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A-1-1. (a) ÅÜí ôá F êáé G åßíáé äõï ïìïãåíÞ ðïëõþíõìá âáèìïý r êáé s, áíôéóôïß·ùò,
áíÞêïíôá óôïí R [X1, . . . ,Xn] , ôüôå

F =
X

a(i1,i2,... ,in)X
i1
1 X

i2
2 · · ·Xinn , G =

X
b(j1,j2,... ,jn)X

j1
1 X

j2
2 · · ·Xjnn ,

üðïõ ïé ìüíïé ìç ìçäåíéêïß óõíôåëåóôÝò a(i1,i2,... ,in) åßíáé áõôïß ðïõ ðñïôÜóóïíôáé k ≥ 1
ìïíùíýìùí âáèìïý r êáé ïé ìüíïé ìç ìçäåíéêïß óõíôåëåóôÝò b(j1,j2,... ,jn) åßíáé áõôïß ðïõ
ðñïôÜóóïíôáé l ≥ 1 ìïíùíýìùí âáèìïý s. ÅðïìÝíùò, ôï ãéíüìåíï FG áðïôåëåßôáé áðü
Ýíá Üèñïéóìá kl ìïíùíýìùí, êáèÝíá ôùí ïðïßùí Ý·åé âáèìü r+ s.Ùò åê ôïýôïõ, ôï FG
åßíáé Ýíá ïìïãåíÝò ðïëõþíõìï âáèìïý r + s.

(b) ¸óôù F = H · G, üðïõ G,H ∈ R [X1, . . . ,Xn]. ÕðïèÝôïíôáò üôé ôï H äåí åßíáé
ïìïãåíÝò, áñêåß íá äåßîïõìå üôé ôï F äåí åßíáé ïìïãåíÝò. ÅÜí

H = H(i) +H(i+1) + · · ·+H(i+j), G = G(k) +G(k+1) + · · ·+G(k+l),

ìå ôï H(α) ïìïãåíÝò ðïëõþíõìï âáèìïý α ãéá êÜèå α ∈ {i, i+ 1, . . . , i+ j} , ôï G(β)
ïìïãåíÝò ðïëõþíõìï âáèìïý β ãéá êÜèå β ∈ {k, . . . , k + l} êáé⎧⎨⎩

i ≥ 0, j > 0 : H(i) 6= 0R[X1,... ,Xn], H(i+j) 6= 0R[X1,... ,Xn],

k, l ≥ 0 : G(k+l) 6= 0R[X1,... ,Xn].

ÅðåéäÞ

F = H(i)G(k) + (H(i+1)G(k) +H(i)G(k+1)) + · · ·+H(i+j)G(k+l)

ìåH(i)G(k) 6= 0R[X1,... ,Xn], H(i+j)G(k+l) 6= 0R[X1,... ,Xn], êáé

deg(H(i)G(k)) = i+ k < i+ j + k + l = deg(H(i+j)G(k+l)),
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ôï F åßíáé ðñÜãìáôé ìç ïìïãåíÝò. ¤

A-1-2. ¸óôù R ìéá Ð.Ì.Ð. êáé Ýóôù Fr(R) ôï óþìá êëáóìÜôùí ôÞò R. ÊÜèå óôïé·åßï
z ôïý Fr(R) ìðïñåß íá ãñáöåß õðü ôç ìïñöÞ z = a

b , üðïõ ôá a ∈ R, b ∈ Rr{0R}, äåí
Ý·ïõí (ãíÞóéïõò) êïéíïýò ðáñÜãïíôåò. ÐñÜãìáôé° åÜí ôï z = x

y åßíáé ôõ·üí óôïé·åßï ôïý
Fr(R), äéáêñßíïõìå äýï ðåñéðôþóåéò: Ãéá x ∈ R× ∪ {0R} Þ y ∈ R×, ï éó·õñéóìüò åßíáé
áëçèÞò. Ãéá x, y ∈ Rr (R× ∪ {0R}) , èåùñïýìå Ýíáí ì.ê.ä. d ôùí óôïé·åßùí x, y. Ôüôå
z = a

b , ìå a :=
x
d , b :=

y
d , üðïõ ôá a ∈ R, b ∈ Rr{0R}, äåí Ý·ïõí (ãíÞóéïõò) êïéíïýò

ðáñÜãïíôåò. Ôïýôç ç ðáñÜóôáóç åßíáé ìïíïóçìÜíôùò ïñéóìÝíç, ìå ìüíç åîáßñåóç ôïí
ðïëëáðëáóéáóìü (êáèåíüò ôùí a, b) ìå êÜðïéï áíôéóôñÝøéìï óôïé·åßï ôÞòR, Þôïé «ìÝ·ñé
óõíôñïöéêüôçôáò». ÐñÜãìáôé° åÜí

z =
a

b
=

a0

b0
∈ Fr(R),

üðïõ ôá a ∈ R, b ∈ Rr{0R} (êáé áíôéóôïß·ùò, ôá a0 ∈ R, b0 ∈ Rr{0R}) äåí Ý·ïõí
(ãíÞóéïõò) êïéíïýò ðáñÜãïíôåò, ìðïñïýìå äß·ùò âëÜâç ôÞò ãåíéêüôçôáò íá õðïèÝóïõìå
üôé a, b, a0, b0 ∈ Rr (R× ∪ {0R}) . Èåùñïýìå ôçí ðáñáãïíôïðïßçóç ôùí a, b, a0, b0 :

a = up1p2 · · · pk, a0 = u0p01p
0
2 · · · p0l, b = vq1q2 · · · qm, b0 = v0q01q

0
2 · · · q0n,

üðïõ u, u0, v, v0 ∈ R×, k, l,m, n ∈ N êáé ôá p1, . . . , pk, p
0
1, . . . , p

0
l, q1, . . . , qm, q

0
1, . . . , q

0
n

áíÜãùãá óôïé·åßá ôÞò R. Ðñïöáíþò,

ab0 = a0b =⇒ uv0 (p1p2 · · · pk) (q01q02 · · · q0n) = u0v (p01p
0
2 · · · p0l) (q1q2 · · · qm) .

Åî õðïèÝóåùò,

pi 6∼
óõí.

qj,∀(i, j) ∈ {1, . . . , k} × {1, . . . ,m},

êáé

p0s 6∼
óõí.

q0t,∀(s, t) ∈ {1, . . . , l} × {1, . . . , n}.

Áðü ôçí éäéüôçôá ôïý ìïíïóçìÜíôïõ ôÞò ðáñáãïíôïðïéÞóåùò ôùí äýï ìåëþí ôÞò áíù-
ôÝñù éóüôçôáò Ýðåôáé üôé k = l, m = n êáé üôé õðÜñ·ïõí ìåôáôÜîåéò σ ∈ Sk êáé τ ∈ Sm,

ôÝôïéåò þóôå íá éó·ýåé

pσ(i) ∼
óõí.

p0i, ∀i ∈ {1, . . . , k}, qτ(j) ∼
óõí.

q0j , ∀j ∈ {1, . . . ,m}.

ÊáôÜ óõíÝðåéáí, a ∼
óõí.

a0 êáé b ∼
óõí.

b0. ¤

A-1-3. ¸óôù üôé ôï k åßíáé Ýíá áðåéñïðëçèÝò óþìá êáé üôé F ∈ k [X1, . . . ,Xn] . ÅÜí
õðïôåèåß üôé F (a1, . . . , an) = 0 ãéá üëá ôá a1, . . . , an ∈ k, èá áðïäåé·èåß üôé ôï F
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åßíáé ôï ìçäåíéêü ðïëõþíõìï. Èá åñãáóèïýìå åðáãùãéêþò åðß ôïý n. Ãéá n = 1 ï
éó·õñéóìüò åßíáé áëçèÞò, äéüôé êÜèå F ∈ k[X]r{0k[X]} äéáèÝôåé ôï ðïëý deg(F ) óç-
ìåßá ìçäåíéóìïý. (Âë. ðüñéóìá 1.1.27.) ¸óôù n ≥ 2. Ôüôå êÜèå ìç ìçäåíéêü ðï-
ëõþíõìï F ∈ k [X1, . . . ,Xn] ãñÜöåôáé ùò Üèñïéóìá F =

Pν
i=1 FiX

i
n, ãéá êÜðïéá

ðïëõþíõìá F1, . . . , Fν ∈ k [X1, . . . ,Xn−1] , ìå ôïõëÜ·éóôïí Ýíá åî áõôþí ìç ìçäå-
íéêü. Óýìöùíá ìå ôçí åðáãùãéêÞ õðüèåóç, õðÜñ·ïõí a1, . . . , an−1 ∈ k, ïýôùò þóôå
ôï F (a1, . . . , an−1,Xn) ∈ k [Xn] íá ìçí åßíáé ìçäåíéêü. ÅðåéäÞ áõôü ôï ðïëõþíõìï
äéáèÝôåé ðåðåñáóìÝíá óçìåßá ìçäåíéóìïý, õðÜñ·åé an ∈ k, ôÝôïéï þóôå íá éó·ýåé
F (a1, . . . , an−1, an) 6= 0k[X1,... ,Xn]. ¤

A-1-4. ¸óôù k Ýíá óþìá. ÕðïèÝôïõìå üôé õðÜñ·ïõí ðåðåñáóìÝíá áíÜãùãá ìïíéêÜ
ðïëõþíõìá åíôüò ôïý k[X], áò ðïýìå ôá F1, . . . , Fn. ¸óôù G := F1 · · ·Fn + 1k. ÅðåéäÞ
ï ðïëõùíõìéêüò äáêôýëéïò k[X] åßíáé Ð.Ì.Ð. (âë. èåþñçìá 1.1.24), ôïG áðïóõíôßèåôáé
õðü ôç ìïñöÞ ãéíïìÝíïõ áíáãþãùí (êáô' áíÜãêçí ìïíéêþí) ðïëõùíýìùí

G = G1 ·G2 · · ·Gm,

Åî õðïèÝóåùò, Gj = cjFτ(j), ãéá êÜèå j ∈ {1, . . . ,m}, üðïõ cj ∈ kr{0k}, m ≤ n êáé

τ : {1, . . . ,m} → {1, . . . , n}

êáôÜëëçëç Ýíñéøç. Óõíåðþò,

mY
j=1

Fτ(j)

⎛⎝ mY
j=1

cj −
mY

i∈{1,... ,n}rIm(τ)

Fi

⎞⎠ = 1k.

ÅðåéäÞ êáèÝíá ôùí Fτ(j), j ∈ {1, . . . ,m}, ùò áíÜãùãï, åßíáé ìç óôáèåñü, ç áíùôÝñù
éóüôçôá ìáò ïäçãåß óå áíôßöáóç. ¤

A-1-5. ¸óôù k Ýíá áëãåâñéêþò êëåéóôü óþìá. ÅÜí ôï k åßíáé ðåðåñáóìÝíï, áò ðïýìå
k = {a1, . . . , aν}, ôüôå ãéá ôï ðïëõþíõìï

F (X) :=

⎛⎝ νY
j=1

(X− aj)

⎞⎠+ 1k ∈ k[X]
éó·ýåé F (aj) = 1k 6= 0k, ∀j ∈ {1, . . . , ν}, ïðüôå ôï F äåí äéáèÝôåé êáíÝíá óçìåßï ìçäåíé-
óìïý åíôüò ôïý k. ÅðåéäÞ deg(F ) = ν = (k) ≥ 2, ôï k äåí ìðïñåß íá åßíáé áëãåâñéêþò
êëåéóôü. ¢ôïðï! ÊáôÜ óõíÝðåéáí, ôï k ïöåßëåé íá åßíáé áðåéñïðëçèÝò. ¤

A-1-6. Áðüäåéîç ðñïôÜóåùò 1.1.34: (a) ÅðåéäÞ ï R[X1, . . . ,Xn] åßíáé éóüìïñöïò ôïý
R[X1, . . . ,Xn−1][Xn], ç áðüäåéîç Ýðåôáé åðáãùãéêþò (åðß ôïý n) âÜóåé ôïý (a) ôÞò ðñï-
ôÜóåùò 1.1.22.
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(b) Ãéá ïéáäÞðïôå ìç ìçäåíéêÜ ðïëõþíõìá F,G ∈ R [X1, . . . ,Xn] ,

F =
X
k≥0

F(k), üðïõ F(k) :=
X

i1+i2+···+in=k
a(i1,i2,... ,in)X

i1
1 X

i2
2 · · ·Xinn

êáé

G =
X
l≥0

G(l), üðïõ G(l) :=
X

j1+j2+···+jn=l
b(j1,j2,... ,jn)X

j1
1 X

j2
2 · · ·Xjnn ,

ìå deg (F ) = n, deg(G) = m, Ý·ïõìå

F ·G = ¡F(0) + · · ·+ F(n)
¢ ¡
G(0) + · · ·+G(m)

¢
= F(0) ·G(0) + · · ·+ F(n) ·G(m).

ÅðåéäÞ ï R åßíáé áêåñáßá ðåñéï·Þ, ï ðñïóèåôÝïò F(n) ·G(m) äéáèÝôåé ôïõëÜ·éóôïí Ýíáí
óõíôåëåóôÞ 6= 0R, ïðüôå

deg (F ·G) = deg ¡F(n) ·G(m)¢ = n+m.

Áðüäåéîç ðñïôÜóåùò 1.1.37: Ôá (a) êáé (b) áðïäåéêíýïíôáé ìå áðåõèåßáò ìåñéêÞ åðßôõðç
ðáñáãþãéóç êáé ðñÜîåéò.

(c) Êáô' áñ·Üò èá áðïäåßîïõìå ôï åîÞò ·ñçóôéêü ëÞììá: ÅÜí Ýíá (ìç ìçäåíéêü) ðïëõþ-
íõìï F ∈ R [X1, . . . ,Xn] åßíáé ïìïãåíÝò âáèìïý d, ôüôå

F (λX1, . . . , λXn) = λd · F (X1, . . . ,Xn), ∀λ ∈ R.

Êáé áíôéóôñüöùò ° üôáí ç áíùôÝñù éóüôçôá éó·ýåé ãéá êÜðïéï F ∈ k[X0, . . . ,Xn] êáé ôï k
åßíáé áðåéñïðëçèÝò, ôï F ïöåßëåé íá åßíáé ïìïãåíÝò.

Áðüäåéîç ëÞììáôïò : ÅÜí ôï F ∈ R [X1, . . . ,Xn] åßíáé ïìïãåíÝò âáèìïý d, ôüôå èá åßíáé
ôÞò ìïñöÞò

F =
X

i1+i2+···+in=d
a(i1,i2,... ,in)X

i1
1 X

i2
2 · · ·Xinn ,

ìå êÜðïéïõò åê ôùí óõíôåëåóôþí a(i1,i2,... ,in) 6= 0. Óõíåðþò,

F (λX1, . . . , λXn) =
X

i1+i2+···+in=d
a(i1,i2,... ,in) (λX1)

i1 · · · (λXn)in = λd · F (X1, . . . ,Xn).

Êáé áíôéóôñüöùò° åÜí ç áíùôÝñù éóüôçôá éó·ýåé ãéá êÜðïéï F ∈ k[X0, . . . ,Xn], ôï k
åßíáé áðåéñïðëçèÝò, êáé õðïèÝóïõìå üôé ôï F äåí åßíáé ïìïãåíÝò, ôüôå

F = F(i) + F(i+1) + · · ·+ F(i+j),

ìå ôï F(α) ïìïãåíÝò ðïëõþíõìï âáèìïý α,∀ α ∈ {i, i+ 1, . . . , i+ j} êáé i ≥ 0, j > 0 :

F(i) 6= 0, F(i+j) 6= 0,
deg(F ) = i+ j =: d.
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Óõíåðþò,

λd · F (X1, . . . ,Xn) = F(i)(λX1, . . . , λXn) + · · ·+ F(d)(λX1, . . . , λXn)

⇐⇒ λi · F(i)(X1, . . . ,Xn) + · · ·+ λd · ¡F(d)(X1, . . . ,Xn)− F (X1, . . . ,Xn)
¢
= 0, ∀λ ∈ R.

ÅÜí èåùñÞóïõìå ôï áñéóôåñü ìÝëïò ùò Ýíá ðïëõþíõìï åíôüò ôïýR [X1, . . . ,Xn] [λ] (êáé
ôï λ ùò ìéá íÝá áðñïóäéüñéóôï), áõôü èá Ýðñåðå (êáôÜ ôçí Üóêçóç Á-1-3) íá åßíáé ìç-
äåíéêü, ðñÜãìá Üôïðï, äéüôé åî õðïèÝóåùò F(i) 6= 0.¢ñá ôï F ïöåßëåé íá åßíáé ïìïãåíÝò
âáèìïý d.

Áðüäåéîç ôýðïõ ôïý Euler : Aðü ôï (a) êáé ôçí éóüôçôá ôïý ðñïçãçèÝíôïò ëÞììáôïò
Ýðåôáé üôé

d

dλ
F (λX1, . . . , λXn) =

nX
i=1

Xi
∂

∂Xi
(F (λX1, . . . , λXn)) = dλd−1F (X1, . . . ,Xn).

Áñêåß íá ãßíåé áðïôßìçóç áõôþí ôùí åêöñÜóåùí ãéá λ = 1R. ¤

A-1-7. (a) Ôï F ãñÜöåôáé ùò (ðåðåñáóìÝíï) Üèñïéóìá ôÞò ìïñöÞòX
μ(j1,j2,... ,jn)X

j1
1 X

j2
2 · · ·Xjnn .

ÅðïìÝíùò,

F =
X

(j1,j2,... ,jn)

μ(j1,j2,... ,jn)(a1 + X1 − a1)
j1 · · · (an + Xn − an)

jn

=
X

(j1,j2,... ,jn)

μ(j1,j2,... ,jn)

"
j1X

k1=0

¡
j1
k1

¢
ak11 (X1 − a1)

j1−k1

#
· · ·
"

jnX
kn=0

¡
jn
kn

¢
aknn (Xn − an)

jn−kn

#

=
X

(j1,j2,... ,jn)

μ(j1,j2,... ,jn)

j1X
k1=0

· · ·
jnX

kn=0

Ã
nY

s=1

¡
js
ks

¢!Ã nY
s=1

akss

!Ã
nY
s=1

(Xs − as)
js−ks

!

=
X

(i1,i2,... ,in)

λ(i1,i2,... ,in) (X1 − a1)
i1 · · · (Xn − an)

in ,

üðïõ im := jm − km, ∀m ∈ {1, . . . , n}, êáé

λ(i1,i2,... ,in) := μ(j1,j2,... ,jn)

j1X
k1=0

· · ·
jnX

kn=0

Ã
nY

s=1

¡
js
ks

¢!Ã nY
s=1

akss

!
.
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(b) ÅÜí F (a1, . . . , an) = 0, ôüôå ôï

F =
X

(i1,i2,... ,in)

λ(i1,i2,... ,in) (X1 − a1)
i1 · · · (Xn − an)

in

äåí äéáèÝôåé óôáèåñïýò üñïõò äéáöïñåôéêïýò ôïý 0 (äéüôé áëëéþò èá åß·áìå
F (a1, . . . , an) 6= 0). ¢ñá óôï áíùôÝñù Üèñïéóìá ôïõëÜ·éóôïí Ýíáò åê ôùí
i1, i2, . . . , in åßíáé äéÜöïñïò ôïý ìçäåíüò, ðñÜãìá ðïõ óçìáßíåé üôé õðÜñ·ïõí
G1, . . . , Gn ∈ k [X1, . . . ,Xn] , ôÝôïéá þóôå íá éó·ýåé

F =
nX
i=1

(Xi − ai) Gi.

Ãéá n ≥ 2 ôá G1, . . . , Gn äåí åßíáé êáô' áíÜãêçí ìïíïóçìÜíôùò ïñéóìÝíá. Ð.·., ãéá
n = 2, a1 = a2 = 0 êáé F = X1X2 − X32X1 Ý·ïõìå

F = X1G1 + X2G2 = X1 eG1 + X2 eG2,
üðïõ G1 := X2, G2 := −X22X1, eG1 := −X32, eG2 := X1. Ùóôüóï, ãéá n = 1, ç ôáõôüôçôá
ôÞò äéáéñÝóåùò ðïëõùíýìùí êáèéóôÜ ôï G1 ìïíáäéêü. ¤

A-1-8. ¸óôùX Ýíá ãíÞóéï, áëãåâñéêü õðïóýíïëï ôïý A1k. Ôüôå õðÜñ·åé êÜðïéá ïéêïãÝ-
íåéá ðïëõùíýìùí S = {Fλ : λ ∈ Λ} ⊂ k[X] ìå

X = V(S) = ©P ∈ A1k¯̄Fλ(P ) = 0, ∀λ ∈ Λª .
ÕðïèÝôïíôáò üôé êáíÝíá åê ôùí Fλ äåí åßíáé óôáèåñü, ëáìâÜíïõìå ðñïöáíþò

0 < (X) ≤ min {deg(Fλ) : λ ∈ Λ} ,

áð' üðïõ Ýðåôáé ç åðáëÞèåõóç ôïý áñ·éêïý éó·õñéóìïý (ëáìâáíïìÝíïõ õð' üøéí ôïý (5)
ôÞò ðñïôÜóåùò 1.2.3). ¤

A-1-9. ÅÜí ôï k åßíáé Ýíá ðåðåñáóìÝíï óþìá, Ý·ïõìå (Ank) = (kn) = (k)n < ∞,

ïðüôå êÜèå õðïóýíïëï ôïý Ank åßíáé êáô' áíÜãêçí ðåðåñáóìÝíï êáé (óýìöùíá ìå ôï (5)
ôÞò ðñïôÜóåùò 1.2.3) áëãåâñéêü. ¤

A-1-10. Åíôüò ôïý A1R ôï óýíïëï ôùí öõóéêþí áñéèìþí ãñÜöåôáé

N =
[
{n|n ∈ N} =

[
n∈N

V(X− n),

äß·ùò íá åßíáé áëãåâñéêü óýíïëï (åðß ôç âÜóåé ôÞò áóêÞóåùò Á-1-8). ¤
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A-1-11. (a) Ðñïöáíþò,
©¡
t, t2, t3

¢ ∈ A3k | t ∈ kª = V(F1, F2), üðïõ
F1 = Y − X2, F2 = Z− XY ⊂ k [X,Y,Z] .

(b) Ðñïöáíþò, ©
(cos(t), sin(t)) ∈ A2R | t ∈ R

ª
= V(X2 + Y2 − 1).

(c) ÅðåéäÞ êÜèå óçìåßïP = (x, y) ôïýA2R ãñÜöåôáé óõíáñôÞóåé ðïëéêþí óõíôåôáãìÝíùí
ùò

x = r cos(θ), y = r sin(θ), r > 0, θ ∈ R,

ãéá ôï óýíïëï ôùí óçìåßùí ôïýA2R, ïé ðïëéêÝò óõíôåôáãìÝíåò (r, θ) ôùí ïðïßùí ðëçñïýí
ôçí åîßóùóç r = sin (θ) , Ý·ïõìå

x = sin(θ) cos(θ) =
1

2
sin(2θ), y = sin2(θ) =

1

2
(1− cos(2θ)).

Ùò åê ôïýôïõ, ôï åí ëüãù óýíïëï éóïýôáé ìå ôïV((2X)2 + (1− 2Y)2 − 1) ⊂ A2R. ¤

A-1-12. ÅÜíç åõèåßáL äßäåôáé ìÝóù ôÞò åîéóþóåùòY = aX+b, a, b ∈ k, ôüôå ïé óõíôåôáã-
ìÝíåò êÜèå óçìåßïõ áíÞêïíôïò óôçí ôïìÞ L ∩ C, üðïõ C = V(F ) ìå F =

P
λ(i,j)X

iYj ,

i+ j ≤ n (êáé i+ j = n ãéá ôïõëÜ·éóôïí Ýíá æåýãïò (i, j) ãéá ôï ïðïßï éó·ýåé λ(i,j) 6= 0k),
ðëçñïýí ôç óõíèÞêç

F (X, aX+ b) =
X

λ(i,j)X
i (aX+ b)

j
= 0.

ÅðåéäÞ ôï F äéáèÝôåé ôï ðïëý n óçìåßá ìçäåíéóìïý (âë. ðüñéóìá 1.1.27) óõìðåñáßíïõìå
üôé (L ∩ C) ≤ n. ¤

A-1-13. (a)Áò õðïèÝóïõìå üôé ôï V :=
©
(x, y) ∈ A2R | y = sin(x)

ª
åßíáé áëãåâñéêü. Ôüôå

õðÜñ·åé S ⊂ R [X,Y] ìå V = V(S) = ∩ {V(F ) | F ∈ S } . ¸óôù L := V(Y). Ðñïöáíþò
L * C. ÊáôÜ ôçí Üóêçóç A-1-12 ç ôïìÞ L ∩ V = ∩ {L ∩V(F ) | F ∈ S } ðåñéÝ·åé ðåðå-
ñáóìÝíá óôïé·åßá, ðëÞèïõò óßãïõñá ìéêñüôåñïõ Þ ßóïõ ôïý âáèìïý (ùò ðñïò X) åíüò
ðïëõùíýìïõ F0 ∈ S ãéá ôï ïðïßï éó·ýåé deg(F0(X, 0)) ≤ deg(F (X, 0)), ∀F ∈ S. Ôïýôï
ïäçãåß óå Üôïðï, êáèüóïí

P = (x, y) ∈ L ∩ V ⇐⇒ P ∈ ©(κπ, 0) ∈ A2R | κ ∈ Zª ,
ìå ôï

©
(κπ, 0) ∈ A2R | κ ∈ Z

ª
áðåéñïóýíïëï.

(b) Áò õðïèÝóïõìå üôé ôï V 0 :=
n
(z, w) ∈ A2C

¯̄̄
|z|2 + |w|2 = 1

o
åßíáé áëãåâñéêü. Ôüôå

õðÜñ·åé S ⊂ C [X,Y] ìå V 0 = V(S) = ∩ {V(F ) | F ∈ S } . ¸óôù L := V(Y − X). Ðñï-
öáíþò L * C.ÊáôÜ ôçí Üóêçóç A-1-12 ç ôïìÞ L∩V 0 = ∩ {L ∩V(F ) | F ∈ S } ðåñéÝ·åé
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ðåðåñáóìÝíá óôïé·åßá, ðëÞèïõò óßãïõñá ìéêñüôåñïõ Þ ßóïõ ôïý âáèìïý (ùò ðñïò X)
åíüò ðïëõùíýìïõ F0 ∈ S ãéá ôï ïðïßï éó·ýåé deg(F0(X, 0)) ≤ deg(F (X, 0)), ∀F ∈ S.
Ôïýôï ïäçãåß óå Üôïðï, êáèüóïí

P = (x, y) ∈ L ∩ V 0 ⇐⇒ P ∈
n
(z, z) ∈ A2C

¯̄̄
|z| = ±

√
2
2

o
,

ìå ôï
n
(z, z) ∈ A2C

¯̄̄
|z| = ±

√
2
2

o
áðåéñïóýíïëï.

(c) Áò õðïèÝóïõìå üôé ôï V 00 :=
©
(cos(t), sin(t), t) ∈ A3R | t ∈ R

ª
åßíáé áëãåâñéêü. Ôüôå

õðÜñ·åé S ⊂ R [X,Y,Z] ìå V 00 = V(S) = ∩ {V(F ) | F ∈ S } . ÅÜí a, b ∈ R ìå a2+ b2 = 1,

B := V(X− a,Y − b) ⊂ A3R êáé

F0 ∈ S : deg(F0(a, b,Z)) ≤ deg(F (a, b,Z)),∀F ∈ S,

ôüôå B ∩ V 00 ⊆ B ∩ V(F0) =⇒ (B ∩ V 00) ≤ deg(F0(a, b,Z)). Ôïýôï ïäçãåß óå Üôïðï,
êáèüóïí

P = (x, y, z) ∈ B ∩ V 00 ⇐⇒ P ∈ ©(a, b, t) ∈ A3R | t ∈ Rª ,
ìå ôï

©
(a, b, t) ∈ A3R | t ∈ R

ª
áðåéñïóýíïëï. ¤

A-1-14. ÅðåéäÞ (Ank) = (kn) = (k)n êáé ôï k åßíáé áëãåâñéêþò êëåéóôü (êáé êáôÜ
óõíÝðåéáí áðåéñïðëçèÝò, âë. Üóêçóç A-1-5), ôï Ank åßíáé áðåéñïðëçèÝò ãéá êÜèå n ≥ 1.
Ãéá n = 1 (åðåéäÞ êÜèå ðïëõþíõìï ôïý k [X1] äéáèÝôåé ôï ðïëý ôüóá óçìåßá ìçäåíéóìïý
ôïõ åíôüò ôïý k üóïò åßíáé ï âáèìüò ôïõ, âë. ðüñéóìá 1.1.27) ôïV(F ) åßíáé ðåðåñáóìÝíï
êáé ôï A1krV(F ) áðåéñïðëçèÝò. Ãéá n ≥ 2,

AnkrV(F ) = {(a1, . . . , an) ∈ Ank | F (a1, . . . , an) 6= 0}

êáé V(F ) = {(a1, . . . , an) ∈ Ank | F (a1, . . . , an) 6= 0} . ÅÜí ôï AnkrV(F ) Þôáí ðåðåñá-
óìÝíï êáé ßóï ìå {P1, . . . , Pm}, üðïõ Pj = (aj1, . . . , ajn) ãéá êÜèå j ∈ {1, . . . ,m}, ôüôå
åðáíáëáìâÜíïíôáò êáôÜ ãñÜììá ôçí áðüäåéîç ôÞò áóêÞóåùò A-1-3 (ìå ôç ìüíç äéáöïñÜ
óôï üôé ç õðüèåóÞ ìáò èá åßíáé: F (b1, . . . , bn) = 0, ãéá ïéáäÞðïôå óôïé·åßá b1, . . . , bn
áíÞêïíôáóôïáðåéñïóýíïëï kr{aji | j ∈ {1, . . . ,m}, i ∈ {1, . . . , n}}) èá óõìðåñáßíáìå
üôé

F = 0 =⇒ V(F ) = ∅ =⇒ (AnkrV(F )) = (Ank) =∞.

¢ôïðï! Êáô' áíáëïãßáí, åÜí ôïV(F ) Þôáí ðåðåñáóìÝíï êáé ßóï ìå {P1, . . . , Pm}, üðïõ
Pj = (aj1, . . . , ajn) ãéá êÜèå j ∈ {1, . . . ,m}, åðéëÝãïíôáò óôïé·åßá b1, . . . , bn áíÞêïíôá
óôï áðåéñïóýíïëï kr{aji | j ∈ {1, . . . ,m}, i ∈ {1, . . . , n}} êáé ãñÜöïíôáò ôï F (6= 0) ùò
Üèñïéóìá F =

Pν
i=1 FiX

i
n, ãéá êÜðïéá F1, . . . , Fν ∈ k [X1, . . . ,Xn−1] , ìå ôïõëÜ·éóôïí

Ýíá åî áõôþí ìç ìçäåíéêü, èá åß·áìå Fk(b1, . . . , bn−1) 6= 0 ãéá ôïõëÜ·éóôïí Ýíáí äåßêôç
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k ∈ {1, . . . , ν} (äéüôé åÜí ßó·õå Fk(b1, . . . , bn−1) = 0 ãéá êÜèå äåßêôç k ∈ {1, . . . , ν}, ôüôå
F (b1, . . . , bn) = 0). ÅðïìÝíùò ôï ðïëõþíõìï F (b1, . . . , bn−1,Xn) ∈ k [Xn] èá Þôáí ìç
ìçäåíéêü, êé åðåéäÞ ôï k õðåôÝèç áëãåâñéêþò êëåéóôü èá äéÝèåôå Ýíá óçìåßï ìçäåíéóìïý
åíôüò ôïý k, êÜôé ðïõ èá áíôÝöáóêå ðñïò ôçí åðéëïãÞ b1, . . . , bn.¢ñá êáé ôïV(F ) åßíáé
áðåéñïðëçèÝò.

ÔÝëïò, åÜí ôï W åßíáé Ýíá áëãåâñéêü óýíïëï åíôüò ôïý Ank, n ≥ 1, ôüôå õðÜñ·åé åî
ïñéóìïý S ⊂ k [X1, . . . ,Xn] ìå

W = V(S) =
\
{V(F ) | F ∈ S } =⇒ AnkrW =

[
{AnkrV(F ) | F ∈ S } .

Óýìöùíá ìå üóá ðñïåßðáìå, ôï AnkrW ïöåßëåé íá åßíáé áðåéñïðëçèÝò. ¤

A-1-15. (a) Áò õðïôåèåß üôé V = V(S) êáéW = V(S 0), üðïõ

S = {Fi | i ∈ J } ⊂ k [X1, . . . ,Xn] , S 0 = {Gj | j ∈ J } ⊂ k [Y1, . . . ,Ym] .

Ôüôå Ýíá óçìåßï P = (a1, . . . , an, b1, . . . , bm) áíÞêåé óôï V ×W åÜí êáé ìüíïí åÜí

P ∈ V(S)×V(S 0)⇐⇒ Fi(a1, . . . , an) = 0,∀i ∈ I êáé Gj(b1, . . . , bm) = 0,∀j ∈ J

⇐⇒ (Fi(a1, . . . , an),Gj(b1, . . . , bm)) = (Fi,Gj)(P ) = 0,∀(i, j) ∈ I × J

⇐⇒ P ∈ V(S × S 0).

ÊáôÜ óõíÝðåéáí, ôï V ×W áðïôåëåß Ýíá áëãåâñéêü óýíïëï åíôüò ôïý An+mk .

(b) Áêüìç êáé üôáí n = 2, ç ôïðïëïãßá Zariski åðß ôïý A2k = A1k × A1k, üðïõ k áëãå-
âñéêþò êëåéóôü óþìá, åßíáé äéáöïñåôéêÞ ôÞò óõíÞèïõò ôïðïëïãßáò ãéíïìÝíïõ. Åðß ðá-
ñáäåßãìáôé, èåùñþíôáò Ýíá ìç óôáèåñü ðïëõþíõìï F (X) ∈ k [X] (Þôïé ìå deg(F ) ≥ 1)
êáé ôçí åðßðåäç óõó·åôéêÞ êáìðýëç C := V(Y − F (X)) ⊂ A2k, äéáðéóôþíïõìå ôá åîÞò:

i) Ôï óõìðëÞñùìá A2krC äåí ìðïñåß íá ãñáöåß ùò ãéíüìåíï U1 × U2 äýï (êáô' áíÜ-
ãêçí ìç êåíþí êáé äéáöüñùí ôïý A1k) áíïéêôþí õðïóõíüëùí U1, U2 ôïý A1k (ùò ðñïò ôç
ôïðïëïãßá Zariski), äéüôé èá Ýðñåðå íá éó·ýåé ç éóüôçôá

C =
¡
A1k ×A1k

¢
r(U1 × U2) =

¡¡
A1krU1

¢× U2
¢ ∪ ¡U1 × ¡A1krU2¢¢ .

Ôïýôï èá óÞìáéíå (êáôÜ ôçí Üóêçóç A-1-8) üôé ôá A1krU1 êáé A1krU2 èá Þôáí ðåðåñá-
óìÝíá. ÅÜí ëïéðüí åß·áìå

A1krU1 = {a1, . . . , ak}, A1krU2 = {b1, . . . , bl}, k, l ∈ N,

ôüôå

C =
¡
A1k ×A1k

¢
r(U1 × U2) = ({a1, . . . , ak} × U2) ∪ (U1 × {b1, . . . , bl}) ,
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ïðüôå

C = {(ai, F (aj)) | F (aj) ∈ U2 , i, j ∈ {1, . . . , k}} ∪
l\

ν=1

½
(F (x), bν)

¯̄̄̄
F (x)− bν = 0,

x ∈ U1

¾
,

êÜôé ðïõ èá Ýäéíå

(C) ≤ k2 + l · deg(F ) <∞

êáé èá áíôÝêåéôï ðñïò ü,ôé áðïäåß·èçêå óôçí Üóêçóç A-1-14. ¢ñá ôï A2krC äåí ìðïñåß
íá åßíáé ìÝëïò ôÞò âÜóåùò ôÞò óõíÞèïõò ôïðïëïãßáò ãéíïìÝíïõ.

ii) ÔïA2krC äåí åßíáé áíïéêôüùò ðñïò ôç óõíÞèç ôïðïëïãßá ãéíïìÝíïõ, äéüôé äåí ìðïñåß
íá ãñáöåß ïýôå ùò Ýíùóç

A2krC =
[
λ∈Λ

U
(λ)
1 × U

(λ)
2

óôïé·åßùí ôÞò âÜóåþò ôçò. (ÐñÜãìáôé° åÜí óõíÝâáéíå áõôü, ôüôå èá ßó·õå

C =
\
λ∈Λ

A2kr
³
U
(λ)
1 × U

(λ)
2

´
=

\
λ∈Λ

³
{a(λ)1 , . . . , a

(λ)
k } × U

(λ)
2

´
∪
³
U
(λ)
1 × {b(λ)1 , . . . , b

(λ)
l }

´
,

ïðüôå èá îáíáöèÜíáìå åê íÝïõ óôçí áíôßöáóç (C) < ∞ ìå åðé·åéñÞìáôá áíÜëïãá
åêåßíùí ðïõ ·ñçóéìïðïéÞèçêáí óôï i).) ¤

A-1-16. Ç óõíåðáãùãÞ «=⇒» åßíáé ðñïöáíÞò. Ãéá íá áðïäåßîïõìå ôçí éó·ý ôÞò «⇐=»
õðïèÝôïõìå üôé I(V ) = I(W ). ÊáôÜ ôçí ðñüôáóç 1.3.1 (5) (a),

I(V ) = I(W ) =⇒ V(I(V )) = V =W = V(I(W )).

A-1-17. (a) Ðñïöáíþò,

P /∈ V =⇒ V $ V ∪ {P} =⇒ I(V ∪ {P}) $ I(V ) =⇒ ∃F ∈ I(V ) : F (P ) 6= 0

=⇒ ∃F ∈ k [X1, . . . ,Xn] : F (Q) = 0, ∀Q ∈ V, åíþ F (P ) = 1.

(Ç ðáñáäï·Þ F (P ) = 1 ãßíåôáé äß·ùò âëÜâç ôÞò ãåíéêüôçôáò. ÅÜí ãéá ôï áñ·éêþò åðé-
ëå·èÝí F Ý·ïõìå F = c ∈ kr{0k}, ôüôå áíô' áõôïý ìðïñïýìå íá ·ñçóéìïðïéÞóïõìå ôï
c−1F.)

(b) ¸óôù {P1, . . . , Pκ} Ýíá ðåðåñáóìÝíï óýíïëï óçìåßùí åíôüò ôïý Ank êáé Ýóôù

Vi := {P1, . . . , Pκ}r{Pi}, ∀i ∈ {1, . . . , κ}.
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To Vi åßíáé áëãåâñéêü óýíïëï åíôüò ôïý Ank ãéá êÜèå i ∈ {1, . . . , κ} (âë. ôï (5) ôÞò ðñï-
ôÜóåùò 1.2.3). ÂÜóåé ôïý (a) õðÜñ·ïõí ðïëõþíõìá F1, . . . , Fκ ∈ k[X1, . . . ,Xn], ôÝôïéá
þóôå

Fi(Pj) = 0, ãéá äåßêôåò i 6= j, åíþ Fi(Pi) = 1, i, j ∈ {1, . . . , κ}.

(c) ¸óôù V Ýíá áëãåâñéêü óýíïëï åíôüò ôïý Ank êáé P1, P2 /∈ V. ÂÜóåé ôïý (a) õðÜñ·ïõí
ðïëõþíõìá F1, F2 ∈ k[X1, . . . ,Xn], ôÝôïéá þóôå Fi ∈ I(V ) êáé Fi(Pi) 6= 0 ãéá i = 1, 2.

ÅÜí F1(P2) 6= 0, ïñßæïõìå ùò F ôï F1, åÜí F2(P1) 6= 0, ïñßæïõìå ùò F ôï F2, åíþ åÜí
F1(P2) = F2(P1) = 0, ïñßæïõìå ùò F ôï F1 + F2. Êáô' áõôüí ôïí ôñüðï ïñßæïõìå Ýíá
ðïëõþíõìï F ∈ k[X1, . . . ,Xn], ôÝôïéï þóôå

F (Pi) 6= 0, ãéá ôïõò äåßêôåò i ∈ {1, 2}, åíþ F ∈ I(V ).

A-1-18. ¸óôù I Ýíá éäåþäåò åíüò äáêôõëßïõ R. ÅÜí a, b ∈ R ìå an ∈ I êáé bm ∈ I, ãéá
êÜðïéïõò n,m ∈ N, ôüôå

(a+ b)n+m =
n+mX
k=0

¡
n+m
k

¢
akbn+m−k ∈ I.

Ôï Rad(I) åßíáé Ýíá éäåþäåò ôïý R. ÐñÜãìáôé° åÜí a, b ∈ Rad(I) êáé r ∈ R, ôüôå an ∈ I

êáé bm ∈ I, ãéá êÜðïéïõò n,m ∈ N, ìå

(a− b)n+m =
n+mX
k=0

¡
n+m
k

¢
ak(−b)n+m−k ∈ I =⇒ a− b ∈ Rad(I),

êáé (ra)n = rnan ∈ I =⇒ ra ∈ Rad(I). Åðßóçò, ôï Rad(I) åßíáé Ýíá ñéæéêü éäåþäåò ôïý
R, êáèüôé Rad(I) ⊆ Rad(Rad(I)) êáé ãéá a ∈ Rad(Rad(I))

∃n ∈ N : an ∈ Rad(I) =⇒ ∃m ∈ N : (an)m = anm ∈ I =⇒ a ∈ Rad(I),

ïðüôå Rad(Rad(I)) ⊆Rad(I). ÔÝëïò, êÜèå ðñþôï éäåþäåò ôïýR åßíáé ñéæéêü. ÐñÜãìáôé°
åÜí ôï J åßíáé ôõ·üí ðñþôï éäåþäåò ôïý äáêôõëßïõR, ôüôå (ðñïöáíþò) J ⊆Rad(J), êáé
åÜí a ∈ Rad(J), ôüôå ∃n ∈ N : an ∈ J =⇒ a ∈ J (åðåéäÞ ôï J åßíáé ðñþôï éäåþäåò). ¢ñá
Rad(J) ⊆ J. ¤

A-1-19. ¸óôù I :=

X2 + 1

® ⊂ R[X]. Èåùñïýìå ôïí åðéìïñöéóìü äáêôõëßùí

f : R[X] −→ C, f(F ) := F (i),∀F ∈ R[X].

ÊáôÜ ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí (âë. èåþñçìá 1.1.10), ï åðéìïñöéóìüò
äáêôõëßùí

ϕ : R[X]/ Ker(f) −→ C, ϕ(F +Ker(f)) := f(F ),∀F ∈ R[X],
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åßíáé éóïìïñöéóìüò, üðïõ Ker(f) = {F ∈ R[X] | F (i) = 0}. Ðñïöáíþò, I ⊆ Ker(f).
¸óôù ôþñá ôõ·üí F ∈ Ker(f). ÅðåéäÞ F (i) = 0, åßíáé ãíùóôü üôé éó·ýåé F (−i) = 0.

ÊáôÜ ôï (b) ôÞò ðñïôÜóåùò 1.1.25,

X− i | F, X+ i | F =⇒ (X− i) (X+ i) = X2 + 1 | F =⇒ Ker(f) ⊆ I.

¢ñá Ker(f) = I. ÅðåéäÞ ôï C åßíáé óþìá, ôï I åßíáé ìåãéóôïôéêü êáé êáô' åðÝêôá-
óéí ðñþôï êáé ñéæéêü éäåþäåò (âë. èåþñçìá 1.1.14, èåþñçìá 1.1.7 êáé Üóêçóç A-1-18).
Ùóôüóï, ôï I äåí åßíáé ôï éäåþäåò êáíåíüò óõíüëïõ åíôüò ôïý A1R. ÐñÜãìáôé° õðïèÝôï-
íôáò ôçí ýðáñîç åíüò V ⊆ A1R ìå I = I(V ) äéáêñßíïõìå äýï ðåñéðôþóåéò:

(i) ÅÜí ôï V åßíáé áðåéñïðëçèÝò, ôüôå I(V ) = {0} 6= I.

(ii) ÅÜí ôï V åßíáé ðåðåñáóìÝíï, áò ðïýìå ßóï ìå {a1, . . . , ak}, ôüôå, åðåéäÞ

I(V ) = h(X− a1) · · · (X− ak)i

(âë. ðüñéóìá 1.1.26) êáé ôï I(V ) åßíáé ðñþôï, ôï ðïëõþíõìï (X− a1) · · · (X− ak) ïöåßëåé
íá åßíáé áíÜãùãï, ïðüôå êáô' áíÜãêçí Ý·ïõìå k = 1. Ôïýôï ìÜò ïäçãåß óå Üôïðï, äéüôé
èá Ýðñåðå íá éó·ýåé

I = hX− a1i =

X2 + 1

®
,

áëëÜ ðñïöáíþò X2 + 1 - X− a1 ãéá êÜèå a1 ∈ R. ¤

A-1-20. ¸óôù I Ýíá éäåþäåò ôïý k[X1, . . . ,Xn]. Ôüôå éó·ýïõí ôá åîÞò:

(a)V(I) = V(Rad(I)).ÐñÜãìáôé° åðåéäÞ I ⊆ Rad(I) Ý·ïõìåV(I) ⊇ V(Rad(I)) (âë. (3)
ôÞò ðñïôÜóåùò 1.2.3). Åðßóçò, ãéá ïéïäÞðïôå P ∈ V(I) êáé ïéïäÞðïôå F ∈ Rad(I),

∃n ∈ N : Fn ∈ I =⇒ Fn(P ) = (F (P ))n = 0 =⇒ F (P ) = 0 =⇒ P ∈ V(Rad(I)).

(b) Rad(I) ⊆ I(V(I)). ÅÜí F ∈ Rad(I) êáé P ∈ V(I), ôüôå

∃n ∈ N : Fn ∈ I =⇒ Fn(P ) = (F (P ))n = 0 =⇒ F (P ) = 0 =⇒ F ∈ I(V(I)).

A-1-21. ÅÜí (a1, . . . , an) ∈ Ank êáé

I := hX1 − a1, . . . ,Xn − ani ⊂ k[X1, . . . ,Xn]

èá äåßîïõìå üôé ôï I åßíáé ìåãéóôïôéêü. Ïñßæïõìå ôïí ïìïìïñöéóìü äáêôõëßùí

ϕ(a1,... ,an) : k[X1, . . . ,Xn] −→ k, F 7−→ F (a1, . . . , an) .

Ðáñáôçñïýìå üôé ï ϕ(a1,... ,an) åßíáé åðéìïñöéóìüò. (Ãéá êÜèå λ ∈ k, õðÜñ·åé Ýíá ðï-
ëõþíõìï, ð.·. ôï Fλ :=

Pn
i=1 (Xi − ai) − λ, ãéá ôï ïðïßï éó·ýåé ϕ(a1,... ,an) (Fλ) = λ).
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μñçóéìïðïéþíôáò ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí (âë. èåþñçìá 1.1.10) ó·ç-
ìáôßæïõìå Ýíáí éóïìïñöéóìü

ϕ(a1,... ,an) : k[X1, . . . ,Xn] /Ker(ϕ(a1,... ,an))
∼=−→ k.

Áñêåß íá äåé·èåß üôé éó·ýåé Ker(ϕ(a1,... ,an)) = I (äéüôé ï áíùôÝñù ðçëéêïäáêôýëéïò åßíáé
óþìá, âë. èåþñçìá 1.1.14). Ï åãêëåéóìüò

hX1 − a1, . . . ,Xn − ani ⊆ Ker(ϕ(a1,... ,an)) = {F ∈ k[X1, . . . ,Xn] | F (a1, . . . , an) = 0}

åßíáé ðñïöáíÞò. Ï áíôßóôñïöïò åãêëåéóìüò ‘‘⊇'' Ýðåôáé áðü ôçí Üóêçóç A-1-7 (b).
ÔÝëïò, åßíáé åýêïëï íá áðïäåé·èåß üôé ï öõóéêüò ïìïìïñöéóìüò áðü ôï óþìá k óôïí
k[X1, . . . ,Xn] / I ï äçìéïõñãïýìåíïò áðü ôç óýíèåóç

k → k[X1, . . . ,Xn] ³ k[X1, . . . ,Xn] / I

åßíáé Ýíáò éóïìïñöéóìüò, êáèüôé éóïýôáé ìå ôïí ϕ−1(a1,... ,an). ¤

A-1-22. I Áðüäåéîç ðñïôÜóåùò 1.4.3 : (a) ÅðåéäÞ Ý·ïõìå hai = Ra êáé hbi = Rb, ôïýôï
Ýðåôáé Üìåóá áðü ôï (a) ôÞò óçìåéþóåùò 1.4.2.

(b) Ðñïöáíþò,

hai hbi =

⎧⎨⎩
kX

j=1

(rja) (sjb)

¯̄̄̄
¯̄ r1, . . . , rk, s1, . . . , sk ∈ R, k ∈ N

⎫⎬⎭
=

⎧⎨⎩
⎛⎝ kX

j=1

rjsj

⎞⎠ ab

¯̄̄̄
¯̄ r1, . . . , rk, s1, . . . , sk ∈ R, k ∈ N

⎫⎬⎭
= Rab,

üðïõ Rab = habi . ¤

I Áðüäåéîç ðñïôÜóåùò 1.4.4 : (a) ¸óôù ôõ·üí a ∈ (I1 + I2) + I3. Ôï a ãñÜöåôáé ùò
Üèñïéóìá c + a3, üðïõ c ∈ I1 + I2 êáé a3 ∈ I3, êáé ôï c = a1 + a2, üðïõ a1 ∈ I1 êáé
a2 ∈ I2. ÅðïìÝíùò, ëüãù ôÞò ðñïóåôáéñéóôéêÞò éäéüôçôáò ôÞò ðñïóèÝóåùò,

a = (a1 + a2) + a3 = a1 + (a2 + a3) ∈ I1 + (I2 + I3) ,

Þôïé (I1 + I2) + I3 ⊆ I1 + (I2 + I3) . Êáé áíôéóôñüöùò° åÜí b ∈ I1 + (I2 + I3), ôüôå ôï b

ãñÜöåôáé ùò Üèñïéóìá b1+d, üðïõ b1 ∈ I1 êáé d ∈ I2+I3, êáé ôï d = b2+b3, üðïõ b2 ∈ I2
êáé b3 ∈ I3. ÅðïìÝíùò, êáé ðÜëé ëüãù ôÞò ðñïóåôáéñéóôéêÞò éäéüôçôáò ôÞò ðñïóèÝóåùò,

b = b1 + (b2 + b3) = (b1 + b2) + b3 ∈ (I1 + I2) + I3.
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ÊáôÜ óõíÝðåéáí, (I1 + I2) + I3 = I1 + (I2 + I3).

(b) ¸óôù ôõ·üí x ∈ (I1 I2) I3. Ôüôå

x =
kX

j=1

xjcj , üðïõ k ∈ N, xj ∈ I1 I2, cj ∈ I3, ∀j ∈ {1, . . . , k}.

Ðáñïìïßùò, ãéá êÜèå j ∈ {1, . . . , k},

xj =

sjX
l=1

ajlbjl, üðïõ sj ∈ N, ajl ∈ I1, bjl ∈ I2, ∀l ∈ {1, . . . , sj}.

ÅðïìÝíùò, ëüãù ôÞò åðéìåñéóôéêÞò éäéüôçôáò,

x =
kP

j=1

µ sjP
l=1

ajlbjl

¶
cj =

kP
j=1

sjP
l=1

ajl(bjlcj) ∈ I1 (I2 I3) =⇒ (I1 I2) I3 ⊆ I1 (I2 I3) .

Áíáëüãùò áðïäåéêíýåôáé êáé ç åãêëåéóôéêÞ ó·Ýóç I1 (I2 I3) ⊆ (I1 I2) I3.
(c) ¸óôù ôõ·üí x ∈ I1 (I2 + I3). Ôüôå

x =
kX

j=1

aj (bj + cj) , üðïõ k ∈ N, aj ∈ I1, bj ∈ I2, cj ∈ I3, ∀j ∈ {1, . . . , k},

ïðüôå, ëüãù ôÞò åðéìåñéóôéêÞò éäéüôçôáò,

x =
kX

j=1

ajbj| {z }
∈I1 I2

+
kX

j=1

ajcj| {z }
∈I1 I3

,

áð' üðïõ Ýðåôáé üôé I1 (I2 + I3) ⊆ (I1 I2)+(I1 I3) .Áíáëüãùò áðïäåéêíýåôáé êáé ç áíôß-
óôñïöç åãêëåéóôéêÞ ó·Ýóç, êáèþò êáé ç (I1 + I2) I

0
3 = (I1 I

0
3) + (I1 I

0
3) . ¤

I Áðüäåéîç ðñïôÜóåùò 1.4.5 : (a) ÅÜí x ∈ I1 I2, ôüôå

x =
kX

j=1

ajbj , üðïõ k ∈ N, aj ∈ I1, bj ∈ I2, ∀j ∈ {1, . . . , k}.

¼ìùò, áðü ôïí ïñéóìü ôïý éäåþäïõò,

(aj ∈ I1 ⊆ R) =⇒ (ajbj ∈ I2) =⇒ x ∈ I2
(bj ∈ I2 ⊆ R) =⇒ (ajbj ∈ I1) =⇒ x ∈ I1

¾
=⇒ x ∈ I1 ∩ I2.

(b) ¸óôù ôõ·üí x ∈ (I1 + I2) (I1 + I3). Ôüôå

x =
kX

j=1

yjzj , üðïõ k ∈ N, yj ∈ I1 + I2, zj ∈ I1 + I3, ∀j ∈ {1, . . . , k},
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ïðüôå, ëüãù ôÞò åðéìåñéóôéêÞò éäéüôçôáò êáé ôïý üôé

yj = aj + bj , zj = cj + dj ,

ãéá êÜðïéá aj ∈ I1, bj ∈ I2, cj ∈ I1, dj ∈ I3, ∀j ∈ {1, . . . , k}, Ý·ïõìå

x =

⎛⎜⎜⎜⎝ kP
j=1
(ajcj + ajdj + bjcj)| {z }

∈I1

+
kP

j=1
bjdj| {z }

∈I2 I3

⎞⎟⎟⎟⎠ ∈ I1 + I2 I3,

äçëáäÞ (I1 + I2) (I1 + I3) ⊆ I1 + I2 I3. Ç äåýôåñç åãêëåéóôéêÞ ó·Ýóç Ýðåôáé Üìåóá áðü
ôï (a). ¤

I Áðüäåéîç ðñïôÜóåùò 1.4.11 : (a) ¸óôù ôõ·üí óôïé·åßï r ∈ (I1 : I3) + (I2 : I3) . Ôüôå
r = r1 + r2, üðïõ r1 ∈ (I1 : I3) êáé r2 ∈ (I2 : I3) . Ùò åê ôïýôïõ,

r1I3 ⊆ I1
r2I3 ⊆ I2

¾
=⇒ (r1 + r2) I3 ⊆ I1 + I2,

áð' üðïõ óõíÜãåôáé üôé r ∈ (I1 + I2) : I3, oðüôå (I1 : I3) + (I2 : I3) ⊆ (I1 + I2) : I3.

(b) ¸óôù ôõ·üí r ∈ I1 : (I2 + I3). Ôüôå ra ∈ I1, ∀a ∈ I2 + I3. ÅðïìÝíùò, ëáìâÜíïíôáò
õð' üøéí üôé I2 ⊆ I2 + I3 êáé I3 ⊆ I2 + I3, óõíÜãïõìå üôé

ra ∈ I1, ∀a ∈ I2 (⊆ I2 + I3)

ra ∈ I1, ∀a ∈ I3 (⊆ I2 + I3)

)
=⇒ r ∈ (I1 : I2)

r ∈ (I1 : I3)

)
=⇒ r ∈ (I1 : I2) ∩ (I1 : I3) .

¢ñá I1 : (I2 + I3) ⊆ (I1 : I2) ∩ (I1 : I3). Êáé áíôéóôñüöùò° åÜí

r ∈ (I1 : I2) ∩ (I1 : I3) =⇒ rI2 ⊆ I1 êáé rI3 ⊆ I1,

ïðüôå

rI2 + rI3 = r (I2 + I3) ⊆ I1 + I1 = I1 =⇒ r ∈ I1 : (I2 + I3) .

Åí óõíå·åßá õðïèÝôïõìå üôé r ∈ (I1 ∩ I2) : I3, äçëáäÞ üôé éó·ýåé ç åãêëåéóôéêÞ ó·Ýóç
rI3 ⊆ I1 ∩ I2. ÅðåéäÞ I1 ∩ I2 ⊆ I1 êáé I1 ∩ I2 ⊆ I2, Ý·ïõìå rI3 ⊆ I1 êáé rI3 ⊆ I2, äçëáäÞ
r ∈ (I1 : I3) ∩ (I2 : I3) . Êáé áíôéóôñüöùò° åÜí r ∈ (I1 : I3) ∩ (I2 : I3) , ôüôå rI3 ⊆ I1 êáé
rI3 ⊆ I2, ïðüôå rI3 ⊆ I1 ∩ I2 =⇒ r ∈ (I1 ∩ I2) : I3.
(c) ¸óôù ôõ·üí r ∈ (I1 : I2) I2. Ôüôå

r =
kX

j=1

ajbj , üðïõ k ∈ N, aj ∈ (I1 : I2) , bj ∈ I2, ∀j ∈ {1, . . . , k},



16 ëõóåéò áóêçóåùí

ïðüôå "
ajI2 ⊆ I1

bj ∈ I2

)
=⇒ ajbj ∈ I1, ∀j ∈ {1, . . . , k} =⇒ r ∈ I1

#
=⇒ (I1 : I2) I2 ⊆ I1.

Åí óõíå·åßá õðïèÝôïõìå üôé r ∈ I1. Ðñïöáíþò, ra ∈ I1 I2, ∀a ∈ I2. Áõôü óçìáßíåé
áõôïìÜôùò üôé r ∈ ((I1 I2) : I2) , ïðüôå éó·ýåé êáé ç åãêëåéóôéêÞ ó·Ýóç I1 ⊆ ((I1 I2) : I2).
(d) ¸óôù ôõ·üí r ∈ (I1 : I2) : I3. Ôüôå ra ∈ I1 : I2, ∀a ∈ I3, ïðüôå

[(ra) b = (rb) a ∈ I1, ∀a ∈ I3, ∀b ∈ I2] =⇒ [rb ∈ I1 : I3, ∀b ∈ I2]=⇒ r ∈ (I1 : I3) : I2.
¢ñá (I1 : I2) : I3 ⊆ (I1 : I3) : I2.Êáé áíôéóôñüöùò° åÜí r ∈ (I1 : I3) : I2, ôüôå ra ∈ I1 : I3,
ãéá êÜèå a ∈ I2, ïðüôå

[(ra) b = (rb) a ∈ I1, ∀a ∈ I2, ∀b ∈ I3]=⇒ [rb ∈ I1 : I2, ∀b ∈ I3] =⇒ r ∈ (I1 : I2) : I3,

áð' üðïõ Ýðåôáé üôé (I1 : I3) : I2 ⊆ (I1 : I2) : I3. ¢ñá (I1 : I2) : I3 = (I1 : I3) : I2.
Õðïëåßðåôáé íá äåßîïõìå ôçí éóüôçôá J1 = J2, üðïõ

J1 = I1 : (I2 I3) , J2 = (I1 : I2) : I3.

ÌÝóù ôïý ïñéóìïý ôïý ðçëßêïõ éäåùäþí êáé ôÞò ìåôáèåôéêüôçôáò ôïý äáêôõëßïõ áíá-
öïñÜò ìáò ëáìâÜíïõìå

J1 (I2 I3) ⊆ I1
J2I3 ⊆ I1 : I2

)
=⇒ (J1I3) I2 ⊆ I1

(J2I3) I2 ⊆ I1

)
=⇒ J1I3 ⊆ I1 : I2

J2 (I2I3) ⊆ I1

)
=⇒ J1 ⊆ J2

J2 ⊆ J1

)
,

ïðüôå üíôùò J1 = J2. ¤

A-1-23. I Áðüäåéîç ðïñßóìáôïò 1.4.10 : (a) ¸óôù ôõ·üí a ∈ hmi∩ hni . Ôüôå a ∈ hmi êáé
a ∈ hni, ïðüôå a = λm = κm, ãéá êÜðïéïõò λ, κ ∈ Z. ¸óôù d := ìêä(m,n). Ðñïöáíþò,

λ
³m
d

´
d = κ

³n
d

´
d =⇒ λ

³m
d

´
= κ

³n
d

´
=⇒ n

d

¯̄̄
λ
³m
d

´
,

êé åðåéäÞ ìêä
¡
m
d ,

n
d

¢
= 1, Ý·ïõìå

n

d

¯̄̄
λ =⇒ λ = ν

n

d
,

ãéá êÜðïéïí ν ∈ Z. ÊáôÜ óõíÝðåéáí,

a = λm = ν
n

d
m =

³mn

d

´
ν = sgn (mn) åêð (m,n) ν =⇒ a ∈ håêð(m,n)i ,

Þôïé hmi ∩ hni ⊆ håêð(m,n)i . Êáé áíôéóôñüöùò° åÜí a ∈ håêð(m,n)i, ôüôå éó·ýåé ç éóü-
ôçôá a = μ åêð(m,n), ãéá êÜðïéïí μ ∈ Z, ïðüôå

a = μ
|m| |n|

ìêä(m,n)
= m

µ
μ sgn (m) |n|
ìêä(m,n)

¶
= n

µ
μ sgn (n) |m|
ìêä(m,n)

¶
,
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üðïõ μ sgn(m) |n|
ìêä(m,n) ∈ Z êáé μ sgn(n) |m|

ìêä(m,n) ∈ Z. Óõíåðþò Ý·ïõìå a ∈ hmi ∩ hni, ïðüôå éó·ýåé êáé
ï åãêëåéóìüò håêð(m,n)i ⊆ hmi ∩ hni .
(b) ÊáôÜ ôçí ðñüôáóç 1.4.3 (a), hmi + hni = {xm+ yn | x, y ∈ Z}. ÅðåéäÞ ï ìÝãéóôïò
êïéíüò äéáéñÝôçò ôùí m êáé n ãñÜöåôáé ùò áêÝñáéïò ãñáììéêüò óõíäõáóìüò ôùím êáé
n, Ý·ïõìå

ìêä(m,n) ∈ (hmi+ hni) =⇒ hìêä(m,n)i ⊆ hmi+ hni .

Êáé áíôéóôñüöùò° åÜí d := ìêä(m,n) êáé a ∈ hmi+ hni, ôüôå

(a = κm+ λn, κ, λ ∈ Z) =⇒ a =

µ
κm

d
+

λn

d

¶
d,

üðïõ κm
d + λn

d ∈ Z, ïðüôå a ∈ hìêä(m,n)i. Ôïýôï óçìáßíåé üôé hmi+ hni ⊆ hdi .
(c) ÐñïöáíÝò åðß ôç âÜóåé ôÞò ðñïôÜóåùò 1.4.3 (b).

(d) Áò õðïèÝóïõìå üôé r ∈ hmi : hni. Ôüôå -åî ïñéóìïý- ra ∈ hmi ãéá êÜèå a ∈ hni.
ÉäéáéôÝñùò,

rn ∈ hmi =⇒ [∃b ∈ Z : rn = bm] .

ÅÜí d := ìêä(m,n), ôüôå ìêä
¡
m
d ,

n
d

¢
= 1, ïðüôå

r
n

d
= b

m

d
=⇒ n

d

¯̄̄
b
m

d
=⇒ n

d

¯̄̄
b =⇒ b = c

n

d
,

ãéá êÜðïéïí c ∈ Z. ¢ñá

r
n

d
= c

n

d

m

d
=⇒ r = c

m

d
= c

m

ìêä(m,n)
=⇒ r ∈

¿
m

ìêä(m,n)

À
,

Þôïé hmi : hni ⊆
D

m
ìêä(m,n)

E
. Êáé áíôéóôñüöùò° åÜí s ∈

D
m

ìêä(m,n)

E
, ôüôå s = κm

d , üðïõ

κ ∈ Z êáé d := ìêä(m,n), ïðüôå ãéá êÜèå óôïé·åßï λn ôïý hni (λ ∈ Z), Ý·ïõìå

sλn =
³
κ
m

d

´
λn =

³
κλ

n

d

´
m ∈ hmi =⇒ s ∈ hmi : hni ,

Þôïé
D

m
ìêä(m,n)

E
⊆ hmi : hni. ¤

A-1-24. ÅðåéäÞ ãéá ïéáäÞðïôå éäåþäç I, J ôïý R Ý·ïõìå IJ = JI, åñãáæüìáóôå åðáãù-
ãéêþò åðß ôïý κ:

(I1 · · · In)κ+1 = (I1 · · · In)κ I1 · · · In
= Iκ1 · · · Iκn · I1 · · · In = Iκ+11 · · · Iκ+1n .
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(Ãéá κ = 1 ï éó·õñéóìüò åßíáé ðñïöáíþò áëçèÞò.) ¤

A-1-25. ¸óôù üôé ôá I, J åßíáé äõï éäåþäç åíüò äáêôõëßïõ R. ÅÜí ôá I, J åßíáé ìåôáîý
ôïõò ðñþôá, ôüôå, óýìöùíá ìå ôï (c) ôÞò ðñïôÜóåùò 1.4.4, Ý·ïõìå

R = R2 = (I + J)(I + J) = I2 + IJ + J2 = I(I + J) + J2 = I + J2.

Áêïëïõèþíôáò ôÞí ßäéá óõëëïãéóôéêÞ (ãéá ôïõò åêèÝôåò ôïý J) áðïäåéêíýïõìå åðáãù-
ãéêþò üôé

I + Jn = R, ∀n ∈ N.

Åí óõíå·åßá, åíáëëÜóóïíôáò ôïõò ñüëïõò ôùí I êáé Jn áðïäåéêíýïõìå åðáãùãéêþò üôé

Im + Jn = R

ãéá ïéïõóäÞðïôåm,n ∈ N. ¤

A-1-26. ÅÜí ôá I, J åßíáé äõï éäåþäç ôïý R, ôá ïðïßá åßíáé ðñþôá ìåôáîý ôïõò, ôüôå,
óýìöùíá ìå ôéò áóêÞóåéò Á-1-24, Á-1-25 êáé ôï (a) ôïý ëÞììáôïò 1.4.7, Ý·ïõìå

I + J = R⇒ Iκ + Jκ = R⇒ Iκ ∩ Jκ = IκJκ = (IJ)κ = (I ∩ J)κ,

ãéá êÜèå κ ∈ N. ¸óôù n Ýíáò öõóéêüò áñéèìüò ≥ 2. ÅÜí ôá I1, . . . , In åßíáé éäåþäç ôïý
R êáé åÜí ôá éäåþäç Ii êáé Ji :=

T {Ij | j ∈ {1, . . . , n}r{i}} åßíáé ðñþôá ìåôáîý ôïõò,
ôüôå, êÜíïíôáò ·ñÞóç ôùí áíùôÝñù éóïôÞôùí êáé åðáãùãÞò åðß ôïý n, ëáìâÜíïõìå

Iκ1 ∩ · · · ∩ Iκn =
¡
Iκ1 ∩ · · · ∩ Iκn−1

¢ ∩ Iκn
= (I1 · · · In−1)κ ∩ Iκn
= (I1 · · · In−1)κ · Iκn
= (I1 · · · In)κ

êáé

(I1 ∩ · · · ∩ In)κ = ((I1 ∩ · · · ∩ In−1) ∩ In)κ
= (Jn ∩ In)k = (Jn · In)k = Jκn · Ink
= (I1 ∩ · · · ∩ In−1)

κ · Ink
= (I1 · · · In−1)κ · Iκn
= (I1 · · · In)κ ,

áíôéóôïß·ùò. ¤
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A-1-27. (a) Åî õðïèÝóåùò, I1 ⊆ I2.¸óôù ôõ·üí r ∈ I1 : I3. Ôüôå

ra ∈ I1, ∀a ∈ I3 ⇒ ra ∈ I2, ∀a ∈ I3 ⇒ r ∈ I2 : I3.

¢ñá I1 : I3 ⊆ I2 : I3. ¸óôù ôþñá ôõ·üí r ∈ I3 : I2. Ðñïöáíþò, ra ∈ I3, ∀a ∈ I2. ÅÜí
b ∈ I1, ôüôå

b ∈ I2, rb ∈ I3 ⇒ r ∈ I3 : I1.

ÊáôÜ óõíÝðåéáí, I3 : I1 ⊇ I3 : I2.

(b) Ðñïöáíþò,

I1 : I2 = R⇔ 1R ∈ I1 : I2 ⇔ 1R · a ∈ I1, ∀a ∈ I2 ⇔ I2 ⊆ I1.

(c) Åöáñìüæïíôáò ôï (d) ôÞò ðñïôÜóåùò 1.4.11 ëáìâÜíïõìå ãéá êÜèå n ∈ N

I1 : I
n+1
2 = I1 : (I2 · In2 ) = (I1 : In2 ) : I2 = (I1 : I2) : In2 .

(d) Åöáñìüæïíôáò ôï (d) ôÞò ðñïôÜóåùò 1.4.11 ëáìâÜíïõìå

I1 : (I1 + I2) = (I1 : I1) ∩ (I1 : I2) = R ∩ (I1 : I2) = I1 : I2.

Ôïýôï áðïðåñáôþíåé ôéò áðïäåßîåéò ìáò. ¤

A-1-28. (a) ÕðïèÝôïíôáò üôé In ⊆ J, ãéá êÜðïéïí n ∈ N, êáé èåùñþíôáò ôõ·üí óôïé·åßï
r ∈ Rad(I) óõìðåñáßíïõìå üôé

∃m ∈ N : rm ∈ I ⇒ (rm)n ∈ In ⇒ rmn ∈ J ⇒ r ∈ Rad (J) ,

ïðüôå Rad(I) ⊆ Rad(J) .

(b) Ôï üôé Rad(Rad(I)) = Rad(I) Ý·åé Þäç áðïäåé·èåß óôçí Üóêçóç Á-1-18.

(c) Ðñïöáíþò,

Ik ⊆ I, ∀k ∈ N⇒ Rad
¡
Ik
¢ ⊆ Rad (I) ,∀k ∈ N.

Áðü ôçí Üëëç ìåñéÜ, ëüãù ôïý (a),

Ik+1 ⊆ Ik, ∀k ∈ N⇒ Rad (I) ⊆ Rad
¡
Ik
¢
,∀k ∈ N.

¢ñá ôåëéêþò Rad
¡
Ik
¢
= Rad(I) ,∀k ∈ N.

(d) Ðñïöáíþò, Rad(I)+ Rad(J) ⊆ Rad(Rad(I)+ Rad(J)). Åðßóçò,

I ⊆ Rad(I)
J ⊆ Rad(J)

¾
, I + J ⊆ Rad(I + J)⇒ Rad (I + J) ⊆ Rad(Rad (I) +Rad (J)).



20 ëõóåéò áóêçóåùí

¸óôù ôõ·üí r ∈ Rad(I)+ Rad(J) . Ôüôå r = y + z, üðïõ y ∈ Rad(I) êáé z ∈ Rad(J) ,
ïðüôå

∃m,κ ∈ N : ym ∈ I, zκ ∈ J

⇒ rm+κ = (y + z)
m+κ

=
m+κP
j=0

¡
m+κ
j

¢
yjzm+κ−j

= zκ

Ã
m−1P
j=0

¡
m+κ
j

¢
yjzm−j

!
+ ymzκ + ym

Ã
m+κP

j=m+1

¡
m+κ
j

¢
yj−mzm+κ−j

!
∈ I + J

⇒ r ∈ Rad (I + J) .

Åî áõôïý Ýðåôáé üôé Rad(I)+ Rad(J) ⊆ Rad(I + J) êáé êáô' åðÝêôáóéí

Rad(Rad (I) +Rad (J)) ⊆ Rad(Rad (I + J))
(b)
= Rad (I + J) .

¢ñá ôåëéêþò Rad(I)+ Rad(J) ⊆ Rad(Rad(I)+ Rad(J)) = Rad(I + J) .

(e) ÅÜí r ∈ Rad(I ∩ J) , ôüôå ∃m ∈ N : rm ∈ I ∩ J, ïðüôå rm ∈ I êáé rm ∈ J, áð' üðïõ
Ýðåôáé üôé r ∈Rad(I)∩Rad(J) .¢ñá Rad(I ∩ J) ⊆Rad(I)∩Rad(J) .Êáé áíôéóôñüöùò°
åÜí r ∈ Rad(I)∩ Rad(J) , ôüôå

∃m,κ ∈ N : rm ∈ I, rκ ∈ J ⇒ rm+κ = rmrκ ∈ I ∩ J ⇒ r ∈ Rad (I ∩ J) .
¢ñá

Rad (I) ∩Rad (J) ⊆ Rad (I ∩ J) .
Åí óõíå·åßá èåùñïýìå åê íÝïõ ôõ·üí óôïé·åßï r ∈ Rad(I ∩ J) . Ðñïöáíþò,

∃m ∈ N : rm ∈ I ∩ J ⇒ r2m = rmrm ∈ IJ ⇒ r ∈ Rad (I J) .

ÊáôÜ óõíÝðåéáí, Rad(I ∩ J) ⊆ Rad(I J) .Êáé áíôéóôñüöùò° êáôÜ ôï (a) ôÞò ðñïôÜóåùò
1.4.5,

I J ⊆ I ∩ J ⇒ Rad (I J) ⊆ Rad (I ∩ J) .
¢ñá ôåëéêþò Rad(I)∩ Rad(J) = Rad(I ∩ J) = Rad(I J) .

(f) ÂÜóåé ôïý (a) ôÞò ðñïôÜóåùò 1.4.5,

Rad (I) Rad (J) ⊆ Rad (I) ∩Rad (J)
(e)
= Rad (I J) .

ÅðéðñïóèÝôùò,

I J ⊆ Rad (I) Rad (J) ⊆ Rad(Rad (I) Rad (J)).
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ÅîÜëëïõ, Rad(I)Rad(J) ⊆ Rad(I J) , ïðüôå

Rad(Rad (I) Rad (J)) ⊆ Rad (Rad (I J))
(b)
= Rad (I J) .

¢ñá ôåëéêþò Rad(I J) = Rad(Rad(I)Rad(J)).

(g) ¸óôù ôõ·üí r ∈ Rad(I : J) . Ôüôå

∃m ∈ N : rm ∈ Rad (I : J)⇒ rma ∈ I, ∀a ∈ J.

¸óôù ôõ·üí b ∈ Rad(J) . Ôüôå

∃κ ∈ N : bκ ∈ J ⇒ rmbκ ∈ I,

ïðüôå

(rb)
m+κ

= (rmbκ) rκbm ∈ I ⇒ rb ∈ Rad (J) .

Áõôü óçìáßíåé üôé r ∈ Rad(I) : Rad(J) . ¢ñá Rad(I) : Rad(J) ⊇ Rad(I : J) .

(h) ÅÜí ï π : R −→ R/I åßíáé ï öõóéêüò åðéìïñöéóìüò êáé r ∈ Rad(I) , ôüôå

∃m ∈ N : rm ∈ I ⇒ π(rm) = π(r)m = 0R/I ⇒ π(r) ∈ Nil(R/I)⇒ r ∈ π−1(Nil(R/I)).

¢ñá Rad(I) ⊆ π−1(Nil(R/I)). Êáé áíôéóôñüöùò° åÜí r ∈ π−1(Nil(R/I)), ôüôå

π(r) ∈ Nil(R/I)⇒ ∃m ∈ N : π(r)m = π(rm) = 0R/I ⇒ rm ∈ I ⇒ r ∈ Rad (I) ,

ïðüôå Rad(I) ⊇ π−1(Nil(R/I)). ¤

A-1-29. Åî õðïèÝóåùò ∃κ ∈ N êáé a1, . . . , aκ ∈ R : I = ha1, . . . , aκi êáé I ⊆ Rad(J),
ïðüôå

∃mj ∈ N : amj

j ∈ I, ∀j ∈ {1, . . . , κ}.

ÈÝôïõìå n := m1 + · · ·+mκ. ÊáôÜ ôï (d) ôÞò óçìåéþóåùò 1.4.2,

In =
©

ai11 a
i2
2 · · · aiκκ

¯̄
(i1, .., iκ) ∈ Nκ0 : i1 + · · ·+ iκ = n

ª®
.

ÈáóõìðåñÜíïõìå üôé In ⊆ J áðïäåéêíýïíôáò üôéêáèÝíáò ôùí ãåííçôüñùí ôïý In áíÞêåé
óôï J. Ðñïò ôïýôï áñêåß íá áðïäåé·èåß üôé óå êÜèå ãéíüìåíï

ai11 a
i2
2 · · · aiκκ , i1 + · · ·+ iκ = n,

êÜðïéïò åê ôùí åêèåôþí ij , j ∈ {1, . . . , κ}, åßíáé ≥ mj (äéüôé åí ôïéáýôç ðåñéðôþóåé
êáé ïëüêëçñï ôï ãéíüìåíï ai11 a

i2
2 · · · aiκκ èá áíÞêåé óôï J, áöïý ôï J åßíáé éäåþäåò ôïý
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R). ÕðïèÝôïíôáò ôçí ýðáñîç åíüò ãåííÞôïñá ai11 a
i2
2 · · · aiκκ ôïý In, ãéá ôïí ïðïßï éó·ýåé

ij < mj ãéá êÜèå j ∈ {1, . . . , κ}, èá êáôáëÞãáìå óå áíôßöáóç, êáèüóïí

i1 + · · ·+ iκ < m1 + · · ·+mκ = n.

¢ñá ðñÜãìáôé In ⊆ J . ¤

A-1-30. (a) ÅÜí s ∈ I
ext(f)
1 + I

ext(f)
2 , ôüôå s = s1 + s2, üðïõ s1 ∈ I

ext(f)
1 êáé s2 ∈ I

ext(f)
2 ,

ïðüôå

∃m ∈ N, a1, . . . , am ∈ I1, t1, . . . , tm ∈ R0 : s1 =
mX
i=1

tif(ai),

êáé

∃n ∈ N, b1, . . . , bn ∈ I2, u1, . . . , un ∈ R0 : s2 =
nX
j=1

ujf(bj).

ÅðïìÝíùò,

s1 ∈ f(I1)R
0 ⊆ f(I1 + I2)R

0

s2 ∈ f(I2)R
0 ⊆ f(I1 + I2)R

0

¾
⇒ s ∈ f(I1 + I2)R

0 = (I1 + I2)
ext(f),

áð' üðïõ Ýðåôáé üôé Iext(f)1 + I
ext(f)
2 ⊆ (I1 + I2)

ext(f). Êáé áíôéóôñüöùò° åÜí õðïèÝóïõìå
üôé s ∈ (I1 + I2)

ext(f), ôüôå

∃m ∈ N, c1, . . . , cm ∈ I1 + I2, t1, . . . , tm ∈ R0 : s =
mX
i=1

tif(ci).

Ðñïöáíþò,

∃a1, . . . , am ∈ I1, b1, . . . , bm ∈ I2 : ci = ai + bi,

ãéá êÜèå i ∈ {1, . . . ,m}. Ùò åê ôïýôïõ,

s =
mX
i=1

tif(ai)| {z }
∈f(I1)R0

+
mX
i=1

tif(bi)| {z }
∈f(I2)R0

∈ I
ext(f)
1 + I

ext(f)
2 ,

ïðüôå (I1 + I2)
ext(f) ⊆ I

ext(f)
1 + I

ext(f)
2 .

(b) ÅÜí s ∈ I
ext(f)
1 I

ext(f)
2 , ôüôå ∃κ ∈ N, s1,1, . . . , s1,κ, ∈ I

ext(f)
1 , s2,1, . . . , s2,κ ∈ I

ext(f)
2 :

s =
κX
i=1

s1,is2,i.
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ÅðïìÝíùò, ãéá êÜèå i ∈ {1, . . . , κ}

∃m ∈ N, a1,i,1, . . . , a1,i,m ∈ I1, t1,i,1, . . . , t1,i,m ∈ R0 : s1,i =
mX
μ=1

t1,i,μf(a1,i,μ),

êáé

∃n ∈ N, a2,i,1, . . . , a2,i,n ∈ I2, t2,i,1, . . . , t2,i,n ∈ R0 : s2,i =
nX

ν=1

t2,i,νf(a2,i,ν).

Åî áõôïý óõìðåñáßíïõìå üôé

s =
κX
i=1

Ã
mX
μ=1

t1,i,μf(a1,i,μ)

!Ã
nX

ν=1

t2,i,νf(a2,i,ν)

!
=

κX
i=1

m+nX
λ=2

X
μ+ν=λ

ξi,λ,

üðïõ

ξi,λ := t1,i,μt2,i,νf(a1,i,μ)f(a2,i,ν) = t1,i,μt2,i,νf(a1,i,μa2,i,ν) ∈ (I1I2)ext(f),

áð' üðïõ Ýðåôáé üôé s ∈ (I1I2)ext(f). ¢ñá I
ext(f)
1 I

ext(f)
2 ⊆ (I1I2)

ext(f). Êáé áíôéóôñüöùò°
åÜí s ∈ (I1I2)ext(f), ôüôå

∃m ∈ N, r1, . . . , rm ∈ I1I2, t1, . . . , tm ∈ R0 : s =
mX
i=1

tif(ri).

ÅðïìÝíùò, ãéá êÜèå i ∈ {1, . . . ,m}

∃κ ∈ N, a1,1,i, . . . , a1,κ,i ∈ I1, a2,1,i, . . . , a2,κ,i ∈ I2 : ri =
κX

j=1

a1,j,ia2,j,i.

Åî áõôïý óõìðåñáßíïõìå üôé

s =
mX
i=1

tif

⎛⎝ κX
j=1

a1,j,ia2,j,i

⎞⎠ =
mX
i=1

κX
j=1

tif (a1,j,i) f (a2,j,i) ∈ I
ext(f)
1 I

ext(f)
2 .

¢ñá (I1I2)ext(f) ⊆ I
ext(f)
1 I

ext(f)
2 .

(c) ÅÜí s ∈ (I1 ∩ I2)ext(f), ôüôå

∃m ∈ N, r1, . . . , rm ∈ I1 ∩ I2, t1, . . . , tm ∈ R0 : s =
mX
i=1

tif(ri).

ÅðåéäÞ f(ri) ∈ f(I1 ∩ I2) ⊆ f(Ij) ãéá j ∈ {1, 2}, äéáðéóôþíïõìå üôé s ∈ I
ext(f)
1 ∩ Iext(f)2 .

ÊáôÜ óõíÝðåéáí,

(I1 ∩ I2)ext(f) ⊆ I
ext(f)
1 ∩ Iext(f)2 .
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ÅÜí õðïèÝóïõìå üôé ï f åßíáé åðéìïñöéóìüò, üôé Ker(f) ⊆ Ij , ãéá êÜðïéïí j ∈ {1, 2},
êáé üôé s ∈ I

ext(f)
1 ∩ Iext(f)2 , ôüôå õðÜñ·åé r ∈ R : f(r) = s êáé (åðåéäÞ I

ext(f)
1 = f(I1) êáé

I
ext(f)
2 = f(I2)) õðÜñ·ïõí a ∈ I1, b ∈ I2 : s = f(a) = f(b), ïðüôå

r − a ∈ Ker (f) ⊆ Ij
r − b ∈ Ker (f) ⊆ Ij

¾
⇒
½

åßôå r ∈ I1, b ∈ I1 ∩ I2 (üôáí j = 1)
åßôå r ∈ I2, a ∈ I1 ∩ I2 (üôáí j = 2)

¾
.

Êáé óôéò äýï ðåñéðôþóåéò, s ∈ f(I1 ∩ I2) = (I1 ∩ I2)ext(f). Åî áõôïý óõìðåñáßíïõìå üôé
¢ñá I

ext(f)
1 ∩ Iext(f)2 ⊆ (I1 ∩ I2)ext(f).

(d) ÅÜí s ∈ (I1 : I2)ext(f), ôüôå ∃m ∈ N, r1, . . . , rm ∈ R, t1, . . . , tm ∈ R0 :

s =
mX
i=1

tif(ri),

ìå riI2 ⊆ I1, ∀i ∈ {1, . . . ,m}, ïðüôå

f(riI2) = f(ri)f(I2) ⊆ f(I1), ∀i ∈ {1, . . . ,m}⇒ s ∈ I
ext(f)
1 : I

ext(f)
2 ,

áð' üðïõ óõíÜãïõìå üôé (I1 : I2)ext(f) ⊆ I
ext(f)
1 : I

ext(f)
2 . ÅÜí õðïèÝóïõìå üôé ï f åßíáé

åðéìïñöéóìüò, üôé Ker(f) ⊆ I1 êáé üôé s ∈ I
ext(f)
1 : I

ext(f)
2 , ôüôå

sI
ext(f)
2 = sf(I2) ⊆ I

ext(f)
1 = f(I1)

êáé õðÜñ·åé r ∈ R : f(r) = s êáé

f(r)f(I2) = f(rI2) ⊆ f(I1)⇒ rI2 ⊆ f−1(f(I1))

Ker (f) ⊆ I1 ⇒ f−1(f(I1)) = I1

)
⇒ rI2 ⊆ I1,

ïðüôå

r ∈ I1 : I2 ⇒ s = f(r) ∈ f(I1 : I2) = (I1 : I2)
ext(f).

¢ñá ôåëéêþò Iext(f)1 : I
ext(f)
2 ⊆ (I1 : I2)ext(f).

(e) ÅÜí s ∈ Rad(I)ext(f) , ôüôå ∃m ∈ N, r1, . . . , rm ∈ Rad(I) , t1, . . . , tm ∈ R0 :

s =
mX
i=1

tif(ri),

êáé

∃νi ∈ N : rνii ∈ I, ∀i ∈ {1, . . . ,m},

ïðüôå

f(rνii ) = f(ri)
νi ∈ f(I)R0 ⇒ f(ri) ∈ Rad

³
Iext(f)

´
, ∀i ∈ {1, . . . ,m},
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êáé -êáô' åðÝêôáóéí- s ∈Rad
¡
Iext(f)

¢
.¢ñáRad(I)ext(f) ⊆Rad

¡
Iext(f)

¢
.ÅÜí õðïèÝóïõìå

üôé ï f åßíáé åðéìïñöéóìüò, üôé Ker(f) ⊆ I êáé üôé s ∈ Rad
¡
Iext(f)

¢
, ôüôå õðÜñ·åé r ∈ R :

f(r) = s êáé

∃κ ∈ N : sκ ∈ Iext(f) = f(I)

Ker (f) ⊆ I ⇒ f−1(f(I)) = I

)
⇒ rκ ∈ f−1(f(rκ)) = f−1(sκ) ⊆ I

ïðüôå

r ∈ Rad(I)⇒ s = f(r) ∈ f(Rad(I)) = Rad (I)ext(f) .

¢ñá ôåëéêþò Rad
¡
Iext(f)

¢ ⊆ Rad(I)ext(f) . ¤

A-1-31. (a) ¸óôù ôõ·üí r ∈ J
con(f)
1 +J

con(f)
2 . Ôüôå r = a+ b, ãéá êÜðïéá a ∈ f−1(J1) êáé

b ∈ f−1(J2), ïðüôå

f(r) = f(a) + f(b) ∈ J1 + J2 ⇒ r ∈ (J1 + J2)
con(f),

åî ïõ êáé ï åêëåéóìüò Jcon(f)
1 + J

con(f)
2 ⊆ (J1 + J2)

con(f). ÅÜí õðïèÝóïõìå üôé ï f åßíáé
åðéìïñöéóìüò êáé r ∈ (J1 + J2)

con(f), ôüôå f(r) ∈ J1 + J2, Þôïé f(r) = c+ d, ãéá êÜðïéá
c ∈ J1 êáé d ∈ J2, ïðüôå õðÜñ·ïõí a ∈ f−1(J1) êáé b ∈ f−1(J2) ìå f(a) = c êáé f(b) = d.

Óõíåðþò,

f(r) = f(a+ b)⇒ f(r − a− b) = 0R0 ⇒ r − a− b = s ∈ Ker(f).

ÅðåéäÞ 0R0 ∈ J1 ∩ J2 ⇒ Ker(f) = f−1(0R0) ⊆ f−1(J1) ∩ f−1(J2) ⊆ f−1(J1) + f−1(J2),

Ý·ïõìå

s ∈ Ker(f) ⊂ f−1(J1) + f−1(J2)

a+ b ∈ f−1(J1) + f−1(J2)

)
⇒ r = s+ a+ b ∈ J

con(f)
1 + J

con(f)
2 ,

ïðüôå (J1 + J2)
con(f) ⊆ J

con(f)
1 + J

con(f)
2 .

(b) ¸óôù ôõ·üí r ∈ J
con(f)
1 J

con(f)
2 . Ôüôå õðÜñ·ïõí κ ∈ N, a1, . . . , aκ ∈ f−1(J1),

b1, . . . , bκ ∈ f−1(J2) :

r =
κX

j=1

ajbj ⇒ f(r) =
κX

j=1

f(aj)| {z }
∈J1

f(bj)| {z }
∈J2

∈ J1J2 ⇒ r ∈ (J1J2)con(f) .

¢ñá J
con(f)
1 J

con(f)
2 ⊆ (J1J2)con(f) . ÅÜí õðïèÝóïõìå üôé ï f åßíáé åðéìïñöéóìüò ìå

Ker (f) ⊆ J
con(f)
1 J

con(f)
2
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êáé r ∈ (J1J2)con(f) , ôüôå ∃κ ∈ N, c1, . . . , cκ ∈ J1, d1, . . . , dκ ∈ J2 :

f(r) =
κX

j=1

cjdj ,

êáèþò êáé a1, . . . , aκ ∈ f−1(J1), b1, . . . , bκ ∈ f−1(J2) :

f(aj) = cj , f(bj) = dj , ∀j ∈ {1, . . . , κ},
ïðüôå

f(r) =
κX

j=1

f(aj)f(bj) =
κX

j=1

f(ajbj)

⇒ r −
κX

j=1

ajbj = s ∈ Ker (f) ⊆ J
con(f)
1 J

con(f)
2 ,

áð' üðïõ Ýðåôáé üôé

s ∈ J
con(f)
1 J

con(f)
2Pκ

j=1 ajbj ∈ J
con(f)
1 J

con(f)
2

)
⇒ r = J

con(f)
1 J

con(f)
2 .

Ôïýôï óçìáßíåé üôé (J1J2)
con(f) ⊆ J

con(f)
1 J

con(f)
2 .

(c) Ðñïöáíþò,

(J1 ∩ J2)con(f) = f−1(J1 ∩ J2) = f−1(J1) ∩ f−1(J2) = J
con(f)
1 ∩ Jcon(f)

2 .

(d)¸óôù ôõ·üí r ∈ (J1 : J2)con(f) = f−1(J1 : J2). Ôüôå

f(r) ∈ J1 : J2 ⇒ f(r)a ∈ J1, ∀a ∈ J2.

Ãéá ïéïäÞðïôå b ∈ f−1(J2) Ý·ïõìå

f(b) ∈ J2 ⇒ f(r)f(b) = f(rb) ∈ J1 ⇒ rb ∈ f−1(J1).

¢ñá r ∈ f−1(J1) : f
−1(J2) = J

con(f)
1 : J

con(f)
2 .

ÅÜí õðïèÝóïõìå üôé ï f åßíáé åðéìïñöéóìüò êáé r ∈ J
con(f)
1 : J

con(f)
2 , ôüôå

ra ∈ f−1(J1),∀a ∈ f−1(J2)⇒ f(ra) = f(r)f(a) ∈ f(f−1(J1)) = J1,∀a ∈ f−1(J2),

ìå f(f−1(J2)) = J2, áð' üðïõ Ýðåôáé üôé f(r) ∈ J1 : J2 ⇒ r ∈ (J1 : J2)con(f) .
(e) ÅÜí r ∈ Rad(J)con(f) , ôüôå f(r) ∈ Rad(J) êáé

∃m ∈ N : f(r)m = f(rm) ∈ J ⇒ rm ∈ Jcon(f) ⇒ r ∈ Rad
³
Jcon(f)

´
.
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¢ñá Rad(J)con(f) ⊆ Rad
¡
Jcon(f)

¢
. Êáé áíôéóôñüöùò° åÜí r ∈ Rad

¡
Jcon(f)

¢
, ôüôå

∃κ ∈ N : rκ ∈ f−1(J)⇒ f(rm) = f(r)m ∈ J ⇒ f(r) ∈ Rad (J) ,

áð' üðïõ Ýðåôáé üôé r ∈ Rad(J)con(f) . ¢ñá Rad
¡
Jcon(f)

¢ ⊆ Rad(J)con(f) . ¤

A-1-32. (a) ÅÜí I ∈ IR êáé r ∈ I, ôüôå

f(r) ∈ f(I) ⊆ f(I)R0 ⇒ r ∈ f−1(f(r)) ⊆ f−1(f(I)R0) = (Iext(f))con(f),

ïðüôå I ⊆ (Iext(f))con(f).
(b) ÅÜí J ∈ IR0 êáé s ∈ (Jcon(f))ext(f) = f(f−1(J))R0, ôüôå

∃κ ∈ N, s1, . . . , sκ ∈ R0, a1, . . . , aκ ∈ f−1(J) : s =
κX

j=1

sj f(aj)| {z }
∈J

∈ J,

ïðüôå (Jcon(f))ext(f) ⊆ J.

(c) ÅÜí I ∈ IR êáé s ∈ Iext(f), ôüôå

∃κ ∈ N, s1, . . . , sκ ∈ R0, a1, . . . , aκ ∈ I : s =
κX

j=1

sjf(aj).

ÊáôÜ ôï (a), aj ∈ I ⊆ (Iext(f))con(f), ïðüôå

f(aj) ∈ ((Iext(f))con(f))ext(f), ∀j ∈ {1, . . . , κ}⇒ s ∈ ((Iext(f))con(f))ext(f).

¢ñá Iext(f) ⊆ ((Iext(f))con(f))ext(f).Áðü ôçí Üëëç ìåñéÜ, åöáñìüæïíôáò ôï (b) ãéá ôï éäåþ-
äåò J := Iext(f) ∈ IR0 , ëáìâÜíïõìå

((Iext(f))con(f))ext(f) ⊆ Iext(f).

¢ñá ôåëéêþò Iext(f) = ((Iext(f))con(f))ext(f).

(d) ÅÜí J ∈ IR0 êáé r ∈ ((Jcon(f))ext(f))con(f), ôüôå

r ∈ f−1((Jcon(f))ext(f))⇒ f(r) ∈ (Jcon(f))ext(f) ⊆
(b)

J

⇒ r ∈ f−1(f(r)) ⊆ f−1(J) = Jcon(f).

¢ñá ((Jcon(f))ext(f))con(f) ⊆ Jcon(f). Áðü ôçí Üëëç ìåñéÜ, åöáñìüæïíôáò ôï (a) ãéá ôï
éäåþäåò I := Jcon(f) ∈ IR, ëáìâÜíïõìå

Jcon(f) ⊆ ((Jcon(f))ext(f))con(f).
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¢ñá ôåëéêþò ((Jcon(f))ext(f))con(f) = Jcon(f).

(e) ÅÜí CR(f) :=
©
Jcon(f)

¯̄
J ∈ IR0

ª
êáé ER0(f) :=

©
Iext(f)

¯̄
I ∈ IR

ª
, ôüôå ïé áðåéêïíßóåéò

CR(f) 3 I 7−→ Iext(f) ∈ ER0(f), ER0(f) 3 J 7−→ Jcon(f) ∈ CR(f),

åßíáé áìöéññéðôéêÝò êáé ç ìßá áíôßóôñïöïò ôÞò Üëëçò, äéüôé êáôÜ ôá (c) êáé (d) Ý·ïõìå

Iext(f) = ((Iext(f))con(f))ext(f), ∀I ∈ IR,

êáé

((Jcon(f))ext(f))con(f) = Jcon(f), ∀J ∈ IR0 ,

áíôéóôïß·ùò.

(f) ÅÜí ï f åßíáé åðéìïñöéóìüò, ôüôå CR(f) = {I ∈ IR| I ⊇ Ker(f)} , ER0(f) = IR0 , êáé
ïé áðåéêïíßóåéò

CR(f) 3 I 7−→ f(I) ∈ ER0(f), ER0(f) 3 J 7−→ f−1(J) ∈ CR(f),

åßíáé áìöéññéðôéêÝò êáé ç ìßá áíôßóôñïöïò ôÞò Üëëçò. Ôïýôï Ýðåôáé Üìåóá áðü ô (e) êáé
áðü ôï üôé ãéá êÜèå I ∈ IR ìå I ⊇ Ker(f) Ý·ïõìå f(I) = Iext(f) ∈ ER0(f). ¤

A-1-33. ¸óôù ôõ·üí ðïëõþíõìï F ∈ I(V ) + I(W ). Ôüôå F = G + H, ãéá êÜðïéá
ðïëõþíõìá G ∈ I(V ) êáéH ∈ I(W ). Ãéá êÜèå P ∈ V ∩W Ý·ïõìå

F (P ) = G(P ) +H(P ) = 0k + 0k = 0k ⇒ F ∈ I(V ∩W ).

¢ñá I(V ) + I(W ) ⊆ I(V ∩W ). ÂÜóåé ôÞò ðñïôÜóåùò 1.4.5 (a)) éó·ýåé

I(V )I(W ) ⊆ I(V ) ∩ I(W ).

Èåùñïýìå ôõ·üíôá F ∈ I(V ) ∩ I(W ) êáé P ∈ V ∪W. ÅÜí P ∈ V, ôüôå F (P ) = 0k (äéüôé
F ∈ I(V )). Êáô' áíáëïãßáí, åÜíP ∈W, ôüôå F (P ) = 0k (äéüôé F ∈ I(W )). Ùò åê ôïýôïõ,
F ∈ I(V ∪W ), ïðüôå I(V )I(W ) ⊆ I(V ∪W ). ¤

A-1-34. (a) ¸óôù ôõ·üí F ∈ I : J. Åî ïñéóìïý, FG ∈ I, ∀G ∈ J. ÅÜí P ∈ V(I)rV(J),
ôüôå

F (P )G(P ) = 0k, ∀G ∈ J, ∀F ∈ I : J.

ÅðåéäÞ P /∈ V(J), ∃G ∈ J : G(P ) 6= 0k. ÅðïìÝíùò, ·ñçóéìïðïéþíôáò áõôü ôï G óõìðå-
ñáßíïõìå üôé

F (P ) = 0k, ∀P ∈ V(I)rV(J) =⇒ F ∈ I(V(I)rV(J)).
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(b) ÈÝôïíôáò I = I(V ), J = I(W ) óôï (a) êáé åöáñìüæïíôáò ôï (5) (a) ôÞò ðñïôÜóåùò
1.3.1, ëáìâÜíïõìå

I(V ) : I(W ) ⊆ I(V(I(V ))rV(I(W ))) = I(VrW ).

Êáé áíôéóôñüöùò° åÜí F ∈ I(VrW ), ôüôå F (P ) = 0k, ∀P ∈ VrW. Ðñïöáíþò, V =

(VrW ) ∩ (V ∩ W ). ÅÜí P ∈ VrW, ôüôå F (P ) = 0k, åíþ åÜí P ∈ V ∩ W, Ý·ïõìå
F (P )G(P ) = 0k ãéá êÜèå G ∈ I(W ). ¢ñá

F (P )G(P ) = 0k, ∀P ∈ V, ∀G ∈ I(W ),

ïðüôå I(VrW ) ⊆ I(V ) : I(W ). ¤

A-1-35. (a) ¸óôù

Ìïí(k [X1, . . . ,Xn]) :=
©
Xi11 X

i2
2 · · ·Xinn

¯̄
(i1, i2, . . . , in) ∈ Nn0

ª
ôï óýíïëï ôùí ìïíùíýìùí ôïý k [X1, . . . ,Xn] . Ïñßæïíôáò ùò

Ìïí(k [X1, . . . ,Xn])≤d, Ìïí(k [X1, . . . ,Xn])d

ôá õðïóýíïëá ôïý Ìïí(k [X1, . . . ,Xn]) ðïõ Ý·ïõí âáèìü ≤ d êáé = d, áíôéóôïß·ùò, êáé
èÝôïíôáò

ϕ≤d(n) := (Ìïí(k [X1, . . . ,Xn])≤d) = { (i1, . . . , in) ∈ Nn0 | i1 + · · ·+ in ≤ d} ,

ϕd(n) := (Ìïí(k [X1, . . . ,Xn])d) = { (i1, . . . , in) ∈ Nn0 | i1 + · · ·+ in = d} ,

ðáñáôçñïýìå üôé ïñßæåôáé ìéá áìößññéøç

{ (i1, . . . , in) ∈ Nn0 | i1 + · · ·+ in ≤ d}
l

{ (ξ1, . . . , ξn) ∈ Nn| 1 ≤ ξ1 < ξ2 < · · · < ξn ≤ n+ d} ,
üðïõ

(i1, . . . , in) 7−→ (ξ1, . . . , ξn) := (i1 + 1, i1 + i2 + 2 . . . , , i1 + i2 + . . .+ in + n).

Ðñïöáíþò,

ϕ≤d(n) = { (ξ1, . . . , ξn) ∈ Nn| 1 ≤ ξ1 < ξ2 < · · · < ξn ≤ n+ d} =
µ
n+ d

n

¶
êáé

ϕd(n) = ϕ≤d(n)− ϕ≤d−1(n) =

µ
n+ d

n

¶
−
µ
n+ d− 1

n

¶
=

µ
n− 1 + d

n− 1
¶
.
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(b) ÅÜí I := hX1, . . . ,Xni ⊂k[X1, . . . ,Xn], ôüôå ôï Id ðáñÜãåôáé (åî ïñéóìïý) áðü üëá ôá
ìïíþíõìá ôá áíÞêïíôá óôï Ìïí(k [X1, . . . ,Xn])d (ðñâë. ôï (d) ôÞò óçìåéþóåùò 1.4.2),
ïðüôå áðïôåëåßôáé áðü åêåßíá ôá ðïëõþíõìá ôïý k[X1, . . . ,Xn], ôá ïðïßá äåí ðåñéÝ·ïõí
êáíÝíáí üñï âáèìïý< d.Ï ðçëéêïäáêôýëéïò k[X1, . . . ,Xn]/Id, éäùìÝíïò ùò äéáíõóìá-
ôéêüò ·þñïò õðåñÜíù ôïý óþìáôïò k, Ý·åé ôï óýíïëï©

Xi11 · · ·Xinn + Id
¯̄
(i1, i2, . . . , in) ∈ Nn0 , Xi11 · · ·Xinn ∈Ìïí(k [X1, . . . ,Xn])≤d−1

ª
ùò âÜóç ôïõ. Áõôü óçìáßíåé üôé

dimk(k[X1, . . . ,Xn]/I
d) = ϕ≤d−1(n) =

µ
n− 1 + d

n

¶
,

ïðüôå ï éó·õñéóìüò åßíáé áëçèÞò. ¤

A-1-36. ¸óôù I Ýíá éäåþäåò åíüò äáêôõëßïõ R êáé Ýóôù π : R −→ R/I ï öõóéêüò
åðéìïñöéóìüò.

(a) ÅÜí ôï J 0 åßíáé Ýíá éäåþäåò ôïý R/I, ôüôå ôï π−1 (J 0) =: J åßíáé Ýíá éäåþäåò ôïý R

ôï ïðïßï ðåñéÝ·åé ôï I. ÐñÜãìáôé° åÜí a, b ∈ J êáé r ∈ R, ôüôå

a+ I = π(a) ∈ J 0

b+ I = π(b) ∈ J 0

¾
=⇒ (a+ I)− (b+ I) = (a− b) + I = π(a− b) ∈ J 0 =⇒ a− b ∈ J

êáé r(a+ I) = (ra) + I = π(ra) ∈ J 0 =⇒ ra ∈ J, ìå I ⊆ J (äéüôé ãéá êÜèå a ∈ I Ý·ïõìå
a+ I = 0R + I ∈ J 0, ïðüôå a ∈ π−1 (J 0) =: J).

Áðü ôçí Üëëç ìåñéÜ, åÜí ôï J åßíáé Ýíá éäåþäåò ôïý R, ôï ïðïßï ðåñéÝ·åé ôï I, ôï
π(J) =: J 0 áðïôåëåß Ýíá éäåþäåò ôïýR/I.ÐñÜãìáôé° åÜí a+ I, b+ I ∈ J 0 ìå a, b ∈ J êáé
r + I ∈ R/I, ôüôå

π(a− b) = (a− b) + I = (a+ I)− (b+ I) ∈ J 0,

π(ra) = (ra) + I = r(a+ I) ∈ J 0.

Êáô' áõôüí ôïí ôñüðï ïñßæåôáé ìÝóù ôÞò áíôéóôïé·ßáò

{éäåþäç ôïý R/I} 3 J 0 ←→ J ∈
½

éäåþäç ôïý R

ôá ïðïßá ðåñéÝ·ïõí ôï I

¾
ç æçôïýìåíç áìößññéøç (ðñâë. Üóêçóç Á-1-32 (f)).

(b) Ôï J åßíáé Ýíá ñéæéêü éäåþäåò åÜí êáé ìüíïí åÜí ôï J 0 åßíáé ñéæéêü. ÐñÜãìáôé° åÜí
J = Rad(J), ôüôå (ðñïöáíþò) J 0 ⊆ Rad(J 0) êáé ãéá ïéïäÞðïôå (a+ I) ∈ Rad(J 0) ⊆ R/I

∃n ∈ N : (a+ I)
n
= an + I ∈ J 0 = π(J) =⇒ an ∈ J = Rad(J)
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=⇒ a ∈ J =⇒ (a+ I) ∈ J 0.

Êáé áíôéóôñüöùò° åÜí J 0 = Rad(J 0), ôüôå (ðñïöáíþò) J ⊆ Rad(J) êáé ãéá ïéïäÞðïôå
a ∈ Rad(J)

∃n ∈ N : an ∈ J =⇒ an + I = (a+ I)n ∈ J 0 = Rad(J 0)

=⇒ (a+ I) ∈ J 0 = π(J) =⇒ a ∈ J.

Åðßóçò, ôï J åßíáé ðñþôï (êáé áíôéóôïß·ùò, ìåãéóôïôéêü) éäåþäåò åÜí êáé ìüíïí åÜí ôï
J 0 åßíáé ðñþôï (êáé áíôéóôïß·ùò, ìåãéóôïôéêü). ÐñÜãìáôé° èåùñþíôáò ôüí öõóéêü åðé-
ìïñöéóìü

: R/I −→ (R/I) /J 0, (r + I) := (r + I) + J 0, ∀r ∈ R,

êáé ïñßæïíôáò ôïí åðéìïñöéóìü

f := ◦ π, f : R −→ (R/I) /J 0,

Ý·ïõìå

Ker(f) = {r ∈ R | f(r) = J 0 } = {r ∈ R | (π(r)) = J 0 } = {r ∈ R | (r + I) = J 0 }
= {r ∈ R |(r + I) + J 0 = J 0 } = {r ∈ R |π(r) ∈ J 0 } = π−1(J 0) = J.

Åðß ôç âÜóåé ôïý 1ïõ èåùñÞìáôïò éóïìïñöéóìþí äáêôõëßùí (âë. èåþñçìá 1.1.10) äç-
ìéïõñãåßôáé ï éóïìïñöéóìüò

σ : R/J −→ (R/I) /J 0, σ(r + J) := f(r) = (r + I) + J 0, ∀r ∈ R.

ÅðïìÝíùò, [ôï J åßíáé ðñþôï (êáé áíôéóôïß·ùò, ìåãéóôïôéêü) éäåþäåò ôïýR]⇐⇒ [o ðçëé-
êïäáêôýëéïò R/J åßíáé áêåñáßá ðåñéï·Þ (êáé áíôéóôïß·ùò, óþìá, âë. èåùñÞìáôá 1.1.13
êáé 1.1.14)] ⇐⇒ [o ðçëéêïäáêôýëéïò (R/I) /J 0 = σ(R/J) åßíáé áêåñáßá ðåñéï·Þ (êáé
áíôéóôïß·ùò, óþìá)]⇐⇒ [ôï J 0 åßíáé ðñþôï (êáé áíôéóôïß·ùò, ìåãéóôïôéêü) éäåþäåò ôïý
R/I (åê íÝïõ ëüãù ôùí èåùñçìÜôùí 1.1.13 êáé 1.1.14)].

(c) ÅÜí ôï J åßíáé ðåðåñáóìÝíùò ðáñáãüìåíï, áò ðïýìå J = ha1, . . . , aki , k ∈ N, ôüôå
êáé ôï J 0 åßíáé ðåðåñáóìÝíùò ðáñáãüìåíï:

J 0 = π(J) = π(ha1, . . . , aki) = hπ (a1) , . . . , π (ak)i = ha1 + I, . . . , ak + Ii ,

äéüôé êÜèå a ∈ J ãñÜöåôáé ùò Üèñïéóìá ôÞò ìïñöÞò a =
Pk

i=1 riai, üðïõ r1, . . . , rk ∈ R,

ïðüôå

π (a) = π

µ
kP
i=1

riai

¶
=

kP
i=1

riπ(ai) =
kP
i=1

ri(ai + I) ∈ ha1 + I, . . . , ak + Ii ,
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êáé áíôéóôñüöùò, ãéá ïéïäÞðïôå b ∈ R ìå b+I ∈ ha1 + I, . . . , ak + Ii õðÜñ·ïõí óôïé·åßá
s1, . . . , sk ∈ R, ôÝôïéá þóôå íá éó·ýåé

b+ I =
kP
i=1
(si + I) (ai + I) =

kP
i=1
(siai + I) =

kP
i=1

π(siai) = π

µ
kP
i=1

siai

¶
∈ J 0.

Åî áõôïý óõíÜãåôáé Üìåóá üôé ãéá ïéïíäÞðïôå íáéôåñéáíü äáêôýëéï R ï R/I åßíáé íáé-
ôåñéáíüò. (ÅðïìÝíùò, êáé êÜèå äáêôýëéïò ôÞò ìïñöÞò k[X1, . . . ,Xn] / I, üðïõ k óþìá,
åßíáé íáéôåñéáíüò.) ¤

A-1-37. ¸óôù R := R[X]. Ï R åßíáé íáéôåñéáíüò (óýìöùíá ìå ôï èåþñçìá âÜóåùò 1.5.4
ôïý Hilbert). Óôçí ïéêïãÝíåéá éäåùäþí

J :=
©
Xk
® | k ∈ N, k ≥ 2ª

ôïý R ôï

X2
®
, ôï ïðïßï áðïôåëåß (ôï ìïíáäéêü) ìåãéóôïôéêü ìÝëïò ôçò, äåí åßíáé ìåãé-

óôïôéêü éäåþäåò, êáèüôé

X2
®
$ hXi $ R. ¤

A-1-38. ÊÜèå ãíÞóéï éäåþäåò I åíüò íáéôåñéáíïý äáêôõëßïõ R ðåñéÝ·åôáé óå Ýíá ìåãé-
óôïôéêü éäåþäåò. Ãéá ôçí áðüäåéîç áñêåß íá åöáñìïóèåß ôï (c) ôÞò ðñïôÜóåùò 1.5.3 ãéá
ôç óõëëïãÞ éäåùäþí

J := {éäåþäç J $ R | I ⊆ J } .

(ÊÜèå ìåãéóôïôéêü óôïé·åßï ôÞò J åßíáé êáôÜëëçëï ãéá ôïõò óêïðïýò ìáò.) ¤

A-1-39. Ç éóïäõíáìßá (a)⇔(b) Ýðåôáé Üìåóá áðü ôïí ïñéóìü 1.6.1. Ç éóïäõíáìßá
(b)⇔(c) Ýðåôáé áðü ôï üôé

U1 ∩ U2 = ∅⇐⇒ Y = (YrU1) ∪ (YrU2).

Áðü ôçí Üëëç ìåñéÜ, Ýíá õðïóýíïëï U ⊆ Y åßíáé ðõêíü óôï Y åÜí êáé ìüíïí åÜí ç ôïìÞ
ôïõ ìå ïéïäÞðïôå ìç êåíü, áíïéêôü õðïóýíïëï ôïý Y åßíáé ìç êåíÞ. Åî áõôïý Ýðåôáé ç
éóïäõíáìßá (c)⇔(d). ¤

A-1-40. (a) Ïñßæïõìå ôïí åðéìïñöéóìü äáêôõëßùí

f : C[X,Y] −→ C[X], f(F ) := F (X,X2), ∀F ∈ C[X,Y].

Åðß ôç âÜóåé ôïý 1ïõ èåùñÞìáôïò éóïìïñöéóìþí äáêôõëßùí (âë. èåþñçìá 1.1.10) äç-
ìéïõñãåßôáé éóïìïñöéóìüò

C[X,Y]/Ker(f) ∼= C[X].



êåöáëáéï 1 33

ÅðåéäÞ Ker(f) = I(V(Y− X2)) êáé ï C[X] åßíáé áêåñáßá ðåñéï·Þ, ôï I(V(Y−X2)) åßíáé
ðñþôï éäåþäåò (âë. èåþñçìá 1.1.13), ôïV(Y − X2) ⊂ A2C áíÜãùãï (âë. ðñüôáóç 1.6.1).
êáé I(V(Y − X2)) = Y − X2® (ðñâë. ðüñéóìá 1.7.2).

(b) Ðñïöáíþò,

V(Y4 − X2,Y4 − X2Y2 + XY2 − X3) = V(¡Y2 − X¢ ¡Y2 + X¢ , ¡Y2 + X¢ (Y + X) (Y − X))
= V(

¡
Y2 − X¢ ¡Y2 + X¢) ∩V(¡Y2 + X¢ (Y + X) (Y − X))

=
¡
V(Y2 − X) ∪V(Y2 + X)¢ ∩ ¡V(Y2 + X) ∪V(Y + X) ∪V(Y − X)¢
= V(Y2 − X,Y2 + X) ∪V(Y2 − X,Y + X) ∪V(Y2 − X,Y − X)
∪V(Y2 + X) ∪V(Y2 + X,Y + X) ∪V(Y2 + X,Y − X).

ÓçìåéùôÝïí üôé

V(Y2 − X,Y + X) = {(0, 0), (1,−1)} , V(Y2 − X,Y − X) = {(0, 0), (1, 1)}

êáé

V(Y2 + X,Y + X) = {(0, 0), (−1, 1)} , V(Y2 + X,Y − X) = {(0, 0), (−1,−1)} ,

ïðüôå çáðïóýíèåóç ôïýV(Y4−X2,Y4−X2Y2+XY2−X3) ⊂ A2C óåáíÜãùãåò óõíéóôþóåò
åßíáé ç

V(Y2 + X) ∪V(X− 1,Y + 1) ∪V(X− 1,Y − 1) ∪V(X+ 1,Y − 1) ∪V(X+ 1,Y + 1),

äéüôé

V(Y2 − X,Y2 + X) = {(0, 0)} ⊂ V(Y2 + X).

êáé ôïV(Y2 + X) åßíáé áíÜãùãï (ðñâë. (a)). ¤

A-1-41. Èåùñïýìå ôï ðïëõþíõìï F = Y2 + X2 (X− 1)2 ∈ R[X,Y]. ÅÜí õðïèÝóïõìå üôé
ôï F åßíáé ìç áíÜãùãï, ôüôå ôï F èá ãñÜöåôáé ùò ãéíüìåíï F = F1 ·F2 äýï ìç óôáèåñþí
ðïëõùíýìùí F1, F2 ∈ R[X,Y] ôÞò ìïñöÞò

F1 = a1X
2 + a2Y

2 + a3X+ a4Y + a5, F2 = b1X
2 + b2Y

2 + b3X+ b4Y + b5,

üðïõ aj , bj ∈ R ãéá êÜèå j ∈ {1, . . . , 5}. (ÓçìåéùôÝïí üôé óôç áíùôÝñù Ýêöñáóç ôùí
F1, F2 äåí åßíáé áíáãêáßï íá óõìðåñéëÜâïõìå üñïõò ôÞò ìïñöÞò λ(XY)2 ÞμXY, λ, μ ∈ R,



34 ëõóåéò áóêçóåùí

ëüãù ôÞò åéäéêÞò äïìÞóåùò ôïý F.Êáô' áõôüí ôïí ôñüðï áðïöåýãïíôáé, óõí ôïéò Üëëïéò,
êáé Üóêïðåò ðñÜîåéò.) Óõíåðþò,

Y2 + X2 (X− 1)2 = a1b1X
4 + a1b2(XY)

2 + a1b3X
3 + a1b4X

2Y + a1b5X
2

+a2b1(XY)
2 + a2b2Y

4 + a2b3Y
2X+ a2b4Y

3 + a2b5Y
2

+a3b1X
3 + a3b2Y

2X+ a3b3X
2 + a3b4XY + a3b5X

+a4b1X
2Y + a4b2Y

3 + a4b3XY + a4b4Y
2 + a4b5Y

+a5b1X
2 + a5b2Y

2 + a5b3X+ a5b4Y + a5b5.

Êáôüðéí óõãêñßóåùò ôùí óõíôåëåóôþí óõíÜãïõìå (éäéáéôÝñùò) üôé ôá áêüëïõèá ïöåß-
ëïõí íá éó·ýïõí ôáõôï·ñüíùò:

a1b1 = 1 (óõíôåëåóôÝò ôïý X4), (1)

a2b5 + a4b4 + a5b2 = 1 (óõíôåëåóôÝò ôïý Y2), (2)

a1b2 = a1b4 = a2b1 = a4b1 = 0, (3)

Áðü ôçí (1) Ýðåôáé üôé a1 6= 0 êáé b1 6= 0, êáé (ìÝóù ôÞò (3))

a2 = a4 = b2 = b4 = 0.

Ôïýôï åßíáé áäýíáôï, äéüôé ëüãù ôÞò (2) èá Ýðñåðå íá éó·ýåé

0 = a2b5 + a4b4 + a5b2 = 1.

¢ñá ôï F åßíáé áíÜãùãï. Ùóôüóï, ôï

V(F ) =
n
P = (x, y) ∈ A2R

¯̄̄
y2 + x2 (x− 1)2 = 0

o
= {(0, 0), (1, 0)}

= {(0, 0)} ∪ {(1, 0)} = V(Y2 + X2) ∪V(Y2 + (X− 1)2)

åßíáé ìç áíÜãùãï áëãåâñéêü óýíïëï. ¤

A-1-42. (a) ¸óôù üôé ôá V,W åßíáé äõï áëãåâñéêÜ óýíïëá åíôüò ôïý óõó·åôéêïý ·þñïõ
Ank êáé üôé V ⊆W. ÅÜí ïé

V = V1 ∪ · · · ∪ Vm, W =W1 ∪ · · · ∪Wn

åßíáé ïé áðïóõíèÝóåéò ôùí V êáé W, áíôéóôïß·ùò, óå áíÜãùãåò óõíéóôþóåò, ôüôå ãéá
êÜèå i ∈ {1, . . . ,m} Ý·ïõìå

Vi ⊆ V ⊆W =⇒ Vi =W ∩ Vi =
⎛⎝ n[
j=1

Wj

⎞⎠ ∩ Vi = n[
j=1

(Wj ∩ Vi)
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=⇒ Vi ⊆Wj(i) ∩ Vi ⊆Wj(i)

ãéá êÜðïéïí äåßêôç j(i) ∈ {1, . . . , n}. ¢ñá êÜèå áíÜãùãç óõíéóôþóá ôïý V ðåñéÝ·åôáé
óå êÜðïéá áíÜãùãç óõíéóôþóá ôïýW.

(b) ÅÜí ç V = V1 ∪ V2 ∪ · · · ∪ Vm åßíáé ç áðïóýíèåóç åíüò áëãåâñéêïý óõíüëïõ óå
áíÜãùãåò óõíéóôþóåò, ôüôå êáôÜ ôï èåþñçìá 1.6.13 Ý·ïõìå

Vi " Vj , ∀i, j ∈ {1, 2, . . . ,m}, i 6= j.

Åî áõôïý Ýðåôáé Üìåóá üôé

Vi "
S

j∈{1,2,...,m}r{i}
Vj ,

ãéá êÜèå i, 1 ≤ i ≤ m. ¤

A-1-43. ÊáôÜ ôçí ðñüôáóç 1.3.1 (2) (b), I(Ank) = {0}, Þôïé Ýíá ðñþôï éäåþäåò. Óýìöùíá
ìå ôçí ðñüôáóç 1.6.7 ôï Ank = V(0k) åßíáé áíÜãùãï áëãåâñéêü óýíïëï. ¤

A-1-44. Ðñïöáíþò, ôï Y2 + X2 + 1 åßíáé áíÜãùãï óôïé·åßï ôïý R [X,Y] êáé

V(Y2 + X2 + 1) = ∅ =⇒ I(V(Y2 + X2 + 1)) = h1i = R [X,Y] % Y2 + X2 + 1® .
¢ñá ôï ðüñéóìá 1.7.2 äåí éó·ýåé ðÜíôïôå üôáí ôïV(F ) äåí åßíáé áðåéñïðëçèÝò. ¤

A-1-45. (a) Ðñïöáíþò,

Y2 − XY − X2Y + X3 = Y(Y − X)− X2(Y − X) = ¡Y − X2¢ (Y − X),
ïðüôå

V(Y2 − XY − X2Y + X3) = V(Y − X2) ∪V(Y − X)

ìåV(Y − X2) " V(Y−X) êáéV(Y−X) " V(Y − X2) ôüóïí åíôüò ôïýA2R üóïí êáé åíôüò
ôïýA2C.ÅðåéäÞ ôáV(Y − X2),V(Y−X) åßíáé áðåéñïðëçèÞ, áñêåß (ëüãù ôïý ðïñßóìáôïò
1.7.2) íá äåé·èåß üôé ôá Y − X2 êáé Y − X åßíáé áíÜãùãá. Ãéá íá áðïöýãïõìå ôçí «åéò
Üôïðïí áðáãùãÞ» êáé ôéò ðñÜîåéò ìå ôïõò óõíôåëåóôÝò (ðñâë. ÜóêçóçA-1-41) ìðïñïýìå
íá ·ñçóéìïðïéÞóïõìå ôï êñéôÞñéï ôïý Eisenstein : ÅÜí ï R åßíáé ìéá Ð.Ì.Ð. êáé

F =
nX
j=0

ajX
j ∈ R[X], deg(F ) = n ≥ 1,

êáé õðÜñ·åé áíÜãùãï óôïé·åßï p ∈ R, ôÝôïéï þóôå íá ðëçñïýíôáé ïé óõíèÞêåò

p - an, p | ai, ∀i ∈ {0, . . . , n− 1}, p2 - a0,
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ôüôå ôï F åßíáé áíÜãùãï óôïé·åßï ôïý Fr(R)[X]. ÅÜí, åðéðñïóèÝôùò,

ìêä(a0, . . . , an) ∼
óõí.

1R,

ôüôå ôï F åßíáé áíÜãùãï óôïé·åßï êáé ôïý R[X].

Áñêåß íá åöáñìüóïõìå áõôü ôï êñéôÞñéï áíáãùãéìüôçôáò ãéá ôï F = Y − X2 ìå
R = R[Y] (áíô., R = C[Y]), a2 = −1, a1 = 0, a0 = Y, p = Y.

(Ðáñïìïßùò åñãáæüìáóôå êáé ìå ôï F = Y − X.) ¢ñá ïé áíÜãùãåò óõíéóôþóåò ôïý áë-
ãåâñéêïý óõíüëïõV(Y2−XY−X2Y+X3) åßíáé ïéV(Y − X2) êáéV(Y−X),ôüóïí åíôüò
ôïý A2R üóïí êáé åíôüò ôïý A2C.

(b) Åöáñìüæïíôáò åê íÝïõ ôï ðñïáíáöåñèÝí êñéôÞñéï ôïý Eisenstein ãéá ôï ðïëõþíõìï
F = Y2 − X(X2 − 1) ìå

R = R[X] (áíô., R = C[X]), a2 = 1, a1 = 0, a0 = −X(X2 − 1), p = X,

äéáðéóôþíïõìå üôé ôïF åßíáé áíÜãùãï óôïé·åßï ôüóïí ôïýR [X,Y] üóïí êáé ôïýC [X,Y] .
ÅðåéäÞ ôï V(F ) åßíáé (ðñïöáíþò) áðåéñïðëçèÝò, åßíáé êáô' áíÜãêçí êáé áíÜãùãï áë-
ãåâñéêü óýíïëï ôüóïí åíôüò ôïý A2R üóïí êáé åíôüò ôïý A2C. (Âë. ðüñéóìá 1.7.2.) Åíôüò
ôïý A2R ç êáìðýëç ðïõ ðñïêýðôåé åßíáé ôï öýëëï ôïý Êáñôåóßïõ, âë. ó·Þìá 4. ÔÝëïò,
åðåéäÞ

X3 + X− X2Y − Y = (X− Y) (X2 + 1),
ôï X− Y åßíáé áíÜãùãï óôïé·åßï ôüóïí ôïý ðïëõùíõìéêïý äáêôõëßïõ R [X,Y] üóïí êáé
ôïý C [X,Y], êáé ôï X2 + 1 áíÜãùãï óôïé·åßï ôïý R [X,Y] êáé ìç áíÜãùãï óôïé·åßï ôïý
C [X,Y] .Ç ìïíáäéêÞ áíÜãùãç óõíéóôþóá ôïýV(X3 +X−X2Y−Y) åíôüò ôïý A2R åßíáé
çV(X−Y) (äéüôéV(X2 + 1) = ∅), åíþ ïé áíÜãùãåò óõíéóôþóåò ôïý éäßïõ åíôüò ôïý A2C
åßíáé ïéV(X− Y),V(X− i) êáéV(X+ i). ¤

A-1-46. Èá äïèïýí áíôéðáñáäåßãìáôá (ðïõ äåß·íïõí üôé ôá èåùñÞìáôá 1.8.1 êáé 1.8.2,
êáèþò êáé ôá ðáñáôåèÝíôá ðïñßóìáôÜ ôïõò åßíáé åí ãÝíåé ëáíèáóìÝíá üôáí ôï k äåí
åßíáé áëãåâñéêþò êëåéóôü) ãéá k = R.

I ÁíôéðáñÜäåéãìá óôï èåþñçìá 1.8.1: ÅÜí I :=

X2 + 1

® ⊂ R [X] , ôüôåV(I) = ∅.
I ÁíôéðáñÜäåéãìá óôï èåþñçìá 1.8.2: ÅÜí I :=


X2 + 1

® ⊂ R [X] , ôüôå (êáôÜ ôçí
Üóêçóç A-1-19)

I(V(I)) = I(∅) = R [X] % Rad(I) = I.

I ÁíôéðáñÜäåéãìá óôï ðüñéóìá 1.8.3: ÅÜí I :=

X2 + 1

® ⊂ R [X] , ôüôå
I(V(I)) = I(∅) = R [X] % I.
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I ÁíôéðáñÜäåéãìá óôï ðüñéóìá 1.8.4: ÅÜí I :=
¡
X2 + 1

¢
X
® ⊂ R [X] , ôüôå ôï áëãåâñéêü

óýíïëïV(I) = {0} åßíáé Ýíá óçìåßï ôïýA1R.Ùóôüóï, ôï I äåí åßíáé ìåãéóôïôéêü éäåþäåò
ôïý R [X] , äéüôé I $ hXi $ R [X] . Åðßóçò, åÜí I := hF i ⊂ R[X,Y], üðïõ

F := Y2 + X2 (X− 1)2 ,

ôüôå ôï F (êáôÜ ôçí Üóêçóç A-1-41) åßíáé áíÜãùãï ðïëõþíõìï. ÅðåéäÞ ï äáêôýëéïò
R[X,Y] åßíáé Ð.Ì.Ð (âë. èåþñçìá 1.1.36), ôï F åßíáé ðñþôï óôïé·åßï ôïý R[X,Y] (âë.
èåþñçìá 1.1.18 (b)) êáé ôï I ðñþôï éäåþäåò ôïý R[X,Y] (åðß ôç âÜóåé ôïý (a) ôÞò ðñï-
ôÜóåùò 1.1.16). ¼ìùò ôï V(I) (êáé ðÜëé êáôÜ ôçí Üóêçóç A-1-41) åßíáé ìç áíÜãùãï
áëãåâñéêü óýíïëï åíôüò ôïý A2R.

I ÁíôéðáñÜäåéãìá óôï ðüñéóìá 1.8.5: ÅÜí F := (X2 + 1) (X− a) ∈ R [X] , a ∈ R, ôüôå ç

V(F ) = V(X2 + 1) ∪V(X− a)

äåí áðïôåëåß ôçí áðïóýíèåóç ôïýV(F ) óå áíÜãùãåò óõíéóôþóåò, êáèüôé

V(X2 + 1) = ∅ ⊆ V(X− a) = {a}.

I Ðåñß ôïý ðïñßóìáôïò 1.8.8: ¸óôù I Ýíá ãíÞóéï éäåþäåò ôïý k[X1, . . . ,Xn], üðïõ k
ôõ·üí óþìá. Ôüôå ç äéÜóôáóç dimk (k[X1, . . . ,Xn] / I) åßíáé ðåðåñáóìÝíç åÜí êáé ìüíïí
åÜí õðÜñ·åé óùìáôéêÞ, áëãåâñéêþò êëåéóôÞ åðÝêôáóç L ôïý k, ïýôùò þóôå ôï V(I) íá
åßíáé Ýíá ðåðåñáóìÝíï óýíïëï åíôüò ôïý AnL.Âë. T. Becker &V.Weispfenning: Grbner
Bases. A Computational Approach to Commutative Algebra, GTM, Vol. 141, Springer-
Verlag, Theorem 6.54, pp. 274-275 & Proposition 8.27, p. 347. ¤

A-1-47. (a) Åßíáé åýêïëï íá äéáðéóôþóåé êáíåßò (óôïé·åéùäþò) üôé ôï X2 + Y2 − 1 åßíáé
áíÜãùãï óôïé·åßï ôïý C[X,Y,Z]. Ðñïöáíþò,

V(X2 + Y2 − 1,X2 − Z2 − 1) = V(X2 + Y2 − 1,Y2 + Z2)

= V(X2 + Y2 − 1, (Y + iZ) (Y − iZ)) = V(X2 + Y2 − 1) ∩V((Y + iZ) (Y − iZ))

= V(X2 + Y2 − 1) ∩ (V(Y + iZ) ∪V(Y − iZ))

= V(X2 + Y2 − 1,Y + iZ) ∪V(X2 + Y2 − 1,Y − iZ).

(b) ¸óôù V = {¡t, t2, t3¢ ∈ A3C | t ∈ C}. ÊáôÜ ôçí Üóêçóç A-1-11 (a),

V = V(Y − X2,Z− XY).
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Èåùñïýìå ôïí åðéìïñöéóìü äáêôõëßùí ϕ : C [X,Y,Z] −→ C [T] ôïí ïñéæüìåíï ìÝóù ôùí
óõíèçêþí

ϕ|C = IdC, ϕ (X) = T, ϕ (Y) = T2, ϕ (Z) = T3.

ÊáôÜ ôï 1ï èåþñçìá éóïìïñöéóìþí äáêôõëßùí (âë. èåþñçìá 1.1.10),

C [X,Y,Z] /Ker(ϕ) ∼= C [T] ,

üðïõ

Ker(ϕ) =
©
F ∈ C [X,Y,Z] | F ¡T,T2,T3¢ = 0ª

=
©
F ∈ C [X,Y,Z] | F (P ) = 0, ∀P ∈ V(Y − X2,Z− XY®)ª

= I(V(Y − X2,Z− XY)) = I(V ).

ÅðåéäÞ ï C [T] åßíáé áêåñáßá ðåñéï·Þ (âë. ðñüôáóç 1.1.22 (a)), ôï I (V ) (óýìöùíá ìå
ôï èåþñçìá 1.1.13) åßíáé ðñþôï êáé ôï V áíÜãùãï áëãåâñéêü óýíïëï åíôüò ôïý A3C (âë.
ðñüôáóç 1.6.1). ¤

A-1-48. (a) ÅÜí F ∈ R [X] êáé deg(F ) ∈ {2, 3}, ôüôå ãéá Ýíá a ∈ R éó·ýïõí ïé éóïäõíáìßåò

F (a) = 0R ⇐⇒ X− a | F ⇐⇒ ∃G ∈ R [X] : deg(G) ∈ {1, 2}, F = (X− a) ·G

⇐⇒ F ìç áíÜãùãï. Ôï (b) åßíáé ðñïöáíÝò ëüãù ôïý (a). ¤

A-1-49. ¸óôù k Ýíá áëãåâñéêþò êëåéóôü óþìá êáé Ýóôù λ ∈ k.ÅðåéäÞ ãéá ôï ðïëõþíõìï
(äýï ìåôáâëçôþí)

F := Y2 − X(X− 1)(X− λ) ∈ k [X,Y] ∼= (k [X]) [Y]

äåí õðÜñ·åé ìç ìçäåíéêü ðïëõþíõìï G ∈ k [X] ìå

X(X− 1)(X− λ) = G2

(äéüôé deg(G2) = 2 deg(G) 6= 3), ôïF ïöåßëåé íá åßíáé áíÜãùãï (óýìöùíá ìå ôçí Üóêçóç
A-1-48 (b)). Ùò åê ôïýôïõ, âÜóåé ôÞò áóêÞóåùò A-1-14 êáé ôïý ðïñßóìáôïò 1.7.2, ôï
V(F ) ⊂ A2k áðïôåëåß ìéá áíÜãùãç óõó·åôéêÞ åðßðåäç êáìðýëç. ¤

A-1-50. ¸óôù k Ýíá óþìá êáé Ýóôù F ∈ k [X] Ýíá ðïëõþíõìï âáèìïý n ≥ 1.Oé êëÜóåéò
õðïëïßðùí {1,X, . . . , ¡X¢n−1} åíôüò ôïý k [X]/hF i óõãêñïôïýí ìéá âÜóç ôïõ ùò äéáíõ-
óìáôéêïý ·þñïõ õðåñÜíù ôïý k. ÐñÜãìáôé° åÜí λ1, . . . , λn ∈ k ìå

nX
j=1

λj
¡
X
¢j−1

= I =⇒
nX
j=1

λjX
j−1 ∈ I =⇒ ∃G ∈ k [X] :

nX
j=1

λjX
j−1 = G · F,
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ôüôå deg(
Pn

j=1 λjX
j−1) ≤ n− 1 êáé åßôå deg(G · F ) ≥ n åßôå G = 0. ¢ñá

λ1 = · · · = λn = 0k,

ïðüôå ôï {1,X, . . . , ¡X¢n−1} åßíáé ãñáììéêþò áíåîÜñôçôï õðåñÜíù ôïý k. ÅîÜëëïõ, åÜí

(G+ hF i) ∈ k [X] / hF i , G =
mX
j=0

ajX
j , m ∈ N0, aj ∈ k, ∀j ∈ {0, . . . ,m},

êáé am 6= 0k, ôüôå, åÜím ≤ n− 1, Ý·ïõìå G+ hF i =Pm
j=0 ajX

j
, åíþ åÜím ≥ n,

∃!G1,G2 ∈ k [X] : G = G1 · F +G2

êáé åßôå 0 ≤ deg(G2) < n = deg(F ) åßôå G2 = 0 (âÜóåé ôïý áëãïñßèìïõ ôÞò äéáéñÝóåùò),
ïðüôå

G+ hF i = (G1 · F +G2) + hF i = G2 + hF i .

ÊáôÜ óõíÝðåéáí, ôï {1,X, . . . , ¡X¢n−1} ðáñÜãåé ôïí k [X]/hF i ùò äéáíõóìáôéêü ·þñï
õðåñÜíù ôïý k. ¤

A-1-51. ¸óôù I :=

Y2 − X2,Y2 + X2® ⊂ C[X,Y]. Ðñïöáíþò,

V (I) = V
¡
Y2 − X2,Y2 + X2¢ = V ((Y − X) (Y + X) , (Y − iX) (Y + iX))

= (V (Y − X) ∪V (Y + X)) ∩ (V (Y − iX) ∪V (Y + iX))

= {(0, 0)} =⇒ (V (I)) = 1.

Áðü ôçí Üëëç ìåñéÜ, óýìöùíá ìå üóá åéðþèçêáí óôçí áðüäåéîç ôïý ðïñßóìáôïò 1.8.8,
ôï óýíïëï {1,X,Y,XY} ðáñÜãåé ôïí C[X,Y] / I ùò äéáíõóìáôéêü ·þñï õðåñÜíù ôïý C.
Èåùñïýìå λ1, λ2, λ3, λ4 ∈ C ìå

λ1 + λ2X+ λ3Y + λ4XY = I =⇒ λ1 + λ2X+ λ3Y + λ4XY ∈ I

=⇒ ∃G1, G2 ∈ C[X,Y] : λ1 + λ2X+ λ3Y + λ4XY = G1 ·
¡
Y2 − X2¢+G2 ·

¡
Y2 + X2

¢
,

EðåéäÞ deg(λ1 + λ2X+ λ3Y+ λ4XY) ≤ 2 êáé ôï λ1 + λ2X+ λ3Y+ λ4XY äåí ðåñéÝ·åé ôá
ìïíþíõìá X2, Y2, åíþ åßôå

deg(G1 ·
¡
Y2 − X2¢+G2 ·

¡
Y2 + X2

¢
) ≥ 2

åßôå G1 = G2 = 0, Ý·ïõìå êáô' áíÜãêçí G1 = G2 = 0 êáé λ1 = λ2 = λ3 = λ4 = 0. ¢ñá
ôï {1,X,Y,XY} áðïôåëåß âÜóç ôïý C-ä.·. C[X,Y] / I êáé

dimC (C[X,Y] / I) = 4 > 1 = (V (I)).
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Åí ðñïêåéìÝíù, ç áíéóïúóüôçôá ðïõ áðïäåß·èçêå óôï ðüñéóìá 1.8.8 éó·ýåé ùò ãíÞóéá
áíéóüôçôá.

(Óçìåßùóç : Ìéá ðáñáëëáãÞ ôÞò áðïäåßîåùò, ·ùñßò íá ãßíåé åðßêëçóç ôÞò áðïäåßîåùò
ôïý ðïñßóìáôïò 1.8.8 Ý·åé ùò åîÞò: ¸óôù J :=


X2,Y2

® ⊂ C[X,Y]. Ðñïöáíþò,

Y2 − X2 ∈ J

Y2 + X2 ∈ J

¾
=⇒ I ⊆ J,

êáé

X2 = 1
2

¡
Y2 + X2

¢− 1
2

¡
Y2 − X2¢ ∈ I

Y2 = 1
2

¡
Y2 + X2

¢
+ 1

2

¡
Y2 − X2¢ ∈ I

¾
=⇒ J ⊆ I,

ïðüôå I = J. Ãéá êÜèå F ∈ C[X,Y] õðÜñ·ïõí μ1, μ2, μ3, μ4 ∈ C ìå

F + J = μ1 + μ2X+ μ3Y + μ4XY,

áð' üðïõ Ýðåôáé üôé ôï {1,X,Y,XY} ðáñÜãåé ôïí C-ä.·. C[X,Y] / J. Åí óõíå·åßá, èåù-
ñïýìå λ1, λ2, λ3, λ4 ∈ C ìå

λ1 + λ2X+ λ3Y + λ4XY = J =⇒ λ1 + λ2X+ λ3Y + λ4XY ∈ J

=⇒ ∃G1,G2 ∈ C[X,Y] : λ1 + λ2X+ λ3Y + λ4XY = G1 · X2 +G2 · Y2.

Ãéá X = 0 ëáìâÜíïõìå

λ1 + λ3Y = G2(0,Y) · Y2 =⇒ G2(0,Y) = 0, λ1 = λ3 = 0.

Ãéá Y = 0 ëáìâÜíïõìå

λ1 + λ2X+ λ3Y + λ4XY = λ2X = G1(X, 0) · X2 =⇒ G1(X, 0) = 0, λ2 = 0.

ÅðåéäÞ ëïéðüí

λ1 + λ2X+ λ3Y + λ4XY = λ4XY = G1 · X2 +G2 · Y2,

Ý·ïõìå áíáãêáóôéêþò G1 = G2 = 0 êáé êáô' åðÝêôáóéí λ4 = 0. ¢ñá ôï {1,X,Y,XY}
áðïôåëåß âÜóç ôïý C-ä.·. C[X,Y] / J.) ¤

A-1-52. ¸óôù k Ýíá áëãåâñéêþò êëåéóôü óþìá êáé Ýóôù I Ýíá ñéæéêü éäåþäåò I ôïý
k[X1, . . . ,Xn]. Èåùñïýìå ôçí áðïóýíèåóç

V(I) = V1 ∪ · · · ∪ Vr
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ôïý V(I) óå áíÜãùãåò óõíéóôþóåò. Óýìöùíá ìå ôï èåþñçìá èÝóåùí ìçäåíéóìïý ôïý
Hilbert (âë. èåþñçìá 1.8.2),

I = Rad(I) = I(V(I)) = I (V1 ∪ · · · ∪ Vr) = I (V1) ∩ · · · ∩ I (Vr)
ÊáôÜ ôçí ðñüôáóç 1.6.1 ôï I (Vj) åßíáé ðñþôï éäåþäåò ôïý ðïëõùíõìéêïý äáêôõëßïõ
k[X1, . . . ,Xn] ãéá êÜèå j ∈ {1, . . . , r}. ¤

A-1-53. (a) ¸óôù R ìéá Ð.Ì.Ð. êáé Ýóôù p = hti , t ∈ R, Ýíá êýñéï, ãíÞóéï, ðñþôï
éäåþäåò. ÕðïèÝôïõìå üôé õðÜñ·åé êÜðïéï êýñéï, ðñþôï éäåþäåòQ ôÞò R, ïýôùò þóôå íá
éó·ýåé {0} $ q $ p. Êáô' áñ·Üò ðáñáôçñïýìå üôé t /∈ q (äéüôé áëëéþò q = p) êáé üôé ãéá
ôõ·üí a ∈ q ìå a = qt, q ∈ R, Ý·ïõìå êáô' áíÜãêçí q ∈ q. (ÅðåéäÞ q 3 a = qt êáé ôï
q åßíáé ðñþôï êáé t /∈ q, Ý·ïõìå q ∈ q.) ÅðéðñïóèÝôùò, êáíÝíá óôïé·åßï ôïý q äåí åßíáé
áíÜãùãï óôïé·åßï ôïýR. (ÅÜí õðÞñ·å êÜðïéï áíÜãùãï a ∈ (Rr (R× ∪ {0}))∩q, åðåéäÞ
a = qt ãéá êÜðïéï q ∈ q, èá Ýðñåðå åßôå q ∈ R× åßôå t ∈ R×. Áõôü èá óÞìáéíå üôé åßôå
q = R åßôå p = R, åíäå·üìåíá åî õðïèÝóåùò áðïêëåéóèÝíôá.)

Åí óõíå·åßá, èåùñïýìå ôõ·üí a ∈ q. ÅðåéäÞ ï R åßíáé Ð.Ì.Ð., ôï a èá åßíáé óõ-
íôñïöéêü åíüò ãéíïìÝíïõ áíáãþãùí óôïé·åßùí ôïý R. ÓõãêåêñéìÝíá, âÜóåé ôùí üóùí
ðñïáíáöÝñèçóáí, ôï a èá ãñÜöåôáé õðü ôç ìïñöÞ a = up1p2 · · · pk, üðïõ u ∈ R× êáé
p1, p2, . . . , pk áíÜãùãá óôïé·åßá áíÞêïíôá óôï Rrq. ÅðåéäÞ a = qt ãéá êÜðïéï q ∈ q,
ôï t èá äéáéñåß ôï p1p2 · · · pk. ÅîÜëëïõ, åðåéäÞ ôï p = hti åßíáé åî õðïèÝóåùò ãíÞóéï,
ðñþôï éäåþäåò, ôï t åßíáé ðñþôï óôïé·åßï ôïý R (âë. ðñüôáóç 1.1.16 (a)) êáé êáô' åðÝ-
êôáóéí áíÜãùãï (âë. èåþñçìá 1.1.18 (b)). Ôïýôï Ý·åé ùò óõíÝðåéá üôé ∃i ∈ {1, . . . , k}
êáé w ∈ R× ìå wt = pi. Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé
i = 1. Ðñïöáíþò, êáôÜ ôá ðñïáíáöåñèÝíôá,

q 3 (uw)−1 a = (p2 · · · pk) t =⇒ p2 · · · pk ∈ q.
ÅðåéäÞ p2 · · · pk ∈ q $ p = hti , ôï t èá äéáéñåß êáé ôï p2 · · · pk.ÌÝóù ôÞò éäßáò åðé·åéñç-
ìáôïëïãßáò áðïäåéêíýïõìå üôé p3 · · · pk (üôáí k ≥ 3). ÅðáíáëáìâÜíïíôáò ôçí åí ëüãù
äéáäéêáóßá Üëëåò k − 3 öïñÝò (üôáí k ≥ 4) óõìðåñáßíïõìå ôåëéêþò üôé pk ∈ q. ¢ôïðï!

(b) ¸óôù V = V(F ) ìéá áíÜãùãç õðåñåðéöÜíåéá åíôüò ôïýAnk (üðïõ k Ýíá áëãåâñéêþò
êëåéóôü óþìá). ÕðïèÝôïõìå üôé õðÜñ·åé êÜðïéï áíÜãùãï áëãåâñéêü óýíïëï W, ôÝôïéï
þóôå íá éó·ýåé V $ W $ Ank. Ôüôå, óýìöùíá ìå ôï ðüñéóìá 1.8.5, êáé ôá (1), (2) (b) êáé
5 (a) ôÞò ðñïôÜóåùò 1.3.1, Ýðåôáé üôé

{0} = I(Ank) $ I(W ) $ I(V(F )) = hF i .
¢ôïðï åðß ôç âÜóåé üóùí Ý·ïõìå áðïäåßîåé óôï (a)! ¤

A-1-54. ¸óôù I =

X2 − Y3,Y2 − Z3® ⊂ k [X,Y,Z] (üðïõ ôï k åßíáé Ýíá áëãåâñéêþò

êëåéóôü óþìá) êáé Ýóôù α : k [X,Y,Z]→ k [T] ï ïìïìïñöéóìüò äáêôõëßùí ï ïñéæüìåíïò
ìÝóù ôùí óõíèçêþí α (X) = T9, α(Y) = T6 êáé α (Z) = T4.
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(a)¸óôùF = F+I Ýíá (ìç ìçäåíéêü) óôïé·åßï ôïý ðçëéêïäáêôõëßïõ k [X,Y,Z] /I, üðïõ

F =
X

λ(i,j,k)X
iYjZk.

Õðåíèõìßæïõìå ôïí áëãüñéèìï ôÞò äéáéñÝóåùò ðïëõùíýìùí ìå óõíôåëåóôÝò åéëçììÝíïõò
áðü ïéáäÞðïôå áêåñáßá ðåñéï·Þ R: ÅÜí ôá F,G ∈ R[X] åßíáé äõï ìç ìçäåíéêÜ ðïëõþ-
íõìá ìå LC(G) ∈ R×, ôüôå õðÜñ·ïõí ìïíïóçìÜíôùò ïñéóìÝíá ðïëõþíõìá Q,Q0 ∈ R[X]

ãéá ôá ïðïßá éó·ýåé

F = G ·Q+Q0, deg(Q0) < deg(G).

ÅöáñìüæïíôÜò ôïí ãéá R = k [Y,Z] , F ôï ðñïáíáöåñèÝí êáé G = X2 − Y3 ëáìâÜíïõìå
F =

¡
X2 − Y3¢ ·Q+Q0,

üðïõ ï âáèìüò degX(Q
0) ôïýQ0 ùò ðïëõùíýìïõ ôÞò ìåôáâëçôÞò X åßíáé 0, 1 Þ−∞.ÊáôÜ

óõíÝðåéáí,Q0 = a+ bX ãéá êáôÜëëçëá ðïëõþíõìá a, b ∈ k [Y,Z] . Åí óõíå·åßá, åöáñìü-
æïíôÜò ôïí Üëëç ìßá öïñÜ ãéá R = k [X,Z] , üðïõ F ôï Q0 êáé G = Y2 − Z3 ëáìâÜíïõìå

Q0 = a+ bX =
¡
Y2 − Z3¢ ·Q00 +Q000, degY(Q

000) ∈ {−∞, 0, 1},
ïðüôå Q000 = Ξ1 + Ξ2Y, ãéá êáôÜëëçëá ðïëõþíõìá Ξ1,Ξ2 ∈ k [X,Z] ìå

degX(Ξ1),degX(Ξ2) ∈ {−∞, 0, 1}.
ÈÝôïíôáò ôá Ξ1,Ξ2 õðü ôç ìïñöÞ

Ξ1 = A+BX, Ξ2 = C +DX,

ãéá êáôÜëëçëá A,B,C,D ∈ k [Z] , ëáìâÜíïõìå ôåëéêþò
F =

¡
X2 − Y3¢ ·Q+ ¡Y2 − Z3¢ ·Q00 + (A+BX) + (C +DX)Y

=⇒ F = ((A+BX) + (C +DX)Y) + I = A+BX+ CY +DXY.

(b) ÅÜí F = A+BX+ CY +DXY, üðïõ A,B,C,D ∈ k [Z], êáé
α (F ) = α(A+BX+ CY +DXY) = α (A) + α (B)T9 + α (C)T6 + α (D)T15 = 0,

ôüôå, ôï α (A) èá åßíáé Ýíá ðïëõþíõìï (ùò ðïëõþíõìï ìå ìåôáâëçôÞ ôïõ ôï T) ìå äõíÜ-
ìåéò ôïý T áíÞêïõóåò óôï óýíïëï {4k | k ∈ N0} , ôï α (B)T9 ðïëõþíõìï ìå äõíÜìåéò
ôïý T áíÞêïõóåò óôï óýíïëï {4k + 9 | k ∈ N0} , ôï α (C)T6 ðïëõþíõìï ìå äõíÜìåéò
ôïý T áíÞêïõóåò óôï óýíïëï {4k +6 | k ∈ N0} êáé ôï α (D)T15 ðïëõþíõìï ìå äõíÜìåéò
ôïý T áíÞêïõóåò óôï óýíïëï {4k +15 | k ∈ N0} . Ðñïöáíþò, ãéá êÜèå k ∈ N0 éó·ýåé

4k ≡ 0(mod 4), 4k + 9 ≡ 0(mod 5), 4k + 6 ≡ 0(mod 2), 4k + 15 ≡ 0(mod 3).
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Åî áõôïý åîÜãåôáé ôï óõìðÝñáóìá üôé F = 0.

(c) Ïñßæïíôáò ôïí éóïìïñöéóìü

ψ : k [X,Y,Z] /I −→ k
£
T9,T6,T4

¤
, ψ(F + I) := α(F ), ∀F ∈ k [X,Y,Z] ,

ìåôáîý ôïý èåùñçèÝíôïò ðçëéêïäáêôõëßïõ êáé ôÞò áêåñáßáò ðåñéï·Þò k
£
T9,T6,T4

¤
äéá-

ðéóôþíïõìå üôé ôï I åßíáé ðñþôï êáé -êáô' åðÝêôáóéí- ñéæéêü éäåþäåò (âë. èåþñçìá 1.1.13
êáé ÜóêçóçA-1-18) êáé (ìÝóù ôïý (b), ôïý èåùñÞìáôïò 1.8.2 ôùí èÝóåùí ìçäåíéóìïý ôïý
Hilbert êáé ôïý ðïñßóìáôïò 1.8.4) üôé I = Rad(I) = I(V(I)) ìå ôï V(I) áíÜãùãï áëãå-
âñéêü óýíïëï åíôüò ôïý A3k. ¤

A-1-55. Ï åãêëåéóìüò “ ⊇ ” Ý·åé áðïäåé·èåß óôï (c) ôïý èåùñÞìáôïò 1.4.12. Ï áíôß-
óôñïöïò åãêëåéóìüò “ ⊆ ” ïöåßëåôáé óôï üôé, óýìöùíá ìå ôçí õðüèåóÞ ìáò, ôï k åßíáé
áëãåâñéêþò êëåéóôü. ¸óôù ôõ·üí F ∈ I(V(I)rV(J)). ÅÜí G ∈ J, ôüôå ôï FG ìçäåíß-
æåôáé óôï V(I), äéüôé ôï F ìçäåíßæåôáé óôïV(I)rV(J) êáé ôï G ìçäåíßæåôáé óôï V(J).
ÅðïìÝíùò, áðü ôï èåþñçìá ìçäåíéêþí èÝóåùí ôïý Hilbert 1.8.2 ðñïêýðôåé üôé

FG ∈ Rad(I) = I.

¢ñá

FG ∈ I, ∀G ∈ J =⇒ I(V(I)rV(J)) ⊆ I : J

=⇒ V(I : J) ⊆ V(I(V(I)rV(J))) = clTZar (V(I)rV(J)) .

(Âë. ôï (3) ôÞò ðñïôÜóåùò 1.2.3 êáé ôçí ðñüôáóç 1.3.4.) ¤

A-1-56. (a) Óýìöùíá ìå ôï èåþñçìá ìçäåíéêþí èÝóåùí ôïý Hilbert 1.8.2, ôï (a) ôïý
èåùñÞìáôïò 1.4.12 êáé ôï (5) (a) ôÞò ðñïôÜóåùò 1.3.1 Ý·ïõìå

Rad(I(V ) + I(W )) = I(V(I(V ) + I(W )))

= I(V(I(V )) ∩V(I(W ))) = I(V ∩W ).

(b) Óýìöùíá ìå ôï èåþñçìá ìçäåíéêþí èÝóåùí ôïý Hilbert 1.8.2, ôï (b) ôïý èåùñÞìáôïò
1.4.12 êáé ôï (5) (a) ôÞò ðñïôÜóåùò 1.3.1 Ý·ïõìå

Rad(I(V )I(W )) = I(V(I(V )I(W )))

= I(V(I(V )) ∪V(I(W ))) = I(V ∪W ).

ÅîÜëëïõ, áðü ôï (e) ôÞò áóêÞóåùò Á-1-28, ôï èåþñçìá ìçäåíéêþí èÝóåùí ôïý Hilbert
1.8.2 êáé ôï (4) (b) ôÞò ðñïôÜóåùò 1.3.1 óõíÜãïõìå üôé

Rad(I(V )I(W )) = Rad(I(V )) ∩Rad(I(W ))

= I(V(I(V ))) ∩ I(V(I(V )))
= I(V ) ∩ I(W ).
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ÊáôÜ óõíÝðåéáí, I(V ∪W ) = Rad(I(V )I(W )) = I(V ) ∩ I(W ). ¤

A-1-57. (a)⇒(b): ÅÜí ôá I, J åßíáé ðñþôá ìåôáîý ôïõò, ôüôå

∃F ∈ I, G ∈ J : F +G = 1k,

ïðüôå V(I)∩V(J) = ∅, äéüôé åÜí õðÞñ·å P ∈ V(I)∩V(J), èá êáôáëÞãáìå óôï åîÞò
Üôïðï óõìðÝñáóìá:

1k = (F +G)(P ) = F (P ) +G(P ) = 0k + 0k = 0k.

(b)⇒(a): ÅÜí ∅ = V(I)∩V(J) = V(I + J) (ðñâë. èåþñçìá 1.4.12 (a)), ôüôå, óýìöùíá
ìå ôá èåùñÞìáôá 1.8.1 êáé 1.8.2, êáé ôçí Üóêçóç Á-1-29, éó·ýåé

I(V(I + J)) = I(∅) = k[X1, . . . ,Xn] =⇒ Rad(I + J) = k[X1, . . . ,Xn] = h1ki

=⇒ ∃n ∈ N : (k[X1, . . . ,Xn])n (= k[X1, . . . ,Xn]) ⊆ I + J =⇒ k[X1, . . . ,Xn] = I + J,

ïðüôå ôá I, J åßíáé ðñþôá ìåôáîý ôïõò. ¤

A-1-58. ¼ôáí ï äáêôýëéïò S åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý R,

∃s1, . . . , sν ∈ S : S =
νX
i=1

Rsi,

ïðüôå (åî ïñéóìïý) S = R [s1, s2, . . . , sν ] (Þôïé åßíáé êáé äáêôõëéáêþò ðåðåñáóìÝíïò
õðåñÜíù ôïý R). ¤

A-1-59. O äáêôýëéïò ðïëõùíýìùí ìßáò ìåôáâëçôÞò S = R[X] åßíáé (ðñïöáíþò) äáêôõ-
ëéáêþò ðåðåñáóìÝíïò (áðü ôçí áðñïóäéüñéóôï X) õðåñÜíù ôïý R, äß·ùò üìùò íá åßíáé
êáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù áõôïý, áöïý êÜèå R-õðïìüäéïò ôïý S, ï ïðïßïò
ðáñÜãåôáé áðü Ýíá ðåðåñáóìÝíï õðïóýíïëï {F1, . . . , Fk} , åßíáé ôÞò ìïñöÞò

kX
i=1

RFi =

(
kX
i=1

ri Fi | r1, . . . , rk ∈ R

)
,

ïðüôå äåí ìðïñåß íá ôáõôéóèåß ìå ïëüêëçñï ôïí S = R[X]. ¤

A-1-60. ¸óôù L ìéá ðåðåñáóìÝíùò ðáñáãüìåíç äáêôõëéáêÞ åðÝêôáóç ôïý k, üðïõ ôá
k êáé L åßíáé óþìáôá. Ôüôå

∃v1, . . . , vn ∈ L : L = k[v1, . . . , vn].
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Ôï óþìá êëáóìÜôùí k (v1, . . . , vn) ôïý k[v1, . . . , vn] åßíáé ôï åëÜ·éóôï õðüóùìá ôïý L

ðïõ ðåñéÝ·åé ôá v1, . . . , vn êáé (åî õðïèÝóåùò) L = k[v1, . . . , vn], ïðüôå Ý·ïõìå

k[v1, . . . , vn] ⊇ k (v1, . . . , vn) .

¼ìùò, áðü ôïí ïñéóìü ôïý óþìáôïò ðçëßêùí,

k[v1, . . . , vn] ⊆ k (v1, . . . , vn) .

¢ñá ôï L = k (v1, . . . , vn) åßíáé üíôùò ìéá ðåðåñáóìÝíùò ðáñáãüìåíç óùìáôéêÞ åðÝ-
êôáóç ôïý k. ¤

A-1-61. Ôï óþìá L = k(X) (Þôïé ôï óþìá ôùí ñçôþí óõíáñôÞóåùí ìßáò ìåôáâëçôÞò )
åßíáé ìéá ðåðåñáóìÝíùò ðáñáãüìåíç óùìáôéêÞ åðÝêôáóç ôïý k (åðß ôç âÜóåé ôïý ïñé-
óìïý ôïý L). Ùóôüóï, äåí åßíáé êáé ðåðåñáóìÝíùò ðáñáãüìåíç äáêôõëéáêÞ åðÝêôáóç
ôïý k. ÐñÜãìáôé° åÜí õðÞñ·áí f1, . . . , fn ∈ L = k(X),

fj =
Fj
Gj

, Fj ∈ k [X] , Gj ∈ k [X]r{0k[X]}, ∀j ∈ {1, . . . , n},

ôÝôïéá þóôå íá éó·ýåé L = k[f1, . . . , fn], ôüôå ãéá êÜèå f ∈ Lrk èá åß·áìå

f =
X

λ(i1,... ,in) f
i1
1 · · · f inn , λ(i1,... ,in) ∈ k,

ìå

f =
X

λ(i1,... ,in)
F i1
1 · · · F in

n

Gi1
1 · · · Gin

n

=
H

H 0 , (*)

ãéá êáôÜëëçëá H,H 0 ∈ k [X] , üðïõ ï ðáñïíïìáóôÞò H 0 èá ìðïñïýóå íá ðåñéÝ·åé ôï
ðïëý åêåßíá ôá áíÜãùãá ðïëõþíõìá, ôá ïðïßá äéáéñïýí êÜðïéïGj , j ∈ {1, . . . , n}. ÅÜí
åðéëÝãáìå Ýíá áíÜãùãï ðïëõþíõìï Ξ ∈ k [X] ìå Ξ - Gj , ãéá êÜèå j ∈ {1, . . . , n}, ôüôå èá
êáôáëÞãáìå óå Üôïðï, êáèüóïí (ëüãù ôïý ìïíïóçìÜíôïõ ôÞò ðáñáãïíôïðïéÞóåùò óå
áíÜãùãïõò ðáñÜãïíôåò åíôüò ôïý k [X]) ôï f = 1

Ξ ∈ Lrk äåí èá ìðïñïýóå íá ãñáöåß 1

õðü ôç ìïñöÞ (*). Áñêåß ëïéðüí íá áðïäåßîïõìå ôçí ýðáñîç åíüò ôÝôïéïõΞ.Ðñïò ôïýôï
èá ·ñçóéìïðïéÞóïõìå ôçí Üóêçóç Á-1-5. ÂÜóåé áõôÞò äéáðéóôþíïõìå Üìåóá üôé ôï óý-
íïëïA ôùí áíÜ æåýãç ìç óõíôñïöéêþí áíáãþãùí ðïëõùíýìùí ðïõ áíÞêïõí óôïí k [X]
åßíáé áðåéñïðëçèÝò ° áíôéèÝôùò, ôï óýíïëï B ôùí áíáãþãùí ðïëõùíýìùí ôïý k [X] ðïõ
äéáéñïýí ôáGj , ãéá êÜèå j ∈ {1, . . . , n}, åßíáé ðåðåñáóìÝíï. Ùò åê ôïýôïõ,ArB 6= ∅ êáé
ïéïäÞðïôå ðïëõþíõìï Ξ ∈ ArB åßíáé êáôÜëëçëï ãéá íá ôçí éêáíïðïßçóç ôùí áíùôÝñù
óõíèçêþí. ¤
1Åßíáé áäýíáôïí íá éó·ýåé Ξ ·H = H0, äéüôé (åî õðïèÝóåùò) Ξ - H0.
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A-1-62. ¸óôù R Ýíáò õðïäáêôýëéïò åíüò äáêôõëßïõ S. ÕðïèÝôïõìå üôé ï S åßíáé õðï-
äáêôýëéïò åíüò äáêôõëßïõ T.

(a) ÅÜí S =
Pn

i=1 Rvi êáé T =
Pm

j=1 S wj , êáé åÜí èåùñÞóïõìå ôõ·üí t ∈ T, ôüôå

∃s1, . . . , sm ∈ S : t =
mX
j=1

sj wj ,

êáé ãéá êÜèå j ∈ {1, . . . ,m}

∃ri1, . . . , rim ∈ R : sj =
mX
j=1

rijvi.

ÊáôÜ óõíÝðåéáí,

t =
mX
j=1

⎛⎝ mX
j=1

rijvi

⎞⎠ wj ,

ïðüôå

T =
X

1≤i≤n,1≤j≤m
Rviwj .

(b) ÅÜí S = R [v1, v2, . . . , vn] êáé T = S [w1, w2, . . . , wm] , êáé åÜí èåùñÞóïõìå ôõ·üí
t ∈ T, ôüôå

t =
X

s(j1,... ,jn)w
j1
1 w

j2
2 · · · wjm

m , s(j1,... ,jn) ∈ S,

êáé ãéá êÜèå (j1, . . . , jn)

s(j1,... ,jn) =
X

r(i1,... ,in) v
i1
1 v

i2
2 · · · vinn , r(i1,... ,in) ∈ R.

ÊáôÜ óõíÝðåéáí,

t =
X³X

r(i1,... ,in) v
i1
1 v

i2
2 · · · vinn

´
wj1
1 w

j2
2 · · · wjm

m ,

ïðüôå

T = R[v1, v2, . . . , vn, w1, w2, . . . , wm].

(c) ÅÜí ïé R,S êáé T åßíáé ôñßá óþìáôá, üðïõ S = R (v1, v2, . . . , vn) êáé, áíôéóôïß·ùò,
T = S (w1, w2, . . . , wm), ôüôå ôo

T = R (v1, v2, . . . , vn) (w1, w2, . . . , wm)
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ðåñéÝ·åé ôáR êáé v1, . . . , vn, w1, . . . , wm, åíþ ôïR (v1, . . . , vn, w1, . . . , wm) åßíáé ôï åëÜ-
·éóôï óþìá ìå áõôÞí ôçí éäéüôçôá. Óõíåðþò,

T ⊆ R (v1, . . . , vn, w1, . . . , wm) .

ÅîÜëëïõ, êÜèå u ∈ R (v1, . . . , vn, w1, . . . , wm) ãñÜöåôáé õðü ôç ìïñöÞ

u =

P
r(i1,... ,in,j1,... ,jn) v

i1
1 · · · vinn wj1

1 · · · wjm
mP

r0(i01,... ,i0n,j01,... ,j0n)
v
i01
1 · · · vi

0
n
n w

j01
1 · · · wj0m

m

,

ãéá êáôÜëëçëá r(i1,... ,in,j1,... ,jn), r
0
(i01,... ,i0n,j

0
1,... ,j

0
n)
∈ R (êáé ìç ìçäåíéêü ðáñïíïìáóôÞ).

ÅðåéäÞ

r(i1,... ,in,j1,... ,jn) v
i1
1 · · · vinn , r0(i01,... ,i0n,j01,... ,j0n) v

i01
1 · · · vi

0
n
n ∈ R [v1, . . . , vn] ⊆ R (v1, . . . , vn) ,

Ý·ïõìå u ∈ T. ¢ñá ôåëéêþò T = R (v1, . . . , vn, w1, . . . , wm) . ¤

A-1-63. ¸óôù üôé ï R åßíáé Ýíáò õðïäáêôýëéïò êÜðïéïõ äáêôõëßïõ S êáé üôé ï S åßíáé
Ýíáò õðïäáêôýëéïò êÜðïéïõ äáêôõëßïõ T. ÕðïèÝôïõìå üôé ï S åßíáé áêÝñáéïò õðåñÜíù
ôïý R êáé ï T áêÝñáéïò õðåñÜíù ôïý S. ¸óôù t ∈ T. Ôüôå õðÜñ·ïõí a1, . . . , an ∈ S,

ôÝôïéá þóôå íá éó·ýåé

tn + a1t
n−1 + · · ·+ an = 0.

Ôï a1 åßíáé áêÝñáéï õðåñÜíù ôïýR. Ôï a2 åßíáé áêÝñáéï õðåñÜíù ôïýR[a1] ⊇ R.ÊáôÜ
ôçí ðñüôáóç 1.10.2 ï R[a2] åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý R[a1] êáé êáôÜ
ôï (a) ôÞò áóêÞóåùò Á-1-62 ï R[a1, a2] åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý R.

Åðßóçò, ôï a3 åßíáé áêÝñáéï õðåñÜíù ôïý R[a1, a2] ⊇ R. ÅðáíáëáìâÜíïíôáò ôçí ßäéá
óõëëïãéóôéêÞ áðïäåéêíýïõìå üôé ïR[a1, . . . , an] åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù
ôïý R. ÅðéðñïóèÝôùò, ôï t (ëüãù ôÞò áíùôÝñù åîéóþóåùò) åßíáé áêÝñáéïò õðåñÜíù ôïý
R[a1, . . . , an], ïðüôå (êáôÜ ôçí ðñüôáóç 1.10.2) ï

R[a1, . . . , an, t] ∼= R[a1, . . . , an][t]

åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïýR[a1, . . . , an].Åöáñìüæïíôáò ôç ìåôáâáôéêÞ
éäéüôçôá ôïý «ìïäéáêþò ðåðåñáóìÝíïõ» (âë. ôï (a) ôÞò áóêÞóåùò Á-1-62) äéáðéóôþ-
íïõìå üôé ï R[a1, . . . , an, t] åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý R. ÊáôÜ óõíÝ-
ðåéáí, óýìöùíá ìå ôçí ðñüôáóç 1.10.2 ãéá R0 = S = R[a1, . . . , an, t] ⊇ R[t], ôï t åßíáé
áêÝñáéï õðåñÜíù ôïý R, ïðüôå ï T åßíáé áêÝñáéïò õðåñÜíù ôïý R. ¤

A-1-64. ¸óôù üôé ï S åßíáé äáêôõëéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý R, äçëáäÞ üôé

∃v1, . . . , vn ∈ S : S = R[v1, . . . , vn].
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ÅÜí ï S åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý R, ôüôå åöáñìüæïíôáò ôç óõíåðá-
ãùãÞ (3)⇒ (1) ôÞò ðñïôÜóåùò 1.10.2 ãéá ôá vi, i ∈ {1, . . . , n}, êáé R0 = S, óõíÜãïõìå
üôé êÜèå vi, i ∈ {1, . . . , n}, åßíáé áêÝñáéïò õðåñÜíù ôïý R. ÅîÜëëïõ, åðåéäÞ êÜèå r ∈ R

åßíáé áêÝñáéï õðåñÜíù ôïý R (ùò óçìåßï ìçäåíéóìïý ôïý X− r ∈ R[X]), êÜèå s ∈ S èá
åßíáé áêÝñáéï õðåñÜíù ôïý R (äéüôé ôï

s =
X

λ(i1,... ,in) v
i1
1 v

i2
2 · · · vinn

áíÞêåé óôïí äáêôýëéï ôùí áêåñáßùí óôïé·åßùí ôïý S õðåñÜíù ôïý R åðß ôç âÜóåé ôïý
ðïñßóìáôïò 1.10.3).

Êáé áíôéóôñüöùò° åÜí ï S åßíáé áêÝñáéïò õðåñÜíù ôïý R êáé n = 1, ôüôå ôï v1 åß-
íáé áêÝñáéï õðåñÜíù ôïý R êáé (âÜóåé ôÞò ðñïôÜóåùò 1.10.2) ï S = R[v1] ìïäéáêþò
ðåðåñáóìÝíïò õðåñÜíù ôïý R. Ãéá n ≥ 2 êÜíïõìå ·ñÞóç åðáãùãÞò. ÕðïèÝôïíôáò üôé
ï R[v1, . . . , vn−1] åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý R, ôï vn åßíáé áêÝñáéï
õðåñÜíù ôïý R[v1, . . . , vn−1] (áöïý åßíáé áêÝñáéï õðåñÜíù ôïý R ⊆ R[v1, . . . , vn−1])
êáé (ëüãù ôÞò åðáãùãéêÞò õðïèÝóåùò) ï S åßíáé ìïäéáêþò ðåðåñáóìÝíïò õðåñÜíù ôïý
R[v1, . . . , vn−1].ÊáôÜóõíÝðåéáí, âÜóåé ôïý (a) ôÞò áóêÞóåùòÁ-1-62, ïS åßíáé ìïäéáêþò
ðåðåñáóìÝíïò õðåñÜíù ôïý R. ¤

A-1-65. ¸óôù L Ýíá óþìá êáé Ýóôù k Ýíá áëãåâñéêþò êëåéóôü õðüóùìÜ ôïõ.

(a) ¸óôù ôõ·üí l ∈ L, ôï ïðïßï åßíáé áëãåâñéêü õðåñÜíù ôïý k. Ôüôå

∃F = Xn + a1 X
n−1 + a2 X

n−2 + · · ·+ an−1 X+ an ∈ k [X] : F (l) = 0.

ÅðåéäÞ ôï k åßíáé áëãåâñéêþò êëåéóôü, ôá óçìåßá ìçäåíéóìïý ôïý F áíÞêïõí óôï k,
ïðüôå l ∈ k.
(b) ¸óôù L = k(v1, . . . , vn) ìéá ðåðåñáóìÝíç åðÝêôáóç ôïý k. ÅÜí áõôÞ åßíáé ìïäéá-
êþò ðåðåñáóìÝíç, ôüôå (êáôÜ ôçí Üóêçóç Á-1-64) êÜèå óôïé·åßï ôïý L åßíáé áëãåâñéêü
õðåñÜíù ôïý k, ïðüôå (óýìöùíá ìå ôï (a)) L ⊆ k. ¢ñá L = k. ¤

A-1-66. ¸óôù k Ýíá óþìá êáé Ýóôù L = k(X) ôï óþìá ôùí ñçôþí óõíáñôÞóåùí ìéáò
ìåôáâëçôÞò õðåñÜíù ôïý k.

(a) ¸óôù z ∈ L. Ôï z ãñÜöåôáé ùò êëÜóìá z = F
G , üðïõ ôá F êáé G åßíáé ìåôáîý ôïõò

ðñþôá (âë. Üóêçóç Á-1-2). ÅÜí ôï z åßíáé áêÝñáéï õðåñÜíù ôïý k [X] , ôüôå

∃F1, . . . , Fn ∈ k [X] : zn + F1 z
n−1 + F2 z

n−2 + · · ·+ Fn−1 z + Fn = 0,

ïðüôå

Fn + F1 · Fn−1 ·G+ F2 · Fn−2 ·G2 + · · ·+ Fn ·Gn = 0 =⇒ G | F =⇒ z ∈ k [X] .
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(b) ÕðïèÝôïõìå üôé õðÜñ·åé Ýíá ìç ìçäåíéêü ðïëõþíõìï F ∈ k [X] , ïýôùò þóôå íá
éó·ýåé:

[∃n ∈ N : Fnz åßíáé áêÝñáéï õðåñÜíù ôïý k [X] , ∀z ∈ L.]

ÅÜí z = 1
G , üðïõ ôï G Ýíá áíÜãùãï ðïëõþíõìï ðïõ äåí äéáéñåß ôï F, êáôáëÞãïõìå óå

Üôïðï ìÝóù ôïý (a). ¤

A-1-67. ¸óôù k Ýíá õðüóùìá åíüò óþìáôïò L.

(a) ÊáôÜ ôï ðüñéóìá 1.10.3 ôï óýíïëï ôùí óôïé·åßùí ôïý L ðïõ åßíáé áëãåâñéêÜ õðå-
ñÜíù ôïý k áðïôåëåß Ýíáí õðïäáêôýëéï ôïý L, ï ïðïßïò ðåñéÝ·åé ôï k. Èá äåßîïõìå üôé
ï åí ëüãù õðïäáêôýëéïò åßíáé óþìá. Ðñüò ôïýôï áñêåß íá äåé·èåß üôé êÜèå ìç ìçäåíéêü
óôïé·åßï ôïõ v åßíáé áíôßóôñïöï. Åî õðïèÝóåùò,

∃a1, . . . , an ∈ k : vn + a1v
n−1 + · · ·+ an = 0k.

Äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝóïõìå üôé an 6= 0k. (ÅÜí an = 0k êáé
i := max {j ∈ {1, . . . , n− 1}| aj 6= 0k} , ôüôå

vi(vn−i + a1v
n−i−1 + · · ·+ ai) = 0k,

êé åðåéäÞ v 6= 0k, Ý·ïõìå vn−i + a1v
n−i−1 + · · ·+ ai = 0k.) ÅðåéäÞ

v
¡
vn−1 + a1v

n−2 + · · ·+ an−1
¢
= −an 6= 0k,

ôï v Ý·åé ôï −a−1n (vn−1 + · · ·+ an−1) ùò áíôßóôñïöü ôïõ.

(b) ¸óôù üôé ôï L åßíáé ìïäéáêþò ðåðåñáóìÝíï õðåñÜíù ôïý k êáé üôé k ⊆ R ⊆ L, üðïõ
R Ýíáò äáêôýëéïò. Ãéá ïéïäÞðïôå v ∈ Rr{0R} ⊆ L ôï v åßíáé áëãåâñéêü õðåñÜíù ôïý k
ëüãù ôÞò óõíåðáãùãÞò (3)⇒ (1) ôÞò ðñïôÜóåùò 1.10.2 (ãéá R0 = L ⊇ k[v]). ÂÜóåé ôïý
(a) ï R åßíáé óþìá. ¤

A-1-68. ¸óôù k Ýíá óþìá êáé Ýóôù F ∈ k[X] Ýíá áíÜãùãï ðïëõþíõìï âáèìïý n ≥ 1.
(a) ÅðåéäÞ ï k[X] åßíáé Ð.Ê.É. (âë. èåþñçìá 1.1.24), ôï éäåþäåò hF i åßíáé ìåãéóôïôéêü (âë.
ðüñéóìá 1.1.17 (b)) êáé ï ðçëéêïäáêôýëéïòL := k[X] / hF i óþìá (âë. èåþñçìá 1.1.14). Ï
ðåñéïñéóìüò π|k ôïý öõóéêïý åðéìïñöéóìïý π : k[X] −→ L åðß ôïý k åßíáé ìç ìçäåíéêüò
(êáèüóïí ôï 1k áðåéêïíßæåôáé óôï 1k + hF i 6= hF i) êáé, ôáõôï·ñüíùò, ìïíïìïñöéóìüò,
äéüôé ï ðõñÞíáòKer(π|k) ôïý π|k åßíáé éäåþäåò ôïý óþìáôïò k.Ìðïñïýìå, ùò åê ôïýôïõ,
íá ôáõôßæïõìå ôï k ìå ôçí åéêüíá ôïõ ìÝóù ôïý π åíôüò ôïý L êáé íá èåùñïýìå ôï k ùò
õðüóùìá ôïý L. ÓçìåéùôÝïí üôé, åÜí ôï x åßíáé ç êëÜóç õðïëïßðùí ôïý X åíôüò ôïý L,

ôï óþìá k(x) åßíáé ôï ßäéï ôï L, áöïý

B(x) = B(X+ hF i) = B(X) + hF i , ∀B ∈ k[X],
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ïðüôå k(x) = k(X+ hF i) = L. ÉäéáéôÝñùò, ãéá B = F ëáìâÜíïõìå

F (x) = F (X+ hF i) = F (X) + hF i = 0.
(b) ÅÜí õðïôåèåß üôé ôï L0 åßíáé ìéá óùìáôéêÞ åðÝêôáóç ôïý k êáé y ∈ L0, ïýôùò þóôå
íá éó·ýåé F (y) = 0, ôüôå ï ïìïìïñöéóìüò ϕ : k[X] → L0, ï ïðïßïò áðåéêïíßæåé ôï X óôï
y, åðÜãåé Ýíáí éóïìïñöéóìü

k[X] /Ker(ϕ) ∼= Im(ϕ) = ϕ (k[X]) = k[y].

ÅðåéäÞ ï k[X] åßíáé Ð.Ê.É. (âë. èåþñçìá 1.1.24) ∃H ∈ k[X] : Ker(ϕ) = hHi . Åðßóçò,
F ∈ hHi =⇒ ∃H 0 ∈ k[X] : F = H ·H 0,

êé åðåéäÞ ôï F åßíáé áíÜãùãï, åßôå ôï H åßôå ôï H 0 åßíáé óôáèåñü. Åí ðÜóç ðåñéðôþóåé,
Ker(ϕ) = hF i (ðïõ åßíáé ìåãéóôïôéêü éäåþäåò), ïðüôå

k[y] = k(y) =⇒ L := k[X] / hF i ∼= k(y).
(c) ÅÜí G ∈ k[X] ìå G(y) = 0, ôüôå

G ∈ Ker(ϕ) = hF i =⇒ F | G.
(d) Óýìöùíá ìå üóá åéðþèçêáí óôï (a), ôï k ìðïñåß íá èåùñçèåß ùò õðüóùìá ôïý L êáé,
ùò åê ôïýôïõ, ï äáêôýëéïò k[X] ùò õðïäáêôýëéïò ôïý L[X]. ÅðåéäÞ F (x) = 0 ìå x ∈ L,

Ý·ïõìå F = (X− x) ·H, ãéá êÜðïéïH ∈ L[X]. ¤

A-1-69. ¸óôù k Ýíá óþìá êáé Ýóôù

F = a0X
n + a1 X

n−1 + · · ·+ an−1 X+ an ∈ k[X], a0 6= 0.
¼ôáí n = 1, ôï F åßíáé ðñùôïâÜèìéï (êáé áíÜãùãï) êáé äåí Ý·ïõìå íá äåßîïõìå ôßðïôá.
(Áðëþò èÝôïõìå λ = a0, x1 = −an

a0
∈ k êáé L = k (x1) = k.) Ãéá n ≥ 2 èá ·ñçóéìï-

ðïéÞóïõìå åðáãùãÞ. Åðßóçò, äß·ùò âëÜâç ôÞò ãåíéêüôçôáò ìðïñïýìå íá áðïäåßîïõìå
ôçí áëÞèåéá ôïý éó·õñéóìïý ìüíïí ãéá áíÜãùãá ðïëõþíõìá. (Ãéá ôõ·üíôá ðïëõþíõìá
âáèìïý ≥ 1 êáé áíÞêïíôá óôïí k[X] ìðïñåß êáíåßò íá äåßîåé ôï ßäéï åñãáæüìåíïò ìå
ôïõò áíÜãùãïõò ðáñÜãïíôÝò ôïõò.) ¸óôù ëïéðüí F ∈ k[X] Ýíá áíÜãùãï ðïëõþíõìï
âáèìïý n ≥ 2. Ôüôå êáôÜ ôï (d) ôÞò áóêÞóåùò Á-1-68 õðÜñ·åé ìéá óùìáôéêÞ åðÝêôáóç
L1 = k[X] / hF i ∼= k(x1) ôïý k, ôÝôïéá þóôå íá éó·ýåé F (x1) = 0 êáé íá

∃H ∈ L1[X] : F = (X− x1) ·H.

ÅðåéäÞ deg(H) ≤ n− 1, ç åðáãùãéêÞ õðüèåóç åîáóöáëßæåé ôçí ýðáñîç ìéáò óùìáôéêÞò
åðåêôÜóåùò L ôïý L1, êáèþò êáé óôïé·åßùí λ, x2, . . . , xn ∈ L, ôÝôïéùí þóôå íá éó·ýåé

H = λ
nY
i=2

(X− xi),
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ÊáôÜ óõíÝðåéáí, F = λ
Qn

i=1(X− xi) ∈ L[X]. ¤

A-1-70. ¸óôù üôé ôï k åßíáé Ýíá óþìá ·áñáêôçñéóôéêÞò ìçäÝí êáé üôé ôï F ∈ k[X] åßíáé
Ýíá áíÜãùãï ðïëõþíõìï âáèìïý n ≥ 1. ¸óôù L ôï óþìá äéáóðÜóåùò ôïý F, üðïõ

F = λ
nY
i=1

(X− xi) ∈ L[X].

Ôüôå

∂F

∂X
= λ

Ã
nX
i=1

(X− x1) · · · \(X− xi) · · · (X− xn)

!
,

(üðïõ ôï «êáðåëÜêé» äçëïß ðáñÜëåéøç ôïý üñïõ) êáé deg(∂F∂X ) = n − 1. ÅðåéäÞ ôï F

åßíáé áíÜãùãï, ôá F êáé ∂F
∂X åßíáé ìåôáîý ôïõò ðñþôá (åíôüò ôïý k[X]). ¢ñá õðÜñ·ïõí

H1,H2 ∈ k[X], ôÝôïéá þóôå íá éó·ýåé ç éóüôçôá

F ·H1 +
∂F

∂X
·H2 = 1. (1)

ÅÜí ôï xi Þôáí ðïëëáðëü óçìåßï ìçäåíéóìïý ôïý F (Þôïé mi = mult(F ;xi) ≥ 2), ãéá
êÜðïéï i ∈ {1, . . . , n}, ôüôå ôï F èá åãñÜöåôï ùò

F = (X− xi)
mi ·G,

ãéá êÜðïéï G ∈ L[X] ìå G(xi) 6= 0 êáé èá åß·áìå

∂F

∂X
= (X− xi)

mi · ∂G
∂X

+mi(X− xi)
mi−1 ·G, (2)

êÜôé ðïõ èá ìáò ïäçãïýóå óå áíôßöáóç, êáèüôé ç (1) èá Ýäéíå

F (xi) = 0 =⇒ ∂F

∂X
(xi) ·H2(xi) = 1 =⇒ ∂F

∂X
(xi) 6= 0,

åíþ ç (2) èá Ýäéíå ∂F
∂X (xi) = 0. ¢ñá ôá x1, . . . , xn åßíáé óáöþò äéáêåêñéìÝíá.

Óçìåßùóç : Ç óõíèÞêç ·áñ(k) = 0 ·ñåéÜæåôáé ãéá íá áðïêëåéóèåß ôï åíäå·üìåíï ôÞò åì-
öáíßóåùò ôïý ìçäåíéêïý ðïëõùíýìïõ ùò åðßôõðçò ðáñáãþãïõ ∂F

∂X .Ðñâë. ðáñáôÞñçóç
1.1.32. ¤

A-1-71. ¸óôù R ìéá áêåñáßá ðåñéï·Þ ìå óþìá êëáóìÜôùí ôçò ôï k êáé Ýóôù L ìéá ðå-
ðåñáóìÝíç áëãåâñéêÞ åðÝêôáóç ôïý k.

(a) ¸óôù ôõ·üí óôïé·åßï v ôïý L. ÅðåéäÞ ôï v åßíáé åî õðïèÝóåùò áëãåâñéêü õðåñÜíù
ôïý k

∃F = Xn + λ1 X
n−1 + λ2 X

n−2 + · · ·+ λn−1 X+ λn ∈ k [X] : F (v) = 0.
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ÅÜí λi = bi
ci
, bi ∈ R, ci ∈ Rr{0R}, ãéá i ∈ {1, . . . , n}, êáé åÜí ëÜâïõìå ùò a êÜðïéï êïéíü

ðïëëáðëÜóéï ôùí c1, . . . , cn, ôüôå

(av)
n
+ ab1 (av)

n−1
+ · · ·+ abn = 0,

ïðüôå ôï av åßíáé üíôùò áêÝñáéï õðåñÜíù ôïý R.

(b) ÅÜí [L : k] = m êáé ç {w1, . . . , wm} åßíáé ìéá âÜóç ôïý ä.·. L õðåñÜíù ôïý k, ôüôå
(êáôÜ ôï (a)) õðÜñ·ïõí aj ∈ Rr{0R} ìå ôá vj := ajwj áêÝñáéá óôïé·åßá õðåñÜíù ôïý
R ãéá êÜèå j ∈ {1, . . . ,m}. Èá äåßîïõìå üôé ôï óýíïëï {v1, . . . , vm} áðïôåëåß âÜóç ôïý
ä.·. L õðåñÜíù ôïý k. Åí ðñþôïéò èåùñïýìå μ1, . . . , μm ∈ k, ôÝôïéá þóôå íá éó·ýåé ç
éóüôçôá μ1v1 + · · ·+ μmvm = 0. Ôüôå

(μ1a1)w1 + · · ·+ (μmam)wm = 0 =⇒ μ1a1 = · · · = μmam = 0,

êé åðåéäÞ aj ∈ Rr{0R}, ∀j ∈ {1, . . . ,m}, Ý·ïõìå μ1 = · · · = μm = 0, ïðüôå ôï
{v1, . . . , vm} åßíáé ãñáììéêþò áíåîÜñôçôï õðåñÜíù ôïý k.Áðü ôçí Üëëç ìåñéÜ, ãéá ïéï-
äÞðïôå ∈ L õðÜñ·ïõí l1, . . . , lm ∈ k, ôÝôïéá þóôå íá éó·ýåé

=
mX
j=1

ljwj =
mX
j=1

µ
lj
aj

¶
vj .

Åî áõôïý Ýðåôáé üôé ôï {v1, . . . , vm} ðáñÜãåé ôïí L.¢ñá ôåëéêþò ôï {v1, . . . , vm} áðïôå-
ëåß âÜóç ôïý ä.·. L õðåñÜíù ôïý k. ¤




