôåéíüìåíç ãñáììéêþò åðß ôïý Z2).
(iv) ÅÜí  ∈ N  ≥ 2 ôüôå õößóôáôáé ìéá âñá·åßá áêñéâÞò áêïëïõèßá Z-ìïäßùí
êáé ïìïìïñöéóìþí Z-ìïäßùí

{0} −→ Z −→ Z −→ Z −→ {0} 
üðïõ  :=  idZ Þôïé () :=  êáé () := [] ãéá êÜèå  ∈ Z
(v) ÅÜí  ∈ N  ≥ 2 êáé  ∈ Z ìå  |  ôüôå èåùñþíôáò ôÞí õðïïìÜäá Z ôÞò Z
Ý·ïõìå ôç äõíáôüôçôá êáôáóêåõÞò ìéáò âñá·åßáò áêñéâïýò áêïëïõèßáòZ-ìïäßùí
êáé ïìïìïñöéóìþí Z-ìïäßùí

{0} −→ 
 Z


→ Z

−→ Z −→ {0} 
üðïõ ([]) := [] ãéá êÜèå  ∈ Z êáèþò ï  åßíáé åðéìïñöéóìüò êáé
Ker() = { [] ∈ Z|  ∈ Z ìå [] = [] = [0]}

= { [] ∈ Z|  ∈ Z ìå  =  ãéá êÜðïéïí ∈ {0 1   − 1}}
= 

 Z = Im()

(vi) ¸óôù K ôõ·üí óþìá. Ç âñá·åßá áêïëïõèßá

{0} −→ hXi 
→ K[X] −→ K −→ {0} 

üðïõ ((X)) := ï óôáèåñüò üñïò ôïý ðïëõùíýìïõ (X) ãéá êÜèå (X) ∈ K[X]
åßíáé áêñéâÞò ôüóïí üôáí ïé üñïé ôçò èåùñçèïýí K-ìüäéïé (Þôïé K-äéáíõóìáôéêïß
·þñïé) üóïí êáé üôáí ïé üñïé ôçò èåùñçèïýí K[X]-ìüäéïé.
(vii) ÅÜí 1 2 åßíáé äõï éäåþäç åíüò ìåôáèåôéêïý äáêôõëßïõ  ôüôå ç

{0} −→ 1 ∩ 2 
→ 

−→ (1)× (2) −→ (1 + 2) −→ {0} 
üðïõ () := ( + 1  + 2) ∀ ∈  êáé

(1 + 1 2 + 2) := (1 + 2) + (1 + 2) ∀ (1 2) ∈ ×

áðïôåëåß ìéá áêñéâÞ áêïëïõèßá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí.
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B.1.4 Ðñüôáóç. (i) ÏéáäÞðïôå áêïëïõèßá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí
ôÞò ìïñöÞò

0 −→ 
−→ 

−→  (B.3)

åßíáé áêñéâÞò åÜí êáé ìüíïí åÜí  ∼= Ker()

(ii) ÏéáäÞðïôå áêïëïõèßá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí ôÞò ìïñöÞò


−→ 

−→  −→ 0 (B.4)

åßíáé áêñéâÞò åÜí êáé ìüíïí åÜí Coker() ∼= 

Áðïäåéîç. (i) ÅÜí ç (B.3) åßíáé áêñéâÞò, ôüôå ï ïìïìïñöéóìüò  åßíáé ìïíïìïñöé-

óìüò êáé 
∼=−→̌

Im() = Ker() (üðïõ ̌ üðùò óôï A.3.14 (iii)). Êáé áíôéóôñüöùò°

åÜí õðÜñ·åé Ýíáò éóïìïñöéóìüò  : 
∼=−→ Ker() ôüôå äçìéïõñãåßôáé Ýíá ìåôáèå-

ôéêü äéÜãñáììá

{0} // 

∼=
²²

 //

ª


 //

ª



{0} // Ker()
inKer()

// 


//

id

OO



id

OO

ìå ôçí êÜôù ôïõ ãñáììÞ áêñéâÞ. Ï  = id◦ inKer() ◦  åßíáé ìïíïìïñöéóìüò
(ùò óýíèåóç ôñéþí ìïíïìïñöéóìþí) êáé

Im() = id(inKer()(())) = id(inKer()(Ker())) = id(Ker()) = Ker()

ïðüôå ç (B.3) åßíáé áêñéâÞò.

(ii) ÅÜí ç (B.4) åßíáé áêñéâÞò, ôüôå o  åßíáé åðéìïñöéóìüò êáé

Im() = Ker()⇒ Coker() :=  Im() = Ker()
∼=−→

A.4.7
Im() = 

Êáé áíôéóôñüöùò° åÜí õðÜñ·åé éóïìïñöéóìüò  : Coker()
∼=−→  ôüôå ôüôå äç-

ìéïõñãåßôáé Ýíá ìåôáèåôéêü äéÜãñáììá



id

²²

 //

ª



id

²²

 //

ª

 // {0}

 
// 

Im()

// Coker()

 ∼=

OO

// {0}

ìå ôçí êÜôù ôïõ ãñáììÞ áêñéâÞ. Ï  =  ◦ Im()◦ id åßíáé åðéìïñöéóìüò (ùò

óýíèåóç ôñéþí åðéìïñöéóìþí) êáé

Ker() = Ker( ◦ Im() ◦ ) = Ker( ◦ Im()) =
n
 ∈ | (Im()()) = 0

o
=

n
 ∈ |Im()() = 0Coker()

o
= { ∈ | ∈ Im()} = Im()
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ïðüôå ç (B.4) åßíáé áêñéâÞò. ¤

B.1.5 Ðñüôáóç. ¸óôù üôé ïé ( 0 : 
0
 −→ )∈  ( :  −→  00

 )∈ åßíáé äõï
ïéêïãÝíåéåò ïìïìïñöéóìþí -ìïäßùí (ìå ôï ßäéï óýíïëï äåéêôþí). ÅÜí ïé áêïëïõ-
èßåò 0

 −→
 0

 −→


 00
 åßíáé áêñéâåßò ãéá êÜèå  ∈  ôüôå êáé ïé áêïëïõèßåò

Q
∈

 0


Q
∈

 0
// Q
∈



Q
∈



// Q
∈

 00


êáé

L
∈

 0


L
∈

 0
// L
∈



L
∈



// L
∈

 00


åßíáé áêñéâåßò.

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôéò éóüôçôåò (A.15) êáé (A.16). ¤

I Ôå·íéêÝò ·åéñéóìïý ìåôáèåôéêþí äéáãñáììÜôùí êáé áêñéâþí áêïëïõèéþí. Ðá-

ñáôßèåôáé ìéá óåéñÜ áðü ·ñÞóéìá èåùñçôéêÜ ëÞììáôá ôá ïðïßá áðïóêïðïýí óôç

äéåõêüëõíóç ôùí ·åéñéóìþí ðïõ áðáéôïýíôáé êáôÜ ôçí åðßëõóç ðñïâëçìÜôùí ó·å-

ôéæïìÝíùí ìå ôç ìåëÝôç ìåãÜëùí ìåôáèåôéêþí äéáãñáììÜôùí.

B.1.6 ËÞììá. («ËÞììá ôùí ôåóóÜñùí») ÄïèÝíôïò åíüò ìåôáèåôéêïý äéáãñÜììá-
ôïò ïìïìïñöéóìþí -ìïäßùí ôÞò ìïñöÞò


 //

ª

²²


 //

ª

²²


 //

ª

²²





²²
0

 0
// 0

0
// 0

0
// 0

ìå áìöüôåñåò ôéò ãñáììÝò ôïõ áêñéâåßò, éó·ýïõí ôá åîÞò :

(i) ÅÜí ïé  êáé  åßíáé åðéìïñöéóìïß êáé ï  ìïíïìïñöéóìüò, ôüôå ï  åßíáé åðéìïñ-
öéóìüò.

(ii) ÅÜí ï  åßíáé åðéìïñöéóìüò êáé ïé  êáé  ìïíïìïñöéóìïß, ôüôå ï  åßíáé ìïíï-
ìïñöéóìüò.

Áðïäåéîç. (i) ¸óôù ôõ·üí óôïé·åßï 0 ∈ 0 ÅðåéäÞ ç áðåéêüíéóç  åßíáé åðéñ-

ñéðôéêÞ, õðÜñ·åé  ∈  : 0(0) = () Ëüãù ôÞò ìåôáèåôéêüôçôáò óôï äåîéü ôå-

ôñÜãùíï, (()) = 0(()) = 0(0(0)) = (0 ◦ 0| {z }
=0

)(0) = 00  ÅðïìÝíùò Ý·ïõìå

() ∈ Ker() = {0} (äéüôé ï  åßíáé ìïíïìïñöéóìüò), ïðüôå
() = 0 ⇒  ∈ Ker() = Im()⇒ [∃ ∈  :  = ()]
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Ëüãù ôÞò ìåôáèåôéêüôçôáò óôï ìåóáßï ôåôñÜãùíï ëáìâÜíïõìå

0(0) = () = (()) = 0(())⇒ 0 − () ∈ Ker(0) = Im( 0)

ïðüôå 0 − () =  0(0) ãéá êÜðïéï 0 ∈ 0 ÅðåéäÞ ç áðåéêüíéóç  åßíáé åðéññé-

ðôéêÞ, õðÜñ·åé  ∈  : 0 = ()Ç ìåôáèåôéêüôçôá óôï áñéóôåñü ôåôñÜãùíï äßäåé

0 − () =  0(()) = (()) ⇒ 0 = ( + ()) ∈ Im() ÊáôÜ óõíÝðåéáí, ï

ïìïìïñöéóìüò  åßíáé üíôùò åðéìïñöéóìüò.

(ii) ¸óôù ôõ·üí  ∈ Ker() Ðñïöáíþò,

 (()) = 0(()) = 0(00) = 00 ⇒ () ∈ Ker() = {0}
ïðüôå  ∈ Ker() = Im()⇒ [∃ ∈  :  = ()] Ùò åê ôïýôïõ,

00 = () = (()) = 0(())⇒ () ∈ Ker(0) = Im( 0)

áð' üðïõ Ýðåôáé ç ýðáñîç åíüò 0 ∈ 0 ìå () =  0(0) ÅðåéäÞ ç áðåéêüíéóç 

åßíáé åðéññéðôéêÞ, õðÜñ·åé  ∈  : 0 = () ïðüôå

() =  0(0) = (())⇒ − () ∈ Ker() = {0}
⇒  = ()⇒  = () = ( ◦ |{z}

=0

)() = 0 

¢ñá ï ïìïìïñöéóìüò  åßíáé üíôùò ìïíïìïñöéóìüò. ¤

B.1.7 ËÞììá. («ËÞììá ôùí ðÝíôå») ÄïèÝíôïò åíüò ìåôáèåôéêïý äéáãñÜììáôïò
ïìïìïñöéóìþí -ìïäßùí ôÞò ìïñöÞò

 //

ª

²²

 //

ª

²²

 //

ª

²²

 //

ª

²²





²²
0 // 0 // 0 // 0 // 0

ìå áìöüôåñåò ôéò ãñáììÝò ôïõ áêñéâåßò, éó·ýïõí ôá åîÞò :

(i) ÅÜí ï  åßíáé åðéìïñöéóìüò êáé ïé  êáé  ìïíïìïñöéóìïß, ôüôå ï  åßíáé ìïíï-
ìïñöéóìüò.

(ii) ÅÜí ïé  êáé  åßíáé åðéìïñöéóìïß êáé ï  ìïíïìïñöéóìüò, ôüôå ï  åßíáé åðéìïñ-
öéóìüò.

(iii) ÅÜí ïé    êáé  åßíáé éóïìïñöéóìïß, ôüôå êáé ï  åßíáé éóïìïñöéóìüò.

Áðïäåéîç. (i) Áñêåß ç åöáñìïãÞ ôïý (ii) ôïý ëÞììáôïò B.1.6 ãéá ôï õðïäéÜãñáììá

 //

ª

²²

 //

ª

²²

 //

ª

²²





²²
0 // 0 // 0 // 0
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(ii) Ôïýôï Ýðåôáé ýóôåñá áðü åöáñìïãÞ ôïý (i) ôïý ëÞììáôïò B.1.6 ãéá ôï õðïäéÜ-

ãñáììá

 //

ª

²²

 //

ª

²²

 //

ª

²²





²²
0 // 0 // 0 // 0

ÔÝëïò, ôï (iii) Ýðåôáé Üìåóá áðü ôá (i) êáé (ii). ¤

B.1.8 Ðüñéóìá. («Âñá·ý ëÞììá ôùí ðÝíôå») ÄïèÝíôïò åíüò ìåôáèåôéêïý äéá-
ãñÜììáôïò ïìïìïñöéóìþí -ìïäßùí ôÞò ìïñöÞò

{0} //

ª

 //

ª

²²

 //

ª

²²

 //

ª

²²

{0}

{0} // 0 // 0 // 0 // {0}

ìå áìöüôåñåò ôéò ãñáììÝò ôïõ áêñéâåßò, éó·ýïõí ôá åîÞò :

(i) ÅÜí ïé  êáé  ìïíïìïñöéóìïß, ôüôå êáé ï  åßíáé ìïíïìïñöéóìüò.

(ii) ÅÜí ïé  êáé  åðéìïñöéóìïß, ôüôå êáé ï  åßíáé åðéìïñöéóìüò.

(iii) ÅÜí ïé  êáé  éóïìïñöéóìïß, ôüôå êáé ï  åßíáé éóïìïñöéóìüò.

B.1.9 ËÞììá. («ËÞììá ôùí 3× 3», [69], II.5.1, óåë. 49-50)
¸óôù üôé ôï äéÜãñáììá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí

{0}

²²

{0}

²²

{0}

²²
{0} // 0

ª

0 //

 0

²²



ª

²²

0 // 00

 00

²²

// {0}

{0} // 0

ª

 //

0

²²



ª

²²

 // 00

00

²²

// {0}

{0} // 0
00

//

²²



²²

00
//  00

²²

// {0}

{0} {0} {0}

åßíáé ìåôáèåôéêü ìå ôéò ôñåéò óôÞëåò ôïõ áêñéâåßò. Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí ïé äýï Üíù ãñáììÝò ôïõ åßíáé áêñéâåßò, ôüôå êáé ç ôñßôç ôïõ ãñáììÞ åßíáé
áêñéâÞò.



292 áêñéâåéò áêïëïõèéåò êáé ìïäéïé ïìïëïãéáò êáé óõíïìïëïãéáò

(ii) ÅÜí ïé äýï êÜôù ãñáììÝò ôïõ åßíáé áêñéâåßò, ôüôå êáé ç ôñßôç ôïõ ãñáììÞ åßíáé
áêñéâÞò.

Áðïäåéîç. (i) (a) Áêñßâåéá óôç èÝóç  0 ÅÜí 0 ∈ Ker(00) ôüôå ëüãù ôÞò åðéñ-
ñéðôéêüôçôáò ôïý 0 õðÜñ·åé êÜðïéï 0 ∈ 0 ôÝôïéï þóôå íá éó·ýåé 0(0) = 0
ïðüôå

((0)) = 00(0(0)) = 00(0) = 00

⇒ (0) ∈ Ker() = Im()⇒ [∃ ∈  : (0) = ()]

Áðü ôçí Üëëç ìåñéÜ,

000 = ( ◦ | {z }
=0

)(0) = ((0)) = (()) =  00(0())

⇒ 0() ∈ Ker( 00) = {000}⇒ 0() = 000

⇒  ∈ Ker(0) = Im(0)⇒ [∃0 ∈ 0 : 0(0) = ]

ïðüôå (0) = () = (0(0)) = ( 0(0)) áð' üðïõ Ýðåôáé üôé

0 −  0(0) ∈ Ker() = {00}⇒ 0 =  0(0)

⇒ 0 = 0(0) = (0 ◦  0| {z }
=0

)(0) = 00 ⇒ Ker(00) = {00}

(b)Áêñßâåéá óôç èÝóç ÅÜí 0 ∈ 0 ôüôå ëüãù ôÞò åðéññéðôéêüôçôáò ôïý 0 õðÜñ-
·åé êÜðïéï 0 ∈ 0 ôÝôïéï þóôå íá éó·ýåé 0(0) = 0 ïðüôå

(00 ◦ 00)(0) = 00(00(0)) = 00(00(0(0))) = 00(((0)))

= 00(((0))) = 00(( ◦ | {z }
=0

)(0)) = 00(000) = 000

⇒ 00 ◦ 00 = 0⇒ Im(00) ⊆ Ker(00)

Êáé áíôéóôñüöùò° åÜí  ∈ Ker(00) ôüôå ëüãù ôÞò åðéññéðôéêüôçôáò ôïý  õðÜñ·åé
êÜðïéï  ∈  ôÝôïéï þóôå íá éó·ýåé () = Ðñïöáíþò,

0 = 00() = 00(()) = 00(())

⇒ () ∈ Ker(00) = Im( 00)⇒ [∃00 ∈ 00 : () =  00(00)]

Åðßóçò, ëüãù ôÞò åðéññéðôéêüôçôáò ôïý 0 õðÜñ·åé êÜðïéï  ∈  ôÝôïéï þóôå íá
éó·ýåé 0() = 00 ÊáôÜ óõíÝðåéáí,

() =  00(00) =  00(0()) = (())⇒ − () ∈ Ker() = Im()

⇒ [∃0 ∈ 0 : (0) = − ()]⇒  = () = ()− ( ◦ | {z }
=0

)() = (− ())

= ((0)) = 00(0(0)) ∈ Im(00)⇒ Ker(00) ⊆ Im(00)
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(c) Áêñßâåéá óôç èÝóç  00 ÅÜí 00 ∈  00 ôüôå ëüãù ôÞò åðéññéðôéêüôçôáò ôïý 00

õðÜñ·åé êÜðïéï 00 ∈ 00 ôÝôïéï þóôå íá éó·ýåé 00(00) = 00 Åðßóçò, ëüãù ôÞò
åðéññéðôéêüôçôáò ôïý  ∃  ∈  : 00 = () ÅðïìÝíùò,

00 = 00(00) = 00(()) = 00(()) ∈ Im(00)⇒ 00 = Im(00)

(ii) Ôïýôï áðïäåéêíýåôáé ðáñïìïßùò (ìüíïí ìÝóù êõíçãçôïý óôï äéÜãñáììá ). ¤
I Ôï ëÞììá ôïý öéäéïý. Åí óõíå·åßá, äéáôõðþíåôáé êáé áðïäåéêíýåôáé ôï ëåãü-

ìåíï ëÞììá ôïý öéäéïý (ðïõ åßíáé ãíùóôü êáé ùò ëÞììá ðõñÞíùí êáé óõìðõñÞíùí
Þ ùò ëÞììá ôïý æéê-æáê óõíäåôéêïý ïìïìïñöéóìïý ), ìÝóù ôïý ïðïßïõ êáôáóêåõÜ-

æåôáé ç ìáêñÜ áêñéâÞò áêïëïõèßá-ìïäßùí ïìïëïãßáò ðïõ åðÜãåôáé áðü ìéá âñá-

·åßá áêñéâÞ áêïëïõèßá áëõóùôþí óõìðëüêùí. (Âë. èåþñçìá B.2.12.) ÅðåéäÞ ç

êëáóéêÞ áðüäåéîÞ ôïõ (ìüíïí ìÝóù êõíçãçôïý óôï äéÜãñáììá ) åßíáé ìáêñïóêå-
ëÞò, ðáñáôßèåôáé åäþ ìéá äéáöïñåôéêÞ, êïìøÞ êáé óýíôïìç áðüäåéîç ðïõ ïöåß-

ëåôáé óôïí J. Lambek êáé êÜíåé ·ñÞóç ôïý ëÞììáôïò B.1.17 ôùí äýï ôåôñáãþíùí.
Ðñïçãïýíôáé ïé áðïäåßîåéò êÜðïéùí óôïé·åéùäþí âïçèçôéêþí ðñïôÜóåùí.

B.1.10 Ðñüôáóç. ÄïèÝíôùí-ìïäßùí 0 00  0  00 êáé áêñéâþí áêïëïõ-
èéþí

 0  0−→
−→ 00 êáé {0} −→  0 0−→ 

−→  00

êáèþò êáé  ∈Hom() 00 ∈Hom(
00  00) ìå 00◦ = ◦ õößóôáôáé ìï-

íïóçìÜíôùò ïñéóìÝíïò 0 ∈ Hom(
0  0) ðïõ êáèéóôÜ ôï áêüëïõèï äéÜãñáììá

ìåôáèåôéêü.

 0

ª

 0 //

0

²²Â
Â
Â 

ª

 //



²²

 00

00

²²
{0} //  0

0
//  

//  00

Áðïäåéîç. ¸óôù  ∈ 0 Ðñïöáíþò,

(( 0())) = (( ◦ ) ◦  0)() = ((00 ◦ ) ◦  0)() = (00 ◦ ( ◦  0| {z }
=0

))() = 0 00

⇒ ( 0()) ∈ Ker() = Im(0)⇒ Im( ◦  0) ⊆ Im(0)
ÅðåéäÞ ï 0 åßíáé ìïíïìïñöéóìüò (âë. B.1.3 (i)), áñêåß ç åöáñìïãÞ ôïý èåùñÞìáôïò
A.3.25 ãéá ôï äéÜãñáììá

 0
∃!0

}}{
{
{
{

◦ 0

ÃÃB
BBB

BBB
B

ª

 0
0

// 

(âÜóåé ôïý ïðïßïõ ∃!0 ∈Hom(
0  0) : 0 ◦ 0 =  ◦  0). ¤
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B.1.11 Ðüñéóìá. ÄïèÝíôùí -ìïäßùí 0  0 êáé ïìïìïñöéóìþí

 ∈ Hom( 0)  ∈ Hom( 0)

 ∈ Hom() 0 ∈ Hom(
0  0)

ìå 0 ◦  =  ◦  õößóôáôáé ìïíïóçìÜíôùò ïñéóìÝíïò

 ∈ Hom(Ker()Ker())

ðïõ êáèéóôÜ ôï áêüëïõèï äéÜãñáììá ìåôáèåôéêü.

Ker()



²²
ª

 //___ Ker()



²²



// 

(Ïé    åßíáé ïé óõíÞèåéò åíèÝóåéò.)

Áðïäåéîç. Áñêåß íá åöáñìïóèåß ç ðñüôáóç B.1.10 óôï äéÜãñáììá

{0} // Ker()

ª

 //

∃! 
²²Â
Â
Â 

ª

 //



²²

 0

0

²²
{0} // Ker()


//  

//  0

ÓçìåéùôÝïí üôé () :=  () ãéá êÜèå  ∈ Ker() ¤

B.1.12 Ðñüôáóç. ÄïèÝíôùí-ìïäßùí 0 00  0  00 êáé áêñéâþí áêïëïõ-
èéþí

 0  0−→
−→ 00 −→ {0} êáé  0 0−→ 

−→  00

êáèþò êáé  ∈Hom() 0 ∈Hom(
0  0) ìå ◦ 0 = 0 ◦0 õößóôáôáé ìï-

íïóçìÜíôùò ïñéóìÝíïò 00 ∈Hom(
00  00) ðïõ êáèéóôÜ ôï áêüëïõèï äéÜãñáììá

ìåôáèåôéêü.

 0

ª

 0 //

0

²²



ª

 //



²²

 00

00

²²Â
Â
Â

// {0}

 0
0

//  
//  00
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Áðïäåéîç. ¸óôù  ∈ Ker() ÅðåéäÞ Ker() = Im( 0) õðÜñ·åé êÜðïéï óôïé·åßï

 ∈ 0ôÝôïéï þóôå íá éó·ýåé  =  0() ïðüôå

() = ( 0()) = ( ◦  0)() = (0 ◦ 0)() = 0(0())

⇒ ( ◦ )() = (()) = (0(0())) = ( ◦ 0| {z }
=0

◦0)() = 0 00 

áð' üðïõ Ýðåôáé üôé Ker() ⊆ Ker( ◦ ) ÅðåéäÞ (êáôÜ ôï B.1.3 (i)) ï  åßíáé åðé-

ìïñöéóìüò, áñêåß ç åöáñìïãÞ ôïý èåùñÞìáôïò A.3.24 ãéá ôï äéÜãñáììá



ª



²²

◦ //  00

 00

∃!00

==|
|
|
|
|
|
|
|
|

(âÜóåé ôïý ïðïßïõ ∃!00 ∈ Hom(
00  00) : 00 ◦  =  ◦ ). ¤

B.1.13 Ðüñéóìá. ¸óôù üôé ïé

{0} //  0  0 // 
 //  00 // {0}

{0} //  0 0 // 
 //  00 // {0}

åßíáé äõï âñá·åßåò áêñéâåßò áêïëïõèßåò êáé üôé

 ∈ Hom() 0 ∈ Hom(
0  0)

åßíáé ôÝôïéïé, þóôå íá éó·ýåé  ◦  0 = 0 ◦ 0 ÂÜóåé ôÞò ðñïôÜóåùò B.1.12 õðÜñ-
·åé Ýíáò ìïíïóçìÜíôùò ïñéóìÝíïò 00 ∈ Hom(

00  00) ï ïðïßïò êáèéóôÜ ôï äéÜ-
ãñáììá

{0} //  0

ª

 0 //

0

²²



ª

 //



²²

 00

00

²²Â
Â
Â

// {0}

{0} //  0
0

//  
//  00 // {0}

ìåôáèåôéêü. Åí ðñïêåéìÝíù,

Ker(00) = (−1(Ker())) Im(00) = Im( ◦ )
Åî áõôþí óõíÜãåôáé üôé

(i) ï 00 åßíáé ìïíïìïñöéóìüò åÜí êáé ìüíïí åÜí −1(Ker()) ⊆ Ker() êáé

(ii) ï 00 åßíáé åðéìïñöéóìüò åÜí êáé ìüíïí åÜí ï  ◦  åßíáé åðéìïñöéóìüò.
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Áðïäåéîç. Ðñïöáíþò,

−1(Ker()) = −1(−1({000})) = ( ◦ )−1({000}) = Ker(00 ◦ )
⇒ (−1(Ker())) = (Ker(00 ◦ )) =

A.3.11
Im() ∩ Ker(00) = 00 ∩Ker(00) = Ker(00)

êáé Im( ◦ ) = Im(00 ◦ ) = (00 ◦ )() = 00(()) = 00( 00) = Im(00)
(i) O 00 åßíáé ìïíïìïñöéóìüò åÜí êáé ìüíïí åÜí

Ker(00) = {000}⇔ (−1(Ker())) = {000}⇔ −1(Ker()) ⊆ Ker()

(ii) Ôïýôï åßíáé ðñïöáíÝò áðü ôçí éóüôçôá Im(00) = Im( ◦ ) ¤

B.1.14 Ðüñéóìá. ÄïèÝíôùí -ìïäßùí 0  0 êáé ïìïìïñöéóìþí

 ∈ Hom(
0)  ∈ Hom(

0 )

 ∈ Hom() 0 ∈ Hom(
0  0)

ìå  ◦  =  ◦ 0 õößóôáôáé ìïíïóçìÜíôùò ïñéóìÝíïò

 ∈ Hom(Coker()Coker())

ðïõ êáèéóôÜ ôï áêüëïõèï äéÜãñáììá ìåôáèåôéêü.



Im()
²²

ª

 // 

Im()
²²

Coker()


//___ Coker()

Áðïäåéîç. Áñêåß íá åöáñìïóèåß ç ðñüôáóç B.1.12 óôï äéÜãñáììá

 0

ª

 //

0

²²



ª

Im() //



²²

Coker()

∃!
²²Â
Â
Â

// {0}

 0


// 
Im()

// Coker() // {0}

ÓçìåéùôÝïí üôé (+ Im()) :=  () + Im() ãéá êÜèå ∈ ¤

B.1.15 Ïñéóìüò. ¸óôù ‘‘¤'' Ýíá ôåôñÜãùíï ìåôáèåôéêü äéÜãñáììá ïìïìïñöéóìþí

-ìïäßùí:





²²
¤

 // 



²²
 

// 
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Ïñßæïõìå ùò ëüãï åéêüíùí (image ratio) ôïý ¤ ôïí ðçëéêïìüäéï3

Im.rat.(¤) := (Im() ∩ Im()) Im( ◦ )

êáé ùò ëüãï ðõñÞíùí (kernel ratio) ôïý ¤ ôïí ðçëéêïìüäéï4

Ker.rat.(¤) := Ker( ◦ )(Ker() +Ker())

B.1.16 Óçìåßùóç. Ãéá äéáãñÜììáôá ‘‘¤0'' ôÞò ìïñöÞò



¤
0

 // 





OO


// 



OO

(ìå ôá êáôáêüñõöá âÝëç óôñáììÝíá ðñïò ôá Üíù ) ïñßæïõìå êáô' áíáëïãßáí

Im.rat.(¤0) := (Im() ∩ Im()) Im( ◦ )
êáé

Ker.rat.(¤0) := Ker( ◦ )(Ker() + Ker())

B.1.17 ËÞììá. («ËÞììá ôùí äýï ôåôñáãþíùí», J. Lambek [62], 1964) Ãéá ïéï-
äÞðïôå ìåôáèåôéêü äéÜãñáììá ïìïìïñöéóìþí-ìïäßùí áðïôåëïýìåíï áðü äýï ôå-
ôñÜãùíá ôÞò ìïñöÞò

 0

G F E D@ A B C1

 //



²²



G F E D@ A B C2

 //



²²

 00



²²
 0

 0
// 

0
//  00

êáé Ý·ïí áìöüôåñåò ôéò ãñáììÝò ôïõ áêñéâåßò, õößóôáôáé éóïìïñöéóìüò

Im.rat.( G F E D@ A B C1 ) ∼= Ker.rat.( G F E D@ A B C2 )

3ÅÜí  ∈ Im( ◦ ) ôüôå õðÜñ·åé  ∈  :  = (()) ïðüôå  ∈ Im() ÅîÜëëïõ, åðåéäÞ (åî õðïèÝóåùò)

 = (()) =  (())  Ý·ïõìå  ∈ Im() ÅðïìÝíùò,  ∈ Im() ∩ Im()
4ÅÜí  ∈ Ker()+ Ker() ôüôå  = 1 + 2 ãéá êÜðïéá 1 ∈ Ker() êáé 2 ∈ Ker() ÅðåéäÞ

(()) = ((1)| {z }
=0

+(2)) = ((2)) = ((2)) = (0) = 0

óõíÜãåôáé üôé  ∈ Ker( ◦ ) ¢ñá Ker()+ Ker() ⊆ Ker( ◦ )
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Áðïäåéîç. Ëüãù ôÞò áêñéâåßáò ôùí ãñáììþí Ý·ïõìå

Im() ∩ Im( 0) = Im() ∩ Ker(0)

= {() | ∈ ìå 0(()) = 0 00 }
= (Ker(0 ◦ )) (B.5)

êáé

Im( ◦ ) = (Im()) = (Ker()) = (Ker() +Ker()) (B.6)

KáôÜ óõíÝðåéáí,

Ker.rat.( ? > = <8 9 : ;2 ) := Ker(0 ◦ )(Ker() +Ker()) (åî ïñéóìïý)

∼= (Ker(0 ◦ )Ker())((Ker() +Ker())Ker()) (âë. èåþñçìá A.4.13)

∼=  (Ker(0 ◦ )) (Ker() +Ker()) (âë. èåþñçìá A.4.7)

= (Im() ∩ Im( 0)) Im( ◦ ) (áðü ôéò (B.5) êáé (B.6))

= Im.rat.( ? > = <8 9 : ;1 ) (åî ïñéóìïý)

êáé ï éó·õñéóìüò åßíáé áëçèÞò. ¤

B.1.18 ÐáñáôÞñçóç. Ôï ëÞììá B.1.17 (Im.rat.( G F E D@ A B C1 ) ∼= Ker.rat.( G F E D@ A B C2 )) åîáêï-

ëïõèåß íá éó·ýåé êáé ãéá äéáãñÜììáôá ôÞò ìïñöÞò

 0

G F E D@ A B C1

 // 

G F E D@ A B C2

 //  00

 0



OO

 0
// 



OO

0
//  00



OO

(ðïõ óôñÝöïõí ôá êáôáêüñõöá âÝëç ðñïò ôá Üíù ) õðü ôçí ðñïûðüèåóç ôïý ïñé-

óìïý ôùí ëüãùí åéêüíùí êáé ðõñÞíùí üðùò óôï åä. B.1.16.

B.1.19 Èåþñçìá. («ËÞììá ôïý öéäéïý») ÅÜí äïèïýí äõï ôñéÜäåò -ìïäßùí

 0 00 êáé  0  00

äõï áêñéâåßò áêïëïõèßåò

 0 0−→
−→ 00 −→ {0} êáé {0} −→  0 0−→ 

−→  00

êáé ôñåéò ïìïìïñöéóìïß

 ∈ Hom() 0 ∈ Hom(
0 0) 00 ∈ Hom(

00  00)
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êáé åÜí õðïôåèåß üôé ôï êÜôùèé äéÜãñáììá åßíáé ìåôáèåôéêü

üðïõ ïé ôñåéò óôÞëåò ôïõ åßíáé ïé áêñéâåßò áêïëïõèßåò (B.2) ïé åðáãüìåíåò áðü ôïõò
 0 00 êáé  0  0 ïé ìïíïóçìÜíôùò ïñéóìÝíïé ïìïìïñöéóìïß ðïõ áðïêôþíôáé
ìÝóù ôùí ðïñéóìÜôùí B.1.11 êáé B.1.14, ôüôå õðÜñ·åé ïìïìïñöéóìüò  ðïõ êáèé-
óôÜ ôçí áêïëïõèßá

Ker(0) 0−→ Ker()
−→ Ker(00) −→ Coker(0)

0−→ Coker()
−→ Coker(00)

áêñéâÞ (êáé õðïäçëïýôáé ìÝóù ôïý ïöéïåéäïýò âÝëïõò óôï äéÜãñáììá).

Áðïäåéîç. (i)Ç áíùôÝñù áêïëïõèßá åßíáé áêñéâÞò óôç èÝóç Ker(). ¸óôù ôõ·üí

óôïé·åßï  ∈ Im( ◦ 0) ÅðåéäÞ
∃ ∈ Ker(0) :  = ( ◦ 0)()

êáé 00() ∈ 00 = Im() õðÜñ·åé  ∈ ôÝôïéï þóôå íá éó·ýåé

() = 00() = (00 ◦ )(0()) = ( ◦ )(0())
= (( ◦ 0)()) = ((0 ◦ 0)()) = (( ◦ 0| {z }

=0

) ◦ )() = 000

⇒  ∈ Ker(00) = {000}⇒  = 000

(ëüãù ôÞò ìåôáèåôéêüôçôáò ôïý äéáãñÜììáôïò êáé ôÞò áêñéâåßáò ôÞò äåýôåñçò

ãñáììÞò ôïõ). ÅðïìÝíùò,

 ◦ 0 = 0 =⇒ Im(0) ⊆ Ker()
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Êáé áíôéóôñüöùò° åÜí  ∈ Ker() ôüôå

000 = 00 (000) = 00 (()) = (00 ◦ )() = ( ◦ )() = (())

⇒ () ∈ Ker() = Im(0)⇒ [∃ ∈ 0 : () = 0()]

⇒ (0 ◦ 0)() = ( ◦ 0)() = (0()) = (()) = ( ◦ | {z }
=0

)() = 0

⇒ 0() ∈ Ker(0) = {00}⇒ 0() = 00 ⇒  ∈ Ker(0) = Im(0)

⇒ [∃0 ∈ Ker(0) :  = 0(
0)]⇒ () = 0() = (0 ◦ 0)(0) = ( ◦ 0)(0)

⇒ − 0(0) ∈ Ker() = {0}⇒  = 0(0) ∈ Im(0)

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò Ker() ⊆ Im(0)
(ii) Ç áíùôÝñù áêïëïõèßá åßíáé áêñéâÞò óôç èÝóç Coker()¸óôù ôõ·üí óôïé·åßï

 ∈ Coker(0) ÅðåéäÞ ç áðåéêüíéóç 
0

Im(0) åßíáé åðéññéðôéêÞ,

∃ ∈  0 : 
0

Im(0)() =  + Im(0) = 

ïðüôå

( ◦ 0)() = ( ◦ (0 ◦ 0
Im(0)))() = ( ◦ (Im() ◦ 0))()

= (( ◦ Im()) ◦ 0)() = ((
00

Im(00) ◦ ) ◦ 0)()
= (

00
Im(00) ◦ ( ◦ 0| {z }

=0

))() = 0Coker(00) ⇒  ◦ 0 = 0⇒ Im(0) ⊆ Ker()

Êáé áíôéóôñüöùò° åÜí  ∈ Ker() ôüôå (åðåéäÞ ç Im() åßíáé åðéññéðôéêÞ) Ý·ïõìå

 = Im()() ãéá êÜðïéï óôïé·åßï  ∈  ïðüôå

0Coker() = () = ( ◦ Im())() = (
00

Im(00) ◦ )()⇒ () ∈ Ker(
00

Im(00)) = Im(
00)

⇒ [∃ ∈ 00 : 00() = ()] =⇒
Im()=00 [∃ ∈ :  = ()]

⇒ [∃ ∈ : 00() = 00(()) = (())]⇒ () = (())

⇒  − () ∈ Ker() = Im(0)⇒ [∃ ∈  0 :  − () = 0()]

⇒ Im()()− (Im() ◦ | {z }
=0

)() = (Im() ◦ 0)() = (0 ◦ 
0

Im(0))()

⇒  = Im()() = 0(
0

Im(0)()) ∈ Im(0)⇒ Ker() ⊆ Im(0)

(iii) Ãéá íá åßíáé ç áíùôÝñù áêïëïõèßá áêñéâÞò êáé óôéò èÝóåéò Ker(00) êáé
Coker(0) áñêåß íá õößóôáôáé éóïìïñöéóìüò

Coker()
∼=−→


Ker(0) (B.7)



§ B.1 áêñéâåéò áêïëïõèéåò 301

ÐñÜãìáôé° åí ôïéáýôç ðåñéðôþóåé, èÝôïíôáò  :=  ◦  ◦Ker(00)
Im() (üðïõ  ç óõíÞèçò

Ýíèåóç) óõìðåñáßíïõìå ìÝóù ôïý äéáãñÜììáôïò

Ker()
 // Ker(00)

ª
Ker(00)
Im()

²²

 //___ Coker(0)
0

// Coker()

Ker(00)Im() Coker()


∼= // Ker(0)
?Â


OO

üôé

Ker() =
n
 ∈ Ker(00)

¯̄̄
((

Ker(00)
Im() ())) = (

Ker(00)
Im() ()) = 0Coker(0)

o
=

n
 ∈ Ker(00)

¯̄̄

Ker(00)
Im()

() ∈ Ker() = {0Coker()}
o

=
©
 ∈ Ker(00) |+ Im() = Im()

ª
=
©
 ∈ Ker(00) | ∈ Im()

ª
= Im()

êáé

Im() = ((
Ker(00)
Im() (Ker(00)))) = ((Coker())) = (Ker(0)) = Ker(0)

(iv) Áðüäåéîç õðÜñîåùò åíüò éóïìïñöéóìïý (B.7). Ðñïò ôïýôï èåùñïýìå ôï áêü-

ëïõèï ìåôáèåôéêü äéÜãñáììá ôï ïðïßï Ý·åé ôçí 2ç, 3ç, 4ç êáé 5ç ãñáììÞ ôïõ, êáèþò

êáé üëåò ôéò óôÞëåò ôïõ áêñéâåßò.

ÅðåéäÞ (åê êáôáóêåõÞò) Coker() = Im.rat.( G F E D@ A B C1 ) åöáñìüæïíôáò äéáäï·éêþò ôï

ëÞììá B.1.17 ôùí äýï ôåôñáãþíùí (êáé óôéò äýï ôïõ åêäï·Ýò, âë. B.1.18) ëáìâÜ-
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íïõìå

Im.rat.( ? > = <8 9 : ;1 ) ∼= Ker.rat.( ? > = <8 9 : ;2 ) ∼= Im.rat.( ? > = <8 9 : ;3 )

∼= Ker.rat.( ? > = <8 9 : ;4 ) ∼= Im.rat.( ? > = <8 9 : ;5 ) ∼= Ker.rat.( ? > = <8 9 : ;6 )

∼= Im.rat.( ? > = <8 9 : ;7 ) ∼= Ker.rat.( ? > = <8 9 : ;8 )

üðïõ (åê íÝïõ, åê êáôáóêåõÞò) Ker.rat.( G F E D@ A B C8 ) = Ker(0) ¤

B.1.20 ÐáñáôÞñçóç. (i) ¸óôù ôõ·üí óôïé·åßï  ∈ Ker(00) ÅðåéäÞ ï  åßíáé

åðéìïñöéóìüò, õðÜñ·åé êÜðïéï óôïé·åßï  ∈  ìå  () = 00() =  êáé5

 () ∈ Im(0) ÅðåéäÞ ï 0 åßíáé ìïíïìïñöéóìüò, ç ßíá 0−1({ ()}) áõôïý õðå-

ñÜíù ôïý  () åßíáé Ýíá ìïíïóýíïëï, áò ðïýìå ôï {} Åßíáé åýêïëï íá åëåã·èåß

(åßôå âÜóåé ôùí ðñïáíáöåñèÝíôùí äéáäï·éêþí éóïìïñöéóìþí åßôå áðåõèåßáò) üôé

ùò Ker(00) −→ Coker(0) ìðïñåß íá ·ñçóéìïðïéçèåß ï ïìïìïñöéóìüò ï ïñéæüìå-

íïò ìÝóù ôïý ôýðïõ6

 () := 
0

Im(0)() =  + Im(0) (B.8)

(ii) ÅÜí ï 0 åßíáé ìïíïìïñöéóìüò, ôüôå êáé ï 0 åßíáé ìïíïìïñöéóìüò. (Êáé áíôé-

óôïß·ùò, åÜí ï 0 åßíáé åðéìïñöéóìüò, ôüôå êáé ï 0åßíáé åðéìïñöéóìüò.) Ôïýôï

(åðåéäÞ ï 0 åßíáé åî õðïèÝóåùò ìïíïìïñöéóìüò) Ýðåôáé ýóôåñá áðü åöáñìïãÞ

ôïý ëÞììáôïò B.1.6 ôùí ôåóóÜñùí óôï äéÜãñáììá

{0} //

ª

Ker(0) Â
Ä //

ª0

²²

 0 0 //

ª0

²²

 0

0

²²
{0} // Ker() Â

Ä // 


// 

(iii) ÅÜí ï  åßíáé åðéìïñöéóìüò, ôüôå êáé ï  åßíáé åðéìïñöéóìüò. (Êáé áíôéóôïß-

·ùò, åÜí ï  åßíáé ìïíïìïñöéóìüò, ôüôå êáé ï  åßíáé ìïíïìïñöéóìüò.) Ôïýôï

5Ðñïöáíþò, ( ()) = 00(()) = 00() = 000  ïðüôå  () ∈ Ker() = Im(0)
6O åí ëüãù ïñéóìüò ôïý  åßíáé áíåîÜñôçôïò ôÞò åðéëïãÞò ôïý  ÐñÜãìáôé° åÜí 1 2 ∈ −1({}) ôüôå ãéá

 = 1 2 Ý·ïõìå  () ∈ Im(0) ïðüôå õðÜñ·åé ìïíáäéêü  ∈  0 ìå 0() =  () (Þ, éóïäõíÜìùò, ìå ôï
ìïíïóýíïëï {} ùò ôçí ßíá ôïý 0 õðåñÜíù ôïý  ()). ÅðåéäÞ 1−2 ∈Ker() = Im

¡
0
¢
 õðÜñ·åé  ∈ 0

ìå 0() = 1 − 2 áð' üðïõ Ýðåôáé üôé

0(1 − 2) = (1 − 2) = (0()) = 0(0()) =⇒
Ker(0)={00 }

1 − 2 = 0()

Þôïé 1 − 2 ∈ Im(0) Þ, éóïäõíÜìùò, 1 + Im(0) = 2 + Im(0)
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(åðåéäÞ ï  åßíáé åî õðïèÝóåùò åðéìïñöéóìüò) Ýðåôáé ýóôåñá áðü åöáñìïãÞ ôïý

ëÞììáôïò B.1.6 ôùí ôåóóÜñùí óôï äéÜãñáììá


 //

ª

²²

 // //

ª

²²

Coker() //

ª

²²

{0}

 00
00

//  00 // // Coker(00) // {0}

(iv) ÅÜí ï 0 åßíáé åðéìïñöéóìüò, ôüôå ðñïêýðôåé ç áêñéâÞò áêïëïõèßá

Ker(0) 0−→ Ker()
³ Ker(00) −→ {0} 

(v) ÅÜí ï 00 åßíáé ìïíïìïñöéóìüò, ôüôå ðñïêýðôåé ç áêñéâÞò áêïëïõèßá

{0} −→ Coker(0)
0

→ Coker()
−→ Coker(00)

I Áëëçëïåìðëåêüìåíåò áêñéâåßò áêïëïõèßåò. ÕðÜñ·åé ðëçèþñá ìåãÜëùí êáé

ðåñßðëïêùí äéáãñáììÜôùí (ðÝñáí áõôïý ôïý ëÞììáôïò ôïý öéäéïý) ðïõ ïäçãïýí

óôç äçìéïõñãßá ëßáí ·ñÞóéìùí áêñéâþí áêïëïõèéþí. Èá ðåñéïñéóèïýìå åäþ óôçí

ðáñÜèåóç ôïý ëÞììáôïò B.1.24 ôùí Barratt êáéWhitehead, ôïý èåùñÞìáôïò B.1.25

êáé ôïý èåùñÞìáôïò B.1.26 ôïý Wall, ç óðïõäáéüôçôá ôÞò åöáñìïãÞò ôùí ïðïßùí

(óôçí ÁëãåâñéêÞ Ôïðïëïãßá) áíáöáßíåôáé óôï êåöÜëáéï 3

B.1.21 ËÞììá. ÅÜí äïèåß Ýíá äéÜãñáììá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí

 0
1

ª

 0
2

©

2

>>}}}}}}}}

1

``AAAAAAAA

1

1

OO

1

>>}}}}}}}}
2

2

``AAAAAAAA

2

OO

ìå 1 ◦ 1 = 1 êáé 2 ◦ 2 = 2 üðïõ

{0} −→1
1−→ 

2−→ 0
2 −→ {0}  {0} −→2

2−→ 
1−→ 0

1 −→ {0}

åßíáé âñá·åßåò áêñéâåßò áêïëïõèßåò êáé ï ïìïìïñöéóìüò

 :1 ⊕2 −→  (1 2) 7−→ (1 2) := (1 ⊕ 2)(1 2) = 1(1) + 2(2)

éóïìïñöéóìüò, ôüôå áìöüôåñïé ïé 1 2 ïöåßëïõí íá åßíáé éóïìïñöéóìïß.
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Áðïäåéîç. ¸óôù ôõ·üí óôïé·åßï  ∈  0
1 ÅðåéäÞ ï 1 åßíáé åðéìïñöéóìüò, õðÜñ-

·åé êÜðïéï  ∈  ôÝôïéï þóôå íá éó·ýåé 1() =  Åðßóçò, åðåéäÞ ï  åßíáé åðé-
ìïñöéóìüò, õðÜñ·åé êÜðïéï æåýãïò (1 2) ∈ 1 ⊕ 2 ôÝôïéï þóôå íá éó·ýåé
 = (1 2) ÅðïìÝíùò,

 = 1() = 1(1(1) + 2(2)) = (1 ◦ 1) (1) + (1 ◦ 2) (2) = 1(1)

Ðáñïìïßùò (êáôüðéí åíáëëáãÞò ôùí ñüëùí ôùí 1 êáé 2) áðïäåéêíýåôáé üôé êáé ï
2 åßíáé åðéìïñöéóìüò. Åí óõíå·åßá, èåùñïýìå ôõ·üí óôïé·åßï  ∈ Ker(1) Ðñï-
öáíþò,

1(1()) = 01 ⇒ 1() ∈ Ker(1) = Im(2)⇒ [∃0 ∈2 : 1() = 2(
0)]

⇒ 0 = 1(−) + 2(
0) = ( 0) =⇒

Ker()={(01
02

)}
( 0) = (01  02)

¢ñá ï 1 åßíáé ìïíïìïñöéóìüò. Ç áðüäåéîç ôÞò åíñéðôéêüôçôáò ôïý 2 åßíáé ðá-

ñüìïéá. ¤

B.1.22 ËÞììá. ÅÜí äïèåß Ýíá äéÜãñáììá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí
ìå 1 ◦ 1 = 1 êáé 2 ◦ 2 = 2

 0
1

ª

 0
2

©

2

>>}}}}}}}}

1

``AAAAAAAA

1

1 ∼=

OO

1

>>}}}}}}}}
2

2

``AAAAAAAA

2∼=

OO

óôï ïðïßï ïé 1
1−→ 

2−→  0
2 2

2−→ 
1−→  0

1 åßíáé áêñéâåßò êáé ïé 1 2
éóïìïñöéóìïß, ôüôå ïé ïìïìïñöéóìïß

 :1 ⊕2 −→  (1 2) 7−→ (1 2) := (1 ⊕ 2)(1 2) = 1(1) + 2(2)

êáé

 :  −→ 0
1 × 0

2  7−→ () := (1() 2())

åßíáé éóïìïñöéóìïß Ý·ïíôåò ùò óýíèåóÞ ôïõò ôçí  ◦  = 1 × 2 ÅðéðñïóèÝôùò,

1 ◦ −11 ◦ 1 + 2 ◦ −12 ◦ 2 = id (B.9)

Áðïäåéîç. ÅðåéäÞ ç óýíèåóç 1 ◦ 1 = 1 åßíáé Ýíáò éóïìïñöéóìüò, áðü ôçí

ðñüôáóç A.3.11 Ýðåôáé üôé  = Im (1)⊕ Ker(1) ÅðïìÝíùò,

Ker(1) ∩Ker(2) = Ker(1) ∩ Im (1) = {0} (B.10)
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(i) O  åßíáé ìïíïìïñöéóìüò. ÅÜí (1 2) ∈ Ker() ôüôå⎧⎪⎨⎪⎩
1(1) = 1(1(1)) = 1(1(1) + 2(2)) = 1((1 2)) = 1(0) = 00

1

2(2) = 2(2(2)) = 2(1(1) + 2(2)) = 2((1 2)) = 2(0) = 00
2

⎫⎪⎬⎪⎭
êáé åðåéäÞ ïé 1 2 åßíáé éóïìïñöéóìïß, (1 2) = (01  02)

(ii) O  åßíáé åðéìïñöéóìüò. ¸óôù ôõ·üí óôïé·åßï  ∈  ÈÝôïíôáò

1 := −11 (1()) 2 := −12 (2())  := (1 2)−  = 1(1) + 2(2)− 

ðáñáôçñïýìå üôé (1 2) ∈1 ⊕2 êáé üôé⎧⎪⎨⎪⎩
1() = 1(1(1) + 2(2)− ) = (1 ◦ 1)()− 1() = 1()− 1() = 00

1

2() = 2(1(1) + 2(2)− ) = (2 ◦ 2)()− 2() = 2()− 2() = 00
2

⎫⎪⎬⎪⎭ 

ïðüôå  ∈ Ker(1)∩ Ker(2) =
(B.10)

{0}⇒ (1 2) = 

(iii) O  åßíáé ìïíïìïñöéóìüò. ÅÜí  ∈ Ker() ôüôå

(0 0
1
 0 0

2
) = () = (1() 2())⇒  ∈ Ker(1) ∩Ker(2) =

(B.10)
{0}

(iv) O  åßíáé åðéìïñöéóìüò. Èåùñïýìå ôõ·üí (1 2) ∈ 0
1 × 0

2 ÈÝôïíôáò

 := 1(
−1
1 (1)) + 2(

−1
2 (2))

ëáìâÜíïõìå⎧⎨⎩
1() = 1(1(

−1
1 (1)) + 2(

−1
2 (2))) = (1 ◦ 1)(−11 (1)) = 1

2() = 2(1(
−1
1 (1)) + 2(

−1
2 (2))) = (2 ◦ 2)(−12 (2)) = 2

⎫⎬⎭ 

ïðüôå () = (1 2)

(v)  ◦  = 1 × 2Ðñïöáíþò,

((1 2)) = (1(1(1) + 2(2)) 2(1(1) + 2(2)))

= ((1 ◦ 1) (1) (2 ◦ 2) (2)) = (1(1) 2(2)) = (1 × 2) (1 2)

ãéá êÜèå (1 2) ∈1 ⊕2

(vi) Ãéá êÜèå  ∈  Ý·ïõìå

1((id − 1 ◦ −11 ◦ 1 − 2 ◦ −12 ◦ 2)())
= 1()− (1 ◦ 1| {z }

=1

◦−11 ◦ 1)()− (1 ◦ 2| {z }
=0

◦−12 ◦ 2)() = 1()− 1() = 00
1

êáé êáô' áíáëïãßáí 2((id − 1 ◦ −11 ◦ 1 − 2 ◦ −12 ◦ 2)()) = 0 0
2
 ¢ñá

(id − 1 ◦ −11 ◦ 1 − 2 ◦ −12 ◦ 2)() ∈ Ker(1) ∩ Ker(2) =
(B.10)

{0}

êáé ç (B.9) åßíáé áëçèÞò. ¤
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B.1.23 ËÞììá. («Ëçììá ôïý åîáãþíïõ», [31], I.15.1, óåë.38) ÅÜí äïèåß Ýíá «å-
îáãùíéêü» äéÜãñáììá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí

 0
0

0

²²

1

wwppp
ppp
ppp
ppp
p

2

''NN
NNN

NNN
NNN

NN

 0
1  0

2



2

77ooooooooooooo
1

ggOOOOOOOOOOOOO

0

²²

1

1 ∼=

OO

1

77ooooooooooooo

1
''OO

OOO
OOO

OOO
OO 2

2∼=

OO

2

ggOOOOOOOOOOOOO

2
wwooo
ooo
ooo
ooo
o

0

óôï ïðïßï êÜèå ôñßãùíï åßíáé ìåôáèåôéêü 7, ïé

1
1−→ 

2−→ 0
2 2

2−→ 
1−→ 0

1

åßíáé áêñéâåßò êáé ïé 1 2 éóïìïñöéóìïß, ôüôå éó·ýïõí ôá åîÞò :

(i) Ker(1)∩ Ker(2) = {0}
(ii)  = Im(1)⊕ Im (2)  êáé
(iii) 1 ◦ −11 ◦ 1 + 2 ◦ −12 ◦ 2 = 0 ◦ 0 ÉäéáéôÝñùò, éó·ýåé ç óõíåðáãùãÞ

0 ◦ 0 = 0⇒ 1 ◦ −11 ◦ 1 = −2 ◦ −12 ◦ 2
Áðïäåéîç. Ôï (i) åßíáé ðñïöáíÝò (âÜóåé ôùí ðñïáíáöåñèÝíôùí óôçí áñ·Þ ôÞò
áðïäåßîåùò ôïý ëÞììáôïò B.1.22), åíþ ôï (ii) Ýðåôáé áðü ôçí (B.10) êáèþò Ý·ïõìå
(åî õðïèÝóåùò)Ker(1) = Im(2) Ãéá ôçí áðüäåéîç ôïý (iii) åöáñìüæïõìå ôçí (B.9)
óôï óôïé·åßï 0() ãéá êÜèå  ∈ 0

0 êáé ëáìâÜíïõìå

0() = (1 ◦ −11 ◦ 1 + 2 ◦ −12 ◦ 2)(0())
= (1 ◦ −11 ◦ 1 ◦ 0| {z }

=1

+2 ◦ −12 ◦ 2 ◦ 0| {z }
=2

)()

⇒ (0 ◦ 0) () = 0(0()) = 0((1 ◦ −11 ◦ 1 + 2 ◦ −12 ◦ 2)())
= (0 ◦ 1| {z }

=1

◦−11 ◦ 1 + 0 ◦ 2| {z }
=2

◦−12 ◦ 2)() = (1 ◦ −11 ◦ 1 + 2 ◦ −12 ◦ 2)()

ïðüôå ï éó·õñéóìüò åßíáé üíôùò áëçèÞò. ¤
7Ðñïóï·Þ! Ôï åí ëüãù äéÜãñáììá íáé ìåí Ý·åé üëá ôá ôñßãùíÜ ôïõ ìåôáèåôéêÜ, áëëÜ äåí åßíáé êáè' ïëïêëçñßáí
ìåôáèåôéêü (üðùò äåß·íåé ç ó·Ýóç óôï (iii)).
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B.1.24 ËÞììá. (M.G. Barratt êáé J.H.C. Whitehead [9], 1956) Ãéá ïéïäÞðïôå
(êëéìáêùôü) ìåôáèåôéêü äéÜãñáììá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí (áðåß-
ñùò åêôåéíüìåíï ðñïò ôá äåîéÜ êáé ðñïò ôá áñéóôåñÜ) ôÞò ìïñöÞò

· · · +1 // 

 //

ª

²²



 //

ª

²²



 //

ª ∼=
²²

−1
−1 //

ª−1
²²

−1

−1
²²

−1 // · · ·

· · ·
0+1

// 0


0
// 0


0

// 0


0
// 0

−1
0−1

// 0
−1

0−1
// · · ·

ìå áìöüôåñåò ôéò ãñáììÝò ôïõ áêñéâåßò êáé ôïí  éóïìïñöéóìü∀ ∈ Z õößóôáôáé
ìéá áêñéâÞò áêïëïõèßá

· · · 4+1 // 

 // 0 ⊕

 // 0


4 // −1
−1 // · · ·

üðïõ4 :=  ◦ −1 ◦ 0 êáé
 3  7−→ () := (() ()) ∈ 0

 ⊕

0
 ⊕ 3 ( ) 7−→ ( ) := (

0
 ⊕ (−))( ) =  0()− () ∈ 0



Áðïäåéîç. Óå Ýîé âÞìáôá, ìÝóù êõíçãçôïý óôï äéÜãñáììá.

(i)  ◦4+1 = 0 ÅðåéäÞ  ◦4+1 =  ◦ +1| {z }
=0

◦−1+1 ◦ 0+1 = 0 êáé

 ◦4+1 =  ◦ +1| {z }
=0+1◦+1

◦−1+1 ◦ 0+1

= 0+1 ◦ 0+1 = 0
óõìðåñáßíïõìå üôé  ◦4+1 = 0

(ii) Ker() ⊆ Im(4+1) ÅÜí  ∈ Ker() ôüôå  ∈ Ker()∩ Ker() Êáé
åðåéäÞ (åî õðïèÝóåùò) Ker() = Im(+1) õðÜñ·åé êÜðïéï  ∈ +1 ôÝôïéï
þóôå íá éó·ýåé  = +1() ÅðéðñïóèÝôùò, åðåéäÞ Im(

−1
+1) = +1 õðÜñ·åé

0 ∈  0+1 ôÝôïéï þóôå íá éó·ýåé  = −1+1(
0) Ùò åê ôïýôïõ,

00 = () = (  ◦ +1| {z }
=0+1◦+1

◦−1+1)(0) = 0+1(
0)

⇒ 0 ∈ Ker(+1) = Im(
0
+1)

⇒ [∃ ∈ 0
+1 : 

0 = 0+1()]

⇒  = +1() = (+1 ◦ −1+1 ◦ 0+1)() =4+1() ∈ Im(4+1)

(iii)  ◦  = 0 Ãéá êÜèå  ∈  Ý·ïõìå (()) = (() ()) ïðüôå

(()) =  0(())− (())

= ( 0 ◦  −  ◦ | {z }
=0

)() = 0 
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(iv) Ker() ⊆ Im()¸óôù ôõ·üí óôïé·åßï ( ) ∈ Ker() Ðñïöáíþò,

 0() = ()

⇒ 00

= 0( 0()) = 0(()) = (())

⇒ () ∈ Ker() = {0}⇒ () = 0

⇒  ∈ Ker() = Im()

⇒ [∃ ∈  :  = ()]

⇒  0() = (()) =  0(())

⇒ − () ∈ Ker( 0) = Im(0+1)

⇒ [∃ ∈ 0+1 : − () = 0+1()]

ÅðåéäÞ Im(+1) =  0+1

[∃ ∈ +1 :  = +1()]⇒ 0+1() = 0+1(+1()) = (+1())

ïðüôå

 = ( + +1())

 ◦ +1 = 0⇒  = () = ( + +1())

)
⇒ ( ) ∈ Im()

(v)4 ◦  = 0 Ãéá êÜèå ( ) ∈ 0 ⊕ Ý·ïõìå

4(( )) = 4(
0
()− ()) = 4(

0
())−4(())

= ( ◦ −1 ◦ 0 ◦  0| {z }
=0

)()− ( ◦ −1 ◦ 0 ◦ | {z }
=◦

)()

=  ◦ | {z }
=0

() = 0−1

(vi) Ker(4) ⊆ Im() ÅÜí  ∈ Ker(4) ôüôå

(
−1
 (0())) = 0−1

⇒ −1 (0()) ∈ Ker() = Im()

⇒ [∃ ∈  : 
−1
 (0()) = ()]

⇒ 0() = ( ◦ )() = (0 ◦ )()
⇒ − () ∈ Ker(0) = Im( 0)⇒ [∃ ∈ 0 : − () =  0()]

ïðüôå  = () +  0() =  0()− (−) = (−) ∈ Im() ¤
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B.1.25 Èåþñçìá. ÄïèÝíôïò åíüò äéáãñÜììáôïò -ìïäßùí êáé ïìïìïñöéóìþí -
ìïäßùí (áðåßñùò åêôåéíïìÝíïõ ðñïò ôá Üíù êáé ðñïò ôá êÜôù) ôÞò ìïñöÞò

ìå ôïõò  0 éóïìïñöéóìïýò, üëá ôá ôñßãùíÜ ôïõ ìåôáèåôéêÜ,  ◦  =  ◦ 
 ◦ 0 = 0 ◦ 0 êáé ìå ôçí áêïëïõèßá ôçí åõñéóêïìÝíç óôçí êáôáêüñõöç (êå-
íôñéêÞ) ãñáììÞ ôïõ, ôéò áêïëïõèßåò

· · · +1 // 
 // 

 // 
 // −1

−1 // −1
−1 // · · ·

· · · 0+1 // 

0 //  0


0 //  0
0 // −1

0−1 //  0
−1

0−1 // · · ·

ôéò åõñéóêüìåíåò óôï ðëåõñéêü ôïõ ðåñßãñáììá, êáèþò êáé ôéò áêïëïõèßåò (ôñéþí
üñùí) ⎧⎨⎩ 

−→ 
0−→ 0



 0


0−→ 
−→ 

⎫⎬⎭ 

⎧⎨⎩ 
−→ 

0−→ 0


 0


0−→ 
−→ 

⎫⎬⎭
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áêñéâåßò, õößóôáôáé ìéá áêñéâÞò áêïëïõèßá

· · · 4+1 // 

 //  0
 ⊕ 

 // 

4 // −1
−1 // · · ·  (B.11)

üðïõ(
 3  7−→ () := (

0
() ()) ∈  0

 ⊕ 

 0
 ⊕  3 ( ) 7−→ ( ) := (

0
 ⊕ (−))( ) = 0()− () ∈ 

)

êáé4 :=  ◦ −1 ◦  êáèþò êáé ìéá áêñéâÞò áêïëïõèßá

· · · 4
0
+1 // 

0 //  ⊕  0


0 // 

40
 // −1

0−1 // · · ·  (B.12)

üðïõ(
 3  7−→ 0() := (() 

0
()) ∈  ⊕  0



 ⊕  0
 3 ( ) 7−→ 0( ) := ( ⊕ (−0))( ) = ()− 0() ∈ 

)

êáé40
 := 0 ◦ 0−1 ◦ 0 = −4∀ ∈ Z

Áðïäåéîç. Êáô' áñ·Üò ðáñáôçñïýìå üôé ãéá êÜèå  ∈ Z éó·ýåé

 ◦  =  ◦  ⇒  ◦  =  ◦  ◦  =  ◦  ◦  =  ◦ 
êáé (êáô' áíáëïãßáí) 0 ◦ 0 = 0 ◦ 0 Ôï êëéìáêùôü äéÜãñáììá

· · · // 
 //

ª0
²²


 //

ª

²²


 //

ª ∼=
²²

−1
−1 //

ª0−1
²²

−1

−1
²²

−1 // · · ·

· · · //  0


0
// 



// 
0−1◦◦−1

//  0
−1

0−1
// −1

−1
// · · ·

åßíáé (åê êáôáóêåõÞò) ìåôáèåôéêü ìå ôçí Üíù ãñáììÞ ôïõ áêñéâÞ. Èá áðïäåßîïõìå

üôé ç êÜôù ôïõ ãñáììÞ åßíáé ùóáýôùò áêñéâÞ.

(i)Áêñßâåéá óôç èÝóç Ðñïöáíþò, ◦0 = ◦0◦0 = 0 (áöïý åî õðïèÝóåùò
 ◦ 0 = 0). Åðßóçò, ãéá ïéïäÞðïôå  ∈ Ker() Ý·ïõìå

0 = () = (())⇒ () ∈ Ker() = Im(0)

⇒ [∃ ∈  0
 : () = 0()]⇒ 0−1 = (()) = (

0
()) = 0()

⇒  ∈ Ker(0) = Im(0)⇒ [∃ ∈  0
 :  = 0() = (0−1 ◦ 0 ◦ 0)()]

⇒ () = 0() = (0 ◦ 0−1 ◦ 0 ◦ 0)() = ((0 ◦ 0−1 ◦ 0) ◦  ◦ 0)()

Áðü ôï ëÞììá B.1.22 ãíùñßæïõìå üôé 0 ◦0−1 ◦ 0 = id −  ◦−1 ◦  Óõíåðþò,
(0 ◦ 0−1 ◦ 0) ◦  ◦ 0 = (id −  ◦ −1 ◦ ) ◦  ◦ 0

=  ◦ 0 −  ◦ −1 ◦  ◦ | {z }
=

◦0 =  ◦ 0 −  ◦ −1 ◦  ◦ 0| {z }
=0

=  ◦ 0
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êáé, êáô' åðÝêôáóç, () = (
0
())⇒ − 0() ∈ Ker() = Im() ïðüôå

[∃ ∈  : − 0() = () = 0(
0
())]⇒  = 0( + 0()) ∈ Im(0)

áð' üðïõ óõìðåñáßíïõìå üôé Ker() ⊆ Im(0)
(ii) Áêñßâåéá óôç èÝóç  ÅðåéäÞ  =  ◦  êáé  =  ◦  Ý·ïõìå

(0−1 ◦  ◦ −1 ) ◦  = 0−1 ◦  ◦ ( ◦ −1 ◦ ) ◦ 
Áðü ôï ëÞììá B.1.22 ãíùñßæïõìå üôé  ◦−1 ◦ = id− 0 ◦0−1 ◦0Ëüãù ôÞò
áêñéâåßáò ôÞò êáôáêüñõöçò ãñáììÞò êáé ôïý äåîéïý ðåñéãñÜììáôïò ëáìâÜíïõìå

(0−1 ◦  ◦ −1 ) ◦  = 0−1 ◦  ◦ | {z }
=0

−0−1 ◦  ◦ 0| {z }
=0

◦0−1 ◦ 0

= −0−1 ◦ 0| {z }
=0

◦0−1 ◦ 0 = 0

Åðßóçò, åÜí  ∈ Ker(0−1 ◦  ◦ −1 ) ôüôå 0 0
−1 = 0−1((

−1
 ())) ïðüôå

(
−1
 ()) ∈ Ker(0−1) = Im(0)⇒ [∃ ∈ 0

 : (
−1
 ()) = 0()]

⇒ ((
−1
 ())) = (

−1
 ()) = 0() = (

0
())

⇒ 0()− (
−1
 ()) ∈ Ker() = Im()

⇒ [∃ ∈  : 
0
()− (

−1
 ()) = ()]

 = ( ◦ 0| {z }
=0

)()− ( ◦ | {z }
=

◦−1 )() = (
0
()− (

−1
 ())) = (()) = ()

⇒  ∈ Im()⇒ Ker(0−1 ◦  ◦ −1 ) ⊆ Im()

(iii) Áêñßâåéá óôç èÝóç  0
−1 Ðñïöáíþò,

0−1 ◦ 0−1 ◦  ◦ −1 = −1 ◦  ◦ −1 = −1 ◦ | {z }
=0

◦ ◦ −1 = 0

Åðßóçò, åÜí  ∈ Ker(0−1) ôüôå 
0
−1(

0
−1()) = 0−1(0−1) = 00

−1  ïðüôå

0−1(
0
−1()) = 00

−1 ⇒ 0−1() ∈ Ker(0−1) = {00
−1}

êáé, ùò åê ôïýôïõ,  ∈ Ker(0−1) = Im(0−1) ⇒ [∃ ∈ −1 :  = 0−1()]
ÅðïìÝíùò,

0−1 = 0−1() = 0−1(
0
−1()) = −1()⇒  ∈ Ker(−1) = Im()⇒ [∃ ∈  :  = ()]

Áðü ôï ëÞììá B.1.22 ãíùñßæïõìå üôé id =  ◦−1 ◦ + 0 ◦0−1 ◦ 0 Óõíåðþò,
 = (id ()) = (( ◦ −1 ◦  + 0 ◦ 0−1 ◦ 0)())
= ( ◦ | {z }

=

◦−1 ◦ )() + ( ◦ 0| {z }
=0

◦0−1 ◦ 0)()

⇒  = 0−1() = (0−1 ◦  ◦ −1 )(()) + (
0
−1 ◦ 0| {z }

=0

◦0−1 )(0())

⇒  = (0−1 ◦  ◦ −1 )(()) ∈ Im(0−1 ◦  ◦ −1 )
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áð' üðïõ óõìðåñáßíïõìå üôé Ker(0−1) ⊆ Im(0−1 ◦  ◦ −1 ) Ëüãù ôùí (i), (ii)
êáé (iii) åßíáé äõíáôüí íá åöáñìüóïõìå ôï ëÞììáB.1.24 ôùíBarratt êáéWhitehead.
ÌÝóù áõôïý êáôáóêåõÜæïõìå ôçí áêñéâÞ áêïëïõèßá (B.11). Åí óõíå·åßá, åêôå-
ëþíôáò ôÞ «óõììåôñéêÞ» äéáäéêáóßá ôÞò ðñïçãçèåßóáò (ìå ðñüäçëåò åíáëëáãÝò
ñüëùí óå æåýãç ãñáììÜôùí ðïõ äçëïýí -ìïäßïõò êáé ïìïìïñöéóìïýò -ìïäßùí
êáé åìöáíßæïíôáé êáé ìå êáé ·ùñßò ôüíïõò) ãéá ôï êëéìáêùôü äéÜãñáììá

åëÝã·ïõìå ôçí áêñßâåéá ôÞò êÜôù ôïõ ãñáììÞò êáé êáôáëÞãïõìå óôçí êáôáóêåõÞ

ôÞò áêñéâïýò áêïëïõèßáò (B.12). ÔÝëïò, ëáìâÜíïíôáò õð' üøéí ôçí áêñéâåßá ôÞò

áêïëïõèßáò ôÞò åõñéóêïìÝíçò óôçí êáôáêüñõöç (êåíôñéêÞ) ãñáììÞ ôïý áñ·éêïý

äéáãñÜììáôïò, óõìðåñáßíïõìå áðü ôç óõíåðáãùãÞ óôï (iii) ôïý ëÞììáôïò B.1.23

(åöáñìïæüìåíïõ ãéá ôï åîÜãùíï ôï êáèïñéæüìåíï áðü ôïõò-ìïäßïõò   
0


 0 −1 êáé ) üôé40
 = −4∀ ∈ Z ¤

Ôï ìåãÜëï äéÜãñáììá ôïý èåùñÞìáôïò B.1.25 áíÞêåé óå ìéá êáôçãïñßá äéá-

ãñáììÜôùí ðïõ åßíáé ãíùóôÜ ùò áëëçëåìðëåêüìåíåò áêïëïõèßåò (interlocking

sequences) Þ ùò äéáãñÜììáôá ðëåîéäßùí (braid diagrams). ¸íá åîßóïõ ·ñÞóéìï

èåþñçìá ðïõ áöïñÜ óå ôÝôïéïõ åßäïõò äéáãñÜììáôá (ïöåéëüìåíï óôïí C.T.C.

Wall) åßíáé ôï åîÞò:

B.1.26 Èåþñçìá. (C.T.C. Wall [123], 1966) ÅÜí äïèåß Ýíá ìåôáèåôéêü äéÜãñáììá

ôåóóÜñùí áëëçëïåìðëåêïìÝíùí áêïëïõèéþí ïìïìïñöéóìþí -ìïäßùí

· · · 
(1)
+1 // +1


(1)
+1 // 

(1) // 

(1) // 

(1) // −1

(1)
−1 // · · ·

· · · 
(2)
+2 // +1


(2)
+1 // +1


(2)
+1 // +1


(2)
+1 // 

(2) // 

(2) // · · ·

· · · 
(3)
+1 // +1


(3)
+1 // +1


(3)
+1 // 

(3) // 

(3) // 

(3) // · · ·

· · · 
(4)
+1 // +1


(4)
+1 // +1


(4)
+1 // 

(4) // 

(4) // 

(4) // · · ·
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(áðåßñùò åêôåéíüìåíï ðñïò ôá äåîéÜ êáé ðñïò ôá áñéóôåñÜ) êáé åÜí õðïôåèåß üôé ç
äåýôåñç, ç ôñßôç êáé ç ôÝôáñôç åî áõôþí åßíáé áêñéâåßò, ôüôå

Ker(
(1)
+1) = Im(

(1)
+1) Ker(

(1)
 ) = Im(

(1)
+1)

êáé Ker((1) )Ker(
(1)
 ) ∩ Im((1) ) ∼= Im((1) )Ker(

(1)
 ) ∩ Im((1) )∀ ∈ Z ÅðïìÝ-

íùò, ç ðñþôç åßíáé ùóáýôùò áêñéâÞò åÜí êáé ìüíïí åÜí 8

åßôå Im((1) ) ⊆ Ker((1) ) åßôå Ker((1) ) ⊆ Im((1) )∀ ∈ Z

Áðïäåéîç. Êáé áõôÞ ç áðüäåéîç êÜíåé ·ñÞóç (áäõóþðçôïõ) êõíçãçôïý óôï äéÜ-

ãñáììá. (Ãéá ìéá õðüäåéîç ãéá ôïí ôñüðï åðéëïãÞò ôÞò óåéñÜò ôùí åëåã·üìåíùí

ïìïìïñöéóìþí ðñâë. Bredon [12], Lemma IV616, óåë. 189) ¤

I Äéáóðþìåíåò âñá·åßåò áêñéâåßò áêïëïõèßåò. Ãéá ïéïõóäÞðïôå -ìïäßïõò 

ïñßæåôáé ç âñá·åßá áêñéâÞò áêïëïõèßá

{0} −→ 
in
→ ⊕ 

pr³  −→ {0} 

Âñá·åßåò áêñéâåßò áêïëïõèßåò ðïõ ôÞò «ïìïéÜæïõí» ìå ðñïóÝããéóç éóïìïñöéóìïý
üñùí (êÜôé ðïõ áðïóáöçíßæåôáé ìÝóù ôïý èåùñÞìáôïò B.1.28 ðïõ áêïëïõèåß) ·á-

ñáêôçñßæïíôáé ùò äéáóðþìåíåò.

B.1.27 Ïñéóìüò. ËÝìå üôé ìéá áêñéâÞò áêïëïõèßá

· · · −2 // −1
−1 // 

 // +1
+1 // +2

+2 // · · ·

-ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí äéáóðÜôáé óôçí -ïóôÞ èÝóç üôáí o 

äåí åßíáé ëçêôéêüò êáé üôáí ï ðõñÞíáò Ker() (= Im(−1)) åßíáé åõèýò ðñïóèå-
ôÝïò ôïý (Âë. A.5.18 (ii).) ÉäéáéôÝñùò, ëÝìå üôé ìéá âñá·åßá áêñéâÞò áêïëïõèßá

{0} −→ 
−→ 

−→  −→ {0}

åßíáé äéáóðþìåíç üôáí äéáóðÜôáé óôïí êåíôñéêü ôçò üñï9 

B.1.28 Èåþñçìá. Ãéá ïéáäÞðïôå âñá·åßá áêñéâÞ áêïëïõèßá

{0} −→ 
−→ 

−→  −→ {0} (B.13)

ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) ∃ ∈Hom() :  ◦  = id 

8Ç ðñþôç åî áõôþí ôùí óõíèçêþí éêáíïðïéåßôáé üôáí ç ðñþôç áêïëïõèßá áðïôåëåß áëõóùôü óýìðëïêï (õðü ôçí

Ýííïéá ôïý ïñéóìïý B.2.1).

9Ðñïöáíþò, óôïõò üñïõò êáé  áõôÞ äéáóðÜôáé ðÜíôïôå.
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(ii) ∃ ∈Hom() :  ◦  = id

(iii) Ç (B.13) åßíáé äéáóðþìåíç.

ÅðéðñïóèÝôùò, üôáí ç (B.13) åßíáé äéáóðþìåíç,

⊕  ∼=  = Im()⊕Ker() = Ker()⊕ Im()
ìå ôïõò  êáé  üðùò óôá (i) êáé (ii), áíôéóôïß·ùò.

Áðïäåéîç. (i)⇒(iii) ¸óôù  : ⊕ −→  ï ïìïìïñöéóìüò-ìïäßùí ï ïñéæüìå-

íïò ìÝóù ôïý ôýðïõ

( ) := ( ⊕ )( ) = () + () ∀( ) ∈ ⊕ 

Ôüôå ôï áêüëïõèï äéÜãñáììá (ìå áêñéâåßò ãñáììÝò) åßíáé ìåôáèåôéêü:

{0} //

ª


Â Ä in //

ªid

²²

⊕ 
pr // //

ª

²²

 //

ªid

²²

{0}

{0} // 
Â Ä


//  

// //  // {0}

êáèþò éó·ýåé (in()) = (( 0)) = () = (id())∀ ∈  êáé

(( )) = ( ◦ |{z}
=0

)() + ( ◦ | {z }
= id

)() =  = (id ◦ pr)( )

ãéá êÜèå ( ) ∈ ⊕  ÅðåéäÞ ïé ôáõôïôéêÝò áðåéêïíßóåéò id êáé id åßíáé éóï-

ìïñöéóìïß, êáé ï  åßíáé êáô' áíÜãêçí éóïìïñöéóìüò. (Âë. B.1.8 (iii).) ¸óôù

ôõ·üí óôïé·åßï  ∈  Ðñïöáíþò, õðÜñ·ïõí ìïíïóçìÜíôùò ïñéóìÝíá  ∈  êáé

 ∈  ôÝôïéá þóôå íá éó·ýåé  = ( ) = () + () ìå () ∈ Im()(= Ker())

êáé () ∈ Im() ¢ñá  = Ker()⊕ Im()
(iii)⇒(i) ÅÜí õðïôåèåß üôé ç (B.13) åßíáé äéáóðþìåíç, ôüôå =Ker()⊕ ãéá êÜ-

ðïéïí õðïìüäéï ôïýÅðïìÝíùò êÜèå  ∈  ãñÜöåôáéìïíïóçìÜíôùò ùòÜèñïé-
óìá  =  +  üðïõ  ∈ Ker() êáé  ∈  ÅðåéäÞ ï ïìïìïñöéóìüò  :  −→ 

åßíáé åðéìïñöéóìüò êáé () = () ï | :  −→  åßíáé ùóáýôùò åðéìïñöéóìüò.

¼ìùò ï | åßíáé êáé ìïíïìïñöéóìüò, äéüôé Ker(|) = Ker() ∩ = {0}¢ñá

ï | åßíáé éóïìïñöéóìüò. Áñêåß ëïéðüí íá ôåèåß  () := (|)−1() ãéá êÜèå

 ∈ 

(ii)⇒(iii) ¸óôù  :  −→ ⊕ ï ïìïìïñöéóìüò-ìïäßùí ï ïñéæüìåíïò ìÝóù ôïý

ôýðïõ () := () + () ãéá êÜèå  ∈  Ôï áêüëïõèï äéÜãñáììá (ìå áêñéâåßò

ãñáììÝò) åßíáé ìåôáèåôéêü:

{0} //

ª


Â Ä  //

ªid

²²


 // //

ª

²²

 //

ªid

²²

{0}

{0} // 
Â Ä

in

// ⊕  pr
// //  // {0}
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ÅðåéäÞ ïé ôáõôïôéêÝò áðåéêïíßóåéò id êáé id åßíáé éóïìïñöéóìïß, êáé ï  åßíáé

êáô' áíÜãêçí éóïìïñöéóìüò. (Âë. B.1.8 (iii).). ¸óôù ôþñá ôõ·üí  ∈  Áõôü

ãñÜöåôáé ùò

 = (())| {z }
∈Im()

+(− (())| {z }
∈ Ker()

)

äéüôé ( − (())) = () − ( ◦ | {z }
= id

)(()) = 0 ¢ñá  = Im()+ Ker()

ÅîÜëëïõ, åÜí  ∈ Im()∩ Ker() ôüôå õðÜñ·åé êÜðïéï  ∈  ìå  = () ïðüôå

0 = () = ( ◦ | {z }
= id

)() = 

êáé  = (0) = 0 áð' üðïõ Ýðåôáé üôé

Im() ∩Ker() = {0}⇒  = Im()⊕Ker()

(iii)⇒(ii) ÅÜí õðïôåèåß üôé ç (B.13) åßíáé äéáóðþìåíç, ôüôå  = Im() ⊕  ãéá

êÜðïéïí õðïìüäéï  ôïý  ÅðïìÝíùò êÜèå  ∈  ãñÜöåôáé ìïíïóçìÜíôùò ùò

Üèñïéóìá  = +  üðïõ  ∈ Im() êáé  ∈  ÅðåéäÞ ï  åßíáé ìïíïìïñöéóìüò, ç

ßíá −1({}) áõôïý õðåñÜíù ôïý óôïé·åßïõ  åßíáé Ýíá ìïíïóýíïëï, áò ðïýìå ôï

−1({}) = {} Ïñßæïíôáò ëïéðüí ôçí áðåéêüíéóç  :  −→  ìÝóù ôïý ôýðïõ

() = ( + ) :=  ðáñáôçñïýìå üôé áõôÞ áðïôåëåß ïìïìïñöéóìü -ìïäßùí êáé

ãéá êÜèå  ∈  éó·ýåé (()) = −1({()}) = ÊáôÜ óõíÝðåéáí,  ◦  = id¤

B.1.29 Ðáñáäåßãìáôá. (i) Ç âñá·åßá áêñéâÞò áêïëïõèßá

{0} −→ Z −→ Z −→ Z −→ {0}

ç êáôáóêåõáóèåßóá óôï åä. B.1.3 (iv) äåí åßíáé äéáóðþìåíç, äéüôé ç  äåí äéáèÝôåé

êáíÝíáí ïìïìïñöéóìü Z-ìïäßùí ùò áñéóôåñü áíôßóôñïöü ôçò. (Âë. A.3.21 (i).)

(ii) Ðáñáôçñïýìå üôé ç âñá·åßá áêñéâÞò áêïëïõèßá

{0} −→ hXi 
→ K[X] −→ K −→ {0} 

(ç ïñéóèåßóá óôï (vi) ôïý åäáößïõ B.1.3) åßíáé äéáóðþìåíç ùò áêïëïõèßá ïìïìïñ-

öéóìþí K-ìïäßùí (Þôïé K-äéáíõóìáôéêþí ·þñùí), äéüôé ç áðåéêüíéóç

 : K[X] −→ hXi 
P

=0
X

 7−→
P

=1
X

 

åßíáé ïìïìïñöéóìüòK-äéáíõóìáôéêþí ·þñùí ìå ◦  = idhXiÙóôüóï, ç ßäéá âñá-

·åßá áêñéâÞò áêïëïõèßá, èåùñïýìåíç ùò áêïëïõèßá ïìïìïñöéóìþí K[X]-ìïäßùí,
äåí åßíáé äéáóðþìåíç. ÐñÜãìáôé° åÜí õðÞñ·å êÜðïéïò  ∈ HomK[X](K[X] hXi) ìå
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 ◦  = idhXi (Þ, éóïäõíÜìùò, ìå |hXi = idhXi), ôüôå ç åéêüíá ôïý 1K (= X
0) ìÝóù

ôïý  èá åãñÜöåôï õðü ôç ìïñöÞ (1K) = X(X) ãéá êáôÜëëçëï (X) ∈ K[X] êáé
èá ßó·õå

X = (X) = (X 1K) = X(1K) = X
2 (X)

Þôïé êÜôé ðïõ åßíáé áäýíáôï.

B.1.30 Ðüñéóìá. ÊÜèå âñá·åßá áêñéâÞò áêïëïõèßá

{0} −→ 
−→ 

−→  −→ {0}  (B.14)

üðïõ  Ýíáò åëåýèåñïò -ìüäéïò, åßíáé äéáóðþìåíç.

Áðïäåéîç. ¸óôù ()∈ ìéá âÜóç ôïý  ÅðåéäÞ ï  åßíáé åðéìïñöéóìüò, õðÜñ-

·åé  ∈  ôÝôïéï þóôå íá éó·ýåé () =  ãéá êÜèå  ∈  ÅÜí åðß ôïý óõíü-

ëïõ ôùí óôïé·åßùí ôÞò èåùñçèåßóáò âÜóåùò ïñßóïõìå ôçí áðåéêüíéóç  èÝôïíôáò

() :=   ∀  ∈  êáé êáôüðéí (ìÝóù ôïý èåùñÞìáôïò A.6.20) ôçí åðåêôåß-

íïõìå ãñáììéêþò, êáôáóêåõÜæïõìå Ýíáí ïìïìïñöéóìü -ìïäßùí  :  −→  ìå

|()∈ =  êáé  ◦  = id  ¢ñá ïéáäÞðïôå âñá·åßá áêñéâÞò áêïëïõèßá (B.14)

áõôïý ôïý åßäïõò äéáóðÜôáé óôïí üñï  ëüãù ôïý èåùñÞìáôïò B.1.28. ¤

B.2 (ÓÕÍ)ÁËÕÓÙÔÁ ÓÕÌÐËÏÊÁ

ÊÁÉ ÌÏÄÉÏÉ (ÓÕÍ)ÏÌÏËÏÃÉÁÓ

¸óôù

· · · +2 // +1
+1 // 

 // −1
−1 // −2

−2 // · · · (B.15)

ìéá áêïëïõèßá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí ìå êáôéüí óýíïëï äåéêôþí.

Ùò ãíùóôüí, ç (B.15) åßíáé áêñéâÞò åÜí êáé ìüíïí åÜí

[ ◦ +1 = 0 êáé Ker() ⊆ Im(+1)] ∀ ∈ Z
Ç Ýííïéá ôïý áëõóùôïý óõìðëüêïõ ãåíéêåýåé ôçí Ýííïéá ôÞò áêñéâïýò áêïëïõèßáò

ùò åîÞò:

B.2.1 Ïñéóìüò. Ìéá áêïëïõèßá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí ôÞò ìïñ-

öÞò (B.15) êáëåßôáé áëõóùôü óýìðëïêï (Þ çìéáêñéâÞò áêïëïõèßá ìå êáôéüí

óýíïëï äåéêôþí) üôáí  ◦ +1 = 0 ãéá êÜèå  ∈ Z Ãéá Ýíá áëõóùôü óý-

ìðëïêï (B.15) åéóÜãåôáé ç óõíôïìïãñáößá: M• = ( )∈ZÏé ïìïìïñöéóìïß

M•
 :=   ∈ Z êáëïýíôáé åíßïôå óõíïñéáêïß ôåëåóôÝò Þ äéáöïñéêÜ ôïý áëõóù-

ôïý óõìðëüêïõ (ðïõ åßíáé üñïé êëçñïíïìçèÝíôåò áðü ôçí êëáóéêÞ ÓõíäõáóôéêÞ

Ôïðïëïãßá). Óôçí åéäéêÞ ðåñßðôùóç üðïõ ïé åßíáé ôåôñéììÝíïé êáé  = 0 ãéá

êÜèå  ∈ Z ôïM• óõìâïëßæåôáé áðëþò ùò 0•
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B.2.2 Ïñéóìüò. ¸óôù M• = ( )∈Z Ýíá áëõóùôü óýìðëïêï ôÞò ìïñöÞò

(B.15). Ãéá êÜèå  ∈ Z èÝôïõìå

(M•) := Im(+1) êáé (M•) := Ker()

Ðñïöáíþò, áìöüôåñïé ïé (M•) êáé (M•) åßíáé õðïìüäéïé ôïý -ìïäßïõ 

êáé (M•) ⊆ (M•) Ôá óôïé·åßá ôïý (M•) êáëïýíôáé -ïóôÜ óýíïñá êáé
ôá óôïé·åßá ôïý (M•) -ïóôÜ êõêëÞìáôá10 ôïý áëõóùôïý óõìðëüêïõ M• Ï
ðçëéêïìüäéïò

(M•) := (M•)(M•)

êáëåßôáé -ïóôüò ìüäéïò ïìïëïãßáò ôïý áëõóùôïý óõìðëüêïõM• (Óôçí ðåñß-

ðôùóç üðïõ  = Z åßèéóôáé íá ïíïìÜæåôáé -ïóôÞ ïìÜäá ïìïëïãßáò ôïýM•)

B.2.3 ÐáñáôÞñçóç. Ðñïöáíþò,(M•) = 0(M•)(M•) = (M•) ãéá êÜèå

 ∈ Z åÜí êáé ìüíïí åÜí ç áêïëïõèßá (B.15) åßíáé áêñéâÞò11. Ùò åê ôïýôïõ, ïé

ìüäéïé ïìïëïãßáò ìðïñïýí íá åêëçöèïýí ùò åêåßíïé ïé ìüäéïé ðïõ åêöñÜæïõí ôï
ðüóï áðÝ·åé ôï áëõóùôü óýìðëïêï M• áðü ôï íá åßíáé áêñéâÞò áêïëïõèßá.

B.2.4 Ïñéóìüò. ¸óôù üôé ôá

M• = ( )∈Z : · · · +2 // +1
+1 // 

 // −1
−1 // · · ·

M0• = ( 0
 

0
)∈Z : · · · 0+2 //  0

+1

0+1 //  0


0 //  0
−1

0−1 // · · ·

åßíáé äõï áëõóùôÜ óýìðëïêá. Ìéá áðåéêüíéóç • :M• −→M0• åßíáé ìéá áêïëïõ-

èßá áðåéêïíßóåùí ( :  −→  0
)∈Z Ùò óýíèåóç ( ◦ )• äõï áðåéêïíßóåùí

• :M• −→M0• êáé • :M0• −→M00• ïñßæåôáé ç ( ◦  :  −→  00
 )∈Z Ìéá

áðåéêüíéóç áëõóùôþí óõìðëüêùí • :M• −→M0• êáëåßôáé áëõóùôüò ìåôáó·ç-
ìáôéóìüò üôáí ãéá êÜèå  ∈ Z ç  :  −→  0

 åßíáé ïìïìïñöéóìüò -ìïäßùí

êáé (ôáõôï·ñüíùò) ôï êÜôùèé äéÜãñáììá åßíáé ìåôáèåôéêü.


 //

ª

²²

−1

−1
²²

 0


0
//  0

−1

10Ðñüêåéôáé êáé ðÜëé ãéá «ðáñáäïóéáêÞ» ïñïëïãßá ôïðïëïãéêÞò ðñïåëåýóåùò.

11Åí ôïéáýôç ðåñéðôþóåé, (M•) = (M•).
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B.2.5 Ðñüôáóç. ÅÜíM• = ( )∈Z êáéM0• = ( 0
 

0
)∈Z åßíáé äõï áëõóùôÜ

óýìðëïêá, ôüôå ãéá êÜèå áëõóùôü ìåôáó·çìáôéóìü • :M• −→M0• éó·ýåé

((M•)) ⊆ (M
0
•) êáé ((M•)) ⊆ (M

0
•) ∀ ∈ Z

Ùò åê ôïýôïõ, õðÜñ·åé Ýíáò êáé ìüíïí ïìïìïñöéóìüò -ìïäßùí

(•) : (M•) −→ (M
0•)

ìå ôçí éäéüôçôá (M
0
•)

(M0•)
◦ |(M•) = (•) ◦ (M•)

(M•)
 Þôïé áõôüò ðïõ ïñßæåôáé

áðü ôïí ôýðï

(•)(+(M•)) := () +(M
0•) ∀ ∈ (M•)

Áðïäåéîç. Åî ïñéóìïý, ôï äéÜãñáììá

+1

+1

²²
ª

+1 // 



²²
ª

 // −1

−1
²²

 0
+1

0+1
//  0


0
//  0

−1

åßíáé ìåôáèåôéêü. ¸óôù ôõ·üí óôïé·åßï  ∈ (M•) Ðñïöáíþò,

() = 0−1 ⇒ 0(()) = −1(()) = −1(0−1) = 00
−1

⇒ () ∈ Ker(0) =: (M
0
•)⇒ ((M•)) ⊆ (M

0
•)

ÅîÜëëïõ, ãéá ïéïäÞðïôå óôïé·åßï  ∈ Im(+1) =: (M•) õðÜñ·åé  ∈ +1 ìå

 = +1() ïðüôå

() = (+1()) = 0+1(+1()) ∈ Im(0+1) =: (M
0
•)

Ç ýðáñîç, êáèþò êáé ï óõãêåêñéìÝíïò ôýðïò ïñéóìïý ôïý ïìïìïñöéóìïý(•)
ï ïðïßïò åßíáé ï ìüíïò ïìïìïñöéóìüò ðïõ óõìðëçñþíåé ôï äéÜãñáììá

(M•)


(M•)
(M•)

²²²²
ª

|(M•) // (M0
•)


(M

0•)
(M0•)²²²²

(M•)
(•)

//______ (M
0•)

êáèéóôþíôáò ôï ìåôáèåôéêü, Ýðåôáé áðü ôï èåþñçìá A.4.10. ¤

B.2.6 Ðñüôáóç. ÅÜí • : M0• −→M• • : M• −→ M
00
• åßíáé áëõóùôïß ìåôáó·ç-

ìáôéóìïß, üðïõM• = ( )∈ZM0
• = ( 0

 
0
)∈Z êáé M

00
• = (

00
  

00
)∈Z

ôüôå

(( ◦ )•) = (•) ◦(•) ∀ ∈ Z
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Áðïäåéîç. Áðü ôï ìåôáèåôéêü äéÜãñáììá

 0
+1

(◦)+1

$$

+1

²²
ª

0+1 //  0




²²
ª

0 //  0
−1

−1
²²

(◦)−1

zz

+1

+1

²²
ª

+1 // 

ª

²²

 // −1

−1
²²

 00
+1

00+1
//  00


00
//  00

−1

Ýðåôáé üôé

(( ◦ )•)(+(M
0
•)) = ( ◦ )() +(M

00
• )

= (•)(() +(M•)) = ((•) ◦(•))(+(M
0
•))

ãéá êÜèå  ∈ (M
0•) êáé ãéá êÜèå  ∈ Z ¤

B.2.7 Ðñüôáóç. ÅÜíM• = ( )∈Z åßíáé Ýíá áëõóùôü óýìðëïêï, ôüôå

(idM•) = id(M•) ∀ ∈ Z

üðïõ idM• :M• −→M• ï ôáõôïôéêüò 12 áëõóùôüò ìåôáó·çìáôéóìüò.

Áðïäåéîç. Ãéá êÜèå  ∈ (M•) Ý·ïõìå

(idM•)(+(M•)) = id() +(M•) = id(M•)(+(M•))

ïðüôå ðñÜãìáôé (idM•) = id(M•) ãéá êÜèå  ∈ Z ¤

B.2.8 Ïñéóìüò. ÅÜí (M• = ( )∈Z)∈ åßíáé ìéá ïéêïãÝíåéá áëõóùôþí
óõìðëüêùí, ôüôå ôüóïí ôïL

∈
M• := (

L
∈


L
∈

)∈Z üóïí êáé ôï
Q
∈

M• := (
Q
∈


Q
∈

)∈Z

åßíáé áëõóùôÜ óýìðëïêá. Ôï ìåí ðñþôï êáëåßôáé åõèý Üèñïéóìá, ôï äå äåýôåñï

åõèý ãéíüìåíï ôùí ìåëþí ôÞò åí ëüãù ïéêïãåíåßáò.

B.2.9 Ðñüôáóç. ÅÜí (M• = ( )∈Z)∈ åßíáé ìéá ïéêïãÝíåéá áëõóùôþí
óõìðëüêùí, ôüôå õößóôáíôáé éóïìïñöéóìïß

(
L
∈

M•)
∼=−−−−→ L

∈
(M•)

12idM• := (id : −→)∈Z
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êáé

(
Q
∈

M•)
∼=−−−−→ Q

∈
(M•)

êáèïñéæüìåíïé ìÝóù ôùí ôýðùí

()∈ +

ÃL
∈

Im(+1)

!
7−→ ( + Im(+1))∈

êáé

()∈ +

ÃQ
∈

Im(+1)

!
7−→ ( + Im(+1))∈ 

Áðïäåéîç. ÅðåéäÞ (
L
∈

M•) = Ker

ÃL
∈



!
=
L
∈

Ker() êáé

(
L
∈

M•) = Im

ÃL
∈

+1

!
=
L
∈

Im (+1)

(âë. A.5.23), Ý·ïõìå

(
L
∈

M•) = (
L
∈

M•)(
L
∈

M•) =
L
∈

Ker () 
L
∈

Im (+1) 

ÌÝóù ôÞò ðñïôÜóåùò A.5.24 ïñßæåôáé ï éóïìïñöéóìüòL
∈

Ker () 
L
∈

Im (+1)
∼=−→ L

∈
(Ker ()  Im (+1))

()∈ +

ÃL
∈

Im(+1)

!
7−→ ( + Im(+1))∈ 

üðïõ
L
∈

(Ker ()  Im (+1)) =
L
∈
((M•)(M•)) =

L
∈

(M•) Ç

áíôßóôïé·ç áðüäåéîç ãéá ôï åõèý ãéíüìåíï åßíáé ðáíïìïéüôõðç. ¤

B.2.10 Ïñéóìüò. Ìéá áêïëïõèßá áëõóùôþí óõìðëüêùí êáé áëõóùôþí ìåôáó·ç-

ìáôéóìþí ôÞò ìïñöÞò

0• −→M0
•

•−→M•
•−→M00

• −→ 0•

üðïõM• = ( )∈Z M0• = ( 0
 

0
)∈Z êáéM

00
• = (

00
  

00
)∈Z êáëåßôáé

âñá·åßá áêñéâÞò áêïëïõèßá áëõóùôþí óõìðëüêùí üôáí ç

{0} −→ 0


−→
−→ 00

 −→ {0}
åßíáé âñá·åßá áêñéâÞò áêïëïõèßá (õðü ôçí Ýííïéá ôïý åä. B.1.2 (iii)), ∀ ∈ Z
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B.2.11 ËÞììá. ÄïèÝíôùí ôñéþí áëõóùôþí óõìðëüêùí

M• = ( )∈Z M0
• = (

0
 

0
)∈Z êáé M

00
• = (

00
  

00
)∈Z

êáé ìéáò âñá·åßáò áêñéâïýò áêïëïõèßáò 0• −→M0•
•−→M•

•−→M00• −→ 0• ç

(M
0
•)

(•) // (M•)
(•) // (M

00
•)

åßíáé áêñéâÞò ãéá êÜèå  ∈ Z
Áðïäåéîç. Èåùñïýìå ôï ìåôáèåôéêü äéÜãñáììá (ìå áêñéâåßò óôÞëåò)

{0}

²²

{0}

²²

{0}

²²
· · · //  0

+1

+1

²²
ª

0+1 //  0




²²
ª

0 //  0
−1

−1
²²

// · · ·

· · · // +1

+1

²²
ª

+1 // 

ª

²²

 // −1

−1
²²

// · · ·

· · · //  00
+1

00+1
//

²²

 00


00
//

²²

 00
−1 //

²²

· · ·

{0} {0} {0}
(i)(•) ◦(•) = 0 Ãéá êÜèå  ∈ (M

0•) Ý·ïõìå

((•) ◦(•))(+(M
0
•)) = (( ◦ )•)(+(M

0
•))

= ( ◦ | {z }
=0

)() +(M
00
• ) = (M

00
• ) = 0(M00

• )


(ii) Ker((•)) ⊆ Im((•)) Ãéá êÜèå óôïé·åßï  ∈ (M•) ãéá ôï ïðïßï éó·ýåé

 +(M•) ∈ Ker((•)) Ý·ïõìå

(•)( +(M•)) = (M
00
• )⇒ () ∈ (M

00
• ) = Im(

00
+1)

ïðüôå

∃ ∈ 00
+1 : () = 00+1()

Im(+1) = 00
+1 ⇒ [∃ ∈+1 : +1() = ]

)
⇒ (00+1 ◦ +1| {z }

=◦+1

)() = ()

êáé, ùò åê ôïýôïõ,

 − +1() ∈ Ker() = Im()⇒ [∃ ∈ 0
 : () =  − +1()]

⇒ () +(M•) = ( − +1()| {z }
∈(M•)

) +(M•) =  +(M•)
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ÅðéðñïóèÝôùò, åðåéäç  ∈ (M•) := Ker() Ý·ïõìå

() =  − +1()⇒ −1(0()) = (())

= ()− ( ◦ +1| {z }
=0

)() = () = 0−1 ⇒  ∈ Ker(−1 ◦ 0)

Ker(−1) = {00
−1}⇒ Ker(−1 ◦ 0) ⊆ Ker(0) =: (M

0
•)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
⇒  ∈ (M

0
•)

Áõôü óçìáßíåé üôé  +(M•) = (•)(+(M
0•)) ∈ Im((•)) ¤

B.2.12 Èåþñçìá. (ÊáôáóêåõÞ ìáêñÜò áêñéâïýò áêïëïõèßáò ïìïëïãßáò)

ÄïèÝíôùí ôñéþí áëõóùôþí óõìðëüêùí

M• = ( )∈Z M0
• = (

0
 

0
)∈Z êáé M

00
• = (

00
  

00
)∈Z

êáé ìéáò âñá·åßáò áêñéâïýò áêïëïõèßáò

0• −→M0
•

•−→M•
•−→M00

• −→ 0• (B.16)

õößóôáôáé ãéá êÜèå  ∈ Z Ýíáò ïìïìïñöéóìüò -ìïäßùí

 : (M
00
•) −→ −1(M0

•)

(ï ëåãüìåíïò óõíäåôéêüò ïìïìïñöéóìüò ãéá ôçí (B.16)), ìÝóù ôïý ïðïßïõ åðÜãåôáé
ìéá áêñéâÞò áêïëïõèßá

(ç ëåãüìåíç ìáêñÜ áêñéâÞò áêïëïõèßá ïìïëïãßáò ãéá ôçí (B.16)).

Áðïäåéîç. (i) Ôï üôé ç áíùôÝñù áêïëïõèßá åßíáé áêñéâÞò óôç èÝóç (M•) ãéá
êÜèå  ∈ Z Ý·åé áðïäåé·èåß óôï ëÞììá B.2.11. Áñêåß ëïéðüí íá êáôáóêåõáóèåß ï

 êáé íá åëåã·èåß ç áêñßâåéá óôéò èÝóåéò(M
00•) êáé−1(M0•) ãéá êÜèå  ∈ Z

(ii) ÅéóÜãïíôáé ïé óõíôïìïãñáößåò  := Coker(+1) (=(M•))

 0
 := Coker(0+1) (= 0

(M
0
•)) êáé  00

 := Coker(00+1) (= 00
(M

00
• ))

ÅðåéäÞ ôáM•M0• êáéM00• åßíáé áëõóùôÜ óýìðëïêá, Ý·ïõìå

(M•) ⊆ (M•) (M
0
•) ⊆ (M

0
•)) êáé (M

00
•) ⊆ (M

00
•)
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ïðüôå ìÝóù ôÞò ðñïôÜóåùò A.4.6 äéáóöáëßæåôáé ç ýðáñîç ìïíáäéêþí ïìïìïñöé-

óìþí e e0 êáé e00 ðïõ êáèéóôïýí ôï êÜôùèé äéÜãñáììá êáé ôá áíôßóôïé·á äéá-

ãñÜììáôá ìå ôüíïõò êáé ôïõò äßóôïíïõò ìåôáèåôéêÜ.



(M•)

}}{{
{{{
{{{ 

''OO
OOO

OOO
OOO

O

ª

 e //_______ −1(M•) ⊆−1

ÓõãêåêñéìÝíá, e(+(M•)) := () e0(0 +(M
0•)) := 0(0) êáée00(00 +(M

00
•)) := 00(

00) ∀( 0 00) ∈ (M•)× (M
0
•)× (M

00
•)

ìå Im(e) = Im() Im(e0) = Im(0) êáé Im(e00) = Im(00)
(iii) ÊáôÜ ôï ðüñéóìá B.1.11 (êáé ëüãù ôÞò áêñéâåßáò ôÞò (B.16)) êáôáóêåõÜæåôáé

ôï áêüëïõèï ìåôáèåôéêü äéÜãñáììá

−1(M0•)
−1 //

0
−1

²²
ª

−1(M•)
−1 //

−1
²²

ª

−1(M00•)

00
−1

²²
{0} //  0

−1 −1
// −1 −1

//  00
−1 // {0}

ðïõ Ý·åé ôçí êÜôù ôïõ ãñáììÞ áêñéâÞ. Èá áðïäåßîïõìå üôé ç åî áñéóôåñþí óõ-

ìðëçñùìÝíç Üíù ôïõ ãñáììÞ

{0} −→ −1(M0
•)

−1−→ −1(M•)
−1−→ −1(M00

•) (B.17)

åßíáé ùóáýôùò áêñéâÞò.

(a) ÅðåéäÞ ç −1 ◦ −1 = −1 ◦ 0−1 (ùò óýíèåóç ôùí ìïíïìïñöéóìþí 0−1
êáé −1) åßíáé ìïíïìïñöéóìüò êáé ç −1 åßíáé ìïíïìïñöéóìüò, êáé ç ßäéá ç −1
ïöåßëåé íá åßíáé ìïíïìïñöéóìüò.

(b) ¸óôù ôõ·üí óôïé·åßï  ∈ Im(−1 ◦ −1) ÅðåéäÞ

∃ ∈ −1(M0
•) :  = (−1 ◦ −1)()

êáé 00−1() ∈ 00
−1 = Im(−1) õðÜñ·åé  ∈−1 ôÝôïéï þóôå íá éó·ýåé

−1() = 00−1() = (00−1 ◦ −1)(−1()) = (−1 ◦ −1)(−1())
= −1((−1 ◦ −1)()) = −1((−1 ◦ 0−1)()) = ((−1 ◦ −1| {z }

=0

) ◦ 0−1)() = 0(M0•)

⇒  ∈ Ker(00−1) = {0−1(M00• )}⇒  = 0−1(M00• ) = 000
−1 
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ÊáôÜ óõíÝðåéáí, −1 ◦−1 = 0⇒ Im(−1) ⊆Ker(−1)Êáé áíôéóôñüöùò° åÜí
 ∈ Ker(−1) ôüôå

000
−1 = 00−1(000

−1) = 00−1 (−1()) = (00−1 ◦ −1)()
= (−1 ◦ −1)() = −1(−1())

⇒ −1() ∈ Ker(−1) = Im(−1)⇒ [∃ ∈ 0
−1 : −1() = −1()]

⇒ (−2 ◦ 0−1)() = (−1 ◦ −1)() = −1(−1())

= −1(−1()) = (−1 ◦ −1| {z }
=0

)() = 0−2

⇒ 0−1() ∈ Ker(−2) = {00
−2}⇒ 0−1() = 00

−2

⇒  ∈ Ker(0−1) = Im(0−1)⇒ [∃0 ∈ Ker(0−1) :  = 0−1(
0)]

⇒ −1() = −1() = (−1 ◦ 0−1)(
0) = (−1 ◦ −1)(0)

⇒ − −1(0) ∈ Ker(−1) = {0−1}⇒  = −1(0) ∈ Im(−1)

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò Ker(−1) ⊆ Im(−1)
(iv) ÊáôÜ ôï ðüñéóìá B.1.14 (êáé ëüãù ôÞò áêñéâåßáò ôÞò (B.16)) êáôáóêåõÜæåôáé

ôï áêüëïõèï ìåôáèåôéêü äéÜãñáììá

{0} //  0


 //


0


Im(d0
n+1

)

²²²²


 //


Im(dn+1)

²²²²
ª

 00



00


Im(d00
n+1

)

²²²²

// {0}

 0
 

//  
//  00



ðïõ Ý·åé ôçí Üíù ôïõ ãñáììÞ áêñéâÞ. Èá áðïäåßîïõìå üôé ç åê äåîéþí óõìðëçñù-

ìÝíç êÜôù ôïõ ãñáììÞ

 0


−→ 

−→  00
 −→ {0} (B.18)

åßíáé ùóáýôùò áêñéâÞò.

(a) ÅðåéäÞ ç  ◦ 

Im(+1)
= 

 00


Im(00+1)
◦  (ùò óýíèåóç ôùí åðéìïñöéóìþí  êáé


 00


Im(00+1)
) åßíáé åðéìïñöéóìüò êáé ç 

Im(+1)
åßíáé åðéìïñöéóìüò, êáé ç ßäéá ç 

ïöåßëåé íá åßíáé åðéìïñöéóìüò.

(b) ¸óôù ôõ·üí óôïé·åßï  ∈  0
 ÅðåéäÞ ç 

 0


Im(0+1)
åßíáé åðéññéðôéêÞ,

∃ ∈ 0
 : 

 0


Im(0+1)
() =  + Im(0+1) = 
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ïðüôå

( ◦ )() = ( ◦ ( ◦ 
0


Im(0+1)
))() = ( ◦ (

Im(+1)
◦ ))()

= (( ◦ 
Im(+1)

) ◦ )() = ((
00


Im(00+1)
◦ ) ◦ )()

= (
00


Im(00+1)
◦ ( ◦ | {z }

=0

))() = 0 0

⇒  ◦  = 0⇒ Im() ⊆ Ker()

Êáé áíôéóôñüöùò° åÜí  ∈ Ker() ôüôå (åðåéäÞ ç 

Im(+1)
åßíáé åðéññéðôéêÞ)

Ý·ïõìå  = 

Im(+1)
() ãéá êÜðïéï óôïé·åßï  ∈ ïðüôå

0 = () = ( ◦ 
Im(+1)

)() = (
00


Im(00+1)
◦ )()

⇒ () ∈ Ker(
00


Im(00+1)
) = Im(00+1)

⇒ [∃ ∈ 00
+1 : 

00
+1() = ()] =⇒

Im(+1)=00 [∃ ∈+1 :  = +1()]

⇒ [∃ ∈+1 : 
00
+1() = 00+1(+1()) = (+1())]⇒ () = (+1())

⇒  − +1() ∈ Ker() = Im()⇒ [∃ ∈ 0
 :  − +1() = ()]

⇒ 
Im(+1)

()− (
Im(+1)

◦ +1| {z }
=0

)() = (
Im(+1)

◦ )() = ( ◦ 
0


Im(0+1)
)()

⇒  = 
Im(+1)

() = (
0


Im(0+1)
()) ∈ Im()⇒ Ker() ⊆ Im()

(v) Ôïðïèåôþíôáò ôÞí (B.18) õðåñÜíù ôÞò (B.17) êáé ·ñçóéìïðïéþíôáò ôïýò óõí-

äÝïíôåò ïìïìïñöéóìïýò e e0 êáé e00 (ôïõò ïñéóèÝíôåò óôï (i)) ëáìâÜíïõìå ôï äéÜ-

ãñáììá

 0


 //

e0
²²

ª



 //

e
²²

ª

 00


e00
²²

// {0}

{0} // −1(M0•)
−1

// −1(M•)
−1

// −1(M00•)

(B.19)

(ìå áìöüôåñåò ôéò ãñáììÝò ôïõ áêñéâåßò), ôï ïðïßï åßíáé ìåôáèåôéêü, äéüôé ãéá êÜèå
 ∈ 0

 Ý·ïõìåe(( +(M
0
•))) = e(() +(M•)) = (())

= −1( 0()| {z }
∈−1(M0•)

) =
B.1.11

−1(0()) = −1(e0( +(M
0
•)))

êáé ãéá êÜèå  ∈ Ý·ïõìåe00(( +(M•))) = e00(() +(M
00
•)) = 00(())

= −1( ()| {z }
∈−1(M•)

) =
B.1.11

−1(()) = −1(e( +(M•)))
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(vi) Åöáñìüæïíôáò ôï ëÞììá ôïý öéäéïý B.1.19 ãéá ôï äéÜãñáììá (B.19) ëáìâÜ-

íïõìå Ýíáí ïöéïåéäÞ óõíäåôéêü ïìïìïñöéóìü  : Ker(e00) −→ Coker(e0)

(vii) Táõôßæïõìå ôïõò ðõñÞíåò êáé ôïõò óõìðõñÞíåò ðïõ ðåñéëáìâÜíïíôáé óôï
áíùôÝñù äéÜãñáììá ìå ôïõò åðéèõìçôïýò ìïäßïõò ïìïëïãßáò ùò åîÞò:

Ker(e) =
n
+(M•) ∈ 

¯̄̄
 ∈ êáé e(+(M•)) = 0−1

o
=

©
+(M•) ∈ 

¯̄
 ∈ êáé () = 0−1

ª
= {+(M•) ∈  | ∈ êáé  ∈ Ker() (=: (M•))}
= (M•)(M•) = (M•)

êáé Coker(e) = −1(M•) Im(e) (i)
= −1(M•) Im() = −1(M•) Êáô'

áíáëïãßáí, äåß·íåôáé üôé

Ker(e0) = (M
0
•) Ker(e00) = (M

00
• ) êáé

Coker(e0) = −1(M0
•) Coker(e00) = −1(M00

•)

(viii) Ôï äéÜãñáììá

(M
0•)

(•)//___
Ä _

 e0
²²

ª

(M•)
(•)//___

Ä _
 e

²²
ª

(M
00•)Ä _

 e00
²²

 0
 

//  
//  00
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åßíáé ìåôáèåôéêü, äéüôé ãéá êÜèå  ∈ (M
0•) Ý·ïõìå

 e((•)( +(M
0
•))) = (•)( + Im(0+1))

= () + Im(+1) = ( + Im(
0
+1)) = ( e0( +(M

0
•)))

êáé ãéá êÜèå  ∈ (M•) Ý·ïõìå

(•)( e00 ( +(M•))) = (•)( + Im(+1))

() + Im(
00
+1) = ( + Im(+1)) = ( e( +(M•)))

Ðáñïìïßùò áðïäåéêíýåôáé üôé êáé ôï äéÜãñáììá

−1(M0•)
−1 //


−1(M0•)
Im(ed0n) ²²²²

ª

−1(M•)
−1 //


−1(M•)
Im(edn) ²²²²

ª

−1(M00•)


−1(M00• )
Im(ed00n )²²²²

−1(M0•)
−1(•)

//______ −1(M•)
−1(•)

//______ −1(M00•)

åßíáé ìåôáèåôéêü. Áðü ôçí éäéüôçôá ôÞò ìïíáäéêüôçôáò (ôùí ïìïìïñöéóìþí

óõìðëçñþóåùò, âë. ðïñßóìáôá B.1.11 êáé B.1.14) óõìðåñáßíïõìå üôé ïé

(•)(•) (êáé áíôéóôïß·ùò, ïé−1(•)−1(•)) åßíáé áõôïß ïé ïìïìïñöé-
óìïß ðïõ ïöåßëïõí íá åããñáöïýí óôçí 2ç (êáé áíôéóôïß·ùò, óôçí 4ç) ãñáììÞ ôïý

äéáãñÜììáôïò ôïý ðáñáôåèÝíôïò óôï (vi). Êáô' áõôüí ôïí ôñüðï ïäçãïýìåèá óôïí

ðëÞñç ó·çìáôéóìü ôÞò ìáêñÜò áêñéâïýò áêïëïõèßá ïìïëïãßáò ãéá ôçí (B.16). ¤

B.2.13 ÐáñáôÞñçóç. Ðáñüôé ï  êáèïñßæåôáé ìÝ·ñéò åíüò éóïìïñöéóìïý
Coker((•)) ∼=Ker(−1(•)) (ðñâë. (B.7)), ï ðëÝïí «öõóéêüò» ôýðïò ïñéóìïý

ôïõ åßíáé ï áõôüò ðïõ åäüèç óôï åäÜöéï B.1.20 (i): ÅÜí  ∈ (M00•) ôüôå

∃ ∈ :  +(M
00
•) = (+(M•)) = () +(M

00
•)

êáé e (+(M•)) ∈ Im(−1) üðïõ −1
−1
({e (+(M•))}) = {} (Ýíá

ìïíïóýíïëï áíÞêïí óôï −1(M0•) ⊆ 0
−1). Áñêåß ëïéðüí íá èÝóïõìå

 ( +(M
00•)) :=  +−1(M0•) (B.20)

B.2.14 Ïñéóìüò. ¸óôù M• = ( )∈Z Ýíá áëõóùôü óýìðëïêï. ÅÜí ãéá

êÜèå  ∈ Z ôï  0
 ðáñéóôÜ Ýíáí õðïìüäéï ôïý  êáé éó·ýåé ï åãêëåéóìüò

(
0
) ⊆  0

−1 ôüôå ôï áëõóùôü óýìðëïêïM0• = ( 0
 | 0


)∈Z ïíïìÜæåôáé

õðïóýìðëïêï ôïýM• åíþ ôï áëõóùôü óýìðëïêïM•M0
• = (

0
 

ðçë.
 )∈Z

üðïõ ðçë. åßíáé ï ìïíïóçìÜíôùò ïñéóìÝíïò ïìïìïñöéóìüò-ìïäßùí ðïõ êáèéóôÜ
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ôï äéÜãñáììá


 //

ª
0
 ²²²²

−1


−1
0
−1²²²²


0


ðçë.

// −1 0
−1

ìåôáèåôéêü (âë. A.4.10 êáé A.4.11), êáëåßôáé ðçëéêïóýìðëïêï ôïýM• ùò ðñïò ôï
M0

•

B.2.15 Óçìåßùóç. ÅÜíM0• = ( 0
 | 0


)∈Z åßíáé Ýíá õðïóýìðëïêï åíüò áëõ-

óùôïý óõìðëüêïõM• = ( )∈Z ôüôå ç âñá·åßá áêïëïõèßá

{0} −→ 0



→

³
0
 −→ {0}

(üðïõ  ç óõíÞèçò Ýíèåóç êáé  := 

 0

) åßíáé áêñéâÞò ãéá êÜèå  ∈ Z ïðüôå

ðñïêýðôåé ìéá âñá·åßá áêñéâÞò áêïëïõèßá áëõóùôþí óõìðëüêùí

0• −→M0
•

•−→M•
•−→M•M0

• −→ 0•

ÌÝóù áõôÞò åðÜãåôáé (óýìöùíá ìå ôï èåþñçìá B.2.12) ç ìáêñÜ áêïëïõèßá ïìï-
ëïãßáò

B.2.16 Ðñüôáóç. ÅÜí õðïôåèåß üôé ôï

0 //M0•

ª

 0• //

0•
²²

M•

ª

• //

•
²²

M00•

00•
²²

// 0

0 // L0•
0•

// L• •
// L00• // 0

åßíáé Ýíá ìåôáèåôéêü äéÜãñáììá áëõóùôþí óõìðëüêùí êáé áëõóùôþí ìåôáó·çìá-
ôéóìþí ìå áìöüôåñåò ôéò ãñáììÝò ôïõ áêñéâåßò, ôüôå ôï åðáãüìåíï äéÜãñáììá

· · · // (M
0
•)

ª

(
0
•)//

(
0
•)
²²

(M•)

ª

(•)//

(•)
²²

(M
00
•)

ª(
00
• )

²²


(1)
 // −1(M0

•)

−1(0•)
²²

// · · ·

· · · // (L
0
•)

(
0
•)
// (L•)

(•)
// (L

00
• )


(2)


// −1(L0•) // · · ·



§ B.2 (óõí)áëõóùôá óõìðëïêá êáé ìïäéïé (óõí)ïìïëïãéáò 329

ôï Ý·ïí ôéò ìáêñÝò áêñéâåßò áêïëïõèßåò ùò ãñáììÝò (ìå ôïõò (1)  
(2)
 ùò óõíäåôé-

êïýò ïìïìïñöéóìïýò) åßíáé ùóáýôùò ìåôáèåôéêü.

Áðïäåéîç. Áò óõìâïëßóïõìå ôïõò óõíïñéáêïýò ôåëåóôÝò ùò M•
  

M0
•

  
M00

•
 êáé

L•  
L0•
  

L00•
  áíôéóôïß·ùò. Ç ìåôáèåôéêüôçôá óôá ðñþôá äýï ôåôñÜãùíá Ýðåôáé

Üìåóá áðü ôçí ðñüôáóç B.2.6. Ãéá ôçí áðüäåéîç ôÞò ìåôáèåôéêüôçôáò óôï ôñßôï

ôåôñÜãùíï èåùñïýìå ôõ·üí óôïé·åßï  ∈ (M
00•) ⊆ 00

  ÅðåéäÞ

∃ ∈ :  +(M
00
•) = (+(M•)) = () +(M

00
•)

ìå eM•
 (+(M•)) ∈ Im( 0−1) êáé

∃! ∈ −1(M
0
•) ⊆ 0

−1 :  0−1
−1
({eM•

 (+(M•))}) =  0−1−1({M•
 ()}) = {}

Ý·ïõìå

(−1(0•) ◦ (1) )( +(M
00
•)) = −1(0•)(

(1)
 ( +(M

00
•)))

= −1(0•)( +−1(M0
•)) = 0−1() +−1(L0•)

(Ðñâë. (B.20).) ÅîÜëëïõ,  0−1() =  0−1() = eM•
 (+(M•)) = M•

 () 

0−1 ◦ 0−1 = −1 ◦  0−1 êáé −1 ◦ M•
 = L• ◦ 

(äéüôé ï • åßíáé áëõóùôüò ìåôáó·çìáôéóìüò), ïðüôå ç åíñéðôéêüôçôá ôùí  0−1 êáé
0−1 äßäåé

0−1() = 0−1(
0−1
−1({M•

 ()})) = 0−1−1({−1(M•
 ())}) = 0−1−1({L• ( ())})

⇒ (−1(0•) ◦ (1) )( +(M
00
•)) = 0−1−1({L• ( ())}) +−1(L0•)

= 
(2)
 ((()) +(L

00
• )) = 

(2)
 (00(()) +(L

00
•))

= 
(2)
 ((

00
•)(() +(M

00
•))) = 

(2)
 ((

00
•)( +(M

00
•)))

äéüôé  ◦  = 00 ◦  ¤

IÌüäéïé óõíïìïëïãßáò. Áõôïß ïñßæïíôáé üðùò ïé ìüäéïé ïìïëïãßáò áëëÜ åêêéíþ-

íôáò áðü çìéáêñéâåßò áêïëïõèßåò ìå áíéüíôá óýíïëá äåéêôþí.

B.2.17 Ïñéóìüò. ¸óôù

· · · −2 // −1 −1 //   // +1 +1 // +2 +2 // · · · (B.21)

ìéá áêïëïõèßá -ìïäßùí êáé ïìïìïñöéóìþí -ìïäßùí ìå áíéüí óýíïëï äåéêôþí

êáé ìå ôïõò äåßêôåò áíáãñáöüìåíïõò «åí åßäåé äõíÜìåùí». ÁõôÞ êáëåßôáé óõíá-

ëõóùôü óýìðëïêï (Þ çìéáêñéâÞò áêïëïõèßá ìå áíéüí óýíïëï äåéêôþí) üôáí

 ◦ −1 = 0 ∀ ∈ Z êáé óõìâïëßæåôáé -åí óõíôïìßá- ùò M• = ( )∈Z
Ïé ïìïìïñöéóìïß M• :=   ∈ Z êáëïýíôáé åíßïôå óõóóõíïñéáêïß ôåëåóôÝò Þ
óõíäéáöïñéêÜ ôïý óõíáëõóùôïý óõìðëüêïõM• Óôçí åéäéêÞ ðåñßðôùóç üðïõ ïé

 åßíáé ôåôñéììÝíïé êáé  = 0 ∀ ∈ Z ôïM• óõìâïëßæåôáé áðëþò ùò 0•
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B.2.18 Ïñéóìüò. ¸óôùM• = ( )∈Z Ýíá óõíáëõóùôü óýìðëïêï ôÞò ìïñ-

öÞò (B.21). Ãéá êÜèå  ∈ Z èÝôïõìå

(M•) := Im(−1) êáé (M•) := Ker()

Ðñïöáíþò, áìöüôåñïé ïé (M•) êáé (M•) åßíáé õðïìüäéïé ôïý -ìïäßïõ 

êáé (M•) ⊆ (M•) Ôá óôïé·åßá ôïý (M•) êáëïýíôáé -ïóôÜ óõóóýíïñá
êáé ôá óôïé·åßá ôïý (M•) -ïóôÜ óõãêõêëÞìáôá13 ôïýM• Ï ðçëéêïìüäéïò

(M•) := (M•)(M•)

êáëåßôáé -ïóôüò ìüäéïò óõíïìïëïãßáò ôïýM• (Óôçí ðåñßðôùóç üðïõ  = Z
åßèéóôáé íá ïíïìÜæåôáé -ïóôÞ ïìÜäá óõíïìïëïãßáò ôïýM•)

B.2.19 ÐáñáôÞñçóç. Ðñïöáíþò, (M•) = 0(M•)(M•) = (M•) ãéá
êÜèå  ∈ Z åÜí êáé ìüíïí åÜí ç áêïëïõèßá (B.21) åßíáé áêñéâÞò. Ùò åê ôïýôïõ, ïé

ìüäéïé óõíïìïëïãßáò ìðïñïýí íá åêëçöèïýí ùò åêåßíïé ïé ìüäéïé ðïõ åêöñÜæïõí

ôï ðüóï áðÝ·åé ôï óõíáëõóùôü óýìðëïêï M• áðü ôï íá åßíáé áêñéâÞò áêïëïõèßá.

B.2.20 Ïñéóìüò. ¸óôù üôé ôá

åßíáé óõíáëõóùôÜ óýìðëïêá. Ìéá áðåéêüíéóç • :M• −→M0• åßíáé ìéá áêïëïõ-

èßá áðåéêïíßóåùí ( :  −→  0)∈Z Ùò óýíèåóç ( ◦ )• äõï áðåéêïíßóåùí

• : M• −→ M0• êáé • : M0• −→ M
00• ïñßæåôáé ç ( ◦  :  −→ 

00)∈Z
Ìéá áðåéêüíéóç óõíáëõóùôþí óõìðëüêùí • :M• −→M0• êáëåßôáé óõíáëõóù-
ôüò ìåôáó·çìáôéóìüò üôáí ãéá êÜèå ∈ Z ç  : −→ 0 åßíáé ïìïìïñöéóìüò
-ìïäßùí êáé (ôáõôï·ñüíùò) ôï êÜôùèé äéÜãñáììá åßíáé ìåôáèåôéêü.

13Ðñüêåéôáé êáé ðÜëé ãéá «ðáñáäïóéáêÞ» ïñïëïãßá ôïðïëïãéêÞò ðñïåëåýóåùò.
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B.2.21 Ðñüôáóç. ÅÜíM• = ( )∈Z êáéM0• = ( 0 0)∈Z åßíáé äõï óõíá-
ëõóùôÜ óýìðëïêá, ôüôå ãéá êÜèå óõíáëõóùôü ìåôáó·çìáôéóìü • : M• −→ M0•

éó·ýåé

((M•)) ⊆ (M0•) êáé ((M•)) ⊆ (M0•) ∀ ∈ Z

Ùò åê ôïýôïõ, õðÜñ·åé Ýíáò êáé ìüíïí ïìïìïñöéóìüò -ìïäßùí

(•) : (M•) −→ (M0•)

ìå ôçí éäéüôçôá 
(M0•)

(M0•) ◦ |(M•) = (•)◦(M•)
(M•) Þôïé áõôüò ðïõ ïñßæåôáé

áðü ôïí ôýðï

(•)(+(M•)) := () +(M0
•) ∀ ∈ (M•)

Áðïäåéîç. Åî ïñéóìïý, ôï äéÜãñáììá

åßíáé ìåôáèåôéêü. ¸óôù ôõ·üí óôïé·åßï  ∈ (M•) Ðñïöáíþò,

() = 0+1 ⇒ 00+1 = +1(0+1) = +1(()) = 0(())

⇒ () ∈ Ker(0) =: (M0•)⇒ ((M•)) ⊆ (M0•)

ÅîÜëëïõ, ãéá ïéïäÞðïôå óôïé·åßï  ∈ Im(−1) =: (M•) õðÜñ·åé  ∈ −1 ìå
 = −1() ïðüôå

() = (−1()) = 0−1(−1()) ∈ Im(0−1) =: (M0•)

Ç ýðáñîç, êáèþò êáé ï óõãêåêñéìÝíïò ôýðïò ïñéóìïý ôïý ïìïìïñöéóìïý(•)
ï ïðïßïò åßíáé ï ìüíïò ïìïìïñöéóìüò ðïõ óõìðëçñþíåé ôï äéÜãñáììá

êáèéóôþíôáò ôï ìåôáèåôéêü, Ýðåôáé áðü ôï èåþñçìá A.4.10. ¤
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B.2.22 Ðñüôáóç. ÄïèÝíôùí äõï óõíáëõóùôþí ìåôáó·çìáôéóìþí

• :M• −→M0• • :M0• −→M
00•

üðïõM• = ( )∈ZM0• = ( 0 0)∈Z êáé M
00• = (

00 
00)∈Z Ý·ïõìå

(( ◦ )•) = (•) ◦(•) ∀ ∈ Z
Áðïäåéîç. Ðáñüìïéá åêåßíçò ôÞò ðñïôÜóåùò B.2.6. ¤

B.2.23 Ðñüôáóç. ÅÜíM• = ( )∈Z åßíáé Ýíá óõíáëõóùôü óýìðëïêï, ôüôå

(idM•) = id(M•) ∀ ∈ Z
üðïõ idM• :M• −→M• ï ôáõôïôéêüò 14 óõíáëõóùôüò ìåôáó·çìáôéóìüò.

Áðïäåéîç. Ðáñüìïéá åêåßíçò ôÞò ðñïôÜóåùò B.2.7. ¤

B.2.24 Ïñéóìüò. ÅÜí (M• = (  )∈Z)∈ åßíáé ìéá ïéêïãÝíåéá óõíáëõ-
óùôþí óõìðëüêùí, ôüôå ôüóïí ôïL

∈
M• := (

L
∈


L
∈

)∈Z üóïí êáé ôï
Q
∈

M• := (
Q
∈


Q
∈

)∈Z

åßíáé óõíáëõóùôÜ óýìðëïêá. Ôï ìåí ðñþôï êáëåßôáé åõèý Üèñïéóìá, ôï äå äåý-

ôåñï åõèý ãéíüìåíï ôùí ìåëþí ôÞò åí ëüãù ïéêïãåíåßáò.

B.2.25 Ðñüôáóç. ÅÜí (M• = (  )∈Z)∈ åßíáé ìéá ïéêïãÝíåéá óõíáëõ-
óùôþí óõìðëüêùí, ôüôå õößóôáíôáé éóïìïñöéóìïß

(
L
∈

M•)
∼=−−−−→ L

∈
(M•)

êáé

(
Q
∈

M•)
∼=−−−−→ Q

∈
(M•)

êáèïñéæüìåíïé ìÝóù ôùí ôýðùí

()∈ +

ÃL
∈

Im(−1)

!
7−→ ¡

 + Im(
−1)

¢
∈

êáé

()∈ +

ÃQ
∈

Im(−1)

!
7−→ ¡

 + Im(
−1)

¢
∈ 

14idM• := (id : −→)∈Z
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Áðïäåéîç. Ðáñüìïéá åêåßíçò ôÞò ðñïôÜóåùò B.2.9. ¤

B.2.26 Ïñéóìüò. Ìéá áêïëïõèßá óõíáëõóùôþí óõìðëüêùí êáé óõíáëõóùôþí ìå-

ôáó·çìáôéóìþí ôÞò ìïñöÞò 0• −→ M0• •−→ M• •−→ M
00• −→ 0•, üðïõ

M• = ( )∈ZM0• = ( 0 0)∈Z êáé M
00• = (

00 
00)∈Z êáëåßôáé

âñá·åßá áêñéâÞò áêïëïõèßá óõíáëõóùôþí óõìðëüêùí üôáí ç

{0} −→ 0 −→ −→
00 −→ {0}

åßíáé âñá·åßá áêñéâÞò áêïëïõèßá (õðü ôçí Ýííïéá ôïý åä. B.1.2 (iii)), ∀ ∈ Z

B.2.27 ËÞììá. ÄïèÝíôùí ôñéþí áëõóùôþí óõìðëüêùí

M• = ( )∈Z M0• = ( 0 0)∈Z êáé M
00• = (

00 
00)∈Z

êáé ìéáò âñá·åßáò áêñéâïýò áêïëïõèßáò 0• −→M0• •−→M• •−→M
00• −→ 0• ç

åßíáé áêñéâÞò ãéá êÜèå  ∈ Z
Áðïäåéîç. Ðáñüìïéá åêåßíçò ôïý ëÞììáôïò B.2.11. ¤

B.2.28 Èåþñçìá. (ÊáôáóêåõÞ ìáêñÜò áêñéâïýò áêïëïõèßáò óõíïìïëïãßáò)

ÄïèÝíôùí ôñéþí óõíáëõóùôþí óõìðëüêùí

M• = ( )∈Z M0• = ( 0 0)∈Z êáé M
00• = (

00 
00)∈Z

êáé ìéáò âñá·åßáò áêñéâïýò áêïëïõèßáò

0• −→M0• •−→M• •−→M
00• −→ 0• (B.22)

õößóôáôáé ãéá êÜèå  ∈ Z Ýíáò ïìïìïñöéóìüò -ìïäßùí
 : (M

00•) −→ +1(M0•)

(ï ëåãüìåíïò óõíäåôéêüò ïìïìïñöéóìüò ãéá ôçí (B.22)), ìÝóù ôïý ïðïßïõ åðÜãåôáé
ìéá áêñéâÞò áêïëïõèßá

(ç ëåãüìåíç ìáêñÜ áêñéâÞò áêïëïõèßá óõíïìïëïãßáò ãéá ôçí (B.22)).
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Áðïäåéîç. Ðáñüìïéá åêåßíçò ôïý èåùñÞìáôïò B.2.12 (êÜíïíôáò ·ñÞóç ôüóïí ôïý

ëÞììáôïò B.2.27 üóïí êáé ôïý ëÞììáôïò B.1.19 ôïý öéäéïý). ¤

B.2.29 Óçìåßùóç. Áíáëüãùò ðáñáëëÜóóïíôáé êáé ïé äéáôõðþóåéò ôïý ïñéóìïý

B.2.14, ôÞò óçìåéþóåùò B.2.15 êáé ôÞò ðñïôÜóåùò B.2.16 ãéá óõíáëõóùôÜ óý-

ìðëïêá êáé ìïäßïõò óõíïìïëïãßáò. Áîßæåé íá åðéóçìáíèåß üôé êÜèå óõíáëõóùôü

óýìðëïêïM• = ( )∈Z ìðïñåß íá ìåôáôñáðåß óå Ýíá áëõóùôü óýìðëïêï

N• = ( )∈Z ìå−(M•) = (N•) åÜí êáíåßò èÝóåé15

 :=− êáé  := − ∀ ∈ Z
Åßíáé ëïéðüí åýëïãï ôï åñþôçìá ôïý ãéáôß íá ·ñçóéìïðïéïýíôáé áìöüôåñåò ïé Ýí-
íïéåò áëõóùôü êáé óõíáëõóùôü óýìðëïêï, êáé ìüäéïé ïìïëïãßáò êáé óõíïìïëï-
ãßáò, áíôéóôïß·ùò. Ï êýñéïò ëüãïò ·ñçóéìïðïéÞóåùò áìöïôÝñùí åßíáé ï åîÞò: Áö'

åíüò ìåí ïé çìéáêñéâåßò áêïëïõèßåò ìå áíéüí óýíïëï äåéêôþí óõíáíôþíôáé óõ·íÜ

óôçí ¢ëãåâñá, åíþ ïé çìéáêñéâåßò áêïëïõèßåò ìå êáôéüí óýíïëï äåéêôþí óõíá-

íôþíôáé óõ·íÜ óôçí ÁëãåâñéêÞ Ôïðïëïãßá, áö' åôÝñïõ äå ïé ïìÜäåò (Þ ïé ìüäéïé)

óõíïìïëïãßáò (ðïõ ·åéñßæåôáé êáíåßò åíôüò ôïý ðëáéóßïõ ôÞò ÁëãåâñéêÞò Ôïðïëï-

ãßáò) äåí ðñïÝñ·ïíôáé áðü áðëÞ áëëáãÞ ðñïóÞìïõ äåéêôþí ôùí ïìÜäùí (Þ ìïäßùí)

ïìïëïãßáò åíüò áëõóùôïý óõìðëüêïõ, áëëÜ áðü ôçí åöáñìïãÞ ôïý äõúêïý óõíáñ-
ôçôÞ ‘‘Hom'' óå êÜðïéï êáôÜëëçëï áëõóùôü óýìðëïêï (üðùò, ð.·., óôï óýìðëïêï

ôùí éäéáæïõóþí áëõóßäùí åíüò ôïðïëïãéêïý ·þñïõ). Ùò åê ôïýôïõ, ðáñáôçñåß-

ôáé ìåôÜâáóç áðü óõíáëëïßùôïõò óå áíôáëëïßùôïõò óõíáñôçôÝò (óôçí êáôçãïñßá
Abgroups Þ óôçí êáôçãïñßáMod).

B.3 μÁÑÁÊÔÇÑÉÓÔÉÊÇ TOY EULER

ÅÜí åßíáé ìéá ðåñéï·Þ êõñßùí éäåùäþí êáé Ýíáò ðåðåñáóìÝíùò ðáñáãüìåíïò

-ìüäéïò, ôüôå = tors()⊕ frp() üðïõ tors() ï õðïìüäéïò óôñÝøåùò16 ôïý

 êáé frp() ∼= tors() ôï åëåýèåñï ìÝñïò ôïõ, Ý·ùí ùò åëåýèåñç âáèìßäá

ôïõ fr-rank() := rank(frp()) ôïí êïéíü ðëçèéêü áñéèìü üëùí ôùí âÜóåùí ôïý

frp() (Âë. A.6.39 êáé A.7.6.)

B.3.1 ËÞììá. ¸óôù ìéá Ð.Ê.É êáé Ýóôù Ýíáò ðåðåñáóìÝíùò ðáñáãüìåíïò -
ìüäéïò. ÅÜí =

P
=1 ( ∈ N 1  ∈ ), ôüôå õðÜñ·åé Ýíáò  ∈ N0

 ≤  êáé êÜðïéá âñá·åßá áêñéâÞò áêïëïõèßá ôÞò ìïñöÞò

{0} −→  →  ³ −→ {0}
(ÊÜèå âñá·åßá áêñéâÞò áêïëïõèßá áõôÞò ôÞò ìïñöÞò êáëåßôáé, éäéáéôÝñùò, ðáñÜ-
óôáóç ôïý).

15Ðáñïìïßùò Ýíá áëõóùôü óýìðëïêï ìðïñåß íá ìåôáôñáðåß óå óõíáëõóùôü.

16tors() := { ∈|∃ ∈ r{0} :  = 0}.
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Áðïäåéîç. ¸óôù { | 1 ≤  ≤ } ìéá âÜóç ôïý  êáé Ýóôù  :  −→  ï

åðéìïñöéóìüò ï ïñéæüìåíïò åðß ïëïêëÞñïõ ôïý  èÝôïíôáò () :=  ãéá êÜèå

 ∈ {1  } êáé ·ñçóéìïðïéþíôáò ãñáììéêÞ åðÝêôáóç. (Âë. èåþñçìá A.6.20.)

Ï ðõñÞíáò ôïõ Ker() ùò õðïìüäéïò ôïý  åßíáé åëåýèåñïò êáé ðåðåñáóìÝíùò

ðáñáãüìåíïò -ìüäéïò êáé, ùò åê ôïýôïõ, Ker() ∼=  ãéá êÜðïéïí  ∈ N0  ≤ 

(Âë. A.6.47 êáé A.6.49.) Ç

{0} −→  → 

³ −→ {0}

åßíáé ìéá âñá·åßá áêñéâÞò áêïëïõèßá ôÞò æçôïýìåíçò ìïñöÞò. ¤

B.3.2 ÐáñáôÞñçóç. (i) ÅÜí

{0} −→  → 

³ −→ {0}

åßíáé ôõ·ïýóá ðáñÜóôáóç ôïý  êáé Ker()

→  ç óõíÞèçò Ýíèåóç, ôüôå áðü

ôçí ðñüôáóç B.1.12 ãíùñßæïõìå üôé õðÜñ·åé ìïíïóçìÜíôùò ïñéóìÝíïò ïìïìïñöé-
óìüò 99K Coker() ðïõ êáèéóôÜ ôï äéÜãñáììá

{0} // 

ª

Â Ä //

∼=
²²



ª

 // //

id

²²



²²Â
Â
Â // {0}

{0} // Ker() Â
Ä


// 




Ker()

// // Coker() // {0}
(B.23)

ìåôáèåôéêü. ÅðåéäÞ id−1

(Ker()) =Ker() êáé ï id ◦Ker() åßíáé åðéìïñöéóìüò,

ï åí ëüãù ïìïìïñöéóìüò åßíáé éóïìïñöéóìüò. (Âë. ðüñéóìá B.1.13). ÅðéðñïóèÝ-

ôùò, åÜí 1 åßíáé Ýíáò áõôïìïñöéóìüò ôïý  êáé 2 Ýíáò áõôïìïñöéóìüò ôïý 

ôüôå

Coker(2 ◦  ◦ 1) ∼= Coker() ∼= (B.24)

B.3.3 ËÞììá. ÅÜí  åßíáé ìéá Ð.Ê.É. êáé Ýíáò ðåðåñáóìÝíùò ðáñáãüìåíïò -
ìüäéïò, ôüôå ç äéáöïñÜ  −  óå ïéáäÞðïôå ðáñÜóôáóç

{0} −→  →  ³ −→ {0}

ôïý åßíáé óôáèåñÞ. ÌÜëéóôá, éó·ýåé  −  = fr-rank()

Áðïäåéîç. ÂÞìá 1ï. Áò õðïèÝóïõìå üôé

{0} −→  → 

³ −→ {0} êáé {0} −→ 0 → 0 

³ −→ {0}
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åßíáé äõï ôõ·ïýóåò ðáñáóôÜóåéò ôïý  Ôüôå õößóôáôáé ðñïöáíþò êáé ìéá ôñßôç
ðáñÜóôáóç ôïý :

{0}

%%JJ
JJJ

JJJ
JJ

{0}

²²

{0}

yyttt
ttt
ttt

 ∼= Ker()
Â Ä 1:= 1|Ker() //

rμ

$$JJ
JJJ

JJJ
JJ

Ker( ⊕ )

²²

Ker() ∼= 
0? _

2:= 2|Ker()oo
kK

yysss
sss
sss
s





$$ $$II
III

III
I
Â Ä 1 //

 ⊕ 
0

⊕

²²²²


0? _2oo



yyyysss
sss
sss
s



zzttt
ttt
ttt

%%KK
KKK

KKK
KK

²²
{0} {0} {0}

üðïõ (⊕)( ) := ()+()∀( ) ∈ ×0  êáé 1 2 ïé óõíÞèåéò åíèÝóåéò.
Åí óõíå·åßá èåùñïýìå ôï ìåôáèåôéêü äéÜãñáììá

{0}

²²

{0}

²²

{0}

²²
{0} // Ker() ∼= 

1

²²
ª

Â Ä // 

1

²²
ª

 // // 

id

²²

// {0}

{0} // Ker( ⊕ )

²²²²
ª

Â Ä //  ⊕0

ª
²²²²

⊕ // // 

²²²²

// {0}

{0} // Coker(1) //

²²

Coker(1) ∼= 0 //

²²

{0} //

²²

{0}

{0} {0} {0}

ìå ôéò ôñåéò ôïõ óôÞëåò áêñéâåßò. ÅðåéäÞ ïé äýï Üíù ãñáììÝò ôïõ åßíáé áêñéâåßò,

ç ôñßôç ãñáììÞ åßíáé ùóáýôùò áëçèÞò (äõíÜìåé ôïý (i) ôïý ëÞììáôïò B.1.9 ôùí

3 × 3). ÅðïìÝíùò, Coker(1) ∼= Coker(1) ∼= 0 êáé ï óõìðõñÞíáò Coker(1)

åßíáé åëåýèåñïò -ìüäéïò. Óýìöùíá ìå ôçí ðñüôáóç B.1.30 ç ðñþôç óôÞëç åßíáé

äéáóðþìåíç âñá·åßá áêñéâÞò áêïëïõèßá. Ùò åê ôïýôïõ,

Ker( ⊕ ) ∼= Ker()⊕ Coker(1) ∼=  ⊕0 ∼= +0  (B.25)
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(Âë. èåþñçìáB.1.28.) Êáô' áíáëïãßáí, áðü ôï ìåôáèåôéêü äéÜãñáììá (ìå áêñéâåßò
óôÞëåò):

{0}

²²

{0}

²²

{0}

²²
{0} // Ker() ∼= 

1

²²
ª

Â Ä // 

1

²²
ª

 // // 

id

²²

// {0}

{0} // Ker( ⊕ )

²²²²
ª

Â Ä //  ⊕0

ª
²²²²

⊕ // // 

²²²²

// {0}

{0} // Coker(1) //

²²

Coker(1) ∼= 0 //

²²

{0} //

²²

{0}

{0} {0} {0}

ëáìâÜíïõìå

Ker( ⊕ ) ∼= Ker()⊕ Coker(2) ∼= 0 ⊕ ∼= 0+ (B.26)

Ëüãù ôùí (B.25) êáé (B.26) ôï èåþñçìáA.6.38 äßäåé 0+ = +0 ⇒ − = 0−0
ÂÞìá 2ï. ¸óôù {0} −→  → 


³  −→ {0} ôõ·ïýóá ðáñÜóôáóç ôïý

 êáé Ýóôù  ∼= Ker()

→  ç óõíÞèçò Ýíèåóç. Ùò ãíùóôüí,  ∼= Coker()

(âë. (B.23)). ÅÜí A = () ∈ Mat×() åßíáé ï ðßíáêáò ðáñáóôÜóåùò ôïý ìï-

íïìïñöéóìïý  ∈ Hom(
 ) ùò ðñïò äõï äéáôåôáãìÝíåò âÜóåéò (1  ) êáé

(1  ) ôùí 
 êáé  áíôéóôïß·ùò17, ôüôå o óõìðõñÞíáò ôïý  åßíáé éóüìïñ-

öïò ìå ôïí óõìðõñÞíá ïéïõäÞðïôå éóïäýíáìïý ôïõ (âë. (B.24)), ïðüôå ç áíôéêá-

ôÜóôáóç ôïý A ìå Ýíáí éóïäýíáìü ôïõ äåí åðçñåÜæåé ôçí ðáñÜóôáóç ôïý  Ùò

ãíùóôüí18, õðÜñ·ïõí äéáôåôáãìÝíåò âÜóåéò (01  0) êáé (
0
1  

0
) ôùí 

 êáé

 ôÝôïéåò þóôå

(0) =
½


0
  üôáí 1 ≤  ≤ 

0 üôáí    ≤ 

üðïõ 1   ∈ r{0} ìå  | +1 ∀ ∈ {1   − 1} êáé  := rank(A)
ÊáôÜ óõíÝðåéáí, ï íÝïò ðßíáêáò ðáñáóôÜóåùò ôïý  ùò ðñïò áõôÝò (ðïõ åßíáé
éóïäýíáìïò ôïýA) åßíáé ïµ

D 0×(−)
0(−)× 0(−)×(−)

¶
 üðïõ D := diag(1  )

17Åî ïñéóìïý, () =
P

=1  ãéá êÜèå  ∈ {1  }.
18Âë., ð.·., [52], Proposition VII211, óåë. 339
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Ôïýôï óçìáßíåé üôé Im() = 1
0
1 ⊕ · · ·⊕

0
 ïðüôå

 ∼= Coker() = 1
0
1 ⊕ · · ·⊕

0


∼= 01 ⊕ · · ·⊕0 1
0
1 ⊕ · · ·⊕

0
 ⊕ {0}⊕ · · ·⊕ {0}| {z }

− öïñÝò

∼= (01101)⊕ · · ·⊕ (00)⊕0+1 ⊕ · · ·⊕0

∼=
(A.43)

(1)⊕ · · ·⊕ ()⊕0+1 ⊕ · · ·⊕0 ∼= (
L

=1

)⊕−

áð' üðïõ Ýðåôáé üôé tors() ∼=L
=1 êáé frp()

∼=−ÅÜí ãéá ôõ·ïýóá

âÜóç {1  } ôïý  èåùñÞóïõìå (ãéá ïéáäÞðïôå 1   ∈ ) ôïí åðéìïñöé-

óìü

 :  −→ (
L

=1
)⊕−

(
P
=1

) := (1 +1   + +1  )

ìå ðõñÞíá

Ker() = 11 ⊕ · · ·⊕ ∼= 

ôüôå ç âñá·åßá áêñéâÞò áêïëïõèßá

{0} −→ Ker() ∼=  →  ³ (
L

=1
)⊕− ∼= −→ {0}

ìðïñåß íá éäùèåß ùò ìéá íÝá ðáñÜóôáóç ôïý  Áðü ôá ðñïáíáöåñèÝíôá óôï 1ï

âÞìá óõíÜãåôáé üôé  −  =  − ⇒  =  êáé üôé fr-rank() =  −  ¤

B.3.4 ËÞììá. ¸óôù  ìéá Ð.Ê.É. ÅÜí

{0} −→
−→−1

−1−→ −1
−2−→ · · · 2−→1

1−→0 −→ {0}
åßíáé áêñéâÞò áêïëïõèßá ðåðåñáóìÝíùò ðáñáãïìÝíùí -ìïäßùí (üðïõ  ∈ N),
ôüôå

X
=0

(−1)fr-rank() = 0 (B.27)

Áðïäåéîç. Ãéá  = 1 ç (B.27) åßíáé ðñïöáíÞò. ¼ôáí  = 2 èåùñïýìå ðáñáóôÜ-

óåéò

{0} −→  → 

³0 −→ {0} êáé {0} −→ 0 → 0 0

³2 −→ {0}
ôùí0 êáé2 áíôéóôïß·ùò. ÌÝóù áõôþí êáôáóêåõÜæåôáé ìéá ðáñÜóôáóç

{0} −→ +0 → +0 ³1 −→ {0}
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ôïý1 ÐñÜãìáôé° áò èåùñÞóïõìå ôï ìåôáèåôéêü äéÜãñáììá

{0}

²²

{0}

²²

{0}

²²
{0} // Ker(0) ∼= 0

Ä _

²²
ª

Â Ä // Ker(⊕ )Ä _

²²
ª

// Ker() ∼= 
Ä _

²²

// {0}

{0} //
0

0

²²²²



''OO
OOO

OOO
OOO

OOO
Â Ä //

+0

⊕
²²²²


+0


0

// //  ∼= +00



vvnnn
nnn
nnn
nnn
n



²²²²

// {0}

{0} // 2
2

//

²²

1
1

//

²²

0
//

²²

{0}

{0} {0} {0}

üðïõ  := 2 ◦ 0 êáé  ∈ Hom(
1) ï ìïíïóçìÜíôùò ïñéóìÝíïò ïìïìïñöé-

óìüò ãéá ôïí ïðïßï éó·ýåé19 1 ◦  =  (Âë. èåþñçìá A.3.25.) Áõôü Ý·åé êáé ôéò
ôñåéò ôïõ óôÞëåò áêñéâåßò. ÅðåéäÞ ïé äýï êÜôù ãñáììÝò åßíáé áêñéâåßò, ç ðñþôç
ãñáììÞ åßíáé ùóáýôùò áêñéâÞò (äõíÜìåé ôïý (ii) ôïý ëÞììáôïò B.1.9 ôùí 3 × 3).
ÅðéðëÝïí, óýìöùíá ìå ôçí ðñüôáóç B.1.30 ç ðñþôç ãñáììÞ åßíáé äéáóðþìåíç
âñá·åßá áêñéâÞò áêïëïõèßá, äéüôé ï Ker() ∼=  åßíáé åëåýèåñïò -ìüäéïò. ÊáôÜ

ôï èåþñçìá B.1.28, Ker(⊕) ∼= 0 ⊕ ∼= +0 Áðü ôï ëÞììá B.3.3 óõíÜãåôáé
üôé

fr-rank(1) = ( + 0)− (+ 0) = ( − ) + (0 − 0) = fr-rank(0) + fr-rank(1)

ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò êáé ãéá  = 2 Ãéá  ≥ 3 åñãáæüìáóôå åðáãùãé-
êþò: Äéáóðïýìå ôçí áñ·éêÞ áêñéâÞ áêïëïõèßá óå äýï áêñéâåßò áêïëïõèßåò

{0}

²²
{0} // 

 // −1
−1 // · · · 3 // 2

02 // // Im(2) = Ker(1)Ä _

²²

// {0}

1

1

²²²²
0

²²
{0}

19Ðñïöáíþò, Im() ⊆0 = Im(1)
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(üðïõ  02 åßíáé ï åðéìïñöéóìüò ï ðñïêýðôùí áðü ôïí ïìïìïñöéóìü 2 ýóôåñá áðü

ðåñéïñéóìü ôïýðåäßïõ ôéìþí ôïý ôåëåõôáßïõ óôçí åéêüíá ôïõ). Áðü ôçí åðáãùãéêÞ

õðüèåóç ãéá êáèåìéÜ åî áõôþí ëáìâÜíïõìå

X
=2

(−1) fr-rank()− fr-rank(Im(2)) = 0 (B.28)

êáé

fr-rank(0)− fr-rank(1) + fr-rank(Im(2)) = 0 (B.29)

Êáôüðéí ðñïóèÝóåùò ôùí (B.28) êáé (B.29) êáôÜ ìÝëç ðñïêýðôåé ç (B.27). ¤

B.3.5 Ïñéóìüò. ¸óôù  ìéá Ð.Ê.É. êáé ÝóôùM• = ( )∈Z Ýíá áëõóùôü óý-

ìðëïêï ðåðåñáóìÝíùò ðáñáãïìÝíùí -ìïäßùí. ÅÜí õðÜñ·åé êÜðïéïò  ∈ N0
ôÝôïéïò þóôå íá éó·ýåé 

∼= {0} ãéá êÜèå  ∈ Z ìå ||   ôüôå ôïM• ïíïìÜæå-
ôáé ðåðåñáóìÝíï áëõóùôü óýìðëïêï. Åí ôïéáýôç ðåñéðôþóåé, ïñßæåôáé êáëþò ôï

åíáëëÜóóïí Üèñïéóìá

(M•) :=
X
∈Z

(−1) fr-rank() ∈ Z

ôï ïðïßï êáëåßôáé ·áñáêôçñéóôéêÞ Euler ôïýM• ùò ðñïò ôçí 

B.3.6 Ðñüôáóç. ¸óôù  ìéá Ð.Ê.É. ÅÜí

M• = ( )∈Z M0
• = (

0
 

0
)∈Z êáé M

00
• = (

00
  

00
 )Z

åßíáé ôñßá ðåðåñáóìÝíá áëõóùôÜ óýìðëïêá -ìïäßùí êáé

0• −→M0
•

•−→M•
•−→M00

• −→ 0•

ìéá âñá·åßá áêñéâÞò áêïëïõèßá, ôüôå

(M•) = (M
0•) + (M

00•)

Áðïäåéîç. ÅðåéäÞ ãéá êÜèå  ∈ Z ç

{0} −→ 0


−→
−→ 00

 −→ {0}
åßíáé âñá·åßá áêñéâÞò áêïëïõèßá, Ý·ïõìå (ëüãù ôÞò (B.27) ãéá  = 2)

(M•) =
X
∈Z

(−1) fr-rank() =
X
∈Z

(−1) (fr-rank( 0
) + fr-rank(

00
 ))

=
X
∈Z

(−1) fr-rank(
0
) +

X
∈Z

(−1) fr-rank(
00
 )

üðïõ ôï ôåëåõôáßï éóïýôáé ìå ôï Üèñïéóìá (M
0•) + (M

00•) ¤
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B.3.7 Èåþñçìá. ¸óôù  ìéá Ð.Ê.É. êáé ÝóôùM• = ( )∈Z Ýíá ðåðåñáóìÝíï
áëõóùôü óýìðëïêï -ìïäßùí. Ôüôå êÜèå ìüäéïò ïìïëïãßáò ôïýM• åßíáé ðåðåñá-
óìÝíùò ðáñáãüìåíïò êáé

(M•) =
X
∈Z

(−1) fr-rank((M•)) (B.30)

Áðïäåéîç. Åî õðïèÝóåùò, õðÜñ·åé  ∈ N0 ôÝôïéïò þóôå íá éó·ýåé 
∼= {0} ãéá

êÜèå  ∈ Z ìå ||  ¢ñá(M•) ∼= {0} ãéá êÜèå  ∈ Z ìå ||  ÅðéðñïóèÝôùò,

åðåéäÞ ãéá êÜèå  ∈ Z Ý·ïõìå(M•) ⊆(M•) ⊆ ôüóïí ïé-ìüäéïé(M•)
êáé (M•) üóïí êáé ï (M•) åßíáé ðåðåñáóìÝíùò ðáñáãüìåíïé. (Âë. ðüñéóìá
A.6.49.) Èåùñïýìå ôéò âñá·åßåò áêñéâåßò áêïëïõèßåò

{0} −→ (M•) → (M•)

(M•)
(M•)³ (M•) −→ {0} (B.31)

êáé

{0} −→ (M•) →

̌³ −1(M•) −→ {0} (B.32)

üðïõ ̌ ï åðéìïñöéóìüò ï ðñïêýðôùí áðü ôïí  (ýóôåñá áðü ðåñéïñéóìü ôïý ðå-
äßïõ ôéìþí áõôïý óôçí åéêüíá ôïõ), êáé õðïèÝôïõìå äß·ùò âëÜâç ôÞò ãåíéêüôçôáò
üôé 

∼= {0} ãéá üëïõò ôïõò áñíçôéêïýò  (äéüôé áëëéþò õðÜñ·åé ç äõíáôüôçôá
ìåôïíïìáóßáò ôùí äåéêôþí êáôüðéí ìåôáôïðßóåþò ôïõò Ýùò üôïõ êáôáóôïýí ≥ 0).
Áðü ôçí (B.32) êáé áðü ôï ëÞììá B.3.4 Ýðåôáé üôé

(M•) =
X
∈Z

(−1) fr-rank() =
X

=0

(−1) fr-rank()

=
X

=0

(−1) (fr-rank((M•)) + fr-rank(−1(M•)))

=
X

=0

(−1) fr-rank((M•)) +
X

=0

(−1) fr-rank(−1(M•)))

ÅðåéäÞ (åî õðïèÝóåùò) fr-rank(−1(M•)) = 0 = fr-rank((M•)) (êáèþò
0 = 0 êáé +1

∼= {0}), ýóôåñá áðü áëëáãÞ ôïý äåßêôç áèñïßóåùò óôï ôåëåõ-
ôáßï Üèñïéóìá ç (B.31) êáé ôï ëÞììá B.3.4 äßäïõí

(M•) =
X

=0

(−1) fr-rank((M•)) +
X

=0

(−1)+1 fr-rank((M•)))

=
X

=0

(−1) (fr-rank((M•))− fr-ank((M•)))

=
X

=0

(−1) fr-rank((M•))

ïðüôå ç (B.30) åßíáé üíôùò áëçèÞò. ¤
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B.4 ÁËÕÓÙÔÇ ÏÌÏÔÏÐÉÁ

ÅÜí M• = ( )∈ZM0• = ( 0
 

0
)∈Z åßíáé äõï áëõóùôÜ óýìðëïêá êáé

• • : M• −→ M0• áëõóùôïß ìåôáó·çìáôéóìïß, ðüôå Ý·ïõìå (•) = (•)
ãéá êÜèå  ∈ Z;Ìéá éêáíÞ óõíèÞêç ãéá íá éó·ýïõí áõôÝò ïé éóüôçôåò åßíáé åýêïëá

ðåñéãñÜøéìç ìÝóù ôÞò åéóáãùãÞò ôÞò åííïßáò ôÞò áëõóùôÞò ïìïôïðßáò.

B.4.1 Ïñéóìüò. ¸óôù üôé ôá M• = ( )∈ZM0
• = ( 0

 
0
)∈Z åßíáé äõï

áëõóùôÜ óýìðëïêá. Äõï áëõóùôïß ìåôáó·çìáôéóìïß • • : M• −→ M0
• ïíï-

ìÜæïíôáé (áëõóùôþò) ïìüôïðïé üôáí õðÜñ·åé ìéá áêïëïõèßá ïìïìïñöéóìþí -

ìïäßùí

( : −→ 0
+1)∈Z (B.33)

ãéá ôçí ïðïßá éó·ýåé

 −  = 0+1 ◦  + −1 ◦  ∀ ∈ Z

ÓõíÞèçò óõìâïëéóìüò20: ()∈Z : • ' • Åí ðñïêåéìÝíù, ìéá ôÝôïéïõ åßäïõò

áêïëïõèßá ()∈Z êáëåßôáé áëõóùôÞ ïìïôïðßá.

B.4.2 Óçìåßùóç. ¼ôáí ()∈Z : idM• ' 0• ç ()∈Z êáëåßôáé óõóôÝëëïõóá

ïìïôïðßá (ãéá ôïM•) êáé ôï ßäéï ôïM• óõóôáëôü áëõóùôü óýìðëïêï.

B.4.3 Ïñéóìüò. ¸óôù üôé ôáM• = ( )∈ZM0• = ( 0 0)∈Z åßíáé äõï

óõíáëõóùôÜ óýìðëïêá. Äõï óõíáëõóùôïß ìåôáó·çìáôéóìïß • • :M• −→M0•

ïíïìÜæïíôáé (óõíáëõóùôþò) ïìüôïðïé üôáí õðÜñ·åé ìéá áêïëïõèßá ïìïìïñöé-

óìþí -ìïäßùí

( : −→ 0−1)∈Z (B.34)

ãéá ôçí ïðïßá éó·ýåé

 −  = 0−1 ◦  + +1 ◦  ∀ ∈ Z
20Ðñïóï·Þ! Ìéá ôÝôïéá ()∈Z äåí åßíáé áðåéêüíéóç áëõóùôþí óõìðëüêùí áðü ôïM• óôïM0

• õðü ôçí Ýííïéá

ôïý ïñéóìïý B.2.4 (äéüôé ãßíåôáé áíáâßâáóç äåéêôþí êáôÜ 1).
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ÓõíÞèçò óõìâïëéóìüò21: ()∈Z : • ' • Åí ðñïêåéìÝíù, ìéá ôÝôïéïõ åßäïõò

áêïëïõèßá ()∈Z êáëåßôáé óõíáëõóùôÞ ïìïôïðßá.

B.4.4 Óçìåßùóç. ¼ôáí ()∈Z : idM• ' 0• ç ()∈Z êáëåßôáé óõóôÝëëïõóá

ïìïôïðßá (ãéá ôïM•) êáé ôï ßäéï ôïM• óõóôáëôü óõíáëõóùôü óýìðëïêï.

B.4.5 Ðñüôáóç. Ç ó·Ýóç ``''' ôÞò ïìïôïðßáò áðïôåëåß ó·Ýóç éóïäõíáìßáò (õðü ôç
óõíÞèç Ýííïéá) åðß ôÞò êëÜóåùò ôùí áëõóùôþí (êáé áíôéóôïß·ùò, ôùí óõíáëõóù-
ôþí) ìåôáó·çìáôéóìþí.

Áðïäåéîç. ¸óôù üôé ôáM• = ( )∈ZM0• = ( 0
 

0
)∈Z åßíáé äõï áëõ-

óùôÜ óýìðëïêá êáé • • • :M• −→M0• ôñåéò áëõóùôïß ìåôáó·çìáôéóìïß.

(i) ÈÝôïíôáò  := 0 ∀ ∈ Z Ý·ïõìå ðñïöáíþò ()∈Z : • ' • ïðüôå ç ‘‘'''
åßíáé áíáêëáóôéêÞ.

(ii) ÕðïèÝôïíôáò üôé ()∈Z : • ' • ãéá êÜðïéá áëõóùôÞ ïìïôïðßá (B.33) äéá-

ðéóôþíïõìå üôé (−)∈Z : • ' • ïðüôå ç ‘‘''' åßíáé óõììåôñéêÞ.
(iii) ÅÜí õðïèÝóïõìå üôé ()∈Z : • ' • êáé (0)∈Z : • ' •ôüôå

( + 0)∈Z : • ' •

ïðüôå ç ‘‘''' åßíáé êáé ìåôáâáôéêÞ. (Ç áðüäåéîç ãéá óõíáëõóùôÜ óýìðëïêá åßíáé

ðáñüìïéá.) ¤

B.4.6 Ðñüôáóç. ÅÜí M• = ( )∈ZM0
• = ( 0

 
0
)∈Z åßíáé äõï áëõóùôÜ

óýìðëïêá êáé • • : M• −→ M0• äõï áëõóùôïß ìåôáó·çìáôéóìïß, ôüôå éó·ýåé ç
áêüëïõèç óõíåðáãùãÞ 22

• ' • =⇒ [(•) = (•) ∀ ∈ Z] (B.35)

Áðïäåéîç. ÅÜí ()∈Z : • ' •ôüôå ãéá ïéïäÞðïôå  ∈ (M•) êáé ïéïíäÞðïôå
 ∈ Z ç äéáöïñÜ(•)(+(M•))−(•)(+(M•)) éóïýôáé ìå

(() +(M
0
•))− (() +(M

0
•)) = (()− ()) +(M

0
•)

= (0+1(()) + −1(())) +(M
0
•) = (M

0
•) = 0(M0•)

äéüôé  ∈ (M•) ⇒ () = 0−1 êáé 0+1(()) ∈ Im(0+1) = (M
0•)

ÅðïìÝíùò, (•) = (•) ¤

B.4.7 Óçìåßùóç. Çáíôßóôñïöç óõíåðáãùãÞ ‘‘⇐='' óôçí (B.35) äåí åßíáé ðÜíôïôå
áëçèÞò. Åðß ðáñáäåßãìáôé, ðáãéþíïíôáò Ýíáí öõóéêü áñéèìü  ≥ 2 êáé Ýíáí

21Ðñïóï·Þ!Ìéá ôÝôïéá ()∈Z äåí åßíáé áðåéêüíéóçóõíáëõóùôþíóõìðëüêùíáðü ôïM• óôïM0• õðü ôçí Ýííïéá

ôïý ïñéóìïý B.2.20 (äéüôé ãßíåôáé êáôáâßâáóç äåéêôþí êáôÜ 1).

22¼ôáí ãñÜöïõìå áðëþò • ' • åííïïýìå üôé ()∈Z : • ' • ãéá êÜðïéá áêïëïõèßá (B.33).
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áêÝñáéï áñéèìü  êáé èåùñþíôáò äýï áíôßôõðá ôïý éäßïõ áëõóùôïý óõìðëüêïõ
M• = ( )∈Z üðïõ

 :=

⎧⎨⎩
Z üôáí  ∈ {  + 1}
Z üôáí  =  − 1
{0} üôáí  ∈ { − 1   + 1}

êáé  :=

⎧⎨⎩
 idZ üôáí  =  + 1

 üôáí  = 

0 üôáí  ∈ {  + 1}

(ìå23 Z 3  7−→ () := [] ∈ Z), êáèþò êáé ôïõò áëõóùôïýò ìåôáó·çìáôéóìïýò
• • :M• −→M• üðïõ

 :=

⎧⎨⎩
idZ üôáí  ∈ {  + 1}
idZ  üôáí  =  − 1
0 üôáí  ∈ { − 1   + 1}

êáé  := 0 ∀ ∈ Z

ðáñáôçñïýìå üôé ïé • • äåí åßíáé ïìüôïðïé. ÐñÜãìáôé° åÜí ßó·õå

()∈Z : • ' •

ãéá êÜðïéá áëõóùôÞ ïìïôïðßá (B.33), ôüôå èá åß·áìå êáô' áíÜãêçí  = 0 ãéá

êÜèå  ∈ Zr{ − 1 } êáé ãéá ôçí ôéìÞ  =  èá ëáìâÜíáìå

idZ =  −  = +1 ◦  + −1 ◦  =  idZ ◦  + −1 ◦ (B.36)

ÅðåéäÞ −1 ∈ HomZ(ZZ) êáé HomZ(ZZ) ∼= {0} (âë. C.1.3 (iii)), o −1 èá
Þôáí ï ìçäåíéêüò ïìïìïñöéóìüò, ïðüôå ç (B.36) èá Ýäéäå

idZ =  idZ ◦  ⇒ () =  ∀ ∈ Z
Þôïé êÜôé ôï ïðïßï èá Þôáí Üôïðï (êáèþò äåí ìðïñåß êÜèå áêÝñáéïò áñéèìüò íá
åßíáé ßóïò ìå êÜðïéï áêÝñáéï ðïëëáðëÜóéï ôïý ). Áðü ôçí Üëëç ìåñéÜ, åßíáé

ðñïöáíÝò üôé(M•) ∼= {0} ïðüôå(•) = (•) = 0 ∀ ∈ Z

B.4.8 Ðñüôáóç. ÅÜíM• = ( )∈ZM0• = ( 0 0)∈Z åßíáé äõï óõíáëõ-
óùôÜ óýìðëïêá êáé • • :M• −→M0• äõï óõíáëõóùôïß ìåôáó·çìáôéóìïß, ôüôå
éó·ýåé ç áêüëïõèç óõíåðáãùãÞ 24

• ' • =⇒ [(•) = (•) ∀ ∈ Z]

Áðïäåéîç. Ðáñüìïéá åêåßíçò ôÞò ðñïôÜóåùò B.4.6. ¤

B.4.9 Ïñéóìüò. ËÝìå üôé äõï áëõóùôÜ óýìðëïêáM•M0• (êáé áíôéóôïß·ùò, äõï
óõíáëõóùôÜ óýìðëïêá M• M0•) åßíáé ïìïôïðéêþò éóïäýíáìá üôáí õðÜñ·ïõí

áëõóùôïß ìåôáó·çìáôéóìïß

• :M• −→M0
• êáé • :M0

• −→M•

23ÓçìåéùôÝïí üôé ç {0} −→ Z = +1
 idZ−→  = Z −→ −1 = Z −→ {0} äåí åßíáé ôßðïôå Üëëï ðáñÜ ç

âñá·åßá áêñéâÞò áêïëïõèßá ðïõ åß·å ðáñáôåèåß óôï (iv) ôïý åäáößïõ B.1.3.

24¼ôáí ãñÜöïõìå áðëþò • ' • åííïïýìå üôé ()∈Z : • ' • ãéá êÜðïéá áêïëïõèßá (B.34).
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(êáé áíôéóôïß·ùò, üôáí õðÜñ·ïõí óõíáëõóùôïß ìåôáó·çìáôéóìïß

• :M• −→M0• êáé • :M0• −→M•)

ôÝôïéïé þóôå íá éó·ýåé

( ◦ )• ' idM• êáé ( ◦ )• ' idM0•

(êáé áíôéóôïß·ùò,

( ◦ )• ' idM• êáé ( ◦ )• ' idM0•)

ÔÝôïéïé áëõóùôïß ìåôáó·çìáôéóìïß (êáé áíôéóôïß·ùò, óõíáëõóùôïß ìåôáó·çìáôé-

óìïß) ïíïìÜæïíôáé áëõóùôÝò éóïäõíáìßåò (êáé áíôéóôïß·ùò, óõíáëõóùôÝò éóïäõ-

íáìßåò) êáé ï Ýíáò ïìïôïðéêü áíôßóôñïöï ôïý Üëëïõ.

B.4.10 Ðñüôáóç. ¸óôù üôé M•M0
• åßíáé äõï áëõóùôÜ óýìðëïêá. ÅÜí õðïèÝ-

óïõìå üôé ôáM•M0• åßíáé ïìïôïðéêþò éóïäýíáìá êáé • : M• −→ M0• ìéá áëõ-
óùôÞ éóïäõíáìßá, ôüôå

(M•)
(•)

∼= // (M
0•)  ∀ ∈ Z

Ùò åê ôïýôïõ, óôçí åéäéêÞ ðåñßðôùóç üðïõ ï äáêôýëéïò áíáöïñÜò åßíáé ìéáÐ.Ê.É.
êáé ôáM• êáéM0• ðåðåñáóìÝíá, Ý·ïõìå

(M•) = (M
0
•)

Áðïäåéîç. Åî õðïèÝóåùò, õðÜñ·åé áëõóùôüò ìåôáó·çìáôéóìüò • :M0• −→M•
(óõãêåêñéìÝíá, êÜðïéá áëõóùôÞ éóïäõíáìßá õðü ôçí Ýííïéá ôïý ïñéóìïý B.4.9)

ìå ( ◦ )• ' idM• êáé ( ◦ )• ' idM0•  Óýìöùíá ìå ôéò ðñïôÜóåéò B.2.6, B.2.7 êáé

B.4.6,

(•) ◦(•) = (( ◦ )•) = (idM•) = id(M•)

êáé (êáô' áíáëïãßáí)(•) ◦(•) = id(M0•) Ôïýôï óçìáßíåé üôé áìöüôåñïé

ïé (•) êáé (•) åßíáé éóïìïñöéóìïß (êáé ï Ýíáò áíôßóôñïöïò ôïý Üëëïõ). Ç

éóüôçôá ôùí áñéèìþí Euler (óôçí áíùôÝñù áíáöåñèåßóá åéäéêÞ ðåñßðôùóç) Ýðå-

ôáé Üìåóá áðü ôï èåþñçìá B.3.7. ¤

B.4.11 Óçìåßùóç. ÅÜíM•M0• åßíáé äõï áëõóùôÜóýìðëïêá êáé • :M• −→M0•
Ýíáò áëõóùôüò ìåôáó·çìáôéóìüò ìå ôçí éäéüôçôá

(M•)
(•)

∼= // (M
0•)  ∀ ∈ Z

ôüôå äåí éó·ýåé åí ãÝíåé ôï áíôßóôñïöï ôÞò ðñïôÜóåùò B.4.10, äçëáäÞ ï • äåí åßíáé
êáô' áíÜãêçí áëõóùôÞ éóïäõíáìßá. Ùóôüóï, ìéá éêáíÞ óõíèÞêç ãéá íá éó·ýåé êáé

ôï áíôßóôñïöï äßäåôáé óôï èåþñçìá B.4.22.
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B.4.12 Ðñüôáóç. ¸óôù üôéM•M0• åßíáé äõï óõíáëõóùôÜ óýìðëïêá. ÅÜí õðï-
èÝóïõìå üôé ôá M•M0• åßíáé ïìïôïðéêþò éóïäýíáìá êáé • : M• −→ M0• ìéá
óõíáëõóùôÞ éóïäõíáìßá, ôüôå

(M•)
(•)

∼= // (M0•)  ∀ ∈ Z

Áðïäåéîç. Ðáñüìïéá åêåßíçò (ôïý ðñþôïõ ìÝñïõò) ôÞò ðñïôÜóåùò B.4.10. ¤

B.4.13 Ïñéóìüò. ÅÜíM• = ( )∈ZM0• = ( 0
 

0
)∈Z åßíáé äõï áëõóùôÜ

óýìðëïêá êáé • : M• −→ M0• Ýíáò áëõóùôüò ìåôáó·çìáôéóìüò, ôüôå ç áêïëïõ-

èßáC()• = (C() )∈Z üðïõ

C() :=−1 ⊕ 0


êáé

 : C() −→ C()−1

( ) 7−→ ( ) := (−−1() 0() + −1())

åßíáé ï áëãåâñéêüò êþíïò ôïý •

B.4.14 ËÞììá. Ç áíùôÝñù áêïëïõèßá C()• = (C() )∈Z áðïôåëåß áëõóùôü
óýìðëïêï.

Áðïäåéîç. H  åßíáé ðñïäÞëùò ïìïìïñöéóìüò-ìïäßùí ãéá êÜèå ∈ ZÅðßóçò,
ãéá ïéáäÞðïôå  ∈ Z  ∈−1 êáé  ∈ 0

 Ý·ïõìå

(−1 ◦ )( ) = −1(−−1() 0() + −1())

= (−−2(−−1()) 0−1(0() + −1()) + −2(−−1()))
= ((−2 ◦ −1| {z }

=0

)() (0−1 ◦ 0| {z }
=0

)() + (0−1 ◦ −1 − −2 ◦ −1| {z }
=0

)()) = 0C()−2 

äéüôé ôáM• êáéM0
• åßíáé äõï áëõóùôÜ óýìðëïêá êáé ï • áëõóùôüò ìåôáó·çìá-

ôéóìüò. ¢ñá çC()• åßíáé üíôùò Ýíá áëõóùôü óýìðëïêï. ¤

B.4.15 Ðñüôáóç. ÅÜíM• = ( )∈ZM0• = ( 0
 

0
)∈Z åßíáé äõï áëõóùôÜ

óýìðëïêá, • :M• −→M0• Ýíáò áëõóùôüò ìåôáó·çìáôéóìüò êáé

• = ( : 0
 −→ C())∈Z • = ( : C() −→−1)∈Z

 7−→ () := (0−1  ) ( ) 7−→ ( ) := 
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ôüôå ç ìáêñÜ áêïëïõèßá -ìïäßùí ïìïëïãßáò

åßíáé áêñéâÞò.

Áðïäåéîç. Ëüãù ôïý ïñéóìïý B.4.13 êáé ôïý ëÞììáôïò B.4.14 ç

0• −→M0
•

•
→ C()•

•³M•−1 −→ 0• (B.37)

åßíáé ìéá âñá·åßá áêñéâÞò áêïëïõèßá áëõóùôþí óõìðëüêùí. Åöáñìüæïíôáò ôï
èåþñçìá B.2.12 êáôáóêåõÜæïõìå ôç ìáêñÜ áêñéâÞ áêïëïõèßá ïìïëïãßáò

· · · +1(•)−→ +1(C()•)
+1(•)−→ +1(M•−1)

+1−→ (M
0
•)

(•)−→ (C()•)→ · · ·

ãéá ôçí (B.37). ËáìâÜíïíôáò õð' üøéí ôï áêüëïõèï ìåôáèåôéêü äéÜãñáììá

{0}

²²

{0}

²²

−1

©
−1

zzt t
t t

t
−1 // −2

−2{{v v
v v

v

 0


ª

_Ä



²²

0 //  0
−1_Ä

−1
²²

0−1 //  0
−2

C()

ª

²²²²



// C()−1

−1
²²²²




// −1

²²

−1
// −2

²²
{0} {0}

áñêåß íá äåé·èåß üôé ï óõíäåôéêüò ïìïìïñöéóìüò

 : (M•−1) = −1(M•) −→ −1(M0
•)

ôáõôßæåôáé ìå ôïí ïìïìïñöéóìü−1(•) ôïí åðáãüìåíïí ìÝóù ôïý áëõóùôïý ìå-
ôáó·çìáôéóìïý • Ãéá ïéïäÞðïôå  ∈ −1(M•) Ý·ïõìå  = ( ) ãéá êÜðïéï
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 ∈ 0
 (êáèüóïí ï  åßíáé åðéìïñöéóìüò). ÊáôÜ óõíÝðåéáí,

0−2 = (−1 ◦ )( ) = (−1 ◦ )( ) = −1(−−1()| {z }
=0−2

 0() + −1())

⇒ (0−2  
0
() + −1()) ∈ Ker(−1) = Im(−1)

ïðüôå −1(0() + −1()) = (0−2  
0
() + −1()| {z }

∈ 0
−1

) Ôïýôï óçìáßíåé üôé

0−1(
0
() + −1()) = (0−1 ◦ 0| {z }

=0

)() + (0−1 ◦ −1)() = (−2 ◦ −1)()

Þôïé üôé25

(+−1(M•)) = ( 0()| {z }
∈−1(M0•)

+−1()) +−1(M0•)

= −1() +−1(M0•) = −1(•)(+−1(M•))

Åî áõôïý óõíÜãåôáé ç éóüôçôá  = −1(•) ¤

B.4.16 Óçìåßùóç. Áëãåâñéêüò êþíïò C()• = (C()  )∈Z ìðïñåß íá ïñéóèåß

êáé ãéá óõíáëõóùôïýò ìåôáó·çìáôéóìïýò • : M• −→ M0• ìåôáîý óõíáëõóù-
ôþí óõìðëüêùí M• = ( )∈Z êáé M0• = ( 0 0)∈Z Åí ðñïêåéìÝíù,

C() :=+1 ⊕ 0

 : C()
 −→ C()+1

( ) 7−→  ( ) := (−+1() 0


() + +1())

êáé ïé áõôïíüçôåò ðáñáëëáãÝò ôïý ëÞììáôïò B.4.14 êáé ôÞò ðñïôÜóåùò B.4.15 åîá-

êïëïõèïýí íá éó·ýïõí êáé óå åðßðåäï ìïäßùí óõíïìïëïãßáò.

B.4.17 Ðñüôáóç. ÅÜíM• = ( )∈ZM0• = ( 0
 

0
)∈Z åßíáé äõï áëõóùôÜ

óýìðëïêá êáé • : M• −→ M0• Ýíáò áëõóùôüò ìåôáó·çìáôéóìüò, ôüôå éó·ýåé ç
óõíåðáãùãÞ :

[(•) éóïìïñöéóìüò∀ ∈ Z]⇒ [Ï(C()•) åßíáé ôåôñéììÝíïò∀ ∈ Z]

Áðïäåéîç. Èá ·ñçóéìïðïéÞóïõìå ôçí ìáêñÜ áêñéâÞ áêïëïõèßá ôÞò êáôáóêåõá-

óèåßóáò óôçí ðñüôáóç B.4.15. ÕðïèÝôùíôáò üôé ï(•) åßíáé éóïìïñöéóìüò ãéá
êÜèå  ∈ Z ïé (•) êáé (•) åßíáé ìçäåíéêïß26 ïìïìïñöéóìïß. ¸óôù ôõ·þí

 ∈ Z Ãéá íá áðïäåé·èåß üôé ï -ìüäéïò (C()•) åßíáé ôåôñéììÝíïò áñêåß íá

25Ãéá ôïí ôñüðï ïñéóìïý ôïý  âë. åäÜöéï B.2.13.

26Im((•)) = {0−1(M•)} = Ker(−1(•)) êáé Ker((•)) =(M
0
•) = Im((•))
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áðïäåé·èåß üôé ( ) ∈ (C()•) ãéá êÜèå ( ) ∈ (C()•) ¸óôù ëïéðüí

ôõ·üí æåýãïò ( ) ∈ (C()•) = Ker() Ðñïöáíþò,

(0−1  0 0

) = ( ) = (−−1() 0() + −1())

=⇒ [ ∈ −1(M•) êáé 0() + −1() = 0 0
−1 ](B.38)

Áðü ôçí Üëëç ìåñéÜ,

Im((•)) = {0−1(M•)}⇒ (•)(( ) +(C()•)) = −1(M•)

⇒ ( ) +−1(M•) = −1(M•)

⇒ ( ) ∈ −1(M•) = Im()

⇒ [∃0 ∈ : (
0) = ] (B.39)

Áðü ôéò (B.38) êáé (B.39) Ýðåôáé üôé

0() + (−1 ◦ )(0) = 00
−1 ⇒ 0() + (

0
 ◦ )(0) = 00

−1

⇒  + (
0) ∈ Ker(0) =: (M

0
•)

⇒  + (
0) +(M

0
•) ∈ (M

0
•) (= Ker((•)))

⇒ (•)( + (
0) +(M

0
•)) = 0(C()•) = (C()•)

⇒ (0−1   + (
0)) ∈ (C()•) := Im(


+1)

⇒ [∃( ) ∈ ⊕ 0
+1 = C() : 


+1() = (0−1   + (

0))]

ïðüôå

() = 0−1 êáé 0+1( ) + () =  + (
0) (B.40)

êáé

+1( − 0 ) = (−( − 0) 0+1() + ( − 0))

= (− ()| {z }
=0−1

+(
0) 0+1() + ()− (

0)) (B.41)

Ïé (B.40) êáé (B.41) äßäïõí ( ) = ((
0) ) = +1( − 0 ) ∈ (C()•) ¤

B.4.18 Ïñéóìüò. ¸íá áëõóùôü óýìðëïêïM• = ( )∈Z êáëåßôáé åëåýèåñï

áëõóùôü óýìðëïêï27 üôáí ïé -ìüäéïé åßíáé åëåýèåñïé ãéá êÜèå  ∈ Z

B.4.19 Èåþñçìá. ¸óôùM• = ( )∈Z Ýíá åëåýèåñï áëõóùôü óýìðëïêï. ÅÜí
ï äáêôýëéïò áíáöïñÜò åßíáé Ð.Ê.É., ôüôå ôïM• åßíáé óõóôáëôü⇐⇒ [O-ìüäéïò
(M•) åßíáé ôåôñéììÝíïò ãéá êÜèå  ∈ Z]
27Êáô' áíáëïãßáí, Ýíá óõíáëõóùôü óýìðëïêïM• = ( )∈Z êáëåßôáé åëåýèåñï óõíáëõóùôü óýìðëïêï üôáí
ïé-ìüäéïé åßíáé åëåýèåñïé ãéá êÜèå  ∈ Z
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Áðïäåéîç. ‘‘⇒'' ÅÜí ()∈Z : idM• ' 0• Ý·ïõìå ãéá êÜèå  ∈ Z
(M•) =

B.2.7
(idM•)((M•)) =

B.4.6
(0•)((M•)) = 0(M•)(M•)

‘‘⇐'' ÅÜí (M•) = {0(M•)(M•)} ôüôå (M•) = (M•) ïðüôå ó·çìáôß-
æåôáé ç âñá·åßá áêñéâÞò áêïëïõèßá

{0} −→ (M•) = (M•) →
̌³ Im() = −1(M•) −→ {0}

ãéá êÜèå  ∈ Z ÅðåéäÞ ï −1 åßíáé åî õðïèÝóåùò åëåýèåñïò -ìüäéïò, ï

−1(M•) ⊆ −1 åßíáé ùóáýôùò åëåýèåñïò (äõíÜìåé ôïý èåùñÞìáôïò A.6.47).

Ôï ðüñéóìáB.1.30 ìáò ðëçñïöïñåß üôé ç ùò Üíù âñá·åßá áêñéâÞò áêïëïõèßá åßíáé

äéáóðþìåíç. Ôïýôï (âÜóåé ôïý èåùñÞìáôïò B.1.28) óçìáßíåé üôé

∃−1 ∈ Hom(−1(M•)) :  ◦ −1 = id−1(M•)

Ùò åê ôïýôïõ, ïñßæåôáé (êáëþò) ï ïìïìïñöéóìüò -ìïäßùí

 : −→+1  :=  ◦ (id − −1 ◦ ) ∀ ∈ Z
ÅðåéäÞ

+1 ◦  + −1 ◦ 
= +1 ◦ | {z }

= id(M•)

◦(id − −1 ◦ ) + −1 ◦ (id−1 − −2 ◦ −1) ◦ 

= +1 ◦ | {z }
= id(M•)

− +1 ◦ | {z }
= id(M•)

◦−1 ◦  + −1 ◦  − −1 ◦ −2 ◦ −1 ◦ | {z }
=0

= id(M•) − 0 = id(M•) − 0
Ý·ïõìå ()∈Z : idM• ' 0• ¤

B.4.20 Óçìåßùóç. ÅÜí õðïôåèåß üôé 12 1 2 åßíáé ôÝóóåñåéò -ìüäéïé êáé

 ∈Hom(1 ⊕2 1 ⊕2) ôüôå ç åéêüíá ( ) åíüò ( ) ∈1 ⊕2 ìÝóù

ôïý  ìðïñåß íá ãñáöåß ùò äéáôåôáãìÝíï æåýãïò óôïí 1 ⊕2 õðü ôç ìïñöÞ

( ) = (() + () () + ())

üðïõ  : 1 −→ 1  : 2 −→ 1  : 1 −→ 2 êáé  : 2 −→ 2 åß-

íáé êáôáëëÞëùò åðéëåãüìåíïé ïìïìïñöéóìïß -ìïäßùí. ÐñÜãìáôé° èåùñþíôáò ôü

äéÜãñáììá

1 ´ q

in1

++

 // 1

1 ⊕2
 // 1 ⊕2

pr1

@@ @@

pr2

ÁÁ ÁÁ
2

- °
in2

33


// 2
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áñêåß íá èÝóïõìå

 := pr1 ◦  ◦ in1  := pr1 ◦  ◦ in2
 := pr2 ◦  ◦ in1  := pr2 ◦  ◦ in2

B.4.21 Èåþñçìá. ¸óôù üôé ôáM• = ( )∈ZM0• = ( 0
 

0
)∈Z åßíáé äõï

åëåýèåñá áëõóùôÜ óýìðëïêá êáé • : M• −→ M0
• Ýíáò áëõóùôüò ìåôáó·çìáôé-

óìüò. ÅÜí ï äáêôýëéïò áíáöïñÜò  åßíáé Ð.Ê.É., ôüôå éó·ýåé ç óõíåðáãùãÞ :

[Ï(C()•) åßíáé ôåôñéììÝíïò ∀ ∈ Z] =⇒ [Ï • åßíáé áëõóùôÞ éóïäõíáìßá]

Áðïäåéîç. ÅÜí (C()•) = 0(C()•)(C()•)∀ ∈ Z ôüôå (óýìöùíá ìå ôï

èåþñçìá B.4.19) õðÜñ·åé ìéá óõóôÝëëïõóá ïìïôïðßá ()∈Z : idC()• ' 0•, Þôïé
ìéá áêïëïõèßá ïìïìïñöéóìþí -ìïäßùí  : C() −→ C()+1 ôÝôïéá þóôå íá

éó·ýåé

+1 ◦  − −1 ◦  = idC()  ∀ ∈ Z (B.42)

ÂÜóåé ôùí ðñïáíáöåñèÝíôùí óôç óçìåßùóç B.4.20, ïñßæïíôáé êáôÜ ôñüðï öõóéêü

ïìïìïñöéóìïß -ìïäßùí

−1 :−1 −→  :
0
 −→

−1 :−1 −→ 0
+1  :

0
 −→ 0

+1

ìå ( ) = (−1() + () −1() + ()) ∀( ) ∈ C() Ðñïöáíþò,

+1(( )) = (−(−1() + ()) 
0
+1(−1() + ()) + (−1() + ()))

(B.43)

êáé

−1(( )) = −1(−−1() 0() + −1())

= (−−2(−1()) + −1(
0
() + −1())−−2(−1()) + −1(0() + −1()))

(B.44)

ÐñïóèÝôïíôáò êáôÜ ìÝëç ôéò (B.43) êáé (B.44), êáé ëáìâÜíïíôáò õð' üøéí ôçí

(B.42) óõìðåñáßíïõìå ôá áêüëïõèá:

(i) Ãéá  = 0−1 êáé ôõ·üí  ∈ 0
 :

(0−1  ) = (−(()) + −1(
0
()) 

0
+1(()) + (()) + −1(

0
()))

áð' üðïõ Ýðåôáé üôé

[−1 ◦ 0 =  ◦  ∀ ∈ Z]⇒
∙

Ç • = ()∈Z åßíáé
áëõóùôüò ìåôáó·çìáôéóìüò

¸
(B.45)

êáé

0+1 ◦  + −1 ◦ 0 = id 0

=  ◦  ∀ ∈ Z (B.46)
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(ii) Ãéá ôõ·üí  ∈−1 êáé  = 0 0

:

( 0 0

) = (−(−1())− −2(−1()) + −1(−1()) )

Åîéóþíïíôáò ôéò ðñþôåò óõíôåôáãìÝíåò ëáìâÜíïõìå

− ◦ −1 − −2 ◦ −1 = id−1 − −1 ◦ −1
êáé (áíõøþíïíôáò ôïõò äåßêôåò êáôÜ 1)

−+1 ◦  − −1 ◦  = id
−  ◦  ∀ ∈ Z (B.47)

Áðü ôéò (B.45), (B.46) êáé (B.47) Ýðåôáé üôé ( ◦ )• ' idM0• êáé ( ◦ )• ' idM• 

Þôïé üôé ï • åßíáé áëõóùôÞ ïìïôïðßá. ¤

B.4.22 Èåþñçìá. ¸óôù üôé ôáM• = ( )∈ZM0• = ( 0
 

0
)∈Z åßíáé äõï

åëåýèåñá áëõóùôÜ óýìðëïêá êáé • : M• −→ M0
• Ýíáò áëõóùôüò ìåôáó·çìáôé-

óìüò. ÅÜí ï äáêôýëéïò áíáöïñÜò  åßíáé Ð.Ê.É., ôüôå

[Ï • åßíáé áëõóùôÞ éóïäõíáìßá]⇐⇒ [(•) éóïìïñöéóìüò∀ ∈ Z]

Áðïäåéîç. ‘‘⇒'' Âë. ðñüôáóç B.4.10.

‘‘⇐'' [(•) éóïìïñöéóìüò ãéá êÜèå  ∈ Z] =⇒
B.4.17

[Ï (C()•) åßíáé ôåôñéììÝíïò

ãéá êÜèå  ∈ Z] =⇒
B.4.21

[Ï • åßíáé áëõóùôÞ éóïäõíáìßá.] ¤

B.4.23 Óçìåßùóç. Åðß ôç âÜóåé ôùí ðñïáíáöåñèÝíôùí óôç óçìåßùóç B.4.16 ïé

áõôïíüçôåò ðáñáëëáãÝò ôüóïí ôÞò ðñïôÜóåùò B.4.17 üóïí êáé ôùí èåùñçìÜôùí

B.4.19, B.4.21 êáé B.4.22 åîáêïëïõèïýí íá éó·ýïõí êáé óå åðßðåäï ìïäßùí óõíï-
ìïëïãßáò.


