
ÐáíåðéóôÞìéï ÊñÞôçò, ÔìÞìá Ìáèçìáôéêþí êáé Åö. Ìáè. ¢ëãåâñá É (MÅÌ 221)

μåéìåñéíü ÅîÜìçíï 2020-21, ÅîÝôáóç Áõãïýóôïõ 2021 ÅîåôáóôÞò: ÄçìÞôñéïò ÍôáÞò

ÁÐÁÍÔÇÓÅÉÓ ÓÔÁ ÄÏÈÅÍÔÁ ÈÅÌÁÔÁ

ÈÅÌÁ 1ï Âë. ðñüôáóç 3.3.19 (áðü ôéò óçìåéþóåéò ðáñáäüóåùí ôïý äéäÜîáíôïò).

ÈÅÌÁ 2ï Âë. ôï èåþñçìá 4.5.1 ôïý Cayley.

ÈÅÌÁ 3ï (i) Âë. ðñüôáóç 7.3.5.

(ii) Âë. åäÜöéá 8.3.3 êáé 8.3.16.

ÈÅÌÁ 4ï Âë. ôï èåþñçìá âÜóåùò ôïý Hilbert 9.1.15.

ÈÅÌÁ 5ï (i) Âë. èåþñçìá 10.4.7 ðåñß ôùí ôýðùí ôïý Viete.

(ii) Âë. èåþñçìá 10.4.19 êáé ðñüôáóç 10.5.2.

ÈÅÌÁ 6ï (i) ¸óôù  Ýíáò ðñþôïò áñéèìüò ìå   5 Ðñïöáíþò, 1920 = 27 · 3 · 5 êáé

4 − 102 + 9 = (2 − 1)(2 − 9)

ÅðåéäÞ 3 -  Ý·ïõìå 3 | − 1 Þ 3 | + 1 (äéüôé ïé − 1  + 1 åßíáé äéáäï·éêïß), ïðüôå

3 | (− 1) (+ 1) = 2 − 1 =⇒ 3 | 4 − 102 + 9 (1)

ÅðéðñïóèÝôùò, åðåéäÞ 5 -  ôï ìéêñü èåþñçìá ôïý Fermat (âë. åä. 2.4.13 êáé 5.1.31) ìáò ðëçñïöïñåß üôé

5−1 = 4 ≡ 1 (mod 5) =⇒ 4 − 102 + 9 ≡ 1− 0 · 2 − 1 ≡ 0 (mod 5) =⇒ 5 | 4 − 102 + 9 (2)

ÔÝëïò, åðåéäÞ ï  åßíáé ðåñéôôüò,  = 2 + 1 ãéá êÜðïéïí öõóéêü áñéèìü  ≥ 2 Áõôü óçìáßíåé üôé

4 − 102 + 9 = 16( − 1)( + 1)( + 2)

Ï äåýôåñïò ðáñÜãïíôáò åßíáé ôï ãéíüìåíï ôåóóÜñùí äéáäï·éêþí áñéèìþí, ïðüôå áõôïß èá áíÞêïõí óôï

óýíïëï {4 4+1 4+2 4+3} ãéá êÜðïéïí öõóéêü áñéèìü  (ü·é êáô' áíÜãêçí ìå áõôÞ ôç äéÜôáîç).

Ôï ãéíüìåíï ôùí äýï áñôßùí åî áõôþí

4(4+ 2) = 162 + 8

åßíáé ðïëëáðëÜóéï ôïý 8 ÅðïìÝíùò,

16 · 8 = 27 | 4 − 102 + 9 (3)

Áðü ôéò (1), (2), (3) êáé ôï ðüñéóìá 2.3.19 Ýðåôáé üôé

1920 = 27 · 3 · 5 | 4 − 102 + 9

(ii) ÅðåéäÞ 7 - 1835 êáé 7 - 1986 ôï ìéêñü èåþñçìá ôïý Fermat (âë. åä. 2.4.13 êáé 5.1.31) ìáò ðëçñïöïñåß

üôé

18357−1 = 18356 ≡ 1 (mod 7) 19867−1 = 19866 ≡ 1 (mod 7)
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ËáìâÜíïíôáò õð' üøéí üôé

1910 = 318 · 6 + 2 2061 = 343 · 6 + 3
1835 = 262 · 7 + 1 1986 = 283 · 7 + 5

êáé 53 = 125 = 17 · 7 + 6 óõìðåñáßíïõìå üôé

18351910 + 19862061 = 1835318·6+2 + 1986343·6+3 ≡ 1318 · 18352 + 1343 · 19863
= 18352 + 19863 ≡ 12 + 53 ≡ 1 + 6 ≡ 0 (mod 7)

ÈÅÌÁ 7ï Ðñïöáíþò,

Z×25 =

(
[1]25  [2]25  [3]25  [4]25  [6]25  [7]25  [8]25  [9]25  [11]25  [12]25 

[13]25  [14]25  [16]25  [17]25  [18]25  [19]25  [21]25  [22]25  [23]25  [24]25

)

ìå
¯̄
Z×25

¯̄
= (52) = 52 − 5 = 20 (üðïõ  ç óõíÜñôçóç öé ôïý Euler) êáé 20 ≡ 1(mod 25)

 1 2 3 4 5 6 7 8 9 10 11 12

2 ≡?(mod 25) 2 4 8 16 7 14 3 6 12 24 23 21

 13 14 15 16 17 18 19 20 21 22 23 24

2 ≡?(mod 25) 17 9 18 11 22 19 13 1 2 4 8 16

áð' üðïõ Ýðåôáé üôé

Z×25 =

[2]25

®
=
©
[1]25

ª ∪ n ([2]25) ¯̄̄ 1 ≤   20
o


Þôïé üôé ç ðïëëáðëáóéáóôéêÞ ïìÜäá (Z×25 ·) åßíáé êõêëéêÞ, Ý·ïõóá ôï [2]25 ùò Ýíáí ãåííÞôïñÜ ôçò.

(i) ¸·ïíôáò ðñïóäéïñßóåé Ýíáí ãåííÞôïñá ôÞò Z×25 ìðïñïýìå íá åöáñìüóïõìå ôï ðüñéóìá 3.4.23 êáé íá

áðïöáíèïýìå ðåñß ôùí õðïïìÜäùí ôÞò Z×25 ÁõôÝò åßíáé ïé åîÞò Ýîé êõêëéêÝò õðïïìÜäåò:⎧⎨⎩ 1 =

[2]25

®
= Z×25 2 =


([2]25)

2
®
=

[4]25

®
 3 =


([2]25)

4
®
=

[16]25

®


4 =

([2]25)

5
®
=

[7]25

®
 5 =


([2]25)

10
®
=

[−1]25

®
 6 =

©
[1]25

ª


⎫⎬⎭
ðïõ áíôéóôïé·ïýí óôïõò èåôéêïýò áêåñáßïõò äéáéñÝôåò (1 2 4 5 10 êáé 20) ôïý áñéèìïý 20

(ii) Ðñïöáíþò, ôï ìüíï óôïé·åßï ôÞò Z×25 ðïõ Ý·åé ôÜîç 1 åßíáé ôï ïõäÝôåñï óôïé·åßï ôçò [1]25  ÊáôÜ ôï

ðüñéóìá 3.4.23 ôï ðëÞèïò ôùí ãåííçôüñùí (Þôïé ôùí óôïé·åßùí ôÜîåùò 20) ôÞò Z×25 éóïýôáé ìå

(
¯̄
Z×25

¯̄
) =  (20) = (4)(5) = 2 · 4 = 8

Áõôïß ïé ãåííÞôïñåò åßíáé ôÞò ìïñöÞò ([2]25)
 üðïõ 1 ≤   20 êáé ìêä( 20) = 1 Þôïé ïé(

([2]25)
1 = [2]25  ([2]25)

3 = [8]25  ([2]25)
7 = [3]25  ([2]25)

9 = [12]25 

([2]25)
11 = [23]25  ([2]25)

13 = [17]25  ([2]25)
17 = [22]25  ([2]25)

19 = [13]25 

)

Ôá ëïéðÜ óôïé·åßá ôÞò Z×25 åßíáé ôá 11 óôïé·åßá ôÞò ìïñöÞò ([2]25)
 üðïõ 1 ≤   20 êáé ìêä( 20)  1

ÅðåéäÞ êáèÝíá åî áõôþí Ý·åé ôÜîç ∈ {2 4 5 10} êáé ðáñÜãåé ìéá êõêëéêÞ õðïïìÜäá ôÞò Z×25 ôÞò éäßáò
ôÜîåùò, êáé (êáôÜ ôï ðüñéóìá 3.4.14)

ord(([2]25)
) = ⇐⇒ ìêä() = 1

çZ×25 ðåñéÝ·åé áêñéâþò (2) = 1 óôïé·åßï ôÜîåùò 2 (4) = 2 óôïé·åßá ôÜîåùò 4 (5) = 4 óôïé·åßá ôÜîåùò

5 êáé (10) = 4 óôïé·åßá ôÜîåùò 10
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ÈÅÌÁ 8ï ¸óôù  ∈ N  ≥ 3 êáé Ýóôù

1 :=

*Ã
0 1

1 0

!


Ã
 0

0 −1

!+
v GL2(C)

(ìå  := exp
¡
2


¢
). Ðñïöáíþò,Ã

0 1

1 0

!2
=

Ã
1 0

0 1

!
⇒ ord

Ã
0 1

1 0

!
= 2

ÅðéðñïóèÝôùò,Ã
 0

0 −1

!

=

Ã
 0

0 −

!
=

Ã
1 0

0 1

!
⇒ ord

Ã
 0

0 −1

!
≤ 

ÅÜí  ∈ {1      − 1} ôüôå  6= 1 äéüôé @ ∈ Z ìå  =  ¢ñá ç ôÜîç ôïý åí ëüãù óôïé·åßïõ åßíáé

áêñéâþ ò ßóç ìå  ÅðåéäÞÃ
 0

0 −1

!Ã
0 1

1 0

!
=

Ã
0 
−1 0

!
=

Ã
0 1

1 0

!Ã
−1 0

0 

!

=

Ã
0 1

1 0

!Ã
 0

0 −1

!−1


êáé ç 1 åßíáé ìç áâåëéáíÞ, ç ðñüôáóç 4.4.7 ìáò ðëçñïöïñåß üôé |1| = 2 êáé üôé ç áðåéêüíéóç

1 3
Ã
0 1

1 0

! Ã
 0

0 −1

!

7−→  ◦  ∈ D

 ∈ {0 1}  ∈ {0 1  −1} åßíáé éóïìïñöéóìüò ïìÜäùí. Áðü ôçí Üëëç ìåñéÜ, ç (ìç áâåëéáíÞ) ïìÜäá

2 :=

(Ã
[] []
[0] [1]

!¯̄̄̄
¯  ∈ {±1}   ∈ Z

)
v GL2(Z)

ðáñÜãåôáé áðü ôïõò ðßíáêåò Ã
[−1] [0]
[0] [1]

!
êáé

Ã
[1] [1]
[0] [1]

!


êáèüôé ãéá êÜèå  ∈ Z éó·ýïõí ïé éóüôçôåòÃ
[1] []
[0] [1]

!
=

Ã
[1] [1]
[0] [1]

!

êáé Ã
[−1] []
[0] [1]

!
=

Ã
[1] [1]
[0] [1]

!Ã
[−1] [0]
[0] [1]

!


ÅðåéäÞ Ã
[−1] [0]
[0] [1]

!2
=

Ã
[1] [0]
[0] [1]

!
⇒ ord

Ã
[−1] [0]
[0] [1]

!
= 2

êáé ãéá êÜèå  ∈ {1     − 1 } ï ðßíáêáòÃ
[1] [1]
[0] [1]

!

=

Ã
[1] []
[0] [1]

!
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éóïýôáé ìå ôïí ìïíáäéáßï åÜí êáé ìüíïí åÜí  =  Ý·ïõìå

ord

Ã
[−1] [0]
[0] [1]

!
= 2 ord

Ã
[1] [1]
[0] [1]

!
= 

ìå Ã
[1] [1]
[0] [1]

!Ã
[−1] [0]
[0] [1]

!
=

Ã
[−1] [1]
[0] [1]

!

=

Ã
[−1] [0]
[0] [1]

!Ã
[1] [−1]
[0] [1]

!
=

Ã
[−1] [0]
[0] [1]

!Ã
[1] [1]
[0] [1]

!−1


ïðüôå åê íÝïõ åöáñìïãÞ ôÞò ðñïôÜóåùò 4.4.7 ìáò äßäåé |2| = 2 êáé ôïí éóïìïñöéóìü

2 3
Ã
[−1] [0]
[0] [1]

! Ã
[1] [1]
[0] [1]

!

7−→  ◦  ∈ D

 ∈ {0 1}  ∈ {0 1  − 1} Ôåëéêþò ëïéðüí,

1
∼= D

∼= 2

ÈÅÌÁ 9ï (i) Ðñïöáíþò,

6 =  ∀ ∈ 

=⇒ (−)6 = − ∀ ∈  =⇒ 6 = − ∀ ∈ 

)
=⇒  = − ∀ ∈  =⇒ 2 = 0 ∀ ∈ 

ðñÜãìá ðïõ óçìáßíåé üôé ·áñ() = 2 (äéüôé ·áñ() 6= 0 ·áñ() ≤ 2 êáé ·áñ() = 1 ⇐⇒ o  åßíáé

ôåôñéììÝíïò, ðñâë. 6.4.2 (iii)). ÅîÜëëïõ,

( + 1)
6 =  + 1 ∀ ∈ 

êáé åðåéäÞ  · 1 = 1 ·  ∀ ∈  Ý·ïõìå ôç äõíáôüôçôá åöáñìïãÞò ôïý äéùíõìéêïý ôýðïõ 6.1.7 (i) ãéá

ôçí áíÜðôõîç ôïý áñéóôåñïý ìÝëïõò ôÞò áíùôÝñù éóüôçôáò:

6 + 65 + 154 + 203 + 152 + 6 + 1 =  + 1 ∀ ∈ 

ïðüôå ãéá êÜèå  ∈ 

(6 − ) + 2(35 + 74 + 103 + 72 + 3) + (4 + 2) = 0

6 −  = 0

·áñ() = 2 =⇒ 2(35 + 74 + 103 + 72 + 3) = 0

⎫⎪⎬⎪⎭ =⇒ 4 + 2 = 0

ÊáôÜ óõíÝðåéáí, ãéá êÜèå  ∈  Ý·ïõìå

4 = −2 (·áñ()=2)= 2

4 · 2 = 2 · 2 =⇒ 6 = 4

6 = 

⎫⎪⎬⎪⎭ =⇒ 2 = 

(ii) ÅÜí

 :=

(Ã
 

− + 2

!
∈Mat2×2 (R)

¯̄̄̄
¯   ∈ R

)
  ∈ R

ôï  åßíáé õðïäáêôýëéïò ôïý Mat2×2 (R) ãéá êÜèå  ∈ RÐñÜãìáôé° åðåéäÞ  6= ∅ êáé ãéá ïéáäÞðïôå

  0 0 ∈ R áìöüôåñá ôáÃ
 

− + 2

!
−
Ã

0 0

−0 0 + 20

!
=

Ã
− 0  − 0

−( − 0) − 0 + 2(0)

!
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êáéÃ
 

− + 2

!Ã
0 0

−0 0 + 20

!
=

Ã
0 − 0 0 + 0 + 20

−(0 + 0 + 20) 0 − 0 + 2(0 + 0 + 20)

!

áíÞêïõí óôï , áõôü åßíáé áëçèÝò åðß ôç âÜóåé ôÞò ðñïôÜóåùò 6.1.10. ÅðéðñïóèÝôùò, ôï  ùò äáêôý-

ëéïò åßíáé ìåôáèåôéêüò, êáèüóïí ãéá ïéáäÞðïôå   0 0 ∈ R Ý·ïõìåÃ
 

− + 2

!Ã
0 0

−0 0 + 20

!
=

Ã
0 − 0 0 +  (0 + 20)

−0 − (+ 2) 0 −0 + (+ 2) (0 + 20)

!

=

Ã
0 − 0 0 + 0 (+ 2)

−0− (0 + 20)  −0 + (+ 2) (0 + 20)

!
=

Ã
0 0

−0 0 + 20

!Ã
 

− + 2

!


Ï äáêôýëéïò  åßíáé óþìá åÜí êáé ìüíïí åÜí êÜèå óôïé·åßï ôïý r{0} åßíáé áíôéóôñÝøéìï. ¸íá

óôïé·åßï

A =

Ã
 

− + 2

!
∈ r

(Ã
0 0

0 0

!)
åßíáé áíôéóôñÝøéìï (ðñâë. èåþñçìá 6.2.14) åÜí êáé ìüíïí åÜí

det(A) 6= 0⇐⇒ 2 + 2 + 2 6= 0

Èåùñþíôáò ôÞí åîßóùóç 2 + 2 + 2 = 0 ùò äåõôåñïâÜèìéá åîßóùóç ùò ðñïò  ðáñáôçñïýìå

üôé áõôÞ Ý·åé ðñáãìáôéêÝò èÝóåéò ìçäåíéóìïý1 åÜí êáé ìüíïí åÜí ç äéáêñßíïõóÜ ôçò (ðïõ éóïýôáé ìå

42(1−)) åßíáé≥ 0ÊáôÜ óõíÝðåéáí, ï äáêôýëéïò åßíáé óþìá åÜí êáé ìüíïí åÜí 1−  0⇐⇒   1

ÈÅÌÁ 10ï (i) Ìéá éêáíÞ óõíèÞêç ãéá íá ìçí åßíáé ôï (X) := X4+[]5 X+[1]5 áíÜãùãï, åßíáé íá äéáèÝôåé ìéá èÝóç

ìçäåíéóìïý  åíôüò ôïý óþìáôïò Z5. (Âë. óçìåßùóç 10.3.3 (ii).) Ðñïöáíþò, ([0]5) = [1]5 6= [0]5  Ãéá

ïéïäÞðïôå ìç ìçäåíéêü óôïé·åßï

 ∈ Z5r{[0]5} = {[1]5  [2]5  [3]5  [4]5} = Z×5
Ý·ïõìå

() = 4 + []5  + [1]5 = []5  + [2]5 

äéüôé ç ïìÜäá (Z×5  ·) Ý·åé ôÜîç 4 ïðüôå 4 = [1]5 ãéá êÜèå  ∈ Z×5 . (Âë. ðüñéóìá 5.1.28.) ÅÜí  ∈ 5Z Þ

-éóïäõíÜìùò- []5 6= [0]5  ôüôå () = [0]5 ãéá ôá  ðïõ ðáñáôßèåíôáé óôïí êáôÜëïãï ðïõ áêïëïõèåß:

[]5 

[1]5 [3]5
[2]5 [4]5
[3]5 [1]5
[4]5 [2]5

ïðüôå ôï (X) äåí åßíáé áíÜãùãï åíôüò ôïý Z5[X]¼ìùò êáé ãéá  ∈ 5Z ôï (X) äåí åßíáé áíÜãùãï åíôüò

ôïý Z5[X] äéüôé

(X) = X4 + [1]5 =
¡
X2 + [2]5

¢ ¡
X2 + [3]5

¢


1ÓõãêåêñéìÝíá, ôéò  =
³
−1±p(1− )

´
.

5



Ùò åê ôïýôïõ, ôï (X) äåí åßíáé áíÜãùãï åíôüò ôïý Z5[X] ãéá êáíÝíá  ∈ Z
(ii) Ï ðáñïíïìáóôÞò ôïý äïèÝíôïò êëÜóìáôïò ãñÜöåôáé ùò åîÞò:

X8 + X7 − X4 − X3 = X7(X+ 1)− X3(X+ 1) = X3(X+ 1)(X4 − 1)
= X3(X+ 1)2(X− 1)(X2 + 1)

Ëüãù ôïý èåùñÞìáôïò 10.6.4 õðÜñ·ïõí 1 2 3 4 5 6 7 8 ∈ R ìïíïóçìÜíôùò ïñéóìÝíá êáé ôÝ-

ôïéá, þóôå íá éó·ýåé

1

X8 + X7 − X4 − X3 =
1
X
+

2
X2
+

3
X3
+

4
X+ 1

+
5

(X+ 1)2
+

6
X− 1 +

7X+ 8
X2 + 1



Êáô' áêïëïõèßáí, ðïëëáðëáóéÜæïíôáò áìöüôåñá ôá ìÝëç ìå ôï

X8 + X7 − X4 − X3 = X3(X+ 1)2(X− 1)(X2 + 1)

ëáìâÜíïõìå

1 = 1X
2(X+ 1)2(X− 1)(X2 + 1) + 2X(X+ 1)

2(X− 1)(X2 + 1)
+3(X+ 1)

2(X− 1)(X2 + 1) + 4X
3(X+ 1)(X− 1)(X2 + 1)

+5X
3(X− 1)(X2 + 1) + 6X

3(X+ 1)2(X2 + 1) + (7X+ 8)X
3(X+ 1)2(X− 1)

ÅÜí óôçí áðñïóäéüñéóôï X äïèåß ç ôéìÞ 0 ôüôå 1 = −3 =⇒ 3 = −1 Ãéá X = −1 ç áíùôÝñù äßäåé

1 = 5 · (−1)3 · (−2) · 2 =⇒ 5 =
1
4  Ãéá X = 1 1 = 6 · 13 · 4 · 2 =⇒ 6 =

1
8  åíþ ãéá X = 

1 = (7+ 8)(−)(+ 1)2(− 1) = −27 − 28 − 27 + 28 = 2(8 − 7)+ (−2)(8 + 7)

=⇒
(

8 − 7 = 0

(−2)(8 + 7) = 1

)
=⇒ 7 = 8 = −1
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Ãéá ôçí åýñåóç ôùí õðïëåéðïìÝíùí 1 2 4 ðïëëáðëáóéÜæïõìå áìöüôåñá ôá ìÝëç ôÞò áíùôÝñù ðïëõù-

íõìéêÞò éóüôçôáò ìå ôï 8 êáé ôç ãñÜöïõìå ùò åîÞò:

8 = 81X
2(X+ 1)2(X− 1)(X2 + 1) + 82X(X+ 1)2(X− 1)(X2 + 1)

−8(X+ 1)2(X− 1)(X2 + 1) + 84X3(X+ 1)(X− 1)(X2 + 1)
+2X3(X− 1)(X2 + 1) + X3(X+ 1)2(X2 + 1)− 2(X+ 1)X3(X+ 1)2(X− 1)

ïðüôå

8 = 81(X
7 + X6 − X3 − X2) + 82(X6 + X5 − X2 − X)− 8(X5 + X4 − X− 1) + 84(X7 − X3)

+2(X6 − X5 + X4 − X3) + (X7 + 2X5 + 2X6 + 2X4 + X3)− 2(X7 + 2X6 − 2X4 − X3)

Åîéóþíïíôáò ôïõò óõíôåëåóôÝò ôùí éóïâÜèìéùí üñùí óôçí ôåëåõôáßá óõìðåñáßíïõìå üôé

81 + 84 − 1 = 0 81 + 82 = 0 82 − 8 = 0
81 + 84 − 1 = 0 81 + 82 = 0 −82 + 8 = 0

Åî áõôþí Ýðåôáé üôé 1 = −1 2 = 1 4 = 9
8  ÊáôÜ óõíÝðåéáí, ç æçôïýìåíç äéÜóðáóç ôïý

1

X8 + X7 − X4 − X3 ∈ R(X)

óå áðëÜ ðïëõùíõìéêÜ êëÜóìáôá åßíáé ç áêüëïõèç:

1

X8 + X7 − X4 − X3 = −
1

X
+
1

X2
− 1

X3
+
9

8

1

X+ 1
+

1

4(X+ 1)2
+

1

8(X− 1) −
1

4

(X+ 1)

X2 + 1


---------------------------------------------------

6


