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ÁÐÁÍÔÇÓÅÉÓ ÄÏÈÅÍÔÙÍ ÈÅÌÁÔÙÍ

ÈÅÌÁTA 1-5 Ïé áðïäåßîåéò åß·áí ðáñïõóéáóèåß óôéò ðáñáäüóåéò. ¤

ÈÅÌÁ 6ï (i) Åî õðïèÝóåùò,

 | 2 + 3
 | (+ 1)2 + 3

)
⇒
(
∃ ∈ Z : 2 + 3 = 

∃ ∈ Z : (+ 1)2 + 3 = 

)


Áðü ôïí åõêëåßäåéï áëãüñéèìï ôÞò äéáéñÝóåùò

∃!( ) ∈ Z× Z :  = +  üðïõ 0 ≤   

ÅðïìÝíùò,

2 + 3 = (− )2 + 3 = 2 + 3 + ()2 − 2 = 

üðïõ  :=  + 2− 2 ÅðéðñïóèÝôùò,
( + 1)2 + 3 = ((+ 1)− )2 + 3 = (+ 1)2 + 3 + ()2 − 2(+ 1) = 

üðïõ  := + 2− 2(+ 1) Áõôü óçìáßíåé üôé

( −) = (( + 1)2 + 3)− (2 + 3) = 2 + 1 ≥ 1
Åî áõôïý Ýðåôáé üôé 1 ≤ 2+ 1 = ( −) ≤ 2− 1 äéüôé  ≤ − 1Ðáñáôçñïýìå üôé  − = 1 (äéüôé

åÜí õðïèÝôáìå üôé  − ≥ 2 èá êáôáëÞãáìå óå Üôïðï: 2 ≤ ( −) ≤ 2− 1) Óõíåðþò,
 = 2 + 1⇒ [ = −1

2
êáé  + 1 = +1

2
]

êáé, ùò åê ôïýôïõ, ⎧⎨⎩  = 2 + 3 = ( −1
2
)2 + 3 = 1

4
(2 − 2+ 13)

 = ( + 1)2 + 3 = ( +1
2
)2 + 3 = 1

4
(2 + 2+ 13)

⎫⎬⎭ 

áð' üðïõ Ýðåôáé üôé

4( +) = (2 + 2+ 13) + (2 − 2+ 13) = 2(2 + 13)
=⇒ 13 =  (2( +)− ) 

ÅðåéäÞ ï  åßíáé ðñþôïò, ç ôåëåõôáßá éóüôçôá äßäåé 2( +)−  = 1 êáé  = 13 ïðüôå

2( +)− 13 = 1⇒  + = 7

 − = 1

)
=⇒ [ = 3  = 4 êáé  = 13−1

2
= 6]

Ðñïöáíþò, 62 + 3 = 39 = 3 · 13 êáé 72 + 3 = 52 = 4 · 13 Åðßóçò, åßíáé ðñüäçëï üôé ìáæß ìå ôçí ôéìÞ

 =  = 6 êáé üëåò (ïé åìöáíþò áðåéñïðëçèåßò ) ôéìÝò  = 6 + 13  ∈ Z éêáíïðïéïýí ôéò óõíèÞêåò

äéáéñåôüôçôáò

13 | 2 + 3 êáé 13 | (+ 1)2 + 3
(ii) Ï óõíôåëåóôÞò ‘‘3'' ìáò õðïäåéêíýåé ôï ðþò ìðïñïýìå íá åñãáóèïýìå ìå áíáãùãÞ mod 3 êáé «åéò

Üôïðïí áðáãùãÞ». ÅÜí õðÞñ·áí áêÝñáéïé áñéèìïß   ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá 2−32 = 989
ôüôå, åðåéäÞ Ý·ïõìå 989 = 329 · 3 + 2 èá Ýðñåðå íá éó·ýåé£

2 − 32¤
3
=
£
2
¤
3
− [3]3

£
2
¤
3
=
£
2
¤
3
− [0]3

£
2
¤
3
=
£
2
¤
3
= [989]3 = [2]3 

äçëáäÞ íá õðÜñ·åé ëýóç ôÞò ([]3)
2 = [2]3 åíôüò ôïý Z3 = {[0]3  [1]3  [2]3} Ôïýôï üìùò åßíáé áäýíáôï,

êáèüôé ([0]3)
2 = [0]3  ([1]3)

2 = [1]3 êáé ([2]3)
2 =

£
22
¤
3
= [4]3 = [1]3  ¤
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ÈÅÌÁ 7ï ¸óôù := h i ç õðïïìÜäá ôÞòS8 ç ðáñáãüìåíç áðü ôá óôïé·åßá

 := [1 2 3 4] ◦ [5 6 7 8] êáé  := [1 5 3 7] ◦ [2 8 4 6]

ÅðåéäÞ ïé 4-êýêëïé [1 2 3 4] êáé [5 6 7 8] (êáé áíôéóôïß·ùò, ïé 4-êýêëïé [1 5 3 7] êáé [2 8 4 6]) åßíáé îÝíïé

ìåôáîý ôïõò, ïöåßëïõí íá ìåôáôßèåíôáé áìïéâáßùò. Aõôü óçìáßíåé üôé

 = [1 2 3 4] ◦ [5 6 7 8] êáé  := [1 5 3 7] ◦ [2 8 4 6]  ∀( ) ∈ Z2

EðåéäÞ êÜèå 4-êýêëïò Ý·åé ôÜîç 4 ëáìâÜíïõìå

 =
n
 ◦    ◦ 

¯̄̄
0 ≤   ≤ 3

o


Åí óõíå·åßá, ðáñáôçñïýìå üôé

 = [1 2 3 4] ◦ [5 6 7 8]  = [1 5 3 7] ◦ [2 8 4 6]
2 = [1 3] ◦ [2 4] ◦ [5 7] ◦ [6 8] 2 = [1 3] ◦ [5 7] ◦ [2 4] ◦ [8 6]
3 = [1 4 3 2] ◦ [5 8 7 6] 3 = [1 7 3 5] ◦ [2 6 4 8]
 ◦  = [1 8 3 6] ◦ [2 7 4 5]  ◦  = [1 6 3 8] ◦ [2 5 4 7]
()2 = [1 3] ◦ [8 6] ◦ [2 4] ◦ [7 5] ()3 = [1 6 3 8] ◦ [2 5 4 7]

ìå 2 = 2 = ( ◦ )2 êáé ( ◦ )3 =  ◦  ïðüôå 2 ◦ 2 = id = 2 ◦ 2 êáé

 ◦ 2 = 3 = 2 ◦   ◦ 3 = 3 ◦  = 3 ◦ 3 =  ◦ 
2 ◦  = 3 =  ◦ 2 3 ◦ 3 =  ◦ 3 = 3 ◦  =  ◦ 
3 ◦ 2 =  = 2 ◦ 3 2 ◦ 3 =  = 3 ◦ 2

ÊáôÜ óõíÝðåéáí,

 =
©
id  2(= 2) 3  3  

ª⇒ || = 8

êáé ïñìþìåíïé áðü ôïí ðßíáêá ôÞò ðñÜîåùò

· I −I i −i j −j k −k
I I −I i −i j −j k −k

− I − I I −i i −j j −k k

i i −i − I I k −k −j j

−i −i i I − I −k k j −j
j j −j −k k − I I i −i
−j −j j k −k I − I −i i

k k −k j −j −i i − I I

−k −k k −j j i −i I − I

ôÞò ïìÜäáòQ = {±I2±i± j±k} ôùí ôåôñáíßùí, üðïõ

I = I2 :=

Ã
1 0

0 1

!
 i :=

Ã
0 

 0

!
 j :=

Ã
 0

0 −

!
 k :=

Ã
0 1

−1 0

!


ìå

I2 = j
4 = k4 −I2 = j2 = k2 i = jk

−i = kj = −jk −j = j3 − k = k3
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äéáðéóôþíïõìå Üìåóá üôé ç áðåéêüíéóçQ −→ 

I2 7−→ id, −I2 7−→ 2 (= 2)

i 7−→ 3 −i 7−→ 

j 7−→  −j 7−→ 

k 7−→  −k 7−→ 3

áðïôåëåß éóïìïñöéóìü ïìÜäùí. ¢ñá  ∼= Q ¤

ÈÅÌÁ 8ï (i) ÅÜí  ∈  åßíáé Ýíá ìçäåíïäýíáìï óôïé·åßï, ôüôå õðÜñ·åé  ∈ N :  = 0 êáé ôï 1 +  åßíáé

áíôéóôñÝøéìï ìå

(1 + )−1 =
X

=0

(−1) 

ÐñÜãìáôé° ðïëëáðëáóéÜæïíôáò åê äåîéþí ôï 1 +  ìå ôï áíùôÝñù Üèñïéóìá ëáìâÜíïõìå

(1 + )

Ã
P

=0

(−1)
!
=

P
=0

(−1) +
P

=0

(−1)+1

= 1 +
P

=1

(−1) +
−1P
=0

(−1)+1 + (−1) +1| {z }
=0

= 1 +
−1P
=0

(−1)+1+1 +
−1P
=0

(−1)+1

= 1 +
−1P
=0

((−1)+1 + (−1)| {z }
=0

)+1 = 1

Ðáñïìïßùò áðïäåéêíýåôáé êáé ç éóüôçôá
³P

=0(−1)
´
(1 + ) = 1 ¤

ÅéóáãùãéêÜ ó·üëéá ãéá ôá (ii) êáé (iii). ÅÜí   ∈  ìå  =  ôüôå

(± )


= 


+

−1X
=1

(±1) ¡


¢


− + 


= 


+ 


 (1)

äéüôé ãéá êÜèå  ∈ {1   − 1} Ý·ïõìå¡




¢
= (−1)···(−+1)

!
⇒  | !¡



¢
 - !

⎫⎬⎭⇒  | ¡


¢


ÅðéðñïóèÝôùò, áðïäåéêíýåôáé Üìåóá (ìÝóù ìáèçìáôéêÞò åðáãùãÞò) üôé

(± )(
) = (

) ± (
)  ∀ ∈ N (2)

(Ðñïóï·Þ! Ìç óõã·Ýåôå ôéò áíùôÝñù éóüôçôåò (1) êáé (2) ìå åêåßíåò ðïõ ðáñïõóéÜóáìå óôéò ðáñáäüóåéò,

ðáñÜ ôï ãåãïíüò üôé ïé áðïäåßîåéò åßíáé ðáñüìïéåò. Åäþ ï  Ý·åé ·áñáêôçñéóôéêÞ  üðïõ  ôõ·þí
öõóéêüò áñéèìüò, åíþ äåí ðñïûðïôßèåôáé üôé åßíáé ìåôáèåôéêüò Þ áêåñáßá ðåñéï·Þ.)

(ii) ‘‘⇒'' ÅÜí ôï 1− åßíáé ìçäåíïäýíáìï, ôüôå êáé ôï −1 åßíáé ìçäåíïäýíáìï, ïðüôå (ìÝóù åöáñìïãÞò

ôïý (i) ãéá  :=  − 1)

( − 1) + 1 =  ∈ ×

Åî ïñéóìïý, õðÜñ·åé êÜðïéïò  ∈ N ôÝôïéïò þóôå íá éó·ýåé (1 − ) = 0 ÅîåôÜæïõìå äýï åíäå·ü-

ìåíá ·ùñéóôÜ.

Ðåñßðôùóç ðñþôç. ÅÜí  ≥  ôüôå

0 = (1 − ) ⇒ 0 = (1 − ) (1 − )
− = (1 − )



= 1 − 



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üðïõ ç ôåëåõôáßá éóüôçôá Ýðåôáé áðü ôçí (1), äéüôé ôá  êáé 1 åßíáé áìïéâáßùò ìåôáôéèÝìåíá. ÅðïìÝíùò,




= 1 ⇒ ord() |  ⇒ [∃ ∈ {0 1  } : ord() = ]

Ðåñßðôùóç äåýôåñç. ÅÜí   åðéëÝãïõìå áñêïýíôùò ìåãÜëïí  ∈ N Þôïé   log() ïýôùò þóôå

íá éó·ýåé ()   Ðñïöáíþò,

0 = (1 − ) ⇒ 0 = (1 − ) (1 − )(
)− = (1 − )(

) = 1 − (
) 

üðïõ ç ôåëåõôáßá éóüôçôá Ýðåôáé áðü ôçí (2), äéüôé ôá  êáé 1 åßíáé áìïéâáßùò ìåôáôéèÝìåíá. ÅðïìÝíùò,

(
) = 1 ⇒ ord() |  ⇒ [∃ ∈ {0 1  } : ord() = ]

‘‘⇐'' ÕðïèÝôïõìå üôé  ∈ × êáé ord() =  ãéá êÜðïéïí  ∈ N0 ÅîåôÜæïõìå êáé ðÜëé äýï åíäå·üìåíá

·ùñéóôÜ.

Ðåñßðôùóç ðñþôç. ÅÜí  ≤  ôüôå

(1 − )


=
(1)
1 − 



= 1 −
³



´−

= 1 − (1)− = 0

⇒ 1 −  ∈ Nil () 

Ðåñßðôùóç äåýôåñç. ÅÜí    ôüôå ãéá ïéïíäÞðïôå  ∈ N ìå   
 Ý·ïõìå    êáé

(1 − )
()

=
(2)
1 − 

()

= 1 −
³



´−

= 1 − (1)− = 0

oðüôå 1 −  ∈Nil()  ¤
(iii) Ðñïöáíþò, ìêä( ord()) =  ãéá êÜðïéïí  ∈ N0  ≤  ÅðåéäÞ

 | ord() =⇒ [∃ ∈ N : ord() =  ìå  - ]

èÝôïíôáò  :=  ëáìâÜíïõìå 

= 1 Åí óõíå·åßá ðáñáôçñïýìå üôé

(1 − )


= 1 − 


= 1 − ()− = 1 − (1)− = 0
⇒ 1 −  ∈ Nil () = {0}⇒  =  = 1 ⇒ ord() | 

áð' üðïõ Ýðåôáé üôé  = ord() ≤ ⇒  ≤ 1⇒  = 0Ç óõíåðáãùãÞ

ìêä( ord()) = 1⇒ ìêä( ord ()) = 1

åßíáé ðñïöáíÞò. ¤

ÈÅÌÁ 9ï (i) ÅÜí  = +  ∈ C (  ∈ R) åßíáé ìéá èÝóç ìçäåíéóìïý ôïý X2 −  ∈ C [X]  ôüôå

2 − 2 + (2) = 2 =  = 1 + 2

áð' üðïõ Ýðåôáé üôé

2 − 2 = 1 (1)

2 = 2 (2)¡
2 + 2

¢2
=

¡
2 − 2

¢2
+ 422 = 2 = 21 + 22 (3)

H (3) äßäåé 2 + 2 ∈ {±} ÅðåéäÞ 2 + 2 ≥ 0 êáé − ≤ 0 Ý·ïõìå 2 + 2 = − åÜí êáé ìüíïí åÜí

 =  =  = 0 ÅÜí  6= 0 (⇔  6= 0), ôüôå 2 + 2 =  êáé ìÝóù ôÞò (1) ëáìâÜíïõìå

2 = 1
2
( + 1)

2 = 1
2 ( − 1)

⎫⎬⎭⇒
⎧⎪⎨⎪⎩

 ∈
n
±
q

1
2
( + 1)

o
 ∈

n
±
q

1
2
( − 1)

o
⎫⎪⎬⎪⎭ 
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ïðüôå ç (2) äßäåé sign(2)= sign(2)= sign() êáé

 ∈
½q

1
2
( + 1) + sign(2)

q
1
2
( − 1)−

q
1
2
( + 1)− sign(2)

q
1
2
( − 1)

¾


ÊáôÜ óõíÝðåéáí,
©
 ∈ C| 2 −  = 0

ª
= {1 2} üðïõ 2 = −1 êáé

1 :=
q

1
2
( + 1) + sign(2)

q
1
2
( − 1)

(ii)¸óôù(X) := X2+X+ ∈ C [X]  üðïõ  6= 0 êáé Ýóôù := 2−4ÅÜí åßíáé Ýíá óôïé·åßï ôïý

óõíüëïõ
©
 ∈ C| 2 − = 0

ª
 ôüôå, êáôÜ ôï (i),

©
 ∈ C| 2 − = 0

ª
= {±} êáé ôï { ∈ C|() = 0}

áðáñôßæåôáé áðü åêåßíïõò ôïõò ìéãáäéêïýò áñéèìïýò  ãéá ôïõò ïðïßïõò éó·ýåé

0 = (2 + 
 +


 ) = (2 + 2

¡

2

¢
 + 2

42
− 2

42
+ 

 )

= 
³¡
 + 

2

¢2 − 
42

´
= 

³¡
 + 

2

¢2 − 2

42

´
= 

¡
( + 

2
)− 

2

¢ ¡
( + 

2
) + 

2

¢


ÅðïìÝíùò,

{ ∈ C|() = 0} = ©−+
2  −−2

ª


(iii) ¸óôù  ∈ Z : || ≤ 4 Ôüôå  ∈ {0±1±2±3±4} ÅðåéäÞ

(0) = −4√2 + 4 6= 0
(−1) = −5(√2−√3− 1) + 30 6= 0 (1) = −3(√2 +√3 + 1)− 12 6= 0
(−2) = −6(√2 + 2√3 + 4) + 66 6= 0 (2) = −2(√2 + 2√3 + 4)− 18 6= 0
(−3) = −7(√2− 3√3 + 9) + 112 6= 0 (3) = −√2− 3√3− 9− 14 6= 0
(−4) = −8(√2− 4√3 + 16) + 168 6= 0 (4) = 0

Ý·ïõìå { ∈ Z : || ≤ 4 êáé () = 0} = {4} ⇒ X − 4 | (X) Åêôåëþíôáò ôçí åõêëåßäåéá äéáßñåóç

ëáìâÜíïõìå

(X) = (X− 4)(X2 + (√3 + 5)X+√2− )

ÅðåéäÞ ôï ôñéþíõìï X2 + (
√
3 + 5)X+

√
2−  Ý·åé äéáêñßíïõóá

(
√
3 + 5)2 − 4(√2− ) = −22− 4√2 +

³
4 + 10

√
3
´


ìÝôñïõ
¡−22− 4√2¢2 + ¡4 + 10√3¢2 = 832 + 176√2 + 80√3 êáé (óýìöùíá ìå ôï (i)) Ý·ïõìån

 ∈ C| 2 − (−22− 4
√
2 +

³
4 + 10

√
3
´
) = 0

o
= {±}

üðïõ

 :=
q

1
2 (810 + 172

√
2 + 80

√
3) + 

q
1
2 (854 + 180

√
2 + 80

√
3)

=
p
405 + 86

√
2 + 40

√
3 + 

p
427 + 90

√
2 + 40

√
3

ïé èÝóåéò ìçäåíéóìïý ôïõ (óýìöùíá ìå ôï (ii)) åßíáé ïé

12 :=
1
2

µ
−(√3 + 5)±

µq
405 + 86

√
2 + 40

√
3 + 

q
427 + 90

√
2 + 40

√
3

¶¶


¢ñá ç

(X) = (X− 4)(X− 1)(X− 2)

åßíáé ç æçôïýìåíç áðïóýíèåóç ôïý (X) óå áíÜãùãá ðïëõþíõìá õðåñÜíù ôïý óþìáôïò C. ¤
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ÈÅÌÁ 10ï Áðü ôïí åõêëåßäåéï áëãüñéèìï äéáéñÝóåùò ðïëõùíýìùí ëáìâÜíïõìå

1(X) = (X− )1(X) + 1(X) (1)

2(X) = (X− )2(X) + 2(X) (2)

1(X)2(X) = (X− ) (X− )(X) + (X) (3)

ÅðåéäÞ deg((X)) ≤ 1 ôï (X) èá ãñÜöåôáé õðü ôç ìïñöÞ

(X) = X+  ãéá êáôÜëëçëïõò   ∈ C

(i) Êáôüðéí áðïôéìÞóåùò ôÞò (3) ãéá X =  êáé X =  ëáìâÜíïõìå⎧⎨⎩ 1()2() = () = + 

1()2() = () = + 

⎫⎬⎭⇔
Ã

 1

 1

!Ã




!
=

Ã
1()2()

1()2()

!
 (4)

ÅðåéäÞ  6=  ôï óýóôçìá (4) ùò ðñïò  êáé  äéáèÝôåé ìßá êáé ìüíïí ëýóç:Ã




!
=

Ã
 1

 1

!−1⎛⎝ 1()2()

1()2()

⎞⎠
= 1

det

⎛⎜⎝  1

 1

⎞⎟⎠

Ã
1 −1
− 

!⎛⎝ 1()2()

1()2()

⎞⎠

= 1
−

⎛⎝ 1()2()− 1()2()

1()2()− 1()2()

⎞⎠ 

ÊáôÜ óõíÝðåéáí, ôï õðüëïéðï (X) åêöñÜæåôáé ùò åîÞò:

(X) =
1()2()− 1()2()

− 
X+

1()2()− 1()2()

− 
(5)

óõíáñôÞóåé ôùí   1() 2() 1() 2()

(ii) ÅðåéäÞ deg(1(X)) ≤ 0 êáé deg(2(X)) ≤ 0 áìöüôåñá ôá 1(X) êáé 2(X) åßíáé óôáèåñÜ ðïëõþíõìá.

Áðü ôéò (1) êáé (2) ãéá X =  êáé X =  áíôéóôïß·ùò, ëáìâÜíïõìå

1(X) = 1() 2(X) = 2()

ÅðïìÝíùò,

1() = (− )1() + 1() (6)

2() = (− )2() + 2() (7)

Ïé (6), (7) äßäïõí ìÝóù ôÞò (5)

(X) =
1() ((− )2() + 2())− ((− )1() + 1())2()

− 
X

+
 ((− )1() + 1())2()− 1() ((− )2() + 2())

− 

= 1()2()X+
1()2()

− 
X+ 2()1()X− 1()2()

− 
X

−2()1() +
2()1()

− 
− 1()2()− 1()2()

− 


ïðüôå

(X) = 1()2() (X− ) + 2()1() (X− ) + 1()2()
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åßíáé ç æçôïýìåíç Ýêöñáóç ôïý (X) óõíáñôÞóåé ôùí   1()2() 2()1()

Óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá

1(X) = X2 +
³
3−

√
5 + 3

´
X+

³
8− 3

√
5
´
+ 9

2(X) = X3 − X2 + X+ 7

êáé  =
√
5− 3  =  Ý·ïõìå

1() =
³√
5− 3

´2
+
³
3−

√
5 + 3

´ ³√
5− 3

´
+
³
8− 3

√
5
´
+ 9 = 8

1() = 2 +
³
3−√5 + 3

´
+

³
8− 3√5

´
+ 9

= 4− 3√5 +
³
12−√5

´


2() =
³√
5− 3

´3 − 
³√
5− 3

´2
+
³√
5− 3

´
+ 7

= 7− 27√5− 17
2() = 3 − (2) + + 7 = 7 + 

ïðüôå

1()2()−1()2()
− =

8(7−27
√
5−17)−(4−3

√
5+(12−

√
5))(7+)√

5−4

=
40−196√5+(−224+10

√
5)√

5−4 =
(40−196

√
5+(−224+10

√
5))(

√
5+4)

(
√
5−4)(

√
5+4)

=
(40−196

√
5+(−224+10

√
5))(

√
5+4)

21 =
−84+(210−1008

√
5)

21 = −4 + (10− 48√5)
êáé

1()2()−1()2()
− =

(
√
5−3)(4−3

√
5+(12−

√
5))(7+)−8(7−27

√
5−17)√

5−4

=
−14√5+28+(364

√
5−154)√

5−4 =
(−14

√
5+28+(364

√
5−154))(

√
5+4)

(
√
5−4)(

√
5+4)

=
546−1428√5+(−210

√
5+1932)

21 = 26− 68√5 + (92− 10√5)

Åí êáôáêëåßäé,

(X) =
³
−4 + (10− 48√5)

´
X+ 26− 68√5 + (92− 10√5)

êÜôé ðïõ áðïðåñáôþíåé ôïõò õðïëïãéóìïýò ìáò.

---------------------------------------------------
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