
ÁËÃÅÂÑÁ I: 11oò ÊÁÔÁËÏÃÏÓ ÐÑÏÔÅÉÍÏÌÅÍÙÍ ÁÓÊÇÓÅÙÍ

1. ¸óôù (+ ·) Ýíáò äáêôýëéïò êáé Ýóôù ( ) ∈ × ÅÜí  =  íá áðïäåé·èåß üôé éó·ýïõí ïé

áêüëïõèåò éóüôçôåò:

(i) (+ )2 = 2 + 2+ 2 (− )2 = 2 − 2+ 2

(ii) 2 − 2 = (− )(+ ) = (+ )(− )

(iii) Ãéá êÜèå öõóéêü áñéèìü  ≥ 3

 −  = (− )

⎛⎝−1 +
−1X
=2

−−1 + −1

⎞⎠
=

⎛⎝−1 +
−1X
=2

−−1 + −1

⎞⎠ (− ) 

(iv) Ãéá êÜèå öõóéêü áñéèìü  ≥ 1

2+1 + 2+1 = (+ )
¡
2 − 2−1+ · · ·+ 22−2 − 2−1 + 2

¢
=

¡
2 − 2−1+ · · ·+ 22−2 − 2−1 + 2

¢
(+ ) 

(v) Ãéá êÜèå öõóéêü áñéèìü  ≥ 2

2 − 2 = (+ )
¡
2−1 − 2−2+ · · ·− 22−3 + 2−2 − 2−1

¢
=

¡
2−1 − 2−2+ · · ·− 22−3 + 2−2 − 2−1

¢
(+ ) 

2. ÅÜí () ∈ N × N ìå ìêä() = 1 êáé   åßíáé áíôéóôñÝøéìá óôïé·åßá åíüò äáêôõëßïõ  ìå

ìïíáäéáßï óôïé·åßï, ôÝôïéá þóôå íá éó·ýåé  =  êáé  =  íá áðïäåé·èåß üôé  = 

3. ¸óôù (+ ·) Ýíáò äáêôýëéïò. ËÝìå üôé ï äáêôýëéïò (+ ∗) ï ïñéæüìåíïò åðß ôïý óõíüëïõ  ìå

ôçí ßäéá ôçí ‘‘+'' ùò ðñÜîç ðñïóèÝóåùò êáé ôçí

× 3 ( ) 7−→  ∗  :=  ·  ∈ 

ùò ðñÜîç ðïëëÜðëáóéáóìïý, åßíáé ï áíôéêåßìåíïò äáêôýëéïò ôïý  Åí óõíôïìßá, o äáêôýëéïò

áõôüò óõìâïëßæåôáé óõíÞèùò ùò opp. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) (opp)opp = 

(ii) opp =  åÜí êáé ìüíïí åÜí ï  åßíáé ìåôáèåôéêüò.

(iii) ÅÜí ï Ý·åé ìïíáäéáßï óôïé·åßï, ôüôå êáé ïopp Ý·åé ìïíáäéáßï óôïé·åßï° åðéðñïóèÝôùò, 1opp =

1

4. ¸óôù  Ýíáò äáêôýëéïò ãéá ôïí ïðïßï éó·ýåé ç éóüôçôá

2 =  ∀ ∈ 

Íá áðïäåé·èåß üôé 2 = 0 ∀ ∈  êáé üôé ï åí ëüãù äáêôýëéïò ïöåßëåé íá åßíáé ìåôáèåôéêüò.

ÅðéðñïóèÝôùò, óôçí ðåñßðôùóç êáôÜ ôçí ïðïßá ï  Ý·åé ôïõëÜ·éóôïí ôñßá óôïé·åßá, íá áðïäåé-

·èåß üôé ï  äéáèÝôåé ìçäåíïäéáéñÝôåò. (Áõôïý ôïý åßäïõò ïé äáêôýëéïé ïíïìÜæïíôáé äáêôýëéïé ôïý

Boole).
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5. ¸óôù  Ýíáò äáêôýëéïò ãéá ôïí ïðïßï éó·ýåé ç éóüôçôá

2 = 2 ∀ ∈ 

Íá áðïäåé·èåß üôé 3 = 0 ∀ ∈ 

6. ¸óôù  Ýíáò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï ãéá ôïí ïðïßï éó·ýåé ç éóüôçôá

3 =  ∀ ∈ 

Íá áðïäåé·èåß (i) üôé 6 = 0 ∀ ∈  êáé (ii) üôé ï  åßíáé êáô' áíÜãêçí ìåôáèåôéêüò.

7. ¸óôù  ðñþôïò áñéèìüò êáé  :=
n
[]2

¯̄
[] ∈ Z

o
ôï óýíïëï ôùí ôåôñáãþíùí ôùí óôïé·åßùí

ôïý Z

(i) Ðïéïò åßíáé ï ðëçèéêüò áñéèìüò card() ôïý ;

(ii) Íá áðïäåé·èåß üôé ôï æåýãïò (+) åßíáé ìéá õðïïìÜäá ôÞò (Z+) ìüíïí üôáí  = 2

(iii) Ãéá ïéáäÞðïôå   ∈ Zr íá áðïäåé·èåß üôé  ∈ 

8. ¸óôù  ðñþôïò áñéèìüò. Íá áðïäåé·èåß üôé êÜèå óôïé·åßï ôïý Z ìðïñåß íá ðáñáóôáèåß ùò Üèñïé-
óìá ôåôñáãþíùí äýï óôïé·åßùí ôïý Z (Õðüäåéîç : Íá ãßíåé êáôÜëëçëç ·ñÞóç ôÞò áóêÞóåùò 7)

9. ÅÜí åßíáé ôõ·þí äáêôýëéïò, íá áðïäåé·èåß üôé ôï { ( ) |  ∈ } áðïôåëåß Ýíáí õðïäáêôýëéï ôïý
×

10. Ãéá ïéïíäÞðïôå ðñþôï áñéèìü  ïñßæïõìå ôï óýíïëï

Zhi :=
©
 ∈ Q |  = 

  ( ) ∈ Z× (Zr{0})  ìå ìêä ( ) = 1 êáé  - 
ª


Íá áðïäåé·èåß üôé ôï Zhi åßíáé õðïäáêôýëéïò ôïýQ. (Ôï Zhi ïíïìÜæåôáé äáêôýëéïò ôùí -áäéêþí
êëáóìÜôùí êáé ðáßæåé Ýíáí éäéáßôåñï ñüëï óôçí ÁëãåâñéêÞ Èåùñßá Áñéèìþí.)

11. Íá åîåôáóèåß ðïéá åê ôùí áêïëïýèùí óõíüëùí åßíáé õðïäáêôýëéïé ôïý Q:

(i) 1 :=

(
 ∈ Q

¯̄̄̄
¯  = 

  ( ) ∈ Z× (Zr{0}) 
ìå ìêä ( ) = 1 êáé  ≡ 1(mod 2)

)


(ii) 2 :=

(
 ∈ Q

¯̄̄̄
¯  = 

  ( ) ∈ Z× (Zr{0}) 
ìå ìêä ( ) = 1 êáé  ≡ 0(mod 2)

)


(iii) 3 :=

(
 ∈ Q

¯̄̄̄
¯  = 

  ( ) ∈ Z× (Zr{0}) 
ìå ìêä ( ) = 1 êáé  ≡ 1(mod2)

)


(iv) 4 :=

(
 ∈ Q

¯̄̄̄
¯  = 

  ( ) ∈ Z× (Zr{0}) 
ìå ìêä ( ) = 1 êáé  ≡ 0(mod 2)

)


(v) 5 := Q≥0 := { ∈ Q |  ≥ 0} 
(vi) 6 :=

©
2
¯̄
 ∈ Qª 

12. Íá åîåôáóèåß ðïéá åê ôùí áêïëïýèùí óõíüëùí åßíáé õðïäáêôýëéïé ôïý R[01]:

(i) 1 :=
©
 ∈ R[01] ¯̄ () = 0∀ ∈ Q ∩ [0 1]ª 

(ii) 2 :=

⎧⎪⎨⎪⎩ ∈ R[01]
¯̄̄̄
¯̄̄ () =

X
=0


 ∀ ∈ [0 1]

üðïõ  ∈ N0 êáé 0   ∈ R

⎫⎪⎬⎪⎭ 

2



(iii) 3 :=

(
 ∈ R[01]

¯̄̄̄
¯ () = 0 ìüíïí ãéá

ðåðåñáóìÝíïõ ðëÞèïõò  ∈ [0 1]

)
∪ {0R[01]}

(iv) 4 :=
©
 ∈ R[01] | () = 0 ãéá Üðåéñá  ∈ [0 1]ª 

(v) 5 :=
©
 ∈ R[01] ¯̄ lim−→1 () = 0

ª


(vi) 6 :=

⎧⎪⎨⎪⎩ ∈ R[01]
¯̄̄̄
¯̄̄ () =

P
=1

 sin() +
P

=1
 cos()

ãéá êÜðïéïõò   ∈ Q êáé  ∈ N0   ∈ N

⎫⎪⎬⎪⎭ 

13. Íá ðñïóäéïñéóèïýí üëïé ïé õðïäáêôýëéïé ôïý äáêôõëßïõ Z3 × Z3

14. ¸óôù  Ýíáò õðïäáêôýëéïò åíüò äáêôõëßïõ  ÅÜí áìöüôåñïé ïé  êáé  äéáèÝôïõí ìïíáäéáßï

óôïé·åßï êáé 1 6= 1 íá áðïäåé·èåß üôé ôï 1 åßíáé Ýíáò ìçäåíïäéáéñÝôçò åíôüò ôïý 

15. ¸óôù Ýíáò ìç ôåôñéììÝíïò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï. ÕðïèÝôïíôáò ôçí ýðáñîç äýï óôïé-

·åßùí   ∈  ãéá ôá ïðïßá éó·ýïõí ïé éóüôçôåò

+  = 1 2+ 2 = 

íá áðïäåé·èåß üôé  ∈ × ìå ôï 2 ùò áíôßóôñïöü ôïõ.

16. ¸óôù Ýíáò ìç ôåôñéììÝíïò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï. ÕðïèÝôïíôáò üôé ôá óôïé·åßá   ∈
 åßíáé äåîéÜ áíôßóôñïöá åíüò  ∈  (Þôïé üôé  =  = 1) íá áðïäåé·èåß (i) üôé êáé ôï
+ − 1 åßíáé äåîéü áíôßóôñïöï ôïý  êáé (ii) üôé ôï  äéáèÝôåé Üðåéñá äåîéÜ áíôßóôñïöá üôáí

 6= 

17. ¸óôù  Ýíáò ìç ôåôñéììÝíïò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï. ÅÜí ôï  ∈  åßíáé Ýíá ìçäåíïäý-

íáìï óôïé·åßï ôïý  íá áðïäåé·èåß üôé ôï 1 +  åßíáé áíôéóôñÝøéìï.

18. ¸óôù  Ýíáò ìç ôåôñéììÝíïò äáêôýëéïò ìå ìïíáäéáßï óôïé·åßï êáé Ýóôù ôõ·üí  ∈  Íá áðïäåé-

·èïýí ôá áêüëïõèá:

(i) To 1 −  åßíáé áíôéóôñÝøéìï ìå áíôßóôñïöü ôïõ ôï 1 + ⇔ ∃ ∈  :  −  =  = 

(ii) Ãéá ïéïäÞðïôå  ∈  ôï 1 −  åßíáé áíôéóôñÝøéìï⇐⇒ ôï 1 −  åßíáé áíôéóôñÝøéìï.

(iii) Ôï 1−  åßíáé áíôéóôñÝøéìï ãéá êÜèå  ∈ ⇐⇒ ôï 1−  åßíáé áíôéóôñÝøéìï ãéá ïéáäÞ-

ðïôå   ∈ 

19. ÅÜí  ∈ N êáé ïé 1      åßíáé ìç ôåôñéììÝíïé äáêôýëéïé ìå ìïíáäéáßï óôïé·åßï, íá áðïäåé·èåß

üôé (1 × · · · ×)
× = ×1 × · · · ×× 

20. ¸óôù ôï óýíïëï  :=
©


2 ∈ Q

¯̄
 ∈ Z  ∈ N0

ª
åöïäéáóìÝíï ìå ôéò óõíÞèåéò ðñÜîåéò ðñïóèÝ-

óåùò êáé ðïëëáðëáóéáóìïý ñçôþí áñéèìþí. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) To  åßíáé äáêôýëéïò êáé Z $  $ Q

(ii) To  åßíáé áêåñáßá ðåñéï·Þ.

(iii) × = {± 2 |  ∈ Z} 
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