
ÁËÃÅÂÑÁ I: 7oò ÊÁÔÁËÏÃÏÓ ÐÑÏÔÅÉÍÏÌÅÍÙÍ ÁÓÊÇÓÅÙÍ

1. Íá ðñïóäéïñéóèåß ç ôÜîç ôïý óôïé·åßïõ  ôÞò ïìÜäáò ( ∗) óôéò 10 ðåñéðôþóåéò ôéò ðáñáôéèÝìåíåò
óôïí êÜôùèé êáôÜëïãï:

A/A ( ∗)  A/A ( ∗) 

(i) (Cr{0} ·) − (vi) (Z18+) [2]18

(ii) (Cr{0} ·) −1 + 
√
3 (vii) (Z150+) [55]150

(iii) (Cr{0} ·) −1+√3
2

(viii) (Z150+) [60]150

(iv) (Cr{0} ·) exp( 211 ) (ix) (Z×23 ·) [2]23

(v) (Cr{0} ·) exp(12) (x) (Z×21 ·) [4]21

2. ¸óôù ( ·) ìéá ïìÜäá ôÜîåùò 2 ãéá êÜðïéïí  ∈ N Íá áðïäåé·èåß üôé

(i) ∃ ∈ N : card¡{ ∈  | −1 = }¢ = 2

(ii) ∃ ∈  : ord() = 2

3. ÅÜí ( ·) åßíáé ìéá áâåëéáíÞ ïìÜäáêáé ( ) ∈ × ìå  =  ãéá êÜðïéïí ∈ N íááðïäåé·èåß

üôé  =  ãéá êÜðïéï  ∈  ìå ord() | 

4. ÅÜí ( ·) åßíáé ìéá ïìÜäá, ( ) ∈ × ìå  =  êáé

ord () =  ∈ N ord () =  ∈ N

íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Ç ôÜîç ord() ôïý  åßíáé ðåðåñáóìÝíç,

åêð ()

ìêä ()
| ord () êáé ord () | åêð () 

(ii) Åéäéêüôåñá, ìêä() = 1⇐⇒ ord() = 

(iii) ÅÜí ãéá êÜèå ðñþôï áñéèìü  ðïõ äéáéñåß ôï ãéíüìåíï ç ìÝãéóôç äýíáìç ôïý  ðïõ äéáéñåß

ôïí äåí éóïýôáé ìå ôç ìÝãéóôç äýíáìç ôïý  ðïõ äéáéñåß ôïí  ôüôå

ord () = åêð () 

Åí óõíå·åßá, íá äïèåß ðáñÜäåéãìá æåýãïõò óôïé·åßùí   ðåðåñáóìÝíçò ôÜîåùò ìéáò ïìÜäáò ( ∗)
ìå  ∗  =  ∗  6=  êáé

ord( ∗ )  åêð(ord() ord())
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5. Åíôüò ôÞò SL2(Z) íá õðïëïãéóèïýí ïé ôÜîåéò ôùí óôïé·åßùí

A :=

µ
0 −1
1 0

¶
 B :=

µ
0 1

−1 −1

¶
êáé AB =

µ
1 1

0 1

¶


Åí óõíå·åßá, íá áðïäåé·èåß üôé SL2(Z) = hAABi 
6. ¸óôù ôõ·þí  ∈ N  ≥ 3 Åíôüò ôÞò GL2(Z) íá õðïëïãéóèïýí ïé ôÜîåéò ôùí

A :=

µ
[−1] [1]

[0] [1]

¶
 B :=

µ
[−1] [0]

[0] [1]

¶
êáé AB =

µ
[1] [1]

[0] [1]

¶


7. ÅÜí ( ·) åßíáé ìéá áâåëéáíÞ ïìÜäá êáé ( ) ∈ × ìå

ord () =  ∈ N ord () =  ∈ N

íá áðïäåé·èïýí ôá åîÞò:

(i) ∃ ∈  : ord() = åêð()

(ii) ÅÜí ord() ≤ ∀ ∈ r{} ôüôå ord ()| êáé  =  ∀ ∈ 

8. Íá áðïäåé·èåß üôé ôï  := {exp()|  ∈ Q} áðïôåëåß ìéá Üðåéñç, ðåñéïäéêÞ õðïïìÜäá ôÞò

(Cr{0} ·) êáèþò êáé üôé ãéá ïéïíäÞðïôå  ∈ N ç  äéáèÝôåé êÜðïéï óôïé·åßï, ç ôÜîç ôïý ïðïßïõ

éóïýôáé ìå 

9. ¸óôù ( ·) ìéá ðåðåñáóìÝíç áâåëéáíÞ ïìÜäá êáé Ýóôù  :=
Q

∈  ôï ãéíüìåíï üëùí ôùí óôïé-

·åßùí ôçò. Íá áðïäåé·èåß üôé:

(i) ÅÜí ç  äéáèÝôåé áêñéâþò Ýíá óôïé·åßï  ôÜîåùò 2 ôüôå  = 

(ii) ¸íáò öõóéêüò áñéèìüò  ≥ 2 åßíáé ðñþôïò åÜí êáé ìüíïí åÜí éó·ýåé ç éóïôéìßá

(− 1)! ≡ −1 (mod ) 

Ôïýôï åßíáé ãíùóôü óôç Óôïé·åéþäç Èåùñßá Áñéèìþí ùò èåþñçìá ôïý Wilson. [Õðüäåéîç : Íá

·ñçóéìïðïéçèåß ôï (i) ãéá ôçí ïìÜäá  = Z× ]

10. ¸óôù ôõ·þí  ∈ N  ≥ 3 Íá äåé·èåß üôé ç ïìÜäá (Z×
2
 ·) äåí åßíáé êõêëéêÞ. [Õðüäåéîç : Áñêåß íá

äåé·èåß üôé ord([2 − 1]2) = ord([2−1 + 1]2) = 2]

11. Íá åîåôáóèåß ðïéåò åê ôùí áêïëïýèùí áðåéêïíßóåùí åßíáé ïìïìïñöéóìïß ïìÜäùí:

(i)  : (Z12+) −→ (Z12+), ([]12) := [+ 1]12,

(ii)  : ( ·) −→ ( ·), () := 3 üðïõ  ìéá êõêëéêÞ ïìÜäá ôÜîåùò 12,

(iii)  : (Z8+) −→ (Z2+), ([]8) := []2 

(iv)  : (R+) −→ (Cr{0} ·), () := cos() +  sin

(v)  :

Ã(Ã
1 

0 1

!¯̄̄̄
¯ ∈ Z

)
 ·
!
−→ (E4 ·)  

Ã
1 

0 1

!
:= 

Åí óõíå·åßá, íá ðñïóäéïñéóèïýí ïé ðõñÞíåò êáé ïé åéêüíåò üóùí åî áõôþí åßíáé ïìïìïñöéóìïß.

12. ÅÜí ( ·) ( ∗) åßíáé äõï ðåðåñáóìÝíåò êõêëéêÝò ïìÜäåò,  Ýíáò ãåííÞôïñáò ôÞò  êáé  Ýíáò

ãåííÞôïñáò ôÞò íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ∃ ∈Hom() : () = ⇐⇒ ord() |ord()
(ii) ÅÜí ord() |ord() ôüôå õðÜñ·åé ìïíáäéêüò  ∈ Hom() : () =  ÅðéðñïóèÝôùò, ãé'

áõôüí ôïí  éó·ýïõí ïé éóüôçôåò () = ∀ ∈ Z
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13. Íá áðïäåé·èåß üôé ïé ðñïóèåôéêÝò ïìÜäåò (Z+)  (Q+) êáé (R+) åßíáé áíÜ äýï ìç éóüìïñöåò.

14. Íá áðïäåé·èåß üôé ç ïìÜäá Z[] := {+  | ( ) ∈ Z2} ôùí áêåñáßùí ôïý Gauss åßíáé éóüìïñöç

ìå ôçí ðïëëáðëáóéáóôéêÞ ïìÜäá

 := {23 ¯̄ ( ) ∈ Z2}
15. Íá áðïäåé·èåß üôé ôá óýíïëá 2× 2-ðéíÜêùí

1 :=

½µ
1−  −
 1 + 

¶¯̄̄̄
 ∈ Z

¾
êáé 2 :=

½µ
1− 2 

−4 1 + 2

¶¯̄̄̄
 ∈ Z

¾
áðïôåëïýí õðïêåßìåíá óýíïëá õðïïìÜäùí ôÞò åéäéêÞò ãñáììéêÞò ïìÜäáò SL2(Z) êáèþò êáé üôé
1 ∼= Z ∼= 2

16. ÅÜí  :=
©
 ∈ R|2  1ª, íá áðïäåé·èïýí ôá áêüëïõèá:

(i) +
1+ ∈  ∀ ( ) ∈ ×

(ii) To æåýãïò ( ∗) üðïõ × 3 ( ) 7→  ∗  := +
1+  áðïôåëåß ìéá áâåëéáíÞ ïìÜäá.

(iii) Ç áðåéêüíéóç  : ( ∗) −→ (R+)   7→ () := ln
³
1+
1−

´
 åßíáé éóïìïñöéóìüò ïìÜäùí.

17. Ãéá ïéïíäÞðïôå ðñáãìáôéêü áñéèìü  ∈ R ïñßæåôáé ï ðßíáêáò

A[] :=

⎛⎝ 0

−1
1

0

− sin()
cos()

− sin() cos() 0

⎞⎠ ∈Mat3×3(R)

Íá áðïäåé·èïýí ôá áêüëïõèá:

(i)A3
[] = 0Mat3×3(R)

(ii) ÅÜí ãéá êÜèå  ∈ R ôåèåß A[] := I3 + A[] +
1
2A

2
[] ôüôå ôï óýíïëï 3 × 3-ðéíÜêùí

[] := {A[]

¯̄
 ∈ R} åöïäéáóìÝíï ìå ôçí ðñÜîç ôïý ðïëëáðëáóéáóìïý ðéíÜêùí, áðïôåëåß

ìéá áâåëéáíÞ ïìÜäá ç ïðïßá åßíáé éóüìïñöç ìå ôçí (R+)

18. (i) Áðü ôï óýíïëï ôùí áðåéêïíßóåùí  : Rr{0 1} −→ Rr{0 1} åðéëÝãïíôáé ïé áêüëïõèåò Ýîé:

1() :=  2() :=
1

1− 
 3() :=

− 1




4() :=
1


 5() := 1−  6() :=



− 1 

∀ ∈ Rr{0 1} ÅÜí 1 := {1 2 3 4 5 6} íá áðïäåé·èåß üôé ôï æåýãïò (1 ◦) áðïôåëåß ìéá
ìç áâåëéáíÞ ïìÜäá ìå 1

= 1 êáé íá äïèåß ï ðïëëáðëáóéáóôéêüò êáôÜëïãïò áõôÞò (üðïõ ùò

«ðïëëáðëáóéáóìüò» íïåßôáé, åí ðñïêåéìÝíù, ç óýíèåóç áðåéêïíßóåùí ‘‘◦'').
(ii) Íá áðïäåé·èåß üôé ôï óýíïëï ôùí Ýîé 2× 2-ðéíÜêùí

2 :=

½µ
1 0

0 1

¶


µ
 0

0 2

¶


µ
2 0

0 

¶


µ
0 1

1 0

¶


µ
0 2

 0

¶


µ
0 

2 0

¶¾


üðïõ  ∈ Cr{1} 3 = 1 (Þôïé  ∈ {3 23}), áðïôåëåß ôç ìç áâåëéáíÞ õðïïìÜäá ôÞò GL2(C) ôçí
ðáñáãüìåíç áðü ôïõò ðßíáêåò

A :=

µ
 0

0 2

¶
êáé B :=

µ
0 1

1 0

¶


(iii) Íá áðïäåé·èåß üôé 1 ∼= 2
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19. (i) ¸óôù ( ·) ìéá ðåðåñáóìÝíç ìç áâåëéáíÞ ïìÜäá (Ý·ïõóá ôï  =  ùò ïõäÝôåñü ôçò óôïé·åßï)

ç ïðïßá ìðïñåß íá ðáñá·èåß áðü ôï óýíïëï { } äýï óôïé·åßùí ôçò  êáé  ÅÜí ord() = 4 êáé

áõôïß ïé ãåííÞôïñåò ôÞò ( ·) õðüêåéíôáé óôéò ó·Ýóåéò

2 = 2 êáé  = −1

íá áðïäåé·èåß üôé  = {  2 3   2 3} êáé ( ·) ∼= (Q ·)
(ii) Íá áðïäåé·èåß (ìÝóù ôïý (i)) üôé ç õðïïìÜäá

 :=

¿µ
[0]3 [−1]3
[1]3 [0]3

¶


µ
[1]3 [1]3
[1]3 [−1]3

¶À
ôÞò SL2(Z3) åßíáé éóüìïñöç ìå ôçí ïìÜäá ôùí ôåôñáíßùí.

20. Ná áðïäåé·èåß üôé ãéá êÜèå áâåëéáíÞ ïìÜäá ( ∗) õößóôáôáé éóïìïñöéóìüò

Hom(Z )
∼=−→ 
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