
ÁËÃÅÂÑÁ I: 9oò ÊÁÔÁËÏÃÏÓ ÐÑÏÔÅÉÍÏÌÅÍÙÍ ÁÓÊÇÓÅÙÍ

1. Ôï óýíïëï ôùí éóïìåôñéþí ôïý R åßíáé ôï

Isom(R) := { ∈ SR| |()− ()| = |− |  ∀( ) ∈ R×R}

(Ôá óôïé·åßá ôïõ êáëïýíôáé éóïìåôñßåò ôïý R) Íá áðïäåé·èåß üôé Isom(R) @ SR

2. Ãéá êÜèå  ∈ R ïñßæïõìå ùò ìåôáöïñÜ ôïý R êáôÜ  ôçí áìöéññéðôéêÞ áðåéêüíéóç  ∈ SR ìå

() := + ∀ ∈ R Ðñïöáíþò,  ∈ Isom(R) ãéá êÜèå  ∈ R Íá áðïäåé·èåß üôé ôï óýíïëï

Trans(R) := { | ∈ R} ⊆ Isom(R)

üëùí ôùí ìåôáöïñþí ôïý R óõãêñïôåß ìéá Üðåéñç áâåëéáíÞ õðïïìÜäá ôÞò Isom(R) êáé üôé

(Trans(R) ◦) ∼= (R+)

3. ÅÜí ìå ôï ãñÜììá  óõìâïëßóïõìå ôïí êáôïðôñéóìü  : R −→ R  7−→ () := − ôïý R
ùò ðñïò ôï 0 íá áðïäåé·èåß üôé êÜèå éóïìåôñßá  ∈ Isom(R)rTrans(R) ãñÜöåôáé õðü ôç ìïñöÞ

 =  ◦  =  ◦ −1 =  ◦ − ãéá êÜðïéïí  ∈ R êáé üôé

Isom(R) = { ◦ −
¯̄
 ∈ R êáé  ∈ {0 1}}

4. Ç õðïïìÜäá

D∞ := { ∈ Isom(R)|(Z) = Z}

ôÞò Isom(R) ç áðáñôéæüìåíç áðü åêåßíåò ôéò éóïìåôñßåò ôïý R ðïõ áðåéêïíßæïõí ôï óýíïëï Z ôùí

áêåñáßùí åðß ôïý åáõôïý ôïõ, êáëåßôáé Üðåéñç äéåäñéêÞ ïìÜäá. Íá áðïäåé·èåß üôé áõôÞ åßíáé ìéá

Üðåéñç ìç áâåëéáíÞ ïìÜäá ìå

D∞ = h −1i =
©
 ◦  

−1 | ∈ {0 1}   ∈ Z
ª


üðïõ −1 ◦  =  ◦ −1−1 (=  ◦ 1)

5. ¸óôù ( ·) ìéá Üðåéñç ìç áâåëéáíÞ ïìÜäá ç ïðïßá ìðïñåß íá ðáñá·èåß áðü ôï óýíïëï { } äýï
óôïé·åßùí ôçò  êáé  ÅÜí áõôïß ïé ãåííÞôïñåò ôÞò ( ·) õðüêåéíôáé óôéò ó·Ýóåéò

2 =   = −1

íá áðïäåé·èåß üôé ( ·) ∼= (D∞ ◦)

6. ÅÜí ( ·) åßíáé ìéá ïìÜäá, íá áðïäåé·èïýí ôá åîÞò:

(i) =  ∀ ∈ Subg()
(ii) ¸óôù  ∈ P ()r{∅} ìå  =  ÅÜí ôï  åßíáé ðåðåñáóìÝíï óýíïëï, ôüôå  v 

(iii) Ôï (ii) äåí åßíáé ðÜíôïôå áëçèÝò åÜí áöáéñåèåß ç ðñïûðüèåóç üôé ôï  åßíáé ðåðåñáóìÝíï.

7. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí  ∈ P ()r{∅} ôüôå èÝôïõìå −1 := ©−1 ¯̄  ∈ 
ª
 Íá áðïäåé·èåß

üôé ôá áêüëïõèá åßíáé éóïäýíáìá:

(i)  v 

(ii) ÅÜí   ∈  ôüôå  ∈  êáé −1 ∈ 
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(iii)  j  êáé −1 j 

(iv)  =  êáé −1 = 

(v) ÅÜí   ∈  ôüôå −1 ∈ 

(vi) −1 j 

(vii) −1 = 

8. ¸óôù ( ·) ìéá ïìÜäá. ÅÜí12 ∈ Subg() êáé1 v 2 íá áðïäåé·èïýí ôá áêüëïõèá:

(i)1 ∩2 = 1( ∩2)

(ii) [1 ∩ = 2 ∩ êáé 1 = 2] =⇒ 1 = 2

9. Íá äïèåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí (i) ôÞò  := 4Z åíôüò ôÞò 2Z êáé (ii) ôÞò  :=

h[18]36i åíôüò ôÞò Z36
10. Íá ãñáöåß ç ðïëëáðëáóéáóôéêÞ ïìÜäá Z×15 ùò áðïóõíäåôÞ Ýíùóç áñéóôåñþí ðëåõñéêþí êëÜóåùí

ôÞò  = h[7]15i (åíôüò ôÞò Z×15).
11. Íá äïèåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò := h ◦ i åíôüò ôÞòD4 = h i 
12. Íá äïèåß Ýíá óýóôçìá áñéóôåñþí åêðñïóþðùí ôÞò := h[1 2 3]i åíôüò ôÞò A4
13. Íá äïèïýí ðáñáäåßãìáôá ïìÜäùí  êáé õðïïìÜäùí {} 6=  @ , ïýôùò þóôå:

(i) || ∞ êáé | : | ∞ (iii) || =∞ êáé | : | ∞

(ii) || ∞ êáé | : | =∞ (iv) || =∞ êáé | : | =∞

14. (i) ÅÜí  ∈ Q íá äåé·èåß üôé ôï Z := {|  ∈ Z} áðïôåëåß ìéá õðïïìÜäá ôÞò (Q+)
(ii) ÅÜí  0 ∈ Q íá äåé·èåß üôé Z v 0Z⇐⇒  = 0 ãéá êÜðïéïí ∈ Z
(iii) ÅÜí  ∈ Z íá ðñïóäéïñéóèïýí ïé äåßêôåò

¯̄
Q : 1Z

¯̄

¯̄
1
Z : Z

¯̄
êáé

¯̄
1
Z : Z

¯̄


15. Íá áðïäåé·èåß üôé ç (Q+) äåí äéáèÝôåé êáìßá ãíÞóéá õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç êáé üôé äåí

åßíáé éóüìïñöç ìå ôçí (Q0 ·). [Õðüäåéîç : ÅÜí  ∈ N  ≥ 2 ôüôå ç  := h{2 3 5 7 11 13 }i
ðïõ åßíáé ãíÞóéá õðïïìÜäá ôÞò (Q0 ·) Ý·åé äåßêôç ]

16. Íá áðïäåé·èïýí ôá åîÞò:

(i) Ï äåßêôçò ôÞò (R0 ·) åíôüò ôÞò (Rr{0} ·) éóïýôáé ìå 2
(ii) Ç ìüíç ãíÞóéá õðïïìÜäá ôÞò (Rr{0} ·) ðåðåñáóìÝíïõ äåßêôç åßíáé ç (R0 ·) 

17. ÅÜí  v  êáé  v  êáé åÜí ç  åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç åíôüò ôÞò  íá áðï-

äåé·èåß üôé êáé ç ∩ åßíáé õðïïìÜäá ðåðåñáóìÝíïõ äåßêôç åíôüò ôÞò, êáé üôé -åðéðñïóèÝôùò-

éó·ýåé ç áíéóïúóüôçôá: | :  ∩| ≤ | : | 
18. ÅÜí êáé åßíáé äõï õðïïìÜäåò ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·)  íá äåé·èåß üôé éó·ýåé ç óõíå-

ðáãùãÞ ìêä(| : |  | : |) = 1⇒  = 

19. ÅÜí êáé åßíáé äõï õðïïìÜäåò ìéáò ðåðåñáóìÝíçò ïìÜäáò ( ·)  íá áðïäåé·èïýí ôá áêüëïõèá:

(i) |hi : | ≥ | :  ∩| 
(ii) ÅÜí | :  ∩|  1

2 | : |  ôüôå hi = 

(iii) | :  ∩| = | : |⇔  =  (=  = hi)
20. ¸óôù ( ·) ìéá ðåðåñáóìÝíç êõêëéêÞ ïìÜäá êáé Ýóôù  Ýíáò ðñþôïò áñéèìüò ðïõ äéáéñåß ôçí ôÜîç

ôçò. Íá áðïäåé·èåß üôé ôï := {|  ∈ } áðïôåëåß ìéá õðïïìÜäá ôÞò  ôÜîåùò ||
 
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