
ÊÅÖÁËÁÉÏ 3

Ðïëõþíõìá ìå óõíôåëåóôÝò

åéëçììÝíïõò áðü êÜðïéï óþìá

Éäéáßôåñçò óçìáóßáò ðáñáäåßãìáôá äáêôõëßùí áðïôåëïýí ïéðïëõùíõìéêïß äáêôý-
ëéïé, óôç ìåëÝôç ôùí ïðïßùí áöéåñþíåôáé ôï ðáñüí êåöÜëáéï. Åéäéêüôåñá, ï äáêôý-
ëéïò [X] ôùí ðïëõùíýìùí ìéáò áðñïóäéïñßóôïõ X ìå óõíôåëåóôÝò åéëçììÝíïõò

áðü êÜðïéï óþìá (éäùìÝíïò ùò õðïäáêôýëéïò ôïý äáêôõëßïõ ôùí åðßôõðùí äõ-

íáìïóåéñþí [[X]]) äéáäñáìáôßæåé êáèïñéóôéêü ñüëï óå åõñÝá ôìÞìáôá ôÞò ýëçò

ôÞò ÃñáììéêÞò ¢ëãåâñáò, ü·é ìüíïí äéüôé ï ßäéïò êáèßóôáôáé -äéáíõóìáôéêüò

·þñïò (åöïäéáæüìåíïò ìå ôç óõíÞèç åîùôåñéêÞ ðñÜîç ôïý áñéèìçôéêïý ðïëëá-

ðëáóéáóìïý) êáé äéáèÝôåé åíäéáöÝñïíôåò ãñáììéêïýò õðï·þñïõò áëëÜ êáé äéüôé

ïé êýñéåò éäéüôçôÝò ôïõ (ðïõ áöïñïýí óôç äéáéñåôüôçôá, óôéò èÝóåéò ìçäåíéóìïý,

óôçí åðßôõðç ðáñáãþãéóç ê.Ü.) õðåéóÝñ·ïíôáé êáôÜ ôñüðï ïõóéáóôéêü óå ôå·íéêÜ

ìÝóá ðïõ áðáéôïýíôáé ãéá ôçí åðßëõóç ðñïâëçìÜôùí åíôáóóïìÝíùí óôç Èåùñßá

ÐéíÜêùí.

3.1 ÅÐÉÔÕÐÅÓ ÄÕÍÁÌÏÓÅÉÑÅÓ

ÄïèÝíôïò åíüò óþìáôïò  èåùñïýìå ôï óýíïëï N0 üëùí ôùí áêïëïõèéþí

(0 1 2) ìå ôá  ∈   = 0 1 2Ðñïöáíþò, äõï óôïé·åßá

 = (0 1 2 )  = (0 1 2 )

ôïý N0 åßíáé ßóá ( = ) üôáí  = ∀ ∈ N0 Åðß ôïý N0 ïñßæïõìå äýï

åóùôåñéêÝò ðñÜîåéò ðñïóèÝóåùò êáé ðïëëáðëáóéáóìïý (êáôÜ óõíôåôáãìÝíåò) ùò
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áêïëïýèùò:¯̄̄̄
¯̄ (0 1 2) + (0 1 2) := (0 + 0 1 + 1 2 + 2)

(0 1 2) · (0 1 2) := (0 1 2)

üðïõ

 :=
X

+=

 = 0 + 1−1 + · · ·+ 0 ∀ ∈ N0

Ç ôñéÜäá (N0 + ·) áðïôåëåß Ýíáí ìåôáèåôéêü äáêôýëéï ìå ìçäåíéêü ôïõ óôïé·åßï

ôï (0  0 ) êáé ìïíáäéáßï ôïõ óôïé·åßï ôï (1  0  0 ) Ôáõôßæïíôáò 1 êÜèå
 ∈  ìå ôï ( 0  0 ) Ý·ïõìå ôç äõíáôüôçôá èåùñÞóåùò ôïý  ùò õðïäáêôõ-

ëßïõ ôïýN0  ÅéóÜãïíôáò Ýíá íÝï óýìâïëï

X := (0  1  0  0 )

ðáñáôçñïýìå üôé, âÜóåé áõôþí ôùí ðñÜîåùí,

X2 = (0  0  1  0  0 ) 

êáé, ãåíéêüôåñá,

X = (0  0  0  1|{z}
+1 èÝóç

 0  0 ) ∀ ∈ N0

Åðßóçò, ëüãù ôÞò áíùôÝñù ôáõôßóåùò, ãéá êÜèå  ∈  ëáìâÜíïõìå

X = (0  0  0  |{z}
+1 èÝóç

 0  0 ) ∀ ∈ N0

ÅÜí ëïéðüí ôï (0 1 2) åßíáé ôõ·üí óôïé·åßï ôïýN0  ôüôå ìðïñïýìå íá ãñÜ-

øïõìå

(0 1 2) = 0 + 1X+ 2X
2 + · · ·+ X

 + · · · =:
∞X
=0

X


3.1.1 Ïñéóìüò. ÏäáêôýëéïòN0 óõìâïëßæåôáé óõíÞèùò ùò[[X]] êáé êáëåßôáé äá-

êôýëéïò åðßôõðùí äõíáìïóåéñþí (Þ ôýðïéò äõíáìïóåéñþí) ìéáò áðñïóäéïñßóôïõ X

ìå óõíôåëåóôÝò åéëçììÝíïõò áðü ôï  Ôá óôïé·åßá ôïý [[X]] ïíïìÜæïíôáé åðßôõ-

ðåò äõíáìïóåéñÝò êáé óçìåéþíïíôáé ùò (X) (X)  ê.ëð., åíþ ôá åêÜóôïôå áíá-

ãñáöüìåíá 0 1 2 ïíïìÜæïíôáé óõíôåëåóôÝò ôùí åðßôõðùí äõíáìïóåéñþí. (Ç

ìçäåíéêÞ åðßôõðç äõíáìïóåéñÜ, Þôïé ôï ìçäåíéêü óôïé·åßï ôïý[[X]] óçìåéþíåôáé

ùò 0[[X]])

1Ç åí ëüãù ôáýôéóç õëïðïéåßôáé ìÝóù ôïý ìïíïìïñöéóìïý äáêôõëßùí  7−→ ( 0  0 ) 
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Äõï åðßôõðåò äõíáìïóåéñÝò

(X) =
∞X
=0

X
 ∈ [[X]]  (X) =

∞X
=0

X
 ∈ [[X]] (3.1)

åßíáé ßóåò ((X) = (X)) åÜí êáé ìüíïí åÜí  = ∀ ∈ N0

3.1.2 Ðñüôáóç. Ï äáêôýëéïò[[X]] åßíáé áêåñáßá ðåñéï·Þ.

Áðüäåéîç. Èåùñïýìå äõï åðßôõðåò äõíáìïóåéñÝò (3.1). ÅÜí (X) 6= 0[[X]] êáé

(X) 6= 0[[X]] ôüôå ïñßæïíôáé ïé ìç áñíçôéêïß áêÝñáéïé

0 := min {  ∈ N0|  6= 0}  0 := min { ∈ N0|  6= 0} 

Ãéá êÜèå  ∈ N0  ≤ 0 + 0 ï óõíôåëåóôÞò ôïý -ïóôïý üñïõ ôïý ãéíïìÝíïõ

ôïõò (X)(X) åßíáé ï

 :=
X

+=

 =

½
0  üôáí  0 + 0

00  üôáí = 0 + 0

ÅðåéäÞ ôï åßíáé áêåñáßá ðåñéï·Þ (âë. 2.3.16 (i)), Ý·ïõìå

0 6= 0
0 6= 0

¾
=⇒ 00 = 0+ 0 6= 0 

ïðüôå (X)(X) 6= 0[[X]] êáé ï[[X]] åßíáé áêåñáßá ðåñéï·Þ. ¤

3.1.3 Ðñüôáóç. Ìéá åðßôõðç äõíáìïóåéñÜ

(X) =
∞X
=0

X
 ∈ [[X]]

åßíáé áíôéóôñÝøéìï óôïé·åßï ôïý äáêôõëßïõ [[X]] åÜí êáé ìüíïí åÜí 0 6= 0  Åðé-
ðñïóèÝôùò, üôáí 0 6= 0  ôï áíôßóôñïöï óôïé·åßï ôÞò (X) åßíáé ç

(X) =
∞X
=0

X
 ∈ [[X]] (3.2)

üðïõ 0 = −10  1 = −−10 01 êáé

 = −−10 (−11 + · · ·+ 0) ∀ ∈ N
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Áðüäåéîç. EÜí ç (X) åßíáé áíôéóôñÝøéìï óôïé·åßï ôïý äáêôõëßïõ[[X]] Ý·ïõóá

ôçí
P∞

=0 X
 ∈ [[X]] áíôßóôñïöï, ôüôå 00 = 1  ïðüôå 0 6= 0  Êáé

áíôéóôñüöùò° åÜí 0 6= 0  ôüôå ìðïñïýìå íá ðñïóäéïñßóïõìå äéáäï·éêþò

0 1  +1 ∈  ïýôùò þóôå íá éó·ýïõí ïé éóüôçôåò⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

00 = 1 

10 + 01 = 0 
...

0 + −11 + · · ·+ 0 = 0 
...

Ðñïöáíþò, 0 = −10  ¸óôù ôõ·þí öõóéêüò áñéèìüò  ∈ N ÕðïèÝôïíôáò üôé

Ý·ïõìå Þäç ðñïóäéïñßóåé ôá    ∈ {0 1 − 1} ïñßæïõìå ùò  ôï
 := −−10 (−11 + · · ·+ 0)

Ãéá ôçí (3.2) éó·ýåé (X)(X) = 1 (= 1[[X]]) ïðüôå (X) = (X)−1 êáé ï éó·õñé-

óìüò åßíáé áëçèÞò. ¤

3.1.4 Ðáñáäåßãìáôá. (i) Ç åðßôõðç äõíáìïóåéñÜ
P∞

=0 X
 ∈ [[X]] Ý·åé ùò áíôß-

óôñïöü ôçò ôçí µ ∞P
=0
X
¶−1

= 1 − X + 0 + 0 + · · ·

(ii) Ç
P∞

=0

¡
+−1
−1

¢
X ∈ Q[[X]] (üðïõ  ∈ N) Ý·åé ùò áíôßóôñïöü ôçò ôçíµ ∞P

=0

¡
+−1
−1

¢
X
¶−1

= (1− X) =
P

=0

¡



¢
(−1) X− + 0 + 0 + · · ·

(iii) Ç
P∞

=0
1
!X

 ∈ C[[X]] Ý·åé ùò áíôßóôñïöü ôçò ôçíµ ∞P
=0

1
!X



¶−1
=
∞P
=0

(−1)
! X

êáèüóïí éó·ýåéµ ∞P
=0

1
!X



¶µ ∞P
=0

(−1)
! X



¶
=
∞P
=0

µ
P

=0

(−1)
!

1
(−)!

¶
X = 1

ëáìâáíïìÝíïõ õð' üøéí ôïý üôé

P
=0

(−1)
!

1
(−)! =

1
!

P
=0

(−1)¡¢ = ½ 0 üôáí  6= 0
1 üôáí  = 0
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3.2 ÐÏËÕÙÍÕÌÁ

ÄïèÝíôïò åíüò óþìáôïò  èåùñïýìå ôï õðïóýíïëï (N0) ôïý óõíüëïõ N0 ôï

áðïôåëïýìåíï áðü ôéò áêïëïõèßåò (0 1 2) ìå  ∈   = 0 1 2 ãéá ôéò

ïðïßåò õðÜñ·ïõí ôï ðïëý ðåðåñáóìÝíïõ ðëÞèïõò  ðïõ åßíáé äéÜöïñá ôïý 0 Ç

ôñéÜäá ((N0)+ ·) áðïôåëåß Ýíáí õðïäáêôýëéï ôïý (N0 + ·) ìå ìïíáäéáßï óôïé-

·åßï ôïõ ôï (1  0  0 )Ôáõôßæïíôáò ôï
N0 ìå ôï óýíïëï[[X]] ôùí åðßôõðùí

äõíáìïóåéñþí ìéáò áðñïóäéïñßóôïõX ôáõôßæïõìå ôï(N0) ìå ôï óýíïëï[X] ôùí

ðïëõùíýìùí ùò ðñïò ôçí áðñïóäéüñéóôï X êáèÝíá åê ôùí ïðïßùí ãñÜöåôáé õðü

ôç ìïñöÞ

(0 1  0  0 ) = 0 + 1X+ 2X
2 + · · ·+ X

 =:
P
=0

X


üðïõ  = 0  ãéá êÜèå  ≥  ãéá êÜðïéïí ðáãéùìÝíïí  ∈ N0 Äõï ðïëõþíõìá

(X) =
X
=0

X
 ∈ [X]  (X) =

X
=0

X
 ∈ [X]

åßíáé ßóá ((X) = (X)) åÜí êáé ìüíïí åÜí åßôå áìöüôåñá åßíáé ßóá ìå ôï ìçäåíéêü

óôïé·åßï 0[X] ôïý äáêôõëßïõ[X] åßôå

max {  ∈ {0 }|  6= 0} = max { ∈ {0}|  6= 0} (=: )

êáé  =  ∀ ∈ {0 }

3.2.1 Ïñéóìüò. ÅÜí (X) =
P

=0 X
 ∈ [X] êáé  6= 0  ôüôå ëÝìå üôé ï áñéè-

ìüò deg ((X)) :=  åßíáé ï âáèìüò ôïý ðïëõùíýìïõ (X) ôï 0 ï óôáèåñüò üñïò,

ôï X
 o ìåãéóôïâÜèìéïò üñïò êáé ôï  ï åðéêåöáëÞò óõíôåëåóôÞò ôïý (X).

¼ôáí  = 1  ôï (X) êáëåßôáé ìïíéêü (Þ, êáô' Üëëïõò, ìïíïóôü) ðïëõþíõìï.

Ãéá ôï ìçäåíéêü ðïëõþíõìï, Þôïé ãéá ôï ìçäåíéêü óôïé·åßï 0[X] ôïý äáêôõëßïõ

[X] èÝôïõìå åî ïñéóìïý deg(0[X]) := −∞ õðü ôïí üñï üôé èåóðßæïõìå ôç óýì-

âáóç2: −∞   ãéá êÜèå ∈ N0Êáô' áõôüí ôïí ôñüðï ï âáèìüò ôùíðïëõùíýìùí

ìðïñåß íá åêëçöèåß ùò ìéá áðåéêüíéóç

deg : [X] −→ N0 ∪ {−∞} 

¸íá ðïëõþíõìï (X) ∈ [X] ëÝãåôáé óôáèåñü ðïëõþíõìï (Þ áðëþò ìéá óôáèåñÜ

áíÞêïõóá óôï) üôáí deg((X)) ≤ 0
2Åðßóçò, óôï N0 ∪ {−∞} èÝôïõìå (−∞) + (−∞) := −∞ (−∞) · (−∞) := −∞ êáé (−∞) +  := 
(−∞) ·  := −∞ ∀ ∈ N0
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3.2.2 Ðñüôáóç. Ãéá ïéáäÞðïôå (X) (X) ∈ [X] éó·ýïõí ôá åîÞò :

(i) deg ((X) + (X)) ≤ max{deg ((X)) deg((X))}
(ii) (X) (X) ∈ [X]r{0[X]}⇒ deg ((X)(X)) = deg ((X)) + deg((X))

(iii) ÅÜí deg ((X)) 6= deg((X)) ôüôå

deg ((X) + (X)) = max{deg ((X)) deg((X))} (3.3)

Áðïäåéîç. ÅÜí ôïõëÜ·éóôïí Ýíá åê ôùí (X) (X) åßíáé ôï ìçäåíéêü ðïëõþíõìï,

ôüôå ôá (i) êáé (iii) åßíáé ðñïöáíþò áëçèÞ. Áò õðïèÝóïõìå üôé

(X) =
X
=0

X
 ∈ [X]   6= 0  (X) =

X
=0

X
 ∈ [X]  6= 0 

üðïõ  ∈ N0 êé áò ïñßóïõìå  := 0 ãéá êÜèå    êáé  := 0 ãéá êÜèå

  .

(i) Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé  ≥ . Ôüôå

(X) + (X) =
X
=0

( + )X
 (3.4)

ïðüôå deg ((X) + (X)) ≤  = max{deg ((X)) deg((X))}
(ii) Ôï ãéíüìåíï ôùí äýï ðïëõùíýìùí ìðïñåß íá ãñáöåß ùò

(X)(X) =
X
≥0

Ã
X
=0

−

!
X

üðïõ

X
=0

− =

⎧⎨⎩
 üôáí  = +
P
=0

− +
P

=+1
− = 0  üôáí  ≥ ++ 1

ÅðåéäÞ ôï  åßíáé áêåñáßá ðåñéï·Þ (âë. 2.3.16 (i)), Ý·ïõìå  6= 0  ÊáôÜ

óõíÝðåéáí, deg ((X)(X)) = + = deg ((X)) + deg((X)).

(iii) Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé   . Ôüôå

Ý·ïõìå  +  =  6= 0 êáé áðü ôçí (3.4) Ýðåôáé üôé

deg ((X) + (X)) =  = max{deg ((X)) deg((X))}

Þôïé üôé ç (3.3) åßíáé áëçèÞò. ¤

3.2.3 Ðüñéóìá. Ï ðïëõùíõìéêüò äáêôýëéïò[X] åßíáé áêåñáßá ðåñéï·Þ.
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Áðïäåéîç. ÅÜí (X) (X) ∈ [X]r{0[X]} üðïõ

(X) =
X
=0

X
 ∈ [X]   6= 0  (X) =

X
=0

X
 ∈ [X]  6= 0 

( ∈ N0), ôüôå  6= 0  äéüôé ôï äåí äéáèÝôåé ìçäåíïäéáéñÝôåò. Áðü ôï (ii)

ôÞò ðñïôÜóåùò 3.2.2 ëáìâÜíïõìå

deg ((X)(X)) = deg ((X)) + deg((X)) ∈ N0

êáé, ùò åê ôïýôïõ, (X)(X) 6= 0[X]¢ñá ïýôå ï äáêôýëéïò[X] äåí Ý·åé ìçäåíï-

äéáéñÝôåò. ¤

3.3 ÄÉÁÉÑÅÔÏÔÇÔÁ ÐÏËÕÙÍÕÌÙÍ

I Ôáõôüôçôá äéáéñÝóåùò êáé ìÝãéóôïò êïéíüò äéáéñÝôçò. ¸óôù  Ýíá óþìá. Ç

ãíùóôÞ ôáõôüôçôá äéáéñÝóåùò ç éó·ýïõóá óôïí äáêôýëéï Z ôùí áêåñáßùí, êáèþò

êáé ïé Ýííïéåò ìÝãéóôïò êïéíüò äéáéñÝôçò êáé åëÜ·éóôï êïéíü ðïëëáðëÜóéï, ãåíé-
êåýïíôáé êáé ãéá ôá óôïé·åßá ôïý äáêôõëßïõ [X]

3.3.1 Èåþñçìá. (Ôáõôüôçôá äéáéñÝóåùò) ÄïèÝíôùí äõï ðïëõùíýìùí

(X) ∈ [X] (X) ∈ [X]r{0[X]}

õðÜñ·åé Ýíá æåýãïò ìïíïóçìÜíôùò ïñéóìÝíùí ðïëõùíýìùí (X) (X) ∈ [X] ïý-
ôùò þóôå íá éó·ýåé 3

(X) = (X)(X) + (X) deg ((X))  deg ((X))  (3.5)

Áðïäåéîç. ÂÞìá 1ï. ¾ðáñîç ôùí (X) (X) ÅÜí deg((X))  deg((X)) ôüôå
èÝôïõìå

(X) := 0[X] (X) := (X)

Óôçí ðåñßðôùóç üðïõ deg((X)) =:  ≥  := deg((X)) ≥ 0 êáé

(X) =
X
=0

X
 (X) =

X
=0

X
 ( 6= 0   6= 0)

3¼ôáí ãñÜöïõìå deg ((X))  deg ((X)) óõìðåñéëáìâÜíïõìå êáé ôçí ðåñßðôùóç üðïõ (X) = 0[X] (åðß ôç

âÜóåé ôïý ïñéóìïý ôÞò åííïßáò ôïý âáèìïý ðïëõùíýìïõ ðïõ åéóÞ·èç óôï åäÜöéï 3.2.1).
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·ñçóéìïðïéïýìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí âáèìü  ôïý (X) ÅÜí  = 0

ôüôå = 0 êáé

(X) = 0 (X) = 0 6= 0 
ïðüôå áñêåß íá èÝóïõìå(X) := 0

−1
0 êáé (X) := 0[X]Áò õðïèÝóïõìå ôþñá üôé

 ≥ 1 êáé üôé ï éó·õñéóìüò (ðïõ áöïñÜ ìüíïí óôçí ýðáñîç ôïý åí ëüãù æåýãïõò
ðïëõùíýìùí) åßíáé áëçèÞò ãéá êÜèå ðïëõþíõìï áíÞêïí óôïí[X] êáé Ý·ïí âáèìü
  Ôï ðïëõþíõìï

e(X) := (X)− (−1 )X−(X) =
−1P
=0

X
 −

−1P
=0

(
−1
 )X

−+ ∈ [X]

Ý·åé âáèìü≤ −1ÊáôÜ ôçí åðáãùãéêÞ ìáò õðüèåóç õðÜñ·ïõí ðïëõþíõìá e(X)e(X) ∈ [X] ïýôùò þóôå íá éó·ýåé

e(X) = e(X)(X) + e(X) deg (e(X))  deg ((X)) 
ÅðåéäÞ (X) =

¡
(

−1
 )X− + e(X)¢(X) + e(X) áñêåß íá èÝóïõìå

(X) := (
−1
 )X− + e(X) (X) := e(X)

ÂÞìá 2ï. Ìïíáäéêüôçôá ôùí (X) (X)¸óôù üôé ç óõíèÞêç (3.5) éêáíïðïéåßôáé

áðü äýï æåýãç ðïëõùíýìùí 1(X) 1(X) êáé 2(X) 2(X):

(X) = 1(X)(X) + 1(X) deg (1(X))  deg ((X)) 

(X) = 2(X)(X) + 2(X) deg (2(X))  deg ((X)) 

Ôüôå 0[X] = (X)− (X) = (1(X)−2(X))(X) + (1(X)− 2(X))  ïðüôå

(1(X)−2(X))(X) = 1(X)− 2(X)

ÅÜí ßó·õå1(X) 6= 2(X) ôüôå èá åß·áìå

deg((X)) ≤ deg((1(X)−2(X))(X)) = deg(1(X)− 2(X))  deg((X))

¢ôïðï! Óõíåðþò,1(X) = 2(X) êáé, ùò åê ôïýôïõ, 1(X) = 2(X) ¤

3.3.2 Ïñéóìüò. Ôï ðïëõþíõìï (X) óôçí (3.5) ïíïìÜæåôáé ðçëßêï êáé ôï

(X) õðüëïéðï ôÞò äéáéñÝóåùò ôïý (X) äéÜ ôïý (X). ¼ôáí (X) = 0[X] ëÝìå üôé

ôï (X) äéáéñåß (åðáêñéâþò) ôï(X) Þ üôé ôï (X) åßíáé äéáéñÝôçò ôïý (X) Þ üôé ôï

(X) åßíáé (ðïëõùíõìéêü) ðïëëáðëÜóéï ôïý (X) (Åí ôïéáýôç ðåñéðôþóåé ·ñçóé-

ìïðïéåßôáé ï óõìâïëéóìüò4: (X) | (X)). ¼ôáí (X) = 0[X] êáé deg((X)) ≥ 1
ôï (X) êáëåßôáé ãíÞóéïò äéáéñÝôçò ôïý (X)

4Êáô' áíôéäéáóôïëÞí, ìÝóù ôïý óõìâïëéóìïý (X) - (X) õðïäçëïýôáé üôé ôï ðïëõþíõìï (X) äåí äéáéñåß (åðá-

êñéâþò) ôï ðïëõþíõìï (X)
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3.3.3 Ðñüôáóç. ÅÜí ôá (X) (X) êáé (X) 1(X) (X) ( ∈ N  ≥ 2) åßíáé
ðïëõþíõìá áíÞêïíôá óôïí[X] ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí (X) | (X) ∀ ∈ {1 } ôüôå (X) |
P

=1 (X)(X) ãéá ïéáäÞðïôå
1(X) (X) ∈ [X]

(ii) ÅÜí (X) | (X) êáé (X) | (X), ôüôå (X) | (X)
(iii)  | (X) ãéá êÜèå  ∈ r{0}
(iv) ÅÜí (X) | (X) üðïõ (X) 6= 0[X] ôüôå deg ((X)) ≤ deg ((X)) 
(v) ÅÜí (X) | (X) êáé (X) | (X) ôüôå (X) = (X) ãéá êÜðïéï  ∈ r{0}
Áðïäåéîç. ÁöÞíåôáé ùò Üóêçóç. ¤

3.3.4 ËÞììá. ÅÜí (X) (X) ∈ [X]r{0[X]} åßíáé äõï ìïíéêÜ ðïëþíõìá ìå
(X) | (X) êáé (X) | (X) ôüôå (X) = (X)

Áðïäåéîç. Åî õðïèÝóåùò, õðÜñ·ïõí (X)0(X) ∈ [X]r{0[X]} ôÝôïéá þóôå

íá éó·ýïõí ïé éóüôçôåò (X) = (X)(X) êáé (X) = 0(X)(X) ÅðïìÝíùò,
(X) = (X)0(X)(X) êáé ôï (ii) ôÞò ðñïôÜóåùò 3.2.2 äßäåé

deg((X)0(X)) = deg((X)) + deg(0(X))
(X) 6= 0[X] ⇒ deg((X)) ≥ 0

0(X) 6= 0[X] ⇒ deg(0(X)) ≥ 0

⎫⎪⎬⎪⎭⇒ deg((X)) = deg(0(X)) = 0

áð' üðïõ ðñïêýðôåé üôé (X) = 0(X) = 1 (äéüôé ôá (X)0(X) åßíáé êáô'
áíÜãêçí ìïíéêÜ ðïëõþíõìá) êáé, êáô' åðÝêôáóéí, üôé (X) = (X) ¤

3.3.5 Ïñéóìüò. ÅÜí (X) (X) ∈ [X]r{0[X]} ôüôå Ýíá ðïëõþíõìï (X) ∈
[X] êáëåßôáé ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí (X) êáé (X) (åíôüò ôïý [X])

üôáí éó·ýïõí ôá åîÞò:

(i) To (X) åßíáé êïéíüò äéáéñÝôçò ôùí ðïëõùíýìùí(X) êáé(X) Þôïé (X) | (X)
êáé (X) | (X)
(ii) ÅÜí (X) ∈ [X] åßíáé ôõ·þí êïéíüò äéáéñÝôçò ôùí (X) êáé (X) äçëáäÞ åÜí

(X) | (X) êáé (X) | (X) ôüôå (X) | (X)
(iii) To (X) åßíáé ìïíéêü ðïëõþíõìï5.

3.3.6 Ðñüôáóç. ÅÜí (X) (X) ∈ [X]r{0[X]} ôüôå õðÜñ·åé Ýíáò êáé ìü-
íïí ìÝãéóôïò êïéíüò äéáéñÝôçò (X) ôùí (X) êáé (X) ÅðéðñïóèÝôùò, õðÜñ·ïõí
(X) (X) ∈ [X] ôÝôïéá þóôå íá éó·ýåé (X) = (X)(X) + (X)(X)

5Óôï ðëáßóéï ôÞò (ãåíéêÞò) Èåùñßáò Äáêôõëßùí åßèéóôáé íá ìçí óõìðåñéëáìâÜíïõìå ôç óõíèÞêç (iii) óôïí ïñéóìü.

Åí ôïéáýôç ðåñéðôþóåé, ï ìÝãéóôïò êïéíüò äéáéñÝôçò åßíáé ìïíïóçìÜíôùò ïñéóìÝíïò ìüíïí ìÝ·ñéò ðïëëáðëáóéáóìïý
ìå êÜðïéá ìç ìçäåíéêÞ óôáèåñÜ áíÞêïõóá óôï Åäþ, äåí ðñüêåéôáé íá ·ñçóéìïðïéÞóïõìå ôç ãåíßêåõóç áõôïý ôïý

åßäïõò. Èá áñêåóèïýìå óôç èåþñçóç ôïý áõóôçñþò ìïíïóçìÜíôùò ïñéóìÝíïõ, «äéáêåêñéìÝíïõ» ìïíéêïý ìåãßóôïõ

êïéíïý äéáéñÝôç ôùí (X) êáé (X)
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Áðïäåéîç. ÂÞìá 1ï. ¾ðáñîç ôïý ìåãßóôïõ êïéíïý äéáéñÝôç. Èåùñïýìå ôï óý-

íïëï A := {(X)(X) + (X)(X)|(X) (X) ∈ [X]}  Ðñïöáíþò, A 6= ∅ (äéüôé

áìöüôåñá ôá (X) êáé (X) áíÞêïõí óå áõôü) êáé ðåñéÝ·åé ìïíéêÜ ðïëõþíõìá

(äéüôé åÜí (X) = (X)(X) + (X)(X) åßíáé ôõ·üí ìç ìçäåíéêü óôïé·åßï ôïõ

Ý·ïí ôï  ∈ r{0} ùò åðéêåöáëÞò óõíôåëåóôÞ, ôüôå ôï ìïíéêü ðïëõþíõìï

−1(X) = (−1(X))(X) + (−1(X))(X) áíÞêåé óå áõôü). ÅðïìÝíùò, Ý·ïõìå

ôç äõíáôüôçôá åðéëïãÞò åíüò ìïíéêïý ðïëõùíýìïõ

(X) = (X)(X) + (X)(X) ∈ A ((X) (X) ∈ [X])

âáèìïý deg((X)) := min
©
deg((X))| (X) ∈ [X]r{0[X]}

ª
 Áñêåß ëïðüí íá

áðïäåé·èåß üôé ôï (X) ðëçñïß ôéò óõíèÞêåò (i) êáé (ii) ôïý ïñéóìïý 3.3.5. Îåêé-

íïýìå ìå ôçí (ii). ÅÜí (X) ∈ [X] åßíáé ôõ·þí êïéíüò äéáéñÝôçò ôùí (X) êáé

(X) ôüôå

(X) | (X)(X) + (X)(X) = (X)

ëüãù ôïý (i) ôÞò ðñïôÜóåùò 3.3.3. Åí óõíå·åßá, ãéá ôïí Ýëåã·ï ôïý üôé ôï (X)

ðëçñïß êáé ôç óõíèÞêç (i) èåùñïýìå ôõ·üí

(X) = (X)(X) + (X)(X) ∈ A ((X) (X) ∈ [X])

Óýìöùíá ìå ôï èåþñçìá 3.3.1 õðÜñ·åé Ýíá æåýãïò ìïíïóçìÜíôùò ïñéóìÝíùí ðï-

ëõùíýìùí (X) (X) ∈ [X] ïýôùò þóôå íá éó·ýåé

(X) = (X)(X) + (X) deg ((X))  deg ((X)) 

Åî áõôïý Ýðåôáé üôé

(X) = (X)−(X)(X)

= (X)(X) + (X)(X)−(X)((X)(X) + (X)(X))

= ((X)−(X)(X))(X) + ((X)−(X)(X))(X) ∈ A
ÅÜíõðïèÝóïõìå üôé (X) 6= 0[X] Ý·ïí ôï  ∈ r{0}ùò åðéêåöáëÞò óõíôåëåóôÞ,
ôüôå ôï ìïíéêü ðïëõþíõìï −1(X) áíÞêåé óôï A êáé Ý·åé âáèìü

0 ≤ deg(−1(X)) = deg((X))  deg ((X)) 
êÜôé ôï ïðïßï áíôßêåéôáé óôïí ïñéóìü ôïý (X)ÊáôÜ óõíÝðåéáí, (X) = 0[X] êáé

(X) | (X) Áõôü óçìáßíåé üôé ôï (X) åßíáé äéáéñÝôçò üëùí ôùí óôïé·åßùí ôïý A
(Üñá êáé ôùí (X) êáé (X)).

ÂÞìá 2ï. Ìïíáäéêüôçôá ôïý ìåãßóôïõ êïéíïý äéáéñÝôç. ÅÜí åêôüò ôïý áíùôÝñù

(X) õðÜñ·åé êáé êÜðïéïò Üëëïò ìÝãéóôïò êïéíüò äéáéñÝôçò 0(X) ôùí (X) êáé

(X) ôüôå (X) | 0(X) êáé 0(X) | (X) (ëüãù ôÞò óõíèÞêçò (ii) ôïý 3.3.5), ïðüôå

(X) = 0(X) äõíÜìåé ôïý ëÞììáôïò 3.3.4. ¤
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3.3.7 Óçìåßùóç. (i) ÅöåîÞò èá óõìâïëßæïõìå ôïí (åðß ôç âÜóåé ôÞò ðñïçãçèåßóáò

ðñïôÜóåùò 3.3.6 ìïíïóçìÜíôùò ïñéóìÝíï) ìÝãéóôï êïéíü äéáéñÝôç ôùí ðïëõùíý-

ìùí (X) êáé (X) ùò ìêä((X) (X))

(ii) ÅÜí (X) | (X) ôüôå ìêä((X) (X)) = −1(X) üðïõ  ∈ r{0} åßíáé ï
åðéêåöáëÞò óõíôåëåóôÞò ôïý (X)

(iii) ÅÜí áìöüôåñá ôá (X) (X) åßíáé ìçäåíéêÜ, ôüôå ãåíéêåýïõìå ôçí Ýííïéá

ôïý ìåãßóôïõ êïéíïý äéáéñÝôç èÝôïíôáò ìêä((X) (X)) := 0[X] ÅÜí ìü-

íïí Ýíá åî áõôþí, áò ðïýìå ôï (X) åßíáé ìçäåíéêü, ôüôå èÝôïõìå åî ïñéóìïý
ìêä((X) (X)) := −1(X) üðïõ  ∈ r{0} åßíáé ï åðéêåöáëÞò óõíôåëåóôÞò

ôïý (X) (ãåíéêåýïíôáò ôï (ii) êáé óå áõôÞí ôçí ðåñßðôùóç)

(iv) ÅÜí (X) (X) ∈ [X] êáé 1 2 ∈ r{0} ôüôå

ìêä((X) (X)) = ìêä(1(X) 2(X))

ÐñÜãìáôé° åÜí (X) := ìêä((X) (X)) êáé 0(X) := ìêä(1(X) 2(X)) ôüôå

[(X) | (X) (X) | 1(X)]⇒ (X) | 1(X)
[(X) | (X) (X) | 2(X)]⇒ (X) | 2(X)

)
⇒ (X) | 0(X)

(âë. 3.3.3 (ii) êáé 3.3.5 (ii)). Áðü ôçí Üëëç ìåñéÜ,

0(X) | 1(X)⇒ ∃̃(X) ∈  [X]r{0[X]} : 1(X) = ̃(X)0(X)

ÅðïìÝíùò, (X) = −11 ̃(X)0(X) ⇒ 0(X) | (X) Êáô' áíáëïãßáí, 0(X) | (X)
¢ñá 0(X) | (X)ÊáôÜ ôï ëÞììá 3.3.4, (X) = 0(X)

I Åõêëåßäåéïò áëãüñéèìïò. Ç ðñüôáóç 3.3.6 äéáóöáëßæåé ìüíïí ôçí ýðáñîç êáé

ôç ìïíáäéêüôçôá ôïý ìêä((X) (X)) Äåí ðåñéãñÜöåé êÜðïéá ìÝèïäï õðïëïãé-

óìïý ôïõ. Ùóôüóï, äïèÝíôùí äõï ðïëõùíýìùí  (X)   (X) ∈  [X]r{0[X]} ìå
deg( (X)) ≤ deg( (X)) ìðïñïýìå íá ðñïóäéïñßóïõìå åðáêñéâþò ôïí ìÝãéóôï

êïéíü äéáéñÝôç ôïõò ìÝóù åðáëëÞëùí åöáñìïãþí ôÞò ôáõôüôçôáò äéáéñÝóåùò ðï-
ëõùíýìùí (ãåíéêåýïíôáò êáôáëëÞëùò ôïí ãíùóôü åõêëåßäåéï áëãüñéèìï ôïí éó·ýï-
íôá óôïí äáêôýëéï Z ôùí áêåñáßùí). ÐñÜãìáôé° õðÜñ·ïõí ìïíïóçìÜíôùò ïñé-

óìÝíá ðïëõþíõìá(X) (X) ∈  [X]  ôÝôïéá þóôå íá éó·ýåé

(X) = (X) (X) + (X) deg ((X))  deg ( (X)) 

ÅÜí (X) = 0[X] ôüôå ï ìêä( (X)   (X)) åßíáé ãíùóôüò (âë. 3.3.7 (ii)). ÅéäÜë-

ëùò, èÝôïõìå (X) := ìêä((X) (X)) êáé 0(X) := ìêä((X) (X)) êáé ðáñáôç-

ñïýìå (êÜíïíôáò ·ñÞóç ôïý (i) ôÞò ðñïôÜóåùò 3.3.3 êáé ôïý (ii) ôïý ïñéóìïý 3.3.5)

üôé

(X) | (X)
(X) | (X)−(X) (X) = (X)

¾
⇒ (X) | 0(X)
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êáé

0(X) |  (X)
(X) | (X) (X) + (X) = (X)

¾
⇒ 0(X) | (X)

Ùò åê ôïýôïõ, (X) = 0(X) (âë. ëÞììá 3.3.4). ÈÝôïíôáò

0(X) := (X) 1 (X) :=  (X)  1(X) := (X) 2(X) := (X)

êáé åðáíáìâÜíïíôáò äéáäï·éêþò ôçí ßäéá äéáäéêáóßá, ðñïóäéïñßæïõìå ìïíïóçìÜ-

íôùò ïñéóìÝíá ðïëõþíõìá 3(X) 4(X) êáé 2(X)3(X) ìå¯̄̄̄
¯̄̄̄
¯̄̄̄
¯̄

0(X) = 1 (X)1(X) + 2(X) deg (2(X))  deg (1(X)) 

1(X) = 2 (X)2(X) + 3(X) deg (3(X))  deg (2(X)) 

2(X) = 3 (X)3(X) + 4(X) deg (4(X))  deg (3(X)) 
...

...

−2(X) = −1 (X)−1(X) + (X) deg ((X))  deg (−1 (X)) 
−1(X) =  (X)(X)

(3.6)

üðïõ ãéá êÜðïéïí  ≥ 2 Ý·ïõìå (X) 6= 0[X] ãéá êÜèå  ∈ {0 } êáé êáô'

áíÜãêçí +1(X) = 0[X] (äéüôé ïé âáèìïß ôùí 1(X) 2(X) 3(X) ó·çìáôßæïõí
ìéá öèßíïõóá áêïëïõèßá åíôüò ôïý (åðåêôåôáìÝíïõ) óõíüëïõ N0 ∪ {−∞}), êáé

ìêä((X) (X)) = ìêä(0(X) 1(X)) = ìêä(1(X) 2(X))

= ìêä(2(X) 3(X)) = · · · = ìêä(−1(X) (X)) = ìêä((X)0[X])

Åî áõôþí ðñïêýðôåé üôé

ìêä((X) (X)) = ìêä((X)0[X]) = −1(X) (3.7)

üðïõ  ∈ r{0} åßíáé ï åðéêåöáëÞò óõíôåëåóôÞò ôïý (X) ÓçìåéùôÝïí üôé

ìÝóù ôïý áíùôÝñù åõêëåéäåßïõ áëãïñßèìïõ Ý·ïõìå êáé ôç äõíáôüôçôá ðñïóäéïñé-

óìïý äõï ðïëõùíýìùí (X) (X) ∈ [X] ôÝôïéùí þóôå íá éó·ýåé

ìêä((X) (X)) = (X)(X) + (X)(X) (3.8)

Ðñïò ôïýôï èåùñïýìå ôá⎧⎨⎩
0(X) := 1  0(X) := 0 

1(X) := 0  1(X) := 1 

(X) = −2(X)− −1(X)−1 (X)  (X) = −2(X)− −1(X)−1 (X) 

ãéá êÜèå  ∈ {2 } üðïõ ôá1 (X) 2 (X)  (X) åßíáé ôá ðçëßêá ôùí äéáé-

ñÝóåùí (3.6).
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3.3.8 Ðñüôáóç. Ùò ðïëõþíõìá (X) (X) ∈ [X] ôÝôïéá þóôå íá éó·ýåé ç (3.8),

ìðïñïýí íá åðéëåãïýí ôá

(X) := −1(X) êáé (X) := −1(X) (3.9)

üðïõ  ∈ r{0} åßíáé ï åðéêåöáëÞò óõíôåëåóôÞò ôïý (X)
Áðïäåéîç. μñçóéìïðïéþíôáò ôéò äéáéñÝóåéò (3.6) èá áðïäåßîïõìå ôéò éóüôçôåò

(X) = (X)(X) + (X)(X) ∀ ∈ {0 1 } (3.10)

ìÝóù ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  Ãéá  = 0 ëáìâÜíïõìå

(X) = 0(X) = 1 · (X) + 0 · (X) = 0(X)(X) + 0(X)(X)

åíþ ãéá  = 1

(X) = 1(X) = 0 · (X) + 1 · (X) = 1(X)(X) + 1(X)(X)

ÕðïèÝôïíôáò üôé (X) = (X)(X) + (X)(X) ãéá êÜèå  ∈ {1  − 1}
üðïõ 2 ≤  ≤  Ý·ïõìå (X) = −2(X) − −1 (X)−1(X) ïðüôå, ëüãù ôÞò

åðáãùãéêÞò õðïèÝóåþò ìáò,

(X) =
¡
−2(X)(X) + −2(X)(X)

¢−−1 (X)
¡
−1(X)(X) + −1(X)(X)

¢
= (−2(X)− −1(X)−1 (X))(X) +

¡
−2(X)− −1(X)−1 (X)

¢
(X)

= (X)(X) + (X)(X)

êáé ïé (3.10) åßíáé üíôùò áëçèåßò. Ãéá  =  ëáìâÜíïõìå

−1(X) = (−1(X))(X) + (−1(X))(X) = ìêä((X) (X))

(ìÝóù ôùí éóïôÞôùí (3.7)). ¤

3.3.9 Óçìåßùóç. Ôá ùò Üíù ðñïóäéïñéóèÝíôá ðïëõþíõìá (3.9) äåí åßíáé ôá ìüíá

óôïé·åßá ôïý  [X] ðïõ éêáíïðïéïýí ôçí (3.8). Åðß ðáñáäåßãìáôé, åðåéäÞ ãéá ôïí

(X) := ìêä((X) (X))

∃(X) (X) ∈  [X]r{0[X]} : (X) = (X)(X) (X) = (X)(X)

ç éóüôçôá

(X) = ((X) + (X)(X))(X) + ((X)− (X)(X))(X)

éó·ýåé ãéá êÜèå (X) ∈  [X]r{0[X]} (!), êáèüóïí áðü ôéò

(X)(X)(X) = (X)(X) = (X)(X) = (X)(X)(X)

ðñïêýðôåé üôé

(X) ((X)(X)− (X)(X)) = 0[X]
(X) 6= 0[X]

¾
=⇒
3.2.3

(X)(X) = (X)(X)
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3.3.10 ÐáñÜäåéãìá. Ãéá ôá (X) := 1
2X

5+ 1
4X

4− 17
10X

3+ 7
5X

2− 6
5X+

3
4 ∈ Q [X] êáé

(X) := X2 + 1
2X− 5 ∈ Q [X] Ý·ïõìå

(X) = (12X
3 + 4

5X+ 1)(X) + (
23
10X+

23
4 )

(X) = ( 1023X− 20
23)(

23
10X+

23
4 ) + 0

ïðüôå ìêä((X) (X)) = 10
23(

23
10X+

23
4 ) = X+

5
2  ÅðéðñïóèÝôùò,

X+ 5
2 =

10
23(X)−

¡
5
23

3 + 8
23+

10
23

¢
(X)

I Ôé óõìâáßíåé üôáí åðåêôåßíïõìå ôï óþìá áíáöïñÜò ìáò; ÂÜóåé ôùí üóùí

ðñïáíáöÝñèçóáí, äïèÝíôùí äõï ðïëõùíýìùí  (X)   (X) ∈  [X]  ãíùñßæïõìå

ôï ðþò ìðïñïýìå íá ðñïóäéïñßóïõìå ôïí ìÝãéóôï êïéíü ôïõò äéáéñÝôç. Åñþôçìá:

ÅÜí  åßíáé ìéá åðÝêôáóç ôïý ôüôå ôá  (X)   (X)  èåùñïýìåíá ùò ðïëõþíõìá

áíÞêïíôá óôïí  [X]  äéáèÝôïõí ùóáýôùò Ýíáí (êáé ìüíïí) ìÝãéóôï êïéíü äéáéñÝôç
áëëÜ åíôüò ôïý  [X]  Ðþò ó·åôßæïíôáé áõôïß ïé äýï ìÝãéóôïé êïéíïß äéáéñÝôåò; Ç

áðÜíôçóç äßäåôáé óôçí áêüëïõèç ðñüôáóç.

3.3.11 Ðñüôáóç. ¸óôù üôé  (X)   (X) ∈  [X] êáé üôé  åßíáé ìéá åðÝêôáóç ôïý
 Óõìâïëßæïõìå ùò (X) ôïí ìÝãéóôï êïéíü äéáéñÝôç ôùí  (X)   (X) åíôüò ôïý
 [X] êáé ùò (X) ôïí ìÝãéóôï êïéíü äéáéñÝôç ôùí  (X)   (X) åíôüò ôïý  [X] 
Ôüôå (X) = (X)

Áðüäåéîç. ÅÜí (ôïõëÜ·éóôïí) Ýíá åê ôùí  (X)   (X) åßíáé ôï ìçäåíéêü ðïëõþ-

íõìï, ôüôå ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò. Áò õðïèÝóïõìå üôé áìöüôåñá

ôá  (X)   (X) åßíáé ìç ìçäåíéêÜ. Ôüôå (óýìöùíá ìå ôï èåþñçìá 3.3.1) õðÜñ·ïõí

ìïíïóçìÜíôùò ïñéóìÝíá ðïëõþíõìá(X) (X) ∈  [X]  ôÝôïéá þóôå íá éó·ýåé

(X) = (X) (X) + (X) deg ((X))  deg ( (X))  (3.11)

Êáô' áíáëïãßáí, õðÜñ·ïõí ìïíïóçìÜíôùò ïñéóìÝíá 0(X) 0(X) ∈  [X]  ôÝôïéá

þóôå íá éó·ýåé

(X) = 0(X) (X) + 0(X) deg (0(X))  deg ( (X)) 

¼ìùò ç éóüôçôá (3.11) åîáêïëïõèåß íá éó·ýåé êáé åíôüò ôïý  [X] (äéüôé Ý·ïõìå

 [X] ⊆  [X]), ïðüôå (áðü ôçí éäéüôçôá ôÞò ìïíáäéêüôçôáò ðçëßêùí êáé õðïëïß-

ðùí) éó·ýåé êáô' áíÜãêçí

0(X) = (X) ∈  [X] êáé 0(X) = (X) ∈  [X] 

ÊáôÜ óõíÝðåéáí, ï êáôÜëïãïò ôùí éóïôÞôùí ðïõ åìöáíßæïíôáé êáôÜ ôçí åêôÝëåóç

ôïý åõêëåéäåßïõ áëãïñßèìïõ åíôüò ôïý  [X] ôáõôßæåôáé ìå ôïí êáôÜëïãï (3.6) ôùí
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éóïôÞôùí ðïõ åìöáíßæïíôáé êáôÜ ôçí åêôÝëåóç ôïý åõêëåéäåßïõ áëãïñßèìïõ åíôüò
ôïý  [X]  Åî áõôïý Ýðåôáé üôé (X) = (X) ¤

I ÌÝãéóôïò êïéíüò äéáéñÝôçò ðåñéóóïôÝñùí ðïëõùíýìùí. ¢ðáî êáé Ý·åé ïñé-

óèåß ï ìÝãéóôïò êïéíüò äéáéñÝôçò äýï ðïëõùíýìùí, ï ìÝãéóôïò êïéíüò äéáéñÝôçò

ðåñéóóïôÝñùí ðïëõùíýìùí ìðïñåß íá ïñéóèåß áíáäñïìéêþò.

3.3.12 Ïñéóìüò. ÅÜí 1(X) (X) ∈ [X] üðïõ  ∈ N  ≥ 3 ôüôå ï ìÝãéóôïò
êïéíüò äéáéñÝôçò ìêä(1(X) (X)) ôùí 1(X) (X) ïñßæåôáé ìÝóù ôïý áíá-

äñïìéêïý ôýðïõ

ìêä(1(X) (X)) := ìêä(ìêä(1(X) −1(X)) (X))

3.3.13 Ðñüôáóç. ÅÜí 1(X) (X) ∈ [X] üðïõ  ∈ N  ≥ 2 ôüôå õößóôáíôáé
ðïëõþíõìá 1(X) (X) ∈ [X] ôÝôïéá þóôå íá éó·ýåé

ìêä(1(X) (X)) = 1(X)1(X) + · · ·+ (X)(X)

Áðïäåéîç. Ëüãù ôïý áíáäñïìéêïý ïñéóìïý 3.3.12 ôïý ìåãßóôïõ êïéíïý äéáéñÝôç

ðïëõùíýìùí ðåñéóóïôÝñùí ôùí äýï, ç áðüäåéîç áíÜãåôáé åðáãùãéêþò óôçí åðá-

ëÞèåõóç ôïý éó·õñéóìïý üôáí  = 2 Åí ôïéáýôç ðåñéðôþóåé ·ñçóéìïðïéïýìå ôçí

ðñüôáóç 3.3.6. (ÖõóéêÜ, åßíáé äõíáôüò êáé ï áêñéâÞò ðñïóäéïñéóìüò ìéáò ôÝôïéáò
-Üäáò ðïëõùíýìùí 1(X) (X) ∈ [X] ìÝóù åðáíáëáìâáíüìåíçò åöáñìï-

ãÞò ôÞò ðñïôÜóåùò 3.3.8.) ¤

3.3.14 Ïñéóìüò. ¸óôù üôé 1(X) (X) ∈ [X] üðïõ  ∈ N  ≥ 2 ËÝìå üôé

áõôÜ ôá ðïëõþíõìá åßíáé

(i) ðñþôá ìåôáîý ôïõò üôáí ìêä(1(X) (X)) = 1  êáé

(ii) ðñþôá ìåôáîý ôïõò (Þ ó·åôéêþò ðñþôá) áíÜ äýï üôáí ìêä((X) (X)) = 1
ãéá ïéïõóäÞðïôå   ∈ {1 }   

(ÓçìåéùôÝïí üôé åÜí éêáíïðïéåßôáé ç óõíèÞêç (ii), ôüôå éêáíïðïéåßôáé áõôïìÜôùò

êáé ç óõíèÞêç (i). Ùóôüóï, ôï áíôßóôñïöï äåí åßíáé åí ãÝíåé áëçèÝò üôáí  ≥ 3)

3.3.15 Ðüñéóìá. ÅÜí 1(X) (X) ∈ [X]  ∈ N  ≥ 2 ôüôå ïé áêüëïõèåò
óõíèÞêåò åßíáé éóïäýíáìåò:

(i) Ôá 1(X) (X) åßíáé ðñþôá ìåôáîý ôïõò.

(ii) Õößóôáíôáé ðïëõþíõìá 1(X) (X) ∈ [X] ôÝôïéá þóôå íá éó·ýåé

1(X)1(X) + · · ·+ (X)(X) = 1 
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Áðïäåéîç. (i)⇒(ii) ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 3.3.13.

(ii)⇒(i) Ðñïöáíþò, 1 | (X) ∀ ∈ {1 } ÅðéðñïóèÝôùò, ãéá ïéïäÞðïôå

(X) ∈ [X] ãéá ôï ïðïßï éó·ýåé (X) | (X) ∀ ∈ {1 } Ý·ïõìå

(X) | 1(X)1(X) + · · ·+ (X)(X) = 1 

(Bë. 3.3.3 (iii) êáé (i).) ÅðïìÝíùò, ìêä(1(X) (X)) = 1 (åðß ôç âÜóåé ôïý

ïñéóìïý 3.3.5). ¤

3.3.16 Ðüñéóìá. ÅÜí (X) (X) (X) ∈ [X] ìå ìêä((X) (X)) = 1 êáé õðï-
èÝóïõìå üôé (X) | (X)(X) ôüôå (X) | (X)
Áðïäåéîç. Óýìöùíá ìå ôï ðüñéóìá 3.3.15 õößóôáíôáé (X) (X) ∈ [X] ôÝôïéá

þóôå íá éó·ýåé (X)(X) + (X)(X) = 1  ÅÜí (X) | (X)(X) ôüôå

(X) = (X)(X)(X) + (X)(X)(X)

ìå (X) | (X)(X)(X) êáé (X) | (X)(X)(X) ïðüôå (X) | (X) ¤

3.3.17 Ðüñéóìá. ÅÜí (X) (X) (X) ∈ [X] ìå ìêä((X) (X)) = 1  ôüôå
éó·ýåé ç óõíåðáãùãÞ

(X) | (X)
(X) | (X)

¾
=⇒ (X)(X) | (X)

Áðïäåéîç. Óýìöùíá ìå ôï ðüñéóìá 3.3.15 õößóôáíôáé (X) (X) ∈ [X] ôÝôïéá

þóôå íá éó·ýåé (X)(X) + (X)(X) = 1  ÅÜí (X) | (X) êáé (X) | (X) ôüôå

(X) = (X)(X)(X) + (X)(X)(X)

ìå (X)(X) | (X)(X) êáé (X)(X) | (X)(X) ïðüôå (X)(X) | (X) ¤

IÅëÜ·éóôï êïéíü ðïëëáðëÜóéï. Ïïñéóìüò áõôïý ðñïêýðôåé áðü ôïí 3.3.5 ýóôåñá

áðü åíáëëáãÞ ôùí ñüëùí äéáéñåôþí êáé ðïëëáðëáóßùí ùò áêïëïýèùò:

3.3.18 Ïñéóìüò. ÅÜí (X) (X) ∈ [X]r{0[X]} ôüôå Ýíá (X) ∈ [X] êáëåßôáé

åëÜ·éóôï êïéíü ðïëëáðëÜóéï ôùí (X) êáé (X) (åíôüò ôïý [X]) üôáí éó·ýïõí

ôá åîÞò:

(i) To (X) åßíáé êïéíü ðïëëáðëÜóéï ôùí ðïëõùíýìùí (X) êáé (X) Þôïé Ý·ïõìå

(X) | (X) êáé (X) | (X)
(ii) ÅÜí (X) ∈ [X] åßíáé ôõ·üí êïéíü ðïëëáðëÜóéï ôùí (X) êáé (X) äçëáäÞ

åÜí (X) | (X) êáé (X) | (X) ôüôå (X) | (X)
(iii) To (X) åßíáé ìïíéêü ðïëõþíõìï.
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3.3.19 Ðñüôáóç. ÅÜí (X) (X) ∈ [X]r{0[X]} ôüôå õðÜñ·åé Ýíá êáé ìüíïí
åëÜ·éóôï êïéíü ðïëëáðëÜóéï (X) ôùí (X) êáé (X) Ôïýôï ïñßæåôáé ùò åîÞò:

(X) := −1(X)0(X) = −1(X)0(X) (3.12)

üðïõ 0(X) 0(X) ∈ [X]r{0[X]} åßíáé ôá ìïíïóçìÜíôùò ïñéóìÝíá ðïëõþíõìá
ãéá ôá ïðïßá éó·ýåé

(X) = ìêä((X) (X))0(X) (X) = ìêä((X) (X))0(X)

êáé  ï åðéêåöáëÞò óõíôåëåóôÞò ôïý (X)0(X) = (X)0(X)

Áðïäåéîç. ÂÞìá 1ï. ¾ðáñîç ôïý åëá·ßóôïõ êïéíïý ðïëëáðëáóßïõ. ÈÝôïíôáò

(X) := ìêä((X) (X)) ðáñáôçñïýìå üôé

(X)(X)0(X) = (X)(X) = (X)(X) = (X)(X)0(X)

áð' üðïõ ðñïêýðôåé üôé

(X) ((X)0(X)− (X)0(X)) = 0[X]

(X) 6= 0[X]

)
=⇒
3.2.3

(X)0(X) = (X)0(X)

Ôï (ìÝóù ôÞò (3.12) ïñéæüìåíï) ìïíéêü ðïëõþíõìï (X) åßíáé (ðñïöáíþò) êïéíü
ðïëëáðëÜóéï ôùí (X) êáé (X) ¸óôù (X) ∈ [X] ôõ·üí êïéíü ðïëëáðëÜóéï

ôùí (X) êáé (X) Ôüôå(
∃00(X) ∈ [X] : (X) = (X)00(X)

êáé ∃00(X) ∈ [X] : (X) = (X)00(X)

)
Óýìöùíáìå ôçíðñüôáóç 3.3.6 õðÜñ·ïõí(X) (X) ∈ [X] ôÝôïéáþóôå íá éó·ýåé

(X) = (X)(X) + (X)(X) Ðñïöáíþò,

(X) = (X)(X)0(X) + (X)(X)0(X)

= (X)((X)0(X) + (X)0(X))

êáé

(X) ((X)0(X) + (X)0(X)− 1) = 0[X]
(X) 6= 0[X]

)
=⇒
3.2.3

(X)0(X) + (X)0(X) = 1 

Åî áõôïý Ýðåôáé üôé

((X)00(X) + (X)00(X))(X)0(X)

= (X)(X)0(X)| {z }
=(X)0(X)

00(X) + (X)(X)00(X)| {z }
=(X)

0(X)

= (X)(X)0(X) + (X)(X)0(X) = ((X)0(X) + (X)0(X))(X) = (X)
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¢ñá ôï (X) åßíáé åëÜ·éóôï êïéíü ðïëëáðëÜóéï ôùí (X) êáé (X) äéüôé

(X) |  ¡−1(X)0(X)¢ = (X)0(X)

(X)0(X) | (X)

)
⇒ (X) | (X)

ÂÞìá 2ï. Ìïíáäéêüôçôá ôïý åëá·ßóôïõ êïéíïý ðïëëáðëáóßïõ. ÅÜí ôá (X) 0(X)
åßíáé åëÜ·éóôá êïéíÜ ðïëëáðëÜóéá ôùí (X) (X) ∈ [X]r{0[X]} ôüôå Ý·ïõìå
(X) | 0(X) êáé 0(X) | (X) (ëüãù ôÞò 3.3.18 (ii)), ïðüôå (X) = 0(X) äõíÜìåé ôïý
ëÞììáôïò 3.3.4. ¤

3.3.20 Óçìåßùóç. (i) Ôï áíùôÝñù ïñéóèÝí åëÜ·éóôï êïéíü ðïëëáðëÜóéï äõï ðï-

ëõùíýìùí (X) ∈ [X]r{0[X]} êáé (X) ∈ [X]r{0[X]} èá óçìåéþíåôáé åöå-

îÞò ùò åêð((X) (X))

(ii) ÅÜí (X) | (X) ôüôå åêð((X) (X)) = −1(X) üðïõ  ∈ r{0} åßíáé ï
åðéêåöáëÞò óõíôåëåóôÞò ôïý (X)

(iii) ÅÜí áìöüôåñá ôá (X) (X) åßíáé ìçäåíéêÜ, ôüôå ãåíéêåýïõìå ôçí Ýííïéá

ôïý åëá·ßóôïõ êïéíïý ðïëëáðëáóßïõ èÝôïíôáò åêð((X) (X)) := 0[X] ÅÜí

ìüíïí Ýíá åî áõôþí, áò ðïýìå ôï (X) åßíáé ìçäåíéêü, ôüôå èÝôïõìå åî ïñéóìïý
åêð((X) (X)) := −1(X) üðïõ  ∈ r{0} åßíáé ï åðéêåöáëÞò óõíôåëåóôÞò

ôïý (X) (ãåíéêåýïíôáò ôï (ii) êáé óå áõôÞí ôçí ðåñßðôùóç).

(iv) ÅÜí (X) (X) ∈ [X] êáé 1 2 ∈ r{0} ôüôå
åêð((X) (X)) = åêð(1(X) 2(X))

ÐñÜãìáôé° åÜí (X) := åêð((X) (X)) êáé 0(X) := åêð(1(X) 2(X)) ôüôå

[(X) | 1(X) 1(X) | 0(X)]⇒ (X) | 0(X)
[(X) | 2(X) 2(X) | 0(X)]⇒ (X) | 0(X)

)
⇒ (X) | 0(X)

(âë. 3.3.3 (ii) êáé 3.3.18 (ii)). Áðü ôçí Üëëç ìåñéÜ,(
(X) = −11 (1(X))⇒ 1(X) | (X)
(X) = −12 (2(X))⇒ 2(X) | (X)

)


ïðüôå

[1(X) | 1(X) 1(X) | (X)]⇒ 1(X) | (X)
[2(X) | 2(X) 2(X) | (X)]⇒ 2(X) | (X)

)
⇒ 0(X) | (X)

ÊáôÜ ôï ëÞììá 3.3.4, (X) = 0(X)

(v) ¢ðáî êáé Ý·åé ïñéóèåß ôï åëÜ·éóôï êïéíü ðïëëáðëÜóéï äýï ðïëõùíýìùí, ôï

åëÜ·éóôï êïéíü ðïëëáðëÜóéï ðåñéóóïôÝñùí ðïëõùíýìùí ìðïñåß íá ïñéóèåß áíá-

äñïìéêþò: ÅÜí 1(X) (X) ∈ [X] üðïõ  ∈ N  ≥ 3 ôüôå
åêð(1(X) (X)) := åêð(åêð(1(X) −1(X)) (X))
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3.4 ÈÅÓÅÉÓ ÌÇÄÅÍÉÓÌÏÕ ÐÏËÕÙÍÕÌÙÍ

3.4.1 Ïñéóìüò. Ãéá ïéïäÞðïôå óôïé·åßï  åíüò óþìáôïò  ïñßæåôáé ç óõíÜñôçóç

y ðïëõùíõìéêÞò áðïôéìÞóåùò óôï  ùò åîÞò:

[X] 3
X
=0

X
 = (X)

y7−→ y((X)) := () :=
X
=0


 ∈ 

3.4.2 Óçìåßùóç. Óôï ó·ïëåßï åßèéóôáé íá áíôéìåôùðßæïõìå ôá ðïëõþíõìá ùò óõ-

íÞèåéò «óõíáñôÞóåéò» (åðåéäÞ åêåß ãßíåôáé êõñßùò ·ñÞóç ôùí óùìÜôùí Q êáé R).
Ùóôüóï, üôáí êáíåßò èåùñåß ôõ·üíôá óþìáôá  ðñÝðåé íá ãíùñßæåé üôé êÜôé ôÝ-

ôïéï äåí áëçèåýåé åí ãÝíåé. ÅÜí

(X) =
X
=0

X
 ∈ [X]

ôüôå ç óõíÜñôçóç ç åðáãïìÝíç áðü ôï (X) åßíáé ç

v(X) :  −→   7−→ v(X)() := y((X)) = () =
X
=0




ÌÝóù áõôÞò ïñßæåôáé ï ïìïìïñöéóìüò äáêôõëßùí

 [X] −→   (X) 7−→ v(X)

ðïõ äåí åßíáé êáô' áíÜãêçí ìïíïìïñöéóìüò äáêôõëßùí! Åðß ðáñáäåßãìáôé, åÜí

 = Z3 êáé  (X) = X+X3 (X) = [2]3 X ôüôå ôá  (X) êáé (X) -ùò ðïëõþíõìá-

åßíáé äéáöïñåôéêÜ, åíþ

v(X)([0]3) = [0]3 = v(X)([0]3)

v(X)([1]3) = [2]3 = v(X)([1]3)

v(X)([2]3) = [1]3 = v(X)([2]3)

ðñÜãìá ðïõ óçìáßíåé üôé v(X) = v(X) (Ìéá éêáíÞ óõíèÞêç ãéá íá åßíáé ï ùò

Üíù ïìïìïñöéóìüò äáêôõëßùí ìïíïìïñöéóìüò äßäåôáé óôï ðüñéóìá 3.4.9.)

3.4.3 Ïñéóìüò. ¸óôù  ìéá åðÝêôáóç åíüò óþìáôïò  êáé Ýóôù (X) ∈ [X]

¸íá óôïé·åßï  ∈  ïíïìÜæåôáé èÝóç ìçäåíéóìïý6 (Þ óçìåßï ìçäåíéóìïý) ôïý

ðïëõùíýìïõ (X) åíôüò ôïý  üôáí

y((X))) := () = 0 (= 0)

6Åäþ, ·ñçóéìïðïéïýìå ôïí üñï èÝóç ìçäåíéóìïý áêïëïõèþíôáò ôÞ ãåñìáíéêÞ ïñïëïãßá, ç ïðïßá, åí ðñïêåéìÝíù,

åßíáé ðåñéóóüôåñï áêñéâÞò áð' ü,ôé ç áããëéêÞ° ï äéá·ùñéóìüò ôïý üñïõ Nullstelle áðü ôïí üñïWurzel (áããë. root, åëë.
ñßæá ) åßíáé åðéâåâëçìÝíç, êáèüôé Ýíá ìéãáäéêü ðïëõþíõìï (X) ∈ C[X] ìðïñåß íá ìçäåíßæåôáé üôáí X =  ∈ C,
·ùñßò, ùóôüóï, ôï íá ðñïêýðôåé áðü åðßëõóç ôÞò åîéóþóåùò(X) = 0 ìÝóùáðïêëåéóôéêÞò ·ñÞóåùò ñéæéêþí. (Áðü

ôçí Üëëç üìùò ìåñéÜ, ïíïìÜæïõìå, ð.·., ôéò èÝóåéò ìçäåíéóìïý ôÞò åîéóþóåùò X = 1 -ïóôÝò ñßæåò ôÞò ìïíÜäáò.)
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äçëáäÞ üôáí ç ôéìÞ ôïý (X) ãéá X =  åßíáé ôï ìçäåíéêü óôïé·åßï.

3.4.4 Ðñüôáóç. ¸óôù Ýíá óþìá. ÅÜí  ∈  êáé  (X) ∈ [X] ôüôå éó·ýïõí ôá
åîÞò :

(i) Ôï õðüëïéðï ôÞò äéáéñÝóåùò ôïý (X) äéÜ ôïý X−  éóïýôáé ìå ôï ()

(ii) Ôï  åßíáé ìéá èÝóç ìçäåíéóìïý ôïý (X) åíôüò ôïý åÜí êáé ìüíïí åÜí

X−  | (X)

Áðïäåéîç. (i) Óýìöùíá ìå ôï èåþñçìá 3.3.1 õðÜñ·ïõí ìïíïóçìÜíôùò ïñéóìÝíá

ðïëõþíõìá(X) êáé (X) ∈ [X] ôÝôïéá þóôå íá éó·ýåé

(X) = (X− )(X) + (X) deg((X))  deg(X− ) = 1

ÅðïìÝíùò, (X) =  ∈  ïðüôå

 = (X)− (X− )(X) =⇒  = ()

(ii) To  åßíáé ìéá èÝóç ìçäåíéóìïý ôïý (X) (åíôüò ôïý ) åÜí êáé ìüíïí åÜí

ôï õðüëïéðï ôÞò äéáéñÝóåùò ôïý (X) äéÜ ôïý X −  åßíáé ôï 0[X], ðñÜãìá ðïõ

óçìáßíåé üôé X−  | (X) ¤

3.4.5 Ðüñéóìá. ÅÜí ôá óôïé·åßá 1  ∈  ( ∈ N) åßíáé  óáöþò äéáêåêñéìÝ-
íåò èÝóåéò ìçäåíéóìïý åíüò ðïëõùíýìïõ  (X) ∈ [X] ôüôå

(X− 1) (X− 2) · · · (X− ) | (X)

Áðïäåéîç. ¼ôáí  = 1 áõôü åßíáé áëçèÝò ëüãù ôÞò ðñïôÜóåùò 3.4.4. Èá åñãá-

óèïýìå ìå ôç âïÞèåéá ôÞò ìáèçìáôéêÞò åðáãùãÞò. ÕðïèÝôïõìå üôé ï éó·õñéóìüò

åßíáé áëçèÞò ãéá  − 1 èÝóåéò ìçäåíéóìïý, ïðüôå

(X) = (X− 1) (X− 2) · · · (X− −1)(X)

ãéá êÜðïéï (X) ∈ [X]. Êáôüðéí áðïôéìÞóåùò ôùí äýï ìåëþí ôÞò áíùôÝñù éóü-

ôçôáò ãéá X =  ëáìâÜíïõìå

0 = () = ( − 1) ( − 2) · · · ( − −1)()

áð' üðïõ ðñïêýðôåé üôé () = 0 (ëüãù ôÞò áñ·éêÞò õðïèÝóåþò ìáò). ¢ñá ôï

X−  äéáéñåß ôï ðïëõþíõìï (X) ïðüôå ï éó·õñéóìüò åßíáé åìöáíþò áëçèÞò êáé

ãéá  èÝóåéò ìçäåíéóìïý. ¤

3.4.6 Ðüñéóìá. ÊÜèå ðïëõþíõìï  (X) ∈ [X]r{0[X]} äéáèÝôåé (óõíïëéêþò) ôï
ðïëý deg((X)) èÝóåéò ìçäåíéóìïý åíôüò ôïý
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Áðïäåéîç. ¸ðåôáé áðü ôï ðüñéóìá 3.4.5 êáé ôï (iv) ôÞò ðñïôÜóåùò 3.3.3. ¤

3.4.7 Ðüñéóìá. ÅÜí Ýíá ðïëõþíõìï (X) ∈ [X] äéáèÝôåé åíôüò ôïý  èÝóåéò ìç-
äåíéóìïý, ôï ðëÞèïò ôùí ïðïßùí õðåñâáßíåé ôïí âáèìü ôïõ, ôüôå ôï (X) åßíáé ôï
ìçäåíéêü ðïëõþíõìï.

3.4.8 Ðüñéóìá. ÅÜí äõï ðïëõþíõìá (X) (X) ∈ [X]r{0[X]} ëáìâÜíïõí ôéò
ßäéåò ôéìÝò óå óáöþò äéáêåêñéìÝíá óôïé·åßá ôïý ôï ðëÞèïò ôùí ïðïßùí õðåñâáß-
íåé ôïmax {deg((X))deg((X))}  ôüôå Ý·ïõìå (X) = (X)

3.4.9 Ðüñéóìá. ÅÜí ôï (õðïêåßìåíï óýíïëï åíüò óþìáôïò) åßíáé áðåéñïóýíïëï,
ôüôå ç

 [X] −→   (X) 7−→ v(X)

(âë. 3.4.2) áðïôåëåß Ýíáí ìïíïìïñöéóìü äáêôõëßùí.

Áðïäåéîç. Èåùñïýìå ôõ·üíôá ðïëõþíõìá (X) (X) ∈ [X] êáé ôéò áíôßóôïé·åò

óõíáñôÞóåéò v(X) êáé v(X)ÅÜí éó·ýåé v(X) = v(X), ôüôå ç äéáöïñÜ(X)−(X)
Ý·åé ùò èÝóåéò ìçäåíéóìïý ôçò üëá ôá óôïé·åßá ôïý (õðïêåéìÝíïõ óõíüëïõ ôïý)

. Óõíåðþò, äõíÜìåé ôïý ðïñßóìáôïò 3.4.7 Ý·ïõìå (X) − (X) = 0[X] Þôïé

(X) = (X) ¤

3.4.10 Ðñüôáóç. (Ôýðïò ðáñåìâïëÞò ôïý Lagrange) ¸óôù  ∈ N êáé Ýóôù 

Ýíá óþìá ìå ðëçèéêü áñéèìü card() ≥  + 1 ÅÜí ôá 0 1  åßíáé  + 1
óáöþò äéáêåêñéìÝíá óôïé·åßá ôïý êáé ôá 0 1  ôõ·üíôá (ü·é êáô' áíÜãêçí
óáöþò äéáêåêñéìÝíá) óôïé·åßá ôïý  ôüôå õðÜñ·åé Ýíá ìïíïóçìÜíôùò ïñéóìÝíï
ðïëõþíõìï (X) ∈ [X] âáèìïý ≤  (âë. (3.14)), ôÝôïéï þóôå íá éó·ýåé

() =  ∀ ∈ {0 1 }

Áðïäåéîç. Ôï üôé Ýíá ôÝôïéïõ åßäïõò ðïëõþíõìï èá åßíáé ìïíïóçìÜíôùò ïñéóìÝíï

Ýðåôáé ðñïöáíþò áðü ôï ðüñéóìá 3.4.8. Áñêåß ëïéðüí íá áðïäåé·èåß ç ýðáñîÞ

ôïõ. Ðñïò ôïýôï ïñßæïõìå ðïëõþíõìá (X) ∈ [X] 0 ≤  ≤  ùò åîÞò:

(X) :=
Y

∈{01}r{}
( − )

−1 (X− )  (3.13)

Ðñïöáíþò, deg ((X)) =  êáé ãéá êÜèå ( ) ∈ {0 1 } × {0 1 } Ý·ïõìå

() =

½
0  üôáí  6= 

1  üôáí  = 
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ÊáôÜ óõíÝðåéáí, ôï ðïëõþíõìï

(X) :=
X
=0

(X) (3.14)

Ý·åé ôçí åðéèõìçôÞ éäéüôçôá. ¤

3.4.11 Ïñéóìüò. Ôá (3.13) ïíïìÜæïíôáé ðïëõþíõìá ôïý Lagrange7 (ãéá ôá óôïé-

·åßá 0 1 ), åíþ ï ôýðïò (3.14), ï ïðïßïò ìáò ðáñÝ·åé ôï (X), åßíáé ãíùóôüò

ùò ôýðïò ðáñåìâïëÞò ôïý Lagrange.

3.4.12 ÐáñÜäåéãìá. ÅÜí = Q  = 4 êáé½
0 = −5 1 = −2 2 = 0 3 = 2 4 = 5

0 = 0 1 = −3 2 = 0 3 = 0 4 = 1

¾
ôüôå ôá ðïëõþíõìá ôïý Lagrange ðïõ áðáéôïýíôáé åßíáé ìüíïí ôá(

1(X) = − 1
168X (X− 2) (X− 5) (X+ 5) 

4(X) =
1

1050X (X− 2) (X+ 2) (X+ 5) 
Ï ôýðïò ðáñåìâïëÞò ôïý Lagrange äßäåé ôï ðïëõþíõìï

(X) = 11(X) + 44(X) =
79
4200X

4 − 13
420X

3 − 1891
4200X

2 + 367
420X

3.4.13 Ïñéóìüò. ¸óôù  ôõ·üí óþìá êáé Ýóôù (X) ∈ [X]r{0[X]} Ãéá êÜèå

 ∈  èÝôïõìå

mult ((X);) := max
n
 ∈ N0 : (X− )

 | (X)
o


Ðñïöáíþò, åÜí mult((X);) =  ôüôå ≥ 1⇔ ôï  åßíáé ìéá èÝóç ìçäåíéóìïý

ôïý (X)¼ôáí ≥ 1 ëÝìå üôé ôï  åßíáé ìéá èÝóç ìçäåíéóìïý ôïý (X) ìå ðëÞèïò
ðïëëáðëþí åìöáíßóåùí Þ -áðëïýóôåñá- ìå ðïëëáðëüôçôá ßóç ìå Ôï  ïíïìÜ-

æåôáé, éäéáéôÝñùò, áðëÞ (êáé áíôéóôïß·ùò, ðïëëáðëÞ Þ åðáíáëáìâáíüìåíç) èÝóç

ìçäåíéóìïý ôïý (X) üôáí = 1 (êáé áíôéóôïß·ùò, üôáí ≥ 2).

3.4.14 Ðñüôáóç. ÅÜí (X) ∈ [X]r{0[X]}  ∈  êáé ∈ N ôüôå ïé áêüëïõèåò
óõíèÞêåò åßíáé éóïäýíáìåò :

(i) mult((X);) = 

(ii) ∃(X) ∈ [X]r{0[X]} : (X) = (X− )

(X) ìå () 6= 0 

7Ðñïò ôéìÞí ôïý Joseph-Louis Lagrange (1736-1813) ï ïðïßïò äçìïóßåõóå Ýíá Üñèñï åð' áõôþí ôï 1795 (áí êáé

åß·áí áíáêáëõöèåß Þäç áðü ôï 1779 áðü ôïí EdwardWaring (1736-1798) êáé áðÝññåáí åýêïëá êáé áðü Ýíáí Üëëïí

ôýðï äçìïóéåõèÝíôá ôï 1783 áðü ôïí Leonhand Euler (1707-1783)).
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Áðïäåéîç. (i)⇒(ii) ÅÜí mult((X);) =  ôüôå (X− )
 | (X) ïðüôå õðÜñ-

·åé êÜðïéï (X) 6= 0[X] ìå (X) = (X− ) (X) ÅÜí ßó·õå () = 0 

ôüôå (óýìöùíá ìå ôï (ii) ôÞò ðñïôÜóåùò 3.4.4) èá åß·áìå X −  | (X) ïðüôå
(X− )+1 | (X) êÜôé ðïõ èá áíôÝêåéôï óôïí ïñéóìü ôÞò ðïëëáðëüôçôáò ôÞò

èÝóåùò ìçäåíéóìïý  ôïý (X) ¢ñá () 6= 0 
(ii)⇒(i) ÅÜí ∃(X) ∈ [X]r{0[X]} : (X) = (X− )


(X) ìå () 6= 0 

ôüôå (X− )
 | (X) Áò õðïèÝóïõìå üôé õðÜñ·åé êÜðïéïò 0 ∈ N 0  

ìå (X− )
0 | (X) Ôüôå õðÜñ·åé êÜðïéï (X) ∈ [X]r{0[X]} ôÝôïéï þóôå íá

éó·ýåé

(X) = (X− )

(X) = (X− )

0
(X)

Åî áõôïý Ýðåôáé üôé

(X− ) (X) = (X− ) (X− )
0− (X) =⇒ (X) = (X− )

0− (X)

Þôïé üôé () = 0  ¢ôïðï! ÅðïìÝíùò, mult((X);) =  ¤

3.4.15 Ïñéóìüò. Ùò áðåéêüíéóç åðßôõðçò ðáñáãùãßóåùò (Þ ôýðïéò ðáñáãùãß-

óåùò) ïñßæåôáé ç

D : [X] −→ [X] D
µ

P
=0

X


¶
:=

P
=1

X
−1

Ç åéêüíá D((X)) åíüò ðïëõùíýìïõ (X) ∈ [X] ìÝóù áõôÞò êáëåßôáé åðßôõðç

ðáñÜãùãïò (Þ ôýðïéò ðáñÜãùãïò) ôïý (X)

3.4.16 ËÞììá. ÅÜí (X) (X) ∈ [X] êáé  ∈  ôüôå éó·ýïõí ôá åîÞò :

(i) D( (X)) = D((X))
(ii) D((X) + (X)) = D((X)) +D((X))
(iii) D((X)(X)) = D((X))(X) +D((X))(X)

Áðïäåéîç. ¸óôù üôé (X) =
P

=0 X
 êáé (X) =

P
=0 X

  Äß·ùò âëÜâç

ôÞò ãåíéêüôçôáò õðïèÝôïõìå üôé  ≥  êáé èÝôïõìå  := 0 ãéá êÜèå äåßêôç

 ∈ {+ 1 }
(i)-(ii) Ðñïöáíþò,

D((X)) = D(
P
=0

X
) = D(

P
=0

X
)

=
P
=1

X
−1 = 

P
=1

X
−1 = D((X))
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êáé

D((X)) +D((X)) =
P
=1

X
−1 +

P
=1

X
−1

=
P
=1

( + )X
−1 = D((X) + (X))

(iii) Êáô' áñ·Üò ðáñáôçñïýìå üôé ãéá êÜèå ( ) ∈ N0 ×N0 ìå ( ) 6= (0 0) éó·ýåé

D(XX) = D(X+) = (+ )X+−1

=
¡
X−1

¢
X +

¡
X−1

¢
X = D(X)X +D(X)X

êáé D(X0X0) = D(1 · 1) = D(1) = 0 = D(X0)X0 + D(X0)X0 Åí óõíå·åßá,

óõìðåñáßíïõìå üôé

D((X)(X)) = D
Ã

P
=0

P
=0

¡
X


¢ ¡
X


¢!

=
P
=0

P
=0

D(XX) =
P
=0

P
=0

(D(X)X +D(X)X)

=

µ
P
=0

D(X)
¶Ã

P
=0

X


!
+

Ã
P
=0

D(X)
!µ

P
=0

X


¶

= D
µ

P
=0

X


¶Ã
P
=0

X


!
+D

Ã
P
=0

X


!µ
P
=0

X


¶
= D((X))(X) +D((X))(X)

êÜíïíôáò ·ñÞóç ôùí (i) êáé (ii). ¤

3.4.17 Óçìåßùóç. (i) Ãéá êÜèå (X) ∈ [X] Ý·ïõìå

deg(D((X)))
½
= deg((X))− 1 üôáí ·áñ() - deg((X))
 deg((X))− 1 üôáí ·áñ() | deg((X))

(ii) ÅÜí 1(X) (X) ∈ [X] ( ∈ N  ≥ 2), ôüôå ç éóüôçôá 3.4.16 (iii) ãåíéêåýå-

ôáé åðáãùãéêþò ùò åîÞò:

D
Ã

Q
=1

(X)

!
=

P
=1
D ((X))

Q
∈{1}r{}

(X) (3.15)

(iii) Ïé õøçëüôåñçò ôÜîåùò åðßôõðåò ðáñÜãùãïé åíüò (X) ∈ [X] ïñßæïíôáé êáôÜ

ôá åéùèüôá:

D((X)) :=

½
(X) üôáí  = 0

D(D−1((X))) üôáí  ≥ 1
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ÓõãêåêñéìÝíá, åÜí (X) =
P

=0 X
   6= 0  ôüôå

D((X)) =

⎧⎪⎨⎪⎩ !

Ã
P
=

¡



¢
X

−
!
 üôáí 0 ≤  ≤ 

0[X] üôáí   

(iv) ÅÜí ·áñ() =  ( ðñþôïò), ôüôå D((X)) = 0[X] ãéá êÜèå (X) ∈ [X]

3.4.18 Ðñüôáóç. (Êáíüíáò ôïý Leibniz) ÅÜí (X) (X) ∈ [X] ôüôå ãéá êÜèå
 ∈ N0 Ý·ïõìå

D((X)(X)) =
X

=0

¡



¢D((X))D−((X)) (3.16)

Áðïäåéîç. Ç éóüôçôá (3.16) åßíáé ðñïöáíÞò ãéá  = 0 êáé  = 1 (âë. 3.4.16 (iii)).
ÅÜí õðïèÝóïõìå üôé  ≥ 2 êáé üôé áõôÞ åßíáé áëçèÞò ãéá ôï − 1 ôüôå

D((X)(X)) = D(D−1((X)(X)))

= D
Ã
−1P
=0

¡−1


¢D((X))D−1−((X))

!
=

−1P
=0

¡−1


¢D(D((X))D−1−((X)))

=
−1P
=0

¡−1


¢D+1((X))D−1−((X)) +
−1P
=0

¡−1


¢D((X))D−((X))

=
P

=1

¡ −1
−1

¢D((X))D−((X)) +
−1P
=0

¡−1


¢D((X))D−((X))

=
P

=1

³¡ −1
−1

¢
+
¡−1


¢´ D((X))D−((X)) + (X)D((X))

=
P

=1

¡ 


¢D((X))D−((X)) + (X)D((X)) =
P

=0

¡ 


¢D((X))D−((X))

üðïõ ç äåýôåñç éóüôçôá ðñïêýðôåé áðü ôçí åðáãùãéêÞ ìáò õðüèåóç, ç ôñßôç áðü

ôï (ii) ôïý ëÞììáôïò 3.4.16, ç ôÝôáñôç áðü ôï (iii) ôïý ëÞììáôïò 3.4.16 êáé ç ðñï-

ôåëåõôáßá áðü ôçí ôñéãùíéêÞ ôáõôüôçôá ôïý Pascal. ¢ñá ç (3.16) åßíáé áëçèÞò ãéá
êÜèå  ∈ N0 ¤

3.4.19 Ðñüôáóç. (Ôýðïò ôïý Taylor) ÅÜí ôï (X) ∈ [X]r{0[X]} åßíáé Ýíá ðï-
ëõþíõìï âáèìïý  êáé ç ·áñáêôçñéóôéêÞ ôïý åßíáé åßôå 0 åßôå   ôüôå 8

(X) =
X
=0

(!)−1 D((X))
¯̄
X=

(X− ) ∀ ∈  (3.17)

8Ðñüêåéôáé ãéá ôçí åðßôõðç åêäï·Þ ìéáò åéäéêÞò ðåñéðôþóåùò ôïý ôýðïõ ôïý ¢ããëïõ ìáèçìáôéêïý Brook Taylor

(1685-1731) ôïý åéóá·èÝíôïò ôï 1715 ãéá ðñáãìáôéêÝò  öïñÝò ðáñáãùãßóéìåò ðñáãìáôéêÝò óõíáñôÞóåéò (ðïõ óõ-

íáíôïýìå óôïí Áðåéñïóôéêü Ëïãéóìü). ¼ôáí  = 0  áõôüò äßäåé ôïí ãíùóôü ôýðï ôïý (ÓêùôóÝæïõ ìáèçìáôéêïý)

Colin MacLaurin (1698-1746).
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Áðïäåéîç. ÅðåéäÞ ãéá ïéïõóäÞðïôå   ∈ {0 }  ≤  éó·ýåé

D(X) = ( − 1) · · · ( − + 1)X− = !
¡



¢
X− ⇒ D(X)

¯̄̄
X=

= !
¡



¢
−

óõíÜãïõìå (ìÝóù ôïý äõùíõìéêïý ôýðïõ êáé ôùí ðñïûðïôåèÝíôùí ðåñéïñéóìþí

ãéá ôçí ·áñ()) üôé

X = ((X− ) + ) =
P

=0

¡



¢
−(X− ) =

P
=0

(!)−1 D(X)
¯̄̄
X=

(X− )

ÅÜí (X) =
P

=0 X
  ôüôå9

P
=0

(!)−1 D(
P
=0

X
)

¯̄̄̄
¯
X=

(X− ) =
P
=0

P
=0

 (!)
−1 D(X)

¯̄
X=

(X− )

=
P
=0



µ
P
=0

(!)−1 D(X)
¯̄
X=

(X− )
¶
=

P
=0

X
 = (X)

(ëüãù ôùí (i) êáé (ii) ôïý ëÞììáôïò 3.4.16). ¤

3.4.20 Èåþñçìá. ÅÜí (X) ∈ [X]r{0[X]}  ∈   ∈ N êáé ç ·áñáêôçñé-
óôéêÞ ôïý  åßíáé åßôå 0 åßôå   := deg((X)) ôüôå ïé áêüëïõèåò óõíèÞêåò åßíáé
éóïäýíáìåò :

(i) mult((X);) = 

(ii) Ôï  åßíáé èÝóç ìçäåíéóìïý êáèåíüò åê ôùí

(X)D((X))D2((X))D−1((X)) (3.18)

áëëÜ äåí åßíáé èÝóç ìçäåíéóìïý ôïý D((X))

Áðïäåéîç. (i)⇒(ii) ÅÜí mult((X);) =  ôüôå

∃(X) ∈ [X]r{0[X]} : (X) = (X− ) (X) ìå () 6= 0 

(Âë. 3.4.14 (i)⇒(ii).) Åöáñìüæïíôáò ãéá ïéïíäÞðïôå  ∈ {0} ôïí êáíüíá

(3.16) ôïý Leibniz ëáìâÜíïõìå

D((X)) =
X

=0

¡



¢D((X− ))D−((X))

9Ãéá ôçí åéêüíá y(D((X))) ôÞò -ïóôÞò åðßôõðçò ðáñáãþãïõ åíüò ðïëõùíýìïõ (X) ìÝóù ôÞò y ( ∈ )

·ñçóéìïðïéåßôáé ç óõíôïìïãñáößá D((X))
¯̄
X=

ãéá íá áðïöåýãåôáé óýã·õóç. (Ï óõìâïëéóìüò D(()) èá
ìðïñïýóå íá åêëçöèåß ùò ç -ïóôÞ åðßôõðç ðáñáãþãïò ôÞò óôáèåñÜò y((X)) = () ç ïðïßá éóïýôáé ìå 0
üôáí  ≥ 1)
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üðïõ D((X− )

) = !

¡



¢
(X− )

−
 ÅðïìÝíùò,

D((X)) = !
¡



¢
(X− )− (X)| {z }
ï üñïò ãéá =

+
−1P
=0

¡



¢
!
¡



¢
(X− )−D−((X))

= !
¡



¢
(X− )− (X) + (X− )−+1 (X)

üðïõ (X) :=
−1P
=0

¡



¢
!
¡



¢
(X− )(−1)− D−((X)) ÅðåéäÞ

¡D((X))
¢¯̄
X=

=

½
0  üôáí 0 ≤  ≤ − 1
!() üôáí  = 

ìå !() 6= 0 (ëüãù ôùí õðïèÝóåþí ìáò ðåñß ôÞò ·áñ()), ï éó·õñéóìüò åßíáé

áëçèÞò.

(ii)⇒(i) ÅÜí ôï  åßíáé èÝóç ìçäåíéóìïý êáèåíüò åê ôùí (3.18) áëëÜ äåí åßíáé èÝóç

ìçäåíéóìïý ôïý D((X)) ôüôå ï ôýðïò (3.17) ôïý Taylor ãñÜöåôáé ùò åîÞò:

(X) =
X

=

(!)
−1 D((X))

¯̄
X=

(X− ) = (X− )(X)

üðïõ

(X) :=
P

=

(!)−1 D((X))
¯̄̄
X=

(X− )− ⇒ () = (!)−1 D((X))|X= 6= 0 

Áõôü óçìáßíåé üôé mult((X);) =  (âë. 3.4.14 (ii)⇒(i)). ¤

3.4.21 Ðáñáäåßãìáôá. (i) ÅÜí (X) := X −X+−1 ∈ C[X] üðïõ  ∈ N  ≥ 2
ôüôå

D((X)) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X−1 −  üôáí  = 1

( − 1)X−2 üôáí  = 2

!
¡



¢
X− üôáí 3 ≤  ≤ 

0C[X] üôáí   

To 1 åßíáé äéðëÞ èÝóç ìçäåíéóìïý ôïý (X) äéüôé

(1) = D((X))|X=1 = 0 D2((X))
¯̄
X=1

= ( − 1) 6= 0

ÅðéðñïóèÝôùò, ïéáäÞðïôå èÝóç ìçäåíéóìïý  ∈ Cr{1} ôïý (X) åßíáé áðëÞ, äéüôé
åÜí ßó·õå

D((X))|X= = (−1 − 1) = 0⇒ −1 = 1
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ôüôå èá êáôáëÞãáìå óå Üôïðï, áöïý

() = 0⇒ (−1 − ) = 1− 

−1 = 1

¾
=⇒
 6=1

 = 1

(ii) Èåùñïýìå ôï (X) := X −  ∈ [X] üðïõ  ∈ N êáé  ∈ r{0} ÅÜí
åßôå ·áñ() = 0 åßôå ·áñ() -  êáé ôï  åßíáé Ýíá óôïé·åßï ìéáò åðåêôÜóåùò 0

ôïý  åíôüò ôÞò ïðïßáò éó·ýåé  =  ôüôå D((X))|X= = −1 6= 00  Áõôü

óçìáßíåé üôé ôï (X) éäùìÝíï ùò óôïé·åßï ôïý[X] üðïõ ôõ·ïýóá åðÝêôáóç ôïý
 äåí äéáèÝôåé êáìßá ðïëëáðëÞ èÝóç ìçäåíéóìïý. ÁíôéèÝôùò, åÜí ·áñ() = 

( ðñþôïò), ôüôå D((X)) = X−1 = 0[X] Åí ôïéáýôç ðåñéðôþóåé, êÜèå èÝóç

ìçäåíéóìïý  ôïý (X) Ý·åé ðïëëáðëüôçôá mult((X);) =  äéüôé

(X) = X −  = X −  = (X− )

3.5 ÁÍÁÃÙÃÁ ÐÏËÕÙÍÕÌÁ

¼ðùò ïé áêÝñáéïé áñéèìïß Ý·ïõí ôïõò ðñþôïõò áñéèìïýò ùò «äïìéêïýò ôïõò ëß-

èïõò», Ýôóé êáé ôá ðïëõþíõìá ôá áíÞêïíôá óôïí[X] (üðïõ ôõ·üí óþìá) áðï-

óõíôßèåíôáé óå ãéíüìåíá «áíáãþãùí» ðïëõùíýìùí.

3.5.1 Ïñéóìüò. ¸óôù Ýíá óþìá. ¸íáðïëõþíõìï(X) ∈  [X] èåôéêïý âáèìïý

êáëåßôáé áíÜãùãï ðïëõþíõìï õðåñÜíù ôïý  (Þ áíÜãùãï ðïëõþíõìï åíôüò ôïý

 [X]) üôáí äåí õðÜñ·ïõí ðïëõþíõìá1(X) 2(X) ∈  [X]  ôÝôïéá þóôå íá éó·ýåé

ç éóüôçôá

(X) = 1(X)2(X) (3.19)

ìå 1 ≤ deg(1(X))  deg((X)) êáé 1 ≤ deg(2(X))  deg((X)) (Þ, éóïäõíÜìùò,

üôáí ìéá ðáñÜóôáóç (3.19) ôïý (X) õößóôáôáé ìüíïí õðü ôçí ðñïûðüèåóç üôé

áêñéâþò Ýíá åê ôùí 1(X) 2(X) åßíáé óôáèåñü, ìç ìçäåíéêü ðïëõþíõìï).

3.5.2 ÐáñáôÞñçóç. Ç áíáöïñÜ ôïý óþìáôïò õðåñÜíù ôïý ïðïßïõ Ýíá äïèÝí ðï-

ëõþíõìï åßíáé (Þ äåí åßíáé) áíÜãùãï åßíáé áðáñáßôçôç. Åðß ðáñáäåßãìáôé, ôï

X2 + 1 åßíáé áíÜãùãï õðåñÜíù ôïý R ÜëëÜ äåí åßíáé áíÜãùãï õðåñÜíù ôïý C
äéüôé X2 + 1 = (X+ )(X− ), üðïõ  ç öáíôáóôéêÞ ìïíÜäá.

3.5.3 Óçìåßùóç. (i) ¸óôù ôõ·üí óþìá. ÊÜèå ðïëõþíõìï (X) ∈ [X] âáèìïý

1 åßíáé -ðñïöáíþò- áíÜãùãï. Ï Ýëåã·ïò ôïý êáôÜ ðüóïí Ýíá ðïëõþíõìï âáèìïý

≥ 2 åßíáé áíÜãùãï äåí åßíáé åí ãÝíåé êÜôé ôï ôåôñéììÝíï. Ôá áíÜãùãá ðïëõþíõìá

õðåñÜíù ôïý R ìðïñïýí íá ·áñáêôçñéóèïýí ðëÞñùò (âë. ðñüôáóç 3.7.3). ¼ðùò
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èá äïýìå óôçí åðïìÝíç åíüôçôá (âë. åä. 3.6.16 (iii), 3.6.17 êáé 3.6.19), ôá áíÜ-

ãùãá ðïëõþíõìá õðåñÜíù ôïý C åßíáé ìüíïí ôá ðñùôïâÜèìéá. Ùóôüóï, áêüìç

êáé õðåñÜíù ôïý Q [X] Ýíáò ãåíéêüò ·áñáêôçñéóìüò ôùí áíáãþãùí ðïëõùíýìùí

öáíôÜæåé åîáéñåôéêÜ äýóêïëïò.

(ii) ÊáôÜ ôï 3.4.4 (ii) äåí õðÜñ·åé êáíÝíá áíÜãùãï ðïëõþíõìï (X) ∈ [X] âáè-

ìïý ≥ 2 ðïõ íá Ý·åé èÝóåéò ìçäåíéóìïý åíôüò ôïý  Ôï áíôßóôñïöï äåí åßíáé åí

ãÝíåé áëçèÝò. Åðß ðáñáäåßãìáôé, ôï ðïëõþíõìï (X2 + 3)2 ∈ R [X] äåí Ý·åé êáìßá

èÝóç ìçäåíéóìïý åíôüò ôïý R áëë' åíôïýôïéò äåí åßíáé áíÜãùãï õðåñÜíù áõôïý.

Ìïëáôáýôá, õðü ïñéóìÝíåò åéäéêÝò ðñïûðïèÝóåéò éó·ýåé åíßïôå êáé ôï áíôßóôñïöï.

3.5.4 Ðñüôáóç. ¸óôù(X) ∈ [X] ìå deg((X)) ∈ {2 3}ÅÜí ôï(X) äåí äéáèÝôåé
èÝóåéò ìçäåíéóìïý åíôüò ôïý ôüôå åßíáé áíÜãùãï õðåñÜíù ôïý 

Áðïäåéîç. Áò õðïèÝóïõìå üôé ôï (X) äåí åßíáé áíÜãùãï õðåñÜíù ôïý  Ôüôå

ôï (X) ãñÜöåôáé ùò ãéíüìåíï äýï ìç óôáèåñþí ðïëõùíýìùí

(X) = 1(X)2(X)

ìå deg(1(X))  deg((X)) êáé deg(2(X))  deg((X)) ÅðåéäÞ

deg((X)) = deg(1(X)) + deg(2(X)) ∈ {2 3}
ôïõëÜ·éóôïí Ýíá åê ôùí 1(X) 2(X) ïöåßëåé íá Ý·åé âáèìü ßóïí ìå ôï 1 ÁëëÜ

êÜèå ðïëõþíõìï ôïý [X] ìå âáèìü ßóïí ìå ôï 1 åßíáé ôÞò ìïñöÞò X +  üðïõ

 6= 0 êáé Ý·åé ùò èÝóç ìçäåíéóìïý ôïõ ôï −−1 ∈ ¢ôïðï! ¤

3.5.5 Ðñüôáóç. ¸óôù (X) ∈ [X] ÅÜí deg((X)) ≥ 1 ôüôå õößóôáôáé ôïõëÜ·é-
óôïí Ýíá áíÜãùãï ðïëõþíõìï õðåñÜíù ôïý ôï ïðïßï åßíáé äéáéñÝôçò ôïý (X)

Áðïäåéîç. ¸óôù A := {(X) ∈ [X] : deg((X)) ≥ 1 êáé (X) | (X)}  Ôï óý-

íïëï A åßíáé ìç êåíü äéüôé (X) ∈ A ÈÝôïõìå 0 := min {deg((X)|(X) ∈ A}
êáé èåùñïýìå ôõ·üí óôïé·åßï (X) ∈ A âáèìïý deg((X)) = 0 Ôüôå ôï (X)

åßíáé Ýíá áíÜãùãï ðïëõþíõìï õðåñÜíù ôïý  ôï ïðïßï äéáéñåß ôï (X) ÐñÜã-

ìáôé° 0 ≥ 1 êáé åÜí õðïèÝóïõìå üôé õðÜñ·ïõí ðïëõþíõìá 1(X) 2(X) ∈  [X] 

ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá

(X) = 1(X)2(X)

ìå 1 ≤ deg(1(X))  deg((X)) êáé 1 ≤ deg(2(X))  deg((X)) ôüôå êáôáëÞ-
ãïõìå óå Üôïðï, êáèüóïí ãéá  = 1 2 Ý·ïõìå

(X) | (X)
(X) | (X)

)
=⇒ (X) | (X)

deg((X)) ≥ 1

)
⇒ (X) ∈ A

ìå 1 ≤ deg((X))  deg(1(X)) + deg(2(X)) = deg((X)) = 0 (êÜôé ôï ïðïßï

áíôßêåéôáé óôïí ïñéóìü ôïý (X)). ¤
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3.5.6 ËÞììá. ÅÜí (X) ∈ [X] ôüôå ãéá êÜèå ðïëõþíõìï (X) ∈ [X] ðïõ åßíáé
áíÜãùãï õðåñÜíù ôïý éó·ýåé åßôå (X) | (X) åßôå ìêä((X) (X)) = 1 
Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 3.3.1, õðÜñ·åé æåýãïò ìïíïóçìÜíôùò ïñéóìÝ-

íùí ðïëõùíýìùí(X) (X) ∈ [X] ïýôùò þóôå íá éó·ýåé

(X) = (X)(X) + (X) deg ((X))  deg ((X)) 

ÅÜí (X) = 0[X] ôüôå (X) | (X) ÅÜí (X) 6= 0[X] ôüôå (X) - (X) êáé
ìêä((X) (X)) = ìêä((X) (X))

ÈÝôïíôáò (X) := ìêä((X) (X)) ðáñáôçñïýìå üôé

(X) | (X)⇒ ∃(X) ∈ [X]r{0[X]} : (X) = (X)(X) (3.20)

êáé

(X) | (X)⇒ =⇒
3.3.3 (iv)

0 ≤ deg ((X)) ≤ deg ((X))  deg ((X))  (3.21)

ÅðåéäÞ ôï (X) åßíáé åî õðïèÝóåùò áíÜãùãï õðåñÜíù ôïý  áðü ôçí (3.20) êáé

ôï (ii) ôÞò ðñïôÜóåùò 3.2.2 óõíÜãïõìå üôé (áêñéâþò) Ýíá åê ôùí (X) (X) åßíáé

óôáèåñü ìç ìçäåíéêü (Þôïé âáèìïý 0) êáé

deg ((X)) + deg ((X)) = deg ((X))  0

Áõôü óçìáßíåé üôé åßôå éó·ýåé deg ((X)) = 0 êáé deg ((X)) = deg ((X)) åßôå
deg ((X)) = 0 êáé deg ((X)) = deg ((X))  Ôï ðñþôï åíäå·üìåíï áðïêëåßåôáé

ëüãù ôÞò (3.21). ÅðïìÝíùò, deg ((X)) = 0 (äéüôé (X) 6= 0[X]) êáé (X) = 1
(äéüôé ï ìÝãéóôïò êïéíüò äéáéñÝôçò (X) åßíáé åî ïñéóìïý ìïíéêü ðïëõþíõìï). ¤

3.5.7 ËÞììá. ÅÜí ôá (X) 1(X) (X) ∈ [X] ( ∈ N) åßíáé áíÜãùãá ðïëõþ-
íõìá õðåñÜíù ôïý ôüôå éó·ýåé ç óõíåðáãùãÞ

(X) |
Q
=1

(X) =⇒ ∃0 ∈ {1 } : (X) =  0(X)

ãéá êÜðïéá óôáèåñÜ  ∈ r{0}
Áðïäåéîç. ÕðïèÝôïõìå üôé (X) |Q

=1 (X) Êáô' áñ·Üò èá áðïäåßîïõìå üôé

∃0 ∈ {1 } : (X) | 0(X) (3.22)

ÅÜí (X) | 1(X) ôüôå ç (3.22) åßíáé ðñïöáíÞò (ìå 0 = 1). ÅÜí (X) - 1(X) ôüôå
(óýìöùíá ìå ôï ëÞììá 3.5.6 êáé ôï ðüñéóìá 3.3.16)

ìêä((X) 1(X)) = 1

(X) | 1(X)
³Q

=2 (X)
´ )⇒ (X) |Q

=2 (X)
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ÅÜí (X) | 2(X) ôüôå ç (3.22) éó·ýåé (ìå 0 = 2). ÅÜí (X) - 2(X) ôüôå ïìïßùò

ìêä((X) 2(X)) = 1

(X) | 2(X)
³Q

=3 (X)
´ )⇒ (X) |Q

=3 (X)

ÅðáíáëáìâÜíïíôáò (åí áíÜãêç) ôçí ßäéá äéáäéêáóßá (ôï ðïëý −2 áêüìç öïñÝò)

åíôïðßæïõìå ôåëéêþò (ìå ôçí ßäéá óõëëïãéóôéêÞ) Ýíáí 0 ≤  ãéá ôïí ïðïßï ç (3.22)

åßíáé áëçèÞò. ÅðåéäÞ áìöüôåñá ôá (X) êáé 0(X) åßíáé áíÜãùãá õðåñÜíù ôïý

 Ý·ïõìå êáô' áíÜãêçí üôé (X) =  0(X) ãéá êÜðïéá óôáèåñÜ  ∈ r{0} ¤

3.5.8 Èåþñçìá. ÊÜèå ðïëõþíõìï (X) ∈ [X] âáèìïý ≥ 1 ãñÜöåôáé ùò ãéíüìåíï

(X) = 
Q

=1
(X) (3.23)

áíáãþãùí (õðåñÜíù ôïý ) ìïíéêþí ðïëõùíýìùí 1(X) (X) ∈ [X] (üðïõ
 ∈ N) êáé ìéáò óôáèåñÜò  ∈ r{0} Ç ðáñÜóôáóç áõôÞ åßíáé ìïíïóçìÜíôùò
ïñéóìÝíç õðü ôçí áêüëïõèç Ýííïéá : ÅÜí

(X) = 
Q

=1
(X) = 0

Q
=1

0(X) (3.24)

üðïõ 0 ∈ r{0} êáé 01(X) 0(X) ∈ [X] ( ∈ N) áíÜãùãá (õðåñÜíù ôïý )
ìïíéêÜ ðïëõþíõìá, ôüôå  = 0  =  êáé õðÜñ·åé ìéá ìåôÜôáîç  ∈ S ïýôùò
þóôå íá éó·ýåé

(X) = 0()(X) ∀ ∈ {1 } (3.25)

Áðïäåéîç. ÌÝóù ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  := deg((X))

I ¾ðáñîç ôÞò ðáñáóôÜóåùò (3.23). ÅÜí  = 1 ôüôå ï éó·õñéóìüò åßíáé áëç-

èÞò, êáèüóïí ôá ðñùôïâÜèìéá ðïëõþíõìá åßíáé áíÜãùãá. Áò õðïèÝóïõìå üôé

 ≥ 2 êáé üôé áõôüò åßíáé áëçèÞò êáé ãéá üëá ôá ìç óôáèåñÜ ðïëõþíõìá âáè-

ìïý   ÅÜí ôï (X) åßíáé áíÜãùãï, ôüôå (åî ïñéóìïý) (X) =  ̂(X) üðïõ

ôï ̂(X) ∈ [X] åßíáé ìïíéêü êáé áíÜãùãï õðåñÜíù ôïý  êáé  ï åðéêåöáëÞò

óõíôåëåóôÞò ôïý (X) ÅÜí ôï (X) äåí åßíáé áíÜãùãï, ôüôå ãñÜöåôáé ùò ãéíü-

ìåíï (X) = 1(X)2(X) äýï ìç óôáèåñþí ðïëõùíýìùí 1(X) 2(X) ìå âáèìïýò

deg(1(X))  deg((X)) êáé deg(2(X))  deg((X)) Óýìöùíá ìå ôçí åðáãùãéêÞ

ìáò õðüèåóç, õðÜñ·ïõí öõóéêïß áñéèìïß 1 2 óôáèåñÝò 1 2 ∈ r{0} êáé

ðïëõþíõìá 
[1]
1 (X) 

[1]
1 (X) ∈ [X] êáé 

[2]
1 (X) 

[2]
2 (X) ∈ [X] ïýôùò þóôå íá

éó·ýåé

1(X) = 1
1Q
=1

[1] (X) 2(X) = 2
2Q
=1


[2]
 (X)
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ÊáôÜ óõíÝðåéáí, êáé óå áõôÞí ôçí ðåñßðôùóç ôï(X) äéáèÝôåé ìéá ðáñÜóôáóç ôÞò

ìïñöÞò (3.23), êáèüôé

(X) = 12| {z }
∈r{0}

µ
1Q
=1

[1] (X)

¶Ã
2Q
=1


[2]
 (X)

!


I Ðåñß ôïý ìïíïóçìÜíôïõ ôÞò ðáñáóôÜóåùò (3.23). Åêêéíïýìå áðü äõï ôõ·ïýóåò

(ôÝôïéïõ åßäïõò) ðáñáóôÜóåéò (3.24) ôïý (X) ÅÜí  = 1 ôüôå ï éó·õñéóìüò åßíáé

ðñïäÞëùò áëçèÞò. Áò õðïèÝóïõìå üôé  ≥ 2 êáé üôé áõôüò åßíáé áëçèÞò êáé ãéá
üëá ôá ìç óôáèåñÜ ðïëõþíõìá âáèìïý Ç éóüôçôá  = 0 Ýðåôáé Üìåóá ýóôåñá

áðü óýãêñéóç ôùí åðéêåöáëÞò óõíôåëåóôþí. ÅðåéäÞ

(X) |
Q

=1
(X) =

Q
=1

0(X)

õðÜñ·åé êÜðïéïò äåßêôçò 0 ∈ {1 } ôÝôïéïò þóôå íá éó·ýåé (X) =  00(X) ãéá
êÜðïéá óôáèåñÜ  ∈ r{0} (âë. ëÞììá 3.5.7). Åí ðñïêåéìÝíù, áõôÞ ç óôáèåñÜ

 ïöåßëåé íá éóïýôáé ìå 1 (äéüôé áìöüôåñá ôá (X) êáé 
0
0(X) åßíáé åî õðïèÝóåùò

ìïíéêÜ), ïðüôå (X) = 00(X).

Ðåñßðôùóç ðñþôç. ¸·ïõìå  = 1 ⇔  = 1 (äéüôé áëëéþò óôï Ýíá ìÝëïò ôÞò áíù-

ôÝñù éóüôçôáò èá åß·áìå Ýíá ìç áíÜãùãï ðïëõþíõìï êáé óôï Üëëï Ýíá áíÜãùãï

ðïëõþíõìï). ¢ñá ï éó·õñéóìüò åßíáé ðñïäÞëùò áëçèÞò üôáí  = 1

Ðåñßðôùóç äåýôåñç. ÕðïèÝôïõìå üôé  ≥ 2 (ÂÜóåé ôùí ðñïáíáöåñèÝíôùí Ý·ïõìå

 ≥ 2) ¸óôù  (=  (0)) ∈ S ç áíôéìåôÜèåóç ìå ôýðïõò ïñéóìïý ôçò ôïõò

 () :=  ∀ ∈ {1 }r{0 } êáé  (0) :=   () := 0

Áðü ôçí éóüôçôá (X) = 0()(X) Ýðåôáé üôé

Q
=1

(X) =
Q

=1
0()(X)⇒

−1Q
=1

(X) =
−1Q
=1

0()(X)

ÅðåéäÞ deg
³Q−1

=1 (X)
´
  áðü ôçí åðáãùãéêÞ ìáò õðüèåóç óõíÜãïõìå üôé

−1 = −1⇒  =  êáé üôé õðÜñ·åé ìéá ìåôÜôáîç  ∈ S−1 ïýôùò þóôå íá éó·ýåé

(X) = 0(())(X) ∀ ∈ {1  − 1}
Èåùñþíôáò ôÞ ìåôÜôáîç  ∈ S ìå ôýðïõò ïñéóìïý ôçò ôïõò () := ( ())

∀ ∈ {1  − 1} êáé () :=  () = 0 êáôáëÞãïõìå óôéò éóüôçôåò (3.25). ¤

3.5.9 Óçìåßùóç. (i) Ç (ìÝ·ñéò áíáäéáôÜîåùò ôùí ðáñáãüíôùí) ìïíïóçìÜíôùò

ïñéóìÝíç ðáñÜóôáóç (3.23) êáëåßôáé ðáñÜóôáóç ôïý (X) ùò ãéíïìÝíïõ áíáãþ-

ãùí ìïíéêþí ðïëõùíýìùí Þ áðïóýíèåóç ôïý(X) óå ãéíüìåíï áíáãþãùí ìïíéêþí
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ðïëõùíýìùí10.

(ii) ÅÜí óôçí ðáñÜóôáóç (3.23) ôõã·Üíåé íá éó·ýåé

1(X) = 2(X) = · · · = (X) =: (X)

ôüôå (X) = (X) ÅéäÜëëùò, ãéá íá óõìðôýîïõìå óôçí (3.23) üóá åê ôùí

1(X) 2(X) (X) åßíáé ðïëëáðëþò åìöáíéæüìåíá (ìå ôçí åéóáãùãÞ äõíÜìåùí)

ìðïñïýìå (ðéèáíþò ýóôåñá áðü ìéá áíáäéÜôáîç äåéêôþí) íá õðïèÝóïõìå üôé

1(X) = · · · = 1(X) 1+1(X) = · · · = 2(X) · · · · · ·  −1+1(X) = · · · = (X)

ãéá êáôÜëëçëá {1 2 } ⊆ {1 } 2 ≤  ≤  ìå

1 ≤ 1  2  · · ·  −1   = 

êáé (X) 6= 0 (X) ãéá ïéïõóäÞðïôå  0 ∈ {1 }  6= 0 ÈÝôïíôáò

1 := 1 2 := 2 − 1   :=  − −1 (X) := (X) ∀ ∈ {1 }

ôï (X) ãñÜöåôáé ùò

(X) = 
Q
=1

(X)
 (3.26)

Ç ðáñÜóôáóç (3.26) êáëåßôáé óõíåðôõãìÝíç áðïóýíèåóç ôïý (X) (óå ãéíüìåíï

áíáãþãùí ìïíéêþí ðïëõùíýìùí) êáé åßíáé (óå ðïëëÝò ðåñéðôþóåéò) ðéï åý·ñçóôç

áðü ôçí (3.23). ÌÜëéóôá, Ý·ïõìå êáé ôç äõíáôüôçôá íá ôçí ãåíéêåýóïõìå åëáöñþò,
ïýôùò þóôå, óõí ôïéò Üëëïéò, íá ìðïñïýìå íá óõìðåñéëáìâÜíïõìå óå áõôÞí áêüìç

êáé ôá óôáèåñÜ ðïëõþíõìá. Ðñïò ôïýôï áñêåß íá åðéôñÝðïõìå óå êÜðïéïõò (Þ êáé

óå üëïõò) ôïõò åêèÝôåò1 íá ëáìâÜíïõí êáé ôçí ôéìÞ 0

(iii) Åíßïôå, üôáí åñãáæüìáóôå ìå äýï (Þ ðåñéóóüôåñá) ðïëõþíõìá, åßíáé áñêïý-

íôùò äéåõêïëõíôéêü ôï íá õéïèåôïýìå ôçí åîÞò óýìâáóç : ÃñÜöïõìå (ëáìâÜíïíôáò
õð' üøéí ôá ðñïáíáöåñèÝíôá óôï (ii)) ôéò (õðü ôçí åõñåßá Ýííïéá) óõíåðôõãìÝíåò

áðïóõíèÝóåéò ôïõò êáôÜ ôÝôïéïí ôñüðï, þóôå ôá óå áõôÝò åìöáíéæüìåíá áíÜãùãá

ìïíéêÜ ðïëõþíõìá íá åßíáé ôá ßäéá. (Ôïýôï åðéôõã·Üíåôáé ìå ôçí óõìðåñßëçøç

üëùí ôùí áíáãþãùí ìïíéêþí ðáñáãüíôùí ðïõ åìöáíßæïíôáé óå üëá ôá èåùñïý-

ìåíá ðïëõþíõìá óôéò åí ëüãù õðü ôçí åõñåßá Ýííïéá óõíåðôõãìÝíåò áðïóõíèÝóåéò,

10Åí ðñïêåéìÝíù, ãéá ëüãïõò óõíôïìßáò, õðïíïåßôáé óéùðçñþò üôé óôçí åí ëüãù áðïóýíèåóç óõìðåñéëáìâÜíåôáé

(ðñïôáóóüìåíïò óå áõôÞí) ï åðéêåöáëÞò óõíôåëåóôÞò  ôïý (X) (Ðáñüôé ï ßäéïò, ùò ðïëõþíõìï âáèìïý 0 äåí
åßíáé áíÜãùãï ðïëõþíõìï, ôï ãéíüìåíï áõôïý ìå ïéïäÞðïôå åê ôùí 1(X) (X) åßíáé áíÜãùãï áëëÜ äåí åßíáé
ìïíéêü ãéá  6= 1  Ãé' áõôüí ôïí ëüãï ïñéóìÝíïé óõããñáöåßò áðïöåýãïõí íá ·ñçóéìïðïéïýí ôï åðßèåôï ìïíéêüò óôç
ó·åôéêÞ ïñïëïãßá, Ýóôù êé áí äé' áõôïý ôïý ôñüðïõ áðïäõíáìþíïõí åí ìÝñåé ôï ôé áêñéâþò äßäåé ôï èåþñçìá 3.5.8!)
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êáèüóïí åßíáé äõíáôüí íá ðñïóèÝôïõìå ðáñÜãïíôåò õøïýìåíïõò óôï 0 êáôÜ ôï äï-

êïýí.) Åðß ðáñáäåßãìáôé, ïéáäÞðïôå 1(X) 2(X) ∈ [X] ìðïñïýí íá ãñáöïýí

õðü ôç ìïñöÞ

1(X) = 1
Q
=1

(X)

[1]
  2(X) = 2

Q
=1

(X)

[2]


üðïõ 1 2 ∈ 1(X) (X) áíÜãùãá êáé ìïíéêÜ êáé 
[1]
 

[2]
 ∈ N0 êáôÜë-

ëçëïé åêèÝôåò ãéá êÜèå  ∈ {1 } ÓçìåéùôÝïí üôé
1(X) = 2(X)⇔ [1 = 2 êáé

[1]
 = 

[2]
 ∀ ∈ {1 }]

3.5.10 Ðüñéóìá. ¸óôù(X) ∈ [X] ôõ·üí ðïëõþíõìï êáé Ýóôù (3.26) ç óõíåðôõã-
ìÝíç áðïóýíèåóç áõôïý (õðü ôçí åõñåßá Ýííïéá, âë. 3.5.9 (iii)). ÅÜí (X) ∈ [X]

ôüôå éó·ýåé ç áìößðëåõñç óõíåðáãùãÞ

(X) | (X)⇐⇒

⎡⎢⎢⎣ (X) = 
Q
=1

(X)
0
 

ãéá êÜðïéïõò0
1

0
 ∈ N0 : 0

 ≤ 

∀ ∈ {1  } êáé êÜðïéï  ∈  :  | 

⎤⎥⎥⎦
Áðïäåéîç. Ç óõíåðáãùãÞ ‘‘⇐'' åßíáé ðñïöáíÞò. Èá áðïäåßîïõìå ôçí ‘‘⇒''. Õðï-

èÝôïõìå üôé (X) | (X) Tüôå õðÜñ·åé êÜðïéï (X) ∈ [X] ôÝôïéï þóôå íá éó·ýåé

(X) = (X)(X) ÅÜí

(X) = 
Q
=1

(X)
0
  (X) = 

Q
=1

(X)
00
    ∈ 

åßíáé ïé (õðü ôçí åõñåßá Ýííïéá) óõíåðôõãìÝíåò áðïóõíèÝóåéò ôùí (X) êáé (X)

(íïïýìåíåò üðùò óôï åä. 3.5.9 (iii)), ôüôå

(X) = 

µ
Q
=1

(X)
0


¶µ
Q
=1

(X)
00


¶
= 

µ
Q
=1

(X)
0
+

00


¶


ïðüôå  =  êáé = 0
 +00

 ≥ 0
 ãéá êÜèå  ∈ {1 } ¤

3.5.11 Ðüñéóìá. ÅÜí ôá (X) (X) ∈ [X] åßíáé áíÜãùãá õðåñÜíù ôïý  êáé
ìïíéêÜ, êáé (X) | (X) ãéá êÜðïéïí  ∈ N ôüôå (X) = (X)

0
ãéá êÜðïéïí

0 ∈ N üðïõ0 ≤ 

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï ðüñéóìá 3.5.10. ¤

3.5.12 Ðüñéóìá. ÅÜí ôá (X) (X) ∈ [X] åßíáé áíÜãùãá õðåñÜíù ôïý êáé ìï-
íéêÜ, êáé (X) 6= (X) ôüôå

ìêä((X) (X)) = 1  ∀() ∈ N×N
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Áðïäåéîç. Áò õðïèÝóïõìå üôé ôï (X) := ìêä((X) (X)) Ý·åé âáèìü ≥ 1

Óýìöùíá ìå ôçí ðñüôáóç 3.5.5 õößóôáôáé ôïõëÜ·éóôïí Ýíá áíÜãùãï ðïëõþíõìï

(X) õðåñÜíù ôïý  ôï ïðïßï äéáéñåß ôï (X) Áõôü åêöñÜæåôáé ùò ãéíüìåíï

(X) =  ̂(X) ìéáò óôáèåñÜò  ∈ r{0} (ðïõ éóïýôáé ìå ôïí åðéêåöáëÞò óõ-

íôåëåóôÞ ôïõ) êáé åíüò áíáãþãïõ (õðåñÜíù ôïý ) ìïíéêïý ðïëõùíýìïõ ̂(X)

Ðñïöáíþò,

̂(X) | (X)
(X) | (X)

)
=⇒ ̂(X) | (X)

êáé, ùò åê ôïýôïõ,

(X) | (X)
(X) | (X)

)
⇒
(

̂(X) | (X)
̂(X) | (X)

)
⇒
(

̂(X) | (X)
̂(X) | (X)

)


ÅðåéäÞ deg(̂(X)) ≥ 1 ôï ðüñéóìá 3.5.11 ìáò ðëçñïöïñåß üôé(
∃0 ∈ N 0 ≤  : ̂(X) = (X)

0

∃0 ∈ N 0 ≤  : ̂(X) = (X)
0

)
⇒ (X)

0
= (X)

0


ïðüôå0 = 0 êáé(X) = (X) (ëüãù ôïý ìïíïóçìÜíôïõ ôÞò ðáñáóôÜóåùò (3.23)).

¢ôïðï! ÅðïìÝíùò, deg ((X)) = 0 (äéüôé (X) 6= 0[X]) êáé (X) = 1 (äéüôé ï

ìÝãéóôïò êïéíüò äéáéñÝôçò (X) åßíáé åî ïñéóìïý ìïíéêü ðïëõþíõìï). ¤

3.5.13 Ðüñéóìá. ÅÜí ôá 1(X) (X) ∈ [X]  ∈ N  ≥ 2 åßíáé ðïëõþíõìá
èåôéêïý âáèìïý êáé ðñþôá ìåôáîý ôïõò áíÜ äýï, ôüôå

ìêä
³Q−1

=1 (X) (X)
´
= 1 

Áðïäåéîç. Áò õðïèÝóïõìå üôé ôï (X) := ìêä(
Q−1

=1 (X) (X)) Ý·åé âáèìü

≥ 1 Óýìöùíá ìå ôçí ðñüôáóç 3.5.5 õößóôáôáé ôïõëÜ·éóôïí Ýíá áíÜãùãï ðïëõþ-

íõìï (X) õðåñÜíù ôïý ôï ïðïßï äéáéñåß ôï (X)Áõôü åêöñÜæåôáé ùò ãéíüìåíï

(X) =  ̂(X) ìéáò óôáèåñÜò  ∈ r{0} (ðïõ éóïýôáé ìå ôïí åðéêåöáëÞò óõ-

íôåëåóôÞ ôïõ) êáé åíüò áíáãþãïõ (õðåñÜíù ôïý ) ìïíéêïý ðïëõùíýìïõ ̂(X)

Ðñïöáíþò,

̂(X) | (X)
(X) | (X)

)
=⇒ ̂(X) | (X)

êáé, ùò åê ôïýôïõ,

(X) | Q−1
=1 (X)

(X) | (X)

)
⇒
(

̂(X) | Q−1
=1 (X)

̂(X) | (X)

)

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ÅðåéäÞ ̂(X) | Q−1
=1 (X) õðÜñ·åé êÜðïéïò 0 ∈ {1  − 1} ôÝôïéïò þóôå

íá éó·ýåé ̂(X) | 0(X) Ôïýôï ðñïêýðôåé áðü ôï üôé ôï ̂(X) üíôáò áíÜ-

ãùãï (õðåñÜíù ôïý ) êáé ìïíéêü, ïöåßëåé íá óõìðåñéëáìâÜíåôáé óôïõò (áíÜ-

ãùãïõò) ðáñÜãïíôåò ôÞò óõíåðôõãìÝíçò áðïóõíèÝóåùò ôïõëÜ·éóôïí åíüò åê ôùí

1(X) (X) Åê ôùí áíùôÝñù Ýðåôáé üôé

̂(X) | 0(X)
̂(X) | (X)

)
=⇒ ̂(X) | ìêä(0(X) (X)) = 1 

¢ôïðï! ÊáôÜ óõíÝðåéáí, deg ((X)) = 0 (äéüôé (X) 6= 0[X]) êáé (X) = 1 (äéüôé

ï ìÝãéóôïò êïéíüò äéáéñÝôçò (X) åßíáé åî ïñéóìïý ìïíéêü ðïëõþíõìï). ¤

3.5.14 Ðñüôáóç. ¸óôù üôé ôá ðïëõþíõìá 1(X) 2(X) ∈ [X]r{0[X]} Ý·ïõí ôéò

1(X) = 1
Q
=1

(X)

[1]
  2(X) = 2

Q
=1

(X)

[2]


ùò óõíåðôõãìÝíåò áðïóõíèÝóåéò ôïõò (õðü ôçí åõñåßá Ýííïéá). Ôüôå éó·ýïõí ôá
åîÞò :

(i) Ï ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí 1(X) êáé 2(X) åßíáé ôï ðïëõþíõìï

ìêä(1(X) 2(X)) =
Q
=1

(X)
min{[1]

 
[2]
 } (3.27)

(ii) Ôï åëÜ·éóôï êïéíü ðïëëáðëÜóéï ôùí 1(X) êáé 2(X) åßíáé ôï

åêð(1(X) 2(X)) =
Q
=1

(X)
max{[1]

 
[2]
 } (3.28)

Áðïäåéîç. (i) Êáô' áñ·Üò,

ìêä(1(X) 2(X)) = ìêä(
Q
=1

(X)

[1]
 

Q
=1

(X)

[2]
 )

(âë. 3.3.7 (iv)). ÅðåéäÞ min{[1]
 

[2]
 } ≤ 

[1]
 êáé min{[1]

 
[2]
 } ≤ 

[2]
 ãéá

êÜèå  ∈ {1 } ôï ðïëõþíõìï
Q

=1 (X)
min{[1]

 
[2]
 } äéáéñåß áìöüôåñá ôáQ

=1 (X)

[1]
 êáé

Q
=1 (X)


[2]
 (âë. ðüñéóìá 3.5.10). Åêôüò ôïýôïõ, åÜí

(X) = 
Q
=1

(X)


åßíáé ç (õðü ôçí åõñåßá Ýííïéá) óõíåðôõãìÝíç áðïóýíèåóç åíüò êïéíïý äéáéñÝôç

(X) ôùí 1(X) 2(X) ôüôå

[ ≤ 
[1]
 êáé  ≤ 

[2]
 ]⇒  ≤ min{[1]

 
[2]
 } ∀ ∈ {1 }
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(ÓçìåéùôÝïí üôé  ∈ r{0} ⇒  | 1  êáèþò éó·ýåé −1 = 1 ) ÅðïìÝíùò,

(X) | Q
=1 (X)

min{[1]
 

[2]
 } (åê íÝïõ ìÝóù ôïý ðïñßóìáôïò 3.5.10) êáé ç (3.27)

åßíáé áëçèÞò (âë. 3.3.5).

(ii) Êáô' áñ·Üò,

åêð(1(X) 2(X)) = åêð(
Q
=1

(X)

[1]
 

Q
=1

(X)

[2]
 )

(âë. 3.3.20 (iv)). ÅðåéäÞ max{[1]
 

[2]
 } ≥ 

[1]
 êáé max{[1]

 
[2]
 } ≥ 

[2]
 ãéá

êÜèå  ∈ {1 } áìöüôåñá ôá
Q

=1 (X)

[1]
 êáé

Q
=1 (X)


[2]
 äéáéñïýí ôï

ðïëõþíõìï
Q

=1 (X)
max{[1]

 
[2]
 } (âë. ðüñéóìá 3.5.10). Åêôüò ôïýôïõ, åÜí

(X) = 
Q
=1

(X)


åßíáé ç (õðü ôçí åõñåßá Ýííïéá) óõíåðôõãìÝíç áðïóýíèåóç åíüò êïéíïý ðïëëá-

ðëáóßïõ (X) ôùí 1(X) 2(X) ôüôå

[ ≥ 
[1]
 êáé  ≥ 

[2]
 ]⇒  ≥ max{[1]

 
[2]
 } ∀ ∈ {1 }

ÅðïìÝíùò,
Q

=1 (X)
max{[1]

 
[2]
 } | (X) (åê íÝïõ ìÝóù ôïý ðïñßóìáôïò 3.5.10)

êáé ç (3.28) åßíáé áëçèÞò (âë. 3.3.18). ¤

3.6 ÄÉÁÓÐÁÓÅÉÓ

ÓÅ ÐÑÙÔÏÂÁÈÌÉÏÕÓ ÐÁÑÁÃÏÍÔÅÓ

Ôï áêüëïõèï ëÞììá ãåíéêåýåé ôï ðñïçãçèÝí ðüñéóìá 3.4.5.

3.6.1 ËÞììá. ¸óôù (X) ∈  [X] Ýíá ðïëõþíõìï âáèìïý  ≥ 1 ÅÜí õðïèÝóïõìå
üôé ôá óôïé·åßá 1  ∈  ( ∈ N  ≤ ) åßíáé  óáöþò äéáêåêñéìÝíåò èÝóåéò
ìçäåíéóìïý ôïý (X) êáé üôé

(X− 1)
1 | (X)  (X− )

 | (X)
ãéá êÜðïéïõò 1  ∈ N ôüôå

Q
=1(X− )

 | (X)
Áðïäåéîç. Èá ·ñçóéìïðïéÞóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  Ãéá  = 1

ôïýôï åßíáé ðñïöáíÝò. ÕðïèÝôïõìå üôé  ≥ 2 êáé üôé ï éó·õñéóìüò åßíáé áëçèÞò

ãéá  − 1 óáöþò äéáêåêñéìÝíåò èÝóåéò ìçäåíéóìïý ôïý (X) Ôï X −  (üíôáò

ðñùôïâÜèìéï ðïëõþíõìï) åßíáé áíÜãùãï õðåñÜíù ôïý  ãéá êÜèå  ∈ {1 }
ÅîÜëëïõ, ãéá ïéïõóäÞðïôå   ∈ {1 }  6=  Ý·ïõìå

 6=  ⇒ X−  6= X−  =⇒
3.5.12

ìêä((X− )
  (X− )

 ) = 1 
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ÊáôÜ ôï ðüñéóìá 3.5.13,

ìêä(
Q−1

=1 (X− )
  (X− )

) = 1  (3.29)

Óýìöùíá ìå ôçí áñ·éêÞ êáé ôçí åðáãùãéêÞ ìáò õðüèåóç,

(X− )
 | (X)

−1Q
=1
(X− )

 | (X)

⎫⎬⎭ =⇒
Q
=1
(X− )

 | (X)

(ìÝóù ôÞò (3.29) êáé ôïý ðïñßóìáôïò 3.3.17). ¤

3.6.2 ËÞììá. ¸óôù (X) ∈  [X] Ýíá ðïëõþíõìï âáèìïý  ≥ 1 ÅÜí ôá óôïé·åßá
1  ∈  ( ∈ N  ≤ ) åßíáé (üëåò) ïé óáöþò äéáêåêñéìÝíåò èÝóåéò ìç-
äåíéóìïý ôïý (X) ôüôå õðÜñ·åé (X) ∈  [X]r{0[X]} ôÝôïéï þóôå ôï (X) íá
ãñÜöåôáé õðü ôç ìïñöÞ

(X) =

µ
Q
=1
(X− )



¶
(X) (3.30)

üðïõ =mult((X);) () 6= 0  ∀ ∈ {1 } êáé
P
=1

 ≤ 

Áðïäåéîç. ÅðåéäÞ (X − )
 | (X) ãéá êÜèå  ∈ {1 } ôï ëÞììá 3.6.1 ìáò

ðëçñïöïñåß üôé ôï ãéíüìåíü ôïõò åßíáé äéáéñÝôçò ôïý (X) Ùò åê ôïýôïõ, ôï (X)

ãñÜöåôáé õðü ôç ìïñöÞ (3.30) ãéá êÜðïéï êáôÜëëçëï (X) ∈  [X]r{0[X]} êáé

[ ≥ 1 ∀ ∈ {1 }]⇒  = deg((X)) +
P
=1

 ≥
P
=1



ÅðéðñïóèÝôùò, () 6= 0  ∀ ∈ {1 } äéüôé åÜí õðÞñ·å êÜðïéïò äåßêôçò

0 ∈ {1 } ìå (0) = 0  ôüôå èá åß·áìå X − 0 | (X) êáé èá êáôáëÞ-

ãáìå óôï üôé (X−0)
0

+1 | (X) (Þôïé óå êÜôé ðïõ èá áíôÝêåéôï óôïí ïñéóìü ôÞò

ðïëëáðëüôçôáò0 =mult((X);0)). ¤

3.6.3 Ïñéóìüò. ¸óôù  ìéá åðÝêôáóç åíüò óþìáôïò  êáé Ýóôù (X) ∈ [X]

âáèìïý  ≥ 1 ÅÜí õðÜñ·ïõí (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíá) óôïé·åßá

1  ôïý  ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá

(X) =  (X− 1)(X− 2) · · · (X− ) (3.31)

(ãéá êÜðïéï  ∈ r{0}), ôüôå ëÝìå üôé ôï ðïëõþíõìï (X) äéáóðÜôáé óå ðñù-

ôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý 
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3.6.4 Èåþñçìá. (ÊñéôÞñéï ìç õðÜñîåùò ðïëëáðëþí è.ì.) ÅÜí (X) ∈ [X] åß-
íáé Ýíá ðïëõþíõìï âáèìïý  ≥ 1 ôï ïðïßï äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãï-
íôåò õðåñÜíù ìéáò (ü·é êáô' áíÜãêçí ãíÞóéáò) åðåêôÜóåùò  ôïý  ôüôå ïé áêü-
ëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò:

(i) To (X) äåí äéáèÝôåé êáìßá ðïëëáðëÞ èÝóç ìçäåíéóìïý åíôüò ôïý  (äçëáäÞ ôá
1  óå ìéá ðáñÜóôáóÞ ôïõ (3.31) åßíáé óáöþò äéáêåêñéìÝíá).

(ii) ìêä((X)D((X))) = 1 (= 1)
Áðïäåéîç. ÅðéóÞìáíóç : ÅðåéäÞ ï ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí (X)D((X))
åíôüò ôïý [X] éóïýôáé ìå ôïí ìÝãéóôï êïéíü äéáéñÝôç ôùí (X)D((X)) åíôüò ôïý
[X] (âë. ðñüôáóç 3.3.11), óôçí áðüäåéîç ïé õðïëïãéóìïß èá ãßíïõí (ãéá åõíüç-

ôïõò ëüãïõò) åíôüò ôïý [X]

(i)⇒(ii) Áò õðïèÝóïõìå üôé ôï ðïëõþíõìï ìêä((X)D((X))) Ý·åé âáèìü ≥ 1

ÅðåéäÞ ôï (X) äéáóðÜôáé (åî õðïèÝóåùò) óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðå-

ñÜíù ôïý õðÜñ·åé êÜðïéïò êïéíüò äéáéñÝôçò êáé, ùò åê ôïýôïõ, êáé êÜðïéá êïéíÞ

èÝóç ìçäåíéóìïý  ∈  ôùí (X)D((X)) ïðüôå½ ∃(X) ∈ [X] : (X) = (X− )(X)

∃(X) ∈ [X] : D((X)) = (X− )(X)

¾
ÅðïìÝíùò, (X− )(X) = D((X− )(X)) = (X) + (X− )D((X)) êáé

X−  | (X) =⇒ (X− )2 | (X)

Ôïýôï óçìáßíåé üôé ôï  ∈  åßíáé ìéá ðïëëáðëÞ (ôïõëÜ·éóôïí äéðëÞ) èÝóç ìçäå-

íéóìïý ôïý (X)¢ôïðï!

(ii)⇒(i) ¸óôù  ôõ·ïýóá èÝóç ìçäåíéóìïý ôïý (X) åíôüò ôïý  ìå ðïëëáðëü-

ôçôá  ≥ 1 H ðñüôáóç 3.4.14 (ìå ôï  óôç èÝóç ôïý åêåß ðáñáôåèÝíôïò ) ìáò

ðëçñïöïñåß üôé

∃(X) ∈ [X]r{0[X]} : (X) = (X− ) (X)

ìå () 6= 0  ÅðåéäÞ (óýìöùíá ìå ôï (iii) ôïý ëÞììáôïò 3.4.16) éó·ýåé

D((X)) =  (X− )
−1

(X) + (X− )
D((X))

Ý·ïõìå

(X− )
−1 | (X)

(X− )−1 | D((X))

)
⇒ (X− )−1 | ìêä((X)D((X))) = 1

Þôïé− 1 = deg((X− )
−1

) ≤ 0⇒  = 1 ¤
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3.6.5 ÐáñáôÞñçóç. Ôï êñéôÞñéï 3.6.4 åßíáé ëßáí ·ñÞóéìï, êáèþò ìáò åðéôñÝðåé íá

åëÝãîïõìå ôï êáôÜ ðüóïí ôï (X) äéáèÝôåé (Þ äåí äéáèÝôåé) ðïëëáðëÝò èÝóåéò ìçäå-

íéóìïý åíôüò ôïý ·ùñßò íá õðï·ñåïýìåèá íá õðïëïãßóïõìå ôéò èÝóåéò ìçäåíéóìïý
ôïõ ! (ÄïèÝíôïò åíüò óõãêåêñéìÝíïõ (X) ãéá ôçí ðñáêôéêÞ åöáñìïãÞ ôïõ åßíáé

áñêåôü íá åêôåëåóèåß Ýíáò êáé ìüíïí åõêëåßäåéïò áëãüñéèìïò.)

Ôï åðüìåíï èåþñçìá äßäåé äýï éêáíÝò êáé áíáãêáßåò óõíèÞêåò, õðü ôéò ïðïßåò Ýíá

(ìç óôáèåñü) ðïëõþíõìï (X) ∈  [X] äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò

õðåñÜíù ôïý (éäßïõ ôïý)

3.6.6 Èåþñçìá. ÅÜí (X) ∈  [X] åßíáé Ýíá ðïëõþíõìï âáèìïý  ≥ 1 ôüôå ïé
áêüëïõèåò óõíèÞêåò åßíáé éóïäýíáìåò :

(i) To (X) äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý

(ii) ÅÜí ôï (X) ∈ [X] åßíáé Ýíáò áíÜãùãïò (õðåñÜíù ôïý) äéáéñÝôçò ôïý (X)
ôüôå deg((X)) = 1

(iii) ÕðÜñ·ïõí 1  ∈  ( ∈ N  ≤ ), ôÝôïéá þóôå íá éó·ýåé ç éóüôçôáP
=1mult((X);) = 

Áðïäåéîç. (i)⇒(ii) ÅÜí õðÜñ·ïõí (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíá) óôïé-

·åßá 1  ôïý ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá

(X) = (X− 1)(X− 2) · · · (X− )

(ãéá êÜðïéï  ∈ r{0}) êáé ôï (X) ∈ [X] åßíáé Ýíáò áíÜãùãïò äéáéñÝôçò ôïý

(X) ôüôå åöáñìüæïíôáò ôï ëÞììá 3.5.7 ãéá ôá (X) êáé (X) óõíÜãïõìå üôé

∃0 ∈ {1 } : (X) =  (X− 0) 

ãéá êÜðïéï  ∈ r{0} ïðüôå deg((X)) = 1
(ii)⇒(iii) ¸óôù üôé ôá 1  ∈  ( ∈ N  ≤ ) åßíáé (üëåò) ïé óáöþò

äéáêåêñéìÝíåò èÝóåéò ìçäåíéóìïý ôïý (X) Óýìöùíá ìå ôï ëÞììá 3.6.2 õðÜñ·åé

(X) ∈  [X]r{0[X]} ôÝôïéï þóôå ôï (X) íá ãñÜöåôáé õðü ôç ìïñöÞ

(X) =

µ
Q
=1
(X− )



¶
(X)

üðïõ  = mult((X);) () 6= 0  ∀ ∈ {1 } ÅÜí õðïèÝóïõìå üôé

deg((X)) ≥ 1 ôüôå (óýìöùíá ìå ôçí ðñüôáóç 3.5.5) õðÜñ·åé êÜðïéïò áíÜãù-

ãïò äéáéñÝôçò (X) ∈ [X] ôïý (X) (êáé, êáô' åðÝêôáóéí, êáé ôïý (X) äéüôé

(X) | (X)). Åî õðïèÝóåùò, deg((X)) = 1 ïðüôå ôï (X) äéáèÝôåé ìéá èÝóç

ìçäåíéóìïý  ∈  ÊáôÜ óõíÝðåéáí,

() = 0 ⇒ () = 0 ⇒ () = 0 ⇒ ∃0 ∈ {1 } :  = 0 
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Áõôü óçìáßíåé üôé (0) = 0  ¢ôïðï! ¢ñá deg((X)) = 0 êáé
P
=1

 = 

(iii)⇒(i) Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé éó·ýåé

mult((X);) ≥ 1 ãéá êÜèå  ∈ {1 } (äéüôé åÜí õðÜñ·åé Ýíá ìç êåíü õðï-

óýíïëïA $ {1 } ìå mult((X);) = 0 ãéá êÜèå  ∈ A ìðïñïýìå íá ·ñçóéìï-

ðïéÞóïõìå ôçí ßäéá åðé·åéñçìáôïëïãßá ãéá ôá õðïëåéðüìåíá    ∈ {1 }rA).
ÊáôÜ ôï ëÞììá 3.6.2 ôï (X) ãñÜöåôáé õðü ôç ìïñöÞ (3.30). Åî áõôÞò Ýðåôáé üôé

P
=1

 =  = deg((X)) +
P
=1

 ⇒ deg((X)) = 0

ïðüôå ôï (X) åßíáé óôáèåñü ìç ìçäåíéêü ðïëõþíõìï êáé ôï (X) äéáóðÜôáé óå

ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý ¤

ÅÜí ôï (X) ∈ [X] åßíáé Ýíá ðïëõþíõìï âáèìïý  ≥ 1 ôï ïðïßï äéáóðÜôáé óå
ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý ôüôå áíáðôýóóïíôáò ôï ãéíüìåíï ôïý

äåõôÝñïõ ìÝëïõò óôçí (3.31) êáôáëÞãïõìå óå ó·Ýóåéò ìåôáîý ôùí óõíôåëåóôþí ôïý

(X) êáé ôùí áèñïéóìÜôùí üëùí ôùí ãéíïìÝíùí ôùí 1  ëáìâáíïìÝíùí áíÜ

 (ôùí ëåãïìÝíùí -áóôþí óôïé·åéùäþí óõììåôñéêþí óõíáñôÞóåùí ôùí 1 ),
üðïõ  ∈ {1 } ÁõôÝò åß·áí ãßíåé áíôéêåßìåíï ìåëÝôçò (óå åéäéêÝò ðåñéðôþóåéò

êáé ãéá = R) Þäç áðü ôá ôÝëç ôïý 16ïõ áéþíá, áíáöÝñïíôáé äå óå åñãáóßåò ôùí

ÃÜëëùí ìáèçìáôéêþí François Viète (1540-1603) êáé Albert Girard (1595-1632).

Ï ðñþôïò (ãíùóôüò êáé õðü ôï åêëáôéíéóìÝíï åðßèåôï Vieta) ðåñéïñßóèçêå óå ðï-

ëõþíõìá ìå èÝóåéò ìçäåíéóìïý ðïõ ðëçñïýí êÜðïéåò åéäéêÝò óõíèÞêåò, åíþ ï äåý-

ôåñïò åîÝôáóå ôç ãåíéêÞ ðåñßðôùóç (ôñåéò äåêáåôßåò áñãüôåñá) êáé ðñïÝâç óå óõ-

óôçìáôéêüôåñç ðáñïõóßáóç ôùí ó·åôéêþí ôýðùí.

3.6.7 Èåþñçìá. (Ôýðïé ôïý Viète) ¸óôù (X) =
P

=0 X
 ∈  [X] Ýíá ðïëõþ-

íõìï âáèìïý  ≥ 1 ôï ïðïßï äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù
ôïý  ÅÜí ïé èÝóåéò ìçäåíéóìïý ôïõ åßíáé ôá (ü·é êáô' áíÜãêçí óáöþò äéáêåêñé-
ìÝíá) óôïé·åßá 1  ∈  êáé åÜí èÝóïõìå11

 :=
X

(1)∈N:
1≤1···≤

12 · · ·  ∀ ∈ {1 }
(3.32)

êáé 0 := 1 ôüôå

 = (−1) −1 − ∀ ∈ {0 1 } (3.33)

11¼ôáí  = 1 ôüôå õðïíïåßôáé üôé ôï åí ëüãù Üèñïéóìá åßíáé ôï 1 + · · ·+ 
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Þ, éóïäõíÜìùò,

 = (−1)− − ∀ ∈ {0 1 } (3.34)

Áðïäåéîç. Ðñïöáíþò,  6= 0 êáé

(X) = (X− 1)(X− 2) · · · (X− )

åßíáé ç äéÜóðáóç ôïý(X) óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïýÅðåéäÞ

−1 (X) = (X− 1)(X− 2) · · · (X− )

áñêåß íá áðïäåßîïõìå ôçí éóüôçôá

(X− 1)(X− 2) · · · (X− ) = X
 +

X
=1

(−1)X− (3.35)

ÅÜí  = 1 ôüôå 1 = 1 êáé ç (3.35) åßíáé áëçèÞò. ÕðïèÝôïíôáò üôé  ≥ 2 êáé üôé
éó·ýåé ç éóüôçôá

−1Y
=1

(X− ) = X
−1 +

−1X
=1

(−1)
X

(1)∈N:
1≤1···≤−1

1 · · ·X−1−

(ãéá − 1 ðáñÜãïíôåò) ðáñáôçñïýìå üôé

(X−1 +
−1P
=1

(−1)
X

(1)∈N:
1≤1···≤−1

1 · · ·X−1−)(X− )

= X +
−1P
=1

(−1)

⎛⎜⎜⎜⎜⎜⎝
X

(1)∈N:
1≤1···≤−1

1 · · ·+

⎛⎜⎜⎜⎜⎜⎝
X

(010−1)∈N−1:
1≤01···0−1≤−1

01
· · ·0

−1

⎞⎟⎟⎟⎟⎟⎠ 

⎞⎟⎟⎟⎟⎟⎠ X−

+(−1)1 · · ·

üðïõ

X
(1)∈N:

1≤1···≤−1

1 · · · +

⎛⎜⎜⎜⎝ X
(010−1)∈N−1:
1≤01···0−1≤−1

01 · · ·0−1

⎞⎟⎟⎟⎠ = 

ïðüôå ç (3.35) åßíáé áëçèÞò êáé óå áõôÞí ôçí ðåñßðôùóç. ¤
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3.6.8 ÐáñÜäåéãìá. Èåùñïýìå ôï (X) := (X+1)2+1− (X− 1)2+1 ∈ C [X] (üðïõ
 ∈ N). Ðñïöáíþò,

(X) =
2+1P
=0

¡
2+1


¢
X −

2+1P
=0

(−1)2+1− ¡2+1 ¢
X

= 2 (2 + 1)X2 + 2
¡
2+1
3

¢
X2−2 + · · ·+ 2 (2 + 1) ( + 1)X2 + 2

ïðüôå deg((X)) = 2 (ìå ôïõò óõíôåëåóôÝò ôùí ðåñéôôþí äõíÜìåùí ôïý X ßóïõò

ìå ôï 0). ÅðåéäÞ (1) = 22+1 6= 0 ãéá  ∈ Cr{1} Ý·ïõìå

() = 0⇔
³
+1
−1

´2+1
= 1⇔ ∃ ∈ {0 2} : +1−1 = 

2
2+1 

Ç ôéìÞ  = 0 áðïêëåßåôáé (ãéá ðñïöáíåßò ëüãïõò). Ãéá  ∈ {1 2} ëáìâÜ-

íïõìå12

+1
−1 = 

2
2+1 ⇔  = 

2
2+1+1


2
2+1−1

= 

2+1+

− 
2+1



2+1−−


2+1

= − cot( 
2+1) = −



tan( 
2+1 )



ÅðïìÝíùò ôï () äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý C ùò

åîÞò:

(X) = 2 (2 + 1)
2Y
=1

³
X+  cot( 

2+1)
´


Ïé ôýðïé ôïý Viète ïäçãïýí, åí ðñïêåéìÝíù, óå åíäéáöÝñïõóåò ôñéãùíïìåôñéêÝò

ôáõôüôçôåò ãéá ôéò ìåôÝ·ïõóåò óõíåöáðôïìÝíåò. Ð.·.,

2P
=1

³
− cot( 

2+1 )
´
= 0⇒

2P
=1

cot( 
2+1 ) = 0P

1≤≤2
cot( 

2+1) cot(

2+1 ) = − 1

2(2+1)

¡
2
¡
2+1
3

¢¢
= −(2−1)

3

êáé (áðü ôïí ôåëåõôáßï ôýðï)

2Q
=1

³
− cot( 

2+1)
´
= 1

2+1 =⇒
Q

=1

cot( 
2+1) =

1√
2+1



Óôçí Invention Nouvelle en l’Algèbre (1629) ï Girard åðåîÝôåéíå ôçí ÝñåõíÜ ôïõ åðß

ôùí óôïé·åéùäþí óõììåôñéêþí óõíáñôÞóåùí 1 2 êáé êáôüñèùóå íá ôéò óõó·å-

ôßóåé êáé ìå ôá áèñïßóìáôá äõíÜìåùí ôùí 1  Ïé åîá·èÝíôåò áíáäñïìéêïß

ôýðïé áíáêáëýöèçêáí åê íÝïõ áðü ôïí Isaac Newton (1642-1727) ðåñß ôï 1666

¸êôïôå Ý·ïõí äïèåß ðïëëÝò (äéáöïñåôéêÝò) áðïäåßîåéò ôïõò.

12Ï ïñéóìüò ôÞò óõíáñôÞóåùò ôÞò åöáðôïìÝíçò åðåêôåßíåôáé êáé óôï C ùò åîÞò:

C 3  7−→ tan() := 
³
−−
−+

´
êáé ç óõíåöáðôïìÝíç ôïý  åßíáé ç cot() := 1

tan() 
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3.6.9 Èåþñçìá. (Ôýðïé ôùí Girard êáé Newton I)

¸óôù (X) =
P
=0

X
 ∈  [X] Ýíá ðïëõþíõìï âáèìïý  ≥ 1 ôï ïðïßï äéáóðÜôáé

óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý ÅÜí ïé èÝóåéò ìçäåíéóìïý ôïõ åßíáé
ôá (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíá) óôïé·åßá 1  ∈  êáé

 := 1 + · · ·+  ∀ ∈ N0 (3.36)

ôüôå ãéá ïéïíäÞðïôå  ∈ N éó·ýåé ç ó·Ýóç
 − 1−1 + 2−2 + · · ·+ (−1)− = 0  (3.37)

üôáí  ≥  êáé ç ó·Ýóç

 − 1−1 + 2−2 + · · ·+ (−1)−1−11 + (−1) = 0  (3.38)

üôáí 1 ≤  ≤  üðïõ ôá 1 2 åßíáé ôá áèñïßóìáôá (3.32).

Áðïäåéîç. Ðåñßðôùóç ðñþôç. ÅÜí  ≥  ôüôå åöáñìüæïíôáò óå áìöüôåñá ìÝëç

ôÞò éóüôçôáò (3.35):

P
=0
(−1)X− = (X− 1)(X− 2) · · · (X− )

ôç óõíÜñôçóç y ðïëõùíõìéêÞò áðïôéìÞóåùò óôï  ëáìâÜíïõìå

P
=0
(−1)− = 0  ∀ ∈ {1 } (3.39)

Áñêåß íá ðïëëáðëáóéÜóïõìå áìöüôåñá ôá ìÝëç ôùí éóïôÞôùí (3.39) ìå − :

P
=0
(−1)− = 0  ∀ ∈ {1 }

êáé íá ôéò áèñïßóïõìå, êáôüðéí ôïýôïõ, êáôÜ ìÝëç

P
=1

P
=0
(−1)− =

P
=0
(−1)

P
=1

− =
P
=0
(−1)− = 0 

Ðåñßðôùóç äåýôåñç. ÅÜí 1 ≤  ≤  ôüôå èÝôïõìå

(X) :=
Y

∈{1}r{}
(X− )

êáé åêöñÜæïõìå ôçí åðßôõðç ðáñÜãùãï D(̂(X)) ôïý

̂(X) := −1 (X) = (X− 1) · · · (X− ) =
P
=0
(−1)X−
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áö' åíüò ìåí ùò

D(̂(X)) =
P
=1

(X) (3.40)

(âë. (3.15)), áö' åôÝñïõ äå ùò

D(̂(X)) = D
Ã

P
=0

(−1)X−
!
=

−1P
=0

(−1) (− ) X
−−1 (3.41)

ÅðåéäÞ ̂(X) = (X− )(X) ãéá êÜèå  ∈ {1 } Ý·ïõìå

̂(X) = ̂(X)− ̂() =
P
=0
(−1)X− −

P
=0
(−1)−

=
−1P
=0
(−1)(X− − − )

Ùò ãíùóôüí, ãéá êÜèå ( ) ∈ {1 } × {0 1 − 1} éó·ýåé

X− − − = (X− )

Ã
−−1X
=0

 X
−−1−

!


ïðüôå

̂(X) = (X− )

Ã
−1P
=0
(−1)

µ
−−1P
=0

 X
−−1−

¶!

= (X− )

Ã
−1P
=0

Ã
P

=0
(−1)−

!
X−−1

!

(êáôüðéí áíáäéáôÜîåùò ôÞò áèñïßóåùò). Áõôü óçìáßíåé üôé

(X) =
−1P
=0

Ã
P

=0
(−1)−

!
X−−1 ∀ ∈ {1 } (3.42)

(êáèüóïí ï  [X] åßíáé áêåñáßá ðåñéï·Þ). Áèñïßæïíôáò ôéò (3.42) êáôÜ ìÝëç ëáì-

âÜíïõìå ìÝóù ôÞò (3.40):

D(̂(X)) =
P
=1

(X) =
−1P
=0

Ã
P

=0
(−1)

µ
P
=1

−

¶!
X−−1

=
−1P
=0

Ã
P

=0
(−1)−

!
X−−1 (3.43)
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Óõãêñßíïíôáò ôïõò óõíôåëåóôÝò ôïý X−−1 óôéò äýï åêöñÜóåéò (3.43) êáé (3.41)

ôïý ðïëõùíýìïõ D(̂(X)) ãéá  =  = 1 − 1 êáôáëÞãïõìå óôç ó·Ýóç

−1P
=0
(−1)− + (−1) = (−1) (− ) 

áðü ôçí ïðïßá Ýðåôáé ç (3.38) ãéá  ≤ − 1 Ôï üôé ç (3.38) åßíáé áëçèÞò êáé ãéá
 =  åßíáé ðñüäçëï áðü ü,ôé áðåäåß·èç óôçí ðñþôç ðåñßðôùóç. ¤

3.6.10 Óçìåßùóç. Ìéá åëáöñÜðáñáëëáãÞ ôÞò áðïäåßîåùò ôÞò (3.38) Ý·åé ùò åîÞò:

Áíôß íá åêêéíÞóïõìå áðü ôçí

P
=0

(−1)X− = (X− 1) · · · (X− ) (3.44)

åêêéíïýìå áðü ôçí

P
=0

(−1)X = (1 − 1X) · · · (1 − X) (3.45)

(ç ïðïßá áðïäåéêíýåôáé åßôå åðáãùãéêþò åßôå ìÝóù13 ôÞò (3.44)). Åðßôõðç ðáñá-

ãþãéóç ôùí ìåëþí ôÞò (3.45) äßäåé

P
=1

(−1)X−1 =
P
=1
(−)

Y
∈{1}r{}

(1 − X)

êáé (êáôüðéí ðïëëáðëáóéáóìïý áìöïôÝñùí ôùí ìåëþí ìå X)

P
=1

(−1)X = −
P
=1
(X)

Q
∈{1}r{}

(1 − X)

= −
µ

P
=1
(X)(1 − (X))−1

¶
Q
=1

(1 − X)

= −
Ã

P
=1

∞P
=1
(X)



!
Q
=1

(1 − X)

= −
Ã
∞P
=1

µ
P
=1



¶
X

!µ
P
=0

(−1)X
¶

=

Ã
∞P
=1

X


!µ
P
=0

(−1)−1X
¶


13Åí ðñïêåéìÝíù, ìðïñåß íá åöáñìïóèåß ôï áêüëïõèï êëáóéêü ôÝ·íáóìá : Ç (3.44) åîáêïëïõèåß íá éó·ýåé áí ôï X
áíôéêáôáóôáèåß ìå ôï 1

X  Þôïé ìå ôï áíôßóôñïöï ôïý X åíôüò ôïý óþìáôïò êëáóìÜôùí(X) := Fr( [X]) ôÞò áêå-
ñáßáò ðåñéï·Þò [X] (Âë. åä. 3.8.1). ÐïëëáðëáóéÜæïíôáò ëïéðüí (ýóôåñá áðü áõôÞí ôçí áíôéêáôÜóôáóç) áìöüôåñá

ôá ìÝëç ôÞò ðñïêýðôïõóáò éóüôçôáò ìå X ëáìâÜíïõìå ôçí (3.45).
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(Óôç äåýôåñç êáé óôçí ôñßôç éóüôçôá ·ñçóéìïðïéÞóáìå ôï üôé ç åðßôõðç äõíáìï-

óåéñÜ
P∞

=0(X)
 åßíáé áíôéóôñÝøéìç åíôüò ôÞò áêåñáßáò ðåñéï·Þò[[X]] Ý·ïõóá

ùò áíôßóôñïöü ôçò ôï 1 − (X)  ïðüôå (X)(1 − (X))−1 =
P∞

=1(X)
 

Ðñâë. åä. 3.1.4 (i).) H (3.38) ðñïêýðôåé Üìåóá áðü ôï üôé ï óõíôåëåóôÞò ôïý X

 ∈ {1 } óôï ãéíüìåíïÃ
∞P
=1

X


!µ
P
=0

(−1)−1X
¶
= (1X+ 2X

2 + · · · )(−1 + 1X− 2X
2 + · · · )

åßíáé ßóïò ìå
P

=1(−1)−−1−

3.6.11 Ðüñéóìá. (Ôýðïé ôùí Girard êáé Newton II)

¸óôù (X) =
P
=0

X
 ∈ [X] Ýíá ðïëõþíõìï âáèìïý  ≥ 1 ôï ïðïßï äéáóðÜôáé

óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý  ÅÜí ïé èÝóåéò ìçäåíéóìïý ôïõ åß-
íáé ôá (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíá) óôïé·åßá 1  ∈  ôüôå ãéá
ïéïíäÞðïôå  ∈ N éó·ýåé ç ó·Ýóç

 + −1−1 + −2−2 + · · ·+ 0− = 0  (3.46)

üôáí  ≥  êáé ç ó·Ýóç

 + −1−1 + −2−2 + · · ·+ −+11 + − = 0  (3.47)

üôáí 1 ≤  ≤  üðïõ ôá 1 2 åßíáé ôá áèñïßóìáôá (3.36).

Áðïäåéîç. Ç (3.46) (êáé áíôéóôïß·ùò, ç (3.47)) Ýðåôáé Üìåóá áðü ôéò ó·Ýóåéò

(3.37) êáé (3.33) (êáé áíôéóôïß·ùò, áðü ôéò (3.38) êáé (3.33)). ¤

I Óþìáôá äéáóðÜóåùò. Ãéá íá ìåôáôñÝøåé êáíåßò äïèÝí (X) ∈  [X] ðïõ äåí

äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý óå äéáóðþìåíï (ïýôùò

þóôå íá åßíáé óå èÝóç íá åêìåôáëëåõèåß ôéò ðñïáíáöåñèåßóåò üìïñöåò éäéüôçôåò

ôùí äéáóðþìåíùí) áñêåß íá åðåêôåßíåé êáôáëëÞëùò ôï óþìá áíáöïñÜò  åöáñ-

ìüæïíôáò ôï èåþñçìá 3.6.12 ôïý Leopold Kronecker (1823-1891) (êáé ôï óõíáêü-

ëïõèü ôïõ 3.6.15 ðïõ ôï éó·õñïðïéåß14).

3.6.12 Èåþñçìá. (Kronecker, 1887) Ãéá ïéïäÞðïôå (X) ∈  [X] âáèìïý ≥ 1 õöß-
óôáôáé êÜðïéá åðÝêôáóç  ôïý õðåñÜíù ôÞò ïðïßáò ôï (X) äéáóðÜôáé óå ðñù-
ôïâÜèìéïõò ðáñÜãïíôåò.

14Ïé áðïäåßîåéò áõôþí ôùí èåùñçìÜôùí ðáñáëåßðïíôáé, êáèþò áíÞêïõí óôç Èåùñßá ÓùìÜôùí.
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3.6.13 Ïñéóìüò. ¸óôù (X) ∈  [X] Ìéá åðÝêôáóç  ôïý êáëåßôáé óþìá äéá-

óðÜóåþò ôïõ üôáí ôï (X)

(i) äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù áõôÞò êáé

(ii) äåí äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ïéïõäÞðïôå ãíçóßïõ

õðïóþìáôüò ôçò.

Ç óõíèÞêç (ii) ìðïñåß íá áíôéêáôáóôáèåß ìå ôçí áêüëïõèç:

(ii)0 ÅÜí ïé 1  åßíáé ïé (ü·é êáô' áíÜãêçí óáöþò äéáêåêñéìÝíåò) èÝóåéò ìçäå-

íéóìïý ôïý (X) åíôüò ôïý  ôüôå  = (1 )

3.6.14 Ðáñáäåßãìáôá. (i) Ôï Q(
√
2) =

©
+ 

√
2
¯̄
  ∈ Qª $ R áðïôåëåß óþìá

äéáóðÜóåùò ôïý (X) := X2 − 2 ∈ Q [X]  äéüôé

(X) = (X−
√
2)(X− (−

√
2)) ∈ Q(

√
2) Q(

√
2−
√
2) = Q(

√
2)

ÓçìåéùôÝïí üôé êáé ôo (X) := X4 − 2X3 − 3X2 + 4X+ 2 ∈ Q [X] Ý·åé ôï Q(√2) ùò
(Ýíá) óþìá äéáóðÜóåþò ôïõ, äéüôé

(X) = (X−
√
2)(X− (−

√
2))(X− (1 +

√
2))(X− (1−

√
2))

êáé 1±√2 ∈ Q(√2)
(ii) Ôï (X) := (X2 − 2)(X2 + 1) ∈ Q [X] äéáèÝôåé äýï èÝóåéò ìçäåíéóìïý åíôüò

ôïý Q(
√
2) áëëÜ äåí äéáóðÜôáé ðëÞñùò óå ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù

áõôïý. ¢ñá ôï Q(
√
2) äåí åßíáé óþìá äéáóðÜóåùò ôïý (X) ¸íá óþìá äéáóðÜ-

óåþò ôïõ åßíáé ôï Q(
√
2 ) $ C (üðïõ  ç öáíôáóôéêÞ ìïíÜäá). Áðü ôçí Üëëç

ìåñéÜ, ðáñüôé ôï (X) äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò êáé õðåñÜíù ôïý

Q(
√
2
√
3 3
√
2 ) áõôü ôï óþìá äåí áðïôåëåß óþìá äéáóðÜóåþò ôïõ (äéüôé ðåñéÝ·åé

ðëåïíÜæïíôá óôïé·åßá êáé äåí ðëçñïß, ùò åê ôïýôïõ, ôç óõíèÞêç 3.6.13 (ii)0).

3.6.15 Èåþñçìá. ÊÜèå ðïëõþíõìï (X) ∈  [X] âáèìïý ≥ 1 äéáèÝôåé (ôïõëÜ·é-
óôïí Ýíá) óþìá äéáóðÜóåùò. ÅðéðñïóèÝôùò, ãéá äõï óþìáôá äéáóðÜóåùò 1 2
åíüò ðïëõùíýìïõ (X) ∈  [X] âáèìïý ≥ 1 õößóôáôáé ðÜíôïôå Ýíáò éóïìïñöéóìüò
óùìÜôùí  : 1 −→ 2 ìå  | = id 

I Áëãåâñéêþò êëåéóôÜ óþìáôá. Ç Ýííïéá ôïý óþìáôïò äéáóðÜóåùò ïñßæåôáé ãéá

Ýíá (êáé ìüíïí) äïèÝí (ìç óôáèåñü) ðïëõþíõìï. Ùóôüóï, õðÜñ·ïõí êÜðïéá åé-

äéêÞò öýóåùò óþìáôá ôá ëåãüìåíá áëãåâñéêþò êëåéóôÜ óþìáôá, õðåñÜíù ôùí

ïðïßùí êÜèå (X) ∈  [X] âáèìïý≥ 1 äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò.

3.6.16 Èåþñçìá. ÄïèÝíôïò åíüò óþìáôïò  ïé áêüëïõèåò óõíèÞêåò åßíáé éóïäý-
íáìåò :

(i) ÊÜèå ðïëõþíõìï (X) ∈  [X] âáèìïý  ≥ 1 äéáèÝôåé ôïõëÜ·éóôïí ìßá èÝóç
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ìçäåíéóìïý áíÞêïõóá óôï

(ii) ÊÜèå ðïëõþíõìï (X) ∈  [X] âáèìïý  ≥ 1 äéáóðÜôáé óå ðñùôïâÜèìéïõò ðá-
ñÜãïíôåò õðåñÜíù ôïý

(iii) ÊÜèå áíÜãùãï ðïëõþíõìï õðåñÜíù ôïý Ý·åé âáèìü 1

Áðïäåéîç. (i)⇒(ii) ¸óôù (X) ∈  [X] ôõ·üí ðïëõþíõìï âáèìïý  ≥ 1 ÊáôÜ

ôçí õðüèåóÞ ìáò, ôï (X) äéáèÝôåé ôïõëÜ·éóôïí ìßá èÝóç ìçäåíéóìïý áíÞêïõóá

óôï  ÅÜí ôá 1  ∈  ( ∈ N  ≤ ) åßíáé (üëåò) ïé óáöþò äéáêåêñéìÝíåò

èÝóåéò ìçäåíéóìïý ôïõ åíôüò ôïý  ôüôå (óýìöùíá ìå ôï ëÞììá 3.6.2) õðÜñ·åé

(X) ∈  [X]r{0[X]} ôÝôïéï þóôå ôï (X) íá ãñÜöåôáé õðü ôç ìïñöÞ

(X) =

µ
Q
=1
(X− )



¶
(X)

üðïõ =mult((X);) () 6= 0  ∀ ∈ {1 } êáé
P
=1

 ≤ 

ÅÜí ï âáèìüò ôïý (X) Þôáí≥ 1 ôüôå óýìöùíá ìå ôçí õðüèåóÞ ìáò (ãéá ôï (X)!)

èá õðÞñ·å ôïõëÜ·éóôïí ìßá èÝóç ìçäåíéóìïý  ∈  ôïý (X)ÁõôÞ èá Þôáí èÝóç

ìçäåíéóìïý êáé ôïý (X) ïðüôå èá åß·áìå  = 0 ãéá êÜðïéïí 0 ∈ {1 } Þôïé
êÜôé ðïõ èá Þôáí áäýíáôï. Ôïýôï óçìáßíåé üôé deg ((X)) = 0 äçëáäÞ üôé ôï (X)

åßíáé óôáèåñü êáé
P

=1 =  ¢ñá ôï (X) ∈  [X] äéáóðÜôáé óå ðñùôïâÜè-

ìéïõò ðáñÜãïíôåò õðåñÜíù ôïý

(ii)⇒(iii) ¸óôù (X) ôõ·üí áíÜãùãï ðïëõþíõìï õðåñÜíù ôïý Óýìöùíá ìå ôçí

õðüèåóÞ ìáò õðÜñ·ïõí 1  ∈  ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá

(X) =  (X− 1)(X− 2) · · · (X− )

ãéá êÜðïéï  ∈ r{0} Áðü ôçí éäéüôçôá ôÞò ìïíáäéêüôçôáò ôÞò ðáñáóôÜóåþò

ôïõ ùò ãéíïìÝíïõ áíáãþãùí ìïíéêþí ðïëõùíýìùí (ôçí ðåñéãñáöüìåíç óôï èåþ-

ñçìá 3.5.8) óõíÜãïõìå üôé  = 1 ïðüôå deg((X)) = 1

(iii)⇒(i) ¸óôù (X) ∈  [X] ôõ·üí ðïëõþíõìï âáèìïý  ≥ 1 ÕðïèÝôïõìå üôé

(X) = 
Q

=1
(X)

åßíáé ç ðáñÜóôáóç áõôïý ùò ãéíïìÝíïõ áíáãþãùí ìïíéêþí ðïëõùíýìùí (üðïõ

 ∈ N  ∈ r{0}). Óýìöùíá ìå ôçí õðüèåóÞ ìáò, êáèÝíá åê ôùí (X)  ∈
{1 } Ý·åé âáèìü 1 êáé, ùò åê ôïýôïõ, (áêñéâþò) ìßá èÝóç ìçäåíéóìïý åíôüò ôïý

 ÅðåéäÞ  ≥ 1 ôï (X) äéáèÝôåé ôïõëÜ·éóôïí ìßá èÝóç ìçäåíéóìïý áíÞêïõóá

óôï ¤
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3.6.17 Ïñéóìüò. ¸íá óþìá êáëåßôáé áëãåâñéêþò êëåéóôü üôáí ðëçñïß ìßá (êáé,

êáô' åðÝêôáóéí, êáé ôéò ôñåéò) åê ôùí óõíèçêþí ôïý èåùñÞìáôïò 3.6.16.

3.6.18 Ðñüôáóç. ÅÜí ôï  åßíáé Ýíá óþìá áëãåâñéêþò êëåéóôü, ôüôå (ôï õðïêåß-
ìåíï óýíïëü ôïõ) åßíáé êáô' áíÜãêçí áðåéñïóýíïëï.

Áðïäåéîç. ¸óôù  = {1 } Ýíá ðåðåñáóìÝíï óþìá. ÅÜí õðïèÝóïõìå üôé

ôï åßíáé áëãåâñéêþò êëåéóôü, ôüôå êáôáëÞãïõìå óå Üôïðï, êáèüôé ôï ðïëõþíõìï

(X) := (X− 1)(X− 2) · · · (X− ) + 1 ∈  [X]

äåí äéáèÝôåé êáìßá èÝóç ìçäåíéóìïý áíÞêïõóá óôï ¤

3.6.19 Èåþñçìá. (Èåìåëéþäåò Èåþñçìá ôÞò ¢ëãåâñáò) Ôï óþìá C ôùí ìéãáäé-
êþí áñéèìþí åßíáé áëãåâñéêþò êëåéóôü.

Ôï èåþñçìá 3.6.19 ðñùôïáðåäåß·èç ôï Ýôïò 1799 áðü ôïí ìÝãá Ãåñìáíü ìáèç-

ìáôéêü C.-F. Gauss° åí ôù ìåôáîý õðÜñ·ïõí ðïëëÝò äåêÜäåò ðéï óýã·ñïíùí áðï-

äåßîåùí, ïé ãíùóôüôåñåò ôùí ïðïßùí ðñïÝñ·ïíôáé áðü ôç ÌéãáäéêÞ ÁíÜëõóç,

ôçí ¢ëãåâñá êáé ôçí ÁëãåâñéêÞ Ôïðïëïãßá. Ãéá ðåñéóóüôåñåò ðëçñïöïñßåò êáé

óýíôïìåò éóôïñéêÝò óçìåéþóåéò ï åíäéáöåñüìåíïò áíáãíþóôçò ðáñáðÝìðåôáé óôï

óýããñáììá ôùí B. Fine êáé G. Rosenberger: Ôï Èåìåëéþäåò Èåþñçìá ôÞò ¢ëãå-
âñáò (óå ìåôÜöñáóç ôùí Ö. Ëéïýôóç êáé Í. Ìáñìáñßäç), åêäüóåéò Leader Books,

ÁèÞíá, 2001 Óôçí åíüôçôá ?? èá ðáñáèÝóïõìå ìéá áðüäåéîç (ïöåéëüìåíç óôïí

Harm Derksen15) ðïõ ·ñçóéìïðïéåß ôçí (êëáóéêÞ) ðñüôáóç 3.7.2 êáé ëïéðÜ ôå·-

íéêÜ ìÝóá ðñïåñ·üìåíá ìüíïí áðü ôç ÃñáììéêÞ ¢ëãåâñá.

3.6.20 Óçìåßùóç. (i) Óôéò ðáñáäüóåéò ôÞò ÁöçñçìÝíçò ¢ëãåâñáò áðïäåéêíýåôáé

üôé êÜèå óþìá  äéáèÝôåé ìéá áëãåâñéêþò êëåéóôÞ åðÝêôáóç êáé ìÜëéóôá üôé õðÜñ-

·åé ìéá (ìÝ·ñéò éóïìïñöéóìïý óùìÜôùí ìïíïóçìÜíôùò ïñéóìÝíç) åëá·ßóôç (ôÝ-

ôïéïõ åßäïõò) åðÝêôáóç  ôïý ç ïðïßá êáëåßôáé áëãåâñéêÞ èÞêç (Þ áëãåâñéêü

Ýãêëåéóìá) ôïýÐïëëÝò öïñÝò, äïèÝíôïò åíüò (X) ∈  [X] âáèìïý  ≥ 1 (üðïõ
 ôõ·üí óþìá), åßíáé áñêåôü ôï íá åñãáæüìáóôå ìå ôçí áëãåâñéêÞ èÞêç ôïý

áíôß íá áíáæçôïýìå ôï óþìá äéáóðÜóåþò ôïõ. ÅðåéäÞ ôï (X) ∈  [X] ⊆  [X]

ìðïñåß íá åêëçöèåß ùò ðïëõþíõìï ôïý  [X]  äéáóðÜôáé ðÜíôïôå óå ðñùôïâÜè-

ìéïõò ðáñÜãïíôåò õðåñÜíù ôïý  (êÜôé ðïõ åßèéóôáé íá ·ñçóéìïðïéåßôáé åõñÝùò

êáôÜ ôçí åðé·åéñçìáôïëïãßá ðïõ åöáñìüæåôáé óå ðïéêßëåò áðïäåéêôéêÝò ôå·íéêÝò).

(ii) ÅðåéäÞ ç áëãåâñéêÞ èÞêç ôïý óþìáôïòR åßíáé ôïC êÜèå (X) ∈ R [X] ⊆ C [X]
âáèìïý  ≥ 1 åêëáìâáíüìåíï ùò ðïëõþíõìï ôïý C [X]  äéáóðÜôáé ðÜíôïôå óå

ðñùôïâÜèìéïõò ðáñÜãïíôåò õðåñÜíù ôïý C
15H. Derksen: The Fundamental Theorem of Algebra and Linear Algebra, Amer. Math. Monthly, 110, No 7, (2003)

620-623
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3.7 ÐÏËÕÙÍÕÌÁ

ÌÅ ÐÑÁÃÌÁÔÉÊÏÕÓ ÓÕÍÔÅËÅÓÔÅÓ

Äýï óçìáíôéêÝò éäéüôçôåò ôùí ðïëõùíýìùí ìå ðñáãìáôéêïýò óõíôåëåóôÝò ðåñé-

ãñÜöïíôáé óôéò ðñïôÜóåéò 3.7.2 êáé 3.7.3.

3.7.1 ËÞììá. ¸óôù (X) ∈ R [X] Ýíá ðïëõþíõìï âáèìïý   1 ÅÜí ï ìéãáäéêüò
áñéèìüò  = +  ∈ C åßíáé ìéá èÝóç ìçäåíéóìïý ôïý (X), ôüôå ôï ßäéï éó·ýåé êáé
ãéá ôïí óõæõãÞ ôïõ  = −  ÅðéðñïóèÝôùò, åÜí  ∈ CrR ôüôå

mult((X); ) = mult((X); )

Áðïäåéîç. ÅÜí (X) = 0 + 1X+ · · ·+ X
 êáé () = 0 ôüôå

0 = () = 0 + 1 + · · ·+  = 0 + 1 + · · ·+ 

= 0 + 1  + · · ·+   = 0 + 1  + · · ·+  


= ()

ïðüôå êáé ï óõæõãÞò  ôïý  áðïôåëåß ìéá èÝóç ìçäåíéóìïý ôïý (X) ÅÜí

 := mult((X); ) 0 := mult((X); )

êáé  6= 0 ôüôå (óýìöùíá ìå ôçí ðñüôáóç 3.4.14 êáé ôï ëÞììá 3.6.1)

∃(X) ∈ C[X]r{0C[X]} : (X) = (X− ) (X− )
0
(X)

ìå () 6= 0 êáé () 6= 0 Áò õðïèÝóïõìå üôé  0 Ôüôå

(X) = (X− (+ )) (X− (− ))
0
(X)

=
¡
(X− )2 + 2)

¢0
(X)

üðïõ ôï (X) := (X− (+ ))−
0
(X) (ùò ðçëßêï äýï ðïëõùíýìùí ìå ðñáã-

ìáôéêïýò óõíôåëåóôÝò) áíÞêåé óôïí R [X] êáé Ý·åé ôïí  = +  ùò ìéá èÝóç ìçäå-

íéóìïý ôïõ. ¢ñá, óýìöùíá ìå ôçí Þäç áðïäåé·èåßóá éäéüôçôá, èá äÝ·åôáé ùò èÝóç

ìçäåíéóìïý ôïõ êáé ôïí óõæõãÞ ôïõ  = −  ïðüôå

() = (− ) = (−2)−0
() = 0

Ôïýôï åßíáé áäýíáôïí, êáèüóïí  6= 0 êáé () 6= 0 Ìå ôïí ßäéï ôñüðï áðïäåé-

êíýåôáé üôé äåí ìðïñåß íá éó·ýåé ïýôå ç áíéóüôçôá  0¢ñá = 0 ¤

3.7.2 Ðñüôáóç. ÊÜèå ðïëõþíõìï (X) ∈ R [X] ðåñéôôïý âáèìïý äéáèÝôåé (ôïõëÜ-
·éóôïí) ìßá ðñáãìáôéêÞ èÝóç ìçäåíéóìïý.
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Áðïäåéîç ðñùôç (áíåîÜñôçôç ôïý 3.6.19). ¸óôù (X) ∈ R [X] ôõ·üí ðïëõþíõìï
âáèìïý  = 2 + 1  ∈ N0 Áõôü ìðïñåß íá èåùñçèåß ùò ðñáãìáôéêÞ óõíå·Þò

óõíÜñôçóç

 : R −→ R  7−→ () := 0 + 1+ · · ·+ 


(Ðñâë. åä. 3.4.2 êáé 3.4.9.) Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò õðïèÝôïõìå üôé   0

(¼ôáí   0 ç áðüäåéîç åßíáé ðáíïìïéüôõðç.) Ðáñáôçñïýìå üôé

lim
−→−∞() = lim

−→−∞(
) = −∞ lim

−→∞() = lim
−→∞(

) =∞

(äéüôé   0 êáé ï  åßíáé ðåñéôôüò). ¢ñá õðÜñ·ïõí êÜðïéïé 1 2 ∈ R 1  2

ôÝôïéïé þóôå íá éó·ýåé (1)  0 êáé (2)  0 Óýìöùíá ìå ôï èåþñçìá ôÞò
åíäéÜìåóçò ôéìÞò 16,

∃ ∈ R : 1    2 êáé () = 0

Áðïäåéîç äåõôåñç. ¸óôù (X) ∈ R [X] ôõ·üí ðïëõþíõìï âáèìïý  = 2 + 1

 ∈ N0 ÅÜí  = 0 ôüôå (X) = X +  ãéá êÜðïéïõò  ∈ Rr{0}  ∈ R Ý·ïí ôïí

ðñáãìáôéêü áñéèìü −−1 ùò (ìïíáäéêÞ) èÝóç ìçäåíéóìïý. Áò õðïèÝóïõìå üôé ï

éó·õñéóìüò åßíáé áëçèÞò ãéá ðïëõþíõìá (ìå ðñáãìáôéêïýò óõíôåëåóôÝò) âáèìïý

2+1 ãéá êÜðïéïí  ≥ 0 êáé üôé ôï(X) Ý·åé âáèìü 2(+1)+1ÊáôÜ ôïÈåìåëéþäåò

Èåþñçìá ôÞò ¢ëãåâñáò 3.6.19, ∃ ∈ C : () = 0ÊáôÜ ôï ëÞììá 3.7.1 o óõæõãÞò

 ôïý  èá áðïôåëåß ìéá ìéãáäéêÞ èÝóç ìçäåíéóìïý ôïý (X) Èåùñþíôáò ôü (X)

ùò ðïëõþíõìï ôïý C[X], ëáìâÜíïõìå

X−  | (X) êáé X−  | (X)

ïðüôå (äõíÜìåé ôïý ðïñßóìáôïò 3.4.5 êáé ôïý üôé  6=  áöïý  ∈ CrR)

(X− ) (X− ) | (X) (3.48)

¼ìùò ôï (X− ) (X− ) = X2 − ( + )X +  Ý·åé ðñáãìáôéêïýò óõíôåëåóôÝò,

äéüôé -ùò ãíùóôüí- ôüóïí ôï Üèñïéóìá +  üóïí êáé ôï ãéíüìåíï  äõï óõæõãþí

ìéãáäéêþí áñéèìþí åßíáé Ýíáò ðñáãìáôéêüò áñéèìüò. ¢ñá

∃(X) ∈ R [X]r{0R[X]} : (X) = (X) (X2 − ( + )X+ )| {z }
∈R[X]r{0R[X]}



(ÐáñÜ ôï ãåãïíüò üôé ç äéáßñåóç (3.48) åêôåëåßôáé åíôüò ôïý C [X]  ôï ðçëßêï(X)
Ý·åé êáô' áíÜãêçí ðñáãìáôéêïýò óõíôåëåóôÝò, êáèüóïí äåí áëëÜæåé ôßðïôá åÜí

16Èåþñçìá ôÞò åíäéÜìåóçò ôéìÞò: ÅÜí  : [1 2] −→ R åßíáé ìéá óõíå·Þò óõíÜñôçóç ìå (1)  (2) êáé

 ∈ R (1)    (2) ôüôå ∃ ∈ R : 1    2 êáé () = 
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áõôÞ åêôåëåóèåß åíôüò ôïý R [X]  Âë. ôçí áðüäåéîç ôÞò ðñïôÜóåùò 3.3.11 ãéá ôá

óþìáôá  = R êáé  = C) ÅðåéäÞ deg((X)) = 2 + 1 ôï (X) (óýìöùíá ìå

ôçí åðáãùãéêÞ õðüèåóÞ ìáò) äéáèÝôåé (ôïõëÜ·éóôïí) ìßá ðñáãìáôéêÞ èÝóç ìçäå-

íéóìïý. ¢ñá êáé ôï(X) äéáèÝôåé (ôïõëÜ·éóôïí) ìßá ðñáãìáôéêÞ èÝóç ìçäåíéóìïý

êáé ï éó·õñéóìüò åßíáé áëçèÞò.

Áðïäåéîç ôñéôç. ¸óôù (X) ∈ R [X] ôõ·üí ðïëõþíõìï ðåñéôôïý âáèìïý ÊáôÜ

ôï Èåìåëéþäåò Èåþñçìá ôÞò ¢ëãåâñáò 3.6.19 áõôü äéáèÝôåé (åí óõíüëù, ðñïóìå-

ôñïõìÝíùí êáé ôùí ôõ·üí ðïëëáðëþí åìöáíßóåþò ôïõò)  ìéãáäéêÝò èÝóåéò ìç-

äåíéóìïý 1  ÌÜëéóôá, óýìöùíá ìå ôï äåýôåñï ìÝñïò ôïý ëÞììáôïò 3.7.1,

card({ ∈ CrR|() = 0}) ∈ 2Z ¢ñá ç äéÜóðáóç ôïý (X) óå ðñùôïâÜèìéïõò

ðáñÜãïíôåò õðåñÜíù ôïý C åßíáé êáô' áíÜãêçí ôÞò ìïñöÞò

(X) = 

⎛⎝ Y
∈A∩(CrR)

(X− )

⎞⎠Ã Y
∈A∩R

(X− )

!


üðïõ  ∈ Cr{0} êáé A := {1 } ÅðåéäÞ ï  åßíáé ðåñéôôüò êáé

deg

⎛⎝ Y
∈A∩(CrR)

(X− )

⎞⎠ ∈ 2Z
Ý·ïõìå êáô' áíÜãêçí card(A ∩ R) ≥ 1 ¤

3.7.3 Ðñüôáóç. (ÁíÜãùãá ðïëõþíõìá ìå ðñáãìáôéêïýò óõíôåëåóôÝò)

¸íá ðïëõþíõìï (X) ∈ R [X] åßíáé áíÜãùãï õðåñÜíù ôïý R åÜí êáé ìüíïí åÜí åßíáé
ôÞò ìïñöÞò ¯̄̄̄

¯̄ (X) = X+  üðïõ  ∈ Rr{0}Þ

(X) = X2 + X+  üðïõ    ∈ R ìå 2 − 4  0

Áðïäåéîç. ÅÜí (X) = X+, üðïõ  6= 0 ôüôå ôï(X) åßíáé ðñïöáíþò áíÜãùãï
õðåñÜíù ôïý R¸íá ðïëõþíõìï ôÞò ìïñöÞò (X) = X2 + X+  åßíáé áíÜãùãï

õðåñÜíù ôïý R (âë. ôçí ðñüôáóç 3.5.4) åÜí êáé ìüíïí åÜí äåí äéáèÝôåé êáìßá

ðñáãìáôéêÞ èÝóç ìçäåíéóìïý. ÁëëÜ ôïýôï éóïäõíáìåß ìå ôï üôé ç äéáêñßíïõóá

2−4 åßíáé áñíçôéêÞ. ÅðïìÝíùò, ãéá ôçí áðïðåñÜôùóç ôÞò áðïäåßîåùò áñêåß íá

äéáðéóôþóïõìå üôé äåí õðÜñ·ïõí áíÜãùãá ðïëõþíõìá (X) ∈ R [X] âáèìïý ≥ 3
õðåñÜíù ôïý RÁò õðïèÝóïõìå üôé Ýíá ôÝôïéïõ åßäïõò áíÜãùãï ðïëõþíõìï (X)

õðÜñ·åé. ÂÜóåé ôïý Èåìåëéþäïõò ÈåùñÞìáôïò ôÞò ¢ëãåâñáò ôï (X) èá äéáèÝôåé

(ôïõëÜ·éóôïí) ìßá èÝóç ìçäåíéóìïý  ∈ CÐñïöáíþò,  ∈ R äéüôé áëëéþò ôï(X)
äåí èá åßíáé áíÜãùãï õðåñÜíù ôïý R ÊáôÜ ôï ëÞììá 3.7.1 o óõæõãÞò  ôïý  èá
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áðïôåëåß èÝóç ìçäåíéóìïý ôïý (X)Èåùñþíôáò ôü (X) ùò ðïëõþíõìï ôïý C[X],
ëáìâÜíïõìå

X−  | (X) êáé X−  | (X)

ïðüôå (äõíÜìåé ôïý ðïñßóìáôïò 3.4.5 êáé ôïý üôé  6=  áöïý  ∈ CrR)

(X− ) (X− ) | (X)

¼ìùò ôï (X− ) (X− ) = X2 − ( + )X +  Ý·åé ðñáãìáôéêïýò óõíôåëåóôÝò.

¢ñá ôï (X) äåí åßíáé áíÜãùãï õðåñÜíù ôïý R ¢ôïðï! ¤

3.7.4 Ðüñéóìá. Ãéá êÜèå ðïëõþíõìï (X) ∈ R [X] âáèìïý ≥ 1 õðÜñ·ïõí öõóé-
êïß áñéèìïß   ìç áñíçôéêïß áêÝñáéïé áñéèìïß1 1  (ìå ôïõëÜ·éóôïí
Ýíáí åî áõôþí 6= 0), êáé ðñáãìáôéêïß áñéèìïß 1  a1 a b1 b êáé  6= 0
ôÝôïéïé þóôå íá éó·ýåé a2 − 4b  0 ãéá êÜèå  ∈ {1 } êáé

(X) = 

µ
Q
=1
(X+ )



¶Ã
Q

=1
(X2 + aX+ b)

!
 (3.49)

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôçí ðñüôáóç 3.7.3. Ç ðáñÜóôáóç (3.49) áðïôå-

ëåß ôç óõíåðôõãìÝíç (õðü ôçí åõñåßá Ýííïéá) áðïóýíèåóç ôïý (X) õðåñÜíù ôïý

óþìáôïò R ¤

3.7.5 ÐáñÜäåéãìá. ÅÜí  ∈ N ôüôå ôï X − 1 ∈ R [X] äéáèÝôåé  (áðëÝò) ìéãáäéêÝò

èÝóåéò ìçäåíéóìïý, Þôïé ôéò -ïóôÝò ñßæåò ôÞò ìïíÜäáò    ∈ {0 1 −1} üðïõ
 := 

2
 = cos

¡
2


¢
+  sin

¡
2


¢
¢ñá äéáóðÜôáé óå ðñùôïâÜèìéïõò ðáñÜãïíôåò

õðåñÜíù ôïý C ùò áêïëïýèùò:

X − 1 =
−1Y
=0

³
X− 

´


ÓçìåéùôÝïí üôé 

 = 1 ãéá êÜèå  ∈ {0 1  − 1} êáé

 +  =

⎧⎪⎨⎪⎩
2 cos

³



´
 üôáí  = 2  ∈ N

2 cos
³
2
2+1

´
 üôáí  = 2+ 1  ∈ N0

ïðüôå

³
X− 

´ ³
X− 

´
=

⎧⎪⎨⎪⎩
X2 − 2 cos

³



´
X+ 1 üôáí  = 2  ∈ N

X2 − 2 cos
³
2
2+1

´
X+ 1 üôáí  = 2+ 1  ∈ N0
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ÊáôÜ óõíÝðåéáí, ç óõíåðôõãìÝíç áðïóýíèåóç (3.49) ôïý X −1 õðåñÜíù ôïý óþ-
ìáôïò R åßíáé ç

X − 1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

X− 1 üôáí  = 1

(X− 1) (X+ 1)  üôáí  = 2

(X− 1) (X+ 1)
−1Q
=1

(X2 − 2 cos
³



´
X+ 1) üôáí  = 2  ≥ 2

(X− 1)
Q

=1

(X2 − 2 cos
³
2
2+1

´
X+ 1) üôáí  = 2+ 1  ≥ 1

(Ùò åê ôïýôïõ, ïé ðñáãìáôéêÝò èÝóåéò ìçäåíéóìïý áõôïý åßíáé ôá 1 êáé −1 üôáí ï

 åßíáé Üñôéïò, êáé ìüíïí ôï 1 üôáí ï  åßíáé ðåñéôôüò.)

3.8 ÐÅÑÉ ÔÏÕ ÓÙÌÁÔÏÓ ÔÙÍ ÑÇÔÙÍ ÅÊÖÑÁÓÅÙÍ

Ãéá ïéïäÞðïôå óþìá  ïé äáêôýëéïé [X] êáé [[X]] åßíáé áêÝñáéåò ðåñéï·Ýò (âë.

ðüñéóìá 3.2.3 êáé ðñüôáóç 3.1.2), ìå ôçí ðñþôç õðïðåñéï·Þ ôÞò äåýôåñçò. Åðï-

ìÝíùò, ïñßæïíôáé ôá óþìáôá êëáóìÜôùí áõôþí (âë. åä. 2.3.20 êáé 2.3.22)

(X) := Fr([X]) êáé ((X)) := Fr([[X]])

(ìå ôï ðñþôï õðüóùìá ôïý äåõôÝñïõ).

3.8.1 Ïñéóìüò. Ôï óþìá(X) êáëåßôáé, éäéáéôÝñùò, óþìá ôùí ñçôþí åêöñÜóåùí

ìéáò áðñïóäéïñßóôïõX õðåñÜíù ôïý ôá äå óôïé·åßá ôïõðïëõùíõìéêÜ êëÜóìáôá

(Þ ñçôÝò åêöñÜóåéò Þ ñçôÝò óõíáñôÞóåéòùò ðñïò ôçí X). ÊÜèå ðïëõùíõìéêü êëÜ-

óìá Ý·ïí ùò ðáñïíïìáóôÞ ôïõ ìéá äýíáìç åíüò áíÜãùãïõ ìïíéêïý ðïëõùíýìïõ

êáé ùò áñéèìçôÞ ôïõ Ýíá ðïëõþíõìï âáèìïý ìéêñïôÝñïõ ôïý âáèìïý ôïý ðáñïíï-

ìáóôÞ ôïõ, êáëåßôáé áðëü (Þ ìåñéêü) ðïëõùíõìéêü êëÜóìá (õðåñÜíù ôïý).

Èá áðïäåßîïõìå üôé êÜèå ðïëõùíõìéêü êëÜóìá ìðïñåß íá åêöñáóèåß ìïíïóçìÜ-

íôùòùòÜèñïéóìá (ðåðåñáóìÝíïõðëÞèïõò) áðëþíðïëõùíõìéêþí êëáóìÜôùí êáé

åíüò åéäéêïý ðïëõùíýìïõ (ôïý ëåãïìÝíïõ áêåñáßïõ ìÝñïõò ôïõ ).

3.8.2 ËÞììá. ÊÜèå ðïëõùíõìéêü êëÜóìá (X)
(X) ∈ (X) ãñÜöåôáé êáôÜ ôñüðï ìï-

íáäéêü õðü ôç ìïñöÞ

(X)

(X)
= (X) +

(X)

(X)
 (3.50)
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üðïõ (X) (X) ∈ [X] ìå deg((X))  deg((X)) Ç ìïíáäéêüôçôá, ìÜëéóôá,
áõôÞ äéáôçñåßôáé êáé õðü ôçí áêüëïõèç åõñýôåñç Ýííïéá : ÅÜí

(X)

(X)
= 0(X) +

0(X)
0(X)

 (3.51)

üðïõ 0(X) 0(X) ∈ [X] 0(X) ∈ [X]r{0[X]} ìå deg(0(X))  deg(0(X))
ôüôå

0(X) = (X) êáé
0(X)
0(X)

=
(X)

(X)
 (3.52)

Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá 3.3.1 õðÜñ·åé Ýíá æåýãïò ìïíïóçìÜíôùò ïñé-

óìÝíùí ðïëõùíýìùí (X) (X) ∈ [X] ïýôùò þóôå íá éó·ýåé

(X) = (X)(X) + (X) deg ((X))  deg ((X)) 

Åî áõôïý Ýðåôáé ç (3.50). ÅðéðñïóèÝôùò, åÜí éó·ýåé ç (3.51), ôüôå

[X] 3 (X)−0(X) =
0(X)
0(X)

− (X)

(X)
=

0(X)(X)− (X)0(X)
(X)0(X)



êáé áðü ôéò áíéóüôçôåò deg((X))  deg((X)) êáé deg(0(X))  deg(0(X)) ðñï-
êýðôåé üôé

deg((X)) + deg(0(X))  deg((X)0(X))

deg((X)0(X)) + deg(0(X)(X)) ≤ deg((X)) + deg(0(X))
deg(0(X)(X)− (X)0(X)) ≤ deg((X)0(X)) + deg(0(X)(X))

Ùò åê ôïýôïõ,

(X)0(X) | 0(X)(X)− (X)0(X)

deg(0(X)(X)− (X)0(X))  deg((X)0(X))

)
⇒ (X)−0(X) = 0[X]

êáôáëÞãïíôáò óôéò éóüôçôåò (3.52). ¤

3.8.3 Ïñéóìüò. Ôï (X) êáëåßôáé áêÝñáéï ìÝñïò êáé ôï (X)
(X) áìéãþò êëáóìáôéêü

ìÝñïò ôïý (X)
(X) ∈ (X)

3.8.4 Èåþñçìá. Ôï áìéãþò êëáóìáôéêü ìÝñïò (X)
(X) ïéïõäÞðïôå ðïëõùíõìéêïý êëÜ-

óìáôïò (3.50) ãñÜöåôáé êáôÜ ôñüðï ìïíáäéêü õðü ôç ìïñöÞ

(X)

(X)
=

X
=1

⎛⎝X
=1

(X)

(X)
−+1

⎞⎠  (3.53)



§ 3.8 ðåñé ôïõ óùìáôïò ôùí ñçôùí åêöñáóåùí 81

üðïõ

(X) = 
Q
=1

(X)


åßíáé ç óõíåðôõãìÝíç áðïóýíèåóç ôïý (X) (âë. 3.5.9 (ii)) êáé (X) ∈ [X] ðï-
ëõþíõìá ìå

deg((X))  deg((X)) ∀ ∈ {1} êáé ∀ ∈ {1 }

Áðïäåéîç. ÂÞìá 1ï. ÕðÜñ·ïõí ðïëõþíõìá 1(X) (X) ∈ [X] ìïíïóçìÜ-
íôùò ïñéóìÝíá ìÝóù ôùí éäéïôÞôùí

deg((X))  deg((X)
) ∀ ∈ {1 }

êáé

(X)

(X)
=

−1(X)
Q
=1

(X)


=
X
=1

(X)

(X)


 (3.54)

Èá ·ñçóéìïðïéÞóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí ¼ôáí  = 1 áñêåß íá

ôåèåß 1(X) := −1(X)¼ôáí  = 2

1(X) 6= 2(X) =⇒
3.5.12

ìêä(1(X)
1  2(X)

2) = 1

=⇒
3.3.15

∃1(X) 2(X) ∈ [X] : 1(X)1(X)
1 + 2(X)2(X)

2 = 1 

ïðüôå¡
−1(X)

¢
1(X)1(X)

1 +
¡
−1(X)

¢
2(X)2(X)

2 = −1(X) (3.55)

ÅÜí éó·ýåé deg(
¡
−1(X)

¢
2(X))  deg(1(X)

1) ôüôå èá éó·ýåé êáé ç áíéóüôçôá

deg(
¡
−1(X)

¢
1(X))  deg(2(X)

2)

äéüôé deg(−1(X))  deg(1(X)12(X)
2) êáé

deg(
¡
−1(X)

¢
2(X)2(X)

2)  deg(1(X)
12(X)

2)

Åí ôïéáýôç ðåñéðôþóåé èÝôïõìå

1(X) :=
¡
−1(X)

¢
2(X) 2(X) :=

¡
−1(X)

¢
1(X) (3.56)

ÅÜí éó·ýåé deg(
¡
−1(X)

¢
2(X)) ≥ deg(1(X)1) ôüôå

∃(X) (X) ∈ [X] :
¡
−1(X)

¢
2(X) = (X)1(X)

1 + (X)
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ìå deg((X))  deg(1(X)
1) êáé ç (3.55) äßäåé¡¡

−1(X)
¢
1(X) + (X)2(X)

2
¢
1(X)

1 + (X)2(X)
2 = −1(X) (3.57)

ÅðåéäÞ ïé âáèìïß ôùí −1(X) êáé (X)2(X)2 åßíáé  deg(1(X)
12(X)

2)

áðü ôçí (3.57) ðñïêýðôåé üôé

deg(
¡
−1(X)

¢
1(X) + (X)2(X)

2)  deg(2(X)
2)

Åí ôïéáýôç ðåñéðôþóåé èÝôïõìå

1(X) := (X) 2(X) :=
¡
−1(X)

¢
1(X) + (X)2(X)

2  (3.58)

Ôá (ìÝóù ôùí (3.56) êáé (3.58)) ïñéóèÝíôá ðïëõþíõìá 1(X) 2(X) åßíáé ôá ìïíá-

äéêÜ ðïëõþíõìá ãéá ôá ïðïßá éó·ýåé ç (3.54) ãéá  = 2 ÐñÜãìáôé° åÜí

(X)

(X)
=

1(X)

1(X)
1
+

2(X)

2(X)
2

=
01(X)

1(X)
1
+

02(X)
2(X)

2


üðïõ 01(X) 02(X) ∈ [X] ìå

deg(01(X))  deg(1(X)
1) deg(02(X))  deg(2(X)

2)

ôüôå
1(X)−01(X)
1(X)

1
=

2(X)−02(X)
2(X)

2
 ïðüôå

1(X)
1(2(X)− 02(X)) = 2(X)

2 (1(X)− 01(X))

ìêä(1(X)
1  2(X)

2) = 1

)
=⇒
3.3.16

1(X)
1 | 1(X)− 01(X)

êáé

deg(1(X))  deg(1(X)
1)

deg(01(X))  deg(1(X)
1)

deg (1(X)− 01(X))
≤ max{deg (1(X)) deg(01(X))}

⎫⎪⎪⎪⎬⎪⎪⎪⎭ =⇒ deg
¡
1(X)− 01(X)

¢
 deg(1(X)

1)

ÅðïìÝíùò,

1(X)
1 | 1(X)− 01(X)

deg(1(X)− 01(X))  deg(1(X)
1)

)
⇒ 1(X)− 01(X) = 0[X]

áð' üðïõ Ýðåôáé üôé 1(X) = 01(X) êáé 2(X) = 02(X) Åí óõíå·åßá, õðïèÝôïõìå

üôé  ≥ 3 êáé üôé ï éó·õñéóìüò åßíáé áëçèÞò ãéá ðïëõþíõìá, ôï ðëÞèïò ôùí ïðïßùí

åßíáé  ÅðåéäÞ ìêä(
Q−1

=1 (X)
  (X)

) = 1 (âë. ðüñéóìá 3.5.13), õðÜñ-

·ïõí ìïíïóçìÜíôùò ïñéóìÝíá (X) (X) ∈ [X] ìå

deg((X))  deg(
Q−1

=1 (X)
) deg((X))  deg((X)

)
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ôÝôïéá þóôå íá éó·ýåé

(X)

(X)
=

−1(X)
Q
=1

(X)


=
(X)

−1Q
=1

(X)


+
(X)

(X)


 (3.59)

ÊáôÜ ôçí åðáãùãéêÞ ìáò õðüèåóç õðÜñ·ïõí ìïíïóçìÜíôùò ïñéóìÝíá ðïëõþíõìá

1(X) −1(X) ∈ [X] ôÝôïéá þóôå íá éó·ýåé

(X)
−1Q
=1

(X)


=
−1X
=1

(X)

(X)


(3.60)

êáé deg((X))  deg((X)
) ∀ ∈ {1  − 1} Ç (3.54) Ýðåôáé áðü ôéò (3.59)

êáé (3.60).

ÂÞìá 2ï. Ãéá êÜèå  ∈ {1 } õðÜñ·ïõí ìïíïóçìÜíôùò ïñéóìÝíá ðïëõþíõìá
1(X) 

(X) ∈ [X] ìå

deg((X))  deg((X)) ∀ ∈ {1}

êáé

(X)

(X)

=

X
=1

(X)

(X)
−+1  (3.61)

ÐñÜãìáôé° åÜí ïñßóïõìå ùò 1(X) ôï õðüëïéðï ôÞò äéáéñÝóåùò ôïý (X) äéÜ ôïý

(X)ùò 2(X) ôï õðüëïéðï ôÞò äéáéñÝóåùò ôïý ðçëßêïõ ôçò äéÜ ôïý(X) ê.ï.ê.,
ëáìâÜíïõìå äéáäï·éêþò

(X) = 1 (X)(X) + 1(X) deg
¡
1(X)

¢
 deg ((X)) 

1 (X) = 2 (X)(X) + 2(X) deg
¡
2(X)

¢
 deg ((X)) 

2 (X) = 3 (X)(X) + 3(X) deg
¡
3(X)

¢
 deg ((X)) 

...
...

−3 (X) = −2 (X)(X) + −2(X) deg
¡
−2(X)

¢
 deg ((X)) 

−2 (X) = −1 (X)(X) + −1(X) deg
¡
−1(X)

¢
 deg ((X)) 

üðïõ

deg ()  deg
¡
(X)

−¢  ∀ ∈ {1 − 1}

ÈÝôïíôáò 
(X) := −1 (X) óõíÜãïõìå üôé

(X)
(X)


=

1(X)

(X)
−1 +

1(X)

(X)

=

2(X)

(X)
−2 +

2(X)

(X)
−1 +

1(X)

(X)

= · · ·
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êáôáëÞãïíôáò óôçí (3.61). ÁðïìÝíåé íá áðïäåé·èåß üôé ôá êáô' áõôüí ôïí ôñüðï

ïñéóèÝíôá ðïëõþíõìá 1(X) 
(X) åßíáé ôá ìüíá ðïëõþíõìá ìå áõôÞí ôçí

éäéüôçôá. ÅÜí

(X)

(X)

=

X
=1

0(X)
(X)

−+1  (3.62)

ãéá êÜðïéá 01(X) 
0


(X) ∈ [X] ìå

deg(0(X))  deg((X)) ∀ ∈ {1}

ôüôå (ýóôåñá áðü áöáßñåóç ôÞò (3.62) áðü ôçí (3.61) êáôÜ ìÝëç) ëáìâÜíïõìå

X
=1

(X)− 0(X)
(X)

−+1 = 0(X) (3.63)

Ðïëëáðëáóéáóìüò áìöïôÝñùí ôùí ìåëþí ôÞò (3.63) ìå (X)
−1 äßäåé

1(X)− 01(X)
(X)

= −
X
=2

((X)− 0(X))(X)
−2 ∈ [X]

áð' üðïõ Ýðåôáé üôé

(X) | 1(X)− 01(X)
deg(1(X)− 01(X))  deg((X))

¾
⇒ 1(X)− 01(X) = 0[X]

Ôþñá ç (3.63) ãñÜöåôáé ùò åîÞò:

X
=2

(X)− 0(X)
(X)

−+1 = 0(X)

ÅðáíáëáìâÜíïíôáò ôçí ßäéá åðé·åéñçìáôïëïãßá (ìå ôá 2(X) 
0
2(X) óôç èÝóç

ôùí 1(X) 
0
1(X) ê.ï.ê.) óõìðåñáßíïõìå ôåëéêþò üôé 2(X) = 02(X)


(X) = 0

(X) ¤

3.8.5 Ïñéóìüò. Ç (ìïíïóçìÜíôùò ïñéóìÝíç) ðáñÜóôáóç åíüò ðïëõùíõìéêïý êëÜ-

óìáôïò
(X)
(X) ∈ (X) ç ïðïßá äßäåôáé áðü ôéò (3.50) êáé (3.53), êáëåßôáé äéÜóðáóç

(áõôïý) óå áðëÜ (Þ óå ìåñéêÜ) ðïëõùíõìéêÜ êëÜóìáôá.

3.8.6 ÐáñáôÞñçóç. (i) ÊÜèå áðëü ðïëõùíõìéêü êëÜóìá õðåñÜíù ôïý C åßíáé ôÞò

ìïñöÞò



(X+ )
 üðïõ  ∈ N   ∈ C
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(ii) ÊÜèå áðëü ðïëõùíõìéêü êëÜóìá õðåñÜíù ôïý R åßíáé ôÞò ìïñöÞò



(X+ )


Þ
X+ 

(X2 + aX+ b)


üðïõ   ∈ N    ab∈ R a2 − 4b 0

3.8.7 Ðáñáäåßãìáôá. (i) ÅÜí      ∈ R êáé (− )(− )(− ) 6= 0 ôüôå
X2+X+

(X−)(X−)(X−) = (−)−1(−)−1(2++)
X−

+ (−)−1(−)−1(2++)
X− + (−)−1(−)−1(2++)

X− 

(ii) ÐáñÜäåéãìá ìå ìç ìçäåíéêü áêÝñáéï ìÝñïò:

X5−2X4+3X3+2X2+X+1
(X−1)3 = X2 + X+ 3 + 9

X−1 +
11

(X−1)2 +
4

(X−1)3 

(iii) ¸íá êáôÜ ôé ðéï óýíèåôï ðáñÜäåéãìá åßíáé ôï åîÞò:

1
X8+X7−X4−X3 = − 1

X +
1
X2 − 1

X3 +
98
X+1 +

14
(X+1)2 +

18
X−1 − 14(X+1)

X2+1 




