
ÐáñÜñôçìá B

ÕðïìíÞóåéò áðü ôç

Óôïé·åéþäç Èåùñßá Áñéèìþí

Óêïðüò ôïý ðáñüíôïò ðáñáñôÞìáôïò åßíáé ç õðåíèýìéóç êÜðïéùí áðïôåëåóìÜ-

ôùí ôÞò Óôïé·åéþäïõò Èåùñßáò Áñéèìþí, ïñéóìÝíá åê ôùí ïðïßùí åßíáé Þäç ãíù-

óôÜ áðü ôï ó·ïëåßï (êáé ôá ëïéðÜ áðü ðñïçãçèåßóåò ðáñáäüóåéò Üëëùí óõíáöþí

åéóáãùãéêþí ìáèçìÜôùí) êáé ·ñçóéìïðïéïýíôáé êáô' åðáíÜëçøç óôï êõñßùò êåß-

ìåíï. Ìåôáîý áõôþí óõãêáôáëÝãïíôáé ç ôáõôüôçôá ôÞò åõêëåéäåßïõ äéáéñÝóåùò,

ïé êýñéåò éäéüôçôåò êáé ï ôñüðïò õðïëïãéóìïý ôïý ìåãßóôïõ êïéíïý äéáéñÝôç êáé

ôïý åëá·ßóôïõ êïéíïý ðïëëáðëáóßïõ (äýï Þ ðåñéóóüôåñùí áêåñáßùí), ç ìïíïóÞ-

ìáíôç ðáñÜóôáóç åíüò öõóéêïý áñéèìïý ≥ 2 ùò ãéíïìÝíïõ ðñþôùí áñéèìþí, ôï

èåþñçìá ôïý Euler ðåñß éóïôéìßùí êáé ç ðåñéãñáöÞ ôùí ëýóåùí ãñáììéêþí éóïôé-

ìéþí ìå Ýíáí Üãíùóôï.

B.1 ÄÉÁÉÑÅÓÇ ÁÊÅÑÁÉÙÍ

Ç Ýííïéá ôÞò «äéáéñÝóåùò» Þôáí ãíùóôÞ êáé êáôáíïçôÞ Þäç áðü áñ·áéïôÜôùí

·ñüíùí. Ï Åõêëåßäçò óôï âéâëßï VII ôùí «Óôïé·åßùí» ôçí ðåñéãñÜöåé ìå ðåñéóóÞ

óáöÞíåéá (âáóéæüìåíïò óôç ãåùìåôñéêÞ-áíèõöáéñåôéêÞ ìÝèïäï).

B.1.1 Ïñéóìüò. ¸óôù üôé ïé   åßíáé äõï áêÝñáéïé áñéèìïß. ÅÜí õðÜñ·åé Ýíáò

áêÝñáéïò áñéèìüò  ôÝôïéïò þóôå íá éó·ýåé ç éóüôçôá  =  ôüôå ëÝìå üôé ï 

äéáéñåß (áêñéâþò) ôïí  êáé üôé ï  åßíáé äéáéñÝóéìïò äéÜ ôïý  Þ -éóïäõíÜìùò- üôé

ï  åßíáé ðïëëáðëÜóéï ôïý  êáé üôé ï  åßíáé äéáéñÝôçò Þ ðáñÜãïíôáò ôïý  Ãéá íá

äçëïýìå üôé ï  äéáéñåß ôïí  ãñÜöïõìå  |  åíþ ãéá íá äçëïýìå üôé ï  äåí äéáéñåß

ôïí  ãñÜöïõìå  - 

B.1.2 ÐáñÜäåéãìá. Ïé Üñôéïé (êáé áíôéóôïß·ùò, ïé ðåñéôôïß ) áêÝñáéïé áñéèìïß åß-
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íáé åî ïñéóìïý åêåßíïé ïé áêÝñáéïé áñéèìïß ïé ïðïßïé åßíáé äéáéñÝóéìïé (êáé áíôé-

óôïß·ùò, äåí åßíáé äéáéñÝóéìïé) äéÜ ôïý 2

B.1.3 Ðñüôáóç. (i)  | 0 ãéá êÜèå  ∈ Z
(ii) ±1 |  ãéá êÜèå  ∈ Z
(iii) ÅÜí 0 |  ãéá êÜðïéïí  ∈ Z ôüôå  = 0
(iv) ÅÜí  | ±1 ãéá êÜðïéïí  ∈ Z ôüôå  = ±1
(v)  |  ãéá êÜèå  ∈ Z

Áðïäåéîç. (i) Ðñïöáíþò, 0 =  · 0
(ii) ÅðåéäÞ  = 1 ·  = (−1) · (−)  Ý·ïõìå ±1 |  ãéá ïéïíäÞðïôå  ∈ Z
(iii) ÅÜí 0 |  ôüôå  = 0 ·  ãéá êÜðïéïí  ∈ Z ïðüôå êáô' áíÜãêçí  = 0
(iv) ÅÜí  | ±1 ôüôå ±1 =  ãéá êÜðïéïí  ∈ Z ïðüôå êáô' áíÜãêçí Ý·ïõìå

( ) ∈ {(±1±1) (±1∓1)}
(v) Ðñïöáíþò,  =  · 1 ãéá êÜèå  ∈ Z ¤

B.1.4 Óçìåßùóç. Óå ü,ôé áêïëïõèåß óçìåéþíïõìå ùò || = sign()  ôçí áðüëõôç
ôéìÞ åíüò áêåñáßïõ  (üðïõ sign() := 1 üôáí  ≥ 0 êáé sign() := −1 üôáí
  0).

B.1.5 Ðñüôáóç. ÅÜí     ∈ Z ôüôå éó·ýïõí ôá áêüëïõèá :
(i)  | ⇐⇒ − | ⇐⇒  | −⇐⇒ || | || 
(ii) ÅÜí  |  êáé  6= 0 ôüôå || ≤ || 
(iii) ÅÜí  |  êáé  |  ôüôå || = || 
(iv) ÅÜí  |  êáé  |  ôüôå  | 
(v) ÅÜí  |  êáé  |  ôüôå  | 
(vi) ÅÜí 1  |  êáé  |  ôüôå  | +  ãéá êÜèå   ∈ Z

Áðïäåéîç. (i) ÐñïöáíÝò åðß ôç âÜóåé ôïý ïñéóìïý B.1.1.

(ii) ÅÜí  |  êáé  6= 0 ôüôå õðÜñ·åé ìç ìçäåíéêüò áêÝñáéïò 0 ìå  = 0 ÅðïìÝ-
íùò, || = || |0|, áð' üðïõ Ýðåôáé üôé || ≤ ||.
(iii) ÅÜí ïé  êáé  åßíáé áìöüôåñïé ìç ìçäåíéêïß, ôüôå -ëüãù ôïý (ii)- || ≤ || êáé
|| ≥ ||, ïðüôå || = ||. ÅÜí  = 0 ôüôå áðü ôç ó·Ýóç äéáéñåôüôçôáò  |  ëáìâÜ-
íïõìå  = 0 (âë. B.1.3 (iii)). Ðáñïìïßùò åÜí  = 0 ôüôå áðü ôçí  |  ëáìâÜíïõìå

 = 0 ¢ñá óå êÜèå ðåñßðôùóç || = ||.
(iv) ÕðïèÝôïíôáò üôé  |  êáé  |  èá õðÜñ·ïõí áêÝñáéïé   ôÝôïéïé þóôå íá

éó·ýïõí ïé éóüôçôåò  =  êáé  = ÊáôÜ óõíÝðåéáí,

 =  =⇒  | 
1Ãåíéêüôåñá, åÜí  ∈ N 1  ∈ Z êáé  |  ãéá êÜèå  ∈ {1 } ôüôå (áêïëïõèþíôáò ôçí ßäéá óõëëïãé-

óôéêÞ) Ý·ïõìå  | P
=1  ãéá ïéïõóäÞðïôå 1  ∈ Z
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(v) ÕðïèÝôïíôáò üôé  |  êáé  |  èá õðÜñ·ïõí áêÝñáéïé   ôÝôïéïé þóôå íá

éó·ýïõí ïé éóüôçôåò  =  êáé  =  ÅðïìÝíùò,  =  =  =⇒  | 
(vi) ÅÜí  |  êáé  |  èá õðÜñ·ïõí áêÝñáéïé   ôÝôïéïé þóôå íá éó·ýïõí ïé

éóüôçôåò  =  êáé  =  Óõíåðþò,

+  = +  = (+ ) =⇒  | + 

ãéá ïéïõóäÞðïôå   ∈ Z ¤

B.1.6 Èåþñçìá. (Ç ôáõôüôçôá ôÞò åõêëåßäåéáò äéáéñÝóåùò)

ÅÜí õðïèÝóïõìå üôé  ∈ Z êáé üôé  ∈ Zr{0} ôüôå õðÜñ·åé Ýíá ìïíïóçìÜíôùò

ïñéóìÝíï æåýãïò ( ) ∈ Z× Z ïýôùò þóôå

 = +  üðïõ 0 ≤   ||  (B.1)

Áðïäåéîç. Åí ðñþôïéò èá áðïäåßîïõìå ôçí ýðáñîç åíüò ôÝôïéïõ æåýãïõò áêå-

ñáßùí ( ). Èåùñïýìå ôá óýíïëá

 := {−  |  ∈ Z} êáé  := { ∈  |  ≥ 0} 
Ôï  äåí åßíáé êåíü, äéüôé èÝôïíôáò  = − ||sign() ëáìâÜíïõìå

−  = + || || ≥ 0
äåäïìÝíïõ -åî õðïèÝóåùò- üôé || ≥ 1 Ùò åê ôïýôïõ, ôï  äéáèÝôåé Ýíá åëÜ·éóôï

óôïé·åßï2  ≥ 0Áõôü óçìáßíåé üôé  = −  ãéá êÜðïéïí  ∈ Z ïðüôå  = + .

ÕðïèÝôïíôáò üôé ôï  äåí éêáíïðïéåß ôçí   ||, èá åß·áìå

 ≥ ||  0 =⇒ 0 ≤  − ||   =⇒  − || = − − || = − ( + sign ())

Þôïé üôé  − || ∈  êÜôé ôï ïðïßï èá áíôÝöáóêå ðñïò ôçí åðéëïãÞ ôïý  ÊáôÜ

óõíÝðåéáí, ïé áíéóüôçôåò 0 ≤   || åßíáé üíôùò áëçèåßò. ÁðïìÝíåé ëïéðüí íá äåß-

îïõìå üôé ôï áíùôÝñù æåýãïò ( ) ðïõ éêáíïðïéåß ôçí (B.1) åßíáé, åðéðñïóèÝôùò,

êáé ìïíïóçìÜíôùò ïñéóìÝíï. Áò õðïèÝóïõìå üôé

 = +  = 0+ 0

üðïõ (0 0) ∈ Z× Z êáé üôé 0 ≤  0  ||  Ôüôå
| − 0| = || | − 0|

êáé

0 ≤ | − 0|  ||

⎫⎬⎭ =⇒ || | − 0|  || =⇒ | − 0|  1 =⇒
0∈Z

 = 0

¢ñá  = −  = − 0 = 0 äçëáäÞ êáô' áíÜãêçí ( ) = (0 0) ¤

B.1.7 Ïñéóìüò. Ôá  êáé  ôÞò ôáõôüôçôáò (B.1) ïíïìÜæïíôáé ôï ðçëßêï êáé, áíôé-

óôïß·ùò, ôï õðüëïéðï ôÞò äéáéñÝóåùò ôïý  äéÜ ôïý  ÓçìåéùôÝïí üôé ôï  äéáéñåß

(áêñéâþò) ôï  äçëáäÞ  |  åÜí êáé ìüíïí åÜí  = 0
2ÊáôÜ ôçí «áñ·Þ ôÞò êáëÞò äéáôÜîåùò», êÜèå ìç êåíü õðïóýíïëï ôïý N Þ ôïý N0 äéáèÝôåé åëÜ·éóôï óôïé·åßï.
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IÐáñÜóôáóç öõóéêïý áñéèìïý óå ìéá êëßìáêá. Ç åîïéêåßùóç ìå ôçí ðáñÜóôáóç

åíüò öõóéêïý áñéèìïý óôï äåêáäéêü óýóôçìá (óôçí «êëßìáêá ôïý 10») ëáìâÜíåé

·þñá óôá áñ·éêÜ óôÜäéá ôÞò ðñùôïâÜèìéáò åêðáéäåýóåùò. Ôï èåþñçìá B.1.9 ìáò

ðëçñïöïñåß üôé, áíôß ôïý 10 åßíáé äõíáôüí íá ·ñçóéìïðïéçèåß êáé ïéïóäÞðïôå

Üëëïò áêÝñáéïò ≥ 2

B.1.8 ËÞììá. ¸óôù  ∈ N  ≥ 2 ÅÜí  ∈ N0 êáé éó·ýåé ç éóüôçôá


 + −1−1 + · · ·+ 1+ 0 = 0 (B.2)

üðïõ  ∈ Z êáé || ≤ − 1 ∀ ∈ {0 1  } ôüôå  = 0 ∀ ∈ {0 1  }
Áðïäåéîç. H (B.2) ãñÜöåôáé ùò 0 = 0 üðïõ 0 := −(−1 + · · ·+ 1) ¢ñá

åßôå |0| ≥  åßôå 0 = 0 Ôï ðñþôï åíäå·üìåíï áðïêëåßåôáé áðü ôçí õðüèåóÞ ìáò.

ÅðïìÝíùò,

0 = 0⇒ 0 = 0

 6= 0
¾
=⇒
(B.2)


−1 + −1−2 + · · ·+ 1 = 0

ÅðáíáëáìâÜíïíôáò ôïí ßäéï óõëëïãéóìü óõìðåñáßíïõìå üôé 1 = 0 Óõíå·ßæïíôáò

áõôÞí ôç äéáäéêáóßá êáôáëÞãïõìå (ýóôåñá áðü  âÞìáôá) óôï üôé éó·ýïõí ïé éóü-

ôçôåò 0 = 1 = · · · =  = 0 ¤

B.1.9 Èåþñçìá. ÅÜí  ∈ N  ≥ 2 ôüôå êÜèå  ∈ N ìðïñåß íá ãñáöåß ìïíïóçìÜ-
íôùò õðü ôç ìïñöÞ

 = 
 + −1−1 + · · ·+ 1+ 0 (B.3)

üðïõ 3  ∈ N0  ∈ {0 1  − 1} ãéá êÜèå  ∈ {0  − 1} êáé  ∈ {1  − 1}
Áðïäåéîç. Êáô' áñ·Üò, êÜíïíôáò ·ñÞóç ôÞò ìáèçìáôéêÞò åðáãùãÞò (äåýôåñçò

ìïñöÞò), èá äåßîïõìå üôé êÜèå  ∈ N äéáèÝôåé ìéá ôÝôïéïõ åßäïõò ðáñÜóôáóç. ÅÜí

 = 1 ôüôå ç  = 1 åßíáé ìéá ðáñÜóôáóç ôÞò ìïñöÞò (B.3) èÝôïíôáò  := 0 êáé

0 := 1 ÅÜí    ôüôå ç  =  åßíáé ìéá ôÝôïéïõ åßäïõò ðáñÜóôáóç, åÜí èÝóïõìå

 := 0 êáé 0 :=  ÅÜí  ≥  õðïèÝôïõìå üôé êÜèå öõóéêüò áñéèìüò   äéáèÝôåé

ìéáðáñÜóôáóç ôÞò ìïñöÞò (B.3) êáé ãñÜöïõìå ôïí  (ìÝóù ôÞò (B.1))ùò = +

üðïõ ( ) ∈ Z× Z êáé   0  ∈ {0 1  − 1} (äéüôé  ≥ ). ÅðåéäÞ    ôï 

äéáèÝôåé (ëüãù ôÞò åðáãùãéêÞò ìáò õðïèÝóåùò) ìéá ðáñÜóôáóç ôÞò ìïñöÞò

 = 
 + −1−1 + · · ·+ 1+ 0

üðïõ ∈ N0  ∈ {0 1  −1} ãéá êÜèå  ∈ {0 −1} êáé  ∈ {1  −1}
¢ñá

 = +  = 
 + −1−1 + · · ·+ 1+ 0

üðïõ  := + 1  := −1 ãéá êÜèå  ∈ {1  } êáé 0 := 

3ÅðåéäÞ  ≤ 
 ≤  Ý·ïõìå  ≤ ln()

ln() 
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Åí óõíå·åßá, èá áðïäåßîïõìå ôç ìïíáäéêüôçôá ôÞò ðáñáóôÜóåùò (B.3) ôïý 

Áò õðïèÝóïõìå üôé ï  ðÝñáí ôÞò (B.3), Ý·åé êáé ôçí ðáñÜóôáóç

 = 0
 + 0−1

−1 + · · ·+ 01+ 00 (B.4)

üðïõ  ∈ N0 0 ∈ {0 1  − 1} ãéá êÜèå  ∈ {0  − 1} êáé 0 ∈ {1  − 1}
ÅÜí    ôüôå ïé (B.3) êáé (B.4) äßäïõí

0
 + · · ·+ 0+1

+1 + (0 − ) 
 + · · ·+ (01 − 1) + (

0
0 − 0) = 0 (B.5)

ÅðåéäÞ |0 − | ≤ − 1∀ ∈ {0 1  } ôï ëÞììá B.1.8 ìáò ðëçñïöïñåß üôé üëïé

ïé óõíôåëåóôÝò ôïý áñéóôåñïý ìÝëïõò ôÞò (B.5) åßíáé ßóïé ìå ôï 0 Ôïýôï üìùò åßíáé

Üôïðï, äéüôé 0  0¢ñá äåí ìðïñåß íá éó·ýåé ç áíéóüôçôá   Ðáñïìïßùò (ìå

åíáëëáãÞ ôùí ñüëùí ôùí  êáé ) áðïäåéêíýïõìå üôé äåí ìðïñåß íá éó·ýåé ïýôå ç

áíéóüôçôá   ÊáôÜ óõíÝðåéáí,  =  êáé

(0 − ) 
 + · · ·+ (01 − 1) + (

0
0 − 0) = 0

ïðüôå áðü ôï ëÞììá B.1.8 Ýðåôáé üôé 0 = ∀ ∈ {0 1  }. ¤

B.1.10 Ïñéóìüò. ÇðáñÜóôáóç (B.3) êáëåßôáéðáñÜóôáóç ôïý  óôçí êëßìáêá ôïý

 (êáé ï  âÜóç ôÞò êëßìáêáò).

B.1.11 Óõìâïëéóìüò. ÅÜí Ýíáò  ∈ N Ý·åé óôçí êëßìáêá ôïý  ôçí ðáñÜóôáóç

(B.3), ôüôå óõíÞèùò ãñÜöïõìå åí óõíôïìßá

 = (−1 10)

B.1.12 Ðáñáäåßãìáôá. (i) Ãéá ôïí  = 456 Ý·ïõìå ðñïöáíþò

456 = (456)10 = 4 · 102 + 5 · 10 + 6 = 7 · 82 + 1 · 8 + 0 = (710)8

(ii) Ï öõóéêüò áñéèìüò  = 375 óôçí êëßìáêá ôïý 2 (Þôïé óôï äõáäéêü óýóôçìá )
ãñÜöåôáé ùò (101110111)2

B.2 ÌÅÃÉÓÔÏÓ ÊÏÉÍÏÓ ÄÉÁÉÑÅÔÇÓ

ÊÁÉ ÅËÁμÉÓÔÏ ÊÏÉÍÏ ÐÏËËÁÐËÁÓÉÏ

B.2.1 Ïñéóìüò. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé 1  åßíáé áêÝñáéïé ìå Ýíáí

ôïõëÜ·éóôïí åî áõôþí 6= 0 ôüôå êÜèå áêÝñáéïò ðïõ äéáéñåß êáèÝíáí åê ôùí 1 
êáëåßôáé êïéíüò äéáéñÝôçò ôùí 1  ¸óôù  ôï óýíïëï ôùí èåôéêþí êïéíþí

äéáéñåôþí ôùí 1 Ðñïöáíþò ôï åßíáé ìç êåíü, êáèüôé 1 ∈ ÅðåéäÞ  6= 0
ãéá êÜðïéïí  ∈ {1  } Ý·ïõìå  |  êáé, ùò åê ôïýôïõ,  ≤ ||  ∀ ∈  ÊáôÜ

óõíÝðåéáí, ôï  åßíáé ðåðåñáóìÝíï. Ôï ìÝãéóôï óôïé·åßï ôïý óõíüëïõ  (ùò ðñïò

ôçí “ ≤ ”) êáëåßôáé ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí 1  êáé óõìâïëßæåôáé ùò
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ìêä(1 ). ÓçìåéùôÝïí üôé ãéá êÜèå  ∈ Z ôï óýíïëï ôùí èåôéêþí äéáéñåôþí

ôïý  óõìðßðôåé ìå ôï óýíïëï ôùí èåôéêþí äéáéñåôþí ôïý − ÅðïìÝíùò,
ìêä(1 ) = ìêä(|1|  ||)

äçëáäÞ ï ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí 1  åßíáé áíåîÜñôçôïò ôùí ðñïóÞ-

ìùí ôïõò. Åðßóçò, åðåéäÞ êÜèå áêÝñáéïò äéáéñåß ôï ìçäÝí, Ý·ïõìå

ìêä(0 1 ) = ìêä(1 )

êáé, åéäéêüôåñá4, ìêä(0 ) = ìêä( 0) = 0 ∀ ∈ Zr{0} (Ãé' áõôüí ôïí ëüãï ìðï-

ñïýìå åöåîÞò íá õðïèÝôïõìå üôé êáíåßò åê ôùí åêÜóôïôå èåùñïõìÝíùí áêåñáßùí

1  äåí åßíáé ìçäÝí.)

B.2.2 Ïñéóìüò. Äõï ìç ìçäåíéêïß áêÝñáéïé   êáëïýíôáé ó·åôéêþò ðñþôïé üôáí

ìêä( ) = 1 (Åðßóçò, åíáëëáêôéêþò, óå áõôÞí ôçí ðåñßðôùóç, ëÝìå üôé ï  åßíáé

ðñþôïò ðñïò ôïí  Þ -éóïäõíÜìùò- üôé ï  åßíáé ðñþôïò ðñïò ôïí )

B.2.3 Ïñéóìüò. ÅÜí  ∈ N  ≥ 2 êáé 1  ∈ Zr{0} ìå ìêä(1 ) = 1

ôüôå ëÝìå üôé ïé 1  åßíáé ó·åôéêþò ðñþôïé Þ üôé åßíáé ðñþôïé ìåôáîý ôïõò.

ÅÜí ìêä(  ) = 1 ãéá ïéïõóäÞðïôå   ∈ {1  } ìå  6=  ôüôå ëÝìå üôé ïé

1  åßíáé áíÜ äýï (Þ áíÜ æåýãç) ó·åôéêþò ðñþôïé Þ, åíáëëáêôéêþò, üôé åßíáé

áíÜ äýï (Þ áíÜ æåýãç) ðñþôïé ìåôáîý ôïõò.

B.2.4 ÐáñáôÞñçóç. ÅÜí ïé 1  åßíáé áíÜ äýï ó·åôéêþò ðñþôïé, ôüôå åßíáé

êáé ó·åôéêþò ðñþôïé (ùò ïëüôçôá). ÁíôéèÝôùò, ôï íá åßíáé ïé áêÝñáéïé 1 
ó·åôéêþò ðñþôïé äåí óçìáßíåé üôé áõôïß åßíáé êáô' áíÜãêçí êáé áíÜ äýï ó·åôé-

êþò ðñþôïé. Ð.·., ìêä(5 6 10) = 1 ìå ìêä(5 6) = 1 áëëÜ ìêä(5 10) = 5 êáé

ìêä(6 10) = 2

B.2.5 Èåþñçìá. ÅÜí  ∈ N  ≥ 2 1  ∈ Zr{0} êáé  := ìêä(1 )

ôüôå õðÜñ·ïõí 1  ∈ Z ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá 5

 = 11 + · · ·+  (B.6)

Áðïäåéîç. Èåùñïýìå ôï óýíïëï  :=

(
P
=1



¯̄̄̄
¯ 1  ∈ Z

)
ÈÝôïíôáò

 :=

½
1 üôáí  = 

0 üôáí  6= 

ãéá êÜèå   ∈ {1 } Ý·ïõìå ðñïöáíþò  =
P
=1

 ∈  ∀ ∈ {1 } ÅÜí
êÜðïéïò åê ôùí 1  åßíáé 0 ôüôå ∩N 6= ∅ Ùóôüóï, ôï üôé ∩N 6= ∅ åßíáé

4Óýìâáóç : Áêüìç êáé üôáí  = 0 èÝôïõìå ìêä(0 0) := 0

5Åßèéóôáé íá ëÝìå üôé ìÝóù ôÞò (B.6) ï  åêöñÜæåôáé ùò áêÝñáéïò ãñáììéêüò óõíäõáóìüò ôùí 1  (ìå óõíôå-
ëåóôÝò ôïõ ôïõò 1 ).
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ðÜíôïôå áëçèÝò, äéüôé áêüìç êáé åÜí   0 ãéá êÜèå  ∈ {1 } Ý·ïõìå

− =
P
=1

(−)  ∈  ∩ N

Ùò åê ôïýôïõ, ôï  ∩N äéáèÝôåé åëÜ·éóôï óôïé·åßï (êáèþò ôï N åßíáé êáëþò äéáôå-

ôáãìÝíï), áò ðïýìå ôï 0 =
P

=1   Èá áðïäåßîïõìå üôé 0 =  ÐñÜãìáôé° ãéá

ïéïäÞðïôå óôïé·åßï  =
P

=1  ôïý  õðÜñ·åé (êáôÜ ôï èåþñçìá B.1.6) Ýíá

ìïíïóçìÜíôùò ïñéóìÝíï æåýãïò ( ) ∈ Z× Z ïýôùò þóôå íá éó·ýåé

 = 0 +  üðïõ 0 ≤   0

ÕðïèÝôïíôáò üôé   0 êáôáëÞãïõìå óå êÜôé ôï Üôïðï, êáèüóïí

0   =
P
=1

( − )  ∈ 

¢ñá  = 0 =⇒ 0 |  êáé, åéäéêüôåñá, 0 |  ãéá êÜèå  ∈ {1 }ÅðéðñïóèÝôùò,
ãéá ïéïíäÞðïôå  ∈ N , ãéá ôïí ïðïßï éó·ýåé  | 1  |  Ý·ïõìå

[ | 11  | ] =⇒  | 0 =⇒  ≤ 0

(âë. B.1.5 (vi) êáé (ii)), ïðüôå ôåëéêþò 0 =  ¤

B.2.6 Ðüñéóìá. ÅÜí  ∈ N  ≥ 2 êáé 1  ∈ Zr{0} ôüôå Ýíáò  ∈ N éóïýôáé
ìå ôïí ìêä(1 ) åÜí êáé ìüíïí åÜí éó·ýïõí ôá áêüëïõèá :

(i)  | 1  | 
(ii) ãéá ïéïíäÞðïôå  ∈ N ãéá ôïí ïðïßï éó·ýåé  | 1  |  Ý·ïõìå  | 
Áðïäåéîç. Óýìöùíá ìå ôï èåþñçìá B.2.5 õðÜñ·ïõí 1  ∈ Z ôÝôïéïé þóôå
íá éó·ýåé ç éóüôçôá ìêä(1 ) = 11 + · · · +  Ôï (i) éó·ýåé åî ïñéóìïý.

Ãéá ôçí áðüäåéîç ôïý (ii) áñêåß íá èåùñÞóïõìå ôõ·üíôá èåôéêü êïéíü äéáéñÝôç

 ôùí 1  êáé íá áðïäåßîïõìå üôé áõôüò äéáéñåß ôïí ìÝãéóôï êïéíü äéáéñÝôç

ôïõò. ÅðåéäÞ  |  =⇒  |   ∀ ∈ {1 } äéáðéóôþíïõìå ðñÜãìáôé üôé

 |ìêä(1 ) (ðñâë. B.1.5 (vi)). Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå üôé ï  åß-

íáé Ýíáò èåôéêüò áêÝñáéïò ï ïðïßïò éêáíïðïéåß ôá (i) êáé (ii), ôüôå ï  åßíáé êïéíüò

äéáéñÝôçò ôùí 1  (ëüãù ôïý (i)) êáé ïéïóäÞðïôå èåôéêüò êïéíüò äéáéñÝôçò 
ôùí 1  äéáéñåß ôïí  (ëüãù ôïý (ii)), ïðüôå  ≤  (âë. B.1.5 (ii)). ÅðïìÝíùò,

 = ìêä(1 ) ¤

B.2.7 Ðüñéóìá. ¸óôù üôé  ∈ N  ≥ 2 êáé üôé ïé 1  ∈ Zr{0} ÅÜí ï 
åßíáé Ýíáò èåôéêüò êïéíüò äéáéñÝôçò ôùí 1  ï ïðïßïò ãñÜöåôáé õðü ôç ìïñöÞ
 = 11 + · · ·+  1  ∈ Z ôüôå  = ìêä(1 )

Áðïäåéîç. ÅÜí  åßíáé Ýíáò èåôéêüò êïéíüò äéáéñÝôçò ôùí 1  ôüôå

 |  ⇒ [ |   ∀ ∈ {1 }]⇒  | 
(Âë. B.1.5 (vi).) ¢ñá  = ìêä(1 ) âÜóåé ôïý ðïñßóìáôïò B.2.7. ¤
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B.2.8 Ðüñéóìá. ÅÜí  ∈ N  ≥ 2 êáé 1  ∈ Zr{0} ôüôå ïé 1  åßíáé
ðñþôïé ìåôáîý ôïõò åÜí êáé ìüíïí åÜí õðÜñ·ïõí 1  ∈ Z ôÝôïéïé þóôå íá
éó·ýåé ç éóüôçôá

11 + · · ·+  = 1

Áðïäåéîç. ÅÜí ïé 1  åßíáé ðñþôïé ìåôáîý ôïõò, ôüôå ç ùò Üíù éóüôçôá åß-

íáé ðñïöáíÞò áðü ôï èåþñçìá B.2.5. ÅÜí, áíôéóôñüöùò, 11 + · · · +  = 1

ãéá êÜðïéïõò áêåñáßïõò 1  Ý·ïõìå 1 |  ãéá êÜèå  ∈ {1 } ïðüôå
ìêä(1 ) = 1 äõíÜìåé ôïý ðïñßóìáôïò B.2.7. ¤

B.2.9 Ðüñéóìá. ÅÜí    ∈ Zr{0} ìêä( ) = 1 êáé  |  ôüôå  | 
Áðïäåéîç. ÅðåéäÞ ìêä( ) = 1 âÜóåé ôïý B.2.8 õðÜñ·ïõí   ∈ Z ôÝôïéïé þóôå
íá éó·ýåé ç éóüôçôá +  = 1 Ùò åê ôïýôïõ, +  =  êáé åðåéäÞ  |  êáé
 |  Ý·ïõìå  |  (âë. B.1.5(vi)). ¤

B.2.10 Ðüñéóìá. ÅÜí    ∈ Zr{0} ôüôå éó·ýåé ç óõíåðáãùãÞ
[ìêä( ) = 1  |  êáé  | ] =⇒  | 

Áðïäåéîç. ÅðåéäÞ ìêä( ) = 1 âÜóåé ôïý B.2.8 õðÜñ·ïõí   ∈ Z ôÝôïéïé þóôå
íá éó·ýåé ç éóüôçôá +  = 1 ÅðïìÝíùò,

[ = +   |  êáé  | ] =⇒  | 
ëüãù ôùí (iv) êáé (vi) ôÞò ðñïôÜóåùò B.1.5. ¤

B.2.11 Ðüñéóìá. ÅÜí   ∈ N ìå ìêä( ) = 1 ôüôå õðÜñ·ïõí   ∈ N ôÝôïéïé
þóôå íá éó·ýåé −  = 1

Áðüäåéîç. Óýìöùíá ìå ôï ðüñéóìá B.2.8 õðÜñ·ïõí   ∈ Z ôÝôïéïé þóôå íá

éó·ýåé ç éóüôçôá  +  = 1 ÅðéëÝãïõìå Ýíáí áêÝñáéï áñéèìü  ìå   −
 êáé

  
  êáé èÝôïõìå  :=  +  êáé  := −( − ) Ðñïöáíþò,  ≥ 1  ≥ 1 êáé

−  = +  = 1 ¤

B.2.12 Ðüñéóìá. ÅÜí    ∈ Zr{0}, ôüôå
ìêä( ) = 1⇐⇒ [ìêä( ) = 1 êáé ìêä( ) = 1]

Áðïäåéîç. ÅÜí ìêä( ) = 1 ôüôå êáôÜ ôï ðüñéóìá B.2.8 õðÜñ·ïõí   ∈ Z
ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá +  = 1Ìå åê íÝïõ åöáñìïãÞ ôïý ðïñßóìá-

ôïò B.2.8 (êáé, óõãêåêñéìÝíá, ôÞò áíôßóôñïöçò óõíåðáãùãÞò ðïõ äçëïß ôï «ìüíïí

åÜí») óõìðåñáßíïõìå üôé ìêä( ) = 1 êáé ìêä( ) = 1 Êáé áíôéóôñüöùò° õðï-

èÝôïíôáò üôé ìêä( ) = 1 êáé ìêä( ) = 1 èá õðÜñ·ïõí     ∈ Z ôÝôïéïé
þóôå

+  = 1

+  = 1

)
=⇒ +  (+ ) = 1 = ( + ) + ()

ïðüôå êáé ðÜëé ìÝóù ôïý B.2.8 ðñïêýðôåé üôé ìêä( ) = 1 ¤



§ B.2 ìåãéóôïò êïéíïò äéáéñåôçò êáé åëá·éóôï êïéíï ðïëëáðëáóéï 705

B.2.13 Ðüñéóìá. ÅÜí   ∈ Zr{0} ìå ìêä( ) = 1 ôüôå ìêä( ) = 1 ãéá êÜèå
æåýãïò () ∈ N×N

Áðïäåéîç. ÂÞìá 1ï. ÕðïèÝôïõìå üôé = 1Èá áðïäåßîïõìå ìÝóù ìáèçìáôéêÞò

åðáãùãÞò ùò ðñïò ôïí  üôé ìêä( ) = 1 Ãéá  = 1 áõôÞ ç éóüôçôá åßíáé (åî

õðïèÝóåùò) áëçèÞò. ÅÜí õðïèÝóïõìå üôé  ≥ 2 êáé üôé ìêä( −1) = 1 ôüôå£
ìêä( ) = 1 êáé ìêä( −1) = 1

¤
=⇒
B.2.12

ìêä( ) = 1

ÂÞìá 2ï. Èá áðïäåßîïõìå ìÝóù ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  üôé

ìêä( ) = 1 Ãéá  = 1 ç åí ëüãù éóüôçôá åßíáé áëçèÞò (âÜóåé ôùí ðñïá-

íáöåñèÝíôùí óôï 1ï âÞìá). ÅÜí õðïèÝóïõìå üôé ≥ 2 êáé üôé ìêä(−1 ) = 1
ôüôå

£
ìêä( ) = 1 êáé ìêä(−1 ) = 1

¤
=⇒
B.2.12

ìêä( ) = 1 ¤

B.2.14 Ðñüôáóç. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé  1  åßíáé ìç ìçäåíéêïß áêÝ-
ñáéïé,ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ìêä(1 ) = || ìêä(1 )
(ii) åÜí ìêä(1 ) =  ôüôå ìêä(

1





) = 1 êáé

(iii) ìêä(1 ) = ìêä(1 + 22 + · · · +  2  ) ãéá ïéïõóäÞðïôå
2   ∈ Z

Áðïäåéîç. (i) ÅÜí ìêä(1 ) =  ôüôå êáôÜ ôï èåþñçìá B.2.5 õðÜñ·ïõí áêÝ-

ñáéïé 1 , ôÝôïéïé þóôå íá éó·ýåé ç éóüôçôá  = 11+ · · ·+  ÅðïìÝíùò,

 || =
P
=1

 || =
P
=1

(sign () )  êé åðåéäÞ  |  ⇒  || |  ãéá êÜèå

 ∈ {1 } ï ì.ê.ä. ôùí 1  åßíáé ï  || äõíÜìåé ôïý ðïñßóìáôïò B.2.7.

(ii) Óýìöùíá ìå ôï (i),  = ìêä(1 ) = ìêä( 1
  


 ) =  ìêä(1 


 )

ïðüôå ëáìâÜíïõìå ìêä(1 

 ) = 1

(iii) Êáôüðéí åéóáãùãÞò ôùí óõíôïìïãñáöéþí

ìêä(1 ) =:  ìêä(1 + 22 + · · ·+  2  ) =: 
0

ðáñáôçñïýìå üôé [ |  ⇒  |  ∀ ∈ {2  }] ⇒  | 1 + 22 + · · · + 

ÊáôÜ ôï ðüñéóìá B.2.6,  | 0 Êáé áíôéóôñüöùò° åðåéäÞ

0 | 1 + 22 + · · ·+  êáé [0 |  =⇒ 0 |   ∀ ∈ {2 }] 

Ý·ïõìå 0 | 1 + 22 + · · · +  − (22 + · · · + ) Þôïé 
0 | 1 ïðüôå

0 |   ∀ ∈ {1 2 } áð' üðïõ Ýðåôáé üôé 0 |  (âë. B.2.6). ÅðåéäÞ  0 ∈ N ïé
ó·Ýóåéò äéáéñåôüôçôáò  | 0 êáé 0 |  äßäïõí  = 0 (âë. B.1.5 (iii)). ¤

B.2.15 Ðüñéóìá. ÅÜí ∈ N êáé  ∈ N  ≥ 2 ôüôå

ìêä( − 1  − 1) = ìêä() − 1
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Áðüäåéîç. ÈÝôïíôáò  := ìêä( − 1  − 1)  := ìêä() êáé d := ìêä( )

ðáñáôçñïýìå åí ðñþôïéò üôé

 − 1 = () − 1 = ( − 1)(() −1 + () −2 + · · ·+ 1)
ïðüôå −1 | −1Êáô' áíáëïãßáí, −1 | −1Áðü ôï ðüñéóìá B.2.6 Ýðåôáé

üôé −1 |  Åí óõíå·åßá, ðáñáôçñïýìå üôé ìêä(   ) = 1 (âë. B.2.14 (ii)), ïðüôå
(êáôüðéí åöáñìïãÞò ôïý ðïñßóìáôïò B.2.11) õðÜñ·ïõí   ∈ N ôÝôïéïé þóôå íá
éó·ýåé  − 

 = 1 =⇒ −  =  ÓçìåéùôÝïí üôé

[ |  − 1 êáé  − 1 |  − 1] =⇒
B.1.5 (v)

 |  − 1

êáé, ðáñïìïßùò,  |  − 1 Åî áõôþí ðñïêýðôåé üôé
 | (( − 1)− ( − 1)) =  −  = (− − 1) = ( − 1)

(Âë. B.1.5 (vi).) ÅðåéäÞ d | ⇒ d |  êáé [d |  êáé  |  − 1] =⇒
B.1.5 (v)

d |  − 1
Ý·ïõìå d |  − ( − 1) = 1⇒ d = 1 êáé

 | ( − 1)
d = ìêä( ) = 1 =⇒

B.2.13
ìêä( ) = 1

⎫⎬⎭ =⇒
B.2.9

 |  − 1

¢ñá ôåëéêþò,  =  − 1 ¤

B.2.16 Ðñüôáóç. ÅÜí  ∈ N  ≥ 3 êáé åÜí 1  ∈ Zr{0} ôüôå ãéá êÜèå
 ∈ Z 1 ≤  ≤ − 2 éó·ýåé ç éóüôçôá

ìêä(1 ) = ìêä(1  ìêä(+1 )) (B.7)

Áðïäåéîç. ÅðåéäÞ ìêä(1 ) |  ãéá êÜèå  ∈ { + 1 } Ý·ïõìå
ìêä(1 ) | ìêä(+1 )

ÅðïìÝíùò, ìêä(1 ) |  ãéá ïéïíäÞðïôå äåßêôç  ∈ {1 } êáé

ìêä(1 ) |ìêä(+1 ) áð' üðïõ óõíÜãåôáé üôé

ìêä(1 ) | ìêä(1  ìêä(+1 )) (B.8)

Êáé áíôéóôñüöùò° ìêä(1  ìêä(+1 )) |  ãéá êÜèå  ∈ {1 } êáé
ìêä(1  ìêä(+1 )) | ìêä(+1 )

ïðüôå ìêä(1  ìêä(+1 )) |  ãéá êÜèå  ∈ {1 } ðïõ óçìáßíåé üôé

ìêä(1  ìêä(+1 )) | ìêä(1 ) (B.9)

ÅðåéäÞ ïé ðñïêåßìåíïé ìÝãéóôïé êïéíïß äéáéñÝôåò åßíáé 0 áðü ôéò (B.8), (B.9) êáé

ôï (iii) ôÞò ðñïôÜóåùò B.1.5 óõìðåñáßíïõìå ôçí éó·ý ôÞò éóüôçôáò (B.7). ¤
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B.2.17 ÐáñáôÞñçóç. ÈÝôïíôáò  = 1 êáé åöáñìüæïíôáò ôïí ôýðï (B.7)−1öïñÝò
åßíáé äõíáôÞ ç áíáãùãÞ ôÞò åõñÝóåùò ôïý ìåãßóôïõ êïéíïý äéáéñÝôç  ≥ 3 ìç

ìçäåíéêþí áêåñáßùí áñéèìþí 1  óôçí åýñåóç ôïý ìåãßóôïõ êïéíïý äéáéñÝôç

− 1 æåõãþí ìç ìçäåíéêþí áêåñáßùí.

I Åõêëåßäåéïò áëãüñéèìïò ðñïóäéïñéóìïý ìêä. Ï õðïëïãéóìüò ôïý ìåãßóôïõ êïé-

íïý äéáéñÝôç äýï ôõ·üíôùí ìç ìçäåíéêþí áêåñáßùí 0 =  1 =  ìðïñåß íá

åêôåëåóèåß ìå ôç âïÞèåéá ôïý ëåãïìÝíïõ Åõêëåéäåßïõ áëãïñßèìïõ, ï ïðïßïò âáóß-

æåôáé óôç ·ñÞóç ðåðåñáóìÝíïõ ðëÞèïõò ôáõôïôÞôùí ôÞò Åõêëåéäåßïõ äéáéñÝóåùò

(B.1) ùò áêïëïýèùò: ÅðåéäÞ ìêä( ) = ìêä(||  ||) ìðïñïýìå -·ùñßò âëÜâç ôÞò

ãåíéêüôçôáò- íá õðïèÝóïõìå üôé  ≥   0 ÊáôÜ ôï èåþñçìá B.1.6 õðÜñ·ïõí

ìïíïóçìÜíôùò ïñéóìÝíá æåýãç áêåñáßùí áñéèìþí (  ) 1 ≤  ≤  + 1 ïýôùò

þóôå íá éó·ýïõí ïé éóüôçôåò:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 = 11 + 2 0 ≤ 2  1
1 = 22 + 3 0 ≤ 3  2
2 = 33 + 4 0 ≤ 4  3
· · · · · · · · · · · ·
−2 = −1−1 +  0 ≤   −1
−1 =  + +1 0 ≤ +1  

(B.10)

(ÅÜí ∃   ≥ 2 ìå  = 0 ôüôå óôáìáôïýìå). Åî áõôþí óõíÜãåôáé -éäéáéôÝñùò- üôé
0 ≤ +1    −1  · · ·  3  2  1 ≤ 0 ÅÜí õðïèÝôáìå üôé ãéá êÜèå
öõóéêü áñéèìü  ôï õðüëïéðï +1 åßíáé 6= 0 èá êáôáëÞãáìå óôï óõìðÝñáóìá üôé

ìåôáîý ôïý 0 êáé ôïý 0 =  õðÜñ·ïõí Üðåéñïé (óáöþò äéáêåêñéìÝíïé) öõóéêïß

áñéèìïß, êÜôé ðïõ èá Þôáí Üôïðï. Ùò åê ôïýôïõ, õðÜñ·åé (êáô' áíÜãêçí) êÜðïéïò

öõóéêüò áñéèìüò, áò ôïí ðïýìå ∗ ãéá ôïí ïðïßï ∗ 6= 0 êáé ∗+1 = 0

B.2.18 Ðñüôáóç. (Åõêëåßäåéïò áëãüñéèìïò) Ï ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí 
êáé  åßíáé ï

ìêä( ) = ∗  (B.11)

Áðïäåéîç. Óýìöùíá ìå ôçí ðñüôáóç B.2.14 (iii) Ý·ïõìå

ìêä( ) = ìêä(0 1) = ìêä(1 0) = ìêä(1 11 + 2) = ìêä(1 2)

êáé ìêä(1 2) = ìêä(2 3) = · · · = ìêä(∗−1 ∗) = ìêä(∗∗  ∗) = ∗  áð'

üðïõ Ýðåôáé ç éóüôçôá (B.11). ¤

B.2.19 ÐáñÜäåéãìá. Ï ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí  = 240 êáé  = 50, ëáìâá-

íïìÝíïõ õð' üøéí üôé 240 = 50·4+40 50 = 40·1+10 40 = 10·4+0 õðïëïãßæåôáé
ìÝóù ôùí éóïôÞôùí ìêä(240 50) = ìêä(50 40) = ìêä(40 10) = 10

B.2.20 Óçìåßùóç. Ôï èåþñçìá B.2.5 ìáò ðëçñïöïñåß üôé ï ìÝãéóôïò êïéíüò äéáé-

ñÝôçò  ìç ìçäåíéêþí áêåñáßùí áñéèìþí (üðïõ  ≥ 2) åêöñÜæåôáé ùò áêÝñáéïò
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ãñáììéêüò óõíäõáóìüò áõôþí ôùí áñéèìþí. Ùóôüóï, åîáéôßáò ôÞò êáèáñþò «õ-

ðáñîéáêÞò» áðïäåßîåþò ôïõ, äåí ìáò ðáñÝ·åé êáìßá ðëçñïöïñßá ãéá ôïí ôñüðï

õðïëïãéóìïý ôùí óõíôåëåóôþí ôïý åí ëüãù ãñáììéêïý óõíäõáóìïý. ÁíôéèÝôùò,

üôáí  = 2 ï Åõêëåßäåéïò áëãüñéèìïò ìáò äéáóöáëßæåé êáôÜ ôñüðï êáôáóêåõá-
óôéêü Ýíá öõóéêü æåýãïò áêåñáßùí, ïé ïðïßïé ðáßæïõí ôïí ñüëï óõíôåëåóôþí ôïý

ìêä( ) ùò áêåñáßïõ ãñáììéêïý óõíäõáóìïý ôùí  êáé  ùò áêïëïýèùò:

B.2.21 Ðñüôáóç. ÅÜí   ∈ Zr{0} êáé  ≥  ôüôå

ìêä( ) = ∗+ ∗ (B.12)

ìå 6 0 = 1 1 = 0 0 = 0 1 = 1 êáé  = −2 − −1−1  = −2 − −1−1
ãéá êÜèå  ∈ {2 ∗} üðïõ ôá 1 2 ∗−1 åßíáé ôá ðçëßêá ôùí äéáéñÝóåùí
(B.10) ôùí åìöáíéæïìÝíùí êáôÜ ôçí åêôÝëåóç ôïý Åõêëåéäåßïõ áëãïñßèìïõ ãéá ôïí
ðñïóäéïñéóìü ôïý ìêä( ) êáé ∗ ï ëçêôéêüò ôïõ öõóéêüò áñéèìüò (ãéá ôïí ïðïßï
∗ 6= 0 êáé ∗+1 = 0).
Áðïäåéîç. μñçóéìïðïéþíôáò ôéò äéáéñÝóåéò (B.10) èá áðïäåßîïõìå ôéò éóüôçôåò

 = +  ∀ ∈ {0 1 ∗} (B.13)

áð' üðïõ ðñïêýðôåé ç (B.12), ëüãù ôïý üôé ìêä( ) = ∗  Áñêåß íá åñãáóèïýìå

åðáãùãéêþò ùò ðñïò ôïí  Ãéá  = 0 Ý·ïõìå  = 0 = 1 · + 0 ·  = 0+ 0 åíþ

ãéá  = 1  = 1 = 0 ·+1 ·  = 1+ 1ÕðïèÝôïíôáò üôé  = +  ãéá êÜèå

 ∈ {1  − 1} üðïõ 1 ≤  ≤ ∗ Ý·ïõìå  = −2 − −1−1 ïðüôå, ëüãù ôÞò

åðáãùãéêÞò õðïèÝóåþò ìáò,

 = (−2+ −2)− (−1+ −1) −1
= (−2 − −1) + (−2 − −1−1)  = + 

áð' üðïõ Ýðåôáé ôï æçôïýìåíï. ¤

B.2.22 ÐáñáôÞñçóç. (i) μñçóéìïðïéþíôáò  − 1 öïñÝò ôçí (B.7) (ãéá  = 1 âë.

ðáñáôÞñçóç B.2.17) êáé ôçí éóüôçôá (B.12) åßíáé äõíáôüò ï õðïëïãéóìüò óõãêå-
êñéìÝíùí óõíôåëåóôþí 1  ∈ Z ôïý  = ìêä(1 ) ãéá ôçí ÝêöñáóÞ ôïõ

ùò ãñáììéêïý óõíäõáóìïý (B.6). Ùóôüóï, èá ðñÝðåé åäþ íá ôïíéóèåß üôé ç åðé-

ëïãÞ áêåñáßùí 1  ôÝôïéùí þóôå íá éó·ýåé ç (B.6) äåí åßíáé êáôÜ êáíÝíáí

ôñüðï ìïíïóçìÜíôùò ïñéóìÝíç!

(ii) Ãéá íá êáôáóôåß ðåñéóóüôåñï óáöÝò ôï üôé ç åðéëïãÞ ôùí ùò Üíù óõíôåëåóôþí

äåí åßíáé ìïíïóçìÜíôùò ïñéóìÝíç áêüìç êáé ãéá  = 2 èåùñïýìå   ∈ Zr{0}
êáé èÝôïõìå  := ìêä( ) ÅÜí  = +  ãéá êáôÜëëçëïõò   ∈ Z ôüôå

 = (+ 
¡



¢
)+ (− 

¡



¢
) ∀ ∈ Z

6Ãéá ôïí óõó·åôéóìü áõôþí ôùí ðåðåñáóìÝíùí áêïëïõèéþí ìå ôçí êáôÜ áñêåôÜ êïìøü ôñüðï ðáñÜóôáóç ôïý ðçëß-

êïõ ôïý 
 =

ìêä()
ìêä() ùò ðåðåñáóìÝíïõ óõíå·ïýò êëÜóìáôïò ðñâë. D. Burton: Elementary Number Theory, third

ed., McGraw-Hill Co., 1997, åí. 14.2, óåë. 290.



§ B.2 ìåãéóôïò êïéíïò äéáéñåôçò êáé åëá·éóôï êïéíï ðïëëáðëáóéï 709

B.2.23 Ïñéóìüò. ¸óôù üôé  ∈ N êáé üôé ïé 1  åßíáé áêÝñáéïé áñéèìïß. ¸íáò

áêÝñáéïò  êáëåßôáé êïéíü ðïëëáðëÜóéï ôùí 1   üôáí 1 |    | . (Óçìåéù-
ôÝïí üôé åÜí Ýíáò åê ôùí 1  åßíáé ßóïò ìå ôï 0, ôüôå ôï ìïíáäéêü ðïëëáðëÜóéü

ôïõò åßíáé ôï 0).

B.2.24 Ïñéóìüò. ¸óôù üôé  ∈ N êáé üôé 1  ∈ Zr{0}Ðñïöáíþò, ï öõóéêüò

áñéèìüò |1 · · · | åßíáé Ýíá êïéíü ðïëëáðëÜóéï ôùí 1 . Ùò åê ôïýôïõ, ôï óý-

íïëï ôùí èåôéêþí ðïëëáðëáóßùí ôùí 1  åßíáé ìç êåíü êáé äéáèÝôåé Ýíá êáé

ìüíïí åëÜ·éóôï óôïé·åßï. Ôï óôïé·åßï áõôü êáëåßôáé åëÜ·éóôï êïéíü ðïëëáðëÜ-

óéï ôùí 1  êáé óõìâïëßæåôáé ùò åêð(1 )ÅðåéäÞ ôï óýíïëï ôùí èåôéêþí

ðïëëáðëáóßùí ôùí 1  éóïýôáé ìå ôï óýíïëï ôùí èåôéêþí ðïëëáðëáóßùí ôùí

|1|  ||  óõìðåñáßíïõìå üôé åêð(1 ) = åêð(|1|  ||) (Óýìâáóç : Åß-
íáé äõíáôÞ ç åðÝêôáóç ôÞò åííïßáò ôïý åëá·ßóôïõ êïéíïý ðïëëáðëáóßïõ áêüìç

êáé üôáí ôïõëÜ·éóôïí Ýíáò åê ôùí 1  åßíáé = 0 Åí ôïéáýôç ðåñéðôþóåé èÝ-

ôïõìå åêð(1 ) := 0)

B.2.25 Ðñüôáóç. ÅÜí  ∈ N êáé åÜí 1  ∈ Zr{0} ôüôå Ýíáò ∈ N éóïýôáé
ìå ôï åêð(1 ) åÜí êáé ìüíïí åÜí éó·ýïõí ôá áêüëïõèá :

(i) 1 |   | 

(ii) ãéá ïéïíäÞðïôå  ∈ N ãéá ôïí ïðïßï éó·ýåé 1 |   |  Ý·ïõìå | 
Áðïäåéîç. ÅÜí  = åêð(1 ) ôüôå åî ïñéóìïý 1 |   |  ïðüôå

éó·ýåé ôï (i). ÅîÜëëïõ, ãéá ïéïíäÞðïôå  ∈ N ãéá ôïí ïðïßï éó·ýåé 1 |   | 
õðÜñ·åé (êáôÜ ôï B.1.6) Ýíá ìïíïóçìÜíôùò ïñéóìÝíï æåýãïò ( ) ∈ Z×Z ïýôùò
þóôå íá éó·ýåé  = +  üðïõ 0 ≤    ÅðåéäÞ

[1 |   |  êáé 1 |   | ]⇒ 1 |   | 

ôï  åßíáé Ýíá êïéíü ðïëëáðëÜóéï ôùí 1  ¢ñá  = 0 (äéüôé åÜí   0 èá

åß·áìå  ≥  Þôïé êÜôé ôï Üôïðï), ïðüôå éó·ýåé êáé ôï (ii).

Êáé áíôéóôñüöùò° õðïèÝôïíôáò ôçí éó·ý ôùí éäéïôÞôùí (i) êáé (ii) ãéá Ýíáí èå-

ôéêü áêÝñáéï ôï åßíáé Ýíá êïéíü ðïëëáðëÜóéï ôùí 1  êáé ãéá ïéïäÞðïôå

êïéíü ðïëëáðëÜóéï  ôùí 1  Ý·ïõìå | áð' üðïõ óõìðåñáßíïõìå üôé ≤ 

Þôïé üôé = åêð(1 ) ¤

B.2.26 Ðñüôáóç. ÅÜí  ∈ N êáé  1  ∈ Zr{0} ôüôå éó·ýïõí ôá åîÞò :
(i) åêð(1 ) = || åêð(1 )
(ii) EÜí åêð(1 ) =  ôüôå ìêä(1 



) = 1

Áðïäåéîç. (i) ÅÜí åêð(1 ) =  ôüôå ãéá êÜèå  ∈ {1 }

 |  =⇒  | ||

ïðüôå, äõíÜìåé ôÞò ðñïôÜóåùò B.2.25, åêð(1 ) | || ÅðéðñïóèÝôùò,

 | åêð(1 ) =⇒  | åêð(1)
||  ∀ ∈ {1 }
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ïðüôå | åêð(1)
|| =⇒ || |åêð(1 ) ÅðïìÝíùò,

|| | åêð(1 )
åêð(1 ) | ||

¾
=⇒ åêð(1 ) = ||

(ii) ÅðåéäÞ ìêä(1 


) |  ãéá êÜèå  ∈ {1 } Ý·ïõìå

∃ ∈ Z :  = ìêä(1 


) ⇒ ìêä(1 



) | 

ãéá êÜèå  ∈ {1 } ïðüôå (ëüãù ôÞò ðñïôÜóåùò B.2.25)

åêð
³
1ìêä(


1
  ) ìêä(


1
  )

´
| 

ÅðåéäÞ (ëüãù ôïý (i))

åêð
³
1ìêä(


1
  ) ìêä(


1
  )

´
= ìêä(1 



)

ëáìâÜíïõìå åêð(1 


) |  ïðüôå ìêä(1 



) = 1 ¤

B.2.27 Ðñüôáóç. ÅÜí  ∈ N  ≥ 3 êáé åÜí 1  ∈ Zr{0} ôüôå ãéá êÜèå
 ∈ Z 1 ≤  ≤ − 2 éó·ýåé ç éóüôçôá :

åêð(1 ) = åêð(1  åêð(+1 )) (B.14)

Áðïäåéîç. ÅðåéäÞ  |åêð(1 ) ãéá êÜèå  ∈ { + 1 } Ý·ïõìå
åêð(+1 ) | åêð(1 )

ÅðïìÝíùò,  |åêð(1 )∀ ∈ {1  } êáé åêð(+1 ) |åêð(1 )
áð' üðïõ óõíÜãåôáé üôé

åêð(1  åêð(+1 )) | åêð(1 ) (B.15)

Êáé áíôéóôñüöùò° ìêä(1  ìêä(+1 )) |  ãéá êÜèå  ∈ {1 } êáé
åêð(+1 ) | åêð(1  åêð(+1 ))

ïðüôå  |åêð(1 åêð(+1 )) ãéá êÜèå  ∈ {1 } ðïõ óçìáßíåé üôé

åêð(1 ) | åêð(1  åêð(+1 )) (B.16)

ÅðåéäÞ ôá ðñïêåßìåíá åëÜ·éóôá êïéíÜ ðïëëáðëÜóéá åßíáé èåôéêïß áêÝñáéïé, áðü

ôéò (B.15), (B.16) êáé ôï (iii) ôÞò ðñïôÜóåùò B.1.5 óõìðåñáßíïõìå ôçí éó·ý ôÞò éóü-

ôçôáò (B.14). ¤

B.2.28 ÐáñáôÞñçóç. ÈÝôïíôáò  = 1 êáé åöáñìüæïíôáò ôïí ôýðï (B.14) −1 öï-
ñÝò åßíáé äõíáôÞ ç áíáãùãÞ ôÞò åõñÝóåùò ôïý åëá·ßóôïõ êïéíïý ðïëëáðëáóßïõ

 ≥ 3 ìç ìçäåíéêþí áêåñáßùí áñéèìþí 1  óôçí åýñåóç ôïý åëá·ßóôïõ êïé-

íïý ðïëëáðëáóßïõ −1 æåõãþí ìç ìçäåíéêþí áêåñáßùí. ÅðéðñïóèÝôùò, ï õðïëï-

ãéóìüò ôïý åëá·ßóôïõ êïéíïý ðïëëáðëáóßïõ äýï ìç ìçäåíéêþí áêåñáßùí ìðïñåß

íá áíá·èåß áðåõèåßáò óôïí õðïëïãéóìü ôïý ìåãßóôïõ êïéíïý äéáéñÝôç ôïõò, åÜí

ëçöèåß õð' üøéí ï ôýðïò (B.17), ôïí ïðïßï áðïäåéêíýïõìå óôçí åðïìÝíç ðñüôáóç.
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B.2.29 Ðñüôáóç. Ãéá ïéïõóäÞðïôå   ∈ Zr{0} Ý·ïõìå

ìêä( ) åêð( ) = ||  (B.17)

Áðïäåéîç. ÅðåéäÞ ìêä( ) |  êáé ìêä( ) |  Ý·ïõìå ìêä( ) | || Áñêåß ëïé-

ðüí íá áðïäåßîïõìå üôé ï èåôéêüò áêÝñáéïò áñéèìüò ||
ìêä() éóïýôáé ìå ôï åêð( ) 

Ðñïò ôïýôï èá ·ñçóéìïðïéÞóïõìå ôçí ðñüôáóç B.2.25. Êáô' áñ·Üò,  | ||
ìêä() êáé

 | ||
ìêä() Áò õðïèÝóïõìå üôé ï  åßíáé åíáò èåôéêüò áêÝñáéïò, ãéá ôïí ïðïßï éó·ýåé

 |  êáé  | ÊáôÜ ôï èåþñçìáB.2.5, õðÜñ·ïõí áêÝñáéïé áñéèìïß   ôÝôïéïé þóôå
íá éó·ýåé ç éóüôçôá: ìêä( ) = +  Óõíåðþò,


||

ìêä()

=
ìêä( )

|| =
(+ ) 

|| =
³
sign () 

||
´
+

³
sign () 

||
´
 ∈ Z

ðñÜãìá ðïõ óçìáßíåé üôé ||
ìêä() |  ïðüôå êáô' áíÜãêçí ||

ìêä() = åêð( )  ¤

IÐåñß ôùí óõíäÝóìùí (N |) (N0 |). ÌÝóù ôÞò ó·Ýóåùò äéáéñåôüôçôáò ôá óýíïëá

ôùí öõóéêþí êáé ôùí ìç áñíçôéêþí áêåñáßùí êáèßóôáíôáé óýíäåóìïé.

B.2.30 Ðñüôáóç. Ôá æåýãç (X |) üðïõ X ∈ {NN0} êáé “ | ” ç óõíÞèçò ó·Ýóç
äéáéñåôüôçôáò 7

[ | ⇐⇒
ïñó
∃ ∈ Z :  = ] ∀( ) ∈ X× X

áðïôåëïýí ìåñéêþò (ìç ïëéêþò) äéáôåôáãìÝíá óýíïëá.

Áðïäåéîç. Ç áõôïðÜèåéá êáé ç ìåôáâáôéêüôçôá ôÞò “ | ” Ýðåôáé áðü ôï (v) ôÞò

ðñïôÜóåùò B.1.3 êáé ôï (v) ôÞò ðñïôÜóåùò B.1.5. ÅðéðñïóèÝôùò, ãéá êÜèå æåýãïò

( ) ∈ X × X ìå  |  êáé  |  éó·ýåé  = || = || =  (ëüãù ôïý (iii) ôÞò

ðñïôÜóåùò B.1.5). ¢ñá ç “ | ” åßíáé êáé áíôéóõììåôñéêÞ åðß ôïý X Ùóôüóï, ôï

(X |) äåí åßíáé ïëéêþò äéáôåôáãìÝíï óýíïëï, äéüôé ð.·. 2 - 3 ¤

B.2.31 ÐáñáôÞñçóç. Ðñïóï·Þ! Ôï æåýãïò (Z |) äåí åßíáé ìåñéêþò äéáôåôáãìÝíï

óýíïëï, êáèüôé ç “ | ” äåí åßíáé áíôéóõììåôñéêÞ åðß ôïý Z Ð.·., 2 | −2 êáé −2 | 2
áëëÜ 2 6= −2

B.2.32 ÐáñÜäåéãìá. Èåùñïýìå ôá ìåñéêþò äéáôåôáãìÝíá óýíïëá (N |) êáé (N≤)
(âë. B.2.30 êáé A.2.2 (iii)). Ç ôáõôïôéêÞ áðåéêüíéóç id: (N |) −→ (N≤) åßíáé
áìöéññéðôéêÞ êáé éóüôïíç áðü ôï Ýíá åðß ôïý Üëëïõ (äéüôé ãéá   ∈ N éó·ýåé ç

óõíåðáãùãÞ  | ⇒  ≤ ) áëëÜ äåí åßíáé éóïìïñöéóìüò ìåñéêþò äéáôåôáãìÝíùí
óõíüëùí (õðü ôçí Ýííïéá ôïý ïñéóìïý A.2.9), äéüôé ð.·. 2 ≤ 3 êáé 2 - 3
7ÅÜí ( ) ∈ X × X êáé åÜí ∃ ∈ Z :  =  ôüôå êáô' áíÜãêçí  ∈ X ÊáôÜ óõíÝðåéáí, [ |  ⇔ ∃ ∈ X :
 = ] ãéá êÜèå æåýãïò ( ) ∈ X × X
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B.2.33 Óçìåßùóç. ÐïëëÜ ·ñÞóéìá (áñéèìïèåùñçôéêÜ) ðáñáäåßãìáôá ìåñéêþò
äéáôåôáãìÝíùíóõíüëùíðáñÝ·ïíôáé áðüðåðåñáóìÝíá õðïóýíïëá ôïýN (åöïäéá-
æüìåíá ìå ôç ìåñéêÞ äéÜôáîç äéáéñåôüôçôáò ôçí åðáãïìÝíç åð' áõôþí, âë. åäÜöéï
A.2.6). Åíäåéêôéêþò áíáöÝñïíôáé ôá áêüëïõèá:

(i) Èåùñïýìå ôï (X |) üðïõ X := {1 2 3 4 5 6 7 8}Ïé áñéèìïß 5 6 7 êáé 8 åßíáé
ôá ìåãéóôéêÜ óôïé·åßá ôïý X åíþ ôï 1 åßíáé ôï åëÜ·éóôï óôïé·åßï ôïõ (ùò ðñïò ôçí
“ | ”). Ôï X äåí äéáèÝôåé ìÝãéóôï óôïé·åßï. Ôï áíôßóôïé·ï äéÜãñáììá ôïý Hasse
ãéá ôï (X |) åßíáé ôï

8

4

¡¡¡¡¡¡¡
6

2

¡¡¡¡¡¡¡

>>>>>>>
3 5 7

1

>>>>>>>

¡¡¡¡¡¡¡

pppppppppppppp

(ii) Èåùñïýìå ôï ìåñéêþò äéáôåôáãìÝíï óýíïëï (X |) üðïõ X = {3 5 30 45} êá-
èþò êáé ôï Y := {3 5} Åí ðñïêåéìÝíù, ÁÖ(Y;X) = {30 45} áëëÜ ôï Y äåí

äéáèÝôåé åëÜ·éóôï Üíù öñÜãìá åíôüò ôïý X ùò ðñïò ôçí ‘‘|''

B.2.34 ÐáñÜäåéãìá. ¸óôù ∈ N Ôï óýíïëï

D := { ∈ N :  | }

üëùí ôùí èåôéêþí áêåñáßùí äéáéñåôþí ôïý  êáèßóôáôáé ìåñéêþò äéáôåôáãìÝíï

ìÝóù ôÞò ó·Ýóåùò äéáéñåôüôçôáò “ | ” ôçí åðáãïìÝíç áðü ôï (N |) (âë. B.2.30 êáé
A.2.6).

(i) Ôá äéáãñÜììáôá ôïý Hasse ãéá ôá (D8 |) (D12 |) êáé (D60 |) áíôéóôïß·ùò, åß-
íáé ôá áêüëïõèá:

(ii) Ôá ìåñéêþò äéáôåôáãìÝíá óýíïëá (D30 |) êáé (P (Ω) ⊆) üðïõΩ := {♠♣♥}
(üðùò óôï A.2.5), åßíáé éóüìïñöá, êáèüôé ç áìößññéøç

1 7−→ ∅ 2 7−→ {♠} 3 7−→ {♥} 5 7−→ {♣}
6 7−→ {♠♥} 10 7−→ {♠♣} 15 7−→ {♣♥} 30 7−→ Ω
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åßíáé éóüôïíç êáé Ý·åé éóüôïíç áíôßóôñïöï.

B.2.35 Ðñüôáóç. To ìåñéêþò äéáôåôáãìÝíï óýíïëï (X |) üðïõ X ∈ {NN0} áðï-
ôåëåß Ýíáí óýíäåóìï ìå 8 ∧  = ìêä() ∨  = åêð() ∀() ∈ X×X
Áðïäåéîç. ÅðåéäÞ ìêä() |  êáé ìêä() |  ãéá êÜèå () ∈ X×X ï ìÝ-
ãéóôïò êïéíüò äéáéñÝôçò ìêä() ôùí êáé  áðïôåëåß êÜôù öñÜãìá ôïý {}
åíôüò ôïý X ùò ðñïò ôçí ‘‘|'', êáé ìÜëéóôá ôï ìÝãéóôï êÜôù öñÜãìá, äéüôé ãéá ïéïí-

äÞðïôå  ∈ X ãéá ôïí ïðïßï éó·ýåé  |  êáé  |  Ý·ïõìå  |ìêä() (Ôïýôï

Ýðåôáé áðü ôï (iii) ôÞò ðñïôÜóåùò B.1.3 üôáí X = N0 êáé  = 0 êáé áðü ôï ðüñé-

óìá B.2.6 üôáí   0) Êáô' áíáëïãßáí, åðåéäÞ  | åêð() êáé  | åêð()

ãéá êÜèå () ∈ X × X ôï åëÜ·éóôï êïéíü ðïëëáðëÜóéï åêð() ôùí  êáé 

áðïôåëåß Üíù öñÜãìá ôïý {} åíôüò ôïý X ùò ðñïò ôçí ‘‘|'', êáé ìÜëéóôá åëÜ·é-
óôï Üíù öñÜãìá, äéüôé ãéá ïéïíäÞðïôå  ∈ X ãéá ôïí ïðïßï éó·ýåé  |  êáé  | 
Ý·ïõìå åêð() |  (Ôïýôï Ýðåôáé áðü ôï (i) ôÞò ðñïôÜóåùò B.1.3 üôáí X = N0
êáé = 0 êáé áðü ôçí ðñüôáóç B.2.25 üôáí 6= 0)

B.2.36 Ðüñéóìá. ¸óôù  ∈ N To ìåñéêþò äéáôåôáãìÝíï óýíïëï (D |) (ôï ïñé-

óèÝí óôï åäÜöéï B.2.34) åßíáé Ýíáò õðïóýíäåóìïò ôïý (N |) äéüôé
ìêä( ) ∈ D åêð( ) ∈ D ∀( ) ∈ D ×D

Áðïäåéîç. ÅÜí ( ) ∈ D×D ôüôå [ìêä( ) |  êáé  | ] =⇒
B.1.5 (v)

ìêä( ) | 
êáé åêð( ) |  (âë. ðüñéóìá B.3.21). ¤

B.2.37 Ðñüôáóç. ÅÜí1  ∈ N ( ∈ N) ôüôå
Dìêä(1) = D1 ∩ · · · ∩D 

Áðïäåéîç. ¸ðåôáé Üìåóá áðü ôï ðüñéóìá B.2.6. ¤

B.3 ÐÑÙÔÏÉ ÁÑÉÈÌÏÉ

B.3.1 Ïñéóìüò. ¸íáò èåôéêüò áêÝñáéïò áñéèìüò   1 êáëåßôáé ðñþôïò üôáí ïé

ìüíïé äéáéñÝôåò ôïõ åßíáé ïé ±1 êáé ±¸íáò ðñþôïò áñéèìüò ðïõ åßíáé äéáéñÝôçò

åíüò áêåñáßïõ  êáëåßôáé ðñþôïò äéáéñÝôçò Þ ðñþôïò ðáñÜãïíôáò ôïý  ¸íáò

öõóéêüò áñéèìüò  ≥ 2 ï ïðïßïò äåí åßíáé ðñþôïò, êáëåßôáé óýíèåôïò áñéèìüò.

ÅÜí ï  åßíáé óýíèåôïò, ôüôå õðÜñ·ïõí öõóéêïß áñéèìïß 1 2 ôÝôïéïé þóôå íá

éó·ýåé 1  1 ≤ 2   êáé  = 12

B.3.2 Ðñüôáóç. ÊÜèå  ∈ N  ≥ 2 äéáèÝôåé ôïõëÜ·éóôïí Ýíáí ðñþôï äéáéñÝôç.
Áðïäåéîç. ¸óôù  := min{ ∈ N |  ≥ 2 êáé  | } ÅÜí ï  Þôáí óýíèåôïò

áñéèìüò, ôüôå èá õðÞñ·áí 1 2 ∈ N ôÝôïéïé þóôå 2 ≤ 1 ≤ 2   êáé  = 12

ðñÜãìá Üôïðï (áöïý 1 |  êáé 2 | ), äéüôé ï  åßíáé åî õðïèÝóåùò ï åëÜ·éóôïò
öõóéêüò ≥ 2 ìå áõôÞí ôçí éäéüôçôá. ¢ñá ï  åßíáé ðñþôïò áñéèìüò. ¤
8ÓçìåéùôÝïí üôé ãéá X = N0 Ý·ïõìå ∧ 0 = 0 ∧ =  êáé ∨ 0 = 0 ∨ = 0 ãéá êÜèå ∈ N0.
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B.3.3 Èåþñçìá. Ôï óýíïëï ôùí ðñþôùí áñéèìþí åßíáé Ýíá áðåéñïóýíïëï 9.

Áðïäåéîç10. Áò õðïèÝóïõìå üôé ôï óýíïëï ôùí ðñþôùí áñéèìþí åßíáé ðåðåñá-

óìÝíï, áò ðïýìå ôï {1 2 } êé áò èåùñÞóïõìå ôïí := 12 · · · +1 Ôüôå
éó·ýåé 1 -  2 -   -  (äéüôé åÜí õðÞñ·å êÜðïéïò  ∈ {1  } ìå  | 

èá åß·áìå  | 12 · · ·  ïðüôå  | − 12 · · ·  Þôïé  | 1 êÜôé ðïõ èá áíôÝ-

öáóêå ðñïò ôçí áíéóüôçôá   1). Ôïýôï üìùò åßíáé Üôïðï ëüãù ôÞò B.3.2. ¤

B.3.4 Èåþñçìá. ÊÜèå  ∈ N  ≥ 2 ãñÜöåôáé ùò ãéíüìåíï ðñþôùí áñéèìþí.
Áðïäåéîç11. Èá ãßíåé ·ñÞóç ôÞò äåýôåñçò ìïñöÞò ôÞò ìáèçìáôéêÞò åðáãùãÞò.

Ãéá  = 2 ôï èåþñçìá åßíáé áëçèÝò. ÕðïèÝôïõìå üôé áõôü óõìâáßíåé êáé ãéá ôïõò

2 3  − 1 êáé èåùñïýìå ôïí  ÅÜí ï  åßíáé ðñþôïò, ôüôå ôï èåþñçìá åßíáé

ðñïöáíþò áëçèÝò. ÅÜí ï  åßíáé óýíèåôïò, ôüôå õðÜñ·ïõí öõóéêïß áñéèìïß 1 2

ôÝôïéïé þóôå íá éó·ýåé 1  1 ≤ 2   êáé  = 12 Ëïãù ôÞò åðáãùãéêÞò

õðïèÝóåþò ìáò áìöüôåñïé ïé 1 2 ðáñéóôþíôáé ùò ãéíüìåíá ðñþôùí áñéèìþí.

¢ñá êáé óå áõôÞí ôçí ðåñßðôùóç ï  ãñÜöåôáé ùò ãéíüìåíï ðñþôùí. ¤

Óôçí åðüìåíç åíüôçôá (êáé óõãêåêñéìÝíá óôï èåþñçìá B.4.52) èá äïèåß ìéá éêáíÞ

êáé áíáãêáßá óõíèÞêç, ïýôùò þóôå Ýíáò áêÝñáéïò  1 íá åßíáé ðñþôïò.

B.3.5 ËÞììá. ÅÜí  ∈ Zr{0±1} êáé  åßíáé Ýíáò ðñþôïò áñéèìüò ìå  | 

ôüôå åßôå  |  åßôå  | 
Áðïäåéîç. ÅÜí õðïèÝóïõìå, ·ùñßò âëÜâç ôÞò ãåíéêüôçôáò, üôé  -  ôüôå

ìêä() = 1 ïðüôå êáô' áíÜãêçí  |  âÜóåé ôïý ðïñßóìáôïò B.2.9. ¤

B.3.6 ËÞììá. ÅÜí  ∈ N êáé ïé  1  åßíáé ðñþôïé áñéèìïß, ôÝôïéïé þóôå íá
éó·ýåé  | 1 · · ·  ôüôå õðÜñ·åé êÜðïéïò äåßêôçò  ∈ {1  } ìå  =  

Áðïäåéîç. ÅðåéäÞ  | 1 · · ·  åßôå  | 1 åßôå  | 23 · · ·  (âë. B.3.5). ÅÜí  - 1
ôüôå  | 23 · · · , ïðüôå êáé ðÜëé åßôå  | 2 åßôå  | 3 · · · Êáô' áíáëïãßáí, åÜí

 - 2 ôüôå  | 3 · · · , ïðüôå ýóôåñá áðü ôçí åðáíÜëçøç ôïý éäßïõ óõëëïãéóìïý

(ôï ðïëý  − 1 öïñÝò) óõìðåñáßíïõìå üôé  |  ãéá êÜðïéïí äåßêôç  ∈ {1  }
ÅðåéäÞ ïé   åßíáé ðñþôïé, óõíÜãåôáé üôé  =  ¤

B.3.7 Èåþñçìá. (Èåìåëéþäåò Èåþñçìá ôÞò ÁñéèìçôéêÞò) ÊÜèå  ∈ N  ≥ 2

ãñÜöåôáé ìïíïóçìÜíôùò ùò ãéíüìåíï ðñþôùí áñéèìþí (ìç ëáìâáíïìÝíçò õð' üøéí
ôÞò äéáôÜîåùò ôùí åìöáíéæïìÝíùí ðáñáãüíôùí åíôüò áõôïý).

Áðïäåéîç. ÊÜôá ôï èåþñçìá B.3.4 êÜèå  ∈ N  ≥ 2 ìðïñåß íá ðáñáóôáèåß

ùò ãéíüìåíï ðñþôùí áñéèìþí. Áñêåß ëïéðüí íá áðïäåé·èåß ôï ìïíïóÞìáíôï ôÞò

9Ôï óýíïëï ôùí ðñþôùí áñéèìþí, üíôáò õðïóýíïëï ôïý N åßíáé ðñïöáíþò áñéèìÞóéìï.
10Âë. Åõêëåßäïõ «Óôïé·åßá», âéâëßï Éμ, åä. 20: «Ïé ðñþôïé áñéèìïß ðëåßïõò åéóß ðáíôüò ôïý ðñïôåèÝíôïò ðëÞèïõò

ðñþôùí». (Ðñâë. ÌåôÜöñáóç-ó·üëéá-åðåîçãÞóåéò Å. ÓôáìÜôç, ÏÅÄÂ, ÁèÞíá, 1953, óåë. 250-253 êáé 358-359.)

11Âë. Åõêëåßäïõ «Óôïé·åßá», âéâëßï VII, åä. 31: «¢ðáò óýíèåôïò áñéèìüò õðü ðñþôïõ ôéíüò áñéèìïý ìåôñåßôáé».

(Ðñâë. ÌåôÜöñáóç-ó·üëéá-åðåîçãÞóåéò Å. ÓôáìÜôç, ÏÅÄÂ, ÁèÞíá, 1953, óåë. 168-171 êáé 322.)
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ðáñáóôÜóåùò (ìç ëáìâáíïìÝíçò õð' üøéí ôÞò äéáôÜîåùò ôùí åìöáíéæïìÝíùí ðá-

ñáãüíôùí åíôüò áõôÞò). Ðñïò ôïýôï õðïèÝôïõìå üôé

 = 1 · · ·  = 1 · · ·  (B.18)

üðïõ   ∈ N êáé 1  1  ðñþôïé áñéèìïß. ÅðéðñïóèÝôùò, äß·ùò âëÜâç

ôÞò ãåíéêüôçôáò, õðïèÝôïõìå üôé 1 ≤ · · · ≤  êáé 1 ≤ · · · ≤ μñçóéìïðïéþíôáò

ôÞ äåýôåñç ìïñöÞ ôÞò ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  èá äåßîïõìå üôé  = 

êáé  =  ãéá êÜèå  ∈ {1 } Ãéá  = 2 ôï èåþñçìá åßíáé áëçèÝò. ÕðïèÝôïõìå

üôé áõôü åßíáé áëçèÝò êáé ãéá êÜèå öõóéêü  ìå 2 ≤    üðïõ  ïéïóäÞðïôå

ðáãéùìÝíïò öõóéêüò ≥ 3 ÅÜí ï  åßíáé ðñþôïò, ôüôå ï éó·õñéóìüò åßíáé áëçèÞò.

ÅÜí o  åßíáé óýíèåôïò, ôüôå óôçí (B.18) Ý·ïõìå  ≥ 2 êáé  ≥ 2 ÅðåéäÞ éó·ýåé

1 | 1 · · ·  êáé 1 | 1 · · ·  õðÜñ·oõí êÜðïéïé  ∈ {1  }  ∈ {1  } ìå
1 =  êáé 1 =  (êáôÜ ôï ëÞììá B.3.6). Åî áõôïý Ýðåôáé üôé

[1 ≤  = 1 êáé 1 ≤  = 1] =⇒ 1 = 1

ïðüôå 1  
1

  êáé 
1
= 2 · · ·  = 2 · · ·  Ëüãù ôÞò åðáãùãéêÞò õðïèÝóåþò

ìáò Ý·ïõìå  − 1 =  − 1 êáé  =   ãéá êÜèå  ∈ {2 } Ùò åê ôïýôïõ,  = 

êáé  =   ãéá êÜèå  ∈ {1 } ¤

B.3.8 Ïñéóìüò. Áðü ôï èåþñçìá B.3.7 Ýðåôáé üôé êÜèå öõóéêüò áñéèìüò  ≥ 2

ìðïñåß íá ãñáöåß ìïíïóçìÜíôùò ùò

 = 11 22 · · ·   (B.19)

üðïõ  ∈ N ïé 1 2  åßíáé óáöþò äéáêåêñéìÝíïé ðñþôïé áñéèìïß ìå

1  2  · · ·  

(üôáí  ≥ 2) êáé ïé 1 2  öõóéêïß áñéèìïß. Ç Ýêöñáóç (B.19) êáëåßôáé êá-

íïíéêÞ ðáñÜóôáóç ôïý  ùò ãéíïìÝíïõ ðñþôùí áñéèìþí Þ êáíïíéêÞ áðïóýíèåóç

ôïý  óå ãéíüìåíï ðñþôùí áñéèìþí (Þ ðñþôùí ðáñáãüíôùí).

B.3.9 ÐáñÜäåéãìá. To 1 êáèþò êáé ïé êáíïíéêÝò ðáñáóôÜóåéò (B.19) üëùí ôùí
öõóéêþí áñéèìþí  üðïõ 2 ≤  ≤ 100 ðåñéëáìâÜíïíôáé óôïí êáôÜëïãï

 Ðáñ.  Ðáñ.  Ðáñ.  Ðáñ.  Ðáñ.

1 1 11 11 21 3 · 7 31 31 41 41

2 2 12 22 · 3 22 2 · 11 32 25 42 2 · 3 · 7
3 3 13 13 23 23 33 3 · 11 43 43

4 22 14 2 · 7 24 23 · 3 34 2 · 17 44 22 · 11
5 5 15 3 · 5 25 52 35 5 · 7 45 32 · 5
6 2 · 3 16 24 26 2 · 13 36 22 · 32 46 2 · 23
7 7 17 17 27 33 37 37 47 47

8 23 18 2 · 32 28 22 · 7 38 2 · 19 48 24 · 3
9 32 19 19 29 29 39 3 · 13 49 72

10 2 · 5 20 22 · 5 30 2 · 3 · 5 40 23 · 5 50 2 · 52
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üôáí  ≤ 50 êáé óôïí êáôÜëïãï
 Ðáñ.  Ðáñ.  Ðáñ.  Ðáñ.  Ðáñ.

51 3 · 17 61 61 71 71 81 34 91 7 · 13
52 22 · 13 62 2 · 31 72 23 · 32 82 2 · 41 92 22 · 23
53 53 63 32 · 7 73 73 83 83 93 3 · 31
54 2 · 33 64 26 74 2 · 37 84 22 · 3 · 7 94 2 · 47
55 5 · 11 65 5 · 13 75 3 · 52 85 5 · 17 95 5 · 19
56 23 · 7 66 2 · 3 · 11 76 22 · 19 86 2 · 43 96 25 · 3
57 3 · 19 67 67 77 7 · 11 87 3 · 29 97 97

58 2 · 29 68 22 · 17 78 2 · 3 · 13 88 23 · 11 98 2 · 72
59 59 69 3 · 23 79 79 89 89 99 32 · 11
60 22 · 3 · 5 70 2 · 5 · 7 80 24 · 5 90 2 · 32 · 5 100 22 · 52

üôáí 51 ≤  ≤ 100

B.3.10 ÐáñáôÞñçóç. Ðñïöáíþò, êÜèåáêÝñáéïò  ∈ Zr{0±1} ìðïñåß íá ãñáöåß

ìïíïóçìÜíôùò ùò

 = sign () 11 22 · · ·   (B.20)

üðïõ  ∈ N ïé 1 2  ðñþôïé áñéèìïß ìå 1  · · ·   êáé ïé1  öõóéêïß

áñéèìïß. ÁëëÜ áêüìç êáé êÜèå  ∈ Qr{0±1} ìðïñåß íá ðáñáóôáèåß ìïíïóçìÜ-
íôùò õðü ôç ìïñöÞ (B.20), üðïõ -åí ðñïêåéìÝíù- 1 2  ∈ Zr{0} Áðü ôï

èåþñçìá B.3.7 êáé ôéò (B.19), (B.20) Ý·åé ãßíåé ðëÝïí áíôéëçðôü ôï ãéáôß ïé ðñþôïé

áñéèìïß èåùñïýíôáé äïìéêïß ëßèïé ìÝóù ôùí ïðïßùí «êôßæïíôáé» ôá óýíïëá NZ
êáé Q Åíôïýôïéò, ç êáôáíïìÞ ôïõò åíôüò ôïý N åßíáé áîéïðåñßåñãç, åëÝã·åôáé äå

(üðùò äåß·íåé ôï ëåãüìåíï èåþñçìá ôùí ðñþôùí áñéèìþí) ìüíïí áóõìðôùôéêþò.

B.3.11 Èåþñçìá. («Èåþñçìá ôùí ðñþôùí áñéèìþí») Ôï ðëÞèïò ôùí ðñþôùí
áñéèìþí ðïõ åßíáé ìéêñüôåñïé Þ ßóïé åíüò èåôéêïý ðñáãìáôéêïý áñéèìïý  ðëçóéÜæåé
áóõìðôùôéêþò ôïí ëüãï  ln() (ôïý  ôåßíïíôïò óôï∞), Þôïé

lim
→∞

µ
card({ ðñþôïò|  ≤ })

 ln()

¶
= 1

Ïé ðñþôåò äýï (áíáëõôéêÝò) áðïäåßîåéò12 ôïý èåùñÞìáôïò B.3.11 (âáóéæüìåíåò óå

éäéüôçôåò ôÞò óõíáñôÞóåùò æÞôá ôïýRiemann) åäüèçóáí áðü ôïõò Charles Jean de

12Ãéá «óôïé·åéùäÝóôåñåò» (áëëÜ ìáêñïóêåëåßò) áðïäåßîåéò âë.

P. Erds: A newmethod in elementary number theory which leads to an elementary proof of the prime number theorem,
Proc. Nat. Acad. Sci. U.S.A. 35 (1949) 374-384 êáé

A. Selberg: An elementary proof of the prime number theory, Annals of Math. 50 (1949) 305-313

I Ãéá ôçí éóôïñéêÞ äéáäñïìÞ áõôïý ôïý èåùñÞìáôïò, âë.

L.J. Goldstein: A History of the Prime Number Theorem, American Math. Monthly 80 (1973) 599-741 êáé

P.T. Bateman &H.G. Diamond: A hundred years of prime numbers, American Math. Monthly 103 (1996) 729-741

I Ãéá ìéá ëåðôïìåñÞ áðüäåéîÞ ôïõ (óôï ðëáßóéï ôÞò ÁíáëõôéêÞò Èåùñßáò Áñéèìþí) âë.

G.J.O. Jameson: The Prime Number Theorem, LondonMath. Soc. Student Texts, Vol. 53Cambridge Un. Press, 2003
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la Vallªe-Poussin (1866-1962) êáé Jacques Hadamard (1865-1963) êáé äçìïóéåýèç-

êáí ôï Ýôïò 1896 ÓçìåéùôÝïí üôé åíôüò ôïý N õößóôáíôáé ìåãÜëá äéáóôÞìáôá óôá

ïðïßá äåí óõíáíôïýìå ðñþôïõò áñéèìïýò13. Ç ýðáñîç áõèáéñÝôùò ìåãÜëùí «·á-
óìÜôùí» ìåôáîý êÜðïéùí äéáäï·éêþí ðñþôùí áñéèìþí ðñïêýðôåé áðü ôçí áêü-

ëïõèç:

B.3.12 Ðñüôáóç. ÄïèÝíôïò åíüò  ∈ N  ≥ 2 õðÜñ·ïõí ðÜíôïôå  äéáäï·éêïß
óýíèåôïé áñéèìïß.

Áðïäåéîç. Ïé  äéáäï·éêïß öõóéêïß áñéèìïß

 := (+ 1)! +   ∈ {2 3  + 1}

åßíáé óýíèåôïé, äéüôé  | (+ 1)!⇒  |  ãéá êÜèå  ∈ {2 3  + 1} ¤

Óôï Üëëï Üêñï, ôþñá, õðÜñ·ïõí óôïé·åéùäþò ðåñéãñáöüìåíá åõäéÜêñéôá ãíÞóéá

õðïóýíïëá ôïý N ôá ïðïßá ðåñéÝ·ïõí Üðåéñïõò ðñþôïõò áñéèìïýò. Åßíáé, ìÜëé-

óôá, åíôõðùóéáêü ôï üôé ìåôáîý áõôþí óõãêáôáëÝãïíôáé êáé ôá óýíïëá ôùí üñùí

êáôÜëëçëùí áñéèìçôéêþí ðñïüäùí.

B.3.13 Èåþñçìá. (G.L. Dirichlet, 1837) ÅÜí   ∈ N ìå ìêä( ) = 1 ôüôå åíôüò
ôïý óõíüëïõ {+ | ∈ N} õðÜñ·ïõí Üðåéñïé ðñþôïé áñéèìïß.
Ï G.L. Dirichlet14 (1805-1859) áðÝäåéîå ôï èåþñçìá B.3.13 ìå áíáëõôéêÜ ìÝóá,

êÜíïíôáò ·ñÞóç ôùí ëåãïìÝíùí -óåéñþí. ÄéáöïñåôéêÝò áðïäåßîåéò ïöåßëïíôáé

óôïõò H. Zassenhaus15, Á. Selberg16, H.N. Shapiro17 ê.Ü. Ãéá ôçí åéäéêÞ ðåñßðôùóç

üðïõ  = 1 õðÜñ·ïõí êáé óôïé·åéùäÝóôåñåò áðïäåßîåéò. (Êáô' ïõóßáí, áñêïýí

êáôÜëëçëïé ·åéñéóìïß ôùí éäéïôÞôùí åßôå ôïý êõêëïôïìéêïý ðïëõùíýìïõ 18 åßôå ôÞò
óõíáñôÞóåùò B.4.32 ôïý Mbius 19.)

13Åðß ðáñáäåßãìáôé, ï ðñþôïò áñéèìüò 370261 áêïëïõèåßôáé áðü 111 óýíèåôïõò áñéèìïýò êáé êáèÝíáò åê ôùí 209
öõóéêþí áñéèìþí ðïõ âñßóêïíôáé ìåôáîý ôùí 20831323 êáé 20831533 åßíáé óýíèåôïò.

14G.L. Dirichlet: Beweis des Satzes, daß jede unbegrenzte arithmetische Progression, deren erstes
Glied und Differenz ganze Zahlen ohne gemeinschaftlichen Factor sind, unendlich viele Primzahlen
enthält, Abhandlungen der Königlichen Preußischen Akademie der Wissenschaften zu Berlin (1837),
45-81. Ãéá ðéï óýã·ñïíåò ðáñïõóéÜóåéò âë.

Å. Landau: Elementary Number Theory, translated by J.E. Goodman, Chealsea Pub. Co., 1958 Ch. III, óåë. 104-125

H. Hasse: Vorlesungen über Zahlentheorie, zweite Aufl., Springer-Verlag, 1964 óåë. 176-283

Æ.É. Borevich & I.R. Shafarevich: Number Theory, transl. by N. Greenleaf, Academic Press, 1966 óåë. 339-341

J.-P. Serre: A Course in Arithmetic, GTM, Vol. 7 Springer-Verlag, 1973 Ch. VI, óåë. 61-76 êáé

T. Apostol: ÅéóáãùãÞ óôçí ÁíáëõôéêÞ Èåùñßá ôùí Áñéèìþí, óå ìåô. ôùí Á. êáé Å. Æá·áñßïõ, êáé åðéì. Ã. ËåãÜôïõ,

åêäüóåéò Gutenberg, ÁèÞíá 1986Êåö. 7 óåë. 198-208

15H. Zassenhaus: Über die Existenz von Primzahlen in arithmetischen Progressionen , Commentarii

Mathematici Helvetici 22 (1949) 232-259

16A.Selberg: An elementary proof of Dirichlet's theorem about primes in an arithmetic progression, Annals of

Mathematics 50 (1949) 297-304

17H.N. Shapiro: On primes in arithmetic progressions I, II, Annals of Mathematics 52 (1950) 217-243

18Âë. P. Ribenboim: The New Book of Prime Number Records, Springer-Verlag, 1996 óåë. 268

19Âë. H. Gauchman: A special case ofDirichlet's theoremon primes in an arithmetic progression, MathematicsMagazine

74 (2001) 397-399
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B.3.14 ËÞììá. ¸óôù  Ýíáò öõóéêüò áñéèìüò ãñáöüìåíïò õðü ôç ìïñöÞ

 = 11 22 · · ·  

üðïõ  ∈ N ïé 1 2  ðñþôïé áñéèìïß óáöþò äéáêåêñéìÝíïé (ãéá   1) êáé ïé
1 2  ìç áñíçôéêïß áêÝñáéïé áñéèìïß. Ôüôå Ýíáò öõóéêüò áñéèìüò äéáéñåß
ôïí  åÜí êáé ìüíïí åÜí

 = 
1
1 

2
2 · · ·  

üðïõ 1 2  ∈ N0 ìå 0 ≤  ≤   ãéá êÜèå  ∈ {1  }
Áðïäåéîç. ÅðåéäÞ ãéá  = 1 ï éó·õñéóìüò åßíáé ðñïöáíÞò, ìðïñïýìå, äß·ùò

âëÜâç ôÞò ãåíéêüôçôáò, íá õðïèÝóïõìå üôé  ≥ 2 êáé üôé ç áíùôÝñù Ýêñáóç åßíáé

ç áðïóýíèåóç ôïý  óå ãéíüìåíï ðñþôùí áñéèìþí. ÅÜí  = 
1
1 

2
2 · · ·  ìå

0 ≤  ≤  ãéá êÜèå  ∈ {1  } ôüôå

 = 
³

1−1
1 

2−2
2 · · · −

´
=⇒  | 

Êáé áíôéóôñüöùò° åÜí ï åßíáé Ýíáò öõóéêüò áñéèìüò≥ 2 ï ïðïßïò äéáéñåß ôïí 

êáé Ý·åé ùò áðïóýíèåóÞ ôïõ óå ãéíüìåíï ðñþôùí ôçí

 = 
1
1 

2
2 · · ·  

ôüôå õðÜñ·åé  ∈ N ôÝôïéïò þóôå íá éó·ýåé ç éóüôçôá

 =  =⇒  = 11 22 · · ·  =
¡

1
1 

2
2 · · · 

¢


Áðü ôç ìïíáäéêüôçôá ôÞò ðáñáóôÜóåùò ôïý  ùò ãéíïìÝíïõ ðñþôùí ðáñáãüíôùí

ëáìâÜíïõìå  ≤  êáé  =  0   ≤   ∀ ∈ {1  } ãéá êÜðïéï õðïóý-

íïëï äåéêôþí {1 } ⊆ {1  } Ùò åê ôïýôïõ, ïéïóäÞðïôå öõóéêüò áñéèìüò

 ≥ 1 äéáéñåß ôïí  èá ãñÜöåôáé õðü ôçí åðéèõìçôÞ ìïñöÞ. ¤

B.3.15 Ðñüôáóç. ¸óôù  ∈ N ÅÜí  = 11 22 · · ·   üðïõ  ∈ N 1 2 
ðñþôïé áñéèìïß óáöþò äéáêåêñéìÝíïé (ãéá   1) êáé 1 2  ∈ N0 ôüôå
éó·ýïõí ôá áêüëïõèá :

(i) Ãéá ôïí ðëçèéêü áñéèìü ôïý óõíüëïõD ôùí èåôéêþí áêåñáßùí äéáéñåôþí ôïý 
(âë. B.2.34) Ý·ïõìå

card(D) =
Q

=1
( + 1)

(ii) Ôï Üèñïéóìá ôùí èåôéêþí áêåñáßùí äéáéñåôþí ôïý  äßäåôáé áðü ôïí ôýðï

X
∈D

 =
Y

=1

Ã

+1
 − 1
 − 1

!
 (B.21)
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Áðïäåéîç. (i) ÊáôÜ ôï ëÞììá B.3.14 ïé èåôéêïß áêÝñáéïé äéáéñÝôåò ôïý  åßíáé ôÞò

ìïñöÞò


1
1 

2
2 · · ·   üðïõ 0 ≤  ≤   ∀ ∈ {1  }

ÅðïìÝíùò õðÜñ·ïõí áêñéâþò (1+1)(2+1) · · · (+1) èåôéêïß äéáéñÝôåò ôïý 
(ii) Èá ·ñçóéìïðïéÞóïõìå ìáèçìáôéêÞ åðáãùãÞ ùò ðñïò ôïí  ÅÜí  = 1 ôüôå

(êáôÜ ôï ëÞììá B.3.14) ïé èåôéêïß áêÝñáéïé äéáéñÝôåò ôïý  åßíáé ïé 1 1 
2
1  

1
1

êáé ôï ÜèñïéóìÜ ôïõò éóïýôáé ìå

1 + 1 + 21 + · · ·+ 11 =
1+11 − 1
1 − 1 

ÅÜí   1 èÝôïõìå  := 11 22 · · · −1−1 Óýìöùíáìå ôçí åðáãùãéêÞ ìáò õðüèåóç,

X
∈D

 =
−1Y
=1

Ã

+1
 − 1
 − 1

!
 (B.22)

ÅðåéäÞD =
n





¯̄̄
 ∈ D  ∈ {0 1  }

o
 Ý·ïõìå

X
∈D

 =
X
∈D

+

ÃX
∈D



!
 +

ÃX
∈D



!
2 + · · ·+

ÃX
∈D



!
 

ïðüôå

X
∈D

 =

ÃX
∈D



!¡
1 +  + 2 + · · ·+ 




¢
=

ÃX
∈D



!
+1 − 1
 − 1  (B.23)

Ç (B.21) ðñïêýðôåé Üìåóá áðü ôéò (B.22) êáé (B.23). ¤

B.3.16 Ðñüôáóç. ÅÜí  ∈ N  ≥ 2 êáé 1  ∈ Zr{0} ìå

|1| = 
11
1 · · · 1  || = 

1
1 · · ·  

üðïõ 1  åßíáé ðñþôïé áñéèìïß óáöþò äéáêåêñéìÝíïé (üôáí   1) êáé ïé 
 ∈ {1  }  ∈ {1  } ìç áñíçôéêïß áêÝñáéïé áñéèìïß, ôüôå

ìêä(1 ) =
Q
=1


min{1}
  (B.24)

Áðïäåéîç. ÅðåéäÞ ìêä(1 ) = ìêä(|1|  ||) ìðïñïýìå -äß·ùò âëÜâç ôÞò

ãåíéêüôçôáò- íá õðïèÝóïõìå üôé ïé 1  åßíáé èåôéêïß. ÅðåéäÞ

min{1  } ≤  ∀ ∈ {1  } êáé ∀ ∈ {1  }
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Ý·ïõìå
Q
=1


min{1}
 |   ãéá êÜèå  ∈ {1  } (âë. B.3.14). ÅðéðñïóèÝôùò,

åÜí  åßíáé ïéïóäÞðïôå öõóéêüò áñéèìüò, ãéá ôïí ïðïßï éó·ýåé  | 1  | 
ôüôå, êáôÜ ôï ëÞììá B.3.14,  = 11 22 · · ·   üðïõ

0 ≤  ≤  ∀ ∈ {1  } êáé ∀ ∈ {1  }

ïðüôå  ≤ min{1  } ∀ ∈ {1  } ⇒  |
Q
=1


min{1}
  ÅðïìÝíùò

ç (B.24) åßíáé áëçèÞò ëüãù ôïý ðïñßóìáôïò B.2.6. ¤

B.3.17 Ðüñéóìá. ÅÜí  ∈ N  ≥ 2 êáé  1  ∈ Zr{0} ìå ôïõò 1  áíÜ
äýï ó·åôéêþò ðñþôïõò, ôüôå

ìêä(
Q
=1

) =
Q
=1

ìêä( ) (B.25)

Áðïäåéîç. Áñêåß íá áðïäåßîïõìå ôçí éóüôçôá (B.25) óôçí ðåñßðôùóç êáôÜ ôçí

ïðïßá ïé ùò Üíù áñéèìïß åßíáé öõóéêïß ≥ 2 Åöáñìüæïõìå ôçí ðñþôç ìïñöÞ ôÞò

ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôïí  èåùñþíôáò ùò áöåôçñßá ìáò ôïí  = 2

ÅÜí  = 2 êáé åÜí ïé áðïóõíèÝóåéò ôùí 1 2 óå ãéíüìåíá ðñþôùí ðáñáãüíôùí

åßíáé ïé 1 = 
1
1 

2
2 · · ·   2 = 

1
1 

2
2 · · ·   ôüôå ïé 1 2  1 2  åßíáé

óáöþò äéáêåêñéìÝíïé ðñþôïé áñéèìïß, êáèüóïí ìêä(1 2) = 1 ÃñÜöïíôáò ôïí 

ùò ãéíüìåíï óáöþò äéáêåêñéìÝíùí ðñþôùí áñéèìþí õðü ôç ìïñöÞ

 =
³
11 22 · · · 

´
(11 22 · · ·  )

³

1
1 

2
2 · · · 

´


üðïõ 1,2  1 2  ∈ N0 êáôÜëëçëïé åêèÝôåò ôùí ðñþôùí ðïõ åìöáíßæï-

íôáé óôéò áðïóõíèÝóåéò ôùí 1 2 êáé 1 2  ïé ðñþôïé ðïõ åìöáíßæïíôáé óôçí

áðïóýíèåóç ôïý  áëëÜ äåí ðåñéÝ·ïíôáé óôéò áðïóõíèÝóåéò ôùí 1 2, õøùìÝíïé

óå êáôÜëëçëåò äõíÜìåéò 1 2  ∈ N Åöáñìüæïíôáò ôçí (B.24) ëáìâÜíïõìå

ìêä ( 12) =

Ã
Q

=1

min{ }


!Ã
Q

=1

min{}


!
= ìêä ( 1) ìêä ( 2) 

ÕðïèÝôïíôáò üôé ç (B.25) åßíáé áëçèÞò ãéá êÜðïéïí =  ≥ 2 èá ôçí áðïäåßîïõìå

êáé ãéá  =  + 1 Ðáñáôçñïýìå üôé ìêä(12 · · ·  +1) = 1 (ÐñÜãìáôé° åÜí ï 

åßíáé Ýíáò ðñþôïò áñéèìüò ï ïðïßïò äéáéñåß áìöïôÝñïõò ôïõò 12 · · ·  êáé +1

ôüôå õðÜñ·åé êÜðïéïò äåßêôçò  ∈ {1 } ìå  |   ïðüôå  |ìêä(  +1) = 1

ðñÜãìá Üôïðï.) ÂÜóåé ôùí üóùí áðïäåßîáìå ãéá äýï ðáñÜãïíôåò,

ìêä(
+1Q
=1

) = ìêä(
Q

=1
) ìêä ( +1) 

ÅîÜëëïõ, áðü ôçí åðáãùãéêÞ ìáò õðüèåóç, ìêä(
Q

=1
) =

Q
=1

ìêä( ) ïðüôå

ç (B.25) åßíáé áëçèÞò êáé ãéá  =  + 1 ¤
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B.3.18 Ðüñéóìá. Åóôù üôé  ∈ N  ≥ 2 êáé üôé  1  ∈ Zr{0} ìå ôïõò
1  áíÜ äýï ó·åôéêþò ðñþôïõò. ÅÜí  | ∀ ∈ {1  } ôüôå

Q
=1

 | 

Áðïäåéîç. Óýìöùíá ìå ôï ðüñéóìá B.3.17 Ý·ïõìå

ìêä(
Q
=1

) =
Q
=1

ìêä( ) =
Q
=1

| | 

ïðüôå
Q

=1  |  ¤

B.3.19 Ðüñéóìá. ÅÜí  ∈ N  ≥ 2 êáé ïé 1  åßíáé ìç ìçäåíéêïß áêÝñáéïé,
áíÜ äýï ó·åôéêþò ðñþôïé, ôüôå åêð(1 ) = |1 · · · | 
Áðïäåéîç. ÅðåéäÞ  | |1 · · · | ãéá êÜèå  ∈ {1 } Ý·ïõìå

åêð(1 ) | |1 · · · |

(âë. B.2.25 (ii)). ÅîÜëëïõ åðåéäÞ åî ïñéóìïý  |åêð(1 ) ãéá êÜèå äåßêôç

 ∈ {1 } êáé ïé 1  åßíáé ó·åôéêþò ðñþôïé áíÜ äýï,

1 · · ·  | åêð(1 ) =⇒ |1 · · · | | åêð(1 )

(âë. B.3.18 êáé B.1.5 (i)). ÅðåéäÞ ôüóï ôï åêð(1 ) üóï êáé ï |1 · · · | åßíáé
èåôéêïß áêÝñáéïé, áðü ôï (iii) ôÞò ðñïôÜóåùò B.1.5 óõìðåñáßíïõìå üôé ïöåßëïõí íá

åßíáé ßóïé. ¤

B.3.20 Ðñüôáóç. ÅÜí  ∈ N  ≥ 2 êáé 1  ∈ Zr{0} ìå

|1| = 
11
1 · · · 1  || = 

1
1 · · ·  

üðïõ 1  åßíáé ðñþôïé áñéèìïß óáöþò äéáêåêñéìÝíïé (üôáí   1) êáé ïé 
 ∈ {1  }  ∈ {1  } ìç áñíçôéêïß áêÝñáéïé áñéèìïß, ôüôå

åêð(1 ) =
Q
=1


max{1}
  (B.26)

Áðïäåéîç. ÅðåéäÞ åêð(1 ) = åêð(|1|  ||) ìðïñïýìå -·ùñßò âëÜâç ôÞò

ãåíéêüôçôáò- íá õðïèÝóïõìå üôé ïé 1  åßíáé èåôéêïß. ÅðåéäÞ

 ≤ max{1  } ∀ ∈ {1  } êáé ∀ ∈ {1  }

Ý·ïõìå  |
Q
=1


max{1}
  ãéá êÜèå  ∈ {1  } (âë. B.3.14). ÅðéðñïóèÝôùò,

åÜí  åßíáé ïéïóäÞðïôå öõóéêüò áñéèìüò, ãéá ôïí ïðïßï éó·ýåé 1 |   | 
ôüôå, êáôÜ ôï ëÞììá B.3.14,

 =
¡

1
1 

2
2 · · · 

¢

+1
+1 · · ·  
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üðïõ ïé 1 2   åßíáé äéáêåêñéìÝíïé ðñþôïé áñéèìïß êáé ïé

1 2   êáôÜëëçëïé öõóéêïß áñéèìïß ìå

 ≤  ∀ ∈ {1  } êáé ∀ ∈ {1  }

ïðüôå [max{1  } ≤  ∀ ∈ {1  }] =⇒
Q
=1


max{1}
 |  ÅðïìÝ-

íùò ç (B.26) åßíáé áëçèÞò ëüãù ôÞò ðñïôÜóåùò B.2.25. ¤

B.3.21 Ðüñéóìá. ÅÜí ∈ N ôüôå åêð( ) ∈ D∀( ) ∈ D ×D

Áðïäåéîç. ÅÜí ( ) ∈ D ×D êáé åÜí (äß·ùò âëÜâç ôÞò ãåíéêüôçôáò) õðïèÝ-

óïõìå üôé

 = 11 · · ·    = 
1
1 · · ·    = 

1
1 · · ·   ( ∈ N)

üðïõ ïé 1  åßíáé ðñþôïé áñéèìïß óáöþò äéáêåêñéìÝíïé (ãéá   1) êáé ïé

1   1  êáé 1  ìç áñíçôéêïß áêÝñáéïé áñéèìïß, ôüôå

 | ⇒  ≤   ∀ ∈ {1  }
 | ⇒  ≤   ∀ ∈ {1  }

¾
⇒ max{} ≤   ∀ ∈ {1  }

ïðüôå åêð( ) ∈ D (ìÝóù ôïý ëÞììáôïò B.3.14 êáé ôÞò ðñïôÜóåùò B.3.20). ¤

B.3.22 Ïñéóìüò. ¸óôù  ∈ R Ùò äÜðåäï20 (Þ áêÝñáéï ìÝñïò) ôïý  ïñßæåôáé ï

áêÝñáéïò áñéèìüò

bc := max{ ∈ Z| ≤ }

B.3.23 Óçìåßùóç. Ãéá ïéïõóäÞðïôå   ∈ R êáé  ∈ Z Ý·ïõìå

bc ≤  ≤ bc+ 1 b+ c = bc+  bc+ bc ≤ b+ c 

B.3.24 Ðñüôáóç. (Áde Polignac & A.M. Legendre, 1808) ¸óôù  ∈ N  ≥ 2
êáé Ýóôù  Ýíáò ðñþôïò áñéèìüò. O  åìöáíßæåôáé óôçí êáíïíéêÞ ðáñÜóôáóç ôïý
ðáñáãïíôéêïý ! :=

Q
=1  ôïý  ùò ãéíïìÝíïõ ðñþôùí áñéèìþí õøùìÝíïò óôç äý-

íáìç

() =

blog()cX
=1

¹




º
 (B.27)

Ùò åê ôïýôïõ, åÜí { ∈ N| ðñþôïò ≤ } = {1  } (üðïõ 1  · · ·   üôáí

 ≥ 2) ôüôå

! =
Q

=1

 ()

  üðïõ  () =
blog()cP

=1

j



k
 ∀ ∈ {1  }

20Êáô' áíôéäéáóôïëÞí ðñïò ôçí ïñïöÞ de := min{ ∈ Z |  ≥ } ôïý  ðïõ åßíáé ùóáýôùò ·ñÞóéìïò áñéèìüò

ãéá ðïéêßëá ðñïâëÞìáôá ôÞò Èåùñßáò Áñéèìþí êáé ôÞò ÓõíäõáóôéêÞò.
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Áðïäåéîç. ¸óôù  ∈ N :  ≤  ÅÜí  |  ãéá êÜðïéïí  ∈ N ôüôå  ≤  ≤ 

ïðüôå  ≤ ln()
ln() = log() ÅðåéäÞ  ∈ N Ý·ïõìå  ≤ ¥log()¦  ÊáôÜ óõíÝðåéáí,

o ìÝãéóôoò () ∈ N0 ãéá ôïí ïðïßï éó·ýåé () | ! åßíáé ï

() =
X
=1

X
{∈N:1≤≤blog()c üðïõ  |}

1

ÅðïìÝíùò,

() =

blog()cX
=1

X
{∈N:1≤≤ üðïõ  |}

1 =

blog()cX
=1

j



k


äéüôé ãéá ïéïíäÞðïôå  ∈ ©1  ¥log()¦ª  ôá ìüíá èåôéêÜ ðïëëáðëÜóéá  ôïý 

ðïõ åßíáé ≤  åßíáé ôá   2  
  üðïõ

 := max{ ∈ N| ≤ } = max
½
 ∈ Z

¯̄̄̄
 ≤ 



¾
=:

¹




º


ïðüôå ç (B.27) åßíáé áëçèÞò. ¤

B.3.25 ÐáñÜäåéãìá. ÅÜí  = 10 ôüôå ïé ðñþôïé áñéèìïß ðïõ åßíáé ≤ 10 åßíáé ïé
2 3 5 êáé 7 ÅðåéäÞ

blog2(10)c =
¥
ln 10
ln 2

¦
=
¥
23025
069315

¦
= b3 321c = 3 ¥ln 10ln 3

¦
= 2

êáé
¥
ln 10
ln 5

¦
=
¥
ln 10
ln 7

¦
= 1 Ý·ïõìå

2(10) =
¥
10
2

¦
+
¥
10
4

¦
+
¥
10
8

¦
= 5 + 2 + 1 = 8

3(10) =
¥
10
3

¦
+
¥
10
9

¦
= 4 5(10) =

¥
10
5

¦
= 2 7(10) =

¥
10
7

¦
= 1

ïðüôå 10! = 28 · 34 · 52 · 7 = 3628 800

B.3.26 Ðüñéóìá. Ãéá êÜèå ðñþôïí áñéèìü  êáé ãéá êÜèå  ∈ N Ý·ïõìå

(
) = −1

−1  (B.28)

Áðïäåéîç. Ðñïöáíþò,

(
) =

X
=1

j




k
= −1 + −2 + · · ·+ + 1

áð' üðïõ Ýðåôáé Üìåóá ç (B.28). ¤

B.3.27 Ðüñéóìá. ¸óôù  ∈ N  ≥ 2 êáé Ýóôù  Ýíáò ðñþôïò áñéèìüò. ÅÜí  :=¥
log()

¦
êáé

 = 
 + −1−1 + · · ·+ 1+ 0
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åßíáé ç ðáñÜóôáóç (B.3) ôïý  óôçí êëßìáêá ôïý  (Þôïé óôï ``-áäéêü óýóôçìá'')
ôüôå

() =
−(+−1+···+1+0)

−1  (B.29)

Áðïäåéîç. Ãéá  ∈ {1  } Ý·ïõìå

 =


+−1−1+···+1+0

 = 
− + −1−1− + · · ·+  +

−1−1+···+0
 

üðïõ  ∈ {0 1  −1} ãéá êÜèå  ∈ {0  −1} êáé  ∈ {1  −1}ÅðïìÝíùò,
−1−1+−2−2···+0

 ≤ (−1)(−1+−2+···+1)
 = −1

  1

=⇒ ¥



¦
=  + · · ·+ −1−1− + 

−

êáé ç (B.27) äßäåé

() =
X

=1

¹




º
= 1 + 2+ 3

2 + · · ·+ 
−1

+2 + 3+ · · ·+ 
−2

+3 + · · ·+ 
−3

· · · · · ·
+

Þôïé

() = 1
−1
−1 + 2

2−1
−1 + 3

3−1
−1 + · · ·+ 

−1
−1

= (
+−1−1+···+1+0)−(+−1+···+1+0)

−1 

ïðüôå ç (B.29) åßíáé áëçèÞò. ¤

B.3.28 ÐáñÜäåéãìá. ÅðåéäÞ ãéá  = 10 Ý·ïõìå 10 = (1010)2 = (101)3 = (20)5 =

(13)7 ïé õðïëïãéóìïß ôïý åä. B.3.25 ìðïñïýí íá åêôåëåóèïýí êáé ìÝóù ôÞò (B.29)

ùò áêïëïýèùò:

2(10) = 10− (1 + 0 + 1 + 0) = 8 3(10) =
10−(1+0+1)

2 = 4

5(10) =
10−(2+0)

4 = 2 7(10) =
10−(1+3)

6 = 1

B.3.29 ÐáñÜäåéãìá. ¸óôù  ∈ N  ≥ 2 Áðü ôï ðüñéóìá B.3.27 Ýðåôáé üôé ç

ìÝãéóôç äýíáìç ôïý 2 ðïõ äéáéñåß ôïí ! åßíáé ç 2− üðïõ ùò  óçìåéþíïõìå ôï

ðëÞèïò ôùí ìïíÜäùí ôùí åìöáíéæïìÝíùí óôï äõáäéêü áíÜðôõãìá ôïý  ÊáôÜ

óõíÝðåéáí, 2 - ! ÅðéðëÝïí, 2−1 | ! åÜí êáé ìüíïí åÜí ï  éóïýôáé ìå êÜðïéá

(èåôéêÞ áêåñáßá) äýíáìç21 ôïý 2

21Ç (B.28) äßäåé 2(2
) = 2 − 1 ãéá êÜèå  ∈ N
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B.4 ÉÓÏÔÉÌÉÅÓ

B.4.1 Ïñéóìüò. ¸óôù  Ýíáò öõóéêüò áñéèìüò. ¸íáò áêÝñáéïò  ïñßæåôáé íá åß-

íáé éóüôéìïò åíüò áêåñáßïõ  êáôÜ ìüäéï (Þ modulo), óõìâïëéæüìåíïò ùò22

 ≡ (mod)

üôáí  |  −  Ï  êáëåßôáé, åí ðñïêåéìÝíù, ôï ìüäéï23 ôÞò éóïôéìßáò. ¼ôáí

 -  −  ôüôå ëÝìå üôé ï  åßíáé áíéóüôéìïò ôïý  êáôÜ ìüäéï  êáé ãñÜöïõìå

 6≡ (mod)

B.4.2 ÐáñáôÞñçóç. Ïé êáôùôÝñù éäéüôçôåò ôÞò äéìåëïýò ó·Ýóåùò ‘‘≡'' (åðß ôïý Z)
áðïññÝïõí Üìåóá áðü ôïí ïñéóìü B.4.1:

(i)  ≡ 0(mod)⇐⇒  | 
(ii) Ãéá ïéïõóäÞðïôå áêåñáßïõò   Ý·ïõìå  ≡ (mod 1)

(iii) Ï áêÝñáéïò  åßíáé Üñôéïò⇐⇒  ≡ 0(mod 2)
(iv) Ï áêÝñáéïò  åßíáé ðåñéôôüò⇐⇒  ≡ 1(mod 2)
(v) ÅÜí  ≡ (mod) êáé  |  ãéá êÜðïéïí  ∈ N ôüôå  ≡ (mod )

¼ôáí  ≡ (mod) ïé  êáé  ïíïìÜæïíôáé åíßïôå êáé éóïûðüëïéðïé êáôÜ ìüäéï

ëüãù ôÞò åðïìÝíçò ðñïôÜóåùò:

B.4.3 Ðñüôáóç. ¸·ïõìå  ≡ (mod ) åÜí êáé ìüíïí åÜí ïé  êáé  äéáéñïýìåíïé
äéÜ ôïý áöÞíïõí ôï ßäéï õðüëïéðï.

Áðïäåéîç. Åêôåëþíôáò ôÞ äéáßñåóç ôùí  êáé  äéÜ ôïý ëáìâÜíïõìå

 = +   = +  üðïõ     ∈ Z ìå 0 ≤    

Ðáñáôçñïýìå üôé  ≡ (mod)⇐⇒  | − ⇐⇒  | − ÅðåéäÞ üìùò Ý·ïõìå

| − |   âÜóåé ôïý B.1.5 (ii) óõìðåñáßíïõìå üôé |  − ⇔  =  ¤

B.4.4 Ðñüôáóç. (Èåìåëéþäåéò éäéüôçôåò éóïôéìéþí) ¸óôù üôé ï  åßíáé Ýíáò öõ-
óéêüò áñéèìüò êáé ïé     áêÝñáéïé áñéèìïß. Ôüôå éó·ýïõí ôá áêüëïõèá :

(i) ÅÜí  ≡ (mod) êáé  ≡ (mod) ôüôå

±  ≡ ± (mod) êáé  ≡ (mod)

(ii) ÅÜí  ≡ (mod) ôüôå ±  ≡ ± (mod) êáé  ≡ (mod)

(iii) ÅÜí  ≡ (mod) ôüôå  ≡ (mod) ∀ ∈ N
(iv) ÅÜí  6= 0 ôüôå  ≡ (mod)⇐⇒  ≡ (mod)

(v) ÅÜí  6= 0 ôüôå  ≡ (mod)⇐⇒  ≡ (mod 
ìêä() )

22Ï óõìâïëéóìüò áõôüò åéóÞ·èç áðü ôïí C.-F. Gauss (1777-1855) ôï Ýôïò 1801 óôï Ýñãï ôïõ «Disquisitiones

Arithmeticae», óôï ïðïßï áíáðôýóóåôáé ìå óáöÞíåéá êáé áõóôçñüôçôá ï ëïãéóìüò ôùí éóïôéìéþí.
23¢ëëïé óõããñáöåßò ðñïôéìïýí íá êáëïýí ôï ìüäéï ìÝôñï ôÞò (åêÜóôïôå èåùñïýìåíçò) éóïôéìßáò. Ðñïóï·Þ! Ìç

óõã·Ýåôå ôï (ïõäÝôåñï) ïõóéáóôéêü: ôï ìüäéï (ãåñì. das Modul) ìå ôï (áñóåíéêü) ïõóéáóôéêü: ï ìüäéïò (ãåñì. der
Modul) ðïõ åßíáé üñïò ·ñçóéìïðïéïýìåíïò ãéá íá åêöñÜæåé Ýíáí ãåíéêåõìÝíï äéáíõóìáôéêü ·þñï (ìå ôá âáèìùôÜ ôïõ

ìåãÝèç áíÞêïíôá óå Ýíáí äáêôýëéï ðïõ äåí åßíáé êáô' áíÜãêçí óþìá.)
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Áðïäåéîç. (i) ÅÜí  ≡ (mod ) êáé  ≡ (mod ) ôüôå õðÜñ·ïõí 1 2 ∈ Z
ôÝôïéïé þóôå

−  = 1

−  = 2

¾
=⇒

½
(± )− (± ) = (− )± (− ) = (1 ± 2)

−  = (2 + 1 + 12)

ïðüôå ±  ≡ ± (mod) êáé  ≡ (mod).

(ii) ÅðåéäÞ  ≡ (mod) ïé éóïôéìßåò áõôÝò Ýðïíôáé áðü ôï (i).

(iii) Ôïýôï áðïäåéêíýåôáé êÜíïíôáò ·ñÞóç ìáèçìáôéêÞò åðáãùãÞò. Ãéá  = 1
ï éó·õñéóìüò åßíáé ðñïöáíÞò. ÕðïèÝôïíôáò üôé áõôüò åßíáé áëçèÞò ãéá êÜðïéïí
áêÝñáéï   1 Ý·ïõìå

 ≡ (mod) (åî õðïèÝóåùò) êáé

 ≡ (mod) (áðü ôçí åðáãùãéêÞ ìáò õðüèåóç)| {z }
⇓ (i)

+1 ≡ +1(mod)

(iv) Áñêåß íá ðáñáôçñÞóïõìå üôé | − ⇐⇒  | (− ) 

(v) ÅÜí  ≡ (mod) ôüôå, åöáñìüæïíôáò ôï (ii) ôÞò ðñïôÜóåùò B.2.14 êáé ôï

ðüñéóìá B.2.9, ëáìâÜíïõìå

 | (− ) =⇒ 
ìêä() | (− ) 

ìêä()

ìêä( 
ìêä() 


ìêä() ) = 1

⎫⎪⎬⎪⎭ =⇒ 

ìêä( )
| − 

Þôïé  ≡ (mod 
ìêä() ). Êáé áíôéóôñüöùò° õðïèÝôïíôáò üôé  ≡ (mod 

ìêä() )

ôüôå -óýìöùíá ìå ôï (iv)- ìêä( )  ≡ ìêä( ) (mod) ÅðéðñïóèÝôùò,

ìêä( ) |  =⇒ (∃0 ∈ Z :  = ìêä( )0)

ÅÜí ëïéðüí åöáñìüóïõìå ôï (ii), ëáìâÜíïõìå

ìêä( ) 0  ≡ ìêä( ) 0 (mod)

Þôïé  ≡ (mod). ¤

B.4.5 Ðüñéóìá. ¸óôù üôé ï  åßíáé Ýíáò öõóéêüò áñéèìüò êáé ïé    áêÝñáéïé
áñéèìïß. ÅÜí  6= 0  ≡ (mod) êáé ìêä( ) = 1 ôüôå Ý·ïõìå  ≡ (mod)

Áðïäåéîç. Áñêåß íá åöáñìüóïõìå ôï (v) ôÞò ðñïôÜóåùò B.4.4. ¤

B.4.6 Ðüñéóìá. ¸óôù üôé ï  åßíáé Ýíáò ðñþôïò áñéèìüò êáé ïé    áêÝñáéïé áñéè-
ìïß. ÅÜí  6= 0  ≡ (mod ) êáé  -  ôüôå  ≡ (mod )

Áðïäåéîç. ÅðåéäÞ  -  êáé ï  åßíáé ðñþôïò, Ý·ïõìå ìêä( ) = 1 ÊáôÜ óõíÝ-

ðåéáí,  ≡ (mod ) âÜóåé ôïý ðïñßóìáôïò B.4.5. ¤
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B.4.7 Ðñüôáóç. ¸óôù üôé ïé12 åßíáé äõï öõóéêïß áñéèìïß êáé üôé ïé    åßíáé
ôñåéò áêÝñáéïé áñéèìïß ãéá ôïõò ïðïßïõò éó·ýïõí ïé éóïôéìßåò

 ≡ (mod1)  ≡ (mod2)

Ôüôå Ý·ïõìå  ≡ (modìêä(12))

Áðïäåéîç. ÅÜí 1 |  −  êáé 2 |  −  ôüôå, èÝôïíôáò óå åöáñìïãÞ ôï (v) ôÞò

ðñïôÜóåùò B.1.5, ëáìâÜíïõìå

[1 | −  êáé ìêä(12) | 1]⇒ ìêä(12) | − 

êáé [2 | −  êáé ìêä(12) | 2]⇒ ìêä(12) | −  Ùò åê ôïýôïõ, ëüãù

ôÞò éäéüôçôáò (vi) ôÞò B.1.5, ìðïñïýìå íá óõìðåñÜíïõìå üôé

ìêä(12) | (− )− (− ) =⇒ ìêä(12) | − 

Þôïé üôé  ≡ (mod ìêä(12)) ¤

B.4.8 Ðñüôáóç. ÕðïèÝôïõìå üôé  ∈ N  ≥ 2 üôé ïé1  åßíáé öõóéêïß áñéè-
ìïß êáé üôé ïé   åßíáé äõï áêÝñáéïé áñéèìïß. Ôüôå

( ≡ (mod) ∀ ∈ {1  })⇐⇒  ≡ (mod åêð(1 ))

Áðïäåéîç. ÅÜí  ≡ (mod) ãéá êÜèå äåßêôç  ∈ {1  }, ôüôå (êáôÜ ôçí ðñü-

ôáóç B.2.25) ( | −  ∀ ∈ {1  }) =⇒ åêð(1 ) |  −  Êáé áíôé-

óôñüöùò° åÜí õðïèÝóïõìå üôé åêð(1 ) | −  êáé ëÜâïõìå õð' üøéí üôé

 | åêð(1 ) ∀ ∈ {1  }

óõìðåñáßíïõìå üôé  ≡ (mod) ãéá êÜèå  ∈ {1  } (ðñâë. B.1.5 (v)). ¤

B.4.9 Ðüñéóìá. ÕðïèÝôïõìå üôé  ∈ N  ≥ 2 üôé ïé1  åßíáé öõóéêïß áñéè-
ìïß, ó·åôéêþò ðñþôïé áíÜ äýï, êáé üôé   ∈ Z Ôüôå éó·ýåé ç óõíåðáãùãÞ

[ ≡ (mod)∀ ∈ {1  }] =⇒  ≡  (mod (
Q

=1
))

Áðïäåéîç. Áñêåß íá åöáñìïóèåß ç ðñüôáóç B.4.8 êáé íá ëçöèåß õð' üøéí üôé

åêð(1 ) =
Q

=1
 (âë. B.3.19). ¤

B.4.10 ËÞììá. Ãéá êÜèå áñéèìü  ∈ N0 áò óõìâïëßóïõìå ùò ! = 1 · 2 · · ·  ôï
ðáñáãïíôéêü ôïý üôáí ≥ 1 èÝôïíôáò 0! = 1êáé ùò ¡¢ = !

!(−)! ôïí äéùíõìéêü
óõíôåëåóôÞ ôïý  õðåñÜíù ôïý  üðïõ  ∈ Z 0 ≤  ≤  ¸óôù  Ýíáò ðñþôïò
áñéèìüò. Ôüôå µ





¶
≡ 0 (mod ) ∀ ∈ {1  − 1} (B.30)
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Áðïäåéîç. ÅðåéäÞ ãéá êÜèå  ∈ {1  − 1}µ




¶
=

(− 1) · · · (− + 1)

!| {z }
⇓

(− 1) · · · (− + 1) = 1 · 2 · 3 · · ·  · ¡¢
Ý·ïõìå

 | 1 · 2 · 3 · · ·  · ¡¢
ìêä( 1 · 2 · 3 · · · ) = 1

⎫⎬⎭ =⇒
B.2.9

 | ¡¢
ôï ïðïßï éóïäõíáìåß ìå ôçí éóïôéìßá (B.30). ¤

B.4.11 Ðñüôáóç. ÅÜí   ∈ Z êáé  åßíáé ðñþôïò áñéèìüò, ôüôå
(+ )

 ≡  + (mod ) (B.31)

Áðïäåéîç. ÊáôÜ ôïí äéùíõìéêü ôýðï, (+ )

=

P
=0

¡



¢
− Êáé åðåéäÞ éó·ýåé¡




¢ ≡ 0(mod ) ãéá êÜèå  ∈ {1   − 1} (âë. ëÞììá B.4.10), ç éóïôéìßá (B.31)

åßíáé áëçèÞò. ¤

B.4.12 Ðüñéóìá. ÅÜí ï  åßíáé Ýíáò ðñþôïò áñéèìüò, ôüôå

 ≡ (mod ) ∀ ∈ Z (B.32)

Áðïäåéîç. Êáô' áñ·Üò ðáñáôçñïýìå üôé, üôáí  = 0 Þ  = 1 ç (B.32) åßíáé ðñï-
öáíÞò. Åí óõíå·åßá áðïäåéêíýïõìå ôçí (B.32) ãéá ïéïíäÞðïôå  ≥ 1 ìÝóù êëáóé-
êÞò ìáèçìáôéêÞò åðáãùãÞò. ÐñÜãìáôé° õðïèÝôïíôáò üôé ç (B.32) åßíáé áëçèÞò ãéá
êÜðïéïí  ≥ 1, áõôÞ éó·ýåé êáé ãéá ôïí + 1, êáèüôé

(+ 1) ≡  + 1(mod ) (äõíÜìåé ôÞò éóïôéìßáò (B.31)) êáé

 ≡ (mod ) (áðü ôçí åðáãùãéêÞ ìáò õðüèåóç)| {z }
⇓

(+ 1) ≡ + 1(mod )

ðñâë. B.4.4 (ii). ÁðïìÝíåé ç áðüäåéîç ôïý ðïñßóìáôïò êáé ãéá ïéïíäÞðïôå áêÝñáéï

  0. ¼ìùò, óå áõôÞí ôçí ðåñßðôùóç, äéáéñþíôáò ôü  äéÜ ôïý  ëáìâÜíïõìå

 ≡ (mod ) ãéá êÜðïéïí  ∈ Z ãéá ôïí ïðïßï 0 ≤  ≤  − 1 Ùò åê ôïýôïõ,

êÜíïíôáò ·ñÞóç ôïý (iii) ôÞò ðñïôÜóåùò B.4.4, óå óõíäõáóìü ìå ü,ôé áðïäåßîáìå

ðñïçãïõìÝíùò, ëáìâÜíïõìå

 ≡ (mod )

 ≡ (mod )

 ≡ (mod )

⎫⎬⎭ =⇒  ≡ (mod )

Óõíåðþò ç (B.32) åßíáé üíôùò áëçèÞò ãéá êÜèå áêÝñáéï  ¤
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B.4.13 Ðüñéóìá. («Ìéêñü èåþñçìá» ôïý Fermat, 1640) ÅÜí ï  åßíáé Ýíáò ðñþ-
ôïò áñéèìüò êáé ï  Ýíáò áêÝñáéïò, ôÝôïéïò þóôå 24  - , ôüôå 25

−1 ≡ 1(mod ) (B.33)

Áðïäåéîç. ÐñïöáíÞò ëüãù ôÞò éóïôéìßáò (B.32) êáé ôïý ðïñßóìáôïò B.4.6 (áöïý

ìêä( ) = 1). ¤

B.4.14 ÐáñÜäåéãìá. ÄïèÝíôïò åíüò ðñþôïõ áñéèìïý  ≥ 3 õðÜñ·ïõí Üðåéñïé öõ-

óéêïß áñéèìïß  ïýôùò þóôå íá ðëçñïýôáé ç óõíèÞêç  | 2 + 1 ÐñÜãìáôé° èÝ-

ôïíôáò  = (− 1)2+1   = 0 1 2 äéáðéóôþíïõìå ìÝóù ôÞò ó·Ýóåùò (B.33) ãéá

 = 2 üôé

2 + 1 ≡ (− 1)2+1 ¡2−1¢(−1)2 + 1 ≡ (−1)2+1 12 + 1 ≡ 0(mod )
I Ç êáôÜ Euler ãåíßêåõóç ôïý «ìéêñïý èåùñÞìáôïò» ôïý Fermat. Ï Leonhard

Euler (1707-1783) ðáñïõóßáóå êáôÜ ôï Ýôïò 1760 ìéá ãåíßêåõóç ôïý èåùñÞìáôïò

B.4.13 (âë. B.4.23), ç ïðïßá Ýìåëëå íá ðáßîåé êáèïñéóôéêü ñüëï ãéá ìéá ðëçèþñá

åöáñìïãþí, ôüóïí óôç Èåùñßá Áñéèìþí üóïí êáé óôçí ¢ëãåâñá. Ç áðüäåéîç

ðïõ ðáñáôßèåôáé åäþ ·ñçóéìïðïéåß ìüíïí óôïé·åéþäç ôå·íéêÜ ìÝóá êáé ïñéóìÝíá

ëÞììáôá ðïõ áöïñïýí óôç ëåãïìÝíç óõíÜñôçóç öé.

B.4.15 Ïñéóìüò. Ç áðåéêüíéóç  : N −→ N ç ïñéæüìåíç ìÝóù ôïý ôýðïõ

 () := card{ ∈ N |  ≤  êáé ìêä ( ) = 1}

êáëåßôáé óõíÜñôçóç öé ôïý Euler. Åðß ðáñáäåßãìáôé,  (1) =  (2) = 1  (3) = 2

 (4) = 2  (5) = 4  (6) = 2  (7) = 6  (8) = 4 Ç ôéìÞ  () ôïý  ìÝóù ôÞò 

åêöñÜæåôáé ðñïöáíþò êáé ùò ôï Üèñïéóìá

 () =
X
=1

¹
1

ìêä ( )

º
 (B.34)

B.4.16 ËÞììá. Ç óõíÜñôçóç öé ôïý Euler åßíáé «ðïëëáðëáóéáóôéêÞ», Þôïé ãéá
 ∈ N éó·ýåé ç óõíåðáãùãÞ

ìêä() = 1 =⇒  () =  () ()  (B.35)

Áðïäåéîç. ÅÜí = 1 Þ  = 1 ôüôå ç ùò Üíù éóüôçôá åßíáé ðñïöáíÞò. Ãé' áõôüí

ôïí ëüãï, õðïèÝôïõìå áðü åäþ êáé óôï åîÞò üôé ≥ 2 êáé  ≥ 2ÈÝôïíôáò

 := {1 2 } êáé 0 := { ∈  | ìêä () = 1}
24Åî áõôÞò ôÞò óõíèÞêçò Ýðåôáé, éäéáéôÝñùò, üôé  6= 0 (âë. B.1.3 (i)).

25Ï Pierre de Fermat (1601-1665) Ýãñáøå åð' áõôïý óå Ýíá ãñÜììá ôïõ ðñïò ôïí Frenicle (ôïí Ïêôþâñéï ôïý 1640),

áëë' ïõäÝðïôå Ýäùóå ìéá ëåðôïìåñÞ áðüäåéîç.
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êáé åöáñìüæïíôáò ôï ðüñéóìá B.2.12 ëáìâÜíïõìå

 () = card (0) = card{ ∈  | ìêä () = 1 êáé ìêä ( ) = 1} (B.36)

Ôïðïèåôþíôáò ôÜ óôïé·åßá ôïý  óå Ýíáí êáôÜëïãï  óôçëþí êáé  ãñáììþí ùò
áêïëïýèùò:

1 2 · · ·  · · · − 1 

+ 1 + 2 · · · +  · · · + (− 1) 2

2+ 1 2+ 2 · · · 2+  · · · 2+ (− 1) 3
...

...
...

...
...

...
...

...
...

...
...

...
...

...

(− 1)+ 1 (− 1)+ 2 · · · (− 1)+  · · · (− 1)+ (− 1) 

äéáðéóôþíïõìå üôé êÜèå óôïé·åßï ôïý  ãñÜöåôáé ìïíïóçìÜíôùò õðü ôçí ìïñöÞ

 +  üðïõ 0 ≤  ≤  − 1 êáé 0 ≤  ≤  − 1. ÂÜóåé ôïý (iii) ôÞò ðñïôÜ-

óåùò B.2.14, ìêä( + ) = ìêä() ïðüôå ïé áñéèìïß ôÞò -ïóôÞò óôÞëçò

ôïý áíùôÝñù êáôáëüãïõ åßíáé ðñþôïé ðñïò ôïí  åÜí êáé ìüíïí åÜí ï ßäéïò ï 

åßíáé ðñþôïò ðñïò ôïí . Ùò åê ôïýôïõ, ìüíïí  () óôÞëåò ðåñéÝ·ïõí öõóéêïýò

áñéèìïýò ðñþôïõò ðñïò ôïí êáé êÜèå óôïé·åßï êáèåìéÜò åî áõôþí åßíáé ðñþôï

ðñïò ôïí. Ôï ðñüâëçìá ëïéðüí åßíáé íá áðïäåé·èåß üôé óå êáèåìéÜ åî áõôþí ôùí

 () óôçëþí õðÜñ·ïõí áêñéâþò  () áñéèìïß, ïé ïðïßïé åßíáé ðñþôïé ðñïò ôïí 

(äéüôé ôüôå èá õðÜñ·ïõí åí óõíüëù  () () áñéèìïß áðü ôïí êáôÜëïãü ìáò, ïé

ïðïßïé èá åßíáé ðñþôïé ôüóï ðñïò ôïí  üóï êáé ðñïò ôïí  ïðüôå ï éó·õñéóìüò

èá åßíáé áëçèÞò).

Áò õðïèÝóïõìå üôé ïé  () óôÞëåò, ïé ïðïßåò ðåñéÝ·ïõí öõóéêïýò áñéèìïýò

ðñþôïõò ðñïò ôïí åßíáé ïé 1 2  () êé áò èåùñÞóïõìå ôo óýíïëo

 := { =  +  | 0 ≤  ≤ − 1}
ôùí åí óõíüëù  óôïé·åßùí ôÞò óôÞëçò  ãéá êÜèå  ∈ {1 2   ()} ÊáèÝíáò

åê ôùí  åßíáé ðñþôïò ðñïò ôïí ÅðéðñïóèÝôùò, åÜí  b ∈ {0 1  − 1} êáé
 6= b ôüôå  -  − b äéüôé, õðïèÝôïíôáò üôé  |  − b (⇐⇒  ≡ b(mod )),
èá åß·áìå

 | ( − b )
ìêä() = 1

)
=⇒
B.2.9

 |  − b
Þôïé êÜôé ôï Üôïðï, áöïý | − b | ≤ −1 (âë. B.1.5 (ii)). ÊáôÜ óõíÝðåéáí, ôá  êáé

b äéáéñïýìåíá äéÜ ôïý  áöÞíïõí (óýìöùíá ìå ôçí ðñüôáóç B.4.3) äéáöïñåôéêÜ
õðüëïéðá, ïðüôå ôá  óôïé·åßá ôïý  ìðïñïýí íá ãñáöïýí õðü ôç ìïñöÞ

 +  ∀ ∈ N0 0 ≤  ≤ − 1
üðïõ 0 1  −1 åßíáé êáôÜëëçëïé ìç áñíçôéêïß áêÝñáéïé áñéèìïß. ÂÜóåé ôïý

(iii) ôÞò ðñïôÜóåùò B.2.14, ìêä( +  ) = ìêä( ) ïðüôå

ìêä( +  ) = 1⇐⇒ ìêä( ) = 1
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ÈÝôïíôáò 0 := { ∈  | ìêä() = 1} êáé ëáìâÜíïíôáò õð' üøéí üôé éó·ýåé

card(0) =  () ãéá êÜèå  ∈ {1 2   ()} êáèþò êáé üôé
1 ∩ 2 = ∅ =⇒ 01 ∩ 02 = ∅

ãéá ïéïõóäÞðïôå 1 2 ∈ {1 2   ()} ìå 1 6= 2 óõìðåñáßíïõìå üôé

0 =
()

̀=1
0 =⇒ card (0) =

()P
=1

card (0) =  () ()  (B.37)

Ç (B.37), óõíäõáæüìåíç ìå ôçí (B.36), äßäåé ôç æçôïýìåíç éóüôçôá (B.35). ¤

B.4.17 Èåþñçìá. ÅÜí  ∈ N  ≥ 2 êáé åÜí ïé 12 åßíáé  ó·åôéêþò
ðñþôïé áíÜ äýï öõóéêïß áñéèìïß, ôüôå



Ã
Q

=1


!
=

Q
=1

 () 

Áðïäåéîç. ¸ðåôáé Üìåóá êÜíïíôáò ·ñÞóç ìáèçìáôéêÞò åðáãùãÞò ùò ðñïò ôï

ðëÞèïò  ôùí ðáñáãüíôùí ôïý ãéíïìÝíïõ êáé ôïý ëÞììáôïò B.4.16. ¤

B.4.18 Óçìåßùóç. Ìéá äéáöïñåôéêÞ, áìéãþò ïìáäïèåùñçôéêÞ áðüäåéîç ôïý èåù-

ñÞìáôïò B.4.17 äßäåôáé óôï åäÜöéï 7.3.2.

B.4.19 ËÞììá. ÅÜí ï  åßíáé ðñþôïò êáé  ∈ N ôüôå


¡

¢
=  − −1 = −1 (− 1) = 

µ
1− 1



¶


Áðïäåéîç. ÅðåéäÞ


¡

¢
= card({ ∈ N |  ≤  êáé ìêä

¡
 

¢
= 1})

= card({ ∈ N |  ≤  êáé  - })
êáé { ∈ N |  ≤  êáé  - } = {1 2 }r{ 2 3 ¡−1¢ } Ý·ïõìå ðñï-
öáíþò 

¡

¢
=  − −1 ¤

B.4.20 Ðñüôáóç. ÅÜí  = 11 22 · · ·  åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) åíüò
 ∈ N  ≥ 2 ùò ãéíïìÝíïõ ðñþôùí áñéèìþí, ôüôå

 () =
Q

=1

³


 − 

−1


´
= 

Q
=1

µ
1− 1



¶
 (B.38)

Áðïäåéîç. Áðü ôï ëÞììá B.4.16 ëáìâÜíïõìå

 () =  (11 22 · · ·  ) =  (11 ) (
2
2 · · ·  )

=  (11 ) (
2
2 ) (

3
3 · · ·  ) = · · · =

Q
=1

(

 )
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Ùò åê ôïýôïõ, áðü ôï ëÞììá B.4.19 óõíÜãåôáé üôé

Q
=1


¡




¢
=

Q
=1

(

 − 

−1
 ) =

Q
=1





¡
1− −1

¢
= 

Q
=1

¡
1− −1

¢


áð' üðïõ Ýðïíôáé ïé ôýðïé (B.38) ãéá ôç óõíÜñôçóç öé ôïý Euler. ¤

B.4.21 ÐáñÜäåéãìá. ¼ôáí  = 304920 ï äåýôåñïò ôýðïò åê ôùí (B.38) ìáò ðáñÝ-

·åé ôçí ôéìÞ  () ùò áêïëïýèùò:

 (304920) = 
¡
23 · 32 · 5 · 7 · 112¢

= 23 · 32 · 5 · 7 · 112 ¡2−12 ¢ ¡3−13 ¢ ¡5−15 ¢ ¡7−17 ¢ ¡11−111

¢
= 22 · 3 · 11 · 2 · 4 · 6 · 10 = 63360

B.4.22 Ðüñéóìá.  () |  ()  ∀ ∈ N êáé ∀ ∈ D (âë. B.2.34).

Aðïäåéîç. ÅÜí  = 1 ôüôå áõôü åßíáé ðñïöáíÝò. ÅÜí  ≥ 2 êáé  = Q
=1 




åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôïý  óå ãéíüìåíï ðñþôùí ðáñáãüíôùí, üðïõ

1 2  ∈ N ôüôå

 = 
1
1 

2
2 · · ·   ∀ ∈ D

üðïõ 1 2  ∈ N0 ìå 0 ≤  ≤   ãéá êÜèå  ∈ {1  } (âë. B.3.14).

Óôçí ðåñßðôùóç üðïõ  = 1 Ý·ïõìå ðñïöáíþò  (1) = 1 |  ()  ÅÜí  ≥ 2

ôüôå õðÜñ·åé õðïóýíïëï äåéêôþí {1  } ⊆ {1  }  ∈ N ìå   0 ãéá

êÜèå  ∈ {1  }Åí ôïéáýôç ðåñéðôþóåé, èÝôïíôáò := {1  }r{1   }
ëáìâÜíïõìå (ýóôåñá áðü åöáñìïãÞ ôïý ôýðïõ (B.38))

 () = 
³
1− 1

1

´
· · ·
³
1− 1



´
=
³

³
1− 1

1

´
· · ·
³
1− 1



´´
(

Q
∈

³
1− 1



´
) =  () (

Q
∈

³
1− 1



´
)

üðïõ
Q

∈
³
1− 1



´
:= 1 üôáí  = ∅ ÅÜí  6= ∅ êáé  ∈  ôüôå  |   äéüôé  | 

êáé  -  áð' üðïõ Ýðåôáé üôé 
Q

∈
³
1− 1



´
∈ N êáé  () |  ()  ¤

B.4.23 Èåþñçìá. (Èåþñçìá ôïý Euler ðåñß éóïôéìéþí) ¸óôù  ∈ N  ≥ 2 êáé
Ýóôù  Ýíáò áêÝñáéïò ìå ìêä( ) = 1 Ôüôå

() ≡ 1(mod) (B.39)

Áðïäåéîç. Áñ·éêþò èá áðïäåßîïõìå ìÝóù ìáèçìáôéêÞò åðáãùãÞò üôé

(
) ≡ 1(mod ) (B.40)

ãéá ïéïíäÞðïôå ðñþôï  ï ïðïßïò äåí äéáéñåß ôïí  êáé ãéá ïéïíäÞðïôå öõóéêü

áñéèìü  Ç éóïôéìßá (B.40) åßíáé áëçèÞò ãéá  = 1 êáèüôé åêöñÜæåé ôçí éóïôéìßá
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(B.33) ôïý «ìéêñïý èåùñÞìáôïò» ôïý Fermat. Áò ðñïûðïèÝóïõìå ôçí éó·ý ôÞò

(B.40) ãéá êÜðïéïí ðáãéùìÝíï  ≥ 1 êé áò ãñÜøïõìå ôïí () ùò
(

) = 1 + 

ãéá êÜðïéïí áêÝñáéï . ÅðåéäÞ 
¡
+1

¢
= +1 −  = ( − −1) Ý·ïõìå


¡
+1

¢
= 

¡

¢


Ôï äéùíõìéêü áíÜðôõãìá, óå óõíäõáóìü ìå ôï ëÞììá B.4.10 êáé ôï (iv) ôÞò ðñïôÜ-

óåùò B.4.4, ìáò äßäåé

(
+1) = (

) =
³
(

)
´
=
¡
1 + 

¢
= 1 +

¡

1

¢ ¡

¢
+
¡

2

¢ ¡

¢2
+ · · ·+ ¡ 

−1
¢ ¡

¢−1

+
¡

¢

≡ 1 +
¡

1

¢ ¡

¢
(mod +1)

ÄåäïìÝíïõ üôé  | ¡1¢ =⇒ +1 | ¡1¢ ¡¢  ç ôåëåõôáßá áõôÞ éóïôéìßá ìáò ïäçãåß

óôç æçôïõìÝíç: (
+1) ≡ 1(mod +1)Åíóõíå·åßá, õðïèÝôïíôáò üôé ìêä( ) =

1 êáé üôé = 11 22 · · ·  åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôïý ùò ãéíïìÝíïõ

ðñþôùí áñéèìþí, Ý·ïõìå

(

 ) ≡ 1(mod 


 ) ∀ ∈ {1  } (B.41)

(âÜóåé ôïý ü,ôé Ý·ïõìå áðïäåßîåé ðñïçãïõìÝíùò). Ðáñáôçñþíôáò üôé ôï  () äéáé-

ñåßôáé äéÜ ôïý (

 ) (âÜóåé ôïý ðïñßóìáôïò B.4.22) Ý·ïõìå ôç äõíáôüôçôá õøþ-

óåùò áìöïôÝñùí ôùí ìåëþí ôÞò (B.41) óôç äýíáìç ()

(

 )

(âë. B.4.4 (iii)), ïðüôå

ëáìâÜíïõìå

() ≡ 1(mod 

 ) ∀ ∈ {1  }

ÅÜí  = 1 ôüôå ç (B.39) åßíáé áëçèÞò. Áò õðïèÝóïõìå ëïéðüí üôé  ≥ 2. ÅðåéäÞ
ìêä(


  


 ) = 1 ãéá êÜèå   ∈ {1  } ìå  6=  ôï ðüñéóìá B.4.9 ìáò äßäåé

() ≡ 1(mod (
Q

=1


 ))

Þôïé ôçí (B.39). ¤

B.4.24 ÐáñÜäåéãìá. Áò õðïëïãßóïõìå ôï õðüëïéðï ôÞò äéáéñÝóåùò ôïý 3256 äéÜ

ôïý 100 ÅðåéäÞ ìêä(3 100) = 1 êáé

 (100) = 
¡
22 · 52¢ = 100µ1− 1

2

¶µ
1− 1

5

¶
= 40

ç ó·Ýóç (4.17) ìáò ðëçñïöïñåß üôé 340 ≡ 1(mod 100) Äéáéñþíôáò ôü 256 äéÜ ôïý

40 ëáìâÜíïõìå 256 = (6 · 40) + 16 ïðüôå 3256 ≡ ¡340¢6 · 316 ≡ 316(mod 100) Ùò

åê ôïýôïõ,

316 ≡ (81)4 ≡ (−19)4 ≡ (361)2 ≡ (61)2 ≡ 21(mod 100)
áð' üðïõ Ýðåôáé üôé ôï 3256 äéáéñïýìåíï äéÜ ôïý 100 áöÞíåé ùò õðüëïéðï ôï 21
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B.4.25 Óçìåßùóç. Ìéá äéáöïñåôéêÞ, áìéãþò ïìáäïèåùñçôéêÞ áðüäåéîç ôïý èåù-

ñÞìáôïò B.4.23 äßäåôáé óôï åäÜöéï 4.1.30.

I ÐåñáéôÝñù éäéüôçôåò ôÞò  êáé ç óõíÜñôçóç  ÅðåéäÞ ç óõíÜñôçóç öé ôïý

Euler ·ñçóéìïðïéåßôáé êáôÜ êüñïí óôç Èåùñßá ÐåðåñáóìÝíùí ÏìÜäùí, èá ðá-

ñáôåèïýí êáé êÜðïéåò åðéðñüóèåôåò éäéüôçôÝò ôçò, óõìðåñéëáìâáíïìÝíçò ôÞò åê-

öñÜóåþò ôçò ôç âïçèåßá ôÞò óõíáñôÞóåùò ìé ôïý Mbius. (Âë. ðñüôáóç B.4.34.)

B.4.26 Ðñüôáóç. O  () åßíáé Üñôéïò ãéá êÜèå  ≥ 3

Áðïäåéîç. ÅÜí  =
Q

=1 

 åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) åíüò  ≥ 3 ùò

ãéíïìÝíïõ ðñþôùí áñéèìþí, ôüôå ï ôýðïò (B.38) ãñÜöåôáé ùò åîÞò:

 () =
Q

=1

³


 − 

−1


´
=

Q
=1


−1
 ( − 1)  (B.42)

Ðåñßðôùóç ðñþôç. ÅÜí ï  åßíáé ðåñéôôüò, ôüôå ïé 1  åßíáé êáô' áíÜãêçí

ðåñéôôïß êáé, ùò åê ôïýôïõ, ïé 1 − 1  − 1 Üñôéïé. ¢ñá êáé ï  () åßíáé Üñôéïò

(ëüãù ôÞò (B.42)).

Ðåñßðôùóç äåýôåñç. ÅÜí ï  åßíáé Üñôéïò, ôüôå  = 2 ãéá êÜðïéïõò   ∈ N
üðïõ ï  åßíáé ðåñéôôüò. (¼ôáí  = 1 Ý·ïõìå ≥ 3 äéüôé åî õðïèÝóåùò  ≥ 3)
Óõíåðþò,

 () =

⎧⎨⎩
2−1 üôáí = 1 êáé  ≥ 2
2−1 ()  üôáí ≥ 3 êáé  ≥ 2
 ()  üôáí ≥ 3 êáé  = 1

Óôéò äýï ðñþôåò õðïðåñéðôþóåéò ï  () åßíáé ðñïäÞëùò Üñôéïò. Óôçí ôñßôç õðï-

ðåñßðôùóç,  () =  ()  üðïõ ï  åßíáé ðåñéôôüò êáé  ≥ 3 ïðüôå áñêåß íá

ëçöèïýí õð' üøéí (ãé' áõôüí) üóá ðñïáíáöÝñèçóáí óôçí ðñþôç ðåñßðôùóç. ¤

B.4.27 Ðñüôáóç.  () = 2⇐⇒  ∈ {3 4 6}

Áðïäåéîç. ÅðåéäÞ  (1) =  (2) = 1 èåùñïýìå ôõ·üíôá öõóéêü áñéèìü  ≥ 3
ÅÜí õðïèÝóïõìå üôé  () = 2 ôüôå ãéá êÜèå ðñþôï äéáéñÝôç  ôïý  Ý·ïõìå (ìÝóù

ôïý ëÞììáôïò B.4.19 êáé ôïý ðïñßóìáôïò B.4.22) () = − 1 | 2 (=  ()) ïðüôå

 ∈ {2 3} ¢ñá åßôå  = 2 åßôå  = 2 · 3 åßôå  = 3 ãéá êÜðïéïõò   ∈ N
Óôçí ðñþôç ðåñßðôùóç,  ≥ 2 êáé 2 =  () = 2−1 ïðüôå  = 2 Óôç äåýôåñç

ðåñßðôùóç, 2 =  () = 2 · 3−1 ïðüôå  =  = 1 Óôçí ôñßôç ðåñßðôùóç Ý·ïõìå

2 =  () = 2 · 3−1 ïðüôå  = 1 ÊáôÜ óõíÝðåéáí,  ∈ {3 4 6} (Ôï áíôßóôñïöï

åßíáé ðñïöáíÝò.) ¤

B.4.28 Ðñüôáóç. ÅÜí  ∈ N êáé |  ôüôå  () =  () 

Áðïäåéîç. ÅÜí  = 1 ôüôå  = 1 ïðüôå ç áíùôÝñù éóüôçôá åßíáé ðñïäÞëùò

áëçèÞò. ÅÜí  ≥ 2 êáé  = Q
=1 


 åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôïý 
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ùò ãéíïìÝíïõ ðñþôùí áñéèìþí, ôüôå (óýìöùíá ìå ôï ëÞììá B.3.14) =
Q

=1 

 

üðïõ  ∈ {0 1  } ãéá êÜèå  ∈ {1  } ïðüôå

 =
Q

=1

+
 ⇒  () = 

Q
=1

µ
1− 1



¶
=  ()

åðß ôç âÜóåé ôïý ôýðïõ (B.38). ¤

B.4.29 Ðñüôáóç. Ãéá ïéïõóäÞðïôå ∈ N éó·ýåé ç éóüôçôá

 () (ìêä()) =  () () ìêä() (B.43)

Áðïäåéîç. ÈÝôïíôáò  := ìêä() ðáñáôçñïýìå üôé ãéá  = 1 ç (B.43) åßíáé ç

Þäç áðïäåé·èåßóá (B.35), äéüôé  (1) = 1 Áò õðïèÝóïõìå üôé  ≥ 2 Äéáêñßíïõìå
ôñåéò ðåñéðôþóåéò:

Ðåñßðôùóç ðñþôç. ÅÜí  |  ôüôå  =  êáé ç (B.43) åßíáé áëçèÞò ëüãù ôÞò

ðñïôÜóåùò B.4.28.

Ðåñßðôùóç äåýôåñç. Ðáñïìïßùò, ç (B.43) åßíáé áëçèÞò üôáí  | 

Ðåñßðôùóç ôñßôç. ÅÜí -  êáé  -  êáé åÜí õðïôåèåß üôé ïé 1  ( ∈ N) åßíáé
ïé (óáöþò äéáêåêñéìÝíïé ãéá   1) ðñþôïé äéáéñÝôåò ôïý ôüôå ïé ãñÜöïíôáé

õðü ôç ìïñöÞ

 =

Ã
Q

=1




!µ
Q

=1


¶
  =

Ã
Q

=1




!µ
Q

=1


¶
   ∈ N

üðïõ 1   1   1   ∈ N  =
Q

=1 

 êáé 1  1   ðñþôïé

áñéèìïß (óáöþò äéáêåêñéìÝíïé, üôáí   1 Þ/êáé   1) ìå

{1  1  } ∩ {1 } = ∅

ÅðïìÝíùò, =

Ã
Q

=1




!Ã
Q

=1




!µ
Q

=1

2


¶


 () = 

Ã
Q

=1

³
1− 1



´!Ã Q
=1

³
1− 1



´!µ Q
=1

³
1− 1



´¶
(âÜóåé ôïý ôýðïõ (B.38)) êáé

 () () =  () 
Q

=1

³
1− 1



´
= 

Ã
Q

=1

³
1− 1



´!Ã Q
=1

³
1− 1



´!µ Q
=1

³
1− 1



´¶2


= 

Ã
Q

=1

³
1− 1



´!µ Q
=1

³
1− 1



´¶


Ã
Q

=1

³
1− 1



´!µ Q
=1

³
1− 1



´¶


üðïõ ôï ôåëåõôáßï ãéíüìåíï éóïýôáé ìå  () ()  ¤
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B.4.30 Ðüñéóìá. Ãéá ïéïõóäÞðïôå ∈ N éó·ýåé ç éóüôçôá

 () () =  (ìêä()) (åêð())  (B.44)

Áðïäåéîç. ÊáôÜ ôçí ðñüôáóç B.4.29,

 () ()

 (ìêä())
=

 ()

ìêä()
 (B.45)

ÅðåéäÞ = ìêä()åêð() (âë. B.2.29) êáé

[ìêä() |  êáé | åêð()]⇒ ìêä() | åêð()

åöáñìüæïíôáò ôçí ðñüôáóç B.4.28 (ãéá  = 1 êáé ìå ôïõò ìêä() êáé åêð()

óôç èÝóç ôùí åêåß ðáñáôåèÝíôùí êáé ) ëáìâÜíïõìå

 () =  (ìêä()åêð()) = ìêä() (åêð())  (B.46)

Ç (B.44) Ýðåôáé Üìåóá áðü ôéò (B.45) êáé (B.46). ¤

B.4.31 Ðñüôáóç. Ãéá êÜèå  ∈ N éó·ýåé ç éóüôçôáX
∈D

 () =  (B.47)

Áðïäåéîç. ÅÜí  = 1 ôüôå ç (B.47) åßíáé ðñïöáíÞò. ÅÜí  ≥ 2 êáé åÜí
 = 11 22 · · ·    ∈ N

åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôïý  ùò ãéíïìÝíïõ ðñþôùí áñéèìþí, ôüôå

(âÜóåé ôïý ëÞììáôïò B.3.14) êÜèå äéáéñÝôçò  ∈ N ôïý  åßíáé ôÞò ìïñöÞò

 = 
1
1 

2
2 · · ·   1  ∈ N0  ≤   ∀ ∈ {1 }

ïðüôå ìÝóù ôïý èåùñÞìáôïò B.4.17 (åöáñìïæüìåíïõ ãéá êáèÝíáí åê ôùí äéáéñåôþí

 ôïý ) êáé ôïý ôýðïõ (B.38) ëáìâÜíïõìåP
∈D

 () =
P

0≤1≤10≤≤
(

1
1 

2
2 · · ·  )

=
P

0≤1≤10≤≤
(

1
1 )(

2
2 ) · · · ( )

=

Ã
1P

1=0

(
1
1 )

!Ã
2P

2=0

(
2
2 )

!
· · ·

Ã
P

=0

(

 )

!
=

Q
=1

Ã
P

=0

(

 )

!

=
Q

=1

³
1 + ( − 1) + (2 − ) + · · ·+ ( − 

−1
 )

´
=

Q
=1



 

üðïõ ôï ôåëåõôáßï ãéíüìåíï åßíáé ôï  ¤
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B.4.32 Ïñéóìüò. Ç áðåéêüíéóç  : N→ N ç ïñéæüìåíç ìÝóù ôùí ôýðùí  (1) := 1

êáé

 () :=

½
(−1)  üôáí 1 = 2 = · · · =  = 1

0 üôáí ∃ ∈ {1  } :   1

üðïõ  = 11 22 · · ·    ∈ N ç êáíïíéêÞ ðáñÜóôáóç ôïý  ùò ãéíïìÝíïõ

ðñþôùí áñéèìþí ãéá  ≥ 2 êáëåßôáé óõíÜñôçóç ìé ôïý M−bius.

B.4.33 Ðñüôáóç. Ãéá êÜèå  ∈ N éó·ýåé ç éóüôçôá

X
∈D

 () =

½
1 üôáí  = 1

0 üôáí  ≥ 2 (B.48)

Áðïäåéîç. Ç (B.48) åßíáé ðñïäÞëùò áëçèÞò üôáí  = 1Áò õðïèÝóïõìå üôé  ≥ 2
êáé üôé  =

Q
=1 


 åßíáé ç êáíïíéêÞ ðáñÜóôáóç (B.19) ôïý  ùò ãéíïìÝíïõ

ðñþôùí áñéèìþí. Åí ôïéáýôç ðåñéðôþóåé, ôï ðëÞèïò üëùí ôùí èåôéêþí áêåñáßùí

äéáéñåôþí ôïý  ðïõ äéáéñïýíôáé äéÜ  åê ôùí 1  ( ∈ {1  }) êáé ðïõ (ôáõ-
ôï·ñüíùò) äåí äéáéñïýíôáé äéÜ 


  üðïõ  ∈ {2 } ãéá êÜðïéïí  ∈ {1  }

ìå  ≥ 2 åßíáé ßóï ìå
¡



¢
 ÅðïìÝíùò,

X
∈D

 () = 1 +
X

∈Dr{1}
 () = 1 +

X
=1

µ




¶
(−1)

=
X
=0

µ




¶
(−1) = (1− 1) = 0

(áðü ôïí äõùíõìéêü ôýðï). ¢ñá ç (B.48) åßíáé áëçèÞò êáé ãéá  ≥ 2 ¤

B.4.34 Ðñüôáóç. Ãéá êÜèå  ∈ N éó·ýåé ç éóüôçôá

 () =
X
∈D

 ()



 (B.49)

Áðïäåéîç. Åêêéíþíôáò áðü ôçí (B.34), ç (B.48) äßäåé

 () =
X
=1

j
1

ìêä()

k
=

X
=1

⎛⎝ X
∈Dìêä()

 ()

⎞⎠ =
X
=1

⎛⎝ X
∈D∈D

 ()

⎞⎠ 

Ãéá êÜèå ðáãéùìÝíïí  ∈ D ç Üèñïéóç ðåñéëáìâÜíåé üëïõò ôïõò  ∈ {1  } ãéá
ôïõò ïðïßïõò õðÜñ·åé êÜðïéïò  ∈ N ìå  =  ÅðïìÝíùò, 1 ≤  ≤ 

 êáé

 () =
X
∈D

⎛⎝ 
X

=1

 ()

⎞⎠ =
X
∈D

 ()

⎛⎝ 
X

=1

1

⎞⎠ =
X
∈D

 ()
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ïðüôå ç éóüôçôá (B.49) åßíáé áëçèÞò. ¤

I Ôï óýíïëï Z êáé ïé óõíÞèåéò åóùôåñéêÝò ðñÜîåéò ïé ïñéæüìåíåò åð' áõôïý.
Ôï íá åßíáé äõï áêÝñáéïé   éóïûðüëïéðïé êáôÜ ìüäéï  ( ∈ N) áðïôåëåß ìéá
ó·Ýóç éóïäõíáìßáò. Åðß ôïý óõíüëïõ Z ôùí ïñéæïìÝíùí êëÜóåùí éóïäõíáìßáò

êëçñïíïìïýíôáé ðñÜîåéò ðñïóèÝóåùò êáé ðïëëáðëáóéáóìïý áðü ôéò áíôßóôïé·åò

(óõíÞèåéò) ðñÜîåéò ôéò èåóðéóèåßóåò åðß ôïý éäßïõ ôïý Z

B.4.35 Ðñüôáóç. Ç äéìåëÞò ó·Ýóç éóïôéìßáò (êáôÜ ðáãéùìÝíï ìüäéï ∈ N):

 ∼ ⇐⇒
ïñó

 ≡ (mod)

áðïôåëåß ìéá ó·Ýóç éóïäõíáìßáò åðß ôïý óõíüëïõ Z ôùí áêåñáßùí.

Áðïäåéîç. Èåùñïýìå ôõ·üíôåò    ∈ Z Ç äéìåëÞò ó·Ýóç “∼ ” åßíáé áõôïðá-
èÞò, äéüôé −  = 0 = 0 · óõììåôñéêÞ, äéüôé −  = ⇒ −  = (−) êáé

ìåôáâáôéêÞ ëüãù ôÞò óõíåðáãùãÞò

[−  = 1 êáé −  = 2]⇒ −  = (1 + 2)

üðïõ  1 2 ∈ Z ïðüôå  ≡ (mod )  ≡ (mod ) =⇒  ≡ (mod ) êáé

åÜí  ≡ (mod) êáé  ≡ (mod) ôüôå  ≡ (mod) ¤

B.4.36 Óçìåßùóç. (i) ¼ôáí  ≡ (mod ) ëüãù ôÞò óõììåôñéêüôçôáò ôÞò äéìå-

ëïýò ó·Ýóåùò “ ∼ ” ìðïñïýìå íá ·áñáêôçñßæïõìå ôïõò   ùò éóïôßìïõò êáôÜ

ìüäéï  ·ùñßò íá êáôáöåýãïõìå óå äéÜêñéóç ðñïôåñáéüôçôáò, Þôïé óôï ðïéïò åî

áõôþí ðñïçãåßôáé Þ Ýðåôáé ôïý Üëëïõ.

(ii) Ãéá íá äþóïõìå Ýìöáóç óôçí åîÜñôçóç áðü ôï óõìâïëßæïõìå ùò

 [−2] [−1]  [0] [1] [2]

ôéò êëÜóåéò éóïäõíáìßáò ôùí áêåñáßùí (ùò ðñïò ôçí “∼ ”) êáé ùò

Z := Z ∼

ôï óýíïëï ôùí êëÜóåùí õðïëïßðùí (Þ êëÜóåùí éóïôéìßáò) ôùí áêåñáßùí êáôÜ

ìüäéï (Þmodulo).

B.4.37 Ðñüôáóç. Ôï áíùôÝñù óýíïëï ôùí êëÜóåùí õðïëïßðùí ãñÜöåôáé óå «áíçã-
ìÝíç» ìïñöÞ 26 ùò áêïëïýèùò:

Z = {[0] [1] [− 1]} (B.50)

26Ôïýôï óçìáßíåé üôé ôá åíôüò ôùí áãêßóôñùí áíáãñáöüìåíá óôïé·åßá åßíáé óáöþò äéáêåêñéìÝíá (Þôïé áíÜ äýï äéá-

öïñåôéêÜ, áðïêëåßïíôáò ôçí åðáíÜëçøç êÜðïéïõ åî áõôþí).
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Áðïäåéîç. ÅðåéäÞ êÜèå  ∈ Z ìðïñåß íá ãñáöåß õðü ôç ìïñöÞ  =  + 

üðïõ ôá  êáé  åßíáé êáôÜëëçëïé áêÝñáéïé áñéèìïß êáé 0 ≤    (Þôïé ôï  åßíáé

ôï õðüëïéðï ôÞò äéáéñÝóåùò ôïý  äéÜ ôïý  âë. (B.1)), ëáìâÜíïõìå ôçí éóüôçôá

[] = []Åî áõôïý óõíÜãåôáé üôé ïé óáöþò äéáêåêñéìÝíåò êëÜóåéò éóïäõíáìßáò
ðïõ äéáèÝôïõìå åßíáé ïé ìüíïí ïé [0] [1] [− 1] ¤

B.4.38 Óçìåßùóç. μñçóéìïðïéþíôáò ôÞí ïñïëïãßá ðïõ åéóÞ·èç óôï A.1.12 äéá-

ðéóôþíïõìå ìÝóù ôÞò ðñïôÜóåùò B.4.37 üôé ôï óýíïëï {0 1 − 1} åßíáé Ýíá
ðëÞñåò óýóôçìá åêðñïóþðùí 27 ôïý Z ùò ðñïò ôçí “∼ ” , ïðüôå

Z =
`{[] | ∈ {0 1− 1}}

Ðñïóï·Þ! Ãéá êÜèå  ∈ {0 1− 1} ôï [] åßíáé Ýíá óôïé·åßï ôïý Z áëëÜ ùò

õðïóýíïëï ôïý Z áðïôåëåßôáé áðü üëïõò ôïõò áêåñáßïõò ðïõ äéáéñïýìåíïé äéÜ ôïý

 áöÞíïõí õðüëïéðï 

B.4.39 Ðáñáäåßãìáôá. (i) ÐÝñáí ôïý {0 1− 1} êáé ôá {1} êáé( ©− ¡2 − 1¢ −1 0 1 2 ª  üôáí ≡ 0(mod 2)©−−1
2 −1 0 1 −12

ª
 üôáí ≡ 1(mod 2)

)

áðïôåëïýí «öõóéêþò êáôáóêåõáæüìåíá»ðëÞñç óõóôÞìáôá åêðñïóþðùí ôïýZùò

ðñïò ôçí “∼ ”
(ii) Ôï {14 24 9−11 34 68−21 87} áðïôåëåß Ýíá ðëÞñåò óýóôçìá åêðñïóþðùí

ôïý Z ùò ðñïò ôçí “∼8 ” äéüôé

24 ≡ 0(mod 8) 9 ≡ 1(mod 8) 34 ≡ 2(mod 8) −21 ≡ 3(mod 8)
68 ≡ 4(mod 8) −11 ≡ 5(mod 8) 14 ≡ 6(mod 8) 87 ≡ 7(mod 8)

(iii) ¼ôáí  ≥ 3 ôo {1 22 322} äåí áðïôåëåß Ýíá ðëÞñåò (ðáñÜ ìüíïí Ýíá

ìåñéêü ) óýóôçìá åêðñïóþðùí ôïý Z ùò ðñïò ôçí “∼ ” äéüôé ðñïöáíþò éó·ýåé
(− 1)2 − 1 = (− 2) ïðüôå (− 1)2 ≡ 1(mod)

Åðß ôïý Z ïñßæïíôáé äýï åóùôåñéêÝò ðñÜîåéò ‘‘+Z '' êáé ‘‘·Z '':

([] []) 7−→ [] +Z [] ([] []) 7−→ [] ·Z []

(ðñïóèÝóåùò êáé ðïëëáðëáóéáóìïý, áíôéóôïß·ùò) ìÝóù ôùí ôýðùí

[] +Z [] := [+ ]

[] ·Z [] := []
(B.51)

27Ðñïöáíþò, êÜèå ðëÞñåò óýóôçìá åêðñïóþðùí ôïý Z ùò ðñïò ôçí “∼ ” åßíáé ôÞò ìïñöÞò {0 1  −1}
üðïõ  ∈ Z êáé  ≡ (mod) ∀ ∈ {0 1− 1}
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B.4.40 Óçìåßùóç. (i)Çáðüäåéîç ôïý üôé ïé ‘‘+Z '' êáé ‘‘·Z '' åßíáéêáëþò ïñéóìÝíåò
ðñÜîåéò ìÝóù ôùí ôýðùí (B.51), Þôïé ôïý üôé éó·ýåé ç óõíåðáãùãÞ

[] = [
0]

[] = [
0]

)
⇒
(

[] +Z [] = [
0] +Z [

0]

êáé [] ·Z [] = [0] ·Z [0]

)


åßíáé åýêïëç êáé áöÞíåôáé ùò Üóêçóç.

(ii) ÅðåéäÞ êáôÜ ôçí åöáñìïãÞ ôùí ïñéóìþí (B.51) ïé áêÝñáéïé  +  êáé  åí-

äÝ·åôáé íá åßíáé ≥  (áêüìç êáé üôáí ïé  êáé  åßíáé åéëçììÝíïé áðü ôï óýíïëï

{0 1 − 1}), ãéá íá ðáñáìåßíïõìå óôçí ðåñéãñáöÞ (B.50) ôïý Z åðéëÝãïõìå

ùò åêðñïóþðïõò ôùí êëÜóåùí éóïäõíáìéþí ôïõò ùò ðñïò ôçí ‘‘∼'' ôá õðüëïéðá

ðïõ áöÞíïõí áöïý äéáéñåèïýí äéÜ ôïý  Åðß ðáñáäåßãìáôé, üôáí  = 6 ïé

õðïíïïýìåíïé åêðñüóùðïé ôùí áèñïéóìÜôùí äýï ôõ·üíôùí óôïé·åßùí åéëçììÝíùí
áðü ôï Z6 = {[0]6 [1]6 [2]6 [3]6 [4]6 [5]6} Ý·ïõí êáôá·ùñéóèåß óôïí áêüëïõèï êá-

ôÜëïãï:

+Z6 [0]6 [1]6 [2]6 [3]6 [4]6 [5]6

[0]6 [0]6 [1]6 [2]6 [3]6 [4]6 [5]6
[1]6 [1]6 [2]6 [3]6 [4]6 [5]6 [0]6
[2]6 [2]6 [3]6 [4]6 [5]6 [0]6 [1]6
[3]6 [3]6 [4]6 [5]6 [0]6 [1]6 [2]6
[4]6 [4]6 [5]6 [0]6 [1]6 [2]6 [3]6
[5]6 [5]6 [0]6 [1]6 [2]6 [3]6 [4]6

Ï áíôßóôïé·ïò êáôÜëïãïò ðïõ ðåñéëáìâÜíåé ôá ãéíüìåíá åßíáé ï åîÞò:

·Z6 [0]6 [1]6 [2]6 [3]6 [4]6 [5]6

[0]6 [0]6 [0]6 [0]6 [0]6 [0]6 [0]6
[1]6 [0]6 [1]6 [2]6 [3]6 [4]6 [5]6
[2]6 [0]6 [2]6 [4]6 [0]6 [2]6 [4]6
[3]6 [0]6 [3]6 [0]6 [3]6 [0]6 [3]6
[4]6 [0]6 [4]6 [2]6 [0]6 [4]6 [2]6
[5]6 [0]6 [5]6 [4]6 [3]6 [2]6 [1]6

Ïé êýñéåò éäéüôçôåò ôùí ðñÜîåùí ‘‘+Z '' êáé ‘‘·Z '' ðåñéãñÜöïíôáé óôéò ðñïôÜóåéò
B.4.41 êáé B.4.42. (Ïé áðïäåßîåéò ôïõò âáóßæïíôáé óôéò ãíùóôÝò éäéüôçôåò ôÞò ðñï-

óèÝóåùò êáé ôïý ðïëëáðëáóéáóìïý áêåñáßùí, êáé áöÞíïíôáé ùò Üóêçóç.)

B.4.41 Ðñüôáóç. (Éäéüôçôåò ðñïóèÝóåùò) ÇðñÜîç ‘‘+Z '' Ý·åé ôéò åîÞò éäéüôçôåò :

(i) [ÌåôáèåôéêÞ éäéüôçôá] [] +Z [] = [] +Z [] ∀( ) ∈ Z× Z
(ii) [ÐñïóåôáéñéóôéêÞ éäéüôçôá] Ãéá ïéïõóäÞðïôå    ∈ Z éó·ýåé ç éóüôçôá

([] +Z []) +Z [] = [] +Z ([] +Z [])

(iii) [Íüìïò ôÞò äéáãñáöÞò] Ãéá ïéïõóäÞðïôå    ∈ Z éó·ýåé ç óõíåðáãùãÞ
[] +Z [] = [] +Z [] =⇒ [] = []
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(iv) [¾ðáñîç ïõäåôÝñïõ óôïé·åßïõ] Ôï [0] åßíáé ïõäÝôåñï óôïé·åßï ôïý Z ùò
ðñïò ôçí ‘‘+Z '' (âë. 1.2.6), äçëáäÞ [0] +Z [] = [] = [] +Z [0]

(v) [¾ðáñîç óõììåôñéêïý óôïé·åßïõ] ÊÜèå [] ∈ Z Ý·åé ôçí êëÜóç éóïôéìßáò
[−] ùò óõììåôñéêü ôïõ óôïé·åßï ùò ðñïò ôçí ‘‘+Z '' (âë. 1.2.11), äçëáäÞ

[−] +Z [] = [0] = [] +Z [−]

B.4.42 Ðñüôáóç. (Éäéüôçôåò ðïëëáðëáóéáóìïý) ÇðñÜîç ‘‘·Z '' Ý·åé ôéò åîÞò éäéü-
ôçôåò :

(i) [ÌåôáèåôéêÞ éäéüôçôá] Ãéá ïéïõóäÞðïôå   ∈ Z éó·ýåé ç éóüôçôá
[] ·Z [] = [] ·Z []

(ii) [ÐñïóåôáéñéóôéêÞ éäéüôçôá] Ãéá ïéïõóäÞðïôå    ∈ Z éó·ýåé ç éóüôçôá
([] ·Z []) ·Z [] = [] ·Z ([] ·Z [])

(iii) Ãéá ïéïíäÞðïôå  ∈ Z éó·ýïõí ïé éóüôçôåò
[0] ·Z [] = [0] = [] ·Z [0]

(iv) [¾ðáñîç ïõäåôÝñïõ óôïé·åßïõ] Ôï [1] åßíáé ïõäÝôåñï óôïé·åßï ôïý Z ùò
ðñïò ôçí ‘‘·Z '' (âë. 1.2.6), äçëáäÞ [1] ·Z [] = [] = [] ·Z [1]
(v) Ãéá ïéïõóäÞðïôå   ∈ Z éó·ýïõí ïé éóüôçôåò

[−] ·Z [] = [−] = [] ·Z [−]
(vi) [ÅðéìåñéóôéêÞ éäéüôçôá ôïý ðïëëáðëáóéáóìïý ùò ðñïò ôçí ðñüóèåóç]

Ãéá ïéïõóäÞðïôå    ∈ Z éó·ýïõí ïé éóüôçôåò
[] ·Z ([] +Z []) = ([] ·Z []) +Z ([] ·Z []) 
([] +Z []) ·Z [] = ([] ·Z []) +Z ([] ·Z []) 

B.4.43 Ðñüôáóç. ¸íá óôïé·åßï [] ôïý Z äéáèÝôåé áíôßóôñïöï (Þôïé óõììåôñéêü
óôïé·åßï 28) ùò ðñïò ôçí ‘‘·Z '' åÜí êáé ìüíïí åÜí ìêä() = 1
Áðïäåéîç. ¸óôù üôé ôï [] äéáèÝôåé ôï [] ùò áíôßóôñïöü ôïõ óôïé·åßï ùò ðñïò
ôçí ‘‘·Z '' Ôüôå [] ·Z [] = [] = [1] ⇒ ∃ ∈ Z :  =  + 1 Ôïýôï,
óýìöùíá ìå ôï ðüñéóìá B.2.8, óçìáßíåé üôé ìêä() = 1Êáé áíôéóôñüöùò° õðï-
èÝôïíôáò üôé ìêä() = 1, èá õðÜñ·ïõí   ∈ Z ôÝôïéïé þóôå

+ = 1⇒ [+] = ([] ·Z []) +Z ([] ·Z []) = [1]
=⇒ ([] ·Z []) = [1] (ëüãù ôïý B.4.42 (iii) êáé ôïý üôé [] = [0]),

áð' üðïõ Ýðåôáé üôé ôï [] äéáèÝôåé ôï [] ùò áíôßóôñïöü ôïõ óôïé·åßï ùò ðñïò

ôçí ‘‘·Z '' ¤
28ÅÜí ôï [] äéáèÝôåé óõììåôñéêü óôïé·åßï ùò ðñïò ôçí ‘‘·Z '' ôüôå áõôü èá åßíáé ìïíïóçìÜíôùò ïñéóìÝíï åðß ôç

âÜóåé ôÞò ðñïôÜóåùò 1.2.13. ÅîÜëëïõ, åðåéäÞ ç ‘‘·Z '' åßíáé ìåôáèåôéêÞ (âë. B.4.42 (i)), áñêåß êáíåßò íá ðåñéïñéóèåß

óôçí åîÝôáóç õðÜñîåùò åê äåîéþí óõììåôñéêïý óôïé·åßïõ ôïý [] (âë. 1.2.14).
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B.4.44 Óçìåßùóç. (Áðëïýóôåõóç óõìâïëéóìþí) Õéïèåôþíôáò, ãéá ëüãïõò ·ñç-

óôéêüôçôáò, ôçí «åëÜöñõíóç» ôùí óõìâïëéóìþí ôùí ðñÜîåþí ìáò, èá ãñÜöïõìå

áðëþò []+[] êáé [] ·[] (Þ [][]) áíôß ôùí []+Z [] êáé [] ·Z []
áíôéóôïß·ùò.

I ÃñáììéêÝò éóïôéìßåò. ¸óôù üôé ∈ N êáé   ∈ Z ÊÜèå éóïôéìßá ôÞò ìïñöÞò

 ≡ (mod) (B.52)

ìå ôï  ðñïóäéïñéóôÝï åíôüò ôïý óõíüëïõ ôùí áêåñáßùí áñéèìþí, êáëåßôáé ãñáì-

ìéêÞ éóïôéìßá (ìå Üãíùóôü ôçò ôïí ). ËÝìå üôé Ýíáò 0 ∈ Z ðëçñïß (Þ åðáëçèåýåé )
ôçí (B.52) üôáí 0 ≡ (mod ). Åí ôïéáýôç ðåñéðôþóåé, êáé ïéïóäÞðïôå Üëëïò
åêðñüóùðïò ôÞò êëÜóåùò õðïëïßðùí [0] ôïý 0 åðáëçèåýåé ôçí (B.52). ÐñÜã-

ìáôé° åÜí  ∈ [0]  ôüôå [] = [0]  áð' üðïõ Ýðåôáé üôé  ≡ 0(mod )

ïðüôå  ≡ 0 ≡ (mod) Ùò åê ôïýôïõ, üôáí ïìéëïýìå ãéá ìéá ëýóç 0 ∈ Z
ôÞò (B.52) êáôÜ ìüäéï  åííïïýìå ïëüêëçñç29 ôçí êëÜóç [0]  üðïõ ï 0 ðëç-

ñïß ôçí (B.52). Åðßóçò, üôáí åñãáæüìáóôå ìå óõãêåêñéìÝíá ðáñáäåßãìáôá êáé

óõíáíôïýìå ìéá ëýóç [0]  ãéá íá åìðßðôïõìå óôçí ðåñéãñáöÞ ðïõ äþóáìå ãéá

ôï óýíïëï Z ìÝóù ôÞò ðñïôÜóåùò B.4.37 ðñïôéìïýìå íá ðáñáèÝôïõìå ôïí ìïíá-
äéêü åêðñüóùðï 00 ôÞò êëÜóåùò õðïëïßðùí [0] ï ïðïßïò áíÞêåé óôï óýíïëï

{0 1− 1}, Þôïé íá êáôáöåýãïõìå óå áíáãùãÞ ôïý 0 êáôÜ ìüäéï  êáôüðéí

äéáéñÝóåþò ôïõ äéÜ ôïý (âë. áðüäåéîç ôÞò B.4.37).

ÓçìåéùôÝïí üôé õðÜñ·ïõí ãñáììéêÝò éóïôéìßåò ïé ïðïßåò äåí äÝ·ïíôáé êáìßá

áêåñáßá ëýóç, üðùò ð.·. ç 2 ≡ 3(mod 4), áöïý ãéá êÜèå  ∈ Z ï áêÝñáéïò 2− 3
åßíáé ðåñéôôüò êáé åðïìÝíùò 4 - 2−3Çðñüôáóç ðïõ áêïëïõèåß ìáò ãíùóôïðïéåß

ôçí éêáíÞ êáé áíáãêáßá óõíèÞêç ãéá ôçí ýðáñîç áêåñáßùí ëýóåùí ôÞò (B.52) êáé,

åðéðñïóèÝôùò, ðåñéãñÜöåé ôç ìïñöÞ üëùí ôùí äõíáôþí ëýóåùí.

B.4.45 Ðñüôáóç. ÄïèÝíôùí åíüò  ∈ N êáé äõï áêåñáßùí    6= 0 ç ãñáììéêÞ
éóïôéìßá (B.52) äéáèÝôåé ëýóåéò  ∈ Z êáôÜ ìüäéï åÜí êáé ìüíïí åÜí ìêä()| 
ÅðéðñïóèÝôùò, üôáí ìêä()|  ç éóïôéìßá (B.52) äéáèÝôåé áêñéâþò ìêä()

óáöþò äéáêåêñéìÝíåò ëýóåéò  ∈ Z êáôÜ ìüäéï ïé ïðïßåò åßíáé ôÞò ìïñöÞò

 = 0 + 


ìêä ()
  ∈ {0 1 ìêä ()− 1} (B.53)

üðïõ 0 ìéá åéäéêÞ ëýóç ôÞò (B.52).

Áðïäåéîç. ÅÜí ç (B.52) äÝ·åôáé ìéá ëýóç  ∈ Z êáôÜ ìüäéï ôüôå

 ≡ (mod ) =⇒  | −  =⇒ (∃ ∈ Z :  = − ) 

ÅðïìÝíùò,

ìêä () | 
ìêä () | 

)
=⇒

(âë. B.1.5 (vi))
ìêä () | −  (= )

29Ãé' áõôüí ôïí ëüãï, äõï áêÝñáéåò ëýóåéò 1 êáé 2 ôÞò (B.52) ëïãßæïíôáé ùò äéáöïñåôéêÝò üôáí 1 6≡2(mod)
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Êáé áíôéóôñüöùò° åÜí ìêä() |  ôüôå  = ìêä() 0 ãéá êÜðïéïí 0 ∈ Z
ÅðåéäÞ, êáôÜ ôï (ii) ôÞò ðñïôÜóåùò B.2.14, éó·ýåé ç

ìêä
³


ìêä() 


ìêä()

´
= 1 =⇒

(âë. B.2.8)

³
∃  ∈ Z :  

ìêä() +  
ìêä() = 1

´


ëáìâÜíïõìå

 =  
ìêä() +  

ìêä() =  (0) + (0) =⇒  (0) ≡ (mod )

ïðüôå ç êëÜóç éóïôéìßáò ôïý 0 êáôÜ ìüäéï åßíáé ìéá ëýóç ôÞò (B.52).

Åí óõíå·åßá õðïèÝôïõìå ïôé ôï 0 (Þ, áêñéâÝóôåñá, ç êëÜóç [0]) åßíáé ìéá

ðáãéùìÝíç (åéäéêÞ) ëýóç ôÞò (B.52). Ðñïöáíþò,



µ
0 + 



ìêä ()

¶
= 0 +

µ


ìêä ()

¶
 ≡ (mod )

ïðüôå ïé áêÝñáéïé (B.53) áðïôåëïýí ðñÜãìáôé ëýóåéò ôÞò (B.52). Ïé áêÝñáéïé áõ-

ôïß åßíáé áíÜ äýï áíéóüôéìïé êáôÜ ìüäéï , êáèüôé ãéá ïéïõóäÞðïôå áêåñáßïõò

áñéèìïýò  0 ∈ {0 1 ìêä()− 1} ìå  6= 0 Ý·ïõìå¯̄̄³
0 +


ìêä()

´
−
³
0 +

0
ìêä()

´¯̄̄
= | − 0| 

ìêä()  

áöïý | − 0|  ìêä()  Óõíåðþò, ëüãù ôïý (ii) ôÞò ðñïôÜóåùò B.1.5, Ý·ïõìå

 -
³
0 +


ìêä()

´
−
³
0 +

0
ìêä()

´
⇓³

0 +


ìêä()

´
6≡
³
0 +

0
ìêä()

´
(mod )

ÁðïìÝíåé ëïéðüí íá áðïäåé·èåß üôé êáé êÜèå Üëëç ëýóç  ∈ Z ôÞò (B.52) åßíáé

éóüôéìç ìå êÜðïéá åê ôùí (B.53) êáôÜ ìüäéï. ÅðåéäÞ

0 ≡ (mod )

 ≡ (mod )

)
=⇒ 0 ≡ (mod ) =⇒  |  ( − 0) 

óõìðåñáßíïõìå üôé


ìêä() | 

ìêä() ( − 0)

ìêä
³


ìêä() 


ìêä()

´
= 1

⎫⎬⎭ =⇒ 
ìêä() |  − 0

⇓³
∃ ∈ Z :  − 0 =


ìêä()

´


Äéáéñþíôáò ôïí  äéÜ ôïý ìêä() ëáìâÜíïõìå Ýíá ìïíïóçìÜíôùò ïñéóìÝíï æåý-

ãïò ( ) ∈ Z2 ìå  = ìêä()  +  0 ≤  ≤ìêä()− 1 Ùò åê ôïýôïõ,

 − 0 =
(ìêä()+)

ìêä() =  + 
ìêä() ≡ 

ìêä()(mod )

ïðüôå  ≡ 0 +  
ìêä() (mod) ∀ ∈ {0 1 ìêä()− 1} ¤
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B.4.46 ÐáñáôÞñçóç. (i) Áíôß ôïý  ∈ {0 1 ìêä() − 1} ìðïñïýìå óôçí

(B.53) (åðåéäÞ åñãáæüìáóôåmod) íá ãñÜøïõìå  ∈ {1 ìêä()}
(ii) ¼ôáí  = 0 ôüôå èÝôïõìå 0 := 0

B.4.47 Ðüñéóìá. ÄïèÝíôùí åíüò  ∈ N êáé äõï áêåñáßùí    6= 0 ç ãñáì-
ìéêÞ éóïôéìßá (B.52) äéáèÝôåé áêñéâþò ìßá ëýóç 0 êáôÜ ìüäéï åÜí êáé ìüíïí åÜí
ìêä () = 1

B.4.48 Óçìåßùóç. ¼ôáí ìêä() = 1 Ýíáò ôñüðïò õðïëïãéóìïý ôÞò ëýóåùò 0
êáôÜ ìüäéï äéáóöáëßæåôáé ìÝóù ôÞò ðñïóöõãÞò ìáò óôïí êëáóéêü åõêëåßäåéï áë-
ãüñéèìï (Þôïé óôïí ðñïóäéïñéóìü åíüò æåýãïõò (∗0 

∗
0) ∈ Z2 ãéá ôï ïðïßï éó·ýåé

∗0−∗0 = 1, ïñßæïíôáò ùò 0 ôï 0 := ∗0 ðñâë. ðñüôáóç B.2.21). ¸íáò Üëëïò

ôñüðïò õðïëïãéóìïý ôÞò ëýóåùò 0 åßíáé äõíáôüò êáôüðéí åöáñìïãÞò ôïý èåù-

ñÞìáôïò B.4.23 ôïý Euler ðåñß éóïôéìéþí. Óýìöùíá ìå áõôü, (ëüãù ôÞò óõíèÞêçò

ìêä() = 1) Ý·ïõìå () ≡ 1(mod ) üðïõ  ç óõíÜñôçóç öé ôïý Euler (âë.

B.4.15). Ùò åê ôïýôïõ, áñêåß íá èÝóïõìå

0 := ()−1 (B.54)

íá åöáñìüóïõìå ôïí ôýðï (B.38) ãéá ôçí åýñåóç ôïý  () ãéá ôïí äïèÝíôá öõóéêü

áñéèìü êáé íá äéåíåñãÞóïõìå áíáãùãÞ êáôÜ ìüäéï

B.4.49 ÐáñÜäåéãìá. ÅðåéäÞ ìêä(5 24) = 1 ç ãñáììéêÞ éóïôéìßá 5 ≡ 3(mod 24)
äéáèÝôåé áêñéâþò ìßá ëýóç 0 êáôÜ ìüäéï . ÃñÜöïíôáò 24 = 23 · 3 ï ôýðïò

(B.38) ìáò äßäåé ôçí ôéìÞ  (24) = (23− 22)(3− 1) = 8ÊáôÜ ôïí (B.54), ìðïñïýìå

íá èÝóïõìå ùò 0 := 57 · 3 = 234 375. ÅðåéäÞ 234 375 = 9765 · 24 + 15 Ý·ïõìå
[0]24 = [15]24 ïðüôå 5 · 15 ≡ 3(mod 24).
Ç åýñåóç ôùí ëýóåùí ôÞò ãåíéêÞò ãñáììéêÞò éóïôéìßáò (B.52) áíÜãåôáé -êáô'

ïõóßáí- óôçí åéäéêÞ ðåñßðôùóç ðïõ ðåñéãñÜøáìå óôá B.4.47 êáé B.4.48, ùò áêï-

ëïýèùò:

B.4.50 Ðüñéóìá. ÄïèÝíôùí åíüò  ∈ N êáé äõï áêåñáßùí    6= 0 ìå
ìêä()|  ç ãñáììéêÞ éóïôéìßá (B.52) äéáèÝôåé ìêä() ëýóåéò  ∈ Z êáôÜ
ìüäéï  ïé ïðïßåò åßíáé ôÞò ìïñöÞò (B.53), üðïõ 0 ç ìïíáäéêÞ ëýóç êáôÜ ìüäéï


ìêä() ôÞò ³


ìêä()

´
 ≡

³


ìêä()

´
(mod

³


ìêä()

´
) (B.55)

Áðïäåéîç. ÈÝôïíôáò e := 
ìêä() 

e := 
ìêä() êáé e := 

ìêä()  Ý·ïõìå

ìêä(e e) = 1 (âë. B.2.14 (ii)), êáèþò êáé ôéò áêüëïõèåò áìößðëåõñåò óõíåðáãù-

ãÝò:

 ≡  (mod ) ⇔ ìêä ()e ≡ ìêä ()e (mod ìêä () e)
⇔ e ≡ e (mod e)⇔ ³


ìêä()

´
 ≡

³


ìêä()

´
(mod

³


ìêä()

´
)

äéüôé ìêä() 6= 0 (âë. B.4.4 (iv)), ïðüôå ç (B.55) éóïäõíáìåß ìå ôçí (B.52). ¤
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B.4.51 ÐáñÜäåéãìá. Ç ãñáììéêÞ éóïôéìßá

6 ≡ 3(mod 21)
äéáèÝôåé ìêä(6 21) = 3 ëýóåéò êáôÜ ìüäéï 21 ôÞò ìïñöÞò 0 0 + 7 0 + 14 üðïõ

óýìöùíá ìå ôï ðüñéóìá B.4.50 ôï 0 åßíáé ç ìïíáäéêÞ ëýóç ôÞò 2 ≡ 1(mod 7)

êáôÜ ìüäéï 7 Åöáñìüæïíôáò ôïí ôýðï (B.54) èÝôïõìå

0 = 2
(7)−1 = 25 = 32 ≡ 4(mod7)

¢ñá ïé ëýóåéò ôÞò áñ·éêÞò åßíáé ïé 4 11 18 êáôÜ ìüäéï 21

Êëåßíïõìå ôï ðáñüí ðáñÜñôçìá ðáñáèÝôïíôáò ìéá áðëÞ éêáíÞ êáé áíáãêáßá óõí-

èÞêç30, ïýôùò þóôå Ýíáò áêÝñáéïò  1 íá åßíáé ðñþôïò.

B.4.52 Èåþñçìá. (J. Wilson) ¸íáò áêÝñáéïò   1 åßíáé ðñþôïò åÜí êáé ìüíïí
åÜí 31

(− 1)! ≡ −1 (mod )  (B.56)

Áðïäåéîç. ¸óôù  Ýíáò ðñþôïò áñéèìüò. ÅÜí  = 2 Þ  = 3 ôüôå ç (B.56) åßíáé

ðñïöáíþò áëçèÞò. ÅÜí ï  åßíáé ðñþôïò ≥ 5 èåùñïýìå Ýíá  ∈ {1 2  − 1}
êáé ôç ãñáììéêÞ éóïôéìßá  ≡ 1 (mod )  ÅðåéäÞ ìêä( ) = 1 ç åí ëüãù éóï-

ôéìßá Ý·åé ìïíáäéêÞ ëýóç êáôÜ ìüäéï  ïðüôå õðÜñ·åé ìïíïóçìÜíôùò ïñéóìÝíïò

áêÝñáéïò 0 ãéá ôïí ïðïßï éó·ýåé 0 ≤ 0 ≤  − 1 êáé 0 ≡ 1 (mod )  ÅðåéäÞ ï 

åßíáé ðñþôïò, Ý·ïõìå

 = 0 ⇐⇒ (åßôå  = 1 åßôå  = − 1)  (B.57)

ÐñÜãìáôé° áðü ôçí éóïôéìßá 2 ≡ 1 (mod ) óõíÜãåôáé üôé

 | (− 1) (+ 1) =⇒ (åßôå  | − 1 åßôå  | + 1) 
áð' üðïõ ðñïêýðôåé ç óõíåðáãùãÞ ‘‘⇒'' ôÞò (B.57), áöïý Ý·ïõìå 1 ≤  ≤ −1 êáé
1 ≤ 0 ≤ − 1Êáé áíôéóôñüöùò° åÜí  = 1 ôüôå

0 ≡ 1 (mod ) =⇒  | 0 − 1
1 ≤ 0 ≤ − 1

)
=⇒

(âë. B.1.5 (ii))
0 − 1 = 0 =⇒ 0 = 1

30ÐáñÜ ôï ãåãïíüò üôé ç (B.56) áðïôåëåß ìéá éêáíÞ êáé áíáãêáßá óõíèÞêç ãéá íá åßíáé Ýíáò áêÝñáéïò   1 ðñþôïò,
åßíáé ðñáêôéêþò ìç áðïäïôéêÞ ãéá ôïí ðñïóäéïñéóìü ìåãÜëùí ðñþôùí, êáèüóïí åìðåñéÝ·åé ôï ðáñáãïíôéêü. Ãéá
ìéá ðñþôç ãíùñéìßá ìå áðïäïôéêïýò áëãïñßèìïõò åõñÝóåùò ðñþôùí Þ åëÝã·ïõ ôïý êáôÜ ðüóïí êÜðïéïò öõóéêüò

áñéèìüò åßíáé ðñþôïò, ïé åíäéáöåñüìåíïé áíáãíþóôåò ðáñáðÝìðïíôáé óôï âéâëßï ôïý D.M. Bressoud: Factorization
and Primality Testing, UTM, Springer-Verlag, 1989 êáèþò êáé óôá ôñßá âéâëßá ôïý P. Ribenboim:

The Book of Prime Number Records, second. ed., Springer-Verlag, 1989
Ôhe Little Book of Big Primes, Springer-Verlag, 1991
The Little Book of Bigger Primes, second. ed., Springer-Verlag, 2004
31Ï JohnWilson (1741-1793) õðÞñîå ìáèçôÞò ôïý Edward Waring (1734-1798), áëëÜ åãêáôÝëåéøå áñêåôÜ óýíôïìá ôá
ÌáèçìáôéêÜ. ÕðçñÝôçóå ùò äéêáóôéêüò êáé êáôüðéí (ðåñß ôï 1786) Ýëáâå êáé ôïí ôßôëï ôïý éððüôç. Óôï óýããñáììÜ

ôïõ ìå ôïí ôßôëïMeditationes algebraicae (ðïõ äçìïóéåýèçêå ôï 1770) ï Waring äéáôåßíåôáé üôé ï Wilson åß·å åéêÜóåé
ôçí éó·ý ôÞò éóïôéìßáò (B.56). Ùóôüóï, ï Wilson äåí ìðüñåóå íá ôçí áðïäåßîåé êáé ðéèáíþò íá áñêÝóèçêå óå êÜðïéá

áðëÜ ðáñáäåßãìáôá. Ï Leibnitz (1646-1716) åß·å åðßóçò åéêÜóåé ôçí éó·ý áõôÞò ôÞò éóïôéìßáò (êáé ìÜëéóôá ðñéí ôï

1683), ·ùñßò üìùò íá Ý·åé êáôáöÝñåé íá ôçí áðïäåßîåé. ÏLagrange (1736-1813), ïñìþìåíïò áðü üóá áíÝöåñå ïWaring
óôïMeditationes algebraicae, åñãÜóèçêå óêëçñÜ åðß ôïý ðñïâëÞìáôïò êáé ôåëéêþò Ýäùóå ìéá ïñèÞ áðüäåéîç ôï 1771.
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êáé åÜí  = − 1 ôüôå

(− 1) 0 ≡ 1 (mod ) =⇒ 0 ≡ 0 + 1 (mod ) 

ïðüôå

0 ≡ 0 + 1 (mod )

0 ≡  (mod )

¾
=⇒  ≡ 0 + 1 (mod ) 

êáé, ùò åê ôïýôïõ,

 ≡ 0 + 1 (mod ) =⇒  | − (0 + 1)
0 ≤ − (0 + 1) ≤ − 2

)
=⇒

(âë. B.1.5 (ii))
0 = − 1

êáé ç óõíåðáãùãÞ ‘‘⇐'' ôÞò (B.57) åßíáé üíôùò áëçèÞò. Ïìáäïðïéïýìå, åí óõíå-

·åßá, ôïõò åíáðïìÝíïíôåò öõóéêïýò áñéèìïýò

{1 2 − 1}r{1 − 1} = {2 3 − 2}

êáôÜ æåýãç ( 0)  ãéá ôá ïðïßá éó·ýåé  6= 0 êáé 0 ≡ 1 (mod ). ÐïëëáðëáóéÜ-

æïíôáò êáôÜ ìÝëç ôéò êáô' áõôüí ôïí ôñüðï ó·çìáôéæüìåíåò −3
2 éóïôéìßåò ëáìâÜ-

íïõìå

2 · 3 · · · · (− 2) ≡ 1 (mod ) =⇒ (− 1)! ≡ − 1 (mod ) 

ÅðåéäÞ − 1 ≡ −1 (mod )  ç (B.56) ðñïêýðôåé áðü ôï B.1.5 (v).

Áíôéóôñüöùò ôþñá° õðïèÝôïíôáò üôé

(− 1)! ≡ −1 (mod ) 

ãéá êÜðïéïí óýíèåôï öõóéêü áñéèìü  ≥ 2 èá õðÜñ·åé êÜðïéïò äéáéñÝôçò 0 ôïý
 ìå 1  0   ïðüôå 0 | (− 1)! ÅðåéäÞ

0 | 
 | (− 1)! + 1

¾
=⇒ 0 | (− 1)! + 1

ï 0 èá äéáéñåß êáé ôç äéáöïñÜ (− 1)! + 1 − ( − 1)! = 1 ïðüôå 0 = 1 ðñÜãìá
Üôïðï. Óõíåðþò ï  ïöåßëåé íá åßíáé ðñþôïò ðñïêåéìÝíïõ íá ðëçñïß ôçí ùò Üíù

éóïôéìßá. ¤

B.4.53 Óçìåßùóç. Ãéá ìéá äéáöïñåôéêÞ, ïìáäïèåùñçôéêÞ áðüäåéîç ôïý èåùñÞìá-

ôïò B.4.52 âë. Üóêçóç 2-42.


