
Ëýóåéò ÁóêÞóåùí Êåöáëáßïõ 2

A-2-1. Áðüäåéîç ôÞò ðñïôÜóåùò 2.1.3 : Åóôù

θV : k[V ] −→ Γ (V ) , f 7−→ θV (f) = F + I(V ),

(üðïõ F ∈ k[X1, . . . ,Xn] ïéïäÞðïôå ðïëõþíõìï ðïõ åêðñïóùðåß ôçí f).

I Ç θV åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç : Èåùñïýìå ôõ·ïýóá f ∈ k[V ] êáé äõï ðïëõþ-
íõìá F,G áðü ôïí äáêôýëéï k[X1, . . . ,Xn], ãéá ôá ïðïßá éó·ýåé

θV (f) = F + I(V ) = G+ I(V ).

Ôüôå

F −G ∈ I(V ) =⇒ (F −G)(a1, . . . , an) = 0, ∀ (a1, . . . , an) ∈ V

=⇒ F (a1, . . . , an) = G(a1, . . . , an) = f(a1, . . . , an), ∀ (a1, . . . , an) ∈ V.

IÇ θV åßíáé ïìïìïñöéóìüò äáêôõëßùí : Áò õðïèÝóïõìå üôé ôá ðïëõþíõìá F,G áðü ôïí
äáêôýëéï k[X1, . . . ,Xn] åêðñïóùðïýí äõï ðïëõùíõìéêÝò óõíáñôÞóåéò f êáé g ∈ k[V ],
áíôéóôïß·ùò. Ôüôå ôïH := F +G åêðñïóùðåß ôçí ðïëõùíõìéêÞ óõíÜñôçóç f +g, äéüôé

H(a1, . . . , an) = F (a1, . . . , an) +G(a1, . . . , an), ∀ (a1, . . . , an) ∈ V,

ïðüôå θV (f + g) = θV (f) + θV (g) . Êáô' áíáëïãßáí äåß·íïõìå üôé

θV (fg) = θV (f) θV (g) , θV
¡
1k[V ]

¢
= 1k[X1,... ,Xn] + I(V ).

I Ç θV åßíáé åíñéðôéêÞ : ¸óôù ôõ·ïýóá f ∈ k[V ] êáé Ýóôù F ∈ k[X1, . . . ,Xn] Ýíá ðï-
ëõþíõìï ðïõ ôçí åêðñïóùðåß. Ôüôå f ∈ Ker(θV ) åÜí êáé ìüíïí åÜí

θV (f) = I(V )⇐⇒ F + I(V ) = I(V )⇐⇒ F ∈ I(V )
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⇐⇒ F (a1, . . . , an) = 0 = f(a1, . . . , an), ∀ (a1, . . . , an) ∈ V ⇐⇒ f = 0k[V ].

I Ç θV åßíáé åðéññéðôéêÞ : ¸óôù ôõ·üí óôïé·åßï F + I(V ) ôïý Γ (V ) , üðïõ ôï F åêðñï-
óùðåß ìéá ðïëõùíõìéêÞ óõíÜñôçóç f ∈ k[V ]. Ôüôå åî ïñéóìïý θV (f) = F + I(V ). ¤

A-2-2. (a)⇒(b): ÅÜí V = {(a1, . . . , an)}, ôüôå, áðü ôçí ðñüôáóç 1.3.1 (2) (c),

I(V ) = hX1 − a1, . . . ,Xn − ani =⇒
(Üóêçóç Á-1-21)

Γ (V ) ∼= k.

(b)⇒(a): ÅÜíΓ (V ) ∼= k, ôüôå (êáôÜ ôï èåþñçìá 1.1.14) ôï I(V ) åßíáé ìåãéóôïôéêü éäåþäåò
ôïý ðïëõùíõìéêïý äáêôõëßïõ k[X1, . . . ,Xn]. Óýìöùíá ìå ôï 3ï âÞìá ôÞò áðïäåßîåùò
ôïý ðïñßóìáôïò 1.7.4, I(V ) = hX1 − a1, . . . ,Xn − ani , ãéá êÜðïéá a1, . . . , an ∈ k, ïðüôå
(êáôÜ ôï (5) ôÞò ðñïôÜóåùò 1.2.3 êáé ôï (5) (a) ôÞò ðñïôÜóåùò 1.3.1)

V = V(I(V )) = V(X1 − a1, . . . ,Xn − an) = {(a1, . . . , an)}.

(b)⇒(c): ÅÜí Γ (V ) ∼= k, ôüôå dimk (Γ (V )) = 1 <∞.

(c)⇒(b): Êáô' áñ·Üò èá áðïäåßîïõìå ôï åîÞò âïçèçôéêü ëÞììá : ¸óôù k Ýíá óþìá êáé
Ýóôù R ìéá áêåñáßá ðåñéï·Þ, ôÝôïéá þóôå ôï k íá åßíáé õðïäáêôýëéüò ôçò. Ôüôå ãéá ôçí
R, éäùìÝíç ùò äéáíõóìáôéêüò ·þñïò õðåñÜíù ôïý k, éó·ýåé ç óõíåðáãùãÞ

dimk (R) <∞ =⇒ ç R åßíáé óþìá.

• Ðñþôç áðüäåéîç âïçèçôéêïý ëÞììáôïò: ¸óôù r ∈ Rr{0R} êáé Ýóôù ν := dimk (R) .

Ôá ν + 1 óôïé·åßá 1R, r, r2, . . . , rν ôÞò R ïöåßëïõí íá åßíáé ãñáììéêþò åîáñôçìÝíá õðå-
ñÜíù ôïý k, ïðüôå õðÜñ·ïõí λ0, λ1, . . . , λν ∈ k (ü·é üëá ìçäÝí) ìå

λ0 + λ1r + · · ·+ λνr
ν = 0R.

Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé λ0 6= 0R. (ÅÜí λ0 = 0R êáé
i := min {j ∈ {1, . . . , n}| λj 6= 0R} , ôüôå

ri(λi + λi+1r + · · ·+ λνr
ν−i) = 0R,

êé åðåéäÞ r 6= 0R, Ý·ïõìå λi + λi+1r + · · ·+ λνr
ν−i = 0R.) ÅðåéäÞ

r(λ1 + · · ·+ λνr
ν−1) = −λ0 6= 0R,

ôï r Ý·åé ôï −λ0−1(λ1 + · · ·+ λνr
ν−1) ùò áíôßóôñïöü ôïõ.

• Äåýôåñç áðüäåéîç âïçèçôéêïý ëÞììáôïò: Åðéêáëïýìåèá Ýíá ãíùóôü áðïôÝëåóìá áðü
ôç ÃñáììéêÞ ¢ëãåâñá: ÅÜí ïé X,Y åßíáé äõï äéáíõóìáôéêïß ·þñïé ðåðåñáóìÝíçò äéá-
óôÜóåùò õðåñÜíù ôïý k êáé ç f : X −→ Y ìéá ãñáììéêÞ áðåéêüíéóç, ôüôå ïé åîÞò óõí-
èÞêåò åßíáé éóïäýíáìåò :
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(i) Ç f åßíáé ìïíïìïñöéóìüò äéáíõóìáôéêþí ·þñùí.

(ii) Ç f åßíáé åðéìïñöéóìüò äéáíõóìáôéêþí ·þñùí.

(iii) dimk (X) = dimk (Y ) .

ÅöáñìüæïíôÜò ôï ãéá ôç ãñáììéêÞ áðåéêüíéóç

f : R −→ R, f(x) := rx, ∀x ∈ R,

üðïõ r ôõ·üí (áëëÜ ðáãéùìÝíï) óôïé·åßï ôïý Rr{0R}, óõìðåñáßíïõìå üôé ç f åßíáé
åðéññéðôéêÞ. Ôïýôï óçìáßíåé üôé ãéá ôï ìïíáäéáßï ðïëëáðëáóéáóôéêü óôïé·åßï 1R ôÞò
R õðÜñ·åé x ∈ Rr{0R}, ôÝôïéï þóôå íá éó·ýåé f(x) = rx = 1R. ¢ñá ôï r äéáèÝôåé áíôß-
óôñïöï óôïé·åßï åíôüò ôÞò R.

Áðüäåéîç áñ·éêïý éó·õñéóìïý : ÅðåéäÞ ç V åßíáé óõó·åôéêÞ ðïéêéëüôçôá, ï ðçëéêï-
äáêôýëéïò Γ (V ) åßíáé áêåñáßá ðåñéï·Þ (âë. ðñüôáóç 2.1.15). Åî õðïèÝóåùò Ý·ïõìå
dimk (Γ (V )) <∞. Ùò åê ôïýôïõ, êáôÜ ôï áíùôÝñù âïçèçôéêü ëÞììá ï Γ (V ) ïöåßëåé íá
åßíáé óþìá. Åí óõíå·åßá, õðåíèõìßæïõìå Ýíá èåùñçôéêü áðïôÝëåóìá, ôï ïðïßï åß·áìå
åðéêáëåóèåß óôçí åíüôçôá 1.7 (êáé åß·áìå áðïäåßîåé, óå ðëÞñç ãåíéêüôçôá, óôçí åíüôçôá
1.10):

∗ ÅÜí Ýíá áëãåâñéêþò êëåéóôü óþìá k áðïôåëåß õðüóùìá åíüò óþìáôïò L êáé åÜí
õðÜñ·åé Ýíáò åðéìïñöéóìüò äáêôõëßùí áðü ôïí k[X1, . . . ,Xn] åðß ôïý L (ï ïðïßïò, ðåñéï-
ñéæüìåíïò óôï k, åßíáé ç ôáõôïôéêÞ áðåéêüíéóç ), ôüôå k = L.

ÅöáñìüæïíôÜò ôï ãéá ôï L = Γ (V ) êáé ãéá ôïí öõóéêü åðéìïñöéóìü

k[X1, . . . ,Xn] −→ Γ (V )

óõíÜãïõìå üôé Γ (V ) = k. ¤

A-2-3. ¸óôù F Ýíá áíÜãùãï ðïëõþíõìï ôïý k[X,Y].ÕðïèÝôïíôáò üôé ôï F åßíáé ìïíéêü
ùò ðñïò ôï Y:

F = Yn + a1(X)Y
n−1 + a2(X)Y

n−2 + · · ·+ an(X),

êáé üôé V = V(F ) ⊆ A2k, èåùñïýìå ôïí öõóéêü ïìïìïñöéóìü äáêôõëßùí

ϕ : k[X] −→ Γ (V ) = k[X,Y] / hF i , G 7−→ ϕ(G) := G+ hF i .

Ðñïöáíþò,

Ker(ϕ) = {G ∈ k[X] | G ∈ hF i} = {G ∈ k[X] | ∃H ∈ k[X,Y] : G = F ·H } = {0k[X]}.

(Áéôéïëüãçóç ôÞò ôåëåõôáßáò éóüôçôáò: ÅÜí G =
Pm

i=0 biX
i êáé H =

P
λjkX

jYk, ôüôå
ãéá íá éó·ýåéG = F ·H èá ðñÝðåé, ëüãù ôÞò õðÜñîåùò ôïý üñïõ

P
λjkY

k+n óôï äåîéü ìÝ-
ëïò, íá Ý·ïõìåH = 0k[X,Y] êáé, êáô' åðÝêôáóéí,G = 0k[X].) ¢ñá ïϕ åßíáé ìïíïìïñöéóìüò
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äáêôõëßùí êáé ï k[X] ìðïñåß íá èåùñçèåß ùò Ýíáò õðïäáêôýëéïò ôïý Γ (V ) .Åí óõíå·åßá,

èá áðïäåßîïõìå üôé ôï óýíïëï
n
1,Y, . . . ,Y

n−1o
ðáñÜãåé ôïí Γ (V ) ùò k[X]-ìüäéï. Ðñïò

ôïýôï èåùñïýìå ôõ·üí óôïé·åßï

Ξ = Ξ+ hF i ∈ Γ (V ) , Ξ =
X

μjkX
jYk,

õðïèÝôïõìå üôé ç ìÝãéóôç ôéìÞ ôïý åêèÝôç j ôïý Y åßíáém êáé åîåôÜæïõìå äýï ðåñéðôþ-
óåéò ·ùñéóôÜ:

I Ðåñßðôùóç (a): m ≤ n − 1. Ðñïöáíþò, Ξ ∈
Pn−1

i=0 k[X]Y
i
, äéüôé ôï Ξ ãñÜöåôáé ùò

Üèñïéóìá ãéíïìÝíùí óôïé·åßùí ôïý k[X] ìå óôïé·åßá ôïý
n
1,Y, . . . ,Y

n−1o
.

IÐåñßðôùóç (b): m ≥ n. Åí ðñïêåéìÝíù åêôåëïýìå äéáßñåóç ôïý Ξ äéÜ ôïý F åíôüò ôïý
k[X][Y] êáé ëáìâÜíïõìå

Ξ = F ·Q+Π, degY(Π) < degY(F ) = n,

ïðüôå

Ξ = Ξ+ hF i = F ·Q+Π+ hF i = Π+ hF i ,

ìå degY(Π) ≤ n− 1, êáé ìðïñïýìå íá áíá·èïýìå óôçí ðåñßðôùóç (a). ¤

A-2-4. ÅÜí ïé Ank ⊇ V
ϕ1−→ W ⊆ Amk êáé Amk ⊇ W

ϕ2−→ Z ⊆ Akk åßíáé äõï áðåéêïíßóåéò
ìåôáîý óõó·åôéêþí áëãåâñéêþí óõíüëùí, ôüôå ãéá êÜèå f ∈ J (Z,k) Ý·ïõìå

ϕ̂2 ◦ ϕ1(f) = f ◦ (ϕ2 ◦ ϕ1) = (f ◦ ϕ2) ◦ ϕ1 = eϕ1 (f ◦ ϕ2) = eϕ1 ◦ eϕ2(f),
ïðüôå ϕ̂2 ◦ ϕ1 = eϕ1 ◦ eϕ2. ÅÜí ïé ϕ1 êáé ϕ2 åßíáé ðïëõùíõìéêÝò áðåéêïíßóåéò, ôüôå õðÜñ-
·ïõí T1, . . . , Tm áðü ôïí k[X1, . . . ,Xn] ìå

ϕ1 (a1, . . . , an) = (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) , ∀ (a1, . . . , an) ∈ V,

êáèþò êáé T 01, . . . , T
0
k áðü ôïí k[Y1, . . . ,Ym] ìå

ϕ2 (b1, . . . , bm) = (T
0
1 (b1, . . . , bm) , . . . , T

0
k (b1, . . . , bm)) , ∀ (b1, . . . , bm) ∈W.

Ùò åê ôïýôïõ, èÝôïíôáò Ξj := T 0j ◦ T, ∀j ∈ {1, . . . , k}, êáé T := (T1, . . . , Tm) , Ý·ïõìå ãéá
êÜèå (a1, . . . , an) ∈ V :

(ϕ2 ◦ ϕ1) (a1, . . . , an) = ϕ2 (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an))

= (T 01 (T1 (a1, .., an) , .., Tm (a1, .., an)) , .., T
0
k (T1 (a1, .., an) , .., Tm (a1, .., an)))
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= ((T 01 ◦ T ) (a1, . . . , an) , . . . , (T 0k ◦ T ) (a1, . . . , an))
= (Ξ1 (a1, . . . , an) , . . . ,Ξk (a1, . . . , an)) .

¢ñá ç óýíèåóç äõï ðïëõùíõìéêþí áðåéêïíßóåùí åßíáé üíôùò ìéá ðïëõùíõìéêÞ áðåéêü-
íéóç. ¤

A-2-5. ¸óôù

Ank 3 (a1, . . . , an) 7−→ pr (a1, . . . , an) := (a1, . . . , aν) ∈ Aνk, 1 ≤ ν ≤ n,

ç áðåéêüíéóç ðñïâïëÞò (óôéò ðñþôåò ν óõíôåôáãìÝíåò). Èåùñþíôáò ôÜ ðïëõþíõìá

Tj(X1, . . . ,Xn) := Xj , ∀j ∈ {1, . . . , ν},

äéáðéóôþíïõìå üôé

pr (a1, . . . , an) = (T1 (a1, . . . , an) , . . . , Tν (a1, . . . , an)) , ∀ (a1, . . . , an) ∈ Ank,

ïðüôå ç pr åßíáé ðñÜãìáôé ìéá ðïëõùíõìéêÞ áðåéêüíéóç. ¤

A-2-6. Ôï A1C Ý·åé ôïí Γ(A1C) = C[T] ùò äáêôýëéï óõíôåôáãìÝíùí. Ôï A1Cr{0C} ìðïñåß
íá èåùñçèåß ùò óõó·åôéêÞ ðïéêéëüôçôá

A1Cr{0C} ∼= V(XY − 1) ⊂ A2C.

Éó·õñéóìüò : Γ(V(XY − 1)) = C[T,T−1] ⊂ C (T) (Ï C[T,T−1] åßíáé ï äáêôýëéïò ôùí
ðïëõùíýìùí Laurent ìßáò ìåôáâëçôÞò ). Ðñïöáíþò, ïé C[T] êáé C[T,T−1] äåí åßíáé ìå-
ôáîý ôïõò éóüìïñöïé (äéüôé T−1 ∈ C[T,T−1]×rC[T]×), ïðüôå êáé ôá A1C êáé A1Cr{0C}
äåí åßíáé ìåôáîý ôïõò éóüìïñöá.

Áðüäåéîç éó·õñéóìïý : Ç áðåéêüíéóç

ψ : C [X,Y] −→ C (T) , F 7−→ ψ(F (X,Y)) := F (T,T−1),

åßíáé Ýíáò ïìïìïñöéóìüò äáêôõëßùí ìå Ker(ψ) ⊇ hXY − 1i , ïðüôå åðÜãåé ôïí åîÞò ïìï-
ìïñöéóìü äáêôõëßùí:

ϕ : C [X,Y] / hXY − 1i −→ C (T) , F 7−→ ϕ(F ) := ψ(F ).

Ï ϕ åßíáé ìïíïìïñöéóìüò. ÐñÜãìáôé° åêôåëþíôáò ôÞ äéáßñåóç ôïý F äéÜ ôïý XY−1 åíôüò
ôïý C (X) [Y] ëáìâÜíïõìå

F (X,Y) = (XY − 1) ·Q(Y) + Ξ (X) ,
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üðïõ ôïQ(Y) åßíáé Ýíá ðïëõþíõìï ìå óõíôåëåóôÝò åéëçììÝíïõò ôïýC (X) êáéΞ ∈ C (X) .
ÐïëëáðëáóéÜæïíôáò ôá ìÝëç ôÞò áíùôÝñù éóüôçôáò ìå ôï å.ê.ð. B (X) (6= 0) ôùí ðáñï-
íïìáóôþí ôïý Ξ êáé ôùí óõíôåëåóôþí ôïýQ êáôáëÞãïõìå óå ìéá ðïëõùíõìéêÞ åîßóùóç
ôÞò ìïñöÞò:

B (X) · F (X,Y) = (XY − 1) · bQ(Y) + bΞ (X) .
ÅÜí ϕ(F ) = 0, ôüôå bΞ (T) = 0 =⇒ bΞ = 0 =⇒ F = 0. ¢ñá Ker(ϕ) = {0}. ÅðéðñïóèÝôùò,

Im(ϕ) =

½
f ∈ C (T)

¯̄̄̄
∃F ∈ C[T] êáé ∃k ∈ N0 : f(T) =

F (T)

Tk

¾
= C[T,T−1],

ïðüôå Γ(V(XY − 1)) = C[T,T−1] ⊂ C (T) . ¤

A-2-7. (a) ÅÜí ç ϕ : A1k −→ A1k åßíáé Ýíáò áõôïìïñöéóìüò ôÞò óõó·åôéêÞò ðïéêéëüôçôáò
A1k êáé ψ : A1k −→ A1k ç áíôßóôñïöüò ôçò, ôüôå ç åðáãïìÝíç áðåéêüíéóç

eϕ : k[A1k] ∼= k[T] −→ k[T] ∼= k[A1k], F 7−→ F ◦ ϕ,

åßíáé Ýíáòk-áõôïìïñöéóìüò ôïý ðïëõùíõìéêïý äáêôõëßïõk[T] (ìå ôçí eψ ùò áíôßóôñïöü
ôçò, ðñâë. ÜóêçóçÁ-2-4). Ç eϕ êáèïñßæåôáé ðëÞñùò áðü ôï óôïé·åßï eϕ(T), äéüôé ãéá êÜèå
G(T) =

Pd
ν=0 λνT

ν ∈ k[T] Ý·ïõìå

eϕ(G(T)) = G(ϕ(T)) =
dX

ν=0

λνϕ(T)
ν =

dX
ν=0

λν(T ◦ ϕ)ν =
dX

ν=0

λνeϕ(T)ν .
ÅðéðñïóèÝôùò,

G(T) = eψ(eϕ(G(T))) = mX
ν=0

λνeψ (eϕ(T))ν = mX
ν=0

λν

³eψ (eϕ(T))´ν ⇒ eψ (eϕ(T)) = T.
Áò õðïèÝóïõìå üôé

eϕ(T) = mX
i=0

aiT
i ∈ k[T], eψ (T) = nX

j=0

bjT
j ∈ k[T].

Ôüôå

T = eψ (eϕ(T)) = mX
i=0

aieψ(T)i, T = eϕ³eψ(T)´ = nX
j=0

bjeϕ(T)j ,
ïðüôå

d

dT
eψ (eϕ(T)) = d

dT
eψ (T) ·µeψµ d

dT
eϕ(T)¶¶ = 1k[T] = 1k,
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áð' üðïõ Ýðåôáé üôé

d

dT
eψ (T) ∈ k[T]× = kr{0k}⇒ n = 1.

Êáô' áíáëïãßáí,

d

dT
eϕ (T) ∈ k[T]× = kr{0k}⇒ m = 1.

ÅðïìÝíùò,

T = eψ (eϕ(T)) = 1X
i=0

ai(b0 + b1T)
i = (a0 + a1b0) + a1b1T

=⇒
½

a0 + a1b0 = 0k
a1b1 = 1k

¾
=⇒

½
a1 6= 0k, b1 6= 0k,

a−11 = b1, a0 = −a1b0

¾
.

Åî áõôïý åðáëçèåýåôáé ï áñ·éêüò éó·õñéóìüò.

(b) ÅÜí ôï k åßíáé Ýíá áëãåâñéêþò êëåéóôü óþìá ·áñáêôçñéóôéêÞò p > 0, ç áðåéêüíéóç
ôïý Frobenius ϕ ïñßæåôáé ùò åîÞò:

ϕ : A1k −→ A1k, t 7−→ ϕ(t) := tp.

Ç ϕ åßíáé åíñéðôéêÞ, äéüôé

ϕ(t1) = ϕ(t2)⇒ 0k = tp1 − tp2 = (t1 − t2)
p ⇒ t1 = t2.

ÅðåéäÞ ôï k åßíáé áëãåâñéêþò êëåéóôü, ç åîßóùóç X − tp = 0 åßíáé åðéëýóéìç, ïðüôå
ç ϕ åßíáé êáé åðéññéðôéêÞ. Ùò áìöéññéðôéêÞ ðïëõùíõìéêÞ áðåéêüíéóç, ç ϕ åßíáé ïìïéï-
ìïñöéóìüò ùò ðñïò ôçí ôïðïëïãßá Zariski (áöïý åßíáé ðñïöáíþò êáé áíïéêôÞ áðåéêü-
íéóç). Ùóôüóï, äåí åßíáé áõôïìïñöéóìüò ôïýA1k, êáèüóïí ãéá êÜèå ðïëõþíõìïF ∈ k[X]
Ý·ïõìå F (X)p = F (Xp), êÜôé ðïõ óçìáßíåé üôé äåí õößóôáôáé ðïëõþíõìï F ∈ k[X] ìå
ôçí éäéüôçôá F (X)p = X. (Åíáëëáêôéêþò, èá ìðïñïýóå íá ·ñçóéìïðïéçèåß êáé ôï (a) ãé'
áõôü: ÅÜí ç áðåéêüíéóç ôïý Frobenius ϕ Þôáí áõôïìïñöéóìüò ôïý A1k, èá Ýðñåðå íá
õðÜñ·ïõí a ∈ kr{0k}, b ∈ k, ìå tp = at+ b, ∀t ∈ A1k, êÜôé ðïõ èá ïäçãïýóå åê íÝïõ óå
áíôßöáóç.) ¤

A-2-8. (a) Èåùñïýìå ôçí áðåéêüíéóç

ϕ : A1k −→ V = V
¡
Y2 − X3

¢
⊂ A2k, ϕ (t) :=

¡
t2, t3

¢
,

I Ç ϕ åßíáé åíñéðôéêÞ : ÅÜí t1, t2 ∈ k ìå ϕ(t1) = ϕ(t2), ôüôå

t21 = t22, t31 = t32,
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ïðüôå t1 = ±t2 êáé ôáõôï·ñüíùò (åßôå t1 = t2 åßôå t21 + t1t2 + t22 = 0). ¢ñá t1 = t2.

IÇ ϕ åßíáé åðéññéðôéêÞ : ¸óôù ôõ·üí óçìåßï (a, b) ∈ V.Ðñïöáíþò, a3 = b2.ÅÜí a = 0k,
ôüôå b = 0k êáé ϕ (0k) = (0k, 0k). ÅÜí a 6= 0k, ôüôå b 6= 0k êáé

ϕ
¡
b
a

¢
=
³
b2

a2 ,
b3

a3

´
=
³
a3

a2 ,
b3

b2

´
= (a, b).

I Ç ϕ äåí åßíáé éóïìïñöéóìüò : Ðñïöáíþò, eϕ (Γ (V )) = k[T2,T3] $ k[T] = Γ(A1k). Ìéá
ðéï áíáëõôéêÞ áðüäåéîç åßíáé ç åîÞò: Ç áíôßóôñïöïò ôÞò ϕ åßíáé ç

ψ : V −→ A1k, ψ (a, b) :=

½
0k, üôáí (a, b) = (0k, 0k),
b
a , üôáí (a, b) 6= (0k, 0k).

Ç ψ äåí åßíáé ðïëõùíõìéêÞ áðåéêüíéóç. ÐñÜãìáôé° åÜí ç ψ Þôáí ìéá ðïëõùíõìéêÞ áðåé-
êüíéóç (êáé -êáô' åðÝêôáóéí- áìöüôåñåò ïé ϕ,ψ éóïìïñöéóìïß), ôüôå èá õðÞñ·å ðïëõþ-
íõìï T ∈ k[X,Y], ôÝôïéï þóôå íá éó·ýåé ψ (a, b) = T (a, b) ãéá êÜèå (a, b) ∈ V. ÊáôÜ
óõíÝðåéáí, èá ßó·õå

ψ ◦ ϕ = IdA1k ⇒ ψ(ϕ(t)) = T
¡
t2, t3

¢
= t, ∀t ∈ k.

¼ìùò êáíÝíá ðïëõþíõìï T ∈ k[X,Y] äåí ðëçñïß áõôÞí ôçí éóüôçôá. ¢ôïðï!

(b) Ç ðïëõùíõìéêÞ áðåéêüíéóç

ϕ : A1k −→ V = V
¡
Y2 − X2 (X+ 1k)

¢
⊂ A2k, ϕ (t) :=

¡
t2 − 1k, t

¡
t2 − 1k

¢¢
,

åßíáé áìöéññéðôéêÞ, ìå ìüíç åîáßñåóç óôá óçìåßá ϕ (±1k) = (0k, 0k). ÐñÜãìáôé° åÜí
t1, t2 ∈ kr{±1k} ìå ϕ(t1) = ϕ(t2), ôüôå

t21 − 1k = t22 − 1k, t1, t2 /∈ {±1k}
t1
¡
t21 − 1k

¢
= t2

¡
t22 − 1k

¢ ¾⇒ t1 = t2.

¸óôù ôþñá ôõ·üí óôïé·åßï (a, b) ∈ V. Ðñïöáíþò, b2 = a2(a + 1k). ÅÜí a = 0k, ôüôå
b = 0k êáé ϕ (0k) = (0k, 0k). ÅÜí a 6= 0k, ôüôå

ϕ
¡
b
a

¢
=
³
b2

a2 − 1k,
b
a

³
b2

a2 − 1k
´´
= (a, b).

¢ñá ï éó·õñéóìüò åßíáé áëçèÞò. ¤

A-2-9. ¸óôù V = V
¡
X2 − Y3,Y2 − Z3

¢
⊂ A3k, üðùò óôçí Üóêçóç A-1-54, êáé

α : Γ (V ) = k [X,Y,Z] /I(V ) −→ k[T], α(F + I(V )) := α(F ), ∀F ∈ k [X,Y,Z] ,

ç áðåéêüíéóç ç åðáãïìÝíç áðü ôïí ïìïìïñöéóìü α ôÞò éäßáò áóêÞóåùò.



êåöáëáéï 2 61

(a) Åêåßíç ç ðïëõùíõìéêÞ áðåéêüíéóç ϕ : A1k → V ãéá ôçí ïðïßá éó·ýåé

θA1k ◦ eϕ ¯̄k[V ] ◦ θ−1V = α

åßíáé ç

ϕ(t) = (T1(t), T2(t), T3(t)), T1(t) := t9, T2(t) := t6, T3(t) := t4,

äéüôé

eϕ : Γ (V ) = k [X,Y,Z] /I(V ) −→ k[T] = Γ(A1k), eϕ(F + I(V )) = F (T1, T2, T3).

(b) Ç ϕ åßíáé åíñéðôéêÞ, äéüôé ãéá t1, t2 ∈ k ìå ϕ(t1) = ϕ(t2) Ý·ïõìå

t91 = t92
t61 = t62
t41 = t42

⎫⎬⎭⇒ t31 = t32
t41 = t42

¾
⇒ t1 = t2.

¸óôù ôþñá ôõ·üí óçìåßï (a, b, c) ∈ V. Ðñïöáíþò, a2 = b3 êáé b2 = c3. ÅÜí a = 0k, ôüôå
b = c = 0k êáé ϕ (0k) = (0k, 0k, 0k). ÅÜí a 6= 0k, ôüôå

ϕ
¡
bc
a

¢
=
³
b9c9

a9 , b
6c6

a6 , b
4c4

a4

´
= (a, b, c).

¢ñá çϕ åßíáé êáé åðéññéðôéêÞ.¼ìùò çϕ äåí åßíáé éóïìïñöéóìüò, äéüôé éó·ýåé ç áõóôçñÞ
åãêëåéóôéêÞ ó·Ýóç eϕ(Γ (V )) = k £T9,T6,T4¤ $ k[T] = Γ(A1k). ¤

A-2-10. ¸óôù f ∈ k[V ] ∼= Γ (V ) , üðïõ V ⊆ Ank Ýíá áëãåâñéêü óýíïëï, êáé Ýóôù

Gr (f) :=
©
(a1, . . . , an, an+1) ∈ An+1k | (a1, . . . , an) ∈ V êáé an+1 = f (a1, . . . , an)

ª
.

ôï ãñÜöçìá ôÞò f.

(a) ÅðåéäÞ f ∈ k[V ],

[∃F ∈ k[X1, . . . ,Xn] : f (a1, . . . , an) = F (a1, . . . , an) , ∀ (a1, . . . , an) ∈ V ] ,

ïðüôå ôï Gr(f) åßíáé Ýíá áëãåâñéêü õðïóýíïëï ôïý An+1k , äéüôé

Gr (f) = V(hXn+1 − F (X1, . . . ,Xn)i ∪ I(V )) = V(Xn+1 − F (X1, . . . ,Xn)) ∩ V.

(b) Ç áðåéêüíéóç

V 3 (a1, . . . , an)
ϕ7−→ ((a1, . . . , an) , f (a1, . . . , an)) ∈ Gr (f)

ïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí V êáé Gr(f) .ÐñÜãìáôé° èåùñþíôáò ôÜ ðïëõþíõìá

Tj(X1, . . . ,Xn) := Xj ,∀j ∈ {1, . . . , n}, Tn+1(X1, . . . ,Xn) := F (X1, . . . ,Xn),
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äéáðéóôþíïõìå üôé

ϕ (a1, . . . , an) = (T1 (a1, . . . , an) , . . . , Tn+1 (a1, . . . , an)) , ∀ (a1, . . . , an) ∈ V.

ÅîÜëëïõ, åðåéäÞ

ϕ ◦ pr = IdAn+1k
, pr ◦ ϕ = IdAnk ,

üðïõ pr: An+1k −→ Ank ç áðåéêüíéóç ðñïâïëÞò (ç ïðïßá åßíáé ðïëõùíõìéêÞ êáôÜ ôçí
Üóêçóç Á-2-5), ç ϕ åßíáé üíôùò éóïìïñöéóìüò.

(c) Ôï ãñÜöçìá Gr(f) ôÞò f áðïôåëåß ôçí åéêüíá ôïý V ìÝóù ôÞò ϕ. ÅðåéäÞ ç ϕ åßíáé ðï-
ëõùíõìéêÞ áðåéêüíéóç, åßíáé êáé óõíå·Þò ùò ðñïò ôçí ôïðïëïãßá Zariski (âë. ðñüôáóç
2.1.14). Êé åðåéäÞ ïé åéêüíåò áíáãþãùí óõó·åôéêþí óõíüëùí ìÝóù óõíå·þí áðåéêïíß-
óåùí åßíáé áíÜãùãá óõó·åôéêÜ óýíïëá (âë. ðñüôáóç 2.1.7), ôï Gr(f) åßíáé óõó·åôéêÞ
ðïéêéëüôçôá üôáí ôï V åßíáé óõó·åôéêÞ ðïéêéëüôçôá. ¤

A-2-11. (a) Ãéá êÜèå f ∈ k[V ] Ý·ïõìå f |W = f ◦ i ∈ k[W ], üðïõ i : W → V ç óõíÞèçò
Ýíèåóç.

(b) Ï ðõñÞíáò ôïý åðéìïñöéóìïý

θW ◦ei ¯̄k[V ] ◦ θ−1V : Γ (V ) −→ Γ (W ) , θV (f) = F + I(V ) 7−→ θW (f |W ),

åßíáé ôï éäåþäåòn
F + I(V ) ∈ Γ (V )

¯̄̄
θW (ei ¯̄k[V ] (f)) = θW (f |W ) = F + I(W ) = I(W ) = 0Γ(W )

o
= {F + I(V ) ∈ Γ (V ) |F ∈ I(W )} = IV (W ) ,

ïðüôå Γ (W ) ∼= Γ (V ) / IV (W ) âÜóåé ôïý 1ïõ èåùñÞìáôïò éóïìïñöéóìþí äáêôõëßùí
1.1.10. ¤

A-2-12. (a) ËáìâÜíïíôáò õð' üøéí ôçí Üóêçóç Á-2-11, ôï áðïäåéêôÝï ðåñéëáìâÜíåé ôç
óõìðëÞñùóç ôïý äéáãñÜììáôïò

Γ (W )

πW

²²

ª

θV ◦eϕ|k[W ] ◦θ−1W // Γ (V )

πV

²²
Γ (W ) /IW (W 0) ∼= Γ (W 0) //______ Γ (V 0) ∼= Γ (V ) /IV (V 0)
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(üðïõ πW êáé πV ïé áíôßóôïé·ïé öõóéêïß åðéìïñöéóìïß). ÅðåéäÞ ç ϕ : V −→W åßíáé ðï-
ëõùíõìéêÞ áðåéêüíéóç, õðÜñ·ïõí ðïëõþíõìá T1, . . . , Tm áðü ôïí k[X1, . . . ,Xn], ôÝôïéá
þóôå íá éó·ýåé ç éóüôçôá

ϕ (a1, . . . , an) = (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) , ∀ (a1, . . . , an) ∈ V.

Ðáñáôçñïýìå üôé¡
θV ◦ eϕ ¯̄k[W ] ◦ θ−1W

¢ ¡
IW

¡
W 0¢¢ = ¡θV ◦ eϕ ¯̄k[W ] ◦ θ−1W

¢ ¡{F + I(W ) ∈ Γ (W )
¯̄
F ∈ I(W 0)}¢

= {F (T1, . . . , Tm) + I(V ) ∈ Γ (V )
¯̄
F ∈ I(W 0)} ⊆ {G+ I(V ) ∈ Γ (V )

¯̄
G ∈ I(V 0)} = IV

¡
V 0¢ .

Áéôéïëüãçóç ôïý åãêëåéóìïý: ÅÜí F ∈ I(W 0) êáé (a1, . . . , an) ∈ V 0, ôüôå

ϕ (a1, . . . , an) = (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) ∈ ϕ(V 0) ⊆W 0.

Ùò åê ôïýôïõ,

F (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) = 0k, ∀ (a1, . . . , an) ∈ V 0,

áð' üðïõ Ýðåôáé üôé F (T1, . . . , Tm) ∈ I(V 0).

(b) ÅðåéäÞ

ϕ (a1, . . . , an) = (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) , ∀ (a1, . . . , an) ∈ V 0

ï ðåñéïñéóìüò ϕ |V 0 : V 0 −→ ϕ (V 0) ⊆ W 0 åßíáé ðïëõùíõìéêÞ áðåéêüíéóç. (ÓçìåéùôÝïí
üôé ç åéêüíáϕ (V 0) ôÞò V 0 ìÝóù ôÞò ϕ åßíáé õðïðïéêéëüôçôá ôÞòW 0 ëüãù ôùí ðñïôÜóåùí
2.1.7 êáé 2.1.14.) ¤

A-2-13. ÅðåéäÞ ç ϕ : V −→ W åßíáé ðïëõùíõìéêÞ áðåéêüíéóç, õðÜñ·ïõí ðïëõþíõìá
T1, . . . , Tm áðü ôïí k[X1, . . . ,Xn], ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá

ϕ (a1, . . . , an) = (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) , ∀ (a1, . . . , an) ∈ V.

ÅÜí ôïX åßíáé Ýíá áëãåâñéêü õðïóýíïëï ôÞòW, ôüôå

∃S ⊆ k[X1, . . . ,Xn] : X = V(S).

ÊáôÜ óõíÝðåéáí,

ϕ−1(X) = ϕ−1(V(S)) = ϕ−1(
T
{V(F ) |F ∈ S }) =

T
{ϕ−1(V(F )) |F ∈ S },

üðïõ

ϕ−1(V(F )) = {(a1, . . . , an) ∈ V |ϕ (a1, . . . , an) ∈ V(F )}
= {(a1, . . . , an) ∈ V |(T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) ∈ V(F )}
= {(a1, . . . , an) ∈ V |F (T1 (a1, . . . , an) , . . . , Tm (a1, . . . , an)) = 0k}
= V(F (T1, . . . , Tm)),
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ïðüôå ôï

ϕ−1(X) =
T
{V(F (T1, . . . , Tm)) |F ∈ S }

åßíáé áëãåâñéêü óýíïëï åðß ôç âÜóåé ôïý (2) ôÞò ðñïôÜóåùò 1.2.3. ÅðéðñïóèÝôùò, åÜí
ôï ϕ−1(X) åßíáé áíÜãùãï (Þôïé ìéá õðïðïéêéëüôçôá ôÞò V ), ôüôå (ëüãù ôÞò åðéññéðôéêü-
ôçôáò ôÞò ϕ) Ý·ïõìå X = ϕ(ϕ−1(X)), ïðüôå êáé ôï X åßíáé áíÜãùãï (Þôïé ìéá õðïðïé-
êéëüôçôá ôÞòW ) åðß ôç âÜóåé ôùí ðñïôÜóåùí 2.1.7 êáé 2.1.14. ¤

A-2-14. (a) ÊáôÜ ôçí Üóêçóç Á-1-11 (a) ôï
©¡
t, t2, t3

¢
∈ A3k | t ∈ k

ª
åßíáé áëãåâñéêü

óýíïëï åíôüò ôïýA3k.ÅðåéäÞ áõôü áðïôåëåß ôçí åéêüíá ôÞò ðïëõùíõìéêÞò áðåéêïíßóåùò

A3k 3 t 7−→
¡
t, t2, t3

¢
∈ A3k,

åßíáé êáé óõó·åôéêÞ ðïéêéëüôçôá (åðß ôç âÜóåé ôùí ðñïôÜóåùí 2.1.7 êáé 2.1.14.).

(b) ¸óôù V := V(XZ− Y2,YZ− X3,Z2 − X2Y) ⊂ A3C. Ðáñáôçñïýìå üôé

Y3 − X4 = (−Y) ¡XZ− Y2¢+ X ¡YZ− X3¢ ∈ XZ− Y2,YZ− X3,Z2 − X2Y® ⊆ I(V ),
Z3 − X5 = X2 ¡YZ− X3¢+ Z ¡Z2 − X2Y¢ ∈ XZ− Y2,YZ− X3,Z2 − X2Y® ⊆ I(V ),

Z4 − Y5 = Z2 ¡Z2 − X2Y¢+ ¡XYZ+ Y3¢ ¡XZ− Y2¢ ∈ XZ− Y2,YZ− X3,Z2 − X2Y® ⊆ I(V ).
Ãé' áõôüí ôïí ëüãï ïñßæåôáé ç ðïëõùíõìéêÞ áðåéêüíéóç

ϕ : A1C −→ V, t 7−→ ϕ(t) := (t3, t4, t5).

Ç ϕ åßíáé åðéññéðôéêÞ. ÐñÜãìáôé° ãéá ïéïäÞðïôå óçìåßï (a, b, c) ∈ V Ý·ïõìå

ac = b2, bc = a3, c2 = a2b.

ÅÜí b = 0k, ôüôå a = c = 0k êáé ϕ (0k) = (0k, 0k, 0k). ÅÜí b 6= 0k, ôüôå a 6= 0k êáé

ϕ
¡
b
a

¢
= ϕ

¡
c
b

¢
=
³
c3

b3 ,
c4

b4 ,
c5

b5

´
= (a, b, c).

ÊáôÜ óõíÝðåéáí, ôï V åßíáé óõó·åôéêÞ ðïéêéëüôçôá åðß ôç âÜóåé ôùí ðñïôÜóåùí 2.1.7
êáé 2.1.14. ¤

A-2-15. (a)ÕðïèÝôïõìå åí ðñþôïéò üôé ôáV ⊆ Ank êáéW ⊆ Amk åßíáé óõó·åôéêÝò ðïéêéëü-
ôçôåò. Ðáñáôçñïýìå üôé ãéá êÜèå w ∈W ç ðñïâïëÞ ôïý V ×W óôïí ðñþôï ðáñÜãïíôá
ïñßæåé Ýíáí éóïìïñöéóìü ìåôáîý ôùí V × {w} êáé V. Êáô' áíáëïãßáí, ôá {v} ×W êáé
W åßíáé éóüìïñöá ãéá êÜèå v ∈ V. Áò õðïèÝóïõìå üôé ôï ãéíüìåíï V ×W ãñÜöåôáé ùò
Ýíùóç V ×W = Z1 ∪ Z2 äõï áëãåâñéêþí óõíüëùí Z1, Z2 åíôüò ôïý An+mk . Ôüôå

V × {w} = (V × {w} ∩ Z1) ∪ (V × {w} ∩ Z2) , ∀w ∈W.
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ÅðåéäÞ ôï V × {w} åßíáé éóüìïñöï ôÞò óõó·åôéêÞò ðïéêéëüôçôáò V êáé, ùò åê ôïýôïõ,
áíÜãùãï, Ý·ïõìå åßôå V × {w} = V × {w} ∩ Z1 åßôå V × {w} = V × {w} ∩ Z2, äçëáäÞ
åßôå V × {w} ⊆ Z1 åßôå V × {w} ⊆ Z2. Ãéá i = 1, 2 ïñßæïõìå

Wi := {w ∈W | V × {w} ⊆ Zi }.

Ðñïöáíþò,W =W1 ∪W2. Åí óõíå·åßá, ãéá êÜèå v ∈ V êáé i = 1, 2 ïñßæïõìå

W
(v)
i := {w ∈W | (v, w) ∈ Zi }.

ÅðåéäÞ

{v} ×W
(v)
i = ({v} ×W ) ∩ Zi,

ôï {v}×W (v)
i (êáé êáô' åðÝêôáóéí êáé ôïW (v)

i ðïõ åßíáé éóüìïñöïáõôïý) åßíáé áëãåâñéêü
óýíïëï (Þôïé êëåéóôü óýíïëï ùò ðñïò ôçí ôïðïëïãßá Zariski) ùò ôïìÞ äõï áëãåâñéêþí
óõíüëùí. ÊáôÜ óõíÝðåéáí, êáé ôá

Wi =
\
v∈V

W
(v)
i , i = 1, 2,

åßíáé áëãåâñéêÜ óýíïëá ùò ôïìÞ áëãåâñéêþí óõíüëùí. ÅðåéäÞ ôïW õðåôÝèç áíÜãùãï,
áõôü óçìáßíåé üôé åßôå W = W1 åßôå W = W2. Óôçí ðñþôç ðåñßðôùóç ëáìâÜíïõìå
V ×W = Z1 êáé óôç äåýôåñç V ×W = Z2. ¢ñá ôï ãéíüìåíï V ×W ôùí V êáéW åßíáé
ìéá óõó·åôéêÞ ðïéêéëüôçôá.

Êáé áíôéóôñüöùò° åÜí ôï V ×W åßíáé ìéá óõó·åôéêÞ ðïéêéëüôçôá, ôüôå ôï V (êáé áíôé-
óôïß·ùò, ôïW ) åßíáé ç åéêüíá ôïý V ×W ìÝóù ôÞò ðñïâïëÞò pV (êáé áíôéóôïß·ùò, ìÝóù
ôÞò ðñïâïëÞò pW ). Óýìöùíá ìå ôçí Üóêçóç Á-2-5 ïé pV êáé pW (ùò ðåñéïñéóìïß ôùí
ðñïâïëþí An+mk −→ Ank êáé An+mk −→ Amk åðß ôùí V êáéW, áíôéóôïß·ùò) åßíáé ðïëõù-
íõìéêÝò áðåéêïíßóåéò êáé, ùò åê ôïýôïõ, óõíå·åßò áðåéêïíßóåéò ùò ðñïò ôçí ôïðïëïãßá
Zariski (âë. ðñüôáóç 2.1.14). ÅðåéäÞ ïé åéêüíåò áíáãþãùí óõó·åôéêþí óõíüëùí ìÝóù
óõíå·þí áðåéêïíßóåùí åßíáé áíÜãùãá óõó·åôéêÜ óýíïëá (âë. ðñüôáóç 2.1.7), ôá V,W

åßíáé óõó·åôéêÝò ðïéêéëüôçôåò.

(b) ÅÜí ôá V1, . . . , Vr åßíáé ïé áíÜãùãåò óõíéóôþóåò ôïý V êáé ôáW1, . . . ,Wν ïé áíÜãù-
ãåò óõíéóôþóåò ôïýW, ôüôå

V ×W =
[
{Vi ×Wj | 1 ≤ i ≤ r, 1 ≤ j ≤ ν }.

Êé åðåéäÞ

Vi " Vi0 , ∀i, i0 ∈ {1, 2, . . . , r}, i 6= i0,

êáé

Wj "Wj0 , ∀j, j0 ∈ {1, 2, . . . , ν}, j 6= j0,
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áðëïß óõíïëïèåùñçôéêïß óõëëïãéóìïß ìÜò ïäçãïýí óôï óõìðÝñáóìá üôé

Vi ×Wj " Vi0 ×Wj0 , (i, j) 6= (i0, j0),

ïðüôå ôá Vi ×Wj , 1 ≤ i ≤ r, 1 ≤ j ≤ ν, åßíáé ïé áíÜãùãåò óõíéóôþóåò ôïý V ×W. ¤

A-2-16. ¸óôù ∅ 6= V = V(F1, . . . , Fκ) ⊆ Ank ìéá ãñáììéêÞ õðïðïéêéëüôçôá ôïý óõó·å-
ôéêïý ·þñïõ Ank (üðïõ F1, . . . , Fκ ∈ k[X1, . . . ,Xn] êÜðïéá ðñùôïâÜèìéá ðïëõþíõìá).

(a) ÅÜí ç T = (T1, . . . , Tn) : Ank −→ Ank åßíáé ìéá óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí ôïý
Ank, ôüôå ôï V T åßíáé ìéá ãñáììéêÞ õðïðïéêéëüôçôá ôïý Ank, äéüôé

V T = V(I(V )T ) = V(FT
1 , . . . , F

T
κ )

êáé ôá FT
ν = eT (Fν) = Fν(T1, . . . , Tn) åßíáé ðñùôïâÜèìéá ðïëõþíõìá ∀ν ∈ {1, . . . , κ}.

Áò óçìåéùèåß üôé åÜí

Ti =
nX
j=1

ai jXj + ai 0, ∀i ∈ {1, . . . , n},

êáé

Fν =
nX
j=1

bν jXj + bν 0, ∀ν ∈ {1, . . . , κ},

ôüôå ôï V T , ìå ôç âïÞèåéá ðéíÜêùí, ãñÜöåôáé ùò åîÞò:

V T = V(FT
1 , . . . , F

T
κ ) = V

⎛⎝⎧⎨⎩
nX
j=1

bν jTj + bν 0

¯̄̄̄
¯̄ 1 ≤ ν ≤ κ

⎫⎬⎭
⎞⎠ = V (B · A · X + E)

üðïõ

bμ :=

⎛⎜⎝ b1μ
...

bκμ

⎞⎟⎠ ∈Matκ×1(k), aμ :=

⎛⎜⎝ a1μ
...

anμ

⎞⎟⎠ ∈Matn×1(k), ∀μ ∈ {0, 1, . . . , n},

êáé

B :=
¡
b1 · · · bn

¢
∈Matκ×n(k), A :=

¡
a1 · · · an

¢
∈ GL(n;k),

X :=

⎛⎜⎝ X1
...
Xn

⎞⎟⎠ ∈Matn×1(k[X1, . . . ,Xn]), E := B · a0 + b0 ∈Matκ×1(k).
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(b) Èá äåßîïõìå ìÝóù åðáãùãÞò åðß ôïý κ üôé õðÜñ·åé ìéá óõó·åôéêÞ áëëáãÞ óõíôåôáã-
ìÝíùí

T = (T1, . . . , Tn) , Ti =
nX
j=1

ai jXj + ai 0, ∀i ∈ {1, . . . , n},

ôïý Ank ìå

V T = V(Xm+1, . . . ,Xn).

Ãéá κ = 1, F1 =
Pn

j=1 b1 jXj + b1 0,

V T = V(FT
1 ) = V

ÃÃ
nP
j=1

b1 jaj 1

!
X1 + · · ·+

Ã
nP
j=1

b1 jaj n

!
Xn +

nP
j=1

b1 jaj 0 + b1 0

!
.

ÅðåéäÞ deg(F1) = 1, ôïõëÜ·éóôïí Ýíáò åê ôùí b1 j , j ∈ {1, . . . , n}, åßíáé 6= 0k. ÈÝôïõìå

aj i := 0k, ∀(i, j) ∈ {1, . . . , n− 1} × {1, . . . , n},

êáé ðáñáôçñïýìå üôé ç åîßóùóç

nP
j=1

b1 jaj n = 1k

(ìå ôá a1n, . . . , anm ùò áãíþóôïõò), êáèþò êáé ç åîßóùóç

nP
j=1

b1 jaj 0 = −b1 0

(ìå ôá a1 0, . . . , an 0 ùò áãíþóôïõò) äéáèÝôïõí ëýóåéò. ¢ñá õðÜñ·åé ìéá óõó·åôéêÞ áë-
ëáãÞ óõíôåôáãìÝíùí T ìå V T = V(Xn). Åí óõíå·åßá, õðïèÝôïõìå üôé ãéá ïéáäÞðïôå
ãñáììéêÞ ðïéêéëüôçôá ðïõ ïñßæåôáé áðü κ− 1 ðñùôïâÜèìéá ðïëõþíõìá

Fν =
nX
j=1

bν jXj + bν 0 ∈ k[X1, . . . ,Xn], ν ∈ {1, . . . , κ− 1},

(ãéá êÜðïéïí κ ≥ 2) õðÜñ·åé ìéá óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí T

T = (T1, . . . , Tn) , Ti =
nX
j=1

ai jXj + ai 0, ∀i ∈ {1, . . . , n},

ôïý Ank êáé Ýíáòm ∈ N0 ìå

V(F1, . . . , Fκ−1)
T = V(FT

1 , . . . , F
T
κ−1) = V(Xm+1, . . . ,Xn).
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¸óôù Fκ =
Pn

j=1 bκ jXj + bκ 0 ∈ k[X1, . . . ,Xn] Ýíá åðéðëÝïí ðñùôïâÜèìéï ðïëõþíõìï
ìå

V(F1, . . . , Fκ−1, Fκ)
T 6= ∅.

Ðñïöáíþò,

V(F1, . . . , Fκ−1, Fκ)
T = V(Xm+1, . . . ,Xn) ∩V(FT

κ )

êáé

V(FT
κ ) = V (c1X1 + · · ·+ cnXn + c0) ,

üðïõ

c1 :=
nP
j=1

bκ jaj 1, . . . , cn :=
nP
j=1

bκ jaj n, c0 :=
nP
j=1

bκ jaj 0 + bκ 0.

Äéáêñßíïõìå äýï ðåñéðôþóåéò: 1) ÅÜí c1 = · · · = cn = c0 = 0k, ôüôå

V(F1, . . . , Fκ−1, Fκ)
T = V(Xm+1, . . . ,Xn) ∩ Ank = V(Xm+1, . . . ,Xn).

2) ÅÜí êÜðïéïò áðü ôïõò óõíôåëåóôÝò c1, . . . , cm åßíáé 6= 0k, ôüôå

V(F1, . . . , Fκ−1, Fκ)
T = V (c1X1 + · · ·+ cmXm + c0) ∩V(Xm+1, . . . ,Xn)

êáé õðÜñ·åé óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí U = (U1, . . . , Un) ôïý Ank, ôÝôïéá þóôå

V (c1X1 + · · ·+ cmXm + c0)
U = V(Xm), V(Xm+1, . . . ,Xn)

U = V(Xm+1, . . . ,Xn)

ïðüôå Ý·ïõìå ôåëéêþò¡
V(F1, . . . , Fκ−1, Fκ)

T
¢U
= V(Xm,Xm+1, . . . ,Xn).

(¼ëåò ïé Üëëåò ðåñéðôþóåéò áðïêëåßïíôáé áðü ôç óõíèÞêçV(F1, . . . , Fκ)T 6= ∅.)
(c) ÊáôÜ ôï (b) õðÜñ·åé óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí T = (T1, . . . , Tn) ôïý Ank ìå

V T = V(Xm+1, . . . ,Xn).

ÅðåéäÞ ôï hXm+1, . . . ,Xni åßíáé ðñþôï éäåþäåò ôïý k[X1, . . . ,Xn] (áöïý éó·ýåé
k[X1, . . . ,Xn]/ hXm+1, . . . ,Xni ∼= k[X1, . . . ,Xm], âë. èåþñçìá 1.1.13 êáé ðñüôáóç 1.1.34
(a)), ôï V T åßíáé óõó·åôéêÞ ðïéêéëüôçôá (âë. ðñüôáóç 1.6.7). ¼ìùò ôï V T åßíáé éóü-
ìïñöï ôïý V (âë. ðüñéóìá 2.2.3), ïðüôå êáé ôï V åßíáé óõó·åôéêÞ ðïéêéëüôçôá.



êåöáëáéï 2 69

(d) Ï ìç áñíçôéêüò áêÝñáéïò áñéèìüòm ï åìöáíéæüìåíïò óôï (b) åßíáé áíåîÜñôçôïò ôÞò
åðéëïãÞò ôÞò óõó·åôéêÞò áëëáãÞò óõíôåôáãìÝíùí T : ÅÜí õðÞñ·å ìéá óõó·åôéêÞ áëëáãÞ
óõíôåôáãìÝíùí

T = (T1, . . . , Tn) , Ti =
nX
j=1

ai jXj + ai 0, ∀i ∈ {1, . . . , n},

ìå

V(Xm+1, . . . ,Xn)
T = V(Xm0+1, . . . ,Xn),

üðïõ m < m0, ôüôå ïé Tm+1, . . . , Tn èá Þôáí ìåôáîý ôïõò åîáñôçìÝíåò. ÐñÜãìáôé° ç
áíùôÝñù åîßóùóç èá Ýäéíå

V(Tm+1, . . . , Tn) = V(Xm0+1, . . . ,Xn). ( )

Óôï äåîéü ìÝëïò Ý·ïõìå êáô' ïõóßáí Ýíáí k-äéáíõóìáôéêü ·þñï éóüìïñöï ôïý km
0
.Áðü

ôçí Üëëç ìåñéÜ, ôï

V(Tm+1, . . . , Tn) = V

⎛⎝ nX
j=1

am+1 jXj + am+10, . . . ,
nX
j=1

an jXj + an 0

⎞⎠
åßíáé ï ·þñïò ôùí ëýóåùí åíüò óõóôÞìáôïò n−m ãñáììéêþí åîéóþóåùí ìånáãíþóôïõò.
ÅÜí ïé åí ëüãù åîéóþóåéò Þóáí ìåôáîý ôïõò áíåîÜñôçôåò, ôüôå èá Ýðñåðå íá éó·ýåé

rank(A) = rank(A0) = n−m,

üðïõ

A :=

⎛⎜⎝ am+11 · · · am+1n
...

...
an 1 · · · ann

⎞⎟⎠ ∈Mat(n−m)×n(k)

ï ðßíáêáò ôïý óõóôÞìáôïò êáé

A0 :=

⎛⎜⎝ am+11 · · · am+1n −am+10
...

...
...

an 1 · · · ann −an 0

⎞⎟⎠ ∈Mat(n−m)×(n+1)(k)

ï áíôßóôïé·ïò åðáõîçìÝíïò ðßíáêáò. Áðü ôç ÃñáììéêÞ ¢ëãåâñá åßíáé ãíùóôü üôé ï ·þ-
ñïò ôùí ëýóåùí åíüò óõìâéâáóôïý óõóôÞìáôïò ãñáììéêþí åîéóþóåùí (ìå óõíôåëåóôÝò
åéëçììÝíïõò áðü ôï k) åíôüò ôïý k (ðëÞèïò áãíþóôùí) Ý·åé äéÜóôáóç ßóç ìå

(ðëÞèïò áãíþóôùí)− (âáèìßäá ôïý ðßíáêá ôïý óõóôÞìáôïò).
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Åí ðñïêåéìÝíù, ç äéÜóôáóç èá Ýðñåðå íá åßíáé

n− rank(A) = n− rank(A0) = n− (n−m) = m < m0,

êÜôé ðïõ èá áíôÝöáóêå ðñïò ôçí éóüôçôá ( ). ¤

A-2-17. Ãéá äõï óçìåßá

P = (a1, . . . , an), Q = (b1, . . . , bn) ∈ Ank,

üðïõ P 6= Q, ïñßæåôáé ôï óýíïëï

L(P,Q) := {(a1 + λ(b1 − a1), . . . , an + λ(bn − an)) | λ ∈ k}

ùò ç åõèåßá ç äéåñ·üìåíç áðü ôá P êáé Q.

(a) ÅÜí ç

T = (T1, . . . , Tn) : Ank −→ Ank

åßíáé ìéá óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí ôïý Ank ìå

Ti =
nX
j=1

ai jXj + ai 0, ∀i ∈ {1, . . . , n},

ôüôå

T (L(P,Q)) = ({Ti (a1 + λ(b1 − a1), . . . , an + λ(bn − an))}1≤i≤n)

=

⎛⎝( nP
j=1

ai j (aj + λ(bj − aj)) + ai 0

)
1≤i≤n

⎞⎠

=

⎛⎝(Ã nP
j=1

ai jaj + ai 0

!
+ λ

ÃÃ
nP
j=1

ai jbj + ai 0

!
−
Ã

nP
j=1

ai jaj + ai 0

!!)
1≤i≤n

⎞⎠

=
³
{Ti (P ) + λ (Ti (Q)− Ti (P ))}1≤i≤n

´
= L(T (P ), T (Q)).

(b) ÅðåéäÞ P 6= Q, õðÜñ·åé êÜðïéïò äåßêôçò i• ∈ {1, . . . , n} : ai• 6= bi• . ÅðïìÝíùò, êÜèå
åõèåßá

L(P,Q) = V ({(bi• − ai•) (Xi − ai)− (Xi• − ai•) (bi − ai) | 1 ≤ i ≤ n , i 6= i•})
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áðïôåëåß ìéá ãñáììéêÞ õðïðïéêéëüôçôá ôïý Ank. Èåùñþíôáò ôÞ óõó·åôéêÞ áëëáãÞ óõ-
íôåôáãìÝíùí T = (T1, . . . , Tn) ìå

Ti :=

(
Xi+(λi•−ai• )(bi−ai)

bi•−ai•
+ ai, üôáí i ∈ {1, . . . , n}r{i•},

λi• , üôáí i = i•,

üðïõ λi• ∈ k, ëáìâÜíïõìå

L(P,Q)T = V(X1, . . . ,Xi•−1,Xi•+1, . . . ,Xn).

Åí óõíå·åßá, èåùñþíôáò ôÞ óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí U = (U1, . . . , Un) ìå

Ui :=

½
Xi+1, üôáí i ∈ {1, . . . , i• − 1},
Xi, üôáí i ∈ {i• + 1, . . . , n},

ëáìâÜíïõìå ¡
L(P,Q)T

¢U
= V(X2,X3, . . . ,Xn),

ïðüôå ç L(P,Q) åßíáé üíôùò ìéá ìïíïäéÜóôáôç ãñáììéêÞ õðïðïéêéëüôçôá ôïý Ank. Êáé
áíôéóôñüöùò° êÜèå ãñáììéêÞ ìïíïäéÜóôáôç õðïðïéêéëüôçôá V ôïý Ank éóïýôáé ìå ôçí
åõèåßá L(P,Q) ðïõ äéÝñ·åôáé áðü äýï áõèáéñÝôùò åðéëåãìÝíá óçìåßá ôçò

P,Q ∈ V, P 6= Q,

äéüôé õðÜñ·åé åî õðïèÝóåùò ìéá óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí T = (T1, . . . , Tn) ìå

V T = V(X2,X3, . . . ,Xn),

ïðüôå T−1(P ), T−1(Q) ∈ V T êáé ∃a, b ∈ k, a 6= b :

T−1(P ) = {(a, 0k, . . . , 0k)} , T−1(Q) = {(b, 0k, . . . , 0k)}

⇒ L(T−1(P ), T−1(Q)) = {(a+ λ(b− a), 0k, . . . , 0k) | λ ∈ k} ∼= V T ∼= A1k

⇒
(a)

T−1(L(P,Q)) = V T = T−1(V ) =⇒
2.2.3

V = L(P,Q).

(c) ÅÜí P = (a1, a2), Q = (b1, b2) ∈ A2k, P 6= Q, ôüôå

L(P,Q) = {(a1 + λ(b1 − a1), a2 + λ(b2 − a2)) | λ ∈ k}
= V ((b1 − a1) (X2 − a2)− (b2 − a2) (X1 − a1)) .
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Êáé áíôéóôñüöùò° åÜí ôïV(αX1+βX2+γ) åßíáé Ýíá õðåñåðßðåäï åíôüò ôïýA2k, ôüôå ôï
ïñßæïí ðïëõþíõìï Ý·åé âáèìü 1, ïðüôå Ýíáò ôïõëÜ·éóôïí åê ôùí α, β åßíáé 6= 0k. Äß·ùò
âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé β 6= 0k. Ðñïöáíþò,

V(αX1 + βX2 + γ) = {(a1 + λ(b1 − a1), a2 + λ(b2 − a2)) | λ ∈ k}
= L((a1, a2), (b1, b2)),

üðïõ ⎧⎪⎨⎪⎩
a1 = 0k, a2 = − γ

β ,

b1 = 1k, b2 = − (α+γ)β .

Óõíåðþò, åíôüò ôïý A2k ïé Ýííïéåò «åõèåßá» êáé «õðåñåðßðåäï» ôáõôßæïíôáé.

(d) ÅÜí P = (a1, a2), P 0 = (a01, a
0
2) ∈ A2k êáé ïé L1,L2,L01,L02 åßíáé ôÝóóåñåéò åõèåßåò ôïý

óõó·åôéêïý åðéðÝäïõ, ôÝôïéåò þóôå

L1 6= L2, P ∈ L1 ∩ L2, L01 6= L02, P 0 ∈ L01 ∩ L02,

ôüôå õðÜñ·åé ìéá óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí T = (T1, T2) ôïý A2k ìå

T (P ) = P 0, T (L1) = L01, T (L2) = L02. (*)

ÐñÜãìáôé° åêöñÜæïíôáò áõôÝò ôéò åõèåßåò (âÜóåé ôïý (c)) õðü ôç ìïñöÞ õðåñåðéðÝäùí

L1 = V(α1X1 + β1X2 + γ1), L2 = V(α2X1 + β2X2 + γ2),

L01 = V(α01X1 + β01X2 + γ01), L02 = V(α02X1 + β02X2 + γ02),

Ý·ïõìå

P = (a1, a2) =

µ
β1γ2 − β2γ1
α1β2 − α2β1

,
α2γ1 − α1γ2
α1β2 − α2β1

¶
=

⎛⎜⎜⎜⎝
¯̄̄̄
¯̄ β1 γ1
β2 γ2

¯̄̄̄
¯̄¯̄̄̄

¯̄ α1 β1
α2 β2

¯̄̄̄
¯̄
,

¯̄̄̄
¯̄ γ1 α1
γ2 α2

¯̄̄̄
¯̄¯̄̄̄

¯̄ α1 β1
α2 β2

¯̄̄̄
¯̄

⎞⎟⎟⎟⎠ ,

êáé

P 0 = (a01, a
0
2) =

µ
β01γ

0
2 − β02γ

0
1

α01β
0
2 − α02β

0
1

,
α02γ

0
1 − α01γ

0
2

α01β
0
2 − α02β

0
1

¶
=

⎛⎜⎜⎜⎝
¯̄̄̄
¯̄ β01 γ01
β02 γ02

¯̄̄̄
¯̄¯̄̄̄

¯̄ α01 β01
α02 β02

¯̄̄̄
¯̄
,

¯̄̄̄
¯̄ γ01 α01
γ02 α02

¯̄̄̄
¯̄¯̄̄̄

¯̄ α01 β01
α02 β02

¯̄̄̄
¯̄

⎞⎟⎟⎟⎠ .

ÈÝôïíôáò ëïéðüí

T1 = a1 1X1 + a1 2X2 + a1 0, T2 = a2 1X1 + a2 2X2 + a2 0,
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ç ðñþôç åê ôùí óõíèçêþí (*) éóïäõíáìåß ìå ôï óýóôçìá äýï åîéóþóåùí:

T (P ) = P 0 ⇔
½
(1) a1a1 1 + a2a1 2 + a1 0 = a01
(2) a1a2 1 + a2a2 2 + a2 0 = a02

¾
,

ç äåýôåñç äßäåé

T (L1) = L01 ⇔ T (V(α1X1 + β1X2 + γ1)) = V(α
0
1X1 + β01X2 + γ01)

⇔ V(α1X1 + β1X2 + γ1) = V(α
0
1X1 + β01X2 + γ01)

T

⇔ V(α1X1 + β1X2 + γ1) = V(α
0
1T1 + β01T2 + γ01) = V(α

0
1T1 + β01T2 + γ01)

⇔ V(α1X1 + β1X2 + γ1)=V((α
0
1a1 1 + β01a2 1)X1 + (α

0
1a1 2 + β01a2 2)X2 + α01a1 0 + β01a2 0 + γ01)

⇔ ∃λ ∈ kr{0k} :

⎧⎨⎩
(3) α01a1 1 + β01a2 1 = λα1,

(4) α01a1 2 + β01a2 2 = λβ1,

(5) α01a1 0 + β01a2 0 + γ01 = λγ1

⎫⎬⎭
êáé ç ôñßôç (êáô' áíáëïãßáí):

T (L2) = L02 ⇔ T (V(α2X1 + β2X2 + γ2)) = V(α
0
2X1 + β02X2 + γ02)

⇔ V(α2X1 + β2X2 + γ2) = V(α
0
2X1 + β02X2 + γ02)

T

⇔ V(α2X1 + β2X2 + γ2) = V(α
0
2T1 + β02T2 + γ02)

⇔ V(α2X1 + β2X2 + γ2)=V((α
0
2a1 1 + β02a2 1)X1 + (α

0
2a1 2 + β02a2 2)X2 + α02a1 0 + β02a2 0 + γ02)

⇔ ∃μ ∈ kr{0k} :

⎧⎨⎩
(6) α02a1 1 + β02a2 1 = μα2,

(7) α02a1 2 + β02a2 2 = μβ2,

(8) α02a1 0 + β02a2 0 + γ02 = μγ2

⎫⎬⎭
¢ñá ïé óõíèÞêåò (*) éóïäõíáìïýí ìå Ýíá óýóôçìá 8 ãñáììéêþí åîéóþóåùí ìå 8 áãíþ-
óôïõò, ôï ïðïßï, ìå ôç âïÞèåéá ðéíÜêùí, ãñÜöåôáé ùò åîÞò:

A ·

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1 1
a1 2
a1 0
a2 1
a2 2
a2 0
λ

μ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a01
a02
0k
0k
−γ01
0k
0k
−γ02

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, A :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1 a2 1k 0k 0k 0k 0k 0k
0k 0k 0k a1 a2 1k 0k 0k
α01 0k 0k β01 0k 0k −α1 0k
0k α01 0k 0k β01 0k −β1 0k
0k 0k α01 0k 0k β01 −γ1 0k
α02 0k 0k β02 0k 0k 0k −α2
0k α02 0k 0k β02 0k 0k −β2
0k 0k α02 0k 0k β02 0k −γ2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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Åêôåëþíôáò ôç äéáäéêáóßá äéáãùíéïðïéÞóåùò ôïý A êáôÜ Smith (ð.·. ìÝóù Maple),
áöïý Ý·ïõìå ãñÜøåé ôá a1, a2 óõíáñôÞóåé ôùí αi, βi, γi, i = 1, 2, ðñïóäéïñßæïõìå äýï
áíôéóôñÝøéìïõò (8× 8)-ðßíáêåò P,Q, ôÝôïéïõò þóôå íá éó·ýåé

P · A · Q = diag

⎛⎜⎝1k, . . . , 1k| {z }
6ööïñÝò

, 0k, 0k

⎞⎟⎠ .

¢ñá ç âáèìßäá ôïý A éóïýôáé ìå 6. Ðáñïìïßùò äéáðéóôþíïõìå üôé ç âáèìßäá ôïý åðáõ-
îçìÝíïõ ðßíáêá ôïý óõóôÞìáôïò éóïýôáé ìå 6. ÊáôÜ óõíÝðåéáí ôï åí ëüãù óýóôçìá
åßíáé óõìâéâáóôü êáé ïé ëýóåéò ôïõ óõãêñïôïýí ìéá ãñáììéêÞ õðïðïéêéëüôçôá ôïý óõ-
ó·åôéêïý ·þñïõ A8k äéáóôÜóåùò 2. (Ïé λ, μ ìðïñïýí íá èåùñçèïýí ùò ïé åëåýèåñåò ðá-
ñÜìåôñïé.) ¤

A-2-18. (a) ÅÜí I ⊆ J êáé a = r
s ∈ S−1I, üðïõ r ∈ I êáé s ∈ S, ôüôå r ∈ J, ïðüôå a ∈ S−1J.

ÅðïìÝíùò, S−1I ⊆ S−1J.
(b) Ðñïöáíþò,

I ⊆ I + J

J ⊆ I + J

¾
(a)⇒ S−1I ⊆ S−1(I + J)

S−1J ⊆ S−1(I + J)

¾
⇒ S−1I + S−1J ⊆ S−1(I + J).

ÅÜí a = r
s ∈ S−1(I + J), üðïõ r ∈ I + J êáé s ∈ S, ôüôå r = r1 + r2, ãéá êÜðïéá r1 ∈ I

êáé r2 ∈ J, ïðüôå

a =
r1
s
+

r2
s
∈ S−1I + S−1J.

¢ñá éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò S−1(I + J) ⊆ S−1I + S−1J.
(c) Ðñïöáíþò,

I ∩ J ⊆ I

I ∩ J ⊆ J

¾
(a)⇒ S−1(I ∩ J) ⊆ S−1(I)

S−1(I ∩ J) ⊆ S−1(J)

¾
⇒ S−1(I ∩ J) ⊆ (S−1I) ∩ (S−1J).

ÅÜí a ∈ (S−1I) ∩ (S−1J), ôüôå a = r
s =

r0

s0 , ãéá êÜðïéá r ∈ I, r0 ∈ J êáé s, s0 ∈ S, ïðüôå

∃t ∈ S : (rs0 − r0s)t = 0R ⇒ rs0t = r0st ∈ I ∩ J ⇒ a = r
s =

rs0t
ss0t ∈ S

−1(I ∩ J).

¢ñá éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò S−1(I ∩ J) ⊇ (S−1I) ∩ (S−1J).
(d) ÅÜí a ∈ S−1(IJ), ôüôå ∃κ ∈ N êáé r1, . . . , rκ ∈ I, r01, . . . , r

0
κ ∈ J, s ∈ S :

a =

κP
j=1

rjr
0
j

s
⇒ a =

κP
j=1

rj
s
·
r0j
1R
∈ (S−1I)(S−1J).
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¢ñá S−1(IJ) ⊆ (S−1I)(S−1J).Êáé áíôéóôñüöùò° åÜí a ∈ (S−1I)(S−1J), ôüôå ∃κ ∈ N êáé

rj ∈ I, r0j ∈ J, sj , s
0
j ∈ S,

∀j ∈ {1, . . . , κ}

¾
: a =

κP
j=1

rj
sj
·
r0j
s0j
.

ÅðïìÝíùò, èÝôïíôáò s :=
κQ

j=1
sjs

0
j êáé tj :=

Q
ν∈{1,... ,κ}r{j}

sνs
0
ν , ãéá êÜèå j ∈ {1, . . . , κ},

ëáìâÜíïõìå

a =
κP

j=1

rjr
0
j

sjs0j
=

κP
j=1

rjr
0
jtj

s
∈ S−1(IJ).

¢ñá éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò S−1(IJ) ⊇ (S−1I)(S−1J).
(e) ÊáôÜ ôï (c) ôÞò ðñïôÜóåùò 2.3.17 êáé ôï (d) ôÞò áóêÞóåùò Á-1-30,

S−1(I : J) = (I : J)ext(iR,S) ⊆ Iext(iR,S) : Jext(iR,S) = (S−1I) : (S−1J).

ÅÜí õðïèÝóïõìå üôé ôï J åßíáé ðåðåñáóìÝíùò ðáñáãüìåíï, áò ðïýìå J = hb1, . . . , bκi ,
êáé a = r

s ∈ (S−1I) : (S−1J), ãéá êÜðïéá r ∈ R êáé s ∈ S, ôüôå
r
s ·

bi
1R
∈ S−1I, ∀i ∈ {1, . . . , κ},

ïðüôå õðÜñ·ïõí c1, . . . , cκ ∈ I êáé s1, . . . , sκ ∈ S, ïýôùò þóôå íá éó·ýïõí ïé éóüôçôåò

r
s ·

bi
1R
= rbi

s = ci
si
, ∀i ∈ {1, . . . , κ}.

Åî ïñéóìïý, ãéá êÜèå i ∈ {1, . . . , κ}

∃ti ∈ S : (sirbi − sci)ti = 0R ⇒ sitirbi = sciti ∈ I.

ÈÝôïíôáò s0 :=
κQ
i=1

siti ∈ S ðáñáôçñïýìå üôé s0rbi ∈ I ãéá êÜèå i ∈ {1, . . . , κ}. ¸óôù

ôõ·üí b ∈ J. Ôüôå õðÜñ·ïõí r1, . . . , rκ ∈ R :

b =
κP
i=1

ribi ⇒ s0rb =
κP
i=1

ri (s
0rbi) ∈ I ⇒ s0r ∈ I : J.

ÅðïìÝíùò,

a = r
s =

s0r
s0s ∈ (I : J)

ext(iR,S) = S−1(I : J),

áð' üðïõ Ýðåôáé üôé (S−1I) : (S−1J) ⊆ S−1(I : J). ¤

A-2-19. ÊáôÜ ôï (c) ôÞò ðñïôÜóåùò 2.3.17 êáé ôï (e) ôÞò áóêÞóåùò Á-1-30,

S−1Rad(I) = Rad(I)ext(iR,S) ⊆ Rad(Iext(iR,S)) = Rad(S−1I).
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Êáé áíôéóôñüöùò° åÜí a = r
s ∈ Rad(S−1I) ⊆ S−1R, ãéá êÜðïéá r ∈ R êáé s ∈ S, ôüôå

∃m ∈ N : am = rm

sm ∈ S−1I êáé b ∈ I, s0 ∈ S :

rm

sm = b
s0 ⇔ ∃t ∈ S : (r

ms0 − bsm)t = 0R ⇒ rms0t = bsmt ∈ I

⇒ (rms0t) (s0t)m−1 = (rs0t)m ∈ I ⇒ rs0t ∈ Rad(I),

áð' üðïõ Ýðåôáé üôé(
rs0t ∈ Rad(I),

s, s0, t ∈ S⇒ ss0t ∈ S

)
⇒ a = r

s =
rs0t
ss0t ∈ S

−1Rad(I),

ïðüôå éó·ýåé êáé ï áíôßóôñïöïò åãêëåéóìüò Rad(S−1I) ⊆ S−1Rad(I). ¤

A-2-20. ¸óôù j = iR,Rr{0R} : R → Fr(R) ç óõíÞèçò Ýíèåóç ôÞò áêåñáßáò ðåñéï·Þò
R åíôüò ôïý óþìáôïò ôùí êëáóìÜôùí ôçò. ÌÝóù ôÞò j êáôáóêåõÜæåôáé Ýíáò (ìïíïóç-
ìÜíôùò ïñéóìÝíïò) ïìïìïñöéóìüò äáêôõëßùí ψ : S−1R −→ Fr(R) ìå ψ ◦ iR,S = j (åðß
ôç âÜóåé ôÞò ðñïôÜóåùò 2.3.13). ÊáôÜ ôçí ðñüôáóç 2.3.10, ï iR,S åßíáé ìïíïìïñöéóìüò
(äéüôé S ⊆ Rr{0R}), ïðüôå

Ker(j) = {0R}⇒ Ker(ψ) = {0R},

êáé ï S−1R ìðïñåß íá èåùñçèåß ùò õðïäáêôýëéïò ôÞò R. ¢ñá ï S−1R åßíáé áêåñáßá ðå-
ñéï·Þ. Åí óõíå·åßá, áò õðïèÝóïõìå üôé çR åßíáé Ð.Ê.É. êé áò èåùñÞóïõìå ôõ·üí éäåþäåò
I ôÞò R. Ôüôå ∃a ∈ I ìå I = Ra = hai êáé

S−1I = { ras ∈ S
−1R | r ∈ R, s ∈ S}

= { rs ·
a
1R
∈ S−1R | r ∈ R, s ∈ S} =

¡
S−1R

¢
a
1R
.

ÅðåéäÞ (êáôÜ ôçí ðñüôáóç 2.3.17) êÜèå éäåþäåò ôïý S−1R åßíáé ôÞò ìïñöÞò S−1I ãéá
êÜðïéï I ∈ IR, ç áêåñáßá ðåñéï·Þ S−1R ïöåßëåé íá åßíáé Ð.Ê.É. ¤

A-2-21. (a) ÅðåéäÞ 1R ∈ S Ý·ïõìå 1R0 = f(1R) ∈ f(S). ÅðéðñïóèÝôùò, åÜí a, b ∈ f(S),

ôüôå ∃c, d ∈ S ìå a = f(c) êáé b = f(d), ïðüôå(
c, d ∈ S⇒ cd ∈ S,

ab = f(c)f(d) = f(cd)

)
⇒ ab ∈ f(S).

¢ñá ôï f(S) åßíáé Ýíá ðïëëáðëáóéáóôéêþò êëåéóôü õðïóýíïëï ôïý R0.

(b) ÅÜí I ∈ IR êáé π : R −→ R/I ï öõóéêüò åðéìïñöéóìüò, ôüôå, óýìöùíá ìå ôï (a), ôï
π(S) åßíáé Ýíá ðïëëáðëáóéáóôéêþò êëåéóôü õðïóýíïëï ôïý R/I. ÅðåéäÞ

iR/I,π(S)(π(S)) ⊆
¡
π(S)−1(R/I)

¢×
,



êåöáëáéï 2 77

ìÝóù ôÞò óõíèÝóåùò iR/I,π(S) ◦ π : R −→ π(S)−1(R/I) êáôáóêåõÜæåôáé Ýíáò (ìïíïóç-
ìÜíôùò ïñéóìÝíïò) ïìïìïñöéóìüò äáêôõëßùí

ψ : S−1R −→ π(S)−1(R/I), r
s 7−→ ψ( rs ) :=

r
1R
·
³

s
1R

´−1
= r

s ,

ìå ψ ◦ iR,S = iR/I,π(S) ◦ π (åðß ôç âÜóåé ôÞò ðñïôÜóåùò 2.3.13). ÅðéðñïóèÝôùò, åÜí
a = r0

s0 ∈ π(S)−1(R/I), ãéá êÜðïéá r0 ∈ R/I êáé s0 ∈ π(S), ôüôå õðÜñ·ïõí r ∈ R êáé
s ∈ S :

π(r) =: r = r0, π(s) =: s = s0 ⇒ a = r
s = ψ( rs ),

ïðüôå ç ψ åßíáé åðéìïñöéóìüò äáêôõëßùí. ¸óôù ôþñá ôõ·üí r
s ∈ Ker(ψ). Ðñïöáíþò,

r
s = ψ( rs ) = 0π(S)−1(R/I) =

0R
1R

⇒
(
∃t0 ∈ π(S) : rt0 = 0R/I ,

∃t ∈ S : π(t) =: t = t0

)
⇒ r · t = 0R/I ⇒ rt ∈ I,

áð' üðïõ Ýðåôáé üôé rs =
rt
st ∈ S−1I. Êáé áíôéóôñüöùò° ãéá êÜèå r ∈ I êáé s ∈ S Ý·ïõìå

ψ( rs ) =
r
s =

0R
s = 0π(S)−1(R/I) ⇒ r

s ∈ Ker(ψ).

ÅðåéäÞ ëïéðüí Ker(ψ) = S−1I, áðü ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí 1.1.10 ãíù-
ñßæïõìå üôé ç åðáãïìÝíç áðåéêüíéóç

S−1R/S−1I −→ π(S)−1(R/I), r
s + S

−1I 7−→ ψ( rs ),

åßíáé éóïìïñöéóìüò äáêôõëßùí. ¤

A-2-22. ÅÜí ïR åßíáé áêåñáßá ðåñéï·Þ, f ∈ Rr{0R},S := {fν | ν ∈ N0} êáéRf := S
−1R,

ôüôå èåùñïýìå ôïí ïìïìïñöéóìü äáêôõëßùí

β : R −→ R[X]/ h1R − Xfi , r 7−→ β(r) := r + h1R − Xfi .

Êáô' áñ·Üò ðáñáôçñïýìå üôé éó·ýåé β(S) ⊆ (R[X]/ h1R − Xfi)×. ÐñÜãìáôé° ãéá ïéïäÞ-
ðïôå ν ∈ N0 ôï β(fν) = fν + h1R − Xfi Ý·åé ôï Xν + h1R − Xfi ùò áíôßóôñïöü ôïõ,
äéüôé

1R − fνXν = (1R − Xf)
¡
fν−1Xν−1 + fν−2Xν−2 + · · ·+ 1R

¢
∈ h1R − Xfi

⇒ (fν + h1R − Xfi) (Xν + h1R − Xfi) = 1R + h1R − Xfi ,

ãéá ν ≥ 1 (êáé ãéá ν = 0 åßíáé ðñïöáíÝò). Åí óõíå·åßá, èåùñïýìå ôõ·üí r ∈Ker(β).ÅÜí
r = 0R, ôüôå r · 1R = 0R, üðïõ 1R ∈ S. ÅÜí r 6= 0R, ôüôå

r ∈ h1R − Xfi⇒ ∃F =
mP
j=0

ajX
j ∈ R[X] : r = F · (1R − Xf) ,
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üðïõ m ∈ N0 ìå am 6= 0R êáé a0 6= 0R, ïðüôå êáôüðéí óõãêñßóåùò óõíôåëåóôþí óõíÜ-
ãïõìå üôé⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0R = amf,

am = am−1f ⇒ amf = am−1f
2,

am−1 = am−2f ⇒ am−1f
2 = am−2f

3,
...

a1 = a0f ⇒ a1f
m = a0f

m+1,

a0 = r

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
⇒ 0R = a0f

m+1 = rfm+1.

ÅðïìÝíùò, rs = 0R, üðïõ

s :=

½
1R, üôáí r = 0R,
fm+1, üôáí r 6= 0R.

¸óôù ôþñá ôõ·üí óôïé·åßï G + h1R − Xfi ∈ R[X]/ h1R − Xfi , üðïõ 0 6= G ∈ R[X].

ÃñÜöïíôáò ôï G õðü ôç ìïñöÞ

G =
dP
i=0

biX
i, d ∈ N0, bd 6= 0R,

êáé ëáìâÜíïíôáò õð' üøéí üôé X+ h1R − Xfi = (f + h1R − Xfi)−1 Ý·ïõìå

G+ h1R − Xfi =
dP
i=0

biX
i + h1R − Xfi =

dP
i=0

bi (X+ h1R − Xfi)i

=
dP
i=0

bi (f + h1R − Xfi)−i

=

µ
dP
i=0

bi (f + h1R − Xfi)d−i
¶
(f + h1R − Xfi)−d

=

µ
dP
i=0

biX
d−i + h1R − Xfi

¶¡
fd + h1R − Xfi

¢−1
.

ÅðïìÝíùò, èÝôïíôáò r :=
dP
i=0

biX
d−i êáé s := fd, ëáìâÜíïõìå

G+ h1R − Xfi = β (r)β (s)−1 .

ÔÝëïò, üôáí G = 0,

G+ h1R − Xfi = β (0R)β (1R)
−1

.

Åðß ôç âÜóåé ôùí üóùíáðåäåß·èçóáí êáé ôïý ðïñßóìáôïò 2.3.14 õößóôáôáé áêñéâþò Ýíáò
éóïìïñöéóìüò äáêôõëßùí

ψ : Rf

∼=−→ R[X]/ h1R − Xfi .
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ãéá ôïí ïðïßï éó·ýåé β = ψ ◦ iR,S. ¤

A-2-23. (a) ÅðåéäÞ iR0,S0(S
0) ⊆ ((S0)−1R0)× (âë. 2.3.9 (b)) Ý·ïõìå ãéá êÜèå s ∈ S

f(S) ⊆ S0 ⇒ f(s) ∈ S0,
(iR0,S0 ◦ f) (s) = iR0,S0(f(s)|{z}

∈S0

)

⎫⎪⎬⎪⎭⇒ (iR0,S0 ◦ f) (S) ⊆ ((S0)−1R0)×

Ùò åê ôïýôïõ, ìðïñïýìå íá åöáñìüóïõìå ôçí ðñüôáóç 2.3.13 åîáóöáëßæïíôáò ôçí
ýðáñîç åíüò (êáé ìüíïí) ïìïìïñöéóìïý äáêôõëßùí bfS,S0 : S−1R −→ (S0)−1R0 ðïõ êáèé-
óôÜ ôï äéÜãñáììá

R

f

²²

iR0,S0◦f
CC

CC
CC

CC
CC

CC
C

!!CC
CC

CC
CC

CC
CC

iR,S // S−1R

bfS,S0

²²

©

R0

ª

iR0,S0
//
(S0)−1R0

ìåôáèåôéêü. Åê êáôáóêåõÞò,

bfS,S0( rs ) = f(r)
1R0

·
³
f(s)
1R0

´−1
,∀r ∈ R, s ∈ S⇒ bfS,S0( r

1R
) = f(r)

1R0
, ∀r ∈ R.

(b) ¸óôù ôõ·üí óôïé·åßï r
s ∈ Ker( bfS,S0), ãéá êÜðïéá r ∈ R êáé s ∈ S. Ôüôå

bfS,S0( rs ) = f(r)
1R0

· 1R0f(s) =
0R0
1R0
⇒ ∃t ∈ S0 : f(r)t = 0R0

⇒ (iR0,S0 ◦ f) (r) = iR0,S0(f(r)) =
f(r)
1R0

= 0R0
1R0
⇒ f(r) ∈ Ker(iR0,S0).

ÊáôÜ óõíÝðåéáí,

f(r) ∈ Ker(iR0,S0) ∩ f(R) ⊆ f(Ker(iR,S))⇒ ∃r0 ∈ Ker(iR,S) : f(r) = f(r0).

Ï f åßíáé åî õðïèÝóåùò ìïíïìïñöéóìüò, ïðüôå

r = r0 ⇒ r
1R
= iR,S(r) = iR,S(r

0) = r0

1R
= 0R

1R

⇒ r
1R
= 0R

1R
⇒ r

s =
r
1R
· 1Rs = 0R

1R
· 1Rs = 0R

1R
= 0S−1R.
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¢ñá ï åðáãüìåíïò ïìïìïñöéóìüò bfS,S0 åßíáé üíôùò ìïíïìïñöéóìüò.
(c) ÅÜí f(S) = S0 êáé ï f åßíáé åðéìïñöéóìüò, ôüôå ãéá êÜèå r0 ∈ R0 êáé s0 ∈ S0 õðÜñ·ïõí
r ∈ R êáé s ∈ S ìå r0 = f(r) êáé s0 = f(s), ïðüôå

bfS,S0( rs ) = f(r)
1R0

·
³
f(s)
1R0

´−1
= r0

s0

êáé ï åðáãüìåíïò ïìïìïñöéóìüò bfS,S0 åßíáé åðéìïñöéóìüò. ¤

A-2-24. (a) Ãéá ôçí áðüäåéîç ôïý üôé ï äáêôýëéïò k[[X]] ôùí åðßôõðùí äõíáìïóåéñþí
(Þ ôýðïéò äõíáìïóåéñþí) ìéáò ìåôáâëçôÞò åßíáé íáéôåñéáíüò ïé áíáãíþóôåò ðáñáðÝ-
ìðïíôáé óôï âéâëßï ôïý R.Y. Sharp: Steps in Commutative Algebra, second ed., London
Mathematical Society, Student Texts, Vol. 51, Cambridge University Press, 2000, èåþñçìá
8.13, óåë. 151-153. (Ç áðüäåéîç ïìïéÜæåé ìå åêåßíçí ôïý èåùñÞìáôïò âÜóåùò ôïý Hilbert
1.5.4.)

Ôþñá ãéá ïéïäÞðïôå óôïé·åßï F =
P∞

i=0 aiX
i ∈ k[[X]] Ý·ïõìå

F ∈ k[[X]]× ⇐⇒ a0 6= 0k.

ÐñÜãìáôé° åÜí õðÜñ·åé G =
P∞

i=0 biX
i ∈ k[[X]] ìå FG = 1k, ôüôå a0b0 = 1k, ïðüôå

a0 6= 0k. Êáé áíôéóôñüöùò° åÜí a0 6= 0k, ôüôå ìðïñïýìå íá ðñïóäéïñßóïõìå äéáäï·éêþò
ðïëõþíõìá

H0,H1, . . . ,Hi,Hi+1, . . .

üðïõ ôïHi ∈ k[X] åßíáé åßôå ôï ìçäåíéêü ðïëõþíõìï åßôå Ýíá ïìïãåíÝò ðïëõþíõìï âáè-
ìïý i, ãéá êÜèå i ∈ N0, ïýôùò þóôå íá éó·ýïõí ïé éóüôçôåò⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

H0a0 = 1k,

H1a0 +H0a1 = 0k,
...
Hia0 +Hi−1a1 + · · ·+H0ai = 0k,
...

(Ðñïöáíþò, H0 = a−10 . ¸óôù ôõ·þí öõóéêüò áñéèìüò i ∈ N. ÕðïèÝôïíôáò üôé Ý·ïõìå
Þäç ðñïóäéïñßóåé ôá ðïëõþíõìáHj ∈ k[X]j ∪ {0k[X]}, j ∈ {0, 1, . . . , i− 1}, ïñßæïõìå ùò
Hi ôï ðïëõþíõìï

Hi := −a−10 (Hi−1a1 + · · ·+H0ai),

ìåHi ∈ k[X]i ∪ {0k[X]}.) ÈÝôïíôáòH :=
P∞

i=0HiX
i, ëáìâÜíïõìå FH = 1k êáé ï éó·õñé-

óìüò åßíáé áëçèÞò.
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Åí óõíå·åßá, ðáñáôçñïýìå üôé ãéá ïéáäÞðïôå F,G ∈ k[[X]]rk[[X]]× éó·ýåé

F −G ∈ k[[X]]rk[[X]]×,

ïðüôå áðü ôï (a) ôÞò ðñïôÜóåùò 2.3.1 êáé ôïí ïñéóìü 2.3.2 óõíÜãïõìå üôé ï k[[X]] åßíáé
ôïðéêüò äáêôýëéïò ìå ôï

mk[[X]] := k[[X]]rk[[X]]×

ùò ôï ìïíáäéêü ìåãéóôïôéêü ôïõ éäåþäåò. Áñêåß ëïéðüí íá áðïäåé·èåß üôé mk[[X]] = hXi .
ÅÜí F =

P∞
i=0 aiX

i ∈ mk[[X]], ôüôå a0 = 0k, ïðüôå

F = X

µ ∞P
i=1

aiX
i−1
¶
∈ hXi⇒ mk[[X]] ⊆ hXi $ k[[X]]⇒ mk[[X]] = hXi .

(b) Ç áðüäåéîç áõôïý åßíáé åýêïëç êáé Ýðåôáé áðü ôï (a) êÜíïíôáò ·ñÞóç ìáèçìáôéêÞò
åðáãùãÞò åðß ôïý n. ¤

A-2-25. ÅÜí V = V
¡
Y2 − X3

¢
⊂ A2k, ôüôå ðñïöáíþò

k[V ] ⊇
©
ϕ ∈ J (V,k)

¯̄
ϕ(X,Y) = Q(X) + Ξ(X)Y, ãéá êÜðïéá Q,Ξ ∈ k[X]

ª
.

Ãéá ôçí áðüäåéîç ôÞò áíôßóôñïöçò åãêëåéóôéêÞò ó·Ýóåùò èåùñïýìå ôõ·ïýóá ϕ ∈ k[V ].
ÁõôÞ èá ãñÜöåôáé ùò åîÞò:

ϕ(X,Y) = F0(X) + F1(X)Y + F2(X)Y
2 + · · ·+ Fi(X)Y

i + · · ·

(Üèñïéóìá ìå ðåðåñáóìÝíïõò üñïõò), üðïõ F0, F1, F2, . . . ∈ k[X] êáé

ϕ(a, b) = F0(a) + F1(a)b+ F2(a)b
2 + · · ·+ Fi(a)b

i + · · · ,

ãéá êÜèå (a, b) ∈ V (äçëáäÞ ãéá êÜèå (a, b) ∈ A2k ìå a3 = b2). Ôïýôï óçìáßíåé üôé

ϕ(a, b) = F0(a) + F1(a)b+ F2(a)a
3 + F3(a)a

3b+ · · ·
=

¡
F0(a) + a3F2(a) + · · ·

¢
+ (F1(a) + a3F3(a) + · · · )b.

ÈÝôïíôáò

Q(X) = F0(X) + X
3F2(X) + · · · , Ξ(X) := F1(X) + X

3F3(X) + · · · ,

Ý·ïõìå

ϕ(X,Y) = Q(X) + Ξ(X)Y.
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Åí óõíå·åßá, ôáõôßæïíôáò ôï k(V ) ìå ôï óþìá êëáóìÜôùí ôÞò áêåñáßáò ðåñéï·Þò k[V ]
ìÝóù ôïý éóïìïñöéóìïý ôïý åðáãïìÝíïõ áðü åêåßíïí ôÞò ðñïôÜóåùò 2.1.3, ðáñáôç-
ñïýìå üôé

k(V ) ⊇
©
ϕ ∈ J (V,k)

¯̄
ϕ(X,Y) = u(X) + v(X)Y, ãéá êÜðïéá u, v ∈ k(X)

ª
.

Ãéá ôçí áðüäåéîç ôÞò áíôßóôñïöçò åãêëåéóôéêÞò ó·Ýóåùò èåùñïýìå ôõ·ïýóá ϕ ∈ k(V ).
ÂÜóåé ôùí üóùí Ý·ïõìå Þäç áðïäåßîåé, õðÜñ·ïõíQj ,Ξj ∈ k[X], j = 1, 2, ìå ôïõëÜ·éóôïí
Ýíá åê ôùí Q2, Ξ2 ìç ìçäåíéêü, ôÝôïéá þóôå íá éó·ýåé

ϕ(X,Y) =
Q1(X) + Ξ1(X)Y

Q2(X) + Ξ2(X)Y
.

ÅðåéäÞ

ϕ(X,Y) =
Q1(X) + Ξ1(X)Y

Q2(X) + Ξ2(X)Y
· Q2(X)− Ξ2(X)Y
Q2(X)− Ξ2(X)Y

=
Q1(X)Q2(X)− Ξ1(X)Ξ2(X)Y2 + Ξ1(X)Q2(X)Y − Ξ2(X)Q1(X)Y

Q2(X)2 − Ξ2(X)2Y2

=
Q1(X)Q2(X)− Ξ1(X)Ξ2(X)X3

Q2(X)2 − Ξ2(X)2Y2
+

µ
Ξ1(X)Q2(X)− Ξ2(X)Q1(X)

Q2(X)2 − Ξ2(X)2Y2

¶
Y,

èÝôïíôáò

u(X) := Q1(X)Q2(X)−Ξ1(X)Ξ2(X)X3
Q2(X)2−Ξ2(X)2Y2 , v(X) := Ξ1(X)Q2(X)−Ξ2(X)Q1(X)

Q2(X)2−Ξ2(X)2Y2 ,

êáôáëÞãïõìå óôï æçôïýìåíï. ¤

A-2-26. Ãéá ôï öýëëï ôïý Êáñôåóßïõ V = V(Y2−X2(X+1k)) ⊂ A2k, æçôåßôáé íá ðñïóäéï-
ñéóèïýí ôá óýíïëá ðüëùí Pol(f) êáé Pol

¡
f2
¢
, üðïõ f = Y

X
∈ k(V ). ÅðåéäÞ f = θV (g)

θV (h)
,

üðïõ g, h ïé ðïëõùíõìéêÝò óõíáñôÞóåéò

g : V −→ k, (a, b) 7−→ g(a, b) := b,

h : V −→ k, (a, b) 7−→ h(a, b) := a,

Ý·ïõìå h(P ) = 0k ãéá êÜðïéï P = (a, b) ∈ V åÜí êáé ìüíïí åÜí a = 0k. ÅîÜëëïõ,
ëáìâÜíïíôáò õð' üøéí üôé

f =
Y

X
=
X(X+ 1k)

Y
=
X(X+ 1k)

θV (g)
,

Ý·ïõìå g(P ) = 0k ãéá êÜðïéï P = (a, b) ∈ V åÜí êáé ìüíïí åÜí b = 0k.ÊáôÜ óõíÝðåéáí,

Pol (f) = {(0k, 0k)} .
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Óýìöùíá ìå ôçí Üóêçóç Á-1-49, ôï V åßíáé áíÜãùãï, ïðüôå

I(V ) =

Y2 − X2(X+ 1k)

®
⇒ Γ(V ) = k[X,Y]/


Y2 − X2(X+ 1k)

®
.

ÅðéðñïóèÝôùò,

f2 =

µ
Y

X

¶2
=

¡
Y
¢2¡
X
¢2

êáé

¡
Y
¢2
=
¡
X
¢2
X+ 1k ⇒ f2 =

¡
Y
¢2¡
X
¢2 = X+ 1k

1k
=
X+ 1k
θV (j)

,

üðïõ j ç ðïëõùíõìéêÞ óõíÜñôçóç

j : V −→ k, (a, b) 7−→ j(a, b) := 1k.

¢ñá P = (a, b) ∈ Pol
¡
f2
¢
⇔ 1k = j(P ) = 0k, êÜôé ðïõ óçìáßíåé üôé Pol

¡
f2
¢
= ∅. ¤

A-2-27. ÅÜí P := (0k, . . . , 0k) ∈ Ank êáé I := hX1, . . . ,Xni ⊂ k[X1, . . . ,Xn], ôüôå

OAnk ,P =
½
F

G
∈ k (X1, . . . ,Xn) | F,G ∈ k[X1, . . . ,Xn], G 6= 0, G(P ) 6= 0k

¾
êáé

mAnk ,P =

½
F

G
∈ OAnk ,P | F (P ) = 0k

¾
.

ÅðåéäÞ ôï mAnk ,P åßíáé ôï ìïíáäéêü ìåãéóôïôéêü éäåþäåò ôïý ôïðéêïý äáêôõëßïõ OAnk ,P ,
Ý·ïõìå

IOAnk ,P ⊆ mAnk ,P .

ÅðéðñïóèÝôùò, ãéá êÜèå F
G ∈ mAnk ,P ,

F
G = F ·

¡
1k
G

¢
,

F ∈ I, 1k
G ∈ OAnk ,P

)
⇒ F

G ∈ IOAnk ,P ,

áð' üðïõ Ýðåôáé üôé

mAnk ,P ⊆ IOAnk ,P ⇒ IOAnk ,P = mAnk ,P ,

êáé êáô' åðÝêôáóéí üôé IνOAnk ,P =
¡
IOAnk ,P

¢ν
= mν

Ank ,P
, ∀ν ∈ N. ¤
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A-2-28. ¸óôù V ⊆ Ank ìéá óõó·åôéêÞ ðïéêéëüôçôá êáé Ýóôù P ∈ V. ÅÜí ôï J åßíáé Ýíá
éäåþäåò ôïý k[X1, . . . ,Xn] ðïõ ðåñéÝ·åé ôï I(V ) êáé ôï J 0 := π(J) ç åéêüíá ôïý J ìÝóù
ôïý öõóéêïý åðéìïñöéóìïý π : k[X1, . . . ,Xn] −→ Γ (V ) , ôüôå ïñßæïõìå ôç

ϕ : OAnk ,P/JOAnk ,P −→ OV,P /J
0OV,P

F
G + JOAnk ,P 7−→ ϕ

¡
F
G + JOAnk ,P

¢
:= π(F )

π(G) + J 0OV,P .

Ç ϕ åßíáé êáëþò ïñéóìÝíç áðåéêüíéóç, äéüôé åÜí

F1, G1, F2,G2 ∈ k[X1, . . . ,Xn], G1 6= 0, G2 6= 0, G1(P ) 6= 0k, G2(P ) 6= 0k,

ìå

F1
G1
+ JOAnk ,P =

F2
G2
+ JOAnk ,P ,

ôüôå

F1G2−F2G1

G1G2
∈ JOAnk ,P ,

ïðüôå ∃κ ∈ N êáé A1, . . . , Aκ ∈ J, H1, . . . ,Hκ,Ξ1, . . . ,Ξκ ∈ k[X1, . . . ,Xn] : Ξj 6= 0,

Ξj(P ) 6= 0k êáé

Hj

Ξj
∈ OAnk ,P , ∀j ∈ {1, . . . , κ},

ïýôùò þóôå íá éó·ýåé

F1G2−F2G1

G1G2
=

κX
j=1

Aj
Hj

Ξj
,

êé åðïìÝíùò (ýóôåñá áðü ôç ìåôÜâáóÞ ìáò óôéò êëÜóåéò õðïëïßðùí)

π(F1)π(G2)−π(F2)π(G1)
π(G1)π(G2)

=
κX

j=1

π(Aj)
π(Hj)
π(Ξj)

⇒ π(F1)
π(G1)

− π(F2)
π(G2)

∈ J 0OV,P ⇒ ϕ
³
F1
G1
+ JOAnk ,P

´
= ϕ

³
F2
G2
+ JOAnk ,P

´
.

ÅðéðñïóèÝôùò, åßíáé ðñüäçëï üôé ç ϕ åßíáé åðéìïñöéóìüò äáêôõëßùí. Ï ðõñÞíáò ôïõ
åßíáé ï åîÞò:

Ker(ϕ) =
n
F
G + JOAnk ,P ∈ OAnk ,P /JOAnk ,P

¯̄̄
π(F )
π(G) ∈ J 0OV,P

o
.

Ãéá ïéïäÞðïôå F
G + JOAnk ,P ∈ Ker(ϕ) õðÜñ·ïõí κ ∈ N êáé

A1, . . . , Aκ ∈ J, H1, . . . ,Hκ, Ξ1, . . . ,Ξκ ∈ k[X1, . . . ,Xn] : Ξj 6= 0, Ξj(P ) 6= 0k
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êáé

Hj

Ξj
∈ OAnk ,P , ∀j ∈ {1, . . . , κ},

ïýôùò þóôå íá éó·ýåé

π(F )
π(G) =

κX
j=1

π(Aj)
π(Hj)
π(Ξj)

∈ J 0OV,P ,

ïðüôå

F
G −

κX
j=1

Aj
Hj

Ξj
∈ I(V ) ⊆ J ⇒ F

G ∈ JOAnk ,P .

¢ñá Ker(ϕ) = JOAnk ,P = {0OAn
k
,P /JOAn

k
,P
} êáé -ùò åê ôïýôïõ- ï

OAnk ,P /JOAnk ,P
ϕ−→ OV,P /J

0OV,P

åßíáé éóïìïñöéóìüò äáêôõëßùí. Åî áõôïý óõìðåñáßíïõìå, éäéáéôÝñùò, üôé ç áðåéêüíéóç

OAnk ,P /JOAnk ,P −→ OV,P

F
G + JOAnk ,P 7−→

F+I(V )
G+I(V ) ,

åßíáé éóïìïñöéóìüò äáêôõëßùí. ¤

A-2-29. ÅÜí ï R åßíáé Ýíáò äáêôýëéïò ðåñéÝ·ùí Ýíá óþìá k ùò õðïäáêôýëéü ôïõ êáé
dimk(R) = m ∈ N, ôüôå R ∼= km. Èåùñþíôáò Ýíá óôïé·åßï λ ∈ k, ðáñáôçñïýìå üôé ãéá
ôï éäåþäåò I := hX− λi ⊂ k[X] éó·ýïõí ôá áêüëïõèá:

V(I) = {λ} ⊂ A1k

(âë. ðñüôáóç 1.2.3. (5)),

k[X]/I ∼= OA1k,{λ}/IOA1k,{λ}

(âë. èåþñçìá 2.4.14),

OA1k,{λ}/IOA1k,{λ} = OA1k,{λ}/I(V(I))OA1k,{λ}
∼= O{λ},{λ}

(âë. Üóêçóç Á-2-28 êáé ðñüôáóç 1.3.1 (5) (b)), êáé

k[X]/I ∼= k

(âë. Üóêçóç Á-1-21). ÊáôÜ óõíÝðåéáí,

R ∼= km ∼= O{λ},{λ} ⊕ · · ·⊕O{λ},{λ}| {z }
mööïñÝò
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êáé ï R åßíáé üíôùò éóüìïñöïò åíüò åõèÝïò áèñïßóìáôïò ðåðåñáóìÝíïõ ðëÞèïõò ôïðé-
êþí äáêôõëßùí. ¤

A-2-30. ¸óôù I Ýíá éäåþäåò ôïý k[X1, . . . ,Xn] (k ü·é êáô' áíÜãêçí áëãåâñéêþò êëåéóôü)
ìåV(I) = {P1, . . . , Pm} êáé Ij := I({Pj}), ∀j ∈ {1, . . . ,m}.
(a) Ôá Ij, Ik åßíáé ìåôáîý ôïõò ðñþôá ãéá êÜèå j, k ∈ {1, . . . ,m}, j 6= k. ÐñÜãìáôé°

j 6= k ⇒ Pj = (aj,1, aj,2, . . . , aj,n) 6= (ak,1, ak,2, . . . , ak,n) = Pk

⇒ ∃i ∈ {1, . . . , n} : aj,i 6= ak,i.

ÅÜí ëçöèåß õð' üøéí üôé

Ij = hX1 − aj,1, . . . ,Xn − aj,ni , Ik = hX1 − ak,1, . . . ,Xn − ak,ni ,

óõíÜãïõìå üôé

1k =
1k

aj,i−ak,i ((Xi − aj,i)− (Xi − ak,i)) ∈ Ij + Ik,

ïðüôå Ij + Ik = k[X1, . . . ,Xn].

(b) Óýìöùíá ìå ôï (a), ôï êéíÝæéêï èåþñçìá 1.4.8 êáé ôçí Üóêçóç Á-1-21 õðÜñ·ïõí öõ-
óéêïß éóïìïñöéóìïß äáêôõëßùí

k[X1, . . . ,Xn]/(
mT
j=1

Ij) ∼=
mL
j=1
(k[X1, . . . ,Xn]/Ij) ∼= km.

(c) Ï ðñþôïò åê ôùí áíùôÝñù éóïìïñöéóìþí åðÜãåôáé áðü ôïí åðéìïñöéóìü

k[X1, . . . ,Xn] 3 F
ϕ7−→ (F + I1, . . . , F + Im) ∈

mL
j=1
(k[X1, . . . ,Xn]/Ij),

üðïõ Ker(ϕ) =
mT
j=1

Ij . ÅðåéäÞ

I ⊆ I(V(I)) = I({P1, . . . , Pm}) =
mT
j=1

Ij = Ker(ϕ),

(âë. ðñüôáóç 1.3.1 (3) (a)), ï ïìïìïñöéóìüò äáêôõëßùí (êáé äéáíõóìáôéêþí ·þñùí õðå-
ñÜíù ôïý k):

k[X1, . . . ,Xn]/I 3 F + I
ψ7−→ (F + I1, . . . , F + Im) ∈

mL
j=1
(k[X1, . . . ,Xn]/Ij) ∼=

(b)
km.
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åßíáé åðéìïñöéóìüò (êáèüôé ψ ◦ π = ϕ, üðïõ π : k[X1, . . . ,Xn] −→ k[X1, . . . ,Xn]/I ï
öõóéêüò åðéìïñöéóìüò). Åî áõôïý Ýðåôáé üôé

m = (V(I)) = dimk(
mL
j=1
(k[X1, . . . ,Xn]/Ij)) ≤ dimk(k[X1, . . . ,Xn]/I)

ÉäéáéôÝñùò, üôáí ôï I åßíáé Ýíá ñéæéêü éäåþäåò êáé ôï k áëãåâñéêþò êëåéóôü, Ý·ïõìå

I = Rad(I) = I(V(I)) = Ker(ϕ)

(âë. èåþñçìá 1.8.2), ï ψ åßíáé éóïìïñöéóìüò êáé ç áíùôÝñù áíéóïúóüôçôá éó·ýåé ùò
éóüôçôá. ¤

A-2-31. ¸óôù T = (T1, .., Tn) : Ank → Ank ìéá óõó·åôéêÞ áëëáãÞ óõíôåôáãìÝíùí ôïýAnk.
(a) ÅÜí P ∈ Ank êáé Q := T (P ), ï ïìïìïñöéóìüò äáêôõëßùí (êáé k-áëãåâñþí)

bTP : OAnk ,Q −→ OAnk ,P

(ôÞò ðñïôÜóåùò 2.5.1) åßíáé éóïìïñöéóìüò, äéüôé

OAnk ,Q =
©
f = G

H ∈ k (X1, . . . ,Xn)
¯̄
G,H ∈ k[X1, . . . ,Xn], H 6= 0, H(P ) 6= 0k

ª
,

ç T åßíáé Ýíáò áõôïìïñöéóìüò ôïý Ank (âë. ðñüôáóç 2.2.2),

Ker(bTP ) =
n
f = G

H ∈ OAnk ,Q
¯̄̄ bTP (f) = GT

HT = 0k(X1,... ,Xn)

o
=

©
f = G

H ∈ OAnk ,Q
¯̄
GT = 0k(X1,... ,Xn)

ª
=

©
f = G

H ∈ OAnk ,Q
¯̄
G = 0k(X1,... ,Xn)

ª
= {0k(X1,... ,Xn)}

êáé

∀g = Q
Ξ ∈ OAnk ,P ∃f := QT−1

ΞT−1
∈ OAnk ,Q : g = bTP (f).

(b) ÅÜí ôï V ⊆ Ank åßíáé ìéá óõó·åôéêÞ ðïéêéëüôçôá êáé P ∈ V, ï éóïìïñöéóìüò

bTP : OAnk ,Q −→ OAnk ,P

åðÜãåé Ýíáí éóïìïñöéóìü

bTV,P : OV T ,Q −→ OV,P ,
G
H
= f 7−→ bTV,P (f) := GT

HT
,

åðß ôïý OV T ,Q (V T = T−1(V )), êáèüóïí

OV T ,Q =

(
f = G

H
∈ k

¡
V T
¢ ¯̄̄̄¯ G,H ∈ Γ

¡
V T
¢
,

H ∈ Γ
¡
V T
¢
rIV T ({Q})

)
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ìå

Ker( bTV,P ) = nf = G
H
∈ OV T ,Q

¯̄̄
GT

HT
= 0k(V T )

o
= {0k(V T )},

êáé ∀g = Q

Ξ
∈ OV,P ∃f := QT−1

ΞT−1
∈ OV T ,Q : g = bTV,P (f). ¤

A-2-32. ¸óôù Ank ⊇ V
ϕ−→ W ⊆ Amk ìéá ðïëõùíõìéêÞ áðåéêüíéóç ìåôáîý óõó·åôéêþí

ðïéêéëïôÞôùí. Áò õðïèÝóïõìå üôé ç ϕ åßíáé éóïìïñöéóìüò (õðü ôçí Ýííïéá ôïý ïñéóìïý
2.1.16). Ôüôå õðÜñ·åé ìéáðïëõùíõìéêÞáðåéêüíéóçψ :W −→ V, ôÝôïéáþóôå íá éó·ýïõí
ïé éóüôçôåò ψ ◦ ϕ = IdV êáé ϕ ◦ ψ = IdW . ÂÜóåé ôÞò ðñïôÜóåùò 2.1.14, áìöüôåñåò ïé
ϕ,ψ = ϕ−1 åßíáé óõíå·åßò êáé -êáô' åðÝêôáóéí- ïìïéïìïñöéóìïß (ùò ðñïò ôçí ôïðïëïãßá
Zariski). Åðßóçò, ãéá êÜèå óçìåßï P ∈ V êáé êÜèå f = G

H
= θW (g)

θW (h) ∈ OW,ϕ(P ) Ý·ïõìå
(êáôÜ ôïí ïñéóìü ôÞò bϕP ôïí äïèÝíôá óôçí ðñüôáóç 2.5.1)

bψϕ(P ) (bϕP (f)) = bψϕ(P ) ³bϕP (GH )´ = bψϕ(P ) ³ θW (g)
θW (h)

´
= bψϕ(P )µ (θV ◦eϕ|k[W ] ◦θ−1W )(θW (g))

(θV ◦eϕ|k[W ] ◦θ−1W )(θW (h))

¶

= bψϕ(P )µ (θV ◦eϕ|k[W ] )(g)
(θV ◦eϕ|k[W ] )(h)

¶
=
(θW ◦eψ|k[V ] ◦θ−1V )((θV ◦eϕ|k[W ] )(g))
(θW ◦eψ|k[V ] ◦θ−1V )((θV ◦eϕ|k[W ] )(h))

=
(θW ◦(eψ|k[V ] ◦eϕ|k[W ] ))(g)
(θW ◦(eψ|k[V ] ◦eϕ|k[W ] ))(h)

=

³
θW ◦Idk[W ]

´
(g)³

θW ◦Idk[W ]

´
(h)
= θW (g)

θW (h) = f ⇒ bψϕ(P ) ◦ bϕP = IdOW,ϕ(P)

êáé êáô' áíáëïãßáí bϕP ◦ bψϕ(P ) = IdOV,P , ïðüôå áìöüôåñïé ïé ïìïìïñöéóìïß ôïðéêþí

äáêôõëßùí bϕP , bψϕ(P ) åßíáé éóïìïñöéóìïß.
Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå üôé ôï k åßíáé áëãåâñéêþò êëåéóôü, ç ðïëõùíõ-

ìéêÞ áðåéêüíéóç ϕ ïìïéïìïñöéóìüò (ùò ðñïò ôçí ôïðïëïãßá Zariski) êáé ïé ïìïìïñ-
öéóìïß ôïðéêþí äáêôõëßùí bϕP : OW,ϕ(P ) −→ OV,P éóïìïñöéóìïß ãéá êÜèå óçìåßï
P ∈ V, èá áðïäåßîïõìå üôé ç ϕ åßíáé éóïìïñöéóìüò óõó·åôéêþí ðïéêéëïôÞôùí (õðü ôçí
Ýííïéá ôïý ïñéóìïý 2.1.16), êáèüôé ç áíôßóôñïöüò ôçò ψ = ϕ−1 åßíáé ùóáýôùò ðïëõù-
íõìéêÞ áðåéêüíéóç. ÅðåéäÞ êáôÜ ôï (b) ôÞò ðñïôÜóåùò 2.4.28 éó·ýåé OV (V ) ∼= k[V ] êáé
OW (W ) ∼= k[W ], áñêåß ðñïò ôïýôï íá äåé·èåß üôé f ◦ ψ ∈ OW (W ) ãéá êÜèå f ∈ OV (V ).

Èåùñïýìå ëïéðüí ôõ·üí óçìåßï P ∈ V êáé ôõ·ïýóá f ∈ OV (V ) ∼= k[V ] ⊆ OV,P . Ç f

áðåéêïíßæåôáé ìÝóù ôïý éóïìïñöéóìïý bψϕ(P ) := bϕ−1P óôçí bψϕ(P )(f) = f ◦ ψ ∈ OW,ϕ(P )

(ëüãù ôïý ôýðïõ ôïý ïñéóìïý ôÞò bψϕ(P ) êáé ôïý üôé f ∈ k[V ]!), ïðüôå åê êáôáóêåõÞò
f ◦ ψ ∈ OW (W ) ∼= k[W ]. ¤

A-2-33. Óýìöùíá ìå ôçí Üóêçóç Á-2-9 ç ðïëõùíõìéêÞ áðåéêüíéóç

ϕ : A1k −→ V, t 7−→ ϕ(t) := (t9, t6, t4),
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åßíáé áìöéññéðôéêÞ áëëÜ äåí åßíáé éóïìïñöéóìüò, äéüôé éó·ýåé ç áõóôçñÞ åãêëåéóôéêÞ
ó·Ýóç

eϕ(Γ (V )) = k £T9,T6,T4¤ $ k[T] = Γ(A1k).
Åðßóçò, ç ñçôÞ áðåéêüíéóç

ψ : V 99K A1k, (a, b, c) 7−→
a

c2
=

bc

a
,

ìå Dom(ψ) = Vr{(0k, 0k, 0k)}, åßíáé ôÝôïéá, þóôå íá éó·ýåé

ψ ◦ ϕ = IdA1k , ϕ ◦ ψ = IdV ,

õðü ôçí Ýííïéá ôïý ïñéóìïý 2.5.6! Ï ðåñéïñéóìüò ôçò

ψ|Dom(ψ) : Vr{(0k, 0k, 0k)} −→ A1kr{0k}

åßíáé ìïñöéóìüò (âë. 2.5.17 (a)) êáé ðëçñïß ôéò éóüôçôåò³
ψ|Dom(ψ)

´
◦
³
ϕ|A1kr{0k}

´
= IdA1kr{0k},

³
ϕ|A1kr{0k}

´
◦
³
ψ|Dom(ψ)

´
= IdDom(ψ)

õðü ôç óõíÞèç Ýííïéá, ïðüôå ïñßæåôáé Ýíáò éóïìïñöéóìüò óõó·åôéêþí ðïéêéëïôÞôùí

Vr{(0k, 0k, 0k)} ∼= A1kr{0k}

(ðñâë. ðüñéóìá 2.5.35). ¤

A-2-34. Ùò êáôÜ Zariski áíïéêôü õðïóýíïëï ôïý A2C ôï Y := A2Cr{(0, 0)} åßíáé ìéá ó·å-
äüí óõó·åôéêÞ ðïéêéëüôçôá (êáé, ðñïöáíþò, áíÜãùãï). ¸óôù ι : Y → A2C ç öõóéêÞ
Ýíèåóç êáé Ýóôù ôõ·ïýóá f ∈ OY (Y ). Åî ïñéóìïý õðÜñ·åé Ýíá ìç êåíü, êáôÜ Zariski
áíïéêôü õðïóýíïëï U ôïý Y ìå (0, 0) ∈ U, êáèþò êáé ðïëõþíõìá G,H ∈ C[X1,X2],
ôÝôïéá þóôå íá éó·ýåé f |U = G

H

¯̄
U

êáé H(Q) 6= 0 ãéá êÜèå Q ∈ U (âë. ïñó. 2.4.15).
Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé ôá G êáé H äåí äéáèÝôïõí
êáíÝíá áíÜãùãï ðïëõþíõìï (áíÞêïí óôïí C[X1,X2]) ùò êïéíü ðáñÜãïíôá. Ç óõíÜñ-
ôçóç Hf − G ∈ OY (Y ) åßíáé óõíå·Þò (âë. ðñüôáóç 2.4.17) êáé ìçäåíßæåôáé åðß ôïý U.

ÅðïìÝíùò ìçäåíßæåôáé êáé åðß ïëïêëÞñïõ ôïý Y (âë. ðüñéóìá 2.4.19). Åî áõôïý Ýðåôáé
üôé V(H) ⊆ V(G). Ôïýôï óçìáßíåé üôé V(H) = ∅ (äéüôé áëëéþò ôá G êáé H èá äéÝèå-
ôáí êÜðïéïí áíÜãùãï êïéíü ðáñÜãïíôá), äçëáäÞ üôé ôï H åßíáé óôáèåñü, ìç ìçäåíéêü
ðïëõþíõìï. ÊáôÜ óõíÝðåéáí, êÜèå f ∈ OY (Y ) ìðïñåß íá èåùñçèåß ùò ðåñéïñéóìüò
f = f

¯̄
Y
ìéáò ðïëõùíõìéêÞò áðåéêïíßóåùò f ∈ C[A2C] ∼=C[X1,X2] åðß ôïý Y. (ÅÜí ·ñçóé-

ìïðïéÞóïõìå ìéá ðáñÜóôáóç ôÞò f ðåñß ôï (0, 0), üðùò ðñïçãïõìÝíùò, áñêåß íá èÝóïõìå
f := H−1G.) Ï åðáãüìåíïò ïìïìïñöéóìüò C-áëãåâñþíbι ∈HomC-Alg(C[A2C],OY (Y )),

OA2C(A
2
C)
∼= C[A2C] ∼= C[X1,X2] 3 g = f 7−→ bι(g) := f ◦ ι = f ∈ OY (Y ),
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åßíáé -ùò åê ôïýôïõ- åðéìïñöéóìüò. (H ι åßíáé ç áíôßóôñïöç åéêüíá α−1(bι) ôÞò bι ìÝóù
ôÞò áìöéññßøåùò α ôÞò ðñïôÜóåùò 2.5.25.) ÅðéðñïóèÝôùò, åðåéäÞ ôï A2C åßíáé áíÜãùãï,
ç åéêüíá ι(Y ) = Y ôïý Y ìÝóù ôÞò ι (ùò ìç êåíÞ êáé êáôÜ Zariski áíïéêôÞ) åßíáé ðõêíÞ
åíôüò ôïý A2C (âë. ðñüôáóç 1.6.2), ïðüôå, óýìöùíá ìå ôçí ðñüôáóç 2.5.6, ç bι åßíáé êáé
ìïíïìïñöéóìüò (êáé êáô' åðÝêôáóéí êáé éóïìïñöéóìüò ) C-áëãåâñþí.

ÅÜí ôï Y Þôáí ìéá óõó·åôéêÞ ðïéêéëüôçôá, ôüôå, êáôÜ ôï (b) ôÞò ðñïôÜóåùò 2.4.28,
èá ßó·õå OY (Y ) ∼= C[Y ] êáé çbι èá ìðïñïýóå íá ôáõôéóèåß ìå ôçí

eι|C[A2C] : C[A2C] −→ C[Y ],

(âë. 2.1.12 (b)). ÅðåéäÞ ç eι|C[A2C] èá Þôáí éóïìïñöéóìüò äáêôõëßùí (êáé C-áëãåâñþí), ç
ι èá üöåéëå (óýìöùíá ìå ôï ðüñéóìá 2.1.18) íá åßíáé éóïìïñöéóìüò óõó·åôéêþí ðïéêéëï-
ôÞôùí, ðñÜãìá Üôïðï (äéüôé ç ι äåí åßíáé åðéññéðôéêÞ áðåéêüíéóç). ¢ñá ôï Y åßíáé ìéá
ó·åäüí óõó·åôéêÞ áëëÜ ìç óõó·åôéêÞ ðïéêéëüôçôá. ¤

A-2-35. ¸óôù U ìéá áíïéêôÞ õðïðïéêéëüôçôá ìéáò ó·åäüí óõó·åôéêÞò ðïéêéëüôçôáò Y
êáé ÝóôùW ìéá êëåéóôÞ õðïðïéêéëüôçôá ôÞò U.

(a) Ôï clTZar |Y (W ) åßíáé åî ïñéóìïý Ýíá (êáôÜ Zariski) êëåéóôü õðïóýíïëï ôÞò Y.Áñêåß
ëïéðüí íá äåé·èåß üôé ôï clTZar |Y (W ) åßíáé áíÜãùãï õðïóýíïëï ôÞò Y. Áò õðïèÝóïõìå
üôé ôï clTZar |Y (W ) ãñÜöåôáé ùò Ýíùóç clTZar |Y (W ) = Z1∪Z2 äõï êëåéóôþí õðïóõíüëùí
Z1, Z2 ôïý Y. Ôüôå

W = clTZar |U (W ) = U ∩ clTZar |Y (W ) = (U ∩ Z1) ∪ (U ∩ Z2) ,

ïðüôå åßôå W = U ∩ Z1 åßôå W = U ∩ Z2 (áöïý ôá U ∩ Z1 êáé U ∩ Z2 åßíáé êëåéóôÜ
õðïóýíïëá ôïý U êáé ôï W áíÜãùãï õðïóýíïëï ôïý U, âë. 1.6.2 (b)). Óôçí ðñþôç
ðåñßðôùóç,

W ⊆ Z1 ⇒ clTZar |Y (W ) ⊆ clTZar |Y (Z1) = Z1.

¼ìùò åî õðïèÝóåùò, Z1 ⊆ clTZar |Y (W ). ¢ñá clTZar |Y (W ) = Z1. Áíáëüãùò äåß·íïõìå
ôçí éóüôçôá clTZar |Y (W ) = Z2 óôç äåýôåñç ðåñßðôùóç. Áñêåß ëïéðüí íá åöáñìïóèåß
åê íÝïõ ôï (b) ôÞò ðñïôÜóåùò 1.6.2 ãéá íá áðïäåé·èåß üôé ôï clTZar |Y (W ) åßíáé üíôùò
áíÜãùãï.

(b) ÅðåéäÞ Ý·ïõìå W = clTZar |U (W ) = U ∩ clTZar |Y (W ) êáé ôï U åßíáé áíïéêôü õðï-
óýíïëï ôÞò Y, ôï W ïöåßëåé íá åßíáé áíïéêôü õðïóýíïëï ôïý clTZar |Y (W ) (äçëáäÞ
W ∈ TZar| clTZar |Y (W )). ¤

A-2-36. (a) Ç Z, ùò ó·åäüí óõó·åôéêÞ ðïéêéëüôçôá, áðïôåëåß Ýíá êáôÜ Zariski áíïéêôü
õðïóýíïëï Z ⊆ W ⊆ Ank ìéáò óõó·åôéêÞò ðïéêéëüôçôáò W åíôüò åíüò ·þñïõ Ank. Áò
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óõìâïëßóïõìå ùò

∆Ank := {(P, P ) | P ∈ A
n
k } ,

∆W := {(P, P ) P ∈W} ,

∆Z := {(P, P ) | P ∈ Z } ,

ôéò äéáãùíßïõò ôùí Ank,W êáé Z, áíôéóôïß·ùò, êáé ùò X1, . . . ,Xn,Xn+1, . . . ,X2n ôéò óõ-
íáñôÞóåéò óõíôåôáãìÝíùí ôïý ãéíïìÝíïõ Ank ×Ank.Ç äéáãþíéïò

∆Ank = V(X1 − Xn+1, . . . ,Xn − X2n) ⊂ A
n
k ×Ank = A2nk

áðïôåëåß ìéá êëåéóôÞ, ãñáììéêÞ õðïðïéêéëüôçôá ôïý Ank ×Ank, ç äéáãþíéïò

∆W = (W ×W ) ∩∆Ank

Ýíá êáôÜ Zariski êëåéóôü õðïóýíïëï ôïýW ×W êáé ç äéáãþíéïò

∆Z = (Z × Z) ∩∆W

Ýíá êáôÜ Zariski êëåéóôü õðïóýíïëï ôïý Z × Z. ÅðåéäÞ ïé ϕ êáé IdZ åßíáé ìïñöéóìïß,
åßíáé ìïñöéóìüò êáé ôï ãéíüìåíü ôïõò

ϕ× IdZ : Y × Z −→ Z × Z.

Ùò ìïñöéóìüò ç ϕ× IdZ åßíáé êáôÜ Zariski óõíå·Þò (âë. 2.5.16 (a)), ïðüôå áíôéóôñÝöåé
êëåéóôÜ õðïóýíïëá ôïý Z × Z óå êëåéóôÜ õðïóýíïëá ôïý Y × Z. ¢ñá ôï ãñÜöçìá

Gr (ϕ) := { (a, b) ∈ Y × Z | b = ϕ (a)} = (ϕ× IdZ)
−1
(∆Z)

ôïý ϕ åßíáé Ýíá êëåéóôü õðïóýíïëï ôÞò Y × Z. Ôï üôé ôï Gr(ϕ) åßíáé áíÜãùãï Ýðåôáé
áðü ôïí õöéóôÜìåíï éóïìïñöéóìü ìåôáîý áõôïý êáé ôÞò Y (ðïõ èá ðáñáèÝóïõìå óôï
(b)) êáé áðü ôçí ðñüôáóç 2.1.7. ¢ñá ôï Gr(ϕ) åßíáé üíôùò ìéá êëåéóôÞ õðïðïéêéëüôçôá
ôÞò Y × Z.

(b) Ç áðåéêüíéóç

prY |Gr(ϕ) : Gr (ϕ) 3 (a, b) 7−→ a ∈ Y

åßíáé éóïìïñöéóìüò ìåôáîý ó·åäüí óõó·åôéêþí ðïéêéëïôÞôùí, äéüôé åßíáé ìïñöéóìüò
Ý·ùí ôïí ìïñöéóìü

Y 3 a 7−→ (a, ϕ (a)) ∈ Gr (ϕ) ⊆ Y × Z

ùò áíôßóôñïöü ôïõ. ¤


