


Éó·õñéóìüò ðñþôïò. H  åßíáé ìéá (êáëþò ïñéóìÝíç) áðåéêüíéóç:

Z 3 [] 7−→ [] ∈ Z

ÐñÜãìáôé° åÜí õðïôåèåß üôé ([] []) ∈  ([] []) ∈  ôüôå (åî ïñéóìïý)

([] []) = ([] []) ([] []) = ([
0] [

0])

ãéá êÜðïéïõò  0 ∈ Z ÅðïìÝíùò,

[] = [] = [
0] [] = [] [] = [0]

ïðüôå  |  − 0  | −  êáé | 0 −  êáé, êáô' åðÝêôáóç

 |  (åî õð.)

 |  − 0

⎫⎬⎭ =⇒
215 (v)

 |  − 0

êáé

 | −  = (− ) + ( − 0) + (0 − ) =⇒ [] = []

Éó·õñéóìüò äåýôåñïò. (Z× ) ⊆ Z× ÐñÜãìáôé° ãéá ïéïäÞðïôå [] ∈ Z× Ý·ïõìå

ìêä( ) = 1

 |  (åî õð.)

⎫⎬⎭ =⇒
2212

ìêä() = 1 =⇒ ([]) = [] ∈ Z×

Éó·õñéóìüò ôñßôïò. Ï ðåñéïñéóìüò e :=  |Z× : Z
×
 −→ Z× áðïôåëåß Ýíáí ïìïìïñöéóìü (ðïëëáðëáóéá-

óôéêþí) ïìÜäùí:

e([][]) = e([]) = [] = [][] = e([]) e([]) ∀( ) ∈ Z× Z
Éó·õñéóìüò ôÝôáñôïò. Ï ðõñÞíáò ôïý e éóïýôáé ìå ôçí():

Ker( e) = n[] ∈ Z× ¯̄̄ e([]) = [1]o = ©[] ∈ Z× | [] = [1]
ª
=: ()

Éó·õñéóìüò ðÝìðôïò. Ï e åßíáé åðéìïñöéóìüò. Ðñïò ôïýôï áñêåß íá äåé·èåß üôé ãéá êÜèå 0 ∈ Z ìå

ìêä(0) = 1

∃ ∈ Z : [ìêä( ) = 1 êá e([]) = [] = [0]]

Åî õðïèÝóåùò, ∃ ∈ N :  =  ÅÜí èÝóïõìå  := ìêä(0 ) ôüôå

ìêä() = ìêä( ìêä(0 )) =
2216

ìêä(0 ) = ìêä(0) = 1

(äéüôé | ), áð' üðïõ Ýðåôáé üôé

 =   | 
ìêä() = 1

)
=⇒
2.2.9

 |  ⇒ ∃0 ∈ N :  = 0

¸óôù  ôï ãéíüìåíï üëùí ôùí ðñþôùí äéáéñåôþí ôïý 0 ðïõ äåí äéáéñïýí ôï  üôáí 0 ≥ 2 êáé  := 1 üôáí
0 = 1ÈÝôïõìå  := 0 +  ðáñáôçñïýìå üôé [0] = [] èåùñïýìå ôõ·üíôá ðñþôï äéáéñÝôç  ôïý 

êáé åîåôÜæïõìå 4 ðåñéðôþóåéò ·ùñéóôÜ.

Ðåñßðôùóç ðñþôç. ÅÜí  |  ôüôå ìêä(0) = 1⇒  - 0 ⇒  - 

Ðåñßðôùóç äåýôåñç. ÅÜí  -   | 0 êáé  |  ôüôå  -  (åî ïñéóìïý ôïý ), ïðüôå

[ |  êáé  | 0]⇒  | 0 êáé [ | 0 êáé  - ]⇒  - 

Ðåñßðôùóç ôñßôç. ÅÜí  -   | 0 êáé  -  ôüôå [ |  êáé  - 0]⇒  - 
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Ðåñßðôùóç ôÝôáñôç. ÅÜí  -  êáé  - 0 ôüôå  |  (äéüôé  = 0), ïðüôå Ý·ïõìå [ | 0 êáé  - ] ⇒  - 
ÅðåéäÞ êáíÝíáò åê ôùí ðñþôùí äéáéñåôþí ôïý  äåí äéáéñåß ôï  Ý·ïõìå ìêä( ) = 1 êáé, êáô' åðÝêôáóç,

[] ∈ Z× 
Éó·õñéóìüò Ýêôïò. Z× /() ∼= Z×Åßíáé áëçèÞò ëüãù ôïý 1ïõ èåùñÞìáôïò éóïìïñöéóìþí ïìÜäùí 5.5.3 êáé
ôÞò ðñïçãçèåßóáò åðáëçèåýóåùò ôùí áíùôÝñù éó·õñéóìþí. ¤

(ii) Ç ôÜîç ôÞò  := Z5 × Z×5 éóïýôáé ìå 5 · (5) = 5 · 4 = 20 ÓçìåéùôÝïí üôé [2]5 ∈ Z5 ∩ Z×5  ÅðéðñïóèÝôùò,
åíôüò ôÞò  ëáìâÜíïõìå áö' åíüò ìåí

([2]5 [2]5)
10 = ([10 · 2]5 [210]5) = ([20]5 [24]5[24]5[22]5) = ([0]5 [4]5) 6= ([0]5 [1]5) = 

äéüôé 24 ≡ 1(mod 5)⇒ [24]5 = [1]5 áö' åôÝñïõ äå

([2]5 [2]5)
20 = ([0]5 [4]5)

2 = ([0]5 [16]5) = ([0]5 [1]5) = 

Áðü ôçí ðñüôáóç 3.4.8 Ýðåôáé üôé ord(([2]5 [2]5)) | 20 êáé ord(([2]5 [2]5)) - 10 ÊáôÜ óõíÝðåéáí,

ord(([2]5 [2]5)) ∈ {4 20}
([2]5 [2]5)

4 = ([3]5 [1]5) 6= 

⎫⎬⎭ =⇒ ord(([2]5 [2]5)) = 20 =⇒
347

 = h([2]5 [2]5)i 

ïðüôå  ∼=
3526 (ii)

Z20 ¤

ÈÅÌÁ 3ï (i)¸óôùD6 = h i @ SE6 ç äéåäñéêÞ ïìÜäá ôÜîåùò 12 (üðïõ E6 :=

exp(

3
)
®
@ S1 E6 3 

7−→  ∈ E6
ï êáôïðôñéóìüò ùò ðñïò ôïí Üîïíá ôùí ðñáãìáôéêþí áñéèìþí êáé E6 3 

7−→ exp(
3
) ∈ E6 ç óôñïöÞ

êáôÜ 
3
ðåñß ôï 0 ∈ C). Ðñïöáíþò,

D6 =
n
 ◦  | ∈ {0 1}   ∈ {0 1  5}

o
ìå êáôáëüãïõò ôÜîåùí ôùí óôïé·åßùí ôçò ôïí

idE6  2 3 4 5

1 6 3 2 3 6

(ôïí ðñïêýðôïíôá áðü ôï ðüñéóìá 3.4.11) êáé ôïí

  ◦   ◦ 2  ◦ 3  ◦ 4  ◦ 5
2 2 2 2 2 2

êáèüóïí ¡
 ◦ ¢2 = ¡ ◦ −1¢ ◦ ( ◦ ) ◦ 

=
¡
 ◦ −1¢ ◦ ( ◦ −1) ◦  = ¡ ◦ −1¢2 = · · · = 2 = idE6 

¸óôù  ôõ·ïýóá õðïïìÜäá ôÞò D6 Ðåñßðôùóç ðñþôç. ÅÜí  v hi  ôüôå õðÜñ·åé  ∈ D6 üðïõ

D6 = {1 2 3 6} ôï óýíïëï ôùí èåôéêþí áêåñáßùí äéáéñåôþí ôïý 6 ïýôùò þóôå  =  üðïõ
1  :=


® ∼= Z 6




Ðåñßðôùóç äåýôåñç. ÅÜí 6v hi  ôüôå õðÜñ·åé êÜðïéï  ∈ r hi. Ðñïöáíþò, hi`  hi ⊆  hi
êáé

card(hi`  hi) =
5112

|hi|+ |hi| = 6 + 6 = 12

=⇒D6 = hi`  hi =  hi 
1Íá ëçöèåß õð' üøéí ôï ðüñéóìá 3.4.23, ôï (ii) ôïý ðïñßóìáôïò 3.5.29, êáèþò êáé ç áìößññéøçD6 3  7−→ 6


∈ D6
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ÈÅÌÁ 4ï (i) ÅðåéäÞ m1 6= m2 Ý·ïõìå m1 $ m1 +m2 ⊆ ⇒ m1 +m2 = 

(ii) Ôïýôï Ýðåôáé Üìåóá áðü ôçí ðñüôáóç 7.4.7

(iii) ÈÝôïíôáò  0 := (m1 ∩ · · · ∩m−1) +m ëáìâÜíïõìå

m ⊆  0 ⊆ ⇒ [åßôå  0 = m åßô  0 = ]

Ôï ðñþôï åíäå·üìåíï áðïêëåßåôáé, äéüôé åí ôïéáýôç ðåñéðôþóåé èá åß·áìå

m ⊆ m1 ∩ · · · ∩m−1 ⊆ m1 ⇒ m1 = m

(iv) Èá ·ñçóéìïðïéÞóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  Ãéá  = 2 ôïýôï åßíáé áëçèÝò ëüãù ôïý

(ii). ÅÜí õðïèÝóïõìå üôé

m1 ∩ · · · ∩m−1 = m1 · · ·m−1

ãéá êÜðïéïí  ≥ 3 êáé èÝóïõìå  := m1 ∩ · · · ∩m−1 ôüôå  +m =  (ëüãù ôïý (iii)). Åöáñìüæïíôáò

ôçí ðñüôáóç 7.4.7 ëáìâÜíïõìå

m1 ∩ · · · ∩m−1 ∩m =  ∩m = m = m1 · · ·m−1m

Áðü åäþ êáé óôï åîÞò èá õðïèÝóïõìå üôé ï  åßíáé ìéá áðåéñïðëçèÞò áêåñáßá ðåñéï·Þ Ý·ïõóá ðåðåñá-
óìÝíïõ ðëÞèïõò áíôéóôñÝøéìá óôïé·åßá.

(v)¸óôù üôé õðÜñ·åé êÜðïéï óôïé·åßï  ∈ r{0}Ôüôå  = 0 ãéá êÜðïéïí  ∈ NÅÜí 0 := min{ ∈
N :  = 0} ôüôå 0−1 6= 0 êáé  6= 0 áëëÜ 0−1 = 0 = 0¢ôïðï! ¢ñá  = {0}
(vi) Èá åñãáóèïýìå ìå «åéò Üôïðïí áðáãùãÞ». ÕðïèÝôïõìå üôé ç áêåñáßá ðåñéï·Þ  äéáèÝôåé ìüíïí

ðåðåñáóìÝíïõ ðëÞèïõò ìåãéóôéêÜ éäåþäç, áò ðïýìå ôá m1 m Êáô' áñ·Üò, m1 ∩ · · · ∩ m 6= {0}
äéüôé (åî õðïèÝóåùò4) m 6= {0} ãéá êÜèå  ∈ {1  } ïðüôå åðéëÝãïíôáò  ∈ mr{0} ãéá êÜèå

 ∈ {1  } ôï ãéíüìåíï  :=
Q

=1  åßíáé Ýíá ìç ìçäåíéêü óôïé·åßï áíÞêïí óôçí ôïìÞm1 ∩ · · ·∩m

Éó·õñéóìüò : 1 −  ∈ × ∀ ∈ m1 ∩ · · · ∩m

ÅðáëÞèåõóç éó·õñéóìïý : ÅÜí õðÞñ·å êÜðïéï  ∈ m1 ∩ · · · ∩m ìå 1 −  ∈ × ôüôå

1 ∈ m1 ∩ · · · ∩m ⇒ {0} $ h1 − i $ 

Óýìöùíá ìå ôï èåþñçìá 7.5.13,

∃0 ∈ {1  } : h1 − i ⊆ m0

[ ∈ m0 êá 1 −  ∈ m0 ]⇒ 1 ∈ m0

⎫⎬⎭⇒ m0 = 

¢ôïðï! ¢ñá ï áíùôÝñù éó·õñéóìüò åßíáé üíôùò áëçèÞò.

Åí óõíå·åßá, èåùñïýìå ôõ·üí  ∈ m1 ∩ · · · ∩ mr{0} Ðáñáôçñïýìå üôé ãéá ïéïíäÞðïôå  ∈ N  ∈
m1∩ · · ·∩m êáé (åðåéäÞ, ëüãù ôïý (v),  = {0})  6= 0Ôïýôï óçìáßíåé üôé ü·é ìüíïí ôï 1− áëëÜ

êáé, ãåíéêüôåñá, ôï 1 −  åßíáé áíôéóôñÝøéìï. ÅðéðñïóèÝôùò, ãéá ïéïõóäÞðïôå 1 2 ∈ N ìå 1 6= 2

Ý·ïõìå 1 6= 2  äéüôé

max{12} − min{12}

= min{12}(1 − max{12}−min{12})

min{12} 6= 0
1 − max{12}−min{12} ∈ ×

× ⊆ r{0}

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
⇒ max{12} 6= min{12}

4ÅÜí õðÞñ·å êÜðïéï 0 ∈ {1  } ìå m0 = {0} ôüôå, åðåéäÞ m0 6= m ãéá êÜèå  ∈ {1  }r{0} ôï m0 äåí èá

Þôáí ìåãéóôéêü éäåþäåò.
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ÅðåéäÞ ëïéðüí ç ïìÜäá × ôùí áíôéóôåøßìùí óôïé·åßùí åìðåñéÝ·åé ôï áðåéñïóýíïëï {1 −  |  ∈ N}
èá åßíáé áö' åáõôÞò Üðåéñç. ¢ôïðï! ÅðïìÝíùò, ç áêåñáßá ðåñéï·Þ  äéáèÝôåé Üðåéñá óáöþò äéáêåêñé-

ìÝíá ìåãéóôéêÜ éäåþäç.

(vii) Óôçí åéäéêÞ ðåñßðôùóç üðïõ = Z áðü ôï (vi) Ýðåôáé üôé ç áêåñáßá ðåñéï·ÞZ (ìåZ× = {±1}) äéá-
èÝôåé ìéá Üðåéñá óáöþò äéáêåêñéìÝíá ìåãéóôéêÜ éäåþäç. ÅðåéäÞ (óýìöùíá ìå ôçí ðñüôáóç 7.5.18) êÜèå

ìåãéóôéêü éäåþäåò áõôÞò åßíáé Ýíá êýñéï éäåþäåò ðáñáãüìåíï áðü Ýíáí ðñþôï áñéèìü (êáé ôáíÜðáëéí),

ïäçãïýìåèá óå ìéá (åðéðñüóèåôç) áðüäåéîç ãéá ôï üôé ôï óýíïëï ôùí ðñþôùí áñéèìþí åßíáé Üðåéñï. ¤

ÈÅÌÁ 5ï (i) Ïé ôýðïé (10.30) ôïý Viete äßäïõí ⎧⎪⎨⎪⎩
+ +  = −
+ +  = 

 = −
Áðü ôïí ôñßôï ôýðï ëáìâÜíïõìå (+ 1) = 0¢ñá åßôå  = 0 åßôå  = −1
Ðåñßðôùóç ðñþôç. ÅÜí  = 0 ôüôå

+  = −⇒ 2+  = 0

 = 

⎫⎬⎭⇒ (  ) ∈ {(0 0 0) (1−2 0)}

Ðåñßðôùóç äåýôåñç. ÅÜí  = −1 ôüôå  = −2−  êáé

−1 + (−2− ) + (−2− ) = ⇒ −1− 2− 2 − 22 −  = 

−1 + 2− 2 − 22 + 1 = ⇒ 22 − 2 + 2 +  = 0

⇒ 24 − 22 + ()2 + () = 0⇒ 24 − 22 − + 1 = 0

ÅðåéäÞ  ∈ Q  = 

 üðïõ ( ) ∈ Z × (Zr{0}) ìå ìêä( ) = 1 Áðü ôçí ôåëåõôáßá éóüôçôá Ý·ïõìå

êáô' áíÜãêçí  | 1 êáé  | 2 (Ðñâë. Üóêçóç 8 ôïý öõëëáäßïõ 13.) ¢ñá  ∈ {±1± 1
2} ÓçìåéùôÝïí üôé

2 · 14 − 2 · 12 − 1 + 1 = 0 2 · (−1)4 − 2 · (−1)2 + 1 + 1 = 2
2 · ( 1

2 )
4 − 2 · ( 12 )2 − 1

2 + 1 =
1
8  2 · (− 1

2 )
4 − 2 · (− 1

2 )
2 + 1

2 + 1 =
9
8 

Áõôü óçìáßíåé üôé  = 1 =⇒ (  ) = (1−1−1) êáé üôé ôá

X3 X3 + X2 − 2X X3 + X2 − X− 1 ∈ Z[X]

åßíáé ôá æçôïýìåíá ôñéôïâÜèìéá ìïíéêÜ ðïëõþíõìá.

(ii) ¸óôù  Ýíáò öõóéêüò áñéèìüò≥ 2 êáé Ýóôù

 := 20211 + 20212  1 := +
p
2 − 1 2 := −

p
2 − 1

Ðñïöáíþò, 1 + 2 = 2 êáé 12 = 1 ïðüôå ôá 1 2 åßíáé ïé èÝóåéò ìçäåíéóìïý ôïý ôñéùíýìïõ

X2 − 2X+ 1

ÊáôÜ óõíÝðåéáí,

21 = 21 − 1 22 = 22 − 1

ÈÝôïíôáò  := 1 + 2   ∈ N0 ðáñáôçñïýìå üôé 0 = 2 1 = 2

2 = 21 + 22 = (21 − 1) + (22 − 1) = 21 − 0 = 4
2 − 2

3 = 31 + 32 = 1(
2
1) + 2(

2
2) = 1(21 − 1) + 2(22 − 1)

= 2(21 + 22)− (1 + 2) = 22 − 1 = 2(2 − 1) = 2(42 − 2)
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¢ñá ôá 0 1 2 3 åßíáé áêÝñáéïé áñéèìïß êáé ôï 2 åßíáé äéáéñÝôçò ôùí 1 êáé 3Áêüìç êáé ãéá ôõ·üíôá
 ≥ 4

 = 1 + 2 = −21 (21) + −22 (22) = −21 (21 − 1) + −22 (22 − 1)
= 2(−11 + −12 )− (−21 + −22 ) = 2−1 − −2

ÅÜí õðïèÝóïõìå üôé  ∈ Z ãéá êÜèå ìçáñíçôéêü áêÝñáéï áñéèìüðïõ åßíáé  ôüôå (·ñçóéìïðïéþíôáò

ôç äåýôåñç ìïñöÞ ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí ) äéáðéóôþíïõìå üôé  ∈ Z ÉäéáéôÝñùò,  =
2021 ∈ ZÅí óõíå·åßá, éó·õñéæüìáóôå üôé ôï 2 åßíáé äéáéñÝôçò ôïý  ãéá êÜèå ðåñéôôüí  ≥ 5ÐñÜãìáôé°

åÜí õðïèÝóïõìå üôé ãéá Ýíáí ôÝôïéïí  ôï 2 åßíáé äéáéñÝôçò ôïý  ãéá êÜèå èåôéêü ðåñéôôü áêÝñáéï

áñéèìü  ðïõ åßíáé   ôüôå (·ñçóéìïðïéþíôáò åê íÝïõ ôç äåýôåñç ìïñöÞ ìáèçìáôéêÞò åðáãùãÞò ùò

ðñïò ôïí  êáé ôïí áíùôÝñù áíáãùãéêü ôýðï) ëáìâÜíïõìå

 − 2 ≡ 1(mod 2)⇒ 2 | −2 (åð. õð.)
2 | 2−1

⎫⎬⎭⇒ 2 | 2−1 − −2 =  

ÉäéáéôÝñùò, 2 |  = 2021 ¤

ÈÅÌÁ 6ï (i) Áò õðïèÝóïõìå üôé õðÜñ·åé ðïëõþíõìï  (X) ∈ Z[X] ôÝôïéï þóôå íá éó·ýåé

 (X)3 −  (X) + 2 =  (X)
¡
X4 − 7¢

ãéá êÜðïéï  (X) ∈ Z[X] ÅÜí

 (X) =
X
=0

X
   (X) =

X
=0

X


ôüôå Ã
X
=0

X


!3
−
Ã

X
=0

X


!
+ 2 =

Ã
X
=0

X


!¡
X4 − 7¢ 

Åîéóþíïíôáò ôïõò óõíôåëåóôÝò ôùí óôáèåñþí üñùí óå áìöüôåñá ìÝëç ëáìâÜíïõìå

30 − 0 + 2 = −70 =⇒
£
30
¤
7
− [0]7 + [2]7 = [−70]7 = [0]7 

Ùóôüóï, åíôüò ôïý óþìáôïò Z7 Ý·ïõìå

[0]7 [0]7 [1]7 [2]7 [3]7 [4]7 [5]7 [6]7£
30
¤
7
− [0]7 + [2]7 [2]7 [2]7 [1]7 [5]7 [6]7 [3]7 [2]7

Áõôü óçìáßíåé üôé åíôüò ôïý Z7 ç åîßóùóç£
30
¤
7
− [0]7 + [2]7 = [0]7

äåí äéáèÝôåé êáìßá ëýóç. ¢ôïðï! ¤
(ii) Ãéá êÜèå + 

√−5 ∈ Z[√−5] (  ∈ Z) ïñßæïõìå ôçí åðéññéðôéêÞ áðåéêüíéóç

 : Z[
√−5] −→ Z7 (+ 

√−5) := [+ 4]7 

Ãéá ïéïõóäÞðïôå     ∈ Z Ý·ïõìå

((+ 
√−5) + (+ 

√−5)) = ((+ ) + (+ )
√−5) = [(+ ) + 4(+ )]7

= [+ 4]7 + [+ 4]7

= (+ 
√−5) + (+ 

√−5)
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êáé

((+ 
√−5)(+ 

√−5)) = ((− 5) + (+ )
√−5)

= [(− 5) + 4(+ )]7

= [− 5]7 + [4(+ )]7

= []7 + ([−5]7 · []7) + [4(+ )]7

= []7 + ([16]7 · []7) + [4(+ )]7

= [+ 16]7 + [4(+ )]7

= [(+ 16) + 4(+ )]7

= [(+ 4)(+ 4)]7

= [+ 4]7 [+ 4]7

= (+ 
√−5)(+ 

√−5)

ïðüôå ç  åßíáé Ýíáò åðéìïñöéóìüò äáêôõëßùí. Óýìöùíá ìå ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí

833

Z[
√−5]Ker() ∼= Z7

ÅðåéäÞ (7) = [7 + 4 · 0]7 = [7]7 = [0]7 êáé (4−
√−5) = [4 + 4 · (−1)]7 = [0]7  Ý·ïõìå

7 ∈ Ker() 4−√−5 ∈ Ker()⇒ 
7 4−√−5® ⊆ Ker()

Êáé áíôéóôñüöùò° ãéá ôõ·üí + 
√−5 ∈ Ker() (  ∈ Z) Ý·ïõìå 7 | + 4 ïðüôå

+ 
√−5 = 7

µ
+ 4

7

¶
− ¡4−√−5¢ 

áð' üðïõ Ýðåôáé êáé ï áíôßóôñïöïò åãêëåéóìüò Ker() ⊆ 7 4−√−5®  ¤
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